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AHHOTALNA

MpBoAATCA pas3paboTaHHbie 3a nocnegHee gecATuneTve cTaTtucTu-
yeckne mMoaesnin N3 NpPpakTUKuU 06paboTKM IKCNepuMeHTasbHbIX OaHHbLIX,
rnaBHelIM 06pa3om MO ramma-B3aMMOAEeNCTBUSM. AHaIM3UPYHNTCA maTemaTu-
yeckme mMoaenn aBTOoMaTUYEeCKOro pexmma WU3MepeHur u ydeTa annapartyp-
HbIX (JaKTOpOB, MNEPBUYHON CTaTUCTUUECKON 06paboTKu, pa3aesieHnAs MHO-
XECTBEHHOCTU SAEepPHbIX NpoueccoB, MeccbaysapOBCKOMW CNEKTPOCKONUU U
KUHETUKN ramma-manyvawimx cuctem. 06cyxaanTcAa MOCTAHOBKU TUMUYHBIX
NPsMbIX N 06paTHbLIX 3agady, 3[4eCb BO3HMKaAWWKX, a TakKkKe HEeKOTopble pe-
3ynbTaThl UX pPeleHns.

ABSTRACT

Statistical models for experimental physics data processing,
mostly for gamma-interactions, are presented. Mathematical models
of automatic measurements, hardware influence, multiplicity nu-
clear processes separation, Mossbauer spectroscopy and gamma-radi
ation kinetics are studied. Some direct and inverse problems for-
mulations and decision results are discussed.



BeeneHue

MpoGiemMbl aBTOMaTWU3NPOBAHHON 00PabOTKY Pe3ynbTaToB 3IKCMNepUMeHTa
B HaCTosillee BPemsi CTaHOBATCA BCe 0Oo/iee aKTyaslbHbiMM. TuaTesbHoe,
CKYprnyne3Hoe BbINOSHEHWE 3KCNEpUMEHTa, KOHEYHO, SBNSIETCA [NaBHbIM YC-
NIOBMEM YycCnexa WCCNefoBaHnA ; OfHaKO BOBCE He 06e3pas3/MyHo, Kak obpa-
60TaTb ¥ NpoaHa/IN3MPOBaTb MOMyYEHHbIE 3MNMPUYECKME [aHHble. Hagex-
HOCTb M O0ObEKTMBHAA LIEHHOCTb BbIBOLOB OMLITHOrO WCC/efOBaHWS Onpenesnsi-
eTCA KaK KayeCTBOM W KO/MYECTBOM, TaK W MNocnefywuen o6paboTKoi 3KC-
NnepuMeHTa/IbHOro0 MaTepuasia, Ha 6a3e KOTOpOro 3TW BbiIBOAb AenawTtcs. Jlio-
6as 06paboTKa, npeanpuHUMaemMas paan pelieHns npakTUYeCcKUX 3adad, npea-
nofaraeT ykasaHue OLEHOK, [enawWux COnocTaB/eHUs, MPOrHO3bl WM BbiBO-
Obl OnpaBOaHHbMA®™ B TOW Mepe, B Kakoil 3TO BOOOWE BO3MOXHO B [aHHOW Cu-
Tyauun. Takoi 3aK/UMTENbHbIA 1 Hanbonee OTBETCTBEHHbIA MOMEHT MPUIOXE-
HWSE MaTeMaTUYeCKNX METOAOB TEXHWYECKM [OMKeH ObiTb OGecneyveH Hagnexa-
LMK anropuTMaMyM 1 nporpamvamn ana 3BM.

3a nocnegHve rofdpl B CBA3M C OypHbIM PasBUTUEM TEXHWUKW U METOANKM
NPOBEAEHNS 3KCMepuMeHTa, OCOBEHHO B SAEPHON (M3KKe, CYLWECTBEHHO BO3-
POC/N MOTOKM MH(opMaLun, rnofBepranimecs obpaboTke. Ycrnexu B 061actu
aBToMaTM3auum JKCNepumMeHTa Mo3BONANT MofyyaTb 6OMblioe KONMYEeCTBO nep-
BUYHbIX MaTepuanoB, OAHAKO WX nocnedylwas obpaboTka v WHTepnpeTauus
(pelleHne onpefeneHHbIX 06paTHLIX 3afad C Lefiblo COnoCTaBUMOCTU C Teope-
TUYECKUMW MOCHITKAMM) BeCbMa C/I0XHbl M OCTalTCA Npo6/eMaTUyHbIM MECTOM.
MloGOM 3KCMNEPUMEHT, MNYCTb [axe CaMblii TOHKUA WU TEXHUYECKU CIIOXHbIA, Ma-
N0 MPOBECTU, W3 HEro HeobXOoAuMO elle M3B/ieYb 000CHOBAHHbIE BbIBOAb. A
3TO HEBO3MOXHO cAenaTb 6e3 YeTKOW MaTeMaTMYecKoW MOCTaHOBKM 3adad 06-
paboTKM W MHTepnpeTawum n 6e3 COOTBETCTBYWIMX METOAOB WX PeleHVs .
[lanee, 3KCnepuMEHT, B KOTOPOM WUrpawT Pofib CTO/b Pa3/nyHble 06CTOATE/b-
CTBa M B CTO/Mb OO0/bIWOM YNC/IE, UYTO MX BCE Y4eCTb HEBO3MOXHO, HE06XO-
OMMO MpefBapuTeNibHO Cr/laHnpoBaTb, fAaTb yKa3aHusi No ero opraHu3auum
Ha Kax[oMm 3Tane KOpPPeKTUpoBaTb C YYETOM YXe MOMYYEHHbIX pe3y/bTaToB.

B npouecce 06pabOTKM 3KCMEPUMEHTASIbHBIX JAHHbLIX MOXHO BblAE/NTb
HECKO/MIbKO OCHOBHbIX 3TanoB He3aBUCKMO OT BuAa M XapakTepa KOHKPETHOro
akcnepumeHTa [1-3}. BaxHeiwumn u3 HAX, peann3yembiMi B aBTOMATU3MPO-
BaHHbIX CUCTEMax MOJHOWA MaTemMaTW4ecKoih 006paboTKM, SBNAKTCA NEpPBUYHAs

cTaTucTMyecKas 06paboTka M MHTeprpeTaums. MaTemaTMyeckue W npakTUyec-
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Kue BOMPOCh PelleHnst 06paTHbIX 3adady WHTepnpeTauun SBNSKWTCA OCHOBHOIA
TEMATWKOW WKO/bI NEPBOro W3 aBTOPOB HACTOSAWEN CTaTbW, W UM MOCBSIlEHA
obuwmpHaa nutepatypa [4]. BmecTe c Tem npobnemartvka vHTepnpeTauun -
BaXHelllee HOHE EAMHCTBEHHOE HanpaBfeHne, CTUMYNUpYKLEe pasBuUTUE
aBTOMaTU3MPOBAHHOW 00PabOTKN 3KCNEPUMEHTASbHLIX AaHHbX. C MeTogamu
CTATUCTUYECKON 00paboTKM W PEWEHNEM COOTBETCTBYHIMX NPSAMbIX 3adaq
TECHO CBSi3aHbl BOMPOCH M/IAHNPOBaHMA, METOAWKU U3MEPEHWA, OLEHKM pa3-
pelawliein CnocoOHOCTM, HAaKOHEeL, OpraHu3auun, NPOeKTUPOBaHUA U ynpaB-
neHnst akcnepumeHToM. OTBETbl HA 3TW BOMPOCH CNeAylT UCKOUMTENbHO U3
aHa/mM3a MaTemMaTUYeCKUX Modenein, nNPeAcTaBNAlWMX TUMUYHbIE (U3NYECKMe
cuTyauun. TaK 4YTO OfHMM W3 OCHOBHbIX HamnpaBfeHWA Teopun U MPaKTUKK
00pabOoTKN 3KCMEPUMEHTA/IbHBIX [AHHbIX ABMISAETCA MOCTPOEHVWE MaTemaTuyec-
KUX Mofeneil, MocTaHOBKa Ha MX OCHOBE COOTBETCTBYHWIMX 3adady 06paboT-
KW 1 pa3paboTka MeTOAOB WX YMC/IEHHOrO PeLeHNS.

[TOHATHO, YTO W3Y4YeHWEe MOAENEN, CKONb-HMOYAb MOMHO OTpaxawlmx
peanbHyl (M3NYECKylw cuTyauuio, NPUBOAUT K MOCTAHOBKE BECbMa CNOXHbIX
MaTeMaTU4YeCKUX 3afay, pelleHne KOTOPbIX HEBO3MOXHO 0e3 MpUMEHEeHWS
OBM. B 3TOM CMbICNIE BLYMCNMUTENbHAA MallHA CTaHOBUTCS HEOTbeMIEMON
YaCTbl0 3KCMEPUMEHTA/IbHOW YCTaHOBKM. [lpn 3TOM Ba¥HO, 4TOOL pa3pabathbi-
Ba/IMCb Hambosee yHMBEPCA/IbHbIE M 3NPEKTMBHbIE METOMp!, pelanume wW1po-
KWA Knacc 3afad 06paboTKM 3KCNepUMEHTasbHbIX [AaHHbIX. MEHHO onucaHu
HEKOTOPLIX MaTeMaTUYeCKMX MOAeNel, BO3HMKawWMX B 3afladax 06paboTKy
3KCNEPUMEHTA/IbHON MH(opMaUM B ALEPHOW (MU3NKE, W U3NTOXKEHUID METOA0B
NPaKTUYecKon 00pabOoTKM fAaHHbIX NOCBsUEeHa CcTaTbsl. OHAa HOCUT 0630pHbIN
XapakTep ¥ HanucaHa Ha OCHOBE pe3yNbTaTOB rpymnnbl COTPYAHMKOB (aKy/b-
TeTa BbUUC/MTENBHOA MATEMATUKN U KUOEPHETUKM M HayuyHO-uccnenoBaTenb-
CKOrO BblYMUCNIMTENBHOIO LieHTpa MIY.

[lepBbiM 3TanoM 06pabOTKM, KaK yxe OTMeyanocb, ABNSETCA MepBUYHas
cTaTucThyeckas 06paboTKa Hab/MoAEHHbIX AaHHbIX C LEeNbl NOMyYeHUs BbIXOA-
HbIX XapaKTEPUCTUK 3KCNEepUMEHTa U OLEHKM MX TOYHOCTW. PelieHne 3Tol
BaXHO/ MpPOG/EMbl, CBA3aHHOW C HEOOXOAMMOCTbI0 NnepepadboTKn 60/bWMX 06be
MOB YC/IOBOI MHHOPMALMM, OCHOBLIBAETCS Ha O0O0WMX NPUHLMNAX MaTemaTuyec
KON CTaTUCTUKU. [locne TOro Kak 3SKCMEPUMEHT MOCTaBNEH W €ro BbIXOAHbIE
pe3ynbTaThl BBeAeHsl B 9BM M pacwmppoBaHbl, BO3HMKAWT 3adayn, BO-Mep-
BblX, aHa/sM3a MHPopMaLuy Ha KauyeCTBEHHOCTb, BO-BTOPLIX, €€ peayKuuy
0N NOMYYEHUS OKOHYATE/bHbIX XapaKTEPUCTUK BbiXOda, HaKOHel, OLeHuBa-
HAA TOr0 3/1IeMEHTa HeonpefesieHHOCTH, OT KOTOpOro Bcerfga HecBo6OAeH
9KCMEPUMEHT NP (UKCUpPoBaHHOM (YMEPEHHOM WM MasioM) YWCNEe OMbITOB.
Ana 6onblmx rpynn OU3MYeCcKMX 3SKCMEPUMEHTOB I3TOT 3Tan 06paboTKu ume-
eT MHOro o6wWero, MOMHOCTbI0 CTaH4apTM30BaTb €ro OfHaKO He ygJaeTcs ;

W He BCerga OOWenpuHATLIE METOAbl MPUBOAAT K Hauyudllemy peweHuo, ro-
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CKO/MbKY MOMOXEHHbIE B WX OCHOBY MNPEANOMOKEHUA YaCTO BbINOMHANTCSA He-
[OCTAaTOYHO TOYHO. KOHKPETHOCTb 3afayn BCerga BHOCUT W CBOW cneuupu-
Ky

Huxe npuBoaATCH pa3paboTaHHble 3a nocrefHee AecATUNeTUWe cTaTuc-
TUYECKME MOLENN U3 NPAKTUKLA 06paboTKM SKCMEPUMEHTA/IbHBIX AaHHbIX,
rNaBHbIM 00pa3oM MO ramva-B3auMMofencTBuAM. [0CTaHOBKM 3ajaqy 06paboT-
K/, WHTepnpeTauum 1 NpPoeKTUpPOBaHUA NP 3TOM OCHOBLIBAKTCH Ha KOHLEmN-
UMM MaTeMaTUYECKo Moaenn W npouecca mogenuposaHus [3,5,6]. AHanu-
3UPYITCA MaTeMaTUYeCKMe MOAEN aBTOMATUYECKOr0 pexuMa M3MEPEHUA W
yyeTa annapaTypHbiX (aKTopoB, MEPBUYHON CTATUCTUYECKOW 006paboTKy,
pa3feneHnss MHOXECTBEHHOCTU AEPHbIX MPOLECCOB, MeccOay3pOBCKOW CreKT-
POCKOMUM N KUHETUKM ramma-nasepa. OOCYXOalnTCA MNOCTAHOBKM TUMUYHBIX
NpsMbIX M 06paTHLIX 3aday, 3[eCb BO3HMKAWIWMX, a TaKke HEKOTOpble pe3y/b-
TaTbl X PeleHns .

Mofenb_aBTOMATUYECKOTrO_pexia _M3MepeHuit

B aKcnepuMeHTasIbHOW MpaKTWKe 4acTo M3y4yaeTCs 3aBUCHUMOCTb WHTEH-
CUBHOCTY T) HeKOTOpPOro noToka CryyaidHbix CobbITwiA (Hanpumep, npo-
OYKTOB AEPHbIX peakuuin) OT HeKoToporo napametpa T (CKaxem, 3Hepruy
4acTul, Bbi3biBawWMX peakuun). W3mepeHna ~(T")-*"» nNpoBoguMbie B aB-
TOMaTUYECKOM pexyMe Ha MHOrOKaHa/lbHOM annapaTtype, MoMyyawnTcs CyMMu-
POBaHMEM 4KCna 3aperncTpUPOBaHHbLIX COOLITUIA MPKM MHOIOKpPaTHOM npobera-
HAM /1 ToyeK ceTku <Tj> , 1=1,4 aprymeHta. Pe3ynbTaT WU3MEpeHWid - Habop
C/lyyaiiHbIX BEKTOPOB”™ -, BOOOlWE roBops, C 3aBMCMMbIMM KOMMOHEHTaMM,
Y4TO 06YC/IOB/IEHO COr/1acoBaHHLIM M3MEHEHWEM annapaTypHbLIX napameTpoB
(apeiinom) B 6AM3KUX y3nax CETKU. [pu 3TOM TOYHOCTb M3MEPEHUIA Xapak-
Tepu3yeTcs KoBapuaLMOHHON maTpuuein Q, , KOTOpYyl 00bYHO OLEHWBAKT Bbl-
6OpOUYHO/ KOBapuaLMOHHOW MaTpuuen A. Yucno oueHnBaembiX (HEN3BECTHbIX)
napameTpoB K (ft +1)/2 B cOBpeMeHHbIX 3KCMepuMeHTax 4acTo MMEeeT MOopPALoK
yncna namepeHnin N(J =I1,N )t Tak 4TO TOYHOCTb MOMYYaEMbIX OLEHOK HM3KA.
OCHOBHOW CMbIC/T MOAE/NM aBTOMaTWYECKOr0 pexuma u3amepeHwid [7,8] 3akmo-
YaeTCs B TakOM Crnocobe napameTpu3auuy KoBapuaLMOHHOA MaTpUubl, KOTO-
Pl YUNUTHIBAET CrEUuUdMKY YKa3aHHOr0 Kiacca M3MEpPSeMbX BENMYMH: Mef-
NEHHOCTb fpeiida No CPaBHEHWMK CO CKOPOCTbK npoberaHns ceTku <T.>. Mpu
3TOM YMC/IO0 OLEHMBaEeMbIX MapameTpoB™OydeT WMeTb yxe nopsgok ft.

Mpegnonaraetca, yto MY=Y=(Yt.... ,") n3sectHo u7 ~jv(y ,Q).
BennumMHaY onpegeneHa Ha BEPOATHOCTHOM MPOCTPAaHCTBEE2 = A Ax/l a» rlle
Q] - "(m3nyeckoe” NpPOCTPaHCTBO, CBSA3aHHOE CO CTOXACTUYHOCTbLI Camoro
n3yyaemoro npouecca, aQa~ '‘annapatypHoe' NpPOCTPaHCTBO, OMuChiBaKLee
C/lyYalHbli XapakTep Apeia napameTpoB annapatypsl. (Kaxmoi peanmsauum
N3MEPEHNA COOTBETCTBYET CBOM 3/eMeHTapHbin ncxop (0€ , MOCKO/bKY
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33 BpeMsi W3MEPEHMA COCTOSIHWE annapaTypbl OnpefesieHHbM 00pa3oM MeHs-
erca, npu atom 00 ecTb (yHKUMA BpemeHn). [anee, CUMTAETCA, 4TO YC/IOB-
HOe MaTemMaTW4ecKoe OxuaaHvie r=M(Y10i>) umMeeT He3aBKCWMble KOMMO-
HEHTb, UTO OOBLACHSET KOPPENMPOBAHHOCTb HAOMOAEHUIA TOMBLKO S(HEKTOM
COrNacoBaHHOI0 M3MEHEeHWA COCTOSHUA MapamMeTpoB annapaTypbl ; camum 13-
MEPSEMblE (M3NYECKMe BENMYMHBI MPU pa3/iMuHbiX T| CTaTUCTUYECKM He3a-

BUCMMbI. TOrfa Ans 2neMEHTOBQ, vMeeM

« "X A i

1= B A +»mpag, t-j,

raoe onepaTopsl COV M D NOHMMAKTCA KakK OCYLWECTB/IEHHbE BN

mo0gd}=| wnpgoao=H W\
YcnoBHoe MaTemaTMYecKoe OXWaaHWe MOXHO 3anucaTb B BUAe
g = *A m
BblA€/IMB B SBHOM BWAe 0e3yC/OBHOE MaTemaTW4yecKoe OxupaHue, Tak uyTo
Kaxaoin peanun3auum CO 0TBEYaET U -MepHas ClyyaiiHas BenunHax
...,Xn), onpefeneHHasa Ha£2a. bygem cunTaTb ee Takke NoAYUHSIKlLecs
HOpMasIbHOMY pacnpegeneHno. fMpu 3ToM

¥l o«
TenepbY npeagctasBMM B BUAE CYMMb cnyqaﬁHux BEJ/INYNH

roe A - guaroHanbHas matpuuya ¢ afieMeHTamMmus» eexYng» " (0,
| lcov{it,x*|| ), (0,V),V - agnaroHasbHad maTpuuya C aneMeHTamm
na.. ,..., DAJYN} *BennuvHol'™™ 1'6 He3aBUCUMbI.

HakoHel,, cuuTaeTcd, 4TO ceTka <T*>npoberaertcs ObICTPO MO OTHOLle-
HUO K CKOPOCTW W3MEHEHMs pexuma annapaTtypel, TaK 4To  NpeAcTaBuma
He6oMbwmm (N0 CpaBHEHW C A) YWCNOM YIEHOB PAa3/IOXEHUS MO CUCTeMe Op-

TOrOHa/IbHLIX (YHKUMA N T ) } : L=1>" wunm B mMaTpu4HoON

bopte gk, ORIKKTDI =, . ) Y

CuntasA, uto paHr K paBeH Wr , bl MOXEM MEPeiTn KUr-MepHOM CryyaiiHoM
BefmumHe N =HWL , aBnsawleica HopmanbHon: F*JV (0,1). Takum o6pa3om,
ANS” cnpaBef/MBO NMpPeACTaBNeHNe B BUAE CYMMbl HE3aBUCUMbIX C/y4aiHbX

BENNYNH

?=?+AKHFf+E£=Y+L?7+S,
@))
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aHaNorMyHoe OCHOBHOW Cxeme (haKTopHOro aHanmsa [39] . OTMeTuMm 0aHaKo
NPUHLMNMANbHYI pa3Huly Haweilt mogenn (2) Mo CpaBHEHWM C (HaKTOPHbIM

aHamM3oM. Kak M3BecTHO, B 3ajaye (pakKTOPHOro aHa/m3a CyLWecTBYeT He-
OAHO3HAYHOCTb B OMpedenieHnn (hakTopoB J W KX Harpy3ok (3/7eMeHTOB

MaTpuUUbIL )- OHM onpeaeneHsl C TOYHOCTLI A0 BpaleHus (OpToroHabHOro
npeobpa3oBaHna BeKTOpa MPOCTbIX PaKTOpOB). B Hawei xe mogenn uHTe-
pec npefACTaBNANT He CaMu (haKTOpbl M WX Harpy3ku, a MHBapWaHT OpTO-
FOHa/IbHLIX NPeobpa30BaHwii MaTpMLIbI

a=AKHH"K*A+V=LL"+V, (3)
a [nAa ee OLUeHMBaHMA HYXHO onpegenutb hv+J/1 napameTpoB - 3/1EMEHTOB
maTpuy, H mV.
MeTol MakcuMmasbHOro npaBAoNogoous NPUMBOAWUT K Chefylllein cucte-
ME HENnoCcpeACTBEHHO OTHOCUTENBLHO H nY

) ©)
diM{V-A- LL*+2lL"a A} =0,
roe -LV | - guaroHanbHas matpuua, a
R= K"AV"tA-V)V~VvK (K"AV"*AK) L.
[lonyyeHHas HeNMHEeHas cucTeMa MOXET ObiTb pelleHa pa3/IMyHbIMU UTepa-
LWWOHHbIMA MeTOfamMu. B BaXHOM 4YaCTHOM Cflyyae KBa3wmyaCCOHOBCKOIO
notoka cobutuiiz V. =/1A,J4 =Const nepas rpynna ypasHeHwid (4) no-

npexHeMy NpeACTaBnseT co6Oi 3agady Ha COOGCTBEHHbie 3HAUYEHUs!, HO Te-
nepb yXe MaTpuLipl

R="A(K" (A-/A)K(KAK) "1}
a BTOpPOE - CBOAMTCS K KyOUYECKOMY OTHOCUTENbHOJ. YpaBHEHWI0
n/ -/Sp{AdL(w A" "A} Sp{A“h A “L(1+?r*L"} -

-SPp{AL1(LlLejfL"AMKI#3)"“L"} =0 =

UncneHHoe pelleHne HeKOTOpbIX CheunanbHbX MOAENbHbIX 3adad U aHanu3
NOMYYEHHbIX Pe3ynbTaToB NOKa3anu MpeumyllecTBa BblopaHHOW MapameTpusa-
W onsa oueHunsaHus [?,8]\L

KOHKPETHbIA y4YeT KOPPEeNsLUMOHHbIX CBSI3ei B OLEHKE TOYHOCTW W3Me-
PEHUIA OCOOEHHO CYIECTBEHEH MPK PellieHnn 06paTHLIX 3afad MHTEepnpeTauun.
lokazaHo [B8]. 4TO MpW Hey4yeTe KOppPensiuuin BO BXOAHOW WHMOpMaUuUU BO3-
MOXHO TOSIB/IEHNE JIOXHON (NYKTYaLMOHHOW CTPYKTYPbl B UUC/IEHHOM PELIEHNN
WHTErpabHbX ypaBHeHWA 1 poaa.
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3afaun nepBUYHON ,,CTAaTUCTUYECKOW 06760TKN _pe3”™NnbTaToB
N3MEPEHNN

[pyroii CTOpoHOW MoAeny aBTOMATWYECKOro pexuMa W3MEpeHWid OKa-
3blBAETCA BO3MOXHOCTb YETKOM MaTemaTW4eCKoW MOCTaHOBKW 3ajay nep-
BWYHOI CTATUCTMYECKO 00paboTKu peanu3auninyll.eee »Y i» MonyyYeHHbIX
Ha apeiigywwend annapatype. [pyv HEKOTOPbLIX AOMOMHUTENbHLIX MPeanono-
XEeHUsX 0 npouecce u pesynbTatax u3mepennia [9,10], OCHOBHbIM W3 KO-
TOPbIX ABNIAETCA HE3aBUCUMOCTbL KOMMOHEHT B MPEeLCTaBNEHUN YC/I0BHOIMO
MaTemMaTU4YeCKoro OXwufaHus, 3afaus NepBUYHO CTATUCTMYECKO obpa-
OOTKM CBOAATCA: K BbIAABMIEHWK W YCTPaHEHM aHOMaslbHbiX (Pe3ko Bbige-
NANWMXCA)  HabMAEHNIA MNOCTPOEHUO OLUEHKW WHTEHCUBHOCTUA
NpoBepKe WCXOAHbIX AonyueHnid (B 4aCTHOCTW, KBa3WnyacCOHOBOCTM:V =
= M NOTOKa COObITWA) M T.A4. OCTAHOBMMCS KpPaTKO Ha MOCTaHOBKE I
000CHOBaHW/ METOAOB pelleHns Takux 3ajaud.

[NnA NOCTPOeHUA CTaTUCTUYECKUX KPUTEpPWUEB BbIsIBNEHMS ''c6oa™ B
COBOKYMHOCTU» npn (mkcuposaHHoM =10 anemeHTsl YjtOnpexae Bcero
HOPMUPYITCA K O4HOMY MaTemMaTU4yeckomy oxugaHuo Q-le=MYe«, rgeyol-
- NGO HEKOTOPLIN (HUKCUPOBaHHLIA anemeHTYjel , Aanbo cpegHee”™. Hop-
MUPOBKY MOXHO MPOBOAWTbL pPas3/inyHbiMK crocobamu, Hampumep, 4epe3 OT-
Howenua IGgt " fy/Yot B npepnonoxeHun, 4to fJj =MKj1 annpokcummpylTcs
B LI,eHTpI/IpOBaHHOI7I 2 | v-1- ~oKpecTHocTUM C,Toukn 1, nosmHomamn TW 1 )=

"l t@l L - L)g4*" cTeneHn#. 3nemeHTh Habopa {Ll - }
HOpMVIpOBaHHbIX N3MEPEHNIA " ou,eHKa Uj pgo ojmoro
yneHa NoNMHoOMa i )) Tenepb CTATUCTUYECKN 3aBUCKMbI.

BuiaBUraeTca Hynb-runotesa HQ: .. "My~ a™o paBeHCTBE
MaTeMaTUYECKNX OXUAAHWIA MPOTMB anbTepHaTMBbl H* - 4YTO MaTemaTuyeckoe
OXOaHWe OfHOA U3 BEeNMUYUHHOMED KOTOPO HeWU3BECTEH) He

coBnajaeT Kputepnin  ('BepTvKasib'™) OCHOBLIBAETCA Ha CTaTUCTUKE
(vHoekc 10408 NpOCTOThHI OMyCKaem)
[ 7 b voooLSh . 1"CJSrA-S.)*

rae Cj BolbmpanTca Tak, 4Tobbl A 6biM pacrnpefenieHsl OAMHaKoBO. Tenepb
Y]*|Ya, 3Hauut, nYj*i*)» cooTBeTCTBYyKlUeey , cuutaetca "'couteim",
echn™3U, rpe26- 6-npoueHTHad To4yka pacnpep,eneHMﬂJ , N— "He-
COUTLIM" B MPOTWBHOM Ciyyae. OKas3biBaeTCA, 4YTO NPK BblOOPE KOHCTAHT

Ci= MTuoo» (P=31ft) OyHKumell pacnpeneneHus  ABASETCA

(%)

a ecnm Bocnonb3osatbcA npubnuxeHnem P {?»nh£} & NP { » 2}
TO 2£onpenenseTca U3 ypaBHeHUs



N

1I\neSN_2(.) - OyHkuma pacnpegeneHua CtbiogeHTa CN-2 CTeneHamn CBO-
6ombl. HecmeueHHol oueHkoi aucnepcun DY .B nponssonbHoii Touke Lnpn
Takom nogxoae 6ynet

“ 0% -i)i-h*4 A ,
ISK

roe K - 3nemeHThl MaTpulbl, 00paTHOM MaTpuLe HOPMasibHbIX YpPaBHEHWIA [N
oueHokUj ,S=1,«+l.

PadymHee ofHaKo MepBUYHYK 00pPabOTKY HauMHaTb C aHa/M3a Ha Ka-
YECTBEHHOCTb KaxIOh OTAeNbHON peanu3auuny N »eeex\jn* COOTBETCT-
Bytowmin Kputepuid  (CTOpPU30HTa/b™”) CTPOUTCS cnefywumm obpasom. Ans
COBOKYMHOCTW BeNYMH (J -tmkcupoBaHo) runote3a HQ cocTo-
ut B ToM, uto M), =?( 1 ), a anbtepHatmBa HA— 4T0 MK« ("HEun3-
BECTHO 3apHee) He cosnagaeT c?(1#). KpuTuueckoir 06nacTbi KpuTe-

pus 4na Knaccupukauymum “c6osq” ABNAETCA
T=rnp].=max!KLJM>2£E£?
) : b \
rge S,.= —? (b)) - HecMmelleHHaa oOLeHKa aucnepcun Ha

kK 21-ae JT]1e®T )
eauHUYHbI BeC, el °nrpaT Ty xe ponb, yto nCj, - £-npoueHTHas

Touka MyHKUMKM pacnpefgeneHns”™! ). OKas3biBaeTCs, UTO YpaBHEHWE Ans
NPMGMKEHHOIO onpefeneHust 2$uveeT Bua

(©)

HecmelleHHas oueHka DY . npu 3Tom
ja
roex=1, ecnnY®="o;1=-" , ecnuyY0=y.
Ha nogoGHbIX e WaesiXx MOryT OblTb MOCTPOEHb CTATUCTUYECKME Kpu-
TEpPUM NPOBEPKN PaBHOTOYHOCTM MNpoLEecca W3MEpPeHUin 1 Bhibopa CTENeH

nonuHomaY (1 ). B cnyuyae KBasumnyacCOHOBCKOrO MOTOKa Mepa TOYHOCTUA
OKA3bIBAETCS AUCNEpCUeil Ha emuHWYHbIA BeC W AN BennuuH KH npu BbiGO-

pe BecoB ®V(I- [lycTb - OUEHKW”™, N 3a HyNeByw runoTe-

3y MPUHATO PaBEHCTBO MaTeMaTUYeCKMX OXWAaHWiA OUeHOKN] BenuuunHe,
- 1

a 3a anbTepHaTmBy HA MJFA = .. =MW A=MA*4A= | . >f'e

Torga KputTuyeckast 06nacTb BbisiBNeHUST m3mepeHnin Kj#( Ij’?» 3aperucT-
PUPOBaHHLIX C MEHblIEN TOYHOCTLI, 3a4aeTCA HepaBeHCTBOM

a» T < Yy =71 -~ »
K*1 4
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a npubnmxeHHoe HaxoxaeHue E- pacnpegenenuna F& (t ) ceomutca? K pele-

HUK YpaBHEHNSA FILILN - JL
N(=);3)z =cs) 2
roe p.,-(t) - oyHKuma pacnpegeneHusa duepa.
[py peweHnn 3apayn BblbOpa CTENEeHW ae MoKa3blBaeTCs, YTO pacnpe
[eNeHne CTaTUCTUKK ,

coBnagaeTt city-j, ul -snn-1A"", TaK 4TO MOXHO BOCIMO/Ib30BaTbLCH
0OblYHLIM (MLEPOBCKMUM KPUTEPUEM BbibOpa CTEneHn MomMHoMa.

BaxHbiM CBOWCTBOM KpuTepueB ''BepTukanb'” v “TOpU30OHTa/b", M03-
BOMIANWMM MX CpaBHMBATb MeXgy CO00W M CO CTaHAAPTHbIMU KPUTEPUSAMU
BbISIB/IEHWSI PE3KO BbIAENAWMXCA HAOMOAEHNA, ABNAETCA WX MOWHOCTb.
OYyHKUMA MoWHOCTK (BEPOATHOCTL BbLIABNIEHUS aHOMa/IbHOrO M3MepeHus B 3a-
BUCWMOCTU OT BENWNYMHbI CBOS cTpoATca u wuccnegywtca B [9].

KopoTko 0 Bompocax 000CHOBaHWS MPWBELEHHbIX Bbllle CTATUCTUYECKUX
KpuTepueB. Ecnm £ -MpoueHTHble TOukM pacnpefenenniny ,4 ,(J HaxogaT-
ca u3 ypasHeHun (5)-(7), TO UCTWHHLIA YPOBEHb 3HAYMMOCTU Kaxioro u3
KpUTEpreB OT/MYaeTCs OT Bbibupaemoro £. OgHako npu Bhibope 3a 2-t,
Hanpuvep, p~(t ) peweHns npubrmxeHHoro ypasHeHust NPT1217 3b}=e (7)
£wT. OKa3blBaeTCA BCErfa 3aHWKeHHbIM, HO MeHblle, 4em-Ha
TouHee, ecrm cobbITMA Aj fﬁ-nonapHo MONOXUTENbHO HEKOoppenmMpoBa-
Ho (P{*A} 5 P{Aj}PA} ,]**), TOE-6/N<E £, T.e. OTHOCU-
TeflbHas MOrpewHoCcTb He npe.bllaeT B/2. [oCTaTOYHbIM YCMOBWEM HEMOMN0-
XMTENbHOW KoppenmpoBaHHoe™ ABnsieTcs

, CATpAXPL) 7 )e
Takoe ycnoBue B C/yyae He O4YeHb Pas/MyanlMxcs BeCcOB HeobpeMeHUTesb-
Ho: ecmw™.-*»I N-~00 , TO npaBaa 4yacTb CTpemMuTCcA K \V3*, 4TO He
ABNAETCHA, KOHEYHO, CYLWECTBEHHbIM OrpaHuyeHueMm, MNOCKONbKY Eg npu (nK-
cupoBaHHoOM 8 ¥ M-"cx»HeorpaHM4yeHHO BO3PacTanT.

[oBOpPSi O 3ajayvax NEepBUYHON CTaTUCTUYECKON 06PabOTKM AaHHbIX,
He/Mb3s He OCTaHOBUTLCA Ha BOMPOCE WCMONb30BaHNA TaK Ha3biBaeMbIX PO-
6acTHbIX (YCTOWYMBLIX MO SNPEKTUBHOCTU K OTKNOHEHUAM OT HOPMasibHOCTW)
OLEHOK. llcnonb3oBaHne TakuX OLEHOK 4YacTO paccMaTpuBanT KakK HEKYH
aNbTepHaTMBY K CTATUCTMYECKMM Mpouedypam BbiSIB/IEHUS aHOMaslbHbIX Hab-
nMoaeHniA. b5 Teopum pobacTHLIX METOAOB W OLEHOK Aaneko MpoABuHYTa
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pa3paboTka OLEHMBaHMA MapameTpa casura A5 BblOOPOK OAHOMEPHbLIX Clly-
YalHbIX BE/IMYMH: MPEL/IOKEHbl Pa3/INyHble POOACTHbIE OLEHKM, W3YUeHbl KX
acMMNTOTUYECKME CBOWCTBA, MPOBEAEHO pPa3/NYHbLIMA METOAaMi UCCneaoBa-
HMe UX rimedeHus OnA MasbiXx U 60MbWMX BbIOOPOK, a Takke 3(HeKTUBHOC-
™. B TO e Bpems MHOrOMEPHbIM OLEHKaM YAeNleHO 3HAYMTeNIbHO MeHbllie
BH/MaHWS U3-3a TPYOAHOCTEN aHa/MTUYECKOro XapakTepa. Hamu npoBoau-
NOCb METOAOM CTATUCTMYECKMX MCMbITaHWA W3y4YeHMe CBOMCTB W CpaBHEHME
MHOTOMEPHbIX PO6GACTHLIX OLEHOK A1 PEKOMEHAAUMA 06 WX NPaKTUHECKOM

ncnonb3osaHum [11,12].
PaccmaTpuBa/IMCb MHOTOMEpPHbIE aHasorn OLEHOK Xoaxecca-/lemaHa

®)

roe 1 - HOMEp KOMMOHEHTHI C/y4yaiHon BennuuHbl,N - 0ObeM BbIGOPKM,
0MN<T/2,Y(®)-K.-aq nopsakoBad CcTaTUCTVKa A1A BbIOOpKM. lccnefoBa-
HMe cBolUCTB oueHok (8)-(10) meTomom MoHTe-Kapno nposoawunoch Ans
cmecu HopmanbHbiX pacnpepeneHun (I- £ )AF(o,j> )+&>f(0,h1),070. 3,
k=2,4,...,10,J) - maTpuua Koppensauuii. Takas mogenb 6bina BblopaHa
B CBA3W C WHTepnpeTauyen pe3ko BblAeNsnWMXCA HabMAEHNA Kak npuve-
CW HOpPMa/IbHbIX HEKOPPESMPOBaHHbLIX MHOFOMEPHbIX C/lyYalHbIX BENNYMH C
bonbWMK aucnepcusmm. pu YACIEHHOM MCCefoBaHUM MOAEMPOBa/IOCh
100 peanm3auuii BbIGOPOK o6bema N =40 NS Kaxmoi BbIBOPKM CTPOMIUCH
oueHknY #, (8), (9), (10) npndL=0.1 n 0.25 ;3aTem BblUMCNAIMCL AN1A
HUX BblIbOpOUHbie (N0 peasm3auusam) cpedHee n aucnepcusi. OTHOCUTESb-
Has 3(PEKTUBHOCTb OUEHOK (M0 CpPaBHEHMI0 C BbIOOPOYHLIM CPEAHWUM) rona-

ra/1aCb paBHOﬁ OTHOWEeHNO mep AN BH60pOHHHX KOBapunauuoHHbLIX MaTpul,.
o s\

mcitonb?= 1" nT T~Tr *"/NT1T*

F.CB%/»AI— BbIOOPOUHAs KOBApULMOHHAA MaTpuua 41s Y. U, COOTBETCT-
BEeHHO, t Kakasda-Hubyab n3 oueHok (8)-(9). MpvBesem HekoTOpble Mosy-

YEHHblEe Pe3y/ibTaTbl.
MozenvupoBaHme CMecK HopMasibHbIX pacnpeﬂeneHMM B ABYMEPHOM Cny4ae

NOATBEPANIO TEOPETUYECKME pe3y/bTaThl, MO/yUYeHHble paHee HEKOTOPbIMU
~ L ]
aBTopamn. [pn £-=0 3PEeKTUBHOCTb POBACTHLIX OLEHOK U n “vwfao’
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Y ji L okazanocb ot 0.9 oo 0.95 paxe npu Koppenaumsx .6nM3kux K eau-
HAUe ;anabl=0.25 a(heKTVBHOCTbL HecKo/bKo Huxe (oo 0.7-0.8). Boob-
e B [ABYMEPHOM Cfyyae npu nocnegyoliem pobacTHOM OLEeHMBaHUM HanLo
BbICOKasA 3(PEeKTMBHOCTb BCEX PACCMOTPEHHbIX PO6ACTHLIX OLEHOK. [lpu
3TOM BVH30PWU30BaHHble OLEHKM UMEeT npyu ToM xe cC 6osiee BLICOKYH 3¢-
(DEKTMBHOCTb, YeM 00py6/ieHHble, HO YyBCTBWTE/IbHEE MOCNefHMX K 60/b-
WM “'3arpsasHeHuaM’ . OLeHKa Xomkeca-/lemMaHa Mokasasa BbiCOKYW YCTOM-
UABOCTb AN11 BCEX MOAENMPOBAHHBIX KOPPENALUMOHHLIX MATpUL, Aucnepcuid
"3arpAsHalero” pacnpeeneHua n BenuuuH 'sarpasHeduns’. [na nBymep-
HbX C.B. Obl1 PaCCMOTPEH Takxe Cfy4yail CreuuanbHOro Buaa ‘3arpsisHe-
HMA", Korfa Oosfbline OuwMbKM eCTb TO/bKO B OAHOM KOMMOHEHTEe. 3TO
CKa3a/loCb B HECKO/IbKO MEHbWWX 3HAYEHUsIX S(PEKTUBHOCTEN POGACTHbIX
OLIEHOK MO CpaBHEHWMK C BblbOpKamu,''3arpA3HeHHbIMA."" O4HUM HabMoAEHVEM
C 6OMbWAMM OWOKaMM .

B TpexmepHoMm cfiydae 3((eKTUBHOCTb BCEX pacCMaTpuBaeMbiX OLEHOK
B MNepBol Mepe oOKa3asaCb YyBCTBUTENbHON K KOPPEeMPOBaHHOCTM KOMMO-
HEHT HOpPMa/lbHO pacnpefeneHHon C.B. Tak, Ans BbIOOPKWM M3 HOPMasibHOIo
pacnpefeneHnsl ¢ KOPPENsiLMOHHON MaTpuuei

I 0.853 0.5
0,853 1 0.8531
0.5 0.853 |

«Wy» =0.02) anpekTnBHOCTM oueHOKY j (g ?5)»Yt (0 D VKO 25)»
Yv(o 1)»Ynh-L PaBIffl cooTBeTcTBeHHo 045, 0.762, 0.375, 0.668,
0.677, 4TO HUXe WX 3NNEKTUBHOCTENW B OAHOMEPHOM Cfyvae. IJPHeKTUB-
HOCTU 3TWUX OLEHOK MO BTOPOA M TPeTbel Mepam O/IM3KM K OAHOMEPHbIM.
Mpy MOLENMPOBaHNM CMECK HOPManbHO pacnpefenienHblX BENWYMH KapTuHa
nHaa (Bugumo, 6narofaps HEKOPPesMpOBaHHOCTM KOMMOHEHT '‘3arpa3Hsio-
ero" pacnpefenienns): pobacTHble OLEHKM MMENT Npu BCEX K Id(PeKTuB-
HOCTb Gonblwe 1. Ecim 3a mepy adpekTvBHOCTM B3ATb YV .  TO WX 3(ek-
TUBHOCTb B 3TOM C/y4yae CYUWECTBEHHO MeHbLE.

[pOBefEeHHbIe YMCIEHHbIE UCCMIefOBaHNS MOKa3biBalT, YTO POBACTHbIE
OLEHKN Y H-1n 25) VMelT BbICOKYH 3M(EKTMBHOCTL BO BCEM AManaso-
He paccmaTpuBaembix BennyuH £ L,k *J* . OgHako BblumcneHnne oueHku (8)
bonee TPYAOEMKO, TaK Kak TpebyeTcs nopsiaka N*tnN onepauuii ana ynops-
novenns senmunH (40 BolumucneHmsa (10) HyxHo NENN onepauuit) .

MaTemaTuyecoTe. MOJENN MPU SKCMEPUMEHT bHPM MU3YLEHUA LIOXECTBEHHOC-
T NPOLIECCOB

BO MHOrMX ecTeCTBEHHO-Hay4YHbIX 3JKCMepuMeHTax Mpu perucrpamm
C/yYaiHbIX COObLITUIA NPUXOAUTCH WMETb AEN0 O TaK Ha3biBAEMbIMU MHOXECT-
BEHHbIMM npoueccamn. TakK, B SAepHOW (uU3uKe npu 06/yyveHun obpasua-
MUWEHN MOTYT MPOWUCXOAUTb peakuuun, pasnmyanumnecs He TUMIOM NPOAYKTOB,
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a 4nCMIoM OAMHAKOBLIX BTOPWUYHbIX YacTul Ha | aKkT B3auMMoAenCcTBusi: Ha-
npumep , (Y ,N). CY ,2D) ... (y ,KN) - (OTOHENTPOHHHE peakLum
MHOXecTBeHHoCTU L [T3-16] . Mpu perunctpaumm BTOPUYHbIE 4YaCTuULpl ecTe-
CTBEHHO He pas/nuvMbl, W 41A ONpeAeneHns napuuanibHbiX XapakTepucTuK
npouecca (Hanpumep, CeYeHUd peakuuin) MNPUBNEKAKTCA CTaTUCTUYECKNE
MeTogbl. AHasornyHas npobneMaTMka BO3HMKAET B HEKOTOPLIX 06/1acTaX
bvonorvn, Teopunm MaccoBoro obcnyxvsanusa u gp. [17] .

MepBbliii BOMPOC 3aK/i4aeTCAa B CTOXaCTMYECKOM OnucaHuy npouecca
perucTpauum CobbITviA NP Ha/MuAM MHOXECTBEHHOCTW, 4YTO (opMann3yeT-
ca B cxeme. [lyCTb Az |,Ic - He3aBUCMMblE MYaCCOHOBCKME CrlyyaiHble
Be/MUnHbl (C.B.), XapaKTepusywuue 4nucio cobbitwiA € T yacTuuamm Ha
aKT, =M+27a+. .t (4MCcno BTOPUYHLIX YacTwL) W MYCTb YMCIO |
3aperncTpuMpoBaHHLIX MPK AaHHOM N YacTul, NOAYMHAETCA: a) OMHOMMab-
Homy BK*J ,8)* 6) nyaccoHoBckomy Po(£”) 3akoHam, rge £ - Bepo-
ATHOCTb perumcTpaumy Yactuubl. 3agaya HaxoxieHus 06e3yCioBHOro pac-
npegenenna 7 neusoant [14,17] K npomussogauvm OyHkumam (n.g.)

a) exp{e*,(**-01n 6) exP{ " e T - a,

LT
OKBVBA/IEHTHbIE MOCTAHOBKW 3agayv HOpMy/IMPYHTCHA B TEPMUHAX CYMMUPO-
BaHWA C/yyailHOro uucna c.s. [17] .
MET MecTo crneaywuue npeacTaBneHns: AN (YHKUWA BEPOATHOCTEMN

P ,11-0,1,... t oY
a) l-I>r(f|)> —D*Tr.» 6) V®£ IE U \V/ , (UJ

w ' A TN m
M « V V 3apanTcA n_(*)_ (-cﬂl(e —D’\j; ana CeMMMHBapnaHTOB

3>t, 1,2, ..

; 2 2 ( hifef’x
D 3/ *E 9 2,244 NMekx
AN HaYaulbHbIX MomeHTOBcLI,,£:1,2,... A
S i y * y = A' y o ﬂ m*o T*m. °of
roe 6» - uncna CTupavHra 2-ro pofa ;Ans NPOM3BOAHLIX MO MapameTpam
a) WP 0) - 3r?2Ce? Pl_p
|- P PETH & MY e T

PacnpegeneHns ABNANTCA BOCMPOU3BOAALMMY no Xt ,--- 4% . MNpncC”r00

C.B. 1 acMMnTOTUYECKU HOpMasibHa C napameTpaMMdltn/5£. ecnnE =Const;
npy £W 0 BTOpPOe pacnpefeneHne CTPeMuTca K nyaccoHoBcKomy Po( 6«L ).
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OTmeTum, uTO npu =1 pacnpepeneHne a) nepexoaut B Po( VXi), a b) -
B BBeeHHOe HeiMaHOM “‘WH(eKUMoHHOE™ pacnpedeneHve Tuna A OT [ABYX

napameTpoB.
PeweHvre npsmoi 3agaun, T.e. BbuucCneHue Pl B 3aBUMCMMOCTM OT

NapameTpoB, CBEAEHO K PEKYPPEHTHbIM COOTHOLIEHUSIM:

o> <13)
YCTaHOB/IEHA MX BbMMC/NTENbHAA YCTOMYMBOCTb. YWCNEHHble pacyeTs P
B HEKOTOPbLIX BaXHbIX XapaKTepHbIX Cy4vasx npefacTaBieHsl rpapuyeckn u
npoaHanm3nposaHsl [13-15] .

OcHoBHas npobnema 3KCMepyMEHTa/IbHOTO U3YYEHNUA MHOXECTBEHHbIX
MPOLECCOB 3aK/I4YaeTCsa B OLEHMBaHUM napuuanbHbIX XapakTepucTuk [15] .
ycTb 3a N HabnAeHWA 3aperucTpupoBaHo ... ,/IM BTOPMYHLIX YacTul.
3HasA dyHKUmoHanbHbii By P (A, ) pacnpegenennia (11), Tpebyetcs
MOCTPOUTL OLEHKM s« ==, 0% UM MX KOMOMHALMA. YpaBHEHWUS MaKCuMmasb-
HOro npasgonofodust (M.M.) BbLINUCHIBAKTCA ANS NPOU3BOSILHOW MHOXECT-
BEHHOCTW 1¢ . ECAM 3((eKTUBHOCTL peructpaumu b n3BecTHa, TO ypaB-
HEHUA M.M. ANs Clyyas a) B CUCTeMe napameTpoBX*MMeNT cnefywlmi
3K30TUYECKNIA BUA

-1,
I*1 "1 £
N NPUBOAAT K SIBHOW oueHke 4 N A © 1 , paBHOW nepBOMY BbIGOPOY-
HOMY MOMeHTY<XA. [py Hem3BeCTHOM b ypaBHeHuss M.M. B cnyyae 6) 3a-

MUY TCS 8 -
£ i~ N *, atégsSk-NO -UE
C1 Al L

K
N JanT B Ka4yecTse nﬁgsoro WHTerpana m.n.- oueHky(lanaoll =62 E ~ .

[Ana KOHKPeTHbIX A nosyyeHsl ypaBHEHMS MeToAa MOMEHTOB M ero Mo-
oMuKaumid. Mpu K =2 npocumTaHbl AUcnepcuyn OUEHOK, MO03BOMAlWME CcpaB-
H/BaTb METOApl MO0 TOYHOCTU W yKasaTb MX 3(NEKTUBHOCTb. [lp 3TOM Ha
OCHOBaHWM HepaBeHcTBa Pao-Kpamepa c¢ nomowbi (12) u (13) HuxHue
rpaHnLpl AMcnepcuin OUeHOK BbiuMCNeHbl Ha 3BM. lccnefoBaHne ux nosefe-
HAA B 3aBUCKMOCTW OT €AMHCTBEHHOrO YMpaB/IsSieMOro B 3JKCrepuMeHTe na-
pameTpa cL/MHTEHCMBHOCTb CYeTa) MO3BOMAET YKa3aTb ONTUMasIbHble MO
TOYHOCTU OLEHMBAHWSA YCMOBUSA W3MEPEHUIA. 3yyeHbl HEOOXOAWMbe C TOUKY
3PEHMA IKCMEPUMEHTA/IbHOW MPaKTUKKW 00600WeHns NpuBeAEeHHON MaTemaTy-
YECKO Teopunm MHOXECTBEHHOCTM Ha HEMoCTOSAHCTBO WMHTEHCUBHOCTU nep-
BUYHOIO nydyka. [lofydeHHble pe3y/bTaThl YMC/IEHHOrO pPelleHns COOTBET-
CTBYIWMX NPAMbIX M 00paTHbIX 3a4ay MCMoNb30BaHb MPU MPOEKTUMPOBaHUM
N 00paboTKE 3KCNEPUMEHTOB MO pa3feNeHni NOTOHENTPOHHLIX pPeaKLii
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MHOXecTBeHHocT 2 [14-16,35].

N958nax_npu_o(”aboTke Meccbaya20BCKUX
CMEKTPOB

AnepHoin ramma-pe3oHaHc (AMP) sBNSeTCA MOWHLM MHCTPYMEHTOM WC-
CMefIoBaHNA (IM3NKO-XUMUYECKNX CBONCTB (KPUCTA/IINYECKON CTPYKTYphI,
XapakTtepa CBfA3M aTtoMOB M T.4.) TBEPAbX Ten. WHpopmauma o xapakTe-
PUCTUKAX PEe30HaAHCHOr0 MOr/oWeHNs U3BMEKAETCA U3 3KCNepUMEeHTasIbHbIX
MeccOay3pOBCKMUX CMEKTPOB. TeopeTUYecKMe MOChIKM O B3auMOAENCTBUM
Anep (Ha KOTOpbIX BO3MOXEH 3(heKT Meccbayapa) C 3NeKTPUYeCKUMA W
MarHUTHbIMA NOMAMM B obpasle npuBOAAT K modensm ArP-crnekTpoB Buaa

cynepno3numn nNopeHLEBCKNX PE30OHAHCHbLIX JIMHWN
hn

WY 1=N00- 5 A §h) +p L7 00 (14)
NMbo K HEeKOTOPOMY MHTerpasbHoMy npeacTtasneHnio [36]. Mpu aTom reo-
METpUYeCKMe. napameTpbl Mofgenu onpegensanTca ((manyeckumn XapakTepuc-
TUKaMU ABMIEHWA Yepe3 onpefeneHHble (yHKUMOHasbHble cBA3n Aj=Aj (J* ),

= (/), roe™p - BeKTOp, KOMMOHEHTb KOTOPOro ecTb napameTpbl
KBaflpyno/ibHOro B3auMOAENCTBUA, W30MEPHOro cagura, acummeTtpun I,
aHmsoTponum n T1.4. N .

[pAvble 3agaun Npyu 3TOM CBOAATCA K oueHke Uir B (14), BbiBOAY
CBSA3eil HA A J 1 pacyeTy CrnekTpa B 3aBWCUMMOCTM OT KOMMOHEHT” .
CobCTBEHHO MHTepnpeTauusa 3KcrnepuMeHTanbHOro ArP-crnekTpa MoxeT
NPOBOANTLCHA B [BYX acnektax. [pu ¢ukcuposaHHoi mogenn (14) Heobxo-
OMMO MO pe3y/bTaTam u3mepeHuinYj, OLeHUTb KOMMOHeHTsI £ . OpgHako (-
3MYecKoe uccnegoBaHMe 4acTo npegnonaraeT CcuTyauuo, Korja TeopeTu-
YeCKne MNOCHINKM NPUBOAAT K pas3nnyHbiM npeactasnexHnam (14). B marte-
MaTMYeCKON MOCTaHOBKE 3TO (OPMasIM3YeTCs Ha/IOKEeHWEM CBA3el Ha J*
W 3ajaya MHTepnpeTauun CBOAWUTCA K MPOBEPKe OnpefenieHHbX CTaTucTu-
YeCKuUX runotes pesynbTaTamy akcnepumeHTa [19°.

Pa3paboTaHHad B HVBL # BKYeHHas B mMaTemaTuyeckoe obecneve-
H1e 3BM MIY 6ubnuoTeka nporpamm Mecc6ay3apOBCKOM CMNEKTPOCKONUW Win-
POKO WCNONb3YEeTCA NpU WHTEepnpeTauun 3KCNepuMeHTasIbHbIX CMEKTPOB.
PelleHbl KOHKPETHbIE 3alayun aHam3a ArP-CnekTpoB COEOMHEHMIA: NepoBC-
KUTHLIX CNOXHOIO COCTaBa, OpraHWYecKUX CypbMbl, WHTEPMETasIMYeCcKmX
Tuna (a3 JlaBeca, crtanein n gp. [20-23]. MMocKonbKy hopma 3Kcnepu-
MEHTa/IbHbIX Mecchay3pOBCKMX CMNEKTPOB MOr/OWeHNa 1 Avuppakumm 3aBu-
CUT 1 oT annapaTypHbiX ((akTopoB (3NHEKTUBHON TOMUWMHLI NOrNOTUTENEN,
reoOMETPUYECKUX MapamMeTpoB YCTaHOBKW W Ap., BO3HMKaWT 3ajaun aHa-
/M3a 3TUX 3aBKUCUMOCTEN M yyeTa MX NpW NPOEKTMPOBaHUM W Opraku3a-
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L1 meccbayapoBCKOro 3KcrepumeHTa [24-26] -
UncneHHoe nccnenoBaHWe Mofeneil KUHETUKM rawa-u3nydaimx

Co3gaHne nasepHbiX CUCTEM C A/IMHOW BOMHbI Mopsiaka IR (Ha ocHo-
Be MeccbayspOBCKMX W30TOMOB) - OfHA W3 BAXHEWWMX HEPELEHHbIX Hayuy-
HO-TEXHWYECKNX npobnem. B mocnegHvwe rodsl nNpu 3TOM B TEOPETUYECKMX
W 3KCNepuMeHTa/IbHbIX UCCNefoBaHUAX MaTemMaTu4yeckoe MOAenMpoBaHue W
NPOEKTUPOBaHME (YNC/NIEHHBIN 3KCMEPUMEHT) CTa/M UrpaTb OnNpeaensiollyio
pofb. B KONNEKTVBe (M3NKOB W MaTemMaTukoB MIY u3y4yeHb maTemaTuyec-
Kue MOAeNu KWHETWKW reHepaumu U yCUNeHuaM-u3nyyvyeHus, WCMoNb3yi-
e Keasuknaccuyeckuidi (none Knaccuyeckoe, cpefa KBaHTYeTCs) W
KBaHTOBOMeXaHM4Yeckuin (KBaHTYITCA W cpeda, W none) noaxodpl. Onuca-
HWe MPOLECCOB MNepeHoca W B3auMOAENCTBUAN-U3NYUYEHNUA C BO3OYXAeEH-
HO/ pe30HaHCHOM cpedon cBedeHo [27-32] K HavanbHO-KpaeBbiM 3agavam
ONS KBa3W/IMHENHbIX CUCTEM NepBOro nopsgka

Ut(x,t)+&Ux(x,t)=F(u,*,t) (15

(U -Hem3BeCTHasdA KOMMNMIEKCHO3HA4YHaA BEKTOP-(YHKUMSA pasMepHOCTU
N=3 wnwm 6,0. — MxH-maTpuua) C HayasilbHbIM W TFPaHUYHLIM YCIOBUAMM
NepBoro poja Ha KOHUAX CTEpXHA A/MHbI £

Pa3pelleHbl BOMPOCH CYLWECTBOBaHNA W €AMHCTBEHHOCTU Knaccuyec-
KOro pelweHusi B KOHeuHoW obnacTtu 3agad tuna (15), (16), uccnepo-
BaHbl NMOCTAHOBKM M MaTemaTW4ecKue cBOWCTBa pelweHuid [29-32] . O6oc-
HOBaHbl 1N MPUMEHEHbl HEKOTOPLIE BapuaHTbl METoAA XapaKTepPUCTUK 4nc-
NEHHOro uHTerpupoBaHua [29,32] . YncneHHble anropuTMbl Peasin3oBaHbl
B Chneunann3npoBaHHOM nporpamMmHoM obecneyeHun b3CM-6, cocTaBuBlLEM
KOMNMIEKC Nporpamm ANnA pelweHus onpeaeneHHbX 3agady KUHETUKU ramma-
nasepa. PelleHbl cnepynwme KOHKPETHble (M3nyeckre 3agaun.

Mpn kBasuknaccuyeckom nogxope:U=(A,P,AH ), A - avnautyaa
BEKTOp-NoTeHUnana, P - TOK afgepHoro nepexoga, Aft - nHBepcHasd Ha-
ceneHHoctb,GLAC ,GLy =0, t+1>2,

F-(pp-"-Ad* »cawh--(tf+Df, -0 Re(Ap*)-1-amn)!

3afaya ycunieHus curHana 3afaHHon opmel: 2. (x #t )=0, y (X )=(0,0,1>,
Y1(t)=A(t ). 3agaya reHepauum W KWHETWUKW CMOHTAHHOIO W3Ny4eHUA:
E (X ,t ) fFKoppenvpoBaHHbIM MO X CAy4aiHbliA NMPOLECC C HY/EBLIM
CpefHuM, HadvasibHble ycnoBus Te xe, YiCt) =0 (BHewHWA curHan oTcyT-
CTBYET) .
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Mpu ksanToBoMexaHnueckom mopxoge: UE(C JT, $ A7,
— TMJIOTHOCTW 4yucna KBaHTOB BOSIH Bnpaso W Bneso, h S

ONMUCLIBAT OOMEH MONeil CO Cpeaond WM KOpPensuuw n3nyvaTenen, =
= Gt G.jj= , ocTanbHble (Ty =0,

F—ft-y, I [Mn*1+9Q 0107 -~ AIES”S, -ftfo™

(KoadpmumeHTsl B F onpefenawTcsa napameTpamu cpegpl). [IByXBO/HOBaSA
3aflaya CBepxu3nyyaTesnibHon KuHetuku: k=1,2, (X )=(0,0,0,0,0,1/,
)0, 1=1,4. OpHosonHoBaa 3agaya: =1, VF(x)=(0,0,0,D",

t )= Vj(t )-0. Iwucto BpemeHHaa 3ajaya: -0, W(x)=(0,0,0,1/,
CBOAAWasACA K 3agadve Koww Ans cuCTeMbl 06bIKHOBEHHLIX AuddepeHumasib-
HbIX YPaBHEHWIA.

HTepnpeTaunss UYMCNEHHOro peweHusa 3TWX 3afay no3Bonwuna cpe-
NnaTb BaxHble NPaKTUYECKWEe BbiBOAbl. YKasaHbl (M3NYECKu peanu3yemsie
napameTpsl Ccpefpl, Haubonee BLHIFOAHbE A4/1A peann3auyn PexrMoB M TUMOB
W3My4YeHnsa, NPOBEAEHO COMOCTaB/IeHNe camuX (U3MYeCKUX MOLXO0L0B
[29-31] . MonyyeH Tak Ha3biBaeMbid KpuTepwid cnaboro ycunewuna [29-33] .
lccnefoBaHO BAWSAHME MpoLecca CyxeHus nuHuM nsnydenna r(t) Ha
BpEMEHHOe MoBefeHne uMnynbLcoB [29,34] . MpoBeaeHbl YMCNEHHbIA aHamn3
N (M3nyeckas MHTepnpeTaumsa NPoCTPaHCTBEHHO-BPEMEHHOIO Xapakrepa
PEXVMMOB CBEPXW3NyUYeHUsa W CynepioMUHECLEHLMN B KBaHTOBOMEXaHMYec-
Kom nogxogde [30,34] . bnuxaiiume nepcrnekTuBL B 3TOM Hamnpas/EHWN
CBA3aHbl C PeLeHVeM MHOTOMEpHbIX 3a4ady M C yyeToM TemnepaTypHbIX
(hakTopoB [37,38].

NlnTepaTypa

1.0n the everall automatak of data processing for determining
the photonuclear reaction crose-cection Tikhonov A*N. ,Shevohenko B*G

Galkin V.Ja., Gorjachev B.l., Zaikin P.1T. »lehanov B.S., Kapitonov 1.I.
Information processing 68.Uorth-Holland Publishing Company-Amsterdam*,
2. CucTtema Cn/owHoOM aBToMaTuyeckon o6paboTku pelyfeiali*@"
3KCNepyMeHTa Mo UCCMefoBaHu HoToAaepHbIX peakumin/ TuxoHoB A.H.,
lleByenko B.T., TankuH B.A., 3aukuH M._H., FopayeB b.W., Wwxa-
HoB B.C., KanuTtoHoB W.M. - B KH.: BbumcauT, MeTofpl WU nporpammui-
poBaHue. Boin. X1Y. M.: W3p-Bo Moek, yH-Ta, 1970, c. 3-26.
3. TuxoHoB A.H. 0 maTemaTuyeckux MeTOAax aBToMaTu3auunm 00-
PaboTKn HabmogeHnin. - B c6.: Tpobnembl BLUYUCAUTENBHON MaTEMATUKM.
M.: W3p-Bo Moek, yH-Ta, 1980, c. 3-17.
4. TuxoHoB A_H., ApceHnH B_.fl. MeTogbl pelweHus HeKOPPEKTHbIX
3aga4. - M.: Hayka, 1979.
5. TuxoHoB A.H. BbluucnuTenbHas matematuka. - B kH.: BCO,
u3g. 3-e, T. 5, M., 1971, c. 568-569.
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6. TuxoHoB A.H. MaTemaTmyeckaa mogens. - B kH.: BC3, u3g. 3-e,
- T. 15. M., 1974, c. 480.

7. [puvMeHeHne (HaKTOPHOrO aHanM3a Ana ydyeTa annapaTypHoro
aperiha npu 06paboTKe pe3ynbTaToB aBTOMATUYECKUX WU3MepeHuil/ Tuxo-
HoB A.H., bonbweB /1.H., lankuH B.A., OpivH B.H., Ygumues M.B. -

B c6.: Bbuncn. metogpl v nporpammmp. Beim. XXI. M.: W3a-BO Moek,
yH-Ta, 1973, c. 118-123.

8. lankvH B.A., OpavH B.H., YoumueB M.B. YueT annapaTypHOro
apeita npyu peweHnn obpaTHbX 3agad. - B kH.: Bcecow3Has KOHpepeH-
UMA N0 HEKOPPEKTHO MOCTaB/EHHbIM 3afadam. OpyH3e: W3a-Bo Vnum,

1979, c. 39-40.

9. lankun B.A., OpnvH B.H. MepBuyHas 06paboTka 3KCMNepuUMeH-
Ta/lbHbIX [IaHHbIX, MOYYEHHHIX B aBTOMATUUYECKOM pexuMe W3MEepeHuid. -

B c6.: Bbumcn. wmetogpl v nporpammup. Boin. XXI. M. : W34-Bo Moek,
yH-Ta, 1973, c. 74-107.

10. TankmH B.A. Crtatuctuyeckne 3agaun 06pabOTKM U WHTepnpe-
Tauum pe3ynbTaToB (PU3MYECKMUX IKCrepumeHToB. - B kH.: Tpyab Bce-
COI3HOWN WKO/bI ""MeTOodpl PelWeHns HEKOPPEKTH. 3afay U MX MpUMEHeHue" .
M.: W3p-Bo Moek, yH-Ta, 1974, c. 120-128.

11. TankuH B.A., YoumueB M.B. CBoilcTBa HEKOTOPbLIX OLEHOK napa-
MeTpa capura, YCTOWYMBLIX K OTK/IOHEHWSM OT HOPMaslbHOCTW..- B CO.:
ObpaboTKa ¥ uHTepnpeTaums ¢U3ny. 3SKcrnepumeHToB. M.: 1134-BO Moek,
yH-Ta, 1976, c. 25-41.

12. TankuH B.A., YoumueB M.B. MoHTe-KapnoBCKOe uccCnegoBaHue
MHOrOMepHbIX POBACTHLIX OLEHOK MmapameTpa capura. - MaTematuyeckas
CTaTUCTMKa U ee npunoxeHusa, 1981, N7, c. 20-23.

13. TankvH B.A. [lpambie 3agayn nNpu pasfeneHnm MHOXEeCTBEHHOCTU
AafepHbix npoueccoB. - AJAH CCCP, 1974, 1. 216, N 5, c. 1014-1017.

14. TankvH B.4., Youmue M.B. lccnegoBaHnme OfHOro Knacca
OVNCKPETHbIX pacnpegeneHun. - B cb6.: Bbumcimt, MeTofpl M Nporpammmpo-
BaHne. Buin. XXYI. M. : W3p-Bo Moek.yH-Ta, 1977, c. 36-56.

15. TankuH B.fl., lopsueB 6./M., OpnmH B.H.* Youmues M.B. 06
ONTUMaNIbHON 06paboTKe M opraHM3auuy 3KCnepuMeHTa Mno CTaTUCTUYECKO-
My pa3feneHuno BbIXOLOB SAEPHbIX peakuuid pa3/iNyHOW MHOXECTBEHHOCTU. -
B c6.: BblumcinT, MeTogpl M nporpammupoBaHue. Boin. XYW. M.: U3g-BO
Moek, yH-Ta, 1972, c. 161-172.

16. TankuH B.A. [psmble U obpaTHble 3adaun Npu pasfefieHun MHO-
XECTBEHHOCTM AfepHbIX nmpoueccoB. [penpuHT OUAW, L0-7707. - [Oy6Ha,
1974, c. 93-99.
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17. [ankvH B.A., YoumueB M.B. PacnpefeneHne npoayKToB MHO-
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0. 41-51.
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3n-Bo Moek, yH-Ta, 1973, c. 108-117.
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20

28. MatemaTtnyeckaa MoAenb KWHETWUKW BbICBEYMBAHMA CUCTEM ABYX-
YPOBHEBLIX M3nyyaTeneid/ TuxoHoB A.H., AHgpeeB A.B., lankuH B.f.,
Tuxommpo 0.0. Mpenpuut OV, A1, 11-11264. - [y6Ha, 1978,

c. 10-14.
29. MaTemaTuyeckoe MoAenvMpoBaHWe MPOLECCOB YCWIEHUSA W TeHepa-

UM n3nyyeHnss B ramma-nasepe/ TuxoHoB A.H., bywyes A.B., TaikuH
B.A., Ky3sbmuH P.H., TuxomupoB 0.00. - B coBm. Hayy. cbopHuke OUAN
(Oy6Ha, CCCP) un UMoW (Bymanewt, BHP), Bbin. 3. byganewt: MTA,
1979, c. 147-164.

30. UMCneHHbIn aHasM3 MNPOCTPAHCTBEHHOIO Pa3BUTMS NlABUHbI
ceepxusnyyenuna/ TuxoHoB A.H., AHapeeB A.B., TlankuH B.A., WNbKHC-
Kuin 10.A., Tuxommpos O.10. - B coBM. Hayy. cOopHuke OUAN (fy6Ha,
CCCP) wn UWnoW (bypanewr, BHP), Bubin. 3, bypganmewt: MTA, 1979,

c. 131-146.

31. AHpgpeeB A.B., bywyeB B.A., TuxomupoB 0.00. MaTtematuuyeckue
MOZE/N KWHETUKM TreHepauum n ycuneHua ravma-usnydenunsa. - AJAH CCCP,
1960, T. 252, N 4, c. 845-848.

32. TankuH B.A. O umcneHHoMm pelieHur 3agavy KUHETUKKU ravmma-
n3nydeunsa. - OAH CCCP, 1980, 1. 255, N 4, c. 833-836.

33. O KpuTepun cnaboro ycuneHuss B KBa3WKIaCCUYECKOW MOAenw
KWHETWKN ramma-nasepa/ TuxoHoB A.H., byuwyeB B.A., TankvuH B.4A.,
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COBPEMEHHME YUCNEHHHE METOJH PEWEHWA CETOYHHX YPABHEHWN

A.A. CAMAPCKWW, W.E. KAMNOPWH, A.b. KYYEPOB, E.C. HWKONAEB

MOCKOBCKNUI rocypgapCTBeHHbWN yHuBepcuteT uMm. M.B. JlomoHOcoOBa,
MockBa



AHHOTALMNA

CtaTbA MocCBsAlleHAa MeToAaM pelleHUA BaxXHOro Kjacca pa3peXeHHbIX
CUCTEM - NATUTOYEYHbLIX PA3HOCTHLIX KpaeBbiX 3adad a9 3IUNTUYECKNX
ypaBHEHUN 2-r0 nopsaka Ha NpAMOYyrosibHOW ceTke. [laeTca Knaccupuka-
uMs 3agad M onucaHme COOTBETCTBYHWINUX METOA0B.
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| ¢3a7aun_0__ paspenanwmmnca nepemMeHHoIMM B MPAMOYTOJibHUKE. IJKO-
HOmuTE-|usaw e metopa*

| . I»[loCTaHOBKN OCHOBHbLIX Moj3afjay* Bce M3BECTHbe anropuTMmbl pe-
WEeHWA 3ajay 3TOro MyHKTa 6a3upynTca Ha IQNEeKTUBHbIX METOAax [Ans
cnegynwmx AByX 3ajay*
ﬂeqﬁaﬂ M3 HUX - 3ajaya PeweHns CUCTEMbl NUHENHbIX YpPaBHEHUN
C mMaTpuuen

c* —B* 0... 0 -aA
«®e(Q 0
e m
0 ee _cm-i"Em-i

\_«M 0 3 eee_ (XM Cm /
Ana peweHus 3TOWM 3afayn NPUMEHAKNTCH pPa3/IMyHbie BapUaHTbL pa3pexeH-
HOro ucknwoyeHus laycca ( nporoHka [ I ] , uyumknnyeckaa pepyk-
uma [ 2] , vumewwne acumnTtoTuKy uucna onepauuid O (M) .
BTopada 3ajaya - YMHOXEHWE Ha BeKTop maTtpuy Q nm Q"4 ,
NPUBOAALUNX MaATPULY

luTi ® .**O
-1 2 “l «**0 0 (2a)
T = 0o -1 r ... o 0
1 *«
0 0 0 <2 -1
\“or 0 o

K AnaroHalibHOMY BUay-:

Q TQ =21y TV=diagKixe YW ¢

[ing cneunanbHbX CAy4YaeB, Hanpumep

(26)

nmoeo
cC2,-4,-1), on=1,2, (28)

W3BECTHb SABHbIE BblpaXeHWs 3N1eMEHTOB Q ,Q -~ n ( YEepes

TPUTOHOMETPUUYECKME DYHKUMKN ) N 3DHEKTUBHbE anropuUTMbl PEWEeHNs
3ToN 3agaun ( OCHOBAHHHE Ha MPUMEHEHWM OLHICTPOro npeobpa3oBaHus
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dypbe [1,2]b
Yucno onepaunii ykasaHHbX anroputMoB umeet acumntoTuky OvMIbgMjl

1.2. TocTaHOBKM 3afay C pa3fensuuummca nepemMeHHbMW B NpsAMO-
YyrofbHUKe. PaccmaTpuBaemblii knacc 3agay B 06Wem ciyyae ecTb CUC-
TEMbl IMHENHbIX anrebpanyeckux ypaBHeHWA c maTpuuen nopsgka M N

J =T >IN+ IM®Tr , €

raoe T A,T2 - matpuusl Buga (1) nopsiaKOB COOTBETCTBEHHO
M u N, ® - KpOHEKEpOBCKOE NpOnN3BEjeHue:

\
ARB = &lA "2A «e« 2MA |

AMFA . . J

Ecnn ofHa n3 matpul I nieeT BUA To cuctemy (3) Hasbl-
BalT 3afiayeil C MOCTOAHHLIMU KO3(MOUUMEHTAMM MO OAHOMY HanpaBneHU

1.3* MeTon UMKNMYECKOW pedyKuuu ((:FQZL MeTop (:FQ n3-
NOXUM And 3afgaynm ¢ NOCTOSAHHLIMM KO3®QMUMEeHTaMuM No OAHOMY Hanpas-
NIEHNK, B TOM C/ay4yae, Korpa

r -
-1 r

.0 " -
CooTtBeTtcTByluyn cuctemy (0) MOXHO 3anucaTb B BUAE TPEXTOUEYHOFO
BEKTOPHOIO YPaBHEHWS C KpaeBbiMi YCMOBMAMW MepBOro poja:

+ $VYi- -Xu-1 = Fj.»
4)
Yo=0, vyntl=o,

roe Y* =CrMi(>. .., M) - HEW3BECTHbIA BEKTOP,
S “21+Ti1. [lononHWTeNnbHO NPeAnonoxuMm, 4To N -Z n-i.

Metog CR npegcrasnser co6oit pekypcusHyw npouesypy [3 3,
NPUMEHSIEMYI) K aHANOrMYHOMY YPaBHEHUW Buia

+C"N-W *ti =(C +plN Pj.,
1 Wo =0, k=0,
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1B K
C =C = 2Trk(]), Tr(-t)=C0os(raiCCo5t), (6a)
k=fr Kr
kap > B +p =2 KO - (©6)
3ametum, 4to npn K=0,
O T u-
P de = L - W T V¥ (*)

nonyyaetTca McxofHad 3ajava.

lapameTpom, xapakTepusywuum pasmep 3agayun (5), aBndaetcd 4uo-
no K. PekypcuBHbliid war metoga C R, 3akKfpyaeTca B nepexoje
K cucteme (5) c napameTpom pasmepa, Ha efnHULY 6ONbLUM:

-wvy-"~*cWj-wrcct+tpirnm,

(M

Wo =0, =0,

r,u,e
A mLJ kt1 a Utd

1 =l < E=C ®
b ’ )
3TO ocCylecTBNsSeTCA NyTem NOACTAHOBKM BbipaxeHUi
W 2H=B"-i1+C~1(").-2+W29.+RP2j.-L), i1jiilV 0)
B ypaBHeHun (5) Ana 4eTHOro I W fJomHOXeHuAa Ha C. [ocne npe-
obpa3oBaHuin, yuuteiBawuwux (6), nonydvaem Gopmyns Ans \

p*.* pu + <c -plT Ypu._,+p% + pu ,), ,

Takum ob6bpa3om, pekypcuBHbliid war metoga C R onucelBaeTca (op-
wmynamu (10), (8), (9). larm BhHNONHAKNTCA [O Tex nNop, MnokKa He no*-
nyuntca 3agava (5) npum k=M-1.Ecnu nocnegosaTteNbHOCTb R Tako-
Ba, uTo"p”™0 ( Hanpumep, B =2cos[8(Il - (--HnK)] )* 710
peweHne 3TOil 3ajaynm yxe NonyyeHo: ~ * 1 Ha ero OThiICKaHue
He 3aTpaynBawTca apupMmeTuyeckue onepauun. Kak u3sectHo £3 ],
yucno onepaunii Tt (k) peKypCMBHOro anropuTma And peuweHua Baga-

4y pasmepa K YAOBNETBOPAET PEKYPPEHTHOMY COOTHOWEHWUI
T1( k) =N (k +1) + ?2X1(K) ,

roe # tICk> - uucno onepaumit, 3aTtpaynMBaemoe Ha BLHIMOSHEHUE peKyp-

cuBHoro wara. Otcwga, yuuteisad, yto TT (n--1) = 0 , monydyaem

Tak Kak ucxoaHasa 3agada (4) npusogutca K 3agaye (5) ¢ k=0
nytem npeobpasoBaHus (*) npaBbiX 4YacTeil, Ha KOTOpoe 3aTpayuBa-



28

etca IT. onepaunii, To obwee uucno onepaunii metoga Chi ecTb

n = 0o+ 2 N 40 . (n
eh
BennumHa 1t0 ectb O(MNJ, Tak kak (*) BbimonHAETCA NyTem npume-
HEHUA, Hanpumep, MeToda NpPoroHku. Bouucnenna (9), (20) Takxe
CBOAATCSH K YMHOXEHMW MaTpuupl, 06paTHON K TpexauaroHalbHOW, Ha
BEKTOP U BEKTOPHOMY C/OXeHuw. [na 3Toro AOCTaTOYHO NPeACTaBUTb
(e-cayl B BMAE CYMMb NpOCTEAWMX Apobeil:

(c-*1)~4 2 T2K(Ff)-«1) =S*(S+a™1)~4. as3)
Takoe npejcTaB/ieHUe CYLeCTBYeT, MOCKO/MbKY BCe KOPHW MHOroune-
HOB I T 2k(4:/2)-<*, °<efo,/J} , - npoctbie. OTcwaa CTAHOBUT-
CA ACHbIM, 4YTO BefnyuMHa I m o Takxke ectb O (MN) . MoaTomy
u3 (11) nonydyaem acumntotuky O (MNTogN)  ans uucna onepa-

unii metoga CR .
OTMETUM, UTO OMUCAHHAs METOAWKA MOCTPOEHWA anropuTma ycnelu-

HO o6boOWwaeTcs M Ha Te cnyyau, Korfga martpuua I r uUMeeT Nbyw
M3 (gopm (2.) Npu COOTBETCTBYWWWUX OrpaHuyeHusax Ha N.

N3BECTHbHE K HacToAwemy BpemeHw BapuaHTe metoga C R ucnonb-
3yWT, KakK npasuno, npeactaBneHue npasond yactu (5) B BuAe
C pj.+ " B MNO/ITOPa Pa3a 6onblie nmamatu npu peanun-
3auumm Ha 3BM. ANropuTmbl yKas3aHHOro Tuma pacnpocTpaHeHsl Ha cny-
yan npoudsonbHoro N C 41 , a Takxe Ha obuwuit cnyvait, korpa
kKak Tr , Tak u T* wumewnt Bug (1) £ 5 ] . Npn atom acumnToTn-
Ka uyucna onepauuii coxpaHsieTcs.”

1.4. [uckpeTHoe npeobpa3zosaHue ¢ypbe (F A ). PaccmoTpum
3agadyy Tuna (3) c maTpuuen

J1 =(C-2IN®lu+ 1MBT2, (13

roe C - nonuHom cteneHn K oT martpuus Buga (1), a AB-
naetca L*L - matpuueir Ttmna (2). NoactaBnasd pasnoxeHne T%—
= QAQ-1 B (13), nonyuaem A .=(C*“2IM)&IL+ IM® Q AQ “A,
oTkyga, ucnono3zya gopmyny (A®B) (C®1)) = (AC)&(BD),

#) ~1 _ ZK “A
A Takxe (oktopusawlio CC-. 1) .MN-.,(8*>ul) BMecTo pasnoxe-

una (12), 4yTo MeHee BHLIFOAHO B CMbIC/Ie YWUCNEHHO! YCTORUYMBOCTHU.
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HETpﬂHO nznmﬁTéDQ)((C' rM®t+r|\®A)(”\®Q :I)

OTcwaa, YUNTbIBAA 4YTO CpeAHMM COMHOXWUTENb €CTb 0/I04YHO- -AnaroHanb-

Haa maTtpuua ( ¢ 6nokamnm C  +- )1m Ha AnaroHanu ),MOx-
HO NONY4YnMTb MCKOMbIA anroputm FA &ns 3agaun (3), (13):
jICHkz) 1n]"1 \
V 1C+(% cNe mI)

ANTOPUTM YMHOXEHUA Ha BEKTOP NepBOro M TPEeTbero COMHOXUTend
OYEeBMAHLIM 00pa3oM mony4yaeTca npumeHeHuem M pa3 BTOpPOro anro-
putmva N°I.1 # a ymHOXeHMe Ha BEKTOpP BTOPOro COMHOXMTENs CTpo-
utca no gopmyne (12) n Tpebyetr K L  npuMmeHeHWid nepBoro anro-
putma n°l.1 . Takum obpa3om, 4ucno onepauunit metoga F A

ona 3agaun (3) c martpuuyenn (13) umeeT acUMNTOTUKY

O (K UM *M Liogl).
Tak, ecnu Mb MpUMEHWM MOCTPOEHHbI METOA HenoCpeAcTBEHHO K 3aja-

ye (4), ona kotopoir K=1, TO NONY4YUM MeTof C acUMMNTO-
Tukoit yucna onepaunit O (MNTogN) . Ecam xe Mo UCNOAb3yeMm Me-
Toq FA B pekypcuBHoil npouegype C R - BbHINONHUM i La-
roB pekypcuu u ana nonydeHHon 3agaun (5) ¢ napameTpom pasmepa
K- 1 ( kotopas, ecTb 3agava (3), (13) npn K = L* —

S | — 1 ) npumeHum metog KA - TO 4uMcCnNo onepauun Takoro

metoga ( monyuusuero Hassauue FACR (1) ) 6yseT yLoBnetsopsThb

eH OOTHOL . 0 Y
79)(5'03 Mlﬁl I Ks k=0,1,...,Eu, >K(0:d1(MN(|+2 tong)
OTcofa nonyvyaem 72(0): O(EMO/ +Z~tMTaK
4To npu -t=cOEogiogN meTogq FACR(£) wuMeeT acUMNTOTMKY 4UC-
na onepaumn O (MNE£ogf£ogN), T.e. nyywyw,4yem AnACR n F A .

Apyroi BapuaHT NPUMEHEHWA anropuTmMoB n°4.4 U3NOXEH B cnemy-
oweMm NyHKTe.

1.5. Mapuwesbii metog ( M A )* PaccmoTtpum 3agauvy (3),
roe T*=S  “ matPuma Buga® (2). 3anuwuem ee B BUAE TPeXTOYEYHO-
ro BEKTOPHOIr0 YypaBHEHUA C NepuouyYeCcKUMU KpaeBbiMW YCNOBUAMM:

Yo=Yn, YNfE=Y1. W0)
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OCHOBHYK POAb NpKU NOCTPOEHUM MapuWeBOro MeToda MrpanT COOTHoOle-
Hus, cBA3biBawwue BekTops Y m LY m+l n Yj gna nw6uix gonyc-

TUMbIX e [IMEHHO, WMeeT MecCTo

Nemma. MycTb O, s jJ o2 "™-1n1/ , 1,
Kpome TOrO, p
a) MaTpuubl nm CEE£  onpejeneHsl PeKypPpeHTHO Kak

T'+’O,a£PrT,

r i
6) BekTOpH P; , r;>& K > £*1/-1 , onpefeneHs peKkyp-
PEHTHO Kak
[ -i*0 »PrPr=g> +$
P+{ p ) )

<?. -0, *QHS,<%efr jltS)Qf*"Q~"rSj, tld ...a6)
r) uMewT MecTo ypasHeHusa (14a).

Torga cnpaBefnuBb paBeHCTBA

(17a)
(176)

[loka3aTenbCTBO NeMMbl MPOBOAUTCA TaK Xe, KakK U ANA aHanoruyHoro
yTBepxaeHua B [ 6 J

Ncnonb3ysa chopmynnpoBaHHLIA pe3ynbTaT, NOCTPOUM pefyLupoBaH-
HY CuUCcTeMmy, CBA3bIBaWWYKW OTCTOAWME APYr OT fpyra napbl COCEefHMX

HEeW3BECTHbLIX BEKTOPOB ; ..., -bXI>Xr-1>XH">-- BBepgewm
nocnefoBaTeNbHOCTL LEenbX 4ucen y 0”M-b*2b , Takux,4To
I=mO0O< nal<m2<>1t<sm
N MONIOXUM
N\ - - 18
q:) p’l ((?1111 ( )

P , T-«,-. >r-"»] J-= C, 5,L**
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N3 (17) nonyuyaem, 4TO OyTb MpaBbie YacTW WCKOMOW peayumn-
POBAHHOW CUCTEMbl, KOTOPYW Mbl 3anuuem B Bujie

A “fsix, vo )

Mpexae 4yem u3naratb MeTof peweHuna cuctems (19), 3ameTum, uTO
ec/n OHa pelleHa, ToO Be KT O pb , He Bxogaunme B (19), onpegens-
0TCA N3 PEKYPPEHTHLIX COOTHOWEHUI

> 1= poptlv > ox-
Vi-i= (41 +1W -W+1-1J ,1=r-i.r-a,.i+ i; (2°)
= ) r:m/\1 _t: A, *))16,

Takum 06pa3om,MapuweBbliid MeTof 3aKlw4yaeTCd B BbiMOMHEHUN Tpex 3T.a-
HOBi) BbluncneHne no gopmynam (16) BeKTOpOB é}gﬁi N Wr~i
npu COOTBETCTBYWWWX P, ,T W NOMyYyeHWe npaBbiX 4acTeill cuc-
Tems (19) no gopmynam (18);

2) peweHue cuctems (19);

3) BbYUC/IEHME OCTaNibHbIX BEKTOpoB  Yj. cornacHo (20),

NOCKONbKY NepBblid M TPeTWA 3Tanmsl B HaWem cnyvyae TpebywT, oue-
BugHo, O C M N) onepauuii, 4Yucno onepauuini MapweBoro metofa
coctaBut (XMN+tfle), rge 71~ - 3atpaTe Ha peweHue cuctems (19)
OueHUM MOCNefHIK BENNYUHY.

Mpegnonaras, 4to £) wumeet Bug (2), NoAcTaBUM COOTBETCTBYH-

llee pasnoxeHue S = QAQ ™18 (15). Mbl monywum, 4TO
a J - Q0 a Jgqg -1, 6C ~ g m g -1, (si)
rge - JuaroHanbHbie MaTpuubl, KOTOpPbie MOXHO BbLYMCAUTH
no gopmynam p p P P
Ap-,"=07Ap-i-1, nN22)

M\ M, «pMm;. (KPF*N)Mp*"-PPM;*", r-M -i..
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Nogctasnaa (21) B cuctemy (19) » pomHOXasd ypaBHeHuA Ha Q :
nosy4yaem CUCTeMy C maTpuueid, COCTaBEHHON U3 AMaroHanbHbX 610-
KoB ( 3/1eMeHTbl KOTOpbIX Bblyucnawtca no gopmynam (22) ):

ARR V\ /b1 \
\N\\ \ «
AN\ \ bl
\N\\\ .
\N\\\ ° - ® »
N\ \\ . « (23)
K Ub-y "u-

J \Vv2L , G -suj
rae

OVZA-i , Q Vg ™ y (24)

! (25)

Takum 00pa3oMm, MeTO[ peleHus pefyuuMpoBaHHOW CUCTEMb CBOAUT-
CA K BbIMOJMIHEHUI CRefyolnx 4eTbipex 3Tanos:

1) npeobpa3oBaHne npaBbiX 4yacTen no popmynam (25);

2) BblYNCNEeHMe KOo3(ppuumeHTOB maTpuybsl cuctems (23) € Ucnonb30-
BaHuem gopmyn (22);

3) peweHne cuctemsl (23); 3*ameTum, 4TO COOTBETCTBYKWWAA nepe-
CTaHOBKa CTPOK W CTO/I0OL0B NPUBOAUT ee maTpuyy K 6104HO-Anaro-
HanbHoMy Bugy o6 Il a g A1 Am} ¢ ZLxZL - 6nokamn Buga

At =

W NO3TOMY ANA peweHus KaBAOW CUCTEMb A i*i = noctatoyHo 0 (L)
onepaunin ( NpuUMeHseTCA MeTOof MCKNW4YeHua laycca, Yy4unTbiBawWKil
CTPYKTYpPY pa3pexeHHOCTH Ai );

4) BblUMCNEHME WCKOMbIX BeKTOpoB Yj_  no gopmynam (24).

B cuny n°l] obllee uucno onepaunn Ha peweHne 3agaun (19)
coctaBut OCLMFfogM)+0(MN)+0O(ML)+0(LMCogM) onepauui,
r.e. 70 =0 (MN+ LMtogM) *0TCl0ga, yuuThiBaA
npeAbiaylime OLEHKM, MNofyvyaem acUMNTOTWUKY 4yucna onepayumin mapueBo-
ro metoga siga O Cm N+ L M iogMm ) e

[lna paccmaTpuBaemMoro knacca 3ajay xapakTepHa cuTyauud, Korpga
maTpuus T-t u B 3ajaue (3% NONOXUTENbHO OnNpejesfieHsl. B 3aToM

cnyyae 6GonbLme AANHH Mapuei 'Eé—tnaLj:7 KenaTenbHbe C TOYKM
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3peHns ymeHblieHnss L ( T.e. YCKOpeHus mMeToAa) HemomyCTUMbl,TakK
KaK NpUMBOAST K YMCNEHHO HEeyCTOMYMBOCTM MeToda. YuuThiBasi pe3y/bi-
TaThl MCCNefoBaHWil YyCTOWYMBOCTK, NpoBedeHHbx B F7j, Oyaem cuny

tath, uto npu M- O(N)sunonneHo LI,:O(N/ €ng) (T.e,

= O ( N ) ). Torpga mbl nofyyaem YUCNEHHO
YCTOWYMBLIA MApWeBLIA METOA C aCUMNTOTMKOW uucna onepaumnin 0
npu M =0(N) .
2. pAMbie U UTepaLnoHHble MEeTOAbl, OCHOBaHHbLE Ha paspe3aHuu
CETOYHOI obnacTu.

Ha npakTWKe 4acTO BCTPeYanTCA KpaeBble 3afayn, MOoCTaB/IEHHbE
B 00M1aCTAX, COCTAaB/IEHHbIX W3 MPAMOYTrONbHUKOB NGO Apyrux obnac-
Teln, rpge MOXeT WCNoNb30BaTbCs CETKa, ISKBUBASEHTHaA NPAMOYro/ib-
HOM.

—————

(ct)

+4<
-3

L C
n — emrH

Bo3HuKawwmne npu 3TOM CUCTEMb Pq NIMHERHbIX YpaBHEHUII XapakK-
Tepusywtca rem, 4To HaxoxgeHwe O(V/V'™*)3HadeHili HensBecTHON ce-
TOYHOW (QYHKUMW B y3nax Ha rpaHuue pasgena, OYEBWAHO, CBOAUT 3a-
fayy K HecKOo/bKuWM 3ajayam, paccmoTpeHHoim Buile ( B cnyvae () )
Mpy 3TOM NOCTPOEHUE CUCTEMbI, CBSI3biBAWWENA 3TU HEU3BECTHLE, U €e
pelleHne TakKxe NPOM3BOAMTCHA C WCNOMb30BAHMEM YKAa3aHHbLIX anroput-
MOB.

MPOUNNICTPUPYEM CKalaHHOe Ha npumepe 3agaunm (a). B 3aTom cny-
yae maTpuua CUCTeEMb UMEeT BuUA

Beoasi 6onee KpynHoe 6n04HOE pa3bueHue, CUCTEMY 3a-
nuwem B BUAE
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Azz b xi 26)

N s (X3]

Ackniwyaa u3 BToporo ypaBHeHus X{ u X3 , umeewm

Ajii Ay Anb Abb >3 > (27)
Cxn = N2TATEATE~NEZN33N3Z)X ;LY N2 T
ArXT1-~-Arax* > A 33 ~ A 3a : (29)

Takum ob6bpa3om, peweHne cuctemsl (1) npousBoguTcs B TpM 3ITa-
na: CcHayana Mbl BblYMcnaem npasyk 4yactb (27) cuctems (28) ( aTo
TpebyeT, BOOOWE roBOpA, [Aaxe MeHble 3aTpaT, 4Yem peleHne cucTeM
c matpuuyamm Ablbl,M1,3,T.K. HYXHO Bbuyucautb nuwb 0 (Ynrl)
KOMMNOHEHT peleHns), 3aTem pewaem cuctemy (28) ( aTo camblii cno-
XHbIA 3Tan) W , HakKoHel, pewaem fABe cuctems (29),

Cuctemy (28) MOXHO pewaTb nnb60 npaMmbiMi, NKN60 MTEpPaLMOHHLIMK
metogamu. B nepsom cnydae Bboiuucnantca 1e0(Y/l/ ) KOMNOHEHT BeK-
TOpoB A o'* O-oiz(i-)( rae a.oirc+)-yi#n crtonbey A  ,<*=1,3);
KOTOpbLIE HEeoOXOoAUMb AN HOPMUPOBAHMA NPOU3BEAEHUA MaTpul A
x4 "NAArEcnm matpuusl S', S umewT Bug (2), TO AnA 3TOr0 AO-
ctatoyHo OCA/1og/v) onepaunii; B NPOTUBHOM Cnyyae-o (n v n)
onepauuii. fanee,nofy4yeHHas matpuuya emkoctu C  pasnaraetcs B
nponssegeHune Il ) " 1~ HO anropuTmMy CUMMETPUYHOTO MUCKIKwYeHusa la-
ycca ¢ 3atpatod O (NVaT) onepaunn. I3TOT BapuaHT anropurma opu-*
EeHTUpPOBaAH Ha peweHue 3agayn (26) CO MHOTUMU MpaBbLIMW YaCTAMHU,
TaK KakK nocne BblYucneHus pasnoxeHuda c¢ =1t > 117  gn™ peuwe-
HUS cuctemsl (26) poctatoyHo He 6onee O (WFfogM) onepaunin (06Y),
ec/in NCnonb3yeTCcA MaplweBbid METOA4 ).

[pyron BapuaHT MeToda WCNONb3yeT WUTEepaLUOHHbIA METOL peleHus
cuctemsl (28) n He TpebyeT ABHOro BbuuucneHna C. Tak, HeETpPYA-
HO yb6efnTbCA B TOM, 4YTO ANA YMHOXEHMWA maTpuupl C Ha BEKTOp
noctatouro O (MnogNonepauyuit, ecnn maTpuup S>S"" uwenr BUL
(2) ( ecnm Het, 1o O(N) onepaunii). MosTomy SBHbIi MeTOA CO-
NPSXEHHbIX rpagueHToB ans (28) uMmeeT uucno onepawnii O(N"OgN),
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K. [ONKEH faTb TO4yHoe pewenue 3a 0CYnT) wtepauni.Ecnu xe
NOCTPOUTHL HEABHHIW UTEpaUuoOHHHW npouecc (31) ¢ perynapuzatopon
3 - £ A22A AUt 2R C ATy rge R -paukoHanbHas QyHKUKA
ctenein O(vW),To ckopocTb €ro CXOAUMOCTM HE OYAET 3aBUCEThH OT
N C8] w peuenne cuctems U8) MOXHO OYAeT BHYUCAUTL 0 TOYHOC-
To e o 3atpatamn ot O(Vn IANITA £~1)J1 O (Mregf-*)
onepauni ( B 3aBUCUMOCTYH OT CBONCTB ¢

3. Juwse- uTepauuoHHbe METOAN, OCHOBAHHHE HA JONONHEHMM
CeTOYHON 00naCTH.
B Tex cnyvaax, korga obnacthb , The noctaBneHa Auo-

DepeHynanbHas kpaeBas 3afaua, MMEET CNOKHYO TEOMETPUYECKYH KOH-Y
DUrypauun,uenecoo6pasHo ee He paspes3aTh,a JONOAHATH A0 00bEMAN-
Lero NpAMOYrONbHAKA,BBOAUTL B HEM CETKY M CTPOUTb PA3HOCTHYH
annpoKCcUMaLup Ha y3nax, nonasuux BHYTPb UCXOfHOH obnacTu <O.

0

locne 3TOr0 0Ka3HBAGTCA BO3MOKHLM LOMONHUTL MONYYEHHHE YpaBHe-
IS aHANOTUYHBMM,3aNUCAHHEMI B OCTANbHHX y31aX NPAMOYTONbHUKA,
YTO MPUBOJUT K CUCTEME

Ax ={. (30)
Tpi 3TOM HETPYAHO LOOGMTLCH TOTO0,4T06H I)peueHue NOCTPOEHHOU 3a-
1ayn B NPAMOYTrONbHUKE COBMALANO0 C WCKOMLM PEWeHUem B y3nax #uc-
XOQHOW 0601aCT; 2)ypaBHeHWe MONYYEHHOW auCTeMs OTAUYANUCH OT
YPaBHEHWA CTAHAAPTHON NMATUTOYEYHON 3afayu Bw=1r B NPAMOYrONb-
Huke nuub B OQHTy3nax Ha rpaHuye mesgy 001acTbh M €€ JONONHE-
Huen.Kpome ToTO, 3a4acTyn Yypaetcs obecneyntp "xopouue*
CBOWCTBA MaTpPUULB~Al ,4T0 N03BONAET MOCTPOUTL IKOHOMUYHEI UTe-
paluoHHbH wetog ana 3agauyn (30) €O CKOPOCTbK CXOLUMOCTM,HE 3a-

pucauen ot N .
Takum obpa3om, uCxofHan 3afaya CBOLUTCA K 3ajaye C matpuuei

A = B +PiT, )0 (),

T.e. A 0TAMyaeTcs oT B NMWb Ha Cnaraemoe Manoro paHra u BhHCO-
KOW Pa3peXeHHOCTN.ITO 00CTOATENLCTBO MO3BONAET,Kak U BHUE, Npu-
MEHUTb METO[ MaTpuLb EMKOCTU, OCHOBAHHNA Ha Qopuyne ANS MOJM-

BUUMPOBAHHON 00pPATHOR:

A-1= B
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3Lecb pasMep MaTpull eMKoCTU

C=T17-*TB">
Takxe acuMnTOTWYECKM paBeH \J\y N HO peanbHO MOXeT JOCTUraTb
6oNbMX BenMuMa. 3TO 3amMeAnseT BbUYMCNEHME W paKTopu3auuw C
W 3aTpyAHAET XpaHeHue NOoMy4YeHHOro pasnoxeHud. Kak B cnyyae pas*
pesaHusi, 4Wcno onepauyuin npsAMOro MeTofa MaTpuub E€MKOCTM COCTaB-
naet O (N ) Ha Kaxgywo n3 3agady p cepun C ecnm ucnonb3oBaTb Map-

LWeBOW METOA).
[nd 04HOPA30BOr0 pelleHWA 3afaun LenecoobpasHO MPUMEHATb He-

fABHble WUTepalnoHHbie MeTOoAbl C perynapusatopom B . B HekoTOpbiX
BaxHbiXx cnyyasax ( TpeTbA Kpaeeasd 3afgayva (9), nepsad Kpaesas 3a-
navya (10) ) ypaetcs HailTu Takoil cnocob nocTpoeHus matpuus 7\,
KOTOPbLIN NO3BONSIET A0OUTLCA OLICTPON CXOAMMOCTW COOTBETCTBYWWETO
nTepaynoHHoro npouecca. Ecnu gng obpaweHus B Ha BekTope X>-
NnoNb30BaTb MapWeBbil MeTO4, TO aCUMNTOTUKA Yucna onepauuin Takux

meTonoB ectb O ( A/”o0gQf 1).
4. HedABHHE UTEPALUOHHHE METOAH.

Mpu peweHMn pPa3HOCTHBIX KpaeBblX 3afay Ana o6WWx 3nauntTuyec-
KX ypaBHeHWW ( TpakTyeMmbX KakK onepaTopHoe ypaBHeHue 4 un =/
B runbb6epTOBOM NPOCTPAHCTBE H ) NPUMEHANTCA, B OCHOBHOM, HESAB-
Hble MTepaluoHHbie MeToAb. WMpoKoe WCnonb3oBaHWe B 3TUX MeTodax,
basnpywumnxcs Ha ABYXCNOWHON

B + Ark=F,  o,if.. fti-if yeeH, (3D

( M TPexcnomHon ) uTepauMOHHOW CXeMme, Hawau NONHble U haKTopu-
30BaHHLIe OmepaTopsl BepxHero cnos B -

B KayecTBe MOMHbIX MPUMEHAKNTCHA OnepaTopbl, COOTBETCTBYKUME
PA3HOCTHbLIM KpaeBbiM 3ajayam C pasfensaulummcs nepemeHHbiMn. Takue
onepaTopsl MOTYT ObTb MOMYYeHbl, Hanpumep, AOMOMHEHUEM MCXOAHOM
CETOYHON 3ajayn [0 pacwWMpeHHOi B 0O6bEM/WWEN perynsapHon obnactu
N ycpeaHeHeM KO3W(QUUMEHTOB pacWWPeHHOW 3ajayu no OAHOW npoc-
TPAHCTBEHHON NEPeMEeHHOR. [pUMEHEHME 3KOHOMWUYHBLIX NPSAMbLIX anropuT-
mMoB ( CM. n°1 ) N03BONAET peann3oBaTb Kaxayw uTepauuwn 3a
O(MN) w710 0 (MN&g&g/V) onepaunn. B cnyyae KpaeBbiX 3ajad
LA ypaBHeHWA Bupa

[ "NO « 0o |E) = - fcx), X-cx™~"oe Q,
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ynucno utepaumn - n.(e) - 0.sVcZ bx.(r/e)  [AaHHOTO MeTO-
[la He 3aBUCUT OT Wwara ceTkm A. OAHaKo, B CUNY 3aBU-
comocTh oT Co = X ( Kn(x)/reln k~c*)) f wutepayu-
OHHble MEeTOfbl C MOJIHbIM ONepaTopOM BEPXHEero cnoa 3PHEeKTUBHO Npu-
MEHWUMbl NINWb K PEWEeHWn Pa3HOCTHbLIX YpaBHEHW, KO3NQMUMEHTH KOTO-
pbIX MeHAnTCA cnabo.

K HacToswemy BpemeHuW pa3paboTaHO HECKO/NbKO MOAXOAOB K MOC-
TPOEHUK (aKTOPM30BaHHLIX 0OMNepaTopos B ana cxems (31).

epBblid NOAX0[ CBA3aH C MCNO/MIb30BaHMEM CreuuanbHOW CTPYKTYpb
maTpuus onepatopa A . % OCHOBe 3TOro noaxofga MOCTPOEHH Me-
TOAb NEepeMeHHbX ucnpaBneHnn - AD 1 n BepxHeid penakcauun-SOR,
LNA KOTOpbIX npobnema BbLOOpa WTepaLMOHHbIX MapamMeTpoB peleHa ulb
Npu BeCbMa XECTKUX OrpaHMYeHWAX Ha CBOWCTBA mMaTpuup [ £l .
MpumeHeHne metofa SOR TpebyeT [OCTATOYHO TOYHOIO M IKOHOMUYHO-
ro BHYWCNEHMA ONTUMANbHOrO napameTpa penakcauyun. Crnocob OUeHKW
napameTpa penakcayuu, npegnoxeHusid 8 [11], nopoxgaeT 3aBucu -
MOCTb uncna utepaunn $ 0 R OT akcTpemanbHbX XapakKTepPUCTUK KO-
(UUMEHTOB Pa3HOCTHLIX YpaBHEHWIl. YKa3aHHasa 3aBUCUMOCTb YCTpaHA-
eTrca npumeHeHuem metoga [1], no3BonAwWEn BLYUCAUTL anpuopPHYH
nHpopmauuw ans metogqa S OR  3a O(MN) onepaumii.

Hapagy € orpaHu4yeHHoil 06nacTbi 3QPEKTUBHOrO NMPUMEHEHUS pac-
CMOTPEHHble MeTOAbl 06MafalT AOCTATOYHO HU3KOW CKOPOCTbKH CXO0AM -
MoCTU C yucnom utepaunini 0 ( ge-*).

KOHCTPYKTMBHbLIA NOAXOA K MOCTPOEHMK (HaKTOPU30BAHHOrO onepaTo-
pa BEpXHEro cnos Nexut B OCHOBE MNOMepemMeHHO- TPeyrojbHOro MeTo-
na A.A. Camapckoro [12J, KOTOpbLA MPUMEHUM AN peleHUss ypaBHEHMUS
C CaMOCONpPSAXeHHLIM M"MONOXUTEeNbHO OnpejenieHHbiM onepaTtopom [ .

B MTepaLMoHHbLIX CXemax Wcnonb3yeTcsa onepaTop

B = (<£> +CORIDE>~I(£) €u R &) ,
NOCTPOEHHbLIA N0 pa3noxeHuw onepatopa-perynapudatopa R,cJKA*"ciR>
B CYMMY COMNPSXEHHbX ApPYr K Apyry onepatopoB R * u R&, Ri~RE.
3pece 50 = P*A0 - onepaTopHuii napameTp, BLOMPAEMbHA U3 YCNOBUS
makcumyma L =$/0 roe B u A - yucna ( anpuopHas wuHpopma-
Und) M3 onepaTopHLIX HEpPaBEHCTB R ?S>0, Rio£fLR&$

NonepemeHHO-TpeyronbHuln Meton ( IMTM ) noka3an BbICOKYH 3dhek-
TUBHOCTb MNPU peWeHun Pa3HOCTHLIX KpaeBblX 3agay ans obumx ( camo-
COMPAXEHHbLIX ) 3NAUNTUYECKUX YpPaBHEHUA 2-T0 nopsgka C CUNbHOMEHSA-
OWUMNCA pa3pPbIBHbIMU KO3IMOULUMEHTH, 3afaHHLX KakK B MPAMOYTrO/ibHUKE,

(32)
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Tare U B 0671aCTU CNOXHO wopmbl [13]. Ana uucna utepauun MTM
cnpasegnnea oueHka n(e)=0(1'Y{m ¢ y =0.57 TnpuUYem uuc-
N0 uTepaunn onpefensieTcA MHTErpanbHbLIMW XapaKTepucTukamm Koadpm-
UMEHTOB, mMapameTpa 3/IMNTUYHOCTN M WAroB CeTKW. B uacTHoCTH,
Hannume paspLBOB KO3NOUUMEHTOB HE NPUBOAMT K YBENUYEHMKO NOKa-
3aTensa y, (Qopma obnacTtu He BAUAET Ha UNUCNO UTepaLmii.

CpaBHeHue MTM Cc pagoMm Jpyrux uTepaLuoHHbX MEeTOAO0B CBUAETENb-*
CTBYeT 0 ero npeumywecrtse. OTMETUM, 4YTO AN MeTOga CUMMETPMY-
HOW BepxHen penakcauum SSOR 0.58y*0.7-5 [14], npuyem 3Haue-
Hne y = 0.5 fJocTuraetca fnWb B cayyae rnagkux KoapOuuUMeHTOB\
Ans metoda HenonHoro pasnoxeHua Xoneukoro ICCQ(O)[IS] vy =
[N BapuaHTa MeTofa HenonHoit paktopmsaumm [16] y =0.5.

Pa3paboTaHHbe TOYEYHHe U ONOYHHE BapuanTe MTM NO3BONANT pe-
WaTb Pa3HOCTHHE CMETAHHHE KPA€BHE 3afja4u ANA INAUNTUYECKUX ypa-*
BHeHI/II7I, JaflaHHbX B KpVIBOﬂI/IHEVIHbIX OPTOrOHANbHLX CUCTEMAX KOO[-
auHat £17], cucTems NMHEWHuX anrebpanyeckux ypaBHeHWdm ¢ matpu-
et Critntoeca [18], K KOTODHM MPUBOJATCA PA3HOCTHLHE YpaBHEHMA
Ha TPEYrONbHbX CETKAX W AEBATUTOYEUHLE PA3HOCTHHE CXEMb, NOAY-
YEHHbE YaCTUYHbIM UCKNNYEHNEM HEW3IBECTHHX B NATUTOYEYHBHX CXEMAX.
NTM C BHOOPOM perynapusatopa no3BONAET pelaTb Pa3HOCTHHE Kpae-
BbIE 3afd4yil ANA JINNAUNTUYECKOTO YPaBHEHWA CO CMEWLAHHHIMU NPOU3BOLH
HOWI ANA CHCTEM YpaBHEHUH Teopuu ynpyroctu u  u Ap. 0aKTOpU30-»
BaHHH onepatop NTM (32) HaWen 3QOEKTUBHOE NPUMEHEHNE B UTepa-
LUOHHEX CXemax ANA peuexus 3ajay Ha COOCTBEHHHE 3HA4yeHud [19].

Lpyrum KOHCTPYKTUBHbLIM MOAXOLOM K MOCTPOEHMW onepaTopa Bepx-
HEr0 CfoA SABNAETCHA HEMNoNHOe pas3/iokeHwe maTpuub onepatopa A
MeTogbl HEenonHOro passnoxeHunsa - MHP, oOCHOBaHHbe Ha JaHHOM MOAXOA4e
HaXO4AT WMPOKOE MNPUMEHEHME NPU peWeHUn Pa3HOCTHLIX YpPaBHEHWA C
MaTpuULein CNOXHOW CTPYKTYpbl, B YACTHOCTW, pPa3PEXEeHHbX CUCTEM fm*-
HEWHbIX YpaBHEHWA, BO3HWKAKWMX B CXemMax MeTofja KOHEYHbLIX 3/1eMeH-

TOB.
a NPEeANOXEeHUN, YTO BLIOOP BEAYWEro 3NeMeHTa He TpebyeTcs, aon*-

HOE pa3/ioXeHue NXA'—Manmuu O =L DU Ha TpeyronbHbie MHOXW-
Tenn L n U onpegensetcsa cnegywounm obpa3om:

N
L=T1
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rge

A=A - A=Y UrT,

BugHo, uto matpuusl L u U aBnsawTtca, Boob6We rosops, 3a-
NOMIHEHHLIMM, UYTO U CAEpPXMBaeT MPUMEHeHue NpAMbIX MeTOo4OoB ANA pe-
WEHNA Pa3HOCTHLIX YpaBHEHWA C OONbWLMM YMCNOM HEWU3BECTHbLIX B NAOC+
KOM cfiyyae, U Tem 06o/siee B TPEeXMEpPHOM Chydvae.

B HenonHom pa3fioxeHun nocpescTBOM YCEYeHUA OTHOCUTENBHO Ma-
nbix anemeHtoB matpuy "L m al COXpaHAeTCa pa3psAXeHHOCTb
MHOXuTenen L u U B onepatope B L.DU e Bo3moOX-
Hbl ABA Cnocoba yCeuyeHWsa 3NEMEHTOB: a) YCeuyeHue nocne pasnoxe-
HUA; 6) yceyeHue Npu pasfnoxeHuu.

B Kaxgom n3 3TUX Cnocob0B BO3MOXHb Clefywline cTpaTerum yce-
YeHna :

1) no WHAeKcy ycekKaemoro 3nemeHTa, Korga 3afaHo MHOXeCTBO
P (A ) WHAEKCOB 3/IeMEHTOB, He nojnexawnx oTbpacbiBaHui;

2) no abCoNNTHOW BENMYMHE YCEeKaemMoro 3fieMeHTa, Korga 3ajad
napameTp yceyeHuss C  TakoW, 4YTO OT6GpacLBawTCHA BCE 3/IEMEHTSI

-  Yy[NO0BNETBOpAKlLME HEpPaBEHCTBY

a <*> ] -
CNgy <c'an" , LY

He umes BO3MOXHOCTM OCTaHaBAMBaTbCA MOAPOGHO;AA*:AONTOUHCT~
Bax M HefoCTaTKax BapuMaHTOB HEMOMHOr0 pPas3/oXeHua, YKaxem nNulb
OCHOBHbIE.

CylwecTBEeHHbIM HELOCTATKOM MepBOro cnocoba yceyeHua sABASETCH
NNWLb HEO6X04MMOCTb NpefBapUTeNIbHOrO MOSIHOTO pPa3/iokeHusa, Tpeoby-
owero 60nbWMX 006LEMOB BHYWUCIEHUA U namaTh. C Apyroi CTOPOHHI,
Takoil cnocob yceyeHusa Bcerfga NPUMBOAWNT K HEBLIPOXAEHHOMY onepa-
Topy B . pgoctatoyHo 6/1M3KOMY K MCXOLHOMY onepaTtopy [ B
cnyyae pas3ymHOro o6bbema yceyeHus. [laHHOE HeMo/sIHOE pa3/ioXeHue
MOXeTb ObiTb C YCMNEexXoM MPUMEHEHO MNpW peweHWn 3agay 3BO/KLMOHHO-
ro Tuna c MOCTOAHHLIM OMnepaTopoM BPemMeHHOro cnoda. MHP c yceue-
HUEeM MocCne pas3noXeHus, a Takxe psj WHTEPECHLIX NPUIOXEHWA 3TOro
meTofga paccmoTpeH B 120].

B pa3noxeHun c yceyeHuem TpebyeTcd namaATb MeHblWero obbema,
(MKCUPOBAHHOI0 B C/lyyae yCeuyeHud No MHAEKCY U 3apaHee He K3BecC-
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THOrO MPU YCEYEeHWM No 3HauyeHuw. [ocnedHuin cnyvan TpebyeT, BO-
oble roesopsi, pa3paboTKM cneynanbHelX CTpaTernii U3MeHeHus napa-
MeTpa yceuyeHusa npu ucyepnaHum gocTtynHon namatu [21], Cyuwect-
BEHHbIM HEAOCTATKOM [JaHHOro cnocoba yceuyeHusa SABNAETCA BO3MOXHOE
BbIPOXJEHME npouecca pa3foXeHUs uau noTeps 3HaKoonpenenenHoCcTy
onepatopa b , ecmm A 3Hakoonpegened [22]. [na knacca
3+ - wmaTpuy, BKAKYAWWEro BaxHble CayyYanm Pas3HOCTHLIX YpaBHEHWN
C AnaroHanbHbiM npeobnagaHnem, YCTOWYMBOCTb W HEBLHIPOBAEHHOCTH
HEMOMHOro pa3noxeHnsa AokasaHa B[23]. B wHbX cuTyauwmax npepsa-

putenbHuil casur matpuusl A -"npusegenne K 34 - wmatpuue
MNu nepeonpefeneHne AuaroHanbHbIX 31EMEHTOB MaTpuL "
no3BonsieT u3bexaTb BHPOBAEHWUS MNpoOLEcca HEnonHOro pa3fIoKeHMs
[23,24].

B 3aknwyeHne OTMETUM, 4YTO AN METOAOB, MCNONb3YylWNX GakTopu-i
30BaHHLIA OnepaTop Ha BEepxHem cnoe, pa3paboTaHbl 3QPEKTUBHbIE an-
FrOPUTMbl, B KOTOPbIX CYWlECTBEHHOE COKpaleHWe BblYUCNUTENbHOW pa-
60Tbl MO/MyyeHO 3a CYeT 6osiee NPOCTO, Yem TpajuuWOHHAs,peann3a-
UM kasgon ntepaunm [25,26].
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AHHOTALNA

PaccmaTpuBanTCcs BOMNPOCH MPUMEHEHUsI 3KcTpanonauun PuyapacoHa,
N YCKOPEHUS] CXOAUMOCTU WUTepauMoHHLIX MNPOLEecCOoB Ha MnocnegoBaTesb-
HOCTM ceTOK. [lpakTuyeckasa 3MPeKTUBHOCTb MPUBEAEHHbLIX anropuTMOB
ana psaga Ma3nvyeckux 3ajad UANCTPUPYETCS UMC/IEHHbBIMUM pacyeTamu.

ABSTRACT

Some aspects of application of Richardson®s extrapolation
method and of iIncreasing the convergence rate of i1teration pro-
cesses on the sequence of grids are considered. Numerical calcu-
lations show the practical efficiency of given algorithms for
solution of some physical problems.
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lycTb ANA peweHUA onepaTopHOro ypaBHEHWA MOCTPOEHa Pa3HOCT-
Haf Ccxema, A1 KOTOPOi NOrpewHocTb MPUOAMKEHHLIX pelWeHunid pasnara-
eTCcsa Mo CTEeMeHAM Wara AUCKpeTm3auun. Takoe pas3fioxeHne MOXHO UC-
Nonb30BaTb ANA YTOUYHEHUSA NPUONUKEHHbIX peweHnn (aKCTpanonayus
PunyapacoHa), AN OUEHKM MNOTPewHOCTW 4yepe3 W3BECTHble BeNYMHbI
(npaBuno PyHre), AN YCKOPEHWA CXOAMMOCTM WUTepauMOHHbIX NpoLeccos
C MCNONb30BaHMEM NOC/EeJ0BATENbHOCTM CETOK.

B 0630pe paccmoTpeHb obwue ycnosua And OnepaTopHbX YpaBHEH
HWiA, TapaHTupylwme pasNoxXeHue NOrpewHocTN MNo CTeneHAM wara AUCK-
petuzaumn (8 1). Kak cnefgcteue 006Wen TeopeMmbl MOMYYEHbH pa3NoXeHUs
ANna ypaBHeHuid Tuna Yy-/loy, OfLHOro Knacca 3afiad Ha COOCTBEHHblE
3Ha4YeHnsa, ANA KpaeBbiXx 3afjay, CBA3aHHbX C onepaTtopom Jlannaca.
MponnnncTpupoBaHa 3PPEKTUBHOCTbL IKCTpanonauum PuyapacoHa fans
aTux 3afay (82). TMpuBefleH cneunanbHLii MeToA 3aKcTpanonsauuu Ans
onepaTopoB, WHBAPUAHTHLIX OTHOCUTENbLHO MOBOPOTA CUCTEMbL KOOPAU-
HaT (83). PaccMmOoTpeHb MeToAbl YCKOPEHWss CXOAMMOCTM UTepaLMOHHbIX
npoLeccoB Ha MocnefoBaTe/IbHOCTU CETOK C Y4YeTOM pPeryndpHoro nose-
[EeHNA NOrpewHoOCTN OTHOCUTENbHO Wara auckpetmsauun (84).

Bonpocam, CBA3aHHbM C MeTOAOM PuyapfcoHa M onTuMmU3aumen
BbIYMCNEHMIA HAa NOCNefoBaTe/lbHOCTM CETOK, MOCBAWEHO 601bLOE KO-
YECTBO Hay4HbIX ny6nukauuii. Cpefn HUX OTMETUM MOHOrpaguun® °
LMTUPYeMble Tam paboThl, a Takxe"PacCcMOTpeHHb e 34ecb pe3yb-
TaTel, B OCHOBHOM, cofepxartca B pabotax"1l~"u-".
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§ |. ACUMNTOTUYECKOE PA3NOKEHUE MOTPeUHOCTH
|

PAcCCHOTPUN BONPOC O NPUONUKEHHON DEWEHNN YDPABHEHNS

a1 fun-y , Ue X} jeyY ,

rne HenuHelHuln onepaTtop /1 AeiCTBYeT M3 B -NpocTpaHCcTBa Y B

B -npocTpaHcTBOo Y . llycTb 3ajaHa nocfefoBaTeNbHOCTb OMNepaTopoB
Ao 0, npoekTupywumx X MY Ha /r - MEpHHe MOAMNPOCTpaH-

ctea A; wn )E , a ypaBHeHuw (I.1) CcOOTBeTCTBYeT clegyhwuee

ypaBHeHue ANa NPUBANKEHHOr0 pPelieHus

(1.2) MIE O : N /A -*¢£

OnepaTtop annpokcummupyet Y? . 0bo3Hauum 4yepe3 /1 * u
peweHus ypaBHeHuit (1.1),(1.2) cOOTBETCTBEHHO. [lyCTb B MPOCTpaH-
cTBax X u Y 3ajaHbl NuUHeiHble mHoxecTBa 4 C/"m OKc Y ,

K* O j f , Tak 4uto BO C [, C eee < = X, 30
3TN MHOXecCcTBa onpeAenanTcs kKnaccamu paspewumocTtu 3agayun (1 11):
ecnm ans cylecTtByeT pewenue U* ypaBHeHua (1.1), To
u*e Ba » U» KpoMe TOro, /1YBxJ c: 3Y¥Y . AHanorumyHole COOTHO-
leHna cnpaBefnnBbLl ANA NPOW3BOAHLIX Opele nopAagka £
onepatopa A: ecnm 7r*. B 67 /= 6 » TO
fa, ... e < , .

Hala uenb -"nonyyntb pasnoxeHue BeNYUHbI

(1_3) = b n*-nm:
N0 CTEeNneHaMm
(1.4) =a (£ c* J /m2nW 2o (n-")>

rge 37emeHTs Ck @ X  3aBUCAT TONbKO OT M* 1 He 3aBUCAT OT
Mpn atom pasnoxeHue (1.4) cBA3aHO C NOCNeA0BATENbHOCTbH MHOXECTB
6Kk N X

Ck " 6Kcr...c s, ~XJ x*1n~n/l J U*€ BO .

OTHOCUTENbHO onepaTtopoB Y? npesnoioxum cneaynoumne
CBOJICTBA: * n.
(A) YpasHenua (1.1) n (1.2) umewT peleHus Bc ¢ X ,

nJl Xn, , N BbIMO/THEHO COOTHOWEHNE
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(1-5) //n M * - m K=*
(B) Onepatopt /7 AMENT PABHOMEPHO HENpPEepLBHHE MPOU3BOJHbE
Opeue 4o nopagka N/ B OKPeCTHOCTAX IX-TI<//E «J
n SA ~/~Cr ¢/*2n ~ In COOTBETCTBEHHO, TaK 4TO

N , 1 A

onepatopos //°fa*d » JFEPAU™) cVlecTBYoT orpaHuyeHHse 06-
DaTHbE

/ N Ny /i /Jy, , né&Y* J
I W3 paBeHCTBa

cnepyetr, yto € B*
(C) CnpaBepnnso pas3noxeHue

(1.6) ONNU*=nnIK n s ftaa<fc'J*V

roe anements <2*e 1/ , ,6=/,... 0/ onpefenanTca vepes N ¥
W He 3asucdAt o7 /r . Bennunna JFEZ*XJO yA0BNeTBOPAET COOTHOWEHMK

U w :

@) Ina mpossogbx  JPRA NI N yreYu*d . V4
MV 3g0gHBX % - = @ I—.«f. Y  aypaeen-
nmeo MpeacTaBneHv/e
(1.7) A N Ac...., m,,y - A r-,...>*,>

fa)*1 < ")+ fa,,..., he),

IX2m ts - P S

3nech - MynbTHUHAEKC, T.e. 0S5 F ? =fal., ),

Re=faxty A/-) » a paBeHcTBO [BYX UHAEKCOB paccmaTpupaert-
CA NOKOMNOHEHTHO. Mpu atow Ju/-tu+-+@€ , /M) - 0 [']>]e

OrpaHuyeHHse MONUNUHEHHNE DOPME ONpefeneHs cnegyouum obpasom:

A,< II/B.)(,t—)('((,,)—, //
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A HE 3aBUCAT OT /b . B 4aCTHOCTU, NPU mE- f W o e s/ ¥
K -f A/ pasnoxenne (L.7) umeet Bug:

@a8) A. U*JpAlT « &
I
r4e HenpepuBHHE NUHEHHHE 0NepaTops T jeicTeynT U3 B
3r . A He 3asucAt o1 A o .

Pasnoxenne suga (1.4) ycraHasnusaert
Teopewa . Nycto gns ypaswewnin (1.1), (1.2) BuNOAHEHH ycno-
st (A)-(£>). Torga gnd peuenns WE ypasHenns (1.2) cnpasegnuso

DA3NOKEHNE

N K *b fZ c K
(1.9) Je-T y y
/-« °C*-"J >
rge anenents K Fu*JeS*~X 1 n I He 3aBU-
cAT 0T A .

Onyckas nonwoe gokaszatenscteo¥ 11/, npusegen nnub cucteny
ypaBHeHuit gns koapguumentos Ok @™ n jCon. -

//{c, =, "
A T'e") zpe)C, -

(1.10)
J)'(U)Cm+ Z +
It /n
* £ PﬂA'”Q”ﬂMﬁﬁ
[ —1 nil

rge nuueitHsin onepatop Q - orpakuuyed, a ZAW QYL - o{//x/)
Tpusegem ABa BaxHuXx cnepctsud u3 Teopems J/11,14/™ pepsoe

U3 HUX OTHOCUTCA K CAyyaw CUNLHO MOHOTOHHLX ONepatopos. Hanmomuum,

uto otobpaxenne JJ;7/ X* HA3HBAGTCA CUAbHO MOHOTOHHHM/*A,

ecni
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(i.H) *[-t/A/J. /AT

nns nioGbix D€ XTD) , rpe M TCI - sewectsennas HeoTpu-
yatenbHas GyHKUMA Mpn B3>0 ~ @ ’ W nun3
pasenctea "~ TO)- O cnegyer -0 . 3pech - 3Haye-

Hue nuHeitHoro (yHkumoHana € X*  hHa sektope A e X

Cnegctaue I. NMycts oto6pakenus [ XX 1A
yposnetsopanT ycnosuo (IN11) npu » ¢ >0 , 0 IK
pa3 PaBHOMEPHO HENpepLBHO AMQOEPEHUMPOBAHL N0 Opelle B OKPECTHOC-
TAX To4uek w* u [E w*  Ecnu npu atom BuNONHEHH ycnosud /4rl
I , TO cnpasefnuso pasnoxenne (1.9).°

lokazatenbcTBo cBoicTBa (A) Teopems | cnegyet u3 obuux Teo-
DEM O MOHOTOHHbX onepatopax""1*, a (1.5) nerko monyyutb #3 C€OOT-
HOWEH IS

A K “ * A = Am(frl-l"v"‘—V + Ji2 A

ycnosue (B) cnepyet w3 TOro, 4to npou3BOAHAA Opewe onepatopa
np ycnosun (1.11) CunbHO NoNoOXMTENbHA

MNIFOAYAY % c /K/z, T @X .

Cnepctaie | NO3BONAET MONYYUTH PasnOXEHUs NOTPEUHOCTH ANA
KBASUNUHEUHEX INAUNTUYECKNX YpaBHEHWA, ycTaHoBnenuse B /5,10/, a
TakKe ANA CUCTEMH WMHTErpanbHeX ypasHewud tuna Yy-foy"

Ale OfHO CNefcTBie Teopems | OTHOCMTCA K 3afaye Ha COOCTBEH-
HHE 3HAYEHUA NS NUHEHHOTO CcamoconpsAxeHHoro onepatopa A -1
ONpejeneHHoro B BEUECTBEHHOM runbbeproBom npocTpaHcree //

N € {H*H] . Kak u3BecTHO, 3Ta 3ajauya NpefcTaBndeT coboi
HEMUHEWHOE ypaBHEHNUE
(1.12) 7= BtX) eH 1- H+/Z J

rpe ! H1* H 1 o Ckanaproe npoussefexne 8 H 1 onpegensercs
popuynoi
o~ TJ ~ 3 nra~2 .

lepsas npoussogHad Opewe onepatopa (I.12) onpependercqd BHpaxeHuen



50 -

d Gyr-P/E80 Myl e v !

pon3BofHLe nopagka -3>Z pasHy Hynp. NycTb 3ajaH NpoekTop /ﬁ
, a ypaBHeHue (1.12) 3aMeHAECTCH KOHEYHOMEPHOI

CUCTENOI

(1.13)
O(*,, )N Xn-. }-0, a *ia-kj

3afafuN KNnacch paspewuunocTu 3agayu

<#H'&*)* = [ ; r - o n; ;
ecrt £E€0A , 10 ICg Oaz * /ri I3 A/FO*A</~3K™.
CnepcTtBue 2. NMycTb CYWECTBYET OJHOKPATHOE WM30NUPOBAHHOE
cobcTBeHHOE 3Hauenue /1* 3agaunm (1.12) ¢ COBCTBEHHON DYHKUMei
A v sunonweno WA Nyets gns
HEKOTOPOr0 peuexins * N@Ec* \*)3apaun (1.13) BHNONHEHO ycno-
BYE

gx>*>-Mr " -r /=~ ,N0 -00 -
W Kpowe TOro, AN JOCTATOYHO bonbuwmux /.
/sAY/ir'/Uﬂ’\c,
rge C He 3aBucut oT A . ECnu npw 3TOM CYWUECTBYNT Pa3NOKeHMA:

RIX -A pix -KGg ,HINK + \
arnXed , <L a0 Xﬁpsaamcm o1 /.

(1) Xx) ~ (Tity Pags,
Ing are 4 - y " £ ?2/°  ;yt/L He 3aBUCAT 01 i, T0
umeeT mecto npepctasnenue (1.9), rpe )E 8K + &

loka3aTenbCTBO CNEACTBUA 2, OCHOBAHHOE Ha NPUMEHEHUE Teopemd
|, UCNONb3YeT W3BECTHYN OUEHKY”™ F

10T 7 -1y | Ir= 1, %'y
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rpe /x- /%\ﬁg*—A/ >d{AJ - cnekTp onepatopa/?

OTMETUM, YTO Teopema O pasnoXumocTih MOrpeuHocTH AAA oneparopa
Utypma-fluysunng nonyyesa B’

§ 2, npaKT}vweCKoM I0OEKTUBHOCTH aKcTpanonsunn PuyapacoHa
|. Ypasuenue Yy-Jloy

PaccuoTpum CUCTEMY NUHEWHHX WHTErPanbHHX YPaBHEHWN Tuna
-[l0y, BO3HUKANWYH B TEODPUN AUCMEPCUOHHHX COOTHOUEHWA. CornacHo
s ACNONb3YeM Cnefynlyn ®OpMYAUPOBKY: ONPEJenuTb BEKTOP-QYHKLUK

b-fe'fa, W) [ele W3 YpaBHEHMI
@.1) /1b~(E) -IKI/KK) *{N -
rne
Fo-f6) Af)) -€KEG
. , Y2 o
b Jfritd- f[UrJd+ Iifthrfry— c/r,
& b i ~[T +A Fch-,

BekTOp napawetrpos Jd ¥ keagpatHaa matpuua C nopdagka /Y 3aja-
W, £ - elUHWYHAA maTpuua,

00:Y
AJ/ 3
Onpepenum npocTpaHcTso H *** ~ b Pa3 AUDOepeHunpyemx

OYHKUWIA, obpawanyuxcs B Hynb Ha Kouuax oTpe3ka ZoJ A ] , Al-
NPOU3BOAHAA KOTOPHX npuHagnexut AN .. o<*<r , rpe

JX//~ = HHX /X J Xx«y//£ -1/ .
ﬁ 0B, P+ /f* «
COOTBETCTBYNUEE NPOCTPAHCTBO BEKTOP-QYHKUUIA 00603HaYuw nO
npit 3TOM

ocC

/75 — >N Y P b-€ Kav
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/j'| /: /*o./’ \b*/*.&/***£***l(,**, **}

-

kzin

[lycTb Takxe jV ) * « [lpon3sBofgHasa Opele
onepatopa Jfzr u3 (2.1) umeeT BuUA

2.2) 'fa)2r - a— 2 Jfoft% ~ + 4 /7>rr<y/.

Ha ceTke A~ =//,m e/ b "
PacCcMOTPUM Pa3HOCTHYKW 3agadvy

@9 blU)T3 %

j e UK ,
roe \ (£ ) - ceToyHas (QYHKUMS Ha , a
(2.4)
+Zr -IéKfa)_h / J *;f h yJ
4 Afalr [ w7y~ fy]
Nz o |,'fa VIanrc< y fas »
A}jﬁ,, , a—-cyCr*/) t= i, -r -
pn aTom cnaraemoe " NN Jaw -] npu *v -

3aMEHSIETCA Ha BEAUYMHY N Zr'félJ > BbUMCASiEMYl N0 (opmyne

JIAE0(I1

(2-5)

roe £ (f) He 3aBUCAT OT
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NycTb - onepaTop NpPOCTOro CHoca Ha ceTkKy Cor , a

gNe) £ 1Mo20PT »y 22 =Torpa us (2.5) u hopuyns diinepa-

MaknopeHa nonyyum

(2.6) jf fr)y =. K Jir-A

2 if f- BVr+
roe tr e HIwm.. > Y ft) e N HEe 3aBUCUT
ot / "

Teopema 2. MycTb ynucno /£ >O TakoBO, YTO

Q7D a /7Y /> -ft/IAl +Itl[* *'M bl ] < i

Torpa cyuecTBYeT e[WHCTBEHHOe pelieHue Tr ypaBHeHnua (2.1)

b 2 KOTOpPOEe MOXeT ObTb MONYy4YeHO MeTo-
[OM MPOCTOW uTepauun. [nsa NPUONMKEHHOTO peWeHus b~ ypaBHeHUS
(2.3) cnpaBegnnBa oueHKa

2.8 / x S W -fjl < /N YETY A AA

W npeAcTaslieHne
b*(o = 0YY *J?2 0. J/Y <& “*en [</.Y/"Y

roe Co.({) £ hozitr N He 3aBUCAT OT
[loka3aTeNnbCTBO MonyyaeTcs u3 Teopemb I, ecnu 3ameTuThb, 4TO

npu ycnosun (2.7) onepatop A fir*) u3 (2.2) uMeeT OrpaHUYeHHbIN
obpaTHbIi. B cuny pe3ynbTaToB n (2.8) TOoXe cnpasegnnBo W ANA
N(B ) npu AgoctaTtoyHo manom h, . OcTanbHbLe ycnoBus Teope-
Mol cnepywt n3 (2.6), (2. 8).
Nns MN—=, C= YyY./YY
Ar __ap - 9 B"I1C*" npuBogATCA chnefywune pesynbTaTh yTou-
HEHNA pelieHund

5(¢ ¥ YA COxtsi*t[Y - YY entfielt - ,

Ha 4BYX ceTkax C6y v Usin =, /1™ /7 "



54

Tabnuua 1.

1r d,(n.) . d(»-, 211) 4 (*)

10 9.14-10-3 m 6.23 *10"4

20 1.12-10“4 3.20-10%° 3.15 .10%

40 2.77-10-5 2.52-10“° 2.43 -10“b

80 7,01-10-6 1.60-10-7 1.62 *10“"

160 9.11-10"7 4.82-10-9 4.93 -10“9

3[echb (ib) - [tnft) & *ftd/ t ~£& itl, #

ftft,2h) -/ % & - Bfc* - A*f™/J/ » © ~ 25

COOTBETCTBYET TOYHOCTM pa3HOCTHOM 3agaun (2.3), Korpga
nHTerpans B (2.4) BbumcnanTca noopopmyne CumncoHa.

M. 3afaya Ha COOGCTBEHHbE 3HaAYEHUS

B kayecTBe npumepa MCnonb3oBaHug CneacteBua 2 pacCMOTPUM 3a-
fady Ha COOCTBEHHbIE 3HAUYEHUS

(2.9)
[)Yz)=17, 7 ~ >,
rae Arfatj <?cyY foV 'frvJ,
- /YX , N/ 7 160.
3agavy (2.9) coopmynupyem B BUAE HENUHEAHOro ONepaToOPHOro
ypasHenus (1.12))B npocTtpaHctee //*- N [ ? , rae
W ft [o/ rJ - NOANPOCTPAHCTBO (YHKUWA U3 WU// C HYNSAMM Ha KOH-

uax otpeska /0,1J . [lna aToro neperigem K 0606WeHHOMY pelweHuUn 3a-
gaun (2.9). HanomHum, 4yTO 00OOUEHHbLIM peweHuem u3 *5;*  3agaun

(2.9) HasbiBaeTcA"™ " QyHKUMA N " » yAOBNeTBOpALas
TOXAECTBY

.10y Vffo, 1) = ft#, 2, rjz +fyz)*b ({y?
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Ncnonb3ys CKanapHog  npousBefeHie

/>>*7 = /77 + rJo/X, M F b
n teopemy ¢.Pucca 3anuwem (2.10) B BUAe

IntryY- Afy,z]., YZ*W,*

npuuem /1 €CTb OFpaHUYEHHbI NNHENHbIA, CaMOCONPAXEHHLA onepaTop

,EL"O h'-» Wit u ssnsetcs Bnonwe HenpepLBHLIM B T IRy
NTak umeem paseHcTBa Tuna (1.12)
(Z'I-I) ’ E
B npocTpaHctee H '- W [ .

Ha cetke ~ =/ar/ =/X , "= 1,.* ,xn- [/ - /T

paccmoTpum annpokcumauuw (2.11), C nomouwbiw CETOYHOro aHanora
ToxgectBa (2.10). Annpokcumumpyem MHTerpanbHelid onepatop <5 ¢
nomoub GopMynbl Tpaneymi

4 ) =2r/"Anys-~ *e o)/ “ r N X"

MpnaepxuBascb 0003HAYEHWMIA M 3NN ANA CKaNApHLIX MPOU3BEAEHUA W
CETOYHbLIX HOPM, 3anuiieMm Pa3HOCTHLIA aHanor TOXAG%TB& (2.10)

. %] Y /27, T

= , A</ T7=/-

B npocTpaHcTBe R+1 C HOpMOW  /[#//+* ~ 7Y «7
BBEAEM 3KBWBANEHTHYI MNEPEHOPMUPOBKY

/>, *T7T =//n ,b5 )+ 1/a,b ] + *1+ & * *1.
0TKypa c ydetom /™N/y C /<?™ MOXHO 3anucaTthb

/7 7 -1 7

roe N~ rna ><? .B wutore nonyyaem pasHOCTHYW
3agavyy tuna (1.13) Ha co6CTBEHHble 3Ha4YeHus

(2.12) nor/s ; fFjr,j7~-r=° -
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fiBHbin BuA (2.12) B Touke [,- onpefensieTca paBeHCTBOM
- <2 ~A /77 =" N1 -»

/- 6..-tn -7 , N V*

poBepsisa ycnosuss Cnepgcteus 2 ana napsl ypasHewun (2.11), (2.12)" {

nonsaem
Teopema 3. MyCTb A ectb OHOKpaTHOE COOCTBEHHOE 3HauyeHue

3agaun (2.9) c cobCcTBEHHOW (yHKuMeid OC* . Torpa CylecTByeT Takoe
N0 , uyTto npu BCcAKOM KrKc Hailgetcs peuweHne ( A~ ~ *) pas-
HOCTHO 3agaun (2 .12), ANA KOTOPOro CchnpaBejinBbl pPa3foXeHus

[V *=[(*e*L-**["* , [Il-/+co™ aV,
(2.13)
j o - * X* +PK ax r-ij) , r.;
rre 7m(l)e C"~2<*rlo, 1] vy -1 M/z 7 a QYHKLMK

2r ({) W Ynucna ywuk HEe 3aBUCAT OT /b
YTOYHeHue peweHunit Ha ocHoBe (2.13) npoBoauMTCA B' 1 '

. WHTerpanbHoe ypaBHeHue

PaccmMoTpum panee ypaBHeHMEe C BMNOJSIHE HENPEpbiBHbIM MHTEerpanb-
HbIM OmepaTopoM. Ero uccnegoBaHue WAeiHO NpUMbIKAET K cCay4vakl ypas-
HeHnin (2.M), (2.12). B KayecTBe NPUNOXEHUS PACCMOTPUM TpPaHUYHbIE
MHTerpanbHble YpaBHEHUS ANA FapMOHUYECKUX (BYHKLWA.

PaccmMoTpum WHTerpanbHoe ypaBHeHue

(2.14) C t(x)-i / ICfc-tJUCtleft -ffa) , X*-G

0
r
0603Haumm  /Cn - ({ <fr,gv n npeanonoxum, 4to A He
SBNSieTCA COOGCTBEHHbIM 4Yucnom onepatopa /C . MycTb
(2.15) /Jy*, i) e n"2
Mpn aTom ypaBHeHne (2.14) OAHO3HAYHO paspewnmo Ans Nwboi npasou
yacTu NMpnbnuxeHHoe peweHne U~ (x) MUWEM B BUAE KYCOYHO-
NIMHENHOW (GYHKUUKM HA CeTKe ~ /X (-= el , e»0,b...

onpepensieMoil U3 ypaBHeHUS
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f

(2.16) UL fa ) =X/ )X
X< e N A

KOTOpOe 3anuniiem B BUAE

/

£ ~ 0 J2a ~2Ayll .,

<y s K Cb,
*[~r
roe  ijfe ) - KYCOYHO-/IMHElWHble 6a3uCHble (QYHKLUUN.

CeoiictBo (C), (1.s6) BbINOMHAETCH B CUNY paBeHCTBA

Pkxk(£-NTxkxk)m - (£ -A b )& n =

(2.17) 2.mM*1

= A z7k* 4tE) Kk >/ / <cA ", x*ea

/ n-f 'l |
VOO AT M/ LS S fed  XE£2
k(1 at*** a/a/ CcrICpintlT  Ff
2

rae

1
te) =/C p "Fte,i) a (n>te)c/t } m r.

Ons npoBepku cBoiicTBa (B) Teopembl | oTMeTUM, 4YTO ecnAu npasas

yacTb f {xje C*(O.)* To Ute) £ C *CS2J , Xl zw +1 ,
T.€. MOXHO NONOXUTb BK - BE —C*CC2j» Mpn 3atom (£~13 J~1
OrpaHWyYeH B KaXAOM M3 MPOCTPAHCTB 3+

Newma 1. Onepatop £ -J ;. £E*-*[1*' NUMeeT paBHOMEpPHO Or-
paHuyeHHsn No £ (MM no f1 ) 06paTHLIA onepaTtop B PaBHOMEPHOI
MeTpuKe.
[loka3aTenbCTBO ONUpaeTCAd Ha CBOWCTBO MOMHOW HEMPEPLBHOCTM onepa-
Topa £ . 0603Hauynm - onepaTop KYCOYHO-/IMHEWHOTO BOCMO/IHEHUS
C ceTku Ur~ . [lanee, npegnonaras npoTUBHOE, WMEEM

(E-Afa)”=15 |,

PaccmoTpum 2an= UK & C B Torga

Ph {E -A X )Z rK
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npuuyem /du /m* O /I f e Ecnu =x,-/N1 ; o( 1 &A,
X;eUL .TO )

fE -AK)b, ff> K ifJ-jJ£Cr,-Ob =

_o%ff) —=Af/X te, i )ff- &bV *E£fa*E )n k ~T* f

-/ OfAV / K/ /= E*fr) +

oTKyaa cnegyet /~r_~ k) » N *o« .HO TaK Kak
onepatop BMNO/IHE HenpepbiBeH, TO nocnefoBaTenbHOCTb ?A - /A" 20

MOXHO cuuTaTb cxopsweics B C (£2.J . Ho Torga 27 *ir » ¢ OC22) J
T.K. /o* -NTbb/-*0 < Moatomy A~ X 12 > 0TKyfa

(E -1 k JE =0 r /li- /I™Mr1 .
9T0 npoTuBOpeunT orpaHunyeHHoctTn JE- A K J e /lemma [0OKa3aHa.

Teopema 4. T[lycTb peleHne ypaBHeHua (2.14) Haxogutca U3 cuUC-
Tembl (2.16). Ecnu BeinonHeHo (2.15), a /( He ABnAeTCA COOCTBEHHbLIM
yucnom onepatopa /i , ToO cnpaBefnuBO pa3noXeHue

(2.18) (yﬂfx) +&}_ A  fa) O fA »J,yc X e

roe B* =C*CC2) U He 3aBUCAT OT

Mpumepom ypaBHeHua Tuna (2.14) MOXET CAYXUTb TpPaHWYHOE WH-
TerpanbHoe ypasHeHust (IVY) BHewHeil 3agaun HeilmaHa gna onepatopa
Nannaca. TMycTb KOHTYp I C HenpepuLBHOW KPWBU3HOI pa3BMBaeT NnoC-
KocTb /£2 Ha gBe ob6bnactn J2/ wn _£2e , jf2,* (¥r (¥Y_C2e - /n2,
a 06nactb X 2 e COAepxuT OEeCKOHEeYHO yfaneHHyw Touyky. 0603Hauyum
yepe3 1Ywun, 7 NPOWU3BOAHYIH MO BHYTPEHHEW Hopmanu K rpaHuue TI.
Torga and QyHKUMM U (x J , TapMOHWYECKON B W Takon, 4TO
U(co) -O umeet mecto UY

(2.19) (E-r £ ) K fr) =L ~ \ nfrk%
rue
(2.20) EW - ffrfrrs) Ufrdcds i &m=flffa s ) g-fsjef?
r J r
E fr,*) fn 1'Y rjS) sftx,sJ ==£fh.

2ES )- Ix-S/ k, s€E
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: Ecnu npasad vactb B (2.19) 3ajaHa, To ONpeAenus u3 3T0r0
ypasHenns UC<) » [, Nerko BOCCTAHOBUTb pEWEHWE BO BHYT-
DEHHUX TOYKax obnactu no popuyne lpuxa. B °/ yCTAHOBNEHO,
uto gng sunonHenns UCo0)—O  HE0oOXOAUMO M JOCTATOYHO, 4TOOH
r ~ s ~ * II3BecTHO, 4T0 A——1 He ABAAETCH COOCTBEH-
HelM 3HauveHuem onepatopa K u3-(2.20). MNoaTomy AnA npuONUKEHHOTO
peweHua U, NONYYeHHOTO METOAOM KonnoHauun (2.16), cnpaBejnuso
pasnoxexne (2.18) npu goctatouHow rnagkocTu gywkuui UFX) u
ICfaS) (2.15).

B tabn.2 npusepeHs pes3ynbTatd 3KcTpanonduu Puyapgcoxa And
peeHuq Q2N B TOUKAX rpaHuus I U BO BHYTPEHHMX TOYKax o6nacTy

. Nonaraem 1A/, /- aSd,
8/ /u*
NOTPEWHOCTb PeWeHna, IKCTPanonUpoOBaHHOT0 Ha NOCNEL0BATENbHOCTH
cetok C&r . G I C paBHOMEpHHN wLarowm :
CAX)=poy, AL -/ » NTE,,.NAS T — MaKcumym norpert-

HOCTN 3KCTPANOAUPOBAHHHX PEUEHU HA HEKOTOPOM MHOKECTBE -
BHYTPEHHNX TOYeK 06nacTh _Q e «B cuny cummerpuit pacyeTs nposo-
TUNNCh NUWb Ha YeTBEPTU KOHTYpa [.

Tabnuua 2.

A 1/8 1/16 1/32  1/64
S(U  1.33-10%" 3.56-10"3 9.25-10%4 2.34-10-4 BHYTREHHNE
AR Ml 3.47-10-4 3.48-10"° 4.05-10"° h.71-10%0

U, B,%) 9.76-10"6 5.47%10.7 |1.57-10-7 2.35-10-6

£,B) 6.7 -10-0 |4.6M0-7 4.8 -10-6¢ 5.48-10"0 )
TOYKWN 1.04-10-4 4.15-10-4 1.64-10"3 6.42-10"3 C{h.)
[PaHNLb
A 1/64 1/32 1/16 1/8

lcnonb30Bancd KOMNnekc nporpamm, coctasnenusi 8 JIBTA OUAN pnd
peLexns B]yTpeHme W BHEWHUX 3agay [Qupuxne u Heiimana metogom

[hy.
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§ 3. JKcTpanonauua npu nomowu noBopoTa CUCTEMb KOOPAMHAT

Mpn yTOYHEHUW npuUbINXEHHOTO peleHns Ha OCHOBe pasno-

XeHna (1.9) WCKINYANTCA HECKONbKO NepBbiX chnaraembix :

| 9 p B (1.9 nyrtem KombuHumpoBaHus p+1  BbpaxeHus (1.9
npu MonapHo pas/inyHbiX 3HayeHuax /r . Mpu 3TOM HeobXOAWMO MoOCTpoe-
HMe pa3/INYHbLIX CETOYHbIX 06/nacTeil M MHTEPNnoNMPOBAHME C HYXHOW TOY-

HOCTbH.
B cnyyae, ecnu onepatop J1 WHBapWaHTEH OTHOCUTENbLHO NOBO-
poTa CUCTeMbl KOOpAMHAT, NPOBOAMTb YTOYHEHWE MOXHO Ha OAHOW W TOW
Xe CeTOYHOoi obnacTtn. Ecnm m3BecTHa 3aBUCUMOCTb KO3(Q(OULMEHTOB
C; Ca) 0T yrna noBopoTa CUCTeMb KOOpAMHAT , TO TaKkXe MOXHO
UCKMIYNTb HECKONbKO nepBbix cnaraembX B (1.9). PaccmoTpum ypaBHe-
Hue fyaccoHa B cnyvyae // - 2, Y He3aBUCKUMbLIX MepemMeHHbx W burap-

MOHMYECKOE YpaBHEHME.
HauHem c 3agaun [upuxne AN ypaBHEHMS

(3.1) A n - J Mr = ,ler
B NPAMOYroNnbHUKe /7 - e *x *a, ; oy ~ * NOKPLITOM
KBaapaTHOW Pa3HOCTHOW CEeTKOW c warom " . Jlerko BWAeTb,

4To ANA annpokcumauum onepatopa A HapAdy C O0OblYHbLIM WaGIOHOM
Thna "KPecT”, MOXHO WMCNONb30BaTb TakXe WabnoHb C warom Tk ~k /kK*+13

K-f,z t... » noiyyawwneca npu nosopoTtax Ha yron % =z avctj
lc—1t z ® cnyuae , COOTBETCTBYWlUEM Yyrnay
NOCTPONUM Ha CeTKe Hapagy C onepaTopom APYTYH Pa3sHOCTHYI

annpokcumauuw A TnNo gopmyne

(3.2) At Ufoijrd = Z~zfu fx -t,jr-A )*
+ Jf't] - 3 b

PaccMoTpuM peleHna cnefywumx pasHOCTHLX 3ajad

0.3) Ay - A =

A 2 - P? A JJ iAtjt" *Y  J j Pt -~
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Teopema 4. T[lycTb npu W BbINON-
HeHo ycnosne g = ° )/ n B yrnax npamoyronbHuka. Torpja
ax
ANns C €(/7 crnpaBejnnMBo npepcTaBneHune
(3-4)
—J y Tr - K Ff*,JJ -CAA rj u(grt>

apana U (*y) € C A n) BbNONHEHO

VS A A - KKJ + A~ ANrlr - A1 )%~ ur<un)ysla

II>nl £c A E£E-A, A ; e Mt,.

[na pokasaTenbCcTBa JOCTATOYHO YCTAaHOBUTb pasnoxenue (1.9) and
peleHuit m ttr n3 (3.3) ¥ HailTM 3aBUCUMOCTb MexAgy KO3adhuuueH-
Tamm Ci J TP ofnHAKOBLIX CTeneHax /b u V

pn opraHu3auuM pacyeToB CnefyeT yuuThBaTb, UYTO CeTOYHad
obnacTb npu noBopoTe Ha yron yx pacnajaeTtca Ha

Kr*1  He3aBUCWMbIX Wab/MoHOB, 4YTO MO3BOMIAET MNPOBOAUTL PacyeTsl

peweHns U A NuWlb Ha MaccuBe pPa3MepPHOCTY , rae A/
YUCNIO TOYEK Ha CeTKe ¢ a 3aTeMm ucnonb3oBaTb QCT Kak
HayanbHoe npubnuxeHne Ana U a, « TakuMm 06pa3oM 3KOHOMUTbL PeECYpChl
9BM. TMoBopoT Ha yron (f evict?Z paccmoTpeH B "/l

epeifeM K cnyvaw Tpex W YeThpeX He3aBUCUMbIX MEPEMEHHbIX.
B npamoyronoHom napannenenunege /7 -/ o<x,s , 0=f,2,.. JAJ>
roe nuéo AS-3 , nnbo AO-Y , NOKPLTOM Kybuyeckon ceTkoil ooN ¢
Larom Kk , Hapsgy C O0ObYHOW CeMUTOYeYHOW Cxemoil ana A/-3  pacc-
MOTPWUM TPU Pa3HOCTHbIX onepatopa [Ayd- > <-~f, r, 3 , KoTopble
CTPOATCA aHanoruyHo onepatopy Ar 13 (3.2) npum noBopoTe OTHO-
CUTENbHO OfHOW W3 Tpex oceil, napannenbHelx Oac; , /»fr, 3 *

(3.4) Ayn,- - A~(n(x+A; ) - 2u/a)+uy(x-a,]) mAr uU(x)

roe AT peictByeT no dopmyne (3.2) B NAOCKOCTU OPTOFrOHANbHOM
och Ox/ , aBektop A. =X er ,rge Q - eOUHWUYHLHI BEKTOp,
napanfenbHeimi O x ® e YpaBHeHUS

(3.5) 4N . y«, m"*r -vrjv

OAHO3HAYHO pa3pewnmel N AnAd cfpaBeninBbl anpuopHbie OLEHKU

/ / - ¢ /IN] Y.



62

Teopema 5. [yctb U (*)ECse6(n), f r -0 N pelweHuns
T (x) . /=r,r, 3 ypaBHeHud
/ /-1 erl B /¥
o v - -7 (£. B o

TakKoBbl 4YTO Irt- & C /7 J < Torfla Ana peweHuid Um; (3.5) cnpa-
BE/1BO

] Z w>, (x) * é [r*J = uf*d * 0<~A"N > x * N o

B cnydyae Y - ¥ onepaTop /lannaca Tpems pasHuMu cnocobamu npejcTa-
BUM B BUAE CYMMbl [BYMEPHbIX

)

rAe aprymeHTh yKa3bBalwT, [1S KakUX MepeMeHHbX onpefeneH COOTBET-
CTBYOWMA ONepaTop Ha NAOCKOCTU. [ns KaxAaoro u3 Tpex npeacTaBneHui
NOCTPOMM Ha C(r™ pa3HOCTHuIA onepaTtop N1 T(J Y~ 7,2,3 , SIBNANWMNIi-
ca cymMmoii AByx onepaTopoB Tuna J1 T u3 (3.2). Hanpumep

O 1™ bl — [ Tfan & A7?- X\) 24 .

Teopema 6. lycTb L, e CTA™)' /r -0 H peweHna z~ ixJ
| - 1z,3 YypaBHeHuUAa

AN w~ fS? (o Jdz, <TF) M 3&t'Ju t = 3
roe ‘
n =xu - n=<ly ~<r_ . m T
cix, chx™NUx™clx,12 wnU *c/j* J Icly dj/ t/jji 1
UMENT OrpaHWYeHHble YeTBEPThie NPOU3BOAHLE, T.€. N CAfly d

Torga Ana peweHnid U t . ypaBHEHWI

Mr. - r - [ < 3

cnpasegnneo npeacTtaB/ieHNe

T T (x) - XCxJ f (QIAY  XC- [T,
o Y . V ] 4.



PaccmoTpum fanee GUrapMOHMYECKOE YpaBHeHUe

(3.6) Ur A0, N(4r "0
B npaAmoyronbHuke /7 , MOKPLTOM CETKOW  0a” J [/
Xi-ii, [I-c nfo J/j 4% ,/y/ c warom /£ . YpaBHeHue

(3.6) annpokcuMmmpyem COOTHOWEHUEM
(3.7 A~ acxac *27bxjcijj Y N

? })ro~° >

mcnonb3ys GukTuBHble Toukn (ats3/+L ), { Xe} ~A ), ( N-),

Py , f<t <n/-7 » [<y’</y-/ . llocne nosopoTa
CUCTEMb KOOPAMHAT Ha paccMOoTpMM Ha ceTKe 00" peleHue
ypaBHEeHUS

(3.8) N\ uT =/1/7 5 Mgr ~° > ATUrgr = &,

roe Uj onpegened B (3.2).

Teopema 7. MycTb e C n) ., n
pewLeHne  7rfi(? J ypaBHeHusd
Y
- / -, : A
AV [ D -
TakoBO, 4TO 6 (T (N1J . Torpga gnsd peweHui nw /7™ ypaB-

HeHuin (3.7),(3.8) cnpaBeannBo npeacTaBlieHune

_——— - = 4 A- - U/></J +0 fivd 3 (x,))( nA

[loka3aTtenbcTBa Teopem 4-7 UMENTCH VAR Ina wnnwcTpayum Teope-
Mbl 4.npuBefemM pes3ynbTaThl YyTOuyHeHUA no qopmyne (3.4) pelweHud
m - SwTx SinTj ypaBHeHud

T n - ~24r N c<r "o

B kBagpate /7 gna #-/= 1/ . PesynbTate pacuyetoB npu / =
npuBefeHs B Tabnuue 3.
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Tabnuuya 3.

W~ Uv - U K-wu,

x=/=0s -8.27-10-3 ~3.36*10"* 2.47-10"4

rr=o. f W.5 -KrIs -6.1 *H-3 -4.5 *KTls

34ecb ceToyHad QyHKUMA ~nonydveHa no gopmyne (3.4).

§ 4. WTepalMOHHbe npoueccs Ha nocnegoBaTelbHOCTU CeTOK

lpn yCKOpPEeHWn CXOAMMOCTM WUTepauuoHHbIX MPOLECCOB peleHus
CUCTEM KOHEYHO-Pa3HOCTHbIX ypaBHeHuin (1.2), rge A4 :9"-* g "
OAHOW W3 MNOAOTBOPHLIX MAEA OKa3zanocb BKwWYyeHue 3agaun (1.2) B
CeMencTBo 3ajau

€

COOTBETCTBYWUWMX pPas3INyHbLIM AUCKpPETU3aunam UCXOAHOT0 YpaBHEHUA.

Yucno utepaumin ana AOCTUXEHWA 3aJaHHOW TOYHOCTM 8 nponop-
UMOHANbHO ABYM COMHOXUTEnam: ~ a ~1 , 1 HEKOTOPOMY MHOXMTE-
m A , OnpefensieMoMy CnekTpanbHbMW CBOMCTBaMKU onepaTopa
nepexoga uTepauuMoHHOro npouecca. W36aBuTbCA OT -8u.a~\ UCNOJb-
3y NOC/ief0BaTeNbHOCTb CETOK, MOXHO WCNOMb3ys NiMib 0buune xapak-
TEPUCTUKN anropuTMoB, Takue, KaK MOrpewHoCTb annpokcumauuu U CKo
POCTb CXOAMMOCTU uTepauuin® * " . MogaBneHne MHoxutena ¢ OCHO
BaHO Ha bOonee cneyumanbHbX nogxopax” "24-27/7

NycTb Ans pewenus ypaBHeHus (1.2) 3afaHHOr0 Ha CETOYHOIA

o6nacTu jCLb nocTpoeH uTepaunoHHsin npouyecc ( CC = )
(4.2) -A ~u-= -, ffttfj ;¢ j = <,
CXOAAWNIACA K peweHun U.~ CO CKOPOCTbK

/ - -“afl > W<l
Mpy NOCTPOEHUM MTepalnoHHLIX MPOLECCOB Ha MOC/ief0BaTENbHOCTM Ce-
TOK XX kK, , t-~ 4 ; 6, > Ne =£
pewaetcsa 3agayva (1.2) metogom (4.2) Ha ceTke € TOYHOCTbK

< - |/ |/ - wn [/E £t | nocne 4yero ceToyHaa QyHKUWA
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WHTEPNoNMpyeTCcAa Ha CeTKy jCZ/I2 , rae MCNonb3yeTCcA KakK HayaslbHoe
npubnuxeHne ana utepauynin (4.2), NpoBOAWMBIX A0 YMEHblLlEHWA MO OT-
pe3kam [0 BeNuyuHel 8Zc £1 u T.4. B paboTtax"oyueHnBaeTcda 30-
()eKTUBHOCTb Takoil Npoueaypsl NpuM MCNOMb30BaHUWN ABYX WAW HECKONbKWX

BCMOMOraTenbHbX CeToK. Ecnm £« =0{k*) , rge >x£* - norpeu-

HOCTb MNPUONUKEHHbLIX peleHnini CC\- ¢ TO KakK NpaBWI0 4uUCNo uTepauuu

yMeHblaeTca B pas npu o . [Jlanee, cornacHo
paccMOTPUM NpefleNnbHbA Cayyain, Korpaa , N BbHYUCUM

aCUMNTOTUYECKUA KOSDOUUMEHT IKOHOMWM, AN HENUHENHOro chyvas.
Mpn 3TOM nmonaraem, 4YTO pa3MepPHOCTb 3ajauyn BO3pacTaeT HeNpepbiBHO,
4TO NO3BONSAET MOCTPOUTHL AuddepeHUManbHOe ypaBHeHWe ANA 4yucna apun-
METUYECKUX AENCTBUIA. M

B npocTpaHcTBe rC paccMOTPWUM 3BOJKLMOHHbIA npouecc

(4.3) - 'f'fic)| j

CX0AAUNACH CO CKOPOCTbK

rfao(-1)- £<(3 Cc

N ABNAKNWMIACA HenpepbiBHLIM aHanorom (4.2). Monoxum ana ypo6cTea
Mpeanonoxum, 4to npouecc (4.3) BepetcH
[0 YMEHbWEHNA HayanbHOW norpewHocTn B - //n0- /I B AI'0 pas,
T.e. oTKygpa ~t=/ é/WJ' 1 a/ . 3[ecb
6 UMeeT cMbica yucna utepauuid gna (4.3). Ecnu Ha ofHy uTepauyui
mcnonb3yetca kO A/Jv  apuiMeTWYECKUX [eilCTBUA, TO WX CymMMapHoe
YNCNO BHLIPA3UTCA DOPMYNOIA

@D I~ ~ & n |/ = fn“ &V

PaccmoTpum npouecc (4.3) Ha I'IOCﬂep,OBaTeﬂbHOCTI/I NPOCTPAaHCTB B/t
#0* /Il EM * stc A? , B KaxAoM W3 KOTOPbLX CYUWECTBYET pelieHune
Uk ypaBHeHns (1,2). MycTb uUMeeTCsa onepaTop WHTepnonMpoBaHus
P.. a.” , nitrt , [E£*,/=-/ , Takon 4To

@5 //m, Uh - U, /I< CCn)rb~pp } C* & _
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lonarasa, 4To AN ¥ n  BbLINOJIHEHO - p dfaj 1 n, »WN UCNonb-
3ya anemeHT Pn KtA Un, KaK HayanbHOe npubnnxeHne" B NPOCTpaH-
CcTBe Nerko nocuuTatb npupaweHue BbYUCAUTENbHON PabOThl
/19/

) -
(4;6) = ™, )M H+B~"n% P

YcTpemnas A-*o u nonarags C (u, H+/1) "o (A ) u3 (4.6)
nonyyvyaem gupoepeHumnanoHoe ypaBHeHue and Q fo)

1K g A n~nth /N

o,
WHTEerpupys KOTopoe nosyyaem
].II
(4.7) QZmJ =QZn,)-+/>*fn M~rd fa ) dn,

o

bopmyny (4.7) MOXHO CUMTaTb HENpepbiBHLIM aHanorom BhipaxeHua (30)
n3/7/ nna obbema BbYMCNEHWUIA HA MOCNef0BaTENbHOCTM CeTOoK. OTHowe-
HMe BenuyuHsl Oo(n/) wn3 (4.4) K QZa/J w3z (4.7) w paeT Koappuum-
EHT 3KOHOMUU . B Tabnuue 4 npuBoAMTCA KOIDPUUMEHT 3€ AN4
cnyvyad pa3HOCTHLIX 3NNUNTUYECKUX ypaBHEHUW, rpae A/ - pa3MepHOCTb
3aflayn no OfHOW MNEepPeMeHHOW, nb -YUCNO MNEPEeMeHHbX. [lonaraem

Q(HO0)~ O . HanomHum, u4yT0 dZs"J- A/~2 COOTBETCTBYET Me-
Tony3eiigens, diA/J - A/ -1 - metoay MBP; dz/Vj -
NnonepemMeHHO-TPeyronbHblii MeTod;  dZsvZ — nJ - MeToA nepemeH-

HbIX HanpaBneHwid, d  He 3aBUCUT OT A/ [NS METOA0B, ONTUMANbHbIX
no NopsafgKy uucna apuomeTnyeckux peictenii. [Ans ctonbua HK (metop

HbiwToHa-KaHTopoBuya))nonaraem /i, (-6J- (=202 J Z/uG-" /]
Tabnuua 4.

mr\ bl T Al'l /V1*/] cmos [/ AAK

2 ZuAN  3-dA N/ ac>2zZnlU r rAAl 52 >: s oa

3 5dA  Z.., 8§ 41, 3A N 0,n/

B pabote /”~/ nokasaHo, 4TO ecnu B popmyne (4.5) £ >f ,T.e.
NCNONb3yeTca WHTepnonAuns 6onee Bhicokoro nopsgka (B cmbicne (4.5)),
yeM TOYHOCTbL annpokcumaumm /rypaBHeHuda (1.2), TO BENNYUHY

QCa/J B (4.7) MOXHO CYUWECTBEHHO YMEHbWWTb. TaKoi MoAX0A MCNOMb-
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/T0/
30BaM B pa60Te' ', rge nosbllleHne TOYHOCTU MHTEPNONALUUN (4.7)

N0CTUraeTcs 3a CYET UCNoNb30BaHus pasnoxeHus (1.9) no cTeneHsm

wara guckpetusaumu. MycTb Ha ceTkax OH , t - f O-r
nonyyeHs peuenHns U ,A- C OMHAKOBOM TOYHOCTbl £ - 0(A? )
roe & - MakcumanbHas cTeneHb h, B pa3noxeHun (1.9). Torpa ans

BolyncneHna CC* UMCNONb3yeM Haya/bHOEe npm6nmmeHme

(4.8) Uk< = /T /m r xe _nnar '

roe Ub;  UHTEpnoNMpyeM Ha ceTky 02he € TOYHOCTb OC/r~J  »

a K03@®MHMEHTH onpependanwTca W3 CUCTEMb
11*0r + I
(flhi * O /rx +ft-re-1
Vio.. "Je-r he~t

Takum ob6bpa3om, C nomolbi (4.8) nNpPouM3BOAMTCH IKCTPanonAauUus K Tou-
HOMY pEelWeHun Pa3HOCTHOW 3ajaun, T.K.

Na - 710 +0Cle J xe Q7™

MpounnwctTpupyem 3hpeKTUBHOCTbL 3TOro noaxoga (nNogpobHOCTM CM.
AN pasHocTHOro onepartopa flannaca (3.3) npu ycnosuu, 4YTO CYUWeCT-
BYeT pas/ioxeHue

= UC, ) + o ** OCTV , @r./de fZA.
Mpn atom u3 (4.8),(4.9) cnepyet

(4.10) nt . P+ / nA + oa ¥y, C*fleld2i
Ina pacyeTa rapmoHuyeckoin B obnactm f ] ~ i 1}
GyHKUMM U - Ha CeTKe 02k pasmepHocTu 129x129,

/Ic - 1i2.8 WCNONb30BaNUCb BCNOMOraTe/ibHble CeTKW: 02 rk , 02</k »

012 8h, » ~02i6K * Ha KaxAoil M3 KOTOPLIX NPOBOAWMNCL pPacyeTh C
0OAMHAKOBOW TO4YHOCTbl £ (Tabn.s) nu6o metogom MBP, nubo 3eitgens
(3). Yepes «k(/b) 0603HAYEHO 4YMCNO MUTepauuid Ha CeTKe 02k ,
yncno k Z - obuwee yucno uTepauuidn B nepecyeTe Ha CeTKy 02~ C yue-
TOM MHTepnonauum «k I - E%)Kiz*k) +1  »yucno K o03Havaet
aCUMNTOTUYECKYH 3(PPEeKTUBHOCTb MTepalWoHHOro npolecca

j* . kT.J ~ , Toe £a - HayanbHas NOrpewHocn
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Tabnuuya 5.

S K (1Ck) nak) K(/K) K ftA k(K) KT r
10-4 21 24 28 2 I 3.7 2.00
o™ 24 32 47 6 2 7.0 1.43
KT e 27 37 64 44 5 20.6 >0.67
lo~ 7 30 44 67 218 33 107.0 0.15

[BP [OP . [OP 3 3
Mon £ = OCk Y - /0~" 4ucno utepauumin npakTUYECKW MOHOTOHHO
yObiBaeT OT CeTKW K CeTKe, TO eCTb CyMmapHas BblyucnutTenbHas pabo-
Ta OleHuBaeTcA BenuymHon O (fi~ 2 _AOTMeTUM, 4YTO Haubonbuasd
3((eKTUBHOCTb penakcaunmoHHOro meTtopgail ANA aHanormyHom 3ajayu

Xxapaktepudyetcd BennuuHon f' =0.42.

Apyrum npumepom 3(QHEKTUBHOITO MCMNONb30BAHWA MNOCMef0BaTEebHOC-
T CEeTOK SBNSETCA WHTErpo-pa3HOCTHHA MEeTOA NN peleHus 3ajauu
Anpuxne Ans ypaBHeHua flannaca, ONTWManbHblA NO NOPSAAKY 4Yucna apup-
METUYECKUX AEWCTBWA. ITOT MeTO[ OCHOBaH Ha MNoo4YepeAHOM MCMONb30-
BaHun TWY (2.19) u pa3HoCcTHOro ypaBHeHus (3.3) B HEKOTOpOW npu-
rpaHW4YHoON nonoce.

8§ 5. 3aknwuyeHue

N3n10XeHHbe 3[4ecb npueMmsl ucnonb3oBaHua pasnoxenuna (1.9) ans
YTOUYHEHNA NPUONUKEHHbIX PEWeHWA W Npu OopraHu3auuu pacyeToB Ha
nocnefoBaTeNbHOCTA Crylanlinxcsa CeTOK NPeAcTaBNANT 3(NHEeKTUBHbLIA U
eAnHoobpa3Huliid MoAxo[ NpW peweHWn WUPOKOro Kpyra 3agadvy. Mpu aToM
peanusayuma anropuTMoB CYLECTBEHHO He MEHAEeTCA Npu nepexoge K
HENIMHEeWHbIM mpobniemam WU Npu yBeSUYEeHUW Yucna NPOCTPAHCTBEHHbLIX
nepemeHHblx. B nocnegHem cnydae Hapagy ¢ (1.9) MOXHO ucnonb3oBaThb
MHOTOonapameTpuyeckune (opmyssl pa3noXeHWa MnorpewHocTu. PaccmoTpe-
HME WCXOQHOTr0 ypaBHEHWUA KaK npefena nocnefoBaTebHOCTM Pa3HOCT-
HoiX 3afjady (1.2) NO3BONAET 3PHEKTUBHO MCMNONb30BATb aNpUOpPHYN WH-
hopmaumi 0 peweHUn 6e3 YCNOXHEHWA CTPYKTYpb Pas3HOCTHOW 3agauu,

a B HENIMHEWHOM Ccfiyyae WUMeTb HafexXHbh cnocobd And NOCTPOEHUS Havalb-
HbIX NpuUOnuxeHnin. Takas opraHu3ayns YMCNeHHbX pacyeToB MOXET Chay-

XMTb OfHOA M3 OCHOB MNpKU CO3JaHWM KOMMAEKCOB NpPOrpaMm Ans pelieHus
pafa 3ajay MaTeMmaTUyeCcKon (U3nKH.
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UNCNEHHBIE OSKCMEPUMEHTbHI MO WCCNAEAOBAHMIO AWHAMWYECKWX
CBOWCTB HEOAHOMEPHbLIX COMUTOHOB

A_b. WWAYKA

O6begMHEHHbIN MHCTUTYT SOEPHLIX UCCnenoBaHuin
NabopaTopusa BbLIYUCINTENBHON TEXHUKU N aBToMaTtu3layuun



AHHOTALNA

MpuBeaneH KpaTKuii 0630p pe3y/bTaTOB UUC/IEHHLIX 3KCMNEPUMEHTOB
Nno uccnegoBaHMi AWHaAMUYECKUX CBOWCTB HEOAHOMEPHbLIX KBa3UCO/IMTOHOB
ANA psga HeMMHEWHbIX Modesiel Kaccuyeckon Teopunm nonsa. [lloka3aHo,
YTO TWUMNbl B3aUMOAENCTBUA HEOAHOMEPHbLIX KBa3UCO/IMTOHOB SIBNAKNTCS MO-
NenbHO-HEe3aBUCUMbIMW, MO KpawWHeih mepe, AONA UCCefoBaHHbIX MoAenewn.

ABSTRACT

The brief review of the dynamical properties of many-dimen-
sional quasi-solitons studied by means of the computer simulation
in the framework of the non-linear classical fTield theory models
Is presented. It i1s shown that the types of soliton interactions

are model 1i1ndependent for studied models.
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I. CornacHo Teopeme [leppuka, B pamkax PensTUBUCTCKU WHBaApUaHT-
HbX Mogeneidl Teopuu nond (MCKnw4vas MOAeNNU C TpafueHTHbHIM B3auMogeicT-
BWEM) TMOBEPXHOCTb MNOCTOAHHOW 3HEPruM B (YHKLMOHANBbHOM MPOCTPAHCTBE
He MOXeT ObTb AONMHOW. B nyywem cnydvyae 3TO CeAnoBMHa, TO €CTb
NOBEPXHOCTb, He obnapgawuas abCONNTHbLIM MUHUMYMOM. AOBCONMNTHO YCTOW-
YMBLIX PelleHWn B Takux Mofensix He cyuwecTtsyeT. OfgHa M3 BO3MOXHOCTEN
NONYYeHA Tem He MeHee YCTOMYMBLIX CONMTOHOMOAO06HLIX peweHwnn (CMP) -
BBEleHNe HEKOTOPOW M30NTOMMYECKOW rpynnsl CUMMETPUM narpaHxumaHa u
CBA3aHHLIX, C HEW 3aKOHOB COXpaHeHus.

Mbl 0bCcyanM CBOWCTBa Mofeneil c Hanbonee npocton If (1)
rpynnoii, BeAylwei K 3akKoHy coxpaHeHus "u3o03apapja’:

roe ¢ - nonesas QyHKUMA, D - pa3MepHOCTb npocTpaHcTeBa. CoxpaHe-
HMe "n3o3apaga” Q O03HayaeT Hanauume orpaHuyeHMsa Ha BO3MOXHble

BUAbl BO3MYLEHWIA, & UMEHHO TrHO[®3=0 , YTO NPUBOAUT K YC/OBUK
ycToinunsocTun ClP (To ecTb peweHnsa, obnagawwero 'xopownmn™
CBOMCTBAMM B HyNe W Ha GECKOHEYHOCTHU):

dQ f)
< > < U
)

O4YeBMAHO, UYTO AENUCTBUTENbHbEe CTaLMOHApHbie MONEBbie KOHQUrypauum

He MOryT YAOBNETBOPATbL 3TOMY YC/MOBUK M OYAYT HeEycTOuuuMBb. Bce aTw
BbIBOAbl Obl1M MOATBEPXAEHb PAHEE B YMC/IEHHbIX IKCMNEPUMEHTAX Pas3UyHbIX
rpynn.

B 3ak/niyeHne 3TOro NyHKTa NOAYEPKHEM BaXHOCTb WUCCNefLOoBaHuA
HeofHOMepHbIX (nNpocTpaHcTBeHHO) CIMP, NOCKOMbKY [0 CWUX NOp, M3BECTHa
NMNWb napa 3BOMNLMOHHLIX ABYMEPHbLIX BMOJIHE WHTErpuUpyeMbiX MOZAeneil
(ypaBHeHnne Kapgomuesa-MeTtsuawsunnm (KM) u UMIMHAPUYECKOE YpaBHEHMWE
KoB), B pamkax KOTOPbIX CO/NIMTOHHHE pelleHud o6nafawT B OA4HOM U3
HanpaBNeHWn HeyaoOHbIMW CBOWCTBaMW Ha 6eckoHeyHocTu (cnaboe cCTeneH-
Hoe y6biBaHMe).bonee TOro, pacnajg HayanbHOro COCTOSHUA YXe He
npeAcTaBnNAeTCcAa CTONb YAWBUTENbHLIM, KakK B OAHOMEpPHOM cfyyae. [103aToMy
0COOLIA MHTEpPeC npeAcTaBNAET WU3Y4YeHWe C nomolbl IBM AMHaAMUYeCKUX
CBOMNCTB [ABYMEPHbLIX, @ 3aTeM W TPexXMepHbX, XOPOWO N0Kann30BaHHbLIX
peweHnn AN pasNuyHbiX MOAeNieid Teopuu nonsa. WccnegoBaHne KayeCTBEHHbIX
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CBOMCTB 3TUX pelleHnid ¢ nomolbl IBM moxeT nogckasaTb NYyTW K WX
[NanbHeWWemMy M3y4yeHun aHanuTuyeckumu (BO3MOXHO MNPUONNKEHHBIMN)

MeTogamn.

2. PaccmoTpum aBe MOAENnW KnacCWYecKOoi Teopunm nons c
NnoTeHUManom B3auMMOAEACTBUA B narpaHxumaHe *:

. e @

G)

Nlerko BuMAETb, YTO 3TU MOLENW NMPUHLUNWANBLHO pPas3finyHel B
cnegywuem cmeicne: nepsasd B npepene ®-*o C TOYHOCTbW A0 O (/dp /1)
nepexoAnT B 06blYHYH CBOOOAHYH TeOpui, MNOCKONbKY
BTOpas MOAeNb COAEpPXUT B cebe KOHCTUTYEeHTh C 6ECKOHEe4YHOW maccoi,
Tak Kak <Gt npu @ O . JT0 O3HayaeT, u4To
B pamkax nepBoil MOAENM BO3MOXEH MNpW OnpefeneHHbX YCNoBUAX
pacnaj HenMHeWHoro pPelieHUss Ha KOHCTUTYEHTbH C W3/yYeHWeM NUHENHbIX
NNOCKUX BOMH. Bo BTOpoM cnydvae TakoW pacnaj HeBo3moxeH (3anpeleH
3aKOHOM COXpaHeHus), M BCe BO3MOXHbLE KOHQUrypauun nonei
COCTOAT TONbKO W3 HENUHEWHbIX peweHuid; MOAenu BTOPOro Tuna MHOrpga
Ha3bliBawT "KOHQaWHWHT" Mmodensmu. B pe3ynbTaTe B pamkax MepBoil
mogenn CMP moryTt pacnagaTtbCd, B TO BpeMA Kak B paMKax BTOPOil
HeycToiumBoCcTb CMP nposBnsieTca B BuUAe WX Konnanca. BTopas
MOAEeNb MHTepecHa ewe u Tem, 4YT0 B Heit CMP MOryTt 6bTb HalAeHb B
SBHOM BMAe ANA NWOOW pa3mMepHOCTM . bonee ToOro, w3

Q -TeopeMmbl cnefgyeT, 4YTO He3aBUMCUMMO OT 3> ycTolumeble V (1)
cummeTpuyHeie CIMP Buaa .

Cr) €
CylWecTBywT npu co > cO(ir-=.z~"3B 3TOM cMmbicne mofen
pasMepHO WHBapuMaHTHa W KayeCTBEHHO OT/iMYaeTcdA OT MmMogenun (2), rpae
ACr CYyLEeCTBEeHHO 3aBuWouT oT X> . [pagukm 3aBucumoctn (Q OT wu)
npu = 2 U J>= 3 npeacTtaBneHy Ha pucll.

X) B cnyyae Hawnbonee npocToil Teopuu nona npu 2>> £
yctonumeelXx CMP He cywecTBYyeT faxe B CUCTEMax O M30rpynnoii.
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lokaxem, 4TO XapakKTep B3aWMOAENCTBUA CONUTOHOB B CTOJIKHO-
BEHUAX Onpejensetrca AUCNEPCUOHHON 3aBUCUMOCTbI QC&) , a He
Tunom mogenn (Hes3aBUCUMO OT XapaKTepa HEeyCTOMYMBOCTM - pacnap
WAn Konnanc).

3TO npefnosioxeHne ObNO NPOBEPEHO B CEPUN YMCTIEHHBIX

3KCNEPUMEHTOB B pacueTax BapbupoBanuCb [Ba napameTpa:
CKOPOCTb OTHOCWUTENbHOIO ABWXEHWS KBA3MCONWTOHOB O~ W BeNUYMHA
nx 3apsga Q . B 0oboux cnyyasax BbisiBNEHb YeThpe Buaa B3auMmo-
NencTBuUs :

1) ynpyroe u KBa3uynpyroe B3auWMOJeiCTBUE KBA3UCONUTOHOB;

2) pacnap (konnanc) npoB3auMMOAeiCTBOBABUMX KBA3MCONUTOHOB;

3) pacnag (konnanc) uyepe3 KOPOTKOXMBYlWeEe CBSA3aHHOE COCTOSAHME
" (pe30HaHc);

4) [ONroxusyllee CBf3aHHOE COCTOsAHWE [ABYX KBa3UCONUTOHOB-OWOH,
YTO YKa3biBaeT B AEWCTBUTENbLHOCTW Ha MOAENbHO-HE3aBUCUMLIA XapaKTep
B3aWMOlENCTBNA CONUTOHOB (BO BCSIKOM C/lyyae, B pamKax PaCCMOTPEHHbIX
mogenen). MocnefHne fBa Tuna B3auMMOJENCTBUS BO3MOXHO /UlLb B
obnactu olQ/alu O e JTO fJaeT OCHOBaHue npeanonararthb,
YTO NOAO0GHLIE BMAb B3aUMOLENCTBMA OYyAyT NPUCYTCTBOBATb U B MOAENsiX,
narpaHxuaHs KOTOPbLIX AOMyCKawT 060/see BbHICOKME TPynmbl CAMMETPUM,
B C/ly4yae, €ec/yu 3aBUCMMOCTb COOTBETCTBYWWero ™M3o3apaga’
("n3ocnuHa" n T.4.) OyAeT aHanorumyHa Q (a)) Ha puc/l.

bonee fgeTanbHOe uccnegoBaHWe npouecca B3auMMOAENCTBUSA
KBA3WCO/NIMTOHOB MNOKa3biBaeT, 4YTO OH 3aBUCUT TaKxe OT BEeNUYNHbI
npuuenbHoro napametpa p (M, 4TO TO Xe camoe YrjoBOro
MOMeHTa £ = ) W HayanbHOW pa3HOCTM a3 A G . YUCNeHHbe
39KCNEepuUMeHTL nokasanu, u4To:

a) CylWecTBYyeT HeKOTOpas pe30OHaHCHad 06nacTb N0 BeNYKHE
MOMEHTa £ , B KOTOPOW HeynpyrocTb B3auMMOAEWCTBUS, KBa3UCOMN-
TOHOB pe3ko Bo3pacTtaeT (cm.Takxe /0/);

6) YMCTO aHTUCUMMETPUYHASA HauyanbHas noneeas KOHAMUTYypawuus
NpuBOANT K YNPyromy pacTanKuMBaHMK KBA3WOONMTOHOB.
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3. Kak Mbl yXe OoTmMeyanu Bbille, CTalWOHapHbe KOHQUrypauum
[NENCTBUTENbHbIX MONEN He MOTryT ObTb YCTOWYWUBLI, TO €CTb [JEACTBM-
Te/lbHbIX KBA3MCO/NIMTOHOB He CYylecTByeT. bonee TOro, He BO BCEX
CUCTEMAX C BHYTPEHHEA WU30CUMMETPUEN M He BCerga CyuwecTBYWT
YCTONYMBbLIE KBA3UCONMUTOHLI. Takue pelleHus MOryT BO3HMKaTb B CUC-
Temax”™ KOTOpPbIX MOBEPXHOCTb MOCTOSSHHOW 3HEPruM B (YHKUWOHANbHOM
NPOCTPAHCTBE MOXET WMETb YCNOBHbe (MU NIOKANbHLIE) MUHUMYMbI .
ECTeCTBEHHO BO3HWKAeT BOMPOC: CYWECTBYWT NM B MOAOOHLIX CUCTEMAX
HeCTaUMOHapPHbIe YCTOWUMUBLIE KOH(GUTypauun AeWCTBUTENbHbLIX NONEn?

Mpn 3TOM HecTauWOHApPHOCTb WUrpaeT ponb cTabunusupywwero (akropa,

aHaNoOrMYHOr0 3aBUCUMOCTY B cnyyae V (i) rpynnsl
3T0 npefnofoXeHNe 6bi10 MPOBEPEHO B CEPUM UYUCTEHHBIX IKCNEpH-
MEHTOB B pamkax mogenu (2), npoBefeHHuX B [ly6He Pe3ynbTaThl,

NONYy4YeHHble B 3TUX 3JKCMNEepUMeHTax, BbIFNA4eNM, Ha NepBbil B3rndg,
napagokcanbHo. [lomewas HeycTOW4YMBLIE CONUTOHONOAOOHbE OOBLEKTHI
LOCTATOYHO O6NM3KO ApYr K Apyry - TakK, 4T0Ob KMHEMaTU4eckoe Bpems
X B3aUMOAENCTBUA ObINO MEHblle BPEMEHW pacnafja KaBforo W3 HUX

( puc.2), (puc.z), Mmbl Habnwaanu npu AOCTATOYHO MasbiX CKOPOCTAX
BCTPEYHOIr0 [BWUXEHUSA KBA3WCO/NIMTOHOB BO3HMKHOBEHWE WX CBA3AHHOIO
COCTOAHMA - ABYMEPHOro 6uoHa. AmnauTyfa B LeHTpe 6uMOHA PEerynapHo
ocuunnuposana, Nulb BeCbMa HE3HAYUTENIbHO YMEHbLAACb B TeyeHue
cyeta (HeCKONbKO nepuofoB KonebaHuil). [JlanbHeilee u3yyeHue
nokasano, 4YTO aHanoruyHble 006beKTb MOryT BO3HMKATb M3 "[OCTATOYHO
TAXENOro O4HOCO/IMTOHHOI0 HayanbHOro COCTOSAHUA. [loBefeHue BO
BpEMEHN W BUL O0OHAPYXEeHHbX OMOHOB KAa4yeCTBEHHO COBMajawT C
nyNnbCoHaM, OTKPbITHIMA paHee B paboTax Tem cambiM nokKasaHo,
YTO CYyWEeCTBOBaHME MY/bCOHOB He ABMSETCH NPUBUNErUeld CUCTEM C
BbIPOX/JEHHbIM BaKyymMOM Tuna ypaBHEHWW nona Xurrca u cuHyc-roppgoHa,
rge nonesaf QYHKUMA OCUMNAMPYET MeXAy [ABYMA CMEXHLIMU BaKyymamu .
3amMeTuM, 4YTO aHanoruyHole NyNbCOHbL AONXHb €CTeCTBEHHO BO3HUKATb

n B pamkax cuctems (3). Bo3MOXHOe 06bACHEHME YCTOWYMBOCTU O6Ha-
PYXEHHbIX MYy/NbCOHOB C MOMOWbK HEKOTOPOro agnabaTuyeckoro
MHBapnaHTa MOXHO HaWTuM B paboTax

f) BcnomHum Takxe 3agavy [1.Jl.Kanuub 0 MasgTHUKe C Kadvawueics
TOYKOW nofBeca.
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OTMETUM, 4YTO YCTOWYMBHIE CBA3AHHLIE COCTOSAHUSA W3 HEYCTOWYUBLIX
KOHCTUTYEHTOB YXe [aBHO W3BECTHb B AUuepHOW (u3nke (aenTpoH). Tak
Xe KakK W B Hallem cnydvae, 3TO COCTOAHME Mano MOXOXe Ha CBA3aHHOe
COCTOSIHME [ABYX KnacCUYeCcKux 00bLEKTOB Tuna JlyHa-3emnsi, [BOWMHbE
3Be3apl U T.4. Tlpu (QopMupoBaHMM CBA3AHHOIO COCTOSAHWUA BXOoAAuue B
COCTaB CUCTEeMbl KOHCTUTYEHTH TEepANT CBOW WMHAWBMAYANbHOCTb (aKTW-
YECKW MOMIHOCTb. B 3TOW CBA3/ YMECTHO BCMOMHWUTb WMPOKO
pacnpocTpaHeHHYl B CepuAMHe HaWero Beka MNOroBOpKy "...npupojaa
CNOXHA W HENIMHENHble YPaBHEHUS CNOXHbI, NO3TOMY CneayeT MOAeNnpoBaThb
npupoay C NOMOWb0 HENUHENHbIX YPaBHEHWUIA™, KOTOPYW MOXHO HailTu B
KHUre Yunepa °

InHaMnyeckue CBOMNCTBA HEOJHOMEPHLIX COMUTOHOB 06CYyXaanTCH
Takxe B paboTax 12/~ 3 /11/ nccnefoBaHO B3auMoaeicTBue
UUWHAPNYECKN-CUMMETPUYHBIX U CHEpPUYECKN-OUMMETPUYHBIX WOHOAKYCTU-
YEeCKWX COMUTOHOB C MNNOCKUM U  WU3OCHYTbIM (MPOHTamMu. [loKazaHo, 4TO
B3aUMOJENCTBNE TaKWX COJIMTOHOB, SABASWUWMXCA peweHnem MoANdULMPOBAHHO-
ro ypaBHeHuWs byccuHecka, HOCUT Pe30HAHCHbIA XapakTep. B pe3ynbTarte
B3aWMOleNCTBNA B 06/1aCTN NepeceyvyeHns ABYX CTankKuBawwmxcs CONMTOHOB
BO3HMKAET CONUTOH 60NbWON amnanTyapl. WccnefnoBaHulw afpOHHbLIX
CBOWCTB UMJUHAPUYECKN-CUMMETPUYHBIX COJIMTOHOB B pamkKax Mofenen
C NOMIMHOMMWANbHLIM MOTEHUMANOM, a Takxe MonyuenbMm nokasaTenem
HEIMHEWHOCTU nocBsAlleHa pabota " /. ABTOpH YKa3biBabT Ha BO3MOXHOE
poxaeHue nynocoHa (“6bpesepa’) B pe3ynbTare CTO/KHOBEHWA CONIMTOHOB
KaK C Hy/fieBbiM,TaK W C OT/IMYHbIM OT HYNA NPULENbHLIM NapameTpom
B pamkax Mofenu C APOO6GHbIM NoKa3aTenem HeNHENHOCTMW.

4. Huxe uccnefpyeTca npegnoxeHHana Blc/penaATUBUCTCKN-UHBAPUAHT-
Hasi CUCTEMA YPaBHEHWIA ANA CKaNsiPpHOro KOMMNAEKCHOro nonsa P ]
BEWECTBEHHOI0 Nnosd -
KRi - b (i+t) =o0,
YH. - 1*Xx -pUYTr-10 /%4
YaCTHbIE pelWeHnd KOTOpPOW MOrytT UMEeTb KaK HY/EBblE, TaK W HEHYJ/IEBLIE

aCUMNTOTNYECKME 3HAYeHUs npu X
Cuctema ypaBHeHUn (4) moxeT ObiTb nonyqua nyTem BapblpPOBaHUSA

NNOTHOCTW NnarpaHxmnaHa

E=Ne M-1& X1 (5)
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[INOTHOCTbL ramuibTOHMAHA anf 3TOl CUCTEMb WUMEET BUA

YacTHble peweHns (4) B cuUCTeMe OTcCYeTa, CBA3AHHON C COAUTOHOM,
niuem B BUae
L ¥>(x) e
®Kr) , W >

(M

B cuny 1/(1) cummeTpum mogenu (4) uMeeT MeCTO 3aKOH coXpaHe-
HUA 3apsaja ANA KOMNAeKCHoro nona P

Q =<n1)0J y rc/x = COh.i1t.
-"Cx3
] ®)
YacTHole pewenna (4) uMenT cuegywwuun Buag:
a) npu  cOo - 7
e
*
«-9H ci- rX =
YU 7T
©)
6) npu 0,
Lo L
9 = z (1- meE £ t> e
4Z=r £ ( i - cOB¥ti, ocC .

(10)
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5. Ana HaxoxfgeHus o6bnactu 3apsanoBoil ycToinumsocTn peweHus (9)

ucnonb3yem Teopemy MaxaHbkoBa /14/ , cOrnacHo KOTOpPOii ycnosue
YyCTOYNBOCTN UMEET BUA

0- M

Q aAo § (1)
C yuetom (8) onpegenum 06nacTb YCTOMYMBOCTW CONUTOHOMOAOGHOIO

peweHna (zo):
4- <J1n j < 1 <£ 0,
O6bnacTb ycToiumoctu peweHnss (9) MOXeT ObTb HalWfeHa Takxe
W3 YCNOBWUA MUHUMYyMa TaMUIbTOHMHA
BuAa

K EIPY+ + 2

-

[ne l, A - XK
y - NN /\r 4
Monarag A d f) A Hailgem
obnactb yctoiumsoctm gna  ( y? (o < P <
m h (o < V < 4) . 06nacTb yCTOMYMBOCTH

pelweHns cuctems (4) onpeaendAeTcsa HepaBeHCTBaMW

O < U < '10/ (je +3 N; $ < ( (13)

HaiijeHHas Bble 06nacTb ycToWuMBOCTW peweHnsa (9) nokasaHa
NYHKTUPOM Ha PUCYHKE.
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1, ) .
Kak BuaHO n3 puc.3, obnactb ycTtoiumsoctu pewenunsa (9),

HalileHHas U3 YCNOBUS MUHUMYMa FaMUNbTOHMAHA, YXe 061acTu
YyCTOWYMBOCTM, NONYYEHHON HA OCHOBaHWM  $ -TEOpEMbl

6 . MeTosoM YNCNEHHOFO 3KCMepuMeHTa MCCNef0BaHbl AUMHAMUYECKNE
CBoiicTBa KBa3nconutoHoB (9) B N0GOBbIX CTONKHOBEHUSIX. [Ans nepexona

B NabopaTopHyKN CUCTeMy OTcuyeTa, [ABWUXYWYWCS BAOAb OCM 3: CO
ckopocTblt ~ (B eguHuyax C. ), BOCNoNb3yemcs npeoGpa3oBaHueM

lop™ - Nnr Lti) ¢ *>4F>>
a9
y, = f ed~r Ne
3pecb  £> = VIiep " o, jjf -pensaTUBUCTCKUIA (haKTop.

B 3aBMCUMOCTW OT 4acToTel V' 1 MOCTOSAAHHOW £ NpU HeNNUHeii-
HOM 4fieHe B (4) MOXHO BbLAENUTb TPM BuAA B3aMMOAECTBWUA KBaA3UCO-
nnToHoB (cMm.puc.3):
1) KBasuynpyroe B3auMofeiCTBUE;
2) 06pa3oBaHWe CUHTYMAPHOCTU MONA B LEHTPe THAXKECTU CUCTEeMbl
B MOMEHT MNEPeKpLTUS KBa3WCO/NIMTOHOB;
3) ob6pa3oBaHWe CUHTYNSAPHOCTM NONA A0 B3aWMOAENCTBUS
KBa3/CO/IMTOHOB.
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OTMeTUM, 4YTO KBa3Wynpyroe B3auMoAeilcTBUE WUMEET MEeCTO BHYTpW
06M1aCTM YCTOWUYMBOCTM OTAENbHOr0 KBa3WMCONWTOHA, B TO BpeMs Kak
Konnanc A0 B3aumoAencTBuA (CUHIYNAPHOCTbL MONS) BO3HWKAET Ha
rpaHuue obnactu ycTolumsocTu. B pesynbTaTte N06OBOro CTONKHOBEHUS
KBa3nconuToHoB B ob6nactu 1Y (cMm.puc.3) KBA3UCONUTOHL KOMMancupywT
NNWb B MOMEHT WX MEPEeKpuiTUSA, KOrga BO3MYlLEHWe Kax[oro W3 Hux
mMakcumanbHo. Mpu casure pa3 A O~ ~T  ynpyro B3auMOAenCTBYHWLME
KBA3MCOMMTOHb pacTaskKMBawTCA, B OCTa/lbHbIX CAy4yasax nNpu a <9f &
BO3HUKAKNT ny/nbcaunnm amnauTyf KBa3WCO/NMTOHOB, BCNELCTBUE YEro
KapTuHa nocne B3aMMOAENCTBUS CTAHOBUTCA aCUMMETPUYHON. [lpu
ca->in (p ->o0) o0bnactb ynpyroro B3aWMOAeNCTBUA KBA3MCONUTOHOB
pacuupsetcsa (obnactb Y Ha puc.3). Takum obpaszom, "Taxense"

(c 6onbwon amnanTygoi) kKeasmconuToHb (9) KonnancupywT, a “nerkue'-
B3aMMOAENCTBYIT YNnpyro. YWCNEHHbLIA 3KCMNEepUMEHT mnokasan, uTo

KapThHa B3aMMOAENCTBMA KBA3UCONUTOHOB NPaKTUYECKW HE 3aBUCUT

OT CKOpPOCTU WX BCTpeyHoro psuxeuusa (0,09 ~ ~ ~ 0,0).

Bugbl B3auMoeiCTBUA KBA3WCONUTOHOB B Mogenn (4) npakTuyecku
coBnajanT C 06HApPYXeHHbLIMW paHee NpW MCCnefoBaHWM B3auUMOAENCTBUA
NyNbCOHOB B pamkax ypaBHeHus KneiHa-lTopgoHa C KybGuueckoil
HEIMHENHOCTbH . CnegoBaTenbHo, KBasuconutoHs (10) ABnAwTCA
o6beKkTamu NynbCOHHOrO Tuna. OHM YCTOWYMBL NINWb B OrPaHUYEHHOIA
06M1aCTM 3HauyeHuWit napameTpoB V #

3aBepuwanTca paboTs No MCCNefoBaHW® CBOWCTB HEOAHOMEPHbIX
(x,y, t )-CONUTOHOB B pamKax [ABYXMNONEeBOW Mogenn Teopun nons.

ABTOpP CuMTaeT CBOMM MPUATHLIM LONTOM Bbipa3uTb 6/1arofapHoCTb

npopeccopy 3.0 .MaxaHbKOBY 3a MJ040TBOPHOE COTPYAHWYECTBO U CTUMY-
NUpywline ANCKYCCUM B MNPOLECCE BLIMOMHEHUS 3TOM pPaboThl.
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Puc.

Puc.

Puc.

MNoAnNnUCH K PUCYHKAM

[pagukn 3aBucumocTn C?cn) npu T> =2 un J) - 3 And
Mogenen, nepexogdwmx B npegene ®-* o B CBOOOAHYN Teopui.

HayanbHas noneeas KOHQMrypauuws U3 ABYX HEYCTOWRUNBbLIX
[Ee/ACTBUTENbHbIX KBA3MCONUTOHOB.

Bugbl B3aumMoAencTBUid KBa3nMconutoHoB (9) B NJOCKOCTU MNepeMeH-
HoX (M, ). 1-l, Y1 - obnactun BO3HMKHOBEHUS CUHTY-
NAPHOCTKU Mons [0 B3auUMOAENCTBUS KBa3WUCONNTOHOB;

IV - 06nacTb BO3HWKHOBEHUS CUHTYMAPHOCTW NONA B pe3ynbTaTe

B3aWMOAENCTBUA KBA3UCONUTOHOB;
V - obnactb KBasuynpyroro B3auMOAeiCTBUSA.
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ABSTRACT

In this paper the geometric convergence of some two-point
Padé approximations on certain infinite sets of the complex plane
IS considered.

AHHOTALMNA

B maHHOM paboTe uccnegyetTca BOMNPOC FeoMeTpuyecKon CcXoaumoc-
TV crneuuasibHeiX NpubnnxeHnin lMage Ha HeorpaHM4YeHHbIX 06/1acTsaX KOM-
NJIEKCHOW MJIOCKOCTWU.
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INTRODUCTION

The main aims of this paper are to investigate the convergence of some
two-point Padé approximations on certain infinite sets of the complex plane.
The convergence of Padé approximations has received much interest, both for
its application in numerical computations and for approximation theory prob-
lems .

In particular, we consider the function

1
FOO  uj(l-u)u-1e Pau U>o @)
0
For u “ this function is the subject of numerical calculations connected
with the plasma dispersion function [1]-(3]
+" -t
Z () n tes ~dt * i/ne 8 -2e 8V du 2

The case u w 0 (the exponential function) was considered by Saff et al. 1in
their excellent papers [41-[6].-

After the development of some preliminary considerations in Section 2,
we consider, 1iIn Section 3, the convergence of two-point Padé approximations

to the function F(x) on the real positive axis. We shall prove that these ra-

tional approximants of ) type
k-1
+pIx+*"  +pk-1
Vx> po+piXx p X ®
1+g™ x+ . . .+gkx
have a geometric convergence rate as of at least - Theorem 2. In Theorem 3

we establish that the beet generalized two-point Padé approximations have a
geometric convergence rate like In Section 4 we consider some infinite
parabolLc-type domains of the complex plane in which the geometric convergence
of two-point Padé approximations also holds. Our results, Theorem 4, is an ap-
plication of the results of Saff and Varga [11]. In Theorem 5 we present 1iIn-
finite sectors of the complex plane in which the special generalized two-point

Padé approximations converge in geometric order.
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I1. DEFINITIONS AND PRELIMINARY RESULTS

When a function f(x) satisfies the conditions

® k
f(xX) a [c x . X W0 s
k=0 * @
(€)]
fox) a 1 d.x~k 1 , X ,
k=0

we can determine rational fractions R"ix), (3), for which the following rela

tions hold

fo - 0 =0(kxk) , x 0 ,

®

f&XxX) - PK®) O(x k b r X W~
Definition 1. The rationale RMNX) satisfying both previous conditions are
called two-point Pa&dé approximations to the function Ff(x). There exists a
more general conception of this definition.

Definition 2. The rationals 69)
@ . POt 4p A xk-L
. n n 6)
K T1+qAQFﬂ1) . _+q§m) x”

satisfying the conditions

fxX) - RiIm™* ) o(xk+m) , X @m0 ,

fo) - R™*m) &) 0 (x~k+m_1) , X

where m is a positive integer m = 0,1,2,...,k , we call generalized two-point
P4dé approximations to the function f(x). The reason for this generalization
is obvious: we take k+m terms from the series near t = 0, and k-m terms from
the series near t = =< to calculate the coefficients of the rational ) -
Let us mention that the case m=0 corresponds to Definition 1 and that mck is
the classic (one-point) Padé approximation. For our function F(x) we can
solve exactly the problem of generalized two-point Padé approximation in
closed form.

Theorem 1. For the generalized two-point Padé approximations to the function
F(® the following results hold:

(i) the denominator of the rationals

P (M <9
Rk g
Qéml(X), in hypergeometric notation, is

- 7

I I(—K;I-u-m-ij) f
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(ii) the numerator of the error term

q &)
EAM) GO - FOO-RAM) ()

k k q: <X

S'(m" ) , in integral form, is

B K3~ (0 T (k)R e XUyKserouy Mu-1g,

(iii) the functions ) . ) (@nd sj™» (X)) too) satisfy the second

order difference equations with respect to K

(k+m+u-1) (k+m+u)¥Yk+1 = (k+m+u-1) (k+m+u+x)yK~KXyK-1

, k»1,2, ...
(iv) the error function has a more economic representation:
E<m) ) - (-Dmr(I+u>r<m+u) T e T —— -(N— -
k j»krt3 m F(j+m+u+1)Qj(x)0~[(x)

Froofe. First we mention that the function F(x) has the series representations

u > 20
k-1

FGO ~ U 1. (-u) x f&

k=0

The coefficients of the rationals R’\(m) (X) are determined

Definition 2) from the equations

(corresponding to

_IN/
I'O7I(’\|/| Ad-j 7 pt t“°"1%.._k*1"

L 9j TEME= = 0 Pk, kL, - ke,
j=0 3 U i-j
UE @~Wi_j*k-j ~ Pk-i-1 -  §i“O#tlceeerk-m-1

This is a system of 2k simultaneous equations in 2k unknowns: PQ" “eee®pPfc-1"

qX qz,-..,qA. We determine explicitly the s, numbers only. When we eliminate
the numbers p” we get the system:

k-1-i

ﬂ]ULLI ﬁ_TIﬁI-B nu 40 (I"u,k-i-i-jok-j i=Tn,m+l, .. . k-1,

_[qaa ]&@——— =0 - i=k,k+1,...,k+m-1 ,
J=0 3 i-j

or in simpler form

llf 9% X)&'U_i—% _)7: o - i=in,m+1# ... ,m+k-1
J=0 \Y i

-J
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By elementary manipulations we can transform this system to
1 g+)).rg-k-m-u+l)g . - 0 170;1,---k71
i=0 J
This system we solve by the orthogonal polynomial method»

f-%] 1§ } F(%—K— N * «

e u _1.g,u =kKgy~"1)du ,, 0o t «0,1,2, -..,k“l r
1703 J

and

i . 1 r-k-m-u+l) _ r(;k-m-u+l) u d , -u..kd
193U -3, — W NUKIH- 6“Olu u)

therefore

K,
aj “ jt (Q-u-m-ky . *  §j“0,I,....k

Now (i) 1is proved. Next, to get Q) xX) we must compute the series

S<m) ) -
K k+m -0 ul j-£

K (-K)
Conmr@?ulo o W A~ w 1) 1o

(m+u) » .m, . k+m r@a+u) r mp.)
g+m+u+l)E X r(k+m+u) r(k+m+u+l)
® (k+t1)

J10jJ * (k+m+u+1)"*-x)

This is a hypergeometric function (Y type). 1t is not difficult to see [7]
that is satisfies the difference equation (iii) . The function Qj» () also
satisfies (iii) and therefore () 1is the solution of the same equation.

Thus (iii) 1is proved. When we apply the usual integral representation

[8] to

this function we get (ii). Finally we prove (iv). Let us consider the dif-

ference
0 x ) S<> (X)) Hk )

<> ON00 ~” O<blKx)E><x>

Applying (iii) we arrive at the difference equation for HRi

Hk ~ (k+m+u) (k+m+u-1) Hk-1 ~
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from which

H = di-nm_ [ (1+u) I (m+u) k+m
K r (k+m+a)r k+m+u+1)

Summing the previous difference relation we get formula (iv).

I11. NEW RESULTS ON GEOMETRIC CONVERGENCE

With the aid of the results of the previous sections, we now establish
the convergence of generalized two-point Padé approximations to the function
F(xX). First we deal with the parameter m having a bounded, Tfixed value.

Theorem 2. For the maximum value of the error function

E@M = max , @) .
K CKx<®°°" K -

for mdu > 1 the following estimation holds

(m) -1 (m) _
Dokl w  kEmmHl, @)
Proof. From (ii) it is not difficult to check that O = ) = 0, and

thus undoubtedly there exists a positive value x~ where
E<m) - E¢) (k)|

and it naturally holds that d QE)QUD = 0. When we differentiate the integral

form of the error function we get

JE ) - BmEm TV ED ()ED &) ¢

™ . .
__Ak-1uk} (@M, *
K+T+uy-1 O, Vk-1"«"

°K "V

In a more compact form this is
(m k*kQk-i "m"Kl
EF * (e - Ek-1(xk’
kxkQ N xk)+ (k+tm+u-1) (xk+u)Qkm ™ (xk)

Next we show that for 0 < x < @and m+u > 1

0km) 6 > Qk"[(x) , k=1,2,..

A short comparison of the coefficients of the same powers in the polynomials

shows

K - (-k+1)
JiTl-u-m-K)j > j! 2-u-m-k) . - j-0,1,...,k-1
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because of trivial inequality

K k-j
k-Hn+u-1 — k+m+vi-1-j
Now applying the inequality and the fact that EkK™[(xk) < we get

kxkQk - 1 (xk} £ K
-
kxkQk - I (xk I+ (k+m+U~1) (xk+u) Qkm ~ (xk J

. ik p (m) K r(m < 1F M
— KX (K+T+U-1) (x™M+u) k-1 — 2k+m+u~i k-1 1 k-1

Theorem 2 is now proved.
Next we shall show that there exists an optimal choice of parameter m in con-

nection with the convergence rate of the generalized two-point Padé approxi-
mations to the function F(x) . We treat the case when the parameter m + < if
K 2, in a suitable manner.

Theorem 3. Let us suppose m

lim£ =3 , 0 <0 < 1, ®

K—*« K
and u > 0, then the generalized two-point Padé approximations to the function
F(xX) have geometric convergence rate

1

Iim {E”™m) = @B = 30d-3)1"P2P“1 < 1 . (@9))

K%, K
Before proving this we would comment on our result. From the form of the func
tion c¢p(3@ one can see that for 3 =0 (two-point Padé approximation), the geo-
metric convergence rate 1is A for 3 =1 (classic Padé approximation), <p(D=lIs
geometric convergence does not exist? for 3 = T (this is the minimal position
of the function ¢ (3) ), the geometric convergence rate is 3 r(n view of this,
we can state that the optimal choice of parameter m is m = [J] with regard to
the convergence rate of the generalized two-point P4&dé approximations to the
function F(x).
Proof, We shall apply formula (iv) and Lemma 1 to investigate the function

L"(x) in the error function

Elm 6 = ¢Dmr(I+U) 1 LEG) ,
N=Kk

[aid) - LW thg' g
r¢gm+u) r (i +m+u+DQ"N (€9 (€9)

Lemma 1, Let us suppose that u > 0, £-*m», | » and

hig k=3 . 0<3<1 .
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e {osxoler@) 11 = 0(e) * D

Proof. First we determine the asymptotic approximation of the denominator
polynomial. We apply its integral representation:

00

r (H+m+u) = Jull+n ~ (x+u)”e Udu
0
Taking m = BFf, x = a£ we use Laplace"s method to obtain the main term of the
integral for 1 = °c. The main contribution comes from the neighbourhood of the
point uq = AS where s is the root of equation
1+, 2o

In the usual manner of doing the calculations the main term 1is

00

p £+u ~(al+u) "e Udu Wae _exp{A(-s+In (s+a) +RIns)+ (1+3) i.lhE} ,

where a and b are constans independent of H. With the aid of this result we

get an asymptotic representation of LX) for 1 m :

*

h
) N a*E  *exp{d(-1-0+ (1+3) Ina+31n3+2s-21n (s+a)-2R1Ink) }

Bj:cause LX<(0) = IJ.X(°°) = 0 the function Ly () has its maximum value where
ALAM(X) = 0 or ~L™ X = 0. By differentiating the main term of LX) we ob-
tain the equation

- 4,770

and therefore we can solve the equations for a and s explicitly:

W s

Eliminating a and s in the asymptotic expression of ) we get the required
result.

Returning to the proof of Theorem 3 the following estimations are obvious
r(I+W)LKkG) < 1M O 1 < r(1+u) (Lk (X)+Lk+10) + . )

Here, when we raise this inequality to the k ~-th power, then on letting K *®

we obtain the statement of Theorem 3.



IV. CONVERGENCE ON THE COMPLEX PLANE

In the previous section we considered convergence on the real positive
axis. Here we shall be concerned with the convergence on unbounded domains of
the complex plane that are symmetric with respect to the real positive axis.
Such an extension of the convergence to larger domains of the complex plane
""overconvergence problem™ very much depends on the knowledge of the location
of the poles of the two-point Padé approximations to F(z). It is clear from
formula (ii) that the poles of these approximants are the zeros of polynomial

@ - Our next results come from investigations of the location of 'the

am

K
zeros for the polynomial (2).-
First of all we show that the convergence of the generalized two-point Padé

approximation holds for any bounded domain of the complex plane.
From representation (i), by the Theorem of Tannery (9], it follows that

@ >exp{z/(@+0) }, K , Izl < K — const. , 12

and

ll(im_ ’k = 0 (where 0=0, when m is bounded).
As a consequence of this result all zeros of the polynomial (@ tend to
infinity when k .
Another consequence is that the rationale (@ converge to F(z) faster
than geometrically

1
Iléi@o t ZI < Kmixconst. F(2)-RIIm @ 1 0 a3

This Tollows easily from the integral representation (ii) of the error.
Next we shall consider the convergence problem in parabolic type unbounded do-
main of the complex plane. We state another result on the location of the

poles of the rational rK’“\ Sg\
Lemma 2. The polynomials (@ have no zeros in the parabolic domain

S = {z=x+iyeC; y2<4(m+u) (x+m+u)} . 1%

Proof. This statement immediately follows from a Theorem of Henrid [10],
when we use the identifications zk = z, Ok = k+m+u-1, e.K = k-1.
gk = M(k+1+u-1)Qk 1 (2), k=1,2,... , a = m+u.

Now we define the parabolic type unbouded domains
sr = {z=x+iyeC; y2<4r(m+u)(x+m+u)} . (a5)

ihe following theorem gives the estimation of the convergence rate to the
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Theorem 4. Let us suppose, Tfor the number r, that
O <r < 3-2/2 . 16)

holds} then the rationale K (z) converge to F(z) in the domain Sr with the
geometric convergence rate

lin mas IF@DRupy «>150 < <1 an
Proof. We can apply a general Theorem of Saff and Varga [11]. For our special
result we need the identifications q *= 2, r™ = Q~ (@ . Their exceptional
bounded subset is missing here, i.e. we proved in previous considerations
that on every bounded set stronger than geometric convergence holds.

Finally we consider the problem of convergence on unbounded sectors

W - {z=x+iy€C, |argz] < 0} (@13))]

When m has a finite value there exists no infinite sector of this type which
is devoid of zeros of K (z), k=1,2,...; consequently, ther%“is no infinite
sector in which the geometric convergﬁﬂkq of the rationals rK - (@ can hold.
But when we consider the polynomial J(z), k=1,2,... such a sector does
exist nevertheless.

Lemma 3. For k=1,2,... the polynomial QJ$*J,QD has no zeros in the infinite

sector
Wp={ z=x+iyeC, |argz |<arcco§53}- OoI3<1 9

Proof. We can apply a Theorem of Saff and Varga [12]. Instead of their v
(which is an integer value) must take 3k+u-I1* In this case the (rather 1long)
proof is easy, therefore we omit it for the sake of brevity.
The following result gives the estimation of the convergence rate of Riﬁkﬁ(i)
in the infinite sector W.
Theorem 5. Let us suppose that for O arccosﬁ7& 0<3<1 the sector W” con-
tains no poles of R[3Kl(z), then for every 0 satisfying the inequality

0]
Jtamfjj 20)

)

the rationals RJEKb(i) converge to F(z) 1in the infinite sector W with the geo-

0 <0 < 4arctanh[j:

metric convergence rate
1 SINN(0Q0) 1 .
= " <1
lin{zew,F@)'REKI @ 6 < 00) <0, 0

Proof. We can apply a general Theorem of Saff and Varga [11]. For- our special
result we need the identifications q = rk = Rk*"k™(z), 0Q = arccoal.

The cited author®s exceptional part |z] < y of the sector is missing here
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its boundedness (on the bounded domain the stronger than qgeometric

convergence holds).
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ABSTRACT

Even bulky microprogram development software can be run on
small LSI-11 systems, moderately equipped with memory and backup
store, 1If the LSI-11"s are connected on-line to a mid-range
PDP-11 - this is the basis of the UNIFIRM architecture. The com-
puters iIn the UNIFIRM system are arranged in star network confi-
guration. The single-user LSI-11"s are located at the development
sites and connected to the central multi-user PDP-11 system via
telephone lines.



The 1ncreasing usage of microprocessors requires the
help of intelligent hardware - firmware - software systems,
which can effectively assist the work of the engineers
and programmers. The great microprocessor manufacturers
try to offer such systems, but these are not suitable or
attainable iIn every case. We must take iInto account the
fact that microprogramming is a fTairly sophisticated job
and 1t postulates and demands the knowledge of the hard-
ware .

A microprogram translator i1s always needed for the
work. Generally 1t is a cross-assembler, which can be run
on a relatively big computer configuration. After the
compilation the microprogram object code is loaded into
the memory of the device being developed, then follows the
debugging of the microprogram. Either the loading or the
debugging do not require the usage of a big computer; a
simpler, i1ntelligent system is quite sufficent. It is not
negligible that sometimes the hardware does not still
operate perfectly in this phase of the development, and
this fTact increases the difficulties. Therefore 1t 1is
advisable to use such a simple system, which aids the
hardware trouble-shooting as well. A prerequisite of the
effective work i1s that all the software components of the
support system should be on-line accessible at any time
/e.g. 1T the cross-assembler can only be used iIn batch
environment, the whole work will be far complicated/.

We have developed the UNIFIRM microprogram development

system, which helps in solving the problems described above.
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The UNIFIRM supports the developing of the hardware and
firmware of devices built of different types of micro-
processors /bit-slice, 7280, soso/. A number of working
stations can be connected iInto the system. /A working sta-
tion 1s a room or Hlaboratory, where hardware and firmware
developments are done./ One of our main purposes was the
economical usage of the UNIFIRM components, i1.e. we do

not want to occupy unnecessarily any component of the

system.

The cross-assemblers require large memory and backup
store. They run under the RSX-1IM operating system on a
mid-range PDP-11 minicomputer. This mid-range computer
can be simultaneously used for any other purposes, since
the microprogram translation does not intensively load
the machine. Each working station is built around an LSI-11
microcomputer which is connected to the central mid-range
PDP-11 computer via telephon lines. The RT-11 operating
system runs on the LSI-11 configuration, and the RSX-11M
system runs on the mid-range PDP-11 computer. The connec-
tion between the PDP-11 and the LSI-11 processors is
controlled by the Terminal Communication Program /TCP/.
By the help of the TCP the users can access all the fa-
cilities provided by the RSX-1IM system and control the
Tile transfers between the backup stores of the config-
urations as well. The LSI-11 processor must support the
last phases of the microprogram development Figure 1.
i1llustrates a possible UNIFIRM system.

The hardware and software components of the UNIFIRM,
and their tasks are as follows:

Component Task
PDP-11 The cross-assemblers run on this computer
under the RSX-1IM operating system.



Component Task
LSI1-11 Software support at the working station.
Loading and debugging the microprogram.
Access to the PDP-11 computer by the help
of the TCP program.
MCH Cross-assemblers which run under the RSX-11IM
%E§ operating system. The MCA program can be used
for bit-slice based devices. The CPX generates
code for the 1 8080, the ZPX generates code
for the Z80 microprocessor.
LP MT Disc Floppy
1 ~217] Q 0 20 Wb Q RxoO1
Terminal
LSI1-11 - C D
32 Kbyte RT-11
PDP 11
TCP program
MCL loader
256 Kbyte, RSX-11IM MCD debug
MCA program MDDT/8
CPX program
program , *
Terminal* /1
Terminal
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Figure 1. unifirm eyetem



- 102 -

Component Task

MCL Loader programs under the RT-11 operating
system.

MZL These programs can load the microprogram

object code into the control memory from
the backup store of the LSI-Ills.

MCD Debug programs under the RT-11 operating
systenm.
MZD The usual debug functions are provided by

them /examine and deposit micromemory loca-
tions, breakpoints, start, microstep, etc./

TCP Terminal Communication Program. It runs
under the RT-11 operating system, and controls
the file transfers between the RT-11 and the
RSX-11M backup stores. The RSX-11M system can
be accessed from the console terminal of the
LSI-11.

MDDT/S These hardware interfaces are connected to

MDDT{Z the Q-bus of the LSI-11 processors. They
realize the connection via Q-bus registers
between the LSI-1Is and the bit-slice based
or Z80 based hardware respectively. The main
functions of these devices support the micro-
program loading and debugging.

The software components of the UNIFIRM system can be
used 1ndependently of each other /e.g. a microassembler/,
but the i1ntegrated system offers many conveniences.

The steps of the microprogram development process
under the UNIFIRM system are as fTollows:

1. Creating the microprogram source module on the LSI-11
microcomputer under the RT-11 operating system.
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2. Building up the connection between the LSI-11 and
PDP-11 computers by means of the TCP program. Login
into the RSX-11M system.

3. Sending the source microprogram file to the backup
store of the-RSX-HM system.

4. Translating the program under the RSX-11M system by
one of the cross-assemblers.

5. Receiving the microprogram object module from the
PDP-11 disk.

6 . Loading and debugging the microprogram.
Cross-assemblers

We use presently three microassemblers in the UNIFIRM
system but further translator programs can also be
applied which run under the RSX-1IM operating system.

MCA

Bit-slice based microprogrammable devices have generally
wide microinstruction words /40 - loo bits/. The MCA
cross-assembler can be used for code generation with a
maximum width of 128 bits.

The bits of such a microinstruction can be groupped
according to their functions, and these groups are

called "fields'". The structure of the microinstruction
word /e.g. width/, the names and position of the fields
and the possible contents of the fTields are defined iIn a
predefinition file. The defined names are used as
mnemonics at writing the microinstruction. The MCA trans-
lates the predefinition file together with the source
microprogram. The fields and the binary values of the
fields are referenced by mnemonic names, so the user

does not have to know the positions of the fields iIn the
microinstruction word and the bit patterns attached to
the control functions either, since he uses only symbolic
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names. Thus, the writing of the microprogram is simpli-
fied to the assembly level programming. The listing and

the object fTile are written into disk files.
The MCA cross-assembler i1s written in FORTRAN language,

and 1t i1s a simple RSX-11M task.

CPX

The i1nstructions of the CPX cross-assembler are identical
with the instructions of the original Intel assembly
language. The macro facilities provided by the DO0OS-80
Macro Assembler can also be used. A new advanced feature
of this assembler i1s, that iIin addition to absolute program,
relocatable code can also be generated. The usage of a

library file i1s also supported.
The features of the CPX are as follows:

1. Macro definitions /redefinitions, nested macro defi-
nitions and calls/.

2. Macro library
3. Conditional assembly directives
4. Absolute and relocatable code generation

5. Global symbols in the relocatable modules

6 . Symbol table and cross reference table generation.

The object code i1s linked by the CPY crosslinker
program, which generates the executable code. The CPY
handles the library Tiles.

ZPX

The ZPX runs under the RSX-11M system. The language of
the ZPX 1s indentical with the CPX language. The extra
instructions of the Z80 microprocessor are implemented
by macro definitions. The referenced Z80 instructions
are linked iInto the program from the system macro libra-
rv.
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MDDT

The MDDT/S and the MDDT/Z are those interfaces which
connect the currently developed devices /bit-slice based
and Z80 based hardware/ to the LSI-11 microcomputer. The
two versions of the MDDT are slightly different in imple-
mentation, but their principle and purpose are the same.
One port of both MDDT/S and MDDT/Z is connected to the
Q-bus and the other port serves for connecting micro-
processors. We use a synchronous bus here which is rather
simple, so the bus connections are simple too. The MDDT/Z
uses the standard Z80 bus protocol. In the case of bit-
-slice based system some additional hardware logic must
be used In the device being developed, which supports

the access to the microprogram memory and to the internal
registers. This extra hardware must be present only during
the development. The above mentioned bus /Service bus/
consists of

16 data lines
16 address lines
6 control lines
1 clock line

Each line i1s tri-state and the transmitter receiver logic
meets the Z80 requiements. The MDDT/S and MDDT/Z inter-
faces support the following activities:

microprogram loading
microprogram modification
microprogram start/executation/halt
- single step execution
dynamic microprogram monitoring
trace mode
- post-mortem examinations
interrupt request

Figure 2 i1llustrates the LSI-11 configuration at the
development sites.
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figure 2. Working station configuration

MCL, MZL

These programs use the two versions of the MDDT hard-
ware interface. The MCL and the MZL programs load the
executable code into the micromemory from the backup
store of the LSI-11.

The MCL asks for the width of the microinstruction
word. The MCL program has an assembly language module,
which must be rewritten for every new device according
to the bit definitions of the Q-bus registers. This
subroutine handles the Q-bus registers of the MDDT/S.
The specification of the routine is simple, and the
routine consists of lo-15 assembly language instructions.

The MZL 1s a modified version of the MCL program.
It can be used for the Z80 and the Intel 8080 micro-
processors. The function of the program is the same as
that of the MCL but this uses the MDDT/Z interface.
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MCD

The MCD debug program uses all the possibilities pro-
vided by the MDDT/S and MDDT/Z hardwares.lt helps the
de-bugging of the microprogram. The MCD program reads
and writes microprogram memory locations, handles s
breakpoints i1n the microprogram, and start or restart
address can be typed iIn interactively.

The modification of the microprogram memory 1S
sometimes rather difficult because of the wide micro-
instruction word, but the MCD can handle the Tfields
separately so the user may examine and modify only one
field at one time.

OFf course, the MCD program must be considerably
modified iIn the case of a new hardware. The user has
to decide about the modification. The modification of
MCD i1s worth doing iIn the case of a few hundreds of
microinstructions.

TCP

The TCP program under the RT-11 operating system pro-
vides the possibility of the online connection between
the RT-11 and the RSX-11M operating systems.

It means two features:

1. The console terminal of the RT-11 system can be used
as the console terminal of a remote RSX-11M system.

2. File transfers are possible between the backup stores
of the two computer configurations.

The TCP program, in cooperation with an RSX-11M
task called SRV, sends and receives fTiles to and from
the RSX-11M system. The records /lines/ of the files are
checked, and iIn the case of checksum error the transfer
IS repeated. ASCII and binary /object/ fTiles can be
handled.
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Summary

The UNIFIRM system provides us with a convenient
environment for firmware development. The system util-
i1zes the advantages of a mid-range PDP-11 computer. A
lot of useful features are iIntegrated iInto the system.
The resources are used In a costeffective way, which
was a strong requirement in our work. This i1s an "open
system”™, which means that new features and new devices
can be added to the system.



ON THE BIFURCATION AND NON-UN IQUENESS OF MHD-EQUILIBRIUM
AND TOKAMAK TRANSPORT

G. PARIS, A. AG, A. MONTVAI, G. NEMETH

Central Research Institute for Physics
H-1525 Budapest 114, P.0O.Box 49, Hungary



110

ABSTRACT

Non-linear MHD-equilibrium equation 1is iInvestigated. By the
help of the Ritz-method in a simplified form calculations are
given for the Astron and for the non-linear heat-transport prob-
lems .

AHHOTALMNA

liccneayeTtca HenunHenHoe ypaBHeHue MI[-paBHoBecua. lNpumeHsaeT-
ca meTon Putua B ynpoueHHon ¢opme. [llpumep paeTca Ans npoo6siemsb

AcTpoHa, 3aTem paccMaTpuBaeTCs He/IMHEeNHOe YypaBHEHMEe TennonpoBoj-
HOCTMU .



Introduction

The nonlinear character of the models describing re-
levant problems 1n plasma physics, especially iIn the field
of controlled nuclear fusion research where one 1is not
allowed to neglect boundary conditions, often leads to the
non-existence or non-uniqueness of the solution. This prob-
lem i1s mentioned and treated In some depth by Marder and
Wertzner /1970/, and Strauss /197/. A generalization 1is
given by Field and Papaloizou /1977/. In spite of the amount
of work done, a number of open questions remain that have to
be iInvestigated.

In what follows we consider two, methodically interest-
ing problems, our aim being to reveal the structure of the
resulting non-uniqueness, and to give a useful, practical
procedure to unfold i1t. The given method of approximation is
applied to solve an analytically tractable case and to
demonstrate i1ts utility.

The 1mportance of such procedures i1s clear. The global
knowledge of the behaviour of the solutions allows us to
organize very effectively the actual numerical work, and
enables us to show iIn detail those features which are not
always accessible with the exclusive use of numerical
computing.

The two investigated problems pertain to magneto-
hydrodynamical equilibrium in Astron configuration and to
the heat transport iIn tokamak systems. Both of them easily
generalize to other situations and as such may be of
general interest.

Bifurcation phenomena iIn Astron configuration

Let us start from the well known equation describing
the Astron configuration:

------- th" e =0 Co
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Here the system function, X a constant value depend-
ing the actual geometry apd other physical parameters of
the system. The derivation and the necessary assumption can

he found In Weitzner /1970/.
For the cited equation there are two fundamentally

differing sets of boundary conditions: one of them i1s the

case of fTixed plasma boundary which is characterized by the
fact that there i1s an i1deally conducting region around the
plasma. In the second case there is a finite vacuum region
between the plasma and the conducting wall. Let us iInvesti-

gate the two cases separately.
In the case of the fTixed plasma boundary the appro-

priate boundary conditions are:

=0 0
C r-o 4
being the iInner radius of the limiting cylinder. When
the solution is given by

where C and are integration constants, X** It .

By differentiating and making the necessary substitu-
tions one can easily show that with the following values of
the integration constants:

v WC
tl/1

the boundary conditions are Tulfilled.

The second requirement cannot be met with the values of W
and a. giving lc d/2 \IT > 0.6627736. When the given
combination of Kk and n is equal to o.e627~*36 there 1is
a single value of C , say CO , which satisfies the
equation. When W <d /20T < o0 .6627736 holds there are two
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values of C , viz. CM and Cor , leading to different
solutions. There 1is a constant, C* =1.81017, with the
property that one of the two values is always greater than
the other, see fig. 1.

The second iInteresting case IS when a con-conducting
region encircles the plasma with finite width. This means
that the solution given above is valid only with vy 1ly-

ing between zero and rA , the radius of the plasma cylinder.
In the non-conducting layer /vacuum/ no current is fTlowing,
thus :

r
Here denotes the radius of the plasma column and the

other notations correspond to the former case.
The boundary conditions can be formulated as follows:

«Arp
Ar

Here the subscripts p and v refer to the plasma and
vacuum regions respectively.

The solution of {1) differs from that given above only
in taking iInto account the appropriate boundary conditions
for the value. It iIs easy to see, that =0, and

The vacuum region has the solution:
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which automatically satisfies the second requirements of
(e and (6b). In (6b) the fTirst equation holds when:

2 Jkt We
AT rr r

Equation (9) can he simplified further. Multiplying it by
r and assuming the right hand side of 60 to be known
we get

br4 Uc 4
rI
khﬁ? H

irr-"’

which iIn turn gives a modified form for @Nt

kc V
_ « » Ourc\ Vl
in I
Rescaling the problem with F,/G. =X we get the Final
equation.

(0’ al\ C
N * 0
b bl)

In the region O Ao 1 this equation has no solution,
one solution, or two solutions depending upon the para-
meter value v . The value leading to bifurcation 1is:

vD -*+,00 U2)

One can see that the bifurcation phenomenon in Astron
configuration, Tirst mentioned by Strauss /1970/, Weitzner
/1970/ and Laekner /1976/, has a fTairly complicated
structure depending on the boundary conditions used. This
iIs reflected In the physical state of the machine as well,
because the parameter values controlling the scheme and the
equilibrium state are connected by the obvious relation
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where O1 1s the angular velocity of the plasma rotation.

The situation in the case of Astron was a relatively
simple one because i1t could be treated analytically.

Our second example shows a situation where this 1is
not the case. In order to reach a fairly complete under-
standing of the phenomena we have to use an appropriate
approximation procedure.

Heat transport iIn tokamaks

A simple model of the heat flow iIn a stationary or
quasi-stationary energy producing toroidal fusion reactor
can be given as

g JUT) 12
U X **

Here ~ iIs the heat conductivity, n the density and

while 1 iIs the plasma temperature. At this moment D ,

the diffusion coefficient, has not to be specified. The

only restriction is that it is a decreasing function of the
density. This statement iIs based on the results of numerous
theoretical and experimental works. Because 1t has recently
been shown that for the density, A , self-similar solutions
are available, we consider only such density distributions
which depend solely on the space coordinate X ;

0
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Neglecting the time derivative one can write (13) iIn the

form:

A+X n

1 > ) 3 1-|('A 1b 6 U™* X

Here, B and C are constants.
Naturally this equation has to be completed with the

i
y[Tr_ cfr}i

boundary conditions:

T el ) | () *T -a Conti.
X=0
It 1s clear that (IZ hardly can be solved analytically.
Nevertheless it i1s possible to consider It as a necessary
condition for a variational problem, 1.e. the solving of
the equation can be transformed iInto seeking the extremum

of

0

which is a functional of . The prime means derivation
with respect to the argument. The form given above can be
reached after derivation and by introducing the notation
- -T/ 0 e«=**)* _ For simplicity we assume o(=0 to hold,
and denote t/o. by 4

The desired extremum can be reached using the well
known Ritz method. This consists of choosing a set of
functions containing an arbitrary parameter. The choice 1is
arbitrary. The only requirement to be satisfied is that the
functions must be compatible with the stated boundary
conditions. In our case a natural choice 1is

I *TIoH<-nv an

Substituting (7" Into s and integrating between the
specified limits we arrive at a functional depending not
only on B and C , but onTie) and V as well. Differen-
tiating with respect to these parameters and using the
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extremum condition we get three equations. All of these
happen to be algebraic in form, and are cubic in K»(TGCy} 1

K,*- (4 (%) *4 /B~ C

Uj - ~3(<4V) k, /B - Cjj(.A,v)*0

where the fTt“S and ~j*s are given functions of g and V
The exact form of ({-s and s shows that each of the three
equations has exactly one positive root and two roots
which are either negative real or complex conjugates of
each other. The physically iInteresting case 1s obviously
the positive root. From physical arguments it follows that
In our case they have to be of the same value. This means
that

ALV A-{») *0

This equation contains only and V , as was stated
before.

Taking different values for * we can determine those
Vs which satisfy (.19). Naturally they depend on B> and O
as parameters. With specific C values /in our case C -
1.3x10 / it is possible to calculate those V values which
satisfy (9) . Furthermore 1t i1s possible to estimate the R
value which corresponds to the iIntersection points of the
curves. In this way the third equation of (18) may serve as
a control: substituting the derived £ value one has to
get a positive root with the same value as that corresponding
to the i1Intersection point. The numerical 1investigation of the
equations gives the fTollowing results /table 1/.
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az=2 Vi1=1.21, B=0.104 V 2=4.60, B=0.007875
a2=3 vi=i.ei, B=0.085 » 2=6 .96, B=0.00646
a’=4 Vv 1=1.95, B=0.0827 v 2=9.35 B=0.005784

table 1. The V and & values at /2=2, 3 and /see text/

The values shown allow two stationary distributions:
one for the smaller value of B and one for the greater.
Physically this means the following: i1f the stationary state
of the system is perturbed this may become unstable, and the
system may get into another stationary state. Such a
phenomenon occurs for example when puffing an i1nert gas iInto
a guasi-stationary tokamak: the density distribution can then
be changed from a "bell-like" shape iInto a "hoilow-type" one,
as 1s shown In fig. 2.

It 1s of iInterest to investigate with the devised method
the Astron problem as well. Comparison of the results allows
us to judge the effectivity of the approximation because it
has an analytic solution.

Making the (r/*y *) substitution we arrive at the func-

tional needed for investigating the extremum:
\

I I Hy ~i e
0
Here [l 3a™]. 1t is easy to see that the

4 7"t V)

choice as base function 1Is an appropriate one. Here ~j"(0Q)
iIs the parameter to be determined by searching the extremum
of (Qo”. After iIntegration we get:

L- -T "Wo* 1
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where < is the error function. Using iIts known series ex-
pansion we get
QO *

| "-jVGOo+17Z 22
J . , (22)

The extremum condition gives

TrAiiT

that 1s, the expression to he numerically investigated. Do-
ing, so it can be seen that for everyjC< d 5 there are two

values satisfying the extremum requirement. The
/"mﬁx=0-892271511 value gives:a

k-an/212 0.66793396
in complete agreement with the value determined by the
analytic method. The value corresponding to X IS

~(o) =1.81933 which is again within 1 # of the analytic
value. The situation does not deteriorate throughout the
whole physically interesting range. Furthermore, there are
indications that the correspondence of the analytic and
numerically determined solution remains very good even on
the negative half axis.

Summing up, we can conclude that the possible very
complicated behaviour of the nonlinear differential
equations frequently met iIn plasma physics requires not only
the extensive use of numerical methods, but makes necessary
the use and development of analytical or semi-analytical
procedures which are capable of showing up the occasional

complications. Our examples prove this.
Finally we investigate the instability behaviour

stemming from the source term in eq. (19.
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Fig. 3. shows 1If we do not use the optimal parameter
in the beginning, the temperature decreases

In the previous case. For example changing
y=~_6 /solid curves/ to V =5 the

combination

more quickly as

the optimal value

dashed curves exhibit a more powerful decrease.
In these calculations we applied a program /KCP 8.

T 5 HANS/ written by A.K. Kukushkine Zinstitute Kurchatov,

Moscow/; Tor this help we acknowledge to him.



- 121 -

References:

J. J. Field, J.C.B. Papaloizou, [l977), J. Plasma Phys. JL8, 3"7.

K. Lackner, (@o976), Comp. Plasma Phys, Comm. 12 33.
M.B. Marder, W. Wei tzner [ 1970), Plasma Phys. ]2 733.
H.R. Strauss,™97”, Phys. Fluids. \J_ 1040.



122

Figure captions

Fig. 1. The bifurcation of Astron system function (9]
iIs the value at r=0.

Fig. 2. The numerically devised two stable heat distributions
in tokamak$/1 - "hollow-type™, 2 - "bell-like"/

Fig. 3. Temperature distributions for various T -values.
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ABSTRACT

A vibrational analysis of liquid water 1iIs reported, assuming
a completely hydrogen-bonded network with continuously varying
strengths of the hydrogen bonds. Frequency distribution calcula-
tions are made fTor intramolecular stretching and bending modes
and for the i1ntermolecular frequency region. The calculated dis-
tributions are compared with the experimental spectroscopic ones.
As another test vapor pressure 1isotope effects are calculated
from the theoretical distributions for some isotopic water mole-
cules. Results are compared with ones of other authors obtained
from a mixture model.

AHHOTALUMNA

PacnpegeneHne gyHaaMeHTallbHbIX 4acTOT KoJsiebaHUA MO COCTOSAHU-
am monekynsl H20 ¢ mlortonamn T,D,0"N ObIN onpefeneHsl B XUA-
KOCTU. Mbl CpaBHUBa/IM TeopeTuyeckue pacnpepgesieHnsa 4acToT KoJsieba-
HUA C 2SKCNepuMeHTasIbHbIMM cnekTpamm. TepmognHammnyeckue Wn30TOrMHbIe
3(p(eKTbl OblIM BbLIYUCIIEHB N3 TEOpeTUHECKUX pacnpepeneHui.
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I. Introduction

In spite of the relentless efforts of scientists since the days of
Roentgen [1], there is still no generally accepted theory of the structure of
liquid water, to say nothing of a general theory of the liquid state. In its
absence various models have been proposed that can be classified under two
broad headings; viz. mixture models, continuum models.

Mixture models [2-4] describe liquid water as an equilibrium mixture of
several molecular species with a different number of hydrogen bonds per
molecule, whereas continuum mopdels [5-10] consider liquid water to be a
completely hodrogen-bonded network. If a vibrational analysis of liquid water
is performed assuming one of the above-mentioned models the frequency distri-
bution of the iIntra- and intermolecular vibrations can be calculated.
Comparison between the theoretical and the experimental spectroscopic distri-
butions can give information on the validity of the assumedmodel. In
addition to the spectroscopic comparison thecalculation of certain thermody-
namic properties which depend on the frequencies of liquid water, together
with a comparison with experimental data can also be useful. One such thermo-
dynamic property is the vapor pressure ratio of isotopically substituted
molecules. This ratio is often discussed iIn the framework of the oversimpli-
fied cell model [11], using the harmonic approximation. The condensed phase
is modelled in terms of a single and assumedaverage molecule which executes
its motions 1in a harmonic and isotropic cellimposed by the intermolecular

field of its neighbors [12]:

3n-6 K /P exp(u™-ul)c/2

Pl
r~

@
internal [TVS?g (-expiu-VfTj/jl
frequencies

"(I-exp(-upc)/(1-exp(-ui)c)j n

Tl-exp(-u®) )/ (1-exp(-u ) JIXexternal
® ° * condensed
frequencies
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where u —_DY&< Is the 1th normal frequency and n is the number of

1 kT
atoms per molecule. Using Egn. (1), vapor pressure 1isotope effects (VPIE)

prove to be a very sensitive probe for measuring the net frequency shift on
condensation. For example, consider OH substitution at 300K where one readily

calculates that a 1 cm"l change in the shift of an OH stretching motion is

equivalent to A1In(PH/P[)) m + 2.4 x 107~.

In the past ten years there have been several computations of general
spectroscopic features fTor water using both mixture [13-16] and continuum
models [17-20]. Using the continuum model Curnutte and Bandekar calculated
the intramolecular frequency distributions of the molecule HDO as well as
intermolecular frequency distributions for HE160 and D£160 [19-20]. O ’Ferrall
et al. [16] calculated liquid phase intra- and intermolecular frequencies and
vapor pressures for the molecules Hrl1l60 and U2160 using a nine-atom mixture
model .

In this paper we report a normal coordinate treatment of liquid water
considered as a completely hydrogen bonded network. It iIs considered that the
frequency shifts on condensation are mainly due to the changes in the OH
stretching force constant on condensation. Frequency distributions are calcu-
lated for intramolecular stretching and bending modes as well as for transla-
tion and librational modes in the intermolecular frequency region. The
theoretical distributions are compared with the experimental spectroscopic
ones and, iIn addition, are used to calculate the isotopic vapor pressure

ratios of iIsotopic water molecules.
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I1. Normal coordinate treatment of liquid water
For computing economy and mathematical simplicity, the inter- and intra-
molecular portions of the problem were solved independently using the appro-
priate continuum models [19,20].
1. Computation of intramolecular frequency distribution

We used the following symmetry coordinates [21]:

<V 2 +m3X3)/<m2+,m3)]

<2>

where the primed quantities are rectangular components of displacement from
the equilibrium position and Z"0. Identification of the internal coordi-
nates of a general bent XYZ molecule 1is given in Fig 1. For the molecules

H2 160 and U2160 Egqns. (2) simplify appropriately.

Fir, 1, Identification of i1nternal coordinates of a bent

XYZ molecule £21J.

The kinetic and potential energy in terms of the symmetry coordinates (2)

follow:



T-(U/2)[y11M+M2 724p3373+2u 1Y U + 2m127Mn2+2m23Y4 ~

o

VI h+f22u2+F33u,+2Fi2ulu2 + 2F13u lu34 2F23 A2 AN *

Coefficients 2, 3) are the elements of the kinetic energy matrix
and can be calculated from the mass and geometric parameters of the molecule*
The numerical values of these parameters are given in Table 1* The quantities

gy (» J m 1» 2, 3) are generalized force constants defined by Egn. (4).

fij“ i (AiAj)+(BiBj)IFr+CiCjfO + K A1+Bi)Cj+(Aj+Bj)Ci IfrO+<AiBI+AjBi)Frr- (A)I

The coefficients AN, are the elements of the matrix of the trans-
formation between the internal and the symmetry coordinates. The diagonal
force constants fr and fg are functions of the oxygen-oxygen distance*

The formula for fr ﬁfn be derived by using the linear model of the

Lippincott-Schroeder potential function V-V™ + V2 [22], where

V1-D[l-exp(-n(r-ro)2/2r)] ©)

V2-C* (exp [-n* (R-r-r*)2/2(r-R) ]1.

D m 3.4328 x 10-11 kJ/mol is the bond dissociation energy, the parameters n m
9.18 x 10® cm“l and n* m 13.32 cm*“1l are related to the ionization potentials
of the atoms making up the bond and the value of D* can be obtained from the
relation n*D* - nD. r0 - rO* - 0.097 nm is the equilibrium O-H

distance, r and R are a given 0-H and a given O0..,0 distance respectively

From the conditions
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Table 1. Masses and moments of inertia of some isotopic water molecules

Atomic

masses Mole- Moments Tfor 1inertia in equilibrium geometry
Aton E§£$) cule (kgm2)

XX vy 7
H 1.00783 H.16’ 2.18671xt0“U7 3.15787x10*“47 0.971157x10-u7
2H(D) 2.01410 D2 160 4_.37006x10-L7 6.11581x10"**7 1.74575x10“ u7
3H(T) 3.01605 T2160 6.54402x10"u7 8.92040x10"*u7 2.37637X10%“*7
16’ 15.99491 H2170 2.18671x10-u7 3.17012x10“*7 0.983411x10“ ™7
17, 16.99914 U2188 2.18638x10-U7  3.16367x0“u7  0.97729x10“ L7
18’ 17.99916
HOH 41- 109e28” RO - 0.285nm rO - 0.099nm

Table 2. Force field and dipole moment for liquid water in equilibrium
geometry (25€e0C)

Force constants Dipole moment
Stretching force constant: f - 0.192x102 Nm“1 Equilibrium
“"In-plane” bending: f~/rgRo""G"N0.037x10“®Nrad*“1 (pE) value:

"Out-of-plane” bending: FT/roRo“H-0. 03675x10*"~Nrad L (pE)o -0.119x10*17J

Bandekar-Curnutte [20]
fP m (the above value)
G - 0.024x10“8 Nrad”1

H - 0.03275x10“8 Nrad“l
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characteristic of the motion of the hydrogen atom along the axis of the
1

hydrogen bond we obtain for the intramolecular stretching force constant

2 - Cr+ro)2 +
4r J
O
(R-r-roy

S 4(R-r)

Because we were not able to obtain an expression relating the 0-0 distance to

the bending force constant, the following empirical relation was substituted:

FR-Foexp{a[ (RO/R)-17}. @)

Here R0»0.285 nm is the equilibrium 0-0 distance, R is a given 0...0 distance
and f© - 2.019 Ncm“1l is the bending force constant at equilibrium. The
coefficient a m 0.3465 was chosen to reproduce the experimental bandwidth and
maximum (298K) of the bending mode of H20. After marking off the range of the
accessible 0...0 distances 0.318 nm RIL 0.256 nm (the upper bound is
arbitrary), several thousand molecular configurations were selected by picking
0...0 distance pairs from the allowable range for the 0...0 distances accord-
ing to the method of Metropolis et al. (23]. The main diagonal stretching and
bending constants were changed according to randomly picked 0...0 distances
using Egns. (7) and (8); the numerical value of the off-diagonal force
constants was chosen to reproduce the water vapor fundamental frequencies with
R ™ “ end can be seen in Table 2. The intramolecular frequencies of a given

molecule can be obtained as the solution of the following eigenvalue problem:

. X-T
y ’ 12X"f 12 U13X~f 13

22X“f22  \We3X~f23
symm. (9)

M33X"f 33
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where HKz N K 2 and / k=1,2,3 / is the k-th normal frequency of

the molecule. The ordinate values of the,observed O0,«.0 pair correlation
function [25-271 /Fig,2./ represent the probability that an O-H.,,0 bond
has the corresponding O0,,,0 Ilength, so the probability of a random

wuter molecule configuration is tho product of the ordinates corresponding
to the randomly chosen O0,,,0 distances. These probability values were
stored in subintervals or "boxes™ having an appropriate length in a given

range of frequencies. The stored probability values are defined as

a, (V)*Prob[v™_~<v<y

whore v is a given frequency in a given frequency distribution; is
the number of v such that vi-IMEVIT ; and N is the total number
of frequencies in the given frequency range e Vibrational distribu-

tions are converted into spectra by taking the intensity of the band
at each frequency as being determined by the number of oscillators having

|
that particular frequency at any instant. The intramolecular stretching
frequency distribution for and are presented in Figs. 3
and 4 respectively; Fig. 5 reviews the calculated spectra in the bending
region. The histograms are drawn over 20 cm ~intervals for the stretching
region and over 3 cm"1l intervals for the bending region. The observed
spectra are shown as 1iInsets in the figures. It can be seen that the
calculated shapes and bandwidths (V1+V3) <correlate nicely with the experi-
mental spectroscopic distribution. Assignments of the band maxima and a
comparison with observed spectra and the results of O’Ferrall et al[lgwill
be provided in the last section of the paper.

2. Computation of intermolecular frequency distribution

The Qlocal structure model for our computation was the same aB that used
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FUNCTION

CORRELATION

PAIR

Fig. 2. The pair correlation function for liquid water at 25eC ve» the
oxygen-oxygen distance is denoted by circles [25]«
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Fig. 3. Calculated frequency dietributionof H2160 in the OH stretching
region. ————- ) is the left; v3 (=-=-*_) 1is to the right;
vI+v3 " solid line.
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25*C
ﬁ\ﬂ Romon (25*0 ( )

WOVE NUMBER (oyro

Fig. A. Calculated frequency distribution of D2 60 in the OD stretching
region, Vvj (————- -) is the left; v3 is to the right;
V1+V3 - solid line.
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RELFITI"_E ?Rc5n3iLITY

Flg “ 5» Calculated frequency distribution in the bending region of D2160 (to
the left) and H2 O (to the right).
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Fig, 6» Local strucutre unit (H20)5 used for computing the intermolecular
frequency distribution of I1lqlud water#
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by Bandekar and Curnutte [20].- It consists* of a central rigid water molecule

tetrahedrally coordinated to four nearest neighbors surrounded by a rigid case
of next nearest neighbors (Fig. 6). The Enfluence of these last neighbors 1is

accounted for by the average TfTorce they exert on the (Ffive molecule) local

structure unit. The expression for the kinetic energy of the unit Iis

5

2T-M P (Xjtyl+*p+ R2.+1__ R -21
i q Yy zi 2zl

yzhthZJ') (1D
where Rxj , Ryj and Rzj denote rotational displacements (radians) about

the x, y and z axes for molecule J; the quantities are transla-
tional displacements from equilibrium. Ixx* lyy and *zz are princi-

pal moments of Inertia. Their numerical values iIn the equilibrium geometry
can be seen in Table 1.

The valence-bond form of the potential energy of the unit in the harmonic

approximation is

(12)

2V- T +F o*+f 1

oi 1 Ti w h iffy

where j}, o and T represent the stretching, in-plane bending, and out-of-plane
bending displacement of hydrogen bonds from their position of equilibrium
(Fig. 7).

Algebraic expressions for fp, fO and fT, the corresponding force

constants, were obtained from the

Lippincott-Schroeder potential

function which is valid for a

bent hydrogen bond [29]; they

were scaled by multiplication
Fig. 7. Hydrogen bond coordinates with a constant to yield the

numerical value given in Table 2. These values were chosen as a means of
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producing the convergence of the calculated VPIE (see next section)» The last
term In E#I.(12) is the interaction energy of the electric dipole ﬁoment, p, of
a molecule in the liquid state with the local electric field, E, due to its
neighbors. The product pE was varied according to the average value of the
reciprocal of the 0...0 distance cubed, where the average is taken over the
four hydrogen bonds of the molecule of interest. The potential energy expres-
sion was transformed from valence bond coordinates to cartesian displacement
coordinates using the geometrical relationships between the two sets of
coordinates [30], and Euler-Lagrange equations were constructed for the local
structure unit (H20)5. Frequencies obtained as the solution of a 30x30 eigen-
value problem first constructed for the symmetric configuration (Fig. 6) with
~Dall 0...0 distances set to 0.285 nm. The resulting frequencies for this sym-
metric configuration are compared with the assignments from observed spectra
[31] and the frequencies calculated by Bandekar and Curnutte [20], for H2*60
in Table 3, and for D2¥EO in Table 4. The intermolecular frequency distribu-
tions of water in the liquid phase as obtained by various experimental tech-
niques can be seen in Fig. 8. The calculated frequency distribution of 250
random (H2160>5 configurations obtained by assigning the 16 hydrogen bonds
randomly for each configuration was obtained by accumulating the probability
just as was done in the case of intramolecular vibrations. It can be seen for
H2160 in Fig. 9 and for 02180 in Fig. 10. It is clear from the figure that it
is almost iImpossible to i1dentify band maxima with separate librational or
hindered translational classes. This raises no difficulty since the present

method for computing the VPIE does not need such specific assignment in this

region.



Table 3.

Raman and
hyper
Raman [31]

-60

166

425-450

1 550

720-740

Calculated

intermolecular frequencies for the symmetric unit (@12**0)5 with all 0...0

distances equal to 0.285 nm are compared with the experimental findings (25°C; cm-1)

Infrared

[31]

-70

170

685

Present calculation Bandekar-Cumutte [20]

Frequencies of hiridered translations
70,73,75 71,77,75
160,162,162,163,163,163,164,164,164 164,164,160,163,164,162,165,165,165
217,218,218 217,219,219

Frequencies of hindered rotations
394,394,394,394,394 450,450,450,452,452
577,577,577,578,578 553,553,554,554,553
611,611,611,612,612

722,722,722,723,723

eVl



Table 4. Calculated

intermolecular frequencies for the symmetric unit db 160)5 with all 0...0

distances equal to 0.285 nm are compared with the experiraenta Ladings (25°C; cm-1)

Raman and Infrared
hyper [31]
Raman [31]
-60
-175 165
305,350
J 415
1 1
J 500,570 5°5

Present calculation Bandekar-Curnutte [20]

Frequencies of hindered translations
66,69,71 68,74,72
152,153,154,155,155,155,155,155,155 157,157,152,155,157,154,157,157,157
205,206,207 206,203,207

Frequencies of hindered rotations
282,282,282,283,284 319,320,318,320,319

| 427.427,431,431,431 ; 397,399,397,398,397

1 432,432,432 ,436,437

]_538 ,539,538,539,538

vt
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Experimental Intermolecular Frequency Distributions in Water.
Fig. 8. (@) Raman scattering at 25°C [31,32]

(b) Inelastic neutron scattering at 25°C [33]

(c¢) Far infrared results at 25°C [34]

IXJ. Computation of the vapor pressure 1isotope effect

Taking the logarithm of Eq . (1) and using the stored probabilities as

calculated in the previous section we obtain

nj uj iexP(“Uji/2)
? In
Inr T. I-exp(-Uj") .

n

] u~expC-ur/2)

a’tin -InCs/s™ )+ (13)
1—exp(—u'Jl)

m

ep(-uv2
+ B6< 21 a In
i-1 »I—exp(—li)*

T urexp(-un/2)
- aiin

I—exp(—ui) J
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Flg» 9. Calculated frequency distribution of H2160 in the intertnolecular
region.

-tfi-U0. Calculated frequency distribution of D2160 in the intertnolecular
region.
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where nj and n represent the number of boxes In the range of the J-th intra-
molecular and intermolecular frequency distribution respectively. Primes
denote values for the lighter isotopes. The probability values fulfil the

following normalization requirements:

Z)l - i-_jli -1 j - 1, 2, ...» 3N-6

a4)

In Eqn. (13) the term In (s/s"f)ga8 contains the frequencies of the gas
phase. The main diagonal elements of the force constant matrix. Fgas,
necessary fTor calculating these frequencies were obtained by substituting the
maximum allowable O0...0 distance, R”ax ' 0.318 nm into the L.S. potential
function (6) and into Eqn. (8). The off diagonal elements of the matrix were
taken from Curnutte and Bandekar (Table 2.). It was assumed for such
separated water molecules the intermolecular forces can be neglected. Thus
the model ie an approximation of the gas phase and it is more appropriate to
label the terra In(s/s’f)ga8 "isolated" instead of "gas." The frequencies of
some "isolated"™ isotopic water molecules are compared with the real gas phase

frequencies in Table 5.

Table 5. Comparison of ~isolated*and gas phase frequencies

Phase H2160p5] D2160|3%] T216°[36] H2180 [37j n 2170

3712.87 2720.38  2296.99 3697.74 3704.85
"Isolated” 3614.02 2605.26  2169.23 2606 .39 3609.98
1612.52 1180.16 992.74 1605.83 1608.98
3755.8 2788.1 2370.0 3741.6 -
Gas 3656.7 2671.5 o 3649.7 -
1594.6 1178.3 995.5 1588.2 -
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The calculated frequencies differ from the exact measured gas phase frequen-
cies but we emphasize that the point which interests us 1is the calculatign of
properly weighted gas-liquid frequency shifts, and not the duplication of the
exact gas phase frequencies. In addition, it should be noted that the numeri-
cal value of (0.318 nm in this paper) 1is arbitrary; if a larger value
were to be chosen the gas phase frequencies might be better approximated.

Another important feature of the present calculation of the VPIE is that
the whole intermolecular frequency region is treated as a group In order to
avoid difficulties of assignment. This can be achieved by constructing the
last terra In Egn. (13) 1In an appropriate manner.

In terms of the above approximations the computation of the VPIE was per-
formed as follows. First Inis/s’0gag was calculated by using the frequen-
cies of the "isolated™ molecules (Table 5.). Then, assuming that 20000 intra-
molecular configurations give reliable statistics, we computed the first term
in Egn. (13). Later the last ('intermolecular™) term was calculated by
generating 50 intermolecular configurations. We then tested the statistical
convergence by increasing the number of configurations by units of 50, calcu-
lating the VPIE at each stage from Egn. (13) with the aji and a™ values
consistent with Egn. (14), until we arrived at 250 configurations. Inter-
molecular bending force constants used by Bandekar and Curnutte were adjusted
(see Table 2.) to obtain convergence of the VPIE values by increasing the
number of intermolecular configurations. The converged values are given in
Table 6 and compared with experiment [38) and the earlier cell model calcula-
tions [39].- The convergence of the process iIs presented graphically in Fig.
10 . The convergence is apparently good to = 0.002 unit at or above 150

configurations.
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Fig» 10 . Calculated VPIE values as a function of the number of intermolecular
configurations (25°C)

(a ) Intermolecular force constants: fp - 0.192x102Nn*1, fg/rgRo M
0.037x10”8Nrad“1, fT/rORO - 0.03675x10“8Nrad-1 (see Table 2).
b ) Intermolecular force constants: fp - 0.211x102Nm*“1 fo/ro”™0 ™

0.03816x10”0ONrad“1, fT/rORO - 0.03775x10”8Nrad“1
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Table 6. Calculated and measured VPIE values. The values of 1n(PH20/px)

are presented in the Table at 25°C

Molecule Cell model Present Experimental values with
(&) [39] calc. errors at 25°C [38]

D2 [*° 0.1440 0.1410 0.1450+2x10*L

T?160 0.1770 0.1750 0.1750+5x10*“y,

h2 180 0.0095 0.0098 0.0093+6x10“L

h2170 0.0053 0.0054 0.0053+4x10“L

IV. Interpretation and comparison with experiment and other results

In the experimental IR/Raman spectra of liquid water an iIntensity maximum
occurs at 3410 += 10“1, an intense shoulder is found near 3225 + 20 cm‘“1l and a
weak shoulder appears near 3625 = 20 cm*““l [40]. The shape of the joint
distribution (vj + V3) of the calculated bands (Fig. 3) reproduces these
experimental features. In addition the feature around 3550 +* 20 cm™1 corre-
lates with an observed shoulder near 3565 cm-1 obtained from analysis of the
argon-ion-laser excited Raman spectra of H2160 [4-0]. The corresponding
experimental features for liquid D2160 occur near 2510 + 10 cm*“ 12390720 cnfl and 267?75
-20 cm " H 1The band maxima of the sum of the individual symmetric Vj and
asymmetric V3 bands (Fig- 4) correlate with these experimental findings« A
fourth feature around 2580 + 20 cm‘“l correlates with the maxima 2590 cm“1

obtained by computer analysis of laser-Rman spectra in the 0D stretching

region from liquid [40].- It should be emphasized that the above assign**
ments are approximate. It is iImpossible to factor the experimental frequency
distributions of HOH and DOD in the stretching region into Individual and

V3 contributions. Fig. 5 reviews the calculated spectra in the bending
region. Using Eqn. (8) the v2 band maxima are calculated and are found to be
in agreement with experiment for H2160 and D2160, though the peak maximum for

D2160 1is in less satisfactory agreement with the measurement [32]= This
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indicates a short-coming in Egn. (8). Even so it is to be noted that the
calculated VPIE’s are not particularly senditive to the value of the bending
frequency.

In spite of the fact that the calculath spectra in the intermolecular
frequency region show a very broad pattern with coarse features for H2160
between 100 and 200 cm*“1 and again around 300, 500 and 800 cm*“1, we have made
no attempt to assign the frequencies to separate librational or hindered
translational classes.

It 1s worthwhile to compare our results with those of O"Ferrall et al.
116]. They considered liquid water as a mixture of molecules with a different
number of hydrogen bonds. A nine-atom model consisting of Hr~0 surrounded
tetrahedrally by two oxygens atom fragments and two OH groups 1is used for
fully bound species and is called Model 1 (Fig.12.). The 0-H covalent and
non-bonded hydrogen bond lengths were taken as 1.0 and 1.76 A, respectively,
close to the values for ice. Molecules in lower states of hydrogen bonding
are represented by removing one or both of the oxygens hydrogen-bonded to the
hydrogens of the H2160 and they are called Model 4 and Model 5 respectively

(FngS«)* The Torce constants of the Models
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Fig. 12. Fully hydrogen- Fig. 13» Molecules in lower
bonded water states of hydrogen
bonding

are compared with ones used by us in Table 7 and the calculated internal and
external frequencies for Models 1, 4 and 5 are presented in Table 8. The
logarithms of the vapor pressure ratio, Pu2160/pD2160» the cited authors
obtained for Models 1 and 5 at 25°C are 1n(Puy216o0/Pd216(Q) ' 0=2A1 and
In(Pu2160/pD2160) ' 0*176 respectively; the experimental value la 0.142
(41,42]. Table 6 clearly shows the consistency of our calculation as far aa
the effects in D2160, T2160, H2180 and H2170 are concerned. The calculated
value of 1°(Ph2”~/Pd-il1") obtained by us is more reasonable than the one
calculated by O ’Ferrall et al. This can be attributed to certain advantages
of the present continuum model. The first is the range of constants describ-
ing coupling to neighbors. This is explicitly included by making the force
constant a function of the nearest neighbor distances with the L.S. poten-

tial. Another advantage of the present continuum model is that the entire
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Table 7. Force constants used in this paper compared with those used by

O"Ferrall et al. [16]

Force Constants used iIn this paper (R - 2.86A)

f < 6.55x10s dynes/cm Stretching: fP m 1.92x10u dynes/cm
fA - 0.2019x106 dynes/cm “In-plane”
bending: G m 3.700x0103 dynes/cm
T e ~0.079Ax10s dynos/cm "Out-of-pInno”
L m 0.3877x10s dynes /cm bending: H m 3.675x103 dynes/cm

Force constants used by O“Ferrall et. al. [16]

(The subscripts for the force constants Tfollow the notation in Model 1.)

té - f,D “ 6.55x10s dynes/cm

f - 0.12x10s dynes/cm
ab m -0.25x10s dynee/cm
0.65x10s dynes/cm
0.02163x10s dynes/cm
0.09685X10*4 dynes/cm

fb - 0.02163x0105 dynes/cm

b
f,b - 7.35x10s dynes/cm
Ag a 0.73x0105 dynes/cm
A The other force constants were as used iIn Model 1.
7.35x105 dynes/cm
in 6.55x10s dynes/cm

Y a 0.69x 10s dynes/cm

The other force constants were as used in Model 1*
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Table 8. Calculated vibration frequencies for water with different number of

hydrogen bonded hydroxyl group obtained by O ’Ferrall et al [16}

Model 1 Model 4 Mode 1l 5
Frequencies
cm"1 H2 160 D2 160 H2160 D2160 H2160 d 2160
V1 3355 2425 3585 2590 3405 2470
v3 3550 2605 3670 2695 3675 2690
\2 1645 1200 1645 1205 1650 1200
715 530 410 307 710 515
i 710 500 355 254 420 300
VIib
645 470 230 173 380 280
530 380 620 440 610 445
530 380 600 435 600 435
vdef 530 380 580 425 580 420
(580) (420) 580 420 530 380
168 161 162 155
168 161 158 148 161 154
VE
trans 167 161 137 132 126 122
105 104
vbend 54-35 53-55 41 59-39 58-38
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external frequency region can be treated as a whole, thus avoiding the
separation of the librations which, as the above authors mention, Mis
largely artificial because there is a strong coupling between the modes™ [16]*
Finally it should be mentioned that in our method the computation of VPIEs
was mainly achieved by adjusting the value of the in-plane and out-of-
-plane bending force constants. Apart from the relative contributions of
the intramolecular frequencies, the calculated VPIEs particularly depend
om lint Ithrulionnl modes. Their magnitude wnn determined prilnuipnlily by
Lho in-plana und out-of-pluno bending constants. The librational modes

lie at tho top of the intermolecular band and display more isotope
dependence than do the hindered translations.

It would seem that the present continuum model is better suited to
describing the main spectroscopic features of liquid water and to maintaining
agreement between calculated and experimental VPIEs than the simple mixture
model as used by O"Ferrall et al. It is of course vastly superior to the

simple cell model [,39" which makes no pretense of spectroscopic accuracy.
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ABSTRACT

A general definition is suggested for the triangle property
of matrices and the structure of such matrices iIs iInvestigated.
It 1s shown that the inverse of a tridiagonal matrix can be re-
presented by a sum of lower and upper triangular halves of rank
1 matrices, where the triangular matrices are fTully determined by
the elements on the perpendicular sides. The representation also
shows the location of zeros. In connection with the zeros the
zero angullus property is introduced and an alternative represen-
tation 1is derived. The symmetrization properties lead to the iIn-
troduction of composite Green"s matrices.
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1. INTRODUCTION

The ordinary i1nverse of a tridiagonal matrix has the
property that the rank of all submatrices taken from the
lower or upper triangular half of the matrix, may not
exceed 1 . This iIs a consequence of a theorem by
E. Aspluqd Cl] concerning the inverse of band matrices.
The property has been rediscovered recently by Barrett T2]

and by Barrett and Peinsilver [3] in the general form.

Barrett [2] <called this property the triangle property
for a special case, because 1t could be associated with
triangular patterns. The author believes the term approp-
riate so much the more that the results of this paper yield
further evidences in favour of the naming, however, he

thinks that the definition should be given a general

form.

The present paper suggest a general definition -for
the trirangle property and iInvestigates the strucure of

matrices which have this property.

Section 2 1s an introductory section. It recalls
some concepts that will be necessary In subsequent sections.
Moreover, a suggestion iIs made for the definition of

pseudo-symmetric matrices.

Section 3 defines the triangle property iIn its
general form and gives the first representation theorem

for such matrices.
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.Section 4 defines the angulus of a matrix and

introduces the zero angulus property. For matrioee that

have the triangle property and the zero ongulue property,

a eeoond representation theorem 1i1s stated.

Section 5 i1nvestigates eyinmetrization. It is shown
that similar symmotrization properties hold to that of

tridiagonal matrioee if tue zero angulus property 1Iis

also assumed. At last the Green"s matrioee are generalized

for the pseudo-symmetrio case.

Notations
A-fn 1 or [Apg]- Matrix A 1is given by the elements

O... or by the submatrioou A4 -~
1] , P*i
n(i«,jm) A matrix elomont for double subscripts that

belongs to the iKth row and j-th column of matrix A.

el” nnd Cartesian unit veotors.

1 Unit matrix of order (.

q

D- <d”> Diagonal matrix defined by the elements d~.

b-]j Kronecker symbol.

Superscripts T and W denote the transpose and
conjugate transpose of a matrix or vector.

sgn ( ) Sign function

S-C(1 +™ij + egn(i-j))/2] A lower triangular matrix
consisting of 1*s 1n the lower half.

*y T

S &S - 1 The complement to S.

A«B » Catabia3 The Hadnmard or logical product.

ACi™M.i1g, -.-- ,ik; *Jj2»eee#jk3 The minor dofinod by

aeleoting the rows i1jJj2,... fi™* and oolumns d2,---, K

from matrix A.
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2. SYMMETRIZATION OF TFIDIAGONAT, MATRICES

We recall the definitions of tridiagonal and
reducible matrices and suggest a definition for
pseudo-symmetric matrices. Theorem 2.6 states that
any tridiagonal matrix can be factored iInto a pseudo-

-symmetric and a diagonal matrix.

DEFINITION 2.1. A real or complex matrix A 1is

tridiagonal 1if a”~=0 for I11-JI> 1 =

DEFINITION 2.2. A real or complex matrix A 1is

reducible if thére is a permutation matrix P so that

BW P12
PAPE =
0 B22
where and are square matrices; A 1i1s irreducible

if 1t 1s not reducible.

As a consequence, any reducible matrix can be brought

to an upper block triangular form by some permutation

\

matrix Q:

B11 BlZ2 ~-.. Bls
© B22 e** B2s
QAQT = ¢+ = = - €-1)
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where the diragonal blocks B, j»eee**aa are irreducible
or zero square matrices.

DEFINITION 2.3. For any matrix A and a permutation
matrix Q, the matrix QAQT iIs called a basic form of A
iIT QAQ™ 1s of a block upper triangular form with irredu-
cible or zero square matrices i1In the diragonal blocks. If
matrix A is irreducible then it is thought to be of a

special block upper triangular form consisting of one

block only.

DEFINITION 2.4. Matrix A 1s said pseudo-symmetric

1T all diragonal blocks iIn i1ts basic form are symmetric.

This definition 1s a common generalization of triangu-
lar and symmetric matrices. Clearly, pseudo-symmetric mat-
rices have real eigenvalues and their 1Inversion needs only
the iI1nversion of symmetric matrices. Pseudo-hermitian

matrices can be defined iIn a similar manner.

THEOREM 2.5. An nxn tridiagonal matrix A 1is

irreducible if and only if a. . .a. A .40 for
1*1,2,...,n—1e
For the proof of this theorem, see C/f]. ®

THEOREM 2.6. Let A be an nxn tridiragonal matrix.
Then 1t can be factored as

A a DC

where D = <d”,...,dn > IS a nonsingular diagonal matrix

and matrix C 1s pseudo-symmetric.
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Proof. If A IS 1Irreducible then CaD~1A 1is

symmetric 1if 1 Bditair i1+1l* chooad clU*1,

Npait+1 1 /Qi +H* 1* 1»2fee_ ,n-1 then the represen-
tation i1s complete.

IT A 1s reducible, decomoose it iInto irreducible
diagonal blocks and apply the procedure as before to each
irreducible block. If there dre zero diagonal blocks,
choose 1*s for the corresponding d~ elements.

In order to show that matrix D A-C 1s pseudo-sym-

metric 1Ff 1ts irreducible diagonal blocks are symmetric,

partition matrix C symmetrically so that

where the gxq submatrix iIs of a basic form. Then

apply the transformation

"0 wgqij rcit © T ro  vi rca2 2 .
v o “+op c22 « _iﬂ—q oJ Lo cHJ
If C 22 is still not of a basic form, repeat the procedure
for C22 and so on, until the basic form is complete. The

submatrix C£ "~ may still be effected in the subsequent
steps, however, 1t Is seen that only the locations of the
diagonal blocks are changed , hence matrix C 1s pseudo-

-symmetric. [ |
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3. THE TRIANGLE PROPERTY1

DEFINITION 3*1. An nxn matrix R has the triangle
property i1f all i1ts 2x2 minors that do not spread across

but may touch the main diagonal are zero:
If 11A12&J1-d2 OF jinJd2~iléiz2 thOn

RCi” #ig 137 m r~1
G.1)
Thin definition is a generalization of Barrett’s
definition [2]. Here i2=j~ or ”"2a"l are not demanded
and the additional constraints r~/f 0, 1»2,3, .. .,n-1
are not 1mposed. The cases 1 _jai2 an(* ~"1*"2 are trivtan*
The relational sequence can easily be memorized by
placing the indices 1j.1g axi nex-fc each other
and supplying with 4 signs.
The term "triangle property” can be associated with
the property that an element of the matrix may be expressed

in terms of three others that lie, oh the vertices of a

triangle.

THEOREM 3.2. Let the nxn matrix A be tridiagonal
and i1nvertible: A~1=R. Then matrix R has the triangle

property 1f and only 1f A 1s tridiagonal.

Proof. This 1s a special case of Asplund’s

theorem fl]. See also Barrett and Feinsilver [3].
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Fig. 1

For matrices that have the triangle property, a simple
expansion can be given in terms of triangular halves of
rank 1 matrices. For this we shall make some conventiohs-

Let S be a lower triangular matrix such that s”™*1,
1 N J; and let SS - 1. For a double subscript we denote
the 1~7th Cartesian unit vector by e(l) and also, we
use the notation r@Q”.,Jn.)= e (1MNRe(”n.) fTor a matrix
element that has a double subscript. The Hadamard product

S®R 1s defined by S oR *C JH*

THEOREM  3.3. Let matrix R have the triangle
property. Then there exist pairs of iIndices and

kz£,z for some t and z such that
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R »S°L #+s*u , (3-3)
L = kJ , 3-4)

where

L *~Z tR e(jt)eT(it) R 7 r(it,Jt)t
U = X1z R e(£z)eT(kz) R / r(kz*nz)*

Proof. The statement will first be shown for the
lower triangular half of R.

Let the first nonzero column of S«R be 1ndexed by
] and let 1. denote the row iIndex of the last nonzero
element 1n this column:

runrd,) + o, ri,jO - 0 if i>1ii. (3.5)
Then one has the following implications by (3.1)<
i,<1 => RCi,,1; =0

=> r™~ =r(i,lDrdij,9)/r(i,,j1) » 0 (3.6)
because of (3.5). Moreover,

*J * 1 « 14 RCi1,1<; =0
=A ry a . (3.7)

Hence matrix S«R shows the picture as in Pig. 1
up to the 1,|th column, where the shaded triangle has
nonzero elements only. Relation (3.7) shows that the
elements of this triangle are fully determined by the
elements on the perpendicular sides. Now it is simple

to check that one has

rsd = {S"(R el) eri,) R/ r(i,, 3, N} uj. 1 € min@i”

(3.8)
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and this relation represents the elements of S®R up
to the 17th column.

In the next step one repeats the same procedure for
the remainder of S®R and finds the next triangle with
the element r(i12,j2) at the right angle 1f the remainder
Is not entirely zero. This triangle will be disjoint to
the first one, thus the representation in (3*8) can be
enlarged by a second triangle. Continuing the process,
one finds at last that

S°R = S°(Z t R e(ij.)e G ~ (3.9)

thereby proving the statement for the lower triangular
half of R.
For the upper triangular half one can prooeed similar-

ly such that one finds
= ST.(S z R e(tz)eT(kz) R / r(kz,<z)) (3.10)

for some K, and ,°

Relation (3*4) states the equality of the diragonal
elements of R from both representations (3«9) and (3*10).

|

One can draw some conclusions from this theorem.

The 1nverse of a reducible tridiagonal matrix has the
form as shown in Fig. 2, where the nonzero area Is shaded.
Zero off-diagonal blocks iIn the inverse correspond to zero
off-dragonal elements i1n the tridiagonal matrix. Each lower

and upper triangle is fully determined by the elements on

the perpendicular sides of the triangles, hence the iInverse



Is determined by the boundary elements of the nonzero
area. Note that some of the triangles may degenerate to

a 1x1 matrix. The elements lying at the right angles»
play a special role. They are iIn the denominators of (3»9)
and (3.10), they are nonzero, and their indices specify

the perpendicular sides of the triangles.

DEFINITION 3./4. For a matrix of the triangle property
the nonzero elements that lie at the right angles of the
triangular blocks i1n the nonzero area (as marked by
small squares In Fig.2) will be called the vertex

elements of the matrix.

DEFINITION 3.5. The nonzero area of a matrix that
has the triangle property, i1s defined as follows: From each
vertex element draw a vertical and a horizontal line to the
diagonal. The unification of all these triangles form the

nonzero area.

IT the nxn matrix R has the triangle property and

t 1s i1rreducible then r~. /7 0 and rn”~/ 0. Consequently,

iIf matrix A 1s tridiagonal and irreducible then i1ts inverse
16

determined by two triangles:

A“l - o (A"1e~""A"VenrA"1 > Se(A-1 "/eMA-len)

(G.11)
IT A 1is also symmetric then its iInverse 1s a Green’s

matrix:
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Fig. 2

DEFINITION 3*6« For two n-dimeneional real or

complex vectors a and b the Green’s*® matrix is fTormed
by

QCa,b)° tamax(i,)bmin(i,ppl = S.(baT). (3.12)

G(a,b) IS symmetric, its TfTirst and last columns are
bg and art])-

flermitian Green’s matrices can also be defined.

DEFINITION 3*7. For two complex vectors a and
b that satisfy ab/ = &P *Or aH a Hermitian
Green’s matrix i1s TfTormed by

GH(a,b) = S.(abH) + So(baH) , (3.13)

where the superscript H stands for the conjugate

transpose.

For Hermitian and irreducible tridiriagonal matrices

one has
A"las GMNANe™r/U*  jn , A~1len), G*1M)

Here the subscript H can be omitted if A is symmetric.
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4 . THE ZERO ANGULUS PROPERTY

The nonzero areaof matrix R (see Definition 3*5)
may still have zero elements. If these zero elements
satisfy a certain property, called the zero angulus

property, one can then state another representation

theorem*

DEFINITION 4.1. The elements It _tr'tt

are said to form the 1th right angulus of matrix P.

Similarly, the elements rijJ* rji* e»n  form

the 1th left angulus of the nxn matrix R as shown

schematically In Fig. 3a) and 3b).

DEFINITION 4.2. Let matrix R have the triangle
property. We say that R has the zero angulus property
iIf any zero i1n the nonzero area of R 1s [located at an

entirely zero left or right angulus.

LEMMA 4._.3. Let matrix R have the triangle property
so that there are no zero rows or columne In R. Then

matrix R has the zero angulus property.

Proof. Choose a diragonal element r”~. Assume it
belongs to the upper triangle with vertex element r
and to the lower triangle with vertex element r~M (see

Fig. 4, the nonzero area i1s shaded). Then one has, by

the triangle property,
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Fig.

Fig.

b)



rimrfs /7 rtm-

ris = 1 rikrje /7 rjk> if I - s-K (<*l)
o , otherwise
and
I rskrji 7 rjk> it j-s-1,

gt = \rsmru 7/ r{ it 1t s - 7,

0 otherwise.

In particular,

rii = rimrfi Frem = rikrji /7 rJ-

Now 1Ff =0 then rrk or rj.l IS zero. Assume

"im
that r.J®» 1e zero. Then the i1th row of matrix R 1s
entirely zero by (A.l1) and this contradicts a hypothesis
of the lemma. Consequently, r .. = 0 and the i1th right

angulus of R 1is zero by Q(-') and

Similarly, if r”~ = 0, then one finds that the ith

left angulus of matrix R 1S zero. M

COROLLARY bet matrix R be i1nvertible and let
It have the triangle property. Then R has the zero

angulus property.

This fTollows because an invertible matrix may not

have a zero row or column.

LEMMA ~.5* Let matrix R have the triangle property

and the zero angulus property, then
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rci,mp)r(ng,pr @q. .r@gpr(np,mpr mg jEng< **,3)

rir
r¢m .n )

r(i,ng)r(m,j)rr.qn~pFr(Wp,Mp) * mg-ling< V. JEnp" w
where the divisors are assumed to be nonzero.

Proof. The situation i1s shown iIn Fig. 5» By virtue
of the triangle property one has

REng,i;mq,j]1 = RLi,np;J,mp] = RLi,np;mq,j] = O.

Writing out each of them yields

r+tj = r(i,m )r(n ,j)/r(ngfmq),
rtj = r(i*Tp)r(np,j)/r(np ,mp, @t.6)
rci,mg)r(np,j) = rxJ r(np,mq). (».7)

Multiplying @f.5) and @f.6) and substituting (if.7) gives

r(np Jaj )
r..=r..r(a,mgr(n . —rr- - z-T
ij ij ' P q r'ngfmqg'r "np *mp’
which yirelds @@f.3) if IS nonzero. |IF IS zero,

there may be two casee:

1)) |If IS In the nonzero area then r(i,mr) or

17

r(n™,J) must be zero by the zero angulus property.

y
must be zero because 1t 1s also In the zero area.

1) If rlj' is out of the nonzero area then r(np,m )

Hence, @@Ff.3) remains valid i1n these cases. The other

case 1s completely analogous. A
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Fig.

Fig.-
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THEOREM L,6. Let the nxn matrix R have the
triangle property and the zero angulus property. Let R
symmetrically
be partitionedAwith respect to the iIndex sets U
, N*= ImN ,mM+ 1lreee m =4,

mN+/A=n™+1, nB=n so that 1t 1s done along the perpendicular

sides of the determining triangles (see Theorem 3»3)» Then

r(' )r(h ,}y NjP r¢v. mk-I>
, 1>J, (i,j))«N xN (4.8)

r(na,m} k*g+l r(nk ,mk ) ~ P 4

r(i,ngr(mp.,j) r™k - 1>nkA
M2~ AP/ i

r(mq .nq) mk, nk)

0, 1f some of the divisors In the previous (g-10)
\/ formulae are zero.

The product i1s taken to be 1 1f the lower limit exceeds

the upper limit.

Proof. Assume that matrix R has a composite structure
as given by Theorem 3*3« Under the assumptions of the theorem,
the nonzero area may be split Into separate regions as shown
in Fig. 6, where two connected regions can be seen. The
partitioning along the perpendicular sides of the determining
triangles 1s shown by dashed lines.

Now take one connected part of the nonzero area. There
the quadratic diragonal blocks must have nonzero left lower
and right upper elements by the following argument: These

elements belong to the nonzero area, hence both of them
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should be either zero or nonzero by the zero angulus property.
Put,if they are zero then a zero angulus should pass through
a vertex element of R that i1s a contradiction. As a
consequence, Lemma 4*5 can be applied, where the divisors
are the left lower and right upper elements of the nonzero
diagonal blocks.

Formula Of.8) i1s a consequence of (4.3). The fraction

r(n ,mq)/r(n ,m ) in (4*3) i1s equal to 1 1f (ij) cN xN4
r r i *

iI. e. p=q and (4.3) still remains valid by the triangle

property. If q<p , this fraction may be rewritten in
a product form: R[n »N;mo,m =0

= r<v.  ‘mq,r(nP.V <)=rQ 1 Vi, rCpV

hence

r(np,mq) <r(np-1'mgq) r (np>mp -d

r(np,mp)  r(np_(mp_ ,) r(np,mp)
and iIf p-<<qg , this process can be continued to get the
product in (4.4). A similar approach applies to (4.4) 1iIn
order to obtain (“4.9)*

IT some of the divisors are zero in (4.8) or (4.9

then some zero diagonal blocks can be found along the
diagonal between the 1i1th and jJth position. This means

that rj IS In the zero area, consequently (4.10) applies.

In this theorem the matrix elements are represented
in terms of the boundary elements of the diagonal blocks

and 2s-2 elements from the off-diagonal blocks.
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5. SYMMETRIZATION

One expects, similarly to tridiagonal matrices that
some matrices with the triangle property can be made
pseudo-symmetric by multiplying by a diriagonal matrix.

In this section the composite Green’s matrices, a genera-
lization of Green’s matrices, will bo 1Introduced and a

symmetrization theorem will be stated.

PEFINITION 5.1. A pseudo-symmetric matrix that has
the triangle property and the zero angulus property 1is

called a composite Green’s matrix.

THEOREM 5«2. Assume that matrix R has the triangle

property and the zero angulus property. Then
R=DC |, (5.1)
where D 1i1s diagonal and C 1is a composite Green’6 matrix.

Proof. It can be seen In the proof of Theorem *+.6
that there i1s a symmetric partitioning of R, where the
diagonal blocks are either entirely zero or they have
nonzero left lower and right upper elements. Matrix R can
be brought to a basic form by the same method as was given
in the proof of Theorem 2.6. This method does not change
the diragonal blocks, only their sequence along the diagonal
iIs effected, hence i1t i1s enough to prove that a nonzero
diagonal block can be symmetrized. This i1s stated iIn the

next lemma.
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LEMMA 5.3. Assume that the mxm matrix B has the
I

triangle property and the zero angulus property so that

bim and bmr are vertex elements. Matrix B can then
be symmetrized by multiplying by a diagonal matrix and the

result 1s a Green’s matrix.

Proof. As b and Fﬁl are the vertex elements,

1m
matrix B i3 composed of a lower and an upper triangle

by Theorem 3«31
B = S.(Be(e™B/bml) + S. (Be~B/b"J . (5.2
The i1dea of the proof is to multiply by a diagonal

matrix D = <d™> so that the TfTirst column will be equal

to the TiIrst row:
dr=1, dibiH = d<bli* (5.3)
The last column should also be equal to the last row:

dbe = db .. (5h)

As the zeros are located at entirely zero anguli
of B, the elements b~”] and b~ In (*3) should be\
zero or nonzero at the same time. Also, one has the same
case in (6. for rin and rni. The equations (5.3) and
(5.4) are not contradictory if biﬁ’?'r’bim and er
are nonzero because the triangle property yields the
relation:

b17 = PifPni 4 Pur = PinP1i 4 Phn-
Now all d”’s can be defined and matrix DB, where B
comes from (5.2), can be reorganized so that the resulting

matrix 1s a Green’s matrix.
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Similarly, one can construct a dragonal matrix

D so that BD~” 1s symmetric.

There 1s also a parametric representation of composite

Greens matrices.

THEOREM 5.*. A composite Green’s matrix C can be
given as fTollows: Let Nk, k=1,2,...,s be the same index

6ets as In Theorem 4*6. Then

cij " amax (1*J) bmin(i, k=g+ < <sgn( j-i) .k , (5.5)

where
(min(i,j), max(i,j)) € NgxNp ,

a and b are n-dimensional vectors and the numbers
1k "Bk’ ke2,3»»..» satisfy NKkN k3 0«

Proof. The representation in Theorem 4.6 can be re-
written 1f the diagonal blocks are symmetric:

aA = c(i,m ) = c(mp,i) , 1 €NP .
c(n ,1)/c(np,mp) = c(i,np)/c(np,mp) , i€ Np ,

by = o5 if c(hp.mp) = 0 ,

C(nk»nk- |)/C(nk»mnmk” »

O , 1f c(nk,mk) =0

c™Mk-1,nk)//lc™k,nk”

O , 1f c(mk,nk) = O.
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BINAHNE PA3HOCTHOIO PE3OHAHCA TPETBEIO T1OPAAKA 2v2—vx>>1
HA OBUXEHWE YACTWUL B UWMKANYECKUX YCKOPUTENAX

n.B. AMWPXAHOB, E.M. XWAKOB, W.E. XWAKOBA

O6beAVHEHHbLIN WHCTUTYT AAEpPHbLIX nccrepgoBaHun,
NabopaTopuna BbLIMUCAUTENBHON TEXHUKW U aBToMaTmlaummu
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OCHOBY TeOpUM OETATPOHHHX KONeOaHUt B UUKNUYECKUX YCKOPUTENAX
COCTABNAGT MCCNEAOBAHUE CHCTEMH HEMUHEUHHX AUBDEPEHUNaNnbHHX ypaBHeE-
HIA C Nepuoguyeckunn Koadouunentamn. OCHOBHOW 3afayed Teopuum ABnA-
eTCA UCCNnegoBanne YCTOWYUBOCTH ABUXEHUA. HANnuyme HENUHEWHHX YNEHOB B
YPaBHEHUN NPUBOAUT K MOABNEHUD "HENWHEWHHX" DE3OHAHCOB, KOTOpHe OYy-
1yT HabnoaatbCA Npu BHNONHEHUM YCNOBMA

1 MX =0 }
rie kx,ma, - uense uucna, O0C - 4aCcTOTH OETATPOHHbIX
KOneoaHui.

ECnv nocmoTpeTh  Ha Auarpammy YCTOWYMBOCTM NNOOT0 KOHKPETHOTO
yckoputens, TO TPYAHO BHOpAaThb paboyyw TOYKY BAANM OT PE3OHAHCOB, No-
CKOMbKY npu gocTatoyno bonbuux KKr u ™ Bcerga Hapetcs peso-
HAHCHAA NUHUA, NPOXOAALAA BONW3M 3TOW TOUKM.

B CBA3M C 3TUM CTAHOBUTCA aKTyanbHOWl 3ajaya UCCNENOBAHUA BAUA-
HUS PA3MUYHHX HENUHEAHHX PE30HAHCOB HA ABUKEHUA YACTHL B UNKAMYECKUX
YCKOPUTENAX. 3Tum BOMpOCaM NOCBAWEHO 060NbWOE KOMUYECTBO paboT “A,
10CTATOYHO MONMHHA CNUCOK NUTEPATypH MOXHO HaWTh B " ,clf

B pabortax? 061 PacCMOTPEH Pa3HOCTHHA PE30HAHC TPETbEro no-
pAaka 2'r <=1 , KOTOPHU NPOXOAUT JOCTATOYHO ONU3KO 0T pabouyei
TOYKM CUHXpopasoTpoHa OWAN. MccnegoBaHue npoBogunoCL MeToAom Kpuinoga
-boronn6osa™/ B nepsom npubauxenun. [LnA NOBHWEHMA TOYHOCTM pacyeTos,
T.. [ANA DAaCWMPEHUA WMHTEpBana BPEMEHM, HA KOTOPOM NPUONUKEHHOE pelieHue

HE3HAYUTENbHO OTAUYAETCH OT TOYHOTO, HYKHO MPOBOAUTL UCCNEAOBAHMA
BO BTOPOM ¥ 00nee BHCOKUX npubnuxenuax. Of4Hako, HACKONbKO HaM U3BECT-
HO, A0 CWX MOp NOJOOHHE WCCnepoBaHWA Pe30HAHCOB HE NPOBOAUANCH, YTO
CBA3AHO C MPAKTUYECKN HENPeojonumsMu TPYAHOCTAMU AHANUTUYECKUX pac-
4eToB. CUTyaUus CYWECTBEHHO WU3MEHUNAChb C MOABMEHUEM BO3MOKHOCTH Bh-
NONHATL TPOMO3LKME aHANUTUYeCKue BbKnagkin Ha 3BN.

B naHHOW paboTe uccnegyerTcd PasHOCTHHA PE30HAHC TPETbero no-
ALK B0 BTOPOM NPUONUKEHUU, TPUYEM BCE AHANUTUYECKME
BHKNAKM ObM CAENaHH C NCMONb30OBAHWEN CUCTEMH LN AHANUTUYECKUX Bb-
yncnennin Ha 3B  RESSUCE-2/™Mu
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B OTCYTCTBME 3MEKTPUYECKOr0 NOAs ABWUXEHWE 3apSXEHHbIX 4YacTul B
LMKTMYECKNX YCKOPUTENAX CBOAMTCS K WUCCNEA0BAHUK CUCTEMbl HENUHEMHbIX

x" f4/ix =FIEIMX
>
r - W 0)
r" + 2= £
rae 4. ,Vir MNOAWHOMB OT X,X",F,H’ W nepuoagnyeckas QyHkUuA OT
6 , WTPUX O3HayaeT AuddepeHuumposaHme no B8 , £ - - Manblid na-
pametp ( R0 - paanyc wnaeanbHO 0poOUTH).

Cuctema ypaBHeHuit (1) wuccnegyercsa MeTonoM YCpeAHEHUS BO BTOPOM
npuénuxenun. [na atoro B npason yactu (lI) npeHebperaem uyneHamun no-
pagka £ v Bblwe, nocne 4ero npasbie yYactu cuctemsl (1) npuHMManT BUA
fivfx t Bryrx evV,* *£ryra ,

rape

V« - (Ezbq_l—{gENIIMEZt] 4J (zV

\1rk~ @4 (Mx* +QS[&)>(Z* +£ (IJnBk

ypaBHeHUn " *

+ Y2X(X)r +£ n.X(Z)* - tu 2 H%" ,

v,2 =Q3G»a *xVv , )

Yrr =Q6 (6)x2i + Q?(9) i 3- { nar(x'f -

-1 n@a")?2 + K.
M O)=ho =RFYCOSO + siné §="@A, --- 7 .
B okpecTHoCTM pe3oHaHca 20r - Vx = . 8 « i . MOXHO MONOXUTb
Bor « (~T~) +£ 4 3)

roe £*1 - npejgcTaBnseT co6oil paccTpoiiky. Mocne atoro cuctema (2)
NpUMET BUA

X* + _EVX +£2 V« @
r“* (41t 1) « "£CK.-«)>«" V«

Caoenaem B (4) 3ameHy nNepemMeHHbIX
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X = U,sin (N, +ur), £ =U I[P +u
X "= )X n, co$,0kB+1) F'=/lr* cos[(iNe* @

B HOBHX NEPEMEHHHX UMEEN

n* (8) »£pin(0,u) *-a2F2« (B,1), ®)

rne \
/= , | (t==<r.
AE Kol (& *1a)”
()
hzeé&,Y, -a « (be+wnur) ,
F.,-6ifelT, VKl J

Iudheperunanphoie ypasHeHud, npusefeHHse K Bugy (6), HasuBanT
yPaBHEHUAMN B CTaHjapTHOW gopme. Ycpeauuw cuctemy (6) no wmetopy Kpw-
nosa-boronnbosa™" . YcpegHexne Begetca no 6 . B aToM cayyae ypasHe-
HUA BTOPOTO MPUONUKEHUS NPUNYT BUA:

im@ =6 M (Fim (8,n) +£ Fz, (B,) \

+ £ "bUm } ., n=1,r,1'y |

rae . Lp9
IpO
F=1LUce Ppi«) , F~'2L "Tp- Fp(u)
p r Po r
M ( FO,u)} = FO0 (u) - onepartop ycpeaHeHus.
0choBHbe FPOMO3AKUE aHANUTUYECKNUE BLHKNAAKU NPU NONYYEHUN YCPELHEH-
HHX YPABHEHUH OHAM BHMONHEHH C ucnonb3oBaHuenm cuctems REDUCEZ
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all EC-1060. 3apaya_cuuTanacb No yactam: Kaxgoe ypaBHeHue (B)
/ycpefHAnocb OTAeNbHO. [lpn 3TOM AN BbIYMCNEHMS KaxAoro ypaBHEHUA Tpe-
boBanocb 1300K6 namsaATy u okKono 20 MMH. MaWWMHHOrO BpemeHu. [locne yc-
PeAHEHNA NONyyaeTCA CUCTemMa W3 4YeTblpex ypaBHeHWn, KoTopas [peobpasy-
eTcs K Buay:

] = TN - 6 3
G ]1-io “/'sr// * Io(r)lTi &Tio Ay

y 7 ity +T™ A UitJLY ¢

*ri* t4 cos? +T % A botSLf 7

U"S = Tso +Toi* U-tUJ + 7131 UBUuiHn, vt

+ T 34 Us bMbb 3Y flis Us Y7
(4) .(31
V + ym\. (-7 *+r ™ £)4 +
)
+C'Trr A + AT7T*N1° A n +
NooU i
-r.f oy T L1 ‘) :
(-Try ™7 + 1#
rae = Xitu - Z.
rrd) _
" *() 4M*\P*O /-J/0"7x)3 -~ R(nW\)A ro -
OF?x)3/410 - ~x (fejitzi +/1jiAz0 + 7 (b 9IK)CRAR<. .

+12 A o A0 -16 ¥* Azo Ao 2

73)
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1) < 2 0
T « Wie) ’
o £2 * 50
Mr(p -12«1X (S&l PAgG + &A:D g
] ”)-}91((01(?0 S _ﬁ*Tp b2
rp(@Q _ £*m
2~6/)jc *prrAr* T« -WLlLT> f& -/*<),
T"= 3 0 _
*/$x0x*1) ®rl  <AX -/
20 )= C  fr-tf.o-.nfo) ,

Tro = EDSLENOEL AT S2IADI-3 AL~ Fovzi)*

+ 3 (&2iAN ~ &1 AT*)]>

W= _£mM_~ R ~Trr~1 >
1

@D i X -

s ~ ~YAx(M*x )" &21 1

% r’= W * a‘<'f|*')' Try =3rTT "21r< 1
C ‘a £ W [-("fr

Uy . *« {28(7+'$)H)* (M N O +7xf +il + Aw

+ HRBL + wa®d+ YAlo)

aa
r(bm)l—A“ vaxso BB 7
{ rn1)
_Kd***?: n K u > TJ--3~r()N (&>; -A )

n ___ Er6
T*'- TNTb > &< +*«r bl A><
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Yo - AvERLf oL 3~&3nA XYy 7
rrl3i B* 0 . . -
— [P0 0"NMb )XAco~3'&3I1Aii t Bi! A31d ,
3/10%(1+))x)
rpw_ 0 g -
W ~r(u$7)2°31 va+ix) 7
*
W £ (-R it/I1)
vz <6(l+1xYy
rpW L £r/l 0 3_1': )
/ A rA%y 3
& a A
W ~g(1+txf B31/131
2

Echu B cucteme (9) npeHebpeuyb uneHamu nopsapka £ , TO nony-
YaTCA YCPeLHEHHbe YypaBHEHWS B NepPBOM NPUONUXEHWU. 3TWU ypaBHEHUA MNOM-
HOCTbl0 COBMaNNW C ypaBHEHUAMU MEPBOr0 MNPUONNXKEHUSA, MNONYUYEHHLIMU BPYUHYHK
BpaboTe uyTOo HABNAETCHA KOCBEHHbIM MOATBEPXAEHWEM MPaBUIbLHOCTU ypaB-
HeHnn (9), NOMY4YeHHbX C MOMOlb cucTem REDUCE - Z.

Mepexoaum K uccnegoBaHnw cuctemb (9). 113 nepBbX ABYX YypaBHEHMWIA

cuctemsl (9) nonyvyaem paBeHCTBO

(L+)X">ETM (10)

n n+

roe M - noamHom OoT Un,Uj 7Sin”} c&sV ?23Cn2 f 7 Co62¥,

B paBeHcTBe (10) npaBad 4acTb nponopuumoHanbHaa £2 , 4To CBUAe-
TENbCTBYET O MeJ/IeHHOM W3MEHEeHWW BhipaXeHus U* +@+ix)unjd.
na 3Ha4YeHWW aprymeHTa B Ha WHTepBane 0$B " 3TO BbipaxeHue
NPakTUYeCKNn oCTaeTca NOCTOAHHbIM. Torga u3 (10) umeem

4\)*U4 + - LI =1llo 9 (an

roe Ho - onpepenaeTtca U3 Ha4valbHbIX yCﬂOBMM N NPaKTUYECKN OCTaeTCH

NOCTOAHHbHM Ha WHTepBane O6 B =
N3 (I11) cnepgyet, u4TOo amnauTydb 060ux BMAOB Konebanun U 1 n

OCTalTCA B rnpouecce ABUXEHUA OrpPaHWYEHHbIMU U pe30HaHc

NPMBOANT K HEYCTOWYMBOCTW Ha WHTepBane 0+ O=

He
. Tak kak B (1T
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BXOAMT NIOHO paccTpoiika A , TO aMnNANTYfAbl OCTaKNTCHA KOHEYHbIMW Aaxe
rOYHo B pe30oHaHce. B paborte® " ObiAM NOMyyYeHb aHanoOru4yHboie pe3yNbTaThl,
korga cuctema (l) ycpeaHsetcs B MepBOM NPUOAUXEHUN B OKPECTHOCTM pe-
30HaHca =4 . Pe3ynbTaThl HacTosAwen paboTe NO3BONSAKWT CYLECTBEH-
HO pacWUMpuUTb WHTepBan W3MEHeHWs aprymeHTa B , Ha KOTOPOM OKa3aluchb
crnpaBed/iMBbIMM Te Xe YTBepxAieHuda, 4To n B paboTe”/l
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