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ABSTRACT
This paper is a preliminary version of a review of the results obtained 

by the authors and their collaborators which mainly concern problems of quan­
tum electrodynamics with the pair-creating external field.

In this paper the Furry picture is constructed for quantum electrody­
namics with the pair-creating external field. It is shown, that various Green 
functions in the external field arise in the theory in a natural way. Special 
features of usage of the unitarity conditions for calculating the total pro­
babilities of transitions are discussed. Perturbation theory for determining 
the mean electromagnetic field is constructed. Effective Lagrangians for pair- 
-creating fields are built. One of possible ways to introduce external field 
in quantum electrodynamics is considered.

All the Green functions arising in the theory suggested are calculated 
for a constant field and a plane wave field. For the case of the electric 
field the total probability of creation of pairs from the vacuum accompanied 
by the photon irradiation and the total probability of transition from a 
single-electron state accompanied by the photon irradiation and creation of 
pairs are obtained by using the formulated rules for calculating the total 
probabilities of transitions.

АННОТАЦИЯ
Настоящая статья является предварительным вариантом обзора результатов 

авторов и их соавторов по проблемам квантовой электродинамики во внешнем 
поле, рождающем пары. Для таких полей построена картина Фарри. Показано, что 
естественным образом в теории возникают различные функции Грина, для которых 
нами построена полная система уравнений. Получена диаграммная техника для 
нахождения среднего поля. Подробно обсуждаются условия унитарности. Найден 
эффективный Лагранжиан для полей, рождающих пары. Все функции Грина, возникаю­
щие в теории, вычислены в постоянном поле, в поле плоской волны и в их комби­
нации .

Эффективность предложенной теории продемонстрирована на примерах вычисле­
ний различных эффектов во внешнем поле, рождающем пары.

KIVONAT

Ez a közlemény a kvantum elektrodinamika keretén belül a külső téren va­
ló párkeltés problémájával foglalkozik. Furry-képben előállítjuk a Green-függ- 
vényeket és perturbációszámitással meghatározzuk az átlagos elektromágneses 
teret. Ezután megadjuk a párkeltő terek effektiv Lagrange-függvényét. A külső 
terek kvantum elektrodinamikába való bevezetésének egy lehetséges módját is 
javasoljuk. Homogén és síkhullám külső tér esetére a javasolt elmélet összes 
Green-függvényeit és különböző átmeneti valószínűségeket kiszámítunk.
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INTRODUCTION

During the recent years the growing interest is attached 
to the problems of quantum electrodynamics(QED) with intense 
electromagnetic field. To some extent this interest is due to 
the achieving of strong fields in experimental conditions, fur­
ther growth of the laser intensities and recognition of some si­
tuations in astrophysics where the values of the effective fields 
are tremendous, indeed. This interest is also provoked by the 
existence of analogies with problems in gravitation and in gauge 
theories with spontaneous symmetry breaking. In this connection 
solving of similar problems in QED may be thought of as, in a way, 
the first step in solving these problems in the mentioned theories. 
Finally, results for specified problems in QED with intense electro­
magnetic field are important for checking of its validity in the 
extreme domains of parameters and undoubtly are of general scientific 
value.

In the present paper we will consider special features of 
constructing of QED formalism, which are connected with the pos­
sibility of particle creation in an intense electromagnetic field, 
and also clarify various aspects of the external field conception 
in QED.

Thus, if one discusses problems of QED with an intense elec­
tromagnetic field in the frame of QED with an external field, 
then one of the most important is here the problem of how to keep 
exactly the interaction with the external field to all the orders 
of perturbation expansion. This problem has been investigated 
weel, for instance, for the spinor or scalar charged fields in­
teracting with the external electromagnetic field (Feynman, 1949; 
Schwinger, 1951; 1954 a,b). During the recent years the growing 
interest is attached to it due to the examination of processes 
of particle creation from the vacuum by the external field both 
in electrodynamics and in gravitation (Nikishov, 1969» 1972; Popov, 
1971; Bagrov, Gitman, Schwartsman, 1975, 1976; Sexl, Urbantke, 1969; 
Hawking, 1975; Grib, Mostepanenko, Frolov, 1972, 1976, Parker, 1976; 
Frolov, Gitman, 1978). For the total QED of the interacting quanti­
zed spinor and electromagnetic fields a consistent consideration of 
the perturbation theory when keeping exactly the external field is 
fulfilled (see more detail Ritus 1979) only for the fields which do 
not product pairs (Furry,195l). The restrictions on the field nature
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arise in the starting Furry approach, in particular, due to the 
fact that in accordance with Furry the particle and antiparticle 
creation and annihilation operators are built with the aid of the 
solutions of the Dirac equation in the external field. For the 
pair-creating fields there are, however, no such solutions, 
whloh may be put into correspondence to particles or antipartic- 
les at all the time-moments. In Chapter I of the present paper 
we have discussed the generalisation of the Furry picture to pair- 
creating fields (see also Gitman, 1977; Fradkin, Gitman, 1978).
In particular, a method of constructing of the vacua for the ini­
tial and final states in an intense external field is given here; 
perturbation theory with respect to the radiative iteraction is 
built with the aid of the Wick’s technique generalization, wich 
is written out in appendix A; the quantum field representation 
for the electron propagator in the external field and its repre­
sentation over the solutions of the Dirac equation are obtained; 
at the same time a consistent description is given of all the 
zeroth order with respect to the radiative interaction processes 
for an arbitrary pair-creating external field. The unitarity con­
ditions are analysed for the case under consideration, and it is 
shown (see also Fradkin, Gitman, 1978; Gavrilov, Gitman, Shwarts- 
man, 1979) that in the relations similar to the optical theorem 
the usage of the two types of electron propagators is essential.
In accordance with these results for the pair-creating fields 
there arises the necessity to distinguish, for example, the two 
types of mass operators, the one of which discribes radiative 
corrections to the scattering processes and the second one is 
connected with the total probability of irradiation from a sing­
le-electron state.

In Chapter II an attempt is made to treat some problems of 
QED with the intense electromagnetic field. The matter is that 
the applicableness of QED with the external field is connected 
with a number of implicitly made assumptions. Firstly it is sup­
posed that the real electromagnetic field in the problem may be 
identified with some external field which is given beforehand and 
does not depend on the processes proceeding in the system. Second­
ly the belief exists that we get, by introducing in the Lagrangian 
the interaction with such external field in the usual way, a the­
ory in which the calculation of the radiative corrections makes 
sense to arbitrary order, moreover the accuracy of the theory 
itself will not be exceeded. Meanwhile the radiative corrections
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can contribute sufficiently in the case of large energy and in­
tense fields and change considerably the primary given field.
The proof of the second one from the above mentioned assumptions 
is also unknown. Therefore the approach based on the external 
field conception requires, undoubtly, a consistent formal sub­
stantiation, establishing of the bounds of its applicableness 
and ascertaining of the sense of the external field being intro­
duced. The one of the possible ways to clarify the indicated 
questions is to start with QED without external field and under 
one or another assumption "derive" formally the QED with the ex­
ternal field from it. On following this way we have obtained so­
me results. Thus, in Sec.I of Chapter II the vacuum, initial and 
final states are built under the condition that there is an in­
tense mean electromagnetic field in the system. It is shown, how 
the problem reduces to the solving of a problem in the external 
field.

Here the problem of determining of the exact mean electromag­
netic field in the system proved to be, in connection with the 
questions discussed, highly important. In Sec.2 of Chapter II we 
have constructed the generating functional which enables to ob­
tain the exact mean field when arbitrary initial states are cho­
sen. Its representation, equivalent to the perturbation theory 
with respect to the radiative interaction by the exact keeping 
the interaction with the initial mean field sind external current, 
is given. We succeeded, by introducing matrix propagators which 
are composed from a whole number of propagators in the external 
field, in giving to the obtained theory the Feynman form. The 
effective Lagrangian for the exact mean field is constructed*

In Sec.3 of Chapter II the perturbation theory for matrix 
elements of processes is being constructed under the assumption 
that an intense electromagnetic field is present in the initial 
and final states and the system interacts in addition with an 
intense external current , the latter being related to the par­
ticles which are, in some approximation, external with respect . 
to QED. When doing so the generalization of the Wick technique 
to unstable with respect to the particle creation vacuum is used 
essentially.

At last, transitions into the final states, for which the mean 
field is defined as the zeroth-order approximation for the exact 
mean field at the final time-moment with respect to the radiati-
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ve interaction, are considered apart. It is shown that in this 
case the perturbation expansions for matrix elements of transi­
tions coincide completely with the perturbation expansions in 
Furry approach to QED with the external field, equals to the mean 
field of the zeroth order approximation. In our opinion, this 
statement may be the basis for one of the possible interpreta­
tions of QED with the external field.

In appendix A we give the generalization of the Wick technique 
to the case when vacuum is unstable during the evolution. The de­
finitions of the normal ordering, normal form of couplings and 
chronological couplings are generalized. The formulations of the 
Wick theorem are given, which make it possible to reduce any ope­
rator to the generalized normal form.

In appendix В the calculations of various Green functions 
which appear in Furry approach to QED with the external pair- 
creating field are presented, moreover a constant electric field 
and its combination with a magnetic field and a plane wave field 
are taken as an example. When performing these calculations we 
proceeded from the representations of the Green functiops over 
the solutions of the Klein-Gordon or Dirac equation which follow 
from the original field theory definitions. All the results are 
given in the form of contour integrals in the proper time comp­
lex plane. The corresponding inverse operators for the Klein- 
Gordon and Dirac equations are obtained on the strength of these 
results.

In appendix C we write out the calculations of the total pro­
bability of the photon irradiation from the vacuum accompanied 
by creation of pairs and the total probability of transition 
from a single-electron state accompanied by the photon irradia­
tion and creation of pairs, which are performed by cutting the 
diagrams. For this purpose the vacuum diagram and the diagram 
of the type of mass operator with the noncausal Green function 
are calculated according to the general theory, which is stated 
in Sec.2 of Chapter II. The checking of the validity of the re­
sults obtained in this way is carried out by the straightforward 
summing of the probabilities of transitions.

Appendix В is carried out in common with S.P. Gavrilov, Sh.M.
Shwartsman and J.J. Wolfengaut, and appendix C is carried out by 
S.P.Gavrilov, Sh.M.Shwartsman^ J. J.Wolfengaut. cmd Э.М. Gltman.
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Note In conclusion that each section In the paper has Inde­
pendent formulae numbering. When making reference to a formula 
from the same section its original number is given. When making 
reference to a formula from the other section of the same chap­
ter the number of the section is placed to the left of its num­
ber. When making reference to a formula from the other chapter 
or from an appendix the number of the chapter or of the appendix 
is placed to the left of its number.
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CHAPTER I. QUANTUM ELECTRODYNAMICS WITH EXTERNAL 
FIELD CREATING PAIRS

I. Furry approach

a) Vacuum, initial and final states,
l\az*Consider QED with an external field Я (%). The correspon­

ding Hamiltonian is

Wfi -  J :  ¥ ( * ) [ -  L/ v  + e ß exi(x )+ m ]y (x ) ; a T ~

' I -  9и  c l  c ? s j j ( x ) ß ( x )d ¥ =  (I)

jf£) = I  [ ¥(*)$,w*)],
where V(Z ) t Y ( X ) ,  A (X ) are the spinor and electromagnetic 
field operators in the Schrödinger picture.

Let i i n and £ be the initial and the final moments of 
time which in the final expressions will be understood as moved 
to infinitely remote past and future, respectively. If the vec­
tor potential of the external field is switched off in the mo­
ments one may, as usual, assume that since the radia­
tive interaction is effectively switched off when £ - * ± о о  the 
initial and final states are free states with, say, a definite 
particle numbers

l lr t>= /Vc+... S*..a+,../o>r .../E, (2)

where { a + , a , are operators of creation and annihila­
tion of free electrons and positrons, { С * С ]  are the photon 
creation and annihilation operators , /0> is the vacuum of free 
particles, = /0>е. /0>^j /0>^ /0)У are the corresponding va­
cuum vectors in the Hilbert spaces of states of the spinor and 
electromagnetic fieldsf N is a normalizing factor.

Consider now a more general case when the vector potential 
of the external field does not disappear at i-Cn > ^ oni and 
propose a method of determination of vacuum, initial and final 
states.

Define the vacuum at the initial (final) time-moment as the
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state /0>. which minimizes the mean value of thet* /X / 'Hamiltonian taken at -tin (i0ui) •

Сп«>1ЖА №>t.n -nun, (3)

ou.i'sOIЖ А 10>oui -min , i -  i 0ui /
Since с̂уу fioué should be understood as moved to the infini­
tely remote past and future time-moments one can, as before, 
assume that the radiative interaction is effectively switched 
off at iin -iou,L 011(1 therefore the problem (3) may be redu­
ced to the following •

Cn<0! ?feA l0>*n - min , t-tcn
e „ (4)ou. £<01 3feA -min,

To find the vectors /0>. /0>л„. suffice it to have
the solutions of the eigenvalue problems for the single-particl 
Dirac Hamiltonian in the external fields Лех̂ (Х9 icr\,) and

aj.vz)*±Ln\fn ft),
%  U « u ) \ ( x )  = f t  (6)
Ц,(i) =  f°(-£'/?+eAex<(x,i)tm),

which obey the following requirements:
i) +&n ^  0 , 0, Snrx/г and there is a gap between

the negative and the posotive levels;
ii) The spinors {+?n(Z)}? {*%»(*)) complete and ortho­

normal sets of functions in the space of X  — dependent spinors. 
Por example, for { ix)j

(X, X  ')= 4», n >} (X, ft >) - o, W)= fi Vi)
ZIX &)£&)*$1 (z)X(x')] Ш  . (7)n

iii) The spinors {jfn (ÖC)J (X)J obey the condi­
tions 9
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r  {lit, X,)Xl(-t,
no1

rn m>

(8)

(9)

do)

where ^ X a )=X(I)J t , _ r /
W * t 0 > T” >,A- J Trn 1 ’ lA exi = 0

Indeed, let us decompose, with the aid of (7), the spinor 
field operators V(X) V(X) into the sums of the solutions
ÍJn (X)} " ld {£ ’<fm (X) ]

{an(in)jfn(x)+ir\(i-n)_fn fx)j

П ? ) =  f  / a U m i X  (x )+  {п ( * ) У п (х ) }г

V(x)=ZL{am(ouiff (x)rCГТ) J 0

(̂̂ ) = ̂ [yrn(cui)Tmfx)-tirnfowLftn(?)j _
Then the commutation relations for V(x) and V (X) and equa­
tions (7) lead to the fact that the operators {Q*(CnCL(tn )f 
t+fin ), Sich)jf (âoiti), a(oui), Mold), {(o<xé)} are Fermi

creation and annihilation operators. The Hamiltonian dia­
gonalizes at ôub in ^егт8 of these operators

У'А&п ) = Z . i£ n <£(in)anfa)-Cn in (in) in M n ) ,

Уел (ioui)-XL. {r£m Qtm(out)â(ou.i)-~£m S£(<m{)im(otii)j + Xß̂ t)
where iLfitn, ), t(hni) are c-numerical constants. Consequently
the vectors 10 s? and lO *>e satisfy the conditions'Cn ' oub.

(i d

a n M i o £  = { n ( in ) lo > en = 0 f  Vri i

Cbr, (oul)lofciil = gm (cui)!of { = о
(12)

Equations (12) have solutions in the original Hilbert space if 
the operators {й*(сп)} d(Cn), t>*(Cn), § fm) } 311(1
[U (ouí), d(oui)t (*(oui)t (foul}] are unitary-equivalent to the set of 
creation and annihilation operators for which the vacuum vector 
exists in this space (Berezin, 1965)* The creation and annihila­
tion operators of free particles {Ct̂  CLf éj constructed

\
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with the aid of the spinors { ±<?п° (x ) J

*<*> -  X & h  CX(X)}I
(13)

are that kind of operators. The comparison of (9) with (13) gi­
ves via the relations (7)

Л » / ‘Я^Г ^ nK.mi + \ X = t ,

A t(‘* ) = a „ Anj< n)= in(in)t A„+ = an> A „.= fn,
(14)

O r » , X \  % , т- =  Фп-,̂ =о, Фп.,п, . - ( У „ , Х Г ,  

У  = Y  =o У  = ( f  f ° \  Y  - i f  f ° \ *

The transformation (14) is proper and the unitary equivalence 
needed holds if Y  is a Hilbert-Schmidt operator (Berezin, 
1965» Kiperman, 1970), which corresponds to the first condi­
tion (8) in our terms. The second condition (8) springs up in 
the same way.

It follows from (II)-(I2) that {  Q-*(^n)t dUn)f £ +(tt%)/ £ (th )} 
may be referred to as creation and annihilation operators of 
electrons and positrons at the initial time-moment t Ln and

I OL*(ou.t), C lfrui),i*(eu.i), { (cu t)j as creation and annihila-
tion operators at the final time moment 4.out . In accordance 
with this the states with definite numbers of electrons and po­
sitrons at i c n , 'Lout may be built from the vacuum vectors 
!0>cn, l o > , .  in the usual way. Consequently the general
form of the initial and final states with definite numbers of 
electrons and positrons, in accordance with the above considera­
tion and the relation (5)» must be as follows:

I C n > = f f c +..r ta n .) . . .  a +(cn)... to>Cn
9 (15)

<oué/= £ (out). .. C ... f\f

b) Perturbation theory with respect to the radiative inter­
action
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The probability amplitude for an arbitrary process in QED 
with the external field and the initial and final states (15) 
has the form

П,ьп —t OUA: 0*4

Here ~ ^in ) is the evolution operator, corres­
ponding to the Hamiltonian (In (16) we omitted the unes­
sential normalizing factors of the initial and final states).

Consider the construction of the perturbation theory for the 
matrix elements (16) with respect to the radiative interaction 

choosing = 7fe + ̂ y- Jfeji as zeroth-order approxi­
mation Hamiltonian. Define the evolution operator corresponding 
to the Hamiltonian

( i i f - X ) W . - L Cn)= o > U ( i A „ h T e z p { - i f  (17)

and construct, with it’s aid , the field operators in the inter­
action picture with respect to the external field

Ш )  = ü ~ % tj nx) ü a  kn), ?(*)=-> f a  
А ( Х ) = й - % i Cn) A ß ) Ü  a , i i n ) , (18)

и  /I a <- ^  £Xé
( i d - е л  (x ) -m ) f(x )= o , p fx j f id + e A  (x )+ m )= o ,

П М ( х )  =  о.
(19)

(The operators A (X ) coincide in the case with the operators 
in the usual interaction picture). Then the total evolution 
operator ' l lд may be represented in a form for which the ex­
pansion in powers of the charge is not connected with the^ expan­
sion in powers of the external field, if the operator U  is 
known .

UA ^ U S f S = Texp{- i / j(z)A(x)cixj (20)
and the matrix elements (16) assume the form

MiCn-*o*b = r Idfoutí... ßfodi)%,,C,,.Sc... O L /0>. (21)
Ou-t) OL*( o*4)

CL (ou4) 
i *  (cué)

=X IX CL ( out) 
é* (ou i)

í  (ou4) é ( ou i)

и OLL-Ь

cin }

C ö l = , j o l Ü .

(22)
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The matrix elements (21) differ from the matrix elements of the 
processes in QED without the external field in that the vacuum 
vectors as well as the creation and annihilation operators which 
stand to the right and left of the S~ matrix are different, 
(These distinctions are essential, as it will be clear from the 
below consideration, only for the fields creating pairs,) There­
fore the conventional Wick’s technique based on the reduction 
of the matrix to a normal form with respect to one vacuum 
is not efficient here when evaluating the perturbation expan­
sion. The main idea which allows us to obtain an analogue of 
conventional perturbation theory is to express any operators 
of the spinor field, and specifically the о -matrix, only in 
terms of the creation &*(oui) , 6 * (ou.i) and annihilation

CL(in), l(Ca) operators, all the (ont)f £+ (out) being 
placed on the left of all the CL (in), The corresponding
formalized computational technique" is discussed in detail in 
the appendix A. To use it when evaluating the matrix element
(21) one should obtain the explicit form of the canonical trans-*formation from to ou i- operators; the decomposition of
(A.5) - form for the operators V ÍZ ) and (Z)

4>(x) = 4><->(x) + $<*Чх), ? (x) ~ P H(z)+

? H(z)IO>iri * $ H(x)K>xn 3 6 u i< 0 !fM (x) =• ̂ < 0 1 ? м( х ) * 0 ;

the generalized chronological coupling of the operators V(X). 
and y ($ ) which is the perturbation theory propagator; the an­
ticommutators of the operators V V ( X )  and CL(oni)t 

£  (cut) аз well as those of the operators (X), Ф (Z) and 
a + w , t+d'n); the probability amplitude for the vacuum to re­

main the vacuum to the zeroth order with respect to the radia­
tive interaction Cy

C* = out<0lU l°>tn= oui<°l°><n 5 (23)

the relative probability amplitudes of the processes in the ex­
ternal field which are t>f the zeroth order with respect to the 
radiative interaction

•ur /Я ... ( . . . ) -

- (ovii- I  M )... g* (in )... a+e (in) ... /0>. • C ' tV  •
(24)
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Let us now find the coefficients of the above-mentioned 
transformation and the representation of the (A.3)-type. Con­
sider the function Z f) which is the % representation
for the matrix element of the evolution operator of the Dirac 
equation with an external field Л (Z)* The function 
satisfies the Dirac equation and the condition

6-(CC,X')j =<$(X-X') (25)
Dor it the relations

f G (x,y)G (y ,x ')dy=&  x ')
/ (26)

g + (x ,x ')= & ( * ; * )
-v

hold, Dote also, that & (Z yZ l) is the anti commutator of spinor 
field operators in the interaction picture with respect to the 
field

[$(*), 4,+(x')]i.=G(x,x').
The function G (x ,  X ') may be constructed using any complete 
and orthonormal set of solutions { fK(Z)j of the Dirac equation 
in the usual way

=  Z  c f t )  4 *  x  . (27)
The properties of the function & (x, X ') imply that the opera­
tors Ф (Z) t V (Z ) satisfying the Dirac equation in the field 

A (x ) are connected for different time-moments by means 
of the function &(x,Zl) in the following way

Wx)~§6(x,x')4>(x')dx'}

P(x)^ J  p(x') f& ( x [  x ) f d ? ' (28)
The relations (28) allow us to find the connection between the 
operators { ü +(ou.l), a(ouir), iand { C l*(in),
d(Cn), §f( i n ifin)}. Put { = , 'i' ln (28)» «rite

the left-hand sides with the aid of the representation (18) and 
substitute the decompositions (10) into them, while the decom- 
positions (9) must be substituted into the right-hand sides. 
This yields

aVeu-i)~ §■(+!+)&(,n) + &(*I-) £ +(cn)
' > (29)
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a.*(„u4) =  a+icn) &.(+!+) +i(cn) &(-\+), 

t+(ou-i) = <$■ (~l+)aUn) ■+ §■(-]-) i %n),
Í(oai)— Q+(in) &(+l~) •+

&(~\±)mn~f Jbi'-* Í,ut,a Чл ) / „ dx'

&  ÍXm&í't», H J  % 0 ця<вг. (30)

Put ^ = ^cn f i  = i citj. in (28), write the right-hand sides 
with the aid of the representation (18) and substitute the de« 
compositions (10) into the right-hand sides and (9) into the 
left-hand sides. This yields

CL(cn) = &(->- l*)0-(o«t)+6(+l-)í'(ou.i), 

a+dn) = a+(oui)&(+U) +1foui)6-H+),

(> (to) — & (-1+ )и (oui) + Q-(-1~) S ^fou i),

é(cn) =  a +(oui) G-(V-i- i ( o u i)  в ( - ! - ) .

(31)

2* л-
The matrices 6 ("/± ) andG ( ± l* )  satisfy the completeness 
and orthonormality relations which follow from the relations 
of the (7)-type for the functions + Vn. ÍX ) and * 0 ^ ( 2 )  and 
the’ properties (26) of the function & (X ,z ') \

G(*U )&(+1*)+&(*!. )&(-1*1=1, GPU )&U*h № - ) Ш  7ho, 

G ( * r ) @ { * l t )  + G (±l~)G -(~ lt)=T, 6 ( t l +)G (+h )+ G (tl~ )§ -(- l? )= 0 '

Moreover

&(*!*)*• §(±П
By applying the relations (29)» (31) one may find the sim­

plest amplitudes (24) for the processes of scattering, annihi­
lation and pair creation, which at the same time are the gene-
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ralized couplings of the corresponding creation and annihila­
tion operators with respect to the vacuaou^Coland /0^

(Xm (oui) in (olU) = W ( m  n /о) =

= l~)}mn -  - {&(+!-) 6~Y-l-)}mn t

(in) = W(oim n ) =.

d m (oui) a* fa) = ur(m!n) ; л;

lm(ou()l*(cn) ~ UI(m In) = 6r~i(~!-)
t v w w v j

/U/7

fbm

Prom (27), (29) and (32) it follows that

0щ (oui ) -Z .W fm l^ )a n -  urfm
/V»

U o u i) = Z w (n lR ) t jC n )  + ZLus(£

a+  f a ) = Z . u / ( m ! n  ) a i , ( ° « t ) - Z .  и г (б !ё п  )4 t fa ) t

in (Cn)~ Z  UJfmln)§*(cui)-i2Lw(ojn í)Qe(in)

(32)

(33)

The relations (33) are the specification of the general repre­
sentation (A.3) for the case under consideration. It is seen 
that the t reins format ion (29) admits transition to the generali­
zed normal form with respect to the vacua ̂ < 0/ and if the
inverse matrices ) and & V~/-) exist, in full accordance
with the general requirement (A.4)*

From (33) it follows, that (32) are the only nonzero genera- 
lized couplings of the in  and out ~ operators. Therefore any 
matrix element (24) may he expressed, in accordance with (A.17),
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in terms of the amplitudes (32) only. Por example the probabi­
lity amplitude for electron scattering accompanied by the crea­
tion of a pair is expressed in the following way

iO'l m S ic \ ft) = UX(H lo) W'fni In) - urfmic/o) UJ(^in) .
Let us evaluate , To do so consider the operator V which 

performs the proper canonical, transformation of the £>7-to ou( - 
operators. (The condition under which such an operator exists 
nonformally will be obtained below when discussing the unitari- 
ty of the operator ' l l  )

CL* (in)
Cl (ои,ь) 11 < 1 a ( in)

t*(cn)
í  (W-é) (  (in )

V, ou.i<0l=tn<o lV . (34)

The explicit form of V may be obtained from the relations
(29), (31) by operator methods (Bagrov, Gitman, Schwartsman, 
1975» Gitman, 1977) or by using the general expression for the 
generating functional of the proper canonical transformation 
operator (Berezin, 1965).

Por the case under consideration we have, with an accuracy 
to a phase factor, the following

£2P0.+(i'n) Uffa-fo) é+(in)*jexp{o*(in) (nur{+l+)&(i‘n)j
T»

■exf>(- S (in .) ln  w ( - i - ) i  +(cn)J e xp (-  $(m) u /(o /- +) a u„)j
Prom (23), (34), (33) and (32) we get

Cv =cn<0lV lo>n = e xp l-H U w (-i-)T}=de i&(-!-) ■ (36)
Let us find the explicit form of the representation (A.5) 

for the operators V(X) and Y (X). By setting { = *п (^8)
and using the decompositions (9) in the right-hand sides we ob- 
tain ^

4>(X)= Z {an««)x(*l+in (<*)X(*)}

Р(г) - Z  l  a: (<») x  (x)+gn (in) X  (x.)}
n t

(37)
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(38)

where

Л  W  =  / б 7 'I. * 4 ,,) X  (x')dx'

ßnW =JX(x ')G (X ‘ l ui t X ) f d

Бу setting í  — "toué in (28) and using the representation 
(18) in the right-hand sides and the decompositions (9) we ob­
tain

V(x) = 7L{Orr,(cul)^m(x)+ iZ fa t )V m(x)}ГУ) •'J
/ V

p(x)= Z [aX ,(cuXt„ (x)+ *
where

t
9

*$m (x )=  J & i x ,  x ’ i o lil) * X ( x ' ) d x

X f d x [

By combining the relations (33), (37) and (39) we find

V(-4x) = Z  X  WÄ« A*), VXx)=Z~Ym(z)C  (ou i )
^  /VI #

rí_Vzj=Z X tt) 1ЛAn), r  (Z)=ZX„(X)a*(out),
П, m

(39)

(40)

(41)

X n  Ш = X  (x) + z icYö/ mnJ^AcJ = Z  b j(w  In  f t ,  Ac/
Y'rtA*) =  Х п щ - Х ~ ш (т  R jo ffm  (X) = Z .u r (n ln , ) y „ , ( X )

ГУ) *

У п М ^ Х  ( * ) - £ , UT(o/n m) fm (X)~ 22 Uj(m In y ' f  (x)

+ ̂ W + £ «V« m№)Xm (X) = Z tt/VOÍ lm) <ZAC)/Г) ^  f- ^  '

Consequently the following anticommutators are differetít from 
zero:

$ <+>(x’.)]+ =*Pm (Z)t [In, v ^ d  =  X « J  (42)
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~ f „ t4

The generalized chronological coupling of the spinor field ope­
rators has, in accordance with (A.12), (37) and (39), the form

P'WVAj

У<*> =cui<d>T f t*)%;/<?> • (43)

S b, y)= s  (*>4) , x ’ > f ,

~S(+)(x,y), * '< ¥ ’ • (44)

u n m

,izх а т л т - й ) )
ГУП) a

moreover S /#, yj satisfies the Green function Dirac equation 
in the external field J  ex̂ (x)

( id -  eÄezi(x) -m )S c(x,y) =. - S(x-y) (45)

and is the generalization of the Feynman causal Green function 
for the present case.

One can express in terms of 3 ^ ( 4) the anti commutators 
(42)

JPn.(X) = - i j s c(x, x ' i in) f %  d x \

-%(*) = i j f cft, ? ' i a i) f  yn(x')dz;

ß n ix )= i [ K i? )  §cm ln, x) dx>,

% (* ) =-1J V  (S') Sc(x 'iMt,

the current operator J (X) reduced to the generalized normal 
form with respect to the vacua ̂ < 0/ /C^.^

j(x ) = eM ?(x)$ >p(X)+ J(x)i
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0 (z)= oa4<őlj(x)\oyn . C v = ú i r t f $ c(xt X),
/"V*

S c (x , X) = £  [ < j c(x+o, x ) + S c(x,x-b0} ]  f

and also the amplitude £V. Indeed

Ői ín  C\y

Ő ß 1x1 (X)
,7(x )  =  L 'e ix j f  S cfXj x ’) =

where the operation Tr- includes а1во the coordinate integra­
tion. Then by using (36) we find

cr = ли £ti-)lr„s- eV {-Tzen f ^ r o} }. <«>
The perturbation expansion for the matrix elements of (21)- 

type may be obtained by representing the S — matrix in the gene­
ralized normal form v/ith respect to the vacua cu^<0/ and /0> in  
This can be done, as it is shown in appendix A, with the help 
of the usual Wick’s theorem far the T - products if instead of 
the normal products and chronological couplings their generali­
zed counterparts are taken. Thus the problem reduces to calcu­
lating the matrix elements of the generalized normal products 
of the following form:

Oui<ola<out].,. í(oué) .t, c... N I"* j c +.., ß*(m) fan)’" lô n
It is evident that this matrix element is different from zero 
if the sum of numbers of particles of each field in the initial 
and final states is greater than or equal to the number of ope­
rator functions of the given field in the generalized normal 
product•

Consider the case when for each field operator V(X)f *У(Х) 
A (z ) taken from the generalized normal product there may be 

found a corresponding operator Cl+(in) , l*(Cn) £.+ from the 
initial state or CL(cui)f é(oué), £ from the final state which 
will cancel it after the commutation. Such matrix element can 
be represented by the usual Feynman diagrams with the following 
rules of correspondence:
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1. Electron in initial (final) state with the quantum num- 
ЪетП(т) is represented by the factor + Yn,(x) (+ Ym (X)J

2. Positron in initial (final) state with the quantum num­
ber П Cm) is represented by the factor JPa (X) (~ V m(x)).

3. Internal electron line directed from the point X ' into 
the point X is represented by the generalized coupling

-c Sc (x,x').
4. To the closed electron line the generalized vacuum cur­

rent 3 (X ) is put into correspondence.
5. Contribution of every diagram contains the amplitude C ^  

of probability for the vacuum to remain vacuum as a factor*
The rest of the rules of correspondence are the same as tho­

se in the standard QED (Bogoliubov, Shirkov, 1959)«
In the case when the number of the spinor field operators 

in the initial and final states is greater than that which is 
necessary for the compensation of the generalized normal pro­
duct, the matrix element is equal to the sum of products of con­
tributions, coming from the Peynman graphs arising due to the 
"interaction" of the generalized normal product with the opera­
tors of the initial and final states, by the amplitudes 
ÍLГ (m ••• S,..ln ) coming from the noncompensated creation and
annihilation operators of these states.

2. Unitarity conditions

a) Consider first the problem of unitarity of the spinor
/ V

field evo3.ution operator M in an external electromagnetic 
field.

The conditions (1.8), assumed for the spinors of the initial 
and final states, ensure the unitary equivalence of the Un- and 
ou t — states operators. Therefore from (1.22)jit follows that 
the existence and unitarity of the operator Ы are connected 
single-valuedly with the existence and unitarity of the opera­
tor V  fixed by the conditions (1.34). The latter exists and 
is unitary if the canonical transformation (1.29) is proper.
The question whether the linear canonical transformation of the 
Permi-operators is proper may be solved according to the theo­
rems suggested in (Berezin, 1965» Kiperman, 1970) in the same 
way as it is done in item a) of Sec.I when investigating the 
transformation (I.14). Taking into account properties of the

««V

matrices & ( - U )  we obtain the corresponding criterion
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(i)

We will show that the left-hand side of the inequality repre­
sents the total number of particles created by the field. To do 
this we calculate the absolute probabilities of electron creation 
at the given quantum state H^ and positron creation at the gi­
ven quantum state By using the formulae (1.29) and assu-
ming that U is the unitary operator, we get

/г* = 2L ^  и ^<0К (° и Ф т  (°ui)g (out).,'
■){*<) 1 € 1

(ou*)UlO>. I ~ tn^OlU Clm (ou{r)dmfiPui)bi/<?> -
ttX L'n

(2)

= mm ,

(3)
2 - Iou-i^ ftout)... (ou-i)tf (otlC)( (out).,,

/V ^

к (o«i)Ulo>ínl =ln<oiÜ-lés+(c,a)ís(cut)Űlo> =* cn

= l& (~ L )G -(+ l- ) }ss.

According to the Pauli principle, expressions (2) and (3) are 
also the mean numbers of electrons and positrons created at the 
given quantum state. Thus the total numbers of electrons f t *  
and positrons rC created are equal to

п+= {г  :(-l+)tn~=H & (-U )eU I- (4)

respectively, and the left-hand side (I) really represents the 
total number of pattid e s  created. (It is possible to verify 
that =  so the charge conservation law is valid for this 
case.)* л/

Thus the operator 1Л is unitary if the total number of crea­
ted particles is not equal to infinity. It is evident from the 
physical consideration that the latter is always valid for a 
system placed in a finite volume \ /  and for a pair-creating 
field acting during the finite time interval. If the external 
electromagnetic field is such that at \ / -*■ o ű  and during the 
infinite time interval it creats the infinite number of pairs,
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then according to the previous discussion the evolution opera- 
tor ' l l can not be unitary. ^

Note, that the unitarity of the operator U  for the case 
of a constant electric field has been proved in (Nikishov, 
1974)« However, the problem of the conservation of unitarity 
under V  c*> and for the field acting during the infinite 
time interval has not been investigated.

b) Let us assume that the conditions under which the opera- 
tor Zt is unitary hold. Then the scattering matrix in the 
external field is unitary (see (1*20)) due to the unitarity of 
the total evolution operator of QED (Bogoliubov, Shirkov, 1959; 
Akhiezer, Bereztetski, 1963)

<*w Л» Л.
s+s = s s + = г

Л*“ _
Write in the usual manner SI = J  + cT ‘y then T T
If / t ’tt> is some initial state and { £  o u i \ }  is a complete
set of final quA — states, then one can get

Z l f o Z U T h n ^ Z l n  < w | f l w > ( (5)
f  ou.il = -c ouij U .

The perturbational analysis of (5) creates a number of diffe- 
rencies from the relations which are usually obtained in this 
way. The matter is that the propagators for perturbation expan-^ j—»j-
sions of the matrix elements ^ 0 tU \T  h'n. > and < tn lT
are different: in the first case it is the generalized chrono­
logical coupling (1*43)

,< о I г 9m  9M lo>  -C ^ = -  1 x %
OUA on v

and in the second case it is the chronológical coupling of the 
following form

in<°IT № ) Г (x’)io>M = - i x

Xo > x jt 

X o < X . ' ,

(6)
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S '*> (x.x') = /'2- Чл (х)Ул (*■')
Besides, there arise singularities which are due to the possible 
particle creation already in the zeroth order of the perturba­
tion theory with respect to the radiative interaction. To illu­
strate the abovesaid we will write the relations which follow 
from (5) in a number of cases, corresponding to the different 
choice of »7|- states. While doing so we will restrict ourselves 
to the comparison of the left- and right-hand sides of (5) in 
the second order of the perturbation theory with respect to the 
radiative interaction.

a) Let lin > = lo\yL$ then
/V/ /V

p* Z Z  (Ы ty Z L  SnJou.ij.~-
k i t - 1 Í 1 jT ь

C I , H  / * - Z ~  ( " ! ) - * l £ f

nj*

i-ij
V-i- p =V*

=  2 + o — o (?)

Here and elsewhere the following abbreviations are used:
m

l = _ — a' К  Ä)
rrt -v
=> •  VmU’j,

гг х*Л<ч n

1 ?  с , Pr m'IC * l ,
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The left-hand side of (7) is the total probability of the photon 
irradiation when electron-positron pairs are created from vacuum 
by the external field to the lowest order of the perturbation 
expansion,

b) Let 10%п then

S //
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The left-hand side of (8) is the total probability of transition 
from a single-electron state accompanied by the photon irradia­
tion and ci'eation of pairs in the external field to the lowest 
order of the perturbation expansion,

c) Let /tVt > * Cfa / 0 then

(hfl) I ОI (nJ0iL̂ )^ én^0Ur̂ ) *
N {*){rx) "

' L i f j ( z ) j ) i x ]  dx j ch  io>. j z =■ 2H L  
1 "*
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The left-hand side of (9) is the total probability of the pair 
creation by a photon in the external field to the lowest order 
of the perturbation expansion.

The consideration presented here shows that the existence of 
new channels, which is connected with the possibility of pair 
creation from the vacuum by the external field, modifies the 
calculation method of the total probabilities of transitions, 
based on the unitarity conditions. The main special feature con­
sists here in that one should calculate the diagrams, which are 
subject to cutting, with the aid of the electron Green function 
^ the latter differs from the causal Green function S , which 
appears in the perturbation theory for the matrix elements of 
transitions. Moreover, the external electron lines of the dia­
grams, which are subject to cutting, differ from the external 
electron lines of the corresponding diagrams in the perturbation 
theory for matrix elements of transitions.

In conclusion we will find, by using the definitions (1.43) 
and (6), the connection between the Green functions S' c (X,Xf)I Iand S (%/£)* Both the Green functions satisfy the same equa­
tion (1.45) and therefore they differ in a solution of the cor­
responding homogeneous equation

Scrz .*> ) = (I0)
(x)-m) S*(x,x') = o>

By placing the complete set of in- states in the expression (I. 
43) between the QUi- vacuum and the sign of T*- product and 
using the relations (1.37) and definitions (1.24), we find

ZL ur(oln K)in<OlQK (Cn.) b(ia)T$(X)V(X*) I0>. r
ПК * W»

Z. У  я (X.)uS(Ol П К ) ft 
me.

( * ' )
(XI)

One can obtain in the similar way

(12)
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F o r  t h e  e x t e r n a l  f i e l d  i n  w h ic h  t h e  i n  -  v a c u u m  i s  s t a b l e ,  t h a t

is invariant with respect to the operator l i  the difference
between S c and S c disappears. In appendix В the functions b  

&and S c will be calculated explicitly in a number of configu­
rations of the external electromagnetic field.
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CHAPTER II. QUANTUM ELECTRODYNAMICS WITH INTENSE 
MEAN ELECTROMAGNETIC FIELD

§1• Vacuum, initial and final states

Here we will consider the problem of building of initial and 
final states for the processes in QED with intense mean 'electro­
magnetic field. When doing so we will start formally with QED 
with the external current J(X) but without the external field.

Let and i ou _̂ be the initial and final moments of time
which in the final expressions will be understood as moved to 
infinitely remote future and past, resp. If the external current 
is switched off in the moments {  . and the mean valuesin  > Oict
of the electromagnetic field disappear one may as usual assume 
that since the interaction is sv/itched off when t  ± 00 
the initial and final states are free states with, say, a defi­
nite particle number.

lcn>=Nc+... é*...a*..io>h , (1)
Here { a \ < x ,  6+  'are operators of creation and annihilation
of free electrons and positrons, {C* Cj are the photon crea­
tion and annihilation operators, /0> is the vacuum of free 
particles № > /0>c • / О > * y I 0 > e f 10)> are the correspon
ding vacuum vectors in the Hilbert spaces of states of the spi­
nor and electromagnetic fields, N  is a normalizing factor.

Consider the case when the external current and the mean 
values of the electromagnetic field do not disappear at t c n  f  

é eLi{ . , Note, that whereas the external current and its values 
at £ Cn íou.é may given arbitrarily and the mean value 
of the electromagnetic field at t e n  may be also chosen rather 
arbitrarily, after that the mean value of the electromagnetic 
field at is to be determined by the QED-equations and
initial conditions.

Assume that at the initial moment t e n

< л  >" / = я  1>7 х ) л  >"/ =  J ‘n( x )  (?)
'* Чел

where > *** stands for the mean value. Define the vacuum at 
the initial time-moment as the state I 0 > th which minimizes 
under the additional condition (2) the mean value of the total
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Hamiltonian of QED with the external current which is taken 
at

We write the total Hamiltonian with the external current as

Ц, =/•' VYx)(-l/v*m )f(x):cfx -21 n£  с~л +•
/С A

*■■jjtf)A(x)dx+ ̂ix)Mi)dx =  3fe 3f3t
O )

.1
A(x) = Z UVk) г(с?х e ucx + - ere *: ч

c ~- e > г л ,+•

j & )  = f [  V(x)h ¥&)].
Then the vacuum /0Л- is fixed by the conditions

.<0/ Ж3Ю>Сп -m in > i=ic,<-n t ( O

(5)Cn<OlA(x)lo>iri - A Ln(x)> irS OlJfxj/ô  >

where the operator
a -*• . y  ( X- 4- -*лГхч

A ( x ) ^ - l Z ( z v )  ( c ^ Q  - c Ä e >ел

whould be normalized and belong to the Lorentz set. The latter 
requirement is fulfilled automatically if d ß A *  ( x )  =  0  and 
we satisfy conditions (5).

Since ^tH is recognized as inifinitely remote past time-mo­
ment one may as usual assume that the radiative interaction 
between particles is effectively switched off at é t f t f This 
gives the reason to look for the vacuum /0>t/t among the vectors 
which are the direct product of the vectors l o £ „  and 
taken from the spaoe of states of the spinor and electromagnetic 
fields, resp.

I0>*  = l ° &  • l o £  . (6)
In this case the problem (4)-(5) reduced to finding indepen­

dently the veotor /0 >£n subjected to the conditions

in<Ol 10 ^ men (7)
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ic< o iM (x ) \o y ^ /n(x)i J<olM£)lo>*=.Mínfx)
€and the veotor /0> subjected to the conditionin

cn<°l <Kji l°% n -  m m ,

%eA = f: V(%)(-iJVf-eJ)in(x)i-m)'V(x) :dz

(8)

(9)

(1 0 )
у

We look for the Ю > - п  among the vectors that minimize the mean
value of the operator

=  3 f j+ Z .% x x K- {2 j? J in ) CK* j, (1 1)
where ( C n ) are the undetermined Lagrange multipliers
which are to be found from the conditions (8)

t
Ú1 Л • cn..*<0Wj №>i -m in (1 2)

It is sufficient, however, to demand the minimisation only of 
the transversal part of the mean value (12) sinoe the states of 
longitudinal and time photons do not contribute into expression 
(7) which as a matter of fact is to be minimized.

Let us diagonalize the operator (11) by the shift

(Va (C n )  +  ( i n ) 9 C ? A = C ? x ( i n ) - h  2 * ^  ( i n )

^  (Cn))Z
Kk K.A

(13)

which is a canonical transformation. It is seen that due to the 
above mentioned remark one may choose for/0>t.n the vector sub­
jected to the condition

C-Z\(in ) lo > ( - 0, Л . (14)

If ( i ' n ) j  < oo the transformation (13) is proper and
equation (14) has the solution /0>f^ with the transversal part 
lying in the original Hilbert spaoe. The operator of the proper 
oanonioal transformation (13) can be found:

с Кк ( с П ) ^ Ъ Ш с п ) ) С ^ л 

C$x(in) = D (iM i) cL U i (Kcn.))> (15)
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] ) ( ! ) =  e x p Z g xx { c , Á - c : j  (16)

C o n s e q u e n t l y

I0>fn = Ъ(*(еп))Ю>\ ( 1 7 )
The vector lO^cn is the coherent state of the free electromag­
netic field (Glauber, 1970). By substituting (17) into (8) one 
gets:

£
Note, that when defining the vacuum vector /0 \ - п we do not ex­
ploit explicitly any information about the value of the exter­
nal current at ~é. .It is however, implicitly present in the ini- 
tial mean values of the electromagnetic field ( Я ‘ п( х )  Я  Ln( £ ) }  

which are formed by the field for which the current at i t n  is 
responsible and by the free initial field.

Y/e define the excited states of the electromagnetic field 
above the vacuum (17) by requiring that the relations (8) are 
fulfilled in these states while their energy differs from that 
of the vacuum /0>ti1 by the energy of the corresponding number 
of photons. These states are

((У*
\г и п ) п '/= Т ) (г (с п ) ) \п ^ = 3 (ц ,п ) )П  j===~ I о /  (19)

t'A-v. VnKX!
We call them semicoherent (Bagrov, Gitraan, Kutchin, 1976). It 
is evident that 1 1 ,0 ^  is a coherent state, JO, is Л. -pho­
ton state. For the fixed £ the set l2 t n ' /  is complete and 
orthonorraal. For the fixed A2- the completeness relation

j П  ^ 1 г , п > * . < 2 , п 1 =  I

is fulfilled. The mean energy and the mean values of electrornag- 
netio potentials in the state л /  are:

klCi'n), nlTfJZUn),rt/= ZL f
" *,**J,Z ’

к  ' l ( i 'n ) ,n lJ \ ( % ) l l ( c n ) ,n '/  -  J \in ( X ) r

к  2(‘п), n lÁ (x ) ljL (c n )t n / -  Л ‘ п( х )
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The states /£ (Cn)f П may be written as

m * ) ,  n  n
n?К  A

,_____ , lo > ?  .
/ Л Л  / ‘a

To find the vector /0>* subjected to the condition (9) sufficec/1 4 '
it to have the solution of the eigenvalue problem of the Dirac 
Hamiltonian in the external field A t n & ) \

К - X f t  = A  Л  ft,
2fJ‘” - X ° ( - C fv

which obeys the following requirements:
I) +&rt О V fb and there is a gap between the positive
and negative levels
II) The spinors + V r \ ( & )  form a complete orthonormal set of the 
functions in the space of X -dependent spinors

(*fn, jfn<) =d>nn' , (±v*> Уп>)=0.V)= V(x)dx,

Z  L X  f t X f t ) r X  f t X (*')] = ä (2 -x ')
n

III) The spinors obey the condition

(20)

Z  (I(X,X)i*+ l ( X , x )1 г}<~,  C2 1 )
nm '

where
X ( x ) =  Xftlj.-r,_o

Indeed with the use of (20) let us decompose the spinor field 
operators У ( Х  ) and < p ( z ) into sums of the solutions x m

V(Z)~ Z  {an dn)Xft+i*fa)_Ynn *

V(X)= Z  { (in )Д (x) + tn (in)fn (X )}.
(2 2)

Then the commutation relations for V  (XjféZJa.nd eqs. (20) lead to 
the fact that the operators ( c L ^ f t n ) ,  C Lttn), (  f ( £ n ) ,  

axe Permi creation and annihilation operators. The Hamiltonian 
(10) diagonalizes in terms of them

2- (i/i)U n (in )-_£ri &n fcn) {c/l)J *  X f (23)
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Неге X  is an undetermined constant. Consequently the vector
jo y satisfies the condition 'in

an (in)/o>* = Sn(,n)io fn =о Vn . (2/0

Equation (24) has solutions in the original Hilbert space if 
the operators {(L*(t’n G * U ' n ) ,  С(сп)] are unitary-equivalent, 
to a complete set of creation and annihilation operators for 
which the vaouum vector exists (Berezin, 196.5). The set of crea­
tion and annihilation operators of free particles {  Ctff 0.} ( j
is an example of such a set:

n t ) = z .  i a :  X ( z ) ^ n f : ( x ) j .

The comparison of (22) with (25) gives via the relations (20)

(25)

(26)
Af M  = a„ <v*j, A- (̂j = 4 A + = «*, A- = A ,

Уп+,m .  ~  X - ,  Л 7- =  ), Yn-,mt - (-fn > Ут )*
The transformation (26) is proper and the unitary equivalence 
needed holds if У  is a Hilbert-Schraidt operator (Berezin, 
1965; Kiperman, 1970) which corresponds to condition (21) in 
our terms. It follows from (23)-(24) that ( d f(in)9 a(in)t fan), ifa fy  
may be referred to as creation and annihilation operators of 
electrons and positrons in the initial time-moment A. , In ac- 
cordance with this the states with definite numbers of electrons 
and positrons at t in  are built in the usual way.

The general form of the initial states with definite numbers 
of particles at in accordance with the above mentioned con­
siderations must be as follows

Un >~fjc*(in),., î n)...â n)..Jo>.ri , (27)

Analogously one may build the final states at i 0(j .  • under the 
condition that the mean values are found:
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a  >м I =  л  } <л >7 = i°“V ; . (28)
^  4oai(The mean values (28) are, generally, different for different 

/m> states. The problem of their determination is discussed 
in Sec.2.) Then

C jtjou i) ^2)(Z(cui))eZx 1>Ъ - l Zx (out).

c2a (w-i) ~D(2(«utí)Cgx D~(i(oui)) = Cm

(ou-i)= Щ ;  fob, A * e'^cß,

(29)

ouf< 0 l — *<0! D ' (30)
$ /Note here that from the fact that the vacua / 0 ^  and Ы <°1  

belong to the Lorentz set it follows that % (in*) -  j?-* (°Cn) 
The electron and positron creation and annihilation operators 
at are fixed by the decomposition

(31)
f(z) = H ( a m (ouiffm (X) +C(out) ~fm (2)},

Г П  7

V (x )= Z { a +m (out) %  (X) +im(out) y m( x ) l

where the spinors (Z ) are chosen from the solution of 
the eigenvalue problem

Щ>°и* =  у ° ( - ( у 7 - ь е А Ш(х )-о т )

satisfying conditions I) - III).

0J<olam (oui) =ko! C(°“i) = 0 , Vm .
Consequently the general form of the final states with a defi­
nite number of particles at i .  is

I =  0Û \QlQ-(°u£)~. t f a l U  C(out)*>'tJ,

out<OI= eui<01 • J < 0l .
(32)

7For future it is important to note that the above introduced
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írt- and o u i- creation and annihilation operators are inter­
connected by linear canonical transformations, these transfor­
mations being mere shifts for the case of electromagnetic field 
operators.

2* Mean field in quantum electrodynamics

Consider here the problem of determining of the mean elec­
tromagnetic field in QED with the external current. We assume, 
for definiteness, that the initial states maybe given in the 
form (1.27)# Then the problem reduces to the calculation of the 
following average

< A ( X ) ^  =* < cn /J jfz ) I Cn> , (I)

where X(x)= U j ( U  in ) № ) и у (ц .п), and ' l l  у  (éécn, ) is the evolu­
tion operator of QED corresponding to the Hamiltonian 3fy (1.3)* 

It is convenient to treat the proposed problem with functio­
nal methods* To do so let us add the terms, corresponding to 
the interaction with the external sources 7(X)} ^ (X )> )
of the electromagnetic and spinor fields to the Hamiltonian 
of QED with the external current J (x )

Jtj =Ж0 + J(I(X)A(Z) + nx) >?(X) + >?W Wx)] d£.
Here and elsewhere we shall prime the quantities taken when 
all the external sources are present* Denote as ' l l  у 
the evolution operator corresponding to the Hamiltonian

(  Vy = lÁ j ( ioui i Ln J) and introduce the generating functional 
which depends on the doubled number of sources

Z 4 „ < 0 I h ) u ; a , i  > л о > л , (2)
ZM -1, L ’and may be also written in terms of the matrix of scattering 

by the external sources in the Heisenberg picture (Pradkin, 
1954; 1963a)

l  " = cn< o i s '  l ( i z p j s a j t  pt )io>in t
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= fexp l-ij[l(z )Ä (x )i- #(x)t(zM (z)W x)]dzl 

Ь '~*(!?*)=■ « у / ;  j[ i(x .)Á (x )+ m )^ Z)+ 12(oc)m)]dz}T 

fax) = ) r /x ) Uj(Uin m j = ..., f e j = ,

It is adopted here that the symbol T  when placed to the 
right of an operator functional arranges the operators invol-^ 
ved into it in the antichronological order. (The functional^ 
in the form (3) was considered in (Fradkin, 1964) when the ge­
neralized unitarity relations for the exact Green functions we­
re being obtained.)

Define the Green functions as the functional derivatives 
of the functional £  M with respect to all the sources by using 
the relations

n+m + y) £ /

6 W -  hb*)h(b)»A(**)&Uh)"- a*)

= H )  n+V o  ms ' f [  ffa...f e j f e j . . .  f e w f e j . . . A (i< )]t

_____________ < Г ^  f e ___________  =  (4)
^ í (xl ) ..JY l (xn) ő ^ ^ i )„ , ) d ig  (Ь )

- ( И П*% Ц т[  fej... femjfej... f e j  T ] f e

Then ^  x'y'í'J =

_  H
. 4.m1, nu-^'+n1 ̂ п+л> + \>+ n'+fű Z "

?* ^  r t l  s íd ',’)

4=i,2
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r o / 0 -  H i ' r )io>Cn (5)

The sign of the T — product in (5) acts both to the right and 
to the left.

The Green functions (5) give the possibility to find the 
expectation values of the Heisenberg operators with respect 
to any th- states, for which the creation and annihilation 
operators may be expressed explicitly through the field opera­
tors in the Schrödinger picture or, what is the same, in the 
Heisenberg picture at r = ^or example we will get by using
the relations (1.22) that the mean field in the system with the 
initial vacuum-state and in the system with an electron in the 
initial state is

< A (x) >M= < oiA (z) l o ^ = 001 (x)>
v/ (6)

<A (z)>H = in<oian(in) А(х)с£(сП)Ю>.п ~

~ ft?n (у) ̂ toô ot (У>2 x) (2) dud? I
*

respectively.
To determine the mean field (I) let us build the perturba­

tion theory in which the interaction with the external current 
and the mean initial field is kept exactly. Por this pur­

pose represent the evolution operator V y  in the following way

k̂'n), Ű(ééin) = TezpI-i j íVűfrj
~ I 4 . >~ « ‘in
^  =  Щ +  +  Jj(?)AM(x)dx,
3 (ain) = exp (-i f  2(XIAH(xidxj Tezpf-i j  [ J(x)A (x)*

* a in __(7)
+JYz) A (x) * 4>(x) p(X)+ pm  nx)]dx ,

A H(x) = Cn<OlA(x)loy A (xi = A(xi- AH(x)
I Л  f 9
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er
W x ) =  I T  UtCn) f ( x ) u / « * ) ,
é0̂

j(X)= Ü'4ncn)j(x) U(HCn),
/у /v 1-JV

( c d - e A H(z)-m)v(x)^ot afi(x)=J{x), a i ( z )  = o.

Then the generating functional (2) may be written in the form

Z i , - r j ) ^ ( X j L s _  . £ , £  i . ) r

& ' ( I f p ) = T e z / } { - í ( l A + f i ?  + V f í ) ]

{!??) = ezp{iYIJ +-?? + p<p)jr.
<7 MOne can derive explicitly the functional £0 by using the 

following formulae which are the generalization of the formu­
lae (A.16) and may be easily proved

<Tf ~ < o i T f < f i o > t v f  =  <,f4'=<oi<p<pTio)>,

By deciphering the abbreviated notation for the case under con­
sideration we get

where

2  " = « p  < l \  s cf i * f, - », -

Í Í W .  *1гВ/Г, * 1 Х 1 г 1 Л Ш
(Sr ff

= i ín< o iT  v ( x ) y o j )  io^ a '

§f (xy) = iín<0l P(X) yq) Tl0>h t

S H (xy )  -  i ^ O I  ?(x) 4>0j) I0>n
(8)
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§м Щ )  = С^<оМу) Y(x)lo>.n;

Ч  fry) = - iin< 01 Tß (x)ß fy)lo>.n ,

Do fry) - -<•'.»< o\l(x)ß(y)T)o>cn

4 Hf r y ) = - i , n< o l i  fr)A(y)lo>.n i (9)

Ч ^ у )  =  ccn< ^ í ( y ) lm \ o > , n = - d / V j

The final expression for £ may be written in a compact form 
by introducing the matrix propagators and the vertex

(10)

Note, that the canónical transformations connecting A 
/0>c>t with the corresponding free quantities are shift 

transformations of the free creation and annihilation operators 
of the electromagnetic field. Therefore the propagators (9) coin­
cide with the corresponding free propagators and are denoted 
in the standard way.

It may be shown, for example (Bagrov, Gitman, Kutchin, 1976) 
that

I f , , .  I ;Dĝ fr-У) J(y) d<j+A(z)- ( i 2 )

where A (z ) is the vector potential operator in the usual inter- 
actioh picture. Then from (7), (12) and (I.17) it follows that

A H(z) = $ l ) ' l i f r - y ) 3 ( y ) d y  + A in(x)t ß i y z ) = L < o /J )fz )io > h '

QA*(X)=J(x), o i ‘V ) = 0 ,  (I3)
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where Л (X) is a free electromagnetic field, which at the ini­
tial time-moment coincides with the mean field in the system 
(see (1.2), (1.5))

A infz)L - J in(x) j  ‘% j /  =  Äin(x).
One can obtain an analogue for-the Feynman representation 

of the propagators (8), the first two of which obey the equa­
tion (I.I.45) with the external field A N(X) while the last two 
obey the Dirac equation (I.2.10) with the same field. Note, 
that the propagator 3 ° has been already mentioned in Chapter 
I, Sec.2 in connection with the unitarity relations, and at the 
same place their representation over the solutions of the Dirac 
equation (1.2.6) was given. In the same way we get

>

5#
Scuy)= j  s H ( 4 )  > x °>4°.

j,

( Щ ) ,  * ° < y .

(14)

Here n (X) are the solutions of the Dirac equation in the 
external field A *  (X) satisfying at the initial time-moment 
the conditions (x) - ̂ fn (x  ) where the spinors Jfn (z)
are defined in Sec.I.

The representation (10) for the generating functional £  
is equivalent to the perturbation expansion and diagrammatic 
technique for the Green functions (5)» wherein the interaction 
with the current and the initial field is kept exactly. The sa­
me perturbation theory one can obtain by the straightforward 
usage of the Wick technique and their generalization in the 
sense of the appendix A, if one writes with the aid of (7) the 
Green functions (5) in the form*^: I)
I) The construction of the perturbation expansion and diagramma­
tic technique for the Green functions of the type of 4 M90*, Л/ЯЦ, 
in statistical physics was considered in (Keldysh, 1964) by or­
dering along a contour.
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^  /V

# L Vt„v/ 1П<01̂w z j r fM . "  Щ ту 

1(1,)... 1 (2„)ТП*!)... У(х‘п)Р(у1)...У(у'т$(з',)... Ы ) Ь о >(п,.
The diagrammatic technique in terms of the matrix quantities 
(II) has the Feynman form. Thus» for example» the expansions 
for the mean field iii the cases when the initial state
is the vacuum state or a single-electron state have, respecti­
vely, the form

M
h xti (15)

(16)

Here
= r

,y) ^
■° = $ыУп (Z)ő(x 0- i Cn),

-  e<rw
The shaded circles denote the sums of all the connected Feyn­
man diagrams with the corresponding number of the external li­
nes and with the matrix vertices and propagators (II)*

For the generating functional one can get the following set 
of the functional equations

О  [(1 W+I.(x))lH- eitv̂r=r-— :-]#T.(x\ L' ő 0$ (z)iMZ) J,

( e i n - » ' «  : (17)
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The equations (17) under Л=4 coincide formally with the 
equations for the generating functional obtained in (Fradkin, 
1965a)• The equations (17) generate a set of equations for the 
Green functions H. bet us introduce, as usual, the functional

W  M -iín i M , (18)
which is the generating functional for the connected Green 
functions, and the following definitions

S w  * SlwM

SlklX)h*4*o dJX)’ 01ь(х.)ЦЦ)1^}ш0

< r * w H

l i j -p=c)
= / i-Л -

(19)

After the differentiation of the set (17) with respect to the 
sources we get, by taking into account (19), the following

*-irr^ JSxx(XX)
1

e d*tx)-™ ♦ il-l)ht j\jx})3AfiCry) = (-L)̂ ( f (x-yj,

0<±x (x ) =  ( - i ) Á 1 [ J U )  + J x ( x ) + te i i f l2 x k  i * z ) ] . (20)

The set (20) is an analogue of the Schwinger set for the case 
under consideration* It may be transformed, like in the usual 
case, to the integral form

'■“ Á" ‘ e i V  " - 7 0 *  е л

Г  í 'fu j . x —  ÖSif, (xy) .д-i ÖX-ip, (ХЦ) £  n
V ‘ 1 ё Т И ) ~ ( ]Q-ffcLv (3r)

■6Л0 ( х - Ч ) .
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Плр (xy)= d 'jQ díc /l'

t y )  =  r-iЛ  £ *//■£* (xX>)  rzf i 1 ( t y j D t A  ( * * )  d x  t e ,

a  \  m -  M x '* «  3 / *

f d  + l - í )  Áe t e  (z)-rnjSAf) (xy-  (X I)  te  a l * y ) d i  =

~ ffx -y ),

ü  (z ) =  f-/) 3(x) + TK(x)i-ieU/  <?AA (2I)

Under T \ * 0  the iteration of the set (21), starting with the 
bare Green functions, the vertex (II) and the field o(.%(x) = 
Ы ) х~л A H(z) leads to the correct perturbation expansions 
for the corresponding exact quantities.

yrfLet us now construct the effective action / (d.) which is
connected with the functional W  ** by the Legendre transfor­
mation. (Later on we will put everywhere the sources p and p 
equal to zero).

r HU) =  J o t -  WMf (2 2 )

where the sources I  in the right-hand side (22) should be 
expressed through oC with the aid of (19)» From J1/1 — 1
and the relation

< A (x )> f i= in<O lA(z)lo>.n =  d l rz)l^ ~cLt ( z ) \ . ^ 0 i (23)

it follows that the column о(A (Х )л (-1 )^< А (Х )> Н gives the 
extremum to the functional Thus the finding of the
functional r MU) is useful, in particular, since it enables 
to get a closed equation for the exact mean field (23).

When obtaining the effective action for the mean field which 
i s  related to the more complicated initial states with the non­
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zero number of charged particles, one should construct the 
Legendre transformations of the higher order.

We will obtain the explicit form of the functional Г*(оС) 
in terms of powers of radiative interaction, the interaction 
with the field A * ( X )  will be kept exactly. To do so intro­
duce the quantities

Z * = e x p (£ lA » )2 M,

w ^ c e n ^ w M~icl* ' (24)

r H( d [ ) = r Hu )  =  I d - W " ,

We will get to the zeroth order with respect to the radiative
, £4interaction, by using the explicit form of the functional £ 

(10), the following

4 Г = ezP ( - T i m ) ,  w *  =  I т т ,  

4 , = ^ ,  % № ) * * & & %

К  -  ^
od-i

V ° , v i j ß  -  i j Z .

Por the quantities

й/” - й7*u й Г иа ) = Т н(1)-Г(0*Я)
we will get from (22), (24), (25)

One can show (Vasil*ev, 1976) that the Legendre transforma­
tion of the functional of the type of_̂  W M leads to the sing­
le-indecomposable diagrams for the Д Г* only. Therefore we 
get, finally, by taking the single-indecomposable part of (25)

(26)

r HW  =  r ^ ( l ) - ^ J . b ' lJL -  ang le -ind .pax l aW "(l-D ~ a ) (27)

The functional Г М(вL) is equal to zero in the stationary po- 
int since it coincides with IVH ( I  = 0) = О in this point.

By doing the partial summing in (27) which is equivalent 
to the exact keeping of the interaction with the whole field 

(h у we ge t

/
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ГНЩ  = г н («0 = 4 ̂  °) * (28)

+ 1 Тъ I f i  ^ single-ind. vacuum diag. ^ W(SU))
S U c )where

(i§-e(-i) Á-1 л 
<*Ä

$ ( + ) U i )

S ^ U i ) .

Those external fields, for which the Green functions are de-
■(Z,termined, are shown as arguments in the matrix £(oc) .

The two first terms in the expression (28) correspond to 
the one-loop approximation. The equations for the fields 
oL,(x) and dz (%) are independent in this approximation

□  oi4fx)= i t  Ь ь у  S C( y } x \ U i )  t

— D  cL%(x) - (x) *i 6 ~fjb у  £  X I - <̂ 2̂ )
(29)

c ^ cIn view of the fact the functions S and S are de­
fined in the same way in the case when the time variables 
are equal

S c(x,x) =  ^  £  S  <V * + 0 /x ) +  =

= S  efc»x)- ^  [ s z(*+ ° ,* )+  Í



47

It is clear that the set 29 has a solution

*(*) = { ^
what is in conformity the expression { 23 ) •

The equation (29) for the mean field can be rewritten in a
form
U  □ (Г(х-2)- П(х-*)] ̂ (2)12= 3 (x)*

. 1 ,irefw , ч r W l < 4)
+  - t e h  0 . * K )  ^

where

(30)

J
ь(~оЛ

ГКК'Н.) = i  ъ h  У/ d i  { S cCK-i) K'S16 Ci) +

+- f  w O - a )  ;
л е ю *  r f f K j -  л.1Ргл r T c K j i  I k r f a O

pn ba g *  ~ s
(32)

O-ti)"
In Eq. ( З1-ЗЗ)
The program of renormalization and the subtraction of infinities 
in the set of Eq. (2П  and (30) can be performed by the same method 
as in the usual set of Green-function equations in an external 
field /see E.S. Pradkin (l955) and ( 1965a)/. This is a consequence 
of the reality of the renormalization constants and the infinite 
mass corrections. Thus, for example, the renormalized equation for 
the mean field 0̂ , (. *-> = < 4 o o  > has the form

(3 Oc)

nÄ C(0 * Q Á  П ^ С к г ) ~  O'6 -  к



In two-loop approximation we have

i l l

ti r ÍV

s. О»- СМ(*ьЯ*> - +

^ Í 2 ^ J i b Лt j

k ^ }< 4>) ^ y>il<A^  1ч»ь) * isT ]

í c ( с ^ к  4>) y í t+)t

t 0'> ( у  I fb> IX, *X4 >)£ (г,%|-<*>) 7>CC'b fi)

)- s
fcr,

J

3. Perturbation theory for matrix elements of 
processes. Contact with the Furry approach in 

and external field

Let us assume here that the initial and final states in QED 
with the intense mean field are constructed in the way suggested 
in Sec. I of this Chapter. Then the matrix element of arbitrary 
process between the states ^1.27^ ,^1.32^ has the form

ц п Л ) . Ц А ^ -  £ > V j. I°>tw
Here “My* UyfttvbytСи.)is the evolution operator^ corresponding
to the Hamiltonian (i.31.(The unessential normalizing factor in 
(I) are omitted.)

The problem is to construct the perturbation theory and 
diagrammatic thechnique for the matrix elements( i) under the 
condition that the initial mean field and external current are 
not small. At this stage we will consider transitions into the 
final states with an arbitrary mean field. One may assume, that 
experimentally the transitions into the state with the mean field 
which equals to the exact mean field in the system at the final 
time-moment, are measured. The one should determine this mean field 
for example, with the aid of perturbation theory considered in 
Sec.2 of this Chapter. Under this assumption the perturbation theoi 
which will be constructed below is, in a sense, inconsistent since 
it contains exact I

I Further the similar abbreviations for the evolution operators 
and scattering matrices will be used.
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quantities which must be determined separately. However, this 
inconsistence is compensated for convenience because it is 
possible to give the Feynman form to the obtained expressions.
In conclusion we will discuss the other possible approaches too. 

Represent the evolution operator in the following way

j -  Ü(U(n m h)t Ű *̂  M ax'}
. ' (2)

^ + ̂  + + J j(x jJ l^x)dx ,

S {ííúi) -Tezp [~i jj(x,)A(x)dz\

I (x )  =* Jfa) -  Л%), (3)

W  *  U'l f i i ib) f ix )  Ü HiCn )  f ix )  •  ... ,

A(x) - • * *

rV (4)

h 9
Here ß (X,) are C- numerical, generally complex vector potenti­
als whose form will be established below. The tildéd (^ ) field 
operators satisfy the equations

( i d -г  A J(x)- m ) f ix)  =o,

PlX) (id + e A IX) +m)=o, (5)

QA(xhfa), Q =0^3*  '

Note, that for the complex A (X) the operators and S 
are not, generally, unitary, although the total operator 
is unitary* In this case the tilding (~) does not commute with 
the Hermitian conjugation in the relations (4).

The transformation (2) leads to

out ou*<0l6L(oui),.s ((ou{),..C{ou{)...SC*Ln) “ £Wn)-*-& VthJ... !0>in )
(6)

{0? Ы ) , а М )1... Cfottijja Ü~ifü*(euí)jQ.(cui)j... C (oat)j
out̂  О I« oict̂ О! M .

The matrix element (6) differs from the corresponding matrix
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elements of QED without the external current and with the ini­
tial and final states of the type (I) in that the creation and 
annihilation operators as well as the vacuum vectors which 
stand to the right and left of the S ' matrix are different. 
Therefore the direct application of the Wick's normal ordering 
technique with respect to the one vacuum proves to be noneffi­
cient when calculating such matrix elements. In appendix A the 
calculation technique of matrix elements of such a type is sug­
gested. Now we use the results presented there. ^

It follows from the structure of the operator ' l l and the 
nature of the connections between the Ctl~ and ou{— creation 
and annihilation operators that the operators C*(out) t C (out), 
and С*(т) f C(tn) are related by the linear canonical trans­
formation which is a shift. Such transformation always admits 
a transition to the generalized normal form with respect to the 
vacua ocu^OI and /0>c. , The operators CL* (out), CL (out), i* ( o u i) f 

T(oui) are connected with the operators CL*(m)t GUCtx), t
( (in) by the linear similarity transformation. Consider the 

case when the latter admits a transition to the generalized 
normal form with respect to the vacua 4.01 and /0^,» (The ex­
plicit form of the corresponding conditions will be obtained 
bglow. ̂ Then, owing to the linearity of the operators

Ц fc) with respect to the creation and annihilation ope­
rators of Cn- type, the former may be represented in the follo­
wing way:

f (  X) =  V M(x j + 4>(X) = V H(x) + 4 (*W),

A  (x) =■ JV<-■) + A w Ux) «• A " 1 lx ),

$ н ШЮ>.п =  f H (i) io > i b = A <-)(x)iO>Cn = о,

euUSl 9 "Y*J ~out<ölPM(x) - =о

1 ' V j  = BUt< O li( z ) io ^ .n

c> = lo>tyi = eiti<olŰlo>,n , (I0)
where C0 is the probability amplitude for the vacuum to re­
main vacuum to the zeroth order with respect to the radiative 
interaction and when the external current and the exter­
nal field Â(X) are present. To reduce the operator S to
the generalized normal form with respect to the vacua sol and

aué> 1
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'ö>* and to represent after that the perturbation expansion 
for the matrix element (6) by diagrams one needs to find:

- generalized chronological coupling of the ̂ operators Jj (z);
- anticommutators of the operators V+(Z)t V (X) with

l  & (ou*(r) and of the operators (PH (X)f V M(£) with 
OL+(Cn), &*( cn) ;
- commutators of the operators A (X) with C(oul) and of the 

operators Я ^ Щ  with C+ (Cn);
- generalized chronological coupling of the operators VÍZ)

and Cp(y) ; ^
- the amplitude C0, the field A (X) ,
- the amplitudes of relative probabilities of processes in 

the presence of the external current J(z) and the external 
field Я^(Х) to the zeroth order with respect to the radiative 
interaction:

U /Í tn ... S ... КЛ ... %«• /i... t . ) —  oui^Of &m(ĉ )  ••• (eut) • • •

' C u t o u t ) . a  (fin) - io> ■ c;1
( i d

let us accomplish this program in the listed order.
By using the explicit form of the operator ' t t and the ex­

pressions far the Cn- and o á í- photon creation and annihilation 
operators one can find

V ' V z j ^ Z  fcV/cpe
1 - U ( i - i i n )  +

с л (Cn) en * >

I м (X) = Z (zViсГ*е íK^ >  с : л tm i )  e?x •
(12)

The operators £*a (Cn)t ^ ka (0Cî ) differ from the free opera­
tors CfcA С only in the C~ numerical shifts. Therefore

[  I ' M  = c X ’ i x - y ) . (13)

Demand
Ä lO,( X ) - 0 ,  (14)

. 9hy choosing the auxiliary field Ji (X) from the condition

л ш  =  е« < г п 1 и ) 1 о >  ~ (I5)

Then the generalized chronological coupling of the operators 
J (X) which are in the operator S will coincide, due to 
(A.I2), (13), (14), with the free chronological coupling



I(x) A 14) =  o*i<ölTß(x)A(Vio>.c;LСЦс(х-у), (1 6 )
From (12) it follows that

[c*jout) t Л'*>(х)]_=(iVk.) "e
.1* Л  -iK ж

:кл » (17)

[ Ä (-](X), Cgx Чп)]_=, U V/cf-e~t - t'Kfi-iin, )+ X
’ KÁ * A*t,Z.

Consider the function S‘(X)X>) which is the X representa­
tion matrix element of the evolution operator of the Dirac equa­
tion with an arbitrary complex vector potential Л^(Х). The func- 
tion (rfa fX 1) statisfies the Dirac equation and the condition

f r tX,X' ) l  zzS(X-X' ) .

For it the relations

(18)

6- + (X, x ' )=  & (x \ X ), (19)
*

hold where the lower case asterisk indicates that the corres­
ponding quantity is taken for the complex conjugated potential 

The function G~(Xf x ') may be built using any set of so­
lutions of the Dirac equation in the "external field"
ft^(X) if this set is complete and orthonormal at the time

z  Ы ) . (20)
* ^

The properties of the function 6~(Xt X ') imply that the operators 
Wf), <P (X) obeying the equations ( 5 ) are connected for dif- 
ferent time-moments by means of the function 6~ (X, X )

f(x) = Ш )  = JV(x')fe(x'tx)fdx', (2 1 )
Bqs, (21) allow us to find the connection between the operators 
{ ä +Ы ), a(oui), l*(ou.t)t é(oui J j  and {&*(Cn)% CL(in)9 l* ( tn )4 i(C n )}%
Put í  * in (21)write the l.-h. sides with the aid
of the representation (4) and substitute the decompositions 
(I.3I) into them, while the decompositions (1.22) substitute 
in the r.-h. sides. This yields:
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&(•**)* &(+U)auni + & ÍV-) Г Un),
t*(t>ui)=-6 -(-U)CUin) * 6r('l-)é*íin, ( ; , p}

ü+{oui) =  a*dn)G-u IV+ * 7 **) 6 7 -/ +Л  
| / W )  =  а+ип)б-(>1-)+ £f‘W&í-i-),
fr (*lt Un =  hm (2) fr&U . í '4 , ) Л

f r l i f r ) ^  = / / "  ̂  d x \ (23)
Put i  ~ , i  f~ in (21), writ© the r.-h. sides with the
aid of the representation (4) and substitute the decompo­
sitions (I.31) into the r.-h* sides and (1.22) into the l.-h. 
sides. This yields

a  (£n) —  £  4  /+) a  ♦ <3 7 * /-J p'(oui)t
g^fi'n)* вг(~!*) S. (oui) i- i*(ou4)f (24)
й*Л‘л) - й 4(п*+)(г(+1+ J + Í (oui) &('!+)>

(fin) ~ Ct4 (oui) &(*/.) + i (oui) 61 (~l~) *
The matrices f r ( ' l t )  and Gr(t!~) statisfy the completeness and 
orthogonality relations which are consequences of the (1.20)- 
type relations for the functions +% (%) and * (x ) > the pro­
perty (18) of the function G*(xt x ,) :

6  p u ) & ( . i * ) + е  ( * i. )& (~  1*)=-т,G -(v+ )fr(> r+ )+ & m & /-iX o ,

frltl*)fr(*lt)+ fr(tl-)&Ht) = I,
Prom (19) it follows that G f r i t ) = By applying
eqs. (22), (24) one may find the amplitudes (II) of elementa­
ry processes into which charged particles are involved: scat­
tering, annihilation and pair creation.

UT (m In ) •= 6 “ l(+l4)mn, и?(т1п)~(т (~!-)nm,
ur(ojn e) = {& l-h )& X l% e (25)

urlif,Slo) = { f r ' X f r ) f r i t h ) ) , .

Prom (22), (24) and (25) it follows that
I

/
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г —«■ _ /ч*
Um (oui) -  Z- u r (m ln )a n(i'n) -Z .U /fv iS lO jf/fc u t) ,

n S * ; (26)
1т(очЬ)- A  ur(m ia )£n (in) + Z . uT(s т!о)а^(оиЛ) } 

а^(с'п) a Z .(jj(m  ln )a í, (out) -  ZLuríolC л )L(Cn)
m t  *

tn('-'n) = Z W/m/Я) t  + (cut) * Z  uf(o/n C) ae(ca).

Relations (26) are the specification of the general represen­
tation (A.3) for the case under consideration. It is seen now 
that the transformation (22) admits transition to the genera­
lized normal form with respect to the vacua <2>J and /0>iVl 
if the inverse matrices Q-~ (+/ * ) and 6~ Г / - ) exist, in full 
accordance with the general requirement (A.4). With the aid 
of (26) one can find and explicit form of the representation 
(8) for the operators У(%) and V7fc)* By setting i^ ^ c n . iü 
(21) and using the decompositions (1.22) in the r.-h* sides 
we obtain

where

-  £  (a n ы / „  щ + С  (<«)A

V(x,) - Z- [<Xn (cn)+fn (x)+ (X))'

AIX) = j&(x, X'i,n

Jn Ш  = J x  (X‘)&(x‘i.n tx) fd£\

(27)

(28)

By setting Í  ~^oui *n (21) a&cL using the representation (4) 
in the r.-h. sides and the decompositions (I.31) we obtain

where

<УШ= Z  {а-тШ)Х(г)t

f(x>= Z  {A №  * fm (x) t (cut) x / * nrtj J f

4jx)= j&(x, z'Kui)X(*')clz', 
4JX)=j*"f+ (X')G(X

(29)

(30)

Iri^our notations and У*т are not Dirac-conjugated to
and 4  in the general case of complex potential A 9C%) 

By combining eqs. (26), (27) and (29) we find



55

= Z / n w  ö„ л»), <?"Vxj= z  4  (X) ( *  fa*Jr n\ *

V H(x)=L Pn (X) fn(in), У<*>(Х) = Е+К) l x ) (oua)t 

Д  W * J n(zii- Zvr(ojtK)-A(X)* Z. aiming (x) O D

' V i i x )= у т(х)~ z  оr (s  m l o b y  (X)= £ u r / m / n )  y n  (x ) t
S  “ л

УъШ-Уп,^)- Z.Ur(olRe) fl(X)s Z ur(mln )~f (X.)

* fm(x.) = *V jX ) * LuT{m slorfs(x) = Z. w(min )УпЩ .
S t t

Consequently the following anticommutators are different from 
zero:

? '% ) l = *Фт(х), CLhut),r % l  = - £  w ,  (32)

f a * (< *)]. * Х Ш ,  (  v H<x), С  <‘* ) ] + = Л  <x) .

The generalized chronological coupling of the spinor field 
operators has, due to (АЛ2), (27) and (29), the form

j'V/W'Wy

fix) $1$) = 0Ut<0! T Ш) V(y I lo>n -С;1=-С Sctx, у I,
SH (xy) , x ° > f ,
-S*(xy)  , x°<yo.

(33)

(34)

i ' - V x ^ j - t  f f ' X

(xy) -  C[ r<*l(X I, =<■£. У  a (X) In )  ~<fm (y)_
hrrj 

О C.Here ^ is the Green function for the Dirac equation
in the external field with the vector potential Л (X.)

(C$-e Ä 9(x)-m )Sc(x,y) =-S(x-y). (35)
The anticommutators (32) can he expressed, as usual, in terms
of S c (г, V):
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+Yn (x) = - iJ s e(x, £ 'é ) / y n (x')cff'

X  ( V ~ l \ s cU,?'iui ) r y j x ‘) d x ' t

ßn (*) -  iJj : &•) Sc(x 'l,n ,x)d?>t 

% ( x )  = - ij+ fZ iZ ')S c(x'-{ x)dx'.t>U-t /I У*Wow we are going to find C0t Considering У (X) and У* (X) as 
independent functional arguments in the expression (10) we get

Prom (15) and (36) it follows that
-4*V*)«* & ( x - $ ) 3 ( y ) d y  + Ä ) ,

(37)

where
9xx

f£7 ic
«/I

(x )+ iJ ;«w ])e~tKXdx (38)

I) Here the abbreviations of the type jJ(x)A(x)dx= У A are used

7 Ж  =

a - i - ß x r  - T z E n S i6A*(X) >/̂ vvv,
f i gn-r° ■ = - ;  A m h y )  = D ec(x - y )
S J fx t f ty )  ~  * '

where the operation Гг  includes also the coordinate integra­
tion, These equations and the condition

C 0 ( 3  = Л s  0) ~ I ,
where is the evolution operator, corresponding to the free 
Hamiltonian 3f0 ^ Jfe + J f j allow us to write1 ̂

Co - o ^ < O j U 0 10>cn • exp[ - Tt ёп  /  $ f ( j =JI? r o ) }  ~  (36)
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( z ) = o,
in , _ in • 4/1 I • If1

A**(z) ̂  » Cz) f А ш  L = A‘ui(x),

^вя< • * ) ~  С <  iíSt ^Р л
The fields Л  föj and .Д, /к) obey the equations

a  A 9(x) -  3(x) ' a  Ao(x)-o.
One can see, that the amplitude C0 factorizes

C = Cf Co'1
c : - £ ° i W Z n p t - n e n * L - — y  о м

c! -- „/<»/ u,lo>' ■ ixp l-i. j jfj-u/j j
vdiere the operators and correspond to the Hamlltonl*-
ans and J f . The matrix elements QJ < o i U j № > f n  and 
c u i < O I U e /0>*л “ У be calculated:

vutiOl Up I o>̂  - ехрУ~ /- _ 12
Ŝ Z * £  %

+  Zzx (°ui) A n , ) } t (40)

oJ<W Ue lo>e = d e i & H - ) l  , •
‘rt h = j*= o

In the latter case we have used the results obtained in (Git- 
man, 1977) (see also Sec*I, Chapter I),

To determine the amplitudes (II) suffice it, in accordance 
with the formula (A.17), to find all the generalized couplings 
of the operators a(o it i) ,  6(ou.i)t C(oiU), CL+Vn), 6*(in), C+(Crx) 
and the C- numerical parts of the operators £(oui) and С*(£п) 
in the sense of the decomposition (A.5)* The generalized coup­
lings of the electron-positron operators are the amplitudes 
(II) of the elementary processes in which electrons and posi­
trons are involved* Those of them, which are nonzero, are al­
ready determined by the expressions (25)* The C~ numerical 
parts of the electron-positron operators are equal to zero.
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The generalized couplings of the operators C ( o u 4 C  (oui) 
and C + f C* ( tn) are equal to zero since the and ouf- 
electromagnetic field operators differ from free ones only in 
C- numbers* Due to the same reason and in accordance with the 
formulae (A.II), (A.18) we have

(l'n) = ötÄi#A+W(X*l°) Wfol#)?) t = (41)
The quantities UX(KÁIO) and UT(0[X9) (At))=lt 2) are the relati­
ve probability amplitudes for the creation and annihilation 
of the transverse photon* In accordance with the definition 
(II) they can be calculated by using the connections (I.13)» 
(1.29) and the well-known property of the coherent states of 
transverse photons

C + / 2 >  =  11 + f r ) / Z > ' <*lCm(i+&)<2l>
Then

VŰ?M0) = - -*»*("«), SlnCo
Z ^ 1гх(m i)

(42)
m

ur(6liCÁ)=3.~ MiJíSÚ +. ŐtnCo _

= ZL <ы . Zen)~Z*x(tn>-  í3 (W
~CK(i-tcn)+CK X

e ^ d x . (43)w  i/ IK A

The matrix elements (39) may be represented by the usual 
Feynman diagrams* For establishing the rules of corresponden­
ce one should represent the S~ matrix in the generalized 
normal form with respect to the vacua oa<<3r/ and l0 ^ n t This 
can be done with the aid of the usual Wick theorem for the T- products if instead of the normal products and chronologi­
cal couplings their generalized counterparts are taken. It is 
useful to represent beforehand the operator of the current in 
the generalized normal form:

j lx) = ahf$tx)/  ÍVX) + dlx)t 
Э(Х)* Mi<bl]<V\o>Cn'C;L=

Thus, the problem reduces to calculating the matrix elements 
of the generalized normal products of the following form
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»v ^ л/ ^
ou i<oIcl(ouí)... &(ot4.i).4C(»nt)...tf(t„)c*(i'n)^B  (cn)*" a*a'n),.'loyn .

It is evident that this matrix element is different from zero
if the sum of numbers of particles of each field in the initi­
al and final states is greater than or equal to the number of 
operator functions of the given field in the generalized nor­
mal product.

/v 'v
Consider the case when for each field operator Wx)9 4*(X)t Я(Х) 

taken from the generalized normal product there may be found 
a corresponding operator й%’п)9 t 4(i'nJ, C+ttn) from the initial 
state or Ci{ou.i)t í(oui)t C(oui) from the final state which will can 
cel it after the commutation. Such a matrix element can be re­
presented by Feynman diagrams with the following rules of cor­
respondence :

1. Electron in the initial (final) state with the quantum 
number n(m) is represented by the factor (x)

Jv2. Position in the initial (final) state with the quantum
number !b[m) is represented by the factor JPn (X) (~ ( z ) ) .

3. Internal electron line directed from the point X ' into 
the point X  is represented by the generalized coupling

- i  $с(х,хЧ.
4. To the closed electron line the generalized vacuum cur- 

rent J (X) is put into correspondence.
3. Contribution of every diagram contains the amplitude C0 

of probability for the vacuum to remain vacuum as a factor.
The rest of the rules of correspondence are the same as tho 

se in the standard QED (Bogoliubov, Shirkov, 1959). Consider 
now the case when the total number of operators in the initial 
and final states exceeds the one needed for the compensation 
of the generalized normal product. Such a matrix element is 
equal to the sum of products of contributions coming from the 
Feynman graphs for which the "interaction" of the generalized 
normal product with the operators from the initial and final 
states is responsible by the amplitudes I*
coming from the noncompensated creation and annihilation ope­
rators of such states.

Let us introduce the exact Green functions, connected with 
the coefficient functions of the scattering matrix S which 
is reduced to the generalized normal form with respect to the 
vacua eui<ŐJ and /0>.
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fii (*y*)- o u t < 0 l T [V/xJ..■ ht)-V(yn)Ä(3j.Jti,)]lO>.n C*-

=o«t<°l T r/xJ ... Пхп)П^)... Ptyn)Ml )..J (2,)S \0)>^C
(44)

The reduction formulae one can get by substituting the expres­
sion
S = L  Sn9 ( x p w f f i x i ) , . .  Ф(ХЛ) f ( y n) Я ÍZi)... A ( h ) ]  d x d y d z

into the expression (44). For example

y * ( x ) * A 9w + £J $ ( x - x ')SH(x ')d x ' ' & ,  Д-о = c -e ° l, .

% ( х ^ Л ещ)- Jsc,xx‘) IfzWStyyJdxty ~C .
The Green functions (44) are the functional derivatives of the 
generating functional £ ^

%9~ cui< °l U j (I, ?,t)IO>Cn 1 9\ =C,
9

^IV) f ... t ^  Í j ) * *

*.V ~r rt./l.V> ~t P_ U) о______ t _____

(45)

T  S l ( h ) \ u T j ^ =0
~tS>For the functional * one can get convenient representa­

tions which are equivalent to the perturbation theory with 
respect to the radiative interaction.

I. Write
W r -VLS\l*^t< 'o is ‘K»,n ,

S =  t*p(-lTA9)Te*p[-i (j S. +  ̂y)J
By using the formula (A.16) and the expressions for the gene­
ralized couplings (13), (33) we find
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2 9= exp(-ilM9) expe. У £r- £ rexP(~í ‘ P ̂ C? ) ̂ ' ('П)
#9 a S>) Sí* p

II. By using the representation (46) for 2? and the for­
mulae (A.14), (A.16) we write

?*=> exp (-aA9) exp (i

‘ ou i<0 ! T e x p { - i (  j A  +V9+ 9P)$k»iH J t

where the quantities A are the classical functional arguments. 
One may establish that

,u,<0/T e z p { - c ( J A i- $ ^ i? ) } lo > ĉ

- ) > > „ ,

Оwhere the quantities with the sub- or supercripts A + A are 
given by the formulae (4), (7), where A^+A must be taken 
as an external field. Let us transform the right-hand side of 
the latter relation in accordance with the formula (A.16), then 
it acquires the form

C0 (A  (A +A)j>>
. A

By replacing A by ■ as applied to exp ( - 11 A) and talcing theolexplicit expression (36) for Q0 into account we will obtain

I oui<0\и. 10̂ n exp(- £  Jrtj-iJAf-r? In

* e x p ( c jS e( A 9+ í  J j - ) ? )
(48)

The formulae (47) and (48) are analogous to the corresponding 
formulae in the theory with the external field (Fradkin, 1965a, 
b; Batalin, Fradkin, 1970). Note, that the derivation presen­
ted here enables to write at once the explicit form of the 
Green functions in the external field, which are in the expres­
sions obtained.

-7 ФThe functional £ satisfies the functional equations 
(2.17) under A - i % One can get from these equations in the usu­
al way the equations for the Green functions both in the diife-
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rential functional and in the integral form. To do so the fol­
lowing quantities should be introduced

1Л/ i in 2 f
—  I =Mz) •***>>SI(x) /?=*= о ' <$I(x)SKy)l>j= i=o

(49)

SZW
I t - t « ,  = ^ *>■

which make sense under l ( z ) * 0 :

м * ) 1 1я0=  < я ш > ? = * * < S iT J f*> 3 l°> a i - c mi,

^ < ö i w m ) S \ o > , n . r  - (so)

-o«é<0 lTA(x>S ЮЪ-mi<ölT Ä(y)S 1о£л-С'*

síxV ljs0 - W i< 5 1т*(г> f r y t f  I0&■ с ~*

The corresponding equation for these quantities will have, for­
mally, the form (2.20), (2.21) if one puts there Л = does 
away with the matrix indicies and replaces oCÁ(X), ( * i  <f),
Sxp. (*,y) Ъ У  <Ux),X>(z,y) ,2(x,y) respectively. The ite^ 
rationof the set of equations starting with the bare quantities 
Я?(х), S4x,y),j)<(Xiy} where Sc(x,y) is the Green 
function in the field A?(z) leads to the correct perturbation 
expansions for the corresponding exact quantities. Thus, the 
complex field cL(X) parametrizes the Green functions

У )•
Let us construct, with the aid of the Legendre transforma­

tion of the functional the effective action (cL) (La­
ter on we will put everywhere the sources and £ equal 
to zero.)

r % ) = n - w ?
where the source I in the right-hand side should be expressed 
through öC with the aid of (49). From =• J and the first
relation (50) it follows that the field < A (x )^ gives the ex­
tremum to the functional Г **(£>). Thus the finding of the func­
tional r ^ U )  iß equivalent to the establishing of the closed 
equation for the field The explicit form of the func-
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tional / (d,) one can obtain in the similar way as in Sec.2.
When doing so we will keep exactly the interaction with the 
field Я ^ or with the field oC. The final result has the form:

single-ind. part д  W 9(J- aői)-
/V ̂

= Iи-л9)аи- A\itnc0 +Tz ы
40 S C(A7)

-single-indecomposable vacuum diagrams Д 1А/ ̂  ( Sc(oL))

where
<T=ct-A9, h W 9= w 9-jA9-itne0- £ i j '

and Co is fixed by the expressions (36), (39), (40).
Let us investigate, at last, how the above suggested appro­

ach to QED with the intense mean field is related to the Furry 
approach to quantum electrodynamics with the external field 
(Chapter I).

Consider the perturbation expansions with respect to the 
radiative interaction, for the matrix elements (I), (6) in the 
approximation in which the mean field at the final time-moment 
is taken to the zeroth order with respect to the radiative 
interaction (Sec.2), that is

<Л(х)'>-+ A*(z)=i 3(x,)dx,+Jlin(z). (5i)
Having the specific expression for the mean field available, 
one can obtain all the needed in the perturbation theory compo­
nents. By setting é -  i Vltt in (51) and using the formulae (28),
(30) we will get the quantities (Here and elsewhere
zero on top means that the corresponding quantity is determined 
by the mean field (51)»)

< 4 / j  \ ч  г I o n í * t n )

0(x))e
1fzV/c ^

d z
(52)

By substituting (52) into the formula (37) we get
Ae (x ) = Я tn(x) + J  Do ( x - x ') ^ ( z ') d z ',
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B y t a k i n g  i n t o  a c c o u n t  t h a t  D^(X-X1) +D* (X~X') =  D** (x-x')f 
( B o g o l i u h o v ,  S h i r k o v ,  1959) w e o b t a i n

T h u s ,  t h e  a u x i l i a r y  c l a s s i c a l  f i e l d  Л  (X)  i s  r e a l  i n  t h i s

(53)

case and coincides with the mean field of the zeroth order ap­
proximation.

The amplitude (see (39)» (40)) may be in this case eva­
luated explicitly, their modulus is equal to unity (the photon 
vacuum turns, to the zeroth order with respect to the radiative 
interaction, again into the vacuum during the evolution)•

By substituting (52) into the expressions (42), (43) one can 
maJce sure that the relative probabilities Uf(icA/0) and

are equal to zero. Therefore the coupling (41) has the form

55)» the perturbation expansions for the matrix elements of the 
process (I) coincide completely with the corresponding expan­
sions for the matrix elements ( I . I . I 6 )  in Furry approach to QED  

with the external field (51). Thus, from the viewpoint of the 
treatment, which is based on the mean field conception and dis­
cussed in this Seotion, QED with an external field describes 
the calculation of matrix elements of transitions to the zeroth 
order with respect to radiative corrections, which determine 
the changing of the mean field (51) at the final time-moment. 
This statement may be the basis of one of the possible interpre­
tations of QED with the external field.

It is useful to represent the matrix element (I) in the fol­
lowing way:

(54)

UX(OIX^) of creation and annihilation of transverse photons

(55)

If the quantities Я (X) , C f>  9/ ° Û a have the form (53—

(57)
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- ßs(o*+)>-Cj?A(<>u i) '"C 2 /A, (ou{y.>ßs/(ou.i)...a+t(oul).*
* '•• 10 \a t '

In the form (56) it is represented by the sum of products of 
the coefficients Q which take into account the difference 
between the real mean field at the final time-moment and the 
field (51)» by the matrix elements of QED with the external 
field (51).

The coefficients Q may be calculated with the aid of the 
formulae (A.17), where the nonzero components are

a ,n ( W )  am,(QUi) = 6 ~ L(f-

és (o u í)L (o u é )=  & - l ( - i - ) S'S>

}sm>

a m(oLLt)is(o u i)=
l / v w w J
& ( ; П т л= J *  к  ( X ^ f j x i d x ,

M i<0!Cn (out ) \ó >eat• о£ 0 )0 > о ~и1 = L j c u i ) - 2 ^ {o u il

Oil
i< 0 \C fx (Oili)I - íg Á (out)-

O*t<olo> „ ̂ det &(-/-)expZ.
jZtA~i,2

/2?л (

-  +  Í ,  ( o u t ) ) '

2
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APPENDIX A. GENERALIZATION OP THE WICK TECHNIQUE TO
UNSTABLE VACUUM

(2)

In a number of cases when the vacuum vector is unstable with 
respect to the creation of particles it appears that the matrix 
elements of prooesses and Green functions of quantum field theo­
ry have the following typical form

< o la . '.T F M a + ,J o > f 0 )
where {ct^Cl} is a complete set of creation and annihilation 
operators, fO> is the corresponding vacuum vector ( <XlO> ~o), 
f(X ) are the field operators in some representation where they 
are linear with respect to the operators {(2+a }  F -(f) is 
an arbitrary operator functional admitting the series expansion 
in powers of ^  ft } is a set of operators related with the
operators {CL+f Ci) by a similarity transformation of linear type

a = V iaV=<Pi ci+Y1<?+f1,

^ У - а ^  =  Х а  + % а ^ 4 г ,

[ ä ,ä + ] =i fa,áj =  [a * , a =  о

< 0 / —<0l Vy and V  is, generally, a nonunitary operator. Consi­
der here the generalization of the Wick technique whioh makes it 
possible to calculate efficiently such matrix elements.

We say that the transformation (2) admits a transition to a 
generalized normal form with respect to the vacua < d l and /C?> if 
the explicit and single-valued representation

<£ = Aa + 6a + + tf,
a+= Ca + 6>a*-tS <'3')

is possible. To make it possible the existence of the matrix 
Ф Г  enough. Indeed, if one consideres equations (2) as a 
set of linear equations for one sees that the solution
may exist if

dei[T° фг) ~ ае*Ъ*°- 0 0

If the condition (4) holds then
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Л = £ В- Х % \  l- х  А'С - - 4 Г Ч ,  á-<ír', <n -$ гУ,-
In the case the transformation (2) is canonical the Bose-type
matrix always exists (Berezin, 1965). It may be1 'not the case, however, for a Fermi-type canonical transformation.

If the linear similarity transformation (2) admits a transi­
tion to a generalized normal form with respect to the vacua<5/ 
and I0> then any field operator Wz) linear in {(X* QJ may be 
represented in the form

<f (X )= < fH ( x ) - t - f (t>(Z ) + <ffo>(z) , (5)
where

'fH(x)lo>=<oi4>M(x)=o, fíc\x)=<ojf(x)loxő Ю>' (6 )
At the same time

[VHrx), <fH(x')1, fM (x4] c =о
Ь ~L (7)

[Гн(х>,ГмМ 1  - number
(The quantities in the Permi case belong
to the Grassmann algebra).

The proof of representation (5)-(6) is based on the remark 
that with the aid of eqs. (3) any operator linear in {CL^Ct] 
can be linearly expressed only in terms of the operators Q and 
CL+ the commutators or anticommutators of the operators (Z and 
О* being C- numbers due to (2). It is evident that is

the part of the operator that contains only the operators
CL and V3 (X ) is its part, containing only a*. The second re­
lation in (6) is obtained by averaging (5) between different va­
cua with the usage of the first two properties in (6).

The form whose every term has all its operators ^ (̂ (Х) placed 
to the left of all its operators is called the generali­
zed normal form of the operator functional FW),

The product of operators H*(X) is called the generalized normal 
product if it is reduced to the generalized normal form with all 
the commutators or anti commutators between )
being considered zero while the reduction is being performed. The
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generalized normal product will Ъе denoted by thó symbol №(»••)
It is evident that

~ r\ fo\
< o \N  П mio> =  < o i o > - n  T  (x J  .

L=i L=L

CO

The functions
YY x)' fe j j =  f / x )  Щ ) - Ы  fO J ) ,
I'v/v-'V'vJ (9)

Ш )  w y ) = Tfíí) VOj)- Aff(x) Щ ) , (10)

will Ъе called, respectively, the generalized coupling and ge­
neralized ohronological coupling* Relations (7) indicate that 
the couplings (9), (10) are C- numbers and may thus be represen­
ted as follows

= < 0 \ Ш ) Щ Ю Х 0 Ю > 1- f !% )  (11)

Wxpfty) = <0iTf(x) f(y)lo> < ojoF- Г(у). (1 2 )
Evidently one can use, by replacing the normal products and 
couplings by their generalized analogues, the conventional ver­
sions of Wiok’s theorem in order to reduce an arbitrary operator 
functional F(V) to the generalized normal form. The correspon­
ding functional formulations are similar to the usual formula­
tions and have the form

Sym F (< f)= fíexp$£  £ .  pM>

TF( ' f ) -  N e x p j f f  f y  F ( f ) .

By combining (8) with (13), (14) we obtain

SlStfm  F (fj№>= <5lo>expjÄ < fj A . Fm ffsf(et >

<o\TFit) I0> = <ö/o> e x p j - L f ö lL  F(f)j ^  ̂  (16)
The formulae obtained allow us to calculate the matrix elements 
which have the form (1)* To do so one should, evidently, reduoe 
T F ( t )  to the generalized normal form with the aid of (14),

(13)

(14)

(15)
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substitute it into (1) and perform, as usual, corresponding com 
mutations. As a result the problem reduces to the calculation 
of matrix elements (1) where They also may be calcu­
lated by reducing the product of the operators <2 ... CL*... to 
the generalized normal form. By using the suitable functional 
formulation of Wick’s theorem (Vasil’ev, 1976) we will get the 
formula

Thus the indicated matrix elements may be expressed in terms of
Лиoouplings of the operators Ct f Q * and their C- numerical parts, 

in the sense of the decomposition (5)> only. All these values 
may be expressed in terms of the similarity transformation coef­
ficients (3):

i s = (ф‘ - X %‘V X T,
a+a+ = - Ф ‘ %
I— I 2 г >

Й+ =
<0\аю>=-хФ;Ч+1,
< o i a + i o > = - < p - l ( Z '

( 18)
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APPENDIX В. GREEN JUNCTIONS IN AN EXTERNAL 
ELECTROMAGNETIC FIELD*^

§1. Introduction

In the present paper all the Green functions mentioned in chap­
ters I, II are derived explicitly in an external field, being the 
combination of a constant and uniform field and a plane wave field.
A brief review of the well-known works, as well as the definition 
of the scalar Green functions in the quantum field theory frame 
and their representations over the solutions of the relativistic 
wave equations are given in Sec.I. In Sec.2 the Green functions 
for the scalar 0Д 0 with a constant and uniform electric field are 
obtained. This simple example illustrates the calculation method 
of the Green functions. The Green functions for the spinor QED with 
a constant and uniform electric field are obtained in Sec.3* In 
Sec.4 a complete and orthonormal set of the solutions of the Klein- 
Gordon and Dirac equations for a field, being the combination of a 
constant and uniform field and a plane wave field, is derived. With 
it’s aid the corresponding Green functions are obtained in Sec.5«
The results are given in the form of proper time contour integrals. 
In Sec.6 the operator representations ior the calculated Green func­
tions are given.

Some of the obtained here Green functions were calculated earlier 
for specific external fields. Thus, the explicit expression for the 
anticommutator function в(Х9Х ) in a constant and uniform electro­
magnetic field was obtained in (Fock, 1937) by the proper time me­
thod^ \  The same result was obtained in (Geheniau, 1950; Geheniau, 
Demeur, 1951; Demeur, 1951) by solving of the equations forJ)(X9X ') 
and (r(Xf X') with a given initial condition and also in (Belov, 1975) 
by the Maslov canonical operator method. The Green function ^ c(x  x'j 
in a constant field, and also in a field of a plane electromagnetic 
field was obtained by Schwinger (Schwinger, 1951) by the proper 
time method. The functions S C(X9X t) andD C(X9X t) in a constant * I)
* The work is carried out in common with Gavrilov S.P., Shwartsman 

Sh.M., Wolfengaut J.J. (Dept, of Math. Analysis, Pedagogical Inst., 
634044 Tomsk, USSR)I) Notations for Green functions see in I,II.



field were calculated in (Geheniau, 1950; Geheniau, Demeur 1951; 
Deraeur, 1951) by using the explicit form of Gr(X,Xf)  andDCXjX') and 
in (Nikishov, 1969; Narozhny, Nikishov, 1976) by the summing over
the corresponding solutions of the Dirac and Klein-Gordon equa-

S C /
(XfX )o f the scalar field in a

plane wave field was obtained in (Fradkin, 1965; Barbashow, 1965) 
by functional methods. The general solution for the Green function 
S (Z,x) of the Dirac equation in an arbitrary external field was 
obtained for the first time in (Fradkin, 1966) in the form of the 
path integral over the classical trajectories v and Grassmann variab­
les. Y/ith it’s aid the explicit expression for the Green function 
Sc ( * , * ' )  of the Dirac equation in a plane wave field was calcula­
ted in (Fradkin, 1966). The Green functions ß C(Xt Xf) andD C(X9X*J in 
a plane wave field were obtained also in (Reiss, Eberly, 1966) by 
the straightforward solving of the nonhomogeneous equations. In 
(Oleinik, 1968; 1969) the function S C(Xj X1) is calculated in a uni­
form magnetic field and a plane wave field, propagating along the 
magnetic field. The Green functions D  (Xf X ) and S^(Xf X j in an ex­
ternal field, being a superposition of a constant and uniform 
electromagnetic field and a plane wave field, are obtained in (Ba­
talin, Fradkin, 1970) by the functional method. In (Narozhny, Ni- 
kishov, 1976) the functions J)C(Xf X lJ and S c(Xf x ') in a constant and 
uniform electric field combined with a plane wave field are obtai­
ned by the summing over the solutions of the corresponding relati­
vistic wave equations.

The Green functions of the spinor QED are defined by the rela­
tions (1.1.43), (1.2.6), (1.1.27), (II.2.14), and they may be 
expressed in terms of the solutions of the Dirac equation (1.1.44) 
(1.2.7), (1.1.27), (II.2.14).

The Green functions of the scalar QED are defined like in the
spinor case:

xf(x,x')= C^<0lTm)f*(x')lo>.n ■ c
ír (*.x‘)

- i
V ,  (1)

дЪ,х)= -Loufo \b x )  m  )io\n-c;t

£ ( * , * ' ) - c v w . r w ] ,

XT{x, i ,n< o m  Г(х')ю>,„
(2)

5 *(X, X > - i £ 0 l  r

д с(х,х')=^<.01Т$(Х) f+(x')W>.n (3)
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Ъ \  x') -  L ^ o i f  f (X )  f*(x')lo>h = i ) c( x x ' ) - i i ( x - x j  )B (x ,  x ) ,  (4)
Неге V (X) is the scalar field operator satisfying the Klein-7 nex*/~\Gordon equation in the external electromagnetic field Ji (X)
and the commutation relations

[ h x ) X ( x ' ) ]  = о), f r r * '  ^ +(X">1 = - i S C3} x - x ' )
Хь-Х» I 0*0 J T / 9

~  J 0 ° -S- “I I -  i '*■' о
^ Li /0^^ Li is the evolution operator of the scalar 

field interacting with the external field, /0>Mf f /0>t>l are “the 
vacuum vectors of out- and in-partioles, /? — • cp' №>.„~ _ Ж X - IT in-

The functions D (2,%), D c(2,x') and D C(XJ X/) are the partial 
solutions of the nonhomogeneous Klein-Gordon equation

( <p Z(x)-m*')D(x,x') = - i s' l '<(x -x ') ,  B ( x x ' ) ^ 0 c ( x x ’) p c(x ,x ' ) ) • (5a)

( ^ г(х )~ т г)  З с(х ,х ' )  = 8 <ц)( х - х ' ) . (5Ъ)
t

The rest functions satisfy the homogeneous Klein-Gordon equation,/V
The function J)(Z,X') satisfies the initial condition

Í )  <*,*') I r ° ,  9 д ( х ^ ) 1  = - l8 (3>(x - Z ' ) .  (6)
l%0-20 д Xo ^ о Xo

Likewise the spinor case, the Green functions (l) - (4) may be 
expressed in terms of the solutions of the Klein-Gordon equation 
in an external electromagnetic field. To do so we will use the 
decomposition of the scalar field operators V(X) over the com­
plete and orthonormal set of solutions [  ( x ) j  (1+¥п & ) } )  
describing particles (+) and antipartioles (-) under X0- + + g q , 

(X0— -«=):

(*Гп,*Ъ’)а (*Г», Tfn')*0,
l t j n ' )  = i  t*cz) (L fc -zeß , (Xj) rn, (X) dxf

Z r t ( * ) X ( * ' ) - ' t ( x ) - Y ; ( x ' ) } x mx, = 0,

, = -  id a>(x- x')
X  xjC*0 о

Z  { П  ( * ) Х ю  - 4 X  (X) ~ C (x ')}3

Similar conditions are valid also for {+ (x)} Thus we get

V е ( * , * ' ) =  0 (Ц .)Ъ -(x,x')-в ( - р Ъ * ( х , Г ) , (7)
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I) ~(x,x')~< 21 V„(x)uj(n 1к.)Ук (x ')
3*(x, x ) = - i Z YV ОĴ * I* ) ~%*( С8)

n,K ~ *

J )  (x ,x ')=  Z  { y n ( X ) X * ( x ' ( х ) У Л х ')} ( (9)

í ) c(x ,x ')=  в(уо)Ъ ~(х,х')~ &(-yc)B * (x ,x ') , (10)
л«* —e

d  U x , x ‘) = Í i Z t f J x ) X ( x ' ) ) (11)
3  ~(XjZ)=  6 (-y 0) B  (x ,x ') - 9 ( y 0)3*(XjX'), (-1 )

я  (X,x')= 5 *(zjX ')± Da(x,x'), ^13)

Í > 4 < 4 z ' J  =  (■ f  ,fn(x) arcot nK)Xíx') ( Ю

í c(x,x') = Ъ с(х,х')ч-B^cx.x') . (15)

Here и Г ( п Ш ) ,  a j(o ln tí) are the m a t r i x  elements for the p r o c e s ­
ses of the s i n g l e - p a r t i c l e  s c a t t e r i n g  and a n n i h i l a t i o n  of two 
scalar particles in an e x t e r n a l  field.

§2. C o n s t a n t  electric field. Scalar case

By calculating the G r e e n  f u n c t i o n s  of the scalar QEI) in a c on­
stant and uniform electric field we v/ill trace the tr a i n  of r e a ­
soning, which enables to get by using the complete sets of the 
solutions of the К-G (Klein-Gordon) and Dirac equations the p r o ­
per time integral representations for the Green functions.

Let us choose the vector potential as A ~
J\̂  -  = 0 . For our purposes the most convenient are the com­
plete sets of the solutions of the К-G equation which have a 
semiclassical form (Narozhny, Nikishov, 1976):

Л - , рА Х)=Ъ W e t r t x p l - C  ( *% .) - f a  X I

% P iA (x)= ° (Ж- ]С^ ^ - Л Л  (xy‘ -%-Ah(x]= %-ЛЛ (x)'
C f t - f ä c  Г Víiiil в~ч(**с), Cn ( t ilj= tn m .jtc T O (± f^ ) ж_ = ~

J‘ 2 ' ’  \/e£

( О

(2)
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5 _  =  £  -eFx~, 3i=x°+xi, >)=i i - f m -  Рл
* ̂ e£ ", P A ( o / l l f f>z,o ) '

For definiteness we will consider в £ > 0  In this case the eig­
nes n±" in (I), (2) correspond to the sign of the kinetic momen­
tum Htfm under -* t  oo #

In (Earozhny,ITikishov,T976) it is shown, that the solutions 
(I),(2) one can express in terms of the solutions of the other
form

+ ' P- p. a - >r±,rz<*)• (tXe£)*J Н*(РЪ,Р-)\Ч?— рв
(3)

(4)

H(p3ip.)=exp{-i

; v w =  & e * 3 ^ [ t n - i i s 7; У р /х ) *

$ = ( e e r * ( e £ z B- p i )
The solutions (4) can he got (Narozhny,1968) in the slow chan­
ging electric field limit from the asymptotically 0>a J
free solutions, what enables to establish their classification 
by the energy sign under X0-*£ oo% Thus, follow (Narozhny, Niki- 
shov, 1976) we satisfy ourselves that the classification of the 
solutions (I), (2) into the particles and antiparticles is equi­
valent to the usual classification.

The solutions (4) are orthonormal, and sinceoo
. 1  Ä M f t  , fL )  dPi -  z, (5)

from (3) follows that the so3.utions (I), (2) are orthonormal too:

О м *  ,

í -ц , ‘Л ч - s (p- - p-

( + '̂/>-/>a/>t 1 ) ~ 0 -
On making sure that the solutions (I), (2) form the two comple­

te and orthonormal sets { t f n ( X ) } t { *  f n Ш )  we will use them to 
construct the functions (1.8), (I.14), taking into account that 
(Narozhny, Nikishov, 1976)

Pi Pí  Ipj p/pt ') = S ( я . ~pjj -p l)c.

(6a)

(6b)

-1
■ej- '
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v(o lp J t Рг> Р.'Р/рг' ) =  P-)Sn,(pL-pl ')C pl е ' ^ ÍA* L)
Then ■f OO e£x_

$7x, X') = j j e(x, < я )dp_ d b ,  - f  (X) <7)
eEX- n „ -о- ' *

~  4- oo

^ - h p J x ) ' K Pih u 'y

(8)

(9)

We will get the proper time integral representations for the 
functions (7), (8) by transforming the уэ_ integration into in­
tegration over S

(14)

s = ^ [ ( e n ( t x i f - e n ( í Z - ) ] t í j = f  + f e i y . r (I0)
У/ t = Я/4 -  ,

and doing the A  and A  integrations,^  v /V
Let us consider first the functions D~(x,x') Suppose£ >0, then »S-JL j and then we get from (7)
/V

; D t (X ,x ' )  = J S ) d S  ,*$ -<0 , (see fig.1) (II)
where

{ e (x ,x , 's )  =  Ẑ eES-'sh-eEsexf{-tmh -

-<■ í L ^  (i2)

For +У- <0, 3 = ̂  (Cn I p  j -  t X 6  ( t  TlL ) ) sad

+ 5 Cx,x')= f  (E(zf x't s)ds, + У- <° (see fls*2) (I3)
By combining (II), (13) and replacing the contour C± + with 
the Г С-  Г  (see fig, I and fig.3) we get

S Í) 'fr,1 ') = J /e (i, a:,' <?)ű£í - (9 f ^ y . ) (x, .
^  <v

Let us now consider the function D a(x , X 1) . If j/_ then
S  - 1—  [fa 17tJ I ?l7l ) 8111(1 t b e n  w e  o b t a i n  f r o m  (8)

~zeB ( l x _ r /
ъ а( х , х ' )  = J t e (x,x',s)ds, y.<0

r a
(see fig.i) (15)
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For > 0 , S = ^ - ( f n J ^ j - Í T - t ^ d ( - T i í ) )  thon

f)° '(X ,X ')^  J  L ( X f X 'S )ds, 4 >0 (see fig.2) (16)
Сг + С3

By combining (15), (16) and replacing the contour ^ * ^ 3  with 
the Г \   ̂ (see fig.f and fig.3) we get ( see аСьо 626))

b^x /x ')^  f  ( (X x\S)ds+ &(уъ) J i(x ,x 't s)ds. (17)
r<t rt a

By evaluating the functions (14), (17) we supposed Ф0 y 
therefore we should make sure that these functions with arbit­
rary X} X / really satisfy the К-G equation.

The function (X} x j  S) (12) coincides with the well-known 
(Fock, 1937} Schwinger, 1951) solution of the К-G equation with 
the proper time:

uds ( x , x \ s ) ~ -  ( 9 г(г)-тг) ( е(х,х', s) (i8)

I я

(19)

(20)

(21)

(22)

Then by using the representations of the delta functions 
/ \ c (***" ± i -

sS l0^ e' " =\fxiceH0(xß-Xp)f a>o
we get

( 9 г( х ) (x, x[s)ds = - S (% - x ’)
r c '>

(Р г(х)-тг) / ^ е (x,x\s)ds = -lS (ч)(х- X4
r

(9\x)- m l) J 4  (X, x'ts)ds- ZiS(Ц-)S(tj+)(̂ (X>
Г ̂

= iS (b t f< 9 3 ) le  ( * , * ' ) ,

(9fx)-m^J 4  (xx\s)ds=-díő(y„)6(y+)//(x,x')-

— Z iő ( ^ ) d ( % ) ^ ( x>x ')>

By evaluating (2I)-(23) we separated the singularities in 
the integrals over the contours Г and explicitly:

£ (x,x't s)ds = 0(yi)R(xtx')+ (25)

(23)

(24)
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/ а 4  fr,*  s)ds* #(fi-ft)[$(уо) + fify-o)] j  f eXx,r!,s)As
n a  
1Я

where

R(*,x')=i к
(2é)

(27)
Г.

is the Riemann function in the Fock representation (Fock, 1937) 
and contours Гц } Г^а are given in fig.4, The equality (25) is 
valid obviously for у^Ф О  and equalities (26) are for Ф0 

Moreover, for у  ~+ + Q we have

0(f)11 _ f l% i3S(3)(y),
S ( f )  = 2 X  [в  (Уo-0) + 9 ( - y . -o )] I%j0 (3)( f ) .

(iI^  (tVBy taking (25), into account, we represent (14) in the form

f Ъ 7i, (x> x > s)ds - &( *  (*> x l  S) ds (29)
/>С г

Now it is easy to show, by using the relations (20)-(23) and 
(26 ), that the functions (17)» (29) satisfy the К-G equation 
for arbitrary X ,X  ' and therefore they are just the functions 
we have introduced in (7)» (8)*

In conclusion of this section we will note, that by using the 
representations (29) one can obtain the commutator function

(28)

T)(x,X') = T(x,x')t i ) +( x ,x f  Щ .)  Ue *>s)ds (30)

which, as it is clear from (25)» (28), satisfies the conditions 
(1,6), and the Green function $ CfXf x ' )

Dc(x, * ' j - / 4  (x> s)ds r c
(3-0

which satisfies the equation (I.5a). The representations (30)»
(31) coincide with Fock (Fock, 1937) and Schwinger (Schwinger, 
I95I) representations respectively. These results have been ob­
tained in (Gavrilov, Gitman, Shwartsman, 1979a).

§3. Constant electric field. Spinor case 
Let us show that the evaluation of the Green functions in QED



-  7 8 -

with a constant mid uniform electric field reduces on the whole 
to actions we have already performed in the scalar case.

Tire complete s e t s  of the so.'lnti o n s  of t h e  Dirac e n n u i i  o n  
with the vector potential Д ™ * —-А/ Х*« -Ajt - 0  which
are similar to (2.1), (2.2) and have a s o r n i e l a s s i cal f o r m ,  are:

m = l r X PiPi m  т (h  Pi + '” Г Ф "  (x ) ]  a  11~4>
+ HP*r.

- W „ t ( jlP l + m ) $ f  1

4

f r ^ v » ;

(,:П

+фP-Pipjx* +<Pp_pi p^x ), O f-J i.jdp Ф щ ^ х К

(Х)=УŴ  %ХР{-с Цх 1 4  in k$_)-ipÁ хху С О

_ ЯЛ , . . -i 4 /Л * /.*i, г- и

U l = и -i = KI
/ о

1
о
-1

In (Narozhny, Uikishov, T976) it is shown, that the following 
conditions are valid

;<pb! w  = ( i u £ )  [ Г И(р>.м(x>df>-,í 7
. T  £

(4.)

; 8 e = i f t e £ j ~ V ‘ r a ,  :г€
By using (2.8) we get from (4) the inverse relation, similar to 
(2.3)

(6)i Ф ^ л  W =  И *(Рз>Я ) t $ r  « A f c .
The solutions of the Dirac equation
+Vi rtj = [ t  Jpp (x) + (/±рх+т)~<ррШ]иг>

*урх (X) = W  i (Px )jx +m)ypf(X)] U г .
are classified (Narozhny, 1968) with respect to the energy sign 
of asymptotically free solutions, which in the slow changing

(7)
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field limit coincide with (7). Thus in the spinor case the classi 
fication (i) with respect to the sign of the kinetic momentum 
under X _ —*+  oo is equivalent to the usual classification. Sin­
ce the solutions (?) are orthonormal, we get from (6), (2.5) 
that the solutions (i), (2) are orthonormal too:

Ó t « '  - %vr;Á*‘f a - ' - V ' V í t ó , ' .

Taking into account (Nikishov, 1969)

^(P-PiPz г I p jp jp /z  ')= J(p_ -p_') S(\  ')8гх ,

v(olP-PLPzг , p Vß' г') = - 6 fa - p l)  8 % ~ р ')8 ы 'd
.1

P,Z

(8a)

(8b)

e z

for the Green functions (1.1.44), (I.2.II), which are constructed
with the aid of the solutions (i), (2), we will gets

+ схэ e E x -$~(z,z')= J J E(xXP-)dp--, S(x,x')= ) %  (*, , (9 )
BEX-. -  °°

e£ x .s ^ x 1j= -  J j E(x, x: д )dP_ , сю)
- oo

+ oo

' Л  ( *> < ? -) •  i Z j j P S / i  Уцрг1(хК % Рлг(*'). (II)
Let us calculate the sum in (II)

Z u t u ; = L g ± ,  da)
and note that ^

a , -  (13)
=  [ Г  2c ̂  + ( L  d + m ) J  c * и  f i T ~)

Since

f%(*)+f%(x)m X-±\L̂  f ( I °
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one can express (11) through (2.9) by using (12)» 03):

Л  (x>К  t y -  + (< P (x )+ m )[tt± ie>aC+ b i> c  < a e li'-
z z

- __ /V/ o o

-t- 2cE / ( ' n (+% -)) “ &  <+%- ) I , Of’)
By making the substitution of variable S ^ C l and integratin
over A and P one can use completely the remits of the proX “V
ceding section:

л/
S~(xt x ')=  ( <P(x)+m)At (x> x  ')t

- ¥ ( x x y -.J  %(x,x',s)ds~OÍ>.tpí$£(x,z;s)ds,
pc Г

Sa(z,x') ~ (Р(г)*т)Ъа(х/х'),

S^fx, x ') J  ijr (■£, < s) ds + 00/ , ) f  ge (X-, x[ s)ds,
л / / t ̂  J) <Á. X у,
b  (x ,x> s) ^ б / е (х ,хУ ).

pal

(17)

(1 0)

(19)

Here fjg (xf x [ s ) coincides with the well-known (коск, 1937; 
Schwinger, 1951) solution of the Birac equation with the pro­
per time:

a
$ ) - -  . (20)

Since the differential part in [P*(X )~ is the
same as in the scalar case, all the reasons prooving the va­
lidity of the representations (17), (18) for arbitrary CC X 1 
are perfectly the same.

The anticommutator function

&(x,x 'y  - i (9(xh т)й{х,х') &(21)
r

constructed by means of the representations (17), (18) satis­
fies the condition (1.1.25), and the Green function

~SC(x, X') = (9(x)tm)AC(z,x% &C(X y 'y jfe  (x, x ',S)d$,
r<

satisfies the equation (1.1.45).
(22)
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§4. Combination of a constant field and a plane wave 
field. Solutions of the Klein-Gordon and Dirao

equations

Let us obtain two complete and orthonormal sets {+fK (x) j 
semiclassical form solutions of the К-G and Di­

rac equations in the field

+ f a ( nzA (1)
where F is a constant and uniform field, moreover the inva-
riants F ând ^  = P * *  = { £ ,uMp F * P)
do not vanish together, and tb is the isotropic vector (tгг=0 ) 
satisfying the equation f !F ] and
'f(nz) is the transverse plane wave field: П ̂  f.  ̂(n X) =
=. /M)> (nx)n^ - 0.

Let us choose the reference frame in which the electrio
and the magnetic fields from F are collinear, then they have
the same direction as the space part of the propagation vector ■ ; we will choose this direction as the direction of the 
unit vector ;

^  = fa , - / > " > -  W f a f a -

f a  = f fa  S°), f a  z  ÁJX-), (2)

f a  =  nß  f a  - ^  f a  , Л  =  r j ̂  .
The solutions of the semiclassical form of the К-G and Dirac
equations in the field (2) with the vector potential

J)fa(x) = f a  (x)+ fa(x) + Aß ) t

f a ( x )= fa fa (i,o ,o , 1) > f a ( x y  H X tfa t,

Ац№-) -  (о, At ( x . \  A te - ) t  ° )
are obtained in (Bagrov, Gitman, Jushin, 1976) (see also 
(Borgardt, Karpenko, 1974)). We represent them in the follo­
wing form: the solutions of the K—G equation are^
2) Here and elsewhere we will often omit the matrix indices 
what corresponds to the matrix notation, for example

JI(*-)FK(x_)=ß Ax. )FM K J(x_ )



1
~Aptn (x)’ t e ) 4e-tln x * * - ’ ;  (,,a)
and the solutions of the Dirac equation are 

+ % . /> я T ( x ) z z  L Г +  U Ä ( * ) + , n ) x _  ] e  ~' i  P f o  ( + ' F - ) U r  x

' Ep_ n  ̂  % t XI ) ,

t % n ш~(тle : tp { - i д ь , i^ e n .k jL )+ b \% * .y C K (x -y -K L } ,

„ t  Ш
\ n ( x^ ) - {  z n+l'ir>

('lb)

ОГг а  I
?

%  lx). ф»-l„« £ т * Ш > г

,7 <*- > " k - U  ( Ш ' *  O f )  +eW ( $ f ) ] i  - k f ,~£X> t'£r

+ K ( x - ) - ^  J  exp { -  - jf ta  ^ } e .A  ( ^ ) с - ф г .
V 00

Here ft , px tb аге ihe eigenvalues of operators which are 
integrals of the motion, moreover - 00 < />. f pi < + c*-j 9 u = 0 ,l Z 
The eignes "í" in (4) correspond to the sign of the kinetic 
momentum under X ->f 00 (cE^>o) , We define the solutions 
(4) as analytic functions of X.^ what is valid if Jl(X^) is a 
piecewise continuous function ana the integral over T conver­
ges uniformly. Since we always suppose a rather intense decay 
of the plane wave under 9 these conditions hold. We
will choose the principal value of the logarithmic function in 
the same way as in the preceding sections, that is so that'”V

t r i  ( + J i _ )  -  Cn I  A - ! +  i T i ' O f - Í ^ T h e  contours in the integrals over 
V and the arguments Jl~ are shown in fig.5.
The solutions (4) may be expressed through the solutions 

of the other form like in the case we were concerned with the 
electric field only:

1 f 00
; (x) = (zU E ) z IM,R (x)dp̂

_ Oo 3
(5)

where



(6)
Here the quantum numbers indices Pt r l , Р± п г  are omitted to 
emphasize the fact that the integral transformations (5), (6) 
are the same both fo± the solutions^of the К-G equation and the 
Dirac equation. The saddle points X _  give the main con­
tribution to the integrals (6) under X0->± oo (compare with 
(Narozhny, Nikishov, 1976)). Since the plane wave vanishies from 
+ ¥p (2) under Jl_ -> ± oo the solutions (X) reduce to the 
already studied (2.4), (3.7) under Xc ~+ ± o° -3'. Thus (x )  
(~¥p (X)') from (4) do describe the particle (the antiparticle) 
under (Xo~* * 490), The normalizing integrals for the so­
lutions (4) do not depend on the Xo and therefore they may be 
evaluated in the same way as the normalizing integrals for the 
solutions (2*1), (3.1):

n , +PpJpi *nl V -Г P -)^P t ~P±)$ntt\

^  ^ярл п г ,  ^PJpJn'z* ̂ 2> “  3(p_-pJ)ö(p±- P i)S nn ' ^ z i ' •
In the electric field the solutions (2.1), (3.1) form a complete 
set: 'fp^(X ) if < О and + (X) if > 0 that is for
the solutions (2.2), (3.2) we have

4~ 'fp_(x)=0, T_<0> y p_ (X )= 0 / %. (8)

The plane wave and the magnetic field are not capable to violate 
this characteristic of the solutions of the semiclassical form, 
therefore we will assume that the solutions (2.2), (3.2) descri­
bing the particle under X0-*>+oo and the antiparticle under 

Х0-+ -о о  in the field (2) also satisfy the conditions (8). We 
could verify this assumption by straightforward calculations with 
the functions (4), but it is unnecessary at this stage since the 
corresponding proof will be given in the frame of the general 
proof of the completeness of the sets being used, after the Green

a.
functions D fX iX 1)^ & (x, X 1) are constructed. To define comple­
tely the functions { ^ (z ) }  { ±{fK (X)j we wil1 use the relations
3) The presence of the magnetic field together with the electric 
field results in the substitution (ZT)-* —«. pp n (X ±),
^xPx~*]íi.^± , Д-*Лпг = 1 where Ъ ± for
the solutions of the Dirac equation and 7 = 0  for the solutions 
of the К-G equation.



84

which are valid Рог the complete and orthonormal sets of solu­
tions
f(z)= *т)в(+1+)+у(х}б(-1+),

Г (9)
f (x)=У(х)бП-) +~f(x)G-(i-)f -?(x)= ?У’(х)ф-)+у,(х)&(-1-),

where j? = +Ji for the solutions of the Dirac equation, p = - i  
for the solutions of the К-G equation, and the coefficient mat­
rices {j(~ l+  ) - & * ( + 1 ~ ) satisfy the conditions

Ш + ) 6 ( + 1 ± )+ Ш ± 1 -)6 (~ 1 ± )=  ( +- D  * 1 ,

G P U  )& (+ !*)+  W M - W - I * )  = M  (10)
GUHGCI-h ? G (+ l-)e (i-)= G !( +l+ ) & W +  * G (% ) £ ( - ! - )  0 ■

It is obvious from the explicit form of the functions (4) that 
the conditions (9) are diagonal at any rate with respect to the 
quantum number /L what makes it possible by using (8) and (9) 
to get the solutions of the К-G equation

)Гпг№>1
and the solutions of the Dirac equation

n i( *> -  WX-)l+fyz) G(+ l * ) ]p_p n t ,

(11a) 
‘P-Pt n ,

(11b)
У РЛП1(Х)= е(-Ъ-)ГG W ]

P-P±nZ
Since below we will make sure that the solutions ^  (J/p_)
form a complete set over the X0-Corl$i. together with the 
solutions i+ fp 3 an^ together with them only, the ortho-
normality relations are valid:

» -^P.'p'n1 ^%.pt nx <-12'1
The orthonormality of the solutions (11) follows even from the 
properties of the coefficients GGU) (10) by taking into ac­
count (9), (7), (12):

(Ур . /> n > -%Jp‘ n ')H_r  -  ~^(P-~P-l)^(P 1-Pi ')J n n

(У р .Р .п х , У р р р 'п 'г ') ^

f
f (13)
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§5. Combination of a constant field and a plane wave 
field. Green functions

By using the complete sets of the solutions of the К-G and 
Dirao equations, which are obtained in Sec.4, we will get all 
the Green functions for the scalar and the spinor QED, whioh were 
mentioned in Sec.1 for the field (4.1).

The calculation method of the Green functions in this field 
does not differ from the preceding case. Therefore we will give 
the final results only:

S - ( x , x ' ) = (  9 (x  )+ m )A  x

+ S*(xt z ')= ]  ш,х\s)ds-9(t$J$(T ,t',s)ds  ,
pC n

S C( X, X ' )  = (9 (1 c )+ m )A c(x ,x ') , 

A C( X , x ' ) = l  Q (x ,x ',s )d s ;
pc °

(1)

(2)

(3)S a-(x,x,)=  (?(x)+m)&a(x ,x ') ,

b*(x, X1) =  J S)ds+ 0(%) J 9 (*,*', s)ds;
« Cn A « rxa
S t(x,x')= (9(x)+m)&-(x,x')f 

?Д£(х,х')=J 9 (x,x\ s)ds-Oftu0)U(x,x[s)ds- W y jf  9 f t
r. r

00

Qrt Лs (x,x‘) = (P(z)+m)&c(x,x')r

l c(x,x')= J 9(x,x\s)ds-6q3)
_ p pa

S Sft,X') = (ß(xhm)üEfxt x \
¥ ( * , x ’) ~ $ 9 (* ,х \№ -Щ 3) J  9(x,x;s) - f^ x ,x 's )d i;

Г .  _ П О  ry

(5)

(6)

Un л и г
(j(x,х') ~l(?(z)+m)&(x,z')t £ (х ,х )=  Щ )  J 9 (x ,< s )d s; (7)

Г
where

$ (*> * ',s )= [e x p ( ie F M, j + ( J 4 3)# e  eF\
(8)
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te У у

е
! ( * > < * ) =  ш ^ е н з ) £ш г ехР ( - 1т

+ f y Me F l (S)- L .Z l( y F £ ) e 4 k e E s - L' i f ( \ \ * i ( s ) ) c  eHs} ]
(9)

gi Q10)

'1CeU L(d)
S

x. (u) =xL + y_ izL e A(x.Cu))dui - e-*.ees >o

<p(s)= je A (x_(u))[e A (xJu)<-eFLru))du-, = C2 + Cj-
0 Лand the contour • Cn see fig*5#

The function 9 ^ , x ' , s )  satisfies, as it will be shown in 
Sec,6, the Dirac equation with the proper time

i  ds(j(x,x'f s) = -  ( 9 2(x) - m y f x ,
the funotion <£{XjX^S) satisfies the К-G equation with the 
proper time

ids 4(x,x\s) = - (9 l(x)-ml)((x ,x 's )
The Green functions for the scalar QED one can obtain from 

(1)-(7) by means of the substitutions

§ (z ,x ',s )-r4 fa x ',$)
Note also, that the relations (2.25)-(2*27) for the functions 

0)-(7) in the field (4.1) are valid too.
The function (7) satisfies the usual conditions over the arbit­

rary space-like surface. This verifies completeness of the set 
of the solutions (4.4), (4.9) over the arbitrary space-like sur­
face.

By eliminating the plane wave from (7) we will get the expres­
sion obtained by Pock (Pock, 1937). By eliminating the plane 
wave or the constant field from (2) we will get the Schwinger re­
sult (Schwinger, 1931)* It is also interesting to note, that
0(p S-(x,x')- 9(-psy,x% G(y.)Slx,x)- 0E</_)S+{x,x')t

that is the funotion S c(X, X 1 )  in the field (4.1) is the same 
for the usual QED and for the QED on a null-plane (Rohrlieh,1970; 
Kogut, Soper, 1970; Bjorken, Kogut, Soper, 1971; Neville, Rohr- 
lioh, 1971).

It is easy to represent the expressions (8), (9) in the inva­
riant form:
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eFs
$ ( * , x ' , s ) = [ e x p { j  fß i )  s )  *  ( n / ) j e

* je-zefug d A ( n x ( u ) ) ^  sheSs] 1̂1) 
о a u  eé(ny) J

* ( x X  s)=0 £ £ s ^ w ~ np í r  w  -
~ ij(y+L(s))e Fdk&Ps (у * l(s)) + i  фа)};
<P(s)= $eß(nx(u))[eß(nx(u)) + eFi{u)]du, 
i(u)^ i \ \ < í M u 'u')Fel\(nx(u'))du\
s=  c \ f ? h ~ f i ' - 'p Y /í [ S J z+ f p t T ] ' }

(1 2)

where X is ̂ the gauge function of the vector potential 
AM(zy. %= S 'A j im d x *  the integral being taken
along a straight line. Note, that (irM^Batalin, Fradkin, 1970J9H) )\ 
the Green function Sc (X, X *) in the field (4.1) was obtained P*tst i 
in the form of a proper time integral of the function which in 
fact coincides with (ii).

To write the Green functions (1)—(7) in the invariant form 
one should replace the function g(Xtx',S) by the expressions 
(11), (12), and in all the contours В by £

§6. Operator representation of the Green functions

Let us show that the function f l ( X , x \ S ) (5*8 ) coincides 
with the transformation function i  < XI exp [  iS (BP -  m z) J Jx' 
which for the field (4.2) may be obtained by the Schwinger me­
thod (Schwinger, 1951).

Consider the matrix element
A

I f  iP*'
< x i U ( s ) l x ' > =  < x c s ) i x ' ( o ) > ,  U ( s ) ^ e L , 0 )

where the operators of momentum Jju and of coordinates sa-
tisfy the usual commutation relations:

and IX'> is the normalized eigenvector of •

x  l x ’> = x'ß ! x  > , < x j x ‘>  - S M ( x - x ' )  .
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Let us introduce o p erators of m o m e n t u m  and c o o r d i n a t e s  in the 
H e i s e n b e r g  picture:

X M(S)* V - fa X 'U fí l X»(ofaXM, X t -X ° tX J, Х ^ ( 0,Х ,Х г>0), 
9 ß(s) = W 1(s)?/ 'l/(s), 9 ß«»~9ß, ^ ( o f t q . o ) ,

w h i c h  s a t i s f y  the e q uations

Ü Ä  g)MM  (2)
cLS 4 ' ’

d%(s)
ds~=zê (s)9 (s)+i (№)-13(s)Ws)'W(. (3)

where (S) - Fj* + f a  O L i s j ) , fa  (S)= V (s)t [9%)J¥ (i)},0
The function (1) satisfies the Schrödinger equation

t о < ' X ( S ) I x ' ( o ) > ^ - < ( S ) l

V

00
and the equations, connect ing tile operator 9u with it’s coor— 
dinate representation:

( t ~  -cAJ (x))<x(s)ix'(o)>=<xa)iÖX**

(- <■ ~ j x - eA ^ (x ') )< z (S ) ix '(o )> = < x (s ) l^ /o jlx '(o )> t
(5)

dx
and also the boundary condition

Um xx(s)ix'(o)> = d,4)(x- x') (6)
S— to '

where one should proceed to the limit along the real axis.
By solving of theequations (3) we get

P ( i ) = e ' ze£s 31(,>),

íei.í"r'í?ehie-aeice Uu d u ] .

9 ( o = e  T  ?+ (o) + r l(o)ttze* * 0 Ш ) % Ги) +

+ с ( P - P ) X e ~ z{eF*ee}u e d - i(X -
d u  J J  >

(7)

(0)

(9)

and by substituting the expressions^'9) into the equations (P) 
we obtain

X . ( s ) - X - ( o ) = ^ - f i - e
-zc£s

) 9  (0), (1 0)
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XxtsyXjo^J-feM jflfoí-zjduWezem'aldM A A ]
о о CtU' J

X,  (S)-X . (0) = t  (e zteít)9t fo ) , r ‘(o) f f c í e гШ- е геЁа) <
[ге Ш ^ т ^ ( и ы ( х ч 3 ) , е -г

dxÁ.

ó d

(12)
from where come the commutation relations

(13)
[ X - ( s ) ,  X .(o )]= [x _ (s ,)) <£(<>)]= [X .(o ) t 9 (o ) ]=  o,

[x)m,x(M] - i ■
If we write the operators % ( 0 ) in terms of coordinates 

X u (’S) , X и (O) vrith the aid of relations (10)-(12), we will/*■ r-get, by using the commutation relations (13) the following 

<X(S)I h^O)> = <X(S)lx'(0)>.{^^(^J +
űZLJ ̂  j ny

+ 4 iin 2eHS %z(S)+izEcihcEs i-ieHclpeHs-t

*  e H Z * -  U E A - U í 0- Я * ) и Я ( г 1 )} , (u)
ZcF(s-u)

1

zeSuL i
-1

t i s ) = L ( s U ^ - ( t -  e lecs) e A i x L ) ,
where the functions L(S)} X. (U) are defined in (5.1(5).

One can verify that the following identities are valid:
ezHz (yxi-U s ))2t
4 s in 2eHs

4t [~ ($± + i-(s))ZdqeHs + ^ ijeF i(s ) + f  (s)](Д* *7 f
where (S) is defined in (5.11)» and

-of(s)[eHZS-úE<i3-c(jl0- l 3)xeX(X-bZz fs)J = i  ~ jj->

ur(s)=exp((eEoL3i-te.HZ'i)s )  + (t<’. . p ) y e ePS'‘

(13)

(16)
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, f e - 2eFue Щ - J ^ d u -Jo du e sy -
By substituting the expressions (15), (16) into (14) we will ob­
tain the solution of the equation (4):

<х(в)1х'(о)> = сгх/х)иг($)ехр{-с~  e£s -
f a  + KstfctyeUs + ^ y e F its h i  <P(s)-£n(sheFs U n c H i ) } ^

where C(X,X')is an arbitrary function of Xj X 1 which we will
determine by satisfying the equations (5) and the boundary con­
dition (6):

C(X, x') = -i e ^ H  
« a 1 • (18)

Here the function X under an arbitrary gauge of the vector po-
ptential v w  of the constant fiê ci is represented as the in­

tegral along a straight line: X « - /  Ap№)dx which results in 
the expression % — Xn + %x in the case of the vector potenti-G л H 1als Я (x), Thus we have obtained

z j s }~ i< z je x p { is [$ )Z- m z]} ix '> . 09)
To calculate the radiative corrections it is often conveni­

ent to use the operator technique (Schwinger, 1973 5 Baier, Kat­
kov, Strakhovenko, 1974, 1975)* The starting-point of this cal­
culation method is the representation of the Green functions as 
matrix elements of an operator, where the states are numbered 
by the space-time coordinates (Schwinger, 1951)^:

S(x,x') =<xlS lx '> ,

S = (s - ic, 5f S*t S* s * ) .
(20)

Here we will obtain the operators S for the Green functions 
calculated in this paper* Note, that all the obtained Green 
functions have the following structure

S(x,x')=. (<P(x )+m)t\(x,x')t

h ( * ,  %') - £  А Ц ) 1 9 (x>x ',s )ds , (21)
J d Kj

where J l  and /у are the given functions and contours, and
4) The notation of the operator has here the same indices as the 
corresponding Green function*
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fj (X} Sj Is, as it has-been shown, the matrix element of the 
operator W(S) = CXpitS (!P —m*')} . Then the corresponding ope­
rators are ■л

S - (Ф+т){\ t & = iZ . Jds j  ß. (K) £ L W (s)eLKXd ‘>K
j  m-“>

Pé ( к ) = №  7  fi j im у .
(22)

By evaluating ß j  (iC) for the obtained here Green functions we 
will get

Äc= J  W(s)ds,
ГС (23)

A c= J W O r f s - ^ / c f c в 1'тяхт ) е - ‘тях
rcn ~oo (24)

A c"= ̂ M M d s - t f c u J ^ L - e  itn \ ß ) e unX.  cfW(s)dsp па _ ЛЭ £ « jШ  I '

*■& -<■ JW(s)ds-£j?fdsJ -férjre* X°Wis)e*‘ lX'
pc P -oo

г OO

- lTX0
j

&a= i J W(s)ds+^JctsJ j ^ e m e ’ “ ” *
г a, no оо >qO _oo 

oO
♦ д* = J  W(s)ch-^ JdsJ

'Vn "0°
-J . ( ds+]° ^  -  -  ttt-JC...........

(25)

(26)

(27)

(28)

(29)

гзг í-t£ Wftje ií-с^СгГ!
§>■Г / Ф * IThe operators (23)-(25) are inverse to the operator «/ “/72

and the operators (26)-(29) are orthogonal to it. The operator
Д (23) coincides with the Schwinger representation (Schwinge-i

-jr///1951) of the inverse operator
The operator (28) oontains the factor € and there­

fore vanishes when eliminating ( ty *o ) the electric field. As>T v
one can represent the operator Д с (24) as Д

-v
then it coincides when eliminating the electric field with Д ,
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Pig*5a Contour for + К (ЭС-") (х-̂ )

Pig.5b Contour for ''K(x-b"J(3C-'>

Fig. 6
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APPENDIX C. RADIATIVE EFFECTS IN A CONSTANT 
ELECTRIC FIELD 1

In Chapter I the rules for writting out the matrix elements 
of transitions in Furry picture and the formulae for calculating 
the total probabilities of transitions with the aid of cutting 
the diagrams are given for the external pair-creating fields* By 
using these formulae we will calculate here the total probabili­
ty of the photon irradiation from the vacuum accompanied by crea­
tion of pairs and the total probability of transition from a sin­
gle-electron state accompanied by the photon irradiation and cre­
ation of pairs for a constant electric field,

a) The total probability of the photon irradiation 
from the vacuum in the electric field accompanied 

by creation of pairs.

It follows from the unitarity condition (1.2,7) that the 
quantity sought, which we will denote by P  is equal to the 
following ____

L L-

L —  jr [ д С (x-x')HflSc(xz')flSdzdx'
(2)

v / > v V

L =-£ J 3 (X)Xf(jc- z')J(x') dxdx1,
A#

Let us calculate the vacuum current $  fa ) (1.2.7)

j(Z)~ km  3 / z x ' J  -  fan x*).
л-**/ и х 1 v

By choosing S c in the form (B.3.22), $ ^  in the form (B.3.I8) 
and using the formulae (B.2.26a)^and (1.2.10) v̂e will get the 
representation of the function S ̂  which is convenient for the 
case under consideration.

S C(X, z ‘) a  ( 9 ( X ) - t f l ° f l 3 /X , x ) ) ' (3)
----   ------------- —  yS.P, SaVti to\y*j
' The work is c a r ried out by D.M .Gitraschwartsman. Sh.M. and 

Wolfengaut J.J. (Dept, of Math. A n a l y s i s .Pedagogical Inst.,634044 Tomsk, USSR)
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Ai (x,x')̂ j lc($) /f (xx's)ds- &(y.) &(- A)-fe (x,x's)dsi 
it(s) = chefs, A) -  she£s,

With its aid we will get1)
-w0*

3 (x,x') = zie{$fr)At(XX' } + tel')]'

3*(x,xl)=-4ie £Pií(x)üí(x,x')i k=i,z,
***

d } (x,x') = -zee [$t(x)&+(x,x')-9+ £х)й.(х,х')]'

9к (х)=£Ък> k * 1) г;

á£ - Al(x,x')t й

It may be shown by using the explicit form of the function 
X 4 c (Z ,x ', $) that (x ) \ ( Х , Х ‘) ~  y K, this yields 

K-itZ and that ( S€€ ow\d

fi■ /»c g а л a
^ (S'SkeEs) lezp{- i/n̂S + в(г£ -

^  & (xz 's )ds j^

(4)£

Г а4
к

The two first terms in (4) vanish when <£-* X^ and the lat­
ter integral may be calculated with the aid of the residue me­
thod:

e£
a x ?

Ф (s‘SheE$ylexp{-im*s + e£s-<f

I) The notations and definitions of appendix D are used.
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Finally we will get

J ( x ) cm M r . e ‘ r & S / ' (5)i6xi eK
Here T is the time interval in the course of which the elec­
tric field acts. (We will, as usual, assume

The expression (5) is the mean current of particles crea­
ted by the electric field from the vacuum.

'X>
In view of the fact that J  ( X )  does not depend on the space- 

time variables there is no irradiation of the photons with 
£  £  О by the vacuum current This leads to the fact that

tthe imaginary part of the diagram L is equal to zero. There-j
fore it is not necessary to calculate the diagram i , in the 
case under consideration. #

Consider the calculation of the diagram L  , To do so we 
will use the representation of the function £ &  following from 
the relations (1.2.30), (B.3.22) and (В.ЗЛ8)

Sc(z ,z ')= ( 9(x)+m)[<jJx,x'h (6)

6-с (х,х')- f  (xx's)-9(y3) (cls)ft (xt x ,)d s -  
nc "

tc(s)(t (xx'$)cLs. (see i owc<-fi9. г) (?)
na

The contours arising here and below are defined by the figures 
(1-6) of the appendix B.

We will get by calculating the trace, which appears in the 
expression (2) for £ the following

»

П * h { j S c(zx' )x Sc(x'xJ j * W  Пл>

flt *  I6mzfr1(zz')frl (xlx)= Um*dSĵ  f  dst •
/ЧЛ*

■ i i  Is! ) /f ( tx !3t

П,* % Z. [% (xj&Jxx1) (z % (x)(rz ixx'J•

(8)
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(х')(гг у? j <*£, J dSj ./> '/f (xx'$1 /f />'хзг) ,
pc-p * 3

/73 ~~^31(х)(т±(ХХ^% (X*) fr- (x'z) ~ (x)6l. fax') & fjcyő+íx'z) i=

= ^ - y / j  I dsi /  dii  Я i  l**% ) i  (x'xst)
рЧро. П сг-С3

p2 1 (stЗл ) ‘ *ohe/F ̂д- у,* 2 (sh• M  e E s ^ fe B ) *

<?v ftzV  = 6̂  (x x ') i  G-Z(xx
JNote, that the expression (8) is even with respect to J?-jc * 
and substitute D0c ( x - x ' )  taken in the form Z & fX o -x J h iT u - jc 1)  
into (2), By performing 2 ^  and X ^ integrations in (2) we will 
get

7 = - z i  e * v-I ( ? E)
( W ) 4

2 r
dsi { d S sî n —  ‘exP{-im2(ŝ si)i

Г - Г CL г'-с2-сг SL4 S2 ■ sheEs±

i ± Г & £ -  
1 *  t e - а ,  J Í

a  « + s',-i. 'é  = eE (c tkeE s^ + ctheEsT) . (9)

P *  a TVn i_ (10)

b) The total probability of transition from a 
single-electron state accompanied by the 
photon irradiation and creation of pairs#

It follows from the unitarity condition (I.2#8) that the
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quantity sought, which we will denote Ъу where t  is the
total combination of quantum numbers of the initial electron 
in the electric field, the electron being described by the 
asymptotic expressions for the functions , f úoa (B.3*I)

1 _ _ _ . ‘- r i l l £under po is equal to the following:

1 я 2 .& * ] (II)

M e  = с'е*1д0С(х-х'НЛf t t ySC(zx')]{Á(x')}dxdx't ( 1 2 )
Ä* - |Д (цхЖ ж -х1) J(x')ct*z, d*x'.

The diagrams Z* and M do not contribute to r£ due to
pace-time invariance of the current У(Х) and the diagram

i  has been calculated in the item a) of this appendix.
Let us calculate the expression within the curly brackets

in the integrand in (12). When doing so we will choose the func- „ 'V tions £> in the form (6), and the functions % in the form
(B.3.I).

the *

M  =. Д  (х)Ц З Д  ( x ')« +

--2 [<P \x) Jp \ x ') % (z) <z ( x , m ^ Ф  +L(xу <p+1(z') *
. 9^(x)&+( i,x l)]i

* Jl

)+i ' ftj ft!/ ($L M  -<'* £  ftJ ft. ft, *  !h

*  a A  ) & 1(*)$'11х')(%(хЫг9ги)6±и, x')]t

Mj *  íim Á[ i$> ~ \x )i$> *i(x ')  + ^ 1(Х ^ф ~ L(Z ') ]& t  ( 7 ,X 'J t

Here l * ±  Í  is the spin quantum number. The functions t  fá j 
are defined in (B.3.3) and depend on the quantum numbers {L о s> л/И / * '»I *z, *To do the X  and X integrations it is convenient to choo­
se the proper time representation for J)c f j[ jr ̂  in the expres­
sion for ;
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V f  ( * - * ' ) *  ( fa ß  í  1 Г ‘ & П Г  K }
0

Here we have introduced the photon mass J4, since the diagram 
M contains an infrared divergence*

The final result has after the integrating the following 
form:

-лХ
M  -  ) < M e >,

(13)

J ds* \cLst + \dh Jdsz .
6 r i p *  C3 pc

•i>fV Tj.
e£* ^  Px Sz

L  A
Z * exf> {-iß \ - »'* )J/

Z^ сЛ zc ёз^- j, t fí,* sh&

. „ , _ „ <+eEs,(dh.e.£s1 + i)Z *=  zeEszcAzeEsi f-shzeEs 2 a  -— - — — — --------- -
3 * *» l  + e£Sz(c{ke.Esx - l )  •

Л/
pe = p  + гУ т  M , (14)

—  Í  d * *
Here we denoted the divergent integral ef J i/̂ TTT* ЪУ«*oo **
It may be shown (Nikishov, 1970) that from the conservation law 
for the creation of a pair accompanied by the photon irradia­
tion it follows that the К у  integration may be replaced by 
the integration, so that .S is equal t o ^ r  J , whe­
re X- * fL -ef ac_ (see appendix Б)• By studying the classical 
analogue of the quantity 3 U  one can make sure that S is 
the time interval, in the course of which the field acts, mea­
sured in the units of the proper time of ела electron in the 
electric field.
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c) Discussion

For the pair-creating fields the calculation of the total 
probabilities based on the unitarity conditions differs in prin­
ciple from the case of the fields which do not product pairs. 
This difference is in that one should calculate the diagrams 
which are subject to cutting with the aid of the noncausal Green 
function о , Therefore it seemed to us to be of importance to 
check the results obtained in this way by the straightforward 
summing of the probabilities of transitions, that is by the 
straightforward calculation of the left-hand sides of the uni­
tarity conditions (1.2.7) and (1.2.8). It is convenient to per­
form such checkinf? after a certain transformation of the left-
hand sides of the relations (1.2.7) and (1.2.8). Namely, let 
us express the functions 4 'У and in terms of the func- 
tions +T in accordance with the relations (I.I.4I) and use 
the completeness of the out - states. Then

(15)

(i6)

Here we have chosen the vacuum current Ü he equal to zero, 
what is valid for the constant electric field.

We have carried out the straightforward calculation of the 
quantities P and P g  by using the formulae ( 1 5 )  and ( 1 6 ) .  

The results of this calculation coincide with the expressions 
obtained by using the unitarity conditions. This coincidence 
is the direct proof of the unitarity of the $  — matrix to the 
first order of the perturbation expansion.

Note now, that in (Baier, Katkov, Strakhovenko, 1974; Ritus,
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1978) ' the mass operatorЛ Им =
for a constant field was obtained, which was then averaged over 
some solutions of the Dirac equation, these solutions were ei­
genfunctions of the mass operator. The result obtained in this 
way has, when only the electric field is present, the following 
forms г r r

< M  >  =*- J j d - h  ^  te i sz )H r

2)

r c pc (18)
(M(st is defined by the formula (14))

The expression (18) is in the second-order radiative correc­
tion to the scattering of an electron in the electric field, 
which in accordance with the results obtained in Sec,I of Chap­
ter I has the form

ft).oui<olam(cu.i)S a

(19)

The vacuum current <7 is equal to zero in the electric field, 
therefore the diagrams A| m a  and L should not be considered. 
The diagram njn can be expressed in the case under conside­
ration in terms of < Al ^ in the following way:

h mix
where

< n > Y1 mr\ u *

and C v and bW(mln) were calculated, for instance, in (Niki-
2) We do not touch here the papers related to the calculation 
of the radiative effects in the fields which do not creat pairs.
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shov, 1969; Narozhny, Nikishov, 1976).^ ~ xThe diagram i, C# was calculated in (Ritus, 1979, 1977) 
for a constant field. The result of this calculation for the 
case, when only the electric field is present, is given by the 
formulae ( 9 ) where the «Ŝ — and integrations are perfor­
med along the contours Г с only. Note also, that in the elec­
tric field L Cy is,in accordance with the results of Sec.3 
of Chapter II, the second order correction to the effective 
Lagrangian for the field
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