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ABSTRACT

The excitation of an H-atom by an incident moncxihromatic wave 1is
dealt with using the two-body wave function of the atom. It is shown that

this method gives results resembling very strongly the classical results
obtained by H. Hertz.

AHHOTALUMNA

Wccnepyetca H-aTom BO36YyXAEHHLIE MOHOXPOMATUYECKOW BO/HOW. H-aTom
onuchiBaeTCcs [ABOWHOW (YHKUMEN BOSHbI. [loKa3biBaeTCsl, 4YTO MOJyYeHHble TakKum 06-

pa3oM pe3ysbTaTbl OYEHb MOXOXM Ha K/acCu4eckue pesynbTaTbl, MNoNyYeHHble
Mepuem.

KIVONAT

A monokromatikus hullammal gerjesztett H-atomot vizsgaljuk. A H-atomot
kéttest hullamfiggvénnyel Irjuk le. Megmutatjuk, hogy az igy kapott eredmények
nagyon hasonlitanak a Hertz altal kapott klasszikus eredményekhez.



The old theory of Bohr treated the H-atom considering both electron
and proton as classical point particles. The wave mechanical treatment re-
places the point particles by waves, however, in most of the discussions of
the H-atora the nucleus is still taken as point and only the electron is de-
scribed by a wave function. The latter treatment has its advantage as it leads
to quantitatively correct result - in particular if we introduce the effective
mass

of the electron.

This one-body treatment of the H-atom is justified because of its
success, however statement to the effect that 'the proton can be treated
classically because its mass is so much larger then of electron”™ must be taken
with precaution. Indeed, it follows from the uncertainty relation that a proton
confined initially to a region with linear dimension of the order of
rQ =10" cm would expand so that after 10 sec it occupies a region with
linear dimensions of meters 1

The wave mechanical treatment of problems as one-body problem has in
fact its strong limitations. We have shown /1/ that treating the Stern-Gerlach

effect of H-atoms as one-body problem and supposing the motion of the electron
to be described by a wave function ~(r,t) and the action of the proton as
that of a classical point particle - this treatment leads to the incorrect
classical result - i.e. it leads to expect that the atomic beam is being spread
out continuously when traversing the inhomogeneous magnetic field. The observed
effect is only obtained if we describe the H-atoms by two-body wave functions

v(r,t) = ¢ (£-2 -

The above remarks make it worthwhile to investigate the treatment of the
H-atom as two-body problem in some detail.



The wave equation of the unperturbed H-atom can be written

Hob = 1lh$. /Y

where

/la/

Stationary solution cf/1/ can be obtained in terms of centre of gravity and
relative coordinates, 1i.e.

R=ay, +asr,
S=rqy -1
with
m
a = — / v=1,2
v mil. .

From 72/ it follows also

2 =R-4 B 131
and

6

a4 = d3rrd3e - dSRdoSs

The stationary solutions of /1/ can thus be written

“nE (g,t) = Jnie 1lnb

and

/4/
U k?
1 S
me natet e+ O wos " (m+m2)
where (s) are eigenfunctions and the eigenfrequencies of the one-body
problem /with reduced mass/.
Further
2irt
/5/

where | are vectors the components of which are integers.



We note, that /1/ possesses no stationary solutions which can be
normalized. However, if we take the H-atom to be enclosed into a cubic box
with side length L, then we can suppose the stationary solutions inside
this box to be given in a good approximation by /4/. Strictly certain small
corrections in the vicinity of the walls should be applied, we neglect these
corrections.

The functions £ ~ form a complete orthogonal set of functions in
terms of which arbitrary functions of { can be developed inside the box.

Considering an electromagnetic plane wave falling on the H-atom
enclosed into the box, the vector potential of the iIncident wave can be
written.

A @ = Faet®r Ttke ¢ /61

respectively

ol & r, nmJd

The effect of the electromagnetic wave can be described by a perturbation
operator P and thus the perturbed atom obeys the wave function

H +P) ¢o=i1my/ Va4
where
P = P+e—lilt + P_eiBt, /8
2
with P+ = 1 P and P =1
v=I1

Thus the perturbation consists of four terms corresponding to the actions of
the wave on the electron and on the proton /v = 1,2/ and also corresponding

to the frequencies. of the electromagnetic wave. We have explicitly
+ +iCr
PV = VvV gradv 4
with BV = ST « and €y = -€5 = charge of the electron. We have neglected
here terms inv A . The solution of /7/ corresponding to a state

Ao =0

can be written as



q)n0|o ngr oo , 110a/

where

Uro P ©. /0b/

and

I .. alA. /0c/
nb.o é

Thus the perturbed solution can be written wheh neglecting terms of higher

order in éo

I . -iw_t + —-i(w_+SDt, - -i(w -fi)t
¢Armgoe ° +ae ° +ae o

/ 10/

Inserting /10/ into /7/ we obtain differential equations for a . Developing
the latter quantities in terms of the eigenfunctions ¢~ we can write

]__: Ie_ﬁiyﬂi s m/
where
S = ~ni P ~nn™n d - 712,
ni Lﬁw _ e
n (mo Wnir & )

The integrals in the denominators of /12/ can be worked out in a straightfor-
ward manner and thus we obtain the perturbation of the wave function by the
incident electromagnetic wave.

Let us write

~vni i e vgrad,, ¢, 4 d r 713/
0
thus

i 1(BIELIni+ 2 £2n™c 714/

("M=-“ni z£i»

The integral on the right side of /13/ can be transformed into one with
variables R", s". By using /3/ we have

grad€i = . |r + |s and grad™ = as 38 ds



As can be seen at once the integrations over s* give two kinds of terms
of the form

0; 7 (s")esicty - d3s % 0 /15a/
and
(s*) gradg, ¢o(s")e+rav (S SDASFKE | /15b/
where
hn = [® G grad @ (s7)d3s” 716/

is proportional to the dipdl moment of the mixed state with components ®o
and ¢n.

The approximations /15/ are valid if we consider exp(ia2Ks) to be
a function which varies very slowly as compared with ¢o (s) or ¢~ (s)- The
latter assumption implies that

X » rH

i.e. the wave length X of the incident beam is large as compared with the
Bohr radius M- Inserting /15/ into /13/ we find

luv+1 1

1) b? d3R" 717/

Inserting /17/ into /14/ and neglecting the dependence of w ~ on § and
thus writing Of> ~ W, we obtain

£ _ I8 —o Pn 1 L(iSo—KA
"ni. E6 W= 1 ( ) d3R 718/
where 6 ome

The summation of H in /11/ can be carried out in a good approxima
tion. We may write

| e-iK,(R"-R>

a
\ = i O(R"-R)



and thus

Jel« [eiC"Ko-il1"11"]J«" d3E,.L3ei(KOxjpR

we find thus that

I+

, B y ~"En~pn(¢} _i(iL.+iS)R /:9
17972 g~ 1 n

We can write as a good approximation

al = el(be“0S Jc* o,, (-, 120/
where
180 9 2 ("P] /20a/
t o*@

It is apparent that the terms in /14/ correspond to various wave numbers
Ko but the sum of these terms gives in form of a Fourier synthesis tferms
with wave number K of the incident radiation.

Thus from /20/, /10/ and /10b/ we get for the wave function of an H-atom
perturbed by a monochromatic wave

¢ = {60+b (s)eigKR'nt) +b (s)e'i(ﬁR'thSeigEbB'Wqt) 121/
where
3;£.¢D(S)
and
+ +
b'©® =) ¢ 9O -
=0

/for c” see /20a/ /.

»
The electron density can be obtained by integrating PP over the
proton coordinate

Px (r) o ipd ) L 92)



Similarly the electron current density

i-°r) = —iRlj(® grad*-ij/grad.® )d £2 . nbc? 1 A ( & ~d3r2
ri=r

-+

/23/
Introducing /21/ into /22/ and /23/ we obtain terms proportional to the fol-

lowing integrals

1= 724/

and

N

5 0]
on ¢ (s)grad (&) (f)e-lA—)d r,
-1 n p

The latter integrals can be worked out in a good approximation if we change
the integration into s and put

R = r~-a2s and d3£2 = -d3s.

We thus get

Dy, = €< o (B)on @) a2 dE

and as we have shown already in connection with /15a/

Similarly, since from /2/

grad

_4_: {grad*?grads_

we have
gradr™(enr-<pn(s) ) = (K.a™n (s)+gradg@ (s) Jel —
and thus in the same approximation as /15b/ we have

_ iKr
Ton" e = -

/ pn 1is given in /16/ /.



We Find in a good approximation

pP(r)= -epx(r= L /25/
and
mAG /26/
where
. E -E
K=1+ _4_ | - D
G /26a/
with E = ﬁwo, En = hon

The electromagnetic field propagated inside the box satisfies the
electromagnetic wave equation, 1i.e.

V2a - -CLI,-A = - 4iri, (D . | 27/

In this way we obtain from the perturbation calculations of the two-
-body wave function the results obtained by H.Hertz from classical consider-
ations. The new feature of the wavemechanical treatment is that the "oscilla-
tion strength” introduced by Hertz can be calculated from the perturbation
matrices.

The interesting feature of the consideration is, however, that while
the one-body treatment makes to appear the classical considerations only qual
itatively correct - the two-body treatment leads exactly to the classical
result obtained from the model of the "harmonically bound electrons™.

It is interesting to extend the above consideration to cases where
the density pAr(r )& constant. The simplest case is a state which is a super
position of states corresponding to atoms with translational motions, thus we
may put

Y =  er-ov- dovtd, /28/

where

ov
ov M



Indeed, /28/ satisfies the perturbed wave equation if small terms
are neglected - the latter are due to the fact, that the effective frequency
acting on the moving atoms differs from B by the Doppler shift corresponding
to their translational velocities.

Working out the electron density corresponding to the mixed state,
we Find using the method above that

AME = - R3r9L =13 A WK expjifKy, Ko O (wy,-wo -t
r"=r N -

The Ilatter density shows strongly fluctuations in space and oscillations with
frequencies around U . /IFf we take the as wave numbers of thermal veloc-
ities then we can suppose Kqv ~ K to appear in the thermal spectrum, never-
theless because of the large mass of the H-atoms wqv << B /. Thus the fre-
quencies appearing in the spectrum correspond to the original frequency

i  with Doppler broadening.

Indeed, if we have for a particular value of v

thus

bw kft n<<n
M C2
Since lifiMc e is the ratio of the energies of the incident photons and the
rest energies of the H-atoms.

The current intensity of the electrons in the mixed state is obtained
similarly. Using the formalism explicitly for the state we find for the elec-
tron of the mixed state /neglecting Doppler shifts/

2

i11(n= ﬁ-y Pl (NA(NK
e

where k has the same value as before. We see therefore that the incident

wave produces oscillations with current densities equal to that obtained by

the classical theory even in the case where the atomic state is not a stationary
one but shows fluctuations of density.
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