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ON Т1ГЕ INTRODUCTION OF LORENTZ-POLES 

INTO UNEQUAL MASS SCATTERING AMPLITUDE

K. Szegő and K. Tóth
C e n t r a l  R e s e a r c h  I n s t i t u t e  f o r  P h y s i c s ,  B u d a p e s t ,  Hungary

A b s t r a c t

I n  t h i s  p a p e r  we s u g g e s t  a  new ty p e  o f  d e c o m p o s i t i o n  of  t h e  u n e q u a l  mass 
s c a t t e r i n g  a m p l i t u d e .  We i n t r o d u c e  two non-com m uting  , n o n - d i s j u n c t  
P o i n c a r é  g r o u p s ,  P + and P~,  b o t h  b e i n g  s u g r o u p s  o f  t h e  P-, ® P2 group 
w here  P^ i s  t h e  P o i n c a r é  g roup  o f  t h e  i - t h  p a r t i c l e ;  t h e  P + g roup  i s  
i d e n t i c a l  t o  t h e  g roup  o f  t h e  t w o - p a r t i c l e  P o i n c a r é  t r a n s f o r m a t i o n s  i n  t h e  
d i r e c t  c h a n n e l .  T h i s  d e c o m p o s i t i o n  o f  t h e  s c a t t e r i n g  a m p l i t u d e  i s  a d o u b le  
o h e ,  i t  ru n s  i n  t e r m s  o f  t h e  P+ and P -  g r o u p s  s i m u l t a n e o u s l y .  The e n d -  
f o r m u l a  i s  v a l i d  f o r  any s and t ;  i n  t h e  e q u a l  mass c a s e  a t  t =0 i t  
g i v e s  back  t h e  u s u a l  one f o r  L o r e n t z - p o l e  c o n t r i b u t i o n s .  T h i s  f o r m a l i s m  
seems t o  be a d e q u a t e  f o r  u n d e r s t a n d i n g  t h e  meaning  o f  t h e  s p e c t r u m  g e n e r a t ­
i n g  g roup  and f o r  t h e  t r e a t i n g  t h e  b reakdow n o f  t h e  symmetry.  The v a r i a b l e s  
o f  t h e  e x p a n s io n  f u n c t i o n s  a r e  d e f i n e d  u n a m b ig u o u s ly  by t h e  k i n e m a t i c a l  
v a r i a b l e s  and h a v e  b r a n c h p o i n t s  on ly  a t  t h r e s h o l d s  and p s e u d o - t h r e s h o l d ,  i n  
o p p o s i t i o n  t o  o t h e r  a p p r o a c h e s .
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1 .  I n t r o d u c t i o n

D u r in g  t h e  l e s t  .few y e a r s  many a t t e m p t s  were  done t o  e l i m i n a t e  t h e  s i n g u ­
l a r i t y  d e v e l o p i n g  a t  u=o i n  the '  u n e q u a l  mass s c a t t e r i n g  a m p l i t u d e  when 
expanded  i n  t e rm s  o f  R e g g e - p o l e s .  As to  t h e  r o o t  o f  t h e  p ro b le m  two ob­
s e r v a t i o n s  a p p e a r e d  t o  be i m p o r t a n t :

1 .  T h e - c o n t r a c t i o n  o f  t h e  l i t t l e  g roup  o f  t h e  t w o - p a r t i c l e  four-momentum 
a t  z e r o  e n e rg y ,

2 .  The c e n t e r  o f  mass  sy s tem  t u r n s  o u t  t o  be  m e a n i n g l e s s  a t  t h a t  p o i n t  
on t h e  m a s s - s h e l l .

The f i r s t  phenomenon i s  u n a v o i d a b l e  and e x p r e s s e s  t h e  f a c t  t h a t  l i g h t l i k e  
P o i n c a r é  r e p r e s e n t a t i o n s  a r e  e s s e n t i a l l y  d i f f e r e n t  f rom  t i m e l i k e  o r  s p a c e ­
l i k e  o n e s .  The s e c o n d  p o i n t  means t h a t  t h e  four-momentum o f  two p a r t i c l e s  
h a v i n g  d i f f e r e n t  m a s s e s  can  n e v e r  be e q u a l .  T h i s  way,  t h e  p a r t i a l  wave 
e x p a n s i o n  o f  t h e  s c a t t e r i n g  a m p l i t u d e  i n  c e n t e r  o f  mass s y s t e m  c a n  n o t  be 
u s e d  f o r  a n a l y t i c  c o n t i n u a t i o n  t o  z e r o  e n e r g y ,  and t h e  s i n g u l a r i t y  found  
t h e r e  i s  n o t  a s i n g u l a r i t y  o f  t h e  s c a t t e r i n g  a m p l i t u d e ,  b e i n g  o u t s i d e  of  
t h e  p o s s i b l e  domain  o f  t h e  fo u r -m o m e n ta .

The s o l u t i o n  of  t h e  p rob lem  i s  t o  suppose  e s s e n t i a l l y  t h e  same s i t u a t i o n  
a s  f o r  e q u a l  mass s c a t t e r i n g ,  namely ,  t h e r e  e x i s t  f a m i l i e s  o f  R e g g e - p o l e s  
g a t h e r e d  i n  i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  t h e  S L / 2 , C /  g r o u p .  P h i s  was 
f i r s t  n o t i c e d  by  F r e e d u a n  and Wang, [1]  a  d e t a i l e d  a n a l y s i s  f rom group 
t h e o r e t i c a l  p o i n t  o f  v iew  was  made b y  Domokos e t  a l .  12,53 and b y  T o l l e r  
and co w o rk e r s  [ t j  . Annulier way t o  g e t  r i d  o f  t h e  s i n g u l a r i t y  was f o u n d  by 
d i  V e c c h i a  e t  a l .  [[>1 w i t h  t h e  h e l p  o f  a n a l y t i c a l  me thod .

"Severa l  a t t e m p t s  w ere  made t o  u s e  t h e  n o t i o n  o f  L o r e n t z  p o l e  a t  u ^ o .  
D e lb o u rg o ,  Salam a n d  S t r a t h d e e  p u b l i s h e d  t h e  f i r s t  p a p e r  on i t  [ 6 1 ,  a 
d i f f e r e n t  a p p ro a c h  was e l a b o r a t e d  by Domokos and S u r á n y i  [ 7 1 , and l a t e r  
by  T o l l e r  [8 l .  The a n a l y t i c a l  methods  a r e  p o v e r f u l  enough  f o r  t h i s  c a s e  as  
w e l l  [ 5 ] .

L e t  . a lo n e  t h e  a n a l y t i c a l  a p p r o a c h ,  i n  t h e  o t h e r s  e i t h e r  o f f - m a s s  s h e l l  
a m p l i t u d e s  were n e c e s s a r y  o r  t h e r e  were p r o b le m s  w i t h  momentum-conse rva­
t i o n .  H ere  we p r e s e n t  a  method b a s e d  on g roup  t h e o r y  w i t h o u t  t h e s e  d e f e c t s .

The new i d e a  i n  o u r  method i s  t h a t  i n  t h e  s p a c e  of  t w o - p a r t i c l e  s t a t e s  we 
i n t r o d u c e  a P P o i n c a r é  g roup  t h a t  a c t s  on b o t h  p a r t i c l e s  and t h a t  can  
s t e p  b e t w e e n  t h e  r e p r e s e n t a t i o n s  o f  t h e  g ro u p  o f  t h e  w e l l -k n o w n  t w o - p a r t i c l e
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P o i n c n r ó  t r a n s f o r m a t i o n s  / Р + g r o u p / .  The s c a t t e r i n g  a m p l i t u d e  c a n  be 
expanded i n  te rm s  o f  t h e s e  g r o u p s  s i m u l t a n e o u s l y  a t  any s ,  t  v a l u e s ,  
s t a y i n g  on m a s s - s h e l l . This  way we f i n d  t h e  meaning o f  the  s p e c t r u m  g e n e r a t ­
i n g  g ro u p  and can s e e  the c o n n e c t i o n  b e tw e e n  e q u a l  and  u n e q u a l  mass c a s e ,  
c o n c e r n i n g  t h e  " a d d i t i o n a l  symmetry" o f  the  s c a t t e r i n g  a m p l i t u d e  a t  z e r o  
e n e r g y .

2 . 1 .  The t w o - p a r t i c l e  s t a t e s

F i r s t  we g i v e  a d e t a i l e d  d e s c r i p t i o n  o f  t w o - p a r t i c l e  s t a t e s  from th e  p o i n t  
o f  v ie w  o f  P o i n c a r é  r e p r e s e n t a t i o n s .  The t w o - p a r t i c l e  s t a t e s  a r e  t h e  
e l e m e n t s  o f  a l i n e a r  s p a c e ,  d e f i n e d  as  t h e  d i r e c t  p r o d u c t  space  o f  o n e -  
- p a r t i c l e  s t a t e s .  The most  u s u a l  and s i m p l e s t  way t o  enum era te  t h e  v e c t o r s  
o f  t h e  d i r e c t  p r o d u c t  space  i s  to enum era te  t h o s e  f o r  b o t h  p a r t i c l e s ,  s e ­
p a r a t e l y .  A t w o - p a r t i c l e  s t a t e ,  d e n o t e d  a s  X^, p 2 s 2 X2 > ,
h a s  12 i n d i c e s ,  namely  t h e  fou r -m om e n ta  p^ and p 2 , t h e  s p i n s  and

s 2 , t h e  h e l i c i t i e s  X.̂  and X2 . In  t h i s  space  t h e  P o i n c a r é  t r a n s f o r m a ­
t i o n s  a r e  g e n e r a t e d  b y  th e  t w i c e  t e n  o p e r a t o r s  P '  M' , P" M" . / P 'v y ,  iJv y ,  pv p
and a re  t h e  four-momentum o p e r a t o r  and a n g u l a r  momentum t e n s o r  f o r
p a r t i c l e  1 . t h e  d o u b l e  p r im ed  o p e r a t o r s  a r e  t h e  same f o r  p a r t i c l e  2 . /  t h e
fo r m e r  r e p r e s e n t a t i o n  d i a g o n a l i z e s  the  P^ and pjj o p e r a t o r s .  The i n d i c e s
s^ and s 0 a r e  t h e  e i g e n v a l u e s  o f  t h e  C a s i m i r - o p e r a t o r s  vt and
w" w" , wherev u ’

w1
u e M1 P1UVpK vp к / 2 . 1 /

The h e l i c i t i e s  X̂  and X2 a r e  t h e  e i g e n v a l u e s  of  and . The i r r e d u -  
c i b i l i t y  o f  the  r e p r e s e n t a t i o n  space  m a n i f e s t s  i t s e l f  i n  t h e  f a c t  t h a t  
b e s i d e  s.^ and b^ t h e  e i g e n v a l u e s  o f  t h e  o t h e r  two C a s i m i r - o p e r a t o r s  
P^ Pj' t and P|] , a r e  f i x e d :  and  p 2 ~ m2 . Tliere i s  4
one more P o i n c a r é  i n v a r i a n t  q u a n t i t y :  t h e  s i g n  o f  t h e  e i g e n v a l u e s  o f  P0 . 
For  b o t h  p a r t i c l e s  we choose t h i s  s i g n  t o  be  p o s i t i v e ,  by c o n v e n t i o n .  
However,  t h i s  s e t  o f  quantum numbers  i s  n o t  a p r a c t i c a l  one when we want 
t o  e x p l o i t  . the  P o i n c a r é  i n v a r i a n c e .  Inhomogeneous L o r e n t z  t r a n s f o r m a t i o n s  
a r e  p r i m a r i l y  t h e  t r a n s f o r m a t i o n s  o f  s p a c e - t i m e ,  c o n s e q u e n t l y ,  t h e  t r a n s ­
f o r m a t i o n s  o f  t h e  t w o - p a r t i c l e  sys tem as  a w hole ,  g e n e r a t e d  by  t h e  o p e r a t o r s

p +
M p ' + p " V u + M"uv / 2 . 2 /

They fo rm  a P o i n c a r é  s u b a l g e b r a  o f  t h e  d i r e c t  sum a l g e b r a  o f  P^,  PJJ, MyV»
. H av ing  no s im p l e  t r a n s f o r m a t i o n  p r o p e r t i e s  u n d e r  t h e  t r a n s f o r m a t i o n s
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o f  t h i s  P o i n c a r é  s u b g ro u p ,  and p 2 a r e  u s u a l l y  c hange d  t o  s,P,W,m,
t o  t h e  e i g e n v a l u e s  o f  t h e  o p e r a t o r s  p* , P^ , w^, w * o r  W3 <
r e s p e c t i v e l y .  The u s e f u l n e s s  o f  s and W a r e  o b v i o u s ;  P and in were 
c h o s e n  f o r  g e t t i n g  e x p l i c i t l y  t r a n s l a t i o n  i n v a r i a n t  b a s i s  v e c t o r s ,  b u t  a s  
i t  w i l l  be shown, t h i s  c h o i c e  i s  n o t  t h e  most  a d v e n t a g e o u s  one i n  some 
c a s e s ,  i t  i s  b e t t e r  t o  t a k e  t h e  e i g e n v a l u e s  o f  t h e  o p e r a t o r s

1
4 e M+ M+y v PK pv рк / 2 . 3 /

where

M.l
1
2 £i j k Mjk

i n s t e a d  o f  P and  m . T h i s  c h o i c e  i s  b u i l t  upon  t h e  S L /2 ,C /  p a r t  o f  t h e  
P o i n c a r é  s u b a l g e b r a .  We w r i t e  t h e  a p p r o p r i a t e  s e t  o f  quantum numbers a s  
j , a,  j ,  m ; t h e  e i g e n v a l u e s  of  t h e  o p e r a t o r s  en u m e ra te d  i n  / 2 . 3/  are-  
i j 0 o ,  + 1 , j ( j  + 1) ,  m r e s p e c t i v e l y .  One more g e n e r a l i z a t i o n
c a n  be  done i n  c h o o s i n g  t h e  s e t  / 2 . 3 / ,  nam ely ,  we c a n  u s e  t h e  C a s im i r  
o p e r a t o r  of  o t h e r  s u b g ro u p s  o f  S L / 2 , C /  i n s t e a d  o f  mI  c . f .
A ppendix  A.

One p ro b le m  a r i s e s  from t h e  change  o f  P+ , t o  t h e  s e t  / 2 . 3 / j vT and  
W" do n o t  commute w i t h  them .  However ,  t h e  o p e r a t o r s  (w '  + w"Vw' + w" ) ,

p y -  w- )  make c o m p l e t e  a g a i n  t h e  s e t  o f  t h e  12 commuting o p e r a t o r s  
b e i n g  n e c e s s a r y  t o  d e s c r i b e  t h e  t w o - p a r t i c l e  s t a t e s .  We s h a l l  come back 
l a t e r  t o  t h e s e  two o p e r a t o r s .  We n o t e  h e r e  on ly  t h a t  t h e y  d e f i n e  " L o r e n t z  
i n v a r i a n t  quatum n um be rs" ,  t h a t  i s  t o  s a y  t h e y  commute w i th  t h e  g e n e r a t o r s  

M , . We s h a l l  d e n o t e  t h e  e i g e n v a l u e s  o f  ( w '  + w")(w '  + w" ) and

%  (  w;  " Wy ) a s  E adn  л •

Now l e t  Л b e  an  e l e m e n t  o f  t h e  homogeneous L o r e n t z  g roup g e n e r a t e d  by  t h e  
- s ,  and и ( л + ) t h e  o p e r a t o r  which  r e p r e s e n t s  Л+ on t h e  space  

s p a n n e d  by t h e  b a s i s  v e c t o r s  Im̂  m2 s 2 s w+j Qajm, E+A+>/m^, m2 , s , ,  s 2 
l a t e r  w i l l  be  s u p p r e s s e d / .  O b v io u s ly

u ( V ) | j -  J
3 'm' СЛ+) 1- - -  30 ° j m' .

w here  Dj ° m' jm  I s  311 S L / 2 , C /  r e p r e s e n t a t i o n  m a t r i x  e l e m e n t ,  
f r o m  th e  l i t e r a t u r e  [14 ,  1 5 » 1 6 ] .

/ 2 . 4 /

w el l -k n o w n

T h e re  e x i s t s  a n o t h e r  p o s s i b l e  c h o i c e  o f  quantum numbers  and i t  1в b a s e d  
upon  t h e  f a c t  t h a t  one c a n  p i c k  o u t  a  P o i n c a r é  s u b g ro u p  d i f f e r e n t  from 
/ 2 .2/;
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pо p 'о P"о P. = P.' + P ’.’ , N. + n : -  NV 1 1 1 1  1 1 M. = m : + MV / 2 . 5 /  1 1 1

Here  -  Mo i  . We s h a l l  c a l l  t h i s  s u b g ro u p  t h e  P~ g r o u p ,  c o n t r a r y  
t o  t h e  p r e v i o u s  P g ro u p .  An e l e m e n t  o f  i t s  homogeneous p a r t ,  g e n e r a t ­
ed by  t h e  and fh o p e r a t o r s ,  w i l l  be  d e n o t e d  by  A~~ , i t  i s  e v i d e n t
we c a n  d e f i n e  t h e  a n a l o g o n s  o f  t h e  f o r m e r  ( + )  t y p e  commuting o p e r a t o r s  
c h a n g in g  t h e  ( + ) t y p e  g e n e r a t o r s  t o  ( - )  t y p e  o n e s .  D en o t in g  t h e  new quantum 
numbers  as  x, w , l Qp l p r E Л , we c a n  w r i t e  t h e  a n a lo g u e  o f  / 2 - 4 /  as  
f o l l o w s :

и(л ) I . .  . ;  l 0 p lp . * J u , di ° 1/ i „ ( a ) ! • • • >  V 1 ' » ' - - - » / 2 . 6 /

O b v io u s ly ,  t h e  r e p r e s e n t a t i o n  f u n c t i o n s  D ? . a r e  t h e  same as  t h e
j oo 1 v

D f u n c t i o n s  b e i n g  t h e  d i f f e r e n t i a l  e q u a t i o n s  and b o u n d a r y  c o n ­
d i t i o n s  d e f i n i n g  them q u i t e  t h e  same.

How we summarize t h e  commuting o p e r a t o r  s e t s  and quantum num bers  we h a v e  
spoken  abou t

a / P ' P '  , У У w'w'  ,У У Р"РУ " , W"W" У У У
” 1 S1 m2 S 2

b / P+P+ , • ■ У У 
s

w+w+ , У .У 
w

р+

Е

, wj ; w; 
m X̂

с / P~P~ , У У w~w~ ,У У р~ ' w;  ' • w«;
т w Е 4

dl p+p+ , У У w+w+ ,У У м+2 ..+ 2-N , M N

S w+ 0 o ' CT)

е / P“ P“  , V V» w“ w~ ,У У м~ 2-N~ 2 M~N~

T w~ ( Хо ' р )

P '  , w; ' P",  W"-  о

El 4 E2 A2

w"о
X2

W"о
X2

m+ 2 , M3 ; fw'+W" ) 2V у у ' , P+ ( w ' - w " ) У 4 У У
j m Z + л+

M-2 m~3 ; (vi'+ q  WV у ^yv \; ) 2 - h ( w : )
У Z~1 A
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As t o  t h e  quantum n u m b e rs ,  we make some r e m a r k s :

1 .  As a co n s eq u en c e  o f  th e  f a c t  t h a t  t h e  p + and p~ a l g e b r a s  a r e  n o t
d i s j o i n t ,  b e i n g  P+~P » M+-M , t h e  quan tum numbers  g+ , g  and
/ j , m / r / 1 , у /  a r e  t h e  seme i n  t h e  s e t s  Ъ / ,  с /  and d / ,  e /  r e s p e c t i v e l y .
U a t u r a l l y ,  w ork ing  w i t h  su b g ro u p s  o f  S L / 2 , C /  b e i n g  d i f f e r e n t  f r o m  t h a t  o f

M^-s , t h e  a p p r o p r i a t e  I n d i c e s  l o o s e  t h i s  p r o p e r t y .

2 .  А Л+ t r a n s f o r m a t i o n  l e a v e s  i n v a r i a n t  t h e  form ( p ' + p ^ j 2 -  ( g '  + g " j 2
w h e re a s  A does  t h e  same f o r  ( p ^  -  P ” ) 2 -  ( g '  + p " ) 2 . The n o t i o n s
" v e c t o r " ,  " t e n s o r "  e t c .  a r e  d i f f e r e n t  f o r  P+ and P g r o u p s .

3 .  I n  t h e  s e t s  а / ,  Ъ / ,  с /  i n s t e a d  o f  X̂  a n d  X2 one c a n  use  t h e  quantum 
numb e r  в E+ , Л+ o r  E , A r e s p e c t i v e l y .

4 .  I t  i s  a h i g h l y  d e l i c a t e  q u e s t i o n  t o  a s k  f o r  t h e  t r a n s f o r m a t i o n  f rom one 
t y p e  o f  b a s i s  s y s tem  t o  a n o t h e r  one .  T h i s  p ro b lem  w i l l  b e  t r e a t e d  i n  t h e  
A p p e n d ic e s .

To c o n c l u d e  t h e  d i s c u s s i o n  o f  quantum num bers  we d e a l  w i t h  t h e  e i g e n v a l u e s
o f  ( w' + W" ) ( w' + w " ) and p+ ( w' + w" ) . F i r s t  i t  c a n  be4 у у 7 4 у у 7 у 4 у у 7
w r i t t e n  on momentum s t a t e s :

W |psX> = i- e M p |psX> = S (p)  |psX> / 2 . 7 /p 1 2 pvpK vp

The t r a n s f o r m a t i o n  p r o p e r t y  o f  t h e  o p e r a t o r  Б^(р)  u n d e r  L o r e n t z - t r a n s -  
f o r m a t i o n s :

U(A) Sy(p )  U- 1 (A) = L ^ A )  Sv (Ap) / 2 . 8 /

The n o t a t i o n  i s  o b v i o u s .  Be ing  f w ' + w " ) 2 and  p+ i w '  -  w") c o v a r i a n t4 p p '  p 4 у V'
• o p e r a t o r s  we c o n f i n e  o u r s e l v e s  t o  t h e i r  e i g e n v a l u e s  on " e q u a l  v e l o c i t y  
s t a t e s "  / t h e  p a r t i c l e s  have  t h e  same v e l o c i t y  o f  o p p o s i t e  d i r e c t i o n ;  see 
S e c t i o n  3 « / .  We u s e  t h e  p h a s e  c o n v e n t i o n  o f  Jacob  and Wick f o r  t w o - p a r t i c l e  
s t a t e s  [9 ] and w r i t e :

IPj ^ X - l » P 2s 2 X2 > = B1 ( a )  R 2 ( T T , T r , o )  B2 ( a )  |m1 s 1 X1> ® ( - l )  |m2s 2 X2 >

Неге В and R a r e  b o o s t  and r o t a t i o n  o p e r a t o r s  a c t i n g  o n  o n e - p a r t i c l e  
s t a t e s .  L e t  u s  i n t r o d u c e  t h e  f o l l o w i n g  l i n e a r  c o m b in a t i o n :

iPi s i P 2S 2 ?oX>
X1 X2

,aX
S1X1S2~X2

| P l s l xl ; P 2 S 2 X2 > / 2 . 9 /
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The l i n e a r  c o m b in a t i o n  i s  made by th e  C le b s c h -G o r d a n  c o e f f i c i e n t s  o f  t h e  
r o t a t i o n  g ro u p .  These  s t a t e s  a r e  e i g e n s t a t e s  o f  t h e  o p e r a t o r  P+ ( w '  -  w ")  
Using e q s .  / 2 . 7 /  and / 2 . 8 /  we f i n d :

Py ( Wy ~ Wy ) l P l s l '  P 2 s 2 ;oX> = \  ö 2- 2 s ( m 2+m2 )  + Cmi -m2 )  | P l s l '  P 2 s 2 ' aX>

The s i t u a t i o n  i s  a  b i t  c o m p l i c a t e d  i n  the  c a s e  o f  + V\rj2 . A f t e r  some
s t r a i g h t f o r w a r d  c a l c u l a t i o n  we g e t  the  r e s u l t  :

w" ) 2у/ lp l s l ' P2 s 2 , oX> { im] ( m1 - m 2 )  s x ( s ^ l )  -

-  m2 (m1-m2) s 2 ( s 2 + l )  + Ш11Г>2<7 (ст + l | 6 , +

2m^m2
 ̂( s  t f ш2^

2s l  Cq \ P -у  Cc 1 \ | p , s . , p 0s „ , a ' \ >
ХХ2 s 1A1s 2 Л2 s 1X1s 2~X2 1 2 1 1  2 2

Th is  r e s u l t  says  t h a t  t h e r e  i s  a  o n e - t o - o n e  c o r r e s p o n d e n c e  b e tw e e n  th e  
’’t o t a l  s p i n ’’ v a l u e s  a and t h e  e i g e n v a l u e s  o f  t h e  o p e r a t o r  (vT + v*r) 2 , 
and i t s  e i g e n s t a t e s  a r e  l i n e a r  c o m b in a t i o n s  o f  t h e  s t a t e s  d e f i n e d  by  eq .  
/ 2 . 9 / 1

p̂ l s l '  P 2S2 '  ^ > -  a ^Za p̂ l s l '  p 2s 2 '  oX> '

( Wú + Wy ) 2 lp l s l '  P 2 S 2 ' lK> *  l p i s ] . '  P 2 S 2 l h >  / 2 . 1 1 /

We m e n t io n  t h a t  i n  p r a c t i c a l  c a s e s  / s -^О, Sg a r b i t r a r y }  S j =32=1/ 2 ; Р р Р 2=о/  
no d i a g o n a l i z a t i o n  i s  n e c e s s a r y .

S i m i l a r  r e s u l t s  can  be  f o u n d  r e p e a t i n g  t h e  c a l c u l a t i o n s  f o r  t h e  ( - )  ty p e  
o p e r a t o r s  (vT + g^v w^ ) 2 > Py ( Wy “ w )̂* •rn  th e  f o l l o w i n g ,  e i t h e r ' w e  a r e
w ork ing  w i t h  th e  (+ )  t y p e  s e t  o f  quantum numbers  o r  w i t h  the  ( - )  t y p e  one ,  
we s h a l l  u s e  the  symbols  Z and  A , o m i t t i n g  + i n d i c e s .  We t h i n k  t h i s  
w i l l  n o t  l e a d  to  c o n f u s i o n ,  how ever  i t  do  n o t  mean a t  a l l  t h a t  t h e r e  i s  a  
d i a g o n a l i t y  be tween  Z+ and Z v a l u e s ,  b u t  Л+ and A- a r e  e s s e n t i a l l y  
t h e  same,  c . f .  App.C.



3 . 1 .  The e x p a n s i o n  of  t h e  s c a t t e r i n g  a m p l i t u d e .

A f t e r  t h e e e  p r e l i m i n a r y  s t e p s  now we c o n c e n t r a t e  to  o u r  v e r y  p ro b lem ,  t o  
t h e  e x p a n s i o n  o f  t h e  s c a t t e r i n g  a m p l i t u d e .  L e t  us  c o n s i d e r  t h e  s c a t t e r i n g

p r o c e s s  drawn i n  F i g . l .  We s h o u l d

4

F i g . l .

s = ( p ^ P j ) 2 

t  -  ( P l - p 3) 2

l i k e  t o  t r e a t  i t  a t  h i g h  v a l u e s  o f  s 
s u p p o s i n g  exchanged  p o l e s  i n  t h e  
t - c h a n n e l .  S in c e  we have  t h e  c r o s s i n g  
r e l a t i o n  be tw ee n  s -  and t - c h a n n e l  
CM s c a t t e r i n g  a m p l i t u d e  [10 ] :

<P l X I P 2X2 ' T lp 3A3'  P • X .> 4 4
S1 s 2 s 3 s 4

*  ̂ ^X'X ^X'XX' A1 A1 A2 A2 A3 A3 A4 A4l

<pí  Xí '  Р з Хз 1 Т 1 P 2 X2 '  P4 X4 >

w h e r e ( P L+ P 2) 2 = s ( P i  + Р з ) 2 =

E l + p 2 = 0  ; E l  + P 3 = °  / 3 . 1 . 1 /
/  c c \ 2

( P l - P 3) = t ( P i  -  p 2 ) = s

I n s t e a d  o f  e x p a n d in g  <P l , p 2 | t | p 3 , p 4>=fs i n  t h e  c r o s s e d  c h a n n e l  we s h a l l  
do t h e  same w i t h  <р3 , р 3 | т |  p 3 ,p^> =f  i n  t h e  d i r e c t  one .  F i r s t  we s h a l l  
t a k e  i n  i t s  p h y s i c a l  domain ,  and  th a n  we c o n t i n u e  i t  a n a l y t i c a l l y  i n
s and t  t o  t h e  p h y s i c a l  domain  o f  f s .

At t h e  end o f  t h i s  p r o c e s s  on b o t h  s i d e  o f  T i n  t h e  t w o p a r t i c l e  s t a t e s  one 
p a r t i c l e  i s  n e g a t i v e  t i m e l i k e .  T o l l e r  showed [4] t h a t  s u c h  a  f u n c t i o n a l  
d o es  n o t  e x i s t  everyw here  i n  t h e  c r o s s e d  domain t h o u g h  i t  i s  dense  i n  i t .  
T h i s  way, i n  a  more r i g o r o u s  t r e a t m e n t  ou r  f o r m u l a e  o u g h t  t o  be c o n s i d e r e d  
a s  means t o  d e f i n e  a f u n c t i o n a l ,  t h e  domain o f  d e f i n i t i o n  o f  what  can  be 
e x t e n d e d  t o  t h e  whole r e g i o n  i n  q u e s t i o n .  However we n o t e ,  o u r  way o f  
s p e a k i n g  i s  a c c e p t e d  i n  p h y s i c a l  l i t e r a t u r e ,  s e e  e . g .  [1 1 ] and many o t h e r s .

D u r in g  th e  a n a l y t i c  c o n t i n u a t i o n  t h e  k i n e m a t i c a l  s i n g u l a r i t i e s  cou ld  c a u s e  
t r o u b l e  so we g e t  r i d  o f  them, m u l t i p l y i n g  r w i t h  an  a p p r o p r i a t e

K ( s , t )  f u n c t i o n .  I t s  fo rm  f o r  a n y  d e f i n i t e  p r o c e s s  i s  w e l l  known [ 1 2 ] .

f fc = к ( s , t ) f fc / 3 . 1 . 2 /
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In  what  f o l l o w s  we s h a l l  s p eak  on ly  a b o u t  t h e  r i g h t - h a n d - s i d e  k e t  o f  f fc 
to  s a v e  p l a c e  b u t  we always  mean th e  whole  a m p l i t u d e

The r . h . s .  k e t  can  be  w r i t t e n  a s  f o l l o w s :

. + + 
s 2~^2  - Í 0M2

lp 4 X4 '  P 2 X2 >CM * L ' p 4 l S4A4 > °  L " p 2 _1 1 S 2 X2 > = e

- icx .N '- ia_N "  -1тгМ0 1фМ̂
• e е е  l s 4 ^ 4 ' S2 X2 > / 3 . 1 . 3 /

s p “ A ̂
The -1  p h a s e  f a c t o r  i s  i n t r o d u c e d  f o r  c o n v e n i e n c e . / T h i s  a g r e e s
w i t h  t h e  Jacob-W ick  phase  c o n v e n t i o n  [ 9 J • /We i n t r o d u c e  t h e  n o t a t i o n

--iiTM" i  фм  ̂ s_-A
e e ( ~ l )  1 1 s . A . t ' 4 4 ' S 2 X2'

1Ф C‘l2+ 4̂)
s . X . j 4 4 S2- V |R>

/ 3 . 1 . 4 /

In  eq .  / 3 . 1 . 3 /  we can  w r i t e

e x p  ( ~ i a 4N ' )  e x p ( - i a 2N ^ ) =  exp (  - io tN* )  ex p  ( - i ß N 3 )  / 3 . 1 . 5 /

I n s e r t i n g  t h e  l a s t  e q u a t i o n  i n t o  eq.  / 3 . 1 . 3 / »  we g e t

-1ФМ3 - i 0 M 2 - i a N 3 - i ß N ~  / 3 . 1 . 6 /
Ip 4 x4 ' = e e e e !r>

ö i n c e . a n y  g e n e r a l  t w o - p a r t i c l e  s t a t e  a p p e a r s  a s A + |p . A n , p~A~:> / c . f . e q .I _ X X Z 2. CM
З . 1 . 6 . / ,  i t  h a s  t h e  form Л A | r> a s  w e l l ,  where  A+ i s  a  g e n e r a l  
homogeneous L o r e n t z  t r a n s f o r m a t i o n  of  6  p a r a m e t e r s  / t h e  l a s t  r o t a t i o n  g i v e s  
o n ly  a  p h a s e ,  5 p a r a m e t e r s  a r e  e s s e n t i a l / ,  Л i s  a  ( - )  t y p e  b o o s t  o f  
one p a r a m e t e r ,  a l o n g  t h e  z - a x i s .  /W igne r  r o t a t i o n s  a r e  s u p p r e s s e d / .  Th is  way, 
the exp ( - i £ N 3 ) | r> i s  a  good b a s i s  s t a t e  f o r  t w o - p a r t i c l e  s t a t e s  i n  
t h a t  s e n c e  t h a t  any  o t h e r  s t a t e  can be o b t a i n e d  by L o r e n t z  t r a n s f o r m a t i o n ;  
nay,  a  b e t t e r  b ase  t h a n  th e  C M -s t a te s  b e c a u s e  we h a v e  t r o u b l e  w i t h  t h e  l a t t e r  
a t  t - о .  A n o t h e r  a s p e c t  of  e q .  3 * l - 6 . :  any  t w o - p a r t i c l e  s t a t e  i s  a  f u n c t i o n  
o v e r  b o t h  t h e  P+ and  P~ g r o u p .  Our e x p a n s i o n  o f  t h e  s c a t t e r i n g  a m p l i t u d e  i s  
n o t h i n g  e l s e  b u t  á s i m u l t a n e o u s  e x p a n s io n  i n  t e rm s  o f  t h e s e  g r o u p s .
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One can  e a s i l y  chec k  t h a t  i n  e q .  3*1«6 .

ch 8 =
2 /m_m

т л)
2 4

m„+m. ____________ ~
ch« = ------------ / t  -  / 3 . 1 . 7 /

2 / tm 2m4

Hence

8 = In
2 / пГ2ш4

Á ( т 2-ш4 ) 2 + Á  - (ш  + it\ ) ‘ / 3 . 1 . 8 /

chß '  “  — -——  ^(m2+m4) 2- t / 3 . 1 . 9 /
2 /m^m. 2 4

S i m i l a r l y  f o r  a : i t  g o es  o v e r  t o  a '+ iTr /2 where

m -m ,------------- -----
c h a '  = —~~zzzr * - t

2 / tm_m.2 4
/ 3 . 1 . 1 0 /

We s h i f t  the  e f f e c t  of  t h e  i i r /2 a n g l e s  t o  |r > l e t  a l o n e  a  phase  f a c t o r  
i t  w i l l  a l t e r  t h e  s i g n  o t  t h e  mass o f  t h e  c r o s s e d  p a r t i c l e  and  d o e s  n o t h i n g  
e l s e .  D e n o t in g  exp inN" |R> -  | r> we a r e  l e f t  w i t h  t h e  f o l l o w i n g  
e x p r e s s i o n  f o r  f  :

t  i  8 "N~ i«"N* -Í0M+ - i a ' N *  -18N~
\ \ \ = <R' I e e Т е  e e |R> / 3 . 1 . 1 1 /

A1A2A3A4 v

and t h e r e  i s  a  s i m i l a r  e x p r e s s i o n  Гог a . Now we c o n t i n u e  a n a l y t i c a l l y  
i n  t .  The way o f  c o n t i n u a t i o n  i s  drawn i n  F i g . 2 .

2 we c o n t i n u e  f ro m  t ' + i e ,  t '  > (m9+m.)
(m-m.) , so 1 4

2 < t o  t " - i e ,  О < t "  < t> О .
v F o r  t h e  t ime b e i n g  t "  can  n o t  be

s m a l l e r  t h a n  z e r o ,  b e c a u s e  a t  t=o 
F i g . 2 .  s i n g u l a r i t i e s  a p p e a r  i n  c h  a .D u r in g

th e  c o n t i n u a t i o n  t  somewhere i s  r e a l ,  we choose  t h i s  p o i n t  b e t w e e n  the  
t h r e s h o l d  and. p s e u d o - t h r e s h o l d  [ 1 0 ] .  A g l a n c e  a t  e q .  3 * 1 . 8 .  shows t h a t  
d u r i n g  t h i s  c o n t i n u a t i o n  we c r o s s  t h e  c u t  o f  t h e  l n - f u n c t i o n  and  we c r o s s  
t h e  c u t  o f  orr o f  t h e  s q u a r e - r o o t s ,  h e n c e  t h e i r  r e l a t i v e  s i g n  a l t e r s .
Th i s  way,  a t  t h e  and of  t h e  c o n t i n u a t i o n  ß goes  o v e r  t o  ts '+i ir /2 
where ß '+ i i r /2
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where ß" and a" can  be g o t  from and a ' i f
and

COS0
t ( s - u )  + ( m^-m3 ) ( m2-m4 )

S up p o s in g  [t , m̂ v]^0  , t h e  ( + ) ty p e  t r a n s f o r m a t i o n s  can be added [14] :

As we s e e ,  t h e  u g ly  s i n g u l a r i t y  o f  t=o  has  gone  away.

However i t  w o r th  ex a m in in g  w h e th e r  t h e  s u p p o s i t i o n  [t , = о be low the
p s e u d o t h r e s h o l d  i s  j u s t  a  co n s e q u e n c e  of  L o r e n t z  i n v a r i a n c e ,  o r  s o m e t h i n g  
more.  To s e e  i t ,  we make a g a i n  t h e  c o n t i n u a t i o n  w i t h o u t  i n t r o d u c i n g  a and 

ß . We b e g i n  w i th  t h e  f o l l o w i n g  s t a t e  above t h r e s h o l d s

- i a  N' - i a  N"
e e |R> / 3 . 1 . 1 3 /

where

. 2 2 2 2 t  + m. -  m~ t  + m -  m.
ch  . = ------------------—  , ch _ = --------- -̂------ -

4 2 f t  m4 2 2 / t m 2

D u r in g  th e  same c o n t i n u a t i o n  as b e f o r e  a 4->—a 4 , a 2^~a 2+i7T
We a g a i n  s h i f t  the  e f f e c t  o f  it o n to  | r > t h a t  makes t h e  s i g n  o f  changed.
S i n c e  t h i s  c a u s e s  a change  i n  t h e  s i g n  of  p 2 a s  w e l l ,  i f  we want t o  
m a i n t a i n  t h e  c o n d i t i o n  we e i t h e r  h a v e  t o  i n t r o d u c e  an exp - íttM2
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f a c t o r  o r  t o t  change t h e  s i g n  o f  N " . We c hoose  t h e  l a t t e r ,  b u t  t h i s  means
t h a t  u n d e r  t h e  c o n t i n u a t i o n  t h e  (+ )  ty p e  and ( - )  type  g e n e r a t o r s  change
r o l e .  I n  o t h e r  w ords :  above t h r e s h o l d  th e  [т ,  м ] = О c o n d i t i o n  means
L o r e n t z  i n v a r i a n c e ,  b u t  below p s e u d o - t h r e s h o l d  i t  i s  a  new c o n d i t i o n  t h a t
we f o r c e d  t o  make t o  m a i n t a i n  t h e  a n a l y t i c i t y  o f  the  s c a t t e r i n g  a m p l i t u d e .
/ A n a l y t i c i t y  would r e q u i r e  i t  o n l y  be tween  l i g h t l i k e  t w o - p a r t i c l e  s t a t e s ,
however  we suppose  i t  t o  be t r u e  a s  o p e r a t o r  r e l a t i o n . /  The f a c t  t h a t  t h e
P+ and P~ g r o u p s  change  r o l e  i s  n o t  so  s u r p r i s i n g .  I f  t  i s  below t h e
p s e u d o - t h r e s h o l d ,  t h e  f s a m p l i t u d e  i s  i n  i t s  p h y s i c a l  domain,  t h e r e  th e

1 3  2 4L oren tz -  t r a n s f o r m a t i o n s  a r e  g e n e r a t e d  by о м and м о
In  t h e  a m p l i t u d e  th e  2 .  and J .  p a r t i c l e s  a r e  c r o s s e d  and as  we have
shown t h i s  c a u s e s  a  change  i n  t h e  s i g n  of  t h e  ГР and PQ g e n e r a t o r s .

A f t e r  h a v i n g  added  t h e  (+)  ty p e  t r a n s f o r m a t i o n s  i n  e q .  3*1*11* we i n s e r t  
f u l l  s y s t e m s  o f  |+> and | ->  v e c t o r s ,  and from A2 we go o v e r  to

E, A quantum numbers i n  | r >, | R*> :

f Z A l X s , t  = I  <mi s l  E i =° '  “m3s 3 E 3“ 0 ' i:A| - > < - l e  \~> •

- 1 фМр -ixM~
<-|+> <+ |e  e e |+> <+|t |+> < + | ->  .

- iß 'N :
<+ -> •<- e -> <- m. s4S4 E4=°? _m2s 2 £ 2^ ° '  ^  *

= -m3 s 3£ 3=Or EA| (m1+m3) 2 , 1 QP l y ,  W, EA> .

1 P
• d i ° ] /  (ß") < (m1+m3 ) , 1 0 P l ' u ,  W,EA| t ; j Qa j m,  W+ , E' A' >

• Djmj ' m'  T E' A' ,E"A" Ct f  ^ o ' a ' W)

• < t ,  j 0 P j ' m \  W+ , E"A" | ( m2+m4) 2 , l ' p " l " p " , W , E* A* >

l ' p '
d l"Ml" K ( m2+m4 )  ' 1qP ' 1 " u '» W ’ , E'A*|m4 s 4p 4=0,

-m2s 2p 2=0 , ET>
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I n  eq .  3 . 1 . 1 4 .  t h e  summation / i f  n e c e s s a r y ,  i n t e g r a t i o n /  r u n s  o v e r  b o t h  th e  
u n i t a r y  and n o n - u n i t a r y  r e p r e s e n t a t i o n s  of  t h e  (+) and ( - )  type  L o r e n t z  
g ro u p ,  s i n c e  t h e  s c a t t e r i n g  a m p l i t u d e  i s  no t  s y u a r e - i n t e g r a b l e  i n  t h e  
c r o s s e d  c h a n n e l .  The C h le b sc h -G o rd an  c o e f f i c i e n t s  and th e  o v e r l a p p i n g  
f u n c t i o n  b e tw e e n  t h e  (+)  and ( - )  t y p e  v e c t o r s  a r e  g iv e n  i n  t h e  A pp en d ice s .  
The re d u c e d  matr ix ,  e l e m e n t  o f  T d o e s  n o t  depend  on j  , m b e c a u se  o f  
th e  Wi g n e r - E c k a r t  theo rem .

3 - 2 .  B eh av io u r  a t  t= o ,  L o r e n t z - p o l e s .

F i r s t  we r e w r i t e  eq .  3 * 1 . 1 4 .  u s i n g  t h e  r e s u l t s  o f  Appendix  В and we 
s e p a r a t e  t h e  u n i t a r y  and n o n - u n i t a r y  r e p r e s e n t a t i o n s  o f  A+

. f t
E Л E ' A '

d a J f 3°° I

V 1
r p ' 1 '

1 p
1 0ЕЛ1 ( a " )  .

i  a
< m1+m3 2 , l Qp lX ,  . . 11 , j Qajm.  .> , m> ( ф , £ ,  x) <t , j o a j ' m '  . nu+m. z l ' p ' l ' X ' . . >  2 4 О

d l ° E ' A ' ^ a T s X s ' X' ^ ,w2  ̂ + non u n i t a r y  te rm s
Now l e t  i t  be t=o  and m^=m^, mp=m^. As one can  s e e  from e q .  3 * l * l o .  
a '  = a"=0,  h e n c e  we can  sum ove r  t h e  | ->  t y p e  v e c t o r s .  The e i g e n v a l u e s  
o f  t h e  o p e r a t o r s  , p^(w^-w^) a r e  z e ro  s i n c e  t h e  components  of  t h e  t o t a l  
four-momentum a r e  z e r o .

FEAE'A' da j f j ° C
j о 

) °
EAE'A'

1 о
T °  +EE'

+ no n  u n i t a r y  t e r m s

The a s s u m p t i o n  o f  t h e  Regge t h e o r y  i s  t h a t  i f  s +  ® some n o n - u n i t a r y  
r e p r e s e n t a t i o n s  g iv e  t h e  main c o n t r i b u t i o n  t o  t h e  s c a t t e r i n g  a m p l i t u d e  and 
e v e r y t h i n g  e l s e  can be d ro p p e d .  The f a c t  what  k in d  o f  r e p r e s e n t a t i o n s  does  
a p p e a r ,  d e p e n d s  on t  c o n t i n u o s l y .  T h i s  way, i n  e q .  3 * 2 . 1 .  we r e t a i n  o n ly  
some non u n i t a r y  te rm .  une of  t h e s e  a t  t=o g i v e s  a  s e q u e n c e  o f  Regge p o l e s ,  
g rouped  i n  a L o r e n t z - f a m i l y , as  we know w e l l  f rom the  " c l a s s i c a l "  p a p e r s .  
Maybe t h i s  i n t r o d u c t i o n  o f  t h e  Regge p o l e s  seems a b i t  a r t i f i c i a l  a t  f i r s t  
s i g h t ,  how evér  we t h i n k  i t  i s  J u s t  t h a t ,  wha t  ev e ry b o d y  e x p e c t e d .
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At t=o  we know th e  i n t e r r e l a t i o n  be tw ee n  R egge-  and L o r e n t z - p o l e s , b u t  we
do n o t  know what  to  s a y  i f  t / о .  However, t h e  most  i m p o r t a n t  o b s e r v a t i o n
i s  t h a t  we need  no t  s a y  a n y t h i n g !  I f  we p i c k  up a Regge-£>ole a t  t = o ,  t h i s
p o l e  t h r o u g h  t h e  o v e r l a p p i n g  f u n c t i o n  and t h r o u g h  the  d oP f u n c t i o n s
d e f i n e s  a s e q u e n c e  o f  I . . . 1  p . . . >  v e c t o r s .  These  v e c t o r s  do n o t  depend°  l 0 p
on t !  But f rom  t h e s e  t  i n d e p e n d e n t  v e c t o r s  t h r o u g h  t  d e p e n d e n t  d
f u n c t i o n s  and o v e r l a p p i n g  f u n c t i o n s  we g e t  a  l o t  of  i n t e r f e r i n g  L o r e n t z -
p o l e s  :

I  . < t = 0 , j Qa j m .  . I (m1+m2 ) 2 l 0 p l y  . . > d °  (  a  ( t = 0 ) )  d ° < , ( a ( t ) )  .
V 1^

l ' s
<( m1+m2) 2 / 10 P l ' p . - l  t , j ^ a ' j ' m ' . . >  = f  ( j Qa f j ' a ' , j , j ' , t .  . )  / 3 . 2 . 2 /

T h i s  i s  n o t  s u r p r i s i n g ,  f rom th e  model  of  Domokos and S u r á n y i  we h a v e  g o t  
s o m e th in g  s i m i l a r :  t o  a  p o l e  o f  i 0 ' °  quan tum number i n  the  f i r s t  o r d e r  
o f  t  p o l e s  w i t h  j o ~ l f 0 ; j 0 , o - l  quantum numbers  a r e  m ixed .  A d e t a i l e d  
e v a l u a t i o n  of  e q .  3 . 2 . 2 . and f u r t h e r  a p p l i c a t i o n s  of  t h e  model w i l l  be 
t h e  t o p i c  o f  a  f o r t h c o m i n g  p a p e r .

F i n a l l y ,  we make a s h o r t  r emark  on t h e  e x p a n s i o n  of  t h e  s c a t t e r i n g  a m p l i t u d  
The t e c h n i q u e  d e v e l o p e d  i n  th e  A ppend ices  f o r  w ork ing  w i t h  the  IG 
/ i n t e r p o l a t i n g  g ro u p ,  c . f .  A pp .A . /  makes us a b l e  to  g i v e  a  form f o r  L o r e n t z  
p o l e s  a t  t=o  w h ich  i s  s i m p l e r ,  a t  l e a s t  f rom a  c e r t a i n  p o i n t  of  wiew, than  
t h e  p r e v i o u s  one .

T h i s  a l t e r n a t i v e  method f o r  t h e  e x p a n s i o n  i s  b a s e d  on t h e  o b s e r v a t i o n  of  
t h e  fo r m e r  d i s c u s s i o n  t h a t  any t w o - p a r t i c l e  s t a t e  can be  w r i t t e n  a s

lp l Sl Xl ? P 2S2X2> = Л+В lmi s ] / i '  m2S2X2> = Л+ lmi s i ^ i '  m2s 2*2? v>

We s h a l l  r e f e r  t o  t h e  k e t  m2s 2X2; v> as  " e<3u a l  v e l o c i t y  s t a t e " .
The i n d i v i d u a l  p a r i c l e s  o f  t h i s  s t a t e  have t h e  same v e l o c i t y ,  d e t e r m i n e d  
by t h e  b o o s t  B “. The s t a t e s  o f  t h i s  k in d  have  t o t a l  four-momentum 
P0/ l , 0 , 0 , v / ,  c o n s e q u e n t l y ,  th e y  can  be expanded  im m e d i a t e l y  u s i n g  t h e  IG 
o f  " v - v e l o c i t y "  a s  s u b g ro u p  o f  t h e  homogeneous B o r e n t z - g r o u p :

|ml Sl Xl ? m2S2X2 ; v> ^ 1 f 611 6Ay 6wl l s ' W , j o0lw, ЕЛ, v>

Here t h e  quantum number W i s  d e f i n e d  as
V lp

w2 = p 2 ( l - v 2) j  ( j  + l )  = p 2 ( l 2 -  i  ( l - v 2) )

Now .we a r e  a b l e  t o  w r i t e  t h e  e x p a n s i o n  of  t h e  t w o - p a r t i c l e  s t a t e  i n  t h e
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form:

I P i S1X1 ; P 2S 2 X2 > % I < j o a l ' y ' ; 0 | j o a l y ; v >
j o o lp

1 ' p ' 1" у "

j oa
Dl " n " l V

(A+ ) | . . . j o o l " y " ; 0 ; . .  

1L 6r\\i 6A X j - A ^ w l

> .

where < j Qo l ц; О| j  a l ' p ' v > s t a n d s  f o r  the  o v e r l a p p i n g  i n t e g r a l  b e t w e e n  th e  
s t a t e s  o f  S L / 2 , С/ r e p r e s e n t a t i o n s  w i th  v=o and t h e  a c t u a l  v .  I n  t h e  t=o 
case  i t  i s  the  w e l l -know n E/2/AT/2/+->SU/l . , 1 /  f u n c t i o n .  Now th e  L o r e n t z -  
p o le  p a r t  o f  t h e  s c a t t e r i n g  a m p l i t u d e  can  be w r i t t e n  a t  t=o a s  f o l l o w s !

< T > p o l e I < j o c l ' u ' ; 0 | j o a l u ; l >  T^o°

i o aD. , , . „ „ <j nl j j ;  1 j  o l " u " ;0 >l p l y  j O i j O

I t  can be  s een  a g a i n  t h a t  t h e r e  i s  no t  a n y  s i n g u l a r i t y  i n  t h e  p o l e -  
c o n t r i b u t i o n s  a t  t = o .  For o t h e r  v a l u e s  o f  t  t h e  fo rm  / 3 - 2 . 2 /  mu.3 t  be 
p r e f e r r e d  b eca u se  o f  t h e  p r e s e n c e  of  t h e  f i x e d  1 p v a l u e s .

4 .  D i s c u s s i o n .

In  t h i s  p a p e r  we h a v e  g iv e n  an e x p a n s io n  o f  th e  s c a t t e r i n g  a m p l i t u d e  i n  
te rm s  o f  t h e  b o r e n t z - g r o u p ,  w i t h o u t  any r e s t r i c t i o n  f o r  t h e  e x t e r n a l  
masses and f o r  t h e  i n v a r i a n t  v a r i a b l e s  s , t .  The e x p a n s i o n  was made 
p o s s i b l e  by i n t r o d u c i n g  th e  P+ and P~ g r o u p s  and a p p r o p r i a t e  b a s i s  v e c t o r s ,  
and by t h e  s u p p o s i t i o n  [t , = o.  We s u g g e s t  on t h e  b a s i s  o f  e q .
/ 3 -2 . 2/ .  t h a t  i n  o u r  f o r m a l i s m  th e  d a u g h t e r  t r a j e c t o r i e s  a r e  n o t  p a r a l l e l ,  
a l t h o u g h ,  f o r  t h e  t i m e  b e in g  we have no t  v e r i f i e d  i t - .  A n ic e  f e a t u r e  o f  
th e  a n g l e s  i n  eq .  / 3 - 1 . 9- 10/  t h a t  they  h a v e  s i n g u l a r i t y  on ly  a t  t h r e s h o l d s  
and p s e u d o t h r e s h o l d s ,  i n  o p p o s i t i o n  t o  t h e  " o l d "  f o r m a l i s m .  The f a c t o r i z a -  
b i l i t y  o f  r e s i d u a  and  t h a t  t h e  a m p l i t u d e  i n  the form / 3 - 1 . 1 4 /  met the  
k i n e m a t i c a l  c o n s t r a i n t s  need f u r t h e r  i n v e s t i g a t i o n s .  We have n o t  
i n t r o d u c e d  th e  s i g n a t u r e  f a c t o r  i n t o  e q .  3-1.14-•  To do  i t ,  we s h o u l d  
have f o l l o w e d  th e  w e l l -know n way.  [2 2 ]

At l a s t  we s h o u ld  l i k e  to  e n l i g h t e n  why we have i n t r o d u c e d  th e  IG .  To f i n d  
th e  o v e r l a p  f u n c t i o n  <+|-> we needed t h e  e x p a n s i o n  o f  t h e  " e q u a l  
v e l o c i t y "  t w o - p a r t i c l e  s t a t e  i n  te rm s  o f  i t s  l i t t l e  g r o u p .  At t h a t  p o i n t  
where t h e  g roup  s t r u c t u r e  c h a n g e s  much c a r e  s h o u ld  be a d m i n i s t e r e d  t o  g e t  
f a i t h f u l  r e p r e s e n t a t i o n ,  i . e .  t o  avo id  s i n g u l a r i t y  i n  t h e  r e p r e s e n t a t i o n  
f u n c t i o n s .  Appendix A i s  e s s e n t i a l l y  t h e  d e s c r i p t i o n  o f  t h i s  method b o th  
f o r  u n i t a r y  and n o n u n i t a r y  r e p r e s e n t a t i o n s .  I n  t h e  u n i t a r y  c a s e  t h e
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d i m e n s i o n  o f  t h e  r e p r e s e n t a t i o n s  c h a n g e s ,  t h i s  a l t e r i n g  j  v a l u e  has  no 
p h y s i c a l  meaning  i n  our  t r e a t m e n t .  Had n o t  we worked t h i s  way,  a  
s i n g u l a r i t y  would  have d e v e l o p e d  i n  < + | ->  a t  t = o .
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Appendix  A

1 .  The i n t e r p o l a t i n g  g ro u p .

I t  was p ro v ed  i n  t h e  fo r m e r  p a r a g r a p h s  t h a t  when i n v e s t i g a t i n g  th e  
s c a t t e r i n g  a m p l i t u d e  i t  i s  e x t r e m e l y  u s e f u l  t o  work  w i t h  o t h e r  l i t t l e  
g r o u p s ,  t h a t  i s  w i t h  o t h e r  s u b g ro u p s  o f  t h e  homogeneous L o r e n t z - g r o u p ,  
t h a n  t h e  u s u a l  r o t a t i o n  g r o u p .  Now we g i v e  a d e t a i l e d  a c c o u n t  f o r  t h e s e  
" u n u s u a l "  s u b g r o u p s  and r e p r e s e n t a t i o n s  o f  t h e  L o r e n t z - g r o u p ,  p a r a m e t r i z e d  
making u s e  o f  th e m .

As i t  i s  w e l l -k n o w n ,  the  g e n e r a t o r s  o f  any l i t t l e  g roup  can  b e  found  i f  
t h e  o p e r a t o r s

w = ^  e M Pp 2 uvpK vp к /А1/

a r e  t a k e n  on s t a t e s  h av in g  t h e  s p e c i a l  four-momentum which we want to  
c o n c e r n  o u r s e l v e s  w i t h .  S p e c i a l l y ,  we want p to  b e :

P = P0 / 1 , 0 , 0 , V / , /А2/
where p Q > о f i x e d ,  and o<v<<=°.

A f t e r  d i v i d i n g  b y  p Q we g e t  t h e  t h r e e  i n d e p e n d e n t  o p e r a t o r s  / s i n c e  P W =o/ 

s l O )  = Mx + vN2 , s 2( v )  = M2 -  vN1 , s 3( v ) — M3 /A3/

They can  be u s e d  f o r  g e n e r a t i n g  t h e  l i t t l e  g ro u p .  T h e i r  com m uta t ion  
r e l a t i o n s  r e a d :

[s l '  s 2 ]  =  i ( l - v 2) s 3 , [ S;L, s 3 ]  =  - i s 2 , [ s 2 , s 3] =  i s 1 /A4/



-Ц i s  o b v io u s  from e q s .  /A j5 / , /A 4 /  t h a t  S j - s  form s u b a l g e b r a  o f  t h e  L o r e n t z -  
a l g e b r a .  At t h e  p o i n t s  v=o,  1 and / 2  we h ave  t h e  w e l l -know n  S U / 2 / ,  E /2 /  Т / 2 /  
and S U / 1 , 1 /  a l g e b r a s ,  and f o r  d i f f e r e n t  v a l u e s  o f  v t h e  l i t t l e  g roups  t u r n  
s m o o th ly  i n t o  one a n o t h e r .  We s h a l l  c a l l  t h e  g roup  g e n e r a t e d  by -  s 
i n t e r p o l a t i n g  g roup  / 10/ ,  b e c a u se  i t  " i n t e r p o l a t e s "  b e tw ee n  th e  t i m e l i k e ,  
l i g h t l i k e  and s p a c e l i k e  l i t t l e  g r o u p s .

The g e n e r a l  form f o r  t h e  g r o u p - e l e m e n t s  i s :

3
G = exp - i  I a s . ( v )  

i = l  1 1

The r a n g e s  o f  t h e  p a r a m e t e r s  w i l l  be d i s c u s s e d  l a t e r .  I t  i s  e a s y  to  show 
t h a t  t h e  g roup  can  be p a r a m e t r i z e d  i n  the  E u l e r i a n  way, a s  i t  i s  u s u a l  
f o r  t h e  s p e c i a l  c a s e s  v = o , l , / 2 :

-i<|>s3 (v )  - 1 0 s » ( y ) —i<f>' s ~ (v )
G = e e e J /А5/

Namely,  a f t e r  s im p l e  c a l c u l a t i o n s  f o r  v < 1 we g e t :

e
- i  Ea. s .i  l - i t s 3 ( v )  ~ i u s 2 (v )  - i y s 3 ( v )  +ÍUS 2 ( v ) i t s 3 ( v )  

e  e  e  e e /А6 /

where

t  = a r c t g a 2 / u ^ Y = ( l - v 2) (  a 2+ a 2 )  + a 2
1 / 2

u
Ä '- v 2

a r c t g a -1
3 ( l - v 2 ) ( a 2+a 2 ) |

1 / 2
/А7/

Now t h e  c o m p o s i t i o n  r u l e  i s  n e c e s s a r y  f o r  w r i t i n g  t h e  e l e m e n t s  /А6/  i n t o  
t h e  compact form / А 5 / .  I t  w i l l  be c l e a r  from the  f o l l o w i n g  t h a t  t h i s  r u l e  
i s  t h e  same a s  t h e  one f o r  t h e  r o t a t i o n  g r o u p .  I n  t h e  c a s e  v> 1 t h e  c a l c u l a ­
t i o n s  can be c a r r i e d  o u t  s i m i l a r l y .

2 .  The r e p r e s e n t a t i o n s  o f  t h e  S^(v) a l g e b r a .

B e fo re  exam in ing  th e  r e p r e s e n t a t i o n s  of  t h e  IG, we d i s c u s s  t h e  h e r m i t i a n  
r e p r e s e n t a t i o n s  o f  t h e  L i e - a l g e b r a  o f  t h e  g e n e r a t o r s  (v)  I t  w i l l  be a 
u s e f u l  g u id e  t o  g e t  the  r e p r e s e n t a t i o n s  o f  t h e  IG. F i r s t  we suppose  
o £ v £ l  and t a k e  t h e  w e l l -k n o w n  L i e - a l g e b r a  o f  S U / 2 / :



N ex t ,  we s u b j e c t  t h e  J ’ s  to  a  t r a n s f o r m a t i o n :

/А 9 /

h e r e  X =• / l - v 2 . The a l g e b r a  o f  the  o p e r a t o r s  J j  i s  t h e  same a s  t h a t  o f  t h e  
£>}fv) '8 . Being the  t r a n s f o r m a t i o n  /А 9 /  r e a l  and n o n s i n g u l a r  e x c e p t  th e  p o i n t  
A=0, we c onc lude  t h a t  t h e  a l g e b r a  of  S ^ ( v ) ’ s  f o r  о <v < 1 h a s  r e p r e s e n t a ­
t i o n s  o f  t h e  same k in d  a s  i t  h a s  a t  v=o.  Namely,  a l l  t h e  h e r m i t i a n  
i r r e d u c i b l e  r e p r e s e n t a t i o n s  a r e  f i n i t e  d i m e n s i o n a l .  The l i n e a r  s p a c e ,  on 
which  t h e  r e p r e s e n t a t i o n  i s  b a s e d ,  can be s p a n n e d  by t h e  e i g e n s t a t e s  o f  
t h e  o p e r a t o r  as  b a s i s  s y s t e m :

s 3( v )  = |v ;  jm> = m |v ;  jm> / А10/

where m i s  i n t e g e r  o r  h a l f - i n t e g e r .  The d i f f e r e n t  i r r e d u c i b l e  r e p r e s e n t a ­
t i o n s  have d i f f e r e n t  maximal w e i g h t ,  j= m ax /m / .  We w r i t e  a l s o  v a s  i n d e x  
f o r  t h e  b a s i s  v e c t o r s ,  d e n o t i n g  th e  a c t u a l  v a l u e  o f  v f o r  which  we want to  
r e p r e s e n t  th e  a l g e b r a  o f  S |  s .  The e i g e n v a l u e  o f  t h e  C a s i m i r  o p e r a t o r  
s 2 ( v ) + s 2 (v)  + ( l - v 2) s 2 (v)  , а з  u s u a l ,  can  be used a s  c h a r a c t e r i s t i c  
quantum number f o r  i r r e d u c i b l e  r e p r e s e n t a t i o n s :

2 , 2 r, 2 n|s .  + s -  + ( l - v  ) I v ; jm> = (l-v2) j (j+l) I v ; jm> / A l l /

W r i t i n g  l i k e  t h i s  t h e  e i g e n v a l u e  o f  the  C a s i m i r - o p e r a t o r , we l a y  s t r e s s  
on the  c o n n e c t i o n  o f  t h e  S j (v )  a l g e b r a  w i t h  t h e  one a t  v=o.  I t  i s  ob v io u s  

’from t h e  commutation r e l a t i o n s  t h a t  th e  o p e r a t o r s  s +(v)  = S ^ v )  -  i S 2(v )  
a r e  the  r a i s i n g  and lower irg ;  o n e s .  The m a t r i x  form o f  t h e  S ^ (v ) '  s  i n  t h e  
|v ,  jm> b a s i s  i s :

<v;jmIS.Iv,jm'> = i / l -v- 2 Г
/j(j+l)-m(m+l) <5m,m+1 + /j (j+l) -m(m-l) 6m,m_1

<v ; jm IS 2 j v , j m ' > -  - i / l - v ' /j (j+l) -m(m-l) 6m,m_1 - /j(j+ l) -m(m+l) 6^, m+1

< v , j m | s 3 |v , j m '>  = m6mm, /А12 /
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Now we t u r n  to  t h e  c a s e  v = l .  I t  i s  h i g h l y  an  e x c e p t i o n a l  p o i n t  b e i n g  the  
a l g e b r a  / A 4 /  th e  n o t  s e r a i - s im p le  E/2 А Т /2 /  a l g e b r a .  T h i s  b r e a k  i n  t h e  
s t r u c t u r e  o f  the  L i e - a l g e b r a  i s  s t r o n g l y  c o r r e l a t e d  w i t h  t h e  f a c t ,  t h a t  
t h e  t r a n s f o r m a t i o n  / А9/ t u r n s  t o  be s i n g u l a r .  A l though t h e  com m uta t ion  
r e l a t i o n s  f o r  t h e  J ° ' s  a r e  f o r m a l l y  t h e  same as  t h o s e  f o r  t h e  S ^ ( l ) s ,  
we can n o t  g e t  th e  r e p r e s e n t a t i o n s  o f  t h e ^ S  . ( l )  a l g e b r a  i d e n t i f y i n g  them 
w i th  t h o s e  o f  t h e  J ° ' s  , t h a t  i s  t o  э а у ,  w r i t i n g  s im p ly  v = l  i n  f o rm u l a e  
/ А 1 2 / .  Th is  phenomenon Í 3 c a l l e d  c o n t r a c t i o n ?  i n  p a r t i c u l a r  we h a v e  s een  
t h e  Е / 2 / Д Т / 2 /  a l g e b r a  t o  be th e  c o n t r a c t i o n  o f  th e  S U /2 /  a l g e b r a .  The 
p rob lem a r i s i n g  f rom t h e  f a c t  o f  c o n t r a c t i o n  i s  t h a t  th e  s i m p l e  l i m i t  a t  
v = l  g i v e s  u n f a i t h f u l  r e p r e s e n t a t i o n s  of  t h e  " c o n t r a c t e d "  a l g e b r a  b e i n g  n o t  
ze ro  o p e r a t o r  o n l y  J ° ^ ,  th e  r e p r e s e n t a t i v e  o f  th e  s u b a l g e b r a  w i th  r e s p e c t  
to  which t h e  S U /2 /  a l g e b r a  was c o n t r a c t e d ,  F o r  a c h i e v i n g  f a i t h f u l  r e p r e s e n t a ­
t i o n s  a  s t a n d a r d  method i s  to  choose  a d i v e r g e n t  sequence  o f  j ’ s ,  t o o ,  
when g o in g  to  v = l .  Namely,  t a k e n

j p / / l - v 2 o r /А 13 /

where p i s  a  p o s i t i v e  number and [c] d e n o t e s  t h e  i n t e g e r  p a r t  o f  number c ,  
we g e t  t h e  m a t r i c e s :

l i m  < v ; j m I S , I v ; j m ' >
v +1
j ->-oo

l i m  < v ; jmIS9 | v ; j m ' > 
v+l  2
j ->oo

2 p ^ m 'm -1 + ^m'm+1^

2 P (^m'm+1 ^m'm-l)  ' l im <v, j m | s 3 |v ;  jm '>  = m6 , 
v-*-l
j ->oo

These m a t r i c e s  a r e  h e r m i t i a n ,  commute l i k e  t h e  e l e m e n t s  o f  t h e
Е / 2 / Л Т / 2 /  L i e - a l g e b r a .  C o n s e q u e n t ly ,  we r e a c h e d  th e  r e s u l t :  t h e  S . . ( l )
a l g e b r a  i s  r e p r e s e n t e d  by h e r m i t i a n  o p e r a t o r s  on an i n f i n i t e  d i m e n s i o n a l
l i n e a r  sp a c e  spanned  by  | pm> b a s i s  v e c t o r s .  For  e v e r y  v a l u e  o f  p we
have  two k i n d s  o f  r e p r e s e n t a t i o n s  d e p e n d in g  on w h e th e r  t h e  e i g e n v a l u e s  of

a r e  i n t e g e r  o r  h a l f i n t e g e r .  These  r e p r e s e n t a t i o n s  a r e  i r r e d u c i b l e  f o r
any  p o s i t i v e  number.  The C a s i m i r - o p e r a t o r  s 2 ( l ) + s 2 ( l )  h a s  t h e  e i g e n v a l u e  2 l  z

p when a c t i n g  o n t  t h e s e  b a s i s  v e c t o r s .  An a l t e r n a t i v e  d e f i n i t i o n  f o r
t h e  e i g e n v a l u e  o f  t h e  C a s i s m i r - o p e r a t o r  i n s t e a d  of  / A l l /  i s :

| s 2 (v)  + S 2 (v)  + ( l - v 2) s 2 ( v ) |  Iv ; km> = | k 2 -  i ( l - v 2) |  |v;km> /А 1 5 /
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We changed h e r e  t h e  i n d e x  j  i n  the  b a s i s  v e c t o r s ,  t o o .  The c o n n e c t i o n  
be tween  j  and к can be w r i t t e n  as  f o l l o w s :

j  = -  \  +   —2 k /А 1 6 /
/ l - v

The in d e x  к h a s  i t s  a d v a n t a g e  i n  becoming a c o n t i n u o u s  one when go ing  t o2
v = l ,  b e i n g  th e  d i s t a n c e  o f  i t s  p o s s i b l e  v a l u e s  / l - v  , and r e m a in s  
f i n i t e  n o t  l i k e  j  d o e s ,  b e i n g  i t s  l i m i t  th e  a c t u a l p  we want t o  ro a c h  a t  
v = l .

We do n o t  r e p e a t  t h e  d i s c u s s i o n  f o r  t h e  c a s e  v > 1 ,  we w r i t e  o n l y  t h e  two 
main p r o p e r t i e s :

S3( v ) | v ; j m > = m|v;jm>

[-S 2 (v) -  S2 (v) + ( v 2- l )  S2 (v)]  I v , jm> = ( v 2- l )  j  ( j + l )  I v;  jm> /А17/

The p o s s i b l e  v a l u e s  o f  j  and m, t h e  t y p e s  o f  SIT/1 , 1 /  r e p r e s e n t a t i o n s  a r e  
w el l -know n [ 1 4 ] .  A t t e n t i o n  must be p a i d  a g a i n  t o  the  p o i n t  v = l .  Here we 
g e t  t h e  Е / 2 / Л Т / 2 /  a l g e b r a  a s  t h e  c o n t r a c t i o n  o f  th e  S U / 1 , 1 /  a l g e b r a .  The 
way f o r  g e t t i n g  f a i t h f u l  r e p r e s e n t a t i o n s  i s  t h e  same as i n  t h e  f o r m e r  с а ь е .  
I t  i s  n o te w o r th y  t h a t  we can n o t  r e a c h  t h e  same r e p r e s e n t a t i o n  o f  
Е / 2 / Л Т / 2 /  u s i n g  d i f f e r e n t  k in d s  o f  S U / 1 , 1 /  r e p r e s e n t a t i o n s  a t  t h e  l i m i t i n g  
p r o c e d u r e .  Namely,  we can  g e t  t h e  p r i n c i p a l  s e r i e s  o f  Е / 2 / Л Т / 2 /  u s i n g  t h a t  
one o f  S U / 1 , 1 / ,  b u t  we canno t  g e t  any r e p r e s e n t a t i o n  of  Е / 2 / Л Т / 2 /  f ro m  t h e  
d i s c r e t e  s e r i e s  of  S U / 1 , 1 / .  W r i t i n g  a g a i n  n o t  j  b u t  j= -  yi- у^З^гк  w i t h  
c o n t i n u o u s  r e a l  p a r a m e t e r  k ,  we s e e  к i s  t h e  most  c o n v e n i e n t  p a r a m e t e r  f o r  
d i s t i n g u i s h i n g  t h e  i r r e d u c i b l e  r e p r e s e n t a t i o n s .

,3.  The u n i t a r y  r e p r e s e n t a t i o n s  o f  t h e  IG.

We have  worked w i th  t h e  a l g e b r a  r a t h e r  t h a n  t h e  f i n i t e  g ro u p  e l e m e n t s .  Now 
we a p p l y  the  r e s u l t s  f o r  g e t t i n g  t h e  u n i t a r y  r e p r e s e n t a t i o n s  o f  t h e  o n e -  
p a r a m e t e r  g roup  e l e m e n t s :

u ( 0 ; v )  = exp - i 0S2 (v)

I t  i s  c e r t a i n l y  t r u e ,  t h a t  t h e  u n i t a r y  r e p r e s e n t a t i o n s  can  be c r e a t e d  on 
t h e  l i n e a r  s p a c e s  d e f i n e d  i n  t h e  p r e v i o u s  p a r t .  To do t h i s  we f o l l o w  t h e  
s t a n d a r d  way d e s c r i b e d  e . g .  i n  [ 1 1 ] .  T h a t  i s ,  we s e e k  t h e  s o l u t i o n ,  r e g u l a r  
a t  A =o o f  t h e  d i f f e r e n t i a l  e q u a t i o n :
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d 2 , , , r  d X2 I 2, ,2— ^ + ActgG —  -  ----- -Tr— (m +m'
,d0 d0 sin^G

О

Here and hence  f o r t h  we use  t h e  n o t a t i o n  : a = a / l - v 2 = aX =а /к
к VI n  e q . A . 1 8 .  d ^ ' m, s t a n d s  f o r  t h e  m a t r i x  e l e m e n t :

<v;km| exp - i 0S2( v )  |v ;  km'>

The e q u a t i o n  /А 1 8 /  can  be s o l v e d  e a s i l y  d i s p l a c i n g  s i n g u l a r i t i e s  t o  0 , 1  
and 00 i n  th e  v a r i a b l e  z = c o s 0  when i t  c ' -.sts h y p e r g e o m e t r i c  f o rm .  The
s o l u t i o n  f o r  t h e  c a s e  m > m ’ can  be w r i t t e n  a s  : / f o r  t h e  c a s e  m > m ’ we/
must s im p l y  change m and m’/

-A 1Cl+ c o s 0
m+m')

1-COS0
\  (m-m')

F + mf m' + кк ; m'
/

ш + 1 ; 1-COS0 /А 19 /

НегеУ/ k , v ;m,m’/  i s  a  n o r m a l i z a t i o n  f a c t o r  d e f i n e d  t o  be 1 f o r  m=m’ . 
O b v io u s ly ,  /А19/ g i v e s  t h e  w e l l -k n o w n  S U /2 /  f u n c t i o n s  f o r  v=o and t h e  S U / 1 , 1 /  
f u n c t i o n s  fb г  v = /2  e x c e p t  f o r  t h a t  ou r  n o t a t i o n  i s  j = l / 2+k and j = l / 2+ ik ,  
r e s p e c t i v e l y .  I n  t h e  l i m i t  v = l  i t  can be w r i t t e n :

d™ '  (0 ) ^ ( P - I ' m'm ')v->l
k+p

gm “m
( b

Y-  ; m ' -m+l ;  |

and f rom  Hansen’ s f o r m u l a  [21]

/А 20 /

l im
a , b->-°°

- b ; c ; Г(с ) J c _!  ( 2 / x )

we g e t  a g a i n ,  t h a t

l im  d , (©) = d p , ( 0 ) ^ j  , (p0), mm 4 '  iran 4 / m -m ^  ' v-*-l
k-*-p

Here J n/ x /  d e n o t e s  B e s s e l - f u n c t i o n  of  t h e  f i r s t  k i n d .  T h i s  r e s u l t  means 
t h a t  t h e  s o l u t i o n  /А 1 9 /  g i v e s  t h e  Е / 2 / Л Т / 2 /  f u n c t i o n s ,  t o o .  The n o r m a l i z a ­
t i o n  f a c t o r  j f / k , v ; m , m ’/  i s  d e t e r m i n e d  f rom / А 1 2 / :
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We have not spoken a b o u t  th e  r a n g e s  o f  t h e  g ro u p  p a r a m e t e r s .
Remembering t o  t h e  p r o c e d u r e  which gave  c o n n e c t i o n  be tw een  t h e  r e p r e s e n t a ­
t i o n s  o f  S j ( v ) s f o r  v a r i o u s  V’ s and t h o s e  o f  S ^ ( 0 ) ’ s o r  Sj  ( / 2 ) ’ s ,  i t  i s  
e v i d e n t  t h a t

a / .  i f  O < v < 1 - í r ic < a . < тле ; -ir < a ,  < it— l  — — 3 —

b / .  i f  1 1  V -°° < oc < <*> ; - it £  «2 £  n
i  = 1 , 2

I n  te rm s  o f  E u l e r - p a r a m e t e r s i

a / . i f 0  < v < 1 0 < 0 < тле , 0  1 Ф/Ф' < 2 ír

b / . i f 1 £  V 0 < 0 < oo VIО ф , ф ' < 2 7т

The p r o p e r t i e s  o f  the  S U / 2 /z  S U / 1 , 1 /  and Е /2/Л  Т / 2 /  f u n c t i o n s  a r e  w e l l -  
known. Being the  f u n c t i o n s  g i v e n  by / А 1 9 / ,  i n  a  v e r y  s im p l e  c o n n e c t i o n  w i th  
t h e s e  s p e c i a l  c a s e s ,  i t  can  be j u s t i f i e d  even d i r e c t l y ,  t h a t  th e  whole 
g ro u p  i s  co v e re d  when t a k i n g  p a r a m e t e r s  f rom t h e  r a n g e s  s p e c i f i e d ,  and i t  
i s  c o v e re d  o n ly  once .

The i n v a r i a n t  measure f o r  i n t e g r a t i o n  o v e r  th e  IG i s :

du --------- í j  к s i n G  d0  d<|) d<J>'
8тг

The n o r m a l i z a t i o n :

f o r  О £  v  < 1

f o r  v > 1

T h i s  c h o i c e  g i v e s  th e  u s u a l  m easu re s  i n  the S U / 2 / ,  S U / 1 , 1 /  and Е / 2 /  Т / 2 /  
c a s e s .  The o r t h o g o n a l i t y  r e l a t i o n s  a r e :

( ф - 0 ' Ф ' )  Dm i ^  O ' 0 '«»') dMv
_ 6 . . ,

2 j + l  mm m m '
<5

i f  o < v < -1 , and
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>DV,mm ( * , в , Ф ’ ) o l i v  ( Ф . Э Ж )  d„v =■ К2
i ( 2 j + l ) mm mm

i f  v > 1 and we d e a l  w i t h  t h e  p r i n c i p a l  s e r i e s .

4 .  The IG a s  subg roup  o f  t h e  L o r e n t z - g r o u p .  The r e p r e s e n t a t i o n s  on f o u r -  
v e c t o r s  .

I n  t h e  p r e v i o u s  s e c t i o n  we have  d i s c u s s e d  some o f  t h e  p r o p e r t i e s  of  t h e  
IG. Now we t u r n  o u r  a t t e n t i o n  t o  t h e  L o r e n t z - g r o u p .  As i t  i s  known, i t s  
!i i e - a l g e b r a  i s  spanned by t h e  6 g e n e r a t o r s  M., , commuting a s :

[n . ,  n .] Edi j k M,

I f  we i n t r o d u c e

Гм. , I I . ]  = i  e . ., N.L i  3 J i ] k  k

i  = 1 , 2 , 3
/А21/

S ^ V ) = Mj_ + vN 2 , S2 (v)  = M2 vNl , S3 -  M3 /Л22 /

we g e t  j u s t  t h e  same ^ i e - a l g e h r a  we examined  p r e v i o u s l y .  With  th e  h e l p  o f  
e q .  /  А22/ we can w r i t e  an IG e l em en t  i n  t h e  4x4 r e p r e s e n t a t i o n :

exp ( ,- iaS^) exp ( - i ß S 2) e x p ( - i y S 3) -r S ( a , ß , y) = -j

2к 1 2 -г1 - v  cosß KV s in ß  cosy - K V  s i n ß  s i n y -K2v ( 1-cosß)

KV cosa  s in ß c o s a c o s ß c o s y - s i n a s iny - c o s a c o s ß s i n y - s i n a c o s y -K cosas inß

KV s i n a  s i n g s i n a c o s ß c o s y - c o s a s in y - s  i n a c o s ß s i n y + c o s a c o s y -K s in a s in ß

K 2 v ( i - c o s ß ) к s inß  cosy - к  s i n ß  s i n y к2 ( c o s ß -v 2J

T h i s  r e p r e s e n t a t i o n  i s  a n a l y t i c  f o r  v = l :
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♦ s i  2 - ß 0 в 2 1  
2

ß 1 0 -  В

О О
\

1 0

в 2
2 В 0 1 - 2 / А 2 3 , а /

I n  t h e  p r e v i o u s  s e c t i o n  we h ave  l e a r n e d  a  method f o r  g e t t i n g  f a i t h f u l  
r e p r e s e n t a t i o n s  a f t e r  c o n t r a c t i o n .  The r e p r e s e n t a t i o n s  were u n i t a r y  t h e r e ,  
b u t  t h e i r  d im e n s io n  a l t e r e d  w i t h  v .  Here an  o t h e r  method i s  e x h i b i t e d :  we 
do n o t  make th e  d i m e n s io n  changed ,  b u t  we a lw a y s  t a k e  n o n - u n i t a r y  r e p r e s e n t a ­
t i o n s .  Ц  can be im m e d i a t e l y  s e e e n ,  t h a t  t h e  m a t r i c e s  /А23/  do n o t  change 
t h e  v e c t o r  / 1 , 0 , 0 , v / .

The e l e m e n t e s  o f  t h e  ^ o r e n t z - g r o u p  a r e  u s u a l l y  g i v e n  i n  th e  E u l e r -  
p a r a m e t r i z e d  form:

-ißM^ -iyN^ -iőM^ - i e l ^  -1фМ^ 
Л — e  e e e  e e / А 2 4 /

/Np  o r  N, a r e  а з  good a s  i n  t h i s  f o r m u l a  I n  some c a s e s  we p r e f e r  N^, i n  
o t h e r  ones  N^/ .  The q u e s t i o n  a r i s e s  w h e t h e r  a n y  o t h e r  l i t t l e  g ro u p  can  be 
used f o r  E u l e r - p a r a m e t r i z a t i o n  i n s t e a d  o f  t h e  r o t a t i o n  g roup  o r  n o t .  The 
an s w e r  i s  a f f i r m a t i v e .  To s e e  i t  you must  t a k e  t h e  normal form

A = e x p e ­ ct. M.i  x S .N . )  -  e x p ( -  i  ykGk )

where G^=M^ and G^+3 =N^ / i = l , 2 , 3 / .  I n  t h e  v e c t o r  s p a c e  G’ s we p e r f o r m  a 
n o n - s i n g u l a r  t r a n s f o r m a t i o n  G’ =UG, where

Comparing w i th  eq .  / А 2 2 / :  G |= S ^ , As U i s  r e g u l a r  f o r  any  v ,  t h e r e
i s  a  o n e - t o - o n e  c o r r e s p o n d e n c e  be tween  t h e  e l e m e n t s  e x p ( - i j G  and 
exp(  - i y ' G '  . The way t o  g e t  t h e  E u l e r - p a r a m e t r i z e d  fo rm i s  s i m i l a r  i n  b o t h  
c a s e .  As a  c onsequenc e  we s h a l l  w r i t e  t h e  e l e m e n t s  o f  t h e  o r t h o c h r o n o u s  
L o r e n t z - g r o u p  i n  t h e  fo rm:
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О < ф , а , у < 2 fr, О

Tb w i l l  nob be изe l o s s  to  c l a s s i f y  t h e  o r b i t s  f o r  Av / O r b i t  i s  the  s e t  o f  
p o i r u s  Aq where q i s  a  f i x e d  f o u r - v e c t o r  and the  p a r a m e t e r s  o f  A r u n  
th rough  a l l  the  p o s s i b l e  v a l u e s . /
To a c h i e v e  t h e  c l a s s i f i c a t i o n  we must s o l v e  the e q u a t i o n :

e о e e e

0 < 0 ,ß < 71 к2 i f v < 1
1 f, < °°,

О < 0 , H. < m i f v > 1

Av (ф',0,£,а,3,у) q

where P = / P 0 * ps inw совф , p s i n u  врпф , pcosm / i s  ал o p t i o n a l  
f o u r - v e c t o r ?  A cco rd ing  t o  t h e  v a l u e  o f  p t h e r e  a r e  t h r e e  c a s e s :

2P > 0 P o = / p 2 c h a ' p  = / p 2 s h a '

2 aP = 0 P o = P = e
2P < 0 P o = /-p 2 s h a ' p — / - p 2 c h a ' /А26/

I

We choose  q as qo/ l , 0 , 0 , V / ,  Then th e  p a r a m e t e r s  a ,  3 , у a r e  i r r e l e v a n t .
Working w i t h  the  f o u r - d i m e n s i o n a l  r e p r e s e n t a t i o n  we g e t :  ф -  ф" ,

ch£ =
p -v  p cosio

+ v

. P— KV {ch£(l-cos©) + v2 cosG - 1} = sinw - ActgO cosrn /А27/
о р

I f  V < 1 / р  > о / ,  t h e r e  i s  no p ro b le m  w i t h  e q .  / А 2 7 / .  F o r  v > 1 /p  < о /  we 
have  to  a l l o w  b o th  qQ > о and q Q< о to  c o v e r  thé  whole  o r b i t .  I n  a  s i m i l a r  
way we can  f i n d  t h e  Av t r a n s f o r m a t i o n  w hich  c o n n e c t s  two f i x e d  f o u r  -  
v e c t o r s  q^=m-^/chn 0 , 0 , shn  / ,  q ^ m ^ / c h  n 0 , 0 , - s h  n /  w i t h  any p-^,p2P a i r  

s a t i s f y i n g  / q - ^ - q ^ / ^ -  / P p + p p / 2 * Our n o t a t i o n  i s  now v= ( ч 1+Ч2) Cq l +q2) o ’

Tha t  i s ,  we a r e  l o o k i n g  f o r  t r a n s f o r m a t i o n  w i t h  the p r o p e r t y :

P^=Av q^> P2 =Av ^2 * sk e tc i l  way o f  t h e  c a l c u l a t i o n  o n ly :
f i r s t  f rom t h e  e q u a t i o n  P ^ + P p ^ v  / <3p+l2// we as  i n  e q .  / А 2 7 / .
Then
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Ау1( Ф '0 ' í ) ( p 1"P 2) = s ( a , ß ' Y ) ( q 1- q 2)  /А27а/

g i v e s  a and. 3 ; у r e m a in s  u n c o n s t r a i n e d .

5 . The f u n c t i o n  < jookm; v | j o a k ' m ' ; v ' >  .

As i s  w e l l -k n o w n ,  t o  l a b e l  t h e  i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  t h e  h o r e n t z -
g ro u p  one needs  f o u r  quantum numbers .  B e s i d e s  t h e  e i g e n v a l u e s  o f  th e

?  2C a s i m i r i a n s  M -N , MN we can  choose  t h o s e  o f  t h e  C a s i m i r - o p e r a t o - r  o f  a 
s u b g ro u p  and M^. Namely, we can  choose  a s  s u bg roup  t h e  IG, and t h e  b a s i s  
v e c t o r s  can be l a b e l l e d  a s  | j ookm;v> I n  t h e  f o l l o w i n g  we f i n d  t h e  q u a n t i t y

< joakm;v|  j o a k ' m ' ; v ' >  = <kv | k ' v „>

We a p p l y  th e  method d e s c r i b e d  by  Delbourgo e t  a l .  [ 2 0 ] .  The b a s i c  e q u a t i o n  
i s

- H N  ~ ixAJ A - iX BJ B - i n ( N r M2)  - iaN 3 
е е  = e  e e  /А28/

Неге сГд, J g  a r e  the  S2( v )  g e n e r a t o r s  w i th  Уд, Vg, r e s p e c t i v e l y .
In  some c a s e s  xA t a k e s  a l l  i t s  p o s s i b l e  v a l u e s  b u t x g c o v e r  o n ly  a  p a r t  o f  i t s  
domain  o f  d e f i n i t i o n  o r  v i c e  v e r s a .  I n  t h e s e  c a s e s  an  a d d i t i o n a l  f a c t o r  
exp - íttm2 i s  n eeded .  I n  t h e  2x2 r e p r e s e n t a t i o n  e q .  /А 2 8 /  r e a d s  a s

J 12 о

О e - ? / 2

c o s x a / 2

1+VA . XA
Т У Г  s i n  2~

'A1_VA .
Т У Г  s i n  У

c o s

c o s

1+VB . xb
1“V_ s i n  2

1 VB XB
l+vB S ln  2

c o s

a / 2  a /  e  ne

О e -a /



hence

1+VA
1_VA

1+VB
X- VB

tg 1+VA
s i n XA

1+v
l ^ v

в
в

s i n XB

1-VE
1+v,

- 5 / 2e cos 'A s m XB 1 VA 5 / 2  /  Xf
I + v 7  6 s i n  T cos a= e n 1+v, ( 1+VB c o s x B )

/ А 3 0 /

As i t  can be s e e n ,  t h e  a f o r e m e n t i o n e d  p rob lem  a r i s e s  i n  eq .  /А 3 0 /  i f  e i t h e r  
Уд o r  v R o r  b o t h  a r e  b i g g e r  t h a n  >1 . Adding е х р /  -iirM2 I r *h*s *
we g e t

1+vA
A

Í Ü I
1-v , tg 1_VA . -

Г Й Г -  S l n X A A

aG
l + v B
I Ц Г  s i n x BJD

With th e  same t r i c k  as  i n  r e f .  20 we g e t :
/ А 3 1 /

d k ° m k ' ^  -  N 1 d x B d m j ( x b )  d m j V ( хд )  e x P “ f c " 1)v v /A 3  2 /

We do n o t  go i n t r o  more d e t a i l s ,  t h e y  can  be e x t r a c t e d  from r e f .  [20 ] .  We
Do0n o t e ,  t h a t  i n  t h e  ca s e  о г / and  Vg b i g g e r  th a n  l , d  s p l i t s  i n t o  two

i r r e d u c i b l e  r e p r e s e n t a t i o n s  a c c o r d i n g  t o  eq .  /А ЗО/ог  eq .  / А 3 1 / .

Appendix  B. G e n e r a l i z e d  p a r t i a l  wave a n a l y s i s .

I n  t h i s ’ s e c t i o n  we compute t h e  <s, j o ckm, w, ZA| p-  ̂ p 2 X̂  X2 > m a t r i x  
e l e m e n t .  We do i t  i n  s e v e r a l  s t e p s ,  d e f i n i n g  s u c c e s s i v e l y  t h e  f o l l o w i n g  
f u n c t i o n s  /Р=р-^+Р2 » Q=Pi~p2/ :

<P W W3 X2 | P Q xx x2> , <P W W 3 ZAI P w w3 xL x2> ,

<s, j Qa km, W, ZA | P W W3 ZA> 

a . /  <P W W3 \ 1 \ 2 I P Q X1 X2>

This  m a t r i x  e l e m e n t  i s  n o t h i n g  e l s e  what  a p p e a r s  a t  t h e  p a r t i a l  wave 
a n a l y s i s  in  t e rm s  o f  th e  l i t t l e  g roup  o f  P. W and a r e  t h e  e i g e n v a l u e s
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o f  the  l i t t l e  g roup  C a s i m i r i a n  and a  d i a g o n a l i z e d  g e n e r a t o r ,  r e s p e c t i v e l y .  
The PWA i s  e l a b o r a t e d  i n  d e t a i l  e . g .  i n  [17] f o r  S U /2 /  and i n  [11] f o r  a l l  
t h e  o t h e r  c a s e ,  f o r  E /2 /л Т  i n  [19] a l s o .

All  the  Ipq X-j A2> v e c t o r  can  be o b t a i n e d  from a s t a n d a r d  one | P0X^^2> 
w i th  t h e  h e l p  o f  a  l i t t l e - g r o u p  t r a n s f o r m a t i o n  Rw:

|PQX1 X2 > = Rw | р8 х1 Х2 > / В . 1 /

Q ОQ can be chosen  e . g .  Q =  Q, =o.  The r e p r e s e n t a t i o n s  o f  the  l i t t l e  g roup
x у

form a f u l l  s y s t e m :

I D *  ( ф , 0 , ф )  D* ( ф , О г ф)  -v б ( ф - ф ' )  б ( ф - ф ' )  ő ( 0 - 0 ' )  / в . 2 /
woiß р

I f  t h e  g roup  i s  n o t  compact  £ means i n t e g r a t i o n  and summation a s  w e l l
w

o v e r  a l l  t h e  u n i t a r y  r e p r e s e n t a t i o n s .  With e q . / B . 2 . /  the  f o l l o w i n g  
o p e r a t o r - e q u a l i t y  c o u ld  be p r o v e d :

н ( ф , 0 , ф ) =  I \ dG ( ф ' , 0 ' Ж )  D ”  ( ф , 0 , ф )  D* ( ф ' , 0 \ ф ' )  R ( Ф ' г 0 '  »Ф')
wotß J

/ В . З /

where <3с(ф,0,ф) i s  t h e  g ro u p  m easu re .  L e t ’ s d e f i n e

|P И авл1 > 2 > -  dG D”  ( Rw )  - 1 / i / S 2 2y / B' 4 '
J  A (^s,m1 ,m2 J

h e r e  = s .
We see  a t  once t h a t  t h e  i n t e g r a t i o n  o v e r  Ф' c an  be p e r fo rm e d  and t h i s  
£ i v e s  r e l a t i o n  be tween  ß , X 1 X2 . S o  ß i s  " s u p e r f l u o u s "  i n  t h e  k e t  
PWaßX^X2 > . T h i s  i s  t h e  consequence  o f  t h e  f a c t  t h a t  fo  f i x  t h e
d i r e c t i o n  o f  Q i n  Ip qX-,X2 > two a n g l e s  a r e  e n o u g h . . T h i s  way, we
omi t  ß on t h e  l h s .  o f  e q . B . 4 .  I n s e r t i n g  e q . B . 4 .  and e q . B . 3 .  i n t o  e q . B . l . ,  
we g e t :

I  ( 2W+1)
ww^

/ s
1̂ / 4  ö ß , f ( x 1 x 2) lPWW3 Xl X2 =• Dw” ß ( * ' 8 ) / В . 5/

f ( xi x2) means e i t h e r  X^-X2 o r  Xl +X2 
s t r u c t u r e .

d e p e n d i n g  on t h e  g ro u p
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ъ . /  <р w w3 \ 1 >2 | PW w3 £Л>

T h i s  d i s c u s s e d  in  s e c t .  2 . ,  h e r e  we o n ly  r e p e a t  t h e  r e s u l t s

s i x i s x о
<X1 X2 | i A> = l  A l s , / В . 6 /

S

t

I

c . /

The method i s  s i m i l a r  t o  t h a t  one u sed  i n  a . / .  A l l  t h e  | p QX1X2>
s t a t e s  can be o b t a i n e d  f ro m  a f i x e d  one |P8x1x,> by homogeneousо 1 z о о
L o r e n t z  t r a n s f o r m a t i o n ,  w here  P=qo/ l , 0 , 0 ,  v /  m d  Q.x =Qy=o, a s  we have 
d i s c u s s e d  i t  i n  s e c t . 3 « l » s

a IPQx^ , l  DX' X d X̂ Xi, Л1А1

s
X' X2 | Л ? ' Л8 '  ч  Ч * I В . 7 /

Л'
j okmk'm'  о

3 0 3 0
dA D. ? ,  , (Л)  D, , , ( Л') A kmk m v J kmk ' m' / / В . 8 /

Here  a g a i n  £ c o u l d  mean i n t e g r a t i o n ,  e . g .  o v e r  a t
A pp ly in g  th e  r e s f l l t s  o f  a . / ,  we can w r i t e

P8x1x2> I 2W+1 4 t74 w x ' Х1 V
w Д '

I B . 9/

As t h e  C a s i m i r i a n s  o f  t h e  ijo r e n t z  g roup  do n o t  commute w i t h  Wo ,
/ t h e  e i g e n v a l u e  o f  t h a t  i s  X^/ ,  i n  e q . B . 9 .  i t  i s  n e c e s s a r y  t o  p e r fo rm  
t h e  e q . B . 6 .  ty p e  d i a g o n a l i z a t i o n .  S in c e

dA Dk u k . ' u ' ( A) A I 9 w x SA> = 6. », , 0  , . к W у Л j Qaku,  W, £Л> / В . 1 0 /

we can  w r i t e  a t  l a s t :

The ^ L o r e n t z  t r a n s f o r m a t i o n  i s  E u l e r - p a r a m e t r i z e d  i n  t e rm s  o f  th e
о

S ( v ) g r o u p ,  t h e  l i t t l e  g r o u p  o f  JP v e c t o r ;  t h e  к quantum number i n  
| j o akm> i s  th e  e i g e n v a l u e  of  t h e  C a s i m i r i a n  o f  t h e  l i t t l e  g ro u p ,  c . f .
Appendix  A. The a n a lo g u e  o f  e q . B . 3 .  h e r e  i s
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l .  °jrnWA d X'X1 d A'x2 W, iA>
l 0a:]lnXX!í í

Т Л  |A1 X2> <A£ А' |ЕЛ> ( j *  -  0 2 )2 ^ / s  
A1 / 4

/ В . 1 1 /

Appendix.. C. E v a l u a t i o n  of  th e  o v e r l a p  f u n c t i o n

:s ,  j  Qo j  m, Wf Е+Л + 1 T, l 0 p ly ,  W , E A >

We s h a l l  u s e  th e  s h o r t h a n d  n o t a t i o n  <+ | ->  f o r  t h e  m a t r i x  e l e m e n t  i n  
q u e s t i o n .

< + | - > = Í  " P t H “  , l  <+ Ip 1 X1 P 2 X2 > <P1 X1 P 2 X2 l _> 6 ( p + 2 ~s )  6 ( p “ 2" s )J ^ l o  ^2o Â rA2

Г d 3P l  d 3p 2

J  P l o  p 2o
< joajm| j Qa j vm> < s , j oo j vm, W+ , l l A l p ^  P 2A2>

<P1 X1 P 2 X2 I T ' 1o p l v 1J' W ' Z~ A > <]- о р 1 у р 11o pl lJ> 6 6
/ С . 1 /

where P=P1+P2 , p0= P i 0- p 2 o , £~ = Pp+ P2 « J v and \  a r e  t h e
e i g e n v a l u e  o f  t h e  C a s i m i r i a n  o f  t h e  l i t t l e  g roup  o f  P+ and P~, 
r e s p e c t i v e l y .  The q u a n t i t y  < j | j v > , <1 | l >  i s  known f rom  eq .  A.32* 
I n s e r t i n g  e q ,  B . l l .  i n t o  e q . C . l .  and p e r f o r m i n g  th e  s u b s t i t u t i o n  
we can w r i t e s

/ s x
<+l_> - i  . 1 / 4 ; Т л1 / 4 /  v dA . .A ' ( s )  A ( t ) D„l..1 ( j o - ° 2) ( 1o - p2)

V  V

Dj°mW+ A+ h + ) Dj ( Л “ )  <1V |1> í  ( p 2- s )  Í  ( р “ 2- т )

{  ; - < t V u í » j >  i ’ A » *  W  d ? 2 x -  Ю  « * J 4 I * * * V I C . 2 I
l  l

Here the p a ra m eters  of A and 0-̂  , ©2 depend on th e  p a ra m eters  o f  A
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r

2
We need  e q . C .2 .  o n ly  a t  т =/m^+m2/  . The Д(т) f a c t o r  i n  t h e  n o m in a to r  
seems t o  g iv e  a z e r o  h e r e ,  b u t  a  s i m i l a r  f a c t o r  i n  t h e  s c a t t e r i n g  a m p l i t u d e  
/ t h a t  a p p e a r s  i n  < т ^ , т ^ ,  p-^-0, p ,= 0  | . . . l Qp l j j . . .  > c . f .  eq .  J . 1 . 1 4 . /  j u s t  
c a n c e l s  i t  o u t ,  so we need n o t  b o t h e r  o u r s e l v e s  f o r  t h a t .  At т =/m^+ m0/ ^  
v * = l ,  hence  <1 | l >  ~ 1 what  makes e q . C . 2 .  s i m p l e r .

To f i n d  o u t  t h e  e x p l i c i t  d ependence  be tw ee n  t h e  p a r a m e t e r s  

of  Л+ and Л we use e q s .  A 27 ,  A .2 7 / a  w i th

р х= Л” ( m p  0 , )  p2= л" ( -m 2 , О ) '

2 ?th e  n p a r a m e t e r  o f  th e  f i x e d  q-  ̂ 2 v e c t o r s  i s  s=m^+m,j-2m^m2 ch2 n
To g e t  0^ and ©2 , we h ave  t o  w r i t e

+ — i a S 3 - i  6S2 - iy S ^  ~i5N^ - i 0 S 2 -i<f>S
Л = e e e e e e

- i a nM„ - i a . N ,  - i a cM_ - i a , M ,. 1 3  2 2  3 3  4 3  5 2  6 3i n  t h e  fo rm e e e e e e

We do n o t  go i n t o  i t s  d e t a i l  h e r e .
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