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Summary

The effective electron-electron interaction resulting from the
virtual polarization of the impurity spin is investigated. Abriko"sov"s
pseudofermion representation of spin operators has been applied. It is
pointed , out that the effective electron-electron interaction consists;
of two parts: 1, elastic sfcttering 2, inelastic scattering. The second
part shows a singularity of new type as (Wto")”1 , where w - w" is
the energy transfer between the two electrons. Both parts have been cal-
culated in logarithmic approximation. In ;spite of the fact that the second
one is found to be lower by one order of the typical logarithmic Kondo
terms than the first one, both terms can be of the same order of magnitude.
Studying the superconducting transition temperature Abrikosov and
Gor’kov’s calculation is extended to include these interactions in any
order of perturbation theory keeping the leading logarithmic terms. Our
results are restricted to the temperature region well above the Kondo
temperature. Considering the decrease of the superconducting transition
temperature due to the magnetic impurities in the antiferromagnetic case
the effect of the elastic scattering can be essentially reduced by the
Inelastic one.

The main part of A.Z.’s contribution to the paper was carried out during
a visit.
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1, Introduction

In the recent years there have been numerous attempts to in-
vestigate the influence of magnetic iImpurities on the critical temper-
ature of superconducting alloys. In the majority of cases, except for
some dubious cases, the experimental situation is that the transition
metal iImpurities depress the superconducting transition temperature TC.
The first theoretical work is due to Abrikosov and Gor’koy [1]. Using a
ladder approximation and the Born approximation for the effective electron-
-electron interaction they have determined the decrease of T . After the
discovery of the Kondo anomaly [2] and the Abrikosov-Suhl resonance [3,4]
in the conduction electron - magnetic impurity scattering, Griffin [5]
discussed the effect of this resonance on TC.

Investigating the electron-electron interaction induced by the
virtual polarization of the magnetic impurity spin, we have shown [6,71
that this interaction consist of two parts. The first one plays role in
the elastic scattering probesses, while the second one in the inelastic
processes. The result in second and third order [6] is

@ .
VaByb u,to s/1.1/

and

v —
Va(@i%( gtna) 3= Verasticv * Virastic (PO day OrE 71.27

where

(©)]
elastic 6M,m' 71.3/

3 -
Vé%%lastic Csgw  sgw") /1.4/

The diagram representation of the effective electron-electron interaction
is given in Fig. 1. The results (I,.1-4) correspond to the diagrams of

second and third order in Fig.2.a-c., where the dotted lines stand for the
spin pseudofermions proposed by Abrikosov [3]. As we have pointed out the



inelastic processes,show a new type of singularity (W - w")-1 which can
be seen from eq. (1-4), In the case of antiferromagnetic s-d coupling the
inelastic interaction (1.4) is an attractive one. The elastic part of the
interaction, given by eq.s (1.1) and 1.5) is always repulsive. In Griffin’B
calculation [5] of TC only the elastic scattering has been taken into ac—»
count. We have called attention to the possible importance of this scat-
tering in the change of the transition temperature T and calculated this
change up to third order [6]. We. have concluded that the inelastic part

of this interaction can essentially reduce the effect of the inelastic

scat bering.

Recently Zuckermann [8] has given a general expression for the
superconducting transition temperature in the limit of low impurity con-
centration. In Green function formulation he has used Nagaoka’s decoupling
scheme [9,10] for treating the Kondo effect and Hamann’s solution [11] is
applied so his result is thought to be valid for whole region of temper-
ature. He compared his results with our previous one and concluded that
the inelastic part of the effective electron-electron interaction is in-
volved, too. In the second and third order, however there are numerical
differencies by a factor 2 and 4 between hie and our earlier calculation
considering the effect of the elastic and inelastic electron-electron
interactgon, respectively. These differencies might be due to some algebra-
ic mistakes or the decoupling procedure applied to the Green functions,
where it is not clear which processes have been taken into account.

Making use of scattering theory on the base of generalized Suhl’s
equations [4] Maki and Fowler [12] and generalizing Maleyev’s method [15]
Ginsburg [14] have treated the problem. With the exception of Maki’s very
recent result [15] for the gappless superconductivity these results do
not contain the effect of the inelastic electron-electron scattering pro-

cesses.

There are two aims of the present paper: 1, to reinvestigate our
previous results [7/] for the effectiv electron-election interaction, where
some analytical properties of the electron -pseudofermion vertex function
have been overlooked which results in a numerical mistake by a factor two,
2, to calculate the change in Tc using an extension of Abrikosov and
Gor’kov’s method [1].- The expressions of self-energy and vertex function
derived by Abrikosov [3] will be used, therefore our results are valid
only above the Kondo temperature Tg (T >> T*). In this limit the obtained
formula agrees with the one given by Zuckermann [8] except for the factors
mentioned above.



In Sec. I1l. the formalism used in the paper 1is presented and it is
shown that the effective electron-electron interaction must be calculated.
Sec. I1l11. contains this calculation. Both the elastic and inelastic scat-
terings are investigated. In each case only the highest order logarithmic
terms are collected. In Sec. 1V. these expressions are substituted into
the formulas given in Sec. Ill. to determine the change Iin TO. In Sec. V.
this result is discussed and compared with Zuckermann’s results [8] and a
few speculations are given for the case Tc << T., The Appendices contain

the investigation of the vertex function.

11. The formulation of the problem

The considered system is a superconductor containing magnetic
impurities with spin S at the positions Epg. The Hamiltonian of this
system is given by

H + Hsa + HBCS /72.1s
where
: v | d3k , + 72 .27/
0 53 (2Tr3’3 rk aka aka :
J r I d3k [ d3k- -i(k-k D )Rn + - /2.3/
sd N RJ (éQ:lﬁ j\(é-x_mg N aka aaa’” ak"a"Sn
a,a”
and
d3k* I k* + +
ds3 /2.4/

Bcs = —J9! Cry 3 @in ake acke a-k"l ak+

H is the Hamiltonian of a free electron gas, where aja and ara are
creation and annihilation operators for a conduction electron’of momentum

k, energy and spina - Hagd describes the s-d exchange interac-
tion between the conduction electrons and impurity spins with.the coupling
constant J. ?aa, is the Pauli matrix and Sn is the impurity spin

operator for which a pseudofermion representation [5] will be used,
contain? the effective attractive electron-electron interaction via
phonons.

As it was mentioned in the Introduction we will closely follow the
formalism given by Abrikosov and Gorkov [1] extending the calculation to
the higher order processes. After having linearized the Gorkov equations



for Green functions ~ and Y 1in the vicinity of the transition temper-
ature, they obtained (see eq. 11 of Ref. [1])

Aal = gl T 1 1 4 w,y ass™"f> A®X d3s /2-5/

where is the Green function of a normal metal in.the presence of magnet-
ic impurities, J7(r) is the space dependent gap, T 1is the tempera-
ture and w = (2n+l) 7T in the thermodynamic Green function technique
[16] used throughout this paper. The bar denotes an averaging over the
random distribution of the magnetic impurities.

The transition temperature T is determined as the highest
temperature at which eq. (2.5) has a nonvanishing solution. Abrikosov and
Gorkov [1] have elaborated a special diagram technique to average over the
positions of the impurities. A quantity K has been introduc-
ed by the definition

(2“)6 J Ka,, a6 (O,k2) exp {ik”s-r) + ik2 (s-rO } d3k] d3k. /72.6/
tt
where
0 N e x
B o and AaR = A 9aB
al
Kw,al”pl,p2" can 3% represented by the sum of the~diagrams in

Fig« 5«1 where the lines correspond to the Green function ~(Kk) of the
normal metal in the presence of impurities averaged over their positions and
the shaded square corresponds to the irreducible part of the effective
electron-electron interaction mediated by the magnetic impurities. ~uw(K)
has the form

Hoo - sl - C 72.7/

where C = Ko eF and nj_ = 1 + ! and Tl is the electronic
life time due to the s~d scattering. According to Abrikosov’s [3] calcula-
tion

N- . Ni(af e(sti) ,pt 1+ 0O in D 72.87



m
where h is the number of impurities in unit volume, p = P is the

0 2o
density of states per atom for one spin orientation and s 1is the value of

the localized spine and D is the cut-off energy. This form of the life
time 1is appropriate only well above the Kondo temperature T/, We will
restrict our considerations to this temperature interval and to logarithmic
approximation, therefore eq. (2.8) can be applied. We will see that if the
superconducting transition temperature i$ of the same order of magnitude

as the Kopdo temperature, a more precise expression of the life time is
necessary.

The diagrammatic equation for  kba3s given by Fig. 3* can be
written analytically as

Kw,a$ (PI"P2) = X (Pi) X J P2) [SaR +

+S0o01Th i + 52 "™ Pi ) d3Pi] 12.91

where vagxp stands for the shaded square. The momentum vari-
ables are omitted because the.exchange coupling constant J in eq.- (2.3)
is independent of the momenta.

Our main task in the following is the calculation of the electron-
-electron interaction due to the magnetic impurities.

The pseudofermion representation of spin operators proposed by
Abrikosov [3] will be used. In this language the irreducible effective in-
teraction V (wx,w") is represented by two solid lines connected by a
closed loop of dotted lines. The crossing of two dotted line loops can be
neglected as it has been pointed out by Abrikosov and Gorkov [1].

The lowest order diagram in V is of second order (see Fig.-2.).
The simplest way to take into account diagrams of higher order is to put
the whole vertex instead of the bare one. This procedure leads to the
diagram in Fig. A. The simplest diagrams obtained in this way are shown in
Fig. 2. Another class of diagrams is illustrated in Fig. 5.a-c. In these
diagrams the two solid lines are connected more than twice by the pseudo-
fermion lines. It will be shown studying a few examples in Appendix 1|
that these diagrams yield logarithmic contribution of lower power than the
diagrams represented in Fig. 2., therefore their contribution will be neg-
lected.



Il11. The effective electron-electron interaction

As we have shown in Sec. 1l. the effective electron-electron in-
teraction due to the virtual polarization of the impurity spin must be
calculated in the special case, when the energies of the incoming electrons
are w and -w respectively. Here we will deal with this interaction. The
effect of hbcs has ~een taken into account in the deviation of eg..
(2.5) so in the present calculation only the influence of Hgd given
by eg. (2.8) will be treated. The general irreducible vertex part for
the eledtron-electron scattering which is to be calculated in the logarithm-
ic approximation, is given in Fig. 4. Its analytical form is

RA
VaRyo 0" “™) = - fs+T T 1 lTaeyn Cluw® Iwlf i)™ 1< + W1 ~
i
My
(1 + w1« ignée ( W i@+ uj - w2 —iwe, iwj)
where T is the renormalized vertex of the s-d interaction and (((*9)

is the pseudofermion propagator

The limit \ -+ ® must be taken to eliminate the contribution of the
nonphysical states. After the analytic continuation iy" z the sum-
mation over the imaginary freguencies iw, = TTIT(2n+l) can be transformed
to a contour integral around the poles in those regions where the con-
tinuation is analytic. If one pole lies on a cut then it has to be treated
separately.

Investigating the analytic properties of the continuation of the
vertex Ffunction r(iw, io{ icof) and its spectral representa-
tion Eliashberg [17] has proved that there are several cuts parallel to the
real axis, where the imaginary part of one of the following guantities is
zeros

a/ The freguencies of the incoming and outgoing lines

iy, Wy iw" 1 (w + - ) = Iw"

b/ the sum of the freguencies of the two incoming lines
i (w A+l =1 +0Y)

c/ the difference of the freguencies of an incoming and an out-
going, line ilw-m") -1 @@ - ap and i@G-v) =1 - a



We are interested iIn the cuts corresponding to the variable
i = z Fwhich are situated on the horizontal lines

Imz — 0 , Imz - @ — w) s Imz = -u , Imz = /3.3/

The cuts of the other vertex r (-iw, IOwu-id".) ;-iax{it)]) are the
same as determined by eq. (3*3). The cuts of the pseudofermion propagators
occuring in eq. (3#1) are at the lines Imz =0 and Imz = @@’ - V) .

The sum in (3.1) can be transformed to integrals along these four
cuts and still the contribution of the.points z = -ioc> ,and z = iw" must
be considered as it is shown in Fig. 6. The cuts Imz =0 and Imz = (u"-w)
will be called cuts of Bose type because they lie on lines Imz = 2n nT ,
while the cuts Imz = -w and Imz - w" will be called cuts of Fermi type.
Denoting the contours around the cuts in the order given in (3=3) by GA
c2, Cj and respectively, we get

Va%/%4 =

eBx 1
28+1 jil é iff ragyr) (Iw"z? i«™» + 2) M"(2)
- +2 [, . Gid, 100)-a)")z; -ia)'r 2)
eBA .
2G4 T Faeyn (1d),to; e

%m = -
25 T Togn @D, w7

/3.4/
The iIntegrals 1
(J: 01 gp_5 o O /3.5/
3
where x=Rez and Imz 1is one of the four values given iIn (3.3).

In eq. (3.5) the Fermi distribution function, "the veirtex function
or the propagators may have cuts. |If two cuts coincide, the following
identity can.be used

A{FO G G} = AFC) GG + AGK) FOY /3.6/

where
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AFx) = F(x + ie) - F(x ~ ie)

/3.7/
FOX) =1 FXX + ie) + F(x - ie)

This formula can he generalized to arbitrary number of function with the
result that in a product the cut of each factor must be taken multiplied
by the average of the remaining part.

With the help of this transformation it is easy to show that the
last two terms in eq, (3-4) will be cancelled by the contribution of these
cuts of the Fermi distribution function. The contribution of this cut
from the integral on is

25+1 1 2i I"F X ~ W) + ie) - np X - im - ie)]
-

Maeyn (iw™%-i0J"10)"»“ iw"+x) "e(x-i1(0) ~ -i1ai") rgrite (-im,x-1a)" ;-id)" ,x-iw)
Substituting the identity /3.8/

np (x + im + ie) - np (x + Im - ie) =1 ~ 6 /3.9/

where 8~1/T and w is an odd frequency, into (3.8) the expression obtained
in this way cancels the second term in (3.4). Similarly the cut of the
distribution function on cancels the third term in eq. (3.-4). This
means that in eq. (3*4) only the first term must be kept and only the cuts

of the vertex functions and the propagators must be taken into account.

We have shown [6] that the interaction in the Becond order given
by (1.1) 1is purely elastic, in third and higher order the inelastic process-
es contributes, too (see eq.s (1.2-4)). Their contributions contains lower
power of the typical logarithmic term In , than that of the elastic
processes. Although we will use a logarithmic approximation, also the
inelastic scattering will be investigated. It will be shown that their
contribution can be of the same order of magnitude as the corresponding
term of the elastic scattering.



A. Elastic part of the scattering

For the elastic scattering w = w" , according to eq. (3-4) we

have

mV alRy6

= 28TT Di—l Clj iﬂ:V z> [aeyn<>"2-uw" 0 X <z> X @* F6|'|6eC"iW'Z?iW'

where only the cuts of the vertex functions and the propagators must he

considered. The second and third order contributions are given in (1.1-4).

In the actual calculation it iIs easy to see that in logarithmic approxima-

tion, i.e. when in each order of the perturbational calculation only the
highest power of the typical logarithmic term In -y is kept, only the
poles of the propagators must be considered. The contribution of the cut.
of the vertex function is of lower order than the vertex function itself.

In other words this means that the imaginary part of.the vertex function
contains lower power of in y-y- than the real part.

The propagators have double pole at z=A

. Its contribution 1is
given by

e3A d r
VaByo60> = " fs+1 dl

[nF (z) Taeyn 0O0,z;iu>,Z) Iénb6e z=A /3.11/

The derivative of I with respect to z can be neglected in

logarithmic approximation and after taking the limit A < we get

ValByoén*“) = T 2S+1 Tlaeyn rgn . % X5;-1w,\) /3.12/

According to Abrikosov’s calculation [3]

Faeyn giw, A IW),A) = ngo) (aay Scn) =
J J

a D y-.;-D- (*cT mr-4«yY "3-13°
1+2 N In TAT 142 NpO 1N T

where in the last approximation it is supposed that Ju]*™ , the thermal
smearing is taken into account and a new notation [ 1is introduced. This
expression is valid well above the Kondo temperature T™.

Inserting eq.
@B.13) into (3.12) we obtain

VaRyd ST R A — “TT- (°.y SRFi) /3-14/

f1 + 21 po 1n TwT)
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where the identity

(ay Ssn) (B« V) " 3 3 (&+tD) (25+1> (»ay J6i) /3-15/
has been used.

It must he emphasized that eq. (3.14) is valid only in logarithmic
approximation. In better approximation the vertex function must be replaced
by a more precise form and its cuts must be taken into account, too.

B. Inelastic part of the scattering

From the third order calculations given by eq. (1.4) it is known
that the inelastic contribution contains lower power of In -|¥y than the
elastic one. Nevertheless, the inelastic contributions can be of importance
in the determination of the change in TO- It is due to the fact that this
contribution /see eq. (1.4)/ has quite different structure exhibiting a
new type of singularity (0" - w)1

In the present case w f w" and the integrals in eq. (3.4) must
be taken along the four horizontal lines. The vertices and the propagators
may have cuts along the same line, but according to eq. (3.6) their contri-
butions can be taken separately.

a/ First we investigate the contribution from the cuts of the
vertex functions.

In the logarithmic approximation only the parquet diagrams are
considered. The vertex can be separeted into three parts

= ro + Ai + 12 /3.16/

ro=JN (b"®) 1i1s the bare vertex, AN and n2 are veitex parts which
by cutting two parallel or antiparallel electron and pseudofermion lines
fall into two parts. They are shown in Fig. 7.a. and b.

The cuts of N§ and N2 are investigated in Appendix I11. It
is shown that the important cut of Jix wiiich gives the highest logarithmic
contribution is along Imz=-w, where 2z is the analytical continuation of
il . Similarly in /12 the important cut can be found along imz = w" .
These contributions are calculated in Appendix 1l1l1. and according to eq-s

(A111.3) and (A.111.4) they are for |[x] <D
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LNeO = 21 Im ACx+ie) = 2nipQ Re I'(p, x+ ; X,AV

laeyn laeyn aeae”

d - nF X)) Re I &, A; O, x + A /3.17/

a'e'yn

and
ANQGO =21 Im N1 (x+tie)= 22w ip Re I (0,A;-x,x+A)

2aeyn 2aeyn ae"a"n

A -np®) Re I (-x,x+A;0,A) /3.18/
a“eye”

where x =z + im - A and x = z - im" - A, respectively.

First let us calculate the contribution of the vertex part
to,the effective interaction given by eq. (56.4). Considering eq.s (5.2),
(3-4),.(5.5) and (5.7) and substituting the expression of given by
eq, (5-17) instead of the two vertex function one after the other, in
eq, (5.4) one obtains

. BA

Vb & = ps+1 2bn b &

Np gXFA-TW). 'Dﬂ1aeyn O 2 fi’  x-iw "Brge @ ¥
* g (HA-Td) ™ rqeyn (%) it " X+id) ﬁﬂ‘IBn6e’\X’j

8pOJ-dx

the Maeae - 4D Re Tg.¢ ’yn(l) x—iél)__x_-ilwr Fange @ +

- n (X))

25+1 e e x+A)R+i !

T /3.19/

aeyn @ )?FiEI_) x+id) Re Tona-e @ Re Tyhq % Dy

where for the sake of brevity the following, notations are introduced for
the arguments



@D = ©, x+A; X, a) ) = A ; 0, x+A)
@ = (iw, -iw" + X + A;-iw", - Iw + X + A /3.20/
2x = (wFw" + x + A; Iw", Iw+ X + a)

The spin factors can be evaluated by using the first of the following two
identities

SgSH) 6, 6 /3.21/

O2a" See ?Lay W ay Cen ay Seti®

/3.22/

s(¢s+i) 6

aaaf Se’e9£aa’y ay6 en (Cay Sen”

and eq. (3.15)* The spin dependence of the vertex function can be given by
the following representation

Ty = MO8, 4%+ 17, Sgd /3.231

Similar representation holds for and /12 , too.
It is easy to show that each term in eq. (3.19) can be written into the
form

A Gay 66 +BOay u66 /3.24/

The spin factors of the two terms in (3.19) are very similar, be-
cause one can be obtained from the other one by replacing a<=6, erHV w<* 6.
As the final form (3.2A) shows this symmetry, the spin indices can be
dropped for a time.

Furthermore, the symmetry relation
raw-", 1w2; w3, iwr) = I (-iwr, ~iw2; ~iw3, -iw?) X /3.25/

will be of importance, which is a consequence of the fact that in the
thermodynamic Green function technique the energy variable iw is the only
complex quantity. In our case I'(@ = (r(2x))x .

In eq. (3,19) the expression between the curly brackets can be
transformed as
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RefCD Rer() w4  FnY T O + 857 4a 420

= 2ReT(@) ReT() Re X* 10 X*ICO re

furthermore

= 2Rer(l) Rer(T) .

Re (2) - wre) Cx oL@+
22 xZo? ©0- @ X20f Xt -2 /3.26/

In logarithmic approximation the imaginary part of the vertex
function can be neglected comparing to its real part, therefore only the
first part of the expression (3.26) must be considered. As the vertex func-
tion is a smooth logarithmic function on the energy scale 1w (or iw" ),

we can apply the following approximation

2Ww2 A 0 lim ~2 2 = TIO (x /3.27/
x +0) st e40 X +e ) S

In this way, the first term in (3.26) can be written as

2r aP-"wt sgw ” sg“") Rel() Rer(l) ReT(® 6(x) /3.28/

Inserting this result into eq. (3-.19) ad. in the case of small
m and m" neglecting these variables according to logarithmic approxima-
tion we get an expression between the curly bracket which is an even func-
tion of the variable x. Therefore, np &) can be replaced by 1/2, which
arises.from the expression exp ( -Bx ) (1-Ny(xX))=np(x). Considering (3.28)
and (3.19) we set

a.)
Vafyd §u-0" 2541w (SOW - SgU) /3.29/

e Kelaea"e" (0 "*;°,A) Rel™, £~ (0,X;0,X) Rergnée (0,A;0,A)

According to (3.13) and evaluating the spin factors by using the identities
(3.21) and (3.15) we get

@ .0
This calculation can be repeated to obtain the contribution

D) i
aéygz hue to the other vertex part and the same result is
yielded as (3.30)
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(nn (ad
Vx =V

/3.31/
The only (lifferenciee are that eq.s (6*18) and (3.22) must he used

instead of eq.s (3.17) and (3.22) and the two changes in sign cancel each
other.

The final expression of the effective interaction arising from the
cuts in the analytical continuation of the vertex functions is

@ @I
v(ﬁgm w.vh V. +V 25(?*') m W_lw-f (sgw - sgw") /3.32/

b/ Let us turn to the contribution of the cuts Corresponding to
the Green function.

n We have two cuts and C2 in Fig. 6. and the contribution.
\ can.be written into a similkr form to eq. (3.19) making use of eq.s
G4, @G5, @GN

(V) BA r

Yaey/UL,W,) = 2S+T m J dx nF&+X) *

{ratyn(@Gn~™ rdnée(4) + /3.33/
+ "aerN4*) TG7--1T« rw ¢ 13X)}

where the arguments are

@A) = (@io, x+A; 1w, I(ww") + x+a)

GX) = (-iw, x+A; -iw", -T(w-w") + x+a)

/3.34/

(@)= (-iw, FiW-w") + x+A; -iw", x+a)

@) r (iw, -1 W7 + x+A; + iwT, x+a)

From eq.s (3.2) and (3.7)

4AN Q) = -2t 6(X)
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and inserting this into eq. (3-34) we get

<) 1 1 / , 4
Valy<s 3}t 25+1 iCGai-io®) (Jeyn” Bnoen™4” ' Taeyr/3*) ~nee”4*})
/3.36/

The spin factors of both terms can be calculated in a similar way

as before. We get to the representation (3.24) &gain, which does not

change due to the application of the operation a<-f3, y*n - Applying

this operation to the second term of eq. (3.37)» using the identity (3.25)

we obtain

B)

VotByG (“») = - 6841 to-oy Im rraeyrl £3) Rpde @ %

/3.37/
roey,,(3 KelBn«e (@) 4 ceracy /3> Imrenl’e(4>)X:0

Supposing that b and W are small, we can take the limit
s+ 0 and << O in the vertex: Tunctions. The limit of the real part
of the vertex is given by eq. (3.31). Making use of the representation
@B.2.3) for Im ' and calculating the spin factors according to (3.15) we
obtain

chrla-)yo k'"? m- sir 4(3" rfo)O) + bl T (4)x,0 . (?ay oeld)
where the limit of Im ' must be determined. There are cuts in the/3'38/
analytical continuations of the vertex parts 1 and Az These cuts
are on the real axis in the variables i(oot+z) and 1(z-00") » where the
notations can be seen in Fig. 7.a.-b, and i —+ z -~ According to (3.17),

(3.18) and (3-34)

1M A\3)  -Im M (priesgto) | + ImA~ (o-iesgto)
(0] ™=

- 0j - sgoo N .

and

Imr @) o ImA~ (o-iesgo)™) ) ImA~ (o+iesgu) ™~ = —TrpoCsgu) - sgoo”) I
- X=0 X=0
_ /3,39
where in the last steps (3.21), (3-22) and (3.13) are used. Inserting’this
results into (3.38) and comparing with the eq. (3.32) we can find that we
obtain just the same contribution as before

)
Votl’Sy(‘j ) = Vo?[?yb () /3.40/
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c/ The Inelastic effective electron-electron interaction iIs ac-
cording to eq.s (B.4-0)and (3.32)

as (stl
Vagye (W.WD = S oo (S910 - sgw) T (a5 ) /13.41/

We have seen that the contribution of the cuts of the vertex func-
tions and the propagators give the same result. In our previous paper [71
we did not realize the importancé of the cuts of the vertex functions and
only the contribution from the propagators was taken* Therefore the result
obtained there for the inelastic part must be completed by a factor 2,

Inserting instead of I the bare vertex J/N into eq. (3B.4-1) we
get back our previous result [6] (1.4-) obtained in the third order of the
perturbation theory.

Finally, it can be mentioned that all of: the analytical properties
can be taken into account in a formal way, iIf the contribution of the
diagram in Fig. 8. 1is calculated with three vertices and only these poles
are considered which arise from the denominators of the Green functions
corresponding to the lines in Fig. 8.

Y. Change in the superconducting transition temperature

After having determined the effective electron-electron interac-
tion due to the magnetic impurities, the next step is to calculate the
change 1in TC. Starting from the formulas given by (2.5) and (2.6) the
superconducting transition temperature can be obtained from the solution
of

-i(p I+p2 (f-s) 3 3

“ - dpldp, ds
el Tc | 'I('Z'I;ty VaR(P1*® P2 e p p
- T . ] o
9 Tc E/J(zwﬁﬁ i.a8 Cpl® "Pi) dJpl 14.1/
With the supposition Ky s = K- g we get
Ig IT
1- J- 1 K (i -p)~ /14.2]
21 0

After some algebraic manipulation the change in TC can be given by the
following expression
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In /4.3/

where

Ky = 49r 3xu¢py - P? /4.4/

Making use of eq.s (2.-7) and (2.9) and the identity

we obtain

/4.5/

vV (w,un) denotes the interaction without the spin factors and is
the number of impurities. In the small concentration limit this equation
can be solved by iteration. In the present case the first step of the
iteration coincides with the logarithmic approximation. Inserting the
elastic and inelastic pai't of the interaction from eq.s (3.14) and (3.41)

into (4.5) and keeping only the terms linear in the impurity concentration
at the expansion of ru Ffinally we get

_ 8'ITN.i S£S+I?/ o I T g TEO M spi - sgw ) -2——4]_?)';/ /4.6/
where on the right hard side the second and third term corresponds to the

elastic and inelastic scattering, respectively. The notation T is given
by eq. (3.13). Considering the identity [8]

(ag“n - SAK)2TER, = 2T7T ~ 0 + 747

where

Yy @n+D=y(n+l)-1i(1/23 /4.8/

and U (x) is the digamma function, we get for K w
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K 4F N Sgs+|) Py (1 +2p0ol Y@ + /4.9/

Inserting eq. (4.9) into (4.3) we get the final formula for T

-2
w_ o+ - u 2Jp, - p
C Te N n=o0 n+hH" N Tr
Jp 2300 . D -4 /4.10/

4+ 8 vgen+ 1) o

N N 10 Tc J

The first term in the curly brackets arises from the elastic scattering,
while the other one from the inelastic scattering. The expression for the
change in TC is essentiﬁlly that obtainevay Zuckermann [8] if the
approximation log YT m ~ log ——is applied. This approxima-

c c
tion is correct in the framework of logarithmic.approximation if n 1is a

small integer. Due to the factor (2n+1)“ 1in eq. (4.10) only the small
values of n play important role in the sum. There are some differences in
the numerical factors. In Zuckermann*s notation the elementary vertex 1is

instead of ~ and comparing the results we must take this difference

into account. So we obtain that in our calculation the elastic contribution
is 2 times, the inelastic contribution 4 times larger than those in
Zuckermann’s paper. The reason of this difference is not clear, it might

be the result of the decoupling procedure used in Kef. 8. or some algebraic
mistake. In the second and third order eq. (4-10) reduces to the result of
the perturbational calculation [6] and the contribution of the elastic
scattering is in agreement with Griffin’s result [G]-

V. Conclusion

Investigating the effective electron-electron interaction due to
the virtual excitation of quasiparticles e.g. phonons, in the second order
of the perturbation theory the interaction is shown to be attractive, if
the energy of the quasi-particle hwO >> |ék - ek+|<] , where fk ,
and . ek+K are the energies of the initial and final electron states.

In the case of magnetic impurities without external magnetic field the
excitation energy is zero and the interaction is repulsive in the second
order. In higher orders, however, a new term appears which depending on the
sign of the s-d interaction gives attraction or repulsion between the
elections.



Our result in eq. (4.10) is valid only above the Kondo temperature,
as we have used the vertex function proposed by Abrikosov [3]. For other
temperatures the vertex function given by eq. (3.13) must be replaced by an
expression which is valid not only in the logarithmic approximation.
Nevertheless, we can make a remark comparing our result with that of
Zuckermann [8].

Using the usual notation for the Kondo temperature

ez‘]p

TM =D /5.1/
eg. (4.10) can be written in the form
poTc n=o (2n+1)2 In2(Tk/Tc) In(tk/Tc)

Zuckermann [8] obtained a similar expression (see.eq. (4.18) in Ref. [B]D
even for Tc<< Tg. This shows that there is a symmetry in the change of TR

much above or much below T,

T
Eq- (5.-2) is thought to be valid, when In2 ~ > S(s+1)w2 |,

which can be seen from e.g. Hamann’s solution [11]. Estimating the behaviour
T
of In s we obtain that T is always smaller than T , but the inelast-
c 0] co
ic processes can essentially reduce (near to T£ almost the half of) the

effect of the elastic scattering. This iIs a consequence of the fact that

the inelastic contribution has quite different structure from the elastic
one. This shows also that the strict logarithmic approximation, where the
inelastic processes are neglected compared to the elastic,ones, is appropri-
ate only to estimate the order of magnitude of the effect. When T ~ T,
the problem is not only to find an appropriate expression for the vertex
function valid not only in logarithmic approximation. Another problem arises
in this temperature region, namely to investigate the contribution of the
diagrams (see Fig. 4.), where the two electron lines are connected more

than twice by the pseudofermion lines. It is not clear, whether these
processes are taken into account or not in a Nagaoka type decoupling proce-
dure of the Green functions and therefore it cannot be taken for sure that
the decoupling gives the proper change in T . The case T % T,, needs
further investigations.
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Appendix 1.

The contribution of a few diagrams of fourth, and fifth order

The aim of this calculation is to show that the contribution of the
diagrams in Fig. 5» can be neglected compared to the leading logarithmic
contributions of the diagrams in Fig. 4., which are proportional to
Thn n-2 D and JMNIn1t'~r - for the elastic and inelastic scattering,

J In -1 M
respectively.

First we calculate the contribution of the fourth order diagram
in Fig. 9. Except for the spin factors the contribution is as follows

= -e+A"T T3

F2 0000 p A THX Thr Td
1 3 1 !
i (-0)+0)" —~wil+w2+w3) “A i (oi+ioN-0M) -5~ itoj-o~+on) -2
Performing the summations over the frequencies, taking the limit A
and integrating over %

i 1 D-£2-1(0)+0)") D+£ +i(0)+00")
I® - RE 98y iniser in +c2 In D _ 5 +nE Cv??) 1M 4+ ee
o e2+i (ioH)") D-i0y"
+ "f («2) In |8=T3 + nF (-h) In D+io)
- /AL .2/
Neither in the elastic i(w = w") nor in the inelastic (uw ¢ w") part a
term of type In” appears in the limit TC>>TK . It means that the contri-

bution of this diagram of fourth order can be neglected compared to the
diagrams shown in Fig. 4. which in the fourth order yields a contribution
J4In2 -PI and J4lnfpl for the elastic and inelastic parts, respectively.

Next we investigate the diagram of fifth order in Fig. 10. Its
contribution is proportional to

O=_H4 £ 9333&?1 Jf 2 J‘l;g"ioif\-A IM2A ior-A I
6874

1 1 1 1 n
N—oi+oi "+oN-0N0N) -A  iN-0iN+0N) - iC-0j+oonN-0N)-N T 1(6HOR+0R-03+04D) -£.




- 24

After a straightforward calculation we obtain

i) - Py J «1 T <R F«3 0 -"F N "ES;2) ¢
1 11 nF~1) 1 _nFEA2N 1 1
1CI0"-@)CL-"2 iw-£]_+52+53 + 2 i“-?! inN,-723 Ni+N2 N2+13
nF (5j)nF (e2) 1 1
+ N2 i+N2 h~h

+ { similar terms with the change w ++ w* _}

/A1 .4/

Performing the integration in the logarithmic approximation we

keep only the highest power of the typical Iniﬂl , In il terms and the
others like In 77 In - — , In -g- mm will he neglected. In the
elastic case the first term gives 1 In2 D . The second term gives the

~u ol

same contribution with a negative sign, while the third term gives no

OT _ i, , ; _ ,
In —a:?— term. So the contribution of this diagram is proportional to

J"‘In—ﬁ — , which can be again neglected.

As an example we will show the calculation of the second term. In

the T=0 [limit, after analytical continuation iw & w

103 fFat 1T f dE 1~nFALA  r~nP A 27 1-n073 1 _
1" 27 jd?l JdC2]dC3 -~ N_N2 w -5 S2+?3

0 0 0

ml » F 1 a«2 f d<«3 (irt + «xygq) (Rc7 +
(6]
D

In
"5 "o 1 (w+?2)*

Here the terms of type |In —g - have been neglected.

/A1

In the

logarithmic approximation this integral can be calculated as follows

df
2,2 1

5 1 2 :
d?2 22 M I 2 1In 2D

%po
0

in2

In

D
TT
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It iR eaBy to Bhow that the inelastic part is also proportional
at last to O5In —-2— and can be neglected. This will he demonstrated on
w

the second term

1' 7 °° i del 1di2j di3 éq) (uki+ +44%}
m i "ol di2 (hr; -hj) (CIn¥ + In F;)(In ¥*m + Iny )
- 3 »0h r LT -"minMjtaMi . Jsa.

-(InMm , InJdJgh) 1 (h Jgh - 1,2M)

- 1.2 o

I Wsb-(in¥ i -in¥ ) [-1IN2¥ | +i in¥ Lin¥ 6 In o°
1-3 1 1 3 1 ,3
12 ko w-w?r M p - n LEL>U 12 -wf n

The In F1 terma disappear.

The fifth order diagram Bhown in Fig,5»c. can be obtained from
the fourth order diagram in Fig, 5»&. by inserting a vertex of second
order instead of a bare vertex and therefore its contribution is at last

J5In - 2-
hi

So all the diagrams with more than two connecting pseudofermion

lines will be neglected
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Appendix 11.

Investigation of the cuts of the vertex function.

The simplest diagrams in /1 are the chain diagrams (see Pig-11)),
Its contribution is given by

-GibrIT, | K -
A@i2) N (ML @HN-U2) wese M (iun) A (-1 i (HHD“UD )" =

'hfi nv*1l Lr "FAL) -1 __ Hpfrn-1D-1
AN 0¥ = J =1 eee /n-1 H(O+HQN-A-~ ifwra)® -A-FAA /A11.1./

This vertex has a cut only along Imz= -w.

This is not true for arbitrary vertices, hut it is shown that
only this Cut gives important contribution in logarithmic approximation.
Let us see the third order vertex shown in Fig. 12. The contribution of
this diagram is as follows

fa4 4?2072 | [dwzds

w2 ,w3

B G )N T WHCOIN)IA (@27 T (W -wn) /AN 2/

Performing the summation over the frequencies o2 and w3 , 1in
the limit A <= we get

nF ~is> 1-np(~2)1

dC2 ial+C1-C2-X T (@) -52-X /A.11.3/

The cuts are at Imz=0 and Imz= -w . At the first cut
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na 1-nF&27)
13 - - (8)3 "o Td«i «2 "p<4) x+ie+£l-£2 x_je+" -~ iqb+x{9

- 21" (1)3 po 1 d«l «2 \ ~ p a(Htrt) /AH .4/

where x = Réz -A and the operation A is given by eq. (3.7)= Substi-
tuting this expression into the effective interaction, the contribution of
this cut in the corresponding fourth order.diagram (diagram in Fig. 4.,
where the upper vertex is given in Fig. 12. and lower one is a bare vertex)
is proportional to

ex

Vv 25+1 [ 2¥1 27 (if »0 jd«l d«2 "f («<I) T ~ 2)

(x+Ci~52) Mp (x*+x) x jj-Lij-j-

= 25+1 (n) Po [d~l d52 nF~ 22 1-nF ~ 1)) iQw-w") (172h 1 ~

2S+1 () Po 1d?1 (1.nF~p) i (u-w) CpAi (™ -w) D-~+1 (W™-w)
/A_11.5/

This integral gives no term of InﬂQL- type. On the other hand the cut at
Imz=-w will give logartibmic contribution. Along this cut

nni " ~{TIPI\dKI d?2 x-iU+g-?2 (@_nF "2")(x+Te-?2 " ~[e-42) =

= Zitth 1) p2 FJd?1  d?2 (d - npC?2)) 6 (x - C2) /A.N.6.7

The integration with respect of yields the typical logarithmic term.
Supposing that w = (@n+l) ttl v T i.e. n is a small integer we get in

logarithmic approximation

log it D> Ixl >0

4Np3 (xX) = /AL T/
0 otherwise
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Inserting this expression into the effective interaction (3.4) this

logarithmic term will not be affected.

the important
is along Imz= <0
We can see further

From this calculation we can learn that in
cut, which gives the logarithmic term of highest order,
and the contribution of the other cuts can be neglected.
that in logarithmic approximation only the Imaginary part of A" contrib-

utes to A/l . as

ANX = 2i Im (x + ie) /A.11.8/

what can be proved very easily.

Similarly in N the important cut belongs to the variable

i(w-m*") and in the =z plane it lies along the line Imz= w",
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Appendix 111

Calculation of the vertices at the important cut

As it is shown in Appendix Il the important cut of is iIn
the variable 1 (b + ) and arises from those pairs of an electron
and pseudofermion lines at which /¥ can he cut into two parts. One can
verify in._logarithmic approximation that AN at the cut is pure
imaginary. In the following the imaginary part of /K will he calculated.
To get the highest order of the logarithmic terra we must calculate the
imaginary part of the contrihutions of each pairs of two lines and the
real part of the other parts of the diagram. It can he carried out in a
formal way calculating the diagram in Fig, 7.a. In this calculation only
the real parts of the vertices are to he considered.

The contribution of the diagram in Fig. is

Tpo £ ] d™ Tlaeae”™ (i@d)" 1wl? 1@ + “1 " w2~- IAR) *
w2

e (i) "a, 1w+ =e=w2))raenCi@+ “i" "
and performing the summation /ALY
-po | dei raea'e' Cxw' iui- 4 ' dC + - ?20) e

- -X-£ Ve "Bn i+ wh - /A .2/
Supposing that ioi and w” are of order T they can he replaced by

zero if the thermal smearing is considered. We are interested in the
imaginary part of the analytical continuation of /& (i wl % z) along the

line = -itotx Jl+ ie . According to the consideration given here we obtain
+ raea"e” (°"x+X* "N ) for |x] <D
Im AlaeYn(xxie) =\ (1 - nF())-
/A_111.3/

< Re Ma"e"yn (X "X™*°"x+0

\. 0 for IX1 > D
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Similar calculation for /12 on the line z=w" +x+ /1 ,Hie (1 (U -w") =z
yields

Im N» gx’\ie)_ =+ pfRe I , , (OA;-x ,x+a3.-
aeyn ae a n"

eClmV Xx)Re ra“eykE"” (-x ,x+A;0,a) /AL 4

where the identity n,,(-xX)=I-nfi(xX) is used.
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Figure Captions

Fig. 1.
Fig, 2.
Fig. 3.
Fig. h.
Fig. 5.
Fig. 6.
Fig. 7.
Fig. 8.
Fig. 9.
Fig-10.
Fig-11.
Fig-12.

Diagram of the effective electron-electron interaction

Electron-electron interaction diagrams of second (a) and of
third (h-c) order

Ladder diagram

Diagram of the electron-electron interaction to be calculated
in logarithmic approximation

Diagrams of the electron-electreon interaction to be neglected
in logarithmic approximation

The cuts on the complex energy plane

Vertex corrections of parquet type

Diagram which can be ordered to the correct result in a formal
way

Correction of fourth order

Correction of fifth order

Vertex correction of ladder type

Third order vertex correction of parquet type.
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