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ABSTRACT

This paper contains the general solution of the field equations of
space-like symmetric vacuum gravitational fields having shearing geodesic
timelike eigenrays. The rotation of the eigenrays vanishes except the trivial
Minkowskian solution. The solutions divide into two classes. One of them
contains solutions with functional dependence among the Tfield quantities
/Papapetrou solutions and the Kasner solution./ The other class contains new
solutions. The behaviour of these solutions is ill, probably they have not
physical importance.

These solutions are the space-like symmetric analogues of the Koéta-
-Perjés solutions.

KIVONAT

Ez a munka az Einstein-egyenletek 6sszes olyan, térszerlen szimmetri-
kus vakuummegoldasat tartalmazza, melynek sajatsugarai id8szerilek, nyirdak és
geodetikusak. A sajatsugarak rotaciéja minden ilyen megoldasra eltinik, Ki-
véve a Minkowski-teret. A megoldasoknak két csoportja van. Az egyikbe azok
tartoznak, amelyeknél a térmennyiségek kozott funkcionalis fluggés van /Papa-
petrou-féle megoldasok, valamint a Kasner-megoldas/. A masik csoportba uj meg-
oldidsok tartoznak. A megoldasok aszimptotikus viselkedése rossz.

Ezek a megoldasok a Kéta-Perjés megoldasok megfeleldi térszeriu szimmet
ria esetén.

PE3IOME

PaboTa cogepkMT BCe BO3MOXHble BaKyyMHble pelleHUst ypaBHEHUA JMHWTerHa
ONs1 MPOCTPAHCTBEHHbLIX CUMMETPUUHbLIX FpaBUTALWOHHLIX MONelr, WUMEWWNX BpPeMeHHble cpe-
3anwme reogeTnyeckme cob6CTBEHHble Nyun. MpU TakKuMX pPEeWeHUAX COOCTBEHHble yun 06-
nagawT poTaumein ToNbKO B criyyae nons MMHKOBCKOro. PelweHus pa3gensioTtcs Ha gse
rpynnel. OgHa W3 HUX COAEPXUT PpeweHusi, Npu KOTOPLIX MexAy MpPOCTPaHCTBEHHLIMUN Be-
NMunHamn cylecTByeT (QYyHKUMOHaNlbHAsA 3aBUCUMOCTb /peleHusa MananeTpy U peleHne Kac
Hepa/. Bo BTopyl rpynny BXOAST HOBble pelweHusi. ACUMNTOTUYECKOE MOoBeAeHMe 3TUX pe
WEeHWH nnoxoe.

PaccmaTpuBaemble pelweHust, MosiydeHHble ANsi MPOCTPAHCTBEHHbLIX CUMMETPUYHbLIX
nofei, aHanoruvyHel peweHusMm KoTa-lepiiew.



1. INTRODUCTION

The general solutions of the Einstein-equations is unknown. Different
methods have been applied to find solutions of these equations. The spin
coefficient technique developed by Newman and Penrose [I] is one of them. The
Newman-Penrose equations can be solved exactly when the gravitational field
possesses geodesic rays [2]. The solutions having shearing geodesic rays are
dubious for physical interpretation. The class of solutions with nonshearing
geodesic rays contains several interesting solutions, for example the Kerr
solution and the plane wave solution.

When the space-time has a /time-like or space-like/ symmetry, the
gravitational equations can be reformulated in a 3 dimensional /background/
space [3] - We obtain Einstein-equations in this 3 dimensional space with
energy-momentum tensor of a complex "gravitational™ 3-vector field G and
field equations for G. The spin coefficient technique can be applied in this
3 dimensional space but the analogues of Newman-Penrose-equations have simpler
form than the 4 dimensional equations.

In the 3 dimensional formalism it is suitable to introduce the notion
of eigenrays [3], [4] as an analogues of the rays. When the rays have no
shearing, the eigenrays are also nonshearing and they coincide with the 3
dimensional projections of rays. /When the rays have shearing, the connection
is complicated./ Furthermore when the rays are geodesic and nonshearing, the
eigenrays are also geodesic and nonshearing in the background space [3]. Thus
the solutions having geodesic nonshearing eigenrays are known as the exact
solutions of the 4 dimensional Newman-Penrose equations with a symmetry. On
the other hand in stationary vacuum case it is known that the equations of 3
dimensional relativity can be solved exactly if the eigenrays are

a/ geodesic aid shearing, [5]

b/ nongeodesic and nonshearing [6].

In these cases the rays are nongeodesic. /Nevertheless these solu-
tions are dubious for physical interpretation./ Now we will show that the



equations of the space-like symmetric problem also can be solved when the
eigenrays are timelike, shearing and geodesic.

Let the coordinate x3 = z be chosen as the arc of the trajectories
of the Killing motion. The line element can be written as follows:

ds2 = -f_1 ds2 + f(dz + ot dx1)2
1-01,2 /1.1
ds2 = gik dx1 dxk
The quantities T, , g”°k are independent of z. g™k 1is the metric

tensor of the background space. Making use of the line element /1.1/ when
writing down the 4 dimensional vacuum Einstein-equations we obtain the follow-
ing equations: [3]

s+ (- TH =° »

Silk " Gk|i + GiGk " GiGk = ° 2 /1.27
Rik + GiGk + GiGk = © =
Here
f,i + LFi
’ Kif
of cikiw - 79T /1.3/

and Rik is the Ricci tensor of the background space.

One can introduce in the background space a complex basic vector
triad z = /~,m,m/, p = 0,+,- with the orthonormalization relations:
33 = -mm = £; Am = mm = 0. If we Ffix the direction of vector |1 by the

relation

G =i G =0 /1.4/

then 1 is the tangent vector of the eigenrays of the gravitational field
and the eigenrays are timelike [4] = /The vector £ can be always chosen in
this way except three special cases [4]- In these three cases the solutions
have lightlike or spacelike eigenrays. Here we do not deal with these cases./
We can take the coordinate system in the following way:



= 6)((:: m""\lvglo + £2 5(" i a 1,2 /1.5/
and the transformational freedom
tt =t + t°(x-)
/1.67
x2 = x8 /XQ\J

remains. We define the rotational coefficients similarly to Ref. 3. Then we
can make the quantity e zero and still there is the following freedom in
the choice of triad: [4]

V ml ;

m* = eico m /1.7/
C° 1is real and DC° =0

Now we write down the triad components of the egs. /1.2/ for the
case of geodesic eigenrays using the triad choice e =0 [4].

Dp -p2 - aa - GqGo

Da

- (p*tp)a
DT = -PT + oT - GOG_

6p - 60 = 2aT

~ GoG+
6T + 6T = -2TT - a5 + pp G+G-
. _ /1.8/
DGO = ("2p +* S5 G G,

6Go - DG+ = (p+Go)G+

aG+ " 5_Go

~(T+G_)G+ + (P"P)GO



The commutators of D,6,6 are:

D6 - 6D = -p6 - 006
/1.9/
66 - 60

76 - 76 - (p-p)D

In the following Sections we solve these equations. We remark that
in several points the procedure of integration is similar to the procedure
written down in Ref. 5. In these points we omit the details and refer to
Ref. 5.

2. THE ANALOGUES OF THE KOTA-PERJES THEOREM

We prove the following analogue of the Kdta-Perjés theorem:

Timelike geodesic eigenrays of a curved space-like symmetric vacuum
space-time cannot have coexisting shearing and éurl. If the eigen-
rays have shearing, then they also have divergence and the following

relation is valid:

pp_aa_GoGO:O 12.1/
First, we observe that

D@/0) =0 /2 .27

according to eq. /1.8b/. Using the freedom /1.7/ we can make o real and

positive.

If G =0, it is seen from eq. /1.8h/ that G+ = 0. But G =0
means that the space-time is Minkowskian according to eqs. /1.2/. We abandon

this case.

Applying the commutator /1.9a/ on the quantity 1In GQ we get:

6 (in GQa) = G+ - 2t . /2.3/

According to eqgqs. /1.8f/, /2.3/ the propagation properties of

/2.4/



Now applying the operator D on eq. /2.3/ we get the same equation as in
Ref. 5.

y(3@6p + 6p + 260) + 2aby = O /2.5/

We may introduce the following new operators:

6 = R(6 = i6)
/12.6/
DR = PP
and, from eq. /2.5/, we obtain:
6(ptp) = 6(@2 + y2 + ~(p-p)2) =0 727/

in the same way as in Ref. 5.

Applying the commutator /1.9b/ on the quantity p+p we get:

(p+p)(p-p) = 0 . /2.8/

Let us write GQ 1in the following form:

ixX
Go Ye /2.9/

Applying the commutator /1.9b/ on Ggq and using the egs. /2.3/, /2.4/, /2.9/
we obtain:

(P-p)2 + 2(pp - 02 - y2) =0 . 72 .10/

From the egs. /2.8/, /2.10/ we see that

p=p®oO /2.11/

The eqs. /2.5/, /2.7/, /2.10/, /2.11/ give the following equations:

Rep @ O ;
Imp =0 ;
If a fO: pp - 00 - GqGo =0 : /72 .12/

6p = 6p = 6a = 6y = O
Thus we completely proved the Theorem.

We can get equations for the quantities w, 5— as well applying the
commutators /1.9/ on the quantities t, x— and using eqs. /2.12/:



DA = -pA - OA
; . ) 72.13/
c— 6A - OA = TA - tA

It is easy to integrate the eqs. /1.8a-b,f/, /2.13/ take egs. /2.12/ into
account. The results are the following:

0 L = 1 »02 ] «
00 Ye 4 S 0 Y
n
JL Y -1Q 0
Go =~ 2t
tT + i1Q
/2.14/
a=_1 TAa t-o0°/2 + iBa ta°/21 ; Q 0 ;
X L J
w =20
e=f+ if = if° + —-———
t\{' + 10
The further equations give:
& =0 ;
2ar = GOG=r ;
/2.15/
T(az2-y2) = 0
1T(6+17)E- = O

The eq. /2.15c/ has two solutions: T =0 or o0° =y° = 1//2. We must deal
with these two cases separately.

3. SOLUTIONS WITH T =0

In this case the egs. /2.15/ can be easily solved. /2.15a,b/ show
that f° =0, f© and Q are constant. According to /2.15d/ we can choose

- ? -
the coordinates x° = x, x3 =y in such a way that

A— = /3.1/



Thus
ds = dt - V™oV g dy~ /3.2/

It is easy to calculate f and in the same way as in Ref. 5.

4. METRICS WITH T ¢ 0, a° =y°
The method of the integration of eqs. /2.15/ is analogous to the

procedure written down in Ref. 5. We introduce new differential operators
by the following definitions:

a=/33 B- ; B = G- - 0B-) — /4.1/
IX— 4 " Ox-

From the eqgs. /2.15/ we gets

[S.e] = -2(%)a
aQ = B In(-f°)
60 = 0 /4.2/
a0 = 0
Rfe = Sf°

Applying the commutator [a,8] on Q we find that

AR e =0 /4.3/

Comparing this equation with /4.2c/ we see that there are two different
cases: either Q = constant or (f° ~ B ) 1is a functional of Q. These
two cases can be treated similarly to Ref. 5.

5. THE FINAL RESULTS

The reconstruction of the 4 dimensional line element is a simple
procedure and it happens similarly to the one written down in Ref. 5. The
3 different line elements can be seen on Table 1.



6. PHYSICAL INTERPRETATION

These metrics are spherics [4], but their behaviour is awkward.
Investigating the curvature quantities md 4, we get the following results:

Case a/: 1T =0

The curvature quantities are independent of x, y. This spacetime
has true singularity at t = 0. In the limit = f vanishes. Since both F
and ~ depend on t only, this metric is a Papapetrou-type solution, except
case Q = 0, when this metric is a Kasner solution. \R\

Case b/: T ¢ O, Q = constant

This space-time contains true singularity at t = 0. If t is fixed
and x or y goes to infinity, the curvature quantities do not vanish. In
the limit ® while x,y 1is fixed, f vanishes.

Case c¢c/: T ¢ O, Q ¢ constant.

This space-time contains true singularities in the following hyper-
surfaces: t =0,x and y are arbitrary; ay + b =0, t and x are ar-
bitrary. In the limit &= while x and y are fixed, f vanishes. In the
limit when t 1is fixed and x goes to infinity, the curvature quantities
become infinite.If t is fixed and y goes to infinity, f vanishes.

The behaviour of these solutions indicates that these solutions

have no physical importance.
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TABLE 1.

METRICS WITH a ¢® O, K = O.

X =0
/0
052 = TV [z - wa xay €27+ ot yp _ fram 42
2 o+ @ oty
f°, o0°, Q are constant, f© <0, y° = /1-0°2"

T o 0, Q = constant

ao
-ANHQZI)—— (dz + 2a° Qy dx)2 - 2dt(dz + 20° Qy dx)
t2a° + Q2

ds2

(RRa° + Q2)(tl_2a° dx2 + t dy2)

P is a negative constant, o0° = 1//T .

X ¢ 0, Q ¢ constant

12
ds2 = t«°X dz + £> (ay 5 bzl . dx dt 2dz + a°v -£aXzb)
2a 2 K™ X k2 x

(t2°° 4 y2)(ay + b)2.. i(ay+b)2 (t20°+y2)yx2 +

K2 x8 ¢2° _ 1 1

2x(ay+b) at2° + (2ay+b)yd dx dy
x2 2 t2° + (2ay+b)2j d2y]

k, a, b are real contants.
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