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FOREWORD

The second Bulgarian-Hungarian Joint Workshop entitled
"Mathematical Cybernetics and Data Processing'” was held
at the Scientific Station of Sofia University "Giulecica"
between May 6-10, 1985. About 30 researchers from the
following i1nstitutions attended the workshop:

- Centre of Mathematics and Mechanics of the Bulgarian
Academy of Sciences, Division of Foundations of
Cybernetics & Control Theory, Laboratory of Mathemat-
ical Linguistics;

- Computer and Automation Institute of the Hungarian
Academy of Sciences, Division of Computer Science;

- Blagoevgrad Pedagogical Institute, Blagoevgrad;

- Central Institute of Computer Technics, Sofia.

Although the workshop lasted a few days only and the number
of participants was not too large, an iIntensive work went
on.

The themes i1nvolved were from the: field indicated by the
title of the workshop.

The papers presented at the workshop can be classified iInto
four main subfields as follows:

- mathematical cybernetics;
- mathematical linguistics;
- computer and software architecture;

data bases.



The present proceedings contains papers presented at the
workshop. Because of the great number of papers, we
divided the proceedings iInto two volumes, the first contain-
ing papers from the field of math, cybernetics and math,
linguistics and the second one from those of comp, and
software architecture and data bases.

The beautiful surroundings of the station "Giuleaiaa"

(the Rila mountains) and an excellent weather contributed
substantially to the success of the workshop. The same can
be said about the station itself.

We thank everybody who took part iIn the organisation of
this pleasent and succesful meeting.

The organizing committee



NMPEAVNCNIOBWNE

BTopas pa6ouyas KoHpepeHuusa "MATEMATUYECKAA KUBEPHETUKA U
OBPABOTKA [JAHHLIX"™ cocTosinacb B Hay4HOW cTaHuMnm COPUACKOro YHWU-
BepcuteTa “'llneunya’™ ¢ 6 no 10 mas 1985 r. B paboTe KOH(pepeHuuMum ydacT-
BoBaslo cBbile 30 HayuyHblX pPaboTHUKOB U3

- EAMHOro ueHTpa mMaTremMaTuUKM N MexaHUKU bonrapckoi Akagemmun Hayk:
cekTop "OCHOBbl KUOEPHETUKM N Teopunm ynpasneHua™ u nadbopatopus
"MaTemaTnyeckasa NUHIBUCTUKA' - OpraHM3aTopbl KOH(pepeHuun}

- WccnepoBaTeNbCKUii UHCTUTYT BbLIYUCNIUTENBHOWN TEXHUKUM U aBTOMa-
TM3auum BeHrepckoit AKafgemum Hayk;

- Bbicunin neparorvyeckumini MHCTUTYT, bnaroesrpapg;

- LeHTpanbHbli MHCTUTYT BbIYNCAUTENILHON TeXHUKM, Codus;

XoTs BpemMs KOHhepeHuun ObII0 OrpaHU4YeHo, a 4YMC/I0 Yy4YaCTHUKOB
He o4yeHb Oonbloe, O6bla NMpoBefeHa BeCbMa MHTEHCMBHas paboTta, pe-
3y/IbTaTOM KOTOPOW SBASieTCS HacCTOoAWWKA COOPHUK [O0KNaAoB KOH(pepeH-

umn .

TemaTuka paboTb cregoBasia HanpaB/IEHUI COTPyAHMYECTBa Mexay
WHcTuTtyTOM MaTemaTtukun BAH mn UMBTA BAH no Teme "‘MaTemaTmyeckas
KnéepHeTuka n obpaboTka faHHbIX'', B pamMKax KOTOpoW npoBoguiachb
3Ta BCcTpeya. PaboTbl MOXHO OObeAVHUTb B cneaywwme rpynmnbi:

- MaTemMaTmMyeckass KuGepHeTuKa;
- mMaTemaTuyecKas JIMHFBUCTUKA;
- KOMMbKTEPHbIE N COPTBEPHbLIE APXUTEKTYPSHI;

- 6a3bl gaHHbIX.

9TOT COOpPHUK COLEPXUT B cebe cTaTbu MNPOYMTAaHHbLIE Ha KOHpe-
peHumn. Yucno cTaTei 6b/I0 Tak Be/IMKO, 4YTO COOpPHMK Hapo 6bi10
pa3genuTb Ha ABa Toma. [lepBblii TOM COAEPXUT cTaTbW NpuUHaANexa-
unme K mMaTt. KubepHeTuKe M MaT. JIMHFBUCTUKE, a BTOPOW - npuHapg-

nexaumne K KOMNbOTEPHOW N COPTBEPHON apXUTEKType u 6a3am [aHHbIX.



BenvkonenHasa kaptuHa Punckux un MNMMPUHCKUX rop U npekpacHad
noroja npuHecna BecCbMa OWUTUMbIA BKaj B ycnex KOHMepeHuuun, KO-
TOopas 3ak/wuyunacb He TONbKO B 6oraTtoi nporpamme, HO M B ycTa-
HOB/MIEHUN W NopAepxKe [APYXKEeCTBEHHbIX KOHTaKTOB, KOTOpble MPOUCXO-

AU Be3ae Ha 3acefaHusix, BO BPEMs MPOTy/lIOK U TOBapuUlWEeCKnx
BCTpevax.

BHuMaTenbHass 3ab6oTa nepcoHana HayuyHoW cTaHumu obecneuwnna

BCE€ YCJ/IOBMS W MOXHO cCKa3aTb fgaxe KOMGOpT A/ npoBeAeHUuss paboTsl
BCTpPeun.

bnaropapa konneram u3 bnaroesrpaga 6bi1a nosyyeHa BO3MOX-
HOCTb YCTPOUTb 3KCKYPCUIO B OAWH N3 cCamblX KpacuBbIX Yroskos bon-
rapmn - rops JIMpUH.

OprkomuTteT
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STRONGLY ESSENTIAL VARIABLES AND
SEPARABLE SETS OF ARGUMENTS

OF FUNCTION

K.N. OIMEV

Pedagogical Institute - Blagoevgrad
Bulgaria

This paper treats properties of functions with regard to
their separable sets of arguments- and under definite conditions

for tne set of tne strongly essential variables.

Terminology and symbols of D - 7} have been used.
Avariable H i i u , IS called essential fox
the Tfunction n) if there exist values o " for
K-~ W) such that

takes on at least tuo distinct values (see r o0 ).
The set of all essential variables of twill be denoted
by £
Let Hs £ A variable 7> 6 £ is said to be stron-

gly essential for ~ uith rgspect to Il. if there exist ualues

for such that
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depends on each variable belonging to B (except QT; ).
A variable of j' which is strongly essential with res-
pect to ftJ) is called strongly essential for " .

The set of all strongly essential variables of V will
be denoted by Y\/*o - '

h .

Functions obtainable from -&J_ by replacmg some variables
of B by constants are called subfunctions of - A subfunc-
tion $ &t is proper, if ~ ~ » then we write ¢ ., ir -

If f is a function and the set B \Zq (f?4/ <f)% then

IZ s called separable for Z , if R or R. Kp and
for the variables from there exist values such tteat

after they are replaced by them we get a subfunction from

which depehds essentially on all variables from R.

Ue shall mark with <5~ the set of all separable sets of
arguments of the function

|f I_(X IL*" ; ™av) is a function and

then we shall say in addition that *VWV-tupli D% I

v u V > “»«d
is separable for ’1:.
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A pair of (distamet) variables foC;* X / ) is separable
‘

for j1 , if thie set Cbl. rr'l sePanatﬁg for E *

By an, order of the variable CLf for the function
ffan **JJmX"'n ) with; respect to the separable Vw-tupiies
(Z t w\ %. Vt) ue shall understand the number OF "Wwi-elemental
sets which are separable for Jji and contain

A variables O0OLf is said to be of order *Y for j , if

there exist exactly separable pairs for jI' having ££ * as
a member.

Ue shall call the hypergraph with vertices the essential
variables of the function ~(~41 )**7 ] n/ and with
edges the set of separable Y -tuples for ~ a hyoergraph of ™
with respect to the separable . -tuples.

In case of WI - Z we shall speak of a graph of a function,

Let ~ be a function for which
1\ a*jt O

and
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Under theae conditions the following four theorems are

valid.
Theorem €. I1f the subgraph of with, vertices the ele-

ments of Ml is full (I and M~ 5 A , then for

each x* O and for each X j- e " . fey

This theorem can be proved on the basis of theorem 2

from r«j and theorem 5 from Taj.

Theorem 2., IT for each C - £ the subgraph of * with
vertices the elements of M, is full and then
) \ r?¥* T
for each variable x }F £ \ 1IZp and for each variable

\ 15 = 9 I~ #
Theorem 2 can be proved on the basis of theorem 2 from
f theorem 5 from UJ and theorem 1 from this paper.

Corollary 1. Under the conditions of theorem 2, if
H,n m x= <p , then the number of separable pairs of the func-
tion | uii1 be equal Gy C“H M 4] MJ + k
where VC 1is the number of separable pairs which form between
the elements of and the elements of K

Corollary 2. If the function J from or-

der I~ A has exactly three strongly essential variables
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between; which exactly k {A t k 1 3) separable pairs fTorm,
then; the number of separable pairs of * is equal toC +k -1
Corollary 3, Let the function " i***j ~ YL) from or-
der w *z5 haue exactly four strongly essential variables.
a) If the subgraph of " with vertices the strongly
essential variables of ~ is from the type fig» 1* 2, 3,

4, 5, 6,,, then the number of separable pairs of ~ is equal to
VAN A N\ _ VAN
r a << {_yj 4 j @i Ar C

41" A correspondingly;
b) If three of the strongly essential variables for« a
separable set and the subgraph of with; vertices the elements
*

of is fro» the type fig. 7, then the number of the separa

bla pairs of ~ is equal to Cw- " *

U

fig. | fig. 2 fig.3 fig.4

fig,5 fig.6 fig.7

Corollary 4, Under the conditions of theorem 2,
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and no separable pairs form between the elements of M"* and

then every one of the sets is C —strongly essential

for

Theorem 3. If , then *each choice of va-~

riables X/ y “’*y X IP from R»\R*" and for each, choice
L

of their values G- 1 ,.Cnm , if the function

r( s |, L1 | P
y (XC ,«>B? XN Z C £p j depends essentially an all
variables from ] , then 1t depends essentially On all

variables from (k.-~\ ft£ )\ /x N ,«*>> x c”J and it does not
depend essentially on at least one variable from «t rwj.

This theorem can be proved by using theorem 2 from [4J*

Many corollaries follow from theorem 3, e. g.

Corollary 1. Let J°(Xjy*J’y ~ > ) be a function from or-
der vr* 5 for which the only strongly essential variables

/\
an X, and between them only the separable pair

forms. In this case for each variable x”~ y H é ii h , and
for each value for which ~ A ~ Ml J depends
essentially on «» the function |" does not depend es-
sentially on at least one of the variables 0C" f and depends
essentially on each one of the variables V(Cj » AN oY I 50 .

Corollary 2. Let ~ (X© A be a Ffunction from or-
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der W % (p t for which the only strongly essential variables

are A and only two separable pairs (pit) ) and

(PA00~h) f>orm between them. In this case for each variable X:4_/

Jfl f YI and for each value C: for which 1- t(zL -ci)
depends essentially an ~ and X~ , the function does not
depend essentially on at least one of the variables X If and
d,epends essentially on each one of the variables A=A t"—- n
I& ]'Fheorem 4. If J then for each set a (it<=L\Rp
the sets | UH, and R U ~ are separable for f

This theorem can be proved on the basis of theorem 1 fromfE7ja
Corollary 1. Under the conditions of theorem 4 if I H,h4
or T MJ M then for the function ~ each unempty subset of
the set | f M, V MX ) is separable.

Theorem 5. Let ™ be a function for which ity|:4 and

RF -M,t% 4, w*= §n

Ir t 1is a subfunction of j! and M.éS», it 1 T J,
then for each: set A (E£*= \ flg) the set H>U & 6Sf.

The theorem can be proved by using theorem 1 from M . J

theorem 5 from |_dJ and theorem 2 from M .
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Corolla I . Under the conditions of theorem 5 for each
subfunction (Qf of ~ for which, the set M, 0/J is separable
and (j. does not depend essentially on variables from Cfl"1jdy

each set of variables containing all the variables from N f( )

is separable*
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CWTBHO CYWWECTBEHHBE MEPEMEHHBE 1 BbIEVIVBE
VHOXECTBA APIYMEHTOB ®YHKLIAA

K. H. Ywnwmes
BIM W - bnaroesrpag

PESHOME

PaccmaTpuBatoTCs BOMPOCHI, CBSI3aHHble C CU/MbHO CYLLECTBEH-
HbIMU MEPEMEHHBLIMU U BbIAEMUMBLIMA MHOXECTBaMU apryMeHTOB (YHKLWIA.

Ncnonbsyetca TepmuHonorus us [ -7]. MNycte W E - mHo-
XE€CTBO BCeX CYL|ECTBEHHbIX MepemMeHHbIX (yHKUMM | ; £€1 - MHoO-
)XECTBO BCEX CU/bHO CYLLECTBEHHbIX MnepemeHHbIX (yHkuum T ; -
MHOXECTBO BCEX BbIAENMMbIX MHOXeCTB aprymMeHTOB QyHKuun *

Mycte | - ¢yHKuunda, A1 KOTOPOU

Hy\ HFl 0 0

, H"tp,

Mpn 3Tux ycnosuax fAoKasaHbl Teopembl 1, 2, 3, 4.
Teopema 1. Ecnun noarpad d¢yHkumm ~ ¢ BeplIMHAMW 3N1E€MEHTbI
mMHoxxectBa M T nmonwbl Own,| * 2) wu wnaée PE | Torga

ANs Kaxporo XA6 W, u ana kaxkgoro Xj £ R £\ A MHOXecCT-
BO

Teopema 2. Ecnu gns kaxpgoro JL~ 4, 2 nogrpad yHK-
TIM |- ¢ BepwwuHamu 3neMeHTbl MHOXecTBo WM €  nonHbl u

Torga Ana kaxporo Xi» £ \ Rj; N AN KaXaoro 2/~°6 \ ]
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MHO>XeCTBO IX 1 f)Xi 1 BblgennmMmo AnA

Teopema 3. Ecnn ; é Sy Torga And  Kaxpaoro
Bbl6Opa MepemMeHHbIX } n3 mHoxectea Zy \ Ly wu gns
Kaxgoro 3HayeHms CL £* ANA HUX, eCcnu yHKuus
I/V. -C, «Mia. - T. ) 3aBUCUT CYLLECTBEHHO OT BCEX
T\ K = " Lp
nepemeHHbix oT WM 1 () » Torga oHa 3aBMCWUT CYLLECTBEHHO OT BCEX
nepemeHubix ot (Hy \ 11 )\ “Cp ]} N He 3aBUCUT
CYLLeCTBEHHO, XOTA 6bl OT ogHoit u3 nepemeHHbix oT K (*<) =

Teopema 4. Ecnu M* 6 si . , Torga Ans Kaxpgoro
mHoxectea | (. H z \ Ana  ~  BblAeNMMbl MHOXECTBa

nau /z m I\ Ua

Teopema 5. MycTb ~  yHKuMdA, gna kotopoin INfl '=-4 7

Ecnm £ noadyHKuuMs QyHKUMn ~ WU I/~ £ SA ;4= LEA

TOorfa AN KaXAOro MHOMec¥Ba ﬂ 60 £ R \ 'HP:\ ans
3

BblAE€/INMOE MHOXECTBO L M M
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MOAGYHKUMA OYHKLWA C TPEMS cubHo
CYLWECTBEHHBIMWA MEPEMEHHBIMU

K.H.Ynmes - W.A.['00XeEHOB
Bbiclumii neparormyeckMin MHCTUTYT - bnaroesrpag

B paboTe paccmaTpuBainTes CBOMCTBA HEKOTOPbIX K/1acCcoB MNOAPYHK-
UMA (DYHKUMA C Tpems CU/IbHO CYLLEeCTBEHHLIMW MEpPeMEeHHbIMU, OTHOCALWMeCSH
K BblAe/IMMbIM MHOXeCTBamM apryMeHTOB.

Mcnonb3yeTca TepMUHONOTUA U3 [1-5].

Ecnn A (PYHKLNA, TO MHOXECTBO €€ CYLIeCTBEHHbIX apryMeHTOB
oygem o6o03Havyatr K .1 .

MepemeHHas  XC(r M dyHkumm " (oc, bl) , (Vi>X),

Ha3blBaeTCA CW/IbHO CYLLeCTBEHHOW pAna | , ecnn cyuiecrt-
BYeT 3HauyeHMue Cy ana xy Takoe, 4YTO (hyHKUUSA C
3aBUCUT CYLECTBEHHO OT v\-I| nepemMeHHbIX,

MHOXeCTBO Ha3blBaeTCA BblAENMNMbIM
ansa yHkuumn £ (a>u, 6cr, ..., ) , EeCnn CyLWecTBYT KOH-
CTAHT, TakuxX 4TO, MPU 3aMeHe UMM MEepPeMeHHbIX M3 MHOXecTBa
|.|.lﬂ {:L|,, yeeey dy 2 (DYHKLMA CYLLeCcTBEHHO 3aBUCUT OT
o4y, » »esen N * r

Nemma 1. Ecnn ans (PYHKUUK hCX, oo —, nopaaka
M\ Ll eAnHCTBEHHBLIMWU CUNbLHO CYLIECTBEHHLIMU MEPeMeHHbIMK SBNATCA

X, , Xb U MeXay HMMMU o6pas3yeTcsi TONbKO OAHA BbrAeNu-
mMasd napa (oyu”™"Xbl , TO He CywecTByeT MepeMeHHas Xy

4 £ L < n , Takad, 4YTo ANS NOOGOro 3Ha4YeHuUsd nepemMeHHOWn
Xy yHkyma 4 CX - cy) 3aBucena 6bl CywecTBEHHO OT n xA"
M He CYLLeCTBYeT MepemMeHHas , 4 <j <n , Takad, uTO
ana noboro 3HayeHuUs C-j nepemeHHOW PyHKunas ~Cc -CA
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3aBucena 6ol cyuwectBeHHo or QOCL

[JokasatenbcTBO. [lpn faHHbIX YCMOBMUAX, €CAW JONYCTUTb MPOTUB-
HOoe, NpPUAEM K BbIBOAY, UTO CywecTByeT Takasa MoAgdyHKUMA yHK-
um $ c%* $) , uto {se~x"x"e* |A, UTO He ABNAETCH BO3-
MOXXHbIM. .

Teopema 1. TycTb Ana QYyHKUMU A 0CA).. OCwu) nopagka

\n Z eAWHCTBEHW MM CWUNbHO CYLLECTBEHHbIMW MEPeMEHHbIMU ABASOTCA
lc, , W2» (C3 1 Mexagy HUMM o6pasyeTcs TONbKO OfHAa BblAenumas

ana £ napa (XMXAMj.

b Takom cnyuyae:

al. Ona nwoboin nogyHKUMU (YHKUUK |' KOTOpas CyL,eCTBEHHO
3aBucnut oT OC ¥ He 3aBUCUT CYLLECTBEHHO HU OT HM oT X}
BblAeNMMO /110606 MHOXECTBO CYLLECTBEHHbIX MEPEMEHHbIX;

6/. Ans no6orh noadyHKUUM (YHKLUN , KoTopas He 3aBu-
CUT cyuwecTBeHHo oT XV ¥ Ana BOTOpoM napa (X] ABNSAETCA Bbl-
[eNMMON ANS 4 » BblAeNMMO 0606 MHOXECTBO W3 ABYX CYLLECTBEHHbIX
MepeMeHHbIX N 0606 MHOXECTBO CYLLECTBEHHbIX MEpPeMeHHbIX, CcofepxKaliee

X0Tb Obl OA4HY M3 MepemMeHHbIX .

JokasatenbctBo, a/. llycTb -MPON3BONbHAA MOAPYHKLMA
(hyHKUUK He 3aBuCALLaA CYLLeCTBEHHO HW OT THu ot Xj ,
HO 3aBucAl,as CcylwecrtBeHHo oT  -X, . [llycTb

gC*'1 Ll ek Xb-  XIMNA «"; Xy - Cl)
rae G » CU, 5 ,.2% Cwu -HEeKOTOopble 3HAYeHUA aprymeH-
TOB r» X MU »eeexn X v

Ecnu ={X,\ , To yTBepxaeHune a/ BepHOo. lM03TOMy paccMoT-
puM cnyyan, Korpga &Y%\ * bes orpaHnyeHna O6GLLHOCTU, MOXHO
NPUHATL UTO < » 4 @W 11N e

Ons noboro 1> , bl oynem umetb {xpa e Sg
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[oKaxeM, 4To ANns n6oro n MHOXeCcTBO
Sg .Hanpumep, pgokaxem, uto {xy >d]e AonycTum
npoTusHoe. Torfga ans nwo6oro 3HauyeHns Cv ana X\ dyHKUuS
=C*} , a 3HauuT ” QyHKuMs 4700,=CY) 6yaeT 3aBUCETb CY-
LeCTBEHHO OT XYy , UTO MNPOTMBOPEYUT NIEMME.
[loKaxkem, 4To No6oe MHOXecTBO [ CYLWECTBEHHbIX MepPeMeHHbIX

ANns A , KOTOpoe cogepXxut X, , BblAenuMo AN4

Ansa cnyuas  \= i1 ~ 2 3T0 yxe fjoKa3aHo. [onycTum, 4TO
370 BepHo ana  |£]| =\c , Ki ~ . [loKakXem, 4YTO 3TO BEPHO K ANA

ANHO

MycTb R* -HekKoTopoe NpoOU3BOJIbHOE MHOXECTBO AN KOTOPOroO:

R* £ , 1E*\ =<+<, 0Cc, & K¥*.

Myctb a* - {atro,e--,'Oiz, . VO-* 1?

Ecim \XCib-N | To fcHO uTO € So . PaccmoTpum
cnydyan, korga MWeva £w\- \ . Honyctum, uyto HA* 4 Sc . Ho no
WHOYKTUBHOMY npeanoxenuto  LU*\ G . Takum 06po-
30M, And nboro 3HavyeHwus nepemMeHHOoM hyHKUMS

» a CNnefoBaTefibHO U (YHKUKA oy-
LeT 3aBUCEeTb CYL,eCTBEHHO OT -X, , 4YTO He fAB/IAETCA BO3MOXHbIM.
Mbl fOoKasanu, 4To . Takum 006po30M Mbl fOKa3anu pac-

CMaTpuUBaeMOe YTBEpPXAEHUe.
[loKa)XeM BEpPHOCTb YyTBepXjeHue a/ ANns no60ro MHOXecTBa CYyLLEeCT-

BEHHbIX MEepeMeHHbIX , KOTOopoe He cogepXxunt X|j

Mpn 1R.1-1 yTBepXAeHWe BepHO. [JOKaXeM ero BepHOCTb npu
I A . Hanpumep, nyctb & - £ Xy . Jokaxem, 4To
L & . Moilgem oT npoTMBHOrOo, T.e. Aonyctum, yto C & SE.
Ho kak yxe pokasanu £3c)(Xu|B$” un £ N

CnepoBaTenbHO, ANs N06Oro 3HauYeHus nepeMeHHol X p
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nMeem , X1J £ . Bot nouemy ansa nw6oro 3HauveHns O
nepeMeHHon "X*  QyHKums N Xac,-mE*-) [0/DKHA CYLLeCTBEHHO 3aBUCETb
oT X, , YTO HEBO3MOXHO.

Jonyctum, 4TO yTBepXfAeHue a/ BepHO And N60ro MHOXecTBa
CYLLECTBEHHbIX MEPEMEHHbIX BCAKOW MNOAPYHKUMM g  (DYHKUMN 4

(X,£E " XAi 4 Bg), npu kotopom Itc\—le u . Jloka-
XeM ero BepHOCTb [ANnA N060ro MHOXecTBa CYLLECTBEHHbIX MepemMeH-
HbIX NtO6oA noayHKUMKM 8 GyHKUMM  4- ((X | £ , X2,X ) »

Ana kotoporo  1N\JA\=1c-M wun 3Zj ® 6 *.
GyHKUMM A gonycTum,

4yTo x7>XJ r ef~ u» [lonyctum, 4TO

P> § A d - [yctb

0o ~-W f01A  V-+4 r Wse
N S“C—XjT,——‘) = C. | ana V.4 Hi-i,

Mpn 3TOM , A O ] 4 “A4CEE » ultis |

N »reen "X-vif » UTO

Bbibop Takux 3Ha4YeHWUM NDoXN o, X W BO3MOXEH coOr-
NnacHO YXe [oKa3aHHoMYy cny4akw. CnepoBaTesibHO 1" "

[MOCKNbKY Mbl MPeanosioXunn, 4To $ , TO No*<f 5<A”
HO M agngeTtcd noaggyHkuven C ., KOTOpas 3aBUCUT CYLLECTBEH-
HO OoT X\ ¥ He 3aBUCUT CYLECTBEHHO OT X2 U Xxu, . OT MHAYKTUB-
HOro npegnoXeHua crnegyeT, 4TO . Torpa
ANA N60ro 3HayeHus nepemeHHon X K,A QyHKLNS

(X w, HVC* x a cneposaten,Ho un A (x*,y -C”yJ 6yaetb 3aBUCETb
CyLleCcTBEHHO OT "X, YTO He ABNAETCA BO3MOXKHBLIM.
™M yTBepXAaeHMe a/ AOKasaHo.
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6/. PaccmoTpum cnyvai, Korpga

%o i *o) <w*0 - Nlyrz Yeeo iCvum i “*-)n)

MW Npu 3TOM “ )y ] " £ S|
EcTtecTBeHHO, And nw6oro | »A,*-* N 6yaem NMeTb

| “1i1e st o
67/. [Ookaxem, 4TOo Ana nwboro mHoxectea R — A , \EL--1

nMmeem R £ H
[okaxem cHa4yana, 4TOo AN nboro L —1,£ n ana moboro

J-Y, I, »m->Wi MHOXecTBO { XCxi ~ ~ A |

[Jokaxem, K npumepy, 4to ~XijXVyjE Sg . JonycTtum, 4TO

jG,JESv» Ho 59 . CnepgoBaTenbHO Ansd n060ro 3HavyeHus
Cu nepemeHHoir OOy dyHkums ~("x”™.c,) , a cnefoBaTeNbHO K
A(3u-Cu,™ bypet:, 3aBUCeTb cywecTtBeHHO oT Qul u , YTO HEeBO3-
MO>XHO.

Tak Kak , TO OCTaeTCs AOKa3aTb, 4UYTO ANA (PYHK-
umu <4 Bbligenuma nwbas napa tuna {x*,3Cjj , rge ijé'[V'y *ua.

Jokaxem Hanpumep, 4to foCy~Jé . Jonyctum NpPOTUBHOE, HO
KaK yxe foKasanu n [x b>Qu jé . CnepoBatesibHO
Ans nwob6oro 3HavyeHuss Cy nepemeHHoi UW-  dyHkyma ~ CSj - 4r) »

a 3Ha4YnUT N yHkums ~CxHA=<") 6ygeT 3aBUCETb CYLLECTBEHHO OT Xj U
Ctj f 4TO HEeBO3MOXHO.

6g/. [okaxem, 4TOo Ana nwboro mMHoxectea R CYLEeCTBEHHbIX
NMepeMeHHbIX (yHKUMM J | KOTOpPOEe COLEepXuT XI nm o -X* | Bblje-
ammo gna A

YT1BepxaeHue BepHo and )®d.1-A , TakKk Kak B 3TOM cCinydyae
B . £X2(x3" . onycTUM, 4YTO OHO BEpPHO ANS NH60ro CYLLEeCTBEHHbIX
NepemMeHHbIX QyHKuMn  ~ » KOoTopoe cogepxut OCan wm , W ona
KOTOpOro il . [loKaXXeM ero UCTUHHOCTb B cnydvae (£|-Ln
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MNyctb ft = r+2.5 , KIZ"TH"T  .dony-
CTUM, 4yto B s I "~ Ho OoT MHAYKTUBHOIO NpPejsioXXeHua crepyer,
yto LN B . Bot nouemy, gna nwboro 3HayeHus
nepeMeHHoli  3C*-*2 dyHkums ~ (PO~1Z = Ocl2) , a 3HA4YUT M (QyHKUUS

-Mtl) 6ypeT 3aBUCeTb CYL,ECTBEHHO OT n f uto He-
BO3MOXHO.

63/. [okaxem, 4To ans yHkymm N BbI4ENIMMO /11060e MHOXecTBO
CYLLEeCTBEHHbIX MEpPeMeHHbIX, KOTOPOe COAepXWUT TOYHO OAHY W3 MNepemMeH-
HbIX N Ocs ,

JoKaxxeM MCTUHHOCTb YTBEPXAEHUA, Hanpumep A9 MHOXECTBb, KOTO-

pble COAEPXUT N He COAepPXuT o*2.
Myctb R , CCb€ £1 |, Xj < B, . Qna cnyuyad, kKorpga
4 1 |BN4 % MCTMHHOCTb YTBepXAeHWs 6bina gokKasaHa. PaccMoTpum

cnyvan, npum KOTOPOM IB IA b .. [JonycTum, Hanpumep, 4TO
5 ftCi1 M1 . CornacHo cnyuato 62/
MHOXecTBo £. C1 £ & > . Torga nyctb

echm V.=wv %
3mn r /8- >

-C "X~ ( N oeCnMN YNY H-I.

MNpn 3Ttom Cnc-y €CTb Takume 3HayeHua X |
»eee  ~XW, , UTO (PYHKUMA A nopsagka
LJoKaxem, 4To L e . Jdonyctum npoTuBHOe. Torpa

|2 <E£ . Myctb R/ MmakcumanbHOe Bblgenumoe AnA »MNOAMHO-
XECTBO & » KOTOpPOE COAepXuT . Tak kak N4 ~ \, cne-
ayet, uto MAC1d $ . Mycte OL 511 n) kakag-nnbo nepe-
MeHHas MHoxectBa £\ W1 . Torga npu no6oM 3HaYeHUM £< MNepemeH-
HOM (hyHKUMA , @ CNepoBaT/ibHO U PyHKUKUA

Ao -Ct) [O/KHA CYLIeCTBEHHO 3aBUCETb OT N U , UTO He-
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BO3MOXHO -

ATUM yTBEPXAEHUEM paccMmaTpuBaem” cny4vyain foKasaH.

Teopema goKa3aHa.

Cnegcteue 1. Ona nwo6oro 3HadyeHnsas C* nepeMeHHORn X, (YHK-
uns -C,) nopsagka W-\ M ana 3Ton QYHKUMX BbILENUMO
noboe MHOXEeCTBO M3 [BYX CYLLECTBEHHbIX MepeMeHHbIX U N060e MHOXeCTBO
CYLLECTBEHHbIX NEePEMEHHbIX, KOTOPOEe COAEPXUT XOTSA Obl O4HY MNEPEMEHHYIO

7

Cnepcteue 2. [Ona NMOObIX 3HaYeHUAX 7 nepemMeHHbIx *

M oc3 QyHKUNS «r--Ci nopsagka Yn-2 N onsa Hee Bbl-
JenMMOo Nt060e MHOXECTBO CYLLECTBEHHbLIX MepPeMEHHbIX.

Nemma 2. Ecnu gna yHKumm  ~c Xr.,*-*, 36u) nopagka

YA, N e[AWNHCTBEHHbIMW CWUbHO CYLLECTBEHHbIMU MNEPEMEHHbLIMW SABAKTCA

‘Xt » , OCj n mexay HMMM 06pa3yroTcAa TONbKO [Be BblAeNUMblE
napol Cx1(™~) #u , TO He cyulecTByeT nepemMeHHada X j
4 4 [ £ W | Takag 4TtO0 npu N060Oro 3Ha4vyeHus nepeMeHHOWn

A pyHkuma $ (Xp - Cbl) CYLECTBEHHO 3aBUCUT OT X (
Teopema 2. Tlyctb gng yHkuymn  * CX\, X., «..j XuU)

nopsgka H  e4WHCTBEHHbLIMU CWU/MbHO CYLECTBEHHbLIMU MEPEMEHHbLIMU
anaTca 06, » Xi N MeXxay HMMKM 06pasytoTca TOYHO ABe
BblgenuMble AN\ napbl  (x 1 n (pcT.,2§) . Mpu 31X ycno-
BUAX BEPLW Ccheaylowme yTBEPXAeHNA:

al. Ana no6oin nogdyHKUMM QyHKUuMmM A | KOTopas CYL,eCTBEHHO
3aBucnt ot X, (x 3) M He 3aBUCUT cyulecTBeHHO oT X. m X3
CCOOTBETCTBEHHO n x, ) BblAeNMMO Nt0b0oe MHOXEeCTBO Cy-
LLLeCTBEHHbIX MEepPeMEHHbIX;

6/ Ona no6oin nofyHKUMN (YHKUUN A , NS KOTOpOW BblAeNn-

ma napa (0OCb C£,) (cooTBeTCTBEHHO (3cx X 3)) BblAENMMO N060e MHO-
YKECTBO CYLLECTBEHLUX MEPEMEHHbIX:;
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B/. Ans no6oin noadyHKUMM ¢yHKUMmM 7 | KoTopas 3aBUCUT CYy-
LleCTBEHHO OT 0OC, M Kak (o, (°T n Xij
Kak M KoTopas He 3aBUCUT cyuwecTtBeHHO oT CI5 (X})
BblAe/IMMO N060e MHOXECTBO CYLLECTBEHHbIX MePeMEHHbIX, KOTOpOe He COo-
LepPXnT ; £

r/. Ans no6oil nogpyHkuMm dyHkumm 7Y, KoTopas CyLLeCTBEHHO
3agucut ot OC) m "~ ¥ He 3aBUCUT CYL,ECTBEHHO OT 3CN  BblAenn-
MO NH060e MHOXECTBO CYLLECTBEHHbIX MEePeMEHHbIX, KOTOPOe He COAEPXWUT

X0TA Obl OAHY M3 MOPEMEHHbIX tx1 , OC]J

Cnegcteue 1. TlycTb gna yHKUMU c*,, ,. yoan)
nopagka \n>, 4  eAWHCTBEHHbIMW CWU/IbHO CYLLECTBEHHbIMU MepeMeHHbIMU
agnaiTca X* N MeXZy HUMM 06pasyroTCATOYHO
ABe Bblgenvmble napbl  (X.,(3ach) wu B Takom cnyuyae pnsa nio-
60oro 3HauveHwus C7 nepemeHHouW 3ac( , u Ang nw6oro 3HayeHus C3
nepemMeHHOW AN PYHKUMI =C) u J - Ci) BblAenmobl
BCE MHOXeCTBa CYLLEeCTBEHHbIX MEepPeMeHHbIX.

Nlemma 3. Ecnm ans qyHKUMK 02, e%> XN) nopsaka

eIVHCTBEHHbIMU CU/IbHO CYLLECTBEHHbLIMU MEPEMEHHbIMU SIBNSOTCA
X, » T2, X* n noarpag dyHkumm £ c BepwwuHamm oc, , QC“,

MONMOH, TO He CYLWecTBYeT MnepemMeHHas , 4 |/ Liwn
Takas 4To ANng nboro 3HayeHus NnepemMeHHOM MYHKUKSA
ACX[A-clW)  CyLWecTBeHHO 3aBUCUT OT XY).

Teopema 3. MycTb Ans gyHkuyum 4 cx, XJI “*e, Xy } nopsija-
Ka V\>. U eAUHCTBEHHbIMWU CU/bHO CYLECTBEHHLIMU MEPEMEHHbIMU ABNAOT-

ca oy |, n nogrpad) yHKUUN c BepwuHamn 3, 3N | X3
MONOH, TOrpa:

al. Ana no6ol noa@yHKUUN QYHKLMK , KOTOpasd CYyLLeCTBEHHO
3aBUCUT TOYHO OT OAHOM M3 MNEpeMeHHbIX 3w, , \ , Tj  Bbl4eNIUMO Nto-

60e MHOXecTBO CyWweCTBEHHbLIX MEPEMEHHbIX,
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6/. Ans no6oin noadyHkumm N dyHKuMmM N, KoTopas cyliecT-
BEHHO 3aBUCWUT TOYHO OT ABYX M3 nepemMeHHbix QL , x, , , Ha-
npumep X, » XH n (x\ Bbl4e/IMMO N060e MHOXECTBO CY-
L eCTBEHHbIX MEPEMEHHbIX;

B/. Ana mo6oin noadyHkumm | dyHKUUN KoTopas cyuiecT-
BEHHO 3aBUCWUT TOYHO OT [ABYX W3 /BPEMEHHbIX » [, , Ha-
npumep, oca |, n (Xr,x™")"5pbigenMmo nboe MHOXECTBO CYyLLeCT-
BEHHbIX MEPEMEHHbIX, KOTOpPOe COAepXWUT He 6osiee OAHON M3 MepemeH-
HbIX Xi .

[oKa3aTenbCTBO Teopembl 2 W Teopembl 3 aHanOrM4yHO AOKa3aTe/lb-
CTBY TeopemMbl 1.
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THE SUBFUNCT IONS OF FUNCTIONS WITH
THREE STRONGLY ESSENTIAL VARIABLES

K. N. $imev, I. D.Gjudjenov

Abstract

The paper deals with the properties of some classes of

subfunctions of functions with three strongly essential va-

riables with respect to separable sets of arguments.



MTA SZTAKI Tanulmanyok 182/1986 pp 31-35

O C -CWMbHO CYLLECTBEHHBIX MEPEMEHHBLIX ®YHKLWA U3 P«

. 4. KwpyKeHoB

BbiclumMii negarornyeckuic MHCTUTYT - bBnaroesrpag

MoHATHE C -CMNbHO CcyuWwecTBeHHasd nepeMeHHas BBefeHO Yumes™m
K.H. Fz] .B psape cBomx paboT OH uccnegyet (PYHKUWA, KOTOpble
NMeLoT C -CMNbHO CyllEeCTBEHHbIE NEpPeMEHHbIe. HailgeHbl HEeKOTOpble
Heob6Xo4MMble M [JOCTATOYHbIE YCNOBUA, 4TOObl ofHa (PyHKums mmena C -
CUNBbHO CYLECTBEHHYIO MEPEMEHHYIO.

B HacToswen pab6oTe nokazaHo, 4YTO ANA "noytm Bcex" (YHKUWURA

N -3HaYHOW NOTMKK Kaxgas nepeMeHHas C -cuNbHO cyulecTsela.
OnpegeneHune [l. MepemeHHas N £ E£ PYyHKLUY
, <W>s 2 ), (2] = wa Ha3blBaeTCA CUMNLHO
CyLlecTBEHHON AnAa A , ecnu cyuiectsyeT 3HadeHue CiI pgna N
Takoe, 4YTo (yHKuua ~ - () 3aBucuT cyuwectBeHHo oT V\- \
nepeMeHHbIX.
0603HOYEHO MHOXECTBO BCEX CYL,EeCTBEHHbIX MePEMEHHbIX

QyHKUMn £

OnpepeneHne 2. lMepemeHHas 3y G QyHKLMU
, 0 N2) Ha3blBaeTCA C -
CUMbHO CYL|eCTBEHHOW ans | ecAW AN Kaxaoro 3HavyeHus Q
ana  Xi , (yHKUus =Q ) 3aBucuT cywecteeHHo oT W\

NepeMeHHbIX.

HenocpeacTBeHHO W3 onpeAeneHWe 2 BbITEKAT CAeaylinMe Hec-
KO/MIbKO BOMPOCOB.

1. CyuiectByeT nu (QyHKUMS, ANA KOTOPOW HWM OfHA ee MepeMeHHas
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He Oblna 6bl G- -CUMNbHO cyllecTBeHHONW Ana Hee? OTBeT Ha 3TOT BOM-
poc - nonoxuteneH. Hanpumep Ans GyHKUNN

HA Of4Ha M3 NepeMeHHbIX X, , 3C, peeey W HE ABNAETCSH C -
CUNbHO CYLLeCTBEHHOW ans "
2. CyuwectByeT M yHKUMA, AN KOTOPOW Kaxpgas ee MepemMeHHas
- C -cunbHO cyuwectBeHHaa? OTBeT M Ha 3TOT BOMPBC - TMOJIOXUTESIEH.
Hanpumep, ana QyHKuun > JCy+ac*+ eee+tm OCn1 (Vuo<?\\c) ,
KaXjas M3 MNepemMeHHbIX X, oc ABNAeTCcA C -CUNb-
HO CYyLleCTBEHHOW pAns }
NHTepec npeacTaBnsaeT BOMPOC 06 onpefenieHMs 4vucna QyHKUMA K13
, AN KOTOPbIX KaXpjas nepeMeHHas - C* -cunbHO CylleCTBEHHAS.
MycTb % Qoc V, V. .5 X -,)  (YyHKUMs nopagka W ANz
Bes orpaHuyeHusa oO6WHOCTM paccMaTpuMBaHWUA MNPUMEM, UYTO XU, He fAB-
naeTcs C -CUNbHO CYU,eCTBEHHOW MepemMeHHOW Ans
Mcnonb3yss COOTBETCTBYKOLWMIA aHanor pasnoXxeHus LLeHoHa Ana (yHK-
Iy , paem f B BuAe

N —yvui XeWVht\n £ I"<rt C-un ™ A (M (i n N5
<b
roe
K &>:(*(" ana oc- 6
U ana pc™ N e

N3 onpepeneHne 2 1 npejcrtassieHue -f B wWwWwe ykKasaHHOM BWU-
e, ChnefyeT, 4TO MnepemMeHHasd He OypeT C  -CMNbHO cyllecT-
BEHHOW MNepeMeHHONn ANa (yHKUMWIA A, Torfga v TONbKO TOorfa, Korpga

X0Tb OAHa U3 (YHKLUMNA ¢» (JH , Xn ) He 3aBUCUT CYy-
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LeCTBEHHO OT BCeX CBOWUX MEPEMEHHDbIX.

Ecnu CX™*) MHOXECTBO OT BCeX (YHKUWIA , Anda
KOTOPbIX XOTb OfAHA NepeMeHHad He ABnAeTCH C -CMNbHO CYLLECTBEH-
HOW, TO Kaxpasa (PyHKUWS fGXt,'GcX) < CXM)
oypetr onpepenAtbca oT K -TopKW (yHKUMA, B KOTOpPOW y4dacTByeT
XO0Tb OfHa (PYHKUMA, He 3aBUCALWLAA OT BCEX CBOUX MEPEMEHHbIX.

AcHO, uTO

1P (X")\C K w (Vi) (K "7V \

cx-0k1'"1

\E\a G\ s VD e

A VA
Ml -\C " C viV"™"™24- 1 + 4
RLcCetY
OTKYHa ana- T — ecTb
Vi
, PC h I’ .
BWA ( C(X ) ‘1_VV|W\ _________________ L ~ 0
w>ae ACA

N Tak pokasanu cneaynuas

Teopema 1. [na "noutm Bcex" QYyHKUMNA P< Kaxgaa nepeMeHHas
C -CMNbHO cylleCTBEHHas.

Nmes B BMAY, UYTO Kaxpaas nepemMeHHas, KoTopas C -CMNbHO cy-
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L eCTBEHHAA A/ JaHHOW (YHKLWKW, OHa CU/IbHO CYLWeCcTBeHHad W ANA Hee,
TO W3 Teopembl 1 cnefyeT BEPHOCTb CnefyloLlero

Cnepncteue 1.y "noutn Bcex" (hyHKUWIA P*, Kaaas nepemMeH-
Had SAB/IAETCA CU/IbHO CYL,EeCTBEHHOMW.

Cnepctene 1 MOXET paccmaTpuBaTbCA W KakK CnefAcTBUe Teopembl 2
3 £ 317

NMNTEPATYPA

1. A6noHckmii C.B., DYHKUMOHANbHbIE MOCTPOEHUA B K -3HAUYHOWM
noruvke. TpyAbl MaTeMaTU4yecKoro MHcTuTyTa um. B.A.CTekno-
Ba, T7.51, 1958, 5-142.

2. Ynves K.H., OtgenMmm MHOXecTBa OT aprymMeHta Ha (PyHKUUKM-
Te. bnaroesrpag, 1983, 207 c.

3. Oewes N.A., W.A.MoaxeHos, 0 BblAeNUMbIX MOAMHOXECTBAX ap-
'YMEHTOB (YHKUMM U3 Pk . SzTAKI TANULMANYOK 147,

19S3, 47-50.



35

ON THE C s tmmw ESSENTIAL variables of functions from Pk
1.D .Gjudjimov

Abstract
The variable 6 ’\15 of the fxmcthion N F&+2_ \
is called C -strongly essential for
if for each value Q of , the function
depends strongly on ‘\‘variables.

It is proved that for almost all functions from Pk each
variable is C -stcongly essential.
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ON THE DOMINANT SETS OF VARIABLES
FOR THE FUNCTIONS

K.N. OIMEV, SI1.VI. SHTRAKOV

Pedagogical Institute - Blagoevgrad
Bulgaria

In this paper we investigate some properties of the domi-
nant sets and separable pairs of variables for the functions.
Definition I.m A set M is called separa-

ble for the function X if there is a subfunctiob oi" £
such that M*Kft e " "
Definition 2. A pair 1 is called separable lor

if J is a separable set for tf
The set of all separable sets for x will be < noted

b *
Y T is a essential variable[lj then the pair]|*3C™Mj
is separable.

Definition J, A set M ,K =, 0c 20 is

____________ -
callied weakly dominant over / , ,Jf—_l-ﬁ for the 1un-
ction ; if there exists a collection (C:, , Ciz’ ) such
that /

y n R.(E ti— %C_ » 2 55_6* KA gk ™ W

IT the seth is minimal with respect to this property
then Pl is called dominant over Jf for " _

Lennna 1. If isa weakly dominant set over Ir for the
function then there is at least one subset M, of M

which is a dominant set over Jf for .
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Theorem 2. Let K he a weakly dominant set over | ,
ITC. ®? , f[£0 for .For every natural number P , such that
1 f iéPeéelw-1=*I
I"or every p variables 9N L oL &ip in
it then where M otcc * (L are
f arbitrary and fixed constants and
fi Q, »aiz~ Civ *"" ~CGf) =

Proof. If ygM then the theorem is trivial.

Let JrXMtRf and

jt \ »exes $i*0 o
Now we may suppose without lost of generality that
M =X, X2 .. 3 , M —Faj -- Xjmt and
A . I F we suppose that
then for every T7IL - constants Ol » A2 »*
vai“iables in M the function
= =% » = Cjz* " * ~Qm)
wi 1l be depend on ocl and £ ~3 where
H.-hXj. :n. oG- quZ»**.*/\n = QUrn
This contradicts to the condition that is a weakly domi-
nant set over [/ ior

Tbe theorem 1is proved.
Corollary 1. If | is a weakly dominant set over Jf for
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fj( R/l ) then for every there exists at least
one variable X <j£ J4 such that "3T- 3jj€: -
Proof. By JTffy it follows thcit n anu. there
ire the constants 9 9...9 for the variables in
\ (M u(*ti) such that , Where

ft =/ **it ~ Gt "hit ®\ »****) =§ ~r=*

By Theorem 2 it follows that

Obviously \ is a weakly dominant set over {%if for
£ -By Lemma 1 there is a set Mar — M< which 1s d do-
minant set over $i1*J for ~»

Now, we may suppose without lost of generality that

Mo { X KS j.
Let ,CkKMt ... tC*s be 5 constants for the variables

in Hz such that ,

u*il "Kfz *"-P

where

ft = ¥4 = resst ZAS
But rCe€ , wuere

fS n N * \ :Cj> * % % *
Obviously | 1s a weakly dominant set over \X#®W lor
and by Theorem 2 N NANEGQ, N is a subfunction of

n and \X;,Xtl<=<ie . *

The corollary is proved.
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Corollary 2. If M is a dominant set over for
then for every variable 2Cfthf & M there exists at least
one variable E:cjf such that
{*_*>! *
Coro Ifiacry °j. If .M is a dominant set over
then for every variable the pair $ is sepa-
rable for the function *
Theorem 3. |If ,0CAf .., TACITNj is a dominant set
°VOr JT ={3%,%,...,*%$+$ for f and
JjrnR=*=,»0
where
4?7 <4..... =%,=<£>
tiien for every M(f M * =i &1’ i~ N is hold

and
jfnRfztP
hi: re
— C/\ \ :\* ***»/\ N }*
Proof. ily it follows that
nr.
_ jm =
Let 2} <£ I|\¢Wt: and X- .Now we Torm tue following

function
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it I \H <

»X,;s if H\M,tft,).

By minimality of M and M\f% | $ H we obtain

* * 1
By our supposntion %at 1;“{f’F Rfﬁ it follows
because

oLV -
It is a contradiction.
The theorem 1is proved.
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O AOMNLLIPYUIMX MHOXECTBAX TNEPEMEH
OYHKLN
K.H. YUnmes, Cn.Bn. LWpakos

Bucwmin Meparornyecknihi MHcTutyT - bnaroesrpag
BOJ/TTAPUA

Pe3unmHtHue

B paboTe BBOAMTCA M uUccneaytTca cnabo AOMUHUPYHOLLME MHO-
XXecTBa nepemeH (YHKUMW B CBA3U C BbIAENUWIMK napaMu nepemeH*
[JoKasaHO* 4yTO ecnu

nomunupyet Hag FFana £
TO ONS 060 nepemMeHHOM

cywecteyer XjAjedl, tak uto
napa 1 - wpaenumas ana £ n ana noboin nepemMeHom
X]_GX cylecTByeT M, Tak uTto napa \XtBR]~ sBbrae-
numas ana B

B Teopeme 3 ONUCbLIBAOTCA HEKOTOPble CBOWCTBA AOMUHMPYHOLUX
MHOXEeCTB.
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ON THE ANULATOR SETS OF VARIABLES
FOR THE FUNCTIONS

SI. VI. SHTRAKOV

Pedagogical Institute - Blagoevgrad
Bulgaria

In this paper we i1nvestigate some properties oi the anu-
lator sets of variables and some equivalances, which are gene-
rated by these sets.

Definition 1 _|I0 A set M , H , MJ*0 is culled se-
parable for the function if Liiere is a subfunction oi

£ such that H-RR.

The set of all separable sets for ~ will he denoted

by Sf. e
Definition 2. [21 A set Jf ,L0CN |, .. e, } 1is called
anulator of the set N , M RR , M 4*0 for * if for
every S constants c: ,C ,...,0" lor the variables in
Jf. M 0 1
where
£ = *11 =Ch =% »*cr*\ =% }

and jr is a minimal set with respect to this property.

Obviously when J rnn + 2?2 ./ is an anulator set offRi
for A if and only if Jf A" and /"7 r i
When | is an anulator set oi for and

tLien \]f is a trivial anulator of and we



do not observe these anulator sets.

Theorem 1 .£1,2J 1If ={", eeet™iml is a separa-
ble set for

and M - N y 0z y ..., X*} then the-
re is at least one variable x € Rf\n such that
Corollary. If H is a separable set for and M £ Kf

then for every natural number p , 00

there are
at least p

variables 3, Y T such that
R = )

»eeen N5 j

and M |
Lemrua 2. [21 For every $

sets ft» Ttreee Tt
are t members 3T, 3(,...,9

tilere
such ttiat
1) for every 1

, if f4,2y...y5/  thete existsJ, ,laJ; 0 ~

such that £ P;

iij for every j, JE { 4)2f" > there exists i;,"ai;é

, ai;eb
y
such  that 14/ - Pijn fa,
Definition 3. [-1» system , Az , . ..3" is said to be
C-system for the sets 2395 - - - if

it satisfies the
conditions in Lemma 2 and it s minimal with respect to these
condi tions.

Definition a. hJ A number is called index of
inseparability of the set

if there is a C-system
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N of the all nontrivial anulator sets

y/z f-"J8S Of M such that " sV*,/.

Theorem 5. 2] If M ~ then for every natural number
er* i KFfI1l~” “MI R M
there exist at least p variables o~ |, f... 1% inA™Ni 1>

such that m a .-
Now, let DX Dbe the glgizﬁa of k-valued logic 1i.e.

consists of all functions /: where
T ={% - a,k-TJ and % =1,2,3,...
Definition 5. Two functions and are equivalent
if there is a one-to-one map of in R™

such that for every M ,MS8RT the set / is an anul;ator
of M for if and only if tyjT is an anulator set of
fo<r

Obviously is an equivalence aq?ﬁ{et be the

> which preserve

the relation

Let CC ,---,XK$ be the set of all variables
for the functions in and SoQ be the group of all permu-
tations of the set X

if re See then (T generates a permutation 2™ of
the algebra as follows

V /f5. % meeer 3 = NC | topeserr ) ]

Let be the set of all permutations ‘tf *0~e?>r..
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Obviously is a group.

Let ~ be the group of all permutations of tbe set K -

If CT™MASxthen <~ generates a permutation T7%* of the alge-
bra as follows
N »eeen™y) = *eoe> NN -
The set of all permutations when will be deno-
ted by -Obviously is a group.
Theorem k. The group is a subgro of .
Proof. Let (7* be a permutation of which generates

thegftermutation 7<r of ( , 1 be ira arbitrary function in
1
and

A N »eeexN>1) = ¢ ( @M tRTg»ee"» a *
Now, let ,Jfc} be an anulator set of
JAa - ={x", f...yXeM] for .Then for every 5 consta-
nts
..... <£
M 277, + M.
where
i\ = fi, ’XJ*.=fit " mee -Fis h
Let
and *3» *"Now» 1t is easely to prove that
beeadse @' 1is a permutation of cc . *

It follows
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IT we suppose that there iIs a subset af (T™\ n
which is an anulator set of ‘17f far ~ then F is not an
anulator set of | for because al is a group.This is a

contradiction.

The theorem is proved.

Theorem 5. The group is a subgroup of 5

Proof. Let <T be a permutation of |( which generates
the permutation of and

I =< £ [*t,_._,2%).

Now, let *eeey | be an arbitrary anu-
lator set of M »LRQ FFeee* iffJ for .Then for
every 5 constants /<, /?
where

Let -Now we form the following function

/F =" =(fa*eee» = /[2r N*
It follows
for every constant ~ # By it follows that

If we suppose that there is a subset x , X$ /o0t jr
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which 1is an anulator set of M for B tuen jr is not an

anulator set of .M lor ~ .1t is a contradiction.
The theorem 1is proved.

Definition 6, [3JA transformation pal in P< is cal Led a

linear transformation if there are two natural numbers & and £
such that

(Pl eP?V W = [+A e *A*t (n6j*).

N times

Definition 7. [J)]JA transformation 0c in Pt is called a
power transformation if there is a natural number C such that

Definition 8. |"'3JA transformation (J3 in Pk 1is called an
exponential transformation if there 1iIs a number } sucli
that

hie P*)(Tdl.t.Ji. |
7 1 2 times \]
K
Corollary I . In r< the group of the all selfdual and self-

comp lement transformations is a subgroup of § -
Corollary 2. In P the group Qt of tue all linear
transformations is a subgroup of g

Corollary 3. In Pg the group of tue all power Ilrans for-
mations is a subgroup of Gi

Corollary k. Tn R* the set ? b) of tue exponential

transformations is a subset of ~
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Corollary 5. The group which 1is generated hy the

set of the all exponential transformations is a subgroup
of @ in P* .
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0B AffiOMPrapX WHOIECTBAX HEPEMEH

$mmnm

Cji., Bi .. "passn
BvcatA HeRarariwecEiiA MHCTHTyr — RjiaroeBRHpal
BOJITAFM
PeakKne

B padoTe GccjteyiOTOH HeHOTopete GBaftcTBa aHyimpyuu™tx mho-
aceCTB.BBOMHTGH SKBHBajieHTHOGT » B ajlTefipe £-3HanHOTT JIOFHKH
P~ cjieflyiiUHl oopasoll: ANoho £ BKBMBajieHTille u~13)
eclin cymecTByeT b3%mnho- oflHoananHoe h odpaTHNoe cooTBeTCTBHe
R Ha Ro. r KOTopoe. coxpaHHer gbohctbg anyimpyeMocTB, mho-
«ecTB nepeMeH "yHKii.MH b PK * A

C <Qi o6o3HaHaeTca rpynna Bcex TpactjbopMaipiii ajirebpi Pk
KOTopue MHFlyu.MpyiDTGH rpynnod Soc Bcex riepliyTan, W& WHoaecTBa

nepelleH X1 5 AAH SYHKHNiT P *C a00-
sfianaeTOH rpynna beox TpaHC"opllapHi anre&py KOTOpje Hrwy-
u,HpyK)TCA rpyimol Ba=xX neplyTau.HA MHoxecTBa

N 01 >e*K-le N

.0.6KasHBaeTen, hto Qi m Qu coxpahHior penmans S b Pt r
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MUTUALLY DOMINANT SETS OF VARIABLES
FOR THE FUNCTIONS

Si. VI. SHTRAKOV

Pedagogical Institute - Blagoevgrad

Bulgaria
ABSTRACT
The dominant set aver a set M for the function A ,
considered here is the set of variables JI ,0Ct , ... \ if
there are & - constants cil,C; ..., such that func-
tion
*f (it~ % \ *eeo*X(\= % )
does not depend on each of variables which belong to M and
is minimal with respect to> this property.Two sets X and X are
called mutually dominant for / if jK is a dominant set over
Jhz and is a dominant set over for ,/ _.The paper

is a systematc study of thn mutually dominant sets, giving primary
attention to their connection with the separable and C-separable
sets of variables which are studied by K.Cimev and the author.
These notions play a important role for some investigations of the
synthesis schemes in theoretical cyberaetics.It is proved, among
other results, that if [xi/ and fajf are mutually dominant for

£ then far every is separable for if and
only if is separable; that if Jfi and are mutually
dominant for / then there aren®"t any two sets JT and M

such that M dominates over jr for 7/ and XU/Z1 & M
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l. INTRODUCTION

In the past 20 - 30 years the theory of tire separable sets
of variables has been created by Ju. Breitbart (1967), K.N_Cimev
(1967*1983)r O.B.Lupanov (1962), N.A.Solov®ev (1963) and some
other authors.This tneory is important for the synthesis schemes
anu investigation of the functional dependencies iIn some algebras
of functions [see Cirnev (1983) and Lupanov (1962)J.

The author uses as a founuation the results of these mathe-
maticians and introduces tue c-separable sets, dominant and mu-
tually dominant sets of variables for the functions [see Shtrakov
(1985)] .

In this paper are investigated these sets of variables and
there are some results which show their connection with the notions

in tneory of the separable sets of variables.
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2. DEFINITIONS AND NOTATION

For 4 any nonvaid set, 4 denotes the set of all W—
tupies of elements in 4 -Members of A are written as
Cn. ~{C4 ,Cz,...,Cn) _Far 71>0 an -ary function on 4
is a function A *A - 9»A .A function £ on a set 4 is
said toi depend on its £ variable it there exist
4,C,,C, oo £(-i *ti» ceex0rth & 4 for which
FxRxk Ny 72 (OF N BN h*QE2* Fx xR A

Ir ~ depends on 3T¢ then 3v is callea an essential variable
for the function ~ .The set of all essential variables for * is
denoted by RR

For M , X2 ,...,Xiyn J any arbitrary set of essential

variables for R ,

(Cn) - Q> free

denotes the function

F @<, =<F» =QZ*eee* | n T *
where C.,.=C ,”,...,U.The functions for every M g Rf

and for every Cm”™A are called subfunctions of £

The set M - £Jk , - is called separable for ~ if
tnere exists an w77l-tuple y me s N)ET 4 for
the variables in RP \ M > %, SC]u—w?J such tnat
M= fyfc.-am) .The set of all separable sets for ~ is denoted
by -

Ilefinition 2.1. A set n = 1% ,OF _... j is called C-
separable for ~ it for every “«—»»-tuple =N ., -- -,Cn W )N
for the variables in KF\W =14 »2} >*_ .»3;M7Jis hold true

The set of all C-separable sets for ~ will be denoted by
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Definition 2.2. A set M ={xit, s o= XM j = RA is cal-
led dominant over Jf , Jfk=, Rf if there exists an n-tuple
Cw =( N, ... KJm) & A such that Snifter# and M

is a minimal set with respect to this property. The set of all

dominant sets over )/ for £ will be denoted by Ar,/ and
Dw = Up Q.. = AP
*f  Peljf teLsf ~
Definition 2.3* Two sets X ana X are called mutually
dominant for / if Uz ana " . The variables
and are mutually dominant for f if fcJ and ]

are mutually sets for |
£ Ji and /Y are two sets of essential variables for £p

tuen

LA={P|pé£ L /s Pft(MU/)ZOI—
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3. SOME AUXILIARY RESULTS

In tis section we show some lemmas and theorems wnich will be
used for resept of our fundamental results In the next sections.

Some of these lemmas and theorems are proved by author [see Shtrakov

(1985)].
Lemraa 3*1 *N if M =Ixct,xi1z,..-,XLmJ ~ and there
— .nm
is an *e —tuple Cp) s( , C: C-m) €. for tne variables
in M such that Jil'l') RE — 0O where | , tiien
there is at least one subset of M wuich is dominant over
Jii for B .
Lemma 3»2» [h] For every 0C-" X; Rjt tiie set | belongs
to -
Theorem 3-3- IT M, ={ ...
and M, (1M2=0 tuen there is at least one
variaDle such that
Proof. By Lemma 3*2
\N*=l = xht.
By Lemma 3*t there is a subset ~3 of (M2 U MJ \f*ti wiiich
is dominant over y tor and Xj Ms
Certainly, let C {c ,Q jee=j’Pn &

be two tuples for tiie variables 1in M* ana M2 such tnat
J{[\R}> -0 and 2% n , where <€ -~( £w>) and ) »

Then =Q ) > where Cmt+z.i =(" »eeey »J » >"\ke)

and =f (~~"~) »Hence yC\R"™-0
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Now, i1 we suppose that m57im3= 0 then

which is a contradiction.Consequently

(B1 M2n M3 = (Dyr f) Dfxy tf)\ Ixil

The theorem 1is proved.

Ur,/

COROLLARY 1. If Or/ and
e Ur,/-
coroLLARY 2. 1f X(<M | Me , O£ M and
then there 1iIs a subset R
which xj £ R and R™ UM/
THEOREM 3.h. I1f [ fy then  ojr.{ = N
[w*c£.Q/r,f) [xi'E/ a fXiieSt )
PROOF. If Jr= 0 tuen the theorem is trivial.
Now, let OfM—{Xf)Dj»--- » NC/ = IXIt*XE *e o o
and =[*,.,%?, .=.,*%] ,7L=5S , ij é
Suppose and let 3N -Let
R :Qr’{U % ,% i -----
be a dominant set over for £ and Cz _ @G ,G-r...,P®) be
an C-tuple for tne variables iIn such that

We denote by F, the function
N AF(Cz-4) -F ( >%Hj »eee» Ne Then

vTi/7fy, # 0
and let

JTFIfy ={*«e*«._..., 14S.

Now, for an arbitrary N-tuple n
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JIT)YRA=0
whe re £ =/(Cx ) i1.e.
jrnf.f3=0.
Wiiere fi Rt+Z-1) and ri+z-1 -~ N * ceeeth n F ) -

By lemma 3.1 there is a set M , Mafy such that Me L s J ami

M 7z F*ee N yeeey ¥ * N and 3" QI\TA *

This i1s a contradiction. Lienee N -

Now, suppose without lost of generality that

Gy £ -{ *Ypteeet I * t-$
» 2%/ 4 S. tor some i, i~ { then there is an -/ -tuple
MW-* = (1 >M2 peeey »FHFy,y ) » such that N Cc_rn -
Consequently

JFn RF(ci~) ="

By Lemma 3«1 it follows that x> £ <37~/ _.This is a contradiction.

Hence , >
[*,7£ Sf
Now, let X 1 £/ and N JAfF 33 A N then
tnere Is a set -{ " *Xjz *eee 3C"J % such tnat
M1E£ by/ and W F . Let NoL...”™ ) he an

™ -tuple for the variables In M , Such that
jrn A wnere n )- By £ I\f it foil ows

xi£ Ffy=* .This is a contradiction. The proof of tue tueurem Iis

complete.
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", MUTUALLY DOMNANT SETS OF VARIABLES
FCR THE FUNCTIONS

For given two mutually dominant sets Na and Jx for f
what are the dominant sets over A and A for £ ?

To obtain a complete answer of this question appears to be
difii cult.Now, we obtain some particular results of this problem.

THERMAL If A anu A, are mutually dominant sets
for f then

1& = \y°
Ls,,f
UtQOF. Let A =j pes, a<N and N kg ok
Now let | beasetin 5 y and
G5- (101 t*eethis ;> = (Ct, »eee>Ql)  and
Cp * 1 reee, 0) 06 S, 7 anil p-tuples such tnat
fORf, =0>
(1) Jn =0
d
an 8
were  =f(ci >e = @ )ad 4 (<> ).
Tnese equations and Wnr,=z" implay
r2nRh ~p.

By Leme 3.1 there exists a set M , Nlg M for which
M e o/ -Supp0se Without lost if generality that

W - 2 4?7 o
Now

tuple sCkx »ese»  YEN A such tnat
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(@) jr2 nt-nh
where )-

Now, tWJi=0 implies .By (i) and (2)
it fodlows

(3) tfnkfr =0.

If £*P then by (3) it follows that n 4 U<i,/ .This 1is

a contradiction .Hence £~P , Mf-=M and Me L,/ 1.e,
)& c. 1
Lyr,,f - Djyrz ,f

It may be established in the same way, that

/A c 172
LX,f = LN/ e

Tue theorem is complete proved.

COROLLARY 1. If and R'z are mutually dominant sets fo]
the function ~ and M *\*j,.*k tfl. .P tuen for
every Tn -tuple cm -~ A » Ot ** an s for the variad-
les in M is hold true

¢ af, =0 Ay~ )

where /,=/< Cn, ).

COROLLARY 2. 1If anu are two mutually dominant varia-
bles for then
PROOF. If s then the theorem is trivial.
Let ~N N .Lemma 3*2 implies that if M €. tnen
or AbfXif .By I1*JIf£ Lj*;/,/7 if ANE then

XJ M or M-fxy] .it foilows
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In the samegwvaymit gs &§ly to prove that

Now, by Theorem 4.1 it follows

, W _ 0w
A= L F*/*e/ -
Thus
and

IS proveu.

THEOREM 4.2 . IFf and
sets for ~ and -0
and jr for which JTeLri'f

PROOF. Suppose that the

and y,uyt

.The corollary

are two mutually dominant

then tiiere aren®"t any two sets M

theorem i1s false.Let M = ,x2,...,zm I,
i = reee j ,m ={at@i,..._, and
=£E3 > »eeses *eee*N N3N I be sets
of variables for which
i JIT& and _Now, let
———— As****
tQ, »C0z ,e==*Cij , " ,(J" *eee*y. > n »
S ~I1C »£z A aild A Q *@ Feee* e A
be tiiree tuples 1or Ihfe-_ jrariables in X . Jr and such
that -
nil rf, = O.
st:hﬂ<flfk()
and

jr, HRf, =0
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where N o= /2 =/ (c; ) and <? ).Now, let
/<,:ft( ) , where Cz = ( 9 , ..., C*t)E A and
—/~<( ~> where yeeeX Atz ).
O bviously
AZnRF¥ -0 . n t
Tuen for every t -tuple CE = ( -y ) E A for the
variables In ~2. 1is true N = fi, ( &V ).Consequently

mA=/* (Cc* )e

But “nh= 0 and jr,nR {e= < , where N=p (N ).
Then =& ("~ ) anu by x n fy =0 it follows 75 = fi]
Thus /M =A 7\_+:|_ N> waere _C./\+%:. (~ ,N L,eee [ tCj, tChr )EA
tlence G*Uz) = A <This implies
and

M n = fi.

By Lemma 3.1 it follows taat there is a subset M, 01 f\(A U /2)
which i1s dominant over M for ~

Now, by M, % jr we obtain L>M,rf .Tuis 1s a contradi-
ction.The proof of the theorem is complete.

COROLLARY. If 3C ana Qj are two mutually dominant varia-

bles for £ then for every two sets M and jr is hold true

({*'}UM & J <?> (telUMe Ljrn~J
PROOF. Let M = ,G— C AN -.Theorem ~.2 implies Inat
s 4 M dT

By Corollary 2 of Tneorem 3.3 i1t follows tnat there i1s a sunset M].
of fxjjuM which 1s dominant over lor ~ eSuppose without

lost of generality that
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Mi ~ Ixd>X <z>sx B>l | ~ 5.

If Is then tue corollary is proved.
Now, let t " 3§ .So, Corollary 2 of Theorem 3.3 implies ,
that there is a subset Mz of uM which 1s a dominant set

over JP for f

But and isn"t a dominant set over
Jf for R .A contradiction.!!ence -~b~" .The proof of the
corollary is complete.

THEOREM h.3. Let , JPZ »eeey be sets of essential
variables of the function f for which

ifj for tyj- DZ>"")Pr

y « L>Sifal for C =1,2 ,...,p-1
and
y? &
Then for every two’numbers z and S  ( UP ) f the sets jK

and jVs are mutually dominant for ja

PROOF. By symmetry it suffices to prove the tneorem when Z<aS.

Let 175 and

* Kekekk / for N —4 *) Seee™P,

It follows that for every K t KU P tnere is an T7/la -tuple

— _ a <
CmK - (X ,X N & such that
«)
and .
(5) s< NRfeo -

wiiere fa~£ ( ) for Ks 1,2 ,, e+ P.
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By (A) it follows that =/*( ) «Hence

@6 A +iA fyt -0

and
m .zN =0.
Assume that there i1s | A2 for which
ritl =0
Then by =fz ( ) th*» following equation
Athi n Rf, = P
is true.Cohschuently, for every / , t = is true
Jtu N Ffy* -P-
flence

fs NRrft - 0-

In the same way by (6) we obtain

@) A n - 0.
Suppose that tnere is a subset A = C ey of
such that .
JAnRf- =9
where K ) for some -tuple N,

in 4 ,for the variables 1n X #Then by (6) and (7) it follows
rarity=jt.

Consequently A 4I¥il A contradiction.So X.—A -The

proof of the theorem is complete.

PROPOSITION A_A. Let A 7 , 6=/,2,...,b anu

A ftA ~0> CIJ for =/, 2

A~ N fain §f ney N =f»2
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and I
If for every £ , 1 -112 p the sets -At consist of
mutually dominant variables for <f then the set U J'i consists

i=i
of mutually dominant variables for £ .

PROOF. By Tneorem k.2 it follows

1S: 1 =1 for L-4,2 ,...,p.
Now, ﬁ/l.. él"ﬁfﬁ ;f for »een/>>/ and
isnpiay that tiie set consists of mutually dominant varia-
bles lor the function .The proposition 1is proved.
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5. MUTUALLY DOMINANT AND SEPARABLE
SETS OF VARIABLES FOR THE FUNCTIONS

In this section will describe some connections of the mutua-
Ily dominant sets with the separable and ~-separable sets of va-
riables for the functions»

THEOREM 5.1. If «xi and are mutually dominant varia-

bles for the function /f then for every essential variable 00k,

Kt c>/ |0r .I:
Nk S, e 4.

PROOF. 1T N J the theorem 1is trivial.
Now, HBet xc £ XS and -, “xcf be a separable pair for
/ i.e. fat, / £ Sfi

_ ~D

First, we observe the case when N .Then by
the corollary of theorem A.l x<”N Q xsJ fa .By Theorem I[~] it
follows

<? Sf.

So, iIn this case the theorem is proved.

Let 3~MN n -lienee fa .By Theorem 9

fa] 1t follows that for every R +1 - tuple ~p~

for the variables in
'IS/\ :f\ f , X<j

is hold true

s fyy

/1 = Let

«<X}S X, XA .
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Since >N1 é~ SR there exists an z+S+] -tuple

Z+s+4
c - *C eee(C- i: d *eey C & n fOF
the variables 1in Ri>\ { 0K XA~j such that
loc X; "
whe re
) h = <F ( )
Now, let be a constant such that
) XK e fys3
wue re
Suppose 4 where /* =/ (cC/s+i ) and
ANTI
Z+S+4 - */\2 *****#5 *"'<**a/\*****<\ N N A'
(s) and (d) 1t fallows that for every constant olj for the varia-
ble is hold true
oc ér
wliere ~fs -ji * Let My be sucii constant for that
P
wnere fP: ~f (’\'SCO)-Tnis constant exists, since *1 und Z-
are mutually dominant variables for 'p
Consequently, for every constant iIs true
XK~ NMNME(c ~ M) »
us
wiiere fl _ A7+ g ) an3 7 KN gk KXKXKGGIN Kk T KKK *
dv O%* anu

=£ (/7> 7 <s=¢> =" <W)
it follows
I*c-,xj1 n Rf3 =
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This equation contradicts with A dienc«, {"X],"™*/ = *re>

By symmetry we obtain ttiat if nox tuen T*;, w1 £ ~ |

The theorem is proved.

COBOLLAGtY. 11 >, and XJ are mutually dominant variab-

les lor £ anu Xk 2N A or xi*""x j £ then

Tue proof follows by Theorem 5.1 anu Theorem 7 [i] -
IT we replace in the condition of Theorem 5.1 the variables
br- and j with tie sets and JW/ then the theorem

isn’t true.Tnis may be observeu by the following example

EXAMPLE 5.2. Let

/= os(x, taz2)y{xixt + Y (modi).
Now, let *{scs, xs | , ={x,,x] and =3
Obviously and are mutually uomiuant sets for ~
aim 2 U N ,but c/ Xl
The theorem isn’t true anu if we replace in its conuition
tiie variable with tiie set JT .This fact may be ooserveu

by following example

EXAMPLE 5.3. Let

jJ XB@ 4’\XI)( moa)’

where ~
J Fi ir Iv=J
1o if X*J J-0,4,2
O bviously x3 and Xi( dre mutually dominant variabl es

and Ix<@U {XiyoCh € ~sut  1*3i @01x4,Xz\ 4= SR
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THEOREM 5.~. IF and

are mutually dominant
variables for the Tfunction A

then for every subfunction *
of * , for which X- 7~ ~ or ccy é2 R” the variables X-
and 0Cj are mutually dominant for *

PROOF. Let
Cs = (Ci1, ,e.-FQ )€nAS be an S -tuple fo
waich =£ (Cs ).
If X; 4 Rf

then for every constant is hold true

/_/<**.’*>
/

Let Cc’ be a constant for &f such that

Xj 4R f

where R -<B(3Ci = C- ).lienee XJ .tly analogy it follows
that if hy*%: R then 30 [

and

then T

hold true

Now, let fxitXjld RB and C  and C(j be two constants
for X- and X]j such that
esT £/(*<e==c/*
X .We forui the following functdons
/. -/oi- i").

6=Hx3 &

=N "orm~ (j ) ami for every cons tant for 1S

/\:4( ):/\K’:<4) = <$

Xj ~ Rfia  and Xj (fFR" ie. ixilA



By analogy it follows /e -The proof of the theorem

is co-mplete.

COROLLARY. IfT ami 3T/ are mutually dominant varia-

bles for the function sf then for every subfunction »* of

x-e L A ge R

THEOREM 5.5. 1f the variables in the set Nomo
(i>4 I Q RB are mutually dominant for A then P IS A separa-
ble set for

PROOF.Suppose that the theorem isn’t true.Then for every

A ti-th.
P42 for tue variables
m KB\ M is hold true
_ M * Rf,
wuere n N (N .N).Suppose without lost of generality taut
X, & T\P .By Theorem 5.h for every | (t =2»3 »_eex/L )
j.n
there is a constant JJ such that
()
* #
where
Ry Xtf it follows
)(© | =2 .3 TH
[< ~ A ¢ 3 e TH )L
Consequently

MO

By arbitrarily of tne choice of £n-m it follows that
MnRe =0.

This is a contradiction.The theorem 1is proved.
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A set M of essential variables for ¢£ is called
minimal C -separable for f it M is a C(C -separable set for
£ and for every nd4, n, $ n which 1s ~-separable for
£ it follows Wj -0
TH10REM 5.6. IFf M =[x, X" ,...,%Cm I is a ( -separab-
le set for 7/ and tne variables oi are mutually dominant
for * then M is a minimal C -separable for 7

PROOF. Suppose that the theorem isn"t true.

No-w, assume without lost of generality tiiat Jf e *«/,

K m 1is a ”~ -separable lor *

For every 1i; tizTH the variables ana  -**4 are
mutually dominant for £ and Theorem h.l implies that there 1is
/
a constant for such that
-Tn = 0
wae re ft -f (xk, -clJ « Heuce

jresf
This contradicts with our supposition.The theorem is proveu.
COROLLARY 1. 1f M is a C -separable set for B wu ich
consists of mutually dominant variables then for every subfun-

for which M: A3. , the set A is a anni-

for Q_ .
COROLLAKY  Let lfQQP (t =4,2 »eeen/

6212 -1 -1 ) and \I)
(L—4l2*”0»/? ) the sept consists ol

variables for ﬁ and U isa C-
|£ tuen is minimal C -
| ]



71

REMARK. There exists a function and a set M
which is a minimal C -separable for f t but the variables
in M aren* t mutually dominant for £ . This may be observe

by foillowing example.

EXAMPLE 5.7. Let

/ = *1xzx3 h +r|3) {mod 2 )

O bviously M =1~ *x3n is a minimal C -separable for £ )
but the variables n and aren*t mutually uominant for »
THEOREM 5.8. 1f M, fy isa C -separable set for 7~

and the variables in Af are mutually dominant for A then

for every jr , ~ / 1 M is hold true
PROOF. Let _x/ .t
then M -.Consequently

Pretd * ia

If
P\XM*O
then by Proposition it follows taat for every JEJ X—d:)ﬂM i;
true l |
f € “jK/
l.e. P<E L™/ .Consequently

PAM =0

i.e. Pl= M .The proof of the theorem 1is complete.
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TIIEOKCM 5.9c If then for every JV ,

jrs$ is hola true

Jfy Df\gcf
JN\ (0 ANIRD

PROOF. If

then
XKe Ffy\ (Dgpjrd ).

Now, Theorem 9 (MJ 1implies

D™M\a [/ 6

and this contradicts with ~\ " rfl .Consequently

Tue theorem is proved.

T ICORG- 5.10. IF then every two essential

variables of 7 are mutually dominant for *

PROOF. Introuuce on Ré the following relation
. <Uf
| ~ J <A and are mutually dominant for
Theorem h.j implies that = is an equivalance on f
h/~ . —{jr, eeexnj £
be tae factor set which 1is generated by r= on Then
lor every L,J i, =4,2 ,...,0) if if]J then

JifUE- .
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Theorem 5.8 and Theo>rem 4.1 imply that lor every L {1 ))

there iIs a set JTt such that
a+ S/ z5si
and
N X tc1 ,£

where X W& is an essential variable of 2 for wnich &4 S

and ér +4 when 1 ~ and € ji* when I -t

Since tne variables 1in are mutually dominant for * and

by Theorem 4.1

S " & Ayrite ,7n
Therefore” for evetry 1 (i1™M*) tiiere are and sucn
inat
X K:& y S / v S and
So, we obtain
ol jJK e }E (and
0 *S " ¢é Ljr/.f. t ,
By Theorem 4.1 the set U -/L consists of mutuallydominant
. / *s<
variables for < -
* /
Consequently U S is a subset ofonly one set
1-1
among Jf, JS , ... fJT , but

.ﬂs' n s t<t>

for every ] (J =1,2 ,...»t).This contradiction snows that
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jr, = H -

Tile tneorern is proved.

THEOttUM SA t. IF and

N [X3,53N <" " xBi = are two mutually dominant sets

lor the function ~ tuen

Cm,/ "™ Qr,/

Prt®OF .y Theorem 3.T

= M and <2n"N =/"
Let be an arbitiary variable which belongs to ( A
Tiie set | is a dominant set over | Tor *» and tnere is
an 5 —tuple Cs - €L, 1y cy, y M AS lor tne
variables in | such that

3%, fy

wnere

again, oy Tneorern 3.T it follows
Ixifie s}

Consequently ocip <=jT and again by Theorem p.T

\ « <?/.,/-
Kow, by analogy it follows tnat if W~ Q/ (M™MS ) tuen

Tne theorem 1is proven.
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COROLLARY I« arm are mutually uominant sets
for tue function and M then
COAOLLARY If O and are two mutually uominant
variables lor tuen
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B3aHMHO fIOMHHaHTHtje MHOaeCTBa nepeMeHHHX AJIH QyHKHHft

C.B. LUTpaKOB

P e 3kme

B CTaxbe CHCTeMaTHnecKH H3ynaioTCH b3auMHo-noMHHaHTHbie MHorecTBa,
npejKhe Bcero hx CBH3b ¢ cenapa®tenbHHMH h c-cenapa6ejibHHMH mho -
xcecTBaMH nepeMeHHHX. 3th noHHTHH h hx H3yneHHe HrpawT BaxcHyio

pojib b HCcjieflOBaHHH CHHTe3Hca cxeM b TeopeTHnecKOR KHOepHeTHKe.
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STRUCTURAL PROPERTIES OF THE GRAPHS

OF SOME TYPES OF FUNCTIONS

M. ASLANSKI

Pedagogical Institute - Blagoevgrad
Bulgaria

Tine paper considers the structural properties of the graphs
of the functions , X2, . . .J of order N r possessing 77?
variables 3 = m ~ n-J , such that the subgraph of }
having these variables as vertices,, has the form of an elemen-
tary closed chain»

Tha terminology TfTound — 30) is employed hare.

Considering functions from k-valued logic , will
mean the function

oC
0C:

*

without repeating this in every particular case. By 7[ || /"
3 = nn = 77-// denote the set of functions of order n T for
which. r> variables exist, such that the subgraph of B with
these variables as vertices, has the form of an elementary clo-
sed chain*

It can be shown that for every 7?¢g. if and for every
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7 77 = 2wl , the set " n ~ 4 is not empty*
EXAMPLE 1* Consider the function from the four-valued
logic,, as follows:
[X,x° @ax"XJ) x™ + (XJX** oc[x1) X" x,xsX"

- X, XsXs X, x/ (mo<J4)

It has a graph of the type shown on Fig.l. Its subgraph with

vertices ,0cN ,-X] . has the form of an elementary
closed chain. Besides,//”// = /0 . Therefore™ " fn
For the functions from Tn ni 4 , in case m =5 B}

the following theorem holds:
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THEOREM 1. 1f far the function f (oot).A, Xn) of or-
tier 1) = b , its subgraph with vertices ocf>...y (to ~5)
has the farm of an i1lementary closed chain* then each of the
variables X- , m farms a separable pair for / with
at least ana of tna variables. 0" tJ, £ ~nmn ° N>

Proof* Under the given conditions for the fuhction

assume that.

Without lass af generality,, it will be proved that » Forms

a separable pair for ] with at least one of the variables

Je Im "a>amn>"]n
Assume the contrary. Then C(Ci1 should be of second order

far -f r and
[ X,. Xu]>[*) - , but , XM j

UNder the given conditions, separable pairs for j* will not be

formed between the elements af” &ZJ and £ as well as bet-
ween the elements af A3:'j and "\ ] VAV /—-yAA\J
Theorem 3 from ifcplies that which contradicts the condition

imposed beforehand. [ >XaJE S



80

COROLLARY I. A function* j (X, f...70C, J of order n = &
belongs to T7~ 717 ™ if and only if there is a graph of the
typesbown on Fig.2 (Theorem 1 from [jSUJ ).

Is it possible to strengthen Theorem 1, meaning,, whether
for every function (xf X» JOo T*n~ O F£*5~ m 0. -2 ,

provided its subgraph with vertices O0Clt... Xm has the

form of an elementary closed chain,, each one of the variables

Xt, no forms separable pairs for -f with at least
two of the variables */,umm, N n ’E

The answer 1is negative. For the function | & 7*
from Example 1,, the subgraph with* vertices 004> o / IT"S has

the form of an elementary closed chain,. Besides* none of tne
variables Xz f C-v,..., 3 forms separable pairs for fP with*

more than one of the variables °°<Q-
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The requirement XK) — 3 in the condition of Theorem 1 is
guite essential. For 077=" the statement of Theorem 1 is Talse,
EXAMPLE 2. Consider the function from the algebra of the

logic,, as follows:

f* fa@ + @, Xj X3 + @QCF =Xj Ac+J (moo/2J

For this function the unique separable tuo—element sets are

X X\] *1°°* >XjJ Xj] "£~ T X ol
it has a graph of tha type shown on Fig. 3.
The subgraph of » with vertices 0 tQ} O , OCj has the

form of an elementary closed chain. Moreover A , does not

<C5

For m~ 4 the following theorem holds.

THEOREM 2. If —Jfai>ene, J is a function of order 77 ~S
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and its subgraph! with vertices ;2 , %y (XA has the form
of an elemen,tary closed chain,; then at least three of these va-

riables, form separable pairs for J with variables from the

aet N /

Proof. Under the given conditions ue will shou that If so-
meone of the variables ,o0Z , X3 , X~ does not form sepa-
rable pairs for J uith variables from the set

Jjy z N Xij >-ma/ & nJ
then each of the remaining three variables forms separable
pairs for j! uith at least olUe variable from M

Assume that OC* does not form separable pairs for uith

variables from M . Then between the elements of © and
as uell as between the elements of C((j r and
separable pairs for -j will not be formed.

In vieu of Theorem 3 from [ 7] > the variables (C* and 0C*
will form separable pairs for A uith. each of the variables
belonging to the set | v I1Zj} . Theorem 5 fromM im-
plies that C((j forms a separable pair for J uith. at least
one of the variables from the slat A I

Thearem 2 cannot be strengthened in the sense of each one
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af the variables (C0’ , t—l W forming a separable pair
for , uith at least one of the variables Yee , Wn o
This i1s sei|n form the examples supplied iIn £26".
will denote the corresponding class of function,

defined in j24] .

The following theorem holds.

THEOREM 3. Every Tfunction 00nJ  of order fl =51
belonging to the set G ,» F belongs to the set T*7"

It can be shown that

X
T * t 6, ¢

EXAMPLE 3. The function from the algebra of the. logic

X, {X, Xj X, (XtXs<-X,Xi)(mod2)

has. a graph of the type shown on Fig. 4. Its subgraph with ver-

tices 00" fX} ; , X$ has the form of an elementary closed
chain. 1t belongs to the set T 5*L)4 \ 6,
XLy Xy X:
a:l
N\,
xz 'x_; Z ¢
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The assumption of Theorem 1 does not bold for TD =3
either.

EXAMPLE 4. Consider the function from the algebra of tbe

logic A . K -

uitb graph of the type shown an Fig. 5.
The subgraph of J with, vertices 0Ci f 00" f 0Cj has then

form of an elementary closed chain. Moreover,
[XZ,X*j/ Sf and /XitXSj A $>

For 777=3 r the assumption analogous to tbe one in Theo-
rem 2 does not hold either. Indeed* pose the question uhetber
for every function / (xt>xz)x >00%) of order 77 =4 |,
whose subgraph with vertices 0C" y 00" t 3-] has the form of
an elementary closed chain, at least two of these variables
form separable pairs for " ewith variables from the set

£ &ii , * j -
The above example shausx- that the answer of the question

posed 1s negative
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CTPYKTYPHbEE CBOVICTBA MPA®OB HEKOTOPbLIX
BAOOB OYHKLIAA

M. AchaHCKWu

Bucwmii nefarormyeckuin MHCTUTYT - bnaroesrpaj
PE3IOVE

B pa6oTe paccMaTpuBalTCs CTPYKTYpHble cBOlicTBa rpados
pyukunii T (A],--m &N) nopagka V , umeoupx Takme T ne-
peMeHHbIXx J % T~ nN-4 u4to nogrpad / C BeplIMHAMM
X, ,a® % T UMEeT BWJ SNEMEHTAPHON 3aMKHYTOWN Uenwu.

B pa6oTe ucnonb3yetcs TepMuHonorus Jj - 30].

PaccmaTpuBas (DYHKUWM K-3HAYHOW NOrMKM faanee nojg OC
nogpasymeBaeM (QyHKLUMIO

A (4 prs @, *0C

oc- -
*1 to b a
O603Haunm vepes T* m? 3 =T ~ n-4 MHOXECT-
BO (hYHKUMIA nopsgka M, ANA KOTOPOro CYLWECTBYWT Takue T

nepeMeHHbIX, 4To noarpad yHkumm T ¢ BepwmMHamMy 3TUMU MepemeH-
HbIM/A MMeeT BW[ 3NEMEHTApHON 3aMKHYTOW uenwu.
MOXHO MoKa3aTb, 4UTO ANs nwo6oro M ~ 4 n gns noboro

m N8 = T = n-f] MHOXecTBO 7|-| .M 4 He nycToe.
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MNCEBAOKOVEVBIATOPHBLIE  MPOCTPAHCTBA
N PEKYPCMBHOCTb B HKX
P. JlykaHoBa
WHcTuTyT matematukn ¢ Bl , BAH

B cTatbe paccuaTpuBaeTcs NOHATHE NMCEBROKOMOMHATOP-
HOTO NnpoCcTpaHcTBa, ABNANLEeCHd 0600WeHMeM MOHATUA KOMOUHA-
TOpHOTO npocTpaHcTsa. B kHure J.Ckoppesa [Z] u3naraetcs
0AHO anrebpanveckoe 0606UeHNE TEOPUN PEKYPCUBHLX BYHKLUI,
npU KOTOPOM POMb DYHKUMA MrpawT 3NEMEHTH HEKOTOpPHX KBasy-
YynopAAOUeHHHX nonyrpynn. Anrebpanyeckne cucTems, YAOBAET-
BOPAKNLUE COHOPUYNAUPOBAHHNM YCNOBUAN, HA3BaHH KOMOUHATODPHHMU
NPOCTPAaHCTBAMM. 3J€Cb 3aMeHum O04HO M3 YCNOBUA, BXOAAUNX B
onpejeneHui NOHATHA KOMOMHATOPHOrO NpOCTpaHcTBa, Ha Apyroe
W MONYYUN ONpefeneHne Tak Ha3bBaeMuX NCEBAOKOMOUHATOPHEX
npOCTPaHCTB. PAJ CBOWCTB KOMOMHATOPHLHX NPOCTPAHCTB 0CTANT-
CH BEPHHMU W LNA NMCEBAOKOMOMHATOPHHX, a 0CTanbHue Oypyr
BEPHbUMI NPU AONONHUTENbHHX YCNOBUAX. O0COOEHHO BaXHO TO, YTO
ANA NCEBAOKOMOUMHATOPHNX NPOCTPAHCTB 0CTANTCHA B CHME Takue
CYWECTBEHHbHE PE3YyNbTaTH TEOPUM PEKYPCUM, Kak TeOopems 0 Hop-
ManbHOit Gopue, nepsas # BTOpPAs Teopema 0 peKypcuu u Teope-
Ma 00 yHuBEpCanbHOA QyHKUMM. Joka3aTenbcTBa 3TUX YTBEPXf]E-
HUI MoXHO HaiTu B paborte [3]. 370 obobuexne no3BONAET NpU-
NOXEHUEe Teopuu K W3Y4YeHU BHYUCAUTENbHHX NPOLECCOB, ANA KO-
TOPHX BO3MOXHO 6e3pe3ynbTaTHOe 3akaWnBanue paboTe uam K
W3YYEHU MEP CNOKHOCTH BHYMCAEHUA, [NA KOTOPHX onepayus
CNOXKEHUS HEKOMMYTATUBHA.

KBasuynopagoueHuod noayrpynnoi 6ysem HasupaTb nuboe
MHOXecTBO [, paccmaTpuBaeMoe BMECTe C HEKOTOPHM OGUHAPHLIN
OTHOUEHUEM ™ HA $ U HEKOTOPO# OUHApPHON omepaLuein B :
3aNUCHBAENON KaK YMHOKeHUe, YAOBNETBOPANLME CNEAynUMM YC-
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NOBNAN, TAe nepemennue!/, vy~ B n “npoberant 7

al Uy (yfry) =

6/ vwrve (YGYb Y ~ O Yy~9) ,

B/ 4% EH-"N><P4 " é=9y/—j

/' yyvVrvQdwQé="ff "wjl ~Tw) ~(yr)0).

KBasuynopagoueHnyn noayrpynny 5% 0Oy4em Ha3bBaTh
YACTHYHO YNOPAJOYEHHOW, €CAN yCnoBue MOXET UMETH
MECTO TONbKO B CAyyae, KOTfga 3NeMeHTH Y u Y TOKJZECTBEHHU
Mexay coboi.

lycTb € - KkBasuynopagoueHuasq nonyrpynna. Ecnu ee
INEMEHTH Y I Y YLOBNETBOPANT YCNOBUN TO Mb Oygen
rOBOPUTL,4TO Y paBHo Y w 6ygewm nucats Y-Y . Torga ycnosue
r/ MoXeT 6HTb 3anucaxo B BAQ:VYV\/OILYY)9~"YIY9)) . BBejeH-
Hoe BHLE OTHOLEHME pPaBEHCTBA MOXET OHTb Cnabee OTHOLEHMA
TOKAECTBEHHOCTYH /nONHOTO coBnageHus/.

lycTb - MOAMHOKECTBO KBa3uynopAfOYeHHOW nony-
rpynns /He 0043aTeNbHO HACHWLEHHOE OTHOCUTENbHO paBEHC-
TBa/. byAem rosoputb, 4710 £  ABAAETCA JOCTATOYHHM Cnpasa
NOAMHOXECTBOM MONYrpynns 94 TOrAa, KOTja BHNONHAETCH Che-
nyouee ycnosue: ans nwbex Y u Y u3 Yy , eCAM Yx 6=Yjc gn4
neboro x u3 , T0 Y

AmeeT wecTOo cnepynuee CcBOWCTBO: mycTh ™ - fgocTa-
TOYHOEe cnpasa NOAMHOKXECTBO KBAa3uynopdgoueHuon nonyrpynns!/
Wonycts Y kY - anewento JT . Ecam yx-Y-"xgna nwboro x u3

TO Y=Y .

NCceBfOKOMOMHATOPHNM NMPOCTPAHCTBOM Ha3bBaeTCd nnbad
ynopagoyennas 9-ka o=T, Al ,7~,1> , rpe - KBa3-
ynopagoyenHas nonyrpynna ¢ eguunuen J - LOCTAaTOYHOE
cnpasa NMOAMHOKECTBO 3TOW monyrpynns, M - GuHapHas onepawus
B wE , LUK - anewenTs nonyrpynns , oL - TepHapHas one-
pauus 8 ?" ,Tu F- anewents wnoxectsa I cnegynune yc-

NOBNA BHMOAHANTCA gnd scex x u ™ w3 £ w seex if, /u  ud?
sy jT
/1/ nfatfs C ;
/2%

/3/ KM(x,y) =y,



4] N (y,Hx - NYX, Y\
/5/ n (x,J) 9 - 1l (u,0);
/6/ n(| N‘i) - n(Q,rx).

X(T. = .
g SOAD = = AV’
/9/ 0TB P -

/fO/l(%q4)x (XX, 4XNe)

/v/1 (1y*N)B'x(BLv1r|)

112/ y4:9%t’\x Nz (l,7y) é2j'L,Q,T1);

ycnosue /5/ jna KOMOWHATOPHHX MPOCTPAHCTB MMEET BHA:

n(/x,1)9--1 (4x,9).

AHTYUTUBHO, 3INEMEHTH MHOKECTBA JT , UX YMHOXEHUE W
OTHOUEHUe £ Ha JT , COOTBETCTBEHHO, BHMOAHANT POAb QYHKUMN,
KOMNO3UUUM M OTHOLEGHUA BKNOYEHUA.INENEHTH MHOKECTBA £ Bb-
NONHANT PONb NOCTOAHHHX BCHAY ONPeAeNneHHHX QyHKUWIi.Onepayns
|7 cBA3aHa ¢ obpa3oBanuen ynopAgOYEHHHX Nnap U3 OYHKUMOHANb-
HHX 3HAYeHWd, az~ C onpefeneHuenm nyrtem pasbopa cnyyaes. L
W R, BHNONHANT PONb QYHKUWA, nepepabaTHBanlLux ynopagoYeHHbe
naps <5,7> COOTBETCTBEHHO B S U €, aTa F- Oynesbe KOHCTAHTH
"weTuwa™ o "noxb".Kakgoe KOMOMHATOPHOE MPOCTPAHCTBO ABNALT-
CA NCEBAOKOMOMHATOPHHM NPOCTPAHCTBON. PaccMoTpum npumeps
NCeBLOKOMOMHATOPHNX MPOCTPAHCTB, HE ABAANUMECH KOMOMHATOP-
HEINY .

lycte A/ - HekoTOpoe OECKOHEYHOE MHOXECTBO,"/- WMHDBEK-
TusHoe oTobpaxenne wnoxectsa APs N, a ¥ 'S pasnnunse ane-
MeHTH MHOKecTBa /7.

Mpumep 1. Tpegnonoxum, uto gawa nonyrpynna K . MycTs
NONYTpynnoBana onepayus 0003HayaeTcA 4epes ¢ U MMEETCH Ta-
Kot anemeHt &eK, yto K &&K-K ans Bcex KeK. Mycteb

ele cnoxenue B KHnekommytaTueko. 0603Haynu yepes  _ WHO-
KeCTBO BCEX NMOAMHOKECTB fekaprToBoro npousseferns KN
TPUYEN COOTHOUEHMUE INEET-WECTO TOTAa # TOTbKO TOTAQ,

korga § cogepxutcd B Y. NMyctb ana- nobsix , ¥y uz A

Tycte  1- ( pe P1),
U c - ceM}9
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T * M, F=wmxfafxtfj.
MycTb Ans nobbix

i<p,K,s> : <pit,Fé ?&<p,j)>ef’J—
3 K))-
MycTb 1, R k D- Takue anemeHTbl MHOXecTBa F , 4TO

1na nobsx po~ beM u no6oro UEK BbINONHAKTCA YCNOBUA:

<I%,*),XS>elL G -T lk* 4

<Lgx X8> iR _ S~

proptD” g:(iv 4=

{a>KN>e0*~>

<4,k,pel«r-* Kz&i"fy-S5",

lycTb ans nobbix

L(X™)-{<p.k,> mJi.3fF[((<p,ip>60Xz-<p$yt<dV

<p,i,4>1 DX 2= tpjtfC-Vjjl 1Sj-Kj] -

pn 3TUX npegnonoxeHmsax 9 - K a Z,T,F>
ABNAETCA nceBLOKOMOWHATOPHLIM MPOCTPaHCTBOM W HE ABNAETCH
KOMOWHAT OpHLIM MPOCTPaHC TB OMe

Mpumep 2. MycTb gaH HEKOTOPbIA anropuTm, nepepabaThbi-
BaNUWil 3NEMEHTH mMHOXecTBa M B anemeHTHl MHoxectBa X\ , KO-
TOpHI He 06A3aTeNnbHO BCErfa sakaHumsaeT PaboTy i He o06d3a-
TENbHO BCErfja BHAAET pe3ynbTaT MNpPM OKOHYAHUU pa60Tbl. [ns
OnuUcaHna 3T0r0 anroputma BO3bMeM HeKOTOPbIA INEMEHT n~M i
DACCMOTPUM YaCTUYHOE oTo6paxeHnne " mHoxecTsa Nl Ufuj B cefs,
Onpejenennoe cnefyolum o6pasom: nyctb peAl, Torja 4(p)-fy ,
ECNN anropuTM npu NPUMEHEHUN €r0 Kk INEMEHTY p fd€T PE3YyNb-
Tat K Y(p)-#y ecnii pabota 3aKaH4uBaeTCHd HEPe3yNbTaTUBHO,
Kpome TOro ycnasnuaemcad, uto Yomm.» Ilyctb & - MHOKECTBO
BCEX YACTUYHHX O0TOOpaXeHUit Y mHoxectsa Xju{u] B cebs, ans
KOTOpbHX CNPpaBefnnB0 paBeHCTBO n, NPUYEM 3TO0O MHOXECTBO
paccmMaTpuBaeTCcas BMECTE c o6biyHOWM onepauuerr KOMNO3ULUKN 4ac-
TUYHHX OTOOPAKEHUN W o6bluHbIM ynopsgoueHnem NPU NOMOUN OT-
HOLEHNA BKAKYEHUA. MycTb J - ToxaecTBeHHOe 0T06pa)KeHVIe MHO -
XecTBa MUFaj B cebd. Myctb £ cocTonT U3 TEX INEMEHTOB
MHOXeCTBa % , KOTOpbE BO BCex Touykax MHoxecTtBa Al NMPUHK-
ManT O0fHO W TO K€ 3HaueHue, npuHagnexaiiee MHOKECTBY A/. Ec-
N , T0 yepes3 PFfay) 0603HauMm 3N1eMEHT Cr MHOXecTBa %
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Onpefensensi ycnosuen, 4ro Ans NHOHX p,5EMUMBEPHA 3KBUBA-

NEeHTHOCTb: aTp)-3 L el Ppb9% Y(p)-X F bfat)~S) V
yHl be

faCp)zu% S,u) V 3r(bCp)-<1 Kk YCpj-™Mtc % S-k) .
<pM

lycTb L # R - Takue I3NEMEHTH MHOKECTBA % T YTO
R&(Jt)k X, Ang nubux Y/Cem. NycTb D - TakoW 3NeMeHT MHOKecC-
TBa UX C 00MacTbi 3HAYeHUn L&$pn.), 410 D&)~&, DtaPf?
Ecnn %%%e?, T0O yepes 0003HAYNN 3MEMEHT cr HHOXeC-
TBa $ , onpefensemsit ycnosuem, 4to ANA N06HX pcMUm}BEpHa
IKBUBANEHTHOCTSD :

T P)-c™ (OX(p)-a) 1 H(p)~%) Z(DX(p)~4 Z P(P)=0pV

(DX(p) & g=ti).

lyctb T w [ - TaKue 3INENMEHTH MHOXecTBa {I, 4T0. T(pP)=& M
p@j-" N9 NH60ropoM.

Mpw 3TUX NPeLnonoOXeHuax S-ka P>
ABNAETCA MCEBLOKOMOUHATOPHHM NPOCTPAHCTBOM W HE ABNAETCH
KOMOWHATOPHLM NPOCTPAHCTBOMN.

Takke Kak B KHUFe [2] NOHATUA wTepauun ¥ ksasuurepa-
UMM BBOJATCA KaK HAUMEHbUWE HEMOABUXHHE TOUYUKM MOAXOAAUMX
MOHOTOHHO BO3pacTamlux 0TOobpaxeHuit wHoOxecTBa F B cebd.
INEMEHT ABNANWMACA MTepauuedn 3nemeHTa cr, ynpasnsemon ane-
meHTom X, OYAET TakKke # KBasWuTepayuedn 3newewta cr, ynpas-
NAENOW 3NEHEHTOM X.

ECnu JaHHbil 3neMeHT ABNAETCA -KBA3UMTEDAUMEH 3NEMEH-
Ta <[, ynpaBndemon 3nemeHTom X, TO OH ABNAETCA HAMMEHbUMN
DEUEHUEN HEPABEHCTBA  (OPO /1 HAUMEHbUEH HENOABUKHOM
TOYKOWH 0TOOpAKeHN] MHOXeCTBa % B Ceba, onmpejenexHoro
npu NOMOWLM DPABEHCTBA 2 Ffife-?FR U= ITOT 3MENEHT 0003Ha-
4aeTCcad yepes NceBAOKOMOUHATOPHOE MNPOCTPAHCTBO 5
HA3bBAGTCA UTEPATUBHLMN /KBA3UUTEPATH3IHUM/, eCNn nTepaLuns
/xkBasuntepauud/ anementa cr, ynpasnsemasq 3nemeHtom X , Cy-
LecTBYeT N4 nubux X u X ns F .

lycTb AaHO KBA3UUTEDPATUBHOE MCEBAOKOMOMHATOPHOE
MPOCTPAHCTBO (FH1IC,P-L,R,"Z7TF> NlycTh FOGCT.

Ecnu U6y, TO 9NeMeHT < Ha3bBAeTCHA OEKYPCUBHHM OTHO-
CUTENbHO % TOTfa ¥ TONbKO TOrja, KOrga CYWeCTBYeT Takaf
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KOHeYHasi nocnefoBaTeNbHOCTb =W 13 3/1erneHToB MHOXec-
TBa J , uto 4n-9 u ans nw6oOro HaTypanbHOro 4ucna g He npe-
BocXoaswero T , BbINONHAETCA YCNOBUE:

(Fie{L A, T.Fj Ujb)V3K-Je (ff  VFr-nifrje) VFF[FK,&).

OTobpaxeHne [ mHoxectBa JF B ce6a HasbiBaeTca pe-
KypcuBHbIM OoTHOocUTenbHo JO ecnu ansa kaxgoro O us ¥ ane-
MEHT T - pekypcuseH oTHocuTensHo JIUIG] .

SnemeHT UL mHoxectBa T HasbiBaeTcs KBa3MMNOIMHO-
MUabHBIM OTHOCUTeNbHO $ Torga w TonbKO Torga, Korjga cyliec-
TBYeT Takas KOHe4YyHasi nocnefoBaTenbHOCTb Y/ n3
aneMeHToB MHoxectBa T , uTo n ana nboro HaTtypanb-
HOro ymcnaJ , He npeBocxogsduwiero W , BbINOMHAETCA YCNOBUE:
(5e(LLRT,FVE )V J} Z;gf; (%= pefe V=TGR VE2 o ficfl)-

CoBepLUeHHbIM 3/1IEMEHTOM Ha3biBaeTcs /060N 3NeMeHT .
mHoxectea F | ygoBneTBopsiowwMii ycnoBuo, 4TO ANS N0GOro OC
m3 t, npousBegeHune pPaBHO HEKOTOPOMY 3/1eMEHTY MHOXecTBa

CueBMAHO, 4TO 3neMeHT J ABNsieTCA COBeplLleHHbIM. Bce
3/IEMEHTbl MHOXeCTBa 'C - COBEpLUEHHbIE.

CunbHaa TeopemMa O HopmanbHOW opme. Myctb ~ , A4 ,b,,

d v [1-3neMeHTbl MHOXecTBa , YAO0BNeTBopAloline crne-
LYIOLWYM YCNOBUAM:

al anemeHTbl [ 7 - KBasWMNO/NMHOMMWANbHbIE OTHO-
CUTENbHO :

6/ 3anemeHTbl MW O - COBepLUeHHble, & 3/IeMeHTY Y[OB-
netsopsieT paseHctBy [T CMAMNN) o

B/ I" T, Jet" hJ Ty

= 7,

Mpn 3TUX NpeanonoXeHmsax, Ana nN60ro 3femMeHTa  MHO-

XectBa JT , KoTopble! peKypCWBEH OTHOCUTENbHO ~ |, MOXHO Hain-

TU TaKoi aneMeHT [> , KBasuMmoAWHOMMANbHbI OTHOcUTenbHo JO
yto 9- 4 [Ffa™XJol.

CunbHaa Teopema O HOpPMasbHOW (opMe AN OTOOPaKeHWUN.
MycTb Ao~ jCLle,An [ - anemeHTbl MHOoXecTBa O, yaoBnet-
BOpAIOLLME CrefyowWwyM YCNoBUAM:
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a/ anemeHTbl d, - KBa3WMoAMHOMMaNbHbIE
oTHocuTenbHo O
6/ 9neMeHTbl M - COBepLIeHHble, a 3MeMEHT N yaoB-
netsopsiet paseHcty NT7ZLY™X - HIJ* :
B/ Cdd- XM~ F? 7
f<cL - F;

75
rdegj™l , fyo-/.

Mpn 3TUX NpPeanosioXeHUAX Ana nboro peKypCUBHOro OTHO-
cutenbHo 3 oTobpaxeHuss ' MHOXecTBa B Ce65 MOXHO HaM-
TW 3N1EMEHT jo> , KBA3UMONMHOMMWASbHLIA OTHOCUTENbHO W3,M TakKue
3NeMEeHTbl 7 , O U 1 - KBasUMONMHOMMANbHbIE OTHOCUTENbHO 0
yto Ana Bcex 0 M3 Y cnpaBe4nInBO PaBeHCTBO:

IYO) =/l (Wp>5n(L>07Ku.

MepBas Teopema 0 pekypcuu. TMycTb 3 - HEBLIPOXK/AEHHOE
NnTepaTUBHOE MCEBJOKOMOGUHATOPHOE NPOCTPaHCTBO. [yCThb
a [ - oToGpaXKeHMe MHOXecTBa B ce6s, peKypCUBHOE OTHOCK-

TenbHo JI) . Torpga cyuiecTByeT TakOi 3MeMeHT 7 MHOXecTBa
PEKYPCUBHbIA oTHOcMTenbHO -8, uToldP)-b u XFana nw6oro 7
n3 jT , yAoOBNeTBOpPAKOLWEro HepaBeHCTBY /Ty-p4 7 .

HakoHel, OTMETUM, 4YTO A8 MCEeBAOKOMOUHATOPHbLIX MPOCT-
PaHCTB OCTAlOTCA B CWUME U aHaANOrM TeopeMbl 06 YHWUBepcaibHOM
PYHKLUMN U BTOPOI TEOpeMbl O PEKYPCUMN.
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PS8EUDOCOMBINATTORY SPACES AITD RECUR31VNESS
IN THEM
R. Lukanova

Abstract

In the article the pneudocorabinatory space notion IS exa-
mined, which represents a generalization of the combina-
tory space notion. Some very important results of the re-
cursion theory as the normal form theorems and the first
and second recursion theorems still apply in the pseudo-
combinatory spaces.
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ZERO DIVISORS IN QUATERNION ALGEBRAS

L. RONYALI
Comp, and Autém. Inst. Hung. Acad. Sei.
Hungary
1. Introduction
In this paper we continue our work [7] on

algorithmic problems related to finite dimensional
associative algebras. Our aim here is to contribute
to the solution of the following problem.

Problem 1. Given 1s an associative algebra A over
the rationals. Decide i1f A contains zero divisors,
i.e. elements x"CA”x"0, y”~0 such that xy=0.

A related stronger question is the following one.

Problem 2. Given 1is an associative algebra A over
the rationals. Find a pair of zero divisors iIn A if
A contains zero divisors.

Remark. An algebra can be given by a collection of
structure constants. If A is an algebra and an,...,an
is a linear basis of A then the multiplication can
be specified by giving the elements a”a”e These
elements can be represented as

a K , yijkfco
The coefficients Kik are called structure
constants. Our input to the above problems is a
collection of structure constants. For more details
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see Ronyai VI_

Apart from i1ts importance from an algebraic point of
view, problem 2. is closely related, in fact, iIn a sense
equivalent, to a linear algebraic problem to be explained
next.

Let Q denote the Ffield of rational numbers and let

M (@ denote the algebra of n by n matrices over Q.
IT XEMMQ) , then X acts as a linear transformation
on V , the space of n by 1 column vectors, in the
wellknown way. A subspace u” vn iIs an invariant sub-
space of X If Xu€ U for every uf U. Every X€ Mn ©Q
has at least two iInvariant subspaces, namely (©O) and
Vn' These are called trivial subsBaces of Vn'

Problem 3. Let X, ,....X; 6M_(Q . Find a nontrivial
subspace U of V , such that U is an invariant subspace
of Xf for \< 11 k.

Problems 2 and 3 are equivalent in the sense that a
polynomial time algorithm for one of them would
imply a polynomial time algorithm for the other /see

Rényai [7], sec 5.2./.

polynomial time algorithm 1is
given to find zero divisors in an algebra which 1is
not simple. In the light of this result j problem 2
is reduced to the following problem.

Problem 2t~ Given a simple associative algebra A over
the rationals, fTind a pair of zero divisors in A if
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A contains zero divisors.

The structure of simple associative algebras over Q
is well understood. They are of form M () where F
is a (not necessarily commutative) fTield containing
Q in its centre (see for example Herstein L>])e- It

is immediate, that Mn (F) has zero divisors i1Iff n>1.

We remark that the corresponding problem for finite
fields is studied in Rényai J¥y and a polynomial time
Las Vegas algorithm is presented for that case. The
rational case, i.e. problem 2% seems to be much more
difficult. The aim of this paper to discuss the fTirst
nontrivial case of the problem, when A is a simple

non commutative algebra and dim A=4_ This condition
implies that either A is a (nhot necessarily commutative)
field or Ar-N"1Q).

We can easily recognize if A is commutative, and in the

remaining cases the center of A, the algebra of elements
from A commuting with every element of A, is isomorphic

to Q. In this case A is called a central simple algebra

over Q. What we have left is the following.

Problem 4. Given 1is a central simple algebra A over

Q and dim ~A=4 . Decide if A is a skew field or ASIY™iQ)
In the latter case find a pair of zero divisors in A.

We will show that this question 1is equivalent to the fol
lowing number theoretic gestion.

Problem 5. Let a,b,c be nonzero integers. Decide if
the equation ax’2 + bx% + cx’2 = 0o has a nontrivial
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integer solution. In the latter case find a solution.

From this equivalence it will follow that the Tfirst part

of problem 4 is in NPrvcoNP.

2. Quaternion algebras

In this section we introduce the notion of quaternion
algebras and apply some basic properties of them to the
problem of zero divisors.

Let <« (% be nonzero rational numbers. We define an
associative Q algebra <e<,&) by ™"generators and relations

(%, B)={ 1,9,z | Ay=yl=y; dz=21=2

The relations imply that 1 is the identity element of
The algebra @O is called a quaternion algebra. It
is immediate that (-1,-1) i1s the wellknown algebra of

quaternions .

Next we summarize the properties of quaternion algebras
we will need later. The proofs can be found iIn O"Meara["5j
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Proposition 2.1.

a) (<XJ$) 1is generated as a Q vectorspace by the elements
1/y,z,yz and therefore dim (ctg|™)=4.

bi (*,&) 1is a central simple algebra over Q (i.e. it 1is
a simple algebra and its center is Q).

(9)) S"»74 + + + $*3* | |{o£08) is a 280 divisor

imn

d If (@©(,f contains zero divisors then so does the
Q subspace spanned by 17, 7. f~]

Example It is easy to see that Mz@):t(l,—l)- Indeed,
if e | denotes the 2x2 matrix which has 1 at the
crossing of the i-th row and j-th column and zeros else-
where, then one can put

j AN J AN - -

Now the relations are easily verified.

Next we prove an algorithmic converse of the statements
of proposition 2.1. a) and b).

Theorem 2.2. IT A 1s a four dimensional central simple
algebra over Q then A 1is isomorphic to a quaternion

algebra. Moreover, if A is given by structure constants, then
we can effectively find such a representation in time
polynomial in the iInput size.
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Remark The first statement is wellknown. Our aim Iis
to give an algorithm to find a quaternion algebra
representation for A.

Proof. First we notice that from the Wedderburn-Artin
structure theorem it follows that either A is a skew
field or AS (Q), therefore if we have a zero divisor
in A, then ASM~Q) . Moreover, we can easily find
elements €(j such that
hold for 12 (see Ronyai [7], section 5.1.).
Using the elements £13 ,we can go along the lines of
the preceding example to find elements y,z 6A such
that ’ »

, z--4 , M2 " -
Now our algorithm works as follows. First we pick an
arbitrary non central element Xx£A. |If x is a zero
divisor in A (it can be checked by solving a system
of linear equations) then A= M2@ and we can construct
y and z as above. Otherwise Q(x) 1is a field, more
precisely it is a quadratic extension of Q. This means
that OCX) S for an integer m and
one can easily find a utQ(x) such that u2:m- The
field Q(u) has an automorphism sending u to -u..By
a theorem of Noether and Skolem (c.f. Pierce b] , p -230)
this implies the existence of a VEA such that v 1is
invertible and V-,UuvV =- .We can find such an
element v by solving the system of linear equations
vu=-uv, where v is an unknown element of A. (As It was
before, we can again assume, that v is not a zero
divisor.) Now observing that v2u=—vuv=uv2, we obtain

2
that v =o( é Q. If we put y=u and z=v, then we have
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y2=m, zZ:d; yz=-zy, that Is we constructed the 1so-

morphism A=(m,o00. O

The process described here involves only a constant number
of arithmetical operations. If the structure constants

of A are at most n bits long then the method requires

cn log(n) 1log log(n) bit operations.

Remark. By multiplying z with an appropriate integer
we can achieve that o€Z too.
Now we are able to prove our main result.

Theorem 2.3. Problems 4. and 5. are equivalent in the
sense that If there exists a polynomial time algorithm
for one of them then there exists a polynomial time
algorithm for the other as well.

Proof .

Suppose Tirst, that we have a polynomial time algorithm
for problem 4, and let bX*+CXg be a
ternary quadratic form with a,b,c €Z and abc”™0. The
equation TFT(x)=0 has a nontrivial integral solution
iff X* + i » 0 does. Now

consider the quaternion algebra A a \~ )
Proposition 2.1 ¢) and d) imply that A=M2@Q 1f and
only if f(x) =0 has a nontrivial integral solution.
The algorithm for problem 4. concludes that either
A i1s a skew field thus f(x)=0 has no nontrivial
solutions or it gives yi1,y2,y3,y44 Q such that

1 L 1 ¢ m+ be

Ay ogx

if Y3=ya=0, then we have a solution of f(x)=o0.
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We can suppose here that one of the numbers -K or -3
is not a square of a rational number. By symmetry we may
assume that L* - -2 is not a square. Then if N ( ) denotes

the norm of Q C II) then we have
w(y,+ fry*)3-1 ~(ys+fry.,).

The rational numbers YyyXz are defined by the following

, + fry>
4 fisq= Y )
J
and put x*=1. Using the multipleiativity of N ( ) we
obtain that X‘I‘"K.XZE* A, 2-0 e This work

can obviously be done in polynomial time of the input
size.

Now suppose that we have a polynomial time procedure

to solve problem 5, and let A be a central simple

algebra with dimQAIl =F given by structure constants.
Using the algorithm of theorem 2.2. we can effectively
find A7.6Aj* -[EZ such that (/Y\),_]\LK( @
We ask our oracle about the quadratic form 4s

IT it has no nontrivial solutions, then proposition 2.1.
implies that A is a skew fTield. Otherwise from a solution
of fX) =0 we can immediately obtain a zero divisor.

[

3. Ternary quadratic forms over the rationals

In this section we look at ternary quadratic forms with
integer coefficients from an algorithmic point of view.
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Proposition 3.1. Problem 5. is in NP.
Proof. It is enough to show that if

(69) axh cz”™0 jJja~ceZ , adoc+0.

has a nontrivial solution then i1t has a polynomial
size solution (in terms of the sizes of

a,b,c) This is wellknown (see Cassels M lemma4.8.1.) .
If X 1s solvable, then it has a nontrivial solution

X0"yo"zo e Z such that
max~xo] ( vo | AIZ200$ 3( v Hb(+ Ich)

To show that Problem 5. is in co-NP, we will use a
beautiful theorem of Legendre on the solvability of
(X): Suppose that abc is squarefree. Then ) Iis
solvable iff o,y tby +CZ is indefinite (i.e., the
numbers a,b,c are not all of the same sign) and there
exist integers -tx (t~™ such that

O ,+b-0@latc )
b +Cs o( c-)
C 4 CLS O W)

Proofs can be found in most introductory textbooks on

number theory.

The general case can easily and effectively be reduced
to the case when abc 1is squarefree if we can factor
integers. If in (X) say dYjo. then introducing X (= A/X
we get

+ 1o0jj\czl*o
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This equation has a nontrivial integral solution 1Iff ()
does. If an integer e divides a and b in () then
introducing z ~ and dividing by e we obtain the
equivalent equation

yt+ ZE"(?" 1 )

Py
After these reduction steps abc is replaced by a
proper divisor of It

IT X)) has no solution then it can be certified as
follows:

a If a2x+by2+cz2 is definite then we are done.

b) Otherwise quess and verify the prime factorization

of abc. The squarefree reduction can be done in
polynomial time, so we may assume that abc 1is squarefree.
IfT X 1s not solvable, then by Legendre®"s theorem at
least one of the congruences, say (aeg + bso (mod c)) has
no solution. This amounts to the fact that for some

prime p, pic the congruence 6,2-— mod(p) has no
solutions. This can be verified by proving that ("a.) N-1 C™p).
We obtained the following.

Proposition 3.2. Problem 5. 1is in co-NP
Combining theorem 2.3 and propositions 3.1 and 3.2

we have the following.

Corollary 3.3. Problem 4. 1is in NP n co-NP.
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Finally we remark, that if factoring integers and

solving quadratic equations modulo a prime can both

be done in polynomial time then problem 5, and there-

fore problem 4, can also be solved in polynomial time.

One can find a solution using for example the constructive
proof of Legendre®s theorem presented in Ireland-Rosen 14]
pp. 272-274.

4. Problems and comments

1. We discussed the problem of finding zero divisors
in algebras A over the rationals such that dim gA=4.
Using the theory of quaternion algebras, we reduced
this problem to a number theoretic question™to the
solvability of ternary quadratic equations. However,
the complexity of the problem remains open.

2. We have pointed out, that problem 5€P provided that
factoring integers and solving quadratic equations mod p
are also iIn P. Is it true that problem 5. is at least

as difficult as factoring integers?

3. Concerning the problem of finding zero divisors,
the main open question is of course the status of
problem 2. Is i1t true that problem 2"£NP? More speci-
fically, 1is it true that a simple associative algebra
has "small” zero divisors if it contains any?

4. In the proof of theorem 2.2. we constructed a
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maximal subfield F of A that turned out to be a

cyclic extension of Q and a ufc A such that the inner
automorphism defined by @i acted as the generating

element of the Galois group of F over Q. A very deep
theorem of Albert-Hasse-Brauer-Noether (c.f. Pierce [0]
chapter 18) states that such decomposition exists for any
central simple algebra A over an algebraic number Tfield L.
More precisely there exists a maximal subfield KE£A,

such that K/L 1is Galois, Gal (K/L) 1is a cyclic group.

Can one effectively find K if A and L are given?
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HyjiB-flejiHTejiH b aJireSpax KBaTepHHOHOB

N. PoHAW

Pe3wme

CtaTbsa saABAsieTCs NpPOAO/IXeHMeEM pPaboTbl 06 anropuTMMUYecKux npobne-
Max B accCouMaTUBHbIX anrebpax KOHEYHbIX pa3MepHOCTel. Mbl 3aHuMMaem
ca cnepywien npo6remoin:

Mpo6newma: I[MycTb gaHa accoynmaTmBHasa anrebpa A Hag pauymo-
HanbHbIMKU Yucnamu. CoAepXuT AM A HyNb-Aenutenn?

B cTaTbe nokazaHo, 4TO 3Ta npobnema cBoAUTCA K rMpobseme 06 pas
pewnmocTn TepHapu-KBaapaTUYeCKUX YPOBHEHWI.
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SOME COMBINATORIAL RESULTS FOR FINITE
SEQUENCES OF SIGNS

B. UHRIN
Comp, and Autém. Inst. Hung. Acad. Sei.
Hungary

In the paper we present some combinatorial identities concerning
finite sequences of signs, i1.e. numbers -1,0,+1 . Proofs can be
find in the references cited or will be published elsenwhere.

The motivation of these combinatorial investigations is as follows.
Let v =fv~,v2,...,vm) be a sequence of signs / we shall always as-
sume that at least two v~ s are not zero /. We shall denote by
S+(v; the maximal number of sign changes in the sequence achiev-
able by appropriate assignment of numbers +1 or -1 to zero entries
of the sequence. Similarly, S**(v) will denote the minimal number
of sign shanges, i.e. the number of sign changes iIn the sequence
when zeros are discharged. For example S+ (+1,-1,0,0,+1,0,-1) = 5
and S of the same sequence is equal to 3

Denote 1 =(1,2,...,m) . Let <p(M):= linear hullwhere

.1 —= are linearly 1independent on I and tyii, is

a Chebyshev system of order n -m . The elements of Ti) are call-
ed generalized polynomials. The classical example for such a set
is the set of all algebraic polynomials of the degree at most

n-1. Given a function T : I which is not in we say
that ye ~>(l) is nearer to T than if

c=20 if f(@) = D)

ITC)-yfi) ] T

1< IF(D-"] if f@G) HBHsG)
for all iel
The function y?* IS nearest to f if there is no vy that
would be nearer to T than
Now, we have proved in [1] that is nearest to T 1if and
only if S+(v)”™n , where vi = sgn ( fii1) - )™ iel

So the maximal number of sign changes in a sequence characteri-
zes "'nearest” generalized polynomials. Any best approximating
element /7 in Ip or max norm / is clearly a nearest element,
hence the result covers all interesting cases of best discrete

approximations / [I1 /.
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An other classical example of approximating functions 1is the class
of splines. It is well known that splines does not constitute a
Chebyshev system but a so called weak Chebyshev system. In [11 we
showed some similar but weaker characterization theorems as that
above for a member of a weak Ch-subspace to be nearest to a giv-
en function. In these results not only S+ but also S” proved
to be iImportant.
In the cores of all approximation results there were purely line-
ar algebraic statements about the solvability of . systems of
linear inequalities. The algebraic results are iInteresting also
in themselves / see [2),[3]/-

A practical determination of S+ would be the repetition of the
following two steps:
Take min{i: V™~ 0} , c:=j-1 , a= = and after that
Step 1.JIf a.vj+£é 0 then c:=c+l and a:=-v/
"If a.vVj+~7 0 then a:=v~+"
Step 2. Let j:=j+1 and repeat steps 1,2.

After the (m-1- min [1:v*0jj-times repetition of the above

steps we shall have S+(v) = c

In this procedure many steps are a-priori superfluous in the sen-
se that they surely do not increase the value of c. Say,we have
the following block ..+ ,0,0,0,0, +,.. . It 1s clear that the last
zero iIn the block does not contribute to S+(v) , 1.e. 1iIn the
step from this zero to + the c iIs not increased . The last zero
in the block ... ,+,0,0,0,0,0 . behaves similarly . In gene-
ral, i1f between two plusses there are even number of zeros or
between a plus and a minus there are odd number of zeros, then

we have the same situation as described above. We see that the
knowledge of such blocks would hopefully increase the speed of
computation of S+fv) . For the description of the above effects
we introduced a classification of blocks of zeros as follows.

For k=0 ié m-1 v

(ON

Zé"(v) =i o1 Vyp. = -1}

VAZN (V) DN B |

D

For k2 1
Zjxv) -{i+k-1 : 211S>-k, vi=vli.l— vI+k-1*° *vi-l-vi*k“ 1 > nm

Z . (V)::{i+k—1 2{ i1t m-k, Vf=VI+1: :Vi*k—|=0,Vi—|’Vi+k: +17
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The cardinality of any finite set M 1is dedoted by |HI

Now we have

@ S+W) + koo(iZZk(v)/’\ okigMD = m -1
(&) S'(v) = FA1D)
k?0

The numbers S , S can be determined using a somewhat dual”
approach. We say that v 1is weakly alternating [alternatingjon
il<: i2< ... wipC 1 , if £C-13€ v& * 0 [>0] for all k=1.,2,....p,
where £ is either +1 or -1 "k

Now define

SISV = max {p : there is i“+~c | such that

v i1s weakly alternating [alternating]

on .

V i}

We have
€)) SMW=5M SV S
and using these 1i1dentities, we can prove
A Hv :s+v)= = 2FKk1I}k+1- D . S V) KH= ZfI(Il)\ *

The total number of different sign vectors 1is gm, hence assu-
ming that (when choosen randomly)each vectorcan be choosen with
the same probability, one can determine using (4) the probabili-
ties P (S+(v) = K , PC S~(v)= K

in some investigations we needed formulas for the number of
different vectors u such that u” ~ 0 for all i and S+(u) =
= S+(v),[S-(u)= S*'(v)J . Denoting these nubers by M(v) and

m (v) , respectively, we can write

(5) M(V)Z n (2k+|)J ZzK(V)I (Zk) Z2 k-1"
k™1
- - [zE(V)I
(6) m(V): k/]}l (k+1) k

In the references below we list only own

references to other authors , but we have to note that the com-
binatorial investigations of TfTinite sequences of signs of the

type presented here were not paid any attention. This is not true
for the motivation of these iInvestigations: the study of "nearest"
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algebraic polynomials goes back to L.Fejér, M.Fekete, 3.v.Neumann
/early twenties/ and had been continued among others by T.Motzkin,
3.L.Walsh, CD.Rice and O.Shisha .
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HeCKOJIbKO KOMOHHaTOpHgeCKHX pe3yJIBTaTOB flJIH KOHenHEJX

nocjieflOBaTejibHocTefi 3hskob

B . YxpuH

Pe3twwme

B cTaTbe noka3aHO HECKO/IbKO KOMOWHaATOpPUUYECKUX TOXAeCTB ANd KO-
HEeUHbIX nocsegoBaTeNbHOCTel 3HakoB /uucen 0, +1, -1/. HecKoOnbKO
CNoB 0O MOTUBaUUW ITUX UCCNefOBaHU TOxXe [aHO B cTaTbe. lMeHHO,
nokasasnoCb, 4YTO OOOOWEHHbLIN MHOro4Y/lleH, KOTOpbLI ABNAEeTCA '‘caMbiM
6/M3KUM™ K AaHHOW (YHKUMM MOXeT OblTb XapakKTepu3oBaH C MNOMOWbI0
MaKCuMasbHOro 4yucna nepemeH 3Haka B O[HOIM nocnepoBaTes/IbHOCTU.
Ncnonb3ya ToxAecTBa B CTaTbe MOXHO - Mexay npoyuMm - gaTtb

6bICprIe aJiroOpnuTmMbl AnA BblHUC/TIEHNA MaKCUMMaJ/IbHOIo 4ucia nepemMmeH
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AUVB/POBAHHE T1CBAM N ABTAVATIVHECKAA
CEPABOTKA BOTAROKO O TEKCTA

.0 J/MWITRCBA
WNHcTuTyT Matematvku ¢ LU, EAH Codqws

3aava MOCTPOEHNSA CUCTEMbI, CMOCOOHOM NepepabaTbiBaTb Hedopma-
JIN30BaHHYH0 MHJNOPMALMKO HA eCTeCTBEHHOM A3blKe, MNpeanosaraeT Hanudue
cneumanibHOro MaTemMaTu4yecKoro 1 MHOPMaLWIOHHO-NTMHIBUCTUYECKOIO
obecrieyeHus.

KoMNoHeHT 3Toro obecrneyeHus - cnoBapu M cucTema 06CNyXMBa-
HUA CnoBapei.

OpraHuszauma cnoBapHOi 6asbl, aHanM3 MeTOAOB CO3J4aHUA cnoBa-
peil, anropuTMbl aBTOMATMUYECKOro NOCTPOEHUA, peAakTMpoBaHuMs U K-
cnnyatauuMn cnosapeil - 3TO BOMNPOCHI, CTOAWME BHMMaHMA pa3paboTym-
KOB WH(OPMaLWOHHO-TMHTBUCTMYECKOTO obecneyeHus.

CnoBapb - 3TO /O6ON yNnopsifOYEHHbIA, OTHOCUTENbHO KOHEYHbIN
MaCcCUB NIMHIBUCTUYECKOW WH(opMauum, npeacTaBNeHHbIi B BUAe CNUCKA,
Tabnuubl WAM NepeyHsa, YAOOHOro ANA pasMeleHMs B NamMsaTU KOMMbHOTepa
MW CHabXXeHHOro nporpaMMamMu aBTOMaTM4YECKO 06pabOTKM M MOMOSHEHWS.,

CnoBapy MOXHO KnaccuguumpoBaTb NGO NO XapakKTepy neKcu4yec-
KUX eAWHWUL, BKIKYEHHbIX B CnoBapb NM60 no crnocoby opraHusaynm
CNOBHMKa.

Mo xapakTepy NEKCUUYUCKUX efWHWUL, CnoBapu NoApa3fensrTca Ha
CnoBapu OCHOB, C/OBapu MCXOAHbLIX (hOpM CNOB, CA0Bapu CNOBOGOPM U
KOMOWHUPOBaHHbIE CNOBapMu.

Hanb6onbinoii MHTepec NpeAcTaBAAT CA0OBapuM OCHOB W cnoBapwu
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CNOBOOPM.

CnoBapb OCHOB COCTOMUT M3 CMMUCKA OCHOB W CNUCKA OKOHYaHWUiA.
ATOT cnoBapb OYEHb YAOOGHbIM ANA aBTOMAaTUYECKOW 06pabOTKWU A3bIKOB
(hN1eKTUBHOTO TuUMa.

Cnosapb CnoBO(OPM COCTOUT M3 CMUCKa BCeX CMOBOOPM onpepge-
NEeHHOro nopgsasbika. [na A3bIKOB aHa/IMTUYECKOro Tuna BbIFTOAHEEe CTPOUT
cnosapu cnosogopm.

Mo cnocoby opraHusayum CNOBHUKOB CnoBapu nofpasfensdtorca Ha
4aCTOTHble (eAMHULbI paHXMpoBaHbl B Mopsafgke ybbiBaHMA WM BO3pacTa-
HMA UX 4acTOT), anaBuTHble (EAWMHWULbLI PaHXWMPOBaHbI MO anMasuTy),
Tesaypycbl (CnoBapHble eAMHULbI CrpynnUpoBaHbl MO CEMAHTUYECKUM Mo-
NAM, MOHATUWHLIM rpynnaMm WM T.4.), KOHKOpAaHCbl (CNoOBapHble eAnHULbI
CrpynnupoBaHbl MO K/OYEBbIM CMI0BAM, B3ATbIM B KOHTEKCTHOM OKPYXEHUN)
n ap.

B nocnegHee BpemMa OYeHb LWIMPOKOE pacnpocTpaHeHue NOAYUYMIN CU-
CTEMbl aBTOMAaTMYECKOro WHAeKCupoBaHuA. BakHbIM 3aTanom BBOAa W Mpej-
BapuUTeNnbHOW 06pabOTKM WMHGpOpMaUUU ANA HUX CNY>XWUT NepBOHAa4vanbHbIR
CNOBapHbIA aHanwns.

BbigeneHne 3TOro aHanm3a B CaMOCTOATENIbHYK Npoueaypy OOBbACHSA-
eTCA HalIMYMeM B WHAEKCUPYEMbIX TeKCTax NeKCUYeCKUX efuHuL, OoToXAe-
CTB/IeHME KOTOPbIX MO CM0Baptd OCHOB, WCMNONb3yeMblX B CUCTeMax aBTO-
MaTMYECKOro WHAEKCUPOBAHWUA, ABNAETCHA HEBO3MOXHbLIM WAIN HeXefaTeib-
HbiM. K TakMM neKCcuMyeCKMM eAuHULAM OTHOCATCA HeuH(opMaTMBHbIe CN0OBa
BBOAHbIX BblpaXXeHWn, 0603HAYEeHUA eAVMHUL, U3MepPeHUs, HEeKOTOpble COKpa-
WeHns, Ccny>XebHble CnoBa W BblpaXeHMUAa (Npeanoru, Cow3bl, YacTUlbl, Me-
CTOMMeHNA). B 3aTom cnydyae cneuuanbHO BbIAENAKT T.H. C/A0Bapb Mpea-
BapMTENbHOIr0 aHanmM3a, KOTOPbIA 0ObIYHO coaepXuUT okono 1000 nekcuyec-
KX efunHuy. Mo gaHHbIM CTAaTUCTUMYECKUX MCCNefoBaHn Ha 3Tane npejsa-
PUTENbHOT0 C/NOBApPHOro aHanusa oToxpaecTenawTcs 25$ cnoBodopm TekcTa,
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4TO NoAYepKUBaeT BaXXHOCTb AaHHOro aHanusa B 06Wem npouecce UHAe-
KcupoBaHuA. EAMHMUBI 3TOro cnosaps npeacTaBneHbl B MOMHON ¢opMe.
Cnosapb pa36buT Ha 6/10KM B COOTBETCTBUU C K/accamyn NIEKCUYECKUX
eanHuL,. B npouecce aBTOMaTU4Yeckoro WHAEKCUPOBAHUS LUMPOKO MCMONb-
3yeTca cucTemMa C/oBapein, WUMEWas BaXHOe 3HauyeHue NPU PeweHnun oc-—
HOBHOI 3afayyM WHAEKCUPOBaHUS - MNepeBOfe COOOWEHNN C €CTECTBEHHO-
ro f3blka Ha WUCKYCCTBEHHbIN A3bIK.

OpraHunsoBaHHble Ha 3L cnoBapu npefcTaBnAaOT c060M MacCuBbl
KOLOB CNOB, TAe KaXAoMy 3/1eMeHTYy COOTBETCTBYET onpefesieHHas WH-
hopmauma, KoTopass MOXET ObiTb KakK YMCTO rpaMMaTUYecKOn, TaK MU
BKNOYaT B ceb6s ceMaHTU4YeCcKMe KOMMOHeHTbl. OCHOBOW cnosapHoW 6a3sbl
npu aBTOMAaTMYECKOM WHAEKCUPOBAHWW CnyXaT CnoBapu OCHOB WX CNOBO-
(hopM, BblbMpaemble B 3aBUCMMOCTU OT KOHKPETHbIX YycnoBuin. [Mpeanockin-
Kamun and. Bblbopa TOro WAM WHOrO cnoBaps SABNSETCA ero obvem u Bpe-
Msi paboTbl aniropuTmMa OTOXAeCcTBneHMs. o gaHHbIM 00bEM PYCCKOro cno-
Bapa ocHoB B 20-30 pa3 MeHbwe o6bemMa cnoBapsa cnosogopm. Bpems pa-
60Tbl anropuTMa OTOXAECTBJIEHUA MO CNOBApPK CNOBOOPM 3HAUUTENbHO
MeHbLLE, YemM NO C/NOBap OCHOB. TakMum o06pasom, MNpuU MOCTPOEHWUK CNo-
Bapein cnefyet PYyKOBOACTBOBATbCHA MUHUMA/bHbIM BPEMEHEM MOUCKA U
pauMoHanbHbIM UCMOMb30BAHMEM MalIMHHON NaMATH.

CocTtaBneHune cnosapein (Kak cnosBog)opm, TaK WU OCHOB CNOB) AB-
naeTcAa TPyAOeMKUM MpoLeccom, MO3TOMY BO3HWKaeT 3ajaya aBToMaTu-
3ayum atoro npouecca. Hanbonee CnoxHbIM BOMpocam, CTOSAWMM Ha MyTH
peleHns 3ToN 3adayvyn, ABNAETCA aBTOMaTU4YeCKOe MOCTPOEHUE cnoBaps
OCHOB - CcO34aHue anropuTMOB A/ BblAeNieHUs OCHOB CJI0B.

B kauyecTBe O0OnNopHON 6Ga3bl ANA MNOCTPOEHWUA TakKOro anropmtma Mo-
XHO MCMONb30BaTb KOHeYHble OGYKBOCOYETaHWA C/MOBOOPM - CyqpUKChI,
OKOHYaHUS U KX pasNyHble KOMOWHaUWMKM, Ha OCHOBAHWM KOTOPbIX MOXHO
OCYLWECTBNATb anropuTMm3aumto npouecca pasfeneHUs CNoBohoOpMbl Ha
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OCHOBY W OKOHYaHMe MNyTeM CpaBHEHWHA KOHEeYHbIX CUMBO/IOB C/I0BOPOPMbI C
aNeMeHTaMM CNUCKOB (rpynn) OKOHYaHWUMR.

[Ons aBTOMaTMyecKOro coctaB/leHWa cnoBapsa 60MrapCKMx OCHOB UC-
nonb3yeTca cnoBapb 60NrapcKMx OKOHYaHWR, cogepxawmin 109 3nemMeHTOB.
[Ons nNpaBUNbHOTO CerMeHTMpoBaHMA OGONTrapcKUX CNOBOMOPM Ha OCHOBY MU
OKOHYaHMe coCTaBfieH CM0OBapb MCKAOYEHUR, cogepxawmin okono 7UUO ep-
numy. | 1 ]

B nocnegHee BpeMs MOABUAMCL Hemano paboT, MoKa TO/NbKO 3Kche-
PUMEHTaNIbHbIX, MO JIEKCUYECKON CTaTUCTUKe - 4acTOTHble CnoBapu, Ko-
HKOPAAHCbl U T.[4., OPUEHTUPOBaHHbIE Ha M3ydyeHWe N 0606LeHNe Habnto-
[JAaeMbIX 3IMMUPUYECKUX 3aKOHOMEPHOCTENn. T paboTbl HAXOAAT MPUIOXKe-
HMe B 06/1aCTU CO3[aHUs croBapel-MMHUMYMOB, B 06/1aCTU MaLNHHOIO
nepesofa, B 06/1acTV MOLeNMPOBAHUA HEKOTOPbIX SIMHIBUCTUYECKUX SiBe-
HUil. YactoTHble cnosapu HaxoaaT MAADIEHE npn ATEREHAE koadhu-
LMEHTOB ynoTpebmuTenbHOCTM Tuna "4yactoTa”, "pacnpocTpaHeHHOCTb".
Kpome 3Tux TWnoB, MOHATME ynoTpebuTenbHOCTW o6najaeT ewe OAHO NU-
HIBUCTUYECKOEe CBOWNCTBO: BbliCKasblBaHUA 06 ynoTpebWUTENbHOCTU TOrO
WAN WNHOTO SBNIEHWA WMEKT CMbICT OTHOCUTENbHO ONpeAeneHHOW COBOKYM-
HOCTWU TEKCTOB WIW OMpefesieHHOW cdepbl 06WeHMs, a COBOKYMHOCTb Ta-
KX BbICKa3blBaHWA €CTb OAHOBPEMEHHO BbICKa3blBaHWE O JIMHTBUCTUYECKUX
cBoMCTBax (XapaKTepHbIX 4epT, MPU3HAKOB) [faHHbIX TEeKCTOB WIN [LaHHOMW
chepbl 06LLEHNS.

XapakTepHble NUHTBUCTUYECKUE MPU3HAKKU, CBOWCTBEHHble pPAAY TeK-
CTBB WAN psAAY pPedyeBbiX MPOU3BeAEeHWUA onpefenieHHON cdepbl obLeHUa -
3TO TakKue 4epTbl, KOTOPble BbIAENAT TEKCTbl KakK OLHOPOAHbIe W3 MOJIH-
O COBOKYMHOCTU TEeKCTOB, MpuMYyeM OLHOPOLHOCTb, €CTECTBEHHO, oOrnpe-
LensaeTcs C TOYHOCTbK [0 YynoTpeOUTEeNbHOCTM OMNpefeneHHbIX SABMEHU.

MoaToMy noHATUE YyNnOoTPebuTenbHOCTU TOTO WAM UHOTO ABJIEHUSA,
TOW WA WMHOW TPynnbl ABMEHWA MOXET MCNOMb30BAaTbCA U UCNONb3YyeTCH
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peajEbHo B KagecTBe KpzTepzH JmKrBZCTirgecKoS oahopohhoctz peneBHX
npoH3BefleHHiT (hpzHajyiexHoCtz k oahoh Teiue, ojiHOMy aBTopy, O,miOMy
NHKITHOHRILHOMWY cthjdg, oiuioMy jiZTepaTypnoMy saHpy z t,aA. )

B HadopaTopzz MaTewaTZzecKOZ JizHrBZctzkz IfecTZTyTa MaTewaTH-
kz ¢ BU, EAH pa3pad0TaH naneT npzKzanHnx nporpaMM JMT1aBTOMaTine—
cKoro cocTaBJieHHH cjioBapez TeKCTOB Ha 0OojirapcKOM H3HKe. UaneT pa-
3pad0Tan Ha H3HEe PI/I z padoTaeT b onepanzomioZ czcTeMe J1.C jym
3BM EC1040. UaiteT eojjep&ZT nporpam JUN cocTaBJieHZH h o6cjiymBa-
HZH CJIOBaped, ZTO HO3BOJIHET ACNQIHHTL HX z liezaTaTL B yiOOHOM
MR nojE&30BaTejia BHjje. 1iakeTOM bo3mosho nNOjiyzzTi) 12 pa3HnX bzicob
cjroBapea - Cjiobhzkz, KOHKop™aHcn, nacTOTHHe cjroBapz z jjp.

OTEPATYPA

1. JLIJtHMZTpoBa, E. llacKajreBa, M.HeHOBa. llaneT nporpaMZ 3a
aBTOMaTZZHO cerMeHTzpaHe Ha 6&tjrrapcKZ TeKCT, Cn. UzcTeMZ
z ynpaBJieHze, 6poz 3, 1981, Co$hh.
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SPECIALIZED LEXICONS AND AUTOMATIC PROCESSING
OP BULGARIAN TEXT
L.P.DIMITROVA

Institute of Mathematics with Computer Centre
of Bulgarian Academy of Sciences

ABSTRACT

The modem computers offer the linguists possibilities of
performance of a number of labour-consuming operations supplemen-
ting the linguistic and literary research* To help the linguists
in these studies, at the Laboratery of Mathematical Linguistics
of the Institute of Mathematics with Computer Centre to the Bulga-
rian Academy of Sciences are implemented research for automatic
processing of texts in Bulgarian language, one aspect of which is
automatical formation of the different kinds of dictionaries and
dietionaries-wordbookse
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A SYSTEM FOR AUTOMATIC RETRIEVAL OF LINGUISTIC

INFORMAT ION

L. DIMITROVAt N. ISUSOVA

Institute of Mathematics of Bulgarian Academy
of Sciences

Over the last years the problem of the creation of tools for
man-machine dialogue i1n natural language is of great iImportance.
This problem posed before the linguists some very important ques-
tions of theoretical and applied aspects. In laboratory around
the word, several computer system have been developed that supp-
ort at least elementary levels of natural-language interaction.

On the other hand, modern computers offer the linguists pos-
sibilities of performance of a number of labour-consuming opera-
tions supplementing the linguistic and literary research.

We will now describe In brief the result of our research for
automatic processing of texts in Bulgarian Language.

This i1s a dialogue system, written in PASCAL iIn operation
system APPLE-PASCAL for the personal computer APPLE I1l. The sys-
tem is iIntended for users-linguists.

The dialogue system is system for automatical retrieval of
the linear context of the given wordforms and word-combinations
within the framework of definite boundary criteria.

Since the linear context of the given wordform contains defi-
nite linguistic information, i1ts automatical retrieval ensures
possibilities for the automatical examination of the use of a gi-
ven element iIn speech.
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The main functions of the system are:

1. Realization of an algorithm for automatical retrieval
of the contextual environment of a given wordform (word-
combination) and given boundary criteria in natural lan-
guage text,

2. Allowing the ~ser-linguists to work with the system in a
dialogue -"<gime in Bulgarian language,

3. Formation of the files with natural language texts, wich
the system analysed, assuring of possibilities of iIts
updating and modification,

4. Printing information for the content of these natural
language-files.

All work files are written on diskettes. The functions of the
system are realized by group of subroutines with a monitor. The
monitor iIs written as a main procedure. It realizes the dialogue
with the user i1n Bulgarian language.

The gialogue regime consist of a structures and linguistics
tools for exchange of communications between the human and the
computer. The main principle of the dialogue consists in the inde-
pendent choice of the 1nput communication and the completely deter-
minative reaction of the system.

In this system two main kinds of dialogue take place, namely,

1. Menu,
2. The system poses questions, requiring the answer "YES'
or "NO” .

The first offers the user to select from a limited number of
choice and the second - to accept the unique offer or to turn it
down. Besides, the system gives the user commands as:

"PLEASE, PRESS THE KEY RETURN."
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The userla answers are introduced by the keyboard. The sym-
bolic strings which the system treats, contained the symbols of
the Bulgarian and Latin alphabet, figures, space, punctuation
marks and so on.

In the process of dialogue in Bulgarian language with the
user his request for a service by the system is shaped. The word-
form whose occurence i1In the analysed text and whose contextual
environment will be determined automatically and will be printed,
is defined by the user®s request.

The system proposes the user to specify:

I. WHAT MUST THE STRING-PATTERN BE?
1. Affix.
2. Suffix.
3. Wordform,
4. Word”combination.
I1. WHAT WILL CONTEXT"S BOUNDARY CRITERIA BE?
1. Space ( in this direction the context iIs not reques-

ted )e-
2. Definite wordform.
3. Punctuation mark /. , 1 ?

4. Number of wordforms ( a figure, defining the number
of words to the left and to the rigth of determined
string-pattern In the frame of the context )=

I11. WHERE DOES THE USER WANT THE RESULT OP THE EXECUTION
OP THE SYSTEM?

1. On screen.

2. On paper.

3. On a diskette as a fTile.
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The main program prints the user®s requests, analyses it
for correctitude, loads the procedure, that performs the desired
by the user treatement and activites it* When an uncorrect requ-
est appears, the main program prints the corresponding informa-
tion*

The service, defined by the user®s request, 1is performed by
subroutines and functions, distributed in two program®s modules*

The first program®s module contains the group of procedures
and functions for searching of contextual environment in natural
language®s texts by given wordforms or word-combinations and gi-
ven boundary criteria of linear or other nature* The searching
i1s realized by posing the given string-pattern on the main natu-
ral language®s string* The automatic determination of contextual
environment of the found in the main string patterns is executed
by consecutive retrieval of the elements of the text In the two
directions ( left and rigth ).

The other module contains the program editor* This program
requires connection of the editor of the system APPLE-PASCAL. The
user has the possibilities to modify his files with the natural
language®"s texts, namely: to delete the text"s file (or a part of
it), to iInsert a text into the file, to copy the text"s file (or
a part of 1t). The system offers the user some possibilities of
the system editor of APPLE-PASCAL.

These patterns and their contextual selection should enable
the user to specify as precisely as possible these subset of word
forms and word-combinations that interest him and to retrieve au-
tomatically linguistics information about the combinability or
uncombinability of the word In a sentence or of the component ste
ms which are 1 various position within the wordform.
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QVCTEMA M ABTOMATVHECKOIO MOMYYEH/A SIHMBUCTUYECKON
VHOOPMALVM

N.N#EONMMATPOBA, H,NNCYCOBA
NHcTuTyT mMaTtematuku c¢ BL, BAH

PECIOVE

B paboTe KOpPOTKO onucaHbl pe3ynbTaTbl MCCNEAO0BaHWA, MPOBOAWB-
lwnecs B JlabopaTopum MaTemaTU4YyeCKOW NUHIBUCTUKKM WHCTUTYyTa MaTeMma-
Tnkn ¢ BU, BAH, no aBTomaTmMyeckoih 06paboTKe TEKCTOB Ha 60/1rapckom
A3blKe. PaccmaTpuBaeTca gmanoroesas cucTtema, npefHaszHayeHa NOMb30-
BaTensam-nuMHrauctam. Cuctema no3BOMsieT aBTOMATUYeCKU MOny4yaTb /K-
HeHbI KOHTEKCT 3afaHHbIX CNOBOOPM W CMOBOCOYETaHWIA MO 3afaHHbIM
rpaHUYHbIM KpuTepuam. Cuctema gaeT BO3MOXHOCTM ANS aBTOMATUYeCKOTrO
nccneaoBaHUA MCMNONb30BAaHWUS [JAHHOIO 31eMeHTa Peun.
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A PROGRAMMING ENVIRONMENT FOR DEVELOPING

NATURAL LANGUAGE PROCESSING PROGRAMS

1. NEOVA

Laboratory of Mathematical Linguistics
Institute of Mathematics
Bulgarian Academy of Sciences

The paper describes a design and an experimental
implementation of a programming environment for
developing natural language processing programs.
The environment supports the creation, modifica-
tion, execution and debugging of programs written
in MicroATHL and can be used as a research tool
in the area of language and as an instrument for
realization of applied dialogue systems.

INTRODUCTION

The mass distribution of personal computers in the last years
presupposes an iIncrease of variety of potential users. Quite often,
the users are specialists iIn different fields and have no profe-
ssional training In programming. For such a category of users to
be able to fruitfully use computers i1t is of crucial importance
that convenient interfaces to computers be available, as well as
the possibility that a given problem be set and solved iIn the
terms of the corresponding domain. The development of linguistic
processors to applied systems with different applications Is one
of the possible approaches to the problem of non-professional
users and computer interaction. The programming environment for
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developing natural language processing programs discussed here
proposes means for the automation of linguistic processors prog-
ramming and can be used iIn the building of natural language iInter-
face to applied dialogue systems, as well as an experimental tool
in language investigations.

THE [1.1ICROATNL LANGUAGE

In the last 10 years, 1in the development of linguistic processors
the formalism of the Augmented Transition Networks (the so-called
ATN-grammars) is widely used 1 . This formalism can be looked upon
as a meta-level with respect to the description of natural langu-
age which i1s the reason why within the ATIT approach different mo-
dels of language and language communication can be successfully
realized. The use of the ATN"formalism is In a sense a classical
approach to the representation of linguistic knowledge for the
purposes of natural language communication with computers, which
has led to the development, on the basis of the basic formalism,
of a great number of different versions, or ATN-dialects. The exi-
sting realizations of such languages are usually superstructures
of given LISP systems and can be used on big computers iIn an iIn-
teractive mode.

The luicroATNL i1s a version for microcomputers of the linguistic
knowledge representation language ATNL 2 . It includes an approp-
riate set of means, necessary for the development of linguistic
processors and for whose realization the widely spread personal
computers have sufficient resources.

As a language for a description of algorithms, developed on the
basis of the ATN-formal ism, the MicroATNL includes two basic
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groups of means:

a) means for description of vocabulary of the natural language
phrases being processed

b) means for description of the algorithms for analysis of i1nput
and synthesis of output phrases.

Correspondingly, each MicroATNL-program includes two basic sec-
tions - a vocabulary description division and a network descrip-
tion division.

GENERAL CHARACTERISTICS OP THE MICROATNL PROGRAMMING ENVIRONMENT

The programming environment for developing natural language pro-
cessing programs supports the creation, modification, execution
and debugging of programs written iIn MicroATNL, the whole process-
ing being made on a personal computer. The ready programs may be
executed on the computer they are developed by, as well as on
other types of computers. Two basic aims are pursued by the imp-
lementation:

a) portability of the programming environment and the translation
results

b) use of reasonable amount of computational resources in the
operation mode.

Following the above stated aim3, an implementation scheme i1s cho-
sen based on translation of the program into an iIntermediate re-
presentation with a following iInterpretation of this representa-
tion. If a suitable intermediate representation and tools for the
implementation are chosen, this approach ensures portability of
the 1mplementation and use of reasonable amount of computational
resources for making i1t operational.
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The MicroATNL-programs are represented in the environment iIn two
basic forms - textual and intermediate. In current version of the
programming environment the textual form is an input to the trans-
lator and is used for program printing or visualization on the
screen as well as for transference of programs to other computers
and carriers. The intermediate form is a set of list and tree-like
structures and i1s used iIn the iInterpretation and debugging of the
programs. A version of this form is used also iIn program creation
and modification. The iIntermediate form Is independent of the ar-
chitecture of a particular computer system and of a particular
data representation on external carriers. It allows an effective
program interpretation, being at the same time close enough to the
source program, which enables a relatively easy implementation of
a system for a dynamic program debugging iIn terms of the source
language.

The programming environment includes the following components:

a) a full-screen language-oriented editor

b) a translator/interpreter of MicroATNL -programs

c) a tool for interactive program debugging iIn terms of the source
language.

In the realization the standard means of the high level language
Pascal are used, which ensures its utilization on a large class

of personal computers.

TRANSLATOR, INTERPRETER AND DEBUGGER

The translator Is the main component of the programming environ-
ment. It ensures the transformation of RicroATNL-programs from
textual to intermediate form. The process of translation includes
building a table of symbols of the source program, encoding the
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identifiers in accordance with the functions they execute, and
representation of the program in the form of the chosen data
structures. The formation of the intermediate form is carried out
simultaneously with the syntactic and semantic analysis of the
program. It is a one-pass syntactic analysis that iIs carried out
by the recursive descent method. The intermediate form obtained
in this way could be directly interpreted or stored linearly on
an external data carrier and used for subsequent interpretation.

The iInterpretation of the MicroATNL-program is carried out by a
program interpreter and in the cases when 1t i1s not.immediately
after the translation it begins with the iInput of the intermediate
form iInto the main memory and its reverse transformation from li-
near into standard form. The separate language constructions are
interpreted by corresponding procedures in correspondence with,
their semantics. Special procedures ensure the execution of some
basic actions connected with the mechanism of memory use iIn the
ATIT-formal ism, with the initial processing of i1nput phrase, etc.

The debugger operates on programs in an intermediate form, using
additionally the table of symbols. It supplies the means for exe-
cution and iInteractive program debugging in terms of the source
language. It allows a step-by-step execution, monitoring of the
values of sertain objects, interruption of execution under cer-
tain conditions, etc.

LALIGUAGE-ORIEITTED EDITOR

The creation and modification of MicroATITL-programs is accompli-
shed by means of a full-screen language-oriented editor which can
be used for language training means as well. The editor uses
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knowledge about the program structure in order to direct its cons
truction and modification as well as to detect and signal for er-
rors as soon as possible after their altering. MicroATNL is a lan
guage with a regular syntactic structure. The use of language-ori
ented editing allows for concentration upon the language notions
and frees the programmer from the obligation to be aware whether
he follows syntactic details or not. The editor rules out the pos
sibility to build a syntactically incorrect program. The basic
possibilities ensured are:

a) movement iIn the program text

b) formation of the program text

c) correction of the program.

The movement in the program is accomplished along the elements of
its structure. The text formation is made by means of templates,
text editing being used for entering and modification of separate
elements. The correction of the program is accompanied by modify-
ing the iIntermediate form as well as the text on the screen. At
any time the edited program can be transformed into a formatted
text file for a following translation and execution.

CONCLUSION

The programming environment for developing natural language pro-
cessing programs is in the phase of experimental realization.
Developed are the translator and interpreter, the language-orien-
ted editor being in a process of realization at the moment. In
its design and programming participate the graduate-student Elka
Mavrodieva and the student Ilvan Derjanski. After i1ts completion,
the development will be capable of being used as a practically
helpful means in linguistic iInvestigations and iIn creation of
applied systems understanding restricted natural language.
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CPELA IM nporpaMmMupoBaHMA. NMMHTBUCTUYECKUX aNropuTMOB
Apura Hewosa

B cTatbe ONMCHBAEGTCH NPOEKT U IKCMEPUMEHTANbHAA peannsaund cpeps
nporpamnupoBaKing, nNpefHasHayeHHOW Ana pa3paboTku nporpamm obpaboT-
KW eCTECTBEHHO-A3bKO0BHX ®pa3. Cpefa npepocTasnder cpegcrtsa fnA
CO3JaHMA, MOLMDUUMPOBAHMA, OTNAAKM U BHNONHEHNUS NpOrpamm, Hanucas-
HHX Ha A3bke MukpoATUT w woxeT 6bTb MCNONb30BAHA Kak CPeACTBO AN
IKCNEPUMEHTANbHHX UCCNEAOBAHMA B 06nacTu A3bHKa M B KAa4ecTBe WMHC-

TPYMEHTa ANA CO3AAHMA NPUKNALHHX CHCTEM, BOCMPUHUMANUMX OTPAHNYEH-
Wil eCTECTBEHHNN A3bK.
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