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Frequently Used Notation

Z, N

y(t), t e Z

H = HW =
= span{y(5), 5 € Z}
Hr = Hrky) =
= span{y(5),5 < r}
H+ = H^y) = 
= span{y(s). 5 > /}
Uy(t) = y(t + 1)
U*y(t)=y(t-\)
g(s), S € Z
A'm = E.vsZ^)m''

R(t) = E[y(s + t)yr(s)], t eZ 
fW = ElszR^eiK'

= EZug^
B*^ = EL-oog^k

PrHi y(t)
PrHr H* C
Jfii.m, 11-m € N

R(k) = CAk~'Gk> I
A, B, C, D _
A = A7, B,C = Gr, D

G(A.C) = [C'\AtC'\...]1'
C(A. B) = [B. AB....] 
(9 = (9(A, C)

the set of integers and non-negative integers, 
respectively
vector valued stationary stochastic process with 
zero mean
Hilbert space generated by the components of 
the process y, as a closed subspace of Li 
closed subspace of H(y) generated by the past 
of the process y
closed subspace of H (y) generated by the future 
of the process y
forward shift operator
backward shift operator
impulse response sequence of a discrete filter 
impulse response operator of a discrete filtei 
frequency response function of a filter 

covariance (matrix) sequence of y(r)
spectral density matrix

spectral factorization
analytic (causal) spectral factor

coanalytic (anticausal) spectral factor 
projection of a vector y(t) to the space H, 
projection of the space H, to Ht 
block-Hankel matrix with n block-rows and m 
block-columns
matrices in the covariance factorization 
matrices of a forward state-space representation 
matrices of a backward state-space 
representation
observability matrix of the (C, A) pair 
reachability matrix of the (A, B) pair 
observability matrix of a (forward) state-space 
representation
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K = C(A. B) reachability matrix of a (forward) state-space 
representation

C = C(A~'.A~'B) controllability matrix of a (forward) state-space 
representation

C0 = O(A~l,A~lC) constructibility matrix of a (forward) state­
space representation

M(k) = CAk~'B k> 1 Markov parameters of a (forward) state-space 
representation

{a^ • V/}
{Pi j k< P-i}
{Yijk • ki} 
{Siik-Ki} 
A(U*), B(U*)

observability invariants
constructibility invariants
reachability invariants
controllability invariants
forward AR and MA operators (polynomial ma­
trices of the shift operator) of a FARMA form 
(left FARMA)

A(U*),B(U*) backward AR and MA operators (polynomial 
matrices of the shift operator) of a BARMA 
form (left BARMA)

P(U), Q(U) denominator and numerator operators of a 
FMFD form (left FMFD)

P(U),Q(U) denominator and numerator operators of a 
BMFD form (left BMFD)

PAU)- QAU) denominator and numerator operators of a 
dFMFD form (right FMFD)

~PAU),QAU) denominator and numerator operators of a 
dBMFD form (right BMFD)

AAUA- BAU*) forward AR and MA operators (polynomial ma­
trices of the shift operator) of a dFARMA form 
(right FARMA)

aau*),bau*) backward AR and MA operators (polynomial 
matrices of the shift operator) of a dBARMA 
form (right BARMA)

H^QU^y)

w(t)
W(t)
W-(t)
w+(t)

forward innovation subspace 
backward innovation subspace 
forward generating noise process 
backward generating noise process 
forward innovation process with covariance P- 
forward generating noise process with covari­
ance P+

W-U) backward generating noise process with covari­
ance matrix P
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W+(t)

x(tf x(t)

x_(0),x+(0)

x_(0),x+(0)

W

P = E[x(t)xT(t)], Vr
~P = E[x(t)xT

p_ = E[x_(p)x’[(jy\yt 
P+ = E[x+(t)xl(t)]yt 
P^ = E[x^t)x'r_(t)]yt 

p+ = E[x+(t)xT+(t)]yt

W~(zf W+(z)

W_(z),W+(z)

(5.5)

5±5|X

X

XfuW
Xfdin1
N+ = Sb(H-f
N- = 5n(W+)x

D + Ca~'l-A)^B
D + C(zl-A)-' B
sen-

backward innovation process with covariance 
matrix P+
state vectors of a forward and backward state­
space representation, respectively
state vectors of a forward minimal and forward 
maximal state-space representation
backward maximal and backward minimal 
state-space representation
partial state vector of a dual (right) ARMA or 
MFD form
forward state covariance matrix
backward state covariance matrix
minimal forward state covariance matrix 

maximal forward state covariance matrix 
maximal backward state covariance matrix 

minimal backward state covariance matrix 
phase function
stable minimum phase and stable maximum 
phase spectral factor
antistable minimum phase and antistable maxi­
mum phase spectral factor
(invariant) subspaces generating Markovian 
representations
the subspaces 5 and 5 are conditionally orthog­
onal with respect to the subspace X
splitting subspace, state-space of a Markovian 
realization
the unobservable subspace of X
the unconstructible subspace of X
unpredictable part of 5
part of 5 which cannot be (backward) predicted 
from H 1
rational forward spectral factor
rational backward spectral factor
the subspace corresponding to the left ze­
ros with modulus larger than 1 of a forward 
realization
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SQH+ the subspace corresponding to the left ze­
ros with modulus less than 1 of a forward 
realization

Piy(H+)1 the subspace corresponding the the right ze­
ros with modulus larger than one of a forward 
realization

Abbreviations

SSR 
FSSR 
BSSR 
dFSSR

State-Space Representation
Forward SSR
Backward SSR 
dual-Forward SSR

dBSSR dual-Backward SSR
ARMA AutoRegressive Moving Average representation

FARMA Forward ARMA (left FARMA) representation
BARMA Backward ARMA (left BARMA) representation
dFARMA 
dBARMA

dual-Forward ARMA (right FARMA) representation 
dual-Backward ARMA (right BARMA) representation

MFD
FMFD
BMFD 
dFMFD

Matrix Fraction Description form 
Forward MFD (left FMFD) form 
Backward MFD (left BMFD) form 
dual-Forward MFD (right FMFD) form

dBMFD dual-Backward MFD (right BMFD) form



1. Introduction

1.1. Historical background

Research in the possible representations of stochastic systems and processes de­
veloped during the past more than 70 years in a relatively spontaneous way, based 
on different mathematical and conceptual approaches, almost in an evolutional y 

manner. . , ..
Considering the development of spontaneous feature, we may state that, besides 

statistical time-series analysis in economics as well as in other fields, the probabi ity 
theoretical approach invented by A. Kolmogorov and N. Wiener which evolved 
parallel at the start, after World War II became bifurcated into two descriptional 
approaches. These two directions are the general probability theory of stochastic 
processes, and the theory of stochastic dynamical systems with noisily measured 
output signals and possible stochastic and deterministic input excitations

The theory of stochastic linear systems, introduces primarily by N. Wiener and 
playing an ever growing role in signals, systems and control, had been, naturally, 
closely related to the results in the field of deterministic systems described by 
transfer functions (where major development can be traced duting tic 0 s), w uc i 
goes back to analysis of dynamical systems using complex function analysis elab­
orated by Bode, Nyquist et al. in course of the 30s, mostly using the feedback loop 
transfer function characteristics of the given control system. (In Appendix B an 
of Wieners famous book “Extrapolation, interpolation and smoothing of stationaiy 
time series”, N. Levinson gave heuristically a preliminary concept of stochastic 
systems, as well as a possible approach to system identification.)

The deterministic and stochastic linear dynamical system concepts developed 
this way jointly, were revolutionized by the new environment and system concept of 
Kalman, and the fiItering theory of Kalman-Buev, later by the Kalmaman realization 
theory, leading to the concept of state-space and system representation in state 

equation forms.
As worded by ./. C. Willems (Willems, 1991):

The development of the field of System Theory as a scientific discipline owes 
more to the vision and to the research work of Kalman than to that of any 

other individual.
We agree with Willems stating that the two most important concepts of 

Dynamical Systems are controllability and observability, i.e.
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*.... . ...... .......................... .
■~S=KXSSiX25...

~Xof “n,inuous ma,rix fract,w' de^d°" 'X'??**!” *”"** WaS '>*«*<’ mai* * British-

processes” (Rozanov, 1990). b k Stationary stochastic

s^s^ °f COn,r°' 'he0'y called "modem control", however the 
state space description got increasingly into the focus of nnMvdc

SSSSiSSS— 

s oTehhe <S "’ robUS' "“"S “nd co",ro,> b' o Xd 
using either state-space or matrix rational function (Hardy-space) formalism as 

explicitly OTTm^iady^ deH^ whiten meaSUraWe °UtpUt are -

..... ........................................................................................................................................

and fault detection tdtlOn °‘ S’gndi p,ocessing and *ately in change 
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processes, and the theory of time-series), as a result of which the statistical theory of 
linear systems emerged in parallel, the realization theory of multivariable stochastic 
systems was tried to be enframed first by two monographs, by Hannan and Deistler 
(Hannan and Deistler, 1988) and Caines (Caines, 1988).

The relationships between the internal type state space models describing the 
signals and systems and the realization and structural features of the input/output 
(i.e. external) type Matrix Fraction and ARMA models, as well as the equivalent 
system descriptions are studied very intensively. These results are related mainly 
to the realization theory of ARMA models playing an important role in applica­
tions, and the deduction of conversion (transfer) relations between the equivalent 
realizations, in any forms discussed above.

It is known that finite-dimensional linear systems have several equivalent rep­
resentations. For the sake of brevity, we refer to all these with the abbreviations 
common in the international literature:

— State Space Representation = SSR

— Matrix Fraction Description = MFD

— AutoRegressive Moving Average = ARMA

In the solution of problems in control theory, system identification, signal 
processing etc., there exists basically an adequate or favoured representation that 
fits mostly into the specifics of the task. For this reason, the results showing the 
conditions and system-features under which one representation can be transformed 
into another one, which is more advantageous and even necessary to achieve a 
satisfactory solution of a specific problem, are of importance.

The realization theory of stochastic processes and systems were dealt with 
Akaike (Akaike, 1974a; Akaike, 1976; Akaike, 1977), Faurre (Faurre, 1976), 
Lindquist and Picci (Lindquist and Picci, 1977; Lindquist and Picci. 1979; Lindquist 
and Picci, 1985b; Lindquist and Picci, 1990), Anderson and Kailath (Anderson and 
Kailath, 1979), Lindquist and Pavon (Lindquist and Pavon, 1984), Michaletzky and 
Tusnddy (Michaletzky and Tusnady, 1991), and the summary of the early results 
can be found in the 4th Chapter in Caines (Caines, 1988). The results of system 
and realization-theory were summarized by Willems (Willems, 1986a; Willems, 
1986b; Willems, 1987), and later (Willems, 1991), in a rather modern and abstract 
way.

At the earliest the statistical literature dealt with ARMA representations, mostly 
from estimation-theory point of view. Their applications in control-theory can be 
found in Aslrom (Astrom, 1970) first, and the same in system-identification in 
Eykhoff (Eykhoff, 1974), Fox and Jenkins (Box and Jenkins, 1970), Ljung and 
Sddestroni (Ljung and Soderstroom, 1983) and Ljung (Ljung, 1987).
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Literature in the 70s dealt primarily with the single-variable case (scalar pro­
cess) The structure of the ARMA models of multivariable (vector) processes, 
their parameter estimation were studied by Hannan (Hannan, 1976) Dunsmuir 
and Hannan (Dunsmuir and Hannan, 1976), Hannan and Kavalieris(Hannari and 
Kavalieris 1984), Clark (Clark, 1976), Ljung and Caines (Ljung and Caines, 1979) 
Deistler and Hannan (Deistler and Hannan, 1981), Gevers and Wertz (Gevers and 

Wertz 1984; Gevers and Wertz, 1987).
Naturally, the literature enumerated is not but a small fragment of the literature 

on the field. The special emphasis on them is due to their outstanding contribution, 
monographic character or the direct relation with the subject of the book.

By the early 80s the topologic and algebraic structures of finite dimension 
irreducible state space and matrix fraction representations, furthermore, the coi- 
respondence between their canonical (controllability, observability) forms became 
widely known. For this reason, it is rather surprising that the connections between 
the (deterministic and stochastic) ARMA and the SSR, furthermore, the; MF 
representations was studied first in the 80s only see Bokor and (Bokor
and Keviczky 1982), Wolovich and Elliott (Wolovich and Elliott, 1983), Gevers 
Severs’ >986). (Janssen. >987; Janssen. 1988c; Janssem !•

and Gevers (Deistler and Gevers, 1989), van den Hoj (van den Hof 1989)
Janssen (Janssen, 1988a), following the principle elaborated by Forney (Foi y, 

1975) for MFDs, derived the ARMA representations directly from a minimal poly­
nomial base of the right-hand side null-space of the system s extended (enlarged) 

t,JARMAlmodels derived in such a way had several unfavourable features sum­
marized by Gevers (Gevers, 1986). That is to say, in many system identification and 
control tasks the use of unique (canonical) ARMA representations is favourable, 

which feature does not hold for these models. bv the con-
The introduction of canonical state space representations definedI by the con 

structibility invariants, Bokor and Keviczky (Bokor and Keviczky, 1987), was an 

essential further innovation. . . .
By their help, it was proved that in case the system has no po e in the origin 

canonical ARMA model can always be given, which is uniquely deteimined by

results towards to the ARMA description of genera. 
st.K tasuc processes and systems needed some further considerat.on due to the 
fact that stochastic processes can be described with forward and backward state- 

be demonstrated that the canonical form of 
given process is uniquely deteimined space representations, as well. It can 

the backward ARMA representation of a o 
by the backward SSR observability invariants, while in forwaid ARMA case 
by the forward SSR constructibility invariants, see Bokor and
and Keviczky, 1987), Bokor, Keviczky and Banyasz (Bokor et al., 1989b, Boko.
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et al., 1989a). Naturally, the issue of the connections between various equivalent 
representations rises repeatedly, see also van den Hof (van ,en o , '

The first theoretical analysis regarding the “geometric construction of the 
forward and backward state-space representations is due primarily to L.ndqiuand 
Picci (Lindquist and Picci, 1977; Lindquist and Picci, 1979; Lindquist and Picci, 
1985a- Lindquist and Picci, 1985b; Lindquist and Picci, 1990) m the discrete time 
case Lindq^st and Pavon (Lindquist and Pavon, 1984), as wed as^ve'^ 
later by Michaletzky, see (Lindquist et al., 1995; Lindquist and Michaletzky 1997),

On the basis of these extended, as well as rather involved methods and 
approaches on the present stage, one may attempt to describe the complete meta 
system” of’the possible representations of stochastic systems in the narrow and 

^^representational metasystem in the narrow sense is meant by the most com­
plete possible description of the possible (external) input/output (matrix fi action and 
autoregressive moving average) and (internal) state-space representations uniquely

The description of a representational metasystem in the broader senseis meant 
by the unique definition of all the possible representations with vector white noise 

™ broader sense with vector white noise pair-groups), where 
eadi element"^ e a basic representation of the mpresentationa! metasystem) taken 

in a narrow sense can be uniquely defined from the ^Xs
or the vector white noise pair-groups. At the same time, the output processes can 
be reconst,noted (as to their statistical features) or. using our terminology, m tact 

re-presented from the vector white noise pairs. „.,n;rqiiv considered
The concepts introduced heuristically in the above can be organically considered 

the Representability Theory of the Stationary Stochastic Systems, due to then close 
reMon^X mathematical system theory principles. The above concepts are as 

follows:

- the representability, i.e. the description of the representations of all possible 
' . . i snace of linear stationary stochastic systems, and then

input/output and state space oi imcat

- re-presentability i.e. the re-presentation or reconstruction of the entire statis- 
fins’of "he output process, knowing only the vector white no.se processes 

related to the given representations.

Now let ns characterize shortly and draftly the essential features of this possible 

representability theory of stationary stochastic systems.wX ta» the natural approach, namely while observmg the output of 
the* itionary stochastic systems, we intend to explain the change m the specific 
md actual malizaiion of the stochastic output signals, processes, based on some 
generating mechanism. Thun we may apply the concept that the pnmary stat,st,cal 
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characteristics of the stationary output processes (in the broader sense) is given by 
the output covariance-function. Applying the filtering theory — i.e. generating every 
process from white noise - the general task in this case is to find the generating 
mechanism which results in the given or the wanted covariance statistics and output 
realization starting from white noise, based on some natural and general criteria.

In the case of multivariable systems, obviously, further problems emerge. The 
realization ot multivariable systems, in the case of stochastic processes of rational 
spectrum, demands some inner description of the system. Then, we intend to find 
the most concise parametrization reflecting the basic system features belonging 
to the state space of the finite dimensional systems’ equivalence classes. These 
will lead to the parametrization using system invariants which were introduced 
based on the four Kalman criteria, i.e. controllability, observability, reachability 
and constructibility. In harmony with the principle of state-space descriptions, the 
projections of the future of the output process to its past or to the past of an 
unmeasurable white noise input or projecting the past to the future space provide a 
method of determining the various system invariants.

It is obvious that the state-space (internal) and input/output (external) descrip­
tions will be given with the same invariants. Thus these descriptions are only the 
different outer forms of appearance of the essential system features.

Besides the representability theory of state space (internal) and the correspond­
ing input/output (external) models, the further representability problem deriving 
horn the white noise concept is how it is possible to generate the equivalent 
system description of the system invariants, while the white noise is not fixed. 
From mathematical point of view, this means the revealing of stochastic relations 
between certain white noise “representations”, types (e.g. forward, backward vector 
white noises), leading to the analysis of the all-pass transfer functions. In other 
words, besides the analysis of representability and the revealing of state space 
and input/output representations, the relations between those white noise processes 
which can “drive” them will be analysed.

Obviously, these two tasks closely “correlate”, since the white noise processes 
from the given output can be identified only by the help of the given state space 
and input/output representations. On the other hand, the relationships between the 
white noise processes, i.e. the phase and the all-pass functions describing this 
connection (both from structural and parametrical point of view) contain implicitly, 
in principle, the complete representation system, together with the ability of the 
re-presentability of the output processes from these white noise sources.

The book is aimed to at least partially give solution and explanations to these 
major and not clear-cut tasks, pointing out to the fact that we intend to represent 
system features, naturally unrecognizable “in themselves” because of the episte­
mological limit, but only through abstract notions. After all, the methodology of the 
book is determined by the preciseness and correctness of these abstract notions, and 
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the as much as possible definite provision of the relations between them - regarded 
Hom the above double aspect of representability.

It can be seen that under such sophisticated modelling circumstances only these 
at stiact concepts and paradigmatic frame can give the inevitable base of applying 
he empirical system identification procedures and stochastic control methods in 

the most different practical fields of modern science and technology

1.2. rhe method and structure of the book

Concretely, on the basis of the above preliminaries and aims we would like to 
give an introduction to the realization theory of stationary time series with rational 
spectral density in discrete time case with the main emphasis on the connection 
between the input white noises and the output signal. We also analyze the problem of 
the le-piesentabihty of the original time series from the connections of generating 
”h"= noises. On,- analysis forges .o^er the fi^wype approach Tending « 
weak realizations, the methods based on spectral factors advocated fora long time 

and geometric methods initiated by Wonham in deterministic setting 
and developed in the works of Lindquist and Picci for the stochastic case We also 
compare the state space equation, ARMA and MFD descriptions mainly using the 
ideas of Bokor and Keviczky. Although some parts of this book are well-known we 
wanted to give a comprehensive introduction of this important area.

In Chapter 2 we study the spectral representation of weakly stationary stochastic 
the SpeCtral decomP°sition of a unitary operator on

and the ^-decomposition. We also discuss the Kmnecke theorem assuring the 
rationality of the spectral density.

In Chapter 3 we define the various representations of stochastic systems. These 
include the state-space representations, ARMA and MFD representations with 

dual forms. Weak and strong state-space realizations of stationary processes 
are analysed, as well. We show how to construct the forward (backward) innovation 
rea ization as solutions of a ^/^-representation problem. The connections between 
vanous minimal state-space realizations are also discussed.
.. t Chapter * comPaies the various (canonical) parametrization possibilities of a 

i (ana ytic oi coanalytic, causal or anticausal) spectral factor using system 
invariants. It also shows how to transform the forward (backward) state-space 
representations into forward (backward) ARMA and MFD forms. The prob- 
em of controllability, observability, constructibility and reachability, and their 

ie ationships to the internal and external model types are also discussed in detail.
The splitting subspaces defining the state-spaces of minimal Markovian realiza­

tions are discussed in Chapter 5. We show that they can be used for the analysis 
o acausal spectral factors, when there is no specification on the pole structure of 
t ie corresponding transfer function. An immediate consequence of this fact is that 
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different spectral factors may share the same state-space. The zero structure of the 
spectral factors is also mentioned proving that it depends only on the state-space.

Chapter 6 deals with the characterization and factorizations of inner functions. 
We give a short “geometric” proof for the theorem proved originally by Fuhrmann 
and Hoffmann (Fuhrmann and Hoffmann, 1998) characterizing the inner factors 
in terms of solutions of a finite dimensional matrix equation (in some cases this 
equation can be transformed into a Riccafi-equation) and enabling us to generalize 
it to a statement concerning the ordering of these inner factors. These results - using 
the geometric argument - are also extended to the all-pass case. We show that the 
minimal all-pass factors of an all-pass function are characterized by the solutions 
of two simultaneous algebraic Riccati equations. Nonminimal realizations of these 
all-pass factors in terms of projections are constructed, as well.

The generalized Wiener-Hopf factorizations of a given all-pass function are 
considered in Chapter 7. This problem is connected with the reconstructibility 
question of the output process given a forward and a backward white noise in its 
state-space realizations. Especially, we show that if the all-pass function is minimal 
then the only factorization is determined by the forward and backward innovations 

of an output process.
Chapter 8 shortly summaries the possible canonical re-presentations of station­

ary stochastic processes. These canonical cases are obtained via using the extremal 
possibilities of the generating (input) white noises.



2. Spectral representation and Wold decomposition of 
stationary processes

In this chapter first we shortly outline the spectral representation of weakly sta­
tionary processes in discrete time using the spectral representation of the unitaiy 
operator determined by the “time shift . Then we introduce the notion ot spectial 
density and define the notion of full rank stationary processes. The connection be­
tween the dimension of the innovation subspace defined in the Wold decomposition 
and the rank of the process is analysed.

Let y(r), t eZ be a p-dimensional vector-valued stationary time series with 
zero mean. Denote

R(t) = E[y(s+t)y(s)T]. f € Z. (2.1)

the covariance sequence of y. Although we shall investigate only second order 
properties of y(t), t e Z, in order to facilitate the language we assume that the finite 
dimensional distributions of this time series are Gaussian ones.

It is well known that the sequence R(t), t e Z, is positive semidefinite, i.e.

^^(h -t/fz,- >0,

for all f|....... tn e Z, zi........ & Cp.

2.1. Spectral representation of stationary time series

An important notion is the spectral representation of y, which means that y(t) can 
be written as

7T

y(t) = j eia<J>(dk). (2-2)

-71

where <& is a stochastic spectral measure. There are several nice constructions 
leading to the definition of <t>. In our opinion the most elegant although not the 
most elementary one is based on the Stone representation theorem (see Rozanov 
(Rozanov. 1990)). This fils well to the geometric constructions we shall use later.

For the vector process y, denote ^(t), k = 1. p (r € Z) the coordinate 
random variables. Define H (y) as the closed subspace of L2(P) (i.e. a subspace 
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of the scalar valued random variableswhich are square integrable with respect to 
the probability measure denoted by P) generated by k = 1.......p, t € Z}1. 
Similarly

H~(y) = (Ms), *=1....... p. s <t)
= (yk(s). k = \....... p. s>t), (2.3)

where (.) denotes the generated closed subspace. Denote shortly

H+ = Hf(y). H- = H~(yY H0 = H(y). (2.4)

Observe that the definitions of the “ and + subspaces are not symmetric. This is a 
speciality of the discrete time case.

We also remark here that we shall apply these notations for arbitrary stationary 
time series not only for the process y.

There is a unitary operator U defined on the Hilbert space H^ for which

Uyk(t) = yk(t + V), k = \.......p.tel. (2.5)

The previous equation defines an isometric operator on finite dimensional sub­
spaces of H^ which can be extended isometrically to the closure of these subspaces. 
This extension is unitary. We shall call U as the shift operator, its inverse is the 
so-called backward shift operator. Since U is unitary it has a spectral representation

7T

u = I eiX U(dk). (2.6)

—iTT

where n(dk) is a projector-measure, i.e. for any Borel-measurable subset A C 
[-tt. tt], the operator fl (A) is a projection depending additively on A, and

n(A)n(A') = o. n(AUAj = n(A) + n(Aj.

if A IT A' = 0. (I.e. for disjoint subsets of [—tt. n | the ranges of the corresponding 
projections are orthogonal.) We obtain that

7T

U'= I ei,K U(dk). (2.7)

— 7T

Consequently
TT

yk(t) = U'ykW = J e"' n(dk)ykW. (2.8)

— TT

1 We might as well define the Hilbert space H (y) corresponding to the A-dimensional stationary 
process y as a subspace of P), this latter is the space of Revalued random variables with finite 
covariance matrix.
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Applying the projections FI (A) to the random variables vl- (0), k — 1. p, we 
obtain a so called stochastic spectral measure:

^.(A) = ntAlyndO).

or shortly the column vector

<D(A) = (^(A), k = 1........ p),

so
(2.9)

Introducing the matrix-valued set function

F(A) = £ Qn(A)y(0)][n(A)y(0)]

we can conclude that
IT

/?(?) = £[v(.s + r)yCv)7']= j ei,K Ffdk).

—IT

(2.10)

Obviously the matrix F(A) is positive semidefinite for every A C [—7T. tt]. It 
all components of F(A) are absolutely continuous then

(2.11)

is the so called spectral density. It is a matrix-valued function. For any A 6 [-K. t], 

f (A) can be defined to be positive semidefinite.

2.2. Spectral density and rank of processes

In order to make the picture more complete we list several definitions and theorems 
without proofs in connection with the spectral density, cf. (Rozanov, 1990).

DEFINITION 2.1. The p-dimensional process y is of rank q, if it has a spectral 

density /(A), —rr < A < jt, such that

rank/(A) = 4. (2.12)

for almost every k.
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DEFINITION 2.2. The p-dimensional process y is of full-rank, if it is of rank 
4 = P-

THEOREM 2.3. If the p-dimensional stationary process y is of rank q, then it has 
the representation

+oo

y(D = 52 g(t-x)w(s)= £2 g(s)w(t-sT (2.13) 
oo ,v=—oo

where w(s), s G Z is a q-dimensional stationary process with zero mean and with 
components in Ho = H (y). Moreover

cov(w(t). w(s)^ = IqSKs. (2.14)

Also

,/U) = —^(A)<p*(A), (2.15)

where 
+oo

<PW = 52 ^e~'Sk (2.16)
.v=—oo 

and 
—7-------E= (p (a .

In this case 
7T

R(t)= I e^fMdk. (2.17)

— TT
Observe that <p(-k) is the discrete Fourier transfrom of the sequence g(sf 

s G Z.

DEFINITION 2.4. The q-dimensional stationary process w with zero mean is 
called white noise process, if it satisfies equation 2.14.

An important subclass of the stationary processes is the set of stationary pro­
cesses with rational spectral density, i.e. when the component functions of the 
matrix-valued spectral density fM, —tc < X < n are rational functions of e~'k. 
The spectial analysis of these processes can be based on the following lemma.

LEMMA 2.5. Every (scalar-valued) nonnegative function f(k), which is rational 
in e can be written in the form

/(A) = —iL (2.18)
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where — with the substitution z = —

II III
P(z) = ^ykzk. Q^ = ^kzk 

k=U k=0

are polynomials ofz. without zeros inside the complex unit circle.
Moreover, if f(k) = f(—X), then the coefficients of P. Q can be chosen real 

numbers.

REMARK 2.6. Equation 2.13 can be interpreted (see e.g. the control egineering 
literature) such that the process y(t) is generated as the output of a linear filter 
driven by the white noise process w (t), see Figure 2.1. The filter “impulse response ” 
function is given by

+oo

</>(£/)= £2 (2.19)
5=—OO

and the filter “transfer function " is given as

+ 00

</>(z) = ^2 • (2.20)
,V=-OO

The function (f(e~lK) (i.e. replacing z. = e~a) is called usually the filter frequency 
function. The relation between the spectral densities of driving and that of output 
processes (called Wiener-Hintchin formulae) can he illustrated as shown on Figure 
2.1.

Figure 2.1. 1 he generation of the process v(r) and its spectral density applying the filter with impulse 
response 0(C)

In the multidimensional case, when f is a p x p matrix-valued function which 
is rational in e a and positive semidefinite for a.e. A the representation 2.18 has 
the form

fW = . (2.21)

where the elements of B are rational in z = e and analytic inside the unit circle. 
An important observation is that the equation 2.21 does not define the function B 
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in a unique way, because for any rational function U (z) which is analytic inside the 
unit circle and for which

U U* (e~^ = I a.e. (2.22)

holds we get the factorization

fW = U (e^) [B U (e " )] .
2?r

(Let us remark that in the system engineering literature it is more common 
to use the substitution z — elk instead of z = e~'^ applied here. Accordingly, in 
that literature the terminology analytic function - without explicitly specifying the 
domain - refers to functions being analytic out of the unit circle. The convention 
applied here is in coherence with the usual terminology used in complex function 
theory. Thus, using the phrase analytic function - without explicitly defining the 
domain - we refer to functions which are analytic inside the unit circle. Furthermore, 
coanalytic refers to functions which are analytic out of the unit circle. Because of 
this unfortunate circumstance we usually define explicitly the domain where the 
function is analytic. Moreover, sometimes we use the expression causal function as 
a synonym to analytic functions, and anticausal function as a synonym to coanalytic 
functions.)

DEFINITION 2.7. The q x q rational matrix function U(z), z e C, which is 
analytic inside the unit circle and satisfying the equation 2.22, i.e.

U I a.e..

is called rational inner function.

In the one-dimensional case the general form of a rational inner function is

the so-called finite BLtscA^-product. Observe, that this function has zeros at Zk, 
k = 1........ /, i.e. inside the unit circle and poles at zj 1, i.e. outside of the unit circle.
So the multiplication with this function may eliminate some zeros of modulus larger 
than one and produces its “mirror images” as zeros inside the unit circle. Later on in 
Chapter 6 we give a characterization of the matrix valued rational inner functions.

Returning to the factorization 2.21, since B(z) is analytic inside the unit circle 
the function

7T

= y ^B^) dk (2.23)

— 7T
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is zero if t < 0, consequently

= (2’24)
z=o

This gives that in the representation 2.13

y(t) = ^(t - s)w(s) = ^gO)wf - s), (2.25)

where w is an appropriate white noise.
The following theorem characterizes the rationality of the spectral density in 

terms of the covariance sequence Rf), t & Z. In order to formulate the theorem we 
need the notations below. For arbitrary n.m 6 N denote

"/?(!) RO) RO) •••

RO) RO)

RO)

R(m)

R (n + m — 1) _

A matrix having the structure above is called block-Hankel matrix. 
Also denote by H the infinite dimensional block-Hankel matrix:

' R(\) RO) BO) ■■■

RO) RO)

RO)
(2.26)

THEOREM 2.8. (Kronecker) The spectral density of a stationary time series y(t), 
t e Z. is rational if and only if

sup [rank < oo. 
n.m

O-Tl)

Let us introduce the quantity

rank df = sup [rank • 
11. Ill

Note, that the matrix dd is infinite dimensional, thus - without any further 
elaboration we might consider rank.'// only as a notation.
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Thus the Kronecker’s theorem can be stated as the finiteness of rankJF is 
equivalent to the rationality of the spectral density.

2.3. Regularity of stationary processes. Wold decomposition

We are going to show that rank dT can also be described as the dimension of the 
range of an appropriate linear operator. To this aim let us analyse the structure of 
the subspaces H, (y), t e Z. Obviously

U Hf (y) = Hf+fy).

U* H^y) = H^y) 

and
^+1 (y) D H~(y). H+^y) D H+(y).

Especially H (y) is invariant under the backward shift U*, //+(y) is invariant 
under the (forward) shift operator U.

DEFINITION 2.9. The process y is deterministic (or singular) if

REMARK 2.10. If the equality holds for at eZ then it is valid for all t € Z.

DEFINITION 2.11. The process y is nondeterministic (or regular) if

^~(y) / ^+i(.y)-

for some 1 eZ (and consequently for all t € Z).

DEFINITION 2.12. The process y is purely nondeterministic (or completely 
regular) if 7

= p| Hf(y) = {0}. 
/

These properties can be characterized in terms of the spectral measure. The 
following theorem was proved by Kolmogorov. (See Caines (Caines, 1988).)

THEOREM 2.13. Assume that y is a full rank process. Then it is purely 
nondeterministic if and only if its spectral density f satisfies

n
/ logfdet f (X)l dk > — oo. (2.28)
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Let us observe that H^iy) is U and U* invariant, i.e. the restriction of U to 
this subspace is a unitary operator. It can be proved, that it is the maximal subspace 
of H with this property.

In general, the following decomposition holds

= (2.29)
n>0

where
D = H~ Q U*H~,

is the innovation space. This is the so-called Wold—Kolmogorov decomposition.

DEFINITION 2.14. The restriction of the operator U* to the subspace is 
called restricted shift operator and denoted by S.

I.e. 5 is considered as an operator from H to H . It is obviously an isometric 
operator. Its adjoint is

S* = Prw- U,

where Pr/y is the projection to H~. Observe that D = kerS*. If y is purely 
nondeterministic then

H~ = ^U*"D
n>»

and
+oo

hq = £ U*"D-
n=—oQ

Obviously, dim D < p.
Now let us choose an orthonormal basis in D. Denote its elements by wy(—1), 

i — ....... q (q = dim D) and define

Wj(f) = Ul+' Wj(— I). t € Z.

I hese vectors form an orthonormal basis in Ho, and the process w(t), t € Z, 
is a white noise process. The vectors y(t) can be written as linear combinations 
of these vectors. Due to stationarity we obtain the following representation (Wold 
decomposition):

y(t) = g(t-s)w(s). (2-3°)
,V=—OO

(cf. equations 2.13 and 2.25). This means also that y(f) is generated by a causal 
filter.
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Observe, that any process with the representation above is purely non- 
determ inistic, because

fifty) c Hf(w) (2.31)

and f~) Hf(w) is orthogonal to the vectors wfs), / = 1.......q, s G Z, consequently 
t

Qh,-(w) = {0}.

Let us mention that in the present case, when we have constructed w(t) using 
the subspace D, we have that Hf(.w) = Hf(y), but to assure that y is purely 
nondeterministic only the inclusion Hf(y) c Hf(w) was needed.

THEOREM 2.15. If the purely nondeterministic process y is of rank q, then 
q = dim D, where D = H~ © U*H~.

Proof. Let q' = dim D. Theorem 2.3 shows that if y is of rank q then it can be 
written as

+00

A =—00

(see equation 2.13), where w is a <7-dimensional white noise process the components 
of which are in H (y). Consequently the vectors w /(s), j = 1....... q,s&1 generate
H(y). moreover they form an orthonormal basis in it.

Also the process w(t), t g Z, constructed earlier via choosing first an or­
thonormal basis in D, then shifting it, determines another orthonormal basis in 
H(y).

r 
y(t) = 72 g(t-s)w(s).

,v=—oo

(See equation 2.30.)
It follows that the spectral density of y can be written as

f(V = ~B(e-iX)B'

where
OG

B(z) = ^y(k)-k
*=0

is a p x q' matrix function, thus the rank of f cannot be larger, then the size of B, 
i.e.

(2.32)
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On the other hand the elements of the process w can be expressed as linear 
combinations of the values of w

+00 

w(t) = c(t — s)w(s).
.V = -OO

But the spectral density of w is Z(/'/2tt, so

z<r = C C* . (2.33)

where
+oo 

cu) = yy c(k)<k. 

k=—oo

The matrix function C is of size q' x q so comparing the ranks of both sides we 
get that

which together with the inequality 2.32 leads to the equality q = q'.
■

Observe that the function C should be a square-matrix function satisfying the 
equation 2.33 which is identical to equation 2.22 in the definition of inner functions 
except that in the present case it is not necessarily analytic inside the unit circle.

DEFINITION 2.16. A q' x q matrix function C satisfying

C (e~iX) C* = fy

is called all-pass function.

Observe that if q' = q = 1 then the transformation defined by the coefficients of 
an all-pass function as

OO

£2
t=—oo

where
oo

C(z) = £ c^'
l=—oo

maps an orthonormal basis into another one, so in geometric terms it is an orthogonal 
transformation.

Notice that with some care this can be generalized to the case when q, q' are 
arbitrary. We do not want to go into details but let us point out that this generalization 
is not straightforward due to the fact that, when C is a matrix valued function then 
the underlying Hilbert space on which the corresponding operator is defined should 
contain ^-dimensional vectors as its elements.





3. Purely nondeterministic stationary processes with 
rational spectral density

In this chapter the basic representation possibilities of the various spectral fac­
tors are considered, namely state-space representation, ARMA type, MFD type 
representations with their dual forms. Let us point out that similarly to the gen­
eral state-space representations no assumptions concerning the zero structure are 
prescribed in the ARMA and MFD case, as well. After this weak- and strong 
state-space representations are analysed in detail, starting from the factorization 
of the Hankel matrix defined by the covariance sequence of the stationary process 
and presenting the matrix inequalities introduced by Faurre. But continuing the 
analysis of these inequalities we present a solution of the strong state-space realiza­
tion problem, constructing the state vector process using the Riesz representation 
theorem of linear functionals. Forward and backward state-space representations, 
and a transformation formula between them are considered. We close this chapter 
with the so-called inner product representation enabling us to construct forward and 
backward state vector processes at the same time. The basic observation behind 
this construction is that the factorization of Hankel matrix is nothing else then 
expressing the elements of this matrix, which are bone fide covariances, i.e. scalar 
products in a Hilbert space as scalar products of finite dimensional vectors.

In the sequel we shall analyse the structure of purely nondeterministic stationary 
processes with rational spectral density having full rank. As we have seen they can 
be expressed as linear combinations of the elements of a white noise process w. The 
coefficients in these linear combinations determine the so-called transfer function,

OO
z <3j)

k=-oo

(cf. equation 2.16) or in our case a (left) spectral factor of the spectral density f 
(cf. equation 2.15). If

H^(y) C 

then the corresponding coefficients are zero for the negative indices, thus we get an 
analytic (inside the unit circle) spectral factor:

OO

Balz') = (3.2)
*=()
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If

then
co ()

y(r) = ^g(t-s)w(s) = -s) (3.3)
■'=' — oo

thus
0

B(-aU)= 77 (3.4)
k=—oo

is analytic outside ot the unit circle, it is a so-called coanalytic spectral factor. The 
terminology expresses the fact that B* (where B*(z) = B(z~1)') is analytic inside 
the unit circle.

Instead of analytic (coanalytic) spectral factors sometimes we use the terminol­
ogy causal (anticausal) spectral factor. These notations are related to the following 
situation. In case of analytic transfer function the value of the process y at t is 
generated from the past (with respect to t) of the white noise w and this is called 
as the causal situation. If the transfer function is coanalytic, then the corresponding 
value y(f) is generated from the/umre of w(t) leading to the anticausal case.

In the general case when the coefficients in the linear combination in equation 
3.1 produce a double infinite series, then they define an acausal spectral factor.

3.1. Parametrization of spectral factors (ARMA, MFD, state-space 
representations)

We are going to introduce several types of possible parametrizations of the spectral 
factois. Let us mention that usually they do not provide a minimal set of parameters, 
i.e. they give an overparametrization of the set of stationary time series with rational 
spectral density. (For various types of minimal parametrizations see Ober (Ober, 
1996) and Hanzon and Ober (Ober and Hanzon, 1997).)

The spectral factors can be written in state-space equation forms (SSR), in 
autoregressive-moving average (ARMA) form, in matrix fractional form (MFD) 
and in dual ARMA and dual MFD form, as well.

These notions can be defined directly as forms of the spectral factor, but also 
using the stationaiy process y and a white noise process w. We start with this 
second possibility.
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3.1.1. State-space representations (SSR)

If there exists a stationary process x(t), t e Z such that the equations

x(t + 1) = Ax(t) + Bw(t)
(3 5) 

y(t) = Cx(t) + Dw(t)

hold, where A is a stable matrix, i.e. its spectral radius 0(A) < 1, and w(t + 
+ 2),... are uncorrelated with x(t).x(t — 1),... then the system 3.5 defines 

a (forward) state-space representation of v. In this case the process x is the so-called 
state process. From the first equation - state-equation - we get that

k
x(t) = Akx(t-k) + ^jAi-'Bw(t-j). (3.6)

j=i

Taking the limit k —» <x>, using the stability of A we get that Akx(t — k) —» 0 in 
Li sense, so

r-l
x^= 52 A'~S~'Bw(s). (3.7)

.V=—OO

The second equation - observation-equation - gives that

«-i
y(t) = Dw(t)+ 52 (3.8)

.V=—OO

The corresponding spectral factor is
OO

D + 52CA'~'Bz' = D + C(z~lI- Ay' B. (3.9)

The stability of A ensures that the poles of this spectral factor are outside of the 
unit circle, i.e. we have got an analytic spectral factor.

Figure 3.1 represents the flow-diagram of a forward state-space realization.
In a symmetric way, if w(t), t e Z is a white noise process, x(t), t e Z, is a 

stationary process such that the equations

x(t) = Ax(r+ 1) + Bw(r)
(3-10) 

y(t) — Cx(t + 1) + Dw(t)

hold, (A js again a stable matrix, but now the variables w(t),w(t — 1),... and 
x(t + 1). x(t + 2),... are uncorrelated) defining a so-called backward state-space 
representation, then they lead to the infinite series representation

oo

y(t) = Dw(t)+ ^2~CAs~'~'bw(s) (3.11)
,v=/+1
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Figure 3.1. The flow-diagram of a forward state-space realization

Figure 3.2. The flow diagram of a backward state-space realization

determining to the spectral factor
OO

D + ^CA1 ' Bz~j = D + C(zI-A)~'~B. (3.12)
7=1

This is a coanalytic spectral factor.
Figure 3.2 repiesents the flow-diagram of a backward state-space realization.
As we shall see later in various situations it is natural to consider a common 

generalization of forward and backward state-space realizations. So consider the 
system of equations

x\(t 4-1) = Api (/) + B\ w(t)

A‘2(f) = A2x2(t + 1) + B2w(t) (3.13)

v(O = C|X|(r) + C2X2(f) + £W)

where A,, A2 are stable matrices. From this we get the representation
' ~ 1' 00

y(t) = Dw(t) + 22 CiA'"' 'BiwCOT £2 ' '~B2w(s) (3.14)
.v = — OO .v=r+l 
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defining an acausal spectral factor

D + C| (z-1 / — Aj)-1 B| +C2(zI -A2y'^2- (3.15)

Let us remark that equations 3.5, 3.10 and 3.13 determine state-space represen­
tations or in other words realizations of the process y(t), t e Z. At the same time 
when we use the terminology state-space realization without explicitly specifying 
whether it is forward, backward.or general representation then we refer to forward 
state-space representations.

3.1.2. ARMA REPRESENTATIONS

The autoregressive-moving average (ARMA) representation can be described as 
follows:

y(t) +a\y(t — 1) + ... + any(t — n) =

bow(t) + biw(t - 1) + ... + bmw(t - m), (3.16)

where «1.......bo...............bm are matrices. Forward ARMA representations relate 
the most recent past elements of y(t) and w(t) at a given t.

Introducing the matrix polynomials

/ + al:z + ... + anz" = A(z) 

bo + b\z +... + bmz"' = 5(z)

we may write shortly

A(U~')y(t) = B(U-')w(t). (3.17)

where U 1 is the backward shift operator. The corresponding spectral factor can 
be written as

A(e~^y' B(e~tk). (3.18)

Obviously, for arbitrary a,. a„, bo,.... bm matrices the ARMA equation 3.16 
may not have a stationary solution.

DEFINI HON 3.1. The representation 3.16 is called forward ARMA (FARMA) 
representation, if the spectral factor A(zd~1 B(z) is analytic (inside the unit circle), 
in other words it is causal.

DEFINITION 3.2. The representation 3.76 is called backward ARMA (BARMA) 
representation, if the spectral factor AW' B(z) is coanalytic (i.e. analytic outside 
of the unit circle), in other words it is anticausal.
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3.1.3. MFD REPRESENTATIONS

Similarly to the representation 3.16 we may consider the equations:

.v(O + «iy(r+ l) + .., + any(r+n) =

^<)U;(0 + b\w(t + 1) + ... + bmw(t + m). (3.19)

where a'.......................... are matrices. This is the so-called matrix fractional 
description (MFD). Thus the MFD representations relate the most recent future 
elements of y(t) and w(t) at a given value t.

Introducing the matrix polynomials

/ +«iz + = P(z)

bo + b\z + ... + bmzm = 2(7)

we may write shortly
P(U)y(t) = Q(U)w(t), (3.20)

where U is the forward shift operator. The corresponding spectral factor can be 
written as

(3.21)
Obviously, for arbitrary a,. a„, bo........ bm matrices the MFD equation 3.19 

may not have a stationary solution.

DEFINITION 3.3. The representation 3.19 is called forward MFD (FMFD) repre­
sentation, if the spectral factor is analytic (inside the unit circle),
in other words it is causal.

DEFINITION 3.4. The representation 3.19 is called backward MFD (BMFD) 
representation, if the spectral factor P(z~'y'Q(z~[) is coanalytic (i.e. analytic 
outside of the unit circle), in other words it is anticausal.

3.1.4. Dual ARMA and mfd representations

To define the dual representations we should consider another weakly stationary 
process denoted by f(t), t e Z, E^t) = 0. Both the output process and the input 
process are described using this auxiliary process.
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3.1.4.1. Dual ARMA representations
The dual ARMA representation is defined by the following equations:

y(t) = ao^(t) +a^^(t — I) +... +an^t — n)
(3 2?) 

w(D =h^(t) + b^(t- D + + -m).

where fl(j. a\.......a„, bn........ bm are matrices, ^(t), t e Z is a q-dimensional weakly 
stationary process, called the partial state, E^(t) = 0.

Introducing the matrix polynomials

ao+aiz + ... + artz" = Ad(z)
(3 23) 

bn + biz + .-. + b,,,^" = Bd(z)

we may write shortly
y(r) = Aj(t7-‘)^(r)

where U 1 is the backward shift operator. The corresponding spectral factor can 
be written as

A.i^-'^B.^e-'^y' . (3.25) ’

DEFINITION 3.5. The representation 3.22 is called dual forward ARMA 
(dFARMA) representation, if the spectral factor Ad(z)Bd(Zr' is analytic (inside 
the unit circle), in other words it is causal.

The Figure 3.3 compares the forward ARMA and dual forward ARMA

Figure 3.3. Forward ARMA and dual forward ARMA representations of the process y. The process 
f is the partial state process

DEFINITION 3.6. I he representation 3.22 is called dual backward ARMA 
(dBARMA) representation, if the spectral factor A^B^zY4 is coanalytic (i.e. 
analytic outside of the unit circle), in other words it is anticausal.
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3.1.4.2. Ducil MFD representations
Similarly to the representation 3.22 we may consider the equations:

y(t) = ao^(t) +a\^(t + 1) + .. , + a„^(t + n)
(3.26) 

w(t) = bo^(t) + b\^(t + 1) + ... + bm^(t + in),

where aQ. «|.......a„, bo........ bm are matrices, ^(t), t € Z is a <7-dimensional weakly
stationary process, E^(t) = 0. This is the so-called dual MFD form.

Introducing the matrix polynomials

+ a\z + • • • + a„z" = P<t& (3 27)

bo + b\? + ■■• + bmz'" = Qd(z)

we may write shortly
vW = Wt/W) 028)

wU) = UUW.

where U is the forward shift operator. The corresponding spectral factor can be 
written as

Pd^Q^e^. (3.29)

DEFINITION 3.7. The representation 3.26 is called dual forward MFD (dFMFD) 
representation, if the spectral factor P(t(z~l)QdU~lr' is analytic (inside the unit 
circle), in other words it is causal.

DEFINITION 3.8. The representation 3.26 is called dual backward MFD 
(dBMFD) representation, if the spectral factor Pd(.Z~')Qd(z~')~i is coanalytic 
(i.e. analytic outside of the unit circle), in other words it is anticausal.

As we have seen the connection between the input white noise process and the 
output stationary process can be written in various ways. First we analyse the state 
space representations. An obvious necessary condition to have an SSR is that the 
following inclusion should hold

Ho = H(y) C H(w).

In the next section we prove that if this condition is fulfilled then it is always 
possible to construct a state-space representation. If in addition the connection

H~(y) C H~(w)

holds then we get an analytic or causal spectral factor. Similarly, if

H+(y) C H+(w)
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holds then we obtain coanalytic or anticausal spectral factor.
In general, there are several state-space descriptions of a stationary process. The 

state-space can always be enlarged because in the observation equation defining 
the matrix C in an appropriate way we can nullify the unnecessary parts of the state 
vector. This raises the question of minimality of state-space representations.

DEFINITION 3.9. A state-space representation is called minimal, if the dimension 
of the state vector is minimal afnong all state-space descriptions, generating the 
same output process.

As we shall see in the next sections the minimality effects on the one hand the 
possible choice of the input white noise process and on the other hand the actual 
state-space description of the corresponding spectral factor.

3.2. Weak state-space realizations

Let us first consider the second-order connections between the various elements of 
a causal state-space representation.

x(t + 1) = Ax(t) + Bwf)

y(t) = Cx(t) + Dw(t).

Denote
P = £[x(r)x(t)7]. (3.30)

Then

E[x(t + k)x(t)T] = AkP, k>0

E[y(t + k)x(t)T] = E[(Cx(t+k) + Dw(t+k))x(t)r] =

= CAkP, k>0 
—

E[y(t-k)x(t)T] = E (cx{t—k) +Dw(t■

k \T'
(Akx(t — k) + '^A'~lBw(t ~ 

j=A

= (CPAT + DBr)(AT)k~\ k>]

£[y(r).yU - k)1] = CAk~' (APCT + BDr) = R(k), k > 1
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= CPC' + DD1

£[*(? + l)x(r + I)7] = P = APAT + BBr.

Let us introduce the notation

G = APC1 +BDt.

We have obtained that

R(k) = CAk~'G. k>]

R(0) = C PCr + DDt (3.31)

P = APAT + BBt .

Let us analyse first the so-called L/apH/iov-equation (in discrete time case)

P — APA'+BB'. (3.32)

together with its stochastic counterpart

x(t + 1) = Ax(r) + Bw(t). (3.33)

LEMMA 3.10. If q(A) < 1 then the stochastic equation has a stationary solution 
for which uft). w(t + I),... are uncorrelated to x(t),x(t — 1)....

Proof. Obviously the series 

/ 
x(G= A,^~'Bw(s) 

.v=—oo

is convergent in L2-sense and gives a solution of the equation. 
■

REMARK 3.1 I. This solution is unique since from the equation 3.33 it follows 
that 

k
x{t) = Ak xf - k) + Bwf - j) (3.34)

7=1
and Var(Akx(t — k)) = Ak P(A ' )k —> 0.

LEMMA 3.12. If BB1 > 0 then for any matrices P. A satisfying the Ljapunov- 
equation 3.32 we have that P > 0, q(A) < \.

Proof. Since P > BB1 we obtain that P > 0. Consider now a left eigen-vector 
of A:

kz1 =z' A.
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Then
z' Pz = zJ APA^ + z1 BBrz

so
(1 -\M-yJPz = z' BBrz > 0.

proving that |A| < 1.

■

LEMMA 3.13. If there exists a purely nondeterministic solution xf), t eZ of the 
equation 3.33, for which P > 0 then q(A) < I.

Proof Let X be a left eigenvalue of A. Since for any non-zero vector z we have 
that z Pz > 0 we get that |X| < 1. On the other hand

Pr//, = A'^x^s)

which tends to zero in view of Q Hf(x) = {0}. This implies that 
.V

A1 P (A1)' —> 0, if / —> oo.

P is positive definite, so q(A) < I.

Let us denote by

Cn(A. B}— [B. AB....... (3.35)

LEMMA 3.14. If for some N the matrix CN(A, B) is of full rank, then P > 0.
Proof. Iterating the Ljaptrnov-equation 3.32 we get that

P = An+[ P (Ar)N+\ BBr + ABB1'Ar +... + AnBBr (Ar}N

= An+{P+ Cn(A. B)1.

Since the last term is nonsingular we get that P > 0.

Assume that A is an n x n-matrix. The Cayley—Hamilton theorem gives that 

>ankt\(A. B) = rankC«(A, B). if N > n.

DEFINITION 3.15. The pair (A.B) is controllable2 if

 rankC'aA.B) =n. (3.37)
I he lei minology < ont ml table is connected to deterministic systems. Namely, let us consider the 

system

*(/ + 1) = A.\(t) +Bu(t)

V(0) = A0
(3.36)
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Let us remark - without proof - the following theorem which describes the 
connection between the number of positive and negative eigenvalues of P and the 
number of eigenvalues of A inside or outside of the unit circle.

Assume that the L/apunov-equation 3.32 holds, where P = P1. For the sym­
metric matrix P let us denote by n(P), v(P), 8(P) the number of positive, negative 
and zero eigenvalues of P. For the matrix A tr(A), v(A), 3(A) denote the number 
eigenvalues of A outside of, inside of and on the unit circle. The main part of the 
following theorem was proved by Glover (Glover, 1984) in continuous time setting 
which can be transformed to our discrete time case via the Coy/ey-transform.

THEOREM 3.16. (Cf. Glover (Glover, 1984)) Consider the Ljapunov-equation

P — APA'+BB', P — P1. (3.38)

/. There exists a unique solution of 3.38 if and only if kj(A)Xj(A) / 1 for all 
pairs of eigenvalues Tj(A), A/(A) of the matrix A.

2. If8(P) = 0 (i.e. P is nonsingular) then n(A) < v(P), u(A) < Jt(P).

3. If 8(A) = 0 then n(P) < v(A), v(P) < n(A).

4. If the pair (A, B) is controllable, then n(A) = v(P), v(A) = 7t(P), 5(A) = 
8(P) = 0.

5. Tt(P) + v(P) > rank C„(A. B).

6. Ifn(A) = n then tr(P) = 0.

7. Ifv(A) = n then v(P) = 0.

As we have seen the existence of a causal state-space realization implies that 
R(t) can be factorized as

R(t) = CA'~'G, t>\. (3.39)

(cf. equation 3.31)

where .vo 6 R" is the initial state, u(t). t 6 1 is a deterministic input sequence.
The system 3.36 is called reachable, if for any state vector a e R" there exists a finite sequence of 

input vectors, such that using the initial condition ao = 0 we can reach the prescribed stale a in finite 
time.

The system 3.36 is called controllable, if for any state vector a e R" there exists a finite sequence 
of input vectors, such that using the prescribed initial condition aq = a we can control back the 
system to the origin in finite time.

The condition 3.37 is equivalent to the reachability of the system. But because of historical reasons, 
in that case the pair (A. B) is called controllable.
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THEOREM 3.17. The covariance sequence R(t) of a stationary stochastic process 
y(f), t € Z can he written in the form of equation 3.39 if and only if rank(3f) < oo.

Proof If there exist matrices A, C, G of size n x n, p x n, n x p solving 3.39 
then

R(l)/?(2)... R(m) 
7? (2)

R(k) R(m+k—V)

[G AG ... A'"-‘G]

(3.40)

Since C,n(A. G) has n rows we obtain that

rank m < n, for all k, m.

So
rank 3f <n.

Assume now that rankJf = n < oo. First we show that there are matrices 
M\. Mt. ... of size p x n and V|. VS ,... of size n x p such that

3dk.ni = GkCm, for all £. m > 1.

where

Cm = [V|,V2,...,V„,]

Gf = [m{'.mL...,M[].

fo this aim let us choose a number I such that

n = rank 7/// = rank3dk.m for all k, in > I. ’

Let us factorize the matrix Mp as

= G,Ch

where C/ has exactly n rows. This can be done for example choosing first a maximal 
lineally independent set of row vectors of 3dp and they form the rows of C/. 
1 hen every row of 3fu can be written as linear combinations of the rows Cp The 
coefficients in these linear combinations form the corresponding rows of 0/.

1 his construction can easily be extended because if k > I then all row vectors of 
^k.l are linear combinations of the rows of C/ determining in this way the rows of 
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(9^. Obviously the columns of (9^ form a basis in the linear subspace generated by 
the columns of ^.wl. Writing each column as a linear combination of these vectors 
forming the basis we get the corresponding columns of C/.

Of course another possibility would be first to choose a linearly independent set 
of column-vectors of 'Ku they form the matrix 0/ and the elements in the columns 
of C/ determine the appropriate linear combinations of these column-vectors to 
produce an arbitrary column of K]/.

Forming the p x n, n x p block matrices in Cm. O/ we get the sequences 
Mh M2.......V|. V2........

It remains to show that the equations

Mk = C Ak~\ Vk = Ak~'G. k>\

can be solved. Define
C = M\. G = V,.

The column vectors of 0/ form a basis in the space generated by the column vectors 
of Hij+\. Especially, every column vector of

R(2) ... R(l+\)

R(l+\) /?(2/+l)

M2

M/+i

is in this subspace. Consequently

M2
range (9/ D range

Thus there exists a unique n x n matrix A for which

in other words

So

M2
OtA = :

Mi+i = MjA, j = ]....... I.

Mi=CA'-'. ./ = !........ /+!.

This argument can be repeated for any k > /. The uniqueness of the solution 
guarantees that we get always the same matrix A. I.e.

7>l.
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implying that
R(k) = CAk~'G. k>\.

Similar argument works on the matrices Cj, j > I. From the uniqueness we can 
conclude that

V^A'-'G. j>\.
■

Observe, that the actual form of the matrices C, A, G depends on the choice of 
the factorization

Mil = G/C/.

Under the minimality of the number of columns in 0/ this is unique except a 
nonsingular transformation TC/. This gives that C, A. G are unique except 
the transformation CT~l, TAT~', TG.

In the previous construction

rank C; = rank C; (A, G) = n. j > I ■

so the pair (A, G) is controllable. Also introducing the notation

Gj(A.C) =

C 
CA

CA'-'

we obtain that
rank <9Z = rank Oy (A. C) =n, (3.41)

In this case we say that the pair (C, A) is observable3.
Since the size of the matrix A gives the dimension of the state-space it follows 

that this dimension is always at least n = rank JF.

The expression observability is again connected to deterministic systems. Namely, let us consider 
the system

x(t + I) = Ax(t) + Bu(t)
ytt) = Cx(t) (3.42)
x (0) = X()

where xq 6 R" is the initial condition.
The system 3.42 is called observable if for any unknown initial vector xq 6 R" observing the 

output lor a long enough, but finite time the initial condition can be determined, assuming that the 
input sequence «(t) is known.

I he system 3.42 is called constructible if for any unknown initial vector xy 6 R" observing the 
output lor a long enough, but finite time the value of the slate variable at the end of the observation 
period can be determined, assuming that the input sequence »(/) is known.

C ondition 3.41 is equivalent to the constructibility of the system. But because of historical reasons, 
in this case the pair (C, A) is called observable.
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Let us fix the matrices C, A, G. In order to get the other matrices in the 
state-space equations it remains to solve the equations

P = APAr + BB7

G = APC7 +BDr 

R(0) = CPC1 + DD7.

for B. D and P.
Equation 3.43 can be written as follows

P — APA1 G-APCt 

Gr -CPAt R(O)-CPCt

(3-43)

[Bt d7|B
D

The right hand side is positive semidefinite. Moreover every positive semidefinite 
matrix can be factorized in the form above. So it is enough to solve the following 
matrix inequalities

M(P) >0, P > 0. (3.44)

where

M(P) =
P-APAr G-APCt

Gt -CPAt R(0)-CPCt
(3.45)

Observe that in the inequalities 3.44 the only unknown quantity is P. After solving 
them finally we have to factorize M(P). There are infinitely many factorizations 
of the form

M(P) = D [^]

But putting an additional requirement the number of rows in [Br, D1 ] be min­
imal one - this defines the dimension of the input white noise - the remaining 
nonuniqueness is only a nonsingular transformation.

We do not carry out a complete analysis of this system of inequalities. But let 
us quote a theorem which was proved by Faurre et al. (cf. (Faurre et al., 1979)). 
Denote

P={P >0\M(P)>0} (3.46)

THEOREM 3.18. (See Faurre, Clerget and Germain (Faurre et al., 1979)) ? is a 
convex set. There exist P . P+ eP such that for any PeTwe have that

P-<P< P+- (3.47)

(See also equation 5.15)



3. STATIONARY PROCESSES WITH RATIONAL SPECTRAL DENSITY 49

3.3. Strong state-space realizations

Instead of proving Faurre’s theorem via direct analysis of the matrix inequality 
3.44, we try to find immediately a state vector process x(t), r e Z. As a side result 
of this construction in Chapter 5 we get a proof of the inequality 3.47.

THEOREM 3.19. Let y be a purely nondeterministic full-rank stationary process 
for which rank 3f = n < oo. Let us assume that via the factorization of the Hankel- 
matrices j described in the proof of Theorem 3.17 we have determined the 
matrices C, A, G. Then

I- QlA} < 1,

2. there exists a stationary process xf), t e Z, and a white noise w(t\ t e Z, 
providing a state space realization ofy(t), t e Z, i.e.

x(t 4- 1) = Ax(t) + Bwf) 
y(t) = Cx(t) + Dw(t) ,

3. the coordinate variables of x(0) are in H~.
Proof. First observe that > 0, because if there existed a nonzero vector z 

for which R(0)z = 0 then we would have that z1 y(t) = 0 for all t e Z, consequently 
B(t)z = 0 for all t e Z implying that the rank of the spectral density should be less 
than p for all A. This would contradict to the assumption that y is of full-rank.

At the same time

Pr^ - (v) y(°) —> 0- if t — oo ,

since y is a purely nondeterministic process. Consequently

Pq.v(/)iy(O) -> (). ifr->—oo.

i.e.
R(GR{QY{ -* 0.

In other words 
CA'-'G^O. if t-> oo.

This obviously implies that

C)ll(A.C)A'C,fA.G) -> 0. if /-> oo.

Hsing that (A. G) is controllable, (C. A) is observable, so

rankC„(A.G) = rank (9,,(A, C) =n,
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we obtain that
A' —> 0. if j —> oo.

This means that q(A) < 1 proving (1).
As concerns (2), and (3) we have to find a state vector x(0) with components in 

H " such that
£[.v(O)y(-r)7'] = A'-'G. t>].

or writing componentwise

E[x7(0)y*(-r)] = (A,-|G)#. t > 1.

Thus fixing j the scalar products of x,(0) with yk(—t), / > 1 are already given. 
But y*(—t), t > I, k = 1.......p form a generator system in H~. Moreover, if for a 
finite linear combination

y(-t) = o.

then

i.e.
CA' (£V-'G„,) = 0.

s >0.E

Observability of (C. A) implies that A' 1 G/x, = 0. Thus the functional

(A'-'G)/k. t>\

is linear, furthermore and q(A) < 1 implies that it is continuous. So it can be 
extended to H~ = H^yY But any continuous linear functional can be represented 
as a scalar product. So there exists a vector in H~ - denote it by Xj (0) - for which

E[xj(0)yd-t)] = (A'-lG)ik. />1.

Applying the shift operator U we get a stationary process

x(t) = U'x(0Y

It remains to check that x(tY t € Z determines a state space representation for 
y. But

cov[x(t + 1) — Aa(0, y(s)J = A'~'G — A A' ' 1 G<= 0. if s < t — 1.

Thus

Similarly

PrH {y)x(t + 1) = Ax(t).

cov[y(r) — Cx(r). y(s)] =/?(t — .s) — CA' ■' *G = 0. if a- < r — 1.
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Thus

PrHr(y) y(t) = Cx(t).

Observe that the coordinates of x(t +1) - Ax(t), y(t) - Cx{t) are in (y) © 
(moreover they generate it). Choosing an arbitrary orthonormal basis in 

(?) © ^_|(.v) and applying the shift operator we get a white noise sequence 
w(f).

Since every elements in the subspaces Ht , (y) © H~(y) can be written as linear 
combination of the components of w(t), we get that there exist matrices B, D for 
which the equations

x(t + 1) = Ax(t) + Bw(t)
v(0 = Cx(t) + Dw(tj 

hold.

REMARK 3.20. The covariance matrix P of the state vector xf) obviously 
satisfies

P>0. M(P)>0.

Observe that rank M(P) = dm[Hf(y) © (y)] = p using that y is of full
rank.

REMARK 3.21. Since the realization constructed above has the special property 
that the components of x (0) are in H ~ we shall denote it by x_ (t) and its covariance 
matrix by P_. Similarly the corresponding white noise will be denoted by W-(t) 
and the matrices by B_, D_. Thus

x_(r + 1) = Ax_f) + B_w_(f)
y(t) = Cx_(t) + D_w_ (t). (3.48)

compcments of w_(t) form a basis in the so-called innovation subspace 
(y), so this realization is called (forward) innovation realization, 

w^(t) is the (forward) innovation process.

REMARK 3.22. 7he dimension of X- is n = rankdf, so 3.48 is a minimal real­
ization. Especially, rank.'// gives the dimension of the state space of any minimal 
realization.

We would like to prove that the matrix P- is the smallest one among the 
covariance matrices of state vectors of minimal realization.
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To this aim let us consider an arbitrary (forward) minimal realization of y.

xf + 1) = Ax(t) + Bw(t) 

y(t) = Cx(t) + Dwf).
(3.49)

As we have seen an arbitrary realization provides a factorization of the Hankel- 
matrices. But this factorization is unique up to a nonsingular transformation. So 
applying a transformation in the state space choosing another coordinate system 
we can achieve that the matrices C, A, G be the same ones we have used in the 
construction of the innovation realization.

Since q(A) < 1 we get that

H-(y) C H^w).

On the other hand
oo

x(0) = ^A^} Bw(-s) .
5=1

so the components of .r(0) are in (w). Also

r-l
y(t) - C A1 A(0) = Dw(t) A'~X Bw^' 1 -°'

5=0

Consequently
PrHl;My^ = CA'x^ f>0.

Denote the subspace spanned by the coordinates of a(0) by X. The obseivability 
of the pair (A. C) implies that

Pr„.....(3.50)

Especially, if X_ denotes the subspace spanned by the coordinates of x_(0), then

........... >^“X- (3.51)

Observe that
= H^y). (3.52)

So rankJf = dim(PrH() (v) (y)).

THEOREM 3.23. If the process x(t), t e Z determines a minimal state space 

realization then
p = E[x(t)x'\n] > p-
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Proof.
H~ (w) ^0 W — 

and also it is equal to
^H-^H^y) = X.. 

So

P^W-)^0) =X_(0). 
This implies that

P > P_.

H the stationary process y has the representation defined in equation 3.49 then 
the elements of this process can be written as follows

OO
y(f) = Dw(t) + 'Y^CAk~l Bw(t — k) (3.53)

*=i

Since the process w is a white noise, the coefficients in this infinite series represen­
tation are the covariances between yf) and w(t-k). Considering these elements 
for k > 1 we obtain that

com (y(t).wf-k)) = CAk~lB.

Observe that this factorization is similar to the factorization 3.39 of the covariance 
function of y. Arguing similarly as in Theorem 3.17 we can form another Hankel- 
matrix M containing these covariances denoted by M(k) = cov(y(r), w(t — k)) - 
called as Markov parameteres - and construct a factorization similar to 3 40 In 
fact,

^k.m

M(l)Af(2)... M(m)
W)

M(k) M(m + k—\)

C
CA

(3.54)

[B AB ... A"'-1 5]

CAk~'
The fiist factor is <9/,(C. A), while the second factor is C,„(A, B)-

An immediate geometric interpretation can be given to these matrices. Con­
cerning the observability matrix (O(C.A) the elements of it can be obtained via 
projecting y(t) to the state-space X, for t > 0.

Pr* y(t) = CA'x(0) t > 0.



54 REPRESENTABILITY OF STOCHASTIC SYSTEMS

We can look at this connection in another way:

t
y(t) = CA'x(O) + ^CA'~lBw(t - j) + Dw(t).

7=1

Loosely speaking-eliminating the terms containing the noise elements w(0). w(l), 
.... w (z) from the right hand side the remaining part of the output process is obtained 
from the state x(0) using the elements of the observability matrix. In the present 
case this “elimination” can be performed via the orthogonal projection onto X. At 
the same time we can consider the behaviour of the process y under the condition 
that the value of the future noises w(0). w (1).......w(t) are given, for example they 
are zero.

Consider now the second factor Cm(A. B). The formula

oc
x(0) = ^A'~l Bw(-j)

7=1

shows that the matrices A'~'B j > 1 determine the operator giving x(0) from 
the past values of the noise: w(— 1). w(—2)...... Formulating in another way, the 
expression

* 
x(0) = Akx(t-ki + ^A'~' Bw(-j) 

7=1

shows that under the condition x(t — k) = 0 - considering as an initial condi­
tion - the elements of C^A. B) determine the behaviour of x(0). The condition 
rankC\(A. B) = n for large enough k is equivalent to the reachability of the system 
3.49.

If the state transition matrix A is regular then the equations in 3.49 can be written 
as follows:

x(t) = A~'x(t + 1) — A-1 Bw(t)
. (3.55)

y(t) = CA x(Z + l) — CA Bw(t) + Dw(t).

Iterating these expressions starting from the value t = 0

a(0) =
. , (3-56)

y(—t) = CA-'x(O) - £'=| CA-'+l~' Bw(-j) + Dw(-t)

for t > I. Focusing on the second equation we can observe that “eliminating” 
again the noise terms from the right hand side the remaining part of the output 
process y for the time points from the “past” can be obtained from the state 
vector x(0) using the constructibility matrix [CA-1, CA-2,..., CA-']. Let us 
point out that in the present case this “elimination” has no longer the interpretation
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Figure 3.4. Factorization corresponding to the reachability, observability, controllability and con­
structibility operators. The line from H+(w} to H~(y) is dashed because the connection between 
the future of the input noise and the past of the output process which would be valid for deterministic 
systems is only informal for the present stochastic case

as a projection, but it can still be interpreted as “conditioning” on the values 
of the noise w(— 1). u>(—2)..... This “conditioning” argument is borrowed from 
the deterministic system theory, where the value of the input is not determined 
by some stochastic law but it can be arbitrarily controlled. Although there is - 
in some sense - similar notion in the probability theory: conditional probability, 
conditional distribution; but we should warn the reader that in the present case this 
should be handled with care, because x(0) and w(—1), w(—2)...... are not 
stochastically independent, thus the “conditioning” on these values of the noise 
process changes the stochastic behaviour of x(0). This problem did not arise in 
the previous cases when we have factorized the Markov-parameters, because in 
those examples the conditions were (stochastically) independent from the remaining 
elements.

Applying a similar argument for the first equation in 3.56, that is “condi­
tioning” on x(t) = 0 for a value t > 1 we obtain that the value of the state 
vector ,v(0) js obtained from the “future” values of the input noise w using the 
matrix [a-1 B. A~~B A~'#]. (Here, again, the condition is (stochastically) 
not independent from the noise values appearing in the formula.)

Observe, that the controllability of the system is connected to the fact that the 
rank of this matrix is it - the dimension of the state-space - for large enough t.

Figure 3.4 summarizes these observations.

In our previous construction after the factorization of the Hanke l-malrix we 
have used C(A. G) to produce the state vector process t e Z. Symmetrically, 
based on the matrix [C. CA... ,]7. we can state the problem of finding a vector 
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x(0) with components in (y) for which

E [y(z)T(O)7 ] = CA', r>0.

Carrying out the symmetric construction we arrive at the following theorem.

THEOREM 3.24. Let y he a purely nondeterministic full-rank stationary process 
for which rank df = n < oo. Assume that C, A. G define a factorization of minimal 
size of the Hankel-m«rm Tf. Then there exists a stationary process x+(t), tel 
which provides (backward) state space realization ofy(t), tel

x+(t) = A1 x+(t + 1) +
r- — _ (3.57)

y(t) — G x+(t + 1) + D+w+(t)

such that the coordinate vectors ofx+(G) are in H+.

Denote P+ = E [x+(O*+(D7 ]•

REMARK 3.25. w+(t), tel is the backward innovation process.

The components of w+(t) form an orthonormal basis in

Hf(y)eH+fy).

The subspace Hf (y) © Iffy) corresponding to the case t = 0 is the so-called 
backward innovation subspace. Similarly to the equations 3.50, 3.51 and Theorem 
3.23 we can formulate the following theorem for the backward case.

THEOREM 3.26. If the process xf), t € Z, determines a minimal backward 
state-space realization

x(t) = A'x(t + 1)+ Bw(t)
T _ (3.58)

y{t) = GTx(t+\)+Dw(t)

then
(w) D H+(y) = Hf (w+). (3.59)

Denote X the subspace spanned by the components ofx(O). We have that

Hf (y) = X. (3.60)

Also
T>P+.

P = E[x(t)x(t)r]

(3.61)
where
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Similarly to the forward state-space realizations the Markov parameters cor­
responding to a backward realization can be introduced. In fact, if the stationary 
process y has the representation defined in equation 3.58 then the elements of this 
process can be written as follows

y(t) = Dw(t) + G1 (/17) Bw(t+kY 
k=l

(3.62)

Since the process w is a white noise, the coefficients in this infinite series represen­
tation are the covariances between y(t) and w(t + kY Considering these elements 
for k > 1 we obtain that

cov(y(r). W+ £)) = G' (AT)1' ' B.

Now we can form the Hankel-matrix containing these covariances denoted by
Mh(k) = cov(y(r),W + ^)) - called as backward Markov parameteres.

Mh0) Mh(2) ... Mh(m)
Mh(2)

Mh(k) +
(3.63)

A1 B ... (ATy ' fi]

The first factor is (9^(Gr, ArY while the second factor is C^A1. BY
The elements of ^’(G7. Ar) can be obtained via projecting y(-t) to the state- 

space X, for t > 1

Pr%y(-r) = G1 (A1)' 'x(O), t>l.

Formulating in the other way:

y(-f) = Gr (A7)' ' x(0) + ^G1 (A1)' ' Bw(-t + j) + Dw(-t) .

,/=l

f he elimination of the noise terms from the right hand side can be performed via the 
orthogonal projection onto X, or considering the conditional behaviour of the past 
of y with respect to the fixed past values of the noise w. 1 he remaining part of the 
output proces is determined by the (backward) observability matrix Oh(G1. A1 Y
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Concerning the second factor C^fA7. B), the formula

OO'
x(0) = ^(A7’)7^./)

7=0

shows that the matrices (A1 )J B j > 0 determine the operator giving x(0) from 
the future values of the noise: w(0). w(l)...... The condition rankC^(A7. B) = n 
for large enough k is equivalent to the reachability of the system 3.58.

If the state transition matrix A7 is regular then the equations in 3.58 can be 
written in a “forward” form:

T(z+ 1) = [ArY'x(t)-{Ary'Bw{t) 
, , _ _ (3.64)

y(t) = Gt(A'} x(t)-GT (AT) Bw(t) + Dw(t).

Iterating these expressions

m = (ATy'x(-n-yy{ (AryJBw(-j)

y(t) = GT (AT)~'~l x(O)-Y,'j=oGr (AT)~t+j~lBw(j) + Dw(t)

for t > 0. Thus “eliminating” the noise terms from the right hand side of the 
second equation the remaining part of the output process y for the “future” time 
points can be obtained from the state vector x(0) using the constructibility matrix 
[G7 (A7 )_|, G1 (A7 )-2.......G1 (A1)“']. This “elimination” can be interpreted as 
“conditioning” on the values of the noise w(0), «J(1)......

From the first equation in 3.65, we obtain that “conditioning” on x(—t) = 0 for 
a value t > 0 the value of the state vector x(0) is determined by the “past” values of 
the input (backward) noise w using the matrix [(A1B. (A7B.......{A7 )“'#].

Figure 3.5 summarizes these observations.

Let us consider briefly the question of uniqueness of the processes x_ and x+. 
The first step in the construction above is the factorization of the Hankel-matrix. 
We have already pointed out that - under the condition of minimality - the only 
nonuniqueness is a nonsingular transformation T, i.e. if C. A. G determine a factor­
ization of the covariance sequence R(k), k e Z (where A is of minimal size) then all 
possible factorizations (of minimal size) are written in the form C7\ 7” 1A7 , T^'G, 
where T is an arbitrary nonsingular matrix. The coordinates of x_ (0) are determined 
by continuous linear functionals defined on the closed subspace HA Since the 
matrices C. A define these functionals on the generator system y,(t). t < — 1 in a 
unique way the corresponding extensions and consequently the state vector x(0) 
are already uniquely determined. Similarly, choosing the matrices A.G the state 
vector (for a backward realization) x+(0) is uniquely determined. Consequently, 
the forward (backward) innovation realizations are determined uniquely up to a
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Figure 3.5. Factorization corresponding to the reachability, observability, controllability and con­
structibility operators (backward system). The line from to H + (y) is dashed because the 
connection between the past of the input (backward) noise and the future of the output process which 
would be valid for deterministic systems is only informal tor the present stochastic case

nonsingular transformation 7'. Observe, that if instead of the matrices C. A. G we 
use CT. T~'AT. T~'G then the state vector x_(0) is mapped into 7’~1x_(0), while 
x+(0) into T rx+(0). The transformation on the corresponding covariance matrices 
obviously given by the equations

p T~'P_T~

P+TtP+T.

(3.66)

(3.67)

In the next chapter we consider several possibilities of defining the transfor­
mation T or more precisely choosing the matrices C. A. G in a “canonical way. 
The underlining idea in those constructions is somehow specifying the structure 
°f these system matrices. But equation 3.66 gives the possibility of reducing the 
state covariance matrices. These considerations lead to the stochastic balanced 
realization introduced by Desai and Pal (Desai and Pal, 1982; Desai and Pal, 
1984).

DEFINITION 3.27. The forward and the corresponding backward realizations 
determined by the state vector processes X-(t), t € Z and x+(t) t € Z (based on 
the same factorization of the Hankel matrix) are stochastically balanced if their 
covariance matrices are diagonal and equal, i.e.

E = P~ = P+.

where E is a diagonal matrix.
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LEMMA 3.28. Let P and Q be positive definite matrices. Then there exists a 
nonsingular transformation T such that

PT~ir = X = TtQT , (3.68)

where E is a diagonal matrix.
Proof. Since P and Q are positive definite we can consider their positive definite 

square-root matrices, P^2 and ^'/2. Apply a singular value decomposition to the 
matrix

p'P-Q^2

Since P and Q are nonsingular, the singular values of Pl/2Qd2 are positive.

p'/2Q'/2 = u^y .

where UUr = VV1' = I. Set T = E'^Vg-'/2.
Obviously, T = E-1/2^ P^2. Consequently,

T~'‘ PT~l = Y,l/2UTP~'/2PP~i/2U^'/2 = E , (3.69)

TQTr = El/2V(T|/2!2<2-1/2VrS1/2 = E . (3.70)

Applying this argument to the positive definite matrices P_ and P+ we obtain that 
in an appropriate coordinate system the covariance matrices P_ and P+ are equal 
and diagonal.

■
Let us point out that this common diagonal matrix is defined via the singular 

ip—1/2
values of the product P_ P+ or equivalently the square-roots of the eigenvalues 
of the product P_P+.

Let us return to the factorization of the Hankel-matrix for a short time. Every 
element in the Hankel-matm is a covariance, in other words it is a scalar product 
of two vectors in H(y), one of which is in (y), the other one is in

The factorization produces this number as a scalar product of two vectors in R" 
- the corresponding row vector in <9(A, C) and the corresponding column vector 
in C(A,G).

We define two continuous linear operators

K : H^(y) -> R", L;Hf(y)-^W

via extending the mappings given on generator systems

A": y/(r) —> /-th row of CAf, t>0

L : y;( —v) -* /-th column of A'_|G, s > 1.
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The factorization theorem of the Hankel-matrix implies that

(K^)1 (Lp) = Eft-p], forall£ e//^(vM e/^(.v). (3.71)

We say that these bounded linear operators define an inner product representation 
(see Michaletzky and Tusnady (Michaletzky and Tusnady, 1991)).

On the other hand observe that

£[x_(0)y(—x)7] = A'-IG, x>l

and
£[y(/)x+(0)7] = CA', t>0.

In other words the linear operators K, L can be represented via the vectois x_(0), 
x+(0). We say that the components of x_(0) and x+(0) form a representative vector 
system for the inner product representation K, L.

Especially

E[£ >7] = £^x+(0)rj£[x_(0)^, foralU € HjtyYp € (yY (3.72)

(This is nothing else then the factorization ot the Hankel-mutm.)
But the components ofx+(0) and x_(0) are in (y) and H~(y), respectively. 

Applying the identity 3.72 to these vectors we get that

£[?+(0)xU0)7] = £[T+(0)^ (3.73)

Immediate consequence of this equation that using stochastically balanced 
realizations the covariance matrix between x_(0) and x+(0) becomes diagonal. 
Normalizing the covariance matrices of x_(0) and x+(0) we obtain that

cov^^X-fO),?;*7^ (3.74)

Since the coordinates of x_(0) span the subspace X- — Pi// H , the cootdi 
nates of x+(0) span the subspace X+ = P(7/+ H ' and in a stochastically balanced 
realization the component random variables of x_(0) and x+(0) are biorthogonal 
to each other, the diagonal elements of the matrix E are the so-called (non-zeio) 
canonical correlations between FT and H+, or - in other words - they are the 
cosines of the angles between the subspaces H and £ .

We may apply (he inner product representation identity to the elements w+(t\ 
t > 0 and w_(sY s < 0. The components of these vectors are in H 1 and H , 
respectively. Thus we obtain the following identity

E [w+(r)uM-x)y] = E [w+(f)x+(0)r] E [x_(0)w_(-x)y ]

t > 0. x > I.
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But

Consequently

This implies that

E [a_(O)w_(-')7] = A'-'B. s > 1

E[x+(O)w+(t)'] = [A1)'B. f>0.

= b1 A'+x~'B. (3.75)

Pr„ w+(t) = ^B' A'+s~'Bw^-s).

Another way of looking at this identity is the following. Since the components 
of u;_(a), s g Z, form an orthonormal basis in Ho, w+(t) can be written as a linear 
transform of the forward innovation process:

+00 +<X>

w+(r) = g(t — 5)u;_(a) = g(s)w_(t — s).
s = -oo S— — OO

Denote the corresponding - all-pass - transfer function by

+oo

O(z) = £2 (3.76)

_ y
The previous identity gives the values ofg(A) = B Ak~' B., k > 1.

In other words the so-called strictly stable part of <t> (i.e. the part containing the 
terms with positive power in ^) is

^B1 Ak~lBzk = b'\z~'I-A) 'B. 

t=l
(3.77)

DEFINITION 3.29. The function <t>(z) defined in equation 3.76 is the so-called 
phase function of the stationary process y.

Formulating in another way the phase function 4>(z) is an all-pass extension of 
the function B (z~ ' / - A)-1 B. This phase function maps the forward innovation 
process to the backward one as shown on the Figure 3.6.

»’ to
W)

Figure 3.6. The filler relating the forward and backward innovations



4. System invariants and canonical forms in SSR, ARMA 
and MFD representations

For any fixed input noise wf), f € Z the matrices A, B, C, D in the state-space 
description of the stationary process y overparametrize the corresponding transfer 
function. In this chapter we investigate the so-called canonical forms of state-space 
models, together with ARMA and MFD models and their dual forms, as well. These 
canonical forms are based on system invariants. Together with the parametrization 
we point out the special structure of the corresponding state vector process.

First we start with some general definitions about invariant functions.

DEFINITION 4.1. Let us consider a set R and an equivalence relation ~ on R. 
Let S he another set. We call the function f : R -> $ the invariant of the equivalence 
relation ~ if

X| ~ %2 => /(•*>) = ./ (-Ft)

holds. We call the function f : R S the complete invariant of the equivalence 
relation if

Xi ~X2 <=> f(x\) = f(x2) 

holds.

DEFINITION 4.2. Let Sj...... S* be sets. We call the functions f\........ fk; f : 
R —> S/ the complete invariant svstem of the equivalence relation ~ if the function 
f = (/].......fk) ■ ft S[ X • ■ ■ x Sk is a complete invariant of the equivalence 
relation

DEFINITION 4.3. Invariants f\.......fk are independent if the invariant f = 
(/1 > ■.., fk) is surjective.

According to the general terminology in the literature we term invariant indices 
•f the image of invariants is integer and invariant parameters it this image is real 
number.

A nonsingular transformation in the state-space has no effect on the transfer 
function. In order to find a minimal parametrization first analyse the behaviour of 
the observability matrix under the nonsingular state-space transformations. Let us 
consider the set of observable pairs. Denote it by

R = {(A. C): A e R"x": C e (A, C) observable} 
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and let us define the relation ~ as follows.
(A.C) ~ (A.C) if and only if there exist a T e R"x", detT 0, such that 

AT = TA and C = CT. We are looking for invariant functions defined on the set 
R in the sense of Definition 4.1.

4.1. Observability invariants

If the pair (A. C) is observable, then the observability matrix On(A, C) is of full 
rank. Let us denote the rows of C by c[,..., c^, i.e.

Consider the rows of the observability matrix in the following order:

c' A ... c2 A

c' A2 ... c^A2

and select those vectors from left to the right and row by row, which are linearly 
independent from the set of previously selected vectors. Hence rank f)„(A, C) — n, 
in such a way we select a basis in R".

DEFINITION 4.4. (See Kailath (Kailath, 1980)) The above mentioned (basis) 
selection ride is called Scheme II selection plan.

Denote v,. i = 1. p, the smallest nonnegative integer for which the vector 
c] AVi already depends on the earlier chosen linearly independent vectors in the 
Scheme 11 selection plan. The numbers v,, i = 1.......p. are called left-hand side 
Kronecker indices (Popov (Popov, 1972)) or observability indices (Kailath (Kailath, 
1980)). Obviously

vi + ... + Vp = n

holds. Consequently for appropriate coefficients aj^ we have that

p v'j

7=1k=n
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where
min(v/, Vj) — 1. if i < j 

va — ■ .. . .min(y,.Vj-A), if i > j.

Let us denote by 
p(>4. C) = {v(-; i = 1........ p]

the set of indices and by

a(A. C) = {aijk : i = 1.......p: j = I........ p: k = 0........ Vij}

the set of coefficients included in dependency relation 4.1.
One can realize that v, a remain unchanged if we consider the pair (A. C) 

instead of the pair (A. C), i.e.

(A.C)~(A,C) => {v(A.C),a(A.O} = | v(A. C),a(A. C)|,

thus Scheme II selection plan is the invariant of the equivalence relation ~ on the 
set K. It can be proved (cf. Popov (Popov, 1972), Proposition 5-6, Theorem 1), that 
the functions v, a determine a complete and independent set of invariants.

In other words, the numbers v(A, C), a(A. C) determine the equivalence class 
>n which (A. C) belongs to.

Since the selected vectors form a basis in R" the linear transformation mapping 
the elements of the original basis into this new one is nonsingular so we can 
aPply this as a basis transformation. In Section 4.3 we return to the observability 
invariants and derive the corresponding canonical form together with a state-space 
representation. But first let us consider another type of invariants.

4.2. Constructibility invariants and canonical state-space representations

Assume that the n x n matrix A is nonsingular and the p x n matrix C is of rank p. 
We can define the so-called constructibility matrix Co as

Fca-1

CA“"

and assume that rank Co = n, in other words the pair (A. C) is constructible. Then 
one can search for a new, unique basis in the state-space among the rows of the 
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constructibility matrix Co in the following order:

c]A^ ... cTpA~'

c]A^ 

c^A-3

... c^A'2

... c^A^

and select the first linearly independent vectors form the left to the right, and row 
by row exactly the same way as described in the Scheme II selection plan in Kailath 
(Kailath, 1980).

DEFINITION 4.5. For 1 <i < p the i-th constructibility index p, is defined as 
the smallest positive integer such that c- A 1,1 1 is a linear combination of its 
antecedents.

It can be easily verified that the constructibility indices satisfy the relation

p 1 + ■ • • + P p — n.

An immediate consequence of Definition 4.5 is the following proposition.

PROPOSITION 4.6. There exist unique numbers ftp such that the following 
dependency relations hold:

CT(4.2)
( = 1 t=o

where
mmlpi.pj) — 1. ifi < j 

m'm(pi,pj — 1), ifi > j.

PROPOSITION 4.7. The numbers {ftp}. {p,} remain unchanged under change 
of basis in the state space.

Proof. Let T be a non-singular matrix of the new basis vectors. Consider the 
matrices C = CT. A = T~'AT, so A~' = T~'A~'T. The new constructibility 
matrix has the block entries CA k = CA kT. Thus the vectors in the dependency 
relations 4.2 are all multiplied by T from the right. Since T is non-singular, the 
numbers ftp. p, remain unchanged.

REMARK 4.8. In view of Definition 4.2 the statement of Proposition 4.7 is that the 
numbers {ft p}, (p,} are invariants for the equivalence class C — C T, A = T 1A T 

with nonsingular A and T.
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PROPOSITION 4.9. The numbers {yu,} constitute a complete system of 
independent invariants for the equivalence class of observable pairs (C, A-1).

Proof We show that any fixed pair of matrices (A. C), where C is of full row 
lank can be transformed using a nonsingular basis transformation into matrices of 
special structure the elements of which are functions of the set of invariants Id z I 
{M,}. '

Since we have assumed that C is of full rank we can suppose that p, > 1 
i = 1....... p.

In oidei to examine the structure of the state-space representation in the new 
basis form the following matrix of the previously selected linearly independent 
vectors:

’ c' A-1 ' 

c^ A~'T

Calculate C = C T A = TAI....1. It can easily be verified that if the elements 
of C are denoted in the following way

?lio cm ... cnM|_|

( /? 10 Cp\ I ... Cp\nii_\

cplO C|pl ••• CXpp^

CPpO CPP> ■ ' • CPPUi>-\

(4.3)

and observing that the vector c ■ A k T 1 coincides with c ■, if k — 0, and it has only

one nonvanishing element, if k = I......./xy.with value 1 at the position JXi p,+ k 
the matrix A is of the form

(4.4)
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Thus A is in a “top-companion” form and the non-trivial entries of A are the 
entries of C = CT '. To show that the invariants {^q} and {flijk} determine the 
elements of these matrices multiply equation 4.2 by AT-1 from the right and collect 
each term containing ftijoc] to the right hand side of the equation. We obtain the 
following formula:

—A/,S + = AoC (4.5)

where the elements of Ap and Ao consist of the fink coefficients:

A io Ai I

f^pW f^p\\

P\pO P\p\ ■■■ ^ppp-l

PppO &pp\ • • • Ppppp-i

■ ■■ P\\n\-\

■ ■ ■ Pp\ M । _ ।

A10 £lpO

^plO • • ■ PppO

(by definition fi^k = 0 if p,ij < k < pt, — 1);

Ip, ,t„ = blockdiag {[0...0 1]........ [0...0 1]}

(the size of the z-th block is ^, ) and

5 = blockdiag {S i

where S, is the (/// x Mz)-dimensional Toeplin-mdlAx

0 0 0
1 0 0

0 I 0

The columns determined by the nonzero elements in are linearly inde­
pendent, consequently the rank of the matrix on the left hand side of 4.5 is p, thus 
Aq must be invertible, so

(4.6)

This proves that A and C are determined by the constructibility invariants.
■

DEFINITION 4.10. The state-space representation given in top-companion form 
4.3 and 4.4 is called constructibility form.
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4.3. Stochastic state-space representations and observability invariants

Let us leturn to the observability invariants. To find the corresponding canonical 
form we investigate the state-space representations of the process y(r), t € Z. The 
stationary process y(t) can be written in the form

I ■ oo

j(o = r -S),
*=-00 ,v=0

whete w(r) is a (forward) white noise process, or equivalently

x(f + 1) = Ax(t) + Bw(t). 
y(t) = Cx(t) + Dui(t).

Observe that the state-space X = PrH- (w) (y) so it is generated by the projections 
of the coordinates of y(t), t > 0 onto Hf(w). The elements of the Hankel-matrix

C)C(A. S)are the covariances between y(r),r >0andw(5),.v <-1, the latter 
being equal to the covariances between Prw-(W) y(t), t > 0, and w(s), s < -1. Thus 
the linear dependency relations between the vectors PrH ^y^t) coincide with 
tiat of the conesponding rows of the observability matrix. Immediate consequence 
of this observation is the following lemma.

LEMMA 4.1 1. Assume that the stationary process y(t) has a finite dimensional re­
alization of minimum order n = rank(J^). Let us apply the Scheme II selection plan 
to the row vectors of the observability matrix 0(A. C), defining the observability 
invariants {v, }, {cqM}. Then the vectors

?rH^w)yiiiy J = 0........ v, — 1 ; i = l........ p (4.7) 

form a basis in X.
Therefore the basis selection strategy for state-space X can be related to the 

basis selection (in W) from the rows of observability matrix O.

REMARK 4.12. Let us point out that if v, = 0 for some i then the corresponding 
coordinate of y is not used in 4.7.

PROPOSITION 4.13. Let the basis vectors selected by Scheme II selection plan 
from the rows of the observability matrix (9 be arranged in the following chain:

*........4 A"1 1.......c^........ (4.8)

where tq.......vp are the so-called observability indices, (if v, = 0 for some i then 
the corresponding row c' of C is not used in 4.7) and define the process x(t) as 
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follows,

*(') = [Pr/7,do MO. PrH-w yi (r + 1).......PrH, (w)yi (f + vi - 0,
L -iT (4-9)
•••’PrH-(w)yM* + vp-i)j •

In this basis the process y(t) has the following forward state-space representa­
tion:

x(r + l) = At)x(t) + B„w(t).
(4.10)

y(t) = C„x(t) + D„w(t).

where the structure of the matrices A,„ C„ is 

and

(4.12)

if^i > 1 for all i = 1.......p whereas ifvj = 0 for some i then the corresponding row 
of CQ is [a,io-O.......O.a,2().0.........0....... a',.,_i.(b 0........ 0]. {aiJk} are the observ­
ability invariants, and — by definition - aip — 0 // v(/ < k < Vj — 1, / = 1.......p, 
1 = 1.......P-

Proof. For vectors, selected from rows of the observability matrix using the 
selection plan Scheme II, the dependency relations 4.1 holds. The dependency rela­
tions among the vectors Prw-(w) y, (t + k), i = I.......p, k = I........ n - 1 and among 
the rows of the observability matrix having the form c‘ Ak coincide. Applying the 
identity

P1//, (u>) y* 4" 1 4"^) = PrHf mW + 1
for k = 0.......v, - 2, / = I.........p and equation 4.1 for k = v, - 1, we obtain that 
A„ has the form above.

The structure of the matrix C„ if u, > I for any i = 1. p is obtained by the 
direct use of the equation y(r) = Pi'/,, (l„) y(r) + Dw(t). Since all components 
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of Prw, (U.).v(r) are elements of the state vector x(t), the rows of C„ are the 
corresponding unit vectors. If v, = 0 for some i then the corresponding row of 
C should be expressed as linear combination of the preceding rows, the coefficients 
are defined in equation 4.1.

■

REMARK 4.14. The state-space representation given in Proposition 4.13 is called 
observability canonical form.

Similar construction leads to the backward canonical forms.

4.4. Reachability invariants and canonical state-space realizations

Let us assume that the pair (A.B) is controllable, or in other words 
rank .......A"-1 £?] — n and apply the Scheme II selection plan to the vectors

bi.......bq,Ah\........ Abq........

Denote k,, i = 1.......q the smallest nonnegative integer for which the vector A^b, 
already depends on the set of earlier chosen (linearly independent) vectors. The 
numbers A,.......kq, i = 1........ q are the reachability indices. Obviously

A । + ... + kq = n, 

and rank B is equal to the number of nonzero reachability indices. Denote

hi — OIT'i > 0}' 
qn = rank B.

According to the definition

^bi^^YijkA^bj <414)

7=1 t-=l

for appropriate coefficients Yip, where

min(A,. A,). if i < j, ^ij= ' -r. • (4-15)
min(A( + 1. Ay). if i > j.

Note that in the first summation instead of / = I.......q we can take / e In.
Set yip = 0, if k > kip Introduce the matrix

T = [/?i....... A*-'-1........bq........A^~'bq], (4.16) 
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where b, is not included, if X,- = 0. Then

B, = T~} B = blockdiag {[1,0..... 0]r......... [1.0..........0]T}. (4.17)

where the size of the z-th block is X/, if A, > 1 for all z = 1....... q, whereas if X/ = 0
for some i then the corresponding column of B, is

[kh.O.......0,y(21.0.........0....... /m-i.i.O........ 0.0........0]\

i .e. this column is a linear combination of the previous columns in B,;

A,- = T~lAT = [a^I . (4.18)
L 11 f.jelB 

where
0 ... 0 y„i
1 0 ... y„2

A^^ . . . (4.19)

_0 1 Yu^ _

"0...0 yjn ' 
. . 0 ... 0 Yn2

A^ = . . (4.20)

_0 ... 0 YjiXi _

(Equations 4.17 and 4.18—4.20 are immediate consequences of the identities B = 
TB, and AT = TA, which are obvious from the definition of the transformation 
T and 4.14.)

DEFINITION 4.15. The state-space representation determined by the matrices 
Ar. B, is called reachability canonical form.

REMARK 4.16. Since, for I > I

A/-1 B = cov(x(0), w(-l)) — cov(x(0). Prx w(-l)), 

we obtain that the vectors

Prv uq(-1)....... Prx W| (-X0........ Prx MXZ(-1)........ Prx wq(-kq) (4.21)

are linearly independent and generate the subspace X. The transformation 
T defined in 4.16 transforms the matrix of selected columns of C„(A. B) = 
[B. AB.......A" 1 B] into the unit matrix, consequently the coordinates ofT~{x(0) 
-defining the state vector in the reachability canonical form - constitute a basis in 
X hiorthogonal to the basis defined in 4.21.
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4.5. Controllability invariants and canonical state-space realizations

Similarly to the constructible invariants and constructible canonical forms for a 
controllable pair (A. B) we can define the controllable invariants and controllable 
canonical forms assuming that the/i xn matrix A is nonsingular and then xg matrix

is of rank^. In this case the matrix [A-1 B A~" B] = A“"[A"-1 B..... is 
of full rank so the Scheme II selection plan can be applied considering the column 
vectors in the following order

A~'b\.......A~'bq. A~2h\........ A~"bq.

and selecting those which are linearly independent from the previous ones. Denote 
Ki' * < i < q the smallest nonnegative integer for which A~Ki~'bi already linearly 
depends on its antecedents. The numbers /c i.......Kq are the controllability indices.

It can easily be verified that the controllability indices satisfy the relation

k\ + ... + Kq =n.

According to the definition

Kij

A~'~' b' (4'22)
/=l A=0

for appropriate coefficients where

minf/c,, Kj) — 1, if i < j
Kj j ——

min(/c(. K/ — 1). if i > j.

Set jk = 0, if A- > Kjj. Introduce the matrix

7’ = [A-'A|.......A^'b^........ A~K"bq].

The proof of the following proposition is similar to that of Proposition 4.9, therefore 
is omitted.

PROPOSITION 4.17. Introduce the notations

At = T-'AT, 
Bc = T-'B.

Then

where
• • • ^1 K/ei-l)

■ .^k*, i)

(4.23)

(4.24)

io <5| 11

|() 5»||

A'u/o • • • ^^(^-i) 

bqqti &qq\ • ■ • A/</(*<,-l)
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^110 • • • 5j/IO

d0 = ; ;
Su/o ... Sqqo_

= blockdiag I[0 ... 0 I ] T....... [0..

= blockdiag

Ar = Bc blockdiag {[ 1.0.......0]......... [1.0....... 0]} + S(m\

where the size of the i-th block in the blockdiagonal matrices is k,.

DEFINITION 4.18. The state-space representation determined by the matrices Ac 
and B( is called controllability canonical form.

4.6. Stochastic MFI) and ARMA representations, transfer relations between 
the various forms

There are some alternative approaches to construct irreducible MFDs. Forney's 
approach (see (Forney, 1975)) is based on selecting a minimal polynomial basis 
for the right null space of the extended transfer function [Zp|/f(z)], Wolowich 
(Wolovich. 1974) and Kailath (Kailath, 1980) showed the derivation of MFDs 
from SSRs. The canonical forms of MFDs obtained from SSRs are discussed e.g. 
Guidorzi (Guidorzi, 1981), pesudocanonical forms are derived by Gevers and Wertz 
(Gevers and Wertz, 1984).

In the approach discussed here the left irreducible MFDs are obtained from 
stochastic canonical SSRs via transfer relations. This reduces the problem of 
obtaining MFDs for second order processes to an algebraic problem.

The use of monic ARMA forms is dominant e.g. in system identification, 
prediction and certain control applications and received a renewed interest, see 
Guidorzi and Wertz. (Gevers and Wertz. 1984), Deistler and Gevers (Deistler and 
Gevers, 1989). Here we consider mainly the construction of forward and backward 
monic ARMA forms.

In earlier papers the deterministic ARMA forms were derived from left MFDs, 
see e.g. Wolovich and Elliott (Wolovich and Elliott, 1983), Bokor and Keviczky 
(Bokor and Keviczky, 1987). Gevers (Gevers, 1986), however, pointed out that this 
procedure generally leads to nonmonic ARMA forms. Janssen (Janssen, 1988a) 
applied Forney's approach (Forney. 1975) to obtain ARMA forms from the transfer 



4. SYSTEM INVARIANTS AND CANONICAL FORMS 75

function and concluded that the resulting ARMA forms are generally not monic. 
Bokor and Keviczky (Bokor and Keviczky, 1987) considered the realization of 
deterministic ARMA forms from constructibility canonical SSRs. They showed, 
that in the case when the matrix A in the SSR is invertible, monic ARMA forms can 
always be obtained via transfer relations. This concept can be extended to obtain 
forward monic ARMA forms from stochastic forward SSRs.

In addition it will be shown here that the backward monic ARMA forms are 
naturally related to backward stochastic SSRs via transfer relations.

The transfer relations between forward and backward realizations having the 
same state process are given in Chapter 5.3.

THEOREM 4.19. (FSSR-FMFD transfer relation) Let the n-dimensional, 
observable state-space representation

x(t + \) = A,,x(t) + B„w(t). (

y(t) = C,,x(t) + D„w(t).

be given in observable canonical form. Then the associated canonical MFD is 
given by the transfer relations

y(t) = (U)Q(U)w(t) + D„w(t). (4.26)

where

P(z) = diag{z''',...,zv''} —ApSP(z), (4.27)

Q(z) = [5C;(z) - ApS(z)]B„, (4.28)

the integers v,.......vp are die observability (left Kronecker) indices, die elements 
°f A p are the invariant parameters ajjk: 

ano am ••• amm-i) aiPo a\p\ • • • aip(V;,-i)

Ap = (4.29)

a,, 10 apn ... a^KPi-i) appoapt>i ■■■ otppWp-i)

and

Sp(z) = blockdiag{(I.z.......*)f......................... (4-30)

SQ(z) = blockdiag {U"1-1.......Z. DZ........ ................... z-1)7 )' (4'3I)

S(z) = blockdiag {Si (z)........^(z)}. (4.32) 
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where Sk(z) is a v* x vk-dimensional Toeplitz-matrix

Sk(z) =

0 0 ...0"

I 0 :

Z

■10 0 
zv‘-2 ... z 1 0_

(4.33)

Proof. This is constructive, the key point is to exploit that the SSR is given in an 
observability canonical form. Using equation 4.25 recursively we can write that

y(t) = C„x(t) + D„w(t)
y(t + 1) = ) + C„B„w(t) + D„w(t + 1)

y(t+n — 1) — Ct,A1', 1 x(t) + C„A” +...+ D„w(t + n — 1)

Collecting together from these equations on ly the rows corresponding to the Scheme 
II selection plan, i.e. those containing the vectors y,- (./), j — t.......t + v,- — 1 we can 
write in view of 4.9 that

Sp(U)y(t) = x(t) + S(U)B„w(t) + SP(U) D„w(t). (4.34)

Furthermore, expressing the state vector from 4.34 and substituting into the equation

+ 'a-Uc^A},’ - + ... + U"' 1 c/,) B„w(t) +

+U"'D„w(t), i = ].......p

we obtain - observing that the rows of Ap are equal to c^A',' 1 - that

P(U)y(t) = [0(0+ P(U)D„]wit), (4.35)

which is equivalent to 4.26 because deg[det P(z)] = n.
The polynomial matrices Sp, Sq, S are defined by Equations 4.30-4.33. 

Consequently their structures are defined uniquely through observability indices 
V|.......vp, hence FMFD is uniquely determined by the observability invariants of 
A„, C„ and by the matrices B„, D„.

■

REMARK 4.20. In Theorem 4.19 the MFD is uniquely determined by observability 
invariants of the forward stale space representation and by the (forward) white 
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noise process. Therefore this MFD is called observability canonical forward MFD 
(FMFD). The relationship between observability canonical state-space representa­
tions and FMFD-s occurring in Theorem 4.19 is a bijection. In addition, it can be 
shown that if the SSR in question is a minimal representation then the corresponding 
FMFD is irreducible, i.e. the polynomials P(z). Q(z) are left coprime.

In the following we demonstrate that the BSSR derived in the discussion preced­
ing Theorem 5.18 is naturally related to a backward ARMA representation. This is 
formally stated in the following theorem.

THEOREM 4.21. (BSSR-BARMA transfer relation) Let the n-dimensional (ob­
servable) backward SSR

T(r) = A,A(Z +D + ^W).
_ _ _ (4.36)

y(t) = C„x(t + 1) + D„w(t).

te given in observable canonical form, with A„ invertible. Then the associated
canonical backward ARMA form is given by the transfer relations 

y(t) l{LFl)B(U"')w(t) + Dl,w(t). (4.37)

where
(4.38)

(4.39) 

and

5,(z-|) = blockdiag((z-'.. ....... <z’'... z-"')7). <«•«»

Sa(z-1) = blockdiag ').......Sa,.(z )}. (4.41)

where is a v* x vk-dimensional Toeplitz-matrix

' 1 0 ... 0“

+ l ... z 1 1 _

(Recall that the integers V|.......Vp denote the observability indices of the pair 
(Co. A,,).)
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Proof. From equation 4.36 we can write the following recursion

_ _ k~'
y(t — k) = C A„x(f + 1) + 6 „ A() B„w(t— i) +D„w(t—k) (4.43)

/=(>

for k = 1...... n. Collecting together from these equations only the rows corre­
sponding to the Scheme II selection plan, i.e. those containing the vectors yft — j), 
j = 1....... v; we can write that

SA(U~' )y(t) = A„x(t + l) + S'B(C_|)B„u7(r) + S/1(t/_1)Z)„w(r). (4.44)

Furthermore, expressing the state vector from 4.44 and substituting into the 
observational equation of 4.36 we obtain that

A(U~')y(t) = [B(t/-,) + A(t/-,)D„]W).

concluding the proof.
■

REMARK 4.22. The 4.37 BARM A representation is uniquely determined hy the 
observability invariants of the BSSR and by the backward white noise process 
w(t), t eZ (through the matrices B,„ D„). Therefore this BARMA representation 
is called observability canonical BARMA representation. The correspondence be­
tween observability canonical BSSR-s and observability canonical BARMA forms 
is a one-to-one relationship.

Forward ARMA representations can be derived from forward SSR-s utilizing 
the constructibility invariants introduced in this chapter.

Now, for the sake of completeness, we state the appropriate transfer relations 
between the observability and constructibility canonical forms of the state-space 
equations and the corresponding ARMA. MFD forms, but we neglect the detailed 
verification, because it can be accomplished in the same way as in Theorems 4.19 
and 4.21.

THEOREM 4.23. (FSSR-FARMA transfer relation) Let the n-dimensional 
(minimal) forward SSR

x(t + 1) = Acx(t) + B,w(tf
(4.45) 

y(l) = C,x(t) + D,w(t).

be given in constructible canonical form, and assume that A, is invertible and 
rank C, = p. Then the associated canonical forward ARMA form is given by the 
transfer relations

y(t) = A '(U ')B(U-')w(t) + D,w(t), (4.46)
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where

A{z-') = Ip-CcSa(.z-'). 
B(z-') = -CcSb(z-^B(., 

and

^(3-') = blockdiag{[3-'...................................................................(4.47)

SB(z~') = blockdiagjWz-').......^(z-1)}. (4.48)

where SB^(z~[) is a ma x -dimensional Toephtz-matrix

" 7-1 0 ... 0

The integers 1........ //p are the constructibility indices.

REMARK 4.24. The FARMA representation above is uniquely determined by the 
constructibility invariants of the FSSR and by the (forward) white noise process 
^{t), t 6 Z (through the matrices B„ Dc). Therefore this FARMA representation is 
called constructible canonical FARMA representation.

The correspondence between constructibility forward state-space representa­
tions and constructibility canonical FARMA forms is a one-to-one relationship.

THEOREM 4.25. (BSSR-BMFD transfer relation) Let the n-dimensional 
(minimal) backward SSR

sd) = Acx(t + \) + Bcw(t). (45Q)

y(t) = CJft + D + R-W)-

be given in constructible canonical form, and assume that Ac is invertible and 
rankC( = p. Then the associated canonical backward MFD,form is given by the 

transfer relations

y{t) = ~P~'(U')Q(U)w(t) + Dlw(t). (4.51)

where

P(z) = diag{zMl.......f^-ApS/fz), 

Q(z) = (ApS(z)-Sq(z))Bc.
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(4.53)

(4.54)

(4.55)

the integers 1.......pp are the constructibility indices, the elements of A p are the 
invariant parameters of (Cc.A^') and

Sp(z) = blockdiag |[l, z.......zMl-1]7.........[1. z........ z^'’-1]7 } (4 52)

SqU) = blockdiag {[zMl.......z]........ [zM''........ z]}.

S(z) = blockdiag {Sj(z).......Sp(z)}.

where S^(z) is a p.i; x p^-dimensional Toepl\tL-matrix

0 0 ... O’

^■(z) = * ° ’• : .

: ■ • ' • • 0
... z 0

REMARK 4.26. The BMFD representation above is uniquely determined by the 
const! uctihihty invariants of the backward state-space representation 4.50 and 
by the (backward) white noise process w(t), 1 e Z (through the matrices If, 
Dc). Therefore this BMFD representation is called constructible canonical BMFD 
representation.

It follows from the preceding statements that instead of deriving FARMA repre­
sentations from FMFD-s, see e.g. Wolovich and Elliott (Wolovich and Elliott, 1983), 
Gevers (Gevers, 1986), or from transfer function, Janssen (Janssen, 1988a), it is 
better to obtain ARMA models from constructible canonical forms by interpreting 
the so-called constructibility invariants. Furthermore, the backward ARMA forms 
can be derived from backward state-space representations by the use of observability 
invariants.

REMARK 4.27. The analysis constructing canonical state-space realizations from 
the observability and constructibility invariants was carried out under the blanket 
assumption that the input noise was fixed. But since the observability and con­
structibility invariants defined using the matrices C, A or C, A in the forward or 
backward cases, respectively, which are invariant for all minimal stochastic real­
izations of the process y(t), / € Z, (see Chapter 5) these invariants are determined 
by the output process y and do not depend on the input noise w.

THELOREM 4.28. (FSSR—dual MFD transfer relations) Let the n-dimensional,
controllable stale-space realization

x(t + I) = A,x(r)-|- B^wltL 

y(t) = Crx(t) + D,w(t). 
(4.56)
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be in reachable canonical form. Then the associated dual forward MFD form is 
given by the transfer relations

y(t) = Pr(U)Qr(U)~'w(t) + D,w(f), (4.57)

where

P,(z) = CrSPAz).
Sp r(z) = blockdiag | [jX|1.......z. 1] ......... [zA'' 1.......z, 1] |-

= diagf?1

SqAz) = blockdiag {[l.z.......zA|~']........[hz........ zA ‘]

ym YH2 M Ylql Y\q2 ■■■ YlqX„

Yqq 1 Yqq2 ■ • • YqqF,

the integers A| 7^ are the reachability (right Kronecker) indic es, the elements 
of ^Q.r ore the invariant parameters yip (for 7, = 0 the corresponding blocks in 
Bp ,..Aq Sq i- are missing).

Proof. (See Kucera (Kucera, 1991), pp. 51-53 and Theorem 2.17.) Denote etj, 
j = 1..... A, ,i € Ip (where /» were defined in 4.13) the unit vectors in R" (in this 
order). Consider the upper triangular matrix G of size qp x qp defined as follows.

fl Yi. j. X/+1

1
0... 0 j-ith

(i.e. j is the row index, i is the column index). Set

I, = k I ]ie/« •

(an nxqp dimensional matrix), and denote B" the matrix of size qp x qB the 
Gth column of which is the corresponding unit vector, if X, > 1, whereas it is 
[y,H....... K / , ().......0]7 if A, =0. Obviously B, = I, B?. We determine a new
basis in R" consisting of the vectors ti/.j = I....,A,, / € Ip in the following 

recursive way:
(4.58)

j<i.j€ln

or shortly
T,- = [/, i ],e/n =
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Denote by y,ik the qB dimensional column vector with the coordinates y^, j &IB, 
and define y-k as follows:

Yi.k = G~'

The coordinates of are denoted by yjk, j e IB. Obviously

22 । = 52 ■ (4.59)
j^lR I Gift

Set
tik - Arti.k-i - ^Yi.^-k+2^ if k > 2. 2<*<A,. (4.60)

I&Ib

In other words

A —I
fit- = 'fi.l ~ 5252/'.F(^-<'+/ + l)24 / 'f/l- (4.61)

tsiB j=\

Observe that in the present case equation 4.14 can be written as

/ \ z,

22 I = 2252z^^ (4-62)
\ j<ijelB / jelBk=l

(recall that yjk = 0, if k > X,7). Using equations 4.58 and 4.59 we obtain that

=^iyiikAk-'tiA.

Ieltl *=l
(4.63)

Equations 4.60 and 4.63 imply that in the basis defined by the vectors t, j, j = 
1.......kj, i e IB the matrix A, has the following form - denoted by A<'m^ - :

=

lielB
(4.64)

where
Yiik,

1
X//1 
0

0 ... 0 1 0 (4.65)

YUk; ■■■ Yn\ 
0 ... 0

I / i.

0 ... 0
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and B, is transformed into
(4.66)

Partitioning the coordinates of the transformed state vector - denoted by x’"0 - 
accordingly to the blocks of A(‘"} and introducing the double indexed notation

= R^g) .
X 7 / j=l.....Xi.ielg

(but still considered as a column vector) we obtain from the form of the matrix 
A<"’> that

,if1<J<A,-l.

Introduce the q-dimensional process £(t) = (^AG)i=\....t € Z, for which

x^'^G- if i e IB, 
6(0 = '

Wi(G.

We obtain that

UjlB(G=x%\i + j) = x^ ifO</<A( —1 and ieIB.

Also
G

x-'^t + d - 22 
jehi A = l

= U^AG
JEIr k=\

is equal to the z-th coordinate of G-1 B^udt), if i & Ib^ Consequently,

I U^AG

wAG = if i e 1b

I 6(0. UA^Ib-

Thus
y(t) = DrW(G + CrSr(U)^t)

and
w(G =

proving the representation 4.57. Elementary application of the identity

det(F - GR 1H) det R = det(R - HF~1G) det F

where F. G. R. H are matrices shows that det( (z)) = det(z/ - AG proving the 
theorem.
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REMARK 4.29. The functions

Pff) diag (^A|.......jA), Qr^) diag (Z~A........

are obviously matrix polynomials in z-1. Denote them by A,(z-1) and BfzT^f 
respectively. Then

y(t) = (AJf/-1)^!/-1)-^^). (4.67)

l.............................................................. .t QrlD has no zeros at the origin, i.e. A is a regular matrix, then the multiplication 
by the diagonal matrix diag{z~A|.......z~ki} do not eliminate either of the original 
zeros, i.e. the representation 4.67 is a dual forward ARMA representation.

Note that since = xH(0) € X we have that x^ffT) = £(0) e Xn
U ' H (wf It can be proved by induction that the vectors

^^/(O) 7 =0. 1.......X,, — 1 — I, i e IB for which X, > I

form a basis in the subspace X/ = X DU~'X. This provides the possibility of 
defining the set of reachability indices - Aj.......Xq — in a geometric way. (See 
Chapter 7.) Furthermore, since obviously dimX, = dim[C'Xn X], it can easily be 
proved that if X is also a state-space of a backward realization (cf. Chapter 5) then 
the reachability indices of the backward and forward realizations coincide (modulo 
permutation), in other words the indices are determined by the state-space X itself.

Similar construction gives the proof of the following theorem.

THEOREM 4.30. (BSSR-dual BARMA transfer relations) Let the n-dimensional, 
controllable backward state-space realization

At) = A, x(t + 1) + B, w(t), 
- _ — _ (4.68)

y(/) — Ci x(t + 1) + D, w(t),

be in reachable canonical form. Then the associated dual backward ARMA form is 
given by the transfer relations

y(t) = [Ar(U-')Br(U-'r' fD^wf), (4.69)

where

ArA~') = CAxAA1).

'SaAA'I = blockdiaglf,-"^1-1’.......if......... ........................ l]r 

= diag{z~AX..c A''}-^,.SH,(z-1).

ShAz ') = blockdiag {| I....... ........................... [l........ z-^*'-0]7
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yin nvi n</2 ••• y^.,

K/H K/12 K/IA, Yqq\ Yqq2 Yqqkq

the integers At.......A(/ are the reachability (right Kronecker) indices of the pair 
(A/Jf), the elements ofT^.r tire the invariant parameters Yijk (for A, = 0 the 
corresponding blocks in Sa.i- Ag.). $B.r ore missing).

REMARK 4.31. Similarly to Remark 4.29, if Ar is nonsingular, then the dual 
BARM A representation can be transformed into a dual BMFD representation. To 
this define

P,(z) = AU-^diag^1....... zxO, (47o)

2;.(J =^(z-l)diag(?'....... zH

The following theorem show the connection between forward state-space real­
izations in controllable canonical form and dual forward ARMA representations.

THEOREM 4.32. (FSSR-dual FARMA transfer relations) Let the n-dimensional, 
controllable state-space realization

x(t 4- I) = A,x(t) + Bcw(f). 

y(t) = C,x(t) + Dcw(t),
(4.71)

be in controllable canonical form assuming that Ac is nonsingular and rank B, = q. 
Then the associated dual forward ARMA form is given by the transfer relations

y(0 = [AcILThB' + Dc] w(f), (4.72)

where

Ac(z~') = CcSa.c<z~[^
S^.Jz-1) = blockdiag |[z-kl-l).........■] ....... [* (*’ >................ }

B(.(z-1) = diag{z-*'1 .... z-*''} - Ab.cSbAz~'),
S/<(.(z-,) = blockdiag{[l.......z^1-0]'........D........  

<5|io ^i11 • ■ ■ ^i iki-D ^1^0 ^i^l ... ^Ic/f^-l)

<5</l0 &ql I ■ ■ • I (*T| — 1) SqqO &qq\ ■ • • ^qq(Kq-\)

the integers k\...... Kq are the controllability (right Kronecker) indices of the pair 
(A,. Bc), the elements of Au, are the invariant parameters 8ijk.
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Proof. The proof of this theorem is similar to that of Theorem 4.28 therefore just 
the key steps are mentioned. First we transform equation 4.71 into the following 
form: 6

x(D = A(-'a(/ +
y{t) = CM;'A(r + 1) + (Or-CcA^ (4'73)

Now observe that the construction of the controllable canonical form gives that 
the column vectors of the matrix A~' Bc are unit vectors. Note that the assumption 
tank B( = q implies that now the restriction of the indices to the set IB is not needed. 
Transforming these unit vectors using the the controllability invariants as in 
4.58 we obtain the vectors tn, I = 1 ...,q. From this set of linearly independent 
vectors the basis ty j = 1...... Khl=\........ q is constructed similarly to equation 
4.61 but using Ae instead of A, in the recursive definition. As a consequence in 
this basis the form of the matrices A“' and A;'B, becomes similar to that of listed 
in 4.64-4.66.

Applying the corresponding basis transformation we obtain a transformed state 
vector denoted by x('"’. Partitioning its coordinates and using double indices ac­
cording to the indices used in the definition of the basis vectors to the auxiliary 
process £ is defined as follows:

w=x£’(t+i).

Straightforward, but tedious bookkeeping steps show that the processes x(t) (con­
sequently y(r) as well) and w(t) can be expressed using the process £(r) giving the 
representation 4.72.

REMARK 4.33. Similarly to Remark 4.31. this dual forward ARMA representation 
can he transformed into a dual forward MFD form multiplying the factors A( (z-1) 
and Bc(z~ 1) with the matrix diag(z*'.......zK‘1').

To make the picture more complete we mention that starting from a backward 
state-space realization given in controllable canonical form a dual backward MFD 
representation can be constructed which can be transformed applying a diagonal 
factor into a dual backward ARMA form.

4.7. Correspondences among stochastic state-space, MFD and ARMA 
representations

The conespondences among stochastic state-space representations and MFD, 
ARMA forms can be illustrated by the following diagrams.
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FSSR *--------- 
t 

Observability invariants 
i ' 

FMFD

--------- >BSSR 
t 

Observability invariants 
| A-1 exists 

BARMA

FSSR *-----------
T

Constructibility invariants 
(A-1 exists )

1
FARMA

------------ > BSSR
t

Constructibility invariants 
(A-1 exists)

BMFD

FSSR *-------- 
t 

Reachability invariants 
i 

dual FMFD
| A"1 exists 

dual FARMA

-------- > BSSR 
t 

Reachability invariants 
1 

dual BARMA 
| A-1 exists 

dual BMFD

FSSR «----------  
t 

Controllability invariants 
(A"1 exists )

I 
dual FARMA 

; 
dual FMFD

------------> BSSR 
t

Controllability invariants
(A-1 exists)

I
dual BMFD 

I 
dual BARMA

Let us point out that in the previous diagram the vertical arrows indicate a 
transfer relation between two representations of the same transfer function. At 
the same time the horizontal arrows connect forward and backwaid state-space 
realizations, i.e. the do not have the same spectral factor, tiansfer function, but 
these realizations have the same state space.

Let us emphasize (hat starling from the spectral density of the output stationary 
process all possible spectral factors together with its various forms (state-space, 
ARMA, MFD) can be constructed, although usually this leads to very complicated 
calculations. The arrows above show the transfer relations discussed in this Chapter.
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Figme 4.1. Transfer relations tor a forward spectral factor

showing that in these cases - using the appropriate type of invariants - there exist 
explicit formulae determining the corresponding forms of the transfer function.

Figure 4.1 and Figure 4.2 summarize these transfer relations between the state­
space realization and ARMA, MFD forms in a symmetrized way. Figure 4.1 for a 
causal - analytic - spectral factor, while Figure 4.2 for an anticausal -coanalytic - 
spectral factor.

Each of these figures correspond to the various forms of the same spectral factor. 
The horizontal arrows in these figures leading from the fixed generating input 
(forward or backward) white noise to the output via the state-space express this 
fact. From these figures it can be seen what kind of "computable1' transfer relations 
exist based on various system invariants corresponding to the four Kalman criteria

The interesting feature of this figures is that the “network” of the transfer 
relations does not form a simple symmetric structure, because on the side of the 
output generating principles - constructibility, observability - there are no direct
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Figure 4.2. Transfer relations for a backward spectral factor

transfer relations among the ARMA and MFD representational forms, but on the 
input side - reachability, controllability - direct possible transformations exist.

Finally Figure 4.3 represents again the complete picture of transfer relations 
summarized already in the diagram earlier in this Chapter but expressed in another 
way. The central object in this figure is the state-space. There is a forward and 
a backward state-space realization corresponding the this fixed state-space. In 
the figure broken arrows are pointing from this "common" state-space to the 
corresponding forward and backward state-space realizations represented by the 
vertices of an octogon. (Because of dimensional limitations - a picture should be 
two-dimensional - the four "FSSR" vertices represent the same forward spectral 
factor, similarly for the four "BSSR" vertices.) The various system invariants are 
represented by the big ellipses. Each ellipse and the octogon has two vertices in 
common — corresponding to the forward and the backward state-space realization.
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igure 4.3. The transfer relations between the various representations. The big ellipses represent 
the various sets of invariants. Solid lines (curves) indicate that they provide another form of the 
same transfer function. The curly lines indicate the connections between realizations with the same



5. “Geometric” theory of state-space realizations

In this chapter we give a short introduction to the “geometric” theory of the state­
space realizations. The word “geometric” expresses the fact that instead of the 
coordinates of the actual processes - input-, output-, state-process - the analysis is 
based the subspaces generated by these processes. For a more detailed description 
of the corresponding results see Ruckebusch (Ruckebuch, 1975), Lindquist and 
Picci (Lindquist and Picci, 1979; Lindquist and Picci, 1985b; Lindquist and Picci, 
1990; Lindquist and Pavon, 1984), Michaletzky and Tusnady (Michaletzky and 
Tusnady, 1991), Michaletzky and Ferrante (Michaletzky and Ferrante, 1995).

We show that the arsenal of this geometric theory can be used to construct the 
so-called acausal realizations, i.e. when the pole structure is arbitrary. Finally, an 
algebraic and a system theoretic characterization of the zero structure is provided.

5.1. Splitting subspaces

If x(t), t & Z defines a forward realization, then the components of x(P) are in 
H,~(w) and y(s) - CA^'x^t), s > t, x(s) - A^'x^t), s > t are orthogonal to 

so the process x(t) is Markovian (in L2-sense) for the pair of processes 
lx(t). yU)).

Denote by S the closed subspace generated by the components of y(t), t < 
-1, and t < 0. Similarly 5 denotes the closed subspace generated by the 
components of y(t), t > 0, x(t), t > 0. (Observe that the set of indices in the 
definition of 5 and S for the process y are disjoint but for the process x the value 
t = 0 is included in both sets.) The Markovian property can be expressed that S 
and 5 are conditionally orthogonal given X, i.e.

£'[(?-Prx^)(?7-Prxt7)} = 0, V? e 5, p e S. (5.1)

Obviously
H~ C S. H+ C S

_ _ (5.2)
U-'SCS, uses

and
X = sns. (5.3)

Denote H = SvS. The conditional orthogonality property 5.1 can be expressed as

H = S1® (seizes1. (5.4)
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We can repeat the same argument for the backward realizations. This leads also 
to conditionally orthogonal subspaces S, 5 with the properties above If we are 
able to show that any pair of subspaces (5. 5) with the properties above determine 
a state-space realization forward and backward together then we also prove that 
the state-spaces of forward and backward realizations coincide. (See Lindquist and 
Picci (Lindquist and Picci, 1979; Lindquist and Pavon, 1984).)

THEOREM 5.1. (Lindquist and Picci (Lindquist and Picci, 1990)) Let H 3 H{} he 
a Hilbert-space, U he a shift operator on H extending the shift on Hq. Let S S he 
two subspaces of H such that

H^CS, H+CS
U-'SGS, uses (5'5)

and S, S are conditionally orthogonal with respect to

X = SnS. (56)

Then there exists a forward (and also a backward) state-space realization of y for 
which X is spanned by the components of x^f (7(0)).

Proof Choose an orthonormal basis in USQ S this should form the components 
of w(0). Choose an arbitrary basis in X. This defines the coordinates of a(0). Set

x(t) = U'x(0f w(t) = U'w(0).

Let us check that the equations in the state-space realization are fulfilled. Projecting 
x(l) onto S we get that the image is in X so it can be expressed as linear 
combinations of the components of x(0). The projection error is in USQS. so 
it can be expressed in terms of w(0). Denote the corresponding coefficients by A 
and B, i.e.

Ax(0) = Pr.s-x(l),

Bw(0) = Pr^e^f]).

Consequently - applying the shift U' -

x(t + T) = Ax(t) + Bw(f).

Similarly, projecting the components of y(0) onto S we get the equation

y(t) = C x(t) + Dw(t).

The same construction works for backward realizations.
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DEFINITION 5.2. The subspace X in the previous construction - i.e. the subspace 
satisfying equations 5.1 and 5.5-5.6 - is called Markovian splitting subspace (for 
the process y(t), t 6 Z/

REMARK 5.3. The S and S spaces can be unnecessarily large. Especially, the 
same-state space X can be produced by various (S. S) pairs. But of course

where X~ is generated by the subspaces U~‘X, t >0.
Similarly

S3 H+VX+,

where X+ is generated by the subspaces U' X. t > 0.
Changing S to H~ V X~, S to H [ V X+ we obtain the same state-space. Because 

of these we shall always assume that

S = H~vX~, S=H+vX+. (5.7)

At the same time even the space X can be unnecessarily large. This raises again 
the question of minimality - in geometric terms.

DEFINITION 5.4. The subspace X O is the unobservable subspace of X. 
The space X is called observable if X O (77+)= {0}.

DEFINITION 5.5. The subspace X O (Hfi1 is the unconstructible subspace of 
X. The space X is called constructible if X C\(H I1 = {0}.

DEFINITION 5.6. A Markovian splitting subspace X is called minimal if no 
proper subspace of X is Markovian splitting subspace.

THEOREM 5.7. (See Lindquist and Picci (Lindquist and Picci, 1990)). The 
Markovian splitting subspace X is minimal if and only if it is observable and 
constructible.

REMARK 5.8. Let us observe that the notion of minimality used here is the 
minimality in the subspace inclusion sense. Earlier, for stationary processes with 
rational spectral density we have defined the minimality in terms of the dimension 
of the state-spaces (see: Definition 3.15). But it is easy to see that now these two 
notions coincide. To this aim first observe that ifX is a minimal Markovian splitting 
subspace then

prs h+ = X

in view of the observability of X, so

Prw- X = Prw Prs H+ = Prw H 1 = X_. (5.8)
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But because no nonzero elements in X are orthogonal to H~ - constructibility - 
we obtain that

dimX = dimX_.

Thus-in the rational case-the minimality ofX in subspace inclusion sense implies 
that it is of minimal dimension.

REMARK 5.9. In the previous construction the subspace SQU' 15 was spanned 
by the components ofw(—]). This implies that

It may happen even under the assumption S = H~ V X " that these two subspaces do 
not coincide. An obvious necessary and sufficient condition to have that S = (w)
is that P|, U~lS = {0}. Similarly, for the backward realization the coordinates of 
w(0) span the subspace S QU S, consequently

To have equality here Q, U'S = {0} should hold.

DEFINITION 5.10. A Markovian splitting subspace X is called proper if 
ffi\lU~'S = 0and p|, U'S = 0.

5.2. Minimal (Markovian) splitting subspaces

As we have seen a pair of conditionally orthogonal subspaces (S, 5) determine a 
state-space X. But in case of minimality Pr$ H+ = X should hold, so this naturally 
raises the question whether it would be possible to define a minimal state-space 
using only 5.

To this aim first we need a lemma.

LEMMA 5.1 1. (See Lindquist and Picci (Lindquist and Pavon, 1984).) Assume 
that X is a Markovian splitting subspace determined by the pair (S. S). Then X is 
observable if and only if S = H+ V S1. Similarly, X is constructible if and only if

S = H~
Proof. The conditional orthogonality of S, S given X = S Q S implies the 

orthogonal decomposition

H = Sv~S = s' ® X QS1.
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The observability of X means that

XDH^ = {0}.

Taking the orthocomplement we get that

H = X1 v H+ = (s1 © S1) v H+.

But H + C 5 so H+ is orthogonal to 5 . Thus the observability is equivalent to the 
equality

H = © (H+ v SL)

or in other words to

The proof for the constructibility is similar.

DEFINITION 5.12. Denote

N+ = H+P(H-)\ N-= (5.9)

LEMMA 5.13. Let X be a Markovian splitting subspace. Then. ifX is observable 
then XL.N~, and if X is constructible then XA-N b.

Proof. Observability implies that 5 — S R D N . Thus X G S is 
orthogonal to N~. The rest follows by symmetry.

■
The previous lemma implies that if we start with a single 5 space and would 

like to obtain a minimal Markovian splitting subspace, then we have to assume that 
S±N+.

THEOREM 5.14. Assume that we are given a Hilbert-space H D with a shift 
operator U which is an extension of the shift defined on Hq. Let S D be a 
subspace of H for which

LT'ScS, S1N+. (5.10)

Assume also that
Q[7-'S = {0}.

t
Then the equation

X = PrsH+, (5.11)

defines a minimal Markovian splitting subspace.
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Proof. Let us try to mimic the proof of Theorem 5.1. First choose an orthonormal 
basis in USQ S. They give the components of w(0). Choose an arbitrary basis in X. 
This defines the coordinates ofx(O). Putx(f) = U'x(O), w(t) = U'w(0f Projecting 
a ( 1) - the components of which are in US - onto 5 we have to prove that the image 
is contained in X. But

(7X = Pr^s

thus
Pr5 U X = Prs Prys U H + = Prs U H+ C Prs H+ = X,

using that UH+ C HU Consequently, Pr5x(l) can be expressed as linear combi­
nations of the components of x(0). The projection error is in US Q S, i.e. linear 
transform of w(0). Applying the U‘ shift we get the equations

x(t + 1) = Ax(t) + Bw(t).

Similarly, projecting y(0) onto S we can make use of the fact that the components 
of y(0) are also in U S, so we arrive at the equation

y(t) = Cx(t) + Dw(t).

The observability of X is immediate from the construction since X = Prs H 
implies that X A (H = {0}.

To prove the minimality of X it remains to check the constructibility. Although 
this is true in general (cf. Linguist and Picci (Lindquist and Picci, 1990)) we prove 
it only under the assumption of rationality of the spectral density when it is enough 
to check the dimension of X. The subspace

X+ = Ptn+H~ = H+QN+ (5.12)

is a minimal Markovian splitting subspace so dim X+ = rank H =n. But - using 
that S±A+ - we have that

X = Pr5H+=PrsX+.

Consequently,
dim X < dim X+.

Since X is a Markovian splitting subspace dimX > n implying

dim X = n,

i.e. X is minimal.
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REMARK 5.15. The proof of minimality in the general case can be based on a 
theorem due to Lindquist and Picci, see (Lindquist and Picci, 1990). Namely, let 
X be a proper Markovian splitting subspace. Then X is minimal if and only if X is 
observable and XXN+ (or X is constructible and X-LN").

Obviously the symmetric version of the previous theorem is also true. If 5 D H+, 
UScS,(]lU'S= {0} and ST/V- then the equation

X = Prj7/- (5.13)

defines a minimal Markovian splitting subspace.

DEFINITION 5.16. A Markovian splitting subspace X is called internal ifXQ Ho, 
in which case H = Hq.

REMARK 5.17. Let us note that ifX is an internal splitting subspace, i.e. Xcp 
then instead of 5.7 identities

S = H-vX = H~v(Xn H+)
(5.14) 

S = H + V X = H+ V (X O H~)

hold. (See Theorem 3.1 in Lindquist and Picci (Lindquist and Picci, 1990).)

5.3. State-space realizations

Let us harvest several conclusions of this geometric construction for the matrices 
playing role in state-space realizations. We shall assume that rank H < oo. We have 
seen that each Markovian splitting subspace defines a forward and also a backward 
state-space realization of y. Let us assume that x(t) is the state vector of a minimal 
forward realization. How to construct explicitly the matrices in a corresponding 
backward realization? Of course any basis in X would serve as appropriate choice 
for the backward process. For example x(0) itself does. But computing

Prxx(-1) = PAtP-'x(0)

and

PrxV(-l) = cov(y(-l),x(0))P~'x(0) =

= cov(Cx(-l) + Dw(-l),x(0))P~*x(0) =

= (CPAr + DBr)P'lx(0) = Gr P~'x(0), 
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we can see that
x(t) = p-'xO)

is a more suitable choice. In this case

P = E[x(z)x(t)r] = P~x.

Since that ~P+ < P for any minimal backward realizations (see equation 3.61), we 
obtain that

> A

Denote P+= P J we get Faurre's theorem (cf. Theorem 3.18)

P+>P>P- (5-15)

(cf. equation 3.47).
Consequently in the backward state-space realization

x{t) = Ax(t + 1) + Bw(t), 

y(t) = Cx(f + 1) + Dw(t)

the matrices A = A1", C = Gr are already defined. In order to determine the two 
other matrices we have to solve the following factorization equation:

p-i _Atp-\a cT-ATP~'G 

C-GTP~'A R(O)-GTP~lG °r]
Direct calculation shows that

B = -(I + AT)P~lU + Ar'B.

D = D-(C + GTP-')(I+A)-'B

determine a factorization with the same number of columns as in the matrix B. i.e. 
the dimension of the backward noise is the same as that of w(t) (see Michaletzky 
(Michaletzky, 1992)).

As a special case, we can consider a backward realization corresponding to the 
state space X_. Denote by w (/)./ € Z the corresponding input white noise and 
x_ the state process:

x~(t) = Ax-(t + 1) + B_w-(t), 

y(G — Cx— (t + 1) + D-W-(/) 
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Similarly, there is also a forward realization with state-space X+ = Pr//+ H . 
Denote by w+ the corresponding input white noise and x+ the state process:

•x+(? + 1) = A (/) + B+w+(t),

y(t) = Cx+(t) + D+w+(t).

Also, W_(z) and W+(z) denote the corresponding backward and forward spectral 
factors, respectively.

THEOREM 5.18. Let X be a proper minimal Markovian splitting subspace corre­
sponding to a full rank stationary process with rational spectral density. Choose an 
arbitrary basis in X and denote by P the corresponding covariance matrix. Then 
X is internal (see: Definition 5.16) if and only if

rankM(P) = p. (5.16)

REMARK 5.19. This means that the dimension q = rank M(P) of the correspond­
ing white noise is p, i.e. it defines a square spectral factor.

Proof. Define a white noise w(t), t e Z for which

H,-(w) = U'S.

Since H~ = C 5, w_(t) can be expressed as

/ OO
w-(t) = -s)w(s) = ^2g(5)w(r-5).

,v=—oo 0

Defining C(z) = anc* using that both W-fit), j = 1.......p, t € Z and
w fit), j = 1.......q, t e Z form an orthonormal set we obtain that

Ip = CfiT^Cfie^), for a.e. A.

Since C is an (analytic) p x q matrix function this implies that q > p. If X is 
internal then we may converse the previous argument, w(t) can be expressed using 
w_(s), s e Z, leading to the opposite inequality q < p. Thus in the internal case 
q — p. Conversely, if q — p then C is a p x p rational inner function. Since it is a 
square matrix function for almost every A we also have that

lp = C(e~iK)C*(e-iK).

Performing the multiplication and comparing the coefficients of e' on both sides 
we obtain that 00

8*(u + t)g(u) = Ip8t,o.
u=max(—/,0)
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Consequently

^£*(s-r)w_(s) = ^g*(s-t) 22 g(s-r)w(r) =
S=t s=t r=-oo

4-oo F oo

= 22 22 g*(s-t)g(s-r) w(r) =
r=-oo L-v=max(r.r)

+oo r °°

oc 00

>2 22 g*(u+r -t')g(u) w(r) = w(t).
-oo [_u=max(/—r.O)

So w(t) is a linear transform of w_(s), seZ, i.e. its components are in Hq. 
But X is a proper splitting subspace, thus x(0) can be expressed in terms of w(s), 
s < 0, consequently X C Hq, i.e. X is an internal splitting subspace.

5.4. Algebraic characterization of various subspaces

Let us assume that the full-rank stationary process y(r), t e Z with rational spectral 
density has the following state-space realization

x(t + 1) = Ax(t) +
(5.17) 

y(0 = Cx(t) + Dw(t),

where the eigenvalues of the matrix A are of modulus less than one, i.e. p(A) < 1. 
X denotes the state-space. (For the time being we do not assume the minimality of 
the realization defined in the equation 5.17.) It is generated by the two conditionally 
orthogonal subspaces S, 5, where now 5 = Obviously S1 = H+(w).
Consider the subspace

H+(w) © [H+W O H+(y)] = PrH+(w) . (5.18)

This is invariant under the operator Pr#+(W) C 7
Note that if the system of equations 5.17 defines a constructible realization then

H+(w)nH+(y) = S±n/7+ = =

= = iV+

using Lemma 5.13 and the inclusion H+ C S. In other words, in this case

H+(w)e[H+(w)HH+(y)] = S^eN+.

MBUbnus AMOfllfr
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LEMMA 5.20. There exist matrices F, Ko such that p{F) < 1 holds, for which 
the coordinates of

00

k=0

generate the subspace Pr/y+^t/V^Cy)1].
Proof Denote I = dim[/7+(w) © (H+(w) A /7+)]. Taking an arbitrary generator 

system consisting of I' > I vectors in the subspace H+(w) © [H+(w) A H+] and 
expressing its elements as linear combinations of w(f),t > 0 we can define a 
sequence of matrices Ko. K\,... such that the coordinates of

oo

k=0

generate H^w) © [H+(w) A H+], Since this subspace is invariant under 
PrH+(u,) t/-1 for every « e tf there exists a f e Rz such that

oo 00
aT^K,w(t- 1) =

i=l *=0

i.e.

in other words

This implies the existence of a matrix F such that

K, = FKt_\ for every t > 1,

i.e.
K, = F' Ko for every t > 0.

Let us point out that since we have considered only a generator system the iows ol 
the matrix [/Co, Aj ....] are not necessarily linearly independent, thus the matrix / 
should not be uniquely defined. On the other hand, we can assume that

range F = range [Aj, AS. ■■ ■] ■ (519)

Introduce the notation
OO

X = ^K,K[.
*=o

(5.20)
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Obviously the L/apunov-equation

X-F5KFt = KqKI (5.21)

holds true. We show that p(F) < 1. In fact, if for a nonzero vector x e

xT F = kxT (5.22)

then from 5.20 it follows that

(1 -\k\2)xTXx = xTK0K%x.

Consequently, if |X| > 1 then x1 Kq = 0 holds, thus

xT Kj = xT Fj Ko = kjxT Ko = 0

for every j > 0. Using condition 5.19 we obtain that

xTF = 0

contradicting to 5.22 and the assumption |X| > 1.
■

Let us emphasize that the proof was based on the observation that H+(w) © 
[H + (w) Cl /7+] is invariant under the operator Pr//+(UJ) U-1. Especially, it does not 
depend on the process y itself, only on the subspace generated by its “future”: 
y(tft > 0.

The matrices F and Ko constructed in Lemma 5.20 are not unique, they depend 
on the previously chosen generator system in Pr//+(W)[/f+ ]. This connection is 
the topic of the following proposition.

PROPOSITION 5.21. Consider a basis £i.......£/ in the subspace PrH+w[H+±] 
and denote Fh, Kq the corresponding matrices constructed according to the proof 
of Lemma 5.20. Let F, Ko be arbitrary matrices for which the coordinates of 
£2£1OF* KQw(k) generate PrH+(w)[H+'L]. Then there exists a matrix L of full 
column rank such that equations

FL = LFh,
. (5.23)

Ko = LK*

hold.
Proof. Let us express the coordinates of Kk Kow(k) as linear combinations 

of the coordinates of K^wik). Arranging the corresponding coefficients
into a matrix we obtain that

OO 00

FkKow(k) = L^Fh)kK^wlkf (5.24)
k=0 k=0
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Using that the first system forms a generator system while the second one forms a 
basis it follows that the matrix L is of full column rank. Since w(t), t g Z is a white 
noise from 5.24 for t — 0 we obtain that

K0 = LKb0. (5.25)

Substituting 5.25 into the equation 5.24 for t = 1 we get that

FLKq = LFbKb (5.26)

Consider now the equation for t = 2. Substituting 5.25 and 5.26 it follows that

L(Jh?Kb = F2LKb = FLFhKb^

Continuing similarly finally we arrive at the equations

LF^F'^K^ = FL(Fb)kK%.

Since the row vectors of [Kq, Fb Kq, ...] are linearly independent the equation

FL = LFb

follows concluding the proof.
■

Let us point out that since L is of full column rank the equation 5.23 implies 
that the spectrum of F/, is contained in the spectrum of F. (See Gantmacher 
(Gantmacher, 1988).)

Furthermore, since the coordinates of Ktw(t) defined in Lemma 5.20 foim 
a generator system in

H+(m)e(W(w)nH+(y)),

the coordinates of Ktw(t — 1) generate the subspace

Prw+(w) © (H+(w) GH+(y)^ .

Consequently, the dimension of range[Aj, Ki, • • •] coincides with the dimension of 
this subspace, thus this is equal to the rank of the matrix F defined in Lemma 5.20. 
In other words

rank F = rank F/„

which together with the previous observation gives that the nonzero pait of the 
spectrum of F and F/, coincide.

We show that if we omit the rank condition 5.19 the matrix F can be chosen in 
a uniform way, i.e. not depending on the minimal splitting subspace X. For this we 
need the following lemma.
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LEMMA 5.22. Let & [H 10 2V+) be an arbitrary vector. Then 

Pr5x [PrH-ie/v+ = Pr5ie/v+ U~l [Pr5^]. (5.27)

Proof. If $ e H-1 © N+ then U~^ ± N+, thus

The inclusion S1 C /7-± implies that the left hand side is Pr$± U~1^. On the other 
hand Prs± ^L.N+ thus

PrSieY- Prsi $ - Pr5i U~lPrs^.

At the same time (^-Prsi4) -L consequently the orthogonality relation 
U~l(^ -Ptsi^) ± S1 holds, proving equation 5.27.

■
The following lemma gives another characterization of the subspace 

PrW+(w)[H+±J.

LEMMA 5.23. If for the realization 5.17 the identity H (w) = H (y), holds then

H+(w) 0 [H+(w) O H+] = Pr„+(U1) [Prw+ S] (5.28)

Proof. Obviously

H+(io)OPrH+(w)[PrH+S] = H+(w) O [Prw+ S]x = 
r , , (5.29)

= H+(w) O I LT ® (H+ O H+(w)) I,

But
H+(w)nH+1 C 77-XnH+± = [H ^ H+] = {0},

using the assumption that the realization 5.17 is internal. Consequently 5.28 is 
equal to

H+HH+{wf

concluding the proof. 
■

Note that if equation 5.17 defines a minimal realization then the assumption 
H(w) = H(y) means that it is an internal one.

COROLLARY 5.24. If equation 5.17 defines a minimal and internal realization 
then

Prw+5cPrH+(W)[w+1|©X.
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Proof. Projecting P17/+ S onto H+(w) and S we obtain Pr//+(W)[H+1 ] according 
to Lemma 5.23 and X = Pr$ H+.

REMARK 5.25. Note that the projection of the n-dimensional subspace X+ = 
Prw+ S (where n = dim X) onto H+(w) is not necessarily n-dimensional because it 
may contain vectors orthogonal to H+(w), i.e. contained in S as well. Consequently

dim(H+(w)Q[H+(wWH+]) =n -dim(H+CS) = n™,

this latter is equal to the number of strictly unstable zeros (i.e. with modulus larger 
than 1) counting multiplicities, too. (Cf. Chapter 5.7)

REMARK 5.26. Observe that Corollary 5.24 implies that if the realization 5.17 is 
minimal and internal then there exists a matrix To such that the subspace Pv^ S is 
spanned by the coordinates of

00
x(O) + ro^EAXoW(£). (5.30).

k=0

THEOREM 5.27.

/. Ifr, Ko and F (p(F) < 1) are arbitrary matrices satisfying the equation

~Ar
Bt

CT'

D1
= F[rP 0] (5.31)

then the coordinates of the vector FkKow(k) are in H * (w) © [H+ (w) Cl 
H+].

2. Conversely, assume that the state-space realization 5.17 is observable. Denote 
P the covariance matrix ofx (0) in the state space representation 5.17. Consider 
the matrices F, Ko defined in Lemma 5.20 using a previously fixed generator 
system in PrH+(W)[//+1]. Then there exists a matrix r such that equation 5.31 
holds.

The matrices F,Ko defined in Lemina 5.20 are maximal solutions of 5.31. 
(Maximality is meant in the sense that the rank of the controllability matrix C (F. Ko) 
is maximal.)

Furthermore, if the realization is minimal and internal then equation

tP = -!KT^ (5.32)

holds true, where K and To are defined in 5.20 and 5.30, respectively.
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Proof. (1) Written in componentwise equation 5.31 gives that

rPCT + KqDt =0 (5.33)

and
tPAt -K^B1' = FtP. (5.34)

Since according to the assumption p(F) < 1 we can consider the vector 

oo
^Fk Kow(k) + rx(0).
k=0

Taking the covariances with y(0) we obtain

K(}Dt + tPCt,

which is zero in view of equation 5.33. Computing the covariance with

y(l) = Dw(l) + C5w(0) + CAx(O) 

we get
FK^D' + KqBtCt + r P AT CT.

But equations 5.33 and 5.34 imply that

FKqD' + K()BTCr + tPAtCt = FKqDt + FtPCt =0.

Continuing similarly we obtain that

(
OO \

FkKow(k) + tx(0) j ± y(t)
k=0 /

for every t > 0. Projecting onto H+(w) we obtain that the coordinates of

OO

FkKow(k) are in Prw+(W) #+1 
*=o

proving (1).
(2 ) Conversely, if p belongs to the subspace Prw+(u;) [H+1 ] then it can be written 

as
f] = PrH(5.35) 

where H+. On the other hand Prsn(W+p $ is orthogonal to H+(w) V H+ thus 
subtracting it from £ if necessary we can assume that

Prs £ € Pr5 H+ C X, (5.36)
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where X is the splitting subspace corresponding to the realization 5.17. Now, if 
£1,£2-L #+ satisfying both 5.35 and 5.36 then

and
(11 -£2) € 5 = H~(w)

i .e. 5.36 implies that
(£1 -£2) € X.

Now, from the observability of X it follows that £1 — £2 — 0- Thus £ is uniquely 
defined by i] and also

^ = ^ + Pr^. (5.37)

Repeating this construction for the coordinates of as where
F. Kq are defined in Lemma 5.20 we obtain that there exists a matrix r such that

00

^2 FkKow(k) + rx(0) ± y(0 for every t > 0. (5.38)
k=0

Taking the covariances we get that

F' K0Dr + ^FkKoBT(ATy~k~' +TP(Aryc' =0. (5.39)
k=0

For t = 0 we obtain that
KQDT + rPCT = 0. (5.40)

Considering the difference of the equation 5.39 for t + 1 and Fx the equation foi 
t we get that

(K0Bt + rPAr - FrP) (At)'Ct = 0. t > 0.

The observability of (C, /f) implies that

KoBt + tPAt-FtP = O. (5 41)

Thus equation 5.31 is fulfilled. This argument together with part (1) gives the 
maximality of the solution defined by the matrices F, Ko provided by Lemma 5.20.

It remains to prove that
tP + XTJ'=0 (5-42)

holds true.
To this aim observe that the coordinates of

00

x(O) + To^FkKow(k)
k=0
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span the subspace Pr^+^S, especially there are in the subspace H+, and the 
coordinates of

oo 

rx^ + ^V^W 
A=0

belong to H+±. Taking the covariances we obtain that equation 5.42 holds true 
utilizing that X = K^k•

■

REMARK 5.28. Introducing the notation

OO

^(r) = 22^Kow(A: + r) (5.43)
A=0

for t e Z we obtain that

= F£(r+1) + Kow(t). (5.44)

The coordinates of%(0) are in H+(w), in particular

£(?(0)x(0)r) = 0.

As we have seen in the proof of the previous theorem the second equation expresses 
the fact that

£(0) + rx(0) ± y(0) = Cx(0) + £>w(0)

while the first equation claims that

K(0) + tx(0)]-FK(1) + tx(1)] ± x(l) = Ax(0) + Bw(0).

REMARK 5.29. Let us point out that the definition of the matrices F, Ko depends 
on the generator system used in Lemma 5.20. On the other hand the coordinates 
of x(0) form a basis in X. These two systems can be connected together. In fact, 
choosing a basis ip,... ,r)n ePrn+ S for which Pr^ rp coincide with the coordinates 
of x(0) the vectors Prs-i rp form a generator system (possibly containing zero or in 
general linearly dependent vectors) in H+(w) 0 [/7+(u>) A H 1 ]. Constructing the 
corresponding matrices F, Ko and K according to Lemma 5.20 we obtain that in 
this case the coordinates of

OO 
x(Q) + ^FkK(,w(k) 

*=0

span the subspace Pr//+ S (i.e. now To = I). Moreover, F and Ko define a maximal 
solution of 5.31 and

rP + X = 0.
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Thus

[-X
'at ct'

Bt Dr
F[-X0]

holds true.

(In view of Theorem 5.47 this equation determines the left stable zeros of the 
function D1 + BT(z7 - ATr'C1 or in other words the right unstable zeros of the 
spectral factor D + C(z~' I —A)~lB.)

Note that the proof of Theorem 5.27 shows that the coordinates of rx(0) span 
the subspace

prs [se#+].

Straightforward calculation gives that this latter equals to

Similarly, it can be proved that the coordinates of

PC

^Fk K()w(k) + rx(0)
k=o

span the subspace
SQH+.

Consider now the subspace S Q H

LEMMA 5.30. There exist matrices R. Lo, p(R) < 1 such that the coordinates of

oo^2 Rk~lLow(-k) generate the subspace SQ H
k=0

(5.45)

Furthermore for any solution of 5.45 there exists a matrix n such that the equation 

[Rp To] 'At Ct~ 
Br D1

[M0] (5.46)

is fulfilled.
Proof. Consider an arbitrary generator system in 50 H . Since this subspace 

is invariant under the operator Prs U the argument used in Lemma 5.20 can be 
repeated leading to the construction of the matrices R, satisfying the assumption 

p(R} < I.
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The property
oo

22 Rk~[Lqw(—k) ± y(—t) for every t > I
*=1

can be expressed as

00 / ,
R'-'LoDt+ 22 R^'L„Bt(At\ ' CT = 0. (5.47)

£=«+!

Introduce the notation
oo

^^R’L^ (AT)].

j=o

Then equation LqB‘ + R^iA1 = holds true. From 5.47 for t = 1 we obtain that

LaDT + RfiCT =0

concluding the proof.
■

Note that the size of the matrix R equal the number of vectors in the previously 
chosen generator system, consequently the matrix /z is not necessarily a square 
matrix.

(Invoking again Theorem 5.47 the equation 5.46 determines the right stable 
zeros of D + C(z-1 — A)-1 B.)

We shall show in Remark 5.32 that the matrix R can be defined in a “uniform” 
way, i.e. not depending on the minimal splitting subspace X. To this we need the 
following lemma.

Consider now the splitting subspace X+ = Pr#+ H~. The corresponding “S” 
space is S+ = V X+ while the “5” space is S+ = H 4.

LEMMA 5.31. Let $ & S+Q H be an arbitrary vector. Then

Pr5 [Prs+eW = PrseW- [Pr* £] • (5.48)

Proof. Observe that if then thus

Pr5+eH = Pr5+ Ulf

The inclusion S C 5+ implies that the left hand side of 5.48 is Pi's U^. On the other 
hand Pr$£ e H~ thus

PrSeH CPr^ = PrsCPr^.

At the same time £ — Prs£±S consequently U — Prs£)±S proving 5.48.
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REMARK 5.32. Choosing an arbitrary generator system .......in S+Q H 
there exists a matrix R such that

PrS+eH- = R^, (5-49)

where ^ = [^ ... The previous lemma implies that defining the vectors 
Pi = Pr$ — where p\, ... , qm form a generator system in S Q H — we have that

PtsUp = Rp,

where p = [ p\ ... p„, ]7, i.e. the matrix provided by Lemma 5.30 can be defined via 
equation 5.49.

Similarly to Lemma 5.22 the following lemma gives the possibility of using the 
matrix R defined via the splitting subspace X+ for the subspaces S Q N .

LEMMA 5.33. Let £ € [S+ © H~] be an arbitrary vector. Then

Pr^ Prs+ew- U^ = Pt-^UPr^ (5.50)

Proof. Since 5 D H+ it follows that

^S+QX+CS+. (5.51)

First we prove that
Pr^(S+e//-) = 5±©A- (5.52)

The inclusion N~ C implies that

Pr5i (S+eH~)-LN~,

i.e. it is contained in S'1 © N~. On the other hand ii

A e S^O and XI (5+ © H~)

then A € (S10 N ~10 [ H - © Sf ]). There exist £ e H ~, p e such that A = £ + h ■ 
Equation 5.51 implies that Alp thus p = A - < e (5 V H Ol^, i.e. p = 0.

Consequently A = <€(//“ O^) = N~, proving that A = 0.
Now using that ^LH" implies that UI; PH we get that

Pty Pr5+eH U^ = Pr5 Pr5+ U^ = Pr^i U^.

On the other hand
Utf - Pty $) 1 S1 and PiyQ/v UL = Piy U^

using that U^ 1 N~ in view of 5.52, thereby concluding the proof.
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REMARK 5.34. Similarly to the Remark 5.32 an arbitrary generator system 
in S+Q H~ can be "carried over” to the subspace 5 © N~ as follows.

Set p, = Pr-iew_. i = 1.......m, and p = [pi ... pm ]7'. Then

PlYeN~U^Rri- (5.53)

5.5. Generalized inner product representation

The inner product representation introduced at the end of Chapter 3 (see equation 
3.71) can be extended to general state-spaces, too.

THEOREM 5.35. (cf. Michaletzky and Tusnady (Michaletzky and Tusnady, 1991)) 
Let us assume that X[,_X2 are proper, minimal Markovian splitting subspaces 
defined by the pairs (S[, S]), (S2. S2) of a full-rank stationary purely nondetermin- 
istic process y with rational spectral density. Suppose that S2D S\. Assume that 
the components of x2(0) and x\(0) form bases in Xj, X2, respectively, such that 
Pry, x2(0) = Xi (0). Define x2(0) = R,-lx2(0).

Then the operators

K-.'S2-^W' K^ = E[X2(^]

L : 5] —> R" Lp = E [xj (0)??]

determine an inner product representation ofS2 and S\, i.e.

E[^p] = (K^T(Lp), ^eS2,peSi.
Proof. First let us remark that the condition Pr5|x2(0) =xi(0) can always 

be fulfilled, namely first choosing a basis in X2 then projecting it to S|. Since 
^2 = Prs2 +, so X, = Pr5| H+ = PrS| X2, these projected vectors form a basis in 
X!.

Observe that the elements of 52 © X2 are orthogonal to S, because the conditional 
orthogonality of S2, S2 given X2 implies that they are orthogonal to S2 and S2 D 5|. 
Since X| = Pry, X2, the subspace S2 © X|_is orthogonal to X2, and the previous 
observation implies that it is orthogonal to S2. Thus, if £ e S2, p e Sj then

E[£??] = E [Pry, £ ■ PrX| p] =

= cov . x2 (0)1) Pfi1 cov (x2(0), X1 (0)) P~ 1 cov (x, (0). p).

The assumption
X|(0) = Pr5| x2(0)

implies that
cov(x2(0).x,(0)) = Ph
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Using that *2(0) = P^ *x2(0) we obtain that

£[^] = £ [£x2(0)7 ] £ [x, (0)/?] (5.54)

concluding the proof.

REMARK 5.36. Instead ofS2 D 5, we may assume that S^S2andPr^ x i (0) = 
x2(0). Then again the covariances with x2(0) and X|(0), respectively, define an 
inner product representation of S2 and S], where now Xj(O) = P\ *i(0).

COROLLARY 5.37. 
we have that

Under the assumptions of the previous theorem (or remark)

E [x2(0)x) (O)7] = P2P\- (5.55)

Proof. The inner product representation can be applied to the components ol 
x2(0) and X| (0) because they are in S2 and S|, respectively.

COROLLARY 5.38. Cf. Green (Green, 1988) for continuous-time systems and 
Michaletzky (Michaletzky, 1992) for discrete-time systems. Under the assumptions 
of the previous theorem (or remark) the realizations defined by the processes xj 
andx2 can be stochastically balanced, i.e. choosing an appropriate (minimal rank) 
factorization of the covariance sequence R(k), k > 1 in the form R(k) = C A G 
the corresponding covariance matrices of X] (0) and x2(0) are equal and diagonal.

Proof. Since the transformation C CT, A t-r T 1 AT, G^ T 'G maps 
the covariance matrix Pi into T~{ P\T 1 and P2 into T' P21 the Lemma 
3.28 can be applied. Thus choosing the nonsingular matrix T in an appropriate 
manner we can achieve that P\ and P2 be equal and diagonal. Furthermore, an 
immediate consequence of the previous corollary that the diagonal elements in this 
stochastically balanced realization are the square roots of the eigenvalues of the 

product P\P2.

In Chapter 3 we have defined the stochastically balanced realization of the 
forward and backward innovation realizations (see Definition 3.27). In this case the 
covariance matrices of x_(0) and x+(0) have this special diagonal form. Thus the 
previous corollary generalizes this notion.

Remark that the transformation T “balancing” a pair of forward and backwaic 
realization depends on these realizations, in general. In other words, balancing e.g. 
the (forward and backward) innovation realizations does not mean that all possible 
pairs of forward and backward realizations are immediately balanced at the same 
time.
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Obviously, the equation Prq %2(0) = X| (0) used in the previous theorem implies 
that ?2 < A - It can be proved that this inequality between the covariance matrices 
can be formulated in a coordinate-free way.

DEFINITION 5.39. (See Definition 6.1 in Lindquist and Picci(Lindquist and Picci, 
1990).) Given two minimal Markovian splitting subspaces, Xi, X2, let X\ < Xz 
denote the ordering

l|Prx^ll<l|Prx2ai for all & H+. (5.56)

THEOREM 5.40. Assume that the coordinates of x+( 0 ) form a basis in X+ = 
Pvh+H~ and define x(0) = Pr%jc+(O) for every minimal Markovian splitting 
subspace X and denote P = E (x(0)x(0)r) the corresponding covariance matrix. 
Then

X\ < Xz if and only if P\ < Pz.

In Chapter 7 we need the following theorem.

THEOREM 5.41. (See Theorem 6.8 in Lindquist and Picci (Lindquist and Picci, 
1990).) Let the minimal Markovian splitting subspaces X\ and Xz be generated by 
the pair of subspaces (Si, S ।), (S2, S2). Then

1. lfX\ is internal, then

X\ < Xi if and only if S\ C Sz-

2. If Xz is internal, then

X\ < Xz if and only if Sz C Si.

Note that under the assumptions of the previous theorem Si C S2 implies that 
Pr$! Xz = X\ and Sz C S| implies that Pr$, X\ = Xz-

5.6. Acausal state-space representations

Until now we have analysed how to construct forward and backward realizations 
from a Markovian splitting subspace X leading to analytic (causal) and coanalytic 
(anticausal) spectral factors. This is very natural if we start with the factorization of 
the Hanke l-m<Av\x since this gives a stable state-transition matrix A, i.e. p(A) < 1. 
But looking at the geometric setup, we have seen that the state-space itself does 
not define the type of the realization, whether it is forward or backward one. This 
is determined by another assumption, namely, we obtained a forward realization 
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assuming that 5 = H~(w) which contains X and H~(y), as well, leading to an 
analytic spectral factor; the assumption S = H+(w) D H+(y) leads to a backward 
realization or coanalytic spectral factor.

Let us approach the same problem from an other point of view. Assume that we 
have a state-space realization of y

x(t + 1) = Ax(t) + Bwf),

y(t) = Cx(t) + Dwff

where w(t), t € Z is a white noise process; x(t), r e Z is a stationary process, but we 
do not assume anything about the spectrum of A (except that it has no eigenvalues 
of modulus 1), in other words about the orthogonality properties between the state 
process and the input noise.

Straightforward calculation gives that x(0) defines a Markovian splitting sub­
space. Obviously, in general neither of the inclusions X C H (w), X C H+(w) 
hold.

Again direct calculation gives that

XnH'W DPrW (W)^+ (5-57>

and
XQH+(w)3PrH+wH~. (5.58)

An obvious geometric reformulation of these observations leads to the tollowing 
theorem (see Michaletzky and Ferrante (Michaletzky and Ferrante, 1995)).

THEOREM 5.42. Suppose that we are given a Wbert-space H D Ho, with a shift 
operator U extending the shift on Hq. Assume that FA, B are closed subspaces of 
H such that H = J4 ® B.

Define

Xs=Pr^H+, Xu = ?obH', X = Xs®Xu.

Then
1. X is a splitting subspace, i.e. FT and H+ are conditionally orthogonal given 

X.

2. if U~'FA C FA, UB CB. then X is a Markovian splitting subspace.

3. if FAQ U~l2A is finite dimensional and Q, U 'FA = {0}, Q, U’B = {0}, then 
there exists an acausal realization of y, with an input noise wf), t € Z for 
which

A = B = H+(w). (5.59)

This realization defines a spectral factor with no specification on the pole 
structure.
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Proof. The proof of this Theorem is sheer computation, so we omit it.
■

REMARK 5.43. It is easy to see that defining

S = ^®XU, S = B®Xx (5.60)

we get the usual (S, S) pair of subspaces connected with the Markovian splitting 
subspace X.

REMARK 5.44. Since in the analysis ofacausal spectral factors we use the same 
Markovian splitting subspaces as earlier, the same notion of minimality can easily 
be applied. Let us mention an immediate corollary of this.

COROLLARY 5.45. If the Markovian splitting subspace X determined by the pair 
of orthogonal subspaces J4, B is minimal, then

N+±.A, N~1B. (5.61)

5.7. Zeros of spectral factors

Let us close this chapter with some remarks on the zeros of a spectral factor (cf. Ball, 
Gohberg and Rodman (Ball et al., 1988), Michaletzky and Ferrante (Michaletzky 
and Ferrante, 1995)). Assume that W0(z) is an acausal spectral factor of the form

Wa(z) = D + Ct (z~11 - A i)-1 B\ + C2(z.I - A2)~1B2, (5.62)

where A i, A2 are stable matrices and this form of Wu defines a minimal realization 
of Wa with the state-space equations:

X|(t+ 1) = AiXi(/) + #2W(t),

%2(0 = ^2T2(t + 1) T B2w(t), (5.63)

y(t) = Ctxif) + C2x2(t + 1) + Dw(t).

DEFINITION 5,46. The row vector-valued complex function f(z) is called left 
zero function ofWu at zo if it is analytic in a neighbourhood of zo and

lim f(z)Wa(z) = 0. (5.64)

The order of the zero function is the largest positive integer k, for which

lim =0. (5.65)Z->Z()L
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Obviously, it is enough to analyse the zero functions of order k in the loim

n+k-l
£ a^z-zof (5.66)
<=o

in the sense that a function </> is a left zero function if and only it the polynomial 
defined by the formula above using a- = (1/D^Czo)01 as coefficients is a left zeio 
function. The vectors af, i = 1.......k form a so-called left zero chain of W(z) at

Zo-
Denote shortly by M the matrix with rows a] , i = 1, • • •, k. Also, let A be the 

JoraYm-block of order k determined by zo:

zo 0 ••• o-

0
1 zo_

(5.67)

THEOREM 5.47. (See Michaletzky and Ferrante (Michaletzky and Ferrante, 
1995).) The matrix M determines a left zero chain of W at zo and only if 
there exist two matrices n ।, fl 2 satisfying the matrix equation

EA, 0 B\~

[ a n 1 ri2 tv/ ] 0 A2 #2 

c, C2 D _

[n, ah2 0] (5.68)

Proof. By symmetry we may assume that 1 -zo^i is a regular matrix. Also 
assume that z0 is different from 00. The proof goes by induction. Let </> be a left 

zero function at zo- In view of 5.64

D + a^CizoU -zoA})~' Bi + \im^(z)C2(zoI ~A2r' B2=0. (5.69)

Denote

= a^ Ci U -zo

tM1 = fl^CftzI - A2fy '.

We have
C। + Zo^ 1 = £0 (5.70)

^(z)C2 + ??o(z)/A2 = z'7o(z)/ (5-71) 
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Equation 5.69 gives that limz_>Zllpo(z)/ #2 exists. Multiplying 5.71 by from the 
right we get that limz^.Zl) po(z)7 A2B2 exists. Multiplying consecutively by A2B2, 
A2B2,... we obtain that

lim r^z)' C(A2, B2) 
z->zo

exists. Controllability of (A2, B2) implies that lim,.^ r)o(z)T = pj exists and 
satisfies the system of equations

a^C2 + ^A2 = zofio

a^D + z^' B\ +^B2 = O.

Then fl 1 = ]. n2 = [pj], M = ] gives the solution of 5.68 at zo-
Consider the case when k > 2. Write 0 in the form

0(z)=«o + (z-zo)0i(z)-

Equations 5.70 and 5.72 give that

^(z)W(z) = (z-zo)[<Z>i(z)D + (^i(z)zC1+^o7’)(Z-Mi)“i^i 

+(0i(z)C2-pJ)(zZ-A2)-1B2].

Denoting

^^(afG+^AiXZ-zoA!)-1, 

m^T = ^U)C2-^)(zi-A2r'.

we have similarly as before

C| + + z^{ Mi = £7

</>i(z)C2 + pi(z)rA2 = zpiCzl^ + p^. (5.73)

a' D + (|J + zo^7 )Bi Tlim^^pilz)7 B2 = 0,

implying that limz_».Z() pi (z)7 B2 exists. Multiplying the second equation of 5.73 by
B2, A2B2.... we obtain that limz_».Z() p, (z)7 C(A2, B2), consequently

lim pi(z)7 = P| 
Z-+ZO

exists. Obviously

c2 + p7 A2 = zo'Ji +t?o

u7 D + + zo47 )®1 +^2 = 0.
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Using the matrices 

we obtain the solution of 5.68 for k = 2 at zo- Similar argument can be applied 
for k > 3. Let us point out that up to now we have used only the controllability of 

(A2,B2).
Conversely, let us assume that equation 5.68 holds, and construct a left zero 

function of order at least k at zo- To this aim it is enough to determine ai ~ 
0,..., n + k - 1. Let the rows of the matrix M define the first k elements of this 
sequence. We define two other sequences ■. i = 0,..., n + k — 1, rji.i —0,... ,n + 
k - 1 as follows. Again the first k elements are given by the row vectors of the 
matrices H,. n2, respectively. The remaining elements of these sequences can be 
defined successively as solutions of the equations

a^C\ — U zoAi) = — £;_| A, (5.74)

a- Ci - rtf (zqI - A2) =

i=k (n+k-V) (Equation 5.68 impliesthat 5.74 are valid fort = 1........A'-L)
The observability of the pair (G, A i), (C2, A2) implies that 5.74 do have solutions.

Defining <p(z) by 5.66 we obtain that

n+k—1

0(z)W(z) = 22 ^(z-zo)'D
i=0

+ 22 «,r(z-zo)'Uiz(/-zAi) 'Bi 

1=0
n+k-1 __ _ .—

+ 22 -Zo)'U2(z/- A2) Bo.
i=0

Using the equations

atfC\ = (I - ZoA i). ^C2 = 4 - A2)

we obtain (hat

-zA\)~'Bi-z0l;tfB'=(z-z0^

and _ _ _
a* CAzI - A2)-‘ Bo - rtf B2 = -(Z - zo)ho
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Consequently the first terms containing a% can be eliminated as follows:

ao D + OqCiz(I-zA|) ' B\ + a^ C2(zl - A2)~} B2

= a^D+ zo$o B| + B2

+(z-zo)^ (1 — zA\)~' Bt — (z — zo)vl (zl — A2)~'^2

= (z- zo) (' ~ Mi)"1 - ^(zI-A2)~lB2] .

From 5.68 and 5.74 it follows that

(za[Cj + ^)(I-zA,)"1 Bj — (zo£i +£o)#i = (z - zo)^ (1 - zA\)~{B\ 

and

(a\ C2 — )(zl - A2)~' B2 — r]{B2 = —(z — zolrtf (zl — A2)~' B2. 

Thus the terms containing a' can be written as

«i D + c/fCizCZ-Mi)"^, +a{C2(zI-A2r'B2

+ ^(I-zAlylBi-^(zI-A2)-lB2 =

= D + (^[zo + )Bi + r/] B2

+ (z - zo^'(I - zA i)"1 B\ - (z - zo)^(z/-A2)-'B2

= (z- Zo) (I - zAt)-' - (zl - A2)"‘ B2].

Continuing in this way after k steps we arrive at the equation

(j)(z)W(z) = (z-Zo)k [^_i(I-zAi)~'Bi -rj'^^zl - A2)"‘B2]
n+i-1

+ ^2 (z-zo)'a! W(z).
i=k

Note that in the present case I -zo-Ai is nonsingular, so it is enough to transform 
the term containing (zl - A2)_| further. Using successively the identity

(^ C2-r]'[_i')(zI - A2) 'B2-r)] B2 = -(z-z.^l' (zl - A2)"'B2

we obtain finally that

(Kz)W(z:> = (z - zo)k^ii(l -zAi)~' Bi

-(z-zd'^n^zi -a2)~'b2
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n+k— 1
+ (z — zp)'«,7 C| (7 — zAI)"1 g] x 

i=k

x (z - Zo)' D +'?/ 
i=k

proving 5.65.

REMARK 5.48. Introducing the notation n — [—n i FI2] we get that the previous 
equation is equivalent to

Anx(r + l) = nx(f) + Wy(r). (5.75)

REMARK 5.49. In the case, when z0 = 00 similar argument can he used. Denote 
Ao the Jordan block of order k determined by the eigenvalue 0. Then instead of 
5.68 we get that

"Ai 0 B\

[n A0n2 M] 0 A2 b2

CiC2 D_

[ Aon । n2 0] (5.76)

which is equivalent to

Hx(r + 1) = Aon%(r) + My(t). (5.77)

REMARK 5.50. An immediate consequence of this identity is that the zeros are 
determined by the state-space X. The components of x(0) define only a c oordinate 
system in X not affecting the value of A or Ao in equations 5.75 or 5.77. Stated in 
another form, spectral factors with the same minimal Markovian splitting subspace 
share the same zeros.

REMARK 5.51. Also in the light of the previous identity it is not surprising that 
the stable zeros (of modulus not greater than one) are determined by X D H , the 
unstable zeros (of modulus not less than one) are determined by X DH .

Especially, the zeros of modulus exactly I are given by X n H T H , see 
Hannan and Poskitt (Hannan and Poskitt, 1988), Green (Green, 1988), Michaletzky 
(Michaletzky, 1992).





6. The structure of all-pass functions

In this chapter we first analyse the structure of inner functions giving a geometric 
proof of the characterizing algebraic equation. This geometric approach enables 
us to give a short concise proof of the factorization theorem. Next we consider 
the all-pass case. The basic idea is again that the characterizing algebraic equation 
can be transformed into a geometric one, namely it is equivalent to the existence 
of an orthogonal transformation in a finite dimensional subspace determined by 
state vector and the output process. A little bit more involved analysis leads to the 
factorization theorem of all-pass functions. These factorizations are determined by 
solutions of two simultaneous /?/’craft-equations. As a side result a direct geometric 
proof of the fact that in case of the phase function the minimal all-pass factorizations 
define minimal spectral factors and vice versa is obtained.

Let us remark that because in this chapter the output process y(f) is usually a 
white noise process, instead of denoting it by y we shall use the notation v.

6.1. Factorization of inner functions

In this section we address the following problems: What is a general form an inner 
function? How to characterize the inner factors of an inner function?

THEOREM 6.1. Let <t>(z) = D + C(z~'l - A)~' B be a p X p rational function. 
Assume that p(A) < 1, so O is analytic (inside the unit circle). Let P be the solution 
of the Ljapunov-eguaZron

P = APA1' + BBT. (6.1)

Then if the equation

holds then is an inner function. Conversely, if T1 is an inner function and (C , A)
is observable then the equation 6.2 holds.

Proof Consider a p-dimensional white noise process wf), t € Z and via the 
equations

x(f+ 1) = Ax(t) +Bwf) 

vf) = Cx(t) + Dw(f)
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define the stationary processes x(t), t e Z and v(t), t eZ. Take the covariances of 
both sides

E x(t +1) 
v(f)

[x(r +1)7 u(07 ]

A B
C D

p oi r at ct 
0 / j p7’ DT

So the equation above is equivalent to

E [x(r + l)u(t)r] — 0

E [v(t)v(t)7'] = Ip.

(6.3)

(6.4)

First assume that these are fulfilled. Then x(t + 1) is orthogonal to u(t). Using 
the state space equation and the stability of A we get that x(t + 2), xf + 3),... are 
also orthogonal to v(t), i.e.

E [x(t + k)v(t)r] = 0. k>l.

The observation equation now implies that

E [u(t + k)v(t)‘ ] — 0, k>\,

i.e. v(t), t e Z is a white noise, thus <t> is an inner function.
Now, let us assume the observability of the pair (C, A) and be an inner 

function, i.e. v(f), t e Z is a white noise. Then obviously

E[v(t)v(r)7] = Ip.

On the other hand

R(t) = E [v(s + r)v(s)7 ] = 0, if r > 1.

But
R(t) = CA'-‘G.

So the observability of (C, A) implies that

G = 0.

This concludes the proof because

G = E[x(t + IMt)7]

REMARK 6.2. Since H(w) = H(v) we obtained that under that assumptions of 
the previous theorem the inclusion X C H+(v) holds.
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REMARK 6.3. The state space X of an observable realization of^ can be written 
as

x = EH~wH+(vy (6-5)

If A) is an inner function then X C H+(y) and (6.5) imply that X = H (v)T\H (w) 
thus H+(v) and H~(w) are conditionally orthogonal subspaces with respect to 
their intersection X and especially H (w) = H (v) © X.

This implies that the inverse transfer function 0>”' which “maps” v(t) to w(t) 
has a realization with the same state space X, because

X = Eh+(v}H-(w). (6.6)

Now we analyse the problem of factorization of an inner function <t> as 
<t>i<t>2 where <t>|, <t>2 are also inner functions. Oj is called left inner factor of 0

THEOREM 6.4. Assume that O(z) = D + C(z. ' I - A) ' B a p x p rational inner 
function. p(A) < 1. Moreover (C. A) is observable and (A, B) is controllable. Then 
<t>i is a left inner factor of Q if and only if there are solutions P\, B\, D\ of t e

equation
a Bi 1 rPi o] r at cr
C D\ J |_ 0 7 J [b{ D]

P\ 0
0 /

(6.7)

and _ ।
$i(z) = Di+C(z~'/-A) B\. (6.8)

Proof First consider a solution of the equation above. We know already that 
this defines an inner function 4>i. We have to piove that it is a left factor o 
Take again a state-space system corresponding to the matrices (A. B\, C . / i) ul 
assume that the process v(t), t e Z is matched to the output process constructed 
in the previous theorem (this can be done because both are p dimensiona w ite 

noises). So
X1(t + D = AxiCD+Biwja), (69)

v(t) = Cxi (t) + D\ wi (t).

Denote X, the state space of the process xo(O, t € Z. Then from Remark 6.3 it 

follows that X, X) C H+(v) and

H~(w) = X®H~(v)
= Xi

We show that X, C X holds. Define a linear transformation

T:X^ Xi
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for which the components of
CA^O)

are mapped to the corresponding components of

CA^x^O).

This has a linear extension because if

y\(t)CATx(O) = 0
t>0

then
^Mt)CAT = Q 
/>o

so
= 0.

r>0

Here we have used that the controllability of (A, B) implies that P > 0. Observe 
that

CAkx(0) = Prxv(k)

and
CA*X|(0) = Prx„v(fc).

The linear extension gives that if £ € H+(v) then

T(Prx^ = Prx^.

Especially if £ g X C H+(v) then

n = Prx,^

i .e. T is a projection operator. (In particular Tx‘ (0) = x'1(0).) Consequently, for 
any £ e H+

Prx^ = PtXl(Prx^

thus if £±X then £±X|, in other words

X, CX,

consequently
H~(w) D W-(wi)

which means that the transfer function Tb “mapping” w(t) to w\(t) is inner. 
Obviously

cp = cp, cp2.
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For the proof of the converse statement see Fuhrmann (Fuhrmann, 1981), 
Furhmann and Ho^nann(Fuhrmann and Hoffmann, 1998). It is based on the 
fact which can be found in the standard literature, that every left inner factor is 
determined by an invariant subspace of X.

■
The factors <b|, <t>2 can be expressed explicitly using the matrix P\ appearing 

in the solution of 6.7.

THEOREM 6.5. (cf. Bart, Gohberg and Kaashoek (Bart et al., 1984).) Let (z) = 
D + C(z~' I - A)-1 B be a p x p rational inner function, p(A) < 1. Furthermore, 
assume that (C.A) is observable, (A,B) is controllable. Let Pi be an arbitrary 
solution of 6.7, P be the unique positive definite solution. Then

1. n = Pi P~l is a projection, and

<t>i(z) = Di +C(z 11 — a) Bi 

$2(2) = D2 + C2(z~' I - A) B

define the corresponding factorization <4* — 4>2, where B\, Di, Ci, D2 are
solutions of the equation

Bi 
Di

[C2 £>2]
’nA(z-n) ns

C(Z-H) D

REMARK 6.6. If the normalizing condition D — I is fulfilled then we may assume 
that Di = Dt = I so we obtain that

Bi = nB, C2 = C(/-H)

leading to the factorization identities of Bart, Gohberg and Kaashoek (Bait et al.,

1984). ,
Proof. Consider the state-space systems corresponding to O and <P 1. As we have 

seen in the proof of the previous theorem we can achieve that

H~(w) D H-(wi) D
X, =PrH-(u)|)W+(v) = H-(wi)e//“(v)

is the state space of <4>i. Denote

X2 = Prw (w) H+(w\) = H~(w) © H-(wi)

the state space of <t>2 ■ Then
X = X|©*2
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and X2 is an Pr^^) [/-invariant subspace of X. Thus we can construct a 
nonsingular transformation T = [7j T2]' for which

xj(O

X2([)

T\
T2 x(t),

where the coordinates of xi (0) and x2(0) form a basis in X। and X2, respectively, so 
the processes x, (t) and x2(t), t e Z are state-processes of d>i and <b2, respectively. 
(Recall that the process xi(t) defined in 6.9 is also a state process of a realization 
of <I>|.) Denote

(7 = [(71 U2] = T~i.

We obtain that

xi(r +1)

x2(r +1)
= TAT-

*1(0 

x2(t)
+ T Bw(t)

(6.10)

v(t) = CT~'

Since X2 is invariant the identity T2AU\ = 0 holds. The matrix 

n = UCT

obviously satisfies the identity fl2 — fl thus fl is a projection and I — fl — U2T2. 
The equation E[xi (f)x2(r)7 ] = 0 implies that

np(/-n)r = o. (6.11)

Observe that xj(f) and x2(t), t e Z determine (minimal) realizations of <t>i and 
d>2. Consequently

x2(t + \) = T2AU2x2(t)+ T2Bw(t)
(6.12)

W| (t) = Czx2(t) + Dzw(t)

and
x । (t T 1) = T|A(7|X|(t) + Bxw\(t)

(6.13) 
v(t) = C[7|Xi(f) + DAuq(t)

with appropriate matrices Cz, Dz, Bx, Dx.
In other words

<t>dz) = Dx + CU{(z-'l-TiAUi) ' Bx (6.14)
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and
^•) = D7 + Cz(z~'l-T2AU2y T2B. (6.15)

The identity = 0 implies that t/iT|A(/j = AU\ and T2AU2T2 = T2A, 
consequently

$,(z) = Dx + C(z'lI-A) 't/jB, (6J6)

4*2(2) = Dz + CZT2 (z * I — A) B.

The observability of C. A implies thatxi(t) = (7|Xi(0 = Hx(t) implying that

P\ = npnr,

which in turn together with (6.11) gives that fl 1 = P\ P 1.
Compare now (6.12) and (6.13) to the realization (6.10). We obtain that

BxCzx2(t) + BxDzw(t) = T}AU2x2(t) + TiBw(t)

and
DxCzx2(t) + DxDzw(t) = CU2x2(t) + Dw(t).

The uncorrelatedness of x2(t), w(t) implies that the equation

r^lrr n if^AU, T\B 
D J[CZ uz\- L Clh D

holds true.
Denote D\ = Dx, B\ = U\ Bx, D2 = Dz, C2 = CJ2. We obtain that

D iFrw-n) ns 
d, [C2D2J- C(/-n) d

holds.

6.2. Characterization and all-pass factorization of all-pass functions

Now let us consider the general — all-pass — case. First we would like to prove 
an extension of Theorems 6.4 and 6.5. After that we characterize the left all-pass 
factors in terms of solutions of two /?iccGtt-equations.

Finally, we show that the minimal factorizations of the so-called phase function 
corresponding to a stationary process y determine the minimal acausal spectial 
factors of v.
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THEOREM 6.7. Assume that the p x q transfer function O has a realization 

= D + C(z^'l-A)~l B

where the matrix A has no eigenvalues of modulus 1. If there exists a solution of 
the equation

A B
C D

p ol Ta7 ct' 
ozj[bt dt

p o 
o / (6.17)

where P = PT, then is an all-pass function. 
Proof. By definition

<plkzk = DT + Br (zl - AT) lCT. 
k=—oo

Denote
AU) = (z-'Z-A)-' B

△U) = ^i-atY1ct 

T(z) = C(z~1I-AY'

Using that
P-APAt = (1-zA)P + AP(zI-At)

we obtain

A(z)$*U) =

= (z-11-Ay' B [bt (zl - AtY' Ct + D1 ] =

= (z~'l-AY' [BBr + APAT-P](zI-ATY'cT +

+zP (zl - CT + (zl - A^ (APCT + BDT) 

and

(z^U) =

= (D + CA(z))d>*(z) =

= Tlz) (BBt + APAr - P) A(z) + T(z) (APCr + BD1) +

+DDr + DBr (zl - ATYl CT + CPz(zI - ArY' CT =

= T(z) (BBt + APAt - P) A(z) + T(z) (APC1 + BD1) + 

+ (CPAt + DB1') A(z) + (CPC1 4- DDT) .
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So, under the assumption 6.17,

<p(z)^*(z) = Ip-

Consequently p <q and T is an all-pass transfer function.
■

REMARK 6.8. As a side result we obtained that under the assumptions of the 
previous theorem

A(z)4>*(z) = zPA(z). (6.18)

If p=q then = $*(z) thus wf) = EXie- in terms °fthe 
realizations of and T*

x(Z + l) = Ax(t) + Bw(t)

vf) = Cx(t) + Dwf, 

xf) = ATx(t + l) + Cry(Z) 

wf) = Brx(t + \) + Dryf).

Thus (6.18) implies that
Px(t)=x(t).

This observation is the corner-stone of the converse theorem.

THEOREM 6.9. Assume that

x(t + l) = Ax(t) + Bw(t)
(6.19)

v(t) = Cx(t) + Dw(t)

defines a minimal realization of a p x p all-pass transfer function, where the matt ix 
A has no eigenvalues of modulus I.

Then there exists a nonsingular matrix P, P = P , such that

A B
C I)

p o] r at 
0 I][bt

cn _ [p o'
DrJ_ [o 1. (6.20)

Proof. We may assume that

Ai
0

0
Ai

where Ai and A; 1 are stable matrices (i.e. with eigenvalues of modulus less than 1). 
Denote n । and hi the number of stable and unstable eigenvalues ot A, respectively.
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n = n\ +«2 is the dimension of x(r). The minimality implies that (A i, B\), (A2, Bo) 
are controllable and (C], Ai), (C2, A2) are observable, where

B = Bi
Bo

c = [c, c2]

are the corresponding partitions. We may write

X](Z + 1) = A|Xi(t) + B]w(t)

X2(t) — A? *x2(r +1) — A71 Bow(t)

v(t) = C|Yi (?) + xo(t) + (d — CoA^1 B^ w(t).

The realization above determines an acausal spectral factor of v. According to 
Theorem 5.35 its state space can be split into two parts

Xs = PthmH+(v), Xu=PrH+wH~(v) (6.21)

defining the stable and unstable parts. Set

X = XS®XU. (6.22)

Similarly, for the inverse transfer function, which “maps” y(t), ? € Z to w(t), 
t € Z, the usual construction can be applied, since in our case v(?) is also a white 
noise, thus its state space is generated by

Xs = PrH^v)H+(w), Xu = PrH+wH (w), (6.23)

and

First we prove that

X = X.V©X„.

X = X.

(6.24)

(6.25)

This is immediate from the identities

H~(w) = X.v©(//"(w)n//-(u)) 

H+(w) = Xu © (H+(w) A H+(v)) 

H~(v) = X,®

H+(v) = X„ © (H+(w) n H+(v))

giving that
X = H(v)Q(N~®N+) = X.
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where
N+ = H+(w)H H+(v).

Observe that _
n । — dim ~ dim X 26)

7?2 = dim Xu = dim Xs.
Denote by Vo and Wo the subspace spanned by the coordinates of v(0) and w(0), 
respectively. Then the subspaces Wo, Xx, UXu are pairwise_orthogonal. Similarly, 
using that v(t), r e Z is a white noise, we obtain that Vo, Xx, UXU are paiiwise 
orthogonal, as well. Also,

dim [ Wo © Xx © UXU] = p + m + n2 = dim [Vo© •

Observe, that
VQ,VXx,Xu C W0®Xs®UXu

and also _ _ _ _
Wo. Xu. U Xx C. Vo © U Xu © Xs.

This implies that

Wo © Xx ®UXU = VO® UXU © Xx (Wo v X = Vo v UX).

So we can define an orthogonal transformation on the space Wo V X which maps 
Wo, Xx, UXU onto Vo, UXU, Xx respectively. In order to construct it explicitly first 
consider an orthogonal transformation on X which maps Xx onto Xu, Xu onto 
Xs, respectively. Assume that the coordinates of zi(0), Z2(0), zi (0), Z2<0) generate 
Xu. X.v Xx, Xu, respectively, and moreover they have unit covariance matrices. In 
view of 6.25 there exists an orthonormal matrix P such that

z(0) =
zi(0)

Z2(0)

P\ pn Zl 
P2\ P2 J Z2(0)= PzW =

On the other hand

Zi(0) = r/iAi(0), z2(0) =42*2(0)

for appropriate nonsingular matrices 41,42- Using P the corresponding orthogonal 
transformation on Wo V X can be defined as

Z)(l) = P|Z1(1) + PI2Z2(1) =

= P141 Ai4[-lzi(0) + pi2Z2(l) + Pi4i^iw(0)’

Z2(0) = P21Z1(O) + P2Z2(0) =

= P2\ Z| (0) + P242^2'^'^(^ ~ /’242^2 ' #2«X0).

y (0) = C14f1 z 1 (0) + C2 x2 142 1Z2 (1) + ( U - c2 A 2 1B2) w(O).
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Consequently

P12

P21 p2q2A2{q2[ -piqiA^Bi

C{q^ CiA^q-' D-C2A2'B2

(6.27)

is an orthonormal matrix. We show that p2 is nonsingular. This is equivalent to 
saying that

x^- n xs = o.
or in other words

xs n xs = o.
But

H~(w) =

H~(v) = Xs®(H~(v)nH-(w)) 

proving the previous identity. Symmetrically, the relationship 

xunxH = o

implies that the matrix p\ is nonsingular.
The orthogonality of 6.27 implies that its Redheffer-transform is J-unitary (see 

Dym (Dym, 1988)). Denoting this transform by 21:

K = [Rj K2 ^3]

where

P\q\A\qx 1 -pn(piq2A2 'q2 ') P2\

p\q\B\ - p\2^p2q2A2' q2J p2qiA2' B2) 

(p2q2A2'q21^ p2q2A2'B2

D — C2A2 1 B2 + C2A2 *q2 1 (^p2q2A2 'q2 1 j P2q2A2 1 B2
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We can reduce the above formula to

p\q\A\q^' - pxiqiAiqC' p2' pu

= -qiAiq2'p2'pi\

C\q^ -Czq^ Pi' P2\

P^qiAiqi 'p2 ' 

q2A2q2' p2' 
„ -1 -I 
Ct^2 Pl

p\q\B\ + pnqiB2 

qiBi

D

Let us observe that

0 -I 0
0 0/

"/ 0 0
0-7 0
0 0 7

and

I 0 0

p\q\ piqi o A, 0 Bx 
o a2 b2 

C\ Ci D

qf 0 °~

q^'pi' o 

o o i _
0
0

7 0
0 7

This implies that

Ai 
0 

Ci

0 B\
Ai B2 
Ci D

0 c{~ 

ATi Cl 

Bl DT _

P 0 
0 7

X

0

qi'qf 1 qi'pi'pnql
_ । t' ’p — i 7' — 1 — 1 y 1

q2 P\2P\ -qi qi 
o o

o

o ■

i

using that pi\pl\ + P2P2 = and P\P\ + p\2P\i — C where P denotes

I r-l -1 T -I„T~'"<7| q] P2\P2 ^2

-q2 Pl Pnq\ qi J

But the orthogonality of 'P also implies that

P\Pi\ + P\2Pi =°

i.e. -1 T r-1
P\ P\2 — ~Pi\Pi
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Thus we obtain the equation

A B
C D

’P 01 C1"
0 1 B 'r D r

P 0 
0 /

proving the theorem.

REMARK 6.10. Introducing another coordinate system defined as

xi(0) 

x2(0)

q] p' 0 zi(0)

0 -q^p] Z2(0)

we get that

Px(0) =
r -i t-19) 9,-1 T T“* T-1L92 Pl2Pl

-i r r-> r-1 "1
“91 P2\P2 92

-1 T-1-92 92 J

9| Pl 0 Pl Pl2

0 -Q2P2 J L^' P2
qixfO) 

92X2(0)
= x(0).

Consequently, applying both sides of 6.20 to [ x (1) u(0)]7 and solving the equation 
to [x(0) w(0) ]7 we obtain that

x(0) = Arx(l) + Crv(0) 

w(0) = BTx(\) + Drv(0),

giving a backward realization of the transfer function $*.
Since 0* is all-pass, as well. Theorem 6.9 implies that

holds and moreover

H7"
Bt

CT~ 
Dt

eoirABireo 
o zj [c dJ “ [ o /

PQ = I.

(6.28)

(6.29)

6.3. All-pass factorization of all-pass functions

Let us consider now the question of factorization of all-pass functions in the form

cp = <t>| <t>2,

where <I>| and d>2 are also all-pass functions. Since is all-pass, the problem 
formulated in this way is too general. Instead of this we may consider the so-called 
minimal factorizations (see Bart, Gohberg and Kaashoek (Bart et al., 1984)).
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DEFINITION6.il. Assume that O, <D|, $2 are rational transfer functions for 
which 0 = C>|d>2- This factorization is called minimal, if

n = hi +«2,

where n, n\, n^ are the dimensions of the state spaces of minimal realizations of T, 
<t>! and O2, respectively.

THEOREM 6.12. Let $>, <t> 1, <t>i be p x p rational all-pass transfer functions for 
which

<E> = <I>| <t>2- (6.30)

Consider a p-dimensional white noise sequence w(t), t G Z and apply the trans­
formation determined by and 4*2 to the sequence w, defining in this way the 
stationary sequences v(t), t € Z and u(f), t eZ, respectively. Denote by X, Z, 
R the state spaces of the minimal realizations of A>, <$>1, <t>2 in the Hilbert-space 
H(wf

Then

I. XcZvR

2. the factorization 6.30 is minimal, if and only if

H+(u) D H+(v)OH+W

and
H+(u) = [H+(v) O H+(u)] V f/7+(w) O H+(«)] .

Proof Since $ and $2 are p x p all-pass functions we have that

At the same time

HQX =

HQZ= O H~(u)) © (W+(v) O 77+(m)) ,

HQR = (FT(w)Ott-(w))® (H+lu)nH+W).

The inclusions

H~(u)] C H-Xv)DH-(w)

[H+(v) O H+(u)] O [H+(u) O H+lw)] C H+(v) DH+(w)

imply that 
XCZ^R

DEFINITION6.il
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proving (1) and the inequality n < nj + 112-
It follows that the factorization is minimal, if and only if

X = ZvR, (6.31)

and
ZHR=O. (6.32)

The previous argument gives that

X = Zv R.

is equivalent to
H~(u) D (6.33)

and
H+(u) D H+(y) n H+(w). (6.34)

On the other hand
ZO7? = 0 

means that
Z-W = H 

i.e.
H+(u) = [W+(v) O H+W] v [H+(w) O //+(u)]. (6.35)

and
H~(u) = v[//“(w)0H“(u)]. (6.36)

We prove that 6.34 and 6.35 imply 6.33 and 6.36. Obviously, from 6.35 it follows 
that

H~(u) = vH~(M))n(/7~(w)

so (6.30) is fulfilled. Also, taking the intersection of both sides with W(u) we 
obtain that

H~(u) O H~(v) = H~(v) O V .

But 6.34 implies that

W(u) C H~(v)

If a e H~(u) then in view of the rationality of <Pi, <t>2 there exists b e H 
c € H~(w) such that a — b + c. But in this case

b=a—ce W"(v)O (W(«) V H“(w)).

Consequently, b € H“(h)O// (v). Similarly, c € /7_(w)0W(v), proving (6.33).
This concludes the proof of (2).
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REMARK 6.13. Symmetric argument gives that the minimality of the factorization 
is equivalent to

H~(u) = [tf“(v)n H-w] v[H"(w)n H~(u)].

Using the notation

we see that 
subspaces

N+ = H+(vWH+(w), N~ = HfvjnHfw)

an arbitrary minimal factorization is characterized by the pair of

Z+ = H+(u)) QN+

R+ = 0 QNt

Obviously

Z+ C H+(v)QN+ = XU

R+ C H+(w)QN+ = Xu.

But we may write that

Xu = V

Z+ = [H-(v)V//-(w)]e[fl~(v)V 

xu = [//-(u) v e

R+ = [H~(v) v 0 [W-(w) v H~(u)].

Thus these subspaces are invariant under the operator

PrH-(V)VH- (up ^Ih-(v)vW-(ui) •

Since Z+ C X„ is an invariant subspace this gives the possibility of character­
izing it via a left inner factor of an inner function, or as a solution of a matrix 
equation.

In order to be able to formulate this statement precisely let us first analyse 
the factorizations of T = when <P| is an inner function. Obviously, this is 
equivalent to the fact that the unstable part of the state space Z is trivial, i.e.

Zu = Prw+(M) H (v) =0.
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Thus
H+(u) C H+(v).

Let us observe that in this case the minimality condition is reduced to

H+(u) D N+.

Let us denote by <PS the left inner factor of determined by the selection

H+(u) = N+.

In this case the corresponding state space is

Z = Pr„-(u)H+(v) = Xu.

In view of Theorem 6.4 the invariant subspaces of Xu can be characterized in 
terms of the left inner functions of <E>,.

Denote the right all-pass factor of O in the factorization determined by as
. Since H+(u) C H+(w) this is a coinner function, i.e. the stable part of its state 

space is trivial,
R = Ru = PrH+MH~(u).

Taking the adjoint transfer function, <!>*, this is inner, it has the same state space

R = R.

Let us observe that

Prw+tw) H~(u) = H+(w) Q [H+(w) IT #+(«)] = H+(w) QN+ = XU.

Furthermore,
Xu = Pr//-(v)vH (w) # Ll).

Invoking again Theorem 6.4 we have the possibility of characterizing the in­
variant subspaces of Xu in terms of left inner factors of O*. Figure 6.1 shows the 
connections between the various subspaces.

THEOREM 6.14. The left all-pass factors defining minimal factorizations of
are determined via solu tions of the equation

A, hi p\ 0
Ci di J [ 0 /

x cr 
d]

Pi 0
0 / (6.37)

and

Pl o 
0 / (6.38)

in terms of hi, di, Cz, dz, and pt, pz (P\ = pj. Pz = pi ) P\ > 0, pz > 0.
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Figure 6.1. Connections between the various subspaces. The subspaces written on the various arrows 
and bended arrows are denoting the orthogonal difference of the subspaces positioned at the two ends 

of these arrows

Proof. In view of the argument before this theorem and Theorem 6.4 it is enough 
to compute the matrices in a minimal realization of 4>.v and tf,.. But

Pr//-^) Ux\(0) = A|X| (0)

Pf// (tu) v(0) = (0),

where the coordinates of %i(0) generate Xs and

xu n x£ = o

so for the matrix form of the operators

Prw-(u)vH-(w)^|X„ and PrH WH-(Ui) 1(11(0))

we may use the same matrices A| and C|, respectively. Theorem 6.4 gives that the 
left inner factors of <t>.v are determined by the solutions ot 6.37.
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Similarly

PrW-(„) t/T2(O) =

PrH-(u)w(0) =

where the coordinates of x2(0) generate Xx and

so the operators

PrH-(v)vH~(iu) U\xu and Pr//-(v)vH-(M>) |{w(0))

may have the matrix representation A[ -l and Bf ', respectively, leading to the 
characterization 6.38 of the left inner factors of O*.

■
In the continuous time case Fuhrmann (Fuhrmann, 1995) gives explicit formulae 

for the minimal left all-pass factors of a special all-pass function, the so-called phase 
function.

In that paper the left factors are characterized and computed explicitly in 
terms of the solutions of two /?zccan-equations, which are natural continuous time 
counterparts of equations 6.37 and 6.38.

The next theorem contains the corresponding state-space equations for the 
discrete-time case.

THEOREM 6.15. Assume that ^(z) = D + C(z ' / — A)~'B a px p rational 
all-pass function, where A has no eigenvalues of modulus 1. Furthermore, assume 
that (C, A) is observable, (A. B) is controllable. Let pi, p2 be arbitrary solutions 
of 6.37 and 6.38 and P is a nonsingular solution of 6.20. Q = Pb Define the 
projection fl determining its range and kernel subspace as follows:

rangeffi) = range

ker(n) = ker^ o' p, _ 2^-

Then the corresponding minimal factorization = <J>[C>2 is defined as

<Mz) = d\ +ciz-'i -av\

<t>2(z) = di + c2(z ' I — A) lB.

where
nA(/-n) n# 
c(/-n) d
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Proof. Similar argument can be used here as we applied to prove Theorem 
6.5. Namely, we know already that in case of minimal factorization X — Z v R, 
Z Cl R = 0 so using a coordinate transformation in the state space we split the state 
vector into two parts, spanning Z and R, separately. But now, in order to determine 
the oblique projection appearing in the factorization formula we have to use a finer 
analysis because in the present case it is defined by the solutions of the equations 
6.37, 6.38 and not only via one single equation. In other words, the range space and 
the kernel subspace of this projection must be glued together form two parts.

Carrying out the computation first define the transformation T for which

7x(0) =
r2x(0)

z(0)

r(0)

In order to emphasize the connection between the generator systems and the 
corresponding subspace we shall use the subscript ,v to indicate the stable part, u to 
indicate the unstable part. In particular the notation xj is changed toxv, similarly x2 
is changed to xu, xs = X2,xu = x] and so on. Denote U = [, t/2] = T . Since 
Rs c Ru C H+(w) we obtain again that

T2AU\ =0.

Consequently, the argument used in the proof of Theorem 6.5 can be repeated here 
leading to the factorization

D + C^I-Ay' B =

= pl+C(z"1/- A) ' + I - A) .

where riw-n) ns
_d\ JLc2^/2J [ c(/-n) d

The projection is determined via the formula

n = t/|7j.

Especially

range(fl) = ker(T2) 

kerf fl) = ker(Tj).

To finish the proof of the theorem we have to determine these subspaces. Io this 
end let us look at the finer structure of the transformation 7 . Let

7’13 7’14
721 722
723 ^24
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according to the decomposition

7j| ^12 
T\i T[4 
?2| 722 
r23 724

X,(O) 

x„(0)

Z.v(O) 

rsW 
ru(0)

Ru C Xu and Rs C Xs imply that T22 = 0, T23 = 0-
Let us consider first the transformations T2\, T\ ।, T\2 determined by the equations

T^-fO) = r,(0)

Tj^fOf + Tj^fO) = z„(0).

We know that Xu is the state space of the maximal left inner factor <I>S of <i>. (Recall 
that 4> = .) On the other hand Xu O H+(u) is a Pr h - H ~ (w) U invariant
subspace of Xu. So Theorem 6.4 connects this subspace to a solution of equation 
6.37. Furthermore, Theorem 6.5 shows that this solution determines a factorization 
of <bv which is intimately connected to a projection. Consequently to find the kernel 
subspaces of the operators above we have to determine this projection.

Since
xu(o) = e1xao)+ei2x«(o), (6.39)

where _ _
^.TSi 212 _ n-i A ^12 

L221 22 J L^l ^2.

choosing teZas the state vector process of a realization of the
equations

Xu = Pr h - (v)v H ~ (w) # '

Xs = PtH-M H+

assure that the matrix form of the operators Pry and Pry, |{v(0)} is A|, Ci. 
Furthermore

Xu n H^u) = (H+W n

and in view of the minimality of the factorization

Rs = EH (H+(v)Q H+(11))

so we obtain that

Xx = EH ^’X,,

Rs = Eh m(XuDH+(u))
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Now consider the solution p\ of equation 6.37. Applying the argument used in 
Theorem 6.5 for the factorization of inner functions it is possible to introduce a 
state-space transformation in XH in coherence with the decomposition

Xu=Zu9^u^H+W)

defined by

<2r'xu(0)^ .1 L/2cr^(o)j 

where 
t| = zu(0).

The coordinates of t2Q^lxu(0) form a basis in Xu A H+(u). Moreovei projecting 
r2 27lTu(O) onto H~(w) we obtain a basis in Rs. I.e. we may assume that

Cv(O) = PrH-(w)t22rlxw(0) = f2^(0).

using 6.39 and the fact that xu(0) is orthogonal to Consequently

721 = r2

and
[Tn T^] = H 0?' [ Ci 012]-

At the same time invoking Theorem 6.5 the kernel subspaces of t\, t2 can be 
determined. Namely, the matrix

n, =p\ [var^ef'TJO))] = p\Q\

is an oblique projection and

ker(o) = ker(fli) = ker/q (?i

and
ker(t2) = range(Il i) = range p\ Q ।.

Similarly, is the state-space of $*, where 4>r is the maximal right co-inner 
factor of 4>.

X„ = eh

Xs =

consequently the equation

xH(0) = + Ax.AO) (6.40)
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gives that - introducing the state-vector process P^'x^fO) - the matrix form of 

the operators ^|X„ and Prw-(v)v//-(w) |{w(0)} is (A2) , (A2) .
Considering the solution p2 of equation (6.35) the coordinate transformation 

determined by the decomposition

xu = Rue(xu n h+w)

is connected to the oblique projection

n2 = p2[var(P2-1xH(0))] ‘=p2P2.

Especially, let
ri,(0) = /lP2-1xi((0) 

so
724 = ZiP2-'.

Also

Xu n H+W = PrH W {H+{U) n H + (w))

Zx = PrH-w(H+(u)r\H+(w)),

consequently
z.v=PrH-(u)[xunw+(H)].

The coordinates of /2 1 xu (0) form a basis in X„ D H+(u). Projecting this to
H~(v) we get a basis in Zs. So we may assume that

z.v(0) = PrH (,))/2P2~1x„(0) = l2xsW.

using 6.40 and the orthogonality of x„(0) and H~(y). This implies that

[Th T]4 ] = /2 [ Q2i Q2 ] •

Furthermore

ker(/|) = ker(Il2) = range (Z — p2P2) 

ker(/2) = range(Il2) = ker(Z - p2P2)
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Summing up

range(Il) = kerfTo) = a e rangep\Q\. f e P2range(Z — P2P2)

and ’Tu 7^1 = fi0i10 r Q\ 212_T13 T14_ 0 /2 021 Qi

thus

ker(H) = ker(Ti) = Q~' a € gi ker pi 21.18 eker(/-p2P2)

a e ker p\. f e ker(Z - P2P2) ■

In other words

range(FI) = range
Pl 
0 P2 — P2P2P2

a

ker(Il) = ker
0

P2 ~ P2P2P2

REMARK 6.16. Let us remark that

px = UxPv = Pxn{

p2 - P2P2P2 = P2U - n2) = (/ - n2)7 >2-

Our construction in a sense generalizes Theorem 8.1 in Fuhrmann (Fuhrmann, 
1995) because not every all-pass function can be considered as a phase function. 
Green and Anderson (Green and Anderson, 1987a) proved that a necessary and 
sufficient condition for this is the all-pass function should be a minimal one. This 
notion is defined as follows. Consider the rational all-pass function iL

DEFINITION 6.17. The all-pass function is called minimal all-pass if

dimX, = dimXH + dim[//+(v)0/7 (w)]

REMARK 6.18. Green and Anderson’5 (Green and Anderson, 1987a) original 
formulation is given in terms of the stable and unstable poles of <I>, and the 
number of Hankel singular values of which equal I. But since this Hankel-operator 
is defined as PvH w : H+(v) ’H~(w) these numbers coincide with dmXs,
dimX„, dim[W+(v) n//“(w)], respectively.
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Let us remark that in case of phase function the minimal factorization is 
connected to the minimal realizations. Namely, assume that now y is a purely- 
nondeterministic full-rank stationary process with rational spectral density. W-(tf 
t e’Z is the innovation process, w+(t), f € Z is the_backward innovation process. 
The corresponding transfer functions are W- and VF+, respectively. Consider the 
all-pass function

<D = W~‘w_

the phase function. Let T = $1 $2 be an arbitrary all-pass factorization. Apply the 
transformation defined by <P2 to the sequence w_(t), t e Z defining in this way 
the white noise process w(t), teZ. Since VF_4>2 1 obviously a (possibly acausal) 
spectral factor of y the subspace

X = PrH-w H+(y) ©PrH+(w) H~(y)

is a Markovian splitting subspace.

PROPOSITION 6.19. The factorization $ = <Di ^2 is a minimal factorization if 
and only if X is a minimal splitting subspace. _

Proof Set S = H~(w) © PrH+(w) H~(y), S = H+(w) © PrH-(w) H+(y). The 
minimality of X is equivalent to

S = W“(y)vS±, S = H+(y)vS±.

Since the inclusions

are always fulfilled we have to examine the converse inclusions.
Observe that

//-(y)± = H+(w_)

and
H+(y)x = H^(fv+y

Consequently

S1 = H~(w)nH~(w+), S1 = H+(w)r\ H+(w_).

On the other hand if

[H-(w)OH~(w+)]vH"(y) D (6.41)

then it contains Pr//+(ui) H~(y), as well. In fact, if a € H (y) then 6.41 implies 
that Prw (U,) a is an element of the set on the left hand side consequently this set 
contains Pr//+(U))a —a — Pr// (w)a as well. Symmetric argument works for S, too.
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Summing up, until now we have proved that the minimality of X is equivalent 
to the inclusions

(w+)] vH'(y) D H~(w)

and
[H^w) n H+ (w_)] v H+(y) D H+(w).

Now taking intersections with H~(w) and H + (w), respectively, we arrive at 

the equations

[//-(w)nw-(w+)] v[77"(w)nH-(y)] = H~(w)

[H+(w) n H+ (w—)] V [H+(w) n H+W] = H+(w) 

which are the identities of the minimal factorizations.





7. Generalized Wiener-Hopf factorization of all-pass 
functions

In the previous Chapter the characterization of all-pass and inner functions was 
discussed. Using the obtained results, in this Chapter we would like to considei a 
general factorization problem of all-pass functions connected to the reconstruction 
problem of an output process from the existing connections between two geneiating 
input — forward and backward — white noises.

Specifically, first the generalized Wiener-Hopf factorization of all-pass func­
tions will be discussed without minimality conditions, afterward the various 
subspaces connected to an all-pass function will be analyzed and the minimal all- 
pass function will be investigated. Finally, after the transfer function approach to the 
generalized Wiener-Hopf factorization, we deal in detail with the reconstruction 
of the output process from input white noises via a geometric appioach and a state 
space description of the factorization, as well.

Assume that y is a full rank purely nondeterministic stationary process with 
rational spectral density. Let us consider two minimal, internal realizations ol y.

xi(t + l) = Axi(r) + B|W|(O

y(t) = Cxi(t) + DiW|(t)

and

x2(t) = A1 X2H + 1) + B2W2H)

y(t) = GTX2H + ^ + D2W2(O

not necessarily sharing the same state space. Denote the corresponding spectral 
factors by Wj (z), W2(z). These are p x p matrix functions. Since the realizations 
are internal the components of € Zand that of w2(t), r 6 Zform orthonormal 
bases in Hq. Especially uhif) can be written as a linear transform of wi(s), 5 e Z.

+00

w2(f) = 22 -•Owi(s).
5 = — OO

Obviously
+00 _____ .

$(Z)= 22
k=-oo 
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Since the transfer function W2 ' IV| transforms the white noise uq(s), 5 € Z into 
the white noise W2(0> t e Z, the function 1 Wj is an all-pass function.

In this chapter we analyse the problem how to reconstruct the process y - or its 
covariance structure - from the all-pass function <t>.

If D2 is nonsingular, then it is easy to give an explicit form of W2 ' Vki. Namely, 
using the matrix inversion lemma we obtain that

W2'w{ = [d2 + Gt (z.I-AT) ’b2] ' [Di+C(z-'/-A) 'bJ

d2'- d2'g (zi - at + b2d2'gt^ 'B2D2

.[di+c(z-'z-a) ‘b^.

The identity
C = G72A + D2S27

implies that

B2D;1C = P2 (I - zA) + (z - z"1 rQ P2 - (z - Z~1 K ) ^2 (/ - ZA),

where V2 = A‘ — B2D2 G . Consequently

W2'w} =D2iDi-D2lGT(zI-r2) B^'Dx

+D2'C (z~x 1 - AY' Bi -D2'gt~P2B\

-D2'gtP2A(z~'I -Ay' B,

-75;'gt (zi-^y'r^zB,

= D2'(Di-GtP2Bi) + B2 (z-'I-AY' B,

-75;'gt(zi-r2y' (b2d;'d{ +T2~p2b^.

Let us remark that

D;' (Di-G^Bi) = E[w2Wwi(O)t]

and _ .
B 275;' D i + r2 P2 B । = E [72 (0) w i (0)T ].

Let us point out that the realization above is - in general - a nonminimal 
realization of the transfer function W2 1 W,.
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7.1. Generalized Wiener-Hopf factorization of an all-pass function without 
minimality conditions

We would like to analyse the reverse problem. Assuming that we are given the 
all-pass function

<p =

how to find - if it is possible - the corresponding spectral factors determining 
minimal, internal (forward and backward) realizations of the process y, where W) 
is an analytic, W2 is a coanalytic function. Or assume that the white noises wi (/), 
t eZ and u72(f), t € Z are given, how to reconstruct the process y(t), t 6 Z. Similar 
question was analysed by M. Green and B.D.O. Anderson (Green and Anderson, 
1987a; Green and Anderson, 1987b).

Let us remark immediately that since

W2-1 W, = (TW2y' (TW^

for every nonsingular transformation T, the process y cannot be exactly 
reconstructed because the processes y and T y lead to the same all-pass function.

As a first attempt we may try to reverse the calculations leading to the form 
above 7.1 of the function <t>. Namely, let us assume that

d>(z) = Do + B^z-'z-A)”1 B|+Co(zZ-Ao)-1 Bo, (7.2)

where A is stable, Ao is nonsingular and stable and 7.2 gives a minimal realization 
of O. We can obtain a class of factorizations

$ = w21W,

assuming that

Wt(z) = Di+C(z_|7-A)_| Bb (7.3)

W2(z) = D2 + GT(z~'l- B2. (7.4)

Note that here we have used the matrices A, B\, B2 determining the stable part 
of the function 4>. Comparing this to equation 7.1 we can see that the specialty in 
this choice lies in the fact that we have tacitly assumed that the term containing 
1'1 does not provide new stable poles. This immediately holds in the case when for 
example Ws = W+, i.e. all the zeros are out of the unit circle. But in general this 
assumption means that the stable zeros W2 providing the stable poles of W2 are 
cancelled by the appropriate zeros of W|.
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Assuming the form defined in equations 7.3 and 7.4 we have to determine the 
matrices C, Gr, D\, D2. Since W), W2 should be spectral factors of the same 
process y the equations

Gt =CPiAt + DiB{, (7.5)

C = GTT2A + D2~B2 (7-6)

should hold, where P\ and P2 are the solutions of the Ljapimov-equations

P\ — AP\AT = B\B[.

P2-ArP2A = B2B2-

Furthermore, equation 7.1 suggest an additional equation

D} =D2D0 + GT~P2Bi. (7.7)

We shall prove that solving these equations we obtain factorizations of <1>. 
During the proof we shall use Theorem 6.9 providing a characterization of all-pass 
functions. Namely, transforming <P into the form

^^(Dq-CoAq'Bo) + B^'l-A) ' B{

- CoA^ (z-'I - Ao) \'B0

equation 6.20 implies that

where

s
■ Pl

P21 
0

P12 o’
P220
0 I

s' =
" Pi P12 o’

P21 P22 0
0 0 I

»

■ A 0 Bi
-

s = 0 4 1 a^bg

_b2 —Co- — CqAq 1 Bq

(7.8)

Similarly,
Pl £12 0

P21 P22 0
0 0 /

Pi £12 0
P21 P22 0
0 0 /

(7.9)

LEMMA 7.1. Assume that the matrix P\2 has full rank. Then equations 7.5, 7.6
and 7.7 imply that

Gt Pi2- D2Cq = 0. (7.10)
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Proof. Computing the sum 7.5 + 7.6 x P\ A1 + 7.7 x B[ we obtain

Gt = GTT2P+D2DoB('+ D2B2 P[A‘. (7.11)

On the other hand (1-3) of 7.8 gives

AP\ B2 — AP\2Aq Cq + B\Dq — B\Bo Ao Co = 0.

At the same time from (1-2) of 7.8 it follows that

APnA^ +B]BqAq = Pi2-

Thus
APl2B2 + BiD^ = Pi2C^. (?.12)

Substituting 7.12 into 7.11 we obtain that

GT (I -^Pi) -D2C0P2i =0.

Equation I-T2P\ = T{2P2i and the assumption on the rank of P21 proves 7.10.

LEMMA 7.2. Assume that the matrix P\2 has full rank. Then equations 7.5, 7.6, 

7.7 imply that _
D2 = DlD^ + CPlB2 (713)

holds true.
Proof. From 7.7 it follows that

DiDl = D2D^ + GTP2B}Dl. (7-14)

On the other hand invoking (3-2) of 7.8

Bo P12Aq~' P22A'^1 + ^D0-C0Aq'B(^ B^ Aq =0.

Bo Pi2A^' + DoB^A^' -CoP22 = O (7.15)

using (2-2) of 7.8.
At the same time (3-3) of 7.8 gives that

Bo P\B2 - b'2 P\2aI~ ' Cq -C0Aq' P2iB2 + C0Aq' p22a^ 
p

+ ( Do - Co Ao 1 Bo) (d0 - Co Aq 1 Bo) = I
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Expressing DoB‘} Aq ' via 7.15 and using again (2-2) of 7.8 we get that

B2 P\ B2 — CqP22cI + DqD^ = I.

Substituting this into 7.14

Di = D2-D2b[P\B2 + D2CQP22Cl + G7P2B, D^

= D2 - CPx B2 + GTP2APi B2 + GT~P\2P22Cl + Gt~P2B{ D^,

where we have used 7.6 and 7.10. But

APn~B2 + BiDT0 = PnCl.

Consequently,

D} D^ = D2- CP^ + G7' [P2Pn + 'PnP22] .

Since
P2P\2 + P\2P22 = 0

we have proved 7.13.
■

PROPOSITION 7.3. Assume that equations 7.5, 7.6, 7.7 hold and the matrix Pi2 
is of full rank. Define IVj and W2 using 7.3 and 7.4. Then

W2® = WY

Proof. Since

=

= D2DQ + GT (zl -AT) 1 B2Dq + D2bI (z~'l-Ay' Bi

+Gt (z7 - ATylB2B2 {z~XI - Bi + D2C0 (zl - Ao)"1 Bo

+Gt (zl -A7)"' B2C0 (zl - Ao)’1 Bo,

using the identity

b2b2 = y-z~'ATyp2+T2(i-zA)_y-z~'a')t2g-zA)

and 7.6, 7.7 we obtain that

W2(z)<P(z) =

= D|+C(z-1/-A)"1 Bi+GT y.I-ATy\B2D(i + ArT2Bi)

+D2C0 {zl - Ao)-1 Bo + Gt (zl - ATy' B2C0 (zl - Aq)"1 Bq,
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On the other hand (2-1) of 7.9 implies that

ATPnA^1 -B2CoA^ (7-16)

thus _ . _
B2C0 = P i2 (zZ - Ao) - (zZ - AT) P\2.

Consequently,

W2(z)<b(z) = Wi(z) + (D2C0-G/ Pi2)(zZ-Aor' Bo

+GT (z/ _ Ar^ [b2Dq + ATP2B} +PnB0].

But (3-1) of 7.9 using 7.16 gives that

B2D0 + ATP2B' + Pi2Bo = O.

Applying Lemma 7.2 we obtain the equation

W2<t> = W 

concluding the proof.

Later we show that the assumption concerning the rank of P21 is always fulfilled 

if 4> is a minimal all-pass function.

REMARK 7.4. Similarly to Lemma 7. / it can be proved that if P2\ has full row 
rank (which always holds when $ is a minimal all-pass function) then

CP}2 + DiB^=0. (717>

Since 7.17 and 7.5, 7.7 are equivalent to 7.5, 7.6, 7.7 to obtain a class of 
factorizations of first we have to find the solutions of 7.17 and then define G 

and D2 using 7.5 and 7.7.

We have seen that the (all-pass) transfer function between a forward and a 
backward generating noise of the same output process y under some assumption 
contains the full pole information of the spectral density, but only a partial infot- 
mation about the zero pattern. This pole-information is carried by the stable pan 
of cp, while the zero-information_is conveyed by its antistable part. Because ol 
possible cancellations - W, and W2 may have common zeros - themformation 
about the zeros is not necessarily complete. In the extremal case, i.e. W+ and W_, 
assuming that there are no zeros on the perimeter of the complex unit circle, there is 
no cancellation, consequently the covariance structure of y can be fully recovered.
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But even in this case, it there are zeros of modulus one, the structure of the process 
y cannot be uniquely determined.

Let us observe that if W2 = Wi, i.e. W| and W2 are forward and backward 
spectral factors corresponding to the same state space, then $ is inner, so there is 
no zero information in this function. (The usual notation in the literature for these 
inner functions is K = W ' W.)

If instead of taking a forward and a backward spectral factor we consider two 
spectral factors of the same type - forward-forward or backward-backward - then 
the transfer function between the corresponding white noises contains only zero 
information - there is no pole information in these functions. Especially, the inner 
function W_ 1 W carries the information about the strictly unstable zeros of the 
spectral factor W, while the information about the strictly stable zeros of W is 
contained in the inner function W~' W+.

With some care these notions can be defined for noninternal spectral factors, 
as well. For more information consult Lindquist and Picci (Lindquist and Pavon, 
1984; Lindquist and Picci, 1990), or Fuhrmann and Gombani (Fuhrmann and 
Gombani, 1998).

7.2. Various subspaces connected to an all-pass function

Let us point out that in the construction of the previous section nothing guarantees 
that the realizations obtained for W| and W2 are minimal and furthermore they 
determine minimal realizations of the process y defined as

y(t) = W|(z)wi(r) = W2(z)w2(t).

In the sequel we develop a geometric structure of this factorization problem 
giving a condition which assures the pole-zero cancellation explained after 7.3 and 
7.4 providing a possibility of defining first the zeros of W2 and W|.

During this discussion we return to the notations applied in Chapter 6, namely 
assume that

$(£) = D + (z~'l — A)~‘ B

is a minimal realization, where

A, 0 
0 A2

where A, and A2 1 are stable matrices,

B
B2 C = [C,, C2],
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We restrict ourselves to the internal case, consequently we assume that ) = 
Hpwi) holds. According to Theorem 5.42 the state space of a minimal realization 
of the all pass function O is given by

X = Xu © Xx = PrH+M H~ (w2) © (^2) ■ (7.18)

Also the inverse transfer function is connected to the state space

X = XU®XS = PrH+&2}H~(wi)®PrH-(w2) H+M- (7.19)

Equation 6.25 gives that X = X.
Denote ns, nu the number of stable and unstable poles of O, respectively. 

Furthermore, let r, s denote the number of /7an/ceZ-singular values which aie 
equal to 1 of the Hanke/-operator Pr#-^ : H+(wi) -> H (uq) and Pr#-^) : 
H+(w\) W(w2), respectively. These are the Hankel-operators defined by $
and $*. Obviously,

r = dim [H+ (w2) Q H~(uq)] .

5 = dim[/7+(wi)n/7~(w2)], 

ns = dimX.v = dimX„, 

nu = dimX„ = dimX.v.

Set
n = nx + nu.

Let us denote the state vector process by x*(t), t e Z assuming that its fiist nx 
coordinates span Xx, the remaining coordinates span X„, i.e.

'Hx

Let us partition accordingly the matrices in the state-space representation.

x.*(f + l) = Aix^(r) + Biwi(r)

x*(t) = A^x^ft + l)- (7.21)
w2(0 = Cix^t) + C2A£'x*(r + 1) + (D - C2A71 B2) uq (t).

Denote P the solution of the corresponding Ljapunov-equation:

P - APAr = BB1
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or in partitioned form

’ Pi Pn 
Ph Pi

Aj 0 
0 a2

Pi PnlMi 0
Ph Pi 0 A 2

Bi
Bi [Bi B2 ] (7.22)

Similarly, the state-space representation of the inverse transfer function can be
written in the following form:

x*(t) = A[x*(r + l) + Cfw2(O

x?(f + D = (A2')rx*(f) — (A2')rC^ui2(0 

w^t) = B^Q+^ + B^A^fxfit)

+ (DT

(7.23)

Denote Q the solution of the corresponding Lyapunov-equation: 

Q-AtQA = CtC

or in partitioned form

21 212 
Qh Qi

A, 0 
0 A2

2i 212 A| o 
22! 22 0 ^2

[C, c2] (7.24)

Consequently, the coordinates of x*(0), x*(0), x*(0) and x*(0) generate the 
subspaces Xs, XU,XU and Xs, respectively, and the equation

PQ = l (7.25)

holds true.

PROPOSITION 7.5.

X = (X„vX.v)© [H+(w2)0 H~(wi)] (7.26)

2.
X = (Xs v X„) © [H + (W1) O H-(u72)] . (7.27)

K’
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Proof. We are going to prove (1), (2) follows by symmetry.
(1) Since the right hand side of 7.26 is obviously a subspace of X it is enough 

to prove that no element in X is orthogonaljx) this subspace.
Assume that a € X is orthogonal to Xu, Xs and H+lw2) A H (W1)- Since X = 

Xu ® Xx it follows that a e X.s= //“(wj) © [H (un)]. a is orthogonal
to Xx, consequently it is also orthogonal to

H~ (w2) =

Thus a e H+(w2). Moreover a e H+(w2) A But according to our
assumption it is also orthogonal to this subspace, so a = 0, concluding the proof.

■

COROLLARY 7.6. n^- r=nu-s.
Proof Since Xu AXx = H+(w\)C\ H~{w2) Proposition 7.5 implies that

n = 2nu—s + r. (7.28)

But n = nu + nx, so nx — r = nu— s.
■

Essentially this identity can be found in Green and Anderson (Green and Ander­
son, 1987b) - in continuous time setting. Their proof is based on the factorization 
indices introduced by Clancey and Gohberg (Clancey and Gohberg, 1981). See also 
Dym and Gohberg (Dym and Gohberg, 1983).

If there exists a p-dimensional stationary process yf), t e Z such that H = 
H (y) = H(w\) = for which the white noise uq(f), t e Z determines an 
analytic spectral factor and w2(t),teZ gives a coanalytic spectral factor then the 
inclusions

H-CH'M, H+GH+(w2) (7.29)

must hold.

PROPOSITION 7.7. If H = 7/(y) and 7.29 holds then the all-pass function 
transforming the sequence W\(t), t £ % to w2f), t € Z is a minimal al I-pass 
function.

Proof. 7.29 implies that

H~ (w2)QH+(wi) = 0

(since H+ V H~ = H), consequently in view of the previous proposition

nx = + r-

Thus is minimal.
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REMARK 7.8. Since

x* (0) = P2iX*(0) + P22xf (0),

the condition Xu Pl Xs = 0 implies that the matrix P2\ is of full row rank. Similarly, 
the minimality of 0 implies that P2\ is of full row rank. These assumptions were 
used several times in Lemmata 7.2, 7.1 and Proposition 7.3.

We need the following lemma in the sequel.

LEMMA 7.9. Consider the state-space equation given in 7.21 for xf f), t e Z. 
The corresponding backward equation can be written as follows

Pf'x*(D = A\Pf'x?(t + V) (7.30)

+ (Cf + P^P^Cf) (w2(f) - C^Q^lt + 1)) .

Proof. Since
Pflx^t)=T(t) + Pf'Pi2X^t), 

using the first two equation in 7.23 we obtain that

Pf'xfft) = Af Pflx?(t + 1) + (pf1 Pi2A$ - A\Pf1^) A*(t + 1)

+ (cf + Pf1 P|2Cf) w2(t). (7.31)

On the other hand

Pf'P^Af-Afp-'P^ = P;'PnA1. + A\QnQ~' =

= Pf^P\A{Qn + PnA\Qf)Qf{.

But the equation

implies

patqa + pctc = i

[Pl P12]
Af 0 

0 A?
A2 + [Pi P12]

CTC2
c2 = o,

i.e.
Pi a} 0,2 4- P|2A2r 02 + (P, Cf + P 12C?) C2A2-‘ = 0.

Substituting this into 7.31 we get equation 7.30.
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Direct calculation gives that the covariance matrix of the variable u?2(t) 
C2A2 1 22 'x2^ + ? € 'S ^2 (^2) ^2 ’

Observe that

[/ +C2A? ey (/Uy14]"' - / - C^'C*.

Let us point out that - invoking the second equation in 7.23 -

Pry w2(~D = C2A^ 27'x*(0).

It can easily be proved that

^(-D-GA^'eT'x^O) G (W-(wi)O/7-(w2))

and

proving that
^2(0 — C2A21Q2 lx®(t + 1), igZ

is an uncorrelated, stationary sequence and moreover the coordinates of

W2(t) — C2A2 1 Q2 + 1), t < — 1 (7.32)

span the subspace H (w\)C\H (wj)-
Thus, if the process x*, f G Z is imbedded into an all-pass system, then the 

noise in its backward equation can be given explicitly - based on a noise in another 
backward equation.

7.3. Minimal all-pass functions

THEOREM 7.10. Assume that r = s = 0. Then there exists a p-dimensional 
stationary process y^t), t G Z such that H = H(y) and for which

H+CH+(u)2).

Moreover, this process is essentially unique. Furthermore w 1 (t), t eZ is the forward 
innovation process of y(tf t G Z, w2(tf t G Z is the backward one. I.e. tri (t), t G Z 
determines a minimum phase, analytic spectral factor, w2(t), t G Z, determines the 
maximum phase, coanalytic spectral factor.

REMARK 7.1 I. Obviously, if the process y(t), t 6 Z satisfies the theorem then 
T y(t) is also an appropriate selection, where 7 is a fixed nonsingular p x p 
matrix. The essential uniqueness in the theorem refers to this fact.
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Proof. Observe that r = s = 0 implies that

vH+(w2) = H.
(7.33) 

H~(wO^H+(w2) = 0.

Apply the shift operator U. Since wi(t), t e Z is a p-dimensional white noise 
we have that

p = dim [UH~(wf)0 H~(w\)].

The assumptions in 7.33 imply that

p = dim [CO H+ (w2)] ■

Denote this intersection by To and choose an arbitrary basis in To- Consider the 
elements of this basis as the coordinate vectors of y(0). Set

yf) = t/'y(O).

Obviously,

H+ = H+(y) C

Thus y is a purely nondeterministic process. y(0) can be written as linear 
combinations of t < 0, so the corresponding spectral factor is analytic. 
Symmetrically, y(0) is a linear combination of the vectors w2(t), t > 0, leading to 
a coanalytic spectral factor. Since To O H~(y) = 0 and dim To = P

dim [[7/7“(y) e H~(y)] > p.

But it cannot be larger than p because wi(t), t G Z, is a p-dimensional white 
noise process and H(y) C Consequently, y is a full-rank process, and 
Hiy) = Especially,

H~(y) = W(wi),

H+(y) = /7+(w2).

In other words W| (t), t e Z, is the forward innovation process of y(t), and w2f), 
t 6 Z, is the backward one.

The essential uniqueness is immediate from the observation that the coordinates 
of y(0) must stay in U0 H+(wf) which is - as we have seen it - p- 
dimensional.
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REMARK 7.12. Let us emphasize that the previous theorem states that if is a 
minimal all-pass function for which r = 0 then a factorization of the form

O = Wf' Wi

where Wj is analytic, W2 is coanalytic ensures that W| must be of minimum phase, 
W2 m ust be of maximum phase.

7.4. The general case - generalized Wiener-Hopf factorization. 
Transfer function approach

In this section we analyse what can be preserved from the previous construction in 
the general case, i.e. when r is arbitrary.

Obviously, the coordinates of y (0) must be in U Hj (w i) O H+(w2)• This ensures 
the analyticity of Wi and the coanalyticity of W2. But now dim[C/H“(W|) A 
H+(w2y\ = r + p, so y(0) is not (essentially) unique. We have to choose a p- 
dimensional subspace Y of this intersection but in such a way that

H(y) = H(w0 = H(w2)

In order to be able to find all the p-dimensional stationary processes fulfilling 
these requirements let us repeat briefly in our Hilbert space setting the construction 
of the factorization indices. See Clancey and Gohberg (Clancey and Gohberg, 
1981), Dym and Gohberg (Dym and Gohberg, 1983), and also Ball and Helton 
(Ball and Helton, 1984), Ball and Ran (Ball and Ran, 1987).

Set
Xo = H+(w2)C}UH^(wi)

and
X, = H+(w2)r\U^‘H^(w}f i>Y

Obviously
X,+|CX(, UXi+iCXi,

or in general
U'Xi C X, , if 0 < j < I,

Since dim Xq — r + p there exists a largest integer p for which Xp / 0. Define

= Xp,

K = XiQ^Xi+i vUXi+i), 0 < i < p.
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It can be checked easily by induction that

X, = M,® G¥i+i v tm+1) ® (X,+2 v UMi+2 V U2Mi+2) ©...

© (Xp v UMP v... v UP-1Mp)

or in other words, introducing the notation

Mi = M, © UMi+\ © U2Mi+2 © ... © UP~‘MP,

we get that
Kt = (Xi+i'VUMi+\)®Mi = Xi+i VM,.

This implies that

dimX( = dimX,+i + dimX, + ... + dimXp. (7.34)

Let us denote
y = xp©x'p_i®...®jv0

and
Y = Mo = JV0 © UMi © ... © UPMP.

Then 7.34 implies that

dim Y = dim Y = dimXo — dimX] = p.

Choose an orthonormal basis £i. ^p in Y such that the corresponding vectors 
span in order Mp, Mp_\, ..., Mo- For each denote k, the index of the space in 
the sequence Mo, ..., Mp to which it belongs. Then the vectors

{Uj^, 0<j<ki, j = l.......p}

form a basis in Xq. Denote

Pi = Uk^i, t = l.......p.

Observe that rp, ...,pp generate My.
The numbers k\, .. ., kp are the so-called (nonnegative) factorization indices. 

Clearly
p 

dimXi = r = /kj. 
i=i

The construction gives that the vectors

U^i, j = 0.......kj, i = 1...., p
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generate TCq so
00

U~jY = UH-(wi),
j=0

and similarly
oo

\J U'Y = H+(fv2f
j=0

This implies that expressing rj = (jp,.... rjp) as a linear combination ol wj (t), 
t < 0 we obtain an analytic, minimum phase, function Wq and expressing £ — 
(£i, ...,^p) in terms of iU2(t)> t > 0, we obtain a coanalytic, maximum phase 
function Wo. Furthermore, introducing the so-called winding matrix

we get the so-called generalized Wiener-Hopf factorization of <t> as

* = w~'dw0.
Every element in U H ' (w i) 0 H+(w2) can be written in the form of linear combina­
tion of{t/y^,0 < j < kj,i = 1,..., p} and that of {t7-7p/, 0 < j <khi = l,...,p}. 
Since the coordinates of y(0) must lie in this intersection the representations

p p f1
y(°)/ = 

7=1 /=0 j'=1 1=0

must hold. Let us introduce the matrix functions D+(zf D-tz) with entries defined 

by

[D+^j = 
1=0

kj
[D-(z)]v =

1=0

D+ is a polynomial in z, while D- is a polynomial in z 1. Obviously

D+(z) = D~(z)D(zf

The full rank condition imposed on Wi and W2 is clearly equivalent to the 
assumption that

detD+(e“'x), detD_(e ,x)
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are not identically zero. In this case the functions

Wz) =O+(z)W0(z)

W2(z) =

provide a factorization of 0 (z) as

d>(z)= W;‘(z)W|(z).

As a summary of the previous consideration with some further refinement we 
can formulate the following theorem.

THEOREM 7.13. Assume that <t> is a rational minimal all-pass function. Then it 
has the generalized Wiener-Hopf factorization

= Wq'Wo- (7.35)

where

(7.36)

is a winding matrix, Wo(z) is analytic, minimum phase, IVo(z) is coanalytic, 
maximum phase function.

Also there exists a factorization

C>(z) = W2 '^W^zf

where W, is analytic W^ is coanalytic if and only if there exists a matrix polynomial 
D+ (z) for which the degree of[D+ (z)]/; is no greater than kj such that det D+ (e~,x) 
is not identically zero and

W,(z) = D+(z)Wdz)

W2(z) = D_(z)W0(z)
(7.37)

where D_(z) = D+(z)D '(z). __
Furthermore W) is a m inimum phase, W2 is a maximum phase function if and 

only if the zeros of the polynomial P(z) = det D+(z) are of modulus I.
Proof. It remains to prove only the last extension. WKz) is of minimum phase 

if it has no zeros inside the unit circle which is equivalent to that det Wi (z) has 
no zeros there. But WoU) is a minimum phase function so it remains to control 
P{z) = det D+(z). Similar reasoning gives that W2(z) is of maximum phase if 
det D (z) = P(z)z~r has no zeros outside the unit circle. Consequently, all zeros 
of P(z) must have modulus 1.
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REMARK 7.14. Because of its beauty let us mention a special possibility. Set

v(0), = t vt nrp - & if bi > 0

i .e. in the second case the difference of the farthest elements in the chain U'^i, 
j € Z inside UCl H+(w2).

In this case D+(z) is a diagonal matrix with elements

1 ifki = 0,

1 - zk> ifki > 0.

Thus the zeros ofdetD+(z) are of modulus 1, so for the corresponding process yf), 
t g Z defined by this special factorization

H~(y) = H-fwi)

H+(y) = H+(w2)

hold.

The coordinates of x*(0) form a basis in Pr^-(UJ|) H4 (wf). If H (wi)O 
H+(w2) 0 then - possibly applying a coordinate transformation - we may assume 
that the first r coordinates of x*(0) span n H+(w2) and the remaining
ns — r coordinates are orthogonal to Cl H+(w2). In this case the covariance 
matrix P\ of x*(0) is block diagonal:

Pi =
P" 0 

0 P;2

Let us split x*(0) into two parts according to this

x*(0) =
x*(0)

x*(0)

Since in this case the coordinates of x*(0) are also in Prw+(uJ2)^ (wi) 
can be expressed using only x*(0). In other words in the formula

X*(O) = P1X*(O) + P|2X*(O)

the first r x (ns - r) block of Pt2 is zero and the second (n, - r) x (nx - r) block 
is invertible. Now using the identity

A] P|2A2 + = P12
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and introducing the block structure in Aj, B{, P\i according to the decomposition 
of x* (0) above

A, =
’a;1 a;2-

A21 A22 J ’ Bi =
Bn

#12
P\2 =

px 
^12 J

0

we obtain that
Ap^A^ + BuBT =0.

Thus

Let us remark that in the canonical form of P introduced by Glover (Glover, 
1984) P* = I.

The state space equation for x* (t), I € Z can be written as

x*(r +1) = A}'x*(r) + Bn — B^ (A2) (^12) 

implying the representation

00 ■ 1
x*(0) = ^(a;')7’ Bu

J=1

(At)'1 (PSf'(7.38)

Similarly, using the block diagonal structure of P\ we obtain that x* (0) can be 
expressed using the first r coordinates of x*(0). I.e. if

x*(0) = *>)

in partitioned form then the coordinates of x*(0) span H (uq) A H 
Repeating the argument above we obtain that in

x*(0) = cix*(0) + ei24(0)

the first r x (ns - r) block of Q12 is zero and the second (ns - r) x (ns - r) block
is invertible. Thus introducing a block structure 

Ci =[Cu, C|2] 012 =
0

Qn

from the equation
A f 012^2 + C7 Ci = 012
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we obtain that
a^'q^ + c^^o.

Consequently,
A^-C^A,1^)’1 (7.39)

using that is nonsingular. Substituting this into the state space equation toi 
we obtain that

?*«> = AlA*(< + i)+c7[®2(<>-c2A2-q^ <74°)

At the same time from 7.21 we obtain that

w2(t) - c2a2 12f2

= Ci jx* (t) + Ci2x.*2(t) + C^ft) + Dwi (t) 

-c2A7'ef2-1j*2(t+i).

Using the equations

+ n = q22^+1)+&*('+1)

x*(f + l) = ApX4q(t) + Afx*(0 + B^

x*(t + l) = A2x^t) + B2wdt)

we get that

w2(t) — C2A21 Qf2 ‘x*2(t + l) =

= (C\{-C2A2'Q*n'Q^ (7.41)

+ (d - C2A^ Q^'Q^Bu - C2A2'B2) Wi(t)

+ (c12 - c2A7‘ Q&1 Q\2a? ) x^)i

From 7.39 it follows that
cl,-cMa-iGr2’1e?Arff(z^

On the other hand equation 6.17 implies that

A~[~ P^>A2 + B\2B2 = P\2

and
C|2PpA2 AC2P2A2 +DB2 —0.
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Expressing A22 and utilizing that Q*2 ' = P1P\2 ' we obtain that

ci2-c2A21er/'ef2A22 =

= CMA^r' (p^r'P^- P^ =

= C12 + c2 (p2 + A21 B2B? A{~') P^~'

-C2A-' P2P^ BnB^A^~' P^ =

= (-D + C2 A-1B2 + C2A~_ 1 Qr' Q^B 12) B^ A^ P*2~‘ •

Substituting these back into equation 7.41 we can conclude that

w2(d - c2a^ Qr'^+1)=

= (7.42)

+ (z) - C2 A-1B2 - C2 A2-1 Q *2’1 Qj2B,2) 

xfwiM-BfAr'p^’x^w].

Denote shortly

s2 = [i+c.A-'Qr'Q^Qir'^r'ci^

= Var (w2(t) -C2A-'Qr'^2G + 1))

S, = [z + B2rAr1P1^-1P122P1^7’'lA2-|B2] =

= Var (wi(r)-B2/'AplP12“lx^(r))

Dw = D-C2A^'B2-C2A^Qr'QrB^

Then equation 7.42 implies a product factorization

<U(z) = W’lLW0,

where

Wo = Z] (zZ — A7)-1 C7 ]
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L(z) = + X2C11 (z A}1)

Wo = [/-B^Ap'p^'tO’ 7](z-1/-A) 1 b] •

(Cf. Theorem 4.1 in M.Green and B.D.O. Anderson (Green and Anderson, 1987b).)

SinCe F^h 0

A + BB'[a[ P,2 [0, /]= r_i -I
_A1 02^2 r12 J

is a stable matrix, the poles and zeros of the transfer function Wo are in the unit 
circle. Similarly, from

AT + CTC.A^
" A}1 T 0

.Ai2T Q^A-'Q^'.

it follows that the poles and zeros of Wo are outside of the unit circle.
Finally the orthogonality of x*(?) and wi(f),x*(f) and that of ^(t + 1) and 

W2(O.T*2(t + D implies that

’ Aj1 Bn

S2C11 Dw

P^ 0 H A}1 Bn 

0 Si S2C11 Dw

P'1 0

0 S2

_ 1 1 „
Thus E, 5 P(z)Ef is a stable all-pass, i.e. inner function.

The following proposition is the discrete time version of Theorem 4.4 in Green- 
Anderson (Green and Anderson, 1987b).

PROPOSITION 7.15. (Cf. the short discussion after Remark 4.29.) The number of 
positive factorization indices equals to the rank of Bn - The positive factorization 
indices coincide with the reachability invariants of (A j1, Bn )•

Proof. The coordinates of x*(0) span the subspace X\. The positive factor­
ization indices provide a special basis in this spaces. Namely, introducing the 
notation

= q'j

for those indices i for which k, > 0 then the vectors

U-jqf j =0,. ..,ki- 1 (k. >0)

form a basis in X।.
It can be proved by induction that if

a'x^W € Xj= H+(w2)CU' jH (w,) (j > 2) 
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i.e. it is orthogonal to wt (-1), w^-2), ..., tz>i(-j + 1) then

arBn =0,a7’A{1Bn =0........(^(a}1)7 2Bh =0.

Consequently the linear dependency structure in the subspace Xj coincide with 
that of the columns of the controllability matrix

proving both assertions of the proposition.

7.5. Reconstruction of the output process from input noises. 
Geometric approach

We return to the problem of factorizing the p x p all-pass function cb in the form

(7.43)

where W| is a p x p analytic function, W2 is a p x p coanalytic one. First let us 
fix a factorization and define the stationary process y(r), t € Z, as

y(t) = W\W\(t) (7.44)

we obtain that
y(0 = W2w2(t), (7.45)

especially W| and W2 define spectral factors of the process y.
We would like to characterize the factorizations for which Wj, W2 determine 

minimal (forward and backward) realizations of y.
Considering the subspaces H~(y), H+(y) we can define the state spaces of 

these spectral factors as
XWl = PrH~{wl}H+(y) JA6)

and
Xw2 = PtH+(w2) H~(y). JAI)

We restrict ourselves to a special class of solutions of the factorization problem
above, namely we assume that XW], X®2 are minimal, internal Markovian splitting
subspaces and moreover

Xw2 -* X^,
in the sense of ordering defined by Lindquist and Picci (Lindquist and Picci, 1990). 
(See Definition 5.39.) Theorem 5.41 shows that in the present case the assumption 
Xu,2 > X^, is equivalent to the relation Prw-(W1) X^ = X^,.)

The next statement claims that these assumptions determine uniquely the state 
spaces Xu„, X^.
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LEMMA 7.16. If XWv are minimal internal Markovian splitting subspaces 
for which the relation

PttH~(wpXw2 = XWl (7.48)

holds then

XWi (w2) ( Xs),

Xw2 — Prw+(w2) (= ^") ’

Proof. Since XWx, X„2 determine internal realizations in view of Remark 5.17 
we have that

= XW}vH~(yf

H+(w2) = X^vH+lyf

Moreover, invoking Theorem 5.41 the assumption 7.48 implies that

H~(y) C H~(wf) C H~(y) X X^.

Thus
Xw2 = Pr/y+(uj2) H~(y) = Pr^+^j H (wj).

Using that

H+(w2) = [/7+(W2)nH+(wi)]©PrH+(w2)#“(wi) =

from 7.48 it follows that

XW| = Pr//-(wi) H (wf).
■

Note that the previous Lemma shows that the assumption X-^ > Xw^ implies 
that the state processes of IV। and W2 are already fixed, moreover the stable pait 
of the function <t> determines processes

X*(r+1) = A|jc*(r) + Biwi(r),

7^r) = A[x^ + l) + Cfw2(r).

Thus Lemma 7.16 provides a condition under which the zero-pole cancellation 
explained after 7.3 and 7.4 occurs.

As a next step we give a geometric construction of the subspaces H (y), H 1 (y) 
following the ideas developed in Ball-Ran (Ball and Ran, 1987).
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Since
H+(y) = [H+(y)nW+(wi)]©PrH+(y)H-(wi) (7.49)

the construction of H^y) is equivalent to the construction of the subspaces

H+(y)nH+(w\) and PrH+w

Corollary 5.24 and Remark 5.26 show that the subspace Prw+(v) can
be written as an angular subspace over XWl, i.e. there exists a linear operator

Tx : XWi W+(W!)

such that

PrH+(v)/f-(w1) = {/ + Tx/ : feXWl] = (I + Tx)XWl,

where I is the identity operator. At the same time Lemma 5.23 implies that

H+(y) n H^wi) = H+(w\) © Tx XW].

Similarly to 7.49

H-(y) = [H-(y)O.ff-(w2)]©PrH-(y)^^

Again Corollary 5.24 and Remark 5.26 imply - but now using them for backward 
realization - that there exists a linear transformation

T : X^ h» ff-(w2)

such that

Prw-(y) 7/+(w2) = {g + Tg : g € X^2} = (/+ T^X^.

The following theorem shows that a construction based on the previous obser­
vations can be used for the definition of the subspaces H~(y) and H+(y). Let us 
point out that first we determine only the subspaces H , H+ without defining the 
generating process y. Based on Lemma 7.16 the state spaces of the factors W] and 
Wi are uniquely determined:

Xy/j —- Pr//~(u>|) // ( W2), W2 ~ W + (ut2) (t^i )•

Obviously X^ = Prw

THEOREM 7.17. Assume that we are given two linear operators

Tx : XW} i—> T : X^^ H~(w2)

such that
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(i) the subspace TXw2 is invariant under Pr#-^) U,

(ii) the subspace TxXWi is invariant under Pth+m

(Ui) g + Tge if g e

(iv) f + Txfe H+(w2), iff e Xw„

(v) {g + Tg : g e X^} V {f + T*f : f e XWl} D X, where X is defined in 
7.18 or 7.19,

(vi) PTH-(w2)U~lg + U~'Tg-T[PrH+(TjS2}U-lg] is orthogonal to TX^for 
every g € X^,

(vii) PrH + (Wi j Uf + UTxf-Tx [PrH-M Uf] is orthogonal toTxXWl for every 
f € x„.

Define

H+ = [H+(wi)eTxXW[]®{f + Txf : feXWl] (7.50)-

H~ = [H-(w2)OTX^]®{g + Tg ■. geX^2}. (7.51)

Then

a) H+ is a U-invariant, H~ is a U~l-invariant subspaces,

b) H-y H+ = H,

c) Pl H ) H = XWl, Pl H+(W2) H “ Xuj2,

d) XW], Xuj2 are minimal Markovian splitting subspaces of H , H+.

Proof Obviously

PtHtwpH^ —PrH(wo{f + ^%f : ./€ } = P’'h-(wi) XW| = XW|.

Similarly, we get that
PtHWuhiH = Xw2, 

proving c).
As concerns a) the assumption (i) implies that H ^w2) Q TXw2 is a t/-1- 

invariant subspace. So to prove that H~ is also U-1 -invariant we have to show that 
for any g € there exists an h € Xw2 and € H~(w2) © TXuj2 such that

U-'(g + Tg)^(h + Th) + ^.
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Since U 'Tg,Th,^eH (wi), h € H+(w2) we must have that

6 = PrH+(w2)u~lg.

So
£ = Pr^-^ U~'g + U-[Tg - T [PrHW U~lg].

The right hand side is in H~(w2) so it is enough to require that it be orthogonal to 
TXuj, which is our assumption (vi).

Similar reasoning gives that from (ii) and (vii) it follows that H+ is a (/-invariant 
subspace.

To prove b) observe that

H-vH+ =

®[{g + Tg : geX^[f+Txf : /eX^}]

(7.52)

Assumption (v) implies that this contains X = XW} V X^, so the subspaces TXu;2, 
TXW} are also contained in H~ V H+. Comparing this with the first and third term 
of the decomposition in 7.52 we get that

H~ v H+ D H~(w2) v W+(w,) v X = H.

Comparing 7.52 to

H = [/f“(w1)nff_(w2)]©X® [(/+(wi)n//+(w2)]

we obtain that
H-^eTX^ C(7.53)

In fact H~(w2)QTXyj2 is orthogonal to X and H+(w2) Cl 7.53 together
with (iii) gives that H~ C W(wi). Similar reasoning gives that H+ C H+(w2).

Thus from c) it already follows that X^, X®2, are Markovian splitting subspaces 
of H \ H+.

To prove the minimality first we show that

X^nU+r/i/eX^^o, (7.54)

XU)|Ci{g + Tg : geX^} =0. (7.55)

In fact, assume that £ e X^, and $ ± .f + T* f for all f e XW|. Consider the 
element f = Prw (UI|)£ € XW|. Let us observe that

(J + T*f)-t = Txf-PrH.{W]^ e H+(w\)Q H+(w2) = H+(.w2) Q Xuj2.
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Thus it is orthogonal to X^ containing £. This implies that i.e. £ - 0 proving 

7.54.
The proof of 7.55 is similar.
Since {/ + T* f : fe XWl J1 D H + (y)\ 7.54 ensures that

X®2OW+(y)1=0. (7-56)

On the other hand
x^2n#-(y) = o (7.57)

because if ? eXSj C H+(w2) and |_± H~ then $ 1 X^ using that H~(w2) Q 
TX-^ C H~(w2) and TX^ C W(w2), implying that § = 0.

Equations 7.56 and 7.57 give that X^ is a minimal splitting subspace.
The minimality of XWl can be proved similarly.

■

REMARK 7.18. Immediate consequence of the previous theorem that

H~(w2)eTXw2 = H~(w2)(5H". (7.58)

In fact, since H~ C W-(w2) the inclusion

H-fm^eTX^ C

obviously holds. On the other hand X^2 C H~(w2) an^ T%w2 ± W (w2), thus 
(I + T)X^ 0 H~(w2) = 0 proving the identity 7.58 above.

Similarly, 
H+MeTxXm, =H+(w0OH+. (7-59)

REMARK 7.19. Observe that since PrH~(w2) % = %x conditions (iii), (<’v) and (v) 
in Theorem 7.17 imply that

TX^2 D Xs (7.60)

proving again that H~(w2) © Xuj2 C H~(w2) © Xs = H (w2) O H (wi) again.
Similar reasoning proves that conditions (iii), (iv) and (v) imply the inclusion

T%XW^XU. (7-61)

PROPOSITION 7.20. Under the assumptions of Theorem 7.17

TXn;, = X,®{7'Xuj2n[/7-(w2)OZ7“(ml)]} (7.62)

(ii)
T*Xwt =Xu®{T*Xu,Q[H\w2)OH\w0]} (7.63)
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Proof, (i) Since

TX^ C H~(w2) = Xs © [H~(w2) n H~(w,)],

the inclusion 7.60 implies 7.62.
(ii) Equation 7.63 can be proved via similar reasoning.

■

COROLLARY 7.21. Under the assumptions of Theorem 7.17

(i) H~ V Xw, = C H~ V X^

(ii) H+ v X^ = H+(w2) c H+ v XW1.
Proof, (i) As we have seen H~ D H~(wf) Cl H~(w2). At the same time 

[H-(wi)n7/-(w2)]©XWl = H (w\). Furthermore, using 7.51 we obtain that

H~ vX^ = H~(w2)®Xw2 7)

The latter inclusion follows from the observation that

[H-(w2)®X^ = H+(w2)nH+(wf

Symmetric argument proves (ii).
■

COROLLARY 7.22. Under the assumptions of Theorem 7.17

(i) (I + T)X^2 = PrH-X^2

(ii) (I + TX)XW1 = Pr//+ XWl.
Proof, (i) The definition of H~ implies that (/ + T)X^2 — Pr# H + (w2). But 

/7+(w2) © X^2 is orthogonal to which contains H~ thereby proving (i).
Symmetric argument gives the proof of (ii).

■
Let us introduce the notations

X_ = PrH-X^2 , (7.64)

X+ = PrH+ XUI, . (7.65)

Since under the assumptions of Theorem 7.17 XW| and X^ are minimal 
Markovian splitting subspaces these notations are in coherence with 5.8 and 5.12.

Let us observe that
— PF// !(un X_ ,
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and
T Xuj2 = Pr/WfuD •

Similarly
XW| =Prw-(w,)^+ -

and
TXXW} — Prw+(u)i) X+ .

Let us point out that Theorem 7.17 shows how to construct the subspaces using 
the operators Tx, T. At the same time Corollary 5.24 and Remark 5.26 show that 
the converse statement is also true. The subspaces H+, H~ determine the operators 
T* ,T, respectively.

REMARK 7.23. The special case H~ = (or/and H+ = H can
easily be described in terms ofT (T*) as follows. In case H~ = Hfw^we must 

have that
XWl = H+(wf) = {<? + Tg : g e X^2}

thus if^ e XWl then defining
g = PrH + (u72)l

we obtain that
Tg — Prn-(w2)^-

This determines T uniquely. Let us observe that in this case

T X^ = Prn_(u?2) ■

We would like to point out that determining the subspaces H~, H+ the process 

y for which
H~ = H~(y), H+ = H+(y) (W

is not necessarily uniquely determined, except the case when H Cl 77+ = 0 (apart 
from nonsingular p-dimensional transformation defined on the coordinates of the 
process y). This latter statement is immediate from Theorem 7.10.

Denote by 7b the linear operator mapping to X, defined as follows.

7o (PtX-/) = PO/ (7-67)

where 4 € XW| = Xx. According to the previous remark this corresponds to the 
special case H~ = H (uq).

Let us observe that

ker7b = [W-(wi)nW-(w2)] and range TO = XS.

The following proposition describes the structure ot 7 in the general case, i.e. 

when H~ C
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PROPOSITION 7.24. There exists a linear operator

t : [//“(W|)nH+(w2)] , (7.68)

and a projection
R.X^^ [/7-(Wi)O7/+(w2)] (7.69)

such that for every % e Xw2

T^ = T0^ + tR^, (7.70)

where

kerf? = PrH+(w2)(X- O Xsf 

range/? C [W(wj)O //+(w2)], 

but otherwise ker R and range R determine an arbitrary direct sum decomposition 
df ^U>2'

Proof Since (I + T'fX^ = X_, the operator T can be determined in the 
following way:

^(PrR+(w2)?) = Pfw-(w2)l , ^X-.

On the other hand (see equation 7.62)

= X®{7’^2n[/f-(wi)n//-(w2]} .

Now, for every £ e X- C

PrH-(u;2)^e(/7-(w1)n/7-(u;2)) 

if and only if
PrH+(u72)^€(//-(iu1)n/7+(w2)).

Since Prw+(iu2)X_ = X^2 D ) Pi //+(w2)) and no element in X_ is 
orthogonal to X^2, the operator

t : [//-(wi)OW+(w2)]^ [H-(wi)n/7-(w2)] 

defined by the condition

< + fC€X_, < e(//-(u;i)n//+(u;2)) (7.71)

is well-defined.
In particular,

Tlj^tl; .if < € (H-(w,)n//+(u72)). (7.72)
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Observe that in this case 
T^=0. (7-73)

On the other hand, if £ € X_, then

Pfh-(w2)MX if and only if £e(X_AX.s).

In fact, since Xs ± [H~(wO A H"(w2)] the property PrH-(w2)? e Xs implies that 

$ ± [/TWA/Tfe)] thus

£ e {W(wi)e[W_(wi)nH_(w2)]} = Xs.

Conversely, if £ € Xs Cl X—L [H (w2)],then

± [H“(wi) A W(w2)] ,

i.e. Pr^-fw,)? 6 Xs- 
Formulating in another way, if

r] e PrH+(w2)[X-OX.v], then Tr) = Tor). O-W

Since the projection from X_ to X^2 is bijective and Pr#-^) X_ = TX^, the 

decomposition 7.62 implies that

X^ = PrH+(w2) [X- A X,] v [H~(w^ A H+(w2)].

Let us point out that this decomposition is not necessarily a direct sum 

decomposition. r i uConsequently, a projection operator R : Xw2 h> [// (wi)nH (w2)], 01 w ic

ker/? = Prw+(u?2) [X- HX,]

and 4. _ i
range/? c[/7 (wi) A H T (w2)J

can be defined. Obviously, this operator R is not necessarily unique.
Then, for £ € Xw2,

= T(I-R^ + TR^ = TQ(I-R^ + tR^= (?

= T^ + tR^

from equations 7.74, 7.72 and 7.73 proving 7.70.

Observe that
ToX^ ±r[//'(wi)A// ' (w2)]
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Similar representation holds for the operator Tx. Namely, denote by

V : XW[ h> Xu

the operator for which

(PrxB, = PrH+^j)|,

if^eX^2 = X„.

PROPOSITION 7.25. There exists a linear operator

and a projection
(7.76)

such that for every eX^

, (7.77)

where

ker7? = Pr//-^,) O Xf), 

range R* C [//^(wi) D 77+(w2)J.

but otherwise ker/?x and range R x determine an arbitrary direct sum decomposi­
tion ofXWv

Propositions 7.24 and 7.25 show that the operators T and Tx determining the 
subspaces H~ and H+ can be defined using the projections R and Rx and the 
operators t and tx. The next theorem expresses the conditions (i), (ii) and (v) of 
Theorem 7.17 in terms of these operators.

THEOREM 7.26. Assume that we are given two linear operators 

tx : [/f-(wi)n/f+(w2)] [W+(wi)n/7+(w2)],

t : [77“(wi)O/7+(w2)]^ [/7-(u72)n/7"(wi)], 

and two projections

R* : XW|

R : i—> [H~(w{)nH+(w2)].
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such that

ker/?xn[H“(wi)n//+(w2)] = kerfx, 

ker/?n[//~(w1)nH+(w2)] = kerf.

Define the operators T as follows T x.

T* = T*+t*R* T = T0 + tR.

Then conditions (i), (ii) and (v) of Theorem 7.17 are equivalent to the following.

(i) the subspace

t (H~(w\)DH + (w2f) is invariant under Prw-(wi)nH-(w2) (7.78)

(ii) the subspace

t* (wi) A H+(w2)) is invariant under PrH+twqnH+qTdU (7-79)

(Hi)
kerf vkerfx = H (»i) A Hfwf), (7.80)

Proof. Let us observe that if € [H (wi) A H 1 (w2)], then tR^ — t^. In fact, 
(I - R)^ e (kerK A[f/-(wi) A//+(w2)]). But this latter coincide with kerf.

(i) Condition (i) of Theorem 7.17 states that T X„2 is invariant under PrH-(uj2) U.
The construction of T gives that range T = range To © range f. Furthermore, 

range To = Xs — H~(w2) © [H (wD A H (w2)].
Consequently

H~(w2)QTX^2 = [H-(w\)DH-(w2)]et\H~(wl)(7H+(w2)') (7.81)

and the corresponding invariance properties of the subspaces

TX^2 and t A H+(w2))

are equivalent to the U 1 invariance of the subspaces standing on the left hand 
side and the right hand side of equation 7.81, respectively. Thus condition (i) in 
Theorem 7.17 is equivalent to condition (i) in Theorem 7.26.

The equivalence of (ii) and condition (ii) of Theorem 7.17 can be proved 
similarly.

(iii) First assume that condition (v) of Theorem 7.17 is fulfilled, i.e.

(Z + T)Xir2v(/ + Tx)XW| D X.
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Thus, if £ 6 X then there exist f e XU)|, g e X^, such that

f+ TX f + g+ Tg = ^. (7.82)

Since in this case f, g.^ e X the relation Tx f + Tg £ X should hold. At the same 
time equations 7.62 and 7.63 show that TX^ (and TXW{) can be orthogonally 
decomposed into a subspace which is in X and another one which is orthogonal to 
X. So Txf + TgeX implies that

TxfeX„, TgeXs- (7.83)

Consequently, Tg — T^g, Tx f = Tq f and

f + T^feX^, g + TgeXWl. (7.84)

Moreover, if £ € A H+(w2)) = XWt A X„j2, then 7.82 and 7.84 imply that

f + TX f, g + T g 6 XW| fl Xyj2.

In particular, since Tx f e XM, f € XW| = Xs. we have that 

f±Txf and f + Txf±Txf,

i .e. Txf = 0.
Similar argument gives that Tg = 0. Using now that

f + g — f XWi, g e Xw2,

we obtain that
XW] A Xuj2

and from 7.83 and 7.84 it follows that

tg = O.

Similarly, 
rx/ = 0.

In other words 
kert vkertx = A

proving (iii).
Conversely, assume that (iii) holds. Obviously, if

4 e (ker/? A[W'(uq) AH+(w2)]), then T^ = 0, i.e. (Z + D$ =$•

Applying a similar argument to the operator Tx we obtain that condition (iii) 
assures that

(Z + DX^ va + T^Xu,, D [H~ (uq) A H+(W2)]. (7.85) 
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Furthermore, on the subspace kerR the operators T and To coincide. On the other 
hand, range R C [7Z“(w।) O H+(w2)] this latter equal kerT0- Now, if | e X^ then

(/ + To)£ = (/ + T0)R^ + (/ + T0)(I - R^ =

= R^ + (I + T)(I-R^.

Applying a similar argument to the operator T* and using equation 7.85 and the 
identities (/ + 7’)Xuj2 = XWi and (/ + 7 x)XlU| = Xu?2 we obtain that

(I + DX^ V(/ + 7'x)XW| D [FT(W|)n//+(W2)] vXu;2 vXW|

= X, 

concluding the proof.

Let us point out that straightforward calculation gives that for the operators T 
and Tx constructed in Theorem 7.26 conditions (iii) and (iv) of Theorem 7.17 are 
automatically fulfilled.

REMARK 7.27. Consider shortly conditions (vi) and (vii) of Theorem 7.17. Re­
call, that - based on the assumptions that (I + T)X^2 C H (wi), and TX^ is 
invariant under the operator PrH-^2}U - condition (vi) was equivalent to the 
U~'-invariance ofH~. I.e. for every g & Xw2

U~[ (g + Tg) = h + Th + %,

for appropriate h € X„2 and e H~(w2) © TX^. Now, according to 7.70

Tg = TQg + tRg.

Apply this to the vector h, as well.

U~\g + Tog + tRg) = h + Toh + tRh + ^.

Observe, that U~'tRg ,tRh and $ belong to the subspace H~w\ 0 H (w2), but 
h + Toh e XW| ± [77“(wi) n H~(w2)]- Let us introduce the notations q = g + Tog, 

£ = h + Toh. Then
= Prx, U p

should hold. Moreover, g = Prw+(®2) h = P''h+(w2)C Thus’

= U~'q- Prx, U~{ i] + U~[ t RPtH^w2)h ~ t U h-

Since this latter is an element ofH~ w i and obviously orthogonal to Xs the condition 
the is perpendicular to TX-^2 is equivalent to

^XtRX ,̂
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using either 7.62 or Theorem 7.26. This proves that condition (vi) in Theorem 7.17 
can be changed to the following one:
(vi')for every q € Xs

[U^q-Pr^U-'q + U-hRPr^^q-tRPrH-^P^U^q]

1 tRX^.

Similarly, condition (vii) in Theorem 7.17 is equivalent to the following:

(vii')for every q e Xx

[Uq — Pry q + UtxRx PrH-(W1) q -tRPrH^w^x Url]

1 t*R*XWl.

The following lemma describes the difference between the subspaces H (wi), 
H~. (Cf. Lemmata 5.30 and 5.31.)

LEMMA 7.28. Under the assumptions of Theorem 7.17

(i) H~ C C H © l^-Priz+nx^ q : q € Xw2},

(ii) H+ C H+(w2) C #+© -Plz+tx^ £ : £ e XW|}.

Proof (i) Since Pr^nx^ q = P^h q if 7 € X^2, thus H~ lq-Pru+T)X^ q 
and H~ © {q-Ppi+T}X^ q -q G X^} containing H~(wi) according to Theorem 
5.41 using the assumption X^2 > XWl

Similar argument proves (ii).

7.6. State-space description of the factorization

According to Theorem 7.17 the conditions (i)-(vii) ensure the existence of the 
subspaces H~, H+ satisfying conditions a)-d) in that theorem. (Note that they 
are equivalent to each other.) In this section first we reformulate conditions (i)- 
(vii) in terms of matrices. This argument is divided into four steps, and finally we 
provide state-space representation of stationary processes y for which H (y) = H 
and H+(y) = H+ hold true in this way describing the generalized Wiener-Hopi 
factorizations of the all-pass function 4>(z).

The conditions (i)-(vii) list some properties of the operators

T : X^2^ H~(wf) , T* : Xw, H+(wf).
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To give a matrix representation of these operators, it is enough the determine their 
k r i • ■ v /and Y respectively) so for example onvalue on the elements of a basis in (and , respecu y;, f

the coordinate vectors of x* (0) and x; (0).

Let us fix the subspaces H+ and H~ determined by Theorem 7.17

Sten 1 Conditions (i)-(ii) of Theorem 7.17.
Condition (ii) of Theorem 7.17 implies that Lemma 5.20 can be appled ta 

invoking Remark 5.29 we obtain that there exist matrices S . Ho of sizes n, x n, 
and ns x p, respectively, for which p(Sx) < 1, such that

the coordinates of x* (0) are mapped
C>0 x

to the coordinates of 17 (0) = C5*) under T ’
/=o

these latter forming a generator system in H Q (H wi) n V
Similarly, condition (i) of Theorem 7.17 implies applying^Lemma .20 and 

Remark 5.29 in “backward” setting that there exist matrices S, Go of sizes ns x ns 
and n, x p, respectively, for which p(S) < 1 such that

the coordinates of x*(0) are mapped
00

to the coordinates of ^(0) = £ S'"1 Gow2(-O under T
L=1

these latter forming a generator system in H (w2) 0 (H ).

Let us introduce the notations
00 •

§ = £5'G0Gj(Sr) >0.

/=()

OO / T\ fX = £5*'(s'') >0.

1=0

These are the covariance matrices of £(0) = T x*(0) and p(0) - T xv (0), 

respectively, satisfying the L/apimov-equations

Q-S<gST = GqGq, (7.86)

M-S*MS*T = #(>#([•

An immediate consequence of Proposition 7.24 that the covariance matrix § of 

£(0) can be decomposed as follows.
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PROPOSITION 7.29. For the covariance matrix Q the following inequality holds:

Q>P^-Q\. (7.87)

Moreover
ker)?,-1 — 20 vkergo = R" fi8,

(./•oo)
range) Pf - Qi) Orange go = {0},

where go = g - 1 - Q i j .

Furthermore, define a projection 11 : R" R" in the following way:

^n = kerg„ (7 89)

rangen C ker(P[ 1 - Q\f

but otherwise an arbitrary complement of ker IT Then for every a € ker FI

T [arx*(0)] = T) [ttr^(0)] € X (7.90)

and for every a e range n

T[arx*(0)] = t [cFx*^)] G H~(wf) O H^wf. (7.91)

Proof Consider first the operator To defined in 7.67. Since

p-'x^o^x^+p^p^m

we obtain that for every a G R”

Top^J^Pf'PnXW

But the covariance matrix of Pf1 Pnx*(0) ‘s

-Pf'PnQiP^P^ = Pf'P\2Q2iP\Pfl =

= Pf-’C7 - pi<2i) = /’F1 - Gi’

proving that
^/r1- ei

in view of 7.70, using that range To = Xs ± ranger.
Next observe that, if

a1 x*(0) 6 PrH+(u>2) (X_ O X.v), 

then
f (cJx*(0)) =0 i.e. T(arx*(0)) = T0(a7x*(0)),
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in other words
a e ker^o-

On the other hand, if

£77*(0) e W(wi)nH+(W2),

7'o = 0 i e* T (°^ ’

or in other words , s
^Gker^Pj -Qij-

Now Proposition 7.24 implies that

keri^o v ker * - fii)

Consider now an arbitrary projection n satisfying 7.89. Then 7.90 is an immediate

consequence of the decomposition 7.70
To prove 7.91 we show that if a e ker ^P] — Qi )> then

TaTx*(Q) = ta7x*(0).

To this aim it is enough to observe that in this case

aTx^W e [H-(wi)nH+(w2)] =

But
X*(0) = SlXv(0)+ei2Xu(0)i

thus _ T n
aTx*(0) € [XSOX„] if and only if a Qn = ^-

On the other hand
P^-Qt = (I-Q\P\)P^ -Q^P^-

Since Xu HX* = {0} the rows of P2t are linearly independent proving that

kerfpf1 - gi) = ker021.

concluding the proof of 7.91.

Similarly, the covariance matrix X of r? (0) has the following decomposition.
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PROPOSITION 7.30. For the covariance matrix 'H the inequality

> er1-Pi

holds true. Moreover,

ker — Pi) v ker J/q —

where Tlj = — — P|]-

Furthermore, define the projection nx : R" h> R" in the following way:

kernx =kerJPo, 

and , x
rangeFIX C ker - Pi) , 

but otherwise an arbitrary complement o/ker FIx. Then, for every a e ker FIx

TxaTxfW = TfaTx^O)eXu,

and for every a € range FIx

T*aT x*W) = taT xflffi € [H+M O H' (w2)] ■

Step 2. Conditions (iii)—(iv) of Theorem 7.17.

LEMMA 7.31.

(i) The assumption g + Tg 6 H~(w\)for every g e X^ is equivalent to

™ z 1X/ei2 + gs/-,G0C2(A2-1) =0. (7.92)

z=i

(ii) the assumption f + Txfe H+(w2) for every f € XW| is equivalent to

OO /I i 1 \
Pn+y2(sT =°- <7-93>

/=()

Proof, (i) The assumption (iii) of Theorem 7.17 can be formulated as the 
coordinates of

OO

x^ + ^S'-'Gou^-/) 
i=i
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are in H (uq). Using that
PrW+(u,1)^(0) = 2124(0)

PUM(uJ|)^2(-O = C2(A71)/x*(O), I > 1

we obtain that

00 / \lQn + ^S‘~'G^ (A2j 
/=i

4(0)=0, / > 1

implying the required identity.
(ii) can be proved similarly.

Equations 7.92 and 7.93 are obviously equivalent to

212^2 ~ <212 + GqC2 = 0 

and
PnAl-SxPl2 + H0Bl =0.

Step 3. Conditions (vi)-(vii) of Theorem 7.17.

LEMMA 7.32.

(i) Under the assumption (i) of Theorem 7.17 the relation

Pr/r (w2> U-'g + U-'Tg - T [PrH+0J?2) A-TX^ 

for every g G X^ is equivalent to the

GqC\ + — QA i = 0.

(7.94)

(7.95)

(7.96)

(7.97)

(ii) Under the assumption (ii) of Theorem 7.17 the relation

PrH+(wl) Uf + UT*f-T* [PrH-(Wl) Uf] .LT*XWl (7.98) 

for every f G X^ is equivalent to
H0B( + S*M-3fA] =0. (7.99)

Proof, (i) Expressing the vectors in 7.96 in terms of linear combinations w2(lf 
/ G Z we obtain - using the identity x*(0) = £Xo i)'GI ~ that

PrW (U»2)
^A['c]w2(1- 1) 

/=()

00

+ ^5'-'GoW2(-/-1) 
/=l

OO OQ

-A[ ^S'-'GoWof-n -L 
/=! /=!
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must hold. In other words

G„C, + £ S'CcGSs"’-'’ - = 0.
1=2 Z=1

i.e.
G0C\+SQ-GAi =0.

(ii) can be proved similarly.

Step 4. We incorporate the analysis of condition (v) of Theorem 7.17 into the proof 
of the following theorem which gives an equivalent form ol Theorem 7.17 in terms 
of matrices.

THEOREM 7.33. Assume that the operators T,T* are given by
00

T (aTx$(0)) = a1 ^PG(_iu>2(—If if a e R"', 
/=1
00

rx (arx*(0)) = aT E Hi™(lf if a € R"\
1=0

Then the assumptions (i)-(vii) are equivalent to the equations:

Gt = SlG0, Hi = S*' Ho

where p(S) < 1, p(S*) < 1>

x
0

0
H0[B{ P12] -s*[-M P12] = O

G0[C| C2] + [-2 212]
’Ai 0 ' 

0 A2
-5[-e 212] = 0,

(7.100)

where
00

^E^Gf’
1=0

oo

i=0

solving the Ljapunov-equations

Q-SQSr = G0Gl

= HoHl 
(7.101)
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and for every a € R% b e R”'-r there exist a,f e R"J such that the identities

(^C+P\ - Q^P = 0. (7.102)

Q2iQVP=b' 

p-'a + fi = a

hold true.
Proof In view of Lemmata 7.31 and 7.32 it is enough to consider the condition 

[g + Tg : geX^f+T*/ : feXu.}?X. (7.103)

An arbitrary vector in X can be written as

£ + 7

where e Xs, r] e Xu. Assume that there exist f & XWi, g & X„j2 such that 

f + Txf + g + Tg = ^ + r1.

But 
f + g + TgeH-(wif Txf = H+(wd

so we have that 
b = Txf

and
£ = f + g + Tg.

Projecting onto H~(u)2) and H+(W2) we obtain that 

+ = & +PrH+(uh) f'

PtH (W2)$ = S + (W2> f-

Writing $ as aTx^O), 17 as brx*(0) there exist a. p e Rn' such that defining 
/ = ^x*(0),g = arx^(0)

00
bTx^0) = PT^ (7-104)

/=o

aTPlx^0)^aTx^0) + pTPix^0f (7.105)

OP
rJP^O) = a7J2G/_1m2(-/) + )87>12A*(O). (7.106)

z=i
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Equation 7.105 can be shortly written as a = P 'a + p.
Taking the covariances with ^(0) and X^0Hiw^ of the terms in 7'104 and 

using 7.99 we conclude that 7.104 is equivalent to the following pair of equations:

—b1 Pz = fi1 P\z 

bTPz\ =

The identities

Pz\ Ql + Pz 221 = 0

P\z 221 + P\ Q I —

imply that 7.104 is equivalent to

bT = -^P\zPz' 

(^+P\-Q\^=^-

Similar computation can be applied to 7.106 leading to the relations 

a1 Piz = —a7 Q12Qi ' + P' ^12

a1 (Q+ 21 ~ p\ ~

But
2i22o1 — _^i ' ^l2

so 7.106 follows already from 7.104.
Summarizing we have obtained that surjectivity of the transformation deter­

mined by the matrix
>r‘ 1

0 221271
(7.108)

from ker(2+ 21 - + P\-Q} ‘) to R2"-' ' is equivalent to 7.103,

concluding the proof of the Theorem.

It can be proved by similar reasoning that condition 7.60 i.e. 7 X®2 D Xs - 
assuming that (iii) of Theorem 7.17 holds - (/ + T)Xw2 C H (uq) - is equivalent 

to the following:

— for every a G R"' ' there exists a vector a G R'1' such that

a = Q2 1 22i«

(2 + 2i-/T1)a = 0-
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Similarly, condition 7.61 i.e. T*XW} D Xu under the assumption that (iv) of 
Theorem 7.17 - (7 + T x) C H+(w2) - holds is equivalent to the following:

- for every a G there exists a vector a G R"v such that

a = Pf' P2ia

(if + Pi-Q^c^O.

REMARK 7.34. Observe that 7.80 can be expressed using the projections fl, n x 
as follows. For every a G ker (Qfl - P\^ there exists an

a G ker^P,-1 - gi) Pkerfl anda G ker - P,) Pkerflz , 

such that
a = p-[ a + f.

Infact, a7 x(f(O) g ker? ifandonly ifa G ker^ 1 — 2i) Piker fl, and f xv (0) G 

ker tx if and only if f G ker ( Q ;1 - Pi) P ker flx. Furthermore,

aT xf (0) = aTx^ (O') + fT xf (0) =

= aTPf'x?(0)+pTx*(0)

should hold, i.e.
aT =aTPfl+^T.

REMARK 7.35. As we have seen in Remark 7.23 the special case H =H (uq) 
can be expressed in terms ofT : X^2 h> H (w2). Since

x*(0) = P1x*(0) + Pl2x*(0)

we obtain that in this case

T(aTx^Q))=ctrPf'Pnxf(O)

must hold. Immediate calculation gives that

q = - p-1 p12 e2 p2, pf1 = pf1 - q i.

So in this case .
ker^+ei-^r^K'1-
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Similarly, H = HAwi) implies that

^=Qyi-Px 

i.e.
ker ^5/ + Pi - Q । ’) = R" •

Now consider the second equation in 7.100 written as follows:

In particular,

r at
range

-021

§

-021

§

-^21

§
-<221

v range
Cr1
C1
CT ’C2 J

(7.109)

' A\ 0 ’ 

0 A[

0

0

A
c

thus range [C -021 ]r is an (AT, CT)-invariant subspace. (Cf. Wonham (Wonham, 
1977).) But § = (P71 - Ci) + Co (see Proposition 7.29). Using that

Pf’-C^-81287’821,

we obtain

range
pr1 - 61

-621
= range

612
82

62'621 = range
612
82

due to the row independence of 621- The second column equation in 7.24 implies

that
612

62

612

82
A2

'cP
Cl.

C2A71'a[ 0 1 ' 

_ 0 A2 j _

showing that range[ Q12 62 I1 is an 
Furthermore,

(AT, C1 )-invariant subspace.

range
C

— 621
= range

C 
."621.

(/ — FI) V range
C 

-621

= range
812
62

V range
Co 
0

using that Co(Z - n> = o and cn = (/ - n + n)rcn = u7 cn = Co-
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Thus 7.109 is equivalent to

A1 range 2o 
0

C range
<70

L0 J V range
212 

. 22.
T v range C . (7.110)

Obviously,

A t So 
0 0

Since Q^a + = 0 implies that« = - 22 ' the equation 7.88 can be written

A ( range (jo C range (jo v range (of + A2C2 ) ■ (7.111)

using the identity 2i2 22 ' + ^1 1 ^12 — 0.
Observe, that range§0 = range n7 in view of 7.89.
Let us point out that 7.111 can be proved in another way, as well. Set 

^(0) = t [n7'^(0)] = t [n7 t*(0)] e [//-(«;,) n h+^] .

The coordinates of the vector £0(0) should span the invariant subspace 
r(W-(wi)0W+(w2)), thus 7.32 implies the existence of appropriate matrices 

s, g0 such that

^0(Q) = ^5’ ’go (w2(-0 - ^2^2 122 'x*( + 

1=1

£oO + 1) = s|o(O + go [w2(-/) - C2A2122 1 +1) J

Obviously,

go=fy-'g,, (/ - citf ej' (A)-' <T)s» L7)'-1 ■ 

1=1

in other words
§o = s§()5T4-go(/-22A2lfi2^W

so rank §0 = rank CO, go), where CO, go) is the controllability matrix of the pair

Straightforward calculation gives that condition (vi) of Theorem 7.17 can be 

expressed as
(c7' + Pf1 ) go + So^ - Co = 0, (7.113)

implying 7.111
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Arguing similarly as in Lemma 5.20 we can assume that 

ranges = range [sgo-• ■ •]

and p(s) < 1, implying that ranges C range^o> especially range is an s-invariant 
subspace, and s is regular on ranges, consequently,

range s + ker s = R".

Especially, choosing a basis in range a|O extending it to a basis in R using 
vectors from kers we can form a matrix X containing these basis vectors as columns.

Now 7.113 implies that

(Cf TP^Cr)^*7)'1

+ (*T' XT sT (X^ - Af (X^ = 0,

(cf + P^PiiC^^ + ^oSo-A[Go = O. (7.114)

Equations 7.113 and 7.114 show that the subspace range £o = range is an 
^A^ Cf | P^ P\iCl ^-invariant subspace. Equation 7.89 indicates that this sub­

space has trivial intersection with range (p^ - On the other hand every 

^A[, Cf + P^'PizCj )-invariant subspace can 

subspace of the matrix

be considered as an invariant

where F is an appropriate matrix - a “friend” - using the terminology of Wohnam 

(Wonham, 1977). In particular

(A[ - (Cl + P^P^cty F) $0 = $()4-

Since the columns of go are linearly independent, the eigenvalues of sj coincide 
with those of A[ - (cl + P^PnCT) F restricted to the subspace range go-

This observation gives the key for a converse construction. Namely, choose an 
arbitrary matrix F and a subspace L C R", such that
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L Orange (p, 1 - <21) = {0}, (7.115)

2. L is an invariant subspace of A [ — ^C7 + P, and the corresponding

eigenvalues are of modulus less than 1.

Consider a matrix Qo with columns forming a basis in L. Define the matrix s0 
of size dim L x dim L as the solution of

(A[ - (c’+ Pf1 P„C2r) p) g = ST- <7.116)

Set go = FQq. Furthermore, assume that

3- ~
rankC(so-jb) = dimC = rank So- (7.117)

Form the solution Qo of the equation

P° 0 =
670 0 0 0 0J L J
= 0]. <7.118)

The rank condition 7.117 implies that these exists a regular matrix X such that 
[^0]7' = X^0-Set

So = [So 0] (^f)

Then

(cf + 1 P12S2 ) g{ + So/ - M So =

= ((cf + Pr'PizCl^^)7' O] + [S[)57' Oj-fAfSoO])

X(xr)-1 =0,
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invoking 7.117. At the same time

Qo-sQosr -go^I -C2A2 'Q2 1 (Aj) -

X"' so 0 Go 0 00
0 0 0 0 0 0 0 0

I-C2A-'Q-2^AT2ylCT2

= 0, 

using 7.118. Consequently,
OO \

?o(O) = Z^'^^-l)-C2A2 1 £?2'x*’(—Z + 1)J 

/=!

e [h~(wi)nh^iwa]

is well-defined and equations 7.113 and 7.112 are satisfied. Thus, defining

the corresponding transformation T for which

T(aTx*(0)) =ar£(0)

maps X^ into H~(w2) and conditions (i), (iii) and (vi) of Theorem 7.17 are 
fulfilled. Observe, that

range Qo = L.

Similarly, starting with a matrix Fx and a subspace L* CR" for which

(i) Lx Orange ~ = ’

(ii) L* is an A। - Fxj -invariant subspace and the correspond­

ing eigenvalues are of modulus less than 1,

(iii) rankC(sq, ho) = dim L" = rank Mo,

where the columns of T/o form a basis in L*, the equation

[A} - + Q;' Qi2B2) =
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defines Sq and _

the operator Tx satisfying conditions (ii), (iv) and (vii) of Theorem 7.17 can be 

constructed. Moreover, for this construction

range Jfo = L * •

It remains to fulfil condition (vii) in Theorem 7.17. To this aim observe that 

and kerJTo — (^*) ■

Step 5. Let us return to the state-space description of the generalized Wiener-Hopf 
factorizations under minimality conditions of the all-pass function <b. In Theorem 
7 33 we have summarized the analysis how to express the conditions originally 
given in operator form in Theorem 7.17 for the future and past spaces (H and 
H") of the appropriate process y giving the factorization in terms of matrices.

Now let us assume that we have fixed the matrices considered in Theorem 7.33, 
i.e. we fixed the subspaces H+ and H- and characterize the stationary process 
y(O t e Z for which H+(y) = H+ and H (y) = H .

To this aim first observe that since PrH-(W|) h+ = = the Process v as

This together with the system-equation

jc*(t + l) = Ai%*(t) + Biw(f) (7.120)

defines a minimal realization of y. ■ y a >
In the following lemmata we essentially repeat the construction leading to 

Theorem 7.17 and 7.33 but now expressing the various building blocks in terms 
of the matrices in the state-space representation 7.119-7.120. In order to make the 
proof more transparent the steps are listed in advance.

First we consider the subspace H+(y). The analysis of the identity H (y) — 
is put together of various building blocks.

(i) H+(y) C H+(w2Y

(ii) H+MnH+(y) = H+MPiH+.

Observe that Remark 7.37 implies that the subspace

w+(wi)e[wH(mi)nH+]

already determines the operator 7 x.
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(iii) H+(y) © [H+(y) O = H+ © [H+ O H+(wi)] using Corollary 7.22
(ii) this latter is equal to the subspace (/ + T*)XWi.

Obviously (i)—(iii) together imply that H+(y) = H+.
Next we consider the subspace H~ (y). The analysis of the identity H (y) = H

is carried out as follows:

(i) H~{y) C

(ii) H~(w\)Q H~(y) = H .

LEMMA 7.36. The assumption H+(y) C H+(w2) is equivalent to the equation

CyP^ + DyB^ =0. (7-121)

Proof. Using the equations 7.119 and 7.120 we can write that

yf) = Cy(Pl^(r) + Pl2X*(O)

+Dy (DTw2(t) + B'[x^t + 1) + B^xf (t + 1)) =

= (DyDT + CyPlC[ + CvP12C2r)w2(f)

+ (DvBf + CvPiA'f)T*(t+l)

+ (DyBl + CyPi2A^xf(t + 1).

The assumption yf) e H+(w2) is fulfilled if and only if the last term vanishes i.e.

DyB^ + CyPnA2 =0.

REMARK 7.37. Introducing the notations

DyDT + Cy Pl Cf + Cy P^ = Dy 

DyB^ +CyPiA{ =CTy
(7.122)

we obtain that _ _r
y(t) = DyW2(t) + Cyxu (t + 1)

and
A i 0 B\ ‘ Pl Pt20 rcn 'Cy'
0 a2 b2 Pl 1 P2 0 0 = 0

C, C2 D 0 0 I -DL
(7.123)
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According to Remark 7.18 we know that

T*XW} = H+(wi)e[H+{w^HH+]. (7.124)

Theorem 7.33 characterizes this subspace and the operator 7 x in terms of the 
matrices S*. H0- On the other hand Theorem 5.27 describes the subspace H wf)G 

[W+(wi) nH'1 (y)]- Furthermore condition

U + TfiXw, = H+(y)e[H+(y)M+M] (7,125)

should hold as well. Immediate application of Theorem 5.27 gives the following 
assertion summarizing the analysis of equations 7.124 and 7.125.

COROLLARY 7.38. Consider the subspace H+ defined in Theorem 7.17. Assume 
that a minimal realization of the process y(t) is determined by the equation

_y(Z) = Cvx*(t) + DyW(t).

Then the identity
H+(y) = H+

is equivalent to the following equations:

( i) the matrices r = h0 = Ho, s* = S* define a maximal - under the

condition that p(s*) < 1 - solution of the

[rPi Ho] 5x[rP, 0], (7.126)

where the maximality is meant in the sense as explained in Theorem 5.27,

'' (7.127)

Finally, we need a characterization of H~(y) in terms of the system matrices. 

Immediate consequence of 7.119 that

H~(y) C W(wi).

Thus the equality
= H (wfteH (y)

is equivalent to the required identity

H~(y) = HT

Lemma 5.30 characterizes the subspace HThe following 
lemma describes the subspace H using the matrices defining the

operator T.
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LEMMA 7.39. The subspace is spanned by the coordinates of the

vector
oo

-G0D- QM w^-k). (7.128)

Proof. Let us that Lemma 530 shows thauhe subspace H~(wd 9T
can be generated by the coordinates of the vector ^=. R IM k).where 
according to Remark 5.32 the matrix R can be chosen to be equal to used in 
definition of the operator T or in other words in the definitions of the subspace 
H - (yj2) e [H~ (w2) n H~]. Thus it remains to determine the corresponding matrix 

L°In view of Lemma 7.28 we have to characterize those elements of H~(wG 

which are orthogonal to T>) -Pr(/+nxW2 4^- Observe that

x* (0) - Prz+dx^ xu (°>

= x*(0)-2i (2i+ £) 1
oo 

x^u(.Q) + 
■ >'

Let us project it to Since x» = 21*>) + 212^(0) equations in

7 .21 imply that we get the vector

[2i- 2i(2i +
-21(21 +2)-1 'Y2sJ~lG0(Dw\(-j) + C\xs (-./))

7=1

-52C2^7') + B2W1(-J+s) 

5=0 

oo

_ 21 (21 +G)_1 (2fi! -Go^- 21262)^1 (~fc)

t=l

using the identities

j=o

and 00 / A4^1

52s-'G0C2(a£') =-212-
5=0

(cf. Lemmata 7.31 and 7.32.)
The invertibility of 21 (21 +2) ' Proves the lemma.
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LEMMA 7.40. The subspace PrXv (H“ (w i) © H ) is generated by the coordinates 

of
(q + Q i— ) xs (0) ■

Proof Since cov(w, (-/). x*(0)) = B{ (A^'1 for j > 1 the statement of the 

lemma can be formulated in the following way as well:

^B{ - G0D - 212B2) B{ (ATy ^^+Q]-Pfl)Pi. (7-129)

7=0

Using the identities

B\B] = Pi -A,PiA[

DB{ + CtPiA] + C2P2IA[ =0 

B2B{ + A2P2fA[ = P2)

and

QA\ = SQ + G()Ci

5212 = 2i2A2 + GqC2

we obtain that

(25i - G0D - QM B{ = 25, - SQP\ A[ + SQl2P2i Ar - QnPzi

giving that

^Sj (QB{ - GaD - Q]2B2) B{ A{1 = QP\-Q\2Pz\ = (^+21 ~ P\ ') P| 

7=0

concluding the proof.

COROLLARY 7.41. Consider the subspace H~ defined in 7heorem 7. /7. Assume 
that a minimal realization of the process y(t) is determined by the

y(O = Cyx*(t) + DvW(i).

Then the identity
H-(y) = H~ (7.130)

is equivalent to the following.
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The matrices

+ ')Pl

g0 = - 21282 -G0D)

s = 5

define a maximal solution of the

(7.131)[sM go]
X Cf

under the condition that p(s) < 1.

Let us point out that although Corollary 7.38 and 7.41 provide necessary and 
sufficient conditions for the identities H^y) = H+ and/^(y) = ^respectively, 
the equations 7.126 and 7.131 are of different structure. The reason of this lies in 
the fact that in both cases we used a forward realization for y (r), i.e. they are written 
in terms of the matrices Cy, Dy and A,, B\. But the following computation shows 
that 7.131 can be transformed into another equation which is similar to 7.126. In 

fact,
/§+-P"1) = + 21P1 - / = 2^1 -212^21-

Thus

5 (G+ Qi - P{ P\Cy + (QB\ - Q\2B2 - GqD) Dy
= SQP\C] - SQ12821C] + GB\Dy - QnB2Dy -GoDDy

= (2A! - G0C,) P\ C]-{Q 12A2 + GoC2) 82i Cj

+§Bi Dy — QnB2dT-GoDD^
= 2 (a , P\ CTy +B\D^- Go (c1 Pi C* + C2 P21C' + D Dy )

-212 ^2 821 Cy +b2d!^

= 2Cy - GoDy,

where at the second equation 7.97 and 7.94 were used, while at the fourth 7.123
Consequently, the second equation in 7.131 is equivalent to

[-2 Co]
Cy

Dv
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which together with 7.97 can be written as

thus characterizing 
realization

"A| Cyl r ,
_ = S[-^G0],

the identity H'(y) = H~ using the backward minimal

^(0 = Afl*(t + 1) + Cfw2(f)

y(t) = cjw*(t + l)+^.w2(t)

of the process y(t). tel
As a summary the following theorem gives an implicit characterization of the 

identities H~ = //'(v), H+ = H+(y) in terms of equations for the matrices in 
the observation equation 7.119 Cy, Dy using the previously defined matrices ^Go, 
Sx, Ho determining the operators T, T* and in this way the subspaces

THEOREM 7.42. Assume that H~ and H+ are defined as in Theorem 7.17. 

Consider the equations

CV = sx[t1c.
rA{

.“I
y = [^0]

Dy-

(7.132)

(7.133)

in Cy. Dy,T,sx .ho. p.s. go-
Define

y(t) = Cvx*(0 + DyW^tfi

Then the identities H~ = H^yY H+ = H+(y) are equivalent to the following:

(i) the matrices s* = Sx, h0 = Ho determine a maximal solution of 7.132 under 

the condition p(sx) < 1,

(ii) the corresponding matrix r can be written 

rP\ =-TC,

(Ui) the matrices s = S, go = " G0D - determine a maximal solution
of 7.133 under the condition p(s) < 1,
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(iv) the corresponding matrix p can be written as 

p = (g + Q\ — P[~^ P\

(v) A2P2\Cy+B2Dy = 0.

REMARK 7.43. Lemma 7.39 gives that condition H — H (wi) is equivalent to 

the identity
QB\-GoD-Qi2B2 = O

implying that Q = P^ [ — Q\ i.e. p = 0-



8. Canonical reconstruction of stationary processes

In this final concluding-like chapter using the results presented in Chapters 4 and 
7 we list some canonical cases of the reconstruction of stationary processes fiom 
two given — forward and backward - input white noise piocesses.

Let y (t), t e Z be a zero-mean, full rank stationary process with rational spectral 
density. As we have seen in Chapter 5 there are usually several forward and 
backward realizations of this process. Among the forward realizations theie aie 
two “extremal” ones, those which are driven by the white noises W-GT t & Z and 
w+(t), t e Z, respectively. The corresponding state spaces are X- and X+, the first 
one determines the forward innovation realization or in other words the spectral 
factor W_(z) is stable and minimum phase (there are no poles and zeios inside the 
unit circle), the second one generates the spectral factor W+(z), which is stable, 
but maximum phase (the poles are out of the unit circlre but the zeros are inside the 
unit circle). The extremality is meant in the sense of 5.15, i.e. the state covaiiance 
matrices satisfy the inequalities

P_<P < P+,
where P belongs to an arbitrary minimal forward realization (assuming that a 

uniform choice of bases is applied).

Figure 8.1. Stable, minimum phase (forward innovation) realization

Figure 8.2. Stable, maximum phase (forward) realization

Similarly, the white noises w+(0, t e Z and w_(0, t & Z determine the “ex­
tremal” backward realizations with state spaces X+ and X_, respectively. The 
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corresponding spectral factors are VF+(z) and VF_(z), respectively. The first one 
determines the backward innovation realization, i.e. is antistable and maximum 
phase (there are no poles and zeros out of the unit circle), while is antistable 
and minimum phase (the poles are inside the unit circle but the zeros are out of the 
unit circle).

Figure 8.3. Antistable, maximum phase (backward innovation) realization

Figure 8.4. Antistable, minimum phase (backward) realization

In Chapter 7 we have analysed the problem of reconstruction of the output 
process y using the transfer relations between two generating white noises, one of 
which corresponding to a forward realization while the other one to a backward 
realizations. Considering the “extremal” possibilities, i.e. pairing the above listed 
forward and backward white noises it would give us four different different cases, 
but the assumption Xw2 > XWx introduced in Section 7.3 excludes one of these, 
namely the pair W] = iu+, W2 = w_. In fact, the stat-space associated to w+ is 
X+, while has the state-space X- for which the opposite inequality holds,

= X^ < XW1 = X+. Thus the allowable canonical pairs are

(w_, w+), 

(w_, w_), 

(w+, w+).

So the first possibility is the pair of forward and backward innovation realizations. 
At the same time in the two other cases the forward and backward realizations shate 
the same state space. Namely, for w_ and w_ the state space is X_, while for w+ 
and w+ the state space is X+.

Figure 8.5 shows the various past and future subspaces arising in the “extremal” 
realizations of a stationary process y. The past of the output process y and that 
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of the forward innovation noise w_ coincide. Similarly, for the future subspaces

H+(y) = H+(w+). ,
The past subspace of the input noise w+, generating the stable, maximum phase 

spectral factor is larger than the past It contains the state-space X+, as well. 
More precisely, H~ (w+) = H (y) vX+-Let us recall, that X+—Pi w+(y)^ (?) 

H~(w+)nH+(w+). _ .
Similarly, the future subspace of the input noise w_, generating the unsta­

ble minimum phase spectral factor contains the future-space H (y)_In fact, 
//+(w_) =/7+(y) v Here X_ = Pi'H-(y) ~ (w_).

Figure 8.5. Past and future subspaces generated by the process y and the (forward, backward) 

innovations

Consider first the pair (w_, w_). In this case the corresponding all-pass function

is inner. In fact, H+(w_) = 5_ so = H+(w^L = ^ = C S- =

W(w_). Consequently, w_(0) is a linear combination of w_(0), w_(~D...... But 
the coefficients in this linear combination are given by the coefficients of ^(z), i.e. 
<b is analytic. Since it is all-pass, this means that T is an inner function.

Similarly, for the pair w.p, w+ the all-pass function W+ W+ is inner, because 
H~(w+) = ( W )1 C (X+)1 = S+ =

Observe that the previous argument can be reversed. If <t>, originating from a pair 
(wi. wd is an inner function, then mm is a linear combination of wi (0), wi (— 1)....,
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consequently //”(w2) C or in other words the subspaces H+(w2)_= S2
and = Si are perpendicularly intersecting each other, i.e. Sj and S2 are
conditionally orthogonal given S, nS2. In fact, let £ € Sj, then

^Pr^+Pr^.

But Pr-i € S2 C Si, so Pr^ £ € Si. Thus

Pr^S, C (SiAS2)

implying the conditional orthogonality property.
Applying this argument to the pair (w-,w+) we obtain that the corresponding 

all-pass function
o = W”1 W-

is inner if and only if H+ = H+(w+) and H~ = W(u?i) are conditionally 
orthogonal given H ~ (T H~. Consequently in this special case

X_ = PrH H+ = H~ A H+ = PrH+ H~ = X+.

Especially, P+ = P— Using the inequality 5.15 we obtain that P = P- for any 
forward realization implying that - apart of nonsingular state-space transformation 
— the forward realization is unique. Similarly, the only backward realization is the 
backward innovation realization. In addition Remark 5.51 implies that in this case 
all the zeros are of modulus 1. Moreover, Remark 5.50 gives that VF_ and IV + share 
the same zeros.

Conversely, if all the zeros of VF_ are of modulus one then according to Remark 
5.51 the corresponding state space X- = H Cl H+, i.e. H^±H ' | X_.

For the sake of completeness we remark that besides of taking a pair of generating 
white noises of opposite types — a forward and a backward noise — it is possible 
to consider pairs of input noises of the same type. Namely, the transfer function 
between the the extremal forward noises, thus from w+ to w_, i.e.

is an inner function and similarly the transfer function between the two extremal 
backward noises, thus from w_ to w+, i.e.

is a conjugate inner function. These functions contain the information about the 
zero structure. Figure 8.6 demonstrates the possibilities listed above.

Naturally, the directions of the arrows above can be reversed, i.e. we can con­
sider the inverses of the transfer functions above; this transformation for example 
produces a conjugate inner function from an inner one.
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Figure 8.6. Connections between the various “extremal” generating white noises

Returning to the inverse problem, if only the function O is given, then if $ is 
not an inner function then there is only one “canonical” possibility to factorize it, 
namely the Wiener-Hopf factorization. But, if $ is an inner function, then there are 

three different possibilities. .
First we can consider a Wiener-Hopf factorization - corresponding to the choice 

(w_, w+) leading to a stationary process with a very special structure: all the zeros 
of W_ are of modulus 1. (Cf. Corollary 4.2 in Green and Anderson (Green and 
Anderson, 1987b) in the continuous time case.) —

As a second case, we can either consider the_ pair (W_,W_) or t e pan 
(Wt . W+). Let us point out that (W_, (W+, W+) still share the same zeros,
but these are out of the unit circle (inside the unit circle, respectively) and not 

necessarily on the unit circle.
After the factorization <b = W?' Wj we can choose a canonical state-space 

representation (observability, reachability, constructibility, controllability canonical 
forms) for the spectral factors W, and W2 according to the constructions listed in 

Chapter 4.
Figure 8.7 summarizes the various “extremal” operators corresponding to these 

canonical parametrizations.
As we have seen to define the constructibility and controllability canonical forms 

some nonsingularity assumptions are needed.



216 REPRESENTABILITY OF STOCHASTIC SYSTEMS

H + (W+)

Figure 8.7. Reachability, observability, controllability and constructibility operators in case of ex­
tremal” realizations. The abbreviation used in the figure: !R ~ reachability, O ~ observability, C ~ 
controllability, Co ~ constructibility. M ~ Markov parameters. b stands for backward realizations

H~(y)

H+(y)

In the statistical identification of the stationary stochastic systems the search 
of the canonical forms of state-space representations play a significant role. As 
we have seen canonical parametrization can be based on the notions of reachabil­
ity, observability, controllability and constructibility. This well known part of the 
identification procedure and its validity analysis is possible in case of any type of 
white noise input process. Then the efficiency ot the identification of the stochastic 
process y can be evaluated on the basis of the whiteness ot the estimated souice 
noise time series.

At the same time together with canonical parametrizations we can consider 
extremal (forward, backward) realizations, spectral factors. This corresponds to 
the apriori specification of the position of poles and zeros with respect to the unit 
circle. This gives us altogether 4x4=16 different possibilities. But the analysis 
of these possibilities from the identification point of view may already lead us to 
the subject of new studies.
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spectral density, 23
stationary, 148

projection, 127
projection error, 96
projector measure, 22

rational inner function, 26
reachability, 44, 71

canonical form, 72
realization

backward, 92
forward, 91

Redheffer transform, 134
regularity, 28
relation

equivalence, 63
representative vector system, 61
Riccati equation, 20, 129

scalar product, 50
Scheme II, 64
spectral density, 23
spectral factor

acausal, 116, 132
analytic, 33, 115
coanalytic, 34, 115
zeros, 116

spectral measure 
stochastic, 23

spectral representation, 21
splitting subspace, 91

Markovian, 93 
splitting subspaces 

minimal, 94
SSR, 34, 35,97

acausal, 114
backward, 97
canonical, 65
forward, 97
minimal. 41,94
minimal, backward, 56
strong, 49
structure, 67
weak, 41

State Space Representation, see SSR 
stationary process, see process 
Stone representation theorem, 21 
subspace, 51

constructible, 93
minimal splitting, 148



SUBJECT INDEX 221

observable, 93
shift invariant, 128

time series, 21
top-companion form, 68
transfer function, 33

inverse, 125
transfer relation

BSSR-BARMA, 77
BSSR-BMFD, 79
BSSR-dual BARMA, 84
FSSR-dual FARMA, 85
FSSR-dual MFD, 80
FSSR-FARMA, 78
FSSR-FMFD, 75

transfer relations, 74
transformation

linear, 125
nonsingular, 47
orthogonal, 133

unit circle, 25

white noise sequence, 51
Wiener-Hopf factorization, 20, 151
Wold decomposition, 21,28, 29
Wold-Kolmogorov decomposition, see Wold 

decomposition
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The purpose of this book is to investigate modeling and 
representation approaches of stationary stochastic phenomena. 
These approaches have their origins in the theory of multi­
variate stochastic processes, time series analysis and in the 
algebraic geometric theory of stochastic systems. The stochastic 
representations most frequently used are the auto-regressive- 
moving-average (ARMA), matrix-fraction-descriptions (MFD) 
and the state-space representations. It is shown how to derive 
these - forward and backward - representations and their dual 
forms from the analytic and co-analytic spectral factors. These 
representations are parametrized by system invariants reflect­
ing the four basic Kalmanian principles of controllability, 
observability, reachability and reconstructibility.

Detailed structure of the state-space realizations is provided 
using geometric (Hilbert-space) principles including the analy­
sis of the zero structure and balanced realizations.

The structure of generalized Wiener-Hopf factorization is 
studied in details, first using geometric consideration, then 
computing the system matrices.

The perspective provided by this can be interesting for those 
who are doing research in signal processing, stochastic mo­
deling and system identification, or in control system design. 
Parts of the text can also be useful in courses on stochastic 
systems, filtering, prediction or on realization theory.
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