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PREFACE

1. Mathematics reached a crisis at the end of the last century when a number 
of paradoxes came to light. Mathematicians surmounted the difficulties by 
revealing the origin of the troubles: the obscure notions, the inexact definitions, 
then the modern mathematical exactness was created and all the earlier notions 
and results were reappraised. After this great work nowadays mathematics is 
firmly based upon its exactness.

Theoretical physics — in quantum field theory — reached its own crisis in 
the last decades. The reason of the troubles is the same. Earlier physics has 
treated common, visible and palpable phenomena, everything has been obvious. 
On the other hand, modern physics deals with phenomena of the microworld 
where nothing is common, nothing is visible, nothing is obvious. Most of the 
notions applied to describe phenomena of the microworld are the old ones and 
in the new framework they are necessarily confused.

It is quite evident, that we have to follow a way similar to that followed by 
mathematicians to create a firm theory based on mathematical exactness; having 
mathematical exactness as a guiding principle, we must reappraise physics, its 
most common, most visible and most palpable notions as well. Doing so we can 
hope we shall be able to overcome the difficulties.

2. According to a new concept, mathematical physics should be a mathemat­
ical theory of the whole physics, a mathematical theory based on mathematical 
exactness, a mathematical theory in which only mathematically defined notions 
appear and in which all the notions used in physics are defined in a mathemati­
cally exact way.

What does the term “mathematically exact” cover? Since physics is a nat­
ural science, its criteria of truth is experiment. As a straightforward conse­
quence, theoretical physics has become a mixture of mathematical notions and 
mathematically not formulated “tacit agreements”. These agreements are or­
ganic parts of theoretical physics; they originate from the period when physics 
treated palpable phenomena like those in classical mechanics and electrodynam­
ics. Today’s physics deals with phenomena on very small or very large scales.
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Unfortunately, since the education of physicists starts with the classical theories 
which are left more or less as they were at the beginning of this century, the 
acquired style of thinking is the mixture mentioned above and this is applied 
further on to describe phenomena in regions where nothing is obvious, resulting 
in confusion and unclear thinking.

Mathematical exactness means that we formulate all the “tacit agreements” 
in the language of mathematics starting at the very beginning, with the most 
natural, most palpable notions. Following this method, we have a good chance 
of making an important step forward in modern theoretical physics.

At first sight this seems to a physicist like creating unnecessary confusion 
around obvious things. Such a feeling is quite natural; if one has never driven a 
car before, the first few occasions are terrible. But after a while it becomes easy 
and comfortable and much faster than walking on foot; it is worth spending a 
part of our valuable time on learning to drive.

3. To build up such a mathematical physics, we must start with the simplest, 
most common notions of physics; we cannot start with quantum field theory but 
we hope that we can end up with it.

The fundamental notion of mathematical physics is that of models. Our aim 
is to construct mathematical models for physical phenomena. The modelling 
procedure has two sides of equal importance: the mathematical model and the 
modelled part of physical reality. We shall sharply distinguish between these 
two sides. Physical reality is independent of our mind, it is such as it is. 
A mathematical model depends on our mind, it is such as it is constructed 
by us. The confusion of physical reality and its models have led to heavy 
misunderstandings in connection with quantum mechanics.

A mathematical model is constructed as a result of experiments and theoreti­
cal considerations; conclusions based on the model are controlled by experiments. 
The mathematical model is a mathematical structure which is expected to reflect 
some properties of the modelled part of reality. It lies outside the model to an­
swer what and how it reflects and to decide in what sense it is good or bad. To 
answer these questions, we have to go beyond the exact framework of the model.

4. The whole world is an undivisible unity. However, to treat physics, we are 
forced by our limited biological, mental etc. capacity to divide it into parts in 
theory.

Today’s physics suggests the arrangement of physical phenomena in three 
groups; the corresponding three entities can be called Spacetime, Matter and 
Field.

The phenomena of these three entities interact and determine each other 
mutually. At present it is impossible to give a good description of the complex 
situation in which everything interacts with everything, which can be illustrated 
as follows:
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5. Fortunately, a great number of phenomena allows us to neglect some 
aspects of the interactions. More precisely, we can construct a good theory if 
we can replace interaction by action, i.e. we can consider as if the phenomena 
of two of the entities above were given, fixed, “stiff’ and only the phenomena of 
the third one were “flexible”, unknown and looked for. The stiff phenomena of 
the two entities are supposed to act upon and even determine the phenomena of 
the third one which do not react. We obtain different theories according to the 
entities considered to be fixed.

Mechanics (classical and quantal), if spacetime and field phenomena are given 
to determine phenomena of matter, can be depicted as:

In some sense continuum physics and thermodynamics, too, are such theories.
Field theory (classical, i.e. electrodynamics), if spacetime and matter phe­

nomena are given to determine phenomena of field, is:
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Spacetime

Gravitation theory, if matter and field are given to determine spacetime, is:

These theories in usual formulation are relatively simple and well applicable 
to describe a number of phenomena: it is clear, however, that they draw roughly 
simplified pictures of the really existing physical world.

6. Difficulties arise when we want to describe complicated situations in which 
only one of the three entities can be regarded as known and interactions occur 
among the phenomena of the other two entities. The following graphically 
delineated possibilities exist:
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The third one is of no physical interest, so far. However, the other two are 
very important and we are forced to deal with them. They represent qualitatively 
new problems and they cannot be reduced to the previous well-known theories, 
except some special cases treated in the next item.

Electromagnetic radiation of microparticles is, for instance, a phenomenon, 
which needs such a theory. Usual quantum electrodynamics serves as a theory 
for its description, and in general usual quantum field theory is destined to 
describe the interaction of field and matter in a given spacetime.

As it is well known, usual quantum field theory has failed to be completely 
correct and satisfactory. One might suspect the reason of the failure is that usual 
quantum field theory was created in such a way that the notions and formulae of 
mechanics were mixed with those of field theory. This way leads to nowhere: in 
mechanics the field phenomena are fixed, in field theory the matter phenomena 
are fixed; the corresponding notions “stiff’ on one side cannot be fused correctly 
to produce notions “flexible” on both sides.

The complicated mathematics of quantum field theory does not allow us to 
present a simple example to illustrate the foregoings, whereas classical electrody­
namics offers an excellent example. The electromagnetic field of a point charge 
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moving on a prescribed path is obtained by the Lienard-Wiechert potential which 
allows us to calculate the force due to electromagnetic radiation acting upon the 
charge. Then the Newtonian equation is supplemented with this radiation re­
acting force — which is deduced for a point charge moving on a given path — to 
get the so-called Lorentz-Dirac equation for giving the motion of a point charge 
in an electromagnetic field. No wonder, the result is the nonsense of “runaway 
solutions”.

Electromagnetic radiation is an irreversible process; in fact every process in 
Nature is irreversible. The description of interactions must reflect irreversibility. 
Mechanics (Newtonian equation, Schrodinger equation) and electrodynamics 
(Maxwell equations) i.e. the theories dealing with action instead of interaction 
do not know irreversibility. Evidently, no amalgamation of these theories can 
describe interaction and irreversibility.

7. There is a special case in which interaction can be reduced to some 
combination of actions yielding a good approximation. Assume that matter 
phenomena can be divided into two parts, a “big” one arid a small one. The 
big one and field (or spacetime) are considered to be given and supposed to 
produce spacetime (or field) which in turn acts on the small matter phenomena 
to determine them. The situations can be illustrated graphically as follows:
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An example for the application of this trick is the description of planetary 
motion in general relativity, more closely, the advance of the perihelion of Mer­
cury. Then field is supposed to be absent, the big Sun produces spacetime and 
this spacetime determines the motion of the small Mercury. Doing so we neglect 
that spacetime is influenced by Mercury and the motion of Sun is influenced by 
spacetime as well, i.e. we neglect interaction.

The second example is similar. A given spacetime and a heavy point charge 
are supposed to produce an electromagnetic field and this electromagnetic field 
determines the motion of a light point charge. Doing so we neglect that the 
electromagnetic field is influenced by the light point charge and the motion of 
the heavy point charge is influenced by the electromagnetic field, i.e. we neglect 
interaction.
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INTRODUCTION

1. The principles of covariance and of relativity

1.1. Today the guiding principle for finding appropriate laws of Nature is 
the principle of general relativity: any kind of observer should finally conclude 
the same laws of Nature; the laws are independent of the way we look at them. 
The usual mathematical method of applying this principle is the following: in 
a certain reference frame we have an equation that, as we suspect, expresses 
some law independent of the reference frame. The way to check this is referred 
to as the principle of covariance: transfer the equation into another reference 
frame with an appropriate transformation (Galilean, Lorentzian, or a general 
coordinate transformation), and if the form of the equation remains the same 
after this procedure, then it can be a law of some phenomenon. This method 
can be illustrated in the following way:

r 1
i Nature ' > i

ref. fr. 1 ► ref. fr. 2

It seems quite natural to organize the procedure in such a way; this is how 
Galileo and Newton started it and this is how Einstein finally concluded to the 
principle of general relativity. What could be the next step? Very simple: since 
the laws of Nature are the same for all observers, the theoretical description does 
not need the observer any longer; there should exist a way of describing Nature 
without observers. In fact, at that time Einstein said this in another way: “the 
description of Nature should be coordinate-free”.

This was some 70 years ago but if we take a glance at some books on theo­
retical physics today, we stumble upon an enormous amount of indices; thinking 
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starts from reference frames and remains there; the program of coordinate-free 
description has not yet been accomplished.

The key step (but not the only step) towards being able to describe Nature 
without observers is the mathematical formulation of the “tacit agreement” be­
hind the non-mathematical notion of observers. This formulation finally lifts 
the notion of the observer from the mist and starts reorganizing the method of 
description in a way Einstein suggested. This reorganizing results in describing 
Nature independently of observers. If we wish to test our theory by experiments, 
we have to convert absolute quantities into relative ones corresponding to ob­
servers and then to turn them into numbers by choosing units of time, distance 
etc. arriving in this way to indices and transformation rules. Compared with 
the previous situation, this can be illustrated as follows:

1.2. The most important result of the present book is this reorganizing of 
the whole method of theoretical description. In this framework the principle of 
covariance and the principle of relativity sound very simple (encouraging us that 
this might be the right way).

Principle of covariance: according to our present knowledge, the descrip­
tion of Nature should be done by first choosing one of the non-relativistic, special 
relativistic and general relativistic spacetime models and then using the tools of 
the chosen model.

Principle of relativity: there must be a rule in the spacetime models that 
says how an arbitrary observer derives from the absolute notions its own quan­
tities describing the phenomena.

2. Units of measurements

2.1. In practice, the magnitudes of a physical quantity (observable) are always 
related to some unit of measurement i.e. to a chosen and fixed magnitude. We 
determine, for instance, which distance is called meter and then we express all 
distances as non-negative multiples of meter.
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In general the following can be said. Let C be the set of the magnitudes 
of an observable. Taking an arbitrary element c of C and a non-negative 
real number a, we can establish which element of C is a times c, 
denoted by ac. In other words, we give a mapping, called multiplication by 
non-negative/numbers,

Ro ’x C —> C, (a,c)/->ac

with the following properties: for all c 6 C
(i) Oc is the same element, called the zero of C and is denoted by 0 

as well;
(«) 1c = C
(m) if c 0 then Jc : Rj —♦ C, a ac is bijective.

In customary language we can say that C is a one-dimensional cone:
An addition can be defined on this one-dimensional cone. It is easy to see 

that the mapping, called addition,

C x C —► C, (a,b) Jc(Jc-\a) + Jc~\b)) -.a + b

is independent of c.
Let us introduce the notations —C := { —1} x C, — c := (—1, c) (c € C) 

and D := (—C) U C. Then we can give a multiplication by real numbers

R x D -» D, (a, d) i—» ad

and an addition
D x D —> D, (d, e)>-»d + e

that are trivial extensions of the operations given on C, so that D be­
comes a one-dimensional real vector space. For instance,

ac : = -|a|c for a < 0, c € C,
a(—c) : = — ac for a > 0, c € C,
a(—c) : = |a|c for a < 0, cE C.

Furthermore, the two “halves” of this vector space have different importance: 
the original cone contains the physically meaningful elements. We express this 
fact mathematically by orienting D with the elements of C (see IV.5).

The preceding construction works e.g. for distance, mass, force magnitude, 
etc. In some cases - e.g. for electric charge we are given originally a one­
dimensional real vector space of observable values.

Thus we accept that the magnitudes of observables are represented by ele­
ments of oriented one-dimensional real vector spaces called measure lines. Choos­
ing a unit of measurement means that we pick up a positive element of the 
measure line.
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2.2. In practice some units of measurement are deduced from other ones by 
multiplication and division; for instance, if kg, m and s are units of 
mass, distance and time period, respectively, then is the unit of force.
The question arises at once: how can we give a mathematically exact meaning 
to such a symbol? According to what has been said, kg, m and s are 
elements of one-dimensional vector spaces; how can we take their product and 
quotient? To give an answer let us list the rules associated usually with these 
operations; for instance,

(akg^fim) = (a0)(kg m) 
am a m
/3s /3 s (ct E e IR+).

Extending these rules to negative numbers, too, we see that the usual mul­
tiplication is a bilinear map on the measure lines and the usual division is a 
linear-quotient map, with the additional property that the product and quotient 
of non-zero elements are not zero.

Consequently, we can state that the product and quotient of units of measure­
ments are to be defined by their tensor product and tensor quotient, respectively 
(see IV.3 and IVA).

Thus if D, I and G denote the measure line of distance, time period 
and mass, respectively, m E D, s E I, kg S G, then := €
G»D
I®I ’

3. What is spacetime?

Space and time are fundamental notions in physics: space and time form the 
general background of phenomena in Nature.

Let us examine these notions more closely.

3.1. Sitting in a room, we conceive that a corner of the room, a spot on 
the carpet are points and the table is a part of our space. Looking through the 
window we see trees, chimneys, hills that form other parts of our space. A car 
travelling on the road is not a part of this space.

On the other hand, the seats, the dashboard, etc. constitute a space for 
someone sitting in the car. Looking out he sees that the trees, the houses, the 
hills are running, they are not parts of the space corresponding to the car.
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Consequently, the space for us in the room and the space for the one in the 
car are different. We have ascertained that space itself does not exist, there is 
no absolute space, there are only spaces relative to material objects. A space is 
constituted by a material object.

3.2. Processes indicate that time passes: we breathe, someone is speaking, a 
clock is ticking, the Sun proceeds on the sky. In fact this is time: the sequence 
of processes. Time, too, is constituted by material objects.

Immediately the question arises: is time absolute or relative? In other words: 
is the same time realized in the room and in the car or not? And even, is the 
same time realized in two different corners of the room?

There are no evident answers to these questions. Our simplest everyday 
experience suggests that time is absolute. However, some experiments contradict 
this suggestion.

3.3. To relate the space of the room and that of the gar,(wq must involve 
time, too. Space and time relative to a material object interweave to express 
space and time relative to another material object. This reason suggests that a 
unique spacetime exists which is observed by material objects as space and time. 
We can think that space and time are something like side views of spacetime.

We try to make mathematical models for spacetime on the basis of the 
properties of space and time observed by material objects.

3.4. Our first abstraction in connection with space is the point. The corner 
of the room, a spot on the carpet stand for points of our space.

Our second abstraction is the straight line. A light beam, a spanned thread 
stand for a segment of a straight line. We discover that one and only one straight 
line is passing through two different points.

Our third abstraction is the plane. A table surface, a window-glass stand for 
a part of a plane. We find out that one and only one plane passes through three 
points that are not on a straight line.

The notion of planes offers us the notion of parallelism: two straight lines are 
parallel if have no common point and there is a plane containing them.

Let x and y be two distinct points of our space. We introduce the 
vector xy to be the straight line segment between x and y, oriented 
in such a way that x and y are its initial and final points, respectively. 
We agree that xy = uv in the case x / u, y / v if and only if the 
corresponding lines — i.e. the line passing through x and y and the line 
passing through u and v as well as the line passing through x and 
u and the line passing through y and v— are parallel.
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For a space point x we consider xi to be a “degenerate” segment; if 
we accept the preceding rule for the equality of xi and uu we find that 
they are equal for all space points x and u; we call this vector zero.

With the aid of parallelism we introduce the sum of two vectors: xu = 
xy + x£ if and only if yu = xt.

A fundamental property of this addition is that for arbitrary space points x, 
y and z

xy + y% + zi=x% = zero vector.

We have the well-known Euclidean method of constructing the positive ratio­
nal multiple of a vector (segment); since we feel the space is “continuous”, we 
are convinced that all positive real multiples of a vector make sense. We accept 
that a vector multiplied by —1 is the same segment oriented inversely.

3.5. We have given two operations on the vectors: addition and multiplication 
by real numbers. These operations satisfy the necessary requirement that the 
vectors be indeed vectors, i.e. the set of vectors endowed with these operations 
is a vector space.

We know that at most three linearly independent space vectors can be found. 
Moreover, we can compare the vectors with respect to their length, and we 
introduce the angle between two vectors. We find that the sum of the lengths of 
two sides of a triangle is larger than the third side, and the sum of the angles of 
a triangle is the straight angle.

To sum it up, the vectors of our space form a three-dimensional Euclidean 
vector space (see V.3).

Let us consider three vectors that are not in the same plane (linearly inde­
pendent vectors). We can order them in two manners: in right-handed way 
and in left-handed way. It is an interesting question whether the right-handed 
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order and the left-handed order are physically equivalent or not: is there a phe­
nomenon that makes different the two orders, i.e. the phenomenon exists but 
its reflection does not. Our simplest experience indicates that the two orders 
are equivalent. However, some more complicated phenomena show that they are 
not- e g the structure of molecules of living organs, or the snail shells. Recently 
it was demonstrated that the decay of Imesons exhibits clearly that the right- 
handed order and the left-handed one are not physically equivalent. We reflect 
this fact by saying that the vector space in question is oriented (see IV.5).

3.6. It is emphasized that the points of our space do not form a vector space; 
we associate a vector to each ordered pair of space points. This correspondence 
between space point pairs and vectors has properties which suggest us accepting 
that our space is an affine space (see Chapter VI).

Summarizing what we have found we state that our space is a three- 
dimensional oriented Euclidean affine space (see VI.1.6).

3.7. As concerns time, we are convinced that it passes “uniformly”. We can 
determine the period between two arbitrary time points, and time periods are 
summed up as time is passing. We give sense to the real multiple of time periods. 
Time is evidently oriented: past and future are not equivalent.

Thus we state that our time is a one-dimensional oriented affine space.

3.8. The affine structure of time(s) and the affine structure of spaces relative 
to material objects are related to each other.

More closely, if an inertial material object observes that a body moves uni­
formly on a straight line then another inertial material object observes the same 
body moving uniformly on a straight line, too. Uniform motion, involving the 
affine structure of both time and space, is independent of observers.

This indicates that spacetime itself has an affine structure.

3.9. After having gathered the properties of our space and time, and having 
obtained nice structures, let us hasten to pose the uneasy questions: have we 
reasoned properly? have we not made some mistakes? have we not left anything 
out of consideration?

There is a serious objection to our reasoning: we have extrapolated our expe­
rience gained in human size to much larger and much smaller size, too.

Let us examine first our concept of continuity of space and time. According 
to our common experience, i.e. from human point of view, water is a continuous 
material. However, we already know that it is rather cWse: a microbe does not 
perceive it to be continuous at all. Are perhaps space and time coarse as well? 
At present no experimental fact supports this possibility but we cannot exclude 
it in good faith.
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Let us accept the continuity of space and time. Our conviction that a vector 
can be associated with two space points is based on the fact that e.g. we can 
span a thread between the corner of the room and a spot on the carpet, or we 
can produce a light beam between them. But how can we determine the vector 
between two points whose distance is much smaller than the diameter of the 
thread or the light beam? If we can define vectors for such near points, too, do 
they obey the customary rules of addition and multiplication by real numbers?

We meet a similar problem if we want to give sense of vectors corresponding 
to points very far from each other. A thread cannot but a light beam can draw 
a straight line between Earth and Moon; however, it is not evident at all that 
addition and multiplication by real numbers of such huge vectors make sense 
with the customary properties.

Indeed, some experiments show that in astronomical size the vectorial opera­
tions cannot be defined for segments defined by light beams. At present we have 
no similar knowledge regarding minute size.

Evidently, the same problems arise for small and large time periods.

3.10. The part of sea surface seen from a ship seems to be plane though it is 
a part of a sphere. The domain of space and time observed by us seems to be a 
part of an affine space. Are space and time affine?

Let us recall that we have gathered the properties of our space and time in 
order to establish the properties of spacetime. Since we could not settle exactly 
the properties of our space and time, we cannot do that for spacetime either.

However, this does not matter. We are faced a kind of fundamental problem: 
on the basis of some experience we have made some abstractions to create 
mathematical models. Such a model is not the reality itself; it is an image 
- a necessarily simplified and distorted image — of reality. Reality and model 

should not be confused!
Accepting our experience regarding human size as global, i.e. extrapolating 

it to very small and large size, too, we make models in which spacetime is a 
four-dimensional affine space.

The non-relativistic model and the special relativistic model are of this kind. 
The difference between the two models is — regarding their physical content 
and not their mathematical form — that time or light spread are taken to be 
absolute, respectively.

If we admit that our experience is only local, i.e. considering it approximately 
true even in human size, we give up the affine structure and we make mod­
els in which spacetime is a four-dimensional manifold. These are the general 
relativistic spacetime models.

What kind of spacetime models shall we develop? This depends on our 
intention for what purpose we wish to employ it.

The non-relativistic spacetime model is suitable for the description of “slug­
gish” mechanical phenomena when bodies move relative to each other with
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velocities much smaller than light speed and of static electromagnetic phe 
nomena.

The special relativistic spacetime model is suitable for the description of all 
mechanical and electromagnetic phenomena, but it has a more complicated struc­
ture than the non-relativistic one, therefore it is suitable for “brfek” mechanical 
phenomena and non-static electromagnetic phenomena.

To describe cosmic phenomena we have to adopt general relativistic spacetime 
models.

3.11. At last, let us speak about how we imagine the points of spacetime. We 
have our notions of space points and time points (instants). Roughly speaking, 
a point of spacetime is the fusion of a space point and a time point: a spacetime 
point can be conceived as “here and now” or there and then . We can say 
more. A lamp flashes, two billiard balls collide: “there and then” is incarnated. 
Thus spacetime points can be illustrated by such occurrences.

We call attention to the fact that one often says event instead of occurrence 
which causes a number of misunderstandings. Namely, the notion of an event 
is well defined in probability theory and in physics as well. An event always 
happens to the object in question: the flash is an event of the lamp, the collision 
is an event of the balls, they are not events of spacetime. These events are 
illustrations only and are not equal to a spacetime point.

That is why we prefer to say occurrence when relating these events of some 
material objects to spacetime points.





I. NON-RELATIVISTIC SPACETIME 
MODEL

1. Fundamentals

1.1. Definition of the spacetime model

1.1.1. According to what has been said in the Introduction, now we model 
spacetime by a four-dimensional oriented affine space, denoted by M; let 
M be the corresponding vector space.

The affine structure does not reflect completely our fundamental knowledge 
of spacetime.

Let us accept that absolute time exists. This will be the most important feature 
of a non-relativistic spacetime model. Time is modelled by a one-dimensional 
oriented affine space, denoted by I; let I denote the underlying vector 
space.

Spacetime and time are not independent; the phrase “time is absolute” 
means that the time point corresponding to each spacetime point is determined 
uniquely; in other words, there is a mapping r : M -»I. The affine structures 
of spacetime and time are evidently related somehow. We express this relation 
by supposing that t is an affine map (over the linear map t : M > I).

Now we have to put the Euclidean structure of “space” into the model (quota­
tion marks are used because we well know that absolute space does not exist, we 
do not want to put space into the model). To go on the right way, let us observe 
that the Euclidean structure of our space is established on the basis of simul­
taneity: the vector between the corner of the room and the spot on the carpet 
is not defined by the corner yesterday and the spot today. Without introducing 
space, we can introduce the Euclidean structure with the aid of simultaneity as 
follows.

Let t be an instant, i.e. an element of I. Then
r1 ({t}) = {z e M| r(x) - t}

is the set of simultaneous spacetime points to which the same instant t corre­
sponds. It is a three-dimensional affine subspace of M over the vector space 
(see VI.2.2)

E : = Kerr = {x e M}| r ■ x = 0}.
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We accept that there is a Euclidean structure on E : we introduce the 
measure line of distances, D. and a positive definite symmetric bilinear map 
b : ExE -+ D ® D; so (E, D. b) is a three-dimensional Euclidean vector 
space.

1.1.2. Now we are ready to formulate a correct definition.

Definition. A non-relativistic spacetime model is a quintuplet (M,I,r, 
D.b) where

M is an oriented four-dimensional real affine space (over the vector space 
M),
I is an oriented one-dimensional real affine space (over the vector space 
I),
r : M —> I is an affine surjection (over the linear surjection
r : M -»I),
D is an oriented one-dimensional real vector space,
b : E x E -» D ® D is a positive definite symmetric bilinear map where 
E: = Kerr. ■

We shall use the following names:
M is spacetime or world,
I is time, I is the measure line of time periods,
t is the time evaluation,
D is the measure line of distances,
b is the Euclidean structure on simultaneity.

Elements of M and I are called world points and instants, respectively. 
The world points x and y are simultaneous if r(x) = r(y).

1.1.3. A world vector, i.e. an element x of M is called spacelike or 
timelike if a? e E or x E, respectively. Evidently, x is spacelike if 
and only if r • x = 0. The set of timelike elements consists of two disjoint 
open subsets:

T^ : = {a: 6 M| r • x > 0}, T*- : = {x € M| t ■ x < 0}.

(Recall that I is oriented, thus it makes sense to speak about its positive 
and negative elements, see IV.5.3.) The vectors in T~* and in T*~ are 
called future-directed and past-directed, respectively.

We often illustrate the world vectors in the plane of the page:
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1.1.4. If tel then r({t}) is an affine hyperplane in M, directed 
by E. The correspondence t n-+ t ({t}) is a bijection between I and 
the affine hyperplanes directed by E. We make use of this correspondence to 
identify the two sets, i.e. to regard instants as affine hyperplanes directed by E. 
In this way an instant equals the set of corresponding simultaneous world points. 
This trick makes thinking simpler and creates the possibility of comparison with 
relativistic models where time can be defined only by hypersurfaces.

Since I is oriented and one-dimensional, a total ordering is given on it: we 
say that t € I is later than s € I (or s is earlier than t ) and we 
write s < t if t - s is a positive element of I.

Spacetime, too, will be illustrated in the plane of the page. Then vertical 
lines stand for the instants (hyperplanes of simultaneous world points). A line 
standing to the right of another is taken to be later.

M

If x is a world point, rr + T-4 and x + T 
and past-like part of M, with respect to x.

are called the future-like
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1.2. Structure of world vectors and covectors

1.2.1. There are spacetime and time in our non-relativistic spacetime model 
and there is no space. However, there is something spacelike: the linear subspace 
E of M. Later we see what the spacelike feature of E consists in. We 
find an important “complementary” connection between E and I. Let

i : E -+ M

denote the canonical injection (embedding; if q g E, then 
q regarded as an element of M; evidently, i is linear), 
draw the diagram

E-UM-^I ;

i • q equals 
Then we can

i is injective, r is surjective, and Rani = Kerr, thus r i = 0.
M*, the dual of M will play an important role. Though it is also a four­

dimensional oriented vector space, there is no canonical isomorphism between 
M and M*; these vector spaces are different.

A diagram similar to the previous one is drawn for the transposed maps:

_ * • *
f^m^e* .

t* is injective, i* is surjective (see IV. 1.4) and Ran-r* = Keri*, thus 
i* r* = 0.

It is worth mentioning that for k € M*, i* • k = k i is the restriction 
of k onto E.

1.2.2. Since r* is injective, its range is a one-dimensional linear subspace 
of M* which will play an important role:

Ranr* = {r* • e| e g I*} = {e • r| e g I*} = I* ■ r.
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Observe that k € M* is in I* r if and only if i* k = k i = 0, 
thus

I* • t = {k e M*| k ■ q — 0 for all q G E}.

If the dot denoted an inner product on some vector space then this would 
mean that I* ■ t is orthogonal to E; please, note, now I* • t and E 
are in different vector spaces, they cannot be orthogonal to each other. We say 
that I* - t is the annullator of E.

Illustrating M* on the plane of the page, we draw a horizontal line for 
the one-dimensional linear subspace I* • r.

M.

0

As usual, the elements of M* are called covectors. The covectors in the 
linear subspace I* ■ r are timelike, and the other ones are spacelike.

1.2.3. It will be often convenient to use tensorial forms of the above linear 
maps. According to IV.3.4 and IV.1.2 we have

t GI®M* , 

r* e M* ® I,

i G M ® E* , 
i* G E* ® M .

1.2.4. With the aid of r, the orientations of M and of I determine 
a unique orientation of E.

Proposition. If 
(®,ei,62,63) and 
x.y e T-*.

(61,62,63) is an ordered basis of E, then
(y,ei ,62,63) are equally oriented for all

Proof, 
oriented if 
y - x G E.

Evidently, 
a G R+, 
Then

(x, 61,62,63) and (ax, ei , 62,63)
hence we can suppose that r • y = r • x,

are equally
i.e. q

y A ei A e2 A e3 = (a: + q) A 63 A e2 A e3 = a: A ei A e2 A e3 ,

hence the statement is true by IV.5.1.

Definition. An ordered basis (61,62,63) of E is called positively 
oriented it (®,ei , e2 ,e3) is a positively oriented ordered basis of M for 
some (hence for all) x G T-* ■
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1.2.5. (E,D,b) is a three-dimensional Euclidean vector space, E and 
D are oriented. An important relation is the identification

We shall use the notation 

and all the results of section V.3.
In particular, we use a dot product notation instead of b :

q • q := b(g, q1) e D ® D (g,q'eE).

The length of q S E is

IqI == e D+,

and the angle between the non-zero elements q and q' of E is

z m q q'arg(g,q ) := arc cos —-. .IqII? I
The dot product can be defined between spacelike vectors of different types 

(see later, Section 1.4) as well; e.g. if A and B are measure lines, for 
w e and 2 e | we have

D ® D . , w ■ z
w ■ z & - ---- —, arg(w, z) := arc cos -——— , A®B

/------- D|w| := yjw ■ w € —.

1.2.6. Do not forget that timelike vectors (elements of M outside E) 
have no length, no angles between them.

I* • r is an oriented one-dimensional vector space, hence the absolute value 
of its elements makes sense; thus a length (absolute value) can be assigned to a 
timelike covector. However, the length of spacelike covectors (elements of M* 
outside I* ■ r) and the angle between two covectors are not meaningful.

1.2.7. The Euclidean structure of our space is deeply fixed in our mind, 
therefore we must be careful when dealing with M which has not a Euclidean 
structure; especially when illustrating it in the Euclidean plane of the page.
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Keep in mind that vectors out of E have no length, do not form angles. The 
following considerations help us to take in the situation.

Recall that the linear map r : M —> I can be applied to element of
and then has values in | = R (see V.2.1 ). Put

According to VI.2.2, V(l) is an affine subspace of over It
is illustrated as follows:

Three elements of V(l) appear in the figure. Observe that it makes no 
sense that

uj is orthogonal to f (there are no vectors orthogonal to y),
the angle between Ui and U2 is less than the angle between tti 

and U3 (there is no angle between the elements of V(l),)
Ui is longer than ui (the elements of V(l) have no length).

We shall see in 2.1.2 that the elements of V(l) can be interpreted as 
velocity values.

1.2.8. Since there is no vector orthogonal to E, the orthogonal projection 
of vectors onto E makes no sense. Of course, we can project onto E in 
many equivalent ways; the following projections will play an important role.

Let u be an element of V(l). 
dimensional linear subspace of M; 
subspaces, thus every vector x can 
components in u ® I and in E,

Then u ® I := {ut| t € 1} is a one- 
u ® I and E are complementary 

be uniquely decomposed into the sum of 
respectively:

x = u{r • x) + (x - u(r • a;)).
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The linear map
7TU : M —> E, x —* x - u(r • x)

is the projection onto E along u. It is illustrated as follows:

V(l) is represented by a dashed line expressing that V(l) is in fact a 
subset of M

Observe that
ttu • i = ide

and in a tensorial form ttu g E ® M*.

1.2.9. Proposition. Let uGV(l). Then

hu := (t,ttu) : M —> I x E x (t • x, ■ x)

is an orientation-preserving linear bijection, and

h~\t,q) = ut + q (tGl, q€E).

1.3. The arithmetic spacetime model

1.3.1. Let us number the coordinates of elements of R4 from 0 to 3 :
€ R4. The canonical projection onto the zeroth coordinate,

pr° : R4^R,

is a linear map whose kernel is {0} x R3 which we identify with R3. Let 
3

B denote the usual inner product on R3 : B(a:,y) = x'y'- Endow R
2=1

and R4 with the standard orientation.
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It is quite evident that (R4, R,pru, R, B) is a non-relativistic spacetime 
model which we call the arithmetic non-relativistic spacetime model.

In the arithmetic spacetime model we have:

M = M = R4, I = I = R, D = R,

■ r = r = pr°,

E = {0} x R3 = R3, b = B.

Then

i: E —> M equals R3 —> R4, (a;1,^2,^3) (O,^1,^2,^3).

The usual identification yields M* = (R4) = R4; the covectors are 
indexed in subscripts: (ko, fci, k2, k3) € (R4)* (see IV.1.4).

In the same way, I* = R* = R, but here we cannot make distinction with 
the aid of indices.

Then

i*:M*^E* equals (R4)* —» (R3)*, (k0, h, k2, k3) (Aq, k2, k3)

and
r* : I* —> M* equals R* —> (R4)*, e (e,0,0,0).

1.3.2. It is an unpleasant feature of the arithmetic spacetime model that 
the same object, R4, represents the affine space of world points and the 
vector space of world vectors (and even the vector space of covectors). For 
a clear distinction we shall write Greek letters indicating world points (affine 
space elements) and Latin letters indicating world vectors or covectors.

Moreover, the notations will be much simpler if we consider R4 = R x R3, 
and we write (a,£) or (C°,0 and (t,q) for its elements; similarly, 
(e,p) denotes an element of (R x R3)* = R*(R3)*. Then

r : R x R3 -> R, 
r : R x R3 -+ R, 
i: R3 -» R x R3, 

i* : (R x R3)* -> (R3)*, 

r* : R* -f (R x R3)*,

(a,^) >-> a, 

(M) t, 
q (0,q), 

(e,p) ^p, 

e >-> (e, 0).

The last formula means that I* • t now equals R x {0}.
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Of course, r and r are equal though we have written the same formula 
in different symbols. This is a trick similar to that of subscripts and superscripts: 
we wish to distinguish between different objects that appear in the same form.

1.3.3. Now we have = R4, and1 IK

V(l) = {(v°, v) € R x R3| v° = 1} = {1} x R3.

V(l) has a simplest element: (1,0) which is called the basic velocity 
value.

For (l,v) 6 V(l) we easily derive that

: R x R3 —+ R3, (t, q) q — vt.

In particular, ^(i.o) is the canonical projection from R x R3 onto 
R3 .

1.4. Classification of physical quantities

1.4.1. In physics one usually says e.g. that (relative) velocity and acceleration 
are three-dimensional vectors and are considered as triplets of real numbers. 
Although both are taken as elements of R3, they cannot be added because 
they have “different physical dimensions”. The framework of our spacetime 
model assures a precise meaning of these notions.

A physical dimension is represented by a measure line. Let A be a measure 
line. Then the elements of

A are called
A ® M are called

M „ , — are called 
A

A ® (M ® M) are called 
M®M 
---- -—— are calledA

Covectors of type A, 
M.

In the case A = R
elements of M 8 M and 
respectively; the elements of 

Recall the identifications

scalars of type A,
vectors of type A,

vectors of cotype A,

tensors of type A, 

tensors of cotype A.

M* instead of

In particular, the
are called tensors and cotensors, 

M ® M* are mixed tensors. 
etc. (see IV.3.6).

etc. are defined similarly with

we omit the term “of type R”.
M* ® M

M‘ 8 M and
A 8 M = M 8 A
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Because of the identification s M ® A* the vectors of cotype A 
coincide with the vectors of type A*.

1.4.2. The vectors and tensors of type A in the subspaces A®E and 
A ® (E ® E), respectively, are called spacelike.

The covectors of type A in the subspace A® (I* -r) are called timelike.
According to our convention (V.2.1 and V.2.2), the dot product of covectors 

and vectors of different types makes sense; e.g.

for k € B 0 M* and z e A ® M = M ® A we have k • z € B ® A.

In particular, 

for r € I ® M* and z € A ® M we have t • z £ I ® A;

similarly,

M , I
for w € — we have r ■ w £ —;A A

for T £ A ® (M ® M) we have t-TgI®A®M.

Evidently, z € A ® M is spacelike if and only if r ■ z = 0.
In the same way, i* : M* —» E* is lifted to covectors of type A, etc. 

i.e.

for i* € E* ® E and h £ A ® M* we have i* • h £ A ® E* etc.

Evidently, h € A ® M’ is timelike if and only if i* h = 0.

1.4.3. In non-relativistic physics one usually introduces the notion of scalars, 
three-dimensional vectors, three-dimensional pseudo-vectors and pseudo-scalars 
as quantities having some prescribed transformation properties. One is forced to 
adapt such a definition because only coordinates are considered, only numbers 
and triplets of numbers are used, and one must know whether a triplet of numbers 
is the set of coordinates of a vector, or not. Of course, vectors can have different 
‘•physical dimensions”.

Now we formulate the corresponding notion in the framework of our non- 
relativistic spacetime model. The elements of

R are the scalars,
E are the spacelike vectors,

E A E arc the spacelike pseudo-vectors of type D,
3

EAEAE are the pseudo-scalars of type ® D.
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The first and the second names do not require explanation. The third and 
fourth names are based on the fact that we have canonical linear bijections 
E A E —» E ® D and EAEAE—*D®D®D (see V.3.17); the pseudo­
vectors are “similar” to spacelike vectors of type D, and the pseudo-scalars 

3 
are “similar” to scalars of type ® D.

Having the notion of vectors of type A, it is evident, how we shall define 
spacelike pseudo-vectors and pseudo-scalars of diverse types. For the sake of 
simplicity, we consider now “physically dimensionless” quantities: K, N, 
N A N, N A N A N. Then we have the linear bijections j : N A N —» N 
and jo : N A N A N —+ R.

Let R : E —+ E be an orthogonal map which is considered to be an 
orthogonal map N —» N as well. We say that R is a rotation if it 
has positive determinant. The determinant of the inversion S := —idg is 
negative.

By definition, ® R := ® S := id® 
Vectors are transformed under R 

of these operations.
Pseudo-vectors are transformed by 

formulae in V.3.16 say that

; the scalars are not transformed.
and S according to the definition

RNR and S A S (IV.3.2.1);

j o (R A R) = Roj, j o (S A S) = -Soj = j

which means that the pseudo-vectors are transformed by rotations like vectors 
but they are not transformed by the inversion.

Similarly we have that

jo o (R A R A R) = j0, j0 o (S A S A S) = -jo,

the pseudo-scalars are not transformed by rotations and they change sign by the 
inversion.

1.5. Comparison of spacetime models

1.5.1. The spacetime model is defined as a mathematical structure. It is an 
interesting question both from mathematical and from physical points of view: 
how many “different” non-relativistic spacetime models exist?

To answer, first we must define what the “difference” and the “similarity” 
between two spacetime models mean. We proceed as it is usual in mathematics; 
for instance, one defines the linear structure (vector space) and then the linear 
maps as the tool of comparison between linear structures; two vector spaces are 
of the same kind if there is a linear bijection between them, in other words, if 
they are isomorphic.
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Definition. The non-relativistic spacetime model (M,I,r, D,b) is iso­
morphic to the non-relativistic spacetime model (M', I', r', D',b') if there 
are

(i) an orientation-preserving affine bijection F : M —> M',
(ii) an orientation-preserving affine bijection B : I I',

(Hi) an orientation-preserving linear bijection Z : D -» D' such that
(I) t1 o F = B o T,

(II) b' o (F x F) = (Z ® Z) o b.
The triplet (F,B,Z) is an isomorphism between the two spacetime 
models.

If the two models coincide, isomorphism is called automorphism. An automor­
phism (F,B,Z) of (M,I,r, D,b) is strict if B — idj and 
Z = idD. ■

In the definition and later on, B and F are the linear maps under 
B and F, respectively.

Two commutative diagrams illustrate the isomorphism:

M I'

M' -y I'

E x E

E' x E'

D ® D

D' ® D' .

The definition is quite natural and simple. It is worth mentioning that (I) 
implies

r' o F = B o r,

thus for q € E we have r' Fq = B r q = O which means that 
F maps E into (and even onto) E'; hence the requirement in (II) is 
meaningful.

It is evident that (F-1, B~\Z1), the inverse of (F,B,Z), is an 
isomorphism as well. Moreover, if (F',B',Z') is an isomorphism between 
(M',I',r'D',b') and (M",I", r",D", b"), then (F' o F, B1 o B, Z' o Z) 
is an isomorphism, too.

1.5.2. Proposition. The non-relativistic spacetime model (M,I, r,D.b) 
is isomorphic to the arithmetic spacetime model.

Proof. Take
(i) a positive element s of I,

(ii) a positive element m of D,
(Hi) an element eo of T' such that r ■ eo = s,
(iv) a positively oriented orthogonal basis (ei,e2,e3), normed to m, of E, 
(v) an element o of M.
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Then u := is in V(l) and it is not hard to see that

\ s \ m /a=l,2,3

d
Z : D —> R, d i—* — 

m

is an isomorphism. ■

Observe that (e0, ei, e2, e3) is a positively oriented basis in M, and 
F is the affine coordinatization of M corresponding to o and that basis.

The isomorphism above has the inverse

3

R4-+M, +
i=o

R —* I, a as,
R -* D, 6 6m.

1.5.3. An important consequence of the previous result is that two arbitrary 
non-relativistic spacetime models are isomorphic, i.e. are of the same kind. The 
non-relativistic spacetime model as a mathematical structure is unique. This 
means that there is a unique “non-relativistic physics”.

Please, note: the non-relativistic spacetime models are of the same kind, 
but, in general, are not identical. They are isomorphic, but, in general, there 
is no “canonical” isomorphism between them, we cannot identify them by a 
distinguished isomorphism. It is a situation similar to that well known in the 
theory of vector spaces: all TV-dimensional vector spaces are isomorphic to 
but, in general, there is no canonical isomorphism between them.

Since all non-relativistic spacetime models are isomorphic, we can use an 
arbitrary one for investigation and application. However, an actual model can 
have additional structures. For instance, in the arithmetic model, spacetime and 
time are vector spaces, time is canonically embedded into spacetime as R x {0}, 
V(l) has a distinguished element, (1,0). This model tempts us to multiply world 
points by real numbers (although this has no physical meaning and that is why 
it is not meaningful in the abstract spacetime structure), to consider spacetime 
to be the Cartesian product of time and space (but space does not exist!), to 
say that the distinguished element of V(l) is orthogonal to the space (such an 
orthogonality makes no sense in the abstract spacetime structure), etc.

To avoid such confusions, we should keep away from similar specially con­
structed models for investigation and general application of the non-relativistic 
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spacetime model. However, for solving special problems, for executing some par­
ticular calculations, we can choose a convenient actual model. In the same way 
as in the theory of vector spaces where a coordinatization — i.e. the use of KA 

may help us to perform our task.

1.5.4. In present day physics one uses tacitly the arithmetic spacetime model. 
One represents time points by real numbers, space points by triplets of real 
numbers. To arrive at such representations, one chooses a unit of measurement 
for time and an initial time point, a unit of measurement for distance and an 
initial space point (origin) and an orthogonal spatial basis whose elements have 
unit length.

However, all the previous notions have merely a heuristic sense. Take a glance 
at the isomorphism established in 1.5.2 to recognize that the non-relativistic 
spacetime model will give these notions a mathematically precise meaning. Evi­
dently, s and m are the units of time period and distance, respectively, 
{ei,e2,e3} is the orthogonal spatial basis whose elements have unit length; 
r(o) is the initial time point and o includes somehow the origin of space 
as well. At present only the sense of cq is not clear; later we shall see that 
it determines the space in question, because we know that absolute space does 
not exist; eo characterizes an observer which realizes a space.

1.6. The split spacetime model

1.6.1. As we have said, the arithmetic spacetime model is useful for solving 
particular problems, for executing practical calculations. Moreover, at present, 
one usually expounds theories, too, in the frame of the arithmetic spacetime 
model, so we ought to “translate” every notion in the arithmetic language. 
However, the arithmetic spacetime model is a little ponderous; that is why 
we introduce an “intermediate” spacetime model between the abstract and the 
arithmetic ones, a more terse model which has all the essential features of the 
arithmetic spacetime model.

1.6.2. Let (M,I,r,D,b) be a non-relativistic spacetime model, and use 
the notations introduced in this chapter. Let prT : I x E —> I be the canonical 
projection (t, q) >—► t-

Then (I x E,I, prj,D,b) is a non-relativistic spacetime model, called the 
split non-relativistic spacetime model corresponding to (M, I, r, D, b).

It is quite obvious that for all o G M and it G V(l),

M -+ I x E, x w hu • (x - o)
I —* I, t —+ t - r(o)

D —> D, d d
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is an isomorphism of the two non-relativistic spacetime models where hu is 
defined in 1.2.9.

1.6.3. In the split spacetime model

r : I x E — I,
i : E —> I x E,

(M) t,
q (0,q).

With the usual identification (see IV.1.3) we have that in the split spacetime 
model the covectors are elements of I* x E*, correspondingly,

r* : I* —»I* x E*, eM(e,O), 
i* : r x E* -> E*, (e,p)^p.

As a consequence, I* • r = I* x {0}.

1.6.4. In the split spacetime model

EV(l) = {l}xT,

so there is a simplest element (the basic velocity value) in it: (1,0). 
We easily derive for (l,v) € V(l) :

: I x E E, (t,q) ^q-vt.

1.7. Exercises

1. Let {60,61,62,63} be a basis in M such that {ej,62,63} is 
an orthogonal basis in E, normed to m € D+. Put s := t ■ 6q,

u Then { } is the dual of the basis in question.3 { 8 V m / 1=1,2,3 J

e ■.

3
A 6,

8=0
sm3

2. (z) Let (60,61,62,63) be a positively oriented basis in M such that
(61,62,63) is a positively oriented basis in E, normed to m € D+. Put 
s := t • 6q. Take another “primed” basis with the same properties. Then

A 6'1
-y 3 € 
s'm1'

4
A M

3
I ® ® D

which is called the Levi Civita tensor of the non-relativistic spacetime model.
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In other words, if u € V(l) and 
orthonormal basis in N = g, then

(m,n2,n3) is a positively oriented

3
£ = u A A na 

O!=l

(ii ) Let (fc°, fc1, fc , fc ) ) and (fc'°, fc'1, fc' , fc' ) be the dual of the bases 
in question (see the previous exercise). Then

2 3 2 3

2. World lines

2.1. History of a masspoint: world line

2.1.1. Let us consider a material body which is much smaller than the other 
ones around it. It can be considered point-like in our usual space, and its motion 
is described by a function that assigns space points (the instantaneous positions 
of the body) to time points. A larger body can be considered point-like, too, if 
we are interested only in some aspects of its motion; e.g. we neglect that a ball 
twirls when flying, and is compressed when bouncing over a wall.

£ := sm3 A k* = s'm'3 A fc" GI® ® D ® AM , 
i=o »=o

which is called the Levi~Civita cotensor of the non-relativistic spacetime model.
In other words, if € D <8> M* and i* ■ ra (a = 1,2,3) form a 

positively oriented orthonormal basis in N = §, then

£ = t A A r“. a=l

3
3. £ and e can be regarded as linear maps from I ® ® D into 

A M and from A M into I® ® D (recall that A M = A Mj ). 
Prove that £ is the inverse of £.

4. Take the arithmetic spacetime model and the usual matrix form of linear 
maps Rm\-»Rw. Then

t = (1 0 0 0),

/0 0 0\
1 0 0
0 1 0

\0 0 1/

/ -v1 1 0 0\
-v2 0 1 0 

\-u3 0 0 1/
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In most of the textbooks it is emphasized, rightly, that motion is a relative 
notion. The motion of a material body makes sense only relative to another 
material object and the same body moves differently relative to different material 
objects. However, this does not imply that a body can be described only with 
respect to a chosen material object (in a “reference frame”). Our spacetime 
model allows an absolute description (independent of “reference frames”). We 
have to recognize only that the existence (which is usually called the history) of 
the body is an absolute notion and this history seems to be a motion to another 
material object.

The history of a material point is modelled in the spacetime model by a 
function that assigns world points to instants; the world point assigned to an 
instant gives the instantaneous spacetime position of the existence of the material 
point. Of course, the instant of the assigned world point must coincide with the 
instant itself.

Definition. A function r : I M is called a world line function if
(i) Domr is an interval,

(m) r is piecewise twice continuously differentiable, 
(Ui) r(r(t)) = t for all t G Domr.

A subset C of M is a world line if it is the range of a world line 
function.

The world line function r and the world line Ranr is global if 
Domr = I. ■

It can be shown easily that a world line C uniquely determines the world 
line function r such that C = Ran r.

2.1.2. Let the world line function r be twice differentiable at t. Then 
r(t) G m and r(t) G (see VI.3.9); moreover,

T. ?(() = lim = lim ’'<’•<■’»-r<r<‘» = = j
s^t S — t S — t 3->t S — t

and similarly we deduce r ■ r(t) = 0; in other words,

r(t) G V(l), f(t) G i.
1 ® 1

The same is true for the right and left derivatives at instants t where r 
is not twice differentiable.

The functions r : I >-> V(l) and r : I >-> -jfi can be interpreted 
as the (absolute) velocity and the (absolute) acceleration of the material point 
whose history is described by r.

That is why we call the elements of V(l) velocity values and the elements 
of acceleration values.
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2.1.3. Recall that V(l) is a three-dimensional affine space over f. 
The elements of f will be called relative velocity values; later we shall see 
the motivation of this name.

We know that the Euclidean structure of E induces Euclidean structures 
on | andon j-j (see 1.2.5). The magnitude of a relative velocity value is 
a positive element of the magnitude of an acceleration value is a positive 
element of

D and I are the measure lines of distances and time periods, respec­
tively. Choosing a positive element in D and in I we fix the unit of 
distances and the unit of time periods; for instance, (meter=) m € D and 
(secundum=) s € I. Then the units of measurements of the relative velocity 
and the acceleration are ™ € y and := e i®T > respectively.

We emphasize the following important facts.

(i) The velocity values are timelike vectors of cotype I, in particular they 
are future-directed. They form a three-dimensional affine space which is not a 
vector space; in particular, there is no zero velocity value. A velocity value has 
no magnitude, velocity values have no angles between themselves.

(if) The relative velocity values are spacelike vectors of cotype I, they form 
a three-dimensional Euclidean vector space; there is a zero relative velocity value. 
Magnitudes and angles make sense for relative velocity values.

(Hi) The acceleration values are spacelike vectors of cotype I ® I, they 
form a three-dimensional Euclidean vector space; the acceleration values have 
magnitudes and angles between themselves.

The absence of magnitudes of velocity values means that quickness makes 
no absolute sense; it is not meaningful that a material object exists more quickly 
than another. A velocity value characterizes somehow the tendency of the history 
of a material point. Masspoints can move slowly or quickly relative to each other.

2.1.4. A world line function in the arithmetic spacetime model is r = 
(r°,r):R^RxR3 such that r°(t) = t for all t € Domr. In other 
words, a world line function is given by a function r : K K3 in the form

The first and the second derivative of the world line function (i.e. velocity 
and acceleration) are 11—► (l,r(t)) and t (0,r(t)), respectively.
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2.2. A characterization of world lines

The world lines are 
VI.4.3).

It is evident that if 
element for all tel 
M, directed by E,

special curves in M (for the notion of curves see

C is a world line then C A t has at most one 
(where I is identified with the affine subspaces in 

see 1.1.4). We shall use the symbol

C*t

for the unique element of C At if this latter is not void. Then we have that 
the world line function r corresponding to C is given by

Dom r = {t G 11 Cnt^0}, 
r(t) = C*t (t € Domr).

It is evident as well that a twice differentiable curve C for which C D t 
has at most one element for all t e I need not be a world line: it can have a 
spacelike tangent vector.

Every non-zero tangent vector of a world line is timelike. The converse is true 
as well.

Proposition. Let C be a connected twice differentiable curve in M
whose non-zero tangent vectors are timelike; then C is a world line.

Proof. Let p : R M be a parameterization of C. Then T-(p(a)) =£ 
0 for all a e Dom p. The function rop : R >—► I is defined in an interval, 
is twice continuously differentiable, its derivative r • p is nowhere zero; 
hence it is strictly monotone, its inverse z := (r op)-1 is twice continuously 
differentiable as well and z(t) = l/r-p(z(t)), as it is well known. It is obvious 
then that r : = p o z is a world line function and Ranr = C.

2.3. Classification of world lines

Definition. The twice continuously differentiable world line function r 
and the corresponding world line are called

(?) inertial if r = 0,
(n) uniformly accelerated if r is constant,

(Hi) twist-free^ r(s) is parallel to r(t) for all t,s€Domr.

Proposition. The twice continuously differentiable world line function 
r is
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(i) inertial if and only if there are xo € M and uo€V(l) such that

r(t) = xo + uo(t - r(xo)) (t € Domr);

(li) uniformly accelerated if and only if there are xo € M, uo 6 V(l) 
and ao e such that

r(t) = xo + u0(i - "r^o)) + - ^o))2 G e Domr);

(m) twist-free if and only if there exist xo € M, uo € V(l), 0 ao e 
and a twice continuously differentiable function h : I >—> I ® I for which 
h(0) = 0, h(0) — 0 and

r(t) = xo + uo(t - r(xo)) + aoh(t - t(xo}) (t € Domr).

Proof. The validity of the assertions comes from the theory of differential 
equations; (i) and (ii) are quite trivial. For (m) observe that r is twist- 
free if and only if there is a non-zero acceleration value ao and a continuous 
function a : I >-+ R (which can be zero) such that r(t) = aoa(t). If a;o 
is a point in the range of r, we define y : I R by x(.t) ■= a^r^x^+t) 
which means that x(t~T(xo}) = Then h will be the function whose
second derivative is x and that satisfies the above given initial condition. ■

Observe that a twice continuously differentiable world line function r is 
twist-free if and only if f/|f| is constant on each interval where the second 
derivative is not zero.

An inertial world line is uniformly accelerated (with zero acceleration) and a 
uniformly accelerated world line is twist-free (with constant acceleration).

A world line is inertial if and only if it is a straight line segment.

2.4. Newtonian equation

2.4.1. We shall say some words about the Newtonian equation though it does 
not belong to the subject of this volume; the Newtonian equation motivates 
the notion of force fields and potentials which will make us understand the 
importance of splitting of vectors and covectors (see Section 6).

First of all we have to say something about mass. One usually introduces the 
unit of mass, kg, as a unit independent of the unit of distances, m, and 
of the unit of time periods, s. This means in our language that we introduce 
the measure line G of mass as a measure line “independent” of D and 
I. We shall do so in another book where we wish to treat physical theories 
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in a form suitable for applications, so in a form which applies the SI physical 
dimensions. However, for the present purposes we choose another possibility.

The results of quantum mechanics showed that Nature establishes a relation 
among the measure lines D, I and G. Namely, it is discovered, that the 
values of angular momentum are integer multiples of a given quantum denoted 
by h/^ where h is known as the Planck constant. Hence we can choose 
IR for the measure line of angular momentum; a real number (more precisely 
an integer) n represents the angular momentum value nh/^. As it is 
known, angular momentum is the product of mass, position and velocity; thus 
its measure line is G ® D ® ° which is identified with R; consequently, 
C = I

— D®D '

In this book, for easier theoretical considerations, we take as the
measure line of masses. If m is the unit distance and s is the unit time 
period then is the unit mass. One finds the experimental data

W = (l,05-.)10-“^

hence if we take it equal to the real number one we arrive at the definition

kg := (9,48 1 3...)1033-4r. 
m2

2.4.2. Since acceleration values are elements of and “the product
of mass and acceleration equals the force”, the force values are elements of
IE E E*

d®d ® i®T — I®d®d — T> moreover, “a force can depend on time, on space 
and on velocity”. Thus we accept that a force field is a differentiable mapping 

f = M x V(l) ~

and the history of the material point with mass m under the action of the 
force field f is given by the Newtonian equation

mx =

i.e. the world line modelling the history is a solution of this differential equation.

2.4.3. The most important force fields can be derived from potentials; e.g. 
the gravitational field and the electromagnetic field. Usually the gravitational 
field is the gradient of a scalar potential and the electromagnetic field is given 
by the gradient of a scalar potential and the curl of a vector potential. The 
gravitational force acting on a material point depends only on the spacetime 
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position of the masspoint, the electromagnetic force depends on the velocity of 
the masspoint as well. To introduce the notion of potential in the spacetime 
model, we have to rely on these facts. Now we give the convenient definition and 
we shall show in Section 6 that it is suitable indeed.

A potential is a twice differentiable mapping

K : M ~ M*

(in other words, a potential is a twice differentiable covector field).
The field strength corresponding to K is D A A : M M* A M* (the 

antisymmetric or exterior derivative of K, see VI.3.6).
The force field f has a potential (is derived from a potential) if
— there is an open subset OcM such that Dom / = O x V(l),
— there is a potential K defined on O such that

f(x,u) = i* -F^u (x € O, u € V(l)),

where F := D A K and i : E -+ M is the embedding. Checking this 
formula, the reader can seize the opportunity to practise using the dot product.

2.5. Exercises

1. Let n and r2 be world lines. Characterize the function ri-r2-
2. Another formulation of the preceding exercise: give necessary and sufficient 

conditions for a function z that r + z be a world line for all world 
lines r.

3. Describe the world lines in the split spacetime model (cf. 2.1.4).

3. Observers

3.1. The notion of an observer

3.1.1. In usual physics the phenomena are always described with respect to 
a “reference frame” which means a material object and coordinates on it.

Our present aim is to define the corresponding notion in the spacetime model. 
To do so, we separate the material object and the coordinates on it; in such a 
way first we arrive at observers and then at reference frames.

The notion of an observer is extremely important because our experimental 
results are always connected with material objects (experimental devices). It 
is important as well that we see clearly the connection between absolute and 
relative notions.
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Our experience about a physical phenomenon depends on the experimental 
devices, i.e. on material objects of observation. This means that our experience 
and the direct abstractions gained from experience are relative: they reflect 
not only the properties of the observed phenomenon but some properties of the 
observers and the relation between the phenomenon and the observer as well.

If we wish to separate the properties of the phenomenon we have to compare 
the experimental results of different observers concerning the same phenomenon; 
so we can find out what is the core of these facts and we can get rid of observers. 
To describe a phenomenon we evidently ought to use absolute notions only, i.e. 
notions independent of observers. Physical theories must be based on absolute 
notions.

On the other hand, of course, we must lay down as well how an observer 
deduces the relative notions from the absolute ones, which means how the 
observer sees the properties of the phenomenon. This is indispensable from 
the point of view of experiments.

As a matter of fact, this program was started by the theory of relativity at that 
time, but owing to the use of inadequate mathematical tools and the complicated 
setting it has not yet been accomplished. Even nowadays one expresses the 
absolute notions with the aid of relative notions and not vice versa which would 
be desirable: to deduce the relative notions from the absolute ones.

3.1.2. An observer as a physical reality is a material object or a set of material 
objects; recall what is said in the Introduction: the earth, the houses on it form 
an observer, the car is another observer.

We can imagine that an observer is a collection of material points existing 
“in close proximity” to each other. The existence of a masspoint in spacetime is 
described by a world line. Thus an observer would be modelled by a collection 
of world lines that fill “continuously” a domain of spacetime. How to define 
a convenient notion of such a continuity? To all points of every world line of 
the observer we assign the corresponding velocity value; in this way we define a 
velocity field: a function defined for some world points and having values in V(l). 
Conversely, given a velocity field (with convenient mathematical properties), we 
can recover the world lines of the observers: world lines having everywhere the 
velocity value prescribed by the velocity field. We shall see that the velocity 
field is extremely suitable for our purposes, hence we prefer it to the collection 
of world lines.

Definition. An observer is a smooth map U : M V(l) whose domain 
is connected.

If DomU — M, the observer is called global. ■

We emphasize that we are dealing with mathematical models; an observer as 
it is defined is a mathematical model for a physical object. To underline this fact 
we might use the term “observer model” instead of “observer” but we wish to 
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avoid ponderousness. If necessary, we shall say physical observer for the material 
objects in question.

3.1.3. Let U be an observer. The integral curves of the differential 

equation
(a;:I~M)? i = U(x)

have exclusively timelike tangent vectors, thus they are world lines (see 2.2).
The maximal integral curves of this differential equation will be called U-lines; 

they will play an important role.
If the world line function r is a solution of the above differential equation 

— ie Ranr is an integral curve of U— then r(t) = U{r(ty) and 
so f(t) = D[7(r(t)) ■ r(t) = DU(r(t)) ■ U(r(t» for all t £ Domr. This 
motivates that

x^DU(x)-U(x)

is called the acceleration field corresponding to the observer U.

3.1.4. Definition. An observer U is called fit if all the world line 
functions giving the [7-lines have the same domain; this uniquely determined 
interval of I is the lifetime of the observer. ■

It may happen that the maximal integral curves of a global observer are not 
global world lines (see Exercise 3.4). A global observer U is fit if and only 
if all [/-lines are global.

3.1.5. In the arithmetic spacetime model an observer is given by a func­
tion V : R x R3 ~ R3 in the form (1, V) = (1, V1, V2, V3). If we 
denote the partial derivatives corresponding to R and R3 by d0 and 
V = (51, 02, %), respectively, then the acceleration field of the observer is 

/ 3 \
(0, dov + V • V V) = 0, (doVi + £ VkdkV’)i=i, 2,3 - 

\ k=i /

3.2. Splitting of spacetime due to an observer

3.2.1. As it is stated in the Introduction, a physical observer — a material 
ohject_ establishes space for itself. The points of its space are just the material 
points that it consists of. In our model these points correspond to the maximal 
integral curves of the observer. Thus the space of an observer U is just the 
collection of [/-lines. Now we are in position to define the space of an observer 
and to establish how an observer splits spacetime into time and space.
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Definition. Let U be an observer and let Ey denote the set of 
maximal integral curves of U. is called the space of the observer U,
or the U-space. ■

The elements of the 17-space are world lines. We have to get accustomed to 
this situation, strange at first sight, but common in mathematics: the elements 
of a set are sets themselves.

A maximal integral curve of U will be called a U-line if considered to 
be a subset of M and will be called a U-space point if considered to be an 
element of Ey.

By the way, we conceive instants, too, as sets: an instant is identified with 
the corresponding simultaneous hyperplane.

We measure distances in our physical space, we know what is near, what is 
far. We define limit procedures regarding our space. These notions must appear 
in the model.

It can be shown that, in general, the [/-space can be endowed with a smooth 
structure in a natural way, thus limits, differentiability etc. will make sense. 
However, in this book we avoid the general theory of smooth manifolds, that is 
why, in general, we do not deal with the structure of observer spaces. Later the 
spaces of some special observers, important from the point of view of applications, 
will be treated.

3.2.2. Recall from the theory of differential equations that different integral 
curves of 17 do not intersect (VI.6.2). Let us introduce the map Cu : 
Dom U —+ Ef/ in such a way that Cu^x) is the (unique) [7-line passing 
through x.

We shall say as well that Cu(x) is the [7-space point that the world point 
x is incident with.

Then the map

Hu : Dom U —> I x Ey, x w (t(x), Cu(x))

is clearly injective, its inverse is

(t,q)^q*t ^t,q) eRhhHu C I x Eir)

where the notation introduced in 2.2 is used.
In this way spacetime points in the domain of U are represented by pairs of 

time points and [/-space points. We say that the observer U splits spacetime 
into time and [/-space with the aid of Hu-
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Definition. Hu is the splitting of spacetime according to U.

If Eu is endowed with the smooth structure mentioned previously then 
Hu will be smooth. Its properties will be clarified in special cases.

3.3. Classification of observers

3.3.1. We have considered the room and the car as examples of physical 
observers. However, much “worse” material objects can be observers as well. 
For instance, the stormy sea: the distance of its space points (which are the 
molecules of the water) and even the direction of their mutual positions vary 
with time. A ship on the stormy sea is a little better because it does not change 
its shape, it is rigid. However, it rotates, i.e. the directions of relative positions 
of its space points vary with time. The slightly waving water is better than the 
stormy one because it does not whirl. These examples show from what point of 
view we should classify observers in our spacetime model.

We mention that physical observers, in reality, are never rigid and rotation- 
free; at least molecular motion contradicts these properties. Besides, a physical 
observer is never* global, it cannot fill all the spacetime. All these notions, 
as all models, are idealizations, extrapolations for a convenient mathematical 
description.

Recall the notation introduced in 2.2.

Definition. A fit observer U is called
(i) rigid if for all 91,926 Eu the distance between 91 *t and 92 *t— 

in other words |9i*t —92**1—is the same for all t in the lifetime of [7;
(ii) rotation-free if for all 91,92 € Eu the direction of the vector q^t-qz+t 

is the same for all t in the lifetime of U\
(iii) twist-free if all [7-space points are twist-free;
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(w) inertial if U is a constant function; in other words, if the [/-lines are 
parallel straight line segments in spacetime. ■

Except the inertial observers, it is difficult to give a good illustration of these 
types of observers. The following figure tries to show a rigid or rotation-free 
observer.

Suppose runs in the plane of the sheet. Letting q2 bend below the 
plane of the sheet in such a way that its points have the same distances from the 
corresponding points of q^, we can draw a picture of a rigid observer which 
is not rotation-free.

Letting q2 bend in the plane of the sheet we can draw a picture of a 
rotation-free observer which is not rigid.

3.3.2. We call attention to the fact that a fit observer whose space points are 
all inertial (i.e. straight line segments) is not necessarily inertial: it may occur 
that its integral curves are not parallel (see Exercise 5.4.1).

Evidently, an inertial observer is rigid, rotation-free and twist-free. The 
converse is not true: see 5.2.

A fit observer U is rigid and rotation-free if and only if for all qi,
?2 € Eu, qi * t — q2 * t is the same for all t in the lifetime of U.

3.4. Exercise

The observer

(e°, €2, €3) - (1, -(^)2, 0. 0)
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in the arithmetic spacetime model is 
through (£°, £x, €2, €3)

global, its maximal integral curve passing

{(t, 0, e2, €3) I * e if e1 = 0,

e, e3) M > - i/e1} 

e2, e3) l

if e1 > o,

if e1 > 0.

1

1

Consequently, n,ost of the maximal integral curves of the observer are not global.

4. Rigid observers

4.1. Inertial observers

global inertial observer U and let 
U.
— the projection onto E along

4.1.1. Let us consider a 
denote the constant value of

Recall the linear map tt, 
defined in 1.2.8.

The observer space Eu is the set of straight lines directed by

u e V(1)

ll®I

u: more

closely, Cu(x) = x + u {x + ut \ t & !}■

Note that . ..
(x + u ® I) * t = X + u(t r(x)).

As a consequence, U is rigid and rotation-free:

(x2 + u ® I) * t-(^i + u ® I) * t =
= (x2 + u(t - tM) - (Z1 + =
= X2 - - W(T • (X2 - £1)) =

= 7TU • (x2 ~ ^l)-

4 12 According to the previous formula, if q2 and q} are 17-space 
points'then is the same vector in E for all t e 1 : more
closely, it equals where a and a are. arbitrary elements
of q and q2, respectively. Regarding this vector as the difference of the 
[/-space points, we define an affine structure on Eu in a natural way.

Proposition. Eu, endowed with the subtraction

92 _ 91 ;= Ttu • (^2 - ICl) («1> 92 € E^> ^1 e 91, X2 € <?2) 
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is an affine space over E. ■

Observe that if xi € qi, X2 6 q? and r(xi) = rfa), then qz-qi = 
^2 2^1 •

It is worth remarking that

(x + q) + u ® I = (x + u ® I) + q (x € M, q € E),

which is not trivial because here the same sign + denotes different operations: 
the first one refers to the addition between elements of M and M; the 
second and the third ones denote a set addition between elements of M and 
M; the fourth one indicates the addition between elements of Eu and E. 
This formula has the generalization

(x + x) + u ® I = (x + U ® I) + 7TU • X (x e M, x e M).

4.1.3. The space of any global inertial observer is a three-dimensional ori­
ented Euclidean affine space (over E). In this way we regain our experience 
regarding our physical space from the spacetime model (see the Introduction).

Keep in mind that the space of every global inertial observer is an affine space 
over the same vector space E. Now we see why the vectors in E are 
called spacelike.

The following assertion is proved without any difficulty.

Proposition. Let U be a global inertial observer whose constant value 
is u. Then the splitting of spacetime according to U,

M —»I x Eu, x h-> (7(2:), Cu^x)) = (x + E, x + u ® I)
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is an orientation-preserving affine bijection having hu = (r,7r„) as its 

underlying linear map. ■
If wc consider the elements of 1 as hyperplanes in M then rW = 

r + E; we used this fact in the previous proposition for later purpo .

4 1 4 We have to get accustomed to the fact that a physical notion which 
seems Structureless”, L simple as possible” (e.g. a space pomt of an oh™) 
is modelled by a less simple, structured mathematical “
mathematics it is customary that the element. of a set are themselves

we have a tool to reduce some of our
ones. This ool is the vectorisation of affine spaces; choosing an a.b.trar 
(“reference origin") in an affine space, we can represent every element of

space by a vector.
Let U 

a t0 € I 
-space:

be a 
and a

global inertial observer with the velocity value u Taking
establish the vectorization of time and U

qo € Eu we can

Vo : I x Eu —♦ I x E, (t,q) -> (t-to, q-Qo)

by which, in particular, we
are simpler objects than straight, lines in 

Observe that choosing to and qo
time” reference origin o € M : o := qo * t

represent {/-space points by vectors in E that
M.

is equivalent
'O, to = t(o),

Definition. An inertial observer with origin is a pair 
is a global inertial observer and o is a world point

The vectorized splitting of spacetime corresponding to

to choosing a “space- 
qo = Cu(p).
(U,o) where U

(U,o) is the map

Hu,o := 0 Hu : M -> I x E, (r{x) - r^of Cu^ - Cu(o)) = 
= Of 7TU • (x - o)). ■

Note that

where hu = (r,nu) and 
M -> M, x >-> x - o.

Hu,o — hu ° ^o>

q is the vectorization of M with origin o :

4 15 I et us consider the arithmetic spacetime model and the global inertial
,1,5‘ h d v\ The space point of the observer that

observer with constant value .
(a,$) is incident with is the straight line («,£) + (1, v)R - {(a + L€ + vt |

As concerns the affine structure of the set of such lines we have

[(a,+ (1 + v)®] - 0 + = € - C - € R3.
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Let the observer in question choose (0,0) as reference origin. Then the 
observer space will be represented by R3; the space point (a,£) + (1, v)R 
will correspond to the difference of this straight line and that passing through 
(0,0)— which is (1, v)R— ; this difference is exactly £ — va.

Consequently, the vectorized splitting of spacetime due to this observer is

Rx R3 ->Rx R3, (a,^) i-» (a,£ - va).

In particular, the splitting of spacetime according to the basic observer — the 
one whose value is the basic velocity value (1,0)— with reference origin (0,0) 
is the identity of R x R3 : the arithmetic spacetime model is the Cartesian 
product of vectorized time and vectorized space relative to the basic observer.

In other words, the observer with reference origin makes the correspondence 
that previously has been accepted as a natural identification. The vectorized 
splitting of spacetime is described by the formula above.

4.2. Characterization of rigid observers*

4.2.1. Now we derive some mathematical results to characterize some prop­
erties of observers. Simple but important relations for deducing our results are 
the following.

Recall that Cjj(x) denotes the 17-line passing through x. Then 
t Cu(x) ★ t is the corresponding world line function. So we have

Cu(x) * r(x) = x 

and
= U(Cu(x) *t).

Proposition. Let U be a fit global observer.
(i) U is rigid if and only if

(U(x + q) - U(x)) • q = 0 (i g M, q g E).

(ii) U is rigid and rotation-free if and only if

U(x + q) - U(x) = 0 (x g M, q € E),

which is equivalent to the existence of a smooth map V : I V(l) such 
that

U = V o r.

Proof. Let qx,q2 £ E[/.
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(i) The function 2
t >-» |gi *t - ^2 *P

is constant if and only if its derivative

t 2 (Ufa **) - Ufa */)) -fa^t-Q^i)

is zero.
Putting Q := ?i*i-?2*i

derivative is zero if and only if the equa ity in 
is of the form 92 * f°r some ^2 an 
form for some qi).

in the derivative we infer that the 
the assertion holds (every x € M

t and every q € E is of the

(ii) The function 
t^qi+t-qz**

is constant if and only if its derivative

t Ufa *t) - Ufa^t)

Reasoning as previously we get the desired result.

4.2.2. Let U be a global rigid observer. For let us define

Ru(t, to) : E - E, Cufa + q)*t - CvM *

where xo is an arbitrary element of to (i.e. s € M and r(xo) = to

Proposition If U is a global rigid observer then Ru(t,fa is a 
rotation in E ’ (a linear orthogonal map with determinant 1) for all to, t e I. 
Moreover Ru(t to) is independent of xo appearing in its definition.
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The global rigid observer U is rotation-free if and only if Ru(t, to) = idE 
for all to, t £ I.

Proof. Evidently,
Ru(t,to)(0) = 0.

Moreover, since U is rigid, for all q^, q2 € E we have

I j'MMoXgi) - Ru(t,to)(q2) | =
=| (Cu(xo + 9i) ★t - Cu(xo) *t) - (Cu(xo + q^ -kt - Cu(xo)*t) | =
= | Cu(xo + q-t)kt- Cv{xo + q2)*i | = | (zo + 91) ~ (^o + 92) I =

=1 91 ~ 92 I-

As a consequence, Ru(t,to) is a linear orthogonal map (see V.3.7).
For fixed to and fixed q £ E, the function I —» E, t •—> 

Ru(t, to) ■ 9 is smooth since it is the difference of two solutions of the smooth 
differential equation i — U(x). Consequently, t 1—> det Ru(t, to) is a 
smooth function. Since the determinants in question can be 1 or — 1 only 
and

Ru(to, to) = i^E,
all the determinants in question equal 1.

If yo is another element of to, then with the notation 9o:=t/o-^o€E 
we deduce

Cu(yo + q)*t- Cu(yo)^t = Cu(xo + qo + q) - Cu(xo + qo) kt = 
= (Cu(xo + qo + q)kt- Cv(xo)kt) - (Cu(xo +qo)kt- Cu(xokt) = 
=Ru(t,to) • (qo + 9) - Ru(t,to) ■ go = Ru(t, to) ■ q, 

which means that the definition of Ru(t,to) is independent of xo-

4.2.3. Proposition. For all to,t,sGl we have
(z) Ru^to^to) ~ ids,
(ii) Ru^to)"1 = Ru(to,t),

(in) Ru(t,to) — Ru(t,s) ■ Ru(s,to).

Proof, (z) is trivial.
The defining formula of Ru(t,to) can be rewritten in the following form: 

if 9, qo are U-space points then

qkt - qokt = Ru(t,to) ■ (fk to - qo kto) (to,tel). (*)
Interchanging t and to we get

q ★ to - qo k t0 = Ru(to, t) ■ (qkt - qo^t)

from which we infer (ii).
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In a similar way we obtain {Hi.) ■

Observe that (*) implies that if 
for all t then every Lf-space point 
chosen qo-

Ru^to) is known for a to and 
q can be deduced from an arbitrarily

4.2.4. Let U
be a global rigid observer. For fixed to e I, the 

function I—>E®E*, t ~ RuM is smooth (because for all q E, 

t Ru{t, to) ■ q is smooth); we introduce

A ARu(t,to) E®E^ 
Ru^to) —------I

(t,t0 € I),

which can be regarded as a linear map
q^^Ru{t,to)-q

(VI.3.11). We deduce from the defining formula of Ru{t,to) that 

Ru(t, to)-q = U {Cu{xo + q)*t)-U (CuM * t) =

= U {CuM ★ * + Ru^to’ U{Cu{xo) ★V-

i / and a is an arbitrary elementwhere xo is an arbitrary element of to and q

°f Eu. , . and introducing the linear map
Substituting Bu(t,to) 9 101 y

E
fiuW ~ Ru^^ ■ 1 : E I

for t E Ij we obtain
au{t)-q = U{q*t + q)-U{q*t) (t e I, q e E).

We know that M) is antisymmetric (see 11.1.10). 
be an arbitrary world point, we have proved:

„ If u is a global rigid observer then
Proposit ■ .t .g ^dependent of

symmetric linear map tor a

Since q * t can

^{t) is an anti- 
to appearing in

its definition. Moreover,

U{x + q)-U{x) = ^u{r{x))-q {x e M, q G E). (**)

„h«prver U is rotation-free if and only if Clu{t) = 0 The global rigid observer
for all t € I- ■
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Notice that the restriction of U to an arbitrary simultaneous hyperplane 
t is an affine map whose underlying linear map is Quit)-

Quit) can be interpreted as the angular velocity of the observer at the 
instant t (see 11.1.10).

4.2.5. For arbitrarily fixed to € I, the function t>-> Ru(t,to) defines 
the function t Quit) according to the preceding paragraph. Conversely, 
if the function 1is known, then t i-» Ru(t, to) is determined as 
the unique solution of the differential equation

(X:I->E®E*)? X = QVX

with the initial condition
X(to) = idE-

4.2.6. We see from the formula (**) of 4.2.4 that the rigid observer U 
is completely determined by an arbitrarily chosen {/-space point qo and by 
the angular velocity of the observer, i.e. by the function t h-+ ^lu{t). Indeed, 
putting q := qo *r(x) — x in that formula we obtain

U(x) -U(qo k t(x)) + Qu(t(x)) ■ (x- qok r(x)) (x e M)

and we know that the values of U on qo coincide with the derivative of 
the world line function t h-> qo * t.

4.3. About the spaces of rigid observers*

4.3.1. Proposition. Let U 
rotation-free if and only if Eu,

be a fit global observer. U 
equipped with the subtraction

is rigid and

91 ~ Q2 '■= q^kt — q2kt (q^Qz & Eu, t € I)

is an affine space over E.

Proof. If U is rigid and rotation-free then, for all qi,q2 € Eu, 
91 * t - q2 k t is the same element of E for all t € I. It is not hard 
to see that the subtraction in the assertion satisfies the requirements listed in 
the definition of affine spaces.

Conversely, if Eu is an affine space over E with the given subtraction 
then, in particular, qikt-q2kt is independent of t for all qi,q2 e Eu, 
hence E7 is rigid and rotation-free.
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4 3 2 It U is a global rigid and rotation-free observer, then Eu is 
an affine space, thus the differentiability of the splitting of spacetime according

to U makes sense.

Proposition. Let 
the splitting

Hu

is a smooth bijection,

U be a global rigid and rotation-free observer. Then

: M I x Eu, (TW’ Cu(x))

and the inverse of Hu

Proof. For x € M 
Ax)) + ordo(t - Ax))

VHu(^ =

is smooth as well.

and tel we have 
(VI.3.3). Thus for all y,x

Cu (y) -Cu(x) = y- Cu (z) ★Av) =
= y-x + U(x)(Ay)-Ax))

(x e M),

Cu^^t = x+U(x)(t — 
g M (see Exercise 4.5.1),

+ ordo(r(y) - Ax))

and so
Hu{y) -= (Ay) - Ax), Cu(y) - cu(A) = 

= (rAy- x), ■ (y - *)) + M^Ay - *))•

Hence Hu is differentiable, its derivative is the one given in the proposi- 
nence u smooth: its inverse is smooth bytion. As a consequence, we see that nu

the inverse mapping theorem.

4 .3.3. The space of a rigid and rotation-free global observer, endowed with a 
natural subtraction, is an affine space over E. The space of another observer 
is not affine space with that subtraction (in fact that subtraction makes no sense 
for other observers) .This does not mean that the space of other observers cannot 
be endowed with an affine structure in some other way.

Let us consider a fit global observer U. For every instant I we 
can define the mstotoeow affine structure on E„ by the subtraction

= * i - q2 * i In general, different instants determine different
instantaneous affine structures and all instants have the same “right’’ for estab­
lishing an affine structure on the [/-space. There is no natural way to select an 
instant and to use the corresponding instantaneous affine structure as the affine 

structure of Eu-
Nevertheless, we 

global observers.
can define a natural affine structure on the spaces of rigid

4 3 4 Though the earth rotates, we experience on it an affine structure 
independent of time. A stick oo the earth represents a vector. Evidently, the stick 
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rotates together with the earth. The stick will be represented in the following 
reasoning by two points (the extremities of the stick) in the observer space. Now 
we wish to define that two points in the space of a rigid observer determine a 
vector (rotating together with the observer).

Let U be a rigid global observer. If q^ and q2 are points in the 
observer space Eu then for all s, s' € I

q-i * s - q2 * s = Ru(s, s') • (91 * s' - q2 * s').

Let us introduce

Ey :={</>: I-> E| 0 is smooth, </>(s) = Rv(s, s') • ^>(s') for all s, s'€ I}.

It is a routine to check that Eu, endowed with the usual pointwise 
addition and pointwise multiplication by real numbers, is a vector space; it 
is three-dimensional, because Eu —+ E, </> h-> 0(s) is a linear bijection 
for arbitrary sei (which means in particular, that the function <£ is 
completely determined by a single one of its values). Moreover, if and 
ip are elements of Eu, then </>(s)"0(s) is the same for all instants s, 
thus

Eu x Eu —♦ D ® D, (<£, ip) i-* <£ • ip : = 0(s) ■ ip(s)

is a positive definite symmetric bilinear map which turns Eu into a Euclidean 
vector space.

Now it is quite evident that Eu, endowed with the subtraction

91 - 92 := (I -» E, s (91 * s - 92 * s))

will be an affine space over Eu- In other words, the difference of two U- 
space points is exactly the difference of the corresponding world line functions, 
as the difference of functions is defined.

If U is rotation-free, then Eu consists of the constant functions from 
I into E which can be identified with E. So we get back our previous 
result that the space of a global rigid and rotation-free observer is an affine space 
over E in a natural way.

If U is not rotation-free then Eu is a three-dimensional Euclidean 
affine space in a natural way, but the underlying vector space is not E; in 
fact the underlying vector space Eu depends on the observer itself.

4 .3.5. The space of a global rigid observer is an affine space, thus the 
differentiability of the splitting of spacetime according to the observer makes 
sense. This question, reduced to a simpler affine structure, will be studied in the 
next section.
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4.4. Observers with origin*

4 4 1 The vectorization of observer spaces simplifies some formulae for 
inertial observers and it will be a powerful tool for non-inertial rigid observers.

Let U be a global rigid and rotation-free observer. Choosing an instant 
to and a [/-space point qo, we give the corresponding vectorization of time 
and [/-space:

K, : I x Eu -> I x E, (t, g) e-> (t - to, q-qo)-

We see that in this way [/-space points (curves in M) are represented by 
spacelike vectors (points in E). .

Notice that choosing to and qo is equivalent to choosing a spacetime 
reference origin” o € M : o := go*to, to — T(°)’ ,17 ° , a 18
why we have used the symbol Vo for the vectorization which can be written 
in the following form, too:

Vo ;IXEu->IxE, (t,q,) q^r^-o),

since q-qo = q*t-qo*t for all tel, in particular for t := r(o\ 
If U is not rotation-free, the result of a similar vectorization

Vo : I x Eu -> I x Eu, (t,g)^(t-to, q - «o)

is not simple enough because the elements of Eu are functions. That is why 
we make a further step by the linear bijection

Lo : Eu E,

Since Lo.(g-gJ = (g-go)(to) = <?**o-?o^ we get the double 
vectorization of time and [/-space:

Wo := (idl x Lo) o Vo : I x Eu - I x E, W ~ (t - r(o), q*r(o) - o), 

which coincides formally with the vectorization of time and space of a rigid and 
rotation-free observer.

4.4.2. Definition. An observer with reference origin is a pair (D,o) 
where' U is a global rigid observer and o is a world point.

If U is rotation-free, the vectorized splitting of spacetime corresponding 
to (U,o) is the map

HVo Vo 0 Hu : m -+ I x E, x (t(x) - t(o), Cu(x) - Cu(o)) 
= (t(x) - t(o), Cu(x) ★ t(o) — o) , 
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and if U is not rotation-free then the double vectorized splitting of spacetime 
is the map

Hu,o := Wo ° Hy : M —+ I x E, x - r(o), Cu(x) *t(o) - o).

4.4.3. Proposition. Let (17, o) be an observer with reference origin.
If 17 is rotation-free then the vectorized splitting is a smooth bijection 

whose inverse is smooth as well and

DHu^fx) = (2! € M).

If U is not rotation-free, the double vectorized splitting is a smooth 
bijection whose inverse is smooth as well and

DHu^x) — (r^u^T^x^to) 1 • Ttu(x) (x e M)

where to := r(o).

Proof. For rotation-free observers the assertion is trivial because of 4.3.2 and 
because the derivative of Vo is the identity of I x E.

For the double vectorization we argue as follows: the map M —+ E, x m>
Cu(x) * to - o = ^(r^),^)-1 ■ (x - Cu(o)*r(x') ) (see formula (*) in 
4.2.3.) is clearly differentiable, its derivative is the linear map (see Exercise 
11.2.2)

M - E, x - Ru(r(x), to)-1 • DuM^)) ■ (x ~ Cu{o) * r(x)) t • x+ 

+ Ru^X^to)-1 • (x - U(Cu(o) kT^X^T • x) =

= Ru(.r(x),toy' ^U(x) X. ■
Since Wo is an affine bijection, it follows that the splitting Hu : M —* 

I x Ey is smooth and has a smooth inverse as well (cf. 4.3.5.).

4.4.4. Dealing with observers in the arithmetic spacetime model it is ex­
tremely convenient to consider observers with reference origin where the refer­
ence origin coincides with the origin (0,0) of R x R3. Namely, in this 
case the (double) vectorized observer spaces are R3 and the (double) vector­
ized splitting is a linear map R x R3 —» R x R3 whose zeroth component is 
the zeroth projection.
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4.5. Exercises

1. If Eu 
then

is an affine space over E with the subtraction given in 4.3.1,

Cu(x + q) =Cu(^) + 9
Cu(y) - CuW =Cu(.y}*r(x) -x = 

=y-Cu(x)*r(y)

(x e M,q e E),

(x, y & M).

2. Prove that .
Qu (t) — f) 

(see 4.2.4).
3. We know that the derivative at a point

(t€l)

the form (r, ft-1 • ttu) : M —> I x E where 
orthogonal map E —> E, i.e. R* = R 
adjoint R* is identified with the transpose

E = E*. Thus we have R* = R* — R D®D
Prove that

4. 
that

of a double vectorization is of 
u e V(l) and R is an 
(see 4.4.3). Recall that the 

R* due to the identification 
and so (i • R)* = R~A ■ i*.

(r,^1-^)* 1 = (u,K 1 ■ i*).

Let 17 be a global rigid observer. Using Proposition 4.2.1. prove 
D17(x)|e is antisymmetric for all x & M (which is proved in 4.2.4

in another way).
5. Let 17 1be a fit global observer. Demonstrate that 

- "xE->Rif and only if there is a smooth map a : I x M 
(i) Cu(x + q}*t-CuW*t = <^x,q)q

17 is rot at ion-free 
such that

(«) a^x^x, q) = 1
(Hi) a(t,x,0)-l

6. Using the previous result prove that it u 
free observer then there is a smooth map (3 • M

(t € I,x e M,q £ E);
(x G M,q € E);

(t e I,x g M).
is a global rigid and rotation-

+ ® such that Df7(x)|E =

^(irjids for all x G M.

5. Some special observers

5 1 Why the inertial observers are better than the others

5 11 We know that the space of a rigid and rotation-free global observer, 
even if it is not inertial, is an affine space over E. However, the splitting of 
spacetime according to non-inertial observers is not affine.

Proposition. Let U be a rigid and rotation-free global observer. The 
splitting of spacetime according to U,

Hu : M —+ I X Ep, xm (r(x), Cu(x))
is an affine map if and only if U is inertial.
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Proof. We have seen that if U is inertial then Hu is affine.
We know that Hu is differentiable, DHu(x) = (see 4.3.2).

If Hu is affine, then DHu(x) is the same for all x € M. This means 
that 7fu(x) does not depend on x which implies that U is a constant 
map as well.

5 .1.2. We can say that if Ejj is affine but U is not inertial then 
the affine structures of M and I x Eu— though they are mathematically 
isomorphic — are not related from a physical point of view.

If Eu is affine, then (IxEu,I, pr^Djb) is a non-relativistic spacetime 
model and so it is isomorphic to the spacetime model (M, I, t, D, b); however, 
the physically meaningful triplet (Hu, idi, ido) is an isomorphism between 
them if and only if U is inertial.

This shows that global inertial observers play an important role in appli­
cations. Let U be a global inertial observer and suppose an assertion is 
formulated for some objects related to I x E[/; then the assertion concerns 
an absolute fact if it uses only the affine structure of I x Ejj. The assertion 
has not necessarily an absolute content if it uses other properties of I x Ey; 
for instance, the Cartesian product structure or the affine structure of Eu 
alone.

5.2. Uniformly accelerated observer

5.2.1. The rigid global observer U is called uniformly accelerated if its 
acceleration field is a non-zero constant, i.e. there is a 0 / a € such
that

Au(x) := Dlf(i) • U(x) = a. (a: G M).

Equivalently, for all U-space points q, ^s(qkf) = a (t € I).
We have for all x G M and t € I that

Cu^kt = x + U(x)(t-r(x)) + |a(t - t(:t))2

and
U (Cu(x) * t) = (Cu(x) * t) = U(x) + a(t- t(x)) . (*)

Now it follows that for all x € M, q € E and t € I

Cu(x + q) kt — Cu(x) kt = q + (U(x + q) — U(x)) (t — r(x)).
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Since U is rigid, the length of this vector is independent of t, so it 
equals the length of q. Then assertion (i) in proposition 4.2.1 implies that

U(x + q) - U(x) = 0 (xeM.qCE)

which means, according to the quoted proposition, that U is rotation-free.

5.2.2. U is constant on the simultaneous hyperplanes. Thus U^Cu^x)* 
T^ = U^ for all and we infer from (*) that

U(y) = U(x) + a (r(y - x)) (x,y€M).

As a corollary, the uniformly accelerated observer U is uniquely deter­
mined by a single value of U at an arbitrary world point and by the constant 
value of the acceleration field of U.

We see as well that the uniformly accelerated observer is an affine map from 
M into V(l) whose underlying linear map is a • r.

5.2.3. Let the previous observer choose a reference origin o. Then

CuC®) - Cu^ =x - CV(o) *r(z) =
=x - o + U(p) (r(x) - r(o)) - ^a(r(x) - r(o))2.

As a consequence, the vectorized splitting of spacetime is

/ 1 a\
M —> I x E, x ( r- (x - o), • (x - o) - -a(r ■ (x - o)) 1 .
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5.2.4. For a > 0, the observer

(€°, e,?, e3)Mi, o, o)
in the arithmetic spacetime model is uniformly accelerated. Its maximal integral 
curve passing through (£°, f1, £2, C3) *s

| ft, e + a^t - £°) + ^a(t - e0)2, e, €3) I t g K} =

= ( (t, - ;W)2, e2, I t € k| .
Accordingly, if the observer chooses (0,0) as a reference origin then the 

vectorized splitting becomes

xx f-sxE3, (e°, e2, €3) c1 - |q^0)2’ €2, •

5.3. Uniformly rotating observer

5.3.1. The global observer U is called uniformly rotating if there is a 
non-zero antisymmetric linear map fl : E —» ® (in other words, fl € nan , 
N := §), called the angular velocity, such that

U(x + q) — U(x) = fl • q (a; g M, q g E).

Proposition 4.2.1 (z) implies that U is rigid. Moreover, we easily obtain 
that

Ru(t,to) = Go^Sl),

because this is the (necessarily unique) solution of the initial value problem given 
in 4.2.5.

Consequently, 3.4.3 yields that if o, a; g M, r^o) = to and tgl then

Cu(x) *t = Cu(o)*t + ■ (Cu^ *to- o'). (*)

Every U-line is obtained from a given one and from 0. This formula becomes 
simpler if we consider x € to :

Cu(x) * t = Cy^o) * t + ■ (a: - o).

U itself is determined by its values on a given 17-line qo and by fl 
(4.2.6):

C7(a;) = U (qo*T(xy) + Q ■ (x ~ qokr(x)) (x g M).
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5.3.2. Reformulating the previous result we can say that a uniformly rotating 
observer' can be given by the history of a point of the observer (by a space 
point of the observer) and by its angular velocity. If we deal with a uniformly 
rotating observer then we are to look for its “best” space points to have a simple 
description of the observer. Even if the observer is given by one of its space 
points and by its angular velocity, it may happen that we find a "better” space 
point than the given one.

Now we shall examine a uniformly rotating observer U that has an inertial 
spacepoint. Then there is an o G M and a c G V(l) such that qo := 
o + c ® I is a [7-line. U equals c on qo, thus

U(x) = c + n • ■ (x - o) (xeM).

We see that U is an affine map, 
whose range coincides with the range of 
subspace in y.

We know that the kernel of
Ran fl (see V.3.9). If e G Ker f!, 
t G I, i.e. U is constant on the ine 
Thus it is a maximal integral curve of

the underlying linear map is Q • ttc 
Q which is a two- dimensional linear

is one-dimensional and orthogonal to 
then U(p + e + ct) = c for all 

rtial world line o + e + c® I as well.
U, parallel to qo. It is an easy

task to show that

{s € M | U(x) = c} = o + KerQ + c®I.

The observer has the acceleration field

Au^ =DU(x) • U(x) = Q • rrc ■ U(x) - Q • (U(x) - c) = 
=n-n-7rc-(x-o) (zeM).

Since Ker(Q2) = KerQ (Exercise V.3.20.2), the set of acceleration-free 
world points is {z G M | ttc ■ (x - o) e Ker 0} which equals o + Ker Q + 

c I-
Thus for all e G Ker Q, o+e+c®I is an inertial [/-space point and there 

are no other inertial [/-space points. The inertial [/-space points corresponding 
to different elements of Ker SI are different. The set

{o + e + c ® 11 e G Ker 0}

in Ei/ is called the axis of rotation.

5.3.3. The axis of rotation makes sense for arbitrary uniformly rotating 
observers (see Exercise 5.4.4).

The earth can be modelled by a uniformly rotating observer. Note that the 
angle between the axis of rotation and the direction of progression makes no 
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absolute sense. The direction of progression is the direction of the relative 
velocity with respect to the Sun. The axis of rotation (KerQ, an oriented 
one-dimensional linear subspace in E) and a relative velocity value (an 
element of y as we shall see in Section 6.2) make an angle; however, Ker fl 
and an absolute velocity value (c in the former treatment) form no angle.

5.3.4. Let the previous observer choose o as a reference origin. Then 
formula (*) in 5.3.1 yields that

*to — o — ■ (x — (o + c(r(x) - ,

thus the double vectorized splitting of spacetime becomes

M —> I x E, x (t • (x — o), e~T'^x~°^ ■ irc- (x - o)) .

5.3.5. For w > 0, the observer

(€°, e1, e2, e3) - (i, -^e2, o)

in the arithmetic spacetime model is uniformly rotating. Its maximal integral 
curve passing through (£°, £2, £3) is

{(t, cos w(t — £°) — £2 sincv(t — £°), 
sin w(t - £°) + £2 cos w(t - £°),£3) | t € R)}.

If the observer chooses (0,0) as a reference origin, the double vectorized 
splitting will be

R x R3 —♦ R x R3,
(£°> €2, €3) (€°> C1 cosw£° + £2sinw£°, sin w£° + £2 cosw^°, £3).

5.4. Exercises

1. Let U be a global observer. Demonstrate that the following assertions 
are equivalent:

(i) the acceleration field of U is zero,
(li) all the integral curves of U are straight lines.

Such an observer need not be inertial. Consider the observer

U°, e, €3) ~ (1, o, o) 
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in the arithmetic spacetime model. Give its maximal integral curves. Show that 
the observer is not rigid.

2. Let U be a global observer. Demonstrate that the following assertions 
are equivalent:

(i) the acceleration field of U is a non-zero constant,
(fi) all the integral curves of U are uniformly accelerated with the same 

non-zero acceleration.
Such an observer need not be uniformly accelerated. Consider the observer

«°, e2, +

in the arithmetic spacetime model.
3. Prove that a global rigid observer whose integral curves are straight lines 

is inertial.
4. Define the axis of rotation for an arbitrary uniformly rotating observer.
5. Find the axis of rotation of the observer given in 4.3.5.
6. Since M and V(l) are affine spaces, it makes sense that a global 

observer U : M -» V(l) is affine; let DU : M -+ ® be the underlying 
linear map (the derivative of U at every point equals the linear map under 
U). The restriction of Df7 onto E will be denoted by Qu; it is a 
linear map from E into f. Prove that for all x € M the world line 
function

I -> M, x+U(x^t - r(x)) + ^DJ7 ■ U^t - r(xtf+

oo 1
+ y A((* - ^))Qu)n“2 • DL7 • U(x)(t - r(x))2 

n!
n=3

gives the maximal integral curve passing through x.
7. Let U be an affine observer. Then Qu := D CT|E : E -+ ® is a 

linear map. Prove that 

Cu(x + q) = Cy^x) + q (x € M, q € E)

if and only if qgKerQui
(n) U is rigid if and only if Qu is antisymmetric.

8. Let U be a rigid affine observer. Then, according to the previous 
exercise, Qu is antisymmetric.

We distinguish four cases:

(i) Qu / 0, DU ■ u / 0 for all u € V(l);

(ii) Qu / 0, DU c = 0 for some c e V(l);
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(m)Qt/ = O, DI7 ■ u / 0 for all u 6 V(l);

(w) 51^ = 0, DU • c = 0 for some c € V(l) (i.e. D17 = 0).

Demonstrate that
(w) is an inertial observer,
(m) is a uniformly accelerated observer,
(w) is a uniformly rotating observer having an inertial space point,
(i) is a uniformly rotating observer having a uniformly accelerated space point.
(Hint: the kernel of Qu 0 is one-dimensional, U and DIZ are 

surjections. Hence there is a c € V(l) such that a DU • c is in the 
kernel of Qu- Consequently, there is a world point o such that for all 
world points x

U(x) = U(o) + DU ■ (x - o) = c + Qu • ' ($ - o) + ar • (x - o)

and so the observer has the acceleration field

Au^ = a + Qu ■ Qu ■ • (x - o)).

9. Take an o € M and define the observer

U(x):= x~° , (xeo + T^).
T ■ [X - 0)

Prove that
(?) every [/-space point is inertial, more closely,

Cu(x)*t = o+ -r(t-r(o)) (areDomt/, t > r(o));

(w) the acceleration field corresponding to U is zero which follows from

(m) U is not rigid; the distance between two 17-space points increases as time 
passes.

10. Take an o € M, a u € V(l), an s e I+ and define the observer

U(x) := u +

Demonstrate that
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(i) U is an affine observer, more closely

DL7(;r) = — for all x e M; s

(u) the acceleration field corresponding to U is

ttu • (a: — o) U (x) — u 
x ------- 5------=------------- ;s2 s

(m) Cu(o + q) * t = o + u(t - t(o)) + (q € E).
(iv) U is rotation-free and is not rigid: the distance between two [/-space 

points increases with time.

6. Kinematics

6.1. The history of a masspoint is observed as a motion

6.1.1. The motion of a material point relative to an observer is described by 
a function assigning to an instant the space point where the material point is at 
that instant.

Now we are able to give how an observer determines the motion from the 
history of a material point.

Definition. Let U be a fit observer and let r be a world line function, 
RanrCDomlf. Then

ru : I Ejj , t Cu(r(t))

is called the motion relative to U, or the U-motion, corresponding to the 
world line function r. ■
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6.1.2. If U is a global rigid observer, then Ey is an affine space 
thus the differentiability of ru makes sense and ru is piecewise twice 
differentiable.

Given a rigid and rotation-free global observer U and a motion relative 
to U, i.e. a piecewise twice differentiable function m : I >-» Ey, we can 
regain the history, i.e. the world line function r for which ru — m holds. 
Indeed, for every t, m(t) is a t7-space point, i.e. a maximal integral curve 
of U; then r(t) will be the unique element in tDm(t). In other words, 
using the splitting Hu we have

r(t) = Hu^^mity) = m(t) *t.

Similar considerations can be made for a general global rigid observer.

6.1.3. Let us consider the arithmetic spacetime model. As we know (see 
2.1.4), a world line function r in it is given by a function r : R >—* 
R3 in the form r(t) = (t,r(t)). Paragraph 4.1.5 shows that r is the 
corresponding motion relative to the basic observer. We see that the history is 
regained very simply from the motion (in view of the previous considerations it 
is a consequence of the fact that for the basic observer (1,0), #(i,o) is the 
identity of R x R3).

Thus if r : R >—» R3 describes the motion relative to the basic observer 
then

r(t) = (t,r(t)) (tsDomr)

is the corresponding world line function.

6.2. Relative velocities

6.2.1. Proposition. Let U be a global rigid and rotation-free observer; 
if the world line function r is twice differentiable then ru is twice differ­
entiable as well and

rb (t) = r(t) - U(r(t)), fu(t) = r(t) - Av(r(t)).

Proof. Taking into account the relations

Cu - Cu (r(ty) =Cu (rfs)) * s - Cu * s =
=r(s) - r(t) - [CV (r(t)) ★ s - Cu * t]

we deduce

s—»t S — t
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from which ru(t) = f(t) - Dl7(r(t)) • r(t) follows immediately. Since now 
U=Vor (see 4.2.1 (zz)), we have DI7 = (DVot)-t and Alt = DVot; 
thus the equality regarding the relative acceleration is verified. ■

The first and the second derivative of ru is accepted as the relative velocity 
and the relative acceleration of r with respect to the global rigid and rotation- 
free observer U, respectively.

6.2.2. The preceding result motivates the following definition.

Definition. Let u and u' be elements of V(l). Then

:= u' - u

is called the relative velocity of u1 with respect to u.
Proposition. Suppose u, u' and u" are elements of V(l).

Then
(z) Vu'u is in f,

(zz) Vu'u — ^uu' ,

(Hi) «u"u = Vu"u' + Vu'u- ■

These relations are very simple and they are in accordance with our everyday 
experience:

(z) the relative velocity values form a three-dimensional Euclidean vector space, 
the length of a relative velocity is in y ;

(zz) if a body moves with a given relative velocity with respect to another body 
then the second body moves relative to the first one with the opposite velocity, 
(zzz) the sum of relative velocity values in a given order yields the resultant 
relative velocity value.

6 2.3. Let us imagine that a car is going on a straight road and it is raining. 
The raindrops hit the road and the car at different angles. What is the relation 
between the two angles?

Let u and u' be two different elements of V(l) (the absolute velocity 
values of the road and of the car, respectively). If w is an element of V(l), 
too, wfu, w/u' (the absolute velocity value of the raindrops),

0(w) := arc cos |vwu||vu'u|
3 (w) := arc cos —:------n-------

are the angle formed by the relative velocity values vwu and vU'u and 
the angle formed by the relative velocity values vWu' and -vU'u = ^uu', 
respectively (the angles at which the raindrops hit the road and the car, respec­
tively).
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A simple calculation yields that

nr \ n!, , |^u'u|cos 0(w) = --------cos 9 (w) + 
IWU I l^wul

We call attention to an interesting limit case. Suppose u and u' are 
fixed and w tends to infinity, i.e. it varies in such a way that |vTOU| 
tends to infinity; then |vWu'| tends to infinity as well and the quotient of 
these quantities tends to the number 1:

lim cos0(w) = lim cos#'(w), w—>oo w—>oo

which implies lim 9(w) = lim O'(w). 
w—>oo w—»oc

Roughly speaking, the raindrops arriving with an “infinitely big” relative 
velocity hit the road and the car at the same angle. Replacing “raindrops with 
infinitely big relative velocity” by a “light beam” we get that non-relativistically 
there is no aberration of light: a light beam forms the same angle with the road 
and the car moving on the road.

We have spoken intuitively; of course the question arises at once: what 
is the model of a light beam in the non-relativistic spacetime model? What 
mathematical object in the non-relativistic spacetime model will correspond to 
a light beam? We shall see that none. A light beam cannot be modelled in the 
present spacetime model.

6.2.4. We can obtain the results of 6.2.1 by choosing a reference origin o 
in M, too, for the global rigid and rotation-free observer U. Let us put 
to := r(o), qo := CV(o). Evidently, the derivative of the vectorized motion

ru : I >-> E , tw ruff) - qo

equals the derivative of ru- Since

ruf) ~qo =Cuff))~q0 = Cuff) * t - qo * t = 
=rf) -qo*t,

we get immediately

r'u (t) = rf -U(qo*t) = r(t) - Uff), (t € I),

because U is constant on the simultaneous hyperplanes.
We mention, that in practice it is more convenient to use the vectorized motion 

in such a form that time is vectorized, too:

I~E, t rufo + t) - qo = r(to + t) - qo * (to + t).
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6.3. Motions relative to a rigid observer*

6.3.1. Recall that the space Ey of a rigid global observer U is an 
affine space over E[/ consisting of functions I * E whose values lotate 
together with the observer”. Thus, in general, it is somewhat complicated to 
control the affine structure based on these vectors; we can simplify the calcula­
tions by performing a double vectorization of the observer space, corresponding 
to a chosen reference origin o in M. Let t0 := r(o), qo~Cu(o) and 
let Lo : Eu -* E be the linear bijection introduced in 4.4.1.

Let us take the motion ru corresponding to the world line function r 
and let us consider the double vectorized motion

ruA^E, t^Lo- - qo) =Ct/(r(t)) * to - o =
=Rtr(Mo)-1 • OG) - Qo*0 ■

For the sake of simplicity, we shall use the notations r(t) := ru(t), R(t) .— 
Ru(t,to), ^t):=ilu^, uo(t) :=U(go* t), ao(t) := Au^q0 ★t).

Then the previous formula can be written in the form

R(t) -r^ = r(t) -qo*t\

differentiating with respect to t and then omitting t from the notation 
we obtain

Rr + Rr = r-uo

yielding . .
R- r = -12 • R- r + r - uo. (*)

A second differentiation gives

R.r + R.r = -Q-Rr-^Rr^'^Rr + f-ao

from which we infer

r . r = -212 Rr Rr -Al- Rr + r-ao.

6.3.2. Let us introduce the notation

:= R^1 ■ Q(t) ■ R(t) = R^1 ■ R(t) (t € I).

From R ■ w = SI ■ R we derive that R-u + R-w = Sl-R + Sl-R, which 
implies 12 ■ R • w + R • w - fI • R + ■ 12 ■ R; then we can state that

w = R-1 • 12 • R.
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Consequently, the last formula in the preceding paragraph can be written in the 
form

r = —2w - r — w-w-r — w-r + R~\r — ao).

-2w-r and -w-wr are called the centripetal acceleration and the Coriolis 
acceleration with respect to the observer.

6.3.3. Recall that r : I E denotes the double vectorized motion: 
r(t) = Lo ■ (ru(t) — go); consequently, the relative velocity value at the instant 
t, r'u (t) = Lg1 • r(t) is in Eu, i.e. it is a function from I into E 
which is uniquely determined by an arbitrary one of its values:

r'u (t)(s) = Ru(s,to) ■ r(t) (s e I).

Since £l(t) ■ (r(t) - go*t) — U(r(t))-U(qo*t), the formula (*) in 6.3.1 
gives

r'u = f(t) -U(r(t)).

The expression on the right-hand side coincides with that for the relative 
velocity with respect to a rotation-free observer. However, keep in mind that 
now this expression is only a convenient representative (a value) of the relative 
velocity and not the relative velocity itself.

6.4. Some motions relative to an inertial observer

6.4.1. Suppose r is an inertial world line function, use the notations of 
2.3.l(zzi) and put to ■= r(xo) :

r(t) = xo + uo(t - to). (*)

Let U be a global inertial observer with the constant velocity value u. 
Then applying one of the formulae in 4.1.1 we get

ruW = (®o + uo(t - to)) + u ® I = (x0 + u ® I) + (u - uo)(t - to) =
—Qxo T Vu„u(t to) (t e i),

where qXo := x0 + u ® I is the 17-space point that xo is incident with.
This is a uniform motion along a straight line.
Conversely, suppose that we are given a uniform motion relative to the inertial 

observer U, i.e. there is a qo e Eu, a to € I and a vo € y such 
that

ru(t) = qo + vo(t - to) (t € I)-
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Then the corresponding history is inertial; putting xo := q0 * to, uo 
u + Uo) we get the world line function (*) which gives rise to the given 
motion.

6.4.2. Let r be a twist-free world line function (see 2.3.1(m)):

r(t) = Xo + uo(t - to) + aoh(t - to).

If U is a global inertial observer with the velocity value u then

ruW = qx„ + vUoU(t — t0) + aoh(t — to),

where qXo := xo + u®I.
If the world line function is not inertial — h 0— then the motion is not 

uniform. The motion is rectilinear relative to the observer if and only if vUoU 
is parallel to ao.

6.4.3. Now we see that the property “rectilinear” of a motion is not absolute, 
in general. The same history can appear as a rectilinear motion to an observer 
and as a non-rectilinear one to another observer; exceptions are the uniform 
rectilinear motions, i.e. the inertial histories.

Recall that if U is a global inertial observer then an assertion involving 
U is absolute if and only if it can be formulated exclusively with the aid of 
the affine structure of I x Eu-

Let ru : I _» Eu be a motion. Saying that the motion is rectilinear we 
state that the range of ru is a straight line in the observer space, i.e. we 
involve the affine structure of Eu only. This is not an absolute property.

Saying the motion is rectilinear and uniform we state that {(t, ru(t) | t € 1} 
is a straight line in I x Eu! this is an absolute property.

6.4.4. Suppose that the global inertial observer U with constant velocity 
value u chooses a reference origin o. Then, qo := o + u ® I is 
the [/-space point that o is incident with; hence the vectorized motion 
corresponding to the world line function r becomes

I >-+ E, £ i—► r(t) - (o + u(t - to)) >

or
I >-» E, t w r(to +1) - (o + ui),

where to := r(o).
In particular, if r is the twist-free world line function treated in 6.4.2. 

and r(xo) = to (which can be assumed without loss of generality) then the 
vectorized motion is
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I -» E, t qo + vUoUt + aoh(t\

where q0 := xo — o.
Since qo = qXo - q0 holds as well, comparing our present result with that 

of 6.4.2, evidently we have — as it must be by definition — that the vectorized 
motion equals 11—> ru(to +1) — qo. The advantage of the vectorized motion 
is that it is easier to calculate.

6.5. Some motions relative to a uniformly accelerated observer

6.5.1. Let r be the previous twist-free world line function and let us 
examine the corresponding motion relative to a uniformly accelerated observer 
U with constant acceleration a. We easily obtain by 5.2.1 that

Cu(r(t)) *s = xo + uo(t - t0) + ao(t - io) + -1) + |a(s - t)2.

Then 5.2.2 helps us to transform this expression:

L7(r(t)) = y(Xo) + a(t - to) 
and so

Cy(r(t))*« = Xq+U^Xo^s - to) + -a(s - t0)2+

+ (uo - u(xo)) (t - to) + ( aoh(t - to) - |a(t - to)2

Denoting by qXa the 17-space point that xo is incident with and 
putting vo := uo— U(xo), we can write:

ru^ = qXa + vo(t -10) + ( aoh(t - to) - - to)2 ) .

In particular, it is a uniformly accelerated motion, if h = const., i.e. if 
r is inertial or uniformly accelerated.

6.5.2. Let the previous uniformly accelerated observer U choose a refer­
ence origin o. Then the 17-space point that o is incident with is given by 
the world line function t qo * t := o + U(o)(t - to) + ^a(t - to)2; hence 
the vectorized motion corresponding to the world line function r becomes

I >—» E, t w r(t) — qo * t
or

I >-> E, 11-+ r(to + t) - qo * (to + t).
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In particular, the vectorized motion corresponding to the twist-free world line 
function r treated above is

I —> E, t q0 +vot+ (aoh(t) - ^at2 ) ,

where qo := xo - o and • v0 := uo - = uo - Ufa) (recall that U
is constant on the simultaneous hyperplanes).

We see in this case, too, that the vectorized motion is t ru(to +t) — Qo, 
as it must be, but it is more complicated to search out the motion ru and 
then the vectorized motion than to calculate the vectorized motion directly.

6.6. Some motions relative to a uniformly rotating observer

6.6.1. Let the uniformly rotating observer U choose a reference origin 
o If qo is the 17-space point that o is incident with and Q is the 
constant angular velocity of the observer, then the double vectorized motion is

I —> E, ■ fat) - qo*t) ■

In particular, if qo is an inertial world line, qo = o + c ® I, and r 
is an inertial world line function, r(t) = xo + ufa - to), where we supposed 
without loss of generality that rfa) = r(o) = to, then the double vectorized 
motion becomes

I —> E, • fa + vufat - t0))

where qo := xo - o; again it is more convenient to use vectorized time:

I -+ E, i e~tQ ■ fa + vUoC*)-

If Vu c _ 0 ie. the relative velocity of the material point with respect to 
the axis ofrotation is zero, then the motion relative to the observer is a simple 
rotation around the axis. If vUoC / 0, then the motion is the “rotation of 
a uniform motion”. Anyway, the observed rotation of the inertial masspoint is 
opposite to the rotation of the observer (take into account the negative sign in 
the exponent).

6.6.2. In the case of inertial observers and uniformly accelerated observers, 
the vectorized motion is deduced in a little simpler way than motion. On the 
other hand, for uniformly rotated observers, it is significantly simpler to get the 
double vectorized motion than motion itself, as it will be seen from the following 
deduction.
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Let U and r be as in the preceding paragraph. Then qo:=Cu(o) — 
o + c ® I and so

Cu(r(t)) *8 —qo * s + . (CV(r(t)) *to - o) =

=q0 *8 + ■ (Cu(r(t)) *t-qo*t) =

=qo * s + • (xo - o + vUoC(t - to)).

The functions

I

I

E, 
E 
I’

8 Qo(s) ;= e(i ■ (xo - o)

8 (s to)n . uuoc

are in Ey and in (they are a vector and a vector of cotype I in
the observer space), respectively. Thus we have got for the motion that

r[r(t) = Q0 + e • (qo + v0(t - t0)) (t € I).

Originally, the exponent of Q is a linear map from E into E. Here 
it is regarded as a linear map from E^r into E^/ defined by

e to)n • (s) := (<£ e Ey, s € I).

6.7. Exercise

Let U be a uniformly rotating observer that has an inertial space point. 
Use the notations of Section 5.3. For qo g E and v0 € j define the 
world line function

t^o + c(t-to) + • (q0 + vo(t - to)).

Prove that the corresponding motion relative to the observer U is a 
uniform straight line motion.

7. Some kinds of observation

7.1. Vectors observed by inertial observers

7.1.1. Let Ci and C2 be two world lines defined over the same time
interval J. The vector between Ci and C2 at the instant t € J
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is c2 * t - Ci * t. The distance at t between the two world lines is 
|C2 * t — Ci * i|.

The two world lines represent the history of two material points. A global 
inertial observer U with constant velocity value u observes the two 
material points describing their history by the corresponding motions rltU 
and r^u- Hence, the vector observed by the inertial observer between the 
material points at the instant t is evidently

72 uW — 71,u(t) — (C2 * t + U ® I) — (Cl * t + U 0 I) = C2 * t — Cl * t.

The observed vector coincides with the (absolute) vector; consequently, the 
observed distance, too, coincides with the (absolute) distance.

7.1.2. The question arises how a straight line segment in the space of an 
inertial observer is observed by another observer. The question and the answer 
are formulated correctly as follows.

Let Uo and U be global inertial observers with constant velocity 
values u„ and u, respectively. Let Ho be a subset (a geometrical 
figure) in the [Zo-space. The corresponding figure observed by U at the 
instant t— called the trace of Ho at t in Etr— is the set of 17-space 
points that coincide at t with the points of Ho :

{q * t + u <8> I | q € Ho}.

Introducing the mapping

Pt : E[/o —* Ey, gt—+

we see that the trace of Ho at t equals Pt [Ho]. It is quite easy to see 
(recall the definition of subtraction in observer spaces) that

pt(92) -= 92-qi*t = q^-qi

for all qi,q2 € Euo. Thus Pt is an affine map whose underlying linear 
map is the identity of E.

We can say that the observed figure and the original figure are congruent. 
Evidently, every figure in the [7O-space is of the form qo + Ho, where q0 € 
E[/o and Ho C E; then Pt [9o + Ho] = Pt^Qo} + Ho-

In particular, a straight line segment in the Uo-space observed at an arbitrary 
instant by the observer U is a straight line segment parallel to the original 
one. Moreover, the original and the observed segments have the same length; 
the original and the observed angle between two segments are equal as well.

7.1.3. It is an important fact that the spaces of different global inertial 
observers are different affine spaces over the same vector space E. Thus, 
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though the observer spaces are different, it makes sense that a vector in the 
space of an inertial observer coincides with a vector in the space of another 
inertial observer.

Evidently, the coincidence of vectors in different observer spaces is a symmetric 
and transitive relation (if “your” vector coincides with “my” vector then “mine” 
coincides with “yours”; if, moreover, “his” vector coincides with “yours” then it 
coincides with “mine” as well.)

This is a trivial fact here that does not hold in the relativistic spacetime 
model.

7.2. Measuring rods

7.2.1. A physical observer makes measurements in his space: measures 
the distance between two points, the length of a line, etc. In practice such 
measurements are based on measuring rods: one takes a rod, carries it to the 
figure to be measured, puts it consecutively on convenient places... One supposes 
that during all this procedure the rod is absolutely rigid: it remains a straight 
line segment and its length does not change.

We are interested in whether the non-relativistic spacetime model allows such 
measuring rods, i.e. whether we can permit in it the existence of such an 
absolutely rigid rod.

As we shall see, the answer is positive (in contradistinction to the relativistic 
case).

7.2.2. The existence of an absolutely rigid rod — if it is meaningful — can 
be determined uniquely by the history of its extremities. Two world lines Co 
and Ci correspond to the two extremities of a measuring rod if and only if 
they are defined on the same interval J and their distance at every instant 
is the same: |Ci * t — Co * t\ = d for all t € J.

Then for all a € [0,1] we can define the world line CQ as follows:

CQ * t := Co * t + o (Ci * t — Co * t) (t € J).

It is quite evident that the set of world lines, {Co | a € [0,1]} gives an 
existence of a rigid rod: at every instant t € J, {Ca *t | a € [0,1]} is a 
straight line segment in E, having the length d.
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8. Vector splittings

8.1. What is a splitting?

Recall what has been said in 3.1.1: in the experience of a physical observer 
relative to a phenomenon, and in the notions deduced from experience, the 
properties of the pheonomenon are mixed with those of the observer. Our aim is 
to find the absolute notions that model some properties or aspects of phenomena 
independently of observers and then to give how the observers derive relative 
notions from the absolute ones (how the absolute objects are observed).

We know already how spacetime is observed as space and time and how the 
history of a mass point is observed as a motion. In the following, the splitting 
of force fields, potentials etc. will be treated: such splittings describe somehow 
the observed form of force fields, potentials, etc. We begin with the splitting 
of vectors and covectors according to velocity values and then we define the 
splitting of vector fields and covector fields according to observers.

8.2. Splitting of vectors

8.2.1. For it € V(l) we have already defined

rru : M —> E, ih+a: -(t- x)u

and the linear bijection

:= (t,ttu) : M —> I x E, x (r ■ x^u • x)

having the inverse
(t,q) ut + q

(1.2.8).

Thus
7TU = idM - U 0 T, 7T* = idM- - T ® U.

Moreover,
T • 7TU = 0, 7TU • i = idE, 7TU • U = 0.

8.2.2. Definition, t x and 7rua: are called the timelike component 
and the u-spacelike component of the vector x. (r • x, nu- x) is the u- 
split form of x. hu := (r, ttu) is the splitting of M corresponding 
to u, or the u-splitting of M. ■
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Note that hu • q = (0,q) for all q € E. In other words, E is split 
into {0} x E trivially. In applications it is convenient to identify {0} x E 
with E and to assume that the split form of a spacelike vector q is itself.

8.2.3. If A is a measure line, A ® M is split into (A ®
I) x (A ® E) (x x x) by hu- thus the timelike component and the u- 
spacelike component of a vector of type A (cotype A) are in A ® I 
and in A ® E (x) > respectively.

In particular, hu splits into Rx | and for all u' e V(l)

huu = (1, u' - u) = (1, vU'U);

the u-spacelike component of the velocity value u' is the relative velocity of 
u' with respect to u.

Thus V(l) is split into {1} x in applications it is often convenient 
to omit the trivial component {1}, and to regard only 7ru instead of 
hu as the splitting of V(l) :

E
V(l) —+ y, u' u' - U = Vuiu.

8.2.4. The timelike component of a vector is independent of the velocity 
value u producing the splitting, but the u-spacelike components vary with 
u, except when the vector is spacelike (an element of E); then the timelike 
component is zero and the u-spacelike component is the vector itself for all 
u e V(l).

The transformation rule that shows how the u-spacelike components of a 
vector vary with u can be well seen from the following formula giving the 
u'-spacelike component of the vector having the timelike component t and 
the u-spacelike component q.

Definition. Let u,u'eV(l). Then

Huu := hU' h^1 :1 x E —♦ I x E

is called the vector transformation law from u-splitting into u'-splitting.

Proposition.

Huu ■ (t, q) = (t, -vU'ut + q) (t € I, q € E).B

Using the matrix form of the linear maps 
can write

I x E —»I x E (see IV.3.7), we

Hu idj °
idE J
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According to the identification Lin(I) = R we have idi = 1. Moreover, 
applying the usual convention that the identity of a vector space is denoted by 
1 (the identity is the operation of multiplication by 1), we obtain

In the lower left position of the matrix a linear map I —> E must appear;
recall that vu>u € ® = Lin(I, E).

8.2.5. Let us give the transformation rule in a form which is more usual in 
the literature.

Let (i,q) and (t',q') be the u-split form and the u'-split form of the 
same vector, respectively. Let v denote the relative velocity of u' with 
respect to u. Then

t' = t, q' = q- vt.

Usually one calls this formula — or, rather, a similar formula in the arith­
metic spacetime model — the Galilean transformation rule and even one defines 
Galilean transformations by it.

The transformation rule is a mapping from I x E into I x E. A 
(special) Galilean transformation is to be defined on spacetime vectors, i.e. as a 
mapping from M into M. Thus the transformation rule and a Galilean 
transformation cannot be equal. In the split spacetime model IxE stands for 
both spacetime vectors and spacetime. Thus, using the split model (or, similarly, 
the arithmetic spacetime model) one can confuse the transformation rule with a 
mapping defined on spacetime vectors or on spacetime. This indicates very well 
that we must not use the split model or the arithmetic model for the composition 
of general ideas.

Of course, there is some connection between transformation rules and Galilean 
transformations. We shall see (11.3.7) that there is a special Galilean transfor­
mation : M —* M such that

Hu-u = huL(u,uz)-h-1.

8.3. Splitting of covectors

8.3.1. For u € V(l), M‘ is split by the transpose of the inverse of 
*

ru := (V)’:M^(IxEr=I‘xE‘, 
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where we used the identification described in IV.1.3. Then for all k € M*, 
(t,q) 6 I x E we have

(ru ■ k) ■ (t, g) — k • hux ■ (t, q) = k ■ (ut + q) = (k ■ u)t + k q.

Of course, in the last term k can be replaced by fe|B = i* • k, where 
i : E —► M is the canonical embedding. Furthermore, recall that k ■ u G ® = 
I* and (k ■ u)t stands for the tensor product of k • u and t. Then, 
in view of our convention regarding the duals of one-dimensional vector spaces 
(IV.3.8), we can state that ru • k = (k ■ u, i* ■ k). Recall that i* • k = k • i; 
moreover, our dot notation convention allows us to interchange the order of k 
and u to have the more suitable forms

ru ■ k = (k ■ u. k • i) = (u • k, i* ■ k) (k € M*).

Definition, u • k and i* • k are called the u-timelike component and 
the spacelike component of the covector k. (u-k, i*-fc) is the u-split form 
of the covector k. ru is the splitting of M* corresponding to u, or 
the u-splitting of M*. ■

Note that ru • (er) = (e, 0) for all e € I*. In other words, I‘t is 
split into I* x {0} trivially. In applications it is convenient to identify I* x 
{0} with I* and to consider that the split form of er is simply e.

8.3.2. The spacelike component of a covector is independent of the velocity 
value u establishing the splitting, but the u-timelike components vary with 
u. except when the covector is timelike (an element of I* • r; then the 
spacelike component is zero and the u-timelike component coincides with the 
corresponding element of I*). The transformation rule that shows how the 
u-timelike components of a covector vary with u can be well seen from the 
following formula giving the u'-timelike component of the covector having the 
u-timelike component e and the spacelike component p.

Definition. Let u,u'gV(1). Then

Ruu := rul ■ r-1 : I* x E* I* x E*

is called the covector transformation law from u-splitting into u'-splitting.

Proposition.

Ru'u ■ (e,p) = (e + p ■ vu'u,p)
Proof. It is not hard to see that

(eer, pge*).

^’(e.p) = er + TT* p

from which we easily obtain the desired formula. ■
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Using the matrix form of the linear maps I* x E* —> I* x E*, we can write

_ / idp vu'U A _ / 1 vwu A
Hu'u " 0 idE. 7 \ 0 1 J '

In the upper right position a linear map E > I must appear. The 
identifications Lin(E*,I*) = I* ®E = y justify that vu'u stands in that 
position. *

The definitions imply that RU'U = , which is reflected in the
matrix form as well.

8.3.3. In 1.2.8 we have drawn a good picture how vectors are split. Now we 
give an illustration for splitting of covectors.

Recall that for all u € V(l), the surjection rru : M E is the 
left inverse of the canonical embedding i : E —* M, i.e. ttu • i = idE. 
As a consequence, the injection tt* : E* — M* is the right inverse of the 
surjection i* : M* —> E* :

i* ■ rr* = idE..

Since I* • r = Keri* (see 1.2.1),

E* • 7ru = Ran

is a three-dimensional linear subspace in M*, complementary to I‘r. 
Evidently, the restriction of i* is a linear bijection from E*-ttu onto E*.

Moreover, we easily find that

E* = {k e M* I ku = O};

in other words, E* • is the annullator of u ® I.
Then the splitting of covectors according to u is illustrated as follows:

k-fu-kYr is in E* -7r„, its image by i* is the spacelike component of k.
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8.4. Vectors and covectors are split in a different way

The splitting of vectors and the splitting of covectors according to u € V(l) 
are essentially different. The timelike component of vectors is independent of 
u, whereas the spacelike component of covectors is independent of u. The 
transformation laws for vectors and covectors are essentially different as well.

The reason of these differences lies in the fact that there is no one-dimensional 
vector space A in such a way that M* could be canonically identified 
with in contradistinction to the relativistic case.

8.5. Splitting of vector fields and covector fields according to inertial 
observers

8.5.1. In applications, vectors and covectors appear in two ways: first, as 
values of functions defined in time; secondly, as values of functions defined in 
spacetime. The first case can be reduced to the second one: a function defined 
in time can be considered a function defined in spacetime that is constant on the 
simultaneous hyperplanes. Thus we shall study vector fields and covector fields, 
i.e. functions X : M >—> M and K : M >—> M*, respectively.

A global inertial observer U splits vector fields and covector fields in such 
a way that at every world point x the values of the fields, X(x) and 
K(x), are split according to the velocity value u of the observer; thus the 
half U-split form of the fields will be

hu ■ X : M I x E, x (t ■ X(x), ttu ■ X(o;)),
ru ■ K : M >—> I* x E*, x i—► (u ■ K(x), i* ■ K(xf).

However, the observer splits spacetime as well (the observer regards spacetime 
as time and space); accordingly, instead of world points, instants and f7-space 
points will be introduced to get the completely U-split form of the fields:

hu X o Hy1 : I x Etz I x E, (t, q) (r ■ X(q * t), 7ru • X(q * t)),
ru • KoH-1 : I x Ey I* x E*, (t,q) (u ■ K(q*t), i* ■ K(q*t))

where q * t := q) (see 3.2.2).

8.5.2. Let us examine more closely the split forms of a covector field K :

(-Vu,Au) := ru K : M >-» I* x E*, x^(u-K(x),

(-Vu, Au) := (-K, Au) o H-1 =ru ■ K o :1 x Ey ~ I* x E*,

(t,q) (u ■ K(q * t), i* • K(q * t)).
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A covector field K is a potential (see 2.4.3). Vu and Au are called 
the corresponding scalar potential and vector potential according to U.

If U' is another global inertial observer with constant velocity value u1 
then, in view of 8.3.2,

lu' — Vu 'Vu'u ■ Au, Au' Au-
As a consequence,

Vu' o Hu' = (Vu - Vu'u • Au) o Hu,

Au’ ° Hu1 =Au 0 Hu-

8.5.3. Introducing V ~ Vu , V := Vu>, A := Au, A .— Au', 
v := vu'u, we get the formulae

V' = V - v ■ A, A' = A,

which are the well-known non-relativistic transformation law for scalar and 
vector potentials in electromagnetism.

This supports our choice that (absolute) potentials are cotensor fields.
The reader is asked to bear in mind the following remark. One usually says 

that if an observer perceives scalar potential V and vector potential A, 
then another observer moving with relative velocity v perceives scalar po­
tential V - v ■ A and vector potential A. However, an observer U 
perceives spacetime as time and 17-space, perceives the potentials to be func­
tions depending on time and 17-space; thus, in fact, an observer observes the 
completely split form of the potentials. In particular, if U1 / U, then 
Au' ± Au : the observed vector potentials are different! Remember, usually 
one does not distinguish between the half split forms and the completely split 
forms.

8.5.4. Similarly, one usually says that force is not transformed, a force field is 
the same for all observers. Of course, this is true for the half split form of force 
fields; the completely split forms of force fields — which are actually observed 
— depend on the observers.

A force field
E 

f : M x V(l) ~ l0D0D

has exclusively spacelike values, thus its half split form is f itself for all 
global inertial observers. On the other hand, f has the completely split 
form E

I1<e^T“mdw' «.«•»)» /(«♦«,>• + •)

strongly depending on U.
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8.5.5. Let the global inertial observer U choose a reference origin o; 
then (U,o) perforins another splitting using HUo instead of Hu. 
The half split form of vector fields and covector fields according to (U, o) 
is the same as the half split form according to U\ on the other hand, 
the observer with reference origin obtains functions I x E « I x E and 
I x E I* x E’ for the completely split forms of the fields.

8.6. Splitting of vector fields and covector fields according to 
rigid observers

8.6.1. Recall that the space E[/ of a global rigid observer U is an 
affine space over E or Ey (Section 4.3), depending on whether U is 
rotation-free or not. The corresponding splitting of spacetime, Hu : M —* 
I x Ey is a smooth bijection whose inverse is smooth as well.

The splitting of a vector field X according to U is defined by the 
corresponding formula of coordinatization: at every world point x, the value 
of the field, X(x), is split — i.e. is mapped from M into I x E or
I x Ejj— by DHu(x). Similarly, the covector field K, is split in such a
way that at every world point x the value of the field, K(x) is split — i.e. 
is mapped from M’ into I* x E* or I* x E^- by ((DHu(x))*) 
Thus the half U-split forms of such fields are

M ~ I x E

M « I’ x E*

(or I x Ey), 

(or I* x E^),

x DHv(x) • X(x), 
x ((BHu(x)yy1 ■

We get the completely U-split forms by substituting H^ft^q) = q-kt for 
x in these formulae.

8.6.2. If U is rotation-free, then, in view of 4.3.2, the half split forms of 
the fields are

M « I x E.

xE*,
{r- X(x), ttu^ ■ X^x))

x (U(x) ■ K(x), i* -K(x)).

The values of the fields at 
of the observer.

x are split by the corresponding value U(x)

8.6.3. If U is not rotation-free, Ey is an uneasy object; that is why 
we let the global rigid observer choose a reference origin o and use the double 
vectorization Hu,o of spacetime.
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Then the half split forms become

M>-»IxE, x >-» ■ X(x) = (r ■ X{x\R{x) ■ ^u(x) • -^(z)) >
M^rxE*, x^ ^DRu^yy1 ■ K(x) =

= (u(x) • K(x), R^x)-1 ■ i* ■ K(x)j

where
R(x) := Ru(r(xyto), 

(see Exercises 4.2.2 and 4.5.3).

8.7. Exercises

1. Give the split form of vector fields and covector fields that depends only on 
time; more closely, if X:I~M and « : 1 ~ M*> consider the splitting 
of the fields X ~ XOT and K := n o r.

2. We know, it has an absolute meaning that a function cf) defined 
in spacetime depends only on time: if 0 is constant on the simultaneous 
hyperplanes.

On the other hand, it does not have an absolute meaning that <p depends 
only on space (absolute space does not exist). If U is an observer, it makes 
sense that (f) depends only on [/-space, in other words, <p is [/-static: 
if 0 is constant in the 17-space points (on the U-lines), i.e. if the completely 
split form of depends only on the elements of E[/.

Let o e M, c e V(l), C : E —> M, and let U be the iner­
tial observer with the velocity value u. Prove that the vector field x 
C (ttc • (x - o)) is [/-static if and only if u = c.

3. Take the arithmetic spacetime model. Give the completely split form of 
the vector fields

(€°,€)^(€° + ICI> €2 + €3, i + CSo)

according to the inertial observer with velocity value (l,v).
Consider the previous mappings to be covector fields and give their completely 

split form.
4. Take the arithmetic spacetime model. Give the completely split form of 

the vector field

according to the uniformly accelerated observer with reference origin treated 
in 5.2.4 and to the uniformly rotating observer with reference origin treated 
in 5 3.5. (It is easy to obtain the composition of this vector field and the 
inverse of the splitting if we use different symbols for the variables; e.g. the 
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splitting due to the uniformly accelerated observer has the inverse (C°,£)

5. In the split spacetime model the splitting of vectors according to the basic 
velocity value (1,0) is the identity of I x E. The splitting according to 
(l,v) is

I x E —+ I x E, (t, q) >—> (t, q — vt),

which coincides with the transformation rule from (1, 0) into (1, v). Be­
cause of the special structure of the split spacetime model a splitting and a 
transformation rule — which are in fact different objects — can be equal. To 
deal with fundamental ideas do not use the split spacetime model or the arith­
metic one.

6. In the split spacetime model the splitting of covectors according to the 
basic velocity value (1,0) is the identity of I* x E* and the splitting 
according to (l,v) equals

I* x E* —► I* x E*, (e,p) (e + p ■ v, p).

Again we see that the splitting coincides with the transformation rule from 
(1,0) into (l,v).

9. Tensor splittings

9.1. Splitting of tensors, cotensors, etc.

9.1.1. The various tensors are split according to u e V(l) by the maps

hu ® hu : M ® M -+ (I ® E) ® (I x E) —

= (I ® I) x (I ® E) x (E ® I) x (E ® E), 

hu ® ru : M ® M* -» (I x E) ® (I* x E*) =

= (I ® I*) x (I ® E*) x (E ® I*) x (E ® E*),

ru ® hu : M* ® M (I* x E*) ® (I ® E) =

= (I* ® I) x (I* ® E) x (E* ® I) x (E* ® E), 

ru ® ru : M* ® M* —» (I* x E*) ® (I* x E*) =

= (I* ® I*) x (I* ® E*) x (E* ® I*) x (E* ® E*).

Since we know hu and ru, our task is only to determine the above 
splittings in a perspicuous way. First recall that the elements of the Cartesian 
products on the right-hand sides can be well given in a matrix form (see IV.3.7). 
Second, with the aid of the usual identifications, consider hu = (t,ttu) G (Ix
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E) ®M*, ru = (u, i*) € (I* x E*) ® M, take into account the identifications 
r = r* and r®M = M®I*, u = u* (seeIV.3.6), 

and apply the dot products to have
for T £ M ® M :

(hu^hu)(T) = hu T h*u=hu T T r ^u.T =

/ r T ■ r r T - u(r T ■ r) \
= \Tr- u(r T r) T - u 0 (t • T) - (T • t) ® u + u ® u(r ■ T • r) J ’

for i € M® M* :

* ! _ / T L ■ U r ■ L i \ _
(hu9ru^L) = hu’LT,u=hu'Lhu ~ \iru ■ L ■ u iru-L-iJ

/ r ■ L u t L • i A
~ \L u- u(r ■ L ■ u) L ■ i - u® (r ■ L • i) J ’

for P € M* ® M :

„ -1 ( U - P T U - P
(ru ® hu)(P) = ru P hu —ru P ■ ru - j* . p . r p . p . J “

/ u • P • t u • P — (u ■ P • r)u \
— \ i* • P • t i* ■ P - (i* ■ P ■ r) ®u ) '

for F € M* ® M* :

! ( u ■ F ■ u u ■ F i\
(ru ® ru)(F) = ru ■ F • r* = ru • F ■ hu ~ . p . u i* ■ F ■ i) '

(To see, e.g. that rru • T ■ r = T ■ r - u(r • T • r), take T = x ® y.)

9.1.2. The splittings corresponding to different velocity values u and u' 
are different. To compare the different splittings we can deduce transformation 
rules by giving

U I . 14 *tlu'u I _ A J^u u ’ \ /

where h € I ® I, a e E ® I, b € I® E , A € E ® E, and using 
similar formulae for the other three cases as well. In general, the transformation 
rules are rather complicated. We shall study them for antisymmetric tensors and 
cotensors.
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9.2. Splitting of antisymmetric tensors

9.2.1. If the tensor T is antisymmetric — i.e. T € M A M — then 
rTr = 0, = -(nu-Tr)* and 7ru-T-< e EAE, which
(of course) means that the split forms of T are antisymmetric as well. Thus 
splittings map the elements of M A M into elements of the form

/0 —a* \=/□ -a\ 
ya A J ~ ya A ) ’

where a € E ® I, A 6 E A E; a* € I® E is the transpose of a, 
which is identified with a in the usual identification I ® E = E ® I. We 
shall find convenient to write

(E ® I) x (E A E) =(I x E) A (I x E),

, a \ f 0 -a\(a, A = .v ' \a A )

The corresponding formula in 9.1.1 gives us for TeMAM

hu • T ■ h*u = (T • r, T - (T ■ r) A u).

Definition. Tt and T—(T-t)/\u are called the timelike component 
and the u-spacelike component of the antisymmetric tensor T.

9.2.2. Notice the similarity between splittings of vectors and splittings of 
antisymmetric tensors. The timelike component of T is independent of it, 
the rt-spacelike component varies with u except when T is spacelike, 
i.e. is in E A E; then the timelike component is zero and the n-spacelike 
component is T itself for all u.

The following transformation rule shows well how the splittings depend on 
the velocity values.

Proposition. Let u,u'eV(l). Then

■ (a, A) • Hu'u — (a, a A vu/u -f- A) (a G E®I, A G E A E).

Proof. Use the matrix forms:

1
^u'u

I I ~° 1 —vWu A _ Z 0 —a
1J ya A y \0 1 y ya —aAvu,u + A
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9.3. Splitting of antisymmetric cotensors

9.3.1. If F € M* A M* then u • F u = 0, u • F • i = -(i* ■ F • u)* 
and i* • F • i € E* A E*; the split forms of F are antisymmetric as well. 
Thus splitting maps the elements of M* A M* into elements of the form

0 f 0
z Z J \z

= (z,Z) & (E*«I*) x (E’AE’),—z
Z

where we used notations similar to those in 9.2.1.
The corresponding formula in 9.1.1 gives for F e M* A M* :

ru ■ F • = (i* • F • u, i* • F ■ i).

Definition, i* • F • u and i* • F ■ i are called the u-timelike component 
and the spacelike component of the antisymmetric cotensor F.

9.3.2. Notice the similarity between splittings of covectors and splittings 
of antisymmetric cotensors. The spacelike component of F is independent 
of u, the u-timelike component varies with u except when F is in 
M*A(F-r) := {feA(e-r) | fc € M*, e£l‘}; then the spacelike component
is zero and the u-timelike component is the same for all u.

The following transformation rule shows well, how the splittings depend on 
the velocity values.

Proposition. Let u,u' G V(l). Then

Ru'u ■ & Z) ■ Ru'u = (« + Z ■ Vu'u, 2) (z G T ®E*, Z G E*AE*).

Proof. Use the matrix forms:

1 «u'u\ f 0 —z W 1 0\ _ / 0
0 1 J Z J \vu'U 1J \z + Z-vu’u

-(z + Z • vu/u) 
Z

9.4. Splitting of cotensor fields

9.4.1. A rotation-free rigid observer 17 splits various tensor fields in such 
a way that the value of the tensor field at the world point x is split according 
to U(x); for the sake of definiteness we shall consider cotensor fields. The 
half split form of the cotensor field F : M ~ M* 8 M* according to U 
is

M (I* x E*) 8 (I* x E’), x ru{x) ■ F(x) ■ r^*.
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The completely split form of F according to U is

I x Ey « (I x E’) ® (I* x E*), (t, q) ru(qirt) ■ F(q * t) • ru(q^

where q*t = H^(t, q).
In particular, if F is antisymmetric, then it has the half split form

M (E* ® I*) x (E* A E*), x (i* • F(x) ■ U(x),i* • F(x) • i).

9.4.2. Now let us suppose that U is a global inertial observer with the 
constant velocity value u. Then the antisymmetric cotensor field F has 
the half split form

(Eu, ~BU) := ru • F • r* :M (E* ® I*) x (E* A E*), 

x (i* ■ F(x) u, i* • F(x) ■ i)

and the completely split form

(Eu,-Bu) := (Eu, —Bu) o =

=ru ■ (F o : lx Eu « (E‘® I*) x (E* A E*),

(t, q) (i* • F(q -kt^-u, i* • F(q * t) • i).

If U' is another inertial observer with the velocity value u', then 9.3.2 
gives (Bu is antisymmetric, hence Bu ■ vu,u = -vu/u • Bu) that

Eui = Eu + ■ Bu, Bu' = Bu.

As a consequence,

Eu' o =(Eu + vu'u • By] o Hu, 
By' o Hy —By o Hy.

9.4.3. Introducing E := Eu, E':= Eu,, B := Bu, B':= Bui, 
v := vu'u, we get the formula

E' = E + v B, B'= B

which is the well-known non-relativistic transformation law for the electric field 
E and magnetic field B. (Here B is an antisymmetric spacelike tensor 

4
of cotype ® D, an element of E* A E* = which can be
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identified with a vector of cotype ® D, an element of = D
(V.3.17.); with the aid of this identification magnetic field is regarded as a vector 
field and then instead of vB one has a vectorial product.)

This supports the idea that (absolute) electromagnetic fields exist whose time­
like and negative spacelike components according to an observer are the observed 
electric and magnetic fields, respectively.

One usually says that if an observer perceives electric field E and magnetic 
field B, then another observer moving with the velocity v perceives elec­
tric field E + v B and magnetic field B. However, an observer perceives 
spacetime as time and 17-space, perceives the fields as functions depending on 
time and 17-space; thus, in fact, an observer observes the completely split form 
of the fields, and we can repeat the remark at the end of 8.5.3.

9.4.4. Consider the completely split form of a potential K according to 
the inertial observer U with velocity value u :

(-Vu, Act) := ru • (K o : I x Eu >-+ I* x E*.

Its derivative is

D(-Vu, Au) = ru ■ (DK o ■ ru

having the transpose

(D(—Vu, Au))* = • ((DK ° Hu1)) ■ ru .

Consequently, for the exterior derivatives (see VI.3.6(i)) we have

Let F := D A K, use the notations of the previous paragraph and let 
do and V denote the partial derivations with respect to I and Eu, 
respectively. Then (see VI.3.7(«)) the above equality yields

—doAy — Wu = Eu, A Au = By.

9.4.5. Let us consider the force field defined by the potential K : 

f(x,u') = i* • F(x) ■ u' (xSDomK, u' € V(l)).
(F := DAK).

According to 9.3.1, the value of the force field at (x, u') is the u'-timelike 
component of the antisymmetric cotensor F(x).
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A masspoint at the world point x having the instantaneous velocity value 
u' “feels” only the u'-timelike component of the field; a masspoint always 
“feels” the time component of the field according to its instantaneous velocity 
value.

Consider now the inertial observer with velocity value u and use the 
notations of the previous paragraphs. Then

f(x, u') =i* • F(x) • u + i* • F(x)(u' - u) =
=Fu(^x) T vu'u ■ Bu(x),

a well-known formula for the Lorentz force in electromagnetism.

9.4.6. If a potential K is timelike, i.e. has values in I* • t, (in fact 
K is a scalar field: there is a function V : M >—»I* such that K = V ■ r) 
then DAK takes values in M* A (I* ■ r); consequently the corresponding 
force field does not depend on velocity values; the spacelike component of K 
is zero and the half split form of K is the same for all observers.

The possibility of (absolute) scalar potentials is a peculiar feature of the non­
relativistic spacetime model in contradistinction to relativistic spacetime models. 
(Newtonian gravitational fields, elastic fields are modelled by such timelike po­
tentials in non-relativistic physics.)

9.4.7. Let us mention the case of a general (rotating) global rigid observer 
U. Then it is convenient to choose a reference origin o for the observer 
and consider the corresponding double vectorization of spacetime.

We easily infer from the splitting of vector fields and covector fields that the 
half split forms of various tensor fields according to (U, o) are obtained from 
the half split forms according to a rotation-free observer in such a way that 
Ru^r^x^to)-1 ■ and Ru(t(x), to)-1 ■ i* are substituted for iru(x)
and i*, respectively (then i • Ru^r(x),to) is substituted for i).

For instance, the half split form of an antisymmetric cotensor field F be­
comes

M — (E* ®I*)x(E* AE*),

x i-> (R^)-1 • i* • Fix) • U(x), Rix')-1 • i* • Fix') • i • R(x)), 

where R(x) := Ru(t(x),Io).

9.5. Exercises

1. Give the u-split form of tensors in E®E, E®M, M®E, E®M+, 
M‘®E, (I*-r)®M, M ® (I* • t), (r-r)®M*, M* ® (I* ■ r) and 
derive the transformation rules between their it'-Spiitting and u-splitting.



9. Tensor splittings 107

2. Derive the transformation rules for the splitting of arbitrary tensors.
3. A potential in the arithmetic spacetime model is a function (-V,A) : 

R x R3 (R x R3)* which is the completely split form of the potential 
according to the basic observer.

The half split form of this potential according to the inertial observer with 
velocity value (l,v) is (—V + v • A, A).

Choose (0,0) as a reference origin for the observer and give the completely 
split form of the potential.

4. An antisymmetric cotensor field in the arithmetic spacetime model is a 
function (E, -B) : R x R3 (R3)* x ((R3)* A (R3)*) , being the completely 
split form of the field according to the basic observer:

/ 0 —Ei —E2 —E3
zF 0 B3 ~B2

\E3 B2 -Br 0 /

The half split form of this field according to the inertial observer with velocity 
value (l,v) is (E + v-B, B).

Choose (0,0) as a reference origin for the observer and give the completely 
split form of the field.

5. Take the uniformly accelerated observer treated in 5.2.4.
The half split forms of the previous potential and field according to this 

observer are

(-V + atAi, A) and ((Ei, E2-atB3, E3 + atB2), -B),

where t is the time evaluation: R x R3 R, (£°,£) £°.
Choose (0,0) as a reference origin for the observer and give the completely 

split forms.
6. Take the uniformly rotating observer treated in 5.3.5.
Let yV) and (E',-B') denote the half split forms of the previ­

ous potential and field, respectively, according to this observer. Then

V' —V + w(x2Ai - x1 A2), 
Ai = Ai cos wt — A2 sin wt, 
A^ = Ai sin wt -I- A2 cos u>t, 
Ai =A3
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and
E{ ={E\ + wi1/^) cos wt — {E2 + ujx2B3) sin tut,
E'2 —{Er + cj'fBf sinwt + (E2 + ujx2B3) coswt,
E'3 =E3 - w{x2B2 + xlBf),
B{ =Bx cos cut — B2 sin cut,
B2 =By sin tut + B2 cos cut,
B'3 =b3,

where t is the time evaluation R x R3 —+ R, (£°,£) l—> and xl 
is the evaluation of the t-th space coordinate: R x R3 —> R, (£°,£) —+ C-

10. Reference frames

10.1. The notion of a reference frame

10.1.1. Reference frames are usually fundamental notions in textbooks of 
physics: the phenomena are always described in reference frames. However, this 
notion is not exactly defined there.

We have expressed our intention to give an absolute description of phenom­
ena, i.e. a description free of reference frames and observers. Observers and 
reference frames — which must be exactly defined in our framework — have 
only a practical (not theoretical) importance: it is convenient and suitable to 
use reference frames for solving actual problems, for achieving numerical char­
acterization of quantities.

It was mentioned in 3.1 that the usual notion of reference frames involves 
coordinates introduced with the aid of some material objects. The material 
objects play a more fundamental role; that is why we created the notion of their 
model: the observer. An observer and a coordinatization of time and observer 
space together will form a reference system giving rise to a reference frame. 
Coordinatization models the procedure how a physical observer measures time 
with a clock (having a dial) and introduces numbered reference lines in his space. 
Then a time point is represented by a number, and a space point is represented 
by a triplet of numbers.

The reader is supposed to be familiar with the notion of coordinatization 
which can be found in Section VI.5.

10.1.2. Recall that an observer U makes the splitting Hu = (r, Cu) : 
M >-» I x Ey.

Definition. A reference system is a triplet (U,T,Su) where
(i) U is an observer,
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(w) T : I R is a strictly monotone increasing mapping, 
(m) Su : Ey >-» R3 is a mapping
such that (Tx Su)°Hu = (Tot, Su °Cv) : M >-» R x R3 is an orientation 
preserving (local) coordinatization of spacetime. ■

According to the definition, Tot is smooth which implies by VI.3.5 that 
T is smooth as well. Because of (u) the derivative of T—denoted by T' 
— is everywhere positive,

ID 
0<T'(t)eT=- (t G DomT),

i.e. T is an (orientation preserving) coordinatization of time.
If U is a global rigid observer then Eu is an affine space and Cu 

is a smooth map (see 4.4.3); consequently, we can state that Su is a coordi­
natization of Eu ■ On the contrary, since Eu, in general, is not an affine 
space, and we introduced the notion of coordinatization only for affine spaces, 
we cannot state that Su is a coordinatization of [Z-space; nevertheless it will 
be called the coordinatization of U-space. (We mentioned that in any case Eu 
can be endowed with a smooth structure; in the framework of smooth structures 
Su does become a coordinatization.)

10.1.3. Definition. A coordinatization K : M >—+ R x R3 is called a 
reference frame if there is a reference system (U,T,Su) such that K = 
(T x Su) 0 Hu-

U, T and Su are called the observer, the time coordinatization and 
the U-space coordinatization corresponding to the reference frame. ■

As usual, the coordinates of R x R3 are numbered from zero to three. 
Accordingly, we find convenient to write a coordinatization of spacetime in the 
form K = (k°, k) : M R x R3. Using the notations pr° : R x R3 —> R 
and pr : R x R3 —> R3 for the canonical projections, we have k° = pr° oK, 
k = pr o K.

The following important relation holds for an arbitrary coordinatization K :

Dk(x) • doK^Ktx)) = 0 (jgDomK).

Indeed, according to the definition of partial derivatives (VI.3.8) and the rules 
of differentiation (VI.3.4), we have

doK-Wxf) = (DK-1) (K(x)) -(1,0) = DAT^)-1 • (1,0), (*)
D/c(a;) =pr ■ D7<(x),

from which we infer the desired equality.
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If K is a reference frame then

K° = T O T, K = Su O Cu

and
(D«°) (x) = T'(t(x))t 

from which we deduce

T = r-d0K~\K(x))

in the following way:

pr° •DA'(a;) =T'(t(j:))t,

pr° =T\r(xy)r ■BKtx'T1,
1 =T'(t(x))t • DJT^)-1 • (1,0),
1 =T\r(x))r ■ d0K~\K(x)).

10.1.4. Proposition. A coordinatization K = (k°,k) :MmRxE3 is 
a reference frame if and only if

(t) K is orientation-preserving,
(tt) doK~1(K(x)) is a future-directed timelike vector,

(in) k°(x) < K°(y) is equivalent to t(x) < r(y) for all x, y e Dom K.
Then

U(x) = =doK-\K(x))-r(T(x)) (x&DomK), (1)

T(t) =k°(x) (tnDomJC^0, x € t), (2)
Su(q) =k(x) (q e Eu, X € g) (3)

for the corresponding reference system (U,T, Su)-

Proof. If K is a reference frame, K = (TxSu)°Hu, then (j) is trivial 
and (m) follows from k° — Tot and the strictly monotone character of T. 
As concerns (it), note that a world line function r satisfies r(t) = U(r(t)) 
and takes values in the domain of K if and only if K(r(t)) = (T(t),£), 
i.e. r(t) = K~1(T(t),^) for a e R3 and for all t € Domr. As a 
consequence, we have

U(r(t)) =^-1(T(t),^) = d0K~\T(t)^)) • T'(t) = 

(K(r(t))) • T'(t)
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implying
U(x) = d0K-1 (K(x)) ■ T' (r(x)) , (a; e Dom K),

which proves (m), since T’(r(x)) > 0. It proves equality (1) as well; equalities 
(2) and (3) are trivial.

Suppose now that K = (k°, k) is a coordinatization that fulfills conditions 
(»)-(««)•

Then condition (m) implies that U defined by the first equality in (1) is 
an observer.

According to (m), K is constant on the simultaneous hyperplanes, thus 
T is well defined by the formula (2). Moreover, T is strictly monotone 
increasing.

If r is a world line function such that r(t) = I7(r(t)) then according 
to (*) in the preceding paragraph

. UWn - D«(r(i)) ■ = 0,

which means that nor is a constant mapping, in other words, n is 
constant on the 17-lines; hence Su is well defined by the formula (3).

Finally, it is evident that K = (T x Su) 0 Hu- ■

It is suitable to use P := K-1, the parameterization corresponding to 
K. Then — putting 0(P) instead of 0 o P for any function 0 — we 
can rewrite formula (1) in the proposition:

U(P) =
doP 

r ■ doP

10.1.5. Condition (m) in the previous proposition can be replaced by 
(Hi)' for all x € DomK there is an e(x) € (I*)+ such that

Dk°(2;) = e(x)r,

i.e. the derivative of k° in every point is a positive multiple of r.
Indeed, if K is a reference frame, then e(x) = T'(r(x)).
Conversely, if (Hi)' holds, then the restriction of k° onto every simul­

taneous hyperplane t has zero derivative: D(k°|() (x) = Dk°(z)|e = 0 
(a: € t) thus k° is constant on every simultaneous hyperplane which allows 
us to define T by the formula (1) in the previous proposition.

Moreover, Lagrange’s mean value theorem implies that every x in the 
domain of K has a neighbourhood such that for all y in that neighbour­
hood there is a z on the straight line segment connecting x and y in 
such a way that

k°(j/) - k,°(x) = Dk°(z) • (y - x) = e(z)r • (y - x),
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hence n°(y) — k°(x) >0 is equivalent to r ■ (y — x) > 0 in the neighbour­
hood in question. Since the domain of K is connected, this relation holds 
globally as well.

10.2. Galilean reference frames

10.2.1. Now we are interested in what kinds of affine coordinatizations of 
spacetime can be reference frames.

Let us take an affine coordinatization K of M. Then there are
— an o € M,
— an ordered basis (a:o,®i,®2>^3) of M such that

K(x) = (k1 ■ (x - o)\ i = 0,1,2,3) (z e M),

where (k°, k1, k2, k3) is the dual of the basis in question.

Proposition. The affine coordinatization K is a reference frame if and 
only if

(i) (a:o, ®i, &2, ^3) is a positively oriented basis,
(it) a:0 is a future-directed timelike vector,

(Hi) xi,X2,X3 are spacelike vectors.
Then the corresponding observer is global and inertial having the constant 

value

and

K(x) = (j . (Pa -^-(x- o))a=12^ (x e M), 

3
€) = o + £°su + 52 £axa £) G R x R3),

01=1

where 
s := T • Xq

and {p“ := fe"|E = ka ■ i | (a — 1,2,3)} is the dual of the basis 
{a^i, X2, x3} of E.

Proof. We show that the present conditions (i)-(iii) correspond to the 
conditions (i)-(ii) listed in Proposition 10.1.4 and condition (Hi)' in 10.1.5.

(i) The coordinatization is orientation-preserving if and only if the corre­
sponding basis is positively oriented;

(ii) doK~1(K(x)) = ac0;
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(m? Dk°(z) = k° for all x £ M. Since k°-xa = 0, k° = er for some 
e € I* if and only if xa-s (a = 1,2,3) are spacelike; then, because of 
k° • x0 = 1 > 0, e = ^ > 0. ■

We shall use the following names: o is the origin, (xo, ®i, ®2, ®s) is 
the spacetime basis of the affine reference system; moreover, s t • xo G I 
is the time unit, u := is the velocity value, (xi, x2, x3) is the space 
basis of the affine reference frame.

10.2.2. Let us take an affine reference frame K. Then the restriction of 
K (the linear map under K) onto E is a linear bijection between E 
and {0} x R3. Let B denote the usual inner product on R3 = {0} x R3; 
then it makes sense that KjE = K • i : E —> {0} x R3 is b-B-orthogonal 
(see V.1.6).

Definition. A reference frame K is called Galilean if
— AT is affine,
— K - i : E {0} x R3 is b-B-orthogonal. ■

Proposition. A reference frame K is Galilean if and only if there are
(j) an 0 € M,

(ii) an ordered basis (eo, ei, e2, 63) of M,
— (e0, ei, e2, 63) is positively oriented,
— s := T ■ e0 > 0,
— (ei, 62, 63) is a (necessarily positively oriented) orthogonal basis in E, 

normed to an m € D+, such that

(ea^u-(x-oy\ \ (xeM)) 

y 8 \ / a—1,2,3/

where eo
u ~ — s

is the constant value of the corresponding inertial observer.

Proof. It is quite evident that an affine reference frame is Galilean if and 
only if the spacelike elements of the corresponding basis in M are orthogonal 
to each other and have the same length. We know that the dual of the basis 
(ei, e2, e3) becomes (^J, in the identification E* =
which proves the equality regarding K. ■

We shall use the following names for a Galilean reference frame: o is its 
origin, (60,61,62,63) is its spacetime basis; moreover, s:=r e0 is its 
time unit, (ei, e2, e3) is its space basis, m := |ea| (a =1,2,3) is 
its distance unit, u := is its velocity value.
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10.2.3. Let K be a Galilean reference frame and use the previous nota­
tions.

Recalling 1.5.2, we see that the Galilean reference frame establishes an iso­
morphism between the spacetime model D,b) and the arithmetic
spacetime model. More precisely, the coordinatization K and the mappings 
B : I —> R, 11-» * and Z : D —> R, d i-+ constitute an isomor- 
phism.

This isomorphism transforms vectors, covectors and tensors, cotensors, etc. 
into vectors, covectors, etc. of the arithmetic spacetime model. In particular,

is the coordinatization of vectors; note that it maps E onto {0} x R3;

(K-1)* : M‘ x R x R3, k (k ■ Cf | i = 0,1,2,3),

is the coordinatization of covectors; note that it maps I*-r onto Rx{0}.
We can generalize the coordinatization for vectors (covectors) of type or cotype 

A, i.e. for elements in M®A or ^M*®A, ’ too, where

A is a measure line. For instance, elements of or are coordina-
tized by the basis (^ | i = 0,1,2,3) and by the basis (^ | t = 0,1,2,3), 
respectively:

M
I

M
D ® D

-+ R x R3,

R x R3,

10.3. Subscripts and superscripts

10.3.1. In textbooks one generally uses, without a precise definition, Galilean 
reference frames and the arithmetic spacetime model. Vectors, covectors and 
tensors, cotensors, etc. are given by coordinates relative to a spacetime basis. 
Let us survey the usual formalism from our point of view.

Let us take a Galilean reference system and let us use the previous notations.
If (fc°, kl, k2, k3) is the dual of the basis (eo, ej, e2, e3), then

x' := k‘ ■ x (i = 0,1,2,3)
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are the coordinates of the vector x\ we know that

x° :=------ , z :=-----5- (a = 1,2,3).
s

The covector k has the coordinates

k, := k • ei (i = 0,1,2,3).

Let us accept the convention that the coordinates of vectors are denoted by 
superscripts and the coordinates of covectors are denoted by subscripts, and 
we shall not indicate that the coordinates run from 0 to 3. Then the symbol 
x ~ x' and k ~ kt will mean that the vector x (covector k) has 
the coordinates xr (ki).

3 .
We have k ■ x = ^2 kix\ According to the Einstein summation rule we 

i=0
shall omit the symbol of summation as well: k x = fax*.

The various tensors are given by coordinates with respect to the tensor 
products of the corresponding bases (e.g. (e^ ® ej | i,j = 0,1,2,3) or
(ei ® k1 | i,j = 0,1,2,3)), as the following symbols show:

TgM®M, T~Tij,
LgM®M*,
P G M* ® M, P~Pij,

PgM*®M*, F^Fij.

Applying the Einstein summation rule we can write, e.g. T ■ k ~ T^kj, 
Lx^L^x^ L-T^L^T^, = etc.

We know that x ■ y makes no sense for x,y G M: in coordinates 
this means that xiyi makes no sense. Similarly, L ■ k makes no sense 
for L € M ® M* and k G M”; in coordinates this means that L'jkj 
makes no sense. More precisely, x'y', etc. does not make an absolute sense. 
Of course, the value of this expression can be computed, but it depends on the 
reference frame: taking the coordinates xn and y’’ relative to another 
reference frame and computing x^y1' we get a different value.

We can see that, in general, a summation makes an absolute sense only for 
equal subscripts and superscripts.

10.3.2. Recall that we have the identification E* = jyyp and under 
this identification the dual of the orthogonal basis (ei, e2, e3) becomes

I a = 1,2,3). The coordinates of p G E* are pa :—p ea 
(a = 1,2,3). If we consider p as an element of then it has the
coordinates pa := m~ (^ • p) = Pn (a = 1,2,3).
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Similarly, q £ E has the coordinates qa := • q (a = 1,2,3). If
we consider q as an element of E* ® D ® D, then its coordinates are 
Qa ~ ^(q-ea) = qa (a = 1,2,3).

Thus dealing exclusively with spacelike vectors, we need not distinguish be­
tween superscripts and subscripts. We know that q ■ q makes sense for a 
spacelike vector q, and q q~ qaqa = qaqa = qaqa.

We emphasize that this is true only if we use an orthogonal and normed basis 
in E (see V.3.20).

10.4. Reference systems associated with global rigid observers*

10.4.1. We know that the space Eu of a global rigid observer U is 
a three-dimensional affine space. Moreover, given to £ I and qo £ Eu, 
or, equivalently, given o £ M— called the origin — such that o = qo *to, 
to = T(°)> Qo = Cu(o) — we establish the (double) vectorization

I x Ep -»I x E, (t, q) (t - to, q*to-qo* to) 

= (t — t(o) , q * r^o) - o),

which is an orientation-preserving affine bijection.
Then choosing an s € I+ (a positively oriented basis in I)— called the 

time unit — and a positively oriented basis (xx, #3) in E— called 
the space basis — , we can establish coordinatizations of time and [/-space:

T(t) : = € I}
s '

Su{q) := (p“ • {q * r(o) - o) | a = 1,2,3), (q e Eu),

where (p1, p2, p3) is the dual of the basis in question.
Evidently, T and Sv are orientation-preserving affine bijections; we 

know that Hu is an orientation-preserving smooth bijection whose inverse 
is smooth as well (see 4.3.2 and 4.4.3), thus (U, T, Su) is a reference system. 
For the corresponding reference frame K := (T x Su) ° Hu we have

K(x) = (———,(P° • (Cu(x)*t\o) -o))a=ii2|3^ (a; € M),

(3 X
0 + 52 ^ax° I * (r(°) + £°s) ((£°> €) € R X K3) .

a=l /

T and Su are affine coordinatizations of time and [/-space. Evidently, 
K = (T x Su) o Hu is an affine coordinatization of spacetime if and only 
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if Hu is an affine map which holds if and only if U is a global inertial 
observer (see 5.1).

10.4.2. Let us take a uniformly accelerated observer U having the 
constant acceleration value a (see 5.2).

Then, according to 5.2.3, for the reference frame treated in 10.4.1 we have

K(x) = ( ————, -(x-o)- |a(r ■ (x - o))2 )
V 8 \ 2 /a=l,2,3

(x G M)

and

3 1K-1^) - o + £°sU(o) + ^taxa + -(€°)2«2a ((£°,£) e«x K3).
a=l

10.4.3. Let us take a uniformly rotating observer U, and let o, c 
and Q be the quantities introduced in 5.3.

Then, according to 5.4.3, for the reference frame treated in 7.4.1 we have

K(x) = ( ————, (pa ■ e (T (x • 7rc • (x - o)} J 
\ S \ / Q!=l,2,o/

(x g M),

3
= Cu^ * (t(o) + e%) + • £ r xa

0=1

((£°,£) G Kx »3)

10.4.4. Expressing in words we can say:
Galilean reference system = global inertial observer 4- measuring time with 

respect to an initial instant and a time unit + introducing orthogonal (Cartesian) 
coordinates in the observer space.

Affine reference system = global inertial observer + measuring time with 
respect to an initial instant and a time unit + introducing (oblique-angled) 
rectilinear coordinates in the observer space.

Other reference systems treated previously = global rigid observer + mea­
suring time with respect to an initial instant and a time unit + introducing 
rectilinear coordinates in the observer space.

For the solution of some practical problems we often use reference systems in 
which curvilinear coordinates (e.g. spherical coordinates or cylindrical coordi­
nates) are introduced in the observer space.
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10.5. Equivalent reference frames

10.5.1. In textbooks one usually formulates the principle — without a precise 
definition that the Galilean reference frames are equivalent with respect to 
the description of phenomena. It is very important that then one takes tacitly 
into consideration Galilean reference frames with the same time unit and the 
same distance unit.

Reference frames as we defined them are mathematical objects. The physical 
object modelled by them will be called here a physical reference frame. When 
could we consider two physical reference frames to be equivalent? The answer 
is. if the experiments prepared in the same way in the reference frames give the 
same results. Let us see some illustrative examples.

Take two physical Galilean reference frames in which the time units and dis­
tance units are different and perform the following experiment in both systems: 
let an iron ball of unit diameter moving with unit relative velocity hit perpen­
dicularly a sheet of glass of unit width. It may happen that the ball bounces 
in one of the reference frames, the glass breaks in the other. The two reference 
frames are not equivalent.

Take an affine reference frame in which the first space basis element is per­
pendicular to the other two basis elements; take another affine reference frame 
in which the first space basis element is not perpendicular to the other two basis 
elements. Perform the following experiment in both frames: let a ball moving 
parallelly to the first space axis hit a plane parallel to the other two axes. The 
ball returns to its initial position in one of the reference frames and does not in 
the other. The two reference frames are not equivalent.

10.5.2. Recall the notion of automorphisms of the spacetime model (1.5.4). 
An automorphism is a transformation that leaves invariant (preserves) the struc­
ture of the spacetime model. Strict automorphisms do not change time periods 
and distances.

It is quite natural that two objects transformed into each other by a strict 
automorphism of the spacetime model are considered equivalent (i.e. identical 
from a physical point of view).

In the next paragraph we shall study the Noether transformations that involve 
the strict automorphisms of the spacetime model. Now we recall the basic facts.

Let <SO(b) denote the set of linear maps R : E —+ E that preserve 
the Euclidean structure and the orientation of E : b o (R x R) = b and 
detd?=l (see 11.1.2).

Let us introduce the notation

A * ’ :-(L: M-»M ' £ is affine, r ■ L = r, £|E € 5O(b)} 



10. Reference frames 119

and let us call the elements of Af+^ proper Noether transformations. It is 
quite evident that (Z,idj, ido) is a strict automorphism of the spacetime 
model if and only if L is a proper Noether transformation (11.6.4).

An affine map tiZ : I -+ I can be assigned to every proper Noether 
transformation L in such a way that ToZ = (tiZ)or (see 11.6.3).

10.5.3. Definition. The reference frames K and K' are called 
equivalent if there is a proper Noether transformation L such that

K' oL^K.

Two reference systems are equivalent if the corresponding reference frames 
are equivalent.

Proposition. Let (U,T,Su) and (U',T',Su’) be the reference sys­
tems corresponding to the reference frames K and K', respectively. If 
K and K' are equivalent, K' oL = K, then

(j) Z-1 • U' o L = U, in other words, L ■ U = U' o L,
(U) T1 o (ti L) = T, in other words, T'-1 o T = ti L.

(Ui) (S^) o Su) °Cu ~ Cw 0 L.

Proof, (i) K = K' o L, K^1 = Z"1 o K'^1 and r ■ Z = r together 
with 10.1.4 imply

VW “ r . 8oK“ W*)) rl-'- d»K'^

(w) The equalities

T o r = pr° oK — pr° oK' o L = T' ° t o L = T' o (ti L) o r 

yield the desired relation immediately.
(Ui) Consider the equalities

Su ° Cu = pr o K = pr o K' o L = Su' 0 Cu' 0 Z.

10.5.4. Now we shall see that our definition of equivalence of reference frames 
is in accordance with the intuitive notion expounded in 10.5.1.

Proposition. Two Galilean reference frames are equivalent if and only if 
they have the same time unit and distance unit, respectively.

Proof. Let the Galilean reference frames K and K' be defined by 
the origins o and o' and the spacetime bases (eo, ei, e2, 63) and 
(cq, ei, e^ e'3), respectively.
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Then L K' 1 o : M —> M is the affine bijection determined by

L(o) = o', Lei = e'i (i = 0,l,2,3).

Evidently, L is orientation-preserving. Moreover, r ■ L = r if and 
only if r ■ e0 = r • e^, and L\E e 50(b) if and only if leJ = Ie' | 
(a — 1,2,3).

10.6. Exercises

1. Reference frames are coordinatizations, hence we can apply all the notions 
introduced in VI.5, e.g. the coordinatized form of vector fields.

Let U be the observer corresponding to the reference frame K. 
Demonstrate that the coordinatized form of U according to K is the 
constant mapping (1,0). (U is a vector field of cotype I, hence by 
definition, (DJf • U) o K-1 is its coordinatized form according to K.)

2. Take a uniformly accelerated observer U having the acceleration value 
a 0. Fix s € l+, m £ D+ and define a Galilean reference frame K 
with an arbitrary origin and with a spacetime basis such that eo := sU(o), 
ei := m|a|> 62 an^ e3 are arbitrary. Demonstrate that, according to
K, U has the coordinatized form

(€°, C2, €3) ~ (1, a?0, 0, 0),

3. Take a uniformly rotating observer U having the angular velocity Q 
and suppose there is an inertial 17-space point qo = o + c ® I. Fix s € I+, 
m € D+ and define a Galilean reference frame with o, e0 := sU(o), e3 
positively oriented in Ker fl, ,63! — m, and 62 being arbitrary. 
Demonstrate that, according to K, U has the coordinatized form

(c°, e, e3)-(i, -^2, o),

where w is the number for which |Q|=w- holds.
3

The 17-line passing through 0+ Ccj becomes
t=0

{(t, ^cosw(t - <°) -£2 sinw(t-C°),

sin w(t — ^°) 4-^2 cos w(t — ^°), £3) | t € r|.

where a is the number for which |a| = a™ holds.
3

The 17-line passing through o + becomes
i=0
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4. Prove that two affine reference frames are equivalent if and only if they have 
the same time unit and the corresponding elements of the space bases have the 
same length and the same angles between themselves; in other words, the affine 
reference frames defined by the origins o and o' and the spacetime bases 
(®0, ®i, ®2, $3) and (®o> xi> x2> respectively, are equivalent if and 
only if

T • = T • Xq

and
xa ■ x0 = x'a ■ x'0 (a, = 1,2,3).

5. Prove that two reference frames defined for uniformly accelerated observers 
in the form given in 10.4.2 are equivalent if and only if the two acceleration values 
have the same magnitude, the time units are equal, the corresponding elements 
of the space bases have the same length and the same angles between themselves, 
and the acceleration values incline in the same way to the basis elements; in other 
words, if a and a' are the acceleration values, s and s' are the 
time units, (®i, ®2, ®a) and (®i, x'2, X3) are the space bases, then the 
two reference systems are equivalent if and only if

|a| = |a'|, s = s',
xa - a _ x'a ■ a'
fallal " I®all“'l

(a,/3 — 1,2,3).

6. Prove that two reference frames defined for uniformly rotating observers in 
the form given in 10.4.3 are equivalent if and only if the angular velocities have 
the same magnitude, the time units are equal, the corresponding elements of the 
space bases have the same length and the same angles between themselves and 
the oriented kernels of the angular velocities incline in the same way to the basis 
elements.

7. Take a global inertial observer and construct a reference system by spherical 
(cylindrical) coordinatization of the observer space. Find necessary and sufficient 
conditions that two such reference systems be equivalent.

8. In all the treated reference systems time is coordinatized by an affine map. 
Construct a reference system based on a global inertial observer in which the 
time coordinatization is not affine.
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11. Spacetime groups*

11.1. The three-dimensional orthogonal groups

11.1.1. (E, D, b) is a three-dimensional oriented Euclidean vector space.
Recall the notations (see V.2.7)

A(b) := {A € E ® E* | A* = -A} = ~ A 

O(b) := {R e E ® E* | R^ = R1}.

A(b) is a three-dimensional subspace in E®E*
dimensional Lie group having A(b) as its Lie algebra (VII.5).

and O(b) is a three-

11.1.2. We know that | det R\ = 1 for
introduce the notations

R S O(b) (see V.2.8). We

50(b) :=O(b)+ := {R € 0(b) | det R = 1} ,
O(b)- := {R& 0(b) | det R = —1} .

The elements of 5O(b) are called rotations.
Since the determinant is a continuous function, O(b)+ and O(b) are 

disjoint.
Evidently, idE € O(b)+ and —idE € O(b)~; moreover, (—ids) • 

0(b)+ = O(b)“.
The determinant is a continuous function, hence both O(b)+ and O(b)_

are closed. Moreover, we know that F h+ Tr(F* ■ F) is an inner product
(real-valued positive definite bilinear form) on
Tr(H* • R) = Tr(idE) = 3

Thus we can state, that 
(closed and bounded) sets.

for all R £ 0(b), 
O(b), O(b)+

E ® E* (see V.2.10). Since 
O(b) is a bounded set.

and O(b)~ are compact

11.1.3. Let 
a consequence,

R € 50(b). For all
R x = ax implies

x € E we have 
a = ±1.

\R ■ ®| = |a?|. As

Proposition. For every R € 5O(b) there is a non-zero x e E such
that R x = x; moreover,

aR := {x € E | R x — x}

is a one-dimensional linear subspace if and only if R ids-

Proof. It is trivial that aR = E for R = idE-
IV.3.18 and V.1.5 result in

det(.R — ids) = det(.R — R* • R) = det(idE — R*) det R = — det(R — ids).
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Consequently, det(K - idE) = 0, R - idE is not injective, there is a 
non-zero x such that (R — idE) • x = 0.

Let us suppose or is not one-dimensional, i.e. xi and a? 2 are not 
parallel vectors such that R Xi = tCi and R • x2 = a^. Then for every 
element x in the plane spanned by x± and x2 we have Rx = x. 
This means that the plane spanned by aq and x2 is invariant for R 
and the restriction of R onto that plane is the identity. Let y be a non­
zero vector orthogonal to the plane spanned by a?i and x2. Since R 
preserves orthogonality, R • y must be orthogonal to that plane, i.e. it is 
parallel to y : R y - ±y. R is orientation-preserving, thus R y = y 
must hold. This means that R = idE. ■

For R / idE, or is called the axis of rotation of R

11.1.4. For R e SO(b) the symbol aR will stand for the orthogonal 
complement of or :

:= {r € E | r is orthogonal to kr} .

Evidently, = {0} for R — idE and aR is a plane for R / idE. 
Moreover, is invariant for R

The restriction of R / idE onto is a rotation in a plane which
“evidently” can be characterized by an angle of rotation. This is the content of 
the following proposition.

Proposition. If x and y are non-zero vectors in then

x R ■ x _ y ■ R y 
|a?|2 |y|2

Proof. We can exclude the trivial cases R x = x and R x = —x 
for all x € Or (note that the first case is R — idE).

It will be convenient to put n k := and to consider R to
be a linear map on §. Let us introduce the notation

( E . 1
Sr := s n € — | n is orthogonal to or, |n| = 1 >.

The proof consists of several simple steps whose details are left to the reader.
(j) Let n and k be elements of Sr orthogonal to each other. Then, 

excluding the trivial case,
n • R • k 0.

Indeed,

1 = det R = (n R n)(k R k) - (n R k)(k R n) 
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and because of the Cauchy inequality (apart from the trivial case), (n R • 
n)(k R k) < 1.
(ii) R n / R~1 ■ n. Indeed, suppose Rn = R~1n. Then we get from 

the previous formula that

1 = (n • R 1 • n)(k R k) - (n ■ R k)(k ■ R 1 • n) = 

= (n ■ R ■ n)(k ■ R k) — (n ■ R- k)(n R k),

which implies (n ■ R • n)(k ■ R- k) > 1 contradicting the Cauchy inequality, 
(m) 0 / R • n — R1 • n is orthogonal to n, hence it is parallel to k.
(w) R n + R 1 n is orthogonal to R n - R 1 • n, hence it is orthogonal 

to k as well. Consequently,

nRk + k- Rn = O.

(v) R ■ n — (n R n)n + (k • R • n)k, and from a similar relation for R k 
we have

0 = (R ■ n) ■ (7? • k) = (n • R • n)(n R-k) + (k- R n)(k R ■ k);

then we infer from (j) and (iii) that n • R n = k • R ■ k.
(vi) If m G Sr then m = an + pk, a2 + p2 = 1 and m R • m = 

n R n. ■

Now let us return to 0 / x G E, orthogonal to 
inequality gives |xd ■ R • ®| < |®|2; thus 

aR. The Cauchy

aR arc cos x ■ R • x 
|ar|2

G [0, 7T]

is meaningful, which is called the angle of rotation of R.
Observe that

— aR = 0 if and only if R • x = x for all x orthogonal to or, 
i.e. R = idE,

— aR — % if and only if R ■ x = — x for all x orthogonal to aR.

11.1.5. Proposition. Let R ids and aR 7^ rr. Take an arbitrary 
non-zero x € a^. Let y G be orthogonal to x, |y\ — |x|, and 
suppose (x,y) and (x,R-x) are equally oriented bases in Or. Then

R x = (cos aR)x + (sin or)?/.

Proof. Since R x = x + v^xy, we easily find that cos2 or + 

~ As a consequence of the equal orientation of (x,y) and



11. Spacetime groups* 125

(x R ■ x), we have > 0 which implies that this expression equals
sin an (because ur is between 0 and %).

11.1.6. Let R ± idE and aR / tt. Then x and R x are 
linearly independent if x is a non-zero vector orthogonal to o,r. It is not 
hard to see that if y is another non-zero vector orthogonal to aR, then 
the pairs (x, R x) and (y,R y) are equally oriented bases in a^. 
As a consequence, (R ■ x) /\ x and (R • y) A y are positive multiples of 
each other.

Since |(K ■ x) A ;r|2 = |o:|4 - (x ■ R • x)2 = |sc|4 sin2 aR, we have that for 
R / idE) aR^it

log R ~ ----- aR € A(b) (0 x € a^)
[x^sinaR

is independent of x. Moreover, put

log(idE) := 0 e A(b).

It is easy to see that
(i) Ker(log R) = aR,

(w) | log R\ = aR,
(m) if R / idE then for an arbitrary non-zero x G a^, (as, Rx) and
(x, (logR)-x) form equally oriented bases in

In this way, assuming the notations

N := {R £ 50(b) | aR / tt} , P := {A € A(b) | |A| < tt}

we defined a mapping log : N —► P; we shall show that log is a bijection 
whose inverse is the restriction of the exponential mapping (see VII.3.7).

11.1.7. Proposition. For 0 / A e A(b) putting a := |A|, Ao :=
A w we have

e4 = —Ao2 cos a + Ao sin a -I- (idE + Ao2)

Proof. Recall that A3 = -a2 A (see V.3.10); thus

eA ™ An . A2 A3 A4 A5 A6 A7
= 12 ~idE+A+ir + ^ + ’4T + "5T + '6r + ’7r

n=0
A2^ A2 A2 a2 A2 , a4 A2

= ^ldE + ^2 J “ ^2 + If 4!“ + “6! ■"

a2A a4A a6A
+ — ~3T + ~51 7T + “”
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which yields the desired result by A = aAo. ■

Note that for A / 0, idE + A^ is the orthogonal projection onto the 
plane orthogonal to the kernel of A.

As a consequence, if A / 0 then
(?) eA ■ x — x for x e Ker A (the axis of rotation of eA is the kernel 

of A);
(«) eA ■ x = (cos a)® + (sina)Ao ■ x for x orthogonal to Ker A (the 

angle of rotation of eA is a := |A|);

11.1.8. Proposition. For R € N

e108^ = R

and for A € P
log(eA) = A.

Proof. Evidently, for R = idE and for A = 0 the equalities hold.
If R / idE and x is in aR then, obviously, ^nR x = x = R x. 

If x is orthogonal to the axis of rotation of R. then

loe R , x log R _e 8 ■ x = (cos aR)x + sinaR------- x = R x,
OCR

in view of 11.1.6 and 11.1.7.
According to the previous proposition, for A 0, the axis of rotation of 

eA is the kernel of A; the angle of rotation of e4 is | A|. Thus if 
x € Ker A then log(e4) x = 0 = A • x. If x is orthogonal to the 
kernel of A, then log(e4) — and an easy calculation based on
the formula in 11.1.6 yields that log(e4) • x = A ■ x.

11.1.9. It is trivial that the closure of N is 5O(b). It is not hard 
to see that exponential mapping A(b) -+ SO(b) maps the closure of P 
onto 5<9(b). However, the exponential mapping on the closure of P is 
not injective: if |A| = tt then eA = e-4.

Since the closure of P is connected and the exponential mapping is con­
tinuous, 5O(b) is connected as well.

(However, 5O(b) is not simply connected: it is homeomorphic to a set 
which is obtained from the closure of P by “sticking” together the diametrical 
points of the boundary of P.)

The one-parameter subgroup of 5O(b) corresponding to A e A(b) is 
R ~* <SO(b), t h-> etA. If A 7^ 0, then all the elements of the one- 
parameter subgroup are rotations around the same axis Ker A.
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Since the exponential mapping is surjective, every element of 50(b) is in 
a one-parameter subgroup.

11.1.10. In physical applications we meet instead of A(b). If
Q g then we can give a function R : I —> 50(b), t i-»
where to is a fixed element of I. Then every value of such a function is a 
rotation around the same axis; the angle of rotation of R(t) is (t - to)M- 
Thus |Q| is interpreted as the magnitude of the angular velocity and Q 
itself as the angular velocity of the rotation.

We know that R is differentiable, R = flR, from which we infer that

n = RR~1.

In general, consider a differentiable function R : I >-> 50(b) C E®E*. Its 
derivative at t, R(t), is a linear map from I into E®E* that takes 
values in the tangent space of 50(b) at R(t) which is R(t) ■ A(b) = 
{R(t)-A\ AeA(b)} (see VII.3.3). In other words, R(t) e , i.e.
R^t)-1 • R(t) e A(b). Then V.2.11(ii) implies that R(t) ■ (^R^1 • R(t^ • 

R^ty1 is in A(b) as well;

Q(t) := R(t) ■ R^ty1 € A(b)

is called the angular velocity value at t, and the function Q : I >-> A(b) 
is the angular velocity.

Evidently, R is the solution of the differential equation

(X : I ~ 50(b))? x = n • x.

11.2. Exercises

1. Let us coordinatize 50(b) by the Euler angles as follows.
Let (ni, na, n3) be a positively oriented orthonormal basis in If

R n3 is not parallel to n3, put n := and

^r := arccos(n3 • R ■ n3), 

i))r := sign(n • n^) arccos(n ■ nJ, 

ipR :=sign(n ■ R ■ arccos(n • R ■ nJ

where signa; := ^ if 0 x € R. and signO:=l.
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Prove that if Ri denotes the one-parameter subgroup of rotations around 
ni (i = 1,2,3) then

R = R^r) • R^r) ■ R3M.

2. Let R : I >—> 5O(b) be a differentiable function and put R~r : I >—> 
^^(b), t i—> R(t) L Using R • R"1 = idE prove that R-1 is also 
differentiable and

(IT1)' = -R-1 RR-1.

3. Prove that for 0<r eD, {x e E | |®| = r} is an orbit of 5O(b) 
and all its orbits are of this kind.

11.3. The Galilean group

11.3.1. We shall deal with linear maps from M into M, permanently 
using the identification Lin(M) = M ® M*. The restriction of a linear map 
R : M —> M (Z G M® M’) onto E equals L ■ i where i: E —> M 
(i e M® E*) is the canonical embedding. The symbol L • i € i ■ (9(b) 
means that the restriction of L onto E is in O(b), i.e. there is an 
R G O(b) C E® E’ such that L i = i R.

First we define the Galilean group and then studying it we find its physical 
meaning.

Definition.

G := {Z e M ® M* | r • L = ±r, L • i e i • O(b)}

is called the Galilean group-, its elements are the Galilean transformations
If L is a Galilean transformation then

arZ:=(+1 ■ L = r
l-l if r • Z = —t

is the arrow of L and

signZ :=(+1 if e i-O(b)+ 
1-1 if z-i e i-C>(b)~

is the sign of L.
Let us put

G+^ :={L G | signZ = arZ = 1}, 
G+^ :={Z € | signZ = -arZ = 1}, 

G :={Z G G | signZ — —arZ = —1}, 
G' :={Z G G | signZ = arZ = -1}.
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Q+~* is called the proper Galilean group. ■

G) The condition t • L = ±r implies that E is invariant for the linear 
map L : M —♦ M.
(«) The condition L i 6 i 0(b) means that there is a (necessarily unique) 

in O(b) such that
L i = i • Rl ■

(m) The Galilean transformations are linear bijections: if L x = 0 then 
tx = 0, i.e. x is in E; the restriction of L onto E is injective, 
thus x = 0.
(w) It is quite trivial that Q is indeed a group: the product of its elements 

as well as the inverse of its elements are Galilean transformations.

11.3.2. Proposition. The Galilean group is a six-dimensional Lie group 
having the Lie algebra

La(0) = {ff e M®M* | t H = 0, Hie A(b)}.

Proof. According to the previous remark, 5 is a subgroup of ^(M) 
which is sixteen-dimensional.

We have to show that the Galilean group is a six-dimensional smooth sub­
manifold of ^^(M).

Observe that if L e G, then

rrK ■ L ■ i = Rl

for all u e V(l), where Rl is given in the previous remark.
Thus we can give

: 0£(M) —» (I ® M‘) x S(b), (r-L. (iru ■ L ■ i)* ■ (iru ■ L ■ i))

which is evidently a smooth map and Q is the preimage of {(±r,idE)} by 
(S(b) := {S € E € ®E* | S* = S} is a six-dimensional linear subspace).

The derivative of at L is the linear map

D<^U(Z) : M ® M* -* (I ® M*) x S(b),
H (t H, (ttu ■ H ■ i)* • (7TU ■ L • i) + (ttu ■ L • i)* i))

which is surjective: (h,T) 6 (I®M*) x S(b) is the image by D<$U(L) of 
u ® h + (1/2)(ttu • L • i)* -T.

Thus, being a six-dimensional submanifold in 5^(M), the Galilean group 
is a Lie group; its Lie algebra is Ker D</>o(idM)-
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If D0tt(idM)(ZT) = 0, then t-H = 0, and ttu Hi is in A(b). 
Since the first condition means that H G E®M‘, we have ttu Hi = Hi. 
Hence the kernel of D</>u(idM) is the linear subspace given in our proposition.

11.3.3. The mappings G -> {-1,1}, L arZ and G -> {-1,1}, 
L h-* signZ are continuous group homomorphisms. As a consequence, the 
Galilean group is disconnected. We shall see in 11.4.3 that the proper Galilean 
group is connected. It is quite trivial that if L G Q+^ then
L ■ G+~" = G+<~ and similar assertions hold for G—* and G~*~ as 
well. Consequently, the Galilean group has four connected components, the four 
subsets given in Definition 11.2.1.

From these four components only G+^— the proper Galilean group - is a 
subgroup, nevertheless, the union of an arbitrary component and of the proper 
Galiiean group is a subgroup as well.

S’ := S+-> U G * is called the orthochronous Galilean group.
If L G G, then L preserves or reverses the “orientation” of timelike 

vectors according to whether arZ = 1 or arZ = -1 :

if arZ = 1
if arZ = — 1

then Z(T^) = T-*, Z (T*-) = T 
then Z(T“*) = T^, Z(T^)=T'

Moreover, Z preserves or reverses the orientation of E according to 
whether signZ = 1 or signZ = -1.

The orientation of E given in 1.2.4 shows that the elements of G+~* 
and G preserve the orientation of M, whereas the elements of G+*~ 
and G ' reverse the orientation.

11.3.4. M is of even dimension, thus -idM is orientation-preserving. 
Evidently, —idM is in G~^~', it is called the inversion of spacetime vectors. 
We have that G~"~ = (-idM) ■ S’1—*•

We have seen previously that the elements of G+*~ invert in some sense 
the timelike vectors and do not invert the spacelike vectors; the elements of 
G invert in some sense the spacelike vectors and do not invert the tirnelike 
vectors. However, we cannot select an element of G+,~ and an element of 
G that we could consider the time inversion and the space inversion.

For each u G V(l) we can give a u-timelike inversion and a u-spacelike 
inversion as follows.

The u-timelike inversion Tu G G+^ inverts the vectors parallel to u 
and leaves invariant the spacelike vectors:

Tu • u —u and Tu • q := q for q G E.

In general,
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i.e.
Tu = idjvr - 2u ® r.

The it-spacelike inversion Pu G G ’ inverts the spacelike vectors and 
leaves invariant the vectors parallel to u :

Pu u u and Pu • q := -q for q G E.

In general,
Pu x — u(r ■ x) — ttu ■ x = 2u(r ■ x) — x (x e M),

i.e.
Pu = 2u®r - idM-

We easily deduce the following equalities:

7’ “1 _ 7' p -1 pJ-U — -LW) J U J U‘
-Tu = Pu,

Tu ■ Pu = Pu Tu — -idM-

11.3.5. The three-dimensional orthogonal group is not a subgroup of the 
Galilean group: O(b) cannot be a subgroup of G because the elements 
of Q are linear maps defined on M whereas the elements of O(b) are 
linear maps defined on E (E ® E* is not a subset of M ® M*).

It is quite obvious that

G^ 0(b), L Rl

(where L i = i Rl) is a surjective Lie group homomorphism.
For every u € V(l),

O(b)u := {L G G~* | L u = u} ,

called the group of u-spacelike orthogonal transformations, is a subgroup of 
G^', the restriction of the above Lie group homomorphism to O(b)u is 
a bijection between 0(b)u and 0(b).

Indeed, if L u - u and RL = idE then L is the identity on the 
complementary subspaces u ® I and E, thus L = idM : the group 
homomorphism from 0(b)u into O(b) is injective.

If RG 0(b) then

Ru := u ® r + R ivu 
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is a Galilean transformation in C>(b)u and ttu ■ Ru ■ i = R (recall 
that iru ■ L ■ i = Rl for all Galilean transformations L) : the group 
homomorphism from O(b)u onto (9(b) is surjective.

11.3.6. The kernel of the surjection —+ (9(b), i.e.

V := {£ g | RL = idg} = {L g | L • i = i}

is called the special Galilean group. Observe that V is in —*.
The special Galilean group is a three-dimensional Lie group having the Lie 

algebra
La(V) = {H g MgM’ r H = 0, H • i = 0} .

Proposition. If L e V, then there is a unique vl g f such that

L • x = vL(r • x) + x (x g M),

i.e.
L = idM + vl ® r.

The correspondence V —+ L i—> vl is a bijective group homomorphism 
regarding the additive structure of ® (i.e. vL K = vL + vK for all
L.K g V).

Proof. Let L be an element of V. Let us take an arbitrary u g V(l) 
and put vL ~ L ■ u - u. We claim that vL does not depend on u. 
Indeed, if u' g V(l) then

(L • u — u) — (L ■ u' — u1) = L ■ (u — — (u — u1) = 0,

because L ■ (u — u') = u — u'. Moreover, t • (L u — u) = 0, thus vl 
is in y.

This means that L u - u + vL for all u g V(l).
Then we find that for x E M

L ■ x — L ■ (u(t ■ a?) + ttu • x) = (u + vl)t ■ x + nu ■ x = vl(t ■ x) + x.

This formula assures, too, that L n+ vl is a group homomorphism.
b Vl = 0 then L ■ u = u for all u g V(l) implying L = idM! 

thus the correspondence from V into j is injective. Evidently, if v 
is in y then idM + v ® r is a special Galilean transformation: the 
correspondence is surjective. ■

In view of our result, the special Galilean group is a three-dimensional com­
mutative group.
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11.3.7. (j) If u,u'eV(l), then the special Galilean transformation

L(u', u) := idM + («' - u) ® t,

i .e. the one corresponding to vu'u = u' — u is the unique one with the 
property

L(u', it) • u = u .

Let us recall the splitting of M according to u and u1- then we 
easily find that

L(u j u) — hu' • hu.

(i i) The product of the u'-timelike inversion and the u-timelike inversion is a 
special Galilean transformation:

Tu> • Tu = (idM - 2u' ® r) • (idM = idM + ® t.

We know that T^1 = Tu = -Pu, then we can assert that

TU' • Tu"1 = PU' ■ Pu"1 =L(u',u)2 =

—L(u T 2uu<u,it) = 2vUU',it).

11.3.8. Originally the Galilean tranformations are defined to be linear maps 
from M into M. In the usual way, we can consider them to be linear 
maps from into qp as we already did in the preceding paragraphs as 
well.

V(l) is invariant under orthochronous Galilean transformations. Moreover, 
the restriction of an orthochronous Galilean transformation L onto V(l) 
is an affine bijection whose underlying linear map — which is the restriction of 
L onto y— preserves the Euclidean structure.

Conversely, if F is a Euclidean transformation of V(l) an affine 
bijection whose underlying linear map preserves the Euclidean structure — then 
M —> M. x F ■ (x/t ■ x)r ■ x is an orthochronous Galilean tranformation 
whose restriction onto V(l) coincides with F.

Thus we can state that the orthochronous Galilean group is canonically iso­
morphic to the group of Euclidean transformations of V(l).

11.4. The split Galilean group

11.4.1. The Galilean transformations, being elements of M ® M’, are 
split by velocity values according to 8.1.1. Since r ■ L = (arL)r and 
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nu L i - RL for a Galilean transformation L and for u e V(l), 
we have

h r h -1 - ( &rL 0 \rzu nu —I
\Lu-{&rL)u Rl J

Writing Lu — (arL)u = (arZ) ((arZ)it — u), we see that the following 
definition describes the split form of Galilean transformations.

Definition. The split Galilean group is

0

R / a €{-1,1}, v € —, J?€O(b)

Its elements are called split Galilean transformations. ■

The split Galilean transformations can be regarded as linear maps I x E 
I x E; the one in the definition makes the correspondence

(t, q) i-» (at, avt + R q).

The split Galilean group is a six-dimensional Lie group having the Lie algebra

0

( \ v A )
E

n € y, A € A(b)

11.4.2. I he splitting hu according to u establishes a Lie-group 
isomorphism between the Galilean group and the split Galilean group. The 
isomorphisms corresponding to different u' and u are different.

The y component in the split form of Galilean transformations, in general, 
varies according to the velocity value establishing the splitting.

The following transformation rule shows well how the splitting depends on 
the velocity values.

Let u',w€V(l). Recall the notation

IT __ E 1 -1 _ / 1 U \^U'lL •— — I • 1 I •
\ ^u'u 1UE /

Then

Hi ■ ( 01 H~x — ( 01 o A

\av R) \a(v — vuiu) + R ■ vuiu R)

11.4.3. The splittings send the proper Galilean group into

1 0 \ , Ev R}\ vGp ReSO(b) 
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which is evidently a connected set. Since the splittings are Lie group isomor­
phisms, Q+~* is connected as well.

11.4.4. If L is a special Galilean transformation and vL is the 
corresponding element of y, then L has the split form

/ 1 °
ide /

for all u € V(l) : the splitting is independent of the velocity value. In other 
words, every u e V(l) makes the same bijection between the special Galilean 
group V and the group

1 0 A i E1 
., v e T r ■v ids / 1 J

Observe that for all u',u G V(l), the vector transformation law is the 
split form of a special Galilean transformation:

Hu'u — ^u' ■ hu — hu * u ) ■ hu

11.4.5. The Lie algebra of the Galilean group, too, consists of elements of 
M ® M*, thus they are split by velocity values in the same way as the Galilean 
transformations; evidently, their split forms will be different.

If H is in the Lie algebra of the Galilean group and « G V(l), then

hu H h^1 = 0
Hu

0

Hi.)

The splitting according to u establishes a Lie algebra isomorphism be­
tween the Lie algebra of the Galilean group and the Lie algebra of the split 
Galilean group. The isomorphisms corresponding to different u' and u 
are different:

0 \ „ -1 _ / 0 0 \
h)'^^ -{v + H-vu,u H)

11.5. Exercises

1. Prove that for all tel, {x G M | rx = t} is an orbit of the special
Galilean group and all orbits are of this form. The orbits of the special Galilean 
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group and the orbits of the proper Galilean group coincide. What are the orbits 
of the (orthochronous) Galilean group?

2. Beside the trivial linear subspaces {0} and M there is no subspace 
invariant for all the special Galilean transformations.

3. The transpose of a Galilean transformation is a linear bijection M* —► 
M*. Demonstrate that the transposed Galilean group {L* I Le g} leaves 
I* • r invariant; more closely, if Leg and eel* t, then L* e = 
(arZ)e.

Furthermore, if k e M‘, and L*k is parallel to k for all Galilean 
transformations L, then k is in I* • r.

4. The subgroup generated by {Tu | u e V(l)} is the special Galilean 
group.

5. Prove that

hu Tu- h -1 
0

idE ) ’ huPuku 1 - ( o

Find
6.

hu' ’ ‘ ^u' and

the group
The u-splitting of the Galilean group sends the special Galilean group into

whose Lie algebra is

The u-splitting of special Galilean transformations does not depend on u. 
7. The Lie algebra of O(b)u equals

{H € La(^) | H u = 0} .

8. The u-splitting sends the subgroup into the group

f/1 0 \ 
I \° RJ

having the Lie algebra

17 0 0 \ 
I \° AJ

R e O(b)

A e A(b)

Find the u'-splitting of O(b)u for u' / u.
9. Recall the notation introduced in 11.3.7 and prove that
— = L(u,u'),

ku' • Pu ' kuf

E

0 I
—idE I ’
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— L(u"u') ■ L(u',u) = L(u",u).
10. For all u E V(l) and for all Galilean transformations L we have 

that

R(L, u) := (arL)L(u, (arL) ■ u) ■ L = (arL)L + (u - (arL)L ■ u) ® t

is in O(b)„ and R {L,u)\^u = RL. In other words, given an arbitrary 
u e V(l), every Galilean transformation L is the product of a special 
Galilean transformation and a u-spacelike orthogonal transformation, multiplied 
by the arrow of L :

L = (arL)L((arL(tt), u) • R(L, it).

11.6. The Noether group

11.6.1. Now we shall deal with affine maps L : M —> M; as usual, the 
linear map under L is denoted by L.

Definition.

A/" {L : M —► M | L is affine, L E Q}

is called the Noether group- its elements are the Noether transformations.
If L is a Noether transformation, then

arL := arL, sign L sign L.

N‘+~^y A/'+’~, W—* and are the subsets of .V consisting
of elements whose underlying linear maps belong to Q+^, , Q
and respectively.

* is called the proper Noether group. ■

The Noether group is the affine group over the Galilean group; according to 
VII.3.2(«), we can state the following.

Proposition. The Noether group is a ten-dimensional Lie group; its Lie 
algebra consists of the affine maps H : M —♦ M whose underlying linear 
map is in the Lie algebra of the Galilean group:

La(AQ = {He Aff(M,M) | tH = 0, H-ieA(b)}. ■

The proper Galilean group is a connected subgroup of the Galilean group. As 
regards A/+<_, etc. we can repeat what was said about the components of 
the Galilean group.
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A/"** — AP-" UV—* is called the orthochronous Noether group.

11.6.2. We can say that the elements of A/’-"- invert spacetime in some 
sense but there is no element that we could call the spacetime inversion.

For every o € M we can give the o-centered spacetime inversion in such 
a way that first M is vectorized by Oo, then the vectors are inverted 
(—idM is applied), finally the vectorization is removed :

Io := O^1 o (idM) o Oo,

i.e.
Io(x) := o - (x - o) (x € M).

Similarly, we can say that in some sense the elements of Af—* contain 
spacelike inversion and do not contain timelike inversion; the elements of A/’+<~ 
contain timelike inversion and do not contain spacelike inversion. However, the 
space inversion and the time inversion do not exist.

For every oeM and u € V(l) we can give the o-centered u-timelike 
inversion and the o-centered u-spacelike inversion as follows:

Tu,o(x} := o + • (x - o), Pu,o(x) := o + Pu • (x - o)

(x 6 M).

11.6.3. Let L be a Noether transformation. If x and y are 
simultaneous then L(x) and L(y) are simultaneous as well:

- rL(y)) = t ■ L ■ (x - y) = (arL)r • (x - y) = 0.

Recall that I is identified with the set of hyperplanes of M, directed 
by E. Thus for a Noether transformation L we can define the mapping

tiL : I —> I, t L[t],

Observe that
(ti L) o r = r o L

or, in other words,
(ti£)W = r(L(x))

from which we get immediately that

(ti - (ti L)(s) = (arL)(t - s) (t, sei).

Thus tiL is an affine map over (arL)idj.
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According to Exercises VI.2.5.6-7, if arL = 1, then tiL is a trans­
lation, i.e. there is a unique t G I such that (tiL)(t) = t + t; if 
arL = —1, then tiL is an inversion, i.e. there is a unique to & I such 
that (tiL)(t) = t0 - (t - t0)-

11.6.4. The Noether transformations are mappings of spacetime. They play a 
fundamental role because the proper Noether transformations can be considered 
to be the strict automorphisms of the spacetime model.

Proposition. (F, B, ido) is a strict automorphism of the non-relativistic 
space time model (M,I,r, D,b) if and only if F is a proper Noether 
transformation and B = ti F.

Proof. Let (F, B, ido) be a strict automorphism. Then roF - B or 
and B = idj imply t o F = t. Moreover, b o (F x F) = b means 
that the restriction of F onto E is orthogonal. Thus F is an 
orthochronous Galilean transformation and F is an orthochronous Noether 
transformation. Since F must be orientation-preserving, F is a proper 
Noether transformation. toF = Bot implies that B = tiF.

Conversely, it is evident that if F is a proper Noether transformation, 
then (F, tiF, idn) is a strict automorphism.

11.6.5. Let us denote the translation group of I by Tn(I) and 
consider it as an affine transformation group of I : t € I acts as I —> I, 
11—> t +1. In this respect 0 G I equals the identity map of I. It is quite 
obvious now that

Af-* Tn(I), L^tiL

is a surjective Lie group homomorphism. Its kernel,

Afi := {L G Af^ | tiL = 0 (= idj)} = {L G Af^ \ r o L = t}

is called the instantaneous Noether group. It is a nine-dimensional Lie group 
having the Lie algebra

La(A^) = {H G Aff(M,M) | r o H = 0, Hie A(b)}.

The instantaneous Noether transformations leave every instant invariant. 
Tn(I) is not a subgroup of Af. For every u G V(l),

Tn(I)u := {idM + ut | t G 1}

is a subgroup of the orthochronous Noether group, called the group of u- 
timelike translations. The restriction of the homomorphism L i-+ tiL onto 
Tn(I)u is a bijection between Tn(I)u and Tn(T).
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In other words, given 
Noether transformation

u G V(l), we can assign to every t € I the

X I-* X + ut

called the w-timelike translation by t.

11.6.6. The Galilean group is not a subgroup of the Noether group. The 
mapping Af Q, L^L is a surjective Lie group homomorphism whose 
kernel is Tn(M), the translation group of M,

Tn(M) = {T^a; G M} = {L e Af\L = idM} .

As we know, its Lie algebra is M regarded as the set of constant maps 
from M into M (VII.3.3).

For every o G M,
G0^{L&Af\ L(o) = o},

called the group of o-centered Galilean transformations, is a subgroup of the 
Noether group and even of the instantaneous Noether group; the restriction of 
the homomorphism L>-> L onto Qo is a bijection between Qo and 
0.

In other words, given o G M, we can assign to every Galilean transforma­
tion L the Noether transformation

x h-> o + L ■ (x — o),

called the o-centered Galilean transformation by L.
The subgroup of o-centered special Galilean transformations

Vo := {L € Vo | L G V}

has a special importance.

11.6.7. The three-dimensional orthogonal group is not a subgroup of the 
Noether group. The mapping A/^ -+ 0(b), L RL (where L • i = 
i • Rl) is a surjective Lie group homomorphism having the kernel

H := {L 6 AT* | L ■ i = i} = {L G Af^ | L € V}

is called the special Noether group. Observe that W is in Af+^.
The special Noether group is a seven-dimensional Lie group having the Lie 

algebra

{H G La(AQ | H G La(V)} = {H G Aff(M, M) | r • H = 0, H i = 0}.



11. Spacetime groups* 141

For every u g V(l) and o € M,

O(b)u,o := {£ € N^ | L(o) = o, L u = u},

called the group of o-centered u-spacelike orthogonal transformations, is a sub­
group of N~* and even of the instantaneous Noether group Ni. The 
restriction of the homomorphism N^ —+ O(b) onto O(b)UiO is a bijec­
tion between O(b)uo and O(b).

In other words, given (u,o) € V(l) x M, we can assign to every R € 
0(b) the Noether transformation

x h-♦ o + ur ■ (x — o') + R ■ Ku ■ (x ~ o)>

called the o-centered u-spacelike orthogonal transformation by R.

11.6.8. The Neumann group

C := {L e Ni | L • i = i} - H Cl Ni

is an important subgroup of the special Noether group. It is a six-dimensional 
Lie group having the Lie algebra

{HeLa(X)| H e La(V)} = {H e Aff(M.M) r o H = 0, H ■ i = 0}

Proposition. The Neumann group is a commutative normal subgroup of the 
Noether group.

Proof. Let K and L be arbitrary Neumann transformations. Since 
they are instantaneous Noether transformations, for all world points x we 
have that L(x) - x and K(x) - x are in E. As a consequence, 
L(x) - x = K ■ (L(x) - x) = KL(x) - K(x) and similarly, K{x) - x = 
LK(x) — L(x) from which we conclude that KIN) — LK(x) = 0, i.e. 
KL = LK, the Neumann group is commutative.

Now we have to show that if L is an arbitrary Neumann transformation 
and G is an arbitrary Noether transformation then G-1LG is a Neumann 
transformation, too. The range of G ■ i is in E, hence L ■ G • i = G i 
and so G-1 • L ■ G ■ i = i which ends the proof.

11.7 The vectorial Noether group

11.7.1. Recall that for an arbitrary world point 
M with origin o, Oo : M -+ M, x »-> x — o,

o, the vectorization of 
is an affine bijection.
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With the aid of such a vectorization we can “vectorize” the Noether group as 
well: if L is a Noether transformation then Oo o L o Oo-1 is an affine 
transformation of M, represented by the matrix (see VI.2.4(ii) and Exercise 
VI.2.5)

C i 0 \
L{6) — o L J '

The Lie algebra of the Noether group consists of affine maps H : M —> M 
where M is considered to be a vector space (the sum of such maps is a part 
of the Lie algebra structure). Thus the vectorization HoOo"1 is an affine 
map M —► M where the range is considered to be a vector space. Then it is 
represented by the matrix (see VI.2.4(m))

0 0 \
H(o) H)

11.7.2. Definition. The vectorial Noether group is

f / ! °

I \a
a € M, L € (&)

The vectorial Noether group is a ten-dimensional Lie group, its Lie algebra is 
the vectorization of the Lie algebra of the Noether group:

a € M, He La(0) f .

An advantage of this matrix representation is that the commutator of two Lie 
algebra elements can be computed by the difference of their products in different 
orders.

11.7.3. A vectorization of the Noether group is a Lie group isomorphism 
between the Noether group and the vectorial Noether group. The following 
transformation rule shows how the vectorizations depend on the world points 
serving as origins of the vectorization. Let o and o' be two world points; 
then

To-O' := Oo' o Oo 1 = 1 
o — o'

° 
idM /

and

0
L

1
a + (L - idM)(o' - o) (a € M, L € Q).

f/0 0 \ 
I \a H J

0£ )
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As concerns the corresponding Lie algebra isomorphisms, we have

0 
a

0
H

T z-11 o—o'
0 0 \

a 4- H(o' — o) H J (a e M, H e La(0)).

11.8. The split Noether group

11.8.1. With the aid of the splitting corresponding to u € V(l), we send 
the transformations of M into the transformations of I x E. Composing 
a vectorization and a splitting, we convert Noether transformations into affine 
transformations of I x E.

For o e M and u € V(l) put

hu,o := hu o Oo : M I x E, x (r • (x - o), • (x - o)).

Embedding the affine transformations of 
mations of R x (I x E) (see VI.2.4(ii)) 
representation of such linear maps, we get

hua ® hu^o

I x E into the linear transfor- 
and using the customary matrix

1
T ■ (L(o) - o) 

7TU • (L(o) - o)

0 
arL 

Lu — (arL)u
0 \
0

Rl /

The Lie algebra elements of the Noether group are converted into affine maps 
I x E -» I x E where the range is regarded as a vector space. Then we can 
represent such maps in a matrix form as well:

hu $ R ® hUf0
0 

T ■ H(o) 
7TU • H(o)

0 \ 
0Hi)

11.8.2. Definition. The split Noether group is

/1 0 0 \
It a 0
y q av R /

a €{-1,1}, *€l, q€E, v e y, Re 0(b) ►.

The split Noether group is a ten-dimensional Lie group having the Lie algebra

f / ° 0 0 \
Hi ° ° 
( y q v A)

tel, q € E, v € y, A e A(b) > .

0
0

H u



144 I. Non-relativistic spacetime model

Keep in mind that the group multiplication of split Noether transformations 
coincides with the usual matrix multiplication and the commutator of Lie algebra 
elements is the difference of their two products.

11.8.3. Every u£ V(l) and o € M establishes a Lie group isomor­
phism between the Noether group and the split Noether group. Evidently, for 
different elements of V(l)xM, the isomorphisms are different. The trans­
formation rule that shows how the isomorphism depends on (u, o) can be 
obtained by a combination of the transformation rules 11.7.3 and 11.4.2.

Though the Noether group and the split Noether group are isomorphic (they 
have the same Lie group structure), they are not “identical”: there is no “canon­
ical” isomorphism between them that we could use to identify them.

The split Noether group is the Noether group of the split non-relativistic 
spacetime model (I x E, I, prI; D, b). The spacetime model (M, I, r, D, b) 
and the corresponding split spacetime model are isomorphic, but they cannot be 
identified, as we pointed out in 1.5.3.

11.8.4. It is a routine to check that the isomorphism established by an 
arbitrary (u, o) € V(l) x M sends the subgroups of the Noether group listed 
below on the left-hand side into the subgroups of the split Noether group listed 
below on the right-hand side:

Tn(E)
0 0 \
1 0
0 idE y

q € E

Tn(M)

C (Neumann group)

H (special 
Noether group)

Mi (instantaneous
Noether group)

[ (1 0

) ° 1( \ q v

( fi 0
| t 1
I \9 v
f / 1 0

) ° 1I \ 9 v

0 \
0

idE /

_ E
q € E, v € j, R £ O(b) ,

0 \
0R )

It is emphasized that the isomorphism established by an arbitrary (u,o) 
makes a correspondence between the listed subgroups; of course, the correspon­
dences due to different (u,o) and («',o') are different.
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Moreover, the isomorphism established by (tz,o) makes correspondences 
between the following subgroups, too:

Tn(I)u (u-timelike 
translations)

O(b)u,o (o-centered 
u-spacelike orthogonal 
transformations)

Qo (o-centered
Galilean <

transformations)

' / 1 0
< t 1

\° 0

Z1 0
<01
I \0 0

0 0 \
a 0 I 
av R /

ReOtti) ,

a €{-l,l}, v € p Ke 0(b) -

Vo (o-centered special 
Galilean transformations)

/1 0 0 \
0 1 0

yO v idE /

and now it is emphasized that the isomorphism established by (u',o'), 
general, does not make a correspondence between the listed subgroups.

11.8.5. Corresponding to the structure of the split Noether group, the 
following four subgroups are called its fundamental subgroups:

( /1 0 0 \
J t 1 0

y 0 0 ids /

V1 0 0 \
<01 o

y q 0 idE /
t e i , q € E

/i o o 
oi o

y 0 v idE

0 
1
0

1
0
0

0 
0 
R

E 
v € y Re 0(b) ► .

The isomorphism established by (u, o) € V(l) xM assigns these subgroups 
to the subgroups Tn(I)u, Tn(E), Vo and O(b)u,o, respectively.

It is worth repeating the actual form of the corresponding Noether transfor­
mations:

Tn(I)u : x x + ut 
Tn(E) -.x^xVq

Vo '■ x x V vr ■ {x - o)

O(b)u,o : x o + ur • (x - o) + R • iru(x - o)

(t e I),
(g g E),

^ep),

(Re O(b)).
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11.8.6. Taking a linear bijection I —► R and an orthogonal linear bijection 
E —> R3, we can transfer the split Noether group into the following affine 
tranformation group of R x R3,

1 0 0
t) a 0
£ w p

«€{-!,!}, T] eR, CeR3, v € R3, pt 0(3)

which we call the arithmetic Noether group. This is the Noether group of the 
arithmetic spacetime model (0(3) denotes the orthogonal group of R3 
endowed with the usual inner product).

In conventional treatments one considers the arithmetic spacetime model 
(without an explicit definition) and the arithmetic Noether group which is called 
there Galilean group. The special form of such transformations yields that one 
speaks about the time inversion (a = —1, 77 = 0, £ = 0, v = 0, p = 0). 
the time translations (a = 1, r) e R, £ = 0, v — 0, p = 0), the 
space rotations (a = 1, 77 = 0, £ = 0. v = 0, p e 50(3)) etc.,
whereas we know well that such Noether transformations do not exist: there are 
o-centered u-timelike inversions, w-timelike translations and o-centered u- 
spacelike rotations, etc.

11.9. Exercises

1. Let L be a Noether transformation for which L = — idM- Then 
there is a unique o G M such that L is the o-centered spacetime 
inversion.

2. A Noether transformation L is instantaneous, i.e. is in A/i if and 
only if all the hyperplanes tel are invariant for L.

3. Prove that for all o € M,

Oo o A<0 o Oo-1 = ( f n r LeN 
I \ U Ju J

4. Find hu,o • Tu.o • hUtO~r and hUt0 ■ Pu o • hu.o-1.
5. Prove that the subgroup generated by {Tu o| u e V(l), 0 € M} equals 

{L e AT| L ■ i = i}.
6. For all u € V(l), 0 € M we have

(tiTu,0)(t) = r(o) - (t - r(o)) = t - 2(t - tu(o)) (t € I).

7. Prove that the derived Lie algebra of the Noether group, i.e. [La(A/')) 
La(A0] equals the Lie algebra of the instantaneous Noether group.
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8. Let LGTn(M\ Then hu,o-L-hu,o~ 
o if and only if L € Tn(E).

9. Take a u G V(l) and an o G M. If 
A G A(b), then the maps M —> M

is the same for all it and 

i € I, q G E, v G f,

:=

W (ii) 
(Hi) 
(w)

ut
q
vt ■ (x — o)
A • 7TU • (x - o)

(x G M)

are elements of the Lie algebra of the Noether group. Prove that

x + ut
x + q
X + VT ■ (x — o)
o + ut • (x - o) + eA ■ ttu • (x - o)

(x G M).

10. Compute the product of two split Noether transformations:

1 0 0 \ / 1 0 0 \
t a 0 t' a' 0
q av RJ \q' a'v' R1 /

11. Let L be a Noether transformation.
If r is a world line function, then Loro(tiL) 1 is a world line function, 

too.
If C is a world line, then L[C] is a world line, too; moreover, if 

C = Ranr, then L[C] — Ran (l o r o (tiL) j.
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II. SPECIAL RELATIVISTIC SPACETIME 
MODELS

1. Fundamentals

1.1. Heuristic considerations

1.1.1. According to the non-relativistic spacetime model, the relative velocity 
of masspoints can be arbitrarily large: the relative velocities form a Euclidean 
vector space. However, experience shows that relative velocities cannot exceed 
the light speed in vacuum. Experience indicates as well that only “sluggish” me­
chanical phenomena are suitably described by the formulae of a non-relativistic 
spacetime model, i.e. when the relative velocities of masspoints are low compared 
to the light speed.

A simple example convinces us that the non-relativistic spacetime model is not 
right for the correct treatment of electromagnetic phenomena. Let us consider 
a light signal, a well-known electromagnetic phenomenon. According to our 
experience, an inertial observer sees a light signal propagating along a straight 
line with a uniform relative velocity. Let us try to model a light signal in the non- 
relativistic spacetime model. Evidently, the model would have to be a straight 
line. There are two possibilities: the straight line is a world line or is contained in 
a simultaneous hyperplane. The first possibility is excluded because then there 
would be an inertial observer relative to which the light signal is at rest, which 
is in contrast with our experience. The second possibility is excluded as well, 
because then the light signal would propagate with an “infinite” relative velocity 
(there is no time elapse during the propagation).

Thus wishing to describe correctly “brisk” mechanical phenomena and elec­
tromagnetic phenomena, we have to leave the non-relativistic spacetime model 
and to construct a new spacetime model.

1.1.2. The rectilinear and uniform propagation of light suggests that the 
affine structure of spacetime can be retained, i.e. spacetime will be modelled 
again by a four-dimensional oriented affine space M (over the vector space 
M).

It follows then that we have to reject absolute time. Of course, something 
must be introduced instead of absolute time; we accept absolute propagation of 
light. Next we explain what the absolute propagation of light means.
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1.1.3. According to our experience, light independently of its source 
propagates isotropically (with the same speed in every direction) relative to all 
inertial observers.

Let us say so: the propagation of a light signal starting “from a given place at 
a given instant” i.e. in a given spacetime point is independent of the source. This 
means that a subset Z(x) of M can be assigned to every x € M : the 
set of world points that can be reached from x by a light signal. Experience 
attests that the propagation of light signals starting from the same place relative 
to an observer does not depend on time (yesterday and today the propagation 
is the same) and light signals starting from different places propagate “congru­
ently”: a simple translation in space sends different propagations into each other. 
Accordingly we accept that Z(x)-s are parallel translations of each other which 
implies that there is a subset L~* of M such that Z(x) = x + for 
all x € M.

The light signals starting from an arbitrary world point are half lines in such 
a way that if y is accessible by a light signal starting from x, then x 
is not accessible from y.

This means that
(?) if x G L~‘ and a G K+ then ax G L^,

(ii) if x G then — x £ L“* :
is a cone and does not contain a line.

1.1.4. Absolute time in the non-relativistic spacetime model is equivalent 
to assigning to every world point x the set of world points simultaneous 
with x,

r(x) = x + E,

where E is a three-dimensional linear subspace of M.
We introduce absolute light propagation in the special relativistic spacetime 

model by assigning to every world point x the set of world points accessible 
by light signals starting from x,

Z(x) = x + L-*,

where is a cone without being a linear subspace. We shall see later that
L~* — called the future light cone — is a three-dimensional submanifold, the 
boundary of an open convex cone.

1.1.5. We want to include in the model that observers experience a Euclidean 
structure on their space. In the non-relativistic case the Euclidean structure was 
related to simultaneity (with respect to absolute time). Here the Euclidean 
structure will be related to the isotropic propagation of light, a property that is 
not reflected in L~* yet.
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To get an inspiration, how to proceed, let us take the following heuristic 
consideration. Let us accept that the time and the space of an inertial observer- 
can be represented by R and R3, respectively; let the units be chosen in 
such a way that the light speed is 1 (i.e. if s is the time unit, then the
distance unit is the distance covered by a light signal in Is). Then

{OeKxR3! lei = £°, £°>o}

represents the set of spacetime points accessible by a light signal from (0,0), 
where | | denotes the usual Euclidean norm on R3.

The Euclidean norm derives from an inner product; that is why it is suitable 
to take the bilinear form

3

G:R4xR4^R, +
i=l

and to write the the above set in the form

{eeR4i G(e,o = o, e°>o}.

G is a Lorentz form. The reader, having studied Section V.4 and being 
familiar with Lorentz forms will notice that the condition £° > 0 selects one 
of the arrow classes of {£ ± 0| G(£,£) = 0}.

Now it seems natural to accept that in our spacetime model the accessibility 
by light signals is described by an arrow-oriented Lorentz form. More closely, 
we introduce the measure line I of spacetime distances and we suppose that 
there is an arrow-oriented Lorentz form g : M x M -* I® I such that L 
is one of the arrow classes treated in V.4.13.

1.2. Definition of the spacetime model

1.2.1. Definition. A special relativistic spacetime model is a triplet 
(M,I,g), where

M is an oriented four-dimensional real affine space (over the vector space 
M),

— I is an oriented one-dimensional real vector space,
_  g : M x M -> I® I is an arrow oriented Lorentz form. ■

We shall use the following names:
M is spacetime or world,
I is the measure line of spacetime distances, 
g is the Lorentz form.
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Elements of M 
world vectors.

are called world points. Elements of M are called

1.2.2. If (M,I,g) is a special relativistic spacetime model, then 
(M,I,g) is an oriented and arrow-oriented Minkowskian vector space. The 
results and formulae of Section V.4 will be used all over this part. Remember to 
distinguish between x2:=xx and |tc|2 := |aj-£E|; since I is oriented, 

the pseudo-length |cc| := v/|ic|2 is meaningful. Moreover, recall

S :={a: £ M| x2 > 0},
T ~{x & M|a:2 < 0},
L :={x e M|tc2 =0,® 0};

the elements of Sq := S U {0}, T and L are called spacelike, timelike 
and lightlike, respectively.

Furthermore, the arrow orientation indicates the arrow classes and
L~*; for every x £ T“* and y € T-” U L-* we have x • y < 0. Then 
T4- := —T~* and L*~ := —L~* are the other arrow classes and

T = T"UT“, L = L~UL

T^ and L~* are the future time cone and the future light cone, respec­
tively; their elements are called future-directed. T4- and L*~ are the 
corresponding past cones with past-directed elements.

We' often illustrate the world vectors in the plane of the page:
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This illustration is based on the following: represent R x R in the plane 
in the usual way by horizontal and vertical axes, called zeroth and first; draw 
the sets S, T~*, L^, etc. corresponding to the Lorentz form

and to the arrow orientation determined by the condition £° > 0; cancel the 
coordinate axes.

We know that T consists of two disjoint open subsets, the two arrow 
classes which can be well seen in the illustration. On the other hand, S is 
connected, in spite of the illustration. Keep in mind this slight inaccuracy of the 
illustration.

1.2.3. Spacetime, too, will be illustrated in the plane of the page. If x is a 
world point, s + (T"*UL^) and i + (T^UL*~) are called the future-like 
and the past-like part of M, with respect to x.

If y x + uL~*) — or, equivalently, y - x G (T^ UL^) — then we 
say y is future-like with respect to x {x is past-like with respect to y), 
or y is later than x (x is earlier than y).

We say that the world points 
separated, lightlike separated, if

x and y are spacelike separated, timelike 
y - x is in S, T, L, respectively.

1.3. Structure of world vectors and covectors

1.3.1. The Euclidean structure of our space is deeply fixed in our mind, 
therefore we must be careful when dealing with M which has not a Euclidean 
structure; especially when illustrating it in the Euclidean plane of the page. For 
instance, keep in mind that the centre line of the cone L" makes no sense 
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(the centre line would be the set of points that have the same distance from 
every generatrix of the cone but distance is not meaningful here). The following 
considerations help us to take in the situation.

Put
V(l):={«eY u2 =-1, it 0l+ctJ .

We shall see in 2.3.4 that the elements of V(l) can be interpreted as 
velocity values.

According to our convention, V(l) is illustrated as follows:

Three elements of V(l) appear in the Figure. Observe that it makes no 
sense that

— Ui is in the centre line of T" (there is no centre line of T~*),
— the angle between and iz2 is less than the angle between 

and U3 (there is no angle between the elements of V(l)),
— tt2 is longer than uj (the elements of V(l) have no length).
The reversed Cauchy inequality (see V.4.7) involves the following important 

and frequently used relation:
-u ■ u' > 1

for u, u' € V(l) and equality holds if and only if u = u'.

1.3.2. For u € V(l) put

tu : M —> I, x h-► — u ■ x,
Eu := Ker ru = {x e M| u ■ x = 0}, 

iu Eu —♦ M, x f—♦ x.

Since it is timelike, Eu is a three-dimensional linear subspace consist­
ing of spacelike vectors. According to our convention, Eu is represented by 
a line that inclines to with the same angle as u :
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We emphasize that “inclination to IW” makes no sense in the structure of 
the spacetime model; it makes sense only in the rules of the illustration we have 
chosen.

Eu and are complementary subspaces in M, thus every vector
x can be uniquely decomposed into the sum of components in u ® I and 
in E„, respectively:

x = u(tu • x) + (x - u(ru • a;)) = u(-u ■ x) + (® + u(u • ®))

The linear map

?ru : M —> Eu, X x + u(u • x)

is the projection onto Eu along u. ft is illustrated as follows:
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The dashed line is to express that V(l) is in fact a subset of and 
not of M.

1.3.3. For all u € V(l), the restriction bu of the Lorentz form g 
onto EuxEu is positive definite. Thus (EU,I, bu) is a three-dimensional 
Euclidean vector space.

Accordingly, the pseudo-length of vectors in Eu is in fact a length and 
the angle between non-zero vectors in Eu make sense; of course, similar 
notions for vectors in can be introduced where A is a measure line. 
Moreover, all the results obtained in LI.2.5 can be applied.

It is trivial that every spacelike vector is contained in some Eu :

So = U E„.
uev(i)

Consequently, the pseudo-length of a spacelike vector will be said length or 
magnitude. However, we call attention to the fact that this length satisfies the 
triangle inequality only for two spacelike vectors spanning a spacelike linear 
subspace (see Exercise V.4.20.2)

1.3.4. The orientation of M and the arrow orientation of g determine 
a unique orientation of Eu.

Definition. Let u € V(l). An ordered basis (ej,62,63) of Eu is 
called positively oriented if (ut, 61,62,63) is a positively oriented basis of 
M for some (hence for all) t € I+.

1.3.5. Proposition. Let u € V(l). Then

hu := (tu, iru) : M —+ I x Eu, x h-» (-it ■ x, x + u(u • a;))

is an orientation-preserving linear bijection and

= ut + Q (tel, q € Eu). ■

Keep in mind that x = u(—u-a?)+iru ue results in the following important 
formula:

x2 = -(it • a;)2 + |iru ■ a;|2 (a? € M).

1.3.6. Note the striking similarity between the previous formulae and the 
formulae of the non-relativistic spacetime model treated in 1.1.2. However, 
behind the resemblance to it there is an important difference: in the non­
relativistic case a single three-dimensional subspace E appears whereas in the 
special relativistic case every u e V(l) indicates its own three-dimensional
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subspace. Correspondingly, instead of a single T, now there is a tu 
for all u. The range of hu is the same set in the non-relativistic case, 
whereas it depends on it in the relativistic case.

A further very important difference is that M and M* are different 
vector spaces in the non-relativistic case, whereas they are “nearly the same” in 
the relativistic case. More precisely, we have the identification (see V.1.3).

which is established by the Lorentz form g. According to our dot product 
notation, g does not appear in the formulae. That is why we accept the 
notation

g := idM € M ® M*

as well, which will facilitate the comparison of our formulae with those of usually 
employed in textbooks. Then, for instance, we can write

nu= g + u&u.

Of course, we make the identification 

too.
According to these identifications we have

M . ,, M®EU
rueI«M’E-p iueM®Eu= j®]. ,

M .* Eu ® M
<€M*®I=y, i*eE*0M= I0I ■

, „ Eu ® M
7Tu€Eu®M _ j $ j •

Moreover, 
Tu • iu = o, Ku • iu = idE„

and the identifications yield the relations

Tu = < = -u, i* = Ku.

The reader is asked to prove the first formula; as concerns the second one, see 
the following equalities for x € M, q € Eu :

(i* • x) • q = x ■ iu • q = x ■ q = (k„ ■ ®) • q-
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1.3.7. For u,u' G V(l) put

u'
^u'u ♦= —u' U

We shall see later that this is the relative velocity of u' with respect to u.
It is an easy task to show that |vu'u|2 = \vuu' |2 — 1 - ; as a

consequence of the reversed Cauchy inequality, vu'u = 0 if and only if 
u = u'. Moreover, if qgEuAEu< then qvu’u=Q which proves the 
following.

Proposition. Eu A Eu- is a two-dimensional linear subspace if and only 
if u u' and in this case vu>u 0 I (vuu' ® I) is a one-dimensional 
linear subspace of Eu (EUJ, orthogonal to EUAEU/.

(In other words, Eu A Eu, and vu-u ® I (vuu, ® I) are orthogonal 
complementary subspaces in Eu (Eu,)).

1.3.8. For different u and u', Eu and Eu, are different linear 
subspaces; however, we can give a distinguished bijection between them which 
will play a fundamental role concerning observer spaces.

Let L(u',u) be the linear map from Eu onto Eu, defined in 
such a way that it leaves invariant the elements of Eu A Eu< and maps the 
orthogonal complements of this subspace into each other. More precisely,

L(u', u) q := ( 9 . 9 6 Eu ° E“' n .
( -vuu't if q = vU'Ut (t € I)

It is not difficult to see that L(u', it) is an orientation-preserving bu —bu/- 
orthogonal linear bijection between Eu and E„/. We can extend it to a 
linear bijection M —» M by the requirement

L(u', u) ■ u := u'

(recall that the dot product notation allows us to apply linear maps M —> M 
to elements of

This linear bijection can be given by a simple formula. Now we give this 
formula and then characterize its properties. Recall g := idM and for 
u, u' € V(l), it'®uG™®^ = = M ® M* = Lin(M, M).

Definition. Let u,u' € V(l). Then

L(u',u) := g + (u' + u) ® (it' -I- it) 
1 — u' ■ u

— 2u' ® it

is called the Lorentz boost from it to it'.
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Proposition, (i) L(u',u) is an orientation-and arrow-preserving g-or­
thogonal linear map from M into M;
(ii) L(u',u) ■ it = u';

(Hi) L(u',u) maps Eu onto Eu/, more closely,
— L(u',u)q = q if qGEuAEu/,
--- L(u',u) ■ VU’U = — Vuu'\

(iv) L(u,u) = g, L(u',u)-1 = L(u,u')
and L(u',u) is the unique linear map for which (i)-(m) hold.

1.3.9. Since the Lorentz boosts map the corresponding spacelike subspaces 
onto each other in a “handsome” manner, we might expect that executing the 
Lorentz boost from u to it' and then the Lorentz boost from u' to 
u" we should get the Lorentz boost from u to u"; however, this occurs 
only in some special cases.

Proposition. Let u, u', u" be elements of V(l). Then

L(u", u') ■ L(u', u) = L(u",u)

if and only if the three elements of V(l) are coplanar.

Proof. Suppose the equality holds. Then for all q € Eu A Eu„

q = L(u",u') ■ L(u',u) • q =
(u" + u') ® (u" + It') 

1 — u" • u'
— 2u" ® u'

(«' + u)u' ■ q\ 
9 + 1 - it' ■ it /

= q + (u' ■ q)
u" + u'

1 — u" • u'
u + u

1 — u' ■ u
(it" + u')(u" ■ u' + u" ■ U + U,' ■ U - 1) 

(1 — u" ■ «')(! — u' ■ u)

from which we deduce that
— either u' ■ q = 0 for all q e Eu A Eu», implying that u' is 

in the two-dimensional subspace spanned by u and it", i.e. the three 
elements of V(l) are coplanar,

— or the last expression in parentheses is zero which implies again that the 
three elements of V(l) are coplanar. ■

Observe that L(u" ,u') • L(u' ,u) maps Eu onto Eu"; as a con­
sequence, if it is a Lorentz boost, it must equal L(u",u). Thus our result 
implies that, in general, the product of Lorentz boosts is not a Lorentz boost.
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1.4. The arithmetic spacetime model

1.4.1. Let us take the Minkowskian vector space (R1+3,R, G) treated 
in V.4.19 and endowed with the standard orientation and arrow orientation. 
Considering R1+3 to be an affine space, we easily find that (R1+3,R, G) 
is a special relativistic spacetime model which we call the arithmetic special 
relativistic spacetime model.

As in the arithmetic non-relativistic spacetime model, the same object, 
R1+3, represents the affine space of world points and the vector space of world 
vectors (and even the vector space of covectors). We follow our non-relativistic 
convention that the world points will be denoted by Greek letters whereas world 
vectors (and covectors) will be denoted by Latin letters.

We find convenient to write the elements of the affine space R1+3 in the 
form (^y, the elements of the vector space R1+3 in the form (x*) = 
(a0,®), and the elements of (R1+3)* in the form (ki) = (k0, k).

Recall that the identification (R1+3)* = R1+3 established by G gives

= -z0, xa = xa (a = 1,2,3).

Correspondingly, the dot product of (x’) and (y^ equals

x'yt,

where the Einstein summation rule is applied: a summation is carried out from 
0 to 3 for identical subscripts and superscripts.

1.4.2. In the arithmetic spacetime model

V(l) = {(^) e R1+3| uSi =-1, u°>0}.

The simplest element (1,0) of V(l) is called the basic velocity value. 
,0) is the canonical projection R1+3 —> {0} x R3.
For an arbitrary element (u’) of V(l) we can define

'll/
:= (a = 1,2,3), v := (v1, v2,v3) e R3;

then with the usual norm

and

|| on R3 we have |v| < 1 and

= . 1
\A - M2

(u1) = -/J--- (l,v).
t/l - Ifl2
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We easily find that v is exactly the relative velocity of (ul) with 
respect to the basic velocity value (see 1.3.7)

1.4.3. It is then obvious that

E(u<) = {(^) e R1+3|sc° = xv}.

Unlike the non-relativistic case, 7T(ui) for a general («’) in V(l) 
is an uneasy object because it maps onto a three-dimensional linear subspace 
in R1+3 which is different from {0} x R3. Thus the values of w(u<) 
cannot be given directly by triplets of real numbers. However, as it is known, 
in textbooks one usually deals with triplets (and quartets) of real numbers. We 
can achieve this by always referring to the space of the basic observer with 
the aid of the corresponding Lorentz boost, i.e. instead of ^(u*) taking 
£((l,0),(u’)) • 7T(ui), whose range is {0} x R3.

1.4.4. The Lorentz boost from (u'’) to (u‘) is given by the matrix

_ ■ (u* + u'iy)(uk + u'k)
k ' 9k 1 - 2u*u'k.

If («'’) is the basic velocity value then it becomes 
/u° u1 u2 u3 \

j (it1)2 U1^2

u 1+1W W l + u°
2 (u2)2 »2»3

U 1 + u° + 1 + u° 1 + W° 
i?u3 u2u3 (^3)2

\u 1 + u° 1 + u° 1 + U° '

Using the formula in 1.4.2 and the notation

we find that
£((1,0),^)) =

V2

,3

V1

1---------(«l + «
K 12 ------ V V

1 + K
K 13 ----------V1 v3

1 + K

1\2

v2
« 12------ V V

1 + K
K . <

V3
ft 13---- V V

,2?

1 + K

—v2v3

ft 2 3------ v2v6
1 + ft

ft z 3x2
)

= K

v
1
K

1
—F 
K

1 + X
1

K
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This shows what a complicated form 
7.1.4) we give it in detail.

£((1,0), M) ■ has; later (see

1.4.5. The previous matrix is the usual “Lorentz transformation”. Most 
frequently one considers the special case v2 = u3 = 0, v := u1; then 
K = and _ L thus the previous matrix reduces to

(1 v 0 0 \
v 1 0 0
0 0 1/k 0
0 0 0 1/k/

1.5. Classification of physical quantities

1.5.1. We introduce notions similar to those in the non-relativistic spacetime 
model. Let A be a measure line. Then the elements of

A are called scalars of type A,
A ® M are called vectors of type A,
M
— are called vectors of cotype A,

A ® (M ® M) are called tensors of type A, etc.
Covectors of type A, etc. are defined similarly with M* instead of M.

In particular, the elements of M®M and M‘®M‘ are called tensors 
and cotensors, respectively; the elements of M ® M* and M* ® M are 
mixed tensors.

A very important feature of the special relativistic spacetime model is that 
covectors can be identified with vectors of cotype I ® I. As a consequence, 
e.g. a covector of type A is identified with a vector of type j^j.

1.5.2. According to our convention, the dot product between vectors (covec­
tors) of different types makes sense. For instance, for u € V(l) C ™ and 
for

Since (A ® A) ® (I ® I) = (A ® I) ® (A ® I) has a natural orientation, 
we can speak of its positive and negative elements. Thus a vector z of type 
A is called

z € A ® M we have u ■ z e I ® A, z2 e (A ® A) ® (I® I),
M 

w € —
A

we have I uw g — 
A

2 I ® I 
w

A® A

In particular, z2 € R for z e
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spacelike if z2 > 0 or z = 0,
timelike if z2 < 0,
lightlike if z2 = 0, z / 0.
It can be easily shown that z is spacelike if and only if z € A ® Sq,

etc. Moreover, a measure line A is oriented, hence A+ makes sense.
Consequently, we define that a timelike (lightlike) vector z of type A is 
future-directed if z € A+ ® T-* (z € A+ ® L^).

1.6. Comparison of spacetime models

1.6.1. Definition. The special relativistic spacetime model (M,I,g) is 
isomorphic to the special relativistic spacetime model g') if there are

(i) an orientation- and arrow-preserving affine bijection F : M —> M',
(ii) an orientation-preserving linear bijection Z : I —> I' 

such that
g' o (F x F) = (Z ® Z) o g,

where F is the linear map under F. The pair (F, Z) is an isomor­
phism between the two spacetime models.

If the two models coincide, an isomorphism is called an automorphism. An 
automorphism of the form (F,idi) is strict. ■

Three diagrams illustrate the isomorphism:

M I 
lz 
I'

M x M 
Fxf|
M' x M'

I®I
r ® r.

The definition is quite natural and simple, needs no comment.

1.6.2. Proposition. The special relativistic spacetime model (M,I,g) is 
isomorphic to the arithmetic spacetime model.

Proof. Take
(i) a positive element s of I,

(ii) a positively oriented g-orthogonal basis (e0, ei, e2, e3), normed to 
of M, for which e0 is future-directed,

(iii) an element o of M.

S,

Then
F : M —> R4,

/ ek ■ (x - o)
I p2\ ek

Z : I - R,

X k = 0,1,2,3

is an isomorphism. ■
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This isomorphism has the inverse

3

r4-m,
k=0

R —»I, a i—+ as.

1.6.3. An important consequence of the previous result is that any two special 
relativistic spacetime models are isomorphic, i.e. are of the same kind. The 
special relativistic spacetime model as a mathematical structure is unique. This 
means that there is a unique “special relativistic physics”.

Note: the special relativistic spacetime models are of the same kind but, in 
general, are not identical. They are isomorphic, but, in general, there is no 
“canonical” isomorphism between them, we cannot identify them by a distin- 
guished isomorphism. The situation is the same as that we encountered for 
non-relativistic spacetime models.

Since all special relativistic spacetime models are isomorphic, we can use an 
arbitrary one for investigation and application. However, an actual model can 
have additional structures. For instance, in the arithmetic spacetime model, 
spacetime is a vector space, V(l) has a distinguished element. This model 
tempts us to multiply world points by real numbers (though this has no physical 
meaning and that is why it is not meaningful in the abstract spacetime model), 
to speak about time and space, consider spacetime as the Cartesian product of 
time and space (whereas neither time nor space exists), etc.

To avoid such confusions, we should keep away from similar specially con­
structed models for investigation and general application of the special relativis­
tic spacetime model. However, for solving special problems, for executing some 
particular calculations, we can choose a convenient actual model, like in the 
non-relativistic case.

1.6.4. Present day physics uses tacitly the arithmetic spacetime model. One 
represents time points by real numbers, space points by triplets of real numbers. 
To obtain such representations, one chooses a unit for time periods, an initial 
time point, a distance unit, an initial space point and an orthogonal spatial basis 
whose elements have unit length.

However, all the previous notions in usual circumstances have merely a heuris­
tic sense. The isomorphism established in 1.6.2 will give these notions a mathe­
matically precise meaning. We shall see later that s is the time unit (and the 
distance unit), eo characterizes an observer which produces its own time and 
space, the spacelike vectors eb e2, e3 correspond to the spatial basis, 
o includes the initial time point and space point in some way.
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1.7. The u-split spacetime model

1.7.1. The arithmetic spacetime model is useful for solving particular prob­
lems, for executing practical calculations. Moreover, at present, one usually ex­
pounds theories, too, in the frame of the arithmetic spacetime model, so we have 
to translate every notion in the arithmetic language. As in the non-relativistic 
case, it is convenient to introduce an “intermediate” spacetime model between 
the abstract and the arithmetic ones.

1.7.2. Let (M,I, g) be a special relativistic spacetime model and use the 
notations introduced in this chapter. Take a u € V(l) and define the Lorentz 
form

gu : (I X E„) X (I X EUH I® I, ((*', q'), (t, q)) -t't + q' • q.

Put , ,
S := {(*,9)| |Q| > 1*1},
T := {(*,q)| |Q| < |*|}, 

L := {(*,q)| |q| = |*| 0}.

Endow I x Eu with the product orientation and gu with the arrow 
orientation determined by

T^:={(i,g)€T|t>0}.

Then (I x Eu,I,gu) is a special relativistic spacetime model, called the 
u-split special relativistic spacetime model.

It is quite obvious that for all o G M,

M —»I x Eu, x hu ■ (x - o)

I —* I, t^t

is an isomorphism between the two special relativistic spacetime models.

1.7.3. In the u-split model

V(l) = -a2 + |h|2 = -1, a>0

v € |v| < 1 > .

There is a simplest element (the basic velocity value) in it: (1,0).
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1.7.4. The split non-relativistic spacetime model is simple because the actual 
form of the fundamental notions — r, i, ttu and hu — is simple for all 
u e V(l). This follows from the fact that there is a single three-dimensional 
subspace of spacelike vectors which appears in the split model as a Cartesian 
factor.

On the other hand, taken a uo € V(l), the u0-split relativistic spacetime 
model is not so simple because the actual form of the fundamental notions — 
Eu, ttu and hu for u ± uo — is rather complicated. This follows 
from the fact that there is not a distinguished three-dimensional subspace of 
spacelike vectors; the spacelike subspace corresponding to u differs from 
the one corresponding to uo and only the subspace EU() appears as a 
Cartesian factor in the ito-split model.

We can exploit the Cartesian product structure of the uo-split model by always 
referring to EUo with the aid of the Lorentz boost L(uo,u) (cf. the 
arithmetic spacetime model, 1.4.2).

1.8. About the two types of spacetime models

Let us summarize the essential features of the non-relativistic spacetime model 
and the special relativistic spacetime model.

The affine structure of spacetime is the same in both models.
In the non-relativistic model there is a t which gives absolute simultaneity 

implying a single three-dimensional subspace of spacelike vectors, and then there 
is a Euclidean structure b on the subspace of spacelike vectors.

In the special relativistic model there is a Lorentz structure g which gives 
the absolute propagation of light and induces the Euclidean structure on the 
three-dimensional spacelike subspaces.

1.9. Exercises

1. To be later (future-like) is a transitive relation on M: if y is future­
like with respect to x and z is future-like with respect to y then z 
is future-like with respect to x.

2. V(l) is a three-dimensional submanifold of M; its tangent space at 
u is (see Exc.VI.4.14.3). For every u € V(l),

-p-+V(l), h + |h|2 + h,, 

and
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are global parametrizations of V(l) having the inverses

. 11/ !\ Vu'uU I—> 7TU ■ U — U + (U ' U )U = , =
1/1 I

respectively.
3. Prove that for all u £ V(l)

r K 1 , it + nth a , , ,Kx |n| = B-+V(l , a,n) -—== = ucha + nsha
[ I J VI-th2 a

is a smooth map which is a bijection between x { n S -j4-1 |n| = 1} and 
V(l), having the inverse

u' [ arch(—u • u1), —=== 
\ y(u-u')2-l

4. Let ueV(l), |n| = 1. Take a,0€^ and put

u := u ch a + n sh a, n := L(u , it) • n = it sh a + nch a 
u" := it' ch 0 + n' sh 0 = u ch(a + 0) + n sh(a + 0), 

u"' ;= u ch 0 + n sh 0.

Prove that
£(u",u') = .D(u"».

(Hint: L(u", it') ■ it = it"' and Eu A Eu»' = Eu< A Eu».)
5. Use the notations of the preceding exercise and prove that

L(u'",u) ■ L(u',u) — L(u",u)

i.e.

L(itch/3 + nsh/3,it) ■ Laucha + nsha,it) = Z(itch(a + 0) + nsh(a + 0), it).

6. Let U6V(1), |m| = |n| = 1, m ■ n = 0. Take an
0 / a € R and put

it' := it ch a + nsha:, it" := it ch a + msha.
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Then n1 := L^u^u^-n = usha + ncha 
that L(u" ,u') ■ n' is not parallel to n.

7. Let u,u' € V(l). Then u' ® I 
subspaces. The projection onto Eu along

and L(u",u)-n = n. Prove

and
u' 01

Eu are complementary 
is the linear map

„ u' ® u
Puw := g d------- 7----  : M —> M,

Prove that u u

, u x 
x^x + u ---- ■----

—u' ■ u

(«) the restriction of PUU' onto Eu> is a bijection between Eu/ and Eu;
(ii) the restriction of Puu, onto E„ n Eu< is the identity;
{Hi) Puu' • Vuu< — \/1

2. World lines

2.1. History of a masspoint: world line

2.1.1. As in the non-relativistic spacetime model, the history of a masspoint 
will be described by a curve in the special relativistic spacetime model as well. 
However, it is not obvious here, what kind of curves can be allowed.

Our heuristic considerations regarding the affine structure of spacetime imply 
that the history of a free masspoint has to be described by a straight line. We 
can discover simply that such a straight line must be directed by a timelike 
vector. Indeed, it cannot be lightlike because this would mean that there is a 
light signal resting with respect to the masspoint. Suppose that the straight 
line is directed by a spacelike vector, choose two different points on the line and 
draw the corresponding future light cones: the cones intersect each other. As a 
consequence, two light signals emitted successively by the masspoint would meet 
which contradicts our experience.
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A simple generalization — in accordance with 1.2.2 — yields that the existence 
of a masspoint must be described by a curve whose tangent vectors are timelike.

We call attention to the fact that up to now we have spoken about light signals 
and masspoint histories in a heuristic sense. The following definition gives these 
notions a precise meaning in the spacetime model.

2.1.2. Definition. 1. A straight line segment in M, directed by a 
lightlike vector, is called a light signal.

2. A world line is a connected twice differentiable curve in M whose 
tangent vectors are timelike.

Proposition. Let C be a world line. Then y — x is timelike for every 
x,y&C, x/y. In other words,

C \ {a;} C x + T (x € C).

Proof. Suppose the statement is not true: there is an x € C such that 
C \ {a;} is not contained in x + T. Let p : R « M be a parametrization 
of C, p(0) = x. Then there is a 0/cteDomp such that p(o)—p(0) 
is not timelike. For the sake of definiteness we can assume a > 0. Then

a := inf {a G Domp| a > 0, p(a) - p(0) T} > 0.

Indeed, if this infimum were zero then there would be a sequence an > 0 
(n G N) such that lim on = 0 and 0 T for all n
v 7 n—»oo
implying p(0) = lim P^"^^ £ T because the set of timelike vectors 

is open (the complement of T is closed). Because of the same reason, 
p(a) - p(0) = lim (p(an) - p(0)) £ T.
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Thus p(a)-p(0) is timelike for 0<a<a and p(a) - p(0) is not 
timelike. Since p is continuous, p(a) - p(0) must be in the closure of 
T, i.e. it is lightlike: (p(u) — p(0))2 = 0.

Lagrange’s mean value theorem, applied to the function [0, a] —+ I ® I, 
a i-+ (p(a) - p(0))2 assures a c€]0,a[ such that 2(p(c) - p(0)) • p(c) = 
0. Since p(c) is timelike, this means that p(c) — p(0) is spacelike, a 
contradiction.

2.1.3. The previous result and the arrow orientation (which gives rise to the 
relation to be earlier, see 1.2.3) allow us to define an order — an orientation — 
on a world line as follows.

Proposition. Let p : R >—> M be a parametrization of the world line C. 
Then one of the following two possibilities occurs:

(«) a < f3 if and only if p(a) is earlier than p(/3),
(it) a < /3 if and only if p(a) is later than p(J3)

for all a, (3 6 Domp.

Proof, p is a continuous function having values in T and defined on
an interval, thus its range is connected which means that the range of p is
contained either in T^ or in T*~.

(j) Suppose Ranp C T~* and select an arbitrary a from the domain
of p. Then {{3 € Domp| a < (3} —► T, (3 pW-pW is a continuous
function defined on an interval, hence its range is contained in T^ or in 
T"“. Since Jim = p(a) g T^ and T~* is open, we conclude

that pW~P{a') g which implies that p(/3) — p(a) is in T-*, i.e. 
p(a) is earlier than p(0) for all a < (3.

(if) Similar considerations yield the desired result if Ranp C T*~.

Definition. A parametrization p of a world line is called progressive 
(regressive) if a < /3 implies that p(a) is earlier (later) than p((3) for 
all a,/3&Domp.

A world line is considered oriented by progressive parametrizations. ■

The reader easily verifies that the orientation is correctly defined: if p and 
q are progressive parametrizations of a world line, then p-1 oq : R >—+ R is 
strictly monotone increasing.

Note that the proposition holds and the definition can be applied also for 
parametrizations that are defined on an oriented one-dimensional affine space.

2.1.4. If x and y are different points of a world line then they are 
timelike separated.
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Conversely, if x and y are timelike separated world points then there 
is a world line C such that x,y & C. Indeed, the straight line passing 
through x and y is such a world line. Note the important fact that there 
are many world lines containing x and y.

2.2. Proper time of world lines

2.2.1. Masspoint is an abstraction of a “small” material object. Imagine a 
piece of quartz oscillator as a masspoint; it “feels” that time passes during its 
history: the progress of time is measured by the number of oscillations. Since 
absolute time does not exist, it is evident that each history has its own proper 
time that passes. This means physically that the oscillations depend on the 
history. Take two “small” quartz crystals resting on the table. Let one of them 
continue to rest and seize the other, shake it for a while, then put it back on the 
table. Count the number of oscillations in each crystal during their separation: 
the two numbers can be different.

2.2.2. We already know what is later and earlier on a world line. Now we 
should like to measure how much later (or earlier) a point of a world line is than 
another, i.e. we want to measure the time passed between two points of a world 
lipe.

Our experience indicates that time passes “uniformly” for an inertial mass­
point. According to the affine structure of spacetime, the history of an inertial
masspoint will be described by a straight line segment.

Let x, y and z 
is later than x and y 
z — x, thus there is an a 
flow of time suggests that

be points of a straight world line 
is later than z. Then y — x

€ R+ such that y — x = a(z — x). 
a times more time passed between

such that z 
is parallel to 
The uniform 
x and y

than between x and z. But we do not know yet how much time passed
between the world points. To measure the time passed between x and y 
(along the straight world line) we ought to measure somehow the “length” of 
the vector y - x. The Lorentz form g offers a possibility: we accept that 
|y — a;| is the time passed between x and y along the straight world 
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line. Note that g is not positive definite (is not a Euclidean form), thus the 
pseudo-length defined by g has strange properties (see V.4.10) which will be 
important in the sequel.

Take now a “world line” consisting of two consecutive non-parallel straight 
line segments (according to our present definition, such a line is not a world line 
because it is not differentiable in one point, that is why we put the quotation 
mark; we use such broken world lines for our heuristic consideration and later 
we permit them by a precise definition, too). Let z be the breaking point, 
let x be earlier than z, z earlier than y. Then we measure the time 
passed between x and y along the broken world line by the sum of the 
time passed along the straight line segments: \z — a;| + \y — z\.

The generalization to a broken world line consisting of several straight line 
segments is trivial.

Let now C be an arbitrary world line, x, y € C, x is earlier then
y. We can approximate the time passed between x and y along C 
by the time passed along broken lines approximating C.

Take a progressive parametrization p of the world line C. Then an
approximation of the time passed between x and y along C has the 
form

n
^|p(afc+1) -p(afc)| 
fc=i

which nearly equals
n

52lp(afc)l(a*:+i - oik).
fc=i

We recognize an integral approximating sum. This suggests us the following 
definition (the reader is asked to study Section VI.7).

Definition. 
x = y. If C 
then

Let x and y be timelike separated world points or 
is a world line passing through x and y (i.e. x,y € C)

tc(x,y)
y

~1 MC|

is called the time passed between
The time passed between x 

inertial time between x and

x and y along C.
and y along a straight line is called the 

y and is denoted by t(a?,p). ■

Evidently,
if x is earlier than y 
if y is earlier than x.
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2.2.3. The time passed between two world points along different world lines 
can be different. The longest time passes along the inertial world line:

Proposition. Let x be a world point earlier than the world point y. 
If C is a world line containing x and y then

tc0,2/) <^,y)

and equality holds if and only if C is a straight line segment between x 
and y.

Proof. Let z € C, z is earlier than y and later than x. Then 
the reversed triangle inequality (V.4.10) results in t(:r, z) + t(z,?/) < t(x,y), 
where equality holds if and only if z is on the straight line passing through 
x and y. As a consequence, the time passed between x and y along 
a broken line (defined to be the sum of times passed along the corresponding 
straight line segments) is smaller than the inertial time between x and y. 
The definition of tc(x,y) as an integral involves that tc^,y) can be 
obtained as the infimum of times passed between x and y along broken 
lines.

2.2.4. Note that the Lorentz form g — besides the determination of the 
light cone and the Euclidean structure on spacelike subspaces — has got a new 
and important role: the determination of time passing along world lines.

We emphasize that the integral formula for the time passing along a world 
line is a definition and not a statement.

2.2.5. We call attention to the fact that in our customary illustration the 
same time period passed along different inertial world lines is represented, in 
general, by segments of different lengths.
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The same length corresponds to the same time period on two inertial world 
lines if and only if the two illustrating straight lines have the same inclination 
to the two lines of L“* :

2.3. World line functions

2.3.1. Definition. Let C be a world line, xo e C. Then the mapping

C —► I, x *-> tc(a?o, $)

is called the proper time of C starting from xo. ■

Since every tangent vector x 0 of the world line C is timelike i.e. 
|x| 0, according to Proposition VI.7.5, the inverse of the proper time,

r : I >-+ M

defined by
r(tc(z0,x)) = x (x^C) 

and having the property

tc^o, ’’(*)) = t (teDomr)

is a progressive parametrization of C, called the proper time parametrization
of C starting from xo. We know that for all tgDomr

./ x M rW € y, r(t) is future-directed timelike,

moreover, Proposition VI.7.5 implies

|f(t)| = 1;
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all these mean that
r(t) € V(l) (t G Domr).

2.3.2. According to the previous considerations, if C is a world line then 
there is a parametrization r : I >-» M of C (i.e. r is defined on an 
interval, is twice differentiable, its range is C) such that r(t) G V(l) for 
all t G Dom r.

From the properties of integration on curves we derive that

r Tl/)

tc(x,y) = J \r(t)\dt = r~1(,y)-r^1(xf

As a consequence, if ri and r2 are parametrizations with the above 
property then there is a to € I such that Dom r2 - to + Dom ri and 
ra(t) = n(t - t0) (teDomr2).

Indeed, choosing an element xo of C and putting to := r^1(xo) - 
rf1^) we get rf1^) = r2 ~ *o which gives the desired result with 
the notation t:=r^'1(a;).

2.3.3. Our results suggest how to introduce the notion of world line functions 
which allows us to admit piecewise differentiability as in the non-relativistic case.

Definition. A function r : I >—» M is called a world line function if
(j) Domr is an interval,

(w) r is piecewise twice continuously differentiable,
(m) r(t) is in V(l) for all t G Domr where r is differentiable.

A subset C of M is a world line if it is the range of a world line
function.

The world line function r and the world line Ranr is global if 
Domr = I. ■

2.3.4. If r is a world line function then differentiating the constant 
mapping t i-> r(t) -r(t) = -1 defined on the differentiable pieces of Domr 
we get that

Ef(t)-r(t)=O, i.e. WGr^J,
1 I

and the same is true for right and left derivatives where r is not differentiable.
The functions r : I V(l) and r : I >-» can be interpreted as the 

(absolute) velocity and the (absolute) acceleration of the material point whose 
history is described by r.
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That is why we call the elements of V(l) velocity values and the spacelike 
elements in acceleration values.

2.3.5. Recall that V(l) is a three-dimensional smooth submanifold of 
M. The elements of 0 < v2 < 1} will be called relative velocity
values', later we shall see the motivation of this name.

Note the following important facts.
(?) The velocity values are timelike vectors of cotype I, in particular they 

are future-directed. The velocity values do not form either a vector space or an 
affine space. The pseudo-length of every velocity value is 1. There is no zero 
velocity value. Velocity values have no angles between themselves.

(m) Relative velocity values are spacelike vectors of cotype I. They do not 
form a vector space. The magnitude of a relative velocity value (see 1.3.3) is 
a real number less than 1. A relative velocity can be smaller than another; 
there is a zero relative velocity value. If u € V(l) then t11 |v| < 1} 
is an open ball in a three-dimensional Euclidean vector space and consists of 
relative velocity values. The angle between such relative velocities makes sense.

(m) Acceleration values are the spacelike vectors of cotype I® I. They do 
not form a vector space. The magnitude of an acceleration value is meaningful, it 
is an element of ®. An acceleration value can be smaller than another; there 
is a zero acceleration value. If u € V(l), then is a three-dimensional 
Euclidean vector space consisting of acceleration values. The angle between such 
acceleration values makes sense.

“Quickness” makes no absolute sense; it is not meaningful that a material 
object exists more quickly than another. A velocity value characterizes somehow 
an actual tendency of the history of a material point. Material objects can move 
slowly or quickly relative to each other.

2.4. Classification of world lines

2.4.1. We would like to classify the world lines as we did it in the non- 
relativistic case. The notion of inertial world line is straightforward. However, 
the uniformly accelerated world line and the twist-free world line give us some 
trouble.

If we copied the non-relativistic definition, i.e. we required that the accelera-
tion of a world line function r be constant, r = a, where a is a space-
like element of then there is a c € V(l) such that r(t) = c + at
(t€Domr). Since r and r are g-orthogonal, c + at and a are 
g-orthogonal: c • a + |a|2t = 0 for all t € Domr which implies a = 0.
There would be no uniformly accelerated world lines except the inertial ones.
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The problem lies in the fact that the actual acceleration values of a world line 
belong to a subspace g-orthogonal to the corresponding velocity values; if the 
velocity value changes then the corresponding subspace changes as well: changing 
velocity involves changing acceleration.

Nevertheless, we have not to give up the notion of uniform acceleration. 
We established a natural mapping between two subspaces g-orthogonal to two 
velocity values: the corresponding Lorentz boost (see 1.3.8). Then we may 
require that the world line function r is uniformly accelerated if r(s) is 
mapped into r(t) by the Lorentz boost from r(s) to r(tf

A similar requirement for leads us to twist-free world line functions.

2.4.2. Definition. A twice continuously differentiable world line function 
r and the corresponding world line is called

(i) inertial if r = 0,
(ii) uniformly accelerated if L(r(t),r(s)) ■ r(s) = r(t) for all t, s € 

Dom r,
(m) twist-free if |r(t)|L(r(s), fit)) • f(s) = |f(s)|r(t) for all t,s&Domr. 

■

It is quite evident that a twice continuously differentiable world line function 
r is inertial if and only if there are an xo € M and a uo e V(l) such 
that

r(t) = xo + uot (tgDomr).

2.4.3. Let r be a twice continuously differentiable world line function and 
put

u := r : I >—» V(l).

If r is uniformly accelerated, then, by definition,

(tseDomr). (.)
1 — u(t) • u(s)

E
Fix an s e Domr, put uo := u(s) € V(l), ao := «(«) € yfi to 

have the following first-order differential equation for u :
(u + uoYu ■ ao)

1 — u • uo
Unfortunately, it is rather complicated.
Another differential equation can be derived, too, by using u(s) • u(s) = 0 

and observing that |r| = |it| =: a is constant (the Lorentz boosts are g- 
orthogonal maps). We obtain the equality

. , . .... + u(s)) (yft) - u(s^
uM - ~-------------- l-u(t) u(.)--------------  
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from (*); dividing it by s — t and letting s tend to t we get the 
extremely simple second-order differential equation

•• 9u = a u

whose general solution has the form

Qo
u(t) = uo ch at H----- sh at 

a
(t e I), (**)

where uo € V(l), ao € , |ao| = a-
Equality (**) has been derived from (*). It is not hard to see that

t w u(t) defined by (**) satisfies (*), i.e. (*) and (**) are
equivalent.

Finally, a simple integration results in the following.

Proposition. The twice continuously differentiable world line function r 
is uniformly accelerated if and only if there are an xo € M, a uo € V(l)

E and an ao € such that

sh|ao|t chlao| — 1 \r i = xo + uo 1 7 + ao — (t € Dom r).
I°o| |ao|

2.4.4. If the twice differentiable world line function r is twist-free, then 
there are u0 € V(l), no e |no| = 1 such that for u := r the 
following differential equation holds:

/ (u + uo)(u ■ no) 
u = u no + —------------------  

\ 1 - u • uo
The method applied to uniformly accelerated world line functions to derive 

another differential equation works here as well. The reader is asked to perform 
the calculations to have

u|u|4 = ii|it|2 — u^u • u) 
or

provided that u is nowhere zero (g is the identity map of M).
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2.5. World horizons

2.5.1. The light signals starting from a world point x are in x + L-4, 
masspoints existing in x continue their existence in x + T-* : every 
phenomenon occurring in x can influence only the occurrences in x + 
(T~* U L-*), the future-like part of spacetime with respect to x.

Conversely, only the occurrences in x + (T^ U L4-) can influence an 
occurrence in x.

Consider a world line C. If a:+(T“>UL^) does not meet C, then an 
occurrence in x cannot influence the masspoint whose history is described 
by C; in other words, the masspoint cannot have information about the 
occurrence in x. That is why we call

{z € M| C C (x + (T^ U L^)) = 0} = {z € M| (C - x) n (T-4 U IT) = 0}

the indifferent region of spacetime with respect to C.
It can be shown that it is a closed set (Exercise 2.7.3) whose boundary is 

called the world horizon of the world line C.
Obviously the indifferent region is void if and only if the world horizon is void.

2.5.2. Consider a world line function r. Then a world point x is not 
indifferent to the corresponding world line if and only if there is a t 6 Dom r 
such that r(t) — x € T-4 U L-4 i.e.

(r(t) - x)2 < 0

and
it • (r(t) — m) < 0

for an arbitrary it E V(l).

2.5.3. The world horizon of an inertial world line is empty.
Indeed, take the inertial world line xo + uo ® I, an arbitrary world point 

x and look for t € I satisfying

(a;o + itoi - x)2 < 0, 

“o ' (^o + uot -x) <0.

Since (ro - x)2 = |irUo • (;Co - z)|2 - |uo ■ (;ro - x)|2, the inequalities can 
be written in the form

|wUo • (xo - x)|2 - |t - uo ■ (z0 - x)|2 < 0,

t - uo ■ {xo — x) > 0;
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they are satisfied for every

t > u0 • (zo - z) + |ttUo • (xo - z)|.

2.5.4. The indifferent region of spacetime with respect to the uniformly 
accelerated global world line described by

sh |a0|t ch |a0|t — 1
t 1 * Xo T Uq : : + do ' To

l«o| |<Xo|
(t€l)

is
{x € M| (|ao|uo + «o) • (^o - x) > 1} .

Indeed, according to 2.5.2, the world point x is not indifferent if and only 
if there is a t for which

o sh2at (chat-1)2 „ shat chat-1
x2------- z— +  ------ 5—— + 2uo ■ x-------+ 2ao • x------- =---- - °’a2 a2 a a2

shat
uo ■ x--------- < 0

a

where 
x := xo - x, a |ao|.

The second inequality holds if t is large enough.
The first inequality can be written in the form

2 shat - chat + 1 , , ch at-1
a:2 + 2uo • x-----------------------1- 2(ao • x + auo ■ x - 1)---- ------- < 0.

Since sh at - ch at tends to zero and ch at tends to plus infinity as t 
tends to plus infinity, we see that if (ao • x + au • x — 1) < 0 then both 
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inequalities hold if t is large enough, i.e. an x out of the set (*) is 
not indifferent with respect to the world line.

Take now an x in the set (*) such that uo • x = 0. Then x 
is a non-zero spacelike vector, thus x2 > 0 and we see that the previous 
inequality does not hold for any t because chat—1>0: x is indifferent 
with respect to the world line.

To end the proof, note that au0 + t0 is a lightlike vector, hence x is 
indifferent if and only if x + A(auo + ao) is indifferent for some A € I. 
Choose A in such a way that ito • (xo — x — A(aito + ao)) = 0.

2.6. Newtonian equation

2.6.1. In the special relativistic spacetime model there is a single measure 
line, I. Time periods and distances are measured by the elements of I. 
There is no natural way to introduce different measure lines for time periods 
and distances. This reflects the experimental fact that light speed is a universal 
constant; thus a time unit indicates a distance unit as well: the distance covered 
by a light signal during the unit time period. The SI physical dimensions are 
extraneous to special relativity.

The light speed in the SI units is

c= (2,9979...)108 —.
s

Measuring distances by light signals we arrive at the definition

m := (3,3356.. .)10-9s.

Now it is totally senseless to introduce a measure line for masses; using the 
Planck constant and the formulae of 1.2.4.1 and the definition above we get that 
I* = ® is the measure line of masses and

kg := (8,5214.. .)1O50-. 
3

2.6.2. Since acceleration values are elements of and “the product
of mass and acceleration equals the force”, the force values are elements of 
I* ® ; moreover, we take into account that the momentary
acceleration value of a masspoint is g-orthogonal to the corresponding velocity 
value.

Thus we accept that a force field is a differentiable mapping

M'
f -. MxV(l)~ —
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such that
uf(x,u)=O ((x, u) G Dom f).

The history of the material point with mass m under the action of the 
force field f is described by the Newtonian equation

mx = f(x,x)

i.e. the world line function modelling the history is a solution of this differential 
equation.

2.6.3. Some of the most important force fields in special relativity, too, 
can be derived from potentials; e.g. the electromagnetic field. However, the 
gravitational field cannot be described by a potential; this problem will be 
discussed later (Chapter III).

A potential is a twice differentiable mapping

K :

(in other words, a potential is a twice differentiable covector field).
The field strength corresponding to K is DAK : (the

antisymmetric or exterior derivative of K, see VI.3.6).
The force field f has a potential (is derived from a potential) if

— there is an open subset O C M such that Dom / = O x V(l),
— there is a potential K defined on O such that

f(x,u) = F(s) • u (x G 0, u € V(l))

where F := D A K.
It is worth mentioning: F(x) is antisymmetric, hence u ■ F(x) u = 0, 

as it must be for a force field.

2.6.4. In the non-relativistic spacetime model a force field can be independent 
of either of its variables, in particular, it can be a constant map. In the present 
case, on the contrary, a non-zero force field cannot be independent of velocity, 
in particular, it cannot be a constant map.

We could try to define a constant force field in such a way that the corre­
sponding Lorentz boosts map its values into each other, i.e. f would be 
constant if

Z(u',u) ■ f(x,u) = f(x,u')

for all possible x, u and u'. However, such a non-zero field cannot exist 
(Exercise 2.7.5): there is no non-zero special relativistic constant force fieldl
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2.7. Exercises

1. Prove that the uniformly accelerated world line function given in 2.4.3 
satisfies

r(t) = xo + uot + —t2 + Ordo(t3).

2. Let uo e V(l), a0 e and (3:1^1 a continuously 
differentiable function defined on an interval. Demonstrate that the world line 
function r for which

r = uo\/ /32 + 1 + ao/3

holds is twist-free.
3. The indifferent region of spacetime with respect to the world line C has 

the complement
U {2 + (T-jLn}.
zee

Using L^ + = T-* show that it equals

U nn
z^C

which, being a union of open sets, is open. Consequently, the indifferent part of 
spacetime with respect to C is closed.

4. Let r be a global world line function and put u := r. Prove that 
the world horizon of the corresponding world line is empty if one of the following 
conditions holds:

(i) there exist lim u(t),
(w) u is periodic, i.e. there is a to > 0 such that u(t +10) = u(t) 

for all t e I.
(Hint: (i) V(l) is closed, hence the limit belongs to it. (if) Put z0 := 

f*"u(t)dt, uo := and consider the inertial world line r(to) + uo®I.)
5. Let </>: V(l) —* M be a function such that

u ■ = 0 and </>(«'):= L(u',u) ■ (u',u € V(l)).

Prove that 0 = 0. (Hint: L(u", u1) ■ L(u', u) ■ 0(u) = L(u", u) ■ <£(u) 
must hold; applying Proposition 1.3.9 find appropriate u" and u1 for a 
fixed u in such a way that the equality fails.)
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3. Inertial observers

3.1. Observers

3.1.1. We can repeat word by word what we said in 1.3.11 to motivate the 
following definition.

Definition. An observer is a smooth map U :M>-tV(l) whose domain 
is connected.

If Dom 17 = M, the observer is global.
The observer is called inertial if it is a constant map. ■

V(l) is a subset of ; the differentiability (smoothness) of a map from 
M into V(l) means the differentiability (smoothness) of the map from M 
into m .

3.1.2. Let U be an observer. The integral curves of the differential 
equation

(am I~M)? i = U(x)

are evidently world lines.
As in the non-relativistic case,

M
Au := DD • U : M ~ —

1 ® 1

is the acceleration field corresponding to U.

3.1.3. Again we can repeat the arguments confirming that the space of an 
observer is the set of its maximal integral curves.

Definition. Let 17 be an observer. Then Eu, the set of maximal 
integral curves of 17, is the space of the observer U or the U-space. ■

Again a maximal integral curve of U is called a J7-line if considered to be 
a subset of M and is called a 17-space point if considered to be an element 
of Eu-

Cu(^) will stand for the (unique) J7-line passing through x; we say 
that Cu(x) is the CZ-space point that x is incident with.

3.1.4. There is no absolute time in the special relativistic spacetime model. 
We could think that — on the analogy of the observer space — the time of an 
observer can be defined in a natural way.

How do we try to introduce the observer time? We ought to determine 
somehow which world points have the same instant from the point of view of the 
observer, i.e. which world points are considered to be simultaneous.
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We know that every [7-line has its proper time: in every [7-space point the 
own time of the point passes. Evidently, we expect that simultaneity is related 
to the proper time of space points. However, in general, “time passes differently 
in different space points” and that is why simultaneity cannot be defined in a 
natural way.

The exact meaning of the above phrase in parentheses will be clarified later.
Inertial observers are good exceptions: the lines of an inertial observer are 

evidently parallel straight line segments: “time passes in the same uniform way 
in each space point”.

3.2. The time of an inertial observer

3.2.1. Our experience that light propagates isotropically with respect to an 
arbitrary inertial observer (with the same speed in all directions) suggests the 
following method for determining simultaneity.

A clock at a space point says the time, another clock at another space point 
says the time, too. We should like to synchronize them: “when one of them 
says 12 then (at the same moment) let the other say 12 as well”. We make 
such a synchronization by the everyday method: a radio signal (i.e. in fact a 
light signal) is emitted by the clock that says 12 at the studio and, hearing the 
signal, we set our clock. Of course hearing the signal we do not set the clock 
to 12 because we know that some time passed between emission and reception. 
Knowing the distance between the studio and our place we know the time passed 
owing to the constancy of light speed. How do we measure the distance between 
the studio and our place? With the aid of a radar, i.e. by means of light signals. 
Let the radar be at the studio. It emits a light signal toward us, the light signal 
is reflected by us, the radar receives the reflected signal and measures the time 
passed between emission and reception. Knowing this time passed we know the 
distance owing to the constancy of light speed.

We can simplify the procedure in such a way that the time signal and the 
radar signal be the same. Let us see this simplified version.

Take two different space points of the observer. Put a source of light in one of 
them and locate a mirror in the other. Emit a light signal toward the mirror and 
receive the reflected signal. Since light travels the same time there and back, the 
reflection at the mirror is simultaneous with that time point at the source which 
halves the interval between emission and reception.

3.2.2. Let U be a global inertial observer having the constant velocity 
value u.

We want to determine the condition that the world point y is simultaneous 
with the world point x, according to 17; x and y symbolize the 
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middle point between emission and reception, and the reflection at the mirror, 
respectively.

The world point y is to be simultaneous with x according to U if 
there is a t € I such that y — (x — ut) and y — (x + ut) are lightlike 
vectors:

(t/ - (x - ut))2 =0, (y - (x + ut))2 = 0,

(y - x)2 + 2(y - x) ■ ut - t2 = 0, (y - x)2 - 2(y - x) ■ ut - t2 = 0

which give
y — x € Eu; in other words, y & x + Eu.

All these have been heuristic considerations to support the following definition.

Definition. Let U be a global inertial observer having the constant 
velocity value u.

The set of world points simultaneous with x, according to U, is 
x + Eu, the hyperplane passing through x and directed by Eu.

The set of hyperplanes directed by Eu, denoted by Icz, is called the 
time of the observer or the U-time. Its elements are the U-instants. ■

It is important that simultaneity with respect to U is a symmetric relation 
on M: if y is [/-simultaneous with x, then x is [/-simultaneous 
with y.

We emphasize that [/-time is defined only for inertial U.
In the non-relativistic case there is an absolute time giving absolute simultane­

ity and it is convenient to identify instants with the corresponding simultaneous 
hyperplanes.
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Here we define simultaneity (with respect to an inertial observer) by hyper­
planes, and then we define an instant (with respect to the observer in question) 
to be a simultaneous hyperplane.

Evidently, different inertial observers determine different simultaneities.

3.2.3. Simultaneity with respect to an inertial observer is in accordance with 
the time passing in the observer space points: the same time passes in different 
space points between simultaneous occurrences.

A hyperplane t & lu (a JV-instant) and a line q G Eu (a [/-space 
point) meet in a single world point which will be denoted by

q*t.

Proposition. Let U be an inertial observer having the constant velocity 
value u. Take two [/-space points q and q' and two [/-instants t 
and s. Then the time passed along q between x := q*t and y ~ q*s 
(the inertial time t(x,y) between x and y) equals the time passed 
along q' between x' := q*t and y' := q'*s (the inertial time t(x',y') 
between x' and y'}.

Proof. We have that x' - x and y' —y are g-orthogonal to u and

y - x = ut(x,y), y' - x' = ut(x',y').

Multiplying the equality

((y1 - x) =) (y1 - x') + (x' -x) = (y' - y) + (y - x) 
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by — u we obtain
t«y') = t(x,y). ■

3.2.4. The previous result offers the possibility to define the time passed 
between two [7-time instants t and s as the time passed between t 
and s in an arbitrary [7-space point.

More closely, take an arbitrary world point x in the hyperplane t, find 
the unique world point y in s such that the straight line passing through 
x and y is a [7-line, and then let s — t := t(m, y) — — u ■ (y — x) be the 
time passed between t and s.

Note that — u • (y — x) is the same for all y € s and x & t, thus 
avoiding the notation t(x,y) we can omit the requirement that x and 
y be on the same [7-line.

Proposition. Icz, the [7-time, endowed with the subtraction

s - t := tu ■ (y - x) = -u • (y - x) (x e t,y e s)

is an affine space over I. ■

The proof is immediate.
Thus the time of a global inertial observer is a one-dimensional oriented affine 

space.

3.3. The space of an inertial observer

3.3.1. Our heuristic notion about the affine structure of the space of a physical 
observer means that we assign a vector to two space points; the assignment 
supposes simultaneity.
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The simultaneity introduced previously offers us indeed a natural way to define 
an affine structure on the space of an inertial observer.

First we prove an analogue of Proposition 3.2.3.
Proposition. Let U be a global inertial observer with the constant 

velocity value u. Take two U-space points q and q' and two ll-instants 
t and s. Then the vector between x':= q'*t and x'.— q^t equals 
the vector between y' := q' * s and y := q * s.

Proof. By Proposition 3.2.3 we have t(x,y) = t(x',y') —: t. Conse­
quently, y - x = y' — x' = ut and then

(y' -y) + (y-x) = (y' - x') + (x' - x)
gives the desired result:

y' - y = x' - x.

3.3.2. The previous result offers the possibility to define the vector between 
the 17-space points q' and q to be the vector between the world points 
x1 and x that are simultaneous and incident with q' and q, respec­
tively.

Note that x' - x = ttu • (x' - x), if x' and x are simultaneous 
with respect to U, and • (x1 - a:) is the same for all x' in q' 
and x in q. As a consequence, using iru(x'-x), we can omit the 
requirement of simultaneity.

Proposition. Ei/, the space of the global inertial observer U, en­
dowed with the subtraction

q' - q := nu • (x' - x) (x1 eq',x e q)
is an affine space over Eu. ■
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The proof is immediate.
Recall that (Eu, I, bu) is a Euclidean vector space. Thus we can say that 

the space of a global inertial observer is a three-dimensional oriented Euclidean 
affine space.

3.4. Splitting of spacetime

3.4.1. Let us take a global inertial obvserver U with the constant velocity 
value u.

The observer assigns to every world point x the (7-time point ru{x), 
the set of world points simultaneous with x according to U: tu{x) = 
z + Eu, as well as the (7-space point Cu(x) that x is incident with: 
Cu(^) = x + u ® I.

It is worth listing the following relations regarding the affine structures of 
and of Eu as well as the mappings tu : M —»lu and Cu : M —+ Ey:

(i) {y + Eu) - (x + Eu) = —u ■ {y - x) {x,y € M),
{ii) {x + x + Eu) = {x + Eu) - u ■ x {x € M, x e M),

{Hi) x + Eu = y + Eu if and only if y - x is g-orthogonal to u, 
and
{iv) {x1 + u ® I) - {x + u ® I) = ttu ■ (x1 — x) {x1, x € M),
(v) {x + x) + u ® I = {x + u ® I) + 7TU • x {x € M, x € M),

{vi) x + «®I = a;' + u®I if and only if x' — x is parallel to it;
moreover,
{vii) {y + Eu) O {x + u ® I) = {x + it (-it ■ {y — a;))} {x,y & M)
or, in another form,

{y + Eu) * {x + u ® I) = x + u(-u • {y - x)')

3.4.2. It is trivial by the previous formulae {i) and {iv) that 

ru : M -+ I[/, ir a: + Eu
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is an affine map over ru = -u and

Cu ■ M-> Eu, x i-> x + u 0 I

is an affine map over 7ru.

Definition.

Hu := (r^Cu) : M -+ lu x Eu, x (x + EU) x + u 01)

is the splitting of spacetime according to the global inertial observer U.

Proposition. The splitting Hu is an orientation-preserving affine bijec­
tion over the linear map hu = (ru, ttu) (cf. 1.3.5) and

= q*t (t e lu, Q € Eu).

3.4.3. We can simplify a number of formulae and calculations by choosing 
a [7-time point to and a [/-space point q0 and vectorizing [7-time and 
[/-space:

lu —+ I, t e-+ t — to,
Eu -> Eu, q^q- qo-

Choosing to and qo is equivalent to choosing a “spacetime reference 
origin” o € M : {o} 6 q0 C to, ru(o) = to, Cu(o) = qo.

The pair (U,o) is called a global inertial observer with reference origin. 
We can establish the vectorized splitting of spacetime due to (U, o') :

Hu,o : M —> I x Eu, x >-> (tu(x) - Tu(p), Cu(x) - Cu(o)) - 
= (-M • (x — o), 7TU ■ (x - O)).

Thus, if Oo denotes the vectorization of M with origin o then

Hu,o — 0 ^o'

3.5. Exercise

Define the basic observer in the arithmetic spacetime model.
Choose the zero in R1+3 to be a reference origin for the basic observer.

Then vectorized splitting of spacetime is the identity map of R1+3.
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4. Kinematics

4.1. Motions relative to an inertial observer

4.1.1. Let 
value u.

U be a global inertial observer with constant velocity

Take a world line function r.
Then the function ru o r : I assigns 17-time points to proper time

points of r. This function is piecewise twice differentiable and its derivative

(ru ° r)' = tu ■ r = -u • r

is everywhere positive (see 1.3.1). Consequently, tv or is strictly monotone 
increasing, has a monotone increasing inverse

zu ■= (tu or)-1 : Iv I

which gives the proper time points of r corresponding to 17-time points; 
moreover, its derivative comes from the inverse of the derivative of ru ° r :

zu(t) =--- —77\T (t € Dom zu)-

4.1.2. The history of a material point is described by a world line function 
r. A global inertial observer U observes this history as a motion described 
by a function ru assigning to 17-time points the 17-space points where the 
material point is at that 17-time point.

To establish that function, select a 17-time point t; find the corresponding 
proper time point zu(t) and the spacetime position r(zu(t)) of the 
material point; look for the 17-space point Cu(r(zu(t))) that the world 
point in question is incident with.

Definition.

ru ■ lu Ey, t1-> Cu(r(zu(t))) = r(zu(t)) + u ® I

is called the motion relative to U, or the 17-motion, corresponding to the 
world line function r.

4.1.3. The question arises, whether the history, i.e. the world line function, 
can be regained from the motion. Later a positive answer will be given (Section 
4.4).
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4.1.4. Some formulae and calculations become simpler if we use a vector­
ization of 17-time and 17-space, i.e. we introduce a reference origin o (see 
3.4.3.).

Then ru o r — tu(o) = -u ■ (r — o) : I >-+1 is differentiable, its derivative 
equals the derivative of ru ° r, hence it is strictly monotone increasing, its 
inverse

zu,o := (-« • (T - o)) : I I

is monotone increasing as well and

The motion relative to (U, o) is

rUl0 : I ~ Eu, t h rutt) - Cu(o) = ttu • (rpu.op)) - o).

4.2. Relative velocities

4.2.1. Proposition. Let U be a global inertial observer and let r be 
a differentiable world line function; then ru is differentiable and

/ r \
ru = I -------r — u o zu- \ —u■r /

Proof. Recalling that Cu : M —* Eu is an affine map over ttu, we
obtain

ru(i) = ^Cu(r(zu(t))) = • ru(zu(t))zu(t);

then taking into account the formula in 4.1.1 for the derivative of zu, we 
easily find the desired equality. ■

It is evident that, choosing a reference origin o, we have

( r \
ru-o = -------r - « p Zu o- \ —u ■ r /

4.2.2. Since ru describes the motion, relative to the observer U, of 
a material point, ru is the relative velocity function of the material point. 
This suggests the following definition.
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Definition. Let u and u' be elements of V(l). Then

u'
•= 7—u • u

is called the relative velocity of u' with respect to u.

Proposition. For all u, it'G V(l)
(i) vU'u is in

(w) vu'u = -vUU' if and only if u = it',
(iti) |lluzu| = [Hull' I 1 (uuff

Proof. («) is trivial, (in) is demonstrated by a simple calculation. 
Suppose

u' u ,-------- - - u =---- --------u ;
—u • it' —u • It

multiply the equality by it to have

0 =----- ------ it' ■ it, (it' ■ it)2 = 1.
—u' u

According to the reversed Cauchy inequality (see 1.3.1) this is equivalent to 
it = u'. ■

Earlier we obtained that Eu and Eu- are different if and only if 
u ± u' and in this case vu>u ® I (vUU‘ ® I) is a one-dimensional linear 
subspace in Eu (E„'), orthogonal to EUAEU' (see 1.3.7) which offers 
an alternative proof of (it).

4.2.3. Let us take now two global inertial observers with constant velocity 
values u and it'. Then vu-u and vuu< are the relative velocities 
of the observers with respect to each other. Then (Hi) of the previous proposition 
implies that vu-u = 0 if and only if u = u'. Moreover, (ii) says that in 
contradistinction to the non-relativistic case and to our habitual “evidence”, the 
relative velocity of u' with respect to u is not the opposite of the relative 
velocity of u with respect to u', except the trivial case u = u'.

It is worth emphasizing this fact because in most of the textbooks one takes it 
for granted that vu>u and -vuui are equal: “if an observer moves with 
velocity v relative to another then the second observer moves with velocity 
—v relative to the first one”.

Nevertheless, no harm comes because vectors are given there by components 
with respect to convenient bases and then the components of vu'u and uUU' 
become opposite to each other.

The reason of non-equality of vU'U and — vUU' is that the spaces of
different inertial observers are affine spaces over different vector spaces.
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However, we have a nice relation between the two vector spaces in question: 
the Lorentz boost from u to u' maps Eu onto Eu, in a natural 
way and maps vu'u into — vUU'.

Having the equality
L(u , u) ■ — ^uu'

(see 1.3.8), we already know how to choose bases in Eu and in Eu' to 
get the mentioned usual relation between the components of relative velocities: 
take an arbitrary ordered basis (ei,e2,e3) in Eu and the basis (e< := 
L(w',«) • ej i = 1,2,3) in Eu/. Now,

3 3

if vulu^^vlei then vuu, =
i=i »=i

4.2.4. We often shall use the equalities

—u • u' =

and 

deriving from 4.2.2 (m) and (i) and from the definition of vu'u-

4.2.5. The relative velocities in the non-relativistic spacetime model form 
a Euclidean vector space. Here the relative velocities with respect to a fixed 
u € V(l) form the unit open ball in the Euclidean vector space :

B.
Eu

The set of all relative velocities is U Bu, a complicated subset of 
U6V(1)

M
T‘

4.3. Addition of relative velocities

4.3.1. As a consequence of the structure of relative velocites, the “addition of 
relative velocities” is not a vector addition, i.e. if u, u', u" are different 
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elements of V(l) then — in contradistinction to the non-relativistic case — 
we have

Vu"u vu"u' + VU'U.

The left-hand side is an element of the right-hand side is the sum
of elements in -ft and in which indicates that they cannot be, in
general, equal.

We might think that the convenient Lorentz boost helps us; however,

VU"U / L(u, u') • + vu,u

because the length of the vector on the right-hand side can be greater than 1.

4.3.2. To find the formula for the addition of relative velocities — i.e. to 
express vu"u by means of and vu>u — we need some auxiliary
formulae:

^uru\j1 ^uw'
U = ----------- i----- P--------- >

^uu' ^u'uu = ------ *-------------------------
-KU

1 _ 1 — «u"u' ■ vuu>
~ K"u|2 ^1 - |fu"u'|2\/l ~ l«uu'|2

Then starting from the equality

we arrive at the following result.

Proposition. Let u, u’ and u" be elements of V(l). Then

Uu"u =

(vU"u' - y^y vuuA 7i - ku2 + (i - wy)_ \ ivuu' I____ / v_________ \____ ijyyi__ /___
1 • Vuw

4.3.3. It is important that vu"u cannot be expressed as a function of 
vU"Ui and vu'u or as a function of vu"u< and we need vuu'
or as well.
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We can derive other formulae, too; e.g. we can involve vu„u', vu'u" and 
vu'u instead of vu"U', vu,u and vuu'.

It is worth mentioning the special case when vu"u' is parallel to vuu' : 
vunu' = -avuui for some positive real number a. Then

T (
^u"u = ~

1 4- I

4.3.4. Putting v" := vu"u, v' := vu"u', v := vu>u, -v ~ vuu> 
(but this is impossible!) in the expression for vu"u in Proposition 4.3.2, we 
recognize the formula of usual treatments for the addition of relative velocities. 
In particular, if vu"u, is parallel to vuui, we get the most frequently 
cited Einstein formula

V"= .
1 + |v| |v'|

4.4. History regained from motion

4.4.1. Given a motion relative an inertial observer U, i.e. a piecewise 
twice differentiable function m : lu >—* Eu, can we determine the corre­
sponding world line function r such that m = ru^

Since ru = Cu 0 r o zu and Tu ° r is the inverse of zu, we have

(idi^jTu) = (tu °r o zu, Cu °r o zu) = Hu °r o zu-

Consequently, given the motion m,

r := Hy1 o (^^,171) o zy1

will be the corresponding world line function.
Similarly, if the vectorized motion m : I >-+ Eu is known, then

r := H^oc(idi,m)ozylo

is the required world line function which can be given by a simple formula: 

t^o + m^z^t)) + uzu>o(t).

4.4.2. The previous formulae are not satisfactory yet because zu and 
zu,0 are defined by U and (U,o) together with the world line function 
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r to be found; we have to determine them — or their inverse — from U, 
(U,o) and the motion m or m.

Equalities in 4.1.1 and 4.1.4 result in

1 1

71 - h2
m and m are given functions, hence zvr and zu1o can be 

obtained by a simple integration.

4.4.3. Let us consider the basic observer with the zero as reference origin 
in the arithmetic spacetime model (see Exercise 3.5). A motion is given by 
a function m : R >-+ R3. Let h : R >—♦ R be a primitive function 
of . 1 Then R >-* R x R3, t h-> (h(t), m(h(ty) is the world line 

V l~lml
function regained from the motion m.

4.5. Relative accelerations

Let r be a world line function and let U 
with constant velocity value u. Then ru 
differentiation of the equality in 4.2.1 yields

be a global inertial observer 
is twice differentiable and a

Cl / \
----- ~2 g + - ----- 7 -r ozu. (u ■ r) \ —ur J y

If a reference origin o is chosen as well, ru,o is given by a similar 
formula, with zu,o instead of zu-

We see that, in contradistinction to the non-relativistic case, the relative 
acceleration does not equal the absolute one. Of course, the relative acceleration 
takes values in the absolute acceleration takes values in •

4.6. Some particular motions

4.6.1. Take the inertial world line function

r(t) = xo + uot (t € I) (*).

Let U be a global inertial observer with constant velocity value u. 
Then

1
zv =---------—u • uo
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(see 4.1.1) from which we get immediately

zu(t) =
t - to

— U Uo

for some to G ly. Consequently (see 3.4.l(v)),

(+ _ + \ TT ‘ U
xo + Uo------— ) + u ® I = (xo + u ® I) 4-------- -(t - to) =

—U ■ Uo J -U UO
— Qxo 4" uUoU(t t0) (^ It/)> 

where qXo := xo + u ® I is the 17-space point that xo is incident with.
This is a uniform and rectilinear motion.
Conversely, suppose that we are given a uniform and rectilinear motion rel­

ative to the inertial observer, i.e. there are a q € Ey, a to E lu and a 
» £ such that

ruW = q + v(t - to) (t G II/)-

Then letting xo denote the unique world point in the intersection of 
and to and putting no := the world line function of form

V1—l”l
gives rise to the given motion.

Q
(*)

4.6.2. Take the uniformly accelerated world line function

sh at ch at — 1r(t) = xo + uo 1- ao 5----  a--------------a2
(t G I)

where a := |ao|; then

r(t) = uo ch at sh at
+ Oo------a

Let U be the global inertial observer with constant velocity value u.
The formulae will be more tractable if we choose a reference origin o. Then

ZU,oW = ~U ' “ °) =
sh at ch at - 1= —u ■ (xo - o) - u • uo u ■ a0 o---  a------------------ a2

(t G I).

Let us consider the special case u • ao — 0; then 

ZU,o(t) —
arsh a~~ —UUp

a
(t e I),



200 II. Special relativistic spacetime models

where to := ~u ■ (^o — o)- Thus

ruM hro - o + uo 1- ao 5  = 
I — u • uo-------------------a2------------ /

— Qo + wuou(^ *o) + bo a2 € I),

where
Qo ■ (^o o), bo := ao (1 — nUoU | ), (3 := a (1 — | vUqU | )

4.7. Light speed

4.7.1. We wish to determine the motion of a light signal with respect to an 
inertial observer. The procedure will be similar to that in Sections 4.1 and 4.2.

We introduce the notation
( MV(0) := j w e y w2 — 0, w ® I+ C L~*

The elements of V(0) are future-directed lightlike vectors of cotype I. 
Though the notation is similar to V(l), observe a significant difference: if 
two elements in V(l) are parallel then they are equal; on the other hand, if 
w is in V(0) then aw, too, is in V(0) for all a € R+.

Let U be a global inertial observer with constant velocity value u. Let 
us consider a light signal F, i.e. a straight line directed by a vector in V(0). 
The motion of the light signal with respect to the observer is described by

fu ; lu -* E[/, 11—+ (F ★ t) + u ® I
where F*t denotes the unique element in the intersection of the straight line 
F and the hyperplane t.
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If t, s e Ey then 
affine structure of lu

t — s = —u • (F * t - F * s) by the definition of the 
(see 3.4.2); then we easily find that

t~sF*t-F*s = w------

hence

—u • w

(w \ , _u w -uHt-s).

Thus the light signal moves uniformly on a straight line relative to the ob­
server.

4.7.2. Definition. Let w e V(0) and it e V(l). Then

w
^WU •= — U • W

is the relative velocity of w with respect to u.
Proposition. vwu is an element of and

|vwtt| — 1. ■

Observe that given an arbitrary u, w and aw have the same relative 
velocities with respect to u.

We do not define the relative velocity of it with respect to w.
According to the previous proposition, the magnitude of the relative velocity 

is the same number, namely 1, for every light signal and every inertial observer.
Light signals propagate isotropically with respect to all inertial observers.

4.7.3. Recall that relative velocity values have magnitude but two relative 
velocity values need not have an angle between themselves; relative velocities 
with respect to the same element of V(l) do form an angle.

Now we look for the relation between certain angles formed by relative velocity 
values. The physical situation is similar to that in 1.6.2.3. A car is going on a 
straight road and it is raining. The raindrops hit the road and the car at different 
angles relative to the direction of the road. What is the relation between the two 
angles? Now we can treat another question, too, considering instead of raindrops 
light beams (continuous sequences of light signals) arriving from the sun.

Let u and u' be different elements of V(l) (representing the 
absolute velocity values of the road and of the car, respectively). If w is 
an element of V(l) U V(0) (repesenting the absolute velocity value of the 
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raindrops or the absolut direction of the light beam), w u, w u', 
then

. Owu ’ 'Vu'u nl / \ Uuju' ’ ( ^UU )
0(w) := arccos 7-------------- r, 0 (w) := arccos------ j------- j— 

|vu'u| l^wu'l luu«'l

are the angles formed by the relative velocity values in question. A simple 
calculation verifies that

cos Pl w I — ------- .--------- —-------- : r.
1 + |fwu' I I C°S P (w)

If weV(O) then |vTOU| = |vwu/| = 1 and

cos0'(w) + |vuu'|
COS th W =  ------ :-------- :------ T77—r.1 + |vuu-|c°s0 '(w)

This formula is known as the aberration of light: two different inertial ob­
servers see the same light beam under different angles with respect to their 
relative velocities; the angles are related by the above formula.

5. Some observations

5.1. Physically equal vectors in different spaces

5.1.1. It is an important fact that the spaces of different global inertial 
observers are affine spaces over different vector spaces. Thus it has no meaning, 
in general, that a straight line segment (a vector) in the space of an inertial 
observer coincides with a straight line segment (with a vector) in the space of 
another inertial observer.

Let us consider two different inertial observers U and U' with con­
stant velocity values it and it', respectively. The spaces of U and 
U' are affine spaces over Eu and EU', respectively. We know that 
Eu n EU' is a two-dimensional subspace, orthogonal to vu>u and to 
^uu' •

If a vector between two points in the U-space lies in Eu A Eu' then we 
can find two points in the [/'-space having the same vector connecting them. 
We have troubles only with vector outside this two-dimensional subspace.

To relate other vectors, too, we start from the rational agreement that “if you 
move with respect to me in some direction in my space then I move with respect 
to you in the opposite direction in your space”. This suggests that the vector 
XvU'U in Eu and the vector —AvUu' in Eu' could be considered 
the same for all A € I. More generally, every vector in Eu has the form

Avu'u + q (A € I, q e EuAEu')
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and every vector in Eu, has the form

Aznuu' + q' (A' € I, q' G Eu A Eu').

The observers agree that two such vectors are considered to be the same if 
and only if

A' = -A, q' = q.
We have a nice tool to express this agreement: the Lorentz boost.

Definition. The vectors q1 in Eu, and q in Eu are called 
physically equal if and only if

L(u', u) q — q1. ■

We emphasize that the equality of vectors in different observer spaces makes 
no original sense, in general; we agreed to define it conveniently.

5.1.2. To be physically equal in different observer spaces, according to our 
convention, is a symmetric relation, but is not a transitive relation.

Indeed, if q1 = L(u',u) • q then q = L(u,u') ■ q1 : the relation is 
symmetric.

However, if u, u' and u" are not coplanar, then there are q. q' 
and q" in such a way that

q' = L(u',u) • q, q" = L(u" ,u') ■ q', 
q" is not parallel to L(u",u)• q

(Exercise 1.9.6); q' is physically equal to q, q" is physically equal to 
q', but q" is not physically equal to q : the relation is not transitive.

In particular, “if a straight line in your space is parallel to a straight line in 
my space and a line in his space is parallel to your line then his line need not be 
parallel to mine”.

This is a rather embarrassing situation but there is no escape. The truth of the 
common sense that the relative velocity of an observer with respect to another 
is the opposite of the other relative velocity and the transitivity of parallelism 
exclude each other.

5.2. Observations concerning spaces

5.2.1. In 5.1.1 an agreement is settled what the equality — in particular the 
parallelism of vectors in different observer spaces means.

Now the question arises whether a straight line segment in the space of an 
inertial observer is observed by another observer to be a straight line segment 
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parallel to the original one. The question and the answer are formulated correctly 
as follows (cf. 1.7.1.2).

Let Uo and U be global inertial observers with constant velocity 
values uo and u, respectively. Let Ho be a subset (a geometrical 
figure) in the I7o-space. The corresponding figure observed by U at the U- 
instant t — called the trace of Ho at t in E[j — is the set of 17-space 
points that coincide at t with the points of Ho :

{q * t + u ® I| q e Ho}

where q * t denotes the unique world point in the intersection of the line q 
and the hyperplane t.

Introducing the map

Pt : E[7o -» Eu, 9 q*t + u®I

we see that the trace of Ho at t equals Pt [Ho]. It is quite easy to see 
(recall the definition of subtraction in the observer spaces) that

Pt^ - PtM = q2^t - qi-kt = q2 - qi + u0---- -—— =
— Wq • U

= Puuo • (92 - 91),

where PUuo is the projection onto Eu along uo ® I (see Exercise 
1.9.7).

Since the restriction of 
linear bijection between 
^uuo ■

Puuo onto EUo,
EUo and Eu, Pt

denoted by AUUo, is a 
is an affine bijection over
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5.2.2. We can easily find that

q - Q if Q € Eu n EUo i.e. if q is orthogonal to vUUo, 
AUU„ ' ^UUo = ~ ■yl~I^UUol VUOU‘

The linear bijection AUUo resembles the restriction onto EUo of the 
Lorentz boost L(u,uo); an essential difference is that it maps vUUo into 
—vUoU multiplied by a real number less than 1. Consequently, AUUo is 
not an orthogonal map', it does not preserve either lengths or angles which is 
illustrated as follows:

5.2.3. Every figure in the l/0-space is of the form qo + Ho, where 
Qo € Ejjo and Ho C EUo; then Pt [qo + Ho] = ^(Qo) + ^Uuo[Ho]. 
Consequently, the observed figure and the original one are not congruent, in 
general.

If Lo is a straight line segment in the Uo-space, then its trace is a straight 
line segment, too. However, the observed segment and the original one are not 
parallel, in general: if Lo is directed by the vector eo, Lo = qo + Reo, 
then P<[LO] is directed by AUUo • e0.

AUUo ■ eo is parallel to eo, by definition, if there is a real number A 
such that

' e0 = XL{u, Uo) ' eo

which occurs if and only if eo is in Eu n EUo or in vUUo ® I.
Thus a straight line segment Lo in the U0-space is observed by U to 

be parallel to Lo if and only if Lo is
— either orthogonal to vUUo
— or parallel to vUUo.

5.2.4. Let Li and L2 be crossing straight lines in the C7o-space. Then 
U observes at every instant that they are crossing straight lines. However, the 
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angle formed by Li and L2 and the angle formed by the observed straight 
lines differ, in general.

Let Li and L2 be directed by ei and e2, respectively. If 0O
denotes the angle formed by Li and L2 then

For the angle 6 observed by U we have

_  (-AUKo ^1) ' ^2) _ COS 0o
■ ei| |AUUo ■ e2| y/1 - a^y/l -

where

Thus 0 
only if both

U • Ci 61
Q1 7 Ti i = ’ 7777 ’~(uo -ii)|ei| |ei|

u • e2 _ e2
Q2 7 \"i T ~ vuuo I I •

—(uo-u)|e2| |e2|

and Go are equal if and only if ai = a2 = 0, i.e. if and 
ei and e2 are orthogonal to the relative velocity vUUo.

5.3. The Lorentz contraction

5.3.1. A straight line segment orthogonal to the relative velocity vUUo in 
the C/o-space is observed by U as a straight line segment parallel to the 
original one and having the same length.

A straight line segment parallel to the relative velocity. vUUo in the Uo- 
space is observed by U as a shorter straight line segment parallel to the 
original one. This is the famous Lorentz contraction which will be detailed as 
follows.

A straight line segment in the L7o-space can be represented by one of its 
extremities and the vector between its extremities. Since parallel segments are 
observed in a similar way, we can consider only the vector eo € EUo between 
the extremities.

The observation of eo by U yields e := AUUo • eo. A simple 
calculation shows that

। ,2 1 i2 (’ Co)' 1 |2 / _ \2
|e| — |e0| — - ------------j — |eo| — (vuuo • eo) • 

(u • uo)

The observed length, in general, is smaller than the proper one.
More closely, the observed length equals the original one if and only if the 

segment is orthogonal to the relative velocity; otherwise the observed length is 
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smaller than the original one. The observed length is the smallest if the segment
is parallel to the relative velocity:

if e0 is parallel to vUUo ■

5.3.2. One often says that the travelling length is smaller than the proper 
(or rest) length: “a moving rod is contracted, becomes shorter”.

We emphasize that the Lorentz contraction formula does not state any real 
physical contraction at all. We can assert only that an observer moving relative 
to a rod observes the rod shorter than the observer having the rod in its own 
space.

Let us imagine two rods having the same proper length and resting in the 
spaces of different observers: both observers will observe the other rod to be 
shorter than its own one.

A number of paradoxes can arise from this situation: “I say that your rod 
is shorter then mine, you say that my rod is shorter than yours; which of us is 
right?” Keeping in mind that only illusory and no physical contractions are in 
question, we can accept the correct answer: both of us are right.

5.3.3. Suppose you do not believe that the contraction is illusory and you 
want determine experimentally which of us is right. The experiment seems 
extremely simple: you catch my rod (which is moving relative to you) and having 
stopped it you put it close to your one and then you will see which of them is 
shorter.

We consider an ideal case: you seize the moving rod all at once so that it 
stops instantaneously.

Let us translate the situation into our mathematical language. My rod is 
described by a line segment in the [7o-space:

Lo = Qo + [0, l]eo

and eo is taken to be parallel to vUUo.
Then the rod has the length (the proper length) do := |eo| with respect to 

Uo and the length (the travelling length) d := y 1 - |vuuo|2do observed 
by U.

At a [/-instant t the history of each point of the rod will be changed into 
an inertial history with the velocity value w, then you get

L = {q * t + u ® I| q e Lo} = q + [0, l]e,

where
q := go*t + u®I, e := A(u,uo) • e0.
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The segment (the seized rod) L is in the 17-space and has the length
|e| = d, the length of Lo observed by U.

5.3.4. You can relax: you showed that my rod is “really” shorter than yours. 
But then you think that I can execute a similar experiment to show that your 
rod is “really” shorter than mine. Again the same disturbing situation.

To solve the seeming contradiction, note that in your experiment your rod 
continues to exist without any effect on it, while my rod is affected by your 
seizure, and in my experiment your rod is affected. The seizure means a physical 
change in the rod which causes contraction.

Let us analyze the problem more thoroughly.
(z) The rod resting in the J70-space moves relative to the observer U which 

finds that the length of the rod is d. At a 17-instant t the observer U 
seizes the rod, stops it, and discovers that this rod has the same length d. 
According to 17, the rod did not change length in the seizure, in other words, 
the observer U sees the rod as rigid and this is well understandable from 
its point of view because the rod is stopped at an instant with respect to 17, 
i.e. every point of the rod stops simultaneously with respect to 17.

(zz) The rod rests in the t7o-space. As U seizes the rod, the observer 
Uo sees that the rod begins to move but not instantaneously with respect to 
Uo : the points of the rod begin the movement at different I7o-instants! First 
the backward extremity (from the point of view of the relative velocity of U 
with respect to Uo) starts and then successively the other points, at last 
the forward extremity. Evidently, Uo sees the rod is not rigid, it contracts 
during the time interval of seizure.

(zzz) The rod experiences that it moves relative to 17 which begins to stop 
it in such a way that first the forward extremity (from the point of view of the 
relative velocity of the rod (i.e. of Uo) with respect to U) stops and 
then successively the other points and at last the backward extremity. The rod 
experiences contraction during the procedure of seizure.
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We have examined three standpoints. Two of them concern inertial observers 
and the third concerns a non-inertial object.

5.3.5. The ideal case that every point of the rod changes its velocity abruptly 
at a [/-instant can be replaced by the more realistic one that every point of the 
rod changes its velocity from u0 to u during a [/-time interval, as the 
following Figure shows.

5.3.6. Note that we started with the problem that “you seize the moving rod 
all at once so that it stops instantaneously”, we considered “instantaneously” 
with respect to U without calling attention to the extremely important fact 
that “instantaneously” has no unique meaning.

The reader is asked to analyze the problem that the rod is caught by U 
instantaneously with respect to Uo (i.e. every point of the rod is stopped by 
U simultaneously with respect to Uo).

5.4. The tunnel paradox

5.4.1. Consider a train and a tunnel. The proper length of the train is greater 
than the proper length of the tunnel. The travelling train enters the tunnel.

The observer resting with respect to the tunnel observes Lorentz contraction 
on the train, thus it sees that, if the velocity of the train is high enough, the 
train is entirely in the tunnel during a time interval.

On the contrary, the observer resting with respect to the train observes 
Lorentz contraction on the tunnel, thus it experiences that the train is never 
entirely in the tunnel.

Which of them is right? We know that both. However, it seems to be a very 
strange situation, because the observer resting with respect to the tunnel says 
that “when the train is entirely inside I close both gates of the tunnel, thus I 
confine the train in the tunnel, I am right and the observer in the train is wrong”.
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5.4.2. On the basis of our previous examination we can remove the paradox 
easily.

In the assertion above “when” means that the gates become closed simulta­
neously with respect to the tunnel.

From the point of view of the train the gates will not be closed simultaneously: 
first the forward gate closes and later the backward gate. When the forward gate 
closes, the forepart of the train is in the tunnel (the back part is still outside), 
when the backward gate closes, the back part of the train is in the tunnel (the 
forepart is already outside).

“I confined the train in the tunnel” means that the closed gates hinder the 
train from leaving the tunnel. But how do they do this? The train is moving; 
it must be stopped to be confined definitely in the tunnel: some apparatus in 
the tunnel brakes the train or the train hits against the front gate which is so 
strongly closed that stops the train. In any case, as we have seen, stopping 
means a real contraction of the train, consequently, it finds room in the tunnel; 
however, then the train ceases to be inertial in all its existence, that is why the 
assertion “I am never in the tunnel entirely” (true for an inertial train) will be 
false.

5.5. No measuring rods

5.5.1. In the special relativistic spacetime model the absolute rigid rod is not 
a meaningful notion. We have seen in 5.3.4 that the same rod seems to be rigid 
to an inertial observer and not rigid to another observer.

If Ci and C2 are world lines and U is a global inertial observer 
with constant velocity value, then the vector and the distance observed by U 
between Ci and C2 at the U-instant t are

C2 * t — Ci*t and |C2*t —Ci*t|,

respectively, provided neither of C2 n t and Ci n t is void.
Absolute vectors and absolute distances between the world lines do not exist. 

Evidently, in general, different observers observe different vectors and distances 
between the world lines. By no means can we define an absolutely rigid rod.

5.5.2. As a consequence, measuring rods are useless for determining the 
distance between two points, the length of a line etc. in observer spaces: it is 
questionable whether one can take a rod, carry it to the figure to be measured, 
put it consecutively at convenient places in such a way that its length does not 
change during these procedures.

Spacetime measurements in the non-relativistic case are based on clocks (say­
ing the absolute time) and measuring rods (that are absolutely rigid).



5. Some observations 211

Spacetime measurements in the special relativistic case are based on clocks 
(saying their proper times) and light signals.

Recall, for instance, that defining simultaneity we need the proper times 
passing in observer space points and the distance between observer space points; 
this latter is measured by light signals and proper time intervals (radar).

5.6. The time dilation

5.6.1. Let U be a global inertial observer with constant velocity 
value u.

U-time is an affine space over I. Since I is oriented, later and earlier 
makes sense between {/-instants: t is earlier than s (s is later than 
t) if s — t is positive.

A unique U-instant ru^x) is assigned to every world point x. Conse­
quently, we can decide which of two arbitrary world points is later according to 
U.

Definition. The time observed by U between the world points x and 
V is

tu(x,y) := ruty} - ru(x) =-u ■ (y - x).

The world point y is later than the world point x {x is earlier 
than y) according to U if the time observed between x and y is 
positive. ■

Neither of x and y is later according to U if and only if they are 
simultaneous according to U.

5.6.2. Fix two different world points x and y.
If they are spacelike separated then there are global inertial observers Uo, 

Ui and U2 such that y is simultaneous with x according to Uo, 
y is later than x according to Ui and y is earlier than x ac­
cording to U2 •

If y is future-like with respect to x (they are lightlike or timelike 
separated) then y is later than x according to all inertial observers.

5.6.3. Suppose y 6 z + TT Then t(x,y) = is the inertial time
between x and y,

u0 := e V(l),
\y-x\

and y = x + uot(x, y).
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Consequently, if U is the global inertial obvserver with the constant 
velocity value it then

tu(x,y) = -(u ■ uo)t(x,y) = 
y 1 — l^uuo |

tu(z,y) = t(x,y) if and only if u = uo i.e. if and only if x and 
y are incident with the same [7-space point. In any other cases tu(x,y) is 
greater than t(x,yy

5.6.4. Let us illustrate our result as follows.
Let us consider an inertial (point-like) clock. Let x and y be the 

occurrences that the clock says 11 and 12, respectively. The observer, relative 
to which the clock is at rest, observes 1 hour between the occurrences. Another 
observer, moving relative to the clock, observes more than 1 hour between the 
occurrences. This is the famous time dilation.

The clock and the observer move with respect to each other. In usual formu­
lations one considers that the observer is at rest and the clock is moving and one 
says that “a moving clock works more slowly than a clock at rest”.

We emphasize that the time dilation formula does not state any real physical 
dilation of time at all. We can assert only that an observer moving relative to a 
clock observes the clock working more slowly than the observer having the clock 
in its own space.

In other words, an observer observes that the time of another observer passes 
more slowly.

Let us take two different inertial observers. Then both will observe that the 
other’s time passes more slowly.

5.7. The twin paradox

5.7.1. Let us consider two twins, Peter and Paul. Both are launched in 
separate missiles. Peter says that Paul is moving relative to him, hence Paul’s 
time passes more slowly and he observes that when he (Peter) is forty then his 
brother (Paul) is only twenty. On the other hand, Paul says that Peter is moving 
relative to him and he observes that when he (Paul) is forty then his brother 
(Peter) is only twenty. Which of them is right?

Keeping in mind that only illusory and no physical time dilations are in 
question, we can be convinced that both are right. How can it be possible?

The paradox is based on our everyday concept of absolute time, i.e. that 
“when” has an absolute meaning. However, the first “when” means simultaneity 
with respect to Peter and the second “when” means simultaneity with respect 
to Paul; we know well that these simultaneities are different.
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5.7.2. Suppose the brothers do not believe that time dilation is illusory and 
they want an experimental test: let them meet and then a simple inspection will 
determine which of them is older.

However, the time dilation formula concerns inertial observers. It is excusable 
that both missiles are considered to be inertial. But if they remain inertial then 
the brothers never meet. If the brothers meet then at least one of them ceases 
to be inertial. Anyhow, the mutually equivalent situation of the brothers breaks. 
It will not be true that both are right saying “when I am forty then my brother 
is only twenty”.

Let the brothers meet. Both existed somehow between the two occurrences, 
the departure and the arrival, and their proper times passed during their exis­
tence. The times elapsed depend on their existence and need not be equal. It 
can happen that Peter is older than Paul; e.g. if Peter remains inertial (the in­
ertial time between two world points is always greater than a time passed on a 
non-inertial world line, see 2.2.3). This difference of proper times is an absolute 
fact and has nothing to do with the illusory time dilation.

It is important to distinguish between illusory time dilation concerning two 
inertial observers and really different times passed along two world lines between 
two world points.

5.8. Experiments concerning time

5.8.1. We have an experimental proof for time dilation.
Cosmic rays produce muons in the ionosphere. Some of those muons come to 

the earth. Detecting the magnitude v of their velocity with respect to the 
earth and knowing the height d of the place where they are produced, we can 
calculate the time of their travel (uniform and rectilinear motion seems a good 
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approximation). It turns out that the time of travel d/v exceeds the lifetime 
T of muons (muons are not stable particles, they decay having a well-defined 
average lifetime). Thus the earth observes as if the muons lived more than their 
lifetime.

The muon in question exists inertially thus it “feels” the inertial time to 
of its travel which is less than its lifetime; the earth observes a longer time (time 
dilation):

- - —> T > to.
v \/l - v2

It is interesting that we can give another explanation, too. The muon ob­
serves the distance dVl — u2 between its birth place and the earth (Lorentz 
contraction), hence it travels for to = .

5.8.2. Let us suppose that, simultaneously with the muon in the ionosphere 
(muon I), a muon is produced and remains resting on the earth (muon E). 
According to what has been said, muon E decays before muon I arrives at the 
earth: muon E “sees” that time passes more slowly for muon I.

Of course, muon I “sees” as well that time passes more slowly for muon E. 
Then one could suspect a contradiction (paradox): according to muon I, muon E 
would be alive at the end of the travel of muon I.

There is no contradiction: simultaneously in the present context means si­
multaneously according to the earth, i.e. to muon E, and muon I is produced 
simultaneously according to muon E. Then, according to muon I, the other muon 
is born earlier; consequently, muon I, though sees time passing more slowly for 
muon E, will observe that the life of muon E ends before muon I meets the earth.

5.8.3. Experiments show that instable particles revolving in an accelerator 
have longer lifetime. This supports that different times can pass between two 
world points along different world lines, as it will be explained.
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Suppose two muons are produced at the same time and at the same place 
(i.e. a single world point corresponds to their birth) and one of them (muon R) 
remains resting beside the accelerator, the other (muon A) is constrained to 
revolve in the accelerator. The muons meet several times. Then muon R decays, 
but muon A continues to revolve and meets again the void place of muon R; we 
observe (resting with muon R) as if muon A had a longer life time. Nevertheless, 
both muons have the same proper lifetime T.

The world line of muon R is inertial while muon A has a noninertial world line; 
the two world lines intersect each other several times. Different times 4r and 

pass along the different world lines of the muons between their two successive 
meetings. Inertial time is always greater than a non-inertial: 4a < £r- That 
is why there can be a natural number n such that nt& < T < nt-R, i.e. 
muon R does not last until the n-th meeting but muon A survives it.

1. Prove that the addition formula 4.3.2 of relative velocities remains valid 
for u,u' € V(l), u" € V(0).

2. Take the motion treated in 4.6.2. Demonstrate that

lim ru^ = vUUo + lim |ri/(*)| = 1- t“*OO P t->co

3. Consider the uniformly accelerated world line treated in 4.6.2. Try to de­
scribe the corresponding motion relative to an inertial observer with the constant 
velocity value u which is not g-orthogonal to a0.

4. Let x and y be different world points simultaneous with respect to 
an observer (x : a plane lands in London at 12.00; y : a train leaves Paris 
at 12.00). Then there is an observer which observes that x is later than y 
and there is an observer that observes that x is earlier then y.

5. We have a clock that can measure a proper time period of 10-8s. At 
which relative velocity magnitude can we measure a time dilation in a minute? 
(Keep in mind that 1 = (2,9979.. .)108m/s.)
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6. Let u € V(l), v € |v| < 1. Let to € I+. Consider the
world line function r that passes through the world point a;o and

(,) ,(() = u + (t e I);
yi- |v|2sin2(t/to)

(w) r(t) = ud 1 + |v|2 sin2(t/to) + v sin(t/to) (teT).

Prove that the inertial world line xo + u ® I and the world line Ran r 
intersect each other in xo + 27rzit0 for all integers n.

Evidently, to is the time passed along Ranr between two consecutive 
intersections. Estimate the time passed between two consecutive intersections 
along the inertial world line.

6. Some special non-inertial observers*

6.1. General observers

In most of the textbooks one says that special relativity concerns only inertial 
observers, non-inertial observers require the authority of general relativity. We 
emphasize that this is not true.

The difference between special relativity and general relativity does not lie in 
observers which is evident from our point of view: spacetime models are defined 
without the notion of observers; on the contrary, observers are defined by means 
of spacetime models.

Non-inertial observers are right objects in the special relativistic spacetime 
model. Inertial observers and non-inertial observers differ only in the level of 
mathematical tools they require. Inertial observers remain in the nice and sim­
ple framework of affine spaces while the deep treatment of non-inertial observers 
needs the same mathematical tools as the treatment of general relativistic space­
time models: the theory of pseudo-Riemannian manifolds.

Fortunately, to describe some special and important aspects of non-inertial 
special relativistic observers, we can avoid the theory of manifolds; nevertheless, 
we shall meet some complications.

6.2. Simultaneities

6.2.1. The general notion of observers was given in 3.1.1.
The space of any observer has a simple and natural meaning but time can 

be defined in a satisfactory way only for inertial observers. (In fact we have 
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considered global inertial observers for the sake of simplicity; globality permits 
avoiding some complications connected with domains of functions.)

Why the synchronization procedure, i.e. the method of establishing simul­
taneity by light signals is not completely satisfactory for a non-inertial observer?

Let us take two space points q and q' of a non-inertial observer U. 
A light signal starting at the world point x~ incident with q meets q' 
at y; the reflected light signal meets q at s+. Then the world point 
x incident with q would be considered simultaneous with y if the proper 
time passed between x~ and x equals the proper time passed between 
x and x+.

Unfortunately, the simultaneity defined by light signals starting from q' 
does not necessarily coincide with the simultaneity defined by light signals start­
ing from q (see Exercise 6.9.12).

Let us accept that simultaneity defined by light signals works well “infinites­
imally”. This means that the U-line passing through the world point x, in 
a neighbourhood of x, can be approximated by a straight line directed by 
U (x). Thus we can say that in a neighbourhood of x the world points 
approximately simultaneous with x according to U are the elements of 
x -I- Ej/f,.). The smaller the neighbourhood is the better the approximation we 
get. A clear reasoning leads us then to the idea that world points simultane­
ous with each other according to U would constitute a hypersurface whose 
tangent space at every x equals E^). Such a definition of simultaneity 
does not depend on the [7-space point (17-line) from which light signals start. 
However, it may happen that there is no such hypersurface at all (see 6.7.6)! And 
even if such hypersurfaces exist, it may happen that the proper times passed be­
tween two such hypersurfaces along different 17-lines are different (see 6.6.5), 
thus the simultaneity is not satisfactory in all respects.

6.2.2. In general, there is no natural simultaneity with respect to a non- 
inertial observer; consequently, there is no natural time of such an observer. Of 
course, a non-inertial observer can choose some sort of artificial simultaneity 
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(e.g. chooses one of its space points and makes the synchronization procedure 
by light signals relative to this space point; on the earth one makes such a 
synchronization relative to Greenwich).

Now we shall study what a simultaneity should mean.
First we deal with world surfaces which are necessary for simultaneities.

Definition. A world surface is a connected three-dimensional smooth sub­
manifold in M whose every tangent space is a spacelike linear subspace of 
M. ■

If F is a world surface, then for x e F there is a unique u(x) € V(l) 
such that TX(F) = E.^).

We can prove, similarly to the corresponding assertion for world lines, that if 
F is a world surface and x € F, then F \ {a;} C S.

Consequently, if F is a world surface and C is a world line then CnF 
is either void or contains a single element which we shall denote by C*F.

6.2.3. Obviously, a simultaneity must be a relation between world points, 
clearly having the following properties:

— every world point is simultaneous with itself;
— if x is simultaneous with y, then y is simultaneous with x;
— if x is simultaneous with y and y is simultaneous with z, 

then x is simultaneous with z.
In other words, a simultaneity is to be an equivalence relation.
Evidently, we require some other conditions, too. For instance, timelike 

separated world points cannot be simultaneous, i.e. simultaneous world points 
must be spacelike separated.

Moreover, we expect that simultaneity is continuous or differentiable in some 
sense.

Definition. A simultaneity S on a connected open subset G of M 
is an equivalence relation on G such that

( i) the equivalence classes are world surfaces;
( n) S is smooth in the following sense: to every x 6 G there is a unique 

Us(x) € V(l) such that the tangent space of the equivalence class (world 
surface) at x equals E^^j; then Us : M >-> V(l) C is 
required to be smooth.

The time corresponding to the simultaneity S is the set of the equivalence 
classes of 5. ■
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The time corresponding to S is often called 5-time and is denoted by 
Is; its elements are the S-instants and Tslx) will stand for the 5-instant 
(world surface) containing the world point x.

Evidently, simultaneities exist: e.g. for all u G V(l), the simultaneity 
defined by the corresponding global inertial observer: x and y are simul­
taneous if and only if u • (x - y) = 0.

6.2.4. If 5 is a simultaneity then Us is an observer; in other words, 
a unique observer corresponds to every simultaneity. On the other hand, there 
are observers to which no simultaneity corresponds in a natural way.

Definition. An observer U is called regular if there is a (necessarily 
unique) simultaneity S such that Us = U. ■

We mention again that there are non-regular observers (see 6.7.6).

The simultaneity due to a regular observer U is called U-simultaneity 
and the corresponding time, denoted by Itz, is called U-time. The elements 
of are world surfaces; they are called U-surfaces (regarded as subsets of 
M) or U-instants (regarded as elements of Ilt). The {/-surface containing 
the world point x is denoted by

Let U be an arbitrary observer. A simultaneity on the domain of U 
which does not equal [/-simultaneity is called artificial with respect to U and 
then we say artificial time, artificial instants.

6.2.5. Definition. Let 5 be a simultaneity, t, s € Ig. We say that 
s is later than t (t is earlier than s) if there are x G t and 
y £ s such that y is later than x. ■

It cannot occur that both of t and s are earlier than the other. Indeed, 
let s,t and x,y be as in the definition. Then for all y' G s, x' G t 
wehave y'-x' = (y1-y')+(.y~x)+(x-x''). Because of the properties of world 
surfaces, y'— y and x — x' are spacelike vectors. Thus, in view of Exercise 
V.4.22.2, if y — x G T“* (t is earlier than s) then y' — x' T1" (s 
is not earlier than t).

We easily find that “later” is an ordering (a reflexive, antisymmetric and 
transitive relation) on Ig. However, it need not be total: there can be t 
and s in Ig such that neither of them is later than the other:
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We say that the simultaneity 5 is well posed if the relation “later” on 
Is is a total ordering.

It can be shown that every world point x0 in the domain of 5 has 
a neighbourhood such that the restriction of S onto this neighbourhood 
is well posed. If Co is the tTs-line passing through xo, then {a: € 
M| Co n rs(x) / 0} is such a neighbourhood.

6.2.6. An observer U, together with a simultaneity 5 on DomU 
split a part of spacetime (the domain of 17) into 5-time and I7-space:

Hu<s : M >-» Is x Ey, x (ts(x),Cu(x)).

6.3. Distances in observer spaces

6.3.1. How distances are measured in an observer space? Let 17 be an 
observer and suppose a simultaneity 5 is given on the domain of U. We 
should like to determine the distance between two U-space points q and q' 
at an 5-instant t.

First we make the following heuristic considerations. Let us put x 
qkt and suppose q' is “near” to q. According to the “infinitesimal” 
simultaneity which is reasonable from the point of view of the observer, y' := 

+ is the world point on q' that is approximately simultaneous
with x in a natural way. Then d := \y' — x| is the approximate value of 
the distance to be determined.

The world point x1 q' -kt is simultaneous with x according to 5. 
Since y'm x' + U(x') « a;' + U(x)(U(x) ■ (x' — x)), we see that

■ (x1 - x)\.
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We have got a formula for “infinitesimal” distances from which we can define 
the length of a curve in a natural way by an integration. The distance between 
two observer space points will be defined to be the least length of curves con­
necting the space points.

Before going further, the reader is asked to study Section VI.7.

6.3.2. Definition. Let U be an observer. A subset L of the observer 
space Eu is called a curve if there is a simultaneity S on Dom U such 
that Lt := {q * t| q € L, q D t / 0} is either void or a curve in M for all 
t e Is. ■

Note that in fact L( is contained in the hypersurface t.
We say that the curve L connects the U-space points qi and 92 if 

L< connects qi*t and q2^t for all t G Is, provided that qiC\t 
and q? PI t are not void.

6.3.3. Definition. Let L be a curve in Eu. Then

£t(L) :=^(Lt) ^7 Irruc.jdLil

is called the length of L at the 5-time point t.
The distance between the D-space points q and q' at t is

dt{q,q') :=
:= inf {It (L) | L is a curve connecting q and q'}. ■

It is worth describing explicitly that if pt is a parametrization of 
then

^t(L) = / l*c/(p(a)) -Pt(a)|da =
J Dom pt

= / da'

J Dom pt

Lt
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Note the special case when U is regular and S is the [/-simultaneity; 
then = x if x G t and x is a tangent vector of t at x.
Consequently,

ML) = / |dLf| = / |pt(a)|da 

J Lt J Dom pt

for a regular observer.

In particular, if 17 is inertial and 17-time is used then, for all t, dt(q,q') 
equals the distance \q' — q\ defined earlier.

Keep in mind the following important remark: suppose the 5-instant t is 
a hyperplane; then there is a unique uo G V(l) such that t is directed 
by EUo. The distance between the 17-space points at t does not equal, 
in general, the distance observed by the inertial observer with the velocity value 
u0. Recall, e.g. the case that U is an inertial observer with the velocity 
value u (see Section 5.3).

6.3.4. Definition. The observer 17 is called rigid if there is a simultane­
ity S on Dom 17 in such a way that if

— L is an arbitrary curve in Eu,
— t,t'els and qnt^0, for all q G L,

then ^t(L) = ^'(L). ■

Note that rigidity of observers is a highly complicated notion in the special 
relativistic spacetime model, in contradistinction to the non-relativistic case.

6.3.5. The following assertions can be proved by means of the tools of smooth 
manifolds.

(i) Our definition of a curve in Eu involves a simultaneity; nevertheless, 
it does not depend on simultaneity: if there is a simultaneity with the required 
conditions then these conditions are satisfied for all other simultaneities as well.

(«) The distance between two 17-space points at an S-instant is defined by an 
infimum; this infimum is in fact a minimum, i.e. for each 5-instant t there is 
a curve connecting the points whose length at t equals the distance between 
the 17-space points at t.

(m) Our definition of rigidity involves a simultaneity; nevertheless, it does 
not depend on simultaneity: if there is a simultaneity with respect to which the 
observer is rigid, then the observer is rigid with respect to all other simultaneities 
as well.
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6.4. A method of finding the observer space

6.4.1. To find the space of an observer, i.e. the [/-lines, we have to find the 
solutions of the differential equation

(x : I~M)? x=U(x).

A frequently applicable method is to transform the differential equation by

hUoiO : M —* I x EUo, x (-uo • (x - o), ttUo ■ (x - o))

according to VI.6.3, where uo is a suitably chosen element of V(l).
The transformed differential equation will have the form

IwIxEUo)? (t,qY = (-u0-U(o + u0t + q),TrUo-U(o+u0t + q)'), 
i.e.

(t : I I)? t = -uo -U(p + uot + q),
(q:I^EUo)? q — ttUo ■ U(o + uot + q).

Let s t(s) and s q(s) denote the solutions of these differential 
equations with the initial conditions t(0) = 0, q(0) = qo, where qo is 
an arbitrary element in EUo such that o + qo is in the domain of U. 
Then

swo + uot(s) + q(s)
is the world line function giving the [/-line passing through o + qo.

It is worth using more precise notations: let x be an element of (o + 
EUJ A (Dom U); then s ^(s) and s i-> qx(s) will denote the
solutions of the differential equations with the initial conditions tx(0) = 0, 
qx(0) = x — o. Then

I >-+ M, s wrj's) =o + u0L(8)~9i(si

is the world line function giving the [/-space point that x is incident with.

6.4.2. Consider the global inertial observer Uo with constant velocity 
value uo and [/0-time as an artificial time for the observer U. Then, 
according to 4.1.1, « w gives [/o-time as a function of the proper
time of the [/-line passing through x; in other words, tx(s) is the Uo- 
time passed between to := o + EUo and tx(s) := r^s) + EUo : tx(s) = 
tX(s) — ^O'

This function is strictly monotone increasing; its inverse, denoted by I >—»I, 
t h-> sx(t), gives the proper time between the [/o-instants to and t0 +1 
passed in the [/-space point that x is incident with.
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6.5. Uniformly accelerated observer I

6.5.1. In the special relativistic spacetime model the definition of a uniformly 
accelerated observer is not so straightforward as in the non-relativistic case. We 
know that here the acceleration of a uniformly accelerated world line function is 
not constant, thus a uniformly accelerated observer will not be an observer with 
constant acceleration field. Anyhow, we wish to find an observer whose lines are 
uniformly accelerated.

Omitting the thorny way of searching, let us take an observer satisfying the 
requirements and study its properties.

Let o G M, uo G V(l) and 0 ao G and define the global 
observer

U(x) := uoyl + |ao|2(uo ■ (x - o))2 - ao(uo ■ (x - o)) (x G M).

Note that u0 = U(o).
The observer has the acceleration field

Au^x) = aoyi + |ao|2(wo • (z - o))2 - uo|ao|2(uo • (x - o)) (x G M),

thus ao = A[/(o). 
It is trivial that

U(x + q) = U(x), Au^x + q) = Av(x) (x G M, q G EUo),

i.e. U and Au are constant on the hyperplanes directed by EUo.
As a consequence, the translation of a U-line by a vector in Eu<> is a 

U-line, too.

6.5.2. Transforming the differential equation of the observer according to 6.4, 
we get _________

t = ^1 + |ao|2i2,

Q = Qq^.
The first equation, with the initial value t(0) = 0, has the solution

tw = (. c I).| Clo I

Then the second equation becomes very simple and we find its solutions in 
the form

. . ch |ao|s — 1 -q(s) = ao---- —---- +qo (s G I).
1^0 1
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Hence we obtain that the [7-line passing through x G o + EUo is given by 
the world line function

, , . sh oo s , ch|ao|s -1
^(s) = x + uo — + a0----!—3-----

|ao|
(S€I).

It is not hard to see that every [/-line meets the hyperplane o+EUo, hence 
every [/-line can be given by such a world line function: all [/-lines are uniformly 
accelerated.

6.5.3. Because U and Au are constant on the hyperplanes directed 
by EUo, all [/-lines have the same velocity and the same acceleration on the 
hyperplanes directed by EUo.

Using the notations of 6.4, we see that

sxw = =: s(t) (tel)
lao|

for all x in o + EUo. Thus, given two [/0-instants, the same time passes 
along all [/-lines between them.

Because of these properties of [/-lines it seems suitable to associate with U 
the [/o-simultaneity and the [/o-time as an artificial time.

6.5.4. Let us examine whether this observer is regular.
Evidently, o + EUo is a world surface g-orthogonal to U. 
Introduce the notation

h(x) :=
:= ao • (x - o) - + arc th V1 + l“°|2 " °^2 
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for x e M, x o + EUo and put for A € R

tx :=
{rr e M| h(x) = In A, -u0 • (x - o) > 0}
o + Eu
{x e M| h(x) = ln(-A), -uo ■ (x - o) < 0}

if A 
if A 
if A

> 0
= 0
< 0

Evidently, h is a differentiable function outside o + EUo and

D/i(x) — a0 +
-uo ■ (x - o) -uo • (a; - o)'

As a consequence, for all A € JR, tx is a three-dimensional submanifold 
whose tangent space at x equals KerDh(z) = Eu(®). This means that 
t\-s are 17-surfaces, U is regular and

1(7 — {tx | A € R}.

6.5.5. If Qi and 92 are CMines, then 92*^ —9i*t is the same for 
all [/o-instants t. In other words, the vector and the distance observed by 
the inertial observer Uo between two tA-space points is the same for all Uo- 
instants. We can say that Uo observes U to be rigid and rotation-free. 
Is U rigid and rotation-free?

We have not defined when an observer is rotation-free, thus we can answer 
only the question regarding rigidity as defined in 6.3.4.
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This observer U is not rigid. Let us take a [7o-instant t. For all x € t 
we have — uo • (x — o) = t — to (where to := o + EUo), thus

U(x) = ao(t - to) + V1 + |ao|2(t - to)2 =: ut (x & t, t € luj

(U is constant on the [7o-instants).
The formula in 6.5.3 gives us the proper time s(t) 

point between the [7o-instants (artificial time points)
passed in every [7-space 
to and t := to +1 :

_ sh|a0|s(t) 
l«o| '

Let Lo be a curve in o + EUo; then the set of [7-space points that meet 
Lo, L := {g € Etr| q Cl Lo / 0} is a curve in the observer space. Indeed, if 
po is a parametrization of Lo, then

Pt “ Po + uot + f ^1 + |ao|2t2 - l')
|ao| V /

is a parametrization of Lt (see 6.3.2) for t = t0 + telu0- 
Then

Pt =Po

and
U(pt(a)) ■ pt^ = ~a° ’ Po(a)t (a € Dompo);

consequently,

|pt|2 + ((L7 oPt) • Pt)2 = |Po|2 + (ao - Po)2*2,

which shows that the length of curves depends on the artificial time points: the 
observer is not rigid.

6.5.6. The length of curves in [7-space, consequently the distance between 
[7-space points, in general, decreases prior to t0 and increases after to, 
as [7o-time passes. This is well understandable from a heuristic point of view. 
Though we defined Lorentz contraction between two inertial observers, we can 
say e.g. that after t0 the space points of U move faster and faster with 
respect to Uo, thus their distances seem more and more contracted with 
respect to [7O; that is, their distances must increase continually in order that 
the distances observed by Uo be constant.
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6.6. Uniformly accelerated observer II

6.6.1. Let o € M, u0 € V(l) and put

B{x) := (qo • (x - o))uo - (uo • (re - o))ao

for x 6 M and define the non-global observer by

DomU := {x € M| B(x) is future-directed timelike}

(zSDomU).

Note that B^x) is future-directed timelike if and only if

0 > (B(x))2 = -(ao(x- o))2 + (uo • (x - o))2|a0|2, 

0 > uo • B(x) = —qo ■ (x — o).

Then we find that a world point x for which x - o lies in the plane 
generated by u0 and ao is in the domain of U if and only if x — o 
is spacelike and ao • (i — o) > 0.

6.6.2. If q is a world vector g-orthogonal to both uo and a0 then

Dom U + q = Dom U

and
U(x + q) = U (x) (x € Dom U, q € EUo, ao • q = 0).

The observer has the acceleration field

A , x _ (ao • (g - o))qo - |ao|2 (uo • (x - o))uo

Then we easily find that
U(x) = uo if and only if x — o
Au(x) ao for all reDomi/,
Ard®) =----- 7^---- r if and only if x — o

ao • (x — o)

6.6.3. Let us introduce the notation

(x € Dom U).

is parallel to ao,

is parallel to a,'O'
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If A € R then

uA := -wochA + noshA
^-(thA)2

is in V(l) and we easily find that

U(x) = ux (x € DomEZ, x - o e EUJ.

Thus tx ~ (o + EUJ D (Dom U) is a 17-surface. To every x € Dom U 
there is such a 17-surface containing x, given by

This means that U is regular, and

lu := {A A € R}.

6.6.4. To find the E7-lines we use the method outlined in 6.4.
Transforming the differential equation x = U(x) by hUotO we get

no q
(no • q)2 - t2

not
\j(no ■ q)2 - t2

Equation (**) implies no • q = -q)2-^

equation (*), results in

(n0 ■ q)(no ■ q) = tt

implying 
/ \2 2(n0 ■ q) - t = const =: — a*

Then differentiating equation (*) we obtain

it = a2t

(*)

(**)

which, together with

from which — taking the initial values t(0) — 0, t(0) = 1 — we infer

, , shas 
t(a) = a



230 II. Special relativistic spacetime models

As a consequence, equation (**) takes an extremely simple form, and we 
find its solutions easily:

. . ch as - 1
q{s) = no------—-----F qo.

Hence we obtain that the 17-line passing through 
is given by the world line function

x e (o + EUo) n (Dorn [7)

, . sh laJs ch laJs — 1
rx(s) = x + u0 ——j— + ax---- -—---- (sei)

where

ao ■ (x - o) no • (x - o)

It is not hard to see that every [7-line meets the hyperplane o+EUo, hence 
every [7-line can be given by such a world line function; all [7-lines are uniformly 
accelerated.

6.6.5. The present observer U serves as an example to show that the 
observer is regular, but different times pass in different [7-space points (along 
different [7-lines) between two [7-instants.

Let us consider the [7-line passing through x € o -F EUo, described by 
the world line function rx given previously; a simple calculation yields that 
rx(s) is in the [7-surface tx if and only if s = In other words,

SxW := i—r = no • (x - o) 
I |

which clearly depends on x, is the time passed between the [7-time points 
to and tx in the [7-space point that x is incident with.
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6.6.6. Now we shall show that this observer is rigid.
Let Lo be a curve in o + EUo; then the set of {/-space points that meet 

Lo, L := {g G Eu| Q A Lo / 0} is a curve in the observer space. Indeed, if 
po is a parametrization of Lo, then, according to the previous result on 
proper times,

Ptx := Po + (no • Po - o) ch A + no(ch A - 1))

is a parametrization of Ltx for all t\ &Iu-
Then

Ptx = Po + («o ' Po) («o ch A + no(ch A - 1)) 

and

|PtJ = |Po| (tASlu).
Since U is regular and 17-time is considered, 17(ptx (a))-ptx (a) - 0 for 

all A € R and a € Dompo = Domptx, this means that ^A(L)=4(L) 
for all tx elu- It is not hard to see that every curve in the observer space can 
be obtained from a curve in o + EUo by the previous method; consequently, 
the observer is rigid.

6.6.7. Two uniformly accelerated observers have been treated. Neither of 
them possesses all the good properties of the uniformly accelerated observer in 
the non-relativistic spacetime model. It is an open question whether we can find 
a special relativistic observer U such that

(i) all 17-lines are uniformly accelerated,
(jj) 17 and Au are constant on each instant (world surface) of an (arti­

ficial) time,
(m) U is rigid.

The observer in 6.4 does not satisfy (m); the observer in 6.5 does not satisfy 
(«)■

6.7. Uniformly rotating observer I

6.7.1. In defining the uniformly rotating observer we encounter problems 
similar to those in the previous section and, in the same manner, we find two 
possibilities but neither of them possesses all the good properties of the non- 
relativistic uniformly rotating observer.

Let o G M, uo G V(l) and let fl : EUo V be a non-zero 
antisymmetric linear map and define the global observer

U(a;) :=D-kUo ■(z-o) + uo\AT]n-n~^ (a; G M).
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Note that
Uo = U(o),

and
U(x + q) = U(x) (x € M, q € KerQ).

The observer has the acceleration field

Alt (2:) = Q • Q ■ 7rUo ■ (x — 0) (x € M).

6.7.2. To find the [/-lines we apply the well-proved method: transforming 
the differential equation x = U(x) by hUo O we get

t=-/1 + IQ-ql2,

q = Q q.

The second equation can be solved immediately:

q(s) = esn • qo (s e I).

Then the first equation becomes i = + |Q • qo|2 having the solution
— with the initial value t(0) = 0 —

t(s) = 4- |Q - qo|2 (« € I).

Thus the [/-line passing through x € 0 + EUo (the [/-space point that 
x is incident with) is given by the world line function

rx(s) — o + Uosyl + |Q ■ (x - o)|2 + esn ■ (x - o) (s e I).

It is not hard to see that every U-line meets the hyperplane o + EUo, thus 
every [7-line is of this form.

6.7.3. Note that the [7-line passing through o + e, where e is in 
KerQ, is a straight line directed by uo; then the set of [/-space points

{o + e + uo ® I| e € Ker Q}

can be interpreted as the axis of rotation.
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If x is in o + EUo, then x - o can be decomposed into a sum 
ex + qx where ex is in Ker fl and qx is orthogonal to Ker fl. 
Then the 17-line above can be written in the form

rx(s) = o + ex + uos\J 1 + w2\qx\2 + esQ ■ qx, (*)

where uj is the magnitude of fl (see Exercise V.3.21.1).
Hence all the [7-lines are composed of an inertial line (with a proper time 

“accelerated” relative to the proper time of the points of the axis) and a uniform 
rotation.

Let Uo denote the global inertial observer that has the velocity value 
uo. Let us consider [7o-time.

Put to := o + EUo. Then 

sx(t) =

time passes between the [7o-instants to and to +1 in the [7-space point 
that x is incident with.

The distance observed by Uo at the [7o-instant to -I-1 between the 
C7-space point that x is incident with and o + ex + u0 ® I (the axis of 
rotation) equals

|r®(s®(t)) - (o + ex + uot)| = lQx|»

which is independent of t.

6.7.4. Because of the term s esn ■ (x - o) in (*) we can state that 
the time period T of rotation is the same for all U-space points (out of the 
axis of rotation), concerning their proper times: T = I*.

On the other hand, concerning [7o-time, the time period of rotation of a U- 
space point having the L7o-distance d > 0 from the axis of rotation equals 
To(d) := ^\/l + w2d2; it increases from to infinity as d increases 
from zero to infinity.

The following Figure illustrates the situation. Two [7-line segments are 
represented; the proper time passed along both segments equals
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Another figure shows the plane in the t7o-space, orthogonal to Ker fl, and 
illustrates the angles of rotation of tf-space points during a I7o-time interval 
27T
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6.7.5. This observer is not rigid.
Let Lo be a curve in o + EUo; then the set of [/-space points that meet 

Lo, L ~ {q e Eiz| q Cl Lo £ 0} is a curve in the observer space. Indeed, if 
po is a parametrization of Lo, then

(a) := o + u0* + exp I I • (po(a) - o)
\ y 1 + ■ (po(a) - o)|2 /

(a € Dompo)

is a parametrization of Lt for t = to + t € Iuo ■ Then

/ ' Po) ' ' P°) o fp o') + D
Pt = exp == • - —372 “ I?o o)+pQ .

\y 1 + ■ (po — ®)l / \[1 +|n-(Po-o)| J /

We easily find that

U opt = exp ( , ------- j • • (p0 - 0) + Woy 1 + ■ (po - o)|2-
\yi + |fi-(po-o)|2/

Then, using
(e“n -Qi) • (e“n -q2) = Qi ■ 92

for all qi,q2 € EUo and a e R, the reader can demonstrate without 
difficulty that |pt|2 + (([/ °Pt) • Pt) depends on t : the observer is not 
rigid.

6.7.6. This observer is not regular. It is easy to show that there is no world 
surface g-orthogonal to U and passing through o.

Suppose such a world surface F exists. Then F has EUo as its 
tangent space at o.

For all q € EUo,
/(a) := 0 + aq (a e R)

is a function such that /(0) = o and

(U o f) • f = ■ q + uoA/l + |Q.q|2j q = 0.

The curve (in fact a straight line) Ran f passes through o € F and 
all of its tangent vectors are g-orthogonal to the corresponding values of U 
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which would imply that Ran/cF. Since q is arbitrary in EUo, this 
means that o + EUo = F; in particular, every tangent space of F equals 
EUo. However, if x e o + EUo = F and x — o is not in Ker Q then 
U(x) / uo: thus the tangent space of F at x is not g-orthogonal to 
U^x) : a contradiction.

6.8. Uniformly rotating observer II

E6.8.1. Let o e M, uo e V(l) and Q : Euo —» —be a non-zero 
antisymmetric linear map and define the non-global observer

Dom U := {a: € M| |f? • irUo ■ (x - o)|2 < 1} , 

+ -(»-») (zeDomU).

yi-in-Tr^ -(x-o)]2

If q is in Ker ft, then

Dom U + q = Dom U

and
U(x + q) = U(x) (x € DomU, q € Kerfi).

The observer has the acceleration field

, . Q ■ fl • • (x — 0) ,Au(x) = . ' ... == (x e DomU).
yi-i^ • (x - o)i2

6.8.2. To find the U-lines, we again use the known transformation and we 
obtain

■ _ 1

Q • q 
q = , 

0-|Q-q|2

Now we apply a new trick: “dividing” the second equation by the first one we 
get a very simple differential equation which has the following correct meaning. 
Consider the initial conditions
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t(0) = 0, q(0) = x - o,

where x € (o + EUo) Cl (Dom[7). The formula for the derivative of inverse 
function results in — with the notations of 6.4 —

(*)at v
Then introducing the function t q(t) := q(sx(t)) we get the differential 
equation

dr dt

which has the solution
q(t) = etn ■ (x — o) (t € I).

Consequently |f2 ■ q(sx(t))| = |Q • (x - o)|, thus equation (*) becomes 
trivial having the solution — with the initial condition ^(O) = 0 —

Sx^ = t^l - |O • (a: - o)|2.

Finally we obtain

■(x-d)qx(s) =exp

from which we regain the world line function giving the [7-line passing through
x € o -I- EUo

+ exp / 2 '
— |Q • (m — o)|2 /

(s€l).

It is not hard to see that every CZ-line meets the hyperplane o + EUo, thus 
every [7-line is of this form.

6.8.3. Note that the [7-line passing through o + e, where e is in 
KerQ, is a straight line directed by uo; then the set of [7-space points
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{o + e + uo ® I| e € Ker fl}

is interpreted as the axis of rotation.
If x is in o + EUo, then x - o can be decomposed into a sum 

ex + Qx, where ex is in Ker fl and qx is orthogonal to Ker fl. 
Then the above given world line function can be written in the form

s / sO 1
rx(s) = o + ex + uo .----  + exp I .  — I ■ qx,

yi-w2|qx|2 \yi - w2|qx|2/

where w is the magnitude of fl.
Hence all the 17-lines are composed of an inertial line (with a proper time 

“accelerated” relative to the proper time of the points of the axis) and a uniform 
rotation.

Let Uo be the global inertial observer that has the velocity value uo. 
Let us consider (7o-time putting to := o + EUo. Then

SxW = ■ (x — o)|2

is the time passed between the J7o-instants to and to +1 in the 17-space 
point that x is incident with.

The distance observed by Uo at the I7o-instant to + t between the 
17-space point that x is incident with and o + ex + u0 ® I (the axis of 
rotation) equals

iMs^t)) - (o + ex + uo*)| = Iq®|
which is independent of t.

6.8.4. Because of the term s • (x — o) in (**) we can state
that the time period To of rotation is the same for all 17-space points (out 
of the axis of rotation), concerning the I7o-time: To —

On the other hand, concerning the proper times of 17-space points, the time 
period of rotation of a 17-space point having the I7o-distance 0 < d < 
from the axis of rotation equals T(d) := it increases from
to infinity as d increases from zero to £.

The following figure illustrates the situation. Two 17-line segments are repre­
sented; the proper time passed along both segments equals
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6.8.5. This observer is rigid.
Let Lo be a curve in o + EUo; then the set of 17-space points that meet 

Lo, L := {q € Eu| q A Lo / 0} is a curve in the observer space. Indeed, if 
po is a parametrization of Lo then

Pt ■— o + uot + etn • (po — o)

is a parametrization of Lt for t = to + t € Iuo ■ Then 

Pt = etn ■ p0
and we easily find that

uo + • (p0 - o)
[/ ° pt = - -

— |ft • (Po — o)|

and .
s . ft • (Po - o) • Po 

(If O pt) • pt = - ■
^/1 — |ft • (p0 — o)|
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Consequently,

1 - |Q • (po - o)| 

is independent of t: the observer is rigid.

6.8.6. This observer furnishes a good instance that the laws of Euclidean 
geometry do not hold necessarily in the space of a non-inertial observer.

Since the observer is rigid, all the lengths in [/-space can be calculated by 
curves in (o + EUo) Cl (Dom U) which can be reduced to curves in

EUori(Dom U — o) =

= KerQ + {q € EUo| q is orthogonal to KerQ, |ql < —} =; Eq. 
w

If Lo is a curve in (o + EUJ n (Dom[/) then L := Lo - o is a 
curve in Eq ; if p0 is a parametrization of Lo then p := po — o is 
a parametrization of L.

Eq is a subset of the Euclidean vector space EUo in which distances 
and curve lengths have a well-defined meaning; however, now curves in Eq 
will represent curves in [/-space and their lengths will be calculated in this 
sense. Thus, to avoid misunderstanding, we shall say [/-length and [/-distance, 
indicating it in notations, too.

A curve L in Eq has the [/-length

^(L) = y * X«)|2 + do. (***)
/Domp \ 1 — |S2 ■ p(a)|

Take arbitrary elements x and y in Eq. Then we easily find for 
the straight line segment connecting x and y, ]x,y[:= {x + a(y-a:)| 0 < 
a < 1} that

MmD > \y -®|
and equality holds if and only if x • fl y = 0 which is equivalent to the 
fact that the straight line passing through x and y meets the kernel of 
fi.

Suppose the straight line passing through x and y meets KerQ 
and L is a broken line connecting x and y; then the previous in­
equality implies

%(L) > |y - x| = fuOx.yf).
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As a consequence, the inequality above will be valid for an arbitrary L 
connecting x and y because ^(L) is obtained as the supremum of 
[/-lengths of broken lines approximating the curve L. Since the [/-distance 

between x and y is the infimum of curve lengths connecting 
x and y we see that

du(x,y) = \y - x|

if the straight line passing through x and y intersects Ker Q.
Let d be an element of I, 0 < d < and put

Cd := {q € Eq| q is orthogonal to Ker fl, |q| — d}.

Evidently, if q G Cd then
previous result, the [/-distance between q

—q € Cd as well. Moreover, according to our 
|q-(-q)| =and — q equals

2d.
This means that Cd represents a circle of radius 

space. Let us calculate the circumference of this circle.
Choosing the parametrization

d in the observer

/ Q
Cd, a exP a~ 

\
• qo

where qo is an arbitrarily fixed element of Cd, we find

Q
P = - • P,

UJ

|fbp|2 = w2d2,

|p|2=d2,

(p ■ Q ■ p)2 = w2d4.

Applying formula (* * *) we obtain

The circumference of the circle of radius d is longer than 2?rd.

6.9. Exercises

1. Let U be a global inertial observer with velocity value u. Take a 
velocity value uo / u and the artificial time consisting of the hyperplanes 
directed by EUo (i.e. Ii/O). Demonstrate that the distances in [/-space 
calculated at ![/„-instants according to definition 6.3.3 equal the distances defined 

earlier in [/-space.
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2. Suppose the artificial time points are hyperplanes or hyperplane sections 
and the observer U is constant on them. Take such an artificial time point 
t; then there is a ut € V(l) such that U(x)—ut for all x in t. 
Suppose t is directed by E. Then

i^Tut ■ (91 + 92)1 < I^Ut ■ 911 + I^Ut ■ ?2|

for all 91,92 € E. As a consequence, straight lines realize the distance 
between the points of t, thus

dt(9i>92) = |wU{(92*t-9i*i)| (91,92 € Eu).

3. Let U be the uniformly accelerated observer treated in 6.5. Then

ao((-uo-(s-o))) 
vU(x)uo = , ' (ff € M).

y 1 + |ao|2(uo ■ (a: - o))

4. Let U be as before. Verify that every [7-line is obtained from a chosen 
one by a translation with a vector in EUo. In other words, Eu endowed 
with the subtraction

q' — 9 := x' - x (s' e 9, x e 9, x' - x 6 EUo)

is an affine space over EUo.
5. Let U be the uniformly accelerated observer treated in 6.6. Then 

the [/-line passing through x € o + EUo intersects tx if and only if 
ao ■ (x — o) < In |A|.

6. Show that

Dom 17 = {o + auo + /3ao + q\ (3 > 0, /?2|ao|2 > a2, uo ■ q = 0, ao q = 0} 

for the uniformly accelerated observer treated in 6.6.
7. Let U be as before. Then

ao(-uo ■ (s - o)) 
vU(x)uo — (x € Dom U).

a0 • (s - o)

8. Show that the distance observed by the inertial observer Uo with 
velocity value uo between the space points of the uniformly accelerated 
observer treated in 6.6. is not constant in C7o-time. Give an explanation similar 
to that in 6.5.6.

9. Verify that

Dom U = o + uo ® I + Ker Q + q € EUJ q is orthogonal to KerQ, |9| < —
Cd
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for the uniformly rotating observer treated in 6.8.
10. Demonstrate that

Q • rrUo • (z - o)
Vu(x)uo ~ ~

yl + |Q ■ ^uQ • & - o)l
(x & M)

VU(x)u<> = 0 • ^Uo • - o) € Dom

where U is the uniformly rotating observer treated in 6.7. and 6.8, respec­
tively.

11. The uniformly rotating observer treated in 6.8. is not regular.
12. Let o be a world point and consider the observer

U{x) ~ (x € o + T^).

Prove that
Err = {o + u ® I+| u e V(l)}.

U is regular and

is the set of [/-surfaces ([/-instants).
Show that if this observer defined simultaneity like an inertial observer (light 

signals and mirrors, see 3.2. ) then simultaneity would depend on the [/-space 
point of the light source.

13. Let o e M, uo 6 V(l), h € I* and define the observer

Doml7 := {z € M| h2^ • (x - o)|2 < 1},

U(x) := uo + hnUo • (x - o) 
^1 - h2|7rUo • (x - o)|2

(x € Dom[/).

Applying the method given in 6.4. find that the [/-line passing through 
x e (0 + EUo) PI (Dom [/) is given by the world line function

rx(s) = o + uotx(s) -I- e^'^Ux - o)

where s is the solution of the differential equation

([:!>- I)?

x — 0
1$ - o|

{V(l)i|tel+}

with the initial condition t(0) = 0.
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14. Let o € M, uo e V(l), h € I* and define the observer

:= uoJ 1 + h2\irUo ■ (x - o)|2 + hirUo(x - o) (x € M).

Applying the method given in 6.4 find that the 17-line passing through x € 
o + EUo is given by the world line function

rx(s) = o + uotx(s) + ehs(x - o)

where a >-+ is the function for which tx(0) = 0 holds and has the 
derivative s h-+ yl+/i2|x — o\2e2hs.

15. Compare the observers of the previous two exercises with the non- 
relativistic observer in Exercise 1.5.4.9.

7. Vector splittings

7.1. Splitting of vectors

7.1.1. For ueV(l) we have already defined

tu : M —» I, x >-+ — u ■ x

and
ttu : M —> Eu, x i-> x — (tu • x)u = x + (u ■ x)u

i.e. with the usual identifications,

ru = —u, nu = g + u ® u

(see 1.3.2) and the linear bijection hu := (ru,nu) : M —► I x Eu having the 
inverse

(t,q) ^ut + q

(see 1.3.5).

Definition. tu ■ x = — u • x and ?ru • x are called the u-timelike 
component and the u-spacelike component of the vector x. (—u • x, ttu • x) 
is the u-split form of x. hu = (Tu,7ru) is the splitting of M corre­
sponding to u, or the u-splitting of M. ■

Note that
x y = -(u • ®)(u ■ y) + (?ru • x) • (ttu • y),
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in particular,

for all x,y & M.

if

x2 = — (u ■ x)2 + |ttu ■ a?|2

In other words, 

hu-x = {t,q) then x2 = -t2 + \q\2.

7.1.2. If A is a measure line, A ® M is split into (A ®
I) x (A®EU) (x x by hu; thus the u-timelike component and the 
u-spacelike component of a vector of type A (cotype A) are in A ® I 
(i) and in A ® Eu (^), respectively.

In particular, hu splits into R x and for all u'eV(l)

hu ’ U1 = (-U • u', u' + (u ■ — —■ =(l,«u'u).
V1 ~ l«u'u|2

7.1.3. In contradistinction to the non-relativistic case, here not only the u- 
spacelike component but also the u-timelike component of vectors depend on 
u. The transformation rule that shows how the u-components of a vector vary 
with u, is much more complicated here than in the non-relativistic case.

Proposition. Let u,u' € V(l). Then for all (t, q) € I x Eu we have

(hu' ■ h-1) • (t,q) = ((-u' ■ u)t - u' ■ q, (u + (u' ■ u)u)t + q + (u' ■ q)u')

Proof. The first equality is quite simple. The second one is derived with the 
aid of the formulae in 4.3.2 and the relation u' ■ q = — (u' ■ u) (_“,.u 
which is true because u ■ q — 0. ■

Note that both and vuu, appear in that formula.

7.1.4. The previous formula is not a good transformation rule: we want to 
compare the u'-components of a vector with its u-components (t,q). How­
ever, the u'-Components and the u-components are in different spaces: (t, q)
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is in I x Eu and (hu' ■ • (t,q) is in IxEM', they cannot be com­
pared directly. To obtain a convenient formula, we have to relate Eu' and 
Eu; we have agreed that such a relation is established by the corresponding 
Lorentz boost. Thus, leaving invariant the first component, we shall transform 
the second component of (hui ■ h~^ • (t, q) by L(u,u').

Definition. Let u,u'eV(l). Then

■— ^idi ) I) ' (^u' ' )

is called the vector transformation rule from w-splitting into u'-splitting. ■

Proposition. For all (t, q) e I x Eu we have

In connection with this formula we mention the following frequently useful 
relation:

1 + - |vu'u|2

7.1.5. The previous formula is a bit fearsome. We can make it more apparent 
decomposing q into a sum of vectors parallel and orthogonal to vU'U :

(t,q) = (t,q||) + (0,q±)

where q|| is parallel to vu'u, i.e. there is a A € I such that q|| = 
Xvu'U and q± is orthogonal to vu,u, i.e. vu>u • q± = 0.

Then we easily find that

Hu'u ' (o?q±) = (O,qj_),

LLu'u • (t, q||) — !— (t — vu'u ■ q||, —vu'ut q||).
V1 - l«u'u!2

7.1.6. The last formula - in a slightly different form — appears in the 
literature as the formula of Lorentz transformation. To get the usual form
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we put v := v«'«; let (t,q) denote the u-components of a vector and 
let (t', q') denote its it'-components mapped by the Lorentz boost L(u, u ) 
into lx Eu; then supposing q is parallel to v we have

t' = , 1 ~(t ~vq),
\/i-M

{-vt + qf

This (or its equivalent in the arithmetic spacetime model) is the usual “Lorentz 
transformation” formula.

We emphasize that q' is not the u'-spacelike component of the vector 
having the u-components (t,q); it is the Lorentz-boosted u'-spacelike com­
ponent.

Lorentz transformations (see Section 9) are transformations of vectors, i.e. 
mappings from M into M; the transformation rule is a mapping from 
I x Eu into I x Eu. Transformation rules and Lorentz transformations 
are different mathematical objects. Of course, there is some connection between 
them. We easily find that

Hu'u — ‘ u ) ■ hu

where L(u,u,y) is the Lorentz boost from u' into u.
In the split spacetime model M and I x Eu coincide: the special struc­

ture of the split spacetime model (and the arithmetic spacetime model) involves 
the possibility of confusing transformation rules with Lorentz transformations.

7.1.7. Using a matrix form of the linear maps I x Eu —► I x Eu (see 
IV.3.7) we can write

^u'u
DfVu'u)

where

for v € q*, |v| < 1-
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7.2. Splitting of covectors

7.2.1. For u £ V(l), M* is split by the transpose of the inverse of 

ru := (h-1)* : M* —> (I x Eu)* = I* x E*.

Then for all k £ M*, (t, q) G Eu we have

(ru ■ k) ■ (t,q) = k ■ h^1 ■ (t,q) = k ■ (ut + q) = (k • u)t + k ■ q.

Of course, instead of k in k q we can write fc|E =i^ k = k iue 
E*. Then we can state that

ru • k = (k • u, k ■ iu) = (u ■ k, i* ■ k) (k € M‘).

This form is suitable for a comparison with the non-relativistic case. However, 
we can get a form more convenient from the point of view of applications. 
Applying the usual identifications we have i* = 7ru (see 1.3.6), thus

ru • k = (u • k, ttu • k) (k G M*).

Recall the identification M* = which implies that k can be split 
as a vector of cotype I ® I, too:

hu • k = (—u k,Tvu- k) (k G M*).

The two splittings are nearly the same. In the literature (in a somewhat 
different setting) the split form of k G M* by ru and hu are called 
the covariant and the contravariant components of k, respectively.

Of course, in view of M = I ® I ® M*, also the elements of M can be 
split by ru : a vector, too, has covariant and contravariant components.

Introducing the notation

: IxEu-»IxEu, (t,q) i-» (-t,q)

we have (with the usual identifications)

ru = ju ■ hu.

Note that — h~r ■ ju, i.e.

ru1 • (e,p) = -eu + p (eGl*,pgE*).

7.2.2. The covector transformation rule is defined to be

Ru u := (idi xZ,(u,u')|EJ • ru> • r’1.
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It can be easily deduced from the vector transformation rule that, apart from 
a negative sign, they are the same. Indeed,

(idi xL^u'y^^ju' = ju ' (idj xL(u,m')Ie„,>

thus
Ru'u = ju ■ HU'U • ju.

Consequently, if (e,p)eI’xE‘ and p is parallel to vu,u then

Ru'u ■ (e,p) = , 1...... = (e + vu'u • p, vu'ue + p).

y 1 - |v«'u|2

7.2.3. It is worth mentioning that can be considered to be a linear
subspace of M*, since E* = C = M* and

E* = {fc e M*| fc • u = 0},

in other words, E* is the annullator of u ® I.
In the non-relativistic case E* is not a linear subspace of M*. For all 

u 6 V(l) there is a linear subspace E* • of M‘, the annullator of 
it ® I, but it is not the dual of any linear subspace in M.

Observe that the special relativistic vector transformation rule which is nearly 
the same as the covector tramsformation rule resembles a combination of the 
non-relativistic vector and covector transformation rules.

We emphasize that in the special relativistic case there is no absolute spacelike 
vector and there is no absolute timelike covector, in contradistinction to the non- 
relativistic case.

7.3. Splitting of vector fields

7.3.1. In applications vector fields M M and covector fields M m 
M’ appear frequently. Evidently, a covector field can be considered a vector 
field of cotype I® I. Their splitting according to global inertial observers can 
be treated analogously to the non-relativistic case (see 1.8.5).

Let U be a global inertial observer with the velocity value u and 
let K : M >-> M* be a covector field. At every world point x the value 
K(x) is split according to the velocity value u so we get the half U-split 
form of the field:

(-Vu,Au) :=ruK : M^I’xE;, x (u • K(x), iru ■ K(x)).
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Furthermore, the observer splits spacetime as well, thus instead of world points 
[/-instants and [/-space points will be introduced to get the completely split form 
of the field:

(-Vu, Au) := (-14, Au) o Hjj1 = ru ■ K o : Ip x Ep --1* x E*, 
(t,q) 1-4 (u • K(q*t), 7ru ■ K(q*t)),

where q*t denotes the single element in the intersection of q and t.

7.3.2. Potentials are covector fields. We can introduce the scalar potential 
and the vector potential according to an observer by the previous split forms. 
Regarding the transformation rule concerning scalar potentials and vector po­
tentials we can repeat essentially what we said in 1.8.5.3; of course, the transfor­
mation rule will be significantly more complicated.

An important difference between the non-relativistic spacetime model and the 
special relativistic one is that here there are no absolute scalar potentials because 
there are no absolute timelike covectors. This forecasts that the description of 
gravitation in the relativistic case will differ significantly from its description in 
the non-relativistic case where absolute scalar potentials are used.

7.3.3. In contradistinction to the non-relativistic case, force fields are split 
differently according to different observers.

Let us take a force field / : M x V(l) Because of the property
f(x,u') u' = 0 for all (x, u') € Domf, the u-spacelike component and 
the u-timelike component of f are not independent. Using the formula in 
7.1.1 we get

0 = f(x,u') ■ u' = (u • f(x,u'))(u ■ u') + (ttu ■ f(x,u')) ■ (ttu • u'),

which yields
-u ■ f(x,u') = (ttu ■ • Vu'u.

7.3.4. Splittings of vector fields according to rigid observers in the non- 
relativistic case can be treated in the mathematical framework of affine spaces. 
However, splittings according to general observers require the theory of mani­
folds.

In the special relativistic case splittings according to non-inertial observers 
can be treated only in the framework of manifolds and they do not appear here.

7.4. Exercises

1. Show that Ku ■ x = (u /\ x) ■ u for all u € V(l), x g M.



8. Tensor splittings 251

2. Take the arithmetic spacetime model. Give the completely split form of 
the vector field

according to the global inertial observer with the velocity value 
-Xdl, v, 0,0).vl— v2 V

8. Tensor splittings

8.1. Splitting of tensors

8.1.1. The various tensors — elements of M ® M, M ® M‘, etc. 
are split according to u G V(l) by the maps hu ® hu, hu ® ru, etc. 
as in the non-relativistic case. However, now it suffices to deal with hu ® hu 
because the identification M‘ = and ru = ju • hu (see 7.2.1) allow 
us to derive the other splittings from this one.

With the usual identifications we have

hu®hu : M®M -+ (IxEu)®(IxEu) = (I®I)x(I®Eu)x(Eu®I)x(Eu®Eu), 

and for T G M ® M :

, * , ™ -1 ( u-T u -u ■ T ■ < \ _(hu ® hu) ■ T — hu T hu — hu T ru — T u ttu ■ T ■ J

( u-Tu —uT — u{uTu) A

= \ -T • u - u(u T -u) T + u® (u ■ T) + (T ■ u) ®u +u® u(u -T -u))'

for L e M ® M* :

* -  | / —UL ' JLj ‘ IL IL ' -LJ A j
(hu ® ru) • L = hu • L ■ ru = hu • L ■ hu - £ u y ’

for P € M’ ® M :

„ . * n -1 ~U P U U ' P ' Ku \
(ru ® hu) ■ P - ru P hu - ru ■ P ru - p u . p . J

for F G M* ® M* :

„ * r. 1.-1 / u-F u u F iv*u\(ru®ru)F = ruF -ru-ruF hu - F . u . F . J •
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8.1.2. The splittings corresponding to different velocity values u and 
u' are different. The tensor transformation rule that shows how the splittings 
depend on velocity values is rather complicated, much more complicated than in 
the non-relativistic case. We shall study it only for antisymmetric tensors.

8.2. Splitting of antisymmetric tensors

8.2.1. If T is an antisymmetric tensor, i.e. T € M A M, then 
u-Tu = O, u T -7r* = -(ttu T • it)* and 7ru • T • tt* € Eu A Eu which 
means (of course) that the it-split form of T is antisymmetric as well. Thus 
it-splitting maps the elements of MAM into elements of form

where a € Eu ® I = I ® Eu, AgEuAEu.
The corresponding formula in 8.1.1 gives for T € M A M

huTh^ = (—T ■ it, T + (T • u) A it)

Definition. -T • u and T + (T ■ it) A u are called the u-timelike 
component and the u-spacelike component of the antisymmetric tensor T.

8.2.2. The following transformation rule shows how splittings depend on 
velocity values.

Proposition. Let it, it' € V(l). Then

Proof. Using the matrix forms we have

u ■ (a, A) • =
U |

D^Vu'u) /
—a \ / 1

J y Vu'w
Vu'u A

D(vu^) /

from which we can get the desired formula.
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8.2.3. The previous fearsome formula becomes nicer if we write (a, A) 
the sum of components parallel and orthogonal to the relative velocity:

as

CL — (X|| Gj_, A = Ay + A.l

where a|| is parallel to vu/u, 
kernel of A|| is parallel to vu>u, 
A± is orthogonal to i.e.
Exercise V.3.21.1). Then we easily find

aj_ is orthogonal to
i.e. A|| • vu'u = 0 

(A_l ' V-u'u) Vu'u

vU'u, and the 
and the kernel of 
l^iCul A_r (see

(albAll)>Hu'u

Cl_L A Vu'u

8.2.4. The splitting and the transformation rule of antisymmetric cotensors 
i.e. elements of M* A M* are the same, apart from a negative sign. The 
details are left to the reader.

It is interesting that here, in contradistinction to the non-relativistic case, 
M A M* makes sense because of the identification M* = . The mixed
tensor H € M A M* has the u-split form

hu Hh-1 / 0 Hu
\H-u H + (H-u)/\u

which, as a matrix, is not antisymmetric. It need not be antisymmetric, because 
the symmmetric or antisymmetric properties of matrices refer to these proper­
ties of linear maps regarding duals without any identifications (see IV.1.5 and 
V.4.19).

8.3. Splitting of tensor fields

8.3.1. The splitting of various tensor fields according to inertial observers 
can be treated analogously to the non-relativistic case.

Let U be a global inertial observer with velocity value u. The anti­
symmetric cotensor field F has the half split form according to U

(Eu, -Bu) :=ru ■ F : m (e* ®r) x (e;ae;),
x H-> (F(x) ■ u, F(af) -I- (F(x) -u) hu)

and the completely split form
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{Eu, -Bu) ;= {Eu, -Bu) o —
= ru • (F o H^1) • r* : I x - (E* ® I) x (E^ A E* ), 

(t, q) {F(q *t) -U, F(q * t) + (F(q * t) • u) Au).

8.3.2. The electromagnetic field is described by an antisymmetric cotensor 
field F which is the exterior derivative of a potential K, F = D/\K. 
The electric field and the magnetic field relative to the inertial observer U 
are the corresponding components of the completely split form of F.

The relation between the completely split form (—Viz,-Ay) of K and 
the completly split form {Eu,-Bu) of F is exactly the same as in the 
non-relativistic case:

Ev = -d0Au - Wy, Bu = -V A Ay.

Since the force field defined by the potential K equals

f(x,u') = F(x) u' (x e DomK, u' € V(l)),

where F := D A K, we can state again that a masspoint in the world point 
x having the velocity value u' “feels” only the u'-timelike component of the 
field; a masspoint always “feels” the electric field according to its instantaneous 
velocity value.

Because of the more complicated tranformation rule in the special relativistic 
case the Lorentz force is expressed by the [/-electric field and the [/-magnetic 
field more complicatedly than in the non-relativistic case.

8.4. Exercises

1. Let x e M, 
form of T x and

2. Let T and

T e M ® M and L & M ® M*. Give the u-split 
L • x using the u-split form of x, T and L.
L as before. Give the u-split form of T L and

L ■ T using the u-split form of T and L.
3. Recall the non-degenarate bilinear form (see V.4.15)

(MAM*) X (MAM*) —> R, (FH^F^H := -TrF-H.

Express F • H using the u-timelike and the u-spacelike components of 
F and H.
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9. Reference frames

9.1. The notion of a reference frame

9.1.1. We can repeat word by word what we said in I. 7.1.1 with the single 
exception that instead of (absolute) time now we have to consider an (artificial) 
time derived from a simultaneity, to arrive at the following notion.

Recall that an observer U together with a simultaneity S establishes 
the splitting Hu,s = (ts, Cu) : M >—> Is x Ey.

Definition. A reference system is a quartet (17, S, Ts, Su) where
(i) U is an observer,

(ii) S is a simultaneity on the domain of U,
(m) Ts : Is >-* R is a strictly monotone increasing mapping,
(w) Su : Eu >-> R3 is a mapping

such that (Ts x Su) ° Hy g — 0 Ts, Su ° Cu) : M Rx S1 is an
orientation-preserving coordinatization. ■

We call Ts and Su the coordinatization of <S-time and 17-space, 
respectively, in spite of the fact that we introduced the notion of coordinatization 
only for affine spaces and, in general, neither Is nor Er/ is an affine space. 
(We mention that in any case I5 and can be endowed with a smooth
structure and in the framework of smooth structures Ts and Su do 
become a coordinatization.)

Noth that condition (Hi) involves that Ts is defined on a subset of Is 
where the ordering “later” is total; consequently, the coordinatization of space­
time is defined on a subset of Dom U where the simultaneity is well posed.

9.1.2. Definition. A coordinatization K : M R x RJ is called 
a reference frame if there is a reference system (U, S, Ts, Su) such that 
K = (Ts x Su) 0 Hu,s-

U, S, Ts and Su are called the observer, the simultaneity, the S-time 
coordinatization and the U-space coordinatization corresponding to the reference 
frame. ■

As usual, we number the coordinates of R x R3 from zero to three. 
Accordingly, we find convenient to use the notation K = (k°, k) : M^RxR3 
for the coordinatizations of spacetime. Then the equality

IMr) • doK~l(K(x)) — 0

well-known and used in the non-relativistic case will hold now as well, since its 
deduction rests only on the affine structure of M.

If K is a reference frame then

kP = Ts °ts, k = Su ° Cu-
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9.1.3. Proposition. A coordinatization K = (k°,k) : M S.xR3 is a 
reference frame if and only if

(i) K is orientation preserving,
(ii) doK~1(K(x)) is a future-directed timelike vector,
(m) -(DK°)(a;) is a future-directed timelike vector
for all x € Dom K.

Then
(1)

is the corresponding observer and the corresponding simultaneity 5 is deter­
mined as follows:

x is simultaneous with y if and only if «°(x) = K°(y) (2)

moreover,

Ts(t) = K°(x) 
SuM = k(x)

(t e Is, X e t), (3)
(q € Eu, x E q). (4)

Proof. If K is a reference frame, K = (Ts x Su) offu,s> then (i) is 
trivial.

k° is constant on the S-instants. In other words, 5-instants — more pre­
cisely their part in Dom A — have the form {rr € DomA|/t°(x) = a}. 
Then {x G M| (Dk°)(3:) ■ x = 0} is the tangent space of the correspond­
ing world surface passing through x. Since this tangent space is spacelike, 
(D«;0)(a;) must be timelike. If y — x € T-*, then the properties of ts 
and Ts imply that n°(y) — n°(x) > 0; then (Dk°) (rr) ■ (y — rr)-|-ordo(3/ — 
x) > 0 results in that (Dk0)(j;) • x > 0 for all x€ T-*, proving (Hi).

As concerns (ii), note that a world line function r satisfies r(s) — 
U(r(s)) and takes values in the domain of K if and only if K(r(s)) = 
(«:0(r(s)),£) i.e. r(s) = (n°(r(s).^) for a £ G R3 and for all
s 6 Dom r. As a consequence, we have

U(r(s)) = = doK-\K°(r(S))X)) • (D«°)(r(s)) • r(s)
(IS

which, together with condition (iii), implies that U(x) is a positive multiple 
of dgK~1(K(x)) for all zgDomk', proving (ii) and equality (1).

Suppose now that K — (k°, k) is a coordinatization that fulfils conditions 
(ii)-(iii).

Then condition (ii) implies that U defined, by equality (1) is an 
observer.
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According to (Hi), the simultaneity 5 is well defined by (2) (i.e. the
subsets of form {s € Domtt|K°(z) = a} are world surfaces and S is 
smooth). Consequently, Ts is well defined by formula (3) and it is strictly 
monotone increasing.

If r is a world line such that r(s) = U(r(s)) then

(«(r(s)) = Ds(r(«)) • U(r(t)) = Dn(r(s)) • ^doK-i^(r(s)))\ ~ ° 

which means that k o r is a constant mapping, in other words, k is 
constant on the 17-lines; hence Sv is well defined by formula (4).

Finally, it is evident that K = (Ts x Su) o■

9.2. Lorentz reference frames

9.2.1. Now we are interested in what kind of affine coordinatization of 
spacetime can be a reference frame.

Let us take an affine coordinatization K : M -> R . Then there are
— an o € M,
— an ordered basis (x0, ®i> x2, ®s) of M

such that
K(x) = (fci-(x-o)|i = 0,l,2,3) (ieM),

3

i=0

where (k°, fc1, fc2, fc3) is the dual of the basis in question.

Proposition. The affine coordinatization K is a reference frame if and 
only if

(i) (x0,Xi,x2,x3) is a positively oriented basis,
(H) x0 is a future-directed timelike vector,

(Hi) x3,x2,x3 are spacelike vectors spanning a spacelike linear subspace of 

M
Then the corresponding observer is global and inertial, having the constant 

value Xq

U'~ W
and the simultaneity is given by the hyperplanes directed by the spacelike sub­
space that Xi, x2, x3 span.

Proof. We show that the present conditions (i)-(iii) correspond to the 
conditions listed in Proposition 8.1.3.
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(j) The coordinatization is orientation-preserving if and only if the corre­
sponding basis is positively oriented;

(n) d0K-\K(x)) = x0;
(m) — (D/t°)(x) = -k° for all x € 

-k° is timelike if and only if asa-s 
since k° ■ x0 = 1 > 0 and since

M. Since k° ■ xa = 0 (a = 1,2,3), 
span a spacelike linear subspace; then, 

a:0 is future-directed timelike, — k°
must be future-directed.

9.2.2. Let G denote the Lorentz form on R4 treated in V.4.19 and 
recall that a linear map £ : M —> R4 is called g-G-orthogonal if there is an 
sei such that G(£ ■ x ■ L ■ y) = for all x, y € M.

Definition. A reference frame K is called Lorentzian if
— - K is affine,
— K : M —* R4 is g-G-orthogonal. ■

From the previous result we get immediately the following:

Proposition. A reference frame K is Lorentzian if and only if there are
(i) an o e M,

(zi) a positively oriented g-orthogonal basis (eo, ei,62,63), normed to an 
s, of M such that eg is future-directed timelike,

and
(aceM). ■

We shall use the following names for a Lorentz reference frame: o is its 
origin, (eo,ei,e2,e3) is its spacetime basis-, moreover, s := |e0| is its 
time and distance unit, u is its velocity value and (ei,e2,e3) is
its space basis.

9.2.3. Let K be a Lorentz reference frame and use the previous notations.
We see from 1.6 that the Lorentz reference frame establishes an isomorphism 

between the spacetime model (M, I,g) and the arithmetic spacetime model. 
More precisely, the coordinatization K and the mapping B : I —♦ R, 
t w | constitute an isomorphism.

This isomorphism transforms vectors, covectors and tensors, cotensors etc. 
into vectors, covectors etc. of the arithmetic spacetime model.

In particular,

K M —+ R4,

is the coordinatization of vectors and

X H-+ i = 0,1,2,3

(K-1)* : M’-R4, fci-> (fc 6^ = 0,1,2,3), 
is the coordinatization of covectors.
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We can generalize the coordinatization for vectors (covectors) of type or cotype 
A, i.e. for elements in M 8 A or (m* ® A, , too, where 
A is a measure line. For instance, elements of ™ or are coordina-
tized by the basis (^| i = 0,1,2,3) and by the basis (fi| i = 0,1,2,3) , 
respectively:

hd 4 f Ci ' W . n i 9 Q | ► R , w s --- 5— 1 = U, 1, 2, 3 ) , 
I------------------------ \ e? J

— ^R4, i = 0,1,2,3\
I®I \ e? /

9.3. Equivalent reference frames

9.3.1. We can repeat, according to the sense, what we said in 1.7.5.1.
Recall the notion of automorphisms of the spacetime model (see 1.6.1). An 

automorphism is a transformation that leaves invariant (preserves) the structure 
of the spacetime model. Strict automorphisms do not change time periods and 
distances.

It is quite natural that two objects transformed into each other by a strict 
automorphism of the spacetime model are considered equivalent (i.e. the same 
from a physical point of view).

Recalling that O(g) denotes the set of g-orthogonal linear maps in M 
(see V.2.7) let us introduce the notation

P+- ;=
{L : M —► M| L is affine, L € O(g), L is orientation- and arrow-preserving }

and let us call the elements of P+^ proper Poincare transformations. We 
shall study these transformations in the next paragraph. For the moment it 
suffices to know the quite evident fact that (L, idj) is a strict automorphism 
if and only if L is a proper Poincare transformation.

9.3.2. Definition. The reference frames K and K' are called 
equivalent if there is a proper Poincare transformation L such that

K' o L = K.

Two reference systems are equivalent if the corresponding reference frames 
are equivalent.
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Proposition. Let (U,S,Tg, Su) and (U',S',T$',Su') be the refer­
ence systems corresponding to the reference frames K and K', respec­
tively. If K and K' are equivalent, K1 oL = K, then

(t) L-U = U'oL,
(w) (T^,1 o Ts) ots =ts> oL

(Hi) (Sy) o Su) ° Cu = Cu1 0 L

Proof. For (i) we can argue as in 1.10.5.3, using (L ■ x)2 = x2 for all 
x e M. As concerns (ii) and (Hi), we can copy the reasoning of (Hi) in 1.10.5.3.

9.3.3. Now we shall see that our definition of equivalence of reference frames 
is in accordance with the intuitive notion expounded in 1.10.5.1.

Proposition. Two Lorentz reference frames are equivalent if and only if they 
have the same unit of time (and distance).

Proof. Let the Lorentz reference frames K and K' be defined by 
the origins o and o' and the spacetime bases (e0,e1,e2,e3) and 
(e^e^e^e^), respectively.

Then L:=Ar''-1o7<:M —> M is the affine bijection determined by

L(o) = o', L ei = e'i (i = 0,1,2,3).

Evidently, L is orientation-preserving. Moreover, L € (9(g) if and 
only if |eo| = IcqI and it is arrow-preserving if and only if eo and Gq 
have the same arrow.

9.4. Curve lengths calculated in coordinates

9.4.1. In 6.3.3 we dealt with lengths of curves in the space of an observer 
U at instants of a simultaneity S. It is an interesting question how to 
calculate these lengths in coordinates corresponding to a reference frame K — 
(Ts x Su) o Hu,s-

We shall use the notation P := K~l (P is the parametrization corre­
sponding to the coordinatization K).

Let L and Lt be as in 6.3.3 and let £° be the coordinate of t € 1$, 
i.e. $° = TS(t).

A parametrization pt of Lt has the coordinatized form

a K(pt(a)) =: ($°,(p"(a)| a = 1,2,3)) =: ($°,p(a))

from which we deduce

Pt = P(£°,p),
Pt = daP(£° ,p)pa (Einstein summation).
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Furthermore, we know (see 9.1.3)

U(P) =1 ' l^oPl

Consequently,

-Pt|2 = IPtl2 + \u(.Pt) -Pt\2 =

j8aP. deP +

\ l^o^l )

Let us put
gik := dzP ■ dkP (2,^ = 0,1,2,3).

Taking into account that goo is negative, we see that

(«,£ = 1,2,3)
goo

is the “metric tensor” in the [7-space, i.e. a curve in the [7-space para­
metrized by p at an 5-instant coordinatized by £° has length

y bQ^ (£°, p(a) )p“ (a)p^ (a)da.

9.4.2. Note that gik is a function from R4 into I ® I.
We know that (dtP^\i = 0,1,2,3) is a basis in M (the local basis 

at P(£) (see VI.5.6)). Thus, according to V.4.21, (gifc(^)| a, fc = 0,1,2,3)
is the coordinatized form of g corresponding to this basis. More precisely, 
we get those formulae choosing an a € I+ and putting

:=

9.5. Exercises

1. Let U be the observer corresponding to the reference frame K. 
Demonstrate that the coordinatized form of U according to K is the 
constant mapping (1,0). (By definition, (DK ■ U) o K 1 is the coordi­
natized form of U according to K, see VI.5).

2. Take the uniformly accelerated observer U treated in 6.5. Fix a G I+ 
and define a Lorentz reference frame with an arbitrary origin o and with a
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spacetime basis such that e0 := sU(o), ei := e2 and e3 are
arbitrary. Demonstrate that U will have the coordinatized form

where a is the number for which |a0| = a| holds.
3

The (7-line passing through o + ^2 Vei becomes
i=0

— shas, H—(chas — 1), £2, £3
a a

s € R

3. Take the uniformly accelerated observer U treated in 6.6. Fix an 
s e I+ and define a Lorentz reference frame with an arbitrary origin o and 
with a spacetime basis such that eo := sU(o), ei := s^-, e2 and 
63 are arbitrary. Demonstrate that U will have the coordinatized form

3
The (7-line passing through o + J2 Vei becomes 

»=o

l^sh^s, s € R

4. Take the uniformly rotating observer 
and define a Lorentz reference frame with 
oriented in KerQ, |e3| = s, ej and 
U will have the coordinatized form 

U treated in 6.7. Fix an s € I+ 
0, e0:=sU(o), 63 positively 
e2 arbitrary. Demonstrate that

where w is the number for which |Q| = holds.
3

The (/-line passing through 0 + $2 Ce« becomes
>=0

s^/TTw^^^-HF)2, c1 cos ws - C2 sincus, sin ws + £2 cos ws, £3 j

s e R
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5. Take the uniformly rotating observer 
and define a Lorentz reference frame with 
oriented in KerQ, |e3| = s, ei and

U treated in 6.8. Fix an s € I+ 
o, e0:=sU(o), e3 positively 
e2 arbitrary. Demonstrate that

U will have the coordinatized form

{(^.e2^3) € r4i w2((eT+(€2)2) < i} -
r,^2^3)- , 1 — (i, -^2, , o)

^/1-W2((^)2 + (€2)2
where w is the number for which |Q| = holds.

3
The [7-line passing through o + ^2 Vei becomes 

i=o

{ (t(s), C1 cos wt(s) - e2 sinwt(s), S1 sinwt(s) + £2 coswt(s), £3)| s € R} ,

where s
t(s) ■“

6. Find necessary and sufficient conditions that two affine reference frames 
be equivalent.

7. Take the uniformly accelerated observer treated in 6.5, consider [7O- 
simultaneity and find a convenient reference frame for them.

8. A reference frame defined for a uniformly accelerated observer cannot be 
equivalent to a reference frame defined for a uniformly rotating observer.

10. Spacetime groups*

10.1. The Lorentz group

10.1.1. We shall deal with linear maps from M into M, permanently 
using the identification Lin(M) = M ® M*.

Recall the notion of g-adjoints, g-orthogonal maps, g-antisymmetric maps 
(V.1.5, V.2.7).

Definition.

r := {L € M ® M*| L* ■ L = idM} = O(g)

is called the Lorentz group-, its elements are the Lorentz transformations.
If L is a Lorentz transformation then

f +1 if L is arrow-preserving
ar" 1 -1 if L is arrow-reversing
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signZ :=

is the arrow of L and
+1 if Z|E is orientation-preserving
-1 ifZ|Eu is orientation-reversing

is the sign of L where u is an arbitrary element of V(l). 
Let us put

£+^ := {L e £\ signZ = arZ — 1} ,
£+"~ := {L e £\ sign L = - ar L = 1} , 
£ * := {L 6 £\ signZ = — arZ = —1} , 
£~*~ := {L e £| signZ = arZ = -1} .

£^ * is called the proper Lorentz group.

10.1.2. (i) From VII.5 we infer that the Lorentz group is a six-dimensional 
Lie group having the Lie algebra

La(£) = A(g) = {H e M ® M*| H* = -H} .

(w) S, T and L, the set of spacelike vectors, the set of timelike vec­
tors and the set of lightlike vectors are invariant under Lorentz transformations. 
The arrow of a Lorentz transformation L is +1 if and only if T-*, 
the set of future-directed timelike vectors, is invariant for L.

(iii) The sign of Lorentz transformations is correctly defined. Indeed, if 
u g V(l) then L maps Eu onto E(ar £)£.„; these two linear 
subspaces are oriented according to 1.3.4. It is not hard to see that if the 
restriction of L onto Eu is orientation-preserving for some u then 
it is orientation-preserving for all u.

(w) The mappings £ —> { — 1,1}, Z h» arZ and £ —> { — 1,1}, 
Z signZ are continuous group homomorphisms. As a consequence, the 
Lorentz group is disconnected. We shall see in 10.2.4 that the proper Lorentz 
group is connected. It is quite trivial that if Z G £+,~ then
Z ■ £+~* = £+*~ and similar assertions hold for £ ' and £~^ as 
well. Consequently, the Lorentz group has four connected components, the four 
subsets given in Definition 10.1.1.

From these four components only £+^ — the proper Lorentz group — is a 
subgroup; nevertheless, the union of an arbitrary component and of the proper 
Lorentz group is a subgroup as well.

Z-* := £+~' U £ * is called the orthochronous Lorentz group.

(v) The arrow of L is +1 if and only if T-*, the set of future-
directed timelike vectors is invariant for L :

if ar Z = 1
if arZ = — 1

then Z[T^] = T^, 
then Z[T^] = T*-,

Z[T~] = T~, 

Z[T*~] = T^.
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Moreover, the elements of £+^ and £ preserve the orientation of 
M, whereas the elements of and £ * reverse the orientation.

10.1.3. M is of even dimensions, thus -idM is orientation-preserv­
ing. Evidently, -idM is in £“*“; it is called the inversion of spacetime 
vectors. We have that £~*~ = (—idM) • £^ *•

We have seen previously that the elements of £+<_ invert in some sense 
the timelike vectors and do not invert the spacelike vectors; the elements of 
£ * invert in some sense the spacelike vectors and do not invert the timelike 
vectors. However, we cannot select an element of £+"~ and an element of 
£—* that we could consider to be the time inversion and the space inversion, 
respectively.

For each u e V(l) we can give a u-timelike inversion and a u-spacelike 
inversion as follows.

The u-timelike inversion Tu e £+^ inverts the vectors parallel to u 
and leaves invariant the spacelike vectors g-orthogonal to u :

Tu • u := -u and Tu q := q for q € Ew.

In general,
Tu • x = u(u ■ x) + iru ■ x = 2u(u ■ x) + x (a: € M),

i.e.
Tu = g + 2u ® u

where, as usual, g := idM ■
The u-spacelike inversion Pu € £ * inverts the spacelike vectors g- 

orthogonal to u and leaves invariant the vectors parallel to u :

Pu u := u and Pu • q := — q for q £ Eu.

In general,

Pu • x = — u(u ■ x) — nu ■ x — —2u(u ■ x) — x {x € M),

i.e.
Pu = -g - 2u ® u.

We easily deduce the following equalities:

T-1 — T P1 = P
—T = P— 1 U'

Tu Pu = Pu - Tu - -g.
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10.1.4. For u € V(l) let us consider the Euclidean vector space 
(Eu,I.bu) where bu is the restriction of g onto Eu x Eu. The 
bu-orthogonal group, O(bu), called also the group of u-spacelike orthogonal 
transformations, can be identified with a subgroup of the Lorentz group.

o(bu) = {l e r^| L • u = u} .

The Lorentz group is an analogue of the Galilean group and we have already 
seen a number of their common properties. However, as concerns their relation 
to three-dimensional orthogonal groups, they differ significantly.

In the non-relativistic case there is a single three-dimensional orthogonal 
group in question, C9(b), and it can be injected into the Galilean group 
in different ways according to different velocity values. Moreover, L t— 
is a surjective group homomorphism from the Galilean group onto the three- 
dimensional orthogonal group.

In the relativistic case there are a lot of three-dimensional orthogonal groups, 
being subgroups of the Lorentz group; one corresponds to each velocity value. 
Note that, for all u, L|E^ is not a surjective group homomorphism 
from £ onto O(b„); indeed, Eu is invariant for L if and only if 
L u = (arL)w.

As a consequence, there is not either a “special Lorentz group or a u- 
special Lorentz group” which would be the kernel of the group homomorphism

10.1.5. The problem is that, in general, Eu is not invariant for a Lorentz 
transformation L; more closely, L maps Eu onto E(ar£)£.u for 
all u € V(l). Let us try to rule out this uneasiness with the aid of the cor­
responding Lorentz boost L(u,(ar£)L • u) which maps E(ar L)Z, U onto 
Eu in a “handsome” way. A simple calculation yields the following result.

Proposition. For all Lorentz transformations L and for all u G V(l),

R^L, u) := (ar L)L(u, (ar L)L ■ u) ■ L —

= (ar L)L +
(u + (arL)L ■ u) ® ((arL)Lj 1 • u + u) 

1 — u ■ (ar L)L • u
— 2u®u

is an element of C?(bu). ■
This suggests the idea that an orthochronous Lorentz transformation 

L should be considered “special” if H(L, u)|Eu = idE„; then 
L(u, (ar L)L • u) ■ L = g and consequently L is a Lorentz boost.

Thus Lorentz boosts can be regarded as counterparts of special Galilean 
transformations. That is why we call them special Lorentz transformations as 
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well. However, it is very important that the special Lorentz transformations 
(Lorentz boosts) do not form a subgroup (see 1.3.9).

Note that our result can be formulated as follows: given an arbitrary u G 
V(l), every Lorentz transformation L can be decomposed into the product 
of a special Lorentz transformation and a u-spacelike orthogonal transformation, 
multiplied by the arrow of L :

L = (ar Z)L((ar L)L -u,u) ■ R(L,u).

10.1.6. It is worth mentioning that the product of the u'-timelike (u'- 
spacelike) inversion and the u-timelike (u-spacelike) inversion is a special Lorentz 
transformation. Since

Tu 1 = Tu = -Pu = g + 2u ® u, 

we find — because of — u — 2(u-u')u' = u---- A th3,4 Tu/Tu1 = 
2V /Pu' • Pj1 is the Lorentz boost from u to u---- , -■

10.1.7. (i) Take an 
H u = 0 holds. Then 
proof of 1.11.1.8 to have

u G V(l) and a 0 / H € A(g) for which 
H3 = - H|2H (V.4.18(i)) and we can repeat the

eH H2 lrrl H . .„.
+ ;—cos + Tmsm 1-^1

which is an element of O(bu).
(ii) Take an u G V(l) and a 0 / H G A(g) whose kernel lies in Eu. 

Then H3 = |H|2H (V.4.18(u)) and we can prove as in 1.11.1.8 that

eH =
W2 77

EWe can demonstrate this is a Lorentz boost. Recall that there is an n € -f-, 
|n| = 1 such that H = au A n, where a := \H\. Then H2 = 
a2(n ® n - u ® u) and executing some calculations we obtain:

Proposition. Let u G V(l), n G |n| = 1, and a € R. I hen

exp(a(u A n)) = L(ucha + nsha, u).

10.1.8. Originally the Lorentz tranformations are defined to be linear maps 
from M into M. In the usual way, we can consider them to be linear 
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maps from into as we already did in the preceding paragraphs as 
well.

V(l) is invariant under orthochronous Lorentz transformations. However, 
contrary to the non-relativistic case, here V(l) is not an affine subspace, 
hence we cannot say anything similar to those in 1.11.3.8.

This, too, indicates that the structure of the Lorentz group is more compli­
cated than the structure of the Galilean group.

10.2. The u-split Lorentz group

10.2.1. The Lorentz transformations, being elements of M ® M*, are 
split by velocity values according to 8.1. These splittings are significantly more 
complicated than the splittings of Galilean transformations.

Let us start with the splittings of Lorentz boosts. The map HU'U defined 
in 7.1.4 is such a splitting:

(u,u'eV(l)).

For a u £ V(l), it is convenient to introduce the notations

f K 'IM<1|

and 
«(«) '•= > 

\/i - M

for v € Bu. It is worth mentioning the relation

k(v2) _ k(v) - 1
k(v) + 1 |v|2

Applying the usual matrix forms we have

u z \ ~VU'UHu'u-^Vu‘u\-Vulu

A simple calculation yields that

hu ■ L(u',u) = k(vU'u)
1

vu'u
Vu'u
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10.2.2. Now taking an arbitrary Lorentz transformation L and a u e 
V(l), we make the following manipulation:

hu L h~l = (hu • L(u, (arL)L ■ • (hu ■ L(u, (ar L)L • u) ■ L ■
t

The first factor on the right-hand side equals L^L uu. As concerns 
the second factor, we find that

(hu • L(u, (ar L)L ■ u) • L ■ h”1) (t, q) = (hu • L(u, (ar L)L ■ u) ■ L) (ut + q) = 
= hu ■ ((ar L)ut + R(L, u) • q) = ((ar L)t, R(L, u) ■ q)

for all (t, q) € I x Eu. i.e. the second factor has the matrix form

ar L 0
0 R(L,u)

As a consequence, we see that the following definition describes the u-split 
form of Lorentz transformations.

Definition. The u-split Lorentz group is

oi € { — 1,1}, v € Bu, R € O(bu)

Its elements are called u-split Lorentz transformations. ■

The u-split Lorentz transformations can be regarded as linear maps I x 
Eu —+ I x Eu; the one in the definition makes the correspondence

(t,q) K,(y)(at + v R q,avt + D(v) R q).

The u-split Lorentz group is a six-dimensional Lie group having the Lie 
algebra

f / 0 V \ Eu . J
[yr Af w A(bu)| .

, . i 1 v \ [ a 0 \
D(v) J ^0 r)

10.2.3. The splitting according to u establishes a Lie-group isomorphism 
between the Lorentz group and the u-split Lorentz group. The isomorphisms 
corresponding to different u' and u are different.

The difference of splittings can be seen by the usual transformation rule which 
is rather complicated; since here we need not it, we do not give the details.

10.2.4. The u-splitting sends the proper Lorentz group onto 

v \ /I 0 \
D(v)) V0 RJ v e B„, R € SO(bu)
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which is evidently a connected set. Since the u-splitting is a Lie group isomor­
phisms, * is connected as well.

10.2.5. We easily verify that

, J 1
K ' \ V

V
D(v) v € B-

is not a subgroup of the u-split Lorentz group; this reflects the well-known fact 
that the Lorentz boosts do not form a subgroup.

10.2.6. The Lie algebra of the Lorentz group, too, consists of elements of 
M ® M*, thus they are split by velocity values in the same way as the Lorentz 
transformations; evidently, their split form will be different.

If H is in the Lie algebra of the Lorentz group — i.e. H is a g- 
antisymmetric tensor — and u e V(l), then

hu • H h-1 = / 0
\H-u

Hu
H — u /\ H • u

The splitting according to u establishes a Lie algebra isomorphism be­
tween the Lie algebra of the Lorentz group and the Lie algebra of the u-split 
Lorentz group. The isomorphisms corresponding to different u' and u 
are different.

10.3. Exercises

1. The Lorentz group is not transitive, i.e. for all x € M, {L •
L G £} ± M. What are the orbits of the Lorentz group?

2. The subgroup generated by the Lorentz boosts equals the proper Lorentz 
group.

3. Prove that the Lie algebra of O(bu) equals {H G A(g)| H u = 0} 
which can be identified with A(b„).

4. What is the subgroup generated by {Tu|u G V(l)}?
5. Prove that

flu ■ Tu' ■ hu — Hu,u"

hu ■ Pu' 0 hu — Huu"

-1 of
0 idEu / ’

1 °
0 - idEu J

where u :— u 2k(vUu')vuu''



10. Spacetime groups* 271

10.4. The Poincare group

10.4.1. Now we shall deal with affine maps L : M —+ M; as usual, the 
linear map under L is denoted by L.

Definition.

P — {L : M —> M| L is affine, L E C}

is called the Poincare group; its elements are the Poincare transformations.
If L is a Poincare transformation then

ar L := ar L, sign L := sign L.
P+^, P+*~, P—* and P~^ are the subsets of P consisting of

elements whose underlying linear maps belong to , P'P C ' and
, respectively.

P^—* is called the proper Poincare group. ■

According to VII.3.2(h) we can state the following.

Proposition. The Poincare group is a ten-dimensional Lie group; its Lie 
algebra consists of the affine maps H : M —> M whose underlying linear 
map is in the Lie algebra of the Lorentz group:

La(P) = {H € Aff (M, M)| H e A(g)} . ■

The proper Poincare group is a connected subgroup of the Poincare group. 
As regards P+*~, etc. we can repeat what we said about the components of 
the Lorentz group.

p^ ;= p+~* u p ' is called the orthochronous Poincare group.

10.4.2. We can say that the elements of P~^ invert spacetime in some 
sense but there is no element that we could call the spacetime inversion.

For every o € M we can give the o-centered spacetime inversion in the 
well-known way (cf. 1.11.6.2):

Io(x) ■— o - (x - o) (x € M).

Similarly, we can say that in some sense the elements of P ‘ contain 
spacelike inversion and do not contain timelike inversion; the elements of P‘' 
contain timelike inversion and do not contain spacelike inversion. However, the 
space inversion and the time inversion do not exist.

For every o € M and it € V(l) we can give the o-centered u-timelike 
inversion and the o-centered u-spacelike inversion as follows:

Tu,oM -=o+Tu(x- o),
PuA^ ■= o + Pu ■ (x - o) (xeM).
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10.4.3. The Poincare transformations are mappings of spacetime. They 
play a fundamental role because the proper Poincare transformations can be 
considered to be the strict automorphisms of the spacetime model. The following 
statement is quite trivial.

Proposition. (F. idj) is a strict automorphism of the special relativistic 
space time model (M, I, g) if and only if F is a proper Poincare trans­
formation.

10.4.4. The Lorentz group is not a subgroup of the Poincare group. The 
mapping P C, L L is a surjective Lie group homomorphism whose 
kernel is Tn(M), the translation group of M,

Tn(M) = {To-I x & M} = {L g P\ L = idM} ■

As we know, its Lie algebra is M regarded as the set of constant maps 
from M into M (VII.3.3).

For every o € M,
:= {T € P\ L{o) = o},

called the group of o-centered Lorentz transformations, is a subgroup of the 
Poincare group; the restriction of the homomorphism L L onto Co is 
a bijection between Co and C.

In other words, given o g M, we can assign to every Lorentz transforma­
tion L the Poincare transformation

x i-> o + L • (s - o),

called the o-centered Lorentz transformation by L.

10.4.5. For every u g V(l) we can define the subgroup of u-timelike 
translations

Tn (I)u := {Tut I t&l}cTn(M)

and the subgroup of u-spacelike translations

Tn(Eu) := {T,| q € Eu} C Tn(M)

10.4.6. For every u g V(l) and o g M,

O(bu)o := {L g P~*\ L(o) = o, Lu = u},

called the group of o-centered u-spacelike orthogonal transformations, is a sub­
group of PT
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In other words, given (u,o) € V(l) x M, we can assign to every Re 
O(bu) the Poincare transformation

x H-> o — lt(tl • (x — o)) + R ■ ■ (x — o),

called the o-centered u-spacelike orthogonal transformation by R-

10.5. The vectorial Poincare group

10 5.1. Recall that for an arbitrary world point o, the vectorization of 
M with origin o, Oo : M —> M, x x - o is an affine bijection.

With the aid of such a vectorization we can “vectorize’ the Poincare group 
as well: if L is a Poincare transformation then Oo o L o Oo is an afhne 
transformation of M, represented by the matrix (see VL2.4(u) and Exercise 

V I.2.5.2)
/ 1 0\
^L(o) - o L ) '

The Lie algebra of the Poincare group consists of affine maps H : M -+ M 
where M is considered to be a vector space (the sum of such jnaps is a part 
of the Lie algebra structure). Thus the vectorization H o Oo is an afhne 
map M M where the range is regarded as a vector space. Then it is 
represented by the matrix (see VI.2.4(m))

0 0 A
H(o) H ) ’

10.5.2. Definition. The vectorial Poincare group is

r Zi o\ 
( ya L J a € M, L e P

The vectorial Poincare group is a ten-dimensional Lie group, its Lie algebra 
is the vectorization of the Lie algebra of the Poincare group.

a € M, H e La(£)

An advantage of this block matrix representation is that the commutator of 
two Lie algebra elements can be computed as the difference of their two products.

10.5.3. A vectorization of the Poincare group is a Lie group isomorphism 
between the Poincare group and the vectorial Poincare group. The following 
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transformation rule shows how the vectorizations depend on the world points
serving as origins of the vectorization. Let o and o' be two world points;
then 

Oo- o Oo 1 = To_o' =
0 

idM

and

0£ )T /-A o — o' o—o'
1

a + (i - idM) • (o' - o)
(a e M, L e C).1 

a
0
L

As concerns the corresponding Lie algebra isomorphisms, we have

( 0 0 A
H) 0

H /■ T , o—o'
0

a + H • (o' - o) (a e M, H e La(AO).

10.6. The u-split Poincare group

10.6.1. With the aid of the splitting corresponding to u & V(l), we send 
the transformations of M into the transformations of IxEu. Composing 
a vectorization and a splitting, we convert Poincare transformations into affine 
transformations of I x Eu.

Embedding the affine transformations of I x Eu into the linear transfor­
mations of Kx (lx Eu) (see VL2.4(«)) and using the customary matrix 
representation of such linear maps, we introduce the following notion.

Definition. The u-split Poincare group is

10 0 \ /I 0 0
t «(v) k(v)v I I 0 a 0
q k(v)u k(v)D(v) / \0 0 R

a e {-1,1}, t e I, q 6 Eu 
v € Bu, R e O(bu)

The u-split Poincare group is a ten-dimensional Lie group having the Lie
algebra

/0 0 0 \ 
t 0 v 

\ q v A /
Et € I, q € Eu, v E ——, A G A(bu) > .

Keep in mind that the group multiplication of u-split Poincare transforma­
tions coincides with the usual matrix multiplication and the commutator of Lie 
algebra elements is the difference of their two products.
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For it € V(l) and o € M put

hu,o := huoOo : M -+1 x Eu.

Then L hUy0 o L o h~*o is a Lie group isomorphism between the 
Poincare group and the u-split Poincare group. Evidently, for different ele­
ments of V(l) x M, the isomorphisms are different. The transformation rule 
that shows how the isomorphism depends on (u, o) is rather complicated.

Though the Poincare group and the u-split Poincare group are isomorphic 
(they have the same Lie group structure), they are not “identical’ : there is no 
“canonical” isomorphism between them that we could use to identify them.

The u-split Poincare group is the Poincare group of the it-split special rel­
ativistic spacetime model (I x Eu, I, gu) (see 1.7). The spacetime model 
(M,I, g) and the corresponding u-split spacetime model are isomorphic, but 
they cannot be identified as we pointed out in 1.6.3. Due to the additional struc­
tures of the u-split spacetime model, the u-split Poincare group has a number 
of additional structures that the Poincare group has not.

10.6.2. The u-split Poincare group has the following subgroups:

0
1
0

t e i ,
' /i o o \
<01 o

0 idE„ /
( /1 o o \ 
p 1 0 

[ \o o r)
R& O(bu) > .

In contradistinction to the non-relativistic case,

k(v)v

0
k(v)v 

k(v)D(v)

is not a subgroup of the u-split Poincare group.
The listed u-split Poincare transformations correspond (by the isomorphism 

established by (u, o) £ V(l) x M) to the following Poincare transformations:

x x + ut

x x + q
X I—» O — u(u ■ (x — o)) + R ■ T^U ■ (x — o) 
x^ o+ L{k,(v)(u + v), u) • 7TU ■ (x - o)

(t € I),

(q € Eu), 
(R€0(bn)), 
(v € B„).

10.6.3. Taking a linear bijection I -> R and an orthogonal linear bijec­
tion Eu -► R3, we can transfer the u-split Poincare group into an affine 
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transformation group of R x R3, called the arithmetic Poincare group which 
is the Poincare group of the arithmetic spacetime model.

The arithmetic Poincare transformations can be given in the same form as the 
u-split Poincare transformations: R, R3, 0(3) and the open unit ball in 
R3 are to be substituted for I, Eu, O(b„) and Bu, respectively.

In conventional treatments one always considers the arithmetic Poincare group 
and one speaks about the time translation subgroup, the space translation sub­
group, the space rotation subgroup, the time inversion etc. which in applications 
can result in misunderstandings.

Since time and space do not exist and only observer time and observer space 
make sense, the Poincare group has no such subgroups; it contains u-timelike 
translations, it-spacelike translations, o-centered tt-spacelike rotations etc.

10.7. Exercises

1. Let L be a Poincare transformation for which L — — idM . Then
there is a unique o € M such that L is the o-centered spacetime inversion.

2. Prove that for all o € M,

Oo o Lo o Oo 1 L&C

3. Find hu,o • Tuo • hu o and hu,o • PUiO • hu o.
4. Prove that the subgroup generated by {Tu,o|« € V(l), o € M} equals 

■p+-ijp*-
5. Prove that the derived Lie algebra of the Poincare group equals the Lie 

algebra of the Poincare group, i.e. [La('P), La(P)] = La('P).
6. Let L be a Poincare transformation. Consider the real number arL 

to be a linear map I —♦ I, 11-► (ar L)t.
If r is a world line function then Loro(arL)-1 is a world line function, 

too.
If C is a world line then L[C] is a world line, too; moreover, if 

C = Ranr then L[C] = Ran(L o r o (ar L)1).

11. Relation between the special relativistic spacetime 
model and the non-relativistic spacetime model

11.1. One often asserts that non-relativistic physics is the limit of special 
relativistic physics as the light speed tends to infinity.

Can we give such an exact statement concerning our spacetime models? The 
answer is no.
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We have two different mathematical structures. There is no natural way of 
introducing a convergence notion even on a class of mathematical structures of 
the same kind (e.g. on the class of groups and to say that a sequence of groups 
converges to a given one) and it is quite impossible to introduce a convergence 
notion on a class consisting of structures of different kinds (e.g. to say that a 
sequence of groups converges to an algebra).

There is no reasonable limit procedure in which a sequence of special rela­
tivistic spacetime models converges to a non-relativistic spacetime model.

11.2. The following considerations show the real meaning of the usual state­
ments.

Let us fix a special relativistic global inertial observer with the velocity 
value u.

Let us rename I to D, calling it the measure line of distances. Let 
us introduce for time periods a new measure line, denoted by I. Let us 
choose a positive element c of it makes the correspondence I —» D, 
t H> Ct.

If u' € V(l) then vu>u £ and v := cvU'U € will be 
considered the relative velocity with respect to the observer. Evidently, |v| < c, 
thus c is the light speed in the new system of measure lines.

Substituting for vu’u and ct for t in the formula 7.1.4 and 
letting c tend to infinity — which has an exact meaning because elements 
of finite dimensional vector spaces are involved in that formula — we get the 
corresponding non-relativistic transformation rule in 1.8.2.4.

Similar statements hold for other formulae that concern relative velocities; e.g. 
for the addition formula of relative velocities, for the formula of light aberration 
etc.

However, such a statement, in general, will not be valid for formulae that do 
not concern relative velocities: e.g. the uniformly accelerated observer treated 
in 6.6 has no limit as c tends to infinity.





III. FUNDAMENTAL NOTIONS OF 
GENERAL RELATIVISTIC SPACETIME 

MODELS

1. As we have already mentioned, the non-relativistic spacetime model is 
suitable for describing “sluggish” mechanical phenomena. To describe “brisk 
mechanical phenomena and electromagnetic phenomena we have to use the 
special relativistic spacetime model. Of course, the special relativistic spacetime 
model is good for “sluggish” mechanical phenomena, too, but their relativistic 
description is much more complicated than the non-relativistic one and gives 
practically the same results.

To avoid misunderstandings, we emphasize that the mechanical effects of elec­
tromagnetic phenomena (e.g. the history of charged masspoints in a given elec­
tromagnetic field) can be well described non-relativistically as well, provided 
that the mechanical phenomena remain “sluggish” (the relative velocities of 
masspoints remain much smaller than the light speed). The non-relativistic 
spacetime model is not suitable for the description of the electromagnetic phe­
nomena in vacuum: how do charges produce electromagnetic field, how does an 
electromagnetic radiation propagate etc.

Gravitational actions are well described in the non-relativistic spacetime 
model by absolute scalar potentials. Such potentials do not exist in the spe­
cial relativistic spacetime model. Other potentials or force fields do not give 
convenient (experimentally verified) models of gravitational actions.

The problem that faces us is that gravitational actions in “brisk mechanical 
phenomena and electromagnetic phenomena cannot be described and, of course, 
gravitational phenomena (how do masses produce gravitational fields) cannot be 
treated in the framework of the special relativistic spacetime model.

There is only one way out: if we want to describe gravitational phenomena 
as well, then we have to construct a new spacetime model. However, it is not 
straightforward at all, how we shall do this.

2. Recall what we said about our experience regarding the structure of 
our space and time: in our space we find straight lines represented by light 
signals or stretched threads. We know, however, that a thread stretched in the 
gravitational field of the earth is not straight, it bends; if the thread is short 
enough and the stretching is strong enough then the curvature of the thread is 
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negligible. However, for longer threads — imagine a thread (wire) across a river 
— the curvature can be significant.

It seems, that a light signal is better for realizing a straight line. Indeed, 
in terrestrial distances we do not experience that a light signal is not straight. 
However, the distances on the earth are small for a light signal. It may happen 
that light signals turn out to be curved in cosmic distances. Of course, to prove 
or disprove this possibility we meet great difficulties. A minor problem is that 
cosmic distances are hardly manageable.

To state that a line is straight or not we have to know what the straight lines 
are. Straight lines in terrestrial distances are defined in the most convenient way 
by the trajectories of light signals. Have we a better way to define straight lines 
in cosmic size? Can we define straight lines in this way? Can we define straight 
lines at all?

We have to recognize that it makes no sense that a single line in itself is straight 
or is not straight. We have to relate the trajectories of more light signals and 
to test whether they satisfy the conditions we expect the set of straight lines 
have. For instance, if two different light signals meet in more than one point, 
the trajectories of the signals cannot be straight lines. Unfortunately, it is rather 
difficult to execute such examinations in cosmic size.

Nevertheless, we have experimental evidence that shows that gravitation influ­
ences the propagation of light. The angle between two light beams arriving from 
two stars have been measured in different circumstances: first the light beams 
travel “freely”, far from gravitational action; second, they travel near the Sun 
i.e. under a strong gravitational action. The angles are significantly different.

Light travels along different trajectories in two circumstances. Evidently, the 
trajectories cannot be straight lines in both cases.
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The affine structure of spacetime in the special relativistic model has been 
based on the straight propagation of light. Thus if we want to construct a 
spacetime model suitable for the treatment of gravitational phenomena, we have 
to reject the affine structure.

We have to get accustomed to the strange fact: in general, the notion of 
a straight line makes no sense. It is worth repeating why. Every notion in 
our mathematical model must have a physical background. A straight line 
would be realized by a light beam: we have no better possibility. However, 
in strong gravitational fields (in cosmic size) the set of light beams maybe 
does not satisfy the usual conditions imposed on the set of straight lines. One 
usually says that gravitation “curves” spacetime. The properties of a curved 
spacetime can be illustrated as follows: it may happen that two light beams 
starting simultaneously from the same source in different directions meet again 
somewhere (this is a “spacelike curvature”) or that two light beams starting from 
the same source in the same direction in different instants meet again somewhere 
(this is a “timelike curvature”).

3. According to the idea of Einstein, spacetime models must reflect gravita­
tional actions, a spacetime model is to be a model of a gravitational action; the 
absence of gravitation is modelled by the special relativistic spacetime model.

The theory of gravitation, a deep and large theory, lies out of the scope of this 
book. That is why only the framework of general relativistic spacetime models 
will be outlined.

In constructing a general relativistic spacetime model, we do not adhere to 
the affine structure and we require only that spacetime is a four-dimensional 
smooth manifold M.

A four-dimensional smooth manifold M is an abstract mathematical struc­
ture similar to a four-dimensional smooth submanifold in an affine space; it 
has the following fundamental properties: every x € M has a neighbour­
hood which can be parametrized by p : R4 >—> M; if p and q are 
parametrizations then q~x op is smooth. Then to each point x of M 
a four-dimensional vector space TX(M), the tangent space at x, is as­
signed; every differentiable curve passing through x has its tangent vector in 
T^M). A neighbourhood of zero of T^M) approximates a neighbourhood 
of x in M. Smooth submanifolds of an affine space (thus affine spaces 
themselves) are smooth manifolds.

Our experience that gravitational action in small size does not contradict the 
notion of a straight line suggests that a general relativistic spacetime model in 
small size can be “similar” to a special relativistic spacetime model. That is 
why we accept that there is a measure line I, and a Lorentz form gT : 
Tt(M) x TX(M) —+ I ® I is given for all x G M in such a way that 
x i-+ g,T is smooth in a conveniently defined sense. The assignment x w gr 
is called a Lorentz field and is denoted by g. Moreover, we assume that every 
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gT is endowed with an arrow orientation which, too, depends on x in a 
conveniently defined smooth way.

Definition. 4 general relativistic spacetime model is a triplet (M,I, g) 
where

- M is a four-dimensional smooth manifold (called spacetime or world), 
I is a one-dimensional oriented vector space (the measure line of space­
time lengths),

— g is an arrow-oriented Lorentz field on M.
Evidently, a special relativistic spacetime model is a general relativistic space­

time model: M is an affine space (then every tangent space equals M) 
and gx is the same for all ■ x € M.

4. Take a general relativistic spacetime model (M,I,g). Then Sx, Tx 
and Lx, the set of spacelike tangent vectors etc. in TX(M) are defined 
by gx for all world points x and they have the following meaning:

a world line (the history of a masspoint) is a curve in M whose tangent 
vectors are timelike (i.e. the tangent vector of a world line C at x is in 
Tx);

a light signal is a curve in M whose tangent vectors are lightlike.
Let us give an illustration of a general relativistic spacetime model. Let the 

plane of the page represent the spacetime M, and at the same time, every 
tangent space is represented by the plane of the page as well. Then we draw the 
future light cone to every world point.

Illustrating the non-relativistic and the special relativistic spacetime models 
we have got accustomed to the fact that the Euclidean structure of the plane 
has to be neglected: the angles and distances in the plane of the page do not 
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reflect, in general, objects of the spacetime model. Now we have to neglect the 
affine structure of the plane as well: the straight lines of the plane, in general, 
do not correspond to objects of the spacetime.

We call attention to the fact that in our illustration the spacetime manifold 
and its tangent spaces which are different sets, are represented by the same 
plane. The straight lines representing light cones in the previous figure are lines 
in tangent spaces, they do not lie in the spacetime manifold.

The following figures show a world line and a light signal in the general 
relativistic spacetime model.

5. As we have said, a general relativistic spacetime model is to be a model of 
a gravitational action. The theory of gravitation has the task to expound how a 
gravitational action is modelled by a spacetime model. We know that a special 
relativistic spacetime model corresponds to the lack of gravitation.

There are different special relativistic spacetime models; however, all of them 
correspond to the same physical situation: the lack of gravitation. This is 
reflected in the fact that all special relativistic spacetime models are isomorphic.

It may happen that two general relativistic spacetime models correspond to 
the same gravitational action; we expect that they must be isomorphic. Now we 
give the notion of isomorphism.

Definition. The general relativistic spacetime model (M,I,g) is isomor­
phic to (M',I',g') if there are

a diffeomorphism F : M —► M',
an orientation preserving linear bijection Z : I —> I'

such that

gF(x) o (DF(x) x DF^)) = (Z ® Z) o (rc € M). ■

The phrase F is diffeomorphism means that F is a bijection and both 
F and F-1 are smooth. The derivative of F at x, DF(x), is a 
linear map from TX(M) into Tp^^M').
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6. As examples we give a certain kind of general relativistic spacetime models 
where the spacetime manifold is a submanifold of an affine space, hence we can 
use the well-known mathematical tools treated in this book.

Take a special relativistic spacetime model (M, I, g), select an open subset 
Ma of M; MA is an open submanifold of M and TK(MA) = M 
for all x € M. Give a smooth map A : M >-> ^(M) (i.e. A(a;) is a 
linear bijection M —+ M for all x € M). For all x G MA we define 
the Lorentz form gA by

gA(sc,y) := g(A(ar) • x, A(x) • y) (x, y G M).

The Lorentz form gA is endowed with an arrow orientation as follows: let 
T^ be the future-directed timelike cone of g; then the future-directed 
timelike cone of gA is defined to be A(x)-1[T^].

Then (MA,I,gA) is a general relativistic spacetime model.



PART TWO
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IV. TENSORIAL OPERATIONS

In this section K denotes the field of complex numbers or the field of real 
numbers, and all vector spaces are given over K.

Tensors and operations with tensors are essential mathematical tools in 
physics; the simplest physical notions — e.g. meter/secundum require ten- 
sorial operations. Those being familiar with tensors will find no difficulty in 
reading this book.

0. Identifications

Identifications make easy to handle tensors.
Let X and Y be vector spaces over the same field. If there is a linear 

injection i : X —» Y which we find natural (’’canonical”) from some point of 
view, we identify x and i(®) for all x e X, i.e. we omit i from 
the notations considering X to be a linear subspace of Y. Then we write

X C—> Y, x = i(a:),

and if i is a bijection,

X = Y, x = i(®).

In practice, instead of x = i(a:) an appropriate formula appears that 
allows us to consider i to be natural.

Of course, “natural” and “canonical” are not mathematical notions and it 
depends on us whether we accept or reject an identification. There are commonly 
accepted identifications and there are some cases in which some people find a 
given identification convenient and others do not.

Later, using a lot of identifications, the reader will have the opportunity to 
see their importance.
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1. Duality

1.1. Let V and U be vector spaces. Then Lin(V, U) denotes the 
vector space of linear maps V —» U; Lin(V) := Lin(V, V).

The value of L € Lin(V,U) at v G V is denoted by L • v.
The composition of linear maps is denoted by a dot as well: for L G 

Lin(V,U), JCgLin(U.W) we write K L.
V* := Lin(V, K) is the dual of V. The elements of V* are often 

called linear functionals or covectors.
The dual separates the elements of the vector space which means that if 

n G V, and p • v = 0 for all p G V*, then v = 0 or, equivalently, 
if Vi and v2 are different elements of V, then there is a p e v* 
such that p ■ vi / p • v2.

If {®j| i G 1} is a basis of V then there is a set {p*| i e 1} in 
V*, called the dual of the basis, such that

i f 1 if i = j ,. .

If V is finite dimensional, then the dual of a basis is a basis in V*, 
hence dim(V*) = dimV.

Let N denote the (finite) dimension of V. If {vi,...,vjv} is a 
basis of V and {pV-^p^} is its dual, then for all v G V and 
p G V* we have

N

1=1
N

p = ^2^p-v^pl-
1=1

1.2. To every element v of V we can associate a linear map i(v) : 
V* —► K, p i-> p ■ v, i.e. an element of V**. The correspondence 
V —♦ V**, v i(v) is a linear injection which seems so natural and simple 
that we find it convenient to identify v and i(v) for all v G V :

Vc-»V’‘, v = i(v),

i.e.
v p = p V (v G V, p e V*).

If V is finite dimensional then this correspondence is a linear bijection 
between V and V**, i.e. the whole dual of V* can be identified 
with V :

V = V**, v • p = p ■ v.
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1.3. The Cartesian product V x U of the vector spaces V and U 
is a vector space with the pointwise addition and pointwise multiplication by 
numbers:

(«i,uj + (v2, u2) :=(«! + v2, uj + u2),
a(v,u) :=(av,au)

for vi,»2GV, ui,u2gU and a € K. 
We have the identification

V* x U* = (V x U)*, (p, q) • (y, u) = p • v + q • u.

((P-q) € V’ x U\ (v.u)eVxU).

1.4. The transpose of L € Lin(V,U) is the linear map

f^foL,

i.e.
(L* • f) • v - f ■ (L • u) 

or, with the identification introduced in 1.2,

v ■ L* ■ f = f ■ L ■ v (feU*, v€V).

If L,K e Lin(V,U), a € K, then

(L + K)* =L* +K*, 
(aL)* =aL*.

If £eLin(V,U), K e Lin(U,W), then

{K -Ly = L* K*.

If V and U are finite dimensional, then
L is injective if and only if L* is surjective, 
L is surjective if and only if L* is injective. 

Moreover, in this case - because of the identification V** = V, U** = U 
we have

L** = L.
If L is bijective, then

(i-1)* = (Z*)’1.
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1.5. Let V be a finite dimensional vector space and L £ Lin(V,V*). 
Then L* is a linear map from V** into V*, i.e. because of the 
identification V** = V we have L* £ Lin(V, V*).

The linear map L : V —> V* is called symmetric or antisymmetric if 
L = L* or L — —L*, respectively.

In general, the symmetric and antisymmetric parts of L £ Lin(V, V*) are

L + L*
2 and L - L*

2
respectively.

Similar definitions work well for linear maps V* —> V.
On the other hand, the notions of symmetricity, symmetric part etc. make no 

sense for linear maps V —» V and V* —» V*.

1.6. Kw, the set of ordered IV-tuples of numbers, is a well-known vector 
space. It is known as well that the linear maps from into are
identified with the matrices of M rows and N columns, in other words, 
Lin^^jK^) = K717^. As a consequence, we have the identification

(K77)* = Lin(KN,K) = Klx7V =

N 
p-x-^Pii' (p,xeKN). 

»=1
We* adhered to the trick used in physical applications according to which 

(K ) is identified with in such a way that they are distinguished in
notations as follows.

The components of the elements of are indexed by superscripts:

x = (a;1,... ,xN) £ K*

and the components of the elements of 
scripts:

(K77)* = are indexed by sub-

p= (pi,...,pN) € (K77)*.
The identification in question, called the standard identification, means that 

to every (a;1,... ,xN) £ K" we assign (aq, ... ,xN) € (KNf in such a 
way that Xi = x' for all i = 1,..., N.

Moreover, for the sake of simplicity, we often shall not write that the indices 
run from 1 to N (or to M), denoting the elements in the form (ad) 
and (aq), respectively.
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The fundamental rule is that a summation can be carried out only for indices 
in opposite positions: up and down. Accordingly, the matrix entries are indexed 
corresponding to the domain and range of the matrix as a linear map:

Km,

(Lik)

(KAy
(Lik) (Kw)* ->km.

This trick works well until actual vectors are not involved; this notation does 
not show for instance whether the ordered pair of numbers (1,2) is an element 

of R2 or (R2)*, and whether the matrix maps from R2

into R2 or from R2 into (R2)* etc.
The set of vectors Xi ;= (1,0,... ,0), X2 := (0,1,..., 0), ..., xn ~

(0,0,..., 1) is called the standard basis of KA\ In the mentioned identi­
fication (KA) = KA the dual of the standard basis is the standard basis 
itself.

According to this identification the transpose of a matrix as a linear map is 
the usual matrix transpose.

The above notation shows well that symmetricity, symmetric part etc. make
sense only for matrices (Lik) and (Lik)

1.7. The symbol Bilin(U x V,K) stands for the vector space of bilinear 
maps U x V —> K, often called bilinear forms.

We have that
i : Lin(V,U) -► Bilin(U* x V,K)

defined by
(iW)(f,v) :=fLv

(L G Lin(V,U) , f G U’ , v G V)

is a linear injection which we use for the identification

Lin(V,U) C—► Bilin(U* xV,K), f L v = L(f,vf

If the vector spaces U and V have finite dimension then i is a 
bijection, hence = stands instead of C—» .

The reader is asked to examine this identification in the case of matrices i.e. 
for Lin(KA,KM).

1.8. A bilinear form b : V x V —♦ K is called symmetric or antisym­
metric if b(v, u) = b(u,v) or b(v,u) = — b(u,v), respectively, for all 
v, u G V.
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Similar definitions are accepted for bilinear forms V* x V* —> K.
Observe that for finite dimensional V the notions introduced here and in 

1.5 coincide in the identification Lin(V, V*) = Bilin(V* x V*,K).

2. Coordinatization

2.1. Let V be an TV-dimensional vector space over K.
An element (tq,...,of VA is called an ordered basis of V if 

the set {nj,..., vyv} is a basis of V.
An ordered basis of V induces a linear bijection K : V -> defined 

by K ■ Vi := Xi (i = 1,..., N) where (xi,... Xn) is the ordered stan­
dard basis of KA. K is called the coordinatization of V correspond­
ing to the given ordered basis. The inverse of the coordinatization, P := K-1, 
is called the parametrization of V corresponding to the given ordered basis. 
It is quite evident that

N

P-(xi) = ^xivi ((zOgK77).
1=1

Thus, in view of 1.1 we have

K v = (pi-v\i= l,...,Af) (v e V)

where (p1,... ,pN) is the ordered dual basis of (vj,..., vn).
Obviously, every linear bijection K : V —+ K x is a coordinatization in the 

above sense: the one corresponding to the ordered basis (v1;..., vN) where 
Vi-^K^-x, (? = 1,...,AT).

2.2. A coordinatization of V determines a coordinatization of V*, 
that is induced by the corresponding ordered dual basis. Using the previous 
notations and denoting the coordinatization in question by C : V* -> (Kw)* 
we have

C p= (p- vj i = (p G V*).

It is not hard to see that

C = (K-1)* =P\

2.3. In the coordinatization K, a linear map L : V -> V is repre­
sented by the matrix

K L K 1 = K ■ L ■ P = (pl ■ L ■ Vk\ i, k = 1,N).
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To deduce this equality argue as follows:

J2 (K • £ • K^ykxk = (K ■ L ■ K1 ■ xy =
k=l

N N

=p‘ L = 52 L vk)xk.
k=l k=l

The linear map T : V —> V* is represented by the matrix

(K^T ■ Kx = P* -T ■ P = (vt-T -vk\i,k = l,...,N).

It is left to the reader to find the matrix of linear maps V* —* V and 
V* -» V*.

3. Tensor products

3.1. We start with an abstract definition of tensor products that may seem 
strange; the properties of tensor products following from this definition will 
clarify its real meaning.

Definition. Let V and U be vector spaces (over the same field K). 
A tensor product of U and V is a pair (Z.b), where

(i ) Z is a vector space,
(ii ) b : U x V -4 Z is a bilinear map having the property that 

if W is a vector space and c : U x V — W is a bilinear map, 
then there exists a unique linear map L : Z —» W such that

c — L o b.

Proposition. The pair (Z.b) satisfying (i) and (ii) is a tensor product 
of U and V if and only if

1) Z is spanned (Z is the linear subspace generated) by 7?anb,
2) if vi,....,vn are linearly independent elements of V and n

ui,....,un are elements of U then 52b(uj,Vi) = O implies = 
1=1

• • • = Un = 0.

Proof. Exclude the trivial cases V = 0 or U = 0.
Suppose 1) is fulfilled. Then every element of Z is of the form 

ctkb(uk, vk\ Since ab(u,v) = b(ou, v), we conclude that the ele- 
fc=i r
ments of Z can be written in the form 52 b(uk,Vk)- 

fc=i
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Suppose 2) is fulfilled, too. Take a bilinear map c : U x V W and 
define the map L : Z —» W by

(
r \ r

52 b(“fc, Vk) j := C(«k, Vk).
fc=l / fc=l

If L is well-defined, then it is linear, L o b = c, and it is unique with 
this property. To demonstrate that L is well-defined, we have to show that

r s r s
^2b(uk,vk) = ^b^y.,) implies c(ufc, vfc) = c(aq, y^),
*=1 j=l fc=l j-\

which is eqivalent to 
m m
^2 b(ui,vi) = 0 implies y^c^u^Vj) = 0.
i=l i=i

Let us choose a largest set of linearly independent vectors from {tq,..., vm}; 
without loss of generality, we can suppose it is {tq,..., vn} (where, of course, 

n n
n < m). If v = 52 mvi then b(u, v) = 52 b(aiU,Vi) and a similar 

i=l i=l
formula holds for c(u, v) as well. Consequently, a rearrangement of the 
terms in the previous formulae yields that L is well-defined if

n n
52 b(u,. tq) = 0 implies 52 c^u^Vj) = 0 
»=1 i=l

whenever tq,...., vn are linearly independent which follows from condition 
2).

We have proved that conditions 1) and 2) are sufficient for a tensor product.
Since L o b = r can define L only on the linear subspace spanned by 

the range of b, condition 1) is necessary for the uniqueness of L.
If condition 2) is not satisfied then we can find a bilinear map r such 

that hob r for all linear maps L. Indeed, let the vectors tq,...,vn n
be linearly independent, 52 bfu^Vi) = 0, and at least one of the Uj-s is 

8=1
not zero. Without loss of generality we can assume that ui,..., um (where 
m < n) are linearly independent and all the other Ui-s are their linear com­
binations. Complete {tq,...,vn} to a basis in V and {ui,...,um} 
to a basis in U. Define the bilinear map r : U x V —+ K in suchr 
a way that r(ui,tq) := 1 and r(u,v) := 0 for all other basis ele­
ments u and v. Then for all linear maps L : Z —+ K we have 
L ■ ( 52 b(«b«i)) = o 1 = 52 r(ut,Vi).

\t=l / »=1
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3.2. In the next item the existence of tensor products will be proved. Observe 
that in the case W — Z, c = b, the identity map of Z fulfils b = 
idz ob; according to the definition of the tensor product this is the only 
possibility, i.e. if i € Lin(Z) and b = L o b then L = idz •

As a consequence, if (Z',b') is another tensor product of U and V 
then there is a unique linear bijection L : Z —> Z' such that b' = L o b. 
This means that the tensor products of U and V are “canonically 
isomorphic” or “essentially the same”, hence we speak of the tensor product 
and applying a customary abuse of language we call the corresponding vector 
space the tensor product (Z in the definition) denoting it by U®V, and 
writing

U x V -» U ® V, (u, v)u ® v

for the corresponding bilinear map (b in the definition); u ® v is called 
the tensor product of u and v.

An actual given tensor product is called a realization of the tensor product 
and the following symbols are used: U ® V C—► W or U ® V = W 
denote that the tensor product of U and V is realized as a subspace of 
W or as the whole vector space W, respectively.

It is worth repeating the results of the previous paragraph in the new nota­
tions. n

Every element of U ® V can be written in the form ul®vl where 
i=l

Vi,... .vn are linearly independent vectors in V. Moreover, if the sum is 
zero, then u\ = ... = un = 0. In particular, if u 0 and v / 0 
then u 0 v 0.

3.3. For u e U and v € V we define the linear map

u ® v : V* —♦ U, IP' v)u.

Proposition. U x V -+ Lin(V*,U), lu,v) u^v is a bilinear 
map satisfying condition 2) of Proposition 2.1. As a consequence, the linear 
map u ® v is the tensor product of u and v (that is why we used 
in advance this notation) and U ® V is realized as a linear subspace of 
Lin(V*,U) spanned by such elements.

Proof. It is trivial that (it, v) u 0 v is bilinear.
Suppose that vi,....,vn are linearly independent vectors in V and 

n
52 Ui ® Vi = 0. Then for arbitrary p € V* and f € U* we have 
•=1

(
/ n \ \ n in
I ^2 u, ® v, j pl = ^(/ • Ui\p v^=p- I ^(7 ■ U^V,
\t=l / / i=l \i=l
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Since V* separates the elements of V, this means thatn
■ Ui)vi = 0. Because of the linear independence of Vj-s this involves 

1=1
f-Ui=0 for all i = Since U* separates the elements of U,
it follows that itj = U2 = .. • = un = 0.

3.4. Proposition. If i € 1} is a basis in V and {uj| j G J} 
is a basis in U then {uj ® nJ j € J, i 6 1} is a basis in U ® V. ■

According to Propositions 3.3 and 1.7 we have

U® V C—> Lin(V*,U) C-* Bilin(U* x V*,K).

If U and V are finite dimensional then

dim(U ® V) = (dimU)(dim V).

Moreover, in this case dim(U ® V) = dim (Lin(V*, U)), hence the present 
proposition on the bases implies that for finite dimensional vector spaces

U® V = Lin(V*,U) = Bilin(U* x V*,K)

and because of V" = V, U** = U,

U ® V* = Lin(V, U) = Bilin(U* x V,K), 
U* ® V = Lin(V*,U*) = Bilin(U x V*,K), 
U* ® V* = Lin(V, U‘) = Bilin(U x V, K).

3.5. We have the following identifications.

(j) K®VsV, a®r = aw,

(«) (U x V) ® W = (U ® W) x (V ® W,)
(u, v) = (u ® W, V ® w),

W ® (U x V) = (W ® U) x (W ® V), 
w ® (u. v) = (w ® u, w ® v),

(Hi) If U and V are finite dimensional then

U* ® V* = (U ® V)*, (/ ® p) : (« ® v) = (/ ■ u)(p • v),
(f€U*, pev*, «eu, veV)
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where we found convenient to write the symbol : for the bilinear map of duality; 
we shall give an explanation later.

3.6. In mathematical books the tensor product is often said to be commu­
tative which means that we have a unique linear bijection U ® V —> V ® U, 
u®v v®u admitting an identification. However, we do not find convenient 
to use this identification because of two reasons:

1) if U = V, u,veV and u^v then, in general, u®v /
2)w®f€U®V c—* Lin(V*,U), v ® u € V ® U C—> Lin(U*, V) C 

Lin(U*,V**); it is not hard to see that the transpose of u ® v equals 
v ® u :

(u 0 v)* = v ® u.
Hence the unique linear bijection between U ® V and V ® U that sends 
u ® v into v ® u is the transposing map. We do not want, in general, to 
identify a linear map with its transpose (e.g. a matrix with its transpose).

However, if one of the vector spaces is one-dimensional, we accept the men­
tioned identification, i.e.

A®V = V®A, a®v=v®a if dimA = l.

Moreover, in this case we agree to omit the symbol ® :

av := a 0 v (a € A, v € V, dim A = 1).

Note that if dim A = 1 then every element of A ® V has the form 
av.

Though, in general, A ® V / V, it makes sense (if dim A = 1) that 
an element z of A®V is parallel to an element v of V : if there 
is an a € A such that z = av.

3.7. It is well known that a linear map L : Vi x V2 —* Ui X U2 can be 
represented in a matrix form:

L — ( L11 ^12 |
\ ^21 L22 /

where Lik € Lin(Vi, Ufc) (i,fc = l,2) and

L • (f 1> V2) — (^11 ■ fl + £12 ■ V2, L21 ■ fl + L22 • f2) •

This corresponds to the finite dimensional identifications (see in particular 
3.5(ii))

Lin(Vx x V2,Ui x U2) =
s(Ui x U2) ® (Vj x V2)* = (U! x U2) ® (Vj x V*) = 
=(Ui ® VH x (Ui ® VJ) x (U2 ® VH x (U2 ® VJ) = 
= Lin(Vi,Ui) x Lin(V2,Ui) x Lin(Vi,U2) x Lin(V2,U2).
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Accordingly, we find convenient to write

(u1,u2) 8 (pi,p2) = 141 8 Pl
44 2 8 pl

141 ®p2
«2 8 P2

for (ui,u2) G (U1,U2) and (pi,p2) € Vj x V^.
Of course, a similar formula holds for other tensor products, e.g. for the 

elements of (Ui x U2) <8 (Vi x V2) :

(ui,u2)® (vi,v2) = ( 1
\ 142 8 th

141 8 V2 
«2 ® V2

It is not hard to see then (cf. 3.6) that

141 8 Vl
142 8 1>1

141 8 v2
142 ® V2

th 8 i4i
V2 8 141

th 8142

v2 <8 142

3.8. If A is a one-dimensional vector space then Lin(A) is identified 
with K : the number a corresponds to the linear map a w aa. As 
a consequence, we have the following identification, too:

A ® A* = Lin(A) = K, ah = h • a(= a • h)

(remember: ah := a <8 h). Indeed, by definition, ah : A —+ A, few 
(h • b}a. If a = 0 then ah = 0 = h • a. If a / 0 then there is a 
unique £ € K for all b € A such that b = ^a. Thus (h • b)a — 
(h • ^a)a — (h • a)^a = (h ■ a)b and we see that ah (= a ® h) equals 
the multiplication by h a.

For one-dimensional vector spaces we prefer the symbol of (tensor) product 
to the dot for expressing the bilinear map of duality i.e. the symbol ah to 
a • h.

3.9. Since V x V*-> K, (v,p)i->p-v is a bilinear map, the definition 
of tensor products ensures the existence of a unique linear map

Tr: V ® V* —► K such that Tr(v 8 p) = p • v.

If V is finite dimensional then V ® V* = Lin(V), hence TrL,
called the trace of L, is defined for all linear maps L : V -+ V. ,

Since for u,v € V and p, q e V* we have (u 8 p) • (v ® q) =
(p-v)u®q, we easily deduce that for all T, K 6 Lin(V) (if dimV < oo)

Tr(L ■ K) = Tr(K • L).
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If i = 1,..., N} is a basis in V and {p'| i = 1,..., N} is its 
dual then for all » € V and p e V*

N N
p V = ^(p! • v)(p • Vi) = • (v 8 p) • Vi,

i=l i=l

which gives
N

TrL^^p1 Lvi (LeLin(V)).
»=i

Note that the trace of linear maps V —> V* and V* —> V makes no 
sense; on the other hand, we have (for finite dimensional V)

Tr : Lin(V*) = V* ® V —♦ K, p 0 v p ■ v

and we easily see by (v ® p)* = p ® v that

TY(Z*) = TrZ (LeLin(V)).

Moreover, if Z is a finite dimensional vector space, we define

Tr : Lin(V, Z ® V) = Z ® V ® V* —> Z, z ®v ®p (p ■ v)z.

3.10. Let V be finite dimensional. Then, according to 3.5(m) and 
V** = V, we have V*®V = (V ® V*)*, (p'®v') : (v®p) = (p'-v)(v'-p).

It is not hard to see that in other words this reads

Lin(V*) = (Lin(V))*, B : L = Tr(B*L),

where L € Lin(V), B € Lin(V*) and so B* € Lin(V).
Since a single dot means the composition of linear maps, we denoted the 

bilinear map of duality by the symbol : to avoid misunderstandings.

3.11. In accordance with our results we have

KM ® = Lin ((KN)*, .

By definition, for y = (y*) € and x = (xk) € KN,

y ® x : (IK77)* —► K'w, P^ (p ■ x)y,

from which we deduce that

(y ® x)lk = y*xk (i = 1,..., M, k = 1,., N).
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Moreover, ® (KiV) * = Lin^, KN), (® ®pyk = xzpk, and so

N
Tr(lAH,A: = = ^L\.

i=i

Our convention that a summation can be carried out only for a pair of indices 
in opposite positions shows well that the trace of matrices ^Lik) and (Lik) 
makes no sense.

It can be proved without difficulty that

W : (Lkl) - £ B\Lk\ 
i,k=l

3.12. Let L e Lin(U,X) and K e Lin(V,Y). Then U x V — 
X ® Y, (u,v) i-+ Lu ® Kv is a bilinear map, hence there exists a unique 
linear map L®K : U ® V —> X ® Y such that

(L ® K) • (u ® v) = Lu ® Kv (u € U, v € V).

It is a simple task to show that (L.K)^L%K satisfies condition (w) in 
3.1, hence L®K is the tensor product of L and K, in other words,

Lin(U, X) ® Lin(V, Y) c-> Lin(U ® V, X ® Y).

If the vector spaces are finite dimensional then = stands instead of C—» . 
It is not hard to show that

(L ® K) ■ (B ® A) = (L ■ B) ® (K • A)

and if both L and K are bijections then L ® K is a bijection and

(L ® K)~x = L-1 ® K~\

3.13. For natural numbers n > 2 the definition of n-fold tensor products 
of vector spaces is similar to definition in 3.1, only n-fold linear maps should 
be taken instead of bilinear ones. We can state the existence and essential 
uniqueness of n-fold tensor products similarly. We use the notation ® Vfc

fc=in
and ® vk for the n-fold tensor product of vector spaces Vj, and vectors k=l
vkeVk (k = l,....,n).
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We have the identifications

m \ / n
® Vk ® ®

fc=l / W=m+1

n
= ® Vfe, 

fc=l

m \ f n \ n
<0 Vk 0 0 vk = 0 vk.

k=l / \fc=m+l / A;=l

If the vector spaces are finite dimensional then 0 is identified with 
fc=i n n

the vector space Lin ( x Vfc*,K) of n-linear maps x V k* —> K, called 
k=l fc=l

n-linear forms, such that

(P^-'-.P") = Ufc)-
fc=i

3.14. For natural numbers n > 2, the n-fold tensor product of n 
n

copies of the vector space V is denoted by 0 V; for convenience we 
i o

put 0 V := V, 0 V := K. Then we have for all natural numbers n 
and m

(n \ / m \ n+m
0 Vj 0 ( 0 Vl = 0 V.

We define the n-fold symmetric and antisymmetric tensor products of ele­
ments of V as follows:

E
7rGPermn

A vjt := V (signTr) 0 vw(fc), 
fc=l k=l v

7rGPermn

where Permn denotes the set of permutations of {l,....,n} and sign?r 
is the sign of the permutation tt : sign 7r — 1 if 7r is even and sign tt = 
— 1 if % is odd.

For instance,

Vj V V2 — Vi 0 V2 + ^2 ® fl, fl A V2 — V1 0 V2 - V2 0 V1.

n
The linear subspaces of 0 V spanned by the symmetric and antisym- 

n n
metric tensor products are denoted by V V and A V, respectively. 

We mention that
1 n

— V vk and 
n!fc=i
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are called the symmetric and antisymmetric part of ® vk, respectively. It 
fc=l

is worth mentioning that the intersection of AV and V V is the zero 
subspace; moreover, for n = 2 the subspace of antisymmetric tensor products 
and that of symmetric tensor products span V ® V.

3.15. Let V be finite dimensional, dimV = N. Then V** = V, 
and we have the following identifications:

® V = {n-linear forms on V*}, g Ve {n-linear forms on V}, 
n
V V = { symmetric n-linear forms on V*}, 
n
V V = { symmetric n-linear forms on V}, 
n
A V = { antisymmetric n-linear forms on V*}, 
n
A V* = { antisymmetric n-linear forms on V}.

It is worth mentioning that

\®,Vk) ^P^-^P^ = ( ®Pk] (vi,...,vn) = fl (Pk -vk), 
\k=1 / \fc=i / k=i

(P^ • • • ,P”) = >«n)

= E

7rePerm„ k 1

(P^-'-’P”) = P^ (vl’"->wn) =
\«=i y yfc=i y

= e sign7rn (p"^ •«*)>
7rgPermn k=^

for all Vi,..., vn eV and p1,... ,pn € V*.
If {nJ i = 1,..., V} is a basis in V then

| n 'I
{ ® ViJ 1 < ik < N, k = l,...,n> , ffc=i J

E V | 1 < ii < i2 < ... < in < N I ,
I «=1

VA J 1 <ii <i2 < ... <in < n\
I K=1
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are bases in ® V, and A V, respectively. Accordingly,

dim = Nn, dim N + n — 1 
n

dim
0

Similar statements are true for V* instead of V.

3.16. The reader is asked to demonstrate that for n = 2 the notions 
of symmetricity, symmetric part, etc. coincide with those introduced earlier. 
Moreover, using the formulae in 3.7 we have

(ui,u2) A (fi,f2) = Ui A fl Hl ® f 2 ~ ® 112
«2 ® «1 - «2 ® «1 «2 A f2

for fi,Ui € Vi, v2,u2 € V2, and a similar equality holds for symmetric 
tensor products, too.

3.17. We have the following identifications:

3.18. Let V be an TV-dimensional vector space. If d is an n-linear 
n

(symmetric, antisymmetric) form on V (i.e. d is an element of ® V*) 
and L € Lin(V), then

do x : Vn —♦ K, (fi, • • • ,fn) d(Z • fi,..., L • Vn)

is also an n-linear (symmetric, antisymmetric) form.

Since A V*, the vector space of antisymmetric TV-linear forms is one­
dimensional, for L G Lin(V) there is a number (an element of K) detZ, 
called the determinant of L, such that

/ n \
col x L I = (det Z)c

N 
for all c G A V*.
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Proposition. For all v2,..., vN in V we have

N N
AL -vk = (detZ) A vk.

1 fc=l

Proof. is an antisymmetric TV-linear form on V*; 3.15 yields
that for all p1,... ,pN g V*

Z • vk^ (p\ ... (L-v^...,L-vN) =

=(detZ) ^A^p*^ (vi,... ,vN) = (detZ) Qa^^ (p1,... ,pw). ■

As a consequence, we have for Z, K e Lin(V) that

det(Z • K) = (detZ)(det K) = det(7V • Z).

3.19. Let (vi,..., vN) be an ordered basis of V and let 
(P > ■ • • P ) be the corresponding dual basis in V*.

We know that f Ap J (v^..., «N) = thus if Z e Lin(V) then

detZ-(detZ) ^.^pj (L • , Z • vN) =

N
= $2 sign tt JJlp’d’) L-Vi).

Tr^Perm^ i=l

The last formula is the determinant of the matrix representing Z in 
the coordinatization corresponding to the given ordered basis. Thus for all 
coordinatizations K of V we have

detZ = det(JC ■ Z • K"1).

3.20 Proposition. Let V and U be finite dimensional vector 
spaces. Suppose A, Be Lin(V, U) and B is a bijection. Then

det(A ■ B-1) = det(B-1 • A).
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Proof. Observe that if U = V then this equality follows from that given 
at the end of 3.18. However, if U V, the determinant of A and B"1 
make no sense.

V and U have the same dimension N since B is a bijection 
between them. Let K and L be coordinatizations of V and U, 
respectively. Then

det(A • B-1) = det(Z A B1 L-1).

Since L A B~r L~l = L A K"1 K B'1 and both LAK1 
and K B1 L^1 are linear maps -> hence their determinant
is meaningful, we can apply the formula given at the end of 3.18 to get

det(Z • A B1 • Z'1) = det ((L ■ A • K"1) • (K ■ B"1 • Z-1)) =
= det ((K B1 Z"1) • (Z • A ■ K-1)) = det(K B1 A K"1)
= det(B-1-A). ■

Our result has the following corollary: if L G Lin(V) and B : V —+ U 
is a linear bijection then

det(B • L • B-1) = det L

3.21. For L G Lin(V) we define 

® L ~ idjs,

n n n® L : ® V -> ® V,
n n® Vk e-> ® L -Vk.

k=l k=l

It is trivial that n 
strictions of ® Z

n n 71 -r 1A V and V V are invariant for 0 L; the re-
n

onto these linear subspaces will be denoted by AZ
and V Z, respectively.

3.22. Exercises

1. Let 
Then

{«!,... be a basis of V and {p1,...^^} its dual.

N

v, ® p' = idv, 
i=l

N

y^p1 ® Vi = idv«, 
i=l
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where the symbols on the right-hand sides stand for the identity of V and 
of V*, respectively.

2. The linear subspaces S and T of V are complementary if 
SOT = {0} and the linear subspace spanned by SUT equals V; then 
for every v there are uniquely determined elements vs G S and vT g T 
such that v = vs + vT. The linear map V -» V, v vs is called the 
projection onto S along T.

Let w G V, p g V*.
(i) If p • v 0 then ^2 is the projection onto Kv (the linear 

subspace spanned by v) along Ker p.
(w) If a € K such that ap-v^l then idv -av 0 p is a linear 

bijection and
(idv -av ® p)“1 = idv + ----- ------v ® p

1 — ap • v
3. Demonstrate that

L • (v ®p) = (L • v) ®p, (v®p)-L = v®L* p
for v € V, p e V* and L G Lin(V).
4. Prove that

= det (pk k,i = l,...,n)

for p1,...,pneV* and v1,...,vneV.
5. Prove that if V is a vector space over K then <55 V = VN

4. Tensor quotients

4.1. Let U, V and Z be vector spaces (over the same field). A map 
q : V x (U \ {0}) —> Z is called linear quotient if

(f) v^^v.u) is linear for all uGU\{0},
(w) q(u,au) = £q(v,u) for all v eV and u G U \ {0}, a G 

K\{0}.

Definition. Let V and A be vector spaces, dimA = l. A tensor 
quotient of V by A is a pair (Z, q) where

(?) Z is a vector space,
(??) q : V x (A \ {0}) -> Z is a linear quotient map having the property that 
- if W is a vector space and r : V x (A \ {0} - W is a linear quotient 

map
- then there exists a unique linear map L : Z -+ W such that

r = L o q. ■
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Proposition. The pair (Z,q) is a tensor quotient of V by A if 
and only if

1) Z = Ranq,
2) if v e V, a e A \ {0} and q(v, a) = 0 then v = 0.

Proof. Since A is one-dimensional, for a, b € A, a / 0 let £ 
denote the number for which = b. Observe that if b 0 then &
is the inverse of £

Condition 2) in the proposition is equivalent to the following one: if v.u 
q(v,a) = q(u, b) implies v = ^u. 
is a linear quotient map and v =

V and a, b € A \ {0} then 
Conversely, it is trivial, that if r
then r(v,a) = r(w,b).

Suppose 1) is fulfilled. 
If 2) is valid as well and

Moreover, r(v,a) + 
Then every element of

u,b) = r + u.b). 
has the form q

is a linear quotient map then the formula

€

L • (q(v,a)) := r(v,a)

defines a unique linear map L.
If 1) is not fulfilled, the uniqueness of linear maps L for which r= Loq 

holds fails. If 2) is not valid one can easily construct a linear quotient map for 
which no linear map exists with the desired composition property.

4.2. We shall see in the next item that tensor quotients exist. In the same 
way as in the case of tensor products, we can see that the tensor quotients of 
V by A are canonically isomorphic, that is why we speak of the tensor 
product and applying a customary abuse of language we call the corresponding 
vector space the tensor quotient (Z in the definition) denoting it by 
and writing

V , v
V x (A \ {0}) —+ —,

for the corresponding linear quotient map (q in the definition); - is 
called the tensor quotient of v by a.

We use the term realization and the symbol = in the same sense as in the 
case of tensor products.

It is worth repeating the preceding results in the new notation: every element 
of is of the form and 2 = 0 if and only if v = 0.

4.3. For v e V and a € A \ {0} we define the linear map

v b— ; A -♦ V, b^ -v 
a a

where £ is the number for which = b holds.
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Proposition. V x A \ {0} Lin(A, V) is a linear quotient map which 
satisfies conditions (t) and (w) of proposition 4.1. As a consequence, is the 
tensor quotient of v by a (that is why we used in advance this notation) 
and £=Lin(A,V). ■ 7

We have Lin(A) = K where a e K is identified with the linear map 
a aa. Thus, according to the previous result, j = K and £ is 
the number lor which ^a = b holds, hence our notation in 4.1 used in the 
present proposition as well, is in accordance with the generally accepted notation 
for tensor quotients.

4.4. Since for all a € A \ {0} the map V -> V ig a
bijection, if i e 1} is a basis in V then { | i g /} “ is a basis in
L and dim dim V. 1

4.5. Let V, U. A and B be vector spaces, dim A = dimB = 1. 
We have the following identifications (recall 3.4, 3.5 and 3.8):

0) f =Lm(A.K) = A*. - b = a-
A a a ’

(«) J = Lin(K, V)) = V, - =
a a

T = Lin(A, V) = V ® A*,
A a a

V*
A*

p v _ p • v 
h a ha ’

B A®B’ b ab

V u V®u V
— 0 — = ---------  = _____
A B A®B A®B ® U = etc.

v- — = — ®u = etc
a o ab ab
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In particular,

V A®V B _ K
A® A = A = ’ A® B ~ A’

(w)
V x U V U

A “ A X A’

Note that according to (v) and (vi) the rules of tensorial multiplication and 
division coincide with those well known for numbers.

4.6. Let V,U,A and B be vector spaces, dim A = dimB = 1. 
If L € Lin(V,U) and 0 F e Lin(A,B) then V x (A\ {0)) -> 
(v,a) >-> is linear quotient, hence there exists a unique linear map p : 
¥ —> U such that

L v L v
Fa Fa (v € V, a e A\{0}).

It is not hard to see that is really the quotient of L by F, in 
other words,

Lin(V,U) /V
Lin(A.B) = m \A' B) '

5. Tensorial operations and orientation

In this section V denotes an TV-dimensional real vector space and A 
denotes a one-dimensional real vector space.

5.1. Recall that an element (iq,...,vn) of VA is called an ordered 
basis of V if the set {tq,...,v/v} is a basis in V.

Definition. Two ordered bases (rq,..., vN) and (v{,... ,v'N) of V 
are called equally oriented if the linear map defined by v, v- (i = 1,..., N) 
has positive determinant. An equivalence class of equally oriented bases is called 
an orientation of V. V is oriented if an orientation of V is given; the 
bases in the chosen equivalence class are called positively oriented, the other ones 
are called negatively ortiented. (More precisely, an oriented vector space is a pair 
(V, o) where V is a vector space and o is one of the equivalence classes of 
bases.)

A linear bijection between oriented vector spaces is orientation-preserving or 
orientation-reversing if it sends positively oriented bases into positively oriented 
ones or into negatively oriented ones, respectively. ■
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It is worth mentioning that there are two equivalence classes of equally ori­
ented bases.

Observe that the two bases in the definition are equally oriented if and only
AT JV

if Av, is a positive multiple of A Vi (see Proposition 3.18).
2—1 2=1

If V is oriented, we orient V* by the dual of positively oriented bases 
of V.

If U and V are oriented vector spaces, U x V
positively oriented bases; more closely, if 
are positively oriented bases in U and in V, 
((iti, 0),...,(um, 0) , (0, vx),..., (0, vN)) is defined to 
ented basis in U x V.

is oriented by joining 
and («!,..., vn) 
respectively, then 

be a positively ori-

The reader is asked to verify that the orientation of the dual and the Cartesian 
products is welldefined.

5.2. Two bases a and a1 of the one-dimensional vector space A 
are equally oriented if and only if a' is a positive multiple of a, in other 
words, is a positive number.

If (vi,...,v^) and («!>•••> f/v) are equally oriented ordered bases of 
V, a and a' are equally oriented bases of A, then (avi,...,avn)
and (a'vj,..., a'v'N) are equally oriented bases of A ® V. Indeed, ac­

cording to our convention A®V = V®A, we have A (a’v1) = (a')N A v' 
i=i 1 i=i ’N 

which is evidently a positive multiple of aN ^vi. 
2=1

As a consequence, an orientation of V and an orientation of A deter­
mine a unique orientation of A <g> V; we consider A ® V to be oriented 
by this orientation.

We can argue similarly to show that an orientation of V and an orientation 
of A determine a unique orientation of we take this orientation of 
the tensor quotient.

5.3. A non-zero element a of the oriented one-dimensional vector space 
A is called positive, in symbols 0 < a, if the corresponding basis is 
positively oriented.

Moreover, we write a < b if 0 < b - a. It is easily shown that in this 
way we defined a total ordering on A for which

(0 if a<b and c < d then a + c < b + d,
(li) if a < b and a e K+ then aa < ab.

We introduce the notations

A+ := {a € A| 0 < a}, A+ := A+U {0}.
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Furthermore, the absolute value of a € A is

if a € A+ 
if a = 0 
if a A+.

5.4. Even if A is not oriented, A ® A has a “canonical orientation 
in which the elements of the form a ® a are positive. If A is oriented, 
the orientation of A ® A induced by the orientation of A coincide with 
the canonical one. Then

A^-+(A®A)q, ai-»a®a (*)

is a bijection. Indeed, a ® a = 0 if and only if a = 0. The elements of 
(A ® A)+ has the form a®b where a, b € A+; since b = Xa for 
some positive number A, we have a ® b = (x/Aa) ® (x/Aa) , i.e. the 

above mapping is surjective. If — b®b then a ® a — A2 a ® a
which implies that A2 = 1, thus A = 1, a = b : the mapping in 
question is injective.

In spite of our earlier agreement, in deducing the present result, we preferred 
not to omit the symbol of tensorial multiplication. However, in applications of 
the present result we keep our agreement; in particular, we write

a2 := aa (:= a ® a).

The inverse of the mapping * is denoted by the symbol V and is 
called the square root mapping.

Note that
x/a2 = | a| (a € A).





V. PSEUDO-EUCLIDEAN VECTOR SPACES

1. Pseudo-Euclidean vector spaces

1.1. Definition. A pseudo-Euclidean vector space is a triplet (V,B,h) 
where

(i) V is a non-zero finite dimensional real vector space,
(ii) B is a one-dimensional real vector space,

(m) h:VxV^B®B is a non-degenerate symmetric bilinear map.

Remarks, (i) Non-degenerate means that if h(au,y) = O for all a:eV 
then y = 0.

(ii)h(x,y) is often called the h-product of x,y eV. The elements x 
and y of V are called h-orthogonal if their h-product is zero.

(m) In mathematical literature one usually considers the case B = R, i.e. 
when - because of R ® R = R— the pseudo-Euclidean form h takes real 
values. Physical applications require the possibility B R.

1.2. Definition. A basis {e£| i = of V is called h-
orthogonal if h(ej,et) = 0 for i k.

An h-orthogonal basis {ej| i = is normed to a € B if
either h(e,,ei) = a2 or h(ej,ei) = -a2 for all i. If B = R, an 
h-orthogonal basis normed to 1 is called h-orthonormal. ■

Since B ® B has a canonical orientation, it makes sense that h(o:,y) 
is negative or positive for x,y € V.

We can argue like in the case of real-valued bilinear forms to have the following.

Proposition. h-orthogonal bases in V exist and there is a non­
negative integer neg(h) such that for every h-orthogonal basis {e,| i =

h(ej,ei)<0 for neg(h) indices i, 
h(ei,e,)>0 for N - neg(h) indices i. ■

An h-orthogonal basis can always be normed to an arbitrary 0 / a € B. 
Further on we deal with h-orthogonal bases normed to an element of B and 
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such a basis will be numbered so that h takes negative values on the first 
neg(h) elements, i.e.

h(ei,et) = a(i)a2,

,f-1 if i = 1,... ,neg(h)
a ■ ' ( 1 if i = neg(h) + 1,..., N.

We say that h is positive definite if h(tc,a:) > 0 for all non-zero x. 
h is positive definite if and only if neg(h) = 0.

natural correspondence exists bet 
element of is of the form
Take such an element of .

K,

is a linear map, i.e. an element of

1.3. An important property of pseudo-Euclidean vector spaces is that a 
zeen V* and g^g- Note that every 

where y€V and a,beB\{0}.
Then

h(y,®)
X ab

V*, which we write in the form \

" 's a bnear bijection.

Proof. It is linear and injective because h is bilinear and non-degenerate, 
and surjective because the two vector spaces in question have the same dimen­
sion. ■

We find this linear bijection so natural that we use it for identifying the vector 
spaces:

v = v* y_ _ h(y,-)
B ® B ’ ab ab

1.4. (i) In the above identification the dual of an h-orthogonal basis {e, | i = 
becomes

which equals

.....naz
if the h-orthogonal basis is normed to a.

As a consequence, for all x € V (see IV.1.1),

x
h(ej,a:) 
h(ei,ei)

and x = 0 if and only if for all i = l,...,N.
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(w) If V is oriented then both V* and 
above identification is orientation-preserving if 
orientation-reversing if neg(h) is odd.

.A- are oriented. TheB®B
neg(h) is even and is

1.5. Let us take a linear map 
is a linear map F* : V* —* V*; 
can consider it to be a linear map 
define the h-adjoint of F,

F* : V -4 V,

p • y _> v. As we know, its transpose 
according to the previous identification we 
F* : b®B b®b' Consequently, we can

y - w (F‘ ■ s,)
Observe that this is equivalent to

F* y y------- = Jr • ---
ab ab

(y€ V, a,b eB\{0}).

According to the definition of the transpose we have

y 
ab

Fx = (f*-^) \ ab/
F* ■ y

X = ---- ;--- ' X,ab

which means
WjpF ■ x) _ h(F* ■ y,x) 

ab ab
i.e.

h(y, F • x) = h(F* y,x) = h(®, F* • y) (x,y € V).

The definition of h-adjoints involves that the formulae in IV. 1.4 remain valid 
for h-adjoints as well: if F,G € Lin(V), a G R, then

(F + G)* =F* + G*, 

(aF)* ~aF*,
(F ■ G)* =G* ■ F*.

Moreover,
det F* = det F.

1.6. Let (V,B,h) and (V',B,'h') be pseudo-Euclidean vector spaces. 
A linear map L : V -> V' is called h-h'-orthogonal if there is a linear bijec­
tion Z B ^ B' such that h' o (L x L) = (Z ® Z) o h i.e.

h\L ■ x,L ■ y) = (Z ® Z)h(x,y) (x,y 6 V).
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Note that according to our identification, Z is an element of
It is quite trivial that there is a h-h'-orthogonal linear map between the 

pseudo-Euclidean vector spaces if and only if dimV = dimV' and 
neg(h) = neg(h').

In particular, if {e;| i = 1,...,IV} is an h-orthogonal basis, normed to 
a, of V, and {e'l i = 1,..., V} is an h'-orthogonal basis, normed to 
a', of V' then

L ei ~ e't (i = 1,..., N)

determine an h-h'-orthogonal map for which Z =

1.7. Let n and N be natural numbers, N > 1, n < N. The 
map

n N N
Hn : Rw x RN —» R, xiyi + = 52

i=l i=n+l i=l

(where a(i) := —1 for z = l, ...,n and a(i) := 1 for i — n + 1, 
..., N) is a non-degenerate symmetric bilinear map, i.e. (R77, R, Hn) is a 
pseudo-Euclidean vector space and neg(Hn) = n.

The standard basis of Rw is Hra-orthonormal.
According to 1.3, we have the identification (Rw)* = R^, but we must 

pay attention to the fact that if n / 0 it differs from the standard one 
mentioned in IV. 1.6.

The standard identification is a linear bijection S : —> (Rw)*, and the
present identification is another one: Jn : Rw —♦ (Rw)*, x h-> Hn(ir, •). We 
easily see that

(xj i = 1,....,2V) := Jn ■ (?| i = 1,...,W) = (a(i)?| i = 1,..., AT) .

The standard identification coincides with Jo, the one corresponding to 
Ho.

According to the identification induced by H„, the dual of the standard 
basis {XiH = !> • • • > N} is {a(i)XiH = 1, • • •,N}.

It is useful to regard Hn as the diagonal matrix in which the first n
elements in the diagonal are —1 and the others equal 1.

For the Hn-adjoint of the linear map (matrix) F we have » x-Hn-F* y =
(F ■ x) • H„ ■ y = x ■ F* ■ Hn • y for all x,y E Rw, where F* denotes
the usual transpose of the matrix F; thus F* ■ Hn = Hn ■ F* or

F* = Hn ■ F* • Hn.
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1.8. Exercises

1. Let ei,...,e„ be pairwise h-orthogonal vectors in the pseudo- 
Euclidean vector space (V, B,h) such that h(ej,ej / 0 for all i — 
1,..., n. Prove that the following statements are equivalent:

(i ) n = dimV (i.e. the vectors form a basis),
(w) if h(ei,aj) = O for all i = then x = 0,

A h(ej,aj) _ „
(Ui) x = 7 —------ rei for all a? € V, h^)
,. . u/ \ A h(ei,tc) ®h(ei,y)
(w) h(®,y) = 2^ ——A----- r------ for aU x,y &V,

, . ,7 A h(ei,a?) ® h(ei(a:)
h(M) = g----- Kaa---  fora11 xeV-

2. Demonstrate that the set {ei,..., en} of pairwise h-orthogonal vectors 
can be completed to an h-orthogonal basis if and only if h(ei; ed 0 for all 
i — 1,...n.

2. Tensors of pseudo-Euclidean vector spaces

2.1. Let V and A be finite dimensional vector spaces, dim A = 1. 
Suppose F : V —> V is a linear map. Then we can define the linear maps

FA : A ® V —+ A ® V, av i—> a ® (F • v),
V V v F v 

Fa : ——» -T-, — ------
A A a a

(FA = idA ®F, Fa = see IV.3.12 and IV.4.6).
According to the usual identifications

Lin(A ® V) =(A® V) ® (A ® V)* = A® V® A* ® V’ = 

=A ® A* ® V ® V* = R ® V ® V* = V ® V* = 

= Lin(V),

we have FA = F and similarly Fa = F. Therefore we shall write F 
instead of FA and Fa :

for s €A ® V we have F • s € A ® V,
V V

for n € — we have F ■ n € —.
A A
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2.2. Let us formulate the previous convention in another way. V 0 A = 
Lin(A*,V), hence we have the composition Fs of F e Lin(V) = V0V* 
and s € Lin(A*, V) = V 0 A.

More generally, if U and IV are finite dimensional vector spaces, the 
dot product of an element from U 0 V* and an element from V 0 W is 
defined to be an element in U 0 W; this dot product can be regarded as the 
composition of the corresponding linear maps and is characterized by

(u 0 p) ■ (v 0 w) = (p ■ v)u 0 w.

The scheme is worth repeating:

U 0 V* dot V 0 W results in U 0 W.

Evidently, we can have U = f or W = f, thus similar formulae are 
valid for tensor quotients as well.

2.3. What we have said in the previous paragraph concerns any vector spaces.
In the following (V,B,h) denotes a pseudo-Euclidean vector space.
The identification described in 1.3 and the corresponding formula suggests us 

a new notation: “removing” the denominator from both sides we arrive at the 
definition

x y h{x,y),
i.e. in the sequel we omit h, denoting the h-product of vectors by a simple 
dot.

The dot product of two elements of V is an element of B 0 B. Then 
we can extend the previous dot product formalism as follows:

U 0 V dot V 0 W results in (B 0 B) 0 U 0 W,

(u 0 v') • (v 0 w) := (v' • v)u 0 w.

2.4. According to the convention introduced in 2.1, the h-adjoint and the 
transpose of a linear map F : V —+ V can be identified, for F* = idB0B • 
However, we continue to distinguish between the transpose and the h-adjoint 
because of the following reason.

In the pseudo-Euclidean vector space (RA,R,Hn) for n 0, n / N 
a linear map RN —♦ RN is represented by a matrix, and the transpose of 
a matrix has a generally accepted meaning, and the H„-adjoint of a matrix 
differs from its transpose. *

The h-adjoint of F € Lin(V) is characterized in the new notation of dot 
products as follows:

y F ■ x = (F* y) x — x ■ F*y (y,x € V).
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2.5. According to our convention we have

V n • x is in B for n e — and x € V, Jo
V n m is in R for n,m&—.
JD

If {e,| i = 1,TV} is an h-orthogonal basis, normed to a G B, in 
V, then {n, := i = is an h-orthonormal basis of

rii ■ nk = (i,k = 1,

It is more convenient to use this basis instead of the original one; for all 
x & V we have

N
x = ■ x^ni.

i=l

2.6. (i) We have the identifications (5)* = ^ = b®^®^ = b^ the 
element n of g is identified with the linear functional | R, m 
n ■ m. V V V

(u) In view of the identifications Lin(V) = V ® V* = V ® b?3b = b ® b ’ 
or in view of our dot product convention, for n,m €

m®n:V-»V, x i-> (n • x)m

is a linear map, and every element of Lin(V) is the sum of such linear maps. 
Evidently,

(m ® n) • (m1 ® n') = (n • m')m ® n

and
(m ® n)* — n ® m.

2.7. Definition. For the pseudo-Euclidean vector space (V,B,h) we
put

0(h) -,={L e Lin(V)| L* = L"1}, 

A(h) :={A € Lin(V)| A* = -A},

and the elements of 0(h) and A(h) are called h-orthogonal and h 
antisymmetric, respectively.

Proposition, (i) For L € Lin(V) the following three statements are 
equivalent:
— L is in O(h),
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— (L • y) • (L • x) = y • x for all y, x € V,
— (L ■ x) ■ (L ■ x) = x ■ x for all x & V.
(h) For A € Lin(V) the following three statements are equivalent:
— A is in A(h),
— y ■ A ■ x —-(A y) ■ x —-x ■ A ■ y for all y, a? € V,
— x • A • x = 0 for all a: € V.

2.8. Proposition.
(i) | detZ| = 1

(«) Tr A — 0
for 

for
L e O(h); 

A e A(h).

Proof. It is convenient to regard now the linear maps in question as linear 
maps n TV according to our identifications described in 2.1. It is not 
hard to see that this does not influence determinants and traces.

(i) Let {ni,..., nN} be an h-orthonormal basis in According to 
IV.3.15 and to the identification (X)* = X we have\ JJ / jj

0^
TV
A Tit 

fc=l
(«1, nN) =

N 
A 

fe=i
(L ■ ni,..., L • n^v) =L • nk

=(det L)

=(detL)2

N \
A Z • nt (ni,... ,nN) = 

k=l /

n 1
A nk (m,...,^). 

fc=i /

(if) We know that the dual of the preceding basis is {a(i)nj i = 1,..., N} , 
thus in view of IV.3.9,

N

Tr A = a(i)m ■ A ■ ni = 0.
i=l

2.9. A linear map S : V —> V is called h-symmetric if S* = S or, 
equivalently, xSy — ySx for all x.y^V. The set of h-symmetric 
linear maps is denoted by S(h).

A(h) and S(h) are complementary subspaces of Lin(V)=V®V*, 
i.e. their intersection is the zero subspace and they span the whole space 
V®V*. Indeed, only the zero linear map is both symmetric and antisymmetric, 
and for any linear map F : V —» V we have that

A
F + F* , F-F*

S:=^— ■ 4:=——

are h-symmetric and h-antisymmetric, respectively, and F = S + A.
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Taking the identification V®V*=g®g we can easily see that C
S(h) and g A g C A(h); since these subspaces are complementary, too, 
equalities hold necessarily:

V V V V ... .WV:=^V^=SM V A V* — A — = A(h).

As a consequence,

dimS(h) = A(A±l), dinA(h) = fch.

Recall that for m, n G g we have

m\/ n = m ® n n ® m. m Nn = m ® n — n ® m.

2.10. Proposition.

(V®V*) x (V®V*) -+R, (F,G) wF:G:=Tr(F*-G)

is a non-degenerate symmetric bilinear form, which is positive definite if and 
only if h is positive definite.

Proof. It is trivially bilinear and symmetric because of the properties of Tr 
and h-adjoints.

Suppose that Tr(F* ■ G) = 0 for all F G V ® V , i.e.

N
0 = ^a^ni F* G rn

i=l

for all h-orthonormal bases {nx,... ,nN} of g- Then taking F . 
nj®nk for all j,k = and using (nj® nk)* = nk ® nj we
conclude that nj ■ G ■ nk = 0 for all j, k which results in G = 0.

Since N

Tr(F* ■ F) = ' n0 ’ ’ n0,
i=i

we see that if h is positive definite then Tr(F* ■ F) > 0; if h is not 
positive definite then we can easily construct an F such that F : F < 0.

Remark, (i) Compare the present bilinear form with that of the duality 
treated in IV.3.10; take into account the identification V ® V* = V ® g^g =

4g®V = V‘®V.
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(ii) The bilinear form is not positive definite, in general, either on the 
linear subspace of h-symmetric linear maps or on the linear subspace of h- 
antisymmetric linear maps.

(m) For k1,k2,n1,n2 G J we have

(fci ® nJ : (k2 ® n2) =(fci ■ k2)(ni ■ n2),

(fci V nJ : (k2 V n2) =2 ((fci ■ fc2)(ni ■ n2) + (fci • n2)(k2 • nJ),

(fci A nJ : (k2 A n2) =2 ((ki • fc2)(ni • n2) - (fci • n2)(k2 ■ nJ), 

which shows that sometimes it is convenient to use the half of this bilinear form 
for h-symmetric and h-antisymmetric linear maps:

F . G := If : G =1 Tr(F* • G) = 1 T¥(F G (F,G € S(h)), 
z z z
11 1

F • G := -F : G =-Tr(F* ■ G) = —-Tr(F • G) (F,Gg A(h)).z z z

2.11. Proposition. Let L be an h-orthogonal map. Then for all 
F, G € Lin(V)

( J (L • F ■ Z-1) : (L • G ■ = F G;
(n) if F is h-symmetric or h-antisymmetric then L ■ F ■ L~1 is h- 

symmetric or h-antisymmetric, respectively.

2.12. Proposition. If (ni,...,njv) and (nJ..., n'N) are equally 
oriented h-orthonormal bases in X then D

N N
A ni = A n,.

»=1 i=i 1

Proof. Evidently, L n, := n' (i = 1, ...,AI) determines an h- 
orthogonal map L whose determinant is positive since the bases are equally 
oriented. Then proposition in IV.3.18 gives the desired result. ■

Suppose V and B are oriented; then J is oriented as well and 
the Levi-Civita tensor of (V, B,h),

e
N N e; N
A ni = A — € A 
i=i »=i a t=i

N
A V
N
® B

is well defined, where (ni,..., n^) is a positively oriented orthonormal basis 
in and (ei,...,ejv) is a positively oriented orthogonal basis in V, 
normed to a € B+.
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2.13. Exercises

1. According to the theory of tensor quotients, the Levi-Civita tensor can be 
considered to be a linear map

N
® (Li

»=1

where

|ei ■ Ci|

N
E : ® B —> A V, N AO (Li J

i=l /
® e.

f N \ N
Prove that ® a» I ® £ = A 

\i=l ) «=i
oriented h-orthogonal basis such that

2. The previous linear map is a bijection

(d,..., ejv) is a positively

whose inverse is | ®
AV

regarded as a linear map
TV N N
A V —> ® B, A xt w — 

i=l

Prove that = S sign?r H (n^i) ■ a;,) =: ■ ^v)-
irGPerm^ i=l

3. Euclidean vector spaces
3.1. A pseudo-Euclidean vector space (V,B,h) is called Euclidean if h 

is positive definite or, equivalently, neg(h) = 0.
For a clear distinction, in the following (E,D,b) denotes a Euclidean 

vector space.
The notations introduced for pseudo-Euclidean vector spaces will be used, e.g.

xy:=b(x,y) (x,y € E);

note that if x,yeE and k,n e then

a: y € D ® D, n x g D, fc • n € R.

Moreover, we put
|jc|2 := b(x,®) (x £ E).

Lastly, we say orthogonal, adjoint etc. instead of b-orthogonal, b-adjoint etc.

3.2. Recall that a canonical order is given in D ® D (IV.5.4) and so in 
(D ® D) ® (D ® D) as well. Thus the absolute value of elements in D ® D 
and the square root of elements in (D ® D) ® (D ® D) make sense.

Proposition (Cauchy-Schwartz inequality). For all x,y € E we have

I® ■ y\ <
and equality holds if and only if x and y are parallel.
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Proof. Exclude the trivial cases x = 0 or y = 0. Then the positive 
definiteness of b yields

y x 
y y

2
^|®|2 - 2^—^(a: • y) +

y ■ y
,2 (y-x^x-y)— JI _

|y|

2
i 2

where equality holds if and only if x = ^y-
In general, the right-hand side of the Cauchy inequality cannot be written 

in a simpler form because |®| and |y| make no sense, unless D is 
oriented.

3.3. Suppose now that
magnitude or length of x € E

D is oriented as well. Then we can define the
as a non-negative element of D :

The following fundamental relations hold:
(?) |tc| = 0 if and only if x = 0,

(ii) |aa:| = |a||a:|,
(m) ja; + y| < |x| + |y|

for all x,y € E and a € R. The third relation is called the triangle 
inequality and is proved by the Cauchy-Schwartz inequality.

Moreover, the Cauchy-Schwartz inequality allows us to define the angle 
formed by x 0 and y / 0 :

x ■ yarg(x, y) := arc cos klM'

3.4. The identification

D®D ~ D

(see 1.3) is a fundamental property of the Euclidean vector space (E, D,b).
The dual of an orthogonal basis ei,...,ejv, normed to m € D, in 

this identification becomes .I m* ’ ’ m2 J
Accordingly, m := ^ (i = 1,..., N) form an orthonormal basis in § 

which coincides with its dual basis in the identification g = (§)* :

ni-nk-hik (i,k=l,...,N).
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For all ® e E we have

N
x = • x)ni.

»=1

In the following § will be used frequently, so we find it convenient to 
introduce a shorter notation:

3.5. If S is a linear subspace of E then

Sx := {x € E| x • y = 0 for all y 6 S}

is called the orthocomplement of S. It can be shown that Sx is a linear 
subspace, complementary to S, i.e. their intersection is the zero subspace 
and they span the whole E.

Every vector x & E can be uniquely decomposed into a sum of two vectors, 
one in S and the other in Sx, called the orthogonal projections of x 
in S and in Sx, respectively.

Let n be a unit vector in N, i.e. |n|2 := n • n = 1. Ihen

n®D := {nd\ d € D}

is a one-dimensional subspace of E. Furthermore, its orthocomplement,

{x € E| n ■ x = 0} = (n ® D)x

is an (N - l)-dimensional subspace. The corresponding projections of x € E 
in n ® D and in (n ® D)X are

(n • x)n and x — (n ■ x)n,

respectively.

3.6. Proposition. For F € Lin(E) we have KerF* = (RanF)1 .

Proof, x is in KerF*, i.e. F*x = 0 if and only if yF*x=0 
for all y € E, which is equivalent to x • F y = 0 for all y S E, thus 
x is in Ker F* if and only if it is orthogonal to the range of F.

3.7. We know that a linear map L : E —► E is orthogonal, i.e. y x —
(L ■ y) ■ (L ■ x) for all x,y € E if and only if \L ■ x|2 = |x|2 for all 
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x G E (see 2.7). Because of the Euclidean structure we need not assume the 
linearity of L, according to the following result.

Proposition. Let L : E —+ E be a map such that L(y) ■ L(x) = y • x
for all x,y g E. Then L is necessarily linear.

Proof. First of all note that if {ei,...,e^} is an orthogonal basis in E 
then {L ■ e±,...,L ■ e/v} is an orthogonal basis as well. As a consequence, 
Ran L spans E.

-^(y) = L(x) then |y|“ = |;r|2 = y ■ x and so (y — a?|2 = 0, 
hence L is injective.

Writing x' := L(x), y' := L(y) and then omitting the prime, we find 
that Z-1(y) • L^x) = y ■ x for all x,y g Ran A and £_1(y) • a: = 
y ■ L(x) for all x € E, ye Ran L.

Consequently, for all y G RanA and xi,x2eE we have

y ■ L(xi + x2) =L 1(y) ■ (xr + x2) = L 1{y')-x1+L 1(y)-®2 = 

=V • L(xi) + y • Z(®2) = y • (£(®i) + L(x2));

since y is arbitrary in Ran L which spans E, this means that

L(xi +x2) = L^) + L(x2) (xi,x2eE).

A similar argument shows that

L(ax) — al(x) (a eR,x e E).«

This has the simple but important consequence that if L : E -+ E is a map 
such that \L(y) - L(x)\2 = |y - a:|2 for all x,y e E and £(0) = 0 
then L is necessarily linear. The proof is left to the reader as an exercise.

3.8. In the following, assuming that

dim E = 3,

we shall examine the structure of the antisymmetric linear maps of E. As 
we know, (see 2.9) A(b) = A g = N AN is a three-dimensional vector 
space endowed (see 2.10) with a real-valued positive definite symmetric bilinear 
form — an inner product — :

A • B = | Tr(A* B) = -- Tr(A ■ B).
2 2

The magnitude of the antisymmetric linear map A is the real number

|A| := VA. A.
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Recall that for k\,k2,ni,n2 € N we have

(kx A k2) • (ni A n2) = (fci ■ k^m • n2) - (fci • n2)(k2 ■ nJ,

in particular, if ky = k2 —: k, ni — n2 —: n,

\k A n|2 = |fc|2|n|2 - (fe ■ n)2.

3.9. If A e N A N then A* = -A, thus proposition 3.6 yields that 
Ker A is the orthogonal complement of Ran A.

Proposition. If 0 / A € N A N then Ran A is two-dimensional, 
consequently, Ker A is one-dimensional.

Proof. Since A 0, there is a 0/o:€RanA. Then x^KerA, 
thus 0 ± A ■ x e Ran A. x and A x are orthogonal to each other 
because A is antisymmetric. Consequently, the subspace spanned by x 
and A x is two-dimensional in the range of A : Ran A is at least two-
dimensional, Ker A is at most one-dimensional. Suppose Ker A = {0}.
Take a 0 / y, orthogonal to both x and A ■ x. E is three- 
dimensional, Ay is orthogonal to y, so it lies in the subspace generated
by x and A ■ x, i.e. A ■ y = ax + /3A • x. Multiplying by x and
using x • A x = 0, x ■ A ■ y = -y ■ A • x = 0, we get a = 0. As a 
consequence, A ■ (y — f3x) = 0, the vector y — f3x is in Ker A, thus 
y — (3x = 0, y = /3x, a contradiction.

3.10. Let us take a non-zero A € N A N. There is an orthonormal basis 
{m,n2,n3} in N such that n3®D = KerA. {mAn2,n3Ani,n2An3} 
is a basis in NAN, thus there are real numbers ai, a2, a3 such that

A = a3(nj A n2) + a2(n3 A nJ + ai(n2 A n3).

Since A • n3 = 0, we easily find that a2 = o-j = 0 and, consequently, 
|a3| — |A|. Renaming ni and n2 and taking their antisymmetric 
tensor product in a convenient order we arrive at the following result.

Proposition. If 0 / A € N AN and n is an arbitrary unit vector 
in N, orthogonal to the kernel of A, then there is a unit vector k, 
orthogonal to the kernel of A and to n such that

A = |A|fc An. ■

As a consequence, we have

A3 = -|A|2A.
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Moreover, for non-zero A and B 
are equivalent:

A is a multiple of B,
— Ker A = Ker B,
— Ran A = RanB.

in NAN the following statements

3.11. If A,B e N A N, their commutator

[A,B] := A B-B A

is in NA N, too. Moreover, the properties of the trace imply that for all 
C e NAN

[A, B] • C = [C, A] . B = [B, C] . A.

Proposition.
|[A, B]|2 = |A|2|B|2-(A.B)2.

Proof. If A and B are parallel (in particular, if one of them is zero) 
then the equality holds trivially. If A and B are not parallel, dividing 
the equality by |A|2|B|2 we reduce the problem to the case | A| = |B| = 
1. The ranges of A and B are different two-dimensional subspaces, 
hence their intersection is a one-dimensional subspace (because E is three- 
dimensional). Let n be a unit vector in N such that n®D = RanAA 
RanB. Then there are unit vectors k and r in N, orthogonal to 
n, such that A = k /\ n, B = r /\ n. Simple calculations yield

[A,B] = kAr, | [A, B] |2 = 1 - (k ■ r)2 

which gives the desired result in view of 3.8.

3.12. According to the formula cited 
graph, [A, B] is orthogonal to both 
and B are orthogonal, |A| = |B| = 
an orthonormal basis in N A N.

at the beginning of the previous para- 
A and B. Consequently, if A 

1 then A, B and [A, B] form

Proposition. For all A, B, C € N A N we have

[[A,B],C] = (A • C)B — (B • C)A.

Proof. If A and B are parallel, both sides are zero. If A and 
B are not parallel (in particular, neither of them is zero) then B = aA + B' 
where a is a number and B' 0 is orthogonal to A. nA results 
in zero on both sides, hence it is sufficient to consider an arbitrary A, a B 
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orthogonal to A, and three linearly independent elements in the role of C; 
they will be A. B and [A,B].

For C - [A, B] the equality is trivial, both sides are zero.
For C = A, the right-hand side equals |A|“B; [[A, B],A] on the

left-hand side is orthogonal to both [A, B] and A, hence it is parallel 
to B : there is a number a such that [[A,B],A] = aB. Take the 
inner product of both sides by B, apply the formula at the beginning of 
3.11 to have |[A,B]|2 = a|B|2 which implies a = |A|2 according to the 
previous result.

A similar argument is applied to C = B.

3.13. Let us continue to consider the Euclidean vector space (E,D,b), 
dim E = 3, and suppose that E and D are oriented. Then N = 5 
is oriented as well (see IV.5.2). According to 2.12, there is a well-defined £ 

3
in AN such that

£ = A th
»=1

for an arbitrary positively oriented orthonormal basis (ni,n2,n3) of N. 
e is called the Levi-Civita tensor of (E,D,b).

The Levi-Civita tensor establishes a linear bijection

j:NAN->N, k A n e(-,k,n).

Let us examine more closely what this is. The dual of N is identified with 
N, thus £ can be considered to be a trilinear map

3
N3->R, (fci,fc2,fc3) 52 signII ' fci 

7rGPerm3 i=l

(see IV.3.15). Thus, for given k and n, e^k,^ is the linear map 
N —► R, r w e(r, k, n), i.e. it is an element of N* = N.

In other words, j(k A n) is the element of N determined by

r • j(fc An) = e(r, k, n)

for all r € N.
The Levi Civita tensor is antisymmetric, hence j(kAn) is orthogonal to 

both k and n.
If (ni,n2,n3) is a positively oriented orthonormal basis in N, then 

j(ni An2) =-n3, j(n2An3) = -ni, j(n3 A nJ =-n2.

Proposition. For all A € N AN we have
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(0 A-j(A) = 0,
W |j(A)| = |A|,

(m) if A 0 then (j(A),n, A ■ n) is a positively oriented orthogonal 
basis in N for arbitrary non zero n, orthogonal to Ker A.

Proof. There is a positively oriented orthonormal basis (ni, n2, n3) such 
that A=|A|niAn2 (and so An3 = 0); then j(A) = -|A|n3 from 
which (i) and (ii) follow immediately. Moreover, we can choose ni := 
where n is an arbitrary non-zero vector orthogonal to Ker A. ■

The kernel of a non-zero A is one-dimensional; according to (j), j(A) 
spans the kernel of A. The one-dimensional vector space Ker A will be 
oriented by j(A).

Since j is linear, (n) is equivalent to j(A) • j(B) = A • B for all 
A and B which can also be proved directly using that A = |A|fc A n, 
B = |B|r A n.

3.14. Definition. The map

N x N —» N, (fc, n) i-* k x n := — j(k A n)

is called the vectorial product. ■

It is evident from the properties of j that the vectorial product is an 
antisymmetric bilinear mapping, k x n = 0 if and only if k and n 
are parallel, k x n is orthogonal to both k and n,

\k x n|2 = |fc|2|n|2 — (fc ■ n)2.

If fc and n are not parallel then k, and
positively oriented basis in
oriented orthonormal basis in

N;
N

moreover, if 
then

(n1;n2,n3)
k x n form a 

is a positively

m x n2 = n3, x n3 = ni, n3 x ni = n2.«2

n

Proposition.

(0 j([A,B])=j(A)xj(B) (A,B € NAN)

or, equivalently,
j(A) A j(B) = —[A, B];

A • n = j(A) x n (A e N AN, n e N)
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which implies
A-j(B)=j([A,B]) (A,BCNAN).

Proof. There is an orthonormal basis {ni,n2,«3} in N such that
A = |A|ni A n2-

(i)niAn2, n2/\n3 and n3A«i form a basis in NAN, thus it is 
sufficient to consider them in the role of B, then a simple calculation yields 
the desired result.

(ii) Take ni, n2 and n3 in the role of n. ■
As a consequence of our results we have

(k x n) • r = (n x r) ■ k = (r x k) • n = e(r, k, n)

and
(k x n) x r = (k • r)n - (n • r)k

for all fc,n,r €N.

3.15. The Levi-Civita tensor establishes another linear bijection as well:

3 3
i0 : aN^R. A ki e(ki,k2,k3).
JO i=l

It is quite trivial that j0-1(«) = a£ for a11 € R.

3.16. An orthogonal map B : E -* E (also regarded as an orthogonal 
map N -+ N, see 2.1) sends orthogonal bases into orthogonal ones, preserves 
and changes orientation according to whether det.R =1 or det R = —1. 
In view of IV.3.18,

/ 3 \
so x R = (detR)e.

Then one proves without difficulty that

j(R k A R n) = (det R)R • j(k h n) (k,n e N).

Since R k A R n = R • (k h n) R~1, the previous result can be written 
in the form

j(B • A • B-1) = (detB)B ■ j(A) (AeNAN).

Moreover,

jo
3
A R ki = (det R) jo

3 
A Kj, 
-1
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3.17. In the usual way, the linear bijection j can be lifted to a linear 
bijection

E A E —> E ® D, defined by x /\ y j ( — A —m2
\m mJ

where m is an arbitrary non-zero element of D.
Similarly, the linear bijection jo can be lifted to a linear bijection

3 3 3 / 3 x, \ o
A E —> ® D, A Xi jo I A — m.

i=l \i=l m /
We have utilized here that E = N ® D. Evidently, similar formulae are 

valid for N ® A where A is an arbitrary one-dimensional vector space.

3.18. Let us consider the Euclidean vector space (R3,R, B) where
3

B(x,y) = ^x'y* =: x • y 
i=l

(i.e. B = Ho in the notation of 1.7).
The identification R3 = (K3) is the usual one: the functional correspond­

ing to x and represented by the usual matrix multiplication rule coincides 
with x. In customary notations x considered to be a vector has the com­
ponents (a;1, x2, x3) and x considered to be a covector has the compo­
nents (zi, x2, x3)- the previous statement says that Xi — x1, i = 1,2,3.

That is why in this case one usually writes only subscripts.
The adjoint of a 3x3 matrix (as a linear map R3 —> R3) coincides 

with the transpose of the matrix.
R3 and R are endowed with the usual orientations: the naturally ordered 

standard bases are taken to be positively oriented.
The Levi-Civita tensor is given by a matrix of three indices:

£ = (ei>fc| i,j,k= 1,2,3),
3

e(x,y,z) = £ijkXiyjZk, 
i,j,k=l

{1 if ijk is an even permutation of 123
— 1 if ijk is an odd permutation of 123 

0 otherwise
Then it is an easy task to show that 

/ 1 3
j (Ljk\ j, k = 1,2,3) = j — — EijkLjk\ i = L 2,3 

\ j,k=i 
(3
-^EijkXk] i,j = 1,2,3 

fc=l
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in other notation,

CO -X3 X2
x3 0 -Xi

—x2 Xl 0

Moreover,

C
3

5 ) ^ijkXjyk\ I 1,2,3 
j,k=l

3.19. Consider the Euclidean vector space (E, D,b), dimE —3.
A linear coordinatization K of E is called orthogonal if it corresponds 

to an ordered orthogonal basis (61,62,63) normed to an m € D.
Since the dual of the basis is (^|i = 1,2,3) (see 3.4), we have

K x = i = 1,2,3) =: (xWA) . 
\ mz /

(\ *
D0D j ! then x, as 

an element of the dual of has the coordinates

(x • Ad i = 1,2,3^ =: (xi,x2,x3) • 
\ m/ /

We see, in accordance with the previous paragraph, that x — Xi (i 
1,2,3) and we can use only subscripts.

Then all the operations regarding the Euclidean structure can be represented 
by the corresponding operations in (R3,R, B), e.g.

the b-product of elements x,y of E is computed by the inner 
product of their coordinates in R3 :

if K ■ x = (xi,X2,X3) and K ■ y = (yi,y2,y3)

i.e.
3

y = 52 yiCi

1=1
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— the matrix in the coordinatization of an adjoint map will be the transpose 
of the matrix representing the linear map in question:

if K L K1 = (Lik\i,k = 1,2,3) 
then K L* K1 = (Lfci| A; = 1,2,3);

— if both E and D are oriented and the basis establishing the coor­
dinatization is positively oriented then the vectorial product can be computed 
by the vectorial product of coordinates:

(
3

£ijkXjyk\ i= 1,2,3 
j,fc=i

These statements fail, in general, for a non-orthogonal coordinatization.

3.20. Let (vi,t>2,V3) be an arbitrary ordered basis in E, chose a 
positive element m of D and put

^ik • —
Vi ' Vk 
m2

/ b(^\ R

X m /

The dual of the basis can be represented by vectors r1^2^3 in D^D 
— usually called the reciprocal system of the given basis — in such a way that

rl • Vk = 6ik (i,k = 1,2,3).

It is not hard to see that

i e(-,v2,v3) r :=------ ------etc.
A

where A := e(vi,V2,vj).
Put

bifc := (rl • rk)m2 € R (i, k = 1,2,3).

Let us take the coordinatization K of E defined by the basis 
(vi,V2,«3). Now we must distinguish between subscripts and superscripts. 
We agree to write the elements of R3 in the form (rr1) and the elements 
of (R3)* in the form (xi). Then

K ■ x = (r’ • a?) =: (a?!)
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Consider the identification E = D®D®E* = (pfo) > then (^| 

i — 1,2,3) is an ordered basis in and x, as an element of the
dual of dId’ has the coordinates

Writing x = £ xkvk = xkrkm2 we find that 
i=l k—1

3 3
Xi = 52 bikxk, xk = 52 b*^, 

k=l i=l

i.e., in general, xl Xi.
Now if

K x = (z’) and K y = (y2)

i.e. 
3 3

x = 57xlVi, ^ = 5?yl^i 
i=l i=l

then

(3 \ / 3 \ / 3 \
52 ^kxiyk m2 = 152 xkyk j "i2 = (52xlyi) m~-

i,k—l / \fc=l / \»=1 '

3.21. Exercises

In the following we keep assuming that dimE = 3.

1. Let A be a non-zero element of A(b). If x is a non-zero vector 
in E, orthogonal to Ker A, then

(?) A2 ■ x = -|A|2®,
(w) |A • = |A||x|,
(.») A =

2. Show that Ker(A2) = Ker A for A € N A N = A(b).
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3. Prove that

0) ^ijk^rst ™^ir^js^kt 4" jt^kr 4“ jr^ks

^it^js^kr jr^kt ^ir^jt^ks^

3
($0 , Eijk^rsk —^ir^js ^is^jri

k=l 
3

(ttt) ^ijk^rjk —2^jr.
j,fc=l

4. Let A and B be one-dimensional vector spaces. Define the vecto­
rial product

(N ® A) x (N ® B) -> N ® A ® B.

4. Minkowskian vector spaces

4.1. A pseudo-Euclidean vector space (V, B,h) is called Minkowskian if 
dimV > 1 and neg(h) = 1.

For a clear distinction, in the following (M, I, g) denotes a Minkowskian 
vector space, and

dim M = 1 + N

where N > 1.
We call attention to the fact that g is usually called a Lorentz metric; 

since g does not define a metric (distances and angles, see later) we prefer 
to call it a Lorentz form.

The notations introduced for pseudo-Euclidean vector spaces will be used, e.g.

x ■ y := g(a:, y) (®,y)€M);

note that if o?,y€M and u,v € then

x y el® 1, ux € I, u ■ u € R.

Moreover, we put
x2 x • x (x € M).

In contradistinction to Euclidean spaces, here we keep saying g-orthogonal, 
g-adjoint etc.

The elements of a g-orthogonal basis will be numbered from 0 to N, 
in such a way that for {e0, ei,..., e/v} we have e02 < 0, e^2 > 0 if 
i = 1,...,N.
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4.2. Recall that there is a canonical orientation on I ® I, hence it makes 
sense that an element of I ® I is positive or negative. Let us introduce the
notations

S ~{x EM|?> 0}, 

T ^{x € M| x2 < 0},

L :={x € M| x2 = 0, x / 0}

So :=SU{0}, 
To :=TU{0}, 
Lo :=LU{0}.

The elements of So, T and L are called spacelike, timelike and lightlike 
vectors, respectively.

Neither of So, To and Lo is a linear subspace.
The bilinear map g is continuous (see VI.3.1). Thus S and T are 

open subsets, Lo is a closed subset.

4.3. Take a non-zero element x of M. The Lorentz form g is 
non-degenerate, hence the linear map M —> I®I, y xy is a surjection, 
i.e. it has an TV-dimensional kernel. In other words,

Hx := {y & M| x ■ y = 0}

is an TV-dimensional linear subspace of M. Let gx be the restriction of 
g onto Ha, x Ha,; it is an I ® I-valued symmetric bilinear map.

(i) Suppose x € S or x & T. Then x is not in Ha,. R® 
and Hx are complementary subspaces. As a consequence, gx is non­
degenerate, i.e. (Ha,,I,gx) is an TV-dimensional pseudo-Euclidean vector 
space. Thus there is a ga,-orthogonal basis in Hj,; such a basis, supplemented 
by x, will be a g-orthogonal basis in M.

— if x is in S then x2 > 0, so one and only one element of a gx-
orthogonal basis belongs to T, the other ones belong to S. Consequently,
(Hx,I, gx) is an TV-dimensional Minkowskian vector space.

— if x is in T then x2 < 0, so all the elements of a ga,-orthogonal
basis belong to S. Consequently, Hx C So and (Hx,I,gx) is an
TV-dimensional Euclidean vector space.

(it) Suppose zeL. Then x itself is in Hx, in other words, Rx 
is contained in Hx One cannot give naturally a subspace complementary to 
Ha,. Moreover, gx is degenerate.

Let eg be an element of T; let s be an element of I such that 
eg = -s2. As we have seen, He(1 is contained in So, so e0 • x / 0, 
and ei := ~ eo belongs to S, eo • ei = 0 and ei2 = s2.
{e0,ei} can be completed to ag-orthogonal basis {e0,ei,... ,eN}, normed 
to s, of M. The vector x is a linear combination of e0 and eb 
thus {ea,...,e^} is contained in H® and {x, 62,. ■ • ,e^} is a basis 
of Hx.

This has the immediate consequence that every element of Hx which is 
not parallel to x belongs to So-
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4.4. It follows from 4.3(t) that if x € T then aiy^O for all yGT 
and for all y € L.

Moreover, the results in the preceding paragraph imply that
— there are IV-dimensional linear subspaces in So,
— there are at most one-dimensional linear subspaces in Tp and Lp ,
— there is a one-to-one correspondence between ^-dimensional linear sub­

spaces in So and one-dimensional linear subspaces in To in such a way 
that the subspaces in correspondence are g-orthogonal to each other.

4.5. The identification

(see 1.3) is a fundamental property of the Minkowskian vector space 
(M,I,g).

The dual of a g-orthogonal basis {e0, ex,..., e^}, normed to s € I, 
in this identification becomes { — , 7^} •

Accordingly, m := ^ (f = 0,1,..., N) form a g-orthonormal basis in 
m .
1 •

np-n0 = -l, n, ■ nk = 6ik (i,k = 1,... ,N).
The corresponding dual basis in the identification ¥ = (¥)* is 

{-np,ni,...,njv}.
For all x € M we have

N 
x = —(n0 ■ x)n0 + ^(n, ■ ®)n;. 

i=l

4.6. The following relation will be a starting point of important results. If 
x,y G T U L, x is not parallel to y, z € T, then

Kx ■ y)(y ■ z)(z -x) <(x- zfy2 + (y • x)2®2 < 0.

This is implied by the simple fact that a := *^x — y is g-orthogonal to 
z, thus a is in S : a2 > 0.

4.7. Since I® I is canonically oriented (see IV.5.4), the absolute value of 
its elements makes sense.

Proposition (reversed Cauchy inequality). If x,yGT then

I® • y| > x/|®2||y2| > 0

and equality holds if and only if x and y are parallel.
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Proof. Put z := x in the previous formula, and recall that we have the 
square root mapping from (I ® I) 8 (I ® I) into I ® I. ■

In general, the right-hand side of this equality cannot be written in a simpler 
form because |®| and |y| make no sense, unless I is oriented.

4.8. Definition. The elements x and y of T have the same 
arrow if x ■ y < 0.

Proposition. Having the same arrow is an equivalence relation on T and 
there are two equivalence classes (called arrow classes).

Proof. The relation having the same arrow is evidently reflexive and sym­
metric. Suppose now that x and y as well as y and z have the 
same arrow. Then 4.6 implies that x and z have the same arrow as well, 
hence the relation is transitive.

Let x be an element of T. It is obvious that x and -x have 
not the same arrow: there are at least two arrow classes. On the other hand, 
since x • y 0 for all y G T, y and x or -y and x have 
the same arrow: there are at most two arrow classes.

4.9. Proposition. The arrow classes of T 
and y have the same arrow then ax + /3y

are convex cones, i.e. if x
is in their arrow class for all

a,(3 e K+.
Proof. It is quite evident that [ax + ^y)2 < 0 

thus ax + fry is in T, moreover, ax + fry 
arrow. ■

and (ax + fry) • x < 0, 
and x have the same

The arrow classes are open subsets of M because 
xGT is {yGT|xy<0}.

the arrow class of

4.10. Suppose now that 
of non-negative elements of

I is oriented. Then we can take the square root 
I ® I, so we define the pseudo-length of vectors:

kl := \/M (x G M).

The length of vectors in Euclidean vector spaces has the fundamental prop­
erties listed in 3.3. Now we find that

(i) |x| = 0 if x = 0 but |x| = 0 does not imply x = 0;
(ii) |ax| = |a||x| for all a G R.;

(iii) there is no definite relation between |x + y\ and |x| + |y| :
— if H C So is a linear subspace then (H, I, g|HxH) is a Euclidean 

vector space, consequently, for x,y G H the triangle inequality |x + y\ < 
kl + M holds’ , . v ...

— for vectors in T a reverse relation can hold, as follows.
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Proposition (reversed triangle inequality). If the elements x and y 
of T have the same arrow then

l® + y| > |®l + lyl

and equality holds if and only if x and y are parallel.

Proof. According to the previous statement x + y belongs to T, thus 
we can apply the reversed Cauchy inequality:

I® + y|2 = -{x + y)2 =|®|2 - 2(a: • y) + |y|2 >

>l®|2 +2v/|a?|2|y|2 + |y|2 = (|;c| + |y|)2. ■

The triangle inequality and “non-zero vector has non-zero length” are indis­
pensable properties of a length; that is why we use the name pseudo-length.

4.11. Definition. The elements x and y of L have the same 
arrow if x ■ y < 0.

Proposition. Having the same arrow is an equivalence relation on L and 
there are two equivalence classes (called arrow classes).

Proof. Argue as in 4.8.

4.12. Now we relate the arrow classes of L to those of T. It is evident 
that the elements x and y of L have the same arrow if and only if 
ax + fly are in T and have the same arrow for all a, fl € IR+.

Proposition, (i) Let x,y G L, z e T. Then x and y have 
the same arrow if and only if x ■ z and y • z have the same sign (in the 
ordered one-dimensional vector space I ® I).

(ii) Let x G L, y,z G T. Then y and z have the same arrow 
if and only if x y and x • z have the same sign.

Proof. Apply the inequality in 4.6. ■

As a consequence, the arrow classes of T and those of L determine 
each other uniquely. We say that the elements x of L and y of T 
have the same arrow if x • y < 0. According to the previous proposition, if 
we select an arrow class T^ from T then there is an arrow class L-* 
in L such that all the elements of T“* and L— have the same arrow:

L"* = {y € L| x ■ y < 0, x G T-*}.

It can be shown that L^ U {0} is the boundary of T
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4.13. We say that (M,I,g) is arrow-oriented or an arrow orientation 
is associated with g if we select one of the arrow classes of T. More 
precisely, an arrow-oriented Minkowskian vector space is (M, I, g, T”*) where 
(M,I, g) is a Minkowskian vector space and T-* is one of the arrow classes 
of ’ T.

A linear isomorphism between arrow-oriented Minkowskian vector spaces is 
called arrow-preserving or arrow-reversing if it maps the chosen arrow classes 
into each other or into the opposite ones, respectively.

4.14. In the following we assume that M and I are oriented and g 
is arrow-oriented; moreover

dim M = 4.

We introduce the notation

V(l) := € y| u2 = -1, u®I+ C T-*} .

If u & V(l) then

u®I := {iti| t e 1} C To,
Eu {x e M| u ■ x = 0} C So

are complementary subspaces. The corresponding projections of x € M in 
u ® I and in Eu are

— (u • x)u and x + (u • x)u.

Let bu denote the restriction of g onto Eu x Eu. According to 
4.3.(i) — us e T for s€l and Eu = Hsu—we have that (Eu,I,bu) 
is a three-dimensional Euclidean vector space.

4.15. We shall examine the structure of g-antisymmetric linear maps of 
M.

As we know (see 2.9) A(g) = A M is a six-dimensional vector space 
endowed (see 2.10) with a real-valued non-degenerate symmetric bilinear form:

H . G := i Tr(JI* • G) = ~ Tr(H • G). 
z z

In particular, for fcj,k2,ni,n2 G we have

(fex A fc2) • (nt A n2) = (fci ■ ni)(k2 ■ n2) - (fci ■ n2)(k2 ■ ni).
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If {n0,ni,«2,n3} is a g-orthonormal basis of then

noAni, noAnj, n0 A n3,

mAn2, n2An3, n3 A ni

constitute a basis in A (see IV.3.15). We can take it :=no G V(l); 
3

then every g-antisymmetric map can be written in the form aiu ^ni + 
i=l 

3
J2^afcinfcAni. The vectors ni,n2,n3 span the three-dimensional Eu- 
i=l k<i
clidean vector space (more precisely, (^jR, •)), hence according
to the results of the previous chapter there are a real number /3 and unit 
vectors k and n, g-orthogonal to each other and to u such that

3 3 3
S H akink A n^ = /3k A n. Furthermore, £ aiu An; = nA £
i=l k<i «=1 »=1
thus we arrive at the following result.

Proposition. Let H be an element of yA y. Then for all u G 
V(l) there are a, (3 € R, r, k, n G r2 = k2 = n2 = 1, k • n = 0 
such that

H = au A r + (3k /\n. ■
Observe that then

H • H = -a2 + /32.

4.16. Proposition. Take an H € A jn the form given by the 
previous proposition. Then KerU = {0} if and only if a / 0, [3 0
and r is linearly independent from k and n.

Proof. If r is linearly independent from k and n then u, r, 
k, n are linearly independent vectors. Furthermore, if neither of a and 
[3 is zero then for all x G M

H x = a(r • x)u - a(u • x)r -I- /3(n ■ x)k - /3(k ■ o;)77 = 0

implies rx = ux = nx = kx = O\ asa consequence, x = 0. This 
means that Ker H = {0}.

If a = 0 then H u — 0; if (3 — 0 then H • m = 0 for 
m E u ■ m — 0, r ■ m = 0. If a / 0 and /3 / 0 but r is 
a linear combination of k and n then H ■ m = 0 for m € y, 
UTn = km = nm = 0. This means that Ker H / {0}. ■

Since if k' and n’ are g-orthogonal unit vectors in the plane spanned 
by k and n (do not forget that is a Euclidean vector space) then 
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k'^n' = ±k^n, we can choose n = r if KerH^t{0}; then for all 
u G V(l) there are a,0 G R and fc,n G k2 = n2 = 1, k-n — 0 
such that

H = (au + 0k) A n.

4.17. Proposition. Suppose H G a KerPT / {0} and put
\H\ := yAH»H\. Then E

(i) H • H > 0 if and only if there are a u G V(l), k,n G , 
fc2 — n2 = 1, k • n = 0 such that

H = |H\k A n.

(H is the antisymmetric tensor product of two g-orthogonal spacelike vectors.)
(ii) H • H < 0 if and only if there are a u G V(l), an n G -f, 

n2 = 1 such that
H = |H\u A n.

(H is the antisymmetric tensor product of a timelike vector and a spacelike 
vector, g-orthogonal to each other.)

(in) H • H = 0, H^Q if and only if there are w,n & w / 0, 
w2 = 0, n2 = 1, w ■ n - 0 such that

H = w An.

(H is the antisymmetric tensor product of a lightlike vector and a spacelike 
vector, g-orthogonal to each other.)

Proof. Let us write the formula of the preceding paragraph in the form 
H = (au' + /3k') A n'; then H»H = -a2 + 02.

(0 Put
0u' + ak'

U~-a2 + 02'
au' + 0k' ,

k :=--- ’ n :=n-a2 + 02

(«) Put
au1 + 0k'

U ~ a2 - 02 ’ n n'.

'm) Put w :=au' + 0k', n := n'.

4.18. (i) We see that Ker if / {0} 
the statement that there is a u G V(l)

Note that then H3 = — |.H|2.H.
(ii) On the contrary, if Ker H / {0} 

ihi2h.

and H • H > 0 is equivalent to 
such that H ■ u = 0.

and H • H < 0 then H3 =
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4.19. According to our convention introduced in 4.1, let us number the 
coordinates of elements of R1+3 from 0 to 3 and let us consider 
the Minkowskian vector space (R1+3,R,G) where

3

G(a?, y) = -xQy° + =-xy
i=i

(i.e. G = Hi in the notation of 1.7).
Now the identification R1+3 = (R1+3)* induced by G is described 

in usual notations as follows. x € R1+3 regarded as a vector has the 
components (£°,£1,£2,£3); x regarded as a covector has the components 
(£o,2i,£2,£s), and the values of the linear functional x are computed by 
the usual matrix multiplication:

3 

xy = ^xty1. 
8=0

Then we have
£0 =-20, Xi = x1 (? = 1,2,3).

As usual, we apply the symbols (£*) and (£,) for the vectors and 
covectors and we accept the Einstein summation rule: a summation from 0 
to 3 is to be carried out for equal subscripts and superscripts.

Introducing
( -1 if i = k = 0 

gik:=gik:={ 1 iff = ke {1,2,3}
I 0 if i k

we can write that

xl = gtkxk, Xi = gikxk (summation!).

Observe that gik = G(xi,xk) where {xo, Xi,X2, X3} is the standard 
basis of R1+3.

According to the identification induced by G, the dual of the standard
basis {xo,Xi,X2,X3} is {-Xo,Xi,X2,X3}-

It is useful to regard G as the diagonal matrix in which the first ( “zeroth”) 
element in the diagonal is -1 and the other ones equal 1.

For the G-adjoint L* of the linear map (matrix) L we have

L* = G L* G

where L* is the transpose of L (see 1.7).
A linear map L : R1+3 —► R1+3 is given by its matrix
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a linear map P : (R1+3)* -► (R1+3)* is given by its matrix (Pik) etc. 
see IV.1.6.

For the transpose of L : R1+3 —» R1+3

(£*)? = ^,

holds, thus for the G-adjoint we have

(L*yk = g^mLnmgnk (summation!).

Consequently, a G-antisymmetric linear map has the form

/ 0 Ol 02 «3
Ql 0 -ft ft
02 Z?3 0 -ft

\ «3 -ft ft 0

i.e. xl • Xi < 0 then x° / 0. It is not hard 
have the same arrow if and only if x° and

If (xl) is in T,
to see that (x*) and (y1)
y° have the same sign. As a consequence, an arrow class is characterized by 
the sign of the zeroth component of its element. One usually takes the arrow 
orientation in such a way that

:= {(?) € R1+3| x^i < 0 , x° > 0}.

4.20. Consider the four-dimensional Minkowskian vector space (M,I,g). 
A linear coordinatization K of M is called g-orthogonal if it corresponds 
to an ordered g-orthogonal basis (60,61,62,63) normed to an s € I. 
According to the identification M* = the basis in question has the
dual (—7$, fl); thus we have \ o 3 S 3 /

&o • x ei • x 62 ■ x 63 ■ an

s2 ’ s2 ’ s2 ’ s2 /

Consider the identification 
element of the dual of has the coordinates

(a: e M).

then x, as an

x ■ ^\i — 0,1,2,3^ =: (a\).

We see, in accordance with the previous paragraph, that a;0 = — xo and
xl = Xi (i = 1,2,3).
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Then all the operations regarding the Minkowskian structure can be repre­
sented by the corresponding operations in (R1+3,R, G), e.g.

the g-product of elements x.y of M is computed by the G-product 
of their coordinates in R1+3 :

if K x = (x’) and Ky =

i.e.
3 3

x = x'e^ y = yl£i
0=1 0=1

(
3 \

-x°y° + I s2;
i=l /

— the matrix in the coordinatization of a g-adjoint map will be the G-adjoint 
of the matrix representing the linear map in question:

if K L K1 = = 1,2,3)
then K-£*-K-1=(L\|i,A; = l,2,3).

4.21. Let (v0,wi,V2, V3) be an arbitrary ordered basis in M, choose 
a positive element s of I and put

gtk := €R (?, fc = 0,1,2,3).

The dual of the basis can be represented by vectors r°,r1,r2,r3 in
- usually called the reciprocal system of the given basis — in such a way that

r'-vk = 6ik (i,k = 0,1,2,3).

ft is not hard to see that

0 £(•, V1,V2,V3)r := —--------- etc.
A

where e is the Levi-Civita tensor (see V.2.12) and A := e(vo,Vi,«2,^3).
Put

g’fc := (rl ■ r^s2 € R (i, k = 0,1,2,3).

Let us take the coordinatization K of M defined by the basis («o, 
^i,W2,V3). Then

K • x = (r' • x) =: (xl) .
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(X *
; then

i = 0,1,2,3) is an ordered basis in and x, as an element of
the dual of , has the coordinates

/ V1 \ \ a: ■ — =: (Xi).
X /

3 3
Writing x = £ xkvk = £ xkrks2 we find that 

i=0 k=0

Xi = gikxk, xk = gkiXi (summation!).

Now if
K x = (xl) and K y = (yl)

Le' 3 3

33 = ^2?^, y = ^ylVi 
4=0 «=0

then
x y= {gi^y^ S2 = (xkyk) S2 = (x'yi) s2.

4.22. Exercises

1. Let and L" be the arrow classes corresponding to each other 
according to 4.12. Prove that

+L^ =T"\
=T-> U L

2. If x is in T“* and y is in S then x + y is not in T 
(Hint: suppose — (a? + y) € T~* and use T-* + I ’ = TW)

3. If H is a linear subspace in So then (H,I, sIhxh) 's a Eu­
clidean vector space. Consequently, the length of vectors and the angle between 
vectors in H makes sense. Since every x € So belongs to some linear 
subspace in So (e.g. to the linear subspace generated by x), the length 
of every element in Sq makes sense. On the other hand, if x,y € So, the 
linear subspace generated by x and y need not be contained in So; as 
a consequence, the angle between two elements of So may not be meaningful.

Take a g-orthogonal basis {eo,ei,... ,ex}, normed to s € I. Ihen 
ei and x := 2ei + eo are vectors in S that do not satisfy the Cauchy 
inequality and the triangle inequality.
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4. Suppose dimM — 4, M and I are oriented. Then the Levi- 
3

Civita tensor of (M,I,g) can be defined by e := A where (eo,ej, 
62,63) is a positively oriented ordered basis, normed to s € I.

Prove that
M 3 M .

and
M M

J:tat
M M
T AT’ k A n e(-, •, k, n)

are linear bijections. Moreover,

=-H, H» J(G) = J(G).G,

thus J(H).J(G) = -H.G for all H,G€^A^.
5. Give the actual form of the previous bijections in the case (R1+3, R, G).
6. Let e be the Levi Civita tensor of the Minkowskian vector space 

(M,I,g), dimM = 4. If u G V(l) then e(u,is the Levi-Civita 
tensor of the three-dimensional Euclidean vector space (EU,I, bu) where 
bu is the restriction of g onto Eu x Eu.



VI. AFFINE SPACES

1. Fundamentals

1.1. Definition. An affine space is a triplet (V,V, -) where
(z) V is a non-void set,

(ii) V is a vector space,
(zzz) — is a map from V x V into V, denoted by

(x,y) ^x-y,

having the properties
1) for every o € V the map Oo : V —► V, x h-► x — o is bijective,
2) (x — y) + (y - z) + (z - x) — 0 for all x,y, z^N. ■

Oo is often called the vectorization of V with origin o.
As usual, we shall denote an affine space by a single letter; we say that V 

is an affine space over the vector space V and we call the map — subtraction.
The dimension of an affine space V is, by definition, the dimension of the 

underlying vector space V. V is oriented if V is oriented (in this case 
V is necessarily a finite-dimensional real vector space).

Proposition. Let V be an affine space. Then
(i) x — y — 0 if and only if x = y (x,y € V),

(ii) x - y = -{y - x) (x,y e V),
(zzz) for a natural number n>3 and Xi,X2, ■ ■ ■ ,xn &V,

(xi - x2) + (x2 - x3) + .... + (xn - a:i) = 0.

Proof, (z) Put z := x, y := x in 2) of the above definition to have
x — x = 0. Property 1) says then that x - y / 0 for x / y.

(zz) Put z := x in 2) and use the previous result.
(zzz) Starting with 2) we can prove by induction. ■

As a consequence, we can rearrange the parentheses as follows:

(x - y) + (u - v) = (x - v) 4- (u - y) (x,y,u,v € V). (1)
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1.2. Observe that the sign - in (zi) of the previous proposition denotes 
two different objects. Inside the parantheses it means the subtraction in the 
affine space, outside it means the subtraction in the underlying vector space. 
This ambiguity does not cause confusion if we are careful. We even find it 
convenient to increase a bit the ambiguity.

For given y e V, the inverse of the map Oy is denoted by

V^V, x^y + x. (2)

Hence, by definition,

y + (x - y) = x (x,y € V), (3)

and a simple reasoning shows that

(x + x)+y = x + (x + y) (xEV,x,y eV). (4)

Here the symbol + on the left-hand side stands twice for the operation 
introduced by (2), on the right-hand side first it denotes this operation and then 
the addition of vectors.

Keep in mind the followings:
(i) the sum and the difference of two vectors, the multiple of a vector are 

meaningful, they are vectors;
(ii) the difference of two elements of the affine space is meaningful, it is a 

vector (sums and multiples make no sense);
(m) the sum of an affine space element and of a vector is meaningful, it is an 

element of the affine space.
According to (l)-(4), we can apply the usual rules of addition and subtraction 

paying always attention to that the operations be meaningful; for instance, the 
rearrangement (y + x) - y in (3) makes no sense.

1.3. Linear combinations of affine space elements cannot be defined in general, 
for multiples and sums make no sense. However, a good trick allows us to define 
convex combinations.

Proposition. Let Xi,...,xn be elements of the affine space V and n
let a1(...,an be non-negative real numbers such that 52 = 1- Then

fc=i
there is a unique xo € V for which

n
^,ak(xk-xo) = 0. (*)
k—1

Proof. Let x be an arbitrary element of V; then a simple calculation n
based on xk-xo = (xk - x) + (x - xo) shows that xo x + 52 &k(xk -x) 

fc=i 
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satisfies equality (*). Suppose yo is another element with this property. 
Then

n n n
o=^2 ock{xk -xo)-^ ak(Xk - = 12 ak ^Xk ~ x°>~ (Xk _ =

fc=l fc=l k=l
n

— ' ak (j/o xo) — yo Xq . ■
k=l

Remove formally the parentheses in (*) to arrive at the following definition.

Definition. The element xo in the previous proposition is called the 
convex combination of the elements Xi,.. -, xn with coefficients on,..., an 
and is denoted by

n

* akXk' ■
fc=l

Correspondingly we can define convex subsets and the convex hull of subsets 
in affine spaces as they are defined in vector spaces.

n
If /3i,... ,/3n are non-negative real numbers, 0 := £2 0k > 0, then we 

fc=i
can take the convex combination of Si,...,xn with the coefficients ak := 

, n) which will be denoted by

E 0kXk
k=l

n
E 0k 
k=\

1.4. (?) A vector space V, endowed with the vectorial subtraction, is an 
affine space over itself.

(ii) If M is a non-trivial linear subspace of the vector space V and 
x €V, x M then x + M := {a: + y\ y £ M} endowed with the 
vectorial subtraction is an affine space but is not a vector space regarding the 
vectorial operations in V.

(???) If I is an arbitrary non-void set and Vi is an affine space over 
Vi (i € I) then x Vi, endowed with the subtraction

iei

(xi)iei - ■= (^i - yi\ei

is an affine space over x V,.
•er
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1.5. Definition. A non-void subset S of an affine space V is 
called an affine subspace if there is a linear subspace S of V such that 
{z - y\ x,y e S} = S.

S is called directed by S and the dimension of S is that of S.
One-dimensional and two-dimensional affine subspaces of a real affine space 

are called straight lines and planes, respectively. Hyperplanes are affine sub­
spaces having the dimension of V but one, in a finite dimensional affine 
space V.

Two affine subspaces are said to be parallel if they are directed by the same 
linear subspace. ■

An affine subspace S directed by S, endowed with the subtraction 
inherited from V, is an affine space over S.

If S is a linear subspace of V and x e V then x+S := {a;+s| s e 
S} is the unique affine subspace containing x and directed by S.

Points of V are zero-dimensional affine subspaces.

1.6. A pseudo-Euclidean (Euclidean, Minkowskian) affine space is a triplet 
(V, B, h) where V is an affine space over the vector space V and 
(V,B,h) is a pseudo-Euclidean (Euclidean, Minkowskian) vector space.

1.7. Exercises

1. Prove that the following definition of affine spaces is equivalent to that 
given in 1.1.

A triplet (V, V,+) is an affine space if
(f) V is a non-void set,

(ii) V is a vector space,
(in) + is a map from V x V into V, denoted by

(a:, x) h-> x + x

having the properties
1) (x + x)+y = x + (x + y) (xeV,x,ytV),
2) for every x € V the map V —► V, xi-> x + x is bijective.
2. Let V be an affine space over V. Let V/N denote the set of 

affine subspaces in V, directed by a given linear subspace N of V. If 
M is a linear subspace complementary to N then V/N becomes an 
affine space over M if we define the subtraction by

S-T^x-y (x e S, y € T, x — y e M).

In other words, if P denotes the projection onto M along N then

(x + N) - (y + N) :=P-(x-y).
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Illustrate this fact by V ~ R2, N := {(a, 0)| a € R}, M := {(a,ma)| 
a e R} where m is a given non-zero number.

3. Prove that the intersection of affine subspaces is an affine subspace, thus 
the affine subspace generated by a subset of an affine space is meaningful.

4. Let V be a vector space over the field K. Then {1} x V is an 
affine subspace of the vector space K x V.

5. Let I be a one-dimensional oriented affine space over the vector space 
I. Then an order can be defined on I by a<b if and only if a-b < 0. 
Define the intervals of 1.

2. Affine maps

2.1. Definition. Let V and U be affine spaces over V and U, 
respectively. A map L : V —> U is called affine if there is a linear map 
L : V —> U such that

L(y) - L(x) = L • (y - z) (®,y,€V).

We say that L is an affine map over L. If L is a bijection, V 
and U are oriented, L is called orientation-preserving or orientation­
reversing if L has that property. ■

The formula above is equivalent to

L(x + x) = L(x) + L ■ x (x € V, x € V).

It is easy to show that the linear map L in the definition is unique.

2.2. Proposition. Let L : V —► U be an affine map. Then
(j) L is injective or surjective if and only if L is injective or surjective, 

respectively; if L is bijective then L-1 is an affine bijection over L
(w) L = 0 if and only if L is a constant map;

(m) RanL is an affine subspace of U, directed by RanT;
(w) if Z is an affine subspace of U, directed by Z, and (Ran L) Cl

Z 0 then L (Z) is an affine subspace of V, directed by

L (Z);
(v) L preserves convex combinations. ■

-i
Observe that according to (iv), for all u € Ran L, L ({«}) is an 

affine subspace of V, directed by Ker L.

2.3. Proposition, (i) If L and K are affine maps such that KoL 
exists then K o L is affine map over K L\
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(u) Let I be a non-void set. If Li : V, —♦ U, (i € /) are affine maps, 
then x Li is an affine map over x

iEl i£l
(m) If Li : V -* Uj (i € I) are affine maps then (Li)iei is an affine 

map over (Li)^;
(w) If L and K are affine maps from V into U then

K-L-.V -^U, x^ K(x) - L(x)

is an affine map over K — L (recall that the vector space U is an affine 
space over itself).

2.4. (i) Let V and U be vector spaces and consider them to be affine 
spaces. Take a linear map L : V —> U and an a € U; then V —> U, 
x i-* a + L ■ x is an affine map over L.

Conversely, suppose L : V —> U is an affine map over the linear map L. 
Put a := L(0). Then L(x) — a + L ■ x for all x € V.

Thus we have proved:

Proposition. We can identify the set of affine maps from V into U 
with {(a,Z)|a€U, L € Lin(V, U)} = U x Lin(V, U) in such a way that

(a, L)(x) := a + L ■ x (x € L). ■

Such an affine map (a, L) : V —> U can be represented in more suitable 
ways, as follows.

(u) V —> K x V, x (1, x) (see Exercise 1.7.4) is an affine injection. We 
often find convenient to identify V, considered to be an affine space, with 
{1}xV.

Take an affine map (a, L) : V —♦ U and consider it to be an affine map 
from {1} x V into {l)xU. It can be uniquely extended to a linear map 
K x V —> K x U, (a, x) w (a, aa + L • x).

Representing the linear maps from IK x V into IK x U by a matrix 
(see IV.3.7), we can write the extension of the affine map (a, L) in the form

1a L)

(Hi) It often occurs that the vector space V is regarded as an affine space 
(i.e. we use only its affine structure, the subtraction of vectors) but the vector 
space U is continued to be regarded as a vector space (i.e. we use its vectorial 
structure, the sum of vectors and the multiple of vectors).

In this case we identify V with {1} x V and U with {0} x U,
and so we can conceive that (a, L) maps from {1} x V into {0} x U. 
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This map can be uniquely extended to a linear map 
(0,aa + L • ®). Then the affine map (a, L) in 
the form . .

/ ° 0\
\ a L I

KxV-»KxU, 
a matrix representation has

2.5. Exercises

1. Let o be an element of the affine space V. Then Oo : V —► V, 
x x _ o is an affine map over idv •

Consequently, if V is JV-dimensional then there are affine bijections V —>

2. Let L : V -> V be an affine map and o an element of V. Then 
Oo o L o Oo^1 is an affine map V V. Using the matrix form given in 
the preceding paragraph show that

, / 1 0
°o ° L ° Oo - _0 L

3. Let Jf : V —» V be an affine map and o an element of V. Then 
H o Oo”1 is an affine map V —> V. Then the vector space V as the 
domain of this affine map is considered to be an affine space (representing the 
affine space V); and V as the range is considered to be a vector space. 
Using the matrix form given in the preceding paragraph show that

HoOo-1 =
0

H /
0

4. The matrix forms of affine maps V —» V is extremely useful for 
obtaining the composition of such maps because we can apply the usual matrix 
multiplication rule. Find the composition of

(i) (a,L) : {1} x V {1} x V and (b, K) : {1} x V {1} x V, 
(it) (aT):{l}xV-{l}xV and (b, K) : {1} x V {0} x V.

5. Let V be an affine space over V.
(i) If a e V then Ta : V -> V, x w x + a is an affine map over 

idv -
(ii) If L : V —* V is an affine map over idv then there is an a € V 

such that L — Ta.
(iii) For all x,yeV we have Oy o O^1 = Tx_y.

6. If L : V -+ V is an affine map over — idv then there is an o € V 
such that L(x) = o — (x — o) (x e V).

7. Let K and L be affine maps between the same affine spaces. Show 
that K = L if and only if K - L is a constant map.
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8. Let K, L, A : V —* V be affine maps. Show that Ao K — Ao L = 
Ao(K-L).

3. Differentiation

3.1. Let

for which (i)

be a vector space. A norm on V is a map 

iH|:V^R+ ,

||a?|| =0 if and only if x = 0,
||aa:|| = |a|||a:|| for all a € K, x e V, 

l|a: + y|| < ||®|| + ||y|| for all x,y&V.

The distance of x,y€V is defined to be ||a: - y|| ; the map

VxV-K,

is called the metrics associated with the norm.
The reader is supposed to be familiar with the fundamental notions of analysis 

connected with metrics: open subsets, closed subsets, convergence, continuity, 
etc.

It is important that if V is finite-dimensional then all the norms on 
V are equivalent, i.e. they determine the same open subsets, closed subsets, 
convergent series, continuous functions etc.

As a consequence, in finite-dimensional vector spaces — e.g. in pseudo- 
Euclidean vector spaces — we can speak about open subsets, closed subsets, 
continuity etc. without giving an actual norm. Linear, bilinear, multilinear 
maps between finite-dimensional vector spaces are continuous.

3.2. If V is an affine space over V and there is a norm on V then

V x V R,

is a metrics on V. Then the open subsets, closed subsets, convergence etc. 
are defined in V.

In the following we deal with finite dimensional real affine spaces; hence we 
speak about the fundamental notions of analysis without specifying norms on the 
underlying vector spaces.

As usual, if V and U are finite-dimensional vector spaces, ordo : 
V >—♦ U denotes a function such that

(i) it is defined in a neighbourhood of 0 € V,
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(ii) lim = 0 for some (hence for every) norm || • || on V.

3.3. Definition. Let V and U be affine spaces. A map F : V >-> U 
is called differentiable at an interior point x of Dom F if there is a linear 
map DF(x) : V —> U and a neighbourhood C DomF of x
such that

F(y) - F(x) = DF(i) • (y - z) + ordo(?/ - x) (y € A'(x)).

DF(x) is the derivative of F at x.
F is differentiable on a subset S of DomF if it is differentiable at 

every point of S. F is differentiable if it is differentiable on its domain 
(which is necessarily open in this case). F is continuously differentiable if it 
is differentiable and DomF —► Lin(V,U), x i—+ DF(x) is continuous.

If the real affine spaces V and U are oriented, a differentiable mapping 
F . v >-> U is called orientation-preserving if DF(x) : V -> U is an 
orientation-preserving linear bijection for all x e Dom F. ■

The differentiability of F at x is equivalent to the following: there is 
a neighbourhood M of 0 G V such that x + N C Dom F and

F{x + x) - F(x) = DF(F) • x + ordo(a:) (x G JV).

This form shows immediately that DF(z) is uniquely determined.

3.4. If the affine spaces in question are actually vector spaces, i.e. F is 
a map between vector spaces then the above definition coincides with the one 
in standard analysis. Hence in the case of vector spaces we can apply the well- 
known results regarding differentiability. Moreover, for affine spaces one proves 
without difficulty that

(i) a differentiable map is continuous;
(ii) if F : V >-» U and G : U >—* W are differentiable then G o F is 

differentiable, too, and

D(G o Fffx) = DG{F(x)) ■ DF(x) (x G Dom(G o F));

(m) if F, G : V >-» U are differentiable then F — G : V >-» U, x ►->
F(x) - G(x) is differentiable and

D(F - G)(x) = DF(j) - DG(s) (x G Dom F n Dom G).

(w) An affine map L : V -+ U is differentiable, its derivative at every x 
equals the underlying linear map:

DL(x) = L lx eV).
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3.5. Let V and U be affine spaces. If F : V >-» U is differentiable 
and its derivative map V >—> Lin(V, U), x DF(x) is differentiable then 
F is called twice differentiable.

Differentiability of higher order is defined similarly. An infinitely many times 
differentiable map is called smooth.

The second derivative of F at x is denoted by D2F(z); by defini­
tion, it is an element of Lin(V, Lin(V, U)).

The n-th derivative of F at x, DnF(x) is an element of 
Lin(V, Lin(V,..., Lin(V, U)...)).

This rather complicated object is significantly simplified with the aid of tensor 
products.

We know that Lin(V, U) = U ® V*. Thus DF(r)€U®V*.
Further,

Lin(V, Lin(V, U)) = Lin(V, U ® V*) = (U ® V*) ® V* = U ® V* ® V*,

thus D2F(r)eU®V*®V‘.
Similarly we have that DnF(x) € U ® ® V*j .

Moreover, a well-known theorem states that the n-th derivative is symmetric, 
i.e. DnF(x) e U ® ( V V*) .

3.6. We often need the following particular result.

Proposition. Let V, U and Z be affine spaces, A : V —* Z 
an affine surjection. A mapping f : Z >—> U is k times (continuously) 
differentiable if and only if f o A is k times (continuously) differentiable 
(k € N).

Proof. The first part of the statement is trivial.
Suppose that F := f o A is k times (continuously) differentiable. We 

know that there is a linear injection L : Z —> V such that A L = idz • 
Then for z € Dom f C Z, h in a neighbourhood of 0 € Z we have

f(z + h) - f(z) = F(x + L-h)~ F(x) = DF(x) Lh + ordo(L • h)

if A(x) — z. Since ordo(L ■ h) = ordo(/i), we see that / is (continu­
ously) differentiable and

D/(z) = DF(x) ■ L (z € Dom f, x € A {z}).

Moreover, D/ : Z U ® Z* is a mapping such that D/ o A -
DF ■ L and we can repeat the previous arguments to obtain that if F is 
twice (continuously) differentiable (i.e. DF is (continuously) differentiable) 
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then f is twice (continuously) differentiable (i.e. D/ is (continuously) 
differentiable).

Proceeding in this way we can demonstrate k times (continuously) differ­
entiability.

3.7. (i) Let C : V V be a differentiable mapping (a vector field in 
V). Then DC(i) 6 V ® V* for all x € DomC, thus we can take its 
fro PP'

D-C(x) :=Tr(DC(x)).
The mapping V >—♦ M, x ।—* D ■ C(x) is called the divergence of C.
If Z is a vector space, the divergence of differentiable mappings V >—>

Z ® V is defined similarly according to IV.3.9.
(ii) Let S : V >-+ V* be a differentiable mapping (a covector field in V). 

Then DS(x) e V ® V* for all x € Dom S, and we can take

D A S(x) := (DS(J))’ - DS(x).

The mapping V w V AV’, x D A S(x) is called the curl of S. 
(Hi) Keep in mind that a vector field has no curl and a covector field has no 

divergence.

3.8. (i) Let Vi, V2 and U be affine spaces and consider a differ­
entiable mapping F : Vi x V2 >—> U. Take an (xi,X2) € DomF and 
fix 22. Then Vi >-> U, yi F(yi,x2) is a differentiable mapping; its 
derivative at Xi is called the first partial derivative of F at (xi, x2) 
and is denoted by DiF(xi,x2). By definition, DiF(xi,x2) is a linear 
map Vi —+ U. .

The second partial derivative D2F(xi,x2) of F is defined similarly, 
and an evident generalization can be made for the fc-th partial derivative (k —

n
1 ...,n) of a mapping x V& >-+U. 

fc=l •
For a vector field C : Vi x V2 >-> Vi x V2 we define the components C : 

Vi x V2 >—> (i = l,2) such that C = (C^C2). Then DC(xi,X2)
is an element of (V^V^VjxVjrMVixVW^ It is not 
hard to see that using a matrix form corresponding to the convention introduced 
in IV.3.7 we have

DC(xi,x2) -

where the symbol (xi,x2) after the matrix means that every entry is to be 
taken at (xi,x2); shortly,

DC = D1C1 
DiC2

DzC1^
d2c2 )
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Furthermore, we easily find that

DC = Di C1 +D2-C2.

(w) Similar notations for a covector field S = (Si,S2) : Vi x V2 >—>
(Vi x V2)* = V? x V* yield

DS—
DjSi
DiS2 D2S2 )

and
D AS =

Di A Si 
(D2Si)*-DxS2

(D1S2)*-D2S1
d2 a s2

3.9. A vector field C : R^ — Rw is given by its components C1 :
R (i = 1,..., N), C = (C1,... ,CN). Its derivative at £ is a 

linear map Rw —► Rw; one easily finds for its matrix entries

where dk
Then

denotes the fc-th partial differentiation.

N

1=1

A covector field S : Rw >-» (Rw)* is given by its components
R (i = 1,..., N), S = (Si,... ,Sn)- We have

Si : Rn ~

^S^ik = dkS^

and
(d a s)ik = diSk - dkSi

for i, k = 1,..., N.

3.10. If I is a one-dimensional affine space, V is an affine space and 
r : I >—» V is differentiable, then, for t € Domr, Dr(t) is an element of 
v®r =

It is not hard to see that in this case

dr(t) (A n /A r r(t + t) - r(t)
— := r(t) := Dr(t) = 1^-------- --------- .

Similarly we arrive at ;= r(t) := D2r(f) €
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3.11. Let V and I as before and suppose I is real and oriented. 
Recall that then I+ and 1“ denote the sets of positive and negative 
elements of I, respectively.

Then r : I >—» V is called differentiable on the right at an interior point t 
of Dom r if there exists 

r+(t) := lim
v 7 t—o 

t€l+

r(t +1) - r(t)
t

called the right derivative of r at t.
The differentiability on the left and the left derivative r“(t) are defined 

similarly.
Definition. Let V and I be as before, I is oriented. A function 

r : I >—> V is called piecewise differentiable if it is
(?) continuous,
(u) differentiable with the possible exception of finite points where r is 

differentiable both on the right and on the left.

r is called piecewise twice differentiable if

(j) it is piecewise differentiable,
(jj) it is twice differentiable where it is differentiable,

^Hi) if a is a point where r is not differentiable then there exist

r(a + t)-r+ (a) , .. r(a + *) - r~ (a)um :—L-------LA. and hm  ---------- ----------- •
t *

3.12. Recall that for a finite dimensional vector space V, Lin(V) _ 
V ® V* is a finite-dimensional vector space as well. Hence the differentiability 
of a function R : I Lin(V) makes sense. It can be shown without difficulty 
that R is differentiable (and then its derivative at t is R(t) e V®V = 
Lin (^,V)) if and only if I « V, t « R(t) ■ v is differentiable for all 
v G V and then

Moreover, if r : I >—* V is a differentiable function then R ■ r is 
differentiable and

(R • r) = R ■ r + R r.
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4. Submanifolds in affine spaces

In this section the affine spaces are real and finite dimensional.

4.1. The inverse mapping theorem and the implicit mapping theorem are 
important and well-known results of analysis. Now we formulate them for affine 
spaces in a form convenient for our application.

The inverse mapping theorem. Let V and U be affine spaces, 
dimU = dimV. If F : V U is n > 1 times continuously differen­
tiable, e € Dom F and DF(e) : V —> U is a linear bijection, then there 
is a neighbourhood A of e, .V C Dom F, such that

(i) F^ is injective,
(w) F[AQ is open in U,

(m) (F|x)-1 *s n t™68 continuously differentiable.

The implicit mapping theorem. Let V and U be affine spaces, 
dim IT < dimV. Suppose S : V « U is n > 1 times continuously 
differentiable, e € Dom S and DS(e) is surjective.

Let Vi be a linear subspace of V such that the restriction of DS(e) 
onto Vi is a bijection between Vi and U and suppose Vo is a 
subspace complementary to Vi.

Then there are
— neighbourhoods Ao and AS of the zero in Vo and in Vi, 

respectively, e -I- Ao + A\ C Dom S,
— a uniquely determined, n times continuously differentiable mapping 

G : Ao —* AS such that

S(e + + G(®o)) = SW (®o € Ao). ■

Observe that Vo := Ker DS(e) and a subspace Vi complementary to 
Vo satisfy the above requirements.

4.2. Definition. Let V be an affine space, dim V := AI > 2. Let M 
and n be natural numbers, 1 < M < N, n > 1. A subset H of V 
is called an M- dimensional n times differentiable simple submanifold in V 
if there are

— an M-dimensional affine space D,
— a mapping p : D >—> V, called a parametrization of H, such that

(i) Domp is open and connected, Ranp = ?f,
(«) p is n times continuously differentiable and Dp(£) is injective for 

all £ € Domp,
(m) p is injective and p-1 is continuous. ■
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Recall that Dp(£) € Lin(D,V).
Since p is differentiable, it is continuous.
The parametrization of H is not unique. For instance, if 

affine space and L : E D is an affine bijection then 
parametrization, too. In particular, we can take 
2.5.2)- as a consequence, D can be replaced by IR

The inverse mapping theorem implies that the ^-dimensional, n times 
differentiable simple submanifolds are the connected open subsets o .

Evidently, an M-dimensional affine subspace of V is an M-dimensional 
n times differentiable simple manifold for all

E := RM

n.

is an
is a

(see Exercise
in the definition.

' E 
p o L

4.3. Definition. Let N > 2. A subset H of the ^-dimensional affine 
space V is called an M-dimensional n times differentiable submanifold if 
every x eH has a neighbourhood in V such that N(x)
is an M-dimensional n times differentiable simple submanifold.

A subset which is an n times differentiable submanifold for all n £ A 
is a smooth submanifold.

A submanifold means an n times differentiable submanifold for some n.
A submanifold which is a closed subset of V is called & closed submanifold.
One-dimensional submanifolds, two-dimensional submanifolds and (A - 1)- 

dimensional submanifolds are called curves or lines, surfaces and hyper surf aces, 

respectively. ■
By definition, every point of a submanifold has a neighbourhood inl the sub­

manifold that can be parametrized. A parametrization of such a neighbourhood 
is called a local parametrization of the manifold.

4.4. Proposition. Let H be an M-dimensional^ n 
tiable submanifold in V, M < N, and let p . R >- 
parametrization of H. If e € Ranp then there are

— a neighbourhood A/" of e in V, 
_ continuously n times differentiable mappings

times differen- 
V be a local

such that
(i) Af nW C Ranp;

for all (eDomp, p(0 € A;
(m) DS(x) is surjective for all x e AT ■

Proof. There is a unique a £ Domp for which p(a) = e. Dp(a) : 
is a linear injection, hence Vj := RanDp(a) is an M-dimensional 

linear subspace. Let Vo be a linear subspace, complementary to Vp 
Evidently, dim Vo = A — M.
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Let P : V —► V be the projection onto Vi along Vo (i.e. P 
is linear and P Xi = xy for x € Vi and P ■ xq = 0 for x € Vo). 
Then

P.(p-e):RM ^P-(p^-e)

is n times continuously differentiable, its derivative at a equals 
P ■ Dp(a); it is a linear bijection from RM onto Vp Thus, accord­
ing to the inverse mapping theorem, there is a neighbourhood Q of a 
such that P (p - e)|Q is injective, its inverse is continuously differentiable, 
(P • (p - e))[O] = - e] is open in Vx.

For the sake of simplicity and without loss of generality we can suppose 
fl = Domp (considering p|Q instead of p).

-1
Then the continuity of P involves that P (P[p[O] - e]) is an open 

-i
subset of V and so e+ P (P[p[Q]-e]) is an open subset of V. Since 

-i
p-1 is continuous, p[fl] is open in Ranp and p[Q]Ce+ P (P[p[Q] —e]);

-i
thus there is an open subset V in e + P (P[p[Q] — e]) C V such that 
p[^\ = HFAT.

Let L : Vq —» be a linear bijection and

F := (P • (p - e)) 1 o P • (idy-e)|x, S := L o (idy -p o F).

Af G e + P (P[p[O] - e]) implies P[e + Af] C P[p[Q] - e] = 
Dom (P • (p — e))-1, hence both F and S are defined on Af. It 
is left to the reader to prove that properties (m) and {Ui) in the proposition 
hold.

4.5. Proposition. Let p : >—> V and q : >-* V be local
parameterizations of the Af-dimensional n times differentiable submanifold 
AL such that Ranp A Rang 0. Then p-1 oq : >—» R'w is n
times continuously differentiable and

D(p 1og)(g \x)) — [Dp(p ^ir))] 1 ■ Dg(g (z G Ranp A Rang).

Proof. If M = N then the inverse mapping theorem implies that p-1 
is n times continuously differentiable; as a consequence, p-1 o q is n 
times continuously differentiable as well and the above formula is valid in view 
of the well-known rule of differentiation of composite mappings.

If M < N, the differentiability of p-1 makes no sense because AL 
contains no open subsets in V. Nevertheless, p-1 o q is continuously 
differentiable as we shall see below.
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Let e be an arbitrary point of RanpARang. According to the previous 
proposition, there are a neighbourhood A" of e and an n times 
continuously differentiable mapping F for which iVnWcRanp and 
FopcidRM holds.

Then Q := ^(AO C Dom(p-1 o q) is open and

(p-1 °Q)|n = (F op) o (p-1 o g)|n = Fo q\Q ;

the mapping on the right-hand side is n times continuously differentiable 
being a composition of two such mappings. Thus we have shown that each point 
of Dom(p-1 o q) has a neighbourhood A in which p-1 ° q is « 
times continuously differentiable.

Let x be an element of RanpARanq, £ := q ^x) and $ := p oq. 
Then p o $ C q and £ € Dom(p o £). Thus

D^1^)) = Dq(O = IWO • DS(£) = Dp(p'1(x)) • D$(0, (*)

which gives immediately the desired equality. ■
Evidently, then q^op is n times continuously differentiable as well. 

Since q-1 °p = (p-1 0 q)~\ this means that the derivative of p-1 oq at 
every point is a linear bijection RM —+ RM.

As a consequence, the dimesion of a submanifold is uniquely determined. 
Supposing that a submanifold is both M-dimensional and M'-dimensional we 
get M = M'.

We have proved the statement for parametrizations from R . Obviously, 
the same is true for parametrizations with domains in affine spaces.

4.6. Proposition. Let p and q be local parametrizations of a 
submanifold such that Ran p A Ran q / 0. If x € Ran p A Ran q then

Ran (DpCp-1^))) = Ran (Dg^-1^))) .

Proof. Equality (*) in the preceding paragraph involves that the range 
of is contained in the range of Dp(p A similar ar­
gument yields that the range of Dp(p-1(x)) is contained in the range of 
Dg^)-1^)).

Definition. Let H be an M-dimensional submanifold, x € H. I hen

TX(7Y) := Ran (DpCp"1^)))

is called the tangent space of H at x where p is a parametrization 
of H such that x € Ranp. The elements of T^W) are called tangent 
vectors of H at x. ■
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The preceding proposition says that the tangent space, though it is defined 
by a parametrization, is independent of the parametrization.

The tangent space is an AY-dimensional linear subspace of V. x + 
is an affine subspace of V which we call the geometric tangent space of H, 
at x.

4.7. Let M < N. We have seen in Proposition 4.4. that every point 
e of an Af-dimensional n times differentiable submanifold H has a 
neighbourhood JV in V and an n times continuously differentiable 

mapping S : A/” —> R^-^ such that V A 7i = S ({0}) and DS^z) 
is surjective. Evidently, R^^ and 0 € can be replaced by
an arbitrary affine space U, dimU 
respectively.

Now we prove a converse statement.

Proposition. Let V and U 
dimU =: N — M, and S : V >—» U 
entiable mapping. Suppose o £ Ran S.

H:={x& ^({o})! RanDS(z) 

= N — M, and a point o € U,

be affine spaces, dimV =: N, 
an n times continuously differ- 

Then

is (AT — AY)-dimensional}

is either void or an M-dimensional n times differentiable submanifold of V.

Proof. Suppose H is not void and e belongs to it. Then Vo := 
KerDS'(e) is an Af-dimensional linear subspace of V. Let Vi be a 
linear subspace, complementary to Vq. Then we can apply the implicit 
mapping theorem: there are neighbourhoods A/q and Ai of the zero 
in Vq and in Vi, respectively, an n times continuously differentiable 
mapping G : A/o —* A/) such that

5(e + x0 + G(®0)) = S(e) (®o € A/o).

Let us define
p : Vo >—* V, ®o e + icq + G(a:o) (xq € Ao)-

Evidently, p is n times continuously differentiable and Ranp C

V .... p , .We can easily see that p is injective, its inverse is x s' ■ fa; — e) 
where P is the projection onto Vo along Vi. Consequently, p 1 
is continuous.

These mean that p is a parametrization of H in a neighbourhood 
of e.

4.8. Proposition. Let H / 0 be the submanifold described in the 
previous proposition. Then
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T^ft) = KerDS(x) (x £ ft).

Proof Let p be a local parametrization of H. Then Sop — const., 
thus for ' x £ Ranp we have DS(x) • Dp^Cx)) = 0 from which we 
deduce immediately that := RanDp(p (x)) C KerDS(x). Since
both linear subspaces on the two sides of C are M-dimensional, equality 
occurs necessarily.

4 9 Definition. Let p and q be two local parametrizations of a 
submanifold, Domp C RM, DomqCRM and RanpARanq M Then 
p and q are said to be equally oriented if the determinant of Dfp oq)^) 
is positive for all £ € Dom(p-1 ° q).

A family (pi)ig/ of local parametrizations of a submanifold n is 
orienting if H = Ui€/ Ranpi and, in the case Ranp, A Ranpj 0, Pi
and Pj are equally oriented (ij £ 1). .

Two orienting parametrization families are called equally orienting if t eir 
union is orienting as well.

The submanifold is orientable if it has an orienting parametrization family. ■

To be equally orienting is an equivalence relation. If the submanifold is 
connected, there are exactly two equivalence classes.

An orientable submanifold together with one of the equivalence classes of 
the orienting local parametrization families is an oriented submanifold. A local 
parametrization of an oriented submanifold is called positively oriented if it 
belongs to a family of the chosen equivalence class.

A simple submanifold is obviously orientable.
Connected A-dimensional submanifolds — i.e. connected open subsets are 

orientable.
4.10. Let p be a local parametrization of the submanifold H, Domp C 

Rm. If (xi> • • • >Xm) is the standard ordered basis of RM then Dp(£)- 
x. _ dip^ff) (i = 1, • ■ ■,M) for £ € Domp. This means that ((0ip(£), 

,9mP^ is an ordered basis in Tp^CH).
In other words, ^(p’Vx)),.. ■ .Wp^))) is an ordered basis in

TS(H) (x € Ranp). M
If q is another local parametrization, with domain in RJ , and x G 

RanpARanq/0 then (M?)^)),..., dMq^^ is another ordered 

basis in T,,(ft).
Evidently,

d^q^Y) = Dq^x)) • [Dp^x))]-1 • Mp-1W)

for all i = 1, M.



368 VI. Affine spaces

We know from 4.5 and IV.3.20 that

det (D(p-1 o = det ([Dplp^1^))] 1 • Dq(q^(x))^ =

= det (d^cT1^)) ■ [Dp(p-1(:r))] .

We have proved the following statement.

Proposition. Let p and q be local parametrizations of the submani­
fold 7Y, DompcRM, DomgcRM and RanpARang/0. p and 
q are equally oriented if and only if the ordered bases

(dip(p-1(z)), • • ■ .,dMp(p~1{x^')

and
(d^q^x)),... .^Mq^q-1^)

in are equally oriented for all x G Ranp A Rang.

4.11 Observe that in the case M = 1, i.e. when the submanifold is a 
curve, instead of partial derivatives we have a single derivative of p, denoted 
usually by p. Then p(p~1(z)) spans the (one-dimensional) tangent space 
at x.

Two local parametrizations p and q are equally oriented if and only 
if one of the following three conditions is fulfilled:

(j) (p-1 o g) (a) > 0 for all a € Dom(p-1 o g),
(if) p-1 o g : R R is strictly monotone increasing,

(m) p(p-1(2;)) is a positive multiple of g(g-1(^)) for all x G RanpA 
Rang.

4.12. The following notion concerning curves appears frequently in applica­
tion.

Let x and y be different elements of V. We say that the curve 
C connects x and y if these points form the boundary of C, i.e. 
{aqp} = C\C where C is the closure of C. We can conceive that x 
and y are the extremities of a curve connecting them.

4.13. Definition. Let H and 7 be M-dimensional and K-dimen- 
sional submanifolds of V and U, respectively. A mapping F : H F 
is called differentiable at x if there are local parametrizations q of H 
and p of F for which re € Rang, F(x) G Ranp, and the function 
p-1 o F o q : Rm >—» Rk is differentiable at g-1^).
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The derivative of F at x is defined to be the linear map DF(z) : 

T® (ft) -> Tf(x) (F) that satisfies

Dp(F(x))-1 ■ DF(i) ■ DgGT1^)) = ° F 0 q^q

F

If 
to be 
is k

is differentiable if it is differentiable at each point of its domain. ■ 
we define F 
if p^oFoq

ft and F are n times differentiable submanifolds, 
k times (continuously) differentiable, for 0 < k < n, 
times (continuously) differentiable.

4.14. Exercises

an n times 
{(x,F(r)| x € 

submanifold in

N described in

o a € B.

1. Let V and U be affine spaces. The graph of 
continuously differentiable mapping F : V ~ U— i.e. the set 
DomF}— is a (dim V)-dimensional n times differentiable 
V x U. Give its tangent space at an arbitrary point.

2 . Prove that the mapping (F, S') : V >-> RM x R^ = R 
4.4 is injective and its inverse is (£, p) p(€) + L F

3 Let (V,B,h) be a pseudo-Euclidean vector space,
Prove that

2 4
{x g Vj x ■ x = a2} and {x € V| x • x — —a }

are either void or hypersurfaces in V whose tangent space at x equals

{y e V| X ■ y = o}.

(The derivative of the map 
regarded as the linear map

V —> B ® B, x i-i x ■ x at x is 2x
—>B®B. y^2x-y.) Why is the statement

not true for a = 0?
4. A linear bijection RM 

if it is orientation-preserving, 
parametrizations p : D V 
oriented where D and E

—> Rm has a positive determinant if and only
On the basis of this remark define that two local 

and q : E >-> V of a submanifold are equally 
are oriented affine spaces.

5. Use the notations of 4.13. Prove that
-1 o F o q is differentiable for some p and q if and only if it is

differentiable for all p and
F i

q;
is uniquely defined.

k times (continuously) differentiable 
k times (continuously) differentiable

(ii) the derivative of
(Ui) if F is the restriction of a

mapping G: V >-> U then F is . .
and DF(z) is the restriction of DG(x) onto kx(H)-
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5. Coordinatization

5.1. Let V be an TV-dimensional real affine space. Take an o G V and 
an ordered basis (®i,..., of V. The affine map K : V —> RN 
determined by K(o + Xi) := Xi — L---,TV) where
is the ordered standard basis of Rw is called the coordinatization of V 
corresponding to o and (xj,... ,Xn).

The inverse of the coordinatization, P := K~\ is called the corresponding
parametrization of V. It is quite evident that

N 

i=l
(e e rn).

Moreover, if (p1,... ,pN) is the dual of the basis in question, then

K(x) = (p2 ■ (x — o)| i = 1,.. ■, N) (x G V).

Obviously, every affine bijection K : V —+ RjV is a coordinatization in 
the above sense: the one corresponding to o := K-1 (0) and (®i,. • ■,xn) 
where Xi := K^^Xi) ~ 0 (i = 1, ■ ■ ■, TV).

Such a parametrization maps straight lines into straight lines. More closely, if 
a G Rw then P maps the straight line passing through a and parallel 
to Xi into the straight line passing through P^Oi) and parallel to x, :

F[a + Rxi] = P(a) + Rah (i = 1,... ,7V).

This is why affine coordinatizations are generally called rectilinear.

5.2. In application we often need non-affine coordinatizations as well. Coor­
dinatization means in general that we represent the elements of the affine space 
by ordered TV-tuples of real numbers (i.e. by elements of RN) in a smooth 
way.

Definition. Let V be an TV-dimensional affine space. A mapping K : 
V >-» RN is called a local coordinatization of V if

(i) K is injective,
(ii) K is smooth,

(Hi) DK(x) is injective for all x G DomK. ■

Evidently, DlC(z) is bijective since the dimensions of its domain and range 
are equal; thus the inverse mapping theorem implies that also the inverse of K 
has the properties (i)-(u)-(m;) P := K~1 is called a local parametrization 
of V. We often omit the adjective “local”.
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5.3. If a € Ran# = DomF then P[a + Rxd is a smooth curve 
in V; a parametrization of this curve is Pi : R >-» V, a P(a + ax*) 
(i = 1, The parametrization maps straight lines into curves, that is why
such coordinatizations are often called curvilinear.

The curves corresponding to parallel straight lines do not intersect each other. 
The curves corresponding to meeting straight lines intersect each other transver­
sally, i.e. their tangent spaces at the point of intersection do not coincide. For in- 
stance using the previous notations we have that P«(0) = DP(a) ■ Xi — i \a) 
is the tangent vector of the curve P[a + R»l ^(a)l » < # *

XXeDomA' then + R»1 is called the i-th coordmale line

passing through x.

5.4. Recall Proposition 4.4: if H is an M-dimensional smooth submani­
fold of V then for every e € H there is a coordinatization K .— ( , ) 
of V in a neighbourhood of e such that the first M coordinate lines 
run in H. In other words, if P is the corresponding parametrization of 
V then Rm^V, (>->P(Co) is a parametrization of K

5.5. The most frequently used curvilinear coordinatizations are the polar 
coordinatization, the cylindrical coordinatization and the spherical coordinati­
zation. We give them as coordinatizations in R2 and R ; composed with 
affine coordinatizations they result in curvilinear coordinatizations of two- and 
three-dimensional affine spaces.

(j) Polar coordinatization
K : R2\{(^r,0)| aq < 0} R+x] - tt,tt[ ,

/ \
x = (aq,z2) (|x|, sign(x2) arccospJ;

P : R+x] - 7r,7rH R2 \ {(xi,0)| aq < 0},

(r,p) (r cosip, rsmp),

, , ( cosip -rsin</>\
DP(r,p) — rcosp J ’

det (DP(r,<p)) = r.

its inverse is

for which

(w) Cylindrical coordinatization
K :R3 \ {(rci,0,x3)| aq < 0, x3 e R} -> R+x] -7r,7r[xR,

/ /--------- aq ।
x=(X1,Xz,x3)^ Jxj+xl, sign(x2)arccos , 2 x3 I 1
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its inverse is

P : R+x] - 7t,7t[xR —> R3 \ {(2:1,0,2:3, )| Xy <0, 2:3 El}, 

(p,p,z) 1—» (pcos</?, psiny:, z),

for which

DP(p,<p,z) =
cos 92 
sin p 

0

—p sin p 
pcos p

0

0

0
1

det (DP(p, p, z)) = p.

(Hi) Spherical coordinatization

K : R3 \ {(2:1,0,x3)| Xi < 0, x3 e R} —> R+x]0,7r[x] - 7r,7r[,

x = (2:1, £2,2:3) ( |2;|, arc cos signfe) arc cos
\ |z| y/xj+xj

its inverse is

P : R+x]0, tt[x[—7T, 7r[—► R3 \ {(2:1,0,0:3)| 2:1 < 0, £3 € R},

(r, fl,p) (r sin d cos p, r sin 1? sin p, rcosd),

for which

DP(r,i?, p) —
sin fl cos p 
sin fl sin p 

cos fl

rcos fl cos p 
r cos fl sin p 

—r sin fl

—r sin?? sin p 
r sin fl cos p

0

det (DP(r, fl, p)) = r2 sin fl.

5.6. Let K : V >-♦ Rw be a coordinatization. Then for all x € Dom/f 
the tangent vectors of the coordinate lines passing through x form a basis 
in V. More closely, if P is the corresponding parametrization then 
diP(P~1(x)) = DP^P-1^)) ■ Xi form a basis in V which
is called the local basis at x corresponding to K.

Note that D7<(£) : V -» Rw is the linear bijection that sends the local 
basis into the standard basis of R^, i.e. DK(x) is the coordinatization 
of V corresponding to the local basis at x.

We shall often use the relation

=dp(?) (£ € DomP)



5. Coordinatization 373

which will be written in the form

DA^Pf1 =DP.

(i) A vector field C : V >-* V is coordinatized in such a way that for x G 
Dom C n Dom K the vector C(x) is given by its coordinates with respect 
to the local basis at x and x is represented by the coordinatization in 
question; the coordinatized form of C is the function

DK(P) ■ C(P) :^N ~ ’ C(P^).

(ii) A covector field S : V >—> V* is coordinatized similarly, with the aid 
of the dual of the local bases (see IV.2.2); the coordinatized form of S is the 
function

DP* • S(P) : R" -> € - DP(O* ■ S(P(W = S(P(^ ■ DP(£).

(m) Accordingly (see IV.2.3), the coordinatizated forms of the tensor fields 
£ . V V ® V* = Lin(V) and F : V V* ® V* = Lin(V, V*) are

DK(P) • L(P) • DP : ~ ® (Rw)*, € ~ W(()) ■ L(P^ • DP(O,

DP* ■ F(P) -DP-.RN^ ® (Rw)*, £ ~ BP^y ■ F(P^y • DP(C).

5.7. If K : V —► is an affine coordinatization then DK(x) — K for
all x eV where K is the linear map under K. Similarly, DP(£) = 
P for all £ €

In this case the vector field C and the covector field S have the 
coordinatized form

^K-c^y, (i)
(2)

The derivative of C is the mixed tensor field DC : V >-» V® V*, x
DC(x\ and the derivative of S is the cotensor field DS : V >-» V* ® V*, 
x I—+ DS(a;). Now they have the coordinatized forms

K • DC(P(O) • P, 
(- P* -DS(PO ■ P

(3)
(4)

A glance at the previous formulae convinces us that (3) and (4) are the 
derivatives of (1) and (2), respectively.
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Thus in the case of a rectilinear coordinatization the order of differentiation 
and coordinatization can be interchanged: taking coordinates first and then dif­
ferentiating is the same as differentiating first and then taking coordinates.

5.8. In the case of curvilinear coordinates, in general, the order of differenti­
ation and coordinatization cannot be interchanged.

To get a rule, how to compute the coordinatized form of the derivative of a 
vector field or a covector field from the coordinatized form of these fields, we 
introduce a new notation.

Without loss of generality we suppose that V = R'v, since every curvi­
linear coordinatization V RN can be obtained as the composition of a 
rectilinear coordinatization V —> R'v and a curvilinear one RA'>-> Rw.

For the components of elements in V = RA, Latin subscripts and su­
perscripts: i, j, k,...; for the components of the curvililinear coordinates in

, Greek subscripts and superscripts: a, 0, 7,... are used. Moreover, we 
agree that all indices run from 1 to N and we accept the Einstein sum­
mation rule: for equal subscripts and superscripts a summation is to be taken 
from 1 to N.

Thus for K we write Ka, for P we write P'; moreover, for
any function <f : Rw >—> R we find it convenient to write </>(P) instead of 

o P. The rule of differentiation of composite functions will be used frequently,

da m = (8^)8^,

as well as the relations

d-yP^K^P) = V), (*)
8jKa(P)dPj = Sa0.

The second one implies

did^^d^dffP3 + diK^p^dfiP' = 0.

We put

r“^7 := d^P^A^F) = -didjKa^P)d^Pid0Pj

and we call it the Christoffel symbol of the coordinatization in question.
The Christoffel symbol is a mapping defined on Doni A? for £ € Doni K, 

r(£) is a bilinear map from RA' x into (Rn) :

It is usually emphasized that the Christoffel symbol is not a tensor of third 
order though it has three indices. This means that in general there is no mapping
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y , ) x V,V*) (third order tensor field) whose coordinatized form
would be the Christoffel symbol.

5.9. The coordinatized form of

f . y >_> R is
C : V V is
S : V V* is
L : V V ® V* is
F : V >-» V* ® V* is

f(P\
diKa(P)C\P) =: C“, 
d^S^P) =: Sa, 
diKa(P)Lik(P)d0Pk =: Ca0, 
d^T^d^ =: Tan-

I = R.
Let K : V >—> be a coordinatization, P K .
For x G V let ( := then x = P^-
For x : I >—> V we put £ := K(x) :=Kox; then x = D(£) P 0 C

(i) The coordinatized form of D/ : V >-> V* is daP dif(P) 
da (/(^)) > ^us f°r a real-valued function the order of differentiation and coor­
dinatization can be interchanged even in the case of curvilinear coordinatization.

l

(ii) The coordinatized form of DC : V >-+ V ® V* is

■= diKa{P)(dkCi)(P)d0Pk,

whereas the derivative of the coordinatized form of C reads

d0 (diK^c^P)) = (dtdkKa^p)d0pkc\p) + diKamdkci)m

The second term equals the coordinatized form of DC; with the aid of 
relation (*) in 5.8, the first term is transformed into an expression containing 
the Christoffel symbol and the coordinatized form of C. In this way we get

(W^^ + F^CT

(m) Similarly, if denotes the coordinatized form of DS then

('DS)a0 — d0Sa — Pa0,S~i-

5.10. Now we shall examine the coordinatizated form of two-times differen­
tiable functions I V where I is a one-dimensional affine space.

A useful notation will be applied: functions 1 >-» V and elements of V 
will be denoted by the same letter. If necessary, supplementary remarks rule out 
ambiguity.

For the sake of simplicity and without loss of generality we suppose that
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Denoting the differentiation by a dot we deduce

( = i = DF(£)-£,

£=D2p(<f)+Dp(eH
£ = D2K(x)(i, i) 4- D7V(a?) • x,

from which we obtain 

(**)

(* * *)

where
r(0 := D2K(P^ O (DF(O X DP^

is exactly the Christoffel symbol of the coordinatization.
In view of physical application, x, x and x will be called position, 

velocity and acceleration, respectively.
The velocity at t G R, i(t) is in V; it is represented by its coor­

dinates corresponding to the local basis at x^t), i.e. by DK(x(t)) ■ i^t). 
Thus (**) tells us that the coordinatized form of velocity coincides with the 
derivative of the coordinatization of position.

Similarly, DK^i)) -x(t) gives the coordinates of acceleration in the local 
basis at x^t). Thus (***) shows that the coordinatized form of acceleration 
does not coincide with the second derivative of the coordinatization of position.

5.11. Now we consider the coordinatizations treated in 5.5. They are orthog­
onal which means that every local basis is orthogonal with respect to the usual 
inner product in RN (IV = 2,3); in other words, if {Xi^-^Xw} is the 
standard basis in RN then {DF(£) • Xi\ i = 1,..., IV} is an orthogonal 
basis (the local basis at F(£)).

Introducing the notation

Q|(£):=|DF(£)-Xd (i = l,..., N)

we define the linear map T(£) : —> Kw by

• Xi := on^)Xi (i = l,...,N)

and then
W) = R^) • T^)

where R^) : Rw Rw is an orthogonal linear map.
In usual physical applications one prefers orthonormal local bases, i.e. one 

takes = DP(£) ■ T^y1 ■ Xi = ' Xi instead of DP^) • Xi
G = 1,-,^)-
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The vector y e RN at P(£) has the coordinates R(£) 1 y in the 
local basis {R(£) ■ Xt\i — ■’M}.

Take x : R R^, € ~ K(x), x = P(£) as in the previous paragraph. 
Then

x = R& ■ T^) • e

from which we derive

x =R^y • r(o • e+■ w • e+R^) •■ £=
=w) ■ (far1 ■ w • ■ i) ■

According to the foregoings, the coordinates of velocity in the orthonormal 
local basis at P(£) are

and the coordinates of acceleration in the orthonormal local basis at are

(peer1 • R(gy • ■ e+t(o • e.

5.12. (i) For polar coordinates £ = (r, p),

R(r, p) — cos ip 
simp

T(r,p) = Q

~SM =: R(<p) 
COS(£ J

Furthermore

R&y = pR(p) ■ R^/zy T(ry = T^y

and so velocity and acceleration in the local orthonormal basis at (r, ip) are 

(r,rip) and (r — rtp2, rip + 2r<p),

respectively.
(u) For cylindrical coordinates £ = (p, <p,z),

(cos ip — sin ip 
sin ip cos p

0 0
/i o o\

T(p, p, z) = 0 p 0
\° 0 M 

°\ 
o =: R(p), 
1 /

=: T(p)
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and we deduce as previously that velocity and acceleration in the local orthonor­
mal basis at (p, p, z) are

(p, pp, z) and (p — pip2, pp + 2pp, z),

respectively.
{Hi) For spherical coordinates £ = (r, i), p),

(sin ■& cos p cos i? cos p — sin p \ 
sinsin92 cost^sin^ cost^ =■. R^p), 

cos 1? — sin •& 0 /
/1 0 0 \

T^r,^,p) = I 0 r 0 I =:T(r,i9).
\ 0 0 r sin 1? /

The components of velocity in the local orthonormal basis at (r, fl, p) are

(f, ri), r sini? p).

The components of acceleration are given by rather complicated formulae; the 
ambitious reader is asked to perform the calculations.

5.13. Exercises

1. Give the polar coordinatized form of the linear map (vector field) R2 —> 
R2 whose matrix is

/ cos a — sin a \ 
sin a cos a )

2. Give the cylindrical and the spherical coordinates of the following vector 
fields:

(j) L : R3 —♦ R3 is a linear map;
(?i) R3 —> R3, x ]a?|-u where v is a given non-zero element of R3.
3. Find the coordinatized form of

(i) the divergence of a vector field,
(w) the curl of a covector field.

6. Differential equations

6.1. Definition. Let V be a finite-dimensional affine space over the 
vector space V.
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Suppose C : V >-+ V is a differentiable vector field, Dom C is con­
nected.

Then a solution of the differential equation

(x : R ~ V)? x = C(x)

is a differentiable function r : R. >-+ V such that
(i) Domr is an interval,

(it) Ranr C DomC,
(m) r(t) = C(r(t)) for ieDomr.

The range of a solution is called an integral curve of C. An integral curve 
is maximal if it is not contained properly in an integral curve. ■

An integral curve, in general, is not a curve in the sense of our definition in 
4.3, i.e. it is not necessarily a submanifold.

6.2. Definition. Let C be as before and let xo be an element of 
DomC. A solution of the initial value problem

(x : R ~ V)? i = C{x), x^ = xo (*)

is a solution r of the corresponding differential equation such that

to e Domr and r(to) = xo.

The range of the solution of the initial value problem is called the integral 
curve of C passing through xo. ■

The well-known existence and local uniqueness theorem asserts that solutions 
of the initial value problem exist and two solutions coincide on the intersection 
of their domain; consequently there is a single maximal integral curve of C 
passing through xo.

6.3. Let U be another affine space over the vector space U, dim U = 
dim V. Suppose L : V ~ U is a continuously differentiable injection whose 
inverse is continuously differentiable as well, and DomC C DomL.

Put
G : U — U, y DL (L~\y^ ■ C(L

Then r is a solution of the initial value problem (*) if and only if Lor 
is a solution of the initial value problem

(j/iR^U)? y = G(y), y(to) = L(xo) (**)■

That is why we call (**) the transformation of (*) by L.
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6.4. Proposition. Let C be a differentiable vector field in V and 
let H be a submanifold in the domain of C. If Cfr)6Tj(W) for all 
x € H and xo G H then every solution r of the initial value problem 
(*) runs in 7d, i.e. Ran r C W.

Proof. The element xo has a neighbourhood A' in V and there 
are continuously differentiable functions F : AT —> RM, S : AT —+ RW~M 
such that S(x) = 0 for x £ H C A/", and K := (F, S') : V >-+ RM x 
R-v-m = Rw is a local coordinatization of V. For P := K^1 (the 
corresponding local parametrization of V) £ i~+ F(£, 0) is a parametrization 
of TLPAf. Thus the tangent space of F at F(£,0) is KerDF^F^O)) 
(see 4.4 and 4.8).

The coordinatized form of C becomes

($, : Rm x Rw-m Rm x Rn-m

where
^DF^P^-C^r))), 

^,71)

Then the coordinatization transforms the initial value problem (*) into the 
following one:

(C’j) = WCMW,7?)), CGo) = F(®0), ??(to) = 0. (***)

This means that r is a solution of (*) if and only if (For, So r) is a 
solution of (***), or (p,cr) is a solution of (***) ifandonlyif Po(p,a) 
is a solution of (*).

Since C(x) G Tx(7i) for x G H, C(P((,0)) is in the kernel of 
DS(F(^,0)), i.e. ^(C,0) = 0 for all possible £ € RM. Then if p is 
a solution of the initial value problem

< = $0), ato) = F(xo)

then (p, 0) is a solution of (** *) Then the uniqueness of solutions of initial 
value problems implies that every solution of (* * *) has the form (p, 0). 
Consequently, 11-+ P(p(t), 0), a solution of (*), takes values in H.

6.5. Physical application requires differential equations for functions I >—> V 
where I is a one-dimensional real affine space. Since the derivative of such 
functions takes values in y, we start with a differentiable mapping C : 
V >—> y. A solution of the differential equation

(x : I V)? x = C(x)
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is a differentiable function r :!>-> V for which (f)-(ii)-(m) of definition 6.1 
holds.

Integral curves, solutions of initial value problems etc. are formulated as 
previously.

7. Integration on curves

7.1. Let I be an oriented one-dimensional affine space over the vector 
space I. Suppose A is a one-dimensional vector space and f : I >-+ A 
is a continuous function defined on an interval (see Exercise 1.7.5). If a, b € 
Dom f, a < b, then

b
I f^dt € A ® I 

a
is defined by some limit procedure, in the way well-known in standard analysis 
of real functions, using the integral approximation sums of the form

f(tk)(tk+l tk)- 

k=l

7.2. Let V be an affine space over the vector space V and let A 
be a one-dimensional vector space. Suppose F : V x V —+ A is a continuous 
function, positively homogeneous in the second variable, i.e.

F(x,Xx) = XF(x,x) (xEV,Xe^,xeV).
Let C be a connected curve in

Proposition. Let p, q : R >—+ V 
C, x,y gRanpC Ranq. Then

V .

be equally oriented parametrizations of

p q *(v)

I F(p(t\p^dt = I F^q^ds.
P'T1)

Proof. We know that 
(see 4.11). Consequently,

$ := p-1 o q : R —+ R is differentiable and $ > 0 
g = q(s) = p($(s)) • $(s) and

<7 ‘(y) * Rp ‘(y))

I F(q(s),q(s))ds = / F (p($(s)), p($(s)))4(s)ds, 
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which gives the desired result by the well-known formula of integration by sub­
stitution. ■

7.3. Suppose C is oriented. Then, according to the previous result, we 
introduce the notation

y p Ta)
/F(-,dC):= I F(p(t),p(t))dt
X p-^x)

where p is an arbitrary positively oriented parametrization of C such 
that a:,t/eRanp.

Note that according to the definition we have

If C is not oriented, we shall use the symbol

F(p(t),p(t))dt

where p is an arbitrary parametrization.
We frequently meet the particular case when F does not depend on the 

elements of V, i.e. there is a positively homogeneous f : V —» A such 
that F(x,x) = f(x) for all x € V, x & V. Then we use the symbol

y

/(dC) and
X

I fm
k.y]

for the corresponding integrals.

7.4. We can generalize the previous result for a parametrization r : I V 
where I is an oriented one-dimensional affine space over the vector space 
I. Then r(t) is in y and accepting the definition F (x, ®) :=
(x G V, x e V, 0 t € I) we have

if r is positively oriented.
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7.5. Let (V,B,h) be a pseudo-Euclidean affine space (i.e. V is an 
affine space over V and (V.B.h) is a pseudo-Euclidean vector space). 
Supposing B is oriented, we have the square root mapping (B®B)q —» Bo 
and _____

V —» B, x |®| := Vl® • ®l
is a positively homogeneous function. Thus if C is an oriented curve in V, 
then y

Jm
X

is meaningful for all x, y € C. In the Euclidean case it is regarded as the signed 
length of the curve segment between x and y; in the non-Euclidean case 
it is interpreted as the pseudo-length of the curve segment.

Proposition. Suppose that |ac| 0 for all non-zero tangent vectors x 
of C. Then for all xo € C,

is a continuous injection whose inverse is a positively oriented parametrization 
of C.

Proof. Let Z denote the above mapping and choose a positively oriented 
parametrization p : R V and put t0 := p 1(xo)- Then

t

(Zop)(t) = |p(s)|ds (t € Domp);
to

consequently, Zop : R >—+ B is continuously differentiable and (Z o p) (t) = 
|p(t)| > 0 for all t € Domp. Thus Zop is strictly monotone increasing: 
it is injective and its inverse (Zop) 1 is continuously differentiable as well, 
and according to the well-known rule,

((Z opf1)' =------- —v--------- 27V > °’
v 7 (Z op) ^(Z op) )

As a consequence, introducing the notation r Z-1, we have that 
r = p o (Z o p)-1 is continuously differentiable, too, and

r o r-1 = p-1-IPl
This means that r is a parametrization of C and r~1op (= Zop) 

has everywhere positive derivative, i.e. r and p are equally oriented. ■

It is worth noting that |r| = 1.
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We treat only a special type of Lie groups appearing in physics; so we avoid 
the application of the theory of smooth manifolds.

1. Groups of linear bijections

1.1. Let V be an TV-dimensional real vector space, N ± 0.
Then Lin(V) is an W2-dimensional real vector space.
Now the symbol of composition between elements of Lin(V) will be omit­

ted, i.e. we write AB := Ao B for A,B € Lin(V).
Since V is finite dimensional, all norms on it are equivalent, i.e. all norms 

give the same open subsets. Given a norm || || on V, a norm is defined 
on Lin(V) by

||A|| := sup || A • v||
11^11=1

for which ||AB|| < ||A|| ||B|| holds (A, B € Lin(V)).
We introduce the notation

^(V) := {F e Lin(V)| F is bijective}.

Endowed with the multiplication (F,G) FG (composition), ^(V) 
is a group whose identity (neutral element) is

I := idv ■

1.2. One can prove without difficulty that if A € Lin(V), ||A|| 
then I - A € ^^(V) and

(I-A)"1 = A" 
n=0
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In other words, if K e Lin(V), ||I - K|| < 1, then K e QKy) and

OQ

n=0

Proposition. Let F € ^(V). If L € Lin(V) and ||F—L|| < ||
then L G ^(V).

Proof. ||I - F^LW = \\F~\F - Z)|| < U^F”-11| ||F - Z|| < 1, thus 
F^1 • L is bijective. F is bijective by assumption, hence F(F~1L) = L 
is bijective as well. ■

As a corollary of this result we have that Sf(V) is an open subset of 
Lin(V).

1.3. The proof of the following statement is elementary.
The mappings

m : ^(V) x gm ^(V), (F, G) h-> FG,

j: gm gm, f ~ f-1
e re smooth and

Dm(F, G) : Lin(V) x Lin(V) Lin(V), (A, B) AG + FB,

Dj(F) : Lin(V) Lin(V), A^-F^AF'1.

1.4. It is a well-known fact, too, that for A G Lin(V)

exp A := e

is meaningful, it is an element of ^(V),

e° = /, (eA) 1 = e~A.

Moreover, the exponential mapping,

Lin(V) gm, A eA

is smooth, its derivative at 0 € Lin(V) is the identity map Lin(V) —+ 
Lin(V).



2. Groups of affine bijections 387

The inverse mapping theorem implies that the exponential mapping is injec­
tive in a neighbourhood of 0, its inverse regarding this neighbourhood is 
smooth as well.

If A,B € Lin(V) and AB = BA then eAeB = eBeA = eA+B. 
In particular, eiAesA = esAetA = e^t+s)>l for t, s € R.

1.5. For A € Lin(V), the function R5^(V), t etA is smooth 
and ,

— (etA) = AeiA — etAA. 
dt ' '

As a consequence, the initial value problem

(X : R ~ Lin(V))? X = XA, X(0) = I

has the unique maximal solution

R(t) = etA (t e R).

2. Groups of affine bijections

2.1. Let V be an affine space over the X-dimensional real vector space 
V. Then

Aff(V, V) := {A : V-> V| A is affine},

endowed with the pointwise operations, is a real vector space.
Given o € V, the correspondence

Aff(V, V) -» V x Lin(V), A w (A(o), A)

(where A is the linear map under A) is a linear bijection; it is evidently 
linear and injective and it is surjective because the affine map V —> V, 
x A • (x - o) + a corresponds to (a, A) € V x Lin(V).

As a consequence, Aff(V,V) is an (X + X2)-dimensional vector space.

2.2. We easily find that

Aff(V) := {£ : V -> V| L is affine},

endowed with the pointwise subtraction (see VI.2.3(iv)), is an affine space over 
Aff(V,V). Thus, according to the previous paragraph, Aff(V) is (X + 
X2)-dimensional.
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Two elements K and L of Aff(V), as well as an element A of 
Aff(V,V) and an element L of Aff(V) can be composed; the symbol 
of compositions will be ommitted, i.e. KL:=KoL and AL:=AoL.

We introduce

^a(V) {F e Aff(V)| F is bijective}.

Endowed with the multiplication (F, G) FG (composition), ^a(V) 
is a group whose identity (neutral element) is

I := idy •

2.3. Given o € V, the mapping

Aff(V) - V x Lin(V), L - o, L)

is an affine bijection over the linear bijection given in 2.1. Evidently, this bijection 
maps ^a(V) onto V x Q£(W As a consequence, Gaty) is an open 
subset of Aff(V).

2.4. The mappings

m : Ga(V) x ga(V) £a(V), (F, G) FG,

j : ga(V) gay), F F-1

are smooth and

Dm(F,G) : Aff(V,V) x Aff(V,V) - Aff(V,V), (A,B) AG + FB,

Dj(F) : Aff(V, V) - Aff(V, V), A -F^AF-1.

2.5. If Pe gyV) then

^p : Aff(V, V) —» Aff(V, V), A—^PA

is a linear bijection, (^p)-1 = tP-x.
If P € ga^ then

(p : Aff(V) -► Aff(V), PL

is an affine bijection over £p, where P is the linear map under P; 
moreover, (^p)-1 = iP-i.



3. Lie groups 389

2.6. If AeAff(V,V) and A G Lin(V) is the linear map under A 
then

. 4 r A^A
expA:=e := I +

n=l

is meaningful, it is an element of ^a(V), 

e° = I, (eA) 1 = e~A

and the linear map under eA is eA.
Moreover, the exponential mapping

Aff(V, V) Qa(N\ A^eA

is smooth, its derivative at 0 G Aff(V, V) is the identity map Aff(V, V) -► 
Aff(V,V).

The inverse mapping theorem implies that the exponential mapping is injec­
tive in a neighbourhood of 0, its inverse regarding this neighbourhood is 
smooth as well.

If A, B G Aff(V, V) and AB = BA then eAeB = eBeA = eA+B. 
In particular, etAesA = esAetA = e^t+s^ for t, s G R.

2.7. For A G Aff(V,V), the function R -> Ga(V), t etA is 
smooth and

1 (eM) = etAA.
dt v 7

(Note that AetA makes no sense!).
As a consequence, the initial value problem

(X : R ~ Aff(V, V))? X = XA, X(0) = I

(X : R Lin(V), X(t) is the linear map under X(t)) has the unique 
maximal solution

R(t) = etA (t G R).

3. Lie groups

3.1. Definition Let V be an X-dimensional real affine space. A subgroup 
G of £a(V) which is an M-dimensional smooth submanifold of Ga(V) 
is called an M-dimensional plain Lie group. ■
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The group multiplication G x Q —> Q, (F,G) FG and the inversion 
G —> G, F h-> F-1 are smooth mappings (see 2.4 and VI.4.13, Exercise 
VI.4.14.5(m)).

Observe that by definition 0 < M < TV + N2. (TV + IV2)-dimensional plain 
Lie groups are ^a(V) and its open subgroups.

Remark. In general, a Lie group is defined to be a group endowed with a 
smooth structure in such a way that the group multiplication and the inversion 
are smooth mappings.

Since we shall deal only with plain Lie groups, we shall omit the adjective 
“plain”. By the way, all the results we shall derive for plain Lie groups are valid 
for arbitrary Lie groups as well.

3.2. (z) For x € V we defined the affine bijection Tx : V —* V, 
x >-> x + x (VI.2.4.3), the translation by x. It is quite evident that 
Tx = Ty if and only if x = y and so

Tniy) ~{Tx\xeN},

called the translation group of V, is an TV-dimensional Lie group. The group 
multiplication in Inly) corresponds exactly to the addition in V that is 
why one often says that V in particular — endowed with the addition 
as a group multiplication is an TV-dimensional Lie group.

(ii) If the vector space V is considered to be an affine space then ^^(V) 
is a subgroup and an TV2-dimensional submanifold of Ga(V), thus ^(V) 
is an TV2-dimensional Lie group.

3.3. It is obvious that

Gaiy) —+ Giy), L L (Z is the linear map under L)

is a smooth group homomorphism whose kernel is Tn(V) (L = I if and 
only if Ze Tny\ see VI.2.5.6).

(«) Take a Lie group G C Ga(V). Then

under(^) := {F € 5^(V)| F is under an F € G},

i.e. the image of G by the above group homomorphism is a Lie group.
(n) Conversely, if G C 5^(V) is an TW-dimensional Lie group, then

over(^) := {F € ^a(V)| F is over an F € G},

the pre-image of G by the above group homomorphism, is an (M + N)- 
dimensional Lie group.
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3.4. Recall that the tangent spaces of g are linear subspaces of 
Aff(V,V). Every tangent space of g is obtained quite simply from the 
tangent space at I: TF(5) is the “translation” by F of Tz((?).

Proposition. Let g c ^a(V) be a Lie group. Then

Tf(£) = F[TZ@] = {F A\ A G TZ(0)} (F G g).

Proof. Let g be M-dimensional. There is a neighbourhood W of I 
in gafy), a smooth mapping S : Af —► ^n+n2-m gucj1 g c\Af =

5({0}) (see VI.4.4), and Tz(£) = Ker DS(I) (see VI.4.8).
Let F be an arbitrary element of g. Then g is invariant under the 

affine bijection ^F-i = ^f—1, thus S o = 0. Consequently, if P 
is in the domain of So^F-1, i.e. If~xP = F^P is in AT, recalling 
that is an affine map over fp-1, hence D^p-^F) = we
have

Tp(^) = Ker D(S o If^P) = Ker (DS^p^F) ■ D^-^F)) =

= Ker (D^F^FXp-1) = {A G Aff(V, V) | DS^FjF-1 A = 0} = 
={FB\ B G KerDS(F-1F)} = F (Ker DS(F~1F)) .

We can take P := F to have the desired result. ■

The tangent space of g at I plays an important role; for convenience 
we introduce the notation

La(£) := Tz(£).

Note that La(0a(V)) = Aff(V, V), La(££(V) = Lin(V).
Moreover, La(Tn(V)) — V where V is identified with the constant 

maps V —> V.

3.5. Definition. A smooth function R : R —♦ g C Pa(V) is called a 
one-parameter subgroup in the Lie group g if

R(t + s) = R(t)R(s) (t, sGR). ■

In other words, a one-parameter subgroup is a smooth group homomorphism 
R:Tn(R)—>g. Evidently, R(0) = I and R(-t) = R^t)-1.

There are three possibilites.
(i) There is a neighbourhood of 0 G R such that R(t) = I for all t 

in that neighbourhood; then R is a constant function, R(t) = I for all 
t G R.
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(w) There is a T G R+ such that R(T) = I but R(t) I for
0 < t <T; then R is periodic, R(t + T) — R(t) for all t € R.

(m) R(t) I for all 0 t G R.

3.6. If R(t) denotes the linear map under R(t) then R : R —+ 
under(^) is a one-parameter subgroup; R(0) = I

Differentiating with respect to s in the defining equality of R and 
then putting s = 0 we get

R{t) = R^iRQ) (t G R)

which shows that if Ran R is not a single point (if R is not constant) then 
it is a one-dimensional submanifold and a subgroup in Qa(V). Thus Ran R 
is either the singleton {1} or a one-dimensional Lie group. In the case (ii) 
treated in the preceding paragraph, the restriction of R to an interval shorter 
than T is a local parametrization of Rani?; in the case (m) R is a 
parametrization of Ran R.

3.7. Proposition. Every one-parameter subgroup R in Q has the 
form

R(t) = etA (t G R)

where A = R(0) G La(^).
Conversely, if A G La(^) C Aff(V,V) then t etA is a one- 

parameter subgroup in Q.

Proof. According to the previous paragraph, the one-parameter subgroup 
R is the solution of the initial value problem

(X : R ~ £a(V))? X = XA, A(0) = I

where A ~ R(O). Apply 2.7 to obtain the first statement.
Conversely, t h-> etA is a one-parameter subgroup in Qa(V); we have 

to show only that etA G Q for all t G R which follows from VI.6.4. ■

The assertions are true for local one-parameter subgroups as well, i.e. for 
smooth functions R : R —+ defined on an interval around 0 G R such
that R(t + s) = R(t)R(s) whenever t,s,t + s are in DomR.

3.8. The previous result involves that eA G Q for A G La(^), i.e. 
the restriction of the exponential mapping onto La(5) takes values in Q. 
Since the exponential mapping is smooth and injective in a neighbourhood of 
0, its inverse regarding this neighbourhood is smooth as well (in particular 
continuous), we can state:
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Proposition. Let g be a Lie group. Then

La(^) -^g, A eA

is a parametrization of g in a neighbourhood of the identity I.
In particular, every element in a neighbourhood of I belongs to a one- 

parameter subgroup.

3.9. Proposition. Every element of g in a neighbourhood of the identity 
is a product of elements taken from one-parameter subgroups corresponding to 
a basis of La(^).

Proof. Let Ai,...Am be a basis of La(^) and complete it to a basis 
Ai,...,Ap of Aff(V,V) where P := N + N2. Then

$ : -+ gaty), (ti, t2, exp (iMi) exp (t2A2)... exp (tpAP)

is a smooth map, $(0,0, ...,0) = I, ck$(0,0,..., 0) = Ak (k = 
1,...,P). We can state on the basis of the inverse mapping theorem that 
$ is injective in a neighbourhood of (0,0,..., 0), its inverse regarding this 
neighbourhood is smooth as well.

Thus the restriction of $ onto regarded as the subspace of Rp
consisting of elements whose i-th components are zero for i = M + 1,..., P 
is a parametrization of g in a neighbourhood of I. ■

Note that in general

(p \
I '

fc=i /

3.10. If g is connected, every element of g is a product of elements 
in a neighbourhood of I, hence every element is a product of elements taken 
from one-parameter subgroups corresponding to a basis of La(£), since the 
following proposition is true.

Proposition. If g is connected and V is a neighbourhood of the 
identity I in g, then

g = Jvn
n£N

where Vn := {F1F2 ... Fn\ Fk e V, k = l,...,n}.

Proof. Given F € g, the mapping g —+ g, G h FG is bijective,
continuous, its inverse is continuous as well. Thus for all F € g, FV := 
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{FG| GeV} is open, so V2 = ^U^FV is open as well. Consequently, 
Vn is open for all n and thus H := U V" is open, too. We shall show
that the closure of H in Q equals H\ thus 7Y, being open and
closed, equals Q.

Let L be an element of the closure of H in Q. Since LV1 is a
neighbourhood of L, there is an F G W such that F € FV-1 which
implies L G FV; since FV C HV = H, the proof is complete.

4. The Lie algebra of a Lie group

4.1. Recall that if Q is a Lie group in ga(V) then La(£), the 
tangent space of Q at I = idv is a linear subspace of Aff(V,V). If 
AeAff(V,V) then A denotes the underlying linear map V —» V.

Proposition. Let Q be a Lie group. If A,B G La(^) then

AB - BA G La(^).

Proof. Take a neighbourhood A/” of I in pa(V) and a smooth map 
-1

S defined on W such that S ({0}) = and La(^) = KerDS(I)
(see the proof of 3.3).

Then
t s (etAetB) =0 and t^S (etBetA) = 0

for t in a neighbourhood of 0 € R. Differentiating the first function with 
respect to t we get

t DS (etAeiB) • (etAAetB + etAetBB) = 0.

Again differentiating and then taking t = 0 we deduce

D2 S(I) (A + B,A + B) + DS(I) • (AA + 2AB + BB) = 0.

Similarly we derive from the second function that

D2S(I) (B + A, B + A) + DS(I) • (BB + 2BA + AA) = 0.

Let us subtract the equalities from each other to have

DS(I) ■ (AB - BA) = 0

which ends the proof.
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4.2. According to the previous proposition we are given the commutator 
mapping

La(£) x La(£) -4 La(£), (A, B) AB - BA =: [A, B],

Proposition. The commutator mapping 
(z) is bilinear, 

(zz) is antisymmetric,
(zzz) satisfies the Jacobian identity:

[[A, B], C] + [[B, C], A] + [[C, A], B] = 0 (A, B, C € La(0)).

Definition. La(^) endowed with the commutator mapping is called the
Lie algebra of Q.

We deduce without difficulty that for A,B € La(^)

4.3. The Lie algebra of ^a(V) is Aff(V, V). We have seen that if a
linear subspace L of Aff(V,V) is the tangent space at 1 of a Lie
group then the commutator of elements from L belongs to L, too; in 
other words, L is a Lie subalgebra of Aff(V,V).

Conversely, if L is a Lie subalgebra of Aff(V, V) then there is a Lie
group Q such that La(^) = L: the subgroup generated by {e^lAsL}. It 
is not so easy to verify that this subgroup is a submanifold.

4.4. Definition. Let Q and B be Lie groups. A mapping (I>:<J^B is 
called a local Lie group homomorphism if

(z) Dom<b is a neighbourhood of the identity of (7,
(zz) $ is smooth,

(zzz) ^(FG) = ^(F')^(G) whenever F,G,FG&Dom^.
If <I> is injective and <L-1 is smooth as well, then $ is a local Lie 

group isomorphism. ■

4.5. For a local Lie group homomorphism $ : Q >-♦ B we put

$ := D$(/) g Lin (La(£), La(«)).

If A e La(5), then t 1-4 $(eM) is a local one-parameter subgroup in 
H and

=<^’\ ar / t=o
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which implies
$(eM) = e**^)

for t in a neighbourhood of 0 6 R.

[$(A), $(3)] = S([A,3]) (AB€La(?)).

Proof. Start with

[£(A),$(3)] = (^ et*(A)'

/ d2 \

v / t=o

and then apply the formulae in the proof of 4.1 putting $ in place of S.

hJj6' The Pre™us ProPosition involves that locally isomorphic Lie groups 
theorem^fThe'th Sf C°nVerSe’ t0°’ a “mental
theorem of the theory of Lie groups: if the Lie algebras of two Lie groups are 
isomorphic then the Lie groups are locally isomorphic.

5. Pseudo-orthogonal groups

Let (V, B, h) 
(see V.2.7)

be a pseudo-Euclidean vector space. Recall the notations

O(h) :={£ e ^(V)| L* L = I}, 
A(h) :={A € Lin(V)| A* = -A}.

Proposition. If dimV = N then (9(h) is an 
Lie group having A(h) as its Lie algebra.

Proof. It is evident that O(h) is a subgroup of ^(V). 
We know that A(h) and S(h)

complementary subspaces, dim Sih) = 
V.2.9).

^-dimensional

are
(see

:= {3 e Lin(V)| 3* = 3} 
dimA(h) =

Let us consider the mapping

: ^f(V) S(h), L^L* -L.
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Since the h-adjunction L L* is linear and the multiplication in 
Lin(V) is bilinear, 9? is smooth. Moreover, the equality

(Z + H)* (L + H)-L* L = L* H + H* L + H* H

shows that

D<^(Z) • H = L* ■ H + H* • L (L e ^(v), H € Lin(V).

We have O(h) - {L e 5£(V)| tp(L) = 1} and D^(Z) is surjective if 
L is in 0(h) : if S € S(h) then D<p(Z) ■ = S. Consequently,
O(h) is a smooth submanifold of ^£(V) (see VI.4.7).

Finally, Dy>(I) • H = 0 if and only if He A(h), hence

La(O(h)) = KerD^I) = A(h).

6. Exercises

1. Let Q be a Lie group, A, B e La(^). Prove that [A,B] =0 if 
and only if etAetB = etBetA for all t in an interval around 0 € R.

Consequently, Q is commutative (Abelian) if and only if La(^) is 
commutative (the commutator mapping on La(^) is zero).

2. Using the definition of exponentials (see 2.6) demonstrate that

[A, B] = lim 4 (eMeiS - etBeM) = lim (etAetBe~tAe~tB - Z) .
J t->o t2 ' ' o t2 ' '

3. Let V be a finite dimensional real vector space and make the identifi­
cation

Aff(V) = V x Lin(V), A = (A(0),A),

i.e. (a, A) € V x Lin(V) is considered to be the affine map

V—> V, x >—> Ax + a.

Then the composition of such affine maps is

(a,A)(b,B) = (a + Ab, AB).

in this way we have ^a(V) = V x GL(V).
Prove that

= (a, Z), e(0’A) = (0,6^).
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4. Let n be a positive integer. Prove that

0(n) ~{L e Lin(R")| L*L = 1}
SO{n) ~{L G O(n)| detZ = 1}

are n(n~D-dimensional Lie groups having the same Lie algebra:

{A e Lin(Rn)| A* = -A}

(cf. Proposition in Section 5).
Give a local Lie group isomorphism between O(n) and SO(n).
5. A complex vector space and its complex linear maps can be considered to 

be a real vector space and real linear maps.
Demonstrate that

S^2, C) := {L G Lin(C2)| detZ = 1}

is a six-dimensional Lie group having

{A € Lin(C2)| TrA = 0}

as its Lie algebra.
6. Let n be a positive integer. Prove that

W(n) :={L e Lin(Cn)| L*L = I},
SU(n) :={L G U(n)| detZ = 1}

are an n2-dimensional and an (n2 — l)-dimensional Lie group, respectively. 
(The star denotes adjoint with respect to the usual complex inner product; in 
other words, if L is regarded as a matrix then L* is the conjugate of 
the transpose of L.) Verify that they have the Lie algebras

{A G Lin(Cn)| A* = -A},
{A € Lin(Cn)| A* = -A, Tr A = 0}, 

respectively.
7. Prove that

7/(1) := {L G Lin(C)| L*L = /} = {a G C| |a| = 1}

is a one-dimensional Lie group, locally isomorphic but not isomorphic to 
T'n(R).

8. Let Q C ?a(V) be a Lie group. An orbit of 0 is a non-void subset 
P of V such that {Z/(x)| L G 5} = P for some — hence for all 
x G P.

Prove that distinct orbits are disjoint. V is the union of orbits of Q. 
In other words, the ~ relation on V defined by x ~ y if x and 
y are in the same orbit of <7 is an equivalence relation.

9. Find the orbits of £a(V), ^(V), Tn(V), O(n\ SO(n)y
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COMMENTS AND BIBLIOGRAPHY

The fundamental notions of space and time appear in all branches of physics, 
giving a general background of phenomena. Nowadays the mathematical way of 
thinking and speaking becomes general in physics; that is why it is indispensable 
to construct mathematically exact models of spacetime.

Since 17 years an educational and research programme has been in progress 
at the Department of Applied Analysis, Eotvos Lorand University, Budapest, to 
build up a mathematical theory of physics in which only mathematically defined 
notions appear. In this way we can rule out tacit assumptions and the danger 
of confusions, and physics can be put on a jinn basis.

The first results of this work were published in two books:

[1] Matolcsi, T.: A Concept of Mathematical Physics, Models for Spacetime, 
Akademiai Kiado, 1984;

[2] Matolcsi, T.: A Concept of Mathematical Physics, Models in Mechanics, 
Akademiai Kiado, 1986.

Since that time our teaching experience revealed that a mathematical treat­
ment of spacetime could claim more interest than we had thought it earlier. The 
notions of the spacetime models throw new light on the whole physics, a number 
of relations become clearer, simpler and more understandable; e.g. the old prob­
lem of material objectivity in continuum physics has been completely solved, as 
discussed in:

[3] Matolcsi, T.: On Material Frame-Indifference, Archive for Rational Me­
chanics and Analysis, 91 (1986), 99 118.

That is why it seems necessary that spacetime models be formulated in a way 
more familiar to physicists; so they can acquire and apply the notions and results 
more easily. The present work is an enlarged and more detailed version of [1]. 
The notations (due to the dot product) became simpler. The amount of applied 
mathematical tools decreased (by omitting some' marginal facts, the theory of 
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smooth manifolds could be eliminated), the material, the explanations and the 
number of the illustrative examples increased.

There is only one point where the new version contradicts the former one 
because of the following reason. In the literature one usually distingushes be­
tween the Lorentz group (a group of linear transformations of R4) and the 
Poincare group, called also the “inhomogeneous Lorentz group” (the Lorentz 
group together with the translations of JR4). In our terminology, one consid­
ers the arithmetic Lorentz group which is a subgroup of the arithmetic Poincare 
group. However, we know that in the absolute treatment the Poincare group 
consists of transformations of the affine space M, whereas the Lorentz group 
consists of transformations of the vector space M; the Lorentz group is not 
a subgroup of the Poincare group. Special Lorentz transformations play a fun­
damental role in usual treatments in connection with transformation rules.

The counterpart of the Poincare group in the non-relativistic case is usually 
called the Galilean group and one does not determine its vectorial subgroup that 
corresponds to the Lorentz group. The special Galilean transformations play 
a fundamental role in connection with transformation rules. In the absolute 
treatment we must distinguish between the transformation group of the affine 
space M and the transformation group of the vector space M which is 
not a subgroup of the former group. The special Galilean transformations turn 
to be transformations of M; that is why I found it convenient to call the 
corresponding linear transformation group the Galilean group and to introduce 
the name Noether group for the group of affine transformations.

In the former version I used these names interchanged because then group 
representations (applied in mechanical models) were in my mind and it escaped 
my attention that from the point of view of transformation rules — which have 
a fundamental importance — the present names are more natural.

The present treatment of spacetime is somewhat different from the usual ones; 
of course, there are works in which elements of the present models appear. First 
of all, in

[4] Weyl, H.: Space-Time-Matter, Dover publ. 1922

spacetime is stated to be a four-dimensional affine space, the bundle structure 
of non-relativistic spacetime (i.e. spacetime, time and time evaluation) and 
the Euclidean structure on a hyperplane of simultaneous world points appear 
as well. However, all these are not collected to form a clear mathematical 
structure; moreover, the advantages of affine spaces are not used, immediately 
coordinates and indices are taken; thus the possibility of an absolute description 
is not utilized.

A similar structure (“neoclassical spacetime”: spacetime and time elapse) is 
expounded in
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[5] Noll, W.: Lectures on the foundation of continuum mechanics and thermo­
dynamics, Arch.Rat.Meeh. 52 (1973) 62-92.

In these works time periods and distances are considered to be real numbers. 
The notion of observer remains undefined; even this undefined notion is used to 
introduce e.g. differentiability in the “neoclassical spacetime”.

When comparing our notions, results and formulae with those of other treat­
ments, using the phrases “in most of the textbooks”, “in conventional treat­
ments” we refer e.g. to the following books:

[6] French, A.P. Special Relativity, Norton, New York, 1968

[7] Essen, L.: The Special Theory of Relativity, Clarendon, Oxford, 1971

[8] Mpller, C.: The Theory of Relativity, Oxford University Press, 1972

[9] Taylor, J.G.: Special Relativity, Clarendon, Oxford, 1975

[10] Bergmann, P.G.: Introduction to the Theory of Relativity, Dover publ., 
New York, 1976

General relativity, i.e. the theory of gravitation is one of the most beautiful 
and mathematically well elaborated area of physics which is treated in a number 
of excellent books, e.g.

[11] Misner, C.W.-Thorne, K.S. Wheeler, J.A.: Gravitation, W.H.Freeman & 
Co., 1973

[12] Adler, R. Bazin, M.-Schiffer, M.: Introduction to General Relativity, 
McGraw-Hill, 1975

[13] Ohanian, H.C.: Gravitation and Spacetime, W.W.Norton & Co., 1976

[14] Rindler, W.: Essential Relativity. Special, General and Cosmological, 
McGraw-Hill, 1977

[15] Wald, R.: Space, Time and Gravity, Chicago Press, 1977

To understand the non-relativistic and special relativistic spacetime models, 
it is sufficient to have some elementary knowledge in linear algebra and anal­
ysis. Tensors and tensorial operations are the main mathematical tools used 
throughout the present book. Those familiar with tensors will have no difficulty 
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in reading the book. The necessary mathematical tools are summarized in its 
second part where the reader can find a long and detailed chapter on tensors.

The book uses the basic notions and theorems of linear algebra (linear com­
bination, linear independence, linear subspace etc.) without explanation. There 
are many excellent books on linear algebra from which the reader can acquire 
the necessary knowledge, e.g.

[16] Halmos, P.R.: Finite Dimensional Vector Spaces, Springer, 1974

[17] Smith, L.: Linear Algebra, Springer, 1978

[18] Grittel, D.H.: Linear Algebra and its Applications, Harwood, 1989

[19] Fraleigh, J.B. Beauregard, R.A.: Linear Algebra, Addison-Wesley, 1990

Some notions and theorems of elementary analysis (limit of functions, conti­
nuity, Lagrange’s mean value theorem, implicit mapping theorem, etc.) are used 
without any reference; the following books are recommended to be consulted

[20] Zamansky, M.: Linear Algebra and Analysis, Van Nostrand, 1969

[21] Rudin, W.: Principles of Mathematical Analysis, McGraw Hill, 1976

[22] Aliprantis, C.D. Burkinshow, O.: Principles of Real Analysis, Arnold, 1981

[23] Haggarty, R.: Fundamentals of Mathematical Analysis, Addison-Wesley, 
1989

[24] Adams, R.A.: Calculus: a Complete Course, Addison-Wesley, 1991

From the theory of differential equations only the well-known existence and 
uniqueness theorem is used which can be found e.g. in

[25] Hyint-U Tyn: Ordinary Differential Equations, North-Holland, 1978

[26] Birkhoff, G. Rota, G.C.: Ordinary Differential Equations, Wiley, 1989

’’ The present book avoids the theory of smooth manifolds though it would be 
useful for the investigation of the space of general observers and necessary for 
the treatment of general relativistic spacetime models. The following books are 
recommended to the reader interested in this area:
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[27] Boothby, W.M.: An Introduction to Differentiable Manifolds and Rieman­
nian Geometry, Academic Press, 1975

[28] Choquet-Bruhat, Y.-Dewitt-Morette, C.: Analysis, Manifolds and Physics, 
North-Holland, 1982

[29] Abraham, R-Marsden, J.E.-Ratiu, T.: Manifolds, Tensor Analysis, and 
Applications, Springer, 1988

Non-relativistic and special relativistic spacetime models involve some ele­
mentary facts about certain Lie groups. Those who want to get more knowledge 
on Lie groups can study, e.g. the following books:

[30] Warner, F.W.: Foundations of Differentiable Manifolds and Lie Groups, 
Springer, 1983

[31] Sattinger, R.H.-Weawer, O.L.: Lie groups and Lie algebras with Applica­
tions to Physics, Geometry and Mechanics, Springer, 1986











In the concept of this book spacetime is the fun­
damental notion; the points of spacetime are 
structured with the assumption of absolute time 
and absolute velocity of light resulting in the 
nonrelativistic and special relativistic case, res­
pectively. This gives the possibility of developing 
both the nonrelativistic and the special relativis­
tic chapters along the same notions: world line, 
observer, splitting of spacetime to space and 
time, reference frames, splitting of classical fields 
to spacelike and timelike components, the sym­
metry groups of spacetime (the Galilean and the 
Poincare group).
The book contains lots of examples with detailed 
calculations through which the reader can clearly 
understand the connection between the tradi­
tional way of thinking and the new way of hand­
ling the problems presented in the book; the 
well-known special relativistic paradoxes are 
treated in detail. In the general relativistic case, 
only the basic thoughts are expressed.
The mathematics involved is rather simple and it 
is summarized in the second part of the book. 
Readership: lecturers in physics, mathematics, 
undergraduate students.




