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INTRODUCTION

One of the most important methodologies in operations research, numer- 
ical analysis and statistics is the deployment of random experiments fór 
solving problems. Examples of this type can be cited from long ago, one 
of the best known one makes possible the approximate determination of 
the value n. The method of the random experiments has undergone since 
the end of the 1940s a fást development fór in those years the rapid growth 
in the computational capacities of the computers made the executions of 
the random experiments in really large numbers possible. First the new 
method was used fór solving problems related to the atomic power plants 
bút it soon became apparent that it is a very useful tool in solving a great 
number of problems in economics, physics and mathematics.

The methods using random experiments are alsó called Monté Carlo 
methods, a name given by John Neumann. In this book these methods 
will be called Monté Carlo methods only in the case if the mathematical 
foundations and aspects of these procedures are discussed, otherwise gen­
erally the solution procedures using randomness are called simulational 
methods or simulation according to the more usual terminology.

When applying simulational methods two areas emerge as possible 
sources of problems (1) how the random quantities to be used should be 
produced and (2) how a model is to be prepared that would describe the 
reality close enough and be computationally still efficient. The proce­
dures which produce the random quantities are called random number 
generators. In the first part of the book we describe generál and specific 
methods fór manufacturing random quantities that follow a particular 
distribution, generally several generators are discussed fór a distribution. 
In the second part of the book somé possible applications of these ran­
dom number generators are described, having highlighted the mathemat­
ical theory of the simulational methods by exposing the basic techniques 
somé mathematical, engineering and economic problems are discussed 
where simulation can successfully be applied.

Our style is computational and algorithmic. Besides the mathematical- 
ly precise description of methods and algorithms special care was taken to 
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emphasize the computational aspects of developing an algorithm and to 
give the possible fullest details on the procedures. The presented methods 
are compared and evaluated with respect to their speed, ease of program­
ming, user friendliness, length of code, number of data, etc. Ihe formai 
description of the algorithms is given in such details that preparing the 
computer code of an algorithm is possible without fully understanding 
the nuts and bolts of the algorithm, that was aimed to facilitate the work 
of computer scientists.

To understand the book only basic mathematical knowledge is re­
quired. For the sake of completeness and to help the Reader, the necessary 
concepts and theorems from probability theory and statistics are briefly 
outlined in the first chapter.

A great part of the matéria! contained in this book was part of the 
postgraduate courses the author gave at the Eötvös University, Budapest 
during the years 1978—1983 and alsó at Dalhousie University, Halifax, 
1984-1986. Thus the emphasis is more that of a textbook, bút advanced 
researchers could alsó use it as a reference because of its comprehensive 
rangé, the references and the bibliographical notes given at the end of 
each chapter.

This book is a thoroughly revised, updated and extended version of 
the author’s book, “Random number generators and their applications” 
(in Hungárián), published by the Publishing House of the Hungárián 
Academy of Sciences. This extended translation has been prepared while 
the author was enjoying a visít to Dalhousie University, Halifax, arranged 
by Professor M. A. H. Deinpster, to whom the author would like to express 
his gratitude. Without his support this work would nőt have come about.

Budapest, 1986

István Deák
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CHAPTER 1

BASICS OF PROBABILITY THEORY AND STATISTICS

1.1. Probability and random variables

Frequently in a physical process certain phenomena occur randomly, by 
somé chance. The possible phenomena are called elementary events, the 
measure of the chance that a given phenomenon occurs is called the prob­
ability of the event. More precisely the probability P(A) of the event A 
is defined in the following way: denoting the number of occurrences of 
the event A by y(n) during n independent realizations of the physical 
process the probability of A is given by

The probability of the sure event is 1, that of the impossible event is 0.
In case of throwing a dice the number obtained may be 1,2,.. .,6, these 

are the elementary events. The individual elementary events occur with 
equal chance, that is the probability of each elementary event equals 1/6. 
Of course if the dice has on two facets 5, then the probability of throwing 
5 is doubled, it is 1/3. An elementary event may nőt necessanly be a 
numerical value; if the facets of the dice are coloured to six different 
colours, then the set of the elementary events consists of the possibilities, 
that after throwing the dice we will obtain red, yellow, etc.

Phenomena dependent on the elementary events are called random 
variables, in other words they are reál valued functions defined on the set 
of elementary events. Staying with our example of throwing a dice with 
numbered facets we can define the random variable £ that takes on the 
value 1 if the result of the throw is even and 0 if the number obtained 
is odd; this f is a function defined on the set of the elementary events 
1,2,.. .,6 indeed. Denote that elementary event, where the outcome was 
í by A,-, í = 1,... ,6, then fór the probability of the event Aj we have 
P(Ai) = 1/6. Since in case of occurring Ai, A3 and A5 the value of f is 
1, thus fór the probability of the occurrence of the event = 1 we have 
P{£ = 1} = 1/2, that is the random variable $ equals 1 with probabil­
ity 1/2.
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We can define other random variables, too, on the elementary events 
of throwing a dice. Consider the following game, played by two players: 
if the outcome of the throw is 4 or less, then the first player obtains 
2 dollars from the second one, otherwise the first player owes 3 dollars to 
the second. This defines the random variable r] of the first player’s profit 
on the set of the elementary events Ai, i = 1,..., 6 as

nfA ) = ( 2’ ’ = 4

(i) 0< P(A) < 1, A^A.
(ii) P(Q) = 1.
(iii) If Ai, A2,..., Ak, • • • are subsets of A such that the intersection of 

any two of them is empty (among the events Ai, A2,..., Ak,... at 
most only one can occur at a time), then P( (J Ak) = ^PlA-t).

k=l *=1
The function P(A) is the probability of the event A; the space of events 

fi, the tr-algebra A and the function P together is called a probability field.
The probability of the event, that in case of occurring the event B 

(of positive probability) the event A alsó occurs is called the conditional 
probability of the event A provided event B and is denoted by P(A | B).

{ -3, if 5 g í < 6.

The probability of the first player’s winning equals the probability of 
the event p > 0, that is the joint probability of the elementary events 
Ai, A2, Az and A4:

P{r) > 0} = P(Ai) + P(A2) + P^) + P(A4) = 2/3.

In the examples mentioned so far we had a finite number of elementary 
events. Fór a different example consider the temperature in New York at 
the Times Square. A possible elementary event is any number t between 
a possible minimum m and maximum M as temperature, giving thus rise 
to infinitely many events. On these elementary events we can define the 
random variable p of freeze fór instance, which is 1 if t is less than 32°F, 
otherwise p assumes the value 0.

The probability fór the generál case is defined by a set of axioms. Let 
the space of the elementary events Q be given and consider a <7-algebra 
A of the subsets of Q, -A is an algebra if the unión of two sets from A, 
the complementer of a set and itself is in A, the notion of cr-algebra 
implies that the sum of any number (finite or enumerably infinite) of sets 
from A is inside A. We define the function P(A) fór any subset A of the 
(T-algebra A by the following three axioms
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The numerical value assigned to this conditional probability is a quotient. 
the probability of the joint occurrence of the events A and B divided by 
the probability of the condition B, that is

(1.1) I B) =

Consider a finite number of events B\,..., Bn fór ming a complete sys­
tem of events (|J Bi = Q) and the events Bi are mutually exclusive 

(Bi n Bj = 0 if i' j and 0 denotes the empty set). The following 
theorem holds fór any event A

(1.2) P(A)=EP(A|B,)P(B,)
«=1

which is called the theorem of complete (or totál) probability.
The events A and B are mutually independent if the probability of 

their occurrence can be given.as the product of the probabilities of the 
individual events

P(AB) =
or in a slightly different, bút equivalent form P(A | B) = P(A).

1.2. Distribution function, density function

Consider the random variables with reál values, that is examine those 
functions £ defined on the elementary events Ui whose rangé is a set of 
the reál axis. Then we can speak about the probability of the event that 
a particular random variable £ = £(w<) falls intő the interval [a, 6], which 
is the following

P{£ G [a, 6]} = P{Uw, | £(a>í) € [a,b]}.

To characterize the random variable £ it is sufficient to give these proba­
bilities fór intervals of type (—00,1], since — according to the axiom (iii) 
of the probability — making use of these intervals the probability of £’s 
falling intő any interval [a, 6] can be expressed as

P{£ € [a,6]} = P{£ € (-00,6]} - PU G (-00,a]}.

This probability P{£ 6 (-00,x]} = P{£ < x} is clearly dependent on x, 
that is it can be expressed in the form

(1.3) F(x) = P{£ < x}.
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The function F(x) thus defined is called the distribution function of the 
random variable t It is easily seen from the definition that F(x) is mono- 
tone non-decreasing and left continuous function. Moreover, this function 
F(x) completely determines the random variable £; as consequence ran­
dom variables are generally given through their distribution functions. A 
random variable is called absolutely continuous if there exists a function 
/(i) fór which
(1.4) F(x) = / f(z)dz 

holds fór any x. This function f (if exists) is called the density function 
of the random variable $ and of course we have F'(x) = Since
P{£ < 00} = 1 holds thus F(oo) = lim, F(x) = 1, that is the integrál of 
the density function over the whole reál axis is always 1 (Fig. 1)

TfW* = 1.

Fig. 1. The density function /(z) and the distribution 
function F(z) of a continuous 

random variable

If the random variable r) is discrete, that is it takes upon a finite or 
enumerable imany values n,... ,zn, • • • then more conveniently the prob­
abilities

(1.5) P{t} = xí} = Pí, í = l,2,...
are used instead of the density function. The distribution function of 
the discrete random variable rj is a stepwise constant staircase function 
(Fig. 2)
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F(x) = P{r) < x} = S pi

where the summation is carried out fór all indices i E 7(x) such that 
Xi < x, that is I(x) = {» | Xi < x, í = 1,2,...}.

Fig. 2. The distribution function F(x) of discrete random 
variable $ given by

P{£ = = Po’ = !>•••,4

As an example we discuss the uniform distribution. In the discrete case 
p is uniformly distributed if it assumes any of the n values xi,... ,xn with 
equal probability p< = — ,t = 1,... ,n. In the continuous case £ is uni- 

n 1 
formly distributed in the interval [a, b] if its density function f (x) = _ a >

x — d
x E [a, 6] or equivalently x e

The joint distribution function of the random variables £ and rj is the 
function F defined by the following equation
(1.6) F(x,y) = P{£ < x,p < y}.
If there exists a function /(x,y) which satisfies the equation 

x y
(1.7) F(x,y) = j f f(u,v)dudv

— oo — oo

fór any values x,y, then this function f(x,y) is called the joint density 
function of the random variables £ and r). One obviously has fór this 

F(x y)
function the equality f(x,y) = —g^Qy CaSe ^’scre^e rand°m

variables and p the joint probabilities
Pij = P{£ = Xi,t] = yy} 
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will conveniently characterize the joint distribution of £ and P-
If the random variables $ and rj are independent, then their joint dis­

tribution function F(x,y) can be decomposed intő the product of two 
one-dimensional distribution function

F(x,y) = Gi(x)G2(y)

as it follows from the decomposition of the right-hand side oí equa­
tion (1.6). .... x ■■ f

The reverse of this assertion is true, too: if the joint distribution func­
tion can be decomposed intő such a product then the corresponding two 
random variables are independent of each other.

Projecting the joint distribution to one of the coordinate axis we obtain 
the marginal distribution of the random variable £ and y, respectively. 
These marginal distribution functions can be obtained from the following 
equations

G^x^f +f f(u,v)dvdu,
— oo —oo

(1-8) s -oo
G2(y)=f f f(u,v)dudv,

oo oo

respectively. In the continuous case the density functions correspond­
ing to these marginal distribution functions are yi(x) and g2(x\ In the 
discrete case the marginal distributions are defined by the relationships

t = 1,2,...

« = 1,2,...

where the summation is over all possible indices j and i, respectively.
We can speak about the conditional distribution function H(x | y) ol 

the random variable £ under the condition r) = y, which is defined as 
follows
(1.9) H(x\y)=hmP{£<x\y<ri<y + d}

on the condition that the limit in (1.9) exists. This conditional distribu­
tion function can easily be derived from the joint distribution function 
F(x, y) of the random variables £ and r), since because of definition ( . ) 
of the conditional probability we have

l >_r F(x,y + d)- F(x,y] 
H(x|y)-lim G d)_G2(y) > 
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where G2 is the unconditional (marginal) distribution function of the 
random variable 77. Assuming the differentiability of the function F and 
G2 one can obtain

dG^r^y)
H(x | y) =----------------- = Gi(x),

92{y)

that is the conditional distribution function is the usual one-dimensional 
distribution function of If H(x | y) is differentiable then the func­

tion h(x | y) = is called the conditional density function of the
random variable £ provided the condition y = y holds. The theorem of 
complete (or totál) probability can be given in two special forms fór the 
discrete and the continuous random variables.

Let £ and rj be two discrete random variables (nőt necessarily inde- 
pendent), taking up values xi,... ,xn and yi, ■ ■ ■ ,ym respectively. Then 
(1.2) can be rewritten as

(1.10) P{£ = xí}=£ PU = Xi\y = yk} P{y = yk}
t=i

Fór the continuous case let £ and 17 be continuous random variables with 
a joint density function f(x,y), their marginal density functions being 
yi(x) and 52(y) respectively and the conditional density function of £ 
under the condition y = y being h(x | y). Then we have the second form 
of the complete probability theorem as

(1.11) yi(x) =Th(x | y)y2(y)dy.
— 00

The expected value E{^ of a continuous random variable £ with density 
function /(x) is defined by the equation

^(0 =~f xf^dx.
— OO

In other words we can say that the possible values of the random variable 
are centered about the value E(£) as a center of gravity (see Fig. 3).

The expected value of the discrete random variable y given by the 
probabilities P{y = x,} = Pi, i = 1,2,..., n is the sum

(1.12) E(y)=^XiPi.

17



By applying the definitions we can dérivé the following equivalences. The 
expected value of a sum of two random variables is the sum of the ex- 
pected values of the individual random variables, that is

(1.13) + r)) = + E{r]).
Here it should be stressed that the expected value of a product of ran­
dom variables will be the product of the expected values if the random 
variables are independent, bút sometimes it may be the case even if the 
random variables are nőt independent (see formula (1.16)). Otherwise, if 
£ and r? are nőt independent and their joint density function is f(x,y), 
then we have to use the generál expression

OO OO
(1.14) M^) = J f xyf(x,y)dxdy.

— 00 —00

Note furthermore, that if b and c are constant, then

E(b£ + c) = bE^) + c.
The standard deviation D(£) (or the variance var(f) = D2^)) gives 
us Information about the difference between the values of the random 
variable and the expected value, it is defined by the equation
(1.15) = E^- E^)]2) = E(& - E2^).

Fór a random variable with continuous density function f(x) the variance 
can be obtained as

18



D2^) = f x2f[x)dx- 
— co

4-oo
j xf(x)dx
— oo

For a discrete random variable r;, where P{r] = z,} = pi, i = 1,2,... ,n 
the variance is evaluated as

= íxiPi-
2

For any constants b and c we have

D2^ + c) = b2D2^.

Relationship between two random variables is characterized by the 
covariance and the correlation. The covariance c(£, r?) of the random 
variables £ and r] is given by

n) = E[(e - E^T] - EW] = E(^) - E^E^.
In case of independent f and r} the covariance is zero because of the 
equality E^u) = E(£) • E(rf). Note that the independence of the random 
variables £ and rj is nőt implied by the equation c(£, rj) = 0. Normalizing 
the covariance with the standard deviations the correlation coefficient 
r(€, p) is obtained as

fll6l rfen1_ _ E[(^ - E(^(p - E(p))]

While the covariance between two random variables can be very great 
(or small) for the correlation coefficient r we always have the inequali- 
ties — 1 r < +1; this can be deduced from the inequality E2^^) < 
= ^(f2) ' E(r)2). If r = +1 or r = -1 then the two random variables are 
in a close relationship; in fact one of them is a linear function of the other.

The relation D2(£) = c(£, f) is true, thus we may write for the random 
variables &, • • •, fn

\.=i / í=i/=i

an equation which is sometimes useful. For the variance of the sum of 
two random variables we have
(1 17) + r,} = + 1)2 W + 2E^ ~ 2E^E^

= D2^) + D2M + 2c^,rl),

that is the equality D2(£ + ’f) = D‘W + D2(r)) holds for variables £ and 
*7 with zero covariance only.
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1.3. Transformation theorems

When discussing the methods of random number generation the fol­
lowing theorems will be needed to show how upon the transformation of 
a random variable is its density function changing.

Let ( be a continuous random variable with density function f(x), 
distribution function F(x), possible values of £ are in the interval [a,b\. 
Let the function y = T(x) be a differentiable and monotone increasing 
(or monotone decreasing) in the interval [a,b], its inverse is denoted by 
x = T~\y).

Theorem 1. The density function of the random variable rj = T^) is

Proof. Assume that T(x) is monotone increasing, the proof of the other 
case is quite similar. The distribution function of the random variable 

can be expressed as

G(y) = P^ < y) = P(T(£) < y) = P^ < T^y)) = F(T~\y)).

Differentiating the last expression on the right-hand side with respect to 
the variable y the desired result is obtained.

A similar theorem holds fór the multivariable case, too. Let f = 
= (Ci, €2, • • ■, ín) be a continuous random vector, whose possible values 
are in the domain D, its density function is /(x) (see Fig. 4).

Fig. 4. Transformation T projecting domain D intő domain D
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Consider now the one-to-one transformation rjr = ti (fi, fn)5 
^2 = *2 (fi, • • •, ^n), .-.,Tln= • • •, M given by the functions
ti, Í2, ..., tn which projects the domain D intő the domain D', that is 
using the notation T = (ti,... ,tn) we have

D' = {y = T(x),xeP}.
The inverse transformation projecting D1 intő D is denoted by x = 
^(y).

Theorem 2. The density function ^(y) of the random vector r) — 

s(y) =/(^‘(yDI^-j^l.

dT~l
where the expression I--------stands fór the Jacobian of the inverse 

dy '
transformation T-1.

Proof. The density function ^(y) of the random vector rj = T(f) is — 
by definition — the function, fór which the equation

e E') =f g(y)dy
E'

holds in case of any domain E' inside D'. On the other hand we can write 
fór the domain E = T~1 (E') C D the equation

P{ri e E'} = P(T^) € E1) = P(( € T^ÍE1}) = P(£ £ E) =f /(x)dx.
E

Substituting in the integrál the variable y = T(x) we obtain

p(i e E1) =f /(T-'MJI^^My 
E E1

which compared to the expression defining the density function g (y) yields 
the required result.

1.4. Statistical estimators and tests

A set of certain objects together with a numerical value related to them 
is called a statistical population. Such a statistical population may be 
constituted by the inhabitants of a city and their heights or a river with 
the possible water levels during a year. From a mathematical point of 
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view the statistical population can be viewed as a probabilistic field, e 
numerical value attached to its element as a random variable. In this 
sense we can speak about the distribution of the statistical population 
Assume that the type of the distribution is known bút nőt the numenca 
values of the parameters. Then the usual procedure in statistics will 
be taking a sample from the statistical population fór determining the 
unknown parameter(s); these samples are the values xi,...,xn an a 
function of these values is used fór estimating the correct
value of the paraméter in concern. This function t is called the estimator 
of the paraméter sought fór.

An estimator t of the paraméter p is called unbiased, if its expected 
value equals the paraméter, that is

p = E(t) = E^Xi,... ,in)).

An estimator is considered better than another one, ifit has less variance, 
which means that it will probably deviate from the expected value p to 
a lesser extent than the other estimator. If there exists an estimator ío 
amongst the unbiased estimators having the smallest variance it is called 
an efficient estimator. If fór example the paraméter p is the expected value 
of a distribution, then the estimator t(xx... ,xn) = -(«i + • • • + ®n) 18 
an unbiased estimator of p. Generally the determination of an efficient 
estimator is a rather difficult task, so frequently one is satisfied with a 
linear estimator which has the smallest variance, that is only the linear 
functions are considered amongst the possible functions t. The above 
estimator of the expected value is exactly of this type, that is out of t e 
unbiased linear estimators , x^ = bixi + ■ • • + bnxn, bi + ...+
+bn = 1, the estimator t(n,... ,xn) = ~(xn + ... + xn) has the smallest

The deviation between the unbiased estimator t and the looked fór 
paraméter value p is of random natúré, it is characterized by a confi- 
dence-interval. This means that an interval containmg p is given and the 
estimator t falls intő this interval with great probability: fór any e > 0, 
we can give a value h that P{p - h < t < p + h} = 1 - ff holds, in practice 
the use of 1 - e = 0.95 is frequent and gives satisfactory results in most 

^^more samples can be taken from the statistical population at the 
same time, which are dependent on each other, then this property can 
be exploited in constructing the estimator. Assume that we want to 
estimate the value of the paraméter p, where it is known, that fór the 
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samples x\,... ,xn we have x, — bfp + S, where bi is a given constant (in 
simple cases it equals 1) <5, is a random error, whose expected value is 
0, furthermore the covariance mátrix C = (c,y) is known, Cij = c(xi,Xj). 
Then

(1.18) t(xi, ...,xn) = (b'C’^bC^x

is an unbiased and minimum variance linear estimator of the paraméter 
p, and the variance of this estimator is (b'C xb) 1. This construction 
can be extended to cover the multidimensional case. If an estimator is 
to be constructed fór the unknown vector p and we have the samples Xi 
as X, = 2 bijPj + Sí where bij is a constant obtained from the sampling 

j
or determined by the statistical population, Sí is a random “nőise” with 
expected value 0, C is the covariance mátrix of the errors Sí, then

t(n,...,zn) = (B'C^B^B^C^x

is an unbiased estimator of p and has the minimum variance 
((B'C^B)-1) among the linear estimators.

Frequently one encounters situations when the problem is nőt to deter- 
mine the numerical value of a paraméter bút answer the question whether 
a hypothesis on a paraméter of the given distribution is true or the sta­
tistical population’s distribution is of the assumed type or nőt. Such 
questions can be answered by the help of the statistical tests.

All statistical tests are constructed along the following generál guide- 
lines. Assume that the population, that is, the samples taken from it 
are distributed according to a given distribution function. This hypoth­
esis Ho will serve us as a starting point. If this hypothesis is true, then 
another property, derived from the hypothesis Ho will alsó be true fór a 
function d(xi,...,in) of the samples xi, ...,xn.

We are able to check this derived — secondary by its natúré — property 
only, nőt the primary hypothesis Ho- Thus a statistical test consists 
of constructing and testing the existence of such a secondary property. 
Since we work with random quantities, this testing can be examined and 
accepted in probabilistic terms only, that is one can check only whether 
a property of the samples is true with a great enough probability. This 
latter means, that if we test this particular property several times, that is 
the function d(xi, ■. • ,rn) is evaluated several times fór different sample- 
batches, then in most of the cases the hypothesis holds. If we check 
only once the existence of the property, then according to the previous 
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reasoning we may expect that the more frequent case, i.e. the case of 
greater probability will happen.

A statistical test is then carried out in the following steps. First, the 
test is constructed, second by the aid of a sample the soundness of the 
hypothesis is decided. The construction of the test involves the forrnu- 
lation of the hypothesis Ho and from it a property of the hypothesis is 
deduced that is the function d corresponding to this property is defined. 
Completion of a test means taking a sample xi,...,xn from the statistical 
variety, evaluation of the function value d(xi,..., zn) and finally scruti- 
nizing the obtained value whether it possesses the property looked fór or 
nőt, that is the theory is confronted with practice. In case the practice 
conforms with the theory, then the test is said to be accepted and the 
initial hypothesis Ho on the distribution is judged to be true, while if the 
required property does nőt hold then the initial hypothesis is rejected as 
false.

The essence of constructing and applying statistical tests may be illus- 
trated by the following example. We are in a river on a boát and would 
like to know whether presently the boát is in deep water or near to the 
riverbank. The hypothesis Ho is that we are in the middle of the river. 
From this it follows that if a pole is pushed downward, until contact, i.e. 
the riverbed, then the pole should be wet at least on a 4-meter part of it. 
After setting up this theoretical model we test it: the pole is pushed down 
until it gives way and puliing back the length of its wet part is measured. 
If it is longer then 4 meter the hypothesis is accepted, otherwise rejected. 
(Of course to make this crude example statistically valid, somé conditions 
are to be observed: the boát should be drifting down the river, the pole 
is to be pushed down several times, etc.)

We have two types of error when applying statistical tests. An error 
of type I occurs if the hypothesis is rejected bút it is true and the error 
is of type II if it is accepted though it is false. Remaining at the previous 
example an error may result if in the shallow water we pushed the pole 
intő an underwater pit, and it became wet on a long portion or if in deep 
water the pole has been stuck in another boát, or rock and it remained 
dry. In this latter case the error is of type I, while in the first case it was 
of type II.

In statistical tests the presence of a property is required with a prob­
ability 1 - e. The probability of the first-type error is £, so it can be 
decreased to an arbitrarily small value. We want stress here the subtle 
formulation of the description of tests: if we accept a hypothesis it does 
nőt mean, that the hypothesis is true, all what we say is that the sample 
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does nőt contradict the hypothesis and so we have no reason to reject the 
hypothesis.

1.5. Notes

At the end of each chapter we give somé historical remarks and biblio- 
graphical notes pertaining to the presented matéria!. On one side we try 
to show and illustrate the development of certain problem exposures, top- 
ics and Solutions with somé remarks, on the other advanced researchers 
wishing to get involved deeper in this branch of Science are helped by 
citing references used — generally here can one find the omitted proofs 
— and giving further relevant papers.

A great many of the ideas presented in the book are of folklóré type, 
that is more persons seem to know them, use them, so it is rather hard 
to pinpoint the original authot. In such cases we either give the author 
of the earliest publication known to us, or we do nőt give any references.

For generál introduction and overview of the field of random num­
ber generators and simulation the valuable book of Hammersley and 
Handscomb (1964) on Monté Carlo methods, the books of Ahrens and 
Dieter (1974) on random number generators, the work of Knuth (1969) on 
computational aspects, Sobol’s (1978) book on simulational applications 
can be recommended. Researchers may use Rubinstein’s (1981) mono- 
graph, Bratley, Fox, Schrage’s (1983) book on simulation, the extensive 
work of Devroye (1986) on random number generation, two review pa­
pers of Schmeiser (1980), (1981); and Sowey’s (1986) bibliography which 
is the most recent one.

The notations introduced and used in Chapter 1 to describe the basics 
of probability theory are mostly along the lines of Prékopa’s book.
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CHAPTER 2

GENERATION OF UNIFORMLY DISTRIBUTED 
RANDOM NUMBERS

2.1. Introduction

In different types of Monté Carlo calculations realizations of random vari­
ables are required. These numerical realizations — to be used in actual 
computations are to be produced somé way or other. If these numbers are 
independent and random realizations of random variables, then the un- 
derlying probability theory ensures the applicability of the Monté Carlo 
methods and the soundness of the results.

In practice three methods are employed to produce uniformly distrib­
uted random numbers. (First, we deal with manufactunng uniform ran­
dom numbers only because on one hand such numbers can be produced 
in a relatively easy and fást way on the other using somé transforma- 
tions uniformly distributed numbers can be converted intő numbers with 
any desired distributions.) The produced uniform numbers depending on 
their way of manufacturing are called natural random numbers, quasir­
andom numbers and pseudorandom numbers. The reader may ask why 
are we speaking about different types of random numbers. The teáson 
behind this is that there is nőt a generally accepted exact definition of 
the concept of random numbers. In probability theory an event is called 
random, if we do nőt know all the reasons of the event, so we cannot 
predict it. Fór example throwing a dice is a random event, since we do 
nőt know the forces effecting it, the distribution of its mass, the density 
of the air, etc., so we are unable to determine the outcome of a rolling. 
The three different types of random numbers are three possible ways of 
bridging the gap between the abstract concept of randomness and the 
actual reál life phenomena.

In case of random numbers the question is the following. Let £ be a 
random variable, uniformly distributed in the interval [0,1) and consider a 
finite or infinite sequence of numbers Xi, X2> ■ • • > xn> • • • from the interval 
[0,1). Can we deem the numbers íj, $2, ■ ■ ■ > xn be the realizations of 
the random variable f and if so how can we produce similar sequences? 
Several answers are possible to this question.

An answer is that several mathematically sound definitions can be 
formulated fór the concept of a sequence of random numbers. Choosing 
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one of the definitions we can proceed by checking the assumptions made to 
determine the randomness of a sequence and produce random sequences. 
Theoretically this would be the most satisfactory solution to our problem, 
in actual computations it probably never was applied though.

Another answer may be based on using “reál” random numbers pro­
duced by a physical gadget or observing the outcomes of a natural physical 
phenomenon, and these values, called natural random numbers are used 
in actual computations.

According to a third answer this question is nőt the proper one, in- 
stead of the use of random numbers that give relatively bad results with 
slow convergence we have to look fór carefully selected numbers by the 
aid of which certain problems can be solved easily, with satisfactory con­
vergence speed. These numbers are called quasirandom numbers and the 
theoretical background justifying the use of such numbers are called the 
quasi-Monte Carlo methods.

Finally the most frequent opinion; these numbers do nőt have to be 
random numbers, it is quite sufficient if they seem to be random. Num­
bers of this type are produced (generated) on computers by the aid of al­
gorithms (generators) and they are called pseudorandom numbers. These 
numbers, similarly to the previously discussed quasirandom numbers, are 
completely deterministic ones, the only difference is that pseudorandom 
numbers may and do depend on the initial value and a couple of param- 
eters. The use of pseudorandom numbers in Monté Carlo computation 
is carried out with a certain common sense and somé optimism, that 
are substitutes fór the rigid mathematical justification. Common sense 
dictates nőt to test these pseudorandom numbers with full thoroughness 
whether they are random or nőt, just a few basic tests are used to check 
out the initial hypotheses on randomness of these numbers. Afterwards 
we proceed in an optimistic way, believing that this sequence of numbers 
would pass any other — theoretically an infinite number of — tests, and 
what is most important, would solve the problem we have at hand with 
satisfactory precision.

As a matter of fact we are nőt really interested in the question, whether 
the pseudorandom sequence would pass the tests derived to check upon 
the initial hypothesis on its distribution, and other similar hypotheses, 
bút the solitary most important question is whether our problem can be 
solved using this sequence or nőt. In computational practice it is a usual 
procedure to test the pseudorandom numbers (i.e. the generators) by 
solving a problem, similar in structure to the one we have to solve whose 
solution is known or can be evaluated with another technique. If the 
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result obtained through the use of pseudorandom numbers is near enough 
to the exact result, then these pseudorandom numbers can be used with 
expectedly similar accuracy to solve problems of this type. This reasoning 
though theoretically is nőt exactly sound, in actual computations gives 
very good results, the practice verifies the inexact theory.

2.2. The concept of random sequence

Several possibilities exist fór formulating the concept of a random se­
quence in exact mathematical definitions. Somé of them are elaborated 
here.

Fór the sake of simplicity our treatment is restricted to the sequence of 
numbers uniformly distributed in the [0,1) interval and integer numbers 
originating from the discrete uniform distribution defined on the values 
1,2,...,m.

Let the random variable £ be uniformly distributed in the interval 
[0,1), ui,«25 ■ ■ • ,un, ■ • • being numbers from the interval [0,1). We aim at 
defining the random sequence so that on one side it contains as many 
of the properties of £ as possible, on the other side there exists at least 
one sequence, complying with the definition and it is easily computable. 
Arbitrarily many characteristics of the random variable £ can be derived, 
bút only a few of them, the most typical ones according to our intu­
itíve feeling of randomness will be required in order to call a sequence 
ui,..., un,... random.

According to the definition of uniformity we have

P(^[a,b)) = b-a

fór any interval [a,b) C [0,1). This property is easily reformulated fór a 
sequence of numbers. An infinite sequence of numbers ui,..., un,... is 
called 1-uniform, if

i- "(n) ihm ----- — b - an—»co n

holds fór any interval [a,6) C [0,1), where p(n) denotes the number of 
the values inside the interval [a,&), = #{uí | a < Ui <
< b, i — 1,..., n}, that is the probability of being in an interval should 
be proportional to the length of the interval. This 1-uniformity does nőt 
pose a strong restriction on the sequence of numbers, since if uj,..., un ... 
is 1-uniform then the sequence ui/2, 1 - U2/2, U3/2, 1 - uu/2,... is
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1-uniform, too, even fór the fact that in this latter sequence a number 
in [0,1/2) is always followed by a number in [1/2,1) which contradicts 
our sense of randomness. The dependency of the successive numbers is 
at least limited if the sequence is required to satisfy the fc-dimensional 
generalization of the 1-uniformity. This is the following

Definition 1. The infinite sequence ui,un,... is called fc-uniform, 
if fór the fc-dimensional points Xi = («i,... >«&)> x2 = (uk+i> ■ • • ,u2k), 
..., x, = , uqk) we have

(2.1) lim = Vd,

fór any domain D inside the Á:-dimensional unit cube K — {y | 0 y 1}, 
where Vp is the volume of the domain D and Pp (n) is the number of the 
points Xi,... ,xn falling intő D, = # íx« I x« € D, i = 1, .. ., n}.

This definition is the natural extension of the 1-uniformity. A similar 
definition can be given fór a discrete uniform distribution.

Definition 2. The infinite sequence of the digits ji,..., Jn, •. • 
(base b) is called A:-uniform, if fór any given k digit number b^, bí, ■ ■ • ,bk 
(0 < ji, bi < b) the relation 

holds, where denotes the number of those k digit numbers 
M+1 • • • J(«+l)k> » = 0,..., n - 1, that are equal to bi... bk, that is p(n) = 
= #{m+i • • • I jik+i • • • j(i+i)k = h-h> t = 0,..., n - 1}.

This definition has the advantageous property that once a sequence 
is fc-uniform, it is (k - l)-uniform at the same time. Logically from a 
random sequence one expects high order uniformity. This necessitates in 
formulating

Definition 3. An infinite sequence ui,...,un is oo-uniform fór any 
natural number k.

The oo-uniformity, of a sequence in itself ensures the existence oí sev- 
eral desirable properties what are expected to be attnbuted to a ran­
dom sequence. Fór example it can be shown that an oo-uniform se­
quence behaves in many statistical tests as random, i.e. if in the test 
the initial hypothesis is the uniform distribution then it is, because of the 
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oo-uniformity, accepted. Examples of such statistical tests are the per- 
mutation test, the pairwise correlation, the sequence, the t-maximum, 
the runs up and down, the gap and the poker test (see Section 2.8). 
On the other side it can be proved, that a random uniform sequence (a 
sequence of the realizations of a random variable) is always oo-uniform 
(with probability 1), which means that the randomness and the oo-uni- 
formity is almost equivalent. Thus the following definition of randomness 
is reasonable.

Definition 4. An oo-uniform infinite sequence is called random.
Based on our intuitíve perception of a random sequence one would 

expect that if the infinite sequence ui,.. ., un,... is random than its sub- 
sequences should alsó be random. Bút the oo-uniformity of a sequence 
does nőt imply the oo-uniformity of its subsequences. Therefore Defini­
tion 4 is to be modified in such a way that the sequence ui,... ,un>... is 
called random if almost all of its subsequences are alsó oo-uniform (sub­
sequences obtained via “simple” rules from the original sequence we 
refer the precise formulation for sake of simplicity).

It is difficult to see how can we interpret the randomness of a finite se­
quence. Since in simulation almost always we work with finite sequences, 
such a definition is very desirable. Since the limits in expressions (2.1) 
and (2.2) do nőt have sense in this case, we have to seek other ways. Two 
possibilities are mentioned here how the concept of randomness can be 
defined for finite sequences.

Consider a finite sequence of digits Ji, - ■ • ,jN in base 0 = Á < 
i=l,...,N and let p(A) denote the number of occurrences of the event 
A which is defined for

Definition 5. The event A has an approximate probability p if

and for this we use the notation P(A) « p.

This inequality is in accordance with the definition of probability; the 
longer is the sequence the smaller is the deviation of the relatíve fre- 
quency from the probability. Using this definition we can formulate the 
fc-uniformity for finite sequences as
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Definition 6. The sequence ji, ■ ■ ■ ,JN is /c-uniform if

P(jqk+1 • • -j(q+l)k = &1 • • -bk) ~

fór any k digit number &i... b^ in base b, 0 < bi < b.

Contrary to the situation encountered in connection with infinite se­
quences, if a finite sequence is fc-uniform, it does nőt follow that the 
sequence is (k — l)-uniform. Nevertheless the randomness is formulated 
on the base of A:-uniformity.

Definition 7. A finite sequence of digits Ji, • • ■ ,Jn is base b is called 
random, if it is fc-uniform fór any k < lógj, N.

According to this definition the longer is the sequence the higher uni­
formity is required from the sequence in order to be able to call it random.

Example 1. Let b = 2, N = 3, then k < log2 3. Thus a sequence of 
3 binary bits ji,^, j3 has to satisfy the 1-uniformity only and this is the 
condition requiring

PUi = M « 2'

From this one can obtain the inequality 

rw- that is - 0.2 < 3.2

fór the frequency v(N) which means no restrictions on jijijs- Con- 
sequently any sequence of 3 bits is called random according to Defini­
tion 7.

Example 2. Let b = 2, N = 6, then the sequence ji,... ,j& is to be 
1-uniform and 2-uniform. From the 1-uniformity similarly to the above 
we obtain 1 < < 5
while the 2-uniformity gives the meaningless 0 < < 3 restriction

means here the number of the bit bi among the bits ji,..., je, 
means the number of occurrences of the pair bib^. Consequentl> 

from the sequences of six bits those are random in the sense of Defini­
tion 7 which contain at least one 0 and at least one 1, this altogether 
gives us 26 - 2 random sequences of length 6.

The randomness of a finite sequence can be defined in the hght of the 
remark after Definition 4. Consider a set B of algorithms, that determine 
a subset t'i,... ,im of the indices 1,2,..., N.
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Definition 8. A sequence of digits ji,..., jw in base b is called (n,e) 
random with respect to the algorithm set B if fór any index sequence 
ii,.. ,,im determined by an algorithm from B we have either
(i) m < n, or

1 /■ • x 1
(") ~ j

where Vcijin - • ■ >3im) denotes the number of occurrences of the digit c 
among the numbers j,,,..., jim (0 í c < b).

Actually, if the sequence is long enough the definition requires that it be 
1-uniform. According to this definition of randomness there exist random 
sequences, if the algorithms in B are nőt too numerous and sophisticated, 
compared to the value of N.

Example 3. Consider the following rules fór selecting a subsequence 
of indices
(i) Take the whole sequence

(ii) Select the odd indices
(iii) Take the indices from the first element to the half of the sequences 

and one more (the next one).
Consider the sequence of binary bits (6 = 2). It will be

(4, -) random with respect to the algorithm set ((i), (ii) and (iii)) if the 
8 . . ,following conditions hold

1. 1/. X 1 / 1 U- Ká(jl + --- + j8) - ö ö> Whlch 
ö Z ö

means that there are three, four

2.

3.

or five zeros in the sequence.
1 / . . . .. 
7 J1 +j3 +j5 + 31} 4 \

odd indices are zero.
1 . . -x 1
7 Ül + ■ ■ • + 3$) ~ 9

< 1
= 8’

„ 1 , . ,< which
- 8

that is exactly two elements with

means that among the first five

elements, there shou d be two or three zeros.

1

There are sequences satisfying the restrictions 1, 2 and 3, fór example 

the sequence 10011001 is (4, -) random.
If the number of selecting algorithms in the set B is increased (or 

their sophistication), then fór any given N we can reach a point where 
no (n,s) random sequence exists. On the other hand according to a 
theorem we know that if the number of algorithms in B is less than 
1
2 eXp{2ne2(l - e)}, then there exists an (n,s) random sequence always.
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2.3. Natural random numbers

Assignment of a numerical value to a state of a physical system or a 
natural phenomenon may provide us with a source of natural numbers. 
As a basis of this procedure of course we choose a phenomenon exhibiting 
random behaviour, fór example it may be a “noisy” telecommunication 
device and its nőise level, cosmic radiation or radioactive disintegration.

Special gadgets were manufactured in order to directly produce deci­
mai digits (electronic rulett), or throwing an icozaeder (a polyeder with 
20 facets, where each of the digits 0,1,... ,9 was written on two facets) 
and recording the outcomes alsó can serve as a source of random numbers. 
We will investigate only the case of producing a random sequence of bina­
ry digits, that is we want to produce an infinite sequence by, b%,... bn ... 
of zeros and ones, such that the two digits are occurring with equal prob­
ability 1/2, and bj+\ is independent from b,, i = l,...,j. Writing k 
digits from such a sequence one after the other as u, = 0, ,..., fy+fc,
this number in base 2 will be uniformly distributed in the interval [0,1). 
Two devices’ structure will be outlined here that may produce a random 
sequence bi,..., bn,... .

Consider a noisy telecommunication device, such as a phone line, or a 
transistor, that can be augmented by a measuring and signalling device. 
This device is capable of registering the number of the events, whenever 
the nőise climbed over a critical nőise level c during a fixed time period 
At (Fig. 5). If the number is even, we will register a 0, otherwise a 1. By 
a correct choice of At and c a good random sequence can be produced. 
If simultaneously k devices are operating in a parallel way, then during 
the time At we can obtain a random number with k bits, uniformly 
distributed in [0,11.

t ti"*

Fig. 5. Random nőise produced by a “noisy” system
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Another, more sophisticated equipment fór generating natural random 
numbers was a gamma partiele emanating source, a gamma partidé mé­
ter, 4000 detectors and a clock generátor giving signals in At time apart 
(Fig. 6).

Fig. 6. Natural random number generátor based on radioactive matéria!

The number of emanated gamma particles from the first clock signal 
to the second clock signal is registered by the first detector, from the 
second clock signal to the third one the number of particles are registered 
by the second detector, the third detector counts the particles up to 
the fourth clock signal and so forth, Sí will denote the number of the 
registered gamma particles by the íth detector during the relevant time- 
period At (í = 1,... ,4000). The whole procedure is repeated from the 
beginning, yielding the numbers Sl, and a third time going through the 
same routine, the numbers S” are gained. Consider now the last (least 
significant) bit bi in the binary form of the sum S, + S- + S" as a random 
bit, then this procedure gives us 4000 random bits in one step (in 3At 
time). j i

Up to now we tacitly assumed, that the subsequent bits produced 
by this or somé other machinery are independent of each other and the 
probability of occurrence of the zeros and ones is equal. If this second 
assumption does nőt hold, that is the probability of zero’s occurrence is 
p, the probability of a 1 is 1 - p we can still remedy the situation in the 
following way. Both pairs (0,1) and (1,0) occur with equal probability 
p(l _ provided the subsequent bits bi and bi+1 are independent of 
each other. Split up the original bit sequence íq, b2, ■ ■ intő the pairs 
(bi b2),(b3,b4),... and simply delete the pairs (0,0) and (1,1) whenever 
they occur. Define now b'- - 0 if the íth pair is (0,1) and = 1 otherwise.
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In this new sequence b^b^, ■ ■ ■ ,b'n,.. ■ the probability of 0-s and 1-s is 
equal.

Several objections can be raised against the use of natural random 
numbers. The sequence cannot be repeated though it is frequently desir- 
able when comparing results of tests or debugging programs. The physi- 
cal devices should be kept under constant surveillance to ensure that the 
produced sequence is still random and has the desired distribution or its 
distribution has been distorted because of the device s wearing out. It is 
quite possible furthermore that the distribution of the produced sequence 
is slightly different from the desired one because of a defect in the de­
vice bút this distortion can be detected only after a longer time period, 
when the distortion has caused somé fatal defect in the computation that 
is hardly curable if at all. A partial remedy to these problems can be 
achieved by carefully checking out a sequence and storing the same on a 
magnetic tape.

Natural random numbers comprised in tables were published in several 
books (a small table is reproduced in Chapter 5). These are generally 
natural random numbers thoroughly tested. In case of computer use these 
numbers are stored on magnetic tapes or disks. 'Ihe tables can be used 
for small examples in hand calculations, the numbers stored on magnetic 
tapes are of practical importance. A frequent objection to their use is 
that the sequence of numbers is nőt infinite bút very limited. If more 
runs are to be performed, or calculations with heavy demand on random 
numbers are done then the resources of a tableau or a magnetic tape 
can easily be exhausted. 10$—10^ numbers that are contained in most 
tableaus are frequently required in practical computations. Furthermore 
we do nőt want to use all the tabulated numbers bút only *.0-30% of 
them in one calculation in order to retain randomness. The randomness 
and the number of random quantities can be increased by using differ­
ent “reading” rules: every third number is used only, or somé bits are 
deleted, etc. As an advantage of natural random numbers stored on a 
magnetic tape, we have to note they can be tested very thoroughly by 
several statistical tests in advance, discarding the nonrandomly behaving 
portions of the sequence.

2.4. Quasirandom numbers

Realizations of random variables can be substituted by quasirandom 
numbers. As later we will see, all Monté Carlo problems can be described 
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as multidimensional integrals, sometimes with a very high dimensionality, 
though. If our problem is the evaluation of an integrál whose integration 
domain is an n-dimensional rectangle then we can use the well-developed 
theory of the quasirandom numbers’ application, that is described in this 
point.

Consider the problem of evaluating the integrál

(2.3) !=/.../f(x)dx.
0 0

The value / is approximated by the sum

(2-4) 0 = -(/(í(1)) + --- + /(íw))> 
n

where the points are located in the n-dimensional
unit cube K = {x | 0 < x < 1}. If the points .... are random 
vectors, uniformly distributed in K, then it can be proved easily, that the 
error of approximating the integrál is of order 1/y/N, that is

(2-5) /- 0| < c -1 Vn
holds with somé constant c (see Section 6.4). The point of applying 
quasirandom points is that fór certain fixed point sequences , £ N
(quasirandom points) the magnitude of error is of (logJV)/2V instead of 

the ■ 7= characteristic fór Monté Carlo method and the random points.

To present the theory somé new definitions are to be introducea.
Consider the n-dimensional brick B = {x | 0 < x < b} inside the 

cube K, given by the vector 0 < b < 1, its volume is 6x62, ■■■,bn. Let 
S : (f^\ • • • , í^) be a fixed point sequence in cube K, the number of 
points inside B will be denoted by ^(b), i.e. //(b) = | G B,
i = 1,..., N}. Then the uniformity of the sequence S in the cube K can 
be measured by the difference

(2-6)

which gives the difference between the relative frequence and the proba­
bility of the event that a point falls intő B. This difference (2.6) is alsó 
called local discrepancy.

36



Definition 1. The (global) discrepancy of the sequence S = ({W, ..., 
í^) is the quantity

(2.7) Dn(S) = sup 77 ^(b) - Nbibí ... 6n|.
beK N

The smaller is the discrepancy of a sequence, the more evenly is the 
sequence spread in the cube K.

The variation of the function g(x) of one variable is the smallest con­
stant V(g) which is an upper bound fór the sum

(2.8)
»=1

fór any m and splitting points 0 < xi < ... < xm < 1. If V(g) is finite, 
then the function g is called of finite variation. This definition can be 
extended to the multidimensional case; we give the definitions fór the 
two-dimensional function only fór the sake of simplicity.

Consider the two-dimensional unit square K = {(x,y) | 0 < x, y < 1} 
and divisions of sides given by the point sequences xi, x%,... ,xm and 
Vi>y2> • • •, W, where Xi < xi+i, y} < yj+i.

Definition 2. The two-dimensional Vitali variation of the function 
f(x,y) is

V2(J(x,y)) = lim sup l/í^+lí Wj+i) ~ /(®i+l>W)
.=i/=i

-f(xi,yí+í) + f(xi,yj)\.

If V2(/) is finite, then f(x,y) is of finite (Vitali) variation.
A function with finite variation is expected to be “smooth”. Functions 

twice differentiable are of finite variation. On the other hand, one can 
easily construct an example that has finite variation bút may be of very 
unpleasant shape; consider f(x,y) = h(x), that is f does nőt depend 
on y, it implies V2(/) = 0 no matter what shape h(x) has. To exclude 
such erratic behaviour it seems to be expedient to introduce the following 
slightly more stringent definition.

Definition 3. The function /(x,y) is called of finite variation in 
the sense of Hardy-Krause if the two- and one-dimensional variations 
V’2(/(x,y)))V'(/(a:)l)), V(/(l,y)) in the sense of Vitali are finite.

A sufficient condition to ensure the finite variation of a function in the 
sense of Hardy-Krause is if the existence of the continuous second-order 
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derivatives is ensured. Very simple example can be given to be of no finite 
variadon. Consider the function

f I 1 if x = y
J\x^y) [q otherwise.

This function is nőt of bounded variation; a function of bounded varia­
don may only have enumerable discontinuous points on the hyperplanes 
parallel to the coordinate axis.

Now we present the theorem without proof that provides us with e 
theoretical basis fór employing quasirandom points in multidimensional 
integration.

Theorem 1. If the function f(x, y) is of bounded variation in the sense 
of Hardy-Krause, a sequence S of points in the cube K is the product ot 
the one-dimensional sequences Sx and Sy, where

S = {(xí,yy) , i = l,...,m, j = l,...,k},
Sx={xí, í=l,...,m},

v = {yj, j = i,--,k},

then using the notation N = mk

11 f{x,y)dxdy ^y\f(x>y^Dmds)+

+ V(f(x, l^Dm{Sx) + V{f(l,y^Dk^Sy).

Based on this theorem one is inclined to construct point sequences 
S with low discrepancy fór numerical integration of functions (there is 
nothing we can do about the variations since it depends on the function). 
Somé of the known constructions will be described next. _

In the one-dimensional case the sequence S = (xm - (mű), 
m- 1 2 is of interest, where a is an irrational constant,
denotes the fraction part function, e.g. {3.14} = 0.14. According to a 
well-known number theoretical proof we have

lim D-n(S) — 0.
N—oo

The result can easily be modified fór the n-dimensional case. Consider 
the sequence S of the points xm, fór which
(2.9) = ({mai}, {ma2}, • ■ • > {man})

where are independent irrational numbers. (The numbers
a, ... an are called independent irrational numbers if they are the roots 
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of an at most (n 4- l)-st degree polynomial with integer coefficients, bút 
the equality cjai + . • • +cnctn — 0 with integer coefficients c, can hold fór 
q = 0, t = 1,..., n only.) Such a sequence S may be the one having the 
points xm = ({mx/2} {m^3},..., {m^}), where pn is the nth prime 
number. The following theorem is presented without proof, too.

Theorem 2. If the Fourier series of the function f is absolutely con- 
vergent and xm is the sequence given in (2.9), then with a constant c2 we
have

/I N 
/(x)

1 + lóg N 
= C2 ÍV

Another quasirandom sequence of low discrepancy, giving good ap- 
proximations to integrals can be constructed in the following way. Let 
the positive integer r be given in base b as r = • • • >am)b that is

r = am 4- bam-i + ... + bm

The function Fb(r) is defined on these integers as

^(r) = amb^1 + + ... + a^b m,

that can be perce ived as reflecting the number r to its decimai point. 
Let now pi, ■ ■ ■ , Pn-1 be the first n — 1 number and denote the sequence 
of the points
(2.10) Fpi(m), Fp2(m),..., Fpn-i(m))

by S'. Then the following theorem holds.

Theorem 3. We have with a constant c3 fór S' the inequality

) £ h—■

A lower bound can be established fór a quantity closely related to the 
discrepancy. Consider the square discrepancy given by

DnW =f (M(b)-lVb1...6„)2db
K

fór which it can be shown that the inequality

(2.11) D2n(S) > c4,„(log N)n^

is true with any sequence S (c4tn is a constant, dependent on n). This 
inequality gives a lower bound on the integration error that arises when 
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using quasirandom sequences. In somé dimensions sequences can be con- 
structed that have faster convergence rates than the ones in Theorem 2 
and Theorem 3, bút of course satisfying (2.11), too.

Example 1. The first couple of points in sequence (2.10) will be 
determined here in n = 3 dimensions working with binary numbers 
(6 = 2).

Table 1
The first quasirandom number by (2.10)

Thus the first six points from the sequence S are:

m m m F2(m) F3O™) F3(m)

binary trinary binary decimai trinary decimai

1 1 1 0.1 0.5 0.1 0.333

2 10 2 0.01 0.25 0.2 0.666
3 11 10 0.11 0.75 0.01 0.111
4 100 11 0.001 0.125 0.11 0.444
5 101 12 0.101 0.625 0.21 0.777

6 110 20 0.011 0.375 0.02 0.222

zi = ( 
i2 = ( 
Z3 = ( 
s4 = ( 
Z5 = ( 
Z6 = (

0.166, 
0.333, 
0.5, 
0.666, 
0.833, 
1.000,

0.5, 
0.25, 
0.75, 
0.125, 
0.625, 
0.375,

0.333).
0.666).
0.111)
0.444) 
0.777)
0.222)

Summarizing previous remarks the following assessment of quasiran- 
dom numbers can be made. Using random numbers fór evaluating inte- 
grals the error is of O^N'1/2), where N denotes the number of points 
employed, while the use of quasirandom numbers gives a substantially 
faster diminishing error O^N^/N). As a disadvantage of quasi- 
random numbers we can mention that the constants figuring in the error 
estimates cannot be evaluated generally, and sometimes they are very 
great rendering the application of quasirandom numbers impractical. If 
great batches of quasirandom numbers are needed then precision of a 
number representable on a computer may be a problem (or alternately 
the additional computational work required to carry out the calculations 
with increased accuracy e.g. in double precision) — this may be t he, case 
with the sequences of type {ma}, where fór numbers with m > 10 , six 
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digits of a will be lost. A further drawback is that quasirandom points 
can only be applied fór certain eláss of problems, integration over an n-di- 
mensional rectangle. There are no known results concerning construction 
of point sequences over a hypersphere or other domains, neither a result 
corresponding to Theorem 1. Bút on the other hand fór specific dimen­
sions (n = 3-8) very good results were obtained in evaluating integrals 
by quasirandom sequences.

2.5. Congruential generators

Pseudorandom numbers are produced by algorithms on digital com- 
puters. Numbers so obtained are completely deterministic, since the fixed 
algorithm and paraméter values together with a possible choice of an 
initial starting value determine the whole sequence, in practice we are 
satisfied with the semblance that these numbers appear as if they came 
from a random source. ., ,

Several algorithms can be used fór producing uniformly distributed 
pseudorandom numbers. The most frequently used type is ca e t e 
congruential generátor, this will be considered below in detail. We will 
limit ourselves to deal with the production of numbers Uf, uniformly 
distributed in the interval [0,1), fór numbers uniformly distributed in any 
interval [c,d) can be obtained by the linear transformation (d c)u{ + c 
from the numbers Uj.

Consider the recursive relationship
(2.12) zi+1 = bzi + r (mód m) i = 0,1,2,...
where b and m are positive integers, r > 0 is integer. Having fixed a 
nonnegative integer z0 as an initial value the numbers Z1>Z2,. z^ . 
can recursively be evaluated by (2.12) that in turn are used to obtain the 

values 
Ui = Zi/m, í = 1,2,...(2.13)

in the interval [0,1). The random number generátor based on the recur- 
sions (2.12) and (2.13) is called congruential generátor. (In the sequel if 
it is nőt explicitly stated otherwise the term “random number wi re er 
to pseudorandom number, similarly the term random number generátor 
means an algorithm capable of producing pseudorandom numbers.) The 
corresponding computer algorithm may be the following. Assume that 
the variable z holds the previously generated (last) value z or before the 
first activization of the algorithm z contains the initial value z0.
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UC Uniform, congruential

1. Set z ♦- bz + r.
2. Compute the residue z z (mód m).
3. Deliver the value u <- z/m as a number uniformly distributed in the 

interval [0,1).
In the description of algorithms the expression x +- y means transfer of 

the value, in FORTRAN the corresponding formula is x = y, in ALGOL 
the expression x := y has the same meaning. The word ‘'deliver” sig- 
nifies the end of the algorithm (in FORTRAN it would be replaced by 
RETURN), the calculations necessary to produce the number with the 
desired distribution are completed there.

The constant b is the multiplier of the generátor, r is the increment 
and m is the modulus. If the increment is zero (r = 0), then the generátor 
is called simple or pure congruential generátor, if r # 0 then it is a mixed 
congruential generátor. The advantage of a pure generátor over a mixed 
one is, that in evaluating the random number we need one addition less.

The properties of the sequence u, are dependent on the constants 
b, r, m and z0. In the sequei we will scrutinize the constraints under 
which the sequence tij will have desirable properties. Fór the sake of 
simplicity the sequence of numbers zí will be investigated instead of the 
sequence u,.

The most important property of the sequence is the number of different 
numbers appearing in the sequence. Any number zi+x is dependent on 
the previous number Zi thus if one value already evaluated recurs, it will 
mean repeating the same sequence, beginning with the recurring value.

Definition 1. The smallest integer number n, fór which the values Zf 
recur, that is Zi = zi+n is called the period of the generátor.

Example 1. Consider the congruential generátor

zi+x = 3z, + 7 (mód 15).

Using the initial value zq = 1 the generátor produces the sequence 1,10,7, 
13, 1,... that is the period is 4. If the initial value zq = 4 is used, then 
the sequence is 4,4,..., the period of the generátor is 1 only.

A congruential generátor can produce the numbers 0,1,..., m - 1 at 
most, which implies that the period of a generátor is m or less than m. 
What choice of the constants b, r, m and z0 will ensure that the maximum 
period is actually attained and what is the maximum period length fór 
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a given m (or b, etc.)? The random number generátor z,+i - zí + r 
corresponding to the choice of b = 1 is of no interest since the resultmg 
sequence can hardly be accused of random behaviour, thus the case b 1 
will be excluded from the further considerations. Furthermore we assume 
for the sake of simplicity, that z0 is repeated first, i.e. z0 = z0+n (mód m)

First it will be shown that only the generators with prime modulus 
should be of concern to us. Namely if m can be given as the product of 
two relative primes then the period belonging to the modulus m can be 
obtained through the following

Theorem 1. Let m = m^, where mi and m2 are relatíve primes. 
Denote the period length of the generátor with modulus m by n(m), then 
we have

(2.14) n(m) = lcm(n(mi), n(m2).

Proof. Let the sequences X{,yi,Zi, t — 1,2,... be given by the recur 
rence relationships

®<+1 = bxi + r (mód mj
y,+1 = byi + r (mód m2)
z,+i = bzi + r (mód m)

using the same initial value x0 = y0 = z0- According to the last con­

gruence we have z.+l=-_bzi + r + km

with somé integer constant k, and similarly _ zi iuo d d-
(mód mi) which by induction imphes
(2.15) ®t+i = *í+l (mod

mi being a divisor of m. Similarly we can dérivé

(2.16) Vi+i = ^+1 (mod
Using the notations m = n(mi), n2 = n(m2), n = n(m) for the period 
length of the generators we can wnte

Zo = ®0 = xo+m = ^o+nx (mod
zQ = yo = x0+n2 = *0+n3 (mod m2)

where the previous remarks and the definition of the period length were 
employed. Denote the least common multiple of ni and n2 by q, 
q = lcm(ni, n2) then the equations
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2o+9 = zq + kimi
ZQ+q — Zq + kim?

hold with somé integer constants ki and k2 which in turn implies kimi = 
kim^- According to our assumption mi and m2 are relatíve primes thus 
m2 is a divisor of ki which means

(2.17) z0+q — Zq (mód m),

that is the period length n — n(mim2) is a divisor of the least common 
multiple q = lcm(n(mi), ^(^2)) since q is an index fór which the sequence 
recurs in light of (2.17).

On the other side according to the definition we have

zo+n = zq (mód m),

that is zo+n - z0 = komink with somé integer constant kQ. It follows 
evidently, that

20+n - zq = 0 (mód mx),
ZQ+n - z0 = 0 (mód m2),

that is n is a repetition number fór both the Xi and the yt sequences. 
Both ni and n2 are divisors of n, since the period length is the smallest 
repetition number, which implies that q = lcm(ni,n2) is a divisor of n, 
too. This proves the assertion of the theorem.

An immediate consequence of this theorem is

Theorem 2. Let the modulus m of the congruential generátor be of 
the form m = ppp^2 •••?«’, where pi,... ,ps are relatíve primes, then the 
period length is

n(m) = lem (n (p*1), n (p'2),..., n fá’)).

Consider now the possible choices of the modulus m. A very comfort- 
able choice is m = 2e, where e is the number of the bits of the greatest 
integer in the computer, since in this case if the product bz,- is greater 
than m, then the greater part is immediately lost as a result of automatic 
overflow and the remaining part is exactly the product (mód m). One has 
nevertheless to exercise a certain amount of caution while using modulus 
of this type, m = 2e. Consider the generátor given by zt+1 = bzi + r 
(mód m), let d be a divisor of m and let x,+1 = bz, + r (mód d) a related 
generátor. Then similarly to the argumentation of Theorem 1 one can 
show that X{ = zí (mód d). This implies that the period of the num­
bers Xi is at most d. In other words if the modulus m = 2e was chosen 
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then a divisor of m is d = 23, which means that the last three bits of 
the generated numbers Zi will form a sequence with period length 8 at 
most (the last five bits will form a sequence with period length 32 in the 
most favourable case). The bottom line of this is that the lower bits of a 
sequence produced by a congruential generátor with m = 2e tend to be 
less random, and it has to be given attention in applications, especially 
if the lower bits of the numbers are separately used (e.g. fór producing 
random indices).

32 • 5 ■ 7- 13 • 17 • 241
2147483647
3 • 5 • 17 • 257 • 65537
31 71 127 ■ 122921
32 ■ 5■7 • 13264529
2351 ■ 4513 • 13264529
32 ■ 5 ■ 7 ■ 13 ■ 17 ■ 97 • 241 ■ 257 • 673
179951• 3203431780337
32 • 52 • 7 • 11 ■ 13 • 31 • 41 ■ 61 ■ 151 ■ 331 ■ 1321
72 • 73 • 127 • 337 • 92737 • 649657
3 • 5 ■ 17 • 257 • 641 ■ 65537 ■ 6700417

The period length attains the maximum m if only all the numbers 
between 0 and n - 1 will appear once, including 0 too. Assume z0 = 0. 
Repeatedly applying the recursive relation one can obtain

Another possible choice is if m = 2e — 1 is used: in this case the 
nonrandom behaviour of the less significant digits can be avoided too. In 
Table 2 we present the factorization of the modulus m = 2e — 1 fór the 
most frequently occurring word lengths e. Finally the m modulus can be 
the greatest prime representable in the computer. In this case evaluation 
of the remainder is nőt so easy as in the previous case bút the lower bits 
of the number will behave in a random manner and the period length is 
generally greater than the period length fór modulus m = 2e as we will 
see. The greatest primes in a computer with word length e are given in 
Table 3 fór the most frequent values of e.

Table 2

Prime factors of the modulus m — 2e — 1 

2e - 1

16
23
24
31
32
35
36
47
48
59
60
63
64

3-5-17-257
47 ■ 178481

- 1
Z, = 6-1 (mód m)
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as the íth term in the sequence. Hence to achieve maximum period 
length the numbers m and r should be relatíve primes. This and other 
necessary conditions to ensure maximum period length are summarized 
in the following theorem given without proof.

Table 3

The greatest prime numbers p, fór which p < 2'”

e P

16
23
24
31
32

65 521
8 388 593

16 777 213
2 147 483 649
4 294 967 291

35
36
47
48

34 359 738 337
68 719 476 731

140 737 488 355 213
281 474 976 710 597

59
60
63
64

576 460 752 303 423 433
1 152 921 504 606 846 883
9 223 372 036 854 775 783

18 446 744 073 709 551 557

Theorem 3. The random number generátor given by zl+1 = bz, + r 
(mód m) (r ^0, b 1, m = pe, where p is prime, e > 0 integer, pe > 2) 
has maximum period length n(m) = m if and only if

(i) r and m are relatíve primes
(ii) b = 1 (mód p)

(iii) b = 1 (mód 4) if p = 2.

Consider now the pure congruential generátor where r — 0. The max­
imum period length may be m - 1 at most, since if 0 turns out once, the 
generátor produces only zeros afterwards. Assuming the initial value zq 
and applying the recursive relation we have

Zi = b'zo (mód m)

which means that zq and b should be relatíve prime to m. We need somé 
more definitions to describe the necessary and sufficient conditions fór 
maximum period length.
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Definition 2. The smallest number A fór which

= 1 (mód pe~')

holds, where A is dependent on m — pe and b as well, and p; = gcd(t>,m) 
defines f, — is called the order of the number b with respect to the 
modulus m.

Definition 3. Those numbers b whose order with respect to the mod­
ulus m will be the maximum A — Á(m) are called primitive elements.

Since the order is the same as the period length of the generátor thus all 
we need is the primitive elements and their order. In the two subsequent 
theorems, the function A(m) is given without proof and the existence of 
the primitive elements is ensured.

Theorem 3. The maximum order with respect to modulus m = pe is 
denoted by A(m) and is given as

A^p-^p-l)

A(2S) =
if 
if 
if

if p is an odd prímé, 
e = 1 
e = 2 
e > 2.

' 1
< 2

. 2e~2
Theorem 4. Fór any modulus m there exists a primitive element b, 

whose order is A(m) and there are nőt numbers whose order is greater 
than A(m).

The next theorem gives properties of the primitive elements, that can 
be used towards finding primitive elements.

Theorem 5. The number b is a primitive element with respect to the 
modulus m = pe if

b~ 1
6 = 3

b = 3 or 5

mód 2 if pe = 2
mód 4 if pe — 4 
mód 8 pe 5 8, p = 2,

(ii) 1 (mód p) fór any prime divisor q of the number (p 1)
ifpisodd, e= 1 and 6^0 (mód p), or

(iii) b satisfies (ii) furthermore b^1 £ 1 (mód p2) if e > 1, p odd 
Summarizing all what has been said about the maximum period length

we can state
Theorem 6. The maximum period length of a random number gen­

erátor zi+1 = bz, (mód m) (b l,m = p%p prime, e integer) is A(m) and 
it is attained if and only if
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(i) zq and m are relatíve primes
(ii) b is a primitive element with respect to modulus m.

In the frequently encountered case of modulus m = 2e (where e de- 
notes the word length in bits on the computer) the attainable maximum 
period length is 2e~2 and the necessary condition to have this maximum 
is that b — 8k ± 3 with any integer k. Scrutinizing the relationship 
between consecutive numbers, that is their correlation it can be shown 
that the correlation will be the smallest if b is near to 2e~2£, where 
f = ^(x/5 - 1) ~ 0.618033 is the number from the golden section rule. 

This generátor (with modulus 2e) will supply us with 2e“2 numbers of 
the possible 2e numbers; to have them evenly distributed on the set of 
2e notches between 1 and 2" one needs the choice b = 5 (mód 8) fór it 
gives a better result than the one resulting from the other possible choice 
b = 3 (mód 8). The reason fór this difference is the following. If b = 3 
(mód 8) then starting with z0 = 1 all the produced numbers will be of 
form 8k + 1 and 8k + 3, thus the distance between neighbouring points 
u, in interval [0,1) will be 2/(2e) and 6/(2e) alternately. With the choice 
b = 5 (mód 8), zq = 1, the generated numbers Z{ will be of form 8k + 1 
and 8k + 5, consequently the distance between the points u, thus pro­
duced will always be 4/(2e) — that is the set of the possible 2e numbers 
is evenly covered.

Multipliers: b of form 8fc -t- 5 that 
are near 2e~2£

Table 4

6~2e-2i(x/5-l)

24
31
32

2 592 221
331 804 469
663 608 941

35
36
47
48

5 308 871 541
10 617 743 077

21 745 137 823 725
43 490 275 647 445

SUBROUTINE RANDU (U,R) 
DATA FACTOR /.../
R=DMOD (R*FACTOR, 1.0D0) 
U=SNGL(R)
RETURN
END
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Fór somé frequent word lengths the multiplicator b, satisfying the above 
conditions, is given in Table 3. Note further that the computer program 
or a pure (or multiplicative) congruential generátor is very simple, actu- 
ally it contains only two executable lines in FORTRAN where prior to 
the first call the variable FACTOR is given the multiplier value b and R 
is given l/(2e)- Note that this version requires R and FACTOR to be 
declared as of double precision. Alsó one can replace these two lines with 
the single line U=AMOD(U*FACTOR, 1.0) bút in this case one has to 
be content with numbers of poorer quality since deformations are likely 
to occur due to roundoff errors.

2.6. Linear recursive generators

Uniformly distributed random bit sequences are produced by the linear 
recursive generators or by another name shift register generators. Let the 
numbers ej,..., cp be constants, c, = 0 or c< = 1, bút cp = 1, and consider 
the p-fold recursive congruency
(2.18) Xk = ciXk-i + CíXk-2 + ■ ■ ■ + cpxk-p (mód 2)

and the bit sequence Xi,X2,..- produced by the same. Provided we are 
given an initial p-tuple of bits xi,..., xp the generation of the sequence is 
straightforward. The generátor based on the recurrence (2.18) is called 
linear recursive generátor (the procedure termed congruential generá­
tor is both linear and recursive, though) since the sequence produced 
«i,... ,xn is called linear recursive sequence in coding theory.

The period length of the sequence of the generated bits will be investi- 
gated next. Fór a fixed set of constants cb ... ,cp the bit xk is dependent 
only on the previous p-tuple Xk—i,• • •, Xk-p> hence the period length of 
the linear recursive generátor is the smallest integer, fór which the p-tuple 
xk~i,..., Xk-P is repeated. (Fór the sake of simplicity assume, that the 
first p-tuple repeated is the initial p-tuple xp,xp-i,... ,^i.) If we have 
a p-tuple of zeros then any subsequent bit will be 0, that is the period 
length may be 2P - 1 at most.

Theorem 1. The period attains its maximum (n = 2P - 1) if and only 
if the polynomial

f(x) = 1 + C1X + C2^2 + ■ • ■ + cPxp

is primitive over the finite field of the polynomials with coefficients 0 and 
1 (over GF (2)).
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If the polynomial corresponding to a generátor is primitive then all 
n = 2P - 1 possible p-tuples consisting of 0-s and 1-s will be gener-

1 \n A 1ated, that is - V' xk = which is a desirable property of the generátor, 
n ' 2

The algebraié background of linear recursive sequences is outlined m the 
Appendix.

Example. Consider the primitive trinomial + and the
corresponding generátor. (Note here that if f(x) is a primitive polynomial 
of order p, then xpf(x~i) is alsó primitive.) The generátor is based on 
the recurrence

(2.19) xk = xk-s + xt-s (mód 2).

If our initial sequence is xi = 1, X2 = 1, x^ = 0, xn = 1, x$ = 0 
then the generated sequence is as follows:

11010 10000 10010 11001 11110 00110 1

and from this bit the sequence will be repeated.
The advantage of the linear recursive generátor over the congruential 

generátor is that instead of performing a multiplication, in case of a 
trinomial an “exclusive or” is needed only, which is generally faster than 
the multiplication (Fig. 7).

Fig. 7. The “exclusive or” © operation

© 0 1

0

1

0 1

1 0

This “exclusive or” operation is denoted by ® and one can general­
ly find it among the assembly level instructions of a computer. Besides 
this “exclusive or” realisation of the algorithm of the generátor requires 
only shifts that can be executed in very short time too. Generators of 
this type can be hardware implernented easily, that is a unit can be built 
with very simple circuits, that will produce the random sequence. 1 his 
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is why in the engineering practice the linear recursive generators (though 
in essence they are alsó congruential generators, see the Appendix) are 
especially welconied.

Example. Consider the generátor based on the previously discussed 
congruency (2.19). The wiring realizing the generátor can be seen in 
Fig. 8.

Fig. 8. Wiring model correaponding to the generátor based on the primitive 
trinomial z5 + z3 + 1

The units 1,2,..., 5 are memory cells (registers) consisting the previ- 
ous 5-tuple (or the initial five bits, respectively). During the time interval 
△t the content of each memory unit is sílifted to the unit on the left, fur- 
thermore the contents of the registers 1 and 3 are summed up in the unit 
with sign ®, which executes an addition mód 2 and the sum is transferred 
intő register 5. After four more repetition the obtained set of five bits is 
the generated bit sequence, the new 5-tuple.

Consider the primitive trinomial xp + xq + 1. We describe the cor- 
responding computer algorithm fór generating a random bit sequence. 
Assume, that the word length in the computer is p bits and alsó denote 
m = p - q. The shift operation in the computer is executed by erasing 
the outshifted bits and filling in zeros in empty spaces, that is from the 
number 11111 after left-shifting by two bits we obtain 11100, such a shift 
operation can generally be found among the machine coded operations 
of the computers. As a preparation fill in the initial p-tuple of bits intő 
register A.

US Uniform, shifted
1. [The previous p-tuple is in register A.j Set B <— A and shift the 

content of B by m bits to the left.
2. Compute A «— A ® B.
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3. Replace B <— A and right shift register B by q bits.
4. Sum up the two registers once more A +— A®B and deliver the number 

u +— A2~p as uniformly distributed in [0,1).

Generally this algorithm is faster than the congruential generátor UC, 
— in both cases it is assumed, that the computer program is written in 
low level (assembly, machine code, etc.) language. A further disadvan- 
tage of the algorithm US — (besides the inconvenience of using assembly 
language — this is the only expedient way of implementation) is that the 
period length of the generátor in this form is 2P - 1 at most, where p 
denotes the word length of the computer p as well, that is p fixed. Divid- 
ing the bit sequence intő p bits the resulting numbers will have a period 
of (2P - l)/p; the subsequent numbers even if they do nőt repeat exact- 
ly the first numbers of the sequence, nevertheless they will show strong 
correlation with the beginning of the sequence. The (2P — l)/p different 
numbers in the case of a computer with p = 32 word length means about 
227 numbers which may nőt be a sufficient supply always so we need an 
enhancement of the basic method.

Example. The algorithm US corresponding to expression (2.19) per- 
forms the following operations using the initial sequence 11010. After the 
first step the content of register A which is denoted by (A) is 11010, that 
of B is (B) = 01000, after the second step (A) = 10010. In the third 
step (A) is nőt changed, bút we get (B) = 00010 while at the end of the 
algorithm in register A we have the required result, 10000, which is the 
next five bits in the sequence.

Let wj, W2 ..., wp be p empty words, which are filled in by the first bits 
of the sequence ii,... ,xn,... produced by the generátor of the polyno- 
mial xp + xq 1. The way of filling in the bits is the following. In the 
first bit of each word the first p bits of the sequence are placed, the first 
bit of wi will hold ári, the first bit of W2 will hold X2, etc., in the first bit 
of wp we have xp. Fix an integer k which is the delay index and in the 
second bit of the words w\,W2 . ■ ■ ,wp pút the bits Xi+*, X2+k, • • ■, xp+k- 
In the third bit of the words wi,...,wp the bits xi+2k,x2+2k>-• ■ ,xp+2k 
are written, etc. This procedure is repeated until the words Wi,... ,wp 
with word length e are nőt filled in. Then the generalized shift algorithm 
fór producing random words is the following.

As a preparation set the indices i and j to the initial values i «— 0, 
j ^-p-q.
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UGS Uniform, generalized shift
1. Increase the index i as i *— i + 1. If i > P then rését t «— 1.
2. Evaluate index j <— i + q. If j > p then decrease the index by p as 

j - p.
3. [Evaluate the “exclusive or” sum of the two words selected ] Set 

w, «— © Wj and deliver the number u «— wt2~f as uniformly
distributed in [0, 1).

Assume that the words w, are p bit long. Then it can be shown that if 
the initial words wi,..., wp are independent (the mátrix containing these 
words has linearly independent rows) then the length of the period of the 
words W{ is 2P - 1. Such a system of independent words can be easily 
constructed. (To choose the first word wi we have 2P-1 possibilities, there 
are 2P — 2 possibilities for choosing u>2, 2P — 4 possibilities for — since 
no linear combination of the Ö, wx and words is permitted — 2P - 8 
possibilities for w4, etc.) Thus in case of using a trinomial of order p = 100 
the period length may be very great (around 1030). The implementation 
of the computer algorithm UGS is essentially independent of p, we need 
to store p words only, so we can implement a version with arbitrarily great 
power p. A generátor having the value p = 500 will produce a sequence 
of numbers with period 2500 ~ 10150, that even by using a fást computer 
(generating 106 numbers in 1 sec) cannot be exhausted in 10130 years.

If the overall shift pk in constructing the initial p-tuple is less than the 
full period 2P — 1, then w\,... ,wp are linearly independent. (Indepen- 
dence is ensured if k is relatíve prime to 2P - 1 bút in an intuitíve way 
one feels that in case of pk > 2P — 1 very strong correlations occur among 
tu/s.) If the words wt are only of e bit long, e > p, what is generally 
the case than we will encounter the same words several times among the 
2P -1 generated words; nevertheless the period length remains 2P - 1, thus 
the period length and the choice of p effectively becomes independent of 
the length of the words in the computer.

A convenient way to initialize the words wi,...,wp is the following. 
Set the initial p-tuple to all ones, that is xi — ... = xp = 1. Run the 
original recurrence relation xp+i = Xi + Xi+q mód 2 l times (l = 5000 p 
should be a sufficient choice) which is aimed to decrease the effect of the 
all one p-tuple on the randomness. Start to fill in the bits . intő
the words wi,... ,wp in the way described, using a delay k = 100 p.

A linear recursive (or shift register or Tausworthe) generátor with a 
p such that 2P — 1 is alsó a prime (these are called Mersenne primes) is 
of special interest. In this case irreducibility of the polynomial induces 
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primitivity of the polynomial and the delay k will evidently be relatíve 
prímé to 2P -1, consequently fór k < 2P - 1 the initial mátrix composed of 
words wi,... ,wp will have full ránk, that is wj,..., wp are independent.

Somé computer experimentations with statistical tests of random num­
bers produced by UGS-type generators revealed if primitive trinomials 
with small q or with q near to (p - l)/2 are used, the sequences produced 
will behave somewhat nonrandomly, hence the use of such trinomials is 
to be avoided. The parameters of somé primitive trinomials are displayed 
in Table 5, the row 111 10, 49 stands fór x111 + x10 + 1 and x111 + x49 + 1 
which are both primitive trinomials.

Somé exponents of the primitive trinomials 
xp + xq -f- 1. Those denoted by asterisk are 

Mersenne primes, that is 2P — 1 is a prime, too

Table 5

p 7

5* 2
9 4
11 2
23 5
31* 3, 6, 7, 13
47 5, 14, 20, 21
49 15
89* 38
95 11, 17
98 11, 27

111 10, 49
124 37
127* 1, 7, 15, 30, 63
170 23
250 103
380 47
476 15, 141
521* 32, 48, 158, 168
532 37
1279* 216, 418
2281* 715, 915, 1029
9689* 84, 471, 1836, 2444, 4187

Example. Consider the primitive trinomial x5 + x3 + 1 once more. 
Let the first five bits be 11010 again, and choose a delay of k = 6. Fór 
e = 3 bits words we will have the following results:

54



- W1 = 101 W9 = 001
W2 = 101 ^10 011

- WS = 011 wn = 100
W4 = 111 ™12 = 011
w$ = 001 W13 = 001

* W = 110 W14 — 101
= 010 W15 — 000

Wg = 010 W16 = 101

2.7. The distribution of the generated numbers

The period length is bút one of the basic properties of the sequence 
of numbers produced by random number generators. Somé other charac- 
teristics of the numbers will be discussed and possible enhancement will 
be provided here.

Assume that the periodicity of a sequence of numbers is n, then the 
numbers are expected to be uniformly distributed in the interval [0,1) with 
an accuracy 1/n, that is if all the numbers are generated and displayed 
then the distance between two neighbouring points should be 1/n. We 
have seen it to be true fór a pure congruential generátor provided fór a 
modulus m = 2e we have 6 = 5 (mód 8) as the multiplier of the generátor.

Consider now the multidimensional uniformity of the generated se­
quence. In particular if one side of the unit square is split by n dividing 
points then we obtain n2 gridpoints. A sequence of number u,- with a 
period length n — when used to form pairs from subsequent numbers as 
(utjUí+i) that are viewed as two-dimensional points in the unit square — 
may produce n different gridpoints at most, so it is certain that n2 - n 
points will be missing. Obviously this reasoning can be repeated in any 
fc-dimensions: of the nk gridpoints, theoretically possible in a 
fc-dimensional unit-cube only n can be produced by a congruential gener­
átor with period length n, nk - n gridpoint will never be generated. An 
additional stumbling-block is created by the fact that even these n gen­
erated fc-tuples are placed according to somé regularities to be described 
next.

Consider the two-dimensional unit square and a generátor 2,41 = 62,+r 
(mód m) with period length n. Fór somé integer l we have

zi+i = bzi + r + l ■ m,
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that is for the generated numbers Uj we obtain
r

(2.20) 1 = buí 4~ l,m
r . 

that is u,+i is a linear function of u,, the straight line y = bx + — is 
“broken” intő the unit square (Fig. 9). Consequently the generated 
pairs (UfjUt+i) are located on b + 1 parallel lines — parametrized by 
l = 0,1,... ,b, in the unit square. In case of b = 1 this yields only two 
lines accounting for the poor behaviour of the generátor Zj+i = z, + r 
(mód m).

Fig. 9. The generated points («i,ui+1) are 
located on the drawn parallel lines

A similar theorem holds true in fc-dimensions; the fc-tuples (uj,u,+i, 
..., u,+fc-i), as fc-dimensional points in the unit cube are positioned on a 
finite number of parallel hyperplanes. The emphasis is nőt on the finite- 
ness of the number of the hyperplanes bút how small is this number: in 
a computer with 32 bit long words the 3-dimensional points produced by 
a congruential generátor with modulus m = 232 lie on at most 2953 par­
allel hyperplanes, the 10-dimensional points lie on 41 parallel hyperlanes 
at most. For a computer with 48 bit words and a generátor with modulus 
m = 248 the upper bound for the number of the hyperplanes is 126 in 
n = 10 dimensions.

At the linear recursive generators — beside the substantially longer 
period — another good property can be observed. The generalized shift’s 
algorithm UGS based on the primitive trinomial xp + xq + 1 produces 
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2P - 1 different word. If the computer’s word length is e bits, then the 
(2e)^ fc-dimensional points representable in the computer are all produced 
provided (2e)* < 2p-1, that is ek < p. Taking a usual primitive trinomial 
of degree p = 100 on an e = 32 bits computer we get complete uniformity 
up to k = 3 dimensions, that is all the gridpoints are produced (in case of 
p = 500 complete uniformity is achieved up to k < 16 dimensions). This 
argument alsó justifies the preference of linear recursive generators.

To enhance the multidimensional behaviour of the generated numbers 
without increasing actually the generator’s period length the produced 
numbers are to be used nőt in the order of generation, bút in a randomly 
shuffled order. Let T be a vector with k components (possible choices fór 
k are 25, 26 or 27) and consider the following two congruential generators 

u,+i = bi* + H (mód 1) 
v,+i = b^Vi + r2 (mód 1)

being called u-generator and v-generator, respectively.
As a preparation the numbers m are generated by the u-generator and 

fiiled intő vector T as T(i) = Ui, i = 1,. • • ,k.

UT Uniform, table look-up
1. [Generate a random index.] Generate v by the v-generator and com­

pute the index j *— [fcv] + 1 (where [ ] stands fór the integer part).
2. [Interchange the jth element.] Generate u by the u-generator and 

let x *- T(j), T(j) <-u.
3. Deliver the value x as uniformly distributed in [U,1J.

The disadvantage of this algorithm that two uniform random numbers 
are used to produce one random number, halving the efficiency of gen­
eration. This can, partially be improved by the following, usual techmcal 
trick according to which one splits up the number intő an index and the 
remainder.

UM Uniform, modified table look-up
1. [In vector T the previously generated numbers are stored.] Generate 

a number u by the u-generator, set j <— [Áru] + 1.
2. Let x - T(j), T(j) *- ku -j - 1.
3. Deliver x as a uniformly distributed sample.

Such shuffiing procedures may yield a very satisfactorily behaving se­
quence from two sequences exhibiting poor performance, hence if quahty 
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of the generated numbers is of greater concern than speed the use of 
algorithm UT (or UM) is recommended.

2.8. Statistical tests

As we mentioned somé properties of pseudorandom numbers are tested 
to check if they behave in a truly random way or nőt. This test is neces- 
sary in most cases as the distribution of the generated sequence cannot 
be described in a mathematical way. This verification is carried out by 
statistical tests, mostly somé types of y2 text are being used, that is a 
function of the produced numbers is considered that has supposedly a y2 
distribution. The theoretical background of the y2 tests is given in the 
next theorem.

Let be given a random variable £, its values are in the set X, which is 
split up intő the mutually disjunct subsets Xi,...,Xr, X.nX^Oif 
i j. The probability of £ having its value in the subset Xj is denoted 
by pj, that is

P^eX^pj,

where pi + ... + pr = 1. Consider now N realizations £1,..., of the 
random variable £ and denote the number of realizations falling intő the 
subset Xj by Uj which is a random variable itself, obviously E^Vj) = PjN. 
The relative frequencies realized by the actua] realizations £1, ■ ■ ■, £n dif- 
fer from the theoretically precise probabilities pj. To measure this de- 
viation the values (vj - Npj)2 or more precisely their weighted sum are 
used. The statistical behaviour of this weighted sum is described by the 
next theorem.

Theorem 1. The distribution of the random variable 

X^=t 
i=i

(Vj - Npj)2 
NPj

fór N —♦ oo converges to the y2 distribution with r - 1 degree of freedom, 
that is y

lim P{xn < y} =f gr-i^dx,
N->oo 0

where yr(x) = [2r/2r(r/2)]— 1xr?/2 ”1e-z/2.
Based on this theorem tests can be built to investigate the distribution 

of numbers produced by random number generators. We emphasize that 
the theorem is valid fór scalar and vector random variables £ equally well 
and any decomposition consisting of subsets Xj with probabilities pj > 0.
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According to the generál description of statistical tests we have to 
go through the following steps in order to evaluate a random number 
generátor. Assume that the numbers xi,. ■ ■ ,xn were produced by the 
generátor, they are situated in interval [a, b] and supposedly they have a 
common density function f(x). Decompose the interval [a,b] intő r parts 
by the splitting points co = a, ej,..., cr-i, cr = b and denote the yth 

ci
subinterval by X^Xj = (cy-i, c^J = 1,..., r. Let Pj = f f(x)dx and 

Cy_i
the number of the points in the subinterval Xj be denoted
by yj. Choose a reliability level /?(/?= 0.95 is usual) to the test and 
compute the quantity

(2-21)
2 a (yj - ^)2
* NPj ■

(The quantity o = 1 — /3 is the probability of type I error.)
According to the assumption on the density function of the sample 

and the previous theorem the distribution of k/^ is approximately x2 
distribution with density function gr_i(x), so we expect the probability

1~P = 7 ffr-l(Od:c
fc2N

to be nőt very small. (This value 1 - P is called the level of significance of 
the test.) A decision how small is the quantity (1 -p) can be made in the 
following way. To the reliability level B the threshold value y (r — 1,/?) 
is evaluated, fór which one has

v2 (r — 1,0)
f gr^(x)dx = 0.
0

If fór the number k2N evaluated from the sample the inequality k2N < 
< y2(r - 1,^) holds then 1 - p is greater than 1-/3 and in this case we 
can state that the experiment does nőt contradict the initial hypothesis. 
On the other hand if k2N > x2(r - 1,/?) then the hypothesis is rejected at 
the reliability level 0. We speak about the probability of the statistical 

k2
test, this is the value p = / <7r-i«)dz. The condition of accepting a 

hypothesis can be formulated using the notion of the test s probability: 
if p > 0, then the hypothesis is rejected at a reliability level 0.

It can easily be seen, that if the x2 test is repeatedly executed, that is 
if the value k2N in (2.21) (or the probability p of the test) is evaluated fór 
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different sequences xi,... ,xn, then sometimes we may encounter large 
values of k2N (or great probabilities p), bút the hypothesis can be accepted 
only in the case if, fór instance, fór nine sequences out of ten we have 
k2N < y2(r — 1,/?) (or what is the same p < ^) fór a reliability level 
fixed in advance.

Fig. 10. A $2 distribution function, /? reliability 
level and its (2(r,P) threshold value

A couple of remarks are added with the aim to help the practical ac- 
complishment of the x2 test. The test is applied in an invariable form 
only fór the cases, when the domain of values of the random variable (the 
interval) is divided intő r 30 subintervals. Fór greater values of r the 
normál density function is used instead of the density function gr(x) since 
fór r > 30 the random variable p = \/2x2 - has an approximately 
standard normál distribution 2V(0,1) with a negligible error. Thus de- 
noting the distribution function of the standardized normál distribution 
by í we have

1 - P = 7 ffr(z)d* « |[! - - y/2r)].

The decomposition should be carried out in such a way that the prob­
abilities of the subsets be equal or almost equal, furthermore the value 
Npj be greater than 20. In case of very good x2 tests (that is if the 
probability of the test is frequently less than 0.001) one should challenge 
the initial hypothesis, too. (Fór example applying the next test a.) Fór 
the sequence of numbers u, = i/m — provided m ~ N — the value p 
will be very small, the hypothesis is accepted bút the sequence is “too” 
uniform.)
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We will consider somé special cases, how can the uniform distribution 
of the generated numbers be tested by a x2 test.

(a) The forwardmost way of testing the uniformity is the direct appli- 
cation of Theorem 1. Split up the basic interval [0,1) intő r = 1000 equal 
parts, the probability of a point’s falling intő a subinterval is 0.001, thus 
the number of points to be generated will be chosen to be N — 20 /000 
(greater values of N are admissible too, of course). Having generated N 
numbers ut we evaluate the quantity k^ from (2.21) and then we look 
up the value of x2(r ~ b^) from a table (or evaluate it directly from

7° 0r-i(z)da: = 1-0). Note that the value of x2(r may be 

computed by using the inverse function Fr-\{y) of the x distribution 
function with r - 1 degree of freedom: x2(r ~ 1>0) = and a sub­
routine evaluating this function generally can be found among the library 
subroutines of greater computers. Now if k2N < X (r ~ 1,0) holds (or the

kN

probability of the test is less than fi that is / ^r-l^dz < 0) then the

initial hypothesis is accepted.
We have to be aware of the fact however that this test assesses the 

distribution, that is the uniformity of the first three digits only.
(b) The combination test examines by the x2 test frequency of 

occurrence of any given quadruple (e.g. aabb, aaab, aaaa, etc.) among 
the quadruples produced by putting together four consecutive numbers 
(uíuí+1u,+2u,+3). Of course in practical executions u,’s are rounded to 
one or two places. Here the gap test is mentioned: the distribution of the 
length of the subsequence is tested, whose members are in a gap (between 
two given numbers), the frequency test: the frequency of any given digit is 
checked, the run-up and run-down test: the length of monotone increas­
ing and monotone decreasing sequences of numbers is tested. In these 
cases the construction of the test is quite similar to the one described 
under (a). , , ,

(c) Somé information can be obtained on the dependency of subse­
quent numbers, that is the distribution of the n-tuples if the uniformity 
test is applied to the n-tuples. More precisely one side of the n-dimen-
siónál unit cube K = {x | 0 < x,< 1, i = 1, ■ ■ •,is divided intő k 
equal parts and the cube itself is divided intő r - k small cubes by par­
allel hyperplanes placed at equal distances apart. Construct the n-tuples 
xW = (u(i_1)n, u(i_1)n+1, • • • Uin-t), the probability of x« s falhng intő a
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1 
kn

small cube is pj = 
in the usual way.

After this preparation the y2-test can be stated
Computer runs cannot be performed fór great values

of kn because of the time required thus this test is nőt to be applied fór 
paraméter values k > 20, n > 5 generally.

(d) A very important type of the statistical tests fór randomness is 
based on the theory of ordered samples. By the aid of this type of tests 
we can examine the multidimensional behaviour of the generated ran­
dom numbers in dimensions substantially greater than the value n = 5 
mentioned in the previous paragraph.

Let • • •, Ujn-i be uniformly distributed and introduce the nota-
tion Xj = max(u(y_j)n,..., Ujn-i). According to a well-known result the 
distribution function of the random variable Xj is G(x) = xn, x E [0,1). 
On the other hand the random variable

u = G(xj) = x]

is uniformly distributed in the interval [0,1), since P{u < z} = P{xj < 
< v/i} = z consequently the frequency test described under (a) can be 
applied to the random variable u. That is once more the interval [0,1) 
is divided say intő r = 1000 equal parts, and we will have pj = 0.001. 
Generate now N =20 000 n-tuples, compute the corresponding values

yj = [max(u(j_i)n,...,UjB_1)]n, J = 1,. •, N

and evaluate the frequencies Vj, the value k^, etc.
A completely similar test can be built fór the values of the minimum of 

n numbers. Let Xj = minfu^-j^,..., uyn_i), where u^j_^n,... ,Ujn-i) 
are uniformly distributed in [0,1). The distribution function of the ran­
dom variable Xj is Hj(x) = 1 — (1 - x)n and similarly to the previous 
reasonings we have now that the random variable

u = H(xj) = 1 - (1 - Xj)n

is uniformly distributed in [0,1). The test basically follows the description 
of the test with the maximums, the uniformity test under (a) is executed 
fór the numbers yj = 1 - (1 - min(ti(J_1)n,... ,ujn_i))n.

(e) Similarly to the test in (d), we can carry out examination of num­
bers with any non-uniform distribution. Consider the task of testing the 
generátor that produces numbers x, with distribution function F(x). The 
numbers F^x,) are uniformly distributed in [0,1) since P{F(xí) í z} = 
= F{xi = F-1^)} = F(F~l(z)) = z, consequently the uniformity test 
in (a) can be applied to the numbers F(xí). Note that in actual com- 
putational practice statistical testing of non-uniform random numbers are 
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rarely carried out, because most of the generators oi non-uniform distri­
butions used are theoretically accurate, that is if the initial values em- 
ployed are uniformly distributed then the distribution of the transformed, 
non-uniform random number will be precisely the desired one.

(f) A statistical test basically differring from the previous ones will 
be described here. This w2 test helps us to examine the deviation of 
the empirical distribution determined by the generated samples from the 
theoretically desired one.

Let the distribution function of the random variable f be denoted by 
F(x) and consider the realizations xi,...,x^ of the random variable 
Denote the sample distribution function given by the samples xj,... ,xN 
by F^{x), that is

^(®) =
{X, \ Xj < X f

N
where # means the number of the elements in the subsequent set, that is 
now the number of the samples Xi being less than a fixed number x (see

To characterize the difference between F(x) and F^x) we will use the 
quantity

(2.22) ^N = N+f [Ftf-F^dW
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which is basically the weighted sum of the squared difference. The fol­
lowing theorem holds with respect to the quantity

Theorem 2.
F(x) we have

Fór any random variable £ with distribution function

lim P{wn < x} = űi(x), x > 0 N—>oo

where the function ai(x) is independent of £ (that is of F(x)).
Based on this theorem the w2 test can be constructed, similarly to the 

X2 test. Fór a given confidency level the threshold value x^ can be 
determined, fór which ai(x^) = 0 (see Fig. 12).

The actual realization of the test is: generation of samples X;,..., xn, 
determination of the distribution function F^x), evaluation of the value 

according to formula (2.22). If now we have < xp, then we accept 
the null hypothesis (that the samples xi,... ,xjv are distributed accord­
ing to the distribution function F(x)), otherwise the null hypothesis is 
rejected.

The w2 test can be applied with a sample size of about N = 50. 
The main advantage of the test is that there is no need to partition the 
domain of the random variable’s possible values. As a disadvantage of 
the test we have to point out that the samples x, are to be ordered fór 
the evaluation of the function F^(x'), and determination of the ordered 
sequence xj < xj < ... x*N requires a great amount of computation fór 
large N. To facilitate the practical application we present a more suitable
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form of the expression in (2.22):

(2.23) F™~
J-0-512 

N

which actually can be derived from (2.22).

Somé values of the 
function ai (z) in the 

w2 statistical test

Table 6

X ai(z)

0.12 0.50
0.15 0.60
0.18 0.70
0.24 0.80
0.35 0.90
0.46 0.95
0.74 0.99
0.87 0.995
1.17 0.999
1.49 0.9998

(g) The following spectral test is to help the qualification of the congru­
ential generator’s multiplicators. The complete description of the spec- 
tral-test is rather lengthy, so is its algorithm, this is why only its essence 
will be outlined below. Define the frequency of occurrence of any given 
n-tuple as a function of this n-tuple. Then we define the discrete Fourier 
transform of this function (having integer valued function values depen- 
dent on integer numbers as arguments) and its spectrum. Based on the 
behaviour of the spectrum the randomness of the generated sequence can 
be concluded.

One detail of the spectrum-test is examined below: let our generátor 
be based on = bzi + r(mod m) and assume that it has maximum 
Period length. Consider the smallest wavelength in the spectrum, which 
is given by ,---------------- - ----

vn = min y sj - Sj - .. ■ -

where the minimum is to be taken for all those n-tuples of integers 
S1,S2> . ■ • ,sn that satisfy the following congruency

sí + szb + S362 + ... + snbn = 0 (mód m).
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As we have seen the n-tuples of the numbers produced by the generátor 
lie on parallel hyperpianes (see the previous section). The distance of two 
parallel hyperpianes is l/yrt.

According to somé other considerations the srnallest wavelength is 
bounded from above as .,

vn < jnm ' ,
where jn is a constant 1 jn < 2 fór n = 1,2,..., 8, m is the modulus 
of the generátor. Based on this inequality it seems to be a sound recom- 
mendation that congruential generators (without somé modifications or 
composite use) are nőt tö be used in higher dimensions.

2.9. Notes

2.2 In this topic we mostly followed the description given by Knuth. 
The two most interesting publications are by Kolmogorov (see the 
last unproven theorem from Section 2.2) and Chaitin. See alsó the 
related paper of Martin-Lof.

2.3 With regard to the description of earlier gadgets the book of 
Hammersley and Handscomb is recommended. The described gen­
erating device which uses gamma radiation was proposed, built and 
used by Miyatake and his associates.

2.4 In this section Zaremba’s argumentation and Hammersley and 
Handscomb’s book are followed. From amongst the latest publi­
cations in this area we mention Niederreiter’s, Sós’s and Braaten’s 
papers.

2.5 The idea of the congruential generátor is due to Lehmer. Here we 
followed mainly Dieter and Ahrens’s book.

2.6 The linear recursive series and the use of primitive polynomials fór 
producing sequences of numbers was well known fór a long time 
in coding theory, bút their use as random number generátor was 
proposed by Tausworthe. We heavily relied in our description on the 
paper of Lewis and Payne, bút the papers of Maritsas and Arvillias 
are alsó recommended. Fór a fást initialization procedure see a recent 
paper of Collings and Hembree.

2.7 The first known publication on the parallel hyperpianes and the up­
per bound on their number is due to Marsaglia (1968). The shuffling 
of the numbers described in this section was proposed by MacLaren 
and Marsaglia (1965).
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2.8 The construction of statistical tests can be found in any statistics 
textbook (see for example Prekopa or Sóból). The tests under (d) 
were proposed by MacLaren and Marsaglia (1965). The full descrip- 
tion of the spectral test can be found in Knuth’s book or in Golder’s 
papers.
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CHAPTER 3

GENERAL METHODS FÓR GENERATING 
NON-UNIFORM RANDOM NUMBERS

In simulational computations several probability distributions may occur 
and it becomes necessary to generate random numbers with these distri­
butions. General methods will be discussed in this chapter by the aid 
of which a random variable uniformly distributed in the interval [0,1) 
could be transformed intő one with the desired distribution. Theoreti- 
cally it is possible to use a random variable with somé other distribution 
(e.g. normál) as a starting point, bút in practice the transformation of 
uniform random variables is the most common. The reasoning behind 
this practice is twofold: mathematically the uniform distribution can be 
described very simply and uniformly distributed random numbers can 
be generated in a fást and easy way. Fór generating a random variable 
with a given distribution we always choose the “most suitable” of several 
generál methods, though to achieve a satisfactory numerical efficacy a 
combination of two or more methods is required in generál. The term 
“most suitable” should always be interpreted in accordance with the ac­
tual computational task, so it could mean the fastest method, the one 
yielding the shortest program, the most convenient to be implemented, 
etc.

We assume that there is an infinite supply of the realizations ui, U2,... 
of the random variable u uniformly distributed in the interval [0,1) which 
are mutually independent. Our methods are exact in the sense that theo- 
retically the transformed random variable is distributed with the required 
distribution; in practice the distribution of the transformed variable is in­
fluenced by the word length of the computer employed and the quality of 
the generated values ui, U2> ■ • • that were used as starting points. It must 
be noted here that, according to the accepted terminology, instead of the 
generation of random numbers we talk about taking random samples, 
since the generation of a number is actually drawing a sample from the 
given distribution.
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3.1. Inversion method

The method produces a random number with desired distribution func­
tion by making use of the in verse of the distribution function. Sometimes 
the method is referred to as the direct method.

Consider the random variable £ with density function f{x),x G [a, &]. 
Its distribution function is

F(x) =ff(y) dy- 
a

Assume now that there exists the inverse function of the distri­
bution function.

Theorem 1. Let u be a random variable uniformly distributed in 
[0,1); then the distribution function of the random variable F-1(u) is 
FW-

Proof. It can readily be seen from the equality

P{F~l(u) < r} = P {u < F(x)} = F(x).

In the case of distributions fór which the inverse function of the dis­
tribution function can be given explicitly in analytical form, the above 
theorem gives an algorithm fór generating random variables with dis­
tribution function F(x) simultaneously. The method is illustrated in 
Fig. 13.

Fig. 13. Generation of a variable with distribution 
function F(z) by the inversion method
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Cl Continuous variable, by inversion

1. Generate u.
2. Deliver x <— F-1(u) as a value with distribution function F(-).

Example. Consider the standard exponential distribution with den­
sity function f(x) — e~x, x > 0. Its distribution function is

F(z) = J e~v dy = 1 - e~x. 
0

From the equation y = 1 - e~x the inverse function x = -In (1 - y) is ob­
tained, thus the random variable -log(l - u) is exponentially distrib­
uted. (Throughout, all logarithms are natural unless otherwise indi- 
cated.) The random variable (1 — u) is identically distributed with u, 
both being uniform [0,1), thus could be interchanged preserving the dis­
tribution. Consequently the random variable — log(l — u) has the same 
distribution as — lóg u. Hence the following method has been obtained 
fór generating exponentially distributed random variables.

El Exponential, by logarithm
1. Generate u.
2. Deliver x <-----logu as a sample from the standard exponential dis­

tribution.

If the distribution under consideration has a paraméter A 1, that 
is, its distribution function is F(x) = 1 - e~Al, then similarly to the 
above reasoning it can be seen that the variable — (1/A)logu will have 
distribution function F{x\

Consider now how this generál method could be applied fór generating 
random variables distributed according to a discrete distribution function. 
As F(x), being a distribution function, is monotone increasing, thus the 
equation F(x) — u always has a root, defined by x0 = inf{x | u < F(x)} 
even in the case where F-1 does nőt exist. Instead of the inverse function 
this expression will be used in the discrete version of the method.

Let our task be the generation of a random variable £ with discrete 
distribution given by the probabilities p, > 0, i = 1,... , n, that is

(3.1) P{^ = Xí} = Pí, t = l,...,n,
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where p\ 4” Pn ~ 1, < *^2 ~ ~ case the distribution
function is F(x) = P{£ < = E Pi> and usinS the function

í:xí<x

G(y) = inf{i | y < F(x)}

instead of the in verse function, the distribution of G(u) has the required 
discrete distribution.

We introduce the notation 71 = pi, 92 = P1 + P2,- • 9n = P1 + - ■ -+pn- 
With the aid of these totál probabilities the determination of the function 
value G(y) means the computation of such an index j fór which the 
inequality

qj-i ^y<qj

is satisfied fór the given y. So we have the corresponding algorithm.

Dl Discrete variable, by inversion

1. Generate u and set y «— 1.
2. If u < q, then go to Step 4.
3. Increase the index j + 1 and go back to Step 2.
4. Deliver x ♦— Xj as a sample from distribution (3.1).

Example. Let the discrete distribution be given by the following 
probabilities and values:

Table 7

7 = 1 2 3 4 5

Pj = 0.1 0.2 0.2 0.1 0.4

zy ~ 2 3 6 7 10

then the distribution function F(x) 
G(y) = inf{x | y < F(x)} are given by

and the corresponding function 
the following expressions:

r o. if X = 2,
0.1, if 2 <í x < 3,

F(x) = <
0.3, if 3 <; x 6,
0.5, if 6 <í x Sí 7,
0.6, if 7 <í x < 10,

. 1.0, if 10 <
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G(y) =

2,
3,

- 6,
7, 

Uo,

if 0 < y < 0.1, 
if 0.1 < y < 0.3, 
if 0.3 < y < 0.5, 
if 0.5 < y < 0.6, 
if 0.6 < y < 1.

The functions F(x) and G(y) are depicted in Fig. 14.

Fig. 14. A discrete distribution function and its “inverse” function

The algorithm is simple and can easily be coded. To generate one 
random number only N = 1 uniformly distributed random number is 
required. Computational difficulties may arise in two cases: (i) if in the 
case of a continuous distribution there is nőt available an inverse function 
in an easily computable, closed form and (ii) if in the case of a discrete 
distribution the number n is great.

To use the inversion technique with an approximation to the inverse 
function is possible even if the inverse F~l cannot be given analytically. 
Nevertheless, in this case the distribution of the generated numbers is 
only an approximation to the required distribution. The use of such ap- 
proximating procedures — in our view — should be restricted to a very 
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few exceptional cases. Fór example, if the existing, theoretically sound 
procedures have outstanding bad properties (slow run, large storage re- 
quirements, sophisticated program, etc.). In all other cases the use of the 
theoretically exact procedure is preferable since the computer realization 
of an algorithm distorts the distribution of the generated numbers all the 
same.

Consider the extent of the computational work of algorithm Dl. The 
number of necessary comparisons in algorithms of this kind is at least 
O(log2 n) since essentially we have here a search algorithm. An improve- 
ment of Dl approximating this limit is given in a subsequent section. 
Algorithm Dl delivers the value xt with probability pi after having com- 
pleted i comparisons. Thus the expected number of comparisons is

s =f>p.
»=1

The computational work can be reduced by a simple trick. Before the 
generation procedures let the probabilities p, be arranged in a decreasmg 
order and let them be denoted by p*, that is, pj > p2 = • • ■ = Pn, and 
rearrange the values n similarly. If a random sample is generated by 
algorithm Dl from this distribution, which is identical to the distribution 
given in (3.1), then the expected number of comparisons can be worked 
out as n

1=1

It can easily be seen from this that S > S” and the equality holds only in 
the case if p = p* » = 1, . ■ •, n (that is, the case of uniform distribution 
p, = 1/n, t = l,‘..,n), having S = S* = (n - l)/2. In the case of the 
previous,’ numerically given example distribution we have S - 3-5 and 
S* = 2 and this decrease has been obtained by changing the first and the 
last probabilities only.

It must be noted that from the description of the inversion method it 
follows immediately that the job of producing non-uniform random num­
bers is primarily a numerical problem. Theoretically it would be possible 
to follow the next algorithm fór generating numbers with distribution 
function F(x) Produce all the reál numbers u between 0 and 1 that 
could be represented on the computer at hand and compute and store 
the corresponding values F'1^). After this preparation the generation 
procedure would consist of producing one u and looking up the corre­
sponding F-1(u) only. In practice this method cannot be followed since 
the storage space required by the necessary data would be of astronomical 
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size, nőt realizable even on today’s computers. (The use of disks would 
slow down the generation procedure immensely.)

3.2. Acceptance-rejection method

Consider the random variable £ with density function /(x), x & [a,6], 
The gist of the acceptance-rejection method is that we do nőt produce the 
number from the distribution with density f(x) directly, bút indirectly. 
First we generate numbers from another distribution, which is handled 
more easily in practice, then they are accepted or rejected according to a 
specific rule. The method will first be demonstrated in a simple case.

Fig. 15. The acceptance-rejection method fór a constant upper bound c

Assume that /(x) < c, x € [a, 6] fór somé constants c. Then in the 
rectangle with the interval [a, 6] as a base and with height c we generate 
uniformly distributed points and we keep those points which have fallen 
under the graph of the function /(•)• The first coordinates of the accepted 
points have density function /; this could be directly proved, bút is alsó 
an immediate consequence of the more generál Theorem 1 to be proved 
below. The algorithm sketched above is stated more formally as follows.

C2 Continuous variable, by rejection — constant upper bound
1. Generate «i,U2 independently. Let vi «— a+(b-a)ui and V2 c«2- 

At this moment the point (vi,V2) is uniformly distributed in the 
rectangle {(x, y) | a < x < b,0 < y < c}.
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2. If v2 < Z(vi) then deliver vj as a number with density function 
/(r) (acceptance), otherwise repeat the whole procedure from the 
beginning (rejection).

The probability of acceptance which characterizes the procedure is 
called the efficiency of the acceptance-rejection method and is given by 
the following expression:

t 1 , , 1
t = p{v, < fW) J a., dv, =

since the random variables and v2 are independent and their joint 
density function is l/(c(6 - a)).

Obviously the method will be efficient if the constant c is small, thus 
the choice c = max /(x) is recommendable. Geometrically, the efficiency 

is the ratio of the area under the graph of f (x) to the area of the whole 
rectangle (a rough estimate is the number of accepted points divided by 
the number of all points).

Example 1. Let /(x) = 2x, x E [0,1] and choose the value c - 2. 
Then the computer implementation of procedure C2 fór this particular 
density is

EXAMP 1. Example fór constant upper bound
1. Generate ui,u2. (The point in the rectangle would be vi = ui, 

v2 = 2u2) , .
2. If u2 < ui, then deliver as a sample with density /(•), otherwise go 

back to Step 1.
The efficiency of the method is t = 1/2 fór this distribution.

x
Example 2. Consider now the power density function f (x) — nxn 1, 

G [0 11. Numbers from this distribution can be produced by applying 
the inversion method since the distribution function is F(x) = xn and thus 

has density function /(•), if u is uniform. However, the computation
of the nth root may be laborious, so there is justification fór the following 
method. Let c = n and then the algorithm based on the acceptance- 
rejection method is:

Pl Power distribution, from uniform
1. Generate u1( u2. (The uniform point would be V1 = u1( v2 = nu2.)
2. If u2 < «"-1 then deliver ui, otherwise go back to Step 1.
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The efficiency of the algorithm is t = 1/n, which shows the inadequacy 
of the method fór large n.

Example 3. Consider the truncated exponential distribution with 
density function f(x) = ce~x, 0 < x < 1, where

1 e — 1
1/c =fe~x dx = ------ = 1/1.582.

0 e

An upper bound constant is c = 1.582 = /(0), which can be used as a 
proportional to the density function h(x) = 1 of the uniform distribution 
(that is, g(x) = c).

The generating procedure fór this exponential distribution is

E2 Exponential (truncated) by acceptance-rejection
1. Generate u and v.
2. If u < f(y)/g(v) = e~v, then deliver v, otherwise go back to Step 1.

Using a more generál variant of the acceptance-rejection technique 
that is more suitable fór practical purposes, we do nőt generate points 
in the base interval [a, 6] uniformly, bút according to a density function 
h(x) approximating the density function f(x). Usually it should provide 
a better approximation to the density function /(•) than the constant 
function. Let g(x) be a function possibly “mimicking” function /(i) and 
being at the same time its upper bound in its interval of definition: /(x) <

* 1
5 g(x), x G [a, &]. Let c = f g(x) dx be a finite value; then h(x) = -g(x) 

a c
is a density function. That is, we have

(3.2) f(x) g(x) = ch(x), where c > 1.

Assume that we can generate random variables with density h(x) easily 
or at least more easily than with density /(z). The more generál variant 
of the acceptance-rejection method can be described as follows.

C3 Continuous variable, by rejection — generál upper bound
1. Generate u. Generate y according to the density function h(x) in 

the interval [a, 6].
2. If u < f(y)/g(y) holds, then deliver x <— y as a sample with den­

sity /(•) (acceptance), otherwise repeat the algorithm from Step 1 
(rejection).
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The next theorem proves the validity of the above algorithm.
Theorem 1. The numbers provided by Algorithm C3 are distributed 

according to the density function f.
Proof. The distribution function of the accepted values is

p{x < p} = P{y < p I u á f(y)/g(y)}

where u,x and y are the quantities in Algorithm C3 and where p is a 
Paraméter. If here we state that u is uniformly distributed, y has density 
function h,y and u are independent variables, their joint density is h(x), 
and furthermore we make use of the theorem of totál probabilities, then 
we may write

p{y<p.3) P{x<p}=---- ^7—
■ /(y)/g(y)} 
/(y)/g(y)}

p

», - f(r)drf / Mr) du dr c J
= dr

í l hMÍUÍr l/Wdr

a

Differentiating the last expression with respect to p we get the function 
/(•) as the density function of the delivered values.

The efficiency of Algorithm C3 is measured by the probability of ac­
ceptance, that is, the denominator of the first fraction in (3.3), which has 

the value P{u < f(y)/g(y)} = "• This measure agrees with one’s intu- 
ition of efficiency, in the sense that the closer h(-) approximates /(•) the 
more efficient is the method.

The acceptance-rejection technique can very easily be applied fór the 
case of density functions taking on extreme shapes. (Fór applying the 
method it is enough to find an upper bound or an upper bounding func­
tion having finite integrál.) On the other hand, in these cases its drawback 
becomes apparent: the algorithm becomes inefficient from a computation­
al point of view, either because of the small value of 1/c or the evaluation 
of the ratio becomes difficult or time consuming.

Example 4. Let f(x) = nx”'1, x & [0,1], n > 1 and choose the 
function g(x) = nx as the enveloping function. The density function 
proportional to is h(x) = 2x. Application of the generál technique 
03 fór this example yields the following algorithm.
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P2 Power distribution, by linear upper bound

1. Generate tij and U2-
2. Let y <— (its density function is &(•)).
3. [Comparison and trial.] If tzi y"-2, then deliver the value y, oth­

erwise go back to Step 1.

In a computer implementation of the above algorithm, Step 2 will 
naturally be omitted and the inequality will be of the form u2 (or
fór even n, ui < Ug””2^2)- The efficiency of the method is 2/n which has 
doubled the efficiency in Example 2 by a more suitable choice of upper 
bounding function. Of course, fór large n neither of these methods can 
be recommended.

Theorem 2. In Algorithm C3 fór generating one sample with density 
f the expected number of uniformly distributed random numbers required 
is N = c(l + m) where m denotes the number of uniform samples needed 
to generate a random number with density h.

Proof. In one iteration (i.e. Step 1 and Step 2 only once in C3) a 
generated value is accepted with probability 1/c. The probability of the 
event that the procedure will be finished in exactly the íth iteration is

(1 - l/er'tl/e)

since it occurs if we reject the generated values in the first (í- 1) iterations 
and accept it in the last one. Thus the expected value ko of the number 
X of the iterations is

k0 = e{X} =£*(i - w^i/e) = ;E«(i - 
í= 1 c

oo 1
Having differentiated the infinite series 52 , 0 < q < 1, we

,=1 1 7
00 1obtain 53‘V-1 = ------ , where q = 1 - 1/c is substituted, whereby we

»=1 1 ~ ?
°0

get 52 *(1 ~ 1/c)’-1 = c2. Thus, fór the expected value k0 we have 
«=1

ko = c.

In one iteration m uniform numbers are needed fór generating one 
sample with density h(-) by assumption plus one additional sample fór
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the decision variable.
required is

Thus, the average number of uniform variables 

N = c(l + m).
In the frequently enwuntered case m = 1 the expected number of uniform 
variables becomes N = 2c.

3.3. Decomposition method

In the decomposition or mixture method one requires the density func­
tion of the target distribution to be a mixture of other densities. The gen­
eration of the random variable is executed in two steps. First, a density 
function is chosen from the mixture; afterwards a variable is generated 
according to this density function. .

Let our task be to generate random variables with density function 
/(z), x í£ [a,6], where f can be written in the following form.

(3.4) =fgv(x)dH(y).
c

The term gjx) denotes here a family of densities dependent on a pa­
raméter y, which in turn is a random variable in the interval [c, dj with 
distribution function Assume that we may produce random. num­
bers both with distribution function H(-) and with density function gy. 
Then the procedure fór generating random variables with density function 
/(x) is by reason of (3.4):

C4 Continuous variable, by continuous decomposition
1. Generate y according to the distribution function H.
2. Generate a value x with density function gy and deli ver x as a sample 

from the distribution with density f.
Correclness of this procedure is eetabliehed by the followmg theorem.

Theorem. The values generated by Algorithm C4 form a distribution 

with density /(•).

Proof. The distribution function of the values generated is

P{x < r} =JP{x < r | T) = y} dtf(y)=J dzdH(y)
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Here we change the order of integration and make use of equation (3.4) 

f f dz= f f(z) dz,
—oo c —oo

which after differentiation shows the density function to be f.
We may give another interpretation of the decomposition method. Let 

the joint density function of a random point (f, rf) be p(x, y), the density 
function of y be h(-), and the density function of £ be /(■)• Now we can 
write

-f-oo 4-oo
(3-5) f(x) = f p(x,y) dy= f g(x | y)h(y) dy,

— oo —oo

where g(x | y) is the conditional density function of the first variable. 
Thus (3.5) takes on the form of equation (3.4). Hence the first coordi- 
nate of the point may be generated by first producing the second 
coordinate with density h and then a value of the variable £ is generated 
according to the conditional density function g(x | y).

Example 1. Assume that density function f(x) can be written in the 
form oo

/(*) = nf y ne xy dy, 0 < x. 
1

The density function of the paraméter y is

h(y) =fn y~ne~xv dx = n y~(n+1\ 
0

and having it integrated we obtain its distribution function as

H(y) = fn dz = 1 - y~n. 
1

From the equation u = 1 - y~n by the inversion method we have 
y = (1 - u)-1/” being distributed with distribution function H if u is 
uniformly distributed in [0,1)- The conditional density function and the 
distribution function respectively may be worked out along the lines of 
equation (3.5) as

9v(x) = y e~xv, 0 < x,

Gy(x) =fye-*v dz = 1 - e~xv. 
0

From equation l-e~xv = u we dérivé the random variable x = ~(logu)/y 
obeying the distribution function Gy, where u is uniform. Summing up 
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the above details, the next procedure generates random numbers with 
density function /(■)•

EXAMP 2. Example for continuous decomposition

1. Generate ui and u?. Set y ui
2. Deliver the value x ♦-----(logt^/y-

Considering computational aspects, we note that efficient procedures 
could be constructed in the case where the distribution given by H is 
taken to be discrete, after which we need to build up the equation

(3.6) f(x) = Pigi(x) +P292(x) + . . . + Pn9n^

with somé probabilities pi, p, > 0, i = 1, • • •, Pl + •■ ■ + Pk = 1, and 
densities instead of the rather elusive equation (3.4). The generation 
procedure based on decomposition of (3.6) is

C5 Continuous variable, by discrete decomposition
1. Generate a random index i from the set of numbers 1,2,.... k with 

probability pj.
2. Generate the value x with density function gi and dehver it as a 

sample with density function f ■

The necessary procedure for establishing decomposition (3 6) of a given 
density function f can be illustrated geometrically in the following way. 
For each index i we have f(x) > Pig^, that the graph of the function 
Pigi(x) is always below the graph of f(x). Consequent y we consider the 
graphs of those simple functions pigi(-) lymg under the graph of /(•), 
whose corresponding density functions g^-) are prone to easy genera ion 
procedures. The area under the curve of piy.(-) is Pi since g,(-) is a ensi y 
function. The better the sum of the inscribed curves approximates the 
function f, the nearer the sum of the related p, s to 1 What one does 
in practice is that after taking somé simple (constant or linear) functions 
gi the last term of the mixture is made equal to the remaining part of 
the function; that is, we take the last density function gk(-), the one 

determined by t-i
pkgk& = f&-^^

Example. Consider the density function f(x) = x, x e [0,1], 
a truncated version of the exponential density function. Spht the interval
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[0,1] intő five equal sub-intervals and choose the constant densities of the 
uniform distribution in each sub-interval as the density functions in the 
mixture; that is, let gi(x) = 5, x G [(t - l)/5, í/5], i = 1,. ..,5. Values 
of probabilities p< will be determined so that the function Pigi(x) will be 
closest to the function f(x). Then we arrive at the following equations, 
from which the values p{ can be computed:

P191W = /(0.2) = 1.295 , 

P292& = /(0-4) = 1.060 , 
P^x) = /(0.6) = 0.868 , 
P49^ = í(0-8) = 0.711 , 
p5<75(x) = /(l.O) = 0.582,

Pl = 0.259 , 

p2 = 0.212 , 
p3 = 0.174 , 
P4 = 0.142 , 
p5 = 0.116.

Since we have pi + ... + ps = 0.903, consequently p^ = 0.097 emerges. 
The function g§ will be determined to tender the sum of the functions in 
the mixture to be exactly equal to /(x):

5
P6Se(x) = f(x) ~EPí9i(x).

t=l

0 287
The function gs attains its maximum at x = 0, $6(0) = = 2.959. If
fór sampling with density function g$ the acceptance-rejection technique 
is applied with a constant upper boundary function c = $e(0), then its ef­
ficiency would be roughly 1/3 which is considered to be a satisfactory rate 
of acceptance since generation with density function $6 is only required 
in every tenth case on the average. The decomposition is illustrated in 
Figs. 16 and 17.
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Fig. 17. The remainder function pcgs^x), x € [0,1]

Summarizing what has been written above, random numbers with den­
sity function f(x} = —-—e~x are produced on the basis of the decompo- 

e — 1
sition

f(x) = pigi(x) + ... + pegeíx)

by the following formai algorithm:
EXAMP 3. Example fór discrete decomposition of exponential.

1. Generate an index i from the discrete distribution given by 
P{n = j} = pj, j - 1,... ,6. If » = 6 then go to Step 3.

2. [Generate a uniformly distributed number in the ith sub-interval.] 
Generate u and set x «— 0.2(u +: — 1). Go to Step 4.

3. [Sample according to the “remainder” density function.] Generate
5

Ui and u2, set v «- 2.959 u2. If now v < /(ui) - 52 Pi9i^i} then set 
í=l

x +— ui, otherwise repeat this step from the beginning.
4. [Finish.] Deliver the number x as a sample with density f.
The reason why the method of decomposition is deemed favourable 

from a computational point of view is that we can gear up the generators 
by its application. It is exemplified in the following simple case. Assume 
that generation of random variables with density function f can be ac- 
complished rather slowly, e.g. one sample can be produced in 5 msec. If 
we have a decomposition

/(íj = 0.95 ?1(x)+0.05 ^(z),

where g^x) is an “easy” function (generation of one sample takes 1 msec), 
32(x) is a “hard” function to deal with (one sample is generated in 10 
msec), then the corresponding decomposition-based generation procedure 
requires 1 * 0.95 + 10 * 0.05 = 1.45 msec fór producing one number with 
density f on the average (disregarding the time necessary to make a choice 
between gi and g2). Therefore we have to find a decomposition according 
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to which a fást generátor will be used with great probability and even the 
generátor corresponding to the remaining term with small probability is 
considerably slower, the resulting generátor of the original largest density 
will be still faster than our original choice.

If the decomposition consists of two densities

f(x) = pgi(x) + (1 - p)gz(x)

and one of them has probability very close to 1 (let, say, p - e), then 
the generátor of /(•) would generate samples using density ^2(‘) almost 
all the time and only occasionally one with density gi(-)- This idea is 
incorporated intő the following algorithm, which produces a number of 
random variables at once.

Let r) be a random variable distributed geometrically with paraméter 
p, let its distribution be denoted by GE(p). The probabilities of the 
distribution are

pí = p{p = í} = pO--p}\ t = 0,1,2,..., 
then we can formuláié the above mentioned idea intő the algorithm.

C6 Continuous variable, by modified discrete decomposition

1. Generate m from the distribution GE(p).
2. Generate m samples X\,X2,., xm with density function gz^Y
3. Generate one random number xm+i with density gi(-) an^ deliver 

the numbers ■ ■ >xm,xm+i as samples with density /(•).

Theorem. The random numbers produced by Algorithm C6 have 
density function fYY

Proof. When we repeat Algorithm C6 the íth time, the number of 
generated samples will be mi, the subtotals of the overall number of

i
generated samples will be denoted by n,-, that is, n, = + *)>

i = 1,2,..., n0 = 0. The sequence of obtained random numbers will be 
referred to as {ty}. First observe that the distribution of the subtotals n, 
is negative binomial, being the sum of geometrically distributed random 
numbers. Thus we have
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P{tj is distributed with density gi} = P{™k = j fór somé k}

= f P{^ = = " p>>j~k = P
k=l k=l X* í/

which shows that the numbers with density g! have the proper frequency 
in the outcome {tj}. Moreover, the random samples {tj} are independent, 
since the numbers generated in one bundle

^n, + l, fn, + 2> • • • > > fn, + l

are produced independently and no interference is allowed between sam­
ples of different bundles.

This modification saves us the generation of the uniform number used 
to select a member of the mixture in m,- — 1 cases, though the added 
sophistication of the generation of a geometrically distributed random 
number decreases its value. Algorithm C6 should be used only when 
1 - p is large (p is close to zero), that is, the size of bundle m, is big.

Returning to the generál decomposition algorithm, here are somé sug- 
gestions regarding its applications. The simplest way of using a mixture 
in order to speed up a generátor is to decompose the density function of 
the target distribution intő a weighted sum of the densities of uniform 
distributions and a remainder term as we have done in the numerical 
example. This works fór any density function. If the base interval is 
divided intő sufficiently small sub-intervals, then in the overwhelming 
majority of cases the algorithm chooses only an interval and produces a 
number uniformly distributed in it. Theoretically it could be done fór 
any distribution bút in practice such direct application of the decompo­
sition technique could have two major stumbling blocks: (i) a sample 
is required from a discrete distribution with a large number of possible 
outcomes, and (ii) the data describing the numerous sub-intervals have 
to be stored. The first difficulty can be surmounted at a cost of more 
sophisticated algorithms and somé additional storage requirements (see 
Section 3.6 or Section 3.10). The second difficulty can be surmounted 
only in a certain sense, more precisely we have to say that “time could 
be bought fór storage” and vica versa naturally, meaning that the more 
storage space we use the faster generátor can be facilitated.
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3.4. Comparison method

This method of random number generation is somewhat similar to 
the acceptance-rejection technique. It generates an initial sample and a 
chain of random numbers, then the initial sample is accepted or rejected 
according to the properties of the chain.

First, properties of a series of random variables will be examined. The 
method itself will be outlined later. Let t be a number from interval 
[0,1) and generate the independent numbers ui, u2,..., u* uniformly from 
interval [0,1) until the chain of inequalities t > ui > u2 > ... > u*;-i = 
is satisfied, that is, until a ui is greater than its predecessor. If fór the first 
number ui generated we have t < u\, then set k = 1. Fór the sequence 
of numbers produced in the above way the following theorem holds.

Theorem 1. Fór a given t G [0,1) define the function 

h(t) = P{t > ut > ... > < uk,k odd},

then we have h(t) = e .

Proof. By considering only the generation procedure of the sequence 
ui,... ,uk one can observe immediately that

(3.7) P{t > ui > ... > uk-i < uk}
= P{t > U1 > . . . > Ufc-l} - P{t > ui > ... > uk-i > Ufc}.

To evaluate the probability P{t > uj > ... > u^} it suffices to note that 
Uj is less than t with probability t and thus the probability of the event 
that all the k numbers ui,..., uk will be less than t is tk. The numbers 
ui,...,Ufc have fc! different permutations and the k inequalities in the 
brackets will be satisfied in just one case, hence

P{t > U1 > ... > uk}

Thus equation (3.7) can be reformulated as

P{t > ui > ... > ut-i < u*} =

The function at issue now becomes
h(t) = P{t > ui > ... > uk-i < 

oo / tk~l tk\ °°
~SA(k-iy k\)~h 

k odd

kV

(fc-1)! kV

uk, k odd }
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Proof (second). Let h(t) be the function previously defined, A be the 
event, that fór a given chain k odd. Let B be the event that k is even, 
that is ui < t and after we have an odd number of u,’s. Fór the 
probability of events A and B one easily obtains

P(A) = h(t),

P(B) =f P^ > u2 > ■ • • > Uk-i < Uk,k- 1 odd } dux
0 
t

=f h(ui) dui.
0

Since A and B are mutually exclusive events, thus

1 = h(t} +fh(ui) dur 
0

Differentiating this equation with respect to t one has

whereby h(t) = e~‘ + c with a constant c. Having the condition h(0) = 1 
it implies c = 0, h(t) = e~f.

Now we are ready to discuss the method of comparisons. Assume 
that we want to generate random variables with density function f(x) = 
= ce~G(x\ x & [a, 6] and furthermore we know that 0 < G(x) < 1, 

b
x e [a, 6] holds (here c is a constant l/c= f e~G^ds). Utilization of the 

a
above investigated sequences of random variables leads us to the following 
algorithm:

C7 Continuous variable, by comparison
1. [A uniformly distributed point is chosen in [a,6].] Generate u, set 

x «— a +(6 — a)u, k «— 0, t G^x), uq *— t.
2. [Generating a chain of variables.] Increase k k + 1 and generate 

uk. If uk-i í then go to Step 3 (finish the generation of a chain) 
otherwise repeat this step from the beginning.

3. [Rejection.] If k even, go back to Step 1 (rejection of a chain).
4. If k odd, deliver the number x, as one with density function /(•).

Theorem 2. Algorithm C7 produces numbers with density function 
f(x) = cexp(—G(x)).
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Proof. For a given value t = G(;r) the probability of accepting x 
according to Theorem 1 — is exp(-G(x)). Since x is uniformly generated 
in [a, 6], thus

P{x < r,x accepted}
P{x < r | xis accepted } =

= »______ b~a - = ____1-----  fe^^ds 
fe-G(>)_l_ds [e'^ds a 
' b — a Ja

= c f e~G^ds
a

This completes our proof.
In order to render our method to be even more generally applicable, 

we would like to get rid of the restriction 0 G(i) < 1. It could be done 
in the following way. Assume for sake of simplicity G(x) is monotone 
increasing and let the density function
(3.8) f(x) = ce'GW, i€[a,+oo)

be given, where contrary to the assumption of the previous theorem we 
do nőt assume that 0 < G(i) 1 holds. The density function will be 
decomposed intő a mixture. Let a partitioning of the halfiine [a, +00) 
be given by the points by, bt,..., a = b\ < b% < . ■ ■ < bt < ■. ■ with the 
property that the greatest change of the function G(x) in one sub-interval 
[bi,í>t+i) is at most 1, that is

0 G(x) - G(6<) < 1, if xe[bi,bi+1), t = l,2,....

Density functions gi(x) are defined in the following way:

„ _ //(*), xe[bi,bi+1),
Otherwise.

The value of the constant pi may be determined from the equation 
bi+i
f f(x) gjdx = pi, thus we may write
6,

(3.9) f(x) =£p^,(i).
t=l

Now it is evident that in the function
gi(x) = = £ e-W e-W-Gw x € [M.+1)

Pi Pi
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the exponent G(x) - G^) has changed in value at most 1 1thussamp.es 
with density gt could be generated by the method of comparison

Summing up our investigations, generation of random variables with 
density f(x) in (3.8) can be carried out in two steps when using he 
comparison method and the mixture in (3.9).

C8 Contmuous variable, by decomposition and comparison

1. Sample a density function gi with probability pi-
2. Generate a random number with density function gi and dehver it 

as a sample with density f(%)-

Since any density function can be written in the form

fnrm dven bv (3.8), it follows that samples from any 
distribution could be generated by the above variant C8 of the comparison 

method. , , „
Evaluate now the number N of uniformly distributed random samp e 

needed in Algorithm C7 of the comparison method to obtain one number 
wiÍ the desifed distribution. The probability of the eventt that fór^a given 
t = G(z) the generation of chain t > m > ^-1 termmates 
after having generated exactly k uniform numbers is

| tk-i

(fc-1)! k\

as it has been shown in the proof of Theorem 1. Then the, expeeted value 
kQ of the index k determined by the sequence is the following.

(3.10)
oo tk “ , tktk- 

.(*-!)!
fk

Jc=O

Denote the probability of index k determined by the sequence bemg odd 
by p, (obviously Pr = L TXX n

Tta the 
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expected value of the variables required in the sequences is

m = piko + 2(1 - pi)pik0 + 3(1 - pi)2 pik0 + ... +
+ n(l “ Pl)”-1 Pi*o + •••
= Pl^O £ (& + 1)(1 - Pl)* = Pl^o^ = ~>

*=o Pl Pl
since the last infinite series is the derivative of the geometrical series 
------= 1 + q + q2 +... if we substitute q = 1 - pi. In the final generation 
l~q
procedure fór each sequence an additional variable is alsó required apart 
from ko, namely fór generating a variable x in the interval [a,b], Thus 
finally we arrive at

Theorem 3. The expected number of the uniform random vari­
ables required to generate one sample with density function /(x) = 
= c e-G^^ x E [a, b] by Algorithm C6 is

b
1 + —[ eG^ di 

b - a J
*=-------- r--------- •

A- ír^dx 
b - a J 

a

Proof. Change ko in the expression of m fór ko + 1 in the light of the 
last remark and consider that ko = e* and pi = e-< holds only fór fixed t. 
Taking intő account the fact that t is uniform in [a, b] the replacements 
are obvious.

Example. Consider the standard exponential density function f(x) = 
= e~z, x > 0. Split up the halfline [0,+oo) intő sub-intervals [t,í + 1), 
i = 0,1,2,... The probability of selecting the interval [i, i + 1) is

p, = J e~z dx = e-1 - e“(‘+1) = e-1(l - e-’) 
t

and in the sub-interval random variables with density function gt(x) = 
e~ x

= ---- , x E [i,i 4- 1) will be generated. Fór these densities the equation
Pi

OO
/(x) = £2 Pi9i{x} holds and the function x alsó changes at most 1 in the 

í—o
sub-interval [:,í 4- 1], consequently the second variant (Algorithm C8) of 
the comparison method is applicable.
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A remark would be proper here before the detailed description of the 
algorithm. The probability of turning out an odd index m the sequence 
t > Ui > ... < Uk is e'S and fór the present density function /(x) = e 
the value t is chosen uniformly in [0,1) thus

P{t uniform, t> ur> ...> uk-i 5 uk, k even }

=j(l - e^dt = e-1.
0

Therefore the probability Pi of selecting sub-interval [1,1 +1) is equal to 
the probability of the event that in i sequences the index turnéd out to 
be even and in the (í + l)st sequence the index becomes odd. act 
will be economized in Step 5 of the following algorithm:

E3 Exponential, by comparison

1. Initialize i <— 0.
u.

4.
5.

2. Generate u and set t -
3. Generate ui and if u < ui holds, then go to ep

Generate u, if tii > u, then go back to Step 3.
[The sequence is rejected since the index is even.] Increase the index 
Síhe sub-inűrral U i + 1 and go back to Step 2 fór s.artmg a new

6. DehveTthe number x - i + t as exponentialiy distributed.

Since the algorithm starté the generat.on of a new sequence m > 
if the index in the previous sequence was even then a value in 
interval [i,i + 1) is produced exactly with probability p, according to the 

remark made prior to the algorithm. ran be worked
The number of uniformly distributed samples required can be worked 

out by expression (3.10) as

Pi

0 =« 4.3
i 1 — e 1
Je^dx 
0

which could be considered rather high.

3.5. Economical method

We modify the slready deseribed method of 
random number generation to yield a techmque reject.ng generated 
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sample. Let our task be to generate random numbers with density func­
tion f(x), x € [a, 6], and let h^x}, x € [a, 6] be another density function. 
Introduce the following notation:

Z+ = {x | h(x) > f(x)}
I~ = {x\ h(x) < /(x)}

and let T be a monotone increasing transformation of the set I+ intő I~, 
that is, T : y — T{x), x E I+, y E I~. Actually the reasoning will be 
similar fór T being monotone decreasing bút we will stick to the monotone 
increasing version. Furthermore, to keep the presentation as simple as 
possible, we alsó impose somé other restrictions. Suppose h(x) > /(x) 
if x E [a,c), /(x) > h(x) if x E [c,&], /(c) = h(c) fór somé c € [a, 6], 
Finally, assume that with a transformation T fór any x E I+ — [a, c] the 
following equilibrium equation holds:

x T(»)/ My) - /(y)] dy= / [/(y) - hM] dy 
a c

Under the previous assumptions, samples with density function /(x) can 
be produced by the following random number generátor.

C9 Continuous variable, by economical
1. Generate x with density h(-).
2. If x E I~, then deliver x.
3. [Test.] Generate u. If f(x)/h(x) < u, then transform this value by 

T, that is, deliver the value T(x), otherwise deliver x.

The validity of the algorithm is rendered by the following theorem.

Theorem. Algorithm C9 produces random numbers distributed with 
density function f(x).

Proof. Denote the value produced as the outcome of the algorithm by y 
and let u be uniform in [0,1), x distributed with density h. Corresponding 
to the three possible cases that may occur, we present the probability 
P{y d], d E [a, b] as a sum of three other probabilities according to 
the theorem of totál probabilities

P{y í d} = p{x < d | x e r} • p{x e r}
+ P{x < d | x E I+,f(x)/h(x) > u} ■ P{x E I+,f(x)/h(x) > u}
+ P{T(x) < d\ x E I+, f(x)/h(x) < u} ■ P{x E I+, f(x)/h(x) < u}.
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The first case (Step 2) is the simplest one 
d

P{x<d\x&r}- P{x e r} = P{x<d, xe r} = / h(z) dz. 
zei~

In the second case, when the generated value is accepted, then we have 

P{x <d\xGl+, f(x)/h(c) > u}P{x € I+, f(x)/h(x) > u}

= P{x<d,xel\fW/h(x)>u}= f f h(x)dudx= f f(x)dx.
x6/+ ° l£/+

Finally, the last part deals with the case where transformation T is ap- 
phed: p3 = P{T(x) <d,xe I+, f(x)/h(x) < u}

T~1(d) 1
= f f . h(x) du dx 

a, , /(«)/*(») X&I'
T-1 (d)

= / [h(x] - f(x)] dx. 
a 

xe/+

Making use of the equilibrium equation, the last integrál can be rewritten 
as d , ., ,

P2= f [f(x)-h(x)]dx. 
c xei-

Summing up the probabilities we have
P{y<d} = í h(x)dx+ / /(x)dx+ / [f(x)-h(x)]dx

*ei~

=J f(x)dx

which gives the required result.
Assume that fór generating one variable with density function h only 

one uniformly distributed sample is required. Then in order to obtain 
one random number with density function f by the economical algo­

rithm C9, we need

y = f h(x) dx+2 f h(x) dx=i+ f h(x) dx 
a a ,xei- ie/+

uniformly distributed numbers on the average, and it is at most 2.
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Essentially the economical method performs transformation of values 
from interval I+ to interval I", if necessary. The transformation T trans- 
fers somé of the values in interval /+ generated in an amount greater than 
desired to the interval I~, where originally less than the desired number 
of samples are produced (/(x) h(x) if x E I"). The equilibrium 
equation expresses that fór a shortage cropping up to a given point x we 
can determine the same amount of surplus by transformation T.

The method is graphically illustrated in Fig. 18. More generál cases 
can be covered by subdividing the support interval intő sub-intervals, to 
which the previously described procedure could be separately applied and 
then by the decomposition technique we pút together the parts.

Fig. 18. Illustration to the economical method;
the shaded surplus area is equal to the dotted shortage 

area, because of the equilibrium equation

The equilibrium equation can be written in two different ways, depend- 
ing on the monotone increasing or decreasing property of the transforma­
tion T; the transformation will be denoted by U(z) and V (x) respectively, 
and the two equations are

(3.13) / [h(y) - /(y)] dy = f [f(y) - h(y)] dy
a c 

f My) - /(y)] dy = / í/(y) - ^(y)] dy 
z c

From these equations, using the notation K(x) = F(x) — H(x) one may 
obtain

94



(3.14) K(U(x)) = K(c) - K(x)
K(V(x)) = K(xY

Thus the practical applicability greatly depends on the availability and 
ease of inversion of the function K, that is, whether L (i),V(z) can be 
expressed explicitly from (3.13). Fór finding special transformations of 
type T other ad hoc methods should be considered alsó.

Example. Let f(x) = 2x, xE [0,1], and h(x) = 1 i € [0,1] uniform 
density function. Substituting F(x) = x2, H(x) = x, K(x) = x — x intő 
equations (3.14) the transformations

U(x) = 0.5 + \/x- x2
V(x) = 1 - x

can be derived. Since V(x) is simpler, the algorithm employing V(x) will 
be presented as an example of sampling random numbers with density 
f(x) by the economical method.

L1 Linear density, by economical

1. Generate u.
2. If u > 0.5, then deliver u.
3. Generate v. If v < 2u, then deliver u, otherwise deliver 1 - u.

To generate a random number with density f(x), N = 1.5 uniformly 
distributed number is required on the average by this algorithm.

At this point it is thought to be appropriate to pút in a few words on 
approximating densities. In many cases we are only given an empirical 
density function or we can approximate the density function by evalu­
ating relative frequencies. If the approximation is composed of constant 
functions, then it is clearly a mixture of uniform distributions. If the 
approximating function is piecewise linear, then the economical method 
can be applied. Denote one term in the mixture of linear densities by 
g(x) = mx + c, x € [a, b] and assume m > 0. We can directly apply the 
previous Algorithm Ll, or we may — which would be more preferable, 
especially fór relatively large value of ma + c further decompose the 
function g(x) = gi(x) + 0i(t), where g^x) = d^ma + c) is constant and 
jj(x) = d2m(x — a), where d\ and d2 are two suitable constants asserting 
f gi(x) dx = f g2(x) dx = 1.
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3.6. Ratio-of-uniforms method

In this method a point is generated uniformly over a certain domain 
in the pláne and the random number with the desired distribution is 
obtained by taking the ratio of the two coordinates of the uniformly 
distributed point.

In order to describe the method, consider a density function f(x) and 
a domain _ ,, . , _ rr.—tt,D = {(®,y) | 0 < x < x^f(y/x)}.
The algorithm for producing random numbers with density function f(x) 
is the following.

CIO Continuous variable, by ratio-of-uniforms
1. Generate a sample point (u,t>) uniformly distributed over domain D.
2. Deliver x «— v/u as a random number with density function f^x).

The validity of the algorithm is stated and shown in the following 
theorem.

Theorem. Algorithm CIO produces numbers with density function 
/W-

Proof. We are going to make use of the tiansformation theorem re- 
garding multivariate density functions, presented in Section 1.3. The 
joint density function of the point (u,v) is p(pi,P2) = c, if (PbPi) € 
(i.e. 0 pi < \//(p2/pi), where c is a constant determined by the 
equation l/c — ff dpi dp2- In the algorithm we used the transfor-

D
mation T : (pi,P2) —* (*1,^2) where ti = P2/P1, ^2 = Pb its inverse 
is T-1 : (ti,t2) -* (pi,P2), where pi = t2, P2 = *1*2- The Jacobian of 

dT~lthis latter is-------= -tz whence the density function of the transformed 
dt

point T(u,v) = (x,y) follows

h(ti,Í2) = ?(T(pi,P2))|t •
dT-1 

dt
ct2, 
0,

if 0 < t2 < '/ffh) 
otherwise.

The marginal density function of the first coordinate (what we actually 
need) and the constant c can be evaluated from the equation:

7(»i) vTöi) c ,
f h(ti,t2)dt2= f ct2 dt2 =-/(ii)
0 0 z
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If we substitute here c = 2, then the result is just as required: the 
density function of the first coordinate is /(•) and the area of the domain 
D is 1/c = 1/2.

Example 1 (Normál distribution). Consider the positive half of the 
standard normál distribution (samples from the standard normál distri­
bution can be obtained by attaching a random sign to these “positive” 

/y _x£
random numbers). Its density function is /(x) = y - • e 2 , the corre- 
sponding domain is 

D = {(x,y)|0 < x < Jexp{-y2/2x2} }.

After streamlining the inequalities we get

x2 < ^exp{-y2/2x2},

log = ^y2/2x2^

Example 2 (Exponential distribution). Consider the standard expo­
nential density function f(x) = e-1, x > 0, then we have D = {(x,y) | 
0 < x < exp{—y/2x}}, that is y < -2xlogx.

The method can easily be extended fór any function k(x) with finite 
integrál K, K — f k(x) dx. Denote Dk = {(x,y) | 0 < x < \/k(y/x)}, 
then it could be shown in a step-by-step way similar to the reasoning in 
the theorem, that if (u,v) is uniformly distributed in Dk, then v/u has 

density function /(•) proportional to k{-), that is /(x) — — k(x) and the 
are of Dk is K/2.

The domain Dk is bounded in the x direction by the graph of 
x = \/k{y/x), if k(-) is bounded, and in many cases this equation can be 
solved explicitly fór y in terms of x. Furthermore Dk is bounded in the y 
direction if x2fc(x) is bounded. Generally fór producing points uniformly 
distributed in domain Dk (or D), nőt very simple ones bút bounded, one 
has to resort to acceptance-rejection techniques using simple enveloping 
domains (rectangles, circles) as will be described in the next chapter.

At this point we may wonder if there are nőt other possible trans- 
formations of uniform random numbers instead of the ratio-of-uniform.
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Actually there have been somé other special cases presented. Using the 
same notation as fór the function k(x) with finite integrál K, define the
domains D* = {(x.y) | 0 < x < k(x + y)}, 

D*k* = {(x,y) [k(y/^?/3}-

If (u,v) is uniformly distributed in D*k (or in D*^), then it can be proved 
that the random variable u + v (or v/^/ű) is distributed with density

1 
function f(x) — -^k(x).

The greatest appeal of the method is its simplicity. Possible points of 
hidden difficulties may be encountered in generating a point uniformly in
D, that might have been done by a very low ratio of acceptance.

3.7. Variants of the acceptance-rejection method

The acceptance-rejection technique is the most flexible way of handling 
the generation of random numbers from a given distribution. Its simplic­
ity, universality and occasional weaknesses (which actually seem to be 
correlated properties of the method) have inspired many researchers to 
develop variants that are maybe more specific, bút at the same time are 
certainly more efficient. Somé of these variants will be presented here.

The basic notation and the algorithm of acceptance-rejection method 
are repeated here fór convenience. Random variables with density func­
tion /(•) are required and we are given an upper bounding function g(x), 
fór which f(x) < g(x) = ch(x), c = f g(x) dx, thus h(x) is a density. The 
formai algorithm is

C3 Continuous variable, by rejection
1. Generate u. Generate y with density h(-).
2. If u < /(y)/y(y) then deliver x *- y, otherwise go back to Step 1.

An idea fór improving the method by getting rid of the comparison of 
Step 2 (which could be very time consuming fór complicated functions 
/ and/or g) in most cases has been incorporated in the squeeze method. 
Let s(-) and y(-) be lower bounding and upper bounding functions with 
respect to density function /(•), respectively (that is, s(r) = PÍ3-))) 
where the functions s(-) and g(-) and the ratio s(x)/g(x) can be evaluated 
at small costs, they should be constant, linear or other simple functions.
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The term squeeze method comes from this squeezing the function /(•) be­
tween two functions s(’) and g(-). Preserving the notation ch^x) — g{x), 
c = f g(x) dz the squeeze method’s formai algorithm can be stated as:

Cll Continuous variable, by acceptance-rejection + squeeze 
modification

1. Generate u. Generate y with density h.
2. [Fást acceptance.] If u < s(y)/y(y), then deliver x <— y.
3. [Slow acceptance.] If u f(y)/g(y\ then deliver x +- y, otherwise 

go back to Step 1.

Example. Consider the truncated exponential distribution with den­
sity function f(x) = —e-z,.O < x < 1, investigated in Example 3 of 
Section 3.2 as a demonstration of the acceptance-rejection technique (al- 0
gorithm E2). The upper bounding function was g(x) = _ « 1.582 
and the corresponding density function is h(x) = 1. Here the modified 
version of the algorithm will be presented with a lower bounding constant

function s(x) = /(l) = « 0.582, as the idea of the squeeze method
is being exploited.

EXAMP 4- Example fór squeezing the truncated exponential

1. Generate u and v.
2. If u < s(v)/y(v) « 0.368, then deliver v.
3. If u f(v)/g(v) = e-w, then deliver v, otherwise go back to Step 1.

Thus the computation of the exponential function can be avoided in 
one-third of all the cases because of the immediate fást acceptance.

Similarly, one can construct a simple upper bounding function t(x) 
fór which f(x) t(x) < g(x), whereby a procedure with fást rejection 
can be obtained. The point of searching and constructing another upper 
bounding function t(-) besides the function y(-) is that it serves a dif­
ferent purpose. The function t(-) should be simple to evaluate whereas 
the function g(-) should be a density function multiplied by a constant 
according to which random numbers should easily be generated.

The acceptance-complement method is a technique where the mixture 
method has been combined with the acceptance-rejection method. De-
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compose the target density f(x) intő two subdensities ^(O, 02(-)> where 
01(*) °> S2(i) 0, as
(3.16) /(*) = 31(£) + <72(z)

and denote by pi and p? the following probabilities:

Pl = fgi(x) dx, P2 = fgí(x) dx.
Choose a density function hi(-) dominating the subdensity 3i(-), that is, 
^(z) > S1(a:), and denote the density function proportional to 02(‘) by

/2(-)> that is /2(x) = —<72(2), then the algorithm can be stated as

C12 Continuous variable, by acceptance-complement
1. Generate u and generate x with density h^.
2. If u < gi(x)/hi(x), then deliver x (acceptance, finish), otherwise 

proceed to the next step (this is actually rejection of re).
3, Generate y with density /2 and deliver y.

Rewriting the decomposition of f(x) in (3.16) as

(3-17) /(x) = pi

where the functions in the brackets (/1 and /2) are densities, one can see 
that Algorithm Cll is of decomposition type, where the generation with 
density /i(-) = —gi(-) is performed by the acceptance-rejection technique

P1 1
with majorizing function —hi^x\ The main point here is that choosing 

Pl
the first member of the mixture of f has the same probability pi as the 
probability of acceptance in Step 2, thus the acceptance-rejection has 
been exploited fór two ends. Similarly, one can see that rejection occurs 
with the same probability 1 - pi = P2 as the choice of the second density 

function —g^')-
P2 ,

The method can be recommended fór mixtures with pi close to 1 and 
/ii(-) well approximating ^i(-).

The inversion-rejection method has been developed fór cases where we 
do nőt have the inverse F~1 of the target distribution bút explicit forms of 
the density function /(•) and the distribution function F(-) are available. 
The basic idea of the method is simple. After having decomposed the 
support of the density function intő sub-intervals: (i) the choice of a

WWA INC* 
VfWlftVH” F.'ANVlWim 
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member of the decomposition is required and then (ii) the acceptance- 
rejection technique may be employed in the selected sub-interval. The 
term inversion in the name of the method refers to step (i) where selection 
of the sub-interval (generation of a sample from a discrete distribution) 
may be done by inversion (searching).

Effective use of the method can be conjectured only in cases where 
somé additional knowledge of the behaviour of the density function is 
guaranteed, fór example if we know that /(■) is monotone, or unimodal 
(that can be split up intő two monotone parts) or convex over its support, 
etc. We describe the method fór the monotone decreasing density func­
tion f(x), x 6 [0,1]. The sequential search will nőt be done on previously 
established sub-intervals bút we create them by halving the length of the 
interval being investigated.

C13 Continuous variable, by inversion-rejection
1. [Inversion.] Generate u and initialize the interval (a,b) by a <— 0.5, 

b^ 1.
2. If u < F(a), then shift the interval to the left and halve the length 

of it by setting b <— a, a «— 0.5a and repeat this step from the 
beginning, otherwise proceed to the next step (at this point we know 
that the root xq of the equation F(xq) = u is in interval (a,6)).

3. [Acceptance-rejection.] Generate v and w. Initialize y «— a+v(6 —a); 
y is uniformly distributed in interval (a,b).

4. If w í J(y)//(a), then deliver v, otherwise go back to Step 3.

The inversion part can be replaced with something more precise if 
need be, fór example a back-and-forth searching until the length of the 
interval will be less than a prescribed precision. Having more details 
on the behaviour of /(•) the crude bound /(a) could be changed intő 
something better, e.g. a linear upper bounding function, or we can use 
the squeeze method here. The algorithm can be accelerated by storing 
the function values f ^2*) f°r i)2* • • • a^so'

Finally, we present an application of the acceptance-rejection tech­
nique, where the target density f is very complicated, bút can be ap- 
proximated from above and below by a convergent series of simpler func­
tions whereby the method is called the series method of random number 
generation. In particular, assume that there exist sequences of functions 
/2n(-) and /2n(-)> ” = i-2- " for which and 
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lim Í2nM = lim fun^) = f(xY Furthermore, there exists an upper 
bounding function ch(x) > where h(-) is a density function. The 
algorithm can be stated as follows.

C14 Continuous variable, by series
1. Generate u. Generate x with density h(-) and initialize n «— 0, 

t ♦— uh(x).
2. Increase n «- n + 1. If t < /2n(*)>then deliver x.
3. If t > fun(x) then go back to Step 1 (rejection).
4. [Proceed to the next function.] Go back to Step 2.

Several special cases of this generál method deserve mentioning, bút 
we give here only one example.

Assume that /(r) can be written as an alternating sequence of the 
type

(3.18) f(x) = ff(x)(l - ai(r) + a2(x) - a3(x) ...),

where g(x) = ch(x), c = f g(x) dx and an(x) is a sequence of functions 
fór which an(x) = an+ií1)) f°r x, n = 1,2,... and limn_.oo öní1) = 0-

The algorithm fór generating random numbers with density function 
/(*) is

C15 Continuous variable, by series + alternating sequence

1. Generate x with density h(-). Generate u and set n <- 0, s +- 1.
2. Increase n <— n + 1 and set s <— s — an(x). If u < s then deliver x.
3. Increase n +— n + 1 and s <— s + an(x), if u > s, then repeat the 

whole procedure from Step 1.
4. Go back to Step 2.

Since fór any odd k we have the inequalities

k k + 1
(3.i9) i + £ (-iJM*) MM1) i+EHW 

j=i j=i

thus the criterion of acceptance would be u < f /g(x) ■ Replacing it 
with the left hand side in the spirit of the squeeze method we have the

k ...
relation u < 1 + to be checked. Changing the sign we

j=l
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have 1 — u ZZ (~ and 1 — u can be replaced by its statistical
— j=i

equivalent u. According to these remarks a modified algorithm could be

C16 Continuous variable, by series-alternating squeeze
1. Generate u. Generate x with density h(-), set n 0, s <- 0.
2. Set n — n + 1, s «- s + an(x), if u > s, then deliver x.
3. Set n n + 1, s <- s - an(i), if « < 8, then return to Step 1, 

otherwise go to Step 2.

These last two algorithms (C14 and C15) create the possibility fór ap­
proximating a density function by an infinite series, the individual terms 
of which could be much easier to evaluate, and having a generátor without 
evet evaluating the target density. Practical usefulness depends on the 
form of series and how far we have to go in the series (the size of n) before 
deciding upon acceptance or rejection, that is, how fást is the convergence 
of the series to the target density.

3.8. Generating discrete variables by binary search

At the inversion method we already have presented an algorithm fór 
generating samples of the random variable £ given by the probabilities 

(3.20) P{£ = xí} = pi, p, > 0, í >l,...,fc.
The model corresponding to Algorithm Dl is the following. We have in 
an urn balls numbered from 1 to k and we have to choose the »th ball with 
probability p,. If the íth ball was chosen, the quantity x, is the delivered 
(generated) value. In adapting the model to a computer, difficulty arises 
if k (the number of balls) is great and the choice is hard. Had we two 
balls in the urn, only one comparison would be necessary.

In what follows a procedure is described where in the sense of the 
previous remark the number of balls in one urn is decreased by combining 
probabilities, thus reducing the number of comparisons as compared with 
Algorithm Dl.

Define the numbers p(j, í) as follows. Let

(3-21) p(j,0) = Pb 
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These are called the probabilities of the Oth level. The probabilities p(j, 1) 
of the Ist level are thought of as the sum of two consecutive Oth level 
probabilities

(3.22) P(j> 1) = p(2j — 1,0) + p(2j, 0), 7 = 1,...,^,

where ki = [(fc + l)/2], and the brackets [ ] mean the (lower) integer part 
of the number in brackets ([3.2]=[3.7]=3). Of course in the case of k odd 
the last sum will consist of one term only:

p(^i,1) = ?(2fci - 1,0) = p(k,0).

Similarly, the probabilities p(j, 2), j = 1,..., kz, of the 2nd, ... ,p(j, 2), 
j = 1,..., ki of the /th level are constructed as the sum of two consecutive 
probabilities of the previous level. Thus probabilities of higher and higher 
levels are manufactured until there are no more probabilities, that is, the 
last mth level is reached when we have only one probability

p(l,m) = p(l,m - 1) +p(2,m - 1) = 1,

that is, km = i(km-i + l)/2] = 1. Furthermore, compute the totál prob­
abilities

P(l,») =P(1,»)>
(3-23) =p(l,í) + p(2,í) + . .. + p(j,i)

= p(j~ M) + p(j,i), j = 2,...,k, i =

The value p(j, t) is the joint probability of the probabilities of level i with 
index j or less.

The procedure of generation will advance on the binary tree just pro- 
duced in a top-down manner; the branch to proceed along is chosen 
according to the probabilities p(j, i) and on all levels only one compari- 
son is required to proceed. The preparation and the generátor itself are 
formally described in what follows.

D2 Discrete variable, by binary search

Preparation

1. Initialize i <- 0, k0 «— k, p(j, 0) = pj, j = 1,... ,k.
2. Increase index i <— i + 1 and set j <— 1, ki «— + l)/2]-
3. [Determine the probabilities of level t.] Let

PÚ») P(2j>t - 1) + p(2j,i - 1), j = 1,...,^ - 1.
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4. If ki-i — 2ki, then set
p(^t,») PÍ^i-l - 1,» ~ 1) + p(ki-i, i - 1), 

otherwise set p(kiti) <— p(fcj-i,t - 1)-
5. If ki / 1, then go back to Step 2.
6. Initialize m «— i, í «— 0.
7. [Compute the totál probabilities.] Increase index t *- : + 1 and set 

p(l,») *— p(l,t)- Evaluate the sums

PÜ,1) PÜ ~ M) + PÜ>‘)> j = 2, • • ■ ,ki.

8. [Finish.] If i = m - 1, then finish the preparation otherwise go back 
to Step 7.

Generation
1. Generate u and initialize j <— 1, t ♦- m — 1.
2. [Select an index j on the level í.] If u < p(j,»), then set j <— 2j - 1, 

otherwise set j «— 2j + 1.
3. [Reduce the counter of level.] Decrease i «— i - 1, if » = 0, then go 

to Step 4, otherwise go back to Step 2.
4. If u < p(j,0), then deliver the value x <— Xj, otherwise deliver 

x «— xy+i-

Example. The working of the algorithm is illustrated in the following 
discrete distribution with n = 13 elements. The probabilities pj = p(j,0), 
j = 1,..., 13 are

0.02, 0.03, 0.03, 0.03, 0.04, 0.05, 0.05, 

0.05, 0.10, 0.10, 0.10, 0.20, 0.20
consecutively. From these probabilities the values p(j, i), PÜ>*) are com‘ 
puted by the preparation part of Algorithm D2 forming altogether m — 4 
levels (totál probabilities are at the bottom of each box):

Assume we have generated the value u = 0.79. Algorithm D2 first 
examines the inequality u < p(l,3) = 0.3. Since it is nőt satisfied the 
values j 3 and i «- 2 are set and the condition u < p(3,2) = 0.8 is 
examined. It is fulfilled, thus j «- 5 and í «- 1 turn out, then from the 
inequality u < p(5,l) = 0.5 we get j - 11, i - 0. Finally, because 
u < p(ll,0) = 0.6 is nőt satisfied, the algorithm delivers the 12 term 
of the distribution. (Somé other examples: fór u = 0.85, j *- 13; fór 
u = 0.32, j *- 9 and fór u = 0.17 we have j ♦- 6.)
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4th levet p(j,4)

3rd levet pl j,3)
PW

2nd levet p(j,2)
00,2)

Ist levet p(j,l}
PW)

Othlevet plj.O}
00,0)

Scheme 1. The probabilities p(j,i) and of a discrete distribution to 
Algorithm D2

Algorithm D2 is based on the following model of urns: in one urn 
there are two balls only, each one representing a subsequent urn. We 
have to choose between two balls and then in the urn indicated by the 
ball chosen there are similarly two balls, etc. Fór generating one sample 
by Algorithm D2, [log2 n] + 1 comparisons are required. To store the 
totál probabilities p(j,i), í = 1,2,... ,m, about n words are required and 
this, together with the original probabilities pj = p(y, 0), means we need 
2n words in the computer storage (the probabilities p(j, i), j = 1,..., m, 
i = are needed only during the preparation).

Algorithms similar to D2 could be constructed in such a way that 
probabilities p(j, 1) on the first level are produced nőt as a sum of 2, bút 
3, 4 or 10 consecutive probabilities of level 0. Probabilities on level 2 are 
formed as the sum of 3, 4 or 10 probabilities on level 1, respectively, etc. 
In these cases the searching procedure requires more comparison to make 
the transition from level i to level» — 1 than in the case of Algorithm D2, 
bút the number of levels is smaller. Practical usefulness advocates the 
choices of octal, decimai and hexadecimal search techniques, bút basically 
somé other methods (of decomposition type, described in Section 3.10) 
should be preferred.

3. 9. Generating discrete variables by table method

The method fór producing realizations of a random variable with dis­
crete distribution to be described here could be substantially faster than 
the searching procedures presented previously. Before giving a formai 
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description the main steps of the algorithm’s operation are illustrated by 
a numerical example. Let the discrete distribution given by the following 
probabilities and values:

Table 8

Probability Value

0.321 a
0.034 b
0.212 c
0.433 d

Most probably the fastest method fór generating samples with such dis- 
tribution would be the next one- Consider a vector with 1000 elements, 
store the value “a” in 321 elements, value in 34 elements, value c 
in 212 elements and value “d” in 433 elements. After this preparation to 
produce one random value generate a random index over the set of mte- 
gers 1 2,..., 1000, that is, generate the random number u - O.did2 ..., dz 
uniformly in the interval [0,1), where d, denotes the jth decimai digit of 
u and let the index i be equal to the number d^ds + 1. Then i is uni­
formly distributed over the set 1,2,..., 1000 of integer numbers. Dehver 
the »th element of the stored vector as a sample from the desired is ri- 
bution. The soundness of the procedure can easily be shown by an urn 
model Consider an urn having 1000 balls. We have the inscription a 
on 321 balls, inscription “b” on 34 balls, inscription “c” on 212 balls and 
inscription “d” on all the remaining 433 balls. One of them is randomly 
(uniformly) chosen. The computer algorithm is a natural implementa- 
tion of this urn model. Since the procedure requires the generation o 
one number and the picking up of the element of the table with the in­
dex just obtained, it is very fást. A drawback of the method is that in 
most practical cases the number of the values to be stored may be qui e 
large. Nevertheless, the memory requirement could be substantially e- 
creased by a simple modification while nőt really affecting the spee o 
the algorithm. . . ,

The modified procedure is based on the following urn model. Consider 
three urns that correspond to the three decimál digits appearmg m the 
statement of the probabilities. The first urn will be sampled with a 
probability corresponding to the sum of the first digits (decimals), the 
second urn will be chosen with a probability corresponding to the sum 
of the second digits (hundredths) and the third urn will be chosen with 
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probability of the third digits. The contents of the urns is determined 
in the following way. In the urn of the decimais we store as many balls 
with inscription “a” as the decimai in the probability of the value “a”, as 
many balls with inscription “b” as the decimais in the probability of “b”, 
etc. The probability of choosing a specific urn and its contents is given 
in Table 9.

Table 9

The contents 
of the urn

Number of balls Inscription

The probability of 
selecting the urn

Ist urn 0.9 3 a
(decimais) 2 c

4 d

2nd urn 0.09 2 a
(hundredths) 3 6

1 c
3 d

3rd urn 0.01 1 a
(thousandth) 4 b

2 c
3 d

Totál 28

The generation procedure has been combined from two steps: first, an 
urn is chosen according to the corresponding probability and then one 
ball (that is, the value it is representing) is picked up from the balls in 
the urn — bút this is chosen with uniform distribution.

Contrary to the one thousand constants of the previous version, after 
the modification storage for only 28 values is needed in the computer im- 
plementation of the numerical example. The contents of separate urns are 
fiiled intő different “levels” of a vector, the levels are separated by starting 
addresses, and index modifiers are used to help in the location of differ- 
ent levels inside the vector. Obviously the algorithm can be constructed 
nőt only in decimai bút arbitrary system. In the example discussed as 
demonstration the probabilities and the procedure were given in deci­
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mai system, however, the formai description of the generál algorithm is 
detailed in binary system. '

Let the probabilities pt = O-babu ... bim, i = 1,2,..., k be given, where 
m denotes the number of binary bits of a reál number on the computer, bij 
is the jth bit in the :th probability. The discrete distribution of concern 
is determined by the equations P{£ = Xj} = pt, i = 1,2,..., k.

D3 Discrete variable, by table method

Preparation 
k

1. Compute the column sum Sj of the jth bits Sj <—

j = l,2,...,m.
2. [Determine the probabilities tj of the levels.] Set t* «— sj/^^ 

j = 1,2,... , m and compute the totál probability of level ti * t1, 
tj- + j = 2,3,...,m.

3. [The starting address of the level i is c,-.] Set ci <— 0, then determine 
c.+1 <_ c. + Si, i = l,2,...,m - 1. Compute the index di «- 0, 
dj «— ty-i2J — Cj, j = 2,3,... ,m.

4. [Store the values Xi = 1,2,... ,k intő the elements of the vector A.] 
Initialize q <— 0 and j <— 0.

5. [Increase the index of the currently investigated level.] Increase

6. This step has to be performed fór each index i — 1,2,..., k: consider 
the bit big, if big = 1, then the next element of the vector A is fiiled 
up with the tth value of the distribution A(j) *— J + 1-

7 if q — m, then the preparation is finished, otherwise go back to 
Step 5.

Generation
1. Generate u uniformly in [0,1), where the binary form of u is 

u = 0. u1u2---“m and set j «- 1 fór the index of the level to 
be examined at the beginning.

2. [Registering the level.] If u < tj, then deliver the number 
x <_ A(ui...Uj - dj). (The number ui ... Uj is to be considered 
as written in base 2 system.)

3. Increase j *— J + 1 and g° back to Step 2.
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From the different quantities determined in the course of preparation 
the only values to be preserved are the vector A, the totál probabilities 
of levels tj and the index modifiers dj, j = 1,2,... , m. Note that if 
during preparation it turns out that Sj = 0 fór somé indices j = 1,. .., r, 
then obviously we do nőt need the corresponding values tj and dj; further- 
more, in the Generation part of Algorithm D3, nőt the indices 1,2,..., m, 
bút indices of levels r + 1, r + 2,..., m, that is, their re-indexed versions 
(1,2,..., m — r), are investigated.

Example. Let the discrete distribution be given by the following values 
and probabilities (P{£ = Xi} = p,, í — 1,... ,4), (see Table 10):

Table 10

Pi (in binary form) X{

1 O.IOIO2 0
2 O.OOOI2 3
3 O.OOII2 6
4 O.OOIO2 7

Using the Preparation part of Algorithm D3 one can obtain the values 
8j : 1,0,2,2 consecutively, the totál probabilities of levels tj are 0.5, 0.5, 
0.875, 1.0, the starting adresses are 0,1,1,4, the index modifiers 0,1,3 and 
10 and finally the vector A is (0,0,6,7,3,6). If the value u = O.IIOI2 = 
0.81251Oio has been generated, then D3 produces 7 from the discrete 
distribution, if u = 0.10102 = O.625io then 0 is produced.

Similar algorithms can be built in different base systems; the octal and 
the hexadecimal systems could be proposed fór practical reasons. From 
the possible variants the above described binary based algorithm requires 
the least memory and the greatest number of comparisons on the average 
(the necessary storage is basically sí + ... + sm words).

An advantage of the method is that only one uniformly distributed 
number is required, and the number of comparisons is equal to or less 
than the number of levels (digits in the representation of probabilities) 
nőt of order log2 k. A drawback of the algorithm is the feature that full 
efficiency can be attained by machine coded version only, which could be 
troublesome fór users who do nőt want to get involved in technicalities. 
Furthermore, the insertion of a machine coded routine intő a high level 
language program, and in somé cases the great number of constants to 
be stored, may alsó cause difficulties. It must be noted here that in cases 

110



where the probabilities of a distribution are given with many digits it 
could be wortwhile to fabricate a hybrid algorithm: fór a couple of first 
digits we apply the table method, while the other digits are covered with 
a simple search technique — according to the decomposition method this 
could result in a fást and relatively short algorithm.

3.10. Generating discrete variables by decomposition

In this section we describe a version of the decomposition method 
adapted fór generating discrete random variables which is highly efficient 
and simpler than the table method. .

Consider the discrete probability distribution given by the probabilities

(3.24) P{^ = Xi} = pi, . p. > 0, i = l,...,fc.
Its density function — that is, the probabilities pi — will be produced as 
the sum of k densities, the weights of them will all be equal to 1/k (their 
choice is equally probable), and each density represents a discrete distn- 
bution with two possible values only (twopoint distributions). Denote 
these distributions by the probabilities (9,1,932), j = 1> • • • >k where

P{^3 = *31} = 9ji
P{r)j = *32} = «32 

and assume, furthermore, that the equations 

(3.25) Pí = | E m = l,...,k, i = l,...,k, 1 = 1,2, 

hold, where summing up is executed fór those indices ml which fulfil 
Xi = xmi, l being 1 or 2. Given the above notation, discrete variables 
with distribution in (3.24) will be produced by the next procedure.

D4 Discrete variable, by decomposition
1. [Selecting the jth distribution.] Generate u and set j <— ]fcu] + l (here 

j is uniformly distributed over the set of integer numbers 1,2,..., kp
2. [Generating a sample from the jth distribution.] Generate v, if 

v < qji then deliver x «- x,i, otherwise deliver x «- xj2.

The procedure could be refined easily. Instead of generating one num­
ber in the first and one in the second step, it is sufficient to generate only 
one since if u is uniform in the interval [0,1) then j <— [ku] + 1 is uniform 
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over the integers 1,2,..., k and v <— ku — j + 1 remains uniform in [0,1). 
Such kind of saving by splitting up the generated number — the random 
index is produced from the first few bits, while the remainder is reusable 
— is very common in actual practice of the random number generation. 
Problems emerge, however, if the index to be generated is greater than, 
say, 1000, since this means stripping away more than ten bits of the origi­
nal uniform number and the remaining bits could nőt ensure a uniformity 
of satisfactory level from a computational point of view.

Note that we do nőt really need the values q^ (anyway we know that 
qj2 = 1 — qji), thus it suffices to store the values qji in a vector Q. 
Similarly, it suffices to store the values Xf, i = 1,..., k and the indices 
jl,j2 (instead of the values Xji,Xj2', the previous ones will be stored in 
vector X, the indices jl of the values to be directly delivered in vector 
K, while the indices j2 of the values to be delivered second (transformed 
values) in vector T. With this notation we arrive at the following modified 
version of the algorithm.

D5 Discrete variable, by modified decomposition

1. Generate u. Let j +— [fcu] + 1, u ♦- ku — j + 1, then j is uniform over 
the integers 1,2,..., k, u is uniform in [0,1) and independent of j.

2. [Generation of a value from the yth distribution.] If u < Q(j), then 
deliver the value x <— X(K(j\), otherwise deliver x

Though the validity of the procedure (i.e., D5 delivers samples with 
distribution given in (3.24)) is obvious, it still remains to be shown that 
(3.24) can be decomposed as a sum of k distributions, that are equally 
probable and each of them has only two possible values. To this end we 
need the following theorem.

Theorem 1. Any discrete distribution (3.24) with k possible 
values can be given as the weighted sum of two other distributions, one of 
them having two possible values and the other one being a (k - l)-point 
distribution.

Proof. Our proof will be constructive; by giving the two distributions 
we demonstrate the theorem. Fór the sake of simplicity, assume pi < 1/k, 
P2 = 1A- Two probabilities with such properties have to exist in the 
distribution and they can be reindexed to 1 and 2 respectively if need be. 
The random variable rj has two possible values with probabilities qi and
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qz, fór which qx = P{r) = u} = kp!
Q2 = P{*) = x2} = 1 - kpr.

The random variable q attains k — 1 values with probabilities pi, 
t = 2,3,... ,k. The distribution is given by the equations

A = = p{5 = Ij}
K 1 

k
p'j = = p{^ = xi}> J = 3,4,..., k.

It can readily be seen that (91,92) and (P2, ■ • • ’Pk) form distributions. 
The equations qi + qz = 1 and p2 +... + p'k = 1 are evident, qi > 0, qz > 0 
is valid because of the assumptions, alsó because of pz 1/A we have 
Kpi + P2) = 1, thus P2 = 0 and (pi +p2) í 1 gives us p'2 < 1. Taking intő 

fc — 1account pz 1/k we have pj < —-—, j = 3,4,..., k resulting in p' 1. 
ac #

Finally, we show that the original distribution (pi, pz ■ • • ,Pk) 1S a 
weighted sum of (91,92) and (p2,Ps, ■ • • ,pJt), the weights being 1/k and 
(k — 1)/k, respectively, since we have

Pi = pi
1 k - 1 . p2 = _?2 + —p2

k — 1 , . „ , ,
Pj = ~-j—Pj, j = 3,4,...,k,

which completes the proof.
And now we can show how a decomposition of the original distribu­

tion can be constructed.

Theorem 2. Any distribution (pi,p2, ■ ■ -pn) can be presented as the 
weighted sum of k distributions, each taking on only two possible values 
and having weight 1/k.

Proof. The first half of the assertion can be obtained immediate- 
ly from the previous theorem, or rather from applying it Jc-fold con- 
secutively. The only remaining detail to be considered is the weights 
of the distributions. When the original distribution (pi,p2, ■ ■ Pk) is de- 
composed intő the two-point distribution (911,912) and the (k — l)-point 
distribution (p'2,... ,p'k) then their weights are 1/k and (k - 1)/A: respec­
tively. The second one is further broken down intő a two-point distribu- 

113



tion (921,922) with weight l/(k — 1) and a (k — 2)-point distribution with 
weight (k - 2)/(k - 1). Substituting this sum intő the decomposition of 
the original distribution (pi, P2, ■ ■ -Pk) one obtains that the overall weight

k — 1 1 1
of the distribution (921, 722) is —= ^^at *s’ exactlY as we 
stated. Similarly, the soundness of the theorem can be proven for the 
weights of the subsequent two-point distributions (9Ji,?í2)> 3 — $>• • •

Example. Consider the distribution determined by the values and 
probabilities in Table 11.

Table 11

No. Probability Value

1 0.10 0
2 0.15 1
3 0.45 5
4 0.30 6

Pick up the probabilities pi and ps (now k — 1/4), then we obtain 
the two-point distribution

911 = 0.4, in = 0,
912 = 0.6, I12 = 5,

by applying Theorem 1. The remaining distribution P2 = 0,2, p3 — 0.4, 
p^ = 0.4. Repeatedly making use of Theorem 1, selecting probabilities p2 
and p3 the two-point distribution is

921 = 0.6, 121 = 1>
922 = 0.4, 122 = 5,

the remainder is p" = 0.4, p'{ = 0.6. From this we arrive at

931 = 0.8, isi = 5,
932 = 0.2, 132 = 6,

and the remainder 941 = 1.0, 141 = 6, 942 — 0, which is a degenerated 
distribution.

According to Theorems 1 and 2 the formai description of the prepa- 
ration of Algorithm D5 — that is, determination of the vectors Q, K and 
T in Algorithm D5 — can be stated as follows.
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D6 Preparation to D5
1. [Initialize.] Determine the sets of indices U (surplus) and H (short- 

age) by investigating pi fór all i = 1,.. ., k: if p, > 1/k, then store 
index i in the set U, otherwise in the set H. Set j <- 0.

2. If the set H is nőt empty then increase j <— j + 1 and proceed to 
Step 4.

3. [The remaining k - j + 1 two-point distributions are generated — 
= 1, qii = 0 fór all l € U.] If U is empty, finish the preparation.

Let u be an index from U, increase j j + 1, set = 1, K(j) — u, 
T(j) = 0. Decrease the probability pu «— pu — 1/k. If pu = 0, then 
cancel index u : set U *— U — {u}. If pu < 1/k, then u is transferred 
to the set of shortage indices H H + {u}, U U — {u}. If j — k, 
then finish, otherwise go back to Step 2.

4. [Determine the jth two-póint distribution.] Select an element from 
the set H, denote it by h and select an element u from the set U.

5. Set Q(j) <- kph, K(j) <- h, T(j) u.
6. [Modify the probabilities of the remainder distribution and the sets 

of indices.] Let pu «— pu + ph — 1/^, cancel index h : H H — {h}. 
ff pu = 0, then cancel index u : U <— U - {u}. If pu < 1/k, then u 
is to be transferred to the set H : H <— H + {u}, U <— U - {u}. If 
j = k, then finish, otherwise go back to Step 2.

Example. Applying this preparatory algorithm to the previous nu- 
merical example one obtains the following vectors:

Q = (0.4 0.6 0.8 1)

K = (1 2 3 4)

T = (3 3 4 0).
Actually this preparation could be modified to yield an algorithm han- 
dling the degenerated cases (Step 3) more elegantly, bút we thought clar- 
ity of presentation to be a more important issue. Note that modification 
of probabilities is nőt done in the same way as the prooi runs the 
difference is only a constant multiplier.

This algorithm is the one to be recommended when someone wants to 
generate samples from a discrete distribution having a fairly large number 
of support points at reasonable speed bút does nőt want to get entangled 
in sophisticated programming tricks.
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3.11. Generating discrete variables by economical method

The economical method has been devised as a modification of the ac­
ceptance-rejection technique, where no generated value is rejected. In this 
section we show how this idea can be applied to any discrete distribution.

Every discrete distribution concentrated on n points can be represented 
as an equally weighted mixture of n two-point distributions as it was 
described in the previous section. These distributions will be used in the 
discrete version of the economical method.

Consider first a two point distribution of the random variable a, given 
P{a = ai} = p, P{a = a2} = 1 - p (assume p < -). The uniform 

distribution with probabilities -, - can be used as a starting distribution, 
that is uniformly distributed indices will be generated and transformed 
if necessary to yield realizations of a. Index 1 will be the surplus index 
(since p < -) and index 2 is the shortage index. The straightforward 
application of the economical method will yield the procedure.

D7 Discrete variable by economical (preliminary)

1. Generate u.
2. If u > - (that is we have i = 2, which is a shortage index) then 

2
deliver 02-

3. Else if u < p then deliver ai, otherwise deliver a2 (t = 1 is trans­
formed intő i = 2).

Here the transformation of the surplus values intő shortage values was 
done by the transformation T(l) = 2. We take advantage of this simplic- 
ity by decomposing the original distribution intő a mixture of two-point 
distributions and applying the previous trick repeatedly.

To proceed formally consider the n-point distribution of £ given by 
P{£ = z*} = Pi’ Pi > 0, t = 1,..., n, pi + p2 + .. • + Pn = 1 and n 
point distributions defined as P{r)i = y2»} — qji, 3 = l>2,?h + qu — 1, 
qU) q2i > 0, i = 1,..., n, where the distribution of £ is given as the equally 
weighted sum of the distributions of the r)i. Assume without loss of gen- 
erality qu < qu (degenerated distributions with P{r)i = y2.} = 1 should 

be transformed intő P{t)í = yu) = 91» = 1/2, P^i — y2«} — q^i — 2’ 

where yu = y2i).
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Construct the vector r = (rb..., r2n) the following way. Probabilities 
= ?2s = | are placed in the middle of the vector r and nőt equal 

probabilities qu < qa are filled in from the outside in. More precisely 
define rk, Zk by the following procedure.

D8 Preparation to D9
1. Initialize k ♦— 1, m «— 1, i «— 0.
2. Increase : +— i + 1. If i > n, then go to Step 5.
3. If gi, = qa then go to Step 4, otherwise set «— qu, ^2n-k+i ♦- ?2», 

Zk ♦- yió z2n-k+\ y2í, k ♦- k + 1 and go back to Step 2.
4. Set zn-m+i «- yu, zn+m *- y2i, m «- m + 1 and go back to Step 2.
5. Compute and savé the quantities n+ «— k, n «— n + m.

Note that the values rn+,... ,r2n will nőt be needed in the final gen­
erátor. The indices from 1 to n+ - 1 are surplus indices, the shortage 
indices are those from n- to 2n while probabilities with indices between 
n+ and n" - 1 are equal to 1/2 and can be considered as shortage in­
dices. The transformation T of a surplus value with index i is simple 
T(i) = 2n - í + 1.

The generation procedure thus consists of uniformly choosing an index 
k between 1 and 2n, if k > n+, then Zk is delivered, otherwise a ran­
dom test is in order: Generate u uniformly, if u/2 < rk then deliver Zk, 
otherwise deliver the transformed value z2n-k+i- The expected number 
of uniform deviates required is N = 1.5 (or even less if n+ < n). Compare 
this to the situation in the alias method where one uniform number is 
needed fór choosing a distribution, another one fór sampling with it, that 
is N = 2.

The formai economical algorithm of generation makes use of the stan­
dard procedure of splitting up a uniformly distributed number intő an 
index and a uniform number, reducing thus N practically to 1. [x] de- 
notes the integer part of x.

D9 Discrete variable, by economical

1. Generate u uniformly.
2. Compute k «— [2nu] + 1.
3. If k > n+ then deli ver Zk-
4. Else compute u* +- (2nu - k + l)/2 if now u* < rk then deliver zk, 

otherwise deliver z2n-k+i-
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It is of theoretical interest to note that the average number of uni­
form numbers required can asymptotically be reduced to 1 by repeated 
application of this idea. (Theoretical interest only, because space require- 
ments increase exponentially and the standard procedure of splitting the 
uniform to get an index and a uniform already had the practical effect 
of only requiring one uniform.) The same idea can repeatedly be ap- 
plied to the 2n component vector r = (ry,..., r2n) in the following sense. 
Replace r with the vector s = (sí, • • •,«4n)) let s, = 2r,-, S4n-«+i = 
= 2(r2n_, - 1/2), * = l,2,...,n+ - 1, where we assume s,- < S4n-í+l, 
otherwise s,- and S4n_t+i are exchanged. The remaining probabilities s , 
i = n+,n+ + l,...,4n - n+ are equal to 1/2. Then s and the corre- 
sponding generátor is similar to r and the generátor D6, the difference 
is that here we have at least 2n uniform members out of the 4n prob­
abilities. The original distribution pi,..., pn now can be represented as 
the equally weighted sum of the 2n distribution (st, S4n-«+i)- After the 
fcth repeated application of the construction at least [1 - 2/(2*)] th part of 
the probabilities will be equal to 1/2, yielding an automatic procedure fór 
obtaining a uniform approximation to the original distribution pi,... ,Pm 
and a generátor where in limit only N = 1 uniform numbers are needed. 
This is one way “to bargain time fór storage space”.

3.12. Notes

3.1 The in version method, together with the acceptance-rejection tech­
nique and the continuous form of the decomposition method, first 
appeared in the paper of Butler (1956) bút they seem to have been 
known previously. See, fór example, von Neumann (1951), to whom 
the idea of the acceptance-rejection technique — among several other 
inspirations — is commonly attributed.

3.2 The acceptance-rejection technique is the most widely known, and 
possibly the most widely used, because it is based on a very simple, 
easily understandable idea. The reader is cautioned, however, since 
generally it is nőt the most effective method.

3.3 The discrete form of the decomposition method was published by 
Marsaglia (1961) and he was alsó the person who indicated its prac­
tical exploitability.

3.4 The comparison method fór the exponential distribution was discov- 
ered by von Neumann in 1949. It is nőt clear to what extent he 
was aware of its implicit power. The currently known generál form 
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of the method has been obtained as a result of the effort of several 
researchers. Forsythe (1971) noticed that the method can be mod- 
ified fór density functions of type exp{-G(x)}, Ahrens and Dieter 
(1973) made several improvements greatly enhancing the numerical 
efficiency of the method, while Atkinson and Pearce (1976) observed 
how one can apply the procedure to any density function.

3.5 The method was published by Deák (1982); fór an application see 
Iván and Deák (1984).

3.6 The method was presented by Kinderman and Monahan (1977). The 
variants employing transformations of uniform variates other than 
the ratio were developed by Barbu (1983).

3.7 The squeeze method was implicitly implemented by Marsaglia (1967); 
the generál method was described in Marsaglia (1977). The accep- 
tance complement method was given in Krómmal and Peterson 
(1981). It has been shown by Deák (1982) that this method is actu- 
ally a decomposition type technique. The inversion-rejection method 
and the series method were invented by Devroye (1984 and 1981). It 
should alsó be noted that our presentations of the methods do nőt 
always follow the reasonings of the original papers. Somé other spe- 
cial techniques fór generating random numbers include Lux (1978), 
where derivative of the density function is shown, and 
Devroye (1981), where one is given the characteristic function of 
the distribution.

3.9 The table method was published by Marsaglia (1963). In his original 
paper another modification — further reducing the storage require- 
ments — was alsó applied: the different levels were “síid” one intő 
another, so that somé values appearing in neighbouring levels were 
made to overlap.

3.10 The procedure first published by Walker (1977) under the name 
“alias” appeared there in a form different from our presentation. It 
was recognized by Krómmal and Peterson (1979) that this method 
is actually a decomposition type procedure, and we mainly followed 
their way of reasoning. A more generál form of Theorem 2 appears in 
Dieter (1982) stating that any A:-point distribution can be expressed 
as r distributions with s possible points, where according to Peterson 
and Krómmal r = [(& — l)/(s — 1)| (here [x] is the smallest integer 
greater or equal to x), which fór the case s = 2 treated in 3.10 gives 
the minimál value to be r = k - 1.

3.11 The discrete version of the economical method was published by 
Deák (1986).

119



CHAPTER 4

RANDOM NUMBER GENERATORS FOR COMMON 
DISTRIBUTIONS

4.1 . Introduction

When creating a random number generátor for a specific distribution sev­
eral ways can be chosen. We can start with one of the generál methods 
described in the previous chapter and apply the same for the distribution 
in consideration. (Of course sometimes this application can be done in 
different ways, for instance having chosen the acceptance-rejection tech­
nique we still have a free choice among the possible upper- bounding func­
tions.) Alsó in case of a different procedure we can scrutinize the given 
distribution and making use of somé specific feature of the distribution 
a generátor can be built. We will see examples for both cases. Algo­
rithm El in the previous chapter is application of the inversion technique 
for the exponential distribution, while algorithm N2 in the next section 
uses a special property of the normál distribution to produce normally 
distributed numbers.

Since several different algorithms can be built for one distribution a 
natural question to ask is which generátor is better, which one is to be 
used? The generators can be compared with regard to several criteria and 
the choice of the generátor is made according to the criterium which one 
is important for us. Such criteria may include (i) How many uniformly 
distributed numbers are necessary on the average to produce one sample 
(pseudorandom number) with the given density function, (ii) what is 
the sophistication degree of the algorithm, how easy is the computer 
implementation of the program, can it be written in a high-level language 
or it requires assembler coding, (iii) how long is the computer program, 
what is the memory requirement, (iv) how fást is the generátor, how 
much time is necessary for generating one sample.

In case of a simple program requiring a couple of hundred or thousand 
samples the most important criterium generally is the convenience of 
programming. In case of a program run frequently and using a great 
number of random samples the speed may become the most important 
consideration or sometimes the memory requested. When discussing the 
individual random number generators in this chapter we will examine all 
four criteria to facilitate the proper choice.
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Our methods apart from a few exceptions are theoretically precisi 
It means that if the input of the algorithm is a uniformly distnbu ed 
random variable, then the outcome is a random variable with the desired 
density function. Approximate methods fór generating random numbers 
will only be described if they are widespread, or in somé respect they otter 
much better performance compared to the exact algorithm (faster, the 
programming is easier, memory required is less, etc.). In our °Pini°n suc 
approximate methods should be used with caution and only in exceptlónál 
cases since fór most distributions we have theoretically sound procedures.

4.2 Normál distribution

The generation of normally distributed random numbers is very fre- 
quently required in simulational computations; this is why the norma 
distribution is discussed in this and the next section in a lit le bit, greater 
detail than the other distributions. Here somé simpler algorithms are 
described while in the following section two methods are covered that 
make possible the manifacturing of faster generátora by employing more 
sophisticated procedures. fór

The distinguished role of the normál distribution can be accounted 
by the Central limit theorems, asserting that under suitab e mi con 
ditions the sum of identically distributed random variables is normally 
distributed. The density function /(z) of the one-dimensional normál 
distribution with mean m and standard deviation a can be given as

(4-1)
1;== exp 

271(7
(x - m 

20^

and the corresponding distribution function is

f(z) = J dy 
— oo

This distribution is denoted by usually. A
distribution 1V(0,1) with expected value 0 and vanance 1 whose denaty
and distribution functions are <p and $ respectively (see 1 igs

^(x) = —L e'1^2, -oo < x < +oo

(4-2) £(x) = f p(z)dz.
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Fig. 19. The density function of the standard norma! 
distribution 2V(0,1)

Fig. 20. The distribution function of the standard 
normál distribution N(0,1)

Using these notations one of the Central limit theorems can be formu- 
lated as follows — we do nőt intend to state the most generál result:

Theorem 1. If fi, f2, • • •, fn>••• are independent, identically distrib­
uted random variables with finite variance, with E^n) = m,f?2(fn) = a2, 
n — 1,2,... then we have

r P J €1 + & + . • • + fn - nmhm P <---------------7=------------  n—+oo I

e 1,2/2 dy= / <p(y)dy.
— oo

Essentially this theorem states that the normalized arithmetical mean 
of identically distributed random variables is normally distributed in 
limit.
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If the density function of the random variable £ is P ^en the random 
variable rj = + m has density function f. It means that in the seque
we can restrict our treatment to generating standardized normál distn- 
bution with expected value 0 and dispersion 1; since if we obtain samp es 
il, of C then yi = <rx! + m, y2 = ax2 + m,... will be samples 
with density function f(x).

The following approximate procedure can immediateiy be suggeste 
on the basis of Theorem 1 fór generating samples with density function 
V?: take the arithmetic mean of n = 12 identically, uniformly distributed 
random numbers. The underlying formai algorithm is the following:

NI Normál, approximate
1. Generate the uniformly distributed numbers ur, u2,..., uu in mterval 

(0,1).
2. Set y +— ui + . • • + «12>
3. Deliver the value x y - 6 as a sample with density d>.

The reason why we have chosen the sum of 12 numbers is that in this 
case the divisor is exactly 1. Generating less uniformly distributed 
numbers in the first step the algorithm becomes faster, though the de­
viation of the produced numbers’ distribution will be greater from the 
normál distribution, thus it is nőt to be recommended.

The advantage of the method is its simplicity, can very easily be im- 
plemented on a computer using no external references to subroutines. . 
disadvantage of the algorithm is the need fór a great number of uniform 
samples (N = 12) which implies that the algorithm is slow and besides 
the distribution of the generated samples will only approximate the de- 
sired standardized normál. The algorithm can be speeded up a httie 
if it is coded in assembler and the additions are carried out using e 
fixed-point integer numbers and nőt the floating point numbers in inter- 
val [0,1), because the floating point instructions are always slower than 
the fixed point operations.

To present the next method somé preparations are necessary, t ree 
theorems are stated.

Theorem 2. Let $ and r) be two independent normally distributed 
random variables with N(0,1), then the random variables p - \/£ + M 
and 4> = arctan (í/r?) are independent of each other, their distnbuti 
is x with 2 degrees of freedom and uniform in interval [0,2%) respectively.
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Proof. The joint distribution function of the random variables £ 
and rj is

/(H,x2) = —L e"1^2 • • e"^/2 = —

Apply now the polar transformation £ = pcostp, rj = psint/>. Using the 
notation 2:1 = t/2 • cost/i, x% = yz • sinyi the Jacobian of the transfor­
mation is

= yi,

which — according to Theorem 2 of Section 3 in Chapter 1 — implies 
that the joint density function of the random variables p = \/f2 + r/2 and 

= arctan (^/rf) is given by

h(yi,yz) =
Z7T

Since it can be decomposed intő two terms

9i(yi) = yi- e t'>/2,

92(92) —

0 <y! < 00
0 < 2 <2%

thus p and ip are independent indeed. The uniformity of the variable 
follows from the form of the density function #2 while the x distribu­

tion of the variable p is evident from its definition. (The density func­
tion of the x-distributed random variable x with k degrees of freedom is 
2^-1 e-l2/2/(2n/2r(n/2)), x > 0.)

Theorem 3. Let u be uniformly distributed in (0,1), then the random 
variable \/—2 In u is x-distributed with 2 degrees of freedom.

Proof. All what we have to do is write down the distribution function’s 
definition
P{V-2 In u < x} = P{ln u > -i2/2} = P{u > e-12/2} = 1 - e-*2/2,

which proves the theorem.
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The following reversion of Theorem 2 is alsó valid, it will give rise to 
the next algorithm fór generating normál numbers.

Theorem 4. Let ui and u2 be independent uniformly distributed ran­
dom numbers in [0,1) then the random variables $ = V-2 In uicos(2ttu2) 
and r) = x/-2 In ui(sin 2% u2) are independent and distributed according 
to the standardized normál distribution.

Proof. The joint density function of the variables ui and u2 is 

h(yi,y2) = 1, 0 < yi,y2 1-

The Jacobian of the inverse transformation yi = , 2/2 =

= —arctan(ii/x2)2?r is the following

dyi diü.
dxi dx2 = 1 ,e-(^+^)/2.

dy2 dy2 2%
dxi dx2

Consequently the joint density function of the random variables £ and r) 
can be obtained as

which proves the assertion of the theorem: $ and n are independent and 
their distribution is 2V(0,1).

N2 Normál, polar transformation

Preparation

1. Initialize the index i as í <----Hl.

Generálion

1. Set i ♦-----«• If« > 0 the go to Step 3.
2. Generate and u2. Set r <- (-2 In m)1/2 and z 2tt u2. Com­

pute y «- rcos z (this value y is saved until the next call to the 
algorithm).Deliver the value x «- rsinz.

3. Deliver the value x «— y.

The proper working of this algorithm is stated and subsequently proved 
in Theorem 4. The index i is needed fór distinguishing between two types 
of calls, a call when a generated value is already stored and a call when 
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no previously generated value is present (the original algorithm prepares 
two normally distributed numbers at the same time, algorithm N2 delivers 
this prepared value in case of each second call). The algorithm is simple, 
as an advantage we have to notice that only one uniformly distributed 
number is required to produce one normál sample (N — 1). On the other 
side a disadvantage of the method is that the relatively slowly computable 
trigonometric functions and the square root is involved. In the sequel it 
will be shown how the use of the function sine and cosine can be avoided 
at a cost of a little sophistication.

Since U2 is uniform in [0,1) thus the point (cos(2?ru2), sin(27TU2)) is 
uniformly distributed on the unit circle ^2 = {x | xj + x% = 1}. In 
the modified polar algorithm a different method is used for producing 
this point (cos(2?ru2), sin(27ru2))- Consider the points (vi,V2) uniformly 
distributed in the square K2 = {x | -1 < ii, 12 1}- If only the points 
falling intő the unit circle S2 = {x | x? + x? 1} are accepted then their 
distributions is clearly uniform in S2, what implies that their direction is 
uniformly distributed on the circle F2 (projecting the points in S2 to the 
circle line F2, the projections on F2 are uniform).

Theorem 5. Assume that the point (vi,U2) is uniformly distributed 
in the unit circle S2, then it follows that

(i) the square of the random variable given by the equation 
r = + vj is uniformly distributed in the interval [0,1).

(ii) r is independent of the random variables z^ = v\/ \/v[ + v^ and 
22 — ^2/ x/v? + v% both,

(iii) the point (zi, Z2) is uniformly distributed on the circle F2.

Proof. The point (zi,^) is on the circle F2, since z^ + z^ = 1, the 
uniformity of the distribution is obvious thus (iii) holds. In order to prove 
the correctness of the theorem’s first two statements the joint density 
function of the random variables r and z\ will be derived. Denote the 
density function of the point (vi,V2) by h, then we have

^(yi,y2) = -> y? + i/2 á L7T

The random variables r and zi are produced from the pair of random 
variables vj, V2 by the transformation zi = 5/3/1 + 3/2, x2 — 3/1/v/^i + ^2-

126



The inverse of this transformation is 
yi = 2:12:2,

y2 — 1

whose Jacobian can be obtained after somé simple calculations as 
- x|. From this using the transformation theorem on densities 

we can obtain the joint density function of the random variables as

The independence of r and zx follows from the fact, that / can be decom- 
posed intő a product of expressions containing only one of the variables. 
Since the density function of the random variable r is y(íi) - 2zb thus 
the density function of r2 can be obtained as = íKyM • 

that is r2 is really uniformly distributed in the interval [0,1).
The following modified version of the polar method where no tngono- 

metric functions are involved is based on the theorem now pro ved.

N3 Normál, modified polar method

1. Set i «—hl.

Generation

1. Set i +- -i. If now t > 0 then go to Step 5.
2. Generate and U2, let vx ♦— 2ui — 1, V2 +— 2u2 — 1, 1,1’2) is now

uniform in the square K2. Evaluate the quantity w <— + v2.
3. [Test.] If w > 1, then go back to Step 2 (rejection, point (vbv2) is nőt 

in the circle). . . T
4 [The point (vbv2) is uniform in the unit circle here.j Le 

r [(-2 In wj/w]1^ and let y rv2, this value is to be saved 
until the next call to the algorithm. Deliver the number x <- rvx as a 
normál sample.

5. Deliver the number 1«- y.

In the algorithm to produce one normally distributed sample N = L27 
uniformly distributed random numbers are required, because the proba­
bility of acceptance in Step 3 is 3.14/4. The procedure is simple, easily 
programmable. A drawback of the method is the use of the logarithmic 
and the square root functions that slow down the algorithm and makes it 
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computer- (implementation) dependent. The reasonable speed and ease 
of programming make this generátor N3 expedient in most cases unless 
we have special expectations with regard to the algorithm’s performance.

4.3 Two fást normál generátora

Two algorithms are described in this section fór generating normál 
samples that are more sophisticated procedures than the ones proposed 
so far, they require storage of constants bút they are alsó faster. Both of 
them are based on the decomposition technique, fór the densities appear- 
ing in the first decomposition we will apply the economical method while 
in the second decomposition the comparison method is used extensively.

Two details are discussed and taken care of first; auxiliary algorithms 
are developed fór generating samples according to an almost linear density 
function efficiently and fór generating samples from the tail of the normál 
distribution (that is how can we generate normally distributed numbers 
that are greater than a given value).

Suppose that our task is to generate random numbers with a monotone 
decreasing density function g^x), x e [0,c], g(c) = 0, which is almost 
linear, and fór the sake of simplicity let it be convex (Fig. 21).

Fig. 21. Generating a variable with almost linear density g(x), 
lying between upper and lower bounding lines

The acceptance-rejection technique is applied to this density function. 
Squeeze the graph of the density function g(x) between two parallel lines, 
which using the notation b = ^(0) can be given as y = -bx/c + a and 
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y = -bx/c + b respectively, where a is a constant, a < b and furthermore 
—bx/c+a < g(x) < -bx/c+b fór x € [0,c]. The basic idea of the algorithm 
can be summarized the following way. Generate a point (xq, yo) uniformly 
in the triangle given by the upperbounding line y = -bx/c + b and the 
coordinate axes. If this point is below the lower line y = -bx/c + a 
(that is if the inequality y0 < -bxQ/c + a holds) then it is certainly below 
the function g(x), that is xq is accepted (fást acceptance). If the point 
(xo,yo) is between the two lines then we still have to check the inequality 
y(i0) yo; if it holds the value xq is accepted, too, and only in case of 
y(x0) < Vo will the point (xo>yo) be rejected. The main feature of the 
method is that evaluation of the function value y(xo) is required only in 
a small percentage of the cases.

Points uniformly distributed in the triangle can be generated the fol­
lowing way. Let ti and v be two random variables, uniform in [0,1) 
and M = max(u,v), m = min(u,v). We show now that the point 
(m, M - m) is uniformly distributed in the triangle given by the points 
(0,0), (0,1), (1,0) as vertices. Since fór the sum of coordinates m + M- 
m < 1, the point (m,M - m) is in the triangle. Fór the distribution 
function F(x, y) of the point one can obtain

F(x, y) = P{m < x, M - m < y}
= P{m < x, M - m < y, v < u}+
+ P{m < x, M - m < y, u < v}.

The first probability on the right-hand side can be expressed as

P{m < x, M - m < y, v < u} = P{v < x, u - v < y} = 
x y+u

=f f du dv = xy, 
0 v

thus fór the distribution function we have

F(x,y) = 2xy, (x,y) G {(x,y) | 0 < x,y < 1, x + y^l}

which means that the coordinates of the point (m, M - m) are uniform. 
This means that the point (cm, b(M-m)} is uniformly distributed in the 
triangle given by its vertices (0,0), (c,0) and (0,6) and this point falls 
below the line y = —bx/c + a, if bM a holds. These preparations are 
summarized in the next auxiliary routine, by the aid of which random 
variables can efficiently generated with an almost linear function g(x)-
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SÍ Subalgorithm, almost linear density
1. Generate u and v uniformly in [0,1), set M <- max(u,v), 

m *— min(u, v), «— cm, yo «— bM.
2. If yo a, then deliver xQ (fást acceptance).
3. If b(M - m) < a(xo), then deliver x0 (slow acceptance), otherwise 

repeat the procedure from Step 1 (rejection).

Another method fór generating points uniformly in the triangle (0,0), 
(0,1) (1,0) can be worked out along the following lines: a random variable 
u with density function J(x) = 2(1 - x), x € [0,1) is generated (by 
algorithm Ll, fór instance), let v be uniform, then the point (u, (1 - u)v, 
is uniform in the triangle.

Now we turn to the next detail: how to generate normally distributed 
random variables, subject to the condition of being greater than a fixed 
value b. In other words we are looking fór a method to generate variables 
according to the density function

f(x) = c-e l2/2, xe[6,+oo),

where the constant c is given by

OO

y" exp(-x2/2)dx. The function 

b

g(x) = a h(x) — - • x • e x' , x > b

is an upper bound to f(x). Oui’ method fór generating variables with 
density function f(x) is an acceptance-rejection technique, where this 
g(x) is the upper bound. Introduce the notations

G(x) =fg(t) dt = ^e~fr2/2 - e~l2/2]

G(oo)=J5(í) dt = - -e'1^ 
b 0

then the density function h(xj proportional to the upper bounding func­
tion g(x) can be given as

= ®e[6,+oo),
G(oo)

its distribution function

HW =fMt) di = = 1 -
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If we now express the variable x from the equation 1 - u — H(x) then 
the expression

x = (b2 — 2 In u)1/2
is obtained that can be used toward generating variables with density 
function h. The inequality to be tested in the acceptance-rejection algo­
rithm is f(x)/g(x) < u, its left-hand side fór the present functions f and 
g will take the form b/x, thus the condition could be rewritten as b < ux. 
According to these considerations the following algorithm A2 produces 
samples from the tail of the normál distribution.

S2 Subalgorithm, normál tail
1. Generate u and set x (62 — 2 In tz)1^2.
2. Generate v. If b < vx then go back to Step 1 (rejection).
3. Deliver the number x as a normally distributed sample greater than b.

The probability of acceptance is given by the expression 1/G(oo), which 
is more precisely

(4.3) b. J^l^x
t

which is large enough in case of b > 2 (fór instance we have 0.844 fór 
b = 2 and 0.947 fór b = 3).

And now we return to our original problem: we build a random number 
generátor fór producing samples from the standard normál distribution. 
Let the density function ^(x) of the standard normál distribution be 
given in the form of a sum:

(4.4) <p(x) = (2zr) x/2 exp(-x2/2) = 91/1(1) + ... + qbfb^Y

Table 12
Densities and probabilities of selection in decomposition (4.4)

i
Probability

Qi
Interval Density function 

_______p IA
 

IF < bt

1 0.884 0.00 2.22 ci(2.22 - M)

2 0.027 0.00 0.48 - íl/ll1))

3 0.047 0.48 1.59 c3Mz) - gi/i(®))
4 0.015 1.59 2.22 C4(^(z) “ Qlílí1))

5 0.027 2.22 + 00 C5P(z)
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The probabilities qi and density functions fi are given in Table 1, the 
function fi outside the given interval is assumed to be equal to zero, 

, +°°
the constants c, are determined by the equations J fi(x) dx = 1 that 

— 00

express the condition of being a density function. According to equation 
(4.4) the area below the density function <p(x) is divided intő five different 
parts: a great triangle given by qifi(x), x € [0,6], three small almost 
triangle shaped remainders described by 92/2, <73/3 and qifi and finally 
the distribution’s tail q^f5 = q5c5p(x). Decomposition (4.4) is graphically 
illustrated in Fig. 22.

Fig. 22. Decomposition of the normál density function

Generation of random numbers according to the linear density function 
fi is done using the economical method described in Section 3.5 (algo­
rithm Ll). Generating samples with almost linear densities fi, fi, fi 
can be done along the lines described in algorithm SÍ and finally fór sam­
pling with density function f$ algorithm S2 is used. In the final version 
of the algorithm the same computational trick is used as in algorithm D5 
described in Section 3.8: the u variable which is used fór selecting one 
of the densities fi will be split intő two parts, the known (“used”) part 
is to be discarded, the remainder is employed as a uniformly distributed 
number.
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In the formai description of the algorithm the notation

f(x) = ^(x) - qi/i(x) = di exp (-®2/2) “ “ lxl)

is alsó used. The correct values of the constants b,pi,..., cn,... are giv­
en in Table 2; somé of them were evaluated from the following relations: 
Pl = P2/2, P2 = b/y/2Ü, Cn = b/pi, C12 = 6/2, C21 = l/p2, 
C41 = l/(p3-P2)> C61 = 1/ÍP4 -P3), C81 = 1/ÍP5 “Pí), c101 = 1/(1 “Pí), 

cm = 62/2, di = IV^r, d2 = di/b.

Table 13
Constants appearing in normál algorithm N4

b = 2.21603 58671 66471
Pl = 0.44203 52011 49379
P2 — 0.88407 04022 98758
P3 = 0.93147 84468 00518
P4 = 0.95872 08247 90463
P5 = 0.97331 09541 73898
Cll — 5.01325 65492 62003
<=12 = 1.10801 79335 83235
<=21 = 1.13113 16354 44180
C41 = 21.09346 65310 41488
<=51 0.47972 74042 22441
C52 = 1.10547 36610 22070
C&3 = 0.87283 49766 71790
C54 — 0.04926 44963 73128
CGI = 36.70751 50476 61921
«71 = 0.47972 74042 22441
C72 —- 0.59550 71380 15940
C73 = 0.80557 79244 23817
C74 = 0.05337 75495 06886
<=81 = 68.53948 81511 71341
C91 = 0.63083 48019 21960
C92 = 0.75559 15316 67601
C93 = 0.03424 05037 50111
<=101 = 37.46855 56956 85297
cm = 2.45540 74822 84127
dl 0.39894 22804 01433
da = 0.18002 51910 68563

N4 Normál, economical triangle
1. [Big triangle.] Generate u. If u > pi, then go to Step 2, otherwise 

deliver the value x cnu — C12.
2. If u > p2 then go to Step 4, otherwise set x <— cjiu.
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3. Generate vi set s <— v - 0.5, v «— |s|, t +— 1 - x. If v > t, then 
exchange x «— t. If s < 0, then deliver the number x +-bx, otherwise 
deliver x ♦— bx.

4. If u > p3, then go to Step 6, otherwise let x «— (u - P2)c4i-
5. [Second small triangle.] Generate v. Let z «- u - v, x +- c5i+ 

+C52min(u, v). If z < 0, then change the sign x «-x. If max(u,v) < 
< c53, then deliver x. If c54|z| < /(x), then deliver x, otherwise gener­
ate u and repeat this step from the very beginning.

6. If u > p4 then go to Step 8, otherwise set u <— (u - p3)c6i.
7. [First small triangle.] Generate v. Set z «—u-v, x «—C7i~C72min(u,v).

If z < 0, then change the sign x «— —x. If max(u,v) < C73 then 
deliver the value x. If C74|z| < /(x) then deli ver x, otherwise generate 
u and repeat this step from the very beginning.

8. If u > ps then go to Step 10, otherwise compute u <— (u - p4)c8i.
9. [Third small triangle.] Generate v and set z <- u - v, x «— b- 

-C9imin(u,c). If z < 0, then change the sign x ♦-x. If max(u,v) <
< C92 then deliver the same x, otherwise generate u and repeat this 
step from the very beginning.

10. [The tail of the distribution.] Compute the number u «— (u - ps)cioi-
11. Generate v, set s «— v — 0.5, v = 2|s|, t <— cm — In v. If u2t > Cm 

then generate u and repeat this step from the beginning otherwise set 
x (2t)1^2 and deliver x if s > 0 or deliver x «----- x if s < 0.

The expected value N of the necessary number of the uniformly dis­
tributed samples can be determined in the following way. To generate 
a variable with density function /1 we need 1.5 uniformly distributed 
number. In case of the three small triangle shaped densities the joint ac- 
ceptance’s (the fást acceptance plus the acceptance in case of evaluating 
the function value together) probability is 0.827. Fór generating normally 
distributed random variables with absolute value greater than b = 2.21 
the acceptance’s probability can be evaluated from formula (4.3) as 0.849. 
These factors are to be weighted with the probabilities qi of selection so 
we obtain

N = 0.844 • 1.5 + 0.0892 (2/0.827) + 0.0267(2/0.849) = 1.604.

The advantage of the algorithm is the infrequent use of external sub- 
routines (to evaluate the exponential function and the square root), and 
that it is faster than the modified polar method even in a high level 
language (in machine code it is considerably faster). As drawbacks of 
algorithm N4 we mention the need fór storing 22 constants, we still need 

134



external routines (exp, sqrt) and the program is longer than that of pre- 
vious algorithms. Finally the main feature of the algorithm is that its full 
efficiency is attained in machine coded version, bút in this case its speed 
is almost the same as that of algorithm N5 to be described in the sequel.

The second fást method to be described in this section fór generating 
normally distributed numbers is based on the decomposition method and 
the comparison method. First a preliminary version of the algorithm 
will be given, then somé modifications speeding up the algorithm will be 
described and finally an implementation-ready version is presented.

In the main part of the algorithm — similarly to algorithm N4 
“positive” normál variables are generated, that is variables with density 
function ^(x) = y | e"^/2, x > 0, and at the end of the procedure a 

random sign is attached to the generated sample. To apply the compar­
ison method we decompose the halfline [0, +oo) intő small subintervals 
[a,-,a,+l) by the aid of the splitting points 0 = <u < a2 < az < ..• < ak < 
... in such a way that increase of the function g(x) = x2/2 is less than 1 in 
any given subinterval. Instead of the function after the appropriate 
factorization we will have the function g(x) = (x2 - a^/2 = (w/2 + ajw 
in the exponent, where the notation w = x - a,, x 6 [aj,a,+i) was used. 
Denote the distribution function of the “positive” normál distribution by 
ír(x), that is

0 V "

The probability of selecting the íth subinterval [cq,a,+i) will be denoted 
by Pi = í(at+i) - $(aí). Similarly to algorithms C6 and C7 described in 
the previous sections the following procedure can be built fór generating 
random variables with density function ^(x).

S3 Normál, by comparison, preliminary
1. Select one of the subintervals [űj,u,+i) with probability p,.
2. Generate u and set tv «— u(aj+i - a,)- Compute the vaué 

t +- (tv/2 + cii)w.
3. Generate u*. If u* > í, then go to Step 5 (this is the acceptance 

branch). . . .
4. Generate u. If u* < u then go back to Step 2 (this is the case of 

the even index k, when the generated sequence u, u*, u, u*,... is 
rejected) otherwise set t «- u and go back to Step 3 (the generation of 
the sequence continues).

5. Deliver the value y «— tv + üí-
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This algorithm in the above described form requires at least three 
uniformly distributed random numbers: one in Step 1 fór selecting one 
of the subinterval, one in Step 2 to generate a point uniformly in the 
subinterval, and finally at least one more in Step 3 or Step 4 fór generating 
the chain of inequalities ui > U2 > ... < .

By a suitable selection of the splitting points a,- the probabilities 
Pi = ^(űj+1) - ^(aj are made more amenable to computer coding. This 
can be achieved fór instance by dividing the halfline [0, +oo) intő 32, 
equally probable parts, that is the points ai be determined by

—- = ^(aí+i) — ’J’fa,), i = 1,..., 31. 
ÓZ

The last part [031, +00) of the halfline (whose probability is alsó ] is 
\ ŐZ y

split up intő decreasingly probable subintervals, the subsequent subinter- 
vals will have a probability 1/64, 1/128, 1/256,... etc. (The convenience 
of this decomposition will be evident from the following algorithm.) Hav- 
ing at hand a computer with e bit long words we will store and adminis- 
trate e - 5 such intervals. Denote the length of these intervals by d,, that 
is di = ^(l - 2‘) - ^(l - 2’+1),..., i = 6,7,...,e - 5, where 
is the inverse of the distribution function '4'. To generate samples from 
the tail of the distribution we might use algorithm S2 described above 
bút fór the sake of uniformity of treatment we use the same compari- 
son method fór producing normál samples with absolute value greater 
than b — ^“^l - 2~5) ~ 2.16, as in the case of the main body of the 
distribution. The selection of a tail interval with the corresponding prob­
ability can be done by examining the bits of a random number from the 
sixth bit to the eth one; if the íth bit examined is found to be different 
from zero then our choice is the íth tail interval. Fór these tail intervals 
the comparison method is applied without any change bút in case of the 
first 31 intervals a couple of modifications are inserted intő the original 
comparison technique.

Scrutinizing Step 3 in algorithm A3 we notice that evaluating the num­
ber w can be avoided in somé cases. Denote the greatest value of the func­
tion gi^x) in interval [a,, a;+1) by tt rnax> then the inequality u* > t,max 
implies the inequality u* > t = (w/2 + ajw no matter what value the 
variable w assumes in the interval [0, a,+x - a,). This means that if the 
inequality u* > t,max holds then we do nőt need the value u produced 
in Step 2 fór the test in Step 3. This situation can be exploited by ex- 
changing the order of Step 2 and Step 3 and first of all the inequality 
u* > t, max is tested.
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Table 14
Constanta used in algorithm N5

i ai ti hi

1 0.00000000000000 0.00076738283767 0.03920617164634
2 0.03917608550309 0.00230687039764 0.03932704963665
3 0.07841241273311 0.00386061844387 0.03950999486086
4 0.11776987457909 0.00543845406707 0.03975702679515
5 0.15731068461017 0.00705069876857 0.04007092772490
6 0.19709908429430 0.00870839582019 0.04045532602655
7 0.23720210932878 0.01042356984914 0.04091480886081
8 0.27769043982157 0.01220953194966 0.04145507115859
9 0.31863936396437 0.01408124734637 0.04208311051344
10 0.36012989178957 0.01605578804548 0.04280748137995
11 0.40225006532172 0.01815290075142 0.04363862733472
12 0.44509652498551 0.02039573175398 0.04458931789605
13 0.48877641111466 Ó.02281176732513 0.04567522779560
14 0.53340970624127 0.02543407332319 0.04691571371696
15 0.57913216225555 0.02830295595118 0.04833486978119
16 0.62609901234641 0.03146822492920 0.04996298427702
17 0.67448975019607 0.03499233438388 0.05183858644724
18 0.72451438349236 0.03895482964836 0.05401138183398
19 0.77642176114792 0.04345878381672 0.05654656186515
20 0.83051087820539 0.04864034918076 0.05953130423884
21 0.88714655901887 0.05468333844273 0.06308488965373
22 0.94678175630104 0.06184222395816 0.06737503494905
23 1.00999016924958 0.07047982761667 0.07264543556657
24 1.07751556704027 0.08113194985866 0.07926471414968
25 1.15034938037600 0.09462443534524 0.08781922325338
26 1.22985875921658 0.11230007889456 0.09930398323927
27 1.31801089730353 0.13649799954975 0.11555994154118
28 1.41779713799625 0.17168856004707 0.14043438342816
29 1.53412054435253 0.22762405488269 0.18361418337460
30 1.67593972277344 0.33049802776911 0.27900163464163
31 1.86273186742164 0.58470309390507 0.70104742502766
32 2.15387469406144 — —

Finally we make another observation allowing to decrease the num­
ber of required uniform samples. If u* > t,max holds, then u* stiU re- 
mains uniformly distributed in the interval [tímax, 1)> that is the variable 
U = (u* -timaxj/íl-timax) is uniformly distributed in [0,1); this charac- 
teristic of re-usability is utilized in Step 3 of the forthcoming 
algorithm N5.
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Table 14 (cont.)

Constants used in algorithm N5

1 
2
3 
4
5 
6
7 
8
9 
10
11 
12 
13 
14 
15
16

0.67448975019607
0.47585963017993
0.38377116397654
0.32861132306910
0.29114282663980
0.26368432217502
0.24250845238097
0.22556744380930
0.21163416577204
0.19992426749317
0.18991075842246
0.18122518100691
0.17360140038056
0.16684190866667
0.16079672918053
0.15534971747692

i di i
17 0.15040938382813 33
18 0.14590257684509 34
19 0.14177003276856 35
20 0.13796317369537 36
21 0.13444176150074 37
22 0.13117215026483 38
23 0.12812596512583 39
24 0.12527909006226 40
25 0.12261088288608 41
26 0.12010355965651 42
27 0.11774170701949 43
28 0.11551189226063 44
29 0.11340234879117 45
30 0.11140272044119 46
31 0.10950385201710 47
32 0.10769761656476

di

0.10597677198479
0.10433484129317
0.10276601206127
0.10126505151402
0.09982723448906
0.09844828202068
0.09712430874765
0.09585177768776
0.09462746119186
0.09344840710526
0.09231190933664
0.09121548217294
0.09015683778986
0.08913386650005
0.08814461935364

1

In the formai description of the algorithm the following notations are 
extensively used ti = max 9i(x), hi = (a,+i - at)/(l - ti), 

xeía,,aí+l)
di = - 2’) - <P-1(1 - 2~‘+1), the quantities ai, ti, hi, di are
naturally stored in the computer prior to their use, the values of these 
constants are given in Table 14.

N5 Normál, comparison
1. Generate u, detach its first bit as a random sign s, that is set 

s <— sign(2u - 1).
2. Consider the binary number given by the second, third ... sixth bits as 

an integer number and set the index i to this value (this corresponds 
to a uniform selection of the interval [a,,a,+i)). If í = 0 then go to 
Step 8 (selecting the tail). Set u* <- 26u - [26u], a+- a^ where u* is 
uniformly distributed in [0,1) once more.

3. If u* > ti, then evaluate w = (u* - and go immediately to 
Step 16.

4. Generate u. Compute w +- u(a,+i - a,) and t «— (w/2 + a,)w.
5. If u* > t, then go to Step 16 (acceptance).
6. Generate u. If u* < u, then generate u* and then go back to Step 3 

(the index k of the sequence is even, the sequence is rejected).
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7. [Continue the generation of the sequence m > u2 > • • ••] Set t u, 
generate u* and go to Step 5.

8. [Generating a sample from the tail of the distribution.] Set i «— 6, 
a «— 032-

9. Left shift the number u by one bit, u «- 2u. If u > 1, then go to
Step 11.

10. Let a «— a + di, increase i <— i + 1 and go back to Step 9.
11. Set u «— ti - 1.
12. Compute the values w *- udi and t *- (w/2 + a)w.
13. [Generation of the sequence.] Generate u*, if u’ > t, then go to 

Step 16 (acceptance).
14. Generate ti. If u* < ti, then generate u and go back to Step 12.
15. Let t - ti and go back to Step 13 (rejecting the generated sequence).
16. Set x «- a + w. If s > 0, then deliver the number x, otherwise deliver 

x «----- x as a normally distributed number.

The expected value of the number of uniform random samples required 
in the algorithm is N = 1.23. The expedient way to implement the algo­
rithm is in assembler code-level language. Steps 1 and 2 can be reahzed 
by circular shifts (or left rotate) operations, this or similar instructions 
can be found on all computers. To achieve the greatest possible speed it 
is essential nőt to use the reál numbers uniformly distributed in [0,1)I bút 
their product with the greatest possible integer number, which product 
in case of wordlength of e will be uniformly distributed integer numbers 
between 0 and 2e - 1. The essence of this modification is that fixed point 
operations are usually faster than floating point instructions.

This algorithm N5, is one of the fastest algorithms known. Its dis- 
advantage is that this speed can be attained only at the cost of serious 
programming efforts (bit manipulation) and storing all the data about 
150. Nevertheless if speed is the main consideration this is the algorithm 
to be used.

4.4 Exponential distribution

The density function of the generál exponential distribution with pa­
raméter c is given as

g(x) = c-e~cx, xG[0, +oo), 
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its distribution function accordingly has the form

G(x) = fc • e~cvdy = 1 - e~cx.
0

In case of the standard exponential distribution we have c = 1, that is its 
density function is (Fig. 23)

(4.5) /(z) = e~x, x > 0.

If f is a random variable with density function (4.5), then the random 
variable y = f/c has an exponential distribution with paraméter c as it 
can easily be shown by applying the transformation theorem from the 
first chapter. Further on thus it is sufficient to build a random num­
ber generátor fór the standardized exponential distribution with density 
function (4.5).

In the preceding chapter two methods were already discussed fór gen­
erating exponentially distributed numbers: algorithm El by the aid of 
the in verting the distribution function, method E2 on the basis of the 
comparison method produce exponential samples. Here a refinement 
of method E2 is presented which is considerably faster than both El 
and E2.

Now we will have a decomposition of the halfline [0, +oo) different 
from that of in algorithm E2. Define the fcth subinterval to be [k In 2, 
(fc+1) In 2), k = 0,1,2,..., the probability of sampling from a subinterval 
thus described is

(4.6) pk = / e~xdx = 2-^, k = 0,1,2,...
k In 2

Define the density functions gk(x) of the decomposition so as to be pro- 
portional to the function e-1, that is

(4.7) gk(x) = —e-1, x € [k In 2, (k + l)ln 2).
Pk

Using these notations the density function f^x) can be presented in 
the form

(4.8) f(x) = £ PkQkW
k=0

Based on the decomposition technique random variables with density 
function /(z) can be generated by selecting the fcth interval with proba­
bility pk, generating a sample in the interval [0,ln 2) with density function
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Fig. 23. The density and distribution function of 
the standard exponential distribution

ff0(x) = 2e~x and then adding to the same the number A: In 2 (since the 
resulting number will be in the fcth interval and its density function is 
proportional to e"1). The first step, generating a sample from the dis­
crete distribution given by the probabilities po,Pi,... ,pfc,... is an easy 
job because of the good selection of the splitting points k In 2; the num­
ber of the zeros after the decimai point in the binary form of a uniformly 
distributed number u has the same distribution p0, pi, • • •• That is to gen­
erate a sample according to the probabilities in (4.6) we have to count 
only the number of the zeros in u up to the first nonzero bit (see Steps 2 
and 3 in the next algorithm E3). _ _x

To produce a sample according to the density function 3o(x) — e > 
x € [0,ln 2) is little more difficult. We need the following

Theorem. Let r, = (In 2)7í!, i = 1,2,.... If with probability r, 
we generate the minimum of i numbers uniformly distributed in t e 
interval [0,ln 2), then the density function of the resulting mixture is 
p0(x) = 2e"1, iG[0,ln2).

Proof. It is well known, that the distribution function of i random 
variable with distribution function H(y) is Bi,,(#(y)), where B1:i is the 
distribution function of the béta distribution with parameters 1 and i, 
that is rfi 4. n * . , ,

' r(i)r(«) '1 ’
The distribution function of the random variable uniformly distributed 
in [0,ln 2) is H(y) = y/ln 2 which implies that the minimum of t such 
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variables has the distribution function

Blit(y/ln 2) = + 0 s/f 2(i + xy-1dx = i - (i ——)* 
r(i)r(«) P + } dx 1 in 2

Table 15

Constanta in algorithm E3

?1 =0.69314 71805 55945
?2 =0.93337 36875 19046
q3 =0.98887 77961 83868
74 =0.99849 59252 91496
g5 =0.99982 92811 06139
76 =0.99998 33164 10073
77 =0.99999 85691 43877
78 =0.99999 98906 92556
79 =0.99999 99924 73416
7 10=0.99999 99995 28328
711=0.99999 99999 72881
712=9-99999 99999 98560
713=0.99999 99999 99929
714=0.99999 99999 99997
715=1.00000 00000 00000

Differentiating this last expression with respect to y the density func­
tion of the minimum of i numbers is obtained. Taking their sum with the 
weight r, we arrive at

‘ M y v-i y (ln 2 ~ - cln 2~y ~ 2e~y

that proves the assertion of the theorem.
According to this theorem samples of the random variable with den­

sity function 2e-1, x € [0,ln 2) are produced by the following auxiliary 
algorithm.

S4 Subalgorithm, Exponential, truncated density

1. Generate u. If u < In 2 = r1; then deliver the number u.
2. [Here we have u > In 2.] Let i +- 2 and generate u*. Set umin +- u*.
3. Generate u*. If u* < umin then replace umin <— u .
4. [Test: do we need more samples to compute the minimum?] If 

u > ri+. • .+ r, , then increase the number of necessary samples i +- í+1 
and go back to Step 3.
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5. Deliver the number x - uminln 2 as a sample with density 2e x, 
0 < x < In 2.

Introduce the notation g, = n + .. ■ + n, « = 1,2,..., the exact value 
of g. is given in Table 13. Standard exponentially distributed random 
numbers are generated in the following algorithm E3 on the basis of 
decomposition (4.8) making use of the auxiliary routine S4 at the same 
time.

E4 Exponential, modified decomposition

1, Set a «— 0 and generate u.
2. If the first bit of ti is 1, then go to Step 4.
3. [Determine the left-hand terminál point of the interval to be sampled.

Note, that here the first bit of u is always 0.] Increase a <- a + In 2 
and shift u to the left with one bit, that is let u <— 2u, this u is once 
again uniformly distributed in the interval [0,1), go back to Step 2.

4. [Begin the search fór the minimum of i samples.] (Note that here the 
first bit of u is 1.) Shift left u with one bit, that is set u «- 2u - 1. If 
u > In 2, than go to Step 6.

5. [This corresponds to the case i = 1.] Deliver the number x «— a + u.
6. Set í <— 2 and generate u*. Let umjn u*.
7. Generate a new u* and if u’ < umín then replace umin <— u .
8. If ti > q,, then increase the counter t «— t + 1 and go back to Step 7.
9. [Here u < q,, that is i was selected with probability r,- = qi — ?«—!•] 

Deliver the value x «- a + uminln 2 as a sample from the standard 
exponential.

The expected value N of number of necessary uniform deviates can 
be obtained by the following way. The procedure terminates in Step 5 
with probability In 2; in this case we needed just one uniform variable. 
If the algorithm dehvers a value in Step 9 which happens with proba­
bility 1 — In 2, then there were somé additionally generated uniformly 
distributed numbers. The expected value of the number of these addi­
tionally generated uniform samples can be computed as

f ir^ On 2)7(: - 1)1 = In 2 f (In 2)7*! = In 2. 
í=3 >=2 1=1

Since one variable is always generated at the beginning thus we need 
one uniform number both in cases of Step 5 and Step 9, and in case of 
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Step 9 the number of the additional samples is In 2 that is N = 1 + ln 2 ~ 
~ 1.69.

This algorithm is one of the fastest exponential algorithms. Its disad- 
vantage is that the only economical way of performing the shift operations 
is via assembler coding that might be troublesome; the number of Con­
stanta to be stored is nőt significant. Its advantage is the relatively simple 
program.

4.5 Gamma distribution

The density function of the standard gamma distribution with param­
éter b can be given as (see Fig. 24)

(4.9) /W = , x>0, b>0,

where T(6) is the gamma function which is defined fór integer values b as 
T(6) = (b - 1)! and in the generál case

r(6) =7e"x?-1da:, b > 0.

Fig. 24. Somé gamma densities
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We will consider the generation of standard gamma variables mostly. 
The nonstandard gamma distribution has two further parameters, denot- 
ing these by c and d respectively the nonstandard density function has 
the form

(4.10)

This simplifies to the standard distribution’s density by the choice 
c = 1, d = 0. In the sequel we restrict our discussion to the genera­
tion of random variables with density function (4.9), the more generál 
nonstandard case can be derived from the standard case. Namely if £ is 
a random variable with density function f(x) then the density function 
of c£ + d is gi(x).

The density function of the generalized gamma distribution is

9*w = r(Tj , z > o.

Here if £ has the standard gamma density function f(x), then has 
density function p2(x), and if <p is a sample from the generalized gamma 
distribution, then <pa is standard gamma. Of course ^(z) turns to be 
f(x) by the choice a = 1.

FYom the family of densities given by (4.9) two particular cases deserve 
special attention. Choosing the paraméter b to be 1, /(z) turns to be 
the standard exponential density function; this case was discussed in the 
preceding section. The other case relevant to practice can be obtained 
substituting the paraméter value b = n/2, where n is a natural number. 
Denote the variable determined by the density function thus obtained by 
£, then the distribution of the random variable 2£ is said to be the y2 
distribution with n degree of freedom; this special case is investigated at 
the end of this section.

We refer without a proof to the following well-known result from the 
probability theory.

Theorem 1. If £ is a gamma distributed random variable with pa­
raméter a (that is denoted in the sequel as gamma (a) distributed) and rj 
is a gamma (J3) distributed, which is independent of £, then the random 
variable £ + r) is gamma distributed with paraméter a + /?.

According to this theorem any gamma distributed variable with a posi­
tive integer paraméter n can be produced as the sum of n gamma variables 
with paraméter 6 = 1 (i.e. standard exponential). If procedure El is used 
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fór generating exponentially distributed variables, then after streamlining 
the following algorithm emerges.

G1 Gamma, n > 0 integer paraméter

1. Initialize the counters i «— 1, p «— 1.
2. Generate u and compute the product p pu.
3. If» = n then deliver the value x ♦-----In p, otherwise increase the index

: +— i 4- 1 and go back to Step 2.

If the paraméter n of the distribution is nőt an integer, then a different 
algorithm is to be constructed. Naturally it is sufficient to take care of 
the paraméter value 0 < b < 1 because of Theorem 1 the integer part of 
the paraméter can be dealt with algorithm Gl. An acceptance-rejection 
technique is applied. Consider the majorizing function

x^/r^b), ifO<x<l 
e"7r(i), if 1 < x,

which was built from two functions in order to achieve a satisfactorily high 
level of overall acceptance. Fór this function the inequality f(x) < g(x) 
really holds in case of x > 0. The density function h which is proportional 
to the function g(x) can be derived from ^(x) by dividing the same with

00 11
x)dx — —77T + that is we have

’ bV{b) e^b)’the constant J g(

ebxb ^/(e + b), 
ebe x/(e + b),

0 x < 1, 
1 < x.

The related distribution function H can be determined by direct integra­
tion:

H(x) =
*xb, e + b ’
e । _

e + 5 e

0 x < 1,

1 < x.

Both parts of this latter can be inverted; the probability of the first part 
is #(1) = —”, and the probability of the upper part of the distribution 

e + b
is 1---- -— =------- . The test fór rejection is the scrutinization of the

e + b e + b
inequality f(x)/g(x) < u, which becomes e * < u fór the case of x < 1, 
while if x > 1 then the generated value is rejected in case of x''1 < u. 
The above discussed details are incorporated intő the following algorithm.
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G2 Gamma, fractional part paraméter 0 < b < 1

1. [Select one of the two parts of the majorizing density function.] Gen­
erate u and let p <— u(e 4- b)/e. If p > 1 then go to Step 3.

2. [Generate a number in the interval [0,1).] Set x «— p1/f> and generate 
u*. If u* > e~x, then go back to Step 1 (rejection of x), otherwise 
deliver the value x.

3. [Generate a value on the halfline [1, +oo).] Compute x ♦ In [((6-1- 
-|-e)/e — p)/6] and generate u’. If u’ > x6-1 then go back to Step 1 
(rejection), otherwise deliver the number x.

Algorithms G1 and G2 built together can generate a sample from any 
gamma distribution with an arbitrary paraméter b > 0 as the next algo­
rithm illustrates.

G3 Gamma, arbitrary paraméter b > 0

1. Split up the paraméter b intő an integer and a fractional part 
n +- [6], f «— b - [6]. Alsó initialize y ♦- 0, z <— 0.

2. If n = 0 then set y +- 0 and go to Step 3, otherwise generate a number 
y with paraméter n by the aid of algorithm G1.

3. If / = 0 then set z «— 0 and go to Step 4, otherwise generate a sample 
z with paraméter / according to algorithm G2.

4. Deliver the number x «- y + z as a sample from the gamma distribution 
with paraméter b = n + f.

The algorithm can easily be converted intő a subroutine in a high level 
programming language. Computational difficulties, however emerge in 
cases of greater values of the paraméter b (b > 10). On the one hand the 
number of necessary uniform samples will be great (of course N b), on 
the other the product of more than ten numbers uniformly distributed 
in [0,1) can easily underflow (the resulting product will be smaller than 
the smallest positive reál number representable on the computer, causing 
thus the evaluation of the function In be impossible, and by the same 
tokén distorting the tail of the distribution). These difficulties can be 
overcome only in a different procedure, which will be an acceptance- 
rejection method.

Consider the Cauchy distribution, which has the density function

(4.11) i + r2(l_s)2
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Its distribution function can be directly determined by integration, since
we have v r 1

GoW =_t 7
where substituting z = r(x — s) we obtain

Go(y) = - arctan(r(y - s)) + 7T *
Applying now the inversion technique it can easily be seen that if u is 
formly distributed in [0,1) then the random variable x —

uni-
1
r

•tan(?r(u - -)) + s has a density function g(x).
Now an acceptance-rejection technique is described fór generating gam- 

ma-distributed random numbers, the enveloping function will be propor- 
tional to a Cauchy density function. Consider the inequality

1 - l)6-1 . e Xxb 1 _ , .
(4.12) *(.) = 1+ _ 1}), - r« - zl>

where the expression on the right-hand side is the density function of a 
gamma distribution with paraméter b.

We show the inequality holds fór values x > 0, b > 1. Rearranging
(4.12) we obtain the inequality

=
2o — 1

which is to be proven. The derivative of the function 7(1) on the right-
hand side can be calculated as

Y(x) = --1- e~xxb~\x - (b - l))(x - b)2.
1

Looking fór the roots of Y(x) = 0 we find that the only root fór which 
the function ^{x) changes its sign is x = b - 1 (since we have b > 1). 
Thus the maximum of 7(1) is attained at x = b— 1 and in this case (4.12) 
turns to be equality. This way we did nőt only show that h(x) /(x) 
bút the optimality of the upper-bounding natúré of the function h(x') in 
the sense that there is no constant a < 1 fór which ah(x) f^x) would 
hold.

The function h(x) that we used fór upper bound is proportional to 
a Cauchy distribution’s density function, where the parameters are r = 
= * ... and s = b - 1. We have to determine the multiplier a > 1,

V2b^í
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which is the value of the ratio between the upper bounding function h(x) 
and the Cauchy density function

<413>
It can be derived by simple division

Random variables with density function g(x) given in (4.13) can similarly 
be produced to the algorithm used fór generating variables with density 
go(x), that is employing the expression

x = \/2b - 1 tan + b- 1.

To complete the algorithm we need the acceptance’s test which is the 
test of the inequality f(x)/h(x) > u. The left-hand side quotient in this 
inequality can be obtained after somé computations 

f(x)/h(x) =
zo — 1

what will be used in Step 3 of the next algorithm.
Now we summarize all the above discussed details in this formai de- 

scription of a procedure fór generating samples from a gamma (b) dis­
tribution with a paraméter b > 1 according to the acceptance-rejection 
technique (to cover the complete rangé of paraméter this algorithm G4 is 
to be augmented fór instance by the algorithm G2 fór paraméter values 
6<1).

G4 Gamma, by Cauchy paraméter b > 1

Preparation

1. Set p *- b - 1, q <— 2b - 1, z *- ^2b - 1.

Generation

1. Generate u. Set t <— z tan(jr • (ti - 0.5)) and x «— p + t.
2. If x < 0 then go back to Step 1 (rejection, because fór gamma dis­

tributed variables x > 0 always).
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3. Generate u*. Compute the value s <— (1 + t2/g)exp{pln(x/p) - t}, if 
now s < u*, then go back to Step 2 (rejection on the basis of inves- 
tigating the acceptance-rejection test), otherwise deliver the value x as 
gamma distributed with paraméter b.

The expected value N of the number of uniformly distributed random 
variables required to generate one gamma (6) variable is

N = a+ 1,

where a is the constant given in (4.14). The value of o is tt in case of b = 1, 
and if b —+ oo then a —► y/n, which implies that N varies between 4.14 
and 2.77. The algorithm is easily implementable in high level languages, 
on the other side its drawback is the use of the exponential, tangent and 
logarithmic functions (or the exponential, tangent and power functions), 
furthermore the nőt very small N may nőt be a welcome feature.

The running time of a modified algorithm compared to that of the al­
gorithm G4 can be halved or decreased to its third if we used a different 
function as upper bound and somé decomposition ideas. We split the 
halfline [0, +oo) intő two parts, in the first interval a normál envelop- 
ing function, in the remaining halfline an exponential upper bounding 
function is employed, and the algorithm is built according to the ac­
ceptance-rejection technique. The acceptance test is decomposed intő 
fást and nőt so fást acceptance (similarly to algorithm SÍ described in 
Section 4.3 fór generating samples with almost linear density function), 
which results in accepting the generated sample in most of the cases after 
a very small amount of calculations.

We do nőt discuss in details the algorithm, only the formai description 
is given and the function g(x), which is used as an upper bound of the 
gamma density function:

if

^0—1 p

where /3 is a constant, given by (3 = b - 1 + b + \/8i>/3. The formai 
algorithm follows.

150



G5 Gamma, normal-exponential upper bound (6 > 2.533)

1. Let m <- b - 1, V x^b, a2 <- b + 1.63299316 V, a <- T^2, 
w «— o2/p, d «— 2.44948974 a and 3 *— p + d.

2. Generate u. If u í 0.0095722652, then go to Step 8.
3. Generate s from the standard normál distribution and transform it 

x p + as. if x < 0 or x > 3 then go back to Step 2 (the normál 
sample is nőt in the domain of the enveloping function g).

4. Generate u and set S «- s2/2. If s > 0 then go to Step 6.
5. If u < 1 - S((l - 2s/v)IV - 1), then deliver the value x, otherwise go 

to Step 7.
6. If u 1 - S(W - 1) then deliver x.
7. If In u > m (1 +In (x/m)) ~ x + S then go back to Step 2 (rejection), 

otherwise deli ver x.
8. Generate s from a standard exponential distribution and let x *— ^(1+ 

+s/d).
9. Generate u. If In u > /z(2+ln (x/p) — x//?)+3.72032849-/9-ln(<rd / 3), 

then go back to Step 2 (rejection), otherwise deliver the value x.

On the average this algorithm uses 3-5 uniformly distributed uniform 
numbers and the time required to generate a sample is about one third 
of algorithm G4’s running time that uses Cauchy upper bound.

For the generalized gamma density function g2(x) we develop another 
algorithm using acceptance-rejection technique. Consider a two paramé­
ter lóg logistic density function

h(x, 3i 32) = 3132 ^7(^2 + x^)2, x> o, 

its distribution function being

H (x, 31, 32) = x01I{32 + x^), x = o, 
which can be inverted, thus the random variable p = [32 «/ (1-u)]1^2 has 
distribution function H if u is uniform. After somé computations the best 
choices for 31, 32 and the constant a (for which 92(2) a h (x, 31, 32)) 
can be determined as

3{ = a 726- 1,

3*2 =
a* = 4e-6ó7[r(6) 726 - 1]
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and the ratio
52(x)/a* h(x, fi, ^) = xab~^

Thus we arrive at the following formai description.

G6 Generalized gamma, lóg logistic upper bound, b > 1

Preparation

Compute A «— 61/0, B ♦— a\/2b — 1.

Generation

1. Generate uj and u2.
2. Compute C +— In (ui/ (1 - ui))/B.
3. Ifin (uiU2(l-ui)) = b- 1.3862944 4- abC + beaC then deliver x <— Aec, 

otherwise repeat from Step 1.

To apply decomposition techniques fór the gamma distribution is nőt 
an easy job because of the variable paraméter b and what is induced 
by b the changing shape of f(x\ One may build a decomposition type 
algorithm in case of a fixed b, bút it seems to be expedient only when 
a great amount of standard variables is required. Another more flexible 
way is discussed here.

Consider a flexible decomposition of the density function, dependent 
on b, governed by the points of inflections and the mode of the density 
function f(x). The majorizing function is uniform over the main body of 
the distribution, linear (or triangular) over the shoulders and exponential 
in the tails. The whole region is split up intő ten domains, in four of 
them uniform numbers are generated and accepted, in the six remainder 
domains acceptance-rejection is involved (two uniform, two triangular 
and two exponential). Employing squeeze techniques, too, the resulting 
algorithm seems to be the fastest one fór b > 1.

A special case of the gamma distribution is the x2 distribution with 
paraméter n (it is called the degree of freedom), whose density function 
is the following

(4.15) k(x) =------ 1 e’trí’1, x > 0.
2n/2r ( - )

\2/

If £ is a gamma (-) distributed random variable, then the variable 
\ 2 /

rj = 2f has density function k(x), since according to the definition we 
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have r?’s distribution function,
T 1 H_1 i

<x} = P{^<-} = f -7ny ■ dy,2 °rU
which after having differentiated will yield us on the right-hand side 

exactly k(x).

G7 x2 distribution, integer paraméter n > 0
fn\ j

1. Generate x according to the gamma density.
2. Deliver the value x «- 2i as sample from the x2 distribution with n 

degree of freedom.

Naturally we can build an algorithm fór generating variables with den­
sity k(x) according to the generál definition of the x2 distribution:, we 
take the sum of the squares of n standard normál samples. This method 
can be used only fór small paraméter values n, fór the computational 
work is linearly increasing with n, while in the previous algorithm (using 
in Step 1 procedure G4 or G5) the amount of computations basically is 
constant. .

We can generate random variables from another related distribution, 
the Student distribution just by using its definition. This gives us

ST Student, paraméter n
2

1. Generate x from the standard normál distribution and y from the x 
distribution with paraméter n. .

2. Deliver the value x ♦- x^n/y as a sample from the Student (t) distn- 
bution.

4.6. Béta distribution

The density function of a béta distribution with parameters b and c is 
(see Fig. 25)

(4.16) /« = °S‘S1’ ‘■c>°'

This distribution is denoted sometimes as a béta (b,c) distribution. From 
the theory of order statistics the following result is well known.
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Fig. 25. Two béta densitiea

Theorem 1. Let the random variables ui, U2,..., un be uniformly dis­
tributed in the interval [0,1) and consider the order statistics uj, u^, . • ■, 
u* obtained from those, where < új < ... u*. Then the Á:th variable 
in the sequence, that is u^ is a béta (k, n — k + 1) distributed random 
variable.

On the basis of this theorem samples can be obtained from a béta 
distribution with integer parameters by ordering.

B1 Béta, b,c integer

1. Generate the numbers ui,U2,...,U(,+c_i.
2. Let ujj be the 6th smallest one among them, that is uj < ... <j ujj < 

... < Uj+c_1 and deliver the value u*b as a béta (6, c) distributed sample.

The method is very simple, the number of uniform variables required 
to produce one sample is N = b + c — 1. The ordering in Step 2 requires 
a fastly exploding amount of comparisons as b + c increases. Bút if the 
sample is only partially ordered — only the 6th smallest is determined — 
then the amount of calculations is only a linear function of (6 + c).

Another possibility fór generating béta distributed random variables is 
offered through the next well-known theorem, which is given without a 
proof, too.
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Theorem 2. If x and y are two, independent, gamma distributed 
random variables with parameters b and c respectively then the random 

variable------ is béta (i>,c) distributed.
x + y

This result implies that any gamma generátor can be used fór produc- 
ing béta samples. In generál cases, when no specific requirements are 
present with regard to speed, programming convemence, etc. algorithm 
G4 augmented with G2 can be recommended.

B2 Béta, arbitrary parameters (b,c)
1 . Generate x from the gamma (6) distribution and y from the gamma 

(c) distribution.
2 Deliver the number x <------as béta (b,c) distributed sample. 

x + y

A separate procedure is described next fór the special case b — c. An 
upper bound to the béta (b,b) density function is constructed which will 
be proportional to a normál density function and then the acceptance- 
rejection technique is applied. We give the formai algorithm without 
offering a proof on the validity of the procedure.

B3 Béta, symmetric density, b = c > 1.5

1. Set A 6 - 1, t <- (2A)V2.
2. Generate the number s from the standard normál distribution and 

evaluate x <— -(1 + s/0-
3. [Rejection, if the value x is outside the domain of the béta function.] 

If x < 0 or x > 1 then go back to Step 2.
4. Generate u. If u < 1 - s4/(3b- 12) then deliver x.
5. If u 1 - s4/(8a - 8) + |(s4/(8a - 8))2 the go back to Step 2.

6. If In 4 > A In (4r(l - x}) + s2/2, then go back to Step 2.
7. Deliver x as a béta (b, b) distributed sample.

A straightforward decomposition type algorithm can be devised fór 
béta distributions with parameters b,c > 1 along the following hnes. ( 
is similar to the one mentioned at the gamma algorithms.) Compute 
the points of inflection and the mode of the density function /(x), the 
decomposition is based on these points. The region of concern is split 
up intő 10 domains. In four of them just uniform sampling is pertormed. 
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In the remaining six domains acceptance-rejection is used with squeeze 
modifications: in two domains uniform numbers are generated, in two 
domains random numbers with triangular densities are produced and in 
the two tail domains exponentially distributed numbers are sampled.

We underline the fact that all procedures described above for generat­
ing gamma and béta distributed variables are for variable parameters. If 
we have to generate a great number of samples from a distribution with 
a specific given paraméter value, then of course we can manufacture a 
nicely tuned special algorithm. This can generally be achieved through 
the joint application of the decomposition technique and one or two oth- 
er generál methods. For example in the case of a béta distribution the 
interval [0,1] can be divided intő 100 equal part and in each subinter- 
val the density function of the uniform distribution is to be considered; 
the béta density function is to be approximated by their weighted sum, 
and as a 101-st member of the decomposition the toothlike remainder is 
taken (like the illustrative example described in Section 3.3). Of course 
this extra preparational work is worthwhile when there is a certain payoff 
through repeated use of the algorithm.

4.7. Binomial distribution

The random variable f has a binomial distribution with parameters 
(n,P) if

P< = P{£ = i} = r)p*'(l-p)n-‘\ í = 0,l,...,n,

where n and 0 < p < 1 are given. The probabilities pi given above can 
be interpreted in the following way. Let A be an event which occurs with 
probability p (and of course it does nőt occur with probability 1 — p). 
Taking now n independent experiments pj is the probability of the event 
that A occurred exactly t times out of n. This justifies the following 
procedure.

BI1 Binomial, count off
1. Set j «— 0, k <— 0.
2. Generate u. If u < p then increase the counter k <— k + 1.
3. Let j «— j + 1. If j < n the go back to Step 2 otherwise deliver the 

value k as a sample from the binomial with parameters (n,p).
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The method is simple, the number of required uniform deviates and 
the computational works increase linearly dependent on the paraméter 
n. This necessitates the construction of a procedure having favorable 
performance even fór large values of n. The basic idea employed in this 
new procedure is that the value of the paraméter n is decreased to a 
threshold number N (generally N ~ 30 can be taken) and then a sample 
is generated from the remainder, otherwise a symmetric béta distribution 
is used. The procedure is given without a proof.

BI2 Binomial, large paraméter n

1. Initialize m *— n, q <— p, k *— 0, y ♦— 0, h «— 1.
2. If m < N, then generate a sample j by algorithm BI1 from the binomial 

distribution with parameters (m,q) and deliver the value k «— k + j.
3. If m is even, then decrease m «— m - 1 and generate u*. If u* < q then 

increase the index k «— k + 1.
4. Let b <— (m+1)/2 and generate a random number s from the symmetric 

béta (b,b) distribution. Compute the values g <- hs and z «- y + g-
5. If z < p then modify y <— z, h *— h- q, q <— (p - z)/h and k +- k + a, 

otherwise set h «— g, q <— (p - y)h.
6. Decrease the value of the paraméter let m ♦- b - 1 and go back to 

Step 2 to repeat the iteration.

The algorithm fór great values of n (n ~ 1000) is approximately 10-20 
times faster than the previous procedure BI1.

4.8. Poisson distribution

A £ discrete random variable is said to be from the Poisson distribution 
with paraméter A if its distribution is given by the probabilities

\k
pk = P{£ = k} = —e~\ k = 0,1,2,....

The Poisson distribution plays the same important role among the dis­
crete distributions as the normál does among continuous distributions. 
The Poisson distribution can be derived through several ways, fór example 
the Poisson distribution is obtained as the limiting distribution the bino­
mial (n,p) if n p = A is a constant and n oo. If we have a server where 
n customer arrive independently of each other and uniformly distributed 
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in the time interval [0, T] then the number of the customers arriving in 
the interval [íq, to +1) is k with probability pk in limit (assuming the rate 
of arrival n/T = A be constant, n -+ oo, T —► oo). Poisson distribution 
is obtained in the case, too, if the time intervals between subsequent ar- 
rivals are assumed to be independent and exponentially distributed with 
paraméter A. This last way of obtaining Poisson distribution suggests the 
following algorithm where the sum of exponential random variables with 
density function Ae-ÁI is observed, counting the number of variables until 
the sum becomes greater than 1. In other words we generate the numbers 

- r. In ui In u2 In u*«i, u2,...,■ • • until the inequality----------- —-- ----- ... — —-— S 1 
is still satisfied, the number k of the variables generated indicates the 
number of events in [0,1]

P01 Poisson, count-down

1. Initialize k «— 0, p +- 1.
2. Generate u and set p <— pu.
3. If p > e~A then increase the index k «— k + 1 and go back to Step 2.
4. Deliver k as a sample from the Poisson (A) distribution.

The procedure is simple, easily implementable. Its drawback is the 
linear increase in computational efforts in case of increasing A. Because 
of this feature another, relatively simple procedure is presented next fór 
producing Poisson (A) variables fór larger values of A.

The algorithm to be described is based on the following reasonings. 
Consider the positive integer n < A (it is chosen to be a little smaller 
than A itself, fór example we can take n = [7A/8]), and generate a sample 
x from the gamma (n) distribution. Then we have two cases

(i) if x > A, then deliver a sample k from the binomial (n - 1, A/z) 
distribution,

(ii) if x < A then generate a sample j from the Poisson (A — z) distribu­
tion and deliver the value k «— n + j.

Now we prove the validity of the procedure. In the first case the prob­
ability of the event that k is delivered can be evaluated as
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7 (n - i)! e Xxn _
J k\(n xn~l (n - 1)!
A

oo
=-------¥----- [íx _ A)"'1'* e-^dx = 

kl(n -l-k)\Jy
A

=___ ( tn-’í~ke~tdt
k\(n - 1 — k)l J

o
where we substituted t = x - A in the last bút one integrál. The value 
of the last integrál is T(n - k) = (n - 1 - k)\ which leaves us with 
pk = Xke~*/kl the desired result.

In the second case 0 < x < A and the probability of generating k with 
the substitution t — x/A is

í (A - ^x'1-1^
PkJ (k- n)! r(n) 

o
A

=_____—------ -  [ - x)k~ndx
(k - n)!(n - 1)! J 

o

e^X^X^X
~ (n — l)!(fc — n)!

The last integrál here is a béta integrál, thus
e~AA* r(n)r(fc-n-H) _ e~AA*

Pk~ (n-1)1(1-n)l r(fc + l) fc!

Before giving a formai description of the algorithm we remark that the 
value c = 20 in Step 2 an arbitrary choice similarwise the value 7/8 in 
Step 6. This 7/8 choice makes possible to use a nőt very efficient pro­
cedure (procedure BI1) fór generating variable from the binomial dis­
tribution in Steps 8-10, because we rarely need the generation of such 
variables. If the paraméter A is great (A > 1000, say) then it is worthwhile 
to replace BI1 with a more efficient algorithm, fór instance BI2.
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P02 Poisson, from gamma
1. Initialize k «— 0, w «— A.
2. If w > c (where c = 20) then go to Step 6.
3. [Case (ii).] Set p «— 1, b <— e-w.
4. Generate u and set p «— pu. If p < b, then deliver the value k.
5. Increase the index k <— k + 1 and go back to Step 4.
6. Compute the integer part n <— [7w/8] and generate a sample x from 

the gamma (n) distribution. If now x > w then go to Step 8.
7. Let k <— k + n, w <— w — x and go back to Step 2.
8. [Case (i).] Set p «— w/x.
9. Generate u. If u < p then increase the index k «— k + 1.

10. Let n «— n - 1. If n > 1, then return to Step 9, otherwise deliver the 
value k.

4.9 Miscellaneous distributions

Several other distributions’ random number generátor is discussed and 
presented in this section. Of these the first two is deemed to be worth of 
special attention because of their flexibility they can be used fór gener­
ating approximate samples from other distributions.

Consider the Weibull distribution with three parameters, whose density 
function is

/ \ C—l f / \ c \f . c [ x - a\ I ( y - a\ [exprr) p

from which the distribution function can immediately be derived as

F[x) = 1 — exp

Since this latter can be inverted, the random number generátor is

WE Weibull
1. Generate u and compute z <---- In u.
2. Deliver the value x +— bzl!c + a as a sample with Weibull distribution.

Because of the three parameters of the distribution it can easily be 
fitted to other distributions. In practice the following routine is followed. 
Assume that $ is a Weibull distributed random variable and introduce its 
shifted form p = a. The fcth moment of this latter can be obtained

E{rik) = bkV(\ + k/c\
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that is the expected value /x, variance and the generalized third mo- 
ment 03 of the random variable f are given in the following equations

M = = a + 6r(l + l/c),
a2 = E^ - m)2 = 62[r(l + 2/c) - T(1 + 1/c)2],

„,X - M'3 _a3 - E( ) -
_ r(i - 3/c) - 3r(i + 2/c)r(i + i/c) + 2r(i + i/c)3 
“ [r(i + 2/c)-r(i + i/c)2]3/2

Assume that the distribution to be approximated has an expected value, 
standard deviation and generalized third moment m, s and ^3 respec- 
tively then the parameters of the approximating Weibull distribution can 
be computed from the system of equations ji = m, a = s, a3 — 03- K 
these equations do nőt fully determine the parameters a,b,c then either 
we can arbitrarily fix them or a further requirement may be satisfied.

We can similarly proceed in case of Burr distribution that can be used 
fór approximating other distributions too. Burr’s distribution function is 
given as

G(x) = 1 - (1 + xc)~k, x>0, c,k > 0.

Its inverse exists so we have the following random number generátor.

BU Burr
1. Generate u and set z «— (1 -
2. Deliver the value x «- (z - l)1/0 as a Burr-distributed sample.

The Central moments of the distribution are

= kV{k - j/Wi/c + l)/r(fc +1), 3 < ke.

From these the first four standardized moments
Aí = MÍ> ^2 = ^2-M2, 

a3 = (^3 ~ "b )/a 

«4 = (M4 ~ - ^M4)/0^-

If now the expected value, standard deviation, third and fourth stan­
dard moments of the distribution to be approximated are denoted by 
m, s, fa, 04 respectively, then first the equations 0:3 = 0s and 0:4 = 04 
are solved fór the unknown constants k and c. Using these k and c values 
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a number x is generated by the BU procedure. The random number
* x - - am/s)

£ / a/s
will have its first four moments be equal to that of the distribution to be 
approximated.

A random variable is called doubly exponential if its distribution func­
tion is of the form:

F(x) = exp{-exp(-z)}, -oo < x < +oo.

Variables with this distribution can be generated by inverting the distri­
bution function F(x).

DE Doubly exponential
1. Generate u and set y «-----In u.
2. Deliver the value x ♦-----In y as a doubly exponential distributed sam­

ple.

The exponential power distribution is given by its density function

f(x) = ---- , 1 p- exp{ —|x|°}, a > 1.
2r (1 + I)

This is a flexible family of symmetric distributions, including the uniform, 
normál and double exponential distributions.

A convenient algorithm can be obtained via the acceptance-rejection 
technique, using the double exponential density function

h(x) = exp{-|z|/6}/26,
, K 1 / 1 \ a

where b = ( - I . Multiplying h(x) with the constant
\ a /

the inequality /(x) < ch(x) holds, which gives rise to

PE Power exponential, via double exponential, a > 1

1. Generate a double exponential variable x with paraméter b.
2. Generate u uniformly.
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3. If In u > [-H* + H/& - 1 + |], then go to Step 2, otherwise 

deliver x.

The density function of a Rayleigh distributed random variable is

M*) = ~x exp{-^y2j , y > 0-

After integration and inverting the distribution function the following 
generátor can be given.

RA Rayleigh
1. Generate u and compute the number y <— In u.
2. Deliver x «— a^/y as Rayleigh distributed.

Considering the fact, that the random variable -In u (similarly the 
random variable -In (1 - u)) is exponentially distributed we can replace 
the first step in the algorithms WE, RE, FR, RA with a procedure that 
generates a sample from the standard exponential distribution.

A random variable is Frechet distributed if its distribution function is 
given in the form

G(x) = exp(-x~a), x > 0, a < 0, 
with a suitable constant a. Inverting the distribution function immedi- 
ately yields the corresponding algorithm.

FR Frechet
1. Generate u and compute the value y <-----In u.
2. Deliver the number x «- y~Va as Frechet distributed.

Finally a discrete distribution’s generátor will be discussed. The proba­
bilities pi associated to the negative binomial distribution with paraméter 
b are the following

Pi = + 6 > 0, 0 < p < 1, i = 1,2,...

Note, that the paraméter b is nőt necessarily an integer number. Usmg 
the usual search procedure (direct or inverse method) fór this discrete 
distribution yields the following algorithm.
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NB1 Negative binomial

1. Initialize the values k ♦— 0, p <— pb, s <— p, q +— 1 — p, r *— (b — l)g 
and generate u.

2. If u < s then deliver k.
3. Increase the index k *- k + 1, compute p +— p(q + r/k) s +— s + p and 

go back to Step 2.

The algorithm is simple, easily implementable, bút its drawback is that 
the computational work linearly dependent on the paraméter b. In case 
of b > 50 this algorithm NB1 should be used only if a very few samples 
are required. To offer an alternative way of generating negative binomial 
numbers with paraméter b we describe — without a proof — a different 
procedure whose computational work is virtually independent of b.

NB2 Negative binomial, from Poisson
1. Generate x from the gamma (&) distribution and compute m *- z(l — 

~P)/P-
2. Generate the number k from the Poisson (m) distribution and deliver 

the same as a sample from the negative binomial distribution.

4.10. Notes

4.2 The polar method (N2) as a random number generátor was present- 
ed by Mueller, the modified polar algorithm by Marsaglia (1964). 
A good summary of the normál and exponential generators was 
published by Ahrens and Dieter (1972). Somé recent works are by 
Kinderman and Ramage (1976), Deák (1981).

4.3 The auxiliary algorithms SÍ and S2 are due to Marsaglia (1964). The 
decomposition used in algorithm N4 was developed by Kinderman 
and Ramage, the presented form of the algorithm was published by 
the author (1981). The algorithm N5 was presented by Ahrens and 
Dieter under the name FL5, being a member of an algorithms’ family.

4.4 The procedure E3 that incorporates somé ideas of Sibuya, too, was 
presented by Ahrens and Dieter (1974).

4.5 The algorithms G2, G3, G4, G5 were published by Ahrens and Dieter 
(1974). Algorithm G6 was published by Tadikamalla (1979). The de­
composition type algorithm thought to be the fastest was developed 
by Schmeiser and Lal (1980) as algorithm G4PE. Other gamma gen­
erators can be found in the papers of Atkinson and Pearce (1976), 
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Wallace and Cheng (1977), Tadikamalla (1981), Cheng and Feast 
(1980). Best (1983) gave an improvement to G2.

4.6 The algorithm B3 was published in Ahrens and Dieter (1974), anoth- 
er method is in Cheng (1978). The decomposition type algorithm, 
mentioned at the end is due to Schmeiser and Bábu (1980), it is 
probably the fastest method. Fór somé other béta generátora see the 
same paper.

4.7 , 4.8, 4.9 The procedures BI2, P2, NB2 were published in the great 
overview of Ahrens and Dieter (1974). There are methods where time 
required fór the generation of one binomial variable remains bounded 
even as n —* oo, see Fishman (1979) and Devroye (1980), (1986). The 
double exponential generátor was devised by Tadikamalla.
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CHAPTER 5

GENERATION OF RANDOM VECTORS

5.1. General methods fór generating random vectors

In case of drawing samples of one-dimensional random variables one on­
ly has to produce the “randomness” subject to the required regularity. 
Contrary to this when generating random vectors the dependence of the 
individual components on each other has to be taken intő account as 
well. While the generation of “randomness” in case of random vectors 
is based on the same generál methods described in the one-dimensional 
case, the correlation between the individual variables can be taken intő 
consideration through the conditional distribution functions.

It is well known that if £ = (£n,..., £n) is a random vector with dis­
tribution function G(®1, X2,... ^n) = ^{£1 < xl> ^2 < $2, • • • > Én < xn}, 
then it can be decomposed as a product of two distribution functions as

(5.1) G(xi,X2,.. .,xn) = Gi(xi)G2.n(x2, ...,xn | xi),

where Gi is the unconditional distribution function of the first compo- 
nent, G2...n is the conditional distribution function of the components 
C2,...,Cn given the condition fi = Xp Applying the same idea to the 
function G2...n on the right-hand side of (5.1), (n - 1) times repeatedly 
we obtain the following decomposition:

(5.2) G(xb x2,..., Xn) =G^xx}G2{x2 | x^G^ | xi, x2)
... G(xn | xb..., xn-i),

where Gí(xí | Xi,..., x,_i) is the conditional distribution function of the 
random variable & given the values of the random variables Cl, • • •, &-!• 
Making use of equation (5.2) the following procedure can be derived fór 
generating random variables with distribution function G(xb..., xn):

VI Vector generation, conditional distribution function
1. Generate the value zi according to the distribution function Gi(xi) 

and set i *— 2.
2. Generate the number Z{ from the distribution given by the conditional 

distribution function G,(x,- | Xi = zi,... ,xt-i = «í-i).
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3. If n > i, then increase i ♦— t + 1 and go back to Step 2.
4. Deliver the vector (zi,..., zn) as a sample from the distribution with 

distribution function G(ii,... ,xnY

Theorem 1. The vector (zi,... ,zn) produced by Algorithm VI has 
distribution function G(ii,... , in) indeed.

Proof. It is known about the distribution functions of the components 
of the generated vector that because of the very procedure they are the 
conditional distribution function G/s:

P{z{ < | xn,... , i,-i)

= P{zi < Xi | II = Zl, . . . , Xí—1 = Zi-1}.

Thus the distribution function of the generated vector can be derived 
as
P{Z1 < xi,...,zn < in} = P{*1 < < i2 I *1 = 21}...

. . . P{Z{ < X{ | 11 — Zl, . . . , Z, —1 —1 } • • •

...p{zn < In I 11 = Zl,...,Xn-l = zn-l} =
= Gi (1JG2 (^2 | Zl) • • • Gn(zn | $!>•••> 1)>

and this product equals to G(zi,..., in) because of (5.2).
To enhance application of this generál procedure to practical prob­

lems we dérivé the necessary equations in terms of density functions 
instead of distribution functions. Denote the joint density function by 
g(zi,z2,...,zn) then the individual density functions gi,...,gn of the 
components to be generated can be evaluated using the following equa­
tions

Si^i) = 7 - f 9(xi,x2,...,xn)dx2, di3,..., din. 

— oo —oo

/ , +,°° +r9^i,x2,...,xn} H
1 10 í —3 ■ ■

Sí+1(®»+1 I • ■ • > $») —

+r +r_________ a^,x2,...,xn)--------------dz,+i da.ni
-Joo -oo 9i(xiMx2 I xi)...gi{xi I 11,... ,1,-1)

167



| > ^n-1) —

+”__________________ g(xi,X2,...,Xn)____________________

-t"! (gn^gz^xz | Xl) • •-Sn-l^n-l | Xi,...,Xn_2)’

where the right-hand side of the ith equation contains n - i integrál signs. 
When generating random vectors an additional difficulty is caused by the 
variety of the possible domains as compared to the case of the one-dimen- 
sional random numbers. In one dimension we have to deal with only two 
different types of domains, the interval and the haifline. In the multidi­
mensional case there are infinitely many domains that can nőt be trans- 
formed intő each other by simple transformations (translation, rotation, 
reduction or enlargement). This stumbling block appe aring in multidi­
mensional cases is one of the gravest problems of numerical mathematics; 
there is no reliable, reassuring solution until now. Useful procedures have 
been developed fór domains that appear most frequently in practice, somé 
of those will be presented in the forthcoming sections.

By the n-dimensional version of the acceptance-rejection technique 
uniformly distributed points can be generated in tangled domains, that 
analytically nőt or only in a cumbersome way can be dealt with.

Assume that we can produce uniformly distributed points in the simple 
bounded domain T, say a rectangle which entails the irregular, tangled 
domain H (Fig. 26). The enveloping domain T is generally chosen to be 
the smallest one of the possible rectangles.

Fig. 26. Generating uniformly distributed 
points in a sophisticated domain H
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V2 Vector generation, acceptance-rejection

1. Generate the point x uniformly in the rectangle T.
2. If x € H is true, then deliver the point x as a sample from the uniform 

distribution in domain H (acceptance), otherwise go back to Step 1 
(rejection).

Theorem 2. The points accepted in procedure V2 are uniformly 
distributed in domain H.

Proof. It immediately follows from the algorithm.
The efficiency of the algorithm can be measured by the ratio of the 

relevant domains’ volumes, that is

P Vh/Vt,

where VH and VT are the volumes of the domains H and T respectively. 
Generally the procedure is of relatively small efficiency because of the 
small value of p or in somé cases because of the difficulties encountered 
in testing the relation x G H in Step 2 of Algorithm V2. The efficiency 
can be increased if the domain T can be replaced by domain T' of volume 
Vt>, fór which we have T1 D H and Vt > Vt' and generation of uniformly 
distributed points in T' can be done with equal ease as in T. The test 
x € H can be avoided in many cases similarly to the idea employed at 
the generation of random numbers with almost linear density function 
(Section 4.3), where most of the cases a simple fást test is carried out, 
instead of the exact test. In our case a domain T" is looked fór, which is 
in domain H, and the test x € T" is easily executable. This modification 
means a considerable acceleration of the computational procedure if T 
is a good inner approximation of domain H, that is the ratio Vt»/Vh is 
near to 1. Nevertheless one cannot expect very good performance from 
this acceptance-rejection technique, especially in great dimensions. The 
simplest illustration to this dimensional effect is the following: compute 
the ratio of a cube’s volume with sides of length 0.95 and the unit cube’s 
volume in n = 100 dimensions, which is

(O.95)ioo/l = 0.0059.

This number illustrates the principle: “volume is concentrated on the 
facets” in high dimensions, making difficult to obtain good acceptance 
ratios in case of irregular domain (see alsó the ratio of the volumes of a 
hypersphere and the entailing hypercube in Section 5.4).
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All in all fór generating randomly distributed points in multidimen- 
sional spaces one can employ (i) the generál algorithms VI and V2, (ii) 
the second transformation theory as exposed in Section 1.3 or (iii) the 
special properties of the individual distributions. One possible multidi- 
mensional application of the decomposition technique is shown fór the 
multidimensional distribution function, bút there is nőt a straightfor- 
ward application fór any distribution contrary what we have seen in case 
of univariate distributions. Partly this scarcity of the tools of generálion 
accounts why the topic of generating random vectors is much less devel- 
oped as compared to the producing samples of one-dimensional random 
variables.

Fig. 27. Simplified acceptance test

5.2. Uniform distribution in rectangle

Consider the task of generating uniformly distributed points in a rec­
tangle that has his edges parallel to the coordinate axes and one of its ver- 
tices is the origin. The generál algorithm VI is applied now, the necessary 
conditional distribution functions become simple one-dimensional uncon- 
ditional distribution functions since the components of a point uniformly 
distributed in the above rectangle are independent. Thus the individual 
coordinates can separately be produced, independently of each other and 
furthermore uniformly on the corresponding edges.

Let the rectangle T be given by its (n + 1) vertices 0 = (0,...,0), 
Xi = (ai,0,...,0), x2 = (0,a2,0,... ,0),..., xn = (0,... ,0,an), that is 
T = {x | 0 < x, at , í = 1,..., n}. Then uniformly distributed points 
can be produced in T by the following algorithm.
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VRE Uniform vector in rectangle

1. Generate the numbers ui,... ,un.
2. Compute n u^, t = l,...,n and deliver the vector x as uni­

formly distributed in T.
The algorithm is simple, can very easily be coded in high level lan- 

guages. If we want to generate points uniformly in a rectangle located in 
a different way from T described above then the generated points have to 
be translated and rotated correspondingly. Similarly to obtain points uni­
formly distributed in a parallelepiped the points obtained by algorithm 
VRE have to be subjected to a linear transformation.

5.3. Uniform distribution in simplex

For the sake of simplicity we restrict our treatment to discussing the 
case of the n-dimensional simplex spawned by the origin and the unit 
vectors e,, í = l,...,n. In simplexes with different placements one 
can obtain uniformly distributed points after suitable translations and 
scahngs •

For generating points uniformly in a simplex the generál algorithm VI 
will be applied, and the algorithm VSI will be developed, bút prior to 
this we need the following result. Consider the n-dimensional simplex

H(n, a) = {x | n + ... + in = a, • • • >Xn = 0}’ 
where a is a positive scalar constant, its volume will be denoted by 
V(n,a).

Theorem 1. The volume of the simplex H(n,a) is given by
an

V(n,o) = ^.

Proof. Consider one of the vertices of the simplex H(n,a), differ­
ent from the origin, let it be the vertex Pn+\ given by the vector aen 
(Fi« 28)- z X • 1

The remaining n vertices Pi,...,Pn define an (n - 1) dimensional 
simplex H(n - l,a). Draw a line from the point Pn+i perpendicular 
to the pláne of the simplex H(n - l,a), (it is actually the line Pn+iPi 
where Pi = (0,0,... ,0)) the distance of Pn+i from H(n - l,a) is exactly 
a. If now the simplex H(n,a) is intersected by a hyperplane which is
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Fig. 28. Determining the volume of the simplex H(3,a)

parallel to the simplex H(n - l,a) and the distance of the hyperplane 
from H(n- l,a) is t (t < a), then the (n - 1) dimensional intersection is 
a simplex similar to H(n— l,a). Denote the (n — 1) dimensional volume 
of the intersection by V’, then we can write because of the similarity

V _(a- t)n-1
V(n- l,a) ” a”"1

From this equation one can easily evaluate the volume of the intersection 
as / \ n-1

V'=( —) V(n —l,a).
\ a /

The complete volume V(n,a) of the original simplex can be obtained by 
integrating the volume V' of the intersected politope

V(n,a) = J ~ M-

Applying this equation recursively (n — 1) more times to the volumes 
V(»,a), í = n - 1, n - 2,..., 2, 1, standing on the right-hand side of the 
equations we arrive at the equation looked fór

V(n,a) = ÍV(n - l.a) = - 2, a) = ... =

Let f = (fi, ...,fn) be a random point uniformly distributed in the 
simplex H(n, 1), its density function p(x) is a constant, which is according 
to Theorem 1 1

p(x1,...ixn) = C = = n!

The conditional density functions required in the course of generation 
are evaluated next. The unconditional density function of the first com- 
ponent is
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Pl(x) = f ... f Cdxs...dxn=CV(n-l,l-xi) = n(l-xi)^ 
= 1 —«1 •

(® 1.. xn )EH(n. 1)

since the domain of integration is an (n - 1) dimensional simplex, given 
by the inequality x2 + . • • + xn < 1 - xi.

Hence the distribution function of 6 is Pi(xi) = 1 - (1 - xj , 
0 < Xi < 1. Random numbers subject to this distribution function can be 
sampled by making use of the inverse of the distribution function Pi(xi) 
according to the direct method of random number generation, that is if 
u is uniformly distributed in [0,1) then the density function of the value 
Xi = 1 - ^1 - u is Pi(xi). Next the conditional density function of the 
second component, given the £1 = xx equation can be expressed as

= nu-kr1 fJ cdIS " d*“ 

' 7 xj + .-.+ln á 1-^1—»2

i = 2,3,...,n

0<X2=1-^1

= —^-rV(n - 2, 1 - xi - x2)

n — 1 , xn—2
= (1 _ ■

Thus the corresponding conditional distribution function of the compo 

nent Íj is P2(x2 | xj = 1 - jn-i , 0 x2 i 1 - xi, which

is the usual power distribution (1 - y)^1 transformed intő the interval 
[0,xi). Random variables with distribution function P2(x2 | Xi) can be 
generated by inverting the distribution function; expressing the variable 
x2 from the equation P2(x2 | xi) = u one obtains the formula

x2 = (1 - ?1)(1 - "b/1 - u),
where x2 is distributed with distribution function P2 if u is a uniformly 
distributed random variable.

One can similarly determine the conditional density function 
Pi^Xi | xi,...,Xí-i) of the íth coordinate of the vector (íi,.--,£n)- 
is given as

. (n — J + 1) xn-1
(5.4) P,(x,-| xi,... ,Xj_n) = — _ _ n-«+ 1a ( 11 ’

— il — .. • )
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n from which the distribution function can be derived as

(5.5) Pi(li । • • • » ®t-n) — 1 ~ _ X1 _ _ ’

i = 2,3,..., n. 
By inverting the distribution function P{ one obtains, that the random 
variable

(5.6) n = (1 - xi - ... - ®,-i)(l - ""'Vl - «), « = 2,3,...,n

is distributed according to the distribution function Pí(xí | xi,... ,x,-i), 
u is uniformly distributed in [0,1). Thus the following formai algorithm 
can be developed (where 1 —u is substituted by the statistically equivalent 
uniform random number u):

VSI Uniform vector in simplex

1. [Initialize.] Set i ♦— 1, generate u, compute xi ♦— 1 - u1/”,

S *---  1 - 11-
2. Increase the index í <— i + 1. If now i > n, then go to Step 4.
3. [Generate the íth component according to the density p,.] Generate u, 

evaluate xt ♦— s[l - uVI"-’*1)], s <— s - x, and return to Step 2.
4. Deliver the point (xi,x2,... ,xn) as a sample from the uniform distri­

bution in simplex H(n, 1).

Theorem 2. The point produced by Algorithm VSI is uniformly 
distributed in

Proof. The validity of the theorem is an immediate consequence of 
the generál procedure VI and the formulas employed, especially those in 
(5.5) and (5.6).

The procedure is simple enough and amenable to coding. The amount 
of computations fór generating one vector is a linear function of the di- 
mensionality n. As a drawback of the method one should note that 
powers are to be computed (see (5.6)) with non integer exponents, which 
is a relatively slow operation on most computers.
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5 .4. Uniform distribution in and on a hypersphere

Consider the n-dimensional unit hypersphere S and its surface F that
can be given as

Fór the sake of simplicity our algorithms will be described fór the hyper­
sphere S and its surface F. If uniformly distributed points are needed in 
(or on) a hypersphere with radius R which has its centre at the point p, 
then the following transformations are to be carried out:

[Let x be uniform in S (or on F).] Deliver the point x with components 
Xi ♦— Rxí + pi, í = 1,... ,n, as a uniform sample.

The random vector £ which is uniformly distributed in the unit hy­
persphere S does nőt have a favoured direction, each direction is equally 
probable, thus the projection of £ to the surface F will be uniformly dis- 
tributed on F. Consequently all the methods constructed to generate 
uniformly distributed points inside S (interior point algorithms) can be 
transformed intő algorithms generating points uniformly distributed on 
the surface F (surface algorithms). This can be done by attaching the 
next transformation step to the interior algorithm.

S5 Subalgorithm. Converting an interior algorithm 
to surface algorithm

[Let x be the outcome of an interior algorithm.] Compute the quan- 
tjty a <__  (3.2 + + z*)-!/2 and deliver the vector y with components
y, ♦— síi, i = 1, • • •, n as uniform on F.

Similarwise surface algorithms can be converted intő interior algo­
rithms if the following random radius generating step is appended to the 
surface algorithm (the validity of doing so will be shown later at the polar 
method):

S6 Subalgorithm. Converting a surface algorithm to an 
interior algorithm

[Let y be the outcome of a surface algorithm.] Generate u and com­
pute r 4— ui/"_ Deliver the vector x composed of components x, ♦ ry,, 
i — 1,,..} n as a sample from the uniform distribution in S.
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Because of these conversion possibilities the surface algorithms will be 
treated together with the interior algorithms in this section.

The acceptance-rejection technique is applied to the case of a hyper- 
sphere, in particular the unit hypersphere S will be enclosed in the cube 
K = {x | | Xi |< 1, i = and out of the points generated
uniformly in K only those falling intő S1 will be accepted.

VSA Uniform vector in sphere, acceptance-rejection

1. Generate u, uniformly in [0,1) and transform the same intő interval 
[-1, +1): set Xi ♦— 2uí — 1, í = 1,..., n.

n
2. [Test.] Compute s «— x?. If now s > 1, then go back to Step 1

»=1
(rejection).

3. [Acceptance.] Deliver the vector (xj,... , xn) as uniform in the hyper­
sphere S.

The algorithm is simple, easy to code, does nőt require special library 
routines. Evidently the probability of accepting a generated vector is the 
ratio of the volumes of the hypersphere S and the hypercube, namely

2^n/2
(57) „ nf(n/2) _

P" 2" 2"-1„r(n/2)'

Thus the probability of the acceptance (the efficiency of the method) in 
n = 2 dimensions is p2 = 0.785, in n = 3 dimensions is p$ = 0.523, in 
n = 5 dimensions is p^ = 0.164 and in n = 10 dimensions it shrinks 
to pio = 0.0025. Hence a serious drawback of the algorithm is that the 
probability of acceptance pn rapidly decreases with growing number of 
dimensions n, consequently its use may be recommended in small n < 5 
dimensions only.

Consider the random variable f uniformly distributed in S, then denot- 
ing the volume of S by Vs its density function can be given as /(x) = —. 

vs 
Let us use the vector = (Vq,... fór representing the point £
by polar coordinates and denote by T the transformation from Cartesian 
coordinate system to polar coordinates, that is — T{(). The inverse 
transformation £ = is described by the following equations
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dT-'W

£1 = r cos cos ^2 ■ • ■ cos ^n-2 cos ^n-i, 
G = r cos^i cos 1^2 • • • cos ^n-2 sin V’n-l) 
ís = r cos V’i cos • • • sin ^-2,

(5-8) =
£n-i — rcos^i sin 142,

£n = r sin ^41,

where —tt/2 < < tt/2, i = l,...,n - 2, 0 V’n-i < 2tt and
0 r < 1. The Jacobian of this transformation can be obtained after a 
short calculation as

= r”-1 COSn“2 tpi COSn~S ^2 • • • COS^n—2-

Thus according to the second transformation theory in Section 3 of the 
first chapter the density function of the random vector can be expressed 
as

I dtp I

(5.1 0) = — rn-1 cos”-2 t/>i cosn~$ ^2 • • • cos tpn-2-
Vs

From the expression one can easily see that the components of the 
vector «4 (the angles and the radius, that is the polar coordinates) are 
independent, since the density function is decomposed intő a product of 
the functions of the individual coordinates. The density function of the 
radius length is cr”*1, where c is a suitable constant, the distribution Q
function is ~rn- This implies that the random radius generation step in 
the second conversion step described above is functioning properly since 
the distribution function of u1/" is exactly - • rn. Based on the density 

n
function (5.10) the following procedure can be given for generating the 
polar coordinates of a uniformly distributed vector in S.

S7 Subalgorithm. Polar coordinates, preliminary

1. [Random radius length generation.] Generate u and compute 
r i— u1/”.
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2. Generate u and set ^n-i *—
3. Generate the angles ^i, i = l,...,n — 2 in the interval [-tt/2, 

+tt/2) according to the density function fi(x) = Cjcos” ’ where
+%/2

the constant c, is given by l/c, = J cosn ’ 1(r)dx. Compute and
+ir/2

deliver the vector x <— T(^) according to the formulas in (5.8).

The third step of the algorithm can be modified to obtain a more 
manageable version. Instead of the angle let us consider the random 
variable Ei = D(^i) = cos2 t = 1,..., n - 2 obtained in a transfor- 
mation D. According to the transformation theorem its density function 
h^z) can be derived as

dD-^z) 
dz

, I darc cos z I
= c{ cos (arc cos Vz) ----- -------  ‘ I dz I

= c^("--2)/2(l - z,)’1/2

with another suitable constant c'. This can immediately be recognised 
as the density function of the béta ((n — :)/2,l/2) distribution. In the 
final polar algorithm the values Ei = cos2 will be generated according to 
these béta densities bút since eventually what we need are the coordinates 
expressed in (5.8), thus we will evaluate the quantities cost^, — and 
sinV’í = \/l - £« as well. The formai algorithm is given below.

VSP Uniform vector in sphere, polar coordinates
1. [Random radius-length generation.] Generate u and compute 

r «- u1/”.
2 i2. Generate u and set ^n-i 2ttu, en-i cos W-b

3. Generate the sample Eí from the béta ((n - t)/2, 1/2) distribution fór 
i = 1,2,... ,n - 2.

4. Compute the components Xi,...,xn according to the formulas in (5.8) 
using cos ipi = and sin = \/l — £i and then deliver vector x as 
a sample from the uniform distribution in S.

This version of polar method evades the use of functions sinus and 
cosinus nőne the less the algorithm did nőt become simpler due to the 
n(n + l)/2 square root and the same number of multiplications required 
herein. By the same tokén the computational work is a quadratic func-
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Fig. 29. A point in the sphere with polar coordinates (r, ^1,^2)

tion of the number of dimensions, thus application of the algorithm is 
recommended in low dimensions, at most up to n = 10 dimensions.

Example. The case of n = 3 will separately be discussed. The gén 
eration of points uniformly distributed in the three-dimensional sphere 
is required (Fig. 29). Denote the polar coordinates of such a point 
by One can see from fche expression in (5.10) that the dis-
tribution function of r is now z3, it can be inverted, thus r = ^3 
has the required properties (ui,«2 and u3 are uniform). The angle 

is uniform in [0,2tt], correspondingly the expression looked fór is 
óo = 2ttu2 Finally the density function of the angle ^1 is ci cos x, where 
r +ít/2
the constant ci can be evaluated from the equation / cicosidx — 1

-ir/2

as ci = A. Hence the distribution function of is $ / coszdz — 
1 2 * _ff/2

1 sin x + | and this latter can be inverted as well, yielding the expression 
fa = arc sin (2ui - 1). Since in the final computations the values cos 1/1 
and sin are required instead of ^1, thus we compute sMl = *
and cos^i = >/l - (2tn - l)2 respectively. (The same could be obtained 
from the béta (1,1/2) density function which is the density function oi 
cos2V>i-) Summing up all the details we can state that if ubU2 and u3 
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are uniformly distributed in interval [0,1], then using the equations

sint/>i = 2ui — 1, ^2 = 27TU2, r = v^3>

we can compute the point x with (descartesian) coordinates

íj = r cos t/q cos V>2 > X2 ~ V^2 > Z3 = rsinV’i

which is uniformly distributed in the three-dimensional unit sphere 
around the origin.

The last algorithm in this section, which is the most useful in practice 
is based on the following well-known fact in probability theory. If £ is an 
n-dimensional random vector whose components are normally distributed 
and independent of each other, then the direction determined by this vec­
tor is of uniform distribution on the surface of the unit hypersphere (this 
assertion will be shown to be true at the treatment of the multidimen- 
sional normál distribution in Section 5.7). The formai surface algorithm 
utilizing this fact is the following:

VSN Uniform vector on sphere, normál approach
1. Generate the samples xi,...,xn from the standard (one-dimensional) 

normál distribution, independently of each other.
2. Compute the value s ♦— (x^ + ... + x„) 1,2 and deliver the vector x 

with components Xi «— sx,, í = 1,... ,n as a sample from the uniform 
distribution on F.

The method is simple, it can easily be converted intő computer code, 
the necessary computational work increases only linearly with the in­
crease of the number of dimensions and is the fastest algorithm fór n > 5 
dimensions. Because of its overall good performance it is to be preferred 
even in lower dimensions over the other methods unless one has specific 
reasons to do otherwise.

5.5. Uniform distribution in hyperellipsoid

Consider the hyperellipsoid E drawn around the origin and given by 
the positive definite quadratic mátrix R, that is

(5.11) E = {x | xR Jx < 1}.
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It is known from linear algebra that the mátrix R can be decomposed 
intő a product of a lower triangular mátrix T (all the element above the 
diagonal are equal to zero) and of its transposed, that is we can write 

(5.12) R = TT'

fór a mátrix T. From the mátrix R we can obtain mátrix 1 through the 
following equations (Cholesky transformation)

(5.13)

if 1 < j < 1 < n.
L *=1 J 

í n 
The ellipsoid E can be obtained from the unit sphere S = s x | X) = 1 f

l t=i 1
by transforming the latter one with mátrix T, since introducing the no- 
tation y = Tx one can obtain

1 > x'x = (T-1y)'(T-1y) = /(TT'J^y = yR-1y,
which means y € E if x e S. Since the linear transformation (multi- 
plication by T) does nőt deform the uniform distribution, the following 
algorithm is sound fór producing vectors uniformly distributed in E.

VEN Uniform vector in ellipsoid, normál approach
1. Generate u and compute r ♦— u1^.
2. [Sampling a uniform point in a sphere.] Generate the numbers 

Xl,..., xn from the standard normál V(0,1) distribution, indepen- 
dently of each other. Compute the multiplicator s ♦— (Xj + . ■ ■ + 
d-x2)-1/2 and determine the vector y with components yi ♦ srxt, 
t = l,...,n.

3. Deliver the vector y ♦— Ty as uniform in E.

It goes without saying that fór generating a point uniformly in a sphere 
S in the above algorithm VEN we could use other methods as well nőt 
only the normál approach.

It is appropriate now to make a definition that will be used at dis- 
cussing the generation of normally distributed random vectors.
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Definition. If the random vector rj is uniformly distributed on the 
surface F of the unit hypersphere S, then the vector Trj is called uniformly 
distributed with respect to the volume of the ellipsoid E.

This definition is implied by the fact that the probability of the vector 
Tr? falling intő a specified area on the surface of E is proportional to the 
volume from the origin to this area. A method of generating vectors 
with this distribution is an immediate consequence of the definition: the 
outcome of a sphere-surface algorithm has to be multiplied by T.

Note here, that the direction given by a vector £ uniformly distribut­
ed in the ellipsoid E (that is the projection of ( to the surface of E) has 
precisely the distribution in the above formulated definition; it is uniform 
with respect to the volume of E. Vice versa, if the vector q is uniformly 
distributed with respect to the volume of E, then the vector u1 nq is 
uniformly distributed in the ellipsoid E if u is uniform in [0,1), since

u1/"q = ui/nTn = T(u1/»,

where tj is a vector uniformly distributed on the surface F of the 
sphere S.

Finally we should remark that the direction of a random vector which 
is distributed according to a normál distribution with correlation mátrix 
R is uniformly distributed with respect to the volume of the ellipsoid E.

5.6. Chord method for generating points in hyperellipsoid

A procedure is outlined in this section which generates points with 
an approximate uniform distribution in hyperellipsoid.

Let us denote by Sr the n-dimensional hypersphere with radius r 
and with centre at the origin. Consider a random chord whose terminál 
points are Qi and Q2 uniformly distributed on the surface of Sr. Then 
we have the following:

Theorem 1. Let h be the length of the random chord Q1Q2 then 
the density function of h is

f(h}__________ W?)________ hn~2UT2h2^n~^12
(514 ) /( ) 2„-3r2n-4r((n - l)/2)7rV2

Making use of this theorem one can obtain the following result by 
straightforward integration
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Theorem 2. The expected value of an = h4 ” is ho — E{h4 — 

n
The theoretical justification of the chord method is given in:

Theorem 3. Consider a random chord in Sr with length h. Generate 
uniformly distributed random points Rí on this chord, the number of 
points is a random variable v = h4n/X, where A is a constant. Let Sp 
be another n-dimensional sphere in Sr with the same centre and with 
radius p, p^r. Then the expected number of points Rí lying in Sp is 
proportional to pn, (the volume of Sp) that is

E{p} = pnC(n,r,X),

where C(n,r,X) is a constant independent of p and p is the number of 
points in Sp, p = #{Rí | Rí G Sp}.

Proof. First we make somé remarks. A chord in Sr with length h < hp, 
where hp = 2(r2 - p2)1^2 does nőt intersect the hypersphere Sp. A chord 
in Sr with length h > hp has an interval of length (h2 — h2)1/2 jn Sp. The 
probability that a point generated uniformly on the chord with length 

fh2 _ h2\i/2
h is in Sp can be given as ------- z—. Thus the expected number of 

n
points in Sp equals

2, h4~n W-h2?'2
EM = dh ,

where h,4~n/X is the number of the points to be generated on the chord 
with length h. Making use of the density function in (5.14), introducing 
a new variable y = (4r2 - h2)1/2, then another variable a by the relation 
sin a = y/2p one can obtain

E(p) = J/i(4r2 - h2)^/2^2 - h2)^2dh =

= ^-2(4^2 _ y2)1/2 dy - cos2 a sin”*2 oda,
A o A 0

where Cf denotes the constant part in (5.14). This equation proves the 
assertion of the theorem.

Basically the chord method generates chords and then a number of 
uniformly distributed points on each chord. Thus the method is approxi- 
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mative because of two reasons. First, points generated on the same chord 
are correlated, the outcomes of the procedure are nőt independent sam- 
ples from the uniform distribution in the hypersphere. (One can compare 
this situation to the one-dimensional congruential generators, that pro­
duce points in a hypercube, that lie on hyperplanes.) Second the chords 
as produced and used in the chord method are nőt random because of 
making multiple use of the terminál points of previous chords.

The formai description of the chord method is given fór the case of 
the unit sphere Sí and includes an initialization step as well.

Preparation
0. Generate . ,y(TO) the so-called basic points (the points yW,y^ 

span the (t,j)th chord) uniformly distributed on the surface of Sí. 
Initialize the counters c «— 0, i «— 1, nc = 1, s «— ho «— 4/n.

VSC Uniform vector in sphere, chord method

1. If i = 0, then go to 4.
2. [Compute the length of the (í, m)th chord.] Set wj +- y^ - ,

j = 1,..., n and c ♦— 1.
3. Compute S +— (w2 + ... + Wn)^4-n^2.
4. If S < s then go to 6.
5. [Generate a “suté” point on the (í,m)th chord.] Set ind <- 1, gen­

erate u, compute Xj «— y^ + uwj, j = l,...,n and decrease 
S «— S — s. Go to Step 13.

6. Generate u and set v <— su.
7. [Test fór an “additional” point on the (í,m)th chord.] If S < v, then 

set ind «— 0 and go to Step 9.
8. [Generate the “additional” point on the (í,m)th chord.] Generate u, 

set ind +— 1 and Xj <— y^ ’ + uWj, j = l,...,n.
9. [Change the current chord to (í + 1, m)th.] If i m — 1, then change 

í <— i + 1, c <— 0 and go to Step 12.
10. [Generate a new basic point if necessary.] Generate z uniformly on 

the surface of Sí.
11. If ni = m - 1, then rését ni «— 0.
12. [Initialize fór the changed system of basic points.] Set 

n, «- ni+i, i 1, yín^ *- y(m), y(m) z- If ind = 0 then go
back to Step 2.

13. Deliver x as a uniformly distributed point in Sí-
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The algorithm VSC generates points uniformly on the chord between 
the basic points yW and then on the (2, m)th chord, etc. After m-1 
chords have been considered, one of the basic points is replaced by y 
and a new point is generated in piacé of yCm). The variable n, shows the 
index of the basic point to be replaced by y^m), c = 1 if the length of 
the chord is already computed (= 0 otherwise), ind = 0 if no point is 
generated yet (this is necessary to be checked since it might happen that 
no point was generated on several consecutive chords).

In a computer implementation the following values can be proposed 
fór the parameters: m = 30 basic points may be used, the choice of 
s = h0 (in Theorem 3 the same quantity was denoted by A) ensures that 
on the average one point is generated on each chord, bút s = h0/4 is alsó 
possible.

Implemented versions of the algorithm show significant instability in 
dimensions n > 15 the reason of which is the following. The random 
variable h4~n (where h is a random chord length which determines the 
number of points to be generated has infinite variance fór n > 4. Roughly 
speaking we can say that chords with small length occur rarely bút they 
have great proportions of all the points generated. Fór example m n -15 
dimensions more than half of the points were to be generated on chords 
where more than 32 points were produced and more than 10 percent o 
the points were to be generated on chords with more than 3x10 points. 
To improve this deficiency a random order in use of the generated points 
may be desirable similarly to the one-dimensional case, that is we generate 
M points with the VSC chord method, store the same in a mátrix and 
a randomly chosen point will actually be used (see Section 2.7 fór the 
description of the shuffling).

The modification of the chord method to generate uniform points 
in a hyperellipsoid is quite straightforward. Denote by T the tnangular 
mátrix fór which TT' = R The points generated by the chord method 
are of the form y = ay^ + (1 - a)y(m), with somé constant a thus the 
point Ty G E can be expressed as

Ty = aTy(’) + (1 - a)Ty(m).

Consequently it is sufficient to transform the basic points Y , 
t = 1 m instead of transforming each generated point y. The tol- 
lowing chánges should be made in algorithm VSC in order to yield an 
ellipsoid algorithm:
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As preparation the points y^* = Ty(‘\ t = l,...,m have to be 
computed and stored. Steps 2, 5, 8, 10 and 12 in Algorithm VSC should 
be replaced by the corresponding modified versions:

VEC Uniform vector in ellipsoid, chord method (changes in
VSC)

2*. Set Wj «- - y^, w* yW - y^ , j = 1,..., c <- 1.
5*. Generate u, set Xj ♦— y^ + uw*, j — 1,..., n, ind ♦— 1,

S <— S — s and go to 13.
8*. Generate u, set xy «— y) J + uw*, j = 1,..., n.

10*. Generate a point z uniformly on the surface of Sí and compute 
z* *— Tz.

12*. Set ni «- nc + 1, i «- 1, y^ «- yW, yW* «- y^‘> yW z, 
y(m)* z* jf ind _ o then go back to Step 2.

The additional programming effort (as compared to the normál ap- 
proach in VEN), due to the complexity of the chord method, the greater 
storage requirements and the approximate character of the chord method 
are compensated by its speed. In computer tests the VSC algorithm is 
of the same speed as the VSN in case of the choice A — Hq (one point is 
generated on each chord on the average), and VEC is from two to three 
times faster than VEN in dimensions n = 5 - 15 if A = ho/4 was chosen.

On the other side because of the relatively sophisticated initialization 
procedure and set up cost, the speed properties and the instability of 
samples our recommendations are that VEC is to be used only when a 
great sample size is required (105 or so), VSN is always to be preferred 
to VSC otherwise.

5.7. Normál distribution

Consider the n-dimensional normál distribution with expected value O
and with correlation mátrix R, its density function is

(5.15) 9?(x) = (2tt)-”/2 |R| 1/2exp|-|x'R 

where the mátrix R is positive definite and symmetric. Let T be a 
mátrix elaborated upon in the previous section, fór which R = TT'. 
The following procedure generates random vector variables with density 
function <p.
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VNT Normál vector, mátrix transformation
1. Generate the numbers xit í = 1,..•,n from the one-dimensional stan­

dard normál distribution, independently of each other.
2. Compute the vector y <- Tx, and deliver the same as a sample with 

density function <p.

Theorem 1. The vector y produced by algorithm VNT has density 
function <p.

Proof. Let the density functions of the random variables Xi be denoted 
by = ^f1/2 exp{-í = 1, • - ■, n. Then the density function 

of the vector x = (n, •• •, xn) is their product

n fi 9 1= II = W”'2 exp{--(^ + • • • + 2n)
«=1

The vector y is obtained from vector x via the transformation y — Tx 
(or we can write x = T^y). According to the transformation theorem 
on densities of vectors one can obtain the density function of the random 
vector y = Tx as

= g(T-ls) =(27r)-n/2exp{-i(T_1s)'(^_ls)}lr_1|’

= (27r)""/2 iBr^exp^s'B-^} = ^(s).

We can produce normally distributed vectors according to the generál 
method VI as well, the conditional distribution functions are all normál 
distribution functions. Compared to the VNT transformation metho 
this latter method is more sophisticated and a little slower, partly because 
of the need to determine the necessary conditional densities.

Here a result will be proven that validates the algorithm VSN produc- 
ing points on the surface of a sphere.

Theorem 2. Let £ be a random vector, whose components are inde- 
pendent normally distributed (0 mean, 1 variance) random variables and 
denote ff2 = £? + ••• + €n- The direction r? = (£i/a,...,£„/*) define y 
£ on the surface F of the unit sphere is uniformly distributed on *.
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Proof. One can obtain similarly to the proof of the previous theorem 
that the density function of the random vector £ is

(5.16) g(z) = (2^~n/2exp{-|(í12 + ... + z^}.

Now the Cartesian coordinates are replaced by polar ones using transfor- 
mation (5.8). From (5.16) making use of the transformation theorem and 
the Jacobian (5.9) of the polar transformation (5.8) the density function 
of the random vector , ^n -i,r) can be obtained as

(5.Í7)
= (27T)-"/2 exp|--r2|rn-1 cos”-2 ...cos^n-2.

Since in this density function h the densities of the angles 
^n, • • • > V’n-i are identical with those in the density function 
(5.10), the theorem is proven.

Note that the length r of the normál vector with density function <p 
in (5.15) is a random variable with density function c • rn 1 exp{-|r2}

from equation (5.17) fór somé constant c, that is r is y distributed with 
n degree of freedom.

Consequently the following multidimensional polar algorithm, which 
generates normally distributed vectors with density function 99 in (5.15) 
is correct.

VNP Normál vector, polar transformation
1. [Generation of direction.j Generate y from the uniform distribution 

on the surface F of the unit hypersphere S.
2. [Generation of length.] Generate a sample r from the y2 distribution 

with n degree of freedom.
3. [Transformation.] Compute x *— yVTy and deliver x as a sample with 

density p.

The mátrix T in the last step of the algorithm is defined by the equa­
tion R-1 = TT'. This algorithm VNP is basically of the same speed as 
the matrixtransformation method VNT. The VNP algorithm of the polar 
transformation can be rendered faster only in the case we could generate 
vectors uniformly distributed with respect to the volume of the ellipsoid 
E = {x | x'R-1x ál} faster than the known procedures (presently the 
fastest exact method to do so is the sphere-surface algorithm VSN plus
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the mátrix multiplication by T; these two add up to the same time what 
is required by VNT essentially).

There is a possibility of fást generation of stationary normál vectors, 
though, via the multidimensional polar method. Below a method is 
described fór generating stationary uniform vectors in a hyperellipsoid; 
when supplemented by a length generation step of the polar method a 
generátor of stationary normál vectors is obtained.

The proposed method will first be described fór the case of a hyper- 
sphere next it is modified fór generating vectors uniformly distributed 
with respect to the volume of the hyperellipsoid. The main features 
of the algorithm are the following. As a preparation a set of vectors 
yí1), ....yí”1) is generated by the VSN sphere algorithm on the surface 
F of the unit sphere S, where m is arbitrary bút fixed. One of these 
vectors plays a distinguished role in the generation, it will be called the 
pivot vector and denoted by b, while the other members of the set are 
the so called basic vectors. The role of the pivot vector is shifting from 
one basic vector to the other during the course of generation. At the very 
beginning let y^ be the pivot vector. Making use of the pivot vector and 
the remaining m - 1 basic vectors, m - 1 new vectors will be produced by 
somé rules, these vectors will be the looked fór generated vectors. Next, 
the vectors are “refreshed”: a vector from the basic vectors is abandoned 
and a replacement vector is generated by algorithm VNT independently 
of the previous vectors. Using this new vector as pivot, the procedure is 
repeated. The formai description of the algorithm is the following.

Preparation
0. [Preparation.] Initialize the index of the pivot vector q «- 1, the index 

of the basic vector i <- 1, which is presently of interest and generate 
the vectors y^\... .y^"1^ uniformly on F by VNT. Set b <— y^h

VSS Uniform vector in sphere, stationary
1. [Test of indices.] Increase : «— i + 1, if * = m + 1, then rését í«— 1.
2. [Test: have all the basic points been used up?] If i = q, then go to 

Step 4. .
3. [Generate a point y by making use of the basic vector yw and the 

pivot vector b, that is produce y = Ciy^ + c2b tor somé constants 
cb c2.] Compute s2 - £ c 1/(4 - s2)1/2, and evaluate

y +- + b). Go to Step 5.
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4. [Change of basic point; generation of a new pivot vector.] Increase 
q q+1, if 7 = m + 1, then rését q «— 1. Initialize i <— q and generate 
a new uniformly distributed vector z in piacé of y(?\ as a new pivot 
vector, that is yW z, b <— y^. Go back to Step 1.

5. Deli ver the vector y as uniform on F.

The vectors y produced by the above procedure are nőt independent 
bút we state without proof the next:

Theorem 3- The outcomes of algorithm VSS are forming a stationary 
process.

The above procedure computes the halving point of the vectors yW 
and b in Step 3, other deterministic and nondeterministic possibilities as 
well, exist for determining the constant, ci and C2 in Step 3. Stationarity 
of the process holds because of the rule of changing the pivot vector. 
The generated point y is the linear combination of two basic vectors, 
y = ciyW + C2y(?\ thus Ty = ciTy(’) + C2Ty^. This in tűm means 
that production of points on the surface of the hyperellipsoid E can be 
done in the same economical way as was the case with the Chord method. 
In particular we need an inventory of the transformed basic points Ty (í) 
and to obtain the transformed generated points we do nőt multiply y by 
T bút compute the linear combination of the transformed basic points.

When independence is nőt strictly required, then the use of stationary 
uniform or normál vectors may be preferred, especially if one takes intő 
account that the stationary generators are three to seven times faster 
than the VNT generátor in dimensions n =20-50.

We close this section with an application of a variant of the ratio of 
uniform method to the multinormal distribution.

Introduce somé notation; let í(vo,vjl,.
V1
/vö’' ’ v/^ö

7(vo,v1,...,vn) = 7(vo,v) = logv0 + —. — v'R *v and define the 
n 2 vq

domain D € 7?n+1 as follows D = {(vq, vi,..., vn) | 7(vq,v) < 0}. Then 
we have

Theorem 4. If (vq, vi,..., vn) is uniformly distributed in D then 
x = t(vo, Vi,..., vn) is distributed with density function £>(x).

To tender a practical algorithm we need to determine the smallest 
possible rectangle entailing the domain D. This can be obtained using
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Lagrangian multipliers and solving the optimum problem as
I । 2

— \ —cü < 0 < vq = 1 = v« = d"\/------- <T“’ 1 = 1> 2,..., n.
Ve ve

5.8. Decomposition method fór normál distribution

The decomposition method proved to be extremely useful in construct- 
ing one-dimensional random number generators, in fact all fást generators 
are based on decomposition principle. Here we discuss the possible imple- 
mentation of the decomposition technique to n-dimensional cases through 
an example where a decomposition type method is given fór multidimen­
sional normál distribution.

Similarly to the decomposition procedure established in one dimension 
we try to present the density function <p(x) of the n-dimensional normál 
distribution in (5.15) as a mixture of densities ej(x), i = 1,..., k, rj(x), 
r2(x) to be specified later. Let us consider the equation

(5.18) ^(x) = piei(x) + ... + Ptefc(x) + Pfc+iri(x) +
where p, > 0, i = 1,.. ., k + 2, P1 + ... + Pk+2 = 1- A very important 
bút hardly answerable question in practice is how to choose the density 
functions on the right-hand side of equation (5.18) in order to ensure 
that (i) the generation is done according to a simple density function 
most of the time, (ii) generation of random samples according to the 
other (remaining) densities is alsó possible with nőt too great difficulty, 
(iii) the handling of the decomposition and the generation is computa- 
tionally feasible.

The trivial extension of the one-dimensional case to n-dimen- 
sions, that is to divide the domain of definition of the density function 
£>(x) intő small subdomains and defining uniform distributions in these 
subdomains does nőt work, as one can conclude from the following rea- 
soning. Consider the truncated variant of the normál density <p(x), which 
is defined on the (bounded) cube K = {x | |xí| £ 5, í = 1,..., n} as

— í c^(x)’ x A, 
' (0, otherwise

where c is a constant ensuring f 9?(x)dx = 1. If each interval of intet- 
Rn

pretation on a coordinate axis was divided intő £ points (choose £ ~ 10) 
then the number of n-dimensional subcubes would be £n. To store the 
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data describing the cubes, the corresponding probabilities, generate ran­
dom samples with this discrete density is a formidable task even in n = 5 
dimensions. And this would yield only a rough approximation to the 
modified density function

Our proposal is a little bit different from this straightforward general- 
ization: instead of the above described ‘vertical” decomposition consider 
the following “horizontal” decomposition. Split up the interval of the 
values of the density function ^>(x) intő k part (Fig. 30). Introduce somé 
notations. Let

Ei = {x | p(x) > mj, i = 1,..., k 

be a set of hyperellipsoid, where

(5.19) 0 < mi < ... < mk < mk+í = £>(0)

is a division of the interval [0,^(0)]. The sets Ei, i — l,...,k are 
similar hyperellipsoids, their common center is the origin since we have
Ei = {x | ^(x) > = {x | x'R^x < -2£n[m,(27r)n/2 where

R is positive definite.

Fig. 30. Decomposition of the multidimensional 
normál density function

Now define the function ei in the hyperellipsoid Ei to be the density 
function of the uniform distribution in Ei, that is let

1/Vi, x € Ei,
0, otherwise, 
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where Vi is the volume of the hyperellipsoid Ei, V, = fE. dx. The prob­
abilities pi can be obtained from the equations

p, = Vi(mi - mi-i), i = 1,..., k

since this choice will ensure that the equality piei(x) + ... + p,et(x) = m, 
holds on the surface of Ei, that is if x G {x | <p(x) = m,}.

An important feature of this decomposition that the data describing 
the ellipsoids Ei are easy to store. Define the multiplicators p, by the 
following equations c.

Pi = — 
ei 

where Ci is the constant appearing in the definition of the hyperellipsoid 
Ei, that is c? = -2£n[mt(2^)n-2 |f?|1/2]. Making use of these multiplica­
tors one can write

Ei = {x | x = p,y, y G Ei}, i = l,...,k,

consequently the hyperellipsoids can be specified by the hyperellipsoid E\ 
and the multiplicators pi. Thus instead of the selecting with probability 
Pi the density function ei — what we need in the generation procedure 
based on the decomposition (5.18) — equivalently we can consider the 
random choice of the scalar multiplicators pi that is done with prob­
ability pi.

The functions pt+ir1(x) and p^^M are determined to ensure the 
soundness of decompositional equation (5.18): the former will be the 
wedge of the density function <p(x), the latter will be the tail. More 
precisely define the functions

(5.20) ifxeE1
( 0, otherwise,

A _ í 0, if x G Ei, í5-21) P*+2r2(x) - | Ífx^í?i.

The constant pt+2 can be determined from the condition that the function 
f2(x) is a density function, thus

+oo
Pfc+2= / <p(x)dz= f kn(z)dz 

R"-E1 c’

where kn(z) is the density function of the y2 distribution with n degree 
of freedom. The last term on the right-hand side is the easily available 
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residual probability of a x2 distribution. The last probability pk+i can 
*+2

be determined from the equation of pi■ = 1 as
»=1 n

Pfc+l = 1 “Pfc+2 ~Y,Pi
1=1

We now outline the ellipsoid algorithm based on decomposition (5.17) 
generating normally distributed random vectors.

VNE Normál vector, ellipsoid decomposition
k

1. [Selecting one of the densities ej.] Generate u. If u > Pi^ t^en 

proceed to Step 4, otherwise choose one of the indices i according to 
the probabilities pi, í = 1,..., k, that is select a multiplicator pi.

2. [Generate a point with density e,-.] Generate a uniformly distributed 
vector z in the hyperellipsoid E\.

3. Compute the vector x <— PiZ and advance to Step 6.
4. [Generate a vector from the wedge of the distribution.] If u > 1 ~Pk+2> 

then go to Step 5, otherwise generate a vector x according to the 
density function n and go to Step 6.

5. [Generate a vector from the tail of the distribution.] Generate a point 
uniformly in Ei, project this point to the surface of E\, the projection 
will be denoted by z (its direction is uniform with respect to the volume 
of Ei). Generate a random number q from the x distribution with n 
degree of freedom, which is greater than the constant ci and compute 
x <- (q/ci)z.

6. Deli ver the vector x as a sample with density function <p(x)-

The algorithm VNE is sketchy in several respects. In order to build an 
algorithm utilizable in practice a fást procedure (table method or econom- 
ical technique) should be inserted fór sampling according to the discrete 
distribution pi in the first step, — generally the number k of possible val­
ues is great. The acceptance-rejection technique applied fór generating 
samples with density function rí has to be detailed because of the tangled 
natúré of ri(x), similarly the tail-sampling procedure according to r2(x) 
should be elaborated upon, though it is simpler than the former. Finally, 
a point very important in the computer implementation and numerical 
efficiency is the problem of the type of decomposition we apply to split 
up the interval [0,^(0)]. Particularly the sum pi + ... + Pk depends in 
an essential way on the system of dividing points mi,... ,mt; the sum 
should be near to 1 and the value of k that determines the quantity of 
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datas to be stored should be small which are partially contradictory de- 
^(0) .

sires. We can proceed with equal partitioning that defines mi = — ■» 
bút it yields unsatisfactory outcomes even in n = 4 dimensions. The 
most suitable procedure proved to be the following adaptive technique 
shaped up in lengthy computer experimentations. The idea was to keep 
the probabilities of approximately equal magnitude. The partitioning 
was started with a fixed steplength from the ^(0) terminál point of the 
interval [0,y?(0)], until the corresponding probabilities did nőt exceed a 
certain limit, then the steplength was decreased to its tenth and we kept 
advancing. The resulting division had much denser located points near 
to 0 than near to ^>(0); the disproportion between the different ends of 
the interval was increasing with increasing the number of dimensions (be- 
cause of the greater volume of the n-dimensional hyperellipsoids). Using 
this procedure ensured up to n = 20 dimensions, that the probability 
pi + _ 4- pk was greater than 0.95 fór a moderate value of k (generally 
we had 500 < k < 1000).

Note that application of the Chord method fór producing uniformly 
distributed stationary points in the hyperellipsoids (that is with density 
e,) would result in a fást procedure fór generating stationary normál 
vectors.

This algorithm VNE is nőt faster than the mátrix transformation 
method VNT and essentially can be considered as a discrete version of 
the multidimensional polar technique VNP. The reason why we present 
and investigate this method is the related question of multidimensional 
decomposition technique. Application of this “horizontal” decomposition 
described above may give rise to fást generation procedures in case of 
other, non uniformly distributed vectors. Such distributions of interest 
may be the elliptically symmetric distributions, whose density functions 
depend on the quadratic function of the variables. These densities can be 
decomposed similarly to the procedure applied to the normál distribution 
above, since the level sets of these distributions are ellipsoids.

One of the best knowns among the elliptically symmetric distributions 
is the multidimensional t distribution, whose density function is

t(x) =
+ __

(Jrp)’*-2r(p/2) |/?|1/2
(1 +

This density function is that of the vector y, which has components 
y, = 3 = 1> where (xi,...,xn) is a normally dis-
tributed random vector with density function ^(x) and correlation ma-

195



rix R, is a random variable from the x distribution with n degree 
of freedom and Xv and x are mutually independent. Of course details 
of a sampling procedure for generating numbers with density function 
t(x) should carefully be worked out. The speed of the generátor would 
ultimately depend on the speed of generating uniformly distributed points 
in a hyperellipsoid, similarly to the case of the polar method VNP and 
the ellipsoid method VNE.

5.9. Notes

5.1. For description of these generál methods see the books of Sóból, 
Hammersley and Handscomb.

5.4. This section is based on Deák (1979). The preliminary version of 
the polar coordinates method was published by Hicks and Wheeling 
(1958) without giving full background and specifying the generation 
procedure in Step 3. The algorithm VSP in this form is from Deák 
(1979). Though the basics of the VSN algorithm are common knowl- 
edge we mention that Mueller (1958) published it first, recommended 
for random number generation.

5.6. The chord method was published in Deák (1980). For a proof of the 
first Theorem see Kendall and Mórán (1963), pp. 53-54.

5.7. The generation procedure of stationary uniform and normál vectors 
was developed in Deák (1980), where somé properties of the generated 
vectors were alsó examined. For other possibilities of determining a 
point in Step 3 of algorithm VSS see alsó Deák (1980), where the proof 
of the third Theorem of the section can be found as well.
The generalization of the ratio of uniform technique to n-dimensional 
distributions is due to Vaduva (1983). In fact he presented several 
variants with transformations

x / \ (V1 Vn\

’''' ’ v) = (vo + Vi,. - - ,Vo + "»),

and showed how to apply these generál methods for Dirichlet and t 
distributions. Alsó the proofs of Theorem 4 and more generál propo- 
sitions can be found there.

5.8 The method was published in Deák (1978).
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CHAPTER 6

MONTÉ CARLO METHODS

6.1. Introduction

The theoretical background of the simulational methods is exposed in 
this chapter. Deep knowledge and thorough understanding of this back­
ground, the available methods and their versions may tender considerable 
help in planning a simulational experimentation, executing the simula­
tional computation or in better appraisal of the results yielded.

In most cases of Monté Carlo computations the task is either of evalu­
ating a multidimensional integrál or it can be considered as such. Assume 
that in course of computations N uniformly distributed random numbers 
ui,...,un were used up and the final result of the computations was the 
random variable

(6.1) G(ub...,u^)

fór somé N dimensional function G. The expected value of this random 
variable can be given as

(6.2) /...JG(ui,U2,---,un) dui du2 ... duN,
0 0

thus we actually aim at the evaluation of the expected value in (6.2). Since 
G(u{,, u'N) itself (fór somé realizations u*, u2,..., u'N) is an unbiased 
estimator of the expected value (6.2) thus taking the arithmetic average 
of such realizations we can approximate the integrál.

Reducing the original problem to the form of the multidimensional 
integrál in (6.2) is nőt always worth all of the effort and very frequently 
because of computational difficulties cannot practically be carried out, 
nonetheless through the evaluation of such integrals the different Monté 
Carlo methods can very expressively be demonstrated. We alsó follow 
this way presenting methods fór evaluating the one-dimensional integrál

(6.3) I = f dx,
0

where fór sake of simplicity we assume f(x) > 0, x E [0,1]. Certainly 
the conventional numerical techniques are generally more effective fór 
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computing the integrál I than the Monté Carlo methods nevertheless 
this example is used fór demonstration purposes only.

The multidimensional generalization of the various procedures to be 
described below is nőt always trivial, sometimes even causes insurmount- 
able difficulties. Nevertheless the application of Monté Carlo methods is 
justified in multidimensional cases being there better than the conven- 
tional methods. In the next chapter the evaluation of the distribution 
function of the multidimensional normál distribution, which is of great 
practical importance is presented as an example of the Monté Carlo meth­
ods’ successful application fór multidimensional integration.

6.2. Crude Method

The crude or simple method evaluates the integrál in (6.3) in the fol- 
lowing way. Let u\,... ,un be uniformly distributed in [0,1) and inde- 
pendent, then the random variables

(6.4) fM,
are independent and their expected value is I, since because of the defi- 
nition of the expected value

= ffM = I.
0

Consequently the arithmetic average of the random variables in (6.4) is 
an unbiased estimator of the integrál I, that is fór the expression

1 N
(6-5) =

«=1

we have E(6i) = I.
Equation (6.5) means that we have to take a couple of randomly chosen 

points in the interval [0,1], compute the function value of f at these 
points, evaluate their arithmetic average and this average function value 
is multiplied by the area of the integration domain (presently it is the 
length of the interval [0,1), that is 1).

The formai algorithm realizing the estimator given in (6.5) is the 
following:
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Fig. 31. The crude method

MCI Crude Method
1. [Initialize.] Set the initial values s «— 0, » <— 0.
2. If i = N then go to Step 4, otherwise increase the index t «— « + 1.
3. Generate the number u, uniformly in interval [0,1) and sum up 

s •»— s + Go back to Step 2.
4. Deliver the number s ♦— s/N as an approximation to the value I of 

the integrál in (6.3).

Example. Consider the function /(x) = ex, 0 < x < 1. The integrál 
of this function over the interval [0,1] can be computed as

Je1 dx = [ex]J = e — 1 = 1.71828.
0

In the forthcoming sections this function and integrál will be used to 
demonstrate the numerical application of the particular Monté Carlo 
methods.

Consider the numbers in Table 16, that were taken from a random 
number table and can be considered random. By the aid of these num­
bers evaluate the approximate value of the integrál of the function e1 as 
suggested by the crude method

1 ^0.70795 + e0.76575 + , e0.87225j _ 29 368
= 1.835.
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The difference between the accurate and approximate value is

5 = 0.117,

which is surprisingly small compared to the number of random points 
used.

Table 16

Random numbers from a table

0.70795
0.58846
0.95114
0.57598
0.54313
0.70837
0.16325
0.65877

0.97796
0.76575
0.35801
0.49687
0.03569
0.87225
0.76151
0.32764

6.3. The Acceptance-Rejection Method

Assume that the function f(x) to be integrated is bounded in the 
domain of integration, that is fór somé constant c > 0 we have

(6.6) f(x) < c, ie[0,l).

An estimation of the integrál I of the function f (x) can be obtained in the 
following way. Consider the rectangle given by the vertices (0,0), (1,0), 
(l,c), (0, c). Generate uniformly distributed points (ui, vJ,..., (ujv, v/v) 
in the rectangle (ut- is uniformly distributed in [0,1), v, is uniformly dis­
tributed in [0, c) and u, and v, are independent, see Section 5.2). Multiply 
the area of the rectangle by ratio of the points falling in, that is the quo- 
tient of the number of points below the graph of the function /(x) and 
the number N of all the points, the number obtained is an approximate 
value of the integrál I. Since the ratio of generated points falling in the 
area of integrál is the same as the ratio of the area below of /(x) and the 
area of the whole rectangle, thus the above procedure graphically yields 
the approximate area below /(x). The method is very widely used be­
cause of its illustrativeness and easily understandable natúré though this 
method has the worst efficiency among the Monté Carlo methods as it 
will be shown in the sequel.
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Formally, in a mathematically precise way the method can be presented 
as follows. Let us define the function g as

í 0 if /(x) < y, 
9^y)=[i if f(x)>y.

The acceptance-rejcviauu r-------- ,
value of the random variable cg(u, v), where c is the area of the rectangle, 
u is uniformly distributed in [0,1), v is uniformly distributed m 0 
Using these notations the expected value of the random variable g( , 
(here v is random only, x is a paraméter) is f(x) since

1 cf(x) = -fcd(.x’v)dr- 
C 0

Thus the original integrál I can be wntten as 

(6.8) I = f fg(x,y) dy dx, 
0 0
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according to which applying the crude method for evaluating the integrál 
I, an unbiased estimator of I is

1 N N
(6-9) = =

t=l

where u^, Vf, i — 1,...,7V are independent realizations of the random 
variables u, v, is the number of the points (u,, v,) below the graph of 
the function /(x) and c is the area of the rectangle containing the function 
/(x). The estimator (6.9) is produced by the following algorithm:

MC2 Acceptance-rejection method
1. Initialize the counters s ♦— 0, í +— 0.
2. If i — N then got to Step 4, otherwise increase the index i ♦— i + 1.
3. Generate u, uniformly in [0,1), v, uniformly in [0,c). If now f(ui) > Vi 

then set s +— s + 1. Go back to Step 2.
4. Deliver the value s +- cs/N as an approximation to the value I.

Example. Apply the acceptance-rejection technique for integrating 
the function /(x) = e1, 0 < x < 1. The uniformly distributed points 
are generated in the rectangle spanned by the vertices (0,0), (0,1), (l,e), 
(0,e) in such a manner, that the first coordinates will be the numbers 
given in Table 16, the second coordinates will be the numbers depicted 
in Table 17, multiplied by e.

Table 17

Random numbers in [0,1)

0.51435
0.61870
0.14783
0.05312
0.56774
0.96929
0.58481
0.91730

0.17381
0.31766
0.07876
0.66515
0.41675
0.22700
0.16809
0.03675

Since 13 out of the generated 16 points are falling below the graph of 
the function /(x), thus the approximate value of the integrál according 
to this acceptance-rejection implementation is

— -2.71 = 2.209.
16
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This value carries an error 0.491 which is significantly greater than 
the difference in case of the crude method (it is nőt accidental, see 
Section 6.5).

6.4. Error estimation

In case of the traditional deterministic integration formulas, giving ap- 
proximate values fór integrals of functions an upper bound can usually be 
given on the error, that is a number 8 is secured which is greater than the 
difference between the exact value and the evaluated approximate value. 
This value 8 depends on the properties of the function / and the number 
N of the points employed in the particular integration formula and in 
most cases it is much greater than the actual error. This kind of error 
estimation (deterministic upper bound on the error) cannot be obtained 
fór the case of the Monté Carlo methods, because of their probabihs- 
tic natúré, since the outcome of the computations done by Monté Carlo 
methods is a realization of a random variable. Fór instance the shght- 
ly probable case may happen when employing the crude Monté Carlo 
method that all N generated uniformly distributed numbers ui,..., UN 
are in the interval [0, s) fór an £ > 0 near to zero, or the equally improb- 
able event may occur of having Uj € [1 - e, 1), « - 1, • • • > ln ° 
cases the result of the computations may highly diverge from the correc 
value and it may happen regardless of the sample síze N. Of course y 
increasing N the probability of such an event will decrease nevertheless 
it is still greater than zero. Consequently an error estimation fór Monté 
Carlo methods must be formulated in probabihstic terms.

Fór characterizing a method the variance is used generally. The good- 
ness of the crude method is thus measured by the variance

ö2(öi).
If u is a uniform random variable, and the dispersion of the random 
variable /(u) is denoted by aj fór which one can denve

(6.10) af = D2 = ff2(u)du - ff(u)du = J f\u) du “ I2, 
0

then an expression fór D2(0i) can be arrived at easily
2

(6.ii) Wi) = p2 (A“i) + • • ■ + fM) = y •
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Thus the standard deviation of the estimator is D(0i) = ai/vQV. From 
this we can perceive one of the most substantial features of the Monté 
Carlo methods. If the number of the sample points N is increased, the 
error that is basically the standard deviation decreases proportionately 
to 1/VN only. In other words we say that in order to halve the error one 
has to use four times more points and in order to obtain a result with 
one more accurate digit one has to complete one hundred times more 
computational work. Based on this fact we can state, that in simulational 
computations the accuracy is hardly improved by increasing the sample 
size. Generally it is much more expedient to increase the accuracy by 
decreasing the standard deviation a, that is better we construct such 
estimators that contain random variables with less variance. The Monté 
Carlo methods described here follow exactly this path that is accuracy is 
increased via improved estimators.

In actual computations one cannot obtain the value £>pi) instead the 
sample variance s2 is used fór obtaining an estimation of the variance. It 
is

1 N

(6.12) .  = ~ /)’ =3

3 1 , = 2e - - - -e2 ~ 0.2420.
2 2

1=1

- N N
= fi + fi + =

t=i i=i

í......y /2 ..............N f 
í=i

which is computed from the samples fi = t = and the
1 N

average f = — y The evaluation of the sum in (6.12) requires 
* »=1

one additional multjplication only as compared to the computation of 
integral-estimation f, thus it is expedient to evaluate s2 in all cases. 
This property is one of the advantages of the simulational method: with 
little additional effort almost accurate error estimation can be produced 
simultaneously with the other calculations.

Example. In the case of the function /(x) = e1 the variance can be 
determined as

= D3 (/(«)) = Jé3' dz - 

0

i 12 i i

fex dx = -e2 - - - (e - l)2 =
' 2 2 v '
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It means that applying the crude method to compute the integrál of 
the function ex the standard deviation of the calculated value will be 
D(0i) = 0.4919/^Á. In case of A = 16 the standard deviation is 0.U3 
which is near to the error 0.117 of the value computed in Section 6.2. 
Using equation (6.12) and the random numbers from Table 16 the sample 
variance is (A = 16):

2 _ 1 V f2 - N f2 = - — • 3.369 =
s ~ N - ' N - 1 15 16

t=l

= 3.819 - 3.594 = 0.225 = (0.475)2,

which is alsó a rather good approximation of the exact theoretical vari­
ance. Note alsó the error according to s2 would be 0.119 which is almost 
exactly the actual error 0.117.

A little bit different, bút alsó utilizing the variance of the estimator, 
way of assessing the error of the estimator is the following. We can as­
sume that the distribution of the random variable 0i is normál, then

, ... 0i - E(0i) _ 0i~f után­
it follows that the random variable r) = “ (ff/^A)
dardized normál variable with distribution A(0,1). This gives nse the 
possibility to characterize the error of the computations by giving a pro 
abilistic bound on the absolute value of the difference 0 - I. Denoting 
the distribution function of the standard normál distribution by $ we can 
write

p{|^ - I\ S A£>(0i)} = P{I ~ AL>(0i) < 01 < / + AD(0i)} =

(6.13)

I+XD(61) ,

_  / e 2D dx =
72^0(01) JV 7 IXD(6i)

4" A 
1 f ,2

= * / e“V dz = 2$(A)-l,
V2% J 

-x
where A is any positive number. According to this equation the difference 
between our estimator 0! and the true value I will be less than twice the 
dispersion the standard deviation with probability 2$(2) 1 ~ •
In other words if we evaluate the estimator 0i fór a fixed sample size 
twenty times, independently of each other, than the error in nmeteen cases 
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out of twenty will nőt be greater than 2Z)(0i) (with great probability). 
The difference |/-0i| can only very rarely be greater than three times the 
standard deviation (once in three hundred cases), since 2Í(3)- 1 ~ 0.997.

In practice generally we are satisfied with 95% error bound. It means 
that if we want to permit an error 8 only, then the sample size N should 
be chosen in such a way that the equation

8 = 2£>(íM = 2-^

is satisfied, that is fór N we have

Greater reliability is rarely required. In practice the value N is computed 
through a preliminary stage: a small value is assigned to N and s2 is 
determined, in turn a2 is substituted by s2 in the formula of N that yield 
the required value of N = 4s2/82.

6.5. Comparison of Methods

When comparing two methods the variances of the methods play an 
important role bút the computational effort required to accomplish the 
calculations are alsó to be taken intő account. the computational effort 
is generally equated with the running time of the computer program. If 
the two method evaluate one sample in roughly the same time then the 
comparison of the variances suffices.

Consider the method of acceptance-rejection. Since the evaluation 
of the function g figuring in the estimator #2 of the acceptance-rejection 
means basically the evaluation of the function / thus we can safely assume 
that the necessary computational work is equal fór the computation of 
the estimators and 02- In order to compare the crude method and the 
acceptance-rejection technique we need the variances D2(^i) and D2(^2) 
only. To determine the value of 0(62) note that the random variable 
g{ui,Vi) takes on the value 1 with probability (1 - I/c} that is we can 
write

r / r\ T T2
D2U(u„v,)) = i 1-i 

c \ c / c c*

After somé calculations the following expression can be derived fór the 
variance of the acceptance-rejection method
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The difference between the variances of the two estimators can be worked 
out of the expressions in (6.11) and (6.14) respectively

D\62) ~ - I2] - Íf2M du - I2

1 i= 1 cl-ff2(u)du = - - f(u)) du.
N o iy o0

Since fór the difference in the last integrál one has c- f (u) > 0 (because of 
the definition of the upper bound c) it implies that the difference between 
the variances is nonnegative as well, that is

(6.15) ^(^2)

and we have equality only in the case of c = f(u), u E [0,1). It means 
that the acceptance rejection technique fór evaluating integrals always 
gives worse results (with greater variance) than the application of the 
crude method, furthermore the more significant is the deviation of J(x) 
from the constant c the greater the difference between the efficiencies o 
the methods becomes.

According to another possible interpretation the following is meant by 
the inequality in (6.15). If the role of the randomness in the simulational 
computations is decreased (the number of the free variables in the in e- 
grand is reduced), that is the value cg^v) is replaced by f^x) which 
is its expected value and instead of the double integrál (6.8) the simple 
integrál (6.3) is evaluated by simulational method (0i is applied instead 
of estimator 02), then we obtain better results. Or to pút it in still other 
words if we know something, we should incorporate this knowledge intő 
our computations. In this sense we have to strive to decrease the role 
of the randomness in simulational methods, reduce the number of pa- 
rameters to be simulated, since less number of parameters in simulations 
means that the integrál to be approximated is of lesser dimensions.
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Example. Let /(x) = ex,c = e, where /(x) < c if x e [0,1) clearly 
and denote

a(x v) - í °’ Íf < 2/5 
if/(x)>y.

Apply now the acceptance-rejection technique fór computing the integrál

I = //(x) dx = f fg(x, y) dy dx.
0 0 0

Making use of the result Z = e -1 the variance of the acceptance-rejection 
estimator can be obtained as

Comparing the error of the acceptance-rejection method to that of the 
crude method one obtains

nín . 0.4919 1.3108 .= w< w=
which is of the same magnitude as the actual error and the difference in 
deviations respectively obtained during the actual numerical computa- 
tions.

To conclude this section we outline the procedure, by the aid of which 
two methods of different work requirements can be compared. Assume, 
that the first method in ti time produces an estimation with standard 
deviation cii, whereas the second method produces in Í2 time an estima­
tion with standard deviation <72- Decrease in the standard deviation is 
possible at the expense of the square of the computational work, as we 
have already seen. In order to produce an estimator with variance aj 
by the second method we have to achieve the — -th part of the original

<72
standard deviation &2 of the estimator by the second method, that is the 

^2
original execution time Í2 increases by a factor —Consequently while 

the first method produces an estimator with standard deviation in ti 
time, a result with the same standard deviation by the second method is 

2
obtained in Í2 time. The two method can be compared if the times 

CT;
required to obtain the results of the same goodness are set against each 
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other, that is ti and t2 respectively. The quotient 

(6.16) 
h^i

<2^2

is called the efficiency of the second method compared to the first method 
and it indicates how many times is the second method faster than the 
first method.

Example. Applying the crude method and the acceptance-rejection 
method fór evaluating the integrál of the function /(x) = e1 the efficiency 
of the second method compared to the crude method can be obtained as

= = <7242 _ 0.14.
D!(«2) 1.718

It means that the acceptance-rejection technique is considerably less ef- 
ficient than the crude method, actually the crude method is seven times 
faster.

6.6. Importance sampling

Here and in the subsequent sections methods are described, whose 
estimators have smaller variances as compared to the variance of the 
crude method’s estimator. Of course this is possible only in those cases if 
we possess somé additional information on the function to be integrated 
beyond computability and integrability and based on this information a 
better estimator can be constructed.

The essence of the importance sampling is that the function values are 
nőt chosen with equal probability bút the more important values, that 
represent the greater part in the final totál, will be selected with greater 
probability. By rare sampling of the small function values computational 
effort can be saved. Of course the function values thus obtained are nőt 
simply to be summed up in the arithmetic average instead they should 
be totalled according to somé weights.

Consider the task of evaluating the integrál

dx
0

and let h(x) be a density function in the interval [0,1] that can be 0 only 
where f(x) is 0 as well, that is we assume that fór any x € [0,1) fór which 
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/(z) > 0 we have h(x) > 0. The integrál to be evaluated can be rewritten 
in the form

<617> í=/^*wdI=/^dm 
0 o

where H(x) = f h(y)dy is the distribution function corresponding to h(y). 

The right-hand side of this equation shows that if the sample points y, in 
interval [0,1) are generated with density function h(x) then an estimator 
of the integrál is the arithmetic average of the ratios j- More precisely 
denoting the samples of the random variable with density function h(z) 
by i = 1,,.., N, then the importance sampling estimator of I is

MC3 Importance Sampling
1. Initialize s «— 0, í <— 0.
2. If i = N then go to Step 4, otherwise increase index » «— : = 1.
3. Generate the random number y, according to the density function h, 

let s «- s + /(yJ/Mtfí) and go back to Step 2.
4. Deliver the value s <— s/N as an approximation to the integrál I.

Obviously the expected value of the estimator 93 is the integrál I to be 
evaluated, that is 93 is unbiased, its standard deviation can be determined

This standard deviation becomes minimál if the density function h(x) 
is proportional to the function f(x), that is if h(x) = c/(r), where 

1/c = ff(x) dz = /. In this case we have 
0
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IV C J )
a most desirable result. Unfortunately in practice it is hardly realizable 
since to dérivé the density function h we need the value c = 1/Z and we 
already had possessed the value of c (and by the same tokén Z) we would 
nőt have to apply a simulational method for computing Z. This whole 
argument nonetheless is nőt worthless. The reasoning and the expression 
(6.19) exhibit when the estimator 03 is good, when the standard deviation 
Z)(03) is small: the better the density h(x) approximates (imitates) the 
integrand /(x) (the smaller is the fluctuation of the ratio f(x)/h(x) in the 
interval of integration) the smaller the variance D2(03) becomes. Since 
the ratio f(x)/h(x) cannot be constant because of the reasons given above 
we may only attempt to produce a nearly constant f(x)/h(x). When 
selecting a density function h(x) from among the possible approximating 
functions h'(x) we have to take intő account another restriction as well:

1
nőt only the computability of the integrál f h'(x)dx is to be assumed (in 

o
order to dérivé the corresponding density function) bút we should be able 
to generate random variables with density function h(x), possibly easy.

Example. Consider the function f(x) = e1 and try to select an ap- 
propriate density function. The choice of h(x) = 1 gives only the crude 
method. As a next try we take h^x) = 2x, bút this does nőt satisfy 
the positivity assumption, since h(0) = 0 though /(0) 0. (The ap-
plication of this density h(x) for importance sampling technique yields 
an estimator, whose variance cr2^ is infinite: a2^h = -fe2x/x dx-

Knowing that f(x) is monotone and the fluctuation of f(x)/h(x) should 
be small we may try a linear function which is halving both the values 
of /(0) and /(l), that is let f (0)/h(0) = 2 and /(l)/h(l) = 2 where h is 
linear. This gives us h'(x) = 0.5 + (e - l)x/2. The density function h\x) 
proportional to h'(x) can be computed with the value

/[0.5 + 0.86x] dx = 0.93,

. e - 1
(where the coefncient —-— of x in h'(x) was rounded to 0.86), so that

/i(x) = 0.5373 + 0.9247x.
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Construct now an importance sampling estimator with this density func­
tion h(x). Its variance can be expressed as

2 1 .D2(0i) _ 1 0-2420
af/h ” 3 D2(03) 3 0.00526 ~

6.7. Stratified Sampling

The method is similar to the importance sampling. In the earlier 
described method the positions of the points to be generated were deter­
mined by a density function, now the interval of the function’s definition 
is split up intő smaller regions and the number of points to be generated 
according to the uniform distribution is fixed in each region. So this can 
be regarded as a discrete version of the importance sampling.

Let a division of the interval [0,1) be given by the splitting points 
0 = ao < űi < ... < a* = 1. Apply now in the intervals 
: = 1,..., k the crude method separately, generating n, points in the 
»th interval. The estimator of the integrál can be given in the following 
formula

k n, j

(6.20) 04 ~
»=1 j-\ *

where Uij is a sample from the uniform distribution in the íth interval 
[oj-i,a,), « = 1, • • • , 3 = 1, • • •, ««• The formai algorithm comprising
the estimator is given below.

MC4 Stratified Sampling
1. Let s «— 0, i ♦— 0.
2. If i = k then go to Step 4, otherwise set i ♦- í+1, sí «— 0, ti +- dj-a,_i.
3. Generate n, numbers utJ , j = 1,..., ni uniformly in [0,1) and compute 

the sum sí ♦— /(at+^ui)+. • -+/(<ií+í«un,), then compute s,- +— tiSi/ni 
and sum up s ♦— s + s,. Go back to Step 2.

4. Deliver the number s as an approximate value of the integrál I.

On the individual subintervals [a,_i,a,) the method approximates 
a,

evidently the integrál / /(z)dx, which means that 94 is an unbiased 
a.-i • .

estimator of the integrál I. The error of the method is computed in the 
following formula:
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a • 1
(6.21) P2(04) = 52 / /2M d* ~ 52 ~ f M dx

í=i n* °.-i «=i ’ h-i

Several possibilities are open with regard to the choice of the par- 
titioning points a, and the number n,- of the points in the particular 
subintervals. If the points a, are already fixed then the n? can be chosen 
proportionally to the standard deviation of the crude method in that 
subinterval, that is to the quantity

(a, - a,_i) f f2(x) dx - f f(x) dx 
°.-i b-i

This means that where the computed result is going to have greater un- 
certainty there the error is decreased by increasing the number of sample 
points.

Taking intő consideration the fact, that in most practical problems the 
variances in the subintervals neither are known, nor can be computed by 
direct integration thus the following two-stage procedure is advised to be 
followed. First make an estimation of the variances in the subintervals 
employing a small number (n' ~ 10) of sample points and then choose the 
sample numbers n, proportionally to the obtained standard deviation. In 
the case we have the liberty of choosing the splitting points then the best 
choice would be to obtain a division where the variance of the function 
f is the same in all subintervals. Since it is hard to execute in practice, 
a more simple way may be applied: the interval of integration is divided 
intő equal parts.

Example. Let /(x) = e1 and consider the partitioning of interval 

[0,1) intő four equal subintervals with points ai = -, ^2 — a3 = ^- 
Apply the stratified sampling generating 2, 4, 6 and 8 points respectively 
in the subsequent subintervals. Then making use of the equation

l2
(a,- - a,_i) f e21 dx - f ex dx =

«.-i La’-1
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1
4

a;

ai-i
1 _ 1 ^a,-! _ e2a{ _ + 2 ^a.-! _

8 8

we can express the variance £>2(04) of the stratified sampling’s estimator 
as

ND2(04) = -(0.00042) + ^(0.00069) + ^(0.00114) + |(0.00188) 
' 7 2 4 b ö

= 0.000808 = (0.0284)2

that shows a decrease in the error similar to the decrease fór the impor­
tance sampling (one must note that here we have basically 20 points, nőt 
just one).

6.8. Control Variates Method

We want to define a function g imitating possibly well the integrand 
function f, furthermore we suppose that we can compute exactly the 
integrál j

J = fg(x) dx
0

by mathematical theory. In case of finding such a function g, if u is 
uniformly distributed random variable in interval [0,1) then the random 
variable /(u) is well approximated by the random variable g(u) so one 
can say that g(u) Controls the behaviour of f(u), this is the reason fór 
the name of the method.

In order to obtain a formai description of the method the original 
integrál is decomposed intő two parts

(6.22) I = f f(x) dx = fg(x) dx + f [/(x) - g(x)] dx. 
0 0 o

The first of the two integrals standing on the right-hand side can be 
evaluated accurately according to the assumption made, its value is J. 
Fór the second integrál the crude method of Monté Carlo integration is 
applied. The estimator is

1 N
(6.23) 0, = J + — J2(/(u,) - j(uí)], 
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where u,, t = 1,..., N are realizations of u. The algorithm corresponding 
to the estimator 0$ can be the following:

MC5 Control Variates
1. Initialize s «— 0, t «- 0.
2. If i = N then go to Step 4, otherwise increase the index i «— i + 1.
3. Generate u, and set s «— s + /(u,). Go back to Step 2.
4. Deliver the value s <— s/N + J, as an approximate value of the in­

tegrál I.

The estimator 05 is evidently unbiased, that is E(0s) = I, fór its vari- 
ance one can obtain

(6.24)

DW = | ■ f[f(x)-g(x)]2dx- ff(x) - g(x) dx
.0

2 _ 1

5 N

from which after a little calculation one can obtain

d =ff2(x) dx~ 
0

JfW dx - 2ff(x)g(x) dx+ 
.0 0

+ 2f f(x) dxfg(x) dx + fg2(x) dx - fg(x) dx 
0 0 0 Lo

=r2(/(0)-2E(/(„)5(u)) + D2(s(u)).

Since the first term D2(f(u)) is the variance of the crude method, thus 
the method of control variates is an improvement (has lesser variance) 
over the crude method if the inequality

(6. 25) D2(g(u)) < 2E(f(u)g(u))

holds. According to this the construction of an estimator based on control 
variates technique can be formulated in another way. Having a random 
variable /(u) we are looking fór another random variable g(u) the ex- 
pected value of which is known (using the earlier introduced notation 
E(g(u)) = J), furthermore there is a strong positive correlation between 
/(u) and g(u) (they change intő the same direction). If the inequality 
(6.25) is nőt satisfied then the given function g(u) is unsuitable fór reduc- 
ing variance in the estimator. In other words nőt every function is good 
fór constructing control variates estimator, actually, without respecting 
(6.25) we may end up with more computational effort and greater vari­
ance.
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We give still another interpretation of the method. Consider equality 
(6.22) that can be regarded as if it represents the following evaluation 
procedure: from the area below the graph of the integrand an easily 
integrable part is taken out, it is calculated theoretically and only the 
remaining area is estimated by Monté Carlo method (Fig. 33). In this 
context the method of control variates can be called the method of inte- 
grating the main part.

Fig. 33. Integrating the main part

We would like to draw the reader’s attention to understand that the 
control variates method does nothing else bút realizes the principle dis- 
cussed in Section 6.5 where it was stated when comparing different meth­
ods: the role of randomness in Monté Carlo computations should be de- 
creased if possible. If a part of the integrál can be computed analytically 
(because of an available approximating function, or other knowledge), 
then having done so the precision of the remaining calculations do in­
crease.

Example. Let f(x) = ex and consider an approximating function
1, if0<i<0.5,
1. 5, ifO<x<l.

Using this function in the control variates method the variance of the 
estimator can be computed (suppose we have only one sample point 
N= 1):

sw = {
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0

1 , r 2b y\
= -e2 - 3e + \/e + \/é + — (e j —

2 8 \ 4/
= _ le2 + + Ve - ~ 0.0941 = (0.306)2.

2 2 16
The function f(x) is probably better approximated by a linear function, 
consider fór example the function g'(x) = 2x. In this case we have

1
= í (e1 - 2x)2 dx - (e - 2)2 =

o

= |e2x + |x3 - 4 y xex dx - (e - 2)2 = -e2 - — - (e - 2)2 ~ 

0 o
~ 0.001193 = (0.108)2 

which indicates a substantial decrease of variance in relation to both the 
crude method and the approximating function g(x\ Employing g'(x) in 
the control variates method may mean a three times increase in computa­
tional work as compared to that of the crude method, thus the efficiency 
of the estimator 05 can be given as

6.9. Antithetic Variates Method

The variance of the estimator can alsó be decreased by somehow com- 
pensating the big jumps in the function value, that is by using random 
variables changing intő the opposite direction. Consider the random vari­
ables /(u) and g(u), assume that we know the integrál of the function 

g(x) and f g(x) dx = I. The expected value of the arithmetic average 
o
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of these two random variables is equal to I as well, that is an unbiased 
estimator fór the value of I can be given as:

(6.26) 0* = + ?(«<))•

The formai algorithm of producing the estimator is the following one.

MC6 Antithetic Variates
1. Set s 0, t <— 0.
2. If i = N, then go to Step 4.
3. Generate m, set s *— s + /(új + g^u^ and go back to Step 2.
4. Deliver the value s «— s/(2N) as an approximation to the integrál 

value I.

The variance of the random variable 0$ can be evaluated by the next 
equation
o2(W = + 9Ml) = i ■ yl/H + a* - — A

This can be rewritten fór the variance of one sample as

(6.27) ^ = P2(;(/W + »«)) =

= ir2(/(u)) +1 [£(/WsW) - 
4 2

E (<,(«))] + ÍP2M<«)),

where the middle term is the covariance between the random variables 
/(u) and ^(u). The first term on the right-hand side is one-fourth of the 
variance of the crude method thus (taking intő account the fact that in 
evaluating 06 two function values have to be computed fór one sample 
point meaning by this that fór the computational work is double that 
of the estimator the sum of the second and third term should be less 
than 0 in order to ensure that is better than 0i. This requirement is 
expressed in the following inequality

(6.28) D\g(u)) <-2[E (f(u)g(u)) - E (/(u)) E (<?(«))].

218



A significant difference can be encountered between P2(06) and ö2(0i) if 
there is a strong negative correlation between the random variables f (u) 
and g(u) since the right-hand side of (6.28) contains the cov

If the function f(x) is monotone, then the function g(x) = /(I _ *) 
satisfies our requirement of f g(x) dr = I and the evaluation of the 
estimator 0e consists of the determination of the sum

1 N 1

(6.29) + Ui^'
* «=1 "

In this particular case we speak about the symmetrization of the function 
(or the estimator) and this version is the most frequently used among the 
antithetic techniques.

The procedure is well illustrated in Fig. 34: the averaged function is 
much more smooth (of less variance), than the original function. A little 
bit more generál variant of the previous symmetrized estimator (6.24) is 
the following

(6.30)

This can be considered as a randomised version of an equidistant deter- 
ministic numerical integration formula.
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Example. Let /(x) = ex since it is a monotone function, the antithetic 
variates technique can be applied with the function g(x) = /(I - x). The 
estimator becomes of the form

(6.31) É h/w+/u - «<))

3=1

the variance of which can be computed according to (6.27) as

= + - ”))-

- |®(/(u)W(l - u)) + - «)) =
& t:

í6"1)2-' e 6 dX " ~2N~ ~
o

= — D2(f(u)) + — e - — 2N " 2N 2N
2---- ^—0.007789.

2 TV

6.10. Multidimensional Monté Carlo Methods

In this section the multidimensional generalizations of the one-dimen- 
sional techniques described in the foregoing sections of this chapter are 
demonstrated. This demonstration is sketchy on two counts. First the 
multidimensional methods are much less elaborated than the one-dimen- 
sional procedures. Second in more than one dimension there are much 
more possibilities in adapting the generál methods to the individual prob­
lem than we could list here all of them. The methods we are going to 
present here are the applications of the ideas described fór one-dimen- 
sional cases and this application (or adaptation) has to be done fór each 
concrete problem anew. In the next chapter such an application is de­
scribed in case of evaluating an n-dimensional integrál, the integrál of the 
multinormal density function.

The n-dimensional application of the crude method fór evaluating the 
integrál

(6.32) I = J/(x)dx
D
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is the following. Assume that the domain D of integration is bounded, its 
volume is of unit measure, that is / dx = 1, u is uniformly distributed

D
in D, then the estimator of the integrál I can be given as

1 N
(6.33)

where u, , i = 1,..., N are independent realizations of the random vector 
u. Practical applicability of the method depends on the assumptions 
made (is D bounded or nőt) and how easily can uniformly distributed 
points in D be generated.

The n-dimensional variant of the acceptance-rejection technique for the 
case of the bounded function /(x) can be given as follows. Let /(x) c, 
x e D for a constant c > 0, and define the (n + 1) dimensional function

, x í 0, if /(x) < y, 
9(x,9)=|1> if y(x) > y.

Using this notation the corresponding estimator is

T2 = £j(xi,«).

where the point (x,, y,) is the realization of the (n+1) dimensional random 
variable which is uniformly distributed in the domain D'={x., y, |x € D, 
0 < y < c}.

To describe the importance sampling technique consider an n-dimen- 
sional density function h(x). The modification of the integrál is the fol­
lowing

I= / i

D D
where is the distribution function corresponding to the density func­
tion h(x). The estimator based on this equation is

T 1 £

where the points X,- where generated according to the density function 
^(x). The snag in applying this method in n-dimensions is to find or 
to construct an n-dimensional density function according to which one 
can relatively easily generate random points and still gives a reasonable 
approximation to the function /(x).
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The stratified sampling technique can generally be recommended fór 
application if the domain D of integration can easily be decomposed. 
This is the case if D is an n-dimensional rectangle or the unit cube 
K = {x|0 x < 1}. Clearly it suffices to deal with the latter. The íth 
edge of the cube K is split up by the points a,1,0,2) • ■ • ,0^., the “prod­
uct” of these partitions, the k^ .. .kn rectangles will form the strata. 
The estimator is

^4= y^ y^ ~*t/(uv)» 
ib*

,=1 j=l J

where t, is the volume of the íth rectangle, Ujj is a sample from the 
uniform distribution in the íth rectangle.

The control variate technique can easily be applied if we have a readily 
integrable part. Formally the integrál is rewritten as

1 = J/(x) dx = Mx) dx + /[/(x) ~ fl(x)] dx> 
D D D

where it is assumed that the first integrál on the right-hand side, can be 
evaluated analytically, the second integrál is computed by crude 
Monté Carlo method. The estimator is

where x, is a realization of the random variable, uniformly distributed 
in D.

Out of the great variety of possible versions of the antithetic vari- 
ates method generally only the symmetrization technique is used. Let 
the integration domain be the cube K previously used and consider its 
partitioning as given at the stratified sampling. Each small rectangle is 
symmetric to its center, denote by utJ the jth sample from the uniform 
distribution in the íth rectangle and by uL its reflection to the centre of 
the íth rectangle. Then the corresponding estimator is:

>=l - n{
+ /«)].

Í=1 ’ J=1
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6.11. Notes

In this chapter — except the concluding section 6.10 — we essentially 
followed the treatment in the book of Hammersley and Handscomb which 
is now being regarded as classical.

As a simple example of simulation’s application one should consider 
Buffon’s needle problem, described in the first section of the Appendix.
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CHAPTER 7

COMPUTING THE DISTRIBUTION FUNCTION OF THE 
MULTIDIMENSIONAL NORMÁL DISTRIBUTION

7.1. Formulation of the problem

In mathematical statistics, stochastic programmmg and several branches 
of applied mathematics the following problem is frequently encountered. 
Let us denote by ^(x) the density function of the n-dimensional normál 
distribution with expected value 0 and correlation mátrix R, and by $(x) 
its distribution function, that is let

<71>
(7.2) $(x) = / p(y) dy.

— oo

Our task is to evaluate the values of the distribution function that is to 
develop suitable numerical methods fór computing the integrál 
(Fig. 35)

Fig. 35. The density function p(z,y) of the two-dimensional normál distribution

A related problem of interest is the computation of the integrál

(7.4) q — f ■ ■■/ p(x)dx
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where Q is an n-dimensional rectangle Q = {x|a < x b} fór any 
vectors a and b, that is the computation of the probability content of 
the rectangle. Fór the sake of simplicity we assume that the normál 
distribution is non-degenerated, that is |R| 0. Mainly we will discuss
the integrál (7.3) bút most of the results will be applicable to the integrál 
(7.4) as well.

Applying the traditional numerical methods in greater (n > 4) dimen- 
sions fór evaluating the integrál (7.3) involves quite a few problems. The 
computational work is rapidly swelling with increasing n: if the integra­
tion is carried out over a unit hypercube fór instance, and on one edge of 
the cube k splitting points are located then altogether kn function values 
are to be evaluated. The conventional deterministic methods fór com­
puting n-dimensional integrals are as a rule characterized by this feature 
called dimensional effect. A further handicap of these methods is their 
sensitiveness fór great correlations; if |R| is near to zero the convergence 
is usually very slow. The reason of this is that ^p(x) in the origin be- 

comes higher as |R| tends to zero: 92(0) = ^^n/2 ’ an^ ’n most
other places it becomes smaller (one must nőt forget that the integrál of 
^p(x) over the whole space Rn is always 1), producing thus a more and 
more distorted shape. Having understood the inherent difficulties of the 
deterministic integration methods and demonstrating the application of 
Monté Carlo methods to evaluating the integrál I our aim was nőt sim- 
ple a demonstration of the methods bút to illustrate and prove the point 
that there are problems in practice that best can and should be solved by 
Monté Carlo methods. This argument is nőt refuted by the fact that in 
the pást simulational methods were frequently applied fór several prob- 
lem classes where the application was nőt efficient and thus should nőt 
take piacé.

In case of a concrete problem the question emerges when to use Monté 
Carlo methods when conventional deterministic technique. In our view, 
when there is a conventional method fór solving the problem and the 
speed, accurary and efficiency of the method is satisfactory, than there 
is no need of simulation. If we do nőt possess such a method then the 
simulational approach is considered to be the first bút nőt last solution 
technique fór the problem. By the aid of Monté Carlo technique we al­
ways get somé kind of result — this is why the simulation is considered 
the first solution technique —, bút this result is generally burdened with 
quite a big error. Introducing variance reducing techniques or applying 
at least partially deterministic methods the error can be decreased, bút 
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the improvement in accuracy never will match that of the conventional 
numerical methods, — this is why we do nőt, can nőt consider it the last 
method. The optimál way of applying Monté Carlo method is attained 
in a sequence of methods, where the simulation plays less and less a role. 
In case of large sophisticated systems or great dimensions the reduction 
of the randomness’ role is difficult thus in these problems the simulation­
al method is almost entirely the only possible solution technique. The 
evaluation of the n-dimensional integrals (7.3) and (7.4) discussed in this 
chapter is of this sort, though the original simulational method was im- 
proved in several ways, the best method fór evaluating the integrál (7.3) 
still remains a simulational method.

7.2. Monté Carlo Integration

The crude Monté Carlo integration method is applied fór evaluating 
the integrál I. Denote the integration domain of the integrál (7.3) by D, 
that is let

D = {x|x < h}.
Fór the sake of simplicity we assume h 0. When the rewriting of 
the given formulas fór h 0 are nőt self-evident then the necessary 
reformulations are provided. Assume that b is a constant vector whose 
components are equal to a positive constant c, bi = c, i = 1,..., n, and 
alsó consider the following n-dimensional cube

K = K(c) = {x| - b < x < b}.

We alsó assume fór the sake of simplicity, that hi < c, i = 1,... ,n. By 
the aid of the vector b the unbounded integration domain D is truncated 
as follows.

Define h* = min(/i,,c), i = 1,... ,n and the truncated domain can be 
given now as

D = {x| - b < x < h*}.
In what follows we will deal with the evaluation of the integrál over the 
truncated area

(7-5) 7* = f - f ¥>(x) dx 
D’

instead of the original integrál I. This truncation changing the integra­
tion domain intő a bounded one is usual in this type of computations 
and by a suitable chosen constant c the error due to the truncation will 
be negligible small. The greater is c the smaller the difference between I 
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and I* bút on the other hand the uniformly distributed points have to be 
generated in a greater domain, which in turn decreases the accuracy of 
the computations (the same number of points over a greater area). Con- 
sequently when selecting the value c both of these partially contradictory 
requirements are to be taken intő consideration.

A possible choice is the value fcn,l-e> which is defined by the equation

Xn} =

where e is a suitable small positive number and Xn is a X2 distributed 
random variable with n degree of freedom. (Somé of the numerical values 
^5,0.99 = 3.88, ^5,0.999 = 4.53, ^10,0.99 = 4.81, kio,0.999 = 5.44). The 
reasoning behind choosing kni-e fór the value c is the following. Using 
the notation

S(r) = <x < r2 >

fór the hypersphere around the origin with radius r and assuming fór sake 
of simplicity that we deal with the density function £>(x) of the normál 
distribution with independent components (that is we have R = I) the 
inequality

1 - e = f ■ • • f £(x) dx < f ... f £(x) dx < f ...f p(x) dx

holds. In other words it means that the integrál of the density function 
£>(z) outside the cube K is less than e, that is the relation |Z — e 
holds as well.

Apply the crude Monté Carlo method fór evaluating the integrál (7.5). 
Consider the random variables p(u^) where uW, i = 1,..., N are uni­
formly distributed random vectors in the domain D*. Denote the area 
of the domain D" by T* then the expected value of the random variable 

is I*. Consequently the sum 

(7-6)
1 N

^i = -r22^(u(’))

is an unbiased estimator of the integrál I*. The variance of this estimator 
can be given as

1 I*2
D2^) = f dx " at
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The formai algorithm of the Monté Carlo integration method based on 
the formula in (7.6) can be stated as follows:

NP1 Normál probability by direct integration
1. Generate the points u^, i = 1,..., N uniformly in the domain D*. 

N
2. Compute the sum s and deliver the value s ♦— sT*/N as

í=i
an approximation to the integrál I*.

The variance of the random variable ip(u(*)) occurring in the estimator 
(7.6) can be decreased generally in case of h > 0, if the integrál r is nőt 
evaluated directly through estimator 0i bút in a way indirectly. If the 
value of the integrál

(7-7) 
K-D'

is already available, then the value I* can be determined from the equa- 

r = /••■/ dx - j... f ^(x) dx ~ i - r, 
K K-D' 

where ~ indicates an approximative equality; the error of approximation 
results from the truncation and for practical reasons it can be neglected 
(generally the variance of the estimator is several times greater than the 
difference |Z* - (1 — Z**)|).

For computing the integrál I** the random variable T’*^(u^‘)) is 
employed, where T** denotes the area of the domain K — D* = 
= {x|x € K,x £ D*} furthermore the random variable is uniformly 
distributed in the domain K — D". The estimator for computing 1** is 
the following

1=1
whose standard deviation that is the standard error of the estimator can
be given as D{02) = T** D(<p(u^))/VN.
The formai algorithm is very similar to that of the estimator 0i.

NP2 Normál probability, by indirect integration
1. Generate the vectors u^, i = uniformly in the domain

K - D*.
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2. Compute the sum 82 «— £ ^(uí) and let ő2 szT**/N.

3. Deliver the value sí «— 1 - s2 as an estimation of the integrál I*.

If the value of the integrál I* is sufficiently large (greater than 0.6 
as it is the case in most problems of stochastic programming), than the 
variance of the estimator 02 is generally less than the variance of the 
estimator 0b A heuristic explanation fór this fact may be that the peak 
of the density function located in the origin, which sometimes (in case of 
small |/?|) is very high, is inside the domain D* and nőt in the integration 
domain K - D* of the integrál I**, so switching from the evaluation of 
I* to I** the violent changes in the integrand are avoided. Another 
indication of the smaller variance is given in the next section.

7.3 Comparison of integration techniques

The relative efficiency of the estimators and 02 is illustrated in this 
section making use of a different problem involving integrals similar to the 
integrals of (7.5) and (7.7). Consider the task of evaluating the integrál

(7.8) Ji = Ji(n)= J £(x)dx
s(n)

which is the integrál of the normál density function of the normál 
distribution with independent components and S(ri) is the hypersphere 
with centre in the origin and radius rb To this problem will be applied the 
direct integration technique related to the estimator 0X and the indirect 
integration technique described in the estimator 02- The variances s? and 
s| of the random variables in the resulting estimators will be determined 
and compared. Assume that u is a uniformly distributed point in the 
hypersphere S(n), then we have

= ^(n) = D2(V(nb ri)£(u)) = E(V2(nb rx)^2(u)) - A, 

where V(n,a) denotes the volume of the hypersphere S(d), in particular 
27rn/2an

V(n,a) = Consider now the integrál

J2 = ^(ri,r2)= f £(x)dx,
S(r2)-S(ri)

which is the counterpart of the integrál I** in (7.7) (computed by the 
estimator 02), where r2 is a sufficiently large radius (we can choose fór 
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instance r2 = knÁ-e fór a suitable small e), furthermore r2 H and 
S(r2) - S(n) = {x|x e S(r2),x S^n)}. The hypersphere S(r2) plays
now the role of the truncating hypercube K appearing in connection with 
the integrals I* and I**. Making use of the value of the integrál J2 one 
can determine J\ through

= Ji(r2) - J2(rb r2) ~ 1 - J2(rb r2)

just in the same way we did in connection with the integrals I and I . 
The estimators of the integrals J\ and J2 are

1 N
*1 = ^(n.rO^^v,), 

t=l

1 N
ti = Tí[V(n,r2) - V(n,ri)]

2V t=l

respectively, where vb t = 1,..., N are independent samples of the uni­
form distribution in S(ri), ut, í = 1,..., N are independent samples of 
the uniform distribution in S(r2) — S(ri). Let u be uniformly distributed 
in the domain S(r2) - then the variance of the random variable 
occuring in the estimator of the indirect integration is

s2 = s2(n, r2) = D2 ([V(n, r2) - V(n, rj] £(u))
= E ([V(n,r2) - V(n,ri)]2£2(y)} " r2).

It is easily seen that s2(0,rj) = si(ri) thus what we need fór comparing 
the values of the dispersions sí and s2 respectively is an expression fór 
evaluating s2.

Assume that u is uniform in S(r2) - S(n) and rí < r < r2. Then we 
know that

PHU) = (2%) J V(n,r2)-V^n)’

since the inequality in the paranthesis on the left hand side holds if u is 
in the hypersphere S(r). From this one can dérivé

E ([V (n, r2) - V (n, rj]2 £(u)} =

= f [V(n,r2) - V(n,n)] (27r)-%-- r(n _ ~2y
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Now apply the substitution r2 = y/2 to obtain after somé formai manip- 

ulations ^2 £(«)}

2r2

_ __ dv2^Tvn/^ J r(n/2)2n/2
2rj

Denote the distribution function of the x2 distribution with n degree of 
freedom by Gn, then the last integrál can be given as

G„(2r2) — Gn(2r2).

Consequently the two variances looked fór can be obtained as

- [Gn(r|) — Gn(r2)] ,

^ = y^g^~g^’
where we made use of the equalities — Gn(r2) = ^2(ri5^2) — 
= Gn(r2) - Gn(r2) expressing the values of integrals in terms of x “is- 
tribution functions.

Somé numerical values of the standard deviations sí and s2 are given 
in Tables 18 and 19. These are in conformity with the computer ex­
periences showing that the estimators #1 and 02 can t>e used up to n — 6 
dimensions generally if we do nőt require too great accuracy (neither 
are the correlations between the individual components too great). I 
we have a correlated case, R / E, the above reasoning can be followed 
exactly the same way employing hyperellipsoids instead of hyperspheres, 
bút the variances will be greater because of the factor | R\ 12 figuring in 
the density function

From the comparison of the numerical values sí and s2 it can be seen 
that in somé cases great decreases (as great as tenfold) can be obtaine 
in the standard deviations if the estimator 0^ is employed instead of oy.

7.4. Importance Sampling

It is an obvious thought to generate the points normally and nőt uni­
formly, in particular we generate points according to the density function
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Table 18
Numerical values of the standard deviation si(ri)

n € 0.01 0.001

2
^2,1 —e 
«l(^2,l-e)

3.03
1.13

3.71
1.56

6
^6,1-e
51(^6,1—e)

4.10
3.37

4.73
5.33

10
^10,1—c
«l(*10.1-e)

4.81
7.27

5.43
13.43

Table 19
Numerical values of the standard deviations si(r2) and «2(’,i>r2)

A(r2) = 0.7 Jl(r2) =0.9

rí 0.03 3.03
r2 1.55 2.14

n=2 «i(r2) 0.24 0.57
S2(ri,r2) 0.26 0.058

rí 4.10 4.10
r2 2.68 4.10

n-6 sita) 0.67 1.52
S2(ri,r2) 0.53 0.15

rj 4.81 4.81
r2 3.43 4.00

n=10 «i(r2) 1.15 2.77
mn.^) 0.67 0.20

p to be integrated. This way the integrál of concern becomes

(7.9) I = ^(x)Mx) d$(x) = /■■■/ d£(x).
D D

Denoting the characteristic function of the integration domain D by /(y), 
that is defining z, ., . ,

J uJ | Q, otherwise

we can write the integrál (7.9) in another form

(7-10) I = p = f...ff(x)d^x), 
Rn

where the notation p was introduced fór the value of the integrál simul- 
taneously. Now assume, that the random vector variables Xi,... ,Xy are 
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normally distributed with density function 9?, then the integrál (7.10) 
can be estimated by the random variable /(x,) or more precisely by the 
arithmetic average of such variables, the random variable

1 N
(7.11) «s=^E/W-

t=l
The realization of this estimator is embodied in the following formai al­

gorithm.

NP3 Normál probability by importance sampling 
(“acceptance-rejection”)

1. Generate the vectors x„ i = 1,.. •, N according to the density function 
tp and initialize í «— 0, s <— 0.

2. Increase the index i i + 1. If i > then go to Step 3. If x, < n 
then add s <— s + 1. Repeat this step from the beginnmg.

3. Deliver the value s ♦- s/N as an approximation to the value p.

This algorithm is called acceptance rejection algorithm, too, since the 
evaluation of the function value /(x,) is equivalent to examinmg the re- 
lation Xí € D (or in a little different form x, < h), which expresses that 
the generated vector falls intő domain D. Bút the resemblance is only 
superficial. Algorithm NP3 is similar to the acceptance-rejection algo­
rithm described in the previous chapter (in Section 6.5) only formai y, m 
essence the evaluation of the integrál (7.3) by the estimator (7.11) is an 
importance sampling procedure.

The random variable is binomially distributed with paraméter p, 
since = 1} = P> consequently the standard error of the estimator

#3 is i______
Dtí^-^VW-P)-

Comparing the estimator 63 to the previous estimators 0i and 02 im- 
provement can be noticed in two respects. First the standard devia.ion 
03 = x/p 1 - p) of the random variable /(x,) is always less than 0.5 which 
is nőt the case fór the estimators 0i and 02- What is more as it has een 
remarked 0i and 02 are very sensitive with regard to the value of |A|,i | I
is near to zero, then the variances of 0i and 02 may become quite large, 
whilst the variance D2(03) is nőt dependent on |B|. Second the variance 
of the estimator 03 is independent of the number of dimensions though 
the computational effort required to generate a vector x, is dependent on 
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the value of n. Because of these two good features, lacking other reasons 
(speed, accuracy), fór computing normál probabilities algorithm NP3 is 
used generally and is recommended to use. This algorithm is simple, easy 
to implement (using algorithm VNT fór generating normally distributed 
vectors) and of reasonable speed in most cases.

We remark here that fór probabilities p near to 1 or 0 the standard 
error is substantially smaller than the value 0.5 fór example fór p = 0.99 
we have 0-3 = 0.095.

An expression is needed fór determining the sample size N of the es­
timator in case of a prescribed error e. It can be developed from the 
Chebyshev inequality that has the form

p{|p-»s|Se}Stí*^ri
Ne*

in our case and gives an upper bound fór the probability of the event, 
that the error will be greater than an e in terms of p, N and s. Given 
a reliability level 8 (the right-hand side of the inequality) the required 
sample size is

(7-12) N = PÍL_Plt
8e*

Generally the value of p is nőt known in advence (this is the value to 
be computed) thus a practical approach would require to evaluate an 
approximate value p* by using a small sample size N = 25, say, and 
then in turn this p can be substituted intő (7.12) to obtain a value fór 
N. Assuming the same level 8 of reliability and the same error £ we can 
obtain a smaller sample size if we use the a version of the Chebyshev 
inequality obtained by Bernstein, which is of the form

(7-13) P{|p - 0s| á 2exp ___________ Ne2_________
. 2p<i-p)[‘+

The right-hand side of the inequality is made equal to the reliability 6, 
generally one is satisfied with 8 = 0.05. From (7.13) given e and 8 — the 
sample size can be obtained as

(7.14) N = - * 2p(l - p) [1 + ]11„(0.5«).

£ ^Pí1 ~ PL
Somé numerical values are given here with reliability level 8 = 0.05 

(roughly it means that the error of the result will be less than the pre- 
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seribed £ in 19 cases out of 20): if £ — 0.05 and p — 0.5 then N — 890, 
fór £ = 0.01 and p = 0.5, N = 19,143.

Algorithm NP3 generally yields satisfactory results and its speed can 
alsó be termed adequate. By the aid of NP3 on a médium size and speed 
computer a two digit accurate result can be obtained in a few seconds 
up to n = 20 dimensions. Less accurate results can be evaluated up to 
n = 50 dimensions in longer bút still acceptable length of time.

In special cases, if the probability p is near to 1 or 0, algorithm NP3 
can be restructured and modified in order to yield a faster version. These 
two versions will be dealt with in the remainder of this section and in the 
next section.

In case of small probabilities p the amount of computational w’ork of 
computing the function value /(x,) or in other words testing the inequal- 
ity x,- < h can be decreased by a fair part. The basic idea is that nőt all 
components of the vector x, to be generated will be computed in advance 
and probably they will nőt be needed even later on in all cases. Fór a 
given vector h the generated vector x is nőt in the domain D = {y |y íj h} 
if fór at least one index k the inequality Xk > hk holds. That is if one 
component of the vector x is nőt in D, then the whole vector x is out- 
side of D which means /(x) = 0. Thus the determination of the other 
components is superfluous since all we need is the function value /(x). 
Consequently it is expedient to compute the components of x one by one 
and having determined Xk the test of the inequality Xk > hk should be 
carried out prior to computing the next component. As far as the order 
of the components to be computed is concerned one can obviously see 
that first should come the components that have greater probability of 
being outside of domain D. It means that an order of indices is looked 
fór in case of which the probabilities

P{xk > hk}, *=l,...,n

are presenting a monotone decreasing series; let us denote by ki,..., kn 
that permutation of the indices fór which

P&kt > hki} > P > hki+1} ■

Using this order ki,..., kn fór evaluating components of x it is ensured, 
that the probability of the event, that the first computed component 
will be outside of D is greater or equal the probability of the second 
component’s falling out. The distribution of the one-dimensional random 
variable xt is the marginal distribution of the random vector X, which 
has a multi-dimensional normál density function <p, thus according to 
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a well-known theorem it is a one-dimensional normál distribution with 
expectation 0 and variance 1 fór all indices k. This indicates that the 
looked fór order of the indices can be obtained with the increase of the 
components hk, k = 1,..., n, that is ki,... ,kn is determined by

hkl < hk2 < ... < hkn.

This ordering has to be done only once fór each vector b as a preparation 
and then the components of each generated vector are evaluated according 
to this order. The modification of algorithm NP3 done according to the 
above remarks is given as

NP4 Normál probability, “acceptance-rejection” 
fór small probability

1. Initialize i <— 0, Ni <— 0.

2. Increase the index i ♦- i + 1. If i > N then go to Step 5. Generate y,, 
3 = 1, • • •, n from the standard one-dimensional normál distribution 
and set j ♦— 0.

3. [Compute and test the components of x, one by one.] Increase j +- j+1

if j > n, then go to Step 4. Compute the sum s <- Vq^k^ (here tij 
9=1

is the (i,j) element of the mátrix T, fór which TT' = R). If now 
s > hki then go back to Step 2 (the generated vector is nőt in the 
domain D), otherwise repeat this step from the beginning.

4. [Acceptance, the vector xW is in domain D.] Increase Ni +- Ni + 1 
and go back to Step 2.

5. Deli ver the value s<- Ni/N as an approximation to the integrál I.

The adventage of algorithm NP4 over algorithm NP3 is that, roughly 
speaking, the whole vector x, is to be computed only in pN cases nőt 
in all N cases. In the remaining N - pN cases only several bút at any 
rate nőt all the components are to be determined. Since when generating 
normally distributed vectors the multiplication by mátrix T is the most 
time consuming affair, the execution time is substantially decreased fór 
small values of p. The method is recommended fór p < 0.1.
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7.5. Control variates method

For great probabilities p (near to 1) it seems worthwhile to exactly 
integrate a part of the density function and apply the acceptance-rejec­
tion described in the previous section only to the remaining part of the 
integrand. The basic idea of the algorithm makes use of the fact that 
the integrál of the normál density function over a hyperellipsoid can be 
expressed exactly. We elaborate on this idea. Consider the hyperellip- 
soids given by E = {x|x'R-1x k2} and denote the greatest one inside
domain D by Ec. (The method to be described below works for h > 0 
only.) The constant related to this greatest hyperellipsoid will be denoted 
by kc, that is let

(7. 14) Ee = {x|x'R-1x < k2}, Ec e D

and E £ D if k > kc. Denote the distribution function of the x distribu­
tion with n degree of freedom by Fn, then we can write

f ^(x)dx = Fn(kc)

and this is the part of the integrál that can be expressed explicitly in terms 
of Fn; Fn is a one-dimensional function easily computable numerically. 
Making use of this equation one can obtain

I = fp(x)d(x) = JV(x)d(x)+ / ^(x)d(x) = 
D Ec & —

= Fn(kc)+ ffD-Ee(y) d^(y),
Rn

where /p-p^y) is the characteristic function of the domain D - Ec, that

fü-E (y) = ( y e 7 
c 10 otherwise.

The estimator of I corresponding to this decomposition is

1 N
(7. 15) e5 = Fn{k) + -^fD-EÁyil

ív — t=l
where y,, i = are samples from the normál distribution with
density p subject to the condition y,; € D - Ec. Such vectors can easily 
be produced by the multidimensional polar method only a modification 
should be inserted intő the vector generating algorithm VNP restricting 
the “length” of the vector be greater than kc. The formai algorithm can 
now be described in full details.
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NP5 Normál probability, “acceptance-rejection” 
fór great probability

1. Set Ni «— 0 and : «— 0.
2. Increase í «— t + 1, if í > N then go to Step 4. Generate a sample k 

from the x distribution with n degree of freedom, fór which k > kc. 
(It could be done by generating u uniformly between [F~1(kc), 1] and 
taking k <— F~1(u).)

3. Generate a vector x which is uniformly distributed with respect to the 
volume of the ellipsoid E and compute y <— kx. If y € D then increase 
the counter Ni *— Ni + 1. Go back to Step 2.

4. Deliver the value s «— Fn(kc) + Ni/N as an approximation to the 
original probability p.

Generally, if p is near to 1, say p = 0.95 than one can expect less 
computational work using NP5 as compared to NP3. One must further- 
more be aware, that the numerical determination of the hyperellipsoid 
Ec or its constant kc is a separate task, to which seems to be no immedi- 
ate solution. Nevertheless fór the normál distribution with independent 
components one can easily see that kc = min hi.

7.6. Decreasing the number of variables

When describing the one-dimensional versions of the Monté Carlo 
methods we formulated the principle that the role of randomness in sim­
ulational experiences should be decreased since by the same the accuracy 
of the estimator is increased. This principle is applied now in evaluat- 
ing the integrál Z; the integration is carried out according to one of the 
variables — we integrate along a line.

Let x be a normally distributed random vector with density function 
<p, it can be given in the form

x = fcTz,
too, where k is a x distributed random variable with n degree of free­
dom and with distribution function Fn, z is a random vector uniformly 
distributed on the surface

n
Xi = 1 '
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of the unit sphere, k and z are independent of each other and finally T is 
the transformation mátrix fór which TT' = R. Integrál (710) estimated 
by 03 can be decomposed intő the double integrál

(7.16) I = f f(x) d*(x) = f ff(ky) dFn(k) dV(y), 
Rn E, 0

where V(y) is the distribution function of the distribution which is uni­
form with respect to the ellipsoid E = {q|q'R-1q < 1}, Ea denotes the 
surface of the ellipsoid E, Ea = {q|q'R-1q = 1} (or in other words Ea is 
the T transform of the hypersphere’s surface Sa> i.e. Ea = {q|q =
x G S,}). The inner integrál in the double integrál (7.16) — assuming a 
given vector y G Ea — can be expressed by the help of Fn. In particu- 
lar the inner integrál gives the probability of the event that a vector ky 
(with y fixed, k is x distributed with distribution function Fn) falls intő 
the domain D.

Define the function ei(y) fór vectors y on the surface Ea of the hyper- 
ellipsoid E as follows

(7.17) d(y) = U{ky) dFn(k), y G Et.
0

Using this function, integrál (7.16) can be rewritten as

(7.18) 1= //(x)d$(x)= Jei(y)dV(y).
R" E,

Note that the integrál on the right-hand side consists of integration over 
an (n—l)-dimensional surface which is situated in an n-dimensional space, 
thus as compared to the original integrál (7.16) the number of the free 
variables is decreased by one; we have integrated along the line y. Fór 
evaluating the right-hand side of (7.18) the crude Monté Carlo method is 
employed, that is an unbiased estimator of I can be given as

i A
(7-19) ^ = ^£ei(y,)>

•=1

where y,,« = 1,..., N are independent samples with distribution function 
V(y). The formai algorithm corresponding to the estimator 06 is stated 
below.

NP6 Normál probability, integration along a line
1. Initialize í «— 0, s ♦— 0.
2. Increase the index i ♦— i + 1. If i > N, then go to Step 4.
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3. Generate the vector y, according to the distribution function V (i.e. 
uniformly with respect to the volume of the hyperellipsoid E) and add 
s <— s + ei(y,). Go back to Step 2.

4. Deliver the value s «— s/N as an approximation to the value of I.

A bit of explanation here seems to be appropriate. The original integrál

P = f f(x)d$(x)
Rn

gives the probability of the event, that a normally distributed vector x 
falls intő the domain D, that is

P = P{x S h}.

Substituting x = ky we obtain

P = P{fy h} = f P{ky < h|y = x}dV(x) = /e^d^y). 
E» B,

The crucial point of the algorithm is the easy computability of the 
function ej. The generál case will be described in a separate section.

7.7. Antithetic variates technique

We want to construct an estimator in which the arithmetic average of 
negatively correlated random variables is involved. Fór this purpose the 
previous estimator is modified in the following way: the vector —y, 
too, will be used in the estimator besides the vector y, this corresponds to 
the simple symmetrization in one-dimensional problems. Introduce the 
notation

(7-20) ®2(y) = ei(y) + ei(-y)

by the aid of which the new estimator can be given as

1 N 1
=n £

Í=I

The random variables ej(y) and ei(-y) are negatively correlated in fact if 
we assume h = 0. In this special case even the variance of the estimator
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can be evaluated in explicit terms. Since P

P{|e2(y) = o|
I L J

— 1 — 2p, thus we have

p(0-5 - p) 
A

(|«2(y) = °-5) 
I At I

ö2(^)

= 2p and

P(1 ~ P) 
A

7.8. Orthonormalized estimators

We will make use once more of the notion of antithetic variates tech- 
nique by providing points “uniformly” on the hyperellipsoid surface 
Es = {x|x'R-1x — 1}. The procedure to be described can be viewed as 
a multidimensional generalization of the formula (6.31) of the previous 
chapter yielding a multiple symmetrization.

Consider the random mátrix B = (br,...,bn) whose components 
bj,... ,b„ are orthonormalized n-dimensional vectors (that is b(by = 8ij, 
where 8ij = 0, if i / j and 8ij = 1 if i = j) and B is uniformly distribut­
ed on the group of all possible n(n — l)/2 dimensional orthonormalized 
matrices: B is a randomly oriented orthonormalized system of vectors. 
Consider its transform U = TB, the system of vectors U = (ui,... , un), 
u, = Tb, thus obtained is FT"1 orthonormalized, that is utJ?-1Uy = 8ij. 
Apply now the estimator #7 fór each vector u, that is let r be the following 
random variable n

r= £ e2(Ui).
«=1

Generating TV realizations r^, j = 1,...,A of this random variable 
we can give the estimator as their arithmetic average

1 N 
(7-22)

y=i

An orthonormalized system B can be exploited better than that, with 
a little additional work the number n of points on Es can substantially 
be increased. Consider the vectors b,, i = 1,..., n, then we can choose 
k vectors out of them in [ ” ) different ways; denote the result of one of 

\K/
such choices by b,n... ,blA.. Now we construct the vectors

b(s,i) — -7= [sibt l + «2b,2 + ... + s*;b,J , 
yfc
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where s is a sign vector, s, = +1 or s, = -1, j = l,...,k, i is an 
index vector i = (íi,... ,t*). The vectors b(s,i) are of unit length. Fór 
a given fixed set i = («i,...,»*) there are 2*-1 different choices of the 
sign vector s to yield different lines determined by the vectors b(s,i). 
This means that by choosing any k among the vectors of the system B 
and assigning to them all possible different signs we can produce 2i-1Q) 
different directions.

The estimator that arises from applying the estimator #7 fór these 
vectors b(s,i) (or more precisely fór their transforms Tb(s,i)) 

will be denoted by Ok- Formally the estimator Ok can be expressed fór N 
different realizations of the system b^,..., b„ , £ = 1,..., N as follows

Ee2(Tb(s,i)).

The estimator 6% is of course the estimator O\. Note here that the mátrix 
multiplication Tb(s,i) should nőt be computed fór all 2i-1(^) vectors 
bút fór the n basic vectors b,. Fór having computed and stored the 
vectors u, = Tb, the vectors Tb(s,i) appearing in the estimator Ok 
can be obtained by simple addition and subtraction instead of mátrix 
multiplication:

Tb(s,i) = T

This way considerable savings can be made in the computational work of 
evaluating the estimator Ok-

A preliminary version is given below fór evaluating the estimator O2, it 
was chosen as a reasonable compromise between speed and sophistication.

NP7 Normál probability, orthonormalized-2 estimator fór 
distribution function (preliminary version)

1. Set q «— 0, p «— 0.
2. Increase q q + 1. If q > N, then go to Step 5. Generate an 

orthonormalized system of vectors bi,...,bn, compute u, «— Tb,, 
« = 1,..., n and set r «— 0.

3. Compute fór all possible pairs (t,j), i,j = í j and sign

combinations s = ±1 the vectors y(í, j, s) +-----^=(siU,- + s2Uj) and add
v 2

r r + ei(y(í,j»).
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4. Set p <— p + r/ [2n(”)] and go back to Step 2.
5. Deliver the value p «— p/N as the probability I, given by the distribu­

tion function $(h).
More details on the algorithm, including the generations of an or- 

thonormalized system of vectors and the evaluation of function ei will be 
given in subsequent sections.

7.9. Probability of a rectangle

The last algorithm NP7 is fór computing the probability of an infinite 
domain D given as

(7.23) I = $ (h) =] ... f dx.
— oo —oo

The same technique can be applied fór evaluating the probability content 
q of a rectangle Q = {y|a < y < b} given by the integrál

(7.24) J = q= f... dx,

where a and b are given and a < b; the only modification concerns the 
probability content of a line inside Q.

More precisely define ^(x) to be the indicator function of Q, that is 

íx) = / if x G 
' (0, otherwise,

then we can State the following unbiased estimator of q as

1 N
(7.25) =

' «=i
Where x,, » = 1,...,W are independent normál samples with density 
function <p. The formai algorithm is given here

NP8 Normál probability, importance sampling 
(acceptance-rejection) fór a rectangle

1. Generate the vectors x,, t = 1,..., N according to the density function 
and initialize i <— 0, s <— 0.

2. Increase the index í <— í + 1. If i > N, then go to Step 3. If x, a, 
then repeat this step from the beginning. If X, < b then add s <— s +1. 
Repeat this step from the beginning.
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3. Deliver the value s «— s/N as an approximation to the integrál J.

Similarly to the decomposition of I we can write

q = fp(x) dx = / g(x) dí (x) = f Jg(ky) dFn(k) dV(y) =
Q R" E, 0

= f |e3(y)dV(y), 
E, L

where the function e3 was introduced to give the probability content of a 
line with respect to the domain Q, that is

(7.26) e3(y) = f g(ky)dFn(k), y G Es.
rveq

In other words -e3(y) gives the probability of the event that given a line 
ry, and generating a % distributed random variable k with n degree of 
freedom, the vector ky is in Q. (The factor — is needed to obtain prob­
abilities; if the integration in (7.26) was restricted to ry € Q, r > 0, the 
resulting function e^y) would be a probability.) Thus the corresponding 
estimator of q is given by

i=l

where y,, i = 1,..., N are independent realizations of the random vector 
y uniformly distributed with respect to the volume of the hyperellipsoid 
E. So this estimator #io is the counterpart of the estimator 07.

We can develop orthonormalized estimators of probability q simi­
larly to the estimators Ok of the probability p. Below we give the formai 
algorithm in a preliminary version for the estimator which is the esti­
mator arising from application of 01O to all the lines obtained via adding 
up in all possible ways two vectors of an orthonormalized system of vec- 
tors.

NP9 Normál probability, orthonormalized-2 estimator for 
the probability of a rectangle (preliminary version)

1. Initialize £ <— 0, q «— 0.
2. Increase £ «— £+ 1. If£> N then go to Step 5. Generate an orthonor­

malized system of vectors bi,... ,bn, compute u, «— Tbj, t = 1... ,n, 
and set r «— 0.
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3. Compute fór all possible index pairs (t, j), i, j = 1,..., n, i j and the
sign combinations (sí = +1, s2 = +1 or si = +1, s2 = -1) the vectors

y(«,J,si,S2)

4. Set q <— q +

5. Deli ver q «—

-^(siUi,+s2uy) and add r «- r + e3(y(»,j, s2)).
V *

/ $\2/ and go back to Step 2. 

q/N as an estimator of the integrál J.

We would like to note here that similar techniques can obviously be de- 
vised fór any n-dimensional domain to obtain its probability content. The 
practical viability is however restricted by the condition whether one can 
develop a computationally suitable procedure fór computing the proba­
bility content of a line inside that domain or nőt (in our case functions 
e2 and e3).

7.10. Probability content of a line

Here algorithms are developed fór evaluating the probability content 
of a ray or a line, that is how can one obtain function values ei(y), e2(y) 
or e3(y), used in previous estimators.

First consider a simpler case, the probability content of a ray ry, r > 0, 
if we assume in addition, that h > 0. This particular case (h > 0) 
is of special importance in practice and fór this teáson we develop the 
necessary algorithms in detail. Define the function

(7.27) ei+(y) = Jf(ky) dFn(k), y G E„ h > 0,
0

which gives the probability of the event that ky € D = {x|x < b) where 
k is x distributed random variable with n degree of freedom and y is 
given. (The + in the notation ei+ emphasizes the positiveness of h.) It 
can be rewritten as

ei+(y) = Fn(maxr). 
ry < h
r>0

Consider the intersections of the ray ry with the hyperplanes {x|x, = h,}, 
í = 1,... ,n; obviously the first intersection (smallest r) is of interest fór 
us. Thus the argument of the right-hand side function can be obtained 
as (Fig. 36)

min —, if y 0
maxr = y,
ry< h

ri° +oo ify<o.
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Fig. 36. Intersection of the ray ry with 0 = {y < h}

It means that the evaluation of ei+ (y) consists of taking the minimum of 
at most n quotients and evaluating a one-dimensional distribution func­
tion Fn at that point.

The next step is to develop an algorithm fór evaluating the function 

(7-28) e2+(y) = ei+(y) + e1+(-y),

which is the probability content of the line ry, -oo < r < +oo (the 
assumption h > 0 is still needed). Of course this value will be in the 
interval [0,2]. Evaluation of the value e2 4-(y) means determining those 
two constant Ci and C2, fór which ej = min r, c2 = max r. Then e2+(y) = 

ryED ryED
— Fn(-ci) + Fn(C2) since —ci > 0, +C2 0 because of h > 0. The
algorithm proceeds from component to component and is looking fór the 
minimum of hi/yi — s or their maximum dependent on whether hi/yi is 
positive or nőt. The formai algorithm is

S8 Subalgorithm, Computation of the function C2+(y)

1. Set ci ♦— K, C2 «— K and i <— 0 (where A: is a large positive constant, 
K = 1010 say).

2. Increase the index i <— i + 1. If i > n, then go to Step 5. If y, = 0, 
then change y, ♦- 1/K.

3. [Testing the íth component, here the argument max r is computed fór 
ei+(y)-] Set s «— hi/yi, if s < 0 then go to Step 4. If s < ci, then 
change Ci +- s. Go back to Step 2.

4. [Preparing the evaluation of ei+(-y).] If -s < c2, then set C2 ♦-----s. 
Go back to Step 2.

5. Deliver the value s «— Fn(ci) 4- Fn(ci).
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In the case of the orthonormalized estimators there is a great num­
ber of vectors fór which the function e2+ is to be evaluated so it seems 
worthwhile to improve algorithm S8. It will be shown how the divi- 
sion in Step 3 can be avoided at the cost of somé preparations. Fór the 
sake of simplicity this modified function evaluation technique will be de- 
scribed in case of vectors (u, +Uj)/v^ required in course of evaluating the 
estimator Oz-

Simultaneously with computing the vectors u, = Tb, evaluate and 
store the quantities

u>i = ^ > =
n3

where Uij is the jth component of the vector ut. Here we assume that 
hi / 0, otherwise the value of /i, is changed to a small positive value. 
When evaluating e2+ at the point —^=(11, + uy) the following minimum is 

required

(7.29)

h*
-----------  > 0
Uik + ujk

= min < 
k Vik + Vjk > 0

Vik + Vjk

max{v,fc + v>jfc|v,t + vjk > 0} ' K

Of course the minimum can similarly be evaluated fór indices k given
by the condition 7------------r < 0. By this modification fór computing r 

\uik 4~ ujk)
we need only one division instead of n. Straightforward application of 
the algorithm S8 would need n2(n - 1) division in case of estimator O2, 
the above variant would require n2 + 2n(n - 1) = 3n2 - 2n divisions 
(n2 divisions are needed to obtain the values Vij). We do nőt give here 
a formai description of the version of algorithm S8 incorporating the 
modification suggested by (7.29) bút we build it intő the final algorithm 
NP10 of the orthonormalized-2 estimator instead.

Now we turn to the generál case of obtaining the probability content 
of a line inside D, that is we are interested in evaluating the function 

(7.30) e2(y) = C1(y) + ex(-y) = Jf(ky)dFn(k) + +ff(-ky)dFn{k).
0 0
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(Now the assumption on positivity of hi is dropped.) This means deter- 
mining the “entry” and “exit” constants of the line ry respectively, that 
is those values ci and C2, fór which ry € D, if ci < r < C2. The probability 
content e2(y) then can be obtained from the following expression

(7-31) e2(y) =

' Fn(c2) ~ Fn(ci), 
Fn(-Ci) + Fn(c2}, 
Fn(-c2) - Fn(-C1),

if C1,C2 o,
if ci < 0,c2 > 0, 
if Cl < 0, C2 < 0, 
if Cl > C2-

Now we set out to build up an algorithm SE2 to determine ci and c2.
Consider the halfspace Di = {x|z,- < hi}, given by the hyperplane 

Hí = {x|zí = hi}, i = 1,..., n and denote the entry and exit constants 
with regard to y and Di by c^ and c2i respectively, that is ci, and c2i are 
defined as

ry € Di, if ch < r < c2i, : = 1,..., n.
In order to determine c^ and c2i fór a fixed i we have to investigate four 
different cases. Assuming yi / 0 and {D.Ary} is nőt empty and denoting 
s, = hi /yi we have

(i) if hi < 0, yi > 0, then cy = —oo, c2i = s, ,
(ii) if hi < 0, yi < 0, then ch = sí, c2i = +oo,

(iii) if hi > 0, yi > 0, then ci, = — oo, c2,- =
(iv) if hi > 0, yi < 0, then Ci, = s,, C2, = +oo.

n
Since D = Q Di, the line ry is inside D if it is inside all the halfspaces 

t=i
Di, i = 1,... ,n, that is we have to determine the common part of the 
intervals (ch, c2l) setting

ci = max Cl,-, c2 = min c2i. i i
The formai algorithm fór determining the constants ci and c2 may be the 
following

SE2 Subalgorithm, Computation of ci,C2 (ry G D if ci < r < c2)

1. [Preparation.] Set ci ♦-----K, c2 «— K, i ♦— 0 (K = 1010).
2. Increase i «— í + 1. If i > n, then go to Step 9.
3. Compute the ratio s <— hi/yi. If hi > 0, then go to Step 6.
4. [Case (i).] If yi < 0 then go to Step 5, otherwise if c2 > s, then change 

C2 ♦— s. Go to Step 8.
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6. [Case (iii).] If y, < 0, then go to Step 7. If C2 > s, then set C2 <— s. Go 
to Step 8.

7. [Case (iv).] If ci < s then replace ci s.
8. [Testing fór empty intersection.] If ci < c2 then go back to Step 2, 

otherwise set ci «— 0, C2 <— 0.
9. Deliver ci and c2, as entry and exit constants.

The constants ci and C2 computed by this algorithm will be denoted 
as (ci,c2) = FJ2(y,h). This notation will be used to obtain an expression 
fór the probability content of a line in a rectangle.

Consider the function eg defined as

(7.32) e3(y) = fg(ky) dFn(k), y E Es,

where y(x) = 1, if x G Q = {z|a < z < b} fór two fixed vectors a and b. 
Define two related domains Qi = {z|z í b} and Q2 = {x|a S x}, then
we have

Q = Qi n Q2.
The intersection of Qi and the line ry is characterized by the constants 
di and dz fór which ry G Qi if di r d2 holds. Using the notation 
defined after algorithm SE2 we can write

(di,d2) = E2(y,b).

Denote by d$ and d^ the constants, fór which ry E Q2, if dz < r < d± 
holds. The intersection of ry and the domain Q2 is of the same probability 
as the intersection of the line -ry and the domain Qj = {zlz = -a}> 
because of the symmetricity of the two domains and the two lines to the 
origin, and furthermore we have ^(x) — Then we have

(d3, d4) = E2(-y,-a).

The remaining part is similar to the development of e2. In order to 
obtain ci and c2 fór which ry € Q if ci < r < c2, we have to determine 
the common part of the intervals (di, d2) and (dg, d^), that is

Ci = max(di,d3), 
ci = 0,

c2 = min(d2, d4),
C2 = 0,

if ci < c2, 
otherwise.

Finally the probability content of the line ry in the rectangle Q can be
given as

(7.33) es(y) =
Fnfa) ~ Fn(ci), 
Fn(-Ci) + Fn(c2), 
Fn(-Ci) + F^-cz),

if ci > 0, c2 0, 
if ci < 0, c2 > 0, 
if Cl < 0, c2 < 0.
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The formai algorithm for evaluating the function 63 (y) is the following 
one:

S9 Subalgorithm, Probability content of a line in a 
rectangle (function 63(y))

1. Use algorithm SE2 for obtaining (di,^) <— £?2(y,b), 
(^3,d4) *- ^(-y.-a).

2. If ds > dj then change di «— ds. If d^ <— d2, then change d2 <— d4.
3. If di > d2, then deliver s ♦— 0 as the value of es(y).
4. If di < 0, then go to Step 5, otherwise deliver s <— Fn(d2) - Fn(di).
5. If d2 0 then deliver s *— Fn(-di) + Fn(d2), otherwise deliver 

a «- F^-d^ - Fn(-d2).

7.11. A detailed orthonormalized algorithm

Summarizing the details given in Sections 7.8 and 7.10 (especially the 
computation of e2+(y) and the subsequent modification) we describe a 
detailed algorithm suitable for evaluating the O2 estimator in case of 
h > 0. More precisely let

1=1

where ..., are independent realization of the random variable

(u,- are defined by u, = Tk,, B = (bi,... ,bn) is a uniformly distributed 
orthonormalized system). We choose algorithm O2 because on one hand 
it is possible to incorporate all the improvements and on the other hand it 
proved to be successfull in computer experiences (in dimensions n =4-20 
it was of appropriate speed and in dimensions n =20-50 it was the fastest 
one).

As a preparation compute and store the square mátrix W whose ele­
ments are given by wt, = i,j = l,...,n, where is the (íjjth 
element of the transformator mátrix T. As a matter of course in case of 
hi = 0 we replace its value by e ~ 10“10, say
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NP10 Normál probability, orthonormalized-2 estimator
(h > 0 only)

1. Initialize p ♦— 0, q «— 0.
2. [Produce the yth orthonormalized random system B.] Let q «— q + 1, 

if q > N, then go to Step 14. Generate the vectors bt, i = 1,..., n, 
whose components are independent and of standard normál distribu- 

n .
tion. Compute s <- 52 bu> bi bi/>/s and initialize the index i «- 1. 

i=l
3. [Orthonormalize the system B]. Increase í <— t + 1 and evaluate the 

scalar products Xj +— £3 bíkbjk> j = l,-->n- Modify the vector b, 
Jt=i

«-i
(to make it orthogonal to bj,... ,b,_i) setting b, «— b, — 52 xj^j and 

í=i
n

finally normalize it computing s «- 52 bij> b« b«7\A If now * n> 
3=1

then repeat this step from the beginning.

4. Compute the numbers Vij «— 52 wjkbik fór all possible index pairs 
k=l

i,j = 1,... ,n. Initialize i «— 0, s «— 0.
5. [Setting the indices fór producing the vectors b(s,i).] Increase t «— í+1, 

if t > n - 1, then go to Step 13. Set j ♦— i.
6. Increase j «- j + 1, if j > n, then go back to Step 5. Set the initial 

values k <- 0, Ci <- e, c2 «- e, c3 <- e, c4 «- e, where e is a small 
positive value, £ ~ 10-10 say.

7. [Evaluation of the number given in (7.29).] Increase the index of the 
component of current interest k <— k + 1, if k > n, then go to Step 12. 
Compute the values x +— + Vjk and y «— Vik — Vjk-

8. [Computing the minimum of the sums provided their positivity.] If 
x < 0, then go to Step 9. If Ci < x, then change Ci +- x. Go to 
Step 10.

9. [Computing the minimum of the negative sums.] If c2 < -i, then set 
c2 <-x.

10. [Computing the minimum of positive differences.] If y < 0, then go to 
Step 11. If c3 < y, then set c3 «— y. Go back to Step 7.

11. [Computing the minimum of negative differences.] If c4 < -y, then 
change c4 ♦— — y. Go back to Step 7.

12 [The values of the function e2+ are added to the values already evalu- 
ated.] Let s - s + Fn(v^/ci) + Fn(^/c2) + Fn(y/T4) and go back to 
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Step 6 to compute the sum and the difference of two new vectors bt 
and by.

13. Let p ♦— p + s/ (2n(n — 1)) and go back to Step 2 to generate a new 
system B.

14. Deliver the value p <— p/N as an estimator of the distribution function 
value í(h).

From this algorithm one can easily dérivé the algorithms corresponding 
the other estimators Ok. The algorithm of the estimator O3 fór instance 
can be obtained the following way. In Step 7 of algorithm NP10 compute 
the values zj f- vik + vjk + vrk, z2 ♦- vik + vjk - vrk, z3 ♦- vik - vjk - vrk,

«- vik - vjk - vrk (instead of computing x and y) Steps 8 through 11 
should be doubled in order to evaluate eight minimums ci,..., c8 (instead 
of the four ones Ci,...,C4), in Steps 5 and 6 the change of the indices 
b 3 and r should be handled to cover all the terms in the summation 
n-2 n—1 n

EL EL EL > etc- Of course to write the program of a special estimator 
»=1J=«+lr=j+l

different from the above NP10 is worthwhile only in the case, where 
performance of the algorithm (see next section) and repeated use in a 
given dimension justifies doing so.

7.12. Computer experiences

One can express an assessment on the efficiency of the Monté Carlo 
methods, even knowing the dispersion of the relevant estimator, only af- 
ter extensive computer experiences; exceptions to this rule are the most 
simple problems, where the required computational effort can be estimat- 
ed in advance. The variances of the methods described in this chapter 
fór evaluating the multidimensional normál distribution function or the 
probability of a rectangle in case of multinormal density cannot generally 
be determined thus in making a comparison of the available methods we 
have to rely on computer experiences all the more. Taking intő account 
that the behaviour of an algorithm is changing fór each numerical exam- 
ple thus we had to compile a variety of examples possible very different 
from each other. To illustrate the performance of the algorithms somé 
of the numerical results are presented below. Fór one example we give 
the number of the example, the number n of dimensions and the relevant 
exact probability p (details of the numerical examples are given in the 
Appendix).
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First experiences with algorithms fór evaluating distribution function 
values are presented. The estimators considered were the following:
1. Importance sampling estimator 03 (“acceptance-rejection” technique), 

with normally distributed vectors.
2. Integrating along a line, estimator 07, using independent directions, 

given by normál vectors.
3. Estimators Ok of random orthonormalized systems; the algorithms 

used have incorporated all the improvements, that is O2 was exactly 
the algorithm NP10, and all the others were of similar type. Fór each 
example only the datas concerning the run of the best performing 
algorithm is given.

Computer runs on this set of examples were done on a Honeywell 
Bull 66/60 computer of the Central Statistical Office, Budapest. The 
computer is of médium speed, cycle time 1 //sec, the time necessary to 
evaluate a square root is 80 psec.

In Table 20 we gave three characteristics of the above described esti­
mators fór each example (i) a — the sample standard deviation computed 
from the actual sample, that is the standard error, (ii) t — the execution 
time in secs, (iii) eff — the efficiency of the method compared to the es­
timator 03 (see section 6.5): while computing the efficiency the variance 
of the estimator 03 was determined via the theoretically sound formula 
>/p(l - p)/N; this is why fór the first estimator the efficiency is different 
from 1.

Results similar to those presented in Table 20 were obtained in the 
course of computer experimentation with a large number of numerical 
examples. The following conclusions can be drawn:

1. If fór a particular example the probability to be evaluated is near 
to 1, then nőt only the estimator 03 provides a result with smaller 
variance than the result fór examples of médium probability bút alsó 
the increase in efficiency will be greater than fór examples of small 
probability.

2. The best performances can be observed fór algorithms of the orthonor­
malized estimators. In n = 5 dimensions the estimator O2 or O3, in 
n = 10 dimensions O4, in n =15-20 dimensions O2 or O3 whilst in 
n =20-50 dimensions O2 is the fastest.

3. Two digit accurate results can be obtained up to n = 10 dimensions in 
0.1 sec, up to n = 20 dimensions in 1 sec, up to n =50 dimensions in 
10 sec (to obtain three digit accurate results one needs 5 secs, 60 secs 
and 900 secs respectively).
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Table 20

Comparison of estimators in n =4-50 dimensions (sample size N = 100)

Examples
Estimators

acceptance 
rejection

integration 
along a line

orthonorm- 
alized

1. a 0.04 0.018 0.0017
n = 4 t 0.076 0.16 1.0
p = 0.6406 eff 0.9 3.0 55.0 C>2

2. (T 0.0043 0.022 0.0015
n = 5 t 0.096 0.24 2.5
p = 0.2324 eff 0.9 1.4 30.0 O3

3. a 0.050 0.024 0.00021
n = 10 t 0.25 0.40 90.2
p = 0.5830 eff 0.9 2.7 140.0 O4

4. a 0.035 0.015 0.000084
n = 10 t 0.25 0.35 83.8
p = 0.8527 eff 0.1 3.8 518.0 Ö4

5. a 0.027 0.017 0.00046
n = 15 t 0.45 0.69 140.0
p = 0.1105 eff 1.3 2.0 15.0 O3

6. a 0.025 0.010 0.00061
n = 20 t 0.75 0.95 68.3
p = 0.9229 eff 1.0 5.0 20.8 O2

7. a 0.040 0.021 0.0010
n = 20 t 0.76 0.97 69.3
p = 0.704 eff 1.2 3.6 21.1 O2

8. cr 0.049 0.025 0.00091
n = 30 t 1.5 1.7 214.0
p = 0.566 eff 1.0 3.2 21.0 O2

9. (7 0.050 0.024 0.00084
n = 40 t 2.5 2.8 486.0
p = 0.443 eff 1.0 3.6 18.0 O2

10. (7 0.048 0.024 0.00094
n = 50 t 3.7 4.2 914.0
p = 0.365 eff 1.0 3.5 10.2 O2

4. Fór small probabilities (p < 0.1 or even less) the algorithms dealt with 
in Table 20 are nőt very efficient generally. In these cases the variant 
of the acceptance-rejection technique elaborated fór small probabil­
ities (algorithm NP4) can be employed with good results (with the
simultaneous use of the vectors x, and -x,).
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5. Algorithms NP3-NP7 are nőt sensitive for great correlations. The 
Monté Carlo methods presented here proved to be considerably supe- 
rior to all conventional numerical techniques: already in n=4-5 dimen- 
sions they gave a result of comparable precision, in higher dimensions 
the Monté Carlo methods are much better. We would like to em- 
phasize and underline the significance of the evaluation of an n = 50 
dimensional integrál, which in itself cannot be dismissed as an easy 
task.
Finally we made computer runs for six examples, in case of which the 

value of the integrál, the probability p cannot be evaluated theoretically. 
The results of these computer runs are summarized in Table 21, offering 
a challenge to anybody interested (details of the examples are in the 
Appendix).

We would like to mention here, that the computer programs calculat- 
ing distribution function values were written with main concern on the 
speed. The uniform generátor (two shifts and an addition) and the normál 
generátor (the FL5 procedure of Ahrens & Dieter) were machine-coded.

Contrary to this approach when computing the probability of a rectan- 
gle we used only FORTRAN coded subroutines and standard, well-known 
techniques (the uniform generátor was a double precision congruential 
generátor, the method used for producing normally distributed numbers 
was the polar method). Here our main aim was to show that even with 
no special programming knowledge a satisfactory speed can be achieved 
in computing normál probabilities.

Table 21
Computer results for examples with unknown probabilities

Example 
and dimension

Probability Error 

(standard dev)

Esti­
mator

Time

(sec)

Effici- 
ency

11. n=5 0.719411 ±0.000196 O3 40.8 128
12. n=10 0.662662 ±0.000043 O4 1444.0 206
13. n=20 0.492468 ±0.000301 O2 1106.0 18
14. n=5 0.995469 ±0.000016 O3 39.4 455
15. n=10 0.976035 ±0.000008 O4 1389.0 659
16. n=20 0.966064 ±0.000124 Ö2 1084.0 14

The subroutines evaluating the probability q of a rectangle were written 
and run on an IBM 3031 of the Hungárián Academy of Sciences. The 
speed of the computer is similar to that of the Honeywell computer (to 
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illustrate this point we mention that the execution time of a square root 
is 53 psecs, the uniform generátor required 70 psecs, and the polar gen­
erátor 193 psecs). Computer experiences are presented in Table 22 with 
regard to the following two estimators:
1. The importance sampling method fór computing the probability of a 

rectangle, that is algorithm of the estimator
2. The orthonormalized-2 estimator T2 as given by algorithm NP9 where 

the function 63 was evaluated by algorithm S7.

Probabilities of rectangles fór estimators Sg and T2

Table 22

Probability Error

(std. dev.)

Execution 
time 
(sec)

Time fór 
two digits 

(sec)

Effici­
ency

Example 17
n—2 0.0800 0.0272 0.05 0.396 28
Pex =0.02665 0.0212 0.0026 0.21 0.014
Example 18

n=4 0.5000 0.0500 0.10 2.69 130
Pex =0.46044 0.4593 0.0011 1.34 0.018
Example 19

n=6 0.1200 0.0326 0.16 1.77 23
Pex =0.15327 0.1531 0.0014 3.62 0.078
Example 20 0.9600 0.01969 0.31 1.202 40

n=10 0.9782 0.00045 14.6 0.029
Example 21 0.2700 0.0446 0.30 6.04 13

n=10 0.2503 0.0017 14.53 0.44
Example 22 0.18000 0.03861 0.73 10.98 6

n=20 0.13412 0.00135 101.0 1.85

The row entries of Table 22 are the examples (p denotes the exact 
probability, if available) fór each example we have two rows, the first 
gives the results obtained by using estimator dg, the second row contains 
the results from computations using the estimator T2. The column entries 
are consecutively the computed probability, the standard deviation of the 
computed probability (i.e. the error of the result) and the CPU time of 
the computation in seconds. The last bút one column contains the times 
necessary to obtain a two-digit accurate result (its standard deviation 
is 0.01) and the last column shows the efficiency of the orthonormalized 
estimator as compared to the dg estimator. The sample size in these 
computations was N = 100.
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In addition the computation of probabilities in Examples 4 and 6 was 
repeated with sample size N = 4000 and N = 400 respectively yielding 
the results p4 = 0.97865 (deviation 0.0017) and ps = 0.1333 (deviation 
0.00058) respectively.

According to these computer experiences probabilities of rectangles 
with two accurate digits can be evaluated in less than 0.5 sec up to n = 10 
dimensions and in less than 5 sec up to n = 20 dimensions with this 
convenient and easy to implement set of algorithms.

7.13. Notes

The algorithms presented in this chapter were developed by the author 
(see Deák (1978), (1980), (1986)). Another Monté Carlo method, sub- 
stantially different from this approach was presented in Szántai (1975). 
On the comparison of the methods see Deák (1979), Szántai (1986) and 
Gassmann (1986) who applied these techniques fór evaluating conditional 
probabilities.

Descriptions of the multidimensional normál distribution can be found 
in the book of Anderson and Johnson and Kotz. A fást method fór evalu­
ating the two dimensional normál distribution function was published by 
Donelly. The theorem referred to in Section 7.4 (the marginal distribu­
tion of the components of a normally distributed vector is standardized 
normál) can be found in Anderson’s book.
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CHAPTER 8

SIMULATION: EXAMPLES OF APPLICATION

8.1. Introduction

The possible and actual areas of application of simulational computations 
are so broad that they defy description in one single book, let alone a 
chapter. In this chapter we only outline somé of the basic problems 
where Monté Carlo computations were and are used in order to obtain a 
numerical solution, however inaccurate, bút a solution.

Roughly two broad areas of simulational computations can be dis- 
tinguished. One area is that of straightforward numerical calculations, 
where one looks fór one specific result fór a predetermined value, and as 
an answer one gets an approximate result. Generally, fór this kind of 
problem an accurate deterministic solution procedure is available though 
the required computational time or somé other factors tender it imprac- 
tical. The next nine sections present simulational examples of this kind. 
In problems of the other type we do nőt Icok fór one specific answer 
bút we are more interested in the overall behavior of the system, how 
it responds to shifts in parameters, modifications in the structure of the 
system, what are the crucial factors in the system, etc. These types 
of simulational computations are investigated in the latter part of the 
chapter.

First, classical applications are described and analyzed, such as solving 
a large system of linear equations, a differential equation, interpolating 
a function of very many variables, and optimizing a function. One tech- 
nique merits explicit mention. A heuristic approach is elaborated which 
is based on ideas taken from simulating thermodynamical systems; it is 
especially well suited to conducting simulations where a paraméter of the 
goodness of the result is readily available. A great many simulation mod- 
els can be classified as queuing models. A section is devoted to such a 
model, with a sequel, where the very basics of the SIMSCRIPT simula­
tional language are given and a program fór a queuing model is outlined. 
Other practical system simulational models conclude the chapter, where 
ecological and warfare systems, economic and demographic problems are 
considered.
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8.2. System of linear equations

Consider the following system of linear equations:

=011^1 + <212^2 + • • • + Uln^n + ^1,
(8.1) 12 ~a21xl + Ü22x2 + • • • + a2nxn + &2 • • •

Xn —dnlxl + ^n2^2 + • • • + dnnxn + bn,
where given the values ay,...,ann, bi,...,bn the variables Xi,... ,xn are 
to be computed. Making use of the vector notations, it can be comprised 
in the shorter form

(8.2) x = Ax + b,
where Aisannxn mátrix with elements au,... ,ann, x = (xi,... ,xn) 
and b = (bi,...,bn) are vectors of n components, A and b are given and 
x is the vector of unknown quantities. Assume that either the inequality 

n n
52 a?. < 1 or max 52 \aij| < 1 is satisfied. According to a well-known 

'3
result in numerical analysis, this assumption ensures the existence of a 
solution obtainable by the following iterative procedure: let x^0^ be an 
initial solution, then the vectors given by the equations

(8.3) x^Ax^ + b A =1,2,...
converge to a solution x*,x* = Ax* + b of system (8.2), that is, 
lim x^ = x*. Using the x° = b initial solution, the approximate solu- 

k—»oo
tion x^ obtained in the Ath iteration can be expressed as

(8.4) x^ =(E + A + A2 + ... + A*)b,
thus the solution of (8.2) is x* = lim x^ = (E - A)-1b. The »th 

k—»oo
component of the approximate solution x^ in (8.4) is

n n n
x\)—+y^ +y^ r +.. .+

il = l Jl=lí3=l

n n

(8.5) + y^. •. y^ avia;u2 • • • aik-i3k^ík-
jl=l

Since the evaluation of this sum even fór moderate values of k and n 
may cause considerable difficulties in computations, thus the application 
of simulation may become handy. A random variable will be constructed, 
the expected value of which is precisely the expression in (8.5).
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First, we outline the essence of the idea to be applied upon which the 
construction is based. Assume that we are interested in the evaluation 
of the sum S = ct, where c, > 0, i = 1,..., n. Choose a sequence of 

»=1
n

numbers pb ...,pn, fór which p, > 0, i = l,...,n and £ p, = 1 hold; 

that is, let the numbers p,- be the probabilities of a discrete distribution 
with n different values. Define these values by the equations di — Ci/pi, 
* = 1, • • • ,n and subsequently consider the random variable f that takes 
on the value wúth probability p,, i.e.

P{Í = di} = Pi, t = l,2,...,n.
Then we can state the following

Theorem 1. The expected value of the random variable £ is S.

Proof. It can obviously be seen from the definition of the expected 
value since n n

= ^Pidi = ^2cí = S.

»=1 :=1

Thus a Monté Carlo method can be given to evaluate the expected value 
of £, that is, our original sum S. In order to do that we produce N 
realizations fW of the random variable f and taking the arithmetical 
average of the obtained value, the sum

t=i

thus yielded is an unbiased estimator of the sum S. Hence the sum S is 
nőt computed by summing up all the n terms in the sum bút somé terms 
are generated with the corresponding probability and the whole sum S is 
approxunated with the weighted sum of these generated terms. Of course 
it goes without saying that the whole procedure will be computationally 
favourable only in cases where n is a good way greater than N(n >> N), 
say n/N > 10. The variance of the random variable f can be evaluated 
as n

°!(e) = Em? - B’(e) =
•=1 «=1

This suggests the choice of the distribution pi that minimizes c^/pi, 
i — l,...,n, in order to decrease the error in the estimator Sn- Since 
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most probably we do nőt know c? or 52 ci > some knowledge of the be- 
«=1

haviour of the c/s is the only way to improve the choice of the probabil- 
ities pi, i = 1,..., n, in a way that makes the variance as small as 
possible. Fór example, if the sequence ci,C2,... is monotone decreasing, 
then the probabilities pi,P2, • ■ • should behave in the same way.

Let us apply the above described idea of evaluating S to the evaluation 
of the sum (8.5). Consider an n x n mátrix P, the elements Pij of which 
satisfy the conditions

n
\ píj ~1> í = l,...,n,

( i=1
(8.6) Pij >0 if aij ± 0,

Pij =0 if aij — 0.

Here we need n random variables and their distributions, nőt just one 
as in the illustrative example. The numbers dij are defined as

(8.7) dij = | 7^ lf a’> 0)
l0 otherwise.

Similarly to the previous example, in order to evaluate the sum (8.5) 
the individual terms are to be generated with a specific probability; 
the value d^dj^ ... djk_ljkbjk is to be sampled with probability 
p = pij1pj1j2.. -Pjk^kjk- Obviously the generation of the sequence of in­
dices I = (í, ji,... ,jk) with probability p suffices since these indices com- 
pletely determine the value d^ ... djk_1jkbjk to be produced. Thus we can 
restrict our attention to the question: what procedure is computationally 
suitable to generate the set of indices I with probability p?

If index Ji is to be produced with probability pijx, index j2 is to be 
sampled with probability pyjj,..., and index jk is to be sampled with 
probability Pjk_kjk, then the set of indices I is produced with probability 
p = Pij^jj, • • Pjk-ijk- To demonstrate the generation of the sequence of 
indices we will make use of the terminology related to the random walk 
(Markov chains) in a pláne. The discrete random variables fi,..., ^k take 
on the values 1,..., n, if f, = y then we say that the random point in the 
íth moment (step) is in the jth state. The random variables fi,..., ^k 
describe a random walk with k steps visiting n possible States. The 
probability of the event that the random point goes from state r to the 
state s is denoted by pr, and is called the transition probability. This is 
independent of the number of steps that have already been taken, that 

261



is, we have for any í:

(8.8) P™ = P{ft+1 = s|& = r}, r,s = l,...,n.
Then the set of indices I can be considered as a k step random walk, 
during which a random point starts from the state i and ends in State 
jk through the States ji,... From the other side, starting with an 
initial value £o = *, a realization of the random variables £1,..., & (given 
by equations (8.8) and the mátrix P of the transition probabilities) gives 
a feasible sequence of indices I, and the generation of I is done with the 
required probability p = p^. ..pjk_ljk precisely.

Now we summarize the things said up to this point. A component of 
the approximate solution to equation (8.2) can be evaluated by the fol- 
lowing Monté Carlo method. Choose a mátrix P satisfying the conditions 
formulated in (8.6). Besides the index i of the component to be evaluated 
we need the specification of the iteration number k that determines the 
goodness of the approximation, the sample size N that is responsible for 
the error term in the Monté Carlo calculations, and finally we need the 
evaluation of the quantities d^ from (8.7). Afterwards we sample N ran­
dom walks. For the sequence of indices I = (*, Ji,... ,jk) obtained during 
the course of sampling the rth random walk compute the sum (we omit 
index r in the indices of I, though they are dependent on r).

(8.9) S= bi + dih bh + ... + di^ dJlh ... djk_ljk bjk.

The probability of generating this very sum is p — p^ .. ■ Pjk_1jk.
Having accomplished the generation of the N random walks, an ap- 

proximation to the value x) ' is given by the arithmetic average

i N

r=l
In the formai algorithmic description of the method for evaluating the 

estimator, the values n, i, k, N and pij, d^j, i, j = 1,,.., n, are assumed 
to be given.

Al Solving a system of linear equations

1. Set m «— 0, S «— 0.
2. [Initializing.] Set tq <— j, q ♦— 0, Jq i, r ♦— 1, increase the index of

the iteration m «— m + 1 and pút <— bi.
3. [Generation of the sequence of indices /.] Increase the index q <- q+1, 
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sample an index jq from the numbers 1,2,...,n, according to the dis­
crete distribution described by the probabilities Pjg_ti (that is, here 
P{jq = 0 = P;«-i«> » = 1,•••,»)• Compute r <- rdjg_ljg and 

«— + rbjg. If now q = k then go to Step 4, otherwise re-
peat this step from the beginning.

4. [Averaging.] Let S «— S 4- If m < N, then go back to Step 2 fór 
generating one more random walk, otherwise deliver S «— S/N as the 

a) 
required approximation to the value a:) 1.

Theorem 2. The above described algorithm A1 results in an unbiased 
estimator of the sum (8.5).

Proof. The expected value of the sample in (8.9) is 
n n

52 • • • 52 * PijiPjih • • -Pjk-iPjk=
ji=i ík=i 

n n 
= 52 ■ ■ ■ 52 • • -Pá-iá+

Jl = l 3k = l
n n

+ 52 52 ■ Pih • • • Pjk-iík + • • •+
ii=Hk=i

n n ’
+ 52 ■ ’ ' 52 • • ■ ^3k-1^3k^3k ' PijlPjlh ■ • 'Pik-lik =íl = l 3k = l

n n n
— b*+52 + 52 52 ai3ia3ih^32 + • • •+á=l ;'i=lj2=l

n n

■h 52 '' ' 52 ai3ia31h • • ■ a3k-i3k^3kJl = l 3k=l

when one makes use of (8.7). The right-hand side of this equation is the 
same as of (8.5).

8.3. Variants and applications of solving linear equations

In this section somé variants of the basic technique described in the 
previous section will be elaborated upon and adaptation to evaluation of 
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an inverse mátrix and to computations in integrál equations is carried 
out.

A version of the basic method arises when the Markovian chain is 
allowed to have termination. The normalizing constraints £2 Pij — 1, 

* - 1, •••>«, in the construction of the mátrix P are replaced by the 
** n

inequalities £2 Pij = 1. The probability p, = 1 — Pij denotes the 
A=1 j=i

probability of absorption, that is, the random point stops in the tth state 
(the random walk terminates); this can sometimes be conveniently con- 
sidered as an (n + l)st state, from where we have no positive transition 
probabilities. The generation of indices I = {i,ji,...,jk} is to be con- 
ducted in the same way as in the basic version — bút the occurrence of 
an absorption is possible before generating k indices. Another deviation 
from the basic version is that realizations of the sum
(8.10) = », + d,ik^ + ...+ d^,...&

Pj'k
should be generated instead of in (8.9).

A different variant of the basic Algorithm A1 offering better compu- 
tational performance — at least in somé large-scale problems — is the 
following. Basically the method generates a sufficiently iong sequence of 
indices meaning by this that the indices £ = 1,..., n occur at
least once among the indices Ji,..., jr- Let us introduce the notation

Tt = min {k\jk = £}, £=l,...,n,
that is, Tj is the index of the sequence when the random point first hits 
state j. Consider now the sequence », Ji,..., Jr,... )jr+k and the n — at 
least partly — different subsequences:

JTt, • • • íjTt+kt £=l,...,n.
Using these n subsequences we can get an estimation of all the n compo- 
nents of the solution vector x. This is going to be worthile if T+k << nk, 
that is, where very big common portions are in the different subsequences. 
The validity of the procedure is based on the ergodicity of the generated 
index sequence. More formally, the validity can be proved by that prop- 
erty of the random walk indices ji, •.. ,jt,. ■ ■ (which is a homogeneous 
Markov chain) that fór any bounded function f and index set jt,... ,jt+k 
we have

• • • ,jt+k)\jt = •} = Eif^,...
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The formai algorithm can be given the same way as fór the case of the 
basic method.

Finally, if we want to obtain the whole vector x we may use a proba- 
bilistic approach in determining the starting value i. In particular, con- 
sider a probability distribution qi,..., qn, where > 0,í = 1,..., n and 
n

qi = 1. This is the initial distribution of the Markov chain. The deter- 
»=1 . , . . , 
mination of an initial index i will be done by sampling the index i with 
probability qt. Correspondingly, the weight — has to be attached to the 

íj
related term in the summation, that is, we will average the sums

) = — (6j + + ... + diji ... djkljkbjk).

Of course the deterministic approach to determine the whole vector 
x by computing zj, i — l,2,...,n according to Algorithm A1 is alsó 
feasible.

Consider now a mátrix B. We would like to determine the inverse 
mátrix B-1. Denote the columns of B-1 by di,..., dn respectively, then 
WehaV' I =

or ej = B dj, t = 1,... ,n

where ej is the íth unit vector. After introducing the notation A = I -B 
(I is the identity mátrix), we arrive at

d, = (I - B)dj + ej = Adj + ej,
which is of the same shape as the original equation (8.1). It means the 
columns and by the same tokén the elements of the inverse mátrix B-1 
can be determined by the above described Monté Carlo procedure (Algo­
rithm Al).

The application of the Monté Carlo method to solve linear equations 
may be justified only in exceptional cases; fór instance, when one or a few 
crucial elements of the solution (or of the inverse) are required. Otherwise 
the deterministic techniques are to be preferred.

There is, though, an area where analogous ideas — or one may say 
a continuous variant of the basic idea — secure better results than the 
deterministic ones, namely in the case of the solution of integrál equations. 
Consider the integrál transform K given by the equation

KV-íx) = /A(x,y)^(y)dy, 
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where the points x,y are in the two-dimensional domain D.
Define the scalar product of the functions /(x) and ^(x) as 

f /(x)?(x)dx. We assume that all the integrals in the sequel are mean- 
ingful, that is, finite; to assure it the functions are to be L2 integrable, 
that is, e.g. J t/>2(x)dx < 00> ff K2(x,y)dx dy < 00, etc.

Repeatedly applying the transformation K we obtain the fcth iteration 
of with respect to the kernel K(x,y) as

Kk^(x) = fK(x,z)Kk~1t/>(z)dz, fc = 2,3,....

Introduce a probability distribution p(x,y), where f p(x,y)dy = 1 and 
P(x>y) > 0> if #(x,y) 7^ 0, which is actually the density function of the 
transition probabilities of a random walk from the point x to the point 
y. Consider the random walk of k steps Xo,Xi,...,x* and the related 
random variable S, where Xo is fixed and x, is sampled with density 
p(Xí_i,X,)

S = K (x°> x2)...K (x^-i, xk)
p(xo,xi)p(xix2)...p(xfc_i,xfc)

The expected value of this random variable is clearly Kk^(xo) since the 
density of the event of generating the walk Xo,Xi,... ,xk is the product 
that stands in the denominator of the right-hand side.

The formai algorithm will be given fór a slightly more generál version: 
two additional features will be provided. First, assume that the starting 
point Xq is nőt fixed, bút randomly chosen according to somé density 
function q(y),y € D. Second, we will look fór the scalar product of h(x) 
and Kk^(x) (defined as / h(x)Kk^(x)dx) rather than /^^(x). Were 
the functions h^x) and q(y) replaced by the Dirac function we would be 
back to the estimation of Kk^(xo).

The procedure to estimate the scalar product f h(x) Kktp(x)dx is the 
following

A2 Solving an integrál equation
1. [Initialize.] Set i <— 0, S «— 0.
2. Increase index t «— j + 1, if i > N, go to Step 5. Generate a starting 

point Xq in the domain D according to the density function q(y). Set 
m ♦— 0.

3. [Start the generation of the íth random walk.] Increase m «— m + 1 
if m > k, then go to Step 4, otherwise generate the next point xm, 
according to the density function p(xm-i,y) and repeat this step from 
the beginning.
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4. [Averaging.] Compute
s h(i0) £(*^1)  ̂

q(x0) p(x0,xi)p(xi,x2).. .p(xk_i,xfc)

and add S <— S + s. Go back to Step 2.
5. Deliver x<- S/N as an unbiased estimation of the sought after value.

Algorithm A2 and the underlying method can be applied to several 
problems. We outline two possible areas of application. One of them 
is the computation of eigenvalues and eigenfunctions; the other is the 
computation of Fourier coefficients. Consider the integrál equation

í(x) = AJK(x,y)s(y)dy.

We have to make two assumptions: the smallest eigenvalue Ai is positive 
and furthermore the kernel function is symmetric 7<(x,y) = K(y,x) and 
positive definite: / <XX) AV(x)dx > 0 if ^(x) 0, x € D. Then fór any
two functions /(x) > 0 and h(x) > 0,x G D we have

i _ r fh(x)Knf(x)dx
1 /h(x)A'n+1/(x)dx’

Knf&= hm — ----=
n^°° yjf Knf(x)Knf(x)dx 

where gi(x) is the eigenfunction corresponding to Ai. Since both Aj and 
y,(x) are expressed with integrál transforms, their evaluation by A2 is 
straightforward.

We tűm now to the problem of the Fourier coefficients. Consider a 
system of orthonormalized functions t/>i(x),..., V’n(x), that is, 
/ ^i(x)^j(x)dx = Sij. Then the Fourier coefficient cmi of the function 
Kmf(x) with regard to the system {«/),(x}} can be obtained as

cmi = f • Kmf(x)dx
which can be evaluated by Algorithm A2 since it is the scalar product of 
^,(x) and Kmf(x). Having obtained all the coefficients cmj,i = 1,... ,n 
one obtains the expansion of Kmf(x) as

n

Kmf(x)
í=l

which may serve as a suitable approximation to the original function f.
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8.4. A differential equation

A simulation method is described in this section fór solving Dirihlet’s 
problem. The problem can be exposed as follows. Find a function u(x, y) 
of two variables that (í) satisfies the following differential equation 

(8.11) 1^11 + = o,
dx* dy2

inside a given connected domain T and (ii) on the boundary G of the do- 
main T, u(x,y) is equal to a given function y(z,y), that is, 
u(*,y) = 9(xí y) if (x,y) € G. (The notation of u(P), where P is a 
point in T, will alsó be used.)

Usually the accomplishment of this task is done by the following proce­
dure. The domain T is split up with two sets of parallel straight lines that 
are parallel to the coordinate axes; furthermore, the distance between the 
parallel lines is h (Figure 37).

The lattice points (the intersections of the perpendicular lines) thus 
produced will be called interior points or boundary points. A lattice point 
(i/i, yh) is an interior point if all the four neighbouring points, in particular 
the points ((» - l)h,jh), ((: + l)h, jh), (ih, (j - l)h), (ih, (j + l)h) are 
inside the domain T. All the remaining lattice points inside T will be 
called boundary points. Lattice points outside T are of no interest fór 
us now. The second-order derivatives in equation (8.11) will be replaced 
by an approximation to them. One may use, fór example, the following 
formuláé

(8.12)

d2u(x, y) 1
—^2------------^(u(x-h,y) - 2u(x,y) + u(x + h,y)),

d2u(x,y) 1
^2 p (u(x> y~ h)~ 2u(z, y) + u(x,y + h)).

The approximation fór sufficiently small values of h is satisfactory, gen- 
erally; other approximation schemes instead of the ones in (8.12) may be 
applied (bút if more “neighbours” are involved in them in addition to the 
four above-mentioned ones, then the definition of the interior point has 
to be modified correspondingly).

Denote the function value of u(x, y) in the interior point (ih,jh) by Uij 
and by gij in the boundary point (ih, jh). While the value gij equals the 
nearest value of g(x,y), that is, if (x1 ,y') is that point of the boundary 
G that is nearest to the boundary point (ih,jh), then gij = g(x',y'), the 
value of Uij is to be determined, and these values Uij eventually yield
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Fig. 37. Interior (•) points and boundary (x) points in the approximate 
solution of the Dirichlet problem

an approximation to the function u(x, y). By the aid of equations (8.12) 
we can formulate the equality in (8.11) fór every interior lattice point 
and the equations thus obtained provide us a large-scale system of linear 
equations in the unknown Ujj. By solving this system we obtain a set of 
values {u,j} approximating the function u(x,y) looked fór in the lattice 
points. By decreasing the distance h the size of the system may take on 
very large values (halving the distance h means quadrupling the number 
of unknowns) bút on the other hand the solution of the system provides 
us with a better approximation to the function u(x,y).

Fór solving this large-scale linear system the method of determining 
the solution of a system of linear equations (described in the previous 
section) may be deployed. However, there is another Monté Carlo method 
fór solving the differential equation in (8.11) that has the name of “walk 
on circles” and it will subsequently be described and discussed.
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Consider an interior point Pq in the domain T, Po € T,P0 G and 
starting with this point Po construct a sequence of random points 

= Qi,Q2,Qs, ■ ■ • ,Qn- The way of constructing the point Qk from 
the point Qk~\ is as follows (Figure 38).

Draw a circle with radius rk_k (that may be a random variable) around 
the point Qk-i as a centre and furthermore the circle has the property 
that it is completely in the domain T. Choose a point according to the 
uniform distribution on the circle (on the surface of the circle); this will be 
the point Qk. We now prove the following fundamental result concerning 
the function values u(Qk) that will be instrumental in developing the 
Monté Carlo method of solving (8.11).

Theorem. If the function u(z,y) = u(P), (z, y) = P G 7 satisfies the 
Laplace equation

d2u(x,y) _
dx2 dy2
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then for any k and any point sequence Qi,Q2, • • ■ ,Qn produced by the 
above described method we have

E(u(Qfe)) = u(P0), 

that is, the expected value of the function u in every point of the point 
sequence is equal to the value of u in the starting point Pq.

Proof. First, somé notation will be introduced. Denote the density 
function of the radius rk by gjk(r), for which qk(r) = 0 if r < 0 or if r 
is greater than the distance from the point Qk to the nearest point of 
the boundary G; the choice of the density function is in no °ther 
way restricted. The sampling of a uniformly distributed point on the 
circumference of the circle is equivalent to the generálion of an angle ipk 
uniformly in the interval [0,2tt) and the computation of the directional 
unit vector w* = (cos sin ^>k)- The point subsequent to Qk can now 
be written as

Qk+1 = Qk + ^kUk, k=l,2,...,n.
Denote the density function of the point Qk by p*(P), then the expected 
value of interest can be expressed as

E(u(Qk+i)) = E(u(Qk + rkuk)) -
-+-oo2»r 1

(8. 13) = f f f —pk(P)qk(r)u(Qk + ru) d^ dr dP,
TOO

since the density function of is 1/2tt. It is well known from the theory 
of harmonic functions that the equality

(8. 14) + ,u> = u(P)

holds if u is harmonic, that is, satisfies equation (8.11) and 
w = (cos ip, sin V0- Substituting this equality intő (8.13) we easily ob- 
tain +oo

#(u(Qk+i)) = Jf Pk(P)qk(r)u(Qk) dr dP =
T 0

= fPk(P)u(Qk) dP = u(Qk), 
T

since both qk(r) and p*(P) are density functions, thus their integrál is 
equal to 1. Now we repeatedly apply this equation k times to arrive at

E(u(Q*+l)) = E(u(M) = ■ • • = E^Q^) = E^P^) =.u(Po), 

which was the equality looked for, thus the theorem is proved.
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Based on the statement formulated in the theorem, the following simu­
lational method can be developed fór evaluating the value of the function 
u in any point Po € T. Let e be a sufficiently small positive number and 
define the narrow strip Te around the boundary G defined by

Te = {x | d(x,y) < e, x e T, y e G}

where d(x,y) is the Euclidean distance between the points x and y. In 
other words, the domain Ts is a narrow strip in the domain T around 
the boundary G and its “thickness” is e. The sequence of points Qj,..., 
Qi • • is generated until a point Qn falls intő the domain Te (that is 
sufficiently near to the boundary). Denote by Rn the point from G, which 
is the nearest to the point Qn, that is, Rn = argmind(y, Qn). In case

y^G
of sufficiently small value of e the value tt(Qn) will differ from the value 
?(Rn) with a negligible amount only assuming a reasonable smoothness of 
u so we can write the approximate equation ^(Rn) ~ “(Qn). According 
to Theorem — it simultaneously ascertains

p(Rn) ~ u(P0).

By generating N realizations of the point sequence Qn ..., Qn, resulting 
in the values 5(Rn), t = 1,..., N, we can dérivé the approximation

«=1

where Rni is the end point of the sequence near the boundary G, obtained 
in the simulation of the tth point sequence. The right-hand side part of 
the approximate equation is in fact an unbiased estimator of the function 
value u(P0).

In the ensuing formai descriptión of the algorithm we assume that the 
quantities N,E,Tt and Pq that control the solution procedure are given.

A3 Solving a differential equation
1. [Setting initial values.] Set m «— 0, S «— 0.
2. Increase m «— m + 1 and initialize t «— 1, Q-Po.
3. [Generation of the mth point sequence.] Generate u uniformly in [0,1), 

let V’ 2xu and w *— (cos V>, sin t/>). Consider the circles drawn around 
the point Q with radius r and fully inside domain T and denote the 
greatest such radius by tq.
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4. [Determination of the next point.] Set Q «— Q + row. If Q € Te then 
go to Step 5, otherwise go back to Step 3 to continue the generation 
of the point sequence.

5. [Summation of the different realizations.] Let us denote the point of the 
bordér G nearest to the point Q by R and increase the totál obtained 
so far S +— S + ^(R). If m = N then deli ver the value S «— S/N as 
an approximation to the function value u(Po), otherwise go back to 
Step 2 to generate the next sequence of points.

Notice here that the Monté Carlo procedure basically differs from the 
traditional deterministic one: by the simulational method we are able to 
determine the function value at one given point — by generating more 
and more point sequences an increasingly accurate approximation is sup- 
plied. By contrast the deterministic method simultaneously evaluates the 
function values at all of the grid points though at the expense of much 
more computational work. Henceforth if in an actual problem the overall 
shape of the function is to be assessed, then the deterministic approach is 
preferable, bút if one function value (or a small number of function val­
ues, or values in a small neighbourhood) are required, then a simulational 
method (solving the system of linear equations fór one component of the 
solution vector or using the random walk on circles) would be of greater 
help. The methods can actually complement each other: first by the aid 
of the deterministic method function values are approximated on a set of 
grid points produced by a rather coarse lattice, and then simulation is 
used to obtain more accurate approximations in points of interest (e.g. 
near to the maximum of the function).

The Monté Carlo method is nőt free of computational difficulties either. 
The determination of the greatest radius ro, or checking the relation 
Q G Te fór a given e might be quite a job, so a careful consideration of 
methods is advised.

8.5. Interpolation of a function of very many variables

Consider a one-dimensional function g(x), x E [0,1]. The function 
values j(0) and 5(1) in the terminál points are assumed to be known. Fór 
approximating the function g(x) one can use the equation

(8.15) = (l-z)0(O) + o;0(l)
of the linear interpolation (Figure 39).
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Fig. 39. Linear interpolation g(x) to the function g(x) by the values j?(0) and g(l)

Consider now the function /(x) = f(xi,... ,xn) where the number n 
of the variables is very large. Assume that we know (or what is equivalent 
we can easily compute) the function /(x) in the vertices c, of the unit 
cube C = {x|0 < X{ < 1, i = 1,..., n}, that is, the values /(c,) where the 
components c,, of the vector c, may take on the value 0 or 1 are available. 
Our task then becomes to define a good approximation to the function 
value /(x) fór any x € C.

The index set of the 2n vertices c, of the cube C will be denoted by 
I. Alsó the notation st} = Sij(xj,Cij) = (1 — Xj)1'0'!(x^'i, j = 1,... ,n, 
i 6 I will be introduced (here Sij = Xj if cíj = 1 and Sij — 1 - Xj if 
Cij = 0). Then fór approximating the function value /(x) (in corre- 
spondence with equation (8.15)) by linear approximation we will use the 
following formula:

(8-16) /(x) = • . s.n/(cíi,...,c,n).

iei
In the course of evaluating the sum in equation (8.16) one may en- 

counter difficulties because of two reasons. On the one hand, in the case 
of large n the number of the terms to be totalled is prohibitive; on the 
other, the eventual result would probably be quite off the mark due to 
rounding errors. The procedure fór computing the sum that emerges as a 
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matter of course is that we sample somé of the 2n terms according somé 
probability distribution and these will be added up. It is similar to the 
idea that has been employed in evaluating the sum during the calculation 
of an approximate solution to a system of equations.

Define the discrete random variables fy, j = 1,..., n to be independent 
and distributed according to the equations

(8.17) P{^f = 0} = 1 - Xj and P{^ = \} = Xj.

The random vector variable f = (fi,..., fn) takes on the value c,- with 
probability sa • • • since the independence of the components f, implies 
the equation

— C«} — P{£i = ctl> s2 — c»2 ■ • • — c«n} = s«ls«2 • • • stn-

The expected value of the random variable /(f) is just equal to /(x) 
because of (8.16) and it means that an unbiased estimator of the inter- 
polated values of /(x) is

»=1

where fW, í = 1,..., N are the realizations of the random vector variable 
f, given by equations in (8.15). The formai algorithm of computing the 
estimator is the following (the values x and N are given):

A4 Interpoláljon of a function of very many variables
1. [Initialize.] Let í «— 0, S «— 0.
2. [Sampling the íth random vertex.] Increase the index i «— i + 1- If 

í > N, then go to Step 5, otherwise set j «— 0.
3. [Generating the jth component of the íth vertex.] Increase j *- j + 1, 

if j > then 8° to Step 4, otherwise generate u uniformly in interval 
[0,1). If u> Xj, then set c, ♦— 0, otherwise set Cj *— 1. Repeat this 
step from the beginning.

4. [Summing up the function values.] Add up S ♦- S + /(ci, C2,.. •, cn) 
and go back to generate the next term in the sum to Step 2.

5. Deliver the value S ♦— S/N as an approximate value of the linear 
interpolation to the function value /(x).

Take notice that the generálion of a sample from the n-dimensional 
large scale discrete distribution of the random vector f is nőt a very 
simple task. In practical application it might be worthwhile to write a 
machine coded algorithm fór generating the values f(‘).
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8.6. Algorithms of optimization

One of the basic problems in operations research is determining ex­
trémé values of functions. It can be formulated the following way: deter- 
mine a point x* fór which the function /(x) attains its maximum in the 
domain D, that is,

(8.18) x* = argmax/(x).

The domain D is called the set of feasible Solutions and generally it is 
determined by inequalities imposing constraints on the possible values of 
x. If the domain D is the whole n-dimensional space Rn then problem 
(8.18) is called one of unconstrained optimization.

There is a great variety of algorithms developed fór determining the 
optimum /(x*) and an optimál point x*; the theoretical and the practical 
applicability of these methods depends on the properties of the function 
/(x) and the domain D. One may, though, frequently encounter cases 
where our knowledge of the function /(x) is very limited. We can, fór 
example, determine the function value /(x) fór any x € D only. Some- 
times even this function value is imprecise. In these cases, and in somé 
others as well, it is worthwhile to use somé kind of simulational approach 
to obtain x* and /(x’). Here and in the next chapter we describe somé 
of these methods.

Suppose the domain D be bounded; its volume will be denoted by 
V, that is, V = / dx > 0. Generate N uniformly distributed points 

D
Xi, t = in domain D and consider the greatest value among
yi = /(xt) — we assume the computability of /(x) as well. The point 
Xj where the maximum is achieved — Xj = arg max /(x,) will be 

called an approximation to the optimál solution x". Consider De, an e- 
neighbourhood of the point x* fór a given radius e > 0 and DeD, i.e. let 

n
De = íxl 12 (^í - x*)2 < s}, the volume of the neighbourhood De is 

í=l
positive. The probability that a point uniformly distributed in domain D 
will fali intő Dg is Ve/V > 0. It means that having generated a sufficiently 
large number of uniformly distributed points in

D the approximation Xj will be in De, sufficiently near to the optimál 
solution x*. In other words, denoting the point realizing the maximum in 
the case of generating N uniformly distributed points by Xj(N) the point 
sequence Xj(N) will converge to the optimál solution x* with probability 
1 if N —> oo.
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A5 Maximizing a function (crude method)

1. Generate the points x, , í = 1,..., N uniformly in domain D and let j 
be an index fór which the maximum value max,-i..jv/(x,) is attained.

2. Deliver the point xy as an approximation to the optimál solution. If 
we want to have our approximate solution Xy to be in De with a pre- 
assigned e, then we have to repeat the algorithm from the beginning, 
until xy € De is nőt fulfilled.

This algorithm is nőt really more than a possibility and a rather vague 
one to that . The practical application of the above outlined procedure is 
bound to fail in most cases because of several difficulties. Somé of them 
are given below.

(i) The generation of uniformly distributed points in domain D can 
be very troublesome because of its “bad” shape (the acceptance- 
rejection ratio, that is, the efficiency of the generation procedure, 
may be small).

(ii) The domain D compared to domain De with a sufficiently small e 
is very large, then we have a very small probability Ve/V and thus 
the sample size N is to take on a very great value.

(iii) The function /(x) has more, maybe many local maxima, and they 
are very near to the global maximum. In this case the comparison 
between function values or termination of the procedure (sufficiently 
small e) becomes difficult.

(iv) The same problem of comparing the different function values occurs 
when we can get inaccurate function values /(x,) only.

(v) Testing the relation Xy € De may be difficult if possible at all since 
knowledge of De assumes at least somé knowledge of the set of op­
timál values.

The deficiencies of the basic procedure A5 can be remedied in several 
ways. One of the obvious ways of changing the algorithm is changing the 
distribution of random points: the points x,, i — 1,..., N will be gener- 
ated according to a density function h(x) (in the way importance sam­
pling is used) rather than uniformly. An expedient way of determining the 
function h(x) would be to have great values of h(x) near to the optimál 
solution (global maximum) and relatively small values elsewhere. It can 
be achieved by taking a density function h^x) = c^i(x), proportional to 
the function ^i(x) = /(x) + K, where K and c are constants: K is large 
enough to ensure f(x) + K > 0, x e D and c is determined by the require- 
ment 1 = f h^x) dx = f cg^x) d(x). (Of course, the integrál /(x) has 
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to be finite over D.) The points to be generated are even better concen- 
trated around the optimál solution by a suitable scaling we may use; fór 
instance, we may take the density function /i2(x) = C2^2(x) proportional 
to the function j2(x) = exp{/(x)} or the density function 7is(x) = cs^fx) 
obtained from the double exponential function g$(x) = exp{exp{/(x)}}. 
A point generated by density function /i2(x) (or /i3(x)) will fali with 
greater probability intő the domain De than one with density /(x).

Utilization of a well-chosen density function h(x) can tender the solu­
tion of difficulties (i) and (ii) possible. Furthermore, at the same time we 
can get rid of the restriction on the boundedness of the domain D — bút 
we still need the finiteness of integrals / &(x) dx. The problems in this 
variant of the algorithm surface in giving an explicit form of the density 
function h^). Generally the determination of the integrals Jgi(x) dx 
cannot be warranted; in practice one is inclined to use an approximation 
of /(x) in deriving a suitable function <7, (x). In actual optimization work 
this can give a reasonable approach. Still, the question of sampling with 
density function hí (x) remains a problem causing sometimes insurmount- 
able obstacles.

The difficulty listed under (iii) can only be overcome utilizing similar 
methods to those used in deterministic procedures. One can fór instance 
restart the procedure from the very beginning several times, and if we 
arrive in the same neighbourhood we can state more or less safely that it 
is the domain around the absolute maximum we have found.

As far as the problem of inaccurate function values is concerned (prob­
lem (iv)), there is an ample resource of methods developed fór this type 
of problem that will be elaborated in the next section.

Another possible solution procedure fór solving (8.18) is a random 
search technique. The essence of this iterative procedure is that we will 
proceed in the direction where the objective function increases, thus elim- 
inating vast areas where the objective function is small.

Let Xi be the starting point of the algorithm and assume that we 
have already determined the points X2,...,x*. Now we show how we 
can obtain the next point x^+x- Consider the sphere S(xj;,rfc) which is 
drawn around the point Xk with radius and is inside D. Generate 
points yt uniformly on the surface of the sphere S(xk,rk) until we get a 
point y3, satisfying the condition /(y«) > f^k)- Then we proceed from 
the point x*. to the point x^+x = y3 and repeat the random search. If we 
have /(y,) í /(xt) fór each point y,, i = 1,..., N, where N denotes the 
maximum number of points to be generated on the sphere S(xk,rt) then 
the radius of the sphere is decreased by a multiplicator 0 < q < 1, that
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is, we set rk ♦— qr^ and another set of Nk points will be generated on this 
smaller sphere around x^. This procedure of shrinking and proceeding 
spheres will be terminated if the radius rk is small enough: the point x* 
can be considered a local maximum.

A variant of the method may be the following: if a point y 3 has been 
found, where the objective function increased compared to /(x*,), then 
maximization of the objective function is carried out along the halfline 
(or interval) x = x^ + A(y3 — Xfc),A > 0, x G D originating in x*. It 
calls fór obtaining that multiplier A* fór which /(x) is the greatest, that 
is, At = arg maxf(xk + A(ys - Xjt)) and then the next point in the 

iterative procedure will be x^+i = x* + Afc(ys - x^)- This line search 
technique following the direction finding can successfully counterbalance 
the misdeeds of an inadequate choice of the initial radius n especially 
if we couple it with correspondingly changing the radius. That is, if 
A* > rk, then r*+1 should be greater than rk and vice versa. We can 
leave rk unchanged if fór instance l//z < Xk/rk < otherwise the value 
rjb+i = Xk/^ if ^k > rk (or rt+i = pXk, if Xk < rk) may be set, where 
1 < /z is a constant, /z — 2, say.

The main advantage of this and other algorithms that can be built 
along similar reasonings is the great number of arbitrarily adjustable 
parameters — and it proves to be its main drawback — the starting point 
Xi, the initial radius n, the number of the points Nk to be generated in 
the fcth step, the multiplicator q fór decreasing the radius and the quantity 
e serving as terminating criterion. If the structure of the problem is 
known or the previous experimentation has already given an insight intő 
the solution (fór example, we have a starting point xi that is known to be 
nearly optimál), then by a good choice of parameters we can obtain good 
results, in very few iterations, otherwise in generál there is nőt much that 
can be said about the speed of convergence. Convergence with probability 
1 is ensured by assuming very mild conditions.

It is highly advisable to determine the number of the possible iterations 
M in advance in order to make available the Interactive option so that 
the user can see the progress of optimization and modify the parameters 
whenever it seems proper, that is, if the domain of feasible solution is nőt 
bounded or, compared to r*, is disproportionately large.

Assume that the values of xi, n, q, Nk,e, M are fixed, then the 
formai algorithm fór optimization is the following:
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A6 Maximizing a function (random search)
1. Initialize k <— 0, r <— rj.
2. Increase the index k <— k+ 1. If k > M then go to Step 5. Set t <— 1 

and c <—
3. Generate y, uniformly on the surface of the sphere S(iik, r). If /(y,) > 

c then set Xt+x +— y, and go back to Step 2.
4. If t = Nk, then decrease the radius determining r <— qr, and further- 

more if r < e now, then proceed to Step 5, otherwise set i «— 0. If 
i < Nk, then increase the index i «— i + 1 and go back to Step 3 to 
generate another uniformly distributed point.

5. Deliver the point Xk-i as an approximation of the optimál solution.

Since the requirement fór the sphere to be in the feasible domain, that 
is, the condition Sfak, r) c D cannot be checked in a number of cases, 
another little weaker condition should then be examined: in Step 3, after 
generation of yj one should check whether y,- is in D (reject and repeat 
the generation if no).

The line search can be inserted intő Step 3: the expression X£+x ♦— y, 
should be replaced by x*,+x <— x*; + A^y,- - x*), where A* is given by

A* = arg max /(x* + A(y, - xfc)).
xt+A(y,—xj. )6O

In practice simulational procedures are used alternatively with deter- 
ministic ones. Generally, simulational algorithms yield a solution near 
to the optimum fást enough — this may be checked by measuring the 
distance between consecutive points x*, x^+j ,... by somé measure (e.g. 

n
Euclidean £2(xjt, — x^x,,)2) — and then a deterministic fást (e.g. quad- 

í=l
ratically convergent) procedure is applied.

8.7. Stochastic quasi-gradient algorithms

A procedure fór evaluating an approximation of an optimization prob- 
lem will be described, that may be used in case of random nőise as well; 
that is, if the computation of the function value or the gradient of the 
objective function, or both, cannot be done accurately.

Consider the problem of convex optimization, that is, minimization of 
a convex function /(x) over a convex domain D, given as follows:
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(8.19)
min/(x), 
5i(x) < 0, 

í 0,

where gi(x),... ,gm^) are convex functions. There is a family of iterative 
deterministic optimization procedures, using the gradient /z(x) of the 
objective function /(x) fór solving (8.19). If /(x) and/or /z(x), 
cannot be determined accurately, or the computation to be carried out is 
too laborious, we may rely on stochastic quasi-gradient methods where 
we construct statistical estimates of the function values and the gradient.

Assume we construct a sequence of approximate Solutions xi,..., x* ... 
to problem (8.19) by the aid of the sequence of random variables r)xk and 

k = 1,2,... fór which we have

E{riik|xb ...,xk} = gi(xk) + aik

^Íítlxi,... ,xk} = fx(xk) + b*.

In order to ensure convergence of Xi,... ,Xt we have to assume that the 
sequences and are diminishing in a sense bút nőt too
rapidly. The rigorous theory is developed on the basis of the stochastic 
quasi-Feyer sequences and proves the convergence with probability 1 un­
der mild restrictions. (A sequence of random vectors ■ ■ ■ ,nk^ - ■■ *s 
quasi-Feyer with respect to a set X if fór any x € X we have 
E{||x - rh+ill%,»h,...,nt} < ||x - r^l2 + Sk, k = 0,1,..., where 

oo 112
5k > 0 and ^3 E{ök} < oo. Fór a quasi-Feyer sequence rik, ||x - fj*|| 

k=0
converges with probability 1 fór any x € X, £7{||x - ||2} < C}.

In what follows we describe two specific forms of constructing the ran­
dom variables T)ik and £k, k = 1,2,... and by the same tokén stochastic 
quasi-gradient methods.

Consider problem (8.19). A deterministic method fór obtaining an 
optimál solution is if we start from the initial point Xi G D and proceed 
from x* to x*;+i according to the equation

(8.20) xt+i = II(xt + rkfxM), A: = 1,2,...,
B
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where B C D is a convex compact set and F[(x) is the projection of X to
B

B, rk is the step length. The stochastic variant of this method is given 
by

x*+i=n(x*+f*x*)’ k=1,2,... 
B

(8.21) í?U*|x1,...,x*) = /x(x*) + b^
The validity of this stochastic quasi-gradient method is established in the 
following

Theorem. Assume that /(x) is a convex continuous function, B is 
convex and compact, the length of the gradient is bounded, i.e. 
^{HíilHxi, • • . ,xt} < K and with probability 1 the following conditions 
are satisfied:

OO
^& = °o,
fc=l

OO
(8-22) £^2}<oo,

Jb=l
oo

< oo, 

k=l

then x* = limt-xx, xfc exists and is an optimál solution to problem (8.19) 
with probability 1.

Generally, one of the following two cases takes piacé: (i) the gradient 
/x(x) has an explicit form (one may evaluate it bút only with somé error 
— in this case one can use this noisy gradient), (ii) if the gradient is nőt 
available then one can resort to somé approximation such as

(8-23) tk = ±- + Skei) - f(xk - 6^)]^,
k 4=1

where e, is the »th unit vector. Even here one can allow an error in 
evaluating /(x) provided (k still satisfies (8.21) and (8.22).

The algorithm is simple; the only addition that needs to be made is a 
terminating criterion, which may require that subsequent points xk are 
near enough, i.e. ||x* - xk+i||2 < e should hold fór a small e.
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A7 Stochastic quasi-gradient algorithm

1. Initialize k «— 1.
2. Increase k «— k + 1, compute y> as an estimation of the gradient 

(either by directly computing fx(x) or by the form (8.23)). Evaluate 
Xfc+i = Il(xfc+ fkYk).

B .
3. If ||x* -Xfc+i ||2 < e, then deliver xfc+i as an optimál solution, otherwise 

go back to Step 2.
Sometimes, because of scaling problems or other reasons, the sequence 

{x^} may rapidly oscillate. A variant of the above method will be de- 
scribed next. This method uses a filter that sums up the previous gra- 
dients and the point sequence produced moves intő the slowly changing 
direction thus obtained.

Assume E(ít|xb ... ,xk) = fx(xk) + bfc and Xi G D, furthermore we 
have a direction dj that is at least partially in D. The transition from 
the point xk to xfc+i is described by the following equations:

x*+i = xk + rkdk, fc = l,2,...

dfc+i =
B

The step lengths $k and rk are random variables, fór which we assume 
that 00

(i) E < oo, £ E{r2} < oo,
k=l k=l
oo OO

(ii) E & = °°> E Tk = oo with probability 1,
k=l k=l

(iii) rk/^k —* 0 with probability 1, and
00 00

(iv) E llíkll < oo and £ < oo.
*=1 *=1

Under assumptions (i)-(iv) the point sequence {x*;} converges with 
probability 1 to an optimál solution.

Similarly to algorithm A7, applicability of this method fór practical 
problems depends on the choice of rk, $k, H> B-

Finally, one possibility should be noted. An estimation of the gradient 
can be obtained if we generate sk uniform directions emanating from xk 
and the average of the finite differences computed from these function 
values may serve as £k. The remarkable feature of this idea is that sk is 
independent of n, the number of dimensions.
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8.8. Equation of state calculations and optimization

A heuristic approach is outlined in this section that was originally de- 
vised and used fór calculating the properties of any substance which may 
be considered as a set of individual particles interacting with each other. 
Subsequently it is shown how the same can be applied to dérivé optimál 
or near-optimal Solutions to several classical problems in optimization 
that are nőt prone to be investigated by exact optimization procedures.

Consider a system of particles, each of them having a state character- 
ized by its physical location. There is a potential function dependent on 
the distance of the particles from each other. From the locations of the 
particles through the potential we are able to evaluate the overall energy 
E of the system whatever it may be, dependent on the physical meaning 
of the particles and the potential. The temperature T of the system is 
alsó given. Random perturbations are now simulated in order to move 
the system intő the most likely state. The simulation of a possible change 
in the system is done in the following way. Chose randomly a partiele; 
generate a random displacement of same. (This random displacement 
should be done in correspondence with the properties of the physical sys­
tem, i.e. maybe a uniformly distributed random point in a square, on 
the surface of a sphere, jumping to one of the adjacent unoccupied places 
in a crystalline structure, etc.). The energy of the modified system is 
computed and denoted by E*. If the energy of the system is decreased, 
that is, E > E*, then the change (the random displacement of a partiele) 
is accepted without further investigation. However, the random distur- 
bances will nőt be rejected outright even in other cases, bút with somé 
probability will still be accepted. Boltzmann’s law gives the probability 
of the occurrence of a change in the level of energy by the expression

(8-24) p = exp{ —(E* - E)/kT},

where k is the Boltzmann constant. Thus we generate u uniformly and 
if u < p, then the change is accepted, otherwise the partiele is pút back 
intő its original position.

Repeating many times this procedure of generating random perturba­
tions and accepting or rejecting them will yield a more or less steady state. 
Now decrease the temperature T and repeat the displacement generation- 
acceptance-rejection procedures, using this new lower temperature T*. In 
this case the probability of accepting the same positive change in the lev­
el of energy will be less likely than it was in the case of temperature T
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because of (8.24). Having completed several (or many) consecutive de- 
creases in the temperature, the whole system will be “frozen”, that is, no 
positive change in the energy may be accepted because of the low tem­
perature and there are no more possibilities fór decreasing the energy. 
The system is in a quasi-stable state, where the energy attained a (local) 
minimum.

Tq is a prescribed temperature and AT > 0 will be the amount of the 
decrease in one iteration.

A8 Thermodynamical system stabilization
1. Initialize the state and location of particles, temperature T and com- 

pute energy E.
2. Repeat this step N times. Choose randomly a partiele, generate a 

random displacement and compute the new energy level E*. If E > E*, 
then accept the displacement, otherwise generate u, and if u > p = 
exp{-(E* - E)/kT} then reject, if u < p then accept the displacement.

3. [Termination.] If T < To, then stop the procedure, otherwise set 
T ♦— T - AT and go back to Step 2.

The eriterion fór stopping the simulation may be related to the energy 
level as well, if fór instance the energy level reaches a prescribed value, 
or if there is no decrease in the energy during the last N displacements, 
etc.

The above deseribed idea and algorithm A8 can be applied to many 
problems. The area that springs to mind fór which this application is 
best suited is optimization. The set X of the feasible Solutions will be 
the set of possible states of the system, the energy of the system will 
be the objective function (to be minimized). The temperature T of the 
system will be interpreted as a mobility paraméter of the system, that 
is, a formai paraméter showing the willingness of the system to accept 
changes contradicting the main aim, the minimization. Furthermore, 
there should be a random displacement generátor y — G(x,£) that from 
a state x by somé random numbers £ produces another feasible state 
y. Consecutive applications of the transformation G should result in 
achieving any feasible state with a positive probability, that is, the set 
X should be connected with regard to the transformation G and random 
variable f.

Consider the quadratic assignment problem. Let A and B be two n x n 
matrices and A will be called the distance mátrix and B the connection 
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mátrix. Denote I — {1,2, ...,n}. The quadratic assignment problem 
consists of finding a permutation function t of the index set I fór which 
the function

(8.25)
<ei jei

attains its minimum. The set X of feasible Solutions is any of the permu- 
tations of the indices 1,2,..., n, the objective function (energy) is given in 
(8.25), G(x,£) may be the exchange of two elements in a given permuta­
tion. Since any feasible solution may be produced by repeatedly applying 
the exchange of two elements, thus G(x,£) is appropriate. The change 
in the objective function if i and j are exchanged in a given permutation 
can be worked out as

= E- E* = y < (a]k - aik)(bt^t^ - bt^t(kj)+

kel{i,j}
(8-26) + (akj - aki^bt^i) - bt^t^)+

+ (ajj ~ °n)(^(í)t(.) -
+ (aji ~ aij}(bt(i)t(j) ~ bt(j)t(i^-

May be one point would be needed: how to generate random displace- 
ments. It can be done by uniformly choosing two indices from the actual 
permutation and exchanging them. Now the application of algorithm A8 
fór the quadratic assignment problem is obvious. One more example of 
this type will be mentioned in the last section.

The method looks to be especially suitable fór solving problems with 
more local minima, since there is always a chance the algorithm can jump 
out of a local pit.

8.9. The STABIL stochastic programming model

A stochastic programming model will be described in this section, the 
solution procedure of which requires simulation.

Consider a deterministic optimization problem given by the following 
inequalities:

(8.27)
min /(x) 

bi, i = 1,..., m + M.

In order to ensure solvability we have to assume concavity of the functions 
ff.(x), i = 1,..., m + M and convexity of /(x). If the first m right-hand 
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side values are random variables and nőt deterministic values, then (8.27) 
as a model becomes meaningless. In this case it is better to construct a 
probability constrained model as follows:

min /(x)
(8.28) G(x) = P{9i^ =

<h(x) > b, i = +
where the probability of fulfilment of the random inequalities is required 
to be greater than a prescribed value p (0 < p < 1).

Suppose now that all of the functions /(x), gi(x), i ~ 1, • • • ,m + M 
in (8.28) are linear, the resulting stochastic programming model is then 
called STABIL. We will need the next theorem, that we present without 
proof.

Theorem 1. If the joint distribution of the random variables 
í = 1,..., m is continuous with density exp{-Q(z)}, where Q(z) is con- 
vex, then G(x) is a logarithmic concave function.

We may assume that E{^} = 0, D2^} - 1, since if otherwise, then 
subtracting the expected value from both sides of the inequality 5, (x) &
and dividing the same with the variance, it can be standardized. If the 
joint distribution of the random variables is multidimensional normál, 
that is, its density is of the form

£>(x) = (27r)-’n/2|2?|-1/2exp{-^xfí-1x|

where R is a positive definite symmetric mátrix (the correlation mátrix), 
then it complies with the requirements of Theorem 1. We will assume 
hereinafter that the joint density function of fi,..., is y?(x). It should 
be noted that the gradient of the distribution function <p may be evaluated 
by computing (m - l)-dimensional distribution function values.

Fór solving problem (8.28) we will apply the feasible directions method 
of Zoutendijk. Basically it is an iterative procedure that may be used fór 
solving the problem

min/(x),
(8.29) G(x)£p,

a'x > bi, i 6 I,
where G and f are twice differentiable. Assume that the set of feasible 
solution is nonempty and bounded, furthermore there exist xi an initial 
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solution satisfying the constraints in (8.29) and there is at least one so- 
lution, fór which G(z) > p. An iteration step from x* to x^+i will be 
described in two parts: first we have to find a direction and second we 
optimize along this line. More specifically, the direction finding consists 
of solving the following problem fór the unknowns (x,y):

min y,
G(x*) + VG(x*)(x - xk) + 0y>p,

(8-30) űfX > bi} i e I,
Vf(xk)(x-xk) < y,

where 6 is a positive (generally we choose a small value fór it), fixed 
number. The number of unknowns in (8.30) is n + 1 since it is (x,y). 
An immediate feasible solution can be given as x = xk, y = 0. Having 
solved the direction finding problem, its optimál solution will be denoted 
by (x*> yl)- If y* = 0 then the procedure terminales and xj is optimál 
to (8.29) as well. If y’ ± 0, which in this case means y* < 0, then we may 
proceed to determine the step length and this is done by a line search. 
We need that value Ak of the paraméter A fór which the function value 
f(xk + ^(xk ~ xk)) is the smallest possible, that is,

(8-31) *k = arg min f(xk + A(x* - x*)).

This At helps us to produce the next point in the iteration procedure as 

x*+l = x* + A*(x^ - xfc).
This feasible direction method, under the already posed assumptions 

(linear functions, normál distribution, inner point) can be and will be 
applied to solve (8.29) and the STABIL stochastic programming model.

Theorem 2. Under the above made assumptions the feasible direc- 
tions method either terminates after a finite number of steps, giving an 
optimál solution, or produces a sequence Xi,x2,... converging to an op­
timál solution.

The question of initial solution must nőt be neglected. If we do nőt 
have an initial solution Xi, the same feasible directions method can be 
used to obtain one. More precisely, assume that Zq is a feasible solution 
to the linear constraints and consider the problem

min (p - G(x))
a'x > bi, i € I.
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The feasible directions method can be used to obtain an optimál solution 
of this problem, using zo as initial solution. An optimál solution of this 
problem is a suitable feasible solution Xi (or it will show that there is no 
such if the optimál function value is positive).

Examine in a little more detail the numerical problems in implementing 
the optimization procedure fór the STABIL. Consider the function G(x) 
in (8.28), which is

G(x) = P{c'x £ i = 1,..., m} = f ... f p(z) dz’ 
— oo —oo

that is, the normál distribution function, the computation of which was 
dealt with in Chapter 7 (y,(x) in (8.28) was replaced by a linear function 
to obtain STABIL). Since it cannot be evaluated very precisely, we have 
to devise somé countermeasures against failure. Generally during the op­
timization the function value G(x) will be evaluated with a prescribed 
precision, say 5%. However, computing the step length cannot be done 
this way since we are faced with two kinds of error. Having linear ob- 
jective function the determination of Ajt in (8.31) is basically reduced to 
the computation of the intersection of the ray x*, + A(x£ - XjJ with the 
boundary facets of the domain of feasible Solutions. If the facet is one 
given by a linear constraint, i.e. the facet is a hyperplane, we have only 
straightforward calculations.

The other case of concern fór us is when the surface given by G (x) = p 
is involved. Here in determining A* we may make an error if we choose 
too small At — it will mean that in the next iteration step the algorithm 
would move in the same direction once more, wasting time and comput­
ing effort. The other type of error we may cominit is that we may choose 
too large At, yielding a point outside of the domain of feasible Solutions 
— this bears fatal consequences. Due to inaccuracy in evaluating the 
normál distribution functions, both errors may occur. So a special adap- 
tive stepping algorithm was developed fór obtaining the intersection of 
X* + A(xJ - Xjk) with G(x) = p. The main features are that the nearer we 
are to the borderline, the more accurately will calculations be carried out, 
the smaller will be the steps we take, and we safeguard against leaving 
the domain of feasible Solutions.

One last detail in the implementation is the choice of optimality cri- 
terion. Because of the errors in the function evaluation the procedure 
is whimsical and multiple criteria have to be applied. The criteria that 
the difference between three consecutive Solutions (x£, y£) should be small 
enough in each component proved to be restrictive enough if accompanied 
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by the requirement that the objective function does nőt change greatly 
in these three points.

Actual work carried out using STABIL was done in designing a five 
year plán fór the electricity industry in Hungary. As a very peculiar 
feature of the actual data we mention that the original optimál solution 
of the deterministic problem was of very low (0.09) probability, whilst 
the optimál solution created fór the probability constrained model was of 
probability 0.90. And at the same time the cost function value was almost 
the same. It means that to achieve the same objective we can choose a 
solution with great realiability instead of one with small probability.

8.10. Optimál water level regulation of a laké

A system of stochastic programming models is presented here fór the 
optimál control of a storage level. Each model in this system embraces 
only a few earlier periods and gives a policy of control only fór the next 
or next two periods, bút the time horizon is shifted continuously by one 
in the subsequent model. This idea is known as the rolling horizon.

The laké in consideration is Laké Balaton in the western part of 
Hungary. Monthly random inputs of rain and small rivers will add f, 
to the initial content fo of the laké. We have at our will the decision 
variables z,, indicating the amount of water that is released from the laké 
via a channel in the íth month. Introduce furthermore the notation

& — fo + fi + • • • + ft,

Zk — 21 + 22 + . . . + Zk,

fc = 1,2,...,
k= 1,2,...,

then the actual content ^k — Zk should be between two bounds in order 
to ensure environmental and recreational targets

S fi - Zk í bk, * = 1,2,....

We have a restriction on the amount of water that might be released given
by

0 < Zk S K, k = 1,2,....
We formuláié now a dynamic type decision methodology. In each month 
we take intő account the previous two months and we decide upon the 
release in the next two months, that is, our first model will be

max P{ai < fi - Zi < bi, a2 < g2 - Z2 < 62|fo}-

Out of the optimál solution z[, z2 we accept only z^, we release z[ amount, 
encounter the realization of fi, and formuláié the next model, beginning 
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with the next month, etc. So the fcth model to be solved is

(8.32)
max P{ak $k - zk^ bk, ak+i < fk+i - Zk+i < bk+i\$k-3, £k-2, &-i} 

subject to 0 < zk < K, 0 < zk+i < K, k = 1,2,....
Of course in other actual applications or models the time horizon can be 
extended — both ways — if need be, bút in the Laké Balaton application 
it was completely sufficient to deal with two previous and two forthcoming 
months.

It can be shown — using the same fundamental results on log-con- 
cave measures as in proving the theorems of the previous section — that 
the objective function in (8.32) is a log-concave function of the variables

1 •

Several optimization techniques may be applied to solve problem (8.32) 
though there is a considerable help in studying the probability function: 
in a number of cases optimization can be reduced to simple equation- 
solving. In the actual computation (i) it was assumed that — s are 
normally distributed, (ii) evaluation of the objective function (two-dimen- 
sional normál distribution function) was done by utilizing a reduction for­
mula, where numerical integration was applied. Nevertheless, the method 
fór evaluating the objective function is a Monté Carlo method, if we want 
to keep our method competitive with more months to look ahead than 
two or if the random variables are of a different distribution.

We are especially forced to use simulation if the distribution of & - s 
is nőt analytically given, only samples can be generated with the distri­
bution of interest.

8.11. System simulation

Up to this section we have dealt with problems where one specific an- 
swer was looked fór, a numerical solution to somé mathematical problem: 
computing values of a special function, solving a system of equations or 
optimizing a function. Now we enter an area that may be termed system 
simulation or simulational case studies, where what we are interested in 
is nőt one specific answer bút rather the behaviour of a system.

A typical example of such system simulations is analysis of processes 
in sophisticated systems, where the parts are connected by relations diffi- 
cult to describe analytically. A computerized model of the actual system 
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makes experimentation with it possible and the likely impact of future 
changes in the system can be investigated without actually changing it. It 
is very desirable in cases where the cost of carrying out the actual change 
would be very great (replacing a computer system with another config- 
uration, fór instance, or choosing among several different cár production 
lines, etc.) or experimentation with the system is absolutely impossible 
(the whole economy of a country, the oil markét, acid rain problems). 
There is an immense literature on this subject, part of which is classified 
under the headings of the related areas, economics, ecology, psychology, 
and the engineering Sciences, to name a few.

System simulation involves model creation and simulation. Of course 
the former is subject to all problems and techniques relevant to this field 
of applied mathematics, that is:

(i) First we study the physical system we want to model.
(ii) The most significant components of the system and the main rela- 

tionships and interactions among them are specified; all other char- 
acteristics and components are neglected fór the time being.

(iii) The specified factors and interactions are described by a computer 
program; this yields a computer model of the reality.

(iv) The model is verified comparing its performance to that of the phys­
ical system. The verification is generally done the following way. 
Input data are gathered fór a previous time period, fed intő the 
computer model and the output data of the model are compared 
to the known outcomes of the previous period. If the discrepancy 
between the computer model’s output and the actual outcomes of 
the physical system is small enough in somé sense, then the model 
is considered to represent the physical system reliably.

(v) If the model fails verification then we have to refine the model by 
incorporating more components and interactions or amend the mod­
el by changing the parameters of interactions or the relationships 
among the factors already considered. The modified model is to be 
verified once more (go back to step iv). This kind of tuning up of 
the model may require several iterations and is to be continued until 
the modified model performs satisfactorily.

The computer program may be written in any of the high level lan- 
guages (FORTRAN, Algol, PL1, etc.) occasionally with somé routines in 
machine code or C or in one of the simulational languages (SIMSCRIPT, 
GPSS, SIMULA. CSL, DYNAMO). Simulational languages were devel- 
oped to enhance program writing and performance in system simulation. 
It has been achieved by providing special features in the simulational 
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language, fór example, the “eláss” concept in SIMULA, that make the 
deseription of somé simulational task very simple. The same things may 
be written in other high level languages only in a cumbersome way, if 
at all (consider fór comparison nonstructured FORTRAN). Thus it is 
highly advisable that great system simulational models be developed in 
a simulational language.

8.12. A queuing system

Somé of the most frequently encountered types in system simulation 
are the queuing models. The common feature of these is that somé cus- 
tomers arrive, jóin a queue, wait until they can be served if the server is 
busy, then they are served and eventually depart from the system. The 
behaviour of the system is determined by the specification of the rules 
governing the system: what is the rule (random or deterministic) and the 
frequency of the arrivals, how long does one have to wait in the queue, 
who is served first, etc. The mathematical study of such systems can be 
performed in special cases only, so simulational computations are fully 
justified especially if several queuing systems are combined. Generally 
we are interested in gathering somé statistics on the behaviour of the 
system: what is the average length of the queue, how much time does 
a customer spend in the system, in what percent of the time does the 
length of the queue exceed a given bound, etc. In this section we develop 
a simple queuing model hinting at possible developments and outlining 
an application.

In deseribing the queuing system we will use the terminology of a check­
out counter in a supermarket. First, a customer enters the supermarket. 
Then, after having chosen the article(s) he wants to buy, the customer 
arrives at the checkout, lines up in the queue, waits until he comes up 
to the counter and after being served (made payment, obtained receipt, 
etc.), departs. Basically we will deal with arrival at the counter, waiting 
in the queue and being served — arrival at the supermarket and the time 
spent selecting goods may be combined in one singular time item at this 
point of our investigation and we need only the time of arrival at the 
queue. So this is a single-queue single-server system with an FIFO rule 
(the one First In will be First Out of the queue).

Simulation of the queue should begin with scheduling the arrivals. This 
is best done labeling the 1,2,..., nth customers with their respective ar­
rival times a, and service times s,-, í = 1,2,..., n (the íth customer arrives 
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at the queue at time moment a, and will spend s, time at the counter, 
occupying the server). In accordance with the remark in the previous 
paragraph, we disregard fór now the time í, spent in the supermarket 
before joining the queue. The quantities a, and s, may be deterministic 
values handed down to us by someone or may be samples from a prob­
ability distribution. In the latter case, using standard random number 
generation techniques, we can generate arrival times a, and service times 
Sí, s = 1,... ,n according to this distribution in advance in a separate- 
ly set up part of the computer program. The arrival and service times 
together with the FIFO rule govern the system. In the following formai 
description of the queuing system the variable t denotes the simulation 
clock, x is the cumulative time spent in the system by the customers and 
c is the cumulative waiting time spent in the queue.

A9 Single-server queue

1. [Set up.] Generate arrival times a, and service times s,, : = 1,... ,n.
2. Initialize t«— «i, x «— t, i <— t, c <— 0.
3. [Proceed to the next arrival.] Increase i *— i + 1. If t < a, , then change 

t «— a,.
4. [Accumulation of waiting time.] Let c <— c + t - ai, compute the time 

when the server becomes free t «— t + s,- and sum up the transit time 
x «— x + t - a,. If í < n then go back to Step 3.

5. [Computation of statistics.] Deliver t when the whole system will be- 
come empty, c <— c/n as the average waiting time and x «— x/n as the 
average transit time of a customer.

A bit of explanation is in order here. The first step is self-explanatory. 
When the first customer arrives (Step 2) the server is free so he will 
immediately be served and will occupy the server fór sj time. The next 
arrival is at moment 02, and we have here two possibilities: (i) either the 
server will be free by this time — this occurs if t = sj < 02, (ii) or the 
counter is busy so the second customer has to wait until t = «i.

In the third and fourth steps of Algorithm A9 the distinction is made 
between the cases, and the actual computation is carried out.

In case (i) the system will be empty fór 02 - «i time, so when the 
second customer arrives we are back to the original situation with an 
empty queue, idle server. With the arrival of the second customer, we set 
the simulation clock time t = 02, waiting time t - 02 = 0, and the server 
will be free at time t + §2- In case (ii) the customer waits W2 = t — 
time, adds his own serving time to the simulation clock t = t + «2 to 
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obtain the time when the server will be idle and the overall time spent in 
the system is W2 + 82 = + «2 ~ a2 = * _ a2-

In Step 5 the necessary statistics, of course sometimes much more 
comprehensive than given here, are evaluated.

Several other rules may be used in the queuing models, fór example 
there may be an LIFO (Last In, First Out) or a random choice. We may 
attach priorities to the customers as well. There is a possibility of incor- 
porating frustráted behaviour - customers standing in line may become 
irritated because of lengthy waiting and with a certain probability may 
leave the queue without being served. This probability should increase 
with the lapse of time.

Using several realizations of the above described single-server queue 
with different rules, very intricate situations can be simulated. One ex­
ample is given here. Consider a cold rolling mill, containing two (or more) 
train rolls the input of which is roughly rolled steel spools and the output 
is thin rolled steel spools or sheets of different sizes and qualities. An 
incoming steel spool enters first a heat treatment unit where it stays fór 
several hours, even a couple of days, to be heated up. The duration of 
heat treatment is dependent on the temperature of the incoming spools, 
the weather, and partly on the relatíve location of the spools inside the 
heat treatment unit. A spool will proceed to either of the train rolls, that 
have different technological restrictions as to the spools they can handle 
(sizes, quality, etc.). A spool comes then to one of the three possible 
piece cutters that cut the spool intő sheets or narrower spools which are 
in turn eventually packed intő bundles on one of the wrapping machines. 
During this technological process several queues are formed in front of 
the different servers and the rules governing the queues (greatest possible 
size of the queue, what leaves the queue first, fór which machine does it 
leaves) are greatly different from each other because of the technological 
constraints. Consider, fór example, the transition from the heat treat­
ment unit to the train rolls. The choice of the spool to be processed 
is influenced by several technological restraints alsó, maybe in an even 
greater degree, by a stack of orders to be filled; the orders have different 
priorities, and somé of them can be combined intő one order that can be 
satisfied by processing one single spool.

A perfect device to study the behaviour of the rolling mill, the bottle- 
neck effects and impacts of would-be-facilities, is a simulational model. 
To this aim we need to gather the statistics of the incoming spools, the 
technological constraints (at least the most importance ones) and a sam- 
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ple of the orders to be filled. The final model will consist of about ten 
interconnected and interacting single-server queues.

8.13. A SIMSCRIPT example

The basic features of the simulational language SIMSCRIPT will be 
described and their use examplified on the single-server queue of the pre- 
vious section. The SIMSCRIPT evolved from FORTRAN, uses most of 
its notation, sometimes in a slightly changed form, and has somé addi- 
tional features useful in simulation.

In presenting the system to be simulated we have entities, attributes, 
States of the system, activities, events, and a simulational clock. The 
components of the system are the entities (customers, checkout counter); 
their properties are called the attributes. The State of the system is char- 
acterized by the set of the attributes and the actual relations between the 
entities. Entities are engaged in activities (arrival, being busy) and an 
occurrence of an activity is called an event. An event changes the state of 
the system. The time elapsing in the simulated system is measured by a 
simulational clock] all the events are influenced by the flow of time, so all 
events have to be connected to the simulational clock. The simulational 
clock and the time displayed on it are independent of the reál time. The 
state of the system does nőt change between events, so we can restrict 
ourselves to examining the particular time points when an event takes 
piacé. In our approach the computer program will leap from one event to 
the next — this is called the critical-event approach, used in the previous 
section. (The other possibility of dealing with the lapse of time is the 
time-slicing approach: the simulational time is divided intő small time 
intervals and the system is examined thoroughly in each time interval 
before moving to the next time interval.)

In the SIMSCRIPT language the activities are described by subrou- 
tines called here event routines. In a SIMSCRIPT program five major 
parts are to be distinguished:

(i) In the definition section rules of the queues, system variables: sets, 
temporary or permanent entities and their attributes are specified.

(ii) Fór each event we have to write an event routine that describes 
the effects and interaction of the event on the other entities and 
attributes of the system.

(iii) At the end of the definition part one should piacé a list of event 
routines, distinguishing the exogenous routines (that are influenced 
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by outside variables, i.e. input only) from the endogenous event rou- 
tines (that are scheduled only from event routines within the simu­
lation). An arrival is an endogenous event, whilst the initialization 
procedure is exogenous.

(iv) An initialization section produces the starting value of the system 
variables, at which the simulation model starts its work.

(v) The final part of the program is the exogenous event list, the records 
of which contain an ID number of an exogenous event routine and 
the time when the event routine will be executed.

To describe the queuing system of the previous section four event 
routines are necessary — two exogenous event routines: START, that 
triggers the system and ANALIS, that computes the statistics; and two 
endogenous event routines: ARRIV, scheduling arrivals and DEPART, 
simulating the departure of the consumers.

Somé of the language elements of interest are the following: “CRE- 
ATE entity”, that creates a new element (its opposite is DESTROY, 
that is, freeing the space occupied by the entity). The “CAUSE event” 
instruction starts the event given, inserting it intő its proper piacé in the 
event queue. A frustrated consumer after a long waiting time can be 
removed by the statement CANCEL. The FILE statement is one of the 
most important ones: it makes possible fiiing the entities intő a set, with 
priorities even. The ACCUMULATE statement collects subtotals and 
the COMPUTE statement may be used to obtain statistics of the system 
variables.

The main steps in the endogenous event ARRIV can be outlined as 
follows:

ENDOGENOUS EVENT ARRIV
DESTROY ARRIV
CREATE CUSTR
Produce service time s,
IF CKOUT IS NŐT EMPTY GOTO 1
CREATE DEPART
CAUSE DEPART AT TIME +«,
FILE CUSTR IN CKOUT
GO TO 2

1 ACCUMULATE LQ INTŐ CULQ SINCE LAST
LET LQ = LQ + 1
FILE IN
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2 Generate arrival time a, 
CREATE ARRIV
CAUSE ARRIV AT TIME -s, 
RETURN
END.

The SIMSCRIPT simulational language has an automatic simulation 
clock, that is, the system after executing an event automatically proceeds 
to the event to be executed soonest.

The ARRIV routine executes the following things: destroys the event 
notice bringing it intő action, creates a new customer. If the checkout is 
empty then computes the departure of the customer much in the way of 
algorithm A9 and produces a new arrival. If the checkout is busy then 
the customer is filed intő the queue (upon corresponding specification it 
will be an FIFO fiiing in), and proceeds to the generation of the next ar­
rival. The creating and causing of a new arrival is sustaining the system. 
Meantime necessary statistics are gathered by ACCUMULATE, where 
the length of queue LQ is ad ded to the cumulative length. The gen­
eration of necessary time (fór example s,) can be done by the standard 
random number generátor RAND, using the statement LET S =RAND I 
(MIN,MAX) producing S uniformly between MIN and MAX.

Though this system does nőt look simpler than the FORTRAN pro­
gram, nevertheless it offers a much more flexible way of generalizing and 
expanding it. Possibilities may include cases with more servers, different 
queue rules, combined queues, etc. On the longer run the greater initial 
effort is well worth its price.

8.14. System simulational examples

Somé applications of simulation are sketched in this final section to 
give a glimpse of the areas of possible application.

Consider a ijord that will be investigated as an ecological system with 
emphasis on the pollution of the water. There are several points (towns) 
on the shore where pollution can enter the water through sewers. The 
water content of the fjord is divided intő several imaginary parts, mainly 
according to the physical limitations (depths, lengths, bends) of the fjord. 
The water of the neighbouring parts may be interchanged according to 
specific rules: the speed of change is mainly effected by the tide and the 
wind. A quantitative description of the interchange may be obtained by 
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measuring the salmity of the water. Fresh water enters the fjord sole- 
ly through the outermost part of the fjord that neighbours the open sea. 
The quality of the water is represented by two characteristics: the oxygen 
content in the water and the transparency of the water' The 
the water is a function of several other things: the quantity of the alga 
growing in the water, the quantity of the phosphor and nitrogén impour- 
ing intő the fjord, the temperature of the water, the amount of sunny 
hours, wind speed, tide and the speed of water exchange. Modelling the 
behaviour of the fjord involves the programming of the interactions of 
several components of the system. Such interactions are: cham of food 
(who is eating whom) consisting of different kinds of microbes, algae, 
fishes, etc., the decomposition of organic substances intő somé other ma- 
terials under specific conditions in temperature, salinity, etc., their casual 
relationships, the mechanism of the water exchange, the interrelation ot 
the sunshine and water temperature (plus the transparency and their 
trend of changing with the seasons. The model gives an excellent device 
fór studying the impact of somé unexpected event on the ecology ot the 
fjord, fór instance of a longer windless period, sudden nse in the amoun 
of impouring pollution, change in the composition of the pollution (new 
factory or technology), sharp decrease in the temperature, implemen a- 
tion of a new sewage purification plánt.

Consider the following problem. We are given a system of rivers and 
creeks where many possible sites exist fór building flood preventing ams. 
The problem is one of choosing the sizes of dams large enough to mini- 
mize the probability of flood bút at minimum cost. First, a mathematical 
model of the system of dams is built up and as starting síze of the dams a 
médium value is assigned to each dam. Using random rainfall and other 
input data derived from observations we can simulate several years, an 
by this evaluate an estimate of the probability of flood. Our task is to e 
crease the probability of flood simultaneously decreasing the sizes of the 
dams (the cost of building). The crude technique fór solving the problem 
can be the following iterative procedure. In one iteration the sizes o 
all dams are simultaneously decreased or increased (or may remain un- 
changed) with equal probability with a given quantity (e.g. one-tenth ot 
the average size). The probability of flood in the case of this 
system can be estimated by somé repeated simulations. If the probability 
is decreased then we accept the change in the system, otherwise retam the 
original system. Then the system is randomly perturbed, etc The pro­
cedure is repeated until the probability of flood reaches a predetermined 
level. -Then we can repeat the generation of random disturbances o e 
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dam system with the aim of decreasing the size of the dams (the overall 
cost of construction) with the additional constraint that the probability 
of flood does nőt increase.

The strategy of stabilizing thermodynamical systems can be applied 
here: the energy level is the probability of flood, random changes in the 
sizes of dams are the random displacements of the system, etc.

This kind of simulational computation, which is sometimes called evo- 
lutional strategy (or simulated annealing), is very useful when the state of 
the system can be characterized by one paraméter (energy level or proba­
bility of flood). This strategy can be applied when a rockét’s combustion 
chamber is being planned, a set of parameters in an approximate solution 
of differential equations is to be determined, etc.

A simulational model fór genetic populations with biochemical proper- 
ties can be constructed along the following lines. The population consists 
of a number of single cell individuals, each of them having a single pair of 
chromosomes. At regular intervals sexual mating takes piacé among somé 
individual cells; the natúré of the mating can be random or deterministic, 
governed by somé properties of the cells. Two properties refine the model: 
(i) the biochemistry of the cells is under the control of a set of enzymes 
that in turn are defined by the genotype, and (ii) a cell membráné that 
regulates the flow of the Chemicals intő and out of the cell. The phenotype 
maybe defined as a simple numeric transformation of the genotype, which 
is given as a set of binary digits or, more realistically, the phenotype may 
be a product of interactions among various Chemicals, whose quantities 
and interactions are controlled by the cell enzymes. This gives a time 
dependent natúré to the phenotype. The presence or absence of a partic- 
ular enzyme corresponds to the presence or absence of an alléié. The cells 
are subjected to a birth and death process as well, that is, on the basis of 
their age or ability to survive they may be cancelled from the population 
(either random or deterministic selection rule). The model can be used 
to study the process of selection on the crossover probabilities of a small 
population.

VLSI (that is, very large scale integrated) semiconductor device simu­
lation is widely used in developing new semiconductor technologies. De- 
velopment of a new technology might involve several lithography steps, 
ion implantations, diffusion, annealing and oxidation steps. One can easi- 
ly simulate the whole process in at least a couple of hours having at hand 
a suitable computer model fór imitating the device, contrary to a reál 
experiment that may need a month or months. The suitable computer 
model should consist of device simulation and process simulation as well.

300



Nonlinear partial differential equations are used to descnbe the static and 
dynamic behaviour of carriers in semiconductors; these equations can be 
derived easily from the Boltzmann transport equations. Of course, tor 
solving the partial differential equations one has to implement special 
techniques, involving nonlinear iterations, discretization and sparse má­
trix procedures. .

The descriptional model and stochastic experimentation outlmed m 
the previous four applications may serve as a reliable tool in mvestigat- 
ing many problems. We mention a few more. What is the load distn- 
bution like on a telephoné network geographically and as a function oi 
time? Necessary data include the topography of the network, the tech- 
nical characteristics and the distribution of incoming calls and their re- 
spective service time. What will be the purchasing power of a country in 
the forthcoming years, given somé constraints on the development of the 
economy? The model requires a sample of the population, the birth and 
death rate of each population stratum (white, black, hispanic, etc.), fűi 
details on probabilities of mobility and income possibilities, percentages 
of income spent on specific targets (housing, food, etc.) and the changes 
in percentages.

One can alsó simulate the business policy of concurrent firms using 
models or provide somé training fór military personnel by warfare sim- 
ulations, bút these approaches fali intő a different branch of the simu- 
lational model — what may be called simulational games. The gammg 
approach to solve problems is an educational tool rather than a straig t 
forward simulation. A model is built up with plenty of details, that may 
include stochastic behaviour as well (change in the interest rate or landing 
of paratroopers in an unexpected spot and time). I’hen generally more 
than one player participates in the game, that is, two or more pe°P e 
independently give instructions to the model to be carried out. These 
may be contradictory so a time priority of these instructions is to be 
maintained. The main asset of gaming approach is educational; the par- 
ticipating players may better understand the effect of their decisions on 
the whole system. As examples we mention one on acid ram problems 
and another on production management.

A model may be built fór studying the effect of energy production 
increase on acid rain, if the neighbouring countries have only partial In­
formation on the policies of the other countries — bút of course the 
impact of the decisions in one country is felt outside too. The players are 
the leaders of countries, who are making decisions on increases in energy 
production, oil and coal rates, and investment in pollution abatement.
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A training model fór production managers may enhance their decision 
making abilities. In order to get a realistic model one has to consider 
the materials system, the manpower system, the financial system and the 
Capital equipment system. The materials system, fór instance, may in- 
clude a raw matéria! subsystem, a production subsystem and a finished 
goods subsystem, everywhere plenty of inventory details and technolog- 
ical restrictions. In order to obtain a practical answer fór a decision in 
production (changing a set of tools or switching to a new product) the 
whole system has to be sufficiently detailed.

8.15. Notes

8.1 Readers interested in more applications of simulation may alsó want 
to consult other books, such as Fishman (1979), Knuth (1969), 
Hammersley & Handscomb (1964), Maiséi & Gnugnoli (1972), 
Rubinstein (1981) and Szóból (1981).

8.2 On the method and its applicability consult Hammersley and 
Handscomb (1964) and Rubinstein (1981).

8.3 The application of subsequences was proposed by Rubinstein (1981). 
On the integrál equations see Szóból (1981).

8.4 The matéria! here is mainly from Szóból (1981).
8.5 The idea was presented in Hammersley and Handscomb (1964).
8.6 The methods described here do nőt seem to be attributed to anyone 

in particular, bút are common knowledge.
8.7 We relied here on Ermoliev (1983), who started the research in this 

field and stated the first results (Ermoliev (1969)). The filter tech- 
nique we gave was presented and proved by Ruszczynski (1982).

8.8 The basic method was presented by Metropolis et al. (1953), the 
variant and its application is taken from Burkard and Rendi (1983).

8.9 These results were summarized in Prékopa et al (1980). The theo- 
retical background was developed by Prékopa (1973).

8.10 The model and the computations with numerical data were presented 
in Prékopa & Szántai (1978).

8.11 Interested readers should consult the books in Note 8.1.
8.12 and 8.13 See Maiséi and Gnugnoli (1972) and Wyman (1970). With

regard to the cold rolling mill see Deák (1976).
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8.13 The simulation of a fjord was given in Beyer Madsen (1979). A 
similar study was carried out in the Computer and Automation In- 
stitute HAS with regard to Laké Balaton. A method using stochastic 
programming tools fór a method using stochastic programming tools 
fór optimál determination of the dams’ sites and sizes was present- 
ed by Prékopa et al. (1976). Genetic populations were simulated 
in Rosenberg (1970), semiconductor simulations in Fichtner et al. 
(1983) and Bank et al. (1983). See alsó the paper of Choi (1983). 
Fór gaming approaches seeBabaetal. (1984), Partridge et al. (1984) 
and Hamidi-Noori (1984).
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APPENDICES

Al. The Buffon’s needle problem

Assume that we have a big sheet of paper where parallel straight lines 
are drawn d distance apart. Let a needle of length r, be given; fór the 
sake of simplicity we assume r < d, r > 0. Consider the following random 
experiment. The needle is thrown randomly onto the sheet of paper and 
the question now is what is the probability of the event that the needle 
crossects one of the lines drawn on the paper.

Assume we have a coordinate system positioned in such a way that 
the x axis falls unto one line. The position of the needle is essentially 
determined in this case by two data: the angle <p between the x axis 
and the needle and the y coordinate from the coordinates (xyy) of the 
center of the needle. The x coordinate of the center of the needle is of 
no concern fór us, because the fact of the intersection which is under 
examination does nőt change under a translation, parallel to the x axis, 
thus we can safely assume x = 0. Similarly it can be shown that only the 
cases with 0 < y < d are to be dealt with. The angle cp may change in the 
interval [O,tt). Our assumption about the needle being randomly thrown 
onto the sheet, that is its each and every position is equally probable 
has to be described in mathematical terms, too. This random throw 
can be formulated by assuming that the random variables y and p are 
independent of each other and uniformly distributed in their domain.

Fig. 40. A needle of lenght r thrown onto a 
set of parallel lines d distance apart
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The distance of the needle’s end from the straight line drawn parallel 
to the x axis through the center of the needle is (r/2) sin 92 (see Fig. 40).

Consequently the needle intersects a line on the sheet if one of the 
inequalities _ .

0<y<(r/2)sm9?, 
d- (r/2) sin <p < y < d

is satisfied (see Fig. 41).
Integrating over the domain of the random variables y and 99 we can 

obtain fór instance the probability of the first inequality’s occurrence
(r/2) sin <p

sin <p dtp =
r 

írd’

where is the joint density function of the uniformly distributed random 
variables y and <p. Obviously the probability of the second inequality’s
occurrence is the same, that is the needle thrown onto the paper intersects 

2r
a line with probability —.

na

/

Fig. 41. The probability of the intersecting needle 
determined by (p, y) is proportional to the two 

shaded areas, that are determined by the inequalities

If now this above-described experiment is actually executed N times 
and in M cases the needle intersects a line the relatíve frequency of the 
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intersection can be given as —, and this is an approximation to the 
o- 2r M , . ,

probability —. From the approximate equation — w — an unbiased 

estimator 2rN
"dM

can be derived fór the value of tt.
This experiment can be regarded as a characteristic example of the 

Monté Carlo methods:
(i) we need an approximate value of tt,

(ii) we describe a random experiment in which the expected value of a 
random variable is tt or a function of x,

(iii) actually executing the experiment several times the value of ír can 
be expressed from the function, that yields the approximate value.

A2. Fields and polynornial rings

Consider a set K of numbers, where two operations are defined, one is 
called addition and denoted by +, while the other is called multiplication 
and denoted by o. In other words it means, that fór any two elements a 
and b from the set K (they are nőt necessarily different) a unique element 
of the set K is defined which is denoted by a + b (or a o b respectively). 
We assume the following be true fór these operations.

Assumptions
1. Addition is commutative: a + b = b + a
2. Multiplication is commutative: a o b = b o a.
3. Addition is associative: a + (b + c) = (a + b) + c.
4. Multiplication is associative: a o (b o c) = (a ° b) o c.
5. Multiplication is distributive with respect to addition: a o (6 + c) 

= aot + aoc.
6. There exists a unique operation substraction (addition is unique), that 

is fór any a,b G K we have exactly one element c G K, fór which 
a + c = b.

7. There is a unique zero element 0, that is fór any element o G A we 
have b + 0 = b.

8. There exists an operation division (the unique inverse of multiplica- 
tion), that is fór any a,b G K (bút g / 0) we have exactly one element 
c in the set K, fór which a o c = b holds.
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Definition. The set K with operations + and o is called a field if 
there are more than one element in K and Assumptions 1-8 are satisfied.

When dealing with fields in context to random number generation somé 
more definitions are needed fór fields with a finite number of elements, 
that are called finite fields.

Definition. The number m of the elements in a field K is alsó called 
the order of the field.

Definition. The order of an element b € K is the smallest integer r 
fór which br = 1.

Definition. An element b of the field K of order m is called a primitive 
element if its order is m— 1. (It is actually a generátor of the multiplicative 
cyclic group of K.) Alternatively we can say that b is a primitive element 
if the powers b1, b2,... jb^1 produce all the nonzero elements of K.

In context of random number generation we are looking fór a “suitable” 
primitive element of the congruence classes mód m, that is a multiplier b 
fór the congruence generátor mód m.

Definition. A set R with operations + and o is called a ring 
if Assumptions 1-7 hold.

Examples

1. Consider the set A of rational numbers, it will evidently be a field 
with the usual addition and multiplication. Similarwise the set R of reál 
numbers is alsó a field.

2. Consider now numbers of the form a+by/x, where a, b, x are rational 
numbers and y/x is irrational. Then the set W of the numbers in the 
form a + by/x is a field (x is fixed, a and b are variables). To see this 
we have to examine the assumptions: addition and multiplication can be 
carried out in a usual way, they have the properties of commutativity, 
associativity and distributivity, subtraction can be defined and there is 
a unique null-element, the number 0 + Oy/x. We have to consider the 
division. Let a + by/x and c + dy/x to be two elements of the set W, 
assuming a + by/x / 0, now we have to prove that

c + dy/x 
a + by/x
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is an element of W. This can be seen from the equation
c + dy/x _ (c + dy/x)(a - by/x) _
a + by/x a2 - b2x

ac - bdx + (ad — be) y/x _ ac — bdx ad - be
— a2 - b2x a2 - b2x a2 - b2x

and from the fact that a2 — b2x 0 (otherwise we would have x = a?/b2 — 
= (a/6)2, that is x would be the square of a rational number contrary to 
our original assumptions).

3. Consider the polynomials with reál coefficients. The set of these 
polynomials does nőt constitute a field since division cannot be executed 
among the polynomials always, fór instance 1/® is nőt a polynomial.

4. Up to this point we considered fields with infinitely many elements, 
bút we do have fields with finite number of elements as well. Define the set 
K with two elements only 0 and 1, the addition + and the multiplication 
o is defined by the following tableaus:

+
0
1

1
0
1

0
0
0

0 1
0 1
1 0

o 
ö
1

Proving the fact that the set K is a field is left to the Reader. As a hint 
we note, that fór the substraction 0—1 = 1 and the null element is 0.

5. Consider the set K of the natural numbers l,2,3,...,m — 1 and 
the 0, where m is a prime number, let the addition and multiplication of 
two elements i and j be defined by the relations

i + j (mód m) and i • y(mod m)

respectively. Is the set K a field? Fór the case m = 1 the answer obviously 
no, fór the case m = 2 we are back to Example 4. In the generál case 
(m > 1) Assumptions 1 — 5 are automatically satisfied. The subtraction 
is to be interpreted fór the residue classes c = b - a (mód m), that is 
c = 2- 3 = m- l(mod m), similarwise the in verse of the multiplication

JcTTl I t a • c = b is defined as c = - = ---------(mód m) with a suitable integer k, 
a a

which makes the quotient an integer,
Finite fields are called Galois fields after their discoverer, fór a field K 

with m elements the notation GF(m) is used. (Finite fields with the same 
number of elements are basically the same.) Thus Example 4 presents 
GF(2). If p is a prime then the classes mód p (Example 5) form GF(p). If 
the modulus m is nőt a prime the residue classes mód m do nőt produce 
GF(m) since division is nőt unique. (Consider as an example residue 
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classes mód 4 where 2 • a = 1 mód 4 does nőt hold fór any a mód 4 and 
2 • a = 2 mód 4 holds fór oi = 1 and 02 = 3.)

Example. Consider residue classes mód 7, they give us GF(7), where 
3 is a primitive element with its successive powers being 1,3,2,6,4, 5 
(5 is a primitive element, too). The order of 2 mód 7 is 3 since 21 = 2, 
22 = 4, 23 = 1.

We are now ready to construct a field of polynomials. Let K be a finite 
field with m elements. The polynomial of the form

h(x) = űq + aix + ... + anxn, a, E K, an 0

is called a polynomial of degree n over the field K. If addition and 
multiplication is carried out in the usual way the sum, difference and the 
product of two polynomials of this type will be polynomials over K, too. 
Thus we may have the following

Theorem. The set of polynomials over the field K is the polynomial 
ring over the field K, it is denoted by K(x).

Definition. A polynomial h(x) of degree n in K(x) is called irre- 
ducible if it is nőt the product of two polynomials of lower degree in 
K(z). (Basically an irreducible polynomial plays the same role in K(x) 
as a prime number fór integers.)

Fixing a polynomial f(x) of degree n from K(x) and defining mul­
tiplication of polynomials in K(x) mód /(x) we obtain a finite set of 
polynomials. If /(x) is an irreducible polynomial in K(x) then this finite 
set becomes a finite field denoted by K[x] due to the following

Theorem. If f(x) is irreducible, then every nonzero polynomial h(x) 
of degree n - 1 from K(x) has a unique inverse, that is the polynomial 
g(x) defined by g(x) ■ h(x) = 1 mód f (x) is unique.

Example. Let K be the finite field GF(2) consisting of two elements 
0 and 1 (see previous Example 4). The polynomials

h(x) = ao + aix ... + anxn, a, = 0 or 1, t = 0,1,..., n — 1

form the polynomial ring K(x). Consider now the polynomial /i(x) = 
x3 + x and define the addition and multiplication among the polynomials 
with coefficients 0 and 1 mód fi(x). The multiplication of gi(x) = x2 + 1 
and gi(x) = x2 x + 1 gives

01 (x) • 02 (x) = x2 + 1 mód A(x).
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Since Aí®) = x(x2 + 1) is nőt irreducible, this set of polynomials is nőt a 
field (fór example the equation g^x) • ga(x) = 1 mód /i(x) does nőt have 
a solution fór js(x)).

Take now the polynomial A(^) = x3 + x + 1. Let multiphcatmn now 
be defined mód AW so

pi(x) • g2^} = x2 + x mód

This set of polynomials is a field since A(x) is irreducible in K(x).
Finally we arrive at the important concept of primitive polynomials 

which is given in
Definition. An irreducible polynomial having a primitive element as 

its root is called a primitive polynomial.
Note here that nőt all irreducible polynomials are primitive, fór exam­

ple h(x) = x4 + x3 -I- x2 + x + 1 is irreducible over GF(2) bút it is nőt 
primitive (x, which is a zero of h(x) is nőt a primitive element here). On 
the other side the congruence eláss a mód f (z) containing the polynomia 
x is one of the roots of /(x) trivially since f(a) = f(x) = 0 mód f(x) 
(though x is nőt necessarily a primitive element).

Determining primitive polynomials is nőt an easy computational job, 
bút it can be done in various ways.

If /(x) is a primitive polynomial then x is a primitive element. Using a 
primitive polynomial /(x) of degree n we can produce a polynomial field 
K[x] over the field GF(p) and it has pn - 1 nonzero elements.

Consider the field GF(2) and the generated polynomial field GF(2n) 
associated to the primitive trinomial /(x) = xn + xq + 1. There is a one- 
to-one mapping of the n-tuples of binary digits (x*, x^+i,... ,Xfc+n-i) 
to the polynomials in GF{2n), that can be deseribed as follows. Let the 
polynomials g^x),..., gk+n-i(x) be given by

gk(x) = űo + a^x -|- ... + On-l3" mód f (x) 
3fc+i(x) = g0(x)x mód /(x)
9k+i(x) = gi(x)x = tfoW12 m°d

gk+n-^x) = go^x^1 mód /(x)

the corresponding n-tuple (x*,.. •, is produced as x* = 0k(l)>

-■■Xk+n-l = 9k+n-l(^\
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The inverse reiationship between (n,..., xt+n_i) and the polynomials 
gk(x),... ,gic+n-i(x') can be worked out the following way:

Given a sequence Xk, Xk+1,- • • >Zi+n-i of O’s and l’s the correspond- 
ing polynomials gk(x), • • • ,gk+n-i(x) can be determined from the set of 
equations

^*(1) =xk

9k+n-l ~xk+n-l-
Here determination of gk(x) = űo + + ... + an_ixn_1 is equiva-
lent to evaluating the coefficients üq,. .. ,an-i. It can be done consid- 

n—1
ering ^*(1) = a0 + ... + an-i = 52 = xk, furthermore gk+i(x] =

t=0
n-2

= üqX + űiz2 + ... + an_izn. If an-i = 0 then g*;+1(l) = 53 ai and if 
«=o

an-i = 1 then gk+i(x) = aox + ... + an-2xn~1 + xq + 1 and gk+ i(l) = 
n-2 n-2

= 53 + I +1 = 53 a« mód 2. Thus the following system of equations
í=o t=0emerge

04(1) = = xk
t=0 
n-2

54+1(1) = ^ai= X*+1 

»=0

0 
S4+n-l(l) = = ®4+n-l

»=0 
from which we finally obtain

OO = 2-4+n-l

O1 = Xk+n-2 ~ Xk+n-1

&Í — 2Í4+n—1—i Xk+n—i

On-1 — Xk ~ Xk+1-
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Example. Consider the initial n tuple (1,1,.. .,1), the corresponding 
initial polynomial go(x) = ao + oix + • • ■ + “n-i1” 1 has coefficients

ŰQ — 1, ül — ... — Gn-l — 0, 

thus the initial set of polynomials is

go(x) = 1, gi(x) = x,..., gn-i(x) = x

It can easily be seen that the generation of the next bit xk+n by the 
Tausworthe generátor based on f(x) and given by xt+n = Xk+Xk+q mód 2 
strictly corresponds to the same congruence relation among polynomials 

gk-M = 9k& + 9k+q(x) mod A1)

since we have
gk+n(x) = 9kW + gk(x) • x’ = g,^ + 1) = gkW mód /(x).

The theorems stated here can be found in the authorative guide intő 
the topic of Lidi and Niederreiter (1983) fór example, see alsó MacWilliams 
and Sloane (1981), Collings and Hembree (1986).

A3. The distribution function of the Xn distribution

Let Xn be a X2 distributed random variable with n degree of freedom 
and Fn its distribution function:

Fn(x) = P{Xn < = íM
0

where 1 „
f (y\ = —------ yn/2-1 e~y^2, y > 0, n > 1.

2n/2r(n/2)
The function value Fn(x] can be determined by the aid of the function 

Gn(x) = 1 - Fn(x), fór which we have the following equation

Gn(z) = P{X2 > X) = P{x^i-2
(x/2)”/2-1 e"1/2 

r(n/2)

This recursive equation when applied [n/2] times gives us the function 
Gn(x) as a sum of finite number of terms, where the terms can directly be 
evaluated (the second term on the right-hand side of the last equation) 
or a remainder term. This remainder is either

(i) a distribution function of the x2 distribution with 2 degrees of free­
dom, if the original value n was even, or
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(ii) a distribution function value with 1 degree of freedom if the initial 
value of n was odd.

In case of (i) the remainder takes on the form

while in case of (ii) we have
oo

Gi(x) = P{xl > x} = • í y“1/2 e~v^2 dy = 

that can be rewritten by the aid of distribution function of the standard 
normál distribution as

Gi(x) = 2^(-x/S).

Using these expressions the value of Fn(x) can be evaluated, bút this 
procedure is replaced by an approximate expression, the Wilson-Hilferty 
approximation formula, to be described later, if the degree of freedom n 
is great (if n > 60).

Summarizing all the above mentioned details after somé streamlining 
the following formai algorithm can be obtained to evaluate the distribu­
tion function Fn of the x2 distribution.

S10 Subalgorithm. The F^x} distribution function (y2)
1. If n > 60, then set y <— (z/n)1/3, a ♦— 2/(9n),y ♦- (y - (1 - s))/y/s 

and deliver the probability p «— ^>(y) as the value of Fn(x).
2. Set a <— x/n. If a < a (we can initialize a ~ 10-8 fór instance), then 

set p <— 0 and go to Step 7. If a > 10 then set p ♦— 1.0 and go to 
Step 7.

3. Let c *— y/x, if n is odd then m «— 1, otherwise m +- 0. If m = 1, then 
set t «— c, d«— 1, otherwise t <— z/2, d «— 2.

4. [Start summation.] Let £ ♦— (n - l)/2, s ♦— 0. Repeat fór indices 
i = 1,2,...,£ the following operations a «— a + t, d <— d+2, t *- tx/d.

5. Hm = 1, then set q «— <£(c) and p *— 2(l-g+exp{-r/2}*a/2.5066283) 
and deliver the value p ♦— 1 - p.

6. If m = 0, then evaluate p *— exp(-z/2) ■ (a + 1.0), p ♦— 1 - p.
7. Deliver the value p as the distribution function value Fn(x).
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In less demanding computations approximate procedures are used to 
compute Fn(x), that have somewhat greater error than the above 
Algorithm S10. The best known approximation is that of Fischer:

P{Xn < *} ~ - V2n - 1).

A little bit more accurate is the Wilson-Hilferty approximation formula:

the Fischer formula generally gives two accurate digits while this last 
expression has an error of approximately 10 .

In our algorithms fór evaluating the distribution function of the multi- 
dimensional normál distribution we have to evaluate the distribution func­
tion Hn of the x distribution with n degree of freedom {Hn{x) - Fn(x ) 
holds). To achieve satisfactory speed the following linear interpolation 
technique was employed. First the two constants ej and c2 were deter- 
mined fór which the inequalities

Hn(x) < 10“7, if x < ci,

an Hn(x) > 1 - 10“7, if x > c2
hold, and then the interval [ci, c2] is divided intő 1000 equal parts. The 
function value at these splitting points is stored in an array A with 
1000 components. Any value Hn(x), x & [ci, c2] is determined hencefort 
by using a linear interpolation between the values stored in the vector

SÍI Subalgorithm, Linear interpolation fór Hn(x)

1. If x < ci then let p *— 0 and go to Step 4. If x > c2, then let p «— 1 
and go to Step 4. . .

2. Set y - z - ci and i 4- [104y/(c2 - cx)], where [•] is the integer part 
function. „ iin-4. . ,.x,y - l(c2 _ ci}io

3. Evaluate p <- A(í) + [A(: + 1) - A(t)j , _ cj10-4 ■

4. Deliver the value p.
Finally we give an approximate expression fór evaluating the one-di- 

mensional standard normál distribution function with an error o 
10-6-10~7, this expression may be used in Algorithm S10.
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The formula is

P
1 -p

if x > 0, 
if x 0,

where the probability p is computed from

p — 1 — ^(x) • t • (aj + a2t + a3t2 + 4- <25 • t4),

where the constants űi,...,ű5 and other notations are defined by the 
following equations

t = 1/(1 - 0.2316419|x|), 
^(c) = 0.3989423 exp{-i2/2}, 

ai = 0.3193815, a2 = 0.3565638, a3 = 1.781478, 
a4 = -1.821256, a5 = 1.330274.

A4. Examples with known results and exercises with unknown 
probabilities in evaluating the distribution function of the 

multidimensional normál distribution

The details of examples and exercises used in the computer testing of 
algorithms in Chapter 7 are listed here. In constructing the examples 
we used the following three types of problems (or their combinations): 
two-dimensional correlated distributions, distributions with equal corre- 
lation coefficients and with independent components, fór each of these 
types there is an exact method to evaluate the distribution function val- 
ue or a fást computational method is known, in the independent case the 
probabilities are to be multiplied.

The examples are given by the aid of the following quantities: proba­
bility p, number of dimensions n, integration limit h and the correlation 
coefficients r,y, i = 1,..., n - 1, j = t + 1,..., n. Of course we have 
r,-,- = 1, i = l,...,n and because of the symmetry of the correlation 
mátrix R = r^. Coefficients r^, i / j nőt appearing in the exam­
ples are assumed to be 0; thus the data given fór an example completely 
determine an integrál of form (7.1).

Example 1. p = 0.64064279, n = 4; h = (2.1; 1.2; 0.6; 3.8), 
ri2 = 0.8, r34 = —0.9.

Example 2. p = 0.23241, n = 5, hí = ... = h3 = 0.3, = 0.4,
í = 1,... ,4, j = i + 1,... ,5.

316



Example 3. p = 0.58300606, n = 10, h = (1.7; 0.8; 5.1; 3.2; 2.4; 
1.8; 2.7; 1.5; 1.2; 2.6), n2 = -0.6, r34 = 0.9, r56 = 0.4, 

. r78 = 0-2, rgjo — —0.8.
Example 4. p — 0.85276, n = 10, hí — ... — /íio — 1-5, — 0.9,

i = 0.9, t = 1,... ,9, j = i + 1, • • •, 10.
Example 5. p = 0.11054, n = 15, hí — ... = hj = 0.5,

h = (0.5...0.5; 1.2; 2.7; 1.8; 0.4; 2.4; 0.6; 1.5; 0.9), 
n, = 0.625, i = 1,..,6, j = í + l,...,7, r89 = 0.8, 
fio.n = 0.7, ri2,i3 = —0.8, ri4,i5 = —0.9.

Example 6. p = 0.92295; n = 20; hí — ■ ■ ■ = — 3.1;
h = (3.1... 3.1; 2.8; 3.2; 4.3; 3.8; 2.3; 1.9; 2.6; 2.2; 3.1; 2.3;
2.7; 3.4),

= 0.875, i = 1,...,7, j = : + 1,...,8, r9,io = 0.1, 
Hl,12 = 0.8, ris.u = -0.2, ri5>i6 = 0.5, r17|i8 = 0.4, 
r19,20 = -0.9.

In the following Examples 7-10 the correlation mátrix was the unit 
mátrix (independence of components), the integration limit h was given 
as the first n components of the vector hí1), where

=(2.84; 2.06; 2.64; 3.44; 3.73; 2.55; 2.99; 2.24; 2.16; 2.97; 1.73; 
1.43; 2.39; 2.02; 1.74; 2.51; 2.54; 1.95; 1.66; 2.53; 1.53; 2.34; 2.46; 2.69; 
1.88; 1.99; 2.21; 2.70; 2.88; 1.57; 2.15; 2.31; 2.02; 1.93; 1.55; 3.20; 2.33; 
1.60; 1.77; 3.20; 3.10; 2.37; 1.50; 1.43; 2.84; 3.34; 2.17; 2.21; 3.30; 2.98).

Example 7. p = 0.70443223, n = 20.
Example 8. p = 0.56617742, n = 30.
Example 9. p = 0.44324325, n = 40.
Example 10. p = 0.36586192, n = 50.

The six examples with unknown probabilities are described next. The 
correlation mátrix was the left upper n X n part of the mátrix R 1 (R , 
resp.), and the integration limit was given by the first n components of 
the vector hí2) (hí3) resp.).

Example 11. n = 5, hí2), RÍ1) 
Example 12. n = 10, hí2), RÍ1) 
Example 13. n = 20, hí2), RÍ1) 
Example 14. n = 5, hí3), RÍ2) 
Example 15. n = 10, hí3), RÍ2) 
Example 16. n = 20, hí3), RÍ2)
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hí2) =(1.03; 2.59; 2.20; 2.71; 1.09; 2.67; 1.54; 2.85; 2.22; 3.42; 1.19; 
3.77; 2.62; 2.55; 2.45; 3.86; 2.05; 1.30; 1.65; 3.40),

hí3) =(2.95; 2.97; 3.78; 3.00; 4.02; 2.85; 4.34; 2.17; 2.81; 4.03; 4.37;
2.59; 3.10; 4.18; 4.34; 4.03; 2.72; 3.89; 3.11; 2.01).

The matrices RÍ1) and RÍ2) are given with the elements above the
diagonal

RÍ1) rowwise

Row 1. 0.039; 0.097; -0.041; 0.040; 0.144; 0.095; 0.553; -0.223;
-0.035; -0.215; 0.113; -0.409; -0.435; 0.519; -0.024; -0.416;
0.209 ; 0.129; -0.013;

Row 2. 0.474; 0.398; 0.221; 0.344; 0.134; 0.385; -0.009; 0.030;
-0.257; -0.268; 0.069; 0.037; 0.072; 0.155; -0.070; 0.002;
-0.192; 0.257;

Row 3. 0.054; -0.048; -0.080; -0.145; 0.446; -0.043; -0.228;
-0.230; 0.177; 0.210; -0.054; -0.145; -0.092; -0.120; -0.050;
0.161; 0.307;

Row 4. -0.099; -0.272; -0.003; 0.232; -0.013; 0.138; -0.099;
-0.036; 0.103; -0.002; 0.115; 0.484; -0.277; 0.274; -0.239; 
0.062;

Row 5. 0.087; -0.145; -0.241; -0.141; -0.173; 0.119; 0.024; -0.016;
0.051; 0.490; 0.335; -0.102; 0.258; 0.022; 0.225;

Row 6. 0.397; 0.002; -0.282; 0.022; -0.202; 0.144; -0.293; -0.091;
0.096; -0.087; 0.264; -0.228; 0.018; -0.020;

Row 7. -0.132; 0.179; 0.226; -0.120; -0.024; -0.173; -0.142;
-0.140; -0.121; 0.180; -0.404; 0.080; 0.052;

Row 8. -0.186; -0.085; -0.219; -0.257; -0.138; -0.134; -0.067;
0.113; -0.130; 0.147; -0.219; 0.079;

Row 9. 0.072; 0.195; -0.468; -0.035; 0.362; -0.354; -0.224; 0.114;
-0.113; 0.065; -0.009;

Row 10. -0.218; 0.148; -0.446; -0.102; 0.056; -0.012; 0.281; -0.243;
0.176; -0.191;

Row 11. -0.016; 0.113; 0.185; -0.213; 0.259; 0.146; -0.130; -0.208;
-0.188;

Row 12. 0.133; -0.427; 0.410; -0.189; 0.106; -0.299; 0.488; -0.046;
Row 13. 0.0; -0.003; -0.203; -0.123; -0.159; 0.194; 0.129;
Row 14. -0.337; 0.127; 0.139; 0.200; 0.110; -0.107;
Row 15. 0.193; -0.259; 0.070; 0.224; 0.024;
Row 16. -0.167; 0.257; -0.412; -0.180;
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Row 17. -0.475; 0.094; -0.0117;
Row 18. -0.092; 0.242;
Row 19. 0.137;

RÍ2) rowwise
Row 1. -0.006; -0.198; -0.412; -0.352; -0.169; 0.251: 0.003; 

-0.213; 0.012; 0.094; 0.115; 0.017; 0.129; -0.195; 0.123; 
-0.010; 0.247; 0.149; 0.554;

Row 2. -0.140; 0.115; 0.246; 0.290 ; 0.209; -0.077; 0.197; -0.106; 
0.039; -0.195; 0.401; -0.220; 0.158; -0.296; 0.108; 0.259; 
-0.212; -0.098;

Row 3. 0.295; 0.409; -0.163; -0.210; -0.141; -0.471; 0.203; 0.288; 
0.045; 0.212; -0.020; -0.026; 0.436; -0.164; -0.178; 0.272; 
-0.058;

Row 4. 0.387; -0.115; -0.233; 0.127; -0.289; -0.068; 0.235; -0.055;
- 0.039; -0.006; 0.194; -0.203; 0.379; 0.146; 0.017; 0.183;

Row 5. -0.314; -0.106; -0.075; 0.088; 0.210; 0.218; -0.438; 0.090; 
0.078; 0.222; -0.128; -0.168; 0.107; 0.097; 0.130;

Row 6. 0.367; 0.043; 0.065; 0.237; -0.204; 0.252; 0.056; -0.279, 0.086;
- 0.343; 0.298; 0.238; 0.140; -0.402;

Row 7. 0.133; 0.287; 0.225; -0.076; 0.168; -0.185; 0.134; -0.056;
- 0.168; -0.048; 0.064; 0.191; -0.055;

Row 8. 0.076; 0.006; -0.025; 0.266; -0.572; 0.235; 0.240; 0.102; 0.404; 
0.017; 0.180; 0.103;

Row 9. 0.071; -0.146; -0.197; -0.213; -0.287; 0.286; -0.146;
- 0.070; 0.262; -0.392; -0.367;

Row 10. 0.169; 0.031; -0.200; 0.001; 0.091; 0.230; 0.016; 0.212; 0.125;
-0.159;

Row 11. -0.143; -0.195; 0.285; -0.024; 0.261; -0.092; -0.235; 
-0.041; 0.236;

Row 12. 0.001; 0.016; -0.065; 0.116; 0.222; 0.053; -0.121; -0.118;
Row 13. -0.245; 0.031; 0.022; -0.391; 0.297; -0.043; -0.196;
Row 14. -0.005; 0.143; -0.177; -0.112; 0.366; 0.440;
Row 15. -0.239; 0.002; 0.374; -0.214; -0.140;
Row 16. -0.236; -0.321; 0.045; -0.132;
Row 17. 0.164; -0.123; 0.085;
Row 18. -0.033; 0.158;
Row 19. 0.371;
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Finally numerical data concerning the examples that were used 
to illustrate the speed of the algorithms fór computing probabilities of 
rectangles are described here. The n-dimensional rectangle is given by 
a = x = b, rij, i,j = are the elements of the correlation
mátrix R.

Example 17. n = 2, a = (-2.1 0.6), b = (-1.2 3.8), Pex = 0.02665, 
r<i = 0> ’ / 7+ 3 = 1,2, ra = 1, : = 1,2.

Example 18. n = 4, a = (-2.1 -1.2 -0.6 -3.8), b = (1.5 1.5 1.5 1.5),
Pex = 0.46044, r,y = 0, i / j, i, j = 1,...,4, ra = 1, 
« = 4.

Example 19. n = 6, a = (-1.5 - 2.3 - 2.17 - 1.28 - 2.1 - 0.6),
b = (3.8 4.1 - 0.5 3.2 1.2 3.8), Pex = 0.15327, = 0,
» 0 3, i, 3 = ^,--• ,6, r„ = 1, í = 1,... ,6.

Example 20. n = 10, a = (-3.2... - 3.2), b = (2.5... 2.5), 
Pex = = 0.9, i / j, ra = 1, í = 1,..., 10.

Example 21. n = 10, a = (-1.9 -2.7 -2.0 -2.5 -1.9 -2.0 -1.5 -2.0
-1.4 -2.2), b = (0.3 1.1 0.4 0.9 0.3 0.4 -0.1 0.4 -0.2 0.6), 
Pex — ~, rij — 0.9, i j,t, j = 1,... 10, = 1,
» = 10.

Example 22. n - 20, a = (-2.4 -0.4 -1.8 -1.0 -2.6 -1.6 -2.1 +0.1
-2.7 -1.0 -2.5 -1.6 - 2.5 -1.4 -2.2 -3.9 -2.5 -1.5 
-1.8 1.1), b = (1.5 2.4 2.1 2.9 1.3 2.3 1.8 3.8 1.2 2.9 1.4 
2.3 1.4 2.5 1.7 0.5 1.4 2.4 2.1 2.8),
Pex — —, rij = 0.8, i j = l,...,20, ra = 1, 
t = l,...,20.

A5. Simulation related subroutines in a subroutine library

Here we give a üst of subroutines in the IMSL (International Mathe- 
matical Subroutine Library) that are related or useful in simulation. Of 
course in other subroutine libraries (like SSP, PL-MATH) we can find 
similar subroutines.

Generally we recommend at least an elementary test of the random 
number generators found in subroutine libraries, bút in ideál cases we 
should test them against problems, whose Solutions are known.

GFIT x2 fit test
GGAMR Gamma generátor (one paraméter)
GGAMS Gamma generátor (two parameters, rejection)
GGAMT Gamma generátor (two parameters)
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GGBIR Binomial generátor
GGBNR Béta generátor (rejection)
GGCAY Cauchy generátor
GGCHS X2 generátor
GGEOT Geometrical generátor
GGEXN Exponential generátor
GGHPR Hypergeometric generátor
GGMLT Multinomial generátor
GGNLG Lognormal generátor
GGNML Normál generátor
GGNPM Normál generátor (polar)
GGNSM Normál vector generátor (given correlation mátrix)
GGPON Poisson generátor (changing paraméter)
GGPOS Poisson generátor (nőt frequently changing paraméter)
GGSPH Uniform vector generátor on a sphere (n = 3 and n

dimensions)
GGTRA Triangular generátor
GGUBS Basic uniform [0.1) generátor
GGUW Uniform [0.1) generátor (shuffling)
GGVCR General continuous generátor
GGWIB Weibull generátor
GTNOR Normality test
GTPOK Poker test
GTPST Pairs’ test
MDBETA Béta distribution function
MDBETI Béta distribution function’s inverse
MDCH X2 distribution function
MDCHI X2 distribution function’s inverse
MDNOR Normál distribution function
MDNRIS Normál distribution function’s inverse

321





LIST OF ALGORITHMS

Chapter 2

uc 
US 
UGS 
UT 
UM

Uniform, congruential
Uniform, shifted
Uniform, generalized shift
Uniform, table look-up
Uniform, modified table look-up

Chapter 3

Cl
El
Dl
C2
EXAMP1
Pl
E2
C3
P2
C4
EXAMP2
C5
EXAMP3
C6
C7
C8
E3
C9
L1
CIO
Cll
EXAMP4

Continuous variable, by inversion
Exponential, by logarithm
Discrete variable, by inversion
Continuous variable, by rejection-constant upper bound
Example fór constant upper bound
Power distribution, írom uniform
Exponential (truncated), by acceptance-rejection
Continuous variable, by rejection-general upper bound
Power distribution, by linear upper bound
Continuous variable, by continuous decomposition
Example fór continuous decomposition
Continuous variable, by discrete decomposition
Example fór discrete decomposition of exponential
Continuous variable by modified discrete decomposition
Continuous variable, by comparison
Continuous variable, by decomposition and comparison
Exponential, by comparison
Continuous variable, by economical
Linear density by economical
Continuous variable, by ratio-of-uniforms
Continuous variable, by acceptance-rejection+ squeeze modification
Example fór squeezing the truncated exponential
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012 Continuous variable by acceptance-complement
013 Continuous variable by inversion-rejection
014 Continuous variable by series
015 Continuous variable, by series+alternating sequence
016 Continuous variable, by series-alternating-squeeze
D2 Discrete variable, by lineary search
D3 Discrete variable, by table method
D4 Discrete variable, by decomposition
D5 Discrete variable, by modified decomposition
D6 Preparation to D5
D7 Discrete variable, by economical (preliminary)
D8 Preparation to D9
D9 Discrete variable, by economical

Chapter 4

NI 
N2
N3 
SÍ
S2
N4
S3 
N5
S4 
E4
G1 
G2
G3 
G4
G5 
G6
G7 
ST
B1
B2
B3
BI1
BI2

Normál, approximate
Normál, polar transformation
Normál, modified polar method
Subalgorithm, almost linear density
Subalgorithm, normaltail
Normál, economical triangle
Normál, by comparison, preliminary
Normál, comparison
Subalgorithm, exponential, truncated density
Exponential, modified decomposition
Gamma, n > 0 integer paraméter
Gamma, fractional part paraméter 0 < b < 1
Gamma, arbitrary paraméter b > 0
Gamma, by Cauchy, paraméter b > 1
Gamma, normal-exponential upper bound (6 > 2.53)
Generalized gamma, lóg logistic upper bound (6 > 1)
X2 distribution integer paraméter n > 0
Student paraméter
Béta, b, c integer
Béta, arbitrary parameters (b,c)
Béta, symmetrical density, b = c > 1.5
Binomial, count off
Binomial, large paraméter n
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P01 
PO2 
WE 
BU 
DE
PE 
FR 
RA
NB1 
NB2

VI
V2
VRE
VSI
S5
S6
VSA
S7
VSP
VSN
VEN
VSC
VEC
VNT
VNP
VSS
VNE

MCI
MC2
MC3
MC4
MC5
MC6

Poisson, count-down
Poisson, írom gamma
Weibull
Burr
Double exponential
Power exponential via double exponential, a > 1
Frechet
Rayleigh
Negative binomial
Negative binomial, írom Poisson

Chapter 5

Vector generation, conditional distribution function
Vector generation, acceptance-rejection
Uniform vector in rectangle
Uniform vector in simplex
Subalgorithm, converting an interior algorithm to surface algorithm
Subalgorithm, converting a surface algorithm to an interior algorithm
Uniform vector in a sphere, acceptance-rejection
Subalgorithm, polar coordinates, preliminary
Uniform vector in sphere, polar coordinates
Uniform vector on sphere, normál approach
Uniform vector in ellipsoid, normál approach
Uniform vector in sphere, chord method
Uniform vector in ellipsoid, chord method (changes in VSC)
Normál vector, mátrix transformation
Normál vector, polar transformation
Uniform vector in sphere, stationary
Normál vector, ellipsoid decomposition

Chapter 6

Crude method
Acceptance-rejection method
Importance sampling
Stratified sampling
Control variates
Antithetic variates
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Chapter 7

NP1
NP2
NP3
NP4
NP5
NP6
NP7

NP8

NP9

S8
SE2
S9

NP10

A1
A2
A3
A4
A5
A6
A7
A8
A9

S1O
SÍI

Normál probability, by direct integration
Normál probability, by indirect integration
Normál probability, by importance sampling (“acceptance-rejection”)
Normál probabiltiy, “acceptance-rejection” fór small probability
Normál probability, “acceptance-rejection” fór great probability
Normál probability, integration along a line
Normál probability, orthonormalized-2 estimator fór distribution func- 
tion (preliminary version)
Normál probability, importance sampling (“acceptance-rejection”) fór a 
rectangle
Normál probability, orthonormalized-2 estimator fór the probability of a 
rectangle (preliminary version)
Subalgorithm, computation of the function ej+ (y)
Subalgorithm, computation of Cj, C2(ry 6 D if C\ < r < Cj)
Subalgorithm, probability content of a line in a rectangle (function 
és (y))
Normál probability, orthonormalized-2 estimator (h > 0 only)

Chapter 8

Solving a system of linear equations
Solving an integrál equation
Solving a dififerantial equation
Interpolation of a function of very many variables
Maximizing a function (crude method)
Maximizing a function (random search)
Stochastic quasi-gradient algorithm
Thermodynamical system stabilization
Single server queue

Appendix

Subalgorithm, the Fn(x) distribution function (y2)
Subalgorithm, linear interpolation fór Hn(x)
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