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FOREWORD
TO VOLUME 2 OF THE FINAL REPORT OF TIC

The Temporary International Collective (TIC) for Studying Physics of 
WWERs was established by an international agreement of the governments of 
Bulgaria, Czechoslovakia, Hungary, Poland, Romania and the Union of Soviet 
Socialist Republics. Later, further countries and organizations Joined the 
cooperation: Cuba, the State Institute for Nuclear Research of Vietnam and 
the Technical Center of Finland.

The activity of the TIC was based on the experimental program carried 
out on the critical assembly ZR-6 operated by the Central Research 
Institute for Physics of the Hungarian Academy of Sciences, Budapest. In 
volumes 1 and 3 of the Final Report of TIC, the experiments are assessed 
and evaluated. These volumes were published earlier in English and Russian.

Along with the experiments, in the laboratories taking part in the TIC 
also a calculational-theoretical development took place. Within this 
activity, not only the calculational models were verified, validated and 
improved but also the actual problems of WWER operation were solved.

It was decided in 1980 to publish the most outstanding results of the 
calculational-theoretical activity of the TIC. Collection of contributions 
to volume 2 helped understand and model better the physics of WWERs. 
Notwithstanding, the preparation was underway when the activity of TIC was 
abandoned. Still TIC decided to publish later on a volume assessing results 
of theoretical investigations. Volume 2 of the Final Report of TIC was 

finalized in 1993.
It is worth mentioning that the present volume does not reflect all 

the theoretical investigations, efforts and achievements of TIC experts. 
Because of the extraordinary circumstances of the preparatory work, the 
thematic of the volume has been selected to some extent subjectively, 
reflecting in a restricted extent the potential and sphere of interest of 
the authors, who agreed to go on working on volume 2 after the TIC ceased 
to exist. Hence, this volume does not include results of practical 

operational calculation of WWERs.
’ The authors are convinced that the material published in the present 

volume is useful, gives a correct impression of a considerable part of^ the 
Joint research done in the TIC and may be of interest for a fairly large 
circle of rector physics experts.
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1. INTRODUCTION

The theoretical results presented in Volume 2 of the Final Report of 
the TIC are based on investigations carried out between 1972 and 1990. The 
investigations themselves were carried out by specialists of TIC member 
countries and institutes. The authors of individual investigations 
published their results in internal reports of the TIC, in Proceedings of 
the Annual TIC Symposia (from the first in 1972 until the nineteenth in 
1990) and in other materials. Many results were not published being only 
presented as working materials at meetings of the so called thematical 
groups.

This volume reflects only one part of the TIC theoretical activities 
connected with nuclear data and code validation based on utilizing the ZR-6 
assembly experimental data. The ZR-6 critical facility was operated in the 
Central Research Institute for Physics (Budapest, Hungary). The objective 
of the measurements was to investigate WWER type uranium fuelled water 
moderated lattices.

The experiments were carried out to validate both nuclear data 
libraries and the design codes applied to calculations the performance of 
WWER-440 and WWER-1000 type power reactors.

In the experiments both regular and perturbed lattices were 
investigated. The influence of the main lattice parameters (fuel 
enrichment, lattice pitch, boric acid concentration in the moderator, 
temperature) on the neutron physics characteristics was mainly studied for 
the regular lattices. In addition the characteristic perturbations of WWER 
(absorber rods, water holes) were studied modelling them as irregularities 
introduced into the basic regular lattice.

A review of the experimental results is published in Volumes 1 and 3 
of the Final Report of the TIC ((TIC, 1985), (TIC, 1991)).

The ZR-6 experiments form a very important part of the WWER global 
investigation program including the following tasks: 
- creation of evaluated nuclear data libraries, 
- development of the theory and numerical methods for the description of 

the strongly non-uniform hexagonal WWER lattices,
- computer code development, verification and validation, increasing the 
code accuracy in elaborating new generation codes,

- experimental study of fuel lattice characteristics,
- collection and generalization of measured data obtained at reactor
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INTRODUCTION

start-up and during operation, 
- fuel pattern optimization, etc.

All these items formed part of the TIC activities. The results of the 
first three items of the program are partly discussed in Volume 2. The data 
evaluation problems, constant preparation and fine mesh codes used for 
design purposes are considered taking into account comparisons with ZR-6 
experimental results.

Chapter 2 describes the data bases elaborated, being evaluated or 
adapted, and validated in the TIC institutes. Some of them are original 
data files. One of the goals of the evaluation was to elaborate a data base 
comparable in accuracy with ENDF/B-5 data when applied to WWER type 
reactors. It seems that this goal was achieved. Another important target 
was elaborating the design data libraries utilizing both the original 
evaluations and the commonly used ones. The data validation was carried out 
utilizing both the ZR-6 experimental results and the international 
benchmarks. Many criticality calculations being necessary for the data 
validation were carried out by Monte Carlo methods.

A lot of TIC efforts was devoted to elaborate new approaches 
permitting one to calculate the WWERs strongly non-uniform lattices with 
high accuracy. Principally new methods were created. As a rule, they are 
based on disregarding the homogenization concept and replacing it by 
synthesis type methods which differ from the nodal type methods usually 
used to solve the homogenized equations. From various points of view these 
methods are discussed in Chapters 3 to 7.

Chapter 3 contains a brief description of the TIC Monte Carlo codes. 
Its basic part concerns their application to both the design code and 
verification and validation of the new methods. Thus the new ingenious 
approaches are briefly described as well. Different methods for calculating 
the diffusion coefficients are discussed. The Monte Carlo and the ZR-6 
results are compared.

Chapter 4 is devoted to the methods and codes to calculate the few 
group constants by solving the transport equation. It contains verification 
and validation results based particularly on the ZR-6 experimental results.

The fine mesh calculation methods and codes, their verification and 
validation are described in Chapter 5.

Chapters 6 and 7 describe the new design approaches to solve the 
transport equation. They mainly concern the fine mesh calculation problems. 
These methods are also extensively used now in coarse mesh calculations. In 
18



INTRODUCTION

particular some new generation three-dimensional WWER codes utilize these 
approaches instead of nodal ones based on the homogenization theory.

A mixed referencing system is used throughout this book: TIC reports 
are referred by their numbers, while other papers, articles or books are 
referred to by author(s) and year of appearance.

This Volume, similarly to Volumes 1 and 3, is published both in Russian 
and English.
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2. NUCLEAR DATA FOR REACTOR CODES

M.S. Yudkevich

2.1 INTRODUCTION

By this time a lot of experimental information on parameters of 
neutron interaction with nuclei for the whole reactor spectrum has been 
collected through all the world. Theoretical models able to predict these 
parameters have been created should the experimental information be 
inadequate.

Certain techniques have been developed for dealing with nuclear data 
applied to reactor calculations. Physicists, usually nuclear physics 
experts, evaluate all known information about each specific Isotope. As a 
result, they generate the most trustworthy data available at the time of 
the evaluation. This information forms the base for computer nuclear data 
files. Libraries of such files have been developed in several countries : 
ENDF/B in the USA, BROND in Russia, JENDL in Japan, etc. The most of those 
libraries have been written in ENDF/B format and have been transferred to 
IAEA for the international access.

Existing libraries are not able to satisfy all the user requirements. 
Nevertheless, one may set and in many cases successfully solve a problem of 
reactor parameters calculation on the basis of the cross sections and other 
nuclear data only.

Creating the computer codes for calculating the WWER type reactor 
parameters with sufficient accuracy was one of the TIC targets. Those codes 
had to be based on primary nuclear data. In general the tasks have been 
performed as can be seen from comparing the calculated and measured 
parameters of many critical assembles including the ZR-6. Created codes use 
the evaluated nuclear data libraries (mostly ENDF/B-4) or original author 
evaluations.

Most codes adopt cross sections and other nuclear data not directly 
from total files of nuclear data. Each code has its own data library formed 
on the basis of files or other sources of evaluated neutron data. Various 
algorithms were utilized during this process. Main approximations are 
connected with neutron energy spectrum. For example, NESSEL-4 and some 
other codes use the equivalence theorem to treat resonance effects; the

20



CHAPTER 2

SAPFIR code uses the subgroup approach. Consequently, the NESSEL-4 library 
contains a dependence on resonance self-shielding factors versus dilution 
cross section and the SAPFIR library includes subgroup parameters of 
resonance cross sections. Algorithms of engineering codes are described in 
Chapter 4 in detail.

In Section 2 of this chapter brief information is given on codes for 
preparing libraries from evaluated nuclear data. In Section 3 the work 
libraries are described for reactor codes created by the TIC country 
members. Section 4 presents the calculation results of the critical 
assemblies. These calculations have been performed by Monte Carlo method on 
the basis of evaluated nuclear data.

2.2. NUCLEAR DATA PROCESSING CODES

2.2.1 Codes created by TIC

FEDGROUP

The FEDGROUP code (Vertes, 1981) calculates group constants in the 
energy region of slowing down neutrons using data files in ENDF/B, KEDAK or 
UKNDL format . This code has been long used by TIC member countries to 
generate libraries for engineering codes. The FEDGROUP code consists of 6 
units. Each unit can operate independently or all units can be called 
consecutively.

Units carry out:
1. Reconstruction of pointwise data from the resonance parameters. 

Calculation of the cross sections in any energy point are executed taking 
into account Doppler broadening. The choice of points ensures assigned 
precision when linear interpolation is carried out.

2. Calculation of the group cross sections on the basis of the 
pointwise ones. Energy boundary and a weighting flux should be assigned by 
the user.

3. Calculation of the Grueling-Goertzel type slowing down parameter* 
on the basis of information on the elastic scattered neutron angular 
distribution.

4. Calculation of the inelastic cross section and cross section for 
transfer between groups (transfer matrix) from the information on 
excitation function of discrete levels and continuum of levels.

5. Calculation of the angular moments of the scattering cross section.
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CHAPTER 2

6. Calculation of self-shielded cross sections versus dilution cross 
section and temperature. Initial data are the resonances parameters in the 
energy region of fully resolved resonances and the average ones in the 
unresolved resonance region. It is used the narrow resonance approximation. 
FEDGROUP-R

This code (Golubarge, 198S) is a modified and extended version of the 
FEDGROUP code. It is intended for processing of data in ENDF/B format and 
it is used to obtain the group constants ABBN (BN AB) and WINS type. 
CND

The CND code (Becker, 1989) was written with the same goal as 
FEDGROUP. It processes files in ENDF/B-4 and ENDF/B-5 format. Specifically 
it allows the user to obtain higher momentums of the elastic cross section.

The code has been used to create a group constant library for the 
LIB-4 code (see 2.3.2).
CROS

That code (Abagyan et al, 1984) generates the cross sections in an 
energy point of a resolved resonance region on the basis of the nuclear 
levels parameters. The (V»,z) approach Is used to take into account Doppler 
broadening of the resonance levels. A relatively short run time gives an 
opportunity to use CROS as the module in Monte Carlo codes which cancel any 
doubt about cross section interpolation accuracy. 
SAPFIR

SAPFIR code package utilizes generalized subgroup method in order to 
calculate resonance absorption (Tebin, Yudkevich, 1985; Tebin, 1989). One 
code of SAPFIR prepares the subgroup parameters of cross sections. The 
number of subgroups is chosen so as to provide an assigned precision of 
resonance absorption of neutrons in fuel rods. The momentum method is used 
to calculate part and cross sections of the subgroups. 
TERMAC

The codes of this package (Gomin, Maiorov,1982) are designed so as 
enable a library to be generated in the thermal neutrons energy region. The 
chemical bond effects and thermal motion of the nuclei are important in 
this region. The number of groups, their boundaries and their inner group 
spectrum should be assigned by user.

NEURAS (Liman and Maiorov, 1981) and more advanced STEN (Gomin et al, 
1990) codes have been written for calculating scattering law and double 
differential scattering cross section <r(E^=>E,p) in incoherent Gauss 
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approximation. The ELCOHR code (Liman, 1982) is used for elastic coherent 
cross section calculations. Listed codes use the phonon spectrum of the 
moderator as an input data. The differential scattering cross section may 
also be calculated in gas approximation.

TERMAC codes have been used to generate multigroup library TEPCON. 
KORT and LIPAR libraries (see 2.3.4.), CROS, NEURAS (or STEN) and ELCOHR 
codes are used Jointly with TERMAC codes to calculate the cross sections in 
an energy point.

2.2.2 . Adopted codes

Several codes of wide usage in many countries for processing neutron 
data have been adopted by TIC country members. Let us enumerate them here. 
NJOY (MacFarlane, Muir. 1987), GRUCON (Sinitsa et al, 1979)

These codes are similar FEDGROUP. Unlike the latter NJOY can prepare 
cross sections and scattering transfer matrices for thermal neutrons and 
GRUCON can generate subgroup parameters in energy regions of resolved and 
unresolved resonances.
LINEAR, RECENT, SIGMA1 (Cullen, 1979)

These codes are intended to work with cross sections in the resonance 
energy region. Total the combination of the 3 codes gives an opportunity 
for reconstructing pointwise cross sections with Doppler broadening on the 
basis of the resonance parameters of the nucleus. Input information must be 
written in ENDF/B format, output data are written in this format too. 
THERMOS (Stam'ler, 1963)

This complex is intended for calculating the cross sections as well as 
the spectrum of thermal neutrons. The GAKER subroutine of THERMOS is 
similar to NEVRAS code of TERMAC package.

2.3. NEUTRON DATA LIBRARIES OF TIC *

2.3.1 Data library of KFKI (Budapest)

The library is based on the ENDF/B~4 files and Is used in BETTY (Gado, 
Zsoldos, 1978), CERES (Kereszturi, 1981), PEANICO (Kereszturi, 1981) and

Author of 2.1.3 is A. Kereszturi, 2.3.2 - R. Becker and H. Heinrich, 
2.3.3 - K.Zalesky.
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THERMOS codes, in MASI and CERES modules of the KARATE system (Gado, 
Kereszturi et al, 1990).

The library consists of four parts.
a) Pointwise cross sections of certain resonance isotopes. They are 

utilized by PEANICO code.
PEANICO has been obtained from the PEACO code (Ishiguro, Takano, 1971) 

after generalizing the latter. It allows one to calculate neutron spectrum 
in reactor cells by the first collision probability method. Non-isotropic 
hydrogen scattering and the detailed description of the resonance cross 
section are taken into account. Tables of energy dependent absorption, 
fission and scattering cross sections have been calculated by using LINEAR, 
RECENT and SIGMA1 codes for U, U, and 239Pu isotopes. The energy 

region from 4 KeV to 0,625 eV was divided into 3000 groups. The width of 
the groups is determined by the resonance structure of the 238U isotope. 
Cross sections are tabulated for temperatures 300, 900 and 2100 K.

b) Data for CERES code.
CERES obtains the self-shielded cross sections by means of 

equivalence theorem approach. The following data are used for this purpose: 
- The group cross sections and resonance integrals I(<r ) for 23SU, 238U 

239 e xand Pu isotopes versus the dilution cross section <r for temperatures 
300, 900 and 2100 K. Resonance integrals were calculated using the PEANICO 
code in the energy region of fully resolved resonances for homogeneous 
material with hydrogen as the moderator. The FEDGROUP code have been used 
in unresolved resonance energy region. The values of the dilution cross 
section <r are listed below, e x

U-235 U-238 Pu-239
10.000 7.0 10.000
31.623 10?0 31.623
100.000 32.4 100.000
316.230 67.6 316.230
1000.000 115.6 1000.000
3162.300 176.4 3162.300
10000.000 250.0 10000.000
31623.000 31623.000
100000.000 100000.000
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235- Bell factors of the each group versus dilution cross section (for U, 
238U and 239Pu isotopes). These data were obtained when calculation results 

of Infinite uniform media were compared with ones of isolated fuel rods.
- Goldstein factors were calculated accordance with Forti approach by the 
FEDGROUP code.

All the mentioned data related to 21 groups from 41 Kev to 1.84 ev 
energy region.

c) Data in the energy region of slowing down neutrons for the BETTY 
code and the MASI module, namely:
- Absorption, fission and elastic scattering cross sections from 10 MeV to 
0.625 eV (35 energy groups). These values were obtained by the FEDGROUP 
code.
- Parameters from Greuling-Goertzel approach calculated by the FEDGROUP 
code.

Inelastic scattering cross sections and inelastic transfer matrices 
calculated by the FEDGROUP code.

d) Data for the thermal energy region. These data are used by BETTY 
and THERMOS codes and MASI module. The upper boundary of the region is 1.84 

2 4 0eV, thus it permits one to describe correctly the Pu isotope principal 
resonance.

That part of the library contains:
- Absorption, fission and scattering cross sections at the 35 energy 
points. These data were obtained by means of interpolation by RECENT code. 
The numbers of fission neutrons do not depend on energy.
- First two angular moments of the double differential scattering cross 
section of hydrogen. Those were generated by the GAKER code of THERMOS in 
Nelkin approximation. Scattering matrices of other isotopes are calculated 
in the gas approximation and only the first angular moments are taken into 
account.
- G and H functions for the differential equation of thermalization in 
Cadilhac approximation (Cadilhac et al, 1962).

All the data mentioned describe 53 isotopes. Absorption and scattering 
cross section are available only for 145 fission products.

2.3.2. Group library LIB-4 (KKAB, Berlin)

This library is used by the NESSEL-4 code (Heinrich, 1981).
LIB-4 (Becker, 1989) contains 34-group constants, information about 
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fission products, prompt and delay fission neutrons, the radioactive 
135 241parameters of Xe and Pu isotopes.

LIB-4 is similar to ABBN in the 24 upper groups, but there are some 
peculiarities. They Eire as follows.
- inelastic transfer matrices have been updated;
- hydrogen scattering cross section above 0.465 eV have been corrected to 
take into account chemical bond effect and thermal movement of atoms;
- resonances self-shielding is considered through 13th to 24th groups (4.65 
Kev - 0.465 eV).

The energy region below 0.465 eV includes 10 groups; transfer cross 
sections between those have been calculated on the basis of the 
Koppe1-Young mode1.

Library content has been increased considerably in comparison with 
ABBN by means of processing ENDF/B files using the CND code.

2.3.3. Library of MICROBE code (NRI, Res)

The MICROBE code is described in (Zalesky, 1984).
Group library ABBN type is used to perform calculations in the slowing 

down energy region. Self-shielding factors are input into the library to 
provide resonance absorption calculations in the equivalence theorem 
approach.

Multigroup THSIG code is used in the thermal neutron energy region.
All data were generated on the basis of ENDF/B-4 files by the 

FEDGROUP-R code. The library contains data for all isotopes of a reactor 
core as well as for fission products.

2.3.4. Neutron data bank (IAE, Moscow)

Direct application of evaluated neutron data files in reactor codrsis 
extremely complicated because of the large volume of data. However, it is 
not necessary in practice to use them totally. In each reactor type one may 
pick out the most important parts of the neutron spectrum. Each item of 
data should be presented in all details there and in the less important 
energy intervals they could be described more roughly. As it is known, in 
thermal reactors the most significant regions are those of the thermal 
neutrons and low placed resonances.

26



CHAPTER 2

To support thermal reactor calculations on the basis of evaluated 
neutron data several libraries have been created in the I. V. Kurchatov IAE. 
Each of those libraries describes the cross sections and other neutron data 
with sufficient accuracy in their own energy region. These are libraries of 
group constants, resonance parameters, thermal neutron data. The libraries 
were prepared as a result of the original authors’ evaluations and critical 
analyses of certain data files.

All libraries sure included in the “IAE Bank of neutron data" 
(Yudkevich, 1984). Apart from libraries, the Bank contains some codes for 
data search and retrieving, editing and so on.

The IAE Bank was formed long ago. For the last several years it has 
been developed within the MCU project (Gomin at al. 1990). The project 
aimed at providing precise reactor calculations by the Monte Carlo method. 
The MCU Monte Carlo code created in the framework of the project is 
described in Chapter 3.

The MCU code uses libraries of the Bank directly. The libraries of 
UNIRASOS-2, TVS, RAFORIN, SAPFIR codes (see below) are based on the Bank 
too. This means that the Bank gives opportunity to perform reactor 
parameter calculations on the general data base by different methods. Thus 
it is possible to obtain a methodical bias of simplified codes by comparing 
their results with results of the more precise Monte Carlo code.

The data libraries of the IAE Bank are described below.

Library BNAB/MCU of group constants
Neutron data of ABBN (BNAB) system (Abagyan et al, 1964; Abagyan et 

al, 1981); Bondarenko et al, 1964) have been used for a long time. Being 
applied to thermal reactors they can be used to calculate spectra of 
slowing down neurons in the range from 10.5 MeV to a thermal region.

The philosophy of ABBN system and the algorithms for obtaining the 
reactor macro constants were described in detail by its authors. Here we 
should like to point out that there are two ways of describing cross 
section resonance structure in ABBN system:

t he Bondarenko resonance self-shielding factors (f-factors). In 
agreement with reactor cell calculations those factors may be used together 
with the equivalence theorem;
- subgroup parameters of cross sections which can be used in different 

calculation methods, for example the first collisions probability method.
Bondarenko’s f-factors and subgroup parameters are obtained in narrow 
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resonance approach. This assumption fails for low placed strong resonances. 
So for application to thermal reactors the ABBN system must be used with 
care.

The basic sources of information in the current version of the Bank 
are the ABBN libraries (Abagyan et al, 1980; Abagyan et al, 1981). To these 
were added the constants of isotopes, which either were obtained as the 
result of an independent evaluation or were generated from different 
evaluated nuclear data files. The data of some isotopes have been 
reevaluated and in some cases have been renewed. Currently the BNAB/MCU 
library contains information on 92 isotopes and elements.

Library of LIPAR resonance parameters
This library (Abagyan et al, 1984) is used to describe the cross 

sections energy dependence in the fully resolved resonances region. 
Currently LIPAR contains information for 87 isotopes.

The library has been created as the result of evaluations which were 
performed on the basis of the reference book (Mughabghab, Garber, 1973; 
Mughabghab, 1984), papers and available evaluated data files. During the 
evaluation process the resolved resonances boundary were found for each 
isotope. In a slow neutron energy region the cross sections obtained by 
means of LIPAR agree with those of the KORT library (see below).

LIPAR data are utilized by the CROS code calculating the cross 
sections in the desired energy points.

Libraries KORT, BPS, TEPCON of thermal constants
These libraries provide calculations in a region of thermal neutrons, 

where it is necessary to take into consideration thermal movement and the 
chemical bonds of atoms.

The basic library is the KORT library (Abagyan and Yudkevich, 1981; 
Abagyan et al. 1990). It can support calculations for energies below 5 eV. 
The KOPT has been created on the basis of the experimental information, 
evaluated data files and on the basis of the different publications.

The following information is recorded in the KORT for each isotope: - 
absorption, fission and scattering cross sections at the thermal point 
(E=0.0253 eV);
- the number of fission neutrons;
- recommendation on the method to generate cross sections: they either
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follow the 1/v law or can be calculated on the basis of the resonance 
parameters (LI PAR library);
- the energy dependence of absorption and fission cross sections for 
other than 1/v isotopes.

Besides for each isotope the library contains additional comment 
information. It includes resonance integrals, g-factors, precision of cross 
sections at the thermal point and so on. These data are not used directly 
in calculations, but are useful For reference purposes.

The BFS library contains generalized phonon spectra for important 
moderators mainly from (Koppel and Hauston, 1979; (Egelstaff and Pool, 
1969). It allows one to calculate the scattering law with accounting for 
thermal movement and chemical bonds of atoms.

The library of thermal constants TEPCON is formed for a assigned 
isotopes list on the basis of KORT, LIPAR and BFS by means of the TERMAC 
code. Energy groups boundaries are prescribed by the user. 40 group library 
with the upper energy 1 eV and with linear scale on velocity are now widely 
employed. Another library option has the upper energy equal to 2 15 eV 
This option is used in calculations of large plutonium content reactors.

TEPCON contains the following information for each isotope: 
absorption , fission and scattering cross sections at the thermal point, 

the numbers of fission neutrons;
group cross sections if these do not follow the 1/v law;
cross section for transfer between groups (first two angular momenta) for 

hydrogen in different compounds, deuterium, beryllium and carbon (other 
isotopes are considered in free gas approach);
averaged cosine of scattering angle.

2.3.5. Libraries of MCU, UNIRASOS-2, RAFORIN, SAPFIR codes (IAE, Moscow)

Each of these codes uses the same data base - the IAE Neutron data 
bank.

MCU

The MCU codes (Gomin et al, 1990) perform calculations by the Monte 
Carlo method and use the information from the Bank directly. We should like 
to point out that MCU results were taken into account while evaluating the 
data.
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The BNNB/MCU library with the subgroup description of the cross 
sections is used in an energy region of slowing down neutrons. For the 
thermalization region the TEPCON library is used . The boundary between 
these regions is to be assigned by the user. Usually it is equal to 1 eV.

Cross sections in simulation of collision are calculated by the LIPAR 
library in a region of strong resonances of uranium, plutonium, gadolinium 
and other resonance absorbers. The highest energy for calculating the cross 
sections with precise description are to be assigned by the user too. 
Usually one accepts: 100 eV for23SU, 465 eV for 238U, 215 eV for 239Pu, 100 
eV for 24°Pu.

UNIRASOS-2

UNIRASOS-2 code (Pshenin et al, 1989) uses three libraries:
- 14-group constant library for the epi-thermal energy region (E>0.625eV); 
- the table of effective resonance integrals depending upon the dilution 
cross section for important uranium and plutonium isotopes and resonance 
absorbers;
- the cross sections in the thermal energy region (E^O.625 eV).

In the energy region of fission spectrum and unresolved resonances the 
group library is based on the BNAB/MCU library. So that applies to 
nonresonance isotopes in whole energy region above 1 eV. Effective 
resonance integrals for single rods have been calculated on the basis of 
the LIPAR library. The Goldstein factors secure equality calculated 
resonance absorption by UNIRASOS-2 and by the Monte Carlo code MCU.

A thermal neutron spectrum is calculated by means of Laletin 
differential model (Laletin,1974). The absorption and fission cross 
sections are taken from KOPT and LIPAR'libraries.

RAFORIN (Pshenin et al, 1989), TVS (Pshenin et al. 1989)
The same data as in UNIRASOS-2 code were used to provide calculations 

in the energy region of slowing down neutrons.
The TEPCON multigroup library is used to calculate thermal neutron 

spectrum (EsO.625 eV). It was formed by means of the TERMAC code.

SAPFIR (Tebin, 1989)
In the epi-thermal energy region the BNAB/TR group library is used. It 

was been created on the basis of BNAB/MCU from the IAE Bank. In comparison 
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with the latter BNAB/TR contains the parameters of generalized subgroup 
approach.

One employs an additional correction values if the algorithm of an 
engineering reactor program is based on ABBN or other libraries with 
f-factors. So the accuracy of resonance absorption calculations is 
improved. As another possibility a generalized subgroup approach has been 
developed with reference to thermal reactor cells. The generalized subgroup 
parameters are an expanded set of original ABBN ones. These parameters are 
following:
a1 - part of subgroup i (Ea^l);

i ~ averaged subgroup total and partial cross sections;
w ’J - transfer matrix between subgroups 1 and J;

( 1 , j)a(1 k) - correlation coefficient between subgroups i isotope 1 and 
subgroups j isotope k .

All these parameters depend on temperature.
Generalized subgroup parameters have been obtained for a resolved 

resonances energy region. The LIPAR library was used as initial data. The 
number of subgroups was chosen to ensure a lower 3% bias of resonance 
absorption calculation results for each group.

For sufficiently high neutron energy the narrow resonance 
approximation has enough accuracy. It is therefore possible to use subgroup 
parameters a and </ from the original ABBN system.

For the thermal energy region is used 40 group TEPCON library 
retrieved from the IAE Bank is used.

2.4. VERIFICATION OF THE NEUTRON DATA BANK

Approximately 250 critical assemblies have been studied to verify the 
IAE Neutron data bank and to judge on prediction accuracy of the 
multiplication coefficient and other reactor parameters. They are 
assemblies of thermal and fast reactors with different fission and fertile 
materials and with different moderators. The descriptions and the 
calculated neutron spectra, multiplication factors, reaction rates and some 
important Integral parameters of assemblies are gathered in the computer 
library CLAD (Alekseev et al, 1991) created in the framework of MCU project 
(Gomin et al, 1990).

This chapter contains results for assemblies connected with WWER type 
reactors (Gomin et al, 1987), (Alekseev et al., 1991). The calculations 
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were carried out using the Monte Carlo MCU code, versions mainly MCU-1 and 
MCU-2.

The geometry and composition of assemblies have been modelled in full 
accordance with the experimentator’s description without any 
simplifications. That is why only well described assemblies have been 
considered.

The MCU code gives an opportunity for simulating neutron aiid nuclei 
collision with different level of detail. The results presented here were 
obtained using the physical model corresponding to the data libraries 
BNAB/MCU, LIPAR and TEPCON (see 2.3.4). This model enable to obtain a 
reasonable compromise between accuracy of results and run time.

Fulfilled verification confirms that the accuracy on the reactor 
parameter calculation is comparable with existing experimental data 
precision. The reliability of the reactor criticality prediction satisfies 
all the practical requirements.

Notations used during the description of the critical assemblies
R - spherical core radius, cm.
D, H - diameter and height of cylindrical core, cm.
d - fuel rod diameter in a heterogeneous assembly core, cm.
h - lattice pitch in a heterogeneous assembly core, cm.

” moderator (water) to fuel volume ratio in unit cell of a 
heterogeneous assembly.

r’ Bz’ B “ radial, axial and total buckling, M 
H/U5, H/Pu - ratio of H to 235U, Pu nuclear density. 
B10/U5 - ratio of 10B to 235(J nuclear density.
2 3 5 3 ^3W - enrichment in U of uranium, weight per cent.
P u w - content of PuO in PuO -UO fuel, weight per cent.
240. 241. 240- 241-, 2 , 2 .

W, W - content Pu, Pu in plutonium isotopes mixture, weight 
percent.

Notation used during the description of the calculation results.
K - multiplication factor,
off

- the same one for the infinite array of cells.
- square length of neutron’s migration from birth to fission 

(1/6<R2>), cm2.

P - probability of neutron leakage.
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p28, p4° - ratio of epi-cadmium to sub-cadmium neutron capture rates in
238U, 24°Pu.

25 4 95,5 - ratio of epi-cadmium to sub-cadmium neutron fission rates in
23SU, 249Pu;

The cadmium cut-off energy E value for assemblies, where measuring of 
28 c

p and p have been done, corresponds to the cadmium cover thickness used
(Beckurts, 1964). Otherwise E =0.625 eV is assumed, c

PR poo poc
5 - ratio of fission rate in U to fission rate in U.

25 235 2495 - ratio of fission rate in U to fission rate in Pu.
49 

235 235C2g - ratio of U fission rate in fuel to U fission rate in 
moderator.

Presentation of the results.
All results of calculations are given together with their statistical 

probability errors. For example, 5.02(6) means 5.02+0.06 where 0.06 is a 
probability error (one standard deviation).

2.4.1. Homogeneous critical assemblies with highly enriched
uranium

The core in these assemblies is an aqueous solution of an uranium 
acid. Enrichment in 235U is equal approximately 93%.

In the process of evaluation 23 assemblies without reflector and 10 
assemblies with a reflector were investigated from several tens of the 
described assemblies. These selected assemblies embrace the scope of all 
values of the measured uranium concentrations. The "infinite medium" was 
added to them. In this case the critical concentration of uranium has been 
determined by extrapolating buckling to zero.

The main characteristics of assemblies are given in Table 2.1. 
Information was retrieved from (Thermal Benchmark, 1974) for ORNL 
assemblies, from (Gwin, Magnusen, 1962) for assemblies with UO (NO ) and 
from (ANL-5800, 1963) for assemblies with UOgF • Results of calculations 
are presented in Table 2.2. Assemblies are arranged in increasing order of 
their H/U5 ratio. For the best visualization the calculated values of K 
upon H/U5 are shown in Fig.2.1.

First of all one should point out the strong scattering of results 
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especially for reflected assemblies even between these with similar 
parameters. It appears that precision of determination of the critical 
parameters does not allow one to check the accuracy of K calculation 
better 0.27. for high H/U5 and 0.5% for low ones.

For unreflecting assemblies with low uranium concentration, including 
benchmark assemblies, the calculations predict the criticality almost 
exactly. For assemblies with a high neutron leakage the calculations give 
rather too high values of Kff. This could indicate evidence of too soft 
fission neutron spectrum.

No conclusions can be made for reflected assemblies because of the too 
wide scattering of calculated K 

eff
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Table 2.1. Main Characteristics of Homogeneous Critical 
Assemblies with Highly Enriched Uranium

Solution UO F
2 2

Bare cylinder Reflected cylinder
H/U5 D H H/U5 D H

27 25.4 38.9 26 16. 5 44.5
44 25.4 35. 1 43 25.4 12.5
50 25.4 34.8 59 15.2 71.8
61 25.4 34. 1 79 20.3 19.4
73 25.4 33.7 127 25. 4 14.4
83 25.4 34.4 192 20.3 28. 1
169 25.4 41.2 329 25.4 22. 4
331 30.5 32.8 499 38. 1 16.9
331 38.1 22.9 755 38. 1 27. 1
755 38.1 43.6 999 38. 1 44.3

Solution UO (NO ) 2 3 2

H/U5 D H
Bare sphere
H/U5 B10/U5 R

1021 154.8 74.2 0RNL-4 972 0.0037 34.6
1604 154.8 46.5 0RNL-3 1033 0.0032 34.6
1634 154.8 48.8 0RNL-2 1177 0.018 34.6
1905 154.8 106.8 ORNL-l 1378 0.0 34.6
1955 273.6 90.9 ORNL-5 1835 0.0 61.0
1981 154.8 205.0
2004 273.6 119.4
2052 273.6 241.0

2110±20 infinite
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Table 2.2. Integral Parameters of Homogeneous Critical Assemblies 
with Highly Enriched Uranium

benchmark

H/U5

Bare core Reflected core

K 
ef f

P a2S H/U5 K 
ef f

a25

27 1.006(3) 0. 444 0.777 26 0.992(2) 0. 193
44 1.012(3) 0.456 0.447 43 0.981(3) 0. 150
50 1.010(3) 0.451 0.395 59 1.003(3) 0. 196
61 1.008(3) 0.459 0.321 79 0.999(3) 0. 181
73 1.005(3) 0.462 0.266 127 0.999(3) 0. 142
83 1.012(3) 0.459 0.233 192 1.017(3) 0.082
169 1.010(4) 0.452 0. 117 329 1.012(3)
331 1.008(3) 0.423 0.064 499 1.006(3)
331 1.011(3) 0.420 0.064 755 1.015(3)
755 0.993(2) 0.331 0.032 999 1.006(2)
972 0.997(2) 0. 168 0.029
1021 1.005(2) 0.069 0.018

•) 1033 0.999(2) 0. 168 0.029
1177^ 0.999(2) 0. 170 0.024

•) 1378 0.997(2) 0. 176 0.021
1604 1.004(2) 0. 122 0.019
1634 0.998(2) 0. 115 0.018

•) 1835 0.999(2) 0.067 0.017
1905 1.003(2) 0.051 0.017
1955 0.995(2) 0.043 0.016
1981 1.000(2) 0.035 0.016
2004 0.994(2) 0.031 0.016
2052 1.005(2) 0.012 0.016
2110 0.999(2) 0.000 0.016
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• ba^e sphere 0 bare cylinder UO2F2 D bare cylinder U02(N0,)
0 reflected cylinder '

Fig.2.1. Calculated Keff values for homogeneous critical 
assemblies with highly enriched uranium.
Calculation probability errors are indicated.

2.4.2. Asymptotic cells of critical assemblies with low 
enriched uranium

Most of the asymptotic cells described in the literature have been 
investigated in the following calculations. There are 43 asymptotic cells 
whose buckling has been measured at the critical assemblies of various 
laboratories. One or another Integral parameters.have been measured in the 
majority of the assemblies.

The cells of any assembly differ from those of another only by the 
lattice pitch, that is moderator to fuel volume ratio V /V . Table 2.3 
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gives a general idea about calculated cells. The used information sources 
are pointed out too. The cells of TRX and BAPL are recommended as 
benchmarks (Thermal Benchmark, 1974). Calculated K ({ and important 
spectral parameters are presented in Table 2.4. A brief discussion of 
results is conducted below.

Enriched Uranium
Table 2.3. Parameters of Critical Assemblies Cores with Low

Assembly d 235,, ,W Clad V /V
M F

min max

TRX (Thermal Benchmark, 1974) 0.983 1.31 Al 2.35 4.02
ZR-6 (Szatmary et al, 1985) 0.76 1.6 Zr 1.66
ZR-6 •• II 0.76 3.6 Zr 0.89 1.66
ZR-6 II II 0.76 4.4 Zr 1.66
CRX (Bernocchi, 1977) 0.762 2.7 SS 1.05 4.08
CRX II It 0.754 3.7 SS 2.21
ZPR-7 II II 0.935 3.04 Al 0.435 0.75
ZPR-7 II II 0.935 3.04 Al 0.96 1. 14
ZPR-7*’ II II 0.935 3.04 SS 1.28 1.71

BAPL (Thermal Benchmark, 1974) 0.973 1.31 Al 1.43 2.40
BAY (Bernocchi, 1977) 1.03 2.50 Al 1.37
TCA II II 1.25 2.60 Al 1.50 3.00
NORA II II 1.27 3.41 SS 1.66 4.51
ZPR II II 1.524 2. 07 Al 1.01 4.02
DIMPLE (Broun, 1967) 2.024 3.00 SS 0.78 3. 16

polycell 4x4, loaded 16, 14 or 12 fuel rods
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Table 2.4.1. Integral Parameters of TRX 
Assembly Asymptotic Cells

Parameter Value

V /V M F
B2

2.35

57.00

4.02

54.69

0.996(2) 0.999(2)

K 1. 188 1. 17100

M2 32.37 30. 89
28 

P 1.34(1) 0.834(7)

52S 0.0971(5) 0.0594(4)

a28 0.0964(5) 0.0719(5)
*

c 0.796(3) 0.641(4)

Table 2.4.2. Integral Parameters of BAPL 
Assembly Asymptotic Cells

Parameter Value

V /VM F
B2

1.43

32.59

1.78

35.47

2. 40

34. 22

K.ff 0.997(4) 1.009(4) 1.002(4)

K co 1. 146 1. 152 1. 142

M2 43.75 41.41 38.9
28 

P 1.41(1) 1.15(1) 0.901(8)

a25 0.0833(5) 0.0666(4) 0.0512(3)

a28 0.0770(5) 0.0662(2) 0.0550(4)
* 

c 0.813(5) 0.733(4) 0.656(4)

1.13(1) 1.14(1) 1.15(1)
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Table 2.4.3. Integral Parameters of ZPR Assembly Asymptotic Cells

Parameter Value

Vm/Vf 1.012 1.515 2.017 3.011 4.016
2B 57.6 79.8 83.2 74.8 60.6

Keff 1.008(4) 0.985(3) 0.996(3) 1.004(3) 1.003(3)

K 1.272co 1.307 1.306 1.273 1.211
M2 42.93 38.99 37.02 35. 14 32.24
p28 2.44(2) 1.70(2) 1.36(1) 0.95(1) 0.75(1)

5 0.159(1) 0.106(7) 0.0824(6) 0.0579(4) 0.0462(3)
628 0.0931(7) 0.0741(5) 0.0614(4) 0.0478(3) 0.0408(3)
C* 0.708(5) 0.564(4) 0.495(3) 0.423(3) 0.384(3)

Table 2.4.4. Integral Parameters of DIMPLE 
Assembly Cells

Parameter Value

VM/V 0.779 1.001 1.001 *’

B2 50.96 66.00 62.58

K 0.998(4) 1.002(4) 1.003(4)

K 1.22400 1.268 1.264
M2 40.99 30.08 39.87
p28 5.06(4) 3.96(3) 4.03(3)
625 0.31Q(2) 0.237(2) 0.241(2)
328 0.106(9) 0.0901(6) 0.0921(6)
C* 0.752(4) 0.646(4) 0.653(4)

C29 1.222(9) 1.239(8) 1.241(9)
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Table 2.4.5 Integral Parameters of CRX Assembly Asymptotic Cells

Parameter Value

V /V
M F

1.048 1.2 1.405 1.853 2. 166

B2 40.7 47.5 53.2 63.3 68.8

1.008(3) 1.005(4) 1.012(3) 1.010(3) 1.008(4)

K
co

1. 174 1. 195 1.218 1.243 1.247

M2 39.48 38. 16 37.16 34.72 34.07
28 •)

P 3.80(3) 3.44(3) 2.89(2) 2.25(2) 2.00(2)
-25 •)
o 0.220(1) 0.201(1) 0.163(1) 0.124(1) 0.107(1)

628 0.0848(1) 0.0789(5) 0.0703(4) 0.0581(4) 0.0521(4)
• 

c 0.702(4) 0.653(4) 0.591(4) 0.508(3) 0.470(3)

?2S 1.175(7) 1.18(3) 1.20(1) 1.21(2) 1.207(1)

V /V
M F

3.372 4.078 ••) 2.212

B2 59.5 54.4 95. 1

K 
eff

1.033(3) 1.036(3) 1.008(4)

K 00 1.236 1.257 1.349

M2 32.68 31.97 33.72

28 •)
P 1.36(1) 1.12(1) 2.59(2)

62S •) 0.0706(5) 0.0929(6) 0.136(1)

-28 
o 0.0376(2) 0.0329(2) 0.0508(3)

c* 0.384(3) 0.348(2) 0.399(3)

%s 1.24(1) 1.26(1) 1.26(1)

*’ E =0.55 eV 
c

1 d = 0.754 cm Z3SW = 3.7.
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Table 2.4.6. Integral Parameters of TCA Assembly 
Asymptotic Cells

Parameter Value

V /V M F 1.501 1.833 2.482 2.999
B2 83.3 93. 2 98.3 95.2

K ef 1.013(4) 0.997(4) 1.000(4) 1.006(4)

K co 1.364 1.386 1.372 1.352
M2 39.6 38. 14 35.39 34.62

28
p 2.14(2) 1.81(2) 1.40(1) 1. 19(1)
a25 0.129(1) 0.109(1) 0.082(1) 0.0697(5)
a28 0.0700(5) 0.0627(4) 0.0510(4) 0.0450(3)
* 

c 0.512(3) 0.464(3) 0.405(3) 0.373(3)

1.31(1) 1.32(2) 1.37(2) 1.38(2)

Table 2.4.7 Integral Parameters of BAY Assembly 
Asymptotic Cell

Parameter Value

V /V M F 1.377

1 i c
o

1 •

70. 1

K ef 1.009(4)

Kco 1.328
M2 42.44
28 •) 

P 2.34(2)
~25 •) o 0.137(9)
a28 0.0726(5)
c* 0.571(4)

*’ E = 0.55 eV 
c
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Table 2.4.8. Integral Parameters of ZR-6 Assembly 
Asymptotic Cells

Parameter Value

23SW 1.6 3.6 3.6 4.0
V /V M F 1.66 1.66 0.888 1.66

BZ 50.57 98.58 67. 13 112.58

0.989(3) 1.008(3) 0.995(4) 1.001(3)

K co 1. 196 1.421 1.309 1.455

M2 40.47 38.74 45.37 37.91
28 

P 1.47 2.91 5. 12 3.46

a2S 0.0794 0. 155 0.292 0. 189

a28 0.0610 0.0539 0.0837 0.0529
•

C 0.686 0.523 0.0837 0. 411

Table 2.4.9. Integral Parameters of NORA Assembly
Asymptotic Cells

Parameter Value

V /V
M F

B2

1.66

91.89

3.03

98.8

4.51

86.4

1.010(4) 1.015(4) 1.011(4)

K
CO

1.351 1.355 1.296

M2 34.66 32.30 31.31

28 
P 2.63(2) 1.53(2) 1.10(1)

a2S 0.158(10) 0.0887(6) 0.0623(5)

a28 0.0649(4) 0.0439(3) 0.0344(2)
• 

c 0.438(3) 0.322(3) 0.272(2)

1.41(1) 1.53(1) 1.60(1)
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Table 2.4.10. Integral Parameters of ZPR-7 Assembly Asymptotic

Cells

Parameter Value
V /V M F
B2

0.435

24.36

0.7544

55.38

0.9596

70.76

1.371

91.82
K eff 0.989(3) 0.987(3) 0.986(3) 0.982(3)
K co 1.139(3) 1.265(3) 1.329(3) 1.380(3)
M2 58.7 48.6 45. 15 40.8

28 
P 8.85(5) 5.04(4) 3.95(3) 2.86(2)
8ZS 0.561(3) 0.301(2) 0.230(1) 0.160(1)
s28

0.1412(7) 0.0999(6) 0.085(5) 0.066(4)
c* 1.034(5) 0.743(4) 0.637(5) 0.523(3) j

Table 2.4.11. Integral Parameters of ZPR-7 Assembly 

Asymptotic Polycells

Parameter Value

V /V M F 1.708 1.281 0.962
B2 74.27 61.99 47. 47
K eff 1.000(3) 1.002(3) 1.006(3)
Kco 1.278(3) 1.255(8) 1.201(3)
M2 36.03 38.24 39.4
28 

P 2.51(2) 3.22(2) 2.86(2)
525 0.141(1) 0.187(1) 0.253(1)
528 0.063(4) 0.075(4) 0.066(4)
C*

•)
0.483(3) 0.561(3) 0.523(3)

Averaged over the polycell
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The K values from Tables 2.4 are shown in Fig 2.2. The B2M^ value 
off f

is taken as a parameter determining neutron leakage from a cell.
The calculated K of most assemblies lies between 0.99 and 1.01. 

ef f 2
Evidently the scattering is connected with a methodological error in B 
determinations or in the fact that some assemblies are not asymptotic.

K of benchmark assemblies TRX and BAPL coincides with 1 if one 
ef f

takes into account statistical probability errors.
K of CRX assembly exceeds 1 by more than 1% and in two of the 
® f f 28 28

assemblies more 3%. The experimental results on p and 3 deviates from 
other authors data too (see Tables 2.6 and 2.7 below).

K averaged over all cells except CRX is equal to 1.002. 
e f f *2828

The measured and calculated values of integral parameters C , p ,3 
25 and 3 are compared in Tables 2.5 - 2.8.
In general, the picture looks mixed and contradictory. One can clearly 

recognize it from Figs. 2.3, 2.4 and 2.5. In a number of cases various 
cells, which have nearly equal parameters but have been investigated in 
various assemblies, display very different results. In some cases the 
results of calculations of K and integral parameters contradict one 

e f f
another. No doubt it is connected not with the data in the libraries used 
but with the experimental results.

At the same time it is important to point out that the calculated 
results practically coincide with all experimental data for benchmark 

assemblies TRX and BAPL.
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Fig.2.2. Calculated Keff values for asymptotic cells 
with low enriched uranium.
Calculation probability errors are indicated.
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Table 2.5. Integral Parameter C in the Asymptotic Cells

*’ T=583 K

Assembly V /VM F exp.
*

c
calc. (c/e-l)X

TRX 2.35 0.797±0.008 0.796(3) 0
4.02 0.647+0.006 0.641(4) -1

DIMPLE 0.779 0.725±0.018 0.752(4) +3
1.001 0.628+0.012 0.646(4) +3

•)1.001 0.645+0.016 0.653(4) -1

ZPR-7 0.962 0.679±0.009 0.679(5) + 10

Table 2.6 Integral Parameter p28 in the Asymptotic Cells

Assembly V /VF exp.
28 

P 
calc. (c/e-l)%

TRX 2.35 1.320±0.021 1.341 + 1.5
4.02 0.837±0.016 0.834 + 1.3

BAPL 1.43 1.39 ±0.01 1.41(1) 0
1.78 1. 12+0.01 1.150(9) +3
2.40 0.906+0.010 0.901(8) +0.3

NORA 3.03 1.524±0.016 1.53(2) +0. 4
4. 51 1.065+0.013 1.10(1) +3

BAY 1.38 2.28+0.01 2.36(3) +5

CRX 1.05 2.77±0.08 3.80(3) +35
1.20 2.78+0.16 3.44(3) +25
1.405 2.22+0.5 2.89(2) +30
1.85 1.83±0. 10 2.25(2) +25
2. 17 1.72+0.07 2.00(2) + 15
3.37 1.22±0.10 1.36(1) + 10
4.08 1.06±0.06 1.12(1) +5
2. 12 1.96±0.08 2.59(2) +30
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Table 2.7. Integral Parameter d28 in the Asymptotic Cells

a28
Assembly V /V mf exp. calc. (c/e-1)%

TRX 2.35 0.094640.0041 0.0964(5) +2
4.02 0.069340.0035 0.0719(5) +4

ESAPL 1.43 0.07840.004 0.0770(5) -1

1.78 0.07040.004 0.0662(5) -5
2.40 0.057+0.003 0.0550(4) -4

DIMPLE 0.78 0.111340.0018 0.106(9) -5
1.00 0.092840.0009 0.0901(6) -5

ZPR 1.52 0.06740.001 0.0741(5) +10
3.01 0.04640.001 0.0478(3) +4

CRX 1.20 0.09740.007 0.0789(5) -20
1.41 0.07640.002 0.0703(4) -8
1.85 0.06040.005 0.0581(4) -3
2.12 0.05440.002 0.0508(4) -6
2.17 0.06640.002 0.0521(4) -21
3.37 0.03740.001 0.0376(2) +2
4.08 0.03740.001 0.0348(2) -6

NORA 1.66 0.06240.003 0.0649(4) +5

Table 2.8. Integral Parameter a25 in the Asymptotic Cells

2 5Assembly V /V H/U5 6
exp. calc. (c/e-1)

TRX 2.35 250 0.098740.0010 0.0971(5) -1.5
4.02 430 0.061440.0008 (7.0594(4) -3

BAPL 1.43 305 0.084+0.002 0.0833(5) -1
1.78 385 0.068+0.001 0.0666(4) -2
2.40 510 0.05240.001 0.0512(3) -1.5

BAY 1.38 155 0.151+0.001 0.137(9) -9

NORA 1.66 135 0.12640.002 0.158(10) +25
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0.10 n/8(c)Zo28(e)-l

0.08

0.04

0.02

0.00

-0.02

0.06

2.0

BAPL 0 NORA a BAY

Fig.2.3. Comparison of measured (e) and calculated (c) p28 values. 

Experimental probability errors are Indicated.
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Fig.2.4. Comparison of measured (e) and calculated (c) d2S values 
Experimental probability errors are indicated.

50



CHAPTER 2

Fig.2.5. Comparison of measured (e) and calculated (c) 528 values.

Experimental probability errors are Indicated.
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2.4.3. Full-scale heterogeneous assemblies

Calculations of these assemblies were performed without any 
simplifications in the plane perpendicular to the Z-axis. Leakage in 
Z-direction was considered in asymptotic approximation with experimental 

2 values of B . z

TRX assembly (Thermal Benchmark, 1974)
The cores of TRX-1 and TRX-2 consist of water moderated triangular 

lattice of fuel rods made of metallic uranium enriched In 1.37..
The cores of TRX-3 and TRX-4 are two-reglon ones. The lattices of the 

metallic fuel rods are surrounded by the driver lattice of UO^ rods with 

the same uranium enrichment.
The lattices of the fuel rods are surrounded by practically Infinite 

reflector.
Calculated Integral parameters are shown In Table 2.5. The 

experimental values are given there too.

ZR-6 assembly (Szatmary et al, 1984)
Three configurations with uniform lattices and 17 with perturbed 

lattices have been investigated. The list of investigated configurations is 

given in Table 2.10.
The uniform triangular lattices contain fuel rods of 3.67. enrichment, 

the lattice pitch is equal to 1.27 cm. Configurations differ each from 
other in the number of fuel rods, water level and boron concentration in 

water.
In regularly perturbed lattices of X7 type every 7th fuel rod of the 

uniform lattice is replaced by an absorbing rod (B, Eu, Gd) or by water.
Configurations of K331 type imitate -the core of WWER-1000 type 

reactors.
Calculated integral parameters of ZR-6 assembly are presented in Table 

2. 11.
The value of K averaged over all cases is equal to 1.0035. The 

average variance is about 0.005.
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Table 2.9. Integral Parameters of TRX Assembly

Parameter Value
TRX-4TRX-1 TRX-2 TRX-3

exp. 1.0 1.0 1.0 1.0
eff ,calc. 0.993(3) 0.996(1) 0.999(2) 0.998(3)

28 exp. 1.320+0.021 0.837±0.016 3.03±0.05 0.481±0.011
p

calc. 1.33(2) 0.84(2) 3.1(1) 0.50(3)

exp. 0.0987± 0.0614± 0.231± 0.0358±

a25 ±0.0010 ±0.0008 ±0.003 ±0.0005

calc. 0.096(2) 0.060(1 0.237± 0.036(2)

exp. 0.0946+ 0.0693± 0.167+ 0.0482±

a28 ±0.0041 ±0.035 ±0.008 ±0.0020

calc. 0.096(2) 0.070(1 0.180(6) 0.047(2)

exp. 0.797± 0.647± 1.255± 0.531±
«C ±0.008 ±0.006 ±0.011 ±0.004

calc. 0.79(1) 0.64(1) 1.25(1) 0.53(2)

Integral parameters in core centre.
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Table 2.10. List of investigated configurations
of ZR-6 , . a) assembly

Lattice N b) Perturbation

1 12.7/3.6/0.0 175 no

2 12.7/3.6/0.0 11 no

3 12.7/3.6/0.0 154 no

4 D7/0.0 57 B C 4
5 E7/0.0 58 H 0 

2

6 F7/0.0 141 Eu 0 +A1
2 3

7 F7/1.8 c) 146 Eu 0 +A1
2 3

8 K331 88 Al, H 0
2

9 K331 90 B, H 0
2

10 K331 145 Eu, H 0
2

11 17/0.0 298 Al 0
2 3

12 J7/0.0 312 Al 0 , Gd 0 ,27.
2 3 2 3

13 K7/0.0 303 Al 0 , Gd 0 1.0%
2 3 2 3

14 L7/0.0 296 Al 0 ,Gd 0 2.0%
2 3 2 3

15 M7/0.0 307 Al 0 ,Gd 0 5.0%
2 3 2 3

16 N7/0.0 310 Al 0 ,Gd 0 7.5%
2 3 2 3

Variants 1-10 are described in (Szatmary et al, 1985), 
variants 11-16 are described in (Vidovszky, Gazso, 1990).

Number of configurations in reference.
With boron in water.

B&U assembly (BAU-1810, 1984)
The core of this assembly comprises square lattices of the fuel rods 

in water (V /V =1.34). The rods are made of 2.467. enriched UO . The first 
me d

lattice is uniform. In the second lattice 20 rods are replaced by rods with 
235gadolinium addition (1 nucleus Gd for 3 nuclei U). Some amount of boron 

is added in water.
The calculated integral parameters are given in Table 2.12.
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Table 2.11.1. Integral Parameters of ZR-6 Assembly 

Uniformly Lattices

Parameter Value

«
N 175 11 154

B2 17.87 21.70 18.29
z _____________

K eff
1.007(2) 1.003(3) 1.005(4)

28 P 2.426 2.504 2.496

52S 0. 129 0. 132 0. 132

6Z8 0.0488 0.0490 0.0493
* 

c 0.404 0.412 0.411

Integral parameters are averaged over the core
’ Number of configurations.

Table 2.11.2. Integral Parameters of ZR 6 Assembly 

X7 Type Lattices

Lattice D7 E7 F7 F7 *’

Perturbation B C H 0 2
Eu O_+A1

2 3
Eu 0 +A1

2 3

B2 19-89 50.22 27.31 13.02

K 1.007(2) 1.001(3) 1.000(1) 1.002(3)
eff
p2a 2.671 2.491 2.670 2.818

a25 0.143 0. 132 0. 141 0. 150

a28 0.0521 0.0494 0.0516 0.0538

C* 0.428 0.411 0.429 0.443

Integral parameters are averaged over the core

With boron in water.

55



CHAPTER 2

Table 2.11.3. Integral parameters of ZR-6 Assembly 
X7 Type Lattices, Gadolinium Absorbers

Parameter Value

Lattice
W Gd %
B2
z

17
0.0

48.2

J7
0.2
43.0

K7
1.0

39.5

L7
2.0

37.8

M7
5. 0

36.0

N7
7.5

35.4

K 
ef f

1.000(4) 1.008(1) 1.005(2) 1.007(2) 1.007(3) 1.003(2)
28 

P 2.552 2.562 2.5802 2.6039 2.619 2.633
a2S 0.1355 0.1367 0.1380 0.1388 0.1396 0.1393
a28 0.0499 0.0501 0.0505 0.0509 0.507 0.0509

* 
c 0.4164 0.4173 0.4194 0.4217 0.4229 0.4251
A

155 ««)
0.0014 0.0029 0.0035 0.0042 0.0046

155 
P 0.012 0.29 0.051 0. 106 0. 135
A 

157
0.0062 0.013 0.015 0.018 0. 019

157 ••) 
P 0.0011 0.0029 0.0043 0.0107 0. 135

Integral
A 

155
1 55

parameters are averaged over the core.. 
, X x * x 1SS„, lS7r,A - neutron capture rate for Gd, Gd.
157
155 28 „ 155_, 157p - as p for Gd, Gd.

Table 2.11.4. Integral Parameters of ZR-6 Assembly 
K331 Type Lattices

Parameter Value

Absorber

B2 
z

no

50.7

B C 4
14.9

Eu 0
2 3

44. 7

K 1.005(2) 1.004(2) 1.006(2)
ef f
28

P 2.34(1) 2.34(1) 2.39(1)
25

a 0.1297(6) 0.1262(6) 0.1243(6)
28

a 0.0472(5) 0.0486(5) 0.0457(5)
c* 0.395(2) 0.401(2) 0.374(2)

Integral parameters are averaged over the core.
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Table 2.12. Integral Parameters 
of B&U Assembly

Parameter Value

without Gd with Gd

Keff 0.997(2) 1.001(2)

28
P 2.056 2.028

32S 0.0800 0. 116

328 0.0627 0.0601

C* 2.780 2.618

Integral Parameters are averaged over the core

2.4.4. Infinite heterogeneous lattices

The cell calculations are often used for comparing results of the 

different WWER design codes.
Here the results from the MCU code are compared with those obtained by 

SAM-SE (Lichtenstein et al, 1979) and MCNP (Biesmeister, 1986). Those Monte 
Carlo codes use the ENDF/B-V data. The SAM-SE and MCNP results are 
retrieved from the literature, e.g. (Williams, 1985).

As one can see from Table 2.13 the MCU code using the IAE neutron data 
bank produces practically the same results as the other Monte Carlo codes 

using ENDF/B-V data.
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Table 2.13. Different Monte Carlo Codes Results

Code Parameter, Value

K 
00

28
P

a25 a28 * 
c

TRX-l
MCU 1.188(4) 1.283(6) 0.0935(6) 0.0883(6) 0.779(5)

MCNP 1.180(1) 1.318(5) 0.0966(3) 0.0912(4) 0.788(2)

SAME-CE 1.185(1) 1.300(7) 0.0947(4) 0.0913(4) 0.782(2)

TRX-2
MCU 1.169(3) 0.808(7) 0.0577(4) 0.0641 0.633(4)

MCNP 1.168(1) 0.824(4) 0.0594(2) 0.0656(3) 0.637(2)

SAME-CE 1.170(1) 0.815(5) 0.0583(3) 0.0661(3) 0.633(2)

BAPL--1

MCU 1.149(4) 1.34(1) 0.0799(5) 0.0705(4) 0.793(5)

MCNP 1.146(2) 1.385(6) 0.0826(3) 0.0717(3) 0.804(2)

SAME-CE 1.142(1) 1.370(15) 0.0797(4) 0.0719(3) 0.799(3) *
NB-4

MCU 1.338(4) 2.63(2) 0.156(1) 0.0615(4) 0.547(3)

SAME-CE 1.345(2) 2.66(3) 0.159(1) 0.0613(5) 0.551(3)

NB-5
MCU 1.137(4) 8.52(2) 0.541(4) 0.130(1) 1.009(6)

SAME-CE 1. 145 0.556(4) 0.133{6) 1.007(4)

2.4.5. Critical assemblies with plutonium

The situation for systems with plutonium fuel in MCU-1 code 
calculations was not as acceptable as for systems with uranium. Accuracy of 
calculations was far from satisfying the practical requirements.

However, the state of affairs is considerably improved in the new 
MCU-2 code. It was achieved by reevaluation of all plutonium Isotopes data 
and by developing advanced algorithms. The results of this activity have 
been summarized in (Abagyan et al, 1991).

In this section the results of the MCU-2 code for the PNL assemblies 
recommended as benchmark (Thermal Benchmark, 1974) are presented. The 
values of K obtained by MCU-1 code are given for comparison too.
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The cores of homogeneous PNL assemblies are the spherical or 
cylindrical vessels filled with an aqueous solution of plutonium nitrate 
pu(NO ) . Some cores are surrounded by a thick water reflector. The 
assemblies differ one from another with regard to geometry, plutonium 
concentration and isotopic composition of plutonium. The general parameters 

of the assemblies are given in Table 2.14.
The minimum critical concentration value of 239Pu in water are taken 

from (Testing Report, 1981).
The K calculated by MCU codes are presented in Table 2.15. The same 

values obtained by MCNP code based on ENDF/B-V data (Testing Report, 1981) 
are cited for comparison. MCU-2 code predicts the criticality with a 
precision of about 0,5-/.. It seems that the fission neutron spectrum should 

be defined more accurately to increase the calculation accuracy.
The heterogeneous PNL assemblies are the square lattices of the fuel 

rods dipped into water which acts as moderator and ref lector .^The rods are 
manufactured of UO -2wt%PuO2 -mixture. The fraction of Pu in the 

z ... nv rritical configurations wereplutonium isotopic composition equals • ■
• „ borated and unborated moderatordetermined for three lattice spacings, with boratea

water. The main assembly parameters are given in Table 2.16.
The calculated values of Keff are presented in Table 2.17.
As one can see, the calculated values of Keff practically coincide 

with 1, except those of PNL-34 (The last fact can be explained by some 
ambiguity of the PNL-34 top reflector description in reference (Thermal 

Benchmark. 1974)).
Some interesting integral parameters of homogeneous and heterogeneous 

assemblies are given in Tables 2.18 and 2.19
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Table 2.14. Homogeneous Critical Assemblies with Plutonium, 
Main Characteristics

Assembly H/Pu 240w Geometry

PNL-1 668 4.58 Sphere R=19.5 cm.
PNL-2 125 4.55 Sphere R=19.5 cm.
PNL-3 1154 4. 18 Sphere R=22.7 cm.
PNL-4 873 4. 18 Sphere R=22.7 cm.
PNL-5 554 4. 15 Sphere R=20. 1 cm.
PNL-6 125 4.55 Sphere R=19.3 cm, 

vessel h=0.12 cm.
PNL-7 980 0. 54 Sphere R=17.8 cm, 

vessel h=0.12 cm. 
reflector 30 cm.

PNL-8 758 4.65 Sphere R=19.3 cm, 
vessel h=0.78 cm.

PNL-9 910 13.8 Cylinder R=45.4 cm, H=36.4 
vessel h=0.16 cm.

cm,

PNL-10 210 8.36 Cylinder R=61.0 cm, H=15.4 
vessel h=0.9 cm,

cm,

side and down reflector 20 
pipe r=2. 5 cm.

cm,

PNL-11 623 42.9 Similar PNL-10, H=80.9 cm.
PNL-12 1067 4.54 Sphere R=19.3 cm, 

vessel h=0.12 cm, 
reflector 20 cm.

3695 0.0 Endless medium.
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Calculated Keff Values

Table 2.15. Homogeneous Critical Assemblies with Plutonium,

Assembly H/Pu 240w ref 1. MCU-2

K 
eff

MCU-1
MCNP *’

1 PNL-1 668 4.58 no 1.0189(34) 1.0211(21)

2 PNL-2 125 4.55 no 1.0018(34)

3 PNL-3 1154 4. 18 no 1.0033(41) 1.0003(23)

4 PNL-4 873 4. 18 no 1.0049(34) 1.0072(23)

5 PNL-5 554 4. 15 no 1.0088(34) 1.0110(24)

6 PNL-6 125 4. 55 no 1.0075(34) 1.028(4) 1.0118(24)

7 PNL-7 980 0.54 yes 1.0006(34) 1.016(5) 1.0129(22)

8 PNL-8 758 4.55 no 1.0026(34) 1.009(5) 1.0153(23)

9 PNL-9 910 13.8 no 1.0063(34) 1.021{5) 1.0115(23)

10 PNL-10 210 8.35 yes 1.0020(34) 1.025(4) 1.0075(23)

11 PNL-11 623 42.9 yes 1.0128(32) 1.032(4) 1.0098(22)

12 PNL-12 1067 4. 54 yes 1.0110(34) 1.023(4) 1.0073(20)

13 3695 0.0 1.0011(15)
-------- r—

0.9999(14)

(Testing Report, 1981)

„ „ 235.. n 71 PuU=2 0 24°Pu=8d=1.43 U02+Pu02 W-0.71 w z.u

Table 2.16 Heterogeneous Critical Assembly with 
Plutonium, Main Characteristics

Assembly h V /V M F
H/9Pu qB10/ Pu

PNL-30 1.778 1. 19 184 0.000

PNL-31 1.778 1.19 184 0.019

PNL-32 2.209 2.52 390 0.000

PNL-33 2.209 2.52 390 0.030

PNL-34 2.514 3.64 562 0.000

PNL-35 2.514 3.64 562 0. 021
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Table 2.17. Heterogeneous Critical Assemblies with
Plutonium. Calculated K Values 

eff

Assembly V /V
M F

boron
K 
eff

MCU-2 MCU-1

PNL-30 1. 19 no 0.9979(37) 1.018(3)
PNL-31 1. 19 yes 0.9992(32) 1.021(3)
PNL-32 2.52 no 0.9985(33) 1.015(3)
PNL-33 2. 52 yes 1.0004(31) 1.015(3)
PNL-34 3.64 no 0.9915(33) 1.018(3)
PNL-35 3.64 yes 0.9988(32) 1 024(3)

Table 2.18. Homogeneous Critical Assemblies with Plutonium 
Integral parameters

PNL P v fiss
239-, 

Pu

a ) ion
240^Pu 239^ 

Pu

capture
240„ 

Pu

a )
241^ 

Pu

839 40 40
P P

0.625 2.1

1 0.362 1.019 0. 165 0.021 0. 000 0. 039 9.914 0.07
2 0.389 1.002 0. 186 0.049 0.000 0. 150 9.947
3 0. 310 1.003 0. 157 0.014 0. 000 0.025 1.853 0.06
4 0.322 1.005 0. 160 0.017 0.000 0.032 2. 369 0.06
5 0. 366 1.009 0. 166 0.021 0. 000 0.047 3.496 0.02
6 0.386 1.003 0.004 0. 185 0.049 0.000 0. 192 10. 16 0.03
7 0.006 1.001 0. 158 0.002 0.000 0.027 2.306
8 0.353 0.999 0.004 0. 161 0.020 0.0005 0.035 2.659
9 0.293 1.006 0. 159 0.051 0.000 0.029 1.802 0. 05
10 0.061 0. 990 0.011 0. 174 0.055 0.001 0. 104 5. 122 0. 01
11 0.019 0.762 0.248 0. 121 0. 186 0.031 0.029 1.084 0.03
12 0. 020 1.007 0.004 0. 158 0.016 0.0005 0.024 1.928

endless 1.0015 0. 150 0.011

Reaction rate 
b> Cd cutt-off energy

62



CHAPTER 2

Integral parameters

Table 2.19. Heterogeneous Critical Assemblies with Plutonium,

Parameter PNL-30 PNL-31 PNL-32 PNL-33 PNL-34 PNL-35

*
v fission 239n Pu 0.775 0.773 0.793 0.792 0.790 0.796

24 4Pu 0.004 0.004 0.004 0.004 0.004 0.004

235U 0. 145 0. 142 0. 154 0. 149 0. 158 0. 154

238U 0.073 0.080 0.046 0.054 0.038 0.044
* 

fission 239Pu 0.270 0.270 0.277 0.276 0.276 0.278

235U 0.059 0.058 0.063 0.061 0.065 0.063

238U 0.026 0.028 0.016 0.019 0.014 0.016
♦ 

capture 239Pu 0. 135 0. 137 0. 131 0. 134 0. 136 0. 132

240Pu 0.035 0. 038 0.025 0.030 0.022 0.025

23SU 0.014 0.014 0.013 0.013 0.012 0.013

238U 0. 167 0. 182 0. 113 0. 131 0.097 0. 110

649 0. 131 0. 149 0.065 0. 086 0.050 0. 063

625 0.246 0.290 0. 110 0. 152 0. 080 0. 105

28
P 4.087 4.833 1.915 1.205 1.402 1.940

Reaction rate
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3. THE MONTE CARLO CODES AND THEIR APPLICATIONS

L. MAIOROV

3.1 INTRODUCTION

The target of high precision neutronic computations is to solve the 
transport equation with an accuracy limited only by used evaluated nuclear 
data. The Monte Carlo method is the most convenient tool for this purpose.

The geometrical complexity of investigated assemblies or their 
detailed cross-section description are not serious obstacles to applying 
the Monte Carlo method, which is why the Monte Carlo codes are used widely 
as a source of mathematical reactor benchmarks. On the other hand the crude 
enough approximations are used in the WWER transport design codes. The 
transport equation is solved on the basis of simplified reactor models 
mostly utilizing the homogenization approach (cf.Chapter 5). The diffusion 
equation coefficients are also calculated approximately (See Chapter 4). 
Therefore it is necessary to use the benchmark results for verification and 
validation of the design codes. Comparison of the benchmark and of the 
engineering calculations permits one to be sure of the reliability of the 
engineering code predictions. Analysis both of the different design 
approximations and of their influence on the calculation accuracy are a 
very important part of the verification task carried out on the basis of 

the Monte Carlo codes.
In the first stage of the TIC activities the design code verification 

and validation were carried out mostly using the ZR-6 experimental results. 
However, mathematical benchmarks are more informative and more reliable 
means often excluding the nuclear data evaluation of course.

Throughout the long period of TIC activities the Monte Carlo methods 
were used intensively for interpretation of the experiment results (TIC-1, 
1985) and for the design code verification. Parallely, the Monte Carlo 

codes themselves were developing intensively.
Now the Monte Carlo benchmarks play a not less important role in the 

verification and validation process than experimental ones.
The Monte Carlo code place was different throughout the different TIC 

activity periods. Initially Monte Carlo methods were applied to solve the 
most important but only the separate problems of the design code 
verification and validation. They were applied to solve many problems which 
were important as a means of understanding the role of the various 
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approximations used in the design codes, to interpret experimental results 
and to improve nuclear data base (Seifert, 1976,1977), (Maiorov. 1977). 

Kurka et al,1981), (Maiorov and Yudkevich, 1988).
Some of these problems are as follows:

- analysis of the design calculation accuracy for the resonance and thermal 

regions of energy (see Chapter 4),
- analysis of accuracy of the different homogenization theory approaches, 
- estimation of different experimental corrections, in particular effects 

of dry lattice, of detector finite size, the perturbations, caused by 

detectors (see (TIC, volume 1)).
Section 3.2 describes briefly Monte Carlo codes applied for these 

'^^The second generation Monte Carlo code development permitted one to 

utilize these codes as a main tool of design code verification. This
, ■ v. cod q q Its applications for nucleargeneration code MCU is described in S

data validation van. discussed In Chapter 2. Chapter 4 contains cany 
examples of KCU application Per verifying and validating th. d.s!gn codes 

, orc Therefore below we shall restrictused in calculating the cell parameters.
, . occrip) nroblems concerning the advanced designourself to considering some special pro

methods.
- .1 r tip art ivities the theory of Monte Carlo Throughout the period of TIC activities

, . a . Ttr institutes (cf. (Zolotukhin and methods was also developed in the TIC
. „ , _ „ iqqil) The main targets of theseMaiorov , 1983), (Lux and Koblinger, 1991J J.

activities were as follows:
- investigations of efficiency of various simple and combined estimators 

for calculating the flux functionals,
- development cf theory concerning th. c.lecl.tlens by Kent. Carlo
methods (In particular, th. wll knoun problem of biasing th. .stlmater.

utilized),
- Investigating th. possibilities for dl.ldshlng th. calculation.! cost.

1 „ particular. th, e,»<lc» drived for th. ..H.nc.s of
onto at two neighbouring collision points and scoresboth depending on events at tw a

... r collision + track estimators, collision + various combined estimators (cf. coll
. a. a. a otr (Maiorov and Frank-Kamenetsky, 1969). The
absorption estimators, etc (Maioro

, bv Lux for treating the estimators usingoriginal approaches were developed by lux ioi
irtc and for evaluating the calculational cost two neighbouring collision points and

(Lux, 1978, 1978 b).
, v estimators was considered from theThe problem of biasing the Keff estimau

... in (Zolotukhin and Maiorov, 1983).point of view of the cost optimization in l
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In (Ogibin, 1967) was derived the general equation for the calculation cost 
of algorithms utilizing the roulette and splitting methods:

D D D
c = (D + _L+ _^+...+ 3------  ) (To ♦ niTi + ntnkT2 + ^^...n^) 

ni nn2
where C=DT is the cost of calculation defined as the product of the 
estimator variance D and the average calculation time T per one primary 
particle, T are the average modelling time spend to model the history part 
between two splitting surfaces, n; are the number of particles that the 
particle is splitted into when intersects the i surface, Dt are the problem 

parameters.
The cost optimization is achieved by special choice of the n^ values.
The cost of modelling the fission process is also described by the 

similar equation (Zolotukhin and Maiorov, 1984). The traditional methods 
for calculating the K are optimal ones from the point of view of the 
cost value. However, this optimization is paid by bias of Monte Carlo 
eigenvalue calculations (Lieberoth, 1968), (Gelbard and Prael, 1974), 
(Zolotukhin and Maiorov,1984), (Brissenden and Carlick, 1985). One may hope 
that approach for calculating both unbiased and inexpensive eigenvalues 
will be elaborated in future. The reviews of problems concerning both the 
estimator efficiencies and the K^ bias problem are given in (Gelbard, 
1991), (Zolotukhin and Maiorov, 1984), (Lux and Kobi Inger, 1991)). These 
reviews include partly the results of TIC’s authors. Therefore theoretical 
problems of Monte Carlo method are beyond the scope of present Report.

3.2 THE FIRST GENERATION TIC MONTE CARLO CODES

Below we describe the TIC first generation Monte Carlo codes 

briefly.
MHKFK

The three dimensional code (VANT, 1981) for special geometry 
assemblies. The code uses as a basis the 21 and 26-group data (one thermal 

group).
PIT

The three dimensional code (VANT, 1981) for thermalization 
calculations, when the effects of thermal motion and chemical bonds were 

taken into account.
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MONRI
The MMKFK option (Sboev, 1981) allowing the evaluation of the 

resonance effects and utilizing the CROSS code (Tebin et al. 1978) to 
calculate the resonance cross sections at the every energy point when it 

was necessary.

0MK78, MKPRT
The combined options (VANT, 1981) of all the three codes mentioned 

above. They allowed one to model the 3-dimensional system taking into 

account both the resonance effects and the thermalization ones.

The description of these codes and their application for reactor 
calculations were published in special issue of VANT journal (VANT, 1981) 
devoted to memory of A.D.Frank-Kamenetsky who was author of the MMKFK code.

OMEGA
This code (Seifert, 1978) allows for a rather general 

three-dimensional geometric arrangement of circular cylinders, rectangular 
and hexagonal prisms. The code can consider a great variety of practically 
important geometric arrangements which often appear inside and 
reactor. The 26-group ABBN subgroup library and the THERMOS library are 
used for the basic microscopic cross-sections in the epithermal 
thermal range, respectively. The epithermal data can be used in two 
different ways. First, spectrum averaged macroscopic group cross sections 
can be generated. Secondly, the subgroup parameters can be used directly 
according to the so called subgroup method or the probability tables 
method. The thermal range can be divided into a number of groups and the 
corresponding cross sections are generated as in the THERMOS code. Although 
group cross sections are used the neutrons are described by continuous 
energy variables. The epithermal elastic slowing down is calculated 
according to the laws of the elastic slowing down and the library elastic 

, . hv th? code OMEGA solves the homogeneousslowing down data are not used by the cooe.
t x .. « an eigenvalue. Some global parameters aretransport equation with K as an eigen
...lu.t.d, for example K ' Furthermore. th. fluxes and th. reaction rate, 
can be calculated for th. special »uh sone, and for any desired energy 

a a Th nurrA anolicatlon for design codes verification is group structure. The OMEGA appncdti^
described in Sect. 4.2,4.3.
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3.3 MCU CODE

3.3.1 General description

The MCU project has been developed in Kurchatov IAE over the long 
period of time (Maiorov and Yudkevich, 1988), (Gomin et al, 1991). The 
project goal is to provide high precision of the reactor parameter 
calculation.

The project includes:
- development of the nuclear data base,
- creation of Monte-Carlo codes, their verification and validation,
- creation of CLAD library containing the critical experiment description 
in MCU language,
- development of the approaches permitting one to utilize Monte-Carlo codes 
for design code verification and validation,
- the design code verification and validation.

Main features of the MCU code are as follows.
The code architecture, based on the modular principle, allows one to 

compute the transport equation functionals on the basis of a wide set of 
different algorithms and mutually-changeable program modules, utilizing the 
different data libraries in particular.

The MCU code utilizes the original data libraries based on the 
recommended neutron data.

Throughout one code run the poi.it wise and the group cross section 
descriptions are allowed.

The code permits one to use a detailed description of cross section 
energy dependence in the resolved fully resonance region. The resonance 
cross sections need not obligatory be tabulated in advance. Throughout the 
modelling they may be calculated in every energetic point on the basis of 
the resonance parameter library (see Chapter 2). It cancel any doubt about 
cross section calculation accuracy and allows the user to model the systems 
having various temperature having independence on the cross section library 
state. It is important for analyzing temperature effects.

Collision modelling in the thermal region is performed taking into 
account the chemical bonds, nuclei thermal moving and the coherent effects. 
The user is permitted to update the scattering law library utilizing the 
phonon spectrum library. Parallel with the resonance region modelling 
algorithm it allows one to calculate the temperature effects.
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It is possible to model a wide class of three dimensional systems.
MCU allows one to take into account effects of double heterogeneity. 

For this purpose the special algorithm was developed (Bryzgalov et al, 
1989). In particular, the HTGR type system were modelled having the sphere 
elements which contained to 104 micro elements of fuel.

Some standard sets of the most important functionals and those needed 
for the advanced design code verification are calculated (see Sect.3.4).

The latest portable MCU-3 version is written in FORTRAN-77. Now MCU is 
exploited in computers having SVM, OS (IBM), UNIX, VMS operating systems 
and in various PC.

The previous MCU-1 and MCU-2 versions were exploited for a long time. 
They were validated using about 200 benchmarks and were verified by solving 
thousands of practical problems. The CLAD library contains about 250 
experiment descriptions.

The data base used for MCU is described in detail in Sects. 2.3.4, 
2.3.5. Its main parts are as follows.

ABBN/TR 26-group library, allowing one to use, in particular the 
subgroup approach describing the unresolved resonance self shielding.

LIPAR library (see Sect. 2.3.4) contains the nuclear resonance 
parameters for the fully resolved resonance region. In the modern LIPAR 
version format ENDF/B-6 is used. The LIPAR data are directly utilized in 
the process of modelling for calculating every energy point cross-section 
taking into account Doppler broadening.

TEPCON thermal neutron data multi group library contains the 
cross-sections for energies less than 5 eV and for the different 
temperatures. It includes itself the zero and the first angular moments of 
the scattering cross sections. The most important moderator scattering 
cross-sections are calculated in the Gauss incoherent approximation, the 
elastic coherent cross section are used if it is necessary. The different 
library options differ by the group structure.

VESTA - the scattering law library for the thermal energy region. This 
library is used for point wise modelling in the thermalization region.

The special scattering law S(a,3) calculation algorithm and codb are 
used to update the VESTA library. They are based on using the recurrent 
relationship

CO

S(a+Aa,p)=Js(a,3-/3' )S(Aa,3' )d/3'

-co
where for the small Aa the scattering law S(Aa,p') is expressed through the
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phonon spectrum.
NEDAM library (Markovsky and Borisov, 1989) compiled on the basis of 

the ENDF/B-4 and the ENDL-83 files describes neutron-nuclei interaction for 
the point wise modelling in the energy region 0.1-15.2 MeV..

The MCU architecture. The Monte-Carlo methods allow one to apply a 
wide spectrum of algorithms for the particle history modelling. They are 
based on using the different probability density functions and the 
different tallies of values of interest. The code structure permits one to 
simulate random walk of several types of particles. From the code 
architecture point of view the particle random walk is a random sequence of 
many abstract events: the particle birth from the external source, 
collision, the flight between two collision points, the death, the birth of 
the different type secondary particles, weight changing, etc.

Concretization of physical meaning and the event interpretation 
algorithms are realized by modules contained in the code library. The MCU 
module is a set of segments, where each has its functional destination and 
interfaces strictly determined by the code architecture. With regard to 
their destination MCU module types are classified, as follows:

C - control (governing), P - physical, G- geometric,
T - tallies, S - sources.
As a rule every type of module has alternative versions corresponding 

to its different modelling algorithms.
The executable program variant (EP)' is assembled according to the 

equation:
EP=C+P+G+T+S

where C,P,G,T,S are the alternative concretized names of the corresponding 
types of modules.

Physical modules. The MCU library contains the physical submodule set. 
Every submodule uses . the different data libraries and the different 
particle-nuclei interaction models for different energy regions.

The physical module operating variant (OP) is assembled according to 
the equation:

OP=P +P +P +P 12 3 4
where P( - are the alternative concretized names of the corresponding types 
of submodules: three ones for neutron collision modelling and one for 
photon collision modelling.

For neutrons the whole energetic region is divided into three 
unintersected subregions serviced by Pj.Pg.P submodules (conditionally the 
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fast, the resonance and the thermal ones) having the boundaries (E ,E ).
1 1-1

Most submodules perform continuous energy modelling but the group approach 
may also be used utilizing both the point wise and the group cross 
sections.

Nuclei concentrations and temperatures allow to be depended 
continuously on the spatial coordinates.

Cross section resonance structure may be taken into account by using 
any of three methods: Bondarenko’s self-shielding f-factors, the subgroups, 
resonance cross section calculation in every energy point in limits of 
resolved resonances region. The elastic scattering anisotropy is taken into 
account by the set of equiprobable bins of scattering angle cosines in eras, 
scattering is sampled by kinematic formulas.

In the thermalization region the inelastic scattering is modelling in 
ideal gas approximation or in incoherent Gauss approximation. The 
correlation between energy change and scattering angle cosine is taken into 
account. Coherent elastic cross sections are used when it is necessary.

Geometric modules. The MCU code permits one to model arbitrary complex 
three dimensional systems. The geometric module library contains 11 
specialized geometric modules and two universal ones. Specialized modules 
are designed to model the special class systems (the WWER, RBMK, TOPAZ 
reactors, etc).

The universal type modules are based on the combinatorial method, 
which allows one to construct different geometric systems using Boolean 
operations under the definite primitives, contained in the special 
primitive library. They allow one to use hierarchical principle for 
describing complex systems with one time description of repeating elements. 
The regular lattices may be described fixing only their basic elements and 
translation vectors.

Control modules. These modules provide the possibility to solve 
transport equation using the different alternative algorithms solving the 
transport equation (in pasricular, analog and non-analog approaches).

All the control modules use the common banker segment. The banker 
allows one to place particles into the external memory and to get them from 
the external memory with differing particles by types, queue numbers and by 
priority in queues.

The banker is a main tool for realizing nonanalogue methods, e.g.: the 
Russian roulette, splitting, weight window methods, etc.

Criticality problems are solved by using the method of the forced 
regulation of the number of particles in generation.
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Besides traditional criticality problems, the MCU allows one to solve 
the asymptotic system problems, when the leakage is given by buckling 
vector (see Sect 3.4.2).

The different types of boundary conditions may be considered, in 
particular the different conditions of symmetry, fixed by the symmetry 
planes.

The source modules permit one to define the different space,angle and 
energy distribution functions.

Tally modules. The MCU calculates the standard set of functionals: 
the fluxes and the reactions rates in the spatial and energetic regions 
defined by the user, fraction - linear functionals, migration lengths, 
neutron lifetime, sets of the cell few group diffusion constants, S , eff 
etc. In particular it is possible to calculate the diffusion coefficients 
corresponding to the different definitions.

The MCU tally module architecture permits to the user himself to widen 
calculated values set and supplies him by the necessary service.

3.3.2 MCU verification

MCU has been verified with the help of special tests by comparing 
calculation results with those obtained by other codes and with 
experimental data. Assemblies with different fuel and different moderators 
in particular (ENDF-202), (BAW-1810.1984), (TIC-1, 1985) and many other 
assemblies have been examined.

The CLAD library has been compiled (Alekseev et al, 1992). CLAD 
contains assembly descriptions on MCU input language. There are -250 
assignments of different experimental assemblies. They include data about 
reactors of practically all types which differ in fissile nuclei, 
moderators and neutron spectrum. Critical assemblies sufficiently simple in 
geometry are used to verify nuclear data. Geometry and materials of 
assemblies are described as precisely as the various authors’ documents 
permit. A review of calculation results comparison with experimental data 
is given in (Maiorov and Yudkevich, 1988), (Alekseev et al, 1992), 
(Yudkevich, 1993).

Briefly MCU verification results may be summed up as follows: 
criticality of thermal reactors with U235- fuel with moderators HO D 0 or 

2 ’ 2
C is predicted with precision -0.57. ( experimental errors -0.57.); computed 
Kefr of assemblies with Pu-fuel do not exceed of the experimental errors.
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Criticality of fast reactors is predicted better than 17. and discrepancies 
are unsystematic.

MCU is widely used now in Russia for the calculating parameters of 
Russia reactors of practically all types, in-pool storage and shipping 
casks, etc.

Large series of calculations of vapour effect had been done when the 
causes of the Chernobyl accident were analyzed. The first calculation 
results carried out in May 1986 permit one not only to conclude that RBMK 
reactors have the large positive vapour coefficient but calculate also all 
the function showing dependence K on water density.

3.3.3 ZR-6 assembly modelling

The ZR-6 experimental results were intensively used to validate both 
the MCU data libraries and the MCU code as a whole. Chapter 2 contains the 
data validation results obtained on the criticality analysis basis. The 
examples comparing the MCU and experimental flux distribution and reaction 
rates in ZR-6 macrocells are given in Chapter 4.

Many calculations were performed to supplement experimental data 
describing the flux and reaction rate distributions over all the ZR-6 
assembly, for every core cell.

As example we illustrate some MCU results of modelling configuration 
154 of the ZR-6 assembly (TIC-1, 1985): the uniform lattice of 12.0/3.6/0 
type, 106 histories (Maiorov et al, 1993).

The third energy group absorption cross section map is given in fig. 
3-l. The results for the thermal neutron group and for every cell are shown 
in fig. 3.2 -3.6, as follows: the source power, the cell absorption and 
neutron generation cross sections, the flux, the ratio of the edge flux to 
the flux averaged over the volume of the cell.

Similar data so as the transfer cross sections were calculated for the 
every energy group. In addition the reaction rate for eveiy nuclei types 
was calculated. The diffusion coefficients corresponding to their different 
definitions may be calculated as well(see Sect.3.4.3). For this goal the 
fluxes, one side currents and levels (see Sect. 3.4.3) are estimated for 
the cell sides (see also Sect.3.4).

Examples of energy release maps (for every cell) calculated by MCU 
code (Maiorov et al, 1993) are given in fig. 3.7-3.12. Analogous 
experimental maps were given in (TIC, 1985) but only for the certain cells. 
Fig. 3.7-3.12 permits also one to compare the experimental and MCU results.
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Fig.3.1 Group 3. Absorption cros-sections 2 .
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Fig.3.2 The thermal group sources in cells of 
assembly ZR-6-154/154
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Fig.3.3 The secondary neutron generation cross sections.
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Fig.3.6 The ratio of the thermal neutron flux averaged 
over the cell surface to the one averaged over 
the volume. Assembly ZR-6-154/154.
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Fig. 3.7 Energy release distribution. Assembly ZR-6 12.7/3.6/0.0 
Configuration 154 (T=300 K). Statistical error - 1.57. 
Deviations from experiment are given in parentheses (7.)
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Fig.3.8 Energy release distribution. Assembly ZR-6: 12.7/4.4/0.0. 
Configuration 159 (T=300 K). Statistical error - 1.0% 
Deviations from experiment are given in parentheses (%)
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Fig.3.9
Energy release distribution. Assembly ZR-6 12.7/3.6/5.8.
Configuration 161 (T=300 K) Statistical error - XO/.
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10 Energy release distribution. Assembly ZR-6 12.7/3.6/4.0. 

Configuration 161(T=350 K) Statistical error - 2.07.
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Fig. 3. 11 Energy release distribution. Assembly ZR-6 12.7/3.6/4.0 
Configuration 161 (T=400 K). Statistical error - 2.07. 
Deviations from experiment are given in parentheses (7.)
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Fig.3.12 Energy release distribution. Assembly ZR-6 12.7/3.6/5.8 
Configuration 161(1=300 K) Statistical error - 1.0% 
Deviations from experiment are given in parentheses (%)
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3.4 THE APPLICATION OF THE MONTE CARLO METHODS 
FOR VERIFICATION AND VALIDATION OF THE DESIGN CODES

3.4.1 The general remarks

The design codes have a limited accuracy because they use very 
approximate reactor mathematical models. These models are based on a 
definite set of a priori hypotheses, which are not accurate enough as a 
rule. Besides the approximate nature of the design models, their parameters 
are usually calculated approximately as well. Additionally it is often 
difficult to interpret the quality of the design code result because the 
nuclear data used in the various codes are usually different.

The important targets in applying Monte Carlo method are as follows.
- Verification and accuracy evaluation of the different design methods.
- Quality analysis of the hypotheses used as the basis of the design 

methods.
- Analysis of the real advantages of the new approaches and of the new 
design methods proposed regularly (cf. Chapters 5-7).

- Clarifying the reasons influencing on the design code accuracy and the 
elaboration of the recommendations allowing their accuracy to be 

increased.
The mentioned problems were considered in (Maiorov et al, 

1978,1988,1993). Their main target was to verify the WWER fine mesh design 
codes (cf. Chapter 5) and to analyze the possibility improving their 

accuracy.
The investigations were based on the following principles.
1. A set of mathematical benchmark problems is calculated by the 

Monte Carlo methods.
2. A special theoretical analysis is carried out to elaborate Monte 

Carlo algorithms of calculating the design equation parameters.
3 The design equation coefficients are calculated by Monte Carlo 

codes with the same accuracy as the test benchmark problems. Identical 
nuclear data and geometry models are used (both for solving the benchmarks 
and for calculating the design equation coefficients).

4. The Monte Carlo and the design code solutions of the transport 
equation are compared in application to a full assembly. The reasons for 

discrepancies are investigated and cleared up.
A similar approach permits one to avoid the influence of data 

discrepancies and of the approximate design parameter determination on the 
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results. Initially the investigations were based on the surface flux method 
(SFM) (Maiorov et al, 1970). Later the approach developed for this method 

was used to investigate the other new ones.
One should note that in the SFM or in the other response matrix type 

methods, every cell flux is synthesized as the sum of a prescribed number 
of trial functions. Every trial function is the transport equation solution 
corresponding to some boundary condition. Then the reactor equations are 
constructed by way of linking the different moments of these linear 
combinations in the neighbouring cells taking into account the continuity 
conditions of different moments of flux. The goal of (Maiorov et al, 1970) 
was to verify synthesis type methods in their application to WWER 

calculation problems.
The WWER lattices are nonuniform and contain many singularities, e.g. 

the absorbers, the water holes, the water gaps between the assemblies, etc. 
These singularities significantly influence the neutron spectrum inside the 
cells. In the design calculations, it is important to take into account 
both the spectrum change and the possible non-diffusion effects near the 

singularities.
Traditionally, the few group homogenization methods were used in the 

WWER design codes (cf. Chapters 4,5). These methods are based on 
replacement of the real heterogeneous cell by an equivalent homogenized 
one. Then the hypothesis is used that the flux in the model reactor 
consisting of similar equivalent cells may be described by the diffusion 
equation with good enough accuracy. An irreversible loss of information has 
already taken place during the first homogenization step of constructing 
the design models. It limits the accuracy of the design codes in principle. 
Additional losses take place when the diffusion equations are solved by the 

approximate finite difference methods.
Earlier it was generally supposed that the diffusion equation 

coefficients did not depend on the cell position in the assembly. The 
approximate character of this hypothesis is obvious for the few group WWER 
design model. One of the means of improving the typical design code 
accuracy is to increase the energy group number (in the thermal region in 
particular). It permits one to take into account the cell diffusion 
parameter dependence on the surroundings. It does not however eliminate the 
other information losses connected with using the homogenization procedure 
(e.g., transport effects and effects of significant flux variation on the 

cell boundaries).
TIC specialists have expended a great deal effort on improving the
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accuracy of the traditional design methods. These efforts seem to be 
successful. As a result it became possible, using only one thermal group to 
predict the reaction rates with 5-10 times higher accuracy than before (for 

the cells adjacent to singularities).
The new approaches were developed where authors disregarded 

homogenization methods using different approximate methods of solution of 
the transport equation instead (see below and the Chapters 5-7). The 
equations of new approaches are formally similar to the traditional ones 
thereby allowing one to solve them using the traditional codes.

Another way was chosen by authors who improved the traditional 
diffusion equation accuracy taking into account changing the cell energy 
spectra in dependence on the cell surroundings (the spectral index and 
Bonalumi methods, see below and Chapter 5).

In (Laletin et al, 1977), diffusion type equations based on the 
synthesis principle were derived. These equations were formally similar the 
simplest finite difference ones usually being derived on the basis of 
homogenized diffusion theory. It was shown that the homogenization step is 
not necessary to obtain the equations analogous to those usually used in 
the fine-mesh design codes. The new equations have better accuracy and may 

be solved using the traditional codes.
The synthesis approaches are very popular now. They are discussed 

below and in Chapters 6 and 7. Even so it is worth noting that the use of 
synthesis methods does not automatically improve the codes quality. It 
should be taken into account that the definite freedom exist both in 
choosing the trial functions and in constructing the balance equations. In 
principle, it is possible to derive even worse equations than the 
traditional ones if this freedom would be used not the right way (cf. 
Maiorov et al, 1970). So the analysis of real quality of the proposed 

equations is always necessary.
The Monte Carlo codes were used to verify new methods and to evaluate 

their real advantages in comparison with traditional ones. In Sect.3.4.3 we 
consider an example of similar analysis for the simplest synthesis balance 
equations of diffusion type. The Monte Carlo code MCU was used for this 
analysis based on numerical benchmark modelling of the WWER (and the ZR-6) 

type assemblies.
More complex synthesis methods are considered in Chapters 6 and 7. In 

Sect.3.4.4 the possibilities of their analysis using MCU code are 
discussed.

As a rule the solution of the set of model problems is necessary to
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calculate the parameters of the synthesis type equations. These solutions 

are used as trial functions.
The asymptotic lattice problem plays an important role for this 

purpose and similarly for the homogenization procedure. This is the reason 

we consider this problem first.

3.4.2 Asymptotic lattice problem

Problem description. The aim of transport calculations is to determine 
the different neutron distribution parameters. These parameters may be 
expressed through the linear functional R of the transport equation 

solution Kr, v):
R=p>(r,v) S' (r.vldrdv, (3.4.1)

Here the <p function defines the functional.
The transport equation may be written as follows:

- V*(r,v) + T (r.vMr.v) - 
V t

r /\ t r • x^’ f £ (r v v') 4'(r,v')dv' (3.4.2)- r X (r,v,v ) *(r,v')dv - £ J ^tr.v.v , ,
J s eff

= s(r,v)

Here z (r v) 1. . total cross motion of th. neutron having velocity v 
and placed « point r. Functions Z, and Z, d.scrlk. th. changes cP particle

U . av ■ In scattering and fission reactions respectively,number and their energies in scattering
S is the density of the external sources.

The equation in the form (3.4.2) may be used to describe the source 
(inhomogeneous) or criticality (homogeneous) problems. In the latter case 
S=0 and it is necessary to calculate the maximal eigenvalue Keff and 

..___ „s opnriinct ion (for the source problem functionals of the corresponding eigenfunction

K =1).
Th. mathematical nod.l. of th. real a.s.mbll.s ar. d.Tlh.d by 

..Slgn..„t of th. boundary conditions for Eq. <3.4.21 and by asslgn-nt of 
_ , „ 1 y (r V v'). The latter depend on thethe functions S (r.v), Ejr.v.v ). Sfir,v, ,v

, j . < f hy. reactor to be investigated,geometry and materials of tne react-o
_ ____ „ui„- iS the determination of the so calledAn important practical problem is

, , ____iq64) of the transport equation. Thatasymptotic solution (cf. Benoist, 1
. Pk nnifnrn Infinite lattices having translation solution is defined for the uniform imu 
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symmetry under the condition that leakage from the lattice is described by 

a buckling vector B (cf. Deniz, 1986).
The asymptotic problems are important for analysing the criticality 

experiments and for calculating the design equation coefficients.
By definition an asymptotic solution of the transport equation may be

expressed in the form
*(r, v)=^/g (r, v)exp( IBr) (3.4.3)

where V (r,v) is some periodical function with the period to be equal to 
s

the lattice period-
Asymptotic criticality problems and the source ones may be considered 

equally.
For the inhomogeneous problem the source distribution function is 

usually presented in the form:
S(r,v)=SB(r, v)exp(IBr)

where s (r,v) is some periodical real or complex value function.
B

For a criticality problem the main eigenvalue should be determined.
It seems that the generally conventional formulation of the asymptotic 

problem does not exist. Usually the following positions may be opened.
With which value of B should the asymptotic problem be solved for?
Which problem should be solved: the criticality problem or that 

corresponding to the fixed source?
What function s (r.v) should be chosen if the source problem should be

B
solved, for example complex value or real value function.-1

It should be noted that these questions are not too importai from the 

practical point of view because:
- Asymptotic problem solutions are used mainly for calculating the 

coefficients of the crude enough homogenized equations.
— Asymptotic problems used to be solved approximately utilizing the design 

codes.
However it is useful to have in view all the mentioned ambiguity when 

comparing the results of different authors. In the opposite case one may 
compare the solutions of the different problems attempting to understand 

the reasons for their discrepancies.
As the formulation of the asymptotic problem has been fixed both the 

solution methods and the usage of results may be discussed.
Experiment analysis. As a rule, the asymptotic method is used in the 

experiment analysis, when the assembly configuration is not described
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accurately enough, for example:
- in the XY-geometry plane the lattice has a finite size and it is 
described accurately but the leakage along the Z-axis is fixed by 
assignment of the buckling component Bz (as a rule, on a measurement 

basis),
- all the lattice is described as an asymptotic one with the measured 

leakage vector B.
Many benchmark-experiments, for the ZR-6 assembly in particular, are 

described as two dimensional ones or as the zero dimensional models with 

the measured buckling.
The Monte Carlo method makes it possible to analyze the similar 

experiments without additional approximations.
Design calculations. In the design calculations the asymptotic 

solutions are used traditionally in the homogenization step. As a rule 
these solutions are determined approximately. The especially considerable 
approximations are used in the resonance and in the thermalization energy 
regions. The Monte Carlo codes give the opportunity to estimate 
discrepancies appearing at the step of the diffusion equation parameter 

calculations.
As asymptotic problem has been formulated and solved, its results may 

be applied in many variants for calculating the homogenization parameters. 
This multivariancy, for example, is discussed in (Deniz, 1986).
cited work the homogenization problem is formulated in a general enough 

form.
Suppose, following (Deniz, 1986) that two arbitrary functions W(r,v) 

and N(r,v) are chosen for the lattice cell homogenization procedure and we 
know the solution of the asymptotic problem with a priori fixed B.

Then, using Eq.(3.4.2) we may write the balance correlation for every 
1) energy group having the number g :

We included the fission term of (3.4.2) in the external source term.

noted as S.

93



CHAPTER 3
v

< ( vV'Kr.v) + S (r,v)*(r,v) ),W(r,v) > _________________i------------- --------  ’<*,N> 
< i-.N >------9

9 (3.4.4)
<W, [ £ (r,v, v') ^(r.v'Jdv'?

---- 2__ ?-------------------  9 <$, N> = < W,S > 
9 9

< ^.N > 9

Here the symbol <...> denotes the scalar product, and f is the 
solution of the asymptotic problem.

On the other hand the asymptotic problem may be described by the 
diffusion homogenized equation. Its asymptotic solution must satisfy the 
equation:

(DB2+ E )4 - V E9<=9i ,= S (3.4.4a)
t g L, s 9 99

Therefore the equivalent homogenized cell parameters are calculated 
from the condition that the coefficients in Eq. (3.4.4) should be equal to 
the analogous ones of Eq. (3.4.4a). In this procedure the variable * is 
interpreted as <4', N> . 9

In particular from Eq.(3.4.4) the equation for the diffusion 
coefficient of homogenized lattice comes out in the form: 

v 
<(vV4,(r,v), W(r,v)> 

n -  9 

where B is the buckling component for the direction of interest.
This algorithm of the homogenized cell parameter calculation gives a 

solely the obvious guarantee: namely, that the reaction rates both of the 
real lattice and of the homogenized one would be equal for the chosen 
asymptotic model problem only. From the principle of continuity one may 
hope that the homogenized diffusion equation solutions will also be close 
to the real solution for the case of the real nonuniform lattice. But not 
more than that! Nevertheless all the traditional design codes are based on 
the principle mentioned above.

One may recall that the freedom of choosing the model asymptotic 
problem and the weighting functions W and N still remains. This is used 
widely in the design calculations. For example, in (Deniz, 1986) about ten 
different definitions of diffusion coefficients are given on basis of Eq. 
(3.4.5). They differ one from the other mainly by the choice of the W and N 
functions and parameters B. Some of them should be mentioned: corrected and 
uncorrected Benoist coefficients, coefficients of Bonalumi, Deniz, Gelbard, 
Larsen etc. The definitions of (Laletln, 1958) and (Shevelev, 1958) may be 
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added to this set. All these definitions are based on different forms of 

the equivalence principle.
Two popular diffusion parameter normalization procedures tend to be: 

averaging the flux over the whole cell volume and its normalization on the 
cell edge. For this purpose two options of N functions (3.4.4) are used 
respectively: N=1 or N to be equal to the 3-functlon which differs from 
zero at the edge of the cell only (we have in mind the space variable 

dependence).
The latter option often allows one to achieve more accurate results 

because the flux-current continuity conditions should be realized on the 
cell edge. The development of modern design methods (cf. below and Chapters 
6 and 7) confirmed the good quality of the edge normalization procedure 

recommended In (Bonalumi, 1973).
From arbitrariness of the above mentioned N and W functions, it 

follows that parameters calculated using the different normalization rules 
differ by factors which are equal to the ratio of the cell edge fluxes to 
the fluxes averaged over the volume. For WER cells these factors may be 
large enough. So it may be dangerous to use the diffusion coefficients 
normalized on the cell edge and the cross sections averaged over its volume 
In one calculation scheme. They should be renormalised before.

In general, one should always have in mind that all the coefficients 
of the homogenized diffusion equation should be calculated in accordance 
with each other: on the basis of the same pair of functions W and N. One of 
the typical errors Is an attempt to use the averaged cross sections and 
diffusion coefficients without taking into account this rule.

Modelling of the asymptotic lattice by MC methods. In the MCU code it 
is possible to determine the different functionals of neutron flux in the 

asymptotic lattices with pre assigned buckling.
As a rule the asymptotic problem is solved by the MCU in the 

approximation that fission neutron distribution does not depend on B Inside 
the cell. However It takes into account the complex value neutron slowing 

down distribution. y
The MCU method Is based on a very simple transformation of Eq.(3.4.3).
Let r be the arbitrary point on the cell edge and r^KrJ be the 

point on the opposite cell edge. Of course the vector KrJ may be defined 

uniquely.
From Eq. (3.4.3) it is obvious that the asymptotic solution may be 

calculated if we solve the transport equation for a single cell with the 

boundary condition on its sides:
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^(r +l(r ),v)=4,*(r ,v)exp( iBl(r ) ) (3.4.6)
s s s s

where
^(r ,v) is the flux of neutron flying into the cell; 

s
^'(r ,v) is the flux of neutron flying out of the cell; 

s
B is the buckling vector.

The functionals of neuron flux for the transport equation with 
boundary conditions (3.4.6) may be calculated by Monte Carlo method as 
follows (Gelbard and Pego, 1979), (Maiorov et al,1984).

The trajectories are modelled inside the single cell with the boundary 
condition of translation (Eq.(3.4.6) where B=0).

After the particle leaves the cell at point rs it returns into the 
same cell at the opposite point r^ + KrJ not changing the direction of its 
movement. The particle weight is multiplied by the factor exp(1B1(r^)), 
that imitates the boundary condition (3.4.6). Then the particle weights are 
traditionally used for the different tally calculations.

The described procedure is used for calculating every group 
functionals which are evaluated by taking into account the complex value of 
particle weights. For example the group source S is equal to the expected 
value of Pe(W('nter)) and the removal rate A equal to the expected value 

9 9
of Pe(W<cxlt)). Here w(enter> and W(exlt) are the particle weights on the 

9 9 9
moments when the neutrons enter into the group and leaves it respectively.

Cell leakage L is estimated for every energy group as the difference 
9

of the expected values:
L =Re(W(enter’) - Re(W<exlt)). 
9 9 9

The migration lengths and the diffusion coefficients are estimated as: 
L 9

where all the quantities 
calculated for every group.

(including removal cross-sections Z ) are

For example in the rhomboid lattice the removal rate may be estimated 
as the expectation value of the complex value tally:

4=Ao Re exp i £ (An^Bl^) 
k=i k k

where
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X is a removal rate on condition B-0,
An is the algebraic number of the intersections of the cell sides in the 
directions of the translation vectors to be calculated beginning when 
the neutron enters into the group till its exit from this group (this may 

be the result of absorption).
It is obvious, that for small B

L « 0.5 [ (A"k) ( 
k

Thus in a general case the neutron leakage from the heterogeneous 
lattice can not be expressed through the migration area, but depends on the 

average value of (An<)Z( Bl^) every direction.
If the lattice is uniform in the Z direction the value may be 

chosen as small as desired. So in this special case the leakage is 

expressed through the migration area.

3.4.3 Application of the Monte Carlo method for verifying the simplest 

design codes

Verification of the WWER design fine-mesh codes was carried out using 
the MCU code (Maiorov et al, 1984). Below we shall describe some 

verification results.
The verified methods coming from specific practical and theoretical 

reasons were chosen. Thus only four group approaches used in the WWER 
design calculations were verified. Moreover, only those methods were 

considered that were based on the following premises:
- the space distribution of the neutron sources over every cell does not 

depend on the cell position inside the reactor,
- the flux on the cell surface does not strongly depend on azimuth angle.

In the framework of these limitations it is possible to compare the 
efficiency of new approaches developed for WWER design calculations in the 

TIC institutes.
It is necessary to begin with a formal and extended introduction in 

order to make the subject of investigations more clear.
As a matter of fact the verification work required to carry out the 

analysis of both the traditional and of the new proposed design methods. In 
this analysis we tried to conserve as possibly the generally accepted 
formalism of the design fine mesh equations. However the goal was not to 
conserve the homogenization approach as obligatory condition.
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Diffusion homogenized equations for every energy group have the form:

-D V2$ + St = q (3.4.7 )

where
q is a source power,
X Is a removal cross section,
D is a diffusion coefficient.
As a rule one * is taken to mean a flux, averaged over the volume of 

the cell.
Variable $ is generally some arbitrary functional of the cell flux 

^(r.fi.E) defined by choice of the weight function N(r,n,E), depending on 
the space, the energy and the angle variables (see Eq. (3.4.4)):

*= JJJ N(r,Q,E)t(r,n,E) drdQdE

Here the integration is performed over all the cell volume, over the 
energy group interval and over the full solid angle.

The specific choice of the weighting function N determines the values 
of the diffusion equation coefficients and the physical meaning of *.

We shall use notation * if 4 is a flux averaged over the whole cell 
volume ("The folk" method: N=l). If N is a 3-function depending on the 
position vector (normalization on the cell edge) then '4 means the "flux" 
averaged over the cell surface. In this case we shall use notation 4. The 
analogous notation will be used for the corresponding parameters of

Eq. (3.4.7), for example E and E.
Usually the three different options of angle dependence on tne 

weighting functions N are considered. They are reduced to utilizing the 
different angular moments 4> in the diffusion equation:
1) the scalar flux 4> or the zero angle moment of 4' (The folk and the 
Bonalumi methods);
2) the ‘albedo flux’ used in (Maiorov, 1977) is:

* = afl* + I "I (3.4.8 )
a [ n nJ

where I + I are the inward and the outward currents, n n
3) The level 4^, or the second angle moment of + (Laletin et al, 1985) is:

= 3pnp)24'(r, Q, EldrDdE = 3p2 • (scalar flux>n (3.4.9 )

2 2where p Is the notation for (Q,p), p is the normal to surface of the cell.
The values of the diffusion equation coefficients depend on the choice 

of angular moments in the equivalent Eq. (3.4.4). The two last moments 4^ 
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and $ may be used if edge cell normalization («-=$) is considered.
In most cases the diffusion equation for the scalar flux 9=1 is 

considered in the design codes. However possible advantages in using other 
moments were discussed (cf. (Maiorov, 1977), (Laletin et al, 1977)). 

Therefore similar options will be illustrated below.
As a rule the coefficients of the diffusion equation are determined by 

solving the asymptotic problem (see. Sect.3.4.2 and Chapter 4).

Then
X=X is the removal cross section calculated for the infinite 

a s
asymptotic lattice with fixed B.
D=D is the diffusion coefficient of the same lattice.
The^simple connection between the similar type parameters is obvious 

for the different choices of the space and the angular moments 9 used in 

the diffusion equation.
For example the removal cross sections and the diffusion coefficients 

calculated on the basis of ♦ and 5 are connected by the relations:

* 1 = E * 
as as as as

5 5 = d $ 
asas as as

These relations reflects the fact that the reaction rates and the 
leakage in the asymptotic lattice do not depend on the formalism of their 

description.
As was mentioned earlier the use of the asymptotic problem solutions 

to describe the flux behavior in the real reactor is based on the simple 
hypothesis: parameters D and £ of similar cells do not depend on the cell 
position inside the reactor. This proposition is not always true for WWER 
reactors.

The simplest algorithm taking Into account the dependence of D and £ 
on surroundings was proposed in (Bonalumi, 1973, 1974).

He approximated the cell flux in the limits of the one energy group as 
superposition of two or more trial functions: for example, the asymptotic 
spectrum * = qcp and some transient spectrum (it is possible to 
consider the ip normalization on the unit source for every group).

a s
t=a<p +<p +<p (3.4.10) 

as *1 as rt
Evidently for every spectrum the average cross sections are different. 

We shall denote the removal cross sections of the transient spectrum and 
the asymptotic spectra by E and by respectively.
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From Eq.(3.4.10) it follows, that the removal rate may be expressed by 

the correlation

2$ = q + £ ($-q/Z ) 
t as

(3.4.11)

Equation (3.4.11) will be referenced as the Bonalumi transformation 

below.
In addition Bonalumi proposed the analogous approximate correlations 

for Fick's law, connecting the flux gradient with the current I and for the 

cell leakage L:
I=-D V(4-4> )- D (3.4.12)

t as as as

o 2
L =-D rt-(D -D )V 4 

t as t as
(3.4. 13)

Substituting Eq. (3.4.11) and Eq. (3.4.13)
-D V2t + ((D-D )/£ ) V2q + E * 

t t as as t

into Eq. (3.4.7)
- qSt/Sas= 0

one finds:
(3.4.14)

As it follows from Eq.(3.4.10), the x-type reaction rates are 

expressed by equation
R<x)=r^x^4 v + r( x> t*-* )V (3.4.15)

as as t as

where

Bonalumi proposed to use the two simple problems as models for 
calculating the transient spectrum parameters: the cylindrised cell 
surrounded by the infinite layer of moderator with the sources removed to 
infinity. In the first problem the sources do not depend on the azimuth 
angle <p, in the second one they depend on <p as cos(^). Then using a simple 
procedure parameters and 5^ are determined from solutions of these model 
problems (Bonalumi, 1973, 1974).

The cell parameter dependence on the surroundings is described by Eq. 
(3.4.14) in a very simple way. However the considered scheme retains 
definite deficiencies. One of them is the additional uncertainty of the 
discretization step of the calculation scheme. Another deficiency is 
connected with the uncertainties of the homogenization procedure by itself. 
The difficulties of the Monte Carlo verification are due to these 
uncertainties. The above deficiencies may be removed by disregarding the

MAGYAR 
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homogenization procedure as a whole.
Finite difference homogenized equations. In practice diffusion 

homogenized equations are solved by using the simplest finite deference 

approach.
For every cell (with the fixed number 0) of two dimensional lattice 

the finite difference equations may be written in the form (see Chap.5).

2S V (D-1+ D"1)'1 (* - = q (3.4.16)hNV L 1 n o 1 n o' o o 4o
with summation ove^ all the neighbouring cells having numbers n (we suppose 

that every cell has N edges).
Here S ,V are the cell surface area and volume respectively, h is the 

pitch of the lattice.
To analyze the accuracy of Eq. (3.4.16) using Monte Carlo codes it is 

convenient to consider them as the source equations of the reactor 
mathematical model. It means that one should not to take into account their 
origin: the previous steps of the homogenization and of the diffusion 
equation discretization. For this purpose we need to be able to interpret 
all the members of Eq. (3.4.16) as physically measurable quantities. It 
will be then much more convenient to investigate the model accuracy as 
whole using the mathematical benchmark results. The possibility of 
diminishing the discretization uncertainties is another advantage of the 

chosen way.
Having in mind the above remark one may interpret Eq. (3.4.16) as the 

simple balance correlation for neutrons inside the cell:
LEAKAGE + ABSORPTION = SOURCE

In this equation E,4,q are the physically measurable quantities.
The connection of D with the physically measurable quantities should 

be analyzed specially.
Now we shall carry out a similar analysis for two of the most 

important flux moment options which may be used in the finite difference 

equations: 4 and 5. These moments are averaged over the cell volume and 
over the cell surface respectively. The equations for these moments were 
used in the works of TIC (see Chapters 5-7).

Equation for the volume flux (model (V)). Let us define formally 
*

parameter D° for every side (number n) of every cell, having the 
conditional number 0:

I = D* (J - )/h (3.4.17)
n On n 0

Here
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$ is the flux averaged over the whole cell volume, n
I is the net current through the cell edge (the inward normal direction 
n
is considered as positive).

It is obvious, that parameters D are the physically measurable ones. 0 n
It follows from Eq.(3.4.17), that the net current J averaged over the 

full surface of the cell equals

j= V D (* - « ) (3.4.18)
hN L on n o n= 1

Here
i N j4 y i 
N L, n 

n = 1
Taking into account that leakage L from the cell equals -JS, we may 

write the balance equation:

-JS + £ 4V = qV (3.4.19)

or 
_ n a _ _ __

-^y D (* )+X* =q (3.4.20)
hNVL On n o o 

n= 1

Equation (3.4.16) is identical to the finite difference homogenized 
Eq. (3.4.14) when the neighbouring cells have the same diffusion 
coefficients (D =D ). O n

The opposite case may be considered when these coefficients are 
the different ones.

Let us define formally the new cell parameters D (for every cell 
side) which are the physically measurable ones:

I = 2D ($ - * )/h (3.4.21)
n 0 ( n) n 0

where * is the flux averaged over the edge having the number n of the cell n
numbered 0 .

From the flux-current continuity conditions on the cell edges and from 
Eq.(3.4.18) it follows that:

D* = 2 (D-1 , + D*1 )-1 (3.4.22)
On 0, (n > n,(0) r

Substituting the right part of Eq.(3.4.22) into Eq.(3.4.20) instead of
D one finds the equation similar to the source mathematical model Eq. On
(3.4. 16):

- y (D-1 + D*1 )'* (* - 5 ) + E * = q (3.4.23)
hNV L 0,(n) n,(0) n 0 0

n= 1
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In this equation parameters DQ(n) are the physically measurable ones 
and the equation itself is absolutely accurate. It may be seen that Eq. 
(3.4.16) may be derived from the accurate Eq. (3.4.23) in approximation 

when the diffusion coefficients Dk(n) do not dependent on the edge number 

(for every cell having the number k).

5 n>“ (3.4.24)
So one may now interpret the few group design equations as ones being 

derived from the exact balance equations neglecting the approximation 
(3.4.24). Therefore one may investigate the inaccuracy of approximation 
(3.4.23), dependence Dr on the cell place inside the reactor by calculating 
Dk on the basis of the Monte Carlo results (using Eqs.(3.4.17), (3.4.21), 

(3.4.23)) and considering all the parameters to be "measured .

These possibilities are illustrated below.
The verification of the V model. The different approximative methods 

for calculating the average cross sections and diffusion coefficients are 
considered in Chapters 5-7. They permit one to take into account the 
surroundings influence on the design equation coefficients.

The Bonalumi approximation is the simplest recipe for taking into 
account the neutron spectrum dependence on the cell position. Using Eq. 

(3.4.11) one may transform Eq. (3.4.20) to:

N- 3 § V (D’1 + D’' )"' (* - 4 ) + 2 * = ---  q (3.4.25) 
hN V L o n n o t o _

n=l £ 
a s

Equation (3.4.25) may be solved using the traditional design codes on 
the condition that the coefficients of Eq.(3.4. 16) should be changed 

compared with traditional ones as follows:

X V 
a s

Here R is the slowing down rate, 
mo d
In this way it is possible to improve the traditional code accuracy if 

one consider the equation coefficients do not depending on the cell 

position.
The above algorithm permits one to understand Lelek’s numerical 

results (see Sect.5.8), for example. Lelek calculated the coefficients in 
Eq.(3.4.16) using the fitting procedure and the ZR-6 experimental data. He 
proposed that the Eq.(3.4.16) coefficients do not depend on the cell 
position and determined the set of good constants which describes the 
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experimental results accurately enough. On the other hand the four group 
real cell cross sections depend obviously on the position in the ZR-6 
assembly (cf. Sect.3.3.3, fig.3.1-3.4). The seeming contradiction is 
removed if Lelek’s good fitting results are interpreted as implicit 
determination of coefficients of Bonalumi type Eq. (3.4.25).

Another simple recipe for taking into account the spectrum change effect 
inside the cell (Spectral index method) is described in Chapter 5.

We shall now consider the diffusion coefficient calculation problem.
For nonuniform lattices the diffusion coefficients may be calculated 

using Monte Carlo code results and Eqs.(3.4.17,18,21,23). The Monte Carlo 
results also permit one to verify the hypothesis D ~ D. 

n
It follows from the diffusion coefficient definition (3.4.17), that:

D* = hI/(* - * ); 
On n 0

where n and 0 are the neighbouring cell numbers and I is the current 
through the common surface of two cells.

In the simplest case the approximation may be used that D does not 
depend on the cell position. Then on condition that the diffusion 
coefficients D of all the neighbouring cells are equal, it follows from 
Eq. (3.4. 18) that:

D*=D = Jh/($ - $ ) (3.4.26)
AV 0

where J is the average current per unit of all the cell surface and 
. n _

4> = 1 y 4> (3.4.27)
av N L n

n= 1

In the design codes the diffusion coefficients are determined usually 
on the basis of the asymptotic problem approximate solutions with 
prescribed buckling (mostly in the zero limit, (see Sect.3.4.2). Eq. 
(3.4.26)11 may be used for this case also. It is enough to substitute into 

it the flux to be proportional expfiBl ). The asymptotic diffusion n 
coefficient calculations based on Eq.(3.4.26) are more preferred in the 
framework of (V) model than those which are calculated for the diffusion 
equation. It is explained that one avoids of the information losses 

11 According to Eq.(3.4.3) the leakage from the cell equals u expCIBr ) and 
n

the absorption equals a exp(iBr ), where u and a do not depend on the cell 
n

position. D does not depend on the cell position either.
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connected with the discretization step.
Equations for the surface flux (model S). We shall now consider the 

alternate option of the diffusion equation for the flux normalized on the 
edge of the cell. This case corresponds to the choice of the 8-function to 
be the N function in Eq.(3.4.3). To contrast to the V-model we shall derive 
the equations for the surface flux without using differential analog. We 
shall follow the approach described in (Maiorov, 1978), although the 
different methods were applied ((Laletin et al 1977), (Novikov, 1980), etc) 

for this goal.
It may be seen that the basic (V) model Eq. (3.4.23) follows from the 

current-flux continuity conditions, from the balance Eq. (3.4.19) and from 
the diffusion coefficient definition by Eq.(3.4.21).

We may rewrite Eq.(3.4.19) and Eq.(3.4.21) in the equivalent form 

using where possible the surface flux instead of the flux 4> averaged 

over the volume.
Then one finds three equations, viz:

E$V=JS+qV (3.4.28)

(I -J) = 2D(* - * )/h (3.4.29)
n n
J= 2D(* - * )/h (3.4.30)

0

where l5v is the removal rate normalized on the cell edge and:

n . n
J —rr V I and * =n / 4

N L n N L n
n=l

Now analogously to the V-model consideration we shall consi er 
Eq.(3.4.28) and Eq.(3.4.29) as the definitions of the parameters E and D 

respectively.
More precisely we shall define the new D(n) parameters for every cell 

side by the relation:
D = 0.5h(I -J)/(* ' * ) (3.4.31)

( n) n n

where n is a number of the side.
It is evident that E and D(n,are the measurable parameters and may be 

calculated (using their definition) by the Monte Carlo codes.
Therefore we may consider parameters £ and D(n) as the fixed ones. 

Then for every reactor cell the following equations are true.
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»V=JS+qV
(3.4.32) 

I -J =2D (« - 5 )/h
n (n) n

The balance Eqs.(3.4.29) added by the flux-current continuity 
equations for the cell sides are the full set of reactor equations (one 
should naturally take into account the external boundary conditions). It is 
important to note that the Eq. (3.4.30) is not included in the considered 
set. In the V-model this equation is used to calculate the reaction rates 

(5 in particular) and its analog will be necessary for the S-model (see 
below). But for the S-model it is preferable to disregard Eq.(3.4.30) 
because the parameter connection given by this equation seems toe unreal.

Equation set (3.4.32) is similar to Eq.(3.4.28), (3.4.29) of the
V-model. Again we shall restrict ourselves to the approximation D (D^ 
does not depend on the cell side number). Then using the flux-current 
continuity equations and excluding 4 from (3.4.29) we have (Maiorov, 

1978):

J = 1 V (S'1 + 3'1)"1 (F - F ) (3.4.33)
o N L o n no

n= 1
where n are the subscripts of the cells surrounding the cell with subscript 

0 and:

3 =20 /h
n n

f = 5 - r1 j , 
n n n n

We shall call F quantity (Laletin, 1977) by a pseudo flux, 
n

From the balance condition (the first of Eqs.(3.4.32))

J = [f--  —
I £ Jl— EV/(s5)

Substituting (3.4.36) into (3.4.33) we have:
- 2 S r (g-i + g-lj-1 (F _ F ) + 2*F = q*

where
hN V L 0 n n 0 0

n = 1

• £ q
A.

i- sv/(s3)
M

1- EV/(S6)

(3.4.34)

(3.4.35)

it follows that

(3.4.36)

(3.4.37)

(3.4.38)

The equation for the pseudo flux F is an alternative one to equation
for the flux averaged over the cell volume. One should note that any
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angular flux moment may play a role of 4>: scalar flux, albedo flux, level. 

Their choice is a matter of taste.
Now we should supplement Eq. (3.4.37) by the new equations for every 

group reaction rates instead of Eq.(3.4.30) of the V-model.
For example, on the basis of Eq.(3.4.36) one may write the equations, 

describing the flux averaged over the cell volume.
qV+JS =E*v[f - 5Y 1 

t as J

$ =ffF - ]/E (3.4.39)
I 3S

5 = e5 z e
Analogously other reaction rates may be calculated using the ratio 

e<xz e.
Verification of (S) model with use of Monte Carlo codes. To take into 

account the cell parameters dependence on the cell surroundings the 

Bonalumi approximation may be used again.
In this approximation we have

M - q = EjJ-q/E^) (3.4.40)
Then Eq. (3.4.37) is transformed into the standard few group equation 

whose coefficients do not depend on surroundings.

N . \
- ?_S r (g-l + g-1)-1 (F -F) + E* = — q (3.4.41)

hNV L o n no 1 0 2
n= 1 as

where E differs from E by substituting E^ instead of E.
The alternative equivalent option of Eq. (3.4.41) is used in the some 

design codes of the TIC.
For example (Novikov, 1983), the auxiliary variable is introduced for 

every cell:
e=(* - S^J)/*

Then a pseudo flux F is replaced by the product c*. After substitution 
of this variable into Eq.(3.4.36) we have (see Sect. 6.1, 6.3):

ypv ’V' - %%> • <31■42,
n« 1

where

107



CHAPTER 3

e = c (4 /$) + c (1-$ /$) 
as as t as

+ \ U’*,/*) (3.4.43)

$ = qg>
as as

The WWER design code PERMAC is based on these equations.
The accuracy of Bonalumi approximation in the framework of (V) and (S) 

models may be verified by comparing approximate cross sections with the 
ones calculated by Monte Carlo method.

The diffusion coefficients for (S) model may be calculated by the 
Monte Carlo methods using different approaches:
(a) In the approximation of nearly equal values of 6 parameters for the 
neighbouring cells:

D - Jh/(*^~ 5q) (3.4.44)

where

j N
t =N E $n : (3.4.45)

n = 1
(b) On the basis of definition (3.4.29):

5 =0.5h(In- 4>o ); (3.4.46)

(c) On the basis of Fourier finite sum expansion for the currents 

n ,
£ I^cos 2rt(n-l)/N

5 =0.5h --------  = 6^ (3.4.47)

£ ^cos 2n(n-l)/N|

£ Insin[27r(n-1)/Nj 
D=°.5h!^----------------— = Ds (3.4.48)

£ S^sin 2n(n-l)/N|
n = l n t J

(d) On the basis of the solution of the Eq (3.4.33) using the values of J 
and J calculated by Monte Carlo method for every cell of assembly, 
(e) For every side from the definition

6 -0.5h(In-In,)/(Jn - (3.4.49)

This definition follows from Eq. (3.4.29) if one proposes that D 
coefficients corresponding to the cell opposite edges are equal one to 
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another. Then Eq.(3.4.49) may be interpreted as Fick’s law: the average 
current 0.5(1 -I , ) on the cell central plane is proportional the flux 
gradient (I and ”l , have the different signs because the edge normals have 
6 n n
different directions).

Numerical examples. The following was shown above.
(a) The simplest traditional design equations for flux may be considered as 
the balance equations. It is not necessary to use the homogenization step 
for their derivation. It permits one to verify both the equations and their 

coefficients using Monte Carlo codes directly.
(b) The single approximation used in deriving the balance equations is 
hypothesis about independence of D parameters from the side numbers.
(c) Simple design formulae exist which permit to describe the equation 

coefficient dependence on the cell position.
The target of Monte Carlo benchmark calculations was to verify quality 

of (a),(b) and the design formulae of (c) type in the framework of the four 
group scheme traditionally used in the WWER design calculations.

The set of different ZR-6 configurations was modelled using MCU code 
(some of them are described in Chapter 2). All the coefficients of the 

equations mentioned in this section are calculated by MC
We shall consider here, as an example, the calculation results for 

three WWER type macrocells. The cell distribution of different functionals 
was calculated, in particular four group cell parameters (The WWER design 

group boundaries are: 821 KeV, 4.65 KeV, 0.625 eV).
The D type macrocell structure is shown in figs. 3. 13 and 3.15. They 

are the fragments of ZR-6 assemblies (pitch 12.7 mm, enrichment 3.6%, see 
description in (TIC-1, 1985)). The external part of macrocells is presented 
by one (for macrocell 1) or two (for macrocell 2) layers of water cells. 
The macrocells are bounded by symmetry planes. The central macrocell cell 
is the absorber (B C + ^0) in macrocells 1 and 2 or the water hole 
(macrocell 3 is surrounded by the one water cell layer similar to macrocell 

1).
For the thermal group the calculation results are shown in figs. 3.14 

and 3.16 . These results are obtained:

- by MCU code,
- by using the (V) design model,
- by using the (S) design model.

the diffusion coefficients and the sourceThe group cross-sections, the am
□ „ uere calculated by MCU code simultaneouslydistribution for S and V models were caio

the single source of differences between with benchmark calculations. So the sm8 
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three calculations are the approximations in V and S model because the 
same data base and the exact calculation of the equation coefficients are 
used.

The macrocell 1 parameters needed for the thermal flux calculations 
with use. of the fine mesh equations are shown in fig.3.17.

The other group parameters are given in the Appendix (Fig.3.22 - 
3.25.

The S-model diffusion coefficients were calculated by using both the 
values of the surface currents and. flux and using the leakage values. The 
table 3.1 of Appendix contains the necessary information.

The results of the examples used for illustration hardly differ one 
from the others. They are not sensitive to the choice of S or V model and 
very close to Monte Carlo results. It may be concluded that the main effect 
which should be taken into account is the spectral effect which may be 
described in the Bonalumi approximation.

Numerical results confirm the conclusions made in Chapter 5 that 
earlier observed discrepancies between experiment and calculations may be 
reduced significantly by using the Bonalumi or spectral index methods.

Evidently the more exact approximations may be necessary in more 
complex cases.
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Cell 28
numbers 6

5 27
4 11

3 10 26
~\ 2 9 151\ 8 14 25-/ 7 13 18

12 17 24
16 20

19 23
21

22

1 - (UO + H 0) Cel 1, 2 - H O, 
2 2

Material 2
numbers 1

1 2
1 1

1 1 2
1 1 1

3 112
1 1 1

1 1 2
1 1

1 2
1 

2

3 - (B C+H 0) Cell 
4 2

Energy release - 104 499
393

333 454
303 367

260 325 441
294 361

260 326 443
301 366

335 460
391

498

Fig. 3.13 Macrocell 1. Structure and energy release
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481
361

284 454
245 329

221 267 434
188 236 319

96 214 263 428 Monte Carlo
188 236 320

220 266 434
245 330

283 454
361

483

360
285

246 329
221 268

190 236 318
96 213 262

190 236 318
219 267

245 329
283

363

362
285

246 330
220 268

189 236 318
96 213 263

189 236 317
219 268

246 329
284

361

(S) model calculation (V) model calculation

Fig. 3.14 Thermal flux distribution in Macrocell 1.
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Cell 36
numbers 28

6 35
5 27

4 11 34
3 10 26

2 9 15 33
1 8 14 25

7 13 18 32
12 17 24

16 20 31
19 23

21 30
22

29

Material 2
numbers 2

1 2
1 2

1 1 2
1 1 2
1112

3 112
1112

1 1 2
1 1 2

1 2
1 2

2

1 - U0 + H 0 Cell
2 2

Energy release * 10
559

363
275 474

229 323
189 257 452

220 314
191 257 450

228 325
275 475

363
564

2 - H 0, 3 -(B C+H 0) Cell
2 4 2

(4 group) 133 17
126 17

121 131 17
119 124 17

116 120 130 17
792 119 124 17

119 120 130 17
118 124 17

122 130 17
125 17

134 17
17

17

Fig. 3.15 Macrocell 2. Structure and energy release
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778
* • io3 691

398 741
262 612

199 339 696
166 234 573

136 186 323 672
68 158 226 562 Monte Carlo

136 186 321 671
165 235 572

198 339 692
262 607

399 737
686

778

401

167
139

68 160
139

167

262
199

235
186

339

323
227

187 321
234

199 340
263

402

399
262

199 340
168 234

139 187 321
68 160 228

138 187 321
167 236

200 341
263

399

(S) model calculation (V) model calculation

Fig. 3.16 Thermal flux distribution in Macrocell 2.
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- Leakeage 10 -60 Absorption 11
26 rates 63

12 -61 * 103 48 10
6 20 40 57

2 9 -60 36 45 10
-1 4 18 30 39 55

81 1 8 -60 106 35 44 9
-1 4 18 30 39 55

2 9 -60 36 45 10
5 20 40 57

12 -61 48 10
26 63

-61 11

Full number of particles 4000200. K^ff=l,3772.

(5/4)’ioo n0 96 - 3 481
$'10 361

109
109 110

96 284 454
245 329

108 109
108 109 110

96 220 267 434
188 236 319

173 108 109
108 109 109

96 96 214 263 428
188 236 319

109 109
109 110

96 220 266 434
245 329

109
110

96

96

283 454
361

484

3
V10 126 16 3

pZ * 10 f 217
121

118 124
16 208

204 214
116 120

116 118 123
16 200 206

199 203 213
796 116 119

115 118 124
16 201 206

199 202 214
116 120

118 124
16 200 206

204 214
120

125
16

16

208
216

Fig 3.17 Macrocell 1 parameters for thermal group
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Fig. 3.18 Macrocell 1. The cell diffusion coefficients.
D D D are the S-model diffusion coefficients calculated for scalar flux, 
c 1 , a
level and albedo flux formalisms respectively. Eq.(3.4.48) was used. are
the V-model diffusion coefficients, calculated by Eq.(3.4.17)
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Fig. 3.19 Macrocell 2. The cell diffusion coefficients.
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D D 
a

D D
a

Fig. 3.20 Macrocell 3. The cell diffusion coefficients.
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-Leakage _g5
Source '

33 -86
16 53

5 25 -86
-3 12 49

319 4 23 -86
-4 12 49

5 25 -86
15 54

33 -86
69

-85

D. .*100 leak 27
22 

24 24
26 20

• 24 25
• ** 21

• 28 26
21 20

24 24
21

27

Macrocell 1

-Leakage j, -63
Source ' -67

194 -64
94 -70

45 152 -66
20 70 -72

6 35 138 -68
341 18 66 -72

6 34 136 -68
21 71 -72

45 149 -67
93 -70

195 -64
-66

-63

D. .*100 leak 18
23

24 18
24 22

• 26 18
31 22

• 24 18
24 23

24 18
22

19

Macrocell 2

Fig.3.21 Diffusion coefficients calculated with using 
the leakage value: Eq.(3.4.26). Thermal group.
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3.4.4 THE ADVANCED ENGINEERING METHOD VERIFICATION

When discussing the design code verification in Sect.3.4.3 we 
restricted ourselves by the simplest cases when one may neglect by both the 
cell source distribution as a function of the cell position and by the 
diffusion coefficient variation along the cell edges. Only the Bonalumi 
type approximation describing the dependence of cell cross sections on the 
position was discussed. Though mentioned was about analogous approach for 
the diffusion coefficient approximations (see Eqs.(3.4.12,13)).

The advanced approaches were developed as a means of avoiding the 
mentioned restrictions (cf.Chapters 6 and 7). The new algorithms may be 
verified using the Monte Carlo codes also in the framework of the general 
approach described in Sect.3.4.1. This work was carried out on the basis of 
the HCU code in particular.

As a rule the new methods are based on the synthesis approach. Also 
they have many common lines naturally there are definite differences. So it 
would be useful to describe shortly the basic ideas of the synthesis 
approach. It is most convenient to discuss the common lines mentioned using 
the well known response matrix formalism. This formalism is the most 
convenient for the application of Monte Carlo codes to verify and to 
validate the new methods.

Let us consider the lattices of cells having N edges. In the lowest 
approximations the response matrix method equations may be written in the 
form:

c
I(g) = ^ r(g,gz ) ®(g'J + Qi(g) (3.4.50)

g' = l
Here the matrix r(g,g') and the vector i(g) are the equation 

coefficients considered as fixed. Matrix T have N*N dimensionality, and all 
the vectors in Eq.(3.4.50) are N-dimensional ones.

The variables g,g' are the energy group numbers and G is the total 
group number; Q is the source integral power. The vector components 
I (g), ® (g), i (g) are to be referred to the cell edges having the n n n
subscripts n (n=l.... N).

As above (see Sect. 3.4.3) I (g) and © (g) are the edge currents and n n
the "fluxes" respectively. Again the "fluxes" © (g) may be considered as n
any of the angular flux moments: the scalar flux, the albedo flux, the 
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level (see Eqs.(3.4.8-9)).
The current-flux continuity conditions and the expressions allowing 

one to calculate the x-type reaction rates R<x) should be added to 

Eq. (3.4.50) as follows:
I(g)=I'(g) (3.4.51)
O(g)=®'(g) (3.4.52)

R<x)=(r(x),a» ♦ Qr*x) (3.4.53)

Here symbol is used to mark the neighbouring cell flux and current.
The response matrix Eqs.(3.4.50-53) added by the external boundary 

conditions allow one to calculate all the transport equation functional. It 
should be noted that these equations have many options yet. The most known 

ones are as follows.
1. For the criticality problems one may consider Q to be equal to 

zero. Then r matrices depend on Keff parametrically: r=r(g,g',Keff). and 

Eq.(3.4.50) transforms into:

I(g)=£ r(g,g'.Keff) ®(g') (3.4.54)

g'=l
2. The approximative F matrix parameterization may be utilized. For 

this goal one may use Eq. (3.4.53) having in mind the neutron generation 
rate R(v) as r! x’ Introducing the Keff definition into (3.4.53) and 

considering Q as the second neutron generating power one has.

1 ^rIP).t) * Qr'1”] (3.4.55)

Excluding Q from Eqs. (3.4.50) and' (3.4.55) one gets the special 
parameterization form of the r matrix. As a result Eq.(3.4.54) describes 

the relation between the currents and fluxes again.
3. The response matrix equations may be considered for every energy 

group separately. In this case, matrix F depends only on the one argument 
to be the group number g and the global reactor problem is solved as usual 

"One should notice the small difference of Eq.(3.4.50) from the 
traditional response matrix equations where the one side currents are 
mostly used. Though this difference is not a principal one the (3.4.50) 
type equations for the arbitrary moments were referred to in (Maiorov et 
al 1970) as the Surface Flux Method equations to mark the small detail 
mentioned. Evidently for the "albedo" fluxes both equation forms are 

equivalent.
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in group by group order. It seems that for the few group WWER calculation 
this approach is the optimal one (taking into account the simple additional 
recipes, described in Sect.6.1 as being analogous to the Eqs.(3.4.8-9) for 
Fick’s law).

Similar to the traditional design methods all the problem may now be 
divided into two parts: calculation of the coefficients of Eqs.(3.4.50) and 
(3.4.54) and the final response matrix equation solution. Initially we 
shall consider the first problem.

For two-dimensional symmetrical cells it is usually assumed that 
r-matrices depend on the edge number as follows:

r = r. . (3.4.56) 
nm I n-mI

So in this approximation the r-matrices have only [N/2]+l different 
components (for the fixed g and g' values). It gives the very pleasant 
possibility solving only one model problem to determine all the matrix 
elements corresponding to the neutron flying into the cell through any of 
its edge and belonging to g' group. Evidently it is supposed that the 
angular, the energy and the space flux edge distributions are a priori 
fixed. But this simplification is a tricky one. In (Maiorov et al, 1970) it 
was shown that for WWER type lattices a similar approach to calculating 
r-matrices leads to about 10% errors in the reaction rates.

However the accuracy problem may be solved and the accuracy may be 
increased significantly in the framework of Eqs. (3.4.50-53) . It requires 
utilizing the less simplified approach to calculating the r-matrices than 
mentioned above.

Let us propose that the neutron spectrum in identical cells having 
different surroundings may be well approximated by a superposition of some 
arbitrary trial functions. Let their number be equal to N*G+1.

NG
4'(r,v)= yet (r,v) + Q'P (r,v) (3.4.57)

L, n n 0
n= 1

It is obvious that in this approximation all the identical cell 
parameters of Eqs.(3.4.50) and (3.4.52) are constant and do not depend on 
the identical cell positions Inside the reactor. These coefficients depend 
only on the chosen set of functions approximating the flux inside the 
cel Is.

But on the other hand Eq.(3.4.57) allows one to approximate the cell 
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surface flux much more than one a priori distribution, not changing 
Eqs.(3.4.50) and (3.4.52). This is the principal reason for increasing the 
response matrix equation accuracy compared to the trivial traditional 

response matrix method.
Similarly to the diffusion design methods the coefficients for 

Eqs.(3.4.50-54) may be calculated before the global reactor calculations. 
For this goal both the Monte Carlo and the engineering codes may be used.

For the matrix determination It is sufficient to solve M*G*N+1 model 
problems every one on condition that Eq.(3.4.57) is considered to be valid 
for all model problems. Then matrices may be found by minimizing 
functionals, constructed on the basis of relations (3.4.50,(3.4.52) 
connecting currents, fluxes and the reaction rates calculated in model 

problems. For example, in one group case:

m , n 
where subscript m is the model problem number.

If the model problem number equals NG+1 the coefficients may be 

calculated as the solution of (3.4.50), (3.4.52).
All the matrices describing the identical cells may be obtained as a 

byproduct of full scale Monte-Carlo reactor or macrocell calculations. In 
reactor or macrocell calculations different model problems may be define 
such as calculating the fluxes and the currents on the surfaces of 
identical cells placed in different environments on the condition that 
neutrons flying into the cell have fixed energy distribution (within 
different energy groups). The most attractive feature of Monte-Carlo 
methods is the possibility to solve a set of model problems during one code 

run (Maiorov et al, 1970).
The engineering codes should be modified slightly to calculate the 

matrices T. The new approach (Gado et al, 1983) allowing one to perform 

similar calculations is described in Sect. 6.3.
It seems that the response matrix equations might be directly used in 

engineering calculations. However In practice (see Chapters 6 and 7) m y 
authors prefer to use the traditional diffusion type equations but based on 
the same synthesis principle. It is explained mainly by the user s 
to utilize the codes written earlier both for calculating the equation 
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coefficients and for solving the final reactor equations. In principle it 
may be carried out by modifying the traditional codes.

As a matter of fact the response matrix method may be reformulated to 
the form usually considered in calculation practice (see Chapters 6 and 7). 
For this goal it is enough to transform Eqs.(3.4.50) and (3.4.52), 
utilizing the other set of basis vectors in the N-dimensional linear space.

Let us expand 4>, I vectors by the non-zero basis vectors e^, which are 
defined as follows (cf.(Maiorov,1978,1983), (Laletin and Elshin, 1980), 
(Gado et al, 1983),(Maiorov and Yudkevich, 1988)):

cos 27tn(m-l)/N
e<«>= . L J (3.4.58)

sinf2Ttn(m-l)/N|

where n = 0.....[N/2] and m are a component number of vectors e^

(m=l.... N).
It is obvious that on condition (3.4.53) e are the r- matrix 

n

eigenvectors, i.e.:

r(g,g')e “A (g.g')e (3.4.59)
n n n

where A (g.g') is the notation used for the corresponding eigenvalues and 
n

the variables g,g' are considered as parameters.
It is obvious that:

A (g,g')= 
n

(e ,r(g,g')e ) 
n n

(e , e ) 
n n

(3.4.60)

In the new basis the response matrix equations are transformed in 

the form:

J (g> = 
n

where J (g),f (g),i (g) 
n n n

G

Va (g,g' ) f (g') + Qi (g) 
/ . n n n 
n= 1
- are the I,#,i new representations:

(3.4.61)

11 It seems that it may be less expensive to rewrite the design reactor 
calculation codes on the basis of the response matrix method than to modify 
them taking into account the effects discussed above.
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j (g)=(I(g).en)/(en,en) 
f"(g)=(*(g).en)/(en,en) (3.4.62)
/(g) = (i(g).en)/(%.%)

It is obvious that both representations of the response matrix 
equations are equivalent (see Sect 6.3). In the reactor codes both 
representations have equal rights; moreover it is possible to combine them. 
But if the second representation is used one can utilize the modifie 
traditional design codes to calculate both the r matrices and A functions.

In Sect 6.3 the new design approach (Gado et al, 1983) is described 
where the A(g.g') parameters are calculated but the response matrix 
equations are solved (for this goal the authors proposed the original 

, ., , . r q’i Fnr the similar combined method themethod also described in Sect.6.3). tor me 
f-matrices may be calculated utilizing the transformation.

In (Laletin at 31/ 1980) it is recommended that the second 
representation as a whole be used. It means that not only Eq.(3.4.61) is 
utilized, but it is recommended that one should also transform 
current-flux continuity equations to the new representation. The authors 
called their approach as the Surface Harmonic Method (See Chapter 7).

In the above framework the design methods based on the modernized 
Galanin-Feinberg approach should be mentioned. In (Gorodkov, 1988) 
(Kochurov,1982) it is proposed utilizing AQ(g,g ) and A^g.g ) matrices 
the modified Galanin-Feinberg type equations. Then the finite difference 
equations are constructed on the basis of the Galanin-Feinberg diffusion 
type equation and their coefficients are calculated on the basis of the 
definite equivalence principle utilizing the fixed Ao(g,g') and A^g.g') 
matrices. The design code calculating these matrices is described in 
(Kochurov et al, 1982). The reactor codes (Gorodkov, 1988) and 
(Kochurov,1982) based on this approach are widely used in practical 

calculations for graphite and heavy water reactors.
Finally one should consider the connection between the advanced 

methods reviewed briefly in this Section and the (S) type methods 

investigated numerically in Sect. 3.4.4.
For the two dimensional lattices having symmetrical cells it is 

possible to consider the case when only two first azimuthal harmonics of In 
and ® are important. Then from (3.4.61) (Maiorov. 1978), (Maiorov and 

Yudkevich, 1988) the basic (S) model equations (3.4.28-29) follows.
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~ V ~ VS * ' ’ S
(3.4.64)

I -J=?5(® -5) 
n n n

where J,5 are the current and the flux averaged along all the faces of the 

cell and:

From Eq.(3.4.64) the response matrix equation follows in the 

form:

I = ?DC + N-1 (S = - r5) T * - q X (3.4.65)
n h n s h L n b

Thus the (S) model equations may be interpreted as the response matrix 
equations based on the simplified r-matrix defined by Eq. (3.4.65).

The MCU code was utilized for calculating the r or A matrices in the 
different representations described above (Gorodkov, 1993), (Maiorov and 
Yudkevich, 1988), Barkov et al, 1992). It should be noted that the special 
tally modules were written by Gorodkov and by Barkov et al. These modules 
calculate A (g.g'.K ) parameters (for the angular moment pair 
current-scalar flux with using the approximate Keff parameterization ) and 
r(g,g',K ) (for the the angular moment pair current-"albedo flux using 
the direct calculation of the r(g,g',Keff) dependence on Keff)-

3.5 First collision probability (FCP) calculations

The first collision probability (FCP) method is one of the most 
popular ones for the design calculations of the cell parameters. It based 
on considering the transport integral equation which is solved by the 

different numerical methods as follows.
The cell or the macro cell is divided into zones. For each of these 

zones it is supposed that the zone flux may be described by the set of the 
trial functions. It allows one to reduce the flux evaluation problem to the 

solution of a system of linear algebraic equations.
The equation coefficients are the multidimensional integrals. For the 

flat flux approximation these integrals may be interpreted as the first 
collision probabilities. The FCP describes the neutron possibility to 
collide in the marked zones, under the condition that neutrons are born in 
the other zones. It is supposed that the birth events are described by an 

uniform probability density function.
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For the complex geometry objects the basic efforts are usually 
concentrated on the calculation of multi-dimensional integrals, describing 
FCP. The Monte-Carlo (MC) codes allows one to use the effective tools for 
calculating these integrals. These tools are the geometrical modules (GM) 
for solving the problem of calculating the path lengths in the various 

regions crossed by particles between collisions.
In principle the Monte Carlo codes may be used to calculate FCP but 

computer time needed is too large. From the other hand FCP may be 
calculated much faster than by the direct Monte Carlo method not losing the 
high accuracy. At the same time it is possible to utilize the earlier 

elaborated Monte Carlo geometry module for faster calculations..
The new approach was proposed (Gomin and Maiorov, 1981) allowing one 

to realize the above possibility. It is based on using the known Monte 
Carlo method interpretation as utilizing the simple quadrature formula for 
evaluating the multidimensional integrals. That formula allows one to 
calculate the multi-dimensional integrals J by transforming the integration 
domain into an unit cube (by transforming the integration variables). It 

may be written in the form:
J=N-1[f(Tn) (351)

n = 1
where y is the point vector in multi-dimensional unit cube and f(y) is the 
function integrated over the cube. Equation (3.5.1) is the basic one 
in the Monte Carlo method on the condition that t points are 

distributed randomly.
The new approach is based on applying Eq.(3.5.1) to FCP calculations 

utilizing the improved integration point nets including the different 
so-called uniformly distributed sequences (cf. (Holton, I960, Korobov, 1963, 
Sobol, 1973,1979)). On the other hand Eq.(3.5.1) allows one to utilize the 
Monte Carlo code geometry modules in the FCP codes. Both factors means 
one can calculate FCP for the complex system effectively enough. We shall 

describe now the above approach in more details.
Let us consider the whole system (R) to be divided into a finite 

number of closed regions RJ (zones) having volumes V( .
For 3-dimensional systems the probability that a neutron born inxthe 

zone numbered 1 will experience the first collision in zone J, is expressed 

by a 5-dimensional integral:

p1 = f (352)
J J 4n J V( J
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Here f (r,£l) Is the probability that a neutron, born at point r and having 
flightdirection Q, will experience the first collision in J.

One may consider that f^r.Q) may be presented in the form:

f (r,n)=exp( -Tj(r,O)Hl-expC-Atj(r,n)))

where r - is the optical distance travelled by the neutron from point r 
until the first intersection with surface 1 of zone J. ^(r.n)- is the 

optical distance, travelled inside zone J.
Since 1/(^1 may be considered as the probability density function 

of a neutron’s birth, we may proceed to new variables in Eq.(3.5.2):

r=r(7 .... 7)=r(y); n .....ys)=Q(y).
1 o

„be„ dr-dr,....nd .11 lb. ™1«» r, lb. p.lnl

coordinates in a 5-dimensional unit cube, i.e. O^cl.
In new variables, probability pJ is expressed in the form:

P^=Jdyfj Jr(y),n(z)}

The integral may be calculated using Eq.(3.5.1):
P‘ = N'^f (r ,Q ) (3’5’3)

J J? n n •

where r=r(r<n)); and /n’ - are the coordinates of points,

chosen "at random", in a unit 5-dimensional cube.
At the same time (3.5.3) is a standard formula of the approximate 

integral calculation after the necessary replacement of variables is made. 
It is common knowledge (Sobol, 1973) that Monte Carlo integration is just 
a particular case of applying this quadrature formula, on the condition 
that a certain net is chosen. It is also known that a such net is not an 

optimal one (cf. Sobol, 1973,1979).
The quality of a "random" net is determined by the equation 

justified for the large N values:
|W-n/N|«CN”°'S, 

where W is the volume of any considered region of a unit cube and n is the 
number of those points from the general number N, which are falling into

region W.
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It is the reason why the application of Eq. (3.5.3) leads to an error 
„ , .,-0.5of order N.

The nets are known characterized by the knots distributed more 
uniformly in the unit cube. For similar nets the following equation is 

satisfied:
|W-n/N|»C/N.

For a wide class of functions the usage of similar nets in Eqs. 
(3.5.1) and (3.5.2) leads to an error of order N. (where c is an 

infinitely small number).
So, on the one hand the FCP calculation algorithm has good convergency 

on the condition that "good" nets are employed and on the other hand the 
Monte Carlo algorithm differs from that only by knot choice from the formal 
point of view. It permits one to utilize efficiently the Monte Carlo code 

geometry modules for calculating of FCP.
The PIJMMK and VEPS code calculating FCP by utilizing approach 

described were elaborated (Gomin and Maiorov, 1985). The modern VEPS 
version (Gomin,Gurevich, 1992) allows one to utilize the universal type 
geometry modules that satisfy to the MCU standard. PIJMMK and VEPS use the 
various quadrature nets and various quadrature schemes describing the FCP 
integrals. In particularly it is used possibility to introduce the integral 

dimensionality performing the integration part analytically.
The VERTER and PERST codes (Gomin, 1985) are also elaborated. They 

solve the thermalization problems calculating the thermal neutron flux 
functionals. In practice, it is usually to use the quadrature nets having 
the number of knots varying from several hundreds to several thousands. For 
real objects (WWER macrocells), divided into many zones, it permits one to 

achieve an accuracy about 1% for the neutron fluxes.
Now PERST is used both as the MCU thermal sub module permitting one to 

perform deterministically part of calculations (Gomin, 1992) and as sub 
medullae of the set of deterministic codes. The results the ZR-6 macrocell 

calculations are contained in (Gomin and Maiorov, 1981).
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APPENDIX TO CHAPTER 3
Table 3. 1. Currents, fluxes, albedo fluxes and levels on edges of 
macrocell 1. and D$ - diffusion coefficients (3.4.47), (3.4.48)..

CELL 1
5 - flux. albedo

I - current. * - level 5 - ,L A flux.««»*« »«««« *****
**" /“Y0134 “
•••• \-_/qi3s ••

1204
••• 1220

• • c 1098
***** '—<1096

.... O'1'42
***** '—<1138***** ***** « * « ««

CELL 7 D = c .2842

I * 5
L J

A
.0002 . 1460 . 1450 . 1450

-.0136 ,.0037
.0037 '--'.0047

1220 y—, . 159
1590 \—< 162

. 1096 y—, . 1540 

. 1540 Y—< 155g
.1138 y—, . 1560
. 1560 V-< 1588

.0002 . 1460 . 1450 . 1450CELL 2 D,=.2728 D = . 2728
I * J

L J
A

-.0002 . 1460 . 1450 . 1450
.0041 y—< . 0045

-.0134 '—<0041
1600 y—, . 162
1204 '. < 160

. 1550 y—1556

. 1098 '—< 1550
. 1570 y—. . 1588 
.1142 Y—< 1570
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I * J 

L
5 A
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-.0012 . 1710 1660 . 1680CELL 8 D = 2655 D = 2273
I

s
5

L
J
A

.0011 . 1720 1670 . 1690
-.0041 y. ,.0035
-.0037 '-<0035

. 1600 y—, . 1780

. 1590 '—< 1780
. 1550 r\ ™ 

1720
. 1570 y—, . 1750
. 1560 '—< 1750. 1540

CELL 3 D = c 2480 D = s .248

I 5 J 
L 5

A- 0011 . 1720 1670 . 1690.0025 y-v 0038 . 1790 y—, . 1834 . 1750 /“Y1774 . 1770 y—, . 1800
-.0045 '—< 0025 . 1622 '—< 1790 . 1556 Y—< 1750

. 1588 '—< 1770
0011 . 1720 1670 . 1690
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Table 3.1.(Continued)
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Table 3.1 (Continued)
CELL 14 D =. c 2530 D = s 2477
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5 

A

- 0014 .2530 .2450 .2480
-.0086 y—>.0148 .2300 y-v . 2970
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Table 3.1 (.Continued)
CELL 15 D = c 2249 D =. s 2404

I
.0015 

-.0070 y—>. 0161 
-.0077 '—'.0154

-.0001

5

.2540
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5
L 
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5 
A 

.2620 
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-.0172y—x-,0172 
-.01720172

-.0031

*
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* L
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— Leakage
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Fig. 3.23 Macrocell 1 parameters (Group 2)

— Leakage -48
-58 * 10S 117

*103 ■55 -49 f 116
52 -57 115 117

-50 ■54 -49 115 115
-48 51 -56 115 116 117

-25 -49 •53 -49 115 116
-47 51 -56 116 115 117

-50 •54 -49 115 115
52 -56 115 116

•55 -49 116
-58 117

-48

(*/$) * 100.

100
199

100 100
102 100

100 99
100

199

101 
99

99 101
99

99 101
199

99 101
99

99 101
99

99 101
99

102

J * 1q3
420

433 401
440 426

439 438 402
432 439 425

419 439 437 402
434 440 425

435 437 400
439 423

435 398
420

393

1C|4
26

26

? ' 10' 42S3'5
Source ___ __403 351

26
27 27

26
383 417

369 395 352
27

116 27
26

26

26

26

25

26
26

27
26

27
26

26

352 379 412
228 365 393 352

348 380 410
368 395 353

385 416
402 351

426
346

146



CHAPTER 3

t v "S3Leakage _32 “V 10“ 165•103 -34 -83 162
-35 -33 161 164

-35 -34 -83 160 162
-35 -35 -33 158 161 164

59 -35 -34 -84 160 162
-35 -35 -33 157 161 163

-35 -34 -84 161 162
-34 -33 163 164

-33 -83 162
-32 165

-82

— q
(*/*) • 100. 103100 * • 10 37

103 103
103 103 100

102 103 103 33
34

J I
35

34 36
119 103 103 100 32 34 35

103 103 103 26 33 34 36
103 103 100 32 34 35

103 103 33 34 36
103 199 33 35

103 34 36
100 35

1 2 3 4 5 6 37

S • 10* 837 2 • 103 1
Source 460 28

467 836 27 1
477 462 27 28

475 470 839 27 27 1
474 471 465 27 27 28

473 478 470 840 293 27 27 1
473 472 465 27 27 28

476 469 841 27 27 1
471 462 27 28

464 833 27 1
459 28

827 1

Fig. 3.24 Macrocell 1 parameters (Group 3)

147



CHAPTER 3

779
789

788 772
795 788

793 786 775
714 789 780

783 786 777
781 788

782 785
788

774

768
770 773

770 762
779 760 777

809 773 761
779 769 777

776 762
766 773

750
787

Z3=x 764
743

748 773
729 760

706 738 767
674 725 751

695 735 764
727 748

757 769
770

780
Fig. 3.25 Macrocell 1. Slowing down 

cross sections

148



4. ASYMPTOTIC APPROXIMATIONS AND THEIR PLACE IN WWER CORE ANALYSIS

R. Becker, J. Gado, A. Kereszturi, V. Pshenin

Authors of the Sections:
R. Becker - Sect. 4.5.5;

J. Gado and A. Kereszturi, - Sect. 4.2, 4.3;
V. Pshenin - Sect. 4.1, 4.4, 4.5 (exept 4.5.5)

In Chapter 4 the main problems connected with the application of 
multigroup asymptotic approximation are considered. A brief survey is given 
of the methods used in the design codes for leakage, slowing down, 
resonance absorption and thermalization calculations. Short descriptions of 
the codes based on available reports are also included into the Chapter. 
Attention is mainly directed to discussing the results of numerical and 
experimental benchmarking the codes. The solutions of international 
benchmark problems, the results from comparising of calculated and measured 
data obtained at critical facilities as well as the results of depletion 
experiment analysis are considered.

4. 1 METHODS OF ASYMPTOTIC PROBLEM SOLVING

4.1.1 Asymptotic approximation in WWER core analysis

The traditional homogenization method used for WWER core analysis is 
based on the following principles.

1. The transport equation for the real core is replaced by a few-group 
diffusion equation which is considered as an acceptable mathematical model 
for an approximate core description.

2. The diffusion equation is written for a lattice that consists of 
homogeneous cells which are believed to be equivalent in a certain sense to 
real heterogeneous cells. As a rule it is also supposed that Identical 
cells having different surroundings are considered as being the same ones.

3. In accordance with accepted and not quite strictly founded 
practice, equivalent homogeneous cells are described by a set of 
functionals, the functionals being determined by solving an asymptotic 
problem.
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4. The asymptotic problem is formulated as a problem concerning the 
solution of a homogeneous or nonhomogeneous transport equation for an 
infinite lattice with the leakage determined by buckling.

5. The asymptotic problem is solved approximately in the design codes. 
A set of cell diffusion constants is the result of this solution.

6. In fine-mesh simulators the diffusion equations are solved by 
finite-difference methods usually using one node per elementary cell (in 
Chapts. 6 and 7 improved nodal type approaches are considered).

As was mentioned above, asymptotic approximation is used at the stage 
of generating few-group cell constant which are further utilized in the 
fuel assembly cross section generators or in fine-mesh 2D simulators. It 
means that the accuracy of asymptotic calculations significantly influences 
the accuracy in predicting whole core characteristics. At the same time 
WWER-1000 fuel lattices contain different absorbers and water holes making 
them nonuniform. Thus, the accuracy in calculating core parameters depends 
also on the reliability of methods used for taking into account 
nonuniformity effects.

This problem is considered in detail in Chapts. 5-7. As it will be 
shown in these Chapters, the application of an improved nodal type balance 
equation requires solving some additional (besides asymptotic) problems in 
order to be able compute a full set of needed cell functionals. However, 
asymptotic functionals in this case play a key role.

Asymptotic aapproximation in Benoist formulation ((Benoist,1964) is 
based on the following principles (see also (Deniz, 1986)).

1. An infinite regular uniform lattice is considered.
2. It is supposed that neutron source S(r,v) (including fission 

neutrons) can be represented in the form:

S(r,v)=s (r,v)exp(jBr) B
here SB(r,v) is a periodic, generally speaking, complex value function with 
a period equal to the lattice pitch, depending on B as a parameter.

3. Buckling vector B is given and is supposed by most authors to be 
small in absolute value.

The transport equation for neutron flux in the considered problem 
has a limited.solution of the form:

*(r,v)=fB(r,v)exp(IBr) (4.1)
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where fB(r,v) is also periodic function being a solution of the following
equation:

^VfB(r,v) + i(^B)fB(r,v) + (r, v)fB(r,v)-

(4.2)
- (r,v,v') f (r.v')dv' = s (r.v)J s B B

For criticality problem 
the correlation

the neutron source s (r,v) is determined by

sJr>v)=r f 5 (r,v,v') f (r.v'ldv'

Neutron flux distribution 
corresponding scalar flux

for zero leakage ^(p, v)=fQ (r, v) and

$ (r,v) = f f (r.v) dQ 
o Jo

are the most important components of the asymptotic solution when 
traditional balance equations are used. Scalar flux (r v) is a 

o ’ 
symmetrical function of coordinates for symmetrical cells.

Diffusion equation parameters for homogeneous cells are determined by 
averaging with use of some weighting functions (see also Chapter 3). In 
particular, cross sections for the diffusion equation describing flux 
distribution averaged over the cell volume are determined by the 
correlation

<S(r,v)4' (r,v),W(r,v) >
5 9 (4.3)

where g is the group number, W is weighting functions.
The diffusion coefficients are expressed through the leakage from the 

cell:

I)
9

< (vV* ^r, v), W(r, v) >
2

B <♦ > 
B g

(4.4)

where B - is the buckling component for a
the scalar product and *b Is the asymptotic 

Usually the uniform asymptotic problem

fixed direction, 
problem solution.

denotes

is solved for B=0 to determine

<♦ > B g
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average cross sections and for B=>0 in order to determine the diffusion 
coefficients. It is supposed in this case that the dependence of K on 
the B direction may be neglected.

Asymptotic problem is usually solved with use of multigroup 
approximation. To reduce running time a procedure of preliminary group 
condensation is some times applied. Calculation of the multigroup cross 
sections for resonance energy region is a complex problem. It is explained 
by the fact that a detailed description of the energy dependence of cross 
sections requires many thousands groups use. Special methods applied in the 
design codes for reaction rate calculations in this energy region are 
considered in Sect. 4.2 and partially in Sect. 4.1.3.

The methods used for another energy region important for WWER fuel 
lattices - thermal are described and analysed in Sects. 4.1.3 and 4.3.

It should be mentioned that in the design codes used at the present 
time for WWER fuel lattice calculations different approaches are-utilized 
for determining diffusion coefficients. As follows from correlation (4.4) 
knowledge of fQ is not generally speaking sufficient for D determination. 
Nevertheless in some codes the diffusion coefficients are determined by 
averaging of l/^tr with weighting function fQ. The approach in common use 
is the Benoist (Benoist, 1964) method sometimes with slight modifications. 
For example, in all versions of the UNIRASOS code special selection of 
weighting functions was realized to provide equivalence of heterogeneous 
and homogenized cells.

4.1.2 Methods used for neutrons energy-spatial distributions in WWER fuel 
lattices

Before giving a brief survey of methods used in the design codes 
created in the various institutes - TIC participants let us discuss the 
basic physical features of nowadays and advanced WWER type reactors.

A comparison of reaction rates in various energy regions and produced 
by some nuclei presented in Table 4.1.1 gives information on the role of 
different processes in the reactivity balance.

The reaction rate calculations have been performed for the lattices 
with fuel Isotopic content corresponding averaged over the core at zero 
time point after core refueling. Fuel lattices of standard WWER-1000 with 
uranium and MOX fuel and WWER-1800U with MOX fuel and tighter pitch 
lattices (brief descriptions of this project is given, for example, in 
(Pshenin et al, 1990) were considered. It is necessary to note that the use 
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of MOX fuel in WWERs-1000 can be considered as sufficintly well-founded 
from the point of view of core physics. At the same time transition to use 
of MOX fuel and tighter pitch lattices in WWERs, as is suggested in the 
WWER-1800U pilot project, seems significantly less well-founded and 
requires a program of wide investigations.

Table 4.1.1 shows that WWER—1000 fuel lattices are characterized by a 
relatively high proportion of fissions produced by fast neutrons, essential 
contribution of resonance energy range into total fission and capture 
reaction rates and predominant contribution of thermal fissions.

The WWER-1800U fuel lattices are distinguished by the shifting of the 
neutron spectrum into the resonance energy range, increasing capture rate 
produced by fission products and significant reduction of thermal energy 
range influence on the reactivity balance. The above mentioned features of 
WWER-1800 lattices, in particular, require great accuracy of calculations 
in the resonance energy range. Table 4.1.1 may be useful later on to 
evaluate the influence of used approximations accuracy on calculations 
results.

A list of design codes - cross section generators which are considered 
in the present and the following sections is given in Table 4.1.2. Some 
reference codes - MCU, PEACO, PEANICO, SLOGR will also be mentioned in the 
text of the present Chapter.

MCU (Maiorov and Yudkevich, 1985), (Gomin et al, 1991) is the 
universal code for calculations in a whole energy region based on the 
Monte-Carlo method (see also Chapt.3).

PEACO (Ishiguro, Takano, 1971), PEANICO (Kereszturi, 1981) and SLOGR 
(Sergeev and Karpov, 1985) are the reference codes for calculations in the 
energy range of resolved resonances based on the method of first collision 
probabilities and detailed pointwise representation of the resolved 
resonance cross sections (see Sect. 4.2).

Fast neutron energy region (~5Kev<E<10.5Mev). Table 4.1.1 shows that 
the 5 KevsEslO Mev energy region plays a noticeable role in the reactivity 
balance of WWER fuel lattices giving ~10 - 257. from total fission rate.

The accuracy of reaction rate calculations in the considered energy 
range depends on the reliability of approaches used for leakage, scattering 
anisotropy and slowing down description.

Two group structures are used in the codes listed in Table 4.1.2 for 
describing the epithermal neutron spectrum: 26-group ABBN (Abagyan, 1964) 
structure and 37-group structure analogous to that used In the well known 
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MUFT (Bohl and Hemphill, 1961) code. The last structure is used in BETTY-2 
only. The real neutron spectrum in fuel lattices of present-day WWERs is 
very similar to the somewhat shifted fission spectrum being used as 
weighting spectrum under cross section library generation. Thus the 
calculational results do not depend in this case on the number of groups in 
the energy range of fast neutrons.

Table 4.1.1 Reaction rates balance in WWERs fuel lattices.

Energy interval
Reaction

• • • 
type

Fuel lattice type / fuel type

WWER-1000/U0X WWER-1000/M0X WWER-1800M0X

10.5 - 0.821 Mev R /R* 
c f 0.0145/0.0775 0.0130/0.0893 0.0179/0.186

0.821 - 4.65 Mev R /R 
c f

0.0559/0.0167 0.0511/0.0216 0.104 /0.113

4.65 - 0.62 Kev R /R 
c f

0.548 /0.162 0.599 /0.210 0.802 /0.566
0.625 - 0.0 ev R /R 

c f
0.381 /0.744 0.337 /0.679 0.0756/0.134

10.5 - 0.0 Mev
38 38

R /R 
c f

0.455 /0.0677 0.380 /0.0736 0.418 /0.114

10.5 - 0.0 Mev
Pu Pu

R /R 
c f

0. 167 /0.221 0.379 /0. 594 0.453 /0.871

10.5 - 0.0 Mev
A m~C m

R 
c

0.705*10 0.663*10'Z 0.0197

10.5 - 0.0 Mev
FP 

R 
c

0.0600 0.0582 0.0882

A / A r th
(E =0.625 ev) b

8.95 15.9 318. 3

• • 0.586 0.510 0. 120

• - All reaction rates are normalized to a total reaction rate of 
the considered type.

• * - probability of escaping resonance absorption.
.. _ RFp rPu pAm—Cm 38C ’ c C ’ Rc ” capture rates produced by fission 

products, all plutonium Isotopes, all americium and curium 
238isotopes and U, respectively.

*f» *th _ fast and thermal fluxes.

MOX - UO +PuO fuel; UOX- UO fuel 2 2 2

754



CHAPTER 4

A key problem of light water high converters is the value of the void 
reactivity coefficient which can be positive under some conditions. To 
provide sufficient accuracy of void effect prediction for tight lattices 
with MOX fuel it is necessary to a use greater number of energy groups. 
Such a possibility is provided, in particular, by the MULTIC cross sections 
library (Nikolaev et al, 1984). In this library the energy region of fast 
neutrons is described by 144 groups and each of them is divided into the 
number of subgroups. At the present time MULTIC library is used in one of 
versions of MCU (Maiorov and Yudkevich, 1988), (Abagian et al., 1992) and 
there are no corresponding versions of design codes based on this library.

Table 4.1.2 List of design spectral codes created in the 
various institutes of the TIC - participants.

Code name
Institute where code

Reference
was created is used

BETTY-2 KFKI Hungary KFKI Hungary Gado 1978
NESSEL-4 KKAB FRG KKAB

INRNE
Germany
Bulgaria

Heinrich 1981

UNIRASOS-2 RRC KI Russia KIAE Russia Pshenin et al 1989
RAFORIN RRC KI Russia KIAE Russia Pshenin et al 1989
TVS RRC KI Russia KIAE Russia Pshenin et al 1989
SAPFIR RRC KI Russia KIAE Russia Tebin et al 1985
WIMS-SU
MICROBE

RRC KI
NRI

Russia
CSFR

KIAE
NRI

Russia
CSFR

Laletin et al 1990
Zaleski 1989

As has already been mentioned a procedure of preliminary condensation 
of initial cross section libraries is applied in some spectral codes. In 
some cases this procedure provides a possibility to reduce processor time 
spending without loss of accuracy. This approach in a slightly modified 
form is used in the RAFORIN, UNIRASOS-2 and TVS codes. A brief description 
is given in the next Section.

The WWER lattices in the fast energy region are slightly 
heterogeneous. Thus, in several codes (NESSEL-4, UNIRASOS-2, TVS) the cell 
homogenization in the groups belonging to the 0.8 Mev s E s 10.5 Mev energy 
Interval is carried out approximately with the use of the constant fluxes 
ratio. The fluxes ratio is computed by means of cross sections averaged 
with neutron spectrum corresponding to Infinite homogeneous media. In 
(Gado, Kereszturi, 1986) it is noted that Judging from the results of 
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calculations performed the use of the simplified homogenization procedure 
in WWER lattices only slightly influences the K value 

eff

The relatively high uncertainty of U238 cross sections in the 
considered energy range (see (Abagyan et al, 1981)) and the significant 
contribution of inelastic slowing down and fissions produced by this 
isotope to the lattice reactivity balance lead to noticeable constants 
uncertainty of predicted lattice multiplication characteristics.

The application of statistical methods for treating measured data 
based on the known connection of a priori and a posterior distribution 
function allows us to reduce constant uncertainty and discripancies of 
calculated and measured data. Such an approach was used in (Satmari et al, 
1978), (Pshenin, 1980) for interpreting measured data obtained at the ZR-6 
assembly and known from the literature. It was shown in these papers that 
the approach used allowed one to improve noticeably the agreement between 
calculations and measurements for a wide set of fuel lattices. The 
reliability of the results obtained and the possibility of their practical 
application is determined partially by the reliability of the initial cross 
sections covarience matrix. The use of a matrix of simplified shape has to 
certain degree limited further application of the obtained results.

Resonance energy range (-1 ev<E<5 Kev). Accurate prediction of 
reaction rates in the resonance energy range seems to be one of the most 
complex calculation problems of light water lattices. The accuracy of 
resonance absorption and fission calculations significantly influences the 
main lattice parameters under fuel burnup.

According to the Table 4.1.1 a 3% error in resonance capture rate 
corresponds to -1.5% error in K* determining. The accuracy requirements of 
calculations in the considered energy interval highly increase for WWER 
lattices with MOX fuel. The great number of resolved resonances of heavy 
nuclei and fission products demands some thousands of energy groups for a 
detailed description of cross section energy dependence.

In view of this a direct approach to resonance absorption calculations 
is not applied in the considered design codes because of the significant 
processor time needed. As has already been mentioned, such an approach is 
used for reference calculations in PEANICO, NCU and SLOGR. SLOGR is a 
module of design oriented code SAPFIR and is used for the 
benchmark type calculations.
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The approaches utilized in the design codes are usually based on the 
results of preliminary reference calculations and their further 
interpolation founded on certain suppositions about the shape of the 
neutron spectrum inside the group.

The following methods for self-shielded cross section calculations are 
used in the design codes that are considered:

— interpolation of tabulated dependences of resonance integrals I on 
dilution cross section with the use of equivalence theorems (.BETTY-2, 
UNIRASOS-2, WIMS-SU, RAFORIN, TVS);

- formalism of resonance self-shielding factors (Abagyan et al, 1964) in 
a combination with the equivalence theorem (NESSEL-4, MICROBE);

subgroup method (Nikolaev and Hokhlov,1967) (SAPFIR, energy range of 
unreso1ved resonances);

- generalized subgroup approach (Tebin, 1991) (SAPFIR, energy range of 
resolved resonances).

Let us consider the main features of the realization of methods 
listed in different codes.

The following main problems are connected with the interpolation of 
I(<rdii) tables (see also Sect. 4.2):
- choice of equivalent medium for calculating I(cr . ) tables; 

dll
- choice of fitting parameters (Goldstein’s and Bell’s factors); 
connection between resonance integrals and group cross sections;

The considering as an equivalent of heterogeneous medium permits one 
to avoid solving the problem connected with the choice of dilution material 
the significance of which is mentioned in (Tebin, Yudkevich, 1980). This 
approach is realized in UNIRASOS-2, RAFORIN and TVS codes. The resonance 
integrals in these codes are tabulated for the case of a single pin.

The simple , similar to those used in WIMS-D4, approximations for the 
transition from 1^ to o-^ (J - group number) for WWER lattices with 
relatively small absorption inside the "narrow" group seem to be acceptable 
from the practical point of view. The accuracy of such approaches for 
highly enriched tighter pitch lattices with MOX fuel should be specially 
analysed.

The well known formalism of resonance self-shielding factors based in 
the resonance energy range on ABBN (Abagyan et al, 1981) data is applied in 
NESSEL-4 and MICROBE. The f-factors including in the ABBN library were 
computed for homogeneous medium with using a narrow resonance approximation 
which is not valid for the lowest resonances of Z38U and leads to 
significant calculational errors (see (Kereszturi, 1981)). To reduce these
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errors, specially selected A-factors of 238U are used in NESSEL-4. These 
factors were chosen by the fitting of total resonance integrals to results 
of Hellstrand measurements (Hellstrand, 1957) and by fitting of calculated 
2 8p to the measured one. It should be noted that the use of PEANICO type 

codes for f-tables calculations allows one to avoid the problem.
In both of the approaches considered the equivalence theorems with 

specially selected fitting parameters are used to interpolate I(cr ) or 
. d i 1

f dil tables- These parameters are determined in various ways in 
different codes. Their values correspond to those used in WIMS-D4, 
recommended in (Levin, 1963) or are computed from a condition of the best 
agreement with the results of reference calculations for the fixed set of 
variants. The last approach is realized, for example, in UNIRASOS-2, 
RAFORIN and BETTY-2.

The Goldstein’s factors for heavy nuclei in BETTY-2 are computed on 
the basis of a special iteration procedure and depend on group number. 
These factors in UNIRASOS-2 and RAFORIN are supposed independent on group 
number and are chosen from a condition of the best agreement of total 
resonance integrals.

The accuracy of the different approximations leading to equivalence 
correlations was analysed in (Kereszturi, 1981). As has been shown in this 
paper their total inaccuracy leads to about 17. inaccuracy of the total 
resonance integral calculation. The accuracy of the equivalence theorem was 
analysed in (Pshenin and Tebin, 1982,), (Kereszturi, 1982). These papers 
contain the calculation results for different absorbers in combination with 
various diluters and show that the error of resonance integral calculations 
does not exceed the uncertainty of cross sections in the resonance energy 
range.

Mutual resonance overlapping has a noticeable influence (see for 
example (Kereszturi, 1982)) on resonance absorption in WWER lattices. This 
effect is usually taken into account approximately by iteration procedure. 
At the first iteration self shielded cross sections are obtained without 
taking into account the considered effect. At the second iteration mutual 
the overlapping effect is calculated by correction based on neglecting of 
the cross section energy dependence of all nuclei besides considered. The 
accuracy of such approaches is analysed in (Kereszturi, 1982). According to 
this paper the accuracy of the Askew approach (Askew, 1966) is sufficient 
for practical calculations of the lattices with 238U and 23SU.

To provide sufficient accuracy of calculations of fuel lattices with 
gadolinium integrated into the fuel rods it is necessary to divide burnable 
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absorber (BA) rod into some burnable zones. In this case, strictly 
speaking, the direct use of the equivalence theorem for computing shielded 
cross sections is not possible. The resonance self-shielding of the odd 
gadolinium isotopes was analysed in (Rubin, 1989). The data of this paper 
allow one to conclude that even when the content of Gd 0 in the BA rod is 

2 3
equal to 5-7% the influence of resonance self-shielding on the 
multiplication characteristics of the fuel assembly is practically 
negligible. Thus, the simplified approach based on calculations of self 
shielded cross sections for all burnable zones with the use of averaged 
over the rod gadolinium isotopes number densities seems acceptable.

The generalized subgroup approach (Tebin and Yudkevich, 1981), (Tebin, 
1991) is a further development of the subgroup approach for resonance 
absorption calculations in thermal reactors lattices. This approach is used 
as a standard for mass calculations in SAPFIR.

This method has the following main advantages:
- possibility of correctly taking into account finite resonance widths 

that is the most important for low energy region;
- possibility of calculating the systems with complex fuel isotopic 

composition with the use of subgroup parameters of separate isotopes and 
not of their mixture;

The latter provides the possibility to generate universal cross 
section libraries which do not depend on specific system geometry and 
isotopic composition. As has already been mentioned in Chapter 2, the 
parameters of the generalized subgroup approach differ from those used in 
standard subgroup approach included into ABBN library.

The accuracy of the generalized subgroup approach was analysed by 
comparing it with the results of reference calculations using the 
Monte-Carlo method and the detailed pointwise representation of resolved 
resonance cross sections. It has been shown in (Osipov and Tebin, 1981) 
that suggested method provides high accuracy of resonance absorption 
calculations for a wide set of light water lattices (with 23SU, 238U, 232Th 

as resonance absorbers); the error usually does not exceed ~3% and 
corresponds to nuclear data uncertainty.

The resonance neutron spectrum in most codes*’ is calculated on the 
basis of the group approach with the use of preliminarily prepared 
scattering matrixes. The scattering matrixes are usually computed by

Exept for UNIRASOS-2, TVS, RAFORIN and SAPFIR.
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utilising the Fermi spectrum for weighting. Obviously this approach 
provides sufficient accuracy of calculations for the fuel lattices with 
slight depression of slowing down density in the group interval.

For highly enriched tight lattices when the resonance neutrons energy 
interval is divided by ~12—25 group the continuous slowing down models or 
generalized subgroup approach seems more preferable. This conclusion agree 
with the inferences of (Bohme et al, 1992), (Broeders, 1992).

The Doppler effect significantly influences the WWER core 
characteristles in stationary and transient regime operation. Usually, the 
real temperature distribution inside the fuel rod is replaced by constant 
temperature which is equal to temperature averaged over the rod or 
corresponds to effective one chosen from a condition of equivalency of 
resonance absorption.

To check the reliability of recommendations known from the literature 
for effective temperature choice for WWER fuel rods, special investigations 
were performed with PEANICO (Kereszturi, 1987) and SAPFIR (Tebin, private 
communication) codes. The calculations showed that resonance absorption in 
the WWER’s fuel rod computed with volume averaged constant temperature and 
the use of real temperature distribution practically coincides.

As it has already been mentioned that some codes based on the method 
first collision probabilities and detailed cross section energy 

dependence representation are used in the institutes of the
TIC-participants for semiprecise calculations in the energy range of 
resolved resonances. One of them - PENICO will be described in detail in 
the next Section. The other code - SLOGR (Sergeev and Karpov, 1985), based 
on nearly the same approximations as PEACO, is one of modules of SAPFIR. 
SLOGR is also used for cross section libraries generation.

Thermal energy region. As it follows from Table 4.1.1 the thermal 
energy region gives more than 40% of the total number of absorptions and 
70% fissions in present-day WWER lattices. Thus, the accuracy of 
thermalization calculations practically determines the accuracy of core 
parameter prediction.

A wide program of theoretical and experimental investigations of 
thermalization effects was performed in the USSR during the period from the 
middle fifties to 1972 (see survey in (Mostovoy, 1978)) in connection with 
developing nuclear energy and WWER reactors, in particular (Kurchatov, 
1956, Mostovoy et al, 1958 - 1978, Abdullaev et al, 1968, Eremeev et al, 
1968, Ishmaev et al, 1966-1970, Laletin, 1963, Maiorov et al 1962 - 1968, 
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Marchuk et al, 1961 - 1964, Turchin, 1963).
The following problems were investigated within the framework of this 

program:
measurement and evaluation of scattering law of slow neutrons in the 

basic moderator, in particular, in water;
time-dependent thermalization in various moderators;

- spatial-energy and angular distribution of slow neutrons near the 
boundary of the media with different temperature, slowing down and 
absorption capabilities;

slowing down and thermal neutron spectra in homogeneous and 
heterogeneous media;

methods for calculating scattering cross sections and neutron spectra 
in homogeneous and heterogeneous media;

The investigations performed provided a possibility to create 
libraries of phonon spectra, codes for transport equation solution in the 
thermal energy range taking into account thermal motion and chemical bonds 
based initially on P P S approximations and then on the Monte-Carlo i J n
method. These codes were used to validate the first design codes assigned 
for WWER lattices calculations and later on as a basis for creating the 
design codes of the second generation.

Below, a brief survey is given of the methods used for thermalization 
calculations in the design codes and theoretical investigations performed 
within the framework of TIC activities in the period after 1972.

The choice of thermal group boundary influences such code 
characteristics as running time and accuracy of calculations. In most of 
the codes considered the break point energy is equal to 0.465 or 0.625 ev. 
In this case the lowest and most important 24°Pu, 242Pu resonances are 
included in the resonance group and their self-shielded cross sections are 
determined by the methods described above.

The energy break point in BETTY-2 is equal to 1.84 ev. So, to provide 
sufficient accuracy of Pu capture cross section calculations, a special 
integration procedure (Kereszturi, 1981) is applied in this code for 
capture rate commutation.

Two types of thermalization models are used in the considered design 
codes - "realistic" based on scattering matrixes use MICROBE, RAFORIN, 
NESSEL-4, SAPFIR, and differential: UNIRASOS-2, TVS, BETTY-2. The 
UNIRASOS-2 and TVS codes utilize the two-constant Laletin model (Laletin, 
1963), in BETTY-2 the Cadilhac (N. Cadllhac, 1963) model is applied. These 
models are compared in (Bogachev and Sidorenko, 1975). The results of 
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benchmark problem solutions given in this report show that the accuracies 
of both models are nearly the same.

The optimization of group structure is a key problem from the point of 
view of code speed capability when the "realistic" thermalization model is 
used and the thermal neutron spectrum must be recalculated with high 
frequency under burnup calculations. This problem is partially considered 
in Sect.4.3. The number of thermal groups in MICROBE and RAFORIN is equal 
to 24, in NESSEL-4 it is 10. In SAPFIR well known THERMOS group structure 
is used. To avoid errors connected with insufficient accuracy of 239Pu 

cross sections the 10 group approximation and the f-factors are used in 
NESSEL-4 to obtain shielded cross sections in the group containing the 
lowest resonance of this isotope.

The description of data files and codes used to generate thermal cross 
sections libraries are given in Chapter 2, it is unnecessary to give it 
here.

Spatial flux distributions in all codes exept for WIMS-SU, and
RAFORIN, are computed by the first collision probabi1 it ies method.
Some aspects of its application to WWER lattices calculations are
considered in Sect.4.3. It should be noted that in SAPFIR the first 
collision probabilities can be calculated in two ways - by the use of 
deterministic methods or the Monte-Carlo method. The last-named method is
applied for calculations of systems with complicated geometry. To reduce
processor time, in this case a procedure of P preliminary tabulation and
their next interpolation is applied.

The surface pseudosources (SPS) method described in (Laletin, 1967, 
Laletin et al., 1990) is utilized in codes WIMS-SU and RAFORIN. This method 
is based on use of Green’s functions for the monoenergetic infinite uniform 
problem. Its application for solving multigroup problem leads to the flat 
energy current approximation which seems to be more realistic than the flat 
flux approximation usually used in the P( method. The SPS method also 
provides a possibility of reducing running time and this is the most 
important - correct computing of cell non-tradltional functionals needed 
for improved balance equation application (see Sects. 6 and 7).

The brief survey given in the present section contains short 
descriptions of the methods used in the design codes for uniform lattice 
calculations. A detailed exposition of the results of numerical 
benchmarking the methods used for calculations in the resonance and thermal 
energy regions is given in Sects. 4.2 and 4.3. The descriptions of models 
used for depletion calculations are included into Sect. 4.4.
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4.2. NUMERICAL ANALYSIS OF METHODS FOR TREATING RESONANCE ABSORPTION

In this Section some approximations are analysed, that are used in 
engineering calculations of WWERs for the energy range of resolved 
resonances.

4.2.1 . Setup of the problem and the applied programs

In principle, the Monte Carlo method ensures the absolutely exact 
calculation of resonance absorption in various systems (cf. Chapter 3). 
However, as a consequence of the enormous amount of computer time needed 
Monte Carlo programs are generally used to validate approximate methods.

The programs PEACO (Ishiguro, 1971) and PEANICO (Kereszturi, 1981) 
were adapted and elaborated for analysing engineering methods used in 
calculating the resonance range. These codes satisfy both accuracy and 
computation time requirements. The accuracy of the codes was tested 
(Kereszturi, 1981) against the results of the Monte Carlo code MONRI (cf. 
Chapter 3).

PEACO makes it possible to solve the integral transport equation for 
the reactor lattice cell in the energy range of resolved resonances. The 
method of first flight probabilities is applied in the approximation of 
isotropic scattering. The energy range may be divided into a large number 
of intervals (normally about 30000 groups are used), therefore the slowing 
down of neutrons on the various nuclei is modelled in a very accurate 
manner.

PEANICO is a generalized version of PEACO. In this code the linearly 
anisotropic scattering in the laboratory system is approximately taken into 
account (Kereszturi, 1981). In this way the most serious disadvantage of 
PEACO is eliminated. Though the anisotropy of scattering only slightly 
influences the resonance absorption in WWER lattices, in other lattices 
this effect may appear to be more significant.

For validating the PEACO and PEANICO codes a series of calculations 
was performed by using these codes and MONRI with identical nuclear data 
(Kereszturi, 1981). A description of the investigated test problems can be 
found in Table 4.2.1, results are given in Table 4.2.2. It can be seen that 
the results of PEANICO (hexagonal cell, anisotropy is accounted for) are in 
good agreement with the results of the Monte Carlo code MONRI.

Applying transport correction leads to discrepancies in lattices of 
large pitch and the neglecting of anisotropy leads to unacceptable results 
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in lattices of large pitch and large rod radius. Cylindrlzation leads to 
overestimation of the resonance absorption probability by 1% in the 
investigated tight lattices.

As a conclusion, the PEANICO code is always applicable, whereas the 
PEACO is applicable in certain conditions for validating engineering codes.

Table 4.2.1 Data of lattices used in the calculations

Notation
Fuel Cladding

r Composition
[cm] [1024 cm 3]

r Composition
[cm] [1024 cm 3]

TR-1
TR-2
TR-3
TR-4

0.4915 Z3SU 6.2530*10‘4
238U 0.047205

0.57330 Al 0.051503

W3 0.5060 16 0 0.046416
Z3SU 7.0558*10‘4
Z38U 0.022502

0.54625 Mn 0.001075
Cr 0.01160
Fe 0.038149
Ni 0.005809

Z1
Z2
Z3

0.3800 16 0 0.045861
23SU 8.2550»10’4
Z38U 0.022105

0.4500 ' Zr 0.038679
Nb 3.87*10’4

Ml 3. 1
16 0 0.0456
Z38U 0.0228 - -

M2
M3 0. 38

16 0 0.0456
Z38U 0.0228 - -

M4 0.5 Z38U 0.0473 - -
MS 0. 188 Z38U 0.0473 - -
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Table 4.2. 1 (Continued) Data of lattices used in the calculations

Notation
Moderator Lattice

[cm]

H(H 0)2
ri_24 -3,L10 cm ]

Form Pitch

[cm]

TR-1 0.94822 0.03338 Hexagonal 1.8060
TR-2 1.14144 0.03338 Hexagonal 2.1740
TR-3 0.75669 0.03338 Hexagonal 1.4412
TR-4 1.51337 0.03338 Hexagonal 2.8824
W3 0.70558 0.033357 Square 1.2506
Z1 0.57754 0.033357 Hexagonal 1.1000
Z2__________ 0.66680 0.033357 Hexagonal 1.2700
Z3 0.78756 0.033357 Hexagonal 1.5000
Ml_________ _ 5.2504 0.0333 Hexagonal 10. 0
M2 2.6252 0.0333 Hexagonal 5.0
M3 0.6668 0.0333 Hexagonal 1.27
M4 3.6753 0.0333 Hexagonal 7.0
M5 0.43368 0.0333 

___ ____________
Hexagonal 0.826

Table 4.2.2 Comparison of results of the codes MONRI, PEANICO 
and PEACO*’

Code Lattice 
Geomet.

Aniso­
tropic Ml M2 M3 M4 M5

NONRI Hexago­
nal

Yes 0.0627+
0.0003

0.00682±
0.00007

0.1264+
0.0006

0.00746+
0.00005

0. 1191±
0.0007

PEANICO Hexago­
nal Yes - - 0.1266 - 0.1197
Cyl indr Yes 0.0620 0.00687 0.1280 0.00736 -
Cyl indr Trans.

Corr.
0.0637 0.00705 0.1281 0.00761 0.1209

PEACO Hexago­
nal No - - 0.1261 - 0.1194
Cyl indr No 0.0595 0.00676 0.1274 0.00706 -

resonance absorption probability between 4.65 and 465 eV
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4.2.2 Approximative methods for treating resonance absorption 
in multi group calculations

Approximative methods for treating resonance absorption, applied in 
the multi group codes of TIC laboratories, strongly differ from each other. 
Their validation on the basis of infinite lattice calculations was 
performed in KFKI, Budapest (Kereszturi, 1981). Details of this analysis 
are not discussed here. It is worth mentioning that analysis at a given 
laboratory was necessary since the nuclear data used in the various 
laboratories differ from each other. The analysis of methodical character 
should have obviously been based on identical nuclear data. In evaluating 
the inaccuracies of multi group calculations the results of the 
methodological analysis should be corrected for the differences in 
libraries.

As a rule, the majority of engineering calculations are based on 
equivalence theorems. These theorems connect the multi group constants of 
the investigated lattice cell with the characteristics of more simple 
systems (homogeneous medium or isolated rod). Constants parameterized in 
this manner determined for the simple systems, are included in the multi 
group libraries.

In the course of multi group calculations the actual parameters of the 
equivalence theorems and the corresponding constants are determined and 
then used. In this manner it is possible to avoid the explicit modelling of 
resonance absorption in heterogeneous lattice cells in the framework of 
multi group calculations and thus to accelerate them.

The calculation is performed in two steps:
- selection of the equivalent medium,
- calculation of the equivalent system (preparing library constants).

Selection of the equivalent simple system. As a rule, two equivalent 
simple systems are considered: homogeneous medium or isolated rod. From the 
equivalence theorems it follows that some quantities (resonance integral, 
group cross section, group flux) of the lattice cell coincide with the 
corresponding quantities of the equivalent medium.

If a homogeneous medium is selected as an equivalent system, its 
composition is given as a mixture of the fuel material and a supplementary 
scattering material characterized by cross section <r . The value of <r 

ex ex
can be determined on the basis of the Wigner rational approximation for the 
non-col1ision probability in the rod:
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ex N1 ^1 + (a-D(l-D)l

where
N - nuclear density of the absorber isotope (it is assumed that only one 

isotope has resonances),

1 - diameter of fuel rod,
a - the Bell factor,
D - the Dancoff-Ginsburg factor.

For the isolated rod D=l. Therefore for the isolated rod equivalent 
with the lattice cell the flux shall be determined for a rod with the real 
composition, but with the diameter

T' = Ifl + (a-D(l-D)j

Table 4.2.3
Comparison of resonance integrals for equivalent systems

Practically isolated rod

Fuel 
radi i
[cm]

Equivalent 
moderator radii

[cm]
D a

Resonance 
Integral 
r,n-24 2,[10 cm ]

0. 1 0.13831 0.22187 1.1427 17.4437
0. 19 0.27521 0.41124 1.1423 17.4307
0.38 0.66680 0.78233 1. 1416 17.4219
0.435 0.87254 0.88316 1.1414 17.4151
0.48 1.36913* 0.96368 1.1412 17.4867

HOM 0 G E N I 0 U S MEDIUM 17.4886
*

The equivalence theorems are very accurate. It is shown, for example, 
in Table 4.2.3, where the resonance integrals in the range 4.65 to 600 eV 
calculated by PEANICO are compared for equivalent according to the theorems 
systems (two-region lattice cell, the moderator is water, the fuel is 
238 U02 with the density of 10.2255 g/cm3). It has to be mentioned that in 
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these calculations the factors a and D were determined with the maximum 
possible accuracy. In the case of a homogeneous medium the scattering with 
the cross section °'ex was modelled by using the scattering law for 
hydrogen.

It can be seen that the maximum deviation does not reach 0.5%. For 
WWER lattices an inaccuracy of 1% in the cross section a leads to an 
• 2 3 8 ®inaccuracy of 0.5% in the U resonance integral.

Let us now consider the determination of factors a and D.
The Bell factor a plays an important role only if a homogeneous medium 

is chosen for equivalent system. It is due to the fact that the quantity F 
is much less dependent on a than the cross section cr . This conclusion was 

e x
drawn on the basis of calculations by WINS, NESSEL-4 and CELLAR.

In the VIMS code the Bell factor is calculated for U02 by the formulae 
(Kowalska, 1975).

_ 2.71 b+1
a 2.34 b+1

where - potential scattering cross section of oxygen.
In the BETTY code the Bell factor is determined by adjustment. For the 

energy groups the values of resonance integrals of isolated rod and 
homogeneous medium were compared. Bell factors of the various isotopes are 
included in the group constant library of BETTY-2 (as a function of N).

In the code NESSEL-41’ the Bell factor is chosen as the constant

1. 16D

a = 1.16.
As a result, the error in <r is about 2% for WWER lattices, leading to an 
inaccuracy in resonance absorption of about 1%.

In CELLAR the Bell factor was chosen to be a=l. This leads to an error 
of -5.5%. In the code cr is determined as 

e x

More precisely, in NESSEL-4

ex 1. lO-D(l-D)
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Here X is an adjustment parameter, ensuring the coincidence of 
resonance integrals with the experimental data of (Hellstrand, 1966). 
Therefore it is impossible to evaluate the actual inaccuracy on the basis 
of methodological calculations.

In the codes LASER and LEOPARD, where the isolated rod is chosen as an 
equivalent system, a=l. 10. Consequently, the error in T' is only -1% (for 
WWER lattices) and in resonance absorption +0.5%. Also in the REMUR code 
the isolated rod is used as an equivalent material, but the Bell factor is 
chosen as a=1.0. The propagated error is 1.5%.

The Dancoff-Ginsburg factor is determined by using two different 
methods. In the majority of codes the method of Sauer (Sauer, 1963) is 
applied. An exception is WINS, where it is determined in a special manner 
(with an accuracy of about 3% according to (Kowalska, 1975), which leads to 
an overestimation of resonance absorption in WWER lattices with about 
1.5%).

In the KFKI, Budapest, the DANCOLL code was elaborated for the exact 
calculation of the factor D. It turned out that for two-region WWER lattice 
cells the method of Sauer gives results coinciding with the DANCOLL 
calculations. However, the applicability of the Sauer method for 
three-region lattice cells seems to be problematic because of two 
limitations of the method:
- narrow resonance approximation for the cladding material, 
- homogenization of the cladding with the moderator by volumes.

This is illustrated in Table 4.2.4. It can be seen that the Sauer’s 
method leads to a significant inaccuracy when evaluating the resonance 
absorption. Therefore the use of the DANCOLL code seems to be advantageous 
in the framework of engineering calculations.
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Table 4.2.4 Effect of cladding treatment in 
calculating the Dancoff-Ginsburg factor

Lattice The calculation Method
D

Error of 
resonance 
absorption (%)

Z1 DANCOLL, Intermed, resonance 0.52730 -
DANCOLL, Narrow resonance 0.54664 2. 0
DANCOLL, Homog.+ Narrow res. 0.56565 3.9
Sauer’s method 0.57308 4. 7

Z2 DANCOLL, Intermed, resonance 0.70280 -
DANCOLL, Narrow resonance 0.71665 1.1
DANCOLL, Homog.+ Narrow res. 0.73261 2.5
Sauer’s method 0.73606 2.6

Calculation of the equivalent system. After the equivalent system is 
determined, calculation of this system is to be performed. Results of these 
calculations are included (in parameterized or tabulated form) in multi 
group constant libraries. In the course of these calculations some further 
approximations are used.

If the homogeneous medium is chosen as the equivalent medium, three 
different methods are applied in TIC laboratories to calculate resonance 
absorption in the chosen medium.

1. If the calculations are made using the traditional ABBN library, 
the results should be evaluated taking into account that the f-factors of 
the ABBN-library are determined in the narrow resonance approximation for 
each fuel isotope. ABBN constants are used in the NESSEL-4 and CELLAR 
codes. As is well known and also shown below, the narrow resonance 
approximation leads to every inaccurate result for the total resonance 
absorption in thermal reactors. Therefore in the mentioned codes the total 
resonance integral of U is corrected for the experimental results of 
Hellstrand (Hellstrand, 1966). The problem of distributing the total 
resonance integral into energy groups is solved in different ways in the 
above codes, but it slightly influences the final results.
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Table 4.2.5 Effect of approximations used in the 
calculation of equivalent homogeneous
medium on the probability of 
resonanance absorption: 1-p.

the 1 approximat!ion = The narrow resonance approximation

METHOD 1 - p System

Exact result 0.12640 Cell

Narrow resonance approximation 
for the additional scattering. 0.12663

Equivalent 
homogeneous 
medium

Intermediate resonance 
approximation for oxygen.
. x « S t . ... • )+ the 1 approximatiion

0.12646
Equivalent 
homogeneous 
medium

Intermediate resonance
approximation for
+ the 1st approximatiion 1

0. 12340
Equivalent 
homogeneous 
medium

Narrow resonance 
approximation for 238 U and 0 

st • )+ the 1 approximatiion
0.12083

Equivalent 
homogeneous 
medium

for the additional scattering.

2. In the WINS code a special procedure is applied. Slowing down on 
the absorber isotope is calculated exactly, while for the other isotopes it 
is calculated in the intermediate resonance approximation. The 
supplementary scattering material of cross section <r is calculated in e x
accordance with the scattering law of hydrogen. The approximation of 
intermediate resonances (at the choice A=0.94 (Kowalska, 1975) for oxygen) 
leads to overestimation of the resonance absorption in WWER lattices by 
about 1%.

3. The third method was applied in generating a new ABBN-type library 
for NESSEL-4 and CELLAR by using the FEDGROUP code (Vertes, 1976). In this 
code the slowing down on the absorber and all other isotopes is calculated 
in the narrow resonance approximation. This approximation leads to an 
underestimation of resonance absorption in WWER lattices by about 2.5%.
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The effect of the considered approximations on the resonance 
absorption is summarized for WWER lattices in Table 4.2.5 (see also 
(Kereszturi, 1981).

If the isolated rod is chosen as an equivalent system, two methods can 
be distinguished in the calculations.

The first method is based on determinating the total resonance absorption 
integral of the isolated rod by using the experimental results of 
(Hellstrand, 1966) (and not performing any calculations). This method is 
applied in the codes LASER, LEOPARD and REMUR. Of the inaccuracies in the 
interpretation of the experiments, problems are connected with the lack of 
determination of the resonance integrals of other isotopes (235U and Z39Pu) 
in isolated rods. As was mentioned above, the uncertainties in the 
distribution of the resonance integrals in energy groups do not lead to 
significant errors.

The second method is based on calculating isolated rods by using the 
PEANICO code. In this case no further approximation is needed. The multi 
group constant library of the BETTy-2 code (for resonance isotopes) was 
prepared in this way.

The mutual screening of resonances of different isotopes was analysed 
in (Kereszturi, 1982) for homogeneous media. It was pointed out that this 
effect should be accounted for in calculating WWER lattices. Mutual 
shielding is well treated by the method of (Askew, 1966). However, its 
description in (Kidman et al, 1972) contains the error.
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4.3 NUMERICAL ANALYSIS OF THE METHODS APPLIED IN THE THERMAL ENERGY RANGE

In this Section the results of the numerical investigations are 
presented, which were performed in the framework of the TIC for studing the 
effectiveness of various engineering algorithms and codes applicable for 
calculating lattice characteristics in the thermal energy range. In 4.3.1 
the THERMOS-type programs are considered, and then the high speed codes are 
analysed which are based on more simple algorithms. All the numerical 
results were obtained for the systems described in Tables 4.3.13-15. The 
notations used in other Tables are also interpreted in Tables 4.3.13-15.

4.3.1 THERMOS-type programs

The THERMOS code algorithm is well known (cf., for example, Honeck, 
1962), therefore it is not described here. Its basic characteristics are as 
fol lows.

(a) In the code the Peierls integral equation is solved for the scalar 
flux fQ. It is acceptable if an infinite fuel lattice cell without leakage 
is considered.

(b) The elementary cell (which has an axially infinite size due to 
assumption (a)) is cylindrized preserving the volume of the moderator (and 
that of the cell). The cell is calculated in ID cylindrical geometry. At 
the cell boundary the so called white boundary condition is applied, which 
assumes that the neutrons leaving the cell return to it with an isotropic 
angle distribution.

(c) The cylindric cell is split into cylindrical rings. For 
calculating first flight collision probabilities (taking into account the 
boundary condition) various methods are applied.

(d) The scattering is assumed to be isotropic in the laboratory 
system. This assumption is more or less acceptable since the chemical 
binding effects and the thermal motion of nuclei reduce the anisotropy of 
scattering. On the other hand, due to the relatively smooth dependence of 
the neutron flux on the spatial variable, the neutron flux is assumed to be 
near to isotropic. For accounting the anisotropy of scattering various 
corrections are applied.

(e) The slowing down source functions of thermal neutrons are 
calculated in an approximate manner.

(f) The manner of dividing the thermal energy range into groups and 
also the methods of calculating group constants (i.e. manner of

173



CHAPTER 4

integration) effects the results, especially the reaction rates of 
plutonium isotopes, if their lowest lying resonances are included into the 
thermal energy range.

Assumption (a) (i.e. neglection of leakage) has not been analyzed in 
details. However, due to the small contribution of leakage in the thermal 
energy range this approximation does not seem to be dangerous, if the group 
constants of the equivalent homogeneous medium are well approximated.

To some extent the effect of leakage on the spectrum of thermal 
neutrons was analyzed in connection with the more simple code BETTY-2.

Approximation (b) (cylindrisation with white boundary condition) has 
been extensively studied in the literature (cf. e. g. Weiss et al,1964). 
However, the relatively small width of the moderator region in WWER lattice 
cells required some further investigations.

Comparative calculations were made by using the Monte Carlo code OMEGA 
(Seifert, 1976). The results are presented in Table 4.3.1.

Table 4.3.1 Results of OMEGA calculations

Lat t i ce

Hexagonal cell.
Mirror boundary 

condition

Cylindrical cell.
White boundary 

condition.

”r K/Kf mi f mi
Z1
Z2

1.755010.0005 1.159
1.701410.0004 1.169

1.765210.0003 1.139
1.701810.0004 1.164

It can be seen that in the limiting case of lattice pitch 11.0 mm the 
approximation (b) leads to the underestimation of the disadvantage factor 
by about 27. and the overestimation of r»f with IX. At the same time for the 
normal pitch 12.7 mm the inaccuracy is small. The propagated error caused 
by cylindrization should be accounted for in comparing results of 
calculations and measurements.

Approximation (c) has also been extensively studied in the literature. 
Various methods of calculating first flight collision probabilities were 
considered. In order to evaluate the various methods, comparative 
calculations were performed in KFKI, Budapest (Gado, 1985). The well known 
Thie lattices (Thie, 1961) were calculated by applying four methods: 
(Honeck, 1964), (Bonalumi,1961 and Jonsson, 1963), (Carlvik, 1966) and 
Muller et al, 1963). 
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The number of mesh points was varied both in the fuel and the 
moderator. The methods applied in high speed calculations were also 
included in this analysis; these were the method of (Kavenoky, 1969) 
applied in BETTY-2 (Gado et al, 1973) the special method used in LEOPARD 
(Barry, 1963) and the method of PEACO (Ishiguro et al, 1971). The results 
of calculations are given in Table 4.3.2.

different algorithms
Table 4.3.2 Disadvantage factors in the Thie lattices according to

Method
Number 

of 
points

LATTICE*’

T1 T2 T3 T4 T5 T6

Bonalumi 1 + 1 1.1533 1. 1508 1.1410 1. 1410 1.1427 1.1473
Barry 1.1731 1.1718 1.1582 1.1619 1.1712 1.1806

Carlvic 1.1603 - 1.1426 - - 1.1432
Kavenoky 1. 1566 1. 1508 1.1400 1.1379 1.1370 1.1387
Honeck 3+3 1.1623 1.1569 1.1465 1.1449 1.1446 1.1467
Ishiguro et al 1.1566 - 1. 1401 - - 1.1353

Carlvic 1.1587 - 1.1411 - - 1.1395
Kavenoky 5+5 1.1576 1.1515 1.1404 1.1383 1.1372 1.1389
Honeck 1.1602 1. 1542 1.1436 1.1416 1.1507 1.1422
Ishiguro et al 1.1579 - 1.1404 - - 1.1365

Carlvic 1.1583 1.1519 1.1408 1.1385 1.1374 1.1387
Kavenoky 12+12 1.1582 1.1518 1.1407 1.1385 1.1374 1.1394
Honeck 1.1590 1.1527 1. 1413 1.1391 1.1380 1.1392

•) 
See Table 4.3.14

Comparison of the results show that the Carlvik, Kavenoky, and 
Ishiguro et al methods give the best results. Convergence of the 
calculations by using the Kavenoky method is better than for the method of 
Carlvik. The Honeck method also gives good results if the number of mesh 
points is high enough. The inaccuracy of the Bonalumi-Jonsson method is not 
very large, but the accuracy of the LEOPARD method seems to be 
unacceptable.

Approximation (d) (i.e. isotropic scattering in the laboratory system) 
seems to be the most serious one in the THERMOS-type codes. Fortunately 
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this approximation -is less important for WWER lattices due to the 
relatively small amount of moderator.

In all THERMOS type programs, approximation (d) is corrected by using 
the so called "non-complete transport correction" in the moderator where 
instead of the quantity is written. If this quantity appears

o o i
to be negative, X99=0 is written, 

s o
Calculations were performed in KFKI, Budapest, for studying the 

significance of the transport correction, by using the THERMOS and ANICELL 
(Devenyi, 1985) codes. The latter accounts for the linear anisotropy of 
scattering. Results are given in Table 4.3.3. It can be seen that the 
transport correction takes into account the anisotropy effects in WWER 
lattices in a very acceptable manner. Some supplementary calculations were 
made by using the method of non-complete transport correction and the 
method of Benoist within the BETTY-2 code (see below).

Table 4.3.3 Exact and approximate calculations accounting 
the anisotropy of scatteringf or

Lattice Value THERMOS 
Isotropic 
scattering

ANICELL 
Isotropic 
scattering

THERMOS 
Transport 
Correct.

ANICELL 
Anisotrop. 
scattering

1.766 1.767 1.766 1.767
Z1 1. 103 1. 104 1. 103 1. 102

V 2. 077 2.065 2.077 2. 069

1.715 1.715 1.715 1.715
Z2 V*f 1. 134 1. 136 1.131 1. 132

V 1.720 1.714 1.721 1.716

\ 1.630 1.630 1.631 1.631
Z3 4>/4>r m i 1. 170 1. 173 1. 164 1. 168

V 1.507 1.504 1.508 1.505

See Table 4.3.15

Approximation (e) can be split into two factors: choice of '.the upper 
limit of the thermal energy range E and the approximation used for the 
slowing down source of neutrons.

Obviously, the greater the cutoff energy E , the less Important are
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the approximations for the source. The value of E* is limited by the 

consideration that it is not reasonable to treat the lowest lying resonance 
of U (at 6.68 eV) in the thermal energy range. At the same time the 

2 4 0resonance of the Pu isotope (at 1.056 eV) may be treated either in the 
thermal, or in the epithermal energy range. 

»
Choosing E in the range 

* 
1.5 eV < E <4 eV 

is applicable both for plutonium and burned up lattices.
*

When E is chosen in the range
*

0.4 eV < E < 0.625 eV, 
the interference between thermalization and resonance effects becomes 
significant. In this case the approximations for the slowing down source 
become substantial even for uranium lattices.

The effects of various approximations of the slowing down source on 
the lattice parameters were studied in ZES Skoda, Plzen, for E*=0.625 eV 
and E =1 eV and also In KFKI, Budapest, for E*=0.625 eV and E*=l. 84 eV. 

Three approximations were considered.
In each model the slowing down source (due to scattering on any nuclei 

except hydrogen) is calculated by the formula

where

is the nuclear density of isotope k,
k .°"s is the isotropic scattering cross section of * 

isotope k at E ,

A is the mass number of nucleus k k ’
V is the neutron velocity corresponding to E*.

This approximation’corresponds to the "billiard ball model above E
for neutron scattering. In this model it is neglected by the thermal motion
and the chemical binding effects.
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Model 1. Traditionally in TIC laboratories the slowing down source due 
to scattering on hydrogen is calculated by the same model*’

N <rH V 
H S 

S (V) = -------2- .
h .2

V 

u 
N <r V H S 

s„(v) = -------— ■
H .2 

V

Model 2. In the model proposed in (Lehman, 1974) Sh(V) is calculated 
taking into account asymptotically the thermal motion and the chemical 
binding effects in the free gas model with the effective temperature T 
The parameters of the free gas model correspond to the asymptotic limits of 
the Nelkin model:

Here T is the moderator temperature and
3

T = X T + ) A.o. 
eff O / 1 1

1 = 1
(temperature T values are in eV units).

In the Nelkin model:

A = 0.0556 o
A = 0.4310 1
A = 0.1711 2
A = 0.3423 3

1 £
expfuVT)-! 2

w = 0.060 eV 1
u = 0.205 eV 2
w = 0.480 eV. 3

Model 3. In the third model Sh(V) is calculated on the assumption that 
the source can be described by the matrix elements of the scattering matrix 
from the highest group:

In Kurchatov IAE it was used the free gas model taking Into account both 
the the thermal motion and the chemical binding effects In asymptotical 
approximation (cf. (Maiorov, 1962), (Marchuk et al, 1962), (Maiorov, 
1965)), (Editor's remark). 
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S (V) = N <r |V* -> V 
H H S IH L 

and the matrix itself is calculated by the model used in the THERMOS 
calculation otherwise.

Comparative calculations were performed both for homogeneous media and 
lattice cells. The results are presented in Table 4.3.4. The second method 
proved to be the most accurate. Integral quantities (like 7)^ ) are generally 
not sensitive to the choice of source function, but the first model 

("billiard ball") underestimates V (and consequently overestimates <r for 
1/V isotopes) with maximum 1%. The third method gives an opposite error 
(maximum 2.5%) and its application is not recommended.

of slowing down source
Table 4.3.4 Comparison of various models

• ) 
Lattice

The 
Source 
Model

V f

1 1.1714 - -
ri 2 1.1726 - -

3 1.1736 - -

1 1.5066 - -
r2 2 1.5172 - -

3 1.5270 - -

1 1.8104 - -
r3 2 1.8293 - -

3 1.8473 - -

1 1.963 1.9356 0.8970
SI 2 1.979 1.9353 0.8970

3 2.029 1.9345 0.8967

1 1.296 1.9473 0.6811
S2 2 1.300 1.9472 0. 6812

3 1.300 1.9471 0.6811
’’See T ables 4.3.13, 4.3.15.

The last approximation (f) is connected with choosing the multi group 
structure in the thermal energy range. As the generally applied group 
structures give a satisfactorily detailed picture, their choice was not 
studied for cases when the number of groups is high enough. In the study 
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(Kereszturi, 1981) correspondingly only the 35-group structure of LASER was 
investigated. For this purpose the thermalization equation was solved for 
various homogeneous media in the free gas model. In this case it is easy to 
obtain the exact solution. The calculations were performed in the 35-group 
structure with point wise cross sections. It turned out that the group 
width AVt is considered as a weighting function of integration.

More exactly,
(1) The 35-group calculation of the neutron spectrum is not sensitive to 
the choice of AV .i
(2) Reaction rates R* are usually integrated by the formula

o-*AV , 
i 1 1 ’

where AVis chosen as

AV 1

2V( i=i

However, in the case of using point wise cross sections, the value of 
24 0the Pu capture rate significantly deviates from the exact value (47., cf. 

Table 4.3.5). It is worth mentioning that by applying multi group constants 
rather than point wise cross sections the problem is less important, but 
the accuracy of determining the capture rate for 24°Pu remains problematic.
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Table 4.3.5 Effect of integration methods on integral quantities

« •
M
E
D
I
U
M

V 239 ^2 (T 10 a
240 „_2

cr 10a

Method Method* Method
1 2 3 1 2 3 1 2 3

ri

r2

r3

r4

1.4589 1.4580 1.4579
1.5702 1.5642 1.5723
1.4659 1.4604 1.4687
1.5753 1.5704 1.5782

6.2943 6.2728 6.2749
6.5341 6.5119 6.5125
6.3298 6.2992 6.3064

3.101 2.9465 3.0997
1.580 1.5238 1.5738
1.962 1.8827 1.9527

(1) - Exact solution ’’'see Table 4.3.13

(2) - Classical method
(3) - Method (Kereszturi, 1981)

On the basis of the above considerations it is possible to conclude 
that the THERMOS-type codes may be applied with great accuracy for the 
calculation of the thermal neutron flux in regular fuel lattices. The 
summary of inaccuracies for WWER lattices is given in Table 4.3.6.
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Table 4.3.6 Inaccuracy of various quantities calculated by THERMOS

Approximation

Cylindrisation

_ Lattice
Z1 Z2 Z3

0 /0 m f

-1.8%

V 

-0.3 . 1%

0 /0 m t

-0. 47.

V

0 0

0 m f

0

V

0 0
Transfer
Kerne 1
Calcul.

»1
2

«
3

0
. 17.

-. 57.

0
0

-0. 17.

0
0
0

0
0.6%

-0. 5%

0
0
0

0
0

0. 1%

0
0. 3%

-0.7%

o 
o

o

0
0

0.2%
Slow. T
down 
Source B1 1 1

Bal 1
0. 17. -0.8% 0 0. 1% -0.6% 0 0. 1% 0.5% 0

In sum:

( Ho ne c k) 
Bl 1 1 1ard 

Ball apprx.

Cyl 1ndr1 sat 1 on

-0.57. — 1.2% . 1% 0.3% -0. 6% 0 0.4% 0. 5% 0

• ) * • ) 
Methods: See Table 4.3.15

1 . CarIvlk
2 . Ho nec k

3. Bona 1umi-Jonsson

4.3.2 High speed engineering programs

In the high speed thermalization programs some general assumptions are 
used:
(a) The thermalisat ion effects are accounted for only the basic moderator 
(in the case of WWER lattices for water), while these effects are neglected 
for the other Isotopes (e.g. for oxygen in fuel).
(b) It is assumed that the thermalization source differs from zero only in 
the moderator region (in accordance with assumption (a)). There it is 
constant in space and isotropic in the laboratory system. As a consequence, 
the disadvantage factor for each group can be separately calculated before 
the thermalization calculation.
(c) Instead of the integral thermalization equation a second order ordinary 
differential equation is solved and the characteristics of the scattering
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matrix of water are described by using auxiliary functions.
As a consequence of assumptions (a) and (b) the elementary lattice 

cell can be homogenized by using the pre-calculated disadvantage factors, 
and the neutron spectrum is calculated for this equivalent medium.

The approximate differential equations vary with the different codes. 
In the LEOPARD code the Wignei—Wilkins model (Wigner et al, 1944) is 
applied, in BETTY-2 Cadilhac’s "secondary model" (Cadilhac, 1963) is 
utilized, while in UNIRASOS the simplified option of the Laletin model 
(Laletin, 1963) is made use of. The differences between these models are 
partially known from the literature (e.g. Williams, 1966), and were 
partially analyzed in (Gado, 1980). The differences can be summarized as 
follows.

As a basis of discussion the Cadilhac model is chosen. This model 
determines the connection between the slowing down density q(E) and the 
neutron spectrum 0(E) by the formula

d0(E)/M(E) _ d .,_.dq(E)---- -------- j(E)q(E) - k(E)^- (4.3.1)

E
where M(E) = —exp(-E/T) - is the Maxwellian distribution.

T

and j(E) and k(E) are functions characterizing the approximate 
thermalization model.

Equation (4.3.1) is solved together with the balance equation

E (E)0(E) = 
a dE

(4.3.2)

where E (E) is the macroscopic absorption cross section.
In the BETTY-2 program the basic concept of Cadilhac is used: the 

functions J(E) and k(E) are adjusted to THERMOS calculations and the 
tabulated functions for various materials and temperatures are stored in 
the multi group constant library (cf. Chapter 2).

The models used in other high speed programs can be interpreted as 
special sub cases of the Cadilhac model.
- The traditional model of generalized heavy free gas is obtained when 
choosing

[I*1
?E ETM(E) f(E)
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k(E) = 0 
where S, and are the scattering and slowing down cross sections above 
the thermal energy range. When choosing further

f(E) = 1
the heavy free gas model is obtained. These models are not used in TIC 
laboratories.

In the UNIRASOS code the functions j(E) and k(E) are chosen as 
F I-1

J(E) = ?Sg ETM(E)

k(E) = y^s M(E)J , 

where y is a parameter used for adjusting to THERMOS calculations. In the 
limiting cases of y=0 and y=l the equations of the heavy free gas model and 
the simplified Laletin model are obtained.

In the LEOPARD code the Wigner-Wilkins model is applied. This model is 
based on the approximate degenerated kernel of the transport equation (for 
the differential scattering cross section), when the Cadilhac model is 
exact and the functions J(E) and k(E) can be calculated by the formulae

T T1
J(E) = Zs ETM(E) f(E)

k(E) = M(E) g(E)j 

where

s s

and

. S (E) g(E)-1 = .
s

(This model concerns hydrogen gas, therefore <=1. )
The non-physical choices

f(E) = 1 and g(E) = 0
f(E) = 1 and g(E) = 1/y

correspond to the models of heavy free gas and that applied In UNIRASOS, 
respectively. These models are not equivalent with each other under any 
circumstances.

For constant scattering cross section
E (E) = E 

s s
the simplified option of Laletin’s model is obtained.
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According to calculational experience, the Wigner-Wilkins model gives 
satisfactory results for thermalization studies. This fact can be explained 
by compensation of errors. Application of the model does not require any 
further work for library preparation since S (E) can be directly calculated s 
in the framework of the model.

As a conclusion of the above consideration one may state that from 
among the mentioned high speed thermalization codes BETTY-2 should give the 
best results. Results from calculations by these high speed thermalization 
codes are compared with each other and THERMOS calculations in Section 
4.3.3.

4.3.3 Analysis of approximations used in high speed thermalization codes

The general approximation used in the high speed thermalization codes 
and the various approximations to the thermalization model are described 
above. These approximations were analysed in KFKI, Budapest (Kereszturi, 
1981). Below, the most important conclusions of this analysis are 
discussed.

The first problem is the numerical method utilized for integrating the 
differential equations. It was investigated only for the BETTY-2 code 
(Kereszturi, 1981). Calculations were performed in an analogous way to the 
THERMOS investigations and practically the same accuracy was reached as by 
the 35-group THERMOS calculations.

The high speed of the investigated codes is partially due to the 
application of approximate thermalization equations. These approximations 
were validated in comparative calculations performed by using BETTY-2 
(where the Laletin and Wigner-Wilkins models were also included, although 
the numerical method of BETTY-2 was always applied) and THERMOS. Library 
constants were identical and the application of the Nelkin model in the 
THERMOS code corresponded to the adjustment of functions j(E) and k(E) of 
the BETTY-2 code. The calculations were carried out for various homogeneous 
media. The results are presented in Table 4.3.7.
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Table 4.3.7 Comparison of various approximate scattering models

M e d 1 u m

V 239 <r 10 a

i 2 3 4 1 2 3 4

ri 1.1736 1. 1741 1.1659 1. 1732 - — —
T2 1.5270 1.5263 1.4602 1.5177 - - - -
r3 1.8473 1.8438 1.7358 1.8194 - - - -
r4 1.6669 1.6638 1.5715 1.6426 6.3029 6.4022 6.2799 6.3421
T5 1.5371 1.5351 1.4674 1.5257 6.5576 6.6550 6.5189 6.5939
ra 1.6761 1.6707 1.5768 1.6485 6.3288 6.4393 6.3152 6.3792

_______

M
d 
i 
u 
m

240 4^2 0- 10
a

1 2 3 4

ri - - — -
r2 - - - -
F3 - - - -
F4 3.2278 3.2770 3.0968 3.0744
T5 1.6279 1.6119 1.5725 1.5450
re 2.0470 2.0297 1.9519 1.9359 

_______

Choosing the Nelkin model as a basis, the following conclusions can be 
drawn.

For the Cadilhac model in the case of 1/V absorption the results coincide 
with the results of the Nelkin model. In the presence of plutonium 
isotopes, however, the effective cross sections of the plutonium isotopes 
are obtained with an inaccuracy of 1.57., while the 1/V absorption remains 
accurate up to 0.1-0.37.
- For the Wigner-Wilkins model at mass number 1, the 1/V absorption highly 
deviates from the value in the Nelkin model (-6.87.), but the plutonium 
cross sections are obtained with an accuracy of 1 to 4%.

The results of the simplified Laletin model lie between the Cadilhac and 
Wigner-Wilkins model, but the optimal choice of the parameter y may improve 
the results.
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Assumption (a) of Section 4.3.2 can be investigated by using such 
THERMOS calculations, where thermalization is taken into account for water 
and the thermalization source is present also only in the moderator region. 
Calculations of this kind were performed for various lattices. The results 
are given in Table 4.3.8.

Table 4.3.8 Effect of neglecting thermalization in the fuel

Lattice Thermalization 
inside fuel 0 /< 

m i

SI Yes 1.7360 1.2066 1.1026
No 1.7355 1.2079 1.1037

S2 Yes 1.3264 1.5006 1.1410
No 1.3257 1.5012 1.1414

Pl Yes 1.4698 1.3000 1.1607
No 1.4733 1.3005 1.1611

P2 Yes 1.2272 1.4768 1.1538
No 1.2271 1.4773 1.1542

In can be seen that if neglected thermalization in the fuel is it does 
not affect the disadvantage factors and ij of the uranium lattices, but in 
the case of tight plutonium lattices the effect in 7)f may reach 0.25%.

The Influence of assumption (b) of Section 4.3.2 proved to be even 
less significant. Comparative calculations were made by using the BETTY-2 
code and its improved version, which permits the variation of the 
thermalization source in the lattice cell. Results are presented in Table 
4.3.9 and, as can be seen, the results practically coincide with each 
other.
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Table 4.3.9 Effect of neglecting spatial dependence of 

thermalisat ion source

CODE

lattice
Z1 Z2

________ Parameter Parameter
0 /<f> m f V ” f 0 /<p m f V

BETTY-2 1.1019 2.1220 1.7651 1. 1329 1.7463 1.7140
Modified

BETTY-2
1.1019 2.1215 1.7651 1. 1330 1.7459 1.7140

CODE

Lattice Z3
___  Parameter

Description of

the Z1-Z3 cells 
is given in the

Table 4.3.15

0 /0 m f V

BETTY-2

Modified
BETTY-2

1.1703

1.1703

1.5220

1.5218 

_____

1.6287

1.6289

In order to calculate the transport kernel the following methods 
applied in the investigated codes:
- method (Kavenoky, 1969) in BETTY-2, 
method of Bonalumi-Jonsson in UNIRASOS,

- modified method of Amouyal-Benoist in LEOPARD (Barry, 1963).

are

These methods 
(Kavenoky, 1969) is
Jonsson,1963) 
inaccuracies, 
correction is

and
In

were compared 
very accurate, 
especially

in Table 4.3.2. Method discribed 
but the methods of (Bonalumi, 1961

(Barry,

in
and

the investigated codes
1963)

the
lead to significant

non-complete transport
BETTY 2 e H "“""l th.
BETTY-2 M lh. .„hM 19M)

“ Plvlal that th„ corr.cllo„ „ads lo lhe sa>e r„ul„ 
dl«age factor,. „ w

4.3.10. T“Em0S
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Table 4.3.10 Comparison of lattice calculations 
by THERMOS and BETTY-2 codes

L 
a 
t 
t 
1 
c 
e

CODE
Transp. 
Correc­
tion

0 /*r 
m f

235 
O’ 

a

238 
O’ 

a

240 
O’ 

a

SI T No 1.7351 1.2135 286.75 1.2670 -
T Yes 1.7355 1.2079 286.77 1.2670 -
C No 1.7352 1.2102 283.54 1.2560 -
C Yes 1.7354 1.2044 283.41 1.2554 -
C B* 1.7363 1.1965 283.02 1.2539 -

S2 T No 1.3120 1.5527 437.09 1.8385 -
T Yes 1.3257 1.5012 437.01 1.8399 -
C No 1.3069 1.5526 429.66 1.8133 -
C Yes 1.3211 1.4954 429.52 1.8127 -
C •

B 1.3247 1.4850 429.33 1.8120 -

Pl T No 1.4723 1.3118 350.72 1.5216 499.3
T Yes 1.4733 1.3005 350.45 1.5208 499.4
C No 1.4720 1.3086 346.88 1.5077 496.8
C Yes 1.4723 1.2970 346.36 1.5056 498.6
C «B 1.4703 1.2832 344.94 1.5001 506.6

P2 T No 1.2144 1.5296 464.33 1.9454 332. 1
T Yes 1.2271 1.4773 464.08 1.9441 331.5
C No 1.2116 1.5266 456.04 1.9156 323.6
c Yes 1.2239 1.4706 454.71 1.9105 329.7
c

•
B 1.2271 1.4532 453.93 1.9074 334.2

*
On Benoist formulae.

As can be seen, the transport correction leads to the same effects in 
both cases. The formula of Benoist overestimates this correction.

The BETTY-2 code gives a possibility to investigate the influence of 
thermal leakage on the neutron spectrum. In the code the diffusion 
coefficient is calculated according to the formula of Benoist (Benoist, 
1964):
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J 
The 

leakage.
seen that

D9

where V( volume of the subregion,

Vi ~ average flux in subregion i for group g, 
first flight collision probability,

= 1/S^ everywhere except in the moderator, where A = 1/Z9 

supplementary absorption term DB2 approximately accounts for "he 
The corresponding results are given in Table 4.3.11. It can be 
the effect is negligibly small for real cases.

Table 4.3.11 Effect of leakage on some thermal
characteristics of lattices

La 11 i c e B2 [cm'2]
0 /0 V

Pl 0
0.00631

1.4723
1.4710

1.2970
1.2968

1.7244
1.7294

P2 0 
0.00537

1.2239
1.2237

1.4706
1.4702

1.3013
1.3037
—

The inaccuracies of various
are summarized in Table 4.3.12 for ZR-6 latti

approximate thermalization calculati ons

assumption on the thermalization
ces. For the BETTY-2 code the

source
assumptions lead to negligible errors. In
UNIRASOS the thermalization models and also

is significant, but the other 
the case of codes LEOPARD and

... . the calculation of first flight
collision probabilities contribute tn th. < 8ontnbute to the inaccuracy of the calculations.
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Table 4.3.12 Summary of inaccuracies in various quantities

Source of 
inacuraccy

LATTICE
Z1 Z2 Z3

PARAMETER

0 /0 m i V 0 /* m t V 0 m i V

The r ma Ils.
Mode 1 :
Cadi ihac 
Wigner- 
Wilkins 
Laletin

0 + 1.37. 0 +0.27. +0.87. 0 +0.67. +0.57. 0

0 -0. 37.
-97.

-27.

0 0 -0.27.
-67.

-1.57.

0 0 
-0.67.

0

0 0

No Therma­
ls a t 1 o n in 

Fuel

+0. 17. -0. 57. 0 +0. 17. -0.27. 0 +0. 17. -0. 17. 0

Constant 
Source 
Inside 
Moderator

0 0 0 0 0 0 0 0 0
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Homogeneous media

Table 4.3.13 Data of homogeneous media used in comparative 
calculations of Section 4.3.

PARAMETERS

Notation z2200/,/ 
a N / Pu/ N /24°Pu/

[cm'1] rin24 -3,[10 cm ] [1024 cm’3]

ri 0.02 0 0
F2 0.2 0 0
T3 0.4 0 0
T4 0.2 io-4 0
T5 0.2 0 2.5»10-S
F6 0.2 io-4 2.5*10-S

/*/ for 1/V absorber.

Thie lattices

Table 4.3.14 Data of the lattices used in comparative calculations 

of Section 4.3.

Notation

Fuel Moderator
Parameter Par ame tor

r

[cm]
t

[cm 1 ]

X s
[cm ]

r

[cm]

£ t
[cm 1 ]

S s
f cm” * ]

T1 0.381 0. 780 0. 387 0.859825 1.0618 1.053
T2 _ II — II _ II_ 0.70787 0.702
T3 _ II _ _ II _ _ II _ 0.644869 1.0618 1.053
T4 _ II _ _ II _ _ II _ _ II _ 0.70787 0.702
T5 _ It _ II _ _ II _ _ II _ 0.35393 0.351
T6

.
_ II _ _ II _ _ II_ _ II__ 0.070787 0.0702
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Table 4.3.15 Data of lattices used in comparative 
calculations of Section 4.3

Reactor lattices
Notation Fuel Cladding

r
[cm]

Material
[1024 cm 3]

r
[ccm

Material 
ri_24 -3,[10 cm ]

Z1-Z3
0.38 16 0

23SU
0.045861
8.2550*10'4

0. 45 Zr
Nb

0.038679
3.87-4

238U 0.022105

SI
0.453390 16 0

23SU
0.044925
0.001305

0.4965 Mi)
Cr

0.001400
0.013850

S2 238U 0.021157 Fe 0.051585
Ni 0.007692

0.641350 16 0 0.042580 0.7175 Z

Pl
23Su
238U

1.4857*10’4

0.020718

i 
r 
c

0.043248

P2 239Pu - 43.0405*10 a
1

240 
Pu

- R 9.9571*10 1
24 1 

Pu

242_ 
Pu |

- R1.7287*10 
2.7965*10‘6

o 
y

Table 4.3.15 (Continued)

Notation
Moderator Lattice

r

[cm]

N/H 0/ 2
[IO24 cm"3]

Form Pitch

[cm ]

Z1 0.57754 0.33357 Hexagonal 1. 10
Z2 0.66680 0.33357 Hexagonal 1.27
Z3 0.78756 0.33357 Hexagonal 1.50
SI 0.74517 0.033431 Square 1.3208
S2 0.49037 0.033431 Square 2.6416
Pl 1.06688 0.033341 Hexagonal 2.0316
P2 1.7604 0.033341 Hexagonal 3.3529

193



4 4 DESIGN CODES METHODS AND CROSS SECTIONS LIBRARIES

The present section contains short descriptions of methods used in the 
design codes created in the institutes of the members of TIC and assigned 
for fuel lattices burnup calculations. For more detailed information about 
the codes the reader is referred to Table 4.1.2. It should be mentioned 
that here we do not consider codes adopted by the TIC participants.

The descriptions of the codes given below withuse of unified format 
contain the following information:

1. the code assignment and treated configurations;
2. group structure;
3. used files of evaluated nuclear data;
4. approximations used for reaction rate calculations in the resonance 

energy range;
5. approximations used for thermal neutron spectrum calculations and 

energy break point between epithermal and thermal energy ranges;
6. number of actinoids and fission products taken into account in 

burnup calculations;
7. the approaches utilized for spatial neutron fluxes distribution 

calculations in treated configurations;
8. the code features.

BETTY-2

1. The code is assigned for elementary cell and supercell burnup 
calculations.

2. 70-groups (35 epithermal and 35 thermal) with energy break point at 
1.84 ev.

3. Cross sections library is based on ENDF/B-IV data.
4. Self-shielded cross sections are computed by interpolation of I 

^dil tables based on the equivalence theorem by taking into 
account the effect of mutual overlapping of resonances. The 
Goldstein factors are obtained for each group by means of a special 
iteration procedure with use of pretabulated resonance integrals 
and group fluxes. The Bell factors are represented as a function of 
fuel rod diameter and the Dancoff factor and determined by 
interpolation. Resonance neutron spectrum is calculated using 
scattering matrixes.
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5. Thermal neutron spectrum is computed on the basis of the Cadilhac
differential thermalization model and 35-group cross sections
energy dependencies representation.

6. 18 actinoids and 164 fission products.
7. Calculations of the flux spatial

method.
distribution are based on P1J

8. Special technique for determining Goldstein and Bell factors.

MICROBE

1. The code is assigned for burnup calculations of elementary cells, 
supercells and fuel assemblies on the basis of preliminary 
homogenization of fuel cells and the ID approximation.

2. 48 groups (24 epithermal and 24 thermal) with energy break point at 
0.465 ev.

3. Cross sections library is based on ENDF/B-IV data.
4. Self-shielded cross sections are computed by f-table interpolation 

on the basis of the equivalence theorem. The resonance neutron 
spectrum is calculated using scattering matrixes.

5. Thermal neutron spectrum is computed with use of scattering 
matrixes. Scattering matrixes for hydrogen were prepared using the 
Coppe1-Young mode1.

6. Burnup model description is not available in literature.
7.
8.

Spatial fluxes distributions are calculated by the P method.
Special iteration procedure is used for thermal spectrum

1J

calculation to significantly reduce running time.

NESSEL-4

1. The code is assigned for burnup calculations of elementary cells, 
supercells and fuel assemblies on the basis of preliminary 
homogenization of fuel cells and the ID approximation.

2. 34 groups (24 epithermal and 10 thermal) with energy break point at 
0.465 ev.

3. Cross section library for epithermal groups is based on ABBN data. 
Thermal cross sections library was prepared using ENDF/B-IV data.

4. Self-shielded cross sections are determined by f-table 
interpolation on the basis of the equivalence theorem. Goldstein 
factors depending on group number were obtained by fitting to the 
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results of Hellstrand measurements. Resonance neutron spectrum are 
calculated using scattering matrixes.

5. Thermal neutron spectrum is computed using scattering matrixes.
6. 8 actinoids, 6 fission products and 9 pseudo products.
7. Spatial neutron fluxes distributions are computed using the P 

method. J

8. The code can be used as cross section generator for diffusion and 
transport codes based on the S - method.

n

UNIRASOS-2

1. The code is used for cell burnup calculations.
2. 14 group (2 fast, 12 resonance), 101 energy points for thermal 

energy region with energy break point at 0.625 ev. Micro cross 
sections in 2 fast groups are represented as a function of some 
parameters characterizing fast neutron spectrum to provide 
equivalence of 2-group and 12-group description of considered 
energy range.

3. Cross sections library is based on ABBN (energy range of fact 
neutrons and unresolved resonances), LIPAR (energy range of 
resolved resonances) and KORT (thermal energy range) data.

4. Self-shielded resonance integrals are computed by interpolation 
of the tables on the basis of the equivalence theorem with
taking into account mutual overlapping of resonances. Data of 

tables were obtained with reference code for a single pin 
case. The Goldstein factors do not depend on group number and were 
obtained by fitting to results of reference calculations. Resonance 
neutron spectrum is computed for homogeneous media on the basis of 
continuous slowing down methods (Yamamura, Sekija, 1971).

5. Thermal neutron spectrum calculations are based on Laletin 
two-constant differential model (Laletin' 1963).

6. 19 actinoids and 95 fission products.
7. Calculations on distributions of spatial neutron fluxes are based 

on the P( method.
8. Low running times.
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RAFORIN

1. The code is assigned for the cells and supercells burnup 
calculations. The supercell calculations can be performed using 
preliminary homogenization and ID approximation or on the basis of 
the 2D "cluster" approach.

2. 38 group (2 fast, 12 resonance and 24 thermal) with energy break 
point at 0.625 ev. The same approach is used for reaction rate 
calculations in the fast groups as in UNIRASOS-2. It is supposed 
that the fission spectrum depends on fission energy and, therefore, 
is a function of fuel isotopic composition. The 48-group (with 12 
fast groups) version of the code is also available.

3. Cross section library is based on the same evaluated nuclear data 
files as UNIRASOS-2.

4. The approaches realized for reaction rates calculations in the 
uniform fuel lattice are practically, with some exceptions ( Pu 
lowest resonance treatment, the way of I(<r . ) tables computing), d 11
identical to those used in UNIRASOS-2. In the supercell, the 
resonance neutron spectrum is computed using preliminary 
homogenization of fuel cells and scattering matrixes for 
description of neutron slowing down.

5. Thermal neutron spectrum is computed using scattering matrixes.
6. 19 actinoids, 95 fission products and all Gd isotopes.
7. Spatial neutron distributions are computed using surface pseudo 

sources method.
8. The code provides a possibility to obtain sets of functionals 

needed for elementary cell description used in diffusion and nodal 
type approaches.

TVS

1. The code is assigned for fuel assembly burnup calculations taking 
into account real 2D geometry.

2. The same as in UNIRASOS-2.
3. The same as in UNIRASOS-2.
4. The approaches used for resonance absorption calculations are 

identical to those used in UNIRASOS-2. Special modules included 
into the code allow one to calculate resonance absorption in the 
fuel or BA rod with nonuniform absorber distribution (Rubin, 1989).
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5. The same as in UNIRASOS-2.
6. 19 actinoids, 95 fission products, all gadolinium isotopes. Number 

of burnable zones can be varied from 1 to 15.
7. Spatial distribution of fluxes in the elementary cells are 

computed using the P( method. Four-group diffusion approach is 
used for calculations of spatial distribution of fluxes in a 
whole assembly.

8. Low running time.

SAPFIR

1. Design oriented code package is assigned for burnup calculations of 
core fragments of different type reactors. For WWER type reactors, 
the code package allows one to perform multigroup calculations of 
supercell and a whole fuel assembly.

2. 63 group. (23 epithermal and 40 thermal groups) with energy break 
point at 1.0 ev. In the resonance energy region each group is 
divided into a number of subgroups. Subgroup fluxes are computed 
for all zones of considered configuration.

3. Cross section library is based on ABBN, LIPAR and KORT data.
4. Generalized subgroup approach is used for calculations in the 

resonance energy range. The code package also includes a module 
that solves the space and energy dependent transport equation on a 
very fine energy mesh (some thousand energy groups) in the energy 
range of resolved resonances.

5. Thermal neutron spectrum is calculated using 40-group approximation 
and scattering matrixes.

6. 14 actinoids, 30 fission products, one pseudo product and all 
gadolinium isotopes.

7. Calculations of spatial fluxes distributions are based on the P 
method. The first collision probabilities can be computed by 
deterministic or Monte-Carlo methods. To reduce running time a 
procedure of their preliminary tabulation and further interpolation 
is applied.

8. Strict modular structure, different possibilities for resonance 
absorption and calculation of first collision probabilities.
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4.5 ANALYSIS OF NUMERICAL AND EXPERIMENTAL BENCHMARKS WITH DESIGN CODES

4.5.1 Analysis of numerical benchmarks

Analysis of numerical benchmarks is a necessary and Important feature 
of design code verification. When design and reference codes are based on 
identical files of evaluated nuclear data, reliable estimation of physical 
approximations used in the design codes becomes possible.

The present section gives results of calculations obtained with design 
codes described in Sect. 4.4, the MCU code and some codes created in FRG, 
Japan, the USA and other countries. A wide set of zero leakage numerical 
benchmarks including more than 20 cells is considered. This set includes 
UO ,U ,PuO-UO ,Pu-U cells with enrichment and moderator-fuel volume ratio 

2 m 2 2 mm
varying in a wide limits. Most of the results discussed in the present 
Section have been taken from (Becker et al.,1990).

It should be noted that, as follows from Sect. 4.4, some TIC design 
codes and the MCU code use different files of evaluated nuclear data. This 
causes problems in interpretating observed deviations but nevertheless 
provides a possibility to reveal the main trends of design code errors.

The authors faced serious problems when writing the present Section: 
on the one hand there were the great number of papers devoted to the 
problem of spectral code validation prepared in the framework of TIC 
activities, on the other hand, the full sets of benchmark solutions have 
been obtained with only a few codes. Apart from this, all codes are being 
continuously modified by their authors. The last factor leads to the rapid 
"aging" of calculation results. Thus, some of the results discussed below 
may not probably relate to the newest versions of the codes.

The set of numerical benchmarks was defined in (Badalov and Cononov, 
1988) to test the validity of design codes .

The suggested set of benchmarks consists of 12 zero-leakage, three 
zone (fuel, clad, moderator) cell configurations. The cells considered are 
divided into three groups: "wide", "intermediate" and "tight" with 
moderator/fuel volume ratio equals to 1.82, 1.00 and 0.5 respectively.

The volume ratio of "wide" cells is close to the effective volume 
ratio In the core of a WWER-1000 type reactor and so are interesting from 
the practical point of view. The cells with smaller volume ratio are 
Interesting mainly as strict test for approaches used In design codes for 
calculations In the epithermal energy range.

In each of three groups of cells four types of fuel are considered -
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Urn’ The isotoPe composition of Pu in all cells with
mixed fuel corresponds to the composition in a spent fuel of WWER-1000. 
Contents of Pu fissile isotopes changes from 2.6 at. 7. to 10 at. 7. (in a 
"tight" cell).

All cell characteristics needed for calculations are given in 
Table4.5.1.

Results of calculations obtained with UNIRASOS-2, RAFORIN, NESSEL-4 
SAPFIR and MCU are given in Tables 4.5.2-4.5.3. It should be noted that 
because UNIRASOS-2 is a module of assembly cross section generator TVS the 
results obtained with UNIRASOS-2 for uniform fuel lattices and given in the 
present and the following sections may also be considered as TVS results. 
Before discussing the results obtained let us note that in MCU pointwise 
presentation (in particular, for U and Pu isotopes) of cross sections in 
energy range of resolved resonances was used to provide the necessary 
accuracy of computed cell parameters.

Calculated values of multiplication factor K and conversion ratio CR 
co

are compared in Table 4.5.2. The conversion ratio is determined as:

238 240
R + R 

CR= c c 
R23S + R239 + R241

where R ,R represent the capture and absorption rates produced by isotope

The SAPFIR results were kindly presented to the authors by V. Tebin.
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Table 4.5.1. Benchmark dimensions and compositions.

p 
a 
r 
a 
m 
e 
t 
e 
r

Cell type / dimensions and composition

"Wide" "Intermediate" "Tight"

uo 2 UO +
2

PuO 
2

U U+Pu UO
2

UO + 
2

PuO 
2

U U+Pu UO
2

UO +
2

PuO 
2

U U+Pu

Rfuel 0.387 0.387 0.387

R , clad 0.455 0.455 0.455

R moder. 0.693 0.597 0.531

V /V^ m i 1.82 1.00 0.50

Enrichm.
7. 3.9 5.0 2.0 2.6 5.9 7.5 3.0 3. 8 7.9 10.0 4.0 5. 1

Moderat. *H: p=0.0668 ; 160: p=0.0334

Clad Zr: p=0.0425
Fuel

SU -IO2 8.5 - 8.5 - 12.8 - 12.8 - 16.5 16.5 -

8u •ioa 2.05 1.99 4.09 4.03 2.00 1.92 4.05 3. 97 1.97 1.85 4. 01 3.89
9Pu »104 - 8.5 - 8.5 - 12.8 - 12.8 - -
4°Pu»104 - 2.8 - 2.8 - 4.2 - 4.2 - 5.6 - 5.6
41Pu»104 - 2. 1 - 2. 1 - 3.2 - 3.2 5.6 - 5.6
42Pu»10B - 7.0 - 7.0 - 11.0 - 11.0 - 14.0 - 14.0
0 »102 4.26 4.26 - - 4.26 4.26 - - 4.26 4.26 - -

2 4 — 3All concentrations p are given in 10 /cm , radiuses (R) - in cm.
Temperatures of fuel, clad and moderator are equal to 293°K.
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Table 4.5.2. Integral parameter results.

Cell type 
fuel type

Param.
MCU Deviation from MCU (%)

Value
Stat, 
error

X

UNI RA
SOS2 RAFORIN NESSEL-4 SAPFIR

"Wide" 1.458 0. 1 -0.3 -0.3 -0.3 -0. 1uo_____ 2 CR 0.317 1.2 -0. 1 -0.6 -0.6 -0.6
"Wide" K 1.278 0.2 -0.2 0.0 -0.2 -0.3U CR 0.560 0.7 -0.9 -1.2 -0.9 0.0

"Interm." K 1.421 0.3 -0.2 -0. 1 -0.6 0. 1UO_____ 2 CR 0.370 0.8 -1.4 -1.6 -0.3 -0.8
"Interm. " 1.241 0.2 -0.6 -0. 1 -0.2 -0. 6U CR 0.643 0.6 -0.8 -2. 1 -0.8 0.5
"Tight" K 1.301 0.3 -0. 9 -0.9 -0.5 -0.2UO_____ 2 CR 0.473 1. 1 -0.6 -1.7 0.3 0.0
"Tight" 1. 113 0. 4 +0.2 0.7 0.4 -0.5U CR 0. 844 1. 1 -3. 1 -4.7 -2. 6 -1. 1
"Wide" 1.346 0. 1 0.2 -0.5 2.7(+0.3 -1.0UO +PuO 2 2 CR 0. 448 0.3 -5.5 -1. 1 6.0(-3.2 -0.4
"Wide" 1.249 0. 1 -0.2 -0.3 2.5(-0.2 -1.5U+Pu CR 0.614 1.0 -4. 1 -2. 1 6.2(-1.5 0.2

"Interm." K» 1.260 0. 1 -0.2 -0.7 2.31-0.7 -0.8UO +PuO2 2 CR 0.580 1.0 -2.9 -0. 1 3.8(-0. 1 -3. 1
"Interm." K 1. 159 0. 1 -0.6 -0. 5 3.2(-1.2 -1.3U+Pu CR 0.805 1.0 -1.9 -0.9 6.5( + 1.8 -1. 1
"Tight" K 1.259 0. 1 -1. 1 -0.3 -2.3 -0.8UO +PuO2 2 CR 0.644 1.0 +0.8 -0.2 3.9 +0. 9
"Tight" Keo 1. 131 0.2 -1.0 0.6 -2.6 -0.9U+Pu CR 0.954 

________
0.8 + 1.2 -2.2 6.4 + 1.0

Table 4.5.2 shows that all codes give relatively close values of K 
for cells with uranium fuel. Calculated values of obtained with design 
codes for practically all cells are lower than obtained with MCU. Maximum 
deviation from MCU results equals 0.9% and was achieved in "tight" cell.

Maximum deviation of CR equal to 4.77. gives RAFORIN in the case of a
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tight cell with U fuel. This code also tends to underestimate K when m eff
the moderator-fuel volume ratio is decreased.

As is seen from Table 4.5.2 agreement of K and CR for cells with 00
mixed fuel is noticeably worse in comparison with the observed for cells 
with uranium fuel. It should be noted that calculations with NESSEL-4 and 
MCU are based on different nuclear data for uranium and plutonium isotopes 
in thermal and resolved resonance energy region. At the same time MCU, 
SAPFIR, UNIRASOS-2 and RAFORIN utilize practically identical nuclear data. 
The influence of nuclear data scattering on calculational results is 
partially illustrated by NESSEL-4 K and CR. The values of these parametersCO
given in brackets were obtained by using the same values of infinite 

24 0dilution capture cross section of Pu as in MCU.
Maximum deviations of K and CR obtained with UNIRASOS-2, RAFORIN and ro

SAPFIR from MCU results for cells with mixed fuel are equal to 1.1 and 5.5, 
0.7 and 2.2, 1.3 and 3.1%,respectively.

One-group capture and fission reaction rates produced by some isotopes 
are presented in Table 4.5.3. All reaction rates are normalized to total 
absorption rate in the cell.

Table 4.5.3 shows that for cells with uranium fuel, the deviations of
K and CR obtained with UNIRASOS-2 and RAFORIN results from the relatively 00 

235 238small differences in reaction rates produced by ’ U which do not 
exceed the statistical errors of MCU results.

The agreement of the NESSEL-4 reaction rates with MCU data are worse. 
Systematic increase of R35 and R38 deviations with reduction of the 

r c
moderator/fuel volume ratio is typical for this code. Probably this trend 
is partially connected with differences in the nuclear data used.

As follows from Table 4.5.3, deviations of UNIRASOS-2 K and CR for m
cells with mixed fuel are explained mainly by disagreement in R and R40. 

c c
This code also noticeably underpredicts R in the "tight" cell. The error 

4 Oof R calculation by UNIRASOS-2 is connected with the use of ABBN group c
structure and approximation of "effective" resonance used in this code. 
Group Intervals in ABBN were chosen so that the boundary between 23rd and 
24th group divides the lowest and the most important resonance into parts. 

The inaccuracy mentioned above can be avoided by rather simple 
modifications of algorithm used for self-shielded cross sections and 
spectrum calculations.
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Table 4.5.3. Comparison of one-group reaction rates.

Code name / calculation result
c 
e RAFORIN UNIRASOS-2 SAPFIR NESSEL-4 MCU

1
1 Isotope R c R f R c R f R c R f R c R f R c R f

235u 0. 117 0.569 0. 119 0.570 0. 118 0.572 0. 120 0.569 0. 117 0.568
238u 0.217 0.022 0.217 0.023 0.226 0.023 0.217 0.024 0.218 0.023

16o 0.003 - 0.003 - 0.001 - 0.000 - - -

238u 0. 164 0.022 0. 164 0.022 0. 163 0.023 0. 163 0.022 0. 164 0.022

239Pu 0. 168 0.334 0. 177 0.338 0. 170 0.335 0. 163 0.320 0. 165 0.339

2 240^ Pu 0. 123 0.002 0. 114 0.002 0. 125 0.002 0. 132 0.002 0. 125 0.002
241 _ * Pu 0.037 0. 104 0.037 0. 105 0.036 0. 103 0.034 0. 104 0.037 0. 103
‘242Pu 0.012 0.000 0.012 0.0003 0.012 - 0.020 0.000 0.012 0. 000

16o 0.003 - 0.003 - 0.001 - - -

235
u 0. 136 0.545 0. 138 0.546 0. 136 0.546 0. 135 0.533 0. 135 0.544

3 238u 0.248 0.031 0.249 0.031 0.252 0.032 0.244 0.032 0.252 0.032

le0 0.003 - 0. 003 - - * $ -

Cell type : 1 "Wide" UO 4 "Interm." UO +PuO
2 2 2

2 "Wide" UO +PuO 5 "Tight" UO
2 2 2

3 "Interm." U02 6 "Tight" U02+Pu02

R - capture rate; c
R - fission rate, f
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Table 4.5.3 (Continued).

c 
e 
1 
1

Isotope

Code name / calculation result

RAFORIN UNIRASOS-2 SAPFIR NESSEL-4 MCU

R c R f Rc R f Rc R f R c R 
f

R c R f
238u 0.201 0.031 0.202 0.030 0.202 0.032 0. 195 0.031 0. 202 0.030

4 239Pu 0. 153 0.291 0. 162 0.294 0. 155 0. 294 0. 146 0.273 0. 153 0. 298
240^ 

Pu 0. 137 0.004 0. 135 0.004 0. 140 0.004 0. 143 0. 004 0. 138 0.004
241_ 

Pu 0.035 0. 105 0.036 0. 106 0.034 0. 103 0. 031 0. 104 0. 035 0. 101

242Pu 0.019 0.001 0.019 0.001 0.018 0.001 0. 034 0.000 0.018 0.000

160 0.003 0.000 0.003 - - - - - - -

5
235U 0. 152 0.481 0. 152 0. 481 0. 151 0.484 0. 147 0. 462 0. 150 0. 483

Z38U 0.294 0.042 0.298 0. 042 0.300 0.043 0.284 0. 042 0.299 0.043

16o 0. 003 - 0.003 - 0.002 - - - - -

238U 0.234 0. 041 0.234 0.039 0.242 0.040 0.230 0.040 0.242 0.040
239_.Pu 0. 136 0.268 0. 139 0.268 0. 139 0.271 0. 128 0.245 0. 138 0.273

6 240_» 
Pu 0. 116 0.008 0. 126 0.008 0. 119 0.008 0. 119 0.007 0. 116 0.008

24 1 _ 
Pu 0.035 0. 114 0.035 0. 113 0.024 0. Ill 0.030 0. 112 0.034 0. 110

242Pu 0.022 0.001 0.021 0.001 0.020 0.001 0.040 0.001 0.020 0. 001

16o 0.003 - 0. 003 - - - - -

Such modifications were realized in the RAFORIN code and, as seen from
Table 4.5.2, allowed us to increase the accuracy of K and CR calculations co 

3 9in the considered cells. Table 4.5.3 also shows that RAFORIN R is in c , f
better agreement with MCU data for cells with a soft spectrum. The last 
feature is connected with differences in- thermalization models and 
approaches used in these codes for spatial flux distributions in the cell.

In conclusion, it should be noted that the neglecting of resonance 
self-shielding for24ZPu in NESSEL-4 leads to significant errors in and

CR for "tight" and "intermediate" cells.
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Two benchmarks for the ZR-6 lattices have been formulated to simplify 
the interpretation of measurements at ZR-6. These benchmarks consist of two 
zero-leakage cell configurations with U02 fuel enriched to 1.6 and 3.67. and 
an outer radius corresponding to lattice pitch of 1.27 cm. Calculations 
have been performed for room temperature and zero boron acid concentration. 
Compositions and dimensions of the cells correspond to those given in 
(Szatmary et al. 1985).

Multiplicationvfactors and two-group cross sections averaged over the 
cell volume are compared in Table 4.5.4.* The UNIRASOS-2 and NESSEL-4 
values for both cells are in excellent agreement with Monte-Carlo values. 
Cross sections obtained with UNIRASOS-2 also agree well with Monte-Carlo 
values. The RAFORIN and SAPFIR are 0.2-0.37 lower. This disagreement for 
the cell with a fuel enrichment of 1.67. is somewhat more than the MCU 
statistical error. The RAFORIN cross sections are in good agreement with 
MCU data. Their deviation is close to that obtained with UNIRASOS-2 and do 
not exceed MCU statistical error.

The group structure of NESSEL-IV and SAPFIR does not allow the cross 
sections to be condensed into a group with cut off energy 0.625 ev. That is 
why they are omitted from Table 4.5.4.

The temperature effect plays an important role in the reactivity 
balance of WWER cores under stationary and transient regimes. To verify the 
accuracy of its calculations with design codes special benchmarks have been 
formulated and solved with MCU, SAPFIR, UNIRASOS-2 and RAFORIN.

The considered cell is a zero-leakage version of WWER-1000 fuel 
lattice with fuel enrichment 3.6%. Calculations have been carried out for 
fuel temperature equal to 300, 550, and 1000°K. Moderator and clad 
temperatures were varied from 300 to 550°K. To separate temperature effects 

the moderator density was kept constant equal to a value of 1.0 g/cm?
Table 4.5.5 shows that the UNIRASOS-2 values are in good agreement 

with the values obtained with MCU. They practically coincide when the 
fuel temperature is equal to 300 and 550°K and differ by 0.27. at 1000°K. 
The RAFORIN and SAPFIR systematically underpredict by ~0.3%. Comparison 
of the temperature effect values determined as

Results included in Tables 4.5.4 and 4.5.5 were obtained by 
G. A. Bogachev.
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SK (T) K (300°)-K (T) 
00 _ 00 co

K K (300°)
CO 00

shows that the RAFORIN and SAPFIR results are in good agreement with MCU 
data.

The deviations of dK/K values hardly exceed the MCU statistical error. 
UNIRASOS-2 slightly underpredicts the temperature effect. The accuracy of 
all three codes from practical point of view seems sufficient.

Table 4.5.4. Integral parameter results for ZR-6 cells.

Code name Fuel 
enrich.

K
03 » M

►
-»
 ft ->

 
o 

ft
u 

in

«

zfast 
f

•io3

V
) 

C
M 

« 
O

u. aM
 

«

vth 
uS 

f
*10 * M 

►
-»
 ft <*

 
o y

MCU 1.200 
(0.002)

8.833 4.943 - 1.069 7.420

UNIRASOS-2 1.201 8.808 4.937 2. 333 1.074 7.442
SAPFIR 1.67. 1. 197 - -r -
RAFORIN 1. 196 8.849 4.945 2.333 1.062 7.345
NESSEL-4 1.200 - - - - -

MCU 1.417
(0.003)

1.041 7.877 2.209 2.043 1. 185

UNIRASOS-2 3.67. 1.418 1.051 7.982 2.211 2.071 1. 197
SAPFIR 1.413 - — - — -
RAFORIN 1.416 1.041 7.930 2.216 2.042 1. 185
NESSEL-4 1.415 - - - -

* - boundary energy 0.625 ev.
£fast, Ith - macro cross sections in the fast and the thermal group,

respectively.
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Table 4.5.5 K temperature dependence for the cell co
of ZR-6 1.27/3.6/0.0 lattice.

T 
(°K)

T 
(°K)

T m 
(°K)

Code name / KCO

MCU SAPFIR UNIRASOS-2 RAFORIN

300 300 300 1.409- 0.001 1.403 1.410 1.404

550 550 550 1.396- 0.001 1.391 1.395 1.391

1000 550 550 1.384- 0.001 1.378 1.381 1.378

The NB cells were suggested as a numerical benchmark in (Williams et 
al, 1985). Integral parameter values for NB cells are compared in Table 
4.5.6.

The NB-1 cell is a zero leakage version of the well known BAPL-1 
lattice, NB-2 corresponds to low enriched (Mass Pu/Mass 027.) mixed oxide 
lattice, NB-4 exhibits infinite PWR lattice and NB-5 is a cell of high 
conversion HiC-13 lattice characterized by extremely low (0.43) 
moderator/fuel volume ratio and hard neutron spectrum.

As can be seen from Table 4.5.6, the MCU K values are in a good CO
agreement with the results of Monte-Carlo calculations based on ENDF/B-V 
data. The maximum deviation equal to 0.3 is achieved in the NB-5 cell. 
Taking into account statistical errors of both calculations it is possible 
to conclude that the results for all the cells practically coincide.

The values of p28, 32S and MCR obtained with MCU and given in 

(Williams et al., 1985) are also in good agreement. At the same time MCU 
28 tends to underpredict 6 as regards data of (Williams, 1985). One of the 

possible reasons for this is briefly discussed below.
Deviations of the UNIRASOS-2 and SAPFIR K values achieve their 00

maximum values equal to ~17. in NB-5 cell. Table 4.5.6 shows that both codes 
provide good agreement with Monte-Carlo results in p28 and CR. 

Disagreements in this parameters doesn’t exceed ~1%. Both codes UNIRASOS-2 
and SAPFIR noticeably underestimate 3 by (27.). Apparently that the last 

2 8in a combination with 6 underestimation is the main reason of K 
co 

underprediction in NB-5 cell.
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Table 4.5.6 Comparison of integral parameters for NB lattices.

Code name / calculation results
u

Cell Parameter C
N S R

number, 
V /V

Monte

Carlo

EPRI 
CELL

A
S 
M

R 
A

MCU A
P
F

A 
F 
O

NESSEL 
4

ENDF-5 O
0 
S
2

I 
R

R 
1 
N

K co 1. 147 -0.2 -0.2 -0.3 0.0 -0. 4 -0. 3 -0.5

NB-1 28
P 1.363 -0.2 -1.5 2. 1 0.3 1.0 -0.3 2. 1
a2S 0.0803 1.4 2.2 1.6 0.6 0.0 1.1 1. 1

V /V =1.43 m f
s28 0.0722 -2.4 1.9 -5. 1 -2.6 -1.9 -1.9 0.0
CR 0.798 -0.3 -1.6 0.0 -0. 4 0.5 0. 1 0. 8

K00 1. 175 -0.4 - 0.6 -0.2 0.8 0. 1 -0.5

NB-2 28
P 2.612 0.0 - 0.0 1.3 -1.4 1.3 1.9
3ZS 0. 151 0.7 - 0.0 -0.7 -0. 3 4. 6 0.0

V /V =2.53 m f 328 0.297 0.0 - -7. 4 -7. 0 -3. 7 1.7 -3.4
CR 2. 148 0.0 - -1.4 -1.3 -0.8 0.2 0.0

K00 1.342 -0. 1 -0.2 0.6 0. 1 0.2 0.5 -0.7

NB-4 28
P 2. 654 -0.8 0.8 -2. 1 -0. 4 1.0 -4. 4 3.9
d2s 0. 159 -1.3 -0. 1 -5.0 -1.7 -2.5 -5.6 -0.6

V /V =1.26 m f
A28 0.062 -0. 8 3.0 -4.8 -0.8 -1.6 -1.6 2.3
CR 0.549 -0.2 -1.3 -2.2 -0. 1 0. 2 -2. 5 1.8

K00 1. 146 -0.3 - -0.9 -0.3 -1.0 0. 1 0.0

NB-5 28 
P 8.503 0.4 - 0.6 -0. 1 0.5 -3. 1 1.9
625 0.548 0.4 - -2.6 -0.3 -2.0 -3.0 -4.7

V /V =0.43 m f
628 0. 133 -0.8 - -8.0 -5.4 -2.2 -5.5 -1.5
CR 1.006 0.0 - -0.3 -0.2 0.8 -2.0 -3. 1

All deviations are given in % as regards Monte-Carlo 
results presented in (Williams et al.,1985).
V /V -moderator/fuel volume ratio, 

m f
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RAFORIN and NESSEL-4 agree rather well with data of (Williams et 
al., 1985). The maximum deviations are 0.5 and 0.7%, respectively. As it 
follows from Table 4.5.6, NESSEL-4 systematically overpredicts (by 2-4%) 
resonance absorption by 238U as regards Monte-Carlo results. As a result 

this code systematically understates the K value. RAFORIN as distinct from 
2 3 8

NESSEL-4 tends to underpredict resonance absorption by U. At the same 
time, as was already mentioned, RAFORIN also tends to underpredict the 
fission rate produced by this isotope. So, the observed deviation of for 
NB-5 cell is the result of partial compensation of mentioned above 
inaccuracies.

It should be noted that the above described RAFORIN results for NB 
cells as well as all the results which will be discussed below have been 
obtained using combined a fission spectrum based on ENDF/B-V data. All the 
results obtained earlier in order to simplify their interpretation were 
obtained for the 23SU fission spectrum which is also utilized in MCU. 

Calculations have shown that the use of ENDF/B-V spectra provides a means 
of reducing the difference between the calculated and. measured values of 
8ZS and only slightly influences K of uranium-water lattices. Variation of CO
K due to the use of combined fission spectrum based on ENDF/B-V data 
instead of the 23SU spectrum from ABBN in the lattices with MOX fuel is 

about 0.2-0.3%.
Summarizing the results of UNIRASOS-2, RAFORIN, SAPFIR and NESSEL-4 

numerical benchmarking it is possible to conclude that:
- all the above listed codes provide satisfactory agreement with the 

results of Monte-Carlo calculations for WWER-1000 fuel lattices with 
uranium fuel;

- reducing moderator/fuel volume ratio leads to some lowering 
of accuracy of integral parameter calculations;

- errors of integral parameter calculations of the cells with mixed 
fuel are appreciably greater than corresponding errors in the cells with 
uranium fuel. To reduce these errors special attention should be paid to 
improving the approaches used for calculations in the resonance energy 
range.
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4.5.2. Analysis of numerical benchmarks on fuel lattice burnup

Analysis of benchmarks on fuel lattice burnup is the second and 
important stage of design code numerical benchmarking. Such analysis seems 
rather complex. The following factors influence calculation results and 
must be taken into account when they are interpreted:

- scattering of nuclear data fdr fission products, U and Pu isotopes;
- differences in fission product chains;

differences in approaches used for taking into account 
self-shielding of Pu isotopes lowest resonances and resonances of 
fission product.

Besides this, there are very few reference solutions of such 
benchmarks. Nevertheless analysis of such benchmarks in combination with 
analysis of measurement data allow one to estimate the accuracy of burnup 
calculations with design codes.

Some benchmarks on water moderated lattice burnup have been formulated 
and solved w.ithin the framework qf TIC activities. The solution results of 
two of them are briefly discussed below. These benchmarks were defined 
initially within the TIC and then considered in the framework of IAEA 
Coordinated Research Program activities (IAEA, 1988).

Table 4. 5. 7 and Figs. 4. 1--4.2 compare results of cell burnup 
calculations. The composition and dimensions of the considered cells which 
are zero-leakage versions of WWER-1000 lattice with fuel enrichment of 3.67. 
are given in, (IAEA, 1988). Full analysis of the results obtained with 
NESSEL-4 (Becker, 1990), EXCELL (Jagannathan, 1989), TVS (Pshenin et al. 
1989), CASMO-HEX (Antilla, 1989), RSYST (Lutz, 1990), KARATE (Hegyi, 
Maraczy, 1991), MICROBE (Zalesky, 1991) and WIMS-D4 (Kulikowska, Sadovska, 
1989) is given in (Pshenin et al., 1992).

Computed values of K are compared in Table-4.5.7. The lowest value at 00
zero burnup point is predicted by KARATE, the highest by MICROBE. Variation 
of K determined as the ratio of standard deviation to average value co
changes in the limits 0.007-0.003 slightly decreasing with burnup growth. 
Comparison of reactivity loss as a function of burnup shows that the 
highest values of this parameter are calculated with RAFORIN and TVS. 
Variation of this parameter at all burnup points does not exceed 0.005. 

235 239Concentrations of U and Pu are compared in Figs. 4. 1-4.2. These 
235 239figures show that at final burnup point scattering of U and Pu 

235 concentrations is about 4%. The lowest value of U concentration is given 
by RAFORIN, which partially explains the slight understating of K by this 

co 
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code at high burnups.
Scattering of higher Pu isotopes is significantly greater in 

239 242comparison with that indicated for Pu and reaches ~157. for Pu at 
final burnup point. Observed uncertainties of calculational prediction of 
most important cell parameters taking into account differences in nuclear 
data used seems satisfactory. The above mentioned uncertainties are close 
to those indicated in (Fisher, 1989) for codes utilized in some 
organizations performing PWR core analysis.

»)Table 4.5.7. K of the fuel cell as a burnup function.

Code name
W ( Mwd / kg U) , K co

0.0 2.0 5.0 10.0 15.0 20.0

NESSEL-4 1.350 1.275 - 1. 188 1. 135 1. 100

WIMS-D4 1.351 - 1.250 1. 193 1.145 1. 103

EXCELL 1.368 1.291 1.253 1. 196 1. 147 1. 105

RSYST 1.358 1.282 1.249 1. 192 1. 144 1. 101

CASHO-HEX 1.364 1.288 1.252 1. 197 1. 148 1. 107

TVS 1.364 1.286 1.250 1. 190 1. 142 1.098

KARATE 1.347 1.274 1.240 1. 185 1. 138 1.096

MICROBE 1.373 - - - - -

RAFORIN 1.350 1.292 1.255 1. 192 1. 140 1.095

kco 1.360 1.284 1.250 1. 191 1. 143 1. 100

S/Kco 0.007 0.005 0.004 0.003 0.003 0.004

* ) S - standard deviation.
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fig4-l

Fig. 4.1 Burnup dependence of 235U number density 
in the fuel rod.
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fig4-2

Fig. 4.2 Burnup dependence of 239Pu number density 
in the fuel rod.
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Burnup calculations of fuel lattices containing burnable absorber rods 
with gadolinium need serious modifications of spectral codes to provide an 
acceptable accuracy when computing lattice parameters. In connection with 
investigations being performed now and aimed at analysing different aspects 
of IFBA type burnable absorbers used in new generation WWER, three 
benchmarks have been defined. Their specifications are given in (IAEA, 
1988). The following configurations were suggested to be calculated:

- BA rod cell;
- supercell with BA rod;
- fuel assembly with six BA rods.
It should be noted that in the present section only the main results 

of calculations for the supercell case are discussed. This configuration is 
formed by a BA rod cell situated at the centre and 36 unpoisoned fuel cells 
surrounding BA rod cell. Fuel enrichment is equal to 3.6%, content of Gd^C^ 
in BA rod ~4%, lattice pitch - 1.275 cm.

It follows from codes descriptions that there are significant 
differences in the approaches used in the codes for BA rod burnup 
modelling. In view of this, it seems useful to estimate the influence of 
some factors on the calculation results.

The corresponding calculations were performed with the TV'S code 
(Pshenin, 1992). They allow one to formulate the following conclusions for 
the supercell case:

1 S S 15 7- scattering of evaluated nuclear data for ’ Gd do not noticeably 
influence on K computed values;00

155 157- self shielding of ’ Gd resonances does not lead to significant 
changing of K burnup dependence;00
- contribution of even gadolinium isotopes to the supercell reactivity 

155 157balance is negligible in comparison with ’ Gd contribution;
- calculated values of only slightly depend on number of burnup 
zones in BA rod and frequency of neutron spectrum recalculation.
The influence of approximations used for spatial distribution of 

neutron fluxes in the supercell are discussed below.
Burnup dependencies of are compared in Fig. 4.3. This figure 

demonstrates about 2% scattering of K at zero burnup point. Different co
codes give various shapes of K^CW) dependence. For example, NESSEL-4 give a 
minimum of at ~0.4 Mwd/kgU and maximum at 7.5 Mwd/kgU. Curves obtained 
with RSYST and CASMO-HEX have a plateau between 2 and 6 Mwd/kgU. All other 
codes calculate K as slightly decreasing with burnup. 00

Taking into account the conclusions above, it appears that the 
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mentioned disagreement is connected mainly with approximations used for 
calculating the spatial distribution of fluxes .

The BA rod worths are compared in Table 4.5.8. Rod worth is determined
as

RW=

f . c . s . c 
where K and K are the multiplication factors of unpoisoned fuel cell and 00 00
supercell, respectively.

Table 4.5.8 demonstrates significant scattering of the results at zero 
burnup point. To compare them correctly it is necessary to take it into 
account that Xe and Sm poisoning leads to increasing rod worth by ~4%. 
Introducing such a correction allows one to conclude that the results of 
NESSEL-4, EXCELL, RSYST, CASMO-HEX, and KARATE are in good agreement. The 
TVS rod worth is ~15% lower, MICROBE gives ~6% higher value in comparison 
with the codes listed above.

Decreasing of BA rod with burnup leads to a reduction in the 
scattering of calculation results. At W=2.0 Mwd/kg U all the results 
besides those obtained with EXCELL agree very well. Further decreasing of 
rod worth again increases scattering of the results, which seems 

permissible from the practical point of view.
On analyzing the data of Table 4.5.8 it is rather difficult to 

establish a definite connection between type of approach used for spatial 
fluxes distribution in the supercell and rod worth obtained. At the same 
time comparison with measured data shows that the use of more sophisticated 
methods than diffusion approach lead to reducing of rod worth and better 
agreement of calculated and measured critical parameters.

Averaged over BA rod volume concentrations of 1SSGd and 1S7Gd are 

compared in Figs.4.4-4.5. These figures show that TVS systematically 
15 5 overpredicts Gd concentration. NESSEL-4 also systematically 

157underpredicts Gd concentration. These deviations agree with the shape of 
dependence obtained with both codes.
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3 Fig 4.3 Burnup dependence of KTO for the supercell
with gadolinium BA rod.

Burnup , MWd/kgtl
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Table 4.5.8. Gadolinium rod worth as a functon of burnup.

Code name
W (Mwd /kg U, BA rod worth

0 _ 2 5 10 15 20

NESSEL-4

*
0.089 0.073 - 0.004 - 0.002

WIMS-D4
0.079 - 0.045 0.011 0.004 0.004

EXCELL 0.086 0.068 0.044 0.003 0.004 0.004

RSYST
0.088* 0.072 0.048 0.009 0.004 0.003

CASMO-HEX 0.086 0. 073 0.046 0.008 0.004 0.005

TVS 0.072 0.073 0. 044 0. 013 0.005 0.005

KARATE
0.088 0.072 0.050 0.012 0. 005 0. 006

MICROBE

*
0.095 - - - - -

Average - 0.072 0.046 0.008 0.004 . 004

s/average - 0.03 0.05 0.55 0.25 0.2

* - without Xe and Sm poisoning; 
s - standard deviation.

Comparison of pin by pin power distributions at some burnup points 
demonstrates about 20% scattering of BA rod power and ~3% scattering of 
power of the neighbouring fuel rod to the BA rod at zero burnup point. At 
the final burnup point BA rod power increases by a factor of ~3. In this 
case all the results agree within a limit of 3%.

The considered supercell case is characterized by rather high values 
of the ratio of poisoned and unpoisoned fuel rods. As it follows from 
results of corresponding calculations a real fuel assembly will have a 
smaller value of the mentioned ratio, so the agreement of the main fuel 
assembly integral parameters must be better than indicated for the 
supercell case.
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fig4-4

Fig. 4.4 Burnup dependence of 155Gd number density in BA rod.
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fig4-5

Fig. 4.5 Burnup dependence of lo7Gd number density in BA rod.
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Preliminary sensitivity analysis performed with 3D simulator BIPR-7 
makes it possible to conclude that the above indicated scattering of 
calculation results for fuel lattices with gadolinium does not lead to 
noticeable uncertainty of WWER-1000 core main parameters. Accuracy of fuel 
assembly burnup calculations with design cross section generators can be 
increased by using the improved approaches described in Chapter 6.

It follows from Table 4.1.1 that burnup calculations of tight lattices 
with MOX fuel can be considered as a strict test for epithermal 
calculational procedure for the design codes. The results of such benchmark 
solutions obtained with UNIRASOS-2, RAFORIN and SAPFIR are presented 
graphically in Figs.4.6-4.8; they are discussed in detail in (Pshenin and 
Lazarenko, 1988).

The Ishiguro benchmarks. The considered benchmarks were defined in 
(Ishiguro et al., 1986). They consist of two zero-leakage cell 
configurations of a fuel/clad/moderator. In the first cell the 
moderator/fuel volume ratio equals 0.5, fuel enrichment - 8%. In the second 
cell, the volume ratio and fuel enrichment are equal to 1.1 and 8% 

24 0respectively. In both cells the ratio of Pu and total Pu concentrations 
is about 0.2. The results of above listed codes are compared in 
Figs.4.6-4.8 with the results of APOLLO-1, GELS, RSYST, SRAC, KARBUS, 
VIMS-E, HELIOS.HX, BOXER, CASMO, SPECTRA and VIM given in (Ishiguro, 1987).

Burnup dependences of K are compared in Fig.4.6. This figure shows CO
that UNIRASOS-2, SAPFIR and RAFORIN results agree satisfactorily with the 
average values from (Ishiguro, 1987) in a whole burnup interval. The 
maximum deviation of obtained with these codes from average values does 
not exceed ~1% .this seems quite an acceptable result for design codes 
assigned for uranium lattice calculations. At the same time SAPFIR predicts 
noticeably less reactivity loss for the cell with V /V =0.6 in comparison 

m f
with the average value. UNIRASOS-2 and RAFORIN systematically overstate K00 
for this cell but the predicted reactivity loss is quite close to the 
average value. For a cell with V /Vf=l.l the results of all three codes are 
in good agreement with data given in (Ishiguro, 1987).

Burnup dependences of conversion ratio (CR) are compared in Fig.4.7.
This figure demonstrates good agreement of RAFORIN results with 

average values for both cells at all burnup points. The maximum deviation 
for this code does not exceed ~1.2%.
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fig4-6
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fig4-7

w

II
£

X

223



CHAPTER 4

The corresponding deviation for UNI RASOS-2 in the tight cell 
(V /V =0.6) at zero burnup point is ~3.5% and itnoticeably decreases with 

m f
burnup growth. For cells with greater volume ratio CR predicted by this 
code agree well with average values. It is necessary to note that owing to 
considerable scattering of the results (*10%) CR average values given in 
(Ishiguro, 1987), apparently , can not be considered as sufficiently 

representat1ve.
The reliability of the void reactivity coefficient and the calculated 

prediction void age effect is a key problem when analysing nuclear safety 

of high converters.
The data of Fig. 4.8 allow one to evaluate roughly the uncertainty of 

this parameter calculation. In this figure dependences on moderator void 

fraction (V) are presented.
Calculations with RAFORIN and UNIRASOS-2 - as can be seen from the 

figure - have been performed for void fraction varying in Interval 
0.0<V<0.3. This last factor is explained by the fact that when V>0.3 some 
physical approximations used in these codes are breached and thereby the 
accuracy of calculations significantly reduced. The calculations with 

SAPFIR were performed for a whole void interval.
Figure 4.9 shows that for a tight cell there is significant scattering 

of the results for practically all burnup points. Different codes give 
different signs for derivative dK /dV, K is also scattered in a wide u CO 00
(—4.5%) ipterval.

The UNIRASOS-2 and RAFORIN K are near to the upper boundary of the 00
interval formed by results given in (Ishiguro, 1987). Both codes predict 
the positive sign of dK^/dV. The SAPFIR values at low void fractions 
practically coincide with average values. For fully voided cell this code 
predicts significantly higher than average value of K^. This result may be 
due to many reasons: differences in nuclear data used for calculations in 
the energy range of fast neutrons, insufficient number of energy groups In 

this range and so on.
For cells with V /V =1.1, RAFORIN, SAPFIR and UNIRASOS-2 results are 

m f
in satisfactory agreement with data given in (Ishiguro,1987) for the void 
fraction interval 0.0<V<0.4. In this Interval all the results are scattered 
in limits of 27. and all the codes give negative sign of dK^/dV. At higher 
void fractions, scattering of the results becomes significantly greater. 
This region Is also characterized by distinction of dK^/dV signs.
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fig4-8
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Thus the results from solving benchmarks on tight lattice burnup make 
it possible to conclude that:

- the RAFORIN, SAPFIR and UNIRASOS-2 results are in satisfactory 
agreement with the results obtained with modern spectral codes when the 
moderator density is close to the nominal value;
- significant scattering of the results given in (Ishiguro, 1987) does 
not allow one to estimate the accuracy of voiding effect calculations 
with the above listed design codes;

the uncertainty of the calculational prediction of the main 
parameters of tight lattices depends on volume ratio and is 
significantly greater than indicated earlier for WWER-1000 lattices; 
- the above-mentioned uncertainty may be connected with scattering of 
nuclear data for Pu,Am isotopes and fission products, the accuracy of 
approximations used to take into account resonance self shielding for 
238^, 240,242pu and fission products, the group structure used to 

describe the spectrum of fast neutrons and so on.

4.5.3 Results of critical benchmarking

Comparison of calculated and measured data obtained at TRX and BAPL 
lattices recommended in (CSEWG, 1974) as experimental benchmark is an 
obligatory Stage of design code verification. The results of such 
comparison are presented in Tables 4.5.9-4.5.10. These tables contain the 
results obtained with MCU, NESSEL-4, BETTY-2, RAFORIN, SAPFIR, UNIRASOS-2 
and such well known codes as RSYST-CG-M, RAHAB-OZMA, CASMO-B, SAM-CE and 
EPRI-CELL. Calculations with UNIRASOS-2, NESSEL-4, SAPFIR, RAFORIN and 
BETTY were performed using standard buckling approximation and anisotropic 
diffusion coefficients. The MCU results given in the tables have been also 
obtained by using the buckling approximation. Statistical errors of MCU 
calculations are about 0.37. for K and about 17. for spectral parameters. 00

Table 4.5.9 shows that all the codes underpredict K for both 
lattices by 0.4-1.27.. The BETTY-2 K is greater than unity by 0.3 and
0.6%. It is seen from the table that for most codes underestimation of K f 
for the TRX-1 lattice is partially connected with overestimation of 
resonance absorption by 238U. The deviation of K from the unity can , in 

principle, be a result of using buckling approximation. Calculations 
performed with MCU have shown that there are no noticeable differences 
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between K obtained using the mentioned approximation and detailed 
ef f

modelling of real 2D geometry of the assembly.

Table 4.5.9. Comparison of integral parmeters for TRX-12 lattices.

L 
a 
t 
t 
i 
c 
e

P 
a

a 
m 
e 
t 
e 
r

Measured
value

Code name /deviation from measurement (7.)

RSY
ST-
CG-m

HAB
NES
SELA

CAS
M0- 

3

SAM- 
SE MCU

UNIR 
2

RAFO
RIN

BET
TY-2

K ef f 1.000 -0.4 -0.5 -0.5 - -0.4 -0.4 -1.2 -1. 1 0.3

T
28

P 1.320-0.021 2.8 -0.2 2.9 0.4 3.8 1.5 3.9 0.7 -1.5

R
X

a2S 0.099-0.001 0.5 2.2 -1.6 1.0 1.3 -1.6 -1.9 -2.0 -

1 a28 0.095-0.004 5.8 4. 4 4.3 4.5 5.7 1.9 2.0 3.7 2. 4

MCR 0.797-0.008 0.2 0. 4 -0.4 -1.8 0.6 0. 1 -0. 1 0.9 0.5

T
K ef f 1.000 -0.3 -0.3 -0.3 - -0.8 -0. 1 -0.4 -0.9 0.6

R 28
P 0.837-0.016 0.0 1.2 1.9 -0.4 1.3 -0.4 2.5 0.0 -4.3

X
2

82S 0.061-0.001 -1.0 0.7 -2.8 0. 0 0.3 -3.4 -3.2 -1.0 -

a28 0.069-0.004 3.0 1.0 -2.7 2.0 0.0 3.7 -0.9 3.2 1.3

MCR 0.647-0.006 -1.2 -0.8 -0.7 -2.0 0.0 -0.9 0.9 1.0 -1.9

2 8 2 8 25In Table 4.5.9 integral ratios p , 8 , 8 and MCR are also 
compared. It is seen that the most codes overpredict p for TRX-1 by 
0.4-3.9%. In the TRX-2 lattice disagreement of calculated and measured 
values of this parameter for most codes are in the limits of experimental 
error. BETTY-2 underestimates p28 in both lattices by 1.5 and 4.37,.

Comparison of 32S shows that the results of all codes are in good 
agreement for both lattices. Disagreement of calculated and measured 6 
values is less than or only slightly exceeds the experimental error.
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Table 4. 5.10. Comparison of integral parameters for BAPL lattices.

L 
a 
t 
t 
i 
c 
e

p 
a 
r 
a 
m 
e 
t 
e

Measured
value

Code name / deviation from measurement (%)

R 
S 
y 
s 
T

R 
A 
H 
A
B

c 
A 
S 
M 
0 
3

EPRI 
CELL

MCU

U 
N 
I 
R 
2

W 
E 
S 
S 
4

R 
A 
F 
0 
R.

S 
A 
P 
F
I 
R

B 
E 
T 
T 
Y
2

K eff 1.000 0. 1 0. 1 0. 1 0.3 -0.3 -0.3 -0. 1 0.0 0.0 -0.3
B 
A 28 

P 1.390-0.01 2. 1 1.7 -0.7 1.7 1.4 2.2 1.2 -0. 1 -1.2 2.6
p 
L a2S 0.084-0.00 0. 1 1.0 0. 1 0.0 -0.8 -1.7 -2. 4 -1.8 -3.2 -4. 1

1 a28 0.078-0.00 -0. 6 -2. 4 -0.5 -2. 3 -1.2 -5. 1 -2. 1 -3. 3 -7.9 -3. 1
MCR - .813 . 810 - - ■. 813 .807 . 806 .803 .811 .823

B Ke 1.000 0.0 0. 1 - 0.3 0. 9 -0. 1 -0. 1 0.0 0. 0 -0. 1
A
P

28
P 1. 120-0.01 - 4.6 2.8 4.7 2.7 5.0 4.6 2.9 4.2 5.4

L azs 0.068-0.00 - 1.6 1.0 0.0 -2. 1 -1.0 -1.5 -1.4 2.5 -3.5
2

a28 0.070-0.00 - -7.0 -4.6 -6.7 -5.7 -8. 5 -6. 1 -7. 1 -13. -6.6

MCR - - .737 - - .733 .734 .734 .731 .738 .748

B K eff 1.000 0. 1 0.2 - 0. 4 0.2 0.2 0.0 0. 1 0.0 0.2
A
P

28
P 0.906-0.02 - 0.4 0.0 0.9 -0.6 1.2 1.5 -0.3 0.8 1.4

L a25 0.052-0.00 - 2. 1 1.5 2.5 -1.5 -1.0 -1. 1 -0.6 -2. 4 -3.5
3

a28 0.057-0.00 - -6.3 -3.8 -8.2 -3.6 -7.0 -4.8 -5.2 -11. -5.2
MCR - - .657 - “ 1 .656 .654 .658 .654 .658 .666
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Calculated values of MCR obtained with NCU,UNIRASOS-2 and RAFORIN 
agree with measured values in the limits of measurement error. BETTY-2 
slightly underestimates this parameter for the TRX-2 lattice.

The calculation results for BAPL lattices are presented in Table 
4.5.10, which shows that K computed with UNIRASOS-2, NESSEL-4 and 
BETTY-2 deviates from unity by not more than 0.3%. For all three lattices 
SAPFIR and RAFORIN give K very close to unity. The UNIRASOS-2 and 
BETTY-2 eigenvalues demonstrate a slight tendency to underpredict 
criticality with reduction of moderator fuel volume ratio.

Calculated and measured p28 are in acceptable agreement for all 

lattices besides BAPL-2 for which all the codes overpredict this parameter 
by 2.8-5.4%. Comparing deviations for BAPL-2 on the one hand and BAPL-1 and 
BAPL-3 on the other hand it seems possible to conclude that p28 measured 

value is erroneous or does not correspond to the cutoff energy of 0.625 ev 
used in calculations, 

pc
The NESSEL-4, UNIRASOS-2 and RAFORIN 3 values are slightly less than 

measured and deviations are very close to the measurement errors. The 
2 5

BETTY-2 8 differ from the measured ones by 3.5-4.1%.
Comparison of calculated and measured 328 show that for all codes a 

trend to underpredict this parameter is observed. The lowest values of this 
parameter which are up to 12.7 % lower than measured are obtained with 
SAPFIR. It is rather difficult to explain such differences taking into 
account the MCU results and the fact that both codes use ABBN data and the 
results given in Table 4.5.3.

Summarizing one can conclude that:
- MCU, NESSEL-4, UNIRASOS-2 and RAFORIN underpredict K for TRX lattices;
- the same tendency is typical for modern codes based on ENDF-B/V and JEF-1 
data;
- all design codes provides good accuracy of K calculations for BAPL 
lattices;
- accuracy of integral parameter calculations by most design codes are 
close to the accuracy provided by codes based on the above mentioned data 
files.

BETTIS, WINFRITH and BNL lattices. In addition to the TRX and BAPL 
criticals considered above a great number of measurements of water 
moderated lattice characteristics performed in many laboratories have been 
described in the literature and are used for design code verification. The 
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results of such measurements, for example, are generalized in (Straubridge, 
Barry, 1965), (Bernocely, Martinelly, 1977).

These papers contain the data obtained for those lattices 
characterized by variation of their parameters in a wide limits. 
Comparisons using such measurements allow one to discern many consistent 
trends in the calculation results because of nuclear data or approximations 
used in the design codes. At the same time these measurements are not 
included in category of the benchmarks and so must be carefully analysed to 
exclude erroneous or doubtful data. The results of such analyses are 
discussed in (Becker, 1988, Jozefowich, 1977).

A set of criticals recommended initially for verification and 
intercomparison included most of the criticals described in (Bernoceli, 
Martinelly, 1977), (Andrianov et al, 1964), (Liikala et al, 1972). It 
should be mentioned that one of the main requirements under the selection 
of criticals was the presence of the data on material buckling and integral 
ratios (625, 628, p28,MCR).

The procedure of selection included
- comparison of results obtained with different codes,
- comparison of the code results with measurements data (see 

(Becker, 1981), (Pshenin et al, 1989);
- estimation of the sensitivity of measured parameters to 

the uncertainty of dimensions and compositions;
2D diffusion and transport calculations to determine a dimension 

of asymptotic region in the assembly (Becker, 1988).
The analyses performed have led to the necessity for excluding some 

criticals. The calculational results for 13 selected criticals are 
discussed below. These criticals are numerated in accordance with the 
standard accepted in (Becker, 1981).

Calculated Keff values are compared in Table 4.5.11 which shows that 
the maximum deviations of computed by UNIRASOS-2, NESSEL-4, RAFORIN, 
SAPFIR, BETTY and MICROBE from unity are equal to 0.9, 1.3, 1.1, 0.8 15
and 1.8%, respectively.

To discern trends in calculation results the deviations of K from 
unity are presented in Figs. 4.9-4.11 as functions of different parameters 
- leakage, volume ratio, and resonance absorption by 238U.
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Table 4.5.11. Computed K for BETTIS, WINFRITH and BNL criticals.

Lattice
Code name / K 

eff

MCU NESSEL4 UNIRASOS 
2

BETTY2 RAFORIN MICROBE SAPFIR

BETTIS
3/1 0.9959 0.9933 0.9953 0.9969 1.0000 0.999
3/2 - 0.9995 0.9990 1.0011 1.0000 1.0017 1.008
3/2 - 0.9999 1.0009 1.0015 0.9993 1.0012 1.007
3/4 - 0.9984 0.9974 0.9968 0.9993 0.9979 0.998
3/5 - 0.9990 1.0001 0.9985 1.0000 0.9977 1.000

WINFRITH 
4/1 0.998(4) 1.0010 1.0053 1.0028 1.0081 1.0114 0. 995
4/2 1.002(4) 1.0029 1.0037 1.0153 1.0060 0.9920 0.996
4/3 1.003(4) 1.0023 1.0008 0.9983 1.0052 1.0180 1.003

BNL
6/1 0.9905 1.0046 0.9930 0.9980 0.997
6/2 - 0.9872 1.0008 0.9978 0.9934 - 0.992
6/3 - 0.9869 1.0018 0.9968 0.9926 - 0.997
6/4 - 0.9884 1.0075 1.0015 0.9945 - 1.002
6/5 0.9846 1.0093 1.0011 0.9894 • — 1.003

Figure 4.9 shows that there are no consistent trends in K 
dependence on leakage. At the same time scattering of the results for the 
lattices with large leakage is significantly greater.

The dependences of K on volume ratio are presented in Fig. 4.10. 
As in the previous case, it is also difficult here to establish stable 
trends in K behaviour. UNIRASOS-2 appears to slightly overestimate the 
K value with volume ratio growth.

Figure 4.11 Illustrates Keff dependences on p .It is seen from this 
figure that the results practically do not depend on resonance absorption 

238 28by U in a wide range (~0.6<p <~5.0).
Thus, to summarize one can conclude on the lack of evident trends in 

accuracy of eigenvalue prediction by all the design codes considered.
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Table 4.5.12 generalizes the
values of K and their standard off

results of K calculations. The average 
ef f

deviations are given in this table.

Table 4.5.12 Average values of K and their standard deviation for 
BETTIS, WINFRITH and BNL lattices.

Lattice 
set

Code name / K , standard deviation ef f
MCU NESSEL4 UNIRASOS

2
BETTY-2 RAFORIN MICROBE SAPFIR

BNL - 0.9875
0.0021

1.0048
0.0031

0.9980
0.0034

0.9936
0.0030

- 0.9988
0.0042

WINFRITH
«

1.001
±0.004

1.0020
0.0010

1.0032
0.0022

1.0054
0.0087

1.0062
0.0015

1.0071
0.0131

0.9980
0.0061

BETTIS - 0.9989
0.0016

0.9986
0.0030

0.9986
0.0031

0.9991
0.0022

0.9997
0.0025

1.0024
0.0046

All 
lattices

- 0.9961
0.0016

1.0014
0.0027

0.9991
0.0026

0.9986
0.0021 -

1.0003 
0.0041

0.004 - statistical error of calculations.

It follows from this table that all the codes give the best results 
for BETTIS lattices.

For WINFRITH lattices a significant scattering of standard deviations 
is observed. The maximuni values of standard deviation for this series give 
BETTY-2 and MICROBE; the lowest, NESSEL-4. It should be noted that in 
accordance with the data of Table 4.5.9 the criticality of WINFRITH lattices 
is well predicted by MCU and there is significant disagreement between 
BETTY-2 and MICROBE results.

Averaged over the full set of considered lattices the K values 
computed by all the codes are very close to unity and maximum deviations

The results for BAPL-1,3 lattices are taken into account as a part 
of BETTIS set.
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for most of them are within the limits of uncertainty due to the error of 
buckling measurements. The maximum value of standard deviation gives SAPFIR 
(0.0041), the minimum - NESSEL-4 (0.0016).

Table 4.5.10 shows that RAFORIN and NESSEL-4 tends to underpredict 
slightly the eigenvalue and the opposite trend seems to characterize 
UNIRASOS-2.

t 4. 282825Integral ratios (p ,6 ,6 , MCR) are compared in Tabls. 4.5.13- 
4.5. 16.

The calculated and measured values of p28 are given in Table 4.5.13. 
The table shows that all codes besides SAPFIR significantly overpredict (up 
to 15%) p28.

Table 4.5.13. Comparison of p28 for BETTIS, WINFRITH and BNL 

lattices.

Lattice Measured 
value

Code name / calculation result

MCU NESSEL4 UN I RA
S0S2

BETTY 
2

RAFORIN SAPFIR

BETTIS
3/1 1.190;0.04 - 1.292 1.330 1.360 1.299 1.2743/2 0.994-0.013 — 1.034 1.057 1.084 1^035 0. 9833/3 0.807-0.014 — 0.844 0. 880 0. 902 0.866 0.817
3/4 1.040-0.050 - 1. 156 1. 177 1.205 1. 157 —
3/5 0.901-0.020 — 1.029 0. 984 1.016 0.970

WINFRITH 
4/1 -

*
5.06(4) — 5.018 5. 120 4.862

4/2 - 3.96(3) - 3.919 1.430 3.809 —
4/3 — 4.03(3) - 4.018 4.037 3.909 —

BNL
6/1 2.92^0.09 - 2.997 3.001 3.038 2.951 3.000
6/2 2.41-0.04 - 2.453 2. 478 2.527 2. 441 2.4466/3 1.81-0. 06 - 1.979 1.969 2.007 1.945 1.9386/4 1.41-0.02 - 1.499 1.486 1.512 1.476 1.4546/5 1.04-0.02 1. 112 1. 106 1. 119 1. 107 1.073

* should be considered as 5.06-0.04

Most of the codes are well able to predict the eigenvalue of these 
lattices. On the other hand resonance absorption by 238U plays an important 
role in lattice reactivity balance. Thus, one can suppose that observed 
deviations are partially the result of real and used cutoff energy 
unconformity.
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This statement is confirmed by SAPFIR results which have been obtained 
using a variable value of cutoff energy which was computed directly. 
Deviations of computed p values from measured are represented in Fig.4.12 
as a function of volume ratio. This figure shows that V /V reducing leads 
to an increase in scattering of the results without evident trends.

Table 4.5.14 compares calculated and measured 328 values. It is seen 
that for BETTIS lattices the measured and calculated values of UNIRASOS-2, 
BETTY-2, RAFORIN and SAPFIR satisfactorily agree.

?or BETTIS, WINFRITH and BNL

lattices.
Table 4.5.14 Comparison of 6

Lattice
Measured 

value*100
Code name / calculation result *100

MCU NESSEL-4 UNI RA
SOS2 BETTY-2

RAFO
RIN

SAP 
FIR

BETTIS
3/1 — 7. 38 7.24 7. 17 7.38 7. 14
3/2 5. 9-0. 9 — 5.58 6.08 6.00 6.21 5.85
3/3 5. 1-0.4 — 4. 59 5.30 5.22 5. 42 5.07
3/4 6. 3-0.3 — 5.57 5.88 5.83 6.00 -
3/5

WINFRITH
5.4-0.3 — 4.73 5.08 5.03 5. 19 -

4/1 10.5-0. 18 10.6(1) 9.77 9. 99 9.92 10.2 -
4/2 9.01(6) - 8.49 — 8.68 —
4/3

BNL
8.45-0.09 9.21(6) 8. 18 8.66 8.38 8. 83 -

6/1 6. 5 - 6.08 6. 60 6. 54 6.79 6. 51
6/2 5.6 - 5. 17 5.74 5.68 5.91 5.63
6/3 4. 8 - 4.31 4.85 4.84 5. 00 4.73
6/4 3.7 - 3. 37 3. 95 3.97 4.08 3. 82
6/5 3. 1 — 2.59 3.20 3.24 3.33 3.08

It should be noted that the BETTIS series is characterized by 
significant (~5-15’Z) experimental errors. Unlike the BETTIS case, 
measurements of WINFRITH series are characterized by extremely low errors 
and considerable disagreement of calculational results for the last lattice 
of this series. For BNL series UNIRASOS-2, BETTY-2, RAFORIN and SAPFIR give 
close values of 528 which agree well with measured values. The NESSEL-4 
predicts lower values of 628 than ones measured in all considered lattices 

that is in good agreement with data of numerical benchmarking (see Table 
4.5.3).
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oc
Table 4.5.15 Comparison of 3 for BETTIS, WINFRITH and BNL 

lattices.

Lattice
Measured 
value *100

Code name / calculation result *100

MCU NESSEL-4 UNI RA
SOS2

BETTY 
2

RAFORIN

BETTIS 3/1 8.0^0.5 - 8.20 7.86 7.89 7.85
3/2 7.7-0.2 - 6.46 6. 14 6. 17 6. 14
3/3 7.2-0.2 — 5.30 5.06 5.08 5.07
3/4 7.8-0.2 - 6.61 6.28 6.32 6.28
3/5 6.3-0.5 - 5.45 5. 15 5.21 5. 16

WINFRITH 4/1 - 31. 1(2) 31.8 30. 1 30. 1 30. 2
4/2 - 23.7(2) - 23.0 - 23.0
4/3 - 24. 1(2) 24.3 23.7 23. 1 23. 7

BNL 6/1 — - 17.8 16.9 16.3 17.0
6/2 - - 14.4 13.7 13. 1 13.8
6/3 - — 11.5 10.8 10.3 10.9
6/4 — - 8.6 8. 1 7.7 8. 2
6/5 - - 6. 4 5.9 5.7 6. 1

Table 4.5.16. Comparison of MCR for BETTIS, WINFRITH and 
BNL lattices.

Lattice
Code name / Calculation result

MCU NESSEL-4 UNI RA
S0S2

BETTY-2 RAFORIN

BETTIS 3/1 - 0.772 0.779 0. 794 0. 775
3/2 - 0.705 0.696 0. 710 0. 694
3/3 - 0.632 0.642 0.653 0.641
3/4 — 0.746 0.736 0.741 0.734
3/5 — 0.661 0.676 0.689 0. 676

WINFRITH 4/1 0.752(4) — 0.739 0.764 . 0.731
4/2 0.646(4) — 0.634 0. 353 0.629
4/3 0.653(4) - 0.653 0. 657 0.645

BNL 6/1 - 0.547 0.538 0. 561 0.538
6/2 - 0.484 0. 479 0.495 0.479
6/3 - 0.427 0.417 0. 431 0. 418
6/4 - 0.366 0.357 0. 368 0. 358
6/5 * 0. 315 0. 307 0.315 0.310

239



CHAPTER 4

Calculated and measured values of 62S are compared in Table 4.5.15. 
2 5Because 6 strongly depends on cutoff energy it seems that observed 

deviations for BETTIS lattices indicate discrepancy between real values of 
cutoff energy and those used in calculations.

Table 4.5.16 compares calculated MCR values. The results obtained with 
NESSEL-4, UNIRASOS-2 and RAFORIN agree within -2.57. limits. The BETTY-2 
results are higher by -1.57. for all lattices.

The last mentioned results agree with data of Table 4.5.13 and may be 
2 3 8 explained by higher U resonance absorption computed by BETTY-2.

As already has been mentioned measurements at the lattices with MOX 
fuel that are known from the literature were initially included into the 
recommended set of criticals were excluded later for different reasons 
(nonasymptotic neutron spectrum in the greater part of the assembly, 
influence of fuel micro heterogeneity, presence of 241Am). Thus, the 

calculation results for such lattices are absent in this section.
PROTEUS experiment. Three new series of measurements at the lattices 

with MOX fuel were recently performed within framework of PROTEUS, EPICURE 
and VIP programs. At present, the results of measurements performed at one 
of the PROTEUS (Chawla et al.,1984) configurations are available for 
comparison. These measurements were carried out at the tight lattice with a 
volume ratio V /V =0.5 and highly enriched (67.) MOX fuel, m f

Table 4.5.17 compares measured values of lattice parameters with those 
computed by UNIRASOS-2 and some known .lattice codes - WIMS-81, SRAC, 
EPRI-CPM, HELIOS. HX and others. The results of these codes and the lattice 
parameters needed for calculations were taken from (Chawla et al. 1984).

The UNIRASOS-2 results given in Table 4.5.17 were corrected in 
accordance with the recommendations of (Chawla et al. , 1984) to take into 
account effects of "heterogeneity" and a nonasymptotic neutron spectrum. 
The table shows that UNIRASOS-2 provides good agreement of calculated and 
measured integral ratios.

The values of K_ff. calculated with this code are in satisfactory 
agreement with predicted by most other codes and are noticeably lower than 
unity. This deviation seems due both to the inaccuracy of the approximations 
used and experimental procedure.
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Table 4.5.17. Integral ratios for PROTEUS experiments.

p 
a 
r 
a 
m.

Measured
value; 

experim. 
error,%

Code name , calculation / measurement

WINS
-STd

wins 
81

GRU-
CAN

KAR-
BUS

SPEC­
TRA

EPRI- 
CPM

SRAC 
/J2

HELIOS
-H*

BOXER UNI RA 
SOS-2

F
5

F
9

0.988 
(2.0)

- - - - - 1.016 1.002 0.964 1.011 1.013

C 
8

F~
9

0.0691
(2.2)

1.002 0.951 1.042 1.005 0.983 0. 933 0.967 0. 964 1.036 0.997

F 
8

F~
9

0.00987 
(2.5)

0.974 0.992 0. 979 0. 999 0. 941 1.003 1.010 0. 993 1. 113 0. 973

F 
1

F”
9

1.780
(4.5)

- -. - - - 1.033 0.953 0. 970 0. 889 0.974

K
00

1.045
(1.1)

0.986 1.009 0. 995 0.992 1.001 1.012 1.005 0. 996 - 1.001

M2 -253. cm - - - - - - - - - 55.0

F ,C - fission and capture rates produced by "i" isotope.

Thus one can conclude that:
- all considered design codes accurately predict the eigenvalues of 

BETTIS series criticals;
- significant disagreement of the results is observed for some BNL 

and WINFRITH lattices;
- the discrepancy of calculated and measured p28 and d25 is mainly 

due to differences between the real and used values of cutoff energy.
- limited number of available measurements at tight lattice with 

MOX fuel does not allow one to make certain conclusions about the accuracy 
of their calculation.
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4.5.4 Comparison of calculated and measured data obtained 
at unperturbed ZR-6 cores

It can be seen from the title of the present section that the results 
related to "clean" ZR-6 cores are discussed. All the calculations were 
carried out using the standard buckling approximation.. To analyse the 
accuracy of this approach some configurations were also calculated with ID 
diffusion and transport codes. The results of such calculations are given 
and discussed in (Becker, 1988). Let us adduce here some conclusions 
formulated in these works which will be useful for further discussion of 
the results.

1. Experimental errors of material buckling measurements lead to 
0.1—0.5 uncertainty of K calculations. The maximum uncertainty is 
inherent to lattices with fuel enrichment 3.6 and 4.4 7..

2. Transport calculations give K.ff higher by 0.2-2.07. than diffusion 
one.

3. Discrepancies of Keff computed using buckling and ID approximations 
for TRX and BAPL lattices are significantly less in comparison with 
discrepancies observed for most ZR-6 lattices.

These conclusions suggest that K computed using buckling 
approximation can not be considered as fully representative. At the same 
time buckling approximation is sufficient for calculation of spectral 
characteristics. From the practical point of view the results of 2D 
calculations discussed in Chapter 6 give more objective and important 
information on the accuracy of eigenvalue calculations.

Computed eigenvalues are compared in Table 4.5.18. It is necessary to 
note that NESSEL-4, UNIRASOS-2, SAPFIR and RAFORIN results were obtained 
using the average material bucklings recommended in (Szatmary et al. ,1985), 
(Szatmary et al.,1991). The results of BETTY-2 are based on buckling values 
taken from (Vidovszky and Hegyi, 1988) and those obtained for a specific 
configuration.. Table 4.5.18 shows that there are some common trends for 
UNIRASOS-2, NESSEL-4, RAFORIN and SAPFIR.

To analyse the dependence of K on moderator/fuel volume ratio let 
us consider the lattices with fuel enrichment equal to 3.67. without boron 
in the moderator.
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Tabi. 4.5.18. Eigenvalues for uniform ZR-6 lattices.

Lattice T°C B2 
rec .
(m“2)

b
8K ef f
(X)

Code name / K ef f
NESS
SEL4

UNI RA 
SOS2

RAFO
RIN

SAP
FIR

c
BETTY-2

12.7/1.6/0.0 20 50.57 0. 41 0.988 0.987 0. 984 0.987 0.983
12.7/1.6/1.85 20 33.32 0.48 0.986 0.987 0.982
12.7/3.6/0.0 20 98.26 0.32 1.008 1.002 1.000 0.993 1.019 99.57
12.7/3.6/0.0 80 96.55 0.43 0.991 0.990 1.008 97.28
12.7/3.6/0.0 130 90.27 0.32 0.988 0.989 1.001 89.94
12.7/3.6/4.0 20 76.03 0.04 0.999 0.996 0.992
12.7/3.6/4.0 80 72.07 0.07 0.998 0.997
12.7/3.6/4.0 130 67.63 0.07 0.994 0.997
12.7/3.6/5.8 20 64.95 0. 10 1.000 0.995 1.002 64.45
12.7/3.6/5.8 80 61.69 0.07 1.001 1.000 1.002 60.99
12.7/3.6/5.8 130 59.02 0.05 0.993 0.998 1.002 58.26
12.7/3.6/7.2 20 56.54 0. 13 1.004 1.004 0.999
12.7/4.4/0.0 20 112.58 0.50 0.995 0.988 0.986 0.977 1.018 108.6
12.7/4.4/0.0 80 105.11 0. 24 0.993 1.008 105.1
12.7/4.4/0.0 130 96.61 0.22 0.998 1.015
12.7/4.4/0.64 20 106.60 0.58 1.002 0.995 0.993 1.002
12.7/4.4/7.2 20 69.03 0.33 1.010 1.009 1.005
15.0/3. 6/0.0 20 120.36 0. 19 0. 993 0.990 1.008 120.7
15.0/3.6/4.0 20 70.25 0.25 1.010 1.002 1.013 69.36
15.0/4.4/0.0 20 136.80 0.26 0.984 0.981 0.993 138.9
15.0/1.6/0.0 20 48.90 0. 17 1.003 0.996
11.0/3.6/0.0 20 65.27 0.21 0.992 0.987 0.985 0.975 1.009 64.35
11.0/3.6/0.0 80 64.02 0. 19 0.977 0.976 1.003 63.15
11.0/3.6/0.0 130 59.76 0. 13 0.972 0. 972 0.981 58.99
11.0/3.6/0.96 20 62. 14 0. 13 0.988 0. 988 0.995 61.79
11.0/3.6/1.41 20 61.70 0.21 0. 991 0.986 0.983

Recommended material buckling.
b K uncertainty corresponding to buckling experimental error.

c The last column contains buckling values used in calculaions 

with BETTY-2.

Comparison of eigenvalues shows that all listed codes significantly 
understate K for lattices with a pitch of 1.1 cm. At the same time,ef f
UNIRASOS-2 and RAFORIN results for wide lattices (with pitch 1.5cm) do not
allow one to conclude that K is a function of moderator/fuel volume ef f
ratio.

The BETTY-2 K values are by -0.5-17. higher in comparison with ef f
NESSEL-4, SAPFIR, RAFORIN and UNIRASOS-2 results for all three lattices 
(taking into account the bucklings differences). It should be mentioned 
that the last does not correlate with data of Tables 4.5.10-4.5.11.

243



CHAPTER 4

The dependence of Keff on fuel enrichment can be analysed by 
consideration of the lattices with pitch 1.27 and 1.5 cm.

Table 4.5.18 demonstrates significant underprediction of K values 
eff

by all the codes for 12.7/1.6/0.0 lattice. As can be seen from the table 
this lattice is characterized by noticeable K uncertainty caused by 
buckling error. This uncertainty however is less by a factor -2.5 than 
observed deviations of K from unity.

Low and highly enriched (x=4.4%) lattices are also characterized by 
small radius of test zone. Thus, the obtained values of K seem to be 

eff
partially connected with the inaccuracy of asymptotic approximation. To 
check this assumption 2D calculations based on various approaches have 
been performed. Computed in this way K values are by -0.57. higher than 
those given in the table, thereby confirming made assiimption.

It should also be noted that low enriched lattice is characterized by 
significant (-0.37.) uncertainty of K caused by the -17. enrichment
uncertainty. Table 4.5.18 shows that all codes besides BETTY-2 
underestimate the eigenvalue for the 12.7/4.4/0.0 lattice.

Simple estimations show that use of the buckling equal to 108.6 m’2 
corresponding to (Vidovszky and Hegyi, 1988) leads to good agreement of 
NESSEL-4 and BETTY-2 results. The UNIRASOS-2 and RAFORIN K in this case 

t -eff
becomes close to unity. Unfortunately, the results obtained with 
UNIRASOS-2, RAFORIN and BETTY-2 are only available for lattices with a 
pitch equal to 1.5 cm. It is seen that for such lattices significant 
disagreement of the RAFORIN and BETTY-2 results is observed. 
Underprediction of K by RAFORIN For these lattices characterized by 
small radius of test zone can probably be explained by the inaccuracy of 
asymptotic approximation. Nevertheless comparison with the results of 2D 
and reference zero leakage calculations seems to be useful.

Taking into account the problem connected with uncertainty of the 
result intepretation for the small test zones let us limit ourselves by 
considering the 3.67. enriched lattices to analyze accuracy of predicting 
boron poisoning and temperature effects.

Table 4.5.18 shows that NESSEL-4, UNIRASOS-2 and RAFORIN give a 
similar irregular shape of K dependence on boron acid concentration. 
These codes predict -0.8% difference between K for lattices with zero off
and 0.4 g/1 boron acid concentration. The results of all the above listed 
codes are in satisfactory agreement for the maximum boron concentration. In 
this case the K obtained are quite close to unity.
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Table 4.5.18 demonstrates systematic decreasing of K obtained with 
RAFORIN, UNIRASOS-2 and BETTY-2 for the 12.7/3.6/0.0 lattice with 
Increasing temperature. Such K behaviour does not correlate with data 
given in the Table 4.5.7 and may be connected with correction introduced to 
take into account the flux perturbation by intermediate spacer grid placed 
in the core. As follows from (Szatmary et al., 1991) this correction 
significantly increases with temperature growth. Two-dimensional 
calculations with axial buckling corresponding to uncorrected value of 
moderator level give K values which practically do not depend on 
temperature. It is necessary to note that the mentioned above trend is not 
observed for lattices poisoned by boron.

Calculated and measured 6s8 are compared in Table 4.5.19. The 

agreement of calculated and measured values is rather good for low enriched 
lattices and tighter pitch lattices. In this case the results of all the 
codes are practically within the limits of experimental error. The 
calculation results agree well with measured values for 3.6 and 4.4% 
enriched lattices with unpoisoned moderator. Poisoning of the moderator by 
boron leads to significant underestimation of 628 by all codes. It should 

be mentioned that the MCU results are very close to those obtained with 
design codes. Because all codes are based on ABBN data in the energy region 
of fast neutrons it seems very difficult to explain the observed deviations 
which are about twice greater than those given in Table 4.5.10 for BAPL 
lattices.

Comparison of calculated and measured 6.Table 4.5.19

Measured Code name / calculated value
Lattice vaue MCU

NESSEL
4

UNI RA
SOS2

RAFO
RIN

MICRO
BE

12.7/1.6/0.0 0.0667-0.0039 0.061-0.006 0.0626 0.0621 0.0632 0.0629
12.7/1.6/1.8 0.0673-0.0039 0.062-0.006 0.0650 0.0647 0.0660 0.0658
12.7/3.6/0.0 0.0543-0.0013 0.054-0.002 0.0547 0.0545 0.0553 0.0547
12.7/3.6/4.0 0.0671-0.0028 0.0574 0.0574 0.0586 0.0579
12.7/3.6/7.2 0.0671^0.0021 0.059-0.003 0.0593 0.0596 0.0607 0.0603
12.7/4.4/0.0 0.0557-0.0014 0.053-0.002 0.0536 0.0534 0.0542 0.0533
12.7/4.4/7.2 0.0656-0.0016 0.056^0.002 0.0580 0.0574 0.0584 0.0580
11.0/3.6/0.0 0.0853-0.0027 0.084-0.003 0.0844 0.0841 0.0853 0.0856
11.0/3.6/1.4 0.0819-0.0029 0.0851 0.0847 0.0862 0.0865
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Different spectral Indexes are compared in Tables 4.5.20-4.5.23. The 
spectral index for position 1 is determined as the double ratio of 
activations SI(N/M) = A /A n 1 ml 

co oo
A = [<r (E)4 (E)dE/f<r (E)* (E)dE 
nl J n 1 J n th

0 0

where N.M - detector materials. 4 $ investigated and thermal column
1 tn

spectra.
Spectral indexes SI(Pu/Dy) are compared in Table 4.5.20. This table 

demonstrates satisfactory agreement of measured and calculated values 
obtained with most codes. The maximum deviations for MCU, NESSE1-4, 
RAFORIN, and UNIRASOS-2 do not exceed ~6%. The deviations of SI in the 
moderator calculated with these codes depend on fuel enrichment. They are 
negative for low enriched lattices and are reduced in absolute value with 
enrichment growth becoming positive (or practically zero) for 4.4% enriched 
lattices.. The deviations of BETTY-2 results are somewhat greater. This 
code systematically underestimates the considered spectral index for both 
detector positions.

Calculated and measured values of SI(Mn/Dy) are given in Table 4.5.21. 
As it follows from this table MCU, NESSEL-4, BETTY-2 and RAFORIN results 
satisfactory agree with measured data. The UNIRASOS-2 results are 
significantly lower than measured value for both detector positions. The 
last is connected only with the simplified approach used in this code for 
Mn activation calculation in the resonance energy region.

Table 4.5.22 compares values of SI(Pu/U). As in the previous cases the 
MCU, RAFORIN and NESSEL-4 results are in satisfactory agreement with 
measured values. The BETTY-2 systematically underpredicts the value of SI 
in the moderator by 3-9%. This code, like UNIRASOS-2, also noticeably 
underpredicts SI in the tighter pitch lattice.

Spectral indexes SI(UZDy) are given in Table 4.5.23. This table shows 
that all the codes give close values of SI which agree rather well with 
measured data. In this case the maximum deviations do not exceed ~3%, l.e. 
about twice greater than experimental error.

246



CHAPTER 4

Table 4.5.20. Comparison of calculated and measured SI(Pu/Dy).

Lattice

U
I o Measured

value

Code name / calculated value

MCU
NES
SEL4

UNI RA 
SOS2

BETTY
2

RAFO
RIN

12.7/1.6/0.0 1 1.354-0.02 1.36-0.01 1.399 1.347 1.326 1.392
2 1.387-0.02 1.34-0.01 1.375 1.317 1.294 1.348

12.7/1.6/1.85 1 1.390-0.02 1.39^0.02 1.425 1.372 1.347 1.419
2 1.430-0.02 1.36;0.01 1.392 1.341 1.314 1.374

12.7/3.6/0.0 1 1.648-0.02 1.63-0.01 1.676 1.610 1.579 1.669
2 1.568-0.02 1.55-0.01 1.598 1.529 1.493 1.565

12.7/3.6/7.2 1 1.72-0.01 1.700 1.765
2 1.63-0.01 1.612 1.654

12.7/4.4/0.0 1 1.716-0.03 1.71^0.02 1.772 1.703 1.765
2 1.548-0.03 1.61^0.02 1.673 1.599 1.635

12.7/4.4/7.2 1 1.901^0.03 1.80^0.01 1.863 1.791 1.765 1.858
2 1.686-0.02 1.68-0.01 1.759 1.681 1.646 1.721

11.0/3.6/0.0 1 2.00-0.01 2.013 2.059
2 1.90-0.01 1.906 1.939

Table 4.5.21. Comparison of calulated and measured SI(Mn/Dy)

Lattice
P”
o 
s.

Measured
value

Code name / calculted value

MCU
NES
SEL4

UNI RA 
S0S2

BETTY
2

RAFO
RIN

12.7/1.6/0.0 1 1.195 j 0.016 1.17^0.01 1. 193 1. 119 1. 196 1.218
2 1.200 j 0.013 1.16-0.01 1. 173 1. 100 1. 174 1. 188

12.7/1.6/1.85 1 1.232 - 0.016 1. 18-0.01 1.206 1. 131 1.210 1.232
2 1.166 j 0.013 1.16-0.01 1. 185 1. 112 1. 186 1.202

12.7/3.6/0.0 1 1.419 j 0.019 1.35-0.01 1.371 1.283 1.364 1.408
2 1.378 j 0.031 1.29^0.01 1.308 1.224 1.294 1.327

12.7/4.4/0.0 1 1.411 0.018 1.41^0.01 1.442 1.350 1.440 1.482
2 1.406 j 0.018 1.34;0.01 1.357 1.271 1.347 1.372

12.7/4.4/7.2 1 1.533 ; 0.021 1.47^0.01 1.500 1.412 1.498 1.556
2 1.406 - 0.019 1.38-0.01 1.406 1.323 1.396 1.434

•) Detector position:
1-detectors are situated in the fuel rod.
2-detectors are situated in the moderator.
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Table 4.5.22 Comparison of calculated and measured SI(Pu/U).

Lattice
* 

p
o
s.

Measured
value

Code name / calculated value

MCU NES
SEL4

UNI RA 
S0S2

BUTTY 
2

RAEO 
RIN

12.7/1.6/0.0 1 1.298 - 0.014 1.283;0.01 1.312 1.287 1.241 1.294
2 1.279 - 0.014 1.264-0.01 1.289 1.265 1.218 1.268

12. 7/1.6/1.8 1 1.292 ; 0.017 1.299^0.01 1.331 1.304 1.245 1.313
2 1.290 - 0.017 1.283^0.01 1.299 1.283 1.232 1.287

12.7/3.6/0.0 1 1.491 ; 0.092 1.455-0.01 1.483 1.444 1.418 1.470
2 1.485 - 0.079 1.396-0.01 1.420 1.400 1.364 1.416

12.7/3.6/7.2 1 1.569 - 0.028 1.509-0. 01 1.557 1.494 1.469 1.526
2 1.456 - 0.025 1.455-0.01 1.489 1.451 1.414 1.472

12.7/4.4/0.0 1 1.489 - 0.011 1.500-0.01 1.490 1.524
2 1.371 ; 0.012 1.420-0.01 1.439 1.460

12.7/4.4/7.2 1 1.596 ; 0.021 1.609 1.534 1.529 1.575
2 1.522 - 0.018 1.528 1.486 1.464 1.512

11.0/3.6/0.0 1 1.703 - 0.017 1.626;0.01 1.706 1.608 1.585 1.664
2 1.659 ; 0.016 1.570-0.01 1.632 1.574 1.538 1.620

11.0/3.6/1.41 1 1.700 ; 0.017 1.713 1.613 1.591 1.671
2 1.619 - 0.019 1.639 1.579 1.545 1.628

Table 4.5.23. Comparison of calculated and measured SI(U/Dy).

Lattice • • 
p
o 
s.

Measured
value

Code name / calculated value

MCU NES
SELA

UNI RA
SOS2 BETTY2

RAEO
RIN

12.7/1.6/0.0 1 1.044; 0.014 1.06-0.01 1.067 1.047 1.068 1.076
2 1.085; 0.014 1.06-0.01 1.067 1.041 1.063 1.064

12.7/1.6/1.8 1 1.076; 0.018 1.07-0.02 1.071 1.053 1.082 1.081
2 1. 109; 0.017 1.06-0.02 1.071 1.045 1.066 1.068

12.7/3.6/0.0 1 1.109- 0.011 1.12;0.01 1. 130 1. 114 1. 114 1. 135
2 1.098- 0.^11 1.11-0.01 1. 126 1.092 1.095 1. 105

12.7/4.4/0.0 1 1. 153; 0.016 1.14-0.02 1. 140 1. 143 1.135 1. 158
2 1. 129- 0.016 1. 13;0.02 1. 133 1. Ill 1. 109 1. 119

12.7/4.4/7.2 1 1.192- 0.017 1. 17-0.01 1. 158 1. 167 1.154 1. 179
2 1. 108- 0.017 1. 14-0.01 1. 151 1. 131 1. 124 1. 137

•;
Detector position:
1-detectors are situated in the fuel rod.
2-detectors are situated in the moderator.
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Table 4.5.24. Comparison of calculated and measured 
disadvantage factors.

Lattice
Detec 

tor
Measured

value
Code name / calculated value

MCU
NES
SEL4

UN I RA 
S0S2

BETTY 
2

RAFO
RIN

12.7/1.6/0.0 U 1. 154-0.01 1.09-0.01 1. 116 1. 106 1. 122 1. 117
Pu 1.137-0.01 1.08-0.01 1.093 1.088 1. 101 1.095

12.7/1.6/1.85 U 1.166-0.02 1. 11^0.01 1. 115 1. 105 1.111 1. 116
Pu 1.164^0.01 1.09-0.01 1.092 1.087 1. 100 1.093

12.7/3.6/0.0 U 1.217-0.01 1.22^0.01 1.206 1. 183 1.213 1.201
Pu 1. 171-0.00 1. 17-0.01 1. 154 1. 147 1. 167 1. 157

12.7/3.6/7.2 U 1.206^0.02 1.20-0.02 1.199 1. 173 1.202 1. 190
Pu 1.119^0.03 1.15^0.02 1. 147 1. 139 1. 158 1. 148

12.7/4. 4/0.0 U 1.195^0.01 1.25-0.01 1.238 1.208 1.241 1.230
Pu 1.100^0.01 1. 19-0.01 1. 176 1. 168 1. 186 1. 178

12.7/4.4/7.2 U 1.202^0.02 1.24^0.01 1.230 1. 197 1.229 1.218
Pu 1.147^0.01 1.19^0.01 1. 168 1. 159 1. 176 1. 168

11.0/3.6/0.0 U 1.143;0.01 1. 17^0.01 1. 170 1. 138 1. 159 1. 149
Pu 1.114-0.01 1. 13-0.01 1.119 1. 114 1. 125 1. 119

11.0/3.6/1.41 U 1.179^0.01 1. 168 1. 137 1. 158 1. 148
Pu 1. 123-0.01 1. 118 1. 113 1. 124 1. 118

Disadvantageous factors for uranium and plutonium detectors are 
compared in Table 4.5.24, which shows that agreement of calculated and 
measured disadvantageous factors for plutonium detector is worse than for 
an uranium detector. The deviations for this detector reach ~9%. At the 
same time all the calculated values including those obtained with MCU agree 
within the limits of ~3”Z. The last value correlates with the above 
described results from comparing spectral indexes, thereby showing that 
agreement of calculated and measured values for plutonium detectors is 
worse than for the uranium one.

A comparison of calculated and measured values of pZ8 and 6ZS give 

information that is most important from the practical point of view 
235 concerning the accuracy of calculations of reaction rates produced by U 

and U. The interpretation of such measurements, as it has been already 
mentioned in Sect.4.5.3, is made difficult by uncertainties of cutoff 
energy and perturbations of neutron spectrum introduced by cadmium coat. 
So, in (Szatmary et al., 1985) instead of the mentioned parameters spectral 
indexes SUNp/Dy) and SI(Ce/Dy) connected with pZ8 and 3ZS by simple 

correlations are recommended for comparison.
Calculated and measured values of SI(Np/Dy) and SI(Ce/Dy) are compared 

in Tables 4.5.25-4.5.26.
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It follows from Table 4.5.25 that the results of NESSEL-4, RAFORIN and 
BETTY-2 satisfactorily agree between themselves. The scattering of 
calculated values is about 5%. Their comparison with measurement data shows 
that for all lattices disagreement is by a factor of 2-3 greater than the 
experimental error. The maximum deviations are ~10% in 4.47. enriched 
lattices. It is necessary to note that all codes give in this case the same 
sign of deviation. This deviation seems to be caused mainly by inaccuracy 
of 238U resonance absorption calculation which, as has been shown in the 

previous sections, does not usually exceed ~3%. It thus seems difficult to 
give a reasonable explanation of the results obtained.

In conclusion let us note that a limited set of measurements 
unfortunately does not allow one to reveal any trends in disagreement 
behaviour.

Table 4.5.25 Comparison of calculated and measured
SI(Np/Dy).

Lattice Measured
value

Code / calculated value
NESSEL-4 RAFORIN BETTY-2

12.7/1.6/0.0 2.544-0.040 2.423 2.521 2.521
12.7/3.6/0.0 4.014-0.064 3.785 3. 938 4.023
12.7/4.4/0. 0 4.331-0.107 4. 494 4.514 4.580
12.7/4.4/7.2 5.434-0.134 4.975 5.028 5.058

SI(Ce/Dy).
Table 4.5.26 Comparison of calculated and measured

Lattice Measured
value

Code / calculated value
NESSEL-4 RAFORIN BETTY-2

12.7/1.6/0.0 1.141-0.022 1. 121 1. 128 1. 113
12.7/3.6/0.0 1.179-0.011 1. 168 1. 184 1. 163
12.7/4.4/0.0 1.164-0.025 1. 191 1.207 1.223
12.7/4.4/7.2 1.315-0.028 1.218 1.232 1.251
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Calculated and measured SI(Ce/Dy) are compared in Table 4.5.26. The 
table demonstrates good agreement for all lattices accept to 12.7/4.4/7.2. 
In this case the spectral index is underpedicted by all codes.

Suninarizing the results of comparison with measured data obtained at 
uniform ZR-6 configurations it seems possible to conclude that:

- there are trends of K behaviour common for all codes; these 
eff

trends are most probably due to inaccuracy of the bucklings used and the 
asymptotic approximation;

accuracy of the calculational prediction of spectral 
characteristics can be considered as satisfactory in most cases;

the results of 2D calculations which are considered in the 
following Chapters give information concerning the accuracy of 
calculational prediction of fuel lattices multiplication characteristics 
that is more objective and important from practical point of view .
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4.5.5 Bucklings and reaction rate distributions in the macrocells 
of Xn and K91 type

The measurements at ZR-6 assembly can be divided into two groups. In 
the first group of measurements unperturbed lattices were investigated, in 
the second - perturbed. The results of these measurements treated by RFIT 
(Szatmary, 1977) are presented in Volume 1 and 3 of the Final Report of the 
TIC. The following types of lattice perturbations which are typical for 
WWER-1000 core were studied: perturbations caused by absorbers or water 
holes replacing the withdrawn absorbers and perturbations imitating 
assembly structure of the core. In the case of "point" perturbations every 

2 n - th fuel rod is substituted by pointwise perturbation of type X 
(absorber or water hole). Corresponding cores may be considered as 
consisting of macrocell of type Xn. Six types of absorbers marked as 
X=A, B, C, D, F, G have been studied. Water hole is marked as E. The material 
content and dimensions of absorber rods are given in Table 2.2.3 of Volume 
1 of the Final Report of TIC. Lattices imitating assembly structure of the 
core are marked as Km where m-is a number of the fuel rods in the assembly.

In the previous section calculated and measured bucklings and rod by 
rod power distributions are compared for a case of regularly perturbed 
lattices containing macrocells. Consideration of such configurations is 
important for code verification. It is explained by the following reasons: 
- the concept of macrocell is general basis of spectral calculations, so 
comparison of the results for the configurations formed by the macrocells 
provides a possibility to validate this concept in a "clean" conditions;
- the main types of nonuniform lattices typical for WWER-type reactors have 
been studied in the experiments at such configurations (absorbers or water 
holes, assembly structure).

The reaction rates distributions in the regularly perturbed lattices of 
type, as well as in K91 type lattices imitating assembly structure, can 

be presented in a first approximation as the product of two functions:
- intra macrocell distribution which is periodical function;
- macrodistribution (Bardos, 1978, Gado,1979).
Evaluated measured bucklings and intra macrocell distribution of 

reaction rates can be directly compared with the results of macrocell 
calculations based on asymptotic approximation. The comparison of measured 
and calculated data obtained with NESSEL-4 and BETTY are given in Tables 
4.5.27-33. Numbering of the cells in the macrocells of X and X type is 

7 3
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illustrated by the figure.

The results given in these tables make it possible to conclude that:
1. The most part of bucklings calculated with NESSEL-4 (with the 

exception of bucklings for K91/0.0 and 12.7/3.6/0.0 lattices) are in a good 
agreement with measured one (see Table 4.5.27). The BETTY results agree with 
measurements slightly worse. In this case the maximum deviation achieves 
3.5%.

2. The reaction rates in the fuel rods situated in the asymptotic 
region of macrocells of X and K91 type calculated with NESSEL-4 and BETTY 
are in the main in a good agreement with measured ones. Marked disagreements 
of the reaction rates is observed only for the fuel rods situated near 
perturbations and the boundary of the fuel assembly: 
- the deviations of reaction rates obtained with NESSEL-4 and BETTY for E n 
lattices achieve 1.57. and 3.0%, respectively;
- the deviations for the fuel rods situated near strong absorbers (B C and

4

Eu 0 ) are less and do not exceed 1% for both codes; 2 3
- underestimation of reaction rates up to 6-7% is observed for the fuel 
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rods situated near water gap in the configuration modeling fuel assembly 
structure. This underestimation is caused by underestimation of neutron 
spectrum softening and neglecting of hexagonal form of the fuel assembly in 
the spectral codes.

Table 4.5.27. Comparison of calculated and measured bucklings.

Lattice Measurement NESSEL-4 BETTY
F-7/1.8* 67.9110.91 68.96 65.22F-7/0.0 78.3510.20 79.59 76. 32D-7 70.9310.20 70.24 68.91E-7/0.0 101.2610.26 103.57 103.41E-7/1.8 89.5410.32 88.95 90.73
K91/H20/0.0 106.1310.37 110.10 114.30
K91/H20/4.0 69.6310.20 70.78 72.83C-5 71.3210.23 71.48 73. 14

* - boron acid concentration in the moderator.

Table 4.5.28. Comparison of calculated and measured power release 
distributions in C macrocell.s

Position Measurement BETTY NESSEL-4

2 0.9187+0.0037 0.9401 0.9338
3 0.996110.0045 0.9946 0.9938
4 0.9880+0.0036 0.9871 0.9867
5 1.0000+0.0043 1.0000 1.0000

Table 4.5.29. Comparison of calculated and measured power release 

distributions in E macrocell.
3

Pozition Measurement BETTY NESSEL-4

2 1.004610.0039 1.0262 1.0386
3 1.000010.0043 1.0000 1.0000
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Table 4.5.30. Comparison of calculated and measured power 
release distributions in D macrocell 7 

(12.7/3.6/0.0 lattice).

Pozition Measurement BETTY NESSEL-4

2 0.900910.0045 0.8924 0.8941
3 0.977310.0057 0.9634 0.9734
4 0.996210.0068 0.9970 0.9967
5 0.966710.0055 0.9610 0.9601
6 0.995110.0088 0.9920 0.9910
7 1.005110.0070 1.0003 1.0002
8 1.000010.0067 1.0000 1.0000

Table 4.5.31. Comparison of calculated and measured power
release distributions in E macrocell 

(12.7/3.6/0.0 lattice).

Table 4.5.32. Comparison of calculated and measured power

Pozition Measurement NESSEL-4 
FLEX

GRACE
SOPHIE

2 1.114910.0045 1. 1040 1.0893
3 1.023210.0050 1.0209 1.0199
4 1.006210.0042 1.0025 1.0023
5 1.033910.0052 1.0315 1.0308
6 - 1.0064 1.0065
7 1.015010.0045 0.9998 0.9998
8 1.000010.0051 1.0000 1.0000

release distributions in E macrocell 7
(12.7/3.6/1.8 lattice).

Pozition Measurement NESSEL-4 
FLEX

GRACE
SOPHIE

2 1.116110.0030 1.1014 1.0849
3 1.031710.0037 1.0203 1.0189
4 1.015810.0043 1.0022 1.0022
5 1.036610.0051 1.0292 1.0319
6 1.025610.0054 1.0060 1.0060
7 1.012710.0030 0.9999 0.9998
8 1.000010.0047 1.0000 1.0000
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Table 4.5.33. Comparison of calculated and measured power 
release distributions in 12. 7/3. 6-K91-4.0 

macrocell.

Pozition Measurement NESSEL-4 BETTY

1 1.0000±0.0080 1.0000 1.0000
2 1.0171+0.0077 1.0076 1.0065
3 1.0467±0.0082 1.0322 1.0324
4 1.0965+0.0086 1.0874 1.0934
5 1.2306±0.0094 1.2539 1.2606
6 1.5398±0.0079 1.5985 1.6954
7 - — —
8 1.0346±0.0067 1.0246 1.0229
9 1.0804+0.0075 1.0662 1.0660
10 1.1717±0.0080 1.1784 1.1869
11 1.4154±0.0068 1.4592 1.4889
12 — - -
13 1.1668+0.0082 1.1584 1.1700
14 1.3866±0.0065 1.3658 1.4077
15 — - -
16 - - -

Microparameters in macrocells
indexes SI [X | and R[^P] rvalues 

W IM IM
different position of the detectors

Disadvantage factors 6 , spectral
2

are compared in Tables 4.5.34-37 for
in the macrocell. These results are

discussed in detail in (Maiorov and Yudkevich, 1988, Szatmary, 1977,
Becker, 1988, Bardos, 1978)). The main conclusions made in these reports 
are given below.

There is about 20% disagreement between measured and calculated with 
all design spectral codes and MCU disadvantage factors in the absorber cell 
in the macrocell D? (see Tables 4.5.35-36). Observed disagreements are so 
big that one can doubt in the reliability of experimental data or their 
treatment (correction for the foils etc.).

In the case of E? macrocell the results of calculations obtained with 
all the codes are in a good agreement with the measurements for all the 
detectors positions with the exception of central. The difference between 
calculated and measured values does not exceed 3%. The measured values for 
the central position are obviously erroneous.

The agreement of the most part of the microparameters measured in the 
fuel rods situated in different positions in the macrocells can be
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estimated as satisfactory.

Table Comparison of epithermal parameters R4.5.34.

Poziti 
on

Code
R Np

Dy. R Ce

F-7 E-7B F-7 E-7B

1

Measur.
BETTY
NESSEL4

4.288±0.087
4.430
4.286

3.810±0.067
3.850
3.767

1.079+0.025
1. 184
1. 184

1.107±0.018
1. 151
1. 156

2

Measur.
BETTY
NESSEL4

3.961±0.071
4. 172
4.058

3.931+0.067
4.035
3.986

1.064±0.018
1. 170
1. 171

1.088±0.017
1. 161
1. 168

3

Measur. 
BETTY 
NESSEL4

3.999+0.074
4.092
3.984

4.035±0.068
4.098
3.997

1.096+0.021
1. 166
1. 167

1.146+0.017
1. 165
1. 169

Asymp.
Measur.
BETTY
NESSEL4

4.014+0.064
4.036
3.896

4. 138
1. 179±0.0U

1. 163
1. 160

1. 167
1. 165

235Table 4.5.35. Disadvantage factors for U detector.

Position
Lattice Code 0 1 2

D-7

Measurement 
BETTY 
NESSEL4 
MCU 
CASHE 
THERMOS

4.59±0.21 1.230+0.013 1.208±0.014
6.908 1.235 1.236
7.89 1.182 1.183
7.71 1.21 1.20
6.38 1.189 1.190
8.105 1.320 1.313

E-7

Measurement 
BETTY 
NESSEL4 
MCU 
CASHE 
THERMOS

1.210±0.012 1.236+0.014 1.197±0.016
0.847 1.239 1.237
0.929 1.190 1.186
0.90 1.21 1.217
0.913 1.193 1.192
0.900 1.303 1.306

F-7
Measurement 
BETTY 
NESSEL4 
MCU

4.59+0.15 1.217+0.011
4.637 1.235
4.90
5.0
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23 9Table 4.5.36. Disadvantage factors for Pu detector.

Lattice Code
Position

0 1 2

Measurement 4.55+0. 18 1. 176+0.01 1.160±0.011
BETTY 8.462 1. 156 1. 151
NESSEL4 9.60 1. 140 1. 143

D-7 MCU 9.52 1. 15 1. 15
CASHE 8.03 1. 152 1. 152
THERMOS 10.09 1. 158 1. 158

Measurement 1.285±0.011 1.160±0.012 1.158±0.013
BETTY 0.863 1. 163 1. 161
NESSEL4 0.945 1. 149 1. 144

E-7 MCU 0.91 1. 16 1. 168
CASHE 0.930 1. 154 1. 153
THERMOS 0.921 1. 163 1. 160

Measurement 5.91+0.19 1.175±0.008 -
BETTY 5.820 1. 157 -
NESSEL4 6.22

F-7 MCU
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Table 4.5.37. Comparison of SI(Pu/U).

L 
a 
t 
t.

Code

Position of the cell / detectors

0 1

Absorber h2o uo
2

H 0
2

Measur. 1.48310.069 1.47210.018 1.471+0.016 1.41310.015

BETTY 1.075 1.320 1.421 1.331
CASMO-HEX 1.11 1.393 1.425 1.380
NESSEL4 1.209 1.474 1.503 1.450

D-7 MCU
THERMOS

1. 15
1.092

1.43 1.48
1.553

1.41

Measur. 1.25510.011 1.33410.013 1.46510.017 1.37410.014

BETTY 1. 187 1.209 1.440 1.353
E-7 CASMO-HEX 1.283 1.307 1.389 1.343

NESSEL4 1.338 1.360 1.450 1.399
MCU
THERMOS

1.29
1.237

1.31 1.42
1.497

1.39

Measur. 1.29210.058 1.66610.018 1.51110.012 1.45810.12

F-7
BETTY 
CASMO-HEX 
NESSEL4
MCU 
THERMOS

1. 142

1.179
1.20 

____________

1.433

1.496

1.423 1.334

Table 4.5.37. (Continued)

L 
a 
t 
t 
i 
c 
e

Code

Position of the cell/detec.

2

UO
2

H 0
2

D-7

Measur.
BETTY 
CASMO-HEX 
NESSEL4 
MCU 
THERMOS

1.48710.015
1.428
1.421
1.488
1.466
1.553

1.42210.014
1.339
1.375
1.434

E-7
BETTY 
CASMO-HEX 
NESSEL4
MCU 
THERMOS

1.48710.019
1.436
1.409
1.480

1.521

1.43810.01
1.347
1.363
1.428
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4. 5. 6 Analysis of depletion experiments

Comparison of calculated and measured isotopic composition of spent 
fuel is the final stage in the validation efforts. Such a comparison gives 
information about code accuracy in reference to conditions of real power 
operation.

Data of isotopic compositions measurements, as a rule, are more 
difficult to interpret in comparison with data of criticals. There are many 
reasons for this: possible uncertainty of some parameters (The UO^ 
temperature, for example), possible influence of operation history on 
isotopic composition, relatively low accuracy of some isotopes measurements 
and so on.

Two series of depletion experiments were treated within the framework 
of TIC activities - measurements performed with fuel of reactors of 
WWER-440 type (Zelenkov et al, 1981) and the YANKEE reactor (Nodvic, 1969). 
Destructive analysis of WWER-440 spent fuel were performed for fuel pellets 
removed from regions with both asymptotic and nonasymptotic neutron 
spectra. The last case requires the use of codes which allow the real 
geometry of the fuel assembly to be modelled taking into account its 
nearest environment.

The measurements described in (Nodvic, 1969) are characterized by 
choosing fuel pellets from regions with asymptotic spectrum, a great number 
of investigated samples, and the performing of independent measurements in 
a various laboratories. The detailed analysis of series of measurements 
were carried out with NESSEL-4 is described in (Heinrich, 1986).

Calculations of spent fuel isotopic composition are usually carried 
out for a fuel cell or fuel assembly configurations using the fuel lattice 
characteristics averaged over the time (T , y , power density and so 

2 2°
on) under the supposition that taking into account of their real time 
dependence practically does not influence the calculation results.

The validity of this approach was studied by Heinrich (KKAB Berlin). 
This question is also considered in (Becker, 1983) where problems of fuel 
temperature uncertainty and accuracy of neutron spectrum modelling in the 
Investigated samples are investigated.

Similar investigations related to measurements with WWER-440 spent 
fuel were performed in the Kurchatov Institute (Moscow). The calculations 
were carried out with the use of the codes: UNIRASOS-2, BIPR-7 (3D 

260



CHAPTER 4

coarse-mesh simulator), PERMAK (2D fine-mesh simulator) (Novikov et al., 
1989). BIPR-7 and PERMAK were used for imitation of investigated assembly 
real operation history and computation of power density, water density, 
fast to thermal flux ratio, moderator temperature at the positions of 
removed fuel road samples. The obtained values of the above listed 
parameters as a function of time were then input into UNIRASOS-2 to 

calculate the isotopic composition of the samples.
Calculations have shown that a detailed modelling of operation history 

lead to a marked change of the results compared with those obtained by the 
simplest way (calculation of isolated fuel assembly with average 
parameters). For example, 235U number density in the sample from asymptotic 
region was changed by 2-2.5%. This result agrees well with the conclusions 
in (Becker, 1983). The last allows one to infer that comparison of 
calculated and measured data for WWER-440 spent fuel should be performed 

under detailed modelling of real burnup conditions.
In this connection a procedure of interpretation of the measurements 

described in (Nodvik, 1969) seems more simple because it allows one to be 
limited by carring out the uniform lattice calculations. An important 
advantage of these measurements is also the great number of investigated 
samples which provides a possibility of statistical treatment of the 

results.
Before discussing of calculated and measured data comparison it is 

worth noting that NESSEL-4 results are given in (Becker, 1983) mainly in 
graphic form that does not allow them to be directly included into the 
consideration. Therfore we limit ourselves by their qualitative 

description.
Figures 4.13-4.15 compare calculated values of uranium and plutonium 

isotopes number densities obtained with UNIRASOS-2, RAFORIN,BETTY-2 with 
the measured ones. Measurement data were treated by statistical methods and 
are presented In the form of expected value and confidence intervals. An 
algorithm of statistical treatment and Its results are given in (Spoden and 

Moltzan, 1990).
It should be noted that in order to avoid uncertainties connected with 

experimental errors the others parameters are very often used Instead of 

burnup as a characteristic of Irradiation time.
For example, It Is Is suggested that parameter r determined as

In N® In N®
T = -----_— - — 

In N In N®
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be used in (Heinrich, 1986). 
58 58 235 238Here N ’ ,Nq’ are U, U nuclear densities at the arbitrary and 

zero burnup points.
Calculations have shown that use of this parameter does not lead to 

essential change of discripancies between calculated and measured number 
densities.

The number densities of U and U are compared in Fig.4.13. This 
figure demonstrates good agreement of RAFORIN and BETTY-2 results with 
measured data. Both codes tend to slightly underprediction of 23SU density 

with burnup growth. The UNIRASOS-2 slightly underpredicts number density of 
235U in a whole burnup interval. The difference between the UNIRASOS-2 and 
RAFORIN results may be explained in two ways, viz.: different 
thermalization models used in these codes and some differences in 
approximations used for calculations in the resonance energy range.
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Comparison of 235U number densities at 24 Mwd/kgU burnup point 

obtained with BETTY-2, RAFORIN and NESSEL-4 shows that they are in good 
agreement. Like UNIRASOS-2, NESSEL-4 also tends to slightly underestimate 
the density of this isotope at high burnups.

Number densities of 23BU calculated by all three codes are in 

surprising agreement with measured values which, as is seen from Fig 4. 13, 
are scattered in wide limits.

Number densities Pu and Pu are compared in Fig. 4.14. As in the 
previous cases RAFORIN and BETTY-2 results are very close to the expected 
value. At the final burnup point the difference between densities 
calculated with these codes is less than 3%. The UNIRASOS-2 results are 
within the confidence interval. This code underestimates the number density 
of 239Pu by ~3% at final burnup point relative to the expected value. The 

results of NESSEL-4 also lie within the confidence interval and are in good 
agreement with expected values. 

4 0A less happy situation is observed for Pu . In this case only RAFORIN 
results agree with measured data. BETTY-2 and UNIRASOS-2 significantly 
overpredict the density of this isotope. In the previous section it was 

24 0pointed out that in a wide lattice the Pu capture rate was underpedicted 
by UNIRASOS-2 and could thus cause an overeprediction of its density under 
burnup. It was*also concluded that modifications of the algorithm used for 
self-shielded cross-section calculations realized in RAFORIN allowed one to 
avoid this inaccuracy. Thus, the UNIRASOS-2 and RAFORIN results are in full 
conformity with data of numerical benchmarking. The results obtained with 
BETTY-2 can probably also be explained by unaccuracy of calculation of 
24°Pu lowest resonance self-shielding which is included in the thermal 

energy region in this code.
Number densities of 241Pu and 242Pu are compared in Fig.4.15. The 

calculated values of 241Pu number densities obtained with all codes are 

within the confidence intervals. The RAFORIN and BETTY-2 densities are 
somewhat higher than the expected values. The BETTY-2 results are 

2 4 0apparently due to overestimation of Pu density. UNIRASOS-2 appears to 
24 1 overestimate the absorption rate produced by Pu. 

24 2Figure 4.15 demonstrates good agreement between measured Pu number 
densities and those computed with BETTY-2. The RAFORIN results are 
noticeably higher than the expected values and are outside of the 
confidence interval at high burnup that seems to be connected with slight 

2 41overprediction of Pu density. The results of NESSEL-4, as it follows 
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from (Becker, 1983), are in sufficient agreement with measurements for both 

isotopes.
Thus, we can summarize the results of depletion benchmarking by making 

the following conclusions:
- the design codes RAFORIN, UNIRASOS-2, BETTY-2 and NESSEL-4 provide 

sufficiently good agreement from practical point of view with measurement 

data for most uranium and plutonium isotopes;
- some consistent trends are observed from analysing the results of 

numerical and depletion benchmarking;
- to improve the accuracy of depletion calculations - especially for 

lattices with MOX fuel - the main consideration should be to ensure the
240 242correct treatment of the ’ Pu lowest resonances.
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5. FINE MESH DIFFUSION CODES

G. Aghte (sect. 5.7.2), T. Apostolov (sect. 5.3),
R. Becker (sect. 5.7.2), V. Lebedev (sect. 5.4),

V. Lelek (sect. 5.3, 5.8),
M. Lizorkin (sect. 5.2,- 5.6, 5.7.1)

5.1 INTRODUCTION

The so called fine mesh diffusion codes are employed for pin by pin 
power distribution calculations in WWERs. Usually every hexagonal cell 
with the size corresponding to a fuel rod lattice step is presented as one 
calculational point in such codes. In code packages for WWER core 
calculations the fine mesh codes are used together with 3D coarse mesh core 
simulator codes, which consider the fuel assembly as an elementary cell. 
When core design calculations are carried out, the fine mesh codes give 
information about the fuel pin power peaking factor and its dependence on 
core burnup and outer parameters variations. This information is needed for 
core safety analysis. Results of fine mesh calculations are also used for 
treating data of the in-core monitoring system and for verifying coarse 
mesh codes. The significance of the problems mentioned above requires high 
accuracy of fine mesh codes. Accuracy improvement and development of fine 
mesh codes was one of the main tasks solved by TIC experts. Experimental 
data obtained by TIC experts on the ZR-6 critical facility were a good 
basis for the verification of fine mesh codes.

Fine mesh codes are traditionally based on the following approaches:
a) The cells of the real heterogeneous lattice previously should be 

homogenized;
b) Few group neutron diffusion parameters of homogenized cells should 

be calculated for each cell type using one of the spectral codes described 

in Chapter 4;
c) The flux distribution is assumed to be described by a few group 

diffusion equation in homogenized cells and In the whole core;
d) The neutron spectrum is divided into energetic groups (usually from 

two up to four) and as a rule only one group of thermal neutrons is 
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selected;
e) Differential diffusion equations are usually solved using the 

simplest finite difference approximation in which one calculational point 
corresponds to one cell;

f) As a rule it is assumed that the WWER core may be described by a 
regular hexagonal lattice. Naturally the fuel pins form a regular lattice 
in WWER fuel assemblies. But the regular hexagonal mesh cannot be kept on 
the whole core exactly because of the gaps between assemblies are not 
described by hexagonal cells with the exactly same size. Therefore some 
corrections of equations or neutron diffusion parameters for such cells 
have been inserted in most of the fine mesh codes.

A short description of the main features of fine mesh codes developed 
by TIC experts will be given in Section 5.6.

In the described formulation the fine mesh problem is reduced to 
solving a system of linear equations which includes from several hundreds 
up to tens of thousands of equations (depending on core size). These 
equations represent the finite difference form of the diffusion equation 
for a set of adjacent hexagonal prisms with known few group neutron 
diffusion parameters. The computational methods of problems with a large 
number of equations were also devploped and investigated by TIC experts.

For a general estimation of fine mesh codes accuracy there is a 
necessity to estimate the inaccuracy of all approximations which have been 
done during the fine mesh algorithm elaboration.

The least proved of the traditionally used fine mesh approximations is 
the approximation in which the method of cell homogenization and asymptotic 
neutron diffusion parameters are employed for nonuniform lattices 
calculations. Obviously that neutron spectrum in the given cell type 
depends on the properties of the surrounding cells and non-dlffusional 
effects can be significant on cell boundaries. Up to the beginning of the 
TIC cooperation the method of homogenization was proved only for uniform 
lattices and small flux gradients. Its accuracy for nonuniform lattices 
needed additional verification. Therefore one of the main TIC tasks was to 
check the approximations a), b), c) and to elaborate algorithms taking 
into account the more accurate definition of these hypotheses.

The second main task was the mutual verification of codes based on the 
simplest finite difference equations with one point per cell. A set of 
WWER type numerical benchmarks was elaborated and solved for such 
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verification.
The following problems are mathematical problems. The simplest finite 

difference equations provide high calculational accuracy for a fine mesh 
size step that is significantly less than the neutron diffusion length. In 
the opposite' case the problem was to fix the limits of the simplest finite 
difference equation applicability and to elaborate more complicated neutron 
balance equations. Acceleration of the iterative procedures was also 
significant problem.

Mutual validation was the next main development stage of fine mesh 
codes. The global criterion concerning quality of fine mesh codes is the 
agreement of calculational results with those from precision code 
calculations and experimental data. Comparisons with experimental data are 
less convenient because the uncertainty of nuclear data may tend to 
inaccuracy which is inconsistent with the used mathematical approximations. 
Nevertheless, validation based on experimental data was mainly used by TIC 
experts. From the point of view of validating global fine mesh codes, 
measurements on the ZR-6 critical facility have given significant and 
qualitative data because the critical conditions, the fuel pin activation 
and reaction rates for some types of detectors were measured in a great 
number of core configurations.

This chapter surveys the main fine mesh methods and codes which were 
developed and are used in those institutions working together as part of 
the TIC. As an example some calculational results obtained with different 
codes are compared with the experimental data. Modifications of 
homogenization theory based on the finite difference method for taking 
into account the spectrum deformation in nonuniform lattice are described.

5.2 SIMPLEST FINITE DIFFERENCE PRESENTATION OF THE DIFFUSION EQUATION

In a few group diffusion approximation the neutron flux distribution 
in any region with given boundary conditions is described as follows:

-divD (r) grad® (r) + E (r) E (r) ® (r)=S (r) (5.2.1)

In equation (5.2.1), k is the energetic group number, Sk is the neutron 

source for group k:
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ef f
J=1 J=1

where is the number of energetic groups, is the share of fission 

neutrons ejected in the energetic group k, uZ is the neutron production 
J->k f

cross section , Z^ is the neutron removal cross section from group j 
into group k, is the eigenvalue.

On boundaries of subregions or cells with different neutron diffusion 
parameters, to equations (5.2.1) should be added the neutron flux $ and 
current DVi continuity conditions. On the outer region surface some kind of 
boundary condition should be satisfied. For example

V $ + 0 $ = 0, 
n

where means the normal gradient of the neutron flux. By means of a 
hexagonal net the calculational region is divided into hexagonal cells in 
such a way that for each of them, the diffusion properties should be 
constant in the inner cell space (homogeneous or homogenized cells) and the 
size of cells should be significantly less than one neutron diffusion 
length. Taking into account continuity conditions, equation (5.2.1) may be 
rewritten for a two dimensional case as a system of algebraic equations

. 6 Dk Dk
4 „ 0 1 kk k k k 2 k k

T L T----7 (Oo“ ®. > + A + z „ + D „ B ) ® = S (5.2.3)
3h D* + D* 0 1 a0 s0 zOzo o

1=1 o i

Index o means given cell, index i means surrounding cells, h is the cell 
size, Dk is the radial diffusion coefficient, ZkQ is the absorption cross 

section, Z is the removal cross section into other groups, Dk is the 
2 z0

axial diffusion coefficient, B is the axial buckling. The term Dk B2 is 
z zO zincluded in the neutron balance to take the axial leakage into account.

For calculations of axially uniform cores similar to ZR-6, it is 
enough to solve two dimensional problems by taking into account the axial 
leakage by using a known axial buckling. In the other cases the three 
dimensional fine mesh codes should be employed or axial buckling of core 
subregions should be taken from 3D coarse mesh calculations.

Usually a radial reflector is included in the fine mesh calculational 
region. In view of this, the boundary conditions on the outer reflector 
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surface have no great importance. As a rule, the condition of zero flux 
(/3=oo) on the outer reflector boundary is assumed.

In calculations of WWER type core and of ZR-6 critical facility, it is 
convenient to take into account the core symmetry. There are some types of 
rotation or reflecting symmetries for which the azimuthal sector of the 
core with angles 30, 60 or 180 degrees is repeated 12, 6 or 2 times, 
accordingly. In these cases it is enough to calculate only one of the 
symmetry sectors. The condition of neutron reflection on symmetry axes 
should be used for reflecting symmetry. For rotation symmetry the 
corresponding cells which are positioned on different axes should be 
considered as Joined cells.

Borresen scheme. In some of fine mesh codes, which were developed in 
TIC, the so called Borresen scheme was employed for simplifying the 
numerical solution. The Borresen scheme (Borresen , 1973) involves the 
simplification of expression (5.2.3) using the approximate equality

Substitution of (5.2.4) in (5.2.2) with the following replacement of 
unknowns by

T k 
i 

= ---- (5.2.5)
1 /—

V 1

gives an equation system for which only one element from each line of 
matrix should be stored in the memory (for the (5.2.3) system, six elements 
should be stored). Thus, this scheme has a less computer memory 
requirement. The number of mathematical operations per cell in iterations 
is also less than for the (5.2.3) scheme. It should be mentioned that 

k kapproximation (5.2.4) is sufficiently correct only if Dq and D( do not 
differ significantly.

Features of neutron balance equation for irregular lattices in gaps 
between fuel assemblies are described in reports [556, 561, 562] and in 
Section 5.3.

The simplest method for taking into account lattice irregularity is 
the use of the so called compression factor. In this method the real 
irregular cells between assemblies are replaced by hexagonal cells 
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corresponding to a regular hexagonal Inner assembly lattice. Neutron cross 
sections of such cells are multiplied by the compression factor which is 
equal to the ratio of volumes of irregular and regular cells. In this case 
for the same flux level the reaction rates are preserved in irregular cells 
and their contributions to core neutron balance are approximately kept.

It should be mentioned that all ZR-6 configurations can be described 
by a regular hexagonal net.
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5.3 FINITE DIFFERENCE EQUATION FOR IRREGULAR MESH [561]

Equation (5.2.3) is derived on the assumption that the core is 
presented as a set of regular hexagonal homogeneous cells. However in the 
WWER core the regularity of cells is violated for cells positioned in gaps 
between fuel assemblies. To take into account the influence of this on the 
accuracy of the model, the following neutron balance equation form can be 
used.

Let us consider the group diffusion equation:

-divD grad0 + 20 = F

where F is the right side of (5.2.1) and the group index is omitted.

(5.3.1)

Integrating (5.3.1) on elementary cell R^ and using Green’s theorem
one can obtain:

D o
r(R )o

S(x,y)0(x,y)dxdy = F(x,y)dxdy

R Ro o

(5.3.2)

Let us present double integrals as:

S(x,y)0(x,y)dxdy » Eq 0(x,y)dxdy

(5.3.3)

= S p(R ) -4-t 
o o u(R ) o

<t>(x, y)dxdy

R o

= V(RO^O

where
- average value of S(x,y);

0o - average value of 0(x,y);
p.(R ) - area of R . o o

Let us approximate the diffusion member of (5.3.2) using average 
values:

90 , . .= a 0 + a 09n oo vD o (5.3.4)

and let us define a and a o in such a manner that (5.3.4) will be true for
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some special choice of 0(x,y) satisfying continuity conditions. Let us
write the continuity condition for x=a as:

0(x, y)
8 +8

1 2

x-a 
TT o
x-a

for

for

x£a

x^a
(5.3.5)

3 +6 
2

D

where a is the distance from the origin of the coordinate system to the 
centre of border R between cells R and R

01 0 1
Taking into account that (5.3.4) should be satisfied for arbitrary 3

and 8? one can obtain for a:

a + a = 0 o i

where:

3 3Qi ' 10
D Do i

(5.3.6)

0O1
j"(x-a)dxdy

(5.3.7)

0io
j'(x-a)dxdy

Taking into account (5.3.4) and (5.3.6) one can write the balance 
equation as:

I 1q1 (5-3.8)

Di o i

where: I - number of neighbouring cells;
Ro " the cell under consideration;
Rj ’ • ■ ■ Rj - neighbouring cells;
1 = ~ length of border between R and R • ui o 1
3Qi - is defined by (5.3.7);
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F = 1
’ g(Ro) F(x,y)dxdy - source.

R o

For a regular mesh, balance equation (5.3.8) transforms to 
traditional form (5.2.3).

For example, values of p, (3 and 1 are presented below for the 
corresponding to Figure 5.1

R
1 =1 =h ; 1 =1 =1 =-£; 1. .=R..;

32 12 S 43 24 40 V3 1J JI

P24=(2hO+hh]/4; ^34=[3hO+2hh]/6’ ^K^h]76''

3 =h /2; M =p =h2 p =p =h2 + h h ;
‘ 04 O O 4 O 2 1 2 O 2 O 3 v3

its

case

Figure 5.1 Irregular mesh for assembly gap
h - regular mesh step; o
h - assembly shift compared to regular mesh.
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Using (5.3.8) one can write the balance equation similar to (5.2.1) In

the final form:

\ ---- -------  U -0. + u S <t>4 3oi 3io I °’g 1’gJ ° °’g 0>g
1 = 1 D + Eh

o,g i,g

(5.3.10)
g-1 N

Mo / £o,k^g ^o,k + K Zo,g / . ^Zfjo,k ^o,k 
k^l eff k=l

where: g=l,2.... N is the group index.
The simplified form of the equation taking into account mesh 

irregularity can be obtained using a compression factor, 1. e.:

where: is an irregular cell area;
V is a regular cell area.

Parameters with the tilde are used as effective parameters in 
traditional balance equations.

Some different effective balance schemes with different definitions of 
effective diffusion coefficient for irregular mesh were developed since the 
results in some cases were not satisfactory (Lelek and Vanichek, 1980). The 
derivation of schemes was based on two main principles:
a) using only geometrical correction for the diffusion coefficient without 
a modification of the properties of the given and of the surrounding cells;
b) attempting to keep exactly the balance relation:

f D ds = D f 
(v.) dn (V)

where: (V. ) means real irregular cell;
(V) regular cell.

30
3n ds

Averaging of diffusion coefficient on cell perimeter.
Keeping currents continuous one can obtain:
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P
D = D p- 

where: P. - perimeter of irregular cell;
P - perimeter of regular cell.

Only a small improvement in the calculattonal results was

(5.3.12)

obtained

using (5.3.12).
Geometrical
In (5.3.10)

weighting factor for the diffusion coefficient, 
approximation of differential operator can be rewritten

as:

^oi
D o

^i
^10 

+ D.
i

1
=

Do P ^i
3 3- 1 io

(5.3.13)

D. 3 1 .
1 01

1 without indexes are the corresponding parameters of thewhere 3 and 
regular cell. The following expressions are suggested for effective

diffusion coefficient:

Ji 3 1 ■
V — D 

1 °
1=1

(5.3.14)

or

1=1

3 1 ■
_____— i3,1 oi

01

(5.3.15)

The inverse diffusion

L 1q1
1=1

coefficient can be averaged:

D = o

D o

1
6

6

6
Do

6
6
6o

3 ■ 101
0 1 .

01

(5.3.16)

The methods considered here are used in some of the TIC codes.
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5.4. ITERATIVE METHODS

In codes for solving the system of equations (5.2.2)-(5.2.3), 
developed in TIC-countries, mostly a 2-cyclic iterative method, generally 
consisted of an inner iteration for determining neutron fluxes in groups 
and an outer iteration for calculating the fission source and keff- 
used. For the described type of problems, where the number of equations may 
reach thousands or even tens of thousands, the most important task is to 
achieve rapid convergence of the iterative process because of the 
otherwise huge computation time requirement. For this reason, in addition 
to the need to improve the physical model utilized in the codes, the 
convergence acceleration methods are of great importance.

The over-relaxation method is used in TIC-codes to accelerate 
convergence of inner iterations. Additionally the methods of factorization 
AGA and EVA (Woznitski, 1973), Chebyshev’s methods, Lyusternik’s methods 
and Sheldon’s methods with Chebyshev’s parameters are used.

Different modifications of Chebyshev’s method (Marchuk, Lebedev 
1981), (Zikova and Lelek 1983) are used in practice to accelerate outer 
iterations.

To describe the iterative methods let us rewrite the system of 
diffusion equations in the form:

9-1
A = V B 0 + 3— s W (5.4.1)

S (0) = ) c 0 (5.4.2)
9 / . 91 1

1 =1
9 = 1,2,. . . ,N.

Matrices describe such effects:
A - diffusion and absorption, group g;

9
B - removing from 1 to g group;

1 9
C - fission.g 1
Let us choose 0<o) as an initial vector. We use the following scheme for 

the outer iterations:
9-1

A 0n+1/2 = V B 0n*1/Z + S (4>n) (5.4.3)
9 9 /. 19 1 9

1 = 1

9 9 L '9 1 keff. 9
1=1 

where
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g=l,2, . . . N; n=0,1....  
where 3 are parameters for accelerating convergence, 

n +1
y are some normalizing multipliers.

To realize the method (5. 4. 3)-(5.4.5) In each group we need to find the 

solution of equations
. . — w a—12 N (5.4.6)
A $ — b , g— 1 » • • • » w > 

9 9 9

with known right-hand sides b .
Let us refer to iterations (5. 4. 3)-(5. 4. 5) as outer, and the 

iterations for resolving of the equations (5.4.6) as inner.
We describe in detail only the methods that are used in the codes of 

TIC-countries. The relationships between the outer iterations and the 
approximate solution of the system (5.4.6) obtained from inner iterations 
is set by the accuracy condition. For each outer iteration the number of 

inner iterations may be defined by:
a) the given accuracy of the solution of equations;
b) the condition, in which the norm of the initial error is 

reduced to given proportion;
c) to be fixed.
In cases b) and c) it is assumed that the initial approximation in 

inner iterations is chosen so that it converges to the solution of the 

task.
Based on suggestions (Lelek, 1975) the accuracy of outer iterations is 

usually determined by

%ns I ■ *1 I’
where multipliers a depend on the rate of convergence of the outer 
Iterations and are calculated on the basis of analytic evaluations or of 

numerical experiment.
a) Inner iterations.
The number of equations in system (5.4.6) can be up to several tens of 

thousands. For this reason only iteration methods of resolving were 
realized in practice. With regard to the particular problem (variating 
coefficients, hexagonal grids, nonstandard regions) iterative methods 
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convenient for realization were applied. The method of over relaxation 
(SOR) is the basic method of such kind.

A+l _ J.k . G ,k+l ...k . 1 ,k0 = 0 + w D L0 + U0 + b -0

where for the given order of grid’s nodes
A = D - U - L
L - lower triangular matrix;
U - upper triangular matrix;
D - diagonal matrix;

(5.4.7)

u - relaxation parameter.
We use the index of group g and the index of outer iterations k in 

formula (5.4.7). Matrix R(w)=(D-wL) ^(l-w)D+wllj is the transition operator 

in method (5.4.7).
The choice of relaxation parameter o depends on matrix A. For square 

and cubic grids A is a 2-cyclic matrix and the optimal u is determined 
exactly

(5.4.8)

where pp( 1)J - spectral radius of the matrix R(l).

For a hexagonal grid and a 7-point scheme matrix A is not a 2-cyclic 
matrix . In this case the u calculated by formula (5.4.8) is not the 
optimal one, however iterative process is accelerated with that value of u. 
The value u from (5.4.8) is usually used. Alternatively the certain 
parameter characterizing the convergence rate is introduced, and the w 
value is changed in outer and inner iterations to achieve the optimal rate.

For example, p^R(l)^ may be evaluated in the first outer iteration. If 

one wishes to carry out the first inner iteration in each group by the
Gauss-Seydel’s method (formula (5.4.7) with u=l), then

linX-^ll
H ,k - 1 ,k-2k-Xn||0 ~(p

(5.4.9)

The accuracy of calculation p by (5.4.9) is small but sufficient for 
determining of u.

There are more complex algorithms such as the methods of factorization 
AGA and EVA (Woznitski, 1973), (Woznicki, 1979),(Woznlcki,1983), 
line-relaxation method SLOR, Chebyshev’s methods (Marchuk, Lebedev 1981), 
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alternating-direction methods with alternating parameters (Marchuk, Lebedev 
1981), (Shishkov, 1976), Sheldon’s method with Chebyshev’s acceleration 
(SSOR + Chebyshev’s acceleration) (Lebedev, 1985).

Let us discuss the last method in detail because:
a) for equations with very large number of unknowns this method has
better asymptotic convergence rate than that of the SOR-method if the
optimal values of parameters sire utilised.
b) the codes in which SOR is realized with utilising simple reordering 
of unknowns can easily be transformed into corresponding codes
employing the method discussed.
Thus, let us write the modification of Sheldon’s method with 

k +1Chebyshev’s parameters in the following form. Approximation 0 is defined
by the scheme

.k+1/3 ,k0 =0 + u D (5.4.10)

(5.4. 11)

(5.4. 12)

(5.4.13)

k=0, 1,2....
Here w (l<w<2) and q (Osq^l) are the fixed parameters, and w^elO.l] are
members of infinite T-sequence (Marchuk, Lebedev 1981).

The members of that sequence are such that the values cosc^
1 = 1,2.... 3r, r=0, 1..... are the roots of Chebyshev’s polynomials of the
first kind T (x), which are taken in some special order to provide the r

3

stability of iterations.
Equations (5.4.10) correspond to the formulae of the SOR-method, when

the unknowns are taken in the normal order. Equation (5.4.11) corresponds 
to the formulas of the SOR-method, when the unknowns are taken in reverse 
order, that is easy to realize in a code. Equations (5.4.12) and (5.4.13) 
are usual equations for correction with Chebyshev’s parameters.

The method requires storage of two arrays of unknowns in the memory. 
The cost of one iteration for method (5.4.10)- (5.4.13) is approximately 
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twice as much as the one in the SOR-method. The optimal values of 
parameters o and q in each group are determined by a numerical experiment 
for resolving special model problems.

It should be noted another important property of method 
(5.4.10)-(5.4.13): the transition matrix of method (5.4.10)- (5.4.11) is 
symmetric and positive. It has a good influence on the convergence of outer 
iterations.

In PERMAK-Y code the set is taken as the first 36 members of the 
1

T-sequence corresponding to the roots of T (x) for u . The cosw n are 
36 k k

values of the periodically continued array of 36 numbers:
0.; 0.866025404; -0.866025404; 0.6427876097; -0.6427876097;

0.342020143; -0.342020143; 0.9848077530; 0.4487991802;
-0.448799180; 0.802123192; -0.8021231927; 0.9579895123;
-0.957989512; 0.549508978; -0.5495089780; 0.1160929141;
-0.116092914; 0.918216106; -0.9182161068; 0.7273736415;
-0.727373641; 0.230615870; -0.2306158707; 0.9983081582;
-0.998308158; -0.999048221; 0.5372996083; -0.5372996083;
0.843391445; -0.843391445; 0.4617486132; -0.4617486132; 
0.887010833; -0.887010833

For further acceleration of iterations the idea of the KP-method 
(Marchuk, Lebedev 1981) may be used.

Let be the exact, 0 an approximate solution (5.4.6). Let w=^-^ 
denote the error of the approximate solution. Then this error satisfies the 
system of equations:

Agw = r (5.4. 14)

where r=A^0-b^ is the residual. Let us replace the equation for the error 
by the simpler equation:

Bu=r (5.4.15)
in which matrix B is "close" to matrix A, but is much simpler. Then i)»w 
and, consequently, for the new approximation we may take function 
determined by the formula:

0 = 0 + 74 (5.4. 16)
where parameter y either equals 1, or changes from iteration to iteration.

As simple model problems it is usually considered ones which may be 
solved with using well converging iterative methods. For example, It may be 
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the problem of solving the grid equations for the coarse grid or for more 
uniform reactor, than real one (on the condition that the number of grid 

points is conserved).
The last approach was used in PERMAK-Y code (Lizorkin, Kourchenkova, 

Lebedev, 1988) in which equations (5.4.15) are solved by the method 
(5 4. 10)-(5.4.13)• As it turned out, in method (5.4.10)-(5.4.13) the 
optimal parameters u and q obtained from solving the model problem (5.4.15) 
provided a good convergence of iterations for all variants of WWER 

problems, because the simple problem was a well chosen.
In PERMAK-Y code the optimal values of parameters o and q for each 

group are as follows:

b) Outer iterations.
Let us rewrite the equation (5.4.1) in the form :

P0 = k 0 (5- 4-171
eff

where P=(A-B)-1S. Equation (5.4.17) is the equation for the largest 
eigenvalue of operator P. Let us assume that the spectrum of operator P 
(with the exception of \=keff) lies in an ellipse with the foci at the 
points of the real axes m, M, and the point keff not belonging to that 
ellipse. To determine an eigenfunction of equation (5.4.17) the two 
algorithms using Chebyshev’s polynomials can be considered.
1) The method using only one previous approximation (Marchuk, Lebedev 
1981). This is determined by Eqs. (5.4.3)-(5.4.5), and it may be written in

the form:
[p*“ - w] <5'4'18’

where 3 represents some iterative sequence.
The* operator S and, therefore, operator P usually have a 

multidimensional kernel (e.g. a set of eigenvectors corresponding to the 
zero eigenvalue). Thus point A=0 is the P operator eigenvalue of a large 
multiplicity. Moreover, the difference approximation to P (or corresponding
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to operator realized by the inner it prat7 vne inner iterations. P0 ) may have a small in 
modulus complex eigenvalues That u .genvaiues. mat is why it is appropriate for an iterative 
process to be supplemented periodically by iterations (5.4.18) with (3 =0.

As is usually assumed, the spectrum of P is real and nonnegat i ve^so

(5.4.19)
Let the eigenfunctions .... correspond to eigenvalues A ,
A2.... 1

In order to accelerate the iterations let us construct a polynomial 
P](A) of degree 1, that satisfies the following conditions:

Pj(0)=0, P (A )=1.
Let TJx) be a degree 1 Chebyshev’s polynomial of the first kind; its 

roots are the numbers:
. __ 2k-1 k=1>2..... i-

Then the polynomials are defined as follows 

where

and their roots are:

V°’ V^M+m-fM-mltJ/U+tJ. (5.4.20)

1 27, and P2s-02g=O. Utilising the sequence of 0 (5.4.20),
k-1.... 29’ and method (5.4.18) we construct a cycle with period 29. Under

that we assume, that =0 , q=0, ^=0, and the next is taken from the

sequence ,k=2.....27 in order to provide stability of calculation.
For discussed iterative method it is taken into account possible 

situating the spectrum in the neighbourhood of 0. Thus the errors 
corresponding both to the kernel of operator P and to the eigenfunctions 
associated with the eigenvalues belonging to (-A tg2— A ] are diminished 

108 2 
regularly (every 9-10 iterations).

Let A^l, then the method will be convergent, if the spectrum of P 
(with the„exception of A, ) lies on an ellipse with the foci at the points 
m”A2tg “s’ and if ^e point (^,0) lies on that ellipse.

In the PERMAK code the following array of parameters t , k=l, 30 
is used: k ’ ’
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1., o., 0.866025404, -0.866025404,
0.6427876097, -0.6427876097, 0.342020143, -0.342020143,
0.9848077530, -0.9848077530, 1., -0.11609291412,
0.4487991802, -0.4487991802, 0.802123192, -0.80212319276,
0.9579895123, -0.9579895123, 0.549508978, -0.54950897808,
1- , 0.1160929141, 0.918216106, -0.91821610688,
0.7273736415, -0.727373641, 0.230615807, -0.2306158074,
-0.9983081582, 0.99830815828

The values of ft are calculated by formula (5.4.20) with utilising k
the t^ parameter array. Here 3^=0 corresponds to t =1, and other t^ values 
are taken in the corresponding order.

2) The method using two previous iterations.
We consider it when assumptions (5.4.19) holds. Then let:

4>n+1 = a P<t>" - ft (5.4.21)
n +1 n +1 I

2where 0 =0, a = -- r, and <r=X /X is so called "dominance ratio".i 1 (2-<r) 2 1
and:

Method (5.4.21) requires that vectors 0n, 1 be stored in the memory .

To use methods (5.4.18), (5.4.21) effectively we need good
evaluations for X and X /X . It is difficult to obtain these evaluations 

2 2 1
beforehand. Some simple and rough approaches are:

- to determine X^ and X^ from some geometric approach,
- to solve the problem corresponding to homogenized model in advance,
- to use Bauer’s iterations to determine and Xj, X^ from the
solution of the corresponding problem with the rough grid (Apokorina, 
Knyazev, 1986).
Operator P is not a self-adjoint operator. To determine X^ and X^ we 

apply the method of moments, associated with using linear functionals. Let 
lk(<p), k=l,m be a 11 ne-independent system of linear functionals and the 
eigenfunctions do not belong to their kernels. Then taking fixed value 
X2<X 2the first iterations are performed with using this value by means of
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Eqs. (5.4.18) and (5.4.21) with ^2=^2> and with calculating the values 
ra 1)- Here k=l,...,m.

Approximating 0 by the members containing functions y , <p , . . . , <p , we 
obtain the system of the moment equations to determine an approximate 
values of A , A :

1 2

m
£ B?J = Ckj’ (5.4.22)

1=1
where J= 1, . . . ,m; k=0, 1.... m.

In this system the coefficients C^=lk(0n + J) are known. They are 
calculated by utilising the linear functionals and the 0^ parameters. As 
may be shown, the values (A^ i=l,...,m) are the roots of the certain 
algebraic equation of degree m. Thus, having determined exactly the value 
of A we continue the iterative process with that value of A The A 

, 2 1value is also calculated from Eqs.(5.4.22).
PERMAK-Y code algorithm. In PERMAK-Y code m=4 was taken. The 

calculations show that for the individual iterations (5.4.18), (5.4.21) A 
(the solutions of system (5.4.22)) may be complex or negative. However it 
influences weakly determination of the main eigenvalue.

The grid points are reordered in the following way. From the set of 
the points we remove those in which the fission source S equals 0. The 
other points are renumerated , saving the same order of points.

Let us define the linear functionals in the form:
nt NT

11(0)=A(S)=^ SiAj , l2(0)=d(S) = ^ S^,

1=1 1=1
NT NT

1 (0)=C(S)=V SC, 1 (0)=f(S)=V S F , 
, 1 i 4 / 1 1

1=1 1=1
where S( is the fission source at point i for the outer iteration n, and NT 
is the total number of points.

Let x=(l-(i-1)/NT), NTtitl, where i-running index of the point. 
Then we take:

A^l. D(=2xZ(4xZ-2),

C( =2xZ((4xZ-2)Z-2), F(=2xZ(4xZ-2)((4xZ-2)Z-2).

Now the system of nonlinear equations (5.4.22) may be obtained. For 
this purpose, let us represent the approximations obtained in the form:
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4
,k V . , ,.k + l/2
0 = ) and ^i=1i

Then, after 4 iterations, we obtain:
4

a A ip « < r

r (x H3. } ,k + 3/2 \ . 11
0 = ) a A 7------- v <p/. 1 ' (“."V

.../zv
* ~L -0,><%-4a) *'

(5.4.23)

1=1

because we always require that the solutions 0^ should be normalized so 
that 1 (0J )=const=y. Calculating functionals 1^(0), j=l,2,3,4, we obtain 

the general moment system:

V B =h
/ . 1J OJ
1 =1

4

Z
B A =h 

ill U
1 =1

4

Z
B (A -p )A =h

1 J 1'1 1 2j (5.4.24)

Z
B (A -f3 )(A -13 )A =h

1 j 1 1 1 2 1 3 J
1=1

4
^Bij(Ai-Pi)(Ai-|32)(X1-03)Ai=h4j, 

1 = 1

where B( =a[ 1 (01 ), h( = 1 ( (0k +1 /Z), i = l,3,5,7.

Transforming system (5.4.24) to the form (5.4.22) and taking into 
account 8^=6^ we get:
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For any j system (5.4.22) is the moment system with unknowns B and 
\’ I —1>2,3,4. Excluding B( , we obtain the system of linear equations with 
symmetric functions of the roots:

<r1 = )A1- ^M.AA , cr =A A A A .
1 ZL 1 2 / . 1 J 3 / i J k 4 1234

If f. = (-l)i<ri , then:

C f +C f +Cn f +Cn f +Cn =0 1=1 234 (54 251
OJ 4 1J 3 2J2 3J1 4 J > J IO.4.Z0J

Solving system (5.4.25), we determine the values a" as the roots of 
equation: 

4 3 2A +f}A +fgA +f3A+f4=0 (5.4.26)
The system (5.4.26) for a poor choice of the functionals 1 may be an 

ill-conditioned system of linear equations ( when n-w ). Therefore to find 
the solution we apply the following method of regularization consisting of 
two steps.

First, using the first equation of the system (5.4.25) (if j=l), we 
exclude the unknown f^ from the other equations. The system of equations 
for f=(fi> fa> f^) may be rewritten in the form:

C ?=« (5.4.27)
It may be singular.

As a result we consider the following system regularized:

(C C+aI)f=C 6 (5.4.28)

where C -matrix adjoined to C, and a is a small positive parameter (in the 
PERMAK code a=10~4).

Then we determine the unknown f value from the first of (5.4.25) 
equations and solve Eq. (5.4.27) by Ferrary’s method utilising the values 
of fjobtained. From the 4 roots we take the real root close to 

the value (non-accelerated value of AJ. This regularization method 

allows one to obtain the value A^A^ if the system of equations is 
singular (C=0,6=0) for n-x».
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5.5 ON THE IMPROVEMENT OF TRADITIONAL FINITE DIFFERENCE EQUATIONS

As was mentioned in Section 5.1. there are a number of reasons for < 
the inaccuracy of the simplest finite difference equations (5.2.3):

a) Application of the diffusion equation (5.2.1) and homogenization 
theory is not sufficiently grounded for calculation of nonuniform 
heterogeneous WWER type lattices (see Chapters 2, 6 and 7).

b) Obviously the simplest finite difference equation (5.2.3) which is 
based on (5.2.1) is not accurate enough when the cell size is of the sarnie 
order as the neutron diffusion length. This problem can be solved 
mathematically and the required accuracy can be achieved by using a more 
complicated balance equation than simplest finite difference equation. But 
the balance equation improvement will be largely useless until the initial 
equation (5.2.1) is not improved.

c) Obviously the neutron spectrum in the cell depends on the 
environment. The question is whether or not this effect will be taken into 
account using the four group finite difference approximation (5.2.3) of 
equation (5.2.1). This problem is discussed below.

As mentioned in Chapter 3, in Bonalumi’s homogenization theory the 
neutron spectrum was proposed to be approximated in each group for the same 
cells in different environments by superposition of two spectra: asymptotic 
and transient.

4>(r,E) (r,E) + a^t(r,E)

where a is an unknown factor.
Let us consider this approximation only for thermal neutron group for 

which spectral deformation is most Important. This approximation gives the 
following correlation between average group neutron flux and two spectrum 
components averaged with regard to energy and volume.

$ = + a^

where

V = q / s . 00 00

q and S are neutron source and asymptotic absorption cross section.00
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The average cross section of each reaction can be expressed as:

E(x)= E(x)R 

co X
{<p /*) 00 (5.5. 1)

where

V _  _ co
R(p /$) = -------- + /

x co _ t

* 00
S(x) )(1 - ----- )

00 (5.5.2)
$ J

Thus the variation of neutron spectrum causes changing of cross section by 

factor R which has a linear dependence on the relation <p /$. 
co

Following (Lehman, 1977) let us denote value ip /t as the spectral 
index. For determining the dependence of factor R on the spectral index 
the space spectral problem for cell with some environment should be solved 
in addition to the asymptotic problem. After that the linear coefficient

t /Z <x> of factor Rx is calculated in the obvious way using (5.5.1) 
and (5.5.2).

M. Lehman (Lehman, 1979) generalizes the application of the spectral 
index algorithm to employment for the case of nonlinear dependence of R

X 
on 9°/*. He proposes that the spectral index in traditional codes be used 
for taking into account the influence of cell environment. In equation 
(5.2.3) the cross sections are described as (5.5.1) and the balance 
equation transforms to a nonlinear equation. Cross sections and their 
dependence on spectral index are previously tabulated on the base of 
solving of model problems set.

The spectral index method is widely used in some of the codes 
developed by TIC experts. However this method does net solve all the 
problems concerning the accuracy of fine mesh equations (see Chapters 6 
and 7).

5.6 THE MAIN FEATURES OF SOME DIFFUSION CODES

HEXAB [562] - this is a family of codes for 2D and 3D fine mesh 
neutron flux calculations for cores with a hexagonal lattice. Problems are 
solved for 30° sector of core symmetry. Irregularity of mesh on real 
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assemblies structure calculations is taken into account.
Flux logarithmic derivatives for each group are used on the outer core 

boundary.
The problem of effective multiplication factor K and the 

corresponding eigenfunction determination is solved.
For inner iteration acceleration both the two sweep iterative 

technique AGA (Woznitski, 1973, Apostolov, Woznitski, 1975) and double 
successive over relaxation procedure AGA DSOR (Woznitski, 1983) are used.

FLEX [556] - is a 2D hexagonal fine mesh diffusion code for flux and
adjoint function calculation in a core with 30°, 60°, 120° and 
180°rotational symmetry. The use of an irregular mesh on assembly 

boundaries is possible.
On the outer core boundary for each neutron group and for each cell 

(or group of cells) the following boundary conditions are set:
V «> + 3 $ = 0, n 

where V $ denotes the surface flux normal derivative, n 
Calculations using the "spectral index" method are possible.

HEXAGA (Woznitski, 1973, Apostolov, Woznitski, 1975, Woznitski Z. 
1983) - 2D (HEXAGA-III) and 3D (HEXAGA-I11-120 and 30) multi group 
diffusion codes. Regular triangular mesh in radial core cross section and 
arbitrary user given mesh step in axial direction are used. HEXAGA-III 
defines discrete real or adjoint solution of multi group stationary 
diffusion equations using the two sweep iterative method AGA combined with 
the successive over relaxation method. The calculational region is defined 
for HEXAGA-III-120 as a 120° sector and for HEXAGA-111-30 as a 30° sector 

of the core.
PERMAK (Lizorkin et. al. 1985, Lizorkin et. al. 1988) - 2D fine mesh 

few group hexagonal diffusion code for neutron flux and adjoint function 
calculation in the core with arbitrary symmetry. Calculation of pin by pin 
power distribution problems taking into account fuel burnup and feedback is 
possible. The "compression factor" is used to take into account mesh 
irregularity in the gaps between assemblies.

There are two ways to obtain higher accuracy calculations with 
PERMAK. In the first option three groups are used to describe the neutron 
trivialization region (full number of group equals to six) simultaneously 
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with a neutron balance scheme mathematical correction taking into account a 
small value of diffusion length to mesh step relation. The second way 
utilizes the nodal balance equation and presentation of thermal group by 
superposition of asymptotic and transient modes of flux (see section 
6.2.3).

There are some code versions with different methods of iterative 
procedure acceleration (e. g. methods described in Section 5.4).

BRETISLAV [547] - 2D hexagonal code for neutron flux and adjoint 
function calculations taking into account mesh irregularity. Either 
effective multiplication factor or moderator critical level is calculated.

Problems with ten different core symmetry types can be solved.
Mesh irregularity can be taken into account using one of five 

different algorithms selected by the user. The modified Borresen scheme is 
used in two of the simplest algorithms. The algorithm described in section 
5.3 is also available.

It is possible to solve problems using equation coefficients which are 
set parametrically.

The use of the following form of boundary conditions is available 
(k) (k, 1 > ( 1)

+ £ p 4 =0,

1 
where k and 1 - group numbers.

Convergence of iterative procedure is accelerated using the Gauss 
Seidel method combined with the over relaxation method for inner iterations 
and the Chebyshev method combined with Lusternlk method for outer 
iterations. Four modifications of Chebyshev method are available and one of 
them should be selected by the user.

MOBY-DICK [551] - code package which includes the code BORORO (Krysl, 
Lehman, 1978) which is intended for few group fine mesh diffusion equations 
solving. Triangular, hexagonal or square mesh may be used.

The "compression factor" is used to take into account mesh 
irregularity without changing the diffusion coefficient.

Boundary conditions for the flux are set in the form

V $ + (3 = 0
n

where 0 -is a nondiagonal matrix. Non-homogeneous boundary conditions 
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cannot be used.
Effective multiplication factor, critical moderator level, critical 

concentration of liquid boron acid or critical position of control rods can 
be defined using MOBY-DICK.

The Borresen approximation (Borresen, 1973) is used to represent the 
differential operator of diffusion equation.

Convergence of inner iterations is accelerated using SOR (successive 
over relaxation). For outer iterations some modifications of the Chebyshev 
method are used. The over relaxation factor is calculated on the first 
outer iteration.

The "Spectral index" method is available in the code for taking into 
account the influence of the environment on the thermal neutron spectrum 
in the cell. In this case, the nonlinear diffusion equation is solved. No 
correction of balance equation is connected with the mesh step size.

The PERMAK code is also included in the code package. This code is 
used for pin by pin power distribution analysis (on core burning and for 
some states or transient processes analysis).

SISSY (Koch, 1976) - 3D multi group code.
The calculated core is divided into axial layers. In the axial 

direction the properties of the substance are not changeable for a given 
layer. For each layer the two dimensional flux distribution is defined 
using finite difference diffusion code MNATA for 30° symmetry sector of 

core cross section.
On solving the synthesis equations system, the power method or Vilandt 

method is used. The eigenvalue is not estimated. For the Vilandt method it 
is required that the estimated eigenvalue should be set as an input 
parameter. For the iterative procedure the linear equations system should 
be solved. In that there are only a relatively small number of unknowns 
(some hundreds) it means that a direct algorithm can be used its solution 
using the Gauss method.

FEM-3D (Mai, 1980) - 3D multi group diffusion code based on finite 
element method. The core is divided into N prisms with triangle as its 
base. The sequence of calculations is as follows: input of initial data, 
definition of subregions and distribution of constants, preparing of 
matrix, iterative procedure, treatment of results.
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Convergence of outer iterations is accelerated using Chebyshev 
polynomials. The linear equation system is solved using the method of 
adjoint gradients.

OSKAR (Gaertner, 1980) - hexagonal diffusion code with 9-point 
discretization of differential operator of diffusion equation. A triangular 
mesh is used. 60 , 120°, 180° or 360° core symmetries may be calculated. 

Arbitrary boundary conditions (with some small limitation) can be set. For 
the outer iteration, combined Chebyshev and Lusternik acceleration is used. 
The special algorithm is used to solve the three dimensional one group 
equation.

5.7 COMPARISONS WITH EXPERIMENTAL DATA

5.7.1 The simplest finite difference calculations using 
traditional neutron cross sections

Some examples of comparison of calculational and experimental pin by 
pin power distributions are demonstrated in figures 5.2-5.7. Calculated 
values of effective multiplication factor are presented. The deviations of 
calculational and measured power distribution for 30° core symmetry of 
ZR-6 critical facility described in (Experimental Investigations .... 1985) 
are presented either.

Calculations have been carried out by PERMAK using the traditional 
asymptotic four group neutron cross sections prepared by UNIRASOS code. The 
use of any other simple finite difference code with asymptotic cross 
sections (prepared by one of spectral codes mentioned in Chapter 4) gives 
similar results.

The figures show that inaccuracy of calculation of effective 
multiplication factor in some cases reaches and exceeds 1%. Errors of 
power distribution near absorbers and reflector reaches about 10%. In 
asymptotic regions the error as a rule is not greater than 2-3%. The 
explanation of the inaccuracy is given from different points of view along 
with the ways for its improvement in Chapters 3, 6, 7 and in section 5.5 
of this book.
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fig 5-2

CELLS WITH 
fuel rod water absorber rod

O

Fig. 5.2 ZR-6 critical facility. Configuration 101/100.
An accuracy of PERMAK calculation using traditional balance equation. 
Calculated Keff=0.9980.
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fig 5-3

CELLS WITH 
fuel rod water absorber rod

O

Fig. 5.3 ZR-6 critical facility. Configuration 102/102.
An accuracy of PERMAK calculation using traditional balance equation 
Calculated Keff=0.9998.
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fig 5-4

CELLS WITH 
fuel rod water absorber rod

O

Fig. 5.4 ZR—6 critical facility. Configuration 103/103.
An accuracy of PERMAK calculation using traditional balance equation. 
Calculated Keff = 0.9988
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fig 5-5

CEL. LS WITH 
fuel rod water absorber rod

Fig. 5.5a * ZR -6 critical facility. Configuration 57/57 
CalCUl°bOn USing traditio-' equation.
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fig 5-6

CELLS WITH 
fuel rod water absorber rod

O ®

Fig. 5.6 ZR-6 critical facility. Configuration 58/57.
An accuracy of PERMAK calculation using traditional balance equation. 
Calculated Keff= 1.0125.
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fig 5-7

CELLS WITH 
d water absorber rod

bg. 5.7 ZR —6 critical 
An accuracy of PERMAK 
Calculated Keff= 1 0073

facility. Configuration 90/87. 
calculation using traditional balance equation.
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5.7.2 Spectral index method in FLEX

An example of using of spectral index method (see section 5.5 and 
references [557, 565]) in FLEX code is presented in this section. Spectral 
index method allows one to carry out more accurate calculations by means of 
the traditional finite difference approximation. In Chapter 3 it was shown 
that the same effect should be expected in the case of non asymptotic cross 
sections in regions near absorbers, reflector and water holes.

There are different realizations of spectral index method in different 
codes developed by TIC experts in some cases with fewer limitations than 
described below.

Calculational model. The following model is adopted in NESSEL-4 and 
FLEX for correction of cross sections using spectral index method.

A two-areas cylindrical macro cell is examined (see fig. 5.8). The 
first inner area (0<r<R ) is formed from fuel cells of given type. The z 
second outer area (R <r<R ) cam be different both with regard to material z Hz 
composition (it can be an absorber or water) and size.

Fig.5.8 Macrocell structure.

Macro cell parameter determination is realized in two homogenization 
steps.

The first step. Multi group spectral spatial problem is solved for 
a J.

heterogeneous fuel cell with boundary condition — =0, the cell is
dn

z=R 
homogenized and multi group constants are obtained.

The second step. Macro cell with radius R* is calculated. Multi group 
calculation is carried out using the multi group homogenized constants 
previously defined for the inner region in the first step. Reflective 
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boundary condition is set on the outer macro cell boundary. Thus the 
changing of multi group spectrum in inner region is taken into account as a 
function of environment selection.

Few group homogenized constants for selected subregions of macro cell 
are obtained using a multi group spectrum calculated in the second step. 
Few group constants of inner region depend on multi group spectrum 
perturbation caused by the outer region.

Different sets of few group constants of inner region can be obtained 
by varying the size of the outer region. Let us approximate the dependence 
of constant on environment as a function of spectral index % defined as the 
relation of epithermal to thermal neutron flux in the inner region.

(5.7.1)
therm

A polynomial function is selected as an approximating function to describe 
the cross section dependence on x- 

(5.7.2)

where a are polynomial coefficients, 
n

Model of fine mesh calculation. Code FLEX solves fine mesh diffusion
equation

VD V0
9 9

r 9-1

-Is +b2d L +)
I , z ’J 5 L 

9 =1

y ,+q‘
4-. 9 ■

(5.7.3)
9 ' ^9

Axial leakage is described using axial buckling B2. 
z

In each cell position £ the spectral index zF(£) is defined.
3

g=l (5.7.4)

Local cross sections ^(L) are obtained using definition (5.7.2) for 
l^(z) and definition (5.7.4) for local value of zF(£). Thus for each cell 

in the core the few group cross sections are defined corresponding to local 
value of spectral index.
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Results. Values of effective multiplication factors for some of core 
configurations of ZR-6 with different pin steps (11.0, 12.7, 19.05 mm) are 
presented in table 5.5.1. Calculations have been carried out using both the 
traditional method with asymptotic cross sections and the spectral index 
method. Corresponding results of traditional PERMAK calculations are given 
above for some of these core configurations.

Results show that correction on spectral index method improves the 
accuracy up to 0.1 - 0.2% in value of effective multiplication factor. 
Improvement of accuracy depends on core size and variations of spectrum 
hardness in fuel cells. The more cells represent perturbation or the 
smaller is the core, the larger is the spectral index correction in K 
because the share of spectral perturbed cells is larger.

The influence of spectral index method correction on power 
distribution for three different core configurations is presented in figs. 
5.9-5.11. The relative accuracies of corrected and traditional calculations 
are compared. Comparison for uniform core 154/154 with reflector is given 
in fig. 5.9. In figures 5.10 and 5.11 there are presented results for 
configurations which imitate assemblies core structure.

The traditional method (AC) gives a difference of up to 10% from the 
measured pin power near reflector; the spectral index method gives a 
difference of up to 2-3% and the calculated power distribution is within 
the range of the experimental error almost for all pins.
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Table. 5.5.1 Values of K 
eff

Notice: AC - asymptotic calculations

Lattice Configuration orH
 

C
X] 

N
C
D Method

SI AC

12.7-3.6-0.0 154/154 18.21 0.9985 0.9937

R91/H 0 101/100 64.62 0.9998 0.9927
102/102 45. 18 1.0004 1.0032

11.0-3.6-0.0 191/191 12.63 1.0015 1.0022
192/192 10.90 1.0010 1.0014
193/193 9.77 1.0005 1.0011
195/195 8. 22 0.9997 1.0004
196/196 7. 40 0.9993 1.0001

19.05-3.6-0.0 201/201 59.64 0.9990 1.0051
204/204 43.89 0.9988 1.0038
205/205 35. 34 1.0008 1.0030
207/207 14.98 0.9995 0.9998

SI - spectral index calculations

322



CHAPTER 5

fig 5-9

Fig. 5 9 ZR —6 critical facility. Configuration 154/154.
An accuracy of FLEX calculation.
Upper figures — using of spectral index method.
Lower figures - traditional asimptotic calculation.
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fig 5-10

Fig. 5.10 ZR-6 critical facility. Configuration 101/100 
An accuracy of FLEX calculation.
Upper figures - calculation on spectral index method.
Lower figures - traditional asimptotic calculation.
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fig 5-11

Fig. 5.11 ZR-6 critical facility. Configuration 102/102.
An accuracy of FLEX calculation.
Upper figures — calculation or spectral index method.
Lower figures -- traditional asimntotic calculation.

325



CHAPTER 5

5.8 CORRECTION OF EQUATION BASED ON EXPERIMENTS

The experiments are useful means of code validation. Validation 
involves comparison of theoretical calculations to measurements and an 
analysis of the differences found. If agreement is not sufficient we may 
look for ways of improvement, partially in experiments, partially in 
calculations. It may be possible to reach a better agreement using 
calculations based on a model upgraded e. g. by introducing corrections 
into nuclear data libraries, by upgrading the transport cell calculation or 
by improving the diffusion calculation (for the critical assemblies 
obviously four group calculation). Results of the macro calculations are 
then again compared to local (power of chosen rods) and integral 
(criticality, reactivity coefficients) measured quantities.

The new model supposes changes not only in the input parameters but 
also in the corresponding equations. Nevertheless, this approach is not 
applicable in every case. For example, various libraries of nuclear data 
could give a multiplication factor differing up to 1%. At present, in spite 
of the present power of computers it is not possible to perform two or 
three dimensional transport macro calculations and demand precision of 
about 1% in the local power. Thus, the calculation is performed by a series 
of approximations and by the use of input information with limited 
precision. Therefore, as a result, a difference may arise between 
measurements and calculations. This is really one of the reasons why 
experimental testing equipment is built - otherwise only the calculations 
would be sufficient for the designing and operation of power stations.

The existence of considerable differences between calculations and 
measurements is a challenge for developing better methods and performing 
additional measurements to have broader and more precise description of 
reality.

When we try to prepare a more precise description, we can also adopt 
the approval: the model is all right, only the input parameters (i.e. 
coefficients of equations) are not precise. Using such an approach, the 
analysis of results could be considerably simplified. In most cases the 
calculation for critical assembly is performed in the four group diffusion 
equations. If we formulate the agreement between calculations and 
measurements as a functional we obtain a complicated but exactly defined 
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variational problem - to minimize the functional with supplementary 
conditions (fulfillment of the system of partial differential equations 
with given eigenvalue). The parameters which we are looking for are the 
coefficients in the equations, which we have as supplementary conditions.

Briefly, we can describe this problem in the following steps. We write 
a group diffusion equation in the form:

k ’k-l.k^k-1 Z [p sf] A (5.8. 1)
1 = 1

where 0 - neutron flux in the group;
- diffusion coefficient in the group;

X, - removal cross section; k
- fission spectrum;

v - number of neutrons per one fission;
E - fission cross section in the group 1;
H - height of the reactor;
A - maximum eigenvalue;

from which we can derive a system of linear equations in finite differences 
(net form):

I + D 
Ik1 1 (5.8.2)

= e 0
1,k- 1,k 1 . k-1

1+ r X..A i k 1 . 1

where indexes i, j define place (j - are neighbors of the place i)
In equation (5.8.2) we can unambiguously show or choose some of the 

coefficients (obviously connected with one type of material) as unknown or 
not precisely known, known with errors. Unknown parameters, characterizing 
used materials and constructional elements, are limited and naturally the 
number of experimental data pertinent to the solution must be sufficient to 
have a chance to determine unknown coefficients. This means that the number 
of terms in the functional must be sufficient

327



CHAPTER 5

I

{p}

X X 
ro so

(5.8.3)

where p - number of measurements;
N - normalization factor;
A - eigenvalue;
Aexp - experimental value in the place i ; 

p 
- artificially chosen error of the eigenvalue;

k - unknown parameters;
k - initial estimation of k, o
w - correlation matrix of k . rs r

If we also take into account reactivity measurements, functional 
(5.8.3) has a more complicated form and also includes an adjoint solution. 
To minimize (5.8.3) two methods were developed: generalized Lagrange 
multipliers and least squares method, based on direct calculation of flux 
derivatives.

The generalized Lagrange multipliers lead to the changing I by L

L = I I Sp + %dV 0+ [r - dV £.0 (5.8.4)

where R - S 0 is symbolically written equation (5.8.1). A

Minimization L leads to the singular equation for and so 0 must be 
orthogonal to V . Having 1*, partial derivatives of L over k give 

k 
direction to the minimum of I. A considerable practical advantage is that 
we solve the equation only for one function I'*, independently of the number 

of unknowns. The disadvantage is that we have only one direction but not 
the distance to the minimum. This method has been proved also for the case 
when we do not know completely which coefficients should be changed.

Direct calculation of derivatives leads to the equations for dt/dx
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R^_isa±=(dR+i_as_i_dxs-\ (5 8 5) 
Sx X 8x I 8x X 8x 2 8x J

which have formally the same structure and properties as those for $ . 
Using (5.8.5) in the process of minimizing (5.8.3) we obtain equations for 
Ak which are often near singular equations due to correlations between 
unknowns and small influence of unknowns on the result.

These negative features and also time consuming calculations of all 
derivatives favour treatment by the method of generalized Lagrange 
multipliers.

Lagrange multipliers also treat very simply the tolerances of fuel 
fabrication parameters which can lead to remarkable changes in fluxes for a 
large reactor where the solution of equations is not stable.

Both methods are included in the program EQCOR which was developed 
from the program BRETISLAV [547]. In this new program newly developed 
iteration schemes were included for the singular equations for 4' and its 
derivatives.

Suitable experimental data were the collection of measurements done on 
ZR-6 (TIC, vol. I. 1985) critical facility.

Table 5.8.1 demonstrates the degree of improvement when using Czech 
and Russian four group data for uranium rods, 3.6% enrichment, water and 
boron carbide absorbing rods. Improvement is noticeable particularly for a 
complicated core like 90/87 where the mean errors decrease by more than a 
factor of six. Relative changes in the corrected parameters were up to 30%.

To Justify the quality of corrected data, various cores of other types 
were chosen, including cores with boron acid in the moderator. The 
comprehensive information given in Table 5.8.2 shows that the calculated 
parameters give the best agreement with the experimental results.

329



CHAPTER 5

Table 5.8.1 Comparison of experimental and calculated data

Measured 
values

,, , initial Russian dataValues . , n . .corrected Russian data
calculated with: . .initial Czech data

corrected Czech data

N L H Ae e H A K (H ) c c eff e
(...)A A ----1---Z-----max IX 2X 3% 57. 8%

78 57.7 70.44 12.74
Configuration 

57/57

64.88 7.18 1.0238
71.37 13.67 0.9965
67.42 9.72 1.0124
72.45 14.75 0.9932

3.07% 18.9% 48 31 26 13 7
1.307. 6.87. 38 15 6 3 0
2.507. 8.27. 57 39 23 11 2
1.367. 7.67. 40 19 7 2 0

60 31.4 44.33 12.93

Configuration 
58/57

43. 52 12. 12 1.0120
44.20 12.70 1.0020
44.57 13.17 0.9965
44.27 12.87 1.0009

2.197. 10.77. 41 20 9 6 4
1.307. 4.97. 32 13 3 0 0
2.617. 7.47. 48 34 20 5 0
1.167. 4.3% 31 9 5 0 0

60 70.9 81.33 10.46
Configuration 

90/87

74.99 4.09 1.0172
85.93 15.03 0.9897
76.78 5.88 1.0122
84.67 13.77 0.9928

6.197. 12.97. 54 50 46 40 25
0.917. 2.37. 25 4 0 0 0
5.457. 10.77. 55 49 45 33 15
0.987. 2.57. 28 6 0 0 0

10 25.8 39.08 13.24
Configuration 

101/100

38.39 12.55 1.0059
39.10 13.26 0.9996
39.32 13.48 0.9953
38.70 12.86 1.0075

3.277. 10.37. 87 67 47 21 4
1 .037. 3.97. 42 13 5 0 0
2.867. 7.87. 73 54 45 22 0
0.917. 3.47. 40 10 2 0 0

30 61.5 74.05 12.55
Configuration

154/154

70.28 8.22 1.0127
72.84 11.34 1.0040
73.88 12.38 1.0005
75.03 13.53 0.9972

1.467. 6.47. 18 7 3 1 0
1.027. 3.87. 11 4 2 0 0
1.717. 4.97. 20 10 4 0 0
1.077. 3. 17. 15 4 2 0 0

Notice:
N - number of check points, X - extrapolated length (cm),
L - critical moderator level (cm),A - average power deviation,
H - critical core height (cm), A - maximal power deviation.max
(•••) _ number of points with deviations higher than ... .
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Table 5.8.2 Checking calculations

Measured
values

Values
calculated with:

initial Russian data 
corrected Russian data
initial Czech data 
corrected Czech data

N L H Xe e H A K (H ) c c eff e
(...)

A A --------------max IX 2X 3X SX 87.

29 67.2 80
Conf iguraton

187

73.77 6.57 1.0182
81.11 13.91 0.9971
76.63 9.43 1.0094
84.06 16.86 0.9909

7.51% 19.07. 26 26 24 21
3.587. 13.07. 24 17 13 7
5.987. 15.97. 28 25 23 16
3. 147. 12. 17. 25 17 11 6

127 67.25 81. 15 13.9
Conf i gurat ion

103/103

76.03 8.78 1.0133
86.15 18.9 0.9892
76.38 9. 13 1.0127
82. 15 14.9 0.9977

8.257. 20.47. 124 118 108 9
1.907. 6.7% 83 57 30 5
5.16% 16.9% 111 99 85 61
2.26% 6.7% 93 64 37 10

65 40.1 53.37 13.2
Conf. 147/147

1.0006
1.0008

2.61% 9.0% 54 33 25 7
1.01% 3.2% 25 12 1 0

131 51.38 63.44 12.8
Conf. 100/100

63.66 12.28 0.9989
63.61 12.23 0.9992

3.04% 10.9% 103 72 57 27
1.20% 4.5% 67 23 6 0

Notice:
- only Czech data for configurations 147 and 100 are presented,
- the same notations are used as in Table 5.8.1.

Conclusion of editor.
Using calculations by Monte-Carlo method it was shown in Chapter 3 

that even for simplest ZR-6 configurations the four groups cell constants 
depend on cell position. On the other hand, in Chapter 3 it was also shown 
that improvement of calculational results can be achieved by changing the 
definition of coefficients in the diffusion equation without changing the 
form of the finite difference equation. These new coefficients can have no 
such significant dependence on cell position as have traditional four group 
constants. Apparently the success of the above described correction is 
explained by the theoretical conclusion of Chapter 3. In this case the 
corrected constants cannot be considered as improved traditional four group 
constants of real cells as actually they are a new set of coefficients and 
have a new physical sense.
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6. NEW METHODS FOR FINE MESH ANALYSIS OF WWER CORES

M. Lizorkin (sect. 6.2.3), M. Makai (sect. 6.3),
A. Novikov (sect. 6.2.1), V. Pshenin (sect. 6.2.2)

6.1 INTRODUCTION

As was mentioned in the Foreword, a considerable part of the 
theoretical investigations performed in the framework of TIC were devoted 
to developing new methods and improving the traditional methods of core 
analysis. Various aspects of these investigations are considered in Chapts. 
3,6,7.

The present chapter describes a number of new approaches which are 
used for calculating rod by rod power distributions in WWER cores. Two 
sections summarize the results of investigations performed in KIAE 
(Russia) and KFKI (Hungary). Sections 6.2 and 6.3 contains descriptions of 
the approaches developed in KIAE and KFKI, respectively, and the results of 
their benchmarking.

It is necessary to note that the authors did not aim at a detailed 
survey of all works done in the framework of the TIC and known from the 
literature. The main aim was to give an account of the author’s point of 
view and to describe some practical algorithms. To some extent the 
shortcoming of the personal view is compensated for by Chapters 3 and 7 as 
well as by the references there. It is again mentioned that the
development of new approaches was carried out under continuous, often 
unformal discussions of the obtained results and thus complement each 
other.
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6.2 NODAL APPROACH FOR FINE MESH CALCULATIONS - ALGORITHM AND 
RESULTS OF NUMERICAL BENCHMARKING

6.2.1 Effects of cells heterogeneity and transient solutions in 
fine-mesh calculations *

Bearing in mind that the effects of cell heterogeneity and transient 
solutions are the most important in the thermal energy region let us 
suppose, in developing the ideas stated in (Novikov, 1980, Novikov, 1982) 
that in each elementary cell of nonuniform lattice the thermal neutron flux 
can be represented as

F(r,n,E) = F + F + F +F , 
as aa ts ta (6.2.1)

where F^ and F^ - asymptotic (a), symmetrical (as) and asymmetrical (aa) 
as regards the centre of the cell components of the neutron flux.

Fts H Fta " transient (t) components of the flux, symmetrical (ts) and 
asymmetrical (ta) as regards the centre of the cell.

It is supposed that

F =al 
as as F =£b cos(m^>+8 )0

aa m am aamm

F =A^ 
ts ts

F =£B cos(m^+8 )$ (6.2.2)
ta m tmtam

m

where <p - azimuthal angle measured the same way for all the cells, 
♦ = <I'(r,E), 8 and 8 - the initial phase shifts,

am t m r
It is also supposed that functions 0 do not depend on and are stable 

characteristics of the cell of considered type (as for 0,0 as 0 0
as aa ts’^ta).

In the general case for computing of 0 functions multigroup transport 
calculations of heterogeneous nonuniform lattices containing all the types 
of considered cells are needed. Possible simplified ways of calculations of 
approximate values depending on * functionals are discussed at the end of 
this section.

For simplification, later on it will be assumed that the considered 
lattices are in the critical state and are infinite over the height (in 
general, ^functions depend on Keff and B®). Let us suppose also that 
asymmetrical parts of neutron flux can be represented by the first (m=l) 
azimuthal harmonics only (the influence of the members corresponding to m>l

This section is based on (Novikov, 1983) 
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can be taken into account by the ways described in (Novikov 1982, Novikov, 
1983, Novikov 1985).

Let us make further use of the continuity conditions at the boundary 
common of cells "o" and "i" (i=1...6):

(6.2.3)
O 1

~1 ~l+3$ = $

Here H - averaged over the side i value of H. In particular,

J1 = [f dE dfi”dy = af + b' f + Af + B* f 
nJ i as aa ts ta

(6.2.4)

J = (n ,Q )F dE dQ dy = aj + b j + AJ + B J .
n J 1 1 as aa ts ta

where h is the lattice pitch.
In expressions (6.2.4) members corresponding to asymmetrical 

components of boundary flux are represented as a multiplication of 
J ZV ZXZ Z\Z

coefficients b and B at boundary i and scalars - f , J , f , J 
aa aa ta ta 

This results from the representation of cos(m^ + 5 ) (see correlation
[•* am
-(i-1)+3 cosAp where variable Ap 3

J 71 Ttunder integration of 4> and J over dy is changed from — to -. Therefore, 
1 6 6

the following expressions are valid for coefficients b and B

, 1 , ,77 z ' . ,1+3b = b cos(-(i-l) + 6 ) = - b3 a
B1 = B cost j(l-l)+6t) = -B *+?

and the independence of f ...j from side superscript provides a 
a a t a

possibility to introduce scalar diffusion coefficients D and (see 
below).

It is necessary to pay attention to the fact that coefficients b' can 

be determined using boundary currents in epithermal (g=G-1) group 
obtainable from a solution of a few group problem:

^(G-l )“ 6 J(G-l)
b‘ =------ -------------  (6.2.5)

^aa(C-l)

Let us proceed further from formulae (6.2.3)-(6.2.5) and suppose that
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s

* = Jf dE dn dr

f as

$ - a>
A = a

f 
t s

(6.2.6)

Here S - thermal neutron source density,

w - -g h - cell area,

H - averaged over cell value of functional H,
S - is defined by correlation 6.2.11.
In this case it is possible- except for the unknown B* and B1+3- to 

express average density of thermal neutron current across side J1 in one of 
othe following three ways (the conventions used are explained in 6.2.11)):

Ji _ 2 Dto D< 
o h D +D to I

$ R “ $ g1 0^0 + b f (1-
D ai

) -b f 
O aaO

(1-
D 

a 0 .
D~ J 
to

D

D D o2 
h ♦ e %oD + D o :

(6.2.7)

2 D D
h D +D 

aO <

It should be
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Express ions (6.2.7) f or
thermal neutrons in

I allow one o to write the balance equation for
the following form
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3o~Oao +S =0 o (6.2.9)

Reaction rates of type "0" averaged over a cell are determined by the

formula

V (6.2.10)

The conventions given below are used in
for scalars (the subscript of the cell is

the expressions 
omitted):

(6.2.6)-(6.2. 10)

D
h
2

J

f
D 

t
h
2

J.

f

(P

and

g = g
*

f

g

e

g (1 *
V.

*
e

$
+ e (1 -

$

& f a

f

1

w f

(1 -

h
2

f

f

D 8. — (1 - —) ' 0
f 

t s

Jas

fas

(1-
11 
— )D ' 

a
e

’t
= h 

2
J.t s

f

f
Ji (i
f 
t s

- r>

Jjf t^dE dQ dr

for tensors depending on the side

1

D

1
D

J

€

J

V
€

*

f 0
e

f

It is clear
equation (6.2.9)

-4^Id f J

superscript

e 
t

e 
t

that when contributions of

t s
dE dQ dr

(6.2.11)

1 
D

V

*

f

+ J

0,

transient modes are negligible,
degenerates into the asymptotic form:
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a u u r - —
-2p D~7 D t ^.r^o %O CW • <6-212’
on 1 aO al v J

For the asymptotic region of a uniform lattice this equation is 
reduced to the form:

2 — (— — 1 —
~2 Do S “ *oj ' + So= 0 (6-2- 13’

where D = D e 
o aO aO

So far as equations of (6.2.13) type in the asymptotic region of a 
uniform lattice can be applied for all neutron groups it is worth using the 
following expressions for calculations of material buckling and migration 
area:

-2 H j j :]•, 
K = -—

V D e i 
> ag ag g

(6.2.14)

g

In conclusion it should be admitted that the practical realization of 
the above described approach assigned for making more precise calculations 
in the thermal group can be made difficult by the absence of codes for 
generating the needed functionals and also by the necessity of significant 
modifications of codes used for fine mesh calculations.

It should be mentioned that several other approaches can be used to 
avoid these difficulties. The approximate values of all needed functionals 
can be calculated by standard cross sections generators. In this case most

of the asymptotic mode functionals (such as Z, D, __’ K2h2 and 

f f
others) can be obtained without any modifications of standard codes by 
calculation of an isolated cell. It is useful to bear it in mind that one 
can write the following approximate correlation

<>a (Kh)2

ET “ ~8 '

To obtain functionals of transient modes it is enough to provide the 
possibility calculating symmetrical distribution of thermal neutrons for a 
cell surrounded by a water buffer and an outer circular zone with a volume 
distributed thermal neutron source. When the functionals of the symmetrical 
transient mode are determined, can be expressed approximately as
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h2 £ a 
D * ----— -------  

4 16 a - 1

r i where a=
t s

The solution of balance equation (6.2.9) In the already used fine-mesh 
codes can be realized in the simplest way when the neutron current is 
expressed by the second of three formulas contained in (6.2.7) when 
disregarding that D and e are tensors. In this case a slight correction of 
D for nonfuel cells may be useful. It is also necessary to take it into 
account that the mentioned correction should be used in combination with a 
balance equation of (6.2.12) type for epithermal group when calculating a 
lattice containing strong absorbers.

6.2.2 Results of improved balance equation, numerical 
benchmarking for slab geometry

A comparison of benchmark problems solutions obtained with a precise 
code and a code utilizing the approach described in the previous section 
provides detailed Information about the accuracy of the given approach. In 
this case when the needed functionals of the trial functions are determined 
with the same precise code the resulting disagreements are interpreted 
practically unambiguously. Such procedure of verification for real 
hexagonal geometry can be carried out only with codes based on the 
Monte-Carlo method. The results of varifying some approaches obtained with 
the MCU code based on this method are discussed in detail in Chapter 3.

A simpler situation is slab geometry when the ID transport code 
provides a possibility of realizing a fully consistent verification 
procedure. In this case it is possible to estimate the reliability of the 
most important assumptions made to obtain a balance equation in the form of 
(6.2.9). The results of calculations are briefly described below; they are 
discussed in detail in (Pshenin et al., 1984, Pshenin et al... 1988) .

Reference solutions of benchmark problems and needed functionals of 
asymptotic and transient modes for elementary cells of slab lattice were 
obtained with the ID 61-group (24 thermal group) transport code CRAMS 
(Averyanova et al., 1981) based on the characteristic method. Calculations 
based on the algorithm described in Sect.6.2.1, on the standard 
finite-differences approach, and on the spectral index method (see Chapt.5) 
were carried out with specially written code MODISN. They were performed 
using one and four group calculations with searching K. . In the one group 
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case, thermal fluxes and reaction rates were determined utilizing a source 
taken from transport calculation. A combination of one and four group 
calculations allows one to analyse the accuracy of algorithm (6.2.9) when 
calculating thermal neutron distributions and to estimate the effect of 
cell heterogeneity, the effect of spectrum deformation in epithermal groups 
and, therefore, to evaluate the expediency of using an algorithm of (6.2.9) 
type in the energy ranges of slowing down and fast neutrons.

Calculations have been performed for configurations formed by slab 
fuel cells with different isotopic contents, both homogeneous (with 23SU 

239 and Pu as fissile isotopes) and heterogeneous. The main cells 
characteristics have been chosen close to the characteristics of the cells 
of real WWER fuel lattices. Asymptotic mode functionals for fuel cells were 
obtained from calculations of configurations formed by cells of considered 
type. The number of cells was varied to provide the condition K « 10 

eff 
Functionals of transient modes were obtained in accordance with the 
recommendations described in the previous section. Asymptotic mode 
functionals for water and absorber cells were determined by treating the 
results of calculations of configurations formed by some cells of 
considered type surrounded by fuel cells.

Calculations of configurations formed by homogeneous cells are a 
strict test for checking the reliability of suppositions about the 
universality of transient mode functionals. It is explained by the absence 
of the water buffer typical for heterogeneous cells which makes functionals 
more sensitive to features of neutron current energy distribution and 
consequently can lead to an increase in the calculation inaccuracy. Besides 
this, lattices formed by homogeneous cells are characterized by strong 
neutron spectrum deformations near water gaps, reflector, absorbers and so 
on. The last is illustrated by the data of Table 6.2.1. In this table 
asymptotic and transient modes functionals for homogeneous and 
heterogeneous fuel cells, water and absorber cells are presented. As can be 
seen from this Table the homogeneous fuel cell is characterized by a 
greater value of the ratio in comparison with the heterogeneous
cell. It is clear that values of this ratio are directly connected with 
values of spectral deformation effects in nonuniform lattice. This table 
also shows that for a fuel cell with 239Pu that mentioned ratio is much 
less than in the cell with Z3SU. It is explained by the similarity of the 
net current spectrum to the Maxwell spectrum and by the energy dependence 
of resonance in Pu cross sections at low neutron energy.
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for slab cells.
Table 6.2.1 Values of asymptotic and transient modes functionals

Function.

Cell type/fissile isotop

homog./ U23S water cell 239 homog./ Pu heter. / U23S

D 
a

0.250 0. 145 0.225 0.214

sa 
a

0. 115 —2 1.95-10 0.234 0. 113

0 
a

-8.57-10”4 —31.69- 10
— Q

-1.33- 10
— Q 

-3.48-10

f /f 
as as

0.999 1.002 0.998 1. 190

0.0802 - 0. 147 —27.76-10

D 
t

0.224 0. 144 0.224 0. 190

f zf 
t s t s

1.082 1.012 1. 120 1.408

Ea 
t

0. 146 —2 1.98-10 0.237 0. 127

0 
t

0.032 —34.03-10 —2 4.55-10 —27.17-10

z 
t 0. 102 - 0. 152

—28.65-10

To estimate accuracy of calculations provided by using balance 
equation (6.2.9), some typical configurations - "water gap between fuel 
assemblies", ''boundary between core and reflector", "supercell with 
absorber" - have been investigated.

Results of one-group calculations with thermal neutron source 
distribution taken from transport calculation, are presented for 

235configurations formed by homogeneous fuel cells with U and water cells 
in Figs.6.1-6.2. It is seen from these figures that the use of the standard 
finite difference approach leads to significant inaccuracy of absorption 
and fission reaction rates (26 and 8% respectively). Maximum deviations are 
observed near the boundary between regions with different properties.
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ARa% 26.0 
Ra ’ ’

a

Fig.6.1 Comparison of absorption (a) and fission (b) reaction 
rates for configuration "gap between fuel assemblies" 
formed by homogenious cells (considered configuration 
is drawn in the bottom of the figure).

... - standard finite-difference balance equation.
----- equation (6.2.9) AR/R = (R - R )/R '100. 

t r t r
Rt “ result of transport calculation.
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Fig.6.2 Comparison of absorption (a) 
for configuration "boundary 
formed by homogenious cells) 
Conventions as in Fig.6.1.

and fission (b) reaction rates 
between core and reflector"

Use of balance equation (6.2.9) allows one to reduce disagreement in 

reaction rates up to 1.7%.

349



CHAPTER 6

Calculations for configurations drawn in Figs. 6.1 and 6.2 have been 
performed also for 23SU being replaced in the fuel cells by 239Pu. Number 

density of Pu was chosen to be equal to that of U. Densities of 
higher plutonium isotopes were assumed equal to zero. Obviously, the 
already mentioned lesser spectrum deformation in the cell with Pu must 
lead to reducing inaccuracy of standard finite-difference approach. 
Calculations have showed that maximum disagreement in reaction rates 
decreases by ~l-3% when U in the fuel cells is replaced by 239Pu. 
Modified balance equation provides in this case nearly the same accuracy of 
calculations as for lattices with 23SU.

The results obtained indirectly confirm the assumption on the 
universality of the transient modes functionals considered. Direct 
verification of this supposition shows that £a’f of the fuel cell slightly 
depends on cell position in the considered configuration. For example, the 
difference between the values of for fuel cells (with 23SU) situated 
near the water gap and at a distance of 4h (h-lattice pitch equals 1.0 cm) 
is about 6%. Special calculations have been performed to estimate the 
influence of the above mentioned effect on reaction rate distributions. In 
these calculations for each fuel cells "local" values of Ea ’f were 

t 
determined and used in MODISN. The calculations showed that in the 
configurations with homogeneous fuel cells using "local" values of £a,f the 

t 
maximum deviation of the fission rate is reduced from 1.7 to 0.5%.

Unlike the fuel cell in the case of the water cell difference between 
and 2^ being very small. On the other hand, in such cells the difference 

can be rather large. So, a small inaccuracy of Ea can lead to a 
noticeable inaccuracy (up to 3%) of the absorption rate calculation in the 
water cells. It is clear that this error is negligible from the practical 
point of view.

When the calculational inaccuracy, connected with the inaccuracies in 
determining functionals is analysed, special attention should be paid to 
the diffusion coefficient of transient mode “ D . It is explained by 
significant difficulties arising during the attempt to create a consistent 
algorithm for computing this functional. The calculations performed have 
shown that a variation Dt of the fuel cell by 117. leading to equality of D 
and increases the deviation of average fluxes and reaction rates by not 
less than 0.37.. It can thus be concluded that D^ calculations can be based 
on the use of simplified approaches.
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Semiempirical spectral index method (SI) is sometimes utilized in the 
four-group designcodes with one thermal group totake into account thermal 
neutron spectrum deformation. It is supposed in this method that macro 
crosss ections are the functions of local value of the ratio-* /*. 

3 4

(indexes 3 and 4 correspond to epithermal and thermal group). This 
described approach can be considered as a particular, simplified form of 
algorithm (6.2.9). In fact, according with (6.2.10)

Rf ’c = ?’c-v +Sf,C(5 ) = ^ -(^’'-F’0) +® -F’c (6.2.15)
4 a4 a4 t4 4 a4 a4 a4 t4 4 t4

and averaged over the cell volume asymptotic flux is determined by 
correlation

£rem-* 
m = --------- -— (6.2.16)

a4 1 
ra ? fas] 

J4 

as

It is therefore possible to represent the reaction rate as

Rf ,c = * • ?,c (6.2. 17)
4 4 4

where 2 - linear function of * /* . 4 3 4
Usually when the SI method is applied diffusion coefficient as cross 

sections also is represented as a function of 4^/*^. This dependence was 
neglected in the calculations described below because of its slight 
influence on results and the difficulty of direct modelling in the 
framework of algorithm (6.2.9). To compare the accuracy of the SI method 
with the standard diffusion approach and algorithm (6.2.9), one-group 
calculations have been performed for two configurations, viz.: "water gap 
between assemblies", "boundary between core and reflector". These showed 
that the SI method enables the disagreement in reaction rates to be reduced 
by 3-5% in comparison with the standard diffusion approach. At the same 
time the observed deviations are about twice greater than those given in 
Figs. 6.1 and 6.2 for algorithm (6.2.9).

As was already mentioned the above calculations in the whole energy 
range with searching of K are the most interesting from the practical eff
point of view. . Results of such calculations for configurations with 
homogeneous fuel cells are presented in Table 6.2.2. It should be noted 
that upper group calculations with MODISN were carried out using the 
standard finite-difference diffusion approach. The cross sections of 
water cell in epithermal group used in these calculations were determined by 
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averaging with spectrum of water cell surrounded by the fuel cells.

Table 6.2.2. The results of four-group calculations for 
configurations formed by homogeneous fuel and water cells.

Configuration

Balance equation for thermal group

Fin.-diff. bal. eq. Equation 6.2.9

AK 
eff

5Rf , 7. 
max

AK 
eff

8Rf , 7. 
max

"Water gap" i.o-io-2 4.59
— Q

3.2-10 0.74

"Bound, with ref — Q 
2.7-10 8.84 9.0-10~4 1.33

MODISN TRANS.

MODISN TRANS. TRANS.
3R „ = (R - R )/R -100

Max .

TRANS.
R - result of transport calculation.

Table 6.2.2 shows that on applying balance equation (6.2.9) only in 
the thermal group provides significant improving reaction rates and K eff 
agreement. Thus, the results of four group calculations confirmed the main 
assumption made when deriving eq. (6.2.9), viz. that the total error of the 
standard four-group finite-difference approach is connected mainly with the 
thermal group.

Consideration of the configurations formed by heterogeneous cells 
allows one to estimate the accuracy of the modified balance equation 
(6.2.9) in a situation close to real. Corresponding calculations have been 
performed for the following configurations: "water gap between assemblies", 
"boundary between core and reflector", "supercell with absorber". The fuel 
and absorber cells studied consisted of U02 or B^C layers of 0.61 cm 
thicknesssurrounded by water layers of the same size.

As it follows from Table 6.2.1 that the value of ratio f /f , 
which is characteristic of cell heterogeneity, is equal to 1.19. For a real 
fuel cell of WWER-1000 with an enrichment value of 3.67., this ratio does 
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not exceed 1.1. This means that the chosen cell parameters are 
representative of algorithm (6.2.9) validation results.

Reaction rate distributions in the thermal group computed with the use 
of fixed source distribution taken from transport calculation are compared 
in Figs. 6.3 and 6.4. It is seen from these figures that as in the previous 
cases the use of modified balance equation (6.2.9) provides a possibility 
to reduce errors of calculations up to ~2%. The calculations performed have 
also showed that the resulting error of standard finite difference 
diffusion approach is a result of the partial compensation of separate 
components. The predominant contribution in this error stems from the 
spectral deformation effect, which is not usually taken into account. 
Possibly this may be considered as a basis of the SI method.

It is interesting from the practical point of view to estimate 
directly the nonuniversality (dependence on a position in the lattice) of 
transient mode functionals of heterogeneous fuel cells. Special 

calculations have shown that ^’f heterogeneous fuel cell practically 

does not depend on the cell position in the configuration studied and the 
change is not more than by 1%.

Comparison of calculation results obtained with the use of balance 
equation (6.2.9) and SI method confirmed the conclusion on the 
significantly higher accuracy provided by algorithm (6.2.9) made earlier. 
It should be noted that for the studied configurations the SI method gives 
essentially better agreement with the transport calculation than the 
standard diffusion approach.
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Fig.6.3 Comparison of absorption (a) and fission (b) rates 
for configuration "water gap between assemblies" formed 
by heterogeneous slab cells.
Conventions as in Fig. 6.1.
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Fig.6.4 Comparison of absorption (a) and fission (b) rates 
for configuration "boundary between core and reflector" 
formed by heterogeneous slab cells.

Calculation of supercells with strong absorbers is a strict and
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important test for algorithm (6.2.9). This is explainable on the one hand 
because of the strong thermal flux depression within the absorber cell and, 
on the other hand, because of the noticeable deformation of the epithermal 
neutron spectrum in the fuel cells surrounding absorber cell.

The results discussed below have been obtained for a supercell 
including an absorber cell and six fuel cells. The absorber cell could be 
described by a set of asymptotic functionals only in the whole energy 
region. This set was determined by calculation of a smaller supercell. 
Calculation of supercells with MODISN was carried out using both one-group 
and four-group approaches. One-group calculations showed that algorithm 
(6.2.9) allows one to decrease the deviation of absorption rate in the 
absorber cell by a factor of ~6 in comparison with standard approach.

Results of four-group calculations in the whole energy region are 
compared in Table 6.2.3.

Table 6.2.3 Results of four-group calculations for 
the "supercell with absorber" configuration 
formed by heterogeneous cells.

Group number / algorithm used
K 
eff1-2 3 4

SFD 
balance eq.

SFD 
balance eq.

SFD 
balance eq. 1.067

SFD 
balance eq.

SFD 
balance eq.

equation
(6.2.9) 1.046

SFD 

balance eq.

equation 
(6.2. 12)

equation
(6.2.9) 1.048

SFD 
balance eq.

A* 
equation
(6.2. 12)

equation
(6.2.9) 1.042

* - standard finite-difference balance equation;
* * - taking into account spectral deformation in the 3rd group

„crams . „„„
up K =1.036 

eff
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As can be seen from the Table, different approaches were applied for 
calculations in various groups. Calculations of flux distributions in the 
first and the second group were based on the standard finite difference 
approach. Two forms of modified balance equation were applied for the third 
and fourth groups. To take into account spectral deformations in the third 
group "local", depending on cell position, values of macro cross sections 
were used.

Data of Table 6.2.3 make it possible to conclude that the application 
of algorithm (6.2.9) for the thermal group in a combination with the 
application of a complicated balance equation for group 3 reduces the 
deviation of K from 0.067 to 0.042. It should be noted that in real fuel 

eff 
lattices the epithermal neutron spectrum deformation and its influence on 
the K value is less than in the considered case, 

eff 
The results obtained make it possible to come to the following 

conclusions:
- the use of the modified balance equation allows one to increase 

significantly the accuracy of the calculational prediction of main 
characteristics of nonuniform lattices;

the results of calculations are stable as regards variation of 
transient mode functionals within the limits of possible inaccuracy of 
their computing;

the main assumption made when deriving the modified balance equation 
are sufficiently well-founded;

special 2D calculations are needed to analyse the influence of higher 
azimuthal harmonics.

6.2.3. Advanced neutron balance equation of PERMAK code

There are some defects in the traditional finite difference 
approximation realized in the basic version of the PERMAK code (Lizorkin et 
al., 1985). There are some specific causes for these defects in the 
traditional approximation:

- mutual influence of adjacent cells with different properties on few 
group effective neutron cross sections (mainly in thermal group) since the 
spectrum becomes nonasymptotic;

- lack of accuracy of finite difference in case of small diffusion length 
compared with the mesh step size;

- strong heterogeneity of cells.
From the practical point of view, the following Items are Insufficient.
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These defects do not allow one to obtain high accuracy of calculations of 
pin power distribution in regions of nonuniform lattice. Underestimation of 
control rod efficiency is also caused by these defects.

Some attempts were undertaken to improve balance equation (5.3.2) for 
PERMAK. Satisfactory results were obtained by using 6 neutron groups with 3 
groups in the thermal neutron region with modification of the balance 
equation taking into account the small diffusion length relative to mesh 
step. This improvement based on (Novikov, 1980) gives high accuracy of 
calculations (Lizorkin, 1980) in comparison with experimental data obtained 
on ZR-6. But this method is not widely used in practical calculations for 
the following reasons: firstly, this method takes into account only two of 
the three main reasons for the lacking accuracy mentioned above, viz. 
spectral interaction and mesh coarseness (heterogeneity of the cell is not 
taken into account); secondly, calculations using 3 group in the thermal 
neutron energy region with full scattering matrix are significantly more 
expensive.

More successful results (Lizorkin et al, 1990) were obtained using the 
method based on (Novikov, 1982). Modifications of the balance equation of 
PERMAK have been made by representing the thermal flux as superposition of 
four components (analogously with Section 6.2.1 but now the components are 
defined with slight difference).

Let us assume that in an arbitrary hexagonal cell with 30° azimuthal 

symmetry on geometry and material composition the thermal flux and current 
can be presented as linear combination of trial functions:

®(r,E,fi)=A <p (r,E,0)+A (r,E,Q)+B <p (r,E,0)+B a> (r,E,n),
a ooa s cos a Ta s Ts

(6.2. 18)
J(r,E,5)=A J (r,E,fi)+A J (r,E,0)+B J (r,E,Q)+B J (r,E,0), 

a ooa s oos a Ta s Ts

where all trial functions satisfy the neutron transport equation and have 
the following properties: 
fp and w (j and J ) - assymmetrical and symmetrical in the cell 

ooa oos ooa cos
"infinite" trial functions which are thermal flux (current) distributions 
in a cell placed in a physically infinite (from point of view of spectral 
perturbations) lattice of the same cells. Symmetrical trial function is 
determined by symmetrical inner source from upper neutron groups without 
neutron leakage in thermal group. Assymmetrical trial function is 
determined by assymmetrical source and satisfies condition that the cell 
boundary integral of current should be equal to zero;
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<p and a> (J and j ) - assymmetrical and symmetrical in the cell 
Ta Ts Ta Ts

transient trial functions which are solutions of neutron transport 
equations in the presence of non-vanishing net current or incoming current 
(without inner source);
A , A , B , and B - weighting factors, 

a s a s
The main difference between such a trial function definition from the 

definition in Section 6.2.1 is the taking into account of asymptotic 
symmetrical current as a part of the transient symmetrical function.

Averaging (6.2.18) over energy and over the cell side one can obtain 
an expression for the average flux and current on side i as

~( 1 ) . ~( 1 ) , . ~ 1 ) k r ~9 = A <p +A® + B® + B ®
a ooa s cos a Ta s Ts

« . V *
A J a coa

$ + 9 + 9 +9
ooa cos Ta Ts

(6.2. 19)
J(1) +JU,+ J

ooa Ta TsJ + » J * BJ,

(symmetrical components have no dependence on side number 1 , averaged on 
side "infinite" symmetrical current component equals to zero).

Assume that analogously with (6.2.2) assymmetrical functions 
have cosine dependence on azimuth. In this case the following functionals 
which have no dependence on side number can be defined:

h Jh h J.
0 D e

ooa 2 V. <P.

(6.2.20)

00s V.

ms Ts

where h is the mesh step size, and f. are volume averaged values of
symmetrical trial functions.

Taking it into account that

9 = A ® ,
00s S 00s

and using (6.2.19) one can write an
T. (6.2.21)

expression which connects boundary flux

2 2

c c

9 = B

and current with cell averaged flux
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h J'1
ooa 1 J 1

® = 9 e + 9 e
2 J D J D

(6.2.22)

Taking into account the conclusion of (Pshenin et al, 1988) about the small
difference of D and D and the slight influence of this difference on
calculational results, it was chosen for PERMAK:

D = D (6.2. 23)
Rewrite (6.2.22) as

h
® J

where ® = ® + ® 
cos Ts

2 D

and e

= 9 e , (6.2.24)

® 9

e (e - 0/D) .
®

Analogously expression (6.2.24) can be
® 

written for cell which is
adjacent to the given cell on boundary 
conditions for flux and current at the

Taking into account continuity
common boundary of cells one can

express boundary flux and current as:

D ® c + D ® e
®

D e + D* e
(6.2.25)

2 D D1
9 c - ® e

h D + 0
Using continuity conditions for all of the cell sides one can write the
thermal neutron group balance equation: 

e
4 D D1

3hZ
® c - ® e + S 9

where S and all

of I and
components

S

D + D
= S , (6.2.26)

other neutron cross sections are linear combinations

S weighted with the corresponding
in the total thermal

share of 9
00s and ®

I =

neutron flux:

® 
00s

— s

®
I (6.2.27)

® ®
®

cos and ®
S'

® - ®
00s

(S is the cell averaged source for the
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thermal group).
Equation (6.2.26) is a nonlinear equation since its coefficients (c 

and S) depend on the solution. They should be corrected during the 
iterative process. Experience in utilizing of the new version of PERMAK 
shows that the rate of convergence of iterations is almost the same because 
spectral perturbations have a short distance influence in spite of 
the significant local values.

This algorithm differs from that described in section 6.2.1. 
Firstly, in 6.2.1 asymptotic and transient components of the symmetrical 
current are considered separately. In PERMAK the total symmetrical current 
is taken into account. Secondly, approximation (6.2.23) which is based on 
the conclusion of (Pshenin et al, 1988) allows one to neglect that one of 
the cell parameters is a tensor (either D or c) which occurs in the 
algorithm of Section 6.2.1 if the difference of D and D is taken into 
account. Both of these items simplified the realization of the algorithm.

In the epithermal energy group a more accurate definition of the 
equation is achieved by taking into account the cell heterogeneity using

K h V^s

C = ~ “------- ----- .

<P 2 y s s

The balance equation has the same form as (6.2.26) but it is linear (i.e. 
none of the coefficients have any dependence on the solution).

The necessary thermal cross sections for the algorithm, for example, 
can be obtained from precise multigroup calculations of the flux in the 
following supercell:

Cells of type 2 should differ from type 1 cells and their properties 
should provide a neutron current through the boundary between 1 and 2 type 
cells. On the basis of definitions (6.2.24-6.2.27) all the necessary 
functionals of type 1 cells can be obtained using cell averaged flux and 
reaction rates and boundary averaged flux and current.

The necessary functionals can also be obtained by considering other 
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supercells in such conditions that every trial function (6.2.18) should 
occure in them. For example, in RAFORIN (Pshenin et al, 1989) that is 
achieved by using the corresponding set of boundary conditions.

Some results of calculations using the described algorithm 
(RAFORIN-PERMAK) for the ZR-6 critical facility (Final Report of TIC, 1985) 
are presented in Figs. 6.5-6.10. These figures show that in comparison with 
traditional calculations (see Figs. 5.2-5.7) the criticality and power 
distribution are described significantly better. Calculations of effective 
multiplication factor have an accuracy of about 0.1-0.2% including the 
results for configurations with strong absorber rods. The power 
distribution is described within the accuracy of the measurements.
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fig 6-5

CELLS W 
fuel rod water

I T H 
absorber rod

Fig. 6.5 ZR-6 
An accuracy of

critical
PERMAK

101/100.

with constants obtained 
Calculated Keff= 1.0020

facility. Configuration 
calculation using advanced balance equation
by RAFORIN code.
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fig 6-6

CELLS W I T.H 
fuel rod water absorber rod

O #>

Fig. 6.6 ZR—6 critical facility. Configuration 102/102.
An accuracy of PERMAK calculation using advanced balance equation 
with constants obtained by RAFORIN code.
Calculated Keff=0.9998.
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fig 6-7

CELLS WITH 
fl,e' roL water absorber rod

Fig. 6.7 ZR-6 critical facility. Configuration 103/103.
Ar, accuracy of PERMAK calculation using advanced balance eguation 
with constants obtained by RAFORIN code.
Calculo.ed Keff~0 9983
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fig 6-8

CELLS WITH 
fuel rod water absorber rod

O <8/ ®

Fig 6.8 ZR—6 critical facility. Configuration 57/57.
An accuracy of F’ERMAK calculation using advanced balance equation 
with constants obtained by RAFORIN code.
Calculated Keff-~0.9979.
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fig 6-9

CELLS WITH 
fuel rod water absent er rod

Fig. 6.9 ZR-6 critical facility. Configuration 58/57.
An accuracy of PERMAK calculation using advanced balance equation 
with constants obtained by RAFORIN code.
Calculated Keff=0.9990
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fig 6-10

CELLS WITH 
'uel rod water absorber cd

O ® <®>

Fig. 6.10 ZR-6 critical facility. Configuration 90/87
An accuracy of PERMAK calculation using advanced balance equation 
with constants obtained by RAFORIN code
Calculated Keff=0.9977.

368



6.3 NON-LINEAR BALANCE EQUATION AND ITS SOLUTION

An upgraded mathematical model of non-uniform lattices isconsidered in the 
present Section. The model is based upon solving a nonlinear equation 
expressing neutron balance. The detailed derivation of the balance is 
deferred, first a generalization of the asymptotic lattices and the role of 
the cell’s symmetries in the derivation are assessed.

6.3.1 Corrections for Asymptotic Lattice Theory

Within the asymptotic theory of uniform lattices the multigroup transport 
equation (TE) has been discussed by a number of authors (Benoist, 1964 and 
Hughes, 1978) assuming the space dependence ofthe neutron source to be

e u(p),

in the considered energy group, where u(p) is a periodic function. It is 
easy to see that this assumption is not correct and is superfluous as well 
and Rumyantzef’s analysis (Rumyantzef 1962, 1963, Sidorenko, 1981) is 
applicable to the multigroup transport equation. The below given discourse 
is based on considerations utilized in quantum mechanics, and it 
generalizes Rumyantzef’s result (Rumyantzef 1962, 1963). The TE is'written 
as

-nV + ^(pljlHp.Q) = J dD’^, ^Q’Q)^, (p,Q’ ) +

g ’ = 1 411

G (6.3.1)

+ r-2- y . r * (p,Q)dQ
\fr L f’ J ’

g =1 4 n

in an infinite lattice, and the solution * is invariant under translation 
by lattice vector d, which connects the centers of two cells. Thus there is 
a point in expressing a particular solution of Eq.(6.3.1) with the help of 
eigenfunctions of the translation.

That particular solution has the form 
iBr 

^(p.D) =e UB(p,D) . (6.3.2)

Function is called the Bloch function and is a generalization of
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functions F and F defined in (Rumyantzef, 1962). Here B is a real vector, 
s as

The TE is invariant under the symmetry transformations of the lattice. 
Therefore we may get new partial solutions, i.e. new Bloch functions, by 
applying these symmetry transformations to a given Bloch function. With a 
given k > the flux in any energy group can be expressed as a linear 
combination of Bloch functions:

ZiBr
W(B)e u (r.n) . gB

B

(6.3.3)

In expression (6.3.3), the summation goes over all the vectors that belong 
to a given value of k .An equation for function u is obtained by 

eff B

substituting expression (6.3.3) into the TE (6.3.1). A matrix notation is 
used below for the sake of simplicity, all the cross-sections in Eq.(6.3.1) 
are comprised into matrix S. Functions u $ are suppressed in vector ug that 
satisfies the equation

QV + E(K (B)) u (r,Q)= 
---- eff J B

The boundary condition prescribed for 
B=0, the solution of Eq. (6.3.4) has a 
in the infinite lattice, where there 
assumed to depend weakly on parameter 
first few terms in its Taylor series:

-i(nB)uB(r,Q) . (6.3.4)

ug fixes that ug is periodic. When 
physical meaning, it gives the flux 
is no leakage. Function ug can be 
B and it can be approximated by the

u (r.n) = u (r,n) + iBu (r.fi) + (IB2) u (r,Sl) 
b o 1 2 (6.3.5)

Function u^ has as many components as vector B. Each component depends on 
the neutron energy. Function u^ Is a matrix, though here its off-diagonal 
elements are neglected. The set of vectors, admissible in expression 
(6.3.3), is also invariant under the symmetry transformations of the 
lattice (Binnebeck, 1974), (Makai 1979). Hence, if the cell is symmetrical 
then the Taylor series of function kef(_(B) may not contain certain terms 
and it has the form:

k (B) = K + ) K B2 (6.3.6)
eff oo / 2i 1 ' j

1
Substituting Eqs.(6.3.5) and (6.3.6) into (6.3.4) and comparing the 
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coefficients of terms with given powers of the components of vector B, we 
get:

nV + S(K ) u (p,Q) = 0 (6.3.7a)---  00 0

QV + E(K ) u (p.fl) = -Q u (p,Q) (6.3.7b)
----- co I —1 0

nV + S(K ) u (p,n) = -Q.u (p,n) + K u (p.fl) . (6.3.7c)----- co I 211 K 11 11 K 21 O

Function u^ and its components in Eqs.(6.3.7) are called microfluxes. The 
boundary conditions for Eqs.(6.3.7) are derived from the periodicity of the 
solution at the cell’s boundary on the one hand, and from the symmetries of
the cell on the other:

4TI

dnn u (£,n) = o n o - (6.3.8a)

4TT

an
n

u (£,n) = o (6.3.8b)

J- dflfln

4TT

u 
21

(6.3.8c)= 0

where £ denotes a point on the boundary, fl is the normal component of fl n
at the boundary. In practical calculations the cell is often taken as 
symmetrical. The above formulae (6.3.8) are applicable to cylindrical 
cells, too. The following expression is obtained for the flux by means of 
Eqs. (6.3.3)and (6.3.5):

♦ (p,Q) = *(r)u (r,Q) + V*(r)u (r,fl) + .... (6.3.9)
g Og - lg

where the macroflux * is given by

(6.3.10)

The asymptotic theory has led to the following results. We can express
the flux with the help of Bloch’s functions having a free parameter B.
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This parameter determines the leakage of the cell. Only the magnitude of 
the buckling vector can be determined from the criticality condition 
keff=1- The flux of a critical lattice is given by an expression in which 
Bloch’s functions with such a parameter B may occur that corresponds to the 
keff=1 condition. The periodic component of the flux is obtained from 
Eqs.(6.3.5) and (6.3.7). The amplitude of vector B and the weight function 
W(B) should be selected such that flux (6.3.9) should meet the known 
boundary condition at the boundary of the finite lattice. The macroflux 
satisfies a one group diffusion equation.

Eqation (6.3.9) has been widely utilized for expressing the neutron 
flux at a given point p. The first term in this expression is the microflux 
multiplied by the macroflux. The second term accounts for the cross flow 
and equals the gradient of macroflux multiplied by the microflux u^. It is 
often assumed that the macroflux is composed with the help of a constant 
weight for every Bloch’s function with B=|B|. In this case the macroflux in 
a two dimensional lattice is given by J (Bp), o

The necessity to cope with diverse lattice inhomogeneities has led to 
major difficulties in uranium-water lattices. The above obtained expression 
describes well the flux when the neutron spectrum is asymptotic. However, 
in cells located close to an inhomogeneity, some correction is needed.

Above we have assumed all the cells to be identical. Below some 
methods for characterizing ’disturbed’ lattices will be considered. A 
disturbed lattice comprises fuel cells and inhomegeneities (e.g. absorber 

rod, assembly wall, water hole). The discussion is confined to cases where 
the cells are symmetrical and their geometry is the same: regular hexagon 
or square.

Let us point out two important features of the flux distribution in 
a periodic lattice without perturbation for those features can be exploited 
in the case of disturbed lattices as well:

-the macroflux satisfies the two energy group diffusion equation;
-the microfluxes can be obtained by solving the TE with prefixed 

boundary conditions that are related to the symmetry properties of the 
solution to the TE.

The effect of an inhomogeneity appears in the non-asymptotic neutron 
spectrum at the cell boundary. The few group constants (cross-sections) 
will depend on the surroundings in the vicinity of an inhomogeneity. The 
method given below helps overcome that inconvenience by calculating 
iteratively the constants of the diffusion equation that turns out to be a 
modified finite difference scheme.
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Following (Makai 1982, 1984), let us investigate the structure of set 
R that contains the vectors B that correspond to a given k in Eq. 
(6.3.10). From (Makai, 1983) it is known that set R consists of two 
subsets: R and R . The first subset contains those B vectors with B = u, as tr
the second one with B = r, where r > |p|.

By virtue of the properties of these subsets, the macroflux can be 
shown to have two important properties of the two group flux. The boundary 
conditions, to be forced on microfluxes u and u are irreducible o 1
components of the general boundary conditions decomposed according to the 
cel 1’symmetries. By decomposing the entering currents at the cell boundary 
into irreducible components, it can be shown that the corresponding 
irreducible components (or shortly irreps) of the microflux ug are the 
generalizations of u and u and the amplitudes of the irreducible o 1
components are obtained from a finite difference scheme. Taking into 
account the continuity of flux and current at the cell boundaries, the 
non-symmetrical components can be eliminated from the earlier mentioned 
difference scheme (Gado et al. 1983). The symmetrical component turns out 
to satisfy a finite difference equation. Here the constants in the 
difference equation are calculated not as in the traditional finite 
difference equation. An iterative procedure can be constructed in the frame 
of which all the necessary quantities are derived (Gado et al., 1983, 
1984). For simplicity’s sake let us consider a one dimensional lattice.

2Let us retain the second order in B terms in the expansion

K (B2) = K + K B2 + K B4 . (6.3. 11)
eff co 1 2

In Eq.(6.3.10), set R consists of those vectors B that correspond to the 
2 2given k value. With given, Eq.(6.3.11) has two roots B ~n and B =v.

These roots are always real. Symbol p will denote the positive root, the 
other root is not necessarily positive. Accordingly, the set R is 
decomposed as

so that

R = R +R 
as t r

BeR if 
as

BeR , if 
t r

|B|=m

|B|=p .

(6.3.12)

(6.3. 13)

(6.3.14)

The neutron flux can be written as
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* (r,n) = $ (r) uas(r,n) + $ (r)utr(r,n) 
9 as B tr B

V2* (r) = p2 $ (r) 
as as

v2$ (r) = V2 i (r) 
t r t r

Hence the macroflux has an important property, viz.

(6.3. 15)

(6.3.16a)

(6.3.16b)

it is composed of
two terms each being an eigenfunction of the Laplace operator. In (Makai
1982, 1983), set R has been extended to the complex plane and the macrolux 
has been shown to be obtained from a two group diffusion equation.

6.3.2 Generalization of u and u.o 1

Let us mention certain properties of functions u and u. . Microflux u 
o 1 o

is symmetrical with respect to inversion through the cell’s center. 
Function u and u transform under rotations and reflections as do 

lx 1 y
coordinates x and y of a vector, respectively. In other words they 
transform as given irreducible components of function u^. We would only 
remark here that the irreducible representation (irrep) is a handy 
generalization of the even-odd notion, and leads to the following 
generalization: any function or vector can be decomposed into irreps. Let 
us decompose the boundary conditions into irreps (Makai, 1979, 1982) shown 
in Figs.6.11 and 6.12 for hexagonal and square lattices, respectively. It 
is easy to show that the irreps have the following properties:

a) A given irrep describes how the given component transforms under 
the symmetry transformations of the region.

b) Irreps form a complete system, i.e. any function or vector can be 
decomposed into irreducible components.

c) With the help of the irreps, vectors of specific transformation 
properties can be formed. Such vectors are, for example, the values of the 
function in question at symmetrically located points, its average values at 
the faces of the region. Such vectors are displayed in Figs. 6.11 and 
6. 12.

d) Linear operators of reactor physics preserve the symmetry 
properties of the flux, i.e. * belongs to the same irrep as does scalar 
flux, or as does the normal component of the neutron current, or as do the 
partial currents.
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e) If the function
then the solution of the

given as boundary 
TE belongs to the

condition belongs to any irrep
same irrep, 1. e. their symmetry

properties are the same.

Fig.6.11. Irreducibleboundary conditionpatterns for a hexagonal 
cell
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Pwc.6.12. Irreducible boundar condition patterns for 
square cells

f)Some irreps are two-dimensional. In this case two linearly 
independent functions, the so called components, belong to the same irrep 
and a matrix describes the effect of a symmetry transformation.

g)The same matrix transforms the two components of a two-dimensional 
irrep.

h)The vectors describing the irreps in a square and in a regular 
hexagon are as follows:

£ = (1, 1, 1, 1); £ = (1,-1, 1,-1);
1 2

£ = (0, 1,0,-1); £ = (1,0,-1,0);
3 4

£1 = (1, 1, 1, 1, 1, 1); e2 = (1, -1, 1, -1, 1, -1);
£ = (2,-1,-1,2,-1,-1); e = (0, 1,-1,0, 1,-1);
£ = (2, 1,-1,-2, 1,-1); £ = (0, 1, 1,0,-1,-1).

5 6
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Let us decompose the given entering currents at the boundary of the n-th
square shaped cell according to the above given vectors:

In ..n ,,n= X c + X c
11 2 2

(6.3. 17)+ X e + X e 
3 3 4 4

where

In In,In,In,In
1 2 3 4

The flux in the cell is given as
4

*n(r,Q) = [xYW) , (6.3.18)

i =1

where each u function is a solution to the TE with the following boundary 1
conditions: the average entering currents at the boundaries of the cell 
equal the elements of the i-th vector E, in expression (6.3.17). The partial 
currents calculated from u^ can be shown (Makai, 1981) to have average 
values at the cell faces proportional to the i-th vector £. Therefore the 
exiting currents

Jn

The irreps X fix

Xn = Ine k=l.... 4 . (6.3.20)
k k

are wri as

Xrc + Xrc + X r e

the entering currents at the

,,n n 
Xrc

4 4 4
(6.3.19)

boundaries:

2 2 2 3 3 3

Let us introduce the following notation. Superscript 0 refers to the 
"central" cell, whereas superscripts 1.... 4 to its neighbors. The exiting
current of the central cell is the entering current of one of the 
neighbours so making use of Eqs.(6.3.18) and (6.3.20) we get the following 
expression for X:

4
X° - £ V x‘r* = Q° (6.3.21)

k 4 / . k k k 

1=1

The explicit source term has been derived in (Makai, 1981, Makai, 1982), 
here only the Q° term is given explicitly:
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Q1 = ' X2P2 + X3% - X3% + XA ’ + ’ XX (6.3.22)

The terms X^ and X^ can be eliminated from Eq. (6.3.21) and the remaining 
components, viz. X* and X^, are of different magnitude since for any n Xn 
»X^. Let us note (Makai, 1982a, 1982b) that the finite difference form 

(6.3.22) can be derived for any symmetrical regular cell provided the 
corresponding irreps have been used in the decomposition (6.3.17). The 
obtained results are general: the irreducible components of the partial 
currents satisfy a finite difference scheme. The problem of decoupling the 
equations for the components Xtand X^ has been solved by (Gado et al., 
1983, 1984).

6.3.3 Synthesis Method (KFKI)

The fluxes and currents at the cell boundary are expressed as the sum
of a symmetrical (subscript 0) and a non-symmetrical (subscript 1) term:

tf. = Bf 
ki ko

+ Bf. 
ki

ki
rg 
ko ki

(6.3.23)

(6.3.24)J

Because of the continuity of fluxes and currents at the i-th boundary of
the k-th cell, the following relation holds:

if 
ko
g

‘ko

B‘

A'

+ B‘

+ A'ti

= Bf, 
k o

= -Af, 
k o

+ Bf, . , 
k i

- Af, ., . 
k i

(6.3.25)

(6.3.26)

Let us introduce new quantities a9 and e9 as 
ki kl

B9 - A9
k° 2a9 ko

(6.3.27)

(6.3.28)
i9 

k
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where h is the lattice pitch, 4^- volume averaged flux in group g. Now, the
leakage of the k-th cell is given by

L9 = I 
k h

(6.3.29)

because of the continuity of fluxes and currents. The average flux r is a 
function of symmetrical flux components at the boundaries of the cell:

_9

k

G

= V r9'9 b9
/ (0)k kO

g' = i

(6.3.30)

Matrix r9 9 is considered to describe a given property of the cell. That (o) k
consideration is based on the following considerations.

Let us describe the cell in first collision probability (FCP) 
approximation and let us expand the flux into irreps (index m). We get in 
few group approximation, neglecting the anisotropy of the scattering:

s9 = y
til / 1 JOO

J=1

Gm
^9^9 + V ^'9^9 + /H"1
sj J A sj j keff X J

9 ' ±9

(6.3.31)

*9/4 P"9 
m S 1 00

+ Jr’/2 pm9 + j“9/2 pm9 
m S1 r 0 m S1 ao

where m=l,3,5; g=l.... G and N is the number of space points; H™ -a priori 

known, normalized function of fission source distribution within the cell 
and

C-. £ £ xxx 

1 9

(6.3.32)

The formulae for the P probabilities are not cited here, they are available 
in (Gado et al, 1984). They reproduce the usual FCPs when m=0 and for m=l 
the program ANICELL (Devenyi, 1984) is capable of deriving them.

The solution of Eq.(6.3.31) explicitly depends upon k This 
dependence has the form
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c

(6.3.33)

as was shown in (Gado et al. 1983, 1984). Here F9 ’ is the m-th Fourier 
m

component of the scalar flux at the cell boundary. The first term gives the 
contribution due to a unit current (in group g’) at the boundary to the 
intra cell flux (in group g). The second term is the contribution of the 
fission source.

Matrices of type r describe the reaction rate R for any specific 
reaction in the cell and the ratio

R
T *9~ (6.3.34)

determines an effective cross-section for the cell and with them, the 
neutron balance in the cell is easily written down:

~ ~ + +£<x'=°- ^.3.35)

9' g'

We wish to emphasize that the unknowns in Eq. (6.3.35) are the average 
fluxes of cell k. Clearly, if the leakage had the traditional form, we 
would have had the traditional finite difference form. Apparently, in a 
non-uniform lattice the average flux can be obtained from Eq. (6.3.35) with 
a good accuracy if reasonable assumptions can be accepted.

The cell is described by matrices, which give the reaction rates 
type x for the symmetrical (m=0) modes, and by Fjm matrices, which give the 
current for every mode m at the cell boundary. It follows from Eq. (6.3.34) 
that retaining solely the mode subscript m, all the f-matrices depend on

(6.3.36)

The following Iteration was proposed in (Gado et al., 1984) as a means,of
deriving every cell property and determining the neutron field.
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1. First, before the iteration itself, the T and r matrices are lx 2x
calculated beforehand for every reaction type and for every cell type.
2. Boundary fluxes and currents are obtained from cell averaged fluxes in 
accordance with (Gado et al. 1984). The flux is decomposed into irreps at 
the cell boundary, and the parameters S, a and e are calculated.
3. The cell average fluxes are calculated by solving Eq. (6.3.35) in a given 
cell.
4. Step 3, is repeated for every cell. This completes one sweep.
5. After the last sweep, k is estimated from the overall balance. 

r ef f

6. Steps 2-5, are repeated until a convergent solution is obtained. 
The approximations applied in the above described procedure are as 
fol lows.

- TE (6.3.31) is solved in cylindrical geometry;
- the angular dependence of the angle dependent flux is 
restricted to the terms P and P ;o i
- in the Fourier expansion of the flux at the boundary solely 
the first 6 components are retained.
- the cell is assumed symmetrical;
- the fission source is a priori known in the cell.
In accordance with the above proposed procedure the calculation of a 

non-homogeneous lattice is performed in two steps.
a. Cell calculation. The TE (6.3.31) is solved in a cell for 'J'™99 with 

prefixed boundary conditions at the cell boundary, see Fig. 6.13. The 
number of groups is approximately 70. Another problem is solved to find 

where the fission source is given and the flux at the cell boundary 
is zero. As a result, with the help of Eqs.(6.3.33)-(6.3.36) r matrices are 
obtained. Here the number of groups is 2-4.
b,Global calculation. As follows from Eq.(6.3.33), the reaction rates are 
calculated by means of r matrices and cell boundary fluxes. In one 
iteration the cell parameters a, e and E are calculated whereas the cell 
average fluxes are calculated from Eq.(6.3.35). Hence the parameters a, e 
and X can account for the local spectral phenomena at the boundary of the 
cell, in spite of the fact that at the stage where r matrices themselves 
have been calculated, the material properties of the cell had been fixed.
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6.3.4 Correction for Lattice Pitch

It will be shown below how the method explained in Section 6.3.3 is 
capable of describing the neutron distribution in a uniform lattice, 
furthermore, parameters a and € in a uniform lattice tend to the 
traditional diffusion coefficient (D) and to unity, respectively.

Expression (6.3.27) determines a as the ratio of the 
non-symmetrical components of the neutron current on the i-th cell boundary 
to the non-symmetrical components of fluxes on the same boundary. Both of 
these quantities are expressible by means of r matrices. Firstly, the 
boundary flux and its Fourier components are related as

6
^ki = £ GmlFL ’ (6.3.37) 

m= 1

where L ---- e 1 -irreps given by (6.3.17); and F -m-th Fourier 
J kmcomponent of the boundary flux; k-cell index; i-boundary index. Secondly, 

by virtue of Eq.(6.3.17), the Fourier components of the boundary current 
are

c
G9 = V r9 9 F9'

9 ' *1

k® / Jkm km ’
g' = l

where subscript J of the r matrix refers to its type, viz. the one 
determining the net boundary current. Thus we have

k I

c

h
2

and

G
f9 - h V r9'9 f9 ' 
ko 2ag L Jkl “1 

kl g'=l
€ = —-_______________________ __________ _ 

k 1 G
y 9 

/ . 0k kO
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In a finite uniform lattice a buckling is introduced and there

F9 = F9 = F9 =0, k=l,...; g=l,...G. 
k2 kS k6

As to the ratio of components F^^ to F^: the former is the amplitude of 
Fourier component cos0, the latter of sin0, and their ratio can be taken as
constant. Therefore

c
V r99 F9'
/ Jk4 k4 Gg

h g'=l _ h k4

Thus a depends neither on the boundary index i and. in a uniform lattice.

nor on the cell index k. The a parameter is the relation of a linear
combination of cell surface fluxes to a linear combination of boundary
currents:

a9 
k

(6.3. 38)

As can be seen from Fig. 6.12, (6.3.38) is a generalization of the
expression 

current gradient . 
flux gradient

In slab geometry (6.3.38) is 

and when h tends to zero then a tends to D, to the traditional diffusion 
coefficient.

Now let us consider e. In an asymptotic uniform lattice e does not 
depend on the boundary index i and has the form
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F9 
kl

e9 = ------  
k

- -A- j9
o g k 1
2a 

k

kg

(6.3.40)

and tends to unity, since F k
zero.

tends to the average flux when h tends to

It follows from Eq.(6.3.40) that the cell average flux is given by

9

0.kg

F9 - J9 
kl k

e9 
k

h/2

this clearly indicates that in the non-linear iteration the cell averaged 
fluxes are expressed by means of boundary fluxes and currents. Similar 
improvements have been applied either in the coarse mesh method to account 
for the large mesh size (Borresen, 1981), (Marakazov, 1977), or in the 
investigation of the obtained new schemes (Takeda 1979). (Lukas and Wehman 
1981) have introduced auxiliary mesh points (e.g. cell edge centers). No 
auxiliary points are needed in the theory expounded above, the correction 
is introduced by the r matrices which reflect the physical properties of 
the cell.

6.3.5 Effect of the Cell’s Surroundings

In the non-linear iteration, every reaction rate or boundary current
is expressed with the help of r matrices as

R9 = y r9'9fK If9'.
* / . x [ effJ O

9 '

Obviously, the mode m=0 contributes only to the cell integrated reaction 
rates. The r matrices are precalculated, e.g. by the CYLAN program. 
However, during the iteration the r matrices may vary only together with 
keff' Thls ls why the reliable determination of r matrices is significant.

They are calculated in the CYLAN program in the following manner. At 
the cell boundary a given neutron spectrum Is assumed in a larger number 
(40-70) of energy groups and the leakage is condensed into few (2-4) 
groups only later. This is because the present capacity of the 
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computational means does not allow explicit calculations of large systems, 
and it is necessary to condense the energy spectrum in the second step of 
the calculation. Consequently, there is a contradiction between the two 
calculational steps since in the cell calculation step a many group 
spectrum should be considered. Specification of the entering current 
spectrum within each macro (or coarse) group is inevitable.

In principle, these spectra could be selected individually for each 
cell type and for each azimuthal harmonics although at present it is not 
clear how to determine them. When performing the below given calculations, 
the following approximation was accepted. A number of flux and current 
boundary spectra were obtained by means of the BETTY asymptotic spectral 
code for each cell type. The number of spectra was selected equal to the 
number of energy groups in the global calculational step. Afterwards, 
linear combinations of these spectra were formed so that the summed up flux 
should be be unity in one of the macrogroups, and be zero in all the other 
macrogroups. According to the experience gained so far, the best results 
are achieved when the set of preselected spectra has included not only the 
asymptotic spectrum of the fuel cell typical for the given lattice, but 
also a softer and a harder spectra. Only the softer and harder spectra 
enter when performing two group calculation in the second step. We only 
remark here that the use of leakage spectra in calculating higher angular 
moments has improved the results. It is clear, however, that it would be 
premature to draw final conclusions regarding the best choice of spectra.

Usually the off-diagonal elements of the T matrices differ from 
zero, hence the same cell embedded into diverse surroundings represented by 
different neutron spectra at the cell boundary may acquire different cell 
parameters in the global calculation, see Eq. (6.3.35). This effect is 
nothing other than the "spectral correction", introduced by (Lehman, 1978). 
Thus the method described in Section 6.3.3 involves the spectral index 
method as a special case.

6.3.6 Off-diagonal Diffusion Coefficients

The non-linear iteration can also be expounded in another way, based 
on assuming matrix a to exist and to be independent of the cell boundary 
index. However, in this case it will not be a diagonal matrix with regard 
to the energy. On the i-th cell boundary the flux and current are 
continuous:
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= ^z • (6.3.41)

= J,' > (6.3.42)

where i denotes the neighbouring cell boundary. Let us express the 
boundary fluxes and currents as sums of one face averaged component 
(subscript 0) and the remainder (subscript i). We suppose matrix a to exist 
such that

E, = h 2 Fi ' (6.3.43)

Now, Eqs. (6.3.41) and (6.3.42) become

= Eo + -i (6.3.44)

= + • (6.3.45)

From Eqs.(6.3.43)-(6.3.45) the following expressions are obtained for the
boundary flux and current:

J = 2 
h a + a

-1

F' o (6.3.46)h ,-i_.
- o “ G2 = o F o

h -1„
2 = 0

F' o
h z-i^, =■ a G 2 = o -a (6.3.47)

To simplify 
definition:

the above formula. matrix e is introduced by the following

a + a a

F - 5o 2 a G= o = €0

F o
h •
2 E G o

(6.3.48)

and e depends solely 
means of F matrices:

on symmetrical components that are expressible by

G = T F
0 =J 0 

0
(6.3.49)

(6.3.50)= F. F

Therefore matrix e can be written as
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(6.3.51)

where E is the identity matrix. The neutron balance now has the form

£ > L + R = R + R ,
V / . J a f S’ 

1=1

(6.3. 52)

where F, V are the surface of one cell face and volume of the cell, 
respectively; Ra, Rf , Rs represent absorption, fission and slowing down 
rate, respectively. Reaction rates are expressed by r matrices as

r fR X =x 0
(6.3.53)

In order to transform Eq.(6.3.52) to the required form, the reaction rates 
are written as

(6.3.54)

with the help of which the cell balance turns out to be an equation for the 
cell average fluxes:

6
-A? ) a' |a' + a I afe'0'-e^| + <S >0 = z =-5- +£ 0 , (6.3.55)

2 / = 1= =1 =1= ~ =— I a — — K a —3h } L J etc
1 = 1

c
Q = ) vZ , . (6.3.56)

9 '=1

Equations (6.3.55)-(6.3.56) are closed, the cell average fluxes can be 
determined from them. Thus we have shown the non-linear iteration to be 
capable of giving the average fluxes by equations analogous to the results 
obtained in (Laletin and Elshin, 1981), (Maiorov, 1983).
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6.3.7 Higher Harmonics 

Let 
comprise

us consider the Fourier components of the flux on the boundary and 
quantities on the boundary into one vector:

• ,0kl
9 
k6

The m-th Fourier component is obtained as

G

= 7 c F" •—k / m km
m= 1

Because of the orthogonality of vectors c , we have 
m

r9 - J a9 _ 
FU N K m ’ 

m

where N^e., The boundary fluxes are positive and approximately equal. 
Thus the relation

F’ » F’ , m>l 
k 1 km

is fulfilled for any k and g. It is evident that the differences depend on 
the cell size and on the cell structure. Based on the numerical results 
obtained by the HEXAN code, in (Makai 1981; 1982) it was proposed to handle 
higher harmonics as perturbations. When the higher harmonics are 
neglected, the a and e become cell characteristics that can be determined 
independently of the boundary conditions. It is easy to see that the same 
expansion in terms of vectors e occurs in Eqs.(6.3.46) and (6.3.47) as it 
does in some expressions of (Laletin and Elshin, 1981).

6.3.8 Numerical Results

Calculations have been performed for the ZR-6 configurations (Final 
Report of TIC, 1985) given in Table 6.3.1. To perform 4 group calculations 
by the SNARE program, it was necessary to prepare r matrices for the 
following fuel types:

fuel (12.7/3.6/0.0);
water cell;
cell of absorber type D.

r matrices have been calculated by CYLAN in 70 energy groups.
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Table 6.3.1. Calculated Configurations

Configuration
1

Description

47 Core + reflector
57 D7
58 E7

101 K91 no perturbation

The results given below have been obtained with the help of the same 
spectrum for all three fuel types determined as follows. The base (m=0) 
azimuthal harmonic has the weight 0.25. The higher harmonics are built up 
from the spectra of the following four cell types:

-standard fuel (12.7/3.6/0.0);
-standard fuel but the density of hydrogen doubled in the moderator 

and the density of 238U is halved;

-standard fuel but the density of hydrogen halved in the moderator and 
the density of U238 is doubled;

-standard fuel but one quarter of U density and adding auxiliary 
fissionable material.

For the non-symmetrical modes the corresponding leakage spectra at 
k =1.0 was been used. Values of k obtained by SNARE are given in Table eff eff
6.3.2. The calculated power distributions have been compared to measured 
distributions (Final Report of TIC, 1985) utilizing function No. 21 in 
program RFIT (Szatmary, 1977, 1979).

Table 6.3.2. k values, 
eff

Configuration k 
eff

47 1.0000
57 0.9997
58 0.9993

101 1.0075

Figures 6.13-6.16 show the calculated and measured power distributions 
for each configuration. The obtained Student fractions are displayed as 

-function of distance from the lattice centre, see Figs.6.17-6.20;
-function of distance from the center of macrocell X7 or K91, 
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involving the fuel pin in question, see Figs. 6.21-6.23 for configurations 
57, 58 and 101.
The behaviour of the Student fractions shows the calculated results to 
describe well the power distribution in the investigated configurations. If 
one compares the distribution of Student fractions with results from the 
asymptotic approximations (Alvarez, 1987) a considerable improvement can 
be observed.
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Fig. 6.17 Student fractions versus distance from the core centre 
Configuration 47
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Fig.6.18 Student fractions versus distance from the core centre 
Configuration 57
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Fig. 6.19 Student fractions versus distance from the core centre 
Configuration 58
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Fig. 6.20 Student fractions versus distance from the core centre
Configuration 101
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Fig.6.21 Student fractions versus distance from the macrocell 
centre, configuration 57
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Fig. 6.22 Student fractions versus distance from the macrocell 
centre, configuration 58
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Fig. 6.23 Student fractions versus distance from the macrocell 
centre, configuration 101
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7. ADVANCED APPROACHES FOR NEUTRON-PHYSICAL CALCULATIONS OF NONUNIFORM 
REACTOR LATTICES

N. I. Laletin

7.1 INTRODUCTION

As a matter of fact the neutron flux 0(w) in a reactor is described 
with surplus accuracy by the following transport equation

L0(u)=^- K0(u) (7.1)
ef r

-> CO -> p ->
L0(<j)=QV0(u)+E(r,E)0(u)-J’dE'J dD' SJr, E' -E, W )0(r,E' , Q' ) 

o 4n *- -I
(7.2)

00 -> -> -> 1 -
K0(w)=J'dE'J dQ' b(E',E)Sf(r,E')0(r,E',Q') ~ 

o 4n L ■*

where eigenvalue 1/K is introduced formally to reduce the problem to the 
stationary case if the characteristics of the reactor under consideration 
differ from these of the critical reactor, 0)={r, E,d).

The notations in Eqs. (7.1) and (7.2) are those used in the neutron 
transport theory (see e.g.(Davison, 1957)).

The simplest approximation of Eq. (7.1) in the form of either 
diffusion equation or Pl-approximation is in most cases acceptable for 
homogeneous reactors. However, most of the existing reactors are 
heterogeneous: cross sections of interaction (especially absorption cross 
sections) of neutrons with different components of media vary considerably, 
and the sizes of the components expressed in the neutron free paths are 
usually of the order of unity. These conditions do not permit one to 
replace directly Eq. (7.1) by its simplest form to describe the 
heterogeneous reactor.

At the same time, solution of the Boltzmann transport equation for the 
whole reactor takes too much effort and Is not justified by the required 
precision. Taking into account the specific features of the reactor 
problems permits one to simplify the calculations significantly, i.e. to 
solve the transport equation in the limits of a number of comparatively 
small domains (specific reactor cells) only. The solution for the whole 
reactor volume Is found by using suitable approximations. The procedure of 
the transition from Eq. (7.1) to simpler equations may be considered not as 

407



CHAPTER 7

the way to solve the transport equation but as the procedure for 
constructing the mathematical model to describe the neutron-physical 
processes in the reactor.

It means that we need not know exactly and in detail the neutron flux 
distribution </>(«). We are interested in getting an equation system for 
describing the neutron-physical processes in reactor which would allow us 
to obtain:

a) limited number of the solution functionals for practical 
purposes with acceptable accuracy,

b) results by computer calculation within an acceptable time.
Moreover, the mathematical model should be constructed in such a way 

that its parameters (e.g. group cross sections) might vary in certain 
limits neglecting their origin from micro cross sections of Eq. (7.1).

However, it is necessary to begin analysis of the whole procedure of 
constructing the mathematical model by considering the Boltzmann transport 
equation in order to understand the acceptability of different 
approximations and to estimate the errors which are accepted under their 
construction and to outline further improvements of the mathematical model 
if required.

In fact, the homogenization method, the method of "source-sink" and 
different variants of the albedo method are those widely used to describe 
a heterogeneous reactor.

7.1.1 Homogenization method

The homogenization method was initially suggested as a means of 
describing sufficiently large reactor (see, e.g.(Galanin, 1957); (Weinberg, 
Wigner, 1959)) consisting of identical cells. In this case the neutron flux 
distribution 0(w) was represented as

(u) (7.3)
s

where 'Ku) is the function of smoothed distribution and <p (w) is the 
s

-somehow- normalized neutron flux distribution in an infinite reactor
consisting of identical cells.

For finding the function ^(u) it is enough to solve the equation for 
a single cell using the condition of periodicity.
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Let us propose that the function Ww) can be approximated by linear 
coordinate function inside a single cell, i. e.

I ^a2 « 1 (7.4)
dx

where a is the lattice pitch.
Then for averaging the cross section over the cell volume it is enough 

to know (w). In this case function Ww) satisfies the transport equation 
s

with averaged cross sections. However, since the neutron free paths are as 
a rule less than "a" or at least of the order of "a", the satisfaction of 
the condition (7.4) means the satisfaction of condition

1 ■ X2 « 1
4 , 2dx

The last equation allows to replace the Boltzmann transport equation 
for ^(w) by its diffusion or Pl-approximation. Reasons discussed above 
satisfied researches while they took care about the correct averaging over 
the cell volume only of the most important cross sections, namely 
absorption cross section 2 , fission cross section and group to group 
transition cross section X ,.

When the problem of the correct calculation of the effective diffusion 
coefficient in the homogenization reactor arose it was realized that 
representation (7.3) is insufficient.

It was shown in number of publications of the 1950’s and early 60’s 
(Spinrad, 1955; Shevelev, 1957; Laletin, 1959; Smelov, 1959; Benoist, 1961; 
Leslie, 1962; Rumyanzev, 1962, 1963; Grigoriev and Novikov, 1968;
Sidorenko, 1962) that besides function (co) which is symmetrical relating s 
the cell’s centre and represents the flux’s microstructure, the functions 
<p (w) are required which are antisymmetrical along any coordinate and 
as
needed for getting the correct diffusion coefficient. The approach to the 
problem, the approximations used and the problem detalization in the 
mentioned publications were different, but their main idea was as 
fol lows.

1) The solution inside the single sell was represented as

(r)^^ (r) + (7.5)

(for simplicity the expression is written down only for one neutron group
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and for the reactor which is infinite along the axis directed along the 
channel axis).

Here ^^(r) and (?) are the functions which are antisymmetrical 

along coordinates "x" and ”y" respectively ("x" and "y" are the Cartesian 
coordinates): , (d^/dx)^ (d^/dy^ are constants with the meaning of cell
average flux along the cell and average flux gradients respectively.

2) The finite-difference equations connecting the average fluxes in 
neighbouring cells were derived from balance conditions of the neutron 
balance in the cell "1" and of continuity of the neutron fluxes and 
currents on the faces of the neighbouring cells. The equation coefficients 
were expressed in terms of integrals of functions ip (r) and <p (r).

s as
3) the finite-difference equations were substituted by the diffusion 

equations for homogeneous media. This stage was performed because 
differential equations are more convenient for analysis and getting 
solution in the "simple" cases and also because the computer calculations 

♦ ) were not used widely.
Let us mention the following deficiencies of the approximations used: 

- the results are valid only for describing the internal domains of long 
enough lattices, while condition (7.4) is satisfied. However the 
homogenization method stated here leads us to noticeable inaccuracy (~ 
10-15 % in the average flux along the cell) in the points near the lattice 
non-uniformitles (absorber cells in the core, boundary core-reflector, 
etc), 

detailed analysis of the derivation of the effective diffusion 
coefficients was performed only for one group diffusion equation.

During about forty years the computers are used in reactor calculations 
and the diffusion homogenized equations are widely used as before. 
Traditionally the homogenization approaches are based on replacing a 
heterogeneous cell by a diffusing homogeneous cell with utilising the 
various equivalence principles without using the finite-difference 
equations on the first step of deriving the diffusion equations (cf. 
(Shevelev, 1957), (Selengut, 1959), (Smelov, 1959), (Laletin, 1959), 
(Grigoriev and Novikov, 1968), (Bonalumi, 1973,1974), (Berna, 1971), 
(Deniz,1986), etc). It seems that above described interpretation of the 
homogenization theory reflects mostly the contemporary point of view 
presented in this book (cf. Chapters 3,6,7). (Editor’s remark).
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7.1.2 Other traditional approaches

The "source-sink method" equations were at first formulated (Feinberg, 
1955; Galanin, 1955,1971) by assuming that the reactor is a lattice of 
thread-like rods surrounded by the infinite moderator. It was considered 
that the neutron diffusion could be described everywhere in the moderator 
by Pl-approximation of the spherical harmonic method (many-group diffusion 
or diffusion-neutron age scheme). The initial schemes were later refined.

In my opinion, the final neutron flux equations have practically no 
connection with the "source-sink" method which was mentioned in the latest 
publications (Kochurov, 1980; Gorodkov, 1988). In reality the connection in 
these equations exists between the neighbouring cells but not among all the 
reactor core rods. The equation coefficients look like functionals depended 
on the space-energy distributions inside the cells, and they are not the 
rod characteristics as it was for the "source-sink" method.

Concluding this section one can say a few words about a less known 
method for solving the problem under consideration, viz. the albedo method. 
This method as well as the homogenization method describes the neutron flux 
distribution in the cells by a few of trial functions. The distinction 
appears in the coupling equations for neighbouring cells which are derived 
from the continuity conditions of one-side currents instead of fluxes and 
total currents.

All the versions of this method published in references (Aoki, 
Shimizu, 1969; Pfeiffer, Shapiro, 1969; Maiorov et al, 1970; Barkov, 1977; 
Sanchez, McCormic, 1982) lose to homogenization method due to the larger 
number of unknowns (per cell) in the equations and because the trial 
functions used are not regulated in the order of their significance.

As a result, all trial functions for two-dimensional problems should 
be found by solving auxiliary two-dimensional problems in the albedo method 
while the most important symmetrical trial functions are (in most cases) 
found by solving appropriate one-dimensional problems in the homogenization 
method. The above mentioned disadvantages may probably be removed (for 
example, by regulating the trial functions in order of their importance, by 
fixing the representative combinations of the unknowns and excluding the 
rest of them from the equations).

The coupling among adjacent cells by using one-side currents is also 
implemented in the surface current method (Sanchez, McCormic, 1982). The 
corresponding coupling is written down for the "nodes" and in some "nodal 
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methods". In both cases the specific solution inside the cells and nodes 
does not, in my opinion, permit one to consider them simply as the version 
of the albedo method. A more detailed description of such approaches is out 
of the scope of this paper.

7.1.3 Final remarks

The results obtained by the above methods are still widely used. The 
most significant calculation errors of the values obtained by these methods 
should be expected near the break of cell lattice uniformity (near a 
reflector, control rods, etc). The corrections are introduced near the 
nonuniformity, however, as it follows from comparing calculations against 
the experimental results, in particular, ZR-6 experiments (Szatmary, 1985), 
the traditional methods including the usage of asymptotic theory describe 
the experimental distributions near non-homogeneous breaks or zone 
boundaries with an error of 10-15%.

The advanced accuracy methods for neutron flux distribution 
calculations, especially for investigating the nonuniform lattices are 
presented in this Chapter.

The incentive to develop advanced calculation methods is based on the 
following reasons:

- asymptotic models with a variety of corrections are widely used in 
the TIC countries, but the physical bases-are often not clear;

analysis of experiments has shown the weak features of the 
traditional method;

- contemporary WWER core designs require more accurate calculations.
A number of works have been devoted to improvements of the methods of 

assembly homogenization (Lelek, 1976; Ionov and Kireeva, 1976; Anrjeevsky, 
1977; Chan din Chi and Makai, 1983) and of cell homogenization, as well as 
to refinement of the whole procedure of neutron flux distribution 
calculations (Laletin and Elshin, 1976; Laletin, 1977; Maiorov, 1977,1978; 
Novikov, 1982,1983,1984; Gado et al, 1983). A number of results is widely 
published outside the TIC proceedings (Laletin, 1978, 1980, 1981, 1983; 
Elshin, Laletin, 1976; Laletin, Elshin, 1977, 1980, 1981, 1985; Laletin, 
1983; Maiorov, 1983; Gado et al, 1984). In particular, publication 
(Szatmary and Gado, 1977) should be mentioned, its authors trying to define 
the diffusion constant for absorption rod from the finite-difference 
equation using spectrum and reaction rates from spectral calculations.
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7.2 SURFACE HARMONIC METHOD

The approach to calculating stationary neutron flux distributions in 
nuclear reactors that allows the accuracy to be increased without 
significant complication of the traditional calculation procedure was 
developed by the author and by the author with his colleagues.

Starting from the precise neutron transport equation the whole neutron 
flux distribution calculation procedure is analyzed. The reasons for the 
assumed subdivision of the procedure into the stages are proved: cell 
calculation + whole reactor calculation + introducing feedback - all 
modification problems of cell coupling equations are under strict 
consideration including requirements which the modified equations put 
forward before the single cell characteristics calculations. Strictly 
speaking, the main significance of the work done is in this successive 
analysis although this approach, from the purely mathematical point of 
view, is a way of constructing the more accurate finite-difference equation 
to calculate neutron flux distribution in reactor.

The mentioned approach is known as the "Surface Harmonic Method 
(SHM)".

a) Variational principle. The solution is represented by the sum of 
functions which exactly satisfy the neutron transport equation describing 
the flux distribution inside the cell. Then the total error is concentrated 
on the outer boundary of the reactor volume and on the boundaries between 
the cells.

This statement requires explanation. Of course, in reality it is 
impossible for the results of the numerical calculations (the solutions 
inside the cells are Just so determined) to satisfy exactly the transport 
equation. So the statement only means that we may neglect the errors of the 
solutions inside the cells during the derivation of the cell-coupling 
equations because, as a rule, these solutions are sought in the higher 
approximations to the transport equation, in more detailed group 
representations, etc, than equations used for solution sewing together at 
the cell boundaries. Therefore, representing the neutron flux distribution 
as follows

I N
0N(u)= I Z a.u^iu(w) (7.6) 
r 1 k 1 k

1=1 k = 0
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where
" is the combination of all variables on which the neutron flux depends
i.e. w =
I is the number of cells into which the reactor volume is divided, i is the 
cell number,
0lk(w) are the trial functions describing the neutron flux distribution in 
cell "i", k is the number of trial functions in cell "i",
N+1 is the total number of trial functions in each cell’ in the considered 

approximation,
ajk is the amplitude of corresponding trial functions.

Let us assume that 0 (u) preciselv qat i crs x •Hk pieciseiy satisfies the equation in cell
"i", i.e. as we consider, k (u)^ k (u)e(?), and

Mik(») = K0lk(u) (77)

Here

1, r g V
~ - V is the volume of cell "i "

0, r e V
1

where

L0 = + Z^-JaE'Jdn'JHr.E'.E.jS' )0(r,E',d')

(7.8)
= ---J^'/^'pfE'.EJE^^E'XX^E.d')]

(the notations of these operators are common known).
The trial functions ^(u) with different "k" differ due to conditions 

at the cell boundaries.
The statement that total approximation error under condition (7.6) is 

concentrated on boundary surfaces may be expressed mathematically in the 
following way:

».r. SF, 1, vrl.tl.n of fmctlonal Fj ,tlpuUted by the condltlon 
that Eq. (7.6) satisfies the transport equation in the reactor 
volume only approximately;

**(«>) is the importance function corresponding to the functional
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F . J
The parentheses denote a scalar product, that is in this case the

following 1nt egral

where n is the inward normal to

dr^ J dE J ddf(o)y(u);

(E) 4n

the cell boundary;

r

0^(w)=lim 0N(r ±cn,E,^). 
c^o

The exact value of the boundary solution 0(r ,E,st) will appear in

(7.9) instead of 0N at the outer boundary of the volume under
consideration.

If the importance function 4^(u) is
system f (w), 1 k
transformed to

depending on variables
expanded by 
(i,r ,E,i1), 

s

the complete function
expression (7.9) is

the following:

n an i > - 0_]
5F 

J

l=lk=0
8 4 

j,ik

* 
J,Ik

(7.10)

The condition of vanishing the variational derivatives 8F /a* =0J J, Ik
brings us to coupling equations solution in the neighbouring cells and 
provides exact values of these functionals (under the condition that all
derivatives become zero), if their importance functions are expanded by
system of functions f (w).

In reality, however, it is impossible to solve an infinite system of
equations, and
the calculation

practical considerations make senseless any increasing 
accuracy over a certain value.

of

Therefore, only several first, most important variational derivatives
have to be equal to zero 8F /84'

J J , 1 k
=0. This should be done by

appropriate choice of the parameters, (in 
the solution 0^ depending on them.

Besides equations for values linking

our case these are amplitudes a(

a[for the neighbouring cells we

5Fj = E y *+
L J , 1 k

k = 0

also get boundary conditions for the cells belonging to the boundary layer.
In the above-mentioned works, viz. (see page 7-7) all possible 

productions of spherical functions Ym(a>), characteristic functions of group n
intervals x (E) and functions of coordinates of cell boundary points W (r ) g k s
were taken as functions f^fu). The reasons for such a choice and explicit 
expression of functions W (r ) can be found in the same works.

k s
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Let us turn our attention to the following items.
ITEM 1. The obtained equations do not depend on the specific 

representation of the importance function of one or another type of 
functionals.

So, if the first I(N +1) variational derivatives 5F /S^ are equal 
to zero at a certain step of approximation, the exact values of all the 
functionals, the importance functions of which may be presented as

I N

= y y f (<j) 
j L L j , i k i k

1=1 k=0 
will be obtained.

The explicit form of a functional’s importance function will be needed 
only if the functional itself can not be obtained by the approximation 
under consideration and it is desirable to estimate its error.

ITEM 2. The consideration of the approximation of angular dependence 
of ^(r.E.d) was restricted (and, apparently, this is always sufficient) by 
spherical functions Y^(fl), where n 1. In this case the equations

jfik(u>),(£ - ^]1 = 0

appear to be linear combinations of conditions of continuity at the cell 
faces of group currents and neutron levels (the term "neutron level" is 
defined in the following section).

If the diffusion approximation on the cell boundary is valid, the 
neutron level is equal to the neutron flux and, therefore, all the 
equations may be derived from the conditions of continuity of currents and 
fluxes on the cell boundaries. It should be noted that any additional 
balance equations which sometimes being considered are not needed. The 
mentioned balance is automatically realized from representation of the 
solution in form (7.6).

ITEM 3. The choice of the function system f^tu) puts certain 
limitations on the boundary conditions for the trial functions <p (u) but 
does not define them completely. It is possible and at the same time 
obligatory to use such freedom to increase the accuracy of the solution 
obtained in the frames of chosen approximation. How to implement this is, 
to a considerable extent, a question of art of a researcher, however some 
common recommendations may be given. In any case, they should be discussed 
at the stage of considering how to calculate the cell characteristics.
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To conclude the section, some notation of different approximations of 
SHM are given below:

(BG; (C^JS), 

where
B is the number of energy groups in the coupling equations of cell 

solutions (1G - one-group approach, 2G - two-group approach, etc),
C± and are the numbers of boundary condition types related to one 

cell and one group ("Surface Harmonics") used for calculating the trial 
functions and respectively the number of trial functions for a cell and for 
a group. At the same time Cj_ is a number of "azimuthal harmonics" and C is 
a number of "axial" harmonics.

The axis, the same as axis "z", is directed parallel to the fuel rod 
axes, the channel axes and the assembly axes, etc. The number related to 
the angular coordinates of the neutron flight is not included because, as 
was already noted, this approximation results from using the spherical 
harmonics, where n s 1.

The approximation (2G, 3S) is called the main approximation of SHM for 
two-dimensional problems and (2G,(3 + 2)S) - the main approximation of SHM 
for three-dimensional problems. Let us call these approximations simply the 
main approximations if it is clear from the context what method and what 
dimensionality problem are discussed.

b) About the next stages of equation deriving. Detailed descriptions 
of the procedure for deriving the final equations of SHM are discussed in 
the mentioned publications. Only the key items will be outlined here.

The following equations (Laletin, Elshin, 1980, 1981)

nkg _ r- r J( i ) nk'g
’LL ckk' (7 11)

J k' 

are obtained by setting the first variational derivatives to zero. 
Here 

,nk ' g .
<t>i is the surface harmonic of order "k" for the angular 

moments of the equation (0 s n s 1) for the group "g" and the cell "J";
Ckk' are the C0UPlin8 coefficients of different harmonics in the 

neighbouring cells.
The sum over "J" is taken along the cells having the common boundary 

with cell "1". The explicit form of the coefficients CJ , is given in 
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(Laletin, Elshin, 1981).
It should be noted that

0°k9= f dr [ dfi f dE((S)W (r )e (E)0N(o)=Jk9 (7.12)
1 J s J J ksgi i

r 4n {E } 1 9

are the surface harmonics of the group neutron currents in the cell "i", 
and

0lk9= 3f dr [ dQ f dE(dn)2W (V )e (E)/'(<j) = lk9 (7.13)
i J s J J ksgi i

r 4n {E } 1 9
are the surface moments of the group neutron levels in the same cell.

{E } in (7.12) and (7.13) denotes the energy group interval, r is the 9 1
boundary of cell "i". The coefficient 3 in (7.13) results from appropriate 
choice of normalization.

On the condition that the diffusion approximation on the boundary of 
the cell is true and taking into account that 3((1n)2=P (dn)+2P (lln), we get 

0 2
1 ( 9=</>t 9 , that is Ij9 turns into the surface harmonics of neutron fluxes.

As far as can be expressed as the sum of the trial functions,
each of them being a solution of the transport equation in the cell, 
coupling equations exist and have the form

lk9 = V Sk‘, Jk9' (7.14)
1 L> gg 1

The surface harmonics with different "k" in equations (7.14) are 
separated owing to the symmetry of the cell and to utilising the trial 
functions corresponding the cell symmetry. Arranging corresponding 
variables Jk9 and lk9 in energy vectors we come to the following equations

? = y ycj, ?'
1 L L kk J 

J k'

s* ? = y y cJ , s\
k 1 L L kk' k J

J k'

(7.15)

The individual notations were used for the matrix S with the lowest
numbers "k" in our publications, namely:
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matrix of the symmetrical trial functions,

* 1 * i *%=^2=^i is the matrlx of the antisymmetrical trial functions,

^3=^4=^i ls the matrix of the trial functions for symmetrical cells in the 
two-dimensional case.

The first moments in this case are denoted as follows: 
^=8^^ is the group neutron leakage (inflow) vector for the cell "i", 

and are the §rouP vectors of the currents flowing along the
axes "x" and "y" respectively, etc.

In our opinion, and proved by the, pilot calculations, in most cases 
only matrix y (which is responsible for the absorption and multiplication 
of neutrons in the cells) and matrix 4- (which characterizes the diffusion 
resistance of the cells) should be calculated accurately enough with the 
help of the high precision codes.

As for matrices S with k a 3, they may be represented in the form S a 
" R k

skS1’ where s^ are the values which should be obtained from the simplified 
auxiliary problems (e.g., for homogenized cell supposing the diffusion 
approximation to be true in it).

In the particular case of a triangular lattices of rods, Eqs. (7.15) 
may be represented in the following form using five trial functions per a 
cell:

6-4
66J = E j1 

1 J

1 J=i ‘ J 3 ‘ 1=1 J J 

1=1

-4 6-4
3JX = Z j'cosa 

1 J

. 6 -4
6p 6? = E f1

‘ 1 j=l

" -4 6-4
30 Jx= E f1 cosa

1 =1 J

-> 6 -> A -> 6 ->
3J* = 2 J sina 30 Jy = E f'sina

1=1 J 1 1 j=i J J

3 1 o ■3J = E J cos2a 3S J = E f cos2a

(7.16)

(7.17)

(7.18)

(7.19)
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-> 6 -> „ -> 6

3J4 = S j’sin2a 3S„J4 = E f‘sin2a (7.20)
1 1 J 4 1 J jJ=1 1=1

where is the angle between the radius-vector directed from the cell 
centre to the centre of the j-face of the cell, and the fixed direction,

-♦ ->
j = -(8J - Jxcosa - Jysina + J cos2a + J sin2a ) (7.21)

J 1 1 j 1 j 1 j i j

A A “> A “> A->
fJ = SJj -0( (d^cosa^ +Jysin2 ) (J^cosEa^ +^J4sin2a^ ) (7.22)

Here j’ is the vector of the neutron group currents through face "j" of the 
cell "1", and ?' is the vector of the neutron group levels on face "j" of 

the cell "i".
It is useful to write down the coupling between j’and excluding the 

amplitudes of 3* and from Eqs. (7.21) and (7.22) and introducing values

As a result, we obtain a certain analog to the Fick’s law

j1 = (0 + ,/, )-1 -(Xx-Xx)cos2a -(Xy-Xy)sin2a
J 0 1 I 1 0 J 0 J J o J

(7.23)

where index "0" is the cell number adjacent to cell "i" and having 
common J face with it,

^i^V’ X<(VSX'

Owing to the symmetry of the cell,
S =S sF. 

3 4

Equations (7.16 - 20) are transformed to the following forms using Eq. 
(7.23)*’ I;

A^-E. ^+S. =0 (7.24)
D O 4,0 0 4>
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are derived without utilising Eqs. (7.16-22) as one would think taking into 
account the above text. The system of equations (7.16-22) is apparently 
incompatible one (Shevelev, 1993). (Editor’s remark).
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AXy-ZXy + ^= O (7 26)
DO Y , 0 0 y

The following notation was used in Eqs.(7.24 - 26)
2 6 A

Vo =3a2 I Ajo <727>

1=1

6
S<t> = -^1 MpVoJ^vpVi]3^ (7-28) 

a i=i

6
K = ~^l (729)

a 1=1

6
Sx = "^E (7.30)

J=1

- p 1 -16J0 = 1 IV^oJ <7-3H

V 1^= | ’ (7.32)

Only the amplitudes of the additional trial functions are presented in 
the equation for (7.28). If they are neglected (if one considers 
^=5^=0) the finite-difference equation with one unknown per a cell and a 

group is obtained:

i <P - E, <£ = o
D O $.0^0

Though the form of this equation is 
traditional homogenization method (in fact.

(7.33)

such that the codes of the
this could be valid only under

approximate diagonalization of matrices A ) may be 
J0it, the meaning of the vectors of the unknowns $ and 

suitable for solving 
the flnite-difference

equation coefficients differs from usual one.
As a result, the values of the functionals are different (more 

accurate) from those obtained by the homogenization method. The meaning of 
the variables introduced will be discussed in the next section (the text 
follows (Laletin, 1981) to a significant degree).
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c) Neutron birth and absorption in the cell. Let us consider the term
E^ 0 .0, 1 I
By definition,

Consequently, 
4a8? P3J

E $ = - 3? = ---- - = (7.34)
0, i i a i 2 S a

The variables P and S are the perimeter and cross section of the cell 
respectively.

The perimeter of the square cell is P = 4a ("a" is the lattice pitch)
2 / ’and the cross section is S = a while for the hexagonal cell P=4av 3 and

2 /S=a V 3 ("a" is again the lattice pitch), and hence

P/S=4/a.

Taking into account that 3?j is the symmetrical trial function

amplitude vector, one may consider that P3J is equal to the total 1 9
quantity of the g -group neutrons inflowing (or leaking if J < 0) into the 
cell. It is clear from the balance relationships that

paj /s=(n‘-B‘)/v , 
19 9 9 *

where IT1 is the total quantity of the neutrons of group "g" absorbed in or 
9 t

leaked off this group in the range of cell “ i", and B is the number of 
9

neutrons of group "g" incoming into it from other groups and appearing due 
to the fission in this group inside the cell "1".

Thus it can be concluded that

P3J
1 > 9

S
n - b
_2____ 9 = i £V. 0.1^1

The variables I, should be connected with the 011 1cross sections E , fission cross sections E , a9 ( f g
transition cross sections E , for the cell under

99

effective absorption 
and group to group 
consideration. This

connection, however, differs from the conventional one because % is not

the vector of the cell average group neutron fluxes and because we do not 
suppose that the space-energy dependent neutron distribution is the same as
in the infinite uniform lattice of such cells.

d) Vector of the group unknowns. The variable ^=(^-0^)3^ in Eqs. 

(7.24-26) is the vector of the group unknowns. The advantages of such a
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choice will be discussed later. The structure of the variable will now 
1

be considered.

Let us denote This variable is by definition equal to the
vector of the neutron group levels averaged along the cell faces. This 
follows from the definition of matrix consisting of the boundary group 
levels for the single symmetrically incoming currents, from the definition 
of the vector of the averaged along the cell boundary incoming currents 
sl. , and from the fact that the contribution of the rest trial functions, 

except will be equal to zero after averaging along the cell boundaries.
Let us present the variable as

= (1 ~ 1 = [1 ~
* A _ i

and the factor 0^ will be denoted as

1 2^20^ = -a

Analysis of the variables y’1 and = (2/alDj1 (the analysis itself 
will be given later) makes it clear that the value k2 is the generalization 
of the value known as buckling of the flux. Therefore, the value of

= [1 + aZK2 /8]^ .
1 oi i

~ *2exceeds the value if *ol>0 (convex distribution) and becomes less than
~ ~20 if K < 0.

1 Oi

Let us emphasize that always has nonnegative components. In fact 0 
is by definition the vector with non-negative components. The value aZK2 /8 

oi
is positive for cells with multiplication coefficient K (see later) 

00, 1
larger than one.

Let us consider the initial equation

^i = ]6J!

2*2 with negative a k^/8 for the non-multiplicative cells.
The components of matrices and under consideration are positive

by definition and the inequalities (0 ) ^((p ) are always true. This is
1 99 199

obvious as the written variables are the neutron levels on the boundaries 
of the same cell but under different conditions of incoming currents. The 
levels under the antisymmetrical boundary conditions (<// ) will approach 

1 99 ’(staying less all the time) the levels under symmetrical boundary 
conditions (*>,) , only under unlimited growing of "optical thickness" of
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the cell.

e) Neutron exchange between the neighbouring cells. The
A % +SX in Eq.(7.24)
D 1 0 describes the neutron exchange intensity of

complex 
the cell

under consideration with the neighbouring cells.
The main term is A m D i which has the following unwrapped form

M 
- A ■> - 1

A ? 2D D +D D
D i L 1 [ i OJ 0 

i =1

£ 4
i 0

l2
(7.35)

where M is the number of cell faces, 1 is the length which may be expressed 
in terms of lattice spacing as 1 = a for the square cell and l=av^3/2 for 

the hexagonal cell.
It is easy to prove that (7.35) is the simplest finite-difference 

analog to differential operator VDV0(r).
The term describes the contribution of the additional trial 

functions for the neutron distribution in the cell in the neutron exchange.
The additional trial function amplitudes may be excluded (expressed 

through ? ), but this leads to more complicated finite-difference equations 

involving larger number of the cells. Thus (see (291), exclusion of 
leads to a nine-point equation instead of five-point equation (7.33) for 
the square cells under the additional condition of independence of 0 and 

from cell numbers.
Equation (7.35) results from the fact that the Fick’s law 

finite-difference analog is valid if the additional trial functions are 
neglected:

= 2D( (D+Dt )’lDo(^-^o)/a (7.36)

where is the average neutron current through face "1" of the zero cell.
The fact of the proportionality of the face cell current to the 

difference (^(-^o) explains why it is preferable to use the cell variables 

as the unknown group vectors in comparison with the other possible 
definitions such as the cell average fluxes F( or the face averaged cell 

fluxes 0. .
Using such variables would bring us to the currents proportional to 

the differences either r ? -r ? or ft <t> -B d> , where r are the coupling 
110 0.1100 i

matrices and 1 j , that is ( and 3^ are defined by equalities

^i=^i^i' This makes the equations more complex without any benefit. In 
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particular, matrices r and depend on the cell number even for the 
lattice where the diffusion coefficient can be considered as constant (D 1 
does not depend on "i") if matrix (p. characterizing absorption and 
multiplication cell properties depends on the cell number. Taking into 
account these considerations, it is natural to call a neutron group 
level vector in cell "i".

f) Matrix . Matrix is composed of the boundary group levels 
resulting from the antisymmetrical incoming single group currents and is 
proportional to the diffusion cell resistance (see (Laletin, 1981)) because

' (7'37’

where and + are the group levels averaged along faces "3" and "1". It 
follows from Eq. (7.37) that the level difference corresponding to unit 
through passing current, i.e. the diffusion cell resistance, equals 20 , 
and the diffusion resistance related to the unit of length equals 2^ /a. 
The latter variable can be naturally considered as the matrix reciprocal to 
the diffusion coefficient matrix 1 =20. /a and D =a^-1/2. To confirm this 

let us write down the inverse chain of transformations

D D'1? = T -
ill i 1

? -?
3 1

a
r = D A = 

i i a i D —--— Da => J* = D 
i 1

3 1

a
Consequently, the introduced notation converts the relationship

between the through passing current and the level difference into the 
differential analog of the Fick’s law.

g) Matrix <p^ . The matrix is composed of the boundary group levels

of its components. First of all, note that 
the logarithmic derivation of the flux over the

corresponding to the unit currents symmetrically incoming the cell. The 
reciprocal matrix ip'1 is included in the equation (7.39). Let us derive the 

different expressions for it which will help us to understand the meaning 

is a generalized concept of 
cell boundary. In fact

b b

In the one-group case and on the condition that diffusion approximation on
the cell boundary is true.
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Using the same approximations variable -1 can be expressed in terms
of albedo

_ Jb _ A "A 1 A

where J*, and 0^ are the incoming and emerging one-side currents and the 
cell albedo, respectively.

It is convenient to consider separately the cells with and without 
multiplication to better understand the correlation of variable 1 and 

the conventional characteristic such as the average along the cell group 
cross sections. The parallel consideration of the cells with and without 
multiplication will give a good basis for developing the profitable 
algorithms for calculating the components of vj-

The cell without multiplication. In this case let us introduce special 
notation for the variable

The diagonal components of matrix V may be written using the balance 
considerations as follows

t
P 99V = J -=— (7.38)

g g o Z 
agg 

where t is the ratio of the neutron level on the cell boundary to the 
99

cell averaged g-group neutron flux, £ is the cell averaged neutron agg
absorption cross section (the sum of real absorption and removal to the 
other groups).

Equation (7.38) was obtained with the help of the following 
consideration: the total number of neutrons incoming to the cell is equal 
to P (the cell perimeter) because the unity current of the group "g" comes 
into the cell and nothing comes into the cell in the rest of the groups. 
All these neutrons are either absorbed in the same group "g" or leave into 
the other groups. Consequently, the number of such neutrons can be 
expressed as X < _ «99 
cell. As V =0 is 99 9

The following
¥ =P/(SS ) 

9 399
and

1 S, where 0 is the group "g" flux averaged over the 9 9
the boundary group "g" neutron level,

v /$ .99 9 9 9

equations

result from equality:
v =t P/tSS )99 99 3gg
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P=Z 0 S.
agg g

The overdiagonal components of the matrix V ,(g<g') in the cell 
without multiplication are equal to zero if the groups "g" are wide and all 
the thermal neutrons are united into one group, e.g. there is no scattering 
with the energy increase among the groups "g".

The subdiagonal components of the matrix V ,(g>g') may be presented 
as follows 

where p^^, is the probability of the neutron with the energy of group "g'" 
in the cell to avoid absorption while slowing down to group "g".

The other variables are defined in the same way as the diagonal 
components of the corresponding matrices. Equation (7.39) itself results 
from the balance relationship which is the same as for deriving (7.38).

The cell with multiplication. The simple use of the neutron balance 
relations in each group is not of much use because these relations connect 
the fluxes of different groups.

It is more interesting to split the matrix y into two components, one 
of them describing own neutrons of the cell and the other describing 
those incoming from the neighboring cells (see (Laletin, 1980, 1981)).

Such expansion has the form:

(7.40)

where

Po is the neutron level vector in the conditionally-critical cell, 
j ls the multiplication coefficient of the infinite uniform media 

composed of "1" type cells,
1 is the vector with components chosen in such a way that the components
of matrix V would not become infinite when K.. .. 1 < =1, and
[<P0*P 1 is the matrix with components defined as follows:

It follows from (7.40) that y is not defined at K =1 and it is 
1 <0,1

natural as this means that when the outer neutron source is present in the 
critical media the "own" neutron flux becomes infinite. However, it is the 

427



CHAPTER 7

reciprocal matrix 1 that enters the finite-difference equation and it is 

definite under any value of K„ ”, 1
Inversion of matrix ip. may be carried out analytically, and it results 

in the equation:

S 1
P cV P (7.41)

where p =(K -1)/K and E is a matrix of the form E =SV :/P.
i co, i co, 1 a i al

The components of matrix E. include the average cross sections and the 
flux cell-tilt factors computed for the conditionally-critical cell. 
Variables c( and k. depend on the ratios of corresponding cross sections 
and cell-tilt factors for the conditionally-critical cell, and components 
of the matrix X a i A

The equations for E^, E , k( and c^ used in the two-group approach 
are given in (Laletin, 1980, 1981a).

Representation as

(7.42)

may be more convenient than (7.41) when the flux inside the cell is 
described by the diffusion equation, e.g. during the calculation of the 
secondary homogenization for PWR type reactors. Here and are the 
vectors of the boundary fluxes in the two-group diffusion approach and 
correspond to the eigenfunctions connected with known two-group eigenvalues

2 2 2 2 -A
u s(K -1)/M and -v al/L + 1/T . The vectors a and p consist of the 1 co, i ill 11
coefficients defined from the boundary conditions.
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7 .3 Analysis of relations of SHM with other approaches

In this section let us briefly repeat the main theses underlying SHM 
and then detail the main new aspects described by SHM equations which have 
not been included in the traditional homogenization equations. Let us 
establish the relations of SHM with some other approaches.

The main statements are:
1) The solution is sought as the sum of the trial functions which 

satisfy the transport equation in the individual cell and the definite 
conditions on the boundary of the cell. A set of the trial functions is 
determined for each cell in the form

0N(w) = 2 2 a 0 (w)
1 k 1 k 

1 k

2) The residual appears when substituting the approximate expression 
for 0N(w) into the transport equation (the approximation arises from 

restricting the summation along "k" by a certain number "N") and it is 
concentrated on the cell boundaries.

3) As a result the system of equations which connects the solution 
moments in adjacent cells appears in the following form

.nk Ji nk'
0 = Z Z C , 0

1 , kk J
J k

4) Since the trial functions satisfy the transport equation Inside the 
cell, the connection between the separate energy-angle moments is reached 
on the cell boundaries. In the SHM the connection between the neutron 
levels (or approximately fluxes) and the currents has the form

0n = S,Sn 0n Z . 
i n n i

5) Then the transformation of the equations of items 3) and 4) to a 
form convenient for both their solution and their analysis is performed. 
The new variables are introduced: the neutron level in the cell and 
matrices of the effective cross sections of absorption, and the fission and 
neutron diffusion coefficients.

Let us discuss the new effects accounted for by SHM. For all these 
divisions the effects are - as always - conditional, since the 
contributions of these effects are not additive in the specific 
calculations. Along with it I shall point out the relationship of SHM 
equations with the equations, considered in publications as being devoted 
to the advanced calculation methods.
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a)The main mesh-size correction. The main mesh-size correction in its 
pure form may be extracted in the approximation where the core consisting 
of the homogeneous cells is considered, the neutron transport inside the 
cells and coupling between the cells are taken in one-group approximation 
and the higher space harmonics are neglected. Then Eq. (7.24) takes the 
following form:

„ 2D D

A £ rsMrj “rV ' '0 17■43,
3a 1 k k

Taking into account the definition of these variables and the above 
formulated approximations of the problem under consideration, the following 
equation is obtained: 

k kZ, d = (Z -pZ /k )F
0 k a f eff k 

k
where F is the neutron average flux in the cell, and 

k

D =D C , 
i i 1

where D =l/3z' , C =1/K*, K1 is current-tilt coefficient, i.e. the ratio of 
1 tr 1 j J

the averaged by cell "i" neutron current in definite direction to the 
neutron current on the boundary of the same cell. In this case the value 
for r in the coupling relation 0^=r^ F^ obtained easily and has the 
form

r =1/K* (l+p2a2/8), 
1 0 1

where -i/S*/K )D , K* is the flux-tilt coefficient, i.e. the ratio
1 a f eff 1 0

of the averaged by cell "i" neutron flux to the averaged by cell boundary 
neutron flux.

In this case variables C and r approximately, with the accuracy of 
2 2 the terms of order a , have the forms:

o o 2 2C = 1-0,069/3 a , r el+0, 1030 a .
11 1 1

Note that Eq. (7.42), if expressed in terms of the newly defined 
variables F , has the form 1 

a k„ 2D C D C ,
2 V 1 > * * L F _r F _ zkF + F =0 (7.44)
„ 2 L DC +D C 111 k k I ak K k 
3a 1 1 k k J eff

1 =1

This equation actually coincides with the Askew-Takeda equation 
(Takeda et. al. 1979) for two-dimensional problems and in this case 
coefficients C( and ,r are numerically very close to described above 
(Takeda brings (7.44) to the form of (7.43) by formal substitution and 
investigates numerically benefit of it).
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Many publications (Lukas, Wehmann, 1981; Slesarev and Yaroslavtceva, 
1983) are devoted to numerical investigations of (7.43) and its 
modifications).

In (Takeda et al, 1979):

C = l-2/27/3ZaZ = l-0,074p2aZ and r =l/( l-l/9pZa2) a l+0,118Za2. 
1 * 1 i i ' i

Equation (7.43) in (Takeda et al, 1979) was obtained in the following 
way: the auxiliary mesh-points inside the cells were introduced, the 
equations coupling these auxiliary mesh-points with the main points of the 
mesh were written down, and then the auxiliary mesh-points were excluded 
analytically.

The same procedure was performed in (Marakazov, 1977) (implemented in 
codes BIPR-6 and BIPR-7) and the only distinction was that different 
auxiliary mesh-points were chosen. The resulting equation appeared to be 
more complicated, the coupling of the equation coefficients with the usual 
physically explicit variables was not so clear but the effect of the 
refinement ("the coarse-mesh effect" according to Askew) in practice has to 
be the same.

In essence the same effect is accounted for in Borresen’s publications 
(Borresen, 1971, 1981) where the equations for Joining the currents and 
fluxes on the cell faces were used to couple the adjacent cells under the 
assumption that the flux averaged by the cell (or "node") may be 
represented in the form

= b0 + 2cT.it>1 
J J 

where 0 is the averaged node flux, <p is the flux in the centre of the 
1 * 

node, and is the flux averaged by face "J" of the node "1".
Coefficients b and c were fitted numerically in the model problems, 

and this point is -in my opinion- the essentially weak point of 
this particular work.

Note that consideration of the one-group problem especially after the 
homogenization of the real cell does not give a full picture about the 
significance of the main mesh-size correction. The main corrections to the 
results received by the traditional equations of the homogenization method 
arise in nonuniform lattices and strongly depend on the number of groups 
used. In particular, in two-group approaches the variables aZ/LZ appear 
beside the parameter pZaZ, where L^ is the diffusion length in group "g".

b) Accounting for the cell vicinity. Let us consider the cell average
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absorption cross section as an example to make it clear how SHM accounts 
for different behavior of the same cells in different surrounding 
conditions. Let us take the case when the neutron exchange between the 
cells is considered in two-group approximation. In accordance with SHM the 
average thermal absorption cross section is represented in the form

’ <p 6J + (p 6J
22 2 21 i

where Z21 and are the energy-space averaged cross section and the 
a 2 i

thermal neutron flux respectively (i = 1,2).
This averaging is performed using the distributions of the following 

problems:
- when 1=1 the solution is defined under the boundary conditions of 

symmetrical incoming of the fast neutrons with zero current in the thermal 

group,
- when 1=2 as above with incoming of the thermal neutrons with zero 

current in the fast group.
Since SZ2*S21, the cell average cross section 2 changes depending on 

a a «2
the ratio , i.e. it depends on the cell vicinity. This relationship
may be represented in the form 2 Precisely the
representation of the average thermal neutron cross section that is stated 
in (Leman, 1978) (the spectral index method). It is proposed to determine 
the relationship parameters by solving a set of problems for the identical 
cells having different surroundings and then to use them in the traditional 

mesh equations.
As was demonstrated, sufficiently good results for describing the 

thermal group near the boundary between the core and the reflector were 
obtained. Note that in (Leman, 1979) the "coarse-mesh" effect, which is 
important even in fine-mesh calculations in the vicinity of -say- the 
absorbing rods, is not accounted for.

The elements of the matrices and are defined so that they 
explicitly provide the set of the problems for their determination. Let us 
call them "basic problems"’’' However, one must underline that this does 

not at all mean that such problems should be adopted in real calculations.

*’These problems are connected with the boundary currents in the 

corresponding groups under zero currents in the other groups.
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In reality it is more convenient to choose the problems which are the 
linear combinations of the basic problems.

For example a problem corresponding to the prescribed self-established 
uniform-lattice type spectrum (asymptotic spectrum) of the incoming (for ip)

or through passing (for 0) neutron currents on the cell boundary should be
taken as a principle.

It is both convenient to represent the solution of such problems in
the form of matrices p, 0, E =(«>-0) 0
equations, expressing the coefficients

etc. , and to try to rewrite these 
directly using the variables Ea , 

a s
Ea, etc., obtained for such problems. This approach is used in (Pshenin and

Novikov, 1984, 1988).
In order to demonstrate the connection between these approaches let us 

write down the average thermal neutron absorption cross sections again.
Using the form of (7.42) the following equation is obtained

E
a2

p2 K + f <pZ K
a , 2 g g a , 2 I? 12

—2 —2
<p K + <p K
PH v v

where Z^, (p 
a 4*

solution, E , 
a

are denoted

are the average cross sections and fluxes for
<p v
as

are
E^ 

a2

analogous variables for the transient
=E zM =za 

a 2 f 2
in (Pshenin, Novikov,

the asymptotic 
solution (they 

1988)). The
coefficients and K 

u are expressed in the following wayK

12 12K =J 3J -J 5J , K = f <5J -J 5J 
p V 2 0 1 12 2 p 1

where j^, J* 

and thermal
are the boundary currents for the asymptotic solutions of fast

1 2groups respectively and j are analogous expressions for
the transient solution.

Both asymptotic and transient solutions may be acceptable for
two-group representation of the neutron exchange between the cells.
Switching over to the larger group numbers is, however, natural if the
variables <p and E, are used. 0 Moreover, even for two groups the equations
using these variables are more convenient for solution than the equations 
with the coefficients expressed in terms of Ea, Ea , etc.

As was mentioned, it is sometimes convenient, especially f or
heterogeneous cells, to distinguish cross sections for "own" neutrons 
for "Incoming" ones according to the representation of the matrix <p in 
form (7.40). In this case matrix E has the form

and
the

k E + pk E 1 o 2 aE
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where
is the matrix of the cross sections averaged over the space-energy 

neutron distribution corresponding the zero currents on the cell surface, 
is the analogous matrix for the incoming neutrons,

p=(K -K )/K , co eff <0 
^<o is multiplication coefficient in infinite media (consisting of the 
cells under consideration),

is the effective multiplication coefficient (unknown until the 
solution for whole reactor is obtained),
kj and kg are the functions of ratios of the average cross sections and the 
tilt coefficients of the "own" and "incoming" neutrons.

Equation (7.33) describes the case when the cells do not contain the 
outer volumetric sources. It is not difficult to write down the equations 
for the case with volumetric sources of the neutrons and it has already 
been done in the first publications about SHM (Elshin and Laletin, 1976; 
Laletin and Elshin, 1977; Maiorov and Yudkevich, 1988).

c) The nondiagonality of the diffusion coefficient matrix. The neutron 
current through the face of adjacent cells in SHM is expressed (in the 
basic approximation) by

For the sake of simplicity let us consider the lattice constructed of 
cells with identical diffusion coefficient matrices. In particular, let us 
write down the equation for the thermal neutron current of the two-group 
description of neutron exchange:

= Dtt[«] + (745>
where the indices "t" and "f" refer to the thermal and fast neutrons 
respectively.

It is seen that the thermal neutron current also depends on the fast 
neutron level difference. It follows from analysis of equations for D

g g ’ 
(Laletin, 1980, 1981a, 1981b) that nondiagonal components of the diffusion 
coefficients matrix are proportional (under condition g > g') to the 

2 2variables a /L , In other words the effect under discussion, as in 
paragraph a), is connected with the finiteness of the lattice spacing "a". 
However, the distinctions of the space-energy in-cell distributions of the 
neutrons crossing the cell boundary in the different groups are significant 
as well.
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After regrouping the terms the current in (7.45) may be represented in 
the form:

st r, Cas J.asl . r. Ktr ,tr|
J = D 0 -0 + D 0 -0

1 as [_ 1 0 J ts [ I 0 J

where "as" and "tr" refer to asymptotic and transient spectra respectively.
The authors of (Pshenin et al, 1984, 1988) do the same thing but use 

different variables instead of the levels. However, apart from the 
equations to be solved becoming more complicated, some inconvenience arises 
during the parameter calculation due to D =D^ , in contrast to SHM where 
values Dtt and Dtf almost always obey the following inequality:

D « D . 
tf tt

Let us also establish the connection between matrix D of SHM and the 
a9 values playing the role of the diffusion coefficients in (Gado et al, 

1 k
1984). Using (7.44) from (Laletin and Elshin, 1981), having identical 
variables in SHM and in (Gado et al, 1984) (with different notation), 
diverting from the difference of the averaged by faces neutron flux and 
corresponding local level and remaining in the limits of the main 
approximation, i.e. neglecting the higher surface harmonics, we obtain

, £0 ,(6J9 + J9')
J- = 0 + —99___ 9_____ ! 

a9 99 0 (6J +J9)
kl gg g 1

We can see from this equation that a9^ even in this approximation is 
not a characteristic of the cell because it can be obtained only after the 
complete solution is available, because a9^ depend on the ratio

(6J9’+ j9’)/(5J9+J9)

That is why the nonlinear iteration algorithm including recalculation 
of a9^ at each iteration is proposed in (Gado et al, 1984). Since there is 
the full set of equations in SHM it is possible to implement both the 
analogous nonlinear iteration process and all possible linear ones.

d) The higher surface harmonics. One more generalization of the Fick’s 
law in SHM is connected with accounting for the higher surface harmonics in 
comparison with those included in the main approximation. The neutron 
current on the common face of two adjacent cells "j" and "o" accounting for 
the five surface harmonics, as mentioned above, has the form (see (7.23))

0o*0j]-1[^4o-|^ - ^]cos2a-^ - ^]sin2aj
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Equation (7.24) is equivalent to

(7-46> 
J r

where the neutron balance in the cell is described.
Additional correlations for determining the amplitudes of the higher 

surface harmonics ? and are required to solve this equation. These 

correlations are written above (see (7.25) and (7.26) ). However, it is 
possible to construct some nonlinear iteration procedure for solving 
(7.46), assuming that the neutron current and level ( flux) on the cell 
face are connected in the following way (see (7.44) from (Laletin and 
Elshin, 1981))

= 0 “ 0* faZ? +J11 - f?cos2a + )tysin2a 1 
J 1 J L 1 J J I J J J 1J

Hence,

-f. +0. E ,0 , (SJ+j) , ? cos2a +>?ysin2
%+—------- -+————1 47’

(3J+j)^ (3J+J)

If we neglect the difference between the fluxes and levels on the cell 
faces and establish the correlations between different notations of the 
identical values, we shall see that the left part of (7.47) is equal to

where the term D C* is from (Novikov, 1982, 1983) and the term a9 is from 
p p ik

(Gado et al, 1983; Gado et al, 1984).
The balance equations in the mentioned publications are analogous to 

(7.24) but the latter equation is not sufficient for complete solution of 
the problem (the terms and a9^ are not the cell characteristics,
since according to (7.48) they depend on a complete solution of the 
problem). Therefore the nonlinear iteration process was proposed in 
(Novikov, 1983) and implemented in (Lizorkin, 1983, 1985), (Jolkevich et 
al,, 1984). The values C and 2 ( are recalculated in this iteration 
process.

Let us consider the fact that, in contrast to (Novikov, 1982a, Pshenin 
et al, 1984, 1988) devoted to "fine-mesh" equations in Novikov’s
terminology, in the "coarse-mesh" equations (Novikov,1983, 1985) of the 
same authors the direct presence of nondiagonality in the diffusion 
coefficient matrix disappears.

This effect is taken into consideration along with accounting for the 
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effect of the higher surface harmonics in the nonlinear iteration process. 
The equations and the nonlinear iteration process proposed in (Gado et al, 
1984) in reality coincide if the notations are in agreement with the 
notations of (Novikov, 1983, 1985). The equations in (Novikov, 1983, 1985) 
are given for two-group case and in (Gado et al, 1984) for arbitrary-group 
division, but it is not a matter of principle.

As was noted above, the other way of accounting for the higher surface 
harmonics is possible by excluding part of them from equations. This brings 
us to the equations connecting a larger number of cells among themselves.

Let us give an example of the equation for the square lattice obtained 
by using 8 trial functions per cell and per group. After excluding the 
higher surface harmonics and making some simplifications of the problem in 
which all the matrices S with n^l do not depend on the cell number, the n
following equation is obtained (Eq. (7.29) of (Laletin and Elshin, 1981))

A + k = 0, (7.49)*0 o o
where

- 1 I ~ ~A 0 = (1+k) (l-k)A 0 + 2kA (1-a k a ) 0 io 2 o o
where

~ 1 4 ~ ~
A 0 =— S (0 -0 ) 1*0 2 J 0a J = 1 

operator on the "cross"

is the finite-difference

pattern.

analog of the Laplace

~ 1 ° ~ ~A 0 = --- 2 (0 -0 ) - is the finite-difference analog of the
20 2a2 J=5 J °

Laplace operator on the "rotated cross" pattern,

0( = (Vi - 0)5^, k2 = -^0(^-0) 1 
a

0 = (1-k)'1(l+k)0, a = 1 (l-k)-1k

k is the expression (generally speaking, a matrix) depending on the ratio 
of S , na2, to S =0.n 1

The matrix k is transformed to the number under the approximations of
(Laletin and Elshin, 1981) . This number equals to k=0.205.

As a result,

A 0 = 0.659A 0 + 0.341A (1-a x2 a2) 0
ro io 2 o o 

~2 2Now, if we neglect the term ax^a (ael/16) this equation is about 
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equal to the best approximation of the Laplace operator of the nine-point 
pattern (see, e.g. , (Tichonov and Samarsky, 1966). The essential difference 
is that the neutron level is used as the variable instead of the solution 
value in the lattice node as in (Tichonov and Samarsky, 1966). It would be 
interesting to compare (7.49) with the finite-difference equation 
investigated by Gorodkov (Gorodkov, 1988). Primarily Gorodkov’s (Gorodkov, 
1973a, 1973b) finite-difference equations for the heterogeneous reactors 
were obtained by the transformation of the "source-sink" method (the same 
was done in (Kochurov and Malofeev, 1977).

Later they were significantly modified and now the equations of 
(Gorodkov, 1988) no longer resemble the initial ones. They have the form 

2 4
Uo = (f+s)' (A^+fA^) S Id (U-U ) (7.50)

J=1 1=1 J J

Here matrices which are proportional to the reciprocal matrices S 
n 

in SHM, are used as the cell characteristics, the following equations being 
val id

A A ‘"I
A = -4aa> , 

01 ^i

?-l 2 ; A = — iA 11 a i
(The equality A; o = A} ( is accepted in (7.50) as it is supposed in the 
main version of the code HEM).

Unknown vector U( = (1 + fA^’A^)^ is introduced, where 0 is the 
neutron flux averaged by cell faces, f,s and d are the values calculated 
during a certain minimization procedure, which was used for solving series 
of model problems. Vector U is very close to the neutron level vector $ 

* in (7.49) if the best values of f,s and d^ are chosen from a set given in 
(Gorodkov, 1988). Indeed,

U. = (l+fA”? Ao.)*=( 1-0,20128 = (1-1,610124

whereas

The value (l-k)/(l+k)=0.659 should be compared with d /(f+s)= 0.6415, 
and k/( l+k)=0, 1705 with 2/(f+s)=0. 1797. The last pair of numbers may be 

compared only if component reV of the term A2(l+^aZ)^ is neglected, 
which is possible at least in the problems considered in (Gorodkov, 1988) 
because aa0.0625.

The author (Gorodkov, 1988) calculated one of the problems presented 
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in the last-cited work with the numerical coefficients, mentioned above as 
obtained from (7.49). The result obtained differs a little from the one 
calculated with optimal, in his opinion, set of the coefficients f, s, d. 
The SHM method also allows one to obtain nine-point finite-difference 
equations which are very close to the form recommended in (Gorodkov, 1988).

Finally, it is worth mentioning the publication (Kochurov and 
Malofeev, 1977). The equations are obtained and investigated at least for 
two-dimensional problems there and they should give results close to 
Gorodkov’s.

e) The transport corrections on the cell boundaries. The neutron 
current and the neutron level are the two variables of SHM which take part 
in Joining the solutions on the adjacent cell boundaries instead of the 
conventional neutron current and flux. Using the neutron level as one of 
the main variables is the consequence of the fact that the exact 
correlation is (Glasston and Edlund, 1952; Laletin and Boyarinov, 1985)

tr 

and not Fick’s law
J. = ’4" V' 

t r 

where j( is the component “i" of the neutron current,
S = S-S1 ; S = f(S^’ ) S (^ )dfi, 

tr si si J s

i(j = ajn^^tdidd.

The repeating indices in (7.51) suppose summation. It is not difficult 
to show that 1 =d> +2d , i.e. it is the combination of the flux <b and the 110 2 o
second angle moment in the Legendre polynomial expansion

0z=J P2 (il)0(d)ds1;

This combination has already appeared in the works devoted to more 
precise definition of the boundary conditions of the spheric harmonic 
method (Vladimirov, 1961),(Rumyanzev, 1961). Analogous changing the 
boundary conditions was investigated in the works on SHM and was realized 
in corresponding codes (Laletin and Sultanov, 1979). Since the neutron 
current value and direction are connected with the derivatives of the
tensor components 1

1J
(it follows from (7.51)), the tensor was named the

neutron level tensor (Laletin and Boyarinov, 1985) and its diagonal 
components - neutron levels.

There is a close connection between the neutron (local) level and the 
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cell neutron level and between nondiagonal tensor components and the higher 
surface harmonics in a cell.

The transport correction may be indirectly evaluated using the 
following consideration: if we use the finite-difference equations with the 
neutron currents and flux joints we shall obtain the diffusion equation for 
the neutron distribution in the uniform lattice in the limit of the 
fine-mesh lattice spacing whereas if in a similar situation we use the 
neutron currents and levels we shall obtain the equation in 
B-approximation. It is well known that increasing the accuracy of the 
multiplication coefficient in Bq- (or approximation for
uranium-water WWER-type assembly may reach 0.5*1.0% in comparison with the 
diffusion approximation.

f)The complementary remarks on SHM. It should be mentioned several 
aspects of SHM which have already been discussed in some publications, but 
have not yet reached a degree of sufficient completeness.

The first aspect of SHM, which follows from the works close to it by 
their trend, refers to the special approach to defining the eigenvalue. 
Generally speaking, the multiplication coefficient is a kind of formal 
value and it is always possible to introduce another value easy to 
interpret but more suitable for the calculation algorithm of the SHM 
equations.

However, the problem of comparison of the calculations performed by 
SHM and by the other methods including the benchmark calculations, and the 
Monte Carlo method in particular, arises. It is then desirable to retain 
the consistent definition of the effective multiplication coefficient K 

eff ' 
In this case the multiplication coefficient enters the SHM equations not 
linearly and even not explicitly but through the dependence of the equation 
coefficients on it.

The different possibilities appear and they were investigated with a 
different degree of detai 1ization. The first possibility is to introduce 
new iteration level, i.e. the K iterations, in which the SHM equation 
coefficients, namely the elements of the matrices S and D are 

0 
recalculated. The corresponding library of the cell characteristics is 
created beforehand for quick recalculation of the coefficients and they are 
approximated by polynomials of K . Such calculations were performed by 
Laletin, Sultanov and Boyarinov as well as by Gorodkov. Similar iterations 
are present also in (Takeda, et al, 1979; Lukas, Wehmann, 1981; Slesarev 
and Yaroslavtceva, 1983).
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The second possibility is that it is possible to transform the SHM
equations so that 
(7.40) of matrix

K enters
® (and S, - 0

in them linearly, provided 
respectively) by a sum

the representation 
of two terms and

neglecting the matrices D and V (and ) dependence on and, as a
result, additional iteration level is not required. This opportunity was
tested in calculations performed by Laletin and Shahabasiyan and separately 
by Svadkovsky.

The third possibility is, may be, the most preferable but
unfortunately it has not yet been implemented and tested; it also includes 
transformation of the cell characteristics to another form, however the 
resulting equations not only depend linearly on K but the SHM equations 
hardly differ (in form) from those implemented in the codes based on 
traditional homogenization method. In this case the space-energy neutron 
importance functions (adjoined functions) in a cell are used to calculate 
the cell characteristics, though to a lesser degree.

A great deal of effort has been spent on finding the most rational 
current distributions on the cell boundaries. This problem arises from the 
need to diminish - as far as possible - the number of groups describing the 
neutron exchange between the cells.

In this connection it was suggested to account for the energy behavior 
of the neutron diffusion coefficient on the cell boundary (see (Laletin et 
al, 1987) during the calculation of the cell characteristics S. and D. The 0 
full satisfaction in this question is not yet reached.

Numerical results that are useful for understanding the significance 
of the new effects in SHM and in the related approaches can be found in 
literature (cf. Laletin et al papers, Novikov et al, Maiorov, Gorodkov).

All discussions above concerned the advanced reactor equations for 
two-dimensional problems. Analogous investigations are carried out for 
three-dimensional problems (Laletin and Elshin, 1985, 1986) and the ways of 
spreading SHM on the space-depending kinetic equations (Boyarinov, 
Sultanov) have also been considered. The three-dimensional equations in the 
SHM frames are obtained in (Laletin and Elshin, 1985, 1986), furthermore 
the corresponding code is written down (Elshin) - some numerical researches 
having been performed using it. The equations for finite-dimensional 
reactor with not depending on z-coordinate properties are obtained as the 
limit case of the three-dimensional SHM equations and they are used for the 
treatment of experiments (Laletin, Boyarinov). I should also like to 
mention Chepurnov’s works in which the SHM equations are used in
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(x.yj-plane but dependence on z-coordinate is represented by corresponding 
Fourier expansion.

The three-dimensional finite-difference equations with improved 
accuracy were also obtained in (Novikov,1983). However, though A.Novikov’s 
two dimensional equations may be compared with SHM equations as was done 
above, this procedure appears to be more difficult for the 
three-dimensional case since the additional approximations (in particular 
the assumption about the partial separation of variables for space 
coordinates) were introduced in (Novikov, 1982, 1983).
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8.CONCLUSION

The present volume surveys the major achievements of TIC in the 
theoretical-calculational development of uranium- water lattices. The main 
results can be summarized as follows.

1. Data libraries have been elaborated and validated. The 
calculations, which are based on these libraries are accurate enough.

2. Monte Carlo codes have been created utilizing the evaluated nuclear 
data. Applications of the Monte-Carlo codes have been elaborated in order 
to verify and validate the design codes.

3. Advanced design methods have been developed for calculating 
heterogeneous reactors. These methods have made it possible to increase the 
accuracy of reaction rate calculation by a factor of 5-10. Advanced methods 
are used both for fine mesh and coarse mesh calculations. Generally 
accepted homogenization theories have been revised. The advanced methods 
may improve the design calculations of various reactor types.

4. Advanced methods for both cell and assembly parameters have been 
elaborated.

5. Design codes have been created to calculate cell parameters and to 
perform fine mesh calculations. These codes are verified and validated 
using the ZR-6 experimental results.

6. Advanced methods and codes are incorporated in the WWER design code 
packages used for nuclear plant exploitation.

It should be noted, however, that the rich experimental material 
provided by the ZR-6 facility has not yet been used fully. It is desirable 
to perform an exhaustive analysis of the ZR-6 experiments.
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