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FROM THE PREFACE TO THE HUNGARIAN 
EDITION

The subject-matter and concept of this book have principally been ma­
tured in the course of my lectures given at the Faculty of Sciences of the 
L. Eotvos University in Budapest during the 1960’s. According to both my 
own teaching experience and the findings of my colleagues in Hungary and 
abroad, as well as the remarks of young mathematicians, a certain gap has 
recently come into being between the lectures on analysis delivered at “grad­
uate” and “postgraduate” levels (always striving after the most up-to-date 
treatment) and the introductory analysis courses for the first two classes; 
and this gap has become wider, following the acceleration of development. 
Due to the considerably abstract character and conciseness of those “up-to- 
date” lectures on analysis, the substance of knowledge presented by them 
seems to be strange compared to the “classical” material — for the majority 
of students; and thus, having no roots in the mind, it is soon forgotten.

Consequently, demands have lately arisen for a monograph which could 
moderate to a certain extent the above difficulties and so to say “builds 
a bridge” between the elementary and higher parts of analysis, with the 
aim of presenting new concepts and methods in accordance with historical 
development — even at the expense of some increase in size. Besides, a 
further requirement has been added by some Mathematics Departments of 
the Technical University of Budapest; at the Faculties of Mechanical and 
Electrical Engineering new programmes for engineer-mathematicians and 
other specialists have been started, which include much more knowledge of 
the modern theory of real functions together with elements of functional 
analysis; and these can only be understood with text-books of the type 
described.

The structure and content of my book are guided by the two objectives 
just explained; i.e. the work is intended primarily for graduate students 
of mathematics and physics, mechanical and electrical engineering, but 
generally for all who want a comprehensive view of the ramifications of 
modern analysis and its main applications. The readers are expected to 
have a preliminary knowledge of analysis at undergraduate level.

The first part of the book (consisting of eight chapters) discusses the 
foundations of the theory of real functions. After an introduction to set the­
ory, it provides higher knowledge on the main function classes of elementary 
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analysis, then leads the reader to the contemporary theory of differentiation 
and integration. Within this scope — bearing in mind the worldwide devel­
opment in the last quarter of the century — is applied consistently the new 
abstract algebraic terminology such as the notions of ring and semi-ring, 
Boolean algebra and sigma-algebra. Just after the preliminaries on sets, the 
basic concepts of the general theory of linear operators are exposed; further 
the Stieltjes integral as well as the Lebesgue integrals on abstract measure 
spaces are of greater moment than is usual. Vitali’s covering theorem, this 
important expedient of the theory, is substituted throughout by the so-called 
Sierpinski lemma, the latter being simpler and easier to handle.

H. Lebesgue’s measure and integral theory is established in this book 
essentially in the classical way, i.e. on the one hand purely geometrically 
(based on Lebesgue’s extension of the Jordan measure), on the other hand 
by using W. H. Young’s definition which means the direct generalization 
of the Riemann integral. In addition, the pertinent theory of F. RlESZ1 is 
briefly elucidated. The Riesz method undoubtedly presents the most elegant 
and useful way to the Lebesgue integral, provided that we introduce the up- 
to-date integral concept immediately and independently, and the idea of this 
integral as a functional with advantageous properties is needed rather than 
Lebesgue’s measure. There are, however, significant application fields — 
such as probability theory and statistics — where the concept of measure is 
preferred, so that a certain kind of “composed” treatment has become the 
most frequent in the latest literature.

1 See e.g. B. SZOKEFALVI-NAGY, Introduction to real functions and orthogonal 
expansions (Oxford, 1964).

Thus the authors, besides discussing the measure concept in the classical 
manner, also incorporate in the study of Lebesgue integral, at least in part, 
the Riesz theory starting from monotonic sequences of certain “simple” 
functions. (See the bibliography.) The conception in my book differs from 
this “model” only in the considerable attention given to the geometrical 
background and to the relation between Jordan’s and Lebesgue’s measure, 
as well as between Riemann’s and Lebesgue’s notion of integral.

The second part which is nearly of the same length deals with the his­
torically primary application fields, first of all with the theory of orthogonal 
series, Fourier analysis and — in close connection with them — with foun­
dations of functional analysis. The introduction of D. Hilbert’s sequence 
space and function space, item of general Fourier series is followed by presen­
tation of the most important special orthogonal systems and series, includ­
ing the relevant fundamental facts on the independent theory of eigenvalue 
problems of Sturm-Liouville type. Then the convergence and summation 
theory of general and special Fourier series are examined in full, with par­
ticular regard to the ordinary (trigonometric) Fourier transformation. In 
the last chapter, a detailed survey on further abstract spaces and their wide 
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applications are dealt with, where the main consideration is given to the 
theory of linear operators as well as to differential and integral equations.

It is well-known that, following the fundamental results achieved by 
L. Fei er, F. and M. Riesz, A. Haar, the activity of mathematicians 
belonging to the Hungarian analytic schools has largely contributed to the 
establishment of modern real analysis, and this feature of development still 
exist.

For this reason, I felt justified to insert or at least to mention in the 
text some results found by Hungarian researchers (among them the author) 
which are in accordance with the didactic aims of the work and have not 
yet been published in any book of this kind. A few examples: a new general 
elementary procedure to construct everywhere continuous non-differentiable 
functions; the “natural” generating Haar’s orthogonal system from charac­
teristic functions belonging to the dyadic partition of [0,1]; simple discussion 
of the Hurwitz and Lerch zeta-functions (used in the chapter on summation 
theory) by means of Fourier analysis; Haar’s equiconvergence theorem for 
Sturm-Liouville series; a new, short proof of Haar’s expansion theorem; ex­
tension of Fejer’s summation process; discussion of the so-called (D)-method 
for ordinary Fourier series which yields a very simple necessary and suffi­
cient summability criterion and is based on fractional integration; some new 
results on non-absolutely convergent Fourier integrals with applications; J. 
Neumann’s foundation of quantum mechanics by means of abstract Hilbert 
space which depends on the Riesz-Fischer theorem; etc.

My intention was, of course, to give the reader an overview of the 
disciplines discussed here which includes also some information on the latest 
results. Several foot-notes and sections of expository character are meant 
for this purpose, mainly in the closing chapters of the two separate parts 
of the book. I think that the publications referred to in the text and listed 
in the bibliography may present a basis for further, more profound study of 
the subject by the readers.
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FOREWORD TO THE ENGLISH EDITION

The Hungarian book had a favourable reception in Hungary and abroad, 
being awarded a prize in 1979. The first edition published in 1978 and the 
second one issued in 1980 went out of print within a short time.

The main changes in this rewritten English version are a comprehensive 
extension of the discussion of Fourier integrals in a separate chapter, and 
the expansion of the whole text to comply with newer developments.

The references have been completely revised and supplemented, further­
more, a detailed bibliography and subject index have been added.

All these changes do not affect the principal objectives of the work, 
though the enlargements and various revisions have changed it from a text­
book to a scientific monograph of special character.

I am very much indebted to all my colleagues in Hungary and abroad 
who helped me with their valuable comments on the first and the present 
version of my book. Among them, I am particularly grateful to Professors 
D. Kralik in Budapest, K. Tandori in Szeged, E. R. Love in Melbourne, 
as well as to B. Ross in New Haven, Conn. My special thanks are due to 
Professor Kralik for the recent tireless review of the manuscript, and to Dr. 
N. Thurston (London) for his searching linguistic observations.

Budapest, June 1992

Miklos Mikolas
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HISTORICAL OVERVIEW

The origins of the contemporary theory of real functions lie with the 
critical attacks — culminating at the end of the 19th century — upon the 
foundations of analysis, and with the exact formulation and far-reaching gen­
eralization of the notions “function” and “limit”. This theory has played 
an important role in the history of science ever since the turn of the cen­
tury, mainly after the emergence of the set theory of G. Cantor and the 
measure and integral theory of H. Lebesgue. Not only did it fertilize prac­
tically every branch of classical analysis from complex function theory and 
harmonic analysis to the theory of differential and integral equations, but 
it has proved indispensable in the strict foundation of probability theory by 
A. N. Kolmogorov (1933) and thus has helped in establishing this theory 
and the related fields as intertwined with functional analysis which was born 
at the early 1900’s and bears a relation to calculus similar to that between 
the latter and the algebra of real numbers.

Since functional analysis deals with functions in an extended sense 
(called operators) for which the role of the independent variable is played 
by an ordinary function, certain sets of function (called function spaces) are 
as indispensable in developing functional analysis, as sets of number tuples 
(i.e. Euclidean spaces) are in developing calculus. Therefore, the study of 
the simplest function spaces and other “abstract spaces," in particular the 
investigation of the spaces named after D. Hilbert and of the series built 
from elements of the latter, the so-called orthogonal series, ordinary and 
generalized Fourier series — all this is one of the most natural and most 
significant fields where the theory of real functions can be applied.

As a result of the advance sketched above, the mathematical disciplines 
in question, which were known only to a handful of mathematicians in the 
first decades of this century, have become more and more important in the 
education of mathematicians and physicists at the world’s leading univer­
sities. After World War II, however, these disciplines, concurrently with 
the development of modern theories of generalized functions (distribution 
theory, operational calculus) have gradually penetrated into other fields of 
natural science and engineering — together with the rapid growth of approx­
imation theory and numerical analysis, with the spreading use of integral 
transforms as well as the recent methods of probability theory and statistics.
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PART ONE

INTRODUCTION
TO THE THEORY OF REAL FUNCTIONS





CHAPTER 1

ELEMENTS OF SET THEORY

1.1 Set relations, operations with sets and 
characteristic functions

1.11 In the modern theory of real functions, the set theory founded by 
G. Cantor at the end of the last century is used at every turn, with special 
regard to point sets. Thus we should have first of all a comprehensive 
overview on the well-known standard facts of the general theory of sets.

1

1 See e.g. Cantor [2].
2 The word “sequence” without attribute always refers to an infinite sequence.

Let S be a set consisting of certain things (not necessarily numbers or 
geometrical objects). We denote by k £ S that k is an element of S (“k 
belongs to 5”) and by k S the contrary. If every element of a set T belongs 
also to S, we say that T is a subset (part) of S or that S contains T. These 
relations are expressed by the notations

TCS and SJT, (1.1-1)

respectively, which are analogues of < and >. Two sets are called equal, 
if their elements are identical, i.e., each of them contains the other; this is 
denoted by the sign of equality. If T is a part of S but T S, we write 
T C S or S D T.

According to the above definition, whatever the set S, it contains the 
set with no element, i.e., the so-called empty set (denoted by Q) and itself. 
These are called the “improper” subsets of S. Any other subset of S is 
called a proper subset.

Sets with special elements are often written by using braces {...}. For 
instance, {1,2} or {2,1} means the set consisting of 1 and 2 (the order of 
elements is irrevelant!); or {z : 1 < x < 2} denotes the aggregate of real 
numbers x for which 1 < x < 2, in other words: the open interval (1,2). In 
general, {a: : is the totality of elements x satisfying the condition $x.

A set S is said to be finite if it consists of a finite number of elements; 
otherwise S is infinite. When denoting a finite set, its elements are mostly 
indicated separately; in the case of sequences2 it suffices to write the so- 
called generic element.
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1.12 Let us deal with the fundamental notions of the algebra of sets.
By the union (join) of two sets S and T we mean the set of elements 

occurring in at least one of them. The meet or intersection (common part) 
of S' and T is the set of their common elements, i.e., those which occur in 
both of them. The corresponding notations are1

1 An analogy can be drawn between these set operations and ordinary addition and 
multiplication. Thus, the denominations logical sum, and logical product, as well as the 
notations S + T, and S ■ T occur in the literature, too. Both operations are, however, 
idempotent in the sense that SUS = SOS = S.

2 If it is irrelevant to indicate S as a basic set, we can write simply CT.

SuT and S KT (1-1-2)
respectively. For more than two sets we define the concepts of union and 
meet (intersection) in the same manner; then the symbols U,n can be 
applied in a similar sense to the the signs and JJ. For example, in

OO
the case of sn = {1,2,..., n} the symbol U sn means the union of the sets 

n=l
oo

Si,S2,..., and P| sn the meet of them; the former consists plainly of all 
n=l

natural numbers, the latter is 1.
The definition of the difference

S-T (1.1-3)

is formed from S by omitting such elements of S which also occur in T. 
(The notation S \ T is used as well.) If S D T, then an alternative name of 
S — T is the complement of T with respect to 5 which is denoted by (CT)s.2 
So we have (CT)s U T = S and (CT)s Pl T = Q.

For the sake of brevity, instead of the expressions “forming the union, 
meet (intersection), difference or complement” we shall speak about union, 
intersection, subtraction or complementation of sets. Note that subtraction 
may not be considered simply as the inverse of the union operation, since a 
set equation AUB = C implies A = C - B only if AnB = Q. On the other 
hand, the subtraction is closely connected with the intersection operation 
by the obvious identity

S -T = S -(SDT). (1.1-4)

As is easy to see, the union operation and the intersection operation are 
both commutative and associative separately, and distributive with each 
other. Moreover, there hold the so-called De Morgan’s identities

( S-QSn = ^S-Sn)
In n
I 5-U^n = A(5-5n) (1-1-5)
\ n n

where {5n} means an arbitrary system of subsets of S.
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Hence we obtain at once a duality principle which can be also stated 
in a slightly more general form as follows: if we have an identity on certain 
subsets of a basic set X in which the union and intersection as well as 
subtraction occur, this identity remains true if we replace the signs U, D, 
by the signs D,U,respectively. (In this replacement, the sign C changes 
to D, X turns into and vice versa.)

We mention that it is expedient for some applications to introduce the 
so-called symmetric difference, whose usual sign and definition is

SAT = (S - T) U (T - S). (1.1-6)

Clearly, we also have

SAT = (SU T)- (SDT). (1.1-7)

The Cartesian product1 of certain sets Si, S2,... ,Sn is defined as the 
set of all ordered n- tuples (*4, «2, • • • , Kn) with «i G Si, K2 € S2,..., nn G Sn 
and it is denoted by Si X S2 X • • • X Sn. (Instead of writing several x, we 
sometimes use the sign n.) For instance, the Cartesian product of two 
number lines is the number plane; that of three number lines is Cartesian 
3-space;.in general the Cartesian product of v number lines represents the 
Cartesian (or Euclidean) t/-space.

1 The denomination direct product is also usual.

Two or more sets are said to be disjoint, if they have no common 
element, i.e. their intersection is Q- Naturally, the empty set is disjoint 
from every set, but there also exist, trivially, systems consisting of arbitrarily 
many non-empty sets which are pairwise disjoint. For example, the sequence 
of intervals (0,1), (1,2), (2,3),....

1.13 A sequence of sets Si, S2,.• . is called increasing if Sn C Sn+i, and 
decreasing when Sn D Sn+i for all n. If these conditions hold with C instead 
of C and with D instead of D, respectively, then we say that {Sn} is strictly 
increasing and strictly decreasing, respectively. For example, the interval 
sequence [-n,n] (n = 1,2,...) is strictly increasing, but [ - £,£] (n = 
1,2,...) is strictly decreasing. More generally, any sequence of “nested” 
intervals is decreasing.

It is clear that in the case of Si / 0, an increasing sequence of sets 
Sn (n = 1,2,...) cannot be disjoint; we shall see later (cf. 2.5.2) that a 
similar assertion holds on an important class of decreasing set systems, too. 
We shall need the following easily verifiable identity:

Si = (Si-S2)U(S2-S3)U...UM (1.1-8) 
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where Si, is any decreasing sequence of sets for which the differences 

Si - S2, S2 - S3,... are disjoint pairwise and M = Q Sn.
71 = 1

1.14 Finally let us include the notion of characteristic function (or set 
indicator).  If a basic set X is given and S is a subset of it, the notation 
and definition of the characteristic function of S are:

1

1 The latter name is used mostly in the recent literature on probability theory, where 
the expression “characteristic function” has another meaning.

= Xs(z) = {J for x € S, 
for x £ X—S.

(1.1-9.)

Hence we get for any pairs S, T £ X the relation

Xsut — Xs "h Xt Xs ’ Xt^ (1.1-10)

and in particular, if S and T are disjoint, then

Xsut — Xs + Xt •

Note also that

and
Xsnr — Xs ' Xt

Xx~s = 1 Xs'

(1.1-11)

(1.1-12)

(1.1-13)

Also S C T holds if and only if Xs(x) XT(X) f°r all a: € X.
Properties (1.1-10)—(1.1-13) can easily be extended for more than two 

sets. Their significance stems from the fact that operations with sets may 
be plainly “translated” by means of these formulae into ordinary addition, 
multiplication and subtraction.

1.2 Countable and non-countable sets

1.21 As the most important property of a finite set may by considered 
to be the number of its elements. This is also usually called the cardinality 
{cardinal or power) of the set. We are now going to study one of the most 
fundamental and fruitful problems of set theory: how might it be possible 
to extend the concept of cardinality to infinite sets as well, i.e., to classify 
these sets according to the “lot” of the elements contained by them.

Since in the case of a finite set the cardinal number is obtained simply 
by counting the elements, it stands to reason that, for an infinite set, we 
should try first of all to establish a one-to-one correspondence {bijective 
mapping) between the elements of the set and the sequence of positive 
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integers 1,2,3,.... If the elements of the set in question can be arranged in 
a sequence, then we say that the set is countable.^

1.22 Some classical examples:
1.2. 1 The set of rational numbers is countable.2

Proof. Obviously we may restrict ourselves to positive rationals, i.e., 
to numbers of the form a/fi where a, fi are positive integers. Among these 
rationals, let us collect those for which a + (3 is equal to 2, 3 and so on. 
Writing these groups successively yields the sequence

1 2 1 2 3 1 2 3 4
1; 2’ 1’ 3’2’ 1’ 4’3’2’ 1’ i 1

in which each positive rational number occurs at least once. We then leave 
out repetitions and find that the set in consideration can indeed be written 
as a sequence.

* * *

The above argument may also be illustrated in such a way that we form 
the infinite matrix

r<l, 1> (1,2) <1,3) <1,4>
(2,1) (2,2) (2,3) ...
(3,1) (3,2) ...
<4, 1) •••

(1.2-2)

and collect, in succession after (1, 1), the pairs of numbers situated along 
suitable diagonals. This is the so-called first diagonal process of Cantor.

More generally we have:

1.2.2. For any fixed v > 2, the totality of o-tuples of natural numbers 
constitutes a countable set.

This is because the method applied to (1.2-2) can be adapted immedi­
ately in case of p-tuples of the form (ai,a2,... a), inasmuch as we write 
one after another the tuples for which aj + + ■ ■ ■ + av is equal to v, v + 1,
and so on. (Naturally, other ordering procedures are also possible.)

* * *

1 Words formerly used for this concept: denumerable, enumerable.
2 This is remarkable because the rational numbers cover the real axis “densely 

everywhere” (i.e., between any two points of the line there are points representing rational 
numbers). We emphasize, however, that sequence (1.2-1) is not monotonic.
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As is well-known, any (real or complex) number ( is said to be algebraic, 
if there exists an integral polynomial

Pn(x') = ao + a^x + ... anxn (n > 1, an > 0) (1.2-3)

such that £ is one of its roots. (For n = 1 we get the rational numbers.) 
The non-algebraic numbers are called transcendental.

1 .2.3 The set of algebraic numbers is countable.
Proof. As an auxiliary notion, we introduce the so-called height of 

pn(x) which is defined by

A = |ao| + • • • + |Gn-l| + an + n- (T2~4)

There are plainly only two integral polynomials pn(x) with A = 2; these 
are x and 2. The admissible polynomials with A = 3 are x2, 2x, x + 1, x - 1 
and 3; and so on. In general, because all the coefficients must be integers, 
the number of polynomials pn(x) with a prescribed (positive integral) height 
A is necessarily finite and, for any concrete value of A, the corresponding 
polynomials pn(x) can be given easily, ordered by their degrees. Writing 
successively all the roots of the non-constant polynomials just mentioned, 
we get a sequence consisting of all algebraic numbers. This completes the 
proof.

♦ * *

1.23 Since the set of algebraic numbers is much wider than that of 
rational numbers, our last result suggests that maybe all the real numbers 
can be arranged in a single sequence, too. Unfortunately, this is not true!

1.2. 4 The points of any interval of number line (finite or infinite) and 
thus, also all real numbers do not form a countable set.

Proof. It suffices to deal with the stretch 0 < x < 1, because any 
open interval of the number line can be mapped in one-to-one way onto the 
interval (0,!).1

1 Clearly any finite stretch a < x < b may be transferred bijectively onto 0 < x’ < 1 
by the function x' = (x -a)/(b-a) and its inverse. Similar connections can be established 
between the interval 0 < x' < 1 and, in turn, the intervals -oo < x < oo, a < x <^oo 
and -oo < x < a (|a| < oo) by means of the transformations x' = 1/(1 + 2 x), x = 
(x - a)(|x| + 1) and x' = (a - x)/(|x| + 1), respectively.

2 In the case of a finite decimal fraction, we reduce the last nonzero digit by 1 and 
replace all subsequent 0 digits by 9.

Each real number belonging to (0,1] can be uniquely represented by an 
infinite decimal fraction.2 Suppose that, in contradiction to the assertion, 
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the set of numbers 0 < x < 1 is countable. Then there must exist a sequence 
of decimals, say

(
Ci = 0 -711712713 • • •
C2 = 0 • 721722723 •• • = 0,1,... or 9) (1.2-5)
C3 = 0 • 731732733 • • •

which contains all the numbers in (0,1].
Consider now the digits along the main diagonal on the right and form 

from them the decimal fraction 0 • 711722733 • • •• If each digit of the latter is 
replaced by another integer between 1 and 9, then the number c = 0-7172 ..., 
thus obtained, belongs again to (0,1], and differs from each element of 
sequence (1.2-5), because 7, / 7« (i = 1,2,...).

This contradiction proves the validity of our statement.

* * *
Note that the fundamental idea of the last argument is also very signif­

icant, it is called the second diagonal process of Cantor.
It can be shown, similarly, that “intervals” and “spheres” of several di­

mensions and, in general, arbitrary so-called continua (cf. 2.42) are not 
countable. Furthermore, by comparing 1.2.3 and 1.2.4 we see that all the 
real numbers cannot be algebraic, i.e. there exist transcendental numbers, 
too. In this connection we mention that J. Liouville was the first math­
ematician to present (in 1844) concrete examples of transcendental num­
bers. The famous “transcendence proofs” of Ch. Hermite for e and of 
F. Lindemann for tt were published a few decades later (in 1873 and 1882, 
respectively).

1.24 Many more simple examples (e.g. the set of points with rational 
coordinates in the plane or space is countable, the set of irrational or 
transcendental numbers is not countable, etc.) can be deducted from the 
following observation:

1.2. 5. Any subset of a countable set and the union of countably many 
countable sets is also countable.

Any set selected from the elements of a sequence can be arranged in 
sequence, too. Furthermore, by writing the union of certain sequences in 
tabular form like (1.2-2), the latter can always be rewritten as a single 
sequence by means of the first diagonal process.

* * *

As justified above, we split up the totality of sets into two large classes: 
finite sets and those infinite sets which can be arranged in sequence are 
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called countable sets, while all the others are the non-countable sets. The 
empty set Q as a “degenerate” finite set belongs to the former class. For 
infinite, countable sets the expression countably infinite is also in use.

In spite of the fact that countable sets often occur in fields of application, 
it has to be stated that, in a certain sense, most sets are non-countable. 
Though our original problem cannot be solved by directly “counting” the 
elements, it will be seen that a reasonable extension of the method might 
yet be successful.

1.3 Comparison of cardinals and theorem of 
equivalence

1.31 Bearing in mind the previous discussion, we want to build our 
further investigations on cardinalities upon two conventions: (I) the cardinal 
of any countably infinite set is identical with the cardinal of {1,2,3,...} 
which is usually denoted by Kq (aleph null); (II) the cardinal of all points on 
the number line — called briefly the power of the continuum and denoted 
by N (without any index) — is higher than Ko-

It is sufficient to refer, on the one hand to the definition of a countable 
set, on the other hand, to the fact that the set of all real numbers has 
countably infinite proper subsets (e.g. the natural or the rational numbers), 
but itself is non-countable according to 1.2.J. The question now arises as 
to whether there exists any set the cardinal of which exceeds even K, and at 
all, may we speak about sets of arbitrarily high cardinality?

For an answer, we have to define the notion of cardinality precisely and 
to give the rule for comparing cardinalities in the case of arbitrary sets. 
Therefore, the following definitions are introduced.

To each set S, we attach a “number” characterizing the quantity of its 
elements; it is called the cardinality (cardinal number, power) of S and bears 
the sign S. To two sets Si and S2 is given the same cardinality (in sign: 
Si = S2) if and only if there is a one-to-one correspondence between the 
elements of Si and S2. In this case Si and S2 are said to be equivalent or 
equipotent, and this is expressed by writing Si ~ S2.

If Si / S2, but Si has a subset equivalent to S2, then we say that Si is 
of higher cardinality than S2 or S2 is of lower cardinality than Si- Notations: 
Si > S2 and Si < S2, respectively.

The definition of equivalence in set theory obviously furnishes the prop­
erties expected from any equivalence concept in mathematics, i.e. it is re­
flexive (S ~ S), symmetrical (Si ~ S2 implies S2 ~ Si) and transitive (if 
Si ~ S2 and S2 ~ S3, then Si ~ S3).

At this point, however, we have to mention a new type of phenomenon: 
two infinite sets may be equivalent to each other even if one of them is 
a proper subset of the other. Thus, according to the definition, any two 
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countably infinite sets are equivalent (their common cardinality being Ko), 
though it is easy to present two such countable sets where one properly 
contains the other; for example: the set of all integers and that of the even 
numbers. We can remember also the fact (cf. 1.2.4) that the real line can 
be mapped, by a linear transformation, onto any half-line or finite interval, 
so that these point sets are all equivalent to each other (with the common 
cardinality K). We may add another very demonstrative geometric example: 
the equivalence of a perpendicular side of a right-angled triangle (as a point 
set) to the hypotenuse. In this case, the required one-to-one mapping can be 
immediately implemented by drawing perpendiculars onto the smaller side 
in question.

1.32 In the circumstances mentioned above, the following theorem is 
important:

1.3.1 (Cantor-Bernstein equivalence theorem) Two sets, 
each of which is equivalent to a subset of the other, are also equivalent to 
each other.

1

1 The theorem was discovered by G. CANTOR, but its first complete proof was given 
by F. Bernstein in 1897. (See Borel [2], Fraenkel [1].)

This theorem can be considered as a corollary of the following proposi­
tion which is also relevant in itself:

1.3.2 Let So be a given set and 81,82 its subsets such that Si D 82- 
Then the relation S2 ~ So implies Si ~ So-

Proof. Suppose that S2 is equivalent to So, and so a bijective 
correspondence between the elements of S2 and Sq can be given.

Since So 2 Si D S2; this mapping attaches, at the same time, any 
element of Si to a single element of 82- Let us denote the set of the latter 
elements (which is a subset of S2) by S3.

Therefore we have Si D S2 2 S3 and also a bijective connection between 
Si and S3; hence we see that the mapping just mentioned transfers S2 onto 
a certain subset S4 of S3, and so on.

Clearly, this procedure can be continued indefinitely and yields a de­
creasing sequence of sets for which Sn ~ Sn+2 (n = 0,1,2,...) and

Sn - Sn+1 ~ Sn+2 - Sn+3 (n = 0,1,2,...). (1.3-1)
If we apply representation (1.1-8) to So and to Si, we get

So = ToUR, Si = TiUR, (1.3-2)

where
n= U(^n-Sn+i) and H=nS„. (1.3-3) 

n=k n—0
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Thus from (1.3-1) and (1.3-2), it follows that To ~ Ti and So ~ Si, 
respectively.

* * *

Using 1.3.2, 1.3.1, it can easily be verified:
Let us denote the sets in question by s,t and let s ~ 6, t ~ Si where 

si C s and 6 C t. Then there is a bijective connection between the elements 
of t and 3i which transfers ti C t onto a subset 32 of si. Thus ti ~ 32 and 
since, by assumption, 3 ~ ti, we have s ~ 32 with s D si D 32- Now, by 
applying proposition 1.3.2 to s,3i,32, we obtain s ~ si and by assumption 
also si ~ t. Therefore 3 ~ t and the theorem is proved.

The equivalence theorem makes it possible to show, that the comparison 
of cardinal numbers can be realized in all respects on the model of real 
numbers.

1.4. Sets of higher cardinality, transfinite 
cardinals

1.41 Looking for some kind of set the cardinality of which would 
be higher than N, we might think first that higher dimensional numbers 
are connected with higher cardinalities, i.e. that the plane has a greater 
cardinality than the line, the space is of greater cardinality than the plane, 
etc. The following proposition shows that this conjecture is false.

1.4.1 The set of points of an Euclidean space of arbitrary dimension 
has the cardinal number K.

Proof. It suffices obviously to show that those points (®i, x2,..., x„) 
of the ^-dimensional space for which 0 < xn < 1 (n = 1,2,..., p), constitute 
a set equivalent to the interval 0 < x < 1 of the real line. We have seen that 
the whole real line can be transferred, in one-to-one way, onto (0,1], and 
there is a completely similar bijective correspondence between the whole 
//-dimensional space and its unit “ball” defined above. (Cf. 1.2-4-)

Now, the coordinates of any point of the latter can be written down in 
infinite decimal fractions of the form

Xn = O.€ln bn • • • (n = 1,2,. . . , p), (1.4-1)
and this representation is unique if we transform the finite decimals to proper 
infinite ones in the well-known manner. (See the second foot-note to the 
proof of 1.2.4.)

The p-dimensional point (1.4-1) is now mapped onto that point of (0,1] 
whose abscissa is defined by the decimal

x = 0.61 62 • • -6^£2i £22 • • -bv ■ • • (1.4-2) 
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(the first v digits are the first digits of aq,^,.. • respectively; the next 
p digits are, in turn, the second digits of si, x2,...,and so on). This is 
deary a bijective mapping between the unit “ball”

{Cri,a:2,-”,Zv) : 0 < xn < 1 (n = 1,2,... ,i/)} (1-4-3)

of the ^-dimensional space and a subset of (0,1].
Conversely, the interval (0,1] can be mapped bijectively onto a subset 

of (1.4-3) in a trivial way. For example:

{(xi,X2,...,x^ : 0 < zi < 1, x2 = x3 = ... = xy = 0} = (0,1].

Thus 1.3.1 yields at once the equivalence of (1.4-3) to (0,!].1

1 We have to emphasize that sets of different dimension cannot be mapped bijectively 
into one another, if the map is also required to be continuous. This follows from the 
“principle of the invariance of dimension" (L.E.J. BROUWER, 1911) which is one of the 
most important facts of classical topology. See also 2.13.

* * *

1.42 The simplest examples of sets whose cardinality really is higher 
than R, are the following: the set p consisting of all subsets of the interval 
[0,1], and the set U of all real functions defined in [0,1]. The second example 
partly reduces to the first, since the set of characteristic functions of the 
subsets of [0,1] is equivalent both to p and the set of functions defined in 
[0,1] whose range only contains the values 0 and 1. These functions, however, 
form a- proper subset of U.

Going still further, we have the following proposition:

1.4.2 A// the subsets of a non-empty set S constitute a set, whose 
cardinality exceeds that of S.

Proof. Denote by P the set consisting of all ’subsets of S 
O (including also S itself and Q). From the definitions relating to the 
comparison of cardinalities, we have to prove, on the one hand, that P / S, 
and on the other hand, that a proper subset of P is equivalent to S. The 
latter condition is clearly satisfied by the collection of single elements of S 
(each of them being considered as a subset containing one element).

Assume now — contrary to the assertion — that the elements of S and 
P are connected bijectively and assign the elements of S to two classes. Si 
consists of those elements each of which is contained in the corresponding 
subset of P, while Sn is the remaining part of S. (For instance, if E denotes 
the element of S which is mapped onto itself, then E e Si, but the element 
© corresponding to Q belongs to Sm) Since Sn is a subset of S’, so that 
Sn e P, there exists an element k e S which is mapped onto S in P. We 
ask: in which class is this k?
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In the case k G Si, the definition of Si would imply k G Su, which 
is a contradiction. However, if we suppose that « G Su, then we would 
get, by the definition of Su, the result k 0 Su which contradicts this last 
assumption. Therefore, k belongs neither to Si nor to Su] but this is 
impossible, because Si U Su = S.

We see that our initial supposition is untrue, i.e. P S.

* * *

1.43 We note that the set consisting of all subsets of a set S is called 
the power-set of S, and it is usually denoted by P(S). For the corresponding 
cardinality we often write symbolically:

P(S) = 2^. (1.4-4)

This convention is based upon the elementary fact that for a finite set 
S with n elements, the number of the elements of P(S) is just 2n. Namely, 
P^S) contains beside Q and S, the subsets consisting of l,2,...,n - 1 
elements; the number of these subsets is, in turn, ("), ( 2), • • • >(n-i)’ and 
by addition we obtain:

Using the notation (1.4-4), the content of theorem l.J.2 can briefly be 
expressed as follows:

2s > S. (1-4-5)
If we consider the case where S consists of all positive integers, so that 

S = Ko, then (1.4-5) can be sharpened to an equality which establishes — 
in symbolic form — a connection between Ko and K. More precisely:

1.4. 3 The cardinality of all subsets of natural numbers is K, i.e.

K = 2N°. (1.4-6)

Proof. Let {n/J be an arbitrary (finite or infinite) subset of the 
numbers 1,2,3,.... To every nk attach the value 1, and to all other elements 
of the sequence of positive integers the value 0. Then we get a sequence 

• • where each element is 0 or 1; and the dyadic fraction 

OJi J2J3 ••• U = 0 or 1) (1-4-7)

represents a real number between 0 and 1 which is uniquely determined 
apart from the fractions containing only 0-s or only 1-s from a certain digit 
onwards.
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Hence we see that the set of all subsets in question, after omitting an 
exceptional countable set, can be mapped bijectively onto the interval (0,1). 
Since the union of a countable set and a set of continuum power has the 
cardinal number K, (1.4-6) follows.

* * *

1.44 The above Theorem l.f.2 enables us to present sets whose cardi­
nality is as large as we like. Thus, the next step in building up the theory 
is: arranging all the possible infinite cardinals in an increasing sequence, 
to form, so to say, the “transfinite” continuation of the sequence of natural 
numbers and hence, establish a considerable extension of the principle of 
mathematical induction: the transfinite induction.

The realization of this program and, in connection with it, the further 
development of the notion of ordinal number (introduction of the concepts 
“order type” and “ordinal”), and the well-ordering of sets stand apart from 
the scope of our treatment. We must be content with mentioning that, 
amongst the infinite cardinals written in increasing order, the so-called 
transfinite cardinals1, the first (least) one is No and the second one is Nj < N. 
The so-called generalized continuum hypothesis asserts the validity of the 
relations

1 In this regard, the cardinals of finite sets, i.e. the non-negative integers, are called 
finite cardinals, too.

2 It was shown by P. J. COHEN in 1962 that (1.4-8) cannot be proved on the basis of 
the usual axiomatic foundation of set theory, which is due to ZERMELO and FRAENKEL, 
completed by the so-called axiom of choice. (Cf.e.g. Fraenkel [1], Cohen [2].) This 
result is comparable, to a certain extent, with the fact that Euclid’s parallel postulate is 
independent, of the axioms of absolute geometry, i.e. that non-Euclidean geometries are 
also possible. The latter were discovered — as it is well-known — by J. BOLYAI and N.I. 
Lobatchevski (after some unpublished results of C.F. Gauss) in the first decades of the 
19th century.

Ko+1=2n“ (a = 0,1,2,...). (1.4-8)

As we see by (1.4-6), this famous conjecture of Cantor is equivalent 
in the case a = 0 to the connection Nj = bi, i.e. to the assertion that 
in the sequence of transfinite cardinals the cardinal of natural numbers is 
immediately followed by the continuum power.2
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1.5 Important set structures: Boolean and 
sigma-rings

1.51 A system Z of sets is said to be closed with respect to a set 
operation, if, by carrying out the latter on arbitrary sets in Z, we always 
obtain elements of Z. (In other words: the set operation in question “does 
not go out” of Z.) Therefore, every such system of sets is at the same time 
a structure in the modern algebraic sense.

From the point of view of the applications, the following set structures, 
associated with two operations, are of primary significance: (I) Boolean ring 
or simple field of sets-, (II) cr-ring or Borel’s field of sets. (The terminology 
in the literature has not been unified up to now.)

A non-empty family 1R of subsets of a basic set X is called a Boolean ring, 
if it is closed with respect to union and subtraction operations, i.e. for any 
Sit Si, S2 E Si we have Si U S2 G fR and 5j - S2 G Si. The set Q obviously 
belongs to every Boolean ring because S G SR implies 0 = 5 — 5 G !R. 
Besides, Si contains by (1.1-6) the symmetric difference and, by (1.1-7), the 
intersection of any two elements. Finally, it follows by induction that both 
the union and the intersection operations can be carried out finitely many 
times, with results in IR.

It is useful to give a particular name to those Boolean rings which are 
also closed under the union operation applied a countably infinite number 
of times. These are the so-called a-rings, which will be denoted by S. The 
definition implies by (1.1-5) that any <7-ring also contains the intersection 
of a countably infinite number of its elements.

Remarks: 1. According to the above, the Boolean ring and sigma-ring 
can also be defined in such a way that, instead of the operations of union 
and subtraction, closure with respect to the intersection operation and the 
forming of symmetric differences is required.1 2. In that frequent special 
case when the Boolean or <7-ring in question contains the basic set X itself, 
too, the denominations Boolean algebra and a-algebra are used. (Alternative 
definitions: we mean by Boolean algebra and sigma-algebra any non-empty 
system of sets which is closed with respect to the complementation and the 
union operations. The latter is applied finitely many times in the Boolean 
case and a countably infinite number of times in the sigma case.) The usual 
notations for the last-mentioned set structures are: 3? and S.

1 If the operation of forming symmetric differences is considered as an abstract “ad­
dition” and the intersection operation as an abstract ’’multiplication”, then any Boolean 
ring of sets becomes a ring in the sense used in abstract algebra. All this explains the 
preference for the above terminology.

Apart from the set consisting of Q only, the simplest example of a 
Boolean ring is the system of all subsets of a set X, i.e., the power-set of 
X [see (1.4-3)]. This is plainly a a-ring and a <r-algebra at the same time.
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But if A is infinite and we consider only the system of all finite subsets of 
X, then we get such a Boolean ring which is neither a <7-ring, nor a Boolean 
algebra.

1.52 In case of the last-mentioned example, the following mode of ex­
pression presents itself: “Boolean ring generated by the finite subsets of X . 
This suggests that a general theorem can be formulated.

1.5.1 For any non-empty set system LI consisting of certain subsets of 
a basic set X there exists a smallest one among the Boolean rings (or o- 
rings) containing X. It is called the Boolean ring (resp. a-ring) generated 
by U, and is denoted by 52(U) and S(U), respectively.

Proof Let us apply to the sets contained in U, the union operation 
and substraction in all possible ways finitely many times. The sets thus 
obtained plainly constitute such a Boolean ring 5? which contains 11; and in 
any other Boolean ring 51* to which 11 also belongs, all the elements of 51 
must occur, so that 51* □ 51. Accordingly, 51 is the smallest Boolean ring 
containing 11, i.e. 51 = 51(11).

S(U) can be generated similarly, if we apply to the element of U the 
operation of substraction and, a countably infinite number of times, the 
union operation.

* * *

It is clear that 51(11) and S(U) can also be regarded as the common part 
of all Boolean rings and wrings, respectively, which contain the system 11. 
Furthermore we have:

U C 51(11) C S(U). (1.5-1)

We may add that 1.5.1 still remains valid if the words Boolean ring 
and cr-ring are replaced by Boolean and ^-algebra, respectively. To verify 
this we have simply to use complements instead of differences in the above 
Proof.

Two elementary examples connected with the concepts just introduced:
I If 11 consists of all finite intervals of the line, including Q and the sets 

containing a single point, then 51(11) contains all interval systems obtained 
as unions of finitely many elements of 11. (Therefore, these interval systems 
certainly constitute a Boolean ring.) - IL If U has the same meaning, the 
^-ring generated by it contains the whole line, too, i.e., it is a ^-algebra. 
The elements of this structure are called the Borel sets of the line.

The notions of this section play an important role in measure theory and 
Probability theory. (See 5.13, 6.14, 8.11-8.15, 8.31, 8.41 8.43, 8.53.) Let 
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us also stress that a significant branch of modern algebra, namely lattice 
theory, has developed in close connection with Boolean algebras during the 
last decades.1

1.6 Simple applications in elementary analysis

1.61 We want to discuss some additional material showing that the 
fundamental notions of set theory can also be useful in the elementary theory 
of real functions.

Though most discontinuous functions occurring in applications have a 
finite number of discontinuities, it is easy to give examples of functions which 
are bounded, but not continuous on a set of continuum power. We mention 
e.g. the characteristic function of the set of rational numbers, the so-called 
function of Dirichlet:

_ f 1 for rational x, fl.6-11
I 0 for irrational x

which is plainly nowhere continuous.2 (Cf.
In general, points of discontinuities are usually limited into two classes: 

we speak about a discontinuity of the first kind at a point where both of the 
unilateral limits of the function exist3 ; any other discontinuity is said to 
be of the second kind. Thus all discontinuities of the function [a:] (“integral 
part of x”) belong to the first class, and all of x(x) to the second class.

3 If the one-sided limits at a point are equal, but differ from the corresponding 
function value, then we have a so-called removable discontinuity.

Our next result concerns the cardinality of the discontinuities of the 
first kind on an interval.

1.6.1 If the one-sided limits of a function f(x) exist at every point of 
an interval, then the totality of its points of discontinuity there is countable.

Proof. Denote by 5 the set of all points of discontinuities of f(x) 
in a finite interval [a,6]. We shall show first: the subset Ss of those points 
f € S, for which both \f(^ - f^ + 0)| and |/(£) - /(£ - 0)| exceed any fixed 
positive number 6, is necessarily finite. For brevity we refer below to this 
assertion by the symbol (*).

1 We mean by lattice an algebraic structure in which two operations are defined with 
properties corresponding to those of the union and intersection operation for sets. (Cf. 
1.12.)

2 There is also an interesting analytic representation of this function:

x(i) = lim lim [cos(m’7rx)]“>n.
m—>oon-»oo
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Suppose the contrary, i.e., that the subset Ss is infinite. Then the 
boundedness of Ss implies that the corresponding set of discontinuities has 
in [a,&] at least one accumulation point Co (by the Bolzano-Weierstrass 
theorem). Therefore, there exists a sequence of points & E Ss (& = 1,2,...) 
tending from one (e.g. left-hand) side to Co, such that \f^m) - /(€n)| > <5/2 
for m,n sufficiently large. On the other hand, we know that /(Co ± 0) 
exists, and hence we conclude that |/(Cm) — /(€n)| 0 as —+ oo. This
contradiction verifies our assertion („).

Let now denote the smaller of the deviations | /(C) - /(C ± 0)|, and 
let us consider the following subsets of S.

= {?:»«)> 1). S.. = T <’(£) S n} (" = 2’3- >'

Obviously S = U sn and, since a11 the Sn are finite accordin§ to we 

deduce from 1.2^5, that S is countable.
In the case when the domain of /(x) is infinite, we express it as a 

countable union of finite intervals and, hence, reduce it to the previous case 
on the basis of 1.2.5.

* * *

1 62 Our second observation relates to the concept of differentiability.
Let us call the point a a break point of a function f(x\ if the unilateral 

derivatives 
fW - W 

x — afW =
f(x) - f(a)

m " >
x—►a+O X d

lim 
x—►a—0

(1-6-2)

exist simultaneously, but f'+(a) ± f'^Y [Geometrically: we draw on the 
graph of /(x) a right half-tangent at the point (a, /(a + 0)), and a left 
half-tangent at the point (a, /(a - 0)), having different directions.] Note 
that any break point of / must either be a point of continuity or a point of 
discontinuity of the first kind.

1.6.2 The break points of any function /(x) constitute a countable set.

Proof Bv virtue of 1.2.1, all the rational numbers can be arranged 
in a sequence; let pn denote the n-th element of such a sequence. We shall 
use repeatedly the fact that the number line is densely covered everywhere

^onsideMhe set T = {x : A(*) < and iut « be a fixed element 

it. By the definition of {pn} there exists a lowest index A such that 
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fL(a) < px < f+(a)- Furthermore, by (1.6-2) we can find a largest element 
Pn in {Pn}, for which

and another smallest element py, for which

/(*) - /(a) .----- ----- — > px (a < x < py).x — a

Connecting these two inequalities, we get with a G (PniP^ the condition:

/(*) - /(a) > px(x - a) (p^< x < py, x / a). (1.6-3)

Thus we have shown, that to any a G T there corresponds a triplet 
(A,/u,^) of indices such that (1.6-3) holds. It is easy to see that this 
correspondence is unique, i.e., that the same triplet cannot belong to any 
other point ai of T. In fact, assuming the contrary, we can substitute in 
(1.6-3) first x = ai, and then x = a with a replaced by ay, and obtain the 
impossible result:

/(«i) - f(a) > Px^i ~ a), /(a) -/(ai) > Px(a ~ ^1) (a / ai).

Because the set of all index triplets (A,p,i/) is countable by 1.2.2, the 
above set T and (on the basis of a similar argument) the set {a: : f^x) < 
fL^x)} as well as their union, i.e. { x : f'+(x) fL(x)}, have the same
property.

* * *

1.63 We give another elementary example of a non-countable set:

1.6.3 The cardinal of the set of functions continuous in an interval 
is K.1

Proof. Denote the basic interval in question by (a,b) and the set 
of functions continuous in (a, b) by F. Since F contains all the functions 
y = C (a < x < F) where C is an arbitrary real number, it is plain that

F > K. (1.6-4)

1 We call the reader’s attention to the fact that the totality of real functions defined 
on a given interval has a cardinality higher than H. (See 1.4-2.)

44



We want also to show that

F < K. (1.6-5)

To that end, we note, first of all, that F is equivalent to the set Fr of 
all sequences s .

where {rn} runs over the totality of rational numbers in (a 6) (cf. L2.1) 
Namely, the range of any continuous function is evidently determined by its 
values at the rational points [lying densely everywhere in (a,6)].

Consider now the set Y consisting of sequences of the form

yi,y2,--->

the elements of which run over all real numbers, independently of one 
another. If we transfer yi by a linear transformation into the interval (0,1), 
y2 into (1,2) and so on, then it becomes clear that the cardinal of Y cannot 
exceed that of (0,oo), i.e., the continuum power. .

Thus Fr < Y implies Fr < N, which by F ~ Fr is equivalent to the 
inequality (1.6-5).

Hence and from (1.6-4) we get finally

F = N, (1.6-6)

as asserted above.

* * *

_ as is well-known—has been adopted not
he set theore ic a , - a|so jn abstract algebra and in other 

m y in various br“'h%“[“hXn of the century it has had a considerable 
and sof™atl*ema [S' the development of mathematical logic (i.e., the 
theory of judgement logical functional calculus), andduring the last decades 

it has been much entwined with the theory of probabthty and Mes as 
weh as “th The mathematical foundations of modern eomputtng technics.
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CHAPTER 2

POINT SETS IN EUCLIDEAN SPACES

2.1 Distance and neighbourhood in space

2.11 In the elementary theory of functions, not only point sets on 
the line (“linear sets”), but those on the plane and in three-space are 
needed Besides it is indispensable to the uniformity and simplicity of 
discussing functions of several variables that we also consider spaces of 
arbitrary dimensions. As a matter of course the foundations of modern 
analysis presuppose the further development of the latter theory by means 
of the general set theoretical expedients reviewed in the previous chapter 
Therefore, we shall deal in the sequel with the systematic treatment of 
abstract point sets of arbitrary dimension, for the sake of a self-contained 
treatment premising some well-known basic knowledge.

Let 1/ be a fixed natural number. We denote by E„ the Euclidean space of 
v dimensions, i.e., the totality of ordered //-tuples of real numbers satisfying 
certain conditions below. Any such //-tuple (>i, x2,... is called a pomt 
of E„, usually denoted by Roman capital letters, and x is the r-th co­
ordinate of the point (r = 1,2,The point whose all coordinates are 
0, is the so-called zero-point (origin) and is denoted by O Two points: 
P^i,^,...,^) and Q(yi,!/2,...,^)^re identic^ (equal) if xr = yr for 
every r. The distance between P and Q is defined by

~PQ = [(a, - yi)2 + (®a - ks)2 + ■■ ■ + (a. - VeY] Z ■ (2.1-1)

The motivation for (2.1-1) is that, when n= 1,2,3 (i.e., in case of the 
line, Plane and three-space) it reduces to the well-known d.stance formula 

analytic geometry. Furthermore, the requirement that any defimtion of 
distance possesses the following properties [obvious for a < 3, and referred 
later by the symbol (*)]: „
(*) 1. PQ = 0 holds if and only if P = Ql 2- pQ ~ QP for a11 P and <21 
3- for any triplet P,Q,R the so-called triangle inequality

PQ + QR> PR (2-1-2)

b fulfilled. r
We note that (2.1-2) is a corollary of Cauchy s inequality 

(2.1-3)
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valid for arbitrary real numbers ur,vT; and (2.1-3) follows immediately from 
the so-called Lagrange identity

1 p \
- £ (urVs - UaVT) = E E - £ UrVr (2.1-4) 
z r,s=l \r=l / \r=l / \r=l /

by the non-negativity of the sum of squares on the left.
We mean by an interval in Ey the set of points P with coordinates xT 

in the linear intervals ir (r = 1,2,..., i/).1 A //-dimensional interval I is 
closed or open when all the corresponding intervals ii, i?,..., iy are closed 
or open, respectively. I is said to be finite if all of its ir-s are finite. (For 
instance, the square |a:i| < 1, |a^2| < 1 is a 2-dimensional closed interval, 
and the cube 0 < xr < 1 [r = 1,2,3] is a 3-dimensional open interval.) Any 
interval in Ey may plainly also be considered as a Cartesian product of v 
factors. (See 1.12.)

1 Here «r denotes a finite or infinite segment of the number line, i.e., the corresponding 
set of real numbers.

2.12 The (-neighbourhood of a point Po 6 Ey is the set of those points 
of Ey for which PqP < e. In the case of Ei it is a linear interval symmetric 
about Po, while for P2 we have a circular disk and for P3 a sphere, both 
with centre Po and radius e. Thus the denomination “open sphere” is also 
in use for any v. (The condition PqP < c determines a so-called closed 
sphere or ball.) The size of c > 0 is often irrelevant and in these instances 
we only mention the centre Pq. In particular if a point Po of a set S C Ey is 
considered, then the ^-neighbourhood of Po relating to S is the set of points 
of S whose distance from Po is less than e.

Using these, the points of Ey can now be classified with respect to any 
set S C Eu in the usual manner. A point P is an interior (inner) point of 
S, if P has a neighbourhood lying entirely in S; P is an exterior point of 
S, if it has a neighbourhood which does not contain any point of 5; and, 
lastly, P is a boundary point of S, if neither of these two cases hold (i.e. 
every neighbourhood of P contains a point which belongs to and another 
one which does not belong to S). According to these definitions, interior 
points always belong to S and exterior points never belong to S. In case of 
a boundary point, both possibilities may occur. The totality of boundary 
points is often briefly called the boundary of S.

A set S C Ey is said to be bounded, if it can be included in a v- 
dimensional finite interval or in any finite neighbourhood of 0. Among sets 
consisting of real numbers, it is useful to distinguish boundedness from above 
and boundedness form below in the usual sense, and hence, to introduce the 
notions of unilateral bounds as well as the concepts of least upper bound 
(supremum) and greatest lower bound (infimum). The latter will be denoted, 
in the case of a linear set S, by sup S and inf S, respectively. Their existence 
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is assured when S is bounded from above and from below, respectively; 
otherwise we have sup S = +oo or inf S = — oo.

2.13 By means of the notions of “distance” and “neighbourhood”, the 
concepts of curve and surface can exactly be defined. Furthermore, the 
foundations of theory of curves and surfaces can be extended to spaces of 
arbitrary dimensions.

Let us call a mapping of a set S C £„ into a set T C neighbourhood­
preserving1 if, for any pair of corresponding points P E S, Q E T, we 
can attach to every e-neighbourhood of Q in T a 6 [= <5(e)]-neighbourhood 
of P in S such that the latter neighbourhood is mapped into the former 
one. As we know, topology in a narrower sense ( analysis situs ) deals 
with bijective and neighbourhood-preserving mappings between geometric 
configurations. Hence, such a correspondence is also called a topological 
map, and the sets transferable by such a map into one another are said to be 
topologically equivalent or simply homeomorphic. For example, circular disk 
is homeomorphic to the interior of a rectangle or to any polygonal domain, 
but not homeomorphic to the interior of an annulus. The interval (0,1) is 
homeomorphic to any circular or parabolic arc, but not homeomorphic to 
the square or cube. (Cf. Ef.E)

1 In what follows, this notion will be applied exclusively to sets having the property 
that any two points are contained in a continuum. (Cf. 2.42.) n such cases the term 
“continuous mapping” is more usual, because it is a further development of the concept 
°f a continuous function.

2 Each of these sets is also a region in the sense known from elementary analysis (see 
2.42). Cf. C. Jordan [2].

Now, it is easy to transfer the notions of simple continuous arc (Jor­
dan curve) and simple closed curve (closed Jordan curve) to any space 
E„ (v > 2). We have to consider the i/-dimensional point sets which 
are homeomorphic to a line segment and to a circle, respectively. These 
conditions are realizable analytically by such a parametric representation 

= xr(t) (a < t < /3; r = 1,2,..., ^), where every xr(t) is a continuous 
function of the parameter t, and different Lvalues are always mapped into 
different points except for the values t — a, t — f3 in case
of a closed curve. The representation in question yields, simultaneously, an 
orientation on the curve according to increasing values of t. In the case 
v = 2 we have a fundamental theorem which is seemingly evident but in 
reality is deep and cannot be discussed here in detail.

2 11 (Jordan curve theorem) Any simple closed curve C of two 
dimensions divides the plane into two disjoint point sets of which it is the 
common boundary. One of these sets is bounded and is called the interior 
of C and the other set is the exterior of the curve.
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We define in E^ (v > 3), in a similar manner the notions of simple 
continuous surface and simple closed surface as the “topological images” 
of a square and the surface of a sphere, respectively. These surfaces are 
realized analytically by biparametric representations of Gauss type; and, if 
we replace the word “curve” with the word “surface”, the above theorem 
2.1.1 also applies to the case v = 3. A considerable generalization of the 
theory of curves and surfaces yields the so-called Riemann-Poincare theory 
of higher dimensional manifolds.

In the sequel everywhere — if no special restrictions are made — our 
statements concerning point sets are to be understood to apply for arbitrary 
dimension number v.

2.2 Convergence and clustering point of a 
sequence of points

2.21 The transfer of the concepts of convergence and limit to Euclidean 
spaces is of decisive significance.

The most elementary notion about this topic is the following: a sequence 
of i/-dimensional points Pi, Pz,... is said to be convergent, if there is a point 
P E for which PnP -* 0 as n —> oo. (This condition is plainly equivalent 
to the following: 1. any arbitrarily small neighbourhood of P should contain 
all but a finite number of elements of the sequence; or 2. each coordinate 
of Pn should tend to the corresponding coordinate of P as n —♦ oo.) P 
is the limit point or, in short, the limit of the sequence. Non-convergent 
sequences are called divergent. Note that these statements: “the limit of 
{Pn} is P” and “{Pn} tends (converges) to P” have the same meaning. The 
corresponding notations are:

lim Pn = P and Pn - P (n -+ oo), (2.2-1)
n—*00

respectively.
The classical convergence principle for number sequences can be ex­

tended directly — by reduction to coordinate sequences — to higher dimen­
sional cases:

2.2.1 (Cauchy’s inner convergence criterion) A sequence Pi, 
Pz,... of points is convergent if and only if to any given positive number 
e, however small, we can find an index no = no(c) such that for m > no, 
n > no the inequality PmPn < e holds.

Hence we see that the convergence of {Pn} depends only on elements 
the indices of which are sufficiently large. Thus, if we omit a finite number 
of elements in a sequence of points, or rearrange it, no matter how, its 
convergence behaviour and limit remain unchanged. Furthermore, it is 
clear that any infinite subsequence of a convergent sequence of points is also 
convergent and tends to the same limit. We add to this last observation a 
fundamental lemma:
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2.2.2 In every bounded infinite sequence of points, it is possible to find 
a convergent subsequence.

Proof.
Let Pn = (xin,^2n, • • • ^n) be the n-th element of the given sequence 

and suppose that ai < x-[n < bi,...,av < x^n < b„ (n = 1,2,...), i.e., 
that {Pn} is contained in the Vdimensional interval Io corresponding to 
[ai, hi],..., [a„, bj where all linear intervals are finite.

If there is in {Pn} an element which occurs infinitely many times, 
then we have nothing to prove, because we have got a trivially convergent 
subsequence. In the opposite case, we can find among the elements of {Pn} 
an infinite number of distinct points. Let us denote the selected points, after 
arranging them in increasing order of the indices, by Qi, Q2, • • ■ • It is clear 
that {<Jn} C Io- Now consider any subset of Io consisting of points whose 
r-th coordinate belongs to one of the two subintervals obtained by bisecting 
[ar, 5r] (r = 1,2,..., v). The total number of these subsets is 2", and among 
them there is certainly one, say , in which infinitely many elements of {Qn} 
are contained. Let us repeat, in case of A, the above procedure of “halving”. 
This produces a subset I2 C A, which again contains infinitely many points 
of {Qn}, and so on.

In this manner we obtain a strictly decreasing sequence of intervals: 
/0,A,A,..- • Starting with a point Qmo of Io, the construction allows a 
choice from A, of a point Qmi / Qmo- Thereafter we can choose from I2 a 
point Qm2 which differs both from Qmo and Qmi, etc. Since the correspond­
ing coordinates of the points just mentioned lie in a set of nested (linear) 
intervals, which have one single common point, the sequence Qmo, Qmi, • • • 
is convergent But this is, apart from the order of elements, a subsequence 
of {Pn}-

* * *

2.22 The preceding considerations suggest the introduction of a new 
notion. We say that a sequence of points {Pn} C Ev clusters at a point 
P 6 E„, or P is a clustering point1 of {Pn}, if it has a subsequence converging 
to P. According to 2.2.2, each bounded sequence has at least one clustering 
point, but it is easy to give instances of (bounded or unbounded) sequences 
clustering at several points. If v = 1, i.e., in case of a sequence of real 
numbers, we say cluster value instead of clustering point. Then we can find, 
among all the cluster values, maximal and minimal values in wider sense2, 
i.e., ±00 being also permitted, which are called upper and lower limits (limit 

1 Sometimes the word sublimit is used.

2 It is clear that the supremum and infimum of the set of cluster values are themselves 
also cluster values of the sequence.
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superior and limit inferior) of the sequence, respectively. The most usual 
symbols of the latter are: lim and lim, respectively.

For example, the number sequence 1,0,1,0,... has two cluster values, 
namely 1 and 0; the former is an upper and the latter a lower limit. As for 
the sequence (1.2-1) of positive rational numbers, this clusters at any point 
of the interval [0,oo) so that 0 is its lower limit and Too its upper limit. 
Finally, in the case of 1,1, i,... we have lim - = lim - = 0 which is alsoJ ’2’3’ M n ----- nn—»-oo n—*oo
the limit of our sequence.

2.23 The connection of the notions of convergence and clustering point 
is simple:

2.2.3 A sequence of points is convergent if and only if it is bounded and 
has a unique clustering point.

Proof. 1° Suppose that a sequence {Pn} converges to a point P. 
Then there are only finitely many elements of {Fn} outside any given neigh­
bourhood of P, so that a suitably large interval contains the entire sequence, 
i.e., it is bounded. Furthermore we know that every subsequence of {Pn} 
also tends to P, and thus P is the only clustering point of {Fn}.

2° Conversely, let {Pn} be a sequence, all of whose elements lie in a 
finite interval I with a single clustering point P in /; let rt C I denote 
an c-neighbourhood of P. Then it follows from the definition of P, that 
there is a subsequence of {Pn} tending to this point; and therefore, rt must 
contain infinitely many elements of {Pn}. The complement I - r(, however, 
contains only a finite number of points of the sequence, because otherwise 
the above lemma 2.2.2 would imply the existence of a subsequence of {Pn} 
converging to a point different from P, and, thereby, also the existence of a 
second clustering point of {Pn}. With number e > 0 being arbitrarily small, 
we have shown that {Pn} is convergent with the limit P.

* * *

According to the second part of the reasoning: if a bounded sequence of 
points has only one clustering point, so this is also a limit point; especially 
in the case v — 1, the existence of one single clustering point is equivalent 
to the statement that the upper and lower limit of the sequence are equal. 
If we allow the possible limits of a sequence {an} of real numbers to include 
±oo (in the well-known sense), then a necessary and sufficient condition of 
the existence of lim an — whether for a bounded or unbounded sequence n—>oo
— is the following:

lim an = lim an. (2.2-2)
n—»oo n-*oo
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2.3 Notions and theorems concerning derivate 
sets

2.31 Let us now deal with arbitrary subsets of Euclidean spaces, which 
will be called briefly point sets. Considering the elements of a point set, any 
point may be counted only once. Thus point sets always consist of distinct 
elements, in contrast to sequences of points. However, each countably 
infinite point set may also be represented as a point sequence the elements 
of which are different from one another.

Like the definition of a clustering point, any point P £ E„ is called 
an accumulation point1 of a set S C Eu, if S contains a countably infinite 
subset whose limit is P. It is easy to see that this condition is equivalent 
to the following. 1. Each e-neighbourhood of P contains infinitely many 
points of S. 2. In any neighbourhood of P, however small, we can find at 
least one point of S which differs from P. It must be emphasized that the 
accumulation point of a set can also be a point which does not belong to the 
set in question. (For example, 0 is the only accumulation point of the set 

? 1,1 an(] one of the accumulation points of the interval 0 < x < oo.) 
If a point Q E S is not an accumulation point of S, then it is called an 
isolated point', in other words, this means that there is a (sufficiently small) 
neighbourhood of Q which only contains the point Q.

1 In spite of the similarity of this notion to the “clustering point”, the use of the 
same word might be confusing. For example, the sequence {1, 1,.. .} clusters at 1 (even 
converges to this value), but {1} as a set consisting of one point has no accumulation 
point in the above sense.

The extension of 2.2.2 to point sets is the following:

2.3.1 (BolzaNO-Weierstrass theorem) Every bounded, infinite 
point set has at least one accumulation point.

In fact, if a bounded set S consists of infinitely many points, we can 
apply to it’the “halving” procedure presented in the proof of 2.2.2. Thus 
we can select from S a convergent sequence of distinct points, the limit of 
which is, according to the above definition, also an accumulation point of S.

* * *

Let us mention here, that a set is said to be compact, if every infinite 
subset of it contains at least one accumulation point. In E^, by 2.3.1, all 
the bounded point sets — and, as it is easy to see, only these — possess the 
Property of compactness.

2.32 We also need to sharpen the concept of an accumulation point. 
— A point P £ E„ is called a condensation point of a point set S £ E^, if 
every neighbourhood of P contains a non~countable infinity of points of S.
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Such a point clearly cannot exist in the case of a countable set, so that we 
have:

2.3.2 (LlNDELOF’s THEOREM) In any non-countable point set there is 
a condensation point.1

1 Lindel6f[l].
2 In other terms: if S has no isolated points.

Proof. If the relevant set S is not bounded, then it may always 
be considered as the union of a countably infinite number of bounded sets 
and, among these, at least one, say So, must also be non-countable by 1.2.5. 
In the case of So, however, we may argue in the same manner as we did 
for 2.3.1, and it is enough to mention that if a non-countable infinity of 
points of So is contained in a finite interval I, and the latter is divided into 
finitely many subintervals, then at least one part will “inherit the property 
in question.

2.33 The totality of accumulation points of a set S — which charac­
terizes the set in certain respects — will be called the derived set (briefly 
derivate) of S and denoted by S'. Examples:

In the case of 5 = {1,2,..., n} we have S' = 0 (there is no accumulation 
point, the elements are isolated points). If S' is the union of the sequences 
{1} and then S' consists of the two accumulation points, namely of 
(Tand 1. For S = (0,1) we have S' = [0,1]; and for the circle, S = {(x,y) : 
x2 + y2 = 1}, it is S' = S. (In the last two examples, every accumulation 
point is a condensation point, too.)

According to the set relations between 5 and S', we distinguish three 
types of point sets: 1. S is said to be closed, if it contains all its accumulation 
points, i.e. S □ S'; 2. S is dense in itself, if each point in it is an 
accumulation point of other elements of the set2, i.e., S C S ,,3. S is 
perfect, if it has both of the properties just mentioned, i.e., S = S'.

Every finite point set and any infinite point set with no accumulation 
points are obviously closed, but not dense in themselves. The set of rational 
points of (0,1) or any open interval and sphere are dense in themselves, but 
not closed. All closed intervals and spheres are perfect. The empty set Q is 
also closed, but it is not considered to be dense in itself and so is not perfect. 
Note that a lot of point sets do not belong to any of the above three classes. 
This holds, for example, in the case of an arbitrary convergent sequence of 
distinct points.

We mention a consequence of the above property 2. Let / be a p- 
dimensional interval and S a subset of it. We say that the set S is dense in I 
(everywhere), if each point of I is an accumulation point of S, i.e., I C S . 
(For instance, the set of points with rational coordinates is everywhere dense 
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in E„.) On the other hand, S is said to be nowhere dense in I, if no 
subinterval of I exists in which S is dense (in the sense just mentioned).

2.34 Turning to discussion of derived sets, we show next:

2.3.3 The derivate of any point set is closed.

Proof. If the set S in question is such that S' has no accumulation 
point, then the assertion is trivial. Otherwise, let us consider an accumu­
lation point P of S' and a neighbourhood r of P-, this T must contain a 
point Pi / P of S', and, because Pi is an accumulation point of S, also a 
sequence consisting of distinct elements of S and converging to P. Thus P 
must also be an accumulation point of S, i.e., P g S'. Therefore S' contains 
all its accumulation points.

* * *

If the formation of a derivate set is regarded as an operation, then it is 
easy to see that this operation may be carried out term by term in the case 
of a finite number of sets, i.e.,

(^U^U.-U Sny = S\ U S'2 U ... U S'n. (2.3-1)

Hence, using 2.3.3, we can conclude that for any point set S, the set 
consisting of the accumulation points of

S = S U S' (2.3-2)

is equal to S', so that S □ (Sf. Accordingly, the set p.3-2) is always 
closed and it is called the closure (adherence) of S. This S yields a natural 
expedient in such cases when we need the enlargement of a non-closed set 
S to a closed set.

2.35 A further relevant problem is: what can be said about the set of 
condensation points of a point set S which will be denoted by S. The set 
S is clearly a subset of S'", we shall show that S is not only closed but also 
dense in itself when S O- That is to say:

2.3.4 The set of condensation points of a non-countable point set is 
perfect.

Proof. Let S be a non-countable set of points. It is assured by 2.3.2 
that S' is non-empty.
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1° To verify that S is closed, consider any accumulation point P of 
the elements of S. In an arbitrary neighbourhood r of P, we can find a 
point Pi / P of S. Furthermore, any n C t neighbourhood of Pi (as a 
condensation point) contains a non-countable infinity of points of 5 . Since 
these points also belong to r, P must be a condensation point ol 5, i.e., 
P E S. Therefore, it follows that S contains all its accumulation points.

2° As regards the assertion that S is dense in itself, let us choose any 
point Q of S and take a ^-neighbourhood To of this point. If, for an 
arbitrary positive integer n, Tn denotes the (^^-neighbourhood of Q 
and ATn = Tn-1 - Tn, then we can write:

OO
To — {Q} P U ^Tn.

n=l

The non-countability of S implies that a non-countable infinity of points 
of this set are contained in To- Thus, at least one of the sets ATi, AT2,. 
say ATm, has the same property by 1.2.5. Now applying theorem 2.3.2 to 
those points of S which belong to ATm, we get that the latter set has a 
condensation point Qx/Q. Because Qx E S and 6 can be as small as we 
please, it follows that Q is an accumulation point of S. This means that 
every point of S also belongs to (S) .

* * *

2.36 On the basis of what has gone before, we can investigate, how fai 
we can transmit the cardinality of a point set S to S' or S; and, conversely, 
what can be said about the cardinality of a point set, if that of its derived 
set is known. These very natural questions are plainly connected with the 
cardinality problem of point sets having the properties 1., 2. or 3. above, 
since S' is always closed and S is besides dense in itself according to theorems 
2.3.3 and 2.34, respectively.

It is clear that the derivate of a countable set can be finite, countably in­
finite or non-countable. (Examples:{1, |, |,. ■ .}; the union of the sequences 
Ji) {1 -f- i},{2 + i},...; the rational numbers in [0,1].) Furthermore, a 
closed set or a set which is dense in itself can be countable or non-count­
able, too. (For instance: {1,2,3,...} is closed and countable; the rationas 
of (0,1) constitute an in itself dense and countable set; and the interval [0,1] 
is closed, dense in itself and non-countable.)

Nevertheless, we have two fundamental statements on non-countable or 
perfect point sets:

2.3.5 The derivate and the set of condensation points of a non-count­
able point set are also non-countable.
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2.3.6 Every perfect point set is non-countable.

Proof. The first assertion is a simple consequence of the second 
one. If S is a non-countable point set, then S is perfect by 2.3.J. Thus, 
assuming the validity of 2.3.6, it follows that S and (since S C S') S' are 
non-countable.

Now we restrict ourselves to the verification of 2.3.6.
Let T denote a perfect point set which is necessarily infinite by defini­

tion. Arguing indirectly, suppose that T is countable, i.e., it can be written 
as a point sequence {Pi, Pi,- • •}• Since T is dense in itself, every point of it 
is an accumulation point as well. Thus consider a point Qi Pi of T, and 
an e-neighbourhood Ti of Qi which does not contain P. There are infinitely 
many points of T in n and so we can pick out among them a point Q2 dif­
fering both from P2 and Qi- Thereafter take an (e/2)-neighbourhood r2 of 
Q2 which is a part of Ti and does not contain P2 and Qi; etc.

Continuing in this manner, we get a decreasing sequence of “spheres” 
ti,t2,... such that the radius of rn tends to 0 as n -> oo. Therefore, the 
sequence of points • • • has a limit Po which is, since Qm Qn, also 
an accumulation point of T. But T is closed as well and so Po € T. Thus Pq 
must be one of the points Pi, P2,..., say P/v- But this is impossible, because 
Po lies in each of the neighbourhoods {rn} whereas, by construction, PN is 
not contained in any of the neighbourhoods t^+i,tn+2, ....

This leads to a contradiction and so the original assertion is right.

* * *

We note that the first part of 2.3.5 is equivalent to the following lemma:

2.3.7 If the derivate of a point set is countable, then the same holds for 
the set itself.

2.4 Basic properties of closed and open sets

2.41 Let us compare the elementary notions: ‘interior point , exterior 
point”, “boundary point” (see 2.12) with the concept of accumulation point, 
introduced in the previous section.

On the basis of the relevant definitions, it is clear that every interior 
point of a set S C E„ is also an accumulation (as well as a condensation) 
point of S, but no exterior point can be a point of accumulation. In the case 
of boundary points, any possibility may occur! 1. E.g. on the line, the end 
points of a finite interval or, in the plane, the boundary points of a circular 
disk are accumulation (and condensation) points, too. 2. The points of 
a- p-dimensional interval the coordinates of which are rational numbers or 

57



irrational numbers constitute sets which consist of boundary points only. 
Furthermore, all the points of both these sets are also accumulation points 
and, in the case of irrational coordinates, condensation points as well. 3. 
Every point of an arbitrary set consisting of isolated points only (e.g. any 
finite point set) is necessarily a boundary point and such a set has no 
accumulation points at all. 4. In the plane the points of one of the coordinate 
axes or, more generally, the points (xi,X2? • • • °f the space E^ (v > 2) 
for which Xi = 0 (i fixed), also constitute sets consisting exclusively of 
boundary points which are also accumulation points of these sets.1

1 These examples remind us of the importance of clarifying in advance the dimension 
of a set tn any discussion about concepts connected with the notion of neighbourhood. Thus 
(0,1) as a part of the line has interior points only, but the same interval consists exclusively 
of boundary points if it is considered as a part of the plane.

After this, it is easy to verify a general theorem on the connection 
between closure and boundary points:

2.4.1 (/) A point set S is closed if and only if it contains all of its 
boundary points.

(II) The boundary of a point set is always closed.

Proof. (I) From the discussion above, it is clear that S consists of its 
interior points and of certain boundary points; the isolated points of S being 
among the latter. On the other hand, S' contains all the interior points of 
5, as well as the non-isolated boundary points (which are not necessarily 
elements of S). Thus S D S' holds exactly on the condition that every non­
isolated boundary point belongs to S, and this means that all the boundary 
points are contained by S.

(II) is an immediate consequence of the first part of (I), applied to a 
point set without interior points.

* * *

2.42 We now have to deal in detail with that important class of sets 
which is in a sense complementary to the class of closed sets. These are the 
open sets. A point set is called open if it does not contain boundary points 
at all, i.e., if it contains interior points only. Hence it is evident that any 
non-empty open set is dense in itself and has the cardinality T he empty 
set O and its complement, the whole space E^, are considered to be closed 
and open at the same time.

Beside open intervals or balls of arbitrary dimension and systems of 
these, the most elementary examples of open sets in the plane and space 
are: any convex set (i.e., such a set which contains the line segment linking 
each pair of its points) without its boundary points and, more generally, the 
interior of any simple closed curve or surface (cf. 2.13). Every set of the 
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type just mentioned, obviously becomes closed after including its boundary 
points. Furthermore, each of them possesses the property of connectedness, 
i.e., they cannot be represented as the union of two non-empty, disjoint, 
open point sets.1 We also mention two other relevant notions. Any point set 
S C E/ is called a region, if it is non-empty, open and connected; and a set 
S' consisting of more than one point is called a continuum, if it is compact 
and connected (cf. 2.31).2

1 The last definition is equivalent to the characterization known from elementary 
analysis: a point set S is connected, if any two of its points can be linked by a “continuous 
path” lying in S.

2 Certain special types of region in the plane are also often useful, namely the simply 
or multiply connected ones. A region S C Ei is said to be m-fold connected, if it is 
homeomorphic to a point set obtained from the interior of a circle by omitting (m — 1) 
closed and disjoint circular disks. (Cf. 2.13.) Note that any continuum has the cardinal 
k in accordance with 1.4-1.

2.43 There is a kind of duality between open and closed sets in E„, 
expressed by the following theorem:

2.4.2 Omitting from any closed/open point set an open/closed subset, 
leaves a closed/open set.

Especially: the complement of a closed/open set with respect to the whole 
space is open/closed.

Proof. Let S be, e.g., a closed point set and T an open subset of 
it. We show that S -T contains all its boundary points. In fact, let P be 
an accumulation point of S — T and assume that P / S — T. Then P must 
be a boundary point both of S — T and T. On the other hand, P is an 
accumulation point and, since S is closed, also an element of S. Thus the 
assumption that P does not belong to S — T implies P € T. But T is open 
and cannot contain a boundary point. Hence we must have P E S — T.

The other part of the assertion can be discussed similary.

* * *

On the application of the main set operations we have:

2.4.3 (/) The union of a finite number of closed sets and the intersec­
tion of an arbitrary number of closed sets is closed.

(II) The union of an arbitrary number of open sets and the intersection 
of a finite number of open sets is open.

Proof. For instance, the part of (I) about the union operation is a 
direct consequence of the definition of closure and of formula (2.3-1). The 

59



remaining part of (I) can be obtained by observing that any accumulation 
point of an intersection of closed sets must also be an accumulation point of 
each of the intersecting sets, and (by closure) an element of each of them. 
It therefore belongs to their intersection as well.

The assertion (II) follows at once from (I) by using the “duality princi­
ple” 2.4.2.

* * *
Note that in 2.4-3 “finite number” may not be replaced by “arbitrary 

number”. For example, the union of the closed sets {1},{1/2},{1/22},... is 
obviously not closed, since it does not contain the origin; and the intersection 
of the open intervals (—2-n,2-n) (n = 1,2,...) (i.e., {0}) is not open.

2.44 The above results suggest a thorough investigation of the structure 
of open sets. First of all, we show that, on the line, no open sets exist other 
than systems of open intervals, mentioned among the preliminary examples 
in this section. More precisely:

2.4.4 Any linear open set can be expressed as the union of countably 
many disjoint open intervals, which apart from ordering, is unique. This 
decomposition is called the normal representation of the set.

Proof. Let £ be an arbitrary point of the number line, belonging to 
the set S in question. Since S is open, there are real numbers a and b, such 
that a < £ < b with (a,b) C S. If A = inf a (> -00) and B = sup b (< 00), 
then (A,B) is the largest open interval which contains £ and consists of 
points of S only. In the case when S also has a point which does not belong 
to (A, B), we repeat the procedure until all the points of S are exhausted.

In the resulting representation S is split up into a (uniquely determined) 
system of non-overlapping open intervals which can be ordered so that both 
the left and the right end points are strictly monotone increasing.

* * *

Theorem 2-4-4 cannot be extended to the open sets of E?, E3,..., etc. 
Although it is possible to find analogous decompositions into “balls” or 
intervals, but these can overlap and the representation is no longer unique. 
The situation is similar about the following statement. Any open point set 
S Q Ei, can be written as the union of countably many closed p-dimensional 
intervals, if common boundary points are admitted. For example, we have:

(0,1)= U [2"{n+1),2-n] + U -2-(”+1)].

n=l n=l

We also remark that the open and closed sets of the line can be interpreted 
as Borel sets by 2.4-4- (Cf. 1.52)
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2.45 In the knowledge of the normal representation of open sets on the 
line, the first part of theorem 2-4-3 suggests that perhaps any linear closed 
point set would be generated in the form of an interval system. (That is as 
the union of a finite or countably infinite number of closed intervals.) That 
this is not possible, will be illustrated by the famous example of Cantor’s 
ternary set (T)1 which, in spite of being closed, does not contain a single 
closed interval.

1 T and the more general point sets constructed in a similar manner also have the 
name “Cantor’s discontinua" which stresses the fact that they are not connected.

The definition of T is the following. Let us leave out from [0,1] the open 
interval (1/3,2/3). From the remaining subintervals [0,1/3] and [2/3,1] omit 
again the open middle thirds (1/9,2/9), (7/9,8/9), respectively. Repeat the 
procedure with the last obtained four closed subintervals and continue in a 
similar manner. The set T consists ot the points which remain from [0,1] 
after continuing the procedure ad infinitum. Now, it is easy to prove the 
following theorem.

2.4.5 The point set T is (1) closed and dense in itself i.e. perfect; (2) 
nowhere dense in the interval [0,1]; (5) non-countable.

Preliminary remarks: I. the comparison of the properties (l)-(2) shows 
that a point set can be dense in itself but nowhere dense in an interval at 
the same time (cf. 2.33); II. property (2) naturally precludes the existence 
of a subinterval j C [0,1], however small, such that every point of j belongs 
to T.

Proof. By 2-4-2 it follows that T is closed, since its defining procedure 
starts from a closed set, from which only open sets are excluded. Property 
(2) is obvious, because any subinterval of [0,1] contains an open interval (ob­
tained by successive division into three parts) which does not belong to T.

To verify that our set is dense in itself, consider a point P 6 (0,1) 
of T. If this is not an accumulation point of T, then each point of some 
neighbourhood of P apart from P itself would belong to CT = [0,1] — T. 
Thus CT should contain two subintervals (of equal length) of (0,1) with a 
boundary point in common. But this would contradict the construction of 
CT. Thus in (0,1) every point of T is an accumulation point. Both of the 
points 0 and 1 (belonging to T) are also accumulation points, since all the 
end points of the open intervals “left out” (among them 1/3,1/9,... as well 
as 2/3,8/9,...) are clearly elements of T.

Finally, the non-countability of T follows from property (1) and theorem 
2.3.6.

* * *
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So, the structure of the linear closed set T turns out to be rather 
complicated. This can be said all the more about some closed sets of 
E2, £3, • • • • Hence we see, that the closed continua and some finite systems 
of them (mentioned at the beginning of the present section) may be ranked 
amongst the most elementary examples of closed point sets.

Nevertheless, it is possible to point out something definite about the 
structure of an arbitrary non-countable closed set in E^. An interesting 
decomposition theorem allows us (essentially) to reduce the discussion of 
such sets to the case of perfect sets.

2.5 The Cantor-Bendixson theorem, Cantor’s 
meet theorem

2.51 Before the treatment of the result in question, we have to deal 
briefly with the concept of distance between two non-empty point sets 
S and T. If P denotes an arbitrary point of S and Q that of T, then 
we mean by the distance between S and T the greatest lower bound p > 0 
of the set of all possible values PQ. (For instance, the distance of the set 
{0,1,2} from the interval (2,oo] is 0, and from the interval [1/2, 3/4] it is 
1/4.) If we assume that S and T are closed and at least one of them is 
bounded, then p = p(S,T) is simultaneously the minimum of PQ relating 
to the totality of point pairs P € S, Q E T; i.e., we can find a point Po in 
S and another point Qo in T such that PqQo — P-1

1 The existence of such a pair of points Po, Qo can be easily verified by using 2.2.2.
2 Cantor [3], Bendixson [1].

In particular, the distance of a point Q (as a point set having a single 
element) from a point set S Q is equal to 0 only if this point belongs to 
the closure of S [cf. (2.3-2)]. Thus p({Q},S) > 0, if S is closed and Q & S.

2.52 Let S be a non-empty closed point set which is countable. Then 
we have S = S' U A where A, the so-called isolated part of S, is disjoint from 
S' and non-empty (by 2.3.6). Furthermore, both S' and A are countable. 
(Of course, S' may be empty, e.g. if S is finite, or infinite and consists of 
isolated points.)

If S is a non-countable closed set, then the corresponding decomposition 
can be sharpened in the following way:

2.5.1 (Cantor’s and Bendixson’s theorem)2 (Z) Any non-count­
able, closed point set S can be written as the union of a perfect set Si and 
a countable set M which is disjoint from Si.

(II) This representation is unique since Si is S, the set of condensation 
points of S, and M = S — S.
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Proof. The set S is non-empty by 2.3.2 and is a subset of S since 
the latter is closed. Moreover S is perfect by 2.3.f. Thus we have to show: 
1° the difference M = 5 - S is countable; 2° if 5 is any perfect subset of S 
for which S — Si is countable, then Si = S.

1° If M = Q, i-e-> S = S, the assertion is trivial; so let us suppose that 
M is non-empty. Since S is closed, the distance A of any point of M from 
S must be positive. Let Mi denote the subset of M whose points satisfy 
the condition A > 1; let M2,M3,... be the subsets of M characterized 
by 1/2 < A < 1, by 1/3 < A < 1/2,..., respectively. These subsets are 
pairwise disjoint, and we have:

OO
M = |J Mn.

n=l

Assume that one of these subsets, say Mk, is non-countable. Then it 
has at least one condensation point Q (cf. 2.3.2) which, since Mk C S, is 
a condensation point of S as well. On the other hand, the definition of Mk 
implies that the distance of Q from S is at least 1/k. Thus Q would be such 
a condensation point of S which does not belong to S: a contradiction!

Consequently, all the subsets Mn are countable and, by 1.2.5, so is M.
2° Let Si be a point set satisfying the stated conditions. Then, since 

S — Si has no condensation point, it follows that S = Si. We have to show 
that Si = Si.

The relation Si A Si is a direct consequence of the fact that Si is closed. 
So we have to verify that Si C Si, i.e., that every point Pi E Si is also a 
condensation point of Si. (*)

* * *

Observe that the second part of our argument yields a result which is 
interesting in itself: any perfect set S is identical to the set of its conden­
sation points. (Therefore, in our case, not only S = S', but also S = S

To that end, consider a closed “ball” t C S with centre Pi and that 
part ST of Si which is contained in r. Just like Si, the set ST is also perfect. 
In fact, every accumulation point of Sr belongs to 5i and is contained in 
r, therefore Sr is closed. Furthermore, for any point P £ ST we can find 
a sequence of points in Si which converges to P (because Si is dense in 
itself); and only a finite number of elements of this sequence can lie outside 
r. Thus each element of ST is also an accumulation point of this set, i.e. Sr 
is dense in itself.

Summing up, the above assertion (*)  follows at once, since the radius of 
the closed neighbourhood r can be as small as we like, and ST (as a perfect 
set) is not countable by 2.3.6.
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holds.) This statement can also be considered as a corollary of the Cantor- 
Bendixson theorem: if S is perfect, then it satisfies the conditions of 2.5.1 
(cf. 2.3.6'), and clearly S = S U 0 — S.

Some usual notations: in 2.5.1, the subset Si(= S) is called the perfect 
kernel of S, while M(= S - 5) is called the separate part of S. The former 
is the “largest” perfect part of S, the latter is countable.

2.53 With the notion of distance a further fundamental concept is 
connected: the diameter of a point set. Let S be a bounded point set. Let 
us consider the distance between two points of S, and let d(S) denote the 
least upper bound for all pairs of points of S of the set of non-negative 
numbers thus obtained. We call d(5) the diameter of S. It is zero if S 
consists of a single point, otherwise d^S') > 0. (It is clearly a generalization 
of the notion “diameter of a circle or a sphere”.) If S is closed, then — as 
we know — there exist at least two points of S whose distance is just d(5). 
In this case, we may write it in the form:

d(S) = max PbP2. 1 (2.5-1)
Pi,Pies v 7

The concept of diameter makes possible the extension of certain the­
orems, relating to special geometric configurations, to arbitrary bounded, 
closed point sets. For instance, the elementary lemma on “nested intervals” 
— which is often applied in the foundations of analysis — takes the following 
form in the general theory of point sets:

2.5.2 (Cantor’s meet theorem)2 For any decreasing sequence 
Si,S2,... of non-empty, bounded and closed point sets, the intersection

2 Cf. Cantor [2],

(2.5-2)

cannot be empty. Furthermore, if we also assume that d(Sn) -* 0 as n -> oo, 
then II must consist of a single point.

Proof. Choose from each set Sn a point Pn, and consider the sequence 
of points P\,P2,.... Since Pn G Si, for all n, this sequence {Pn} is bounded. 
If any element Q of {Pn} occurs infinitely many times, then there exist sets 
Sn with arbitrary large indices n, containing Q. Since {Sn} is decreasing,

We see that for both p(S,T) and d(S), the definition in terms of an extreme value 
is related to the notion of closure. This property is always useful when the solvability of 
extreme value problems is investigated.
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this is possible if and only if Q belongs to every Sn, i.e., Q II / Q. 
Otherwise, i.e., if each element of {Pn} occurs only finitely many times, 
then, according to 2.2.2, we can select from {Pn} a convergent subsequence 
of distinct points. Since the limit P of this subsequence is an accumulation 
point of every set Sn and, since all the Sn are closed, this implies that P G Sn 
for all n. Thus P E H and II is again non-empty, as asserted above.

The added condition d(Sn) —► 0 (*) implies that II cannot contain two 
distinct points. Otherwise, we would have a pair of points Qi / Q2 such 
that Qi € Sn, Q2 E Sn (n = 1,2,...), and d(Sn) > Q1Q2 for all n, which 
contradicts the condition (*).

2.6 Covering theorems, outer measures, null sets

2.61 In the theory of real functions, it is often necessary to have 
for a given point set S a system of (possibly simple) sets whose union 
contains all the points of S. If there such a set system R exists, then 
we say that R covers S.1

It is an important fact than if we consider bounded closed sets covered 
by open sets, we can always restrict ourselves to the case of a finite number 
of covering sets. Formulating this in detail, we have

2.6.1 (BOREL’S covering theorem)2 If a bounded and closed point 
set S can be covered by an infinite system of open sets, then there exists a 
finite subsystem of the latter which also covers S.

2 Borel [2],

Proof. Our conditions include the existence of a finite inter­
val I for which SQL Let {My} be such an infinite system of open 
sets which covers S. Then Z = (J^A 2 and is also open by 2.4-3(11).

A
1° If {My} is countable, then its elements can be arranged in a sequence 

Mx,M2,... . Let us denote the union of Mi, M2,..., Mn by Zn, the com­
plement of the latter, with respect to the whole space, by CZn, and write 
Sn = SQCZn(n = 1,2,...).

Since {Zn} is increasing, so {CZn} and {Sn} are decreasing sequences of 
sets. Also each Sn is closed by our assumptions [cf. 2.^.5(Z)]. Furthermore, 
{Sn} is bounded by Sn C S Q I. Now, if Sn / 0 for every n, we can apply

1 The system R may consist of a finite number of sets, of countably or non-countably 
many sets. Moreover, not only disjoint covering sets, but also sets which overlap, or have 
common boundary points are permitted.
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oo
theorem 2.5.2 to get that Q Sn = S R CZ 7^ Q- Hence it follows that CZ 

n=l
contains at least one point of S, which contradicts the condition Z D S.

Thus there must exist an index m such that Sm = CZm R S = O> i-e-> 
Zm 2 S. In other words, for some finite m, the system {Mi, M^, - ■., Mm} 
covers S.

2° If is non-countable, then the proof can be reduced to the case 
discussed above.

We have only to utilize some results and comments of section 2.44 on 
the general structure as well as on certain characteristic properties of open 
sets.

* * *

2.62 As a rule, Borel’s theorem is applied so, that the covering systems 
consist of intervals or “spheres”. Moreover we want the sum of diameters 
of the covering sets to be as small as possible. This last requirement leads 
naturally to the very significant concept of outer (exterior) measure.

Let us define the measure of a y-dimensional interval i as the product 
of the lengths of linear intervals determining i.1 Let S be an arbitrary point 
set in Eu, and consider the set of all finite systems of p-dimensional intervals 
which cover S. Taking the total measure2 of each system in question, we 
obtain a set consisting of positive numbers. The greatest lower bound of this 
set of numbers is called the (i/-dimensional) outer (J)-measure of S and will 
be denoted by

1 Thus the measure of a line segment is its length, that of a rectangle its area, 
that of a rectangular parallelepiped its volume, etc. (The fact that i is closed or open is 
irrelevant.)

2 By this we mean the sum of measures of the intervals figuring in the system.

3 It is evident that uj and ul cannot exceed this value. The other part of the 
assertion is also easy to see.

If the definition given above is extended from “finite” to “finite or count­
ably infinite” systems, then we get the i/-dimensional outer {L)-measure of 
S, denoted by /2l(S). (The indices in the symbols refer to the names 
of Jordan and Lebesgue, respectively.)

For example, if S is a set of finite, disjoint linear intervals, then jij 
and p.L are both equal to the total length of the system.3 On the other 
hand, if S is the set of rational numbers belonging to (0,1], we have p,j = 1 
and p,L = 0, since every finite covering interval system must contain all the 
points of (0,1]. Whereas, if the covering system is countably infinite, we can 
cover the rationals in (0,1] by covering the first one by an interval of length 
c/2, the second by an interval of length e/22, and so on. The interval system 
so obtained contains, for arbitrary values of e, every rational number in (0,1] 
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and has the total length:
OO

n=l
which can be made as small as we like.

2.63 In what follows we shall frequently need point sets whose outer 
(T)-measure is 0, as in case of the last example. These will be called null 
sets. In other words, S C E„ is said to be a j/-dimensional null set if, given 
any positive number c, however small, we can find a finite or countably 
infinite system of ^-dimensional intervals covering S, whose total measure 
is less than e.

It must be emphasized that not only all finite point sets, but also all 
countably infinite ones are null sets. This follows from the typical argument 
above, using the geometric series (2.6-1). Applying the same idea to a 
sequence of null sets, we obtain, more generally:

2.6.2 The union of countably many null sets is also a null set.
However, the totality of null sets is wider than that of the countable sets, 

i.e. there are non-countable null sets, too. For instance, the set T introduced 
in 2.45 is non-countable by 2.J.5; but, if we consider the subintervals of 
[0,1] remaining after the r-th step of the construction of T, then this system 
obviously covers T and has the total length:

/II ,1\ F /2Yl /2Y1- + 2^ + • • • + 2r - 1 - p - ] - (J ’

which becomes arbitrarily small for r sufficiently large. Therefore, Cantor’s 
ternary set is a null set.

2. 64 It turns out from the definitions above, that every bounded point 
set has finite outer (J)- and (T)-measures, while both pj and pl are infinite 
in the case of an unbounded set.

Furthermore, since a wider class of coverings is permitted in the defini­
tion of pl (S') than in that of pj (S), it follows that, for any bounded point 
set S':

0 < pl (S) < pj (S') < oo. (2.6-2)

It is easy to see that pj and pl possess the following simple properties: 
1. If s C S, then

pj(s) < fij(S) and pL(s) < Pl(S), (2.6-3)

2. The outer measures of the union of the bounded sets Si,S2,.. • ,Sn, 
cannot exceed the corresponding total measures of this system of sets.
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3. Let Si, S?,... be bounded sets whose union is bounded as well. Then

(OO \
U Sk = lim pL 

k=i / n->°° (n \
U sk)

k= 1 /

00

< E P-L(Sk). 1 
k=l

1 Here and in the previous property, equality holds if the pairwise distances between
OO

the sets St are positive, and for (2.6-4) we have also ML(5k) < 00.
k = l

(2.6-4)

We remark that the outer (L)-measure of a bounded set S(C E„) can 
also be defined in the following equivalent way:

M^) = inf {/2L(Z)}, (2.6-5)
Z Jo

where Z denotes any p-dimensional, bounded and open set which covers S.
In fact, by 2.44, Z can always be considered as the union of countably 

many, disjoint open or closed intervals. Thus may be interpreted as 
the total measure of such a system of intervals.

2.65 Finally, by means of the concept of outer (L)-measure, we shall 
deal with a useful one-dimensional covering theorem for arbitrary linear sets.

Next we have to say that Borel’s theorem 2.6.1 is not valid, if the 
covered set S is not closed. To verify this, let us consider the countable set 
s = {1/2, 1/3, 1/4,...} which is not closed because it does not contain its 
only accumulation point 0, and about each point 1/n (n = 2,3,...) take 
an open interval of length [n(n + l)]-1, centred on 1/n. This gives us an 
infinite system {j} which covers s, but clearly, no finite subsystem of {j} 
will cover all of s. The total length of this {j} is:

V 1 - f1 (1 _ 1^n(n+l)”V 3/ \3 4/+’"-2'
n=2

Now, our example shows that the part of s which is not contained in 
the union of (disjoint) intervals covering the first N elements of s, can be 
squeezed into any given small interval (0, c) for N large enough. We want to 
show that a similar result is true for coverings of arbitrary bounded linear 
sets. We first mention a useful abbreviating term.

Suppose that a linear set 5 is covered by an infinite system of intervals 
{/}. We say that S can be essentially covered by finite subsystems of {/} 
if for any small c > 0, we can find a decomposition of S into two disjoint 
sets, Ti and T? = S - Ti, with the following properties: Ti is covered even 
by finitely many (suitably selected) intervals of the system {1} and T? has 
an outer (T)-measure less than e.
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2.6. 3 (Sierpinski’s lemma)  Let {1} be an infinite system of closed 1

1 Sierpinski [1].
2 The assertion obviously remains valid, if the term “left-hand side” is replaced by 

“right-hand side”.

intervals on the line which covers a bounded infinite linear set S in such 
manner that each point P of S is the left-hand side2 end point of any interval 
covering P. Then S can be essentially covered by finite subsystems of {1} 
consisting of non-overlapping intervals.

Proof. 1° Let us denote by sn the totality of such points x E S 
to which at least one interval [x,x + /] longer than 1/n (n = 1,2,...) 
can be attached. As a subset of 5, sn is bounded; furthermore we have 
Si C s2 C ... and 5 = Si U s2 U ... .

Therefore, by (2.6-3) and (2.6-4), {pL(sn)} is a monotone increasing 
number sequence and, since si U s2 U ... U sn = sn we have

lim ^(^n) = Pl(S). n—+oo (2.6-6)

Hence we see that, given e > 0, there exists an index N = Nt such that
£

MS)- J < (2.6-7)

2° Now consider the set syv(C S') on the number line (Fig. 1).

Q>

Let the greatest lower and the least upper bound of s^ be and hi, 
respectively (both are finite); and let b denote a positive number to be fixed 
later. The definition of ai implies that s^ contains a point ii for which 
a^ < x^ < a^ + b. Let /i = [xi,Xi + li] be an interval of the system {1} 
covering zi and of length /i > 1/N. (By the definition of s^, the existence of 
such an interval is assured.) If there are points x E s^ for which x > 2?i + /i, 
take the greatest lower bound of them. Then we can find an x2 € sn for 
which (a:i + Zi <)a2 < ®2 < a2 + & and an interval /2 = [22, x2 + ^2] E {0 
whose length satisfies 12 > 1/N. If there are points x E sn with x > x2 +I2, 
we can select from {/} an interval [23, X3 + l3], lying on the right-hand side 
of x2 + l2 and satisfying Z3 > 1/A; etc.

The lengths of the closed intervals thus obtained exceed a common lower 
bound, they are non-overlapping, and the left-hand side end point of each
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. ' 2 t ... ± ip_1 < bi - di, which by L > i/jV — i 9 • uinequalities (p - 1)/.^ < ^ _ G1 and k ' L2, •••,?) yields the

p < N(bi - ai) + 1. (2.6-8)
• a P.n the basis °f the definition of uL(5) there exists an tin i

4 (2.6-9)
Let us denote the union of the intervals A It - 1 9 \ u z

that of the intervals hr*. - 6 zd (k = 1 9 nA c ",P^ by and 
the system {:} which is contained in f1!2? ’ k • Then’ ^at part of 
by the Jti iength ofX "

S<T. (2.6-10)

. and
4, PL(O) 4- -j. Hence we conclude that

a — a* (2.6-11)
where the left-hand side is the total length of the part of (.} lying outside 

eann«l“e5tt\^ i* ‘°‘al length
bound [cf. (2.6-8)). It therefore follow! that ’ ” h“ 1 <’Md “PPCT

(2.6-12)
provided that 6 is chosen to be sufficiently small
given °^and^ ab°Ve’ We have ^Wished: e > 0 being
’ X’. T seated ?n ^ne<i S° th.at: L lh,! disj“”‘
the set 5; 2 the rema^^ ‘ , o'16 T”" dcsJcribcd' » Part of 

whose total length is less than (e/2)+ "frnt'rv^s
^“d' thC OU,“

uXXXK “ ’*+'* - -
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Cf. Vitali [3], Vitali-Sansone [1],

* * *
character, which is,
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CHAPTER 3

EXTENSION OF THE CONCEPT
OF FUNCTION.

LIMIT, CONTINUITY AND 
DIFFERENTIABILITY OF A POINT

FUNCTION

3 .1 Functions on abstract sets (operators) and 
their classification

3 .11 As is well-known, Dirichlet’s elementary concept of function means 
that all elements of a number set X (“domain of definition”) are associ­
ated with some elements of another number set Y (“range of values” or 
“codomain” of the function). Briefly, the function yields a mapping of X 
into Y (denoted simply by X Y). On the basis of the set theoretical 
foundation, it is natural to replace both X and Y by any kind of abstract 
sets; hereby we obtain the following general notion of function:

Let X and Y be two arbitrary sets. We call abstract function or operator 
and denote by 7 a map of X into Y; i.e., O' is a rule of correspondence 
according to which we associate every element x 6 X with one or more 
elements y € Y. Another symbol of the concept is {7 : X => V}; and if we 
want to register the elements x,y (playing the role of the independent and 
dependent variable, respectively), we use the notation y = 7[r] or (when no 
misunderstanding is possible) in short we write y = 7x.

If the number of image elements y attached to any element x 6 X is at 
most p (1 < p < oo), then we say that the operator 7 is p-valued1 in X. The 
widest basic set X considered in the definition of 7 is called its domain, the 
totality of the corresponding elements y G Y is the so-called codomain of 
T. By the inverse of 7 we mean the mapping which transfers each element 
y of the codomain of 7 into the one or more elements x G X whose image 
is y; this operator is denoted by 7-1. Thus we have 7 [T-1 [y]] = y for any 
y belonging to the codomain, and it holds also for each x G X the relation 
T-1 [7[y]] = x provided that 7 is one-valued. If both of 7 and 7-1 are one­
valued, then there is a one-to-one correspondance between the elements of 
domain and codomain.

Applying to the codomain of an operator y = U'i[x] another operator 
z = ^2[j/], we obtain the composed operator z = = 7z7\x, which
is called by the latter symbolic notation also the product of Tj and 7? 2 This

1 For p = 1 the term “ single-valued", for p > 1 the denomination “multiple-valued" 
is also used.

2 It is possible to use the symbol 72 o ?i, too. In case of identical factors, we apply 
naturally the power notation and write: To 7 = 72, 7 o7 o7 = T3, etc.
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“operator multiplication” is obviously not commutative (T1T2 T2T1), but
it is an associative operation. If a one-valued 7 has a one-valued inverse, 
then TT-1 = T-1T = 3, where J denotes the identity (unit) operator.

Like 1.4-2, we can easily verify the following result of Cantor:

3.1 .1 If X and Y are non-empty sets and Y consists of more than one 
elements, then the cardinality of operators of X into Y is higher than the 
power of X.

3.12 A few important classes of abstract functions (operators):
I. The name of y = T[x] is v-dimensional point function, if X consists 

of certain points of the Euclidean space Eu, while the elements of Y are real 
numbers. (That is to say, the point functions are the scalar functions of one 
or several variables, known from elementary analysis.)

II. We get the various sorts of vector functions, if the elements of at 
least one of X and Y are (one or several dimensional) vectors. If both x 
and y are vectors and a homogeneous linear connection of these variables is 
considered, the simplest variant of the concept of tensor is obtained.

III. We speak about set function, if the elements of X are themselves 
point sets and those of Y are real numbers. In particular, the terms interval 
function and line function are used, if the role of x is played by a variable 
interval and curve arc, respectively. Examples: pj(S), pl(S), respectively, 
any definite integral or line integral in the case of a fixed integrand and 
varying path of integration.

IV. y = T[z] is called functional or functional operator if X consists of 
point or vector functions, or of systems of these, while Y is a number set. 
Thus any functional signifies the dependence of a real or complex variable 
upon a varying function or system of functions. Examples: y = sup { x(t)} 

a<t<6
where x = x(t) runs over all the functions bounded, real-valued in [a, 5]; or 
any integral taken on a fixed basic domain and with a varying integrand.

b
V. An integral T[x] = f x(t)p(t) dt with fixed (a, b) and a given bounded 

a
function p(t) considered as a functional of the varying bounded function x(t), 
possesses the properties of additivity and homogeneity:

T[xi + x2] = T[«i] + ^2] (3-1-1)

T[ca:] = cTfa;] (c constant); (3.1-2)

here x\, X2 and x have to vary in the class X of those functions for which the 
occurring integrals exist. Besides, T[a:] is bounded in the sense that |T[x]| 
can be estimated from above by means of | x(t) \:

|7[x]| < M sup {|x(t)|}, (3.1-3)
a<t<!>
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M denoting a suitable constant (which depends of course on the choice of 
P<J) )•

Since (3.1-1)—(3.1-2) are characteristic of the homogeneous linear 
point or vector functions, generally we say a functional dja:] = 7x to be 
linear, if we have for each pair of elements x^ E X, X2 E X and for arbi­
trary number pairs ci, C2 the relation

Tfcizi + C2X2] - ci7[a:i] + c2J[x2]; 1 (3-1-4)

1 Here for brevity we include — according to recent conventions of the literature — 
the homogeneity in the linearity; further we assume that X also contains together with 
however many of its elements, the linear combinations of the latter, i.e., that X is a linear 
manifold.

2 The denomination “linear transformation” is also used in the literature.

moreover the boundedness of T[x] is defined by

|7[z]| <M-||a:|| (VxeX) (3.1-5)

where M means a suitable positive number, and ||a:|| a functional with 
befitting special properties.

More precisely, it is required from the latter — on the model of the 
right-hand term of (3.1-3) — that the conditions

Ikll > 0, ||si+x2|| < pi|| + ||x2||, ||ca:|| = |c| ||x|| (c const.) (3.1-6) 

are always satisfied in X and that ||t|| = 0 holds if and only if x equals to 
the so-called zero element of X. So pH may be regarded as an extension of 
the concept of absolute value (modulus); it is called the norm of x.

If it is possible to introduce a norm for all elements of a set X, we say 
that X is normed.

VI. We use for y = 3p] mostly the term functional transformation, 
if the operator transfers a point or vector function into another point or 
vector function, so that both X and Y consist of functions in the ordinary 
sense. Classical examples of this type of operator are: the homogeneous 
linear coordinate transformation (written in vectorial form); furthermore, 
the T = d/dt differential or the 7 = J... dt integral operator. All three of 
them are additive and homogeneous in the above sense, but boundedness 
can come up at the first only.

3.13 On this basis it is expedient to develop further the notion of 
linear functional: any additive and homogeneous abstract function, i.e., 
which satisfies the condition (3.1-4), is called a linear operator.2

In the special case when both the domain X and the co-domain of a 
linear operator 7 are normed and we have the inequality [as a pendant of 
(3.1-5)]

||jp]|| < M-p|| fM) (3.1-7) 
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with a suitable constant M > 0, we say that T is bounded. The greatest 
lower bound of all the numbers M in question is called simply the norm of 
T and it is denoted by ||J||.

Two relevant kinds of bounded linear operators are given by the homo­
geneous linear coordinate transformations (mentioned before) and by their 
“continuous” analogues, the integral transformations of the form

b
y(s) = J K(s,t) x(t)dt, (3.1-8)

a

where K(s,t) is the so-called kernel function.
Next we want to deal mainly with point functions, since the case of vec­

tor functions can be reduced to these; beside short surveys of the pertinent 
topics (on a higher level), it will also be possible to intensify the theory in 
many directions. Meanwhile we shall still investigate certain set functions 
— above all in connection with modern integral concepts.

As regards the general discussion of linear functionals and operators, 
respectively, these are parts of functional analysis, which will be discussed 
later.

3.2 Limit and cluster value of a point function, 
relating to a set

3.21 Let S be a given point set in and Pfx^x?,... ,3^) an arbitrary 
point of S', we shall study a one-valued point function f(P), defined in 
S  which is at the same time a real-valued function of the real variables 
Xi,X2,.. ■ x^. As is known, f(P) is said to be bounded or especially bounded 
from above and from below, resp., on S, if the number set { f(P)} (P G S) 
possesses the corresponding property (cf. 2.12).

1

1 This expression also always means the finiteness of the function values in question.
2 Thus Po i So but Po G S'o = S'. (Cf. 2.34.)

Consider an accumulation point Po of S (which must not belong itself 
to S); and denote by So the set consisting of all the points of S different 
from Po-2 We say that f(P) has a limit at Po relating to So and it equals to 
a number A; by symbols:

lim f(P) = A (Pe So) or /(P) - A (P -> Po; P G So), (3.2-1)

if for every point sequence Pi, P2,... with Pn G So and Pn -+ Po (n -> oo), 
the sequence of the corresponding values /(Pi), /(P2),... tends to A. The 
latter condition is plainly equivalent to the following one: to any e > 0 we 
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can find a neighbourhood of Po such that for each point P E So lying in it 
we have

\f(P}-A\ <e. (3.2-2)

The first version of the definition is valid in the case of A = ±oo, too; but 
in the second version, e is replaced by an arbitrarily large number G > 0 for 
A = ±oo, and instead of (3.2-2) we have to write f^P) > G or f^P) < —G 
according to the cases A = Too and A = —oo, respectively.

We can say that the existence and value of lim f(P) (P £ So) depends 
P-*Po

essentially upon the basic set S. For instance, the function ((z)) = x — [z] 
(the so-called “fractional part of rr”)1 has no limit at the origin if S is an 
ordinary (two-sided) linear neighbourhood of the point 0; but (($)) —* 0 and 
((a;)) —♦ 1, if x tends to 0 over the points of an interval (0,<5) and (—S,0), 
respectively (i.e., on the right or on the left), separately. More generally: 
if we consider the limit of a function f of one real variable relating to the 
(open) right-hand or left-hand neighbourhood of a point a, we obtain the 
concept of right-hand or left-hand limit of f at a, denoted by

lim /(x) = /(a + 0), lim f(x) = /(a - 0) (3.2-3)
x—>a+0 x—+a—0

in elementary analysis.

3.22 Like the sequences of points (see 2.22), we can also introduce for 
point functions such natural extensions of the limit as the concept of cluster 
value, lower or upper limit. Preserving the above meaning of S, Pq and So, 
let us start with the following definition: we say that f(P) has at Pq the 
cluster value A (or ±oo) relating to So, if we can select from the set So at 
least one point sequence {Pn} tending to Pq for which {/(Pn)} tends to A 
(or to ±oo). The term sublimit instead of cluster value is also used.

Since every sequence of function values contains a subsequence tending 
to a finite value, to Too or —oo (cf. 2.2.2), so at least one (finite or infinite) 
cluster value of f(P) belongs to any point Pq 6 S'. In general, several 
(maybe infinitely many) sublimits can be attached to the same point Pq, 
and it is easy to see that we can always find among them a maximal and 
a minimal one, in a wider sense.2 The former is called the upper limit (or 
limit superior), the latter is the so-called lower limit (or limit inferior) of 
f(P) at point Po relating to the set So- The corresponding notations are:

^f(P) or 7(Po)(PeSo),

(3.2-4)

1 In addition to ((x)), the notation {x} is used.
2 Namely the least upper and the greatest lower bound of the set of sublimits at Pq. 
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lim f(P) or f(P0) (P e So).
P^Po

Note that the above definitions imply:

-oo < /(Po) < 7(Po) < oo. (3.2-5)

Some examples: the functions I. sgn x; II. ((x)); III. 1/a:; IV. sin(l/ar); 
V. x sin(l/a?); VI. x(x) [cf. (1.6-1)] have the following upper and lower limit 
at the origin relating to a “punctured” E-neighbourhood of this point (i.e., 
to such one which is deprived of 0 itself). The values /(O), /(O) are for I. 
1 and —1; for II. 1 and 0; for III. Too and -oo; for IV. 1 and -1; for V. 0 
and 0; for VI. 1 and 0.

The number of cluster values at the origin is for function V. one, for 
I-III. and VI. two, but for IV. “infinite”. For the function V., 0 is also limit 
in the classical sense; but for IV., each number £ G [-1,1] is sublimit at the 
same time.

Hence we see that /(Po) and /(Po) determine, so to say, the extreme 
bounds between which the values in question of /(P) can “fluctuate” as 
P —* Po- In order to interpret the situation more exactly, we need to 
premise with specifying terms.

3.23 Let s be any subset of the domain of f^P) and let Po € s;  
consider those points of s which belong to the s-neighbourhood rs of Po. 
Let M£(Pq) and me(Po) denote the least upper bound and greatest lower 
bound, respectively, of the function values /(P) taken on the set se = s D t£ 
just mentioned; then the limits

1

1 Here s denotes the closure (adherence) of the set s. [Cf. (2.3-2)].

M(P0) = lim Me (Po), m(P0) = lim ms (Po) (3.2-6) € *"f"0 g—+-f"0

certainly exist in a wider sense (i.e., ±oo being also permitted). In fact, both 
Me (Pq) and Me (Po) behave for s —> +0 monotonically, namely, the former 
is non-increasing, the latter non-decreasing, because se gets ever “tighter” 
when e becomes smaller. M(Po) and m(Po) are called the upper and lower 
fluctuation value of /(P) at the point Po, for the basic set s.

Now we can formulate the following lemma:

3.2.1 The basic set So being fixed, /(Po) and /(Po) are identical with 
the upper and lower fluctuation value of f(P) at Pq, respectively.

Proof. Let us consider the above Mc(Po) with s = So', by definition, 
any left-hand side neighbourhood of this upper bound contains a function 
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value f(P) taken on the set So,e = So H rc. Therefore, if e > 0 runs over 
a sequence {sn} tending to 0, we can attach to £n a point Pn E So,Sn such 
that /(Pn) -> lim Me(P0) = M(Po). Since lim Pn = Po, we obtain 

n—*oo n—*oo
that M(P0) is a cluster value at Po relating to So- On the other hand, for 
M(Pq) < oo any number M(Po) + r; (77 > 0) is an upper bound of the 
function values taken in Sq,s provided that e is chosen sufficiently small [cf. 
(3.2-6)]; this excludes that a given number B > M(Pq) would be another 
clustet value of f(P) (P E So) at point Pq.1

1 Observe that, u being chosen in a suitable manner, we have f(P) < M(Po) + u < B 
in every point P E Sq provided that PPq is small enough.

2 This condition can also be expressed as f(P) has one single and finite cluster value 
at Pq with respect to Sq.

Summing up, the result is that M(Po) with the basic set So cannot 
differ from ^lim f(P) (P E So)-

The equality m(Po) = /(Po) (relating also to So) can be verified simi­
larly.

* * *

It is to be stressed that 3.2.1 does not hold generally, if in the case 
of Pq E S the point Po itself is included in the basic set of M(Pq) and 
m(Po) (s = S); the we have obviously

M(P0) = max[/(P0), ?(Po)], ft 9-71
m(P0) = min[/(P0), /(Po)] 1 ’

and so
M(P0) > /(Po), m(Po) < /(Po)- (3.2-8)

For instance, for the function 

9(x) = (x / 0) 
(x = 0)

we get M(0) = 1 relating to a (complete) neighbourhood of the origin; hence 
M(0) > s(0) = 0.

3.24 From the above considerations we can easily deduce the analogues 
of condition (2.2-2) as well as of Cauchy’s criterion 2.2.1:

3.2.2 For the existence of a finite function limit ^lim f(P) (P E So) 
it is necessary and sufficient that

(I) /(Po) and /(Po) are finite and have the same value;  or2
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(II) to any e > 0 we can find a positive number 6 = ^(e) such that

(3.2-9)

holds for each point pair P_E So, Q G So which belongs to the 6-neighbour­
hood of Po. The condition f(Po) = ffPo) can be extended also to the case 
of infinite limits and it implies always that

lim f(P) = f(P0) = /(Po) (P G So). (3.2-10)

Proof. We see by 3.2.1 e.g. for finite f(Po), /(Po)-'
1° Any interval (/(Po) — c, f(Po) + e) contains all the values of f(P) 

for which P E Sq and PPq is sufficiently small^ thus the existence of 
lim f(P) (P E So) is equivalent to the condition /(Po) = /(Po).

P~^Pq

2° If the (obviously necessary) condition (II) is satisfied, then to any 
given e > 0, P g So and Q E So can be chosen in such a way that PPq and 
QPo < <J(s), furthermore all three of |/(P) - /(Po)|, |/(<2) ~ /(Po)| and 
|/(P) — /(Q)| are less than e. But hence we get: 

|/(P0) - /(Po)| < |/(Po) - /(P)| + |/(P) - f(Q)\ + \f(Q) - f(Po)\ < 3e, 

and — e being as small as we like — it follows the equality /(Po) = /(Po), 
i.e., the existence of lim f(P) (P E So).

* * *
We can state that: since the generalized limit (3.2-1) is defined by 

means of sequences, the elementary rules on the limit of a sum, product, 
quotient can be transferred at once.

In the sequel, each function limit at Po without giving explicitly a basic 
set is to be referred to a neighbourhood of Po deprived of Po itself. In 
considering the existence of such a limit, we include also its finiteness.

3.3 Properties of continuous and semi-continuous 
point functions

3.31 Closely related to the notion of limit is the well-known concept 
of continuity of a point function. According to the former, this will be 
developed further, too.

Let f(P) be a point function defined on a set S C E^, and let Po denote 
such an accumulation point of S which belongs also to S.1 We say that f(P)

1 As contrasted with the definition of limit, here we require that f(P) should also be 
defined at the point Pq.

80



is continuous at Po relating to S, if lim f(P) (P £ S, P £ Po) exists and 
P—*Po

equals the (finite) function value /(Pq). By the definition of limit, these 
conditions may also be expressed in the following forms:

1. for every sequence Pn E S, Pn fi Pq (n = 1,2,...) tending to Po we 
have f(Pn) -► /(Po) (n -+ oo); or

2. to any number e > 0, however small, we can find a neighbourhood 
of Pq such that for each point P € S, P fi Pq

|/(P) -/(Po)| < £ (3.3-1)

holds.
For the sake of simpler wording, the restriction that Po should be 

an accumulation point and, accordingly, also the condition P Po in 
connection with (3.3-1), is sometimes omitted. In such a sense, we can 
say that f(P) is continuous at any isolated point of S, because Pq being the 
only point of S in a sufficiently small neighbourhood of the latter, (3.3-1) 
is fulfilled trivially. If / is a function of one variable and we take a one­
sided neighbourhood of a point as a basic set, the well-known notions of 
right-hand and left-hand continuity arise.

At such a point Po, where /(Po) fi /(Po), the limit of f(P) (P E S') 
cannot exist and therefore f(P) is certainly not continuous. Nevertheless it 
often occurs that at some point Pq either the condition

lim /(P) =/(Po) (P E S, P^P0) (3.3-2)

or its pendant

lim /(P) = /(Po) (P E S, P / Po) (3.3-3)
P^Pa

is satisfied separately; then f(P) is said to be upper or lower semicontinuous 
at Po relating to S.

Examples: among the functions mentioned after (3.2-5), I., III., IV., 
V. are neither upper nor lower semi-continuous, but II. is lower, VI. upper 
semicontinuous at the origin, with respect to a neighbourhood of this point. 
We note also: function V. becomes continuous at the origin, if there the 
value of the function is taken as 0; III. can be made semi-continuous at 
point 0, if +oo or —oo are also allowed as function values; finally, VI. is for 
any rational x upper, for any irrational x lower semi-continuous.

3. 32 The above definitions and (3.2-7) yield immediately the following 
two criteria of continuity:

3.3.1 A function f(P) defined on a set S is continuous at a point 
Po € S if and only if (I) f(P) is at Pq both upper and lower semi- 
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continuous; or (II) the upper and lower fluctuation value of f(P) at Po 
(relating to S') have the same value.1

1 This number cannot be other than f(Po).
2 The content of this theorem is expressed sometimes by saying that any function 

upper (lower) semi-continuous on a bounded closed set attains the least upper (greatest 
lower) bound of its co-domain.

As far as the fundamental properties of continuous functions are con­
cerned, first of all we want to stress: by the formulae on the limit of a sum, 
product, quotient, the continuity of fi(P) and f?(P) at a common point Po 
relating to S implies also the continuity at Po of

h(P) + f2(P), h(P)-f2(P), h(P)/f2(P),

relating to the same basic set — with the restriction f2(P) 0 in the
last case. Since the assertion can be extended at once to the cases of 
sums or products of more than two terms or factors, we may state that 
the application finitely many times of the four basic operations does not 
take out of the class of continuous functions, provided that the functions, 
figuring as divisors do not vanish. (Cf. 1.51.)

3.33 As any local property, the continuity or semi-continuity can also 
be attributed to a function at every point of some set S, relating to S 
as a common basic set; then f(P) is said to be continuous and semi- 
continuous, respectively, on S. The pertinent generalizations of theorem 
due to Weierstrass, Bolzano and Heine, known from elementary analysis, 
can be easily verified:

3.3.2 Let S be a bounded closed set and f(P) a function defined on S. 
If f(P) is upper semi-continuous on S, then there exists a maximal value, 
and if f(P) is lower semi-continuous on S, so there exists a minimal value 
in the co-domain of f.2

3.3.3 If f(P) is continuous in a closed region (continuum) S, then it 
takes every value between its maximum and minimum on S.

3.3.4 Any function f(P) continuous on a bounded closed set S is there 
also uniformly continuous.

The meaning of the term uniform continuity is: given any £ > 0, we 
can find a number 6 = £(e) > 0 such that for each pair of points with 
P E S, Q e S, PQ < 6 we have |/(P) - f(Q)\ < £• As an illustration, we 
now present a simple proof of 3.3.J, which is based upon Borel’s covering 
theorem.

Let e > 0 be fixed. f(P) being continuous on S, we can attach to any 
point Po 6 S such a ^-neighbourhood Ts (depending on Po), that for any 
point PeS belonging to ng the inequality |/(P) - /(Po)| < s/2 (*) holds.
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Consider the (^/2)-neighbourhood of an arbitrary point of 5; the to­
tality of these sets covers S and therefore, by 2.6.1, we can find a finite 
system of them having the same property. Let us denote the centre of the 
fc-th element of the last-mentioned system by Ok, its radius by <5^/2 (k = 
1,2, ...,r), and write = min(^/2). If we choose in S two points P, Q 
for which PQ < 6q, then it holds obviously OkP < ^/2 for a suitable index 
k; on the other hand, (2.1-2) yields OkQ < OkP + PQ < ^k/^) + < ^k-

We see that the above inequality (*) is applicable to both of the point 
pairs {Ok,P} and {0^,Q}; thus we obtain:

p F
\f(p) - < m - KOk)\ + \K0k) - fm < | +1 =

which implies the assertion.

3.4 The approximation theorems of Weierstrass; 
Stone’s theorem

3.41 We know that Heine’s theorem 3.3.4 forms the basis of a fact of 
great practical importance: the graph of a function of one variable can be 
approximated uniformly on every closed interval of continuity by a suitable 
broken line, i.e., by such a continuous function which is piecewise linear.

Next we have to remember some deeper problems of classical analysis, 
namely the approximability of a continuous function /(x) by an entire 
rational function (polynomial)

RnQQ = Co + Cix + ... 4- cmxn (Cn/0) (3.4-1)

or by a so-called trigonometric polynomial of the form

N
= Ao + £ (Ancosnx + Bnsinnx) (A^ + > 0) (3.4-2)

n=l

with real coefficients. On this topic, two well-known theorems are valid:

3.4.1 (Approximation theorems of Weierstrass)
(Z) If f(x) is continuous on a finite line segment [a,6], then to every 

prescribed number £ >0 we can find an entire rational function Rn(x) for 
which

\f(x) - Rn(x)\ < e (a < x < b). (3.4-3)

(II) If f(x) is an everywhere continuous function with period 2tt, then 
there exists to any positive e a trigonometric polynomial Sn(x) such that
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|/(a?) - S^(x)| < £ (-00 < x < oo). 1 • (3.4-4)

1 In other words: on our conditions, the function /(i) can be approximated uniformly 
by Rn(x) in [a, 6] or by Sn(x) over (—00,00) with an arbitrarily small error. Of course, 
in the case of a lower e the increase of the index N (i.e., of the degree of Rn(x), or of the 
order of Sn(x)) is needed.

2 See Stone [1]

We omit here direct proofs of 3-4-1 (T)-(IT). One the one hand, it is ex­
pedient to treat now, instead of these classical results, a much more general 
theorem of M.H. STONE which has been discovered in 1947 and concerns 
the case of however many variables. On the other hand, an investigation of 
trigonometric series will later yield not only a very simple verification but a 
kind of sharpening, too. (Cf. 13.33.)

3.42 In order to shorten the formulation of Stone’s extended result, 
we introduce the following mode of expression: we say that a given point 
function f is uniformly approximable on a certain point set S C Ev by the 
elements of a function class Z, if to each number £ > 0 we can find a point 
function w E Z for which

|/-^|<£ (3.4-5)

at every point of S.
We want to discuss:
3.4.2 (Stone’s theorem)2 Let S be a bounded closed set in E^, and 

let Zv denote a class of real-valued, on S continuous functions ip which 
satisfies the following conditions:

(I) Zv contains together with any of its elements also the product of the 
latter by an arbitrary constant, further, together with any two of its elements 
also the sum and product of these.

(II) To any two distinct points Pi E S, Pz E S, we can find such an 
element ip{P) E Zv for which <p(Pi) ^(Z^)-

(III) To any point Po E S there exists an element of which does not 
vanish at Pq.

Then every real-valued, on S continuous function is uniformly approx­
imable on this set by the elements of Zv.

Proof. Let us denote by Zy, the totality of continuous, real-valued 
functions ^(P) (P G S) which are uniformly approximable_on S by the 
elements of By (I) we can see that G Zy, implies aif G Z^_where a is 
an arbitrary real number, furthermore in case of Vt G Zy,, ^2 G Zy, we have 
also ^1 + ^2 G Zy, and V’l ^2 (*)

We wish to show that Zy, contains all the functions continuous and 
real-valued on the set S. This will be carried out in five steps.
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1° We begin by verifying that 2^ contains together with any of its 
elements the modulus of the latter, too.

Assume that ^(P) G 2.^,, and consider M = max|^(P)| relating to S 
whose existence is assured by 3.3.2. If M = 0, then also V>(P) = 0 (P € S), 
i.e., |V>(P)| = In turn, if M > 0, we have to form the auxiliary
function (P) for which max|!F(P)| = 1 and which belongs

to 2^ by (*).
Studying |!?|, let us start from the trivial inequality

(!?2 + t?2)1/2 - |^| < ^ (p > 0 however small),

and use the expansion of (x + in terms of the powers of x - 1, which 
converges uniformly in the interval 0 < x < 1. Thus we can write for a 
suitable partial sum r^x) of the Taylor series in question:
|r^(x)—(x+t?2)1/2! < T] (0 < x < 1); and especially |r^(0)-7?| < r/, M0)| < 
2rj. Consequently we obtain:

\r^t2) - r,(0) - |t|| < |r„(?) - r„(0) - (t2 + 772)1/2| + |(t2 + V2)1'2 - |t|| <

< MG2) - G2 + p2)1/2! + IM°)I + + 2ti + = 4r? (N < i) •
If we put here t = ^P), it follows that |^(P)| can be .approximated 

uniformly on the set S by a polynomial without the constant term of ^(P), in 
such a way that the approximation error is less than 477. Since a polynomial 
of the mentioned type belongs clearly to Z^, the same holds about |!?(P)|.

But |^(P)| = M |!P(P)| 80 that we Ket M-P)! (P e $)’ as asserted 
before.

2° On this basis, it is easy to see that in the case of il^P) 6 Z^, 
^P} £ 2^,..., V’n(P) € Z^ the functions

Mn(P) = maxM(P),...,V’n(P)], mn(P) = min[V>i(P), • • ■, M(P)] 

also belong to the class Z^.
In fact: if we apply again the above statement (*) as well as the previous 

result 1°, then the relationships (3.4-6)

max(^i,^2) = ^(^i + V’s + IM-V’zl), min^i,^) = z(^i +- 1^1 - ^1)

(3.4-6) 
imply at once our assertion for n = 2; and hence the general result arises 
simply by induction.

3° We shall still need the following property of Z^: to any two distinct 
points Pi, Pi of S and to any prescribed pair of real numbers ai,a2 we can 
find a function ^(P) € Z^ such that $(Pp) = aq, $(Pi) = «2-
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Namely, condition (II) of the theorem assures the existence of such a 
<p(P} € for which cp(Pi) If the latter function value, e.g. 9?(Pi)
is zero [so that ^(A) 7^ 0], then let us select from Zv another element, 
say 99* such that ^(Pi) 0 [this is made possible by condition (III)].
Thereafter consider the function <p*\P) = ^P} + c^^P} where c is a real 
parameter. It is clear that for a suitable value of c we have simultaneously 
<p**(Pi) / 0, ^**(^2) 7^ 0 and ^**{P\} ip**(P?). Therefore, therp certainly
exists a function <po(P) € Zv which vanishes neither at Pj nor at P2 and 
takes different values at these points.

Put now <f(P) = A<po(P) + M [po(P)]2 where A, p are real parameters. 
Since the determinant of the system of equations

^(Pi) = A<po(Pi) + P [v’o(Pi)]2 — Qi, 
^(Pz) = A<po(p2) + P [^(Ps)]2 —

is 7^ 0 by the above, A and p can be determined in such a way that $(P) 
should have the property in question.

4° After these preparations, let us consider an arbitrary function f^P) 
which is continuous and real-valued on S, and let a number £ > 0 be given. 
By step 3°, we can attach to any point pair p q belonging to S such 
a function #pg(P) 6 Zv for which ^(p) = f(p),$pq(q') = f^. Let Spq 
denote that subset of S on which the value of f differs from the corresponding 
value of $pq by less than e/2, i.e.,

Spq = (P: PeS, f(P) -£~<^pq (P) < /(P) + f} • (3.4-7)

Putting here P = p resp. P = q we see that also the points p, q belong to 
Spq. Our nearest object is to present an inequality of the form:

- f(P) <| (P € S) (3.4-8)

where $q(P) means a certain “minimum function”, to be constructed below 
by means of the auxiliary function $pq (P) with fixed q.

For this, we remark first: since $pq (P) — f(P) is a continuous point 
function, so each point P e Spq has an (open) neighbourhood r(P) such 
that t(P) 0 S C Spq (*).

Fixing a point q E S, to any other point p of S let us attach a 
neighbourhood r(p) of the just, mentioned type. Because the totality of 
these p-dimensional spheres covers the set S which has been supposed 
to be bounded and closed, by 2.6.1 there is a finite subset of {r(p) }, 
say r(pi), r(p2), •••, 'r(Pnq')i which also covers S. Therefore we have 

u r(P.)D 5 and U (P) = S by C).
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Let now introduce the notation
^g(P) = min ^P1,9(P),...,^pn,,g(P)] (P G S'). (3.4-9)

Since any point p of S belongs to at least one neighbourhood r[pi), the 
corresponding function value £*Pi,9(P) is less than f(P) + (s/2) according to 
(3.4-7-); and this implies by (3.4-9) the inequality (3.4-8) at once. It should 
be stressed that by 2° ^(P) € Z^, namely any function Qp^q is an element 
of Zv and so of Z^, too.

5° Finally, let us carry out the above construction to each point q G S 
and consider the intersection

^q = Spltq A Sp2lq 0 . . . A Spn()yq

which contains the point q. Thus there is an (open) neighbourhood t (q) 
of q for which r*(q) H S Q sg. The totality of all neighbourhoods r\q) in 
question covers S, and Borel’s covering theorem can again be applied. In 
such a way, we get a system r*(qi), r*(q2), ■ ■ ■ ,r*(qi) °f dimensional open 
spheres for which (J T*(qi) O S and at the same time, |J sqj — S holds.

i<i</ 1<1<< „
Like the proceeding argument, consider next the “maximum function”

= ma.x[^qi(P),... ,^qi(P)] (PCS). (3.4-10)

The inequality (3.4-8) being valid also with indices qi,q2,-• ■ ,Ql, we can 
write -

^P)<f(P)+£- (PtS). (3.4-11)

On the other hand, any point P G S is contained by a set and thus by the 
corresponding sets Sp^ (i = 1,2,..., n9j). But at points of the latter, we 
have the inequalities (3.4-7); therefore we obtain ^pi,qj(P) > f(P) — 2 (* = 
l,2,...,n,.) and hence by (3.4-9) — (3.4.10) also ^(P) > /(P) - f as 
well as -

^(P) > /(P) - | E S). (3.4-12)

Comparing (3.4-11) and (3.4-12), we find that the function (3.4-10) 
approximates f(P) on the set S with an error less than c/2. Since ^(P), 
together with all the functions <Pq(P) belongs to the class Z^ (cf. 2 ) and 
so it can be approximated on 5 by some function <p(P) G Z^ with an error 
< e/2, too, it follows

^(P) - /(P)| < E (P G S'), (3.4-13)

as required.

* * *
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3.43 The most important special cases of Stone’s theorem are:
1. Let S be a i/-dimensional finite closed interval and Zv the aggre­

gate of the entire rational functions (polynomials) of p variables, with real 
coefficients. Such a polynomial of degree N can be written in the form:

RN(P) = ^Cniin2....nX' ...^ (3.4-14)

[N = max(ni + n2 + ... + n^)] and obviously fulfils the conditions 3-4-2 
(I)-(III).

As can be seen, we have verified by the above not only the I. approx­
imation theorem of Weierstrass, but also its pendant for spaces of several 
dimensions.

2. Let v = 2, choose for S the unit circle x2 + y2 = 1, and let us 
characterize an arbitrary point P of the latter by the amplitude (polar 
angle) d = arctan(t//:r). If we take as elements of Zv the trigonometric 
polynomials of order N, i.e., the expressions1

1 Note that may also be interpreted as a polynomial of the variables xj = 
cost?, X2 = sint? in the (3.4-14) sense.

N
Tn^) = ^2(Ancosni? + Bnsinni?) (A2N + B2N > 0), (3.4-15)

n=0

then conditions (II) and (III) of theorem 3-4-2 are plainly satisfied, while 
(I) follows easily from the identities (valid for arbitrary integers m,n):

{cos mt? • cos nd = | [cos(m + n)d + cos(m - n)t?]
sin md ■ sin nd = | [cos(m - n)d + cos(m + n)t?] (3.4-16)
sin md ■ sin nd — | [sin(m + n)d + sin(m — n)t?]

as well as by induction.
Considering that a continuous function f of d has necessarily the pe­

riod 2tt and its codomain is determined completely by the function values 
belonging to 0 < d < 2tr, 3-4-2 yields in this case the II. approximation 
theorem of Weierstrass.

3.5 Sequences and series of continuous point 
functions

3.51 As is well-known, we mean by the (local) convergence at a 
given point Pq of some sequence of functions {fn(P)} or series of func­
tions 52 fn(P) the convergence of the number sequence {fa^P)} and that of 
the numerical series 52 fn(Po'), respectively. The (ordinary) convergence on 
a point set S means the convergence at all the points of S, simultaneously.

88



The concept of uniform convergence is cognate in a certain sense to the 
uniform continuity. We say that a sequence of functions fi(P), fz^P), ■ ■. 
tends (converges) uniformly on a set S to the limit (limit function) f(P), 
if there exists to every given £ > 0 a number N (depending upon £, but 
independent of P) such that for each P E S and n > N the inequality

\fn(P) ~ f(P)\ < £ (3-5-1)
holds. The uniform convergence of a series of functions /i(P) + /2(P) + --- 
on S means the uniform convergence of the sequence of partial sums

sn(P) = A(P) + • • • + /n(P) (n = 1,2,...) (3.5-2)
in the just mentioned sense; here the role of the limit function is played by 
the sum function s(P') = lim 5n(P).

By Cauchy’s criterion 2.2.1, {/n(P)} is convergent on a set S if and 
only if to any given £ > 0 we can find such a number n0 (common for all 
points of S) that

\UP) - /n(P)| < £ (3.5-3)
for any pair of indices m,n > no and at every point P E S. On the 
other hand, we have the classical sufficient criterion (test) of Weierstrass: 
22 fn(P) is uniformly convergent on a set S, if it can be majorized there by 
a convergent numerical series.1

1 In other words: if we can find such a series of positive constant terms, say 7n 
that |/n(P)| < 7n for n sufficiently large, at all points P € S.

3.52 We reiterate that the notion of uniform convergence — which 
means of course a stronger condition than convergence at all the points of 
the basic set — is a useful expedient if term by term limiting processes are 
investigated, and in connection with the problem how a common property 
of the terms is transmissible to the limit or sum function, respectively. The 
simplest theorem of this kind concerns continuous functions:

3.5.1 If {fn(P)} converges uniformly on S to the limit function f(P), 
then at every common point of continuity Pq E S of the functions fn (P) 
(n = 1,2,...), f(P) is also continuous relating to S.

Proof. Let £ > 0 be fixed arbitrarily; by the concept of uniform 
convergence, there exists a number N such that at every point P E S

|A(P) - /(P)| < = (3.5-4)

If each of the terms fn(P) is continuous at Po (with respect to S), then we 
get especially for n = N the inequality

IMP) - MPo)l < I (3-5-5)
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rVf F0SUCh P°int P °f S WhiCh bel°ngS tO a Sufficient1^ sma11 neighbourhood 

Thus we get by (3.5^1) — (3.5-5) on the set S n r

l/(p) - /(Tb)| < \f(P) - fN(P)\ + \fN(P) - fN(P0)\ + (3.5-6)

+ IMPo)-/(Po)|<£,
which means the continuity of f(P) at Po (relating to S).

* * *

From this consideration we can see that the uniform convergence is not 
7“^^ form to the validity of S^.J-discmsi*g the Con
so Va 'd y deeper, we obtain a weaker variant of this concept, the 
so-called[quasi-umform convergence. In turn, if we assume on {/n(FB fbe- 
onfp^Tn be °f m°notony on S only, then the semi-continuityof /(F) can be concluded. Moreover, the pertinent theorems are invertible 
m a certain sense (Baire). mvernoie

r ?’53 StiU ?at the Iast-mentioned statements can easily be
Xt innther SeneS °f functions’ as wel1 as that it is conve­
nient in the so-called descriptive theory of functions to classify according 
to the representation possibility by iterated sequence forming and limiting 
ous funet- YounS ^classes of functions).2 Since every continm
ous function can be represented as a limit of a sequence of entire rational 
unctions on the basis of the I. approximation theorem of Weierstrass (cf

the Baire s classes contain all functions which are formed from the 
independent variables by applying finitely many times the basic arithmeti- 
Xuethe fT' 6 miting Pr°CeSS (the SO'Called “analytic operations”

Speaking about point functions, their domain are mostly open or closed 
regions (especially intervals), so that continuity relates also to these types

More precisely: if the terms are continuous at Po, then f(Pi is at this noint 
orlo^er semi-continuous according to the _ of a

a™ UX* S? £“‘7 777 p,“e-

of the former family of functions in which the monotony of {/n(x)J is also required The 

g nrst classes by iterating the hmitmg process, etc. Examples: lim xn (0 < x < 1)
isVJm fitrSt cl^acc?rding t0 Baire or Young at the sameTme, but WaHcf 

(l.o 1 )J is a function of Baire s second class. xl J I ■
See Baire [1], W.H. Young [3], L.C.Young [1],
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of sets. In the sequel, if no basic sets are mentioned explicitly, pointwise 
continuity always concerns the complete neighbourhood of any point in 
consideration, too. (This is continuity in narrower sense.) In such a case 
any point at which the function is not continuous will be called a point 
of discontinuity; for functions of one variable also the well-known terms 
discontinuity of the first or second kind” are used (cf. 1.61).

3.6 Generalized differentiability, derivate 
numbers

3.61 The other most fundamental concept connected with the notion 
°f h the dlfferentiablhty- The version relating to an arbitrary basic set 
is the following:

Let f(P) = f(xi,x2,...,xv) be a function defined on a set S C
(ai, a2, • • •, M an accumulation point of S and 50 the set obtained from 

S by removing Po We say that f(P) is (totally) differentiable at Po with 
respect to 50, if there are such constants Du D2,..., D„ for which

lim Z(P)~A-Po)-[L>i(3:i-Qi) + L>2(a;2-a2) + ... + Z)^a:v_Q)/-)]' = 0
this condition — as we know — can also be written in the form:

/ f(P) - f(P0) = [DffX1 - m) + D2(x2 -a2) + ... + D^x, - aj] +
I + [£i(zi ai) + e2(x2 - a2) 4- ... + e^x,, — a^)],

where any of Ei,e2, ... tends to 0 as P -* Po over the points of The 
main term on the right, i.e.,

(df)p0 - L>i(®i - «i) + ... + D^x^ - ap) (3.6-3) 
is called the total (complete) differential of f(P) at Po- its fc-th term: 
^k(Xk ak) is the so-called partial differential with respect to xk of the 
uactlon at point Po From (3.6-2) we get by putting x, = a, (i / k), xk / ak 
nd by passage to the limit xk-+ak a direct representation of the constants 

u\yE2,...,Dv:

Dk = lim Z(oi,---,a<;-i,XA.,afc+i,. ...at,) - f(ai,.,.,av) 
Xk^ak xk - ak

(* = 1,2,.
Therefore, Dk is nothing else but

(^) ‘UPO), 
\uxkJ Po

(3.6-4)

(3.6-5)
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d^erenHal (derivate) of / with respect to xk and 
do at point Po. Using this notation, (3.6-3) may be written as

Wp0 - E fzSPoXxk - ak), 
k=l (3.6-6)

X’, 21 differ.entia^ is a homogeneous linear form of the increments 
Tn th U . E Xu~a’'' Wlth the partial derivatives as coefficients 

indices, “SC " = 11 the “°diti0" f3'6-1’ omitting the

lim ~ ~ ~ a) « /
----------- = 0 6 ^o), (3.6-7)

dinE de'EtS)”1 '° tHe eXiStM“ °f th<i fi"ite d,Smn“a, <"■

P =/'(a) = lim (xeSa), (3.6-8)

the.most form of the d.ffenm,ability
ineL s« E at a Point a with respect to the

linear set 50. The corresponding differential is simply

Wa = f'^x — a) (x E So). (3.6-9)

th,t3’62 E We mOidlf^ the above definitions of derivatives in such a wav 
l^owp 7 Ut’’e inStead °{ imit” the WOrds “Cluster value” and “upper or 
uLtiin h/s^ 50 7 g?"Srful characteristic data of the 
action, the so-called generalized derivate numbers. For instance in the 

case of a function of one variable we can consider the numbers

( D = (Df)a = IhK
) x—>a x—a ’

D = (Df)a = lim
x—^a

(3.6-10)

Xlt^oT'^ derivati™’^spectively, of / at the point a, with 
respect to So Taking especially for a unilateral neighbourhood of a 

°f D the S°-CaIled —ly the

D+ = (D+f)a = li^
>a+0 x~a ’

D+ = (D+f)a = Hm ZEETE 
x—+a+0 X a (3.6-11)

According to the former statement, 50 does not contain point a.
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and the left-hand ones:

D~ = (D-f)a= lim
x—a-0 x~a ’

x2 sin -
0

D_ = (D_f)a = lim
x—ta—0

(3.6-12)

It is clear that D+,D+,D ,D^ exist for an arbitrary function at every 
point of its domain of definition in wider sense, i.e., if the values ±oo are 
also admitted.

In the remarks below, derivatives are mentioned mostly without indi­
cation of a basic set; then So should be a two-sided or a right-hand or 
left-hand neighbourhood of the point in question. From the criterion 3.2.2 
and the definitions given above we see that the necessary and sufficient con­
dition for the existence of a finite or infinite right-hand derivative f'+(a) 
is D+ = D+; and similar assertion holds on the existence of ff(a) 1 [Cf 

corresP°nding condition in the case of ordinary derivability 
is that D and ZL or the four Dini derivates should be finite and equal 
to one another Applying the latter criterion to the function of one vari- 
a e‘ V^k) — a^+i,... ,ap), we get the conditions for the
existence of fXk(Pof If, in turn, the above derivatives (derivates) are con­
sidered as point functions, the differentiation process leads to various kinds 
of second derivate numbers of f- the derivates of the latter are the so- 
called third derivate numbers of f- etc. The differentials of higher order 
Ai a ~ as wel1 as the concept of repeated differentiability are
defined similarly by iteration.

_ Examples: L_ we have for y = |a;| at the origin D+ = D+ = 1, 
= D- = -1, D = 1, D = -1; II. in case of the function

f ix sin 1 (7 / 0 const.) for x 0
L 0 for x = 0 (3.6-13)

the
D~

values of the Dini derivajtes at point 0 are: D+ = [7], D+ = 
= M, £>_ = -|7l so that D = |7|, D = -|7|; III. for the function

y = (* / 0)
(x = 0) (3.6-14)

the corresponding derivate numbers at 0 are: D+ = D+ = D~ = D_ = 0 
and at the same time D = D = 0. Accordingly, for example I. 4(0) = 1

W - -1, and the function has a break point at 0 [cf. (1.6-2)]; function II’ 
is neither from the right, nor from the left differentiable at point 0; function

the r. hi tor exists and is finite, then we say that is differentiable from 
the right (or from the left) at point a. 7
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III. is differentiable both from the right and from the left at the origin and 
also /(O) exists (it is 0).

3.63 From the foregoing it turns out that the derivate numbers have 
a simple geometric meaning: if we draw the secant line going through the 
points Qo with abscissa a and Q with abscissa x on the image curve of f, 
then D+ and D+ or D~ and D- yield the side slopes of two angles with 
vertex Qo, and Q0Q may “oscillate” in the two angle domains thus obtained 
as x —► a + 0 and x —+ a — 0, respectively.

Note that example II) also illustrates that at certain isolated points 
the values of all four derivate numbers can be prescribed arbitrarily, if 
we consider such functions whose diagram oscillates in the right or left 
neighbourhood of these points inside suitable angle domains. We shall see 
later that “globally” there is another situation (cf. 4.31).

The fundamental properties of differentiable functions are expressed 
(apart from the so-called general differentiation rules) by the well-known 
Darboux theorem as well as the mean value theorems of Lagrange {Rolle) and 
Cauchy, on the interchangeability of the order of partial differentiations we 
have Schwarz’s and Young’s theorem. The transcription of all these results 
to point functions can be carried out immediately.

3.7 Constructing everywhere continuous, 
nowhere differentiable functions

3.71 Let us deal now with the relationship of differentiability and 
continuity]

We get from (3.6-2) at once that the first mentioned property locally 
implies the second one, i.e., the continuity of f(P) at Pq with respect to So is 
necessary to its differentiability at point Po with respect to the same set. Our 
assertion is not invertible, i.e., from continuity at a point differentiability 
at the same point does not follow. This can be seen already from the well- 
known example of |x| at the origin.

But considering that the actual continuous functions occurring in appli­
cations are also differentiable apart from certain isolated points which can 
easily be characterized, the opinion was widespread till the second half of 
the last century, that differentiability would follow from continuity maybe 
“globally”. Speaking more precisely: it was thought that a function which is 
continuous in a region S, must also be differentiable at some points, possibly 
at “most” points of S.

This belief was first disproved by the famous example of Weierstrass 
in 1872. (B. Bolzano could not publish an example found earlier, so his 
result remained completely unknown.) K. Weierstrass has shown during 
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his university courses that the function:
OO / X

Wa,^) = E <T cos(An7rx) (3.7-1)
n=0

where A > 1 denotes an odd integer, 0 < q < 1 and Xq > 1 + (3?r/2), is 
continuous for every real x, but not differentiable at any point.

Nowadays a lot of other pertinent examples are known, among them 
such functions which can be discussed in a quite easy way.2 In what follows 
a particularly elementary, vividly descriptive example will be given.

1 Weierstrass [1],
2 See e.g. Dieudonne [1], Faber [1], H. Hahn [1], Knopp [1], Lebesgue [10], Orlicz 

[1], Van der Waerden [1], etc. As far as the deeper theoretical background of the topic is 
concerned, we refer to Bruckner [1], Hardy [3], Mikolas [3], Zygmund [4].

3 Cf. Mikolas [3], 50-53. As is well-known, there are trivial examples of continuous, 
non-differentiable functions in complex analysis (z, |«|, arg z, Re z, Im z, etc.), because 
derivability of a function of one complex variable on a region means an essentially stronger 
condition than the existence of the derivative of a real function f(x) in an interval.

3.72 Our construction is based upon two obvious observation:
(I) If f(x) is differentiable at a point a, and si, x? are two distinct points 

for which a G [xi,x?], then
/(^i) ~ A3^) __ + (3.7-2)

X\ — X2

as Xi —* a - 0, X2 —► a + 0.
(II) Let Pi(xi,y1),P2(x2,y2) be two points of the plane with < x2 

and Q the midpoint of P^ let us denote the projection of Pi on the 
line parallel to the ordinate axis through Q by Q', and let be that
point of the mentioned parallel line which arises from Q by marking off the 
segment P^Q1 in the direction of the positive ordinate axis (Fig. 2). If the 
slopes of the segments P1P2, Pi, M, P2M are, in turn, po, pi and P2, then 
we have /o 7_q\
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In fact: (I) follows from the elementary property of the difference quo­
tient that [/(«i)-/(®2)/(®1.-®2) is always between [/(ii) - /(a)]/(xi - a) 
and [/(x2) - /(«)] /(^2 ~ a) (®1 < a < ^2)- As regards (II), we can see in 
Fig. 2 where yi < y2 is assumed, and MQ = PiQ', QQ' = QQ*.

Ml =
MQ
W

+ = -1+w,

1 It is evident that the above procedure yields whichever point of the image of G(x), 
but all of its points i.e., the whole graph of G(x) cannot be represented.

MQ-QQ* = — 1 + Mo-

The case yi > y? can be arranged alike. ____ ____
For the sake of brevity, let us call now the segments MPi and M P2 

occurring in construction (II) the “accessories” of P1P2, the triangle with the 
vertices P1}P2,M the “accessory triangle”. Consider the following sequence 
of functions: let G0(x) = 0; let Gi(i) denote the function represented by 
the broken line (“zigzag line”) the “sides” of which are the accessories of 
the intervals [k,k + 1] (k = 0,±l,±2,...); when drawing the accessories of 
the last-mentioned ones, we obtain the diagram of 6'2(2:); applying again 
the operation of “forming accessories” to 62(2:), it results 63(2:); and so on 
(Fig. 3).

We assert that

3.7 .1 The limit function G(x) = lim Gn(x) is everywhere continuous n—>00
but nowhere differentiable.1

Proof. 1° Obviously Gu(2:)-Go(2:) < 1/2, 62(2;)-64(2:) < 1/4, etc. 
In general, Gk(x)-Gk-i(x) < 2~k (k = 1,2,...) for every x. Thus the series 

0052 [6^(2:) - Gk-1(2:)] is uniformly convergent on (-00,00) by the criterion 
fc=i
of Weierstrass (cf. 3.51), and the same holds for the corresponding sequence 
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of functions {Gn(x)}. Thus G(x) = liin Gn(x) exists and is continuous at 
any point x.

2° Suppose that g(x) is differentiable at a given point a.
Then the above observation (I) yields for any two pairs of values 

ti < t2, Ui < U2 that the deviation of [G^i) - G^)]/(h ~ h) from 
[C^uj) _ G(u2)] /(«i - «2) is as small as we want, provided that point a is 
sufficiently approached by t\ and u\ from the left, by t2 and u2 from the 
right. [Cf. 3.2.2 (II).] Accordingly we should have

G(t\) — G(t2) _ G^ui) - £(^2) < 1 (3.7-4)
ti -12 ui - u2 2

for each pertinent pair {ti, t2}, {ui, u2} which belongs to a sufficiently small 
interval [^, ^2] containing a in its interior.

On the other hand, we see that the end points of any pair of accessories 
in our construction belong to the graph of the forthcoming functions Gn(%) 
and so to the diagram of G(x), too. Moreover, since the projection on the 
x axis of any side of the broken line representing Gn(ar) has the length 2 n, 
thus each subset of the image of G(x), whose projection on the x axis is of 
a prescribed length, contains three points which can be considered as the 
vertices of an accessory triangle. Hence it follows that we can also find on 
the above interval [^1,^2] a triad of points, say {ar, £2,^2} such that a E 
[xi, x2] and the end points of the corresponding ordinates G(xi), <?(£), G(x2) 
determine an accessory triangle. Therefore we conclude by the observation 
(II) [cf. (3.7-3)], that the deviations of both [G(xi) - G(^)]/(xi - £) and 
[G(x2) - - 0 from [G(xi) - G(x2)]/(^i - *2) are equal to 1, which
contradicts (3.7-4).

Thus it turns out that G(x) cannot be derivable at point a; and this 
furnishes the second part of the assertion since a can be chosen arbitrarily.

* * *

3.73 We remark that G(x) can be generated from the simplest locally 
non-differentiable continuous function, i.e., from |x| by periodic continua­
tion, linear operations and passage to the limit,  namely1

1 The occurring break points of the zigzag lines so to say “accumulate as n —* oo.

G(x) = £ 2~k G^x). 
k=o

(3.7-5)

More generally: we can extend the fundamental idea of the above con­
struction in such a way that it results a quite comprehensive method to

97



oo

(0 < ? < 1; A = 3,5,...) (3.7-6)

.^TvX'n 7 ^Co”'i”uo"s faction satisfying certain additional conditions- 
case (cf. Mikolas [3] TO S) fl"‘cti™ (3-7-1) « » special

d fferentiable even if its graphic representation is relatively simple i e that 
other simple geometric features do not indicate the existence of t^

HL LEBESGUE showed just after the turn of the centurv 
that t^ Sltuatlon changes if the diagram of the function is supposed to be 
“T genera?Iy) - instead of the afsumplon of
continuity. These deep results will be presented in the next chapterP
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CHAPTER 4

MONOTONIC, ABSOLUTELY CONTINUOUS 
FUNCTIONS AND FUNCTIONS OF 

BOUNDED VARIATION

4.1 Basic properties, continuous and pure 
jumping part of a monotonic function

4.11 The concept of a function monotonic in a given interval is well- 
known from elementary analysis. The notion can immediately be extended 
to an arbitrary basic set E as follows. Any function /(x) defined on a linear 
set is said to be monotone increasing, or monotone decreasing  on E if the 
mequ ity /(rj < /(a:2) or /(rj > /(a;2) holds whenever ari,x2 € E with 
*1 < x2. We use the terms strictly monotone increasing, or decreasing if 
•he °f eq?ahty 1S excluded in the conditions just mentioned. A function 
is called simply monotonic on a set if it is monotone increasing or monotone 
decreasing thereon. A function which is constant on a set may be regarded 
as monotone increasing or monotone decreasing on that set.

1

The word “monotone” is (for the sake of brevity) sometimes omitted.

Examples: log a; is strictly monotone increasing in (0,oo), whereas the 
Junction 

y = x sin 4
0

(* / o)
(x = 0) (4.1-1)

is not monotonic at any neighbourhood of the origin.
Note that if /(a:) is monotone decreasing, then the function -f(x) is 

monotone increasing and conversely. Consequently, when studying the prop- 
rties of monotonic functions it is enough to restrict ourselves to monotone 

increasing functions. Furthermore, it is clear that the sum of any number of 
monotone increasing functions, as well as the product of non-negative mono­
tone increasing functions is always of the same type. However, the difference 
and the quotient of two monotonic functions are generally not monotonic 
For instance, x - a:2 in [0,1] and (loga:)/a: in [1,3] are not monotonic.

ha. ^creasin9 in a finite interval [a, 6] then it
as both right-hand and left-hand limit at each interior point x0 E (a, b) with

-oo < f(x0 - 0) < /(ar0) < f(x0 + 0) < oo. (4-1-2)

Arkthe^ Pr^tS these are by inequalities f(a + 0) > f(a} and 
J\o — u) < f(b), v 7

i
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, P r, °^° f’r f° e Consider a right-hand neighbourhood 
^o,xo + 0) C [a, o] of the point x0, further the infimum m0 of / in this 
interval (cf 2.12). Then, on the one hand, fix} > m0 for all x G (xq, xo + b) 
On the other hand, being given an arbitrarily small £ > 0, a point £ of 
(*o, x0 + 6) can be found such that /(£) < m0 + £. Since / is increasing, we 
have m0 < fix) < /(£) < m0 + £ whenever x0 < x < £. Thus fix) — m0 
as z ~^o + 0. Similarly it follows that fix0 - 0) is the supremum Mo of f 
taken in a left-hand neighbourhood of x0, and (4.1-2) clearly follows from 
the monotony of f as well as from the inequalities Mo < /(x0), m0 > f(x0). 
, e?d Points we have only to repeat the reasoning either for

the right-hand or the left-hand side alone.
* * *

• u The jb°ve statement is valid also for monotone decreasing functions if 
right-hand limits are replaced by left-hand ones, and conversely. Thus if 
a function f is monotonic in an interval [a, b], then every interior point of 
k’j ™ either a P°mt of continuity or a point of discontinuity of the first

a 1 V' In addition’if Ka) and fW are defined as equal to fia + 0) 
and fib - 0), respectively, then fix) is continuous at a from the right and 
aZ b Jom Jhe left. The quantities |/(x0 + 0) - fix0 - 0)|, |/(z0 + 0) - 
7 j°» a • ^°' 7 /(*o - 0)| are called, in turn, the total jump, right jump 
and left jump of the function at point x0. The points of continuity are 
are t^e ^aCt corresPonding unilateral jumps

Any monotonic function may have not only a finite, but also an infinite 
number of discontinuities of the first kind. In the finite case, any of the right 
or left jumps may take however large values.

J* *s easy to construct a function which is monotone increasing 
in a finite interval (a,b) and has a finite number of discontinuities at some 
interior points 6 < £2 < ... < £n-i of (a,b), such that the right and 
left jumps at any have some prescribed values u^ > 0 or uf > 0 with 
uk +uk > (* = 1,2,... ,n - 1). The simplest example is the following
step function:1

{
k

for £k<x<£k+1 (A = o,l,...,n- 1), 
k

+u+) + uk+1 for x = £k+1 (k = 0,1,...,n-2)

(4.1-3)

So we have fix) = 0 for x € (a, ft); furthermore, = u"; J(x) = u~ + u+ 
Ju.<I<f2): = + ^) + u~; J(x) = (u- +u+) + (u- +u+) (£2 < x <(3y

100
MAGYAR 

TODOMAwos akad£M!A 
kOnyvtAha



where £0 = a, £n = b and £ means 0 for k = 0.
r=l

Observe that (4.1-3) can also be written in the form:

J(x) - 12 ur + £ u+ (sG^i))1 (4.1-4)
4r<* <r<*

for any partition {&.} c (a, b). This representation has the advantage that 
it can also be used for infinite (a, b) and an arbitrary (finite or infinite) 
countable set of discontinuities {&} in (a, b), provided that

^u~ + u+) < oo. (4.1-5)

The monotone increasing function (4.1-4) will be called the pure jump­
ing function associated with the discontinuities {^} and the corresponding 
jumps {ur ,u+}.2 6

4.13 The sum of J(x) and of any function which is continuous and 
monotone increasing in (a, b) is obviously again monotone increasing with 
exactly the same discontinuities and jumps as J(x). We shall now show that 
all bounded, monotone increasing functions can be obtained in this way.

Then'1’2 G ° bounded’ monotone increasing function.

the set of the discontinuities of f is countable and the sum of its 
total jumps is finite;

(II) there exists a monotone increasing and continuous function <p(x} 
such that ’

S(x) = y>(x) + J(x), x E (a,b) (4.1-6)
where J(x) denotes the pure jumping function associated with the disconti­
nuities and the corresponding jumps of f(x).

P r o o f. 1° The countability of the discontinuities of f, i.e., that thev 
can be written as a (finite or infinite) sequence RJ C (a, b), is an immediate 
onsequence of J.1.1, if 1.6.1 is also taken into consideration.

tn by ur and u~ the one-sided jumps associated with A., we see
that all the intervals (/(^j - u~, f(£r) + u+) = _ 0),/(^r - 0)) are

an t B°th 8UT.in- t41-4) “e extended to all terms whose indices r fulfill the corre- 
P nding inequality indicated under the summation sign.

_ • , is worth noting that {£r} can be a set dense everywhere in (a, b) (e e all rational 
s discontinuous a We ®et “ eXample of a monoton>c function which

is discontinuous at points lying densely on a given interval.
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disjoint to one another and contained in the interval (f(a + O),f(b - 0)) 
which is finite by the boundedness of f. Furthermore, 4-1.1 implies that 
/(a:) > f^r + 0) for x > £r and f(x) < f^r - 0) for x < £r so that 
/(^ + 0) < f(£k - 0) as & < ^k- Hence it follows that the total length of 
the intervals in question is:

£(ur- + <) < f(b - 0) - /(a + 0) < oo. 
r

2° Consider now the pure jumping function (4.1-4) corresponding to 
the discontinuities and jumps of f(x) and the difference function:

^(2:) = /(*) “ (4.1-7)

This is continuous not only at the points of continuity of f but also at 
every point ^r. We have e.g. for the right jump:

+ 0) - = [f^r + 0) - /(6)] - [Jtfr + 0) - 7(^)1 = 4 - uf = 0;

similarly, ^r) - - 0) = 0. On the other hand, y(x) is monotone
increasing in (a,b) since, for [mi,X2] C («,h),

^(2:2) - ^(^i) = [/(xa) ~ /^i)] - [7(2:2) ~ 7(xi)]

and /(x2) ~ /(®1)is clearly not less than the sum of all jumps of / associated 
with [xi, x2] which is identical with J(x2) - J(a:i).

Thus the function ^x) possesses the properties required in the propo­
sition and (4.1-7) implies (4.1-6).

* * *

4.14 Because of one of our previous comment, 4-1-& has an immedi­
ate analogue for monotone decreasing functions. In (4.1-6), <p(x) is called 
the continuous part and J(x) the pure jumping part of /(a:). Since every 
countable set is a null set (cf. 2.6.2), our last result implies that the dis­
continuities of any monotonic function constitute a null set. This assertion 
is usually expressed by saying that every monotonic function is continuous 
almost everywhere.

In general, whenever a statement holds for all points of a set E except 
certain points of it constituting a null set, we say that the statement in 
question is valid on E almost everywhere or almost always or for almost all 

' x E E. (The usual abbreviations are a.e., a.a. or sometimes in French p.p. 
[ = “presque partout”], respectively.)
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4.2 Differentiability almost everywhere of 
monotonic functions

4.21 Having discussed the connection between monotony and continu­
ity, lef us now turn our attention to the problem of the relationship between 
monotony and derivability. In 1904, H. Lebesgue made a rather unex­
pected discovery about this. For any monotonic function, he proved that 
the points at which the function has no finite derivate form a null set. In 
other terms:

4.2.1 (Lebesgue’s theorem on monotonic functions) If fix') is 
monotonic in an interval (a,^, then it is differentiable almost everywhere 
there.1

1 Note that monotony (and also continuity) is a much weaker condition than dif­
ferentiability. It is therefore surprising that one may yet infer (at least up to a null set) 
derivability from monotony. The theorem 4-Z1 was published first in Lebesgue [4].

Proof. Since the union of an arbitrary sequence of null sets is again 
a null set and the negative of a monotone decreasing function increases, it 
is sufficient to prove the theorem for the case where (a,b) is finite and f is 
a monotone increasing function.

1° ,The points x0 where f(x) is not differentiable can be divided into 
three classes: 1. points having a neighbourhood in which [fix')- /(xo)]/ 
/(x - x0) is unbounded; 2. those having a neighbourhood with 
|/(ar) - /(x0)| < const. |x - x0| and such that at least one of the one-sided 
derivatives /+(xo) and /L(xo) does not exist; 3. those where both /+(xo) 
and f_(xo) exist but have different values. The points of the last class are 
known to constitute a null set by 1.6.2, and in order to show the same for 
the first two classes, we need the Dini derivate numbers, introduced in 3.62. 
[Cf. (3.6-11) — (3.6-12).]

The function f being monotone increasing, all difference quotiens are 
non-negative, so that we have at every point xq € (a>0 the inequalities 
D+ > D+ > 0, D~ > D- > 0. Since any result for the right-hand derivate 
numbers gives a similar statement for the left-hand ones (e.g. by applying 
the former to -/(-x)), we see that our theorem is true if (I) the points at 
which D+ = +00 and (II) the points characterized by D+ < D+ both form 
null sets.

2° In order to verify assertion (I), let us denote by E^ C (a, 6) the 
set of points where D+ = +00 and let G > 0 be an arbitrary positive 
number. If is finite (and thus a null set), then we have nothing more to 
prove. Otherwise, for each x 6 Eoo, choose lx > 0 and construct an interval
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k, x + 4] such that x + lx < b and

(This is possible by the definition of i^.) To the resulting system of 
intervals {/}, which covers E^, Sierpinski’s lemma (2.6.3) is applicable. 
Accordingly, we can select from {1} a finite number of non-overlapping 
intervals Ik = + Zrfc] (k = l,2,...,p), in such a way that the outer
T L P

Lebesgue measure of the set - [J Ik is less than /z/2 where /z = pL(E^).
k=l

p p
Now the sum of the outer (Z)-measures of (J Ik and E^ - |J Ik is at least 

, . , . k=lwhich implies that

p
lX1 + lx2 + ... + lXp> n- p^E^ - \JIk)> n - = (4.2-2)

k=l

Since the intervals Zi,Z2, • • • ,/P are non-overlapping and all of them are 
contained in (a, b), the monotone increasing function f satisfies

p
[f(xk + lXk) - f(xk)] < f(b) - f(a). (4.2-3)

Hence, by (4.2-1) — (4.2-2), we get the inequality f(b) — f(a) > 
G(lX1 + lX2 + • • • + lXp) > Gp/2 and therefore

Considering that G is arbitrarily large and p non-negative, it follows that 
M = ^L^oo) = o, as required.

3° As far as statement (II) is concerned, let us examine the set ED of 
points x e (a, b) at which D+ < D+. If Ed consists of a finite number 
of points, the proof is finished; so we suppose in the sequel Ed to be 
infinite. We shall split up our set into certain subsets defined by using 
rational numbers: denoting by u and v (u > v) two prescribed positive 
rational numbers and considering the totality E(u,v) of points x P En 
with D+ > u > v > D+, we have

^D=U^(«,v), (4.2-5)
u,v

where the union is over all pairs of rationals satisfying the given conditions. 
Since (4.2-5) contains a countable family of subsets (cf. 1.2.1-1.2.2), by 
2.6.2 it will be sufficient to show that every E(u,v) is a null set.
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Using indirect reasoning, let us assume that there exists a pair u > v 
f°r Wh/Ch 1S lnfinite and p* = pL[E(u,v)l > o. Then 

( y the definition (2.6-5) of outer Lebesgue measure) we can find for any 
MS) ’ a linear Open set S such that C S C (a, 6) and

Let a: be a point of E(u,v). Since the definition of E(u, v) implies D+ < v 
o'! / aS of ditjolt
for whkh™ § Cf' “ mterVal + C 5 (A > 0) can be found

+ Ag) - /(g)
(4.2-6)

From the intervals associated with the individual points of E(u,v) in 
manner described above, we can select — again because of Lemma 2.6.3 

a finite, non-overlapping system 4 = (& = 1,2,...,?) such

that the part E^v) of E(u, v) contained in J ik has outer (L)-measure
Ar = l q

larger than p* - £. Plainly ik C S, and the outer (L)-measure of S is 

less than p* -p £- hence we obtain

Axj + A;^ + . . . + < p* + £,

and it results by (4.2-6) for the sum of the 
the upper bound: corresponding

(4-2-7) 

increments of f

p
[f(xk + AXJ - f(xk)) < u(p* + £). (4.2-8)

wbirt b?Un(l Can be deduced by applying the inequality D+ > u 
hich holds at each point f of the above subset E^u, v). Thus, for every 

e Ei(u, v) we can find a p£ > 0 and an interval [£,£ + pj c (J ik such

that k=l

Pi (4.2-9)
By Sierpinski’s lemma 2.6.3, there is a finite number of non-overlapping 
intervals, say Jk = [(k,^k + pik] (k = l,2,...,r), in the family just 

introduced, such that jk covers a subset of E^u^) whose outer (L)- 

)] - f ~ and any jk is contained 
in one of the intervals tk (k = 1,2,..., q). Hence we have

r
r t/(^+- f^k)] > u(p* ~ 2f) 

k=l (4.2-10)
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and, / being monotone increasing, 
r q
E [/(& + P^ - f^k)] < E [f^k + A.J - /(^)], (4.2-11)

k=l k=l
so that the combination of (4.2-10)—(4.2-11) with (4.2-8) yields 

- 2s) < u(/2* + s).
But s > 0 can be chosen as small as we please, and therefore we get u < v, 
whereas we initially assumed that u > v. Thus ^* > 0 turns out to be 
impossible, i.e., E(u,v) must be a null set for every pair {u,u} with u > v 
of positive rational numbers. This implies by (4.2-5) that Eq is a null set, 
too.

* * *

4.22 H. LEBESGUE himself originally proved the deep theorem J.2.1 
only for continuous monotonic functions, working within the framework of 
his new theory of integration which we shall discuss in Chapters 6-7. Seven 
years later, G.C. and W.H. Young as well as G. Faber showed that the 
condition of continuity is unnecessary, and that Lebesgue’s argument can be 
simplified at certain points.1 The proof presented above is essentially that 
published in an article by the Polish mathematicians A. Rajchman and 
S. Saks in 1923. Another proof, which is easier for the case of continuous 
monotonic functions, was found in 1931 by F. Riesz (1889-1956) the world- 
famous professor in Szeged and (after World War II) in Budapest. Riesz’s 
proof is also contained in his joint monograph with B. Szokefalvi-Nagy.2

1 Cf. G.C. and W.H. Young [1], Faber [2],
2 See Rajchman-Saks [1]; F. Riesz [23] and F. Riesz-B. Szokefalvi-Nagy [1].
3 Cf. Denjoy [2], G.C. Young [1] and Saks [1],

4.3 Applications; Fubini’s theorem for series of 
functions

4.31 On the basis of the above, it can be shown that the Dini derivate 
numbers [see (3.6-11)—(3.6—12)] obey “almost everywhere” certain restric­
tions by pairs. More precisely, the following result holds (found by three 
authors between 1915 and 1924), which is given here only for orientation:

4.3.1 (Theorem of Denjoy-Saks-Young)3 Apart from the points 
of a null set, the Dini derivates of a function satisfy everywhere the condi­
tions:
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(I) Two derivates relating to the same side are either equal and finite, 
or unequal with at least one infinite of the corresponding sign.

(II) As regards D+ and D_, either both of them are finite and equal to 
each other, or both are infinite, namely D+ — +oo,D_ = —oo.

(Ill) The last statement remains valid, if D+ is replaced by D~ and D- 
by D+.

Hence we get specially for the upper and lower derivative [cf. (3.6-10)]: 
except for a null set, at any point either D = 4-oo and If = — oo holds, or 
both D and D are finite and equal (case of differentiability). If it concerns 
a monotonic function, then only the second possibility can occur at any 
interior point, so that the assertion reduces to Lebesgue’s theorem f.2.1.

4.32 A further interesting application possibility is afforded by the 
problem of termwise differentiation of a series of monotonic functions. We 
have:

4.3.2 (Fubini’s theorem on FUNCTION series)  If a series of func­
tions fi(x) + f%(x) + ... = s(x) is convergent in a finite interval [a, 6] and 
every term fn(x) is there monotonic of the same type, then the series can 
be differentiated term-by-term almost everywhere in [a,6], i.e.

1

1 Fubini [2],

fi(x) +^(1) +... = s'(x) (4-3-1)

at a.e. point x G [a, 6].

Proof. Plainly we may restrict ourselves to the case of increasing 
functions and we may suppose that fn(a) = 0 (n = 1,2,...), since additive 
constants do not affect the result of differentiation.

According to the assumptions, sn(^) = fi(x) + ... + fn(x) (n = 
1,2,...) and also the sum 3(2:) are monotone increasing and so, by J.2.1, 
a.e. derivable in [tz, 6]. Furthermore, the inequalities sn(x + I) - sn(z) < 
5n+i(x + I) - sn+i(^) and sn(x + I) - sn(x) < 3(2: + I) - s(x) (I > 0; n = 
1,2,...) imply after dividing by I and passage to the limit I —> 0:

<(*) < <+!(*), <(®) < 4®) (n = 1,2,...) (4.3-2)

for almost all x £ E [a, &]. Because of (4.3-2), the sequence of functions 
{3^(2:)} is monotone increasing and bounded above, and therefore it is 
convergent at the points x in question. We have still to show that

lim 3^(2:) = s'(x) 
n—*00 

(4.3-3)
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a.e. in [a,b]; by monotony of the partial sums = /((z) + ... + fn^x) 
it is sufficient to see that there are special indices < n2 < ... for which 
<*(«) s'(®) (fc->oo).

To that end, consider the number sequence {5n(^)} tending increasingly 
to s(b); and select such a subsequence ■sni(f>i),-sn2(b),... of it which satisfies 
the inequalities s(b) — Sn^b) < 1/k2 (k = 1,2,...). Then convergence of

Qk-iQk = SO that we have

\f(xk) - /(zt-i)| < Qk-iQk < (xk - xk-i) + |/(n) - /(zfc-i)l 
and

E l/G**) - f(xk-i)| < E Qk-iQk < (b - a) + £ |/(xfc) - /(x^-OI, 
fc=l k=l k=l

OO
^2 [s(6) — is assured, and this numerical series majorizes in [a, 6] the 

k=l
series of functions oo

E[^) ~ M*)] (4.3-4)
fc=i

by 0 < s(;r) — Sn*(®) < s(b) - snk(b) (a < x < b; k — 1,2,...). Thus 
the Weierstrass criterion (cf. 3.51) yields the uniform convergence of (4.3-4) 
on the segment [a, 6]. But every term of the series (4.3-4) is a monotone 
increasing function of x, and herewith this is of the same type as the orig­
inal series E fn^x). By the above argument, such a series has the prop­
erty that its derivative formed term-by-term converges almost everywhere. 
Consequently, 52 [sz(^) — ($)] is also convergent a.e. in [a, 6], which im­
plies s'(x) — s' (x) -+ 0 (k -+ oo), i.e., lim s' (x) = s'(x) for almost all 
xE [a, 6]. ^°°

Hereby, the verification of the assertion is completed.

4.4 Functions of bounded variation, the notion of 
total variation

4.41 We have to deal also with another important class of functions, 
closely related to monotonic functions. This is the class of the so-called 
functions of bounded variation which arises in the most natural way through 
the discussion of the concepts of arc length and rectifiability of a curve.

Let /(a:) be a single-valued function, defined in a finite interval 
a < x < b. As is well-known, we mean by the arc length of the image of 
f in [a,&], i.e., of the point set {(x,y) : a < x < b, y = /($)} the least 
upper bound of the set of total lengths of the corresponding inscribed 

n ______
polygons. Such a polygon length has the form 52 Qk-iQk where Qk de- 

k=l
notes that point of the image curve which belongs to point xk, a par­
tition a = xq < $1 < ... < xn = b of [a, 6] being given. Since 
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it is evident: the graph of f{x)(a < x < b) has a finite arc length, i.e., it 
is rectifiable if and only if the sum £ |/(a:fe) - f(xk^)\ (occurring on both 
sides of the last inequality) remains under a common upper bound for all 
partitions of [a, b].

We know that the functions in question are defined exactly by the 
condition just mentioned. In other terms: f(x) is said to be of bounded 
variation in a finite interval [a, 6], if the set of sums of the form

Vf(a,xi,... ,zn-i,&) = £ \f(xk) ~ (4.4-1)
k=i

relating to arbitrary partitions of [a, b], has a finite least upper bound; the 
latter (which depends already on the totality of the values f(x) 
(a < x < b)) is called the total variation of f with respect to [a,b] and 
denoted by Vf(a, b).1

1 Let us remark that Vj(a,b) has the character of an interval function in case of 
variable a and b (cf. 3.12); furthermore that it can also be written as the Riemann integral 
of |/(x)| on [a, 6], provided that f'(x) exists and is (R)-integrable in this interval. (Cf. 
5.22.)

4.42 Observe that Vy(a,®i,... ,xn_i,b) becomes |/(b) - f(a)\ for 
n = 1, and thus it can be regarded as a “generalized increment” of the 
function f. Moreover there always hold the inequalities

|/(b) - /(a)| < V}(a,si,...,xn-i,b) < V/(a,b), (4.4-2)

which imply the boundedness of any function of bounded variation.
It is easy to find concrete examples of functions with finite total varia­

tion: all functions monotonic in a closed interval are of bounded variation, 
therefore the former class of functions is a subset of the latter one. In fact, if 
/(i) increases in the whole [a, b] or decreases throughout this interval, then 
obviously

Vf(a,xl,...,xn-1,b) = |/(b)-/(a)|, (4.4-3)

since all increments /(m) - f(xk-i) are of the same sign. Thus now the sum 
(4.4-1) is independent of the partition and we have Vj(a,b) = |/(b) - /(a)|.

More generally: any function which is piecewise monotonic in a segment 
[a,b], is also of bounded variation there. We mean by piecewise monotony 
that we can find a partition of [a, b] into a finite number of subintervals 
such that the function is monotonic in each of them (whether increasing 
or decreasing). Namely, the definition implies immediately the following 
additive property: if /(x) is of bounded variation in certain intervals which 
form a partition of some interval [a,b], then f is of bounded variation also 
in the latter. Conversely: if a function is of bounded variation in [a,b], the 
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same holds for any subinterval of [a, 6]. The corresponding property of total 
variation holds as well:

Vj(a,b) = V/(a,c) + Vj^b) (a < c < b) (4.4-4)

The: additivity, however, cannot be extended to the case of infinitely 
many subintervals. A simple counterexample is the function (4.1—I)1: its 
diagram in [—consists of infinitely many monotonic (alternately increas­
ing or decreasing) pieces, and the function is yet not of bounded variation 
there, namely its total variation is +oo.

4.43 Numerous further examples can be obtained on the basis of the 
following proposition:

4.4. 1 If both of and are of bounded variation in a finite 
interval [a, b], then the same holds for <p(x) + if^x), ip^x) - xf(x), t/fx) ■ i/fx) 
and in the case of the boundedness of if lx^1 also for p(x)/if(x).

Proof. Let a = 2?o < xi < ... < xn = b be a partition of [a, b].
Then by

+ iKxk)] - [^(xfc-i) + )]| < ^(^fc) ~ )| +

+\if(xk) - if{xk^)\ (k = 1,2,...,n)

we get at once:
Vv+^a,b)< V^a,b^V^a,b\ (4.4-5)

and this implies the assertion on (p(x) + tf{x). The case of y>(;r) - if(x) = 
tp(x') + (—ip(xf) needs no separate discussion.

As far as </fx')if(x') is concerned, we can write for every k:

\tp(xk)lf(xk) - ^Xk-^lf^Xk^ < ^(Xk^Xk) - ^Xk-i^Xk^-]-

+ \^(xk^^if(xk) - ^Xk^if^Xk^ < - ^(xfc_i)| +

+Afv \if(xif) - ^(^-1)1, 
where = sup{^(a:))}, = supfl^a:)!} (both finite).

[a,t] [a,6]
Hence follows the inequality:

V^a.b) < M^Vf(a,b) + MvV^a,b) (4.4-6)

and herewith the assertion on the product <pif.

1 Any part of this graph containing the origin yields a simple example of a continuous 
but non-rectifiable curve.
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Finally, the case of <p(x)/^(x') reduces to the former, if we put = 
sup{|V>(aO|-1} and use the estimation: 
[a,b]

* * *

By 4.4.I we can establish that applying finitely many times the four 
basic, operations to functions of bounded variation we get again a function of 
the same type, provided that the above restriction on division is fulfilled. (We 
saw before that a similar statement can be made about continuous functions, 
but the class of monotonic functions does not possess the corresponding 
property. Cf. 3.32 and 4.11.)

4.5 Jordan’s and Lebesgue’s theorems on 
functions of bounded variation

4.51 According to our last result, the difference of two functions which 
are monotone increasing in an interval [a, &] (i.e., the sum of a monotone 
increasing and of a monotone decreasing function) is surely of bounded 
variation in [a,6]. C. Jordan who introduced the notion of functions of 
bounded variation about hundred years ago, also showed that this statement 
is invertible. Thus it has turned out that the functions of bounded variation, 
though their class is wider than that of monotonic functions, can still be 
generated by means of the latter.

4.5.1 (Jordan’s representation theorem)1 Any function of 
bounded variation can be written as the difference of two monotone increas­
ing functions.

Proof. Let /(x) be of bounded variation in [a, b]. Consider its total 
variation in a subinterval [a,b] (a < x < b) as a function of x, and write 
briefly Vy(a,x) = V(x).

By (4.4-4) and (4.4-2) we have:

V(x + 1)- V(x) = Vffx,x + /) <\f(x + 1)- f(x)\ (0 < I < b - x). (4.5-1)

Hence we can conclude on the one hand

V(x + /)- V(x) > 0

1 Cf. C.Jordan [2].
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V(x +/) > V(x) (a<x<x + l<bfi (4.5-2)

on the other hand, also V(x + /) — V(x) > /(x + I) — /C1) and therefore

V^x + I) - f(x + I) >V(x) - f(x) (a < x < x + I < b). (4.5-3)

Since both VW) and VW~ are monotone increasing by (4.5-2)— 
(4.5-3), our assertion follows immediately from the decomposition

/(x) = VW - [V(x) - fW]. (4.5-4)

* * *
Note that the representation

/(x) = i (V(x) + /(x)] - | [V(x) - fW] (4-5-5) 
z

satisfies the requirements of ^.5.7, too. (4.5-1) implies at the same time 
V(x + 0 ~ V(x) > - [/(x + /) - /(x)] i.e.,

V(x + I) + /(* + 0 > v(x) + A®)

which means that VW + fW is monotone increasing.

4.52 On the basis of the above proposition, many properties of mono­
tonic functions can be transferred at once to functions of bounded variation. 
Thus by 4-1.1 and 4-1.2 we see that

4.5.2 If fW) is of bounded variation in [a, 6], then it is continuous in 
that interval, except at most countably infinitely many values of x; further­
more, fW has at every inner point of discontinuity finite one-sided limits 
and at each end point a limit taken from the inner side.

Lebesgue’s theorem 4-2.1 yields the important corollary:

4.5.3 Any function of bounded variation is differentiable almost every­
where.

Let us observe that 4.5.2 and 4.5.3 disclose the “global” connection of 
functions of bounded variation with continuity and differentiability. It is 
remarkable that, accordingly, though the diagram of a function of bounded 
variation may contain some discontinuities or break points, the image curve 
must have a tangent at “most” points.

In spite of the “intertwinedness” between monotony and functions of 
bounded variation, the wide application possibilities of the latter give suf­
ficient reasons to regard them as a separate class of functions: beside the 
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relationship with the theory of curves (concept of arc length), they are often 
used e.g. in modern integral theory and in the theory of Fourier series.

4.53 Such being the case, we have also to touch upon the natural 
question suggested by Lebesgue’s theorem 4-5.3: does it hold for functions 
of bounded variation (admitting an exceptional null set) one of the most 
fundamental theorems of calculus, according to which the derivative of a 
function differentiable on a line segment can vanish only if the function is 
constant?

Unfortunately, the answer is no; we can easily also find in the narrower 
class of monotonic functions such a non-constant function whose derivative 
is 0 everywhere apart from a null set. One of the simplest pertinent examples 
can be constructed by means of Cantor’s ternary set 1 (cf. 2-4-5). Let us 
denote by T(x) the function defined for 0 < x < 1 in the following way: 
(I) T(0)=0, T(l)=l; (II) on the 2n-1 open intervals left out from [0,1] at 
the n-th step of the construction of 1, ^fx) should be equal, in turn, to 
the constants l/2n,3/2n,...,(2n - l)/2n (n = 1,2,...); (Ill) for any point 
so G (0,1) of the set T, we put T(a:o) = SUP {^(z)}, where x G [0,1]-T and 
0 < x < Xq.

4.5.4 T(;r) (0 < x < 1) is a non-constant, monotone increasing and 
continuous function for which T(a:) exists and equals zero almost everywhere.

Proof. On the basis of the above definition, T(x) is obviously non­
constant and monotone increasing. Its continuity follows partly from the 
monotony, partly from the fact that on the (pairwise disjoint) subintervals 
of [0,1] left out by the first n steps according to the definition of T, the 
function T(x) takes the values k/2n (k = 1,2,..., 2n - 1). The monotony 
implies that T(x) has unilateral limits at all the inner points and a right­
hand limit at 0, a left-hand limit at 1 (cf. 4-1.1). And any of these must be 
equal to the corresponding function value, because our second observation 
shows: the whole codomain of T(a:) is everywhere dense in [0,1] [cf. (4.1-2)].

Now, the existence a.e. of T'(:r) is a consequence of 4-2.1 (or of 4.5.3). 
The value of the derivative is 0 at almost every point x G [0,1], since on the 
one hand 1 is a null set (cf. 2.6.2)\ on the other hand, T(x) is defined to be 
constant on all the open sets constituting the set [0,1]-T.

4.6 Absolutely continuous functions

4.61 Considering the above, it seems desirable to develop further the 
concept of a function of bounded variation in order that the “anomaly” 
indicated by examples of the type 4-5-4 should be eliminated. This is indeed 
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possible and leads to such a class of functions which takes a prominent part 
in modern integral theory.

Let /(x) be a function defined in a finite interval [a, &]. Instead of an 
ordinary partition of [a, 6], let us start with an arbitrary system [ofc, /3k\ (k — 
1,2, ...,n) of non-overlapping segments C [a, 6] and form the associated 
“deviation sum” n

t VW-fM- (4.6-1)
/c=l

If not only the boundedness of the totality of sums (4.6-1) for all 
admitted systems is required, but we demand also that this sum
tends to 0 whenever the total length of the system {[ot, /3k]} itself tends to 0 
no matter how, then the function f(x) is said to be absolutely (completely) 
continuous in [a, b].

It is easy to see that the definition may be formulated in a slightly 
modified form: the condition just mentioned is equivalent to the assumption 
that any e > 0 being given, we should have

Eim)-/w<£ t4-6-2)
k

for whatever finite or countably infinite system of non-overlapping intervals 
[afc,0fc] £ [a, &], provided that the total length of the latter is small enough, 
i.e.,

^(Pk - ak) < 6. (4.6-3)
k

In fact, in the case of infinitely many intervals [afc, f3k], the sums (4.6-2)— 
(4.6-3) are infinite series of non-negative terms, the convergence of which 
can be replaced by the boundedness of the corresponding partial sums.1

4.62 The absolute continuity clearly implies continuity, moreover uni­
form continuity in the same interval, but not conversely. Further, of course, 
every absolutely continuous function is at the same time of bounded vari­
ation, but there are trivially such functions of bounded variation at which 
absolute continuity fails. Any piecewise monotonic function with some dis­
continuities belong to this latter class; and we shall see below that the func­
tion T(a;) in 4-5-4 is not absolutely continuous either, though it is not only 
of bounded variation, but also continuous everywhere. Consequently, the 
class of absolutely continuous functions is narrower than that of continuous 
functions or the class of functions of bounded variation.

Anyway, the most usual examples of absolutely continuous functions are 
those, the difference quotient of which is uniformly bounded in an interval 
[a,ft], i.e., which satisfy a condition of the form:
|/(xi) - /(x2)| < (*i,*2 G [a,&]; #>0 constant). (4.6-4)

1 It can also be verified simply that we may write | ~ instead of the
k

sum (4.6-2) in this latter definition form.
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This is the so-called ordinary Lipschitz condition.1 Thus all the functions 
differentiable on a closed segment are absolutely continuous.

1 Cf. 12.32.

In order to fix shortly the relations between the function classes dis­
cussed hitherto, let us denote the set of functions which are differentiable, 
satisfying an ordinary Lipschitz condition, absolutely continuous, contin­
uous, of bounded variation, monotonic in some interval [a, b], in turn by 
D, Lip, AC, C, V, M. Then we have:

f V
D C Lip C AC C < ; and M C V.

I o

Like the class of functions of bounded variation, the totality of abso­
lutely continuous functions is also essentially closed with respect to the four 
basic operations. Namely, the following pendant of proposition f.J.l holds, 
whose proof can be carried out entirely analogously:

4.6.1 If two functions are absolutely continuous on a segment [a, b], 
then their sum, difference, product and in case of a denominator 7^ 0, also 
their quotient have the same property.

4.63 As regards the deeper properties of absolutely continuous func­
tions, Jordan’s theorem J.5.1 can be transferred to this function class in the 
form:

4.6.2 Every absolutely continuous function can be represented as the 
difference of two monotone increasing and absolutely continuous functions.

Proof. Let f(x) be absolutely continuous on a segment [a, 6], and de­
note its total variation Vffa,x) relating to a subinterval [a,x] (a < x < b) 
briefly by V(x).

Since /(x) is a fortiori of bounded variation, V(x) is finite at any point 
x G [a,b], and both V(x) and V(x) - /(x) are monotone increasing by 
(4.5-2)—(4.5-3). Considering the decomposition

/(*) = V(x) - [V(x) - f^] (4.6-5)

as it occurs in the verification of J.5.1 too, as well as in theorem J.6.1, it 
remains only to show that V(x) should be absolutely continuous in our case.

To that end, let a number e > 0 be given, and set out from the following 
statement: because of the absolute continuity of f, there exists such a 
number 6 > 0 that for every system of non-overlap pi ng intervals C [a,b] 
whose total length is less than 6, the corresponding “deviation sum” of the 

115



type (4.6-1) is smaller than £ = £/(& — a + 1). Let [a^,^k\ (k — 1,2,... ,n) 

be such an individual interval system for which - ak) <
/c=l

On the basis of the definition of total variation, there is a partition 
ak = tok < tlk... < tPk,k = 0k of any [ak,0k], such that the associated 
deviation sum approaches Vj(ak, 0k) from below by an approximation error 
less than rjk = E*(0k — ak\ and so

Pk
V(0k) ~ VM = Vffak,0k) < E l/(^fc) - + Vk- (4.6-6)

j=l

In view of the fact that the total length of the unified system of intervals 
{t^k,tjk] U= l,2,...,pfe;*= l,2,...,n)is E (/3k - ak\ i.e., also < 6, 

k=l
we can write according to the above:

E EI/(M-/(^)I<£*- (4-^7>
k=ij=i

But by (4.6-6)— (4.6-7), the deviation sum of V(x) relating to the 
interval system (k = 1,2,...,n) satisfies:

n n Pk n
E - VM < E E l/M - f^-^\ + E % <
k=l k=lj=l k=l

<£*+ t^(0k - < £*(1 + b - a) =
k=i

and because this holds for any interval system of the above mentioned type 
(with total length < 6), we get the absolute continuity of V(x) in [a,b].

* * *

4.64 Any absolutely continuous function being also of bounded vari­
ation, Lebesgue’s theorem J.5.3 implies immediately that every absolutely 
continuous function is differentiable almost everywhere. Therefore, absolute 
continuity on a line segment [a, 5] is on the one hand as seen before 
a property which is stronger than continuity everywhere and much weaker 
than differentiability everywhere; on the other hand, it still assures the ex­
istence of a derivative apart from the points of a null set.

Thus it is understandable that in numerous classical theorems of anal­
ysis which concern the connection between differentiation and integration, 
assumptions on the derivability of certain occurring functions can be weak­
ened to conditions of absolute continuity. The basis of our later pertinent 
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results is the following theorem, which shows simultaneously that the insuffi­
ciency of the concept of a function of bounded variation, as was discussed at 
the end of the previous section, holds off in case of an absolutely continuous 
function:

4.6.4 If the derivative of an absolutely continuous function vanishes on 
a segment [a,6] almost everywhere, then the function is constant in [a,ft].

Proof. Let f(x) be a function which is absolutely continuous in [a, ft], 
and for which f'(x) vanishes on this segment except for a null set. Let Ex 
denote that subset of an interval [a, a:] (a < x < ft) on which f = 0.

After prescribing a number £ > 0, we can find to any point t £ Ex a 
right-hand neighbourhood I = [t, t + /] in which

~ AOI. <£ ^t<u<t + lf (4.6-8)
u — t

If we assign to each point of Ex such an interval I, these cover together the 
set Ex and satisfy the conditions of Sierpinski’s lemma 2.6.3. Thus in the 
case of any 8 > 0, however small, we can select from {/} a finite system of 
intervals E = + /i], I? = [*2,^2 + , Ip = [ip^p + 0Ka - -
... < tp < tp + lp < a:) which also covers Ex, apart from certain points 
t e Ex constituting a subset of outer (L)-measure < 8.

p
Consider the complementary set Jx = [o,a:]- |J A which is the union of 

/c=l
the intervals [a,^], [<i + li, t2], • • •, [tp-i + 0-i, tp], [tp + Ip, A• (Admitting 
that some of the latter should “degenerate” to single points.) The total 
length of the system Jk is less than ft; namely the complement of Ex is a 
null set, and so it can be written:

_ px - a < Hl^Ex) + Hl (1°, x]- Ex) < £ lk + 6 
k=l

whence (a: - a) - (/j + I? + ... + lp) < ft.
We supposed f to be absolutely continuous; therefore ft can be chosen 

so small that the deviation sum of f of the type (4.6-1), belonging to Jx, 
should be < £. Then using the notation

jx = [/(A) “ /(a)] + [f(t?) - f(ti + ZJ] + ... + [f(tp) - f(tp_i + /p-i)] + 

+ [/M-f(tp + lp)], 

we shall have
I Ej, I < «• (4.6-9)
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On the other hand, the application of (4.6-8) yields: 

p p
ILj - t/O) - MlI S IM) - /(^ + <^^k< - a).

1 k=i *=1
(4.6-10)

After all, by (4.6-9)—(4.6-10) we conclude

l/W - /(«)l < ISJ + l/M - fW - I < 1 - “)
and herewith, £ being arbitrarily small,

M) = /(a).

Since x may be any point of [a,b]7 we see that the premises of our 
theorem involve the constancy of /($) (a < x < b), as asserted above.

* * *

We have to mention also an immediate consequence of 4-6-4 ■ the func­
tion T(x), presented in 4-53, is plainly not absolutely continuous, since oth­
erwise it would be a constant by our last result.

4.65 It is clear that each of the function classes treated in this chapter 
can be extended to Euclidean spaces of higher dimension.

In fact, a function /(a:) monotone increasing on a line segment (a,b) 
can be characterized in such a way that the corresponding interval function 
A/(a:i,a:2) = /(^i) - f(x2) (x < x2) takes only non-negative values on 
every subinterval (xi,X2) of (a,bf, and Af(xi,x2) is additive in the sense 
that ^/(xi,^) = 21/(11,2:2) + 4f(x2,x3) (x! < x2 < x3). Furthermore, 
the sum (4.4-1) can be written also as

£ \Af(,xk^,xk)\. (4.6-11)
Jt=i

Thus in the p-dimensional Euclidean space Ev, the role of monotone in­
creasing functions is taken over by non-negative, additive interval functions 
defined for //-dimensional intervals. (Writing here “non-positive” instead of 
“non-negative”, we get the corresponding concept of monotone decreasing 
function.) A //-dimensional interval function is said to be of bounded vari­
ation, if the //-dimensional pendant of the sum (4.6-11) is bounded. We 
define analogously the absolutely continuous functions of higher dimension, 
using a suitable modification of the sum (4.6-2) involving interval function.

Though the main results found for the one-dimensional case remain valid 
also for interval functions of several dimensions, we cannot give a detailed 
account of this kind of generalization within this framework.
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CHAPTER 5

JORDAN MEASURE AND RIEMANN 
INTEGRAL. RIEMANN-STIELTJES 

INTEGRAL

5.1 Foundations of Jordan’s measure theory

5.11 The most general function class of elementary analysis — that 
of functions integrable in classical sense — arises from Riemann’s concept 
of integral,  used mostly in the case of continuous or piecewise continuous 
functions (Cauchy). It is also well-known that the notion of Riemann in­
tegral for a function of one variable or two variables is in close connection 
with the elementary (Jordan) theory of contents. Thus, before we summa­
rize briefly the most important knowledge of the classical notion of integral 
and develop it further by means of our recent findings, it is advisable first 
to deal with the geometric background contemplating point sets of however 
many dimensions.

1

1 The main part of this theory of integral is to be found in a famous work of 
B.Riemann (1854). Cf. Riemann [1],

The measure theory intends to extend the concept of content (length, 
area, volume) to various set structures, keeping in view certain natural re­
quirements. The characteristic quantity attached to a set E in this manner 
is called the measure of E and is usually denoted by n(E); every measure 
yields an example of one-valued set function (cf. 3.12). The pertinent nat­
ural requirements for fi are: I. /x(O) = 0; 0 < f^E) < oo (definiteness);
III. the measure of the union of pairwise disjoint sets should be equal to the 
sum of measures of the individual sets (additivity). We shall see that the 
third postulate leads to essentially different concepts of measure if the num­
ber of joined sets must be finite, and if we admit also countably infinitely 
many sets to join. Note still that in all concrete cases to be discussed, ^(E) 
is also movement invariant in the sense that congruent sets have the same 
measure.

As far as the point sets of E„ are concerned, the first step has been 
taken already in 2.62: by the measure of a v-dimensional interval I we 
mean the product h ■ lz • ... ■ E where Ik is the length of the fc-th line 
segment determining I (k = l,2,...,p); we denote this measure briefly 
by |/|. To prepare further steps, we recall a well-known classical method of 
elementary geometry: the use of inscribed and circumscribed polygons in 
planimetry. For instance, the area of a circular disc is arbitrarily approached 
by the contents of circumscribed polygons from above, by those of inscribed 
polygons from below; and these polygons may plainly be replaced by certain 
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finite systems of non-overlapping two-dimensional intervals covering the disk 
or belonging to its interior, respectively.

5.12 If this model is followed in case of an arbitrary bounded v- 
dimensional point set E, then we have to consider on the one hand the 
infimum of the measure sums of all those finite systems consisting of p- 
dimensional intervals, which cover E\ on the other hand, the supremum of 
the measure sums of all such finite systems of non-overlapping p-dimensional 
intervals which consist of points of E only. It is clear that the former number 
is nothing but the outer (exterior) ^-measure of E, introduced already in 
2.62 and denoted by fij(Efi correspondingly, the last mentioned number is 
called the inner (interior) (J)-measure of E and denoted by ^E).

There is also another definition of the inner (J)-measure, equivalent to 
the previous one:

^E) = \I\-fiAI-Efi (5.1-1)

where I means a (i/-dimensional) closed interval containing E. (5.1-1) makes 
it possible to reduce the problem of determining the inner (J)-measure of 
E to that of calculating the outer (J)-measure of a complement of E; it is 
obvious that e C E implies ^{e) < ^(E).

Now, a point set E C Ev is said to be Jordan measurable, briefly (J)- 
measurable, if its outer and inner (J)-measures are equal. In this case, we 
mean by the Jordan measure [in short (J)-measure] of E the non-negative 
number fij(E) = m/#); it is simply denoted by ^j(E).1

1 C. Jordan [2].

On the basis of the above definitions we see that

0 < ^(E) < fij(E). (5.1-2)

Thus fij(E) = 0 implies at the same time l^j(E) = 0; hence it follows also 
that /aj^E) exists and equals 0.

Examples: any finite point set or convergent sequence of points has the 
(J)-measure 0. The same holds for every bounded, closed null set E, since 
by 2.6.1, we can select from any system of open intervals covering E a finite 
subsystem which also contains E. Furthermore, also (J)-measurable is any 
finite system of finite, non-overlapping intervals in arbitrary space Ev (the 
(J)-measure of the system equalling the sum of measures of the individual 
intervals); in the plane, the interior of any rectifiable closed curve is again a 
(J)-measurable set, etc. On the other hand, the set consisting of the rational 
points of [0,1) (and so its complement, i.e., the set of irrational points) is not 
(J)-measurable. In this case we have namely fij = 1, but fij = 0 because 
the set does not contain a single line segment.

We can easily verify the following useful criterion of measurability:
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5.1.1 A bounded point set is (J)-measurable if and only if the set of its 
boundary points has the (J)-measure 0.

5.13 The notion of (J)-measure evidently satisfies the general measure 
theoretical requirements mentioned in 5.11. In particular, the definition of 
pj and the properties of pj yield:

5.1.2 (I) If E is a (J)-measurable set and e is a (J)-measurable subset 
of it, then pj(E — e) = pj(E) — pj(e) and e C E implies pj(e) < pj(E). 
(Monotony.)

(II) The union of finitely many, pairwise disjoint, (J)-measurable sets 
is also (J)-measurable, and the (J)-measure of the latter is equal to the sum 
of (J)-measures of the individual sets. (Finite additivity.)

Regarding the second property we add: 1. The union of infinitely many 
(J)-measurable sets is not necessarily (.Immeasurable, e.g. the set of rational 
numbers in [0,1] — as mentioned before — has no (J)-measure, though each 
individual point of the set is trivially (J)-measurable with_( J)-measure 0. 
2. The outer (J)-measure is in general not additive; for pj, the pendant 
of 5.1.2 (II) is the inequality mentioned in 2.64 (so-called subadditivity).
3. In case of two sets, there holds a more general statement:

5.1.3 If E\ and E2 are (J)-measurable point sets, then their union and 
intersection also have this property, moreover

pj(Ei U E2) = pj(Efi) + pj(E2) - Pj(Ei n E2). (5.1-3)

Therefore we have

pj(EiUE2) < pj(Ei) + pj(E2), (5.1-4)

with equality if and only if the (J)-measure of Ei A E2 is 0.

Proof. (5.1-3) is obvious, if Ei and E2 are intervals. Otherwise, we 
can proceed in the following manner:

1° We show that arbitrary bounded point sets ei,e2 fulfil the condition

Pj(ei U e2) + fij(ei 0 e2) < Pj(ei) + Pj(ez)- (5.1-5)

Let us denote by {i'} a finite system of intervals covering by {i"} 
another such system covering e2, and let the total measures of these be 
Pi and p2, respectively. Forming I' = U/ and I" = Ui", the set I U I

1 Cf. e.g. the decomposition of [0,1] into rational and irrational points, both subsets 
and also the interval [0,1] have an outer (J)-measure of value 1. As can be seen, a 
usable concept of measure can be obtained only by applying the outer and inner measures 
simultaneously.
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will contain ei U ei- But I' U I" may also be regarded as the union of 
three such systems of non-overlapping intervals, say Zi, among which 
A 2 ei — m, I? m, I3 D e? - m with m = ei A €2- If the total measure of 
Ir is denoted by ar(r = 1,2,3), then we can write according to the definition 
of outer (J)-measure: /Zj(ei U 62) + Mj(ei Cl 62) < (cq + <72 + <73) + 02 = 
(<7i + <72) + ((72 + <73) < + ^2- Hence (5.1-5) follows immediately, because
the deviation of and /Zj(ei), further that of ^2 and can be taken 
as small as we please.

2° If I is an interval containing ei Ue2, then replacing ei and 62 by their 
complements with respect to I in (5.1-5) and using the formulae (1.1-5), it 
results:

[I - (ei A e2)] + Th [I - (ei U e2)] < jij(Z - ej + Mj(Z - e2).

Considering (5.1-1), this is equivalent to the inequality

Mj(ei U e2) + ^(ei A e2) > + ^(62). (5.1-6)

3° Assume £1,^2 to be (J)-measurable and apply to them (5.1-5)— 
(5.1-6). We get

Th(EiU E2) + JIj(.EiR E2) < ^7(^1) + ^7(^2) < UE2) + ^(£1A £2);

and this is possible by (5.1-2) only if both E^ U E2 and E\ A E2 are (J)- 
measurable. This being the case, the inequalities (5.1-5) and (5.1-6) yield 
together (5.1-3).

♦ * *

It turns out from propositions 5.1.2 and 5.1.3: the (J)-measurable sets 
of the space Eu constitute a Boolean ring (Cf. 1.51.)

5.2 Riemann integral of a function of one variable 
as Jordan measure with sign; upper and lower 

Darboux integral

5.21 Let us apply the foregoing in case of certain planar sets!
Consider a function y = f(x), defined in a finite interval a < x < b, 

single-valued and bounded there; let us call the totality of the ordinates 
/(x) belonging to [a, 5] (as a point set) the set of ordinates of f on [a, b] and 
denote it by Y (/; [a, 6]).

For /(x) > 0, this set can be written in the form:

Y (/; [a,6]) = {(x,y) : a < x < b, 0<y < f(x)};
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its outer and inner (J)-measure are the so-called upper and lower Darboux 
integrals of f in [a,b], denoted briefly by the symbols

b b
J f(x)dx and f f(x)dx, 
a a

respectively. If the last-mentioned two numbers are equal, i.e., if Y (/; [a,&]) 
is (J)-measurable, then /(ar) is said to be Riemann integrable, or simply 
(R)-integrable in [a, b], The Jordan measure (content) of the planar set 
Y (f- [a, 6]) is the well-known Riemann integral [briefly (R)-integral] of f(x) 
relating to [a, 6], denoted by

f f(x)dx.

Take now a partition of [a, 6] : a = xq < x-^ < ... < xn-i < xn — b, and 
let us denote by Mk and mk the supremum and infimum of the function 
values f(x) belonging to [®fc-i,a:fc] (the “fc-th subinterval”), respectively 
(k = l,2,...,n). The so-called upper Darboux sum

S = Zk-l)Mk
k=i

(5.2-1)

and lower Darboux sum
n

S = z (xk - Xk-i)mk 
k=l

(5.2-2)

mean geometrically the total area of a finite system of planar intervals, cov­
ering Y (f; [a, 6]) in the first case, and consisting only of points of T (/; [a, 6]) 
in the second case, respectively.

Since to any given finite system R of planar intervals which covers 
Y (/;[a, 5]), we can find a sum S (corresponding to a suitable partition of 
[a, 6]) which does not exceed the total area of R, thus the infimum of the set 
of sums S associated with all possible partitions of [a, 5] cannot be but the 

b
outer (J)-measure of Y (f; [a, 6]), i.e., / f^dx. We can conclude similarly 

a
b

that the supremum of the totality of sums s is necessarily j f(x)dx. All 
a

this can be expressed briefly by the formulae:

J f(x)dx = inf{S}, (5.2-3)
a
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b
j /(e) dx = sup{s}. (5.2-4)
a

From the well-known elementary fact that s increases, and S decreases 
when new points of subdivision are inserted, furthermore from the bound­
edness of s and S from above and from below, respectively, it follows that 
s tends to the lower and S to the upper Darboux integral of f over [a, b] as 
max (xk — Xk-i) —► 0.

Therefore, if the values (5.2-3), (5.2-4) are the same, we have

b
f f(x)dx = inf{S} = sup{s}; (5.2-5)
a

and here both of the symbols “inf’ and “sup” may be replaced by “lim”, 
if we introduce this latter notation for the limiting process just mentioned, 
too.

5.22 The sum S and s can also be formed for functions taking values 
of arbitrary sign] only their geometric interpretation changes slightly, if the 
codomain of / contains both positive and negative numbers. Consequently, 
the above notions can be transferred mechanically to any bounded, one­
valued function. Thus the upper and lower Darboux integral are defined by 
(5.2-3)—-(5.2-4); we say that /(a;) is Riemann integrable [(jR)-integrable] in 
[a, 6], if both of the latter have the same value i.e. inf {S} = sup{s}. In this 
case the Riemann integral [(7?)-integral] of f over [a,b] is given by (5.2-5).1

1 The terms “/(i) is (7?)-integrable in [a, 6]” and “the (7?)-integral of f(x) on [a, 6] 
exists” have the same meaning.

Instead of S and s, we may consider naturally any so-called Riemann 
sum (“rectangle sum”):

0 = YAxk ~ Xk-i)f(tk), (5.2-6)
k=l

where & is an arbitrary point of [xfc-i,xjt] (fc = l,2,...,n). Since mk < 
f^k) < Mk for each k, this implying

s < o < S, (5.2-7)

we get the following alternative representation of the (-R)-integral:

b
lim a = f f(x)dx (Axk = Xk~Xk-iY (5.2-8) 

0 a
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Let us recall at the same time: according to (5.2-8), any given £ > 0 can be 
associated with a number 6 = 6(e) such that

b
Jf(x)dx

whenever max Ax^ < 6, independently of the choice of the middle points 
£k(k = 1,2, ...,n). This is usually expressed by saying that “cr tends to the 

b
(R)-integral J f(x)dx, as the partition of [a,b] is refined unboundedly”.

The formal properties of the classical concept of integral can simply 
be deduced, as is well-known, from the corresponding features of Jordan 
measure. Note that this statement can be reversed in some degree, because 
the outer and inner (J)-measure and the Jordan measure of a bounded 
linear set can also be written as an upper and lower Darboux integral and 
a Riemann integral, respectively. More precisely, we have:

Mj(E) = ]xE dx, ^(E) = fxE dx, = f xE dx, (5.2-9) 
a a a

where xE denotes the characteristic function of a linear set E, and [a, 6] is 
a finite basic interval containing E.

(5.2-9) obviously makes easier the discussion of some properties of the 
Jordan measure; for example, (5.1-3) can be obtained from (1.1-10) by 
integration immediately.

5.3 Riemann’s and Lebesgue’s criteria for 
(R)-integrability

5.31 Next we have to deal with the conditions of Riemann integrability. 
First of all, let us introduce the notion of oscillation with respect to an 
interval and to a point.

Let /(x) be defined, one-valued and bounded in a < x < 0, and let 
M(o,/3), m(a,0) denote the supremum and infimum of the values of f in 
[a,/3], respectively. The (non-negative) difference

(2(a,0) = M(a,0) - m(a,/3) (5.3-1)

is called the oscillation of /(x) in [a,/?]. If £ G (o,/3), then the oscillation 
of /(x) at point £ is defined as follows:

P(£) = lim Q^-e, £ + e). (5.3-2)
c—<-+0
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The existence of the last limit is assured by the simultaneous existence of

MU) = lim MU — e, £ + e), m(£) = lim ~ £, € + £), (5.3-3)
e-++0 e-»+0

i .e., of the so-called upper and lower fluctuation value of f at £. [Cf. (3.2-6).] 
Since f2(£ — e, £ + e) decreases as e —* +0, the inequality holds:

W) = W) - m(£) < f2(a,fl). (5.3-4)

Hence and from the 3.3.1 (II) criterion of continuity we see that the points 
of continuity of f(x) are characterized by the condition 12(1,) = 0 and its 
points of discontinuity by 12(£) > 0.

Let us form now
n

S - s = Y,(xk - Xk-1) ^2(xk-i,xk), (5.3-5)
k=l

the so-called oscillation sum [cf.(5.2-l)—(5.2-2)]. Since the (R)-integra- 
bility means — as said before — that S and s tend to the same number as 
max(xfc — Xk-i) —* 0, it follows:

5.3.1 (Riemann’s criterion of integrability) The Riemann in­
tegral of a function f(x), bounded in a finite interval [a, 6], exists there if 
and only if the oscillation sum (5.3-5) tends to 0 as the partition o/[a,6] is 
refined unboundedly.

5.32 This condition, though significant theoretically, is often not easy 
to apply in case of concrete integrands; besides, it yields no really descrip­
tive characterization of (R)-integrable functions. Both requirements are 
satisfied, however, by another elegant condition, found by Lebesgue at the 
beginning of our century.

5.3.2 (Lebesgue’s criterion)  A function f(x) is Riemann inte­
grable in a finite interval [a, 5] if and only if it is bounded there and contin­
uous almost everywhere.

1

1 Lebesgue [4].

b
Proof. 1° (Necessity.) Let us suppose that the (R)-integral J f(x) dx 

a
exists. Then f(x) must be bounded in [a,b]; or else there would exist such a 
subinterval of [a, b], where the infimum and supremum of the function values 
are not finite so that the sums (5.2-1), (5.2-2) would become meaningless. 
We have still to show that the points of discontinuity of f(x) in [a, 6] 
constitute a null set.
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To that end consider first the set Ev of those points f G [a,b], at which 
f2(£) is larger than a number r/ > 0 prescribed arbitrarily. If E^ is empty, 
then it is a null set. Otherwise, according to 5.3.1, we can find to any £ > 0 
such a partition of [a, b] for which

n J
52 {^k ~ -^k— 1) ^(^k—1.> ^k) < 9^' (5.3-6)
k=l 2

From the oscillation sum on the left, select only those terms, which pertain 
to subintervals containing at least one point of E^ inside.

In the sum thus obtained, each factor 12(xfc_!,Xfc) is > 7? by the defini­
tion of E^ and (5.3-4), so that it follows

n
52 {^k ~ ) ^(%k—l>%k) > V 52 (xk — 1)» (5.3—7)
k=l

where the sum 52* is to extend over the subintervals just mentioned.
The comparison of (5.3-6)—(5.3-7) yields the inequality

52 (%k ^k— 1) < 2^'

Hende we see that the totality of those points of E^ which belong to 
the interior of one of the subintervals, can be covered by a finite system of 
intervals of total length < f/2. On the remaining points of Ev (which are 
themselves also points of subdivision), it holds trivially the same assertion, 
since the number of these points is finite. Therefore E^ can be covered in 
its entirety by an interval system of total length smaller than £/2 + s/2 = £, 
i.e., Er, is a null set.

OO
Putting here rj = 1/n, we conclude by 2.6.2 that E = |J Ex/n must 

n=l
be a null set, too; but E plainly consists of those points f of [a, b] at which 
12(f) > 0 i.e., of all the points of discontinuity of /(x) in [a,6].

2° (Sufficiency.) Assuming now that f(x) is bounded and continuous 
in [a, b] apart from a null set E, we have to verify that the sum (5.3-5) is 
less than a positive number e, however small, if only the partition is chosen 

b
suitably — this implying by 5.3.1 the existence of J f(x)dx. 

a
If E is empty, i.e., f(x) is continuous in the whole interval [a,5], then 

(by the Weierstrass theorem) Mk and mk mean in the sums (5.2-1)—(5.2-2) 
simply the maximal or minimal value of f on the segment [x^_i,xj (k = 
1,2,..., n), and so we can write:

n
S-s< max (Mk-mk) ^(x^-xk-i) = (b-a) max fi(xk-i,Xk). (5.3-8) 

l</c<n ^=l
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Since by the uniform continuity of f(x) (Heine’s theorem), the last 
factor on the right becomes arbitrarily small for a partition of [a, 6] refined 
enough, the sum (5.3-5) tends indeed to 0 as max(a,\ - Xk-^ —► 0.

# O, include E in such a system {/} consisting of countably 
infinitely many open intervals which has a total length < e [2J2(a,6)]-1 [cf. 
(5.3-1)]. The oscillation being 0 at any point of continuity, every such point 
can be covered by an open interval on which the oscillation of / is less than 
E [2(6 - a)] \ Let us denote by {z} the system of line segments having this 
latter property.

The interval systems {/} and {z} together cover [a,6]; by 2.6.1 the 
same can be asserted on a suitable system {j} of finitely many open in­
tervals, consisting of certain elements of {/} and {:}, respectively. Let 
a = x0 < ii < ... < Xn = 6 be the partition of [a, 6] generated by the end 
points of intervals belonging to {;} (a and 6 also being included). Then any 
subinterval [i^, x*] is obviously contained by a stretch C {z}; correspond­
ingly, split up the oscillation sum relating to {;} into two parts, denoted by 
52 and 52", respectively.

Considering the definitions of {/}, {z}, these latter sums can be esti­
mated in the following way:

52 ~ xk-i) ^(.Xk-i, Xk) < 12(a,b) • ^2\xk — Xk-i) < 

< f2(a,6)-f[2f2(a,6)]“1 = |, 

Z\xk - ^-i) Wxk-!,xk)<e [2(6 - a)]’1 • ^\xk - xk_x) <

1 This is possible, because E is supposed to be a null set.

<E[2(6-a)]-1.(6-a)= |,

so that we get by addition:

n &
~ xk-l) f^Xk-li xk) < ~ + “ = E.

k=l 1 2

Qu.e.d.

5.4 Deeper study of (-R)-integrable functions; 
limiting process under the (7?)-integral sign

5After these, it is easy to clear the bearings of the Riemann 
integrability upon other elementary properties of functions.
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. First we want to note: any function continuous in a finite closed interval 
is there (R)-integrable; of course, the assertion does hold a fortiori for 
differentiable functions.1 In fact, by the Weierstrass theorem, any function 
continuous in a finite closed interval is also bounded, and therefore the 
assertion is a simple corollary of 5.3.2. (Otherwise, a little part of the proof 
of the theorem just mentioned — cf. (5.3-8) — yields a direct verification, 
too.) ’

1 Here and in the sequel, continuity or differentiability on a closed interval is always 
meant in that way that the function has the property in question at the end points from 
the inner side only.

We also establish: if fix) is monotonic or of bounded variation in a 
finite interval [a, b], then it is there (R)-integrable. In fact, such a function 
f{x) is in [a, 6] bounded and differentiable almost everywhere therefore it 
is also p.p. continuous. (Cf. 4.2.1 and 4.5.3.) Hence by 5.3.2 we conclude 
at once the (7?)-integrability of f. (We can argue a simpler way, if we use 
m the case of a monotonic f(x) the inequality [cf. (4.4-3)]

S-s< max(xk - x^) • |/(&) - /(a)|

and 5.3.1, otherwise we refer to 4.5.1.)
As it can be seen, the class of functions (R)-integrable on a stretch [a 6] 

contains simultaneously the totality of continuous, differentiable, monotonic 
functions and those of bounded variation in the same interval — but, nat­
urally, a lot of other functions, too. For instance, the function

_fxsin(l/x) (a;/0)
I 1 (x = 0)

(which differs from (4.1-1) at one single point) is continuous everywhere 
with the exception of x = 0, and thus it is (TZ)-integrable in any finite 
neighbourhood of the origin; nevertheless, it does not belong to any of the 
four function classes specified above. (Cf. 4.42.)

On the other hand, there are trivial examples of functions non-(R)- 
mtegrablein a finite interval. According to 5.3.2, all unbounded functions, 
e-g. x with a < 0 or log x in [0,1] as well as tanx and cotx in [0,7r/2], are 
of this type. Moreover, the Dirichlet function *(x) [cf. (1.6-1)] is bounded, 
but not (R)-integrable in every interval [a, 6], because it is not continuous at 
any point.

Thus the ordinate set of x(x) belonging to an arbitrary interval yields 
an example of a planar point set which is not (J)-measurable.

5.42 As far as the basic operations with (R)-integrable functions are 
concerned, the criterion 5.3.2 proves again to be very useful. On this basis 
it is clear (cf. 3.32):
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5.4 .1 The application finitely many times of the module-forming, as 
well as of the four basic operations does not take out from the class of 
Riemann integrable functions, if in the case of a quotient its boundedness is 
also required.

It can be verified similarly: any composite function of the form <p(x) = 
s[/i(®), • • • ,/p(^)] is (-R)-integrable on such a segment a < x < b, where 
each of the “inner” functions = t^x),... ,t„ = f^x} is (^-integrable, 
provided that the “outer” function g(ti, t2,..., t^) is bounded and continu­
ous on the z/-dimensional set of the corresponding tuples (ti, t2, •. ■, t^).

We have another situation when applying infinitely many steps, e.g. 
certain limiting processes to (f?)-integrable functions. As we know from ele­
mentary analysis, any uniformly convergent sequence or series of continuous 
functions may be integrated term-by-term, and the proof of this statement 
can be transferred also to the case of arbitrary (7?)-integrable functions. 
Assuming, however, only ordinary convergence instead of the uniform one, 
thej(7?)-integrability on a common interval [a, b] of the terms of {fn(x)} or 

of E fn(x) does not imply the (/?)-integrability in [a, 6] of lim fn(x) and 
n=l n—.oo v '

+ • • • + not even in the case if the terms and partial sums, 
respectively, are majorized (in absolute value) by a common constant.

Thus it can be stated:

5.4 .2 The integral relations

b b r= J lim dx, (5.4-1)
n~ 00 a a Ln—*oo J v '

b b b
f fi(x) dx + f f2(x) dx + ... = J [fi(x) + f2(x) + ...] dx (5.4-2) 
n a a

are generally not valid for (R)-integrals.

5.43 A concrete example: let p15 p2,... be a sequence containing all the 
rational numbers and each of them exactly once (cf. 1.2.1), further consider 
the function sequence

f (T\_ f 1 for x = gk (k = l,2,...,n), 
n 10 for any other x.

Since fn(x) differ from the function identically 0 only at finitely many 
points, it is trivially (7?)-integrable and its (-R)-integral has the value 0. So 
we have

b
lim ffn(x)dx = lim 0 = 0.

n-KX> Ja n—.oo

On other hand, ^lim^ fn(x) is nothing else but the function x(x) men­
tioned above, which is not (7?)-integrable on any [a, 6], Herewith we showed 
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that the integral on the right of (5.4-1) does not exist in our case, and 
therefore (5.4-1) cannot hold.

Obviously A(^ _ fl(^ + [/3(x) _ /2(^)] + ... [where fn^ has
the meaning (5.4-3)] is a series of functions for which (5.4-2) is not true.

5.5 Use of a primitive; properties of the indefinite 
(-R)-integrai

5.51 In the classical analysis, the so-called Leibniz-Newton formula on 
tne connection of integration and derivation :

b
J f(x)dx = F(b) - F(a) (5.5-1)

is of fundamental importance. Here f(x) is supposed to be continuous in 
■ ’12’ 1S a Pnmitive of it, i-e-, a function whose derivative is f(x}
m the whole interval a < x < b.1 V ’

It is easy to see that (5.5-1) holds not only for a continuous integrand 
but also lor the most general natural condition:

5.5.1 If f(x) is (Rfiintegrable in a finite interval 
primitive f^x), then we have (5.5-1).

[a, 5] and has there a

vabif " ° ° f any partition a = x0 < X1 < ... < xn = b, the mean- 
value theorem of Lagrange assures the existence of a point ft P (Xt, Xl) 
F'fx^f^^ < fXk 7 Xk~^F'^^ (k = and by

( ) f\x) (a _ _ bfi the last factor equals /(^). Thus we can write:

FW - F(a) = £ [F(It) -
k=1 k=l

which becomes (5.5-1) as max (xk - -» 0. [Cf. (5.2-8).]

* * *
5.52 As regards the existence and discussion of primitives, in the first 

place we recall the elementary fact that a function f continuous in [a b] 
always has primitives and their totality can be written in the form-

= f f^dt + C (a < x < bfi 
a

c denoting an arbitrary constant.

(5.5-2)

'At points a and b, F'(x) is to be replaced by F[(a) and FL(b), respectively. [Cf.
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Now, it is an immediate consequence of the above:

5.5. 2 (/) Any primitive of an (R)-integrable function f, if it exists at 
all, is necessarily of the form (5.5-2).

(II) There are (R)-integrable functions having no primitive.1

Proof. (I) If f is (7?)-integrable and has a primitive F on [a, &], then 
putting x instead of b, and t instead of x in (5.5—1), we obtain:

/ f(t) dt = F(x) - F(a) (t€[o,6]), (5.5-3)

i.e.,

F(.x) = / /(0 dt + F(a) (a < x < b). 
a

(II) Let f*(x) be a function which takes values different from 0 at 
certain finitely many points x G [a, 6], and vanishes otherwise. Since f* 
is (^)-integrable in [a, 5], any possible primitive of it should have the form 

/ / (t) dt F C = C (constant), whose derivative is, however, identically zero 

and thus is not equal to f*(x) at every point x € [a,6]. Therefore f* has no 
primitive in [a, 6],

* * *

5.53 By what has gone before, it is reasonable to deal separately with 
the function:

$(x) = f f(t) dt (x e [a, 6]), (5.5-4)
a

in case of an arbitrary (TZ)-integrable f-F(x)FC (C constant) will be called 
the (R)-mtegral function or indefinite (R)-integral of f(x). We shall need 
below the Lipschitz condition (4.6-4) which means — as we have seen — 
more than absolute continuity but less than differentiability everywhere.

5.5.3 Let f(x) be (R)-integrable in [a, 6]. Then (I) the function $(x) 
satisfies a Lipschitz condition for a < x < b; (II) at every inner point of 
continuity of f and so almost everywhere in [a, 6] we have the relation

&'(x) = f(x)- (5.5-5)

Remark that — by a theorem of Darboux — the same holds for any function which 
does not take all the real numbers between two distinct values of its codomain.
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Proof. Our assumption on f implies the boundedness, i.e., the 
existence of a constant A > 0 such that |/(t)| < K (a < t < b). Hence for 
any pair of points zj E [a, 6], z2 E [a, 6] the inequality holds

^(an) - <f(z2)| =
^2

J f(t)dt < A'|z1 - z2|, (5.5-6)

of V the j Part °f the assertion (and simultaneously the continuity 
oi X)) is verified. J

Furthermore, we can write for 
sufficiently small: any point x E (a,b), if |/| is taken

$(x + /) - $(x) 1 %-f-l
J Lf(t) -/(z)] dt <Mly (5.5-7)

0 and Mt = sup {|/(t) - /(z)|), the variable t running between x 
V ■ M X 1S a point of continuity of /, then Mt 0 as I 0; therefore 

(o.o—/ j yields

&($) = J™ ~ + = f(xf

, dlscontinuity Of f constitute a null set by 5.3.2, the
validity of (5.5-5) follows for almost all x E [a, 6],

* * *

inrlJn5f4 ^Ryinte9ratio^ the application of Riemann’s
indefinite integral (5^5-4) as an operator (cf. 3.12, VI.); we want to elucidate 
the connection of (^-integration with differentiation (derivation) More 
exactly, we are going to study the following problems:
wh tn tht (^^’^^S^tion of f(x) on a segment can be carried out, 
yidtThXX Self?' °f the function of /

re ft™ 'hat We

We might say that differentiation is completely invertible by means of 
(A)-integration or that ^-integration and derivation are wholly inverse 
operations to one another, only if both questions (l)-(2) can be answered 
affirmatively.

Anyway, our answer to the first question is “essentially yes”' In fact 
±X°f r fT,iOn f “hich iS (^l-i^grable SiS 
almost everywhere the relation

d x
-ff(t)dt = f(x). (5.5-8)
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Unfortunately, we have a less definite answer regarding the second 
question. If we suppose not only the existence but also the (7?)-integrabihty 
of f'(x) in [a, 6], then 5.5.2 yields indeed

ff'^dt = f(x) - f(a) {a<x<by (5.5-9)

but the mere existence and boundedness of /' do not involve even the 
existence of the (-R)-integral in (5.5-9).

In other terms:

5.5.4 It is possible that a function f(x) is differentiable for a < x < b 
and its derivative is bounded but not {R)-integrable in [a, 6].

5.55 The first example of such a function was published by the Italian 
mathematician V.Volterra in 1881.1 His fundamental idea is: starting 
from the function (3.6-14), which is differentiable everywhere and oscillates 
infinitely many times in any neighbourhood of the origin, we construct by 
suitable transformations another function Y(x), for which Y\x) exists and 
is bounded in [0,1], but has there infinitely many points of discontinuity not 
constituting a null set.

We still need a simple preliminary observation:

5.5.5 There exists such a modification (0 < i? < 1) of Cantor’s 
ternary set % whose outer (Lymeasure is at least D.

Pro of Consider the definition of T in 2.45, and instead of any open 
subinteryal left out from [0,1], let us remove another open subinterval which 
'r 1 ~ Vshorter. Then the total length of the removed interval system 
J# will be

n=0 x 7

and the remaining part of [0,1], i.e., the complement = [0,1] - has 
obviously an outer (Z)-measure > i?.2

* * *

Volterra’s function can now be represented as follows:

1 Volterra [1],
2 Otherwise the union of and J#, that is, the interval [0,11 should be covered by 

an interval system of total length < 1 which is impossible.
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Al the points of any interval I = (zb z2) belonging to the above system 
J# we define:

(^z-zj for ad < z < + £;^)=U) for +
I v(z2 - z) for x2-£<x< x2, (5.5-10)

where
<z) = z2sin- (z^O) (5.5-11)

and £ means the greatest root of v^x) = 2z sin(l/z)-cos(l/z) in the interval 
0 < z < ±(x2 - zr).

We see at once that for 0 < |z| < 1 the inequality h'(z)| < 2lz| + 1 < 3 
holds; furthermore, by ~

limi/(z)=l, Iimi/(z) = —1 (5.5-12)

v (z) is not continuous at z = 0. From the definition (5.5-10) we can 
conclude that Yfx) is differentiable not only on I but also at every point 

syste“ moreover by ^'(z)) < 3 (|z| < 1) we have

As regards the complementary set let us put at its points Y(x) = 0- 
we show that at the same time Y'(x) = 0 (z £ T^). In fact, let z0’ 
be any fixed point of and consider the difference quotient q(x,x0) = 
[ (z) (zq)] /(z —z0) (z / zo). If also z € then ^(z, zo) and its limit
tor z -> sq vanish trivially. In the case where z belongs to any interval I we 
can write by (5 5-10) and (5.5-11): |Y(z) - Y(z0)| = |Y(z)| < (z - x^ < 
(z z0) , therefore |g(z,z0)| < |z - z0| -» 0 as z -+ x0, i.e., Y'(z0) = 0. 
■ * > ~P’ We °btain that Y'^ exists and is bounded in the whole
interval [0, Ij. On the other hand, Y\x) is clearly not continuous for z £ la­
this set consists namely of the end points of every open interval I (left out 
irom [0,1]) as well as of the accumulation points of the latter, and at such 
points the limit of y'(z) cannot exist on the basis of (5.5-10) and (5.5-12). 
Since is a set of positive (Z)-measure by 5.5.5 (i.e., it is not a null set), it 
follows from Lebesgue’s criterion 5.3.2: Y\x) is not (R)-integrable in [0 1] 
as asserted above. i » J’

* * *

Y(z) being a primitive of Y\x\ we see from Volterra’s example at the 
same time: even a not (R)-integrable function can have a primitive. So 
we may establish: 1. the existence of a primitive and the (7?)-integrabihty 
are independent features, neither of them involving the other; 2 even if a 
primitive exists, possibly it cannot be obtained by (^-integration of the 
original function at all.
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Finally we remark: Y'(x) furnishes also a further example of a function 
bounded but not (R)-integrable in a finite interval. (Cf. 5.41.)

5.6 Improper (R)-integral and Riemann integral 
of several dimensions

5.61 It should be emphasized that the classical (“ordinary”) concept of 
Riemann integral always concerns a finite interval and a bounded integrand. 
If we want to extend the notion of (l?)-integral to the case of an infinite 
basic interval or of an unbounded integrand (improper (Ryintegralsfi then 
we use mostly the well-known Cauchy-Dirichlet method. In the first case, 
the integral is defined as limit of the (R)-integral taken on a suitable finite 
subinterval; in the latter case, the so-called points of infinity of the integrand 
are temporarily excluded from the basic interval together with their proper 
neighbourhoods, and then we form the limit of the sum of (R)-integrals 
relating to the remaining subintervals for the case as the end points of 
these subintervals tend to the corresponding “infinity points” (always on 
the assumption that the result obtained so is not meaningless).

Some examples:
°o € i
/ x~x dx = lim f x~x dx = - ----- (A > 1),
i oo j A - 1

1 1 1f xa dx = lim [ xa dx =------- ( —1 < a < 0),o ^+oJe a + 1 { h
i i
[logxdx= lim f logs dx = -1; 
o £-+° e

and the first two improper (R)-integrals do not exist (i.e., are divergent) if 
A < 1 and a < — 1, respectively.

5.62 The main ideas on the extension to spaces of higher dimension 
are also well-known:

Let I be a finite p-dimensional interval, consisting of points 
(xj, X2,..., x^) with < Xk < bk (k = 1,2,...,//), and bk being 
given; consider a one-valued, bounded point function f(P), defined on /. 
Any system of partitions ak = < ... < x$k = bk of the lin­
ear intervals [0^,6^] (k = 1,2, ...,p) generates a decomposition of I into 
//-dimensional subintervals. Thus we can form the pendants of the upper 
and lower sum (5.2-1)—(5.2-2) or of the sum (5.2-6). The so-called p- 
dimensional (R)-integral of f(P) on I, denoted by

f f(P)dP, 
(0

(5.6-1)
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arises from these expedients in the same manner as for the one-dimensional 
case.

further, it is natural to introduce the slightly more general con­
cept of (R)-integral relating to a point set (or region),1 where the role of an 
interval / is transferred to an arbitrary (J)-measurable i/-dimensional basic 
set E. Let e1,e2,...,en be pairwise disjoint, (J)-measurable point sets in 
the space Ev for which |J ek = E, and let us denote by Pk an arbitrary 

point of ek (k = 1,2,n). Then the above-mentioned integral / f(P)dP 
(E)

can directly be defined as the limit of a sum £ f(Pk) pj(ek) for the case 

when the maximal diameter of the sets ek tends to 0 [cf. (2.5-1)]. We can 
proceed, however, in another way: if the basic set E is embedded in a finite 
p-dimensional interval I, then the (^)-integral over E can be reduced to an 
integral over I by putting

/ f(P)dP= j fo(P)dP, (5.6-2)
(E) (I) 7

where
f0(P) = / A-P) (P G E), 
JOV ’ [0 (P^E).

The existence criteria 5.3.1-5.3.2 are plainly transferable to higher­
dimensional (7?)-integrals,2 and the connection between the notions of (R)- 
integral and (J)-measure is retained in a certain sense, too. For instance 
the (rc)-integral of a non-negative function /(«!,x2) relating to a planar set 
E means geometrically the Jordan volume of the ordinate set of / over E.

5.63 It is well-known from elementary analysis that a ^-dimensional 
/ /j?ntegra Carn wntten under suitable conditions also as a multiple (in­
fold) integral. [This is why we often write instead of the notation (5.6-1)— 
(5.6-2) several integral signs and instead of dP the symbol dx\ dx2 ... dx^.l 
So the (#)-integral of a function f(xltx2) relating to a rectangle T = 
[ai, oj x [a2,62J can be expressed as a double integral in the following form:

(T)

b-2 bi 
f(x1,x2)dxldx2 = J ff(xi,x2)dxi 

“2 ai
dx2, (5.6-3)

1 In the special cases m = 2 and p = 3 the terms "area integral" and "volume integral" 
are also usual.

(Of a analogue of 5SZ' of course, we have the notion of i/-dimensional null set. 
(VI. 2.03.)

137



provided that /(arx, x2) is (F)-integrable in T and the inner (F)-integral on 
e right exists for any fixed x2 € [a2,62], (Rule of successive integration.)

We mention still that the first mean-value theorem of integral calculus , 
which belongs to the foundation of analysis, can be transferred together with 

(-^)'*nteSra^s higher dimension. Accordingly we can state: if 
/(P) is (F)-integrable in a ^-dimensional interval I, further g(P) is another 
function which is (F)-integrable and of constant sign in I, its (F)-integral 
on I being different from zero, then the quotient

f f(PMP)dP

= f g(P)dP ' (5'6“4)
(F

inte9rad mean of f(P) on I with respect to the weight function 
^P)' lies between inf {/(F)} and sup {/(F)}. Especially, if /(F) is con­

tinuous in the closed interval I, then there exists such a point £ in the 
interior of I for which me[f] = f^).

In case of v < 3, the integral mean (5.6-4) has important applications 
in mechanics (centre of gravity, calculation of moments); hence the term 

weight function”.

5.7 The Stieltjesian generalization of Riemann 
integral

5.71 We know that the extension of Riemann’s integral to functions of 
several variables is possible not only in the form presented in the previous 
section: besides the so-called I'-dimensional (F)-integrals (i.e., double inte­
gral for v = 2, triple integral for p = 3), we can speak about line integrals of 
diverse kinds of functions of two or three variables, about surface integrals 
of functions of three variables, about the vectorial variants of the latter and 
so on.

A characteristic example is the so-called line integral with respect to arc 
length, whose definition is:

J f(P)ds = lim £ f(Pk) (sk - s^). (5.7-1)
(X) *=i v 7

den°tes a continuous and rectifiable planar or spatial curve arc, 
/(F) is a single-valued point function defined along £ (i.e., / may be 
regarded also as a function of two or three variables, respectively). The 
sum on the right relates to a decomposition of £ into n subarcs, Pk being an 
arbitrary point of the A:-th subarc, and sk denoting the length of the curve arc 
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between the initial point of £ and the end point of the A-th subarc. Finally 
the passage to the limit is max (sk - s^-i) —► 0, i.e., the decomposition 
(partition) of £ is to be refined unboundedly. It should be pointed out that 
the “approximating sum” on the right-hand side in (5.7-1) differs from the 
corresponding Riemann sum (5.2-6) formally not more than in the former 
the increment Ask = sk - s^ of the arc length s is written instead of the 
increment Axk — xk — xk_^ of the variable x. Hence we see that, properly 
speaking, two functions are necessary to the definition (5.7-1): f(P) and 
the “arc length function” 5 = s(P), i.e., the length of the curve arc from the 
initial point of 15 to the variable point P of C.

Limits of similar type occur at every turn in numerous chapters of math­
ematical analysis and of geometry, in probability theory (expected value, 
variance moments), as well as in several branches of physics. Particular 
emphasis is to be laid on calculations of moments connected with inhomo­
geneous mass distributions in mechanics and on the study of charge distri­
butions and of potentials in electrostatics. Thus it is justified to discuss 
below at length the further development of Riemann’s integral concept in 
the direction just mentioned, attached in the first place to the name of a 
Dutch mathematician: T.J. Stieltjes (1894).1

5.72 Taking the simplest case for our basis, let us consider a pair 
9(x) of single-valued functions, both being defined in a finite interval 

[a,6j; and on the model of (5.2-6), let us form the so-called Stieltjesian 
approximating sum:

^[f‘,9]= if((k)[g(xk)-!l(xk-i)], (5.7-2)
k=i

where a - x0 < xj < ... < xn = b is a partition of [a, 6], while £k denotes 
an optional point of the subinterval [a:(A = 1,2,...,n). If y[/;o] 
approaches arbitrarily a real number as max (xk - x^f) -» 0, and this is 
independent of the manner of refinement of the partition as well as of the 
choice of the point &, then the number in question is called the Stieltjes (or 
Riemann-Stieltjes') integral off with respect to g on the segment [a, 5] Its 
symbol is 1 J

r 6
J f(x)dg(x) or in short ffdg. (5.7-3)
a a

It is usual to give both for f and for g separate names: f^x) is the integrand, 
g(x) the integrator of (5.7-3).

In the sequel, we shall use instead of the term Riemann-Stieltjes integral 
mostly the abbreviation (RS)-integral; and the existence of (5.7-3) will often

Stieltjes [1]. The concept of Stieltjes integral became known, however, first after a 
lamous result of F. RlESZ on linear operators (1909). (Cf. F. Riesz [7] and 15.1.2.)
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be expressed by saying: f(x) is (RS}-integrable with respect to g(x} in [a, 6], 

The Riemann integral / f(x} dx is obviously a special case of (5.7-3), namely 

it corresponds to g(x} = x; note also that for all g(x} we have

b
J cdg = c (g(b) — 5(a)] (c constant). 
a (5.7-4)

As a non-trivial example, let us calculate the (RS)-integral of an ar­
bitrary continuous function f(x) with respect to a so-called step function 
(i.e., piecewise constant function). J

Accordingly, suppose that there is a decomposition of the finite interval 
[a, J, say a - t0) < <i < • ■ • < tp = b, such that g(x} = ^k (constant) for 

fn • / lu ar?d a are distinct- Furthermore, let us
denote the jump (with sign) of g(x} at point t, by u, (k = 0,1,.. »)• more 
precisely, we put ’

f 5(a + 0) - g(a} 
ui = ) 5(i. + 0) - g(ti - 0)

I g(b} - g(b - 0)

for i = 0, 
fori = 1,2, ...,p- 1, 
for i = p.

(5.7-5)

If a - 5 is another partition for whichnmaY \ • 1 11 1 7 , paiuuun ior wmcnmax (xk x^} is less than the length of any subinterval (ti-^ti) then 
each of the segments x^x*] may contain at most one single point of dis- 
contmuity of g(x}. Thus g(xk} - g(xk_1} takes the value 0 if ^(x) has no 
discontinuity along [it-nn], and otherwise this difference is equal to one 
of the numbers u0, Ui ..., up. Therefore, the result of the limiting process 
max(x^ - x^-J - 0 is the following: * P

0 p
J f^)dg(x) = 'tfMui.
a t=l (5.7-6)

5.73 Anjmmediate consequence of the above definition is the finite 

additivity of f f dg relating to the basic interval, to the integrand and to

the integrator alike [cf. 5.1.2 (II)]. Moreover, it is always 
out a constant c under the integral sign: possible to factor

t 6 b
J cf dg = / f d(cg} = cf f dg. (5.7-7)
a a a 7

There is an important pendant of partial integration for (RS)-integrals 
which is however, not so evident: 6
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5.7.1 If f(x) is (RS)-integrable with respect to g(x) in [a, 6], then g(x) 
is also (RS)-integrable with respect to f(x) in the same interval, and we 
have the formula:

b b
/ f dg + J gdf = f(b)g(b) - f(a)g(a). (5.7-8)
a a

P roof. A rearrangement of the terms in £[/; d yields the following 
identity: °

n
^3 f(£k) [<?(^*) - <7(^-1)] = f(b)g(b) - f(a)g(a)—

~ £ gM [/(^+i) - f(£k)], (5.7-9)
k=0 v 7

where = a, fn+1 = b.
Since the last sum is clearly of the form ^[5; f] where, however, the 

role of the points {a:fc} and {^} is also inverted, further the conditions 
max (xk - Xk-i) -> 0 and max (£j.+1 - ^) -4 0 are equivalent, (5.7-9) 
becomes (5.7-8) as the partition a = x0 < x^ < ... < xn = b of [a, 61 is 
refined unboundedly. J

* * *

(5.7-8) shows that there is a close connection between the (7?S)-integrals 
6 6
f f dg and f g df: any statement on the former has a counterpart about the 
a a
latter. Thus e.g. the above result that the (7?S)-integral of a continuous 
function with respect to a step function does always exist [cf.(5.7-6)], im­
plies at once the (7?S)-integrability of any step function with respect to a 
continuous function.

5.74 Herewith we have arrived at the natural question: which are the 
most general conditions on f and g to assure the existence of an (RS)- 

integral f f dg? 
a

Mindful of the fact that the (7?)-integral corresponds to the choice 
g(x) = x, moreover of the requirements of the most important applications, 
we may assume that the case of monotone increasing integrator functions 
should take a prominent part concerning the subject. Another pertinent 
essential aspect is: if g(x) increases, then its increments occurring in the 
btieltjesian approximating sum are all non-negative, which must be consid­
ered if we want to transfer all the relevant properties of the classical concept 
of integral also to the (^S)-integral.
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1 herefore let g(x) now be monotone increasing in [a, 6]. Then a consid­
eration quite similar to that given in section 5.3 verifies the counterparts of 
the criteria 5.3.1—5.3.2 for (_RS)-integrals:

5.7.2 (I) The (RS)-integral of a bounded function f(x) with respect to 
a monotone increasing function g(x) in a finite interval [a, 6] exists if and 
only if f(x) is continuous at every point of discontinuity of g(x) and the 
condition

n
~ ^(xk-l= 0 (5.7-10)

is fulfilled. Here Xk (k = 0,1,..., n) are arbitrary points of subdivisions in a 
partition o/[a,5], Axk = Xk — Xk-i; and Hj(xk-i,Xk) means the oscillation 
of f belonging to the subinterval [x^_x,Xfc] i.e.,

^f(xk-i,xk) = sup {/(x)}- inf {/(x)}.

(^) A function /(x) is (RS)-integmble with respect to a monotone increas­
ing function g(x) in a finite segment [a, 6] if and only if f(x) is bounded in 
[a, 6], moreover it is there continuous except possibly some points constitut­
ing a null set with respect to g(x).

The last mode of expression means the following: a point set E is said 
to be null set with respect to g(x), if to any e > 0, however small, countably 
many such intervals covering together E can be attached, each of them ends 
at points of continuity of g(x)] furthermore, the sum of increments of ^(x) 
corresponding to these intervals is less than e.1 It is evident that for g(x) = x 
we get the definition of the ordinary null set.

The generalization 5.1.2 (II) of Lebesgue’s criterion furnishes valuable 
sufficient conditions for existence of Stieltjes integrals:

b
5.7.3 An (RS)-integral f fdg, taken on a finite segment, exists surely 

a
if in [a, 5] (I) f(x) is continuous and g(x) is of bounded variation or (II) 
f(x) is (R)-integrable and g(x) is absolutely continuous.

P r o o f. (I) If f(x) is continuous in [a, 6], then the set of its points 
of discontinuity is empty, i.e., it is trivially a null set with respect to any 
monotone increasing function. Hence by 4.5.1 and by the finite additivity

Hereby we mean a sum of the form - s(«)]> extended to all intervals (a,^)
of the covering system in question. In the case g(x) = x, this reduces simply to the total 
length of the interval system.
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of (-RS)-integrals, the (55)-integrability of /(z) with respect to any g(x) of 
bounded variation follows, too.

(II) Suppose that /(x) is (-R)-integrable in [a, 6] and let q(x) be a func­
tion monotone increasing and absolutely continuous in the same interval. 
Then f(x) is bounded and its points of continuity form a null set Ef by 
5.3.2', it is easy to see that Ef is at the same time a null set with respect 
to q(x). r

Let us regard a finite or countably infinite system of not overlapping 
intervals [a,^] C M], which covers Ef. By the definition of absolute conti­
nuity, the sum 22 [q(P) - ?(«)] becomes arbitrarily small as - a) —> 0 
[cf. (4.6-2), (4.6-3)]; but Ef being a null set, ^(P ~ a) can be as small as 
we please.

Thus the criterion 5.7.2 (II) yields the existence of J fdq. Hence 
b 11

follows, however, also the existence of f f dg, where g(x) is an arbitrary 

absolutely continuous function; namely by 4.6.2, any such function can be 
written as the difference of two monotone increasing absolutely continuous 
functions.

* * *
5.75 As mentioned before, in the case of an increasing integrator func­

tion certain fundamental properties of the (7?)-integral can be transferred 
to the (^S)-integral.

For instance, the definition of (7?S)-integral and 5.7.3 yield:

5-7.4 For monotone increasing g(x) we have

b b
f fi(x)dg(x) < J f2(x)dg(x) (5.7-11)
a a

if only
< f2(x) (a < x < b) (5.7-12)

and both integrals in (5.7-11) exist. Especially, any (RS)-integral with 
non-negatwe continuous integrand and increasing integrator is itself non- 
negative.

Another simple proposition of this kind:

5.7.5 (Mean value theorem for Stieltjes integrals) If f(x) is 
bounded and g(x) is monotone increasing in a finite interval [a, 6], then

b
(Ian6fl(^P /) [</(*) - 5(a)] 

’ a [a,6] 
(5.7-13)
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whenever the (RS)-integral in the middle exists. Especially, in case of a 
continuous integrand and increasing integrator the equality

a
(5.7-14)

holds, where £ is a suitable point of (a,bff

Proof. (5.7-13) is a direct consequence of 5.74, (5-7-4) and (5.7-7) 
on the basis of the assumptions regarding the functions f(x) and g(x). The 

. . b
continuity of f and the monotony of g assures the existence of f f dg by 

5.7.3 (I). As regards the formula (5.7-14), in the case g(a) = g(b) it follows 
trivially from (5.7-13); if g(a) 4 3(b), we have to take into consideration 
that the quotient

b
J fdg 
amlf^] = ~b----  
/ dg

(5.7-15)

the so-called Stieltjes integral mean of f with respect to g on [a,5], is a 
number between maxf and min/ by (5.7-13), so that f must take the 

[a,6] [a,6]
value (5.7-15) somewhere in (a, b) by the Weierstrass theorem.

* * *

We also insert a particular estimation formula for (RS)-integrals.

5.7.6 If f(x) is continuous and g(x) is of bounded variation on a finite 
segment [a, 6], we have the inequality:

f f(x)dg(x) < (max/) -Vg(a,b) (5.7-16)

where Vg(a,b) denotes the total variation of g(x) in [a,6],2

2 Cf. 4.41 and 5.7.3.

1 As we see, (5.7-14) generalizes the so-called first mean value theorem of the integral 
calculus. We note still that its counterpart, the second mean value theorem (which is 
applied much more rarely) can be proved on the basis of the theory of Stieltjes integral 
more easily, than in the framework of Riemann’s theory.
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In fact, in case of such a pair of functions f,g the Stieltjes sum (5 7—2) 
can be estimated as follows:

la>*J k=i

< (max f)-Vg(a,b). (5.7-17)
[a,6] ' '

Since this is valid for an arbitrary partition of [a, b], by the limiting process 
max (xx — xk~i) —> 0 (5.7-17) becomes (5.7-16).

5.8 Connection of (RS)-integrals with 
(^"integrals; Radon’s and Burkill’s integral

Let US deal n°W With the simPlest general method of calculation 
of the Riemann-Stieltjes integral. It will be shown that if we restrict slightly 
one of the existence conditions presented in 5.7.3 — namely on the assump­

tion that g'(x) exist and is (^)-integrable — J f dg is transformable into a 

Riemann integral.

5 .8.1 If f^ is (R)-integrable and g(x) has ^-integrable derivative 
on a finite segment [a, 6], then

b b
J f(z)dg(x) = J f(x)g'(x)dx. (5.8-1)
a a

1 roof. Let f and g be a pair of functions satisfying our conditions 
and let us consider a partition a = x0 < < ... < xn = b of [a, 61, together
with certain points & 6 , x*,] (k = 1,2,..., n).

A number e > 0 being given, we can choose = ^(£) in such a way 
that for max (a:^ - xk-i) < the inequalities

%k — Xk—i - nW E 
2M(b-a) (k =

are valid, where M = £ {|/(x)|}. This follows from the derivability of 
®6[a,6]

and frOm an elementary property of the difference quotient [cf. 
(3.7—2)].
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Therefore we get for the deviation of the sums

E[/;s] = E f(Ck)[g(xk) -5(^-1)], 
k=l

E*[/;s] = E f^k)g'^k)(xk - xk^ 
k=l

on the condition max (xk — Xk.,-^ < ^:

IE[/;5] - E*[/;?]| < E l/(6)| • —Axk - x^) < |. (5.8-2)
fc=l AlvlyO — CL) 2

On the other hand, ET[/;5] is nothing else but the Riemann sum of 
the function f^g'^x) associated with [a,6] [cf. (5.2-6)], and fg' is (72)- 
integrable in [a, 5] by assumption. So there exists a number 62 = ^(f) > 0 
such that

E*[/iff] ~ J f^g'^dx if only max (xk - x^) < 62. (5.8-3)

The combination of (5.8-2) with (5.8-3) gives:

b
E[/; s] - J f^g'^dx <IE[/;s]-E‘[/;s]| +

E*[/is] - J f(x)g'(x)dx

provided that max (xk - x^ < min^,^).
Since e > 0 can be however small, the result is:

b b
= ( = J

i.e., the assertion.

* * *
Note that (5.8-1) can 

(a < x < b) in the form:
be written by the notation g'^x) = g(x)

b b
J f^Q^dx = J f(x)dg(x). 
a a

(5.8-4)
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Accordingly, the (R}-integral of the product of two functions can always 
be interpreted as an (RS)-integral, if only one of the factors possesses a 
primitive; namely, this primitive function will be the integrator of the (RS)- 
integral in question. Let us recall the fact that the (7?)-integrabihty of a 

the existence of a Primitive of it are two independent features 
^CI. D.DOJ.

5.82 The extension of the concept of Riemann-Stieltjes integral to 
the case of an infinite basic interval or of an unbounded integrand can be 
realized in the same way as we have seen it in 5.61 in connection with the 
Riemann integral. (Improper (RS)-integrals.)

The generalization to functions of several variables starts with the ob- 
the diff"rence - X^-i) figuring in the approximation 

sum (5.7-2) can also be considered as the value belonging to fz*, of 
an additive interval function g(/3} - g(a\ which is non-negative in the dis­
tinguished case when g(x} is monotone increasing.

After these, the Riemann-Stieltjes integral of a one-valued function 
glVen in,a/'-dimensional finite interval I and associated with an 

additive interval function G(j) whose domain consists of some subintervals 
01 y, is defined and denoted by

/ f(P}G(dj} = lim £ f(Pk)G(jkf
(I) k=l (5.8-5)

(The alternative, shorter name of this notion is Radon integral.}1 On the 
right-hand side jk (k = 1,2,..., n) is such a finite system of pairwise disjoint 

"'dimensional intervals for which |J jk = I; Pk means an optional point of 

jk, and the limiting process is that the measure of each jk tends to 0.

1 Radon [1],

For the integrals of type (5.8-5), we have results analogous to those 
found in the one-dimensional case, if first the notions: monotone increas­
ing, absolute continuous functions and the concept: function of bounded 
variation are introduced in a suitable way. (Cf. 4.65.)

The higher-dimensional Stieltjes integrals can also be transformed into 
(7t)-integrals on rather general conditions. Concerning this topic, there is a 
iiseful term, the so-called derivative with respect to region, a typical example 
oi it being the definition of local density.

(AM 
q(P} = lim ——.

Ap (5.8-6)

Here A/i denotes the (J)-measure of a region containing the point P, and 
(5 8-1H5 $ 4)]correspondins quantity of mass. [Cf. (5.6-4), (5.7-15),
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5.83 In any case, the introduction of interval functions into the theory 
of (7?5)-integral involves a further generalization possibility. In particular, 
if we consider products like [<?(/?) - p(a)] and G^f^P) [cf. (5.7-2), 
(5.8-5)] as such extended kinds of interval functions, whose values depend 
also on the choice of £ e [a,0] and P e j, respectively, then we reach the 
limit expression of the following type:

n
J ¥>( dj) = lim £ (5.8-7)

(Z) *=1

Here is a fixed, j a variable interval in denotes an arbitrary (not
necessarily additive) interval function defined for every subinterval of I\ 
furthermore, the right-hand side sum relates to a decomposition of I into 
finitely many disjoint subintervals jk (k = 1,2, ...,n), and the passage to 
the limit is the same as in (5.8-5).

Though the so-called Burkill integral (5.8-7) permits interesting appli­
cations in analysis and geometry1, in what follows we prefer instead that 
branch of integral theory which has attained the highest importance since 
the turn of the century. It can be attributed mainly to the work of H. 
Lebesgue.

1 Cf. Burkill [1],
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CHAPTER 6

LEBESGUE’S MEASURE AND INTEGRAL. 
MEASURABLE FUNCTIONS

6.1 Elements of Lebesgue’s measure theory

6.11 Riemann’s concept of integral is sufficiently general for classical 
analysis, geometry and physical applications, though it is not difficult to 
construct bounded functions which are not (R)-integrable. (Cf. e.g. 5.41 
and 5.55.) In Chapter 5, however, certain inadequacies of the (R)-inteqral 
were also elucidated:

I. The limiting process generally takes out of the class of (R)-integrable 
functions, and thus the termwise integration of sequences or series of 
functions can often be carried out on too strong conditions.

II. The classical integral concept does not allow to invert fully the operation 
of differentiation and to give a primitive in every case, when such a 
function exists at all.
Both defects gain importance if we think over that the limiting process 

is a fundamental operation of the analysis, and the inversion of derivation, 
as well as the search for primitives are also all-important problems.

The development of mathematics in this century has shown that Rie­
mann’s integral theory is quite modelled on the properties of continuous func­
tions . Consequently — as will be demonstrated later — the (7?)-integral 
as a mathematical expedient is not fine enough to disclose some deeper and 
overall new connections which have arisen since the early 1900’s in analy­
sis and its application fields (first, in the theory of the so-called orthogonal 
series).

On the basis of all these, we are going to treat thoroughly the more 
general integral theory of Lebesgue which eliminates for the most part the 

ifficulties above mentioned, and is founded on an appropriately extended 
theory of measure.2

6.1 2 Let E be a bounded set of the Euclidean i/-space. The concept 
of outer (exterior) Lebesgue measure p^E} [briefly: outer (Z)-measure] has

1 Cf. 5.3.2.
2 The first systematic discussion of these topics was given by H. Lebesgue later 

prolessor at the University of Paris, within the framework of his thesis entitled “Inteerale 
•WX M9^\rndrPr^dcnd^ °f him’ dur*n8 ^e years at the turn of the century^ 

so Borel [2], G. Vitali [1] and W.H. Young [1]—[2] considerably contributed to the 
lormation of modern measure theory.
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already been introduced in connection with covering theorems in 2.62. We 
know: this is more general than the outer (J)-measure Jij{E) only so far as 
in the definition of /j,l(E) the number of intervals covering E may be finite, 
and countably infinite, too.

Now, like the relationship (5.1—1) between outer and inner (<7)-measure, 
the inner (interior) Lebesgue measure ME) (in short: inner (Z)-measure) 
is defined by

~ Ml - E). (6.1-1)

where I denotes a p-dimensional finite closed interval containing E. (The 
existence of such an I is assured by the boundedness of E.)

Consequently, the inner (T)-measure of E and the outer (Z)-measure of 
its complement with respect to I are interlinked by the formula

^) + Ml(CE) = |/| {EC I).

It is clair that vL{E) does not depend on the choice of I and it also possesses 
the property (2.6-3) of/7L(£).

We verify at once that it holds for any bounded set E:

0 ME). (6.1-2)

Let us cover both of E and CE = I — E by a system of p-dimensional 
open intervals whose total measure is and respectively. Every point 
of I is plainly inside one of such an interval; this remains true if suitable 
subsystems of countably many intervals in the two covering interval systems 
are considered. Since the sum of total measures of the latter is at least |Z|, 
we have the inequality(*) M > |/|. But in (*), and / can approach 
arbitrarily the values fii,{E) and /zL(C£), respectively; therefore we obtain

^) + Ml(C£)> |Z|.

Hence follows
ME) > |Z| - JiL{CE) > 0

which is by (6.1-1) equivalent to (6.1-2).
Especially any set E for which ME) = M-E) is said to be Lebesgue 

measurable (briefly: (L)-measurable). In this case, the common value of the 
outer and inner (Z)-measure is called the Lebesgue measure [(L)-measure] 
of E, and it is denoted by m,{E) or simply by |

1 he latter notation refers to the fact that it is a strong extension of the concept of 
interval measure. According to the above, the notion of (Z)-measure is defined for bounded 
sets only; so here and in the sequel, (L)-measumbility always implies the boundedness of 
the set.
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Each measure being non-negative, the condition ^(E) = 0 implies 
— 0 by (6.1-2); thus every null set is (L)-measurable with (Z)- 

measure 0. (This is also why the term “set of measure 0” is used .)
Evidently, any (J)-measurable set E is at the same time (Z)-measurable, 

and we have /j,l(E) = pj(^E)', so every interval or an arbitrary system of 
finitely many intervals is (Z)-measurable, and their (Z)-measure is identical 
with the (ordinary) measure. On the other hand, it is easy to give examples 

(T)-measurable but not (Z)-measurable sets, such as on the number line 
the set of rational points of a finite stretch, or on the plane the ordinate 
set belonging to a finite [a, 6] of the function (1.6-1). (Both have the 
(Z)-measure 0; cf. 2.6.2.) Therefore, the (Z)-measure is a generalization 
of Jordan s measure; we have to examine, whether it possesses the basic 
properties mentioned in 5.11, which are natural requisites of each concept 
of measure.

6.13 First of all, we point out that 5.1.2 (I) plainly remains true for 
Pl(E). As regards the additivity of measure concept, the proposition 5.1.3 
can also be transferred together with its proof, so that we obtain:

6:1.1 Let Ei, E2 denote arbitrary v-dimensional point sets.
{I) If Ei and E2 are bounded, there hold the inequalities:

J pL(Ei U E2) + p^Ei n E2) < pL(Ei) + p^E^,
I ^(Ei u e2) + pL(Ei n E2) > pl(Ei) + pl(e2). (6->3)

(ZZ) If Ei and E2 are (L)-measurable, then Ei U E2 and Ei D E2 have 
the same property, furthermore

\EiUE2\ + \EiOE2\ = \Ei\ + \E2\. (6.1-4)

In particular, we have

|Ei U E2| = |Ei| + (E2|, (6.1-5)

when the intersection of Ei and E2 is a null set.
_ (6.1-3) implies e.g. in the case of EjUE2 = Q the inequality pL(EiUE2) 
^dEi); moreover its successive application to the pairs of sets (Ei U E2) 

and E3, after to (Ei U E2 U E3) and E4 etc. yields:

£l(Ei U E2 U ... U En) > £l(Ei) + pL(E2) + • • • + ^En), (6.1-6)

where Ei,E2,... ,En are all bounded and disjoint by pairs. [For outer (Z)- 
measures, an opposite inequality is valid also in case of non-disioint sets- 
cf. (2.6-4).]
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From the second part of 6.1.1, it follows similarly by induction for 
optional (Z)-measurable sets:

|£q U £2 U ... U l?n| < |£i| + |K| + ' • • + |-EnI; (6.1~7)

and here the sign of equality holds, if the sets have no point in common with 
one another.

6.14 It is to be emphasized: the great significance of Lebesgue’s concept 
of measure is due just to the fact, that the last statement — contrasted with 
the case of Jordan’s measure — may be extended to countably infinitely 
many sets, too.1

6.1. 2 (Total additivity of the Lebesgue measure)  Let Ei, 
E2,... be pairwise disjoint, (Lymeasurable sets whose union is bounded.

2

1 The outer (or inner) (L)-measure alone does not possess the property of additivity. 
It is also remarkable that — although the so-called choice or Zermelo’s axiom enables 
us to give a not too complicated example of non-(L)-measurable set (cf. Vitali [2]) — 
Lebesgue’s concept of measure is the only one which satisfies certain natural requirements 
of the general theory of measure. (For example, the condition that the measure of any 
bounded open linear set should be equal to the total length of the intervals in its normal 
representation; cf. 2.4-4 )

2 Alternative terms for this property: countably additivity or a-additivity.

OO
Then the set (J En is (L)-measurable as well, namely 

n=l
00 00

I u KI = E IKI- (6.1-8)
n=l n=l

Proof. Since now pL(En) = Ml(K) = |K| (n = 1,2,...), we have 
by (6.1-6) for every n:

(
00 \ / n \ n

U K >el U K > EIKI;
n=l / \Jc=l / fc=l

hence we can conclude the convergence of the right-hand series in (6.1-8) 
and the inequality

00 / 00 \
EIKI<mJEK • (6.1-9)
n=l \n=l /

On the other hand, using the properties (2.6-4) of the outer (L)-measure 
we get

(
00 \ 00 00
U K < Eml(K)= E IKI; (6.1-10) 
n=l / n=l n=l 
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and combining this result with (6.1-9), it follows:

(
OO \
U

n=l /

00 / 00 \
< E l^n| <^L( U £n 

n=l ~L \n=l / (6.1-11)

• i^"2)’ tWs ? P°ssible onIy if first and third terms are equal,
i.e., hjU^U... is (Z)-measurable; thus (6.1-11) becomes (6.1-8).

* * ♦

If ^1, ^2,- • • are arbitrary (Z)-measurable point sets in the Euclidean 
p-space which are contained by a finite interval I, then denoting by IE the 
meet of E1UE2IJ.. .UEn_j and En (n > 2), the sets Eu E2-H2, 
will be pairwise disjoint. So application of 6.1.2 to the latter yields:

6.1.3 (/) The union of countably many (L)-measurable sets En is al- 
ways(L)-measurable if it is bounded; (II) the (^-measure of this union 
satisfies the inequality1

I U£n| < El-^nl- (6.1-12)
n n v 7

Wemay add that on the same assumptions on En, (2.6-4) also implies 
the limit relation:

00 n
1 4 = । U (6.1-13)
n=l n *°o '

Furthermore, it is a simple corollary of 6.1.3 (I):

6.1 4 The intersection of countably many (L)-measurable sets En is 
always bounded and (L)-measurable.

In fact, we have by (1.1-4) for the complements with respect to the 
basic interval I:

I-OEn = ^I~En)- 

n n

<m the right-hand side is (£)-measurable, the same 
holds for the difference on the left, i.e., for the bounded intersection Q En, 
too.

At the same time, we obtain the pendant of (6.1-13):
n

00 n
I n £n| = lim I n EJ, 

n=l n—»oo £=i (6.1-14)

presuming that the right-hand side limit is finite.

““ "V m ±~), then
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From what has been said we see that all the (Z)-measurable sets of the 
Euclidean i/-space form such a Boolean ring, of which not even the applica­
tion countably infinitely many times of the union and meet operations does 
take out, provided that the restriction about boundedness of the occurring 
sets is dropped, and +00 is also admitted as an (improper) (Z)-measure. We 
know that a set system of the mentioned type is called a-ring or Borel’s field 
of sets. We may speak also about a o-algebra, because the whole space Ev 
can be represented as the union of countably infinitely many p-dimensional 
intervals. (Cf. 1.51.)

6.2 Geometric introduction of the Lebesgue 
integral of a function of one variable; upper and 

lower Young integrals1

1 Cf. Lebesgue [1],[3] and [4], further W.H. Young [3], L.C. Young [1],

6.21 As we have shown, the (Z)-measure proves to be more flexible 
and more applicable concerning limiting processes than the Jordan measure. 
Therefore it is to expected, that the utilization of Lebesgue’s measure theory 
furnishes (through an analogous train of thought which has conducted in 
Section 5.2 from the (J)-measure of planar sets to the ordinary (jR)-integral) 
another concept of integral — not only more general than that of Riemann, 
but also more valuable in several respects mentioned at the beginning of 
this chapter.

Let us consider a function y = /(x) defined on a finite interval [a,6], 
single-valued and bounded there; assume first also that /(x) > 0 
(a < x < b). Since the ordinate set Y (f; [a, &]) of /(x) (cf. 5.21) is bounded, 
so the outer and inner (T)-measures of this planar set are finite. The former 
is called the upper, the latter the lower Young integral of /(x) on [a, 6]; they 

b b
are denoted by the symbols: f f(x)dx and J f^dx, respectively. If 

a a
these two numbers are equal, i.e., if Y (/, [a, 6]) is an (L)-measurable planar 
set, then we say that /(x) is Lebesgue integrable [briefly (L)-integrable] in 
[a, 6]. The (Z)-measure \Y(f; [a, 6])| is called the Lebesgue integral [in short:

b
(L)-integral] of /(x) on [a, 6], and it is denoted by f /(xjdx.

a

The question can be raised immediately: is it possible to express these 
three numbers by means of sums of similar type as those given by the 
formulae (5.2-1) and (5.2-2)?

The answer is affirmative: let us divide the line segment [a,6] (instead 
of subintervals) into finitely or countably infinitely many, pairwise disjoint,
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(Z)-measurable subsets Ek in any possible way1, and form in the case of each 
such decomposition the so-called upper and lower Young sums, respectively:

1 Ek may consists of one single point, too. The reason that we also need here 
decompositions into (countably) infinitely many parts of [a, 6], further, we may not restrict 
ourselves to subintervals only, can be attributed to the concept of outer (Z)-measure

S = ^\Ek\Mk, (6.2-1)

5 = S (6.2-2)

where Mk and mk mean the supremum and infimum of the values of J\x) 
taken on Ek. (In the case of infinitely many subsets Ek, the convergence 
of the right-hand side infinite series is assured, because we have by 6.1.2 
L, |£*| = b - a, and the numbers — by the boundedness of f(x)

— do not exceed a common bound for every k.)
It is easy to see that the infimum of all possible sums S is the upper 

Young integral, the supremum of all the sums s is the lower Young integral, 

and if both Young integrals are equal, their common value is f f(x)dx.

The product obviously yields the (i)-measure of the ordinate 
set belonging to Ek of the function y = Mk (constant), while S is the (L)- 
measure of the union U of all such ordinate sets (cf. 2.4.4, 6.1.2). Any set U 
associated with a decomposition of [a,6] contains Y(/;[a,5]); on the other 
hand, every (finite or countably infinite) planar interval system covering 

(/, [a, 6]) can be reduced to either of the sets U by omitting certain points. 
Thus the outer (Z)-measure of Y(f; [a, 6]) must be equal to the infimum of all 
the numbers |£7| = S, as asserted above. The case of the inner (Z)-measure 
is reducible to the former by (6.1-1).

For instance, in the case of the Dirichlet function (1.6-1) we have on 
every interval [a, &]:

(L)f X(x)dx = ^L^fx(x)dx = J x(x)dx = 0. 
a a a

In fact, for X(x) every sum s has the value 0^ At the same time, there 
exists such a decomposition of [a, 6] for which 5 = 0; namely it is enough 
to put Ei — [a,6] - {pn}, E2 = pi,E3 = p2,..., where {pn} is a sequence 
containing all the rational numbers in [a, 6], Furthermore, it holds clearly 
for an arbitrary decomposition: 5 > 0.

6.22 Now, the above notions and notations can be transferred directly 
to bounded functions of arbitrary sign, considering that the Young sums
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S,s keep their meaning for all such /(a:). Accordingly, the definitions of 
upper and lower Young integral are the following:

b
(L)f f^dx = inf{£}, (6.2-3)

a 

b
^ff(x)dx = sup{s}, (6.2-4)

a

where the infimum and supremum relate to the totality of decompositions of 
[a, 6] of the above mentioned type. Since — like the case of Darboux sums 
— for any pair of decompositions in question the inequality s < S holds, we 
get:

6 b
^Jf^dx <^f f(x)dx. (6.2-5)

a a
If here the sign of equality is valid, then f(x) is said to be (L)-integrable 

in [a, 6], and the common value of the Young integrals, i.e., the number

b
{L)J dx = inf{5} = sup{s} (6.2-6)

a

is called the Lebesgue integral [briefly (I)-integral] of f(x) on [a, h].1

1 Instead of the term “f(x) is (L)-integrable”, we can also say: “the (£)-integral of
f(x) exists”.

From the above we get simply an existence criterion which corresponds 
to 5.3.1: f(x) is (£)-integrable in [a, 6] if and only if to any given e > 0 
we can find a decomposition [a, 6] = of the above type, for which the 

£ 
so-called oscillation sum

~ s = ^\Ek\{Mk-mk} (6.2-7)

is less than e; the name of the difference Q^E^ = Mk-mk is the oscillation 
of f^x) on the set Ek.

6.23 Some trivial consequences of the definition of (Z)-integral are:

(L)f (AC®) + AC®)] dx = f^x)dx + ^ J f2(x)dx (6.2-8) 
a a a

and
4 4
f cf(x)dx = c f(x)dx (c constant) (6.2-9) 

a a
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whenever the (L)-integrals on the right exist. In particular: (L)JOdx = 0,
6 “
/ 1 dx = b — a.1 
a

1 a b
It is advisable to write also for (Z)-integrals: f f(x)dx = - f f(x)dx.

2 t a

Therefore fw(x) [ or /(_j(x)] is identical with fix) at points where the function 
takes positive (or negative) values, and vanishes at any other point.

We add still:

6.2.1 If f(x) is (L) integrable in a finite interval [a, b], then
(I) its (L)-integral exists also on every subinterval o/[a,b];
(^) arid the so-called positive and negative part of f(x) i e the 

functions ’

A+)(x) = 2 ’ A-/*) = ^ [/(*)-l/(*)l], (6.2-10)

are (L)-integrable on the same segment?
These statements enable us to clarify the geometric meaning of the (L)- 

mtegral for any bounded function:

b
(L^ff(x)dx = iy+(f;[a,b])l-lY_(f;[a,b])l, (6.2-11)

and denote the parts of the ordinate set
r (/, [a, oj) lying above and below the a:-axis, respectively.

6.3 Lebesgue’s original definition for the 
(L)-integral of a bounded function; 
(L)-integrability and measurability

6.31 Although the representation (6.2-6) of (T)-integral is the most 
natural further development of Riemann’s concept of integral, the Young 
sums 5 and s (which are generally infinite series) are difficult to handle. An 
idea due to Lebesgue offers a more favourable procedure: considering that 
the existence of the integral depends on the oscillation sum (6.2-7), select 
the subsets Ek so that we know the corresponding oscillations Qk from the 
eginning, then try to substitute S and s for certain finite approximating 

sums relating to the subsets just mentioned. This can be realized plainly 
in such a manner that we divide first a segment of the y-axis (instead of 
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the x-axis) into finitely many subintervals Ik, and choose as Ek the point 
set on the axis of abscissae which is associated with Ik, i.e., put Ek - {x : 
f(x) E A}-1 At the same time the process renders it possible to arrange the 
approximating sums according to increasing function values (ordinates), and 
a discussion of the “refinement” of the decomposition becomes easier, than 
in the case of the sums (6.2—1) —(6.2—2), modelled on Riemann’s pattern. 
The example of the function (1.6-1) can illustrate as well, how useful the 
indicated transcription of S and s may be, especially in the case of very 
discontinuous functions'. x(F) “oscillates” on any (however small) segment 
of the x-axis between 0 and 1, but its codomain on the t/-axis is extremely 
simple, consisting of two points only.

Let us now study Lebesgue’s method in detail for some single-valued, 
bounded function y = /(x) (a < x < b).

Let [A, B] be a finite segment of the y-axis which contains all the values 
of fix’) taken in [a,&]. Any subinterval [a,/?] C [A,B] is associated with 
the totality of those points x of the axis of abscissae where the value of f 
belongs to [a, /?], i.e., with the set {x : a < /(x) < Next consider a 
partition A = y0 < yi < ... < yn = B of [A,B], and attach to it the sums

k=i
(6.3-1)

n
SL = E Nj/fc-!, 

k=l
(6.3-2)

where ek = {x : y^ < /(x) < yk)} (k = l,2,...,n - 1) and en = 
: Vn-i < /(z) < Vn} ■ Sl and sl are the so-called upper and lower

Lebesgue sums of f belonging to [A,B], respectively.3

3 In case of a monotonic continuous function, SL and sL are Darboux sums of the 
function f as well. [Cf. (5.2-1)—(5.2-2).]

In order to form the sums (6.3-1)—(6.3-2), all the (Z)-measures |q| 
(k = 1,2,..., n) need to exist, i.e., each set ek is (Z)-measurable. (In Fig. 
ek is the intersection of the system of ordinate sets drawn obliquely with 
the x-axis.) Thus the application of Lebesgue’s procedure presupposes the 
following restriction on the function f:

(’) For every subinterval [a,/?] c [A,B], the corresponding point set 
{x : a < /(x) < /?} should be (L)-measurable.

According to the definition of Lebesgue sums, the sets ek are pairwise 
disjoint and their union is the whole interval a < x < b, further by 6.1.2 we

It is worth mentioning that the same method fails for simple continuous functions, 
if we use the Jordan measure Hj(Ek) instead of |£*|. The concept of (L)-measure may 
be regarded as the main result of Lebesgue.

2 If such a point x does not exist, then {x : a < f(x) < 6} = Q which is a null set 
by definition.
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have |ei| + |e2| + • • • + |en| = b - a-, hence the sums (6.3-1)—(6.3-2) are, so 
to say, “almost” specialized Young sums. [Cf. (6.2-1)—(6.2-2).]

More precisely, on the one hand for the sums

__ n ___ /___ \
Sl = 12 ( Mk = sup {/(a:)} ) , (6.3-3)

fc=i \ xee* / 7

= E \ek\mk lmk = inf {/(x)} ) ; (6r3-4)
A=1 \ ^^k / ' 7

on the other hand for the above Lebesgue sums we have by yk_\ < mk < 
Mk < yk the inequalities

sl < sL < SL < SL; (6.3-5)

and there holds sL = sL or SL = SL in the case if /(x) takes on ek also 
the values yk_x and yk, respectively, or at least it approaches these numbers 
arbitrarily.

6.32 After this, it is justified to look for a connection between the 
Lebesgue integral and the sums (6.3-1)—(6.3-2), provided that the latter 
are not meaningless, i.e., that condition (*) is fulfilled. Going further, we 
want to show that restriction (*) is equivalent to the existence of the integral

f(x)dx, and that the expression of (Z)-integral by means of Lebesgue 

sums is equivalent to the representation (6.2-6) as well.
First it is advisable to introduce the concept of measurable function, re­

lated to condition (*). A single-valued function f(x), defined on a bounded 
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linear set E is called measurable, if for any prescribed number c the set of 
points x where the value of f is less than c, is (Z)-measurable.1 Geometri­
cally: {x : f(x) < c) is obtained by projecting that part of the image of /(x) 
which lies below the straight line y = c to the x-axis. The measurability of 
A1) on a bounded set E clearly implies that E itself is (Z)-measurable.

Note that we get equivalent definition forms if we replace here the 
condition f(x) < c by any of the three conditions /(x) < c, /(x) > c, 
/(x) > c; the corresponding sets of the type

{x : /(x) < c), {x : /(x) < c}, {x : /(x) > c), {x : /(x) > c}, (6.3-6) 

are the so-called level sets of /(x).
In fact, the fourth among the sets (6.3-6) is a complement of the first 

one, and there is a similar connection between the third and the second 
set. Thus it is sufficient to show that e.g. the (Z)-measurability for every 
c of {x : /(x) > c) follows from the same property of {x : /(x) > c}, and 
conversely, but this is immediately seen by means of the representations 
(cf. 6.14):

°° ( 1 'i
{x : /(x) > c} = |J k : /(x) > c + - k 

n=l I J
oo f

{x : /(x) > c} = n \x : f(x) > c - - k
n=l I nJ

The measurability of a function f(x) defined in [a, 6] is equivalent to the 
above condition (*). Any set {x : a < /(x) < /3} can be written in the form 
{x : f(x) < ZO ~ {x : f(%) < a}, furthermore, we have for every c

OO
{x : /(x) < c} = U {x : c - n < /(x) < c} . 

n=l

Now, we can point out:

6.3.1 If f(x) is bounded and measurable in [a, 6], then the infimum of 
its upper Lebesgue sums is equal to the supremum of its lower Lebesgue sums; 
moreover f(x) is (L)-integrable in [a, 6] and

b
f(x)dx = inf{S£,} = sup{sL}. 

a (6.3-7)

The notion measurability of a function” relates always to the totality of points x 
in consideration; if no basic set is given, then to the domain of definition of the function.
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Proof. According to our last observation, to any partition of the 
interval A < y < B containing the codomain of y = f(x) we can attach the 
corresponding sums (6.3-1)—(6.3-2).1

1 It is evident that f f(x)dx does not depend on the choice of [4, B], because in
a

the Lebesgue sums all the terms vanish which relate to subintervals i.m.1 containine
no value of f(x). 6

1° Like the behaviour of Darboux sums: if a partition A = y^ < yl < 
• • • < yn = B is “refined” by inserting a new point of subdivision, then 
the uppei Lebesgue sum cannot increase, the lower one cannot decrease. 
Namely, if we insert e.g. a point % 6 (^-i,yj on the Ar-th subinterval, then 
the sum Sl relating to the new (enlarged) partition will contain instead of 
iqI yk the terms

< /(*) < %}| % + |{x : r]k < f(x) < ^}| yk- 

and this “contribution” does not exceed

Vk (U> :yk-i< < ^}| + |{x : % < f(x) < ^}|) = ^|efc|, 

while the remaining terms of SL are the same as before.
The assertion on sl can be verified similarly.
2 We know (cf. (6.3-5)) that sl < Sl, if both Lebesgue sums belong 

to the same partition.
Consider now a lower sum sl relating to a decomposition A = yQ < 

y\ < ... < yn = B and an upper sum S*L belonging to another partition 
A = Fo < } j < ... < Yn — B. If these two decompositions are joined into 
one single partition A = u0 < U1 < ... < Um = B, the latter will contain 
at least one new point of subdivision in comparison with the original two 
partitions; so we obtain by 1° the inequalities s'L > sl,S'l < S^, where 
s'l^l denote the lower and upper Lebesgue sums, respectively, associated 
with the joined partition of [A,B], Since s\ < S'L, it follows that sL < Sf.

Accordingly, each element of the set of lower (L)-sums is bounded from 
above by any element of the set of upper (Z)-sums, and hence also

sup{sL) <inf{SL}. (6.3-8)

3 Finally, estimate the difference of Sl and sl in the case of a common 
partition. Using the foregoing we get

n
o < Sl-sl = £ IqKj/A: - yk-i) < max^ - y^^b - a), (6.3-9)

and the last bound tends to 0 as max(^ - y^) - 0. This result implies 
that the sign of equality holds in (6.3-8), i.e.,

inf{SL} = sup{sL). (6.3-10)
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With regard to (6.3-5), we conclude from (6.3-10) that at the same 
time inf{S£,} = sup{sL}, and this value must be identical with the value in 
(6.3-10). In other words [cf. (6.2-6)]: /(x) is (Z)-integrable on [a,b], and 
we have (6.3-7) as asserted above.

* * *

6.33 Theorem 6.3.1 involves an important criterion on the existence 
of (Z)-integral.

6.3.2 A function bounded in a finite interval is (L)-integrable there if 
and only if it is measurable.

Proof. Let us denote the interval in question by [a, 6], and the single­
valued function defined and bounded on it by y = f(x). We have seen before 
that the measurability of f(x) implies its (L)-integrability in [a, 5],

Conversely: let us suppose that f(x) is (I)-integrable on the segment 
a < x < b. Then the whole ordinate set Y (/;[a,6]) is (Z)-measurable 
(cf. 6.2); for some given number c, consider that part of the ordinate set 
of the function f(xj — c which lies in a strip -e < y < 0 and denote it by 
Y-e- The negative part of /(x) — c is (Z)-integrable in [a, b] and its ordinate 
set is (Z)-measurable; thus Y_s (as the intersection of the latter with the 
rectangle {(x,y) : a < x <b, -E < y < 0}) is (Immeasurable, too.

If we lengthen each ordinate belonging to Y_s up to the straight line 
y = —E and omit from Y_e all the ordinates of length < s, then we get plainly 
the ordinate sets of the function y = — e attached to {x : f(x) - c < 0} 
and {x : f(x) — c < — e}, respectively. The outer and inner (planar) (I)- 
measures of these ordinate sets can be simply obtained as the product of e 
and the corresponding linear (I)-measure of the “basic set” on the x-axis. 
Therefore, by the (Z)-measurability of K_£ we can write [cf. (2.6-3)]:

({® : A®) “ c < -<0) < ly-J < ({® : A®) - c < 0}),

and hence

VlA{x ■ A®) < c-£}) < &L({X : A®) < 4) (£>0). (6.3-11)

Put here s = 1/n (n = 1,2,...). Since {x : /(x) < c} may be regarded 
as union of the sets {x : /(x) < c - (1/n)} (n = 1,2,...) which form an 
increasing sequence, on the basis of (2.6-4) we have:

H ® : A®) < c - H j = ML({x : A®) < 4), 
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and (6.3-11) becomes:

Ml ({* : f(x} < 4) < ML ({* : f(*) < 4) •

Because of (6.1-2), this is possible only with sign of equality, i.e., if the 
set {x : /(x) < c} is (immeasurable; and c being an arbitrary real number, 
our result means the measurability of the function /(x) in [a, b].

* * *

On the basis of 6.3.2 — as can be seen — the problem of (Immeasur­
ability of planar sets is reducible to the study of (Z)-measurability of linear 
sets. We may remark that the application of Lebesgue’s method renders 
unnecessary the further discussion of the oscillation sum (6.2-7) for the 
purpose of characterizing (L)-integrable functions.

6.4 Other definition forms; fundamental idea of 
the treatment due to F. Riesz

6.41 From the verification of theorem 6.3-1, we can also easily get a 
limit definition of the Lebesgue integral.

In fact, consider a partition A = yo < yi < • • • < yn = B on the j/-axis, 
and mark out an (optional) point % in each subinterval [yk_ i, yk]. Then the 
so-called (ordinary) Lebesgue sum

<?L = E 1^1%, (6.4-1)
fc=i

where = {x : yk-i < /(or) < yk} (k = 1,2,... ,n - l),en = {a> : yn-i < 
f(x) < Un}, can be regarded as a common extension of the sums (6.3-1)— 
(6.3-2) and by yk-i < rjk < yk (k = 1,2,... ,n), the inequalities

sL < °L < SL (6.4-2)

hold.
Since SL - sl 0 as Ayk = yk- yk-i 0 [cf. (6.3-9)], it follows from 

(6.4-2) and (6.3-7):
b

^ff(x)dx = lim ak. (6.4-3)
0 max ->0

In a more detailed form: if /(x) is bounded and measurable in [a, 6], 
then to any given s > 0 we can find a number 6 = 6(e) such that

b
\aL-^ J f(x)dx\<e (6.4-4) 
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holds for every partition with maxzA^ < 6, independently of the choice of 
the “middle” points % (k = 1,2,... ,n). A further usual formulation of the 
content of (6.4-3) is: “the Lebesgue sum (6.4-1) approaches arbitrarily the 

b
integral f f^x^dx as the corresponding partition on the y-axis is refined 

a
unboundedly”.

6.42 Another way to the concept of (L)-integral is furnished by the 
introduction of (L)-measures as integrals of characteristic functions. [Cf. 
(5.2-9)].

Let E be an (Immeasurable set contained by a finite interval [a, 6], and 
XE its characteristic function with respect to [a, 6]; then the integral form 
of the outer and inner (L^-measure as well as of the (ordinary) Lebesgue 
measure of E follow from (6.2-3)—(6.2-4) and (6.2-6):

ft^E) = xEdx^ lfL(E) = l'L',JXEdx^ 
a a

= dx.
a

(6.4-5)

Thus the Lebesgue sum (6.4-1) itself can also be presented as an (L)-
integral:

b
(6.4-6) 

a
where

n
?n= E rjkXeh. 

fc=l
(6.4-7)

(As we see, function takes on the sets ei,62,...,en — disjoint by pairs — 
the values t/i, Tfy,... ,T]n, so that its whole codomain consists of n numbers.) 

Let us regard such a sequence of partition of [A, B] on the ?/-axis for 
which n —* oo and maxAyk -+ 0. Then by (6.4-3) the (L)-integral of f(x) 
— whenever it exists — can be written as the limit of the sequence consisting 
of integrals of the corresponding functions y?n:

b b
^L^ ff{x)dx— lim ^L^f<pndx. 

a n^°° a
(6.4-8)

In particular, if we put % = yk-i or r)k = yk (case of the lower and upper 
Lebesgue sum, respectively), moreover, we take such a sequence of partitions 
in which each decomposition arises from the preceding one by inserting a
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b 
new point of subdivision, the integrals j tpn dx will even constitute a 

a 
monotone increasing or decreasing sequence.

6.43 The representation (6.4-8) forms the basis of the theory of (£)- 
integral due to F. Riesz.1

1 See e.g. F. Riesz [10], [15], [27]; F. Riesz-Sz.-Nagy [1]; Sz.-Nagy [16],

The starting-point of this theory is the discussion of that simple type of 
function <pn in which the role of the sets ei,C2,... ,en is played, in turn, by 
subintervals of [a, 6], namely by [a, sq], [xj, £2)1 • • •, kn-i> &]• The integral of 
such a step function is defined (by the geometric interpretation) as follows:

b n
ipndx = £ ~ Xk-1),

a fc=l

where 7^ means the value of ipn taken in the fc-th subinterval.
Next we consider those monotone increasing sequences of step functions 

whose termwise integration yields convergent number sequences. If {</?n} 
denotes such a sequence, then it is easy to see that {<^n} converges almost 
everywhere to some limit function /(z); so it is natural to define the (£)- 
integral of f(x) by the formula (6.4-8).

The limit functions of the sequences of step functions just introduced 
constitute the so-called Ci class of Riesz; it turns out that forming the 
difference of any two functions E Ci, we get the totality of functions (L)- 
integrable in the former sense.

In the treatment according to Riesz, the theory deals first with the 
concept of (T)-integral and after (as the integral of a characteristic function) 
with the notion of (T)-measure.

6.5 Comparison of Lebesgue’s concept of integral 
with that of Riemann; properties of measurable 

functions

6.51 As regards the comparison of (L)-integral with the classical 
concept of integral and, further, the relation of (T)-integrability to (R)- 
integrability, we point out: since the Young sums (6.2-1)—(6.2-2) are strong 
extensions of the Darboux sums (5.2-1)—(5.2-2), thus the upper and lower 
Young integrals generalize the upper and lower Darboux integrals, respec­
tively, furthermore the Lebesgue integral is a generalization of that of Rie­
mann.

Going into details:
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(I) By the extension of any bounded number set its infimum does not 
increase, and its supremum does not decrease. So we always have the 
inequalities

b b b b
f f[x)dx < f(x)dx < f(x)dx < f f(x) dx (6.5-1) 
a a d a

Consequently:
(II) If f(x) is (R)-integrable in the interval [a, b], then it is (£)-integrable 

there and
b b

(L)f f(x)dx = f f^x^dx. 
a a

(III) The converse is not true, i.e., the totality of {Lyintegrable func­
tions is wider than that of (R)-integrable functions. For example, the 
bounded function %(i) [cf. (1.6-1)] is (L)-integrable on any finite segment 
[a, b] and its (L)-integral is equal to 0 (cf. 6.21), but it is not (7?)-integrable 
(cf. 5.41).1

1 More generally: any such function is (L)-integrable but not (U)-integrable in [a,fe], 
which takes a constant ci on an everywhere dense, countable subset E of [a, 6], and equals 
to another constant C2(0 ci) on the complementary set [a, 6] — E.

From the foregoing it is clear that the class of functions (L)-integrable 
in a finite interval [a, 6] contains all the functions which are continuous or of 
bounded variation (or differentiable, monotonic, absolutely continuous) on 
the same segment.

6.52 Let us now study the properties of functions bounded, (£)- 
integrable in some interval [a, 5]. By 6.3.2 this class is identical with that 
of functions bounded and measurable on the same stretch; it is advisable 
to deal (a little more generally) with the properties of arbitrary measurable 
functions.

From the definitions and the properties of (L)-measure, it follows simply:
The absolute value of a measurable function, further the sum, product 

and quotient of two measurable functions — the latter with the restriction 
that the divisor does not vanish — are measurable. Moreover, the measur­
ability of f(x) implies that of |/(o:)|“ (a > 0) as well.

In addition to this, holds the proposition:

6.5.1 If ti = /i(x), <2 = /2(^),--->C = f^) are measurable on a 
bounded set a of the x-axis and gftiyt?,... ,C) is continuous on the set 
E of the corresponding points of the Euclidean v-space, then the composite 
function ip(x) = g(f\(x},... ,/p(x)) is measurable on the set a.
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Proof. Those points (*i,t2,• • • ,^) of E, which for a given c 
satisfy the inequality (/(ti, ^2, • • • ,^) < c» plainly form a (^-dimensional) 
open set by the continuity of the function g. So (cf. 2.44) the set of the 
points in question is the union of countably many p-dimensional closed 
intervals, say If e.g. the closed linear intervals determining Ik
are: < <i < 6^< t„ < b^, then the corresponding linear
sets < /i(x) < j ,..., (a: : < fu(x) < b^ } in a are all (L)-

measurable, since the functions /i, /a, ■ • ■, A are assumed to be measurable 
on a.

Consequently, the set {x : < c) C cr is the union of countable
many bounded, (L)-measurable linear sets, and thus it is measurable as 
well (cf. 6.14). This result means that is measurable on the set a, as 
asserted above.

* * *

6.53 As a corollary of 6.5.1 we get: the application finitely many times 
of the basic operations does not take out of the set of measurable functions. 
It is an important fact that — in contrast with the (-R)-integrable functions 
— the limiting process does take out of the totality of measurable functions. 
(Cf. 5.42.) In order to verify this, we introduce the concepts of upper and 
lower envelope function.

Let {/a($)} he a system of functions defined on some bounded set a. 
Each point x G a can be associated with a set of real numbers, namely 
with the values of all the functions fx at x; consider the supremum and 
infimum of this set (especially in the case of a finite number of function 
values the greatest and the least of them.) The numbers sup {/a(^)} and 
inf{A(®)} thus obtained depend on x, and therefore they generate a pair 
of functions f(x), ffx). These are called the upper and lower envelope of 
{f\(x)}, respectively.1

1 The geometric background of these denominations is evident.

We see immediately: the upper and lower envelope of a system {fx(x}} 
consisting of countably many measurable functions is also measurable.

Indeed we have the trivial representations:

{a: : ~f(x) > c} = U : fn^ > c} , 
n

{a: : /(a:) < c} = (J {a: : fn(x) < c} , 
n

and from the (immeasurability of any set on the right-hand sides we can 
infer to (Z)-measurability of the two sets on the left.

Now:
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6.5.2 The upper and lower limit of a bounded sequence of functions 
measurable on a bounded set, as well as in case of convergence also its limit 
function are measurable.

Proof. Let fz(x'), fz(x),... denote functions measurable on a common 
bounded set a. Forming the upper envelope f^x) and the lower envelope 
f (x) of the subsequence fn(x'), fn+1(x),..., clearly {fn(x)} is monotone 
decreasing and bounded from below, {/ (a:)} is monotone increasing and 
bounded from above at any point x; moreover, the limit of the former 
sequence is plainly the greatest cluster value, the limit of the latter is the 
least cluster value of {fn(x')}. (Cf. 2.22.) But the limit of a monotone 
increasing sequence is at the same time its supremum and the limit of a 

monotone decreasing sequence is identical with its infimum; thus lim fn{x) n—*oo
may also be regarded as the lower envelope of the sequence {fn^x)}, while 
lim fn^x) is the upper envelope of the sequence {/ (z)}.

n—►oo
Applying twice the premised remark, it follows from the measurabil- 

ity of the functions /i(x), fz(x'),.. .the same property of lim fn(x') and n—►oo
lim fn(x)-, and if the latter limits are identical with each other, i.e., {fn(x)} 

n—>oo
converges at every point x £ a, then we come to the conclusion that 
lim fn(x) is measurable as well.n—►oo

6.6 Almost uniform approximation of a 
measurable function by measurable functions;

relationship between measurability and 
continuity

6.61 Since the continuous functions are measurable, by 6.5.2 all the 
functions belonging to any Baire or Young class are measurable, too. (See 
3.53.) This means a quite strong generality, being e.g. the Dirichlet function 
from the second Baire class [cf. (1.6-1)] nowhere continuous.

Hence it is very surprising that D.F. Egorov and N.N. Lusin, the 
founders of a well-known school of modern real analysis in Moscow, had 
already elucidated in the early 1900’s: the concept of measurable function 
does retain certain connections with that of continuity. The possibility 
of this is given by a relevant property of any a.e. convergent sequence 
of measurable functions, discovered by Egorov, according to which such 
sequences are “almost uniformly convergent” in a sense. (Cf. 3.51.)

Formulated more precisely, the following assertion holds:
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6.6.1 (Egorov’s theorem)1 Let • • be measurable on a

1 Egorov [1]. Concerning the operator theoretic significance of this result we refer to 
F. Riesz [16] and F. Riesz [20].

bounded set E, and assume that {fn(x)} is convergent at almost every point 
x of E. Then to any given p > 0, however small, we can find such an 
(Lj-measurable subset E* of E, for which \E — E*\ < p and on which the 
convergence of {fn(x)} is uniform.

Proof. By hypothesis, the set E is (Z)-measurable, and we obtain 
from it by omitting a suitable null set such an (Z)-measurable subset Eq, 
on which the sequence {/n(z)} consisting of measurable functions converges 
everywhere to a likewise measurable function f(x). (Cf. 6.5.2.)

Let £i,£25 • ■ • >£n, ■ • • be a monotone decreasing null sequence of positive 
numbers, and let us denote by ePtT the set of points x E Eq for which there 
exists an index p such that

|7n(®) - f(x)\ >£r (n> p). (6.6-1)
Since ep^r is nothing else but the union of the level sets 

{x E Eq'■ \fn(.3:) ~ 7(^)1 > £r} (n = p,p+l,...), soit is also (L)-measurable. 
On the other hand, the limit relation |/n($) — 7(^)1 —* 0 (n —» oo) implies 
that any point x E Eq belongs only to finitely many ep>r, for every fixed r; 
thus by eii7- 0 C2,r n ... = O and ei,r 2 ^2,r D ..., on the basis of (6.1-3) we 
get

lim \ep r| = 0.
p—>OQ ’

Accordingly, after fixing r and p > 0 we can find an index p - p(r)
OO

such that |ep(r) r| < 7?/2r; therefore the (L)-measure of the set e = (J ep(r),r 
r=l

satisfies the inequality:
OO

H < E (6.6-2)
r=l

Consider next the set E* - E - e. Because of the definition of e,E* 
does not contain any point x which belongs to one of the sets ePjr; this holds 
in particular for all points x satisfying (6.6-1) with an optional index r and 
n > p(r). In other words, we have at each point x E E* |7n(2:) - 7(a:)l < £r, 
if only n > p(r). The index r being however large, on a subset E* of E with 
\E — E*\ < p the convergence of {7n(^)} is uniform.

* * *

6.62 Given this, there is no difficulty in showing that any measurable 
function can, so to say, be “corrected to a continuous one”. For that purpose 
we need merely a relatively slight modification of its domain of definition.
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6.6.2 (Lusin s theorem)1 If /(a:) is finite and measurable on a 
bounded set E, then to an arbitrarily small numbers > 0 we can find an (Im­
measurable subset E*of E such that |£ - £*| < £, and that after reducing 
the domain of definition of f to E*, the function becomes continuous.

1 Lusin [1],

Proof. If the function f(x) is decomposed into its positive and 
negative part (cf. (6.2-10)), then we see that it is sufficient to deal with the 
case f > 0.

1° Given a partition of the bounded, (L)-measurable set E into a finite 
number of pairwise disjoint (L)-measurable subsets, and if f(x) is defined as 
constant on each of the latter (i.e., it is about a step function in wider sense), 
then the assertion is trivial: we have only to exclude from the domain of 
f all the points of discontinuity of the function, together with their fitting 
(small) neighbourhoods.

2° Let f now be an arbitrary non-negative, measurable function with 
finite values, and let us regard the auxiliary functions defined as follows:

for (*=1,2,.
I n for f(x) > n, (6.6-3)

where n runs over all the natural numbers. The sequence (6.6-3) of “step 
functions” converges to /(a:) on the set E, so that Egorov’s theorem is 
applicable to {/„($)}•

_ Hence to any prescribed £ > 0, we can select an (L)-measurable subset 
e C. E such that |e| < e/2 and {/n(^)} tends uniformly to f(x) on set E - e. 
On the other hand, following the instructions in 1°, we can choose for each 
fn separately an (Z)-measurable subset en C E such that |en | < e/2n+1 and 
fn is continuous on the set E - en. Consequently, every fn(x} is continuous

OO
on the set E* = E - e - |J en, further the sequence {/«($)} converges 

n=l
uniformly to f(x) on E as well; but then by 3.5.1 f^x) is continuous at 
every point of E*, too.

In view of the estimation

|E - £*| = |e U ei U e2 U ... | < | + 

the verification of the theorem is accomplished.

g 2-(n+l) = £) 

n=l

* * *
6.63 It should be emphasized that the conclusion of 6.6.2 is naturally 

not valid at such an interpretation of the word “continuous” that the values 
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of the function taken on E* are understood together as a part of its codomain 
belonging to the whole set E. In other words: when we apply Lusin’s 
theorem, we have to disregard completely the values of /(z) on the set 
E — E*. For instance, the Dirichlet function (1.6-1) becomes continuous on 
the set obtained by omitting from [0,1] all the rational points (i.e., at points 
x of irrational abscissae between 0 and 1) only on the condition that the 
part of the definition of x(x) about rational points is entirely ignored, or if 
the definition is changed in such a way so that the rational points are also 
associated with the function value 0.

As is suggested by this example, Lusin’s theorem can also be stated in 
another, still more pregnant form:

Any measurable function can be transformed into a continuous func­
tion in such a manner that one modifies suitably its values on a subset of 
arbitrarily small {L^-measure in the domain of definition.
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CHAPTER 7

PROPERTIES OF THE LEBESGUE 
INTEGRAL. GENERALIZED LEBESGUE 

INTEGRALS

7.1 Fundamental properties of the (L)-integral of 
a bounded function over a measurable set

7.11 In the sequel, Lebesgue’s concept of integral and its generalizations 
solely occur, and there is no danger of mistaking it for the Riemann integral. 
Therefore — in accordance with the special literary convention — (L)- 
integrals will always be denoted by mere integral signs, instead of the symbol

J introduced in the preceding chapter.
Before coming to the thorough study of (L)-integrals, we want to make 

a formal extension. Let E be an (L)-measurable linear set, f(x) a single­
valued and bounded function, defined on E. We mean by the (L)-integral of 
f(x) over E [like (6.4-3)] the limit:

ff(x)dx= lim £ (7-1-1)
mmAyt-^Ok=1

and in case of its existence we say that f(x) is (L)-integrable over E.
The sum (7.1-1) relates to a partition A = yo < yj < ... < yn = B 

of a finite segment [A,B] on the y-axis which contains the codomain of 
f associated with E. We write Ayk = yk — yk-i and use the nota­
tions gk G [yk-i,yk] (k = l,2,...,n), further ek = {z : yk_x < f(x) < yk} 
(1 < k < n - 1), en = {a: : yn_i < f(x) < yn} , so that the subsets ek are 
disjoint by pairs and

U ek = E. (7.1-2)
k=l

(The condition max Ayk 0 naturally implies n oo, but the converse 
assertion is not true.)

The (T)-integral extended over a set is easily reducible to the (L)- 
integral relating to an interval. Namely, if [a, 6] is a finite segment containing 
the set E, and f\x) is such a function which is identical with /(x) or 0 
according to x G E or x € [a, 6] - E, then plainly

b
J f(x)dx = / f*(x)dx. (7-1-3)

(E)

Thus all the results of the preceding chapter can be transferred to the inte­
gral (7.1-1), and by 6.3.2 it can be stated: a bounded measurable function 
is always (Lyintegrable.
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7.12 Let us survey the simplest properties of {L)-integrals taken on 
sets.

Since the alteration of the codomain of f(x) on a null set does not modify 
the value of the sum %lek| and of the integral (7.1-1), so we can establish: 
the value of an (L)-integral is the same for all (L)-integrable functions which 
differ from one another over a null set only. In what follows, these functions 
will be called (L)-equivalent ones, and will be considered as identical with 
respect to (Z)-integration. In particular: if f{x) vanishes almost everywhere 
on an (L)-measurable set E, then it is (Z)-equivalent there to the function 
identically zero, and therefore (*) J f(x)dx = 0. If /(x) > 0(x € E), then 

(£)
the latter assertion is invertible: the validity of (*) implies that f(x) = 0 
almost everywhere on £?

By the above, let us fix the convention that in case of any (L)-integral 
whose integrand f(x) is not defined on a null set Eq, we put f(x) — 0 
(s e Eq).

We conclude from the definition (7.1-1) immediately

f ldx = \El, (7.1-4)
(E)

furthermore (cf. 6.23)

J cf(x)dx = c J ffic)dx (c constant) (7.1-5)
(E) (E)

f + f2(x)] dx = fffix)dx + J f2(x)dx, (7-1-6) 
(E) (E) (E)

provided that the integrals on the right-hand side exist. (By iteration this 
additive property can be extended to any infinite number of functions ffix), 
too.)

Hence we get: if ipfix) < <^2($) almost everywhere on an (L)-measurable 
set E, then supposing the (L)-integrability of both functions on E, it holds 
also

/ <pfix)dx< j p2(x)dx. (7.1-7)
(E) (E)

Since pfix) — pfix) > 0 a.e. x E E, the (L)-integral of this difference 
on E is non-negative as well, and the result follows.

Some trivial consequences of (7.1-7) are:

| / Kx)dx\< f lf(xfidx, (7.1-8)
IE) (E)

1 This can be verified in the easiest way by regarding J f(x)dx as the (i)-measure 
(E)

of the ordinate set Y (f,E).
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and
m j g(x)dx< j f^g^dx < M J g(x)dx (7.1-9) 

(E) (E) (E)

with g(x) > 0(x £ Efim = inf {/(x)} , M = sup{/(a:)}, whenever the 
(E) (E)

occurring (Z)-integrals exist.1

1 (7.1—9) yields plainly a pendant of the first mean value theorem of integral calculus. 
Note that the second mean value theorem (cf. 5.75) holds in a sense for (L)-integrals, too.

For g(x) = 1, (7.1-9) becomes

m|E| < J f(x)dx < M\E\; (7.1-10)
(E)

and the application of the second part of (7.1-10) to \f\ as well as its 
combination with (7.1-8) leads to the useful estimation:

| J f(x)dx\<\E\tmp{\f(x)\}. (7.1-11)
(E) (E)

The inequalities (7.1-9)—(7.1-11) can also be interpreted as express­
ing a kind of connection between the integral means |E|-1 / f{x)dx or 

(E)
[ J g(x)dx]~} J /(x')g(x') dx and the codomain of ffic) on E. [Cf. (5.6-4), 
(E) (E)

(5.7-15).]

7 .13 The last inequality also forms a basis for a relevant property of 
J f(x)dx as a function of the set e.
(e)

7.1.1. (Absolute or total continuity of the Lebesgue inte­
gral) Suppose that f f(x)dx exists. Then

(E)
(1) J f(x)dx exists for each (Z)-measurable subset e C E, too; 

(e)
(II) to any given e > 0, however small, we can find a number 6 = £(e) 

such that
| J f(x)dx\ < e whenever |e| < 6. (7.1-12)

(e)

Proof. We know that the (Z)-integrability of the (bounded) function 
f(x) on E is equivalent to its measurability, i.e., to the assumption that for 
all c the set {a: : f(x) < c} (x £ E) is (Z)-measurable. Thus the intersection 
of any set e C E with the last-mentioned set is also (Z)-measurable by
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6.1.1. (II)’, and this means the measurability of /(z) on e, in other words, 
the existence of the integral / f(x)dx.

(e)

As regards (7.1-12), let us observe that the supremum of {|/|} on a 
subset e of E cannot exceed that on E. Therefore we can write by (7.1-11):

| / f^dx\ < |e|sup{|/(x)|},
(e) (E)

and the right-hand term is arbitrarily small for |e| small enough.

* * *

7.14 Another important property is a strong extension of the elemen­
tary additivity of (Z)-integral with respect to intervals.

7.1. 2 (Total additivity of the Lebesgue integral) Let a boun­
ded linear set E be the union of finitely or countably infinitely many, (Z)- 
measurable disjoint sets en. Then we have

J f(x)dx = X f f(x)dx, (7.1-13)
(E) n (en)

if only the left-hand side integral exists.

Proof. The set E is (Z)-measurable by 6.1.2 and any subintegral 
J f(x)dx exists by 7.1.1 (/).

(en)

If now the integral of f on E is considered as the (Z)-measure “with 
sign” of the ordinate set Y(f;E) [cf. (6.2-8)], so (7.1-13) is an obvious 
consequence of total additivity of the concept of planar (Z)-measure.

7.2 Integration of sequences and series of 
functions

7.21 We have seen in 5.43 that Riemann’s concept of integral does 
not even assure the termwise integration of such convergent sequences of 
functions whose every term has in absolute value a common upper bound. 
Now, we are going to show that the use of (Z)-integrals enables us to 
eliminate the insufficiency in question; this may be considered as one of the 
main benefits of the Lebesgue integral. The verification relies essentially 
on the fact that the limit function of a convergent sequence of measurable 
functions is also measurable. (Cf. 6.53.)
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7.2. 1 (Lebesgue’s limit theorem)1 Let ^(x),^^),... be a se­
quence of functions which is convergent on an (L)-measurable set E and 
the elements of which are: 1. measurable on E as well; 2. bounded in their 
totality, i.e. at each point xEE and for every index n:

|/n(x)| < K (K const.)2 (7.2-1)
holds.

Then the limit function /(x) = lim f^x) is also (Z)-integrable on E n—^oo
and

lim J fn(x)dx= f f(x)dx. (7.2-2)
n->o° (E) (E)

Proof. The existence of f f(x) dx follows therefrom that by (7.2-1) 
(E)

we have at the same time |/(x)| < K (x € E), and that by 6.5.2 the 
measurability of fn(x) (n = 1,2,...) implies that of /(x). For the sake of 
brevity write /(x) — fn(^ = ^(z) (n = L2,...); then it suffices to show 
that

lim f <£n(x) dx = 0, (7.2-3)n-°°

if only every <^n(x) is measurable on E, further (*) (Pn(x) —* 0 and 
M*)| < 2K (xeE; n = l,2,...).

Let r; > 0 be fixed arbitrarily and let us regard the set Eq consisting 
of such points x of E at which ^(s)! < f] (n = 1,2,...); this Eq is the 
intersection of the sets {x : |<^i(x)| < p}, {x : ^(^Ol <’?}>•• •? and so 
it is (Z)-measurable by assumption (cf. 6.14). For similar reasons, we can 
establish the (Z)-measurability of the set Ep of points x for which |^p(x)| > p 
and simultaneously |<;Pn(x)| < p (n = p + l,p + 2,...) — p denoting any 
fixed natural number. According to the first part of condition (*), each point 
of E belongs to one of the subsets Ep just mentioned; since these sets are 
obviously pairwise disjoint, we can write by 6.1.2:

CO
|£| = E |£p|. (7.2-4)

n=0
Introducing the notations = {x : | en2’ =

{x : | <^n(x)| > r/} and using the result of the previous section, the inte­
gral in (7.2-3) can be estimated as follows:

| J ^(xjdx) <’ / |^n(x)|dx + f |^n(a:)|^ < • kn’l + 2A'|e„’I- 
(£) (ek”)

1 Lebesgue [4].
2 The conditions 1-2. imply by 6.3.2 that all the functions fn(x) are (L)-integrable 

on E.
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Here we have by e„ C E the inequality |en^ < |£|, moreover by =

U E^^ U ... it holds |en | < |^r|; from the last inequality, owing
r=n

to the convergence of the series (7.2-4), we can conclude: |e<2)I < n if only 
n > Nv.

Summing up, we obtain:

| J <pn(x)dx{ < 77(|£| + 2K) (n > N„), 
(E)

which yields (7.2-3), since 77 is as small as we please.

* * *

7 .22 Note that the above argument yields at the same time: if {fn(x)} 
converges to f(x) almost everywhere on E, then for any e > 0 the limit 
relation

nlim |{x : |/„(x) -/(ar)| > e}| = 0 (7.2-5)

holds. This is mostly expressed by saying that any sequence of functions 
which converges a.e. is necessarily convergent with respect to (L)-measure 
to the same limit function as well.

The converse assertion is not valid, i.e., the convergence with respect to 
(Z)-measure does not imply the pointwise convergence almost everywhere. 
Nevertheless, a theorem due to F. Riesz assures that any sequence of func­
tions converging with respect to (Z)-measure contains an a.e. convergent 
subsequence. (Cf. 2.2.2.)1

1 F. Riesz [6].

7 .23 Applying 7.2.1 to the partial sums of a series of functions, 
Lebesgue s theorem can be formulated in the following manner (equivalent 
to the preceding form):

7 .2.2 If a function series /1 (x) + f2(x) + ... is convergent on an (Im­
measurable set E, moreover its terms are measurable and its partial sums 
are bounded in their totality for x^E, then the sum s(x) of^fn^x) is also 
(L)-integrable and the series may be integrated term-by-term:

J fi(x)dx+ f f2(x) dx + ... = f s(x)dx. (7.2-6) 
(E) (E) (E)

This theorem renders possible the termwise integration of a series of 
functions on a much more general condition than uniform convergence.
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In particular, if E is an interval [a, b], further we assume (^-integrabili­
ty on the terms instead of measurability, and every (Z)-integral is replaced 
by an (^)-integral, the assertion loses its validity (cf. 5.42). The situation 
changes, however, if we require also the (^)-integrability of 5(3); then 7.2.2 
becomes a classical theorem found by C. Arzela in 1885.1

Note that (7.2-6) written in the form:
00 00

f [ £ fn(x)]dx = £ J fn^dx (7.2-7)
(E) n=l n=l (E)

signifies the total additivity of the (L)-integral as a functional with respect 
to the integrand. (Cf. 3.12 and 7.1.2.)

7.3 Indefinite (Z)-integral with bounded 
integrand and the notion of primitive

7.31 What can be said about the calculation of Lebesgue integrals 
by means of primitive functions? The answer is given by the following: 
generalization of 5.5.1: 5

7.3.1 If f(x) is bounded in a finite interval [a, 6] and there exists a 
primitive function F(x) of it, then f is also (L)-integmble in [a, 5] and its 
(L)-integral is equal to the corresponding increment of F(x). Briefly:

J f^dx = [f(x)]ba = F(b)-F(a). 
a (7.3-1)

r ° ° f'/ By °Ur ^sumptions, there is a constant K > 0 such that 
A (a < x < b), furthermore F'(x) = f(x) (a < x < b). It 

is advisable to extend the definition of F(x) to a segment (b,b + £]• put f « 7 7 - V O < 1 S 4 + I" g4h of
beyond * be the lengthening of the left half-tangent belonging to the point 
(0, A(6)) of the curve y = F(x).

Attach to any point x of [a, 6] a sequence of difference quotients:

. , . Fix + ln) - Fix)
- ----------y----------- (n = 1,2,...) (7.3-2)

where 0 < ln < 5 and JinHn = 0. The sequence {^n(®)} fulfils the 
conditions of Lebesgue’s theorem 7.2.1, because lim ^n(x) = F'(x) = 

n—*00 7 y 7

(r\- <See J1 r®levant’ that the Premises of 7-21 or 7.2.2. involve the
(L)-integrability of f(x) and a(x), respectively.
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(a < x < b), moreover each function 0n(x) is continuous (besides 
differentiable together with F), and we have by the mean value theorem of 
Lagrange for every x G [a, b] : |V>n(^)| = |F(x + = \f(x + t?/n)| <
A (0 < i? < 1).

Thus by 1.2.1, on the one hand it follows the existence of the (Z)- 
integral of / in [a, 6]; on the other hand we get the representation:

t b
ff(x)dx = lim J i^n{x) dx = 
„ n—»oo „

b= lim 1 
n—►oo J F(x)dx - f F(x}d (7.3-3)

b+ln b b+ln a+ln
Since by (7.1-6) J ~ f = J - J , and the first mean value theorem of 

a+ln aba
integral calculus yields (0 < 1?! < 1):

fF^dt= lim F(x + ^ln) = F(x) ixe[a,b]), 
n—*oo n—>oo ' ' v l ’ J/ ■

we obtain from (7.3-3) the formula (7.3-1).

* * *

7.32 F(x} being a primitive of F\x\ as an immediate corollary of 
1.3.1 we can state:

7.3.2 Any derivative which exists and is bounded in a finite interval 
[a, 6], is necessarily (Lfiintegrable there.

Volterra’s example shows that the corresponding assertion does not hold 
for (R)-integration. (Cf. 5.5.4 and 5.55.)

A further important consequence of theorem 1.3.1 is:

7.3.3 If a bounded function /(x) (a < x < b) has a primitive at all, 
then the latter is necessarily of the form

X

ff^dt + C (xg[a,6]; C constant). 
a (7-3-4)

z Proof. If we denote the primitive function in question by F(x), i.e., 
F'(x) = f(xfi so the application of 1.3.1 furnishes the (Z)-integrability of 
f on any subinterval [a,x] of [a, 6], and the formula

f f(t)dt = F(x)-F(a) 
a
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or

F(x) = J f(t)dt + F(a) (a < x < b). (7.3-5)

* * *

Hence it can be seen that Lebesgue’s concept of integral enables us 
to solve another important problem: the representation of all primitives 
of a bounded function. At this point, we have to recall the fact that the 
counterpart of proposition 7.3.3 is true for (^-integrals only if we assume 
on J (x) beside the boundedness also the Riemann integrability. On the other 
hand, a primitive can be attached even to a non-(J?)-integrable function, as 
was pointed out at the end of Section 5.5.

7.33 Let us deal now with the properties of the function (7.3-4) which 
is called the (L)-mtegral function or indefinite (Lfiintegral of f. We shall 
need a notion due to Lebesgue: a point x is said to be Lebesgue point of f 
it the condition

। x+l
J J IA0 - fW\ dt — 0 (/ ^ 0) (7.3-6)

is fulfilled. It is obvious that any point of continuity of f is at the same time 
a Lebesgue point of the function. [Cf. (7.1-11.]

Theorem 5.5.3 has the following pendant for (Z)-integrals:

7.3.4 Let f(x) be bounded and measurable in [a,6], Then the (L)- 
integral function v

(7.3-7) 
a

satisfies a Lipschitz condition for a < x < b and is differentiable almost 
everywhere. Moreover at any Lebesgue point of f we have:

= f(x). (7.3-8)

Proof. (7.1-11) implies at once that an inequality l/(x)l < K 
(a < x < b) assures the condition V 71 “

|^(a:i) - <?(x2)f < - aT2| (7.3-9)
for any pair of points 11,2:2 € [a, 6]. Hence we can conclude that F(x) is 
absolutely continuous (and so of bounded variation) on [a, 6], consequently 
$ (2:) exists almost everywhere (cf. 4.62).
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(1 1 remaimnS Part of the assertion follows from the estimation [cf 
(<.!-»)]:

^(x + /) - $(x) 
I

t+I
J dt (x,x + 1 e [a, 6])

* * *

It will be pointed out later (see 7.64), that (7.3-6) holds for any (L)- 
integrable function at every point apart from a null set, i.e., that almost 
all points are Lebesgue points. Thus the validity of (7.3-8) is also assured 

everywhere just as in the case of the (A)-integral - though the 
tegrand of an (A)-integral is eventually nowhere continuous.

7.34 It is much easier to see, that the Lipschitz condition signifies a 
characteristic property of an indefinite (Lfiintegral with bounded integrand 

tn other words:

A /unc^n defined on a finite segment [a, 6] can be written 
as the (L)-integral function of a bounded function f, if and only if it satisfies 
m [a, oj a Lipschitz condition.

P r ° ° p ,The necessity of the condition in question is a direct conse­
quence OI 7.3.f.

To verify the sufficiency, let us suppose that F(x) fulfils for x^x. e 
[a,b the inequality l^) - A(z2)| < AJ^ - x2|. Then it is absolutely 
ontmuous and a.e. differentiable in [a,b] according to section 4.6; moreover 

|F (x)| < A apart from a null set, further the (A)-integral J F\x)dx exists

by 7.3.2. a

, On the basis °f Lebesgue’s limit theorem 7.2.1, like the proof
oi (7.3-1), the representation:

F(x) = f F'(t)dt + F(a) (a < x < bfi (7.3-10)

“nctoi,’ M ‘he inde,i"itC °f ‘ho bounded
junction j[x) = L (x) on [a, 6).

* * *

182



Comparing our results, we establish:

7.3.6 If only bounded functions are considered, then formation of the 
indefinite (Z)-integral and derivation are inverse operations.1

1 Lebesgue [4],
2 Lebesgue [9],
3 According to our earlier specifications, /(z) is said to be defined at a point only if 

its value is finite there.

Indeed, (I) if f(x) is bounded and the indefinite (Z)-integral (7,3-7) 
exists in [a, 6], then by the above

d x
ff^dt + c = f(x) for a.a. x G [a,6];
a

(II) if f'(x) exists and is bounded in [a, 6], so we have by 7.3.1-
X
ff'(t)dt + f(a) = f(x) (a < x < b).

7.4 (L)-integral with unbounded basic set or 
integrand

7.41 Up to now, we have studied exclusively (Z)-integrals of bounded, 
measurable functions, taken on bounded, (Z)-measurable sets. We have to 
observe, however, that the concept of Lebesgue integral can be extended in 
natural manner to other cases, too.2

Namely, let y = f(x) be a single-valued function which is defined3 
almost everywhere on a bounded or unbounded linear set E and is measurable 
there; in the case of an unbounded E, the latter property means that f(x) 
is measurable on each bounded subset of E. Since f(x) may be unbounded 
on E, its codomain on the y-axis possibly cannot be included in a finite 
interval. Having regard to this, let us take an infinite partition of the whole 
y-axis with some points of division yk:

... < y_k < y-k+i < ■. ■ < y-i < y0 < yi < ... < yk_x < yk < ...,
, . , (7.4-1)

and assuming that all the subinterval lengths Ayk = yk - yk_{
0,il,i2,...) are less than a common bound 6. Such a decompo­

sition (7.4-1) will be called briefly “h-fine scale”.
Modelled on the sum (7.1-1), let us form the so-called general Lebesgue 

sum:
OO
52

k——oo 
(7-4-2)
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where ek = {x : yk-i < /(x) < yk}, yk-i < r/k < yk (k = 0, ±1, ±2,...) 
and (*) the series on the right is supposed to be absolutely convergent. 
Then the series (7.4-2) is — by certain known facts in the theory of series 
— absolutely convergent for any other scale of the mentioned type as well; 
and as 6 —> 0 (i.e., when the partition will be refined unboundedly), 
approaches arbitrarily some number fL, independently of the individual 
choice of scales and “middle” points gk. The proof of this statement can be 
carried out by means of the specialized sums

OO oo
52 yk\ek\ and 52

k= — oo k= — oo

like the verification of theorem 6.3.1.
Thus it is reasonable to introduce the following extended wording: a 

function /(x) measurable on E is said to be (Lyintegrable or summable 
after Lebesgue on this set, if the above condition (*) is fulfilled. For such 
a function f(x), the number fL just mentioned is called its {L\integral 
relating to E and denoted by the symbol J f(x)dx. In short, we can write:

(E)

OO
J f(x)dx = lim £ TJk\ek\

(E) s-°k=-<x>
(sup{Zl?/fc} < 6). (7-4-3)

For instance, in case of the function

{log x
1/Vx - 1
W-l)2

(0 < x
(1 < x
(2 < x

< 1), 
<2), 
< oo) (7.4-4)

(see Fig. 5) a (l/n)-fine scale — with a fixed positive integer n — on the 
y-axis can be associated with a decomposition infinite on both sides of the 
interval 0 < x < oo. Splitting up the latter into three parts (corresponding 
to the subintervals 0 < x < 1, 1 < x < 2, 2 < z < oo separately), 
the limiting process n —> oo yields the existence of the (Z)-integral of the 
function (7.4-4) relating to (0,oo), further the result

OO
J f(x) dx = -1 + 2+1 = 2. 
o

We have to point out: for unbounded E it can occur that the sum 
(7.4-2) can be formed in case of any bounded, (Z)-measurable subset e of 
E, but this is impossible in case of the whole set E [e.g. /(x) = constant, 
E = (—00,00)]. Under such circumstances, the (Z)-integral relating to E is 
defined as the appropriate limit of the (Z)-integral taken on e.
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7.42 The example (7.4-4) clearly shows that the discussion of the (L)- 
integral of a function ^j(a:) unbounded on some set E is facilitated by the 
use of the following auxiliary function (bounded from above):

for (p(x) < N 
for y’(x) > N (TV > 0 integer) (7-4-5)

which is called (by its simple geometric interpretation) “function p> cut off 
at height N”.

In fact, after decomposing f(x) into its positive and negative parts 
(cf. 6.23), the definition (7.4-3) can obviously be replaced by

f f(x)dx= lim f [f(+)(x)J
(E) N1~*°°(E) 

provided that both integrals on the right hand side exist. Specifically, if 
the basic set E is bounded and (Z)-measurable, then the (Z)-integral of 
an unbounded function can be reduced by (7.4-6) to that of a bounded 
integrand.

7.43 Let us stress that in the general case — i.e., if unbounded basic 
set and integrand are also admitted — the measurability is only necessary 
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but not sufficient condition of the (L)-integrability. (Cf. 6.3.2.) An example 
of an unbounded function measurable but not (L)-integrable on a finite 
segment is:

(1 \' 19 1
x2 sin-77) = 2xsin~x---- cos— (0 < x < 1). (7.4-7)

x2 J x2 x x2

On the other hand, the measurable function xa (-1 < a < 0) is also 
not bounded but (Z)-integrable for 0 < x < 1. The function y = c 
(c 0 constant) is trivially measurable but not (T)-integrable on any infinite 
interval.

By the restriction (*) concerning the sum (7.4-2), the (L)-integrability 
of f(x) implies always that of |/(x)| and conversely. Consequently, it is 
easy to give such a concrete function whose improper Riemann integral 
on an infinite segment exists, but the corresponding (T)-integral does not; 
pertinent examples are:

(sinx)/x, sin(x2), cos(x2) (0 < x < oo).1

1 As it is well-known, the improper (R)-integrals on (0,oo) of these functions have, 
in turn, the values: tt/2, (1/2)\/k/2, (1/2)^/tt/2.

2 If f(x) is bounded on an (L)-measurable set E, so it can be majorized there by a 
(positive) constant. Therefore 7.^.1 involves one of our previous results, namely that a 
bounded measurable function is at the same time (£)-integrable. (Cf. 7.11.)

Generally speaking, we can say: the above concept of Lebesgue integral 
includes from the improper Riemann integrals only the absolutely conver­
gent ones. Anyway, there is no objection to define “improper (T)-integrals” 
using the classical Cauchy-Dirichlet method (see 5.61) and thus to get an 
extension fully spanning both the ordinary and the improper (R)-integrals. 
From the point of view of the applications, however, only Lebesgue integrals 
of type (7.4-3) are of importance.

The totality of functions whose (Z)-integral relating to a set E exists 
in the (7.4-3) sense, is usually denoted by L(E); therefore /(x) e L(E) 
means simply that /(x) is (Z)-integrable (“summable after Lebesgue”) over 
E. Note that the definition implies: any function belonging to the class 
L(E) takes finite values almost everywhere on E.

The representation (7.4-3) of (I)-integral and the inequality (7.1-8) 
yield immediately:

7.4. 1 If a function /(x) measurable on E has an (L)-integrable majo­
rant function, i.e., there exists a function g^x) E L(E) for which |/(x)| < 
g(x) (x E E), then /(x) E L(E).2

By means of this criterion, all the statements of 6.52 and 6.53 about 
measurable functions (among them theorems 6.5.1 and 6.5.2) can directly 
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be transferred to (Z)-integrable functions. We may write everywhere the 
term “(T)-integrable” instead of the word “measurable” if we add concerning 
the occurring functions the specification: any of them should have an (L)- 
integrable majorant.

As regards the fundamental properties of the (T)-integral (studied al­
ready in Section 7.1), it is easy to see that each of these holds also in the 
case of unbounded basic set or integrand provided that the assertion has 
a sense of the more general conditions. As an illustration we mention e.g. 
that the proof 7.1.1 in case of a not bounded function f(x) can be carried 
out in the simplest manner with the help of [|/|]^. [Cf. (7.4-5).]

7.5 Passage to the limit under the sign of a 
generalized (L)-integral

7.51 The fundamental theorem 7.2.1 is plainly not applicable, if the 
sequence {/n(^)} is not bounded, but 7.f.l suggest that the inequality 
l/nC^)! < A' can be replaced by a more general majorant condition.

We want to verify the result thus obtained:

7.5.1 (Lebesgue’s main theorem on integration of function 
sequences)1 Let fifx), f?(x),... be a sequence of measurable functions, 
converging on a set E almost everywhere, and suppose that its terms are 
majorizable on E by an (L)-integrable function g(x), i.e.,

1 See Lebesgue [9], We omit the transcription of the theorem for the case of function 
series, which can be made mechanically following 7.2.2. Remember that the above type of 
convergence which is associated with the condition (7.5-1) is called majorized or dominated 
convergence.

\fn(x)\<g(x) (n = 1,2,...). (7.5-1)

Then the limit function lim fn(%) = f(x) is also (L)-integrable on the n—>00
set E and f fn^x^dx tends to f f(x)dx as n oo.

(E) (E)

Proof. Instead of a direct extension of the train of thought connected 
with 7.2.1 there will be another short line of argument based upon Egorov’s 
theorem 6.6.1.

Assume that {fn(x)} satisfies the above conditions and let f and g 
vanish on the null set € E where lim fn(x) = f(x) does not exist. Then n-*oo
(7.5-1) holds on the whole set E, and f^x} is there (L)-integrable by 7.j.l.
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OO
Introducing the notations ek = {x : k - 1 < g(x) < k} and Em = |J ek 

= {z : g(x) > m}, we can write by 1.1.2:
k=m + l

OO
J g(x) dx = £ J g(x)dx;

(E) fc=l(ej

and because of the absolute convergence of the series on the right, there 
exists an integer m such that

OO c
J g(x)dx = £ J g(x)dx<-, 

(Em) k=m (ek) a

E denoting an arbitrarily prescribed positive number.

After fixing this m, consider the (Z)-measurable set E - Em = (J ek 

on which g(x) < m. Applying theorem 6.6.1, we see that E - Em can 
be represented as the union of two disjoint, (Z)-measurable sets E*,E**, 
such that E** has an (Z)-measure as small as we please, while on E* 
the convergence of {/„(*)} is uniform. Choose E** in such a way that 
1^**1 < E(5m)-1, further let N be so large, that for all points of E* we have 
|/n(x) -/(x)| <E(5|E‘|)-1(n> A).

I J lfn(x) - f(x)] dz| < E (n > N = A(e)) , 
(E)

and the result follows.

* * *

7.52 For the sake of later applications, we insert two further impor­
tant theorems on termwise integration of function sequences. In these, the 
condition (7.5-1) is replaced by the boundedness of the integrals of terms, 
which means a much weaker restriction; on the other hand, we require also 
the non-negativity or monotony of all term functions, respectively.

Now it is easy to observe that for n > N in the decomposition 

f (fn f)dx — f fndx— J f dx+ J fndx- f f dx+ f (fn—f^dx
(E) (Em) (Em) (E**) (E**) (E*) 

the absolute value of each integral on the right-hand side is less than e/5. 
Thus we obtain finally:
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. 7'h2, (FATOU S lemma)1 If the terms of a sequence of func­
tions {fn(x)} are (L)-integrable and non-negative on a set E, moreover the 
sequence is convergent a.e. on E and satisfies for all n the condition

1 Fatou [1].
2 Levi [1],

/ fn(x)dx < K (K constant), 

then n—+oo = is W'integrable on E, and we have also 

f f(x) dx < K. 
(E)

(7.5-2)

(7.5-3)

p r o o f It holds for almost all x € E by hypothesis fn(x) -» 
fix) (n -> oo) and therefore also ^Ihn (/n^)]^ = [/(x)]^ [Cf. (7.4-5)]. 
Since [^(x)]^ < N for every n and x G E, we can write by 7.5.1:

n™, / f/nWLv dx = J [f(x)]N dx. (7.5-4)

But the conditions fn(x) > 0 (n = 1,2,...) and (7.5-2) imply

/ dx < f fn(x)dx < K,
(£) (E)

so that from (7.5-4) we get

I [/(aOhv dx < K. 
(E)

This involves f(x) G L(E) and (7.5-3), as TV —>• oo.

* * *

7.5.3 (Theorem of B.Levi)2 Let {/n(x)} be a monotone increasing 
sequence, consisting of functions (L)-integrable on a set E, which satisfies 
the condition (7.5-2).

is conver9ent almost everywhere and its limit function 
f(x) is (L)-integrable on E, furthermore

lim J fn(x)dx = / f(x)dx.
n^(E} {E) (7.5-5)
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Proof. Consider the sequence of functions <^n(x) = fn(x)- (n = 
1,2,.:.). According to our assumptions, each ^(a:) is non-negative and (L)- 
integrable on E\ moreover {^(z)} is monotone increasing on the same set 
and by (7.5-2)

J <pn(x)dx <K+ f |/i(z)| dx = K* (n = 1,2,...). (7.5-6)
(E) (E)

Since the integrals on the left-hand side in (7.5-6) constitute an increas­
ing sequence which is bounded from above, so the (finite) limit

A — lim J <pn(x)dx (7.5-7)
n~*°° (E)

exists. We have to show that also

lim <pn(x) = ^(z) (7.5-8)
n—>oo

exists (is finite) for almost all x G E, further <p(x) G L(E) and

/ p(x)dx = A. (7.5-9)
(E)

1° Let us denote by E^ the set of points x G E with lim <X$) = oo. 
n—*oo

This may be rewritten in the form:
OO oo 

E^ = n U Enr, 
r=l n=l

where Enr — {x : x G E, ^n{x) > r}.
Because of y>n(x) > 0 we have J qpn(x)<Za? > / <^n(x) dx > r • |Enr|, 

(E) (Enr)
and thus (7.5-6) yields for every n and r:

|Snr|< - f ^X)dx< (7.5-10)
r(E) r

n
By Eu C Etr C ... it is |J Epr = Enr\ hence we see that (7.5-10) 

p=i
OO 

remains valid if Enr is replaced by (J Epr. On the other hand, there holds 
p=i

OO
Eoo Q U Epr for all r. Combining the latter result with the former, we get: 

p=i

l^col < I \JEpr\<- (r=l,2,...). 

p=i r

190



But the last term tends to 0 as r —» oo and therefore |Eoo| = 0, i.e., E^ 
is a null set. Accordingly, {^(x)} has indeed a finite limit a.e. on E.

2° Observing still that also / 9Pn(x) dx < A for all n, since the integral
(E)

on the left-hand side tends increasingly to A as n —>• oo [cf. (7.5-7)], we can 
apply lemma 7.5.2 to the sequence

W*)}’
So we obtain the (Z)-integrabihty of p(x) on E and the inequality

f tp^dx < A. (7.5-11)
(E)

At the same time, we have qp(a;) > ipn(E)(n = 1,2,...) a.e. on E, 
whence it follows after integration [cf. (7.1-7)] and for n —* oo the opposite 
estimation:

J <p(x)dx > A. (7.5-12)
(E)

Therefore it yields (7.5-9), i.e., the formula

/ <p(x)dx = lim J <pn(x)dx,
(E) n^°° (E)

and this is equivalent to (7.5-5).

* * *

7.53 If one knows about a function f(x) only that it is (i)-integrable 
in some finite interval [a, b], then the validity of the limit relation

lim l/(® + 0 — /(®)l = 0

is not assured even at a single point x 6 [a,5], because it may happen that 
/(ar) is nowhere continuous. [See e.g. the Dirichlet function (1.6—1).]

So much the more surprising is that if we first integrate the deviation 
\f(x + /) - /(x)| on the segment a < x < b then carry out the limiting 
process / —> 0, we get always 0. This fact which was found by Lebesgue 
in 1905 can be regarded with good reason as one of the most relevant 
properties of the (Z)-integral, namely for the class L(a, b) it is a counterpart 
of the uniform continuity of functions continuous in [a, b]. [Hence the term 
“L(a,b)-continuity” is sometimes used.]1

1 Cf. Lebesgue [5], [9],

In addition, we want to stress that the passage to the limit cannot now 
be effected under the integral sign; i.e., the pertinent theorems just discussed 
are not applicable, and we need a particular method to make the verification.
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7.5. 4 If f(x) is (Z)-integrable on a finite segment [a, 6] and vanishes 
outside this interval, then

b
lim / \f(x + /) - /(x)| dx = 0.
Z *0 n (7.5-13)

Proof. For the sake of brevity write:

b
Ji[f] = +I)-f(x)\dx. (7.5-14)

a

b
Then we have for all I the inequality Ji[f] < 2 J |/(x)| dx, and hence 

a
for any pair /i,/2 of admitted functions:

Jl[fi] < j^] + Jilfi ~ /2] < Ji[f2] + 2 / \ffix) - /2(x)| dx. (7.5-15) 
a

More generally, it is evident that

+ C2/2] < |ci|J/[/i] + |c2|Z[/2], (7.5-16)

where ci and C2 are arbitrary constants.
Now, the validity of (7.5-13) follows at once from theorem 3.3-4, if- 

is continuous in [a, 6], Thus by (7.5-15), the assertion can also be transferred 
to piecewise continuous functions, namely if the latter are approached by 
functions continuous in the whole interval. The case of other admitted 
functions will be discussed in three parts.

1° As far as the step functions (in a wider sense) are concerned, consider 
first of all the characteristic function xE of an (Z)-measurable set E C [a, 5]. 
According to the definition of (Z)-measure, E can be covered by a system of 
countably many finite intervals whose total length M satisfies the inequality 
M < |£| +e, denoting by £ an arbitrarily small positive number; moreover we 
can select from this interval system a finite subsystem I for which |/| > |£|. 
Thus we can write:

b
f \xE ~ Xi\dx < (M - |E|) + (M - |/|) < 2e, 
a

and by (7.5-15)

b
JilxE] < + 2 J |xB - X, I dx < J/[x,] + 4e. (7.5-17)

192



But Xj being piecewise continuous, JJxJ becomes less than e for 111 
small enough. Consequently, we obtain from (7.5-17):

«We] < £ + 4e = 5c, (7.5-18)

provided that |/| < A = A(e). By (7.5-16) follows the validity of (7.5-13) for 
every so-called generalized step function of the form Kixei + + •.. +
RmXem, where ei,e2,... ,em are arbitrary pairwise disjoint, (L)-measurable 
subsets of [a, 6] and A i, A^,..., Km denote constants.

2° Let be a function bounded, (L)-integrable in [a, 5], which van­
ishes outside [a,6]. Then the definition of Lebesgue integral assures the 
existence of a sequence {<^>(m)} consisting of generalized step functions for 

6 b
which J<pn(x)dx tends increasingly to j <p(x)dx. (Cf. 6.42.)

„ a a
bo to any given r/ -♦ 0, n can be chosen in such a way that 

/ [^) - dx < 
a O (7.5-19)

on the basis of 1°, we shall have the inequality < 77/3 for |/| sufficiently 
small, n being fixed according to (7.5-19).

This implies again by using (7.5-15):

b
JlM < Jl^n] + 2 f [<p(x) - ip^x)] dx < T) [|/| </0(??)]. (7.5-20)

3 If f(x) is not bounded, but (A)-integrable in [a, 6] and takes the 
value 0 outside [a, 5], then its (Z)-integral on [a,i>] can be approximated ar­
bitrarily by suitable (L)-integrals of certain bounded functions. [Cf 7.4-5).]

Let fN(x) be a function which is identical with f(x) for f(x) < N and 0 
otherwise. Then on the one hand, the (Z)-integral of |/(i) - fN(x)\ in [a, 6] 
is less than 77, provided that N is large enough; on the other hand, we 
conclude by (7.5-20) that J;[/tv] < J], if only |/| is sufficiently small.

Using still (7.5-15), we obtain the inequality

b
Jl[f] < Ji[/n] + 2 / [f(x) - /w(x)] dx < 3t? [|/| < /‘(t?)]. (7.5-21)

a

Since 77 > 0 is as small as we please, herewith our argumentation is finished.
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7.6 Theorems on arbitrary (£)-integral functions

7.61 Let us study, how and in which degree can be extended the results 
of Section 7.3 to the widest class of (Z)-integrable functions.

Since the proofs 1.3.1 and 1.3.2 are founded upon the limit theorem 
1-2.1, it is clear that the theorems in question can be transferred to the case 
of unbounded integrands, too, if we apply the so-called “great” Lebesgue 
theorem 1.5.1 instead of 1.2.1. Thus we get:

7.6.1 Let f(x) be (L)-integrable and of finite values on a finite segment 
[a,b].

(/) If we can find to f(x) a primitive function F(x), then the pendant 
of the Newton-Leibniz formula holds:

f f(x) dx = [^(x)]* = F(b) - F(a). (7.6-1)
a

(II) If there exists a primitive function of f(x) in [a, 6] at all, this is 
necessarily an (L)-integral function, i.e., it must be of the form:

X
F(x) = ff(t)dt + C (C constant). (7.6-2)

a

We add that 1.6.1 (I) may be expressed also in the following form, 
equivalent to the former:

Is F(x) differentiable everywhere on [a, 6] with an (L)-integrable deri- 
vate, so we have the connection:

b
J F'(x)dx = F(b) - F(a). (7.6-3)

7.62 Next we deal with the very natural question: if F(x) belongs to one 
of the important special classes of functions treated in Chapter 4 (monotonic, 
absolutely continuous functions and functions of bounded variation), for 
which the existence of derivative is assured only almost everywhere, what 
can be said about the (Z)-integrability of F'(x) and the validity of (7.6-3)?

In connection with 1.6.1 (II), we have first to clarify whether the (L)- 
integral function

X
#(x) = J f(t) dt (a < x < b) (7.6-4)

a

is indeed a primitive of f(x) or whether the relation

^(x) = f(x) (7.6-5)
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does at least hold almost everywhere in [a,b]; moreover, whether we can 
obtain from a primitive function of f(x) the totality of primitives by addition 
of an arbitrary constant.

As regards the question concerning (7.6-3), the answer to this is — 
unfortunately — partly negative:

7.6. 2 If F(x) is monotone increasing in a finite interval [a, 6], so F'(x) 
is (L)-integrable there, further we have the connection

b
J F'(x) dx < F(b) - F(a). (7.6-6)
a

which cannot always be valid with the sign of equality.
In case of a monotone decreasing F(x), a similar statement holds but 

with > instead of < in (7.6-6).

. ° ° f Let F(x) be monotone increasing in [a, b], and let us extend
its definition to a right-hand neighbourhood of b as follows: F'(x) = F(b) 
(b < x < b+ 1). The function thus obtained is differentiable p.p. in [a, b] by 
4.2.1; where F'(x) exists, it can be represented by means of a specialized 
difference quotient in the form:

F'(x) = lim n[F(x + -) - F(x)l > 0. n—*oo v 72 \ /j —
Considering the sequence qn(x) = n [F(r + ^) - F(x)] (n = 1,2,...), 

we see that all its terms are non-negative and (A)-integrable [a fortiori’ (L)- 
integrable] in [a, 6]; moreover {gn(x)} is convergent for a.e. x e [a, bl, and 
by the first mean value theorem of integral calculus:
6 b+(l/n) a+(l/n)
hn(x)dx = n J F(t)dt-n J F(t) dt < F(b) - F(a) (n = 1,2,...).

So the application of lemma 7.5.2 yields immediately the (Z)-integra- 
bility of F'(x) in [a, b] and the inequality (7.6-6). That the sign of equality 
cannot hold generally, is shown already by the function T(x) discussed in 
4.53; since on the basis of 4-5-4 we can write

0 = f'S'&dx < T(l) -1(0) = 1. (7.6-7)

If F(x) is monotone decreasing, the whole argumentation above remains 
valid, but the inequalities take an opposite sense.1

* * *

By 1.6.2 and 1.6.4 it is easy to see, that every monotone increasing or decreasing 
function can be written in the form f^ = ^(x) + ^(x) + £(x), where ^a(x) is 
absolutely continuous, ^(z) is “singular” in the sense that [like X(z)j it is continuous 
and has a derivative vanishing a.e., finally V(z) denotes the so-called pure jumping 
function associated with the discontinuities of/(z) (cf. 4.1.2). There holds an analogous 
representation for any function of bounded variation; its name is canonical decomposition.
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Because of the well-known connection between functions of bounded 
variation and monotonic functions (cf. ^.5.7), our result implies the follow­
ing:

7.6.3 On a finite segment, any function of bounded variation has (Z)- 
integrable derivative, but the latter does not always satisfy the relation 
(7.6-3).

7.63 Our next subject is the investigation of the function (7.6-4). The 
first pertinent problem can be solved essentially in a positive sense, as was 
indicated already in 7.33.

7.6.4 If f(x) is (L)-integrable on a finite segment [a,&], then the (Z)- 
integral function (7.6-f) is in [a, b] absolutely continuous and its derivative 
is equal to f(x) almost everywhere.

Proof. 1° As regards the absolute continuity of ^(i), this follows in 
the case of a bounded function /(a;) immediately from the fact that 
then fulfils a Lipschitz condition. (Cf. 4.62, 7.34)

Assume now that f(x) is not bounded in [a, 6]. Then we write: f(x) = 
fNW+[f(x} - fN(x)\ with fN(x) = [/(+)(X)]N- [|/(-)(x)|]/v [cf. (7.4-5)— 
(7.4-6)]. Since |/(a?) - fNW\ < |/(x)| and |/(x) - fN(x)\ -+ 0 (A — oo), 

b
the application of 7.5.1 yields /[/(x)- /tv(x)| dx = 0 (A -+ oo). Hence

a
to any given rj > 0, there exists an index No(rf) such that

6 n
JIA®)- fN(x)\dx < 4 if only A > Ao(t?). 
a

N being fixed in this manner, consider a system of non-overlapping 
intervals [a*,/?*] C [a,6] with a total length < tj/(2N). Then we have:

0k 0k
E Wk) - = | £ f f(x) dx\ <\Z f fN^ dx| +
k k oth k otk

0k b
+1 E / l/(x) - /nW] dx\ < A E(^ ~ ak) + f |/(x) - fN^ dx < 

k a/, k a

which means by (4.6-2)—(4.6-3) the absolute continuity of Ifix) for 
a < x < b.
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2° From the foregoing we know that &(x) exists in [a, 5] apart from 
some null set Eo. It is still to be shown that on the set (a,b) - Eo we have 
(7.6-5) almost everywhere.

For that purpose, let us take a pair of rationals u < v and denote by 
E(u,v) that subset of (a, 6) - Eo or which ^'(x) > v > u > f(x). Since 
by 1.6.3 &(x) is (Z)-integrable, thus £(u,v) is necessarily measurable; we 
assert that

|£(u,v)l = 0. (7.6-8)
First of all, being given some e > 0, let us choose a number <5 > 0, less 

than e, such that
| / f(t)dt\ < s for |e| < 6. (7.6-9)
(e)

(Cf. 7.1.1.) Let us denote by S such an open subset of (a, b), which contains 
E(u,v) and satisfies the inequality |5| < |£(u,v)| + <5.

Now let us attach to any point x G E(u, v) a segment [ar,x +1] C S such 
that 

$(x 4- Ax) - ^(x) 
Ax (0 < Ax < I), (7.6-10)

which is clearly possible by the definition of E(u,v). The system R of the 
stretches just mentioned wholly covers E(u,v) and fulfils the conditions 
of the Sierpinski lemma 2.6.3. Consequently, to an arbitrarily prescribed 
number 77 > 0 we can select from R a finite subsystem of non-overlapping 
intervals/j = K aq + Zi], I2 = [x2,x2 + l2],... ,Ip = [xp,Xp + lp] (a < X1 < 
... < xp < xp + lp) which also covers E(u,v), except a subset of E(u, v) of 
outer (Z)-measure less than rj.

If we apply (7.6-10) to these intervals Ik, we get

J f(t)dt>vlk
xk

(* = l,2,...,p),

and hence with the notation J = (J Ik the inequality J f(t)dt > v|J|.
d n *=1 (J)By 2.6.3 r/ may be however small, so that | J\ can approximate arbitrarily 
j/?(u,v)| from above; therefore we can assume that |J| - |£(u,6)| < 6 < e, 
i.e., |J| = |/Z(u, v)| + 6e (0 < 6 < 1). Then (7.6-10) furnishes the 
inequality

f f(t)dt> v(|£(u,v)| + de) (0 < e < 1) 
(J)

(7.6-11)

On the other hand, we have by the above J C S and hence J-E(u, v) C 
S- E(u,v). Since by |J - E(u, v)| < |S- E(u, v)| < 6 and the (Z)-integral 
of f(t) on the set J - E(u,v) is < e [cf. (7.6—9)], the estimation follows:

ff(t)dt< J f(t)dt + £
(J) (E(u,v))

(7.6-12)
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But the definition of E(u, v) implies also /(t) < u, therefore the right­
hand integral in (7.6-12) is < |£(u, v)|. Thus (7.6-11) and (7.6-12) yield 
together:

v(\E(u, v)| + i9e) < u |£(u,i>)| + e, 
whence for £ —> +0 we obtain

v \E(u, v)| < u |£(u, v)|.

This can be true by the assumption u < v only if (7.6-8) holds.
3° Let E denote the totality of points x G (a, b)-Eo where $'(x) > f(x). 

Then
E = (J E(u,v),

u,v

being extended over all the pairs u < v of rational numbers. According to 
2°, each subset E(u,v) on the right is a null set, so by 2.6.2 we can infer 
also

|#| = 0. (7.6-13)
In other terms: on the set (a, b) — Eq we have almost everywhere 

&(x) < f(x). Using the same argumentation for the function -f(x), we 
come to the conclusion that $\x) > /(x) at a.e. points x G (a,6)-£0- These 
two statements together imply the validity of the relation ^\x) = /(z) 
almost everywhere in [a, 6],

* * *

7.64 The theorem just proved has certain important consequences. In 
the first place, we shall sharpen in a sense our result on (7.6-5), verifying at 
the same time an earlier statement concerning Lebesgue points. (Cf. 7.3.)

7.6.5 For every function (L)-integrable in a finite interval [a,6], the 
relation (7.6-5) holds at any Lebesgue point of f(x), and almost all points 
x G [a, 6] are Lebesgue points.

Proof. The first part of our assertion can be seen in the same way 
as in case of a bounded function f(x). (Cf. 7.3.4.)

Let q denote a rational number. Since \f(t) - el G L(a,b), in virtue of 
7.6.4 we have at a.e. point x G [a, 5]

d x 1 I+i
J lf(x) - el dt = lim - j \f(t) — dt = \f(x) - e|; (7.6-14) 

i.e., the points of [a, 6] where (7.6-14) does not hold form a null set E(g). 
Let us denote by Ex the set of points where |/(z)| = oo, and let ei,e2, • • •
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be a sequence consisting of all rational numbers (cf. 1.2.1). Then bv 2 6 2 
Eo = E^ U E(qi) U £(^2) U ... is a null set.

Next we show that any point x G [a, h] - Eq is a Lebesgue point of the 
function f.

Let z0 G [a, b] - Eo and an arbitrarily small £ > 0 be given. If on is 
chosen in such way that its deviation from /(^o) is less than e/3, then (/<0):

1 ^o+Z j xo+Z

7 J 1/(0-^n|dt-- J |/(0 ~ /(*0)| dt

2 ®o+Z
7 / 1/(0 “ t?n ~ [/(0 ~ Z(*o)]| dt

1 Xq+1

7 f b XO
(7.6-15)

On the other hand, (7.6-14) is valid at x0 with q = pn, since x0 G E(gn 
Ihus for sufficiently small

1 ro+Z
7 / 1/(0 - ^n| dt - |/(xo) -

XQ

i.e., by |/(x0) - Pn| < e/3 we have

J zo+Z

7 / 1/(0 ~ £>n| dt
1 XQ

On the basis of (7.6-15) and (7.6-16) we obtain:

2 *o+z
7 f 1/(0“/Ml dt
1 xo

(7.6-16)

e 2
<3 + 3* = * for- I'l^)

which means just that xq is a Lebesgue point.

* * *

7.65 A further relevant corollary of 7.6.4 is: the absolutely continuous 
Junctions constitute such a distinguished subclass of the class of functions of 
bounded variation, for which (7.6-3) holds. (Cf. theorem 7.6.3.) Established 
in a slightly more general form:
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7.6.6 If F{x) is absolutely continuous on a finite segment [a, b], then it 
is equal to the (Lfiintegral function of its derivative, namely

F(x) = jF'(t)dt + F(a) (a < x < b).1

1 Observe that for x = b, (7.6-17) becomes (7.6-3).

(7.6-17)

Proof. As we know, absolute continuity of F(x) involves the existence 
p.p. of F'(x) and by 7.6.3 its (Z)-integrability in [a, 6], too.

Therefore we can form the (Z)-integral function

F\x) = fF^dt + F^a) (xE[a,b]fi 
a

(7.6-18)

for which the application of 7.6.4 [with f(t) = F(/)] yields: F*(x) is 
absolutely continuous as well and satisfies the relation [F*(:r)]' = F'(x) 
almost everywhere in [a, 6].

But if [F*(x) - F(i)]' = 0 for a.e. x G [a, 5], then F\x) - F(x) is 
necessarily a constant by 4.6.3; and the latter must be 0 because F*(a) - 
F(a) ±= 0.

Thus we get F\x) = F(x) (a < x < bfi and (7.6-18) turns into 
(7.6-17).

* * *

Let us emphasize: 7.6.6 enables us to give a positive answer concerning 
the second question on 7.6.1 (IF). For, if /(a:) possesses in [a, 6] a primitive 
function F(x), i.e., we have F\x) = f(x) at all the points x G [a,6], then 
F^x) must be absolutely continuous, so that 7.6.6 implies:

F(x) = / /(0 dt + F(a) = ^(x) + F(a) (a < x < b). (7.6-19)
a

Hence we see that the difference of any two primitive functions must be 
constant.

The situation changes when F\x) — f(x) holds only almost everywhere. 
[Then F(x) may not be called a primitive of f(x).] In such a case the validity 
of (7.6-19) is not assured; for example, taking F(x) = Tlx), f(x) = 0, 
M = [0,1], we have F\x) = /(□;) p.p., but F(x) is not identical with 

/ f(t)dt + F(a) (=0). (Cf. 4-5.4-) 
a
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Moreover, the connection of 1.6.with 1.6.6 shows that absolute con­
tinuity is the characteristic property of (L)-integral functions for arbitrary 
(L)-integrable integrands.

Thus the counterpart of 1.3.5 in the general case can be formulated as 
follows:

7.6.7 A function F(F) defined in a finite interval [a, 6] can be repre­
sented as the (L)-integral function of a bounded or unbounded function f(xfi 
if and only if F(x) is absolutely continuous in [a, &].

Finally we mention another remarkable consequence of 1.6.6, namely 
that the total variation of the (L)-integral function (as a function of 
bounded variation) is simply the (L)-integral of\f(x)\-, in symbols:

V^a,^ = f |/(x)| dx. (7.6-20)

As a background to this, we merely refer to the elementary formula:

yF(a,b) = f |F'(a:)| dx, (7.6-21)

where F' is supposed to exist and be (^)-integrable in [a, 6], (Cf. 4.41.) The 
latter representation can be transferred to the case where F is absolutely 
continuous and we have an (Z)-integral on the right.

7.66 Looking over the results of this section on the relation between 
differentiation and (Z)-integration, we have to point out the regrettable 
fact that the concept of Lebesgue integral renders possible the inversion of 
derivation (i.e., to solve wholly the problem of primitives) only in the case 
of a bounded integrand. (Cf. 7.32.)

For, if we know about the derivative of F(x) nothing more than it exists 
on a finite segment [a, 6], therefrom we may by no means conclude the (Lfi 
integrability of F\x) and the validity of (7.6-17). On the contrary: in case

X

of unbounded b\x) it may happen that J F'(t)dt as a Lebesgue integral 
a

does not exist. [A pertinent example is furnished by the function (7.4-7) on 
0 < x < 1.]

The circumstance at issue led to further extensions of the integral con­
cept — by A. Denjoy and O. Perron — in the first decades of this 
century.1 Nevertheless, these generalizations have much less significance in 
respect of applications.

1 Cf. Denjoy [1], Perron [1], further F. Riesz [25],
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7.67 In order to terminate to a certain extent the study of (I)-integral 
functions, we touch upon the rules of integration by parts and by substitution. 
The former is mostly used in the theory of (Z)-integral in the following form:

7.6.8 If f(x), g(x) are (L)-integrable on a finite segment [a,6], and 
F(x) is an (L)-integral function of f G(x) that of g, then the products 
f(x)G(xfi F^g^x) are also -integrable in [a, 0, and there holds the 
formula:

b b
f f(x)G(x)dx + J F(x)g(x) dx = F^G^b) - F^G^afi (7.6-22) 
a a

Proof. On our conditions, F(x) and G(x) are absolutely continuous in 
[a, 5] by 1.6.fi and we have almost everywhere F\x} = /(x), G\x} = g{x}. 
Thus on the basis of J.6.1, F^x)G(x') is also absolutely continuous, moreover 
differentiable at a.e. point x E [a, 6] and

= f^Gfir) + F(x)g{x). (7.6-23)

Since the last two terms are obviously (Z)-integrable in [a, 6] by the 
boundedness of F(x) and G(x), further by (7.6-17) we can write:

b
f[F(x)G(x)]' dx = F(b)G(b) - F(a)G(a), 
a

the (Z)-integration in [a,6] on both sides of (7.6-23) leads to (7.6-22).

* * *

Note that our result can be transformed immediately into the classical 
variant of the rule of integration by parts:

b b
f F'(x)G(x) dx + f F(x)G'(x) dx = F(b)G(b) - F(a)G(a) (7.6-24) 
cl a

where F^xfiG^x) are absolutely continuous functions — if we put F'(x) 
instead of f(x) and G'(x) instead of g(x) in (7.6-22).

The rule of integration by substitution is: 

b 6
f f(x) dx = f f (7(0) .7(0 dt. (7.6-25)
a a

It holds on the conditions: let 7(0 be strictly monotonic and absolutely 
continuous in the finite interval [a,/3], further let f(x) be (Z)-integrable in 
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the corresponding interval [a, 6] with a = 7(a), b = 7(/3). The significance 
of (7.6-25) turns out in the theory of the so-called Lebesgue-Stieltjes in­
tegral, to be presented later. For this reason, the formula (7.6-25) will be 
discussed within a more general framework in 8.34.

7.7 (£)-integral of several dimensions; Fubini’s 
theorem on successive integration

7.71 Since the (T)-measure was defined in 6.12 for point sets of however 
many dimensions, it is natural to introduce the (L)-integral of a point func­
tion in the Euclidean o-space by way of the associated concept of measure, 
patterned after the one-dimensional case.

For instance, let u = 2. We define the (T)-integral of a single-valued 
(bounded or unbounded) function z = f(x,y) over some rectangle 7’ = 
[a, 5] X [c, d] as follows:

Hf(x,y)dxdy = lim £ G|7aJ 
(T) s-*°k=-co

(sup{Zlzfc} < <5) (7.7-1)

where the sum on the right relates to a ^-fine scale

■ ■■< Z-k < ... Z-! < Zo < Z1 < ... < Zk < ... (7.7-2)

on the z-axis, further zk~i < (k < zk, ^zk = zk — zk_\ and Tk means the 
set of points (x, y) e T for which zk_x < f(x, y) < zk (k = 0, ±1, ±2,...). 
We have to assume, of course, that the integrand f is measurable in the 
sense that the planar set consisting of points (x,y) £ T with f(x,y) < C is 
(£)-measurable for any C; moreover we need the restriction that the sum 
(7.7-1) should be absolutely convergent in the case of at least one admitted 
decomposition of the z-axis.

Like the double (7?)-integral, an (Z)-integral of the type (7.7-1) can also 
be calculated by successive (L)-integration with respect to the variables x 
and y. More precisely:

7.7. 1 (Fubini’s theorem on double integrals)  Suppose that the 
(L)-integral (7.7-7) exists. Then

1

1 Fubini [1].

(I) A denoting the set of x E [a, 6] for which f(x,y) is (If)-integrable 
with respect to y in the interval [c,d], the difference [a,6] - A is a null set;

d
(II) the integral J f(x,y)dy is (L)-integrable with respect to x on the 

c
set A;
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(Ill) the formula holds:

d
Jff(x,y)dxdy= J Jf(x,y)dy
CO (/i) Lc

(7.7-3)

If f(x,y) > 0, the integral (7.7-1) means geometrically the spatial (L)- 
measure of the ordinate set of the integrand on T.

7.72 A transformation rule analogous to that just given is valid for 
//-dimensional (Z)-integrals. It is advisable to carry out in detail the verifi­
cation of 7.7.1 first after having accomplished the extension of Lebesgue’s 
theory in the direction suggested by modern axiomatic theory of probability.

The same domain yields the most natural background for the pertinent 
pendant of Stieltjes integral which was originally defined by Lebesgue in the 
form:

b B
J f(x) dg(x) = J f (g-i(y)) dy. (7.7-4)
a A

Here f(x) is assumed to be (Z)-integrable, y = g(x) denotes a function 
strictly monotone increasing in [a, 6]; x = g-i(y) is the inverse of the 
latter, further A = g(a), B = g(b). (Cf. 5.74.)

The above-mentioned topics, i.e., the foundations of a “Lebesgue-like” 
measure and integral theory relating to abstract sets will be dealt with in 
the forthcoming chapter.
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CHAPTER 8

MEASURES DEFINED ON BOOLEAN RINGS 
AND THE ABSTRACT LEBESGUE 

INTEGRAL. LEBESGUE-STIELTJES 
INTEGRAL

8.1 Extension of measures, Caratheodory’s 
theorem

8.11 The development of several branches of mathematics, first of all of 
probability theory in the first half of this century necessitated the transfer 
of the concepts of measure and integral to certain basic sets in which we 
cannot speak about “distance” or “neighbourhood” at all, and the geometric 
background usual in the theory of point sets is completely missing. In such 
a case it is advisable to take Lebesgue’s theory as a model in all respects: 
postulating some elementary properties of the Lebesgue measure //£,(£), we 
can guarantee the possibility of introducing an abstract concept of integral 
which possesses the well-proved, advantageous features of (T)-integral.

As regards Lebesgue’s measure theory in the Euclidean //-space, we have 
started from Eu as a basic set and considered a <r-algebra consisting of 
certain subsets of Eu (namely the totality of sets E which are (L)-measurable 
in a wider sense1), in order to define pl(E) as a set function associated with 
§L, which vanishes for Q and is otherwise non-negative, as well as totally 
additive. (Cf. 1.51., 5.11 and 6.14.)

1 I.e., which have a finite or infinite (Z)-measure.
Sometimes we also say that X and S form together a measurable space.

8.12 Let now be given an arbitrary basic set X / Q and a a-algebra 
S consisting of certain subsets E £ X\ suppose that we can define uniquely 
for the elements of S some set function /z(E) such that I. ^(Q) = 0; II. 
0 < p^E) < oo; III. /z(UEjt) = ^,p(Ek) in the case of any countable system 
of pairwise disjoint sets Ek £ S. Then p(E) is called an abstract measure (in 
short ^-measure) belonging to the pair (X,S) ; the sets E £ S are said to 
be p-measurable, while the name of the triplet (X,S,/z) is: measure space.

2

It is easy to present instructions to give explicitly an arbitrary number 
of concrete measure spaces. Such an instruction is e.g. the following: let X 
be a countable set {xk} and S = P(X), i.e., the power-set of X [cf. (1.4-3), 
1.51], furthermore let us take:

0

k
^E) = <

ifE = O, 
if £ = {&}, (8-1-1)
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where {^} C {x*.} and q(x) is some single-valued, non-negative real func­
tion, defined for every x € X.

8.13 Anyway, those measure spaces are mainly of significance for the 
applications whose basic set X is non-countable and at which S contains 
together with any element E of //-measure zero also all the subsets of 
E(C X). If this latter condition is fulfilled, we say that both the measure 
space (X, S,//) and the associated concept of measure are complete.

In particular, the triplet (E^,and the Lebesgue measure pl(E') 
obviously possess the property of completeness, but this cannot be asserted 
about every classical concept of measure. For instance, the so-called Borel’s 
measure Pb(E) is not complete with respect to the Euclidean //-space as 
a basic set. The measure pg was introduced by E. Borel in 1898 by 
extending the notion of measure from intervals of E„ in a certain “natural” 
way to the totality of sets belonging to the <7-algebra generated by 
systems of //-dimensional intervals.1 (By “natural” extension is meant: to 
the union of pairwise disjoint sets we always attach the sum of measures 
of the latter, and to the difference of a set E and of some subset of E we 
always attach the difference of the corresponding measures as the measure 
of the result.) It is easy to see that every set measurable in Borel’s sense is 
(L)-measurable at the same time, but the converse is not true; thus there 
are sets E for which pl^E) exists and pg(E) does not, though in such a case 
it is always possible to find some Borel measurable set E^ D E for which 
^5(^1) =

1 Hence the terms “Borel set” or “Borel’s field of sets" have originated. (Cf. Borel 
[2].) By means of a strong widening of Borel’s method, A. Haar succeeded in introducing 
an abstract measure concept for certain algebraic structures — namely in the case of 
the so-called locally compact topological groups - too (1933). This is a notion of great 
importance; its name is “Haar’s measure”. (Cf. Haar [2].)

The last statement shows that the incomplete measure space (Ep,Sg, 
Pb) can be expanded to the complete measure space (Ev,Sl,Pl) thereby 
that the elements of the former are “widened” by all the subsets of null 
sets with respect to pb- We can proceed similarly in the case of any other 
incomplete measure space so that the following proposition holds:

8.1.1 To each space (X,S,p) there exists a narrowest complete expan­
sion which is called the closure of (X, S,p). The a-algebra containing S 
which occurs in this closure, as well as the complete measure generalizing p 
are determined uniquely.

8.14 As regards the construction of measure spaces fitting the purposes 
of an integral theory, a further important method is furnished by studying 
the logical connection between Jordan’s and Lebesgue’s theory of measure.
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J{^meajUr! lsdefined not 011 a algebra, but only on a Boolean ring 
(ci. 5.13); and the idea of the outer (T)-measure which is based implicitly 
upon the Jordan measure, enables us to extend pj(E) to the Lebesgue 
measure fiL^E) which is defined on the wider set structure S^. [Cf. (3 6-5) 
(6.1-1).] 1

1 The last requirement means, of course, a restriction only in the case of infinitely
many sets, because otherwise it is a consequence of the fact that K is a Boolean ring.

In order to generalize this train of thought, we shall use a notion analo- 
g°us to Jtj(E), for which it is advisable to introduce a new name and symbol 
Let X be a Boolean ring consisting of certain subsets E of an arbitrary basic 
set A / (J. We call any single-valued set function defined on X a premea­
sure with respect to (X,X) and denote it by ^(E), when it has the following 
properties: I. ^(Q) = 0; II. 0 < n*(E) < 00; III. p\uEk) = Vu*(Ek} 
for every countable system of pairwise disjoint sets Ek € X satisfying the 
condition UEk G
„ ^ese’ ’s na-tural to form the so-called outer measure induced by 

P (E) [cf. (2.6-5)]: y
^E)= inf (8.1-2)

where E denotes an arbitrary subset of X and U is a countable system of 
subsets belonging to X. Since ^E) means an extension of p\E) in a certain 
direction, it is to be expected and indeed can be verified without difficulty 
that these two set functions are identical with each other on X itself:

P(E) = ^(E) if E EX. (8.1-3)

On the other hand, for any (Z)-measurable set E we can write instead 
of a further ibidem on the right I may be replaced by
another (Z)-measurable set H, if at the same time on the left H D E is 
substituted for E. Thus the idea presents itself that the relation

nE) + p(H - E) = p(H) [HeP(X)J (8.1-4) 

should be utilized for the characterization of the abstract measure concept 
corresponding to the Lebesgue measure. More precisely, we see that the 
subsets E E X which satisfy (8.1-4) for any H G P(X), always constitute a 
cr-algebra S, and that p(E) is simultaneously a measure in the sense given 
before, if it is restricted to S. This measure concept p(E) associated with 
(X,S) is called the measure induced by p(E').

8.15 _If now starting from a premeasure //*, we form first the outer 
measure ^E) by (8.1-2) and afterwards we define p(E) on the basis of 
(8.1-4) then, in the way just sketched, we get one of the relevant results of 
general measure theory:
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8.1.2 (Caratheodory’s extension theorem) Let us consider a 
Boolean ring & belonging to an arbitrary basic set X Q and a a-algebra 
S(3?) generated by R. Every premeasure with respect to (X, R) can be ex­
tended to a p-measure associated with (X, S(3?)).

Note that 8.1.2 can even be sharpened, if we still assume that X can 
be represented as the union of its countably many, pairwise disjoint subsets 
belonging to 3? and being of finite premeasure. In such a case we say that 
the pertinent premeasure is a-finite on 3?. In the given case, the extension 
in question is unique, i.e., there exists one single measure defined on S(3J) 
which is identical with the premeasure just mentioned on the Boolean ring 
3?.1

1 Cf. Caratheodory [1].

The extension of a premeasure p*, together with expanding the induced 
measure p(E) into a complete one, and furthermore, the resulting measure 
itself are called the Lebesgue continuation of p*.

8.2 Lebesgue integral on abstract measure space

8.21 Let us investigate, how the concept of (L)-integral can be trans­
ferred to functions given on abstract measure spaces, the measurability of 
these functions being naturally meant according to the notion of measure 
valid in the pertinent measure space.

Consider an arbitrary non-countable basic set X, a <T-algebraS consist­
ing of certain subsets of X, further a measure p(E) defined on S, this triplet 
forming together a measure space (X,S,pf The latter, as well as p(E) 
are always supposed in the sequel to be complete — without any particular 
specification.

A real-valued function /(x), defined uniquely for the elements of X, 
is called p-measurable on a set E C X, if both E and the level set 
{x : /(a:) < c} with any real c are //-measurable, i.e., belong to S (cf. 8.12). 
Since this definition is formally the same as that given in 6.32, it is clear that 
all the properties of measurable functions, discussed at the end of Chapter 
6, remain valid also for //-measurable functions. In addition, we want to 
mention the following:

Let ^{x) be called p-step function, if its codomain consists of countably 
many real numbers and ip takes each of its values at the points of a p- 
measurable set. (Such a function is obviously //-measurable.) Having this 
notion, we easily obtain an elementary criterion of //-measurability:

8.2.1 A function f(x) is p-measurable on a set E € S if and only if it 
can be represented as the limit function of a uniformly convergent sequence 
of p-step functions.
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Proof. The sufficiency of the condition follows at once from the fact 
that proposition 6.5.2 holds for any //-measurable basic set and for arbitrary 
//-measurable functions as well.

To show the necessity, suppose that /(x) is //-measurable on E, and 
form the //-step functions

k k I 1
A(®) = ~ with -</(x)<—— = 0, ±1, ±2,...), (8.2-1)

n denoting an arbitrary natural number. We see that the sequence {/n(x)} 
converges on E uniformly to /(x), since |/(x) - /n(x)| < l/n at every 
point X'.

* * *

The counterparts of ordinary null sets concerning //-measurable func­
tions are the sets e for which //(e) = 0. If some assertion holds for all values 
of a variable except a so-called n-null set, then we say that it is valid ^.-almost 
everywhere (in short: “/i-a.a. ”). When no misunderstanding is possible, the 
reference to //-measure may be omitted. If two functions: f(x) and g(x) are 
equal //-almost everywhere, i.e., the //-measure of the set {x : /(x) / ^(x)J 
is equql to 0, then we say also that f and g are ^.-equivalent to one another.

8.22 Now, having regard to the fact that the Lebesgue sum (7.4-2) 
can also be interpreted as the (Z)-integral of a generalized step function 
[cf.(6.4-6)], it is advisable to carry out the extension of the integral concept 
in two steps, by use of the integral of some //-step function.

Let ^?(x) be a //-step function, defined on a set E G S, the values of which 
can be arranged in a finite or infinite sequence of distinct real numbers. If 
the series corresponding to (7.4-2), i.e.,

^ck //({x -.x G E,^x} = c*}) (8.2-2)

is absolutely convergent, then we say that </>(x) is //-integrable on the set E 
and the sum of (8.2-2) is called the //-integral relating to E. In symbols:

J <^(x) du = ck // ({x : x G E, <^(x) = ck}). (8.2-3)
(E) k

An arbitrary function /(x) (x G E) is said to be fi-integrable on a set 
E G S, if there exists a sequence /n(x) (n = 1,2,...) of //-step functions, 
which are //-integrable on E in the sense just mentioned and converge 
uniformly to /(x). Then we call the limit

f ffi)dy = lim J fn(x) d^ (8.2-4)
(E) n^°° (E)

the ^.-integral or abstract Lebesgue integral of /(x) on set E.
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This definition of integral is satisfactory in every respect, since it is 
easy to show: (I) the limit on the right exists surely on our conditions; 
(II) this limit does not depend upon the choice of the sequence of //-step 
functions fn(x) (n = 1,2,...); (HI) if /(z) is itself a //-step function, so 
the definitions of //-integrability and //-integral are in accordance with those 
given by (8.2-2)—(8.2-3).

In fact: (I) for any pair of terms of {/n(®)} we have the evident estima­
tion:

I / fm(x)dp- f fn(x)dp\ < p(E)sup{\fm(x) - 
(E) (E)

(II) if two //-step functions: /^(z) and /„2)(z) are //-integrable on E and 
they converge uniformly to /(z) as n oc, so the corresponding //-integrals 
relating to E tend necessarily to the same value; (III) in case of a //-step 
function </?(z), the application of the sequence /n(z) = <p(z) (n = 1,2,...) 
yields the above definition of J </?(z)d//.

(E)

8.23 We remark that by the foregoing the p-integrability always implies 
the /i-measurability but the converse is not true (cf. 8.2.1). On the other 
hand, since bounded //-step functions are trivially //-integrable according 
to (8.2-3), each bounded and p-measurable function is also p-integrable. 
Moreover, it follows from the absolute convergence of the series (8.2-2) that 
/(z) and |/(z)| are always p,-integrable at the same time.

In general, we can say: the fundamental properties of (Z)-integral and 
all the results concerning limiting processes under the integral sign (cf. 7.1- 
7.2, 7.4-7.5) can be transferred without difficulty to //-integrals, but the 
theorems about the connection of differentiation and integration keep their 
validity only partly and on strong restrictions, respectively.

By the comparison of definitions of //-integral and higher dimensional 
(L)-integrals we see immediately that the latter are special cases of the ab­
stract Lebesgue integral, relating to measure spaces of the form 
(E^SLiL)-

It remains to be mentioned: another type of abstract (T)-integral can 
be obtained of we apply to arbitrary linear functionals a method like that by 
which F. Riesz constructed his theory of (Z)-integral, starting from termwise 
integration of certain “simple” functions. (Cf. 6.43.) This way was realized 
by the concept of integral due to P.J. Daniell.1

1 Daniell [1].
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8.3 Lebesgue-Stieltjes measure and integral 1

1 Cf. Lebesgue [8], Kamke [1].
2 g(x) must not be bounded, so that its limit for x —► ±00 may be +00 and —00, 

respectively.

8.31 We want to make a more detailed study of that important par­
ticular case of //-integral, which corresponds in the Lebesgue theory to the 
Riemann-Stieltjes integral discussed in Sections 5.7-5.8. In order to intro­
duce the approximate notion of measure, we need a steady point function 
g{xj, the so-called integrator, on which we assume in the sequel that it is (I) 
defined uniquely for — oo < x < oo; (II) monotone increasing on the whole 
number line; (III) left-hand continuous everywhere.2

Let us take as a basic set X the interval (-00,00), and consider those 
interval systems I on the number line which consist of finitely many non­
overlapping finite closed segments — admitting that the latter may “degen­
erate” into single points. The interval systems in question together with 
the empty set constitute a Boolean ring 01b (cf. 1.52). Let us attach to any 

n
interval system I = U [afc,/3fc] belonging to 01b the pertaining sum of in- 

/c=l
crements of the function g(E), and to Q the zero; therefore, if the arising 
interval function is denoted by p*, we shall have:

^(O) = 0, = £ Wk) - 5(aJ]. (8.3-1)

k=i
The conditions postulated in 8.14 for p*(E) are obviously satisfied by Pg(I), 
so that the latter may be regarded as a premeasure (i.e., a generalized “total 
length”) of I with respect to g.

But by Caratheodory’s theorem 8.1.2 p* is “Lebesgue continuable” into 
a measure pg which is defined on a <7-algebra Sb generated by Otp, i-e., on 
the so-called Borel sets of the line; and by 8.1.1, the definition of pg can 
immediately be expanded to the closure of Sb (as a fundamental domain), 
i.e., to all the linear sets of finite or infinite (Z)-measure. The measure 
concept thus obtained is called the Lebesgue-Stieltjes measure with respect 
to g.

8.32 Substituting now pg for the //-measure in the definition of ab­
stract Lebesgue integral, and putting X = (-00,00), we get the so-called 
Lebesgue-Stieltjes [briefly (LS)-] integral of f(x) with respect to g(x), relat­
ing to a linear set E E which is assumed to be (immeasurable in wider 
sense. The (£S)-integral is usually denoted like the (7?S)-integral, so that 
we can write:

f f(x)dg(x) = f f(x)dps, (8.3-2)
(E) (E)
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where pg signifies the (ZS)-measure associated with g (i.e., the Lebesgue 
continuation of the above ^*)?

Next we show that the (ZS)-integral turns into the (£5)-integral, if 
E is a finite interval, the integrand is continuous, furthermore the values 
of the integrator are suitably chosen at the end points. So we can say: 
the Lebesgue-Stieltjes integral generalizes the concept of Riemann-Stieltjes 
integral in a certain direction.

8.3. 1 Suppose that f(x) is continuous on a finite segment [a, 6], further 
g(x) is there monotone increasing, left-hand continuous and at the end points 
on both sides continuous. Then the (LS)- and (RS)-integral of f(x) with 
respect to g(x) over [a, 6] exist and are equal to one another, in symbols:

fdg = ™] f dg. 
a a

(8.3-3)

Proof. On our assumptions, the existence of the pertinent integrals is 
assured by 8.2.1 and 5.7.3 (Z); therefore we only have to verify the equality 
(8.3-3).

For that purpose, consider a partition a = x0 < xi < ... < xn = b 
of [a, 6] whose every point of subdivision is a point of continuity of g(x). 
The set of these point systems of decomposition is non-countable: omitting 
from (a, b) the points of discontinuity of g(x) (which form a countable set 
by j-l-S), the points x^x?,... ,xn^ may arbitrarily be marked out on the 
remaining part of [a, 6], while the points xq = a, xn = b belong to the set of 
points in question by hypothesis.

Let Ik = [xt-i,Xjt] (k = 1,2,...,n) be subintervals of an admitted 
partition, and let us denote by Mk and mk the maximum and minimum of 
/(ar) in Ik, respectively. Then by fundamental properties of the ^-integral 
we have:

mk ^Ik) < / /(*) dpg < Mk pg(Ik) (k = 1,2,..., n), 
(4)

where pg(Ik) = g(xk) - g(xk~i) [cf. (8.3-1)]; hence by addition:

£ mk[g(xk) -g^x^] < f f dg < t Mk[g(xk) - g^x^)]. (8.3-4) 
k=l a k=l

On the other hand, the sum (5.7-2) occurring in the definition of 
b
J f dg lies for any partition between the two sums in (8.3-4), and 
a

1 If the integral on the left-hand side in (8.3-2) exists, we say also that f is (LS)- 
integrable with respect to g, or it is p.g-integrable over E.
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the common limit of these sums is just the (RS)-integral at issue as 
max(xfc - xk_i) -+ 0.

Consequently, by applying a sequence of unboundedly refined partitions 
of [a, 6], (8.3-4) becomes indeed (8.3-3).

* * *

8 .33 As far as the connection between the (ZSj-integral and the ordi­
nary (Z)-integral is concerned, first of all we point out: the (L)-integral is 
that particular case of the (LS)-integral for which g(x) = x. This is evident 
because in the mentioned case pg becomes the Lebesgue measure p.^ and 
so the right-hand term of (8.3-2) turns into the (ordinary) (Z)-integral of f 
over E.

In another connection it is an essential circumstance that under certain 
restrictions the (LS)-integral can be transformed into an (L)-integral even 
in two different ways.

We have hinted at one of these bearings already in 7.72:

8 .3.2 Let y = g(x) be continuous and strictly monotone increasing in 
a finite interval [a, 5]. If the (LS)-integral of f(x) with respect to g(x) exists 
on [a, 6], then it can be written as an (L)-integral as follows:

b g(b)
Jf(x)dg(x) = J f[g-i(y)] dy, (8.3-5)
a 90

where g^ signifies the inverse function of g. Conversely: the existence of the 
right-hand side (L)-integral implies that of the left-hand side (LS)-integral 
and the equality (8.3-5))

Proof. In our case, the function y = g(x) establishes a one-to-one, 
continuous mapping between the segments a < x < b and g(a) < y < g(b), 
further the same holds for x = g_x(y). From the fact that the /zg-measure 
of an interval [a,/?] C [a,6] is nothing else but the ordinary measure (i.e., 
length) of the corresponding interval [5(a),g(/3)] C [0(a), #(&)], we can 
conclude that, in general, the /ig-measure of any (L)-measurable set E on 
the 2:-axis is identical with the (Z)-measure of the image set of E on the 
j/-axis.

Hence it follows for every ^g-step function g>(x) whose ^-integral exists 
in [a, 6] and which takes there the values cj, c2,...:

1 The theorem holds with some slightly more general premises too.
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Tjck^g ({z^e [a,6],92(z) = q}) = 
k

= Hck^L^{y; y e [5(a), 5(6)],^ [5-1(5)] = cfc}) 
k

this involving by (8.2-3) the validity of (8.3-5) with /(s) = ^xf
Owing to the definition (8.2-4), we see therefore that (8.3-5) also holds 

generally on the existence of any of the pertinent two integrals.

* * *

The second integral formula indicated before is a counterpart of (5.8-1) 
for Lebesgue integrals:

8.3.3 If is monotone increasing and absolutely continuous on a 
finite segment [a,6], further f(x) is there /ig-integrable, then

b b
/ f(x) dg(x) = J f(x)g'(x) dx. (8.3-6)
a a

Proof. Let <^(x) be a /zp-step function of the form

^x) = Y,ckXek(x) (a < x < b) 
k

where {q} is a countable set and (& = 1,2,...) are pairwise disjoint sets 
with (Jek = [a^]; assume that 9? is /^-integrable in [a, 6], 

k
Then on the one hand, we can write by (8.3-2) and (8.2-3):

b b
f ?(x) dg(x) = / P(x) d^g = E <Wg(ek), (8.3-7)
a a k

and the last series is absolutely convergent by hypothesis. On the other
hand, it follows from the absolute continuity of g^xf.

b b
f p^g'^dx = ^Ck j X^cf^dx = 
a k a

£ck J g'(x)dx = Eck/2g(ek). (8.3-8)
k M k

Namely, proposition 7.6.6 implies immediately for any interval system 
Z C [a, 6] the formula

J g'^dx = ng(I) (8.3-9)
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[cf. (8.3-1)]; and the validity of (8.3-9) may be extended to an arbitrary 
(Z)-measurable set E C [a, 6] on the basis of the definition of outer (L)- 
measure.

The comparison of (8.3-7) and (8.3-8) furnishes the connection
b b
f^dg^x) = f <p(x)g'(x)dx, 
a a

whence we get the assertion, if we consider (8.2-4) as well as the definition 
of (Z)-integral.

* * *

8.34 Observe that the formula (7.6-24) of integration by parts may be 
written by means of 8.3.3 in the form

b b
J f(x)dg(x) + J g(x) df(x) = [/(x)^(x)]*, (8.3-10)
a a

f and g denoting arbitrary absolutely continuous functions. [Cf. (5.7-8).]
Moreover, we get as a very simple consequence of 8.3.2 another im­

portant formula which contains the rule of integration by substitution for 
(Z)-integrals as a particular case.

8.3.4 (Transformation rule of Lebesgue-Stieltjes inte­
grals) Let q(t) be strictly monotone increasing and continuous in a fi­
nite interval a < t < (3, further let g(x) have the same properties on the 
corresponding segment g(a) = a < x < b = g(J3f Consider a function f(x) 
whose (LSyintegral with respect to g(x) exists in [a,b].

Then we have
b 0
J f(x) dg(x) = f f [7(t)] dg [7(t)], (8.3-11)
a a

and especially for g(x) = x and an absolutely continuous 7(t) the integral 
relation:

b 0
f f(x) dx = J f [7(t)] 7'(t) dt. (8.3-12)
a a

Proof. Suppose that f,g,^ satisfy the conditions of the theorem, 
and let us denote the inverse of y = g(x) by x = g~i(y), that of x = 7(t) by 
t = 7-i(a:); for the sake of brevity write ^[7(t)] = A(t).

Since g(a) = §[7(a)] = A(a) and g^b) = <7 [7(Z?)] - furthermore 
by <7(7[A_i(s/)]) = A[A_i(j/)] = y, we see that

9-1^ = 7 [A-i(y)];
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thus applying 8.3.2 twice, we obtain:

b g(b) A(/3)
Jf(x)dg(x) = J f[g~i(y)] dy = f f (7 (A-^y)]) dy = 
a g(a) A(a)

P

a
This is the formula (8.3-11).

If g(x) and q(t) is even absolutely continuous in [a,/?], then 8.3.3 implies

P P P
f f [?G)] <W) = / /h(0] d7(f) = J f [?(*)] ?'(0 dt-, 
a a a

therefore (8.3-11) indeed yields (8.3-12).

* * *

8.35 The properties of {LS}-integrals follow immediately from the re­
lated features of abstract Lebesgue integrals; their treatment can be com­
pared at the same time with the theory of (JZS)-integrals. (Cf. 5.7-5.8.) 
Anyway, let us mention here that 1. in the theory of (LS)-integrals often the 
words “g-null set”, “g-equivalent” etc. are used instead of the terms “^s-null 
set”, “/^-equivalent” and so on, i.e., one refers merely to the integrator func­
tion; 2. since by f.5.1 any function of bounded variation can be expressed 
as a difference of monotone increasing functions, the notion of (Z5)-integral 
can also be extended at once to the case of integrators of bounded variation-, 
3. there is no objection even to introducing higher dimensional (LS')- 
integrals (i.e., generalized Radon integrals), in which certain additive in­
terval functions of several dimensions take the part of monotone increasing 
integrators or those of bounded variation.

The wide-ranging utilization of Lebesgue-Stieltjes integrals is based 
mainly upon the fact that the concept of (LS)-integral assures a unified 
and concise treatment for large classes of sums and infinite series as well as 
of ordinary integrals.

In particular, we have to emphasize the close connection between the 
Lebesgue-Stieltjes measure and the notion of distribution function which 
is of central importance in probability theory: the latter is namely [like 
5(1)] by its definition such a single-valued real function F(x) which is 
in (—00,00) monotone increasing, left-hand continuous, furthermore tends 
to 0 or 1 as x —> —00 and x —► +00, respectively. Thus it becomes 
possible to express some characterizing data of random variables (expected 
value, variance, moments) as (LS)-integrals formed from the pertaining 
distribution functions, and thereby to obtain such representations of the 
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parameters at issue which hold for the discrete and continuous cases alike. 
The concept of the so-called characteristic functions of a variate (random 
variable) is a noteworthy special case, which presents at the same time an 
example of a Fourier-Stieltjes transform. (Cf. 14.62.)

8.4 Measures and integrals on product spaces

8-41 The elementary fact that the Euclidean i/-space Eu can be consid­
ered as the Cartesian product of v number lines (cf. 1.12), and correspond­
ingly we mean by the measure of a ^-dimensional interval the product of 
the lengths of the pertaining v linear intervals, suggests to us the problem 
of defining a measure concept on set structures arising by “Cartesian mul­
tiplication” of arbitrary measure spaces. We can expect that the study of 
this question will make it possible also to find such a connection between 
certain pertaining abstract Lebesgue integrals which is a counterpart of the 
reduction of higher dimensional (7?)-integrals to one-dimensional ones.

Let us denote the <T-algebra constituted by the ^-dimensional sets of 
finite or infinite (L)-measure by and the ^-dimensional Lebesgue mea­
sure of a set S G ) by \S). In what follows we shall essentially uti­
lize the chain of ideas which leads from 1/ one-dimensional measure spaces

iPl ) the measure space The theme is very sim­
ple: we take on each number line Ex a special system of sets, namely the 
finite segments, whose measure concept (length) is defined directly and can 
be transferred (by ordinary multiplication) to the corresponding sets in Eu: 
the p-dimensional intervals. This “base measure” will thereafter be gradu­
ally extended by the Lebesgue process to all sets G . Hence it is also 
teasonable to call {Eu^^^p^) the abstract (or “independent”) product of 
the v measure spaces mentioned above.1

I he attribute “independent” refers to a certain interpretation in probability theory, 
relating to so-called stochastically independent events.

8.42 Let now v complete measure spaces (Xi,Si,^), (^^a,^),-- 
{Xui^uy Pv} be given, and let us select from every (/-algebra such a 
“substructure” (consisting of sets G Xk) which takes over the role of one- 
dimensional finite intervals. Since the latter obviously do not form a Boolean 
ling, their totality not being closed with respect to the union operation, it 
is advisable to introduce a new (more general) notion.

A system T of sets belonging to a basic set X 7^ Q is called a semi-ring, 
if it contains Q, is closed with respect to the meet operation, moreover has 
the following property: after being prescribed any set 5 G T and a subset 
s G S, the difference S - s is representable as the union of finitely many sets 
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G IP, disjoint with s and with one another. It is manifest that every Boolean 
ring is a semi-ring at the same time, but the converse is not true.

For instance, the totality of left closed and right open finite intervals on 
the line, supplemented by Q, form such a semi-ring IPy1' which can trivially 
be made a Boolean ring, if we apply finitely many times to the elements of 
IPy1^ the union operation and attach to IP^ all the intervals thus obtained. 
Like 1.5.1, it is easy to see:

8.4.1 Every semi-ring IP can be widened to a Boolean ring in such a 
way that we supplement it by the union of any finite number of its elements. 
The resulting system fR(fP) is the narrowest (minimal) Boolean ring which 
contains T.

If Tj ' denotes the above special semi-ring, then the p-times iterated 
Cartesian product of this system by itself which we denote by IP^, is 
again a semi-ring, namely it consists of all the finite p-dimensional intervals 
of the type ai < zi < bi, 02 < ^2 < ^2; • • •, a^ < x„ < b„ and of 
O- The importance of the notion of semi-ring lies in the fact that this 
peculiar “closure with respect to Cartesian multiplication” holds in the case 
of arbitrary semi-rings as well.

8.4.2 The Cartesian product of finitely many semi-rings is always a 
semi-ring.1

Proof. Let IPi,IP2 be two semi-rings and let us put T = fPj x IP2.
1° If S 6 IP, T G IP, then both sets can be written as Cartesian products 

of certain elements of Ti and T2, respectively:

s = St X s2 (Si g ^,52 e ip2), t = tx x t2 (^ g tx,t2 g ip2)
Consequently also

SnT = (5inTi)x(TiDT2),

and the meets on the right belonging by the definition of semi-ring to IPi 
and CP2, we obtain

SnTeT. (8.4-1)
2° Consider furthermore a set S G IP and a subset s G IP of it. If again 

Si G Ti, S2 G IP2 with Si x S2 = S, then there are such sets $i C Si, s2 C S2 
for which si X s2 = s.

But CPi and T2 being semi-rings, Si and S2 allow also decomposition of 
the form:

Si = Si U Sj1) U ... U S2 = s2 U U ... U

1 The pendant of this assertion does, of course, not hold for Boolean rings. 
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where 31,3! ,...,3/” ands2,s2 ,..., 32" are pairwise disjoint subsets of 
Pi and P2, respectively.

Hence follows:

S - Si X S2 = (3i X s2) U (si X 3^) U ... U (3i X 4"))U

U(s^ X S2) U (s^ X 3^’) U . . . U (3^ X 3^n)U

u(3{m) x s2) U (s^ x s^) U ... U (s^ x 3^n)). (8.4-2)

Our assumptions imply that all the Cartesian products X 3^ (i = 
0,1,..., m; j = 0,1,...,n; 3^ = Si, s^ = S2) belong to P and are 
pairwise disjoint sets.

Therefore our assertion can directly be verified by (8.4-1) and (8.4-2) 
for the case of two semi-rings, while otherwise we get through easily by 
induction.

* * *

8 .43 By way of the concept of semi-ring we possess the general set 
structure taking over the role of systems of finite intervals. Thus next we 
have to introduce the analogue of the interval measure: we call base measure 
and denote by ^°(S) any such non-negative and finitely additive set function, 
which is defined on a semi-ring.

Let us select from any one of the above cr-algebras Sk(k = 1,2,... ,1/) 
[associated with the prescribed measure spaces (X^,^,^^)] a semi-ring 
Vk, and consider the base measure nk(Sk) (Sk € PJ obtained by the 
specification of nk to the sets of P^. By 8.4.2 it is natural that we attach 
to the pertinent subsets of

X = Xj x X2 x ... x X„, (8.4-3)

further to the semi-ring

P = Pi x P2 x ... x Pp, (8.4-4)

the product
... MSv) (8.4-5)

as a base measure; the finite additivity of (8.4-5) can be shown easily.1

1 For a Cartesian product of more than two factors, holds the associative law. 
Accordingly e.g. Xi x X2 x X3 — (Xi x X2) x X3 = Xi X (X2 x X3), because any element 
(®b x2, X3) of the first product is identified with the corresponding elements ((xi, X2), 13) 
and (xi, (x2, X3)) of the latter.
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Using 8.4-1, the definition of p°(S) can be extended at once to the 
narrowest Boolean ring containing IP, so that we get a premeasure 
p*(S) [S' G fR(fP)]; moreover, the Lebesgue continuation of the latter yields 
such a totally additive measure p(S), whose domain of definition is the a- 
algebra S(T) arising from the minimal widening of ^(IP). (Cf. 1.5.1, 8.15.)

Summing up, we establish the following theorem:

8 .4.3 In case of any given system of complete and cr-finite measure 
spaces (Xk,Sk, pk) (k = 1,2, there exists such an abstract measure 
p^S), determined uniquely, which is induced by the base measure (8.4-5) 
pertaining to the semi-ring (8-4~4) on the a-algebra S(T).

We add some pertinent names: the measure space belonging to the 
basic set (8.4-3) as well as to S([P)and p(S) is called the abstract (or in­
dependent) product of (Xi,Si,p\),.. ,(Xu,Su,pv), briefly the product space 
formed from these measure spaces. The abstract measure p(S) is also said 
to be the abstract (independent) product of pi,p?,..., p^, in short, product 
measure, and it is usually denoted by the symbol:

p = Pi ® P2 ® ® Pv- (8.4-6)

Finally, on the basis of the measure concept (8.4-6) and of the consider­
ations in Section 8.2, we can define without difficulty the abstract Lebesgue 
integral of a function /(ori, X2,..., x„) (zi € Xi,X2 E X2,...,x„ G X„) 
over a set S G S(fP), provided that f is /z-integrable with respect to the prod­
uct measure at issue, in a sense similar to the case of (8.2-4). This concept 
is called briefly (L)-mtegral relating to product space and its symbol is

J f(xi,X2,...,x^)dp. (8.4-7)
(S)

As regards the calculation of (8.4-7), observe that it is about a strong 
generalization of the i'-dimensional (Z)-integral. Thus there is a pertinent 
transformation rule which will be discussed for v — 2 in the forthcoming 
section.

We note still that the ideas about product space and related (L)-integral 
can be extended to the case of infinitely many measure spaces, too. When 
it comes to that, we always need the restriction p(Xi x X2 x ...) = 1, 
originating from applications in probability theory.
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8.5 Fubini’s theorem for product spaces; 
connections with probability theory

8.51 In order to extend suitably Fubini’s theorem 7.7.1, we have 
to premise a lemma, which also has a certain own relevancy concerning 
Lebesgue continuation of measures (cf. 8.f.l).

8.5.1 Let p(S') be a measure attached to a complete and a-finite mea­
sure space (XyS,p); let IP denote a semi-ring consisting of subsets ofS.

Then to any given set S € S we can find another set T such that
OO

T = A Tny T13T23...JTnD..., 
n=l 

oo
^=11^, TnlGTn2G ...GTnrG 

r=l

where Tnr € IR(IP), furthermore

^S) = p(T) (SGT) (8.5-1)

holds.

Proof. According to the definition of //-measure, for any fixed natural 
number n there are countably many sets snp £ T, such that Zn = (J snp 3 S 

p 
and the inequality

p(Zn) < p(S) + - (8.5-2)n
is fulfilled.

n
If Tn = 0 Ziy then Tn can plainly be written as the union of certain 

«=1

sets rnq £ IP (q = 1,2,...). Thus the choice Tnr = (J rnq £ IR(IP) yields at 
9=1OO

the same time Tn = (J Tnry and {Tnr} is an increasing, {T^} is a decreasing 
r=l

oo oo
sequence of sets. Considering that for T = Q Tn we have also T = Q Zn, 

, n=l n=l
and it is S C Zn by the above, the remaining part of the assertion can be 
obtained from (8.5-2).
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A further subsidiary proposition means in the most elementary case, 
that the (Z)-measure of a planar set can be written as the integral of some 
linear (Z)-measure.

8.5.2 Let //i) and (X2,§2,M2) he two complete, o-finite measure 
spaces, and let p — p\ ® p2 denote the corresponding product measure.

Then we have for any p-measurable set SeXiX X2 the representations:

P^) — J P2($X1)dp1= f pi(SX2)dp2 
(Xj) X2

(^i G Xi, $2 € X2), (8.5-3)
where

— {x2 • (^1,^2) € *5'} , SX2 — {xj : (®i,£2) € -1

1 If Xi and X2 signify the axes of a planar right-handed rectangular Cartesian co­
ordinate system, then SXl means the orthogonal projection of points with abscissa xj of 
the planar set S on the X2-axis, while SX2 is the orthogonal projection of points with 
ordinate x2 of S on the Xj-axis.

(8.5-4)

Proof. By reasons of symmetry, it suffices to show e.g. that

P(S) = J Ms^dpi, (8.5-5)
(Xi)

where Ms(xi) = p2(SX1).
By 8.4.2 and 8-4-3, the /z-measure is the unique extension of the base 

measure belonging to the Cartesian product T of certain semi-rings fPj and 
'P2, the latter being selected from the <7-algebras and S2, respectively; 
we know also that the elements of IP can be written in the form Sa, X Sa, 
(di € Xi,Q2 € X2).

If S G T, then Ms(xf) = p2(Sai) or 0 according to x-[ G Sa2 and 
$1 Sa2, respectively; consequently:

/ Ms^x^dpi = p2(Sai)pi(Sa2) = p(Sai x Sa2) = p(S).
(Xi)

It is easy to see that (8.5-5) holds for the sets belonging to ^IP) as well, 
since each of these is the union of finitely many, pairwise disjoint sets G IP.

In case of any other //-measurable set S, let us apply lemma 8.5.1, 
setting out from the following idea: the validity of (8.5-5) being established 
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for the sets Tnr 6 iT(T), this formula must also hold for any Tn, moreover for 
T too, owing to the pendant of B. Levi’s theorem for //-integrals. (Cf. 7.5.3.) 
Namely

= ton MTnr(xi), MTnl < MTn2 < ...
and

^(2:1) = lim MtJxi), Mt. > Mt, > .... n—+oo z
Now, assuming p(S) = 0 we conclude ^(T) = 0 and pi-almost ev­

erywhere Ms(xi) = 0; furthermore by S C T it follows Ms(xi) = 0 and
J Ms(xi)dpi = 0 = p(S). Therefore (8.5-5) holds for sets S having the

//-measure zero. If p(S) > 0, let us put S = T - V where V is a //-null 
set because of (8.5-1). Since we know by the above that (8.5-5) holds for 
S — T and have just shown that it is valid for every //-null set, the assertion 
issues from the formulas

M(^) = / Mr(xi)dpi, f My(xi)dpi=0
(Xi) (A',)

simply by subtraction.

* * *

Let us mention the important particular case where X2 is a number line, 
//2 is the linear (Z)-measure, further S consists of those pairs (xi,x2), for 
which zj belongs to a //i-measurable set si, and x2 G [0,/(xi)], f denoting 
a given function. Under such circumstances P2(SX1) is equal to f(xi) for 
2-1 G sj and vanishes otherwise, so that we get

P(S) = f f(xi)dpi [/(^j) > 0]. (8.5-6)
(Si)

This can be regarded as a kind of extension of the geometric interpretation 
of (T)-integral.

8.52 By the foregoing we can deduce the rule at issue on the transfor­
mation of an (Z)-integral over product space into a “double” integral in an 
extremely short way.

8.5. 3 (Fubini’s theorem for abstract Lebesgue integrals) Let 
(^1>S1,/U), (^2,S2,/i2) be complete and a-finite measure spaces, denote 
by p = pi 0 P2 the pertaining product measure.

is p-integrable on a p-measurable set S = Si X S2 (Si G Si, 
S2 G S2), then from the integrals

Fzi = f f(xi,x2)dp2, FX2 = f f(xi,x2)dpi (xi G Xu x2 G X2) (8.5-7) 
(Sxj ) (Sx2 )
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the first one is pi-integrable on X\, the second one is ^-integrable on X2, 
and we have the formula

f f(xi, $2) — J Fr, dpi — J FX2 dp2. (8.5—8)
(5) (*1) (%2)

Proof. Consider first the case f(xi,X2) > 0.
Let us start from the Cartesian product U = Xi X X2 X Ei and the 

corresponding product measure pu = ® ® ( = I1 ® > where p^
is the linear (Z)-measure.

If we denote by s the set of triplets (^1,2:2,^) for which Xi £ SX2, 
2 2 6 SX1 and y £ [0,/(xi, 2:2)], then by 8.5.2 we can write [cf. (8.5-6)]:

^u(s) = J f(xi,x2)dp. 
(S)

(8.5-9)

On the other hand, using again 8.5.2 and applying the notations /z0 = 
M2 ® = {(^2, y) : (®i, x2,y) G s} we get:

Mo(sn)= / f(xit x2) dp2 and pv(s) = f p0(sX1)dpi. (8.5-10) 
(Sil) Xi

The comparison of (8.5-9) and (8.5-10) furnishes the integral relation

J f (xi1x2)dp — J FX1 dpi, 
(5) (Xj)

i .e., the first part of our assertion. The second part of (8.5-8) can be obtained 
simply by changing the notations.

The extension of the result to the case of an integrand with arbi­
trary sign can be carried out “mechanically” through the decomposition 
of f(xi,x2) into its positive and negative parts.

* * *

It is a remarkable fact that the existence of the double integrals in 
(8.5-8) does not imply the existence of J f(xi,X2) dp.

(S)
For example, let Xi = X2 = [-1,1] and take

r *1*2
f(xi, x2) = | for (xi,x2) / (0,0), 

for (ibi2) = (0,0).
(8.5-11)

Then it is obvious that
11 11
/ dxi J f(x1,x2)dx2 = J dx2 J f(xi,x2)dx1 = 0,
-1 -1 -1 -1 
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because f is an odd function both of and of a?2. In turn, the (T)-integral 
of the function (8.5-11) over the square -1 < < 1, -1 < x2 < 1 does
not exist, since an easy transformation of variables yields the estimation

r r i rz m sin cos 19 , „ 1 do .

1 Cf. e.g. Kolmogorov [3]—[4]; Feller [1].

J J dx! dx2 > f dg f------------ dd = 2 { — (0 < £ < 1)
—1'—1 e e Q e Q

where the last term tends to infinity as £ —* +0.
We have to add, however, that the validity conditions of (8.5-8) become 

essentially simpler, if f(xi,x2) > 0. In this case namely, as it can be shown 
by a detailed discussion, the finiteness of the second or third term in (8.5-8) 
implies the existence of the two other terms, moreover also the equality of 
all three integrals to one another.

The generalization of Fubini’s theorem 8.5.1 for any integral of the type 
(8.4-7) can be realized in a natural manner: we may integrate successively 
in arbitrary order with respect to the individual abstract measures attached 
to the corresponding measure spaces, just like in the classical ^-dimensional 
case with respect to every single independent variable.

8.53 Finally, we want to give a brief outline on the utilization of the 
main concepts of this chapter in the axiomatic theory of probability, due to 
A.N. Kolmogorov (1933). This building up has been generally adopted 
by specialists and appliers alike during the last decades.1

The starting-point of the “calculus” of probabilities: the concept of event 
can be characterized by the notion of set, and thus the algebra of events is 
nothing else but a Boolean algebra in the simplest cases and a cr-algebr'a in 
full generality. In the framework of the algebra of events, the role of Q is 
played by the impossible event, the counterpart of a basic set X is the certain 
event; opposite events are associated with complementary sets, mutually 
exclusive events with disjoint sets, and so on. The mathematical probability 
can be considered as an (abstract) measure, i.e., a non-negative and totally 
additive set function —anyway with the restriction that its domain of values 
is the interval [0,1] and that the probability of impossible events shall be 0, 
that of certain events the unity.

After these, it is understandable that 1. the analytic description of so- 
called random experiments (observations) is carried out by means of measure 
spaces; 2. the concept of random variable signifies a measurable function 
in wider sense; 3. the characterizing parameters of random variables — 
such as expected value, variance, moments — can all be written in the form 
of abstract Lebesgue integrals (cf. 8.35). Moreover, the analytic model for 
iteration countably many times of stochastically independent experiments is 
furnished by the theory of product spaces, by which of course the use of 
Fubini’s theorem is often necessitated, too.
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This is the background which has made modern function theoretical 
apparatus indispensable for probability theory and for the mathematical 
statistics closely related to it since the pioneering activity of Kolmogorov.
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PART TWO

FUNCTION SPACES 
AND ORTHOGONAL EXPANSIONS





CHAPTER 9

FOUNDATIONS OF FUNCTIONAL 
ANALYSIS.

THE SPACES Z2 AND L2

9.1 Orthogonal series and functional analysis

9.11 The part of analysis dealing with so-called orthogonal series 
may be considered as one of the most important applications of Lebesgue’s 
modern integration theory.

The most classic example of this series type (which was introduced by 
L. Euler more than two hundred years ago) is the trigonometric series with 
real coefficients:

Ao + (Ai cos x + Bi sin x) + (A2 cos 2x + B2 sin 2x) + ..., (9.1-1)

occurring in real analysis and physics almost as frequently as the power 
series.1 The applications are attached to the elementary property of the 
“base system”

1, cos x, sin x, cos 2x, sin 2x,..., (9.1-2)

that the integral over a given interval of length 2?r of any two distinct terms 
in (9.1-2) is equal to 0.

More generally: some system of functions (p^x), ^(x),... is said to be 
orthogonal on a segment (a,b), if we have

b
f ¥>m(z)pn(x) dx = 0 (9.1-3)
a

for every pair of indices m / n.2 If {^(x)} is an orthogonal system, so any 
linear combination with constant coefficients:

Ci^i(x) + Cw^x) + ... (9.1-4)

is called orthogonal series.

1 It is well-known from complex analysis that the decomposition of any complex 
power series into real and imaginary parts yields two series of the form (9.1-1).

2 It is advisable to take also the restriction that (9.1-3) does not hold for m = n, 
b

i.e., that J ¥>n(®)2 dx / 0 (n = 1, 2,...).
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9.12 It is well known, that orthogonality means perpendicularity in 
geometry. Thus it is natural to ask: how is it justifiable that one can transfer 
this term, usually applied only to vectors (or straight lines), to functions 
in the analysis? For the moment, the answer cannot be other than: the 
left-hand integral in (9.1-3) is analogous to the coordinate form of the inner 
(scalar) product of two vectors; and the vanishing of the latter is indeed a 
characteristic condition of perpendicularity.

The deeper motivation, the cogent establishment of the theory of or­
thogonal systems and series presupposes transferring the whole geometric 
terminology of Euclidean spaces to certain sets of functions. We shall see 
that this not only facilitates the formulation of results as well as their sys­
tematization, but also discloses and so to say makes vividly descriptive a 
number of hidden facts. Let us emphasize: when speaking about orthogo­
nality in the (9.1-3) sense, Lebesgue’s concept of integral will always be used', 
if we restricted ourselves to Riemann integrals, some relevant statements of 
the theory would not keep their validity.

9.13 The development of science led at the beginning of this century to 
the recognition, that a lot of results relating to different special orthogonal 
series can be incorporated in such a general (unified) theory which permits 
significant applications connected with differential and integral equations, 
probability theory and mathematical statistics, approximations and numer­
ical analysis, linear algebra, quantum theory, etc. Following these consid­
erations, researchers were soon led to such fundamental ideas as function 
spaces and other abstract spaces, respectively, furthermore to the founda­
tion of a new mathematical discipline: functional analysis. The latter deals 
— as mentioned already in Section 3.1 — both with properties of functionals 
and with investigation of other operators; and in its building up, the theory 
of orthogonal series similarly takes a prominent part, as e.g. planar and 
spatial analytic geometry are indispensable to the analysis of real functions 
of two and three variables.

All the foregoing now prompts us to set forth in detail that natural chain 
of thought by which we can move from the Euclidean spaces regarded as sets 
of points or vectors to the most important pertinent abstract spaces, those 
due to D. Hilbert. Thereafter we want to expose, in its many aspects, the 
“geometry” of Hilbert’s function space which means essentially the same as 
to study expansions in terms of various orthogonal systems.1

1 Cf. e.g. Vitali [4],
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(9.2-1)

9.2 Vectorial interpretation of the Euclidean 
space Ey

9.21 We know that there is a one-to-one correspondence between the 
points of line, plane, space and the vectors attached to them. Therefore 
Ei, E2, E3 can be considered not only as point sets but also as sets of 
vectors with a common initial point at the origin — an interpretation often 
advantageous in analytic geometry.

Turning to an arbitrary Euclidean space Eu, any element (i.e., a v- 
tuple of real numbers) may be called a v-dimensional vector, if the basic 
operations in E„ are introduced like in the case of ordinary vectors. Thus 
we define the sum of two elements X = (mi, m2,... ,x^, Y = (2/1,3/2,... , j/v) 
and the product of the former by a real number a as follows:

X + Y = (zi + yi,x2 + y2,...,xv + y^), 
aX = (azi,az2> ■ ■ •, Mb)>

by which the definition of difference can be obtained at once in the form: 

x-y = x + (-i)y.

The origin O = (0,0,..., 0) is also called the zero vector of Eu\ for every

X G E^ we have X - X = O and X ■ 0 = 0 • X = O.
The inner (scalar) product of two elements X = (zj, x2,..., zp), Y = 

,y^ is defined by

(X,T) = Xiyi + x2y2 + ... 4- x^y^, (9.2-2)

because this turns with v — 3 into the elementary representation of scalar 
product in coordinate form.1 The operations just mentioned obviously pos­
sess the properties usual in vector algebra (e.g. distributivity).

1 There is no objection to introducing also the outer (vector) product as a determinant 
of p-th order, the application possibilities of this notion being anyway much weaker.

In the Euclidean 3-space, (X, y) becomes the square length of any of 
the vectors if X = Y; this motivates the following definition for the absolute 
value (length, modulus) of X = (xi,x2,... ,x„) [cf. (3.1-6)]:

||X|| = + !? + ... + (9.2-3)

Let us emphasize that here it is more usual instead of absolute value the 
denomination norm, and we use mostly instead of |X| the notation ||X||. Of 
course, unit vector now means such a p-dimensional vector whose absolute 
value (i.e., norm) is 1; example: any i/-tuple containing 1 once and 0 at the 
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remaining v — 1 places. By putting in (9.2-3) A — 1 for A i.e., xk yk I01 
xk, we obtain the distance of X,Y as points of E„ [cf. (2.1-1)]:

||X-y|| = [(xi — T/x)2 + (x2 - 2/2)2 + • • • + (^ - ^) ] , (9-2-4)

in accordance with the elementary fact that the absolute value of the differ­
ence of two ordinary vectors is equal to the distance of their end points.

9.22 The notion: inclination angle of two //-dimensional vectors can 
easily be defined by means of the concepts of inner product and norm. For, 
keeping in view the geometric definition of scalar product, we mean by cosine 
of the angle of inclination in case of two vectors X O, Y 0:

cos if — (9.2-5)
11*11 mi

The existence of an angle d £ [0,7r] (defined uniquely) which satisfies 
(9.2-5) follows from the inequality (2.1-3); hence we can see that the ab­
solute value of the right-hand quotient in (9.2-5) does not exceed 1. In 
particular, if cost? = 1, i.e. (X,T) = ||*|| HTH,1 then we say that X and Y 
are unidirectional', in case of cos d = 0, i.e., when

(X,y) = 0, (9.2-6)

X and Y are called orthogonal (perpendicular) to one another.2 
(9.2-5) is closely connected also with the notion of projection or com­

ponent: since for ordinary vectors the first term of the equation

(9.2-7)

signifies the projection (with sign) of X relating to Y, the latter is defined 
by the right-hand ratio in case of //-dimensional vectors. If the component 
of X in the direction of Y is denoted briefly by Xy, we can write:

xy = A^2 = (x, ||y|r‘y) =(x,y°), (9.2-8)

where Y° = ||y||“1Y is a unit vector, unidirectional with Y.

1 It is easy to see, that this is equivalent to the condition xk = Xyk (fc = 1,2,..., v) 
where A / 0 denotes a constant.

2 Note that (9.2-6) is trivially fulfilled if any of X, Y equals O, but orthogonality 
involves X £ O, Y O by our assumption.
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As a complementary result, we point out: any element of E„, distinct 
from 0, becomes a unit vector of the same direction when divided by its 
norm. This simple operation is the so-called norming or normalization.

9.23 , In classical vector algebra, it is of fundamental importance that 
any vector can be represented as the linear combination of the unit vectors 
directed along the coordinate axes; and the occurring coefficients are simply 
the components of the pertinent vector in the direction of the respective co­
ordinate axes. In case of a right-handed rectangular (Cartesian) coordinate 
system, the axes are pairwise orthogonal to each other, i.e., they consti­
tute a so-called orthogonal system of vectors; furthermore it is relevant that 
in the plane at most two, in the space at most three mutually orthogonal 
directions can be given. By the above, we can immediately introduce the 
corresponding notions in the space E„.

By orthogonal system we mean an arbitrary subset of the space whose 
any two elements are orthogonal to each other in the (9.2-6) sense. An 
orthogonal system is said to be normalized, if it consists of unit vectors; 
instead of the expression “orthogonal and normalized” the shorter term 
“orthonormal” is in use. (Every orthogonal system can plainly be made 
orthonormal by norming its elements.) Finally: an orthogonal system of 
the space is called complete, if it cannot be expanded to a wider one, i.e., if 
there is no element of the space orthogonal to all elements of the system. (In 
other words: in case of a complete orthogonal system, 0 is the only element 
of the space whose inner product by any element of the system equals to 
zero.)

For instance, consider the v-dimensional unit vectors

= (1,0,...,0), U2 = (0,l,0,...,0),...,^ = (0,...,0,l), (9.2-9)

mentioned before. Since evidently

(rj rj a _ / 1 (m = n),

this system is orthonormal. Let X = (xi,x2,...,x„) be an arbitrary element 
of E^: its A:-th coordinate is nothing else but the inner product of X by the 
unit vector Uk, in detail:

(X, Ui) = 1 • zi + 0 ■ x2 + ... + 0 • x„ = xi,
(X, U2) = 0 • Xi + 1 • x2 + ... + 0 • xu = x2,

(X, U^) = 0 • Xi + 0 • x2 + ... + 1 • x„ = x^.

We see that (X, Uk) = 0 (k = 1,2,... ,v) implies X = (0,0,..., 0), which 
means that the system {Z7i, U2,..., U„) is complete.
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It is noteworthy that Uk (k = 1,2,... ,v) is a generalization of the triplet 
of 3-dimensional unit vectors, and has the characteristic property that the 
projections of any element X E Ev relating to the vectors Uk furnish the 
coordinates xk of X in proper order.

9.24 Thereafter it is to be expected that an arbitrary element X = 
(®1, x2,..., E Eu can uniquely be written in the form

X = C\U\ + C2U2 + ... + CVU„, (9.2-10)

with suitable real coefficients: furthermore that the A:-th coefficient on the 
right is

Ck = (X, Uk)- xk (k = l,2,...,v). (9.2-11)
In fact: from the meaning of Ui, U2,..., and the definition of addition 

we conclude that the A:-th coordinate of xiCiT. • .^XyUy equals xk\ therefore 
this sum signifies the //-dimensional vector (^j, x2,..., x^. On the other 
hand: assuming that X = (xx,x2,... ,xu) is of the form (9.2-10), by inner 
multiplication on both sides we get

(X,Uk) = C^UuUk)^ ...^C^U^Uk) = 1
= Cfc||^||2 = Cfc (k = 1,2....,//),) (9>2“12)

i.e. Ck cannot differ from the value (9.2-11).
Let us call (for the sake of brevity) any system R consisting of v elements 

€ Ey, the base of Ey, if every element of the Euclidean //-space can uniquely 
be represented as a linear combination of elements of R. Then we can say: 
the system {Ui, U2,..., Uy} is the simplest base of Eu.

It is clear that any orthogonal system {Vb V2,..., KJ of distinct el­
ements 6 Ey also constitutes a base of the space; i.e., an arbitrary v- 
dimensional vector X permits a representation of the form

X = Ci Vj + C2V2 + ... + C„K. (9.2-13)

The above argument yields again a unique determination of the coefficients 
here, namely

Ct= (* = 1,2,....^), (9.2-14)
UM

because we obtain from (9.2-13) by the orthogonality of Vk (k = 1,2,..., o):

(,X,Vk)=tcj(Vj,Vk) = Ck\\Vk\\2 (k = 1,2,...,//). (9.2-15)
j=i z

Is {Li, V2,...,Vy} also normalized, i.e., H^H = 1 (k = 1,2,...,//), then the 
decomposition (9.2-13) becomes:

X = (X, K) • Vi + (X, V2) • V2 + ... + (X, K) • K. (9.2-16) 
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This is a counterpart of the representation of an ordinary vector by means 
of its components relating to a prescribed orthogonal system [cf. (9.2-8)].

Applying inner multiplication by X to both sides of (9.2-16), it results 
[cf. (9.2-3)]:

IW12 = (X, VJ2 + (X, Vj)2 + • • • + (X, K)2,

2 Hilbert [1],

(9.2-17)

which can be regarded as an extension of the Pythagoras theorem.
We may mention also that in E„ any system of linearly independent 

vectors can be utilized as a base too; however, the coefficients of a decom­
position with respect to some non-orthogonal base can be determined in a 
rather complicated manner.

9.3 Transfer of fundamental ideas to the Hilbert 
space Z2

9 .31 Keeping in mind the setting of our objectives given previously, we 
will now try to extend the concept of E^ through the limiting process v —► 00; 
more precisely: we want to study the totality of sequences X = (zi,^- • • •) 
of real numbers with the restriction x  + x^ + ■ ■. < 00.1 This set is called 
Hilbert’s sequence space and denoted by / ; any element X — like the case 
of E^ — may be considered either as an abstract point or as an abstract 
(infinite-dimensional) vector, whose coordinates are xk (k = 1,2,.. .).

2
2

2
To begin with the vectorial interpretation, first we establish that the 

vectorial operations (9.2-1)—(9.2-2), as well as the notion of norm can 
be transferred mechanically. Namely, if X = (xj, a?2,...), Y = (yi,y2,...) 
denote two arbitrary elements of I2, we define

X + Y = (xi + yi, x2 + y2,(
a-X = (axi, ax2,..f), )

OO
(X,y)= ^xkyk, (9.3-2)

k=l
/ 00 \ 1/2

11*11= M • (9.3-3)
\fc=i /

It is immediately seen that the condition ^f,x2k < 00 figuring in the 
definition of I2 expresses the natural requirement: the norm (length) of

1 Note that by > 0, the convergence of the series y x^ is equivalent to the 
boundedness of its partial sums; further that ^x^ < 00 naturally implies lim xk = 0.

k-*OQ 
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any element of the space must be finite. Hence it follows that the partial 
sums of the series (9.3-2) are bounded, i.e., the series is convergent; namely, 
Cauchy’s inequality (2.1-3) yields for every n the estimation

n / n \ 1/2 / n \ 1/2

E 1^1 M < ( E 4) (e^) <11*1111*1.
k=i \k=i / \fc=i /

As a corollary, we get for n —► oo the so-called generalized Cauchy inequality:

(9.3-4)

which is, as can easily be shown, equivalent to the following:

oo '1/2

E (xk + yk)
u=i (

oo \
E^l

k=l /

1/2
(9.3-5)

By (9.3-5), the simultaneous convergence of 5? x2k and 52 y% implies also 
E (xk + yk)2 < oo. Thus we may state: if X £ I2 and Y E I2, the X + Y 
and (for all real a) a • X belong to I2 as well.

As regards the related notions, the role of the zero vector 0 is plainly 
played by the sequence {0,0,...} (this is the only element of I2 whose norm 
is 0); we call unit vector of I2 any element with norm 1.

Two elements are said to be equal, when their difference is O, i.e., if 
their corresponding coordinates are identical by pairs. The angle of incli­
nation, unidirectionality and orthogonality of two non-zero vectors, further 
the notion of projection (component) can exactly be defined so as in the case 
of the vectors of Ev. [Cf. (9.2-5)—(9.2-8).] The definitions of orthogonal 
system, normality and completeness remain unchanged.

In the space I2, the simplest example of an orthonormal, complete system 
is naturally countable infinite:

Ui = (1,0,0,0,...), U2 = (0,1,0,0,...), U3 = (0,0,1,0,...). (9.3-6)

The discussion of this system can be carried out similarly to that of its finite 
pendant in the foregoing section.

9.32 As mentioned above, any element of I2 can also be handled as an 
abstract point with the same coordinates; the first step in the “point-like” 
treatment is the introduction of distance.

On the basis of (9.2-4), the concept of distance for any two elements 
* = (®i»®2>. • •), *" = (j/i»^2,---) € I2 is given by the norm of their 
difference:

d[x,r] =
OO
E (xk - yk) 

.k-l

11/2 
2 (9.3-7)
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The quantity d[X,y] is evidently non-negative and vanishes if and only 
if X — Y; it is also trivial that d[X, Y] = d[Y, X]. As for the so-called 
“triangle inequality" [corresponding to (2.1-2)]:

d[X, Y] < d[X, Z] + d[Y, Z], (9.3-8)

it is nothing else but a transcription of (9.3-5) with xk - Zk for xk and with 
Zk - yk for yk.

Next we come to the transfer of notions connected with convergence in 
the theory of point sets (see Chapter 2). Since the (ordinary) convergence of 
a real number sequence means that the distance between its generic element 
and an appropriate real number (the limit) tends to zero, it is advisable to 
accept the definition:

A sequence of elements of I2:

- ($11,212 ■ • •)

X2 = ($21 » $22> ■ • •)

......................................... •

Xn = (^nl, 2n2, . . .)

(9.3-9)

is said to be convergent, if there exists an element X = (2:1, x%,...) G I2 
such that

lim d[Xn, X] = 0; (9.3-10)
n—*<x>

X is called the limit of {Xi,X2,...}. It is often important to distinguish 
between this kind of convergence and the classical one; then we speak about 
^-convergence and Z2-limit, respectively.

It is easy to see that any sequence (9.3-9) can possess only one single 
limit in the (9.3-10) sense; furthermore Cauchy’s convergence principle (cf. 
2.2.1) holds for the ^-convergence too: a sequence Xk G I2 (k = 1,2,...) is 
convergent if and only if to any given E > 0, however small, we can attach 
a natural number no = no(e) such that d[Xm,Xn] < e whenever m > no, 
n > no-

9.33 The relevancy of ^-convergence appears at once when the prob­
lem is studied: how the decompositions (9.2-10)—(9.2-11) and (9.2-13)— 
(9.2-14), respectively, can be adapted here. Namely, in the space I2 any com­
plete orthogonal system consists of infinitely many elements 
[cf. (9.3-6)], and therefore the *72-pendants” of the representations in ques­
tion must contain infinite series as well. But the sum of such a series can 
then only be defined in the usual manner (i.e., as a limit of the partial sums), 
if we clarify before: what do we mean by the limit of a sequence consisting 
of elements of Z2?
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As an illustration we mention e.g.: for any X = (xi,x2,...) e I2 we 
have the expansion

X — xtUi + x2U2 + ■ ■ ■ (I2) (9.3-11)

in the sense that the /2-limit of the sequence consisting of partial sums of 
the right-hand series equals X.1

1 Accordingly, the system {t/j, U2,...} is the simplest base of I2.
For finite (a, b), the (L)-integrability of and the elementary inequality 

|^G)| < if1 + ^(t)2] (geometric and arithmetic means !) imply the existence of 

4. ।
f p’(^) by Consequently, on a finite interval the square integrability always

involves the (L)-integrability. If (a, b) is infinite, then the measurability of i^(t) signifies 
that <p(t) is measurable in all finite subintervals of (a, 6) simultaneously. (Cf. 6.5.2.)

In fact, since by (9.3-6)

xiUi + x2U2 + ■.. + xnUn = (xi,x2,... ,xn,0,0,.. 

so we have, owing to (9.3-7): 

d S xkUk,X 
,k=l

2
~ Xn+1 + Xn+2 • • ■

in the classical sense; and the series on the right-hand side — as a remainder 
term of the series x^ assumed to be convergent — tends to 0 as n —> oo.

We omit further details concerning I2, because we shall utilize in the 
sequel an extension of it, the space L2.

9.4 Further generalization: the function space L2 
as a vector field

9.41 If the generic element xn of a sequence (a^, x2,...) is considered as 
a function of the discrete variable n, then the sequence becomes the totality 
of certain function values. Thus it is advisable to develop further the concept 
of I2 in such a way that functions of a continuous variable t substitute for 
sequences, appropriate integrals for series and their sums.

Let (a, 6) be a given finite or infinite interval; it is irrelevant, whether 
the end points are included in it or not. A function is called square 
integrable in (a, b), if it is measurable there and the Lebesgue integral 
b
f ^(f) dt exists.2 (The latter condition obviously corresponds to the re- 
a
striction £ xk < oo.) By 7.J.1, every bounded and (L)-integrable function 
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is square integrable; but an unbounded or a not (Z)-integrable function can 
also be square integrable as e.g. logt in (0,1) and 1/t in the interval (l,oo), 
respectively. On the other hand, e.g. f1/2 is (Z)-integrable but not square 
integrable on the segment 0 < t < 1. The totality of functions square inte­
grable in (a, 6) is called Hilbert’s function space and it is denoted by L2(a,b), 
briefly by L2.

1 Cf. Hilbert [1],

This concept is not only a counterpart of I2, but also a generalization 
of it in a certain sense. For, any real number sequence (xi, x?,...) can 
be regarded as the (ordered) codomain of a function iptt) equalling x^ on 
the segment 0 < t < 1, x% on the segment 1 < t < 2, etc. This ip(t) 
— as the limit of a sequence of step functions — is plainly measurable 
and also square integrable in (0,oo) provided that x2 + x2 + ... < oo;

°° oo
then we have J kp{ty dt — ^2 x2k by 1.1.2. Hence we see that the space 

o k=l
L2(a,b) reduces to I2, if a — 0, b = oo and only such square integrable 
functions are considered for which every interval [k - l,k) (k = 1,2,...) is 
a segment of constancy. Like the case of I2, also the elements of L2, i.e., the 
square integrable functions can be interpreted either as abstract points or 
as abstract vectors.1

9.42 We define the addition of the elements of £2(a,6) and their 
multiplication by a constant in the manner usual for functions, further the 
inner product of ipft) E Z2(a,6), G L2(a,b) by the formula

b
= J dt-, (9.4-1)

the integral on the right is obviously an analogue and — according to the 
above — also a generalization of the series (9.3-2). Patterned after (9.3-3), 
the definition of the norm (length) of an element <p(t) E L2(a,b) is:

f ^(t) dt (9.4-2)

and at the same time from (9.4-1)

(V’^) = f^t^dt = II^H2. (9.4-3)

These terms and notations can be taken as fully justified only if the 
pertinent operations can be carried out for arbitrary elements of L2(a,b), 
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further if in case of <p(t) E L2(a,b), E L2(a,b) the functions y>(i) + 
ij^t), (with any real number a) belong to L2(a, b) as well, finally if the 
notions just introduced possess the properties suggested by their geometric 
origin.

In fact, the existence of the norm (9.4-2) is assured by the definition 
of square integrable functions, while that of the inner product (9.4-1) is a 
consequence of the inequality between the geometric and arithmetic mean 
of ^(t)2 and ^t)2, i.e., of

MOWl < |[v(02 + «<)’]• (9.4-4)

as well as of the majorant criterion 7.4-1 (valid for an unbounded basic set, 
too). The well-known inequality of Buniakowsky and Schwarz:

b
f ^(tjV^t) dt

b
J dt

b
J ^(t)2 dt 
a

(9.4-5)

yields at once the pendant of the elementary estimation of a scalar product 
by means of the lengths of factors: (y?, ^)| < ||y?|| ||^|| and gives another 
easy verification for the existence of (9.4-1).

As for the closure of L2(a, b) with respect to addition and multiplication 
by a constant, it is trivial that <p(t) E L2(a,b) implies a^(t) E L2(a,b) for 
any real number a. On the other hand, from ^(t) E L2(a,b), ^(t) E L2(a,b) 
it follows y?(t)+V>(t) 6 Z2(a,6) by [y?(t) + 0(t)] 2 = y?(t)2 + V’(02+2y’(i)V’(0- 
Note that the so called Minkowski inequality:

b , v/2
* / [vW + ^G)] dt ► 

a

fb I1'2
< Mtfdt 

a

b
f V’(t)2 dt 
a

- 1/2

I , (9.4-6)

or in an abbreviated form: ||y> + ^|| < ||<p|| + \\if\\ can easily be deduced from 
(9.4-4), and corresponds to the elementary inequality for the absolute value 
of a sum.1

Let us insert the simplest proof of (9.4-5), which consists of one single 
sentence: on the one hand, we have the obvious identity

' b

< J [<fi(t)^u) - ^(t)(p(u)] 
a

f^t)2 dt 
a

1 Observe that (9.4-5) 
(9.3-5). Cf. Minkowski [1].

du =

b b
f V>(02 dt - f p(tfif(t) dt 
a a

(9.4-7)

is a counterpart of (9.3-4), while (9.4-6) corresponds to
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on the other hand, the inner integrand on the left, and consequently both the 
left- and the right-hand side expressions in (9.4-7) are non-negative. Since 
the left-hand side integral vanishes if and only if one of the functions p and 
V’ can be obtained from the other by multiplying the latter by a constant, 
apart possibly from a null set in (a, 6) — this is also the exact condition of 
equality in (9.4-5).

9.43 We call a zero vector or null element of L2(a,b) an arbitrary 
function vanishing in (a, b) almost everywhere; for this notion we use the 
notation w. The motivation of the name is that ||^|| = 0 if and only if 
</?(/) = (cf. 7.12). Correspondingly, p(t) G L2^a,b) and "0(^) 6 L\a,b) are 
said to be identical elements of the space, if (p^t) — if(t') = w, i.e., <p(t) = V’(t) 
for almost every t in (a,^).  Any element satisfying the condition ||<^|| = 1 is 
called unit vector of L2(a,b)-, in the case of a finite (a,b), a trivial example 
is furnished by the function <^(i) = (b — a)-1/2 (a < t < b), but there exist 
of course infinitely many non-constant unit vectors in L2(a,b), too.

1

1 Remember that such functions were said to be (L)-equivalent in 7.12.

Let p(t) and V>(t) be two non-zero vectors G L2(a,bf Like (9.2-5), the 
cosine of the inclination angle between <p and if is defined by the ratio

6
J <XW*) dt

b
J iptt)2 dt

1/2 rfe I 1/2’

J if(t)2 dt 
a

(9.4-8)

[Cf. (9.4-1)—-(9.4-2).] This name is reasonable, because by (9.4-5) we 
always have the inequality |g| < 1. On the basis of the proof of (9.4-5), 
q = 1 holds if and only if </>(/) = Kif(t) (K constant) for a.e. t G (a,by in 
this case we say that p(t) and if^t) are unidirectional. In turn, the exact 
condition of q = 0 is

b
J 9?(t)V>(t) dt = 0; (9.4-9)
a

if (9.4-9) is fulfilled, </?(/) and if(t) are said to be orthogonal (perpendicular) 
to each other. By the projection (component) of </>(/). relating to V’(i) we 
mean the integral

b
J dt, (9.4-10)
a

where ip° = ll^ll-1^^) is the unit vector unidirectional with if(t) [cf. (9.2- 
8)]. As can be seen, the division of any element by its norm always yields a 
unit vector; for this operation, we keep the term norming or normalization.
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To systems consisting of elements of i2(a, b), the notions of orthogonal­
ity, normality and completeness can be transferred immediately (cf. 9.23). 
In particular: a function system {(pn(t)J is called orthogonal in (a,b), if the 
value of the integral

^W^dt (9.4-11)
a

is 0 whenever m n and positive for m = n; if besides

}<pn(t)2dt = l (n = l,2,...), (9.4-12)

then the system is orthonormal. We say that {^(O) 's complete in Z2(a,6), 
if there is no element of L2(a,b) orthogonal to all elements of the system; 
in other words: if fit) = w is the only element of L2{a,b) satisfying the 
conditions

} f^n(t)dt = O (n = 1,2,...)? (9.4-13)

9.44 It is not uninteresting to consider a simple example of orthonormal 
systems which corresponds to (9.3-6) (and generalizes it at the same time 
in a sense).

Let (a,&) = U In be a decomposition of (a,^ into pairwise disjoint 
finite subintervals 71; Z2,.. 4 we define the system in question as follows:

«n(*) = I !5P1/2 ^^4 (n=l,2,...). (9.4-14)
(0 for t £ In

Evidently, every term of {Kn(t)} is a unit vector and any two distinct 
terms of the system are orthogonal to each other. We have namely for 
every n

fKn(t)2dt= f ^dt^ 1; (9.4-15)
a Un)

and for m n nm(t) vanishes at any point where Kn(t) 0, so that

f Km(t)Kn(t) dt = 0. (9.4-16)
a

Unfortunately, the system {«„(*)} is not complete in the space L2(a,b)\ 
it is easy to find such an element of the space, which is different from w and

1 Note that the concept of orthogonality has only been defined for non-zero elements 
of L2(a,b).
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orthogonal to any of the functions «n(f). Such a function can be constructed 
e.g. in the following manner. Let us divide any of the intervals
into halves, and denote the left-hand half of In by 1^, the right-hand of it 
by I" (n = 1,2,...); let us take a sequence of positive numbers
for which x2 + x? + .. • < oo, and consider the function:

^G)=P" iftlr («=1>2-”)- (9-4-17)

1 Quite recently, such a building up of the theory of L2(a, b) has also been found which 
is based — corresponding to the ideas of 9.44 — upon certain systems of characteristic 
functions belonging to certain partitions of [a, 6], as well as upon appropriate passages to 
limit. (Cf. Mikolas [15] and partly Sz.-Nagy [1], [2], [9].)

6 oo
Evidently G L2(a,b) and f ^(t)2 dt = £ x^|/n|, moreover by (9.4-14) 

a n=l
and (9.4-17) we get

}^t)Kn^dt = \In\~1/2 f V(t)dt = 0 (n=l,2,...), (9.4-18)
“ (tn)

as asserted above.
Our statements about the system {«n(0} already suggest that the 

geometry of L2(a, b) is more complicated than the features of abstract spaces 
discussed before, and that we need deeper reasoning in considering the 
former. On the other hand, the example of shows that orthogonal 
functions are in general not of constant sign, they take positive and negative 
values alike.1

9.5 Introduction of the notions of distance and 
convergence in space L2

9.51 Next let us study the space L2(a,b) as a set of abstract points.
The distance d[<p,ip] of the elements 93(f) G L2(a,b) and i[>(t) G L2(a,b) 

(as abstract points) is defined on the model of (9.3-7) by the formula:

d^,^] = Ik - ^11 =
b 1/2

f [92(f) - ^t)] 2 dt > .
a

(9.5-1)

Hence we see that (I) dk,V>] = 0 holds if and only if 92(f) - 0(f) = w, i.e., 
95 and are identical elements of the space; (II) otherwise 492,0] > 0 and
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always (III) for any triplet 92, V’, X of elements we have
the so-called triangle inequality

d[g>,^] < d[^x] + ^.x]- (9.5-2)

[Cf. (9.4-6) with ^t) - x(0 instead of y>(t) and with y(t) - ^t) instead of 
^(0-]

It is very important to transfer the convergence concept of the theory of 
point sequences to the space L2. The fundamental definition is: a sequence 
of functions fn(t) G L2(a,b) (n = 1,2,...) is called L2(a,^-convergent, if 
there exists a function f^t) G L2(a,b) whose distance from fn(t) tends to 0 
as n —> 00.1 The latter condition is obviously equivalent to

1 It can easily be concluded on the basis of (9.5-2) that the existence of such a 
function f is unique.

lim /[/„(/)-/(/)] 2 dt = 0 (9.5-3)
n-°° a

or for finite (a, 6) to the assumption: the expression

, I 1 O
(b - a)-''2 d[f„,f] = .I — J [Ml) - /(()] dt, (9.5-4) 

y 0 ci a

i.e., the so-called quadratic integral mean of | fn(t) — f(t)\ on (a, b) should 
tend to 0 as n —► 00.

This “i2(a, ^-convergence” (in short: “Z2-convergence”) differs from 
the concepts of ordinary (pointwise) and uniform convergence since here the 
square integral in (9.5-3) and the integral mean (9.5-4) take over the role 
of the deviation | fn(t) - f(t)\ and of its maximum over (a, b), respectively. 
Thus it is understandable that the terms “convergent with respect to square 
integral” or “convergent in mean” (in French: en moyenne) on (a,6) are 
also in use instead of the expression: “Z2(a, ^-convergent”. The name of 
the function f mentioned in the above definition is: the L2(a, b)-limit of the 
sequence of functions fn(t) (n = 1,2,...). The specified notations of the 
Z2(a, 6)-convergence are:

lim/„ = / [L\a,b)] (9.5-5)
n—+00

or
fn —* f as n —* 00 [Z2(a,b)]. (9.5-6)

According to the foregoing, we can define at once also the £2(a,6)- 
convergence of a series of functions /i(t) + /2(f) + ■ • •, with fn(t) € L2(a, b) 
(n = 1,2,...). By this we mean the £2(a,^-convergence of the sequence
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{sn(t)} consisting of partial sums of and the L2(a, b\sum of the
series means the L2(a, b)-limit of {$n(t)}. The way of writing

00 n
E/nW = ^) l^b)]
n=l

signifies that the L2(a,6)-sum of the series /i(t) + + ••• exists and
equals s^tf

9.52 It is to be stressed that for finite (a, b) the /^-convergence is 
certainly a weaker condition than uniform convergence, namely

(b - af1/2 d[fn, f] < max|/n(t) - /(t)|.
(a,6)

In turn, we can simply establish that there is no immediate connection 
between the concept of pointwise convergence and the L2 (a, b)-convergence.

Pertinent examples:
I. As is well-known, the function sequence l,t,t2,... tends to 0 at any 

point t G [0,1) and to 1 at t = 1; furthermore it is not uniformly convergent 
in the closed interval [0,1]. On the other hand, this sequence converges with 
respect to square integral in [0,1] and its Z2-limit is identically 0, because

f (H2 di = ^77 0 °°)-
o 2n + 1

II. Let d > 1/2 and regard the sequence of functions:

[ if 0 < t < 1/2 
if 1/n < t < 1

(n = 1,2,...).

Then at any fixed point t G (0,1) we have fn(t) = 0 only if n is 
sufficiently large; therefore converges everywhere in (0,1) to the
limit 0. So it could be expected that the function /(i) = 0 would also be 
the £2-limit of our sequence.

Unfortunately this is not true, since

}/n(t)2d*= f nM dt = nM \
0 0

which is equal to 1 or tends to +00, according to d — 1/2 and d > 1/2, 
respectively.

We have to note, however, a trivial “global” connection:
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9.5.1 If a sequence of functions f^t) E L2(a,b) (n = 1,2,...) is 
L2(a, b)-convergent and at the same time convergent for almost all t € (a, ft) 
in the classical sense, so its L2(a,b)-limit and its (ordinary) limit function 
in (a,b) are identical elements of the space L2(a,b)f

Proof. Denoting the L2(a,6)-limit of {fn(t)} by f(t), and the 
ordinary (pointwise) limit of the sequence by f*(t), our assumptions imply 
by Lebesgue’s main theorem 1.5.1:

6 9 r 1 2

lim J[/n(t) - f(tf\2dt = f lim [fn(t) - f(t)] dt = 
n^oo Ja a oo

= = (9-5-7)
a

Hence we obtain that /(t) = f*(t) for almost all t G (a,b).

* * *

9.53 It does not seem to be assured at all, that for this new-type 
notion of convergence, the Z2(a, ^-convergence, the pendant of Cauchy’s 
convergence principle holds good. (By the deviation of two elements, of 
course, we mean the norm of their difference.) Yet in 1907, F. Riesz and 
— independently — the Austrian mathematician E. Fischer, could give a 
positive answer to this question — by discovering one of the main “pillars” 
of the theory, the so-called Riesz-Fischer convergence criterion:2

9.5. 2 A sequence of functions fn(t) € L\a,b) (n - 1,2,...) is L2(a,b)- 
convergent, if and only if (*) an index no = tio(e) can be attached to any 
given number e > 0 such that \\fm — fn|| < £ whenever m > no, n > no-

The original demonstration of this result is founded on Fatou’s lemma 
and B. Levi’s theorem (cf. 7.5.2—75.3), further it utilizes (like most 
later proofs) some principles of choice, so that we have a consideration of 
existence. In what follows a more recent verification found by the author 
will be presented, which relies beside the definition of the (Z)-integral only 
on the notion of absolute continuity as the characteristic property of (L)- 
integral functions (cf. 7.6.7), and moreover which also includes an explicit 
representation of the L2(a,b)-limit looked for.

Since the necessity of the above condition (called simply Cauchy’s con­
dition) is obvious by the “triangle inequality” (9.5-2), it is enough to deal 
with the statement:

1 Cf. 9.43.
2 Both mathematicians published their pertinent result in “Comptes Rendus” of the 

Academy of Paris; RlESZ two month earlier than FISCHER. Cf. F. Riesz [1] and Fischer 
[1], as well as F. Riesz [3], [9], [19] and Radon [1].
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9 .5.3 Any sequence {fn} C L2(a,b) satisfying the condition

limm,n—►oo \\fm ~ fn\\ = 0 (9.5-8)

is L2(a,b)-convergent, and its L2(a,b)-limit can be written a.e. in the form:

„. , d 
f 0 = at

t
lim J fn(u)du 
n-+oo „

[a e (a,6)] . (9.5-9)

Proof. 1 From (9.5-8) we conclude by | \\fm\\ - ||/n||| < \\fm - fn\\ 
the boundedness and convergence of { \\fn\\} ; let us denote the least upper 
bound and limit of this number sequence by B and A, respectively. Let 
a < t < 0 be a finite closed subinterval of (a,b), then on [a,^] the sequence 
of integral functions

1 Mikolas [9].

t
^n(t) = J fn(u)du (n = l,2,...)

Ct

has a finite limit ^t), namely on the basis of the inequality 

| ^m^t) — $nG)| < (t — a) / \\fm — fn ||

[cf. (9.4-5)] and of (9.5-8).
The function ^(t) thus obtained is absolutely continuous in [a,/?], be­

cause we have for any finite system { [at, At]} of non-overlapping subinter­
vals belonging to [a,^]:

k
= lim

n—►oo
f fn(t)dt
(!)

< A •[Z]1^2

where I = and the last term tends to 0 as the total length of I
k

becomes arbitrarily small. Therefore some well-known theorems (cf. 4.64,
7.6.7) imply that #'(«) = /(t) exists at a.e. point t G further f is 

t
measurable, (T)-integrable in [a,/?], and ^(t) = ff(u)du (a < t < /?). 

a
It is easy to see that the last relation can be extended to every bounded 
(T)-measurable set E C (a^b), i.e., we have the limit relation:

lim f fn(t)dt= f f(t)dt.
n~*°° (E) (E)

(9.5-10 )
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In fact if E is open, then by 244 it is the union of finitely many or 
countably infinitely many, pairwise disjoint open intervals, and accordingly, 
the integrals in (9*5-10) can be decomposed into the sum of some subinte­
grals taken on line segments. If the number of these subintegrals is finite, 
so we get (9.5-10) by termwise passage to the limit immediately. Otherwise 
we have to split up the integral of /n(i) - /(t) over E into parts taken on a 
finite and on an infinite system of subintervals, respectively, where the sec­
ond term becomes arbitrary small when diminishing the total length of the 
pertinent subintervals, while the first one (after fixing the number of subin­
tervals) will become as small as we please by choosing the index n large 
enough. Finally, the case of a non-open set E reduces to that of an open 
E inasmuch as we put E = Si — S2, where Si is an open set covering E, 
and S2 is a subset of Si whose (Z)-measure may be arbitrarily small. Then 
the validity of (9.5-10) appears at once from the estimation [resulting by 
(7.1-11), 7.43 and (9.4-5)]:

dt
(E)

f [Mt) - M)] dt
(Si)

j f(t)dt +B4S2\1/2.
(52)

Turning now to the deviation \\fn — /||, let us take first on the ordinate 
axis a “scale” 0 = y0 < Vi < ■ ■ • with yk oo,yk- yk-i < fixed)l 
next to a given interval i C (a,b) let us attach the point sets:

efc,n = {t-t ei, yk-i < f^t)-Mt) <yk} (^>0);

e_i>n = {t : t E i, —yi < f(t) — Mt) < d} 5

e_k,n = {t: t € i, -yk < M) - Mt) < -Vk-i} (fc > !)•

By (9.4-5) and (9.5-8) there exists an index n0 = Me) (independent of the 
choice of {yk} and i) such that for any pair p, q of positive integers and with 
the restriction |e^n] / 0:

}
2

<\\fm-M\ <£
..

(m,n > no).1

1 The dash beside the sign of summation means, as usual, that the value fc = 0 is 
to be omitted.

If we apply here first the limiting process m * 00, after increasing p and q 
indefinitely, we obtain by using (9.5-10):

OO
E' \ekln\~l Jk,n < £ (n>«o), 

k—-00
(9.5-11)
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where
Jk,n= f [/W~ AW] dt. 

(€k,n)

But the sum (9.5-11) lies by yfc-i|e^,n| < Jk<n < 3/fc|efc,nl and 
-!/fc|e-fc,n| < J-k,n < —(k > 0) between two “approximating 
sums of Lebesgue type” (cf. 7.41):

OO
&L = E Vk-1 ( lefc,n I + |e-k,n|) 

k=l

oo
El = E Vk (lejfe.nl + le_jfe.nl) 

k=l

with y^ — yk_T < 2^. Therefore (9.5-11) implies that the (Z)-integral of 
over i exists for n > no and has a value < E. Since this 

holds for every i C (a,b), and £ can be chosen arbitrarily small, we conclude 
f(t) G L2(a,b\ further \\f - fn\\ -> 0 (n oo).

Accordingly, the function f constructed above, i.e., the derivative with 
respect to t of the limit of {#n(i)} yields almost everywhere the L2(a,b\ 
limit of the sequence {fn} on the condition (9.5-8), as asserted before.

* * *

9.54 The significance of L2(a, 6)-convergence will turn up several times 
in the sequel. Now, we want to mention first of all an interesting consequence 
of this concept: if for finite (a, 6) a function sequence {fn} C L2(a,b) 
is L2(a,5)-convergent with the £2(a,6)-limit f, then the number sequence 
6 b
[ fn(^dt(n = 1,2,...) obtained by (L)-integration tends to f More

a cl

generally:
b b

lim, f <p(t)fn(t)dt = f^t)f(t)dt (9.5-12)n~a a
holds, denoting an arbitrary square integrable function. (Therefore f 
serves as substitute, so to say, for the “classical” limit lim fn at termwise n—teo 
integration also in the case when the latter does not exist; cf. 7.2.1, 7.5.1.) 
In fact, our assumption imply by (9.4-5):

f ^fn^dt- f dt
a a

< IM • ll/n -

and the bound on the right becomes for ||/„ — /|| —► 0 as small as we please.
Hence it is advisable to introduce two new terms: we say that a sequence 

{/n} C L2(a,b) converges weakly to some function / G L2(a,b), if we have 
(9.5-12) for every G L2(a,b\, on the other hand, the L2(a, 6)-convergence 
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is often called strong convergence. Thus it can be stated that in the space 
L2(a,b), any strongly convergent sequence is also weakly convergent.

9.55 Being in possession of the concept of L2(a, ^-convergence, it is 
easy to develop further the discussion of the space L2(a,b) as an abstract 
point set — only the material on Eu in Chapter 2 is to be followed.

For instance, the notion of accumulation point can be introduced in the 
following manner: a function /(t) € L2(a, b) is said to be an accumulation 
point of some set S [consisting of elements e L2(a,b)], if we can select 
from S a sequence of distinct elements whose Z2(a, h)-limit is fit). (The 
function f itself does not necessarily belong to S.) The pendant of the 
notion “neighbourhood” is indispensable as well: by the E-neighbourhood of 
an element <p0(t) € L2(a,b) we mean the totality of those <p € L2(a,b) for 
which d[y?,y>o] < £• [Cf. (9.5-1).]

After these, we can transfer to subsets of L2(a, b) almost word for word 
the definitions of boundedness, compactness, closure and openness, as well 
as a number of further fundamental notions connected with derivate sets.

9.6 The problem of decomposition and the 
concept of general Fourier series

9.61 Let us return to the vectorial interpretation of the space £2(a,5) 
and deal with the question of central importance: when and how can be 
represented a function f(t) e L2(a,b~) (considered as an abstract vector) 
as a linear combination with constant coefficients of the elements y’i(t) 6 
L2{a, b), £ L2(a,bf ... of an orthogonal system, i.e., in the form of an
orthogonal series

C1^1(t) + C2^2(t) + .... (9.6-1)
Note that the corresponding geometrical problems are: decomposition 

of a given vector to components directed along some vectors pairwise per­
pendicular to each other, and representation of any position vector with 
respect to a common base (orthogonal vector system). This is why we also 
speak generally about decomposition or representation problem, the orthog­
onal system ^(t), ... being called the base system of decomposition.

In the Euclidean lAspace the system of unit vectors (9.2-9), in I2 the 
pertinent base system (9.3-6) has played a distinguished role, but in the 
space i2(a,5), there is no complete analogue of these systems (cf. 9.44). 
Thus here we shall study the problem for the case of an arbitrary base 
system, and for the present purely in a formal manner.

9.62 Suppose that /(t) can be represented in the desired form (in a 
classical sense), i.e., it holds

/(t) = Ci^(t) + C2^2(t) + ... (9.6-2) 
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at every point t G (a, b). Then multiplying by (pn^t), after integrating on 
(a, b), further carrying out the integration on the right formally term-by- 
term, we get:

b b b
j dt = Cl f Pl(t)<Pn(t) dt + Ci f wttypntt) dt + .... (9.6-3)
a a ®

Since the orthogonality of {^n(t)}, the only integral on the right dif­
fering from zero is

b b
J dt = J <Pn(t)2 dt,
a a

(9.6-3) becomes
b b
f f(t)<fin(t)dt = Cn f Vn(t) dt, 
a. a

whence
b
J f(t)<pn(t)dt

Cn = —b-------------- (n=l,2,...). (9.6-4)
f<Pn(t)2dt 
a

Note that instead of integration of products we might have to speak 
about inner (scalar) multiplication, instead of saying termwise integration 
also the expression “reversing the order of inner multiplication and addi­
tion” (distributivity!) might have to be used. Furthermore, the result of 
calculation can also be written simply as follows [cf. (9.2-14)]:

(n=l,2,...).
Ml

(9.6-5)

9.63 Let us observe: the above argumentation shows, strictly speaking, 
not more than the series (9.6-1) can represent in (a, b) the function /(/) as 
sum only with the special values (9.6-4)—(9.6-5) of the coefficients, provided 

OO
that the term-by-term integration of the series £ ^^(^^(O for any fixed 

fc=i
n is permitted (e.g. if the partial sums of any such series are bounded in 
their totality, cf. 7.2.2). In other words: on the condition just mentioned, 
the choice of coefficients according to (9.6-4)—(9.6-5) is necessary, in order 
that the representation (9.6-2) should be valid.
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It is to be expected, however, that the series obtained by entering values 
(9.6-4) of the coefficients in (9.6-1), i.e

b 6 (f )
J f(t)<pn(t)dt J pn(t)2 dt <pn(x) = .. ’ (9.6-6)
a a _ n=l ll^Till

furnishes under some suitable assumption indeed the solution of the de­
composition (representation) problem, and exactly this circumstance does 
assure (9.6-6) a particular relevance among the orthogonal series of the form

(9.6-6) is called the (general) Fourier series of f(t) in terms of the base 
system {<^n}, while the occurring coefficients

= („ = 1,2,..J (9.6-7)

are called Fourier constants of f(t) relating to {<^n(0}- Since the generic 
term of (9.6-6) can also be written in the form: (/,^(z) [cf. (9.4-10)], 
so the Fourier series is a pendant of the right-hand sum in (9.2-16). If 
||^n|| = 1, then 7n reduces simply to (f,<pn), i.e., it signifies the component 
of f relating to (pn.

9.64 The main part of the theory of orthogonal series is constituted 
— as it is understandable by the above — by considerations concerning 
Fourier series. In the sequel, (9.6-6) will be studied first in full generality, 
joined with the theory of L2(a,b). We shall show amongst other matters 
that the series (9.6-6) really represents the function f(t) in the case of any 
complete base system {^n}, if not the classical but the L2(a, ^-convergence 
(introduced in the previous section) is used.

On the other hand, we shall also investigate some special types of Fourier 
series (with particular regard to the trigonometric ones) on the basis of the 
classical notion of convergence and of certain extensions of the latter. The 
results in this field will inevitably be more ramifying and less “elegant”, 
nevertheless these come naturally into prominence from the point of view of 
applications. Let us stress e.g. that the Fourier analysis of vibrations which 
is entwined with numerous branches of natural sciences and technology, is 
based in a more or less direct manner on the material of Chapters 12-15.

To facilitate understanding, we include here a short survey of the most 
important fundamental notions and their geometric counterparts, keeping in 
mind the course of gradual abstraction by which the former concepts have 
been derived from the latter ones:

1 Here the change in the notation of independent variable (x instead of t) is motivated 
by the fact that t also occurs as a variable of integration.
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function space L\a,b) 
(^VO (inner product) 
M (norm) 
orthogonality 
orthogonal system

orthonormal system

complete orthogonal system

djy, V’] (distance) 
L\a, ^-convergence 
orthogonal series

Fourier series

Fourier constants

ordinary space of points or vector field 
scalar product of two vectors 
absolute value (length) of a vector 
perpendicularity of vectors
system of mutually perpendicular position 
vectors
system of mutually perpendicular unit 
vectors with common initial point 
three mutually perpendicular vectors with 
common initial point
distance of two points
convergence of a point set
linear combination of mutually perpendic­
ular position vectors
representation of a vector by means of its 
components relating to mutually perpen­
dicular position vectors
vector components relating to mutually 
perpendicular position vectors
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CHAPTER 10

SPECIAL
ORTHOGONAL SYSTEMS AND SERIES

10.1 The trigonometric base system

10.11 Before going further in the general theory, we have to deal with 
some special orthogonal systems and series, which have become important 
in the course of historical development; this is all the more reasonable, 
since no actual example of a complete orthogonal system in L2 has been 
given until now. We shall also become acquainted with a comprehensive 
so-called orthogonalization process which enables us to construct orthogonal 
systems from any prescribed sequence of elements in the Hilbert space.

As regards the base system of trigonometric functions:

1, cosi, sinl, cos2f, sin 2t,... cos nt, sin nt,. (10.1-1)

we already pointed out at the beginning of the previous chapter, that it is 
orthogonal in any line segment [a,a + 2tt] (a arbitrary real).1 This implies, 
as is well-known, that the inner product of every two distinct elements of 
(10.1-1) vanishes; i.e., in detail:

1 The terms (10.1-1) belong trivially to L\a, a+2r), since each of them is continuous 
in [a, a + 2?r].

a+2?r a+2ir
J cos nt dt = J sinntdt = 0 (n=l,2,...), (10.1-2)
a cl

furthermore
a+2?r
J cos mt • sin nt dt = 0 (10.1-3)
a

for all positive integers m and n, as well as

o+2tt a+2,r
J cos mt • cos nt dt = ]' sin mt • sin nt dt = 0 (10.1-4)
a cl

for any pair m n of natural numbers.
In fact, the formulae (10.1-2) are obvious, while (10.1-3)—(10.1-4) 

follow from the identities (3.4-16). We remark that any of the functions 
(10.1-1) is periodic with the period 2zr; thus it is sufficient to handle the 

255



system for a special value of a e.g. for a — 0 or a — % (which correspond 
to the basic intervals [0,2?r] and [-7r, tt], respectively).

Since the square integrals of the terms are:
o+2tt

J I2 dt = 2tt, 
a

a+2ir a+2?r

J cos2 nt dt- J sin2ntdi = 7r (n = l,2,...), (10.1-5)
a cl

so that we have for the norms of the system:

||1|| = \/27T, || cosnt|| = II sinnt|| = xAr (n=l,2,...),

the normalized form of (10.1-1) may be written as

—L -4= cost, -^=sint,..., cos nt, sin nt,.... (10.1-6)
V27F A V71- V71-

10.12 The trigonometric base system is complete in the sense formu­
lated in 9.43; the verification of this assertion, however, also requires some 
deeper expedients.

We begin by an elementary observation, relevant in itself too:

10.1. 1 If M(T) is continuous in a finite interval [a, b] and such that

J M(t)7?(t) dt = 0 (10.1-7)
a

holds for every continuous function r/(t) vanishing at t — a and t = b, then 
M(T) is identically zero in

Proof. Assume that there exists a point c G (a, b) e.g. with M(c) > 0, 
then it is easy to find an allowed function which does not satisfy 
(10.1-7). The continuity of M(t) assures the existence of a neighbourhood 
(c_£5c4-£) c (a, b) where M(t) exceeds the value m = M(c)/2. If we choose 
for r){t) the function taking at c the value m, vanishing in the intervals 
[a,c-e] and [c + £,b], further being linear on [c-£,c] as well as on [c, c + e], 
then we get:

b c+® cte of M(t)y(t) dt = j M^r]^ dt > m f p(t}dt = em >0, 
a c—e c—e

1 It is easy to see that it suffices for the validity of 10.1.1 to require (10.1-7) only for 
continuously differentiable functions r](t). The proposition thus obtained is the so-called 
Lagrange’s lemma, often used in the calculus of variations.

256



in contradiction to (10.1-7). One can similarly show, that the condition 
M(c) < 0 [c G (a, 6)] is not consistent with the premises of our proposition.

Consequently, the latter implies M(t) = 0 (a < t < b) which must also 
hold at the end points by reason of continuity.

* * *
1 0.13 Next it is advisable to state the completeness of (10.1-1) in the 

following form:

1 0.1.2 If a function fit) G L2(a,a + 2?r) fulfils the conditions

a+2ir
J f(t)dt = o, 
a

a+2?r
a+2% f
f f(t) cos nt dt = 0, / f(t) sin nt dt = 0 
a a

(n = 1,2,...)

so f(t) = 0 for almost every point t G (a, a + 2tt). 1

1 10.1.2 also remains valid in the case of f G L(a, a + 2ir), since this condition assures 
the existence of the integrals (10.1-8) by |cosnt| < 1, | sin nt| < 1 as well.

X

Proof. Let ^(x) = J f(t) dt] we see at once that 
a

i a4-27r
F(x) = ^(x)~ — ( $(t)dt 

2tt a

is the only integral function of /(t) for which

a+2ir
J F(t)dt = 0.

(10.1-8)

(10.1-9)
a

This F(x) is continuous in [a, a + 2tt] by 7.6.4, and its value at the end 
points are equal:

1 a+2ir
F(a + 2ir) = F(a) = -~ f ^t)dt. (10.1-10)

271 „

By (10.1-8) we can conclude that F(t) is also orthogonal in [a,a + 2tf] 
to any element of the system (10.1-1). Namely, (10.1-9) indicates the 
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orthogonality to 1; furthermore on the basis of (10.1-10), we obtain by 
integration by parts:

“+2’r f sin nil a+2,r I “+2lr
J F(t) cos nt dt = F(t)------- ---- J f(t) sin nt dt = 0,
a L n J a n a

a+27r
/ F(t) sin nt dt =
a

— cos ntla+2?r 1 a+f2,r . .
F(t)---------- 4— J f(t)cosntdt = 0

Tl „ TL nj a a
(n = 1,2,...).

Thus we can write:

a+2ir
f F(t)S(t)dt = 0, (10.1-11)

S(t) denoting an arbitrary trigonometric polynomial [cf. (3.4-2)],
But owing to 3.4-1 (I), any function ^(t) which is continuous in [a,a+27r] 

and takes the same value at points a and a + 2tt, is uniformly approximable 
on [a,a+2?r] by suitable trigonometric polynomials Si(t), ^(C, • • •! therefore

a+2ir a+2-r
f F(t)g(t)dt — lim f F(t)Sn(t) dt = 0, 
a a

or by (10.1-9)
a+2?r

f F(t)[g(t) - 5(a)] dt = 0. (10.1-12)
a

Hence it results from the use of 10.1.1 that F(t) = 0 (a < t < 2?r), i.e., 
at a.e. point t e L2(a,a + 2tt) we have /(t) = ^'(i) = F'(t) = 0, as asserted 
above.1

1 The completeness of the system (10.1-1) can also be verified, of course, in another 
way, e.g. on the basis of a pertinent general criterion due to A. RENYI. (Cf. Renyi [1].)

* * *

If we split up the system (10.1-1) into two parts, and consider the so- 
called cosine system cos nt (n = 0,1,2,...) and sine system sin nt (n = 
1,2,...) separately — these sequences of functions also turn out to be 
orthogonal on any segment of length 2?r, but do not possess the property of 
completeness.

It can simply be shown on the above model that both systems l,cost, 
cos2t,... and sin t, sin 2t,... are complete and orthogonal in the interval 
[0,7T].
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10.2 The ordinary (trigonometric) Fourier 
series and its complex form

10.21 Let us form the Fourier series pertaining to the base system
(lO.L-l). . r r

According to (9.6—7) and (10.1-5), the Fourier constants of a function 
/(t) e L2(a,a + 2?r) relating to 1, and cos nt, sin nt (n > 1) are:

। a+2-zr 

ao = 7- f f^dt, 
a

(10.2-1)

| a+2ir
an = - f f (t) cos nt dt 

a
i a+2-zr

(3n = — [ f (t) sin nt dt 
a

(n= 1,2,...)

(10.2-2)

(10.2-3)

These formulae — found heuristically by L. Euler (about 1750) and 
J. B. Fqurier (1807) — are mostly mentioned in the literature as Euler- 
Fourier coefficient representations.

The coefficients an (n = 0,1,2,...) are the so-called cosine constants, 
the coefficients /3n (n = 1,2,...) are the sine constants-, all of 
a2,Z?2, ••• are called Fourier constants or Fourier coefficients of f(t). The 
short name of the series with coefficients (10.2-1)—(10.2-3) i.e., of

n=l

oo

n=l

। a+27r \
— [ /(/) cos nt dt I cos nx+
* a /

(10.2-4)

is ordinary Fourier series of f(tffi
Note that the logical connection between (10.2-4) and more general 

notion of trigonometric series is somewhat similar to that between Taylor 
series and power series; it is expected also from (10.2-4) that it represents 
the function f on a certain (rather general) condition.

1 We note that a may be any real number; in the applications the values a = 0 or 
a = are preferred.
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10.22 We know that every trigonometric series (An,Bn real)
OO

Ao + S (An cosnx + Bnsinns) (10.2-5)
n=l

may be regarded as the real part of a power series with complex coefficients, 
namely of

oo
Ao + £ (An - iBn)zn (z = e**).1 (10.2-6)

1 It is also justified to introduce a special name for the imaginary part of (10.2-6), 
i.e., for the series

oo
£2 (An sin nx — Bn cos nx)', (♦)
n=l

this is the so-called conjugate series. If (10.2-5) is the Fourier series of a function 
f € L2(a,a + 2tt), then (♦) can be regarded as the Fourier series of another function 
f € L2(a,a + 2%).

n=l
If the real part of the last generic term is written as the half of 

(An - iBn)zn + (An - iBn)zn or if we apply immediately Euler’s formu­
lae in (10.2-5):

cos nx = |(e,nx + e-nr), sin nx = i(e,nr - e~inx),

so the series (10.2-5) becomes
oo oo

Ao + = £ Ake'kx, (10.2-7)
n=l k= — oo

where

{Ao for k = 0
|(Ai - iBk) for k > 0, (10.2-8)
|(A_jt + iB_k) for k < 0.

In case of a Fourier series, i.e., if Ak = ak, Bk = ^k, then all the 
coefficients can be given by a single formula [cf. (10.2-1)—(10.2-3)]:

i a4-2?r
Ak=~ J f(t)e~'ktdt (A = 0,±l,±2,...). (10.2-9)

a

Thus (10.2-7) turns into the series 
OOE

k=—oo

1
2tt

.+2tt

f f(t)e~Mdt e'kx (10.2-10)

which is called the complex form of the ordinary Fourier series.
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10.23 It is often easier to use the latter series, than the real form 
(10.2-4); besides (10.2-10) realizes a close connection between the notions 
of ordinary Fourier series and Laurent’s series. In fact, if some function 
G(z) of one complex variable is regular in an annulus T whose boundary 
consists of two circles concentric with |£ - zo| = R and which contains the 
latter one, then — as is well-known from complex analysis — we have the 
so-called Laurent expansion

OO L
G(z) = £ ck(z-z0) 

k——oo
(10.2-11)

with the coefficients

ck = ^ I G^-zoY^d^ 
2?ri J

IC-z* |=7?
i a+2r

= —R~k J G(zo + Re'^e dt (fc = 0,±l,...) (10.2-12) 
2%

(Here a denotes an arbitrary real number.) Since z0 = 0, R = 1 the 
above (10.2-11) transforms into the series (10.2-10) with the notations 
Gfe'^ = /(0, z = we may Point out: any or(Rnary Fourier series 
is nothing else but a Laurent series taken along the unit circle.

Separate examination of the ordinary Fourier series does not become 
superfluous. 1) We can investigate (10.2-10) by complex function theoretical 
tools only in the case if f had been expanded analytically into a suitable 
regular function which is a strong restriction. 2) As shown by (10.2-7), 
the study of the partial sums of a trigonometric series is equivalent to the

TV
discussion of “symmetric” sums of the following type: 22 Akelkl, while 

k=—N
in the theory of Laurent’s series the simultaneous convergence of the “main 

-co l.
part” £ ck(z - z0) and the “accessory part” is required — i.e., a stronger 

fc=-i
condition is established.

The investigation of the behaviour of power series, Laurent series along 
some circle requires the finer theory of trigonometric and ordinary Fourier 
series, respectively, if the circle in question lies on the boundary of the 
domain of convergence.
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10.3 Legendre polynomials

10.31 The sequence of base functions of a power series, i.e., 
l,t, t2,... (10.3-1)

obviously does not constitute an orthogonal system, whatever may be the 
fundamental interval. On the other hand, appropriate finite linear combi­
nations (with real coefficients) of these functions, i.e., certain entire rational 
functions

Po(O = Coo, Pl(i) = C10 + Cut, P2(0 = C20 + C2lt + c22i2, • • • 

may already be pairwise orthogonal to each other in some prescribed finite 
interval [a, &]; naturally on the condition that cnn 0 (n = 0,1,2,...), i.e., 
that for any n, p^t) is a polynomial of the n-th degree. In fact, for the 
validity of the orthogonality relations

b
f pm(tfpn(t) dt = 0 (m < n; m, n = 0,1,2,...), (10.3-2)
a

it is sufficient that we should have for any fixed n > 0

f tkpn(t) dt = 0 (k = 0,l,...,n — 1), (10.3-3)
a

since every integral of the form (10.3-2) is a linear combination of integrals 
of the type (10.3-3); and the condition (10.3-3) refers to a system of n linear 
equations with the n unknowns cnklcnn (k = 0,1,..., n - 1), because

r ^+1 _ afc+i
/ tkpn(t)dt = ——cn0+ 

a
^+2 _ ak+2 frn+k+1 _ ^n+A:+l

4----- ;—— cni 4- • • • 4----------- 1 l । -i Cnn'k 4-2 n 4- k 4- 1

10.32 In what follows, we restrict ourselves to the case of the funda­
mental interval [-1,1]. This is not a significant limitation, since any finite 
segment a < t < b can be transferred by means of the linear transformation 
x = [2t - (b 4- a)]/(6 - a) into the interval -1 < x < 1. Thus, if a system of 
polynomials Pn(x) (n = 0,1,...) is orthogonal in the interval -1 < x < 1, 
then the polynomials

Pn(0 — Pn
2t - b - a\ 

b - a J (n = 0,1,2,...)

constitute an orthogonal system relating to the segment a < t < b.
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It is easy to see that the pendant of (10.3-3), i.e., the equations

} xkPn(x)dx = 0 (k = 0, l,...,n — 1) (10.3-4)
-i

are satisfied, if we write instead of the n-th derivative of a polynomial 
which has zeros of order n at x = -1 and x = 1; i.e., if Pn(x) is of the form

[(x + iytx-ijT”^
eventually multiplied by a constant. Namely a (k + l)-fold integration by 
parts yields:

/ x\x2 - l)n dx = (-l)^1 / (X+1 K®2 - l)n] dx = 0,

1 Cf. Legendre [1].
2 Rodrigues [1].

-i -i

considering also that the (k + l)-th derivative of xk vanishes identically. 
Consequently, the polynomials

PM^Cn^x2-!^ (Cn/0; n = 0,1,2,...)

form an orthogonal system relating to [—1,1]. In the pertinent literature, 
the coefficients Cn are fixed mostly in such a way, that we require /’n(l) = 1 
(n = 0,1,2,...), which is fulfilled by

[(z + lHz- 1)”]^ = n! 2n = 2 • 4 ... (2n) = (2n)!!

(Leibniz formula) in the case

Cn = (2^n-

The entire rational functions thus obtained, i.e.,

p„m = ^[(x2-d"]w = 00.3-5)

satisfying the condition Pn(l) = 1, are the so-called Legendre polynomials.1 
The representation (10.3-5) is usually called — to distinguish it from

other ones — the Rodrigues formula for Pn(x).2
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In particular:
3 1 5 3

P0(x) = 1, A(z) = x, P2(x) = -x2 - -, P3(x) = -x - -x,..., 

and the above definition implies that the coefficient of xn in Pn(x) has the

1 (2n-D"—2„(2„-!)...(»+1)= 5—^. (10.3-6)

10.33 Next we deal with some fundamental properties of Legendre 
polynomials:

10.3. 1 (I) Apart from a constant factor, Pn(x) is the only entire ratio­
nal function which is orthogonal in [—1,1] to all polynomials of degree < n. 
(II) Pn^x) is an even or an odd function according to an even and odd de­
gree n, respectively. (Ill) Pn(x) has for n > 1 n distinct real zeros, all lying 
in the interval (—1,1). (IV) The orthogonal system Pn(x) (n = 0,1,...) is 
complete relating to ( —1,1).1

i i
ck f Pk(x)2dx= f Pk(x)pn(x)dx = 0,

-i -i

ck = 0 (k = 0,1,... ,n - 1).

Therefore (10.3-8) yields indeed pn(x) = cnPn(x).

1 Property (I) is evidently equivalent to the orthogonality of Pn(z) to any of the 
functions l,x, . ..,xn-1 [cf. (10.3-4)]. From (III) we see that every zero of Pn(z) is 
necessarily simple. Since the zeros are also points of changing sign, we may say that the 
Legendre polynomials “reflect” sin ni resp. cos nr (n = 0,1) to a certain extent.

Proof. (I) Suppose that pn(x) is such a polynomial of the n-th degree 
which is orthogonal in [-1,1] to each polynomial of the some less degree; 
then at the same time:

i
J Pk{x^pn{x} dx = 0 (k = 0,1,..., n - 1). (10.3-7)
-i

On the other hand, pn(x) may be written with suitable coefficients 
Co,ci,... ,cn in the form:

pn(x) = CqPo(^) + ClPl(x) + ... + cnPn(x) (cn 0), (10.3-8)

since the functions l,x,..., xn can also be represented as linear combinations 
of P0(x'),Pi(x),..., Pn(xf Multiplying both sides by Pk(x') and integrating 
in (—1,1), we get on the basis of (10.3-7):
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(II) follows immediately from the form (10.3-5) of Pn{x), because the 
expansion of (a;2 - l)n according to the binomial theorem plainly contains 
only powers of x with even exponents.

Assertion (III) is a consequence of the fact that (a:2 - 1)” vanishes 
together with its n — 1 derivatives at points x = ±1. Hence, by iterated 
application of Rolle’s theorem, we can conclude the existence of one zero of 
[(a:2 - 1)”] \ of two zeros of [(a:2 - l)n] " etc., finally of n distinct zeros of 

[(a:2 - 1)”] in the interior of [-1,1].
As regards (IV), it can be reduced to the proposition 10.1.2 on the 

completeness of (10.1-1). Let g(x) denote any function square integrable in 
(-1,1) which is there orthogonal to all polynomials P^x) (n = 0,1,...), so 
that we have

/ g(x)xn dx = 0 (n = 0,1,...) (10.3-9)
-i

Consider now the (L)-integral of g(x)e~lux = g(x) cos(ux)-ig(x) sin(ua:) 
on the interval -1 < x < 1, u denoting a real parameter; and expand it in 
terms of the powers of u. If we use the uniform convergence on any finite 
segment of the exponential series, further (10.3-9), it results for every real 
value of u:

and hence by putting x = t/x, u = mr, f(t) = g(t/ir):

] f(t)e~intdt = 0 (n = 0, ±1, ±2,...). (10.3-10)

Since (10.3-10) is equivalent to the conditions (10.1-8), we obtain by 
10.1.2 that /(/) = 0 in (—tt,7r), i.e., g(x) = 0 in (-1,1) almost everywhere.

* * *

10.34 Beside the explicit definition (10.3-5), we have also an important 
implicit way of representation for the polynomials Pn^x) (n = 0,1,2,...):
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10.3.2 For any pair of values x and u satisfying together to the restric­
tion |n|2 + 2|z| |u| < I1 the expansion

(1 - 2xu + u2)"1/2 - E Pn(^K (10.3-11)
n=l

holds, there fore Pn(x) is the coefficient of index n of the Taylor expan­
sion in terms of powers of u of the function on the left. In this sense, 
(1 - 2xu + u2) 12 is the generating function of Legendre polynomials.2

Proof. For the sake of brevity write u2 — 2xu = Y. Since our as­
sumption implies |T| < |u|2 + 2|a:| |u| < 1, (1 + V) = (1 - 2xu + u2) 
can be given in terms of Yn (n = 0,1,2,...), and the binomial series thus 
obtained may be rearranged in terms of powers of u, by the absolute con­
vergence of the former series.

Consequently we get:

(1 - 2xu + u2) 1^2 =
= 1+(-1]/2V+(-'/> +...

\ x / y z y

= Ro(x) -I- Ri(x)u + Rz^xfu2 + ..., (10.3-12)

where (by the binomial theorem) Rn(x) is a polynomial of the n-th degree 
of x. We have still to verify Pn(ar) = Pn(x) (n = 0,1,2,...).

To that end, let us multiply by xk (k > 0, integer) in (10.3-12) and 
integrate from -1 to +1. The termwise integration, being permitted by 
uniform convergence, results:

J a:fe(l + y) 1/2 dx = fxkR0(x)dx + u f xkR^x) dx + ...; (10.3-13)
-1 -i -i

and the integral on the left becomes by the substitution x = -£+u(l-£2)/2 : 

-e2)-^
1

which is plainly a polynomial of the fc-th degree of the parameter u.

1 This inequality is obviously fulfilled for any fixed x, if only |u| is sufficiently small.
2 As is well-known, we say that some G(x, u) is the generating function of a function 

sequence {<7n(z)}, if in an expansion of G (mostly in a power series representation of it) 
the functions gi(z), gz(x),... occur as successive coefficients.
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Hence we see that the series on the right-hand side in (10.3-13) breaks 
off at the term containing uk, i.e.,

i
J xkRn(x) dx = 0 (n = k + 1, k + 2,...);
-i

so we conclude by 10.3.1 (I) that for any fixed n, Rntx) can differ from 
Pn(x) at most by a constant factor. But the first term of (10.3-12) turns into 
(1 - u)-1 for x = 1, so that a comparison of coefficients with the geometric 
series 1 + u + u2 + ... furnishes _Rn(l) = 1 (n = 0,1,2,...).

Therefore, the constant factor just-mentioned is equal to 1 [cf. (10.3-5)], 
i.e., Rn(x) = Pn(x) as asserted above.

* * *

10.35 In view of the foregoing we can deduce easily two further relevant 
properties of the Legendre polynomials:

10.3.3 For any three consecutive elements Pn-i(x), Pn(x), Pn+i(x) of 
the system { /^(ir)}, the recurrence formula holds:

(n + l)Pn+i(x) = (2n + l)xPn(x) - nPn_-fix) (n = l^,...);1 (10.3-14)

1 According to (10.3-14), the knowledge of Pq(^) and Pi(x) enables us to determine 
Plfx), from Pfiz) and P2(x) we obtain immediately Pair), etc.

furthermore y = Pn(x) (n = 0,1,...) satisfies the differential equation of 
second order:

[(1 - x2)y']' = -n(n + Ify. (10.3-15)

Proof. If the functions on both sides of the identity

(2xu - 1)J~(1 - 2xu + u2) ^2 + x(l - 2xu + u2) 1/2 = 
ou

u-^-\u(l — 2xu + u2) 1//2] 
ou L

are expanded in terms of powers of u on the basis of (10.3-11), the formula 
(10.3-14) is obtained by comparison of coefficients.

Concerning (10.3-15), the shortest way of verification is the use of the 
orthogonality of { P^x)}. If we show that [(a:2 - ljF^)]'is orthogonal in 
(-1,1) to any of the functions xk (k = 0,1,..., n - 1), then it follows again 
by 13.3.1 (I) that the derivative in question is equal to Pn(xfi multiplied by 
some constant.
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Now, twofold integration by parts yields:

f [(x2 - l)F'(a:)] 'xk dx = -k J (a:2 - l)P^(x')xk 1 dx =

1 Another proof of (10.3-15) is based upon the (n + l)-fold differentiation of the 

identity (x2 — 1) (x2 — 1)" = 2nx(x2 — 1)” and upon the use of Leibniz’s formula.

-i -i
= k J [(k + - (k - I);?-2] Pn(x) dx = 0 (k = 0,1,..., n - 1),

-i
and equalizing the coefficients of the terms of highest degree, we get

[O2 - l)P^(x)]' = n(n + l)Pn(x).1

* * *

10.36 Let us calculate the norm of Pn(%Y which has already been 
utilized before.

Starting from (10.3-5) and integrating by parts n-times, we deduce the 
formula:

(~l)n 
[(2n)!!]

[(x2-l)n]

(10.3-16)

If the last integral is written in the form 

i , 1 ,
f (x2 - 1)" x2 dx - J (x2 — 1)” dx, 
-i -i

then the first term is integrated by parts, we see that
i i

y (a:2 - l)n dx = I (*2 - I)”’1 dx;

-i -i
the repeated application of this conversion yields:

-1 -1

(-l)n -2(2n)!! 
(2n + l)!
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Thus finally (10.3-16) becomes:

} , , (2n — 1)!! 2
J dx-2^^^ - (2n+1)!r

-i

whence
/ 9 X1/2

= (» = 0,1,2,...).

(10.3-17)

(10.3-18)

Correspondingly, the normalized form of the system of Legendre poly­
nomials is the following:

T^*)’ ^PM, • • •, ..., (10.3-19)

while the Fourier series relating to { Pn(x)} of a function f(t) € Z2( —1,1) 
[cf. (9.6-6)] may be written:

00 / i\ iE MW)
n — n v / — 1

dt Pn(xf (10.3-20)

The shorter name of (10.3-20) is Legendre series of f(t).
An interesting minimum property of Legendre polynomials is connected 

with the notion of norm:

10.3.4 Among all the real polynomials of the n-th degree whose leading 
coefficient1 has the value (10.3-6), Pn(x) is characterized by the least square 
integral on [—1,1].

Proof. If Qn($) is an arbitrary polynomial of n-th degree with leading 
coefficient (2n - l)!!/n!, then it may be written in the form 
[cf. (10.3-8] QM) = Co + CiPi(x) + . . . + Cn-yPn-M) + Pn^Y

Owing to the orthogonality of { Pn(z)} we get:

1 By this we mean the coefficient of the term of highest degree.
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This sum obviously takes its minimal value if and only if

co = ci = = cn-i = 0, i.e., when Qn(x) = Pn(x).

* * *

The Legendre polynomials and the orthogonal series associated with 
them also play a relevant role in mathematical analysis and mathemati­
cal physics; their importance is comparable in several regards to that of 
trigonometric systems and series, respectively.

10.4 Properties of polynomial systems 
orthogonal with respect to weight functions

10.41 As a natural further development of a problem raised at the 
beginning of the previous section, now let us look for such a sequence of 
polynomials

Pn^x) = Cno + Cni + . . . + Cnnxn (cnn 7^ Tt — 0, 1, . . .), (10.4 1)

which constitutes an orthogonal system only after multiplication by a pre­
scribed square integrable function g(x), i.e., for which

g(x)p0(x), g{x)p^x),..., g(x)pn(x),... (10.4-2)

is orthogonal in (a, 6). (We have to assume the square integrability of g(x)xk 
for every positive integer k). Since the above condition means that

J p^x^pm^x^pn^x) dx = 0 (m 0; m, n — 0,1,2,...) (10.4-3)
a

with p{x) = glxf > 0, physical analogies (e.g. calculation of centres of 
gravity) suggest introducing a particular denomination: we say that the 
system {pn(x)} is orthogonal in (a,b) with respect to the (non-negative) 
weight function p(x)f if (10.4-3) is fulfilled.

It is to be stressed that the fundamental interval (a,b) can be finite or 
infinite. In the latter case, the advantage of the concept “weight function” is

1 Instead of “weight”, the term “density” is also used. Orthogonality with respect 
to weight 1 means of course “ordinary” orthogonality. Furthermore: the orthogonality of 
a system |pn(i)} with respect to some weight p(x) can be replaced by the requirement 

that | p(x)l^2pn(x)| should be orthogonal in the same interval.
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especially clear: on an infinite interval, no entire rational function is square 
integrable, so that in this case the orthogonality of a polynomial system 
in the ordinary sense is also impossible; on the other hand, the integrals 
(10.4-3) may exist on an infinite (a,b) too — namely if p(x) tends sufficiently 
rapidly to zero as |;r| -> oo.

Note that (10.4-3) is equivalent to the condition:

b
J p(x)xkpn(x) dx = 0 (fc = 0,1,..., n - 1) (10.4-4)
a

which can also be formulated as: any pn(x) should be orthogonal in 
(a, 6) to every polynomial of at most (n — 1) degree with respect to the 
weight p(x). Namely it is evident that any polynomial of the k-th degree 
can uniquely be expressed as a linear combination of arbitrary polynomials 
QaixfiQilxfi... ,Qk(x), provided that each of the latter is exactly of the 
degree given by its index.

On the same basis it can be seen [cf. (10.3-8)], that in the knowl­
edge of one single system of polynomials {pn(a:)} having the property 
(10.4-3), all the other polynomial systems orthogonal in (a, 5) with respect 
to the weight p(x) can be written in the form Co, Cipi(a:), CiP2(xfi..., 
where Co,Ci,C2,... are arbitrary constants. Briefly speaking: in case of 
polynomial systems, the orthogonality in the extended sense is also a property 
characterizing the system “essentially” (i.e., apart from constant factors).

10.42 The question is: how is it possible to construct effectively an 
orthogonal polynomial system associated with an arbitrary fundamental in­
terval and a weight function. Owing to the observation just mentioned, such 
a polynomial system becomes uniquely determined by prescribing in each 
polynomial its leading coefficient; it is advisable to take these coefficients 
equal to 1. The answer is given by the proposition:

10.4.1 Let a finite or infinite interval (a,b) and a weight function 
p(z)[;r G (a, 6)] be given. Assume that p(x) is positive almost everywhere 
and that its product by |x|N is (Lfiintegrable in (a,b), N denoting a however 
large positive number.1

Then the only polynomial system {pn(a:)} which is orthogonal in (a,b) 
with the weight p(x) and all the leading coefficients 1, can be presented as 
follows:

Po(x) = 1, pfix) - x - Io and 

Pn+i^) = \X — /n) Pn($) — Knpn_\(x) (n = 1,2,...),
(10.4-5)

1 In the case of a finite segment (a, 6), it is enough to exchange the latter condition 
for a simpler one: let p(x) itself be (Lj-integrable.
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where

f xp(x)pn(x)2 dx
In=a-------------------- (n = 0,1,2,...),

J pffinlrf dx 
a

b
f p(x)pn(x) dx

Kn = ^-------------------- (n = 1,2,...)? (10.4-6)
& 2
f p(x)pn-i(x) dx
a

Proof. First of all we can state that the assumptions on p(x) assure 
the existence of every integral occurring in (10.4-6), as well as the positivity 
of the denominators. ~

The linear function pi(z) is trivially orthogonal to p0(x) m (a,&), with 
respect to the weight p(x). Suppose that pn-i^x) and pn(x) &re orthog­
onal in the above sense to all the terms with lower indices of the system 
Po(x),Pi(®),--- Then we get from the recurrence formula (10.4-5) after 
multiplication by p(x)pn(x) and integration on (a,b):

b
f p(x)pn+1(x)pn(x) dx = 
a

b ~ ~ 6 ~ ~
= j p(x}(x — In)pn{x')2 dx - An J p{x}pn--[{x}pn{x) dx — 

a a

= f p(x)xpn(x)2dx-In f p(x)pn(x)2dx = 0 (n=l,2,...). (10.4-7)
a a

Writing pn-i(®) instead of pn(z), we obtain for any positive integer n: 

b
f p(x)pn+l(x)pn-l(x)dx = 
a

b ~ b ~ ~
= J p(x)xpn(x)pn-l(x') dx - In j p(x)pn(x)pn-l(x) dx- 

a “

- Kn $ pWpn-i(x}2 dx = 
a

= J p(x)pn(x)2 dx - Kn f p(x)pn-i(x)2dx = 0. (10.4-8)
a a

1 It is obvious that the successive application of (10.4-5)—(10.4-6) enables us to 
calculate any prescribed element of the system ^Pn(z)^
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In the last calculation, we utilized that if we write the polynomial 
xpn_i(x) as a linear combination of pn(x), pn-i(x),...,p0(x), so the first 
term has the coefficient 1, and any other term yields 0 when multiplied 
by p(x)pn(x), further integrated on (a,b) — because of our condition of 
orthogonality.

Finally for k < n - 1, we obtain from (10.4-5) immediately:
b ~
f p(x)pn+i(x)pk(x)dx = 
a

b
= f p(x)(x - In)pk(x)pn(x)dx- 

a

- knf p(x)pn-1(x)pk(x)dx = 0, (10.4-9)
a

since the degree of (x — In) Pk(x) is at most n — 1, while that of Pk^x) is at 
most n - 2. ~

The formulae (10.4-7)—(10.4-9) imply that also pn+i(x) is orthogonal 
in (a,b) with respect to p^x) to each previous term of the system {M1)} ■ 
Thus we accomplished the proof by induction.

* * *

As far as an arbitrary orthogonal polynomial system of the form 
(10.4-1) [with fundamental interval (a, b) and weight p(x)] is concerned, 
we have according to the above:

p^x) = Anpn(x) (n = 0,1,2,...), (10.4-10)
where An = cnn 0 denotes the leading coefficient of pn(x).

So introducing the further notations:
b
f xp(x)pn(x) dx

In=\------------------- („ = 0,1,2,...),
/ P(l)Pn(®)2 

a
b
J p(x)pn(x) dx

Kn = ^-------------------- (n=l,2,...), (10.4-11)
J p(x)pn-l(®)2 dx 
a

the following recurrence formula issues for {pn^)} :

An^jPn+lC^) = — In)Anpn^x) — K n An-1 pn-1 (x )
(n = l,2,...). (10.4-12)
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Hence, starting from po(^) = A), - A), we get P2^x), next by
the use of pi(x) and pz^x) we calculate Pa^xf and so on. [Cf. (10.3-14).]

We add that by

ii h2 &

M^)1^^) = f p(t)Pn(f) dt (n = 0,1,2,...),

1 For finite (a, 6), the latter condition is equivalent to p(x) € L(a, b).
2 As is well-known, 3 > n is impossible by the fundamental theorem of algebra.
3 For particulars see e.g. Sz.-Nagy [16],

a

the normalized form of the orthogonal system ^(a:)1/2^^)} iis:

■ -1/2

: p^y1'2?^ (n = 0,1,2,...). (10.4-13)
b
J p(t)pn(t)2 dt 
a

10.43 Turning to the fundamental properties of general orthogonal 
polynomials (10.4-10), we establish [cf. 10.3.1 (III)-(IV)]:

10.4.2 (I) Any polynomial pn(x) = Anpn(x) (n = 1,2,...) has n dis­
tinct zeros in (a,b). — (II) The orthogonal system ^(z)1/2^^)| is com­

plete relating to (a,b), if there exists a number M > 0 such that eM'^p(x) 
is (L)-integrable in this interval.1

Proof. The polynomial Pn^x) has anyway a simple real zero in the 
interval (a,b), because otherwise the integral of p(x)pn(x) on (a,b) would 
be / 0, contrasted with (10.4-3). Let us denote by s the number of all the 
points in (a, b) where pn(x) has a change of sign, and let G ,G> • • ■ >G be the 
abscissae of these points. Then in case of s < n we should have

J p(x)pn(x)(x - ^x - G) • • • (x “ G) dx # 0, 
a

since the integrand is positive a.e.; and this contradicts (10.4-3). Therefore 
s = n, according to the assertion.2

The statement on completeness can be verified for finite (a,b) in a 
similar manner as in the case of Legendre polynomials. If (a,b) is infinite, 
the main concept of argumentation remains the same, but certain minor 
complementary considerations are necessary.3

* * *
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The minimum property 10.3.4 can immediately be transferred together 
with the essence of its proof. The polynomial pn(x) [cf. (10.4-10)] minimal- 
izes square integrals of the form

lIpGr)1/2^)!)2 = }p(x)Qn(x)2dx, (10.4-14)

1 The assumption on p(x) implies that q(x) is absolutely continuous and monotone
increasing, furthermore it holds a.e. the relation q'(x) = p(x) (cf. 7.64).

a

where Qn^x) signifies an arbitrary real polynomial of the n-th degree, the 
leading coefficient of which has a fixed value An.

10.44 We want still to insert some general denominations and notations 
pertaining to the notion of orthogonality with respect to a given weight 
function p(x} > 0.

The symbol (or briefly L2) usually denotes the class of func­
tions <p(x) for which p(x)1/,2^(x) is square integrable on a segment (a, b) 
(cf. 9.4). By the norm of a function (p(x) G L2p(^(a, b) relating to the weight 
p(x\ in short its p(x)-norm, we mean the norm of the product p(x)1 2<p(x) 
in the space L2(a,b); this notion is denoted by

II ^Wll PM = II ^)1/2<^)|| = f dx

We say that a function sequence {<p(s)} € L2^(a,6) is orthogonal in 
(a,b) with the weight p(x), briefly p(x)-orthogonal, if {p(a:)1^2^n(a:)} is 
orthogonal there in the ordinary sense. {<p(x)} is called p(x)-complete, if 
{ p^)1/2^^)} is complete in L2^,^.

The use of the terms just introduced enables us to formulate more 
concisely all the results concerning general orthogonal polynomial systems. 
On this basis, it is also suggested that any occurring (Z)-integral of the form

b 
f <p(x)2p(x) dx
a

should be considered alternatively as a Lebesgue-Stieltjes integral of the type

b 
f <p(x)2 dq(x),
a

q(x) denoting an (L)-integral function of p(x)1 (cf. 7.6.7, 8.3.3). Since 
integrals of the latter form can also exist on more general conditions [e.g. the 

(10.4-15)
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continuity of q(x} is not required], so the going over to class Lqi(a,b} of the 
pertinent functions p assures simultaneously certain formal generalization 
possibilities.

10.5 Jacobi, Laguerre and Hermite polynomials

10.51 As it appears from the above, several important properties of 
Legendre polynomials can be extended to arbitrary orthogonal polynomi­
als. But obviously only certain special weight functions render possible an 
explicit polynomial representation of Rodrigues type [cf. (10.3-5)] and the 
characterization by means of some differential equation [cf. (10.3-15)], al­
though these are relevant for applications. Now, we want to deal briefly 
with a number of special orthogonal polynomials which are distinguishable 
in such a sense.

The simplest pertinent examples: the so-called Tchebyshev polynomials 
can be generated from the systems {cosnt}, {sin nt} (both orthogonal in 
[0, tf], cf. 10.13) essentially by changes of notation.

Namely the orthogonality relations

TF 7T

J cos mt- cos ntdt = j sin(m + l)t • sin(n + l)t dt = 0 
o o

(m / n; m, n = 0,1,2,...) (10.5-1)

yield by the substitution cost = x:

] Tm(x)Tn(x}(l - x2}'1/2 dx =
-i

= / Um(x)Un(x)(l - x2}1/2dx = 0
-i

(m n; m,n = 0,1,2,...), (10.5-2)

where Tn(x} signifies cos nt as a function of cost = x, and Un(x} denotes 
the quotient sin(n + l)t/sint as a function of cost = x.

Both Tn(x} and Un(x} are polynomials of the n-th degree, since by 
Moivre’s formula and the binomial theorem, respectively,1 we have

1 Observe that the right-hand sum in (10.5-3) consists of n + 1 terms.

cos nt + i sin nt =
cosn t + * f । ] cosn 1 < • sin t - Q j cos" 2 < • sin2 t - + ..., (10.5-3)
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so that we get by comparison of the real and imaginary parts:

cos nt =(cos t)n - f J (cost)” 2(1 — cos21) H— ■

sin nt (10.5-4)

- (j)*-^ - + Q)1"'"!1 - 

=(n + 1)®" - ( t W'2'1 ” j2)+
y o y

+(n + ^-“(l - z2)2 - + ...
\ 5 /

■ (10.5-5)

In particular:

T0(x) = 1, Tfix) = x, T2(x) = 2x2 - 1, T3(x) = 4x3 -3x,..., 
Uq^x) = 1, Ufix) = 2®, U2(x) = 4z2 - 1, U^x) = 8x3 - 4x,...,

and by collecting the terms containing xn in (10.5-5), we see that the lead­
ing coefficient of Tn(x\ Un(x) is 2”-1 and 2n, respectively. The name of 
{Tn(x)} is: Tchebyshev polynomials of the first kind, that of {f/n(x)}: 
Tchebyshev polynomials of the second kind. Their common interval of or­
thogonality is (-1,1), but their weight functions are different: according to 
(10.5-2), p(x) = 1/V1 — x2 for {Tn(x)} and p(x) = Vl - z2 for {Un(x)}.

It is to emphasized that the significance of the Tchebyshev polynomials 
originates from certain extremal properties of them, different from that 
of Legendre polynomials (cf. 10.3.4)- Let us mention only the following 
characterization of {Tn(x)}:

10.5.1 Among all the real polynomials Qn(x) of the degree n and with 
the leading coefficient 2n-1, for T^x) the functional 

M[Qn] = max
-l<r<l

| Qn(z)| (10.5-6)

attains its minimal value.1

' This minimum is found to be 1; so for all polynomials in question, the inequality 
M[Qn] > 1 holds.
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Hence originates the concept of the so-called Tchebyshev (or extended 
uniform) approximation: we say that some function F is best approached 
by another function f on a prescribed set E in Tchebyshev’s sense, if there 
the maximum of the deviation between f and F is possibly minimal.

10.52 On the basis of (10.5-2) it is justified to study the polynomi­
als (n = 0,1,2,...) — as a common generalization of the sys­
tem {Tn(z)}, {Un(x)} — which are orthogonal in (-1,1) with weight 
p(x) = (1 — x2)a (a > —1). The system of these so-called ultraspherical (or 
Gegenbauer) polynomials contains the Legendre polynomials as well (a = 0).

Going still further, we can consider the so-called Jacobi polynomials 
{Pn ,/?)(z)}, orthogonal on (-1,1) with respect to any weight function of 

the form p(x) = (1 - s)“(l + x)^ (a,(3 > -I),1 defined explicitly by the 
generalized Rodrigues formula:

1 The conditions for the parameters a,p are necessary only to assure the (L)- 
integrability of the weight (1 — ®)a(l + in (—1, 1).

2 The variant of Pn'transformed to the fundamental interval [0, 1] also 
has an alternative name: hypergeometric polynomial of the n-th degree, because it 
may be considered as a particular case of the hypergeometric series (cf. Jacobi [1]): 
Glx: A, B,C) = 1 + 4-frx + x2 + . .. where A, B, C are given constants.

p^x) = [u - +^+nl(n)

(n = 0,1,2,...). (10.5-7)

By means of (10.5-7), we can discuss the properties of arbitrary Jacobi 
polynomials in the same way, as happened in the case of Legendre polyno­
mials through (10.3-5). We have

P^a\x) Pn(x), P^x) = Pn(x), (10.5-8) 

moreover P^^G^^^^x) differs from Tn(x) only by a constant factor, and 
the same holds for Pn^’^Xx), Un{x).2

By the use of (10.5-7), it can be verified like (10.3-15) without difficulty 
that y = P^'^\x) for all non-negative integers n satisfies the differential 
equation of second order:

[(l-z^a + z)^1/]^
= -n(n + a + (3 + 1)(1 - a:)“(l + x^y

(-1 < x < 1) (10.5-9)

which becomes (10.3-15) as a = (3 = 0.
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Hence we obtain by a straightforward calculation that the derivative 
of any Jacobi polynomial is again of the same type, aside from a constant 
factor; more precisely:

[^(s)]' - (n = 1?2>. (10.5-10)

For instance, the Tchebyshev polynomials of the first and second kind are 
interlinked by the simple relation:

T'(x) = nUn-i(x). (10.5-11)

10.53 Some special orthogonal polynomials are also attached to certain 
infinite fundamental intervals. We mention first the so-called ordinary 
Laguerre polynomials { Ln(x)} , for which (a,b) = (0,oo) and p(x) = e  as 
well as their extensions, the general Laguerre polynomials, defined by the 
Rodrigues formula:

1

1 Laguerre [1].
2 Hermite [1].

^Ln(x) = ±x-aex-^-(xn+ae~^ (a >-1; n = 0,l,...)1 (10.5-12) 
n! axn

The latter constitute an orthogonal system on (0,oo) with respect to 
the weight p(z) = xae~x, and turn into L^x) for a = 0. By the represen­
tation (10.5-12), the main properties of y Ln{x) are the validity of the 
differential equation

(xa+1e~xy'y = -nxae~xy (0 < x < oo) (10.5-13)
and of the relation ,

[<“M*)] =(“+1> £n-i(x). (10.5-14)

Finally, the whole number line is the fundamental interval of another 
very usual orthogonal system, the so-called Hermite polynomials{ Hn(x')} f 
These are orthogonal on (-00,00) with the weight function p(s) = e~x and 
can also be given explicitly by a formula of Rodrigues type:

(n = 0,1,2,...). (10.5-15)
n! dxn

It is easy to see that y = Hn(x) is a particular solution of the differential 
equation

^e~x2y'^ = 2ne~x2y (-00 < x < 00) (10.5-16)

furthermore we may point out that the differentiation process essentially 
does not take out of the system { Hn^x)} , because

H'n(x) = -2^n_1(s). (10.5-17)
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10.54 All the above systems , and
the polynomial sequences arising from them when we apply multiplication 
by constants as well as arbitrary linear transformations x = At + B (A ± 0) 
are together called classical orthogonal polynomial systems and will briefly 
be denoted by COP.

An orthogonal polynomial system y = pffx) (n = 0,1,2,...) belongs to 
COP if and only if its elements satisfy a differential equation of the form

[<t(x)j/] ? = -Xnp(xfy (a < x < b) (10.5-18)

where Xn is a non-negative constant and the functions p(x), a(x) are posi­
tive in the fundamental interval (a,bf [Cf. (10.5-9), (10.5-13), (10.5-16).] 
Another characteristic property of the system is: in order to have a “clas­
sical” orthogonal polynomial system {pn(z)}, it is necessary and sufficient 
that the system of derivatives p'ffx) should again be orthogonal on the same 
interval. [Cf. (10.5-10), (10.5-14), (10.5-17)].1

Observe that the coefficients p{x\ a{x) in the differential equation 
(10.5-18) always yield the weight functions of {pn(^)} and {Pn(z)}, re­
spectively; further, every system GCOP is p^xffcomplete in its fundamental 
interval by 10.J-2 (W- (Cf- 10.44.)

Summing up, the main data of the above basic COP are:

1 For details and further developments from these results, see Mikolas [2], [4] and 
W. Hahn [1].

Name Symbol (a, 6) p(x) *(*)

Jacobi polynomials (-1.1) (I - x)“(l + x/ (l-x)a+1(l+x/+1

(a > -1, 13 > -1)
Ultraspherical 
(a = «

Wn(x) (-1,1) (1-^)“ (l-^1

Tchebyshev I. Tn(x) (-1,1) 1/a/1 - x2 Cl - X2

(« = /» = -1/2)
Tchebyshev II. Un(x) (-1,1) Vl - X2 (1 — x2)3/2

‘(a = /3 = 1/2)
Legendre 
(a = £ = 0)

Pn(x) (-1,1) 1 1 - i2

Laguerre polynomials ^Ln(x) (0,oo) xae~x x“+1e-*

(a > -1)
Ordinary Laguerre 
(a = 0)

Ln(x) (0, oo) e~x — X xe

Hermite polynomials Hn(x) (—oo, oo)
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10.55 Any of the polynomial systems in this table can be derived also 
from a generating function (cf. 10.34).

For every fixed x and for sufficiently small \u\ it holds:

2a+^D(x, u)-1 [ 1 - u + D(x, u)] “ [1 + u + P(a:,u)] =
OO

= (10.5-19)
n=0

with D(x,u) = Vl - 2xu + u2.
Furthermore, we have:

OO
(1 - u)-(“+i)e-^(i-«) = ^Ln(x)un (|u| < 1) (10.5-20)

n=0

and OO
eu(2x-u) _ Hn(x)un (-00 < u < oo). (10.5-21)

n=0

We mention without proof as well, that the pertinent square norms 
associated with the corresponding weights can also be given in a closed 
form [cf. (10.4-15]:

||(1 - x)“a/2(l + aO"^2P^’/3)(®)||2 =

_2y^_ Hn + a + l)F(n + ^ + l) (10 5_22) 
2n + a + /? + 1 P(n 4- 1) r(n + a + /I + 1)

(«)in(x)||2 = r(a + 1) , (10.5-23)

ii n2 9n||e-*2/2ttn(*)|| = ^V^, (10.5-24)

n denoting an arbitrary non-negative integer.
In (10.5-22) and (10.5-23), I\x) signifies the well-known gamma­

function (generalized factorial), whose most natural definition, due to Euler, 
is as follows: OO

r(x)= f u^e^du (s > 0), (10.5-25)
o

and whose most elementary properties [from (10.5-25) on the basis of inte­
gration by parts] are:

r(x + 1) = xl\x) (x > 0), (10.5-26)

F(n+l) = n! (n = 0,1,2,...). (10.5-27)
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10.56 By the use of (10.5-22)—(10.5-24), also the Fourier series of 
an arbitrary function e in terms of Jacobi, Laguerre and Hermite 
polynomials can be written. [Cf. (10.3-20).] We obtain especially simple 
series in case of Tchebyshev polynomials and for the system of ordinary 
Laguerre polynomials, since

||(1 - s2)-174^)!!2 = J Tn(x)2(l - ^)"1/2 dx =

7T

= J cos2 nt dt= ifn = l/2,...; (10.5-28)

o

||(1 - = J ^n(a:)2x/l - x2dx =
II II _i

= Jsin2(n +l)tdt = (n = 0,1,2,...); (10.5-29)
0 2

112 00

(n = 0,1,2,...). (10.5-30)
o

10.6 Orthogonal systems arising from 
differential equations of Sturm-Liouville type

10.61 The elements of the classical orthogonal polynomial systems do 
not “by chance” satisfy relations of the form (10.5-18), but in case of every 
differential equation of the mentioned type, any system of particular solu­
tions pertaining to suitable boundary conditions does necessarily constitute 
an orthogonal system.

In order to deal with this assertion, it is advisable to extend 
(10.5-18) slightly and to set out from the so-called general differential equa­
tion of Sturm-Liouville type:

[o-(a:)y]' = [r(x) - Ap(x)] y [a < x < F, y = y(x)]. (10.6-1)

Here (a, b) is a finite or infinite fundamental interval, A denotes a non­
negative (real) parameter; from the given functions p(x\ cr(x), r(x) the 
first two are assumed to be positive for a < x < b, furthermore r(x) and 
p(x) must be continuous, a(x) must be continuous and smooth (continuously 
differentiable) in (a,^. We look for functions y = y(x) twice continuously 
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differentiable at any point x £ (a,b), for which at the boundary points x - a 
and x — b one of the following four pairs of conditions is fulfilled:

(I) Ya = Yb = 0 with Y^Y( finite,
(II) Y; = Y[ = 0 with Ya,Yb finite,

(III) Ya = Y(, = 0 with Y^ finite or - (10.6-2)
Yb = K = o with Ya,Y( finite,

(IV) Ya = Yb finite and Y' = a Y( finite. _

The abbreviations used in (10.6-2) are: Ya = [^(z)1^^)] x=a, Yb = 
[a^)1^)]^, Yf = Y' = [a^)1/2^)] ?=fc, and

1 The pertinent classical results were published by J. STURM and J. LIOUVILLE during 
the 1830’s, in the first volumes of “Journal de mathematiques pures et appliquees”. (Cf. 
Sturm [l]-[2] and Liouville [1]—[2].)

As regards recent development of the theory, see e.g. Atkinson [1], Mikolas [2], 
Sz.-Nagy [16].

we mean by each value at a boundary point the corresponding (finite) limit 
from the interior of (a,bf

Now, it is a fundamental fact in the theory of second-order boundary 
problems — a very important one also from point of view of the physical 
applications — that the so-called Sturm-Liouville boundary value problem 
given by (10.6-1)—(10.6-2) is in general solvable if and only if the parameter 
A equals any of certain discrete real values: the eigenvalues (characteristic 
numbers) of the problem. (It can be shown that the latter must be non­
negative.) Let Ai < A2 < .. • be the increasing sequence of all eigenvalues; 
then to any An at most two linearly independent solutions of the problem — 
called eigenfunctions— are attached such that their p(;r)-norms are finite. If 
yn = yn(x) denotes one of the eigenfunctions mentioned, so it may happen 
that every eigenfunction associated with An can be written in the form 
const ■yn^')- In this case, An is called a simple eigenvalue-, otherwise (i.e., 
if two linearly independent eigenfunctions belong to An, and an arbitrary 
eigenfunction pertaining to An is a linear combination of the former ones) 
An is said to be a twofold (double) eigenvalue. The totality of eigenvalues is 
the so-called spectrum of the problem.1

10.62 After these, we get in a few lines a general theorem on the 
orthogonality of eigenfunctions:

10.6. 1 Let yi(x),yz(x),... be a sequence of eigenfunctions of the 
Sturm-Liouville equation (10.6-1), satisfying one of the pair of conditions 
(10.6-2) (I)-(IV), and such that all terms of the sequence are associated 
with different eigenvalues. Then the system {t/n(x)} is orthogonal in (a,b) 
with the weight function p(x).
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Proof. Consider two arbitrary eigenfunctions ym(x\ yn(x) n) 
of the Sturm-Liouville boundary problem, and denote the corresponding 
distinct non-negative eigenvalues by Am and An, respectively. Then substi­
tuting in (10.6-1), we obtain the identities

H®h4(®)]' = H*) ~ AmP(®)]
H®)i£(®)]' = H®) - Anp(x)] yn(x),

which yield after multiplication by yn(x) and ym(x), respectively, and sub­
traction of corresponding terms the formula:

(Am ^n)p(x')ym(x}yn(x') —

= K(®)[<K®)i4(®^^
= H®)(3/m(®)»n(®) - ym(x)yM)]' < X < 6).

Integrating on both sides and using the boundary conditions, we can 
write:

6 b

^rn ~ An) Jp(x)ym(x)yn{x) dx = [^x^y'^x^x) - y'n(x)ym{x)) ]*=o =
a

= [cr^)172^^) •(T^)1/2^^ - Uic)1^^) -^a:)17^^)]
L J r=a L J x—a

Therefore by Am An it follows

b
J p(x)ym(x)yn(x) dx = 0 (m/ n), 
a

i.e., the assertion.

* * *

10.63 Note that (10.6-1) turns for p(x) = a(x) = 1, r(x) = 0 and with 
the notation A = w2 > 0 into

y" = -Jy, (10.6-3)

which is the differential equation of harmonic oscillation. The well-known 
general solution of this equation is:

y = Ci sin(wx) + C2 cos(wx), (10.6-4)
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Cl and C2 denoting arbitrary constants. We can see that the Sturm- 
Liouville equation (10.6-1) may also be regarded as a strong generalization 
of (10.6-3).

If in our case e.g. [0, 7t] is taken as a fundamental interval, then easy cal­
culation shows that the eigenvalues associated with the boundary conditions 
y(0) = y(7r) = 0 are: An = w2 = n2 (n = 0,1,2,...), while the correspond­
ing eigenfunctions can be written in the form: yn(x) — const ■ sinnx. On 
the other hand, to the boundary conditions y'(0) = /(%) = 0 the same 
eigenvalues and the eigenfunctions yn(x) = const • cosna: are to be attached.

We can establish similarly that the trigonometric base system 
(10.1-1) is an example of eigenfunctions belonging to boundary conditions 
of the (10.6-2) (IV) type; furthermore, all the classical orthogonal poly­
nomial systems (COP, cf. 10.54) present again examples of eigenfunctions 
associated with boundary conditions of the (10.6-2) (I) and (II) type. In 
all these cases, the pertaining eigenvalues are simple, except the system 
(10.1-1) having double eigenvalues; for the latter, the totality of eigen­
functions corresponding to the eigenvalue Xn = is given by the linear 
combinations of sinnz and cosna;.

10.64 It is also useful to present here such a special orthogonal system 
of Sturm-Liouville type, which satisfies boundary conditions of the form 
(10.6-2) (III) with r(x) 0; moreover, which originates from the family 
of higher transcendental functions applied most frequently: the so-called 
Bessel functions.

The Bessel function of order p of the first kind1 — denoted by J^ft) 
— is the simplest particular solution of the following linear homogeneous 
differential equation of second order:

1 Cf. Bessel [1], Watson [1]. Note that the so-called Bessel function of order p of 
the second kind is defined as the simplest particular solution of (10.6-5) which is linearly 
independent of Jn(t).

t2y" + ty'+ (t2 - n2)y = 0 (y = y(t)) (10.6-5)

where p is a given real (not necessarily integral-valued) parameter.
Its explicit definition is yielded by a generalized power series convergent 

everywhere:
00 / \ m+2£

Juft) = 5^------~f I ~ I (-00 < t < 00), (10.6-6)> Z^kir(n + k+l)\2j v \ j

r(x) being the gamma-function introduced in the previous section 
[cf. (10.5-25)—(10.5-27)]. In particular, by F(l/2) = 7? we have

J-1/2W = \{ —cost, J1/2(t) = (10.6-7) 
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and for p > -1, the asymptotic behaviour of y/tJ^t) reflects the functions 
sine and cosine, as t —>• oo. Correspondingly, every zero of J^t) (p > -1) 
is real and, apart from the trivial zero (t = 0) occurring for p > 0, each of 
them has the multiplicity 1; furthermore, all the zeros lie symmetrically by 
pairs with respect to the origin.

Let wi,W2,... be all positive zeros of JM(t) (p > -1) in increasing order. 
Owing to the above, y = JM(wnz) (as a function of x) satisfies the differential 
equation

x^y" + xy' + (w2z2 - ^)y = 0,

which, after dividing by x, can be written also in the form:

W)' = p2 2
--------- V-
X /

Hence it is obvious that the function y = JM(wnz) (0 < x < 1) may also 
be considered as an eigenfunction attached to the eigenvalue A = w2 arising 
from the Sturm-Liouville boundary value problem:

/u2 A{xy')' = (------Xx I y, 
\ x--------/

^(1) = 0, y'{0) finite.
(10.6-8)

A comparison with (10.6-1)—(10.6-2) shows that in this case (a,b) = 
(0,1), p{x) = a{x) = x, r(x) = 1/x, Yb = {x1/2y)x=1 = y{Y) = 0, 
y: = (*1/2y')x=0 — 0; moreover all the eigenvalues are different and simple.

Thus we can conclude by 10.6.1 at once:

10.6.2 If p > -1, then the sequence of functions

J^wpx), J^^x),...

constitutes an orthogonal system in the interval 0 < x < 1 with respect to 
the weight function p{x) — x, i.e.,

i

f xJ^{umx)J^{unx)dx = 0 {m / n). 
o

(10.6-9)

Among other properties of Bessel functions, we mention the validity of 
certain recurrence formulae, analogous to (10.4-5). These relations render 
it possible to evaluate the integral (10.6—9) for m = n too, i.e., to get the 
following expression for the pertinent square norm:

||^(^nX)||2 = ^[4+l(Wn)]2. (10.6-10)
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By means of (10.6-10), we can form immediately the expansion of a function 
f(t) e Z£(0,1) in terms of the system { J^nx)} , i.e., the so-called Fourier- 
Bessel series.

10.65 The above material is typical concerning the fundamental proper­
ties of eigenfunctions associated with Sturm-Liouville differential equations. 
The pertinent general investigations depend essentially on whether the ba­
sic interval (a, b) is finite and if the boundary limits of the function a(x) 
figuring in (10.6-1) are positive.

On the assumption of both conditions, that is in the so-called regu­
lar case, the examples with p(x) = (r^x) = 1, t(x) = 0 can be used as 
models when we are interested in the existence and asymptotic behaviour 
of eigenvalues, in the distribution of zeros of the corresponding eigenfunc­
tions. Then, according to the so-called theorem of oscillation which is simple 
to prove: 1) the set of eigenvalues is countable and can be arranged in a 
monotone increasing sequence tending to Too; 2) on the boundary condi­
tions (10.6-2) (I)—(III) all eigenvalues are simple; 3) if y^xf y2(x),... is a 
sequence of pertaining eigenfunctions, so yn(a:) has exactly n zeros in the 
interval (a,b).

In turn, in the case of an infinite fundamental interval (a,b) or of a 
function cr(x) vanishing at a or b or at both boundary points (so-called 
singular casef similar statements can be made only with simultaneous 
restriction about <t(x), moreover each zero of <r(a:) has a certain effect on the 
range of values of eigenfunctions. (See e.g. the case of classical orthogonal 
polynomial systems or of { JM(wnx)} .)

We have to remark still: the system containing all the Sturm-Liouville 
eigenfunctions pairwise linearly independent of each other is always p(x)- 
complete in the regular case and has this property only on suitable additional 
conditions in the singular case. [Cf. 10-4.2 (II) and 10.54.]

The Fourier series in terms of a complete system of eigenfunctions 
belonging to a boundary value problem of the type (10.6-1)—(10.6-2) is 
usually called for short Sturm-Liouville series. We shall see later that the 
discussion of this type of orthogonal series is closely connected with the 
theory of ordinary Fourier series of the form (10.2-4).

10.7 The Gram-Schmidt orthogonalization 
procedure

10.71 We saw in Section 10.3, that the sequence of power functions 
of non-negative integral exponents (orthogonal in no interval) can be trans­
formed into a system orthogonal in some prescribed finite interval (a, b) by 
appropriate linear combinations with constant coefficients, i.e., polynomi­
als. It may thus be possible for any arbitrary non-orthogonal system of 
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functions to make it orthogonal — orthogonalize — in such a way that we 
consider linear combinations of the first two, first three etc. terms of the 
given sequence with suitable coefficients.

Let us start with a sequence gn(t) E L2(a,b) (n = 1,2,...) satisfying 
the natural restrictions that it does not contain the null element of L2(a, b) 
(cf. 9.43), further that none of gn(t) depends linearly on the terms with 
lower indices of the sequence. Then we can find at once a real constant K 
such that p2(0 + KgiW should be orthogonal to gi(t), where

51(0 = imfWo (io*7-1)

denotes the normed form of gift). The condition

J[p2(O + Kg^t)]gi(t)dt = (52,51) + A'll^il)2 = 0 

a

yields by ||5i|| = 1 the value

K = —(52,51)-

Hence it is obvious that the difference

G2(0 = 52(0 “ (52,51)51(0 (10.7-2)

or its normalized form
52(0 = ll^ir1^) (10-7-3)

satisfy the relation of orthogonality:

(52,51) = 0. (10.7-4)

Proceeding similarly, let us determine two constants Ai, A 2 such that 
g3(t) + A'i5i(0 + 7052(0 should be orthogonal both to 51 (0 and to 52(0 in 
(a,b\, from the equations

b

y [53(0 + 7i'i5i(0 + 7052(0] 5i(0 dt = 0, 
a

6
y [53(0 + 71 151(0 + 71252(0] 52(0 = 0, 

a

we get by ||pi|| = ||52|| = 1 and (10.7-4) immediately:

7G = -(53,51), 712 = -(53,52)-
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Consequently, if we attach to gx(t) and ^(t) the function resulting from

G3W = 53(0 ~ [(53,51)51(0 + (53,52)52(0] (1017 5)
by normalization, denoted expediently by

53(0 = l|G!3ir1G3(0,

1 See Gram [1], Schmidt [1].

(10.7-6)

we obtain an orthonormal system of three elements, composed from mutu­
ally linearly independent functions gi, gv, 53-

It is clear that this procedure can be continued indefinitely. At the n-th 
step (n > 2) we conclude that the function

n—1
Gn(0 = 5n(0 — (dni gk)dk(t) 

k~l
(10.7-7)

is orthogonal to any of the functions 5i(0,52(0,-- • ,5n-i(0, where

gk^ = HG.ir1^) (fc>2) (10.7-8)

is defined recursively by gi,... ,gk-i- Thus the sequence

51(0,52(0, •••,5n(0,---, (10.7-9)

whose generic element gn is a linear combination of 51,52,'..,5n by the 
above construction, is in (a, b) orthogonal and normal.

This is the Gram-Schmidt orthogonalization; it was discovered towards 
the end of the last century.1

10.72 Our argumentation shows: the connection between the orthonor­
mal system {5n(0} and the original sequence {5n(0} is reversible in a 
sense, inasmuch as any function gn can also be written as a linear combina­
tion of the functions gx, 52, •••, 9n ■

The fact that any partial sum of the Fourier series of a function 
/(/) e L2(a,b) in terms of gn(0 (n = 1,2,...) is at the same time a lin­
ear combination of the pertaining elements of {5n(0} as weH, clarifies the 
theoretical and practical significance of orthogonalization: this enables us to 
approximate arbitrary functions by means of the terms of a function system 
prescribed arbitrarily.
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10.8 Applications: systems of Haar’s type, 
Rademacher and Walsh functions

10.81 By the orthogonalization procedure just presented, any sequence 
of square integrable functions can be made orthonormal, provided that the 
eventual linear connections between elements of the original system have 
been previously eliminated. The resulting orthogonal system {gn(t)} is of 
course not complete in general. It can be shown, however, that {gn(t)} 
is always complete whenever the original sequence {pn(0} dosed in 
the sense that every function continuous in the fundamental interval is 
there uniformly approximable by suitable finite linear combinations of the 
functions g^t), p2(t),... (cf. 3.42).1

The most classical pertinent example is the system of power functions 
l,t,t2,... which is closed on any finite segment [a,6] by the I. approximation 
theorem of Weierstrass [see 3.4-1 (1)] and in which the linear independence 
of the terms is obvious. If we orthogonalize on [-1,1] the function sequence 
pn(t) = tn~x (n— 1,2,...), then we find that in this case

wo = i/^ = 41pm, wo = /!< = y^wo,

= 4 (F “ I) =

sm=yf (j<3 -1«)=jipw,

and in general — as can be easily seen by mathematical induction — 

(2n - 2)!!
2n - 1 

2
Pn-^t),

where Po^t), Pi(t),... are the Legendre polynomials introduced in 10.32.
The system of Legendre polynomials is simply the orthogonalized form 

relating to [-1,1] of the power functions with non-negative integral expo­
nents-, further the completeness of { Pn(0} is a consequence of the fact that 
the system l,t,t2,... is closed in the above sense.

The connection between the concepts of closure and completeness becomes still 
closer, if the definition of the former is modified in such a way that the approximated 
functions are required to be square integrable instead of to be continuous, and if the 
norm of the corresponding difference is accepted as a measure of approximation. In the 
space L2, any orthogonal system is complete if and only if it is closed. (The notion of 
completeness can also be extended to non-orthogonal systems.)
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A system of polynomials orthogonal in an arbitrary finite segment [a, b] 
with respect to a prescribed weight function p(t) can similarly be generated 
by orthogonalization of the base functions gn(t) = 1 (n = 1,2,...)

1 The “natural” representation of Haar’s system described below, and particulars of 
some orthonormal systems of similar type, also obtained by orthogonalization are to be 
found in Mikolas [12],

on [a,6]. (Cf. 10.41.)

10.82 As another important example, we consider the system of char­
acteristic functions associated with a sequence of decompositions refining 
indefinitely a finite interval [a, 6] (cf. 1.14).  On the one hand, the theo­
rem on uniform continuity implies at once that any function continuous in 
[a, 6] is there uniformly approximable by step functions pertaining to such 
a sequence of partitions, on the other hand, each step function is a linear 
combination of characteristic functions belonging to the occurring subinter­
vals; so this system of characteristic functions is trivially closed. (Note that 
this property can be transferred from the class of continuous functions es­
sentially to that of measurable functions as well; just this is on what the 
F. Riesz theory of Lebesgue integral is based. Cf. 6.43.)

1

Restricting ourselves to the simplest case, let us examine first the char­
acteristic functions of the dyadic partitions of [0,1]:

X[o, 1], X[o, 1/2], X[l/2, i];

X[0, 1/4], X[l/4, 1/2], X[l/2, 3/4], X[3/4,l]i

The subsequence relating to the n-th decomposition has the form:

X[0, 2“»], X[2-«, 2-2-"], • • • ,X[(2”-l)-2-", 1], 

and evidently constitutes an orthogonal system which is not closed and 
not complete [cf. (9.4-14)]; in turn, the whole sequence is closed but not 
orthogonal in [0,1].

In order that we can apply the Gram-Schmidt method to the latter, we 
have first to eliminate the linear connections between the terms:

X[0, 2“n] + X[2~n, 2-2~n] = X[0, 2(n~1)]’

X[2-2“n, 3-2~n] + X[3-2~n, 4-2-"] = X^-l"-1), 2-2-(n“1)]’

If in any decomposition every second characteristic function is omitted 
accordingly, then the sequence thus obtained:

X[o,i]; X[o,i/2]; X[o, i/4], X[i/2,3/4];

X[0, 1/8], X[l/4, 3/8], X[l/2,5/8], X[3/4, 7/8]i • (10.8-1)

291



already consists only of linearly independent terms, and at the same time
(10.8-1) remains closed with respect to [0,1]. 

Orthogonalization yields the following step functions:1

for t e (0,1/2) 
for t e (1/2,1) ’ (10.8-2)

forte (0,1/4) (0, forte (0,1/2)
Xi V) = < -v/2 for t e (1/4,1/2) ; = < ^2 for t e (1/2,3/4) ;

(o forte (1/2,1) [-V2 forte (3/4,1)

In general, to the partition of [0,1] into 2m+1 equal subintervals we 
attach the following 2m functions (m > 1):

{2^/2
_2m/2 
0

for (k - l)2-m < t < (k - |) 2”m,
for (k - |) 2~m 
otherwise,

< t < k-2~m, (10.8-3)

(see Fig. 6).

0

'y = x0 (t)

Fig. 6

y^’lt)

10.83 The orthonormal system (10.8-2)—(10.8-3) was first studied 
in 1909 by A. Haar (1885-1933), a professor of international reputation 
at the University in Szeged (Hungary) and discoverer a.e. of the abstract 
Haar’s measure; (xm\t)} has played an essential role in the literature of 

orthogonal series.2 As we shall see later, the corresponding Fourier series

1 As a rule, it is advisable not to fix the values of Haar’s functions at the points of 
discontinuity.

2 See Haar [1], further e.g. Franklin [1], Mikolas [11]—[12], Nelson [1], Price [1]—[2], 
Schipp [1], Splettstosser-Wagner [1], Sz.-Nagy [13], Wade [1].
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possesses very favourable convergence properties. At present, we shall deal 
only with one of the most elementary features of the so-called Haar system.

10. 8.1 Haar’s orthonormal function system is complete in its funda­
mental interval [0,1].

Proof. Let f(t) G £2(0,1), and assume /(t) to be orthogonal to all 
the terms of (10.8-2)—(10.8-3); consider the integral function

F(x) = f f(t)dt (0 < x < 1). 
o

Since F(0) = 0 and also

f(l) = J/(t)dt = //(t)X^ 
0 o

we can write:

i 1/2 i
ff(t)£\t)dt = f f f^dt =
0 o 1/2

= F(l/2) - [F(l) - F(l/2)] = 2F(l/2) = 0; 

therefore
F(l/2) = 0.

We get similarly by the vanishing of J f^x^^dt and J f(t)x^\t) dt 
o o

on the basis of the foregoing first F(l/4) = F(3/4) = 0; after, because all 
the remaining Fourier constants of f are zero as well, it follows successively:

F(k/2m) = 0 (k = 1,2,... ,2m-1) 

for every m.
Thus F(x) takes the value 0 on an everywhere dense subset of [0,1], 

which implies by the continuity of its integral function that F(x) — 0 
(0 < x < 1). Hence we may conclude (cf. 7.6.4)

f{x) = F\x) = 0

for almost all x G [0,1].

* * *
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10.84 Quite recently, the above “natural” construction of Haar’s sys­
tem has suggested to the author to introduce in the theory certain much 

f (r) Imore general related orthogonal systems, the 1 > family of orthogonal
functions. (Cf. Mikolas [16].)

Starting from an arbitrary finite basic interval h = [a,6], let us take a 
partition of h into mutually disjoint subintervals (not necessarily of equal 
length), say

N
l0 = U A- 

fc=i

Next divide further each Ik into union of some disjoint hh each subinterval 
Iki into union of some disjoint him, and so on; expressed by formulae:

Nk Nki
h = Uhi^<k< N), hl = U him (1 < k < N, 1 < I < Nk),...

1=1 m=l

Let us assume that the number of subintervals is always > 1, and that the 
partitions

hi,...kv = U hi ...k^k^i

satisfy the condition max |Zfc1...fc1,+11 —* 0.
Now we define the elements of the above-mentioned function family in 

[a, 5] as follows:

^\t) = E [l4lxz.(0 - 14lxzp(t)] (1 < r < N - 1) 
p=r-+-1

4r)(0 = E [IApIxzUO - l-Mxz^)] 
p=r+1

/ 1 < k < N Y

\1 < r < Nk - 1/ ’

(10.8-4)

Without using characteristic functions, this definition becomes:

^...kM =

E I ^ki... k^p | for t E hi.^kyT)
p=r+1

* Nkl.kp

I hi ...kyT I for t E (J hi^.k^pi 
p=r+l

. 0 for other t 6 Io- (10.8-5)
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We see that each term of the system (10.8-4)—(10.8-5) has a very 
simple geometric meaning: (r — *s a s^eP function with at most
three intervals of constancy and with a zero-valued integral on I0- {Fig. 7; 
the rectangles over and below the t-axis are congruent.)

It can be shown that the normalized version of J i® ®uc^
a generalization of Haar’s orthonormal system, whose orthogonality and 
completeness relate to Zo = [a> &] and which is associated with a Fourier 
series, like the “dyadic” Haar series. The problem of an expansion in terms 
of the function family wil1 also be examined in Chapter 12.

10.85 A further interesting sequence orthonormal in {0,1) and inter­
linked with Haar’s functions is the so-called Rademacher system {rn(t)}, 
found in 1922. Each term of this sequence can be generated by addition of 
the Haar functions with identical subscripts and by normalization, i.e.,

2 m
r0{t) = ^+1(0 = 2"m/2 £ X^{t).

k=l
{m = 1,2,...)

Hence we see that the Rademacher function rn{t) takes the values +1 and 
-1 alternately in the subintervals {k/2n, {k + l)/2n) {k — 0,1,...,2n --1), 
and it can also be written apart from the points of discontinuity in the form: 

rn(t) = sgn(sin2n7rt) (n = 0,1,2,...) (10.8-6) 
{Fig. 8).
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Fig. 8

The significance of the system { rn(t)} is due mainly to a useful conver­
gence theorem and its probabilistic interpretation is presented here without 
proof:

10.8.2 (Theorem of Rademacher, Khintchin and Kolmogo-
00

rov)1 A series of the form Y, cnrn{t) with arbitrary real coefficients is 
n=l

convergent for almost every t e (0,1) if and only if the condition

(10.8-7)

is fulfilled.
Considering that the generic term of £cnrn(t) is a.e. of the form 

±cn, the terminology of probability theory enables us to establish the last 
statement also as follows:

10.8.3 If we choose the signs in the series £X±cn) a mndom man­
ner, we obtain with probability 1 a convergent or divergent series according 
to the cases ^c? < 00 and^^n- 00, respectively.

10.86 It should be noted: { rn(t)} is obviously not complete, since e.g. 
the function ri(t) r2^t) is orthogonal to any element of the system on the 
segment 0 < t < 1.

To the work of J. L. Walsh (1923) is due the “natural” widening of 
Rademacher’s sequence to a complete orthonormal system in the interval 
[0,7]. Its definition can be written in the form:

wn(t) = rai+1(i)ra2+1(t)...rav+1(t) (0 < t < 1; n = 0,1,...) (10.8-8)

1 We stress that the pendant of this theorem is not valid for general orthogonal series. 
Cf. Khintchin-Kolmogorov [1], Rademacher [1].
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where a\,a2,... ,a„ denote the digits of the dyadic representation n = 
2"1 + 2"2 + ... + 2"1'. The Walsh system {wn(t)} turns into {fnW} for 
n = 2m (m = 0,1,...).

2 Cf. Walsh [1] and e.g. Wagner [1].
3 See Alexits [1]—[2], as well as Alexits-Tandori [1].

The Fourier expansion in terms of Walsh functions wn(t) has wide- 
ranging applications in modern computer technics, though this so-called 
Walsh series does not possess such an outstanding convergence behaviour 
as the Haar series.2

Both the Rademacher and the Walsh orthonormal systems can be devel­
oped further in certain directions. The function families generated in such 
a way (“multiplicatively orthogonal systems” in a sense due to G. ALEXITS 
or “W-systems” and “W-series”) have relevant probabilistic connections, in 
particular concerning the concept of stochastic independence.3

297





CHAPTER 11

PROPERTIES OF ARBITRARY 
ORTHOGONAL SYSTEMS AND SERIES 

IN HILBERT’S FUNCTION SPACE

11.1 Minimum property of the partial sums 
of a Fourier series

11.11 Let us attach to a function f(t) 6 £2(a,b) its Fourier series in 
terms of a given base system {^>n(t)}, orthogonal in a segment (a, 6), and 
denote this connection by the symbol:

m ~ £
n=l

(fi ^n) 
IlV’nll2 MO- (11-1-1)

As was shown at the end of Chapter 9, the formal deduction of the concept 
of Fourier series from the so-called problem of decomposition does not yet 
assure at all, that this series does indeed represent the function f in a sense, 
so the clarification of the problem demands further detailed study.

In view of the geometric background of the theory of Hilbert space, it 
is to be expected that the symbol of “associating” ~ may be replaced by 
the sign of equality in (11.1-1), if the base system {<^n} is complete, and 
we mean by convergence and sum of the right-hand side Fourier series the 
pertinent notions “made to measure” for L2(a,b), as introduced in 9.51.

This chapter is devoted to the treatment of the general expansion the­
orem above and of other related fundamental facts. The base system {<^n} 
will always be taken as normal, i.e., we premise Uy’nll = 1 (n = 1,2,...). 
This is no restriction of generality, because any orthogonal system can be 
made orthonormal by norming, i.e., multiplying each term by a suitable 
constant factor.

11.12 Our starting-point is a simple, but very useful formula:

11.1.1 (Fundamental identity for partial sums of orthogo­
nal SERIES) For any function f(t) G Z2(a,6) and for any system of func­
tions y>n(f) G L2(a,6) (n = 1,2,...), orthonormal in (a,b), holds:

N 
fW ~ S WnW 

n=l

NN
= l|/||2- S72+ S(Cn-7n)2 

n=l n=l

(A = 1,2,...) (H-l-2)

where c\,Cz,... ,cn are arbitrary real numbers and 7n = (/,y>n) denotes the 
n-th Fourier constant of f relating to {^n}-
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In fact, our assumptions involve:

/(0 - 13 cnTn(t) 
n=l

N
~ 2/(0 E Cn^n^ + 

n=l

‘ N
52 CnV’n(i)

_n=l
dt =

TV N „ N _ N= ll/ll2-2 £ + Li = ll/ll2 + L (^-7.) - £
n=l n=l n=l n=l

* * *

11.13 Consider now the square integral 
2

as a function
N

f 5?
n=l

of variable coefficients (ci, Cj,..., 0^), the number N, further f and {<^n} 
being fixed. Since the expression on the right in (11.1-2) becomes minimal 
evidently for cn = 7n (n = 1,2,..., N) when it attains the value ||/||2 -
N
52 72, we may conclude:
n=l

11.1.2 (Minimum property of partial sums of Fourier series) 
N

The Fourier series 52 (A ts characterized among all orthogonal
n=l 

oo
series of the form 52 cn¥’n(0 by the property that its N-th partial sum, for 

n=l
any fixed N, minimalizes in (a,b) the square integral on the left of (11.1-2).

We remark that this important approximative feature may also be uti­
lized to define the concept of Fourier series, and it renders possible a similarly 
elegant treatment of the theory as our present basis.

The special case of (11.1-2) which arises by substitution of the mini- 
malizing IV-tuple ci = (/, y?i), C2 = (Z,^),---, cn = (f, Fn) is applied 
frequently, when the square deviation of f from the 7V-th partial sum of its 
Fourier series is estimated. Thus the formula in question:

N 2 „ 9

m - Ell.vMt) = ll/ll - S (/.v») 
n=l n=l

(TV = 1,2,...) ( 11.1-3)

merits particular attention; its name is: Bessel’s identity.

11.14 In general, on the basis of the minimum property 11.1.2 and the 
connection (11.1-3), the best approximation with respect to square integral 
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(i.e., the “continuous” counterpart of approaching according to the principle 
of least squares) is called briefly also Bessel’s approximation. (Cf. 9.51.) 
Beside the uniform or Tchebyshev approximation ,(cf. 10.51), this is the 
main expedient of the general theory of approximation, and of the so-called 
constructive theory of functions whose object is the simple approximative 
characterization of arbitrary functions.1

1 See e.g. Jackson [1] as well as Akhieser [1] and Natanson [1]—[2]. We refer still to 
Erdos-Turan [1],

2 Cf. Burkhardt [2], p. 647-648 and Zygmund [1], Vol. II, p. 331.

’The attachment of this latter approximation method, further of the per­
tinent identity (11.1-3) and its consequences to the name of 
F. W. Bessel is motivated by the fact, that he first applied it in 1815 
on the discrete pendant of 11.1.2 concerning trigonometric polynomials, in 
order to minimalize systems of random errors at observations about period­
ical phenomena of nature.2

11.2 Bessel’s inequality and 
the Parseval-Hurwitz formula

11.21 Taking into consideration that the left-hand term of (11.1-3) is 
non-negative, we get for N —♦ oo the so-called Bessel’s inequality:

E(/W<||/||2. (H.2-1)
n=l

Hence we see that the square sum of all Fourier constants relating to {<^n} of 
a function f E T2(a, b) constitutes a convergent series in case of any system 
{y>n} orthonormal in (a,b).

Since the analogue of the left-hand series (11.2-1) in an Euclidean space 
is the square sum of all rectangular components of some vector, while the 
right-hand term in (11.2-1) corresponds to square of the length of the same 
vector, furthermore the latter two quantities are equal to one another, the 
question may be raised: whether the sign < in (11.2-1) may be replaced by 
the sign of equality — it being assumed of course that {<^n} is also complete, 
just like the system of all unit vectors in EVI

11.22 The answer is affirmative, inasmuch as we have:

11.2. 1 (Parseval-Hurwitz formula) If <pn(t) (n = 1,2,...) is a 
complete orthonormal system in L (a,b), then for every f E L {a,b) the 
representation holds:

2 2

OO ~ o

E(/,v.)2 = ll/ll2- (11-2-2)
n=l ’
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Before verifying 11.2.1, we should note that (11.2-2) implies also the 
(formally more general) extended Parseval formula:

OO
£(A¥’n)(S,</>n) = 

n=l
(11.2-3)

This is valid for arbitrary f e L2(a,b), g G L2(a,b), and evidently corre­
sponds to the elementary representation of the scalar product of two vectors 
by means of the pertaining vector components. The identity

1 Cf. Burkhardt [1], p. 947 and Hardy-Rogosinski [1], p. 94.
2 As became well-known earlier through pioneering work of J. STEINER and others, 

the solution is the circle. See also e.g. Courant-Hilbert [1], p. 82-83 and Sz.-Nagy [16], 
Ch. VII, § 2.4.

||/ + g||2 = ll/H2 + hl|2 + 2(/,5)

yields immediately the formula (11.2-3), if we apply (11.2-2).
As regards the proof of 11.2.1, in view of (11.1-3) the statement is 

equivalent to the limit relation:

2

lim 
N—^oo

N
f(t)~ E(/^nW) 

n=l
(11.2-4)= 0

The above Parseval formulae are thus reduced to an expansion theorem 
on Fourier series of square integrable functions, which will be discussed - 
by its central importance — in the forthcoming section.

11.23 Some historical comments about the origin of the above results.
A. Parseval was the first mathematician, who (about simultaneously 

with S. F. Lacroix) between 1799 and 1806 has dealt with the product in­
tegral of two functions represented by complex trigonometric series, whereby 
he formally obtained the simplest particular case of (11.2-3).

A. Hurwitz gave in his papers [1] and [2] at the beginning of this 
century the first exact foundations for the formulae (11.2-2)—(11.2-3) in 
the case of the trigonometric base system. At the same time, he presented 
a relevant application, namely an elegant analytic solution of the so-called 
isoperimetric problem on the maximalization of plane figures with prescribed . 9perimeter/
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11.3 L2-convergence of general Fourier series

11.31 We are going to treat such a representation of the elements of 
Hilbert’s function space, which strictly corresponds to the decomposition of 
ordinary vectors into components directed along the rectangular coordinate 
axes. (Cf. 9.51.)

11.3.1 (General EXPANSION THEOREM)1 The Fourier series of every 
function f G L2(a, b) in terms of any prescribed complete orthonormal base 
system {y?n} is in (a,b) convergent with respect to square integral (i.e., 
L2-convergent) and represents f in this sense. In short:

OO
52 (fi = /(0

n=l
[i2(O)]. (11.3-1)

Proof. 1° Let = (/, <^n) (n = 1,2,...) denote the Fourier constants 
of f relating to the given base system {^n}.

According to the Riesz-Fischer convergence criterion 9.5.2, the Fourier 
series in question is Z2(a, 6)-convergent if and only if

Hm ||7m+i<Fm+i(0 + ■•• + 7Wn(0|| = 0 (M < A);

OO
this condition is fulfilled in our case, because (11.2-1) implies 52 7n < 00

71=1
and so

N
52 InFn^t) 

n=M+l
52 7n<FnG) dt — 52 In 

n=M+l n=M+l
becomes as small as we please when M,N are sufficiently large.

Hence we conclude the existence of a function f* G L2(a, b) for which:
oo

n=l

[Z2(a,h)] (11.3-2)

2° In order to show that F*(t) = f(t) for a.e. t G (a,b), let us estimate 
the deviation of (/*,<Fn) and 7n = (f,<pnf

By the inequality (9.4-5), it holds for any fixed n and N > n:
|(/*,<Fn) - 7n| = |(/*,<Fn) ~ (71^1 + ■ • • + 7WA,

N
~ 52 Ik^k^n 

k=\

N 
r - 52 iwk 

k=\

■ llv’nll =

[7i¥’i(i) + • • • + InVnW]

1 Cf. F. Riesz [4], 
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since, owing to (11.3-2), the last term tends to 0 as N —► oo, we obtain

Kr^n) - 7n| = 0, i.e. (/*,^n) = 7n-

But then we can write:
(r-/,^n) = (r,¥’nj-7n = 0 («= 1,2,...),

that is to say: f* - f is orthogonal to every element of {^n}. The complete­
ness of the base system being also required, this is possible only if

r-/ = o, rw = /w
almost everywhere in (a, b), which was to be proved.

* * *

11.32 Let us formulate two interesting consequences of theorem 11.3.11
(I) In the previous chapter, we treated a number of classical examples of 

complete orthonormal systems in L2(a,bf If {^(t)} signifies one of these 
systems and f is any prescribed element of L2(a, b), so sn(t) =
... + (n = 1,2,...) yields a concrete sequence consisting of
elements € L2(a,b) whose Z2(a,b)-limit is f by 11.3.1. Hence we can see: 
all the partial sums of an orthogonal series of the form c-ppi(t) + C2<p?(t) +... 
(Scn < 00) constitute a set dense everywhere in L2(a,b). (Cf. 9.55.)

(II) The second part of the above proof implies: if we know all Fourier 
constants of a function f(t) 6 L2(a,b) relating to some complete orthonor­
mal system 9?n(/) € L2(a,b) (n = 1,2,...) or — what means the same — 
the corresponding Fourier series of f, then any other square integrable func­
tion having the same Fourier constants or the same Fourier series relating 
to cannot differ from f, except the points of a null set. Briefly:

11.3 .2 (Lemma of uniqueness) Every square integrable function is 
determined essentially uniquely (i.e. apart from a null set) by its Fourier 
constants or Fourier series relating to any complete orthonormal system in 
L\a,b).

11.4 The Riesz-Fischer theorem: 
isomorphy of Hilbert’s function space 

and sequence space

11.41 According to our last statement, an arbitrary element f G 
L2(a,b) can also be characterized by countably many data (namely by the 
Fourier constants just mentioned); and this is very surprising because the 
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range of values /(f) — like the fundamental interval (a,b) — is a non- 
countable set. .

But then some sort of hidden structural likeness between Hilbert s se­
quence space (I2) and the function space L2(a,b) can be expected. The 
Bessel inequality (11.2-1) implies that the sequence of Fourier constants 
7n = (Z,^) (n = 1,2,...), in case of any / G L2(a,b) and of a given or­
thonormal base system {^n} belongs surely to I2; and if one could show of 
every number sequence G I2 that its terms can always be regarded as Fourier 
constants of a suitable square integrable function, then hereby a “bridge” 
would be built, so to say, connecting I2 with L2(a,b).

1 F. Riesz [1], [3], [9] and E. Fischer [1].
2 Note that the brevity of the proof is due only to the fact that 9.5.2 has already 

been treated.

11.42 The solution to the problem was found by F. Riesz and 
E. Fischer in 1907, together with the convergence criterion 9.5.2 named 
after them. This result has since been of fundamental importance in inves­
tigations on orthogonal series.

11.4.1 (Fundamental theorem of Riesz and Fischer for or­
thogonal series)1 Version I. To a real number sequence ci?c2,... we 
can find a function f(t) G L (a,b) such that the terms of {cn} are just 
the Fourier constants of f relating to some complete orthonormal system

2

G L2(a, b) (n = 1,2,...), if and only if the series cj + cl + ... is con­
vergent.

Version II. An orthogonal series Ci</?i(t) + c2<^2(t) + ■ • • with a complete 
orthonormal base system {(^n) C L2(a,b) may be considered as the Fourier 
series of some f G L2(a,b) in terms of {y>n} if and only if c2 + c^ +... < <x>.

In both versions, the function f(t) is given for almost all t by the 
L2(a, b)-sum of the series ciy>i(t) + c2qp2(t) + ....

Proof2 Since the above two forms of the assertion are obviously 
equivalent to each other, it is sufficient to deal e.g. with version (I).

1° (Necessity.) If there exists a function f(t) G L2(a,b) such that 
(/,^n) = Cn (n = 1,2,...), then (11.2-1) assures the convergence of the 
series £ c2, besides we know by 11.2.1 also that the sum of ci + c2 + ... is 
ll/ll2.

2° (Sufficiency.) Let {cn} be a sequence with ^c2 < oo, and consider 
a complete orthonormal base system C L2(a,b).

Using Chauchy’s convergence criterion, we get that

N N
c'n = £ Cn<pn(t)

n=M+l n=M+l 
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becomes arbitrarily small for M and N large enough. But then applying 
9.5.2 to the sequence

^(0 = ciyq(t) + c29?2(t) + ... + Wjv(t) (N = 1,2,...), 

we get that this converges with respect to square integral to a function 
f(t)eL\a,b).

If we estimate the deviation of from cn on the basis of the 
inequality (9.4-5), we can write:

| (A Fn) Cn |
/ N

~ £ CkFk,Fn
\k=l

N
f ~ E Ck^k^n 

k=l
- £ w(t) ;

k=l

and by the definition of /, the last norm tends to 0 as N —> oo. 
Consequently we have for every n

— cni

i.e., the function f possesses the property required in the assertion.
The uniqueness of the solution follows from the completeness of {<^n}, 

just like at the end of the verification of 11.3.1.

* * *

It is to be emphasized: the kernel of theorem 11.4-1, i.e., the statement 
that to any number sequence {cn} with ^c^ < oo we can find a square inte­
grable function whose Fourier constants relating to a prescribed orthonormal 
base system are just ci,c2,... — this proposition is plainly the counterpart 
of the existence in E3 of a vector having arbitrarily prescribed rectangular 
components.1 We have also to point out: while the situation in E3 degen­
erates to a triviality because of the finite-dimensionality of the space, the 
“geometry” of Hilbert’s function space is much more complicated, and thus 
the sufficiency of the (extremely simple) condition < 00 cannot be 
expected at all.

1 Here the number of components is finite and so the convergence of their square
sum is self-evident.

11.43 The primary significance of the Riesz-Fischer fundamental the­
orem is that by means of it, the elements of the function space L  can be 
mapped bijectively to the elements of the sequence space I , in such a way 
that applying the operations of addition, substraction and the multiplication 

2
2
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by a fixed number first in one of these spaces and after to the corresponding 
elements of the other space, we get mutually corresponding elements in the 
case of each fundamental operation separately; furthermore [cf. (11.2-2)— 
(11.2-3)] the norms of mutually corresponding elements as well as the inner 
products of any corresponding pairs of elements are identical. Using the ter­
minology of modern algebra, this correspondence can simply be expressed 
by saying that there is an isomorphic connection (isomorphy) between the 
spaces L2 and I2. The advantages of isomorphy for research and applica­
tions are evident; on such a basis, any result concerning elements of one 
space can be transferred directly to the corresponding elements of the other 
space.

As regards version (II) of 11.4-1, it furnishes a simple necessary and 
sufficient condition in order that an orthogonal expansion in terms of a 
complete orthonormal system should be a Fourier series. In view of theorem 
11.3.1, this result means a useful expedient as well.

Finally, we want to draw attention to the fact that the Riesz-Fischer 
theorems 9.5.2 and 11.4.1 are valid only if Lebesgue’s concept of integral 
is taken for basis. Just this has furnished one of the most striking and 
convincing evidence for the significance of Lebesgue’s new theory of integral, 
a few years after its discovery in the early 1900’s.

11.5 Convergence almost everywhere 
of arbitrary orthogonal series

11.51 The main finds of theorems 11.3.1 and 11.4-1 can be expressed 
in contracted form as follows:

11.5.1 Every orthogonal series cn<PnW for which E 4 < 00 and the 
orthonormal base system {</’n(^)l C L2(a,b) is also complete, is 
L2{a,b\convergent and can be considered as the Fourier series of its 
L2(a,bysum with respect to {y>n}-

This theorem — based upon the very appropriate notion of £2-conver­
gence — yields the maximum, if such a theory of general orthogonal series 
is aimed at, which shows a parallelism in all respects with the geometric 
model serving as a background. However, no treatment of this field may 
omit considerations connected with the classical concept of convergence-, all 
the less, since the Riesz-Fischer theorem can be used only limitedly for 
effective determination of the £2-limit in question. (Cf. also 9.5.3.)

11.52 As far as the ordinary convergence of an orthogonal series is 
concerned, we can try the further development of 11.5.1 in two directions. 
On the one hand, which condition regarding the coefficients {cn} assures 
the convergence almost everywhere of the series E CnFntf) case of an 
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arbitrary (not necessarily complete) orthonormal base system {</?n(t)}? On 
the other hand, maintaining the “natural” coefficient condition E c„ < oo 
and fixing the complete orthonormal system {<^n(t)}, we can study the 
convergence of E cnipn(t) on a prescribed set of t-values. (It is obvious that 
in the first case, the condition of convergence everywhere would be entirely 
inadequate, since the base system remains orthonormal when the definition 
of the functions <^n(t) is modified on some null sets, but such alterations 
could lead to divergence of E cn<^n(0 at certain points.)

About the convergence problem mentioned first, it is easy to see that 
the restriction Ecn < oo does not involve in general the p.p. convergence of 

this is true only for some special base systems such as {rn(t)} 
and{xm\t)}. (Cf. 10.8.) The result is not surprising at all, if we remember 
the fact that L2- and pointwise convergence are concepts of dissimilar nature 
(cf. 9.52); thus it may not to be expected that a condition on {cn} would be 
of the same effectiveness in case of both kinds of convergence in question.

Anyway, the following elementary proposition holds:

OO
11.5.2 If (a,b) is finite, then the condition lcn| < oo involves the 

n=l
oo

absolute convergence of E cn<pn(t) for a.e. t G (a,bf with respect to an 
n=l

arbitrary orthonormal base system {<£n} C L2(a,b).

Proof. By using the Buniakovsky-Schwarz inequality (9.4-5), we can 
write:

°o b oo .
E dt < E lcnl ■ (b - a) Z

n=l a n=l

b
f <pn(t)2 dt

= Vb - a E M < oo, 
n=l

provided that the series Ecn is absolutely convergent.
Consequently, the application of B. Levi’s theorem 1.5.3 to the partial 

sums of the series Ecn¥’n(0 yields immediately the assertion.

* * *

11.53 The pertinent sharpest result was obtained by H. Rademacher 
and D. Menshov in 1922-23 independently of each other.1 Their basic 
theorem can be formulated in the following manner:

1 Cf. Menshov [1]—[3], Rademacher [1],
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11.5.3 If the condition

E c2 log2 n < oo 
n=l

(11.5-1)

is fulfilled, then the series E cn(pn(t) is convergent a.e. in case of an arbi- 
n=l

trary orthonormal base system <^n(^) € L2(a,b) (n = 1,2,...).
The assumption (11.5-1) cannot be improved in the sense that if we re­

place in it log2 n by any positive, monotone increasing factor A(n) which 
tends to infinity more slowly than log2 n, then there exist a sequence of 
coefficients ci,C2,... and a special base system {(/’nG)}, such that

52 c2A(n) < oo, but 53 cnTn(f) is divergent for every t e (a,b).
”-1 The deep theorem 11.5.3 has numerous interesting consequences. In­
stead of its full verification, we can treat here — as an illustration only 
a relevant part of the assertion, namely, that on the condition (11.5-1) we 
can always select from partial sums of the series ^cn<pn(x^ a subsequence 
convergent almost everywhere, e.g. those partial sums in which the number 
of terms is a power of 2.

N
To show this, let us put SN(0 = E cn^n(0 (N = 1,2,...) and consider 

n=l
the numerical series:

§ / v2 [S2u+1 (t) - MO] 2 dt = E v2 (c^+1 + ... + c2.+1) . (11.5-2) 
^=0 a ^=0

Owing to the elementary inequality v < (log2)-1 log^ + h) (h > 0), 
any partial sum of the right-hand series in (11.5-2) can be estimated as 
follows:

m
52 p2 (C2*'+l + ■•• + c2l'+1) <

i/=0

riog2(2" + i) 2
[ log2!-^1 + ...+

log22^+1 , 
log2 2

m 2m+1

= (log2)-2£ 52 c£log2fc = (log2)”2 22 ck^k- (11-5-3) 
p=0 k=2,'+l *=2

Since m may be taken however large, by (11.5-2)—(11.5-3) the condi­
tion (11.5-1) involves immediately the convergence of the left-hand series in 
(11.5-2). Hence, using again theorem 7.5.3, we get that the function series

OO _ 9£ 4W0-M0]
i/=0

converges at almost all points t £ (a, b).
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Now, by using Chauchy’s inequality (2.1-3), it may be written:

[S2m+p(0 — 5'2m(0] =

m+p-1
y? ~ ■ *45’2i'+iG) - ^(o]
i/=m

oo

p=m
(11.5-4)

In the last upper bound, the first factor is a convergent series of numbers, 
while the second factor is the remainder (after m — 1 terms) of a function 
series converging a.e. Both factors being independent of p, we see from 
(11.5-4) that for any e > 0, however small, we have 

S2m+p^t^ — S'2m(f)l < £ (p= 1,2,...),

if only 77i is sufficiently large.
According to Cauchy’s criterion of convergence this just means that the 

“dyadic” subsequence

S2^ (p = 0,1,2,...)

is convergent for almost every t 6 (a,b), as asserted above.1

11.6 The convergence and summation problem 
of general Fourier series

11.61 Let us also deal with the other fundamental problem of conver­
gence, raised briefly in the previous section: given a complete orthonormal 
base system {</>„(/)} C L2(a,b) and an (Z)-measurable set E C (a,0, what

OO
can be said about the convergence of the series cn<^n(t) on E, provided 

n=l oo
that c2 < co?

n=l
First of all we want to establish: by 11.5.1 the last-mentioned condition 

ensures the existence of a function /(f) € L2(a,b) such that ^,cn<pn(t) is

The second part of theorem 11.5.3 (relating to divergence) has recently been greatly 
sharpened in the series of articles [2] by K. TANDORI, furthermore by the paper [1] of L. 
LEINDLER. The latter author showed e.g. that every special orthonormal system occurring 
in the divergence theorems may be taken for some suitable sequence of entire rational 
functions, too.
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the Fourier series of f in terms of {<£>n(t)}. Therefore, the orthogonal series 
in question is necessarily of the form

OO

n=l

whose JV-th partial sum, taken at a point t = x, may be written as:

TV b 6
Sn^ = E f dt = J f(t)KN(t, x) dt. (11.6-2)

n=l a a

Here N
Kn(t,x) = (H.6-3)

n=l

is the so-called IV-th kernel function of (11.6-1).
Thus our problem demands the examination of the limit

lim {fftjKNft^dt (x E Ef (11.6-4)
N-roo o

Consequently, the convergence behaviour of (11.6-1) depends both on the 
choice of f and on the properties of the base system {</>n(*)}.

11.62 Evidently, the determination of (11.6-4) in general cannot be car­
ried out in the trivial way, i.e., by performing the limiting process N -> oo 
directly under the integral sign. Instead of this, one needs mostly certain 
subtile considerations and estimations, respectively; and during the exam­
ination, it can be a particularly favourable circumstance, if Ajv(t) has a 
representation in closed form. It is also understandable that the estimation 
of ]SAr(x)| is connected essentially with the so-called Lebesgue functions, 
denned by

= = M,...).1 (11.6-5)

1 For instance, let us mention the following theorem (Kaczmarz [1], Kaczmarz- 
Steinhaus [11): if a subsequence of the Lebesgue functions (11.6-5) satisfies on a linear 
set E the inequality £pn(z) < const • A„„ where {A„„ } is a strictly increasing sequence of 
positive numbers, then we have also the estimation |S^n(z)| < const • '/Al.„ (z € E, n — 
1,2,...). Concerning applications, we refer to Tandori [1].

a
The situation is wholly analogous, when we want to study not the partial 

sums SN(x) (N = 1,2,...) themselves, but the arithmetic means or other 
appropriate linear expressions of the latter (“linear summation processes ). 
In each pertinent case, the discussion of a so-called singular integral [of 
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the type (11.6-2)] is required, whose integrand contains — as factor of 
the function f — the kernel characteristic of the summation method in 
examination.1

11.63 From the foregoing we see: actual local results about the con­
vergence or summation problem of a Fourier series can be obtained only in 
such cases where the properties of the pertaining base system {<^n} as well 
as of the corresponding kernel function (11.6-3) are known in a satisfactory 
manner. This programme will be realized in the next chapters.

It should be noted that the rapid development of the convergence 
theory of special and general orthogonal series during the last decades is 
also connected with the contributions of several mathematicians belonging 
to Hungarian analytic schools, first of all to those of L. Fejer, F. and 
M. Riesz, A. Haar, O. Szasz, G. Szego and G. Alexits.2

2 Cf. e.g. Alexits [2], Fejer [3], Haar [1], Hilb-M. Riesz [1], Plessner [1], F. Riesz- 
Sz.-Nagy [1], O. Szasz [1], Szego [1]—[2].

1 For the general definition of the concept of singular integral see e.g. Lebesgue [7], 
It will be not needed here.
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CHAPTER 12

CONVERGENCE OF SPECIAL FOURIER 
SERIES

12.1 Elementary convergence theorems on 
ordinary Fourier series; the Riemann—Lebesgue 

lemma

12.11 If {y>n(t)} is the trigonometric base system (10.1-1), then the 
Fourier series (11.1-1) turns for t = x into the ordinary or trigonometric 
Fourier series

OO
ao + S (Qn cos nx + Pn sin nx~), 

n=l

where
a+2?r

a-|-27r
y /(t) cos nt dt 

a

(12.1-1)

(12.1-2)

a+2?r
y /(t) sin nt dt 

a
[cf. (10.2-1)—(10.2-3)]. Since for all n we have | cosnf| < 1, |sinni| < 1, so 
the ordinary Fourier constants (12.1-2) can be formed not only for square 
integrable functions, but for any (ty-integrable function f as well. Thus we 
shall assume that f 6 L [a,a + 27r] (a fixed) when speaking about the series 
(12.1-1) with (12.1-2).

Furthermore, it will be supposed in this context steadily (also without 
saying it explicitly) that f(t} is periodic with period 2tt. In the trigonometric 
base system each term has the period 2?r, the sum of the series (12.1-1) 
possesses plainly the same property whenever it does exist. We have also 
to stress that it is possible to construct a function with some prescribed 
period from any single-valued real function defined in a finite interval, by 
so-called “periodic continuation". On the other hand, no restriction lies in 
the condition that the period of f(t) should possess just the value 2tt, since 
an arbitrary function F(u) with the period p > 0 becomes periodic with 2tt 
if the coordinate transformation u = (p/2ir)t is applied.

The last assumption implies that f^t) = F(tp/2ir) has the period 2tt, 
so that the ordinary Fourier series of F(u) pertaining to the fundamental 
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interval [a, a + p] taken at a point u = x may be written in the form

OO
A° + 22

n=l

/ 2n7r \
I -----x I
\ P J

An COS + Bn sin (12.1-3)

where the coefficients are:

The situation that the interval of integration in the coefficient formulae 
(12.1-2) may be an arbitrary line segment of length 2tt, since the Fourier 
constants do not depend on a because of the periodicity (with 2%) of f(t), is 
useful mainly in the case of an even or odd function f. Namely, if f(t) is e.g. 
even, f(t) sin nt is odd, consequently putting a = -tt we get for every n:

Similarly, an = 0 (n = 0,1,2,...) whenever f is an odd function. Thus 
we may point out: the ordinary Fourier series of an even function is of the 

OO
form ^2 an^osnx, i.e., it is a so-called cosine series; in turn, the ordinary 

n=0
oo

Fourier series of an odd function is always of the type 52 Pn sinnx, i.e., a 
n=l

so-called sine series.

12.12 The convergence properties follow in certain simple cases imme­
diately by estimating the Fourier constants an,/3n; so first it is advisable to 
study the coefficients (12.1-2).

As the most trivial case may be considered that of a function /(i) which 
is k-times continuously differentiable at each point of [a, a + 2tt] (A: > 1, 
fixed). Then A:-fold integration by parts yields the formulae:
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. a4-27r
« r

ctn nt - k

a+2?r

fin ~ ~------k 
mt

(12.1-5)

whence by the notation
a+7r

Dk (12.1-6)

a

k

a

a

we obtain the estimates
Dk 
nk ’

Dk 
nk

(12.1-7)

Since Dk is independent of n according to (12.1-6), we can state: if 
fW(t) exists and is continuous everywhere, then the ordinary Fourier con­
stants of /(t) tend to zero for n -+ oo at least as rapidly as l/nk.

Taking k = 2, we see that (12.1-1) is majorizable ■ for all x by the 
OO

convergent numerical series |oo| + 27?2 52 n~2i and therefore the Fourier 
n=l

series is uniformly convergent in (—00,00) by the well-known criterion of 
Weierstrass. Thus any series resulting from (12.1-1) by multiplication by 
some term of the trigonometric base system may be integrated termwise, so 
that (12.1-1) is in this case necessarily the ordinary Fourier series of its sum 
function. (Cf. 9.63.) Besides, this sum must be identical everywhere with 
f(x) for following reasons: 1) the trigonometric base system is complete in 
virtue of 10.1.2', 2) consequently, any two functions having the same Fourier 
constants can differ from one another at most on a null set E (cf. 11.32); 
3) in our case, E = Q since it is about a sum function which is continuous 
at any point x by the above.

Summing up, we got an “elementary” expansion theorem:

12. 1.1 If a periodic function f is twice continuously differentiable ev­
erywhere, then its ordinary Fourier series converges uniformly to fix') for 
— 00 < x < 00.

12.13 It is noteworthy that (12.1-5)—(12.1-7) remain valid also on 
more general conditions about f. For instance, integrating by parts by 
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means of formula (7.6-24), we see that instead of the existence and conti­
nuity of fW (t) it suffices to require the existence and absolute continuity of 
f^Xty1

1 This involves, as we know, the existence and (L)-integrability a.e. of f^(t). (Cf. 
7.6.6.) Applying lemma 12.1.3 (to be treated soon) to the integrals in (12.1-5), it turns 
out also that nkak and nktend to 0 as n —♦ oo, i.e. an = o(n~k), 0n = o(n-*). In 
the case k = 1, the above condition becomes simpler by fi°\t) = f(t).

2 Littlewood [2].
3 F. Riesz [14].
4 Cf. (11.2-2) and 11.23.

Another possibility of sharpening is opened by the transformation of 
Fourier constants into Stieltjes integrals. If /(/) is assumed to be of bounded 
variation, we can write on the basis (5.7-8), (5.8-1) and (5.7-16):

7r|an| = 

=

a+27r
/ f^t) cos nt dt 

a
a+2?r
y f^t) sin nt dt 

a

a+2-7r
y sin nt df( t ) 

a
a+2?r
y cos nt dffi) 

a

(12.1-8)

Vj denoting the total variation of the function f in [a, a + 2?r].
Thus we may establish: if f(t) is of bounded variation on a line segment 

of length 2tt, then its ordinary Fourier constants tend to 0 in the order 
O(l/n) as n —* oo.2

Correspondingly, the premise of proposition 12.1.1 can be made less 
strict: the twofold continuous dijferentiability of f may be replaced by the 
conditions that f(t) should be continuous everywhere and fit) should be a 
function of bounded variation in the interval [a, a + 2tt] .3

In particular, using geometric wording:

12. 1.2 Every function f continuous everywhere and of the period 2tt 
has an ordinary Fourier series uniformly convergent in (—00,00) and is 
expressible at any point as the sum of the latter, provided that 1) the diagram 
of f on some finite interval of length 2?r consists of a finite number of line 
segments or convex or concave curve arcs; 2) the semi-tangents of the latter 
pertaining to the end points are not perpendicular to the axis of abscissae.

12.14 The foregoing considerations suggest at once the question: 
whether the Fourier constants of any square integrable function tend to 
0 for n —> 00 as well?

The answer is affirmative and can easily be obtained from the Parseval- 
Hurwitz formula with respect to the trigonometric base system.4 The ortho-
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normality and completeness of the system (10.1-6) (cf. 10.1.2') implies for 
an arbitrary function f(t) E L2(a,a + 2tt) by 11.2.1:

a-F27r

(12.1-9)
n=l

a

OO
and from £ (a£ + /32) < oo we conclude the limit relations: 

n=l

lim an = 0 lim /3n = 0.
n—+oo n—►oo

(12.1-10)

Now, we want to show that this result can still be developed further, 
as it is true also for arbitrary (Z)-integrable functions, moreover, it may be 
extended to the case of a continuous parameter instead of the discrete 
variable n, and to an arbitrary finite fundamental interval (a, 6) instead of 
(a,a + 27r). The lemma is simple but of basic significance for the whole 
convergence theory of trigonometric Fourier series.

12.1.3 (Riemann-Lebesgue lemma)1 If is (Lfiintegrable in a
finite interval (a,b), then the integrals

b b
J F^t) cos dt, j F(t) sin fit dt 
a ci

(12.1-11)

tend to 0 as |^| —► oo.

Proof. Suppose F(t) G L(a,b) and F(t) = 0 (f £ [a, 6]). Furthermore 
let fi > 0, this being plainly no restriction of generality. The integral

= fF^e^dt (12.1-12)

turns by the substitution t = x + into J A*

1 The assertion does not hold for non-absolutely convergent improper integrals, which 
is understandable by the geometric background too. [There is a kind of “marring” sign 
effect in the integrands (12.1-11) as p -♦ oo.] The limit relations in question were verified 
by RIEMANN for (R)-integrable functions in 1854, while the extension to (L)-integrable 
functions is due to LEBESGUE (1905). (Cf. Riemann [1], Lebesgue [5]-[6].)
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so that we get from (12.1-12) and (12.1-13) by addition:

(12.1-14)

(12.1-15)

and hence we see by 7.5.^ that as well as its real and imaginary parts 
[i.e. both integrals (12.1-11)] tend to 0 as n -+ oo.

* * *

12.15 Note that in the case of ordinary Fourier constants an, 3n 
(n > 1), the pendants of (12.1-14)—(12.1-15) are:

and
a+2?r

(12.1-16)

a

(12.1-17)

respectively. The inequalities (12.1-17) may be useful when we want to 
know: how strongly tend to 0 the ordinary Fourier constants of some actual 
integrable function fl

We have still to mention that the proof of lemma 12.1.3 enables us to 
supplement the assertion in a sense: if F^t) is (L)-integrable in a finite or 
infinite interval then to every given number g > 0, however small,
we can find a number no > 0, depending on y only, such that the inequalities 

b
J F(t) cos nt dt 
a

b
J F(t)sin pl dt 
a

< n,
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hold for \p\ > no and for all subintervals (a,6) C (A, 5), simultaneously. 
This is briefly expressed by saying that the integrals (12.1-11) converge 
uniformly to zero as |/z| —* oo, with respect to a and b.

12.2 Dirichlet’s formula and Riemann’s 
localization theorem

12.21 We now study the local convergence behaviour of ordinary Fourier 
series.

In case of (12.1-1), the 7V-th partial sum can be written in closed integral 
form (a = —7T, N = 0,1,2,...):

N

Sn(x) = «o + ^(«n COS nx + f3n sin nx) =

N

cos nt • cos nx dt+
n=l

sin nt ■ sin nx dt

N
= I 1 + 2 £(cos nt • cos nx + sin nt • sin nx) dt =

n=l

N

- x) dt =
n=l 

sin(21V + l)^ 
sin^

Here the well-known trigonometric sum formula:

1 + 2 cos 0 + 2 cos 20 + ... + 2 cos n0 =

= (0/0,±27r,±47T,...) (12.2-1)
sin y

was utilized.
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Applying the substitution t = x + u and splitting up the fundamental 
interval [-7r,7r] in two (symmetric) parts, it follows:

7T

if 2 f . sin(27V + lm . /inn nxSN(x)=- / du = - / ^(2^) ——— du, (12.2-2)
ft J 7r J oil! ct

o 0

where

fa bill 2

Putting in (12.2-2) f(u) = 1, ^(u) = 1 and introducing the notation

I ( \ ( \ f (x + u) + f (x ~~ \ (12 2-41
^r(u) = ^(w) - A®) =---------------- 2

we get by subtraction:
7T

SnW ~ ~ / ,<Px(u)Dn(u) du =
7T J

0
%/2

2 [ . . sin(2A + l)u . /mn= - / ^r 2u —-------— du. (12.2-5)
7T J sin u

0

The name of the (equivalent) representations (12.2-2) or (12.2-5) is 
Dirichlet’s formula, while the factor Dn^u) independent of the choice of f 
is called Dirichlet’s kernel function of the index N [cf. (11.6-2)—(11.6-3). 
As regards the latter, it is relevant that |Pn(u)| has for any fixed u 0 an 
upper bound independent of N (namely l/sinu), but for u = 0 by (12.2—1) 
we have

PN(0) = 2A + 1-> oo (A —► oo).
Therefore, point u = 0 is an exceptional (singular) locus for the in­

tegrand which motivates that the integrals in (12.2-2) and (12.2-5) are 
considered also as examples of singular integrals. (Cf. 11.62.) Another im­
portant property of 7?^v(u) has already been used implicitly before, when 
(12.2-5) was deduced by means of (12.2-1); it is:

]DN(u)du = ^ (A = 0,1,2,...). (12.2-6)
o

1 The introduction of the formulae just mentioned is due to P. G. L. DIRICHLET, 
who in a pioneering work of the year 1829 first deduced some fundamental results of the 
convergence theory of ordinary Fourier series.
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1 2.22 As far as the behaviour of the so-called Dirichlet’s integral 
(12.2-2) or (12.2-5) for the limiting process A -> oo is concerned, the 
passage to the limit cannot be carried out under the integral sign by the 
above, i.e., we have to look for certain special ways of discussion. Our 
starting point is furnished by a quite natural idea: since the only singularity 
of Dn(u) lies at the left-hand boundary of the integration interval, it seems 
advisable to “separate” the right-hand neighbourhood of the origin and to 
discuss the Dirichlet integral decomposed into two corresponding parts.

We use the second representation (12.2-5), and according to the last 
remark we write:

2 f ibx(2u) . .. ,. ,SnW - fW =- / —-sm(2A + l)udu+
v 7 v 7T J sintt 

o
tt/2

+ 2 / tMMsin(2;v + 1)w£/u? (12.2-7)
7T J sin u 

6

6 denoting an arbitrary fixed positive number less than tt/2.
In the second term on the right, the factor ^x(2u)l sin u is (L)-integrable 

(by the boundedness of 1/sinu), so that the application of the Riemann- 
Lebesgue lemma with the notations a = 6, b = tt/2, F^u) = ^x(2u)/sinu, 
p = 2A + 1 yields:

tt/2

lim [ ^^sin(2A + l)udu = 0.
N->oo J sinu

6

(12.2-8)

Hence we see that the limit relation

lim [Sn(z)'~/($)] = 0, 
N—>oo

i.e., the convergence of the ordinary Fourier series of f at a point x to the 
pertaining value of the function depends only thereupon, whether the first 
subintegral in (12.2-7) tends to 0 for A -> oo as well; and by the definition 
of ipx(u\ the integrand of this term relating to [0,6] contains only such 
values of f which are associated with the interval x — 26 < u < x + 26. Since 
6 > 0 is as small as we please, we come finally to the conclusion:

12.2.1 (Riemann’s localization theorem)  The convergence be­
haviour of the ordinary Fourier series of some function f at a point x is 

1

1 Riemann [1].
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wholly determined by the values of f in a however small neighbourhood, of 
this point.

The surprising property of the series (12.1-1) implied by 12.1.1 in­
dicates that any modification of the definition of function f outside a 6- 
neighbourhood of x does not affect the sum of the ordinary Fourier series of 
f at the point x.

Note that the sharpening about uniform convergence of 12.1.3 involves 
a complement of similar nature in case of 12.2.1, too. If /i(i), fa(t) are 
two functions with period 2tt, (T)-integrable in (-tt, tt) and identical in an 
interval (a,b) of length < 2tt, and denoting by and S^\x) the
IV-th partial sum of the ordinary Fourier series of fa and fa at point x, 
respectively, then the limit relation

lim IsjjV) - ^(z)] = 0
IN —+oo L J

holds uniformly in every inner subinterval of (a, b).

12.23 Investigations on the first subintegral in (12.2-7) may be replaced 
by that of the simpler integral

lff[fax] = y sin(2N + 1 )u du. 

o

On the basis of L’Hospital’s rule we get

1 1 u — sin u—----------=------ --------- ► 0 (u -+ 0);
sinu u usmu

(12.2-9)

(12.2-10)

thus the product of this difference by ipx(2u) is (Z)-integrable in (0,6), and 
by lemma 12.1.3 we have:

s
f / 1 1\

lim / ifx(2u) I —----------- I sin(21V + l)udu = 0.
JV-+00 J \sin u u)

0

(12.2-11)

Herewith the following necessary and sufficient criterion is deduced:

12.2.2 A function f may be written as the sum of its ordinary Fourier 
series at point x if and only if to any given £ > 0, however small, there 
exists a positive number 6 less than tt/2 such that for N large enough

(12.2-12)
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12.3 Convergence tests of Dini, Dirichlet, 
Jordan and Lipschitz

12.31 Our last result yields a number of important sufficient conditions 
of convergence, among which criterion 12.3.1 — found for (l?)-integrable 
functions in 1880 — can be verified simply.

We introduce here an abbreviating term: a function f is said to be 
Fourier expansible at a point x, if its ordinary Fourier series converges there 
to the function value f(x) in the classical sense. ,

12.3.1 (Dini’s criterion)  Ififx(2u)/u (as a function of u) is (Z)- 
integrable in a right-hand neighbourhood of the point u = 0, then the function 
f(F) is Fourier expansible at x.

1

1 Dini [1]. For the definition of the function see (12.2—3)—(12.2-4).

2 C. Jordan [1],

Proof. As assumed, the integral (12.2-9) exists for some suitable 
& > 0 and it tends to 0 as N —» oo on the basis of 12.1.3. Thus 12.2.2 
yields directly the assertion.

* * *

Another quite general condition (from 1881) may be formulated as 
follows:

12.3.2 (Jordan’s criterion)  If is of bounded variation in a 
right-hand neighbourhood of point u = 0 and ^(+0) = 0, then function f(t) 
is Fourier expansible at t = x.

2

Proof. We need the elementary inequality:

(x > 0). (12.3-1)

For x g (0,1] this is trivial by

(0 < x < 1).
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On the other hand, in case of x > 1 we can write:

so we obtain for the integral in question:

By (12.3-1), the absolute value of any integral of the type 
u (27V+l)u

. z . [ sin(27V + l)v . f sint .
jN(u) = / V J < dv = I — dt

0 . 0

(u > 0; N = 0,1,2,...) (12.3-2)
is also less than 3.

Suppose now that ^(w) is of bounded variation in an interval 
0 < u < 26. Then ^(w) has one-sided limits at every point u E (0,26), fur­
ther ^(+0) and ^r(25 — 0) exist as well (cf. ^.5.^). Consider the integral 
(12.2-9) in the form:

= I W2u) - ^(26 - 0)] du+

o
s

, / sin(2iv + l)u ,+^(26 - 0) / —---------- — du.
J w o

The first term on the right-hand side can be estimated on the basis of 
integration by parts and by means of (12.3-2) as follows [cf. (5.7-16)]:

y [^(2®) - ^(26 - 0)] du

o
S

y jN{u)d^x(2u) 
o

<3^(0,26),

the last factor denoting the total variation of ^(u) on [0,26].
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On the condition ^(+0) = the second term of /^[/;^] satisfies the 
inequality [cf. (4.4-2) and (12.3-2)]:

sin(27V + l)u 
u

= I ^6 - 0) - ^(+0)| LwWI <

<3V^(0,25).

Therefore we get by addition:

|4%;:c]|< 6^0,2^,

and the upper bound on the right-hand side becomes arbitrarily small when 
6 is chosen suitably. This implies by 12.2.2 the desired result.

* * *

12.32 From the above tests, we deduce easily such simple criteria which 
concern instead of the auxiliary function ^r(^) the function /(t) itself, and 
so are applicable directly.

We begin by a denomination: if both the right-hand and the left-hand 
limit of f(t) at point x exist and the function value at x is defined by 
/(x) = | [f(x + 0) + f(x - 0)] , then we say that a: is a regular point of f. 
(Accordingly, each point of continuity is a regular point of the function, 
while any point of discontinuity of the first kind (cf. 1.61) becomes regular 
first by an appropriate choice of the pertaining function value.)

The outstanding role of regular points in connection with convergence 
properties of ordinary Fourier series may be illustrated by the condition 
^(+0) = 0, i.e., by the limit relation

lim /(, + „) + (/(„-„) = (12,3_3)
u->+o 2

in 12.3.2. This restriction can be fulfilled in a most natural way by assuming 
the existence of the one-sided limits f(x + 0), f(x - 0) and by equalizing 
fix') with the arithmetic mean of the latter.

As a corollary of 12.3.1, we now establish a further very useful test, 
discovered in 1864.

12.3.3 (Criterion of Lipschitz)1 Let x be a regular point of f(t). 
If there exist a right-hand and a left-hand neighbourhood of x such that for 
some constant K > 0 and exponent a > 0 the inequalities

1 Cf. Lipschitz [1].
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\f(x + l)-f(x + 0)1 < Kla
(0<l<F)

(/(x-O-Ax-O)! < Kla

(12.3-4)

(12.3-5)

hold simultaneously, then f(t) is Fourier expansible at the point t = x.

Proof. On the basis of (12.3-3) as well as of (12.3-4)—(12.3-5), we 
have for 0 < u < 26:

= ±|/(x + 2u) + f(x - 2u) - [f(x + 0) + f(x - 0)] I
U £'U I

< ^-(j/(z+ 20-/^+ 0)1 + \f(x-2^-^-0)|) <

< 2K(2uy~1. (12.3-6)

Since u"-1 (a > 0) is (Z)-integrable in the interval 0 < u < 26, by 
(12.3-6) we can say the same about ^x(2u)/u as a function of u, so that 
12.3.1 leads to the assertion.

* * *
The content of (12.3-4), (12.3-5) is expressed by saying that /(/) satis­

fies a pointwise right or left Lipschitz condition of order a with constant K 
at t = x; the corresponding notations are:

f(t) € Lip^ a (t —► x + 0) and f(t) 6 Lip# a (t —► x - 0),

respectively.1
Especially, if x is a point of continuity and

\f(x + l)-f^\<K\l\a (-6 < I < 6) (12.3-7)

holds, then we say that f(t) fulfils a bilateiul Lipschitz condition of order a 
with the constant K at the point x; i.e.: f(F) E Lip#a (f = x). [It is clear 
that (12.3-7) involves both of (12.3-4) and (12.3-5).]

If a > 1, (12.3-4) and (12.3-5) yield that the right-hand and left-hand 
difference quotient, respectively, of /(t) at x tends to 0 as I —♦ +0; further

1 These denominations and notations are often transferred also to some interval as 
follows: we mean by f(t) € Lip^o (t € [a, 6]) that for any two points u and x of [a, 6] the 
inequality /(-u) — f(z) < A'|iz — r|° holds.
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(12.3-7) implies in this case that /'(a:) = 0. Hence we see that only the 
orders with 0 < a < 1 are of significance. In particular, the Lipschitz 
conditions of order 1 have a remarkably simple geometric meaning: the 
boundedness of a unilateral or the bilateral difference quotient of f in the 
corresponding neighbourhood of point x. (Cf. 4.62.)

Observe that each of the above Lipschitz conditions implies more than 
the corresponding (unilateral or bilateral) kind of pointwise continuity, but 
less than the common derivability; these conditions are situated “between” 
continuity and differentiability.

Thus we arrive from 12.3.3 at a local test particularly convenient for 
practice:

12.3.4 The Fourier expansibility of f(t) is assured at any regular point 
where the image curve of the function possesses a half-tangent both from 
the right and from the left, further the latter are not perpendicular to the 
axis of abscissae. The assertion holds specially at any point where f(t) is 
differentiable.

12.33 The other practically most significant test was historically the 
first one (1829), but can be obtained also as an immediate consequence of 
12.3.2.

12.3.5 (Dirichlet’s criterion)1 If to a regular point x of f(t) we 
can find a right-hand neighbourhood (x,x + <5) and a left-hand one (x — b,x) 
such that the function is monotonic in both of these,2 then fft) is Fourier 
expansible at t = x.

Proof. The assumptions clearly imply ^(+0) = 0 [cl- (12.3-3)], 
moreover the decomposition

V’xW = o [/(^ + u) “ f(x + °)] + 9 [f(x - u) ~ f(x ~ °)] 
z

shows that as the sum of two monotonic functions is of bounded 
variation in the interval 0 < u < 6 (cf. 4-4-1 f

Therefore the premise of Jordan’s criterion is fulfilled.

* * *

1 See Dirichlet [1],
2 Monotony of f is not required to be of the same sense on both sides of the point r; 

for instance, the function is permitted to be monotone increasing on the right, monotone 
decreasing on the left of x.
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We have to stress that the last two tests show features of function /(t) 
quite different in nature. So it is not uninteresting to show in examples that 
none of them is a consequence of the other.1

1 The consequences of all the above convergence tests are investigated thoroughly 
e.g. in Hardy [4].

I. The function

ft° sin} (q < o < 1) (12.3-8)
I 0 if t = 0 v ~ v }

satisfies bilateral Lipschitz condition of order a at point t = 0, but it 
does not fulfil Dirichlet’s criterion in any neighbourhood of the origin. 
[Cf. (4.1-1).]

II. In the case of the function

y _ J l/l°g(VN) if t 7^ 0, o q\
if t = 0, (12.39)

we have an opposite situation: this is monotonic in any right or left neigh­
bourhood of t = 0, but does not satisfy a Lipschitz condition of the type 
(12.3-7) at the origin, however the order a may be chosen.

It must be added that both of the functions in question are obviously 
continuous but not differentiable at t = 0; furthermore by putting a = 1 in 
(12.3-8), we get the most elementary example of a function continuous but 
not of bounded variation near to the origin.

12.34 As regards the sufficient criteria discussed, in each variant of 
them relating to a finite closed interval, uniform convergence may also be 
asserted, if we require at the same time the continuity of the pertinent func­
tion. (This follows partly from Heine’s theorem, partly from the sharpened 
form of the Riemann-Lebesgue lemma.)

For example, Dirichlet’s criterion 12.3.5 allows the following “global” 
supplementary statement:

12.3.6 The ordinary Fourier series of f(t) (periodic with 2^ converges 
everywhere uniformly to the function, if f is continuous for all t and its 
diagram on a finite line segment of length 2tt can be decomposed into a 
finite number of monotone increasing or monotone decreasing curve arcs.

The last condition may also be formulated in such a way that /(t) should 
be in [0,2?r] a continuous function having finitely many local maxima or 
minima. This is plainly satisfied by any graph which can be drawn at all.

We add still: since the function value f(x) in (12.2-4) and (12.2-5) 
may be replaced by any arbitrary real number s, an easy rewording of the 
convergence criteria discussed hitherto yields conditions in order that the 
sum of the ordinary Fourier series of a function f at a given point x should be 
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just 5 and [assuming the existence of /(x±0)] the mean | [/(x+0)+/(x-0)], 
respectively.

Finally, the most general local convergence criterion of the literature, 
due to Lebesgue (1905)1 is mentioned here. According to this test — which 
implies of course both 12.3.1 and 12.3.2 — the simultaneous validity of the 
limit relations

1 See Lebesgue [5].

lim | [ ^(u^du = s, (12.3-10)
Z—►4-0 I J

0

lim + = 0 [6 > Q fixed) (12.3-11)
/-+o J u

l
[cf. (12.2-3)] assures that the ordinary Fourier series of f(F) at the point 
t — x is convergent and its sum equals s.

12.4 Example of a continuous function with 
ordinary Fourier series divergent at some point

12.41 Now we see that the local Fourier expansibility of function f 
can only slightly be brought into connection with the simplest function 
properties based on limit concept: the continuity and differentiability.

Trivial examples show that continuity of a function is not necessary to 
its Fourier expansibility at the same point. Thus the functions

f —7r/4 if — % < t < 0,
C(t) = < 0 if t = 0, C(i + 2?r) = C(t), (12.4-1)

[ 7t/4 if 0 <t < ir,

and
5(0= if 5(t + 27T) = 5(t) (12.4-2)

can be given either on the basis of 12.3.2 or of 12.3.5 at any point, 
and also at their points of discontinuity t = kr (k = 0,±l,...) and 
t = 2kir (k = 0, ±1,...), respectively, as the sums of the associated ordinary 
Fourier series. Calculating the corresponding Fourier constants, we get for 
-OO < X < oo
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x . sin3x sin5x
C(x) = sin x 4-----------1------— 4- • • • (12.4-3)

3 o
and OO 1

S(x) = — sin nx. (12.4-4)
(Cf. Fig. 9.) n=1 n

12.42 Otherwise, in any closed interval of continuity of the functions 
C(t) or S(t) both expansions are valid uniformly too; furthermore their 
partial sums are uniformly bounded for all x, which can be verified e.g. in 
case of (12.4-4) as follows:

Let 0 < x < tt, N > 2, and consider the decomposition

sm nx sm nxsm nx

n=l

where v denotes the greatest integer for which (n — l)x < tt, so that 
v = 4- 1. On the one hand, by 0 < sin nx < nx we have

V— 1 .

Esin nx . .
—— < (1/ - l)x < TT.

n=l

On the other hand, the diagram of sinx being concave (from below) in 
[0, |], the inequality sint > holds there, consequently we can write:

330



As a final result, we get by addition [cf. (12.3-1)]:

sin nx < 7T 4- 1; (12.4-5)
n

and this is valid at the same time for any real x as well as for any positive 
integer N, since sinnz is an odd function with period 27T.1

1 We remark that sin x + + . .. + is positive in (0, r) and negative in
(-jt, 0). Estimations like (12.4-5) hold for the partial sums of any sine or cosine series 
with monotone decreasing coefficients.

2 This phenomenon is called in the literature Du Bois-Reymond’s singularity. Cf. 
Du Bois-Reymond [1] and Fejer [4], [6], respectively.

12.43 Differentiability is a sufficient condition of the Fourier expansi­
bility according to 12.3.4, but — as is easY to see — means a to° strong 
condition of convergence, inadequate to the subject. There exist nowhere 
differentiable functions, which are Fourier expansible everywhere. Pertinent 
examples are yielded by the Weierstrass functions (3.7-1):

OO
Wfc(a:) = ^2 qn cos((2fc + l)n7ra:) 

n=0
(k= 1,2,...),

where 0 < q < 1 and (2fc + 1)? > 1 + the right-hand series being 
uniformly convergent for every x is necessarily the ordinary Fourier series 
of its sum.

The continuity everywhere of Wfc(x), and the circumstance that the 
Lipschitz condition (12.3-7) quasi approaches the concept of continuity as 
a _|-o, suggest that maybe pointwise continuity should imply the Fourier 
expansibility as well, in view of the fact that ordinary Fourier series of any 
function occurring in practice converges actually at every point of continuity 
to the pertaining function value.

12.44 P. Du Bois-Reymond was the first mathematician who elu­
cidated in negative sense the above problem of theoretical importance, by 
proving the existence of a function continuous everywhere whose ordinary 
Fourier series is divergent at some point (1873). Much simpler relevant 
counterexamples are due to L. Fejer (1909); these were based upon cer­
tain uniformly bounded cosine polynomials.2
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Here an example of H. A. Schwarz is presented by which the function; 
with required properties is given not as the sum of a trigonometric series 
but directly — so to say “diagrammatically.”1

Let g^t) be an even function with period 2tt which is defined in [0,7r] in 
the following manner:

_ I k~2 sin if 3-fc47r < t < 3-^-1^7r (A: = 1,2,..^2 4-6) 
10 if t = 0.

Accordingly, the diagram of ^(t) consists of sine waves with rapidly increas­
ing frequencies and relatively slowly decreasing amplitudes in the intervals 
[7r/3,7r], [tt/32 , tt/31 ],.... It is evident that g(t) is continuous everywhere 
and e.g. by the criterion of Lipschitz, it is Fourier expansible at every point 
t 0 of [—tt, tt].

We assert:

12.4.1 The ordinary Fourier series of the continuous function (12.4~6) 
is divergent at the origin.

Proof. The basic integral (12.2-9) becomes in our case [a: = 0, 
6 = 7f/6, -0o(t) = g(*)]••

0

sin(2A 4- l)udu =

71/3

0
and the deviation of this integral type from the simpler one: 

tt/3

/ sin Nt dt (A = 1,2,...) (12.4-7)

o
tends to 0 as N —> oo by 12.1.3.

Thus it is sufficient to show that from the sequence of integrals 
(12.4-7) we can always select an unbounded subsequence. For that pur­
pose, put N = 3r (r = 2,3,...) and study the behaviour of the integral 

tt/3

Jr = y sin(3r< t) dt = 

o

at the limiting process r —> oo.

1 See Hobson [1], vol. II, p. 545. The basic idea of the example has been published 
by H. A. SCHWARZ through the dissertation of one of his pupils; cf. Sachse [1], 271-274.
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Let us write for k r:

^3(k"1)4 /| 42Ikr = / t_1COSM3fc
7r/3*4

r/ 4 4\ 1
- 3r< m dt - J t-1cosR3fc + 3r J tj dt, 

1^/3^

7 4then substituting t = 3-B u 
obtain:

and t = 3~r4 u into both of the last integrals we

mir

/cos(cu) , -i—- du
u

(12.4-9)

where m is a positive integer and c > 2/3. Hence, applying integration by 
parts and using the inequality (12.3-1), we get:

I Ar I < - 
7T

(12.4-10)

When k = r, we have:

ir/3^T

Irr = | y r1 [1 - cos (3r< • 2t)] dt = 

?r/3r4
2ir’3T'4 ~(r—

L L J u,
2?r

Since integration by parts yields the elementary inequality:

(a: > 2tt),

it follows:

Irr>r2(2r-l)^-y->0 (r = 2,3,...).
2 27T

(12.4-11)

Finally, from the decomposition

1 4 1 -
Jr = ^2lrr + k2lkr 

k>2 
k^r 
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we can see that the first term on the right-hand side tends to infinity 
by (12.4-11), while the second term remains bounded by (12.4-10) and 
V k~2 < oo. Consequently, lim Jr = oo, which was to be verified.

* * *
12.45 The function g(t) just discussed or other pertinent examples 

enable us to construct easily — by linear transformation and by use of the 
so-called superposition principle — such an everywhere continuous function, 
whose ordinary Fourier series diverges on a countably infinite set, or on a 
null set having the continuum power. A. N. Kolmogorov found in 1926 an 
example of (L)-integrable function, whose ordinary Fourier series is divergent 
everywhere-, however, this function is a quite discontinuous one.1

1 Cf. Kolmogorov [l]-[2], Zeller [1]. It. is much easier to give such a trigonometric 
series diverging everywhere whose coefficients tend to zero but the series is not an ordinary 

OO ■ ■
Fourier series. Example: (log k) cos k(x — log log kf See Steinhaus [1], Zygmund [3],

n=2
2 The pertinent results of Carleson [1] have been developed further by Hunt [1], 

showing that Lusin’s conjecture holds also with an extended premise. (Cf. Lusin [2], 
Kahane-Katznelson [1].)

It was uncertain until recent times, whether the ordinary Fourier series 
of a continuous or at least square integrable function may diverge every­
where. (Namely, Kolmogorov’s example does not belong to the class L2.) 
In 1966, however, L. Carleson gave in negative sense a complete solu­
tion of the problem (utilizing very deep considerations) by proving an old 
conjecture of Lusin:

12.4.2 The ordinary Fourier series of any square integrable function is 
convergent almost everywhere.2

This implies, that the divergence points of ordinary Fourier series of any 
continuous function form a null set as well.

There is another (indirect) way to deduce the result 12.J.1: applica­
tion of the Lebesgue functions of (10.1-1), i.e., of the so-called Lebesgue 
constants:

2% w/2
xN = ± l\DN^\ dt = -[

2% J 1 1 nJ smu
o o

(A = 0,1,2,...);

more precisely, of the asymptotic formula

4
XN ~ — log A (A -+ oo).

7rz

(12.4-12)

(12.4-13)
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[Cf. (11.6-5).] This method has the advantage that it may be applied to 
Fourier series of non-trigonometric orthogonal systems, too.1

1 See Fejer [5], Szego [1]; moreover Hardy [6].
2 Cf. Cantor [1], Du Bois-Reymond [2] and De la Vallee-Poussin [1].

12.5 The problem of uniqueness; 
term-by-term integrability of ordinary Fourier

series

12.51 With respect to the connection of the general concept of Fourier 
series with the so-called decomposition problem (cf. 9.6), it is reasonable 
to deal briefly also with specifying the relationship between the coefficients 
and the sum function of convergent trigonometric series.

(I) If for the sum f(x) of a trigonometric series

OO
Ao+ ^(^nCQSM + ^sinna:), (12.5-1)

n=l

convergent at each point of an interval (a, a + 2tt), the “minimal” require­
ment is made that it should be integrable on the line segment (a,a + 2tt), 
whether hence we may conclude that the coefficients of (12.5-1) are the 
Fourier constants in (12.1-2) ?

We have to consider separately the particular case where f(x) vanishes 
identically:

(II) If the sum of a series of the form (12.5-1) equals 0 everywhere in 
an interval of length 2tt, will this imply the vanishing of all the coefficients 
A R 7

The so-called problem of uniqueness may immediately be reduced to the 
latter:

(III) If the sum functions of two trigonometric series are identical at 
every point of a segment of length 2tt, whether does this involve the equality 
by pairs of corresponding coefficients, i.e., that the series in question are 
identical with each other ? (In other words: the sum of a trigonometric 
series convergent everywhere does determine uniquely the coefficients of the 
series?)

12.52 The answer to any of these questions is affirmative, as it has 
been shown in case of (II) and (HI) by G. Cantor., in case of (I) by P. Du 
Bois-Reymond (for Riemann integrable functions), further by Ch. J. De 
la Vallee-Poussin (for Lebesgue integrable functions), respectively.2

The most relevant result of the theory of uniqueness is [cf. (I)]:
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12.5.1 If a trigonometric series converges on a segment of length 2tt 
to an (Z)-integrable function f, then it is necessarily the ordinary Fourier 
series of f.1

12.5.2 (Cantor-Lebesgue theorem)2 In order that a trigonomet­
ric series (12.5-1) should converge on a point set E of positive (L)-measure, 
it is necessary that An 0, Bn 0 as n oo.

12.5.3 (Cantor’s theorem of uniqueness) In order that all coeffi­
cients of a series (12.5-1), convergent everywhere, should be 0, the vanishing 
of its sum function at all but countably many points is sufficient.

1 Example of a trigonometric series which is though convergent almost everywhere, 
but its sum function is not (L)-integrable, so that the series is no Fourier series: 
00 -1 Y) (log n) sin nx.

n=2
2 Cf. Lebesgue [2]. Since the premise of 12.5.2 implies limJAn cos nr+ 

Bn cosni) = 0 (x € E), it is enough to show that the latter condition involves An —► 0, 
Bn - 0.

3 See Riemann [1], Zygmund [1].

From the last proposition we see that to the conclusion An = 0, Bn = 0 
(for every n), the vanishing of the sum for all x is not necessary: the existence 
of an exceptional set s (where the sum function may be / 0) is permitted. In 
general, a linear set s C (0, 2tt) is called a set of uniqueness of (12.5-1), if the 
convergence of this series to 0 for every x £ (0,2tf) — s implies the vanishing 
of all of its coefficients. Such sets can be of quite complicated nature (e.g. 
the triadic set of Cantor — cf. 2.f.5 — is also a set of uniqueness), and their 
full characterization has not been achieved yet. G. Cantor discovered the 
theory of sets through the investigation of sets of uniqueness in the 1870’s.

The most essential common tool of deep research about problems of 
uniqueness is a method found by Riemann (1854). The basic idea of 
Riemann’s theory is as follows: the convergent trigonometric series is in­
tegrated twice formally term-by-term, and from the everywhere continuous 
sum function thus obtained the properties of the original series can be in­
ferred — by applying a suitable generalized derivation procedure.3

12.53 The problem of termwise integration of trigonometric series is 
closely related to the foregoing. We ask: if a series of the form (12.5-1) 
converges on a segment of length 2t to some (Z)-integrable function f, then 
its term-by-term integration on an arbitrary subinterval (si.xj) does always

yield a series converging to J f(t)dt I
ri

Theorem 12.5.1 shows that the series to be integrated may be taken a 
priori as a Fourier series — without loss of generality. In our case, the result 
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will be more in a sense than it could be expected heuristically: it turns out 
that any ordinary Fourier series may be integrated term-by-term, i.e., the 
formal integration of some divergent series of the form (12.1-1)—(12.1-2) 
yields also convergent series. (This is possible, since integrating the generic 
term a multiplicator 1/n is applied, by which the convergence behaviour of 
the series is improved.)

12.5.4 'If /(t)~a0 + E (oncosnt +/3nsini) [cf. (11.1-1)], then for 
n=l

any [xj, x2] C (0,2tt) the integration formula holds:

Un 2oq . . .----------- (smnx2 — smnxi)— 
n

— —(cosnx2 — cosnxi) 
n

(12.5-2)

For arbitrary Xj and x2.'

At any point x € [0,2tt];

, fin / \
— sin nx? — sm nx^)----- (cosnx2 — cos nxi) .
n n

(12.5-3)

where

/(t) dt = (aox + «5) + -(Qn sin nx ~ COS nx^
n=l

(12.5-4)

2tt

/ f(t)(*-t)dt.
Z7T J

0

(12.5-5)

Proof. The ordinary Fourier constants of the integral function 
X

F(x) = J f(t)dt can be connected through integration by parts with the 
o

Fourier constants of /(t) [cf. (7.6-22)]:

1 Cf. W. H. Young [4], Hardy [5].
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2tt

An = — y F(t) cos nt dt = 

o

sin nt

Bn = — y F(t) sin nt dt = — < 

o

— cos nt cos nt dt

1 2
= — an Qo 

n n
(n = 1,2,...).

Since F(t) is absolutely continuous and thus also of bounded variation 
(cf. 7.6.4), this integral function is Fourier expansible in (0,2?r) on the basis 
of criteria 12.3.2—12.3.5. Consequently.

OO
F(x) = Ao + cos nx + Bn sin nx>) = 

n=l

1 
2tt

— cos nx + 
n

(0 < x < 2tt).

an - 2ap 
n

sin nx

(12.5-6)

If in (12.5-6) x is replaced by x2 then by Xi, so it results by subtraction 
in the formula (12.5-2); and for Xi 0, x2 / 2tt, the latter turns into 
(12.5-3) by using (12.4-4).

The extension of (12.5-3)—(12.5-5) to the end points of [0,2tt], i.e., the 
verification of the formula:

(12.5-7)
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oo
is still to be done. Introducing to the right-hand side the series 52 

n=l
(12.4-4)], instead of (% - t)/2, using 7.5.1 and (12.4-5), we may integrate 
termwise. Hence (12.5-7) follows.

* * *

12.54 The termwise differentiation of ordinary Fourier series — un­
like the case of power series — is not permissible in general, since derivation 
increases the order of magnitude of Fourier constants. A pertinent trivial ex-

OO
ample is the formal term-by-term differentiation of the series £ n-1 sinnz 

71=1
OO

(which converges for all a:) yielding the totally divergent series cosna:.1 
n=l

1 Cf. Fejer [2],

Nevertheless, it is easy to obtain a (rather strong) sufficient condition for 
the termwise derivability of Fourier series by applying 12.5.4 to a suitable 
integral function:

12.5. 5 If F(x) G 1(0,2%), F(0) = F(2%) = 0 and F can be written as 
the (L)-integral function of such a continuous function f which is Fourier 
expansible everywhere, then the ordinary Fourier series of F converges to 
this function and may be differentiated term-by-term at every point x G 
[0,2%]. That is, in our case:

OO
F(x) = Ao + 52 (Ancos7ia: + Bnsinnx) (0 < x < 2%), (12.5-8)

n=l
oo

F'(x) = f(x) = 52 (~nAn sin nx + nBn cos nx) (0 < x < 2%) (12.5-9) 
n=l

An and Bn denoting the ordinary Fourier constants of F.

12.6 The conjugate series

12.61 It has been mentioned before (cf. 10.22) that if we consider 
an arbitrary trigonometric series of the form (12.5-1) as the real part of a 
complex power series, then another trigonometric series also occurs , namely

oo
52 (An sin nx - Bn cos nx), 

n=l
(12.6-1)
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as imaginary part of the same power series. Substituting in (12.6-1) An and
Bn for the ordinary Fourier constants (12.1-2) of a function /(t), we get

OO
(an sinna: — cos ns), 

n=l
(12.6-2)

whose name is the conjugate series of the Fourier series (12.1-1). The 
investigation of the convergence of (12.6-2) also requires examination of 
the partial sums, like the treatment of (12.1-1).

Thus we express first the W-th partial sum of (12.6-2) in closed (inte­
gral) form:

N
'^(an sin nx - /3n cos nx) =
n=l

f(t) cos nt dt cos nx

N
^^(sin nx cos nt — cos nx sin nt) dt = 
n=l

N
sin n(x —

n=l

t)dt=^~ / f(t)DN(x -t)dt, 
4tf J

where
N

~ . v ■> , U
Dn(u) = 2 > sin nu = cot----

2
(u 0, ±2tt, ±4tt, ...)

cos(21V + 1)| 
sin j

(12.6-3)

is the so-called ^-th conjugate Dirichlet kernel function.
Hence by the substitution t = x — u and applying transformations 

analogous to those in (12.2-2), we obtain:

(12.6-4)

This is usually called conjugate Dirichlet’s integral.
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12.62 Now, we can easily deduce the counterparts of condition 12.3.1 
for the conjugate series:

12.6. 1 (Pringsheim’s criterion)  If for some fixed x, the quotient 
[f(x + u)~ f(x-u)] fu (as a function of u) is (Z)-integrable in a right-hand 
neighbourhood of the point u = 0, then the series (12.6-2) is convergent for 
this x and has there the sum:

1

1 Pringsheim [1].

1
2tt J

o

f(x) =
u

f(x - u) - f(x + u)] cot - du. (12.6-5)

Proof. The above premise implies immediately [cf. (12.2-10)], that 
[f(x + u)_ f (x - «)] I sin | is also (Z)-integrable in the interval 0 < u < 7r. 
Therefore by (12.6-3)—(12.6-4), the integral (12.6-5) exists as well, and we 
have for every N the decomposition:

1 / U \ “ 1 UsN(x) = f(x) - — [f(x - u) - f(x + u)] (sin -) cos(2N + 1)- du.

But the last integral tends to 0 as N -► oo according to the Riemann- 
Lebesgue lemma 12.1.3, so we get the limit relation

lim sn(x) = f(x). 
N—*oo

(12.6-6)

* * *

12.63 As can be seen from the above, the “natural” sum of the series 
(12.6-2) is not /(x) but f(x), provided that the integral (12.6-5) exists.

Anyway it is obvious that /(x) does not exist at such points x, where 
the limit

6X = lim [/(x + u) —/(x — u)] (12.6-7)
u—*+01

exists and 6X 0 (i.e., where the function f has a jump); then, since 
lim £ cot £ = 1, for u sufficiently small the inequality 

u—+o 2 2

I /(x + u) - /(x - u)| cot | ||6x|u 1

holds. Accordingly, we may expect that at any point of discontinuity, sn(x) 
tends to infinity as A -+ oo, i.e., the conjugate series is divergent.

341



F. Lukacs proved in 1918 not only the latter statement, but also 
succeeded in characterizing the asymptotic behaviour of sn(x) around the 
jumping points of f. His theorem establishes that

sn^ - ----- ^logA (A -»• oo) 7T
(12.6-8)

at any point x where 6X exists; consequently, the total jump (cf. 4.11) 
pertaining to such a point can be written in the form:1

1 Lukacs [1]; cf. also Fejer [7]—[8].

lim —\---- - L.A—co log TV
(12.6-9)

We remark that by theorem 12.5.1, the conjugate series (12.6-2) may 
be considered as the ordinary Fourier series of f(x) in the case, when /(x) 
exists and is (L)-integrable in an interval of length 2%.

12.7 Ordinary Fourier series of some special 
functions and harmonic analysis

12.71 Let us regard some important examples for the utilization of the 
foregoing general results.

As it is well-known, the so-called fractional part of x, denoted by 
{x}, belongs to the periodic functions occurring most often in practice. 
Its definition is: {a:} = x - [x] where [x] ('■''integral part of x”) means 
the greatest integer less than or equal to x. Thus we have for every 
real x : 0 < {x} < 1 (with equality only if x is an integer), furthermore 
the primitive period of {x} is 1. The function {x} has jumps at points 
x = 0,±l,±2,..., while between any two integers it is represented by a 
straight line segment with slope 1; so the diagram of the function looks like 
saw-teeth (Fig. 10).

y={*}

Fig. 10
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[0,1] being taken as the fundamental interval, the ordinary Fourier 
constants of {a;} are, according to the formulae (12.1-4) (a = 0, p = 1):

i J 1
ao — j udu = -,

o

i
an = 2 / u cos 2mru du = 0

0 (n = l,2,...).
i 1

= 2 f u sin 2mru du —-----i WK
Considering that function {x} is differentiable for every non-integral 

value of x, by 12.3.4 we obtain:

{x) = - — — V' — sin2n?rx (x 0,±l,±2,...). (12.7 1)
1 J 2 7T 4—< n

n=l

In particular, inside the fundamental interval the expansion

1 sin2n?rx
2 wk

n=l

(0 < X < 1), (12.7-2)

holds, which follows also from (12.4-4) by substituting x for 2kx.

12.72 If we integrate both sides of (12.7-2) repeatedly (cf. 12.5.4), we 
get important series representations for the so-called Bernoulli polynomials, 
defined successively by the formulae:2

1 Since x = 0, ±1, ±2,. .. are not regular points of {x}, so the function is not Fourier 
expansible at these points. (Cf. 12.32, 13.31.)

2 The first few Bernoulli polynomials can easily be written in explicit form: Bi(x) = 
x-1, B2(i) = ^(sc-l^, B3(x) = ^(x- j) (x-1), B4(x) = &x2(x - ......

B0(x) = 1,

B'r(x) = Br-l(x)
1 •
J Br(x) dx = 0
0

(r = 1,2,.. .).2

(12.7-3)

(12.7-4)
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Since B'^x) = 1 and J Bi(x)dx = 0, the first term of (12.7-2) must be 
o

i

identical with B^x)-, and B^x) = Bi(x) and f B2(x)dx = 0, we see from 
o

(12.7-2) that

= E -7?--(2 - (° < * < !)• (l2-7^)(2n7r)
Hence by integrating again, observing that by (12.7-4) the occurring con­
stant of integration vanishes:

E
°° 2sin2n7rx z z

——-3- (0 < x < 1); (12.7-6)
n=i (2n7r)

and so on.
We deduce from (12.7-2) by (r — l)-fold integration, on the basis of 

conditions (12.7-3)—(12.7-4) the formula: 

2 / 7rr \
Br(x) = - E cos (2nra: - yj (0 < x < 1; r = 1,2,...);

n=1 ™ (12.7-7)

and this may be extended for arbitrary non-integral real values of x, if B^x) 
is replaced by the corresponding function with period 1, i.e., by Br({x}). 

The Bernoulli polynomials and the pertaining so-called Bernoulli num­
bers:

Br = r\Br^ (r = 0,1,2,...) .(12.7-8)
have many applications in analysis; they were introduced in a work of Jakob 
Bernoulli (1713).

The usefulness of (12.7-7) can already be shown by putting in it x — 0 
for an arbitrary even index r. This yields the sum of the “hyperharmonic” 
series in question, namely1

CO p
= ^=1.2,...)? (12.7-9)

n=l ' '

For v = 1 and v = 2, by B2 = 1/6, B4 = -1/30 we obtain:
00 1 2 00 1 4

n=l n=l

1 Formulae (12.7-9), (12.7-10) were discovered by L. EULER in 1736 (in another 
00

way). Note that the summation of the series l/n2"+1 (p = 1,2,...), i.e., the case of 
n=l

odd indices r is a problem of quite different nature. Cf. Mikolas [1],
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From the more general application possibilities of Bernoulli’s polynomi­
als and numbers, we mention the so-called Euler-Maclaurin sum formula:

M-1

52 a™)=
771=0

M N
= f

0
M

+(-1)^ J Br({x})f<N\x)dx (TV = 1,2,...) (12.7-11)

o

as well as Poisson’s summation formula to be discussed later 
[cf. (14.5-24)]. These hold for arbitrary functions f sufficiently smooth, 
and are indispensable in deeper investigations on asymptotics of certain se­
ries.

The Fourier series representations (12.7-7) plainly enable us to deter­
mine also the sums of the corresponding conjugate series in closed integral 
form. (Cf. 12.61-12.62.) Specially for r = 1, by separating the real and 
imaginary parts in the complex logarithmic series.1

1 Here “Log” signifies the principal value of the complex logarithm.

00 ~n -I
Ev = Logr^

and using also (12.7-2) we get the formula

E°° cos2n7ra: , . . , . .
------ = — log(2 sm 7ra?) (0 < x < 1). 

n=l

(12.7-12)

(12.7-13)

12.73 In the next chapter, we shall need a.o. the so-called Hurwitz 
zeta-function C(0,a:), which is closely related to the system of Bernoulli 
polynomials and is important from several points of view, too.

The definition of £(0, x) for 0 > 0, 0 1 and 0 < x < 1 can be written
as follows:

’ M
lim V(a: + m) 

M—+oo
_m=0

-o A/1"0
1-0

(12.7-14)
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Thus for 0 > 1 it is simply

C(0,z) = E (x + m) 0, 
m=0

(12.7-15)

while for 0 < 0 < 1 we have also
OO

= E

m=0

(a; + m) 0
(m + l)1 0 - m1 0 

1^0 (12.7-16)

Since for any fixed 0 > 0, 0 f 1 (12.7-14) is obviously equivalent to 
the representation

((0, a;) - x 9

1
0 - 1

(x + m) 9 -
(m + I)1 0 - m1 9

1 _ 0 (12.7-17)

and the last series is uniformly convergent in 0 < x < 1 by

(m + I)1 0 - m1 9 
1-0

i
< y |(a? + m)~9 - (t + m)e| dt < m~9 — (m + I)-0 

o
(m = 1,2,...), (12.7-18)

so we can establish: <(0,a>) as a function of x is continuous and monotone 
increasing for 0 < x < 1, further tends to infinity for z —► +0 in the order 
x~&.

As regards the variable 0, it is easy to see that for any fixed x, C(&,x) 
is continuous at any point 0 > 0, 0 / 1. Namely, if we fix 0' > 0 and 
0" > max{l,0'}, then it holds for every m > 20":

m 9 — (m + 1) 9 = m 9

Q" 
m®'+1

0 + 1 _1_ 0 + 10 + 2
2 m + 2 3

0" /0"V
1 4------- F I — I + ... 

m J
20" 

m®'+1
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It follows from (12.7-18) that the series (12.7-17) is uniformly convergent 
on the segment 0' < 0 < 0" too, consequently its sum is there a continuous 
function of 0. .

We have to stress that the particular case ((0,1) = ((0), is the so' 
-called zeta-function of Riemann which is defined for 0 > 1 as the sum 

of the series n~&, an^ plays a prominent role in the analytic theory of 

numbers. In "that field it is essential to consider 0 as a complex variable. 
The representations (12.7-14)—(12.7-17), further the continuity of ((0,x) 
with respect to 0 remain valid for all complex values of 0 with appropriate 
real parts, besides ((0,x) is an analytic function of 0 at any point 0^1 
of the complex plane.

Now, we restrict ourselves to the values 0 < 0 < 1. According to 
(12.7-18), the modulus of every partial sum of (12.7-16) is less than x " + 
(1 _ 0)-1 + 1, which G Z(0,1) as a function of x. So the same holds on 
C(0,x) by 7.5.1. If we consider that function of x with the period 1 which 
is identical with ((0,z) for 0 < x < 1 [this may clearly be written in 
the form ((0, {x}) ], then the “periodic continuation” — as a piecewise 
continuous and piecewise monotonic function of a: -is Fourier expansible 
for any non-integral x on the basis of 12.3.5. Let us calculate its ordinary 
Fourier constants pertaining to the fundamental interval (0,1) by means of 
the formulae (12.1-4) as well as of an easy consequence of (10.5-25):1

Jt^^e^dt = r^Xiy3 (A ^0 real, 0 < d < 1). (12.7-19)
o

Using Lebesgue’s theorem 7.5.1, the coefficients looked for can be eval­
uated as follows:

1 Here and later any complex power is to be taken with its principal value.
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= T/l—0)[(—2n7n)®~1 4-(2n7rt)®_1] = 

= r(l-0)(2n7r)0-1 • 2sin — (n=l,2,..

1 Cf. e.g. Whittaker-Watson [1], where (12.7-20) is deduced by complex function 
theoretical methods. The above simple verification has been given by Mikolas [5].

2 See e.g. Titchmarsh [1], [3].

and similarly:

1 CO
bn = 2 j £(0, u) sin 2n7ru du = i J t~& (e2nmt _ e-2nirit} _ 

o o
= ^(l-©)^^™)0-1 -(2n7n)0-1)] =

= P(l—0)(2n7r)0-1 • 2 cos (n = 1,2,...).

Summing up, we obtain the validity for 0 < 0 < 1 and 0 < x < 1 of the 
representation:

C(0, $) = 2F(1—0) (2n7r)0-1 sin ( 2n7rx + ~~ j , (12.7-20)
n=l

which is usually called Hurwitz’s formula.1
Note that the right-hand series also converges in the case when the 

exponent 0 — 1 is not greater than -1, i.e., 0 < 0. (Cf. 12.41 and 
12.42.) Therefore, the connection (12.7-20) can be extended (by analytic 
continuation with respect to 0) to every complex value of 0 whose real 
part is < 1; furthermore (12.7-20) also remains true for any non-integral 
real value of x with C(0,{a:}) instead of C(0,x) on the left. In the case 
x = 1/2, Hurwitz’s formula furnishes the classical functional equation of 
£(0), due to Riemann (1859):2

7T < “/
C(0) = 2(27r)0-1r(l-0) sin —<(1 - 0).2 (12.7-21)

In fact, by the definitions we have for the 0-values mentioned before:
OO

<(0,1/2)= (2® — 1) C(0) and (-1)^-® = (21"® - 1) <(0). 
m=l

On the other hand, by the notation 0 = 1-?? (12.7-20) may be written 
as

00 9 / 9 \

C(1 - d,x) = V ———j COS ( 2n7rx - ; (12.7-22)
(2n7r) \ 2 /
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this holds for i? > 0 and 0 < x < 1. Since the last series is obviously 
a generalization of (12.7-7), the formula (12.7-22) becomes for = r 
(r = 1,2,...), owing to F(r) = (r - 1)! [cf. (10.5-27)]:

((1 - r,x) =-(r - l)!Br(a:) (r = 1,2,...). (12.7-23)
Hence we see that Hurwitz’s function <(0,x) turns for 0 = 0,-1,-2,... 
substantially into B^x), B2(x),..., i.e., the former may also be considered 
as a common extension of the Bernoulli polynomials.

12.74 Let v be a fixed non-integral real number and let Kv(t) denote 
that real function with period 2tt which is in [—vr, 7r] identical with cos(ut). 
This function is plainly even and continuous everywhere, furthermore it sat­
isfies'the conditions of theorem 12.1.2. Therefore Kv(t) is Fourier expansible 
at any point t = x, and its ordinary Fourier series must be a cosine series 
(cf. 12.11), uniformly convergent on the whole number line (Fig. 11).

Fig. 11
The Fourier constants of Kv(t) can also be calculated very easily [cf. 

(12-1-2)]:
a° = h 1 [sinvt 

cos vt dt = — ------
sin tv

Thus

, 1 Cr• cos nt dt = — /7T J 
0

. , x / 1Sin(7TV)-------- 1- 
v + n

v Jt=o tv

cos(u + n)t + cos(v — n)t] dt —

1,2,...).

—

T

1
v — n

. . oosin tv sin tv v— cos me1 1
TV T z—'n=l

v + n v — n

holds, and for the points of the fundamental interval it becomes:
. . oosin tv sin tv v—

cos vx =--------- 1--------- >
TV 7r * n=l

------  cos nx
v — n 1

1 + 
v + n

1

(12.7-24)
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The main significance of (12.7-24) is that it can yield most simply 
an important expansion of the cotangent function. Namely, putting in 
(12.7-24) x = 7T and after multiplying on both sides by tt/ sin(?rv), we get:

(u / 0,±l,±2,...) (12.7-25)

i.e., the decomposition of cotangent into partial fractions, the counterpart 
of the expression of a fractional rational function by means of its partial 
fractions.

From formula (12.7-25) we can derive by elementary transformations 
a number of related results, from which we want to mention here only the 
decomposition obtained by differentiation with respect to v:

tt2 _ £ r 1 + 1
sin2 7tv v2 .(u + n)2 (v - n)2

(u 0, ±1, ±2,...).

(12.7-25) and all of its consequences hold also for any complex, non­
integral value of v; and the convergence of the right-hand series is uniform 
in every bounded closed region of the u-plane not containing the exceptional 
points v = 0, ±1,....

12.75 Like the above, an easy calculation leads to the ordinary Fourier 
expansion of y = | sin x|. This may be regarded as the even function with 
period 2tt which is identical with sin x in the fundamental interval 0 < x < tt.

Accordingly, | sin z| is continuous everywhere and besides differentiable 
apart from the points x = kr (k = 0, ±1, ±2,...). (The latter are obviously 
break points of the function diagram.) Thus by 12.1.2, 12.3-4, the function 
in question is Fourier expansible — moreover uniformly — in (-oo, oo); and 
its ordinary Fourier series is a cosine series owing to the evenness of | sin x|, 
i.e. (3n = 0 for all n. (Cf. 12.11 and Fig. 12.)

Isinxl

Fig. 12
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As for the remaining Fourier constants, we can write:

1
«o = - 7T

sint dt
2

7T

2 [a< = — sin t cost dt =
7T J

0

5 
7T

7T

an = — / sin t cos nt dt = 
J 
o

i + (-i)n /i_£ 
7r \ n + 1 n —

7T

j [sin(n + l)t - sin(n - l)t] dt =

if n = 3,5,7,...
if n = 2,4,6,...

and therefore:

I = J ‘ “x - ... (12.7-26)

(-OO < x < oo).

Specially for 0 < x < tt we have:

2 4 cos2n;r
sinx = - - - 2^ (2n- l)(2n + l)’ (12.7-27)

whence for x = 0 or x = 7T it follows:

1 1 1 = 1
1 -3 + 3-5 + 5-7 + ‘" 2’

while the case x = ?r/2 yields:

7T _ 1 Al 1 1_____ 1__ । 
4 = 2 + kU3 ~ 3-5 + 5-7 7-9

(12.7-28)

(12.7-29)

From the latter we may infer immediately the well-known classical series 
form of 7f/4:

the so-called Leibniz series.
Let us observe that (12.4-3) or (12.4-4) with x = tt/2 imply (12.7-30) 

as well; nevertheless we remark that the convergence of (12.7-29) is better 
than that of the Leibniz series.
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We insert here a self-evident, but useful statement: the ordinary Fourier 
expansion of any trigonometric polynomial Sn(x) is identical with the poly­
nomial itself. [Cf. (3.4-2).] Hereby is meant that all non-zero coefficients of 
Sn(x) yield at the same time the corresponding Fourier constants of Sn(x), 
and all the other (infinitely many) Fourier coefficients have the value 0.

12.76 There are some important special functions among those repre­
sented by trigonometric series where the complex way of writing is favoured 
(cf. 10.22). We are going to deal now with Lerch’s (generalized) zeta­
function, defined for0>O,O<x<l,O<w<lby the formula:1

1 The sum of the right-hand series, whenever it exists, is a periodic function of w
with period 1.

OO
C(0;a:,w) = 

m=0

g2m7riu>

(x + m)0
(12.7-31)

[Cf. (12.7-15).]
It is obvious that the right-hand series in (12.7-31) converges absolutely 

and uniformly for 0 > 1 + £ (e > 0) with arbitrary fixed real w and x > 0, 
because

|e2m^(a. + m)-0| = (a; + m)-0 < (m= 1,2,...).

Hence the continuity of ((0;x,w) with respect to variables x and w, and 
the relationship <(0;x,l) = <(0,x) are shown.

If besides we apply the elementary identities:

= e^-1 (m = 0,1,2,...),
fc=0

[(x + My&e2M^ - (x + I)-0] +

m=l

then by considerations similar to those in 12.73 it can be verified: whatever 
x e (0,1), w e (0,1) may be, the convergence of the series (12.7-31) holds 
also for any complex 0 with positive real part, and ((0;x,w) is an analytic 
function of 0 in this half-plane.

Let us have 0 < 0 < 1 and let us consider for fixed 0 and w G (0,1) 
the following function with period 1:

C(«) = C(6",{«Me2""W (12.7-32)
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We want to show that the complex form of the ordinary Fourier expansion of 
F(u) yields a relevant functional equation for Lerch’s zeta-function, which 
is related to Hurwitz’s formula (12.7-20).

12.7.1 The function (12.7-31) satisfies the three-term relation1

1 See Mikolas [10]. This relation was proved by M. LERCH in 1887 by complicated
tools of complex analysis (contour integration, calculus of residues). See Lerch [1].

- d-x,^ =
= e-tW2 . x _ +

+ e^/2 . 1 _ x)

(0<^<l, 0 < x <1, 0 < w < I).1 (12.7-33)

Proof. Since by the above, u®| F(u)| remains bounded for fixed 0, 
u as u -► +0, we have | F(u)\ G L(0,1), and all complex Fourier coefficients 
of the function (12.7-32) relating to the fundamental interval 0 < u < 1 
may be formed according to (12.1-4) and (10.2-8) (10.2-9).

Using still the integral formula (12.7-19), we get:

ck = J F(u) e-2Ulu du=f <(0; u,u)e2mu^ du = 
0 0

oo
= E

m=0 m

= 7 ree2^~k} dt = F(l-0)[27ri(fc - w)]0-1 

o
(k = 0,±l,±2,...), (12.7-34)

the reversal of order of summation and integration being justified on the 
basis of 7.5.1.

But the uniform convergence of E (x + m) e2m7nw in 0 < x < 1 for771 = 1
fixed 0, w involves the differentiability of ((0;a;,w) in the same interval; 
and this by 12.3-4 assures the Fourier expansibility of F(u) at any point 
u = x. Thus we can write for x G (0,1):

C(0;x,W)e2^= E cke2k^ = 
k=—oo

= F(l-0) E M^-w)]0'1^™, (12.7-35)
k=-oo
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oo oo 0
whence the decomposition = S and the change of notation 0 = 

— oo 1 —oo
1 - i? lead to (12.7-33).

* * *

Note that Hurwitz’s formula (12.7-22) is an easy consequence of 
(12.7-33), if we transform the latter into the form [cf. (12.7-34), 
(12.7-35)]:

i
e2™" <(1 - tf;^) - J\(l - i?;u,w) e2^ du = 

o

= V + w)”’]
(27r) n=l

and apply the limiting process u> —+ +0. The fact that the real and imaginary 
parts of (12.7-31) i.e., the series

00 -0 00 _0
Y) (z + m) cos(2m7ru>) and Y) (x + m) sin(2m7rw) 

m=O m=l

can be regarded as simplest common generalizations of the series given in 
(12.7-7) for the Bernoulli polynomials, as well as of the series occurring in 
Hurwitz’s formula (12.7-22), renders understandable the special significance 
of £(0; x,w) in connection with several problems of analysis, geometry and 
theory of numbers. We add that Lerch’s relation (12.7-33) is also a natural 
starting-point of the theory of so-called zeta-functions of higher order.1

1 This function family was defined and discussed first by Epstein [1], towards the 
beginning of the century.

12.77 It is well-known that trigonometric Fourier expansions of con­
crete functions are used in physics and engineering mostly in connection 
with the so-called fundamental problem of harmonic analysis, i.e., when 
decomposition of arbitrary periodic processes into harmonic vibrations (in 
other words, their representations in terms of so-called fundamental and 
accessorial harmonic frequencies) are looked for.

From this aspect, some preceding examples may be interpreted in vari­
ous ways: 1) the expansion (12.4-3) of (12.4-1) illustrates (apart from linear 
transformations) the voltage distribution between two poles of a Hertz os­
cillator after discharge by means of sinusoidal components and at the same 
time the harmonic analysis of so-called rectangle signs', 2) the representa­
tion (12.7-1) of {z} means so-called saw-tooth vibrations in electrotechnics;

354



3) the expansion (12.7-26) of | sin x| describes the splitting up of sinusoidal 
waves into fundamental and further harmonics at two-sided rectification-, 
etc.

On the other hand, the results of Section 12.7 can also show the utility 
of harmonic analytical methods from a purely mathematical point of view as 
well: Fourier expansions of some appropriate functions open up frequently 
some elegant new paths — sometimes the only possible way — to establish 
important relations, functional equations or to evaluate the sums of certain 
series in closed form, and so on.

Let us refer finally to the fact that trigonometric series are applied in 
the literature also for constructing simple generating functions. (Cf. 10.34.) 
A typical pertinent example: the Bessel functions Jk(t) of integral order 
(see 10.64) can conveniently be defined by the complex Fourier expansion:

£ Jk(t)elkx, (12.7-36)
k= —oo

whence we obtain almost without any calculation all the elementary prop­
erties of A(t), moreover, the famous integral formula

^n(t) - J 

o

sinu — nu)du (n = 0,1,2,...), (12.7-37)

found by Bessel in 1824.1

1 Cf. Bessel [1], Watson [1].

Note that it is easy to deduce from (12.7-37) the “standard” power 
series representation of Jn(f) too [cf. (10.6-6)], namely by expanding the 
integrand in terms of powers of tsinu with termwise integration for n = 0, 
n = 1, and after by induction.

12.8 Series of Haar’s type; equiconvergence 
theorems for Sturm-Liouville series

12.81 The existence of continuous functions with locally divergent 
ordinary Fourier series suggests us the question: whether we can find such 
a special type of Fourier series which represents the function at every point 
of continuity, i.e. for which continuity is a sufficient condition of “Fourier 
expansibility” ?

A. Haar solved this problem affirmatively in 1909, inasmuch as he 
showed that the Fourier series in terms of the base system (10.8-2) pos­
sesses the property just mentioned (plainly very valuable for the applica­
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tions). Moreover, the Fourier series pertaining to Haar’s orthonormal sys­
tem {x^W} of anY (i)-integrable function f:

1
E EiM(>) W = I 

m=0 fc=l L 0
(12.8-1)

yields as regards convergence also “globally” the maximum to be expected.
Formulating in detail:

12.8.1 Haar’s series (12.8-1) converges for almost all x to f(x). This 
holds in particular at every point x where f is continuous, and besides 
uniform in every closed interval of continuity if at the end points f is 
assumed to be continuous from outside as well.1

12.82 The usual verification of theorem 12.8.1 depends on the closed 
form of partial sums of Haar’s series (i.e., on the pendant of Dirichlet s 
integral) and is rather complicated. In what follows we shall give such 
a new and simple proof whose background lies in the connection of the 
orthonormal system (10.8-2) with the characteristic functions (10.8-1).2

1 Haar [1].
2 Cf. Mikolas [11].

First of all, let us establish that Xo^W = X[o,i] and generally: 

xWW = 2m/2 (xd;m - Xd"m) (m > 0, k > 1), (12.8-2)

where

d'km = [(* - , dkm = [(k - 2~m,k • 2 .

(The definition of Haar’s function is extended in a “natural” manner to the 
origin and to all points of discontinuity.)

Now, the partial sums of the series can be rearranged as follows:

40) = = Mo.i] ■ J f^dt,
o

1/2 i
= 2 X[o,i/2] J f^dt + X[i/2,i] f f(t)dt , 

o 1/2 
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and so on. In general, we get by induction:

p j 2771 T
4'M = 7WM+ E SiMW + £ iW’W = m=l fc=l fc=l

= 2-+l £ x^' f fWdt+ 
‘=> L KJ

2"
+Xd" ■ J f(t)dt + 2" ^2 Xdkv ' J f(t)dt,

(C) J k=r+1 (^)
where dkv = d'ky U d'^ = [(k - 1)2-", k • 2~") and 1 < r < 2", furthermore, 
the last sum is to be replaced by 0 for r = 2".

Accordingly, each partial sum may be written in the form:

= E fin
n=l

(12.8-3)

where I1,Z2, • ■ • ,In are all the left closed, right open and pairwise disjoint 
subintervals belonging to a partition of [0,1) and

fin = (Inf1 f f^dt. (12.8-4)
(In)

Thus there is one single subinterval in the system {In} which covers the 
fixed point x € [0,1); let us denote it by ix = [zi,^)- Since then Xix = 1 
and the other characteristic functions in (12.8-3) vanish at point x, the 

u
utilization of the integral function ^(u) = J f(t)dt yields: 

o

22^(^ = flx = -J— 7 f^dt = (12.8-5)
" v ' a:2 - Xi / Xi - x2X1

The limiting process p —»■ oo involves in our case that max|Zn| —* 0 and 
X1 _> x - 0, £2 -* x + 0 (i.e., the line segment ix quasi “contracts” into the 
point z). Consequently, we infer from (12.8-5) by (3.7-2):

lim s^(a:) = ^(a:) = /(a:), 
i/—*oo

(12.8-6)

provided that a: is a Lebesgue point of / e L(0,l). But as we know, almost 
every point x G [0,1) and specially any point of continuity of /(t) is a 
Lebesgue point. (Cf. 7.33 and 7.6.5.)
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Finally, if / is continuous in a subinterval [a, 6] C [0,1) and also contin­
uous from outside at a as well as at b, then to any given number £ > 0 we 
can assign a 8 > 0 such that in [a,b] we have \f(t) - f(x)\ < £ whenever 
\t - x| < 6. Therefore by (12.8-5) for any point x g [a,b]: the inequality

|W)-/M <
^2

—1— [\f(t)_ f(x)\dt <£,
X2 - J

holds if z/ is large enough. This completes the proof.

* * *
12.83 The above argumentation can essentially be transferred to ar­

bitrary Fourier series of Haar’s type, whose base system originates from 
characteristic functions belonging to a suitable partition sequence of some 
finite interval by orthogonalization. In this way, we obtain the following 
counterpart of 12.8.1 for expansions in term of the family °f
orthogonal functions, discussed in 10.84:

12.8.2 (Generalized expansion theorem for series of type 
k )X F°urier expansion of any function f g L(a,b) in terms of the 

system (10.8-5) represents f at every point x g (a,b) where the function 
equals the derivative of its indefinite integral. So this series converges to 
f(x) almost everywhere and, in particular, at all the points of continuity. 
Besides the convergence is uniform in any closed subinterval of (a,b) where 
(the end points included) f is from both sides continuous.

Proof. Let Sm - Sm(x) be a partial sum of the Fourier series in 
question, and let i\,i2,.. - in denote the subintervals of Io = (a, 6) in which 

equals one single constant. Then Sm (as a step function) may clearly 
be written in the form

K
= £ cnXin(x) 

n=l
(12.8-7)

with coefficients depending on the function f.
If f g L^Iq), the minimum property of partial sums of an arbitrary 

Fourier series (cf. 11.1.2) yields immediately

Cn = |in| 1 J f(t)dt (n = 1,2,...,«); 

1 See Mikolas [6].

(12.8-8)
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and this holds also in case of / e L(Iq), f £ L'\l0), since every such function 
is the Z(/o)-limit of appropriate functions {fq} C L2(7o) so that each Fourier 
coefficient of f is the limit for g —► oo of the corresponding Fourier coefficient 
of fq.

1 Cf. Atkinson [1].
2 All these theorems are contained in the doctoral dissertation of A. Haar and have 

been published in the Haar papers [1].

(12.8-7) and (12.8-8) imply that there is a subinterval ix (determined 
uniquely) among in (n = 1,2,..., k), for which x € ix and

= 1^1 1 J f(t) dt. 
(’*)

Therefore, Sm^) -+ fW as max | 0 (p > 2) provided that

x+h
lim i [ f(f)dt = f(x) (h 0), 
h->0 h J

x

which is just the main point of our assertion.
The remaining part of the theorem can be got in the same manner as 

its analogue for the classic Haar expansion.

* * *
12.84 About some other special types of Fourier series in terms of 

further orthogonal systems studied in Chapter 10, we restrict ourselves here 
to certain comments of expository character.

The general theory of “regular” Sturm-Liouville eigenvalue problems 
(outlined in 10.65) enables us to connect closely the asymptotic behaviour 
of pertaining eigenfunctions with certain facts related to the trigonomet­
ric base system. (We mean the so-called Liouville-Hobson asymptotic 
formula.^On this basis, the convergence problems concerning the class of 
Sturm-Liouville series can fully be reduced to the convergence theory of 
ordinary Fourier series. Namely, it can be shown:

12.8.3 (Equiconvergence theorem of Haar) In the regular case, 
at some point, any Fourier series of Sturm-Liouville type converges or di­
verges with the trigonometric Fourier series of the same function, trans­
formed suitably. In the case of convergence, also the sums of the two series 
are equal.

Going still further, the classical results about uniqueness may also be 
transferred to the Sturm-Liouville series just mentioned. (Cf. 12.52)2
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As regards the so-called “singular” case — e.g. expansions in terms of 
Jacobi, Laguerre and Hermite polynomials or in terms of Bessel functions 
— equiconvergence theorems like 12.8.3 can be obtained only much more 
intricately and often on strong restrictions. Thus the more subtle investi­
gation of these kinds of special Fourier series cannot omit some “ad hoc’ 
methods founded on characteristic properties of the pertinent base systems; 
anyway, the main expedients of the theory and the function classes needed 
for convergence criteria are essentially the same as those given for ordinary 
Fourier series. For instance: a piecewise monotonic function can be repre­
sented at any regular point by its Legendre or Fourier-Bessel series in the 
classical sense. (Cf. 10.36 and 10.64.)

As a particularly important field, the convergence theory of most general 
Fourier series in terms of weighted orthogonal polynomials (cf. 10.4) has 
been developed further also very intesively and fruitfully during the last 
decades.1

1 Cf. e.g. Sz.-Nagy [11], Sansone [1], Szego [2], Freud [1].
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CHAPTER 13

SUMMATION OF ORDINARY FOURIER 
SERIES

13.1 Linear summation methods and problems of 
Tauber’s type

13.11 The treatment of convergence behaviour of ordinary Fourier 
series in the preceding chapter — though the pertinent criteria assure the 
Fourier expansibility of functions belonging to wide classes — also revealed 
certain defects of convergence theory. On the one hand, as regards global 
properties of the series (12.1-1), it turned out that this Fourier series may 
diverge everywhere; on the other hand, the punctual continuity of a function 
does not involve the local convergence of its ordinary Fourier expansion, in 
spite of the fact that (12.1-1) can be formed in the case of any (T)-integrable 
function. (Cf. 12.11.)

Thus may be raised the natural question: whether the convergence in 
Cauchy’s sense of a series cq + + C2 + ... i.e., the existence of

s = lim sn = lim (c0 + ex + ... + cn) (13.1-1)
n-H-oo n—+oo

can be exchanged for such an immediate extension of this concept which 
enables us to eliminate the above-mentioned inadequacies?

The answer is affirmative: L. Fejer (1880-1959), who created one of 
the Hungarian analytical schools of greatest international influence during 
his professorial activity in Budapest from 1911 till his death, stated in 1900 
that already “averaging” the partial sums, more precisely forming the limit 
of arithmetic mean of the first n + 1 partial sums

a = lim ----- -(s0 + si + ... + sn) = 
n—too n + 1

= lim co + | 1------7-7 ) ci + ... +
n—♦oo [ \ n + 1 /

(13.1-2)

is a very useful expedient for the indicated purpose. His theorem has been a 
turning-point not only in the theory of Fourier series, but has given a decisive 
impulse to a new field of analysis as well, namely to the general theory of 
so-called summation processes which has nowadays an ample literature.1

1 Cf. e.g. Fejer [10]—[11]; Hardy [7], Knopp [2].

13.12 The common fundamental idea of various summation methods is 
simple: “averaging” finitely or infinitely many partial sums of the series in 
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question by an appropriate transformation of its terms yields an expression, 
whose limit obtained in a suitable sense leads to a unique generalization of 
(13.1-1). Hence it can be seen that every method of summation must satisfy 
the following two basic requirements: 1) in the case of any convergent series 
it may not furnish a sum different from the value (13.1-1) (principle of 
permanence)'? 2) it may not yield when applied to any divergent series a 
sum other than that obtained by any other summation process (principle of 
consistency). Beside these, we still require self-evidently the existence of at 
least one divergent series having a finite sum with the pertinent summation 
method.

The actual summation processes are usually denoted by Roman capi­
tal letters [(A)-method, (B)-method, etc.], while the results of summation 
are indicated mostly by the pertaining letter before the summation sign 

and called briefly in corresponding manner [(A)-sum, 
(B)-sum, etc.]. If there exists the sum of some series in the just-mentioned 
sense, then the series is said to be summable by the process in question; 
thus we speak about (A)-summability, (5)-summability and so on.2

1 It is anyway not necessary that the method should be applicable to all convergent 
series.

2 It is evident that each summation process has a counterpart relating to sequences
by which to a divergent sequence we can attach some value replacing its limit in a classical 
sense. (Namely, we have simply to substitute the partial sums of a series for the terms
of a sequence.) In case of sequences the expressions “limiting method”, “limitability” are
used instead of “summation method” and “summability”, respectively.

13.13 In the following, besides the Cesaro summation of the first or­
der which was defined by (13.1-2) and has also the shorter name “(C, 1)- 
method”, we shall need also a strong generalization of this, the Cesaro sum­
mation of order r [briefly: (C, r)-method], defined for any positive integer 
r by means of the so-called (C, r)-mean of the partial sums sq, i > • • •, n as 
follows:

s s

(13.1-3)

Note that the latter form (containing the terms ck) of the (C,r)-sum 
turns into the ordinary sum s = lim sn for r = 0, so that the convergence n—+oo
(in the classical sense) may be called also “(C, 0)-summability”. Going still 
further, the transformation

n + r - k 
r

r(n + 1 - k)'*
r(n + r + 1 - k) 

r(r+ 1)
(13.1-4)
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[cf. (10.5-25)-(10.5-27)] enables us to extend the definition of (C, r)-method 
to any non-integrai r > -1, and to introduce the notion: “(Consummation 
of fractional order”.

It can be proved that for p < q, any (C',p)-summable series is 
(C, ^)-summable with the same sum; on the other hand, we can always 
find a series whose (C, Q)-sum exists but its (C,p)-sum does not. There­
fore, the effectiveness of the (CoYmethod increases with the summability 
order r. In particular, for -1 < r < 0 the (C, r)-summability does not im­
ply the convergence; hence we see that the (C, r)-method may be regarded 
as a proper summation process only if r > 0.

It should be noted that for r = 2,3,..., the (C, r)-summation is equiv­
alent to the so-called Holder summation of order r [denoted by (H,r)]'i in 
the definition of the latter, the expression after the first limiting sign of 
(13.1-3) is simply replaced by the r-times iterated arithmetic mean 
of so,si,... ,sn. This is a result due to K. Knopp and W. Schnee 
(1907-1909).1

1 For example, cr^P = , etc. The definition of
(H, r)-summation is plainly easier to formulate than that of the (C, r)-method, but the 
former is practically much more difficult to handle than the latter, since the recursive way 
of representation of so to say “conceals” the connection between the (H, r)-sum and 
the terms of the series. Cf. Holder [1], further Knopp [2], Schnee [1].

2 For r = 1, the last statement becomes an elementary limit theorem of Cauchy: the
existence of lim = 3 involves also (sq + si +... + sn)/(n + 1) —► s as n —► oo. Cf.n—»oo
Cauchy [1],

As far as the basic requirements are concerned, it can be immediately 
seen that every convergent series is Cesaro summable of arbitrary order 
r > 0, its (C, r)-sum equalling its ordinary sum.2 Moreover we establish: if 
a divergent series has a Cesaro sum of some order p > 0, then its (C,?)-sum 
for any q > p does also exist and is identical with the former. This means 
that all the Cesaro summation processes of positive order are permanent and 
consistent with each other.

Another very important classical summation process is the so-called
OO

Abel-Poisson summation [briefly (A)-method], In case of a series 52 Ck, it 
fc=o

may be defined by the formula:

OO oo oo
52 Ck = lim (1 - u) 52 skUk = lim 52 ckUk (13.1-5) 

k=o u—i-o fc=0 “->i-Ofc=o

where we have to assume that the convergence radius of co+ciu+c2u2 + ... is 
> 1. [In other words: the last power series must converge for any u G (0,1).] 
According to a well-known limit theorem of Abel, the existence of the sum 
s = co + ci + C2 + ... implies that of the second limit in (13.1-5) and the
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equality in = s; so the iAfisummation satisfies the above principle
of permanence.

Furthermore, every divergent series £ which is (C, r)-summable of 
k=o

some order r > 0, is simultaneously (A)-summable with the same sum. (I he 
special case r = 1 of this assertion is sometimes cited in the literature as 
“theorem of Frobenius”.) Considering that there exist (A)-summable series 
not (C,r)-summable for any r > 0, we may conclude: the (Afisummation is 
consistent with all the Cesaro summation processes and exceeds any of them 
in efficiency.

The Abel-Poisson method has plainly the advantage that it is closely 
related to the theory of power series and thus often allows easy calculation 
of the sum. For instance, the series 1 — 1 + 1 — + ... is trivially (A)-summable 
to the sum 1/2 by

1
1 + u1 - u + u2 - + . (0 < u < 1). (13.1-6)

For the discussion of (A)-summability, however, infinite series are necessaiy, 
unlike the “finite” character of (C, r)-summation.

13.14 Some historical comments: The name of Abel-Poisson summa­
tion refers partly to the above-mentioned limit theorem of Abel, partly to 
the almost simultaneous investigations of Poisson about the so-called har­
monic series of functions, the latter being naturally interlinked with the 
(A)-summability of ordinary Fourier series.1

1 Cf. Abel [1], Poisson [l]-[2].
2 Holder [1], Cesaro [1].

The foundation of summation theory proper was laid during the last two 
decades of the previous century: we have to mention first of all the extension 
of Abel’s theorem for iterated arithmetic means, due to HOLDER., as well 
as Cesaro’s theorem on the (C, l)-summability of Cauchy products.2 At 
the end of the century these results were followed by the discovery of a new 
procedure by E. Borel:

k=o

(13.1-7)

[called in short (B)-method] which is particularly suitable for summing 
power series; moreover, in the early 1900’s the sudden development initiated 
by L. Fejer’s theorem which influenced, along with the theory of Fourier 
series, mainly the research on the so-called generalized Dirichlet series. As 
regards the latter field, a new summation process introduced by M. Riesz 

364



in 1909 has turned out to be of great importance; this is based on the 
iteration of weighted arithmetic means and on transforming the multiple 
sums obtained into simple integrals.1

1 Borel [1], M. Riesz [1]. If {/ik} denotes the sequence of pertaining weights, the 
usual notation of the Riesz method is: F°r deeper historical background of this
subject see also Hardy-M. Riesz [1] and Mikolas [20].

2 Cf. Toeplitz [1], Perron [2].

A few years later, O. Toeplitz (1911) and O. Perron (1920) showed 
that each of the summation processes occurring in practice is of linear 
character, i.e., the sums in question originate from the partial sums of the 
series by linear operations. The general form of the definition of linear 
summation methods can be written as:

OO OO
E Ck = llm S Sk, 
k=0 u0 k=0

(13.1-8)

where {pk(u’)} denotes a sequence of coefficients chosen suitably, depending 
on the parameter u. The passage to the limit u -+ u0 may be either a 
“discrete” or a “continuous” one; in the first case, the values of u run over 
a numerical sequence.2

A theorem of Toeplitz yields a necessary and sufficient criterion in 
order that some summation process of the type (13.1-8) should attach to 
every convergent series the limit of its partial sums as (T)-sum. (Such a 
(T)-method is called to be regular.} The condition in question consists of 
three parts:
1) it should be lim pk(u) = 0 for any fixed index k]
' U—^UQ

OO
2) we should have the limit relation lim E wW = 1;
' u^u° k=0

OO
3) the sequence of all partial sums of the series E | Mk(u)| must be uniformly 

k=o
bounded from above.
The last restriction may be omitted if ^(u) > 0 for each k. This is obviously 
the case e.g. for the (A)-method [with ^^(u) = (1 - u)uk, 0 < u < 1, 
u0 = 1]; for the (B)-method [with ^fc(u) = e~u-uk/kl, 0 < u < oo, u0 = oo]; 
furthermore for any (C, r)-method of order r > 0 where u0 = oo and 

Vk(u) =
r n! . rtn+r-k) 
(n—fc)! T(n+r+l)

0
if 0 < k < n, 
if k > n

with u = n = 0,1,2,....

13.15 A relevant part of deeper theorems of the modern summation 
theory deals with so-called problems of Tauber’s type whose object is to infer 
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convergence from summability on some suitable supplementary condition 
regarding the series.1 The last-mentioned accessory restriction is plainly 
necessary, since the convergence always implies summability according to the 
permanence principle, but the converse is not true.) The name is motivated 
by the fact that the first proposition of this type was found by A. Tauber 
in 1897, related to (A)-summation.2 The counterpart of his result about the 
(C, l)-summation follows from the identity

1 More generally: suppose that some summation process (Ti) is more efficient than 
another method of summation (T2), that is, the set of series summable by the (T2 (-method 
forms a proper subset of the totality of series summable by the (TJ-method. Then any 
theorem is said to be of Tauber’s type which enables us to conclude ( /2)-summability fiom 
(Tj )-summability.

2 Tauber [1].
3 Hardy [1], Landau [1].

Sq T Si T • • • + Sn (^n Sp) ~f~ (Sn Sj ) T • . . T (sn ^n —1 )

n + 1 n + 1
(ci + c2 + ■■• + Cn) + (c2 + •■■ + Cw ) + ■■■ + Cn _

n + 1
Ci -j- 2c2 + ■.. + ncn

n + 1

Since the last fraction tends to 0 by a well-known limit theorem of Cauchy 
when

lim (bck) = 0, i.e., Ck = o(l/k), (13.1-10)
k—too

the existence of
lim = , (13.1-11)
n—too n + 1

which, together with (13.1-10) involves also the existence of

lim sn = s, (13.1-12)
n-*oo

i .e., the convergence of the series co + ci + c2 + ... and the equality s = a.
An improvement of the proposition just verified is, however, not obvious. 

Here the condition Ck = O(l/fc) (i.e., the boundedness of is used instead 
of the o-condition (13.1-10); it will be applied later.

13.1.1 (Theorem of Hardy and Landau)  If a series 53 ck is 
(C,l)-summable and its terms satisfy the condition k=°

3

|q| < v (Q > 0 constant, k > k0 > 1), (13.1-13)
Az

then this series is convergent, and its sum equals to its (C, l)-sum.
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Proof. Let us put for brevity

•So + <51 + • • • + 5n 
— i 1n + 1 

and 
lim an = <r. (13.1-15)
n—►oo

1° Starting from the identity, valid for all m > 1, n > m:

(n = 0,1,2,...) (13.1-14)

(n- m + l)sn - [(n + l)<rn - mcrm_i] -
— (<$n ) 4* (^n $m+l ) 4" • • • 4" (^n ) — Cm^-i 4" 2cm-|_2 4" • • • 4“ (^ m)cn,

we get by a simple calculation:

n 4- 1 ,
, \&nn 4- 1 — rn

m
n 4- 1 - m

1 n—m

E
k-Cm+k ■ 

fc=l

(13.1-16)

Owing to (13.1-13), the latter sum can be estimated for m > k0 - 1 by 
k^m 4- k) = 1 4- % > 1 4- be., by V(m + k) < (n - m^/n as
follows:

n—m
k^m+k 

k=l

(13.1-17)

Since (13.1-15) is also assumed to exist, thus to any prescribed positive 
number £ < 1 we can find an integer mo = mo(e) > 1 such that for 
m > mo 4- 1 and n > m the inequalities hold:

|trm_l - cr| < £2, |<7n - <r| < £2. (13.1-18)

Using now (13.1-17)-(13.1-18), from (13.1-16) we obtain: 

n + 1 - m
|<sn - a| <

n + 1 + m 
n 4- 1 - m

(13.1-19)
n

where

0 < £ < 1; m > max(/co - l,mo(e) 4- 1) = ^; n > m.
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2° On the other hand, let the natural number n be as large that 
we have simultaneously n > 6/e and n > (1 + 2e)i4 i.e., n > Ne — 
max (-,(1 + 2e)p£) holds. Moreover, choose m in such a way that

n1 + E < — < 1 + 2e 
m

(13.1-20)

and therefore n n
-------- < m < ------ • ^lo.i .
1 + 2e 1 + £

This is possible, since 

n n £ n£ ,___ _ _ _____ - — Tt----------------- —   P” 1 . 
1 + e 1 + 2s (1 + e)(1 + 2e) 6

We see that the first part of (13.1-21) implies m > n/(l + 2s) > 
further from (13.1-20) n > (1 + s)m > m; hence (13.1-19) follows for any 
n and m in question.

But in our case:

n + 1 + m _ _______ 2_______ < i + 2
n + 1 — m (m-1n-l) + m-1 £ 

and n + 1~m = h _+1 < _A_ + £ <3e, 
n \ n / n 1 + 2s 6

1 Cf. Hardy [1] and Littlewood [1], respectively.

so by (13.1-9) we can write:

|sn - <r| < E2 + Q • 3s < 3(Q + 1)e (13.1-22)

whenever n > Ne.
The least upper bound becomes 

implies indeed sn cr (n —> oo).
with £ as small as we please, which

* * *
Note that 13.1.1 may be extended to series which are (C,r)-summable 

of an arbitrary positive order r and to (A)-summable series, too.
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13.2 (C, l)-summation of ordinary Fourier series; 
Fejer’s fundamental and approximation theorem

13.21 Now we deal with the application of the (C, l)-method in the 
case of ordinary Fourier series, which opened up new perspectives of the 
development at the beginning of the century, as mentioned above.

Recalling the introduction of investigations about convergence in section 
12.2, we have first to represent an arbitrary arithmetic mean of the partial 
sums sn(x) (n = 0,1,2,...) of the trigonometric Fourier series (12.1-1), i.e.

1 N
aN = n + 1 '

n=0

in a closed form. To that end, it is advisable to transform slightly Dirichlet’s 
integral formula (12.2-2):

2sin 5 sin(2n + l)x
——2---------- du =

2 sin2 |

cos nu — cos(n + l)u 
1 — cos u

du (n = 0,1,2,...).

On this basis we get:
TV x1 f z cos nu - cos(n + l)u , 

= ---- -7 / Vx(u V------- ------- --------— du
v 7 v(N + 1) J “ 1-cosu 

1 
ir(N + 1)

. 1 - cos(N + l)u
V>x\U] ---------------- r ' 1 - cos u

du =

1
tt(N + 1)

fsin(^ + 1)^12 J 
---------—du

Briefly, it holds for N = 0,1,2,...:

o
du =cr^(x)

1
N + 1

sin(7V + l)u 2 
sin u

du, (13.2-1)
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where

„ , . 1 1 - cos(TV + 1)«HM = —---------- ---------------- 
v 7 N + 1 1 — cos u

1 rsin(7V + 1)^12 
N + 1 [ sin | (13.2-2)

is the so-called TV-th Fejer kernel function. We have to stress that this latter 
function possesses an important property lacking in the case of Dirichlet’s 
kernel, namely the non-negativity:

> 0 (0 < u < 7r). (13.2-3)

Observe that Fejer’s kernel satisfies at any point u 6 (0, tt] the inequality 
| Hn(u)\ < (TV + I)-1 (sin |)~2 so that

lim = 0 (0 < u < 7r),
N—>oo

(13.2-4)

but

= VT7 £ D“(°) = WT B2" + !) = * + !-“ (IS-2’’) 

IN L —* TV t 1

as N —► oo. Furthermore, since for /(u) = 1, g>x(u) = 1 we have sn(a:) = 1 
(n = 0,1,...) and trN(x) = 1 (TV = 0,1,...), the formula (13.2-1) yields:

fHN(u)du = 7r (TV = 0,1,2,...), 
o

(13.2-6)

in accordance with (12.2-6).
We shall need still the following trivial consequence of (13.2-1) and 

(13.2-6), valid for an arbitrary real number a:

a =
7T

/ [(^(u) - a] H]\i(u)du -

1
N + 1

sin(TV + l)u 2 
sin u

du

(TV = 0,1,...). (13.2-7)

The integral in (13.2-1) or (13.2-7) is called Fejer’s integral. By 
(13.2-4)—(13.2-5), this is also an example of singular integral, whose ex­
ceptional (singular) point lies at u = 0. The fact that Fejer’s integral is 
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much easier to handle than Dirichlet’s one, is due primarily — as will be 
shown — to the property (13.2-3) of the pertaining kernel.1

1 Cf. Fejer [12],
2 Fejer [1], [3],

13.22 Using the above, we can deduce simply:
13.2. 1 (Fejer’s fundamental theorem and approximation 

theorem)2
(I) The ordinary Fourier series of a function f(t) is (C, l)-summable at 

any point x of continuity or of discontinuity of the first kind, its (C, V)-sum 
equalling /(x) and |[/(a: + 0) + f(x - 0)] , respectively. In particular, we 
have at any regular point of f:

<Mz) f^ (N -> oo).

(II) If the function f is continuous at every interior point of an interval 
(a,b) and on both sides at its end points a and b, then a^{x) (N = 0,1,...) 
tends uniformly to /(x) in the whole interval [a,b].

Proof. 1° Suppose that x is a point of continuity or a point of 
discontinuity of the first kind of f and put a = | [/(^ + 0) + f(x - 0)] ; 
consider a decomposition of the first integral (13.2-7) into two parts, taken 
on the subintervals [0,^] and [6,7r] with 0 < 6 < 7r.

Since the definition of implies

^(u)-<7 = |[(/(x+u) + /(i + 0)] +|[/(x-u)-/(a:-0)] 0 (u +0),
z z

having £ > 0 given, there exists a positive number 6 = £(e) such that 
|^(u) - < f (0 < u < £).

After fixing 6 in this manner, using (13.2-3) and (13.2-6) we can write:

6
I [^(u) - a] HN(u)du

and using (13.2-4) the inequality is obtained:

7T

< i---------- -—-------  / I <px(u) - o\ du < f-,

o
provided that N is large enough, say N > A0(e).
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Thus, from (13.2-7) we obtain:

< | + | = e
which involves assertion (I), since £ > 0 may be chosen arbitrarily small.

2° If function f is continuous in a segment a < x < b including the 
conditions /(a - 0) = /(a) and f(b + 0) = f(b), then, by Heine’s theorem, 
another number 6 > 0 can be attached to any £ > 0 so that

I f(x ± u) - /(x)| < - (a < x < b, 0 < u < £).

Consequently, for the values x and u we have:

|^(u)| = |^(u) -/(r)| <

< M -/Ml + |/(^-w)-/(x)|] < |.

Now, replacing ^(u) - a by [cf. (12.2-4)] in the preceding argu­
mentation and utilizing

we have | - /(r)| < £ at all points x G [a, 6] simultaneously, if only
N is sufficiently large.

Part (II) of the theorem about uniform approximation is verified too.

* * *

13.3 Some consequences of Fejer’s theorem

13.31 Let us deal with direct applications of Fejer’s theorem!
1 ) For any convergent series being also (C, l)-summable and its sum in 

the classical sense equalling its (C, l)-sum, it follows that: if the ordinary 
Fourier series of a function f is convergent in some interval, then its sum at 
a point of continuity cannot differ from f(x), and at a point of discontinuity 
of the first kind it has necessarily the value | [f(x + 0) + f(x — 0)] .

We note that the analogue of this property does not hold for power 
series: if a real Taylor series is convergent in some neighbourhood of the
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expansion point, its sum there must not be equal to the corresponding value 
of the expounded function.1 The simplest pertinent example was found, as 
is well-known, by Cauchy: the Maclaurin series of the function

1 We know that the sum function of a power series is not only continuous but also 
derivable, besides however many times differentiable inside its domain of convergence.

2 Cf. Gibbs [1], 258-260.

gW =
e-l/x2 
0

(13.3-1)(x 0)
(x = 0)

has the form 0 + 0- x-f-0-x2-|-... and represents the function identically 
zero; therefore this sum differs from g(x) at any point x 0.

2 ) If a function f(x) (having the period 2tiJ is bounded on a closed 
interval of length 2tt, and its range of values is contained in a segment 
[m, M]; then the same holds for the arithmetic means cry^x) (N = 0,1,2,...) 
associated with the ordinary Fourier series of f.

The assumption m < /(x) < M (-7T < x < tt) involves also 
m < ^(u) < M (0 < u < 7r). Thus by (13.2-1), (13.2-3), (13.2-6) and 
using the first mean value theorem of integral calculus we get:

o o o

i.e.
771 < 0W(x) < M (-^ < X < 7r). (13.3-2)

1 3.32 It is to be stressed that the partial sums sjv(x) of the Fourier 
series do not possess the property in question: some bound of /(x) is not 
necessarily a bound of sy(x) (N — 0,1,2,...). This is clear already in 
the case of the elementary example (12.4-1): on the one hand we have 
-7t/4 < C(x) < 7r/4 for all x, on the other hand e.g. the second partial sum 
of the ordinary Fourier series of C(x) : Si(x) = sinx takes values over tt/4 
and under —7r/4 alike, as a.o. ±1. [The above argumentation cannot be 
transferred to the case of Dirichlet’s integral, because the Dirichlet kernel is 
not of constant sign, as contrasted with Hy^u).]

At this point, we have to mention a sort of “irregularity” in the be­
haviour of partial sums sy(x) as A -+ oo, called Gibbs phenomenon after 
its discoverer (1898).2 According to this, the partial sums sy(x) in the case 
of a function of bounded variation always “overreach themselves” near to 
any discontinuity of the first kind in the sense, that lim My is larger, N —*oo
lim my is smaller than the limit of the function from the corresponding 

N—too
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side, Mn and denoting that local maximum or minimum of sn(x) which 
is next to the actual point of discontinuity. An illustration for the above: 
for C(x) in the vicinity of the origin we have C(±0) = ±?r/4, and on the 
other hand:

Fig. 13

and

(Fig. 13.)

1 3.33 Further pertinent observations:
3) On the basis of proposition 13.1.1, we can conclude from Fejer’s 

theorem the convergence of Fourier series, provided that some additional 
coefficient conditions are known. Thus e.g. Jordan’s criterion 12.3.2 or 
Dirichlet’s criterion 12.3.5 can easily be obtained from 13.2.1 by using the 
estimates (12.1-8).

Generally, recent literature often presents such building up of the con­
vergence theory of trigonometric Fourier series where Fejer’s elegant result 
is the starting point of the treatment, and the classical convergence criteria 
are deduced therefrom by means of certain ideas of Tauberian type.

4) The approximation theorems of Weierstrass (cf. 3.f.l) are simple 
corollaries of 13.2.1 (II).

Application of Fejer’s approximation theorem in the case of a function 
f with period 2tt and of the fundamental interval [0,2tt] yields immediately

\f(x) - aN(x)| < e ( — 00 < X < oo), (13.3-3)

E > 0 being as small as we please and N = N(e) denoting a sufficiently large 
integer. Since the mean aiv(x) is plainly a trigonometric polynomial of at 
most A-th order, herewith we proved not only the assertion 3.J.1 (II) but 
also a little more, since direct procedure for constructing the approximation 
polynomial in question has also been presented.

As regards an approximation by entire rational functions, this case can 
be reduced without difficulty to the former: if F(u) is a given function which 
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is continuous for u £ then we construct therefrom an everywhere 
continuous, even and periodic function f satisfying /(x) = F (a +
(0 < x < tt), f(-x) = fix), f(x + 2tt) = fix') (-00 < x < 00). (The range 
of values of f relating to [0, %] is obviously identical with that of F relating 
to [a,ft].)

After these, we consider a trigonometric polynomial aN(x) = Ao + 
(Ai cos x + Bi sin a) + ... + (Ajv cos Nx + BN sin N x) of order N such that

|M®) - f^\ (—00 < x < 00). (13.3-4)

If the Maclaurin expansion of (Tjvk) is denoted by

aN(x) = + c^z + ... + + ... (-00 < x < 00), (13.3-5)

and Q„N\x) signifies the i/-th partial sum of the right-hand series, then we 
have for every x and v sufficiently large:

(13.3-6)

Connecting now (13.3-4) and (13.3-6), we obtain

+ W(») - <
£ £ , ,

<------- 1------- = £ (—OC<X<OO)
2 2 v 7

and in particular

p(a+~—-aA - <£
\ kJ

(0 < x < tt),

if only the integers N and p are chosen large enough. Hence by the notation
x = 7r(u - a)/(b - a) we get

< £ (a < J < b), (13.3-7)

which implies 3.J.1 (I), because the subtrahend on the left is an entire 
rational function of u.
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13.4 Lebesgue’s summation theorem and other 
generalizations

13.41 A few years after Fejer’s fundamental results, Lebesgue suc­
ceeded in extending them considerably on the basis of his own new inte­
gral theory. First of all, he showed that the (C, l)-summability of ordinary 
Fourier series holds not only at points of continuity or of discontinuity ol 
the first kind, but more generally at each point where the so-called absolute 
integral mean of the function exists.

The pertinent definitions are: /(t) has a (local) absolute integral mean 
at a point t = x and this is equal to a number a, if the limit condition

lim 1 /\f(t)-a\dt = 0
I—*4-0 2/ J

x—l

(13.4-1)

holds. Is (13.4-1) valid without the sign of absolute value, i.e., in case of 
the existence of

a:-)-/

lim
z—+o 21

(13.4-2)

f has at x an ordinary integral mean, equalling a. [Accordingly, the con­
dition (13.4-1) implies (13.4-2) but the converse is not true; furthermore, 
both of the mentioned local integral means exist at points x where f is 
continuous or has a discontinuity of the first kind, when o — f(x) and 
a = % [f(x + 0) + f(x - 0)] , respectively.

The above main result of Lebesgue has the straightforward and impor­
tant consequence, that the ordinary Fourier series is (C,l)-summable to 
f(x) almost everywhere. Therefore we see: the “anomaly that a trigono­
metric Fourier series may diverge on a linear set of positive (L)-measure 
or everywhere (cf. 12.45), can wholly be eliminated by substituting partial 
sums for their arithmetic means.

13.42 Formulating in detail, we are going to treat the following propo­
sition found in 1905:

13.4.1 (Lebesgue’s summation theorem) If a function 
f e £(0,2tt) satisfies (13.4-1) at some point x, then there the ordinary 
Fourier series of f is (C, Ifisummable and its (C, l)-sum has the value a.

1

1 See Lebesgue [5]-[6].

Specially for cr - f(xfi (13.4-1) is fulfilled almost everywhere.
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Proof.1 Since for any h > 0

the condition (13.4-1) implies that

du — 0 {h +0). (13.4-3)

1° From the representation (13.2-7) of Fejer’s integral, we conclude by 
the elementary inequalities sin u > 2u/tt (0 < u < tt/2) and (1 + u)| sin u| < 
2u (u > 0) for every positive integer N:

7r/2
2 [ n2N

^-i(^) - ^1 < - y I <Px(2u) - du =
o

ir/2
/ N

= 2tt / I 0?r(2tl) - crI----------- x du.J 7 1 (1 + Nuf

1 We present here a verification due to L. FejSr, which is much simpler than the 
original proof of Lebesgue. (Cf. Fejer [9].)

But integration by parts yields:

tt/2

du =
0

where
u

^(u) = 71^(27) - cr| dr, ^*(u) = ^u)/u. 
o
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Hence we get by

7V2u N Nu N
(1 +Wu)3 ~ (1 + AM2 ' ^ + Nu (1 + Nu)2

(u > 0).

the inequality

tt/2
I ax-M®) ~°\<^ / I ^(2r) - <t| dr+

0

(13.4-4)

Now, the first term on the right obviously tends to 0 as N -* oo, so to 
any £ > 0 we shall have

crj dr < E, (13.4-5)

if N is sufficiently large. For estimating the second subintegral in (13.4-4), 
let us split up it into two parts, taken on [0,0] and [5,tt/2].

Concerning these, we begin by establishing that Jim^M = 0 owing 
to (13.4-3). Thus ^(u) < £ (0 < u < <5) holds for 6 small enough and also

6 rl2

/
N f N^(u)------------X du < £ / ---------- "5 du < £.A \1 + Nu)2 J (1 + H 

0 o

On the other hand, after fixing 6 as above, we can write:

ir/2 *72

6 S

< —-r max ^(u) < £• N62 ueM2| 7

(13.4-6)

(13.4-7)

From (13.4-4)—(13.4-7) we see that JimJ (Tyv-iM — = 0, which is

equivalent to the main part of the assertion.
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2° If we have at a point x:
x+h.

I™ | [ IM-/H dt = 0 (MO), (13.4-8)
h-+0 a J

x

i .e., a Lebesgue point of f is concerned [cf. (7.3-6)], then by

f dt = 

x—l

the function f has an absolute integral mean at x, namely /(#)•
But we know that (13.4-8) is fulfilled for a.a. x (cf. 7.6.5); consequently 

the condition (13.4—1) [assuring by the above the (C, l)-summability to f(x) 
of the ordinary Fourier series] holds almost everywhere as well.

* * *

13.43 Note that both theorems 13.2.1 and 13.4-1 are valid also for 
arbitrary (C, r) (r > 0) summation instead of (C, l)-summation, as was 
shown in the period 1909-1913 partly by M. Riesz, partly by G. H. Hardy 
and S. Chapman.1 Since the case r = 0 may be identified with the classical 
convergence, we can say that the ordinary Fourier series is a.e. “nearly 
convergent” in a sense.

1 Cf. M. Riesz [1]—[3]; Chapman [1], Hardy [2],
2 This makes clear that the (C, l)-summability of ordinary Fourier series depends 

primarily on a certain “levelling” of deviations caused by averaging — independently to 
some extent of sign alterations, too.

A quite different way of further development is the so-called “ strong 
Cesaro summation” of Fourier series, introduced by G. H. Hardy and 
J. E. Littlewood in 1913. The pertinent main result states that for 
N —► oo not only the difference

1 N
wW - . (13-4-9)

n=0

but also the arithmetic mean of the corresponding deviations, i.e.,

(13.4-10)
n=0

tends to 0 almost everywhere and in particular at any point of continuity of 
Moreover, this assertion may be extended to trigonometric Fourier series 
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of functions f for which \ f\p (p > 1) is (T)-integrable, and the deviations in 
(13.4-10) are replaced by | sn(x) - /(a:)]P (n = 0,1,..., N).1

1 See e.g. Hardy-Littlewood [l]-[3] and Carleman [1], Marcinkiewicz [1].

During the last decades, other “finite” methods of the type (13.1-8) have 
also often been utilized in harmonic analysis. Concerning this direction, let 
us refer e.g. to the papers [4], [7], [8], [10] of B. Szokefalvi-Nagy.

13.5 Summation of ordinary Fourier series by 
the Abel-Poisson method

13.51 The application of the Abel-Poisson summation to Fourier series 
is also relevant both from theoretical and practical points of view.

According to the definition (13.1-5), let us start from the so-called 
harmonic function series

OO
oo + 22 Pn(an cos nx + /3n sin nx) (0 < p < 1), 

n=l
(13.5-1)

an (n = 0,1,...) and (n = 1,2,...) signifying the ordinary Fourier 
coefficients of a function / on [0,2?r]. Since an —>■ 0, /3n —* 0 by the Riemann- 
Lebesgue lemma, the inequality holds for n large enough and for every real x

\pn(an cos nx + sin nx) | < pn(|an| + |Z?n|) < pn-

Thus (13.5-1) is uniformly convergent in -oo < x < oo for a fixed p £ (0,1); 
its sum function will be denoted by U(p,x).

Entering the value of Fourier constants and using the identities
OO

l + 2^pnein0 =
n=l

2_____} = 1 + pei&
1 — pe'& 1 — pel& ’

00 1 + oei&
1 + 2 cosnO = Re T = 

n=l '

1-P2
1 - 2p cos & + p2

(13.5-2)

we get the closed form of U(p,x):

U(p,x) = — I f(t) dt + y pn ■ — J f (t)(cos nt • cos nx + sin nt • sin nx) dt = 

0 n=1 0
oo

1 + 2 y pn cos n(x - t) 
n=l
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2pcos(x - i) + p2

This becomes by the substitution u = x - t:

If 1 ■

Up’x = 2^ J 1 — 2p cos
— 7T
7T

=~ y <px^pp^ du, 

0

where 

(® -1) + p2 dt

(13.5-3)

,2
(13.5-4) 

u + p*
is the so-called Poisson’s kernel function.

The integral in (13.5-3) is named Poisson’s integral. This is another 
example of singular integral with singular point at the origin. Since Pp(u) —> 
O' (p -> 1 - 0) if 0 < u < tt, but

The most important property of the kernel (13.5-4) is — like Fejer’s 
kernel function — positivity, namely its denominator may be written in the 
form: 2

1 — 2pcosu + p2 = (1 — p)2 + 4p(sin > 0. (13.5-5)

Furthermore, (13.5-3) yields for f(t) = ^(t) = 1 the integral formula:
7T
J Pp(u) du = 7T.

0

(13.5-6)

Finally, by (13.5-5) we see from (13.5-4) that Pp(u) is a monotone decreasing 
function of u in the interval 0 < u < tt.

13.52 From the foregoing we can deduce a pendant of the Fejer- 
Lebesgue theorem 13-4-1 which contains, however, the more general con­
dition (13.4-2):

13.5.1 If the limit a given by (13-4~2) exists for a function f € L(0,2tt) 
at some point x, then there the ordinary Fourier series of f is (A^-summable 
and its (A^-sum equals a.
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This. condition (13.4-2) is fulfilled specially at any point where the 
derivative of the integral function of f exists and has the value a; there­
fore it holds in case of a = f(x) almost everywhere.

Proof. Let us observe first that by

(13.4-2) is equivalent to

Thus the function
u

(13.5-7 )

dr
o

multiplied by u-1 tends to 0 as u -» +0; therefore to any given £ > 0, 
however small, we can find a number 6 £ (0, tt) such that

|<Mu)| < ju (0 < u < 6). (13.5-8)

This 8 being fixed, consider now on the basis of (13.5-3) and (13.5-6) 
the decomposition

Integrating by parts, the first term here becomes:

{
8
I du

0 
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where by P'(u) we mean dPp(u)/du, and -P'p(u) = |Pp(u)| since Pp(u) is 
monotone decreasing. Using still the transformation

8 8
Jn[-p;(u)] du = -6Pp^ + / Pp(u)du, 
0 0

we obtain by (13.5-8) and (13.5-6) the inequality:

(13.5-10)

On the other hand, the fundamental properties of the kernel function 
imply:

7T 7r
if i r. s

1^1 < - \<Px(u)-a\Pp^du < -Pp^ \<px(u)-a\ du < (13.5-11)
7T J ' J £

8 0 

provided that 1 - p is sufficiently small.
The formulae (13.5-9)—(13.5-11) together yield:

-a| < - + - = e,

i.e., it follows that
lim U(p,x) = a. p—»i—o

The remaining part of the assertion is a consequence of the trivial 
inequality 

and the fact that any (T)-integrable function equals a.e. the derivative of 
its indefinite (Z)-integral. (Cf.

* * *

13.53 We have to emphasize that 13.5.1 can be generalized consider­
ably: the existence of the ordinary integral mean (13.J-2) assures not only 
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the (A\summability of the series (12.1-1) but also its Cesdro-summability 
for any order r > I.1

1 The (C, l)-summability, however, does not follow: to that end, the stronger 
(13.4-1) condition should be necessary. Some historical notes on this topic: the ana­
logue of 13.5.1 concerning Cesaro summation is to be found for the case r = 2 also in 
the paper [3] of H. LEBESGUE, while the extension to any order r > 1 is due to W. H. 
Young [5]. (See further B. Sz.-Nagy [12].)

2 For any square integrable function, the general Fourier series in terms of an arbitrary 
orthonormal base system is simultaneously (Tl)-summable and (C, r)-summable, whatever 
r > 0 may be. (Cf. Zygmund [l]-[2].)

Note still that the implication (C, r) (r > 0) => (A) (cf. 13.13) renders 
it possible to transfer all the results about Cesaro-summation of Fourier 
series — such as Fejer’s theorem — to the case of (A)-summation. (The 
proposition obtained so can mostly be verified without difficulty in a direct 
manner, namely by use of Poisson’s integral, too.)2

The most important application field of the (A)-method is the theory 
of harmonic functions, and a classical boundary problem of mathematical 
physics, the so-called Dirichlet’s problem regarding the Laplace equation in 
the plane. Here we refer to the well-known fact from complex analysis that 
the generic term in the representation (13.5-1) of U(p,xf where p and x are 
to be considered as polar coordinates, is at the same time a harmonics with 
respect to the rectangular coordinates ( — pcosx, g = p sin x in the sense 
that it satisfies the two-dimensional Laplace equation.

13.6 Application of the recent (P)-method

13.61 The Cesaro and Abel-Poisson summation methods enable us to 
eliminate the insufficiencies of the convergence theory of ordinary Fourier 
series, mentioned in this chapter; moreover, the results obtained assure the 
summability of the series not only at any regular point of the function, 
but almost everywhere, too. The processes in question are Fouriei' effective 
in the sense that they assign to the Fourier series a.e. the corresponding 
function value as a sum.

In spite of all these, the summation theory of ordinary Fourier series may 
by no means be regarded as finished. On the one hand, there exist rather 
simple real or complex Fourier series which are neither by (C, r)-methods, 
nor by the (A)-process summable at some single points. An example is 
yielded by the series

OO
52 (n-1-,T cos nx + bn sin nx) (r 0 real, ^2 62 < oo), (13.6-1) 

n=l

becoming for x = 21/^ (t/ = 0,±l,±2,...) the well-known divergent series 
52 n-(1+,T). The latter cannot be either Cesaro summable of any positive 
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order or Abel summable, otherwise the proposition 13.1.1 and its extension 
due to Hardy and Littlewood would imply the convergence of the series.1

1 Note that there exist also nowhere (A)-summable orthogonal series whose coeffi­
cients are positive and monotone decreasing. Cf. Alexits [2], p. 143; Tandori [2]/II.

2 See Mikolas [7].
3 This summation method was first applied to trigonometric series by the author; cf. 

Mikolas [6]—[8]. For further special literature references see Zeller [2].

On the other hand, each of the criteria dealt with, even the most general 
among them namely that given by (13.4-2), presents merely a sufficient but 
not necessary condition of summability; furthermore it is easy to construct 
a step function whose local integral mean as a limit [cf. (13.4-2)] does not 
exist at some point. For instance, it is easy to see that if we consider the 
indefinite (L)-integral of the function defined on (0,7r) by

, . ( —1 for 2ir/3k+1 < x < 7r/3fc (k = 0,1,2,...),*H+1 for )r/3fc < a: < 2t/3 (fe = 1,2,...) (13'M)

and hence continued to be even and periodic with the period 2tt, so this 
integral function has neither unilateral derivatives nor a (symmetrical) 
derivative of the type (13.4-2) at the points x = 2vx (p = 0,±l,...) 
(Fig. Ijff2

Fig. U
13.62 All these justify the investigation of a subtle summation process 

(quasi “made to measure” for Fourier series) which 1) exceeds in efficiency 
all the methods of summation discussed hitherto; 2) permits a very simple, 
necessary and sufficient criterion of summability. This process will be called 
(D)-method, because its definition contains an ordinary Dirichlet series of 

oo OO
the form £ ck ’ W (^)-sum of a series £ Ck is given by the

k=l k=0
limit formula:3 00 00

(D) £cfc = Co + lim Yck-k-\ (13.6-3)

where we have to assume the convergence of the right-hand series for 1? 
sufficiently small.
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We shall need the notion of the so-called Hurwitz zeta-function intro­
duced in 12.73 and the Hurwitz’s formula in the form1

((1 - tf,®) = 2(2tt) ^s{2nirx-~)
n=l

(0 < I? < 1, 0 < X < 1); (13.6-4)

furthermore an estimate following from the definition of C(0,x\.

|C(0,a:)|<x-0+(l-0)-1 + l
(0 < 0 < 1, 0 < x < 1). (13.6-5)

If we substitute x for 1 - x in (13.6-4) and combine the resulting 
formula with the original one, then we get with the notation x = t/2tt 
the convergence of the fundamental cosine series

cos t + 2~’5 cos 2r + •.. + n"9 cos nr + ...

for0<tf<l,0<r< 2tt, as well as the representation:
OO

cos nr =
n=l

= (cos t) ’’ r^~' {< 0 - s)+c t1 - 1 - s)} •

Hence it is evident that the sum of cos nr is continuous in 
the interval 0 < t < 2?r and majorizable by an expression of the form 
const.{r^-1 4- (2tt - r)*5"1} , consequently also (Z)-integrable. We assert 
the same for all partial sums of the series with a common constant factor 
(depending on t? only).

In fact, for 0 < r < ?r we can write by the abbreviation v = [7] + 1 
immediately:

v—1 V y1 i 'll— irl—^

cos nr < J t dt - y ,
n=l 0

further, a consideration wholly analogous to that preceding the inequality 
(12.4-5) leads to

1 Let us note the fact that (13.6-4) is actually a particular case of Lerch’s relation 
(12.7-33).
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Since the case it < t < 2tt may be reduced by substitution t — 2tt - t 
to the former, we obtain finally for N > 2, 0 < t < 2tt:

n cos nr 
n=l

, / . , 1 I _l-l5 1 _tf-l I CO-
V +(2tt-t) ),

and the indicated result follows.

13.63 Now, having in mind the definition (13.6-3) of the (7?)-method, 
let us form the trigonometric series

OO
ao + 52 n~\an cos nx + (3n sin m) 

n=l

(0 < d < 1, 0 < a: < 2tt), (13.6-6)

on, denoting the ordinary Fourier constants on [0,2tt] of a bounded 
(Z)-integrable function / (with period 2tt).

By the above, the closed integral expression of (13.6-6) may be written 
as [cf. (12.2-2)—(12.2-3)]:1

1 Note that by decomposition in two terms and suitable substitution we have:

27T
[ ft* - r) k fl - ( fl - tJ,l - dr =

J I \ 2rr/ \ It) J
0 

2%
y J f(x - v) + f(x + ( (1 - i?, dv.

0
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where

Z^v) = 1 + (2%/ (cos y) 'iW'i; (1 - y) . (13.6-8)

As regards the inversion of integration and summation, we have to 
stress: 1) the existence of the integral (13.6-7) is always assured by the

OO

boundedness of /(t) and because the sum of the series 52 n^ cos nr as a 
n=l

function of t belongs to 1(0,2%); 2) the foregoing estimate of the partial 
N

sums ^2 n~^ cos nr justifies termwise integration in the first term on the 
n=l

basis of 7.5.1] 3) this involves simultaneously the convergence of the series 
(13.6-6) for all values of r? and x in consideration.

Taking into account the properties of ((0,u), we see that (13.6-7) is 
again singular integral with one single exceptional point at v = 0. Namely 
we can write on the basis of formula (12.7-17), using the uniform conver­
gence of the series occurring there:

(tf^ +0).

It follows for the kernel function Z$(y) at any fixed v g (0,2%): 

lim Z#(v) = lim
)_,+O i?—+0

1+(2%/
-i

+1)-1

= 1 + lim>+o

On the other hand, Z^v) is not defined at the origin according to 
(12.7-16)—(12.7-18); more precisely, Z^v) becomes infinite for v —> +0 
in the order of id5-1. Furthermore, Z^(v) is a continuous and monotone 
decreasing function of v in the interval 0 < v < 2%.

The most important fact is that after subtracting an appropriate term 
bearing the “singularity” at v = 0, the remaining part of the kernel function 
already tends uniformly to 0 in 0 < v < 2% as d —+ +0. Owing to 
(12.7-17)—(12,7-18) and using (10.5-26), we get the inequality:
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/ -1
Z^(«) — 2?r( cos — J FW'v9-1

1 Cf. Mikolas [8].

l + (2%)”(cOSy) r^y1

+ (2.) («s-J 7^,: (13.6-9)

and both terms of the last bound (independent of v) tend to 0 with d.

13.64 After these premises, we can treat the pertinent summation 
theorem of the author1:

13. 6.1 (I) The ordinary Fourier series of a bounded function fit) is 
(D)-summable at a point x if and only if the limit

7<®» = 1 dv (13.6-10)

exists where <px(v) = [/(a: + v) + f(x - v)] /2 and 6 denotes a fixed positive 
number, as small as we please. The value (13.6-10) does not depend on 6, 
and in case of its existence, it yields the (D^-sum of the Fourier series in 
question.

(II) In particular, f({x)) = | [f(x + 0) + f(x - 0)] holds at any point x 
where both unilateral limits of the function exist, furthermore the 
(D)-summability is uniform in each closed continuity interval of the func­
tion (at the end points bilateral continuity being meant).

(Ill) There exist ordinary Fourier series which are not Cesdro-summable 
of any positive order, not even (Afisummable at certain points, but whose 
(Dfisum exists on the same set.

Proof.
K sup |/(t)| 

0<t<2?r

1° Let 0 < 6 < 1, 0 < x < 2tt and for brevity write
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Consider a decomposition of the integral representation (13.6-7) of the 
series (13.6-6) into three parts:

| 2%
— / ^v)Z^v)dv = 
Z7T 0

— 27rfcos — r(d) V 1 dv+

+ ^cos^^ I\d) 1 / ^(u)^ 1 dv+ 

o
-1 2tt

f ^(u)^-1 dv = A + J2 + J3
6

(13.6-11)

where 0 < 6 < 1.
To any given £ > 0 we can attach by (13.6-9) another positive number

d'e < 1 such that

2tt

0

■ £ dv < £ ■ K (13.6-12)

if d < d's.
As far as the second subintegral is concerned, we obtain by r(d) = 

dl\d + I)-1 and I\d + 1)cos(tti9/2) — 1 (t? - 0):

-1
r(d +1)-1 -1

-1
T(tf + I)"1 - 1

dv =

(13.6-13)

provided that d < d".
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Finally, there exists a number d”' > 0 such that
2?r

' 7 fi

<i?fcos^^ r(^+1)-1K •27rlog(27r/6) < A's, (13.6-14)

if t? < d”'.
Summing up, (13.6-11)—(13.6-14) yield together

2tt fi

f px(v)Zo(v) dv-d I ^(v^^dv

0 0

< 3Ke

for d small enough; and this is equivalent to the conclusion that either both 
of the limits

2?r

lim ^>x(v)Z^(v)dv
fi—+o 2?r J

o
lim 

tf-f+O

exist or none of them, and these limits are equal in the former case.
2° Assuming the existence of f(x ± 0), we can write for 0 < 77 < 6 < 1:
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The last bound becomes plainly as small as we please, if first p, then 
(after fixing p) 19 are chosen sufficiently small.

The assertion on uniform (P)-summability follows essentially from the 
fact that the above upper bounds for the subintegrals Ji, J?, J3 are inde­
pendent of x.

00

3° It is easy to see that already the series E +tT) (r 0) as a special 
n=l

case of (13.6-1) for x = 2ptf (v = 0,±l,±2,...) presents an example of 
(P)-summable but non-(.4)-summable [and a fortiori non-(C, r)-summable] 
series.

Namely, £(0, u) being a continuous function of 0 for 0 7^ 1, we get for 
r 0:

GO
lim E n^+tT^ • n-*1 =

i?-*+On=i

= lim <(1 + ^ + = C( 1 + 1) = CU + ir\ (13.6-15)

Thus the verification of the theorem is completed.

* * *
13.65 It may be noted that 13.6.1 holds also on a slightly extended 

condition: since another form of (13.6-10) is

x)}=VmQ 1? j f(t)\t- x^'dt (13.6-16)

instead of the boundedness of /(f) it is sufficient to require that its prod­
uct by any positive power of \t — .r| should be bounded in some bilateral 
symmetric neighbourhood of the point t = x.

About the ejfectiveness of the (jD)-method we have to stress: for any 
bounded f the existence of f((x)) implies Lebesgues’s condition (13.4-2) and 
the equality f({x)) = a, but the converse is not true.

One of the simplest pertinent examples is yielded by the function 
(13.6-2): in case of this 7(1) the limit (13.4-2) does not exist at the points 
x = 0, ±2tf, ±4tt, ...; in turn we have

1? f 7(1?)^ 1 dv = d [ J + 
0 \2ir/3

2ir/3 
f +

ir/3

t/3 2%/9
f + / +•••

2tt/9 tt/9

00 00 — I
+ 2(27^ E ~ E 3"W = + 2^-5—

fc=i fc=i 11 1
(0< d < 1),

392



whence by L’Hospital’s rule it follows for every integer v:

7((2p7t)) = lim" <9—+o
2* - 1 log 4 

log 3
(13.6-17)19 । 'd 

— 7C + W
-1

It has been shown in Mikolas [8] by means of some deeper expedients 
(e.g. on the basis of certain theorems of Tauberian type) that among the 
ordinary Fourier series of bounded functions, the totality of (P)-summable 
series is wider than that of (A)-summable (or all Cesaro-summable) series; 
moreover consistency and permanence exist. We may state the Fourier 
effectiveness of (P)-method, too.

The results of this section are closely connected with the recent theory 
of generalized integro-differential (briefly “fractional”) operators which has 
many applications in classical and modern analysis, and furthermore, in 
mathematical physics and technics.1

1 Cf. e.g. Al-Bassam [1], Kalla [1], Love [l]-[3], Mikolas [14], Nishimoto [1], M. Riesz 
[4], Ross [1], Samko-Kilbas-Marichev [1], Srivastava [1].

2 See e.g. Zygmund [5], vol. II. 133-142.

As an illustration, Weyl’s fractional integral is mentioned, whose defi- 
i

nition may be written for a function f G £(0,1) with J f (t) dt = 0 and with 
o

the period 1 in the form:2

71=1

dn COS + bn sin

where 0 < d < 1 and an,bn are ordinary Fourier coefficients of f relating to 
[0,1]. [The expression “integral of fractional order” originates from the fact 
that in the case p = 1,2,... the simplest p-th integral functions of cos2n7rx', 
sin2n?rx are (2n7r)-p cos (2n7rx — and (2ri7rx) p sin (2n?r — ^), respec­
tively.]

Correspondingly: if we define the (W+)- and (W-^sum of a trigono­
metric series periodic with 1 and of constant term 0 by

OO
^2^” cos 2n7ra; + bn sin2n7ra?) = 
71=1

OO
= lim (2n7r)-’9

71 = 1

/ nd
an cos 2nnx ± — \ 2

+bn sin
nd

2nnx ± — (13.6-18)
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supposing the convergence of the series under the limit sign for d small 
enough, then the pendant of the criterion (13.6-10) in case of

i i
an = 2 f f(t) cos nt dt, bn = 2 / f(t) sin nt dt will be the existence of

o o

fix ± 0) = lim 
t?—+o

6
d f f(x ± t)^-1 dt 

o
[6 e (0,1) fixed]1 (13.6-19)

Developing further his research on the above (D)- and I W^-f procedures, 
the author also introduced a few years ago another general summation 
process for arbitrary series of functions <pn(x) € L(xo,xi) (n = 1,2,...), 
defined by the formula

cm 00 oo
(OT) E VnW = lim £ xJxVn- (13.6-20)

n=l +on=1

Here the functional on the right is a so-called Riemann-Liouville fractional 
integral, i.e.,

XoI*f = r^r1 / f^^x - tf-1 dt (x0<x < Xi, d > 0) (13.6-21)

with f € L(xq, a?i); we see that (13.6-21) is nothing else but a natural 
extension of Cauchy’s integral solution of the initial value problem

y^^x) = f(x) (x0<x <x^ 1
. / I 1O.U )

y(x0) = y\x0) = ... = y(m~^(^o) = 0. J

Recent investigations indicate wide utilization possibilities of this 
9Jl-method e.g. to boundary asymptotics of power series in Hadamard’s 
sense.2

^f. Mikolas [6]-[7],
2 Cf. for instance Mikolas [14], and [18]—[22].
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CHAPTER 14

FOURIER INTEGRALS

14.1 Foundations of the theory of integral 
transforms of Fourier and related type

14.11 A formula utilized before:
oo.oo oo
J dt = f t^-1 cos At dt -if t^~1 sin At dt =
0 0 0

= r^Xiy6 (0 < d < 1, A 0 real)

[cf. (12.7-19)] yields simple examples of so-called trigonometric integrals 
which generally may be written as

oo.oo oo
f f(t)e~,ut dt = f f(t) cos ut dt - i f f(t) sin utdt. (14.1-1) 
—oo —oo —oo

Here u is a real parameter and the occurring integrals are to be taken 
not always in Lebesgue’s sense, but often as so-called Cauchy’s principal

T
values, i.e., of the type lim f . The latter is justified since the analogue of 

T—^oo
(14.1-1) in the “discrete” case is yielded by the complex form of trigono­
metric series for which the only advisable definition of the sum implies 
symmetric partial sums. (Cf. 10.22-10.23.)

If the integrals (14.1-1) are considered as abstract functions (operators) 
which transfer the elements of the function space into certain elements ^(u), 
Re<P(u), Im^(u) of another space of functions, then we speak about Fourier 
transformation. In more detail: the first term in (14.1-1) is called the 
(ordinary or exponential) Fourier transform of /(t), while for the second and 
third integral there we use the names (Fourier’s) cosine and sine transform 
of the function, respectively.

Owing to the wide application possibilities in mathematics and physics, 
investigations on Fourier transformation have led since the beginning of the 
past century (mainly since Fourier’s research on heat conduction) to the 
formation of an extensive new branch of analysis, which bears, however, a 
close relationship partly to ordinary Fourier series, partly to the pendants of 
power and Laurent series, i.e., to the theory of so-called one- and two-sided 
Laplace transforms:
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oo
J /(t)e-2tdt and 
o

OO
f f(t)e~ztdt (z = x + iy)
—OO

(14.1-2)

or some other similar integral transforms.1

1 Cf. for instance Doetsch [1], Sneddon [1], Titchmarsh [2], Wiener [1].

14.12 When instead of the counterpart of the general notion of trigono­
metric series the integral analogue of ordinary Fourier series as a particular 
case is looked for, we have to start from the pertinent “problem of decom­
position” (cf. 9.6) and determine from a given function / some “coefficient 
functions” A(u), and C(u) — A(u)—iB(u) such that there should hold 
the formulae: OO

f(x) = J C(u)eixudu (14.1-3)
and

OO
/« = f[^(«) cos xu + B(u) sin a:u] du, (14.1-4) 

o
respectively, possibly at any point x.

The corresponding “discrete” problems have the solutions by 0.22, on 
suitable conditions concerning f: in the case of:

OO
/(x) = E Cneinx (14.1-5)

we conclude n—oo
a4-2?r
[ f^e~intdt (n = 0,±l,±2,...);

27T J 
a 

and in the case of the “real way of writing”
OO

/(x) = E (Ai cosnx + Bn sin mt) (14.1-6)
we get n=0

a-F27r
2A = — y /(t) dt, 

a
a+2iv a+2?r

An = — / f(t) cos nt dt, Bn = — / f (t) sin nt dt 
nJ Ja a

(n = 1,2,...), 
a denoting an arbitrary fixed real number.

Thus it can be expected heuristically that the equations (14.1-3) and 
(14.1-4) can be satisfied, with a suitable restriction concerning J, by the 
Fourier transforms
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oo
C(u) = ~ / fW^dt (14.1-7)

27T J 
—oo

and 
oo oo

A(u) = — y f(F) cos ut dt, B(u) = — y f(t) sin ut dt, (14.1-8) 

—oo —oo

respectively.
In other words: we may assume that on certain general conditions the 

representations

OO oo

ieiu^ dt du (14.1-9)

or

OO oo 4/7^
0 —oo

cos u(x - t) dt du (14.1-10)

are valid.
In the literature, (14.1-9) and (14.1-10) are called Fourier’s integral 

theorem-, the occurring integral analogues of ordinary Fourier series are 
named Fourier integrals.1 The content of these fundamental connections 
may also be expressed as the Fourier transform

1 Sometimes we speak pointedly about Fourier’s double integrals. Observe that 
(14.1-9)—(14.1-10) enable us to express also aperiodic functions f everywhere as “con­
tinuous superpositions” of trigonometric functions.
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can be inverted in the form

/(*) = (14.1-12)

(14.1-11)

so for (14.1-11)—(14.1-12) together, the term Fourier’s inversion formulae 
is used as well. This latter manner of writing has an evident advantage: 
symmetry.

Note that the exponential factors on the right in (14.1-11) and 
(14.1-12) can be substituted for cosui or sinut, respectively, if f is even, 
while for — isinut or i sin xu if f is an odd function; in both cases, 1/^/2/tt 
is to be replaced by ^/tf and the interval of integration will be (0,oo) in­
stead of (-00,00). Consequently, f and T must be simultaneously even or 
simultaneously odd.

14.2 Fourier transformation in Hilbert’s 
function space

14.21 We are getting around to the exact study of Fourier trans­
formation, which presupposes first of all the extension of the concepts of 
(Z)-integrability and square integrability (in Lebesgue’s sense) to functions 
taking complex values. It is to be stressed in advance that the treat­
ment of Fourier integrals requires particular precaution owing to the in­
finite fundamental interval. For instance, from the measurability of some 
function /(/) for —00 < t < 00 we may conclude the same property of 
f(t)e~tut, and similarly, the (T)-integrability of f(t) in (-00,00) implies
that |/(i)e iui| = f(t) is also (Z)-integrable in (-00,00) [i.e., T(u) ex­
ists] for any fixed real) value of the parameter u; but from the square 
integrability of /(t) in (-00,00) the conclusion that T(u) exists for every 
real u may not be drawn.

Let (a, b) denote a given finite or infinite interval, and let us call a 
complex-valued function defined in (a,b) measurable or (Z)-integrable on 
a subset of the latter, if there both the real and imaginary parts of the 
function have the pertinent property. The totality of complex-valued func­
tions (T)-integrable in (a,b) will be denoted by L(a,b). Correspondingly, 
the so-called complex (a, b)-space (Hilbert space) is constituted by those 
in (a,b) complex-valued, measurable functions <p(t) for which |<^(t)P >s 
(T)-integrable on a < t < b. In the case a = -00, b = +00, i.e., when 
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it is about i2(-oo,oo), so any integral over (-00,00) is to be meant as a 
Cauchy principal value.

All the basic notions introduced in Chapter 9 for Hilbert’s function 
space can be transferred mechanically to the complex L2(a,b)-space, but 
the definition (9.4-1) of the inner (scalar) product is to be modified as 
follows:

(p,if) = J p(t)^(t) dt [p,if e L2(a,b)], (14.2-1)

Mt) signifying the complex conjugate of ^(t)- furthermore, the norm in 
L2(a,b) is given by the non-negative number

Ml = (¥w)1/2 = (14.2-2)

resulting from (14.2-1) for <p = if. On this basis, every statement of Chapter 
9 about orthogonality essentially remains true also for complex-valued square 
integrable functions; we have only to take into account that any product of 
two Fourier constants — by (14.2-1) — is always to be substituted for the 
product of the first factor by the conjugate of the second factor, as well as 
the connection (p,if) = (Vb^) holds.

Example: the functions emt (n — 0,±l,±2,...) form an orthogonal 
system in the complex L2(a,a + 27f)-space (a denoting an arbitrary teal 
number), since by eint = e~‘n< we can write

if m n, 
if m = n.

This is the so-called complex trigonometric base system, turning by normal­
ization into

(27r)-1/2e!n< (n = 0, ±1, ±2,...). (14.2-3)

The complex form of ordinary Fourier series [cf. (10.2-10)] is nothing else 
but the Fourier series in terms of the complete orthonormal system (14.2-3)
in the sense (11.1-1).

At this point, it is noteworthy that the Parseval-Hurwitz formula per­
taining to (14.2-3) has the form [cf. (11.2-2), (12.1-7)]:

00 N
where f € L2(a, a + 2tt) and Y] is to be taken as lim 52 • 

n=-oo
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We shall need still a “continuous” extension of the concept “Z2-limit”, 
introduced for function sequences in Section D.5. Let £ be a real parameter, 
£0 G [-00,00]; consider a family of functions depending on £, in the 
complex Z2(a,5)-space. We say that ^(t) has an L2 (a, b)-limit for 
£ -> £0, if there exists an element 9? G L2(a,b) such that for the limiting 
process in question we have ||^ - <^|| —* 0, i.e.,

1 The alternative notation: l.i.m. p((t) = <p(t) (“limes in medio”) is in use as well.
2 For £0 = ±00, the latter condition means simply that |£i| and (£2! are large enough.

lim J | ^(t) — <X^)| 2 dt — 0. 
£-*£0 a

(14.2-5)

The fact that to ^(t) the Z2(a, 6)-limit ^(t) is attached, will be denoted — 
like the Z2-convergence — as follows:

lim =
£-*£0

[Z2(a,6)] or

^(0 for £ £0
(14.2-6)

[Cf. (9.5-5)—(9.5-6).]
It is easy to see that generally no immediate relation holds between the 

pointwise existence in (a, 5) of the ordinary limit lim ^^(t) and the existence 

of (14.2-6). Anyway, in the case where a function ^(t) G L2{a, b) for £ —► £0 
possesses a (finite) L\a, 6)-limit and also its limit in the classical sense exists 
and belongs to L2(a,b) for a.a. fixed t G (a,bf then these limits are equal 
to each other almost everywhere. (Cf. 9.52.) By reduction to sequences of 
functions we get the counterpart of the Riesz-Fischer convergence criterion 
9.5.1:

14.2.1 To the existence of the L2(a,b)-limit (14.2-6) it is necessary 
and sufficient that - ^2|| should become arbitrarily small whenever £1, 

and £2 are sufficiently near to £q.2
On the basis of the inequality

| W ~ 11^-^ll
[cf. (9.4-6)], the existence of (14.2-6) involves that

t „ b „ 
lim J|^(t)| dt.a a

(14.2-7)

400



14.22 From the above we see that the double integral (14.1-9) is the 
“continuous” analogue of the ordinary Fourier series written in complex 
form, in which the role of the “discrete” parameter n is taken over by the 
“continuous” variable u. Correspondingly, instead of summing over the set 
of all integers n we have to integrate with respect to u from -oo to oo; and 
also the integration with respect to t relates to ( — 00,00) instead of a finite 
interval of length 2x. So it is clear that the pendant of formula (14.2-4) in 
the theory of Fourier transformation must be of the form

(14.2-8)

therefore the coefficient of index n of the Fourier series in terms of the 
system (If.2-3) is to be substituted formally in the “continuous” case for 
the complex Fourier transform ^u), given by formula (If.1-11).

Let us discuss now the exact validity conditions of the connection just 
mentioned!

14.2.2 (Parseval’s formula for Fourier integrals) It holds for 
any f G Z2( —00,00)

00 00 „
J \3fu)\2 du = f \f(t)\2 dt (14.2-9)
—00 —00

in the sense that we mean by 3fu) the L2(—00,00)-limit relating to the 
limiting process T —► 00 of

JT(u) = (2tt)-1/2 f f(t)e-tut dt, (14.2-10)
-T

further each integral in (If.2-9) is to be taken with its Cauchy principal 
value.1

Proof. The basic idea of the argumentation stands to reason: the 
T

“subintegral” J /(t)e~*u/ dt (T > 0) is approached by sums of the form 
-T

... N k

k=-N

(*+i)/A 
3k = f 

k/X
f(F)dt, A>0 , (14.2-11)

and thus the proposition is reduced to the “discrete” case in a sense.

1 Cf. 14.11 and 14.21. The first complete verification of the assertion is due to 
Plancherel [1], hence the denomination “ Parseval-Plancherel formula” occurs too.
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1° Let us assume /(t) to be square integrable in (-00,00), let T and A 
denote positive parameters. Moreover let AT > 1 and put N = [AT] - 1, 
i.e., suppose (TV + 1)/A < T < (N + 2)/A.

By these assumptions and notations we can write:

T N (*H-i)/A -N/X
J dt = £ / /(t)e-’^ dt + f f(t)e~‘ut dt+
-T k=—N k/X -T

+ J /(i)^ dt, 
(N+l)/X

... T N (Ul)/A
- J f^Ut dt= £ J fW (e^ - e—4) dt-

-T k——N k/X
-N/X T

- f f(t)e~iut dt - f f(t)e^utdt,
-T (N+1J/A

so that owing to the inequality

and by [-TV/A, (N + 1)/A] C [-T,T] we obtain the estimate:

j T -N/X
I f(t}e-lutdt J\fit)\dt+ J \fV\dt+

-T -T ~(N+2)/X
(W+2)/A

+ / \f(t)\dt. 

(7V+1)/A

But the last bound tends to 0 as A —»• 00 and besides uniformly on any 
finite segment of the iz-axis; consequently, we have for any fixed T, uniformly 
in an arbitrary interval -U < u < U (U > 0) the limit relation

T
lim SJJV) = J f(t)e~,ut dt.

A—*00 _7'
(14.2-12)
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2° In turn, for U < ttA the inequalities of Bessel and Schwarz-
Buniakowsky yield:

and this combined with (14.2-12), applying the limiting processes A oo 
and next U —* oo leads to

oo T T
f J f^e~iutdt du < 2vr J |/(i)| dt.
-oo -T -T

Therefore it holds for any T > 0 [cf. (14.2-10)]:
OO 9 T ,9
J |TT(u)|2du< / \f(tfdt.
— oo — T

(14.2-13)

Consider now an optional subinterval (Ti,T2) of [0,T] an(f apply 
(14.2-13) to the (square integrable) function, which is identical with f(t) 
on the segments (Ti,T2) and (~T2, -TJ, otherwise vanishes everywhere. In 
this particular case the inequality (14.2-13) becomes

oc —Ti Tz
f |yT2(u)-TT1(u)|2du< J |/(<dt+/|/(<dt,
—oo — Tz Ti

whose right-side is by / £ £2(-oo,oo) as small as we please if only T\ and 
T2 are chosen large enough.

In such a way, the criterion 14-2.1 assures the existence of

lim = T(u) [Z2(-oo, oo)], (14.2-14)
T—»oo

and considering also (14.2-7), (14.2-13) implies for T —* oo: 
oo oo
J |T(u)|2du< J |/(C| ^‘ (14.2-15)
—oo —oo

(Both integrals here are obviously defined as Cauchy’s principal values.)
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3° It still remains to show that (14.2-15) holds also with the sign of 
equality. With that end in view, let us state first of all: if we repeat the 
preceding argumentation for the function S^u) [given by (14.2-14)] instead 
of /, then it results

OO r. OO
J |/*(x)| dx< f |j(ti)|2du, (14.2-16)
—oo —oo

where 
u

f*(u) = lim (27r)-1^2 f 3\u)etxu du [Z2(-oo, oo)].

This means that we have only to verify the equality of f and f* at 
a.e. point x [which is suggested already by the heuristic result (14.1-12)], 
since then (14.2-9) would follow simply from comparison of (14.2-15) and 
(14.2-16).

In fact, on the one hand by the definition of /*:

on the other hand the formula (14.1-12) yields:

[the integrals on (-00,00) are principal values].
The reverse order of integration and passage to the limit under integra­

tion sign is justified in our case by the general theory of Lebesgue integrals 
as well as by the properties of £2-limits.1

1 The fact that formal integration of Fourier’s integral formulae is always permissible 
if the result so obtained has a sense, corresponds plainly to 12.5.2.
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X X

As a final result, we get J f\t)dt = J f(t) dt for every x, i.e., /*(x) = 
o o

/(x) almost everywhere, which was to be proved.

* * *
According to (11.2-3), we can easily deduce a formal extension of 

(14.2-9), when we apply this formula first to f + g, after to f + ig where 
f and g are arbitrary complex-valued functions of the class Z2(-oo,oo). 
By using the two relationships obtained in the above manner, furthermore 
considering the identities (holding for arbitrary complex numbers Ci, c2):

< |ci + c2|2 = |ci|2 + |c2|2 + 2 Re(cjc2), 
|ci + ic2|2 = |ci|2 + |c2|2 + 2Im(cici),

we get after some abbreviations the formula

oo CO ______
/ ^u^^du^ J f(t)g(t)dt
—oo —oo

with f,g e £2(-oo,oo) and

T
T(u) = —lim / /(t)e-lu/ dt [£2(-oo,oo)]

V2tt J
-T

T
S(u) = —lim [ g(t)e~'ut dt [ L2(-oo, oo)]

V27T T—ca J
-T

(14.2-17)

(14.2-18)

(14.2-19)

the integrals on (-00,00) being again Cauchy’s principal values.
The result (14.2-17)—(14.2-19) is the generalized Parseval formula for 

Fourier integrals. Let us remark that by the notions of inner product and 
norm [cf. (14.2-1) — (14.2-2)], (14.2-9) and (14.2-17) may also be expressed 
in short as follows:

||< = ||/||2 and ||Tg||2 = \\fg\\\

respectively.

14.23 A property of central importance of the Fourier series in Hilbert 
space is, as we know, that it always represents in the sense of 
“L2-convergence" the function f € L2 from which the Fourier coefficients 
are formed. (Cf. 11.3.1.) Since in our case this “general expansion theorem" 
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corresponds formally to Fourier’s integral theorem (14.1-9), by the above 
we may expect that in the complex Hilbert space the following elegant result 
holds:

14.2.3 (Theorem of Plancherel)1 Every complex-valued function 
f g Z2(—00,00) can be represented in the form:

1 Cf. Plancherel [1], It is understandable that 14-2.3 was discovered in 1910, i.e., soon
after the first papers on the Riesz-Fischer theorem had appeared. For other verifications 
see e.g. F. Riesz [18], Titchrnarsh [2], Wiener [1],

. U
f^= lim (27r)-1/2 J 3(uyxudu 

U-*OO rr
[Z2(-oo, 00)] (14.2-20)

where T(u) denotes the L2(-00, oof-limit (14-2-18). In other words: for any 
element of the space T2(-oo,oo), Fourier’s inversion formulae (14-1-1)— 
(If.1-2) are valid, provided that the convergence of the occurring integrals 
over ( — 00,00) is meant according to 14-21.

Proof. The assertion is a corollary of some arguments contained 
in the verification of 14-2.2. On the one hand, (14.2-9) implies that T(w) 
exists and € £2(-oo,oo), so it is at the same time (Z)-integrable in any 
finite interval of the u-axis; on the other hand, the last part of the preceding 
proof involves also the validity of (14.2-20).

* * *
Note that we can get in the same way the representations holding almost 

everywhere:

/(*) = (27V)-1/2 (14.2-21)

furthermore

— OO

e~itu - 1 , 
------ ;---- dt.

-it
(14.2-22)

We want to stress the following common consequences of Plancherel’s 
theorem as well as of the generalized Parseval formula: I. the complex 
Z2(-oo,oo) space contains together with its any element f also the Fourier 
transform of the latter taken in the (14.2-18) sense, and if 'J is the transform 
of f, then f is the transform of T as well (reciprocity)-, II. in £2(-oo, 00), the 
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connection between all the subsets E and corresponding Fourier transforms 
E is an isomorphy just like the mapping between Hilbert’s sequence space 
and function space on the basis of the Riesz-Fischer theorem;1 III. especially 
in the case of any sequence of functions {<^n} C L2(—00,00) constituting 
an orthonormal system on (—00,00), the corresponding Fourier transforms 
form also an orthonormal system in the interval (-00,00), moreover, if 
{^n} is complete, the sequence of pertaining Fourier transform has the same 
property (invariance of orthogonality).

It is a relevant fact which is unfortunately disregarded in the pertinent 
literature, that Plancherel’s theorem can be considered also as pendant of the 
Riesz-Fischer theorem. Namely: to a given function f for which the limit of
T
J | f(t)\2 dt as T —♦ 00 exists, we can find such a function IF € L2(—00,00) 

-T
by 14.2.3, whose (generic) Fourier coefficient in the 14.22 sense equals /; 
furthermore this 'J cannot be else apart from a null set but the Fourier 
transform of the type (14.2-18) of f, defined as an £2( —00, oo)-limit. And 
the latter assertion corresponds word for word to the main point of theorem 
ll.f.l — with the only difference that in our case the role of the “original 
space” I2 and of the “image space” L2 is played by the space £2(-oo, 00). So 
we have the conclusion: is the Fourier transformation defined by the formula 
(If.2-18), then it describes by the foregoing a linear and isometric (i.e., 
“norm-preserving”) map of the complex Hilbert space Z2(-oo,oo) onto it­
self.2 , .

We saw before that the existence of IF(u) for a.e. u is assured in the 
sense of L2(-oo, 00)-convergence, moreover by (14.2-22) there holds also 
a useful explicit representation of H’(u). Nevertheless, a natural question 
has been unanswered until recently, whether the symbol [Z2(-oo,oo)] in 
(14.2-18) may be omitted, i.e., whether for any function f G Z2(-oo,oo) 
a.e. the formula

?(u) = (27r)-1/2 lim f f(t)e~lut dt
T-+00

(14.2-23)

1 Therefore, if the Fourier transform of an arbitrary element € E is denoted by 
7[<^] and a is some constant, then oup € E implies T[a<p] = alfy], further || T[<p]|| — H^H, 

besides for G E, ip € E we have always and (T(v], TfV1]) = (v> lO-

Cf. 11.43.
2 In the theory of Hilbert space, such operators are called unitary transformations. 

We recall here a remark made early in 4.21 according to which in this section L (—00,00) 
T 2 

signifies the totality of complex-valued functions p for which the limit of J |^(t)| dt

exists as T -► 00; and that in £2(-oo,oo) also any inner product is a principal value. 
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holds in the classical sense.1 Now it is known that the answer is affirmative, 
since the problem is equivalent to Lusin’s conjecture (mentioned in 12.45) 
which was proved by Carleson in 1966. This new complementary result does 
not affect our subject above.

1 Cf. Zygmund [5], 251.

2 See for instance Manolitsakis [1].

Finally, concerning applications we have to mention an interesting char­
acterization theorem due to R. E. Paley and N. Wiener [1] on functions 
of a real variable x given in the form

J f{tyxtdt [f € L\-T,T\ T>0 fixed] 
-T

(14.2-24)

Their result is: a function Fix') may be written as an integral of the type 
(14.2-24) if and only if it belongs to Z2(-oo,oo), furthermore it can be 
continued analytically to a complex-valued function F(z) (z = x + iy) which 
is regular on the whole complex plane and satisfies everywhere an inequality 
of the type |F(z)| < KeT^ (K,T const.) [Therefore F(z) must be a so- 
called entire function of exponential type, T denoting its “type number”.]

The above theorem is an important tool in a physical application of 
Fourier transformation: in the spectral analysis of electromagnetic waves.2

14.3 Properties of absolutely convergent Fourier 
transforms

14.31 As was shown in the previous section, the theory of Fourier 
transformation relating to the complex L (-oo, oo)-space can be developed 
in a quite elegant way, and this presentation may be closely compared with 
the results on orthogonal systems and series treated in Chapter 11. But the 
theorems and connections obtained hitherto are based upon the concept 
of Z (-oo, oo)-convergence which is more abstract and not immediately 
utilizable from the point of view of applications; therefore now we deal 
with the convergence of Fourier transforms in the classical sense, and with 
their corresponding properties.

2

2

The simplest condition assuring the existence of the integral (14.1-11) 
OO

is plainly f(t) G £(-oo,oo) i.e., f |/(0| dt < oo; let us emphasize that the 
—OO

(L)-integrability of /(t) on (-00,00) has the same meaning as the absolute 
convergence of the Fourier transform
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oo
WW[/(M =(2;r)-1/2 f f(t)e-^dt

1 The way of writing (14.3-1) which is in accordance with the general symbology 
of operators (cf. 3.11), is very suitable for indicating the dependence on the function 
f and on the parameter x simultaneously. In recent times, the abbreviated notation 

°°
f(x) = (2ir)-1'2 f has also more and more frequently been used. (See e g.

-00
Zygmund [5].)

—oo
(14.3-1)

for every real x.1
In this case the estimate

oo

IWH sw z I FWl*— oo
( — 00 < x < 00) ( 14.3-2)

implies that T[/; x] as a function of x is in (—00,00) bounded and continu­
ous, moreover uniformly continuous, too.

Note that we have by the Riemann-Lebesgue lemma extended to infinite 
intervals (cf. 12.14-12.15):

lim 7[f;x] = 0. (14.3-3)
x—+±00

Easy calculation yields the formulae:

T[/(t - to);®] = e^O'f./Xt);;!:] (to const.), (14.3-4)

7[f(ctf,x] = (c^Oconst.). (14.3-5)

Other elementary, but fundamental properties of the Fourier transfor­
mation are:

14.3.1 (I) 7[f] is a linear operator (cf. 3.1) i.e., for arbitrary constants 
Ci, c2 and functions fi, f2 € L(—00,00) the relation:

7M + c2/2] = C17[/i] + c27[f2] (14.3-6)

holds.
(II) If f(t) and tf(t) belong to L(-oo,oo), then

7[tf(t);x] =i-^7[f(ty,x]. (14.3-7)

(III) Let f(t) be absolutely continuous in (-00,00) and /(t),/'(t) € 
L(—00,00); then

7[f'(tf,x] =ix7[f(tf,x]. (14.3-8)
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Proof. 1° The property (14.3-6) is a trivial consequence of the 
definition of T[/].

2° Consider the difference quotient

+ - T[/(Z);x] } =
oo

1 f e-it(x+l) _ „-itx
J W--------- 1--------- dt (I/O).

— OO

(14.3-9)

Since for any fixed t we can write by Euler’s formulae:

e it (X+I) _ e itx = it^+^sin(lt/2)

I ' lt/2
-it e~itx (I 0),

and the integrand in (14.3-9) is majorized in (-00,00) by the (Z)-integrable 
function t|/(t)| independently of I, so the passage to the limit I —► 0 may 
be carried out under the integral sign on the basis of theorem 7.5.1.

But then (14.3-9) becomes for I —> 0 indeed (14.3-7).
3° The absolute continuity of f(t) in (-00,00) involves the existence of 

the limits lim f(t) owing to the boundedness of the function; and both t—*±oo
of the latter have necessarily the value 0, because otherwise it would follow 
f £ L( —00,00).

Integration by parts leads to the expected result:

. 1 00
7[f'(t);x] = J f(t)e~itxdt =

-00

= ixT[ /(t);x].

* * *

Iterating the formula (14.3-8) in case of higher derivatives, we get

7[fm\t)-x] = (ix)m7[f(t)-,x] (14.3-10)

on the assumptions that exists and is absolutely continuous [es­
pecially if f(m\t) exists and is continuous] in (-00,00), and when f^(t) £ 
L( —00,00) (k = 1,2,..., m).

410



It can similarly be deduced from (14.3-7) by mathematical induction:

dm
(m = 1,2,...), (14.3-11)

provided that tmffa) € £(-00,00).

14.32 In the theory of Fourier transformation the notion of convolution 
is of fundamental importance defined for a pair of functions fafa), fa(t) by 
the formula:

/1 ★7? = (/1 ★AX*) = / fa^fa^x-fadt (-00 < x < 00./ (14.3-12)

About the existence of (14.3-12) we establish:

14.3.2 If fi and f2 E £(-00,00), so fa * fa exists for almost every 
x and belongs to £(-00,00) as well. If at least one of fa and fa is also 
bounded or both of them belong to £2(-oo,oo), then (lf.3-13) exists and is 
bounded for every x.

Proof. Suppose the (£)-integrability of fa, fa in (-00,00).
1° Let us introduce the auxiliary function

gi(t) =
f|/i(0| if 71(0 is finite, 
lo if j/KOl = 00,

and study the integral

00 00
/ (l/il ★ I/2I) (®)= J dx J | fa(t)\ | fa(x - t)| dt.

If we apply Fubini’s theorem 8.5.1 for non-negative integrands to the last 
term, then its existence follows immediately from

00 00
1 41 I hO-
-00 —00

t)\dx = f gfatjdt ■ f\fa(u)\du

1 The particular case f - t) dt plays a fundamental role e.g. in the 

so-called operational calculus of J. MlKUSINSKI (1950-52). The “discrete” counterpart 
of (14.3-12) is clearly the generic coefficient of the Cauchy product of two power series or 
Laurent series. (For and ffbnzn, it is about £akbn_k.)
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and we obtain

CO

/ [AKI*
— CO

Thus A ★A is also (T)-integrable and a.e. finite in (-00,00), as 
asserted above.

2° If we assume still the validity of an inequality | A(A| < C (C const.,
—oo<t<oo)or the existence of the integrals

CO OO „

Fx = f |A(A|^ and F2= J \f^t^dt, 
-00 -OO

so we can arrive at the estimates
00

|(A*A)W| <C J|AWH« 
— 00

(—00 < x < 00)

and [cf. (9.4-5)]

| A ★ A)(*)|
CO;iaki *

— 00

00

/ I A(u)| du
— co

= FXF2 (-00 < x < 00),

respectively. Hence we see the existence of A ★ A and its boundedness in 
—00 < x < 00.

* * *
Elementary properties of (14.3-12) are:

14.3.3 For (£)-integrable functions, the forming of convolution is an 
almost everywhere commutative and associative operation. In particular, 
if one of A and f2 is bounded and the other belongs to L(-oo,oo') or 
both of them G Z2(-oo,oo), then (14-3-12) is uniformly continuous in 
— 00 < x < 00.

Proof. 1° If A and f2 G Z(-oo,oo), so A ★A exists a.e. by the 
preceding theorem, and the substitution x - t = u leads to

(A ★ A)(®) = / ~ «)A(«) du = (A ★ AX*)-
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Let us consider three functions: /i, /2 and f3 belonging to the class 
L( —00,00). Then using again theorem 14-3.2, the existence of both 
(/1 ★A)*/3 and fi 'k(f2'k fs) is assured for almost every a:; moreover, 
we get at any such point x on the basis of commutativity:

00 00
/1 ★(.£>★ A) = f fl(t) f f2((x - t) - u) f3(u)du dt =

— OO

co 00
= f fafu) f - u) - t) dt
—00 —00

du = (/1 ★/2)*/3-

2° Let now /i(t) be bounded: |/i(t)| < C ( — 00 < t < 00) and 
f^t) € L(—00,00). Then by If.3.2 fiirf2 exists everywhere, and the 
absolute value of the difference

OO
(/1*AX® + 0 - (A ★ A)(^) = / h^[f2(x + I - t) - f2(x - t)\ dt

— 00

can be majorized by
OO

C / | f2^u + 0 - /2(u)| du.
— OO

Owing to 7.5.4 , the last term becomes as small as we please, provided that 
|/| is small enough; hence it follows that fi ★ f2 is uniformly continuous in 
(—00,00).

In the case fi(t) G L2(-oo,oo), /2(t) G Z2(-oo,oo) we can argue 
similarly, observing that [cf. (9.4-5)]:

|(/1*/2)(x + Z)-(/1*/2)(^)|2<

00 o/pi(O|2 A

—00

00 . 9
/ |/2(« + 0 ~ A(u)| du
— OO

* * *

14.33 After these, it is easy to verify one of the most important features 
of the theory, namely that by means of Fourier transformation the operation 
of “convolution forming” (i.e., a “transcendental” operation) can be reduced 
to ordinary (“algebraic”) multiplication.1

1 The “discrete” analogue of the property in question is obviously the fact, that the 
forming of a sum of the type ^akbn-k can be substituted for ordinary multiplication by 

k
using the corresponding power series or Laurent series.

413



Therefore in the class of (£)-integrable functions the functional 7[f] 
(and its extension: the Laplace transformation) plays an analogous simpli­
fying role in connection with convolution forming as the logarithm function 
with respect to the multiplication of positive numbers.

14.3.4 (Convolution theorem) If fa, f2 G £(-00,00), then the 
relation holds

Tlh ★ Al = (14.3-13)

Proof. Since fa ★ fa G fa-00,co) by fa.3.2, all three Fourier 
transforms occurring in (14.3-13) exist.

Thus the application of Fubini’s theorem on double integration yields: 

j[fa^fa] = ^r1/2 ft— ixt f fa(u)fa(t-u)du dt =

OO
= falfa 112 fa{u) j fafafa-tx(u+r) dT du =

— 00

= ^)~1/2 J ffau)e~lxu du • ffa(r)e~^dr
— OO

=
as was to be proved.

* * *

We remark that from (14.3-13) we get by suitable change in notation the 
generalized Parseval formula (14.2-17)—(14.2-19) for functions belonging 
simultaneously to £( — 00,00) and £2( —00,00).

14.4 Fourier’s integral theorem on classical 
convergence conditions

14.41 The formulae (14.1-9)—(14.1-10), as well as (14.1-11) 
(14.1-12) which form the basis of an independent theory of Fourier inte­
grals were deduced by Fourier in his famous monograph [1] in a pure 
formal manner, namely by expanding fax) in ordinary Fourier series re­
lating to an arbitrary fundamental interval (-/,/) and next by passage to 
the limit / -+ 00. Then the Fourier coefficients turn into integrals taken on 
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the whole number line, and the summation corresponds to integration over 
(—oo, oo).1

1 Fourier’s original chain of ideas from 1822 (with slight modifications in terms and 
notations) is to be found e.g. on the first pages of Titchmarsh’s standard work [2]. The
way of writing (14.1-9) is due to Cauchy.

Let us now examine the validity of Fourier’s integral theorem on the 
classical conditions in 14.31. Discussion of the problem can be carried out 
on the model of the convergence theory of ordinary Fourier series. (Cf. 
Chapter 12.) In order to facilitate the formulation of results, we adopt for 
this whole section the convention that any Fourier integral is to be taken 
with its Cauchy principal value.

The pendant of Riemann’s criterion 12.2.2 is:

14.4.1 For fft) g £(-oo,oo), Fourier’s integral theorem holds at some 
point x if and only if to any given £ > 0 we can find certain positive numbers 
6 and Uq such that

< £ (14.4-1)
0

with | [fix + t) + f(x- r)] - f(xfi whenever U > Co(e).

OO
Proof. Since J | /0)[ dt < oo implies the uniform convergence of 

— OO 
oo
J f(F)e~tut dt for -oo < u < oo, and 
—oo

. OO
T(u) = (27T)-1/2 f f(t)e~’ut dt

— OO

is continuous everywhere [cf. (14.3-2)], we can write for any U > 0:

U
fu(x) = (2nr1/2 J 'J(u)eixu du = 

-u

iU(x-t) _ p-iU(x-t)
---------——--------dt =

Fu(x~t} du dt =

1 f rm ^_muix_-_ti
7TJ x-t 
—oo

(14.4-2)
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Let 6 G (0,1) be fixed and T - |a:| + 1; decompose the last integral as 
follow's:

oo —T x—6 x+6 T oo
(14.4-3)

— OO — oo — T x—6 z+6

The first and fifth subintegral on the right can trivially be estimated by

-T co OO
; < Jl/wl*;

—oo — oo T T

and owing to the above premise, these bounds tend to 0 as T —> oo. Thus 
after prescribing any £ > 0, T can be fixed in a such way that for every U 
simultaneously we have

£
3

(14.4-4)
—oo T

The second and. fourth subintegrals in 
substitution x — t = v to the forms:

(14.4-3), can be brought by

x—6 x+T T -6

j = j —--------- sin Uvdv, J = J 
-T 6--------------------------------------------- x+6 x-T

----- - sin U v dv. 
v

Since f(x - v)/v is an (L)-integrable function of v in the intervals (6,x + T) 
and (x — T, — 6), we get by the Riemann-Lebesgue lemma 12.1.3 that the 
integrals tend to 0 as U —* oo. Accordingly,

x—6 T
£
3’

(14.4-5)
—T x+6

if only U > <7i(£).
Finally, the third subintegral in (14.4-3) becomes 

transformations [cf. (12.2-4)]:
z+S 6

through suitable

x—6 —6

6

o
5

sin
0

sm(7v ,--------dv = 
v

sin Ur , --------dr =

OO 
y sin Ur 

o

OO
f sin Ur ,
/ --------dr-,

6
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and here by ft'1 sin t dt = tt/2 the middle integral will be for every U: 
o

further
sin Ur

t

Consequently:

r
sin Ur dr + /(x) 

T
L 0

(14.4-6)

if U > ^(s)- ,
Summing up the results (14.4-2)—(14.4-6), we obtain for U sufficiently 

large:

s
fuW sin UrdT - f(x)

o

lim 

t7—co

fuW- - I sin Ur dr
K J T 

0

This means that in our case for the validity of

lim (27t)"1/2 / T(u)e‘xu du =/(x) 
U-*co _u

(14.4-7)

it is necessary and sufficient that (14.4 1) should be satisfied.

* * *

Comparing this criterion with the condition in 12.2.2, we can state, the 
only difference is that (12.2—9) contains the "discrete parameter 2N + 1, 
while in (14.4-1) the “continuous” limiting process U -+ oo occurs. Clearly 
either Dini’s or Jordan’s test or other familiar tests deduced from these 
assure the fulfilment of condition (14.4-1).
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For instance, we get the following theorem simply as a corollary (cf. 
12.32):

14.4.2 Fourier’s integral theorem (lf.l-9)—~(lf.l-10) holds and the 
Fourier transform (If.1-11) is invertible in the form (If.1-12) on the con­
ditions: f(t) is (L)-integrable in (—00,00) and of bounded variation in some 
neighbourhood of the point x, the latter being a regular point of the func­
tion f.

14.42 The analogy between Fourier series and Fourier integrals sug­
gests that the summation theory of the former — studied in the previous 
chapter — can also be transferred to Fourier transforms. This may allow 
simplification and further development of the convergence theory of Fourier 
integrals in several respects.

Keeping in view the applications, the pertinent main results will be 
discussed here: pendants of Fejer’s summation theorem 13.2.1 and its ex­
tension of the type 13.f.l. It is necessary first of all the extension of the 
“method of arithmetic means” [(C, l)-summation] to integrals over infinite 
intervals. OO

An integral f p(u) du is said to be (C, F)-summable, if the integral mean 
0

(^ > 0)

has a (finite) limit as U —* 00, called (C, l)-sum of the integral in question. 
In symbols briefly:

(14.4-8)

Evidently, the expression (14.4-8) is a full analogue (and also generalization 
in a sense) of the notion “(C, l)-sum of series” which was defined in 13.11 
as follows:

N
= lim V' (1 ——) an.

N-<x> n)n=l
(14.4-9)
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It is noticeable that in (14.4-8) the role of the “discrete” variable n 
is taken over by the “continuous” variable u, the role of the sequence an 
(n = 1,2,...) by the function y>(u) (0 < u < oo); N is replaced by U and 
summation by integration.

It is easy to see that the summation method (14.4-8) satisfies the 
fundamental requirements mentioned in 13.12 (valid for arbitrary processes 
of summation), provided that the convergence of the integral is meant in

oo U
Cauchy’s manner, i.e., according to the formula J y>(u) du = lim J<p(u)du. 

o 17—0
A trivial example of non-convergent (divergent) but (C, l)-summable integral 

oo U
is: J cos u du. The limit of J cos u du = sin U does not exist for U —* oo, 

o o
but we have

oo U

cosu du = lim / (1 - 77 ) cos udu =
J U—too J V UI
0 0

.. 1 - cos U
= lim ----------  = 0. (14.4-10)U->oo U 7

If in the last term in (14.4-8) the factor 1 - is replaced by (1 - ^)“ 
(a > 0), the usual definition of (C, a)-summation for integrals is obtained:

oo u
(C’°^ I <p(u)du= lim / fl-77) ^u^du. (14.4-11)

J U—>oo J \ U /
0 0

The process (14.4-11) introduced by G. H. Hardy towards the beginning 
of the century1, may be considered as a common extension of the classical 
convergence (a = 0) and of the simple “integral mean method” (a = 1).

1 Cf. e.g. Hardy [7],

For the family of these (C, a)-methods with 0 < a < 00, all the relevant 
properties of Cesaro methods of series maintain their validity. (Cf. 13.13.)

14.43 Theorem If.4-1 can be transferred to the case of (C, ^-sum­
mation in a slightly extended form as follows:

14.4.3 For any f(t) G £(-00,00), the Fourier integrals (If.1-9) or 
(If.1-10) are (C, 1)-summable at a point x to some prescribed value a, if 
and only if to any given £ > 0 there exists a number r/ > 0 such that for U 
large enough the inequality

[ r i 1 rsin(t/t)l2 .

j [— a] ’ (7 ) (14.4-12)
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with
^(r) = ^[f(x + T) + f(x ~ r)]

holds.

Proof. Arguing like the verification of 14-4-1, we invert first the order 
of integrations with respect to t and u, then apply the formula obtained from 
integration by parts:

U
y (1 — cos u(x - t)du =

0

21 [sin^)
2U

Hence we see that the (C, l)-sum of (14.1-10) is the limit of the integral

1 pin(U^) 
on e=1 dt (14.4-13)

as U —► oo.
If now Ju[f',x] will be decomposed according to the model of (14.4-3) 

and the occurring subintegrals are estimated in appropriate manner, we get 
for some fixed 6 > 0:

lim { Ju[f;x] 
U—^OQ I

1 f r / x t 1 rsin(C/r/2)l2
dr = a. (14.4-14)

This limit relation involves the assertion immediately.

* * *

Using the criterion 14-4-3, we can deduce substantially on the analogy 
of 13.42 the most important result of the summation theory of Fourier 
transformation:

14.4.4 (Fejer-Lebesgue theorem for Fourier integrals) If a 
function f E £(—oo,oo) satisfies at some point x the condition (13-4-1), 
then the Fourier integrals (14-1-9) or (14-1-10) are at x (C, 1)-summable 
with the (C,F)-sum a.

In particular, the last statement holds for almost all x, if a = f(x); 
furthermore the Fourier integrals in question are (C, 1)-summable to f(x) 
and | [f(x + 0) + f(x — 0)] , depending on whether x is a point of continuity 
or discontinuity of the first kind of f, respectively.
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Proof. 1° We know from 13.42 that the condition (13.4-1), i.e., 
I

(2/)-1 J | /(/) - cr| dt —> 0 (I -+ +0) implies 
x—I

h,

lim /i-1 11 </?x(2t) - cr | dt = 0
/i—►4-0 J

0

(14.4-15)

with ^(t") = I [f(x + r) + f(x ~ r)] ■ order to verify the first part of the 
assertion, we have only to show that (14.4-12) is a consequence of the limit 
relation (14.4-15).

Suppose that some function f g L(-oo,oo) fulfils at a point x the 
condition (14.4-15) with a given value cr, and try to connect the latter 
with the integral (14.4-12). Applying the elementary inequality | sin tz| < 

t
2u/(l + u) (u > 0) and the notations ^(t) = J| ^(2r) - cr| dr, — 

o
&x(t)/t, integration by parts yields:

»7

1 [ sin(17/) 1 2
t

o
?!

-^dt = 
(1 + Ut)2

= 4^(7/)—- ---- 7
+8/ 

0

U2t
(1 + Ut}3

o

o o

------—^dt. (14.4-16) 
(l + /7f)2

Since by our assumption ^lim 9*(h) = 0, to an arbitrarily prescribed 
number £ > 0 another number ri = r]£ > 0 can be attached such that 
<?*(/) < £/16 (0 < t < r]). Then the last term in formula (14.4-16) satisfies 
the inequality:

o [ T,f , U € 1 £8 / K(t)-----------dt < - -- ---- — < -J (1 + Ut)2 2.1 + f/t.(=0 2 (14.4-17)
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for every U > 0. On the other hand, T) being fixed in the just-mentioned 
manner, U can be chosen as large that

4 f । £
— / ^(2/) - a \ dt < 

J L
o

(14.4-18)

holds.
Collecting the results (14.4-16)—(14.4-18), we obtain that in our case 

the first term of (14.4-12) is less than f + f = if is fixed sufficiently 
small and U > Ufa). This is just what we had first to prove.

2° As far as the remaining part of the assertion is concerned, we have 
only to consider some findings of 13.41-13.42. Namely, it has been estab­
lished that in case of any function / G Z(—oo,oo) the condition (13.4-1) 
with = /(#) is satisfied for almost all x and specially at any point of con­
tinuity x of f, furthermore with a = 11 f(x + 0) + f(x - 0)| the same is true 
at any discontinuity of the first kind of the function.

* * *

Concerning the background of criteria and If.J.3 we want to 
' stress: the proof of the former is based on the integral of “Dirichlet’s type”

7T J X — I
x—8

(14.4-19)

while the second depends decisively on the behaviour of

(14.4-20)

i .e., of an integral of “Fejer’s type" for U —♦ +oo. (Cf. sections 12.2 and 
13.2.) Note still that 14-4-4 allows transferring a remarkable property of 
Fourier series to Fourier integrals: it may converge at points of continuity 
only to the corresponding value of the function, and at points of discontinuity 
of the first kind only to the arithmetic mean of the pertaining unilateral 
limits. (See 13.31.)

As a generalization possibility, we mention that the summation theorem 
If.f.f — like 13-4-1 in the theory of ordinary Fourier series — is valid also 
for every method ^C,a) (a > 0) in the (14-4~H) sense}

1 Cf. e.g. Titchmarsh [2].
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1 4.5 Non-absolutely convergent Fourier integrals

14.51 In Sections 14.3-14.4 the absolute convergence of any Fourier 
transform has been assumed, because this condition guarantees most con­
veniently the existence and numerous useful properties of 7[/]. We have 
to observe, however, that a lot of non-absolutely convergent Fourier trans­
forms often occurs on diverse application fields, as e.g. integrals of the type 
OO
J t^^e-'^1 dt (0 < < 1, A 0) which have taken a prominent part in

1 According to Lebesgue’s theorem 7.5.1, these conditions involve termwise integra­
bility. It is obvious that any sequence or series which converges uniformly in a finite
segment (a,b) to an (L)-integrable function, is in (a, b) also dominatedly convergent.

o
Sections 12.7 and 13.6. Here a survey will be given on such recent results 
of the theory, which aim at further development in the above direction and 
have been found by the author during the last decades. (See Mikolas [13] 
and [15].)

Throughout the present section, only the “minimal” restriction will be 
made on f, namely that it should be (L)-integrable in every finite interval. 
A sequence or series of functions will be called dominatedly (majorizedly) 
convergent in an interval (a, bfi if 1) its limit or sum function exists in (a, b) 
almost everywhere; 2) its terms or partial sums have in (a, b) a common 
(Z)-integrable majorant.1

It is advisable to study here the validity of Fourier’s integral theo­
rem with respect to the fundamental system e2"’"3’ (v — 0, ±1, ±2,...) of 
1-period functions, further in a slightly modified form. We look for the exact 
connection between the double limit taken at a fixed point x:

lim 
M,N—*oo

M+^
r _2irixu f f(tfi-2mut dt du, (14.5-1)

and the sum (defined as Cauchy’s principal value) of the corresponding 
ordinary Fourier series of f relating to £ - | < t < f |:

M £+2
lim £ e2"7”* J dt-

M-^oo u=_m , 1
(14.5-2)

in these formulae, M and N run over all the non-negative integers, further 
£ denotes such a real number for which x E (£ - |,£ + |).

We shall see: the existence of the limit (14.5-1) always implies that of 
(14.5-2) and the equality of both limits, but the converse conclusion is right 
only on certain restrictions about f.
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14.52 The following peculiar theorem is valid:

14.5.1 (Equiconvergence theorem for Fourier’s double inte­
gral)  In order that the double limit (U-5-1) should exist and be equal to a 
number fx, it is necessary that the Fourier series (14.5-2) should converge 
to fx.

1

1 See Mikolas [13], 157-161.

The latter condition is also sufficient, if the function f is chosen in such 
a way that the series

OO

Ei-i)”-1 /(r + n) + f(r — x) 
r - x + n t - x — n x 6 (14.5-3)

converges dominatedly for f - I < r < f + ^; and this is assured, whenever 
f is bounded, (L)-integrable in (f - |,£+ |) and 1-periodic.

Proof. Let us start with a kind of conversion of the inner integral in 
(14.5-1):

^+(^+2)

I f(t)e-2^tdt =

N £+2
= E J f(r + n)e-2™(T+n) dr =

n= — N t 1
2

£+2
= J e~27r,UT<pN(r,-u)dr, (14.5-4)

where

iv
<pN(r,co) = £ ftr + nje2™" (IV = 0,1,2,...). (14.5-5)

Since F^(u) is (Z)-integrable in each finite interval, on the basis of 
Fubini’s theorem 7.7.1 we can write:
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M+j
J e2nxuFN(u)du =

-(M+l)

M "+2 £+5
= E f e2mxu j e-2^T^r,-u)drdu =

u=-M €_i

M 1/2 Z €+i
= E f e2—(—) f e2^-^\N(T^)dTdw^

v=-M -1/2 £_1

£+2 M
= J 9N,x(r) E e2^-^ dr, (14.5-6)

X—1 u=-M* 2
introducing for brevity the notation

i/2
9n,x(T) = J e2m“(r du.

-1/2

But this latter integral can be calculated at once:

9N,x(r) ^(r-x+n) (14.5-7)

NsinTr(r-x) / i\n/(r+n)7T A / T — x-j-n ’

for t = x, 

if r / x and r e

Thus we get

*9N,*(r) = /(r) !
sin 7r(r - x) t — x

+ £(~1)” T-x + ^n + r^x n\ (T - x non-integer); (14.5-8) 

n=l J

and writing

/V
G„,(r) =£(-!)-■ /<L+2i + /(I^> 1 , (MM)

Z-' r-x + n r-x-n v '
n=l J
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it follows by formula (12.2-1):

sin(2M + l)7r(a: — t) 
sin 7r(a: — r)

sin(2Af 4- l)7r(ar - r) dr+

+ — y Gn^t) sin(2M + 1)tf(x - r) dr. (14.5-10)

Accordingly, the difference of the double integral (14.5-1) and the sum 
(14.5-2) can be brought to the form [cf. (14.5-6)]:

e2mxuFN(u)du

1
sin 7r(a: — r)

sin(2Af + 1 )7r(a? - r) dr+

4+1
+ — y G/v,x(r) sin(2Af + 1)tt(s - r)dr; (14.5-11)

and in the last two integrands the factors before sin [(2M 4- l)7r(rr - r)] are 
(Z)-integrable functions of r, so that we may apply to both of them the 
Riemann-Lebesgue lemma as M tends to infinity. (See 12.14.)

1° (Necessity.) Suppose now that (14.5-1) exists and equals fx. Then 
after giving £ > 0 (however small), choose M and N as large that

e2™uFN(u)du- fx £

2'
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The integer N being fixed in such a way, by further increase of M we can 
also realize owing to 12.1.3 the inequality:

2iriiu Fn(u)du

Addition yields:

£ £
2 + 2

if only M > Af0(e); i.e., the limit (14.5-2) exists and equals fx as well.
2° (Sufficiency.) To verify the other part of the assertion, assume that 

the Fourier series (14.5-2) converges to fx (in Cauchy’s sense), and that at 
the same time (14.5-3) is convergent dominatedly for r G (£ - + |).

In this case, the latter series of functions and its product by the 
bounded function sin[(2M + l)7r(ar - /)] may be integrated term-by-term 
in (£-!,£+ |) on the basis of 7.5.1. More precisely, the sum of (14.5-3), 
i.e., [cf. (14.5-9)]

Gx(r) = lim Gn,x(t) = /V—+oo

n=l

f(T + n) f(r - n) 
r — x + n r — x — n

(14.5-12)

is (L)-integrable for £- | < t < £+1, furthermore for any fixed non-negative 
integer M we have the limit relation:

4+1
lim J GNx(r)sin(2M + 1)tt(x - r)dT =

4+2
= / Gx(r)sin(2M + lffi(x - r)dr.

4” 2
Thus in (14.5-11) doing first the limiting process N —* oo, after car­

rying out M —> oo, and considering that the left-hand sum tends to fx by 
hypothesis while the right-hand integrals-* oo by the Riemann-Lebesgue 
lemma, we obtain indeed

lim 
M,N—*oo

M+|
J e2mxu FN(u) du = fx.
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3° The final statement about the auxiliary series (14.5-3) can be proved 
quite simply.

(12.7-24) yields in the case x = 0 another important decomposition into 
partial fractions:

(14.5-13)

which holds uniformly on any finite segment of the number line without 
integers; so the condition f(r + f) = /(r) (r = 0,±l,...) implies that the 
limit relation

lim Gn^t) = f^
N —*oo

TT 
sin7r(r — x) (14.5-14)

1
T — X

is valid uniformly in the interval £-|<7-<£+|as well. [(Cf. (14.5-9).]
Since the right-hand term of (15.4-14) is by our assumption 

(Z)-integrable in the last-mentioned interval, we see that the uniform ex­
istence of the limit of Gn^F) for N —► oo assures also the dominated 
convergence of this function sequence in (£ — + |).

* + *

14.53 The theorem just verified furnishes plainly the widest possible 
information on the connection of (14.5-1) and (14.5-2) in a sense, because 
the terms of the Fourier series (14.5-2) are functions of x with period 1, 
consequently a complete equiconvergence with the limit (14.5-1) can be 
realized merely on suitable restrictions concerning f. It turns out at the 
same time: the significance 14-5.1 is that by means of this criterion the 
existence problem of the double limit (14.5-1) can be reduced to the study 
of the Fourier series (14.5-2) and the function series (14.5-3).

For instance, we get in such manner the following result: if there is a 
positive function pfF) € L (£ - |, £ + |) such that for every N the inequality 

(14.5-15)(-If/^ + n) <

holds, then the limit (14.5-1) exists at every convergence point x of the 
Fourier series (14.5-2) and equals the corresponding sum of the latter.

Now we want to show that a “natural” extension of the condition 
(14.5-15) also assures the existence of F(u) = lim F^(u) [cf. (14.5-4)], N—too
thus giving a further criterion — a considerably sharper one — to the 
invertibility of Fourier transformation.1

1 Cf. Mikolas [13], 162-164.
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14.5.2 If the symmetric partial sums of the series
OO 
£ f{r + n)e2n^ (14.5-16)

n=—oo

converge dominatedly for every fixed u in some interval 
then the Fourier transform

4+OM)
F(u) = lim J f(t)e-2*'utdt (14.5-17)

exists and is bounded in -00 < u < 00, furthermore is (L)-integrable on any 
finite segment.

On the above condition, the inversion formula

M+?
f(x) = lim f F(u)e2™u du (14.5-18)

^“-(M+l)

holds if and only if the ordinary Fourier series of f pertaining the fun­
damental interval (£ - + 2V represents the corresponding value of the
function at x.

Proof. 1° The stipulation on the series (14.5-16) involves the 
dominated convergence of the sequence e~2muTipN(r,-u) (N = 0,1,2,...) 
for any fixed u in the interval |<t<£+2 (14-5-5)]; consequently
it implies by 7.5.1 also the existence of F(u) as well as the representation

4+2
F(u) = f <p(r,-ufi~2™T dr (14.5-19)

<4
where

co
<p(r,w) = lim (^^(r,w) = £ f (r + n)e2nvuv ■ (14.5-20)

AT—>oo n=—oo

According to our premise, we can find a positive function /fir) G 
£ (£ - |,£ + |) such that for arbitrary real values of u

|^tv(t,w)| < pfr) fN = 0,1,2,...; £ - - < r < £ + -) (14.5-21)

1 Hereby we mean of course the trigonometric Fourier series of the 1-periodic function, 
which is identical with f in (£ — 5,4+5)-
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and therefore

Thus on the basis of (14.5-4) and (14.5-19) every element of the se­
quence {Fy(u)}, further also its limit F(u) can be majorized in absolute

value for -oo < u < oo by the integral J ^dr. But from the “uni-

form” boundedness of the functions FN(u) (N = 0,1,...) and from their 
(T)-integrability in every finite interval, we can infer the latter propertv of 
F(u). J

2° Using Lebesgue’s limit theorem 7.5.1 in case of the sequence 
1 FN(u)e and of the interval -M-}<u<M + \w obtain:

M+l

lim J FN(u)e2irixu du =l' ~*OO Z 1 X-(M+l)

= / F(u)e2™“ du.
-(M+i)

(14.5-22)

16) in (f- + |)
Besides this formula we have also the representation (14.5-11), owing to the 
fact that the dominated convergence of the series (14.5— 
assures by the above the same property of (14.5-3).

If we let first IV, after M tend to infinity in (14.5-11), then it follows 
that the difference

T2 „ ■ M 4+J
J F(u)e2mxu du - £ e2*™ J f(t)e-2™lt dt

-(M+l) e_i

tends to 0 as N -> oo.
This means the equiconvergence of the limit (14.5-18) to the Fourier 

series (14.5-2), i.e., the second part of our assertion is also true.

* * *

14.54 The premise of 14.5.2 can naturally be replaced by some other 
- perhaps not so “fine” but anyway simpler — sufficient conditions.

For instance, the application of certain estimates about cosine and sine 
polynomials of monotone decreasing coefficients leads to the corollary:
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14.5.3 The statements contained in proposition 14.5.2 preserve their 
validity, if instead of the dominated convergence of the series (If.5-16) we 
require that f^±T) with T > 0 large enough should tend decreasingly to 0 
as T —» oo.

It is still noteworthy that the condition

OO
/ |/(t)| dt < oo
—OO

(14.5-23)

involves immediately by B. Levi’s theorem 1.5.3 the absolute convergence 
almost everywhere of the series (14.5-16) and simultaneously its dominated 
convergence too. Hereby iy is clarified unambiguously that the premise of 
If.5.2 is weaker then the classical specification (If.5-23).

Lastly we can deduce from the above an important expedient for asymp­
totic investigations, if we observe that the series (14.5-16) becomes in the 
case r = w = 0 the first term of Poisson’s summation formula:

oo M oo
E = Jim £ f dt.

n=—oo U=-M -oo
(14.5-24)

This is utilized in the literature, as well-known, mostly with the require­
ments: f should satisfy (14.5-23), be of bounded variation in ( — 00,00); 
furthermore any point of the t-axis should be a regular point of f in the 
sense given in 12.32.1

In order to extend (14.5-24) in a suitable way, let us consider, for 
some fixed real w, the 1-periodic function P^r) which is identical with 
e2^^,^ in the interval [Cf. (14.5-20).] The
complex Fourier coefficients of this function pertaining to [6 - + |) are
[cf. (14.5-19)]:

e+i
J P^e-2^ dt = F(o - w) ^ = 0,±l,...);

<4
(14.5-25)

thus we have at every point r e [£ ~ + |) where P^r) is Fourier
expansible (cf. 12.31) the connection

Cf. e.g. Zygmund [5], Vol. I, p. 68. The mentioned conditions assure the absolute 
convergence not only for the Fourier transform in the second term of (14.5-24), but also 
for the series ^2 f(n).

-OO
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oo
^7,^^ = £ F^-^e2^ 

l/ = — OO

i .e., in a more detailed form:

N
lim ^2 f(n + T)e2nmu = 

N^°°n=-N

M
= lim V F(y - ^e2mT^-^. (14.5-26)

It can at once be seen that (14.5-26) contains indeed (14.5-24) as a 
special case (r = w = 0), so the former will be called generalized Poisson 
sum formula. The relevance of our result is given by the fact that the 
coefficients on the left and on the right are formed from the function f and 
from its Fourier transform F in a very similar manner. If for brevity we 
introduce the notations

oo

= E f(n+ x)e2n^, 
n=—oo

oo

#(x,y) = E F(n + x)e2nmy 
n=—oo

(14.5-27)

(14.5-28)

and adopt the convention that we mean by the sums of the right-hand series 
the limits of the corresponding symmetric partial sums, then the formula 
may be written after multiplication by e*1™ as a simple functional equation 
connecting <p and F:

1 Cf. Mikolas [10].

^(7,10)6^ = $(-“,7^-^. (14.5-29)

On the basis of the results just mentioned, in particular by putting 
/(/) = |t|-2 (0 < Re2 < 1) the author succeeded not long ago in finding 
some new relations of higher transcendental functions.1

14.6 Fourier-Stieltjes transforms

14.61 To close the present chapter, we want to deal in brief with the 
pendant of Fourier transformation written as an (ZSyintegral, the so-called 
Fourier-Stieltjes transformation.
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The (complex) Fourier-Stieltjes transform of a function of bounded 
variation w(t) is defined and denoted by

7[ dw] = T[ dw, x] =
OO

= (2tt)-1^2 J e~'xt dw(t) (—oo < x < oo). (14.6-1)
—OO

The last term can be expressed as a difference:
OO oo
f e~ixt dw^t) - J e~ixt dw2(t),
—oo —oo

wi(t) and W2(t) denoting monotone increasing, bounded and everywhere 
left-hand continuous functions for which w(F) = wi(F) - w2(t) (cf. f.5.1 and 
8.3); further we have:

OO
J e-'xtdwlt2^ =

OO oo
= / cos(xt) duq^t) — i J sinfxt) dwit2(t).
—oo —oo

T[dw;x] as an (ZS)-integral 
bounded- namely the inequalities 
A > — oo imply

exists obviously for every x and is 
lim uq 2 < B < oo, lim w\t2(t) > 
t—*oo ’ t—+oo

oo
/ e~,xt dw1<2(t)

OO
< J dwii2(t) < B - A (-oo < x < oo). 

— OO

It is also easy to see that T[dw;x] is uniformly continuous in (—00,00), 
and especially by 8.3.3 it holds

7[dw, x] = T[/(t); x] (14.6-2)

for any absolutely continuous function w(t) satisfying w'(t) = /(x) almost 
everywhere. [The latter condition means in other words that w(t) is the 
(T)-integral function of a suitable f(t) G Z(-oo,oo); cf. 7.6.7.]

As regards the inversion of (14.6-1), Fubini’s theorem 8.5.3 yields the 
representation

w(6) - w(a) =

/
eibx _ piax
----- :------ T[dw; xldx, 

ix
-T 

(14.6-3)
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by means of which w(t) can be determined from 7[dw; or] essentially 
uniquely.

In view of the general role of Lebesgue-Stieltjes integrals in modern 
analysis (cf. 8.35), it is clear that the whole convergence and summation 
theory of ordinary Fourier series can formally be incorporated in the treat­
ment of Fourier-Stieltjes transformation, i.e., the properties of Fourier series 
can also be deduced from those of Fourier-Stieltjes transforms. This way is 
quasi the reverse of the heuristic chain of ideas which leads from ordinary 
Fourier series through formal limiting processes to the Fourier transforma­
tion (cf. 14.41), and it reflects both from the theoretical and practical side 
more properly the connection between Fourier series and Fourier integrals.

14.62 Among the application possibilities, let us stress mainly the use of 
Fourier-Stieltjes transforms in probability theory, especially the connection 
between the concept of characteristic functions (pertaining to a random 
variable) and of probability distribution functions, as well as the problems 
of the so-called central limit theorem.1

1 Cf. e.g. Renyi [2].
2 Here we omit (on historical grounds) the factor t/y/FH.

If we choose as w(t) in (14.6-1) the distribution function F(t) = 
P(f < t) of a random variable f (cf. 8.35), it yields essentially (apart from a 
constant factor) just the definition of the characteristic function of £. More 
precisely: we mean by the characteristic function off the Fourier-Stieltjes 
transform

OO

cp(x) = <p^x) = f e~'xt dF(t) (-00 < x < oo)2 (14.6-4) 
—co

This quantity can also be interpreted as the expected value of e-’^, and in
CO

the case of a continuous f it may replaced by the (L)-integral f e~txtf(t) dt
—OO 

where f(t) denotes the probability density of f.
(14.6-4) shows immediately that tp{x) is continuous everywhere, fur­

thermore 19?(ar)| < 1 and </?(0) = 1.
By the foregoing, not only q>(x) is determined by F(t) but also F can 

be calculated uniquely at any point of continuity if <p is known. This 
interdependence may further be deepened by the following limit theorem 
which we insert here for orientation:

14.6. 1 Let Fi, F?,... be a sequence of probability distribution functions 
and let <pi, (/>2 ■ denote, in turn, the corresponding characteristic functions.

(I) If Fn tends to a distribution function F at every continuity of the 
latter and is the characteristic function of F, then ^(z) —> <p(x) (n —> oo) 
holds uniformly in any finite interval.
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(II) Assuming — conversely — the convergence of {y?n(a;)} for every 
x to some ^(x) as well as the continuity of the latter function at x = 0, 
we can conclude the convergence of {Fn(x')( to such a distribution function 
F(x) whose characteristic function is y>(x).

The proposition if. 6.1 proves to be fundamental to the asymptotic 
investigation of the sum of a large number of random variables and to 
the theoretic foundation of the particularly frequent occurrence of normal 
(Gaussian) distributions.
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CHAPTER 15

FURTHER ABSTRACT SPACES, 
APPLICATIONS

15.1 Complex £p-spaces of F.Riesz

15.11 The discussion of Fourier integrals has shown on the one hand 
that the extension of Lebesgue’s integral theory to complex-valued functions 
is also useful. On the other hand, some important theorems of the preceding 
chapter (cf. lf-3.2, 14-3.3) contain such independent conditions for pairs 
of functions — e.g. boundedness + (Z)-integrability or square integrability 
of both functions — which seem to be of heterogeneous nature and yet have 
the same consequences.

These observations may suggest to develop further the concept of com­
plex £2(a, 6)-space in such a direction that the more general function class 
thus obtained should include also L(a,b) as a special case, i.e., it should 
quasi “interpolate” between L(a,b) and L2(a,b). It is to be expected that 
in the framework of such a more general theory, the pairs of conditions above 
mentioned will fuse in a single, more elegant form.

15.12 F. Riesz who •— as is well-known — contributed considerably 
to the foundations of complex Hilbert space, in the first two decades of 
this century also elaborated a far-reaching extension of Hilbert’s complex 
theory, in the above “interpolatoric” aspect. These function classes are 
called complex Lp-spaces of Riesz.1

1 F.Riesz [8]—[9].
2 Here and later, the fundamental interval (a, b) can always be replaced by some 

(L)-measurable set in any Euclidean space.

Let p be a given positive number (integer or non-integer). The complex 
Lp(a, 6)-class consists of all the complex-valued functions <p measurable in 
(a, b) for which the integral

/moi1’* 
a

exists.2 The latter raised to the power 1/p has the denomination “Lp(a,b)- 
norm of <p” and is denoted by

(15.1-1)
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The limiting case p -* oo is important as well. Since for finite 
(a, 6) lim ||^||p equals plainly the so-called effective least upper bound 

p—^oo

of |9?(t)| i.e., the minimal number K > 0 for which |<^(t)| < K in (a, 6) 
almost everywhere, we adopt the following definitions: the class L°°(a,b) 
means the totality of functions measurable and essentially (i.e., apart from 
a null set) bounded in (a, b), furthermore the pertaining norm is simply

oo = sup {|^(t)|}. 
a.e.te(a,6)

(15.1-2)

Specially in the class of functions <^(t) continuous on a finite segment 
[a, 6] which is usually denoted by C[a,6], the right-hand bound in (15.1-2) 
becomes the maximum of |<^(t)| for a < t < b, so that it is justified to write:

Ill’ll = max1^)1 (^eC[a,6]). 
16 [a ,oj (15.1-3)

Note that within any class Lp(a,b), the elements taking the same values 
in (a, b) apart from a null set are to be considered as identical.

For 1 < p < oo it is easy to see that 1) the basic linear operations intro­
duced in the space L2(a,b) (addition, multiplication by a number) do not 
take out even of the class Lp(a,bf, 2) the concept of norm has the proper­
ties corresponding to its geometric origin [cf. (3.1-6)]; 3) from the norm we 
get similarly the pendants of the notions “distance” and “convergence” as 
in the case of L2(a,by furthermore 4) the Riesz-Fischer criterion 9.5.2 is 
also transferable to Lp-convergence, so that each sequence C Lp(a,b') 
satisfying the condition ||y>m — y>n||p —» 0 (m,n —» oo) possesses necessarily 
an Lp(a, b)-Hmitf

Thus it is natural enough to use the denomination “function space” in 
case of Lp(a,b) (p £ [l,oo]). Putting p = 1 we obtain = L{a,by
while for p = 2 we get the class L2(a,b) of square integrable functions; this 
means that the concept of Lp(a,b) does indeed “interpolate” between L(a,b) 
and L2(a, b).

The Hilbert space L2(a,b) has a special feature: it is the only function 
space in the set {Lp(a,b) : 1 < p < oo) admitting the operation (9.4-1) of 
“inner scalar multiplication” too, so that for p 2 the notion of norm 
cannot be derived from any kind of inner (scalar) product. In fact, for Lp 
the pendant of (9.4-5) is the so-called Holder inequality:

b ___  
f ^W^dt 
a

< IKIMIp' /Il
(P + F_1)’ (15.1-4)

After the first verification of this important proposition published by F.Riesz in his 
paper [9], several independent proofs were given. Cf. e.g. G.C. Young-W.H. Young [21, 
Hobson [2], Mikolas [9].
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and as a consequence of (15.1-4), (9.4-6) corresponds to the following “gen­
eralized, Minkowski inequality”

IkWIlp < IMP +111%; (15.1-5)

but p' = p/(p — 1) on the right of (15.1-4) equals p (i.e. ||<p||p and ||V’||p' 
refer to the same function space) if and only if p = 2.1

1 Cf. e.g. Hardy-Littlewood-Polya [1],

Since Holder’s inequality is an important tool of the theory, indepen­
dently of the inner product, here it is advisable to introduce some new 
denominations: two indices p g [l,oo], p' g [1,oo] as well as the pertaining 
function spaces Lp(a,b), Lp (a,b) are said to be dual (or conjugate) of each 
other, if p-1 + (p1^1 = 1. Accordingly (with the convention l/oo = 0), the 
dual space of L(a,b) is L°°(a,b) and that of Z2(u,6) is itself; Hilbert’s func­
tion space is the only Zp-space having this latter property. By the above we 
see for instance that the parts of theorems 14.3.2-14-3.3 holding for all x 
may be extended to arbitrary pairs of functions /i,/2 which belong to dual 
Zp-spaces.

Is (a, b) a finite interval, then the so-called p-th integral mean of a 
function g Lp(a,b)

=
0 a a

(15.1-6)

increases steadily as p —+ oo. Therefore (cf. 7-4-1) the existence of 
b b.
/[^(t)^ dt involves that of J |^(t)|P1 dt whenever 1 < pj < p2 < oo, i-e-, 
a a
on the latter condition we have

Lpi(a,b) D LP2^a,b). (15.1-7)

Our result can also be expressed by saying: in the case of a finite funda­
mental interval (a,b), the space Lp(a,b) becomes narrower as p is increased.

Examples: the power function tp belongs to any space Zp(0,l) 
(1 < p < oo) if P > 0, but tp $ Zp(0,1) for every p g [l,oo] if p < -1; 
furthermore in the case — 1 < p < 0, for the validity of tp g Lp(0,1) it is nec­
essary and sufficient that 1 < p < -1/p. Note that specially 1/\A belong 
or does not belong to Zp(0,l), when 1 < p < 2 and p > 2, respectively.

It is useful for applications that the notion of £p-convergence allows 
transferring immediately to Lp(a,b) (pg [l,oo]) the concept of accumu­
lation point, together with all the related basic ideas of point set theory. 
(Cf. 9.5.) In particular, we have to stress that any given Lp(a,b) with fixed 
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p G [1, oo] contains the elements of every space Lr^a,b) (r > p) and also 
those of C^a,^ densely, i.e., that in each neighbourhood (however small) of 
whichever element G Lp(a,b) we can find some elements of L^a,^ (r > p) 
and C(a, b) — “neighbourhood” being naturally meant in the Lp(a,bf sense.

15.13 Deeper considerations on Riesz spaces concern first of all the 
so-called bounded linear functionals (cf. 3.12). Their starting-point is the 
observation that any (Z)-integral of the form

= J ^^dt,
a (15.1-8)

where <p(t) G Tp(a,6) and is a fixed element of the dual space Lv\a,b), 
satisfies the specifications in the definition of the above operators, provided 
that the corresponding norm ||^||p is utilized.

In 1910 F. RlESZ discovered that there exist no further bounded linear 
functionals in Lp(^a,b') (1 < p < oo). Formulating in detail:1

1 Cf. F.Riesz [9], § II.
2 F. Riesz [7] and [12].

15.1. 1 If 1 < p < oo, then to any given bounded linear functional £[<^] 
of the space Lp{a,b) we can determine uniquely an element i/ft) of the dual 
space Lp (a,b) [p  = p/^p— 1)] such that can be written in the form 
(15.1-8). Moreover we have:

1

IIM = Mp'- (15.1-9)

This does not hold for the space L°°(a,b). In the special case C[a, b], 
another famous theorem of Riesz from 1909 allows representation as a 
Lebesgue-Stieltjes integral (cf. 8.3):2

15.1. 2. In the space of functions p continuous on a finite segment [a, 6], 
an arbitrary bounded linear functional can be written as follows:

b
W] = dw(t), 

a
(15.1-10)

w(t) denoting a suitable function of bounded variation.
The latter proposition also has a certain historical significance. Namely, 

it has drawn attention to the usefulness of Stieltjes integral (a method hardly 
known at the turn of the century) in the framework of Lebesgue’s new 
integral theory.
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15.14 It should still be noted that the above chain of ideas leading 
from L2 to the more general concept of Lp, can be adapted to the case of 
Hilbert’s sequence space P too (cf. 9.3). In the complex Riesz sequence 
space lp (p > 1) so obtained,  the definition of the norm of an element 
X = (®i, x2,...) is:

1

1 Cf. F. Riesz [7] and [12],
2 This is briefly expressed by saying that the elements of the space form a commutative 

(or Abelian) group with respect to addition.

/ oo \Pp
ii*iip = (enp , (15.1-11)

and any statement concerning Lp has a pendant relating to lp (integrals 
being replaced by series). The space lp may also be regarded as a particular 
case of Lp(0,oo), restricted to certain step functions.

Some application possibilities suggest occasionally substituting any (L)- 
integral occurring in the definition of Lp(a, b) (1 < p < oo) for a suitable 
(ZS)-integral containing an integrator g(x) (cf. 8.3, 10.44). The associated 
function spaces are usually denoted by Lg(a,b) (1 < p < oo).

15.2 Linearity, metrics and completeness; 
Banach’s fixed point theorem

15.21 Looking over the results on abstract spaces, we see that certain 
common properties of these spaces take a prominent part in building up the 
theory. These properties are the following:

I. Linear (or vectorial) structure. Hereby we mean that the so-called lin­
ear operations: addition, multiplication by a scalar (constant) are defined in 
the space, and the elementary rules of vector algebra (commutativity, asso­
ciativity, distributivity), hold, furthermore, in connection with addition zero 
element and inverse exist.2 Thus it is reasonable to consider the elements of 
the space as abstract vectors.

II. Metric structure (existence of metrics). We mean by this term that 
the distance d[s1,s2] of any two elements of the space is defined, 
and it fulfils the general requirements for an arbitrary concept of distance. 
In detail, d[sj,s2] is always non-negative and vanishes only for x^ = s2; 
further we have d[si,s2] = d[s2,si] and for any three elements xo,$i,$2 
the so-called “triangle inequality”:

d[xi, x2] < d[xi, so] + d[s0, £2]-

On this basis, it is justified to call the elements of the space abstract points 
as well.
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III. Completeness. Hereby is meant that each sequence of elements 
{zn} satisfying the condition d[zm, xn] —> 0 (m,n oo), i.e., any so- 
called Cauchy sequence converges to a limit belonging to the space, provided 
that the convergence is defined according to the corresponding notion of 
distance. This property concerns the fact: the elements of the space are 
dense everywhere in a sense mentioned earlier. (Cf. e.g. 2.33.)

15.2 2 Owing to the above, it is advisable to introduce some new 
definitions: any set of abstract elements possessing property I., property 
II. or property III. separately, will be called linear (or vector) space, metric 
space and complete space, respectively. Therefore all the spaces E„, Hilbert’s 
spaces I  and L , more generally any space lp,Lp (p > 1) as well as the 
space C are linear, metric and complete spaces.

2 2

2 Cf. Banach [1],

These three notions are obviously connected with each other through 
the concept of norm which may be regarded as length of an element (as an 
abstract vector) or also as distance of the element in question (as an abstract 
point) from the zero element (i.e., origin) of the space. As far as complete­
ness is concerned, its dependence on the metrics is shown by the definition; 
moreover, a pertinent deep theorem establishes that every metric space can 
be extended to a complete metric space by means of the convergence concept 
pertaining to the given space. For studying completeness, another related 
notion is still useful: an abstract space is said to be separable, if it contains 
a countable subset dense everywhere in the space.1

The general theory of linear spaces — intertwined with the foundations 
of higher linear algebra (linear dependence and independence, linear basis, 
dimension, linear subspaces etc.) — is well-known. The general concept of 
metric space allows much more far-reaching conclusions; after completion 
we can easily transfer to such a space the whole theory based on the notions 
of neighbourhood, convergence and accumulation point — having special 
regard to compactness. (See Chapter 2.)

15.2 3 Dealing with arbitrary complete metric spaces, an operator 
theorem published by the Polish mathematician S. Banach in 1932 is of 
utmost importance. It may be formulated as follows:

1 5.2.1 (Banach’s fixed point theorem)  Let Q be a complete met­
ric space and consider a mapping 7[a:] = Jx of C in itself such that any two 
elements xi,x? g f? for suitable q G (0,1) satisfy the inequality

2

d[7xi,7a:2] < q • d [xi^].1 (15.2-1)

1 Example: the set of points with rationed coordinates in All the complete spaces 
mentioned hitherto possess the property of separability.
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Then the operator equation

cr[x] = x (15.2-2)

has exactly one solution, in other terms the operator T has one single fixed 
point.

Proof. We need a procedure similar to the iteration used for 
approximate solving ordinary equations, which yields the only solution of 
(15.2-2) looked for as “12-limit” of a sequence of elements 6 12.

Let us start from an optional point £ 12 and form the sequence in 12:

xw = 7?0), x™ = ..., x^ = Tx^-^,.... (15.2-3)

By successive application of the condition (15.2-1) we get:

< ^d^0),^1)] (m = 1,2,...), 

hence by the triangle equality, in n - m steps:

1 A map having this property is usually called contraction in 12.

d[x^m\ iW] < (qm +qm+1 + ... + qn~1)d[x^,x^] <

< — d^0*,;//1)].
1 - q

Therefore the limit relation

lim d^”1),^] = 0,
m,n—*oo

holds, i.e., (15.2-3) is a Cauchy sequence of the space 12.
But 12 is assumed to be complete; consequently, the sequence has a limit 

£ 12 in the sense of convergence according to the metrics of 12. This means 
the existence of an element x* € 12 such that

lim d[a;(m\x*l = 0, m—►oo

and then by (15.2-1) we have

lim d[Tr(m>,7;r*] = 0. 
m—►oo

Thus the definition of implies that x* satisfies the operator equation 
(15.2-2). The uniqueness of this solution can be verified in the following 
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way: if x** g P fulfils (15.2-2) as well, then we obtain on the one hand 
d[T;r*, Ji**] = d[i’,£**], on the other hand by (15.2-1) the inequality 
dpi*, Jz**] < q ■ d[x*, i*’]. Owing to 0 < q < 1, this is possible only if 
d[a:*,z**] = 0, whence x* = x**.

* * *

In the recent literature, Banach’s theorem 15.2.1 and its generalizations 
are often used in connection with such questions of algebra and analysis 
which imply various iterative algorithms. In particular, let us mention 
some problems of existence or uniqueness in the theory of finite and infinite 
systems of linear equations as well as of differential and integral equations, 
furthermore the computation of solutions.

15.3 Abstract Hilbert space and Neumann’s 
foundation of quantum mechanics

15.31 We know that the fundamental notions and statements of solid 
analytic geometry are all transferable to such abstract spaces which are 
simultaneously linear, metric and complete. Thus it justified that in func­
tional analysis and its several application fields two particular classes of ab­
stract spaces possessing the above three properties take a prominent part, 
namely those for which the metrics is generated in the most natural manner: 
through the notion of inner (scalar) product or immediately by introduc­
tion of a norm. Next we are going to study the concept of abstract space 
resulting from the first possibility; its exact definition is:

A set H of arbitrary elements is called abstract Hilbert space if I. H is 
linear; II. to any two elements g H a (real or complex) number is 
attached, as well as their so-called inner (scalar) product with the 
properties: (p, V>) = (V1, ^), VO = for every constant a, further 
(v’l+^VO = (VT, VO + C^V’), > 0 0) and = 0 [p = 0);

1 The terminology of the field is not unified: the restrictions V-VI. in the above
definition are omitted by some authors. A linear space with inner multiplication is usually 
called unitary. Condition II. involves f^,^) = (0,<p) for real Hilbert space , i.e., the 
commutativity of scalar product.

III. norm and distance are defined in H as follows: ||</?|| = (p^) ^  and 
d[p, V ] = Hs0 — V’H, respectively; IV. H is complete with respect to the 
d[p,^-metrics; V. H is “infinite dimensional”, i.e., there exist n linearly 
independent elements in H for every positive integer n; VI. H is separable. 
Specially, we speak about a real or complex space H depending on whether 
the constants implied by conditions I. and II. are real or complex numbers.

1 2
1

1
The concept of abstract Hilbert space is obviously a common general­

ization of Hilbert’s sequence space I2 and Hilbert’s function space £2; we

444



see that such an extension is wholly justified by the isomorphy of Z2 and L2, < 
in accordance with the fundamental theorem ll.f.l of Riesz and Fisdher. 
Accordingly, every abstract Hilbert space is isomorphic to I2, this involving 
the isomorphy of any two abstract Hilbert spaces.

By means of the notion of inner (scalar) product, we can easily extend 
not only the (metric) theory of point sets, but also the ideas and results con­
nected with orthogonality to abstract Hilbert spaces (cf. 9.3-9.6, 10.7, 11.1— 
11.6). Thus e.g. Bessel’s inequality (11.2-1), Parseval’s formula (11.2-2), 
the general expansion theorem 11.3.1 etc. preserve their validity — natu­
rally in the sense that Z2-convergence is everywhere to be substituted by 
convergence according to the metrics of H. Note that all the statements 
regarding strong and weak convergence may directly be transferred to an ar­
bitrary Hilbert space H (cf. 9.54); furthermore, the existence of a complete 
orthogonal system consisting of elements of H is a simple consequence of 
the separability of H and the Gram-Schmidt orthogonalization process. (In 
H, any complete orthogonal system necessarily contains countably infinitely 
many elements.)

15.32 As regards the linear operators of H, the isomorphy of this space 
to I2 and L2 yields a proposition due to M. Frechet and F.Riesz (1907):1

1 Cf. F.Riesz [4], Frechet [1], furthermore Frechet [2] and F.Riesz [24],

15. 3.1 Every bounded linear functional defined in the abstract Hilbert 
space H may be written in the form:

= (W)- (15.3-1)

Here is an element of H, determined by £ uniquely, for which ||£|| = ||V>||.
Beside the bounded linear functionals of H, the bounded linear operators 

of the space mapping H into itself are of great importance too (cf. 3.13). 
Fur such an operator = Ap (p G H, Ap G H), the norm is defined — 
as it is well-known — on the model of ||£||; trivially ->0 (n -> oo)
implies

MVn - A^ll = ||A(^n - ^)|| < ||A||||^ - ¥>|| -» 0.

(This property is called simple continuity of Af^].)
If in addition it is still true that the weak convergence of any sequence 

{pn} C H to some element p G H involves the strong convergence of Apn 
to Ap, then the operator A is said to be totally (completely) continuous.

In H, a relevant notion connected with the inner (scalar) product is that 
of bilinear functional. Hereby we mean an abstract function defined 
for certain pairs of elements p E H, if G H, which for fixed 0 becomes 
a bounded linear functional of p, and for fixed p such a functional of if.
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A bilinear functional is called Hermitian, if ®[<^, ¥>] holds. We
conclude from 15.3.1 that may also be written in the form:

£[^>,■0] = (9?, Atf) = (A*<^, V’), (15.3-2)

where A and A* denote such bounded linear operators for which ||A|| = 
||/T||. A and A* are so-called adjoint operators; A is said to be self-adjoint 
if A = A*. The quadratic functional

Q^j = (15.3-3)

is a particular case of the “Hermitian bilinear functional” and can also be 
written as

QM = v)-
A central subject of the pertinent theory is to study the operator equa­

tion
Ap = Xp H), (15.3-4)

A denoting a totally continuous and self-adjoint, bounded linear operator. 
It can be shown that in our case all the values of the parameter A for which 
(15.3-4) is solvable — these are called eigenvalues — must be real and con­
stitute a countable set A in their entirety. Moreover, we always can form 
from the solutions ( “eigenvectors”) corresponding to A ( “spectrum”) a com­
plete orthogonal system <^n(n = 1,2,...); and if An denotes an eigenvalue 
to which pn is attached, we have the following

15. 3.2 (Spectral decomposition theorem) Any bounded linear 
operator Ap 6 H which is self-adjoint and totally continuous, may be 
expressed in terms of the eigenvalues {An} and eigenvectors {^n} in the 
form:

OO
= E M</Wn) <Fn ( lim An = 0).1 (15.3-5)

1 Cf. F.Riesz [21], [22], [26]. Note that the generalized Fourier series in (15.3-5) may 
also be regarded as a Stieltjes integral. For a comprehensive treatment of the spectral 
theory of Hilbert’s space we refer to the classical monograph [3] of SZOKEFALV1-N AGY, 
furthermore to a recent book by him and FoiAS entitled “Harmonic analysis of operators 
on Hilbert space”, as well as to the following papers of the first mentioned author: [5],
[14], [15], [17], [18],

^ — 1 n—►00n=l

15.33 Now let us sum up the linear algebraic interpretation of the 
above concepts and results, which corresponds to the case of the simplest 
Hilbert space, i.e, to I . First we recall the fact that several-dimensional 
vectors can also be characterized by row or column matrices and the totality 
of arbitrary matrices of the same type forms a linear space.

2
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If we consider the elements of the complex space Z2 as infinite column 
matrices and the inner product of a pair of elements

(
oo
E ki|2 < OO,

k= 1

oo \
E W2 < oo )

Ar— 1 /

is written correspondingly as a matrix product:

OO
(x,y) = E ^kVk = X* • y 

k=l

(where the asterisk denotes transposition), then we see what and how is to 
be translated into the “language” of matrix theory.

In space I2, a bounded linear functional £[x] is plainly a homogeneous 
linear function of all the coordinates of x, and this puts into evidence the 
representation £[x] = (x,y) at certain y G I2. Similarly: in the case of 
a bounded linear operator y= Ax, any coordinate ym must depend in a 
homogeneous and linear manner on all the coordinates of x, i.e.

OO
Vm — E ^mn-^n (^ = 1,2,...). 

k=l

Thus we can write:
y — [omn] ' X,

(15.3-6)

(15.3-7)

therefore the application of the operator A signifies a left-multiplication by 
the infinite matrix

A — [®mn]

an 
021

012
022

(15.3-8)

The same way of writing yields for any x, yG I2:

®[x>y] — X -(ay) — 0,mn^myni 
m,n

^[x] — X (A x) — E (A — A ),
m,n

(15.3-9)

(15.3-10)

which are the classical algebraic representations of the bilinear and quadratic 
forms.
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On the other hand, by (15.3-2) the operator A* has the matrix A*, 
i.e., forming an adjoint operator means “conjugation” and “transposition” 
for the pertaining matrix. In particular: an operator A is self-adjoint if 
A = A , i.e., if A is a so-called Hermitian matrix.1

Finally we establish: to the operator problem (15.3-4) the matrix eigen­
value problem

Ax = Ax (x / 0, x e Z2; A = A*) (15.3-11)

2 Cf. F. Riesz [11], [13], [22], [24]; J. Neumann [1]; furthermore H. Weyl [1] and 
Hille [1], Sz.-Nagy-Foia^-Geher [1].

is attached. Besides we see: the spectral representation (15.3-5) is nothing 
else but a strong extension of the fundamental formula about the transcrip­
tion of an Hermitian matrix into diagonal form.

15.34 . The description of the theory of Z  through matrices (which 
was developed by D. Hilbert soon after the turn of this century — this 
is why his name was attached to the space Z ) takes a prominent part in 
the so-called matrix mechanics, i.e., in the treatment of quantum mechanics 
due to W.K. Heisenberg, M. Born and P. Jordan (1925). The basic 
problem of the latter theory is the “diagonalization” of the matrix pendant 
of Hamilton’s function (known from classical mechanics), in close connection 
with an eigenvalue problem of the type (15.3-11). It is due to certain 
physical realities that only infinite Hermitian matrices may be taken into 
consideration.

2

2

Wave mechanics published by E. Schrodinger in 1926, yields the 
same results though it starts from a boundary problem pertaining to a par­
tial differential equation (the wave equation) and correspondingly operates 
by analytic methods. Thus the equivalence of the two theories became ev­
ident and was soon observed by Schrodinger, too. The deeper background 
of equivalence, however, was found first by J. Neumann in 1927: the so­
lutions of the fundamental problem of wave mechanics (the so-called wave 
functions) are required to be square integrable, i.e., they form an Z2-space, 
and this is isomorphic to the Z2-space used in matrix mechanics according 
to the theorem ll.f.l of F. Riesz and E. Fischer.

J. Neumann also succeeded in giving a new, mathematically rigor­
ous establishment of a unified quantum mechanics, by developing further 
the pertinent results of F. Riesz and by elaborating the theory of abstract 
Hilbert space in detail. Heisenberg’s and Schrodinger’s presentations may 
be regarded as equivalent realizations of Neumann’s theory which are very 
different in terminology but entirely similar structurally — like the inter­
connection between the spaces l2,L2 and the concept of H .2

If all elements of A are real, then the last-mentioned condition becomes simply 
A=A‘, that is A must be a symmetric matrix.
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During the twenties P. Dirac and (independently) P. Jordan tried 
to develop a common treatment of matrix and wave mechanics in quite dif­
ferent directions, through substitution of the differential operator in wave 
equation by a suitable integral operator. If, namely, such a transcription 
can be carried out, we can utilize the close analogy and connection between 
integral equations and linear equations of infinitely many variables (occur­
ring in matrix mechanics), and Hilbert’s extensive theory about eigenvalue 
problems of integral equations.1

1 See Dirac [1], Hilbert [1],

15.35 Unfortunately, the transformation of differential operators to 
integral ones is generally impossible, or rather it can be done only at the 
price of certain apparently absurd conditions. Such an assumption is e.g. 
in our case that an operator equation of the type (15.3-4) can be solved for 
any admitted A; further that there exists a “function” 6(t) for which

(f^O) (oo)
oo

and f 6(t) dt = 1.
— OO

(15.3-12)

This so-called “Dime-impulse” 6 which has been very often used till now 
(together with its formal derivatives) in physical and electrotechnical publi­
cations, may by no means be considered as a function in the classical sense 
of the word; its symbol refers merely to certain (unadmitted) operations 
under the integral sign. For instance, the formula

OO
u(;r) = J u(t)6(x — t)dt = uh 6, 

— OO
(15.3-13)

utilized particularly in engineering works on linear systems, means nothing 
else but the representation 

where

OO
u(x) = J uft)dE(x-t) 

— OO

'0
< 1/2
. 1

(t<0) 
(OO) 
(OO)

(15.3-14)

(15.3-15)E(t) =

is Heaviside’s unit jump function; the symbolic integral with respect to t 
in (15.3-13) comes from the (exactly defined) Stieltjes integral in (15.3-14) 
by writing dE/dt = 6(f), i.e., carrying out formally the differentiation of 
E(t) under the integral sign. (Cf. 8.3.3.)

Nevertheless, the development of the theory of integral transformations 
and of some other application fields has suggested recently the extension of 
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the classical concept of function in such a way that also ^(t) and its symbolic 
derivatives have obtained certain direct (abstract) interpretation. Since the 
fifties the modern theory of generalized functions has been established, with 
two main branches, L. Schwartz’s distribution theory and J. Mikusinski’s 
operational calculus.1

15.4 Banach space; concept of general topological 
space

15.41 As was mentioned prior to the introduction of the concept of 
abstract Hilbert space, another very important class of linear, metric and 
complete spaces can be generated by ensuring the metrics immediately by 
giving norm. Those linear, normed [cf. (3.1-6)] abstract spaces which are 
also complete with respect to the notion of distance d[p, = ||<^ - ^|| are 
called Banach spaces (cf. 3.12, 15.22). Their prototypes are clearly the 
Riesz spaces Lp, and their first systematic treatment is found in a famous 
monograph of S. Banach (1932).2

The concept of Banach space is a generalization of abstract Hilbert space 
in a certain direction, since the latter plainly satisfies all the requirements in 
the definition of Banach space, but the conditions characterizing a Banach 
space do not allow of any kind of conclusion about dimension number and 
separability. A further feature is that the notion of Hilbert space includes 
the existence of inner (scalar) product while in case of Banach space this is 
replaced by the norm; so it is natural to ask: is it always possible to derive 
the norm in a Banach space from an appropriate notion of scalar product, 
namely as the square root of the scalar product of an element by itself?

The answer is negative: the introduction of inner (scalar) product in 
a Banach space can be carried out only on a certain condition, and this 
restriction is fulfilled only by some proper subclasses of Banach spaces. 
Formulating in detail:

15.4.1 (Theorem of J. Neumann and P. Jordan) The notion of 
norm in a Banach space B can be given by means of a notion of inner 
product constructed in the same space if and only if any two elements p and 

of B satisfy the so-called parallelogram identity:3

Ik + ^ll2 + Ik - ^||2 = 2 (H^ll2 + ||^||2) (15.4-1)

1 Cf. L. Schwartz [1] and Mikusinski [1],
2 See Banach [1].
3 The denomination refers to the geometric meaning of (15.4-1) in the Banach 

space E^. the square sum of diagonals of a parallelogram equals the square sum of its sides. 
Cf. P. Jordan-J. Neumann [1].
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In fact, the necessity of this condition follows from the fact that the 
notion of scalar product MM (p & B, ip € B) allows to write:

M + MP + IM - MlP = M + M p + M + (v - M V - ip) =

= IMP + IMP + MM + MM + Mil2 + MH2 - MM - MM =
= 2M||2 + 2||<;

and the sufficiently of (15.4-1) can also be obtained in a much more lengthy 
but elementary way.

* * *

It is easy to see that L2 is the only Riesz space Lp (1 < p < oo) 
satisfying (15.4-1); thus Lp (p 2) yields example of Banach spaces which 
are not abstract Hilbert spaces as well. A similar statement holds on C[a,b], 
i.e., the space of functions continuous in [a, 6], and the same is true for V[a, b], 
i.e., the functions are of bounded variation on the segment [a, 6]; in the latter 
space, the natural definition of norm is (cf. 4.41):

M|| = Vv(a,6). (15.4-2)

Let us observe that every special space mentioned in 15.2 — among them 
also any Euclidean space or /p-space ■—■ belongs to the family of Banach 
spaces, all of them being normed too.

Evidently, all our earlier results regarding the structure of metric, linear 
and complete spaces (cf. 15.21) hold good also for Banach spaces as sets 
of abstract points or vectors. We have to realize, however, that without 
inner product the general geometry of a Banach space is devoid also of 
such notions as inclination angle, orthogonality etc., so that even such 
fundamental representation theorems as 15.3.1 and 15.3.2 have no pendants 
in the theory of Banach spaces. Yet we add that the study of bounded linear 
functionals and operators yields a number of significant, well applicable 
propositions.

15.42 If the totality of bounded linear functionals IP = &M defined 
in some Banach space B is denoted by B*, then the linearity of this set is 
trivial, and the pertaining notion of norm may be written in the form (cf. 
3.12):

Ml = sup {IMI'MMI}- (15.4-3)
M>o

(15.4-3) fulfils the requirements (3.1-6), and the completeness of B* with 
respect to the “distance” d[Li ,£2] = Mi - £2!! follows easily. Therefore 
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we can state: the bounded linear functionals of a Banach space B constitute 
another Banach space themselves; this space B* is called the adjoint of B.1

1 In the literature, the terms “dual" or “conjugate” are also usual.

Since in the case of an abstract Hilbert space H, a bijective mapping 
can be established between the elements of H and H* by (15.3-1), for which 
the norms of corresponding elements are equal and the linear operations 
carried out on corresponding elements yield again connected elements, so 
H is isomorphic to H and we may conclude: H is a structurally self-adjoint 
space.

Similar considerations show that the adjoint of any Euclidean space 
Eu is isomorphic to itself, the adjoint of an Zp-space is in isomorphic 
connection to the dual space Lp'[p' = p/^p- 1)], the adjoint of I2 to its 
dual lp [p' = p/fp — 1)], finally the adjoint of space C is isomorphic to space 
V (cf. 15.1.1-15.1.2). These results provide deeper background to the 
correspondence of dual spaces.

Let us now pay attention to arbitrary bounded linear operators T = 
of a Banach space B (cf. 3.13) mapping B onto another Banach space B. 
Like the above, the totality of these operators 7 forms again a Banach space, 
if the linear operations and norm are introduced as usual; the standard 
notation of the above operator set is L((B, B)).

15.43 The most frequent special case is B = B, i.e., mappings of B 
onto itself. Lhe following relevant result concerns the corresponding Banach 
space L((B,B)) and an operator expansion which may be regarded as a 
strong extension of the geometric series.

15.4.2 Let B be a Banach space and denote by I the unit operator of 
L^B,B)).

Then 1-7 has a unique inverse for any bounded linear operator 7 £ 
L(B,B) with ||T|| < 1, and the so-called Neumann’s expansion holds

oo
(1-7)^ = £77 (15.4-4)

n=0

The convergence of the series on the right is to be taken accordina to 
L(fB, B))-norm.

Proof. Let us start form the operator equation

y = (I-7)x (x e B) (15.4-5)

which is equivalent to
x = y + Ta: = (15.4-6)
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(15.4-5) shows that 1 — 7 maps space B uniquely onto itself; i.e., our 
assertion that (Z — CT)-1 exists and is one-valued, can also be expressed as 
(15.4-6) is solvable for any prescribed y £ B uniquely.

In fact, considering that the estimation

ll^i " Wl = P*i - Ml < p|| Han - Ml
holds for arbitrary pairs of elements sq £ B, xiE B, by p|| < 1 we can 
apply to (15.4-6) Banach’s fixed point theorem 15.2.1.

As regards the expansion of (Z-T)-1, first of all we note that the partial 
sums

(AT = 0,1,2,...) 
n=0

form a Cauchy sequence in L((B, B)), because for M < N

||uN - Ml = II E n<
n=M + l

as M and N -+ oo.
Now, L((5,5)) is itself a Banach space and thus complete, too; conse­

quently, the sequence {11^} must converge to some element 11 C L((B, B)) 
with respect to the L^B, Z?))-norm. It remains to be verified that U = 
(Z — T)-1, i.e.,

(Z-7)U = Z. (15.4-7)

For that purpose, let us estimate the norm deviation of the left- and 
right-hand term of (15.4-7). Using the identity

N w+i
(z - T) uN = E - E 7” = z - M1,

71=0 71=1

we can write:

IIU - T) U - /|| < ||I - O|| ||U - U„|| + 11011"+'.
Since here ||U - U/v|| and pp+1 tend to 0 as A —► oo, we get the condition

||(Z - 7) U - Z|| = 0,

which implies (15.4-7).

* * *
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We want to stress that the Neumann series1 (15.4-4) is a powerful 
tool in various application fields concerning Hilbert space, especially in the 
theory of integral equations.

1 See C.G. Neumann [1],
2 Cf. e.g. F. Riesz [5], M. Frechet [2].
3 This result is due to R.H. Bing, J. Nagata and Yu.M. Smirnov (1950-51).
4 Cf. A. Csaszar [1],

15.44 Among the principal trends in the development of functional 
analysis, we have to mention the concept of general topological space, which 
has become during the last decades a common basis of the study of abstract 
spaces and of several other mathematical disciplines. The foundations of this 
field were created in some pioneering works of F. Riesz and M. Frechet 
on metric spaces around 1910.  Riesz himself and a number of other math­
ematicians (F. Hausdorff, further P.S. Alexandrov, P.S. Uryson et 
al.) established soon afterwards that the transfer of most important notions 
and results of the elementary point set theory to abstract sets is possible also 
without metrics, if we provide certain subsets with properties corresponding 
to open sets, as well as neighbourhoods of Euclidean spaces. The denomina­
tion “topological spaces” refers on the one hand to the lack of metrics, on 
the other hand to the convention that the spaces in question are regarded 
as identical if they are “topologically equivalent” (cf. 2.13).

2

The notion of neighbourhood attached to some element (point) x of 
a basic set X is usually characterized by the following axioms: I. every 
neighbourhood of x contains x; II. if r is a neighbourhood of x, then the same 
holds for any subset of A containing r; III. if rj and 72 are neighbourhoods of 
x, then T] P1T2 is as well; IV. to any neighbourhood Tj of x we can find another 
neighbourhood r2 of the same point such that n is also a neighbourhood of 
every point of t2. If we attach to every point of X the subsets with these 
properties I-IV. as neighbourhoods, then we say that a topology is-defined 
on X, by which X becomes a so-called general topological space.

Note that the pertinent “metrization problem” was only solved in the 
early fifties; i.e., during that period the topological spaces generated by some 
prescribed concept of distance were successfully characterized.3 At about the 
same time, a unified theory of the topological space (in the above sense) as 
well as of other related “continuity structures” was elaborated.4

15.5 Extended applications concerning ordinary 
differential equations

15.51 In Part II, we have often dealt with differential equations, orthog­
onal systems or series originating from eigenvalue problems, furthermore the 
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connection between the theory of various abstract spaces and differential and 
integral operators. For instance, the classical orthogonal polynomial systems 
(those of Jacobi, Laguerre and Hermite), the system {JM(wnz)} (x 6 [0,1]) 
arising from Bessel functions, as well as the corresponding Fourier series are 
all generated by boundary problems of Sturm-Liouville type (10.3, 10.6); 
Haar’s equiconvergence theorem concerns Fourier series in terms of eigen­
functions of an arbitrary regular Sturm-Liouville problem (cf. 12.8); the 
quantum theoretic applications of Hilbert’s space and certain properties of 
linear operators in Banach spaces are interlinked with considerations regard­
ing some kinds of differential and integral operators (cf. 15.3, 15.4).

Here and in the forthcoming sections we want to develop further and 
extend the above results. Result 10.6.1 on the orthogonality of Sturm- 
Liouville functions can strongly be extended in the case t(x) = 0 to so-called 
self-adjoint eigenvalue problems.

15.52 Let us denote by 

= \fk^-y^(x
k=o L

1 More generally, two differential forms M[y] and X[y] of the same type (15.5-1) and 
of order 2^ are said to be adjoint to each other in [a, 6], if the integral of uM[u] — r>N[u] 
on this segment vanishes for every admitted pair of functions ufi), u(r). The notion can 
plainly be extended also to functions with several variables.

(15.5-1)

a so-called ordinary homogeneous linear differential form of order where 
and 0 are given functions, y = y(x) is a variable 

function, furthermore all the occurring derivatives are supposed to exist in 
some fixed interval a < x < b. We assume still, that y and its derivatives up 
to order ^v — 1 satisfy the following homogeneous linear boundary conditions 
with constant coefficients:

21/—1 r ,

E \Ajky^\a^B2ky<k\b} = 0 (; = 1,2,..., 2p), (15.5-2)
i=o L J

and that these 2z^ stipulations are linearly independent from one another.
The form (15.5-1) is called self-adjoint in [a, 6], if it fulfils the integral 

condition:
6

f (u£[u] — «£[«]) dx = 01 (15.5-3)
a

for any two elements u = u^x), v = v(x) of the above set of functions 
{2/(2:)}. Since the integral on the left can be evaluated by a transformation 
formula of Dirichlet:

b
J (u£[v] — vL[u])da: = (15.5-4)
a
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.k=l 1=0

it may be pointed out: £[y] is self-adjoint in a < x < b if and only if the 
last expression in (15.5-4) vanishes for any two admitted functions u and v.

15.53 Consider now a homogeneous linear differential equation of order 
2r:

CiM = ACM (15.5-5)
where Ci and £2 are differential operators of the type (15.5-1), both self- 
adjoint in [a, 6] with ?/ = y(x) satisfying boundary conditions of form 
(15.5-2); 2r means the greater of the degrees of £1,£2, while A is a real 
parameter.

Is Am, An a pair of distinct A-values for which (15.5-5) is solvable on the 
boundary conditions given, i.e., if Am and An are two different eigenvalues of 
the problem, then ym(x) and yn(x) denoting a pair of corresponding eigen­
functions, we can deduce like the proof of 10.6.1 the so-called generalized 
orthogonality relations:

b
f yn^2[yn]dx = 0,
a
b
f ym^i[ym] dx = 0.
a

In particular, for £2(2/] = —Q^y [£>($) > 0] we get:

b
j g(x)ym(x)yn(x) dx — 0 (Am An), 
a

(15.5-6)

(15.5-7)

which signifies that the system of eigenfunctions y^x^y^x},... is orthog­
onal in (a,b) with the weight function q(x).

Specializing further by putting

(M > o],
we come to the case of a Sturm- Liouville eigenvalue problem associated with 
the differential equation

[^(a:)^']' = -Xg^x^y (a < 1 < b). (15.5-8)

[Cf. (10.6-1)—(10.6-2).]

15.54 In addition, we have also to touch upon a relevant and very useful 
connection between eigenvalue problems pertaining to self-adjoint linear 
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differential operators of a single variable and so-called integral equations 
of Fredholm’s type. The latter are usually written in the form:

b
y(x) = Af K(x,f)y(t)dt + f(x),

a

K(x,t) and f(x) being certain known functions, y(x) denoting the unknown 
function and A a real parameter.

If a differential equation of the form

<-[3/] = [y = y(x^ a<x <b]

is given together with some boundary conditions, where q(x) is known 
and £[y] is an operator of the type (15.5-1) self-adjoint in [a, b], we can 
always construct a suitable auxiliary function K(x,t) — the so-called Green 
function — by means of which the eigenvalue problem in question can be 
transformed into an integral equation of the above form, equivalent to the 
problem. This K(x,t) fulfils for fixed t the boundary conditions and satisfies 
for x t also the homogeneous equation £[y] = 0; moreover it is symmetric 
with respect to x and t, i.e., K(x,t) = K(t,x).

15.6 Partial differential equations and orthogonal 
series

15.61 For applications in natural sciences and engineering, the bound­
ary problems relating to partial differential equations and the. orthogonal 
systems, as well as series connected with them are also of most pressing im­
portance. Here a short survey of some typical problems and results will be 
given.

From a historical point of view, the most classical pertinent example is 
undoubtedly the “problem of vibrating string”, which was first investigated 
by D. Bernoulli, J.D’Alembert and L.Euler towards the middle of 
the 18th century: determine the deviation of any point of abscissa x along a 
homogeneous string of length I at an arbitrary point of time t, if the string 
is in transversal plane vibration with fixed end points, further the initial 
deviation and velocity are known at all of its points.

Is one of the end points of the string at the origin and the initial 
point of time is taken t = 0, then we get by mechanical considerations 
for the deviation u = u(x,t) (at least approximately) the partial differential 
equation of second order

^7 = 72^4 (7/0 constant), (15.6-1)
at* ox1
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connected with the boundary conditions:

u(0,t) = u(l,t) = 0 (for every t > 0) (15.6-2)

and the initial conditions:

u(x,0) = u0(x), u't(x,0) = ui(x) (0 < x < Z), (15.6-3)

where u0($) and ^(z) denote prescribed functions, continuous and piecewise 
monotonic in [0, /].

D’Alembert and Euler first found the general solution of equation 
(15.6-1) by the formula:

u = £(x + 7«) + rj(x - 7/),

where £ = ^(r), tj = denote arbitrary functions of one variable (1747- 
1748). Another solving method published by D. Bernoulli a few years later, 
however, corresponds better to the nature of the problem. This is the well- 
known “separation process” whose basic ideas are to look for particular 
solutions written as products of two factors depending on x and t separately, 
i.e., in the form

u = ^x) • V(ty (15.6-4)
and after to construct on the basis of the homogeneity of the differential 
equation such an infinite linear combination with constant coefficients of 
the latter which satisfies not only (15.6-1) but also the accessory conditions 
(15.6-2)—(15.6-3). The second requirement will be called “superposition 
principle

Since by substituting (15.6-4) into (15.6-1) and by separation of the 
variables we get the equation

V(t) “ ’ V(x) ’

which can hold for arbitrary t > 0 and x £ [0,/] only if the left- and right­
hand term are both equal to some constant w 0, it yields for both and 
$ the differential equation of harmonic oscillation:

*w = -wc vw = -(-)W)-
7

The general solutions of these equations can be given at once e.g. by 
the expressions:

!?(i) = Ci sin(u4) + Cz cos(wi)
and

V(t) = cj sin(—x) + c2 cos(— x),
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respectively, where Ci, C2, Ci, c2 are arbitrary constants; hence any func­
tion of the form

u = [Cl sin(wt) + C2 cos(wt)] [cq sin(-r) + c2 cos(-s)]

satisfies (15.6-1).
Lastly, using the superposition principle and Dirichlet’s criterion (cf. 

12.33) we see that the problem of vibrating string has in our case a unique 
solution, namely the function in question can be represented as the sum of 
an ordinary Fourier series.1

1 This result could not be perceived clearly in the 18th century while the exact 
foundations of analysis were still lacking. For instance, it was very heatedly disputed, 
whether a trigonometric series can represent a piecewise linear function.

2 Cf. for further investigations: Sz.-Nagy [6] and F. Riesz—Sz.-Nagy [1], Ch. VI.

15.62 A natural extension of the preceding subject is the problem of 
vibration of the inhomogeneous string, whose deeper discussion was accom­
plished in the thirties of the 19th century, i.e., in the period after Fourier’s 
pioneering activity.

If the material of a vibrating string is not uniformly distributed, but 
it can be characterized locally by a continuous density function and 
elasticity (or flexibility) of the string is described by another (smooth) 
function cr(x), then the deviation u of any point as a function of x and 
t satisfies the partial differential equation

u'X = eixfUft (x G [0,1]; t > 0); (15.6-5)

we have to solve (15.6-5) together with boundary and initial conditions 
corresponding to the homogeneous case.

The equation obtained by the substitution

u = g>(x)

“separates” on the basis of a reasoning like the above into the ordinary 
differential equations

tHO = [<T(z)^(2:)]' = -w2 g(x^x\,

from which the second is of Sturm-Liouville type, while the first one is es­
pecially again the equation describing the harmonic oscillation. Thus the 
fulfillment of the accessory conditions necessitates Sturm-Liouville expan­
sions, and the series form of the unique solution is also written in terms of 
Sturm-Liouville eigenfunctions. (Cf. 12.84.)2
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15.63 Laplace’s differential equation (or potential equation') in plane:

d2u d2u
(15.6-6)

together with its 3-dimensional pendant occurs extraordinarily often in di­
verse branches of analysis and in numerous fields of applications; its solutions 
are called harmonics or potential functions.1

Observing that, on the basis of the Cauchy-Riemann relations, the real 
and imaginary parts of any complex power function w = fn (( = x + iy = 
re1'3 \ N = 0,1,2,...) are potential functions, by the superposition principle 
it is easy to see: any convergent series of the form

oo
U = £ rn(an cos nd + bn sin nd) 

n=0
(15.6-7)

i.e., every so-called harmonic function series (cf. 13.53) satisfies formally 
the variant of (15.6-6) arising by introduction of polar coordinates, that is, 
the differential equation:

d2U fdU_ 1 d2U 
dr2 r dr r2 dd2 [{/ = U(r, i?)]. (15.6-8)

The same result is yielded by separation U = rnV(d).
Note that by substituting in (15.6-7) the coefficients an,bn for the 

ordinary Fourier constants of a function f(d) (0 < d < 2?r), we can deduce 
easily the closed form of this series, namely Poisson’s integral which is known 
already from 13.51.

The most remarkable boundary problem of the theory of harmonic 
functions (potential theory), the Dirichlet problem2 may be formulated for 
the unit circle as follows: determine a function u = u(x, y) which is harmonic 
on the unit disk x2 + y2 < 1, and at the points of x2 + y2 = 1 it turns 
continuously into prescribed values given by a continuous function.

1 See Laplace [1],
A classical variation problem called similarly which has important physical aspects, 

consists in minimalizing the double integral

2'

dx dy

with prescribed boundary values of u = u(x,y). (Cf. Courant-Hilbert [1], p.153.) Note 
that the theory of so-called subharmonic functions, due to F.RlESZ, has opened new 
perspectives to the development of potential theory. (Cf. e.g. F.Riesz [17], Rado [1].)
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If we denote the latter function by f^) (0 < < 2tt), the problem
can essentially be solved through (A)-summation of the ordinary Fourier 
series of /(tf), more precisely by applying a suitable limiting process to the 
Poisson integral according to the considerations of 13.52.

15.64 In case of Laplace’s equation (potential equation) for the Eu­
clidean 3-space  which is usually written as1

1 Laplace [1].

d2u d2u 02u nr / m n—olAu = + ml = 0 (15.6-9)
d2x2 d2y2 o2z2

the most important particular solutions can be deduced by the coordinate 
transformation z . .x = r sin v cos ip 

< y = r sin d sin <p 
. z = r cos d

i.e., by introduction of spherical coordinates instead of rectangular Carte­
sian coordinates, furthermore by applying to the resulting equation for 
u = U(r, r?,<^) the separation U = rnV(d,p}, also applying the superposi­
tion principle.

We get solutions of the form:

OO
U = E rnYn(d,ip), (15.6-10)

n=0

where Yn{d,p) signifies a linear combination of the 2n + 1 basic functions

' Pn(cos d}, 
< Pn,k(cos i?) cos kip, Pn,fc(cos d) sin kip (15.6-11)
, (k = 1,2,...,n),

Pn(x) denoting the Legendre polynomial of degree n and

= (1 - (15.6-12)

the so-called associated Legendre functions of order k related to Pn(^)- (Cf. 
10.32.) x ,

It is not difficult to see that any product Un = rnYn(d,ip) which satisfies 
by its origin the equation (15.6-9), i.e., is a potential function, must always 
be a homogeneous entire rational function of degree n of the variables 
(x,y,z)-

Owing to the wide-ranging applications in physics, it is justified to 
introduce some pertinent names: the products Un are called (ordinary) 
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spherical harmonics of order n, the linear combinations Yn(d,p) are the 
so-called spherical surface harmonics (or Laplace’s spherical harmonics’) of 
order n, and Pn( cos'd) are called zonal spherical harmonics of order n.1

Note that every Laplace spherical harmonic can be obtained from the 
simplest potential function

u = = (z2 + y2 4- 22)-1/2

by repeated partial differentiations. (This is the so-called Maxwell-Sylvester 
representation. ) As a further important condition, we mention that the 
integral over the surface of unit sphere of any two linearly independent 
Laplace spherical harmonics equals 0; this property is usually expressed by 
saying that the sequence {Yn(d,<p)} forms a complete orthogonal system on 
the sphere r=l.

On the analogy of the concept of ordinary Fourier series, the expansion 
of a function f^,p), defined on the surface of unit sphere, is realized in a

oo
series of the form £ with certain surface integrals as coefficients.

n=0
Such a “Fourier series in space” is called Laplace series of /(d,<p); and its 
convergence and summation theories, based upon the properties of Legendre 
polynomials, may be compared with the topics of Chapters 12-13.

Evidently, Dirichlet’s problem together with its solution can also be 
transferred to the three-dimensional case.

15.65 The differential equation of linear heat conduction:

du _ 2d2u 
dt ~ K d^2 (k/0 constant) (15.6-13)

describes the temperature distribution u = u(x,t) along a thin metal wire of 
length I, which has at both end points a fixed temperature of 0, x denoting 
the abscissa of an arbitrary point of the wire and t the time.

In this case we have beside the above boundary conditions:

u(0,t) = u(/,t) = 0 (0 < t < oo) 

one single initial condition of the form:

u(x,0) = u^x) (0 < x < /), 

with a given function u0 on the right.

(15.6-14)

(15.6-15)

1 Cf. e.g. Courant-Hilbert [1], 441-451. 
Maxwell [1], Sylvester [1],
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Since the separation u(x,t) = F(x) G(ff) yields the elementary differen­
tial equations of second or first order:

F"(x) = -v2F(x\ G\t) = -(k^G^

(w 0 0 constant),

and for F 0 the value of w is necessarily mr/l (n = 1,2,...), an easy 
calculation shows that the solution of the problem may be written as follows:

u(x,t) = £ ansin(^x) (15.6-16)
n=l ‘

— if the coefficients an are chosen in accordance with (15.6-15), i.e., the 
representation

CO

uq(x) = ^2 an sin(—x) (0 < x < /) (15.6-17)
n=l ‘

holds good.
It should be noted that heat conduction — among similar physical prob­

lems — was treated heuristically by Fourier in his famous work entitled 
“Theorie analytique de la chaleur” (1822) which gave a very significant im­
pulse to the development of the theory of trigonometric series.1 In the same 
framework, we can find a counterpart of the problem which corresponds to 
the limiting process I —> oo and for which the boundary condition belonging 
to the right-hand end point is to be replaced by the boundedness of |u(x,t)|. 
The solution of this more difficult problem can be presented by means of 
Fourier’s integral theorem 14.J.2, considering that u^x) is an odd func­
tion in the latter case. The result can be expressed by the double integral 
formula:

1 At this point, let us refer also to the introduction of Section 14.4, furthermore to 
the work [1] of H.Poincare.

2 oooo
u(x,t) = — [ [ uo(r)e~r sin(wr) sin(wx) dw dr. (15.6-18) 

“ oo

Finally we point out that (15.6-13) together with the accessory condi­
tions (15.6-14)—(15.6-15) also characterizes the simplest cases of diffusion 
as well as of soil consolidation.

15.66
membrane:

A further related differential equation is that of a vibrating

1 d2u 
Au = (7 0 constant), (15.6-19)

463



where u = u(ar; y, t) denotes the deviation of an arbitrary point as a function 
of its plane rectangular coordinates and time.

If we introduce polar coordinates (r, i?) instead of (x,y), then substitut­
ing u by U the equation becomes:

+ = — — [U = U(r,d-t)]. (15.6-20)
dr2 r dr r2 dd2 72 di2

Here it is advisable to apply the method of separation twice: write 
first U = d) ■ !?(/), then in the differential equation obtained for £ 
we put $(r,i?) = F(r) ■ G^d). The resulting particular solutions contain 
beside trigonometric functions also Bessel functions. (Cf. 10.64.) The 
accessory conditions are: the boundary of the membrane is fixed, and the 
initial deviation and velocity of any inner point are characterized by certain 
prescribed functions of two variables.

We have still to emphasize that a three-dimensional analogue ol (15.6 
19), the so-called wave equation:

= (15.6-21)
dx2 dy2 dz2 p2 dt2

where V is a function of the rectangular Cartesian coordinates (x,y,z) as 
well as of time t and p 0 is a suitable constant, occurs frequently in optics, 
electro- and hydrodynamics, general theory of oscillations, quantum theory, 
moreover that (15.6—21) turns by the substitution

.t. if \ „-2»ri Et/h.= y:(x,y, z) e (15.6-22)

into the so-called Schrodinger equation:

(15.6-23)

mo denoting the mass of electron, h being Planck’s constant, E the intensity 
of field and V = V(x,y,z) the potential energy. As is well-known, (15.6-23) 
forms the basis of wave mechanics. (Cf. 15.34.)

* * *

Three of the above examples: the equation of a homogeneous vibrating 
string, Laplace’s equation in the plane and the equation of linear heat 
conduction are of the following common type:
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d2u , d2u d2u du du
+ "a-a—F c a-2 + --- 1" "O'S--- F cqu = 0dxz dxdy dy1 dx dy

1 Cf. Hilbert [1], Schmidt [2], Volterra [2].
Of course, Fredholm has used in his work [1] merely the apparatus of classical linear 

algebra, combined with certain limiting processes.

(15.6-24)

[u = u(x,yf],

i.e., they are linear homogeneous partial differential equations of second 
order, with constant coefficients.

Applying the usual classification of differential equations of the form 
(15.6-24), based on the corresponding geometric interpretation, we see that 
(15.6-1) is hyperbolic (b2 — 4ac > 0), while (15.6-6) represents the elliptic 
(b2 — 4ac < 0) and (15.6-13) the parabolic (b2 — 4ac = 0) class. This 
theoretical background enables us to extend the main characteristic features 
of the pertaining solutions to wider classes of multidimensional equations of 
second or fourth order.

15.7 Solving integral equations by operator 
methods

15.71 The gradual formation of functional analysis ran in the early 
1900’s parallel with the intensive development of the theory of integral equa­
tions. (D. Hilbert, E. Schmidt, V. Volterra, Scandinavian analytic 
school). The connection between these fields has been just as close as the 
interdependence of functional analytic methods with the general theory of 
orthogonal series (cf. 9.1). Hence the investigation of integral equations 
also yield in recent times an attractive application possibility of modern 
operational tools.1

As a relevant and typical example, we are going to discuss the linear 
integral equation due to I. Fredholm (1903),2 which was already mentioned 
in 15.54:

b
y(x) = A f K(x,t)y(t)dt + f(x) (a < x < b). (15.7-1)

a

Here we need following specifications:
1. The so-called kernel function K(x,t) is square integrable as a function 

of two variables for (x,y) G [a,5] X [a,6], moreover K(x,t) has the same 
property in [a, 6] for any fixed x as a function of t as well as for any fixed t 
as a function of x.
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2. The given function f(x) belongs also to L2(a,b).
(15.7-1) is said to be homogeneous or inhomogeneous according to f = 0 

and f / 0, respectively. Throughout this section, all the integrals are to be 
taken in Lebesgue’s sense, and the unknown function y is supposed to be 
square integrable as well.

We start from the observation: (15.7-1) may also be regarded as an 
equation relating to the linear integral operator

b
Xy = Xx[y] = fK(x,t)y(t)dt [y G L2(a,b)], (15.7-2)

a

which plainly maps the Hilbert space L2(a,b) onto itself. Since by the 
Buniakowsky-Schwarz inequality we have the estimate:

a a 
so the operator exists, is bounded and has the norm:

' b b 'j 1/2
IWI < J/[7f(a:,f)]2da:d4 <oo (15.7-3)

a a

(cf. 3.13). Using X and the unit operator I, (15.7-1) can be briefly written 
in the form

(I-XX)y = f. (15.7-4)
Let us call

K*(x,t) = K(t,x) (15.7-5)
the adjoint (or transposed) of the kernel function K(x,t), and transfer 
this denomination and notation also to the corresponding linear operators 
(17.5—2). Thus X is self-adjoint (X = X*) if and only if the kernel function 
is symmetric with respect to x and t, i.e., K(x,t) = K(t,x).

15.72 On the basis of Banach’s fixed point theorem 15.2.1 and the 
expansion theorem 15-4.2, it is now easy to show that our conditions assure 
the existence of a uniquely determined, square integrable solution y(x) of 
(15.7-1) for |A| small enough, moreover that this solution can effectively be 
given in the form of an Z2-convergent series. (Cf. 9.51.)

15.7. 1 (Generalized existence and expansion theorem of C. 
Neumann)  If the above conditions 1-2. are fulfilled and A is chosen in 
such a way that

1

1 Cf. C.G. Neumann [1], The right-hand series in (15.7-7) is called usually Neu­
mann’s series.

(bb )-V2
lAl < ) dzdt\ , (15.7-6)

I a a
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then there exists a function y(x) g L2(a,b) satisfying the integral equation 
(15.7-1).

This solution is uniquely represented by the expansion:

00 b t i= + £ X^K^xfi^dt [L2^,
n=l a

where the so-called n-th iterated kernel A'^ is defined by the 
formula:

A'i1^,/) = Kfic,t), 
b

K^n+1\x,t) = f A'(x,t)A’W(x,t)dt ’

(n = l,2,...).

(15.7-7)

recurrence

(15.7-8)

Proof. The first part of the verification of 15.4.2 implies that by 15.2.1 
the form (15.7-4) of (15.7-1) is solvable uniquely, if any pair of functions 
yi g L2(a,bfi y? g L2(a,b) fulfils the estimate

with a suitable factor q g (0,1).
The latter condition is obviously satisfied whenever (15.7-6) holds, be­

cause from the Buniakowsky-Schwarz inequality we get

IIAXy, - AXy2|| < |A| j j [A'(x,t)]2 dx dt * • ll^i - Z/2II,

and the factor before ||jq - j/2|| is < 1 in our case.
Hence we see that T = AIK is such a bounded linear mapping of the 

Banach space L\a, b) onto itself whose norm is smaller than 1; thus we may 
apply to this operator 15.4-2 and obtain as the solution of (15.7-4):

00

y = (J - AX)-1 = ( £ XnXn)f = 
n=0

(15.7-9)

00
= /W + £ A"X”[/] [£2(a,4)] 

n=l

But by (15.7-8), the n-th iterated kernel can be written as X [A’fn~ 
where A'in-1l is to be regarded as a function of t (n = 2,3,...). Therefore 
induction leads to the formula:
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(15.7-10) 
a

(n = 1,2,...), 

by means of which (15.7-9) becomes (15.7-7).

* * *

As far as the interconnection between solutions of

(I-XX)y = f (//0) (15.7-11)

(inhomogeneous case) and of

(/ - XX)y = 0, i.e. y = XXy (15.7-12)

(homogeneous case) is concerned, for orientation we insert the pertinent deep 
theorem, which is wholly analogous to the corresponding classical results on 
systems of linear equations.

15.7.2 (Fredholm’s alternative)1 (Z) If the equation (15.7-12) 
attached to (15.7-11) has only trivial solution (y = 0), then (15.7-11). is 
uniquely solvable in case of any given f 0.

(II) Has the equation (15.7-12) attached to (15.7-11) a non-trivial 
solution, then the number of its all linearly independent solutions is finite 
and equal to the number of linearly independent solutions of the equation 
containing the adjoint kernel, i.e., of

1 Cf. F.Riesz [11], [13],

y = XX* y. (15.7-13)

Furthermore, in this case the equation (15.7-11) is solvable if and only if 
the function f on the right is orthogonal to every solution of (15.7-13).

15.73 The above operational method renders possible a particularly 
elegant discussion of homogeneous linear integral equations, if the kernel 
function is symmetric. (This is called Hilbert-Schmidt theory.) This is due 
to the fact that the condition K(x, t) = K(t,x) involves not only the self- 
adjointness but also the total continuity of the operator X in the sense 
defined in 15.32; and this circumstance is plainly advantageous from point 
of view of the eigenvalue problem associated with the operator equation 
(15.7-12).
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In fact, after writing the integral equation

b
y(x) = $ K{x,i)y{t)dt 

a
[K /0,y£ L2(a,b)] (15.7-14)

in the form
Xy = -U (A 0 0), 

A (15.7-15)

we may apply immediately the statements about the equation (15.3-4) in 
Hilbert’s space, together with the spectral decomposition theorem 15.3.2.

Thus we get in the case

K(x,t) = K(t,x) (ie[o,6],/e[a,4]): (15.7-16)

I. (15.7 14) has countably many distinct real eigenvalues, say Aj, A2,... 
with |An| T 00;

IL the eigenfunctions pertaining to different eigenvalues are orthogonal 
by pairs, so that we can form of them a complete orthonormal system 
yn(a:) (n = 1,2,...).

If the eigenvalue belonging to yn(x) is denoted by An, it results finally 
as a corollary:

15.7.3 (Hilbert—Schmidt expansion theorem)1 Any integral op­
erator with symmetric kernel function:

b
^x[y] - f K(x,t)y(t)dt [yEL\a,b)] (15.7-17)

a

can be represented by a Fourier series in terms of the eigenfunctions {jin} 
according to L2 -convergence, i.e., we have

00

= E lnyn(x) [Z2(a,5)] , (15.7-18)
n=l

where the coefficients depend also on the eigenvalues An 0:

1 b
In = ^~ f y(t)yn(t) dt (n= 1,2,...). (15.7-19)

Cf. Hilbert [1], Schmidt [1]—[3], further F. Riesz [2] and [11]. For an exhaustive 
treatment of the theory of integral equations let us refer e.g. to the functional analysis 
[1] of 1'.Riesz and B. Sz.-Nagy, while for the main applications of the theory we mention 
S.G. Mikhlin [1],
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’s zeta-function 345

hypergeometric series 278

I

idempotency 28
indefinite integral: see primitive
independence, linear 287

stochastic 225
inequality

of Bessel 301
of Buniakowsky and Schwarz 240
of Cauchy 47, 236
of Holder 438
of Minkowski 439
triangle 47, 237, 244, 441

infimum: see greatest lower bound
initial conditions 458
inner measure

(J)- 120
(L)- 150

inner product (in abstract spaces) 231, 235
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Ideas and results arising from the modern theory of real functions are 
indispensable today to the more profound bases of probability theory, 
discussion of generalized functions (distributions), theory of approx­
imation, to solving partial and ordinary differential equations and 
integral equations, in the various branches of mathematical physics 
and engineering. Lebesgue’s theory of measure and integration, fur­
thermore the related modern Fourier analysis — including functional 
analytic expedients, the convergence and summation theory of or­
thogonal series play an especially prominent role in applications.

As this book was written primarily for graduate students, didactical 
points of view are taken into consideration throughout. The first half 
focuses on surveying the theory of real functions, while the second 
half deals with general and special orthogonal series, both extensively 
relying on pertinent results obtained from the Hungarian analytical 
school. Most recent among these topics are e.g. new connections 
between integro-differential operators and summation methods found 
by the author.

Readership: graduate students of mathematics, physics, electrical 
and mechanical engineering, as well as researchers 
and practitioners in the above fields.
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