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PREFACE

This Volume 2 contains 10 papers prepared within the frame-
work of the activity of Working Group No.7 KNVWT (Komissija
Naucnye Voprosy Vycislitelnor Tehniki, in English: Committee
of the Scientific Problems of Computer Science). Together

with Volume 1 (MTA SZTAK1 Tanulmanyok 140/1983) 19 papers

have been collected, the subjects of which cover almost the
whole field of optimization. Program packages and single
programs for linear, nonlinear and discrete programming, trans-
portation problems, network flows, problems of optimal control,
optimization with multiple objective functions, iInventory
control problems, nonlinear and discrete approximation are
described iIn these papers.

A wide range of practical applications are also covered by the
papers given in these two volumes such as

- economic applications,

- applications i1n sociology, biology and medicine,

- problems of taxonomy,

- problems of 'training by tutor",

- problems i1n industrial quality control,

- forecasting and prediction problems,

- classification and typology,

- production location of homogeneous products,

- statics of planar bar structures,

- safety stock planning,

- electricity production scheduling,

- highway engineering scheduling,

- other engineering problems (e.g. optimization of
chemical reactor systems),

- computer aided design of engineering systems,

- equipment mounting iIn computing centres etc.
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In the Tirst paper of the present volume H. Bernau3 E. Halmos
and Zs. Sods deal with the optimal (i.e. minimum weight)
design of planar bar structures. Different methods of nonlinear
programming are used to solve problems of this kind, coming from
the 1KARUS Bus Factory. In the next paper M. (femy and

D. Gluckaufova deal with decision making problems iIn the
presence of multiple (usually conflicting) criteria, and with
their computer programs for a small desk computer Wang 2200.

The third paper by G. Christov3 T. Encheva3 M. lvanchev3

N. Janevt J. Jotcv and R. Kaltinska give the description of
their program package LSSP for solving sparse linear programming
problems in general and also those of special structures. In the
paper by 1. Dedk3 J. Hoffer3 J. Mayer3 A. Németh3 B. Potecz3

A. Prékopa and B. Strazicky a case study is presented concerning
optimal daily scheduling of electricity production in Hungary.
The model i1s a large-scale, structured, mixed variable linear
programming problem. In the paper by L. Gombocz, P. Kelle and
A. Seb6 a multi-purpose inventory control program package is
described. This package was applied for the inventory control
problems of the Danubian Iron Works in Dunadjvaros 3 Hungary.

E. Jasinska and E. Wojtych tell us in their paper how they
solved the problem of sugaebeet distribution by mixed variable
linear programming techniques.

One of the two short papers given by L. Luksan contains a
description of a new class of methods for linearly constrained
discrete nonlinear minimax approximation. The other one contains
a short description of the software package SPONA for optimiza-
tion and nonlinear approximation. It i1s designed for solving
highly nonlinear technical problems with a relatively small num-
ber of variables. The main purpose of the paper by B. Vizvdri
IS to discuss how to combine exact and heuristic elements to
achieve an efficient method for discrete programming. This method
can be very useful for the solution of large-scale integer pro-
gramming problems that cannot be solved by exact methods within
reasonable computer time. In the last paper of this volume
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S. Walukiewicz describes the ellipsoid algorithm for the
solution of linear programming problems. Some new aspects
and modifications of the method are considered, such as deep
cuts, surrogate constraints, range ellipsoids, different
choices of the initial ball. The question that in which
cases can the ellipsoid algorithm compete with the simplex
method is discussed too. Computational experiences are also
given.

Finally we express our thanks to every contributor for their
cooperation In the publication of this collection.

The editors
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A PROGRAM PACKAGE DETERMINING MINIMUM
WEIGHT PLANAR STRUCTURES

H.Bernau (Budapest), E.Halmos (Gyér)
Zs.So06s (Budapest)

(Hungary)

1. INTRODUCTION

With the optimal design of planar bar structures the de-
pendence between the forces and the cross-sectional areas can-
not be explicitly given. Two approaches evolved to complete
tasks for the determination of optimal structures. A detailed
survey of the development of these two trends is given in the
paper of Venkayya [12]. The main difficulty in both attempt 1is
that the relations between the design variables (cross-section-
al areas, surfaces of plates ...) and those describing the be-
haviour of the structure (tension, stresses, displacements ...)
generally cannot be given in an explicit way. This makes the
direct application of programming methods very expensive as
the calculations of the appropriate functions or their gradi-
ents require a complete analysis of the structure. In the
models based on optimality conditions, these relations are used
in an approximated form, and by the resulting iInaccuracies the
convergence 1is hard to be ensured. This remark shows, that the
goodness of the approximations for the above mentioned implicit
relations i1s of decisive Importance with respect to the effi-
ciency of solution methods [I0] , [12] .

In this paper we will describe two models, which are the
basis of the program package. Then we will give a short survey
of the purpose, the usage and the moduls of the package.
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2. STATEMENT OF THE PROBLEM AND EXPLANATION OF THE MODELS

Assume, that planar frames with minimum weight are to be
investigated. It 1s assumed, that the material of the struc-
ture, and the layout of the bars in the frame are fixed iIn ad-
vance. The such cross-sectional areas and moments of inertia
have to be determined that for a given external static load in
the structure the bar-stresses should not exceed the limit va-
lues of stresses characterized by the material used and the
total weight of the frame is minimal. About the frame the fol-
lowing will be assumed:

a) the bars are prismatic,

b) the static external loads work only in the nodal
points,

c) the displacements iIn the nodal points are differen-
tially small and their influence on the tension
equilibrium can be neglected,

d) stress restrictions ensure the ideal elasticity of
the bars,

e) the frame is statically iIndeterminate.

Under these conditions the behaviour of the loaded frame
can be described by the following equation system [I], [II]:

Il
o

R(MDy - X
Ay =¢

2.1

where
R(t): the elasticity matrix of the bars dependent upon the
cross-sectional areas and moments of Inertia

A the matrix of geometric constants;

AT the transpose of Aj;

y the vector of forces and bending moments;
X the vector of nodal points displacements;

the vector of static external load fixed in advance.
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This system yields for every vector t a linear equation
system in x and y, i1.e. in order to find out for a given vec-
tor t, the vector y of forces and moments the equation system
(2.1) has to be solved. As the total weight of the frame has
to be minimum the following optimization problem emerges

rmn P 2 I.t. 2.2)
¢, t)) il

N Q@ .3)
i:I3230003N Q 4)

where 1. is the length of the -i-th bar and t. is its cross-
sectionél area, p Is the specific weight oflthe material and
°—(yst) i1s the stress in the i1-th bar. The values a t. are
limiting stresses fTixed In advance for the bars as well as the
lower limits for the cross-sectional areas, the layout of the
frame is fTixed.

It Is easy to see that in this optimization problem the
stresses cannot be given as explicit functions of the vec-
tor t, as the vector y results at any time from solution of
the basic equation system (2.1). Taking into account, that for
every vector 0 the elasticity matrix R(t) 1is regular, it
follows from (2.1)

y() = R "M(DA™X @-.5)
from which
Ay(t) = AR MDA = q 2 .6)

follows. As the frame has been assumed statically indeterminate,
the matrix A has the full row rank and the matrix

C(t) = AR 1(t) AT
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is thereby also regular for every 0.
Then 1t results from (2.6), that

x(t)=C ~(t)ga

and substituting this into (2.5) one gets for the dependence
of the vector y upon the cross-sectional areas and moments of
inertia the well-known basic relation of the displacement
method £I] :

y()=R~1 t ATC~1(t)q. (2.8)

So the optimization problem (2.2), (2.3), (2.4) takes the
form:

N
min T 1.t.
(S i=l xV
0, ,(y(3t) < 0. i=1J2a...,N
ty 2 tV. i=la2a N

where y(t) results from the relation (2.8). As the vector t
appears iIn the iInverse of the matrix C(t)3 y(t) cannot be given
as an explicit function. (It should be noted here, that the
matrix R'Z(I) can be given, on the basis of the diagonal block
structure of the matrix R(t) explicitly as a function of t.)

The first model 1is a developed version of an earlier model
elaborated by E.Halmos and T.Rapcsak [6] - In their model the
relation (2.8) 1is approximated by an explicit function of the
vector t. The basis of their approximation is the following
decomposition of the structure: every moving nodal point of
the original structure gets a substructure assigned composed
of this nodal point and the bars entering i1t. At the same time
the bar-terminals not belonging to the nodal point will be
fixed. For these substructures there are relations analog to
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the relation (2.8),
yA(t)=R~2 (t)AJCy~2 (t)qy y=1323.._3M .10)

where M is the number of moving nodal points of the original
structure. In the cases of planar structures the matrices
cr(t) are of the order 2 or 3, and the inverse of these mat-
rices can easily given from the elements of the matrices

c (t). Thereby the relations (2.10) yield explicit relations
for the dependence of the forces upon the vector t, if the
loads ¢ are given. The vectors q y = 1 323...3u are the static
loads of the nodal points in the substructures. In the model
these loads will be so determined, that for an initial vector
2 the displacements of the nodal points in the substructure
coincide with the displacements of the nodal points iIn the

original structure. This coincidence 1is ensured If the nodal
point loads are fixed iIn the form

zX1y y=1,23...,M (2.11)

where QcJ 1s the displacement of the nodal point In the ori-
ginal structure for t:g- (These displacements are part of the
solution of the system (2.1) for t:?)- These nodal point
loads will be considered as constants and the bar forces ap-
proximated in the following way

cvy (> if the i1-th bar appears only
in one substructure

y1l(®

Yyy O+ z (D if the i-th bar appear in
v Yl Y2 two substructures y7 and y .

For the so defined forces 3_/' (© 1t can be proved that for t:‘g
these coincide with the forces evolving actually in the ori-
ginal structure.
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Two disadvantageous properties could be observed during the
application of this approximation:

a) The nodal point loads q from (2.11) chosen as constant 1in
the model depend strongly upon the choice of the initial
vector %- This requires the loads q relative often to be
determined anew iIn order to ensure the feasibility with
respect to the stress constraints iIn (2.9).

b) At the bars connecting two moving nodal points and contained
accordingly in two substructures. Both components y (O

0 n ,
and y O(t) from (2.12) have for t=t often an opposite sign
y

and are absolutely considered relatively large compared
with the actual forces i1n the original structure. For this
reason the mechanical properties of the substructure dif-
fers strongly also for tzg from those of the corresponding
bar group in the original structure.

In order to ensure a closer connection between the sub-
structures and the original structure an attempt was made to
determine the nodal point loads such that for t—% the forces
in the substructures coincide with the forces in the original
one. It was found out [4] that this coincidence can only be
achieved i1t In the substructures a kinetic load f 1is iIntro-
duced for the originally fixed bar terminals. This kinetic
load i1s chosen such that the resulting displacement of those
terminals agree with the displacements of the corresponding
nodal points In the original structure for t:%- Furthermore
if one requires the coincidence, one gets for the nodal point
loads

F=cy(®D) W y+Y y2~ /[y Y=1,23...,M (2.13)

and the forces iIn the substructures present themselves iIn the
following form
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1VeE=V (CAYNY1(O<y-CylItsV yl1 Oty C.w)

It can be shown 13; that for tzg these forces coincide with the
forces iIn the original structure. Two remarkable properties of
this approximation p] :

1. The nodal point loads defined in (2.13) are in all free
moving nodal points independent of the choice of the initial
vector % and agree with external loads of the nodal points 1in
the original structure. If a nodal point is fixed with res-
pect to certain directions, then the corresponding components
of qY contain the reacgion forces of the original structure
on the fixation for t=t.

2. For t=t the composition of the loaded substructures yields
the original structure i1n the loaded state.

After having discussed the first model, let us turn to the so
called exact model. A further possibility for the solution of
the problem (2.2), (2.3), (2.4) will be given to which the re-
lation (2.8) or an approximation of this will not be required.
To this we turn back to the relation (2.5). Considering iIn
this relation besides the vector t also the displacement vec-
tor x as variable vector, the stress constraints can be set

in the form:

G, V8D = & (R2(DATX3D) <a,  i=1323...3N.

As the matrix R~1(t) can be explicitly given as the func-
tion of t, an explicit function of t and x iIs obtained to de-
termine the bar stresses. But iIn this case the second equation
of basic system

Ay = AR M)A = g

has to taken into account iIn order to ensure the equilibrium
of forces iIn the nodal points and so the optimal design problem
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gets the following form

mm P ’I\é
(t . Gy i
N (2.15)
AR ~N(t)ATx=q
N

3. TEST RESULTS OF THE MODELS AND SOLUTION METHODS

Within a contract work with the IKARUS Bus Factory, Buda-
pest, the presented models have been tested for designing va-
rious structures. The following optimization methods have been
used to solve the corresponding optimization problems:

1) the linearized centrum method [7]:

2) a penalty algorithm SUMT with logarithmic penalty
function [8] :

3) a modified Lagrange method [9]

With respect to the models and the applied solution methods
the following experiences have been gained:

a) At the "exact model™ the direct formulation has the advan-
tage of not requiring any approximation, iIts drawback is
that the number of variables and constraints increases In
relation to the problem (2.9). Moreover the addition of
equation constraints i1n problem (2.15) makes the treatment
of this problem more difficult than the solution of the
problem (2.9).



b)

D

- 17

The application of the relation (2.14) yielded, compared
with the relation (2.12) for tft substantially more accu-
rate approximation for the forces. This caused the need of
the updating of the nodal point loads to become more iIn-
frequent. The required computation time was for both models
about the same.

To the solution of the problem (2.15) only the 2nd and 3rd
can be applied because of the equation restrictions. At
this problem 1t proved to be advantageous to fix iIn the
particular unconstrained optimization phases the values of
the vector t and x alternately, i.e. If In a phase the op-
timum of the penalty function with respect to the vector t
has been found, then after updating the correspondent pe-
nalty parameters the values of t have been chosen as con-
stant in the next phase, and the optimization is done with
respect to the vector x, and vice versa.

With problems of smaller size the required time to solve
tasks of type (2.15) amounted to about as much as for tasks
of type (2.9). With problems of greater dimension (number
of variables 50 and number of constraints In the same order
of magnitude) the required computation time for the tasks
(2.15) exceeded by far that for the tasks (2.9), yet the
tasks (2.15) yielded generally better solution.

In all methods numerical gradients have been used. To the
inaccuracies resulting therefrom the penalty method seemed
to be less sensitive than the other methods.

Another advantage of this method is that i1If the starting
point is feasible with respect to inequality constraints,

it 1s ensured that the i1nequalities i1n all iteration points
will be fulfilled. This guarantees that the vector t remailns
always positive. In the program for the modified Lagrange
method [9] this i1s not the case and iIn consequence diffi-
culties arise, as the matrix R *(t) is not defined if com-
ponents of t are zero or negative.
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On these experiences the following strategy can be sug-
gested to solve the design problem. Starting from an initial
vector %, the use of the approximation (2.14) in the problem
(2.9) yields an approximate solution. (Solving the problem
(2.9) 1t can be necessary to update the nodal point loads (q
and kinetic loads T sequentially.) Thus the obtained solution

N
t1 as well as the vector x1 resulting from the relation

Xy =c~1(tl)qy y=1,2, ..., M

can be used as the starting point in the problem (2.15) to
find more accurate solution.

4. THE PROGRAM PACKAGE TO SOLVE THE OPTIMUM DESIGN PROBLEM

The developed and implemented system RUDMER has the fol-
lowing tasks:

1. To create the basic file containing the parameters of
the planar structure.

2. To make the necessary modification on the basic file,
if the user wants.

3. To solve the optimization problem using (2.9) model.

4. To solve the optimization problem using (2.15) form
of the design problem.

5. To solve the (2.1) equation system for a fixed % vec-
tor.

The function of the package is the following:

1. The program PRODUCE makes the first task. The user
have to give the fTollowing parameters of the structure: the
number of the bars and nodal points; the x and y coordinates
of the nodal points; the indices of the connected nodal points
for all bars; a two dimensional sign vector, whether the nodal
point can move away Into the directions x and y; and the ex-
ternal loads. The program creates the necessary basic fTile
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2
from these informations, and sets up the matrices R(t)3 R ()3
Aj and vector Q.

2. Sometimes modification is needed and the modul CHANGE
makes this task.
The possible modifications are:

a) new bar addition,

b) new nodal point addition (and some new bars, of course),
c) delete of a bar,

d) delete of a nodal point,

e) change of a nodal point fixing.

3. The program APROPT solves the (2.9) model using the
(2.14) approximation.

In the fTirst part creates the RM(t)1 4™ matrices and , T
vectors for all nodal point, and sets up the constraints of
the problem. Then solves the (2.9) nonlinear programming prob-
lem. The run of the ALAP to solve the (2.1) equation system

IS needed before the start of the APROPT.

4. The program PONTOPT solves the (2.15) nonlinear prog-
ramming problem (second model).

5. The program ALAP solves the (2.1) equation system for
% fixed In advance, gives the bar stresses and prepares the
necessary informations and datas for the running of the prog-
ram APROPT.

The method to solve the nonlinear programming problem is the
SUMT (Sequential Unconstrained Minimization Techniques) elabo-
rated by Firacco and McCormick. The package was implemented on
a CDC 3300 computer in FORTRAN IV language.
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PROCEDURES FOR MULTICRITERIUM DECISION
PROBLEMS ON A PROGRAMABLE CALCULATOR

M.Cerny{ D.GI0Ockaufova

(Praha, Czechoslovakia)

1. INTRODUCTORY REMARKS

The problems of Multiple criteria decision making (MCDM)
refer to making decisions iIn the presence of multiple usually-
conflicting criteria. Problems involving multiple criteria
decision making are of common occurrence in everyday life. For
example, 1In a personal context, the job one chooses may depend
upon its prestige location salary, advancement opportunities,
working conditions and so on. In a public context, the water
resources development plan for a community should be evaluated
in terms of cost, probability of water shortage, energy, rec-
reation, flood protection, land and forest use, water quality

etc.

One may state that there exist two different sets of MCDM
problems due to the problem setting: one set contains problems
involving finite number of elements (alternatives) and the
other consistsof problems with infinite number of potential al-
ternatives. The problems of Multiple criteria decision making
(MCDM) can be therefore broadly classified into two categories
in this respect:

- Complex evaluations of alternatives.

- Vector optimization.

The distinguishing feature of the problems belonging to the
first group is that there is usually a limited (and rather
small) number of predetermined alternatives. The alternatives
have associated with them a level of the achievement of the
attributes (characteristics), which may not necessarily be
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quantifiable. The final selection of the "best" alternative 1is
made with the help of inter and iIntra attribute comparisons.

Vector optimization problems are not associated with the
problems where the alternatives are predetermined. The common
features of vector optimization problems are that they possess
- a set of quantifiable objectives,

- a set of well defined constraints.

2. PROGRAM SUPPORT FOR MCDM PROBLEMS

The nature of the MCDM problems requires the possibility
of the flexible interactions among decision maker, analyst and
computer in the whole process of solving the problem. Recently
there became available various computing systems which make
such i1nteractions possible. Screen terminals and graphical
displays connected to the computer are weel-known examples of
such devices. Even better contact with the user give small
computers of the desk type, which are now well-spread. In our
institute we have at our disposal computer Wang 2200 VP, which
has proved very useful for solving small and medium sized
problems of MCDM.

The procedures for solving MCDM problems which we have
developped on our computer form three different groups accor-
ding to the nature of the problems solved:

- procedures supporting vector optimization problems,

- procedures for complex evaluation of alternatives,

- procedures used for the formalized analysis of the set of
criteria.

Procedures for vector optimization problems must be based
on a reliably working program for solving corresponding one
criterial problems. That i1s why we have limited ourselves for
the time being to multiobjective linear programming problems
and to the problems of choice from a finite set. From the ex-
isting methods of the vector optimization we have chosen a
modification of a so called STEM method. This method does not
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require from the decision maker the explicit formulation on
his local or global preference structure; the only necessary
information needed concerns the maximum relaxations of the va-
lues of some objective functions in order to Improve the va-
lues of other ones. The method used will be described In more
detail 1n the next section of this paper.

The programming support of a modified STEM method has a
form of a system of program modules, making it possible to
solve the problems with 10 objective functions at most. Apart
from this the multiple objective LP problems solved by this
system can have up to 60 variables and 30 constraints; iIn the
problems of choice from the finite set this set can have iIn
the present program version maximally 120 elements.

The common feature of the majority of methods for complex
evaluation of alternatives 1is the existence of subjective
factors. One of the possible ways how to objectivize the re-
sults i1s the simultaneous application of several methods.
Therefore i1t iIs convenient to build the programming support
for those methods iIn the form of the system of procedures ope-
rating ON a common data base.

The set of programs for the complex evaluation of alter-
natives consists of the procedures realizing:
- the method of basic alternative
- method AGREPREF
- method of approximating the fuzzy preference relation
- the Electra 111 method.

These programs make it possible to evaluate up to 40 al-
ternatives according to 20 criteria. The programs communicate
with user by asking for new or improved values of the weights
of criteria and thresholds of sensitivity. The methods realized
in the set are described in more detail iIn the section 4 of
this paper.

The methods for the formalized analysis of the set of
criteria are based on the assumption that the values of crite-
ria on a finite set of alternatives are given.
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Consequently their programming support is built iIn much
the same way as the procedures for the complex evaluation of
alternatives, 1.e. on the common data basis. The programs make
it possible to compute the coefficients of similarity or dis-
tance, the Kendall®s and Spearman®s rank correlation coeffi-
cients and the coefficients of consistency. The set contains
also the program for determining the weights of criteria by
the Saaty"s method.

Apart from the simple approaches mentioned above the
formalized analysis can be performed with the help of more
complicated methods like GUHA method or cluster analysis
method. These approaches however require more capacity and
time and moreover their programming support exists on large
size computers. Therefore we have not included them into our
program system.

3. VECTOR OPTIMIZATION PROBLEM: MODIFIED STEM METHOD

The problem of vector optimization solved by the modified
STEM method can be formulated as follows:

max (k=13 .. .jJnr)

fA(X) * min (k=r+13_._._.ym) O<r<m

subject to xGX (a feasible set).
Present state of programs makes it possible to solve two
special cases of such problems:

1. Multiobjective linear programming problem, where

X={&Ix=b3 x>0}

f j<(%) ~c \cc+Nk
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2. Selection from a finite set of alternatives, where

X

TR - given values.

Let us note that this formulation of vector optimization
problem is somewhat more complicated than the commonly used
form. 1t would be of course possible to omit the constant terms
in the objective functions and to assume (e.g.) that all func-
tions are maximized. Such a transformation is of course made
in the computation phases of the algorithm, but iIn the process
of iInteraction with the DM i1t is better to stick to original
expression of the functions, so that the DM is not forced to
express himself in transformed values which may represent an
unnecessary simplification to him. The process begins (as i1t
is usual iIn STEM-type methods) by constructing a so called
payoff matrix consisting of the elements

..M Wwhere x£ solves the problem

S ik 132j

f.(x) max (min) )

subject to XxGX.

The diagonal elements z"=z"=f"(X") represent the so
called i1deal values of objective functions.

The provisional or compromise solution computed by the
analyst at each iteration step is obtained by solving the fol-
lowing problem (g denotes the number of i1teration step):

subject to
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XGX,

fk () +vkd-zk - (KEK@ . k<r)
FKO)~vkd-zk  (KEK@ 3k>v) @

Tk)>h(@ (KGK(@)3 k<r)

fk GO<hkg) (KGK(D3 k>r).

It 1s obviously the problem of minimizing the maximum de-
viation of an objective function from its ideal value. Here
KNg” 1s the set of indices of those objective functions, the
values of which are not yet marked by the decision maker (DV)
as satisfactory, K(Q) iIs the set of other objective functions,
The limit values ngq) are determined as follows:

hk>=Hk~1>th <4ed o 4rV>

h<g>=fk (xfg~V )Ck

where is the amount of relaxation given by the DM.

The weights are given by the DM who can choose one of
the three possibilities:

1) vk=l for all Kk,
2) ~k=zk for all K,
3) vk= arbitrary (0).
The system of programs consists of five modules: the ge-
neral program and special programs handling the data input and

calculation steps solving the problems (1) and (2) for both
above mentioned type of problems.



4. COMPLEX EVALUATION OF ALTERNATIVES

The complex evaluation of alternatives problems can be
mathematically formulated in the following way:

Let 13 3m denote preference relations defined on a
finite set of alternatives X. The preference relations R™ cor-
respond either to different members of decision making col-
lective, or to different viewpoints, from which the alterna-
tives are evaluated. Our task is to find an aggregated rela-
tion R expressing the resulting preference. As the resulting
preference should serve to order the set of alternatives, It

iIs natural to require that the relation should be transitive,
at least In some weaker sense. Ildeally the resulting preference
relation should be a complete ordering of the set of alterna-
tives X. However it appears, that in modelling resulting pre-
ference relation i1t i1s sufficient to derive a relation which
has somewhat weaker properties. There exist some very simple
methods for aggregating individual criteria, the relative im-
portance of which is expressed by means of Qume;jcal weilghts
(e.g-. the method of basic alternative, see Cerny, Gltickaufova,

Toms 1980).

More sophisticated methods based on the concept of thres-
hold of sensitivity make use of a fuzzy preference relation.
Fuzzy preference relations S on a given set X of alternatives
iIs defined as a fuzzy subset of the Cartesian product XxX.

The membership function of a fuzzy relation S can be written
as uB(xsy) where XGX3 yGX are interpreted as a degree of va-
lidity of the relation S for the pair (x3y). In modelling pre-
ferences a notation S iIs frequently used iInstead of ug(xSy)-
It 1s usually assumed, that for any pair of alternatives (x3y)
it holds:

Sxy + Syx < 1L

The number Sx~y:1_sxy_syx can be interpreted as a degree of
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indifference between x and y. The number:35x~y define another

fuzzy relation of indifference. This relation will be denoted
by {Sx~y}; to distinguish we shall write {Sxy} for the origi-

nal fuzzy preference relation S. If {?X~y}-is an empty relation,

i.e. IFS _+S =1 for all , then S is called a strict
xy " Oyx ) Xy

preference relation.

To each fuzzy preference relation {SXy} a strict preferen-
ce relation {S;y} can be defined as follows:

Sk =S+ 45
v = Sy T F Sxy

Therefore we shall limit our attention from now on to strict
fuzzy preference relations. The concept of transitivity, which
plays a fundamental role iIn the theory of preference, can be
extended to fuzzy preference relation iIn several ways. We
shall give here the following definition:

A strict fuzzy preference relation is called transitive i1f for
any triple of alternatives (x3y3z) i1t holds:

Syz > max (Sxy§syz)

The fuzzy preference relation iIs In a sense the best tool
to picture the real preferences In a formal way. However, to
solve decision problems, it is often necessary to replace the
fuzzy relation by a nonfuzzy one. This nonfuzzy relation can
be assigned to the fuzzy relation in different ways. The simp-
lest way would be to define the nonfuzzy relation R=(P,l) as
follows:

==>
XPy < SKV > Syx

ly <<= S _ =5
by xy © Syx
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As a generalization of the definition given above a whole
class of nonfuzzy relations R=(Pa31™) depending on a so called
threshold of sensitivity a can be defined. Let a be a real
number from the interval <§8 1>; then we shall define:

xPoy <=> Sxy > a

xlqy <=> 1 -a< Sxy < a

The nonfuzzy preference relation obtained iIn this way will
usually serve to order the set of alternatives In some way.
Therefore it is natural to require that the relation should be
transitive at least In some weaker sense. Ildeally, the nonfuz-
zy preference relation obtained should be a complete ordering
of the set of alternatives X. However, it appears that in mo-
delling preferences it iIs sufficient to derive a relation
which has the properties of semiorder (see e.g. Luce, 1956).

Roberts (see Roberts, F.S., 1971) has proved the follow-
ing theorem:

IT a strict preference relation {£ } 1is transitive In a

, 2 _
sense defined above, then for any a6 <-3 1> the relation

Ra = (Pa§la) IS a semiorder.

The most of fuzzy preference relations obtained by di-
rectly aggregating individual preferences do not satisfy the
requirement of transitivity which i1s fundamental i1n the above
theorem. This fact leads to the construction of the so called
method based on the approximation of fuzzy relation included
in our system of methods for complex evaluation of alternati-
ves. The main purpose of this method is to find the closest
transitive fuzzy relation to the obtained one. According to
the Robert®s theorem i1t follows, that the corresponding non-
fuzzy relation has the properties of a semiorder.

The other possibility how to handle the problem iIs to
find to a nonfuzzy relation R (obtained from a fuzzy relation
in the way described above) a relation R which has the proper-
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ties allowing the ordering of alternatives and which 1Is iIn
some way the closest to the obtained relation R. The closeness
of the relation (R3R) can be measured for example by a dis-
tance function

dRP) -ELR R |-

The problem of finding the relation R which minimizes
d(R3R) can be formulated as a bivalent programming problem
the constraints of which depend on the requirements imposed
on the relation R. As such a problem is extremely complex,
some approximation algorithms based on other approaches were
suggested where the degree of closeness of resulting R to the
relation R i1s measured by the so called coefficient of appro-
ximation

k=P + 1.,

n(n—il) /[ 2*

where n i1s a number of alternatives, p is number of pairs of
alternatives x3y for which xPy as well as xPy isvalid; 1 1Is
the number of pairs of alternatives (x3y) for which xly as
well as xly 1i1s valid.

The best known algorithms of this class are AGREPREF
(see Lagreze, 1974) which gives a semiorder as R and the whole
group of so called Electra methods (see e.g.- Roy 1968) which
results In a pair of quasiorderings. In all methods mentioned
above the fuzzy preference relation i1s arrived at by aggre-
gating the family of preference into a single preference.

Unlike most applications of fuzzy sets, the values of
membership function u™(x3y) 1In this case can be found iIn a
natural 'objective" way:

us(X,y> = Sxy 7 3
el

xy
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where J IS a subset of iIndices 1={13.._.am} containing all
indices 1, such that xP .y and p . is a weight assigned to i-th
subject (characteristic). The fuzzy relation obtained in this
way can be replaced by a nonfuzzy relation R or a class of
nonfuzzy relations 2 and approximated by the relation having
desired properties iIn a way mentioned above.

A weak point of the class of methods just discussed is
the use of thresholds. Their values are rather arbitrary, al-
though their impact on the final solution may be significant.
For example i1f we take the threshold values rather ambitious
(for complete dominance) then it may be difficult to eliminate
any of the alternatives; by relaxing the thresholds values we
can reduce the number of nondominated solutions to the single
one. The fact that the sensitivity thresholds are exogeneously
determined by DM brings certain subjective factor iInto the al-
gorithm.

A recently proposed method Electra 111 on the other hand
does not require the threshold to be given exogeneously; the
values of the sensitivity thresholds are generated iIn an i1te-
rative way by the algorithm itself.

5. THE FORMALIZED METHODS FOR THE ANALYSIS OF THE SET
OF CRITERIA

Most papers dealing with multiple criteria problems re-
gard the criteria as given and confine the analysis to a de-
cision of how to achieve the solution.

When dealing with multiple criteria problems the deci-
sion maker usually says he considers many criteria, although
often only few of them are essential.

Many authors (see e.g. Fishburn 1964) have found that
normally at most 4 to 7 criteria are important, as working
with few measures of effectiveness from the beginning iIncreases
the chance of success, there being less spread In necessary
data. Other reasons for using few criteria include lower cost
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and greater ease iIn estimating and using the multiple criteria
model .

The problem of handling a large number of criteria has
not been very much treated in multiple criteria literature.
Fishburn (1964) discusses three approaches to this problem.

The first Is to select a subset (about 6 to 10) of cri-
teria most important to the decision maker and to use only
these iIn the analysis.

Another method is first to select a subset of the more
important criteria and to analyse the alternatives iIn terms
of these criteria. Then another subset of criteria is added to
those iInitially used and the alternatives are analysed with
respect to this larger subset of criteria. If the results of
this second analysis agree with those of the first one, the
decision mal- 3r may be satisfied with the analysis. If the out-
comes of the. analysis differ, the decision maker adds a new
subset of criteria and repeats the analysis.

The third approach for reducing a great number of criteria
suggested by Fishburn is to select any subset of criteria and
analyse the alternatives with respect to these criteria. Next
a new subset of criteria is selected and processed and this
process 1Is repeated several times.

IT the results of the analysis of the alternatives are
not dependent on the various sets of criteria, the decision
maker may use any of the subsets iIn his analysis.

All these methods for reducing the number of criteria ex-
clude iIn various ways a subset from the analysis. The methods
do not give any information on what effect this reduction will
have on the decision. For all this reason some detailed ana-
lysis of the set of criteria i1s needed.

To study the relation between just two criteria some simp-
le approaches based on the representation of criteria by in-
cidence matrices are used.
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Another possibility how to test the mutual relation bet-
ween just two criteria iIs the use of rank correlation methods,
especially the use of the disarray coefficient.

Whille the use of the coefficients mentioned above requires
the transformation of the criteria into binary matrix (corres-
ponding to the pairwise evaluation of the alternatives) the
use of disarray coefficient requires to represent the criteria
as rankings of alternatives.

The analysis of more than two criteria is usually perfor-
med for the following reasons:
- to reduce the number of criteria,
- to find out which criteria or which subsets of criteria in-
fluence to the greatest extent the solution,
- to test the set of criteria for consistency,
- to examine mutual relations between subsets of criteria.

To solve the majority of the problems mentioned the method
of automatic generating of hypotheses (GUHA) can be used.

This method is applicable to all problems i1n which It 1is
required to obtain unknown laws, relations or causal connec-
tions. Its usefulness consists In the combirCations of the for-
mal apparatus of mathematical logic, the operational capabili-
ties of computers and of methodology of scientific research.
The means of mathematical logic make it possible to find a
suitable class of formalized statements to which the iInvesti-
gation of the model can be confined. The means of computer
technique make possible to generate and verify all these for-
mulas authomatically iIn a suitable ordering. As the output
there we will appear all hypotheses true or almost true.

IT the problem i1s just to divide the whole set of criteria
into groups, elements of which are In some sense close to each
other, the method of cluster analysis can be applied.

Cluster analysis i1s concerned with very general problem
of grouping the entities of a given set Into homogenous and
well separated subsets, called clusters. To define a particular
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cluster analysis problem it Is necessary to precise the con-
cepts of homogenity and separation. There exist different ways
to construct dissimilarities from measurement of characteris-
tics (i.e. from the values of criteria on the set of alterna-
tives). One of the possibilities i1s to calculate simply the in-
tercorrelations of the criteria; another possibility is to

find for any pair of criteria disarray coefficients (see
Kendall (1955)).

Another possibility how to use the rank correlation
approach is to test the consistency of the set of criteria
using Kendall®s coefficient of concordance as a measure of
agreement of m rankings:

e mztﬁg—n)’

All the techniques mentioned above have been tested on
real life multiple-criteria problems.
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PROGRAM PACKAGE LSSP FOR LINEAR PROBLEMS
WITH SPARSE OR STRUCTURED MATRIX

G.Christov, T.Encheva, M.lvanchev
N.Janev, J.Jo+ov, R.Kal+inska

(Sofia, Bulgaria)

1. DESTINATION

The program-package LSSP is a product of Operation Re-
searchDepartment at the Centre of Mathematics and Mechanics of
the Bulgarian Academy of Science that provides the ability to
solve on ES computing system the following optimization prob-
lems :

- linear programming problems with a sparse matrix;
- plant-location problem;
- distribution problem of special type.

11. PROBLEM DESCRIPTION

1. Linear programming problem with a sparse matrix mini-
n
mize or maximize L(X) = £ o xX. subject to:

dg < _::éj_

Lower bounds d3.are 0 or - (omitted) and upper bounds u_.
are arbitrary real numbers. It is assumed that the relative
number of nonzero a., is small, i1.e. the matrix |Ja--]] 1s
sparse. The program for solving the problem given, named
SPARSE, 1s a realisation of the revised dual simplex method
with bounded variables given in [I] .
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For presentation of the matrix Vvﬁg as for basis i1nverse
in core only the nonzero elements are used. For limiting the
computational errors, after a prescribed number of iterations
the reinversion of the basis is done. The calculations are per-
formed without any use of auxiliary memory, which i1s used only
for recording and for correcting the i1nput data.

2. Plant-location problem.

The mathematical model of this well-known linear integer
optimization problem 1is:

m n m
minimize E Eo.x..+ Eduy

=OEF1 RO i=1
subject to:

m

N\

X j 13 3 1j2,...3x
=1~

0 < X. .<yS3 N Njhjeeejuz 3 1323,..3n

ysq G {03133 i=1323...3m

This problem could be solved by the program, called
PLANLOC, which is a realisation of the s.c. integer simplex
algorithm given in [2]. Geometrically, the algorithm starts
from an extreme point of a polyhedron (the convex hull of the
feasible solution of relaxed problem) and moves towards the
optimal point on a path of edges, connecting some feasible
solutions of the original problem. The existence of such a
path iIs asserted from the theory. Relatively large problems
(«,m=100) could be solved entirely in core (256K) because of
a special representation of the basis i1nverse, only small
portion of which (hxn) i1s maintained.

3. Distribution problem of special type.

This problem arises when a capacitated location problem
iIs relaxed in order to be solved by branch and bound tech-
niques. The mathematical model 1is
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m
minimize E

m
subject to: E X ..= b. 3"=1.2....,n

m n

E Ea.x_.<B
izl 3=1 3 =3

X..>0
=l -
There are also real problems (medical, production area,
etc.) which could be presented In terms of this model.

The program for solving the problem is called TECHNO and
IS based on an algorithm described in [JB] - The algorithm is
one of simplex type but 1is speciallydesigned to exploit the
structure of the problem. Thus the program is highly efficient
and has small time and storage requirements not only for prob-
lems of moderate size but also for large problems.

111. ORGANIZATION OF THE PACKAGE

Each of the problems listed could be stored as a phase
in core-image library and runned with minimal user®s effort.
When the subroutines are stored in relocatable library, they
could be i1nvoked from the user®"s written codes. This could be
done because of the unification of the structure and the func-
tions of the programs forming the package.

Each program fulfils the following functions:

1) Data loading from arbitrary input device (card reader, mag-
netic tape, disk) with syntactical control. If errors are
found the error message is printed and the program run is
canceled.

2) Dynamic storage allocation depending on the size of the
problem.

3) Solving of the problem.
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4) Printout of the i1nput data and solution. The volume and the
type of this information is controled by the users by means
of parameters.

Each program is written In FORTRAN except for the
ASSEMBLER modules which control the dynamic storage allocation.
The program structure 1is:

- main program: reads problem®s dimensions, calls dynamic
storage allocation routine and transfers the control to the
main subroutine;

- main subroutine: reads and checks the i1nput data, solves
the problem, prints the input-output information;

- auxiliary subroutines: provide service for the main
subroutine.

1V. [IMPLEMENTATION

The package is implemented iIn the computing® center of the
University of Sofia and i1s used in education of the students
in mathematics. It could be used without any restrictions in
all areas where the above mentioned problems arise.
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OPTIMAL DAILY SCHEDULING OF ELECTRICITY
PRODUCTION IN HUNGARY

I. Deadk, J. Hoffer, J. Mayer, A. Nemeth
B.Potecz, A. Prékopa, and B. Strazicky

(Budapest, Hungary)

1. INTRODUCTION

At the Operations Research Department of the Computer and
Automation Institute of the Hungarian Academy of Sciences there
has been for several years a work In progress together with the
experts of the Hungarian Electricity Boards Trust to apply op-
erations research iIn the electricity power industry. In the
course of this work the model and computer program system to
be described iIn this paper (which can be considered as a case
study) has been completed. Starting from the verbal statement
of the problem we have arrived, through a large number of
steps at the solution of the real problem with real data. These
steps are: clarification of every detail of the physical
problem, adequate mathematical modelling of the problem, buil-
ding up the data system required for the mathematical model,
preparation of a program system, using the permanent data
base,suitable for producing the numerical data of the actual
problem to be solved. In the course of the modelling, a kind
of problem formulation, describing the reality well enough had
to be found, enabling at the same time the problem to be hand-
led computationally. The completed model leads to a large-
scale mixed variable linear programming problem where the In-
teger variables are of 0-1 type. A method had to be worked out
on the CDC 3300 computer that gives a nearly optimal solution
to the problem In an acceptable time. The computer program
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system was required to present the results in the form pre-
scribed by the user.

Characteristic for the entire work has been the constant
co-operation among the experts of the two iIntsitutes resulting
In a permanent corrective activity in the subsequent stages.

2. FORMULATION OF PHYSICAL PROBLEM

2.1. The overall electric power demand of the country as
considered for each day separately as a function of the time
is 1llustrated on Fig.l. where the shape of the curve 1is
characteristic. The time corresponding to the initial point of
the curve iIs the so-called evening peak load time. This is
followed by a time interval with decreasing load, thereafter
by some hours when the value of the demand differs from the
minimum value to a little extent only, thereafter a stage
with i1ncreasing load - and the whole iIs repeated once more.
The shape of the curve iIs iIn every case of this type, but the
length of the intervals as well as the demand values change
daily.

A typical daily electric power demand function
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The electric power demand of each day can be forecasted iIn
advance with an accuracy of 1-2% on the basis of the data avai-
lable on the day before. We investigate always the 25 hours
period following the evening peak, this is subdivided iInto 23
one hour and 4 half-hour periods in which periods the demand
can be assumed constant. The demand contains the estimated
values of the power plant®s own consumption and of the network
losses.

2.2. The electric power demand iIs satisfied by the electric
power generated iIn the country®s power plants and from the
neighbouring countries imported power. In our country there
are about 20 such power plants that are considered in the mo-
del. The electric power imported from abroad in international
co-operation iIs considered as one power plant with constant
production.

In the power plants the power iIs generated by the combined
operation of various aggregates in different modes of opera-
tion. Each mode of operation involves the combined work of
certain aggregates. The applicable modes of operation and the
physical quantities characterizing them are given for each
power plant.

The given mode of operation of a power plant can run within
given power limits and the production cost, as a function of
the power level, i1s a function i1llustrated on Fig.2. This can
fairly well be approximated by a piecewise linear function
(Fig.-3) where for the slopes the relations

Cl < °2 ™* < °k

always hold.
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Fig.2. Fig. 3.

Production cost function Piecewise linear approximation
of the production cost function

The change-over among modes of operation - start or shut
off at least one of the generators - causes the turn of a mode
of operation. Thus the change-over is not allowed among all
possible modes of operation of a power plant, viz. not among
those working with entirely different devices. An accidental
failure or maintenance of the equipment can result in the
daily change of the modes of operation iIn the power plant.
Fig.4. shows an example of the modes of operation, and iIn Fig.5.
we can see the function of still stand cost.

1-2-3-4-5 denote generators,
A-B-C-D-E are possible modes of
operations, where the arrows iIn-
dicate the generators that work
in the given mode of operation.
A direct change for example bet-
ween the modes C and D i1s not
allowed, but from C to E (it is
a start of generator 5.) and
An example for the defi- from E to D a direct change is
nition of the modes of possible (shut off of generator
operation 3.)-
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The electric network of the country is a set of nodes and
branches. Its nodes are either power plants or points in which
the power demands occur, and its branches power transmission
lines and tranformers with given physical characteristics.
Some of the network®"s nodes can be connected to power stations
and from almost all the consumer®s demands are supplied. Also
the electrical network can (and does) daily change on account
of maintenance, fTailure etc. Change means here that certain
branches or nodes do not belong to the system on a given day,
or the value of their physical characteristics differ from
those in case of normal operation.

2.3. With this knowledge our task is to determine for each
period of the following 25 hour duration the modes of operation
to be applied iIn the different power plants and their production
levels so that the power demand should be satisfied In each
period, the physical restrictions on the actual network hold,
moreover the so-called fuel contraints be satisfied with a mi-
nimum power production cost. The fuel constraints require that
in some power plants the value of the daily overall production
- directly connected with fuel consumption - should differ from
a given value only to the extent of a given very small per-
centage. The reason of this restriction can be that we cannot
consume more than the existing amount of fuel or that certain
amount of fuel iIs expected to arrive on the next day and the
storage capacity is limited.

e @) 9(T)

9(0)

Fig. 5.
Stillstand cost function
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The power production cost contains the actual production
cost, the change-over cost resulting from the switching of
modes of operation resp. standstill and restart of the ma-
chines, as well as the cost of loss of power in the network.

3. ASSUMPTIONS

Because of the sophisticated nature of the whole power
system to be optimized we had to make some assumptions (Simp-
lifications) iIn order to obtain a model that can be handled.

3.1 By knowing the shape of the demand function we agree
that in the first periods when the value of the demand does
not increase we allow only such a change of the mode of ope-
ration which can be realized by shutting off a generator or
generator groups. These periods together are called stop or
shut off phases. No change iIn the mode of operation is allowed
in the altogether 4 periods around the period with minimum de-
mand (phase of stagnation); only the production level of the
given mode of operation can be changed. In periods of increa-
sing demand only such change of mode of operation is allowed
where at least one of the generators 1iIs turned on (start pe-
riods). The iInvestigated phases are therefore: stop, stagna-
tion, start and once more stop, stagnation and start phases.

In connection with this we agree that at every plant we
assign subscripts (integers) to every mode of operation start-
ing from 1 and going up to the number of possible modes of
operation at the given plant. We do it in such a way that when-
ever the transition from mode p*k (<k) 1is possible then from
mode j to mode k we arrive by shutting off at least one gene-
rator. Note that a transition jJ—7k Is not always possible.
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3.2. As a result of physical considerations we have agreed
to prescribe the requirements limiting the physical state of
the electric network only in the three periods with extreme
demands (the first period, the first period of the first stag-
nation phase and the last period of the first start phase;
these will be referred to as voltage check periods). That is,
we assume that if iIn these periods the physical restrictions
of the network are satisfied, then In periods of "intermediate"
demand with the application of "intermediate™ modes of opera-
tion (cf. assumption 3.1) the physical restrictions are also
satisftied.

3.3. In order to determine the cost of power production
the following simplification will be made.
a) The cost functions of the particular modes of operation
will be approximated by piecewise linear functions.

b) Symmetric restarting will be assumed for the calculation
of the still stand cost arising from the change of modes
of operation. This means that i1If we shut off a ge-
nerator at £ periods before the first period of the
stagnation phase, then the restart takes place at £ pe-
riods after the last period of the stagnation phase,
that i1s the still stand lasts 4+2£ periods. The diffe-
rence between the actual still stand cost and the ap-
proximate value of it will be neglected. The total cost
in the 4+2£ periods i1s subdivided iInto 4+2£ parts and
are assigned to these periods.

¢c) The cost arising from the network loss will be calcula-
ted from the difference between the loss value taken
already iInto account iIn the demand function and the
calculated value of the actual loss depending on the
network.
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4. MATHEMATICAL MODEL

4.1. The variables of the model. Denote by E the number of
power plants and let m(1) be the number of the modes of opera-
tion applicable iIn the 1-th power plant 1=1323... 3E. Herein-
after superscript t will always refer to the period,
t=1323...327.

4.1.1. Mode of oEeration variable. Let Xxﬁzbe 0-1 variable

defined as follows, where v=1323...3E3 j=1323...3m(1)-1:

sO if In power plant v, in the
period t the j-th mode of
operation or one with a
subscript less than j works,

/\'3'

1 1 if in power plant v In
period t a mode of operation
with a subscript greater
than j works

In the sequel we shall use the notations x\ and x* ,_,

B x - N\
too and define them so that x O—1 and va(vyzo- Note that

Vi

1. X}SE.? - x&ﬂ-: 1 1f and only if in power plant v iIn

period t just jth mode of operation works (=1323...3m(Vv))3
eBex&ﬁ{-—xa-:B-

2. According to the above definition the variables belong-
ing to the modes of operation of a fixed power plant can take
in one period only the values (...131313030...) where the O
standing in the 1,0 value exchange is iIn the jth place If just
the jth mode of operation works. Among different periods the
right-hand shift of the value exchange 1,0 corresponds to a
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mode of operation exchange reached by a shut off while the
left-hand shift of the same corresponds to a start.
3. In the periods belonging to the stagnation phase we have

t t +l t +2 t 3
Xeoo = X .o = X,2  =XZ5 where t_ i1s the Tirst period of
H [ (0]
the stagnation phase, therefore it is sufficient to have only
t
X 2 among the variables of the model.
%3 t +l t 13
We well use, however, the symbols x ° 3...3x.°. formally
in some relations where the simplicity of the expressions re-

quires them.

4.1.2 Production-level variable. Denote r(i3j) the number
of the approximating lines iIn the approximation of the cost
function belonging to the jth mode of operation of power plant
i1, and P. . and Pr.j.maX the minimum and maximum Eroduction

. n k
level of the mode of operation respectively. Denote p - rnin3

pﬁéhmm the power levels belonging to the terminal points of
the fcth approximating line of the cost function, where
k k

Pz = Bzgmaxa K=13---3v(i31)-18 and Pagin = Pujrina

pr(;g;) = Faihax hold  penote Pt the operation level iIn pe-

riod t of the jth mode of operation of power plant 1. In order
to determine it let us iIntroduce the variables

7
P.:r'-,o3 i=1323...3E3 j=1323..,m(i)3 k=1323...3v(i3j)

so that
4.1.2.1. pA > 03
4.1.2.2. PA < Pk - Pk

‘ZJImax tjmtn
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vV _ L) Q 0
4-1-2-3- P - - > O, Only If Pi3- » Pz.jmax - Pf\QTn/\-n

for all £<k. and - = XN = 1

if plant £ works on the jth mode of operation in period t

By using these variables the above mentioned level is gi-
by the following sum:

— {xt ~x E n £&
4.1.2.4. P e (xt.jJ._lix ) + B L.

™
production of power plant 4 In the period t is equal to

. m(i) , m(%) . .
4.1.2.5. Pr. = E P..= 1 {Xs %X .J Pron, +
I 1 J1 i-,J i‘ am™

+ E PidJ-
k=1 *3]
The daily production equals

27 27

4.1.2.6. P. = E a,.p.= E a
1 =1 t ~ =2 *

m@@ , , , N\u3jj +k 3
-L.E7\I/(x--1—x--)P + E P. -)3»

AemAn

where a=0,5 or 2,0 depending on the duration of period E£.

4.1.3 Voltage variable. Denote s the number of the nodes
1,2 3

of the network with adjustable voltage and v-3°v 3 Vg,
1=1323...3s the voltage levels of these nodes iIn the three
periods with extreme demands (voltage check periods).
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4_2. Constraints of the model

4.2.1. Supply conditions. Denote P&em the value of the

power demand In period t. We require that the power demand be
satisfied iIn each period, 1i.e.

E p. E mg) *% )P {3
= + * =
i=I A=l {;:1 Aﬂ) zZcmzn k=1 13 a}h'dems

B- 1J2yeeej27e

4.2.2. Bounds on the power levels

i=l,2,...,E; 3=1,2,...,m(1);
k=b,2,...,r(1,3); t=1,2,...,27.

0 < p*k < Pk. - Pk.
jgm

= — 1jmax in3

4.2.3 The variable coupling conditions require that the
power level i1n period t of the jth mode of operation of power

plant 1 should be between the bounds Pij.th and P%mSax3 i.e.

Piamen "OKa=1 232 S PR3- = Pxgmax € *Ks=1 *Xu3p-

Taking Into account 4.1.2.4 . we get the conditions:

. r(,3) f.
i3y (Pramax Pramang : P

1)V}

Og
i=l,2,... ,E; 3=1,2,...,m(1); t=1,2,...,27.

4.2.4. Start and stop conditions. These conditions ensure

the implication xt.-1 >x%2-1 in the shut off periods and the

implication X =0 =X _..=0 1In the start periods.
P 3 13

Denote t .the last period preceding the examined day,
N
X the reaﬂized value of the mode of operation iIn the above

period, t the serial number of the beginning of the second
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shut down phase, t" and the serial numbers of the beginning
of the first and second starting phase resp., £, £, £, £/

the lengths of the corresponding phases (in periods) in the
previous sequence.

o o
t -gts ty g 4
U S Pl 211
stop = start stop < start
N
Fig.6.

Structure of the stop and start conditions

The shut off conditions are:

t N
4.2.4.1. -U +I)xf§ +Z xk,>03 i=1323...3E;
k=1 I'd = ] )
J =1323...3m(1)-1
$2+1
4.2.4._2. {-a, +2 * E X. . > 0,
1 k=1+t

i=1323...36; j=1323...3m(i)-1; t=132S...31
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£?2+t  totlo
4.2.4.3. (-Z9+Oxng * E X ..>0,
k=t 2+t+1 %3

i=1 3=1323...3m(i)-1; t=-130313...,1 -1
The start conditions are the following:

tz-4 tZ+t~1 k t3+t
4.2.4.4, X .. + E X .. -(E+1).x .. > 0
"3 k=t3 %3 =

i=1923...3E; j=1323.._.3m(i)-01; =1 -131 -23...3

t3-~4 t3 - . S sy _
XT'J - Xl'd > 03 1i=1323 .._E; i=1323 .. .3m(i)-1I.
s . t. +t-1 s ay
4.2.4.5 14 4 4E k . t4+x o
2.4, .- + .- + - >
’ *13 k= 3 (t+1 %3 °
4

i=1323...3E; 3=1323...3m(i)-1; t=Z -13Z~-23...31

t -4 t4
Xpj TXAgz @3 i=13p3 .. 3F. §=1323. . .3 (i)-1.

Fig. 6. shows the structure of the matrix of these conditions

4.2.5. Fuel constraints. These are constraints with lower
and upper bounds, prescribed for the daily production of some
power plants. Using 4.1.2.6. we can write them as follows:

i) r¢ij)

(X’fs'—i_x}s')p’\'smlh vz P"3 = e%'max

E/\ /X
m™n . e

In
N
p
-
noNA

where E’\m’\'n3 EVmax are the given bounds, the 1°s are the sub-

scripts of the power plants with fuel constraints.
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4.2_6. Network conditions

According to the agreement in 3.2., the restrictions re-
sulting from the electrical properties of the network will be
taken 1nto account in the three voltage check periods of the
day. These conditions are the branch-load, the voltage and the
reactive power source conditions. We describe only the content
and form of these, the coefficients iIn the conditions depend
on the network (which can be different during the three iIn-
vestigated periods) and a particular program system was de-
signed for their determination.

The branch-load conditions ensure that the power trans-
mission lines, cables and transformers forming the meshed sys-
tem which transmits the power from the power plants to the
consumers should not be over loaded. These conditions define
the load caused by the effective power, viz. with the help of
linear approximation of the exact quadratic expressions which
yield a very good approximation iIn the solution domain cha-
racterizing the stable operation of the power systems. The
form of the condition system 1is

P

ey s () < e
where A i1s the matrix of the coefficients. The number of i1ts
rows is equal to that of the branches, the number of i1ts co-
lumns equals that of the sum of the power and mode of opera-
tion variables taken iInto account in the relevant period.
contains the loadability of the lines.

The number of these constraints 1is very large. We may,
however, delete many of them and keep only a few that corres-
pond to critical branches.
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The voltage conditions ensure the voltage staying within
prescribed limits at the nodes of the network. These involve
also quadratic formulas where again linear approximation is
used resulting In a properly accurate solution iIn the domain
of operation.

The form of these conditions is:

4.2.6.2. Virnn < B-V <:Vmax
where B is the matrix of the derived coefficients having as
many rows as the number of the nodes of the network, while
the number of its columns equals that of the voltage variables.
B contains a unit matrix, V&Eh and Vﬁax are the allowed mi-
nimal and maximal voltage thresholds of the nodes respectively.
Actually the system of constraints contains all conditions
corresponding to nodes with adjustable voltage, however for
the remaining nodes i1t iIs sufficient to take Into account only

a Tfew critical constraints.

Reactive source conditions ensure the reactive power of
the reactive sources (performing the voltage control) not
exceeding the allowed leading lagging power maxima, respec-
tively. The reactive powers of the reactive sources are ex-
pressed by the voltages of the relevant nodes that we linea-
rize around a given basepoint. This condition has the form

4-2.6.3- Qum * AQuyn X < C-V + Quonse = Qnax MAQmax X
where Q . , Qmax limit the allowed leading and lagging Rower,.

respectively In s nodes, C(%%n* AQmax:contain the reactive

power threshold changes resulting from the mode of operation
change, C iIs the sxs matrix defining the change of the reac-
tive supplies, QConst IS a constant vector with s elements,,
these elements being the reactive power supplies of the sources
defined by the iInitial state of the vector.
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Fig. 7.
Structure of the coefficient matrix of the whole
model3 where © and (@) have the structures gi-
ven 1t F1g.8. and Fig.-9.

4.3 Definition of the objective function. The objective
function to be minimized consists of three parts:

* = K1 * IS + KZ

where is the cost of power production, K™ the cost of still-

stand and X6 the cost entailed by the network loss.
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4.3.1. Definition of ZZT Denote CAB-the slope of the kth

linear section of the function approximating the one-hour pro-
duction cost curve of the jth mode of operation of power plant

1. and C;S-the production cost of the level PAQmAh'
With these notations the cost of production on the level

pP*__ amounts to
f

t 0 rfw) Kk »s
4.3.1.1. K..(P. ) =C°. + E C..P_.
TO = 13 13 k=1 13 13

if In the -i-thpower plant just the j-th mode of operation
works. Thus

27 E m(d) . .
4.3.1.2. K = Za..Z E (x -x.J +
1 t=1 * i=2 j=2 A~ -1 ~
r(i,3)
+ E Ck . Ptk
*3 13
< - .. < i
Note that C}g (¥3 13 always holds, from which the

fulfilment of the requirement 4.1.2.3. follows for such a so-
lution which satisfies the coupling condition 4.2.3. and for
which Kj 1s minimal.

4.3.2. Definition of Kg. Fig.5. shows the cost function

of the still-stand (or restarting) of the j-th mode of opera-
tion of power plant 1 as the function of the duration of the
still stand. The function can be described by the formula

-C .0
4.3.2.1. 9'1'3(T) = gl-?-)(O) + (gl'?)'cx)_g ;\?;(O)) - (1_e )1

where 91'3 -(0)3 gA-B-(“’) and Cf\é' are the constants characterizing
the power plant and the mode of operation, g..(0) denotes the
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cost of starting without still-stand, and q..(**) the cost of
the so-called cold starting.

In accordance with the assumption 3.3.b, i1f a mode of ope-
ration iIs stopped with £ periods before the beginning of the
stagnation phase, then i1ts effect in the cost function will
be taken iInto account with the value g(4+2Z). The correspon-
ding value will be constructed with the help of properly chosen
coefficients as a sum consisting of terms corresponding to
the duration of the still-stand, - and the complete still-
-stand cost will take the form

27 E m@)-1 ,
4.3.2.2. = E E E d...x..
2 =l i=l 3-1 %Q

where d\ . Is the properly chosen coefficient defined by the
utilization of the function g(1).

4.3.3. Definition of K

4.3.3.1.

where t runs through the indices of the three voltage check
periods.

The determination of the components of K% - 1.e. of the
coefficients participating iIn i1ts definition, - iIs a part of
the procedure serving for the determination of the network
conditions. We disregard its description, and give only the
formulas:

. E m() ¢ r@.3) )
4.3.3.2. [ = X . * +
. i:EI 351 13" 15 13

*01 h* v + ct + c*
1=1 = * 1 2
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5. A SURVEY OF THE MODEL STRUCTURE

Fig.7. 1s the schematical representation of the above
described model. In i1ts survey we point out that the conditions
of the model have the following properties:

1. The fuel constraints contain besides the voltage va-
riables all variables belonging to the given power plants and
so practically they connect the variables of all the 27 pe-
riods .

2. The start-stop conditions contain the mode of operation
variables of the corresponding phase, - these conditions con-
nect the periods belonging to the given phases.

3. The connection among the particular phases is realized
by the mode of operation variables belonging to the stagnation
phase, these at the same time connect the periods belonging
to the stagnation phase.

4. Further conditions of the model contain variables be-
longing to single periods only, the structures of these condi-

tions are shown iIn Figs.8. and 9., respectively, - depending
on the corresponding period being one without network condi-
tions .

The size of the model - iIn choosing everywhere v (iq)=1 for
the approximation of the cost function and taking the real
size of the power system Into account - Is at most as follows:

the number of variables: 35 power variables for each pe-
riod, 21 mode of operation variables and in the voltage check
periods maximum 30 voltage variables, 1.e. the number of con-
tinuous variables is 945 + 90 and the number of O0-1 variables
iIs 441. The number of constraints amounts to about 1700, from
these 420 conditions are start-stop conditions containing only
0-1 variables.
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Fig.o6. Fig- 9.

Structure of the conditions Structure of the conditions
in a "normal™ period in a special period

6. HOW TO SOLVE THE MODEL?

In order to complete our work we had to write a computer
program for the CDC 3300 computer of the Hungarian Academy of
Sciences for the solution of the problem. From among the pos-
sible ways we had the idea to apply the Benders decomposition
method to solve the whole problem. This was rejected because,
on one hand, 1t can happen that we will obtain a feasible so-
lution only in the last step, so that i1f on account of compu-
ter time limitation the run had to be interrupted, the results
till then would not contain the necessary information. On the
other hand, there is a large number of variables of the pure
0-1 problems to be solved iIn the iterations of the decomposi-
tion and their constraints do not have favourable special
structure. We thought of a version of the branch-and-bound al-
gorithm in which the relevant linear programming problem could
have been solved by the Dantzig-Wolfe decomposition, but be-
cause of the large number of the 0-1 variables we have rejected
this 1dea, too.
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Finally we have accepted the following algorithm:

1) We disregard the fuel constraints.

2) We solve the remaining large-scale mixed integer prog-
ramming problem - in which the connections among the periods
are ensured by the start-stop conditions and the mode of ope-
ration variables of the stagnation phases - the following way
(Fig. 10.):

We solve successively the three mixed integer programming
problems corresponding to the voltage check periods. We allow
in the solution of the first problem every mode of operation
applicable on the given day. In the solution of the second
problem we allow only that modes of operations which are rea-
lizable from the modes of operations in the solution of the
first problem by shut off. For the third problem we allow
that modes of operations, realizable from the solution of the
second problem by starting.

Thereafter we solve the intermediate problems and the
problems corresponding to the following periods successively,
by taking always the variables of the modes of operation of
the neighbouring, already solved problems and the connections
of the periods to the start-stop phases iInto account.

In every case the Benders decomposition method will be
applied for the solution of the problem corresponding to one
period.
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Fig.10.

The successive mode of solving the mixed-integev

programming problem without fuel-conditions3 where

the numbers iIn circle indicate the order of the
executions of computations

3) We check whether the fuel constraints are satisfied
for the obtained solution. If yes, then the algorithm ends,
else the following iterative procedure will be applied.

4) If in a power plant the daily power production is less
than what i1s prescribed then the production cost coefficients
of the given power plant will be multiplied by a multiplier
less than 1, and i1f the daily power production iIs greater than
what 1s prescribed, then they will be multiplied by a multi-
plier greater than 1. The values of the mode of operation va-
riables will be fixed and the corresponding linear programming
problem will be solved. If iIn the course of the solution the
fuel constraints are satisfied by the new outputs obtained,
the iterations ends.

Otherwise there are two cases: 1) iIf iIn the course of the
iteration processes we have already found solutions indicating
underproduction and overproduction, too, then we will proceed
according to paragraph 5; ii1) else we will modify again the
cost coefficients and repeat the solution of the linear prog-
ramming problem.
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5) The mode of operation values of the solution accepted
as optimum are the fixed modes of operation and the production
level will be defined by such a linear combination of any
particular solution indicating the underproduction and over-
production which satisfies the fuel constraint.

Remark: The physical background and the preliminary survey
of the data ensures that the described algorithm works well,
i.e. It cannot occur that a mixed problem corresponding to a
period has no feasible solution or that we obtain only such
solutions iIn the 4-th step which violate this constraint only
in the same direction.

7. CONCLUDING REMARKS

This paper gives only a short survey of the most important
features of the model, without any claim to completeness. A
brief sketch of the whole computer program system is shown on
Fig. 11, and a study covering also details not discussed in
this paper (e.g. computation of loss, determination of the net-
work conditions etc.) 1is under preparation.
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Solution of the special period-

-problems, without network constrain

data base

Daily data 1
actual states
of the power plants

Daily data 2
actual state
of network

building of the
constraints of the
periods, excepts
network conditions

large-scale
inversion

function

Computation of the network condition
and the coefficients of the cost

[

method

Solving the one period mixe
integer programming problem
using Benders decomposition

]

Checking the fulfilment of the
fuel constraints

constraint in

do we have already a so-
lution which violate the

site direction?

the oppo-

1

\

Yes

modification of the cost

coefficients

determination of a linear
combination of the two

lution?

STOP

Fig. 11.
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RELIABILITY TYPE INVENTORY CONTROL
PROGRAM PACKAGE

L.Gombocz, P.Kel le, A.Sebd

(Budapest, Hungary)

1. GENERAL CONCEPT

A multi-purpose i1nventory control program package has been

developed with a modular program structure which has three main
tasks

demand forecasting,
safety stock planning and
- order recommendation.

The main characteristic of our program system is that

- considering the various demand and supply conditions occur-
ring iIn practice - many different models are built iIn together
with a system of automatic model choice based on the analysis
of past periods. Beside the models well-known in literature new
inventory models have been constructed for the program system
which became especially suitable for socialist enterprises 1iIn
production, commerce and supply.

The forecasting is based on extended versions of the expo-
nential smoothing method for trend and seasonal i1nfluence com-
bined with statistical tests and a simulation method for choosing
the best model and i1ts parameter values.

The safety stock i1s planned by using reliability-type iIn-
ventory models because of the difficulties in evaluating the
cost factors. Here the minimal level of safety stock is deter-
mined which ensures the continuous supply on a prescribed



probability (service) level. At the time of decision making
both demand and delivery are connected with a lot of random
factors. There i1s a typical case iIn which the delivery of an
order occurs not an one occasion but at random moments of a
period maybe iIn random parts. The new models which handle the
above case under different random fluctuations of the delivery
process are described later.

The enterprise considered has a continuous production and
a periodic review inventory system with a fixed length of a pe-
riod which may be different for the different i1tems (one month,
a quarter of a year etc.). The fix cost of ordering is relati-
vely low and the order period is long so that at every review
point an order is usually given.

The order recommendation is given on the basis of the ma-
terial requirement plan or forecasted demand and on the basis
of the safety stock plan made for a period ahead.

The program system contains many program modules to complete

the above Tfunctions under the different conditions of supply
and consumption for the different i1tems. The modules are for-
mally similar blocks - communicating through a common data
structure - which can be changed among each other. The program
system can be easily extended and adapted for many different
enterprises iIn consequence of i1ts structure and the many dif-
ferent models built iIn.

The program system was developed in PL/1 for IBM 3031 under
CMS and adapted for R40 under the DOS system.

2. INPUT DATA, ASSUMPTIONS ON SUPPLY AND DEMAND VARIATIONS

The i1nventory control program system iIs based on a stock
management system. It consists of four files stored on tapes,
containing the following data (among many others)
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1) item master file with ABC grouping, length of the
order period, order restrictions etc.,

i1) stock actions fTile with delivery and consumption da-

tes and amounts,

order file with purchase order dates and amounts,

Vv) demand file with actual demands, material requirement
plan or forecasted demand and forecast error.

-
o/

The instants and amounts of deliveries and consumptions
registeredand stored are the basis for choosing and fitting an
appropriate model for the delivery and demand process of each
item. The structure of both processes are similar: iIn the order
period which will be denoted by [O,Tj at certain iInstants cer-
tain amounts appear In the store as Input or as desired output.
At the time of decision making (ordering) both delivery and
demand are often connected with a lot of random factors. The
typical supply and demand variations will be listed together,
which contain all the important practical cases.

a) the delivery of an order (or the demand iIn an order
period) occurs at once at a known or at a random instant of
o ],

b) 1t doesn"t occur at once but at fixed iInstants of the
interval [O,t] in fixed lot sizes,

c) the iInstants and/or the lot sizes of the deliveries
(demand) are random, they may have a time-homogeneous character
or an inhomogeneous character,

d) there is a continuous delivery (demand) with a known
or with a random (at the time of decision making not suffi-
ciently known) demand rate-,

e) the rate of the delivery (demand) fluctuates around its
mean value with a random character.

For all the above cases an exact or an approximate solu-
tion was given for the calculation of the necessary safety
stock which ensures the required service level. Here we put
forward only some models and solutions for the cases ¢) and e)
in section 4.
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3. STRUCTURE OF THE PROGRAM SYSTEM

The main input and output fTiles,
connections are summarized

Input:

stock actions
file

item master
file

The procedures (solution of the models,

Procedures:

STATISTICAL DEMAND
FORECASTING

updated
SAFETY STOCK
PLANNING
M ) updated

ORDER RECOMMENDAT I0ON-

STOCK FORECASTING

O ) updated

Figure 1.

Main blocks and
their connections

procedures and their
in Figure 1.

Output:

Forecasted demand
for the next periods,
demand variation

Safety stock plan

Forecasted supply
circumstances

When and how much
to order:.

Forecasted stocks

statistical pre-

parations etc.) communicate with each other and with the main
program through data structures defined by pointer variables.
It has the following advantages
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- the procedures at any level of the structure may commu-
nicate using minimal administration,

- new procedures with new parameters can fit the system
with few efforts since the data structure can be completed
and only the main program has to be translated again,

- parameter systems can be exchanged with the change of a
single pointer,

- the procedures are formally equivalent, they are iInter-
changeable and form a modular system.

The solution procedures of the inventory models and that
of the statistical forecasting methods are isolated from the
main program and from the data management system. Thus the lo-
cal characteristics of the enterprise are separated from the
models, the system can easily be adapted to other circumstances.

Each parameter has a standard value built in the system
and has to be changed in exceptional cases only. The most iIm-
portant parameters of the forecasting method are iInitialized
by each i1tem using statistical and simulation methods.

There 1s a sequential run i1tem by item since the data of
the huge amount of i1tems (30000 to 100000) are stored on tapes.
The initialization of the forecasting parameters is done when
the forecasting error exceeds the tolerance. The choice of the
forecasting model (horisontal, seasonal, trend, trend-seasonal)
and the choice of the safety stock planning model is automatic,
based on the realization of the previous periods, however the
user may have the outside decision, too.

The most Important step for the preparation of the deci-
sion is when to order and how much. Since there is usually a
periodic order possibility (probably with different length of
period for different items) the choice refers to the amount
ordered that may be zero, too. The procedure of the order re-
commendation is a simple calculation based on the results of
demand forecasting and safety stock planning which have to be
prepared a period ahead. In Figure 2 we outline this procedure.
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(1) actual stock level JO=0-@+0
(stock actions file) expected initial stock
C) expected demand until (:) delivery delay
the end of the actual (order file)
period E
(demand file) (:) forecasted demand of
= the next period
C) expected delivery un- (forecasting procedure)
til the end of the =
actual period C) safety stock plan for
(order file) a period ahead
(safety stock planning)

®=0+@-®-6
order recommendation
Cif is negativ then zero)

Figure 2

Procedure of the order recommendation

4. NEW MODELS AND SOLUTION METHODS

The enterprise plans an initial stock for each i1tem which
serves as safety stock for protection against the time delays
and random disturbances of delivery and demand in the next or-
der period. The reliability-type iInventory models determine
the minimal level of the safety stock M which ensures the con-
tinuous supply i1n the whole order period [0,t] on a prescribed
probability level 1-e. These models play an important role iIn
the case of the random delivery process which is typical with
many i1tems.
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For the case when the deliveries occur on random instants
of the iInterval [0,t] in random lot sizes a general model was
formulated in Kelle [2] for the time-homogeneous case. It means
we assume that a delivery may occur at any moment of the time
interval Q),tJ with the same probability. Thus the subsequent
deliveries happen on instants which are the elements of an or-
dered sample taken from the uniform distribution In Q),t]. For
the amounts delivered at one occasion we allow any kind of dis-
tributions. It can be approximated with the help of statistical
data of earlier observations available in practical situations.
IT the demand has a known rate or random rate with known
distribution we can calculate the exact value of the necessary
initial stock for a given service level. It means a fastitera-
tive solution of an equation detailed iIn Kelle £2].

In many cases there i1s a minimal amount known iIn advance
which arrives with certainty when a delivery occurs. The rest
amount of delivery iIs at random subdivided among the lots de-
livered by a uniform distribution. This is the model of Prékopa
[3} which 1s a special case of our above model. For the initial
stock a very simple approximate formula can be given when the
demand rate a is known (see Prékopa [3]):

1
z

where n is the number of deliveries iIn the time period £0,Ty

and 1-e 1s the probability of the continuous supply iIn [0,t]
which 1is the prescribed service level. This formula yields a
good approximation when n is large (n>10). Otherwise a numerical
correction has been applied on the basis of the exact solution
which can be achieved by specifying the results of Kelle [2].

The above formula has been extended to the case of a random
demand rate with normal distribution and a standard deviation s
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described by Kelle [2].

When the random deliveries cannot be assumed to occur at
each point of the interval [0/TJ with the same probability (in-
homogeneous case), more sophisticated models have to be con-
structed. Such model and its solution method using simulation
technique was published by Prékopa - Kelle [4]. It is, however
time-consuming to use It as a standard routine iIn a program
package.

For many items, especially for the basic materials delivery
occurs almost every day so it can be considered as a continuous
process which has an average rate r. The fluctuation around
this iIntensity rate is often random at the time of decision
making. The measure of uncertainty iIncreases as the time pas-
ses. Assuming that the random influence as the sum of many
effects is normally distributed, the delivery process can be
approximated by a Wiener process E,(). The mean rate r and the
standard deviation s are the parameters which have to be fitted
for the process on the basis of the statistical data of earlier
observations. The whole amount delivered until time t(0<t<T)

x=-rt

has the distribution F(X) = Q( ) where ¢ denotes the stan-

sVt
dard normal distribution function.

Having a constant demand rate o the necessary safety stock
is the minimal M which guarantees the continuous supply in [O,t]
with a prescribed probability 1-e. This is the solution of the
equation

P (oTtKT {ot ~ K(t)) - M) =2~e .

The left-hand side can be expressed iIn the form

® M-(c-r)T\_ Eﬁlﬁ:gl ® —M—(c—r)T)
sVT & 3 svVT

by using the theorem of Baxter-Donsker £1}. A fast iterative
method has been given for the numerical solution. It has been
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extended also to the case when the demand rate c iIs random with
known distribution and to the case when demand and delivery
have the same model based on the Wiener process with different
parameter values.

5. FIELD OF APPLICATION

Due to the many kind of models built into the program
package many different circumstances appearing in the practice
of demand and supply can be controlled by the system. The
flexible modular stucture ensures an easy adaptation to diffe-
rent stock management systems. The minimal amount of the ne-
cessary data is contained iIn the i1tem master file and iIn the
stock actions fTile. Both fTiles are built up iIn the Tfirst step
with any computerized stock management system. Our program
package can be easily adapted to such an existing data system.

The program package can be applied to the inventory control
of materials, spare parts, unfinished and finished goods. For
different items different models are available, promoting the
applicationswith enterprises in production, commerce and supp-
ly.

The program system works since half a year at the Danubian
Iron Works in Dunadjvaros, and proved that under a sufficient

high service level a lower total iInventory can be reached by
the appropriate choice of the safety stocks.

The demand forecasting was prepared by using the data of
the consumption for the previous three years that have been
stored on tapes. The real demand data are not available since
the data management of stockout situations is not satisfactory.
Thus a heuristic correction system has to be applied. A consi-
derable part of the i1tems has a trend and seasonal fluctuations.
Except the structural brakes and slow moving items, a satisfac-
tory forecast could be given by using the simulation method to
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select the best model and i1ts parameters. For the most important
items a material requirement plan i1s made outside of our system.

For the safety stock planning the supply conditions play an
important role. On the basis of the delivery dates and amounts
of the last two years the lead time or - at multiple deliveries
of an order - the iInstants and amounts of the lots were estima-
ted together with the reliability of the estimation.

An automatic procedure has been developed for choosing the
best model of demand and delivery from those built iInto the
program system and for fitting the parameters of the model. For
the model choice an outside decision iIs also possible.

The experiences proved the necessity of the numerous dif-
ferent models for demand and delivery variations built into the
system. There are many suppliers who guarantee the delivery un-
til the end of the order period but cannot be obliged to deli-
ver with aprescribed lead time. For the times and lots of de-
livery there is not enough deterministic-type information avai-
lable at the time of ordering, this fact stresses the Impor-
tance of the new models of the system.
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LOCATION OF DEPOTS FOR SUGAR-BEET
DISTRIBUTION SYSTEM

E.Jasinska and E.Woj+ych

(Warsaw, Poland)

1. PROBLEM STATEMENT

In the Polish climate conditions the extension of sugar-
beet collection time over about 50 days i1.e. about half of
each sugar production season leads to the substantial iIn-
crease of the losses of both sugar-beet volume and i1ts sugar
percentage. Thus the organization of sugar-beet distribution
system affects directly the smoothness and efficiency of the
whole sugar production process. For a certain enterprise the
current system is based on the following assumptions.

The enterprise operating on the predetermined land area
iIs the union of several sugar-mills. They are supplied with
sugar-beet by any fixed set of individual farms either di-
rectly or via depots. The direct farms-sugar-mills deliveries
are recommended iIn order to minimize the losses caused by
reloading and long-term storing of the sugar-beet.

On the other hand the limited and impossible to iIncrease
storing capacities of the sugar-mills force the part of the
total annual crop to be distributed via depots where it 1is
stored usually up to the end of the collection time and then
dispatched to the sugar-mills according to their demands. The
relatively low unit costs for transportation of big quantities
from depots to sugar-mills provide the economic motivation for
shipping sugar-beet via depots.

In view of the forthcoming growth of sugar-beet volume
distributed via depots the urgent modernization of their
equipment is required. By some technological and economic
considerations the lower as well as the upper limits on the
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depot storing capacities are estimated. In consequence so far
existing dense network of small depots should be substituted
by the adequate number of fully automatized ones within given
throughput limits.

The problem is to determine the number, locations and
sizes of the depots to be selected from the given candidate
set and to find the appropriate amounts of sugar-beet flows
from farms to sugar-mills directly or via depots so as to
minimize the total transportation and depot investment and
operation costs.

The future growth of sugar-beet fertility will affect
neither depot locations nor flow directions. The changes of
depot size are admitted corresponding to the amount of sugar-
-beet to be stored and the need for addition of some new
depots to the existing set may be considered.

The above described problem is of location-transportation
type. The standard approach to the problems of this class is
their mixed-integer formulation (refer to the book of Garfin-
k’el and Nemhauser [7])- Then the optimum solution can be ob-
tained by application of the algorithms being the modified
versions of the branch and bound rule. Some of them are deve-
loped and verified by Akinc and Khumawala [1], Davies and Ray
[4] , Efroymson and Ray [5] and sa [io] .

The successful application of Benders decomposition
principle is presented by Geoffrion and Graves in [8] .

For the large scale complex problems the heuristic pro-
cedures leading to acceptable results must be developed as it
was demonstrated by Feldman, Lehrer and Ray [6], Kuhn and
Hamburger [9] and Wojtych [12].

In the paper the mixed-integer linear programming formu-
lation i1s presented for the above depot location and sugar-
-beet transportation problem. The results of application of
IB)/370 MPSX&MIP codes are discussed together with some sug-
gestions on branching rule. As the substantial problem size
reduction seemed to be necessary the following two approaches
are considered:
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- mixed-integer linear programming problem formulation
for the aggregated sugar-beet suppliers
- looking for suboptimum solutions under some real-life
assumptions
They are both evaluated on the basis of computational
results from the point of view of the decision-maker require-
ments .

2. MIXED-INTEGER PROGRAMMING PROBLEM FORMULATION

In order to formulate the mixed-integer linear program-
ming (MILP) problem the analysis of the depot investment and
operation costs is necessary. The values of these costs are
calculated for certain depot throughput values. The depot
cost function iIs approximated by the convex piecewise linear
cost function with one jump discontinuity (see Fig. 1).

The coefficients of both linear segments are estimated by
application of the adequate version of the least squares pro-
cedure. The marginal cost for the throughput between L and L
tons i1s smaller than that for the throughput exceeding L tons.
This rather unexpected relation opposite to the economies of
large scale rule results from the need to hire for the biggest
depots the reloading machine time at the prices higher than
the unit operating cost of their own tools. Nevertheless the
small number of the depots above this uneconomic level 1s ad-
mitted by the sugar industry managers with hope that the trans-
portation cost reduction resulting from their suitable loca-
tion will balance this cost iIncrease. The MILP model for typi-
cal case 1s slightly more complicated than the one investi-
gated here.

The piecewise linear representation of the cost function
enables treating any of the potential depots as the two se-
parate depots: the basic one of the throughput between L and
L tons and the additional one of the throughput to (L-L) tons
i.e. equal to the excess over the basic depot upper throughput
limit. Their cost functions are represented by the adequate
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segments of the piecewise linear function. The additional

if and only if the basic one at the same
its upper throughput limit. The binary decision
variables associated with the linear segments provide the iIn-
formation whether the adequate depot is to be opened or

depot can be opened
site reached

otherwise.

The following notation

The parameters:

k, 3

htk- p

1

Kj

3 o

2

Kj

k 3

is

introduced:

indices to farms, potential
depots and sugar-mills accor-
dingly (iGJ3 kGK3 j*GJ)

the total supply of the i1-th farm

the total collection capacity of
the j-th sugar-mill for the whole
sugar production season, 1.e. the
sum of the storing capacity and
the total production capacity
during the collection time

the total production capacity of
the j-th sugar-mill for the whole
sugar production season

unit transportation costs between
the points marked by indices

unit operation costs of basic and
additional depots respectively at
k-th location (c“l<cA2)

fkj 1kj+0)

fixed charges for basic and ad-
ditional depots at k-th location
which are incurred 1f the adequate
depot works at any level
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The decision variables:

<ik* ~Aif the amounts of sugar-beet to be distri-
buted between the points marked by
indices

ZkF? skF the amounts of sugar-beet to be delivered

from the basic or additional depot at
k-th location to j-th sugar-mill

ifFL<Zz. . <L ] ) )
1 ~« fF 3 ~ i.e. the basic depot is

Vk opened at k-th Blocation (kGK)
otherwise

iIf 0 < i S, s <L-L j.e. the additional depot is
. -

Vi opened at fe-th location (kGK)
otherwise

The MILP model takes the form:

Minimize

ZZ L+ ZZp.y.. +2Z2Ze,.z*. + 272 7Z f«.s*. +

i k K K i f 3 3 k o «3 k 3 k3 K3
k K
t to:
xiR+Zy--—a_ ({{en)) ()
yif <g. (fo) ©)
Yy..+Zzv.+Zs (<) (@),
%3 k k3 k kf - bf
Xpp = g 3;3- - f Skf _ o (kGK) (©)
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E . L >0 6

. Z’g ®)
E B} Lvk <0 kGK

s 265 \ (€9 O,
E Sf@i (L-L) vk <0 @)

1 2 N,

ut " vk -° (©))
K\ W2 e KGK (10)
vﬁ}g VNZ integer an
all variables nonnegative a2)

The objective function (1) represents the sum of the total
transportation costs and the total depot investment and opera-
tion costs.

The constraints (2) ensure that the whole crop is taken
from farms. The constraints (3) state that the amount of di-
rect deliveries cannot exceed sugar-mill collection capacities.
Respectively, constraints (4) keep the total deliveries to the
sugar-mills below their technological production capacities.
The constraints (5) correspond to the assumption that there
are no losses of sugar-beet volume at the depots. The constraints
(6)-(8) prevent the depot throughput limits to be violated si-
multaneously enforcing the correct logical relationship between
linear and integer variables.

Namely both the binary variables take the values zero iIf
and only 1f the adequate linear variables are all equal zero.
This means that the zero shipments correspond to the depots
with zero throughput which iIn fact are not to be opened. For
the values one of the binary variables the constraints (6)-(8)
became ordinary depot throughput limit constraints. In case
when only the basic depot at site k (kGK) is to be opened
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VA=l and Wr=0 1If £ zkj >0 and £ skj = 0. In fact for vy, =1

the constraints (6)-(7) are the basic depot throughput limit
constraints. For y%, =0 the corresponding constraint (8) takes

the form £ sv . < 0 what together with nonnegativity constraints
3 “

involves all the linear variables . equal zero. 1In
turn for any positive . constraints (6)-(8) are satisfied

, 2
only for yA7=1 but £ s™j-o0 doesn"t affect the value of y*
J
However in the optimum solution y* -0 minimizing the objective

function value will be chosen.
3. APPLICATION OF THE IBM MPSX&MIP/370 SYSTEMS

For the selected enterprise the problem with 1588 farms,
12 sugar-mills, 49 possible depot locations was described as
the MILP problem with 9047 continuous variables, 98 binary
variables and 1809 constraints.

The implementation of MPSX&MIP/370 systems for solving
MILP problem at hand was considered. The sizes of problems
successfully treatable by these systems quoted in IBM publi-
cations strongly exceed the above mentioned ones (see
Benichou and the others 73] ). The additional features such
as the coefficient matrix density (0.15) and the ratio of in-
teger variables (0.01) were also promising. The calculations
were performed on an IBM 370/145 computer. The specialized
FORTRAN 1V/G program for data set generation enabled input
card deck reduction. Another program in FORTRAN controled the
output layout and size.

The linear optimum solution was found in 120 minutes of
the CPU time with optimum objective function value 144141024
and 39 binary variables taking noninteger values.

They are then sorted into decreasing sequence and iIndicate
the priority order for branching iIn subsequent runs. The pri-
ority was also given to the depots with the biggest through-
puts in the linear optimum solution. The depot layout given by
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the decision-makers was also tested as the indication for
branching strategy. The efforts to find any feasible integer
solution using standard as well as user branching strategies
have failed within reasonable calculation time.

These results indicate the need for the problem size re-
duction and/or looking for the algorithms leading to the ac-
ceptable approximate solutions after relatively short computer
calculation time.

4. TWO SUBOPTIMAL APPROACHES
4.1 Problem size reduction by aggregation

What causes the enormous size of the problem (1)-(12) 1is
the substantial number of farms. The constraints (2) contain
separate conditions for each farm. Thus the aggregation of
farms into supply zones leads to the model of the same form
but with far less constraints and continuous variables.

It seemed reasonable to aggregate farms i1nto bigger supply
zones according to the following heuristic criteria:

- location iIn the neighbourhood of the same depots or

sugar-mills

- location along the same routes

- short distances between farms iIn the same zone

- similar area and the shape of the zones.

As a result 1588 farms were aggregated into 128 zones. The
central point representing each zone iIn the model was chosen.
The distances between the central point and the depots and
sugar-mills were calculated as the mean values of the distan-
ces from all farms iIn the zone. The supply of the central point
was taken equal to the sum of sugar-beet amounts of the repre-
sented farms.

The aggregated MILP problem had 398 constraints and 1135
continuous and 98 binary,variables. The application of MPSX&MIP
systems led to four equivalent feasible iInteger solutions in
128 minutes (including 25 minutes of CPU time to complete the
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linear phase of calculations) of the total IBM 370/145 compu-
ter time. As the solutions obtained were no more than 0,6% far
from the estimated optimum and the objective function value
reduces slowly the decision to terminate the calculations
seemed to be justified. The objective function values of the
integer solutions varied from each other of about 0,06%. There-
fore these 4 solutions could be treated as the alternative con-
figurations of the depot locations.

The return to the model (1)-(12) was necessary to find the
real values of sugar-beet deliveries from individual farms.
Fixing the values of binary variables according to the integer
feasible solutions of the aggregated problem gave LP problem of
about 3240 variables and 1644 constraints for each of the four
possible depot configurations. They were solved subsequently
applying MPSX/370 system each iIn about 23 minutes of the total
computer time.

4.2 Two-stage heuristic procedure

Two-stage heuristic procedure is developed based on the

following reasonable assumptions:

- the direct farms-sugar-mills deliveries are established
up to the upper limit of the sugar-mill collection ca-
pacities

- the depots are to be located at the sugar-beet supply
centers.

The calculations are performed according to the following

scheme.
At the i1nitial stage the direct flow pattern is established

iteratively.
The n-th i1teration result in finding

,N
J(OPij()
0O otherwise aGh)
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where tn is the current value of so called excess ratio. Note

that putting t_. =1 we start the iterative procedure with fixing
the least cost flow pattern for direct deliveries where they
are cheaper comparatively to adequate costs of shipments via
depots.

The delivery scheme which satisfies

E < 9. aeb
%G1
iIs optimal.
Otherwise the value of excess ratio Is Increased by any
positive value of step and the iterative procedure conti-

nues. This permits after N i1terations to decrease the total
amount of direct flows to particular sugar-mills up to the le-
vel below collection capacities with the least possible cost
Increase.

The farms which supply is not yet disposed (iGl where
I={i:y..N=0 jOJ}) and the sugar-mills with some spare pro-
duction capacity fi.e. jGJ where J={j:b. - E yA > 0HJ

3 iGI-T %3
are left for further consideration.

At the advanced stage the combination of Baumol and Wolfe
approach to the warehouse location problem presented in [2]
and Feldman, Lehrer and Ray drop routine discussed iIn [6]
seemed to be promising.

The initial number of depots iIn the candidate set is taken
equal to the number of medium size depots necessary to collect
the total sugar-beet supply not yet disposed.

The i1nitial candidate set of depots is established by se-
lecting those with the biggest throughputs resulted from the
assignment of each farm to any sugar-mill via the cheapest
depot.

The depot layout is improved and the adequate delivery
scheme i1s found by solving the series of the classical trans-
portation problem (TP) farms-sugar-mills where farm supplies
are equal a a~dGl) and sugar-mill demands take the values
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B.=Db.- Z y (JGJ). The elements of the cost matrix for
3 3 iei-1 %3

m-th iteration are calculated as follows:

= min (hik*e-ki) * sk (iei> 1eJ>
kGKm

where

Km - 1s the current depot set

6™ - 1s the unit investment cost of the fe-th depot depen-
ding on the throughput

Denoting by the optimum delivery scheme obtained

LK (b) J°
in m-th iteration we get the depot throughputs according to the
formula

m (kGK)

E - mo
(i3j)GIkm YTk}

Uik(i)j > 9%

The depot of the lowest throughput below lower limit 1is
removed from the candidate set.

The procedure terminates when the set of depots within
given throughput limits is obtained.

The convergence of the procedure was proved by the series
of computation runs. At the initial stage the direct deliveries
from about 1200 farms are found. Several sugar-mills are also
eliminated from further considerations as their production ca-
pacities don"t exceed their collection capacities. Thus the
TP so solve at the advanced stage has about 400 supply points
and no more than 12 demand points. The choice of the initial
depot number and candidate set affects strongly the number of
necessary 1iterations. The drop as well as add routine for depot
layout Improvement were verified. The depot throughputs never
reached their upper limits.
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The solution of no more than 10% from the optimum is obta-
ined after 15 minutes of the IBM 370/145 computer CPU time what
meets sugar enterprise requirements.

Both of the presented approaches are accepted by the deci-
sion-makers as the useful and efficient tools iIn planning the
sugar-beet distribution system. It iIs up to the enterprise to
select the one to be applied of the suitable accuracy and com-
putation costs.
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A NEW ALGORITHM FOR LINEARLY CONSTRAINED
DISCRETE NONLINEAR MINIMAX APPROXIMATION

L.Luklan

(Praha, Czechoslovakia)

1. INTRODUCTION

We are concerned with the problem (P) of minimizing a non-
differentiable function F(x) of the form

FX) = max T.(X)
I<i<m N

on the convex polytope
= {XGR_::a".x > b 3 1I<j<k
DORp X 2 by Leisla

where TAx)3 I<i<m are real-valued functions defined on the n-
dimensional vector space Rn and have continuous second order
derivatives. Let

160 ={i:F.0) = FOO}
J(x) = { :ag.(x) = b3.}

be sets of iIndices of active functions and active constraints
respectively and suppose that the vectors igT(x)s 1} 3 1IGI(X)3
E%fB OHT 3 JGI(X) are linearly 1ndependent at the point xGRYI

Then necessary conditions for the solution of problem (P) have
the form
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E u -qr(x) E
iIGI(X) JGIC)
E -1
iGIo) A > ™

Ur > 0. 1.GI0)

Vg > 0 j6ICO

where u 1€I(x) and Vs Jj€éJ (x) are nonnegative Lagrange
multipliers and gAx), 1GI(xX) are gradients of the functions
f%(x)3 1IGI(X).-

It C:Rn (unconstrained case) conditions (N) can be written
in the form

Np(g-C)3 -IGI)) = 0

where Nr(g3 ()t iGI(X)) is a minimum Length vector from the
convex hull of gradients g™M"(x)3 iIGI(X). When conditions (\)
are not satisfied the nonzero vector s=-Nr(g -(X), 1GI(X))
exists. Demyanov and Malozemov [I] have shown that the vector
s Is the steepest descent direction for the function F(x) and
they have proposed an i1terative method with iterations

where a i1s a steplength, which is taken so that F(Xx+)<F(X)
(we use the notation x+=xt+as instead of the standard notation

k+akSIZB k—1323 ..
We are going to propose a new class of iterative methods
for the solution of problem (P) with i1terations (1)T where
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s=Ss A
&
S = -g
(2)
g = Nr{g-(x)3 1GI(x)) r

9-C) = 57g.(). -iGIG) I

and where the matrix 5 has a full rank. The matrix S will be
taken so that its columns define a basis iIn the orthogonal
complement of the subspace spanned by normals aif JGI(X)3

and 1t will be updated by the product form of the variable
metric methods. Note that for S=1 (1 is the unit matrix of the
order n) we obtain the original method of Demyanov and
Melozemov.

2. THE VARIABLE METRIC ALGORITHM

The algorithm described iIn this section iIs based on a
feasible direction method with active set strategy. It works
with three matrices A, S and R. The matrix A has columns a.,
JGI(X) which are linearly independent normals of the active
constraints. The matrix S has columns which define a basis in the
orthogonal complement of the subspace spanned by columns of
the matrix A 1.e. [a3 s} i1s a nonsingular square matrix of the
order n and ATS:O and i1t is updated by the product form of the
variable metric methods. The matrix R is upper triangular and

R'R = ATA holds.

STEP 1: Determine an initial feasible point xXGC. (It can be
determined as a solution of linear programming problem as in
[2]D- Determine the set J(X) of the indices of active con-
straints and matrices A, S and R defined above. Compute values
f.(X)3 I<i<m and gradients g.(x)3 I<i<m of functions iIn the
problem (P). Compute the value of the objective function F(X)
Determine set I(xX) of the i1ndices of active functions.

STEP 2: Compute the feasible direction s by (2). (Reduced gra-
dient g=Nr(g.(x)3 iGlI(x)) can be determined by algorithm
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described in £I0] . Note that g= E u.g.-(xX) where E u.=l

iei(x) 1v iei(x) %
and u .>03 1IGI(X).) If s=0 go to the STEP 3, else go to the
STEP 5.

STEP 3: Determine the Lagrange multiplier vector v as the so-
lution of vector equation RTRV = ATg where

3 E ug.®
iei(x) L v
and where u™3 1GI(xX) are multipliers obtained iIn the STEP 2.
If v>0 then STOP else go to the STEP 4.

STEP 4: (Delete an active constraint) Let Ve be the most ne-
gative Lagrange multiplier. Delete index j from the set J(X)
and determine new matrices A, Sand R. (They can be determined

as in 41 ). Go to the STEP 2.

STEP 5: Compute the maximum stepsize a that will keep the
new point in (1) feasible (see 19]). Determine stepsize a,
O<a§§maxso that F(x 3<F(x) where x =x+as. Compute values

Tf.(x )3 I<i<m and gradients g .(x )3 I<p<m of the functions IiIn
the problem (P). Compute the value of the objective function
F(x+). (These values are computed clearly when stepsize deter-
minations proceeds.)

STEP 6: (Variable metric update) Compute 2=as and y=S (@ -9)
where

E u.g.-&)
iG1(X)

and where u.3 1IGI(X) are multipliers obtained in the STEP 2.
(g 1s defined in the STEP 3.) Compute xz/ y3 o=y d and

e=dTd. If Tx10 4 gTg or o0<I0 4x then set CASE=2 and go to the
STEP 7 else set CASE=1 and update the matrix S using one of
following rules
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S+ =S +j s (Fi d-y)yT @

S+ =S + g sd Gfi d-yT ®)

Yikael

/3 -~ /j
°(d-y*(d-y) (0)

w
1
w
+
(¢°]
1
_|
o
+
)

(Note that (@) corresponds to DFP update, (b) corresponds to
BFGS update and (c) corresponds to rank one update.)

It a=a. . determine the index j of the active constraint
ajx :bs' which has limited the stepsize a. Set J(x )-JOOU{}

and A+=[A3aj]. Determine the new matrix S+ as in [8] and the
new matrix R+ as iIn [3]. Set A=A+3 S=S+ and R=R+.

S_'I:EP_ 8: Set x=x+, f. QQ=F" X+)3 1xd<m3 g(x) =g"™ x+)3 li ks
FOO=F(x+)3 J(X)=J(x+) and go to the STEP 2.

3. THE COMBINED LP AND VM ALGORITHM

This section contains a brief description of and algorithm
which 1s a combination of linear programming (LP) algorithm
described In [7] and variable metric (W) algorithm described
in the previous section. The combined LP and VM algorithm con-
sists of two stages and two switches. The first is LP stage
which 1s completely described in [7]. The VM stage begins only
if SWITCH1 1i1s satisfied at the end of LP stage. If VM stage
fails (SWITCH2) then LP stage in automatically performed again.

SWITCH1: The LP stage is left if following three conditions
are satisfied: 1(X) has not been changed iIn three immediately
subsequent iterations, the stepsize has been limited and |loli
has been small (see [5] for details).
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SWITCH2: The VM stage is left if CASE=2 occurs in the STEP 6
fo the algorithm described in the previous section.

The combined LP and VM algorithm has good properties of
both LP and VM algorithms i.e. possible quadratic rate of
convergence of the LP algorithm and superlinear rate of con-
vergence of the VM algorithm.

4. NUMERICAL EXPERIMENTS

Efficiency of three algorithms was tested by means of
examples 1, 2, 4, 5 and 7 published previously in [7J . Results
of the tests are arranged in the table 1I.

Ex. 1 Ex .2 Ex. 4 Ex. 5 Ex.7

LP NI= 7 NI1=56 NI= 9 NI= 7 NI= 7
NF= 9 NF=7 6 NF=11 NF= 9 NF=11

NG= 9 NG=7 6 NG=11 NG= 9 NG=11

VM NI=11 NI= 4 NI=11 NI= 6 N1=118
NF=24 NF=11 NF=24 NF=14 NF=241

NG=13 NG= 6 NG=13 NG= 8 NG=120

LP NI= 7 NI= 6 NI= 9 NI1=10 NI= 7
+ NF= 9 NF=10 NF=11 NF=17 NF=11
VM NG.= NG= 8 NG=11 No=14 NG=11

Table 1.

Each column of the table 1 corresponds to one example
(numbers agree with [7])-. The table 1 has 3 rows which correspond
to three algorithms LP, VM and combined LP+VM. Three numbers
are given for each algorithm and each example. They are number
of iterations, NI, number of function evaluations NF and num-
ber of gradient evaluations NG. The same accuracy of results
was reached by each algorithm.

The numerical experiments show the high efficiency of the
combined LP and VM algorithm which has good properties of both
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LP and VM algorithms. When the quadratic rate of convergence
of the LP algorithm does not occur as iIn the example 2 then
superlinear rate of convergence of the VM algorithm is yet
kept. Only when both LP and VM algorithms have approximately
the same efficiency, as In the example 5, the combined algo-
rithm can be less effective but comparable with both of them.

5. CONCLUSION

We propose a new efficient algorithm for linearly con-
strained discrete nonlinear minimax approximation which can be
used for filter design. This algorithm was implemented as
FORTRAN subroutine in software package for optimization and
nonlinear approximation SPONA (see [6])- All results iIn the
previous section have been attained by this subroutine.
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SPONA: SOFTWARE PACKAGE FOR OPTIMIZATION
AND NONLINEAR APPROXIMATION

L .Luksan

(Praha, Czechoslovakia)

1. INTRODUCTION

The software package for optimization and nonlinear appro-
ximation described below is a modification and extension of
the former version described In £1]. The SPONA package has a
modular structure. Its FORTRAN modules are stored iIn the exter-
nal storage of the computer. The SPONA package 1is controlled
by a simple i1nput language. The statements of the i1nput lan-
guage. The statements of the input language are the iInput data
for the compiler, which generates the control program. The com-
piler is written in FORTRAN and its output is again a set of
FORTRAN statements, stored In the external storage. The control
program contains a calling sequence of all optimization sub-
routines. It is linked together with all necessary modules and
with external subroutines supplied by user In the next step.
The created block of modules solves a problem which i1s defined
by external subroutines and by the iInput data (see Fig. 1).

2. OPTIMIZATION SUBROUTINES AND PROBLEMS

The SPONA package contains more than 100 optimization sub-
routines based on various optimization methods. These subrou-
tines are designed for solving of optimization problems which
can be divided into 7 classes:
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(1) Unconstrained minimization (44 subroutines). These
subroutines can find a minimum of an objective function F(X)
where xGRn (n-dimensional vector space). Almost all of them
find an arbitrary local minimum but two subroutines can find
a global minimum. Subroutines are based on direct methods which
do not use derivatives, on gradient methods which use first

Loput compiler I
~language
1 library
v :
of modules
t 1 control
R program
input 3 subroutines [&——-
data
external
subroutines
v
step 2 results
Fig.1l.

derivatives computed either analytically or numerically, or on
second derivative methods. Standard problems can have at most
30 variables and large scale problems, which are solved by
special subroutines, can have at most 1000 variables.

(@ Linearly constrained minimization (36 subroutines).
These subroutines can find a local minimum of an objective
function F(X), Xx&Rn iIn tle convex polytope given by inequali-
ties 1.<X.<Uu.. 1 <1 <n and by additional linear con-
straints
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1 <0 <k
k < J < m.

Some subroutines solve special problems as linear or quadratic
programming problems. Problems of this class can have at most
30 variables and 100 additional constraints.

(©)) Least squares approximation (15 subroutines). These
subroutines can find a local minimum of the objective function

m p
FGO = £ W.\F.GO-y \) @

i=1 oA

with weights w I<i<m and observations y ,3 I<icm. Some sub-
routines can solve problems with linear constraints defined

above. Problems of this class can have at most 30 variables,
10G additional constraints and 300 observations.

(@ Minimax approximation (7 subroutines). These subrouti-
nes can find a local minimum of the objective function

FOX) = max WAT . .X)-yA) (D)
I<i<m

with weights W3 I<i<m and observations Y,3 I<itm. Some sub-
routines can solve problems with linear constraints defined

above. Problems of this class can have at most 30 variables,
100 additional constraints and 300 observations

(B) Nonlinear programming (4 subroutines). These subrouti-
nes can find a local minimum of an objective function F(X)3
XN n In the feasible region given by inequalities 17M+x"tu~3
I<i<n and by additional nonlinear constraints

f 00 = 03 I<j<k

fg(x) > 03 k<j<m.
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Problems of this class can have at most 30 variables and 100
additional constraints.

(®) Solving of system of nonlinear functional equations
(3 subroutines, at most 30 variables and 30 equations).

(7)) Solving of systems of nonlinear differential equations
(3 subroutines, at most 30 variables and 30 equations).

Note that an arbitrary objective function F(X)3 H
classes (1), (@ and () can be replaced by special functions
@ and (). Also further special functions can be used. For
example, the function

O

FOX) = /7 oe(sy (t)3x)dt @
t
(o}

where
=Ty ()s3x)3 y(tq) =yo

serves for estimation of parameters of the differential sys-
tems. Another special function can be used for centering in

optimal tolerance design. These special functions are prog-

rammed In the SPONA package and are chosen automatically si-
multaneously with optimization subroutines by means of sta-

tements of i1nput language.

3. ADDITIONAL POSSIBILITIES OF THE PACKAGE

The SPONA package has some additional possibilities which
are advantageous for users. A sequence of up to five optimiza-
tion subroutines can be defined for solving an optimization
problem. In the case when some optimization subroutine fails
the next one iIs started automatically. The external subroutines
have a simple and unified form an can be tested by means of
facilities contained In the SPONA package. All problems can be
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scaled and some variables can be blocked automatically so that
the optimization problem is simplified. The SPONA package con-
tains many iInput and output subroutines. Furthermore, 1t con-

tains standard test examples and facilities for testing of op-
timization subroutines.

4. CONCLUSION

The SPONA package has been used for solution of many
technical problems most complicated of which was the design
of an electromechanical filter produced by TESLA establishment.
This package has also been used for testing the optimization
methods. After many tests 1t was observed that there is no
universal method which would be the best for all cases. This
iIs the reason for building the extensive packages of optimiza-
tion programs. The experience with the SPONA package is satis-
factory and further development is assumed.
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THE HEURISTIC METHODS OF DISCRETE PROGRAMMING - 1
The method of neighbourhood
B .Vizvari

(Budapest, Hungary)

The aim of the paper is to discuss a heuristic method. In
Section 1 we give a general description of i1t. In the next
section we show some examples where the algorithm is not heu-
ristic butexact method. The second aim of the same section
IS to demonstrate how wide-spread the method is. Therefore it
cannot be regarded as somebody®s discovery (in contradiction
with papers [s],[6])- An application In integer programming 1is
given In the last two sections.

1. THE GENERAL FRAME OF THE METHOD

This paper i1s devoted to a very efficient method. It gives
exact algorithms in some cases and is only a heuristic method
for other problems.

Let us assume that we have a finite set P and we are look-
ing fTor a special element of P. Let a function g(x) be given
on P. It measures how far the properties of element x are from
the desired properties. That means: 1f we have X XSBP and

g(x2) < g(x2)

then we can state that X2 is better than x~. Therefore we can
turn from the iInvestigation of to that of x

cl
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We need only one more notion to the method. For every
element x of P let a subset S(xX) of P which has much less
element than P, be given. We call S(x) the neighbourhood of
element x.

Now we can give the general frame of our method.
STEP 1. Let k=0. Choose xOGP-

STEP 2. Let G={X:XGS (,); g(xv) < g}

STEP 3. a) 1f G=0 then the method is finished
b) else let x*+"GG and k=k+1 go to STEP 2.

What i1s the i1dea of this method? If S(xX) contains much less
elements than p, then in every iteration we have a simpler
problem than the original one (STEP 2 and STEP 3). Further-
more we choose the neighbourhoods In such a way that for every
two elements x3y of p the intersection

SCONS(Y)

is small. That means: from a small subset of P we can reach a
large subset, e.g. if

QcP  and |$] << |p |
then
\ON«\{y; 3 xGQ, YGS(X)} \

Therefore the number of the necessary iterations will be small.

What does the method give? In the k-th iteration the pro-
cedure chooses a point from the neighbours of x™ which 1is
better than x~ or at least as good. Finally we get a local
optimum of the problem



max g(x)
XGP

Actually when the algorithm is finished then there is no
point in the neighbourhood of xkwhich is better than xk in the
sense defined by function g(xX). In the case of some problem
classes xk has always the desired properties therefore the
method is exact. In other cases i1t iIs not true so we have on-
ly a heuristic algorithm.

Apparently there are some points in the general frame of
our method which can be performed in very different ways for
the different problems. These points are the following:

a) How to choose the function g(x).

b) How to choose the neighbourhood S(X).

¢c) The choice of the starting point X

d) In the definition of the set G we can use either
the constraint

g < g(xk)
or the constraint
g < g(xk) -

The advantage of the first one iIs that we avoid cycling.
However in the case of the second one we can reach more points,
therefore our local optimum point can be better.

e) The choice of x*+” from the set G.

There are a lot of possible strategies here. An extreme one 1is
the following. We solve the problem

6:) max g(x)

XGG
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and xk+2 2 the optimal solution. Since SCx) contains only
"few" elements, Problem (1) i1s not as hard as the original
problem. A second extreme strategy iIs that we enumerate the
elements of S(x*) and we choose the first one which is better
than a*. We can combine the two strategies, e.g. we change
the point x* only after a certain improvement.

2. SOME FAMOUS PROBLEMS

2.1 The shortest route problem

Let a graph F=(VaE) be given without loops and multiple
edges, where V denotes the set of vertices and E is the set
of the edges of F. The length of every edge is known. The
problem is to find the shortest route in the graph between
the vertices A and B.

One of the well-known methods to solve this problem is
based on dynamic programming (Bellman [I]). If we have a
shortest route between A and B and this route goes through
the vertices C and D, then the subroute with the endpoints
C and D is a shortest route between C and D. We determine the
shortest route from A to every vertex. Thus we shall have the
desired route as well. Notice that iIn this way it iIs suffi-
cient to give to every vertex W the point from which we go
to W. From this information every route can be reconstructed.

Assume that the graph has n vertices, denoted by the po-

sitive iIntegers from 1 to n. The starting point iIs vertex 1.
Now the system of the routes can be given by an n dimensional

vector V, where v . Is the vertex In the route containing j just
before j. If v =0 then we still have no route yet fromlto j.
Obviously the number of all possible vectors v is exp (n).
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Let 1 and J be two vertices. If the (i3)) edge is iIn the

graph then let CFJ be the length of the edge. Let m be a

sufficiently large number, e.g.

m > £ cC.+1
(1,J)9E

For a given vector v let k be the vector of costs of the
routes. If vs;O then Kizm- IT (1.jJ)OE then let gﬁfm- The
cost k. can be obtained trivially from the recursive formula:

Now we have to give the set S(v) and the function g(v).
Let S(v) be the set of such vectors which differs from v iIn
only one component 1.e.

Sv) =fw :3 I<l<n;

Wg = v3 Qo1 '}

The number of the neighbours of an arbitrary vector v 1is
h-1)2.
We choose function g(v) as the total cost of the route, 1i.e.
n

gWwJ=2Z k .
”3=2 J

In the definition of the set G we shall iInsist on the strict
inequality

&) gw) < g(vk)

as here we minimize the costs, therefore we minimize the
function g(v)s3 too. An arbitrary better solution will be
choosen from G. The starting point (i.e. STEP 1 of the method)
is the following:
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sterp 1: if (13J)GE then V3_=1_ otherwise V3.=0
3 > 2,

Remember that if (13q)0E then U .=m and so
K. m,
3

too.

Condition (2) 1is used iIn the definition of the set G. It
iIs equivalent to the following constraints:

o 3U,0)GE

©® K.+ a_..< k.

Formally we do not need Constraint ().
Namely if (i3j)O0E3 then oi._s.:m and hence

IT (49 1is true then

Otherwise

The equivalence of Condition (2) and Constraints (3) and
(4) are based on the well-known fact, that the numbers kg give

a decreasing sequence. Constraints (3) and (@) give the usual
way of the definition of set G.

In this treatment of the method an administrative substep
IS necessary iIn STEP 3. Namely i1f we have an improvement in



- 115 .

ko-fbr a certain j then it can give i1mprovement at other
vertices, too. But the substep can be avoided by the careful
organization of the algorithm.

2.2 The fTlowshop problem

There are given n jobs and two machines. Each job has two
operations: a TfTirst one on Machine 1 and a second one on
Machine 2. We process the jobs iIn the same order on the two
machines. The processing time of job 1 on machine iIs t@d

J=1j2. The problem is to find the optimal order
for the jobs where the total processing time is minimal.

Johnson®"s method is the following:

Suppose, that we have already optimal starting and finishing
subsequences, but there are jobs for which the optimal order
IS not determined. Denote by N the set of such jobs. If IGN
then we say that the processing times til and t,.z_Ij belong

to N. Let t be the shortest processing time belonging to N.
Suppose that it occurs at job 1. There are two cases: t=t"

or t=t_p . In the first case 1 will be the last element of the
starting subsequences and iIn the second case % will be the
first element of the finishing subsequence. Jonhson proved the
optimality of the procedure in [3].

From the proof i1t is obvious that In an arbitrary order
we can exchange the order of two jobs which are after each
other and their order relatively to each other is bad accor-
ding to Johnson®s method. With the repeated application of
this fact the position of certain jobs can be exchanged to
many places. This gives the idea for the following treatment
of the method. The points are the different orders of the n
jobs. This set is denoted by P. The neighbourhood of a given
order
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0

S(0) = {R: RGP; *"K3m) indices
R=(a.- y7ki m wk+im  I-13 meTB==gn)}

Of course iIn the definition of S(0) we regard both of the cases
k<m and k>m . The number of neighbours of an arbitrary order O
is n(n-1). The function g(0) is the total processing time. We
want to minimize it, therefore we use iIn the definition of

the set G the 1nequality

g(R) < g(0k)

The starting point is an arbitrary order: namely the ar-
tifical order of the indices. Johnson®s method gives a special
rule for the choice of from G. But according to what we
have said previously we need not know Johnson®s result, the
local optimum is a global optimum.

2.3 The greedy algorithm

Let J be a set of n elements and M a system of the subsets
of N with the following property: for any AGM i1f B*A then BGM.

Every element p of N has a positive value: v() . The value
of a set A 1s the sum of the value of i1ts elements:

v(A) = E v(p).
pGA

The problem i1s to find the set In M with the greatest value.

To solve the problem we have the following heuristic method.
Suppose that the elements 6f N are In such an order that

V@D 2 vie_> - 2 V)
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Then the greedy method is as follows:

STEP 1: A=0 i—1
STEP 2: it AViIp~GM then

Az =AV{p 3}
STEP 3: i = i+l

ifT 1 = n then go to STEP 2 else the
algorithm is finished.

The method is called greedy because iIn every step we
choose the most valuable element of N that we are allowed to
choose.

From the properties of M 1t follows that If p was not
good then we cannot choose it at all (keeping the previous
elements of N in the set ,4). Therefore the algorithms has at
most n steps.

It Is very easy to see that the method is only a
heuristic algorithm. For example the well-known knapsack
problem belongs to this problem class. But it is well-known
that 1f M iIs a matroid then the greedy method gives always
an optimal solution.

On the other hand the method is based on the neighbour-
hood. The starting point is the empty set. The neighbours of
the set A are the sets which contain A and have one element
more than A. Finally the function g is defined by the func-
tion v In the following way:
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3. APPLIYING THE METHOD FOR ZERO-ONE PROGRAMMING

The zero-one programming problem is to minimize a linear
function of binary variables under the condition of linear
inequalities:

min q*X
ap) AX > b

xe{o,i}n

where A 1s an mxn matrix, and o, X, b are vectors of appropri-
ate dimensions. Denote by F the set of the feasible solutions
of (IP).

It 1s well-known that (IP) 1is a very difficult problem.
Theoretically it is NP-complete. On the other hand the solu-
tion needs great computational efforts, too.

In general even to give a feasible solution iIs as dif-
ficult as the. original problem. But the knowledge of a
feasible solution accelerates the practical methods. There-
fore i1t was a quite natural i1dea to generate a feasible so-
lution by the method based on the neighbourhood.

There are two usual concepts of neighbourhood by this
problem:

a) for any binary vector X
SX) = fy:ybinary vector; y_differs from 1

@ x exactly iIn one component J

b) for any binary vector Xx

Six) “Cy:ybinary vector; y differs from 1

C x exactly iIn two components <J
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Suppose, point x Is a local optimum In the sense of the
first neighbourhood. Then for x It iIs not necessary to be a
local optimum iIn the sense of the second neighbourhood. That
means X can be a starting point when we apply the method with
te neighbours of second type. Thus we can further iImprove our
point.

First of all we want to get a feasible solution. But after
having 1t we want to get a better point, i1.e. we want to Im-
prove our Tirst feasible solution. These two activities can
be separated by the choice of the function g(X). OF course
the separation iIs not necessary, the method is applicable iIn
different ways.

Denote by a, the -i-th line of matrix A and by k. the i-th
component of b. Point x satisfies the -t-th constraint iIf

n

O>b.- £ a..x.
= * d=1 11 3

ITw is a real number then let
Ilwl = max {Wjo}

Now we can measure the violation of a constraint by

m3

a.xX.
+
3-1 13 3

Then the violation of all the conditions 1is:

a..x.
1373 F

Il th S
I w5

I 3=1

The sum is zero i1If and only if £ iIs a feasible solution. Sup-
pose that in the objective function vector we have nonpositive
components. Then g(x) separates the above mentioned two acti-
vities if
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g(x)

XOF

4. COMPUTATIONAL RESULTS

The method was applied to zero-one programming. The algo-
rithm was specified as follows:

a) The function g(xX) was choosen as i1t was suggested at
the end of the last section.

b) The neighbours of a point x were the binary vectors
which differ from x exactly In one component.

c) The method is sensitive for the choice of the starting
point. Denote by F the set of the feasible solutions of a
given problem. Let L and U be defined by the following
equations:

n
L = min E X.

xXGF jJ=1 3
and
n
U - max E X ..
XGF o=l 3

L is a lower bound for the number of such components of a
feasible solution which are equal to one. U is an upper bound
for the same quantity. The efficiency of the method depends

on the choice of the starting point X0 In this respect. We have
got the best results if the i1nequalities

n
Y . <u
g=1 %97

L

[P7
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were hold. (See Table I1). We have chosen the starting point XoO
for our problems In such a way that the frequency of ones was 30
per cent, e.g. the equation

n
£ x .=0.3 xn
was satisfied.
d) At the fc-th iteration we accepted a point as only

iIT it was better than x, .

e) We enumerated the neighbours of the point X~ and chose
the first one that was better than x”. The order of the enu-
meration was determined on the following way. Before the start
of the method every variable got a value. The desired order
was the iIncreasing value order. That means: the first neigh-
bour of x differed in the component which had the less value,
etc. We used four different evaluation of the variable x

1
Vg Og
2
v3 'Cg
m
v3 £
3 =l
4 m
Vg iil aigsd-m

where d is the density of the matrix. It was 0,5 in our
problems.

We solved randomly generated problems. Ten problems be-
long to the first group. They have 10 constraints, 50 variab-
les and are named R150 - R159. The second group consists of
ten problems, too. They have 100 variables, 10 constraints. We
refer them as R110-R119. Finally the third group has six prob-
lems with 30 constraints and 100 variables. Their names are
R310-R315.
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The method gave feasible solutions for all of these prob-
lems. The necessary CPU time was 3-10 seconds in a CDC 3300
computer. The efficiency of the method is shown by the fol-
lowing. We tried to solve Problem R310 with IBM"s MPSX on an
IBM 30/31 computer. After several attempt we have got nothing
at all, though the longest running was 15 minutes.

Conclusions. The method of neighbourhood is a very efficient
method In zero-one programming to generate feassible solutions.
But further iInvestigations of i1ts behaviour are necessary at
large structured and real-life problems.
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TABLE TI

PROBLEM* T n T A L *FIRST FEASIBLE SOLUTION® LLAST FEASIBLE SOLUTIONx
w 1 * L * & w
NAME &N UM B ER 0 Fx CPJ TIMEXNUMBER OF » CPU TIME #NUMBER OF % CPU TIME =%
w * x % L * x X * L
* ITERXSTEPSaF SQL* * JTER*STEPS* * ITER*STEPSw *
3L R R R R 2R 2222223 222222 R R R R S R 22 222222230222 232 2331 T1 23 t222222223 8
* ®x L * x ] * * w *
R150 * 413 x 301 * 1 2,43 x 12 » 251 x 1,755 0,73%x 12 % 251 % {,75) 0,73«
L * e ® w * * * " *®
R151 * 16 * 411 x 4 « 3,54 % 12 x 269 % 2,135 1,09% 15 % 361 % 2,77} 1,62%
L4 ® 3 ® *® ® ® ® x *
R§S2 * 21 % 395 = S * S,27 * 16 % 244 » 3,133 1,82%x 20 % 345 x 4,21y 2,90«x
* 4 % * ® ® ® ] * *
R1S3 » 28 x 538 » 4 x 4,63 x 24 % 353 x 2,735 1,64x 27 % U4B8 % 3 _T6) 2,57x
] * * * * * ® x * *
R154 * 17 % 367 x ® 373 % 1S % 272 % 25215 1,16% 16 ® 317 m 2,825 1., 17%
* * * ® " * * ® * *
R155 k 17 % 469 x 4 = 3,47 = 13 % 342 x 2,123 1,07x 16 % 419 x 2,833 | ,7Rx
® ® X w * L * * *
R1S6 * 19 x 389 = S % 3,20 % 14 x 258 x {743 0,75x 18 % 339 % 2,45} {,46%
® * * " * * ] ® *
R137 * 28 x 619 5 » 4,07 » 23 % 478 x 2,573 1,39 27 = 569 » 3,32} 2,15«
* ® * * * x w ® ® *
R158 * 19 » 357 « 3 3,06 * 16 % 236 « {,85; 0,99% 18 * 307 » 2,36} 1,50«
* L ] w » x ® » ] * *
R159 * 28 % S13 % 5 = 4,17 » 23 % 342 » 2,583 1.,44%x 27 x 463 w 3,40) 2,26

2 2 2 2 R R 2 R R R 2222223 22322332232 2223223231222 222222222223 2222331 322322222222 2¢2
ITER = ITERATIOANS
FeS0L= FEASIBLE SOLUTTIONS

THE ENUMERATION NRDER OF THE NEIGHBOURS WAS BASED ON THE INCREASTNG ORDER OF VALUES

VEI) (J=lssee0nN) WHERE
Ve Tl=r (o

— kel



TARLE TII

PRUBLEM* T n T A L *FIRST FEASTBLE SOLUTYON* LAST FEASIBLE SOLUTION®
* X * * * * *
NAME *N U M 3 E R N Fx CPJ TIMEANUYMBER QF * CPU TIMF =*xNUMHER O0OF = CPU TIME =
* & * * * *x *x ® " &
* [TERXSTFPSF SOLx * [TER®STEPSx * JTERXSTEPSx «
ok o o e ok T ok o ok ok o ok e ok o e e e i ok g ol gk e A ok e vk o e ok o ok o O i ke ok o ok R ok g ok b R R o o ok ok o o vl vk o o R o O ok e O ke ke o o o o o ok o ok o o ok o ke ok
* * * * * ] ® * * L
R150 * 35 x 474 « 9 = 4,27 x 26 x 336 x 2,633 1,66x 34 x 424 » 3 47) 2,51«
* x * * * * * * * *
R151 X 35 x 577 x 10 % S,56 x 25 % 442 x 3,077 1,B5%x 35S x 627 x 4,605 5,38
* * * * ” x * * » ]
R152 * 18 x 453% =« 3 x 2e96 * 15 x 354 « 2,027 1,09 17 w 403 x 2,325 1,39%
* * * x * * * L] * *
R153 * 36 x 619 x 3 x 4,83 x 28 & 434 » 2,72} 1,71x 35 *x S69 * 3,9} 2,95
* * * * * * ® 4 * *
R154 x 37 x S97 =x S % d 41 * 32 % 430 x 2,963 1,64x 36 % S47 x 3 _T71) 2,30«
* ® * L3 * 4 * ] *® *
RISS % 20 » 4k0 = 2 2,84 x 18 x 365 & 2,01; 1,11x 19 x 410 » 2,23; 1,3%x
* ] * * % * & * W *
R156 * 28 x 504 « 3 % 3,43 x 25 & 433 & 2,213 1.,23x 27 %= 4S54 « 2,813 1,83«
* * ® w &* L * * * *
RIS7 x 24 x 405 « 2 * 3,8 x 22 x 320 % 2,467 1,37x 23 x 355 x 2,97} 1,60x
® *x * * * x b ] * *
R158 * 32 & 593 & 1 ® 3,92 x 25 % 416 x 2,227 1,2Rx 31 % Su3 x 3 283 |,34x
® * * * * * X * 4 *
R159 A 24 x 417 =« 3 x 3,99 x 21 *x 338 & 2,75; 1,59%x 23 % 367 x 3 .14} 1,98»

23 2 R R R P S 2 2 S22 22 2 322282222222 R e SRS 8222222233202 2222233322322 22 21
ITER = [TERATINNS
FeSOL= FEASTBLE SOLUTTINS

THE ENUMERATION 0ORNDER NF THE NEIGHROURS WAS BASED NN TME INCREASTNG NRDER NF VALUES

VIJ) (J=lr,seesN) WHFRE
V(T)==C(T)

W



TABLE Tv

PROBLEM* T n T A L *FIRST FEASTSLE SNLUTTONA LAST FEASTBLE SOLUTION=
* * * * * »* *
NAYE *N U M 3 F R 0 Fx CPJ TIMEXNJYM3ZER OF # CPU TIMF *NUMEFR 0OF * CPU TIMF =
* ® x * x x ® * ® *
* [TERxSTEPSxF SO * * [TERXSTEPSx * JTERXSTFPSx *
de e g e skt ok ok e o o ok ok ke o o o O ok e o o ok ok ok ok o ok o ok e R ol o o A ok ok ke o ok ok o o o gk ol o o ok o R o ok e ok o ok ok ok ke o o o ke ok ok ok e e ke o o
* * * L] * * 4 * * *
R150 * 19 x 455 « b x 3,40 * 13 x 350 » 1,907 0,83%3x 18 »x 405 = 2,703 1,6Rx
* * X * * * x * * *®
R191 *x 13 x 371 = 3 % 3,00 «# 10 %x 269 % 1,663 0,68x 12 % 321 % 2,313 1,63
* * 4 »® * * L * x *
R152 k17 x 426 = 2 % 2,93 x 15 % 307 x 2,013 1,09%x 16 * 376 % 2,223 1,30%
x * k ] * * * * *
R153 x 25 % 751 = 3 % 3,41 * 22 x 667 % 2,143 1,20%x 24 » 701 % 2,803 1,90%
* * * % * * * * * *x
RIS4 * 16 x Ub7 x 2 x 2,74 * 14 x 382 x 1,635 0,85% 15 % 417 * 2,12} 1,27
x *x * * x & ] x * *
R1S5S * 20 x S83 x 5 % 3,35 x 15 % 406 « 1,985 1,014 19 %« S03 x 2,703 |, 74«
* * * * | * * * * *
R156 ¥ 20 x 565 =& h % 3,20 x 14 x 382 x {,663 0,812 19 » 515 »« 2,583 1,74x
* * * * * * * * »* "
R127 x 23 x K77 « 5 & 4,67 * 20 x S78 « 2,953 1,58x%x 22 % 627 % 3,64} 2,27«
* * * x * *x L * w ]
R158 *x {7 x S17 « 2 % 3,02 * 15 & 436 x 1,943 0,96%x 16 *x 4K7 * 2 ,33; | 44
* * * ® ® »® ] * * *
R159 x 21 % 445 «x 3 x 3,37 x 18 & 342 x 2,243 1,26% 20 x 395 % 2,683 1,71x

Jo Ak g Rk e e K e e R R K ke R A e R e A e e ok e R o ke o ok o o ok ko ek R o o e ok gk ok e e e ok ke
ITER = ITERATIONS
FeSOL= FEASI3LE SOLIITTONS

THE ENUMERATION NRDER OF THE NEIGHBO!RS WAS BASED NN THE INCREASING ORDER NF VALUES

VIJ) (J=lseaerN) WHERE
V(J)s SJvMA (1=1 1O M) A(I,))

I
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TABLE V

PROBLEMX T n T A L *FIRST FEASIJLE SNLUTION% LAST FEASYBLE SNLUTION®

* * x * *® * . *
NAYE *N U M 3 E R 0 Fx CPU TIMEANUMBER OF & CPU TIME =«NUMBFR O0NF » CPU TIME
* * * x * * * * w L
* ITEQXSTERPSAF SOL* * [TERxSTEPS«* * JTER*STEPS® x
AR KRR AR R AR A R AN AR R R AR R R AR AR AR RN A AR A AR R AR AR A AR AR A A AR A R AR AR A ARk ARk Rk &
] * * * * * * x » *
R120 x 20 * 323 « 3 4,77 * 15 % 439 » 2,513 1,23%x 19 » 473 x 3,933 2,65«
] L * * * * ] * ] * *
R151 * 13 x 26% x 2 * 3,40 » 11 x 206 & 2,073 0,95%x 12 % 213 x 2 _53; {, 50«
x O | * * * * * * * *
R152 * 16 % 473 x 1 x 4,07 » 15 % 423 » 3,005 §,78x 15 % 423 = 3 003 1,78«
*® & 3 * »* x* * * * *
R1S3  * 31 % 782 » b « S.,76 * 25 x ol6 *x 3,233 1,70 30 % 732 x 4,76} 3,23%x
* * x % * L g 4 w w w
R154 x U0 % 834 x 12 =% U6 x 28 x SUH « 2,815 1,79« 39 x T78d = 3,723 2,70
& * * x® * * * * * »
R15S * 22 % S14 x 7 % 3,75 * 15 % 368 x 1,903 0,87x 21 % 464 »x 3, 15; 2,12«
* & * * * * ] " » *
R196 * 20 « S39 « 5 % 3,44 » 1S & 409 % 1,937 0,93x2 19 *x 4R9 % 2 733 | ,7%x
* * * * * * * * * *
R157 * 32 x 832 « B x 4,23 x 24 » 25 % 2,333 1,302 31 » 782 x 3 _S4) 2,51«
® ® * * * * 4 * * ]
R1>8 x 19 x 523 x 4 % 5,83 x» 15 x 465 % 1,857 0,90x 18 » ST3 = 3 _{0) 2,18
* 4 * * * w x * 4 "
R159 k23 x K00 * 2 % 3,91 * 21 x S42 x 2,68; 1,40%x 22 *x SS0 w 3 _053 §,77x

AR A RRE KA AN KRR R AR RRAR KA KRN KRN KA ARKRR KRR AR A RN KRR KRR EAR KA RIR AR RARRR AR AR R AR AR RARR AR AR
ITER = ITERATIINS
FeS50L= FEASTSLE SOL!TIINS

THE ENUMERATION NRDER NF THE NFIGHROURS WAS BASED ON THE INCREASING NRDER NF VALUES

VIJ) (J=lseeesN) WHERE
VEJ)z SUMMA (I=1 TN M) A(I,J)=MxNxC(J)

LTl
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TABLE VI

»PROBLEM * Lp ft Vi | * V2 ft V3 ft V4 ft
»NAME *OPTimum*n ,s ,*N, Ft* Z3 ¥NFS,*N,F,* ZB *N,S,,*NfF_.* ZB *N.S.*NfF,* z8

» ft ft ft * * ft * ft * L * ft ft 1t
*~ R150 & -7 & 301~ 1* 20K 474* Ok 22* 455* 6* 11* 523& b5ft 21*
* t ft ) ) ) * * i o * it * ft ft *
* R151 % «6 ® an=* a* 12& 677 10& 19~ 371* 3* 16* 263t 2& 17%
* R152 & -15 & 395#t 5+ 2* 453» 3k -4* 426~ 2% 7% 473ft 1% 6*
» ft ft * * ft * ft * * * * * ft ft
» R153 ft -14 ft S3M a* Ooft 619~ 8ft 3* 751%* 3* 2% 782ft 6ft 0*
* f[ ft f[ * f[ * f[ * * * * ft ft f[
* R154 ft 14 ft 367ft 2% as* 5Q7* 5ft  24* 467%* 2% 40* 834*  12% 37*
* f[ ft ft ft * * * * * * * ft * ft
* R155 ft -25 ft ae>oft ax +7* 460%* 2% «12* 553% 5% _12* 514ft 7%« 10ft
* ft ft ft * * * * * * * * * i £
» rRish T -16 T 3897t 5* 1* 504* 3* 1* 565% 6* -3* 530ft 5ft oft
i o i o T * i o * | o * i o * | o ft ft ft ft
* R157 ft .8 ft 610ft 5% 10* 405%* 2% 10* 677* 3* 6ft 832ft gft  12*
ft ft ft ft ft * ft * ft * ft ft ft ft ft
* R15B ft -3 ft 357* 3%  21* 593* 7ft 10* 517ft 2% 23* 623ft 4ft  20*
ft ft ft * ft * * * ft * * ft ft £ )
* «159 ® .13 ®ri3» 5* 5% 417% 3* o« 1ft aa5ft 3* 3ft 600* 2ft

s, athe number dr steps

M,F, sTHE number of feasible solutions

ZB =THE VALUE OF THE UBJECTIVE FUNCTION AT THE BEST FEASIBLE SOLUTION
FOUNO BY THE heuristic METHOD

IN THE K.TH VARIANT OF the METHOD THE ENUMERATION ORDER OF THE NEIGHBOURS
HAS BASED JN THE INCREASING ORDER OF VALUES VK(J) C.T=1,,.,#N) WHERE
VI(3)aCCd)» V2U)»-C(J)I V3(J)«SUMHA U«l TO M) ACI*J3>»

V4z3UNNA “(1=1 TO M) A(1*J)*NM*D*CCJ)



TABUE VII

PROSLt*i T 0 T A 1 :FIRST FEA§IBLE SOLQJION* LASL FEASIBLE*SOLUTION*

*
NA *N UMi r g OF* CPJ TTME*NJMOER OF * CPU TIME *NUMBER OF * CPU TIME *
* * * * * * * * * *
* JTER*STEPS*F,SOL* * |TER*STEPS* * |TER*STEPS* *
R T B e B S
* * * * * * * * * *
RHO * 36 a 9P2 * 25 * i«,80 * 11 * 292 * 7,02; 1,85%* 35 * 892 =*12,51; 7,39%*
* * * * * * * * * *
RU1 * 23 * 7«1 * 17 * 11,87 ~* 6 * 291 * 6,20; 1,27* 22 * 691 * 9,92; 9,98%*
* * * * * * * * *
R112 * 2b a 1171 * 21 * 15,29 * 5 * 367 * 5,23 0,86* 25 *1071 *12,99; 8,57*
* * * * * * * * * *
R113 * 26 a * 20 * 19,0s * 6 * 293 * 6,63 1,67* 25 * 78« *y,07; 7,11*
* * * * * * * * * *
* * * * * * * * *
RUN 21 a 759 16 12,72 5 116 6,52; 1,23 20 659 =*10.71; 5,92
* * % * * * * * *
RUS * 27 A1110 * 15 * 13,91 ~* 12 * 925 * 7,50 2,37* 26 *1010 *11,08» 6,99%*
* * * * * * * * *
RH®6 * 3« *1238 * 15 * 13,03 * 19 * 697 * 7.8i; 1,79* 33 *1138 *10,97; 5,95%*
* * * * * * * * * *
RU7 * 25 *1 jia * n * 9,50 * 19 * 500 * 5,90 1,59* 24 *1019 A 7,69; 9,83%*
* * * * * * A - - -
R118 *  «3 *190b * 22 * 16,72 * 21 * 785 * s5,92; 2,08* 92 =*1806 *19,05»10,21%*
* * * * * * * * * *
R11 9 * 17 * 822 * 3 * 10,59 * 19 * 695 * 6.59; 2,35%* 16 * 722 * 8,53» 9,28*

E R e o S e b S S R S e e e e e S R R R R e S e e S e S R R S S R R R R e e e o b o b o o b e o e

ITER * ITERATIONS
F.SOL* feasible SOLUTIONS

THE ENUMERATION OrDEB OF THE NEICH30URS Was BASED on THE INCREASING ORDER OF VALUES

vtd) HMERE
V(I)»C(I)



TABLE VIII

PROBLEMi T 0 t a_ 1 :FIRST FEA§|BLE SOLQIION* LASL FEASIBLE*SOLUTION*
NAME :N U ﬁ R E R *OF*' CPU TIME:NUMEER QF * C*U TIME QNUMBER OP : CPU TIME :
* JTER*STFPS*F,SOL* * |TER*STEP8* * |TER*STEPS* *

* * * * * * * - * *

RUO * 29 : 081 * 18 * 12,92 * U * 425 * 5,27» 1.39* 28 * 881 *12,92; 9.14*
Rill * 22 =~ 892 ~ 16 = 15,02 = 6 ~ 271 = 6,561 1.76* 21 742 *12,82; 7,98*
* - * * * * * * * *

Ri 12 : 30 *1425 * 24 * 15,49 * 6 * 296 * 7.071 1,34* 29 *1325 *13,44; 7.72*
* * * * * * * * *

RIU * 35 %1044 * 24 * 18,41 * H * 271 : 7,25» 1,94* 34 * 944 *14,01; 8,70*
* * * * * * * * *

R1U * 21 * 743 ~ 12 ~ 11,04 = 9 =~ 355 » 5.56; 1,40 20 -~ 643 * 8,69; 4,54*
RilS * 23 % 905 * 17 ~* 10,45 ~ 6 ~ 256 -~ 4,54; 0,73* 22 » 805 =~ 8,45; 4,64*
Ri 16 * 23 x 995 * 5 = 13,72 = 18 ~ 682 ~ 7,66; 2,51* 22 = 895 *11,53; 6,37*
Ri 17 * 3l x11220 * 14 = 14,76 = 17 * 5«1 * 8,02; 2,41* 30 *1022 *12,61; 7,00*
Ri118 * 25 «~ 851 =~ 10 = 12,72 = 15 = 511 = 7,56; 2,79* 24 =~ 751 *10,29; 5,52*

R119 ~ 22 *1022 ~ 10 = 12,31 ~ 12 - 586 * 6.7i; 1,64* 21 -~ 922 *10,18; 5,11*

E R e o S e o S o e S o o o S S e e o o e e S i e S e S R R S S S e e e e o o e S R S R A e e o S S o o S e e e e e

ITER . ITERATION*
FI 301* FEASIBLE SOLUTIONS

THE ENUMERATION OrOER OF THE NEIGHBOURS WAS BASEO ON THE INCREASING ORDER OF VALUES

Vtj) Cj*W...,N) WHERE
V (3) 3¢CCJ)

0€T



TABLE IX
X
PROBLEM A I *FIPST FEASIBLE SOLUTION* LAST FEASIBLE SOLUTIONX
* * * * * * *
NA*E N iin g e p 0O F* CPU TIME*NUM9ER OF *CPU TIME *NUMS8ER OF * CPU TIME *
* * * * * * * * * *

* ITEP*STEP3*F,SOL™*

*

ITEBASTEPS™

*

ITEPASTEPS™

*

E R e o S e S S S e e o S o e S e e o R R e e e e e o S S S R R R R e o S R R R S e e e S S S S e R R R I I i e S o S o e R o e e e e

*

6,11*

*

4,88%*

*

4,81%*

*
4,93%*

*
5,96*
6,94*

4.,22%*

*

6,61*

*

5,31*

*

7,60%*

nF VALUES

* * * * * *
R110 * 27 *1350 ~* 17 = 13,44 10 483 8,481 1,47* 26 *1250 *11,12)
* * * * * * * * *
RU1 * 24 *1178 * 18 + 12,78 * 6 * 275 * b, 89] 1,22* 25 *1078 *10,75)
* * * * * * *
R112 * 25 =*1587 * 8 * 11,01 7 * 495 * 5,231 1,23%* 24 *1487 * 8,80)
* A * * * * * * H’
R113 * 22 =*=1012 * 18 * 12,87 * a * 91 * 8,691 0,90%* 21 * 912 *10,72)
* * * * * * * * *
R1H * 21 * 938 17 -~ 13.25 * a * 237 * 6,07) 0,97* 20 * 838 *11,06)
R115 * 25 %1088 * 15 = 19,5a * 10 * 317 * 7,37) 1,95* 24 + 968 *12,36)
R116 * 25 *1276 * 13 11,73 * 12 * 893 * 5.68) 1,46* 24 *1176 * 9.14)
R117 * 25 *1041 = 12 * 12,56 * 13 * 821 * 5,77) 1.93* 24 * 941 ~* 9,46)
Pl1 18 * 30 *1280 * 12 * 12,82 * 18 * 898 * 7.36) 2,14%* 29 *1160 *10,53)
R119 * 25 *1341 = 11 * 19,91 * 19 * 552 * 7.97) 2,86* 24 *1291 =*12,79?)
KA A A A A A KA A A A A A AR A A A A A A A A A A A A A A A A A A A AR A AA A A A A AR A AA A AR A AR A AR A AR AAXITAAAAARTAAAA AR AAIA XA AKX HKK
ITER a ITERATIONS
F.SOL» FEASIBLE SOLUTIONS
THE ENUMERATION OrDER OF THE NEIGHBOURS WAS BASED ON THE INCREASING ORDER
VCJ) Cj*1f». #n3 where
V(J)s SUMMA (Isi TO M) A(l1,Jd)



TABLE X

PROBLEM® T n T A b *FIRST FEASTSLE SOLUTIONw LAST FEASIBLE SOLUTION=x
® * ] ] * ® L

NAVE *N U M3 E R 0 Fx CPJ TIMEANUMBER OF « CPU TTMF xNUMBER OF % CPU TIME =«
* * * * * * * * * *

* JTERRSTFPSAF SOL* * ITER®STEPSx * ITER*STEPS¥ *

ERA AR IR A AR RA KA AR AR AR R AR AR AR AR R AR AR R RAR A AR R AR ARARARA AR AR RRR AR AR AR ARk R ARk kR
® ® o ® x ] * * w *

R110 * 27 %1343 x 17 = 10,07 » 10 x 543 w 5,008 1,36% 26 %1242 % 8,173 4,55«
¥ % & * x ® % " * *

Ritg * 23 %1062 x 17 x 11,59 » 6 % 199 x 4,777 1,04 22 » 962 % 9,67) 5,94%
. ® * t x * « # * w X
R112 * 21 %1006 ® 12 % 13,53 = 9 % 371 & 5,653 1,57« 20 » 906 »1],11p 7,03
x * * * ® x *  } »" x

R113 * 28 x1318 = 18 « 14,73 » 10 x 395 » 6,413 1,92%x 27 %1218 %x12,233 7,64x%
x w0 * x * B * ® " -

R114 * 26 %1238 x {19 % 13,12 » 7T % 326 « 5,713 1,31x 25 %1138 w11,065 6,36
* B # ¥ * * t * * *

R11S % 24 x1101 * 1S x 10,71 w 9 x 303 » 5,257 1,31 23 %1001 » 8,655 4,71x
* * * X * * # & , % %

R116 x 20 » B9Q = b & 10,14 » 14 » 404 = 5,187 §,49%x 19 % 790 =10,14) 6,44x%
® % & * * * w % : ®

R117 * 28 %1537 x 12 14,37 » 16 & 721 % 7,873 2,51%x 27 %1437 »1] .64} 6,30n
* * * * * * * * * *

R118 * 27 %1302 x 10 = 14,38 x 17 » B42 » B, 31 2,84x 26 w1202 *11.61; 6,14x
x * ®x b » ® w " ®

R119 * 24 %1317 x 10 = 11,03 » 14 x 787 « 6,253 2,05%x 23 w1217 t 8,935 4,74x

t****t*ttkﬁ********tit*k*k*ttﬁ*tt*i**ﬁtt*ttttl*ﬁ*t*t*ﬁ***t*ti****t*t*t**t*i*t****it*
ITTER = ITERATIONS
FoS0L= FEASIBLE SOLUTTONS

THE ENUMERATIJON NQRDER OF THE NEIGHROUURS WAS BASED NN THE INCREASING ORDER OF VALUES

V(J) (nglpoolN) WHERE
V(J)s SuMMA (I=1 TO M) A(I,J)=MxDxC(J)

CEl
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TABLE XI

«PROBLEM* Lp * Vi * V2 * V3 * V4 *
»NAME *OPTIMIM*N,9,*N.F,* Z8 *N,S,*N,F,* ZB *N,9,*N,F,* ZB *N,S,*N,r,* ZB *
A A A A A A AKX AAAAAAA A A AAA A A AAAA A A A A AIA A A A A AIA XA A A AR I A A A A AA XK hddhdhkdhdhhhdddhhhddxdk k%
* * * * * * * * * * * * *

RUO m24§ * 992* 25%.239%* 981*  18%.22t*1350* 17%-223%1343* 17*-211*
E R R e R R R e e e e R R R R e e e e R R R R R R e e R R R R R e e e R R R R R e e e R R R R R S e e o
* * * * * * * * * * * * * * *
* Rill * -228 * 741* 17*-191* 842* 16*-205%1178* 18*-212*%1062* 17%-200*

R R b R R et
* * * * * * * * * * * * * * *
* RI 12 * -289 *1171* 21*-276*1425* 24*-278*1567* 18*-277*1006* 12*%-249*
R R i B B B R S
* * * * * * * * * * * * * * *

* RI13 * -242 * 884* 20%*-224*1044* 2U*-233%1012* 18*-231*1318* 18%-2726*

B R R e B S R e O T LT ELS

* * * * * * * * * * * * * * *
* «ll« * *237 * T754%* 16*-220* 743* 12*-219* 938* 17**223*1238* 19**223»
KA AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA AR AA AR AAAAAA A AL A AL A AAX

* * * * * *

- * * * * * * - *

* RI115 * -222 *1110%* 15**185* 905* 17*-203*1068* 1S*-206*1101* 15%-199*
KA AAAAAAAKAAAAAAAAAAAAKAAAAAAAAAAAAAAAAAKR KA AA AR KA AA AR A AR AR KA AR A AR h A A Ak hddkhhx

* * * * * * * * * * * * * * *

* R116 * -220 *1238* 15**174* 995* 5*X-145*1276%* 13*-183* 890* 6*-154*

* * * *

* * * * * * * * * * *

* RI17 * -195 *1114%* 11**154*1122% 14*-145*%1041 * 12**157*1537%* 12**168*

R R o e e R R R e e e e R R R o e e e e R R R R e e R R R R e e e R R e e e S R R R R e e e o
* * * * * * * * * * * * * * *

* R118 * -235 *1906* 22*-202* 851* 10*-183*1260%* 12*-181*1302* 10*-193*
AEA A A A A A A A A A A A A A A A XA A A A A A A A AKX AKX AXAAAAAXAAXAAAXAAXAAAAAAAXAAXAAXAKAAAAAAXAAXAAAXAAXAAAAAXAX
Y * * * * * * * * * * *

* * *

* R119 * -208 * 822* 3**170*1022* 10**163*1341* 11**189*1317* 10**171%*

AEAKAA A A A A A A A A A AR A A A A AR AR A AR A A A AAKA AR A AKX AR A AAAAXAAAAAXAAAAAAA AL AAA AKX A A A AA LA XA X K

14,8, «THE NUMBER OF STEPS

N, F, «THE NUMBER OF FEASIBLE SOLUTIONS

ZB «THE VALUE OF THE OBJECTIVE FUNCTION AT THE BE9T FEASIBLE SOLUTION
FOUND BV THE HEURISTIC METHOD

IN THE K-TH VARIANT OF THE METHOD THE ENUMERATION ORDER OF THE NEIGHBOURS
HAS BASED ON THE INCREASING ORDER9QF VALUES VK(J) (J*1,,,,#N) HHERE
V1(J)«C(J)> V2(I)»-C(I)i V3(I)*8UMMA (I«l TO M) ACI,J))

V4«SUMMA (1«1l TO M) A(I1*J)-M*0*CU)
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X1

PROSLE** *F IRST FEASIBLE SOLUTION* LAST FEASIBLE SOLUTION*
* A A A A * *
NAANE *N U M 5 E R 0 FA Cc°J TTME*njmseR OF * Cpu TIME *NUMBER OF * CPU TIME *
A A A A A A A A * *
A ITERaSTEPSaF gq| = A ITERASTEPS™ A ITt"R*STEPS™ *
A****************))***************!))******************»*******************************
A A A A * A A A it *
R310 A 37 *1347 A 6 A 16,73 A 31 *1004 10,171 6,16 a 36 *1247 *14,22110,20%*
A A A A A A A A * *
Rill A a0 *1611 A 1 A 16,02 A 39 =*1511 *13,251 8,87a 39 *1511 *13,251 8,87*
A A A A A A A A * *
R312 A 47 *1752 A 11 A 19,11 A 36 =*1290 * 9,951 4,99a 46 *1652 *15,76110,77*
A A A A A A A A * *
R313 A «5 %1823 A 10 A 1. %] A 35 a1248 + 9,417 5,05a 44 *1723 *18,90114,55%
A A A A A A A A * *
RS14 A oas *1647 A 11 A 19,67 a2 35 1131 + 7,901 3,93* 45 + 1547 =*16,81112,83*
A A A A A A A A * .
R315 A 53 *2067 A 16 A 23,83 & 37 «1121 *10,411 5,79% 52 *1967 *20,95116,33*
A***********************************************************************************
ITER = ITERATIONS
F,SOL= FEASIdLE SOLUTIONS
the ENUHErATION OROEP of TBE NEIGHBOURS WAS RASED ON THE INCREASING ORDER OF VALUES
vcld) (J«U,,.,N) WHERE.

V(J)=CCJI)



»<"Tau**

A

L

*FIRST FEASTaikE

TARIF xiti

SOLUTION* LAST FEASTBIE SOLUTION*®
* * * * * * *

MA <E N AMBF9 o rx coj TTMF*NIIM3ER OF  * CpU TTMF *NUMBER of * CPU TTMF =
* * * * * * -
* 1T£R*S fPFS*F. Sgl_* * ITER*STFPFfI* * ITFCP*STFPS* K

R3 Lo ’; aa *175a « a « 20,32 * a0 tisod *12.87; 8,91* .5 *165a *16'76;12.80{(

Kk k * * * -

R3:  « as wisas w9 20.77 % 39 *1376 *10,37; e ,0a* a7 *17«8 *17.30;i2.9«*
k k k k

R312 : 51 *160Q « 12 « - E e : 39 31111 :7,70; 3,95** 50 *1500 :12.18; G-a?**

k k k

R315 « @5 k\2RB « o« 12,63 : 35 ¥ B3 :7-98; a.25’i a? *1198 :9-65; 5,9M
k K K

R3U k 39 *;82a « s « 11,26 * 3a *1576 * 7,0s; 3,53* 38 *I7?a = 8,89; 5.39%
K K K K * * A * * . *

R315 k 31 1222 * 1 « ta.ai * ?a *69a * 7,0a; 3.7P* 30 *11.. *11%,73; 7,98%

I TER s ITERATIONS

F,SOL-= FEASIBLE snL"TT3MS

THE EMIHERAT13M ORDER OF THE NEIGHBOURS WAS BASED on THE INCPFASTNG ORDER OF VALUES

ved) (I=1,,.., N) WHERE

v( h=-cc t)
REMARK; IN PROSBLEm 0310 AMD R3ia THE DENSTTY OF THE STARTING POINTS
WAS 20 PERCENT.
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TABLE Xv

PROBLEMX® T 0 T i L *FIRST FEASIBLE SOLUTION® LAST FEASIBLE SOLUTIONx*

* x L ® * w w
NAME *N U M 3 E R 0 Fx CPY TIMEXNUMBER OF « CPU TIME &aNUMBER O0F » CPU TIME
* * * " * * * x * *
* JTER*STEPS*F SOL* * ITER*STEPSw * ITERwWSTEPSw *
Bt i de A N e e kR ek sk ek ok o A e ik O ok e e ok o g e ok ok o o A e e o o ok R o o ok o o ok ok o o o ok o v ok 0K o o o o i o o e e o ok o o o ok ok e ok
* * » * * * * - * *
R310 X 44 x2214 « 7T % 14,39 x 37 %1698 » 9,01y S,61x 43 %2114 %11,93) 8,53
* * %* * * - * * * "
R311 % 59 3126 % 15 = 20,70 % 44 %2245 x10,76) 6,96% 58 %3026 %18,16314,37*
* ® * * * * ] % * ‘ *
R312 x 49 %2487 x 14 = 13,83 » 35 %1704 % 7,583 4,21 48 %2387 »11,59; 8,22«
* x * * L * w *® * *
R313 * 34 %1781 « 2 * 11,92 » 32 %1587 » B ,48p 5,09« 33 x1681 % 9,471 6,08%
* * B * * u * x * *
R314 % W0 %1980 # 4 * 12,26 * 36 #1852 » 7,68} 4,19% 39 %1880 % 9,937 6,45
* * * * ® L ] w * * ®
R315 * 38 %2049 x 10 * 15,88 * 28 %1357 % 9,235 4,89% 37 »1949 »13,01) B,67x

R R I L I I I L I I I S L I
ITER = ITERATIONS
Fe80L= FEASISLE SOLUTIONS

THE ENUMERATION NORDER OF THE NEIGHBOURS WAS BASED ON THE INCREASING ORDER OF VALUES

V(J) (JSIOOOQI‘) WHERE
V(J)= SuUMMA (I=1 TO M) ACI,J)=MaDxC(.J)

= LEX
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TABLE XVI

FEAIAIEAEAIAIEAEAAXITEAEAIAXIEXAXAAXAAXAEAAXIXAEAAAXAXAAXAXAAXTATXAAXTAXAAXTXA)hAXTXAAAIAdAkhAhdTdhhirhihiiiikx
»PROBLEM* \ * V2 * V3 * Ve *
* * * * * * * * * * * * x* *

*NAME ~ *N,9.*N_F.* ZB *N,3_.*N,F,* ZB *N_9,*N_F,* 7Z* *N_8,*N_.F,* 7B *

AEA A A A A A A A A A A A A A A A A A A A XA A A A A A A AKX AXAAXAAAAAXAAXAAAXAAAAAAAXAAXAAXAIAAAAXAAAAXAAXAK

* x* * * * * * * * * * kS kS kS

AL S LMY FPPMR St 203 1 LSS TP oSt A 2 TR = Iat=L 230 SN TN

kS kS N\ A * * * * » * * * N N

T33O e aS R ABAB B0 s L BB L0 s AR
kS kS * x* * * * x* * * * * * *

= R312 *1752* 11*"129*1600* 12*-111 *1996* 5*-132*2987*  19**159*

AEAKAKAAA A A A A KA A AR A A A A A AA A AKX A A A AR AAXAAAXAAXAA AKX AAAAAAAXAAXAAAXA AR A A XA A AKX AKX XA KK

* * * * * * * * * * * * * *
* R313 *1823* 10* '87*1298* 8*-113*1536* 9* -08*1781* 2* -99*
B R o O R X S X 2
* * * * * * * * * * * * * *

* R319 *1697* 11*«100*1829* 5* -59*1997* 8* -98*1980* 9* *63*
AEAIA A A A A A A A A A A A A A A A A A XA A A A A A A A A XA XA AAAAAXAAXAAAXAAAAXAAXAAAXAAXAAAAAXAAXAAXAAKK
* * * * * * * * * * * * * *

* R315 *2067* 16*-167*1222* 7*-168*2393* 12*-139*2099* 10*-180*

AEAA A A A A A A A A A A A A A A A A A A XA AA A A A A AKX AAAXAAAAAXAAXAXAAXAAXAAAAAXAAXAAAKAAAAXAAAAXAXAK

s THE NUMBER of steps

«THE NUMBER OF FEASIBLE SOLUTIONS

B s THE VALUE OF THE OBJECTIVE FUNCTION AT THE BEST FEASIBLE SOLUTION
FOUNO BY THE HEURISTIC METHOD

Nz =z
mnw

IN THE K.TH VARIANT OF THE METHOD THE ENUMERATION ORDER OF THE NEIGHBOURS
HAS BASED ON THE INCREASING ORDER OF VALUES VKE£J) (J»1,.,,#N) WHERE
V1(J)»CCJ)J V2(J)«-CCJI)r V3(I*SUMMA (I»l to H) A(I1,J)]

VOSOUVHA

CPL 1O M) A(liJ)-MD*CCT)
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THE ELLIPSOID ALGORITHM FOR LINEAR PROGRAMMING
S,, Walukiewicz

(Warsaw, Poland)

The problem concerning the efficiency of the simplex al-
gorithm has been stated at the very beginning of linear prog-
ramming. In 1969 Gale wrote in [6] that this problem "has
stood as a challenge to workers in the field for twenty years
and now remains, In my opinion, the principal open question Iin
the theory of linear computation™. In 1971 Klee and Minty [II]
show that i1t is possible for the simplex algorithm to require
an exponential number of iterations to reach an optimal solu-
tion (see Clausen [5] for a tutorial presentation of their re-
sult and also Charnes et al. [4]) . Therefore the simplex al-
gorithm is not polynomial and as a consequence one can ask:
Does there exist a polynomial algorithm for linear programming?
The positive answer to this question was given Tirst by
Khachiyan iIn the beginning of 1979 who basing on the results
of Shor [I7] presented a polynomial algorithm for solving a
linear programming problem on Turing machine [l0].

The resolution of this major theoretical question concer-
ning linear programming has resulted in a big flow of working
papers and articles i1n popular press (see Wolfe [20] for bib-
liography). Almost all of these papers iIn more or less direct
way try to answer the question: What i1s a practical importance
of Khachiyan®s algorithm? As a result many modifications have
been proposed and the algorithm has been called the ellipsoid
algorithm because i1t constructs a sequence of ellipsoids.

The aim of this paper iIs to present a selfcontained des-
cription of the ellipsoid algorithm and point out its theore-
tical and practical importance.
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In Section 1 we present an idea of the algorithm. From
methodological point of view it is better to show how the el-
lipsoid algorithm solves a given system of linear inequalities
whille iIn Section 5 we show how a given linear programming prob
lem can be transformed Into a system or systems of linear ine-
qualities. Section 2 contains a description of the algorithm
and iIn the next section we present some modifications of it
which have proved to be useful iIn practice.

A sketch of the proof of polynomiality of the algorithm
IS given iIn Section 4. Section 6 presents results obtained so
far in computational experiments with the ellipsoid algorithm.
In concluding remarks (Section 7) we point out advantages and
drawbacks of the ellipsoid algorithm in comparison with the
simplex method.

1. AN IDEA OF THE ALGORITHM

Consider a system of m linear inequalities iIn Rn, which we
will denote as

(D) ax<pBjg n~=l..._. m.

Through this chapter we will assume that (P) satisfies three

assumptions:
Al n > 2.
A2: 20, 1=13...3m

A3: All data in (P) are integer.

Assumptions Al and A2 are made to rule out some patholo-
gical cases. Surely, any system of linear inequalities with
only one unknown can be solved iIn polynomial time. Next, 1if
a1§O and BT;O, then the i1-th i1nequality iIs redundant. On the
other hand, 1if a1§0 but Bt;o then the 1-th inequality iIs iIncon
sistent and therefore (P) is i1nconsistent too. Assumption A3
iIs necessary only iIn the proof of polynomiality of the algo-

rithm (Section 4).
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By F(P) we denote the set of all solutions to (P). We
assume that all vectors are columns and aT denotes the trans-
position of a.

Now we present an idea of the ellipsoid algorithm solving
graphically a system of two inequalities IiIn R2 labeled In Fig.
1. as (O and ().

<Y

Fig.1.

At the iInitial i1teration we construct an ellipsoid (a
ball) E with the centre x at the coordinates origin and the
radius p iIn such a way that i1t contains at least one solution
to CP) if such one exists. Since xo0$F(P)t we construct the next
ellipsoid Ej in such a way that it includes the set of all can-
didates for the solutions to (P) contained in E . With reference
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to violated at inequality (1) the set of candidates repre-
sents a shaded part of E . We will call such an 1inequality a
cut as it cuts off some part of Eo' We will show later that
the algorithm converges to a solution independently of the
choice of the cut (reference constraint) (in our example we
may choose (2) as a cut as well), but the speed of convergence
depends heavily on this choise. From Fig.l we can see that the

centre x~ of E~ does not satisfy (2), although it satisfies

(1), so in the next iteration we construct E2 and check that

x 2QF(P) .
Let H. be a half - space defined by the 1i-th inequality
H .= {xGR" a .x<R i=1
% * (3 T
The ellipsoid Ek, k-Oyl3... may be represented in the form
Ek {XGRnN (x—xAJJ- X~X")<1}y (1)

where X, 1Is its centre and Jk is an nxn positive definite mat-
rix of reals, 1.e. a matrix for which xTva>O for any mm,? and
xTJkA:O if and only if x=0. K

Using the above notation we can say that the ellipsoid
algorithm constructs a sequence of ellipsoids EQ» Ej3*ee*Eks ***

according to two principles:

i) Inclusion Principle
EKQHICEKk+1ly k=0yly...y

T
X<BW of (P) violated
0

where H, corresponds to any inequality ab

\Y
at x~.

ii) Convergence Principle

vel Ek+1
Vol EKk rk<2> k~°>2>eeey

where Vol Ek is the volume of EKk in Rn.



At this point of presentation of the algorithm the above
sequence of ellipsoids may be infinite, but in Section 4 -we
will show that under the assumption A3 the ellipsoid algorithm
finds a solution to (P) or determines that F(P)=(F after finite
number of iterations.

It is interesting to note that basing on 1) and 1i1) one
can construct a sequence of balls, polytopes or, 1in general,
any convex bodies which converge to a solution of (P) if
such one exists. |In Section 7 we show that the sequence of
ellipsoids has some advantages 1iIn comparison with so far known

algorithms of constructing sequences of balls or polytopes.

2. A DESCRIPTION OF THE ALGORITHM

In this section we show how having an ellipsoid E~=(J"3x")3
k=0313 ... one can construct the next ellipsoid EMN+"=0"+"3X"+])
according to the above principles. To describe this updating

process i1n a Ffairly general way we transform E” into a unit

ball described in a coordinate system z”3...3zn obtained form
X"3 ...3xn by a suitable linear transformation.

Any positive definite matrix can be represented as

Jk = QRQk @)
where is a matrix of reals and det Q~O0 . Given any nonzero

vector aGRn3 we can transform E” into a unit ball as follows.
Let the vector Qva be normalized to have unit Euclidean length,

K _
and then choose an orthonormal matrix R~3 1i1.e., RIEA=I3 that

reduces it to the Tfirst column of the identity matrix I:

Qka and E = e. (3)

\\Qva

a a iIs Euclidean norm of a.
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Now we define the linear transformation
X-xk = Ryz (€))
Substituting (4) into (1) by (2) we obtain
P
Ek = {zGR z z<I1}3

i.e., Ek is a unit ball with its centre at the point

i.e., the origin of the new system of coordinates. The trans-

formations (3) and (4) have a geometrical interpretation as

follows. First we rotate by matrix R” the unit ball Ek in such

a way that the first unit vector becomes equal to gk and next

Qk transforms this unit ball into Ek shifted to the origin.

We define dAx”) as the algebraic distance from xk to the

hyperplane bounding the half - space HI:in the metric corres-

ponding to the matrix

aTa 3 T & 3
a, - - a ,xL - -
Xk X X X
d.(xk) = df F G)
kai -
Qkai a aX
Theorem 1.
i) If d™"(xk)<-13 then D Ey=Ek and the x-th 1inequality
is redundant (inessential) in (P).
ii) If -1 <dAxk)<O0jJ then and xN satisfies the x-th
inequality.
iii) IT 0O<dAxk)<1l} then HAr\EkFf(f and x~ violates the x-th

inequality.
iv) If dAx”~)>1, then H”~Ar\Ek=0, 1i1.e., (P) 1is 1iInconsistent.

or -z_>dAxv). So -I<d_.(xh)"<13 if and only if HAEyVYO00 and
L kB K s K s K

ENH i.e., we have the case 1ii) and 1iii). The remaining
two possibilities we have 1in the case 1) and iv).

Geometrical 1interpretation of Theorem 1 is given Fig.2.
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iv)

e R R -

&4

Fig.2.

It follows from Theorem 1 that only in the case 1i1i1i) we

construct a new ellipsoid Elx+2="k+1*xk+I1n” T~is ellipsoid

with the centre at the point

®)

zk+r -yei> 1-°
has all major axes equal except the first one and must take
the form

)

) (zi—*k+i3i

where quantities wso>0 and y>0 have yet to be specified. 1In

matrix notation (7) 1is
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0 D
<z-zM Yy (8)

Js-1]

[SU
-—
=1
1
—
D~

From (4) we have

z=(QREK) 1 (x-xk)=Hk (Qk1)T (x-xk) )

Substituting (9) and (6) in (8) we obtain

2
7 T -7 T
-(x-xk+i> Qk Rk 0 Rk (QKkr 2 (x-xk+1)<I (10)
° n-1
where
T Qka \/ 11
xk +rxk~ yQk =xk -Y 1)

\\Qva
£ Jka

We wish to write (10) in a form analogous to (1), namely

(xX-xk+1)T FHk\2(x-xk+1) < 1

where

Jk+1~0k+1 Qk+1

Since for a given nonsingular matrix Jk its inverse Jk is

uniquely defined and Jk =ml1> the reader can check that
9
m 9 V V FAN P
JM = clkk+i eg+rak

=oQK (1-$gkgK)oQk -
~OQK (1-B5gkqK) 20Qk

Therefore by (2) and (3)
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p J-aid.a)
“ S 1z,

1T SJéYJka'_

Qka(Q”a)
Qk+r O(I- e 2 ; 0k (13)
where
S=1-(U)2
a Z=1~%

To complete the updating process we have to specify the

quantities a, w and y. Let
T
a x< B (@)

be an inequality of (P) violated by xv and the algebraic dis-

T K
tance from to the hyperplane a x=% be equal to a, 1.e.
T T
a ar™-B a an-R
a = as)
NQva (a7 fka

IT we choose (14) as a cut, then the boundary of the

ellipsoid of minimal volume £7+2 must contain point A (see

Fig.2) and therefore by (7)

K (-1+Y)2 =7, (16)
®

«?

7 /
and all points like B, i.e., points of the form (~a.+ ~.r Jl-a

_ Nn-j
£ jlj Jl-a2), so by (7).

N(-a+y)2+ ~(1-a2)* 1 <£7:>

0)] a

From (16) and (17) we have



)=2-y

The volume of

Vol

where c
nimizes f(y)

Zero

1+na
1+n

Substituting (19) 1in

u =

As E£ and E~N+/N

transformation

Vol
rk() Vol

an<a

EN"+jJj=euon

is some constant coefficient.

1-
n+1(
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o=JT+a ] 1 {
Jl +a-2y

n-1 n-1

*=0(l+0.) 2 (J.-y) n (L +a-2y) 2 -f(y)

(18) we obtain

a) and o=F1i _(1-a) .

n2_q

are obtained from EE and E£+” by the same

and the volume of £7=1,then

E"k+1 ., n .2 , 3 2, 2 n
Ev 2 ¥*a ~ n+l 1 a 1
K n -1

Therefore we prove

Theorem 2.

For a given ellipsoid

lipsoid Ek+2= ("]<+23xk+1)

fies Inclusion

EA=(J”3x~)3 k~0313...

of

and Convergence Principles

smaH est volume,

(18)

The value of y that mi-

is found by setting the derivative of f(y) to

a9

(20)

linear

the new el -

which satis-

is given by (11) and

(12) where the coefficients y,0) and a are given by (19) and

20).

It is interesting to note that Theorem 2 states more ge-
1 1
neral result as for —n<a<lg r(a)<l and also for —1<a<—n we
have r(a)<13 but then the smallest ellipsoid containing
H={x\a x<B) "~ IS E~3 so then the Convergence Principle 1is
violated. For a=~ﬁ we have by (21) Vol Ez+1=Vol Ek' Khachiyan



in [I0O] constructed +j for °i=0 while from (21) one can see
that to have r~(a) as small as possible and therefore at least
locally the highest speed of convergence it is much better to

choose

a = max dAx-7) (22)

and then we always have a>0. The rule (22) has proven to be
useful 1iIn computational practice and the ellipsoids obtained
under such a rule are called deep-cut ellipsoids. Such a modi-
fication was proposed by many authors e.g. [15] and [19] . The

other modifications we will discuss iIn the next section.

3. MODIFICATIONS

The volume of the new ellipsoid can made smaller
than the volume of the deep-cut ellipsoid described in previous

section if we consider so called "range ellipsoid”™ shown in

Fig-3.
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If in (P) we have an equality
a X = Bj (23)

then one of possible way to find a numerical solution to (P)

is to relax (23) to a range 1inequality
R <ax<2B (24)

where B =R- e, B = B+e and e>0.
The algebraic distances from x~ to the bounding hyperplanes of

(24) are

T _
a x~ - B a xp* -
a — and a =

|aT F"a %7 Jka

From Theorems 2 and 1 we have that n<a_<1 and _1<3<ﬁ and also
we can require that if a < -1 then we can arbitrarily set a=-1.
For simplicity of notation we put a= a and n=-a. Then we may
assume O<a<r\<_ l.

The parameters y,u) and a of the range ellipsoid +” can
be derived in the complete similar way as it have been done for
the deep-cut ellipsoid. The reader can verify that for the range

ellinsoid

, = ouxiji- 1@ (25)
where

= (@ (26)
and

a2 n {1—n2§a2 + yi;\-ﬁz égtE + ‘(‘1—T)r§7|;—a|1 27

n2-1



For n=1 we obtain (19) and (20). Koénig and Pallaschke 1in [I12]
describe the other method for computing n under the assumption
that F(P) 1is bounded.

The next modification of the ellipsoid algorithm consists
in taking some nonnegative combination of violated inequalities
which 1is called a surrogate cut. Examples show that in some
cases a surrogate cut is deeper than a cut obtained by (22).

For 1instance, (1) and (2) are violated inequalities at x~ and

if the surrogate cut is a dotted line in Fig. 1, then the centre
of the next ellipsoid is a solution of (P) and the algorithnm
makes one iteration less.

In general let A be a matrix whose columns are some subset
of the a s for which 0<atfl and let b be the corresponding
vector of Gﬁ's. Then the 1inequality
UTKTX < UT% (28)

holds for any x c. F(P) and u>0.
— z
If we denote a-Au and 8=u b , then we want to choose u>0 so

that

a u1-(KTXjA—B)’

is maximized. This is a quadratic programming problem. If A
has a full rank, then a is maximized over all u not just

nonnegative u "s by
u* =(ATJIkA) 1 (ATxk~b). (29)

see Goldfarb and Todd [9]-

If u*> 0 then for u=u* (28) 1is deepest surrogate cut. Solving a
quadratic programming or cumputing u*by (29) may be computati-
onally too expensive. Therefore 1in practice one satisfies with

nearly deepest surrogate cut by choosing u=Il, or UV:a%XP_$V>O



In [3] surrogate cuts are generated from all inequalities by
an idterative procedure which combines two inequalities at a

time.

4. POLYNOMIALITY

Having all data in (P) integer we can compute so called

length L of the 1input, i.e., the number of symbols +, -, 0, 1

required to encode the data of (P)

L =¢ \tog |a. .§ + Z (log\™\ + jlog mj + (log nj +
I<i<m A I<i<m
1<g <n B .s0
a. o
Id
+ 2mn + 2m +4 (30)

where Lxj means the greatest integer less or equal x and all
logarithms are on the base 2. In (30) we assume that all iInte-
gers m, n and the entries of A and b are encoded iIn some spe-
cified order, separated by sign bits. In this section we show
that the algorithm requires at most 6n(n+1)L iteration to find
a solution to (P) or to show that F(P)=0

We will assume that exact arithmetic is used. 1In [10]
Khachiyan has shown that since k<en(n+l)L then finite - preci-
sion arithmetics with 23L bits before the point and 38nL after
suffice. We make this assumption for simplicity of presenta-

tion. We show that the following inclusions are true
Sia“rJ ¢ F(P) c¢c S(0,p)s (1)

where S(a*3r) denotes the ball of radius x centered at a*

From (21) we have for "k=031,...

Vol E nt
° " ~~Y~ -1/2(n+1)

VOT"'eZ n+1 (32)
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Suppose k>2n(n+1)log(p/r). Then, assuming the algorithm conti-
nues this far, the volume of E”™ will have shrank to less than
(Tig) time the volume of S(03p) and therefore cannot contain
the ball of radius t. But from (31) we have that the sequence

of ellipsoids satisfies

S(a*j t) C F(P) c¢ Ek for any Kk

This contradiction proves that the algorithm must termi-
nate with x-~GF(P) for some k<2n (n+1)log (p/x). Hence if p and =
are regarded as the part of the i1nput of (P), or log(p/i) is

polynomial in L, the number of iterations required is polyno-

mial .
First we whow that if F(P)00, then
F(P) 0 s(032L)00
and therefore |la]l< 2 where £ is a solution of (P). In matrix

- _ T
notations we can write (P) as A x<b and then by Cramer®s rule

det A \det A
1- ldet A 1 -

By Hadamard®"s inequality |det A A is less or equal the product

of norms of all columns of A . and next by (30).

So llaajl£ 2L. Clearly, however, F(P) need not contain a ball
of any positive radius. Thus Khachiyan [I0] perturbed (P) to

obtain a system
(PO 2La.x < 2L8.+13 i=1,._.__.3m
and then proved that F(P)00 if and only if F(P")J®. obviously

F(P) ¢ F(P"). He also showed in [10] how a solution to (P) can

be obtained in polynomial time from a solution to (P7).
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The reason for considering (P") 1is that if (P) has a
feasible solution, say X, then S(x, [I/max\\2 a \\) is contained

74N

L
in F(P"). Since NE 2 , we obtain
S(x,2~2L) C F(P?)
if xc.F(P). Therefore if F(P)/0, then
S(x,2~2L) C F(P?)0 S(0,2L) C. s(O32L) (33)
To write (P") we need at most (m(n+l)+1)L bits and hence the
number of bits 1is polynomial in L. If we apply the algorithnm
to (P’) then by (33) =2 2L and p=22.
Since
k<2n(n+l1)logp/T=6n(n+1)L (34)
therefore if the algorithm fails to terminate after oe6n(n+l)L

iterations, we can conclude that F(P)=0. We state this result

in the from of

Theorem 3.
The ellipsoid algorithm requires at most e6n(n+l)L 1itera-

tions to find a solution to (P) or to determine that F(P)=0.

5. SOLVING LP PROBLEMS

In this section we describe three methods of transforming

a given linear programming problem
(LP) v (LP) =max{cTx VMTx<b j x> 0}

into a system or systems of linear inequalities. Next we show
how the radius p of the initial ellipsoid can be estimated for

LP problems since, as a rule, for LP problems taken from prac-
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tice we can provide much better estimation of p than 2 given
in the previous section. We will assume that A is an mxn matrix.

5.1 Primal - dual Formulation

The dual problem to (LP) is

O v(@O)-min{b*Y\Ay> e3 y" O]

By duality theorem solving (LP) is equivalent to solving a sys-
tem (P) of m=2(m+n)+1 1nequalities In Rn, where n=m+n

P ATx <b
-x <0
-Ay < -a
_y<0

—cTx + bTy <0

So solving (P) we have an optimal primal and dual solutions.

From a practical viewpoint, there are several disadvanta-
ges to this approach. First, the high dimensionality slows
convergence. Second, as the all solutions to (P) lie iIn the
hyperplane oTx:bTy3 the volume of the solution set in R\i
equals to zero and therefore some perturbation of the right
hand sides in (P) is necessary. Third, 1f F(P)=0, then 1t is
not clear whether (P) 1is infeasible or unbounded.

Some of these difficulties can be mitigated i1f we note
that, except for i1ts final constraint, (P) separates into two
subsystems. Thus 1f no cut iIs based on the last constraint,
the matrix J” defining the ellipsoid E” separates into two
blocks and only one block is updated in each iteration. It
seems reasonable to base cuts only on primal constraints until
the primal feasibility is reached, and then only on dual
constraint until the dual feasibility is reached.

The two remaining approaches are based upon systems of
linear inequalities of the form
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(D) ATx < b
-x <0 35)

—aTx < -£

for various values of parameter t. These methods do not pro-
duce optimal dual solutions.

5.2 Bisection Method

In this method first we find by the ellipsoid algorithm
a primal feasible solution, 1.e., solution to the system
ATx<b3 -x<0. If X£ 1s such a solution, then £:oTxA i1s a lower

bound on v(PL). If there is no solution we terminate F(PL)=0.
IT F(PL) 1s bounded, and E was constructed iIn such a way that
F(PL) C Eq (see the end of this section), the upper bound on
v(PL) can be computed as

C=a'xr + &2 ot

Unboundedness of F(PL) can be detected by solving the system
of dual constraints -Ay < -0, -y < 0. Having and ¢ we put
z=12(tt+2) in (35) and solve 1t. There are two possibilities:
1) The system (ﬁ?) iIs feasible, 1.e., )QGT solves (35),
p> 13 then we put = compute new ~ and again solve (35)
by the ellipsoid method.
i1) If the system (35) is i1nconsistent then we backtrack
to ellipsoid B and put C=C compute new £ and solve again (35)
for this new value of C- Computations are terminated when £
and C are sufficiently close.
It 1s easy to see that the backtrackings is the main disadvan-
tage of such an approach. Avoiding such backtrackings leads
to the final method that wé shall consider.
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5.3 Sliding Objective Function Method

As before we assume without loss of generality that
x-"GF(PL) and that F(PL) is bounded. Then EZOTXA in (35 and

T T
-a X < -a Xy

is a valid cut with a=0 for the construction of E~+ . A possib-

le improvement of this method consists in finding as large as
possible 5>0 such that x=x"+&s is a feasible point of F(PL),
where s 1s an ascent direction e.g. s=c or s=Jc. So we have

T -
a X < G N=T.....T

and
xX*x"+6s5> 0
A solution to the above system is given by

6 min & aixk 6>0 j Xy ~&s>0
i ay:S

is probably the most efficient for practical

This method
It always considers feasible systems (35) and

implementation.
never backtracks. Computations can be terminated when for given
e>0
e JK ol eer+6s) = \ETJke - So's < £
" Jke

5.4 An Estimation of p

In many LP problems taken from practice the bounds O<x<d
are given or can be easily derived from Ax<b. Therefore we can

take x =%ﬂ as a good starting point for the ellipsoid algorithm
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and p = dJn/2. Another possibility is if anPO for all j then
T -~

from a,x < . we have
n
I a

2 X2
0-1 0 0

and

p 1 WBAl’e Ja./

In many practical LP problems we know that F(PL}00 and
therefore F(P)00. Then we can choose p In such a way that the
biggest algebraic distance a<l, In this approach if
for some i1teration number k we obtain a>1 then we cannot say
according to Theorem 1 that F(P)-0. This only means that our
choice of p is not good for all iterations and we have to iIn-
crease E to have again a<l. Computational experiments show
that such an approach is probably the most efficient (see
Waluk and Walukiewicz [if3] ).

6. COMPUTATIONAL RESULTS

The main question for computational experiments with the
ellipsoid algorithm can be formulated in the form: Could the
ellipsoid algorithm compete with the simplex method? These
experiments can be divided Into two groups: experiments with
"typical™ large linear programming problems taken from practice
(e.g. energy models) and experiments with pathological iIn some
sense linear programming problems.

Probably the most representative work for the first group
is the paper [7] by Gill et al. They consider some known linear
programming problems stated in the form



(D) X < t+8t

b7-5by < Ax < b, +8b,

1-81 < x < u+8u

where all perturbations are positive vector and are rather
substantial (a@bout 5%). For all such problems F(P)00. They
point out that a vital difference between the simplex method
and the ellipsoid algorithm consists In the workspace required.
Namely iIn large LP problems a matrix A is sparse and such a
sparsity can be kept In each iteration without any loss of ac-
curacy of the simplex method. Unfortunately, in the ellipsoid
method, even when J is a diagonal matrix, J” or becomes
rapidly dense.

So far this drawback can be ruled out only partially. For
simplicity of notation we write dWEOZ and Q*=0Q™. Then by
(12) we can write +jJ in so called summation form

- azp2pl~ - <36)

where k=1323 ...

Similarly +J can be expressed In so called product form

(see (13)).

= {-h (1-€2«2p\>eee a7

So In each iteration only one new n-vector and one scalar are
updated and this approach is practical only If k<n. Usually
the number of i1terations required to solve the system;

P) afx Bate, i=13...3m3 (38)

where e 1s a given tolerance, iIs substantialy greater than n.
Therefore using (36) or (37) one has to restart procedure af-
ter every | iterations (e.g. iIn [7], 1=20). The restart con-
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sists 1In substituting by the ball B with the center x®
containing E”~. Such a substitution violates Convergence Prin
ciple since, in general, Vol B~>Vol E™ . One of possible ,
approaches is to shrink B 1In such a way that Convergence
Principle is satisfied. But then Inclusion Principle 1is vio-
lated and the ellipsoid algorithm is not an exact method in
such a case. Also so called cycling strategy [7] , 1.e., a
strategy when only the last 1 vectors or are kept
memory cannot, iIn general, guarantee the ellipsoid algor
to be exact.

Bednarczuk i1n [I] constructed and solved some number of
ill-conditioned linear programming problems stated iIn the
form v (LP)=max{o x\Ax<b3 x>0} where A i1s an nxn matrix and

n n
1 2 2
a +i£2 i+17 241 ; : n+1 +i£2 in )
NL/2 172 17(n+1)
A= 1/2 1/4 1/ (n+2)
17(n+1) 1/ (n+2) ... 17 (n+n) .
n n 1
b= (E i+l E v+

mi—l i=1
The optimal solution to this problem is (X*)T:(1313---31) and
the optimal solution to its dual is (y*)T:(23I3---3I)-

It I1s easy to see that the constrained hyperplanes are
almost parallel and, as a result one may expect numerical
troubles when solving such problems by the simplex method.
Even for n=5 the differences between the theoretical optimal
solutions and ones obtained by the simplex method (MPSX on
the IBM 360/50 computer) can be substantial as it is shown in

Table 1.



Table 1.

Primal solution Dual solution

x* Simplex method Ellipsoid = Simplex method Ellipsoid
method method

1 0.9732 1.0000 2 1.9731 1.9983

1 1.3002 0.9905 1 1.3005 1.0130

1 0.0000 1.0617 1 0.0000 0.9678

1 2.2850 0.914 1 2.2842 1.0306

1 0.4381 1.0437 1 0.4387 0.9901

It should be noted that all computations in both methods
have been done with the same precision. If we arbitrarily al-
low 10% error than the simplex method gives the correct an-
swer for one primal and dual variable, while the ellipsoid
method gives correct values for all variables. It iIs iInteres-
ting to note that for such pathological examples increasing
the accuracy of computations in the simplex method does not
reduce the above errors [l1]. More results for such i1ll-condi-
tioned problems are given in [I8] .

Clausen iIn [5] presented an example for exponentiality
of the simplex method which iIs some modification of the Klee-
- Minty example [Il]. This example can be written iIn the form

v(PL):max{aTx\Ax<b3 x>0} where
T_At.n-1 n-2 1
a —ﬁ# n-1
1 -
2h P 1 0
A = 2h2 P2 2hp CX X X
2hn~lpn_ L 1

T 2
b™ @A>p,p~,-...p )
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In this formulation h and p are given parameters; 1In our ex-
periments we use h=0.25 and p=5. The optimal solution Cﬁﬁj-:
(030;j ,0,pn:Z) is obtained by the simplex method after 2n
iterations.

In our experiments we use the sliding objective function
formulation of the above problem. Results presented iIn Table
2 (see also [18]) show that the ellipsoid algorithm finds the
optimal solution within the smaller number of iterations and
in the shorter computer time. All these experiments have been
done on MERA 400 minicomputer

Table 2.
Simplex method Ellipsoid algorithm

n Iteration CPU time in sec. Iteration CPU time in s=a.
number number

6 &4 7 5% 7

7 128 12 87 12

8 26 2 129 17

9 512 4 165 2

10 622 70 218 sy

12 2528 240 242 [5')

In this experiment the tolerance e=10 5 see(38). For
n=10 and n=12 the 1i1teration number iIs not equal 2n because
of the cumulation of errors.

Charnes et al. in [4] show that the dual to Klee-Minty"s
problem can be solved iIn polynomial number of steps. They also
show that Clausen®s modification i1s free of this defect, but
again it can be solved in polynomial number of iterations by
so called interval programming [4]. But as they pointed out 1iIn
[4], the above statements by no means invalidate the i1dea of
Klee - Minty"s example, namely, that the tilted unit hypercube
has 2n extreme points and 1If one must start "at the bottom™
then the primal simplex algorithm can take 0(2n) iterations to
find the optimal solution.



7. CONCLUDING REMARKS

Now, in a summary, we give a general description of the
ellipsoid algorithm for solving (38). A given (P) problem can
be transformed to (38) by one of methods described iIn Section
5.

1. (Initialize) Set k=0 and choose the initial ellipsoid
as described i1s Section 5.4.

2. (Terminate?) ITf x~ satisfies (38) accept i1t as an
optimal solution within a required tolerance e and terminate

3. (Choose a cut). According to (22) choose a cut or
construct a surrogate cut (Section 3)

4. (Update) Compute x£+1, <2 “or Gk+IM Y (11) (36) or
(37). Set k=k+l and return to Step 2.

When comparing the ellipsoid algorithm with the simplex
method we have to keep in mind that we are comparing the gene-
ral method with the specific one. In fact, the ellipsoid al-
gorithm is an example of subgradient method see (Shor [17])
which generate a sequence of points convergent to
a solution of (P). The only one requirement in this method is
that F(P) should be convex, therefore the relations describing
F(P) may be nonlinear and nondifferentiable. So solving linear
programming problem (P) in Rn by the ellipsoid algorithm we
compute Xs+2 by (H) 1ignoring the fact that the optimal so-
lution to (LP) 1s, iIn general, iIn a vertex of F(LP). This in-
formation is essential In the simplex method.

This 1s the main reason why, iIn general, the simplex method
does much better than the ellipsoid algorithm. But it iIs at
the same time the main reason why the simplex algorithm is
inefficient In comparison with the ellipsoid algorithm iIn the
case of 1ll - conditioned problems, problems with exponential
number of extreme points [I8] and In the case of degenerate
problems [16].

Basing on Inclusion and Convergence Principles one can
construct a sequence of balls in R]'in a completely similar
way as i1t was done iIn Section 1 for ellipsoids case. Then iIn-
stead of (11) we will have



- 164 -

ak, - B

xk+l=xk~X--=T=-- a 9

and this relation is valid for 0<\<2. For \=2, (39) gives
Motzkin and Schoenberg®"s relaxation method [14] for solving
system of linear i1nequalities. It Is easy to see that the con-
vergence of the ball method i1s slower then the ellipsoid one
and Goffin [8] demonstrates that an exponential iIn the data
number of i1terations may be required to solve (P) (see also
Bland et al [Z])-

For both ellipsoid and ball method we have in general

EK HF(P)C. Ek+1  but EkC\F(P)?Ek+1 (40)

Levin i1n [I3] proposed a method of minimization of a convex
function f over a bounded polyhedron PQ c. R" in which we have
equality in (40). The method produces a sequence of points

{a~} and polytopes {P,} by choosing xk as the center of gravity
of Pk and

Fcxi=liepi (iv i 4 xk}

where gk is a subgradient of T at xk. Since T is convex, +]
contains all points x of for which f(xX)<f(xk). As xk is the

gravity center of P then Vol Pk+"<(1-")Vol Pk> so Convergence
Principle is satisfied and set of candidates for the minimum of
T 1s exactly equal

The main drawback of Levin®s method is a difficulty of calcu-
lating the gravity center of a polytope in R" when n> 3. So the
ellipsoid method can be considered as a certain step iIn the
development of subgradient methods.
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13071982

13171982

13271982

13371982

13471982

13571982

13671982

13771982

13871982

13971982

Barabas Mikldés - T6kés Szabolcs : A lézer printer

képalkotas hibai és optikai korrekcidjuk

RG-11/KNVVT "Sziszteml upravlenija bazani dannuh i
informacionnie szisztemd"™ Szbornik naucsno-iszszle-
dovatel "szkih rabot rabocsej gruppid RG-11 KNWT,
Bp. 1979. Tom 1.

RG-11/KNVVT Tom 1.
EG-11 KNWT Tom 1.

Knuth Biod - Rényai Lajos: Az SDLA/SBT adatbazis

lekérdez6 nyelv alapjai /orosz nyelven/

Néhany feladat a tervezés-automatizalas teriuletérdl

6rmény-magyar kodzos cikkgyljtemény

Somlé Janos: Forgacsolé megmunkalasok folyamatainak
optimalasi és 1iranyitasi problémai

KGST 1-15.1. Szakbizottsag 1979. és 80. évi

elb6adasai

Kovacs Laszl6: Szamitogép-haldézati protokollok

formalis specifikalasa és verifikalasa

Operacios rendszerek elmélete 7. visegradi

téli iskola



A TANULMANYSOROZATBAN 1983-BAN MEGJELENTEK

14071983 Operation Research Software Descriptions (Vol.l1.)

Szerkesztette: Prékopa Andras és Kéri Gerzson

14171983 Ngo The Khanh: Prefix-mentes nyelvek és egyszerd

determinisztikus gépek

14271983 Pikier Gyula: Dialdégussal vezérelt interaktiv
gépészeti CAD rendszerek elméleti és gyakorlati

megfogalmazasa

14371983 Markusz Zsuzsanna: Modellelméleti és univerzalis
algebrai eszkdzok a természetes és formalis nyelvek

szemantikaelméletében

14471983 Publikacidok =81 /Szerkesztette: Petré6czy Judit/

14571983 Teles Andras: Bels6 allapotu bolyongasok

146/1983: Varga Gyula: Numerical Methods for Computation of

the Generalized Inverse of Rectangular Matrices

14771983 Proceedings of the joint Bulgarian-Hungarian
workshop on "Mathematical Cybernetics and data

Processing” /Szerkesztette: Uhrin Béla/

14871983 Sebestyén Béla: Fejezetek a részecskefizikai
elektronikus kisérleteinek adatgylGjté, -feldolgozéd

rendszerei korébédl

149/1983 L. Reviczky, J. Hethéssy: A general approach for
deterministic adaptive regulators based on explicit

identification

15071983 IFIP TC.2 WORKING CONFERENCE ™"System Description
Methodologies™ May 22-27. 1983. Kecskemét.

/Szerkesztette: Knuth EI6d/
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