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PREFACE

Problems in discrete programmingf relating to investment, production scheduling, 
line balancing, fixed cost, cutting stock, etc. árosé shortly after the first successful 
applications of linear programming, i.e. in the early 50’s. Many heuristic algo­
rithms-including rounding procedures and somé kind of cutting methods —were 
attempted with little success either in theory or in practice.

The first exact algorithm (a cutting-plane procedure) fór solving discrete pro­
gramming problems was written by Gomory in 1958. This was followed by the 
pioneering works of Land and Dóig in 1960 providing the basis of the branch- 
and-bound algorithm, and that of Balas containing one of the first implicit enu­
meration methods. Since that time hundreds of papers have demonstrated the 
importance and the difficulty of the subject. Evén though all linear programming 
problems are solved by different versions of the same basic idea, the simplex 
method, it is nőt so with the discrete problems. There are at least four large and 
many smaller groups of algorithms fór solving pure and mixed integer program­
ming problems, i.e. when all or part of the variables may take only integer values. 
Nőne of these methods has turnéd out to be uniformly better than the others; in fact, 
it seems to be increasingly clear that only complex algorithms can give satisfactory 
results fór a wide variety of problems. Somé important and frequently occurring 
discrete problems, however, deserve the construction of special algorithms which 
are substantially more effective than the generál ones.

Discrete programming is closely related to many other mathematical fields. All 
problems of network flows and (discrete) dynamic programming, furthermore all 
construction problems of combinatorics and graph theory can be formulated as 
discrete programming problems. On the other hand, integer programming takes 
its tools from all these fields besides using the methods developed specifically fór 
discrete programming.

The present work is partly a textbook and partly a monograph:
- it is a textbook because the first chapter gives a detailed introduction to the 
models and problems of integer programming and the further three chapters dis- 
cuss three main types of algorithms, viz. implicit enumeration, branch-and-bound 
algorithms, and dynamic programming algorithms;

t The terms discrete programming and integer programming will be used synonymously, see 
Chapter 1.
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— it can alsó be considered a monograph because several new results of the author, 
further development of existing algorithms, new procedures, frameworks of further 
research, heuristic procedures, complex algorithms, etc. are published here fór the 
first time.

As a result of its twofold character the book is likely to be of interest to graduate 
and postgraduate students, and to mathematicians, engineers and economists 
working in the field of operations research.

Fór mathematical background, linear programming though nőt indispensable, 
is advisable; an amount of knowledge in group theory is necessary fór the second 
part of Chapter 4. The actually presupposed knowledge is very little —mainly in 
combinatorics and n-dimensional Euclidian spaces. A certain capability fór mathe­
matical abstraction and model building is needed.

The contents of the book are as follows. Chapter 1 describes the generál form 
of discrete programming problems together with somé basic problems including 
models fór dealing with practical problems. A generál framework fór algorithms 
of implicit enumeration is given in Chapter 2. Chapter 3 contains the branch-and- 
bound principle and its application to pure and mixed integer problems. The main 
ideas are alsó worked out fór somé special problems. Chapter 4 describes the appli­
cation of dynamic programming in the original and extended form using network 
flows and group theory. The fifth chapter is devoted to an algorithm of F. Glover, 
which is the only practically unchanged presentation in the book. Different ways 
of constructing consequences —so-called s-constraints — of a given inequality 
system are alsó included. Chapters 6 and 8 are used fór describing two algorithms 
of Balas both of which are substantially revised. Chapter 7 contains a detailed 
presentation of the Benders decomposition fór mixed integer problems. The main 
directions and the role of heuristics in discrete programming are outlined in Chap­
ter 9; this chapter discusses heuristic tools of exact algorithms; further practical 
problems are to be found here. Chapter 10 is devoted to a new solution of the set- 
covering problem giving a good example fór the symbiosis of fást heuristic with 
exact methods. Chapter 11 summarizes the experience of the author in designing 
complex algorithms. Finally, Chapter 12 is an account of new directions and 
results in discrete programming with extensive references to the latest literature.

Since the character of the book is mainly combinatorial, cutting pláne algo­
rithms are nőt covered in detail bút an outline and several references may be found 
in Chapter 5. All algorithms are illustrated by worked examples to facilitate under- 
standing. The author regularly holds course at the Eötvös Loránd University, 
Budapest, fór senior mathematics students speciaiizing in operations research. 
About half the matéria! of this book is covered in the courses.

A Hungárián version (A diszkrét programozás kombinatorikus módszerei) of the 
present book has appeared as lecture notes in the series “Mathematical Methods 
of Operations Research” (János Bolyai Mathematical Society, Budapest, 1969). 
This earlier version has been completely revised, enlarged, and the last four chap­
ters newly added.

László Béla Kovács
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CHAPTER1

MODELS OF DISCRETE PROGRAMMING FOR ECONOMIC 
PROBLEMS AND FOR CERTAIN PROBLEMS IN MATHEMATICAL 

PROGRAMMING

The present chapter contains the generál form of discrete programming and pre- 
sents models which demonstrate the importance of the field.

Throughout the book matrices and vectors will be denoted by bőid face Capital 
and bőid face lower case letters respectively, A, B, C, and a, x, y, etc. The vectors 
are mainly represented by column vectors. For transposition the letter T is used.

1.1 General form of discrete programming problems

The problems of mathematical programming are those of minimization or 
maximization of a function of several variables, on a domain determined mostly 
by equations and inequalities, containing similar functions of several variables. 
There may be somé additional requirements which are expressed in logical form.

A mathematical programming problem that contains discrete variables, i.e. 
variables taking only a finite or countably infinite (e.g. 0, 1, 2,.. .) number of 
values, is called a discrete programming problem.

The problems of discrete programming can be summarized in the following form: 
Minimize

subject to
y) (1.1)

g^,y)^o (z = 1,2,...,W) (1-2)

where
X c S (1.3)

x = (xb x2,..., xp) 

y = Oh, x2, . . ., yq)

p > 0, q 0. 5 is a finite set of p-dimensional vectors, f andg^dxe given functions 
of p + q = n variables. In most cases the number of elements of S is finite or it 
can be reduced to the finite case. The set S may be very simple, for example, the 
set of p-dimensional 0-1 vectors, i.e. it consists of all p-dimensional vectors the 
components of which are equal to 0 or 1. In other cases the definition of set 5 may 
contain complicated logical expressions, the algebraié formulation of which is nőt 
reasonable.

If the number of continuous variables q > 0, then the problem is called a mixed 
variable problem. In the opposite case, i.e. if there are only discrete variables 
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%i,.. xp in the problem, then it is called a pure integer (discrete) programming 
problem.

The term “integer programming” is alsó used as a synonym of discrete pro­
gramming. The reason is that from any problem in which the variables may take 
on a finite number of given values, another problem can be deduced in which the 
variables may take on only integer values. Let us suppose, fór example, that 
variable x may take on the values a1( a2,. . ., ak then let

x = űyUi 4- a2u2 4- ... 4-
4- u2 4- . . . 4- uk = 1 (1.4)

«>€{0, 1} (j = 1,2,...,*)

that is, the discrete variable x may be substituted by several 0-1 variables. Simi- 
iarly if

x£{0, 1,2, ...,*},

then x = + u2 4- ... 4- uk
«j€{0, 1} (/= 1,2,...,*)

that is, any problem containing arbitrary bounded integer variables can be reduced 
to a problem containing only 0-1 variables. Bút there is a more economical way of 
reduction when a substantially smaller number of 0-1 variables are needed. 
Namely, let r be a positive integer such that the inequalities

2'"1 g * < 2r 
are satisfied. Then

x = 2'^ 4- 2r~2u2 4- ... 4- 2^-j 4- 2°ur (1.5)

^€{0,1} (j= l,2,...,r).

This is the so-called binary representation. This is unique in the sense that there is 
a one-to-one correspondence between the integer values of the interval [0, 2r~1] 
and the r dimensional vectors of Q-l components. In other words there is no better 
representation with O-l variables than that of (1.5). The number of 0-1 variables 
needed fór the substitution of the integer variable x (0 g x ^ *) is therefore

r = [log2 *] 4- 1

where [ű] represents the integer part of a, that is, the largest integer less than or 
equal to a.

This is one reason why we shall consider mostly the problems of 0-1 variables. 
The other reason is that the solution of the continuous version of the problem is 
the least meaningful in this case. In somé cases however it is worth considering 
the non 0-1 case separately.

The rest of the chapter will be devoted to simplified models and applications, 
through which somé questions and difficulties of discrete programming will be 
illustrated.
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1.2 The knapsack problem

In the literature the one-constraint, linear pure 0-1 discrete programming prob­
lem is called the knapsack problem; it is so named because it was formulated 
first as a problem of hikers. By analysing the problem we can show many interest- 
ing points and several difficulties of discrete programming. On the other hand 
there are somé methods fór the problems having several constraints in which the 
one-constraint problem should be solved several times. This will therefore be 
considered as a test problem and several exact methods will be illustrated by its 
use. In the present paragraph a simple approximate solution will be obtained. 
This gives an estimation fór the objective function, which will be useful even fór 
the exact methods.

The verbal description of the problem is as follows. A hiker wants to choose his 
equipment from n different objects in order to carry a maximum use-value in his 
sack without overloading himself.

Notation

n Number of objects
üj Weight of object j
Cj Use-value of object j
K Maximai permitted weight of the sack content

(1 if the hiker takes object j
0 otherwise.

With the aim of obtaining the maximai use-value without exceeding the weight 
limit

n
max z = £ CjXj 

j=i
n

Z Wi á K (1-6)

Xj € {0, 1} Ü = h 2,..n).

The problem could have been formulated in a different way. We cannot get an 
item of equipment of maximai use-value and of minimál weight, because there 
may be only one objective function in one problem. Bút we may wish to determine 
a set of objects having at least a given use-value and of minimál weight. Another 
way of formulating the problem is to construct a new objective function which is 
a linear combination of the value function and the weight function (with negative 
sign). In this case the maximai capacity as a requirement can be taken intő account. 
In both cases we shall obtain a problem similar to that of (1.6).

Let us return to the mathematical problem (1.6). If we forget the original mean- 
ing of the coefficients Cj and they may be negative. It can easily be seen, however, 
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that (1.6) may be reduced to the case of positive coefficients. First of all, if for 
variable Xj the coefficients Cj g 0 and a} á 0, then by introducing a new variable

Xj = 1 — Xj

the coefficients will become nonnegative and the variable xj may alsó take on the 
values 0 and 1. (Naturally, the right hand side K must be changed.) Furthermore, 
if Cj > 0 and a, á 0, then in the optimál solution Xj must be 1. Similarly if Cj 0 
and a/ > 0, then there is at least one optimál solution of the problem in which the 
corresponding Xj takes on the value 0. We may therefore suppose, without restrict- 
ing the generality, that

Cj > 0, aj >0 (J = 1, 2,..., ri).

Furthermore, let us suppose that the order of the objects is already such that

— . (1-7)

In a simple case we can directly determine the optimál solution of (1.6).

Lemma 1.1: If there exists an integer r, 0 < r n such that

faj^K (1-8)
7 = 1

and the ordering (1.7) holds, then

Xj — X2 — .. . — xr 1

Xr +1 = Xr + 2 ” • ■ * X„ 0

is an optimál solution of problem (1.6).
Proof: Let us consider any feasible solution of (1.6)

xh = ■ ■ • = = 1

Xj = 0 (j ■ ■ ;js)'

We have to show that
í c, í é . (1.9)

p-1 q=l
Let

A = {j\j á f}, J2 = • • ;js} . / = /1 A J2

and
K' = X ap.

píj
Then

X 9= X —aj^ — (K- X “j = X ~aJ^ X CJj^j J j^-j aj ar ar 
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is added to both ends of this series of inequalities, then the desired result (1.9) 
is obtained.

If the supposition of Lemma 1.1 is nőt satisfied, then the structure of optimál 
Solutions may be different, i.e. a variable may take on the value 0 while another 
one with larger subscript takes on the value 1. (Variables are indexed according 
to the ordering (1.7)). For example, in the problem

max 12xx + 9x2 + 8x3 
subject to

6xx + 5x2 + 5x3 g 10

Xj € {0, 1} (j = 1, 2, 3) 
the ordering holds

12 9 8
V > 5 >T

and the solution Xj — 1, x2 — x3 — 0 gives only an objective function value 12, bút 
the solution xx = 0, x2 = xs = 1 gives a higher result 17.

Now we give an estimation of the optimum of (1.6) for the case when condition
( 1.8) does nőt hold. This will be helpful later in seeking the optimál solution.

Let us denote the set of feasible Solutions of (1.6) by R, that is,

R = ^€{0,1} (/= 1,2, ...,n)

Lemma 1.2: If r is an integer such that 0 ^r n and

then

max crx á X 9 + (1-10)9 + 1 •

Proof: Using the number r given above let us consider the following problem:

max X W+ k - £9 X+i + £ 937+1

(1.11)
É ajyj + K - í 9 X+1 + É 937+1 á K 

yj € {0, 1} (j = 1, 2,..., n + 1).
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Problem (1.11) is obtained from (1.6) by adding a new variable after variable 
y . The ordering (1.7) still holds, furthermore condition (1.8) is satisfied fór this 
enlarged problem, so Lemma 1.1 is applicable. Let us denote the set of feasible 
Solutions of (1.11) by Q and the vector of objective function coefficients by d. 
It then follows from Lemma 1.1, that

y C) +1 - y J = max dTy = max dTy = max cTx
/=i ? l J=i I ar+i yeO yeQ,yr+i=o x^r

which proves the present lemma.

1.3 The cargo loading problem

A similar problem of two constraints is called the cargo loading problem. We are 
given the weight and volume capacity of a transport vehicle, e.g. a cargo boát, 
and the data of the indivisible objects (e.g. machines) that can be carried by the 
véssél. These data include the weight and volume of each object and alsó their 
value which may be a reál value, a use-value or simply the transportation cost 
depending on the natúré of the problem. The freight of maximai value nőt exceed- 
ing the capacities is to be determined.

Notation

n Number of different objects
aj Weight of object j
b) Volume of object;
Cj Value of object j (see above)
K Weight capacity of cargo boát
L Volume capacity of cargo boát 
r Number of objects j available 
x Number of objects j to be transported (unknown)

The problem is formulated as follows
n 

max z = X CjX;

t ajXj £ K
J-i

I te á L (1-12)

x, 6 {0,1,2,-0= l,2,...,n).
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In the practical cargo loading problem the coefficients aj, bj, Cj and the right 
hand sides K and L are obviously positive. In other problems it may nőt be so. 
Similarly to our previous discussion, the case aj, bj, Cj g 0 can be reduced to the 
case of nonnegative coeffficients. Furthermore the variables having coefficients

0, g 0, bj g 0 and Cj g 0, a} 0, bj^O can be ignored because there is 
an optimál solution with Xj = rj and Xj = 0, respectively. However, if the signs 
of and bj are different then there is no equivalent problem in generál with non­
negative coefficients.

If all the coefficients are nonnegative, then the quantity

will obviously give a new upper bound fór the value of variable Xj.
Without further restricting the generality, we can suppose that K > 0, L > 0, 

aj + bf > 0. If a} (bj) is equal to 0, then the ratio K/aj (L/bj) is considered + co.
If we take intő account only one of the constraints, then — substituting the 

variables by those of 0-1 — we obtain a problem of the type described in the 
previous paragraph. If its optimál solution satisfies the other restriction, then the 
problem is solved. The situation is similar using linear combinations of the two 
constraints as a single restriction. It may happen however, that in no case will the 
abandoned constraint be satisfied. The solution of, this particular problem and in 
generál the solution of problems of several constraints will be discussed in later 
chapters.

1.4 The travelling salesman problem

The usual description of the problem is the following: A travelling salesman 
should visít n cities and return to the starting point (which is one of the n cities) 
at minimál cost. The travelling cost fór the pairs of cities are given.

The importance of this problem lies in two facts. First of all, there are many 
practical problems that may be formulated in a similar way. Fór example, the 
distribution or collection of products; order of regular checking of several objects 
or monitoring of Instruments; the order of jobs on a machine if the cost of chang- 
ing from manufacturing one product to another is a function of these products 
(e.g. in a petróleum refinery). Secondly, the algebraié formulation of the problem 
seems to be difficult because of the extremely large number of constraints ensuring 
the existence of only one Circuit. The inclusion of logical constraints, instead of 
algebraié ones, will lead to other difficulties. Thus, the travelling salesman problem 
is important in itself as well as being of interest to be used as a test problem.

Let us now look at three different models of the problem which appeared in 
Dantzig (1963).
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1 Let the value of variable xijt be 1, if we go from city / to city j at step í and 
0 otherwise. Obviously xitt = 0 for all i and t. We have to ensure that every city 
is visited only once:

ÉÉ^=1 0=1,2,...,«)• (1.13)
j=lt=l

Furthermore, we leave city j at step í + 1 if and only if we arrived there at step t.

t xtíl = £ xJk.l+1 (j,t=l,2,..,n). (1-14)
í=i &=i

As the end point is identical with the starting point

XiJ, n+l ~ xyi •

We have to find the values of the variables

^€{0,1} (f.j.t = 1,2,..., n) (1-15)

satisfying constraints (1.13) and (1.14) and minimizing the objective function

(116)
1=17=1 r=l

2 Now one of the cities, say city 1, will have a special role. Namely, only tours 
containing city 1 will be accepted. Let x0 = 1 or 0 according to whether the 
salesman goes from city i to city; or nőt. Now the problem can be formulated as

n n
min E E caxa

<=ij=i

E xg = 1 (j — 1,2,..., n)

^=1 (i=l,2,...,n) (1-17)

ut — uj + nxy á n — 1 (2 á i # ; á ”)

xoG0,l) (i,J= 1,2,..., n)

where the variables ut are arbitrary integer (or arbitrary reál) numbers. The prob­
lem is similar to the well-known assignment problem, the only difference being 
the third group of constraints which ensure that only one round tour appears in 
the solution. In order to verify this, let us suppose that there are at least two round 
tours, in which case at least one of them does nőt contain city 1. Let the order ot 
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cities in this tour be z\, i2,..ir, q. Summing up the corresponding inequalities 
from the third group:

uti - uit + n á n — 1
uit — uia + n n — 1

uir_t -uir + n^n- 1
— ult + n £ n - 1

rn r(n — 1)

which is a contradiction. This proves that there is exactly one tour in the solution 
of (1.17). It remains fór us to show that nőne of the full tours is excluded by the 
above constraints. Let us consider any single full tour and let us choose ut = t, if 
city i is visited at step t. It is easy to see that all the constraints are satisfied.

3. The third formulation differs from the previous one only in the way of exclud- 
ing the several round tours. First we solve the problem

n n 

min E E cüxu 
t=u=i

(j=l,..., n) (1.18)
i=l

É Xy = 1 (í = 1, . . fi)
;=i

^€{0,1} (i,j n).

If the solution consists of only one round tour, then the problem is solved. Other­
wise let us consider any round tour:

z15 z2,..i„ ir r < n.

Then the following constraint will exclude the present, non feasible solution:

XM. + xiti, + • ■ • + xir lir + xtrh r - 1. (1.19)

Now let us solve problem (1.18)-(1.19). If the solution still consists of more than 
one round tour we form again a constraint of type (1.19). The process is continued 
until the desired one round tour solution is obtained — naturally in a finite number 
of steps.

As the first model contains n3 variables, it is nőt practical fór larger problems. 
In the second model the number of constraints is of the order of n2, which is too 
large. In the third model we are concerned about having a long series of problems. 
Later we shall see that the modification of this model — introduction of logical 
constraints — will help to solve this problem.

A good survey of algorithms is to be found in Bellmore and Nemhauser (1968)
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1.5 Fixed-charge problems

In practice, there are problems that can be formulated as linear programing 
problems with an additional cost fór each product. This fixed charge is independent 
of the quantity produced (and is alsó independent of the development of the new 
product, new machines, training of workers, advertising, etc.). Naturally if any of 
the products is nőt produced, then the corresponding fixed-charge will nőt be 

levied.

Notation

} Mátrix of technological coefficients
a.. 1 Quantity of resource i needed fór producing one unit of product j
b Quantity of resource i available
c. Profit on one unit of product j
d. Fixed-charge of product;
x. Quantity of product j to be produced

The problem of maximizing the net profit is formulated as follows. 

max cTx — 5T(x)d
Ax b 
x^O

(1.20)

where 0, if Xj = 0
1, if x} > 0

(1.21)-W =

and it is supposed that d 0. ,
Denoting the unit mátrix by E, let us consider the following convex polyhedron

(the set of feasible Solutions of (1.20)):
R = {x | Áx b} (1.22)

where b
0

Problem (1.20) is a mixed variable problem. In principle, any of the algorithms 
fór mixed problems (discussed later), may be apphed.

Heuristic algorithms may be constructed fór (1.20) with the help of the follow­

ing lemma.

Lemma 1.3: The function
cTx - óT(x)d

takes its global maximum on the set R at a vertex of the convex polyhedron R. 
The lemma will be proved in a more generál form.
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Lemma 1.4: If the convex function/(x) takes its global maximum on the set R then 
it is alsó taken at a vertex of the convex polyhedron R.

Proof of Lemma 1.4: It is sufficient to show that if x' £ R is a global maximum 
of function /(x) on the set R, and x' is nőt a vertex of polyhedron R, then there 
exists another point x" £ R such that

/(x”) = /(x'), 

furthermore, point x" lies on at least one more hyperplane defined by the equations 

Ht = {x | á'x = b,}

where á‘ is the íth row of mátrix Á. Furthermore let us define the manifold Q as 
the intersection of hyperplanes containing point x':

e= n H,,
x'eH,

If x' lies in nőne of the hyperplanes then let Q be the entire w-dimensional 
Euclidean space.

Then R p Q is alsó a polyhedron. It will be shown that x is nőt a vertex of 
this polyhedron. As x' is nőt a vertex of polyhedron R according to our supposi- 
tion, there exist two points x1, x2 £ R such that

x' = Ax1 + (1 — A)x2 (0 < A < 1)

It is sufficient to show, that x1, x2 £ Q.
If Q is the entire Euclidean space, then this is trivial. Otherwise let us suppose 

indirectly that x1 $ Q, that is, there exists a hyperplane Hr such that

x' £ Hr and x1 $ Hr.

Then the equation
á'x' = br

implies that á'x1 < br and á'x2 > br or vice versa.
Bút this contradicts the supposition that x2 C R, thus both points x1 and x2 must 

be on the variety Q.
The convex polyhedron R does nőt contain a complete straight line therefore 

there exists a point

x5 = Ax1 + (1 - A)x2 (A < 0 or A > I)

for which at least one constraint is violated

Vx5 > bk.

As x1 £ R and x5 $ R, there is a point

x3 = px1 + (1 - p)x? (0 < p < 1) and áfcx3 = bk.

23



The point lies on the straight line defined by points x1 and x2, thus x1, x2 € Q 
implies x3 € Q. Therefore x3 lies on at least one more hyperplane H, than does x'

It remains fór us to show that function /(x) takes its global maximum at this 
point, that is,

/(x3) =Ax')-

Fór this purpose, let us denote by x4 the point x1 or x2 in such a way that the 
interval (x3, x4) should contain point x'

x' = nx3 + (1 - íOx4 (0 < fi < 1).

As /(x') is a global maximum

/(x3) ^f(x!), /(x4) ^f(^, 
bút

/(x3) </(x')

is impossible because, then

f(px3 + (1 - m)x4) > MÁx3) + (1 - z0/(x4)

which contradicts the convexity of function /(x) and completes the proof of 
Lemma 1.4.

Proof of Lemma 1.3: Using Lemma 1.4, it is sufficient to show that the function 

cTx — őT(x)d
is convex, that is, the function 

őT(x)d

is concave. As the sum of concave functions is alsó concave and

őT(x)d = X dfx^dj,
J~i

it is sufficient to see that öfxj) is concave, which is trivial.
Using the result of Lemma 1.4 in searching fór the optimál solution of (1.20), 

we can confine ourselves to seeking only the vertices of polyhedron R. Bút in the 
case of larger problems the number of vertices may be extremely high, therefore 
the need to examine all vertices is nőt a feasible approach fór solving this problem.

1.6 An investment problem

The most important applications of discrete programming are the different kinds 
of investment problems. Let us consider now the following simple combined pro- 
duction-investment problem. At the beginning, we have certain basic resources 

24



and production capacities. These may be augmented by realizing somé of the given 
investments. The maximai profit and the production plán as well as the necessary 
investments are to be determined. There is a limit to the amount of money used 
for the investments. This limit may be treated as a paraméter.

Notation

aü Quantity of resource (or production capacity) i needed to produce one unit 
of product j

b0 Totál amount of money available for investment
bt Quantity of resource i available before realizing the investments
cj Net profit on one unit of product j
dk Cost of investment k
9tk Quantity of additional resource i, if investment k is realized
Xk 1 or 0 depending on whether investment k is realized or nőt 
yj Quantity of product j to be produced

Introducing the short notation for the coeíficients,

cT = ’ cg) ( 9n • • • 9ip\ í ^11 • - ■ \
bT = (b., ...,b^ G = I ; A = :
dT = .........dp^ V 9mi--- 9mp ’ \ aml... amq /

the problem can be formulated as follows

max cTy

dTx g b0

Ay - Gx b (1.23)

^€{0, 1} (k=\,...,P)

If this problem is solved for different values of b0 the corresponding relatíve effi- 
ciency can be calculated and a better investment policy can be obtained. Invest­
ments of higher complexity (e.g. decisions for several time periods) can alsó be 
taken intő account by similar models.

Problem (1.23) is a special integer programming problem.
If only given production capacities are to be set up at a minimál cost, then 

by introducing the demand vector

hT = (Ai.........
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we obtain the following simple pure integer programming problem: 

min dTx
Gx h

Xj €{0,1} Ü=l,...,p).

(1-24)

1.7 A plánt location problem

This is alsó an investment problem, bút it is more difficult than those mentioned 
above. It is more difficult nőt only because the investment costs are taken intő 
account bút because there are other costs depending on the location of plants 
with respect to each other, e.g. transport costs. Another difficulty is that the invest­
ment costs are paid once only bút the transport costs occur periodically. In order 
to make them comparable the investment costs and the transport costs of several 
periods are added, naturally the costs fór the latter are discounted fór the first 
period. In other words, a suitable constant multiple of transport costs is considered.

Notation

K Number of sites suitable fór building plants
L Number of different plants
J Number of different products to be produced
atr Quantity of product i produced (consumed if air < 0) by plánt r.
bi Demand of product i (requirements of plants to be located is nőt counted here)
cpr Cost of location fór plánt r at piacé p
dpq Cost of transporting one unit between places p and q.
f„ Intensity of transport (quantity demanded in one period) from plánt r to 

plánt s
A Multiplier fór transport costs, making them comparable to investment costs 

(see above).
xpr Location variable, 1 or 0 depending on whether plánt r is located at piacé p 

or nőt.

Fór the sake of simpiicity, it is supposed that only one plánt may be located at 
one piacé. The quantity bt may be negative, in this case the system of plants may 
have a demand of at most -bt on product i from outer sources.

Now we formulate a model on the basis of which the locations of plants can be 
determined. The production requirements should be satisfied at a minimál totál cost

K L K L
min £ (Cpr + 2 pqfrsXqs)X pr

p=l r = l <7 = 15 = 1
(1-25)
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subject to

X X ^irxpr ^bi 0’ = 1, • . • , Af) 
p=lr=l

X Xpr^l (p=l,...,K) (1.26)
r = l

€ {0, 1} (p=l,...,^; r=l,

This is a nonlinear discrete programming problem. It can be solved by a version 
of the method described in Chapter 3.

If we do nőt wish to or cannot determine which individual plánt satisfies the 
consumption of a particular plánt, then the problem (1.25)—(1.26) may be combined 
with a transport problem.

Another version of the problem may be used for analysing the economic effi- 
ciency of similar plants of different size.

1.8 The empty Container problem

This problem is similar to that of cargo loading, it is only the point of view that 
is different. Now, we wish to carry all the given objects using a minimum number 
of containers. Notation as in Section 1.3 except for variable x>.

Xy Number of objects j carried in Container i
m + 1 An upper bound for the number of containers used.

In other words, m + 1 containers can certainly hold all the objects. It is easy to 
get such an upper bound by loading the objects in any order one after the other 
until either the weight or the volume capacity of the Container is used up. Then 
the next Container is taken, and so on. A preordering of objects may result in a 
better starting solution, i.e. a smaller upper bound m. Somé heuristics may alsó 
be used to improve this starting solution, e.g. certain changes between containers 
one of which has used up its full weight capacity, the other its full volume capacity 
and their other capacities are largely unused. The importance of these improvements 
lies in the fact that the size of the problem depends on the bound m. Further- 
more, let

(1, if Container i is used
0 otherwise.

We want to minimize the number of containers used:

m
min X y< (1-27)

(=1

27



subject to

X ajxu á Kyt
j=i

nX bjXij g Lyt
7 = 1

m
X xu = r;

1 = 1

xy € {0, 1,, r;}

yt e {o, 1}

(i = 1,..., m)

(í = 1,..., m)

(1.28)

(/ = 1,. .., m;j = 1,..., n)

(i = 1,. .., m).

The first two groups of constraints (1.28) express that the capacity requirements 
must be fulfilled if the Container is in use: y,- = 1, otherwise it must remain empty. 
The third group means that all the available objects must be carried.

During the process of solving the problem, m is always one unit smaller than 
the best objective function value known up to now, because we are interested 
solely in better Solutions.

In many of the algorithms which will be discussed later the number of feasible 
Solutions largely influences the efficiency of the algorithm. From this point of view 
the formulation of requirements in the form (1.28) is nőt very suitable. If, for 
example, two feasible Solutions differ only in the order of containers then — as 
they are nőt substantially different Solutions of the problem — it would be suffi- 
cient to permit only one of them. For this purpose we introduce two further 
constraints:

*11 *2! *ml (1.29)
and the equations

xn — xi+i,il xi2 — xi+i,2l • ■ ■ xir = xi+l r (1.30a)

should imply, that
*/,r+l = ^i + l.r + l (1.30b)

for all i and r.
In any feasible solution of the problem, if a Container is empty, then all the con­

tainers, having higher serial numbers must alsó be empty.
The constraints (1.29) and (1.30) mean nothing other than the introduction of 

lexicographical ordering, which is discussed in Chapter 2.
The problem is now formulated as minimizing function (1.27), subject to the 

constraints (1.28)—(1.30).
In the remaining section of the present chapter the reduction of somé mathe­

matical programming problems to discrete programming problems will be dis­
cussed briefly, mainly on the basis of Dantzig (1963) where further details may 
be found.
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1.9 Alternative constraints

Given two functions G(x) and //(x) lower bounded on the set R. If at least one 
of the constraints

G(x) 0 (1.31)

(1.32)

must hold at each point of the set R, then this may be reformulated by introducing 
a discrete variable. Let us denote the lower bounds of the functions G(x) and H(x) 
on the set R by LG and LH, respectively

G(x) Lg, H(x) LH fór all x £ R . (1.33)

Then the constraints (1.31) and/or (1.32) are satisfied if and only if

G(x) - ÖLg 0
H(x) - (1 - S)LH £ 0 (1.34)

5 € {0, 1} .

This reformulation may be very useful if the number of dichotomies (k) is high, 
so that the solution of the corresponding 2* problems is unrealistic.

Example 1: In the case of complementary variables (e.g. in quadratic program­
ming) the constraint

n
Yxjyj = ^ XJ^^ (1.35)

may be substituted by n dichotomies:

-Xj^O or -y^^O (j=l,...,w). (1.36)

Example 2: In production problems, it is often required that the produced 
quantity must be over a certain limit if it is manufactured at all. Supposing that 
the quantity must be nonnegative, the dichotomy

Xj — K 0 or — Xi 0

will do the job, where K is the permitted minimál production level.

Example 3: Optimization over nonconvex regions.
m

Let T = (J Rí,
1=1

where = {x | G^x) 0, (/=l,...,n)}

and the functions G/7(x) are concave, which implies that the sets Rj are alsó convex. 
Furthermore, let

Gy(x)^LtJ fór all x£T'>T.
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Then Tis the set of points x satisfying the following constraints:

G/íW biLv G = 1,..., m)
Ü’ =

m
E g m - 1

i=l

öl C {0, 1} (i = 1,..., m) .

1.10 Optimization of nonlinear separable functions

If the maximum or minimum of a function of the type

É 
j=i

is to be determined on a given domain, then the function may be linearized by 
introducing discrete variables. Let us consider only one member of the above sum 
without a subscript. The function 0(x) of one variable can be approximated by 
a piecewise linear function in the following way. Let

^(u,) = bt (z = 0, 1,..., k)

where a0, ... ,ak are the dividing points of a sufficiently dense subdivision of the
domain of variable x, determined by the original problem. Using the short notation

ht = a, — ai_1
and

bt — bl_1
Sj — .

U; -

Then
k

4>(x) = b0+ x w
i = l 

k
x = E yi

1 = 1
0 á ht (i = 1,..., k)

yt — hi^Q or -yí+i^0 (i = 1,..., k — 1).

The last pair of alternative constraints ensures that the variable yi+1, represent- 
ing the (z + l)st interval, should remain zero unless the previous interval is already 
filled, that is, y( = hí- According to the previous section this may be expressed as

yt - hf = -öihi
-yt= (z= 1,...,*-1)

5, €{0,1}.
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1.11 Conditional constraints

Let us consider an optimization problem on a set R. If the constraint

H(x) 0
is required only if

G(x) > 0,

then this may be expressed as the following dichotomy

G(x) > 0, H(x) 0
or

G(x) á 0.

This is similar to the problem discussed in Section 1,9. The only difficulty is that 
of handling the strict inequality, bút it can be avoided as follows. Let LH; LG and 
UG be lower and upper bounds of the functions H(x) and G(x) respectively on the 
set R

UG G(x) Lg fór any x £ R
H(x) Lh fór any x £ R .

Then the above pair of alternative constraints may be reformulated as

H(x) £ ÖLH
G(x) £ (1 - S)UG
5 € {0, 1}.

1.12 Minimization of concave functions on a convex polyhedron

A concave function/(x) is to be minimized on the convex polyhedron R. Accord­
ing to Lemma 1.4, if the function /(x) is continuous, concave and bounded from 
below on the convex polyhedron R, then there is a vertex of polyhedron R where 
the global minimum of function /(x), on the set R is reached.

Let us suppose that the function /(x) of n variables is approximated from below 
by the hyperplanes

a'x = bj (i = 1, 2,..., p)

where the vector a' is a row vector, that is,

0 g min {a'x — bi} — /(x) g g 
i

where e is the desired accuracy.

The original problem
min {/(x) | x £ Á}
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may be formulated as
min {z | z - /(x) 0, x^R}.

Substituting the function /(x) by the approximating expression 

min {a'x — bj, 
i

the problem becomes
min {z | (x, z) C T}

where
T = {(x, z) | 3i: z — (a'x — 0 1 á i á &} • t

Let M be an upper bound of the differences of approximating linear functions on 
the polyhedron R

(a'x - b^ - (a*x - bM fór any i, k = 1,..., p 
and x^R.

Then the points of set T are the Solutions of the following system of inequalities 

z — (a'x — bj — M(l — öj) (i = 1,p)
ói 4- ö2 • ■ • + 1

^{0,1} (í=1,...,p) 
x^R.

Thus the problem is reduced to another one of mixed integer type.

t The sign g means: there exists.
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CHAPTER 2

SINGLE BRANCH IMPLICIT ENUMERATION METHODS

Enumeration methods play an important role in solving integer programming 
problems.f Their substance is to enumerate all solutionsf f i.e. all integer vectors 
in the given rangé and to choose the best one according to the objective function 
among those satisfying the constraints of the problem. However, complete enu­
meration (the explicit examination of all Solutions) is nőt possible even fór prob­
lems of moderate size. The enumeration becomes a method only if a high propor- 
tion of Solutions is implicitly examined, i.e. excluded in large groups without 
direct checking, as either they are shown to violate the set of constraints or it is 
made obvious that they cannot have a better objective function value than that 
of the best feasible solution found so far. The methods described and summarized 
in the present chapter have a common property. The Solutions are explicitly or 
implicitly examined either in a predetermined order or in an order gradually formed 
by the algorithm.

In other words we never have to return to any one group of Solutions after 
examining another. Fór this reason these algorithms have acquired the descriptive 
name, as in the title of this chapter: single branch implicit enumeration methods. 
These methods contrast with those described in Chapters 3 and 4.

2.1 Partfal and lexicographic ordering of vectors

In the enumeration algorithms we shall need the following two orderings of the 
n-dimensional Euclidean space, En.

Fór any two vectors x, y £ E” the partial ordering relation

x á y

holds, if

x/^yy j = (2.2)

t Fór simplicity, in this chapter only pure discrete problems are considered.
tt In integer programming a numerical vector of appropriate size usually is called the solu­

tion of a given problem if it satisfies the integer requirements and the bounds which are given 
fór each of the discrete variables. If all constraints of the problem are satisfied, then the vector 
is a feasible solution of the problem. We shall adopt this convention.
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Note: This relation is called partial ordering because nőt all pairs of n-dimen- 
sional vectors may be ordered in this way. For example, if

x = (l,2) y = (3,1)

then neither x y nor y g x. Although many other possible partial orderings 
could have been defined, in the present book we shall use only this one. Whenever 
we use the expression “partial ordering” the above-defined partial ordering is 
understood. This alsó means that the use of á between two vectors cannot be 
misleading as it always signifies this relation.

Now we define alsó a full ordering.
For any two vectors x, y £ En, vector x precedes vector y according to the 

lexicographic ordering, that is,

x < y. (2.3)

if there exists a subscript 1 g r n, such that

Xj = yj for any j < r (2.4)
and

xr < yr. (2.5)

Obviously any two different vectors of the same dimension may be ordered accord­
ing to the lexicographic ordering simply because the first different components 
determine the order.

Example: If x = (1, —2, 3) and y = (1, —3, 7) then y -< x.

Note 1: There are two different ways of defining orderings of a set according to 
whether an element is in relation with itself or nőt. The above two orderings fali 
intő different categories from this point of view in accordance with the usual nota- 
tion and usage. It is very easy to see that these orderings satisfy the corresponding 
axioms, i.e. they may be called orderings.

Note 2: Confining ourselves to the set

Dn . {x|xe£", *,€{0,1} (' = l,...,n)} (2.6)

the lexicographic ordering may be defined in a different way.
An integer

Xx) = + x22n~2 + .... + x„2° (2.7)

is assigned to each vector x — (x15..... x„). Then vector x precedes vector y

x -< y, if and only if s(x) < s(y). (2.8)

This ordering is alsó called numerical ordering. The number s(x) alsó gives the 
position of vector x in this ordering, apart from the vector x = 0. This definition 
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may be applied for any finite subset of E” using an appropriate base instead of 
2 in expression (2.7).

Example: Enumerate all the three-dimensional vectors of 0-1 component, in 
lexicographic ordering. The solution is (columnwise):

(0,0,0) (1,0,0)
(0,0,1) (1,0,1)
(0,1,0) (1,1,0)
(0,1,1) (1,1,1).

2.2 The Lawler-Bell algorithm

In the present and following sections a method will be discussed which is due to 
Lawler and Bell (1966). Let us consider the following problem:

min golx) (2.9)
subject to

9,i^ ~ 912^) 0 (i = 1,..., ni) (2.10)
^€{0, 1} lj = 1, . . . , n) (2.11)

where
x = (x^... ,x„)

and the functions

9o(x)> 9n(x), 912^ (i=l,...,m)

are monotone nondecreasing. Obviously the following two definitions are equiv­
alent.

Definition 2.1: A function /(x) of n variables is monotone nondecreasing on a set 
S c E”, if the function f(xf , x^xk, x^ + 1,..., x*) ofone variable is monotone
nondecreasing on the set {x | (xj,..., x^, xk, x*k+1,... ,x*) £ S} for any k and 
for any fixed values of x*,..., x*_15 xk+1,..., x*.

Definition 2.2: A function /(x) of n variables is monotone nondecreasing on a set 
SaEn, if x^y implies fix) ^/(y) for any x, y £S. In out case S = Dn is the 
set of w-dimensional vectors with components 0 or 1, that is,

D" = {x|x€E".x,€{0, 1} (j= l,...,n)}.

Now all Solutions of problem (2.9)-(2.11), that is, the elements of Dn, will be 
enumerated in lexicographic order. In other words, they will be substituted one 
after another for the constraints (2.10) and the best feasible solution found so far 
is always saved. We shall hopefully take large steps however using the result of 
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the following Lemma 2.1. Let us define two vectors x* , x* £ Dn for each solution 
x, that is, to the elements of D" by the following properties:

(a) x -< x*“ < x*
(b) x < x x*- implies x x
(c) x í x*
(d) Xx*) = s(x*~) + 1,

where the function s(x) is defined by expression (2.7). In other words, x* ~ is the 
last vector in the numerical ordering among those that are greater than or equal to 
x alsó in the partial ordering x*~ is uniquely defined. x* is the vector which 
immediately follows x*“ in the numerical ordering.f If such pair of vectors x*- 
and x* does nőt exist, then, in accordance with the verbal description, we define only

x*“ = (1, 1,...,1)

the last vector in numerical ordering.
Let us choose any vector x £ Dn, for which the set

^(x) = {y | y € ö", S(y) < s^g^) - ^(y) 0 (i = 1,2,..., ni)}

is nonempty. Then one of the vectors satisfying the following two relations will 
be denoted by x

x £ Dn(x)
and g0(i) = min {^0(y) | y € ö"(x)} .

The following lemma is alsó valid if D"(x) is empty. In this case #0(x) is considered 
as + oo.

Lemma 2.1: No vector x, x < x g x*- can be a feasible solution of problem 
(2.9)—(2.11), and better than the best feasible solution of the set Dn(x) U {x} in any 
of the following cases:

1° if gfx) 1 gfx)
2° x is a feasible solution, i.e. it satisfies the constraints (2.10), (2.11)
3° iffor at least one of the subscripts i = 1,..., m gjfx*~) — gj-fx) < 0.

Proof: Take any x (x x x*-). The statements of the lemma may be shown 
as follows:

1° As the function gfx) is monotone nondecreasing, #0(x) gfx) gfx), thus 
x cannot be better than x.

t An alternative definition for x*~ and x* which is suitable for hand calculations is the 
following: Let us find the last ordered 0, 1 pair of neighbouring components. If there is no 
such a pair, then x*- = (1,1,...,!) and x* is nőt defined. In the opposite case x*~ is obtained 
from x substituting by 1 all elements following the above defined pair, x* is defined as the 
vector immediately following x*~ in the numerical ordering, that is, s(x*) = s(x*~) + 1. The 
equivalence of the two definitions will be shown in Lemma 2.2.
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2° It is sufficient to consider the case
^o(x) < &(x),

because the opposite one was covered in 1°. Then x becomes the best feasible 
solution found up to now and as #0(x) gfx) still holds, x cannot be better. 

3° As the functions gtl and gi2 are monotone

&i(x) - ^(x) á &i(x*“) - gi2(x) < 0,

which means that x is nőt a feasible solution of problems (2.9)-(2.11).
The lemma implies that if any one of the conditions l°-3° is satisfied, then the 

vector x may be followed by vector x* in the process of solving the problem, or if 
it does nőt exist the algorithm is terminated.

It only remains to show an easy way of calculating x* fór a given vector x £ Dn.

Lemma 2.2: A vector x £ D" is given.

1° If there exists a pair of indices, r, q, such that 2 g r g q g n and

xr_j = 0, xr = xr+1 = . .. xq = 1, (2.12)

Xq +1 “ Xq + 2 “ • • • = Xn “ 0,

then the components of x* may be written as

x* = Xj j r - 2

<-i = 1 (2.13)
x* = 0 j^r.

2° If such a pair of indices does nőt exist, then

x*~ = (1, 1,..., 1).

Proof 1°: Consider the vectors of Dn following vector x in the numerical order­
ing. It is obvious that as long as only components xe+1,... ,x„ are changed, the 
new vectors are alsó greater than x in the partial ordering. The last one of these 
vectors is x9+1 = .. . = x„ = 1 with the rest of the variables unchanged. This 
shows that the calculation of x*, (2.13) is correct.

Proof 2°: In this case x -< x implies that x g x, thusx*- = (1, 1,... ,1), which 
completes the proof.

Examples: x = (0, 1,0, 0, 1, 1,0,0) X = (0, 0,0, 0,0,0, 0, 0)
X* = (0,1,0,1,0,0,0,0) X*- = (1,1,1,1,1,1,1,1)
x*“ = (0,1,0,0,1,1,1,1)
X = (0,1,0,0,1,1,1,1) X = (1,1,1,0,0,0,0,0)
X* = (0,1,0,1,0,0,0,0) x*“ = (1,1,1,1,1,1,1,1).
x*- = (0,1,0,0,1,1,1, 1)
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This calculation can easily be adapted fór computers. The vector x £ Dn may be 
represented in one word of the computer.! Each component is placed to a bit of 
this word. This way we obtain exactly the binary representation of $(x) defined by 
expression (2.7). It is easy to see that the calculation of x* given by Lemma 2.2 is 
equivalent to the following.

Let us first determine x" by j(x-) = s(x) — 1. Then

x*- = xvx",

where v is the logical disjunction taken componentwise (1 = true, 0 = false), 
which can be done by a single computer statement of bitwise disjunction on the 
numbers s(x) and s(x) — 1. (The computer uses binary representation.)

Examples: s(x) 00101110 00000000 11000000
s(x“) 00101101 —lllllllltt 10111111
s(x*-) 00101111 11111111 11111111
s(x*) 00110000.

2.3 Summary of the Lawler-Bell algorithm and somé remarks

The algorithm consists of the following steps.
Step 1; If the vector x = 0 satisfies the constraints (2.10), then it is alsó the 

optimál solution of the problem. Then g = 0, x = 0 and go to Step 8. Otherwise 
let g = U > ^0(x), x € Dn.

Step 2: Vector x is replaced by the one immediately following it in the numerical 
ordering. (In binary representation 1 is added to s(x).)

Step 3: Calculate ^(x).
Step 4: If #0(x) g, then go to Step 7., otherwise to the nexr one.
Step 5: If x satisfies the constraints (2.10), substitute x by x and g by g(x), and 

go to Step 7, otherwise to the next one.
Step 6: If at least one of the inequalities

&i(x*“) - ge^ <0 (í = 1,..., m)

is satisfied, then go to Step 7. In the opposite case, if x = (1, 1, ..., 1) go to 
Step 8, otherwise to Step 2.

Step 7: If x* does nőt exist fór the present x, go to Step 8. Otherwise substitute 
x by x* and go to Step 3.

Step 8: End of the algorithm. If g = U, then no solution exists. Otherwise x is 
the optimál solution and g is the corresponding objective function value.

Note 1: The non 0-1 discrete problems can be solved by the above method either 
substituting the variables by 0-1 variables or elaborating a version of the algorithm

t Supposing that n is nőt greater than the number of bits in one computer word. In the 
opposite case, several words are used in a similar way.

ff The computer Stores negative numbers in complementer form. 
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for non 0-1 variables. In the latter case, from the theoretical point of view only 
the calculation of x* and Step 2 have to be changed. Let us denote the upper 
bounds of the variables by w15 u2,..., un, and suppose that all lower bounds are 0. 
Then subscripts p < q are to be found with the following two properties:

(Í) Xp < Up, Xg > 0
(ii) No pair (r, s) exists, such that p < r < s and xr < ur, xs > 0

To pút it intő words, this means that we have to find the last unsaturated variable 
(xp < Up) that is followed by a nonzero variable. If such subscripts p, q are found, 
then we can define x* as

x* = xj for all j < p
Xp = Xp 4* 1
x* = 0 for all j > p.

Then x*~ is the immediate predecessor of x*.
Otherwise,(i.e. if no such pair p, q exists), then as before

X*~ = (ily, U2,...,U^

and no x* exists.
To calculate the vector immediately following vector x in the numerical order- 

ing, let

xr<ur, xr+1 = u,+1,..., x„ = u„

where 1 g r g n. Then the desired vector is obviously the vector x:

Xj = Xj j g r — 1
xr = xr + 1
Xj = 0 j r + 1.

The above-described algorithm can be used without change, only the binary 
representation does nőt work.

Note 2: All linear, bounded discrete variable problems can be pút intő the form 
(2.9)—(2.11). First, the problem can be transformed to a 0-1 problem. Then the 
negative objective function coefficients will be reversed by the corresponding sub- 
stitution Xj — 1 - Xj. And the linear constraints are always dififerences of two 
nondecreasing functions.

Note 3: If in a nonlinear discrete problem the only difficulty is that the objective 
function is the difference of two nondecreasing functions bút it is nőt a non­
decreasing function itself, then a usual trick of introducing a new variable and a 
new constraint will help:

min z 
z - g^x) o ■
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Note 4: The experience of Lawler and Bell (1966) shows that problems up to 
twenty-five 0-1 variables may be effectively solved by this algorithm. Fór linear 
problems, especially of larger size, more efficient methods will be discussed later. 
It may be used, however, as a subprogram of a large adaptive system fór solving 
discrete variable problems.

Note 5. The computer time used fór solving different problems is largely de- 
pendent on the order of variables.

Example: Solve the following problem by the Lawler-Bell method.

min 2x4 + 3x4x4 + x4x5 + 3x2x3 + 10x2x5 + x4x5 + 5xs + 5x6 = ^0(x)
#i(x) = 3x4 + 5x2 — 2x3 + 3x4 + 4xs — 2xa 6 (= b^
g2(x) = 6x4 - 8x2 + 7x3 + 5x5 ^5 (= bj
g3(x) = - 5xj + 10x2 + 3x3 + 3x4 + 5xs - 5xa 7 (= bj

^€{0,1} Q=l,..., 6).

Using the notation introduced, the function g0(x) is already in appropriate form, 
furthermore

^ii(x) = 3xx + 5x2 + 3x4 + 4xs 
^2i(x) = 6xx + 7x3 + 5xs 
#3i(x) = 10x2 + 3x3 + 3x4 + 5xs

í'iaW — 2x3 + 2xa
^22<x) = 8x2
í732(x) = 5x4 + 5xa

TABLE 2.1

X 
123456

X*“ 
123456 0 if 

g < 100
01 

(£6)
03 

(£5)
01

(£7) i - 1,2, 3

1 000000 inni 100 0
2 000001 000001 -2
3 000010 000011 4 1=1®4 000100 000111 3
5 000101 000101 1
6 000110 000111 £= 6 8 5 ___ 8 1
7 001000 001111 0 -2 i = 1 ®
8 010000 011111 0 5 i = 2 ®
9 100000 111111 2 3

10 100001 100001 7 1
11 100010 100011 8 > £ ®
12 100100 100111 5 6 6 -2 i = 3 ®
13 101000 101111 2 1 í = 3 ®14 110000 111111 2 8 -2
15 110001 110001 7 6 -2
16 110010 110011 22 >f®
17 110100 110111 5 11 i -2 1=2®
18 111000 111111 g=5 5 r6 j 5

1
_lJ
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Table 2.1 shows the use of the algorithm to solve the problem. All columns are 
completed in their order until one of the conditions described in Lemma 2.1 is 
satisfied in which case the remaining conditions are nőt checked and the calcula­
tion is continued with x*. Otherwise the evaluation of x is continued by the 
examination of the solution immediately following x in the numerical ordering. 
(1 is added to s(x) in the binary representation.) The sign ® shows if somewhere 
a jumping condition (one of the conditions l°-3° of Lemma 2.1) is satisfied. In the 
last column alsó the subscript of the constraint is written, which made the jump 
possible. If x and x*~ are identical (the last components of x are 01) then condi­
tion 3° of Lemma 2.1 is useless and therefore the checking is omitted because the 
jump from x to x* is nőt a reál jump, nothing is left out. The value of g is written 
in column 3 only where it changes.

The optimál solution has been obtained in Step 18. It should be noted that the 
optimál solution is nőt usually obtained in the last step, it was purely by chance 
that it happened in our example.

2.4 The concept of the ordered pseudo-solution

In connection with the Lawler-Bell algorithm it was mentioned that the order 
of variables is important. Although it would be possible to establish good rules 
fór ordering the variables, it is obvious that this is of little practical value because 
after fixing a few variables the problem has a substantially different form, fór 
which a different order of variables would be favourable. In other words a flexible 
enumeration algorithm is needed in which the next variable to be fixed may be 
chosen arbitrarily. In this way, the information gathered during the process of 
the algorithm may alsó be utilized in the further steps.

Let us consider an arbitrary set

ScP" = {x|xf£", € {0, 1} (j= 1,2,...,«)}

where En is the set of n-dimensional vectors. The set 5 is implicitly determined by 
equations, inequalities and logical conditions. In the next section we shall give a 
generál framework fór obtaining explicitly all elements of the set S.

The last section of Chapter 2 shows the application of the algorithm fór optimiza­
tion problems without determining all feasible Solutions, i.e. all elements of the 
set S.

Fór this purpose Balas’ pseudo-solution and its extensions will be introduced.
We shall give, however, the basic definitions in a substantially different form 

from that of Balas. One reá són is to get closer to the standard notation and con- 
cepts of set theory, the other is to obtain a clearer view of solution sets and opera­
tions on them.
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Definition 2.3: The set defined by the following expression is called the pseudo- 
solution :

Q = {x\x^IY', Xjl = 3^,..., xjk = 3jk},

where {j\,J2,--.,Jk}c{l,2,...,n}

is a given set of indices and 3^, . .., 3Jk are constants having one of the values 0 or 1.
The dimension is usually evident and therefore the term x £ Dn is often omitted. 

The dimension n is always the same as that of the examined set S.
If pseudo-solution Q contains only one element (all the variables have been 

fixed), then we do nőt distinguish the set Q from its single element. Therefore it is 
meaningful to State in this case, for example, that Q £ S instead of Q c S.

Example: Let
2 = {x । x £ D6, x2 = 1, x3 = 0, x5 = 1} 

in the space Ee and
6

S= {xix€D6, £ = 3}.
j=i

Then the elements of set Q are the following

(0,1,0,0, 1,0) (1,1,0,0,1,0)
(0,1,0,0,1,1) (1,1,0,0,1,1)
(0,1,0,1, 1,0) (1,1,0,1,1,0)
(0,1,0,1,1,1) (1,1,0,1,1,1)

and
2 n s = {(o,i,0,0,1,1), (0,1,0,1,1,0), (1,1,0,0, i,o)}.

The notation may be simplified by introducing the terms

i instead of xt = 1
i instead of xt = 0.

Example: Q = {x | x2 = 1, x3 = 0, x5 = 1} = {x | 2, 3, 5}.

It follows from the definition that the order of the terms has no importance in 
the pseudo-solution. The variables having a value in the pseudo-solution are called 
fixed, the others are called free variables. If there is no fixed variable in a pseudo- 
solution, then it is the set of all Solutions, i.e. all elements of D". If there are n fixed 
variables in a pseudo-solution of n dimensions, then this is a reál solution. If it is 
alsó an element of the examined set S, then it is called a feasible solution.

Note: The concept of the pseudo-solution is important because if a discrete 
optimization problem is restricted to a pseudo-solution, then a new problem is 
obtained which is of the same type as the original one. Namely, only the values of 
certain variables are fixed. Other types of solution sets do nőt have this very useful 
property.
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The following part of the present chapter may be omitted at first reading because 
it contains the precise mathematical concept of the ordered pseudo-solution and 
related functions. After this part a suggestive explanation of this notion will make 
the further parts understandable. Later on, a return to this precise mathematical 
description may be useful from several points of view. It is now suggested that 
reading be continued at the “Summary of the ordered pseudo-solution concept”.

To enable the concept of the pseudo-solution to be more fully understood and to make it 
more useful, we introduce the following definition:

Definition: 2.4: The generátor of the pseudo-solution

Q = {x | x € D", Xh = xlk = <y

is an ordered pair
G = GO = (.J, B), 

where
J = {/nÁ, • ■ •> A}

and B is a binary function on the set (1,2,..., n} furthermore

B(jr) = 8lr (r = 1, 2,.. ., k)

B(J) = 0 /€ {1,2,. . . ,n} -J .

It is easily seen that a pseudo-solution and its generátor uniquely determine each other.
Unfortunately the conjunction or disjunction of two pseudo-solutions are, in generál, no 

longer pseudo-solutions. In order to define substitutes for these notions, let us consider two 
arbitrary pseudo-solutions with the common fixed variables xlr,..., X/.:

Q, = {x | xD", x^ = ..., xh = 8lr,..., xh = ő/t}
g2 = {x I x 6 D", xir = ö'lr,.. ., X,, = 5;.,. .., x„ = ö^}

and their generators
Gy — (A* /h), G2 = (A’ ^2)

where
A = {/1, • • -Á- • • -A} A = {A, ■ • -A, ■ • -J,}

8^=8,

Let us define the following set of subscripts

/={A/€AnA, B^^B/j)},

and the binary functions
B(j) = B^B^j)

BM
b^J)

BU) =
if j € A n A 
if j í A
if /4A-
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Then we can introduce the conjunction, generalized conjunction, disjunction, and generalized 
disjunction, respectively, of two generators:

Gi A G, = (A ,A J2, B)
G, A G2 = (A A A ~ Á B)

if J = 0

G, U G2 = (J, U J2, 

WMA U J2

i)

- J, B).
if j=0

Let us denote by Q(G) the pseudo-solution corresponding to the generátor G.

Example 1: Q(G,) = {x | 1, 2, 3, 4}
C(G2) = {x| 3,4,5, 6}

Ö(Gi A GJ = C(Gi A G2) = {x | 3, 4}
Q(Gj V G2) = e(G2 U G2) = {x | 1, 2, 3, 4, 5, 6}

Example 2: Q(G3) = {x | 1, 3, 4}
C(G4)= {x| 3, 4, 5,6}

2(G3AG4) = {x| 3}
C(G3VG4) = {x| 1,3, 5, 6}

Lemma 2.3: 1° Q(G2 A Gj) 3 Q{G2) U g(G2), if j=0
2° Q(G2 A G2) Z> e(Gj) U Q(G2),
3° Q(Gt U G2) = A QCG^, if } = 0

where
4° G(G1VG2) = Ö(G1)Aö(G2)

G, = (A - j, B.) and G2 = (J, - Ibj.
Proof: Relations l°and 3° are special cases of relations 2°and 4°respectively, bút the former 

ones show the symmetricity of relations better.

2° As the relation is symmetric in Gt and G2, let us consider an arbitrary element x € Q(G,)> 
that is,

xh — • • •> ■ • •> = ölr.

According to the definition of function B(f)

B(j) = B^j) fór all 7 € A Jt — j dj1— Á,

that is, all the components fixed in pseudo-solution g(Gi A G.,) take the required values fór 
x € Q(G2 A GJ.

4° Let us suppose that an arbitrary element x € 0(0,) A Q(G2). 
According to the definition of function B(j)

= B^)

B(j) = B2(j)
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that is, variables x, take the right value fór

J £ (J1 — J) U (/2 — = A U J2 — /

and thus x € 2(G] V Gj . .
This proof can alsó be followed backwards, i.e. the relation

ö(Gi V G2) C 2(Gi) D

alsó holds, which completes the proof.

Note 1: It can easily be shown that the left hand sides of relations l°-4° are, in generál, the 
smallest pseudo-solutions satisfying these relations, i.e. any further variable fixing makes the 
relations invalid.

Note 2: Similar relations hold true fór any number of pseudo-solutions.
Note 3: These relations may be used together with relaxation procedures or simply when a 

solution set is already decomposed intő many pseudo-solutions.
Note 4: The relation 2°remains true if the ~ is deleted from the right hand side as QfGJ zd 

3 2(Gj) and G(G2) => 2(G,).
We can express alsó the difference of two pseudo-solutions as the disjunction of pseudo- 

solutions. Using the notation Qv ö2 an^ / introduced above.

2i ~ Ö2 = 2i if J 0 

and
2i- 22 =U* Qi if (2-14)

t=i

where
Qt = {x | x € O", xh = Ó4,..., xlr = áír, xh+i = 1 — 3,,+J .

In what follows we shall need a refining partial ordering among the pseudo-solutions formed 
by the algorithm. Fór this purpose we introduce

Definition 2.5: The ordered triple
$ = (/, B, P) (2.15)

is called ordered pseudo-solution, where
(J, B) = G (2.16)

is the generátor of a pseudo-solution, (see Definition 2.4) and P is a mapping of the set

J = {Á,/2, . . .,/*} intő the set I, = {1, 2........k}, that is,

{P(jJ, P(J^ • ■ - PM} = {1. 2, • (2.17)

The unordered pseudo-solution corresponding to the ordered pseudo-solution, defined 
above, is obviously

U(4>) = 2(G),

that is, the pseudo-solution the generátor of which is (J, B). The ordered pseudo-solution will 
often be denoted in a more expressive way

(x,t = á/p Xh = 8h........Xh = 8lt), (2.18) 
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from which the defining triple (2.15) may easily be determined:

J = {hJ^ ■ ■ -Jk}

B(j,) = ö,r (r = 1, 2,..., k) (2.19)
P(jd = r (r = 1, 2,..k).

Example: </>! = (x2 = 1, Xj = 0, x, = I)
^2 = (*5 = 1, X2 = 1, Xj = 0),

then obviously 0, / <j>2, bút = t/(^2) because considering the corresponding triples

Ji = J2, Bí — B2, Pi P2 •

If an ordered pseudo-solution is given in the form of (2.15) then form (2.18) may alsó be 
obtained because J is the set of subscripts of fixed variables, function B determines the fixing 
values, and the mapping P provides the order of fixing terms.

A short notation may be used even without parentheses (only for the ordered pseudo- 
solution !).

Example: 4> = (x, = 1, xt = 0, x, = 0) = (3, 5, 2) = 3 52.
Sometimes, because we want to prevent the forming of certain ordered pseudo-solutions 

as the enumeration algorithm proceeds, we introduce the notion of tied variables.
Now let us introduce an additional binary function T(j)(J£ J) which may take only the 

values 0 or 1. It is called a tying function assigned to the ordered pseudo-solution

x,t = 8^, ..., x/t = ö,^
where J is the set of fixed variables

= - • -Jk} •

If
T(jd = 1 ,

then variable x,r is called a tied variable. This means that ordered pseudo-solutions of the form

<A' = • • •> x^ = őlr_v xlr = 1 - 6tr,...)

are excluded from the algorithm.
This tying function and the tying of variables in generál, will have an important role in 

the enumeration of algorithms. (See the examples and the explanation below.)
In hand calculations the tying of a variable will be denoted by underlining the correspond­

ing variable fixing.

Summary of the concept of an ordered pseudo-solution

Let us consider a pseudo-solution

6 = {x | Xj, = őy,, .. . , xJk = SJk} .

If we wish to emphasize the order of fixing of variables, then we use the so-called 
ordered pseudo-solution

xJk = öJk), 
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which means that the above pseudo-solution Q is used with the additional informa- 
tion that the variables have been fixed in the order xh, xjt,.. xjk. In other words, 
an ordered pseudo-solution consists of a pseudo-solution plus the order of fixing 
terms. If we wish to disregard the ordering, i.e. to obtain the solution set of an 
ordered pseudo-solution, then we use the letter U (“unordering”). In the above case

U&) = Q.

Example: Obviously the ordered pseudo-solutions

= fa = 0, x3 = 1, x7 = 1)
02 = fa = h *i = °> *3 = 1)

are different because the orders of variable fixings are nőt the same even though 
the corresponding solution sets are identical, that is,

0! * ^2> but W = ^(^2)*

The concept of an ordered pseudo-solution has been introduced in order to 
construct a framework fór discrete programming algorithms especially of enumera­
tion type. An ordered pseudo-solution describes a solution set (the corresponding 
pseudo-solution) and carries the state of the enumeration as an additional item of 
information. Fór this purpose, however, another notion should alsó be introduced. 
A variable fixing term xjr = in an ordered pseudo-solution

= (xJi = ’ xir-i = Xjr = ’ • •»x'k ~

is called tied if the fixing xJr = öjr must nőt be deleted or altered until at least one 
of the preceding fixings xh = ÖÁ,..., xjr_t = öJr_, is deleted or altered. The 
variable xJr is alsó called a tied variable in the pseudo-solution In our short 
notation the tying will be denoted by underlining the fixing term.

Example 1: = fa = 0, x3 = 1, x5 = 0) •

This tying indicates that if x4 = 0 and x3 = 1, then variable x5 must take on the 
value 0.

Example 2: </> = fa = F *2 = 0, x7 = 1, x9 = 0, x3 = 1).

These tyings show that x3 must take on the value 1 unconditionally, furthermore if 
x2 = 0 and x, = 1, then variables x9 and x3 must take on the values 0 and 1, 
respectively.

There may be two different reasons fór tying a variable. One of them, as we have 
mentioned, is that the opposite value of the variable cannot result in a feasible 
solution (a point of the set 5); the other is that the opposite value has already been 
examined under the restrictions of the preceding terms. Examining the relations 
of ordered pseudo-solutions we introduce.

47



Definition 2.6: An ordered pseudo-solution <^2 is called a descendant of pseudo- 
solution </>x if ^>2 can be obtained from simply by adding new fixing terms to it. 
Then is called the predecessor of <^2- If only one term is added then they are called 
immediate descendant and predecessor, respectively.

Definition 2.7: 02, a descendant of the ordered pseudo-solution <f)1 is called a conse­
quence of related to the set S, if

n s = u&j n s. (2.20)

If </>2 is an immediate descendant of </q and relation (2.20) holds, then cf>2 is called 
the immediate consequence of fa related to the set S.

If it is nőt misleading, the words “related to the set S” will be omitted.

Example: Let
3 8

S={x|x€D8, X Xj á 1, 
j=l 7=6

= (8,3),

then obviously

</>2 = (8,3, 6, 7, T, 2)

is a consequence of thus the form

fa = (8,3, 6, 7,I,2)

is completely correct.
In order to simplify the notation, the terms of the pseudo-solutions will often 

be denoted by greek letters, that is,

2i = {x | xh = 5h,..., xjk = 8jk} 
is substituted by

2i = {x | , a*} .

Lines under the terms are used to tie the term as before, and lines over the term 
for changing the term to the opposite variable fixing.

Examples: x5 = 0, ax: x5 = 1
a2: 3 a2: 3

2.5 Skeleton of enumeration algorithms

A generál algorithm will now be given which includes most of the enumeration 
algorithms if the extensions of Chapter 3 are alsó considered. The algorithm is 
rather a skeleton, which may be “dressed” in many different ways and thus many 
known and newly developed algorithms may be obtained. The algorithm is based 
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on the backtracking procedure of Walker (1960), and the papers of Balas (1965), 
and of Glover (1965). It will be presented first fór the case of 0-1 pure integer 
programming and fór single branch enumeration algorithms. In a later chapter it 
will be shown how it may be extended fór generál integer programming problems 
and how the multi-branch algorithms may be included in this framework.

Fór the sake of simplicity, first of all we shall determine explicitly all elements 
of an implicitly given discrete set S C 2)". S is determined by equations, inequali­
ties, logical conditions, etc. It should be noted, however, that in optimization 
problems the determination of all feasible Solutions will by no means be necessary 
— as will be illustrated later in the present chapter.

The pseudo-solution {x | x C Z>"} contains no fixed variable, therefore it may 
alsó be considered as an ordered pseudo-solution, (0), because no order should 
be imposed on the set J = 0.

Let us consider the set X determined by the following algorithm (it is always 
continued at the next step unless otherwise noted):

Step 1: (f) = (0); X = 0-
Step 2: The present ordered pseudo-solution <£ is substituted by an immediate 

consequence of related to the set S, tying (underlining) the last, newly added 
term. The result is denoted by </> and the process is repeated as many times as 
possible. If no more consequences can be found:

Step 3: Ifit can be shown that U(c/)) í) S = 0, then go to Step 5, otherwise:
Step 4: (a) If there are free variables in the present ordered pseudo-solution </>, 

then one of them is fixed (bút nőt tied) at value 0 or 1 and added to </> as a last 
term. The result is again denoted by </>. Go to Step 2.

(b) If there is no free variable in </>, then if U(<l>) C S, then X: = X U 
that is the new feasible solution is registered-f In all cases continue at 
the next step.

Step 5: If 4> contains no untied variables, the algorithm is terminated. Otherwise 
go to Step 6.

Step 6: (Backtracking) The last untied variable in the present ordered pseudo- 
solution is changed to its opposite value (from 0 to 1 or from 1 to 0) and tied. All 
the following terms are omitted. Go to Step 2.

It will be proven in Theorem 2.1 that at the end of the algorithm all elements of 
S are explicitly determined, that is S = X.

Note ad2: If somé of the consequences cannot be obtained by the applied criteria 
(tests) the algorithm works correctly, bút more steps are necessary.

Note ad 4a: The choice of free variable and its value is of basic importance, 
especially at the beginning. Therefore a measure of “goodness” of variables is 
used to accelerate the method (see Chapters 5, 6, 9, and 11).

t If all variables are fixed in </>, then £/(</>) consists of only one solution. In this case the 
set is considered identical with this single element.
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Note ad 4b: Using good criteria relatively few unnecessary trials of type {/(</>) c S 
is obtained. If the problem is

min/(x), 
xíS

and function/(x) may take only integer values, then after a new feasible solution 
x^S has been found, the so-called objective function constraint is corrected:

Ax) ~ 1 •

Thus we are interested only in the feasible Solutions better than the best one 
found so far.

Theorem 2.1: The above algorithm comes to an end after finite number of steps 
iwithout repetition of any pseudo-solutions and then S — X.

Proof: First of all we shall show that no pseudo-solution can occur twice 
throughout the algorithm, nőt even in the form of two different ordered pseudo- 
solutions.

Fór this purpose, let us take an arbitrary positive integer N and consider two 
different pseudo-solutions

öl {X j Áb &> • • • »
Ö2 = {x | Ti, y*..., y,}, 

which occurred in the first N steps of the algorithm in the form of ordered pseudo- 
solutions and let p~^q. Somé of the terms (f,..., Pp may be identical with 
?!>•••> Iqi hűt nőt all of them. In this case it can be uniquely determined which 
one of Qi and Q2 appeared first. This can be done in the following way:

Let us denote the subscript of the variable fixed first by fi. Then j\ £ fi and 
Á 6 f (where and J2 are the sets of subscripts of fixed variables in Qr and Q2 
respectively) because the omission of a term (carried out only in Step 6) is possible 
only if a previous fixed variable has been changed and fi is the first fixed variable. 
If = 1 - (where 5A and öA, are the values of variable xk in Qr and Q2 
respectively) then the order is obvious according to whether xA = 1 or xA = 0 came 
first in the algorithm. If both 2i and Q2 contain the same defining term aj: xA = 
= öA, then only the pseudo-solutions containing the term should be considered 
because after the first pseudo-solution with ax is generated, no more pseudo-solu­
tions with can be obtained according to the backtracking rule. In the branch 
defined by fi, the subscript of the variable fixed second plays the role of fi and 
the reasoning can be repeated word fór word. When continuing the process (as 
2i aQd 22 are nőt identical), the following cases may occur (supposing that the 
terms ax, a2,..., ar are identical in Qx and Q2 bút the next fixing term generated 
in this branch, ar+1, is nőt in both 2i and

(i) contains ar+1 and contains ar+1
(ii) Q2 contains a,+1 and contains ar+1
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(iii) Ql contains ar+1 and Q2 contains neither ar+1 nor ar+1
(iv) Q2 contains ar+1 and Qi contains neither ar+1 nor ár+1.

Cases Qx (iii) and (Q2 (iv) may occur only if Qi and Q2 respectively, contain no 
terms other than a15..., ar.

Obviously both and Q2 must occur in the branch defined by als a2,.. ., ar — 
and only here (see the ax branch above). Thus the next term determines the order 
uniquely. In cases (i) and (iv), Qx precedes g2; in cases (ii) and (iii), the opposite 
ordering occurs. This implies that if there was a pseudo-solution Qr in the form 
of two different ordered pseudo-solution fa and fa, then between them there is 
no other pseudo-solution Q2 in any ordered form. Bút fa and cannot follow 
each other directly as a consequence of the rules for forming ordered pseudo- 
solutions one after the other. At each step either a new term is added or one of 
the variables changes its value. The above reasoning is true for any positive integer 
N, therefore no repetition of ordered pseudo-solutions is possible, hence the algo­
rithm is always finite.

It remains to show that at the end of the algorithm all elements of S are found, 
that is, S = X XC S is obvious because of Step 4(b). To show, that X C S let 
us suppose indirectly that there is a vector x € S and x < X Let us denote by the 
ordered pseudo-solution generated by the algorithm with the following properties

1° x € W)
2° No fa is generated, such that

i € U(fa) C U(fa.

Such a $ certainly exists because x € U(fa) = D”. If the algorithm was terminated 
at fa then all of its terms are underlined (all the variables are tied) and we are at 
Step 5. Then we came from Step 3, where it turnéd out that

5 = 0

which is false.
If the algorithm was nőt terminated at 0, then variable xJk, fixed next in the 

algorithm, only took the opposite value Xjk = 1 — Xjk because of the property 
2°, that is, xjk is tied at this value as a consequence (which is again false - see 
Definition 2.6), of

i^){)S-{x\x^U(h xJk = 1 - xJk} nS/0

and this completes the proof.
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2.6 Application of enumeration algorithms to pure 0-1 problems

Now we shall solve a few problems on the basis of Section 2.5 using ad hoc 
tests. Systematic rules and tests, i.e. complete algorithms, will be presented in the 
subsequent chapters.

Example 1: As a first exercise, just to see how the backtracking procedure works, 
let = Z)3, all vectors of 0-1 components in the three-dimensional Euclidean 
space. Let us give all elements of by the procedure described in Section 2.5. 
Now we have to give a rule fór the free choice of Step 4(a). Fór simplicity we shall 
always choose the free variable of lowest subscript and assign the value 1 at first. 
(If we had had an objective function, then we might have used different rules as 
in later examples.)

Now the algorithm provides the steps given in Table 2.2.

Example 2: Let us determine explicitly the set S2 a Z)8 defined by the follow­
ing constraints

*1 + X2 + X3 X4 + X5 + Xb (2.21)

XJ ~ xj+i = 1 =* Xj+2 = 0 (j = 1,..., 4) (2.22)

Xj ~ X)+l = 0 => Xy+2 =1 (J = 1, . . . , 4) (2.23)

^€{0,1} (j=l,...,6) (2.24)

TABLE 2.2

Pseudo- Solution
solution Xj xt x.

0
1
1 2
1 2 3
1 2 3

1 2
1 2 3

1 2 3
T

1 2
12 3
12 3
í 2 

12 3
12 3

1 1 1
1 1 0

1 0 1
1 0 0

0 1 1
0 1 o

0 0 1
0 0 0
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where the sign => means “implies”. The meaning of constraints (2.22) and (2.23) 
is, that no consecutive three variables should take identical values. This could 
have been expressed in algebraié form, i.e. in the space D* the set of constraints 
(2.22) is equivalent to following ones:

Xj + xj+1 + Xj+2 á 2 (j — 1,..., 4).

It will be clear however, that forms (2.22) and (2.23) will be more suitable for our 
approach than the algebraié formuládon. The first constraint can alsó be expressed 
in logical form. This means no restriction for the first three variables if they are 
chosen first. In which case as soon as the sum of fixed variables in the second three 
equals the sum of the first three variables, the remaining variables must take the 
value 0 (they are nőt only fixed bút alsó tied). In such a way, no point of the set 
ű8 — S2 will ever be generated. Table 2.3 contains the steps of the algorithm. 
If the new pseudo-solution is obtained from the old one by adding a new term 
(a new fixed variable), then there is no need to start a new row. The second column

TABLE 2.3

No. Pseudo- 
solution

*1

Feasible Solutions 
(points of set Ss)

x.

Tying of variables 
other than backtracking 

(constraint number)A, •^8 Xt xb

1 123456 1 1 0 1 1 0 3 : (22); 6 : (22), (21)

2 56 1 1 0 1 0 1

3 6 1 1 0 1 0 0

4 456 1 1 0 0 1 1 5 : (23)

5 6 1 1 0 0 1 0

6 23456 1 0 1 1 0 1 5 : (22)

7 6 1 0 1 0 1 1

8 456 1 0 1 0 1 1

9 6 1 0 1 0 1 0

10 56 1 0 1 0 1 1 6 : (23)

11 3456 1 0 0 1 0 0 4 : (23); 5 : (21); 6 : (21)

12 Í23456 0 1 1 0 1 1 4 : (22)

13 6 0 1 1 0 1 0

14 56 0 1 1 0 0 1 6 : (23)

15 3456 0 1 0 1 0 0 5 : (21); 6 : (21)

16 456 0 1 0 0 1 0 5 : (23); 6 : (21)

17 23456 0 0 1 1 0 0 3 : (23); 5 : (21), (23); 6 : (21)

18 456 0 0 1 0 1 0 6 : (21)

19 123456 0 0 1 0 0 1 6 : (23)
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contains the elements of set S2. The third column explains the tying of variables, 
if any, by giving the number of constraint set which made it necessary. As in the 
first example, in the case of free choice it is always the next free variable that is 
fixed at 1. For the sake of better arrangement in each row, the terms before the 
changing term are nőt written; they are identical to those of the previous row.

Example 3: The solution of this example will already show the reál merít of 
the enumeration algorithm. However, the rules are still ad hoc tests and special 
choices of the variables to be fixed next. Generally applicable enumeration algo­
rithms will be discussed in detail in further chapters. The problem is the following.

Minimize
8

z = £ xj (2.25)
7=1

on the domain 5 defined by the following constraints

Xi(xí + x2 + 5x3 + x^ + (1 - Xí)(3x5 + Xg + 6x7 + 4x8) 7 (2.26)

2xx + 4x2 + 2x3 + 4x4 + x5 + 5x6 + 3x7 + 2x8 9 (2.27)

xj E {0, 1} (j = 1, 2,..., 8) (2.28)

As we are now interested in the optimál solution of (2.25)-(2.28), as soon as a 
feasible solution of the problem is found then only those of better objective func-

TABLE 2.4

No. Pseudo-solution Feasible solution
( = 9 at start)

Notes 
(applied rules)Xj xt x0 xt *8

1 12345678 1111 0 0 0 0 4 c; a; b; (27)
2
3
4
5
6

1234
1234
1234
1234 
15678234 o o o o 1 1 1 0 3

b : (27)
b :(26); d 
b : (27); d 
b : (26); d 
c; a

7
8
9

10
11
12
13

1567
1567
15678
1567
15678
15678
15678

b : (29)
b : (29)
b : (29); d
b : (29)
b : (26); d 
b : (29); d 
b : (26); d
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TABLE 2.5

No. Pseudo-solution
Optimál Solutions Notes 

(applied rules)xt X3 Xi x8 X, *8

1
2
3
4
5
6
7
8
9

15678234
15678
15678
156782 
1567823 
15678'234
156782
1567823
15678234

0 0 0 0 1 1 1 0

d; b : (27), (30)
b : (27), (30)
b : (27), (30)
b : (27), (30)
d; b : (27), (30)
8 : d; b : (27), (30) 
b : (27), (30)
(27)

10 15678234 0 0 0 0 0 1 1 1 c; a

11 15678234 0 1 0 0 0 1 1 0

12 15678234 0 0 1 0 0 1 1 0

13
14

15678234

15678

0 0 0 1 0 1 1 0
d; b : (26)

15
16

15678234
1567823

0 1 0 0 0 0 1 . 1 8 : (26) 
b : (30)

17
18

15678234
15678

0 0 0 1 0 0 1 1 4 : (27) 
b : (26)

reason a new, so-called objective functiontion value will be searched. Fór this 
constraint is added to the problem

á z0 ~ 1 (2.29)

where z is the objective function value belonging to the best feasible solution 
found so far. At the beginning, if no feasible solution is known, then z0 - 1 must 
be an upper bound of the objective function on the domain S or D as 5 c D8. 
In our case z = 9 will be sufficient. On solving the problem we shall utihze our 
knowledge of the structure of the problem; the method can easily be extended 
and enriched fór other moderate sized problems. Table 2.4 contains the solution 
of the problem using the following ideas

(a) As the objective function is monotone increasing, as soon as constraints (2.26) 
and (2.27) are satisfied, the rest of the variables must take the value 0.

55



(b) If at least one of the constraints (including the objective function constraint) 
cannot be satisfied in the present pseudo-solution, then a backtracking step 
is performed.

(c) An endeavour is made to satisfy (2.26) first, secondly (2.27) - taking care 
of the objective function constraint (2.29) all the time. (In our simple case no 
more than z0 — 1 variables may be fixed at value 1.)

(d) If neither (2.26) nor (2.27) is yet satisfied and there is only one free variable 
having a positive coefficient in this constraint at this moment, then this 
variable must be fixed (and tied) at value 1 (it is underlined). The first fixed 
variable will be

If backtracking occurs because of point (b), the corresponding constraint num­
ber is alsó written in the “notes” column of Table 2.4. Similarly the use of the 
other points is indicated. The solution of the problem can easily be followed in 
the tableau.

If all optimál Solutions are needed, then there are two alternatives. If z0 — 1 is 
substituted by z0 in the objective function constraint (2.29), then we are always 
looking for the feasible Solutions nőt worse instead of the better than the best one 
found up to now. If alternative optima are needed after determining one optimál 
solution, then (2.29) is substituted by the following one

8
L = Z* (2.30)

where z* is the optimál objective function value. This is done in Table 2.5 with 
z* = 3.
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CHAPTER 3

BRANCH-AND-BOUND ALGORITHMS

3.1 Introduction

The principle of branch-and-bound was first used fór mixed integer programming 
bv Land and Dóig (1960). The first application of a branch-and-bound method 
£appeared in the paper of LitUe et. al. O963>.Tb™k 

demonstrated the flexibility of the method. Smce then many practical and he- 
oretical papers have appeared on the subject. Good surveys have been written 
bv Lawler and Wood (1966) and Balinski (1970). The next two sections of this 

u . . tl Thrincinlp and a peneral framework of branch-and-boundchapter contain the principle ana a gcu^
algorithms After this, a detailed development is followed by the solution of the 
knapsack and travelling salesman problems. The linear mixed integer problem 
h solved by the Land and Dóig method. The last section contains further develop- 

“^br^cb^ principle itself is a quite simple bút nevertheless very 

usrful tool fór solving discrete problems. The efficiency of this type of algorithm 
laredv depends on the details, especially on the calculation of the lower and upper 
bounds on the separation of sets and, finally, on-the different choice rules used 
fór detérmining the next solution set to be considered and the next variable to 

bTfficie°nt branch-and-bound algorithms strongly utilize the structure of the 
problem which means that on the one hand it is nőt possible to design generál 
propiem wm other hand the special structure of certam

followed - thus large problems containing difficult logical

conditions can alsó be solved.

3.2 The branch-and-bound principle

1 . C „ dímensional Euclidean space E" and a reál func- 
^Xfof n variables, which is bounded from below on the set So. Consider the 

following problem
min {/(x) | x € • (3.1)

■ Qt nrpsent on set Sn nor on function f(x). In this 
No further restrictions are imp be solve prob|ems of jjscrete
book the branch-an - °un . yer be used to soive problems of other types, 
programming; the pnncip nrobiems The branch-and-bound principle may be 
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let us suppose that we have a method for obtaining a lower bound, HSJ of the 
function/(v) on any subset c So, that is,

K < L(S,) /(x) for any x^S, (3.2)

as the function f(x) is bounded from below on the set So. Sometimes a similar 
upper bound, U(Sj) may alsó be used.

00 ^/(x) for any x^. (3.3)

As^the function is nőt supposed as being bounded from above, the upper bound 
function may be infinite on somé subsets. For the time being only the lower bound 
£(5,) will be used. With regard to its reál calculation, see the notes at the end of 
the present section and the solution of problems in the following sections.

In addition, a decomposition rule S is given which divides any set St a S intő 
a finite number of subsets. These subsets are preferably — bút nőt necessarily - 
disjunctive sets. The decomposition rule most be closely related to the calculation 
of the lower bounds in order to separate the good Solutions from those having 
high objective function values. In other words the way of lower bound calculations 
and the decomposition rule are to be determined together and the efficiency of 
the algorithms is largely dependent on them.

Now, the branch-and-bound principle may be described as follows. Let us 
divide the domain of optimization, using the decomposition rule S 

where /(l) contains a finite number of subscripts, say

Z(l) = {1, 2,..., rj. (3.5)

Then the lower bound of function/(x) is determined on each of these subsets: 
L(S^ G = 1,2,..., r^. Now the set itself may be discarded as it is substituted 
by the sets St, i £ Z(l).

After the £th subdivision, the subscript of sets to be considered will be denoted 
by J(k). Now

J(l) = {1,2,...,^}

because of equations (3.4) and (3.5). The best one of the active (nőt yet discarded) 
sets is now determined, according to its lower bounds

^(^(2)) = min (L(Si) | i £ J(l)} .

This set, 5^2)1 is again subdivided intő subsets by rule Q

^(2) = U Sf.

t *(2) is used as a subscript because, »(1) = 0 is considered as the first (obligatory) choice. 
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The set is substituted by its subsets therefore the subscripts of active sets after 
the second division

J(2) = J(D U /(2) - {v(D} 

and the process is continued, by determining the set 

Sv(3) : L(SV^ = min | i £ J(2)}.

When the lower bound of a set S, is determined, an attempt is made either to
obtain the solution of the subproblem

min {/(x) | x € Sj = /(x') (3-6)

or to show that subset $ = 0. If either of them is successful, then subset S, will 
never be divided again. If S, = 0, then its subscript may obviously be omitted 
from the present set J(k) and thus from any further consideration. If the optimum 
on subset x' is determined, and the set S, is the set to be subdivided at any 
time (i e it has the lowest lower bound among those of the active sets), then this 
is an indication of the fact that the optimum of the original problem (3.1) is x, 
as will be shown later. Now a generál framework of the branch-and-boundalgo- 
rithms may be given for solving (3.1). Consider any decomposition rule 6 de­
scribed above and any method for determining lower bounds Láthat satisfies 
inequality (3.2). Suppose that during this calculation sometimes Si = 0 is recogmzed 

and sometimes (3.6) is solved.

Notation

subscripts of new sets emerging at branching (decomposition) k ‘ 
subscripts of active sets after branching k (these are the only ones to

x 
z
k* 
Ek 
Pk 
Gk

= /(i) (=+coifno

besSÍbleTolution found so far (optimál solution at the end)

. _ -t- uu h" feasible solution is found yet)
subscript of set S„ containing the best feasible solution found up to now. 
subscripts of solution sets found tő be empty
subscripts of solution sets for which the problem is exactly solved 
subscripts of solution sets that may be omitted because of the new 
feasible solution just found. (Objective function constraint.)

I <4,0 mav be summanzed in the following steps.With the notation above, the algoritnm may °. *
nn me noidU in this book if the jumping condition is nőt(In the description of any algorithm in this no j p 6

satisfied, automatically the following step or substep taken.)

Step 1: Let 7(0) - - 0, 1 L

(a) If \ = 0 go to 1 ' „ p x. ;s determined, then let x =
(b) Ifthe optimum oi problem P-kb

= 1, f « J%x°) and go to Step 9.
r,
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Step 2: Using rule 6 determine

Svík)= S,> = + + (3-7)

Step 3: Form the following sets
= 0 Iz £ 7(£), Sj = 0} (if discovered)

Pk — {i | i € I{k\ (3.6) is solved fór SJ .

Step 4: If Pk 0, then let
= min {/(x;) | i £ pk}

and go to Step 5, otherwise Fk = Gk = 0 and go to Step 6.

Step 5. If f(x ) z, then Fk = Pk, Gk — 0 and go to Step 6, otherwise let 
x = s = f{^ Fk = p* = jW Form the

Gk = {i | i £ J(k - 1) U I(k) — Ek — Pk, L(S,) £ z} (3.8)
and go to the next step.

Step 6: Let J(k) = J(k - 1) U I(k) - Ek - Fk - Gk - {>(*)}.
If J(k) = 0 then go to Step 7, otherwise determine

•^'(*^v(*+i)) = min {L{S^ | i £ J{E)} . q

Increase k by 1. If £(5^) < z, then go to Step 2, otherwise go to Step 9.

Step 7: If &* = — 1 gO to Step 8, otherwise go to Step 9.

Stepi: No solution of (3.1). Stop.

Step 9: Optimál solution of (3.1) is x £ Sk, with objective function value z. Stop.

Until now we have nőt supposed that (3.1) is a discrete problem. To ensure finite- 
ness of the algorithm we have to give somé further conditions. Fór the sake of 
simphcity, at present we shall discuss only the discrete problems of finite elements. 
Fór problems of other types see the notes at the end of this section. The following 
two assumptions are obviously sufficient.

(Al) contains a finite number of elements.
(A2) The decomposition rule 6 divides any nonempty set 5, c intő at least 

two nonempty subsets if set St contains at least two elements, and gives an 
indication of indivisibility if it contains a single element.

Under Assumptions (Al) and (A2) the finiteness of the algorithm would be very 
easy. However Assumption (A2) seems to be very strong and impractical because 
in most cases, the sets St are implicitly given, i.e. they are determined by algebraié 
and logical conditions. Therefore it is usually difficult to determine whether a set 
. z is empty or nőt. Fór this reason Assumption (A2) is substituted by the follow­
ing one:

(A3) We are given a finite set To The decomposition rule 6 is defined on 
the set To in such a way that it divides any nonempty set T, c To intő at
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least two nonempty subsets if set Tt contains at least two elements, and 
gives an indication of indivisibility if it contains a single element. Then
the sets Sk are defined by

Sk = Tk fi So (3.10)

and whenever a set St is to be divided then the corresponding Tt is to be 
decomposed and the subsets Tk define the new set Sk of the algorithm by 
expression (3.10).

Example: Consider the set
S0 = {X\X^En, Ax b, Xj €{0,1} (j = 1,2,...,»)} 

where A is an m x n mátrix and b is a vector of m components. Then let

To = {x|x€£", ^€{0,1} U = l,2,...,n)}

andlf = Xj = öj fór all j£M(k)}

where the numbers ö, are given constants (either 0 or 1) and the set W) is the 
set of fixed variables. Then the subsets of Tk may be defined fór example as

Tk+Í = {x\x^Tk, xr = Q}

Tk+2 = {x | x € n, xr = 1}

where r 4 Mik) In other words, one of the free variables takes on its permitted 
, i J Thp variable that is to be fixed, is determined accordmg to thedifferent values. Iné variamé inat is w

constraints and the objective function of the problem. This method will often 

^It'Íeasily seen that rules (Al) and (A3) ensure the finiteness of the algorithm 
because we can return to Step 2 at most |T0| times, where |T0| is the cardinahty 

of set TThe correctness of the algorithm is stated in the following

Theorem 3.1: If the above algorithm fór problem (3.1) termetes in a finite 
number of steps (which may be guaranted, e.g. by Assumptions (Al) and (A3) fór 

discrete problems) then
1° Step 3 may be reached only if there is no solution of (3.1)
2° Otherwise x is an optimál solution of (3.1) with objective function value z. 

Proof: First of all, it will be proved that after branching k the unión of active

sets
ö(k) = U Sr 

ríJW
(3.11)

, * „ ontimal solution of (3.1) if x, the best solution found up
to nXTXe'o^ We shall show this by taduction. Onee an optimál sóin- 
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tion is found, it is obviously never discarded. Therefore, in our inductive assump- 
tion we suppose that for an optimál solution x

x € Q(k - 1) = u Sr

bút no optimál solution is found yet, that is,

4x) </(x)
where x is the best solution found up to now. Now, let us consider the definition 
oi the set given in Step 6 of the algorithm.

U sr = U s, 
where

J = J(k - 1) U W) - {vik)} 
and

U S, = 0.
r^Ek

The set Fk is defined in Steps 4 and 5, respectively, from the set Pk. All the sets 
r j are discarded onIyif they contain no better solution, than the best one 
iound till now, i.e. they contain no optimál solution.

In the opposite case the sets Sr (r £ may or may nőt contain an optimál 
solution, bút in either case one of the best Solutions in these sets is saved, if it is 
better than x, the best solution found so far according to Steps 4 and 5. Similarly, 
the sets S (r GJ may be left out of further consideration as they cannot contain 
a better feasible solution than i. In other words, at least one optimál solution is 
still in the set Q(k), or x is already optimál.

Secondly, if the algorithm terminates with a best feasible solution x, it is an 
optimál solution of problem (3.1). Namely, suppose that branching k was the last 
one. There are two ways to get to Step 9. If J(k) = 0 in Step 6 and k* - 1, 
then it indicates that there is no better solution than x because all the solution 
sets have already been eliminated. The same is true if the minimum in expression 
(3.9) is F

min {L(S^ | i £ J(k)} £ z. (3.12)

The above reasoning alsó implies that Step 8 may be reached only if there is no 
teasible solution of the problem.

3.3 Problem solving by the branch-and-bound principle

In the previous section the branch-and-bound principle was introduced and a 
generál framework was given for this type of algorithm. The purpose of this section 
is to demonstrate the use of this method in more detail.
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First of all the decomposition rule and the computation of bounds must be 
given. They must be fitted to the type of problem they are used fór. The advantage 
of this approach is that the special structure of the problem may be highly utilized 
admitting problems of large size. On the other hand there is little hope of generál 
purpose algorithms fór problems which are of really large size, say fór those of 
several thousands of variables.

Let us try to compare two pairs of decomposition rules and bound computa- 
tions (61( LJ and L^). Fór the sake of simplicity, suppose that a set is always 
divided intő two disjunctive subsets. Let us consider a set Sk and its subdivision 
by the two different rules

Sk = Sk+i U Sk+2 = ^* + 2 U ^*+2 •

If
|5^ + 1| < |^+il

and
L^S^a) - L^Sl+J > £2(^+2) L2(Sk+1) > 0,

then the rule (Sí, Lj) seems to be better.
On the one hand, the set of “better Solutions is smaller and thus provides a 

smaller set fór further search, on the other hand, the distance between the two 
sets - according two their lower bound’s - is bigger in division 1. The latter 
makes more likely the fact that the worse set will never have to be considered agam 
fór further division. , r, , , . ,

The above reasoning is true, however, only if both lower bound computations 
have the same order of accuracy, which may be measured by the difference be­
tween the reál minimum of the set in question and the lower bound.

There are two opposing requirements fór the calculation of lower bounds. 
Because it is used a great many times it must take a short time. On the other hand 
it must be accurate in the above sense in order to guide the algorithm in a good 
direction. A compromise must be found when the actual computer program is 
developed In most cases, a good and fást lower bound calculation can be obtained 
by solving a relaxed problem, i.e. a problem havmg a comparatively large bút 
nonetheless simple kind of domain. Fór example, somé of the rés tnctions are omitted 
or several inequalities are substituted by their nonnegative linear combination, 
etc. This problem is of great importance and will be discussed later in more detail.

The next question is how to solve the subproblems

min /(x). 
xiSi

(3.13)

This task seems to be similar to the original problem (3.1), bút the set S, may be 
very different from So. Fór example if S, contains only a single element then it 
is Xo the optimál solution of S,. It is alsó possible that set S, contains on y a few 
free variables because most of the original variables already have fixed values, or 
the structure of set S, may be simple. When constructing the algorithm, this point 
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of view is to be taken intő account. If (3.13) is still too complicated, then only 
the lower bound L(St) is calculated.

Similarly an effort is made to show that S/ = 0, as many times as possible, 
taking intő account the time necessary fór these calculations. This problem has 
already been mentioned in Chapter 2 when we wished to determine explicitly the 
elements of implicitly given sets. Different tests are used fór this purpose. They 
will be discussed in more detail in Chapter 5.

Sometimes the exact optimál solution is nőt necessary, only a solution of the 
objective function which is nőt further from the optimum than a > 0. This is 
called the s-optimal solution. The only change to be made in the algorithm is 
that each time a new (and better) feasible solution x is found the value of the new 
objective function bound is

z=/(x)-s (3.14)

instead of/(x). If s is nőt too small this may speed up the procedure.
Besides the lower bounds, sometimes upper bounds may be used fór two different 

purposes. First of all, if it turns out fór any set S) that

US,) > U^)

where
t/^) £ min /(x)

then obviously S, = 0. Secondly if S, 0, then the sets Sk fór which

L(Sk) > U^S,) 
may be discarded.

Alternative optima may be computed by searching all sets having the same 
lower bounds as the optimum of the problem.

If a computer run is terminated before the end, an estimádon of the optimum 
and usually somé good feasible Solutions are available, bút fór this purpose somé 
modifications will be necessary.

It should be noted that since the memory requirement of this method is usually 
excessive, combination with other methods, such as with single branch enumera- 
tions, is advisable. This will be discussed later.

In the following sections we shall use the branch-and-bound principle fór 
different kinds of discrete programming problems.

The present section will probably be clearer after reading the whole chapter, 
because its ideas will be discussed in more detail at different problems.

3.4 Solution of the knapsack problem

Now, the knapsack problem (described in Chapter 1) will be solved by a branch- 
and-bound method. The problem is formulated as follows
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(max) z = X cixi 
7=1

X afr K 
j=i
Xjt&l} U = L2, ...,n)

(3.15)

where K > 0, Cj > 0, aj > 
are already preordered

0 are given integers. It is supposed that the variables

Cl > > cn
a^ a^,

(3.16)

To apply the branch-and-bound principle a decomposition rule & and a method 
fór calculating the upper bounds U(S,), should be given. (As our problem is a 
maximization instead of a minimization, the lower bounds should be substituted 
by upper bounds.)

The algorithm will be described in a very simple form. Now the set of feasible 
Solutions is

So = {x | x g t aJxJ = K) ■

Finiteness is guaranteed by Assumption (Al) and (A3) of Section 3.2. The corre­
sponding sets: To = D", the setof all w-dimensional variables of 0-1 components; 
Tk is defined by fixing a free variable in one of the sets Tr, r < s, just as in the 
example following Assumption (A3). Thus the sets Sk are defined by equation 
(3.10). Namely,

Sj = {x | x € So, x± = 0} and S2 = {x | x £ So, = 1} .

Let us now consider an arbitrary set of this type

Sk = {x | x £ So, Xi = , xs = <5J (3.17)

where are given constants of value 0 or 1. (The set Sk is nothing bút
a pseudo-solution of problem (3.15), discussed in Chapter 2.)

The upper bound U(Sk) is given as the upper bound of the following problem
j n

(max) z = X CJÖJ + X CJXJ 
j = l J=s+1

X ajXj g K — X (3.18)
y=s+i J=1

€ {0, 1} (j = s+Ls + 2.........n)

defined by Lemma 1. 2
s q I s ’ 1 cTO - S +1* - aA - °J) • (119) 
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where the subscript q is determined by the following inequalities

í a^K- f ajöj< a,. (3.20)
;=s+i /=i j=s+i

Note: If the first of the inequalities (3.20) is satisfied as an equation, then the 
upper bound is the exact optimum of (3.18) and the corresponding optimál 
solution is

X,+1 = ... = Xq = 1 and x?+1 = ... = x„ = 0

according to Lemma 1.1.
For simplicity we shall use only two tests. If, in a set Sk, defined by (3.17)

aq>K-Yajöj, (q>s), (3.21)
;=i

then before calculating U(Sk), Sk is substituted by

Sk = {x | x € So, xk = ölt..., x, = xq = 0 for q £ Q]

because obviously Sk - Sk = 0. If Q = {s + I, s + 2,..., n}, then S'k contains 
only one feasible solution, which is the optimál solution in Sk as well (Test TI).

If, in a set Sk, defined by (3.17)

É aj^K - Y ajőj, (3.22)
j=s+l j=l

then obviously the optimál solution of (3.18) is

xs+i = xs+2 = ... = x„ = 1

thus the upper bound of this set will be attained (Test T2).
The procedure described in Section 3.2 can be applied with almost no change. 

Instead of the minimum of lower bounds we have to determine the maximum of 
upper bounds in each iteration.

Let us now solve the following numerical example:

(max) z = 30xj + 19x2 + 13x3 + 38x4 + 20xs + 6xe + 8x7 4- 19x8 4- 10xfl + llx10

15xi 4" 12x2 4" 9x3 + 27x4 + 15x$ + 5x6 4- 8x7 4~ 20x8 4* 12x8 4*
4- 15x10 62

^,€{0,1} 0= 1,2,..., 10).

As all the coefficients are positive integers and the variables are already in the 
required order (3.16) no change in the problem is necessary.

The process of solution may be followed in Figure 3.1. The circles represent 
solution sets of type (3.17). Inside the circle the subscript of the newly fixed variable 
can be found with or without a bar depending on whether its value is 0 or 1. The 
upper bound of the set is written beside each circle, unless further variables are
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Fig. 3.1.

calculated only afterbounds areor T2. In this case, the upper _ -
horizontal line after any solution set Sk means that no more 

Thk mav happen m the following three cases: branching is possible or necessary. This may napp

fixed by test TI 
this fixing. The

1. The solution set Sk contains only a single feasible solution.
2. The solution set Sk contains no feasible solution. (3.23)
3. One of the best feasible Solutions of set Sk is known.

. 1 1 will occur regularly, and sometimes Case
In our simple proce Fof ’more compiicated problems we shall try to
XÍTgoXs supplyingCases 1-3 as many limes as possible withoutan exeessive 

amount of computation.
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Now we can use the procedure of Section 3.2 with the following simplifications: 
Ek is never formed. The decomposition rule is to fix the free variable of smallest 
subscript at the value 0 or 1, thus rk = + 2 fór k = 1, 2,...; Pk = 0 only
if, in one of the new solution sets, all variables are fixed or condition (3.22) is 
satisfied. (The latter does nőt happen in our example.)

In our example, the algorithm is proceeded with as follows

n
So = {x I X e D", £ ajXj g k}.

7 = 1

Step 1: 7(0) = 0, v(l) = 0, k = 1, z = + oo, r4 = 0, k* = - 1 ;
Step 2: So = SjU S2

Sr = {x | x g 50, xx = 0}, S = {x | x € So, ^ = 1}; 
Step 6: 7(1) = {1,2}.

' 14
17(50 = 19 + 13 + 38 + — x 20 = 88

17(50 — 30 + 19 + 13 + x 38 =98

U{S^ = max {17(50, U(S2)} = 17(50, v(2) = 2, k = 2;
Step 2 : 52 = 53 U 54

53={x|x£S2, x2 = 0}, 54 = {x|x£52, x2=l};
Step 6: 7(2) = {1, 3, 4}

U(SJ = 95, U(S^ = 98
max {U(S^, U(S3), 17(50} = U^, v(3) = 4, k = 3 ;

Step 2: 54 = 5S (J 56
53 = {x|x€54, x3 = 0}, 56 = {x|x€54, x3 = 1} = 

= {x I X £ 56, x4 = 0} 
(Applying Test TI);

Step 6: 7(3) = {1, 3, 5, 6}
U5 = = 97 U, = 17(50 = 94
max {U, | i € 7(3)} = U5 v(4) =5, k = 4;

Step 2: 55 = 57 U 58
5, » {x | x € 5S, x4 = 0} 58 = {x | x C 5S, x4 = 1} =

= {x | x C 58, x; = 0 fór j = 5, 8, 9, 10} (Test TI) ;
Step 6: 7(4) = {1, 3, 6, 7, 8} (77 = 89 U8 = 96

max {Ut | i £ 7(4)} = Us v(5) = 8, k = 5 ;
Step 2: 58 = 59 U 510

59 = {x | x € 58, x# = 0, x7 = 1} (Test T2)
S10 = {x I X € 56, x6 =1, X, = 0} (Test TI);
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Step 3: P5 = {9, 10} ;
Step 4: max {/(x9),/^10)} =/(x9) = 95

x9 = (1, 1,0, 1,0, 1,0,0, 0,0);
Step 5: x = x9, 2 = 95, Fk = {10}, k* = 9;
Step 6: 7(5) = {1, 3, 6, 7, 8} U {9, 10} - {10} - {1, 3, 6, 7} - {8} = {9} .

max {U, | i € 7(5)} = U9 v(6) = 9, k = 6;

Step 7: v(6) = k* = 9;
Step 9: Optimál solution x9 = (1, h °> 1’ °> °> °) z = 95.

If alternatíva optima are required then, in forming the set G, (Step 5) set S, 
should be omitted only if ü® < Á °f “ for
determinmg alternative optima: After obtammg one optimál sóin ion the pro- 
eedure may be continued in solution sets S, t S W, with the aetual value of k at 
the end of the algorithm. In the present example .t would mean set S, only. It can 
easily be seen. on continuing the procedure, that set S, contams no opumal 

solution.

3 .5 Solution of the travelling salesman problem

In Charter 1 we have already given several mathematical formulatiort for the 
problem őf a travelling salesman who has to vistt a at.es and return to the start- 

ing point at mimmalcosh —
th^rtr was the tat suissful attempt to apply the branch-and-bound principle

»fthetot"p°si,%e'"Z8"5,by“ 
a tour W assigned to a permutation í C . the set of edges along the eor- 

responding cycle
TG?) = {O’i, '2)> ('2. hí)- • • • ’

where
P = (/v i2,

„ , _ c __ t travelling cost c.. from City i to City j, isAs in Models 2 and 3 of Chapter 1trave . g

supposed as being { ade onjy for simplicity.) Similarly as
tion does nőt restnct the generahty, it is mauc ,
before .... r. ;11 if City j is visited immediately after City i

Xy [0 otherwise.

The problem is the following 
n n 

(min) z = y, £ cilxV (3.24)
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on the set
= {x | x € D"\ 3 P € F : xi} = 1 o (i,j) £ T(P)}f (3.25) 

that is, only the vectors x C Dn are considered, in order to correspond to a single 
tour.

It is obvious that the conditions
n

X XU = 1
Z = 1

(j = 1, • • •,«) (3.26)

n 
X 

J=1
Xij = 1 (f = 1,... ,«) (3.27)

^€{0,1} (i,J = 1,2, ■ --,n) (3.28)
are satisfied fór any vector x £ So.

Although symmetricity = Cjt or the triangle inequality

ciJ + cjk = cik

may speed up the algorithm using special tests, fór the time being, we shall nőt 
use these assumptions and we can thus keep the discussion as simple and as generál 
as possible.

If we wish to use the branch-and-bound principle fór our problem, we have to 
give a decomposition rule fór subsets of the set of feasible Solutions, and a 
method fór obtaining good lower bounds of the objective function (3.24) of the 
subsets so determined.

The usual kind of decomposition will be applied fór a set Sp c So

SP = s; U s;

Sp = {x | x € Sp, xrs = 0]
S” = {x | x £ Sp, xrs = 1}

where x„ is a variable nőt yet fixed in set Sp.
It is obvious that set Sp contains subtantially fewer Solutions in generál, because 

the fixing xrs = 1 implies

xrJ = xti = 0 fór any j s and i r,
bút the fixing xrs = 0 usually has fewer consequences. The loop conditions 
(which exclude the existence of several loops) may sometimes change the picture, 
bút basically it remains the same. In other words, we have to strive to obtain 
better Solutions (smaller lower bounds) fór set S'p than fór Sp, having as large a 
diíference between the lower bounds as possible. Therefore, before giving a method 
fór determining the variable xrs on which we split, we have turn to the calculation 
of lower bounds.

After fixing any number of variables the structure of the problem does nőt 
change, only somé of the costs Cy are substituted by oo or somé of the rows and

1 The signs 3 and <=> stand fór “there exists’’ and “if and only if*’, respectively. 
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columns are deleted from mátrix C (as a consequence of a^fixing x„ = 1 fór 

example). the somion of the
as“£o^S

„óul? give a lower bound “

tl0“ f° ' ditio^GlSn then we would öblein the optimál solution of(3.24)13.25). 
H w^ 1 i S generál. On the other ha.d siuce iower bounds

° ,be calculated in each iteration of the algorithm, it must be srmple.
Tte mátrix reduction, used in the algorithm to solve an assignment problem, 

may be applied.
Lemma 3.1: An optimál Mn t ofO.2A-(3.2S> remamo optimál ifik, mátrix 

of the objective function coefjidente C is bünteti by matrtx C

c'^ = ctj - gt - hj (zj - l>2,...,n) (3.29)

where gt and h, are arbitrary integers.
.nr c K As x is an optimál solutionProof: Consider any vector x € *o- AS x p

É íCl^~ £

Using equations (3.26) and (3.27)

ti ti <c« - o- - ■ XXcA” X a' X h‘ 
i=lj=l n n

< y y c x — V ~ X CUXUá L .L w j=i i=u=i

which shows that x rema'n® °P*™ab caned mátrix reduction. It should be done 
The above »P«a“” ’h row and «ch °f C

in such a way tha c„Z 0, and llWÍ„n is possible by positive p, or It,.
at least one zero. In this case no turtner 
Obviously, „ „

I + & >: (3.30)

■ ■ t .„Rióm as the new objective function is always 
is a lower bound fór the o^g1™ P ’ . j objective function by precisely the 
nonnegative, and it is smaller than the őrig na j for
sum (3.30). Thus, throughout theXí variabies. Only a mátrix 
set c <- S” if S is obtained from Dy 11 e ,. . •redutonthXld'be performed branch on. Again,

Now we may lurn to determming ’"'afeasibl" solutioM as the sub-
it is sufficient to ao"510" * same form. Let US suppose that mátrix C
problems - obtained later - have the san
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ÍtS^^^ a 0 “d 'aCh r0W and e“h “"“i™ 
at teást one zero. The set So is decomposed intő disjoint subsets:

$o — U S2.
^i = {x|xC50, x„ = 0} and S2 = {x | x g x„ = 1}.

deletedtt a coTt0^”5 UnChanged exCePl that row r and column . are 
aeieted at a cost crs. The remaining rows and columns still contain onlv non- 
negative elements, thus the lower bound for set S2 is

^2) = crs (3.31)
(Sometimes further mátrix reduction may be possible after deleting row r and 

umn 5 In thjs case £(52) is increased by the sum of reductions.)
and an x - (3'26) (3’2?) there mUSt be an = 1 OV 5)
and an xís — 1 (z r), because x„ = 0. j )

Thus
^i) = min c ■ + min cit (3.32)

x ol*otive funaion' We sha" d,““e «“ variable
tor which the difference of these lower bounds is maximai:

max {£($0 - £(52)} . (3.33)

case ”°SÍd‘r P“r! f“ which c" - »■ •»=

L(S2) > 0 
the latter holds true because row r 
hand, if c„ = 0, then

= 0

and £(5J = 0

and column s contain a zero. On the other 

and £(SJ 0.
intoÍtfTaV^ a'S° “y 'a“r S°lu,ÍOn S-is ^composed
mio sets ör and ör+!, bút the mcrease of lower bounds L(S
- US,) should be consídered instead of the l„»e? bounds and 
specttvely. When their difference is formád the auper^^^X- 

x‘rd t33) ,ht,f°"°wing
maoe to determine the branchmg variable xrs

max (min c* + min c,).
(r,»)|c„-0 ,s'

If the examined set is nőt So, bút
(3.34)

^-{x|xe50, x,^ = ő2,... x,kjk = 4} ,

nf rule is basically the same’ but some changes may be necessarv 
First of all, it is possible that there are obligatory choices. For example Jf

x4 ~ ® j = 1, •.., v - 1, r+l,. ., n,
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then obviously 
xuv = 1

is necessary. The same is true for columns. Another kind of obligatory fixing 
arises after each fixing level 1, say x„ = 1. Then xsr must be 0. Furthermore, if 
the longest path in Sp containing the edge (r, s) consists of at least two and at 
most n — 2 edges, that is

x^k. = = xk,r = x„ = x,k^------ --- xk„_íku h 3

(no edge of form xlkl = 1 or xku] = 1), then to avoid a subtour, the fixing

xkpkl = 0
is necessary. These fixings may be performed after the branching or they may be 
taken intő account when searching for branching variable x„. Before applymg the 
algorithm of Section 3.2, mátrix C should be reduced. In each iteration m Step 6, 
before determining the lower bounds of the new sets, the above necessary fixings 
have to be performed in order to obtain more accurate lower bounds and to avoid 
useless branchmgs

A good survey of the different models and Solutions for the travelling salesman 
may be found in Bellmore and Nemhauser (1968). A further development resulted 
from Held and Karp (1971). They use minimum spanning trees to determine very 
good lower bounds.

Example: Solve the trav 
symmetric) cost mátrix
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Throughout the solution 
choices. To obtain the star 
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gk = 10, g2 = 7,
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W = í 9t + É Z = 56
i-1 7=1

21 5 13 0 2 7

9 17 0 5 0 0 2

31 0 22 51 17 22

0 5 18 35 20 10

13 7 29 0 15 7

5 7 0 15 8 10

C° min crJ + min c°ls is fór crs = 0
j\J*s i\i*r

The arising branches may be seen in Figure 3.2. Now we follow the steps of the 
generál branch-and-bound algorithm (described in section 3.2).

Fig. 3.2
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StepV. J(0) = 0, v(l) = O, k = 1, 2 = oo, r0 = 0, fc* = - 1.
Step 2: Using criterion (3.34), (r, s) = (3, 2), thus

So = Sí U S2
Sr = {x | x € So, x3>2 = °}> Sa={x|x€S0, x3,2 = 1}, A = {1, 2}’.

Mátrix C1 is obtained from C° by substituting c32 = oo, and reducing it.

16 5 13 0 2

17 0 5 0

14 5 34 0

0 0 18 35 20

13 2 29 0 15

5 2 0 15 8

The sum of reductions gives the lower bound increase 
W = L(S0) + 17 + 5 = 78.

Similarly mátrix C’ is obtained from C" by omitting row 3 andI column 2 To avoid 
No reduction is possible, thus L(ö2) = 50.
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Step 6: J(l) = {1,2}
min {L(St) | i € J(l)} = L^, v(2) = 2, k = 2.

Step 2: As before, the branching variable is determined from (3.34): 
(r^) = (4, 1)
$2 = *$3 U Sí x4>1 = 0 and 1 respectively.

Mátrix C3 is obtained from C2 by substituting c41 = oo, and reducing it:

L(S3) = L(SJ + 18 + 5 = 79.

In mátrix C4, x14 must be 0 (c{4 = oo) and row 4 and column 1 are deleted:
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To exclude subtours fór Se, x45 and x15 must be 0, that is, 4 = = oo. Deleting
row 5 and column 4, a reduction of 7 units is possible.

C6
L(S6) = + 7 = 63

Step 6: J(3) = {1,3,5, 6} 
min{L(W€A3)}= v(4) = 6, k = 4,
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Step 2: Se = S1 U S8 *33 = 0 and 1 respectively. 
L(S?) = L(Sg) + 6 = 69

Step 3: The only solution in S8 is obviously

^25 = ^«3 “

thus
X : {x32 = X41 = X54 = %16 = *25 = ^63 = 0 

z = 63, k* = 8.

Step 5: Fk = 0, Gk = {1,3, 5, 7}.
Step 6: J(k) = 8, v(5) = 8, k = 5.
Step 1: v(k) = k*. x is an optimál solution. Stop.

The optimál tour is
1, 6, 3, 2, 5, 4, 1.

3.6 The method of Land and Dóig fór the solution of mixed 
integer problems

The method presented here is based on the work of Land and Dóig (1960) which 
was actually the first paper applying the branch-and-bound principle.

Let us consider the following linear mixed integer programming problem:

(max) z = cTx + dTy (3.36)
Gx + Hy = b (3.37)

r £ x £ 0 (3.38)
y ^0 (3.39)

Xj € {0, 1, ..., rj} (j = 1, 2, .... nj. (3.40)

The matrices G and H of sizes (m x nj and (m x m2), respectively, are given, and 
the vectors r = (tj, ..., rni) 0 (integer), b, c, d of corresponding size are given. 
Let us suppose that the set defined by (3.36)-(3.39) is bounded. The set of vector 
pairs (x, y) satisfying the constraints (3.37)-(3.40), i.e. the set of feasible Solutions 
will be denoted by R. The set R' is obtained from the set R by omitting the 
integrality condition (3.40). The problems of maximizing the objective function 
(3.36) on the set R and R' are denoted by Fand F' respectively.

The following two lemmata will be needed in the algorithm.

Lemma 3.2: Let us consider a pair of vectors (x, y) and a subscript j fór which

(x, y) £ R' and Xj [x7].
Then the equations

{(x,y)£R'\Xj= [xt]}-0 (3.41)

{(x, y) £ R' ] Xj = &] + 1} = 0 (3.42)
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Proof: For simplicity let; = 1, that is, xx [xj. Let us suppose indirectly, that 
the assumptions (3.41) and (3.42) hold for j = 1, yet there exists a point (x, y) € R-

As the set R’ is convex and R' R,

(2x + (1 - A)x, 2y + (1 - W) ^R' forany 0 g A á 1.

It follows from the assumptions, that Xi is integer and thus either xx < [xx] or 
> [íj + 1. Bút then, there exists a 0 < A < 1 so that either

2^ + (1 — AJxi = [xi]

or AA + (1 - Ai)*i = 1

which contradicts assumptions (3.41) and (3.42), thus the lemma is proved.

Note: It follows from the proof that if only one of the conditions (3.41) and 
(3.42) is satisfied, then

= {(x, y) | (x, y) € R, xj g [xy]} = 0 

and r ~, rtR2 = {(x, y) | (x, y) £R,Xj^ [xj + 1} = 0 

respectively.

Lemma 3 3- Let (x, y) < R be an optimál solution of problem F'. Then let us 
consider a subscript j for which Xj * [x,]. Furthermore, let y and 5 be arbitrary 
positive integers in such a way that

y < Xj < o.

Notation

a' = max {z | (x, y) € R’> 

a" = max {z | (x, y) € R', 

P' = max {z | (x, y) € R', 

P" = max (z | (x, y) € R',

xj = 7}

Xj = <?} 

Xj g 7 - 1} 

Xj lg 5 + 1} .

Then, if the above assumptions hold, 

max {a', a"} max {P , P } . (3.44)

Proof: For simplicity, let j = 1, that is x, [xj- Instead of inequality (3.44) 

it is sufficient to see that
a P
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and a* P". (3.46)

In order to demonstrate inequality (3.45) let

a' = z(x', y'), (x', y') £ R' and x[ = y .

Furthermore, let us suppose indirectly, that there exists a pair of vectors (x, y) £ R' 
with xx 7 - 1, fór which

z(x', y') = a' < P' = z(x, y). (3.47)

As R c R' and the set R’ is convex,

(2x + (1 - 2)x, 2y + (1 — 2)y) 6 R' fór any 0 S 2 £ 1.

Then the inequalities xk < x[ < xx imply that there exists a 2' such that

x{ = 2'xx + (1 — 2')xx (0 < 2' < 1).

Now consider the following series of inequalities

z(x', y') 2'z(x, y) + (1 - 2')z(x, y) z(x, y)

which contradicts the indirect assumption (3.47). Inequality (3.46) may be shown 
in a similar way, thus the lemma is proved.

The method will be formulated in terms of the algorithm described in Section 
3.2. As the problem is maximization, upper bounds are used instead of lower 
bounds. Now we shall point out somé differences, furthermore, the way in which 
the sets Ek,Pk, etc. of the algorithm will be determined in the mixed integer case.

The continuous problem F', that is, (3.36)—(3.39), is solved first. Let us denote 
the optimum by (x, y). If all components of vector x are integer, then the discrete 
problem F is alsó solved. In the opposite case let us choose one of the noninteger 
components, say Xj / [x7], Then the following subsets of set R’ are formed:

R'k = {(x, y) | (x, y) € R', Xj = k} k = 1,2, ..., r,.

The maximization of function z is carried out, however, only on two sets having 
the subscripts kk = [x7] and k2 = [x7] + 1 respectively. The optimum of the other 
sets cannot be higher than the optimum of the sets Rki and Rki, according to Lemma 
3.3. Naturally, if the set Rkt(Rk,) is shown to be empty, then the sets Rk fór k < kk 
(fór k > k2) are alsó empty according to Lemma 3.2. On the other hand, if the 
set Rkl(Rk) is decomposed intő subsets, then the sets Rk fór k < kk fór (k < k^ 
should be implicitly bounded by determining

max {z | (x, y) 6 Áfci_x} and max {z | (x, y) £

respectively. The algorithm is carried out similarly if a solution set is examined in 
which somé variables are already fixed.
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Apart from these modifications, the basic idea of the algorithm remains the 
same as in Section 3.2. It is nőt a trivial matter, however, how these changes 
should be included, therefore the modified algorithm will be stated.

Besides that already used in Section 3.2 the following additional notation will be 
used:

the subscript of the variable used fór branching at iteration k (at the fcth 
decomposition)
the subscript of the immediate predecessor of set Sq

t(ű) set Sq is obtained from S^ by fixing variable x^
(x^, yp) is a continuous optimál solution of the problem of set Sp. (Integrality 

constraints are disregarded.):

ctxp + &TyP = max (crx + dry) 
(x,y)£Sp

í -1 if xt(9)á
[ 1 otherwise.

Step 1: Let J(0) = 0, v(l) = 0, k = 1, z = - k* = -1. Solve the problem 

max {z(x, y) | (x, y) € So}-

(a) If it has no solution, go to Step 8. . ,
(b) In the opposite case, let us denote an optimál solution of this problem by 

(x° y°). If x° has only integer components, then k* = 0, (x, y) — (x , y°), 
z = z(x, y), k = 0 and go to Step 9. Otherwise let q = 0 and:

where

and

with

Let

Step 2: Choose a noninteger component of x9, say x9^, and solve the problems 

max{z|(x,y)€5,+1} and max {z | (x, y)€ S,+a},

\+i = í(x> y) I <x> y)=

sq+i = {(x> y) I (x> y) £ x<9+2> =

^-1) = r(^+2) = X*)> ^4+1 = ö9 + z “ 1 = [*íW-

co(q + 1) = a>(q + 2) = v(k) 

+1)=—1, ^ + 2)=1.

The continuous optimál Solutions of these problems are denoted by (x^, 
?+í) and (x4+25 y«+2), respectively. Thus the corresponding upper bounds are: 

l7(S,+i) = z(x?+1, y’+1) U(Sq+á = zix9^, y,+2).
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Step 3: If q = 0, then let U(Sq+^ = — oo and go to Step 4.

(a) If q{y{k)) = -1, then let őq+3 = övW - 1, and rfá + 3) = -1. Fór 
= 0 let U{Sq+^ = — oo and go to Step 4, otherwise go to (c)

(b) If rMk)) = 1, then let ő?+3 = 8^, q(q + 3) = 1. Fór öq = rt(q) let 
U(Sq+3) = — oo and go to Step 4 otherwise go to (c)

(c) Solve the problem

’max {z | (x, y) £ Sq+3}

Sq+3 = {(x, y) | (x, y) £ S^^, xt(q+3) = <5í+3} t(? + 3) = rfa).

The optimál solution is denoted by (x^3, y"+3) and U(Sq+3) = z^*3, y?+3).

Step 4 (a): Ek = {i | i = q + 1, q + 2, q + 3, = - oo}
Pk — {i | i = q + 1, q + 2, q + 3, x' has all integer components}.

(b) : If Pk 0, then let

z(x< y7) = max {z^, y‘) | i £ Pk}

and go to Step 5, otherwise Fk = Gk = 0 and go to Step 6.

Step 5: If z(xJ, y7) g z, then Fk = Pk, Gk = 0 and go to Step 6.

Otherwise (x, y) = (x7, y7), z = z(x', y7), Fk = Pk, k* = j.

Form the set

Gk = {i |» £ - 1) U + L ? + 2, ? + 3} — Ek — Pk, U(St) á z}.

Step 6: Let

J(k) = J(k- 1) U {q + \,q 4- 2,q + 3} - Ek - Fk - Gk - {v(*)}.

if J(k) = 0 go to Step 7, otherwise determine

= max {U^) | i £ J(k)}.

Increase k by 1 and q by 3. If U(Sv(k^ > z go to Step 2, otherwise go to Step 9.

Step 7: If A:* = — 1 go to Step 8 otherwise go to Step 9.

Step 8: No solution of (3.36)-(3.40).

Step 9: The optimál solution is (x, y) with objective function value z.

The finiteness of this algorithm is obvious. Although set S does nőt contain a 
finite number of elements as vector y contains continuous variables, the sets Sq 
differ from each other only in the fixed variables of discrete type x. The discrete 
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variable vector x may take only a finite number of elements, thus the number of 
possible Sa sets is finite. .....

The correctness of the algorithm does nőt have to be proved, as it is nothing 
other than the algorithm of Section 3.2 applied to the linear mixed integer problem. 
The only substantial difference is the use of implicitly bounded sets (explained in 
detail before the statement of the algorithm).

Note • In Step 2 there are usually several noninteger components of the optimál 
solution x« of the continuous problem. There may be different criteria for choosing 
one of these (see the next section). A possible choice, for example, being the one 
the furthest from the next integers, i.e. closest to the nearest half.

Example: (max) z = 10xx + 6x2 + 8x3 + 5x4 + 4yx + 3^ 
ibjectto _ , _

12x4 + 5x2 + 7x3 + 10x4 + + 2y2 + j3 = 20

6xx + llx2 + 14x3 + 8x4 + + 8^2 + y4 = 23

x 0, y 0

x, integer (j = 4).

Solution: It follows from the constraints that

Xí á 1, x2 2, x3 á L x4 = 2.

The solution of the problem may be followed in Figure 3.3

Steo 1‘ = 0, v(l) = 0, k = 1, z — co, A: 1.
First of all the problem is solved without the integer restnctions.

x° = (1.03, 1.53, 0, 0), y° = (0, 0, 0,0), z0 = 19-48’ ? = 0 •

„ „ 0 • Hhat k utn = 2) as a noninteger component because it
is Kí which lies furthest fránt the next integers. (Other choice rules ntay alsó 

be used.)
Now the problems max {z | (x, y) € $«}

are solved for q = 1» 2, where
Sí = {(x, y) | (x, y) é

S2 = {(x, y) | (x, y) € So-

X2 = 1}

x2 = 2}

, . e vt satisfving the original constraints without theand S. is the set of vector patrs (x tót, S _ bou„ded
integer restnctions. The set, determineu vy 

Sí, thus it is nőt yet considered.
co(l) = ü)(2) = 0.
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The solution of these problems

x1 = (1.14, 1, 0, 0) y1 = (0, 0.64, 0, 0) = 19.32

x2 = (0, 2, 0, 0) y2 = (0.33, 0, 8.33, 0) U(S2) = 13.32

= — 1, = 1

as xt — 1 is less, x2 = 2 is larger than x2 = 1.53. U(S3) = — oo

Step 4 (a): Ex = {3}
Pt = {2}

(b): Pr contains only one element, this is the best one as well, thus j = 2.
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Step 5: (x, y) = (xa, y2), z = 13.32

Fk = Pk = W> k* = 2 

Gk = {0}.

Step 6: J(k) = {0} U {1,2,3} - {3} - {2} - {0} = {1}.

As J(k) contains only a single element,

U(SV^ = UW, v(2) = 1, k = 2, q = 3 

U(SJ > z = 13.32 .

Step 2- There is only a single noninteger component of x1, p(2) = 1, x =1.14 
x, is fixed in Sí at the values 1 and 2 respectively. In brief,

S4 = {(x, y) | (x, y) € Sí, ^ = {(x,y)|(x,y)€S1, x1 = 2}.

If the corresponding subproblems are solved

x« _ (o i, o, 0) y4 = (2-82, 0.44, 0, 0) U^S^ = 18.60

xs _ q i o) y5 — (0.35, 0.62, 0, 0) U(S^) = 19.26

^5>=-l, ^>=+1.

Síep 3: ^(v(2)) = n(D = -l.thus

(a) ^ = ^-1=0 ^(6)=-l

(C) S6 = {(x, y) | (x, y) € So, = °}

x6 = (1.35, 0, 0, °) y* ~ = 19’05 •

Step 4: (.a) = 0

P2 = {4, 5}

max {z4, zs} = z5» k = 5 •

ZÍX5, y5) > z

(x,y) = (x5,y5) á«19-26» V==5’

F2 = P2= {4, 5} G2 = {6} •

J(2) = {1} U {4, 5, 6} - {4, 5} - {6} - {1} = 0 •

Step 5:

Step 6:

Stepl:
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Step 9: Optimál solution

x = (1, 1,0, 0), y = (0.35, 0.62, 0, 0) 

z = 19.26 k* = 5.

3.7 An improved branch-and-bound algorithm for mixed integer problems

There are two major drawbacks to the algorithm described in the previous sec­
tion. First, the upper bounds of the discrete subproblems are obtained by calculat- 
ing the optimum of the corresponding continuous problem; secondly, the choice 
of variable to split on may substantially change the direction and thus, the length 
of the search. The simple rule of choosing the noninteger variable closest to the 
nearest .5 suggested in the last section does nőt seem to be a good guide because 
the change of another variable may be more essential. It is reasonable to make this 
decision, for example, on the basis of the upper bounds of the objective function 
obtained after the different fixing of variables. Naturally this is possible only if 
the upper bounds are calculated very simply.

The description of the method is based on the papers of Tomiin (1969), Beale 
and Small (1965), and Roy, Benayoun and Tergny (1969). After solving the con­
tinuous problem (3.36)-(3.39) of a subproblem of the same structure having 
stronger lower and upper limit for the discrete variables, the basic variables in the 
optimál solution are expressed by the nonbasic variables:

k
(max) z = aM + X a0J(-Vj) (3.48)

;=i
k

ui = ai0 + X aij(~vj) 0’ = 1,..., m) (3.49)
;=i

mz 0 (i = l,..., m)
Vj^O (/=!,...,£). (3'5O)

The basic and nonbasic variables are denoted by ut and Vj respectively; both 
groups may contain variables of discrete type, u^i £ I) and Vj(J £ J), where /and J 
denote the corresponding sets of subscripts.

The upper and lower bounds — apart from the nonnegativity restrictions — are 
included in the constraints (3.49). (In practice, they are handled by somé kind of 
upper bounding technique of linear programming.)

Let us denote by z the objective function corresponding to the best solution of 
the original discrete problem (3.36)-(3.40) obtained so far.

As the continuous optimum is supposed as being reached

aoj^0 0=1,..., k)
al0>0 (i = 1,..., m). (3’51)
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If aM z, the problem (subproblem) is discarded because it may have no better 
solution than the best one obtained so far. Otherwise, if incidentally all am (i € I) 
are integers, then the integer problem (subproblem) is solved. In the opposite case 
let

a# = nPo +fpo ÍOT P^1 cí’

where np0 is integer, 0 </p0 < 1, and I' * 0. Then, as variable up must take an 
integer value,

either up np0 + 1 or up = nPo • (3.52)

This determines the branches of Solutions. Bút the set I' usually contains several 
elements to choose from. On the other hand, even if there is only one fractional 
a (i £ Z) the branching results in two new subproblems which are added to the 
list of subproblems. Thus, the calculation of upper bounds is fuUy necessary. 
The quantity which gives a lower bound fór the decrease in the objective function 
if variable u is decreased (increased) to the next integer is called the Down (Up) 
penalty and denoted by PD (Pv). According to the theory of linear programming, 
there is a way to decrease (increase) variable up and, at the same time, keep the 
dual feasibility of the tableau, that is,

0= L---.
In both cases, it is easy to determine the nonbasic variable entering the basis, 
only the minimál ratios

min aoj/apJ and min aüjK—aPJ)

should be determined. The corresponding changes in the objective function will 
suonlv the desired penalties because any dual feasible solution always gives an 
upper bound of the optimál solution, in maximization problems. Thus

PD = min fptflojlapj (3.53)
jlarf>0

Py = min (1 ~ fpo)aojl^~apj^ (3.54)
< 0

then the new upper bounds of the objective function value if variable up = 
and up = are aM - Pu and - P^sPeC

Several consequences may be drawn. Obviously, if

max (floo — Pu, aoo p^ — z’

"po + 1

(3.55)

then the entire branch may be discarded. If
„ , P a _ PO > z £ min - Pv, aw - PD), (3.56) max (%) —-* i/’“oo r d) —

then one of the branches may be omitted, preferably the one corresponding to the 
smaller upper bound. In this case, the present branch is further restricted by adding 

an inequality fór variable up.
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If
min (aM Pv, — PD) > z’, (3.57)

then both upper bounds are stored and the similar upper bound calculations are 
maintained fór all variables ut, fór which ai0 is nőt integer and i £ I.

The algorithmic description of the method could have followed the generál 
framework of Section 3.2 as in Section 3.4, bút fór certain reasons (to be discussed 
later), it seems to be more convenient to change the structure to somé extent. 
The selection rules and the decomposition itself are more complicated in the pres­
ent method, and several steps are needed fór this purpose. It will be easy, however, 
to see the similarities. The notation of the algorithm described in Section 3.2 is 
completed with the following list.

Notation

To denotes the original problem (3.36)-(3.40) to be solved
Tt subproblem i, obtained from To by introducing new (stronger) lower and 

upper bounds fór the discrete variables
T- the same as 7) with all variables declared to be continuous
Ui upper bound of the objective function of problem T'
(x', y') optimál solution of problem T-
z* optimum in problem T, 
t serial number fór the subscript of the last problem formed

Now the modified algorithm may be described as follows:

Step 1: Let J(0) = 0, v(l) = 0, k = 1, z = — oo, í = 0.

Step 2: Solve problem T’̂ .

(a) If there is no solution, then let

W = A* - 1) - {v(fc)}
and go to Step 6.

(b) If nőt all components of xvW are integer, then go to Step 3. In the opposite 
case, check the inequality

zvW > z.

If it is satisfied go to Step 5. Otherwise, let J(k) = J(k — 1) — {v(k)} and go to 
Step 6.

Step 3: Denote by I' the set of subscripts i fór which is nőt integer. Calcu- 
late the corresponding penalties

Pd^ and Pufi) fór i^P.
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Step 4: Let D, = z^ - PD(i) and Vt = z^ - P^í)

(a) If there exists a subscript i € I', fór which max (Db Vj) g z, then let J(k) = 
= - 1) - {v(k)} and go to Step 6.

(b) If there exist one or more i € I', fór which min (Db VD Z z < max (Db VJ, 
then the corresponding new restrictions are introduced to problem Tv^

x, á K(t)] if D‘>s or

Xi Kw] +1 if Vi > 2

fór each i satisfying the inequalities. Then let v(k + 1) = v(k), J(k) = 
_ j(k — 1), k is increased by 1 and go to Step 2.

(c) If neither conditions are satisfied, then choose one of the subscripts in set I', 
say s (see the discussion after the algorithm), and introduce the following 
two new problems:

T,^ = {T^, xs á [^(A)1} ^+1 = Ds

Tt+^{T^ x^[x^] + l} Ut^Vs.

Let
J(k) = J(k - 1) U {t + 1, t + 2} - v(k)

{t 4- 1 if Ut+i Ut+21
t + 2 if Ut+1 < Ut+2 J

increase t by 2 and k by 1. Go to Step 2.

Step 5: A new feasible solution is found. Substitute 

z: = and (x, y): =

Form the sets
Gk — {i\i£J(k- 1), U^z}

j(k) = J(k - 1) - Gk - M*)} •

Step 6: If Kk) = 0 then go to Step 7, otherwise let
C7v(A)= max €A*)}

and go to Step 2. (See the 
choices of v(fc)).

discussion after the algorithm fór other

Step 7: If z = - °° g° t0 SteP 8’ otherwise g0 t0 Step 9'

Step 8: No feasible solution. Stop.
89



Step 9: (x, y) is an optimál solution with an optimál objective function value z 
Stop.

There are two points which need to be discussed in more detail.

Choice of next subproblem fór branching

At the first moment, the choice of the branch having maximai upper bound seems 
to be the best because this is the best branch according to our present knowledge. 
However, this rule is already broken in the algorithm. Namely, a problem T 
(with solution set is divided intő problems Tt+1 and Tt+2. Unless both Sz+1 
and Sl+2, the corresponding sets of Solutions, are empty another problem Tp is 
nőt considered fór branching even if its upper bound Up is bigger than Ut+1 and 
y,+2 (see Step 4). There are several reasons fór this. First of all, if the next problem 
is either Tl+1 or Tt+2, then the reconstruction of the problem (reinversion, re- 
construction of other data) is nőt necessary. Secondly, it is alsó possible that prob­
lem Tp has a better upper bound, because there are only a few discrete varia­
bles with integer values and as the process of restricting their values advances the 
upper bound goes down drastically. Therefore, even if the present branch is closed, 
the choice of the branch with maximai upper bound (Step 6) may be questionable. 
Going down in relatively few branches has two advantages. First of all, it is likely 
to result in feasible Solutions earlier in the search. This is safer in the case of long 
computer runs, so that we do nőt remain empty-handed after wasting a lót of 
computer time. At the same time, the better the value z, the more branches will be 
omitted in the future in Step 4(a) or 4(b). Secondly, the core of the computer is 
often a strong limitation. If it is used up by the rapidly increasing number of 
branches, then the algorithm must be continued as a single branch search until more 
core is available again. To prevent this awkward situation there are several possi- 
bilities. First of all it seems to be reasonable to carry on a single branch search 
until the upper bound in a different branch is substantionally better than that of 
the present one. This will solve the problem of jumping too often from one piacé 
to another. The question still remains as to how the next branch should be chosen 
if there are several branches with high upper bounds. It is useful to bring the 
branches to an equal level as far as the accuracy of upper bounds and limits of discrete 
variables are concerned. In other words, the cost of restricting further somé of the 
discrete variables should be estimated. This is combined with the upper bound of 
the corresponding branch.

Choice of the branching variable

After determining the subproblem fór decomposition we face the problem of 
choosing a presently noninteger variable to branch on. The penalties PD(f) and P^i) 
and the upper bounds

Dt = z^ - PD(i) and V, = z^ - P^i) fór i £ I' 

90



are determined first. (The definition of I' is in Step 3.) The following three rules will 
be discussed (s is the subscript of the variable chosen):

(a) Let Wt = max (pb Vt)

Ws = max {Wt | i € /'}

(b) Let wt = |a - kJ

W, = max {W, | i € /'}

(c) Let Wt = min (A, V,)

Ws — min {Wt | i € /'} ■

Rule (a) is the most obvious, though nőt the best one. Namely, it often happens 
that on keeping the upper bounds high by choosing rule (a), both Dt and V, remain 
high, thus often both alternatives must be explicitly examined. On the other bánd, 
the other variables i C I' may result in high reductions later, after a great deal of 
unnecessary calculation. Rule (b) is intended to eliminate this difficulty by choosing 
the alternatives with the maximai difference and making it likely that one of the 
alternatives will never have to be examined. Rule (c) is formulated for the same 
purpose, bút from a global point of view. It is called the choice of “worst alter- 
native”.In other words, the opposite to the worst alternative is executed in Step 
4(c). If, for example,

D^Dt and Ds á Fi for any

then the problem
t,+2 = {tvW, xsSKw] + l}

is chosen for the next branching. Though

A - Ds < max]| Vt - Dt |

may happen, thus problem Tt+1 and Tt+2 may nőt be the furthest possible from 
each other - as far as their objective function value is concerned. Bút considermg 
the entire procedure, the explicit examination of the unused problem (Tí+1 in our 
case) is the least likely in the case of rule (c) because its upper bound estimation 
is the least one possible.

If the number of discrete variables is considerably high, then it is very time- 
consuming to calculate the quantities A and K, for each i 6I', all the time. The 
following ideas may be useful.

(i) Depending on the ranges of the discrete variables or the number of discrete 
variables already fixed, a greater or lesser number of variable ut (i g I') is 
examined In other words, an unfortunate decision higher in the solution tree 
(with more possible descendants) is more harmful; therefore in this case, 
a bigger proportion of w( (í € /') is evaluated.
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(ii) It is possible to make a faster bút less accurate evaluation of the noninteger 
variables, and only the best ones - according to this evaluation - are further 
examined. (In other words, the direct and indirect change of the objective 
function may be measured first, when a noninteger variable is changed.)

(iii) In the case of pure discrete problems, the effect on the feasibility of the present 
solution may alsó be measured.

(iv) It is often useful to divide the discrete variables intő subsets according to 
their meaning in the actual problem and determine a so-called hierarchy 
graph. In this case a set of discrete variables is examined only if all the discrete 
variables with higher hierarchy have already integer values.

(v) s-optimal solution. An approximate solution with an estimation of the opti­
mum is often preferred if a large amount of computing time is expected for 
the exact solution. In this case only an £-optimal solution is determined, i.e. 
a feasible solution being closer to the optimum than e, where e > 0, is given 
in advance. This distance £ is often given in the percentage of the optimum 
nőt known in advance. In order to obtain the £-optimal solution of the prob­
lem, only Step 5 of the above algorithm need be modified. In forming set 
&k> the inequality U, z + £ or 5= z(l + e) will substitute the inequality 

á depending on whether the maximai distance is given in absolute 
measure or relatíve to the optimum.

Stronger penalties

The penalties (3.53) and (3.54) may be improved if we take intő account that 
somé of the nonbasic variables are restricted to be integer and if one of them is 
increased, it must be greater than or equal to 1. If variable Vj is a discrete one, 
the cost of its increasing to 1 is the reduced cost aoj. If this quantity is larger than 
the expression corresponding to the subscript j in the equation (3.53) (apj > 0) 
or in equation (3.54) (apJ < 0), then a^j may replace the ratio corresponding to 
variable Vj. In such a way, as somé of the numbers - the minimum of which is 
taken - are increased, better penalties, say P^ and P^ are calculated. This calcula- 
tion may further be improved by introducing the so-called Gomory cuts.

Gomory cuts

Gomory cuts were originally introduced as a means of solving discrete pro­
gramming problems in the following way. The corresponding continuous problem 
is solved first. If the continuous optimál solution incidentally satisfies the integer 
requirements the problem is solved. Otherwise a Gomory cut is introduced which 
is guaranteed to exclude the present continuous optimál solution, bút it does nőt 
exclude any feasible solution of the discrete problem. There is a complicated proof 
for the convergence of the procedure if somé simple rules are followed.

This may be found for the pure discrete case for example in Gomory (1963). 
The mixed integer case is discussed in Gomory (1960). The discussion below on 
the construction of the Gomory cut is partly based on Hadley (1964).
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It is sufficient to consider a single constraint with nonnegative variables
k

u = a0+ Yaj(-Vj) (3-58)
7-1

u 0, Vj g 0 (J = 1,..., k)

u, Vj (j £ J) integer,

which may be one of constraints (3.49) corresponding to a discrete variable uh 
with a^ > 0, noninteger, or positive integer combinations of certain such rows in 
(3.49). As the continuous optimum is obtained by substituting Vj = 0 (J = 1, 
2, k) (see condition (3.51)), a constraint must be determined which excludes 
this solution bút does nőt exclude any nonnegative solution satisfying the integer 
requirements.

Such a constraint may be obtained in the following way. Let us introduce the 
set of subscripts P and N fór the positive and negative coefficients in equation 
(3.58). Furthermore let fj be the fractional part of coefiicient aj (j = 0, 1,..., k), 
that is,

fj = aj - [aj].

k 
Then « = fe] + Á + L aÁ~^-

7=1

As u must be integer, so must the expression
k

fa+ZaJ
7=1

In other words
£a/Oys/o (módi). (3.59)

;=i

There are two cases one of which is true fór any vector v 0.

Case 1.

X ajVj £ o. 
7 = 1

This implies, using congruence (3.59), that

E apj ^f0-,

thus fór the positive coefficients
y ajVj fa • (3.60)

kp
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Case 2.

£ ajVj 0.
j=i

Then obviously
k
E aJvJ á/o - 1

7 = 1

as a consequence of the above congruence. This means fór the negative coefficients 
that

E ajVj ^f0~ 1,
JiN

(3-61)
1 —JojeN

The left hand sides of inequalities (3.60) and (3.61) are always nonnegative 
because of the nonnegative coefficients and variables. Thus the inequality

E ajVj + —X (-a^vj £/0' (3.62)
J£P 1 JojtN

holds unconditionally. If we introduce a new integer variable J á 0, a simple form 
of the Gomory cut may be written as follows:

* = -/o + E W + -A- X . (3.63)
JíP 1 JojeN

However, if somé variables Vj are restricted to be integer, that is, J / 0, then a 
further improvement of cut (3.63) is possible.

In congruence (3.59) any expression

a/Vj (J € J)
may be substituted by either

fjVj or (fj - l)py

because then the sum is changed by an integer. In which case the coefficient in 
constraint (3.63) becomes

A -

The smaller the coefficient the stronger the constraint; thus, fór the final Gomory 
cut fór the mixed integer case, we obtain

s - ~f> + E f*vj + E ajvJ + f E (~aj)vi (3.64)
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where

// = mink--A^(l — Z)| 

I 1 7o J

fj if Zá/o

-Z)ifZ>/o-
1 JQ

(3.64)

If we write this inequality in the form

(3-65)
y=i

where f* 0, then
PG = min ftfloj If/*

J
is obviously a penalty. It is easy to see, that

PG^ min (P*,P*)

thus a stronger rule fór omitting the present subproblem may be obtained, viz:

Pg — aoo
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CHAPTER 4

DYNAMIC PROGRAMMING AS A TOOL FOR SOLVING 
DISCRETE PROGRAMMING PROBLEMS

4.1 Introduction

The theory of dynamic programming, designed to solve multi-stage decision 
problems was developed by Richard Bellman (1957). It is closely related to several 
branches of mathematics: functional equations, differential and integrál equations, 
calculus of variations etc.

In the present work only a very simple form of the theory of dynamic program­
ming will be used for solving discrete programming problems of several variables 
by decomposition. In other words, a series of one-dimensional problems will be 
solved instead. It should be noted however, that different problems of dynamic 
programming may be reformulated as discrete programming problems and may 
be solved by other methods of discrete programming.

4.2 Optimality principle of dynamic programming

The optimality principle will be presented using the following simple economic 
multi-decision problem.

A sum e is given for purchasing machines of type A and B for the unit price 
a and b respectively. At the end of the year they are sold for the prices c < a 
and d < b respectively. The quantity of production in a year is denoted by 
g(u) and h(y), where u and v are the respective numbers of purchased machines of 
type A and B. A natural measure (number of items, weight, etc.) may be used for 
the production. The money obtained for the machines at the end of the year is 
used to buy new ones under the same conditions. The process is continued for n 
years and an optimál policy is to be determined, i.e. the policy of optimizing the 
totál production of n years.

More realistic models can be formed by adding new constraints to the problem 
without substantially changing the procedure. In order to keep the discussion as 
clear as possible, the above original problem will be considered.

Denoting by ut and vt the respective machines of type A and B purchased at the 
beginning of year i, the problem may be formulated as follows

n
max % + W) (4.1)

<=i

aui + bvt e (4.2)
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au, + bv, á cUí-i + dv^ (i = 2,, n) 

w; 0, Vj 0 (i = 1,2,..., n) 

uh Vj integer (z = 1,2,..., n)

(4.3)

(4-4)

(4.5)

where a, b, c, d, e are given positive integers, fór which c < a and d < b, further- 
more g and h are arbitrary functions defined on the nonnegative integers. This 
problem always has an optimál solution. On the one hand the set of feasible Solu­
tions defined by the constraints (4.2)-(4.5) is never empty because — vt = 0 
(z = 1, 2, .... m) is always a solution. On the other hand this set is alsó bounded. 
This is obvious from constraints (4.2) and (4.4) fór variables uk and vk, and it 
follows fór the rest of the variables by induction.

The problem will be reformulated with the help of the optimality principle of 
dynamic programming stated first by Bellman.

Optimality principle

An optimál decision policy always has the property that whatever the initial 
State of the system and the initial decision are, the rest of the decisions must form 
an optimál policy according to the State produced by the first decision.f

The proof of this principle is obvious because the .opposite statement immedi- 
ately results in a contradiction. Behind this principle there is the simple mathemati- 
cal fact that the maximum of a function is never smaller on a set than on any 
of its subsets. In the present case the feasible decision policies form the set and 
the subset is determined by fixing the first decision.

Now (4.1)—(4.5) may be reformulated using this principle. Let us denote by xk 
the money available fór the year k. T(x) is the set of decisions (u, v) permitted by 
a sum x.

t In this principle it is indirectly supposed that the later decisions do nőt change the value 
of the previous ones. This note will become obvious when the recursion of dynamic program­
ming is discussed.

xk = cuk_1 + dv^ (k = 2, ..., rí) (4-6)

T(x) = {(zz, v) | u 0, v 0 integer, au + bv x}. (4.7)

Problem (4.1)—(4.5) is now embedded in a set of problems:
k

max £ + Kvi))
/=i

(4.8)

aut + bvr x (4.9)

aUj + bVj g Xj (/ = 2, ..., k) (4-10)

u^O, Vt 0 integer (z = 1, 2,..., k) (4.11)

Xt = cu^ + dv^ (z = 2, ..., k). (4.12)
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The optimum of problem (4.8)—(4.12) is denoted by

ÁW (0 g x S e, k = 1,2,..., n) .

As our decisions are represented by variables (m;, v^, they are called decision 
variables or decision parameters. On the other hand the State of the system may 
be characterized by the amount of money x, available fór the next period, they are 
therefore called State variables or State parameters.

Function/(x) can easily be determined fór all 0 x á e from the definition:

ÁW = max {g(u) + h(v) | (u, v) ( T(x)} . (4.13)

To determine the function /2(x), the principle of optimality is used. No matter 
what the first decision (w, v) is, the continuation must be optimál, according to 
the sum of money ci^ + dvx, available fór the second period. The best solution 
fór the two-period problem therefore can be found by comparing the totál returns 
resulting from the different decisions (w, r) and from their optimál continuations

f/x) = max {g(u) + h(v) + f^cu + dv) | (w, v) ( T(x)} (4.14)

fór all 0 x g e. Similarly, after determining/^^x), in the same way

fk(x) = max (g(u) + h(v) + A-^cu + dv) | (u, v) € T(x)} (4.15)

fór all 0 x á e (k — 2, 3,..., n). We can suppose that the numbers a, b, c, d, e are 
positive integer. Then the maximizations (4.13) and (4.15), the latter fór k = 2,..., n, 
mean a finite number of comparisons. When determining the value fk{x), the cor­
responding best pair (u, v) is alsó recorded and denoted by (ük(x), vk(x)) fór all 
k = 1, 2, . .., n and x = 0, 1, . .., e. The optimum of the original problem 
(4.1)-(4.5) is fn(e). Then the optimál solution of the problem (űk,vk) (k = 1, 
2, ..., n) may easily be determined in the following way.

Obviously

(ü^ űj) = (u^e), v^e)).

by the definition of functions fn(x) and u"(x), v^x). Then the sum of money avail­
able fór the n — 1 period problem is

x2 = cú1 + dví

thus the first decision (which is the second decision of the original problem) is

(«2. ^2) = (y~Xx2), vn~\x2)).
similarly,

{ük, h) = {.^^{x^, vn-k+\xk)) 
where

xk — c“*-i + dvk-i {k = 2, 3.........n).
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Note: Obviously it is sufficient to determine function fk(x) of the interval

If these intervals are considered, then the procedure may alsó be applied in the 
case c a and/or d^.b.

Then the multiplier of e is greater than or equal to 1, that is, the interval to be 
considered is nondecreasing with k.

4.3 Solution of the knapsack problem by dynamic programming

The knapsack problem was formulated in Chapter 1, and solved in Chapter 3. 
Now it is extended to the non 0-1 integer problem

max £ cjXj (4.16)
;=i

n
£ ajXj á K (4.17)

7 = 1

x,({0, 1,..., r,} n) (4.18)

where r,1, aj, Cj, K are given positive integers. This problem may alsó be con­
sidered as a multi-stage decision problem. The decision variables are xlt x2,.. ., x„ 
and only one at a time is determined. The paraméter describing the “state” of 
the problem is nothing bút the capacity still available, i.e. it is K at the beginning 
and fór example K - a^, after the first decision. Now (4.16)-(4.18) is embedded 
in a family of problems:

k
max £ CjXj (4.19)

;=i

k
£ ajXj á y (4.20)

7 = 1

^({0,1,..., r,} (;= 1,..., *). (4.21)

This problem is solved fór all k = 1, 2 . . . , « and y — 0, 1,..., k, and its opti­
mum is denoted byA(t)- Obviously,

f^y) = max | ( {0, 1, • • • > ri}i ai*i y}. (4.22)

In solving the two variable problems one must be careful because the stages are 
nőt equivalent — unlike the previous problem. Thus the first decision must be 
the value of the second variable because in such a way a one-variable problem
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remains which contains the first variable. The optimality principle may be used, 
i.e. after the first decision the remaining capacity must be used in an optimál way:

/aW = max {c2x2 + - a2x2) | x2 £ {0, 1,... , r2}, a2x2 y}.

Similarly after determining the function A-i(y), the optimum of the k variable 
problem may be determined by the expression

fk(y) = max {ckxk + fk^(y - akxk) | xk £ {0, 1,..., rk}, akxk g y}. (4.23)

These functions (k = 2,..., n) are determined fór the arguments y = 0,1,. . ., K.
Let us denote by x*(y) the value of the decision variable fór which the maximum 

is reached in determining the function fk(x). Then the optimum of problem (4.16)- 
(4.18) is obviously fn(K). The corresponding optimál solution (x) is easily deter­
mined. Obviously

x„ = x^K)

by the definition of functions fn(y) and x*(y). The remaining capacity fór the 
n — 1 variable problem is K — anxn, thus

xn-i = *í-i(^ ~ anxn) 
and similarly

(
n 1

K — £ ajx\ (k = n - 1, n — 2,..., 1).
;=*+i /

Example: Solve the following problem

max 8xx + 5x2 + 3*3

+ 3x2 + 2x3 g 14

x2, x3 0 integer.

First of all the functions fk (k = 1, 2, 3) are determined fór y = 0, 1, ..., 14. 
They are recorded in tableau formát (Table 4.1). As somé of the rows are obviously 
identical, they are drawn together fór compactness.

TABLE 4.1

y 400

0-3 0 0
4-7 1 8
8-11 2 16

12-14 3 24

magyar
TUDOMÁNYOS AKADÉMIA
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The function may be determined explicitly

x*(y) = min —Á(y) = ^(y) 
ai 1/

where = 4, = 8, and rn is nőt given (considered as oo). In tableau formát,
this is illustrated in Table 4.1.
Function fz(y) may easily be calculated from the definition

f2(y) = max {5x2 + f^y - 3x2) | x2 0 integer; 3x2 g y}

as there are only a small number of choices. Function/2(y) is the following (Table 
4.2):

TABLE 4.2

x*(y) fM

0-2 0 0
3 1 5

4-5 0 8
6 2 10
7 1 .13

8-9 0 16
10 2 18
11 1 21

12-13 0 24
14 2 26

To solve the given numerical problem only/3(14) and x*(14) are to be calculated 

/3(14) = max {3x3 + /2(14 - 2x3) | x3 € {0, 1,..., 7}} 
thus

x*(14) = 1, /3(14) = 27

which is the optimum of the problem. The optimál solution may easily be deter­
mined

x3 = x*(14) = 1

x2 = x*(14 - 2) = 0

Xj = x*(14 - 2 - 0) = 3, 
that is

x = (3, 0, 1).

A little additional work - calculation of the tableau f„(y), x*(y) - provides a 
parametric solution of the problem for any right hand side in the interval [0, K].
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4.4 Solution of discrete problems of several constraints

Fór the sake of simplicity, let us consider a problem of two constraints, noting 
that the calculation fór the several constraint case can be carried on similarly. 
The cargo loading problem of Chapter 1 is the following:

n
max Y CjXj

7 = 1
(4.24)

É ajXj K (4.25)
/=i

É bjxj á L (4.26)
j=i

x; f {0, 1,. . ., r,} (J = 1,2,..., n) (4-27)

where r; 1, aj, bj 0 {aj + bj > 0), Cj, K,L>0 are given integers. Similarly 
to the method used in the previous section, (4.24)-(4.27) is embedded in a family 
of problems

k
max X cjxj (4-28)

;=i

S aJxJ á y (4.29)
7=1

k
X bjxj w (4.30)
j=i

^€{0, 1,..., rj 0=1,2,...,*). (4.31)

The optimál value of the objective function of this problem is denoted by

and it is calculated fór
fk(y> *0

k = 1, 2,. .., n.

y =0,1,..., K

w = 0, 1,..., L.

The first of these functions may be calculated by the definition

f^y, w) - max {c^ | Xj C {0, 1,. .., rj}, y, b^ w} (4.32)

fór y = 0,1,. .., K; w = 0, 1,.. ., L independently from each other. To determine 
the second function the principle of optimality is used. Fór the same reason as 
before, the second variable is fixed at a permitted value and the continuation must 
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be optimál - according to the remaining capacity. The best choice of variable x2 
results in the function/2
^(y, W) = maX {C2X2 + “ Ű2X2, W ~ I X2 € {0, 1 > • • • > a2x2 á yAX2 á w}

where v = 0, 1,.. ., K and w = 0, 1, • • • > L independently from each other. 
Similarly if function/A-i is already determined, then

fk(y,w) = ntax{c*xt + fk-i(y ~ akx^w ~ bkxk)\xk€{Q’ !>•••, rk}; akxk^y,bkxk g w}
(4.33)

where v = 0, 1,..., K and w = 0, 1, . . ■, L independently from each other.
When determining function fk(y, w) (k = 1, . ■ . , n), the value of variable xk, 

for which the maximum (4.32) and (4.33), respectively, is attained, will be denoted 
by

4(y. ")•

Now the optimál solution of (4.24)-(4.27) which is denoted by x, is

xk = A^k, wk) {k = n, n - 1,.. ., 1)

where yn = K, w„ = L

yk = yk + i~ ak + ixk+i (k = n - 1,..., 1) (4.34)

w* = w*+i ~ ^*+ix*+i- (k — n — 1,..., 1)

Example: max llxr + 30x2 + 17x3 + 25x4

x4 + 2x2 + x3 + 2x4 5

2xr + 3x2 + 3x3 + x4 6

Xj 0, integer (j=l,2, 3, 4).

It follows from the constraints that the functions have to be determined only for

x4 í 3, x2 2, x3 á 2, x4 2.

It is obvious that
x*(0, w) = x*(y, 0) = 0 (* = !,...,»)

hence
Á(o,w.)=A(^,o) = o (k=\,...,n)

therefore these values will nőt be indicated in the function tableaux (Tables 4.3 
and 4.4). The first function,/! may be determined explicitly

x*(y, w) = min
' w | t
A.í

y

t If one of the dcnominators is 0, then the corresponding term is considered as oo. Both 
at and b{ cannot be zero according to the supposition at + bt > 0.
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and ffj, w) = c^x*(y, w) .

Functions/2 and/3 may be calculated by recursion (4.33). Only a small number of 
substitutions and comparisons should be carried out fór each function value:

If only the original numerical example is to be solved, then

f^, 6) = max [/3(5, 6), 25 +/3(3, 5), 50 + /3(1, 4)} = 67 
and J

= x*(5, 6) = 2

as

j3 = 1, w3 = 4

x3 = x*(l,4) = 1

yz = o,

*2 = *1 = o 

thus the optimál solution of the problem

x = (0, 0,1,2) 
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and the optimál objective function value, /i(5, 6) — 67. The parametric solution 
of the problem for changing right hand sides, would only require the calculation 
of functions f^y, w) and x*(y, w) for all values y = 0, 1,..., 5 and w = 0, 1,..., 6.

Note 1: The method is designed for computers. It is nőt necessary to keep all 
function tableaux in the core. When calculating functions fk, x^, only function 
fk_í is needed. After obtaining all the functions, when the optimál solution is cal­
culated only one of the functions x* at a time must be in the core.

Note 2: It is easy to see that the amount of computation grows linearly with 
the number of variables and exponentially with the number of constraints (number 
of State parameters). This means that problems of many variables bút of few 
constraints can be handled effectively by dynamic programming. In the following 
sections, the method is improved for the generál case, i.e. for problems with many 
constraints.

Note 3: Separable nonlinear problems can be solved effectively by dynamic 
programming if the number of constraints is low or the space of State variables 
(y, w,...) may otherwise be limited.

4.5 Reducing the number of optimum functions

In order to reduce the amount of computation in the dynamic optimization 
methods let us examine the algorithm presented in the foregoing section, including 
the embedded process itself.

A few years ago it was discovered that it was unnecessary to calculate several 
functions of optimum for different numbers of variables (See, e.g. Shapiro and 
Wagner (1967) and Greenberg (1969a)).

To illustrate the idea let us consider the problem of the last section, which is 
repeated here for convenience:

max £ CjXj (4.35)

n
E aJxí = K (4.36)
j=l

n
£ bjXj £ i (4.37)

Xj 0 integer (j = 1,2,..., n) (4.38)

where aj, b^Q (a, + bj > 0), cJt K, L > 0 are given integers. The problem is now 
embedded in a set of problems

max £ CjXj (4.39)
;=i
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X y (4.40)
J-l

n
E bjXj S w (4.41)

7 = 1

X,- 0 integer (j = 1, 2,. .., «). (4.42)

In contrast to the last section all problems in the family have n variables like 
the original problem. It should be noted however, that the variables may nőt be 
bounded explicitly.

The optimum of (4.39)-(4.42) is denoted by

Ay, w)

and it is calculated fór j = 0, 1, . .., K and w = 0, 1, ... , L.
The recursion fór calculating the function f(y, w) and fór determining the optimál 
solution x is however entirely different. The substance of dynamic programming is 
the decomposition of one compound decision to several consecutive simple ones. 
In our problem (4.35)-(4.38), the composite decision is the optimál solution x. 
In the algorithm of the foregoing sections one variable was determined at a time. 
In the new approach of the present section one decision consists of increasing one 
variable by only one unit. If variable J is chosen, the corresponding gain is Cj. 
According to the principle of optimality (Section 4.2), the remaining capacities 
have to be used in an optimál way. ín order to obtain the optimum fór capacities 
(j, w) the sum of immediate return <Cj) and the optimum corresponding to the re- 
maming capacities (y - aj, w - bj) should be calculated, that is,

f(y, w) = max {Cj + f(y - Oj, w - bj) \j £ 1,..., n}, aj y, bj £ w} . (4.43)

The subscript j fór which the maximum is attained in the right hand side of equa- 
tion (4.43) is denoted by

j*(y, w) •

This subscript function will play the role of the function x*(y, w) of the last section. 
If this subscript is nőt uniquely determined by the maximization, then one of them 
(e.g. the smallest) is chosen. In other words, instead of n functions of the optimum, 
only one function is to be determined.

The function f(y, w) may be determined easily from the recursion (4.43) fór 
increasing y and w starting from

/(0, 0) = 0

and f(y, w) = 0 if y < min aj or w < min bj.
J J

The corresponding optimál subscript by definition

j*(y, w) = 0.
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After obtaining the value f(K, L) and the corresponding subscript j\K,L) the op­
timál solution x of (4.35)-(4.38) can be obtained. Let us determine the following
series of subscripts 

/ k-l
jk=r\K-Y^ L~ Zbjr 

I r=l r=l

(4.44)

k = 2, 3,.. ., N

where jN-i > 0 and jN = 0.
This is a finite series in that it was supposed that aj + bj > 0; thus, with each 

new subscript determined either the first or the second capacity decreases.
The optimál solution x can be calculated easily:

xs = £ (J = 2’ • • • > ")

where
=

1, ^j^jr
0, otherwise,

that is, by counting the identical subscripts in the series (4.44).
The example of Section 4.4 is resolved as an illustration.

Example: max llxi = 30x2 + 17x3 + 25x4

Xj + 2x2 + *3 + 2x4 5

2xí + 3x2 + 3x3 + x4 g 6

Xj 0, integer (j = L 2, 3, 4).
Obviously

/O, w) = 0 if y = 0 or w = 0
and in these cases

j*(y, w) = 0

by definition. Therefore the tableau of functions / and j* will be calculated fór 
y 1 and w £ 1 in an increasing order of arguments, fór example row-wise. 
In other words these functions are calculated fór w = 1, y = 1, 2, . .., 5, then fór 
w = 2, y = 1, 2, .... 5, etc. Fór example, if the functions f and j* are known fór 

y g 3, w < 4 and y = 3, w 4,
then

/(3, 4) = max {cj +/(2, 2), c2+/(1, 0» c3+/(2, 1), c4+/(1, 3)} =

- max {11 + 25, 30 + 0, 17 + 25, 25 + 17} = 42

y*(3, 4) = 3,

because the maximum is attained fór j = 3 and 4 and the smaller subscript is 
accepted. The whole of Table 4.5 may be obtained similarly.

107



TABLE 4.5

y 1 2 3 4 5
W ' f J* / J* / J* / i* / j*

1 0 0 25 4 25 4 25 4 25 42 11 1 25 4 25 4 50 4 50 4
3 17 2 30 2 36 1 50 4 50 4
4 17 2 30 2 42 3 55 2 61 1
5 17 2 30 2 42 3 55 2 67 3
6 17 2 34 3 47 2 60 2 67 3

Thus the optimum of the problem

/(5, 6) = 67.

The optimál solution may be obtained by calculating the subscripts (4.44)

Á = J*(5, 6) = 3

h = J*(4, 2) = 4

73 =r(2, 1) = 4

ü =r(o,o) = o 
and counting the subscripts

x = (0, 0, 1, 2).

Notes: The algorithm presented here is more efficient than that of Section (4.4). 
The amount of computation is smaller by a factor of n. On the other hand - as 
already mentioned - this more compact form does nőt allow explicit upper 
bounds of the variables. This is a consequence of the fact that the variables them- 
selves are nőt recorded during the calculation of the optimum function f thus it 
is nőt known when the upper bound is reached. Other methods, avoiding this 
restriction, will be discussed later.

4.6 Extension of the single optimum function method to the bounded
variable case

This approach originates from the work of Greenberg (1969) although somé 
changes are introduced. Let us consider the problem in an equation form. (If the 
problem contains inequality restrictions, they are transformed intő equations by 
adding integer slack or surplus variables.)

min crx

Ax = b
(4.45)

(4.46)
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Q Xj^ rj n)

Xj integer U = 1,..., n).

(4-47)

(4.48)

In contrast to (4.24)-(4.27) the nonnegativity of the coefficients A, c and the right 
hand side b is nőt supposed. rj > 0 (j = 1, .. •, «) are given integers.

The continuous problem (4.45)-(4.47) is solved first using the upper-bounding 
technique of Dantzig (1963). In this algorithm the basis corresponds only to the 
constraints (4.46) and the upper bounds are taken intő account another way. 
Let us denote the optimál basis by B and let us decompose the mátrix A and vector 
x accordingly:

A = [B,R],
*B

Xr
cr=[cL41 J = {1, 2,..., n} = Jr,x =

then the problem becomes
min cBxB + c^Xr

Bxs + Rxr = b

0 x} rj, Xj integer 0 = !,...,«)

(4.49)

(4.50) 

(4-51)

or expressing the vector xB from equation (4.50) and substituting it in the objective
function:

min c^Xr (4.52)

xB = B-1b — B 1RXr (4.53)

xR, xB integer (4-54)

0 Xj rj j € JR (4.55)

0 Xj rs j € Jb (4-56)
where

Cr = Cr - CgB 'R 0.

The nonnegativity of vector cR is a consequence of the optimality of basis B. 
If xB = B-1b has only integer components by chance, then no further calculation 
is necessary. Bút usually the opposite is true in which case the calculation is 
continued in a second phase.

In the cutting pláne method of Gomory (1963) a series of continuous problems 
is solved until the last problem has an integer optimál solution. The opposite is 
done in the present approach. A series of problems of type (4.52)-(4.55) is solved 
(possibly with larger than 0 lower bounds). The feasible Solutions of (4.52)-(4.55) 
are generated in an order of nondecreasing costs until the constraint (4.56) is alsó 
satisfied. Problem (4.52)-(4.55) is reformulated and embedded in the following set 
of problems

min c'jXj (4.57)
JtJR
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E Pjxt = 0 (mo<i D) (4.58)
JíJR '

0 Xj^ rj Xj integer J £ JR (4.59)

where is a paraméter vector of integer components and

c'j = CjD, Pj = B-^D, [la = B^bD, D = |B|

where a; is the jth column vector of mátrix R.
Problem (4.52)-(4.55) is equivalent to (4.57)-(4.59) with right hand side fi = /?0. 

D might be the LCM (least common multiple) of the denominators in the compo­
nents of vectors B^a, and B-1b. We are using D = det B for simplicity. Let us 
denote the optimum of (4.57)-(4.59) by F(^. will denote the highest subscript 
ofnonzero variables in the corresponding optimál solution. It is easy to formuláié 
the dynamic programming recursion for function F(f>):

F(^ = min [c'j + F(0 - ^)], 
HJr

The arguments of function F are taken mód D.

(4.60)

Note 1°: If all optimál Solutions of the problem with right hand side fi - fa 
contain Xj = rj, then subscript j should be excluded when determining the value

Note 2°: In order to avoid duplication of Solutions the components of which 
are obtained in different order, the following rule will be applied: Only chains oj 
nondecreasing variable subscripts are accepted, that is

7i = jz = • • • = jk = • • ■ • (4-61)

In other words a solution may be extended only by increasing the positive element 
of highest subscript or any variable with even higher subscript.

Now we shall construct an algorithm to determine the values F{P) and the 
corresponding optimál Solutions for different vectors fi in a nondecreasing order 
of the objective function values - which alsó means a nondecreasing order for 
the values F(p).

As xR = 0 is nőt a solution of the original problem, the minimál cost solution 
may be determined for (4.52)-(4.59) considering all possible right hand sides 
0 (mód D) in an increasing order of objective function values for the corresponding 
optimál Solutions, until the solution is obtained for

Calculate ej. = min cL
JÜR

Then the optimál solution of (4.57)-(4.59) with right hand side pk is obviously

xk - 1, Xj = 0, 
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The second, third, etc. cheapest solution may be determined in a similar way, 
taking intő account the immediate descendants of Solutions obtained so far, in- 
cluding the 0 vector. The immediate descendant of a vector (solution) is obtained 
by increasing only one of the components by one unit. The number of candidates 
may be substantially decreasedby using the branch-and-bound principle, the above 
note (2°), and other ideas discussed in the following section.

The algorithm described here differs from that of Greenberg in the respect that 
a repetition-free enumeration of optimál Solutions fór different right hand sides 
is automatically guaranteed. Somé further suggestions may be found after the 
numerical example and in the next section.

In order to avoid a complicated notation - resulting from the fact that only the 
subscripts in the set JR are used in (4.57)-(4.59), the new problem is formulated as

min £ djyj
J=i

(4-62)

s
z yjyj = y (mod (4.63)

0 g yj Uj yj integer (J = 1,2,.. ., 5) (4.64)

where xr — Y
or using a subscript transformation /(;)

x^n = yj 0 = 1,2,..., 5).
This means, that

Jr = 0(1), t(2),. . •, t0)} 
and alsó

= = and & =

Problem (4.62)-(4.64) is to be solved fór y = y0 is such a way,that

rB 1 xB = B-1b - B Ry £ 0 (4.65)

where rB = (rjv rjv .. ., rJm) Jb = ÍJvÁ, • ■ •, Jm} ■

Let us define A(y) as the highest subscript corresponding to a nonzero component 
of vector y

A(0) = 0

/i(y) = {max j | j £ {1, 2,..., yj > 0} if y 0 .

Definition: The set of continuations of a vector y is defined as follows:

S(y) = {y | y} = y} if j < A(y) and y} y} if j W), y integer} . 

The vector y is called a feasible continuation of y relatíve to problem (4.62)-(4.64) if

y € ^(y) and y á u
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The set of feasible Solutions of (4.62)-(4.64) is equivalent to the feasible continua- 
tions of vector 0.

Any set (2(y) may be decomposed to pairwise disjoint subsets

6(y) = SCy1) U • • • U U {y}

where yj J ^jk = Ky) + k - 1 
yjk + 1 if J = Jk

(4.66)

(4-67)

(k = 1, 2,.. ,,p = s - h(y) + 1).

The vectors y1,. .., yp are called immediate continuations of vector y.
An algorithm for solving (4.62)-(4.65), which is equivalent to the original prob­

lem (4.49)-(4.51), is described by using the following notation.

Notation

yk solution k already constructed
yk yk is a solution of (4.62)-(4.64) with right hand side y = yk
fk the cost of solution yk
f the cost of best solution found so far
t superscript of the next solution to be constructed
P the set of superscripts corresponding to the active (nőt yet decomposed) 

Solutions
k* the superscript of the solution to be decomposed next
a(k) denotes the ancestor of solution k, that is, the serial number of solution

from which it was generated.

The algorithm itself is described by the following steps.

Step 1: Initialization.

P = {0} y° = 0, y° = 0, /o = O, t = 1, k* = 0, /= +oo,
go to Step 4.

Step 2: If set P is empty, go to Step 7. Otherwise calculate

min/t = fk,. 
kfP

In the case of alternative minima, chose one of them, e.g. the one with the 
minimál subscript.

Step 3: If yk* = y0 and rB xB 0 which is calculated from equation (4.65) 
then go to Step 8. Otherwise go to the next step.

Step 4: Delete k* from set P.
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Step 5: Calculate all immediate continuations of vector y* by the defining 
equation (4.67) applied fór y = y**. If nőne of the continuations is feasible (each 
of them violates at least one of the upper bounds (4.64) or the value of the solution 
is nőt smaller than/) then go to Step 2. Otherwise continue at the next step.

Step 6A: Denote the feasible immediate continuations of vector yfc* by y* 
(k = t + 1, ..t + nk.). Add the new superscripts, t 4- 1, ..., t + nk. to set P. 
Calculate the corresponding right hand sides and prices

yk = yk* 4- yl(k) fk = fk* +

where k = t + 1, ..., t + nk. and l(k) is the subscript of the variable that was 
increased by 1 when solution yk was formed from solution yk\ Increase the value 
of t by nk».

Step 6B: If there is a k £ {t + 1........t + nk,} such that

yk = 7o> fk <f and 0 = ^(y1^árB.

then let f = fk. If/is decreased, then

P-=P~{k\fk^f}-

Go to Step 2.

Stepl: No solution of (4.62)-(4.65) or of equivalent problem (4.45)-(4.48) 
exists. Stop.

Step 8: xB and nR - yk* obtained in Step 3 form an optimál solution of (4.45)- 
(4.48). Stop.

The above algorithm is obviously finite because each variable yu..y, is 
bounded from above, thus the number of Solutions y* generated by the algorithm 
is alsó finite. On the other hand, one of the Solutions is always deleted at each 
iteration (going through Steps 2-6), therefore the set P becomes empty in a finite 
number of steps if the algorithm does nőt stop at Step 8 beforehand.

The algorithm generates all Solutions of the problem in an order of nondecreas- 
ing costs thus the first feasible solution with right hand side y = y0 will alsó be 
optimál.

Example: Let us consider the following problem of originally inequality form, 
with the surplus variables already added

min 7xj + 2x2 4- 3x3 4- 4x4 + 7xs 4- xg + 2x7

2x4 4" 6x2 4" 6x3 — x4 4- 7x5 — 5xg 4" 3x7 x3 = 2

2xí 4- 3x2 4- x3 4- 5xs 4- x8 4- 3x7 - x9 =3
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X4 — X2 4* X4 4- Xg 4" Xg X40 — 1

0 g X; á 2, integer (j = 1,..., 7).

It is nőt a further restriction to assume that

0 x8 g 48, 0 Xg g 27, 0 < x10 Sí 7, x8, x9, x10 integers.

Now we solve the problem without the integer restrictions by the simplex method. 
Then the optimál basis consists of

x£ = (x3, x5, x8).

The corresponding basis, its inverse and the optimum with the corresponding ob­
jective function value

/6 7 — 5\ , í 4 -12 32\ x3 = 4/12
B= 1 5 1 B-1 = — -1 6—11 x5 = 712 ^ = m/i2

\0 1 1/ 12 \ 1 -6 23^ x6 = 5/i2

Now the problem is transformed intő the form (4.57)-(4.59)

min 2xx + 18x2 + 12x4 + 6x7 + 6x8 4- 42x10

16xj - 44x2 + 28x4 - 24x7 - 4x8 4- 12x9 - 32x10 = 4

—xx + 32x2 - 10x4 + 15x7 4- x8 - 6x9 + llx10 a 5 (mód 12)

13x4 - 35x2 4- 22x4 - 15x7 — x8 4- 6xfl — 23x10 = 7

0 Xy 2 Xy integer, (j = 1,..., 7)

0 S x8 í 22, 0 x0 12, 0 x10 3 .

The coefficients of the problem may be reduced (mód 12) to fali within the interval 
[0, 11].

min 2xr + 18x2 4- 12x4 4- 6x7 4- 6xg 4- 42x10

4x4 4- 4x2 4- 4x4 4- 4x8 4- 4x10 = 4

llx4 4- 1 lx2 4- 2x4 4- 3x7 4- x8 4- 6x# 4- llx10 = 5 (mód 12)

x4 4- x2 4- 10x4 4- 9x7 4- llx8 4- 6x9 4- x10 = 7 .
g

The above algorithm may be applied to this problem with y0 = (4, 5, 7). It should 
be noted that Xy is alsó bounded by the ránk of y} minus one. In our example 
x9 g 1, because the ránk of (0, 6, 6) (mód 12) is 2. Similarly x8 11.

Both the original subscripts (x/(y)) and the new subscripts of nonbasic varia­
bles are used fór convenience. The other notation signs are explained before the 
description of the algorithm.
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Steps 4-6: As x9 g 1, solution 6 may be extended by x10 (y7) only:

Step 1:
p = {0}, y° = 0, yü

Steps 4-6:

= 0, /o = 0, ' = b K* = °> /= +co

1 2 4 7 8 9 10

yj 1 2 3 4 5 6 7

a(k) ooooooo

k 1 2 3 4 5 6 7

yk
4 4 4 0 8 0 4

11 11 2 3 1 6 11
1 1 10 9 11 6 1

fk

Step 2:

2 18 12 6 6 0 42

* x * * * x *
P = {1, 2, 3,4, 5, 6, 7} 

minA=/6> k* = 6 
kiP

X‘U) 10

yj 7

a(k) 6 This is feasible solution of the modified problem, and alsó fór the
original problem, because

k 8

fk 42

0\
0

-b4
5
7

4
xs = — I -1

B 121
1
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A feasible solution has already been obtained with x1 = (0,0,2,0,0,2,0,0,1,1) 
z = 8,/ — 42 and in the modified problem we are to consider Solutions only with 
fk <f — 42. However this solution has nőt been reached in Step 3, therefore it 
may nőt be optimál.

P = {1, 2, 3, 4, 5} .

The continuations of the above solution (k = 8) should nőt be considered because 
it is already a feasible solution. Furthermore, new bounds on the variables may be 
obtained for somé of the nonbasic variables in order to remain under z = 8:

1, x* 1.

Step 2:
min/fc=/i k* = 1 
k^P

Steps 4-6:

P = {2, 3,4, 5, 9, 10, 11, 12, 13}.

2 4 7 8 9

yj 2 3 4 5 6

1 1 1 i 1

k 9 10 11 12 13

yk
8 8 4 0 4

10 1 2 0 5
2 11 10 0 7

fk 20 14 8 8 2

*1 = 1

X * * X X

The procedure is continued in exactly the same way therefore only the different 
added sections will be given. Under the columns the sign * means that the corre­
sponding column is already chosen for continuation. The sign X means that the 
column should nőt be continued because it is either feasible or it has no better 
continuation, than the best one found so far.
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7 8 9 8 9 7 8 9 7 8 9 9 9 9 9 9

y» 4 5 6 5 6 4 5 6 4 5 6 6 6 6 6 6

a(k) 4 4 4 5 5 11 11 11 3 3 4 14 15 17 10 20

k 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29

0 8 0 4 8 4 0 4 4 0 4 0 8 4 8 0
y* 6 4 9 2 7 5 3 8 5 3 8 0 10 8 7 9

6 8 3 10 5 7 9 4 7 9 4 0 2 4 4 3

fk 12 12 6 12 6 14 14 8 18 18 12 12 12 12 14 14

x7 = 1 *8 = 1 *1 = l,x7=l xt = 1

♦ ♦ X * X X * X X X X X X X X X

Two further feasible Solutions have been found. One of them (k = 19) results 
in an infeasible solution fór the original problem

Bút the other one (k = 22) provides a new feasible solution alsó fór the original 
problem

1 í4 -12
6

-6

32\
-11

23/

Pl f-1 3\
3 - 0 3 íll
u/ \ 1 o/|lj

= 0.

Now the best solution found so far with the objective function value is

xT = (0,0,0, 1,0, 0, 1,0, 0,0) z = 6, f= 18.

Only corrections with A < 18 are to be calculated. This feasible solution turns 
out to be optimál after generating a few more Solutions fór different right hand 
sicles.

Other methods fór decreasing the amount of computation will be discussed in 
the following sections. In the numerical example a new feature was introduced to 
the algorithm. Nőt only is the minimál cost solution examined at Step 3, if it pro­
vides a feasible solution of the problem, bút so are the newly generated Solutions. 
As soon as a feasible solution is found fór the original problem (4.45)-(4.48), i.e. 
besides obtaining y0, constraint (4.65) is alsó satisfied. Then the following correc- 
tion may be introduced.
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The present value of the objective function (4.45), z is an upper bound fór future 
feasible Solutions. This may provide stronger upper bounds fór the nonbasic 
variables, i.e. fór the variables of our modified problem (4.62)-(4.64). On the other 
hand, it is alsó possible to take intő account the constraint

crx < Z

in generál. In the numerical example it was unnecessary to generate the continua- 
tions of solution 11 (Solutions 19, 20 and 21), fór example, because xx = 1, x7 = 1 
corresponds to z = 9 > z.

This modification may easily be introduced fór the algorithm - which was 
presented in a simple form fór easier understanding.

4.7 Further improvement of the single optimum function method

The purpose of the present section is to introduce somé modifications to the 
algorithm of Section 4.6 in order to decrease the amount of computation and the 
memory requirement. These improvements are partly based on the work of Glover 
(1969). Glover’s results, however, refer only to the nonbounded problem

min X (4.68)
j=i

É yjyj = y <4-69)
j=i

y} S 0, integer (J — 1,..., s), (4.70)

where y, yj (j = 1,..., s) are taken from a finite Abelian group G. The general- 
ization toward groups instead of vectors mód D does nőt mean additional difficul- 
ties, therefore our discussion will remain in the space y, y} € Rm (mód D\ The 
existence or nonexistence of explicit upper bounds will, on the other hand, make 
a great difference therefore we shall follow both directions. It should be noted 
that the upper bounds restrict the application of somé procedures if they are smaller 
than the natural upper bounds:

y} á rj - 1 (j = 1,..., s)

where rj is the ránk of the coefficient vector yj i.e.

r^j = ® (mód D)

and no smaller multiplier of yj has the same property.
Let us examine first the notion of dominated Solutions, which was introduced 

by Glover fór the unbounded problem (4.68)—(4.70). Using the notation of the 
foregoing section let us consider two Solutions y* and yí Then
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yk = É yjyj> fk = X
>1 >1

/=É^, f-í^yj-
J=1 J=1

Lemma 4.1: Ifyk = yl and fk < fi fór two Solutions of the unbounded problem 
(4.68)-(4.70) then the continuations of solution l may be deleted without altering the 
optimum of the problem. In this case solution l is said to be dominated by solution 
k.

Proof- The statement of the lemma is an immediate consequence of the optimal- 
ity principle. No continuation of y1 can be optimál fór any right hand side. Namely 
let

yl = / + y2 ,

then obviously y3 = yfc + y

gives the same right hand side / = / and A > fsf
The same statement does nőt hold fór the bounded case without any further 

restriction. Let us introduce the notation Ju fór the set of subscripts, that have an 
upper bound Uj smaller than the above natural upper bound.

Ju = {j I «/ <rj- l, j = 1. • • •>«}.

Then the following assertion may be used.

Lemma 4.2: If yk = f, fk <fi and yf á yj, j € Jufor the Solutions k and l of 
the bounded problem ((4.62)-(4.64) then solution l is dominated by solution k, that 
is, continuations of solution l may be deleted.

Proof: As an addition to the justification of the previous lemma, we have to see 
only that if y1 satisfies the upper bound restriction, then so does y3 defined above 
or another vector y3 can be constructed with this property, which alsó dominates 
solution y1.

Fór this purpose let us define

yj = yj ~ kJri

where rj is the ránk of yj and k} 0 integer is defined so that

0 á $ á r} - 1.

t It should be noted that y3 is nőt necessarily a continuation of vector y*, bút this fact does 
nőt make the proof invalid.
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Now

and

yj á rt - 1 g új fór j $ Ju 

fi á yj + yj ^yj + yj = yj á uj fór j e ju

y^y^y1 f^fs<fi.

that is, if y1 provides a feasible solution fór y1, then so does y3 with a better objec­
tive function value.

Note 1°: In the proofs of the foregoing lemmata it was nőt utilized that y1 is 
a continuation of yl in the sense defined in Section 4.6, only the fact that y2 0 
integer. In other words, both lemmata may be extended as a means of disregarding 
all Solutions with

y^y'

if the conditions are met. The checking of this inequality, however, is nőt very 
easy throughout the algorithm if the number of dominated Solutions is sufficiently 
large. There are two exceptions. One of them is the above-mentioned set of con- 
tinuations which will be disregarded automatically by closing the solution yí 
The other case is that in which only one component of y' is nonzero. Then we have 
obtained a new upper bound fór that particular component.

Note 2°: In most cases it is substantially more difficult to solve the upper bounded 
problem relative to the one without explicit upper bounds. From Lemma 4.2, it 
is alsó clear that the smaller the number of upper bounded variables the easier it 
is to solve. Fór this reason it may be practical to solve the unboanded problem 
even in the case of bounded variables, and to introduce the upper bounds fór only 
those variables exceeding their permitted maximai value. If somé additional varia­
bles exceed the upper bound, further iteration is necessary, bút each time the pre- 
vious calculations may be utilized.

Another way of accelerating the algorithm is alsó described by Glover and may 
be applied both to the unbounded and to the bounded problem. The basic idea 
may be outlined as follows. Instead of stopping the algorithm when the optimál 
solution y has already been generated, it is sufficient to obtain Solutions yk and 
yl, if

y = y* + / and thus y0 = yk + y1. (4.71)

As the Solutions are generated in a nondecreasing order of the objective function 
value the pair yk, y' satisfying (4.71) will be generated first, fór which

| dry* — dV | = min | dTy' - dry" |. (4.72)
y' + y' - y

In other words, the procedure is simply to check after each new yk and yk gener­
ated, whether the solution (yz) fór y0 — yk is already available or nőt. In the case 
of a positive answer, yk + y‘ provides a new feasible solution.
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It remains fór us to establish a stopping rule. Fór this purpose let us denote by 
Nr the next value to be chosen in the dynamic recursion, in the notation of the 
foregoing section

jV, = min•

Furthermore let
d* = max dj

j= s.

Lemma 4.3: The optimum of the bounded problem (4.62)-(4.64) or the unbounded 
problem (4.68)-(4.70) has been obtained if a pair of Solutions yk, y' is found in such 
a way that (supposing fk

yk + / = To

Proof: Let us suppose, on the contrary, that no optimál solution has been 
generated yet.

Let us consider any pair of Solutions y , y , ior which 

y1 + y2 = y

and the least one of the Solutions (say y2), is nőt yet generated, y is an optimál 
solution and the pair y1, y2 satisfies minimality requirement (4.72). Then

d* ^f" -f'^^r ~fl> d*’

which is a contradiction. The lemma is thus proved.
When using the algorithm fór solving a problem of type (4.45)-(4.48) the above 

lemma naturally does nőt provide a stopping rule when the optimál solution is 
obtained, until the optimál solution of the modified problem (4.62)-(4.64) is 
available - which may nőt be a feasible solution fór the original problem.

4.8. Application of the shortest path algorithm in dynamic optimization

In this section Shapiro’s algorithm (1968a) will be discussed and completed by 
a method fór group decomposition. Now let us restate the unbounded problem 
fór convenience

min y djyj (4-73)
j=i

£ y}yj = y (mód D) (4.74)
;=i

yj 0 integer (j = -0 • (4.75)
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This problem is to be solved fór y = y0 (it is the same as (4.62)-(4.64), bút without 
upper bounds). The unbounded version of the original problem (4.45)-(4.48) is
alsó solved if the nonnegativity of the basic variables holds:

xB = Bb - B ‘Ry 0. (4.76)

In the present section only (4.73)-(4.75) will be considered. First of all we attempt 
to reduce the number of rows by determining a basis fór the group G generated 
by the column vectors yx, y2> • • •> T*- It should be noted that G is nothing bút the 
factor group of the following two groups

M = E 7jyj : yj integer 
j=l

that is,

m
X Dejyj : yj integer
7=1

n m,

G = M/N.

As is well known from abstract algebra, every finite Abelian group can be decom- 
posed to a direct sum of cyclic groups. Or another possible approach is the well 
known theorem of elementary divisors first proved by Smith (1861) which States, 
in our case, that the above group G is isomorphic with the direct sum of the 
following groups

G s Zqi © Z^... © Zqr

where Zqi is the residue eláss of integers modulo qj and qlt..qr are integers 
such that qr | q^ |. . . | qr (g, divides ^i+x) and D = q^,. . ., qr.

A simple consequence of these assertions is that group G has D elements.
The other important consequence is that instead of an w-constraint problem it 

is sufficient to deal with an r-constraint problem. This r may often be 1.
Now, instead of the above decomposition another one will be suggested which 

is easy to construct and it seems to have somé advantages from the practical point 
of view.

Let us consider (4.73)-(4.75) and the above group G, generated by the coefficient 
vectors y1? ..., yr Let us denote a subset of these vectors which form a basis in 
G, by yki,. .., ykp and the product of ranks

<7^, • ■ - '■(y^ = D.

It will be constructively shown later, that such a subset exists. By the definition of 
the basis there exist nonnegative integer coefficients (i = 1,.. . , p; j = 1,.. ., s) 
such th at

p
Y % (mód D) (j - 1........s). (4.77)
/ = 1
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Substituting the expression (4.77) intő the congruence (4.74) and denoting the 
coefficient vector aj = (av, a2y,.. ., apj) we obtain the following new form of the 
problem:

min £ djyj (4.78)

£ ^.y. = a (mód D) (4.79)
;=i

yj 0, integer (J = 1,..., s) (4.80)

which has exactly the same form as (4.73)-(4.75). This problem should be solved 
for a = a0 where a0 is the coordinate vector of y0 in the basis afci, ..., Ük,- In the 
group problem (4.78)-(4.80), D = Os .. ., rj is used as modulus vector; in other 
words in congruence i of system (4.79) the elements are understood mód rf = r(ykl)-

The advantage of (4.78)-(4.80) compared with (4.73)-(4.75) is that it.has usually 
substantially less - and never more - rows. It often happens that (4.78)-(4.8U) 
has only a single row. In dynamic optimization the number of constraint rows 
determines the difficulty of the problem. Another great advantage is the much 
simpler bookkeeping and the less memory necessary, resulting from the simpler 
representation. The methods described in the previous sections can be applied to 
(4.78)-(4.80) as well.

Now an entirely different approach - introduced by Shapiro (1968a) - will 
be discussed.

If only the unbounded problem (4.78X4.80) is to be solved, then we can suppose 
that there are no identical column vectors among because in the opposite
case only one of the identical vectors (the one with minimál cost coefficient) should 
be kept. Similarly there is no need to keep variables y} with 0 coefficient vector

The basic idea of solving (4.78)-(4.80) is the use of an algorithm similar to the 
one for solving shortest route problems. For this purpose the shortest route is 
determined for each a € G in lexicographic order using an iterative procedure. 
In this algorithm will mean the length of the shortest path from 0 (zero 
element of the group) to a at iteration k andÁ*(a) is the subscript of last edge 
in this shortest route (before a).

The functions Hq& (^ = 0, 1, ...) are defined recursively as follows:

HJW = 0 (q = 0, 1, 2,. ..)

H0(a) = oo (a € G, a * 0) (4.81)

. í min {dj + Hq (a — ay) | j = 1,..., í; a — ay -< a}
= min | m.Q + _ ay) | j = 1,..s; a < a - a,}

where the meaning of the sign -< is “proceeds” or “lexicographically smaller than . 
Obviously the substraction a - ay is understood component-wise, mód n; where 
rt is the ránk of the íth element of the basis, because the components of the a vectors 
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are in the space spanned by this hasis. For this reason the above calculation of Hq 
functions should be performed for all a

0 g a, g rt — 1, (i = 1, 2,..., p).

The function Hq(a) slightly differs from the shortest path from 0 to a using at 
most q arcs. The difference is in the upper half of the defining equation, i.e. the 
elements a — for which the iteration q was already performed, are taken intő 
account with their new (iteration q) shortest path.

It is easy to see that the above functions Hq(a) should be calculated until

Hq(a) = H^a) for all a 6 G

and furthermore, that this will happen for a q g D. The limit function, the shortest 
path, is denoted by H(a) and the corresponding last node index function by j*(a).

It is obvious from the principle of optimality that the shortest route function 
provides the optimum of problem (4.78)-(4.80) for each a £ G thus alsó for the 
desired value a = a0 and the corresponding optimál Solutions may easily be 
determined by calculating the path

Á = - j*^, ■■ ■, jk^ until= 0.

The corresponding solution in terms of may be obtained from y = 0 through 
increasing component Á, J2, • • •> etc. by 1. (Somé components may be increased 
several times.)

Example: Solve the following group problem

min 2yr + 5y2 + y3 + 2y4 + 4y5 + 2y6

íl] Pl > Ml I1! Pl Pl (11 Pl|o) yi + |1P + 3/ y3 + W yi + + W m°d |6) ■

As the ránk of the elements are 2, 6, 2, 6, 3, 6 an upper bound of the objective 
function is

1.2 + 5.5 + 1.1 + 5.2 + 2.4 + 5.2 = 56.

Then Hq(0) — 0 (q = 1,2,...) where 0 = is the zero element of the group.

H0(a) = 57 for a £ G, a 0 .

Let us denote the coefficient vector of yj by a;. Then the function H^a) is calculated 
by the expression (4.81) and j*(a) is the subscript of aj for which the minimum is 
obtained in the defining equation (4.81). This is repeated for the functions 772(a) 
and j*(a), etc.
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k Node HM KW HM

1 (0, 0) 0 0 0 0
2 (0, 1) 2 5 4 4
3 (0, 2) 5 4 3 3
4 (0, 3) 2 9 1 3
5 (0, 4) 5 8 4 4
6 (0, 5) 2 13 3 3
7 (1, 0) 1 2 1 2
8 (1, 1) 4 6 3 5
9 (1, 2) 6 2 6 2

10 (1, 3) 3 1 3 1
11 (1, 4) 2 6 3 5
12 (1, 5) 4 2 4 2

is no need to continue the calculation:As Zf3(a) = H2(a) fór all a € G, there
H(a) = H2(a), = j2*(a). The optimál solution fór 

1
4a =

can easily be calculated

A =;*(“) = 3’ á=j*((o.1)) = 4, 

thus the optimál solution is

Ts = Ti = Te = 1 with

Á=J*((1,2)) = 6

z = 5

Now let us return to the question of determining a hasis in group G among the 
given vectors • • •> 7r Denote the ránk of the element y in group G by r(y): 
(see Note 1°).

Let us consider the following procedure.

Step 1: Denote
7? = 7i, 7° = 72, • • •» 7? = 7„ k = 0.

Step 2: Chose any subscript i (see Note 4°) with the property that at least two
of the elements

7Íi> 7», • ■ •>

are nonzero (mód D). If no such row i exists go to Step 6, otherwise to the next 
step.

Step 3: If any of these elements divides the others (mód D), then denote the 
column (second) subscript of this element by jk and go to Step 5. In the opposite 
case go to the next step.
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Step 4: Determine the greatest common divisor of the elements appearing in the 
previous step in the following form (see Note 5°)

d = + A^*1^ + ... + A*+1y£ (mód D)

and define a new column
7s+k = É 

y=i

Let jk = s + 1 increase the value of s by 1 and go to the next step.

Step 5: Compute fór all j jk

y*+1 = y^ - A/+1yA (mód D), where yö = y^ (mód D) 
and

-,&+! _ yk
IJk <Jk 

go to Step 2.

Step 6: The procedure is finished. The vectors yj with

r(^)> 1 
provides a basis and

n= D ■ 
j=i

The finiteness of the algorithm is obvious, because at each iteration (Step 3- 
Step 5) the number of rows containing only a single nonzero elemtnt is increased 
by at least one. Thus the condition of Step 2 is satisfied after a finite number of 
steps. On the other hand, after performing an iteration, the new column vector 
still generates the entire group G because only the multiples of one vector are 
substracted from the others. Thus a basis is constructed at the end of the procedure.

All coefficient vectors y; may easily be expressed by this new basis because the 
basis vectors have no two nonzero elements in a row.

Note 1°: The ránk of a vector yj^G may easily be detcrmined as the least 
common multiple of integers A,- (i — 1,. .., ni), where

A^ = 0 (mód D) 0 < A, < D (z = 1 ,.'.m)

and no smaller integer has the same property.

Note 2°: It is sufficient to start with the columns of I) • B-1, instead of using 
all yj, because coefficient vectors y, are integer combinations of these columns.

Note 3°: If we want to keep the original vectors yj in the group basis, then the 
following procedure may be suggested: Determine the element yA with the highest 
ránk rJt. Delete all columns which are multiples of column yJt.
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Choose the vector with highest ránk in the remaining columns: yJt. Delete all 
columns that may be expressed as integer linear combinations of y^ and etc. 
Continue until all elements are either in the basis or deleted. If

= (W)
k = l

then the decomposition is finished. In the opposite case there exist ..., such 
that

£ Xkyjk = 0 (mód D) 0 á 4 < rk (k = l,...,p) (4.83)
k = l

and pt>0.
k=l

Then the above procedure may be applied fór all yj(j = 1,..m) or sufficiently 
only fór those with4>0 in expression (4.83). In the latter case the method should 
be continued until the equation (4.82) is satisfied.

Note 4°: It is practical to chose row i with the smallest value of greatest common 
divisors.

Note 5°: The greatest common divisor of integersn2,...,n, may be deter- 
mined by the usual way of dividing each number by the smallest one of them nkx.

Then each number (except nk, itself) is substituted by the corresponding residua. 
The procedure is continued until the smallest nonzero element in the last row 
divides the others which is then the greatest common divisor. The method may 
alsó be used to express the greatest common divisor as the integer combmation 
of the elements ns. At the end the multipliers are taken mód D.

Example: Calculate the greatest common divisor and the corresponding expres­
sion (mód 1000) fór the numbers 210, 330 and 462.

Residua Quotients 
(x denotes the smallest)Cl ct c.

210 330 462 X 1 2
210 120 42 5 2 X

0 36 42 X 1
0 36 0

The multiplications and substractions may easily be followed by mátrix notation:

/I -1 -2\t 1 W1 \ j 11 3 “5\
(Cv c2, c3) I 1 | ' I 1 ~ 1 I = (ci»/2> cs) I 0 1 — 1 —

\ 1/\—5 -2 l/\ 1/ V-5 -2 3/

= (1 1Cí - 5cs, 3cj + ca - 2c3, - 5cj - c2 + 3ca).
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As the greatest common divisor has appeared in the third column

d = —5cx — c2 + 3cz 
and indeed

6 = -5x210 - 330 + 3x462

6 = 995 x 210 + 999 x 330 + 3 x 462 (mód 1000).

Now let us see a numerical example fór determining the decomposition of a 
group.

Example: Determine a hasis in the group generated by the following vectors, 
together with the coordinates of all vectors in the new system (mód 36)

According to note 4°, we calculate the greatest common divisor (GCD) in each 
row: 9, 12, 6,12, 3. Thus the GCD of the 5th row is generated by introducing 
the new vector

7s = 7i - 12 •

By substracting multiples of the vector

= (9,0,6, 12,3) r(y8) = 12

we obtain zero vectors except the second component. Then the vector

yf = (0, 12, 0, 0, 0) r(yj) = 3

may be used to eliminate the remaining nonzero numbers, as 12 is the GCD in 
this row. Now the new “coordinates” of our vectors are

«1 «2 «3 “4 as a7

which means that the components are understood mód 12 and mód 3 respectively.
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4.9 Extension of group theoretic algorithms to generál linear integer 
programming problems

In the first part of the section we shall consider the unbounded problem

min crx (4.84)

Ax = b (4.85)

Xj 0, integer (j = 1,...,«). (4.86)

The discussion is partly based on the work of Shapiro (1968b). The main idea 
is to solve the corresponding group problem

min £ djyj (4-87)
;=i

É s a0 (mód D) (4.88)
7 = 1

yj 0, integer (j = 1,. .., s) (4.89)

as is described in Section 4.8 and check the nonnegativity constraints fór the basic 
variable:

xe = B 'b - B lRy 0. (4.90)

If the inequalities (4.90) hold, then (4.84)-(4.86) has alsó been solved. In the 
opposite case a search routine is applied. Any implicit enumeration method can 
be the basis fór such a search routine. Shapiro (1968b) applies the method described 
in Lemke and Spielberg (1967), which is rather a branch-and-bound routine. It 
may be characterized by the following:

(a) The corrections y are examined in the order corresponding to the sum 

t yj = k

(A-list). In other words, the (K + l)-list is examined only if the A-list is 
already empty.

(b) Each correction y is attempted to be fathomed first, i.e. an effort is made 
to show that neither y nor its continuations may res.ult in a feasible solution 
fór (4.87)-(4.90) which is better that the best solution found so far.

(c) If a correction y cannot be fathomed, then it is deleted from its A-list and the 
corrections

y + U = V........

are added to the (A + l)-list.
(d) The search procedure is finished if all A-lists are empty.
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Several tests are used for fathoming. Let us denote the best solution of (4.87)- 
(4.90) found so far by y1 with the corresponding objective function value z(o£o). 
Furthermore z(a) denotes the optimum of (4.87)-(4.89) with right hand side a in 
congruence (4.89) and where y*(a) stands for the corresponding optimál solution.

The correction y is obviously fathomed if at least one of the following conditions 
is satisfied
(i) If y is a feasible solution of (4.87)-(4.90), because no continuation of y can 

have a better objective function value (d 0).
(ii) If

(
5

% - I w f W •
j=i

y + y* k - É
l 7 = 1 )

satisfies the nonnegativity requirements (4.90). In this case the optimál con­
tinuation results in a feasible solution. No other continuation can have a 
better objective function value.

An additional feature may be used in these calculations. The algorithm described 
in Section 4.8 works for any dual feasible basis of (4.84)—(4.86). The optimál basis 
is used only because in this case B b 0, and this fact makes the constraints 
(4.90) easier to satisfy. For the same reason, after increasing the lower bounds for 
the components of the vector y it may be useful to solve the continuous version of 
(4.84)—(4.86) with the corresponding lower bounds added. The new group problem 
should again be solved. Then the above fathoming tests may be applied for several 
bases at the same time.

Now let us examine the bounded problem - which may be transformed to a
0-1 problem

min crx (4.91)

Ax = b (4-92)

0 á Xj g 1 (J = 1, • ..,n) (4-93)

Xj integer (j = 1, ..., n). (4.94)

The corresponding group problem may be the unbounded (4.87)-(4.89) or the
bounded problem

min X ^y) (4-95)
7 = 1

£ (W = a0 (mód D) (4.96)
;=i

yj € {0,1} 0 = 1, • • <4-97)
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In both cases the restriction fór the basic variables

1 x£ = B-1b - B]Ry 0 (4.98)
should be used.

A branch-and-bound method can be applied to solve this problem. The basic 
idea is to build up the usual solution tree by fixing alternatively any of the variables 
y. at the value 0 and 1 respectively. Fór the optimum of both problems an estima- 
tion may be obtained either by solving the unbounded problem (4.87)-(4.89) using 
the algorithm of Section 4.8 or by solving the bounded problem (4.95)-(4.97) using 
the algorithm of Section 4.6. After obtaining a new separation, one of the terminál 
branches is chosen fór further splitting, e.g. the one with the minimál estimated 
cost.

The choice of variable fór splitting is alsó important. A simple rule may be to 
have the maximai difference between the estimations of the branches.

Neither of the above two procedures seems to be computationally feasible in 
the simple form described here, as opposed to the two algorithms of the foregoing 
two sections, which are already quite well elaborated. Different, more complex 
and powerful versions of the above algorithms are under investigation.

131



CHAPTER 5

A MULTIPHASE DUAL ALGORITHM

5.1 Introduction

The present chapter is based on the work of Glover (1965). This is an enumera­
tion algorithm and it is discussed in more detail than that in Chapter 2. Several 
further tests of Zontendijk (1970) and others are alsó introduced, including the 
strongest surrogate constraints of Geoffrion (1969).

The chapter is completed by a numerical example solved in detail by the multi- 
phase dual algorithm.

5.2 Surrogate constraints

Let us consider Problem (i) :

min cTx (5.1)

Ax b (5.2)

*,€{0,1} (J=l,..,n) (5.3)

where mátrix A is of size m x n, the vectors c 0; and b, x have the corresponding 
number of components n and m respectively. The nonnegativity of vector c does 
nőt restrict the generality (as was seen in Chapter 1). For simplicity, all the coeffi- 
cients are supposed as being integers. Among the constraints, the so-called objec­
tive function constraint is alsó included and always updated

— cTx —z0 + 1

where z0 is the objective function of the best solution obtained so far. At the be- 
ginning, if no feasible solution is known, then

n
z0 = 1 + X ci •

;=i

The construction of strong constraints, which are consequences of inequality 
system (5.2), oflers several advantages.

First, it avoids the time consuming process of checking all the constraints each 
time the tests are applied in order to elicit that either there is no feasible solution 
(the present branch may be closed) or that there is somé obligatory fixing of var­
iables.
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Secondly, good lower bounds may be obtained fór the objective function value. 
These bounds may be used in both multi- and single-branch procedures. The appli- 
cation in the former is quite natural, as was described in Chapter 3. In single 
branch enumerations, however, the next free variable to be fixed may be chosen 
in such a way that the new problem, so obtained, should have a minimál lower 
bound.

And last bút nőt least, it is much easier to solve one-constraint problems, and 
they might result in feasible or near feasible Solutions fór the original problem.

It is well-known from the theory of linear inequalities that when consequences 
of an inequality system such as (5.2) are desired, we have to look fór inequalities

aT = uTA, b0 = uTb (5.5)

with a vector u £ 0, chosen arbitrarily. The trivial case u = 0 is excluded. The 
inequality (5.4) so obtained is called a surrogate constraint or shortly, an s-con- 
straint.

Let us now consider Problem (ii/u) :
min crx (5-6)

arx b0 (5-7)

xy£{0, 1} (5.8)

where the coefficients of inequalities (5.7) are given by expression (5.5).
The following simple example shows that the good choice of vector u is impor- 

tant. Consider the inequalities

-3xj + 2x2 + 4x3 - x4 3

4* 5x2 0x3 T 4x4 = 6.

Let us denote the set of vectors with 0-1 components satisfying the first, the second 
and both inequalities by S4, S2 and S12 respectively. Then obviously

S12 = S4 A S2-

Let us construct, in addition, the linear combination with weights u! = (1, 1)

4x4 “b 7x2 — 2x3 + 3x4 9.

The corresponding solution set is denoted by S3. Now

S3 3 Sj2 = Sí Cl S2

fór example, the vector x1 = (1, 1, 0, 0) 6 S3, bút x1 $ S12. This means that x1 
does nőt satisfy one of the original inequalities. As x1 4 <Si, the weight of the first 
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inequality may be increased. Let us take, fór example, the vector u4 = (2, 1). The 
solution set of the corresponding inequality

Xi + 9x2 + 2x3 + 2x4 12

is denoted by S4. Then x1 S4 and, in fact,

S3 D 3 Sh

TABLE 5.1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 u

Xi 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
X, 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
X3 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
*4 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

(1, 0)
(0, 1)
(1, 1)
(2, 1)

Sí

5.

as can be seen from Table 5.1, which contains the sets 5^ S2, Ss, St. The 
+ sign in row Sk and in the column of x' means that

x; e sk

It would seem natural to introduce the definition of strength fór s-contraints in 
the following way. The s-contraint corresponding to the weight u1 is called stronger 
than that corresponding to multiplier vector u2, if the relation

S(u’) C S(u2)

holds fór the corresponding solution set S. In our example vector u4 would result 
in a stronger v-constraint than vector u3. More practical definitions of s-constraint 
strength will be introduced later. In the above example, it is nőt possible to con- 
struct an j-constraint with less than three Solutions. In generál, we cannot expect 
to describe an inequality system by any single inequality, bút most probably 
inequalities stronger than the ones originally given in system (5.2) can be con- 
structed.

Now, let us return to Problem (ii/u). As inequality (5.4) is a consequence of 
inequality system (5.2), the following lemma obviously holds true.
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Lemma 5.1: Let us denote the optimál value of the objective function of Problem (i) 
by z* and the optimál solution of Problem (ii/u°) fór a given vector u by*. Then

jo c^x°
2° If*° satisfies constraints (5.2), then x° is alsó an optimál solution fór Prob­

lem (i). This lemma suggests the following definition.

Definition 5.1: (Glover). The s-constraintcorresponding to the multiplier vector 
u1 is said to be stronger than that of vector u2, if

eV > crx2,

where x1 and x2 are optimál Solutions of problems (ii/u1) and (u/u2) respectively.
At first it might seem somewhat surprising that the problem with the worse 

optimum contains the better (stronger) s-constraint, bút it provides a better estima- 
tion of the feasible set fór Problem (i) - at least in the viemity of the optimál 
solution. Namely, according to Lemma 5.1 

that is the optimál solution of Problem (ii/u1) is closer to optimál solution (i), 
than that of Problem (ii/u2). If inequality system (5.2) contains only two constraints

'i (5.9)

(5.10)

where a1 and a2 denote row vectors, and the optimál solution x1 of Problem (ii/u)

containing the s-constraint
(mV + w2a2)x S Uyby + u2b2 (5-11)

does nőt satisfy constraints (5.9) and (5.10), then a new multiplier vector ű may 
be determined in such a way that the new s-constraint is nőt satisfied by x

(úja1 + HüU^x1 < + üib2 • (5.12)

Vector x should satisfy one of the constraints (5.9) and (5.10) because in the 
opposite case it eould nőt even be feasible fór Problem » Ut us soppose fór 
simplicity that this is constraint (5.9). The desired vector u is determined by

Lemma 5.2: The vector x1 fór which

aV > by and aV < b2

satisfy inequality (5.11), if and only if either u2 = 0 or n2 > 0 and 

Uy b2 - a2xx
~ aV - by

(5.13)
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Proof: For u2 = 0, x1 satisfies the remaining inequality by supposition. If u2 > 0, 
then (5.13) may be obtained by substituting vector x1 in inequality (5.11) and ar- 
ranging it properly.

This simple lemma provides new multiplier vectors ü, that is all vectors nőt 
satisfying inequality (5.13) and having w2 > 0 may be used for this purpose.

This result may easily be generalized for the several-constraint case. Let us 
denote again an optimál solution of Problem (ii/u) by x1 and suppose that 

a'x1 bi

a'x1 < bt

i^J

i $ 1(1 i ni),

where a' denotes row i of mátrix A. Then the role of coefficient vectors a1 and a2 
in Lemma 5.2 will be played by the vectors

£ up? and £ w,a‘ respectively, 
Ül iil

and the right hand sides bx and b2 are substituted by

X and £ Ujbi respectively. 
iei ISi&m

5.3 A heuristic procedure for finding strong ^-constraints

Let us define a series of problems, Problems (ii/u*), starting from any u1 > 0, 
for example u1 = (1, 1,..., 1). If the optimál solution of Problem (ii/ak) satisfies 
constraints (5.2), i.e. it is a feasible solution for Problem (i), then it is alsó optimál 
for Problem (i), by Lemma 5.1, and the procedure is finished. In the opposite 
case, define the set

Ik = {i I u^xk £ b,} (5.14)

then the new multipliers are defined as follows

1^ = 1$ i$Ik (5.15)

«?+1 = + e) i £ i _ (5.16)

where 

{1, 2, ...,m}

and a > 0, otherwise an arbitrary number. The value of e should be as small as 
permitted by rounding errors, in order to change the s-constraints as little as 
possible, so that vector xk can be excluded.
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This is to avoid alternate entering and leaving of vectors to and from the solution 
sets of Problem (ii/uA). The coefficient rk is defined by Lemma 5.2 as

E - a‘xfc)

The procedure may be continued as long as the new s-constraint is stronger 
than the previous one

eV < eV < ... < eV cV+1. (5.18)

The procedure is obviously finite. There is no guarantee, however, that the strong- 
est s-constraint — according to definition (5.1) — may be found.

Example: Let us determine a strong s-constraint fór the following problem

min (4x4 + 2x2 + 9x3 + 3x4 + 14xs)

Xj + 5x2 + 10x3 + 10x4 + 15xs 16

5xx + 2x2 + 10x3 + Xn + 12xs 12

10x4 + 3x2 + 2x3 + 5x4 + x5 8

*,€{0,1} (j=l,..,5).

The s-constraint fór multiplier vector u1 = (1, 1, 1) is calculated first

16x4 + 10x2 + 22x3 + 16x4 + 28xs 36.

An optimál solution of Problems (ii/u*) may be obtained by using any of the meth­
ods discussed in Chapters 2-4 fór the knapsack problem. It is easily seen that 
the solution of the above Problem (ii/w1) is,

x1 = (1, 1, 0, 1, 0), eV = 9, 7i = {1, 3} I.

0 + 1° _ 25 'i = —— = 2.5

and let us use e = 0.1. Then, according to expressions (5.15)-(5.16),

u2 = (1,2.6, 1), 

which results in the s-constraint

24xx + 13.2x2 + 38xs + 17.6x4 + 47.2xs £ 55.2.

The optimál solution of Problem (ii/u2) is

x2 = (0,0, 1,1,0), eV = 12 > eV, 72={1}^7.
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Similarly to the first iteration
4 

»S = 1.2).
2 .0 + 1

The corresponding s-constraint is

28.5*4 + 14.8*2 + 43.4*3 + 19.1*4 + 53.4*s 62.8

with the optimál solution

x3 = (1,0, 1,0,0), eV = 13 > crx2, /3 = {2,3}^7.

Continuing the procedure 
7 । 4 7

r, = = —, u4 = (1.9, 3.1, 1.2).
3 4 4

The new s-constraint is

30.4 *! + 24.4*2 + 62.4*3 + 38.1*4 + 81.9*5 93.2 

x4 + (0, 0, 1, 1, 0) eV = 12 < crx3.

The procedure is stopped and the previous j-constraint

28.5 *! + 14.8*2 + 43.4*3 + 19.1*4 + 53.4*s 62.8

is accepted as the best one generated. In the next section, procedures will be given 
fór generating an optimál s-constraint.

5.4 Another definition of s-constraint strength

Let us consider the following three problems (using the notation introduced 
in Section 5.2)

£4 = max min cTx, where 
u^O x€s,(u)

s4(u) = {x | urAx uTb; Xj £ {0, 1} (j = 1,. .., «)}

L2 = max min cTx, where
u2;0 x€s,(u) (XZU)

52(u) = {x | utAx u'b; O £ Xj g 1 (j = 1,..n)}

L3 = min max {u7(Ax — b) + z — crx | Xj £ {0, 1} (j = 1,..., n)} (5.21) 
ugO x

where z is the best objective function value obtained so far.
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If s/u) / 0, s2(u) 0 and L3 > - oo respectively, then the corresponding
problems (5.19), (5.20) and (5.21) have optimál Solutions and they are denoted by 
(u1, x1), (u2, x2) and (u3, x3) respectively. These problems determine three multiplier 
vectors u\ u2 and u3, thus they are alsó defining strongest s-constraints in three 
different senses. The s-constraints corresponding to problems (5.19) and (5.20) 
are of the form

urAx u'b,

where u = u1 and u2 respectively. The s-constraint obtained by solving (5.21) 
takes the form

u3r(Ax - b) + z - crx - 1 0.

Problem (5.19) results in Glover’s definition of strongest surrogate constraint. 
There is no efficient exact method so far fór solving this problem. A heuristic 
algorithm was discussed in Section 5.2.

Problem (5.20) results in the strongest s-constraint definition of Balas (1967). 
The set s2(u) is obtained from set ^(u) by relaxing the integer constraints Xj € {0, 1} 
to 0 x á 1- Therefore Lr g £2, in other words Balas’ definition may result 
in a somewhat weaker s-constraint bút it has the advantage that (5.20) may be 
solved by linear programming. This transformation, however, is nőt trivial. It is 
discussed below. The reason fór forming (5.20) is the same as that of (5.19), as 
was described in Section 5.1, that is, fór each multiplier vector u 0 the continuous 
version of Problem (ii/u) is formed and solved

min crx
uTAx urb (5.22)

0 g á 1 (j= b- • -,«)•

The multiplier vector u, resulting in the worst optimum (the one closest to the 
optimum of Problem (i)) is accepted and the corresponding s-constraint is con­
sidered as the strongest one. This approach, however, is only of theoretical value 
because we should need to solve an infinite number of problems, one fór each 
u 0.

Let us consider the continuous version of Problem (i) as a primal problem, 
Problem (P) instead

min c7x
Ax g b (P)

0 g xj á 1 U = b • ■

The dual Problem (D) of this problem may be written as follows 

max (u' b — tre)

urA - t c (D)

u £ 0, t S 0,
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where e is the vector of unit elements. Let us suppose that Problem (P) has a feasible 
solution and denote the optimál Solutions of Problems (P) and (D) by x and (ü, t) 
respectively. The multipliers u of the strongest s-constraint in the sense of (5.20) 
may be determined with the help of the following statement:

Lemma 5.3: There exists an optimál solution of form (u, x) fór (5.20) where (u, t) 
is an optimál solution of Problem (D).

Proof: First of all, let us denote an optimál solution of the problem

min {cTx | urAx urb; 0 g 1 (J = 1,.. ., n)} (5.23)

by x(u). As the constraints of (5.22) are consequences of those of Problem (P) fór 
any u 0, it is obvious that

crx(u) crx fór any u 0. (5.24)

Therefore it is sufficient to show that there exists a vector u fór which the equality 
sign holds. Let us consider fór this purpose the case u = ü

zT = cT(ü) = {min cTx | uTAx ürb; 0 á Xj 1 (J = 1,..., w)}. (5.25)

The dual of this problem is the following:

Wx = max {ürb5 — tTe | Arus — t c, s 0, t 0} (5.26)

where

er - (1,1,..1).

The duality theorem of linear programming States that zt = M j. On the other 
hand,

wx £ űrb - tre, (5.27)

as s = 1, t = t is a feasible solution fór (5.26). Bút the right hand side of (5.27) 
is the optimum of Problem (D), hence

c^ű) = Zx = Wx ürb — t7e = crx. (5.28)

Inequalities (5.24) and (5.28) together prove the lemma with x = x(u).
We have obtained the simple result, namely that the optimál values of the dual 

variables provide optimál multipliers u 0, in the sense defined by (5.20).
Let us now turn to problem (5.21). This definition of strongest surrogate con­

straint was given by Geoffrion (1969). In our problem, z denotes the objective 
function value of the best solution found so far. When no feasible solution has 
yet been found, then z is an upper bound of the objective function, fór example

Z = 1 + £ Cj.
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This choice does nőt exclude any solution by the objective function constraint 

-crx^-z+l. (5.29)

If there exists a vector u 0, such that

max {uT(Ax — b) + z — crx | xy-C {0,1} 0= 1,.. .,m)}^0, (5.30)
X

then obviously Problem (i), which is repeated here fór convenience (including the 
objective function constraint)

min crx

-cTx^-z+l (5.31)

Ax b

xj € {0, 1} (j = 1, • • ■, n)

has no feasible solution. Therefore the purpose of (5.21) is either to find a vector 
u 0, fór which inequality (5.30) holds, or to find one closest to this binary in­
feasibility, i.e. a strongest j-constraint in the sense of Geoffrion.

Let us now return to the method fór solving (5.21). Obviously, the following 
three quantities are equal to each other

min max {u'(Ax — b) + z — crx|x; € {0, 1} (J = 1,..., n)} (5.32)
uSO x

min max {(urA — cr)(x — urb) + z | 0 x^ 1 (j = 1,..., n)} (5.33) 
u^0 x

min min {t7e + z — urb 11 urA — cr} (5.34)
u^O t2:0

where e is an n dimensional vector all components of which are 1. The first equality 
follows from the fact that the variables of the objective function of (5.32) are to 
be maximized independently from each other. The second equality is a consequence 
of the duality theorem of linear programming. The third problem may be solved 
by linear programming. If, during the process of solving this problem, the objective 
function reaches zero or goes below zero, then 0^0 and there is no feasible 
solution of (5.31). In the opposite case, if the optimum of the problem, L3 > 0, 
then let us denote the optimál solution of (5.34) by (ü, t). In this case

0 < Ls = max {ü'fAx — b) + z — c7x | 0 xy 10 = !.•••,«)} =
* (5.35)

g max {u’(Ax — b) + z — c'x | 0 Xj 1 0 — L ■ • •,«)}

fór any u 0.
The above inequality implies that the optimál solution of the inequality of (5.35), 

i.e. the vector x of dual optimál variables of (5.34) satisfies the constraints of (5.31), 
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apart from integrality restrictions. If the latter are alsó satisfied, then a new feasible 
solution has been found, the value of z is updated and the process is repeated. 
In the opposite case we have obtained the strongest s-constraint in the third sense.

It is easy to see that a multiplier vector fi solves (5.20) if and only if it is alsó 
optimál fór (5.21). In spite of this fact, the two s-constraint definitions (those of 
Balas and Geoffrion) are different because Geoffrion alsó mixes the objective 
function of the s-constraint with weight 1.

Very good results are reported in Geoffrion (1969). By applying his s-constraint 
concept, a speeding up by a factor of about 100 is obtained in the enumeration 
method. It is alsó conjectured that the exponential growth in computer time, when 
the number of variables is increased, may be reduced to a low-order polynomial 
growth.

5.5 Tests

A quite generál schema of enumeration algorithms was presented in Chapter 2. 
The determination of consequences (obligatory variable fixing) and of empty 
pseudo Solutions (possibility of backtracking) in Steps 2 and 3, respectively, were 
nőt detailed. This is the purpose of the tests discussed in this section, and partly 
in the next chapter.

Let us consider again the usual problem

min crx (5.36)

a‘x b; (z = 0, 1,..., m) (5.37)

X;C{0, 1} (./= 1,2,...,W), (5.38)

where a‘ denotes row i of mátrix A

a — (íZ/l, ^in))

and row 0 is the objective function constraint:

— cTx S — z + 1,

denoting by z the best objective function value obtained so far.
We can suppose that one or several of the s-constraints are alsó included in 

inequalities (5.37). As before, all the coefficients are supposed as being integer and 
c £ 0.

The tests will be formulated fór the starting state of the problem bút they can 
still be applied in the same way if somé of the variables are already fixed. In the 
latter case the transformed problem is used (obtained by inserting the fixed values 
of variables and by rearranging it to the same form.) Then, obviously, the “no 
solution” result should be understood as “no solution in the present pseudo-solu­
tion”, i.e. the value of at least one of the fixed variables should be changed, other­
wise no solution may be obtained.
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Notation

L, U lower and upper bounds, resp., fór the number of (free) variables which 
must take the value 1 in order to obtain a feasible solution.

y^.. the sum of the largest M number among atl, aa,. .ain. 
j
y the largest possible sum taken from the elements a^, a^,. . ain by choos- 

ing at least M and at most elements.

y y the same as the corresponding y, only the word “largest” is 
'7 substituted by the word “smallest .

The proper determination of numbers L and U is important fór several reasons. 
First of all, because they are often calculated, simple methods should be used. 
On the other hand, better lower and upper bounds may substantially speed up the 
algorithm when the number of free variables is still large. As a consequence, 
several methods of different complexity are desired fór calculating the bounds L
and U: . , ,

1° Determine fór each i = 0, 1,. . m, Lt and Ut the minimum and the 
maximum of the number of variables which may take the value 1 and still satisfy 
constraint i

£ Li - iau < bi = ZLí a‘J ’ 
j ’

and

Xuí au = bi > aü ■ 
j J

The largest of these lower bounds and the smallest of these upper bounds 
usually provide good bounds fór the entire problem

L = max Lh U = min Ut 
t 1

2° A faster calculation is obtained if only one or only a few constraints is/are 
taken intő consideration in the method described in 1°. Then preferably strong 
constraints (e.g. the s-constraints) are to be used.

3° Minimize (maximize)

u'Ax u'b

€ {0, 1} (j= 1.....H)

where u 0 is an arbitrary vector (an s-constraint is determined). Obviously these 
two problems will result in a lower (upper) bound L and U, respectively.
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4° Minimize (maximize)

Ax b

0 Xj g 1 (j = 1,.. n)

and the desired lower and upper bounds L and U are alsó obtained, taking the 
integer parts of the optima

where x1 (x2) is the optimál solution of the minimization (maximization) problem.
Further methods fór determining L and U will be discussed in the next chapter. 

Throughout the algorithm, a good compromise could be made beating in mind 
the computer time used and the accuracy of the obtained bounds. The frequency 
of the calculations is alsó important.

Now several feasibility and consequence tests will be discussed. Both kinds of 
tests are understood in such a way that each time a new feasible solution is found, 
the objective function constraint is adjusted and thus only better Solutions are 
sought.

Test 1: (a) There is no solution in the present branch if

L > U.

(b) There is at most one solution in the present branch if either

(bl) L = U = 0

(b2) L = U^f,

where f is the number of free variables (/ = n at the beginning).

Note: when determining L and U, infeasibility may already be obvious. Then, 
using the symbols L = + oo and U = — oo respectively (depending on where the 
infeasibility was found). Test l(a) alsó summarizes these cases. In case (b) all free 
variables are set equal to 0 (to 1 in the second case) and the solution so obtained 
is checked fór feasibility. (The fixings are obligatory!) If the answer is positive, 
a new feasible solution is found and the objective function constraint is adjusted. 
In any case, backtracking takes piacé. In the following tests, Fdenotes the set of 
subscripts of free variables and 6i stands fór the transformed right hand side

bt — — E aiA>

where öj is the value of Xj in the present branch.

Testi: If
Üu^b, (5.39)

iiF
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for at least one of the subscripts í = 0,1,..., m, then there is no solution in the 
present branch; backtracking is applied.

Test 3: If the inequality
a tk> X í+i. — (5-40)

Jár

holds for an i (0 i ni), where aik is a member of the sum

(5-41) 
it?

then the fixing xk = 1 is obligatory.
As a justification of the test, condition (5.40) may be reformulated as

X L, U aij < 
jer

which shows that the fixing x* = 0 would give an infeasible branch. Analogously,

Test 4: If the inequality
aik < bi ~ Z l -1, u -1 au (5-42)

j£F
holds for an i (0 i á ni), where alk is nőt a member of sum (5.41) and k € F, 
then the fixing xk = 0 is obligatory.

In the opposite case, if xk = 1, at least L — 1, at most U — 1 further free 
variables should take the value 1. Then inequality (5.42) is reformulated as

alk + X L-l,F-laü < bi> 
jer

which clearly shows that no solution exists in the present branch, i.e. the fixing 
xk = 0 is really obligatory.

The following three tests may be applied only if at least one feasible solution of 
the problem has already been found.

Let us consider the following problem

min z = X cjbj + Z CJXJ

. (W)
Z X um Z uibi’

í = 0 j^F í=°

0 :g xy :g 1 (J = 1,2,..., n)

where the multipliers w 0 (w 0) are determined as described in Section 5.3.
The optimál solution of (5.43) which may easily be obtained (see Lemma 1.2), is 
obviously a lower bound for our problem. The optimum of (5.43) is denoted by z.

14510



Furthermore, the optima of the modified problems that are obtained by substituting 
xk = 0 and 1 respectively to (5.43), are denoted by zk and zk respectively. Only 
the free variables xk(k £ F) are considered. Then the following tests may be used:

Test 5: If the inequality

z > b0

holds, then there is no solution in the present branch.

Test 6: The inequality
zk > ^0

implies that the fixing xk = 1 is obligatory.

Test 7: The inequality 

zk >

implies that the fixing xk = 0 is obligatory.
When determining bounds L and U, somé of the constraints may obviously 

become superfluous. Should this occur, these constraints may be temporarily 
deleted until the next backtracking. This is the purpose of the following statement.

Test 8: If the inequality

YíL,uaij^bi (5.44)
JíF

holds, then constraint i may be deleted and the corresponding multiplier ut is set 
to 0. Inequality (5.44) means that any solution in the present branch satisfies 
constraint i, as only Solutions with the property

L á £ xj g U 
JíF

are considered, according to the definition of bounds L and U.

Tests 1-8 are mainly those of Glover (1965). There are many other tests in the 
literature. A good survey may be found, fór example, in Zoutendijk (1970). 
Substantially different kinds of tests are those using more than one constraint at a 
time. As an example, let us consider constraint i which is at present nőt satisfied: 
bt > 0; and another constraint h i. Let us define the sets

= ^>0},

where F is the subscript set of presently free variables and bt is the transformed 
right hand side of the inequality. Then we can describe
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Test 9: If the inequality
ahj + S ahi < b* (5.45)

holds, then the present branch is infeasible. The number kt is defined by the in- 
equalities

E*/-i av <bt = (5.46)

and the minus sign in the superscript means the negative part

_ _ í d if d < 0 
6 — | 0 otherwise.

A number of further tests may be designed by substituting xk = 0 (or xk = 1) 
(fór a free variable k € F) to either the test inequality (5.45) or to the inequalities 
defining the number k,. If the inequality (5.45) holds under the modified circum- 
stances (bút nőt without it), then the modification xk = 0 (or xk = 1) is prohibited, 
i.e. the variable fixing xk = 1 (or xk = 0) is obligatory. The design of further tests 
and the effective use of large-scale testing will be described in Chapter 11 in more 
detail.

5.6 Description of the algorithm

The algorithm is substantially the one described in Section 2.5. It is extended by 
the use of s-constraints and the tests stated above. Naturally the objective function 
constraint is used and adjusted after each new feasible solution found.

The notation and notions of Section 2.5 will be used. The fixings Xj = 1 and 
Xj = 0 will be denoted by the symbols j and j respectively. A variable is tied (in 
hand writing the corresponding term j or J is underlined) if the foregoing variable 
fixings already imply the present value of the corresponding variable, i.e. the oppo- 
site value results in an infeasible pseudo-solution. This mayhappenintwo different 
ways. First of all this opposite value has already been considered and the corre­
sponding branch is fathomed by the algorithm and a backtracking step resulted 
in the tying. In the second case one of the tests has shown the infeasibility of the 
branch. As in Chapter 2, <j> denotes the ordered pseudo-solution carrying alsó 
the State of the enumeration. Furthermore the set of feasible Solutions is denoted 
by

S = {x | a'x £ bt (i = 0, 1,.. ., ni), x} € {0,1} (j = 1,..«)} ■ (5.47)

It is clear from the defining equation (5.47) that the objective function constraint 
(i = 0) is included, i.e. set S is changed whenever a new feasible solution is found 
because then b0 is adjusted to exclude all Solutions with no smaller objective func­
tion value.

The algorithm fór (5.36)-(5.38) may be summarized in the following steps.
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Step 1: Let 0 = (0), that is all variables are free,

F= {1,2,.. .,n}.

If the corresponding solution (the root of ^> = (0))

x* = (0,..0) € S,

then this is alsó the optimál solution of the problem. In the opposite (and usual) 
case

Step 2: Determine the present value of the bounds L and U. (See Section 5.4).

Step 3: Apply Test 1. If condition (a) is satisfied, then go to Step 10. If condition 
(b) holds, then all free variables are set equal to 0 (Case (b) 1) or to 1 (Case (b) 2) 
and tied. Then go to Step 9. If nőne of the conditions is satisfied the next step is 
taken.

Step 4: Apply Test 2. If a positive result is obtained go to Step 10, otherwise 
to the next step.

Step 5: Apply Tests 3-7 in their original order. If the condition of Test 5 is 
satisfied, then go to Step 10, if any other test gives a positive result then the corre­
sponding variable is fixed (and tied) and it sterm is added to the present pseudo- 
solution </>; Step 2 is repeated. If all the tests are tried without result, then:

Step 6: Fór all rows satisfying the condition of Test 8, the multiplier u( in the 
s-constraint is set equal to 0. If there is a change of multiplier, Tests 3-4 are applied 
fór the s-constraint only.

Step 7: If there are no more free variables, then go to Step 9. Otherwise if 
$ = (0) or there is no change since this step was visited last time, then fix one of 
the free variables at value 1 without tying it. Continue with the next step.

Step 8: Check the present pseudo-solution to determine whether its root (all free 
variables are temporarily set equal to 0) is feasible. If the answer is positive, the 
new solution is stored as the best one so far and denoted by x*, then modify the 
value b0. If the ordered pseudo-solution <b has nőt changed since Step 2 was visited 
last time, go to Step 7, otherwise go to Step 2.

Step 9: The present pseudo-solution </> contains only one solution. If it is 
feasible, then it is registered as the best one so far, it is denoted by x*, the value 
of b^ is adjusted and the next step is taken.

Step 10: (Backtracking.) If 0 = (0) or all variables in </> are tied, then go to 
Step 12. Otherwise the last untied (nőt underlined) variable is set equal to its 
opposite value and tied, all variables following it in the ordered pseudo-solution </> 
are left out, i.e. they are considered as free variables.
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Step 11: New multipliers ut are calculated fór all rows. Go to Step 2.

Step 12: The algorithm is finished. If the solution x* is feasible fór (5.36)-(5.38), 
then it is alsó optimál. In the opposite case there is no feasible solution of the 
problem.

Note 1°: If there is no feasible solution available at the beginning, then the 
objective function constraint is dummy, thus it is nőt checked until the first feasible 
solution is found. Accordingly, tests 5-7 are used only if a feasible solution is 
already known.

Note 2°: Because the frequent calculation of bounds L and U, fór example, 
after each fixing, would be too time consuming it is only done after several fixings 
using different methods, depending on the State of the enumeration. Between 
two recalculations an adjustment of the bounds is made; after each variable fixing 
at value 1, both L and U are decreased by 1.

Note 3°: The use of the tests may be advantageous in a different order. Fór 
example it takes less time to apply tests 2, 3 and 4 to one constraint and then to 
take the next constraint. On the other hand - especially if the present pseudo- 
solution is likely to contain a feasible solution — sometimes it is better to apply 
the tests only fór a few constraints, mainly fór the s-constraints or fór somé other 
momentarily “difficult” constraints.

Note 4°: The weight of the objective function constraint in the s-constraint may 
vary depending on how far we have progressed in the enumeration and what is 
the number of free variables.

Note 5°: From the point of view of finding better Solutions sooner, the choice 
of the Step 7 free variables is critical. One idea may be to use the objective function 
and an s-constraint and evaluate the variables according to the ratios

Cj, < ct, ,
ajt ait aJk

Naturally the variables w ith aj = 0 are ranked last. There are many other possi- 
bilities as will be seen in the following chapters. Sometimes it might be useful to 
make several voluntary fixings at Step 7 instead of making only one. The finding of 
better Solutions earlier is important fór several reasons. First of all the better fea­
sible solution we know the stronger objective function constraint we get and thus 
we can speed up the algorithm. On the other hand, if the run is terminated before 
the end of the algorithm it is essential to have as good Solutions as possible.

A detailed discussion of how to construct an effective enumeration algorithm 
is left to Chapter 11.
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Example: Solve the following numerical problem

min 3xx + 5x2 + x3 + 6x4 + 2xs + 8x# + I0x7

—3xx - 5x2 - x3 - 6x4 - 2x5 - 8x6 - 10x7 b0

5xx - 2x2 + 7x3 + x4 + 4xs + 10x8 — 5x7 20

8xx + 7x2 - 2x3 + 5x4 + 6x5 - 4xa + 12x7 11

— 7xx + 7xa — 5x3 + 7x4 — x5 + 8x6 + 4x, 9

x7€{0,1} 0= 1,...,7).]

As we do nőt known any feasible solution at the beginning,

60 = - = ”35-
i

Using the procedure described in Section 5.2, an x-constraint may be determined:

5.4xx + 13.5x2 + 0.6x3 + 15.4x4 + 9.9x5 + 19.4x6 + 10.7x7 £ 48.7, 

where the multiplier vector
u = (0, 1.3, 1, 1.3)

was used. (Fór u0 = 0 see note 1°.)
The steps of the algorithm are as follows:

Step 1: 0 = (0), x* = (0, 0, 0, 0, 0, 0 0) < S .

Steps 2: The first method fór calculating bounds L, U is used.

Lx = 3, Ux = 7

L2 = 1, U2 = 7

= 2, U3 = 7

L, = 4, = 7

Lo and Fo are nőt calculated as there is no feasible solution yet.
and F^ are computed from the s-constraint.

L = max£z = 4 U = mint/, = 7 
1 t

Steps 3-4: Tests 1 and 2 have no results.

Step 5: Test 3, fór constraint 1, holds

^1,8 > au — 0® > 27 — 20)
Jer
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thus x6 = 1 is an obligatory fixing

0 = (6) •

Now the transformed right hand sides are calculated

= 20 - 10 = 10

í2 = 11 + 4 = 15

bs = 9- 8= 1

bt = 48.7 - 19.4 = 29.3.

The set of free variables is alsó reduced
F = {1,2, 3,4, 5,7}.

Step 2: The bounds are reduced by 1 (see Note 2°).

L = 3, U = 6.

Steps 4-8: There is no result from the tests.

Step 7: One of the free variables should be fixed at value 1 (see Note 5°) accord­
ing to the ratios Cj/air The voluntary fixing x5 = 1 is chosen, thus

^ = (6, 5).

The transformed right hand sides are

br = 6, b2 = 9, b3 = 2, bt = 19.4

Stepi: x = (0,0, 0,0, 1, 1,0)3$.

Step 2: L and U reduced by 1. L = 2, U = 5 .

Steps 3-6: No results from the tests.

Step 7: According to our choice rule (variable x2 has the best ratio)

= (6, 5, 2)\

The transformed right hand side

b = (8, 2, -5, 5.9).

Stepi: x = (0,1, 0,0, 1, 1,0)3$.

Step 2: L = l, U = 4.

Steps 3-4: Tests 1 and 2 have no results.
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Step 5: Test 3 may be applied successfully to constraint 1 with the result that 
x3 = 1 is obligatory, thus

^ = (6,5, 2,3)

b = (1,4, 0, 5.3).

Step 2: L = 1, U = 3. (L = 1 can always be written instead of L = 0 whenever 
there is at least one positive element among the components of the trans- 
formed right hand side vector b.

Steps 3-5. No results from the tests.

Step 6: Test 8 may be applied fór row 2.
Test 3 may be applied fór the new s-constraint

—2.6x4 + 10.4x4 — 1.3x7 1.3

resulting in the obligatory fixing x4 = 1. Thus

<£ = (6, 5, 2, 3, 4), 

and constraint 2 may be removed temporarily (until the next backtracking).

Step 8: x = (0, 1, 1, 1, 1, 1,0) £ S Feasible solution!

x* = (0,1, 1,1, 1,0) 60 = —21.

The adjusted objective function constraint naturally results in a backtracking. 
(This is a consequence of the fact that c 0)

— 3x4 — 10x7 1.

Step 2: L — Lo= — oo

Step 10: Backtracking:

0 = (6, 5,2)

b =(-11,6, 9, 2, 19.4) (including b0Y)

Step 2: After the backtracking the bounds are recalculated

£0 = 0 Uo = 3
Lt = 1 U, = 4 (i = 1, 2, 3)

= 2 í/4 = 4

L = 2 U = 3

Steps 3-4: No results from the tests.
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Step 5: Test 3 applied fór i = 4 results in x4 = 1

= (6, 5, 2, 4) 

b = (-5,5,4, -5,4).

Step 2: L = 1, U = 2.

Steps 3-4: No results.

Step 5: Test 4 applied fór i = 0 results in x7 = 0

0 = (6, 5, 2, 4, 7).

The transformed right hand side vector is unchanged.

Step 2: L = 1, U = 1.

Steps 3:-4: No results

Step 5: Test 3 applied fór i = 3 results in xx = 1, and because of U = 1, x3 = 0

</> = (6, 5, 2, 4, ,7 1, 3).
Stepiz (1,0,0, 1, 1, 1,0) <5.

Step 10: </> = (6, 5)
b = (-13, 10,15,1,29.3).

Step 2: L = 3, U = 3 (from L4 = 3 and Uo = 3).

Steps 3-4: No results.

Step 5: Test 3 applied fór i = 1 results in x3 — x4 = 1

</> = (6, 5, 3,1)

b = (-9, -2,9, -13,23.3).

Step 2: L = 2, U = 1 (L3 = 2, Uo = 1) .

Step 3: Test 1 shows the infeasibility of the present pseudo-solution.

Step 10: All variables are tied (underlined).

Step 12: End of algorithm.

Optimál solution: x* = (0, 1,1, 1,1, 1,0)

Optimum: z* = 22.
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CHAPTER 6

A MODIFIED ADDITIVE ALGORITHM

6.1 Introduction

The method described in the present chapter is based on the work of Balas (1965) 
which was one of the earliest papers using the enumeration method in discrete 
programming. Balas’ method has been extensively tested and modified by many 
people, e.g. by Fleischmann (1967), Freeman (1966), Glover and Zionts (1965), 
and by Petersen (1967). Balas himself has alsó developed his algorithm further 
bút the new algorithm — called the filter method and which will be discussed in 
Chapter 8 — does nőt make the examination of the old one unnecessary. The 
filter method uses the simplex method to solve the continuous version of somé 
discrete subproblems. On the other hand, the additive algorithm is a pure implicit 
enumeration method and may thus have somé advantages, especially in the case 
of large, specially structured problems, when the solution of the continuous 
problem would take a long time.

While retaining the most important features (evaluation of free variables, set 
of candidate variables, etc.) the algorithm itself will be different from that of Balas. 
The purpose of changing the method is twofold. First of all, the algorithm will 
be presented in the framework described in Section 2.5 and will therefore be closer 
to the other parts of this book. Secondly, a great number of modifications and 
extensions become very easy to make including features used in Chapter 5 and 
those suggested in the above papers. Furthermore the memory requirement of the 
modified algorithm is substantially less than that of the original one.

6.2 Notation, notions

Let us consider the following problem

min z = cTx (6.1)

Ax - y = b (6.2)

-^{0,1} O=l,...,n) (6.3)

y 1 0, (6.4)

where A is a given m x n mátrix, c 0 and b are given n and m component vectors, 
respectively. x and y are n and m component variable vectors, respectively. As has 
already been seen in Chapter 1, all bounded linear discrete problems can be 
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formulated as in (6.1)-(6.4). An (n + m) dimensional vector u = (x, y) is said to 
be the solution and feasible solution if it satisfies the constraints (6.2)-(6.3) and 
(6.2)-(6.4) respectively. A feasible solution u is called optimál if it minimizes the 
objective function (6.1) among all feasible Solutions. The objective function con­
straint is assumed to be included in equations (6.2) in the following form

- c'x - yi = - s - z*,

where x* is the best feasible solution found so far and

z* = c^x*,

and e > 0 is a sufficiently small number.
If no feasible solution has yet been found, then

Z* = 1+ ^Cj.
7=1

A solution may be represented by the set Js of subscripts of the variables xj 
taking the value. 1. Then the solution (x, y) itself:

otherwise
(6.5)

yst = ~ + Y aiJ (i=l,..„m)- (6.6)
Jíj,

Definition 6.1: The root of orderedpseudo-solution

is the following vector
— (Xjt — ÖjO • • XJk bjk)

( 0 otherwise.

Let us consider a positive integer, t and the íth ordered pseudo-solution occurring 
in the algorithm fa

<t>t = («a» a/.> • • •> “a) .
where a.jk denotes one of the variable fixings xJlc = 0 or xjk = 1. Now we wish to 
determine the set of subscripts of the free variables that may be considered fór the 
next fixing at value 1. This set will be called the candidate set.

We need to choose a variable which will push our present trial solution, the 
root of <t>„ x0^,), closer to a feasible solution in somé sense. Fór example we want 
to take intő account only those variables increasing the feasibility at least in one 
row. Then the candidate set fór the ordered pseudo-solution may be defined as

M = {JI 0 < í S n’ J * Ji> • • -Áí £ U’ • 

Cj < z* — cTx!}, 

m}\ > 0, y] < 0;
(6.7)
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where x '= x°(^>,) and y — Ax' - b, is the trial solution corresponding to the 
ordered pseudo-solution </>,.

We have to choose one of the variables x}, j € Nt. Fór this purpose let us intro- 
duce the following evaluation fór the candidate variables

= E W + aij)~ (J c N>) 
i

(6.8)

where the minus sign in the exponent means the negative part d — min (d, 0). 
Obviously if the solution obtained by the new fixing Xj = 1

Xj = 1) (6.9)

is feasible, then v] = 0. Otherwise vj is a measure of infeasibility fór vector (6.9). 
Therefore the variable Xj* with the smallest infeasibility is chosen

max Pj=r).+ I. 
jíN,

(6.10)

It should be noted however, that the infeasibility may temporarily become worse. 
Fór example

The present infeasibility is v = — 5. The infeasibility measures fór the two 
variables

pj = (-2 + 10)“ + (-3 - 5)“ = -8

4 = (-2 - 5)" + (-3 + 10)“ = -7

and nevertheless by introducing both variables and x2 a feasible solution is 
obtained

Now let us suppose that a new feasible solution (xf, y') has been obtained, that 
is, y' 0. Then an adjustment is performed on the objective function constraint: 
z* = eV and x* = x'. The candidate set Nk (k < í) may alsó be reduced by 
the set

Dk = {j\j^Jk, Cj^crx' - eV} (6.11)

where Jk denotes the set of subseripts fór the variables fixed in ordered pseudo- 
solution (/>k.

Let us denote the objective function value corresponding to the root of ordered 
pseudo-solution (j>k, by zk

Zk = cV(<^),
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furthermore the objective function value of the best solution obtained so far (until 
the ordered pseudo-solution <l>k is formed) is denoted by z^, that is,

zw = min {crx°(</>r) | r k, Ax°(0r) — b 0} .

If
Ax°(^r) - b £ 0 fór all r k,

then let zw = co.

6.3 Description of the algorithm

The algorithm fór solving (6.1)-(6.4) may be summarized in the following steps:

Step 1: If the vector x° = 0 is a feasible solution (y° = b 0) then it is alsó 
optimál. Then x* = 0, z* = 0 and go to Step 7. Otherwise let

= (0X t = 0. = -1 ~ É 9-
;=i

Go to Step 3.

Step 2: If y' 0, then let x* = x', z* = crx', N, = 0, and the objective 
function constraint — crx — z* + £ is used.

Form the sets Dk according to expression (6.11) fór all k < t and {</>,} C {^4-t 
Fix and tie (underline) these variables at zero and add these terms to the cor­
responding pseudo-solutions. (The term Xy = 0 y € D‘k is added just after the last 
térin of the pseudo-solution <j)k}. If a variable is fixed at the same value several 
times, then only the first term is retained. If a variable occurs twice with opposite 
fixing then the second fixing and all the terms following it are omitted from the 
present pseudo-solution. In all cases, continue at the next step.

Step 3: Form the candidate set Nt fór the present solution <£, according to 
expression (6.7). If N, = 0, then go to Step 6, otherwise to the next one.

Step 4: Check the conditions

X aj - yf fór all i : y\ < 0, (6.12)
JéNt

where the plus sign denotes the positive part </+ = max {d, 0}.

(a) If at least one of the conditions (6.12) is nőt satisfied, then let N, = 0 and 
go to Step 6.

t This means that all variable fixing terms of <pk may alsó be found in 4>t.
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(b) If all conditions (6.12) are satisfied as strict inequalities, then calculate the 
evaluation rj, j £ N, according to expression (6.8) and choose the best one, j*+1

v',* = max v-.
''+* JtN, J

Furthermore let
= (tó i)

x'+1 = x°(</>í+1); y'+1 = Ax'+1 — b.

Increase t by one and go to Step 2.
(c) Finally if all conditions (6.12) are satisfied and

M' = {i IX < o, X < = - yf} * 0 (6.13)
ÜNt

then continue with the next step.

Step 5: Check the inequality
X CJ < z^ “ z> (6.14)

ííFi 
where

f, = {j\j£Nt; ..,4}.
(a) If inequality (6.14) is satisfied, then let

tó = (tóíJÍ. ■ •

where the subscript j stands fór the variable fixing x} = 1 (all the newly fixed 
variables are alsó tied), and

x'+1 = x°(</>í+1), y'+1 = Ax'+1 — b.

Increase t by one and go to Step 2.
(b) If inequality (6.14) is nőt satisfied, then let N, — 0 and go to the next step.

Step 6: If all fixed variables are alsó tied (underlined) then go to Step 7. Other­
wise the next pseudo-solution ^>( + 1 is calculated as follows. The last fixed bút nőt 
tied variable is changed to its opposite value and tied. All variable fixings follow­
ing it are deleted, the corresponding variables are considered as free variables. 
Increase t by one. Calculate the vectors x' and y' and the candidate set Nt. If 
N, = 0, then Step 6 is repeated, otherwise go to Step 2.

Step 1: End of the algorithm. If

z* = 1 + X CP
J-i

then there is no solution. Otherwise x* is an optimál solution of (6.1)-(6.4) with 
the objective function value z*.
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6.4 Justification of the algorithm

As this algorithm is formulated in the framework of the algorithm family 
described in Section 2.5, only two special features need justification. One of them 
is the use of the objective function constraint in order to obtain increasingly bet- 
ter feasible Solutions instead of determining all feasible Solutions. Fór this purpose 
let us introduce the following sets

= S

and

S*+1 = {x | x £ S°, crx < crx*} (k = 0, 1,..., r), (6.15)

where the set S'-41 is defined whenever a feasible solution

xkesk
is found. In other words, the algorithm described in Section 2.5 is used solely as a 
means of finding just one feasible solution fór each problem

min crx,

and the solution set is changed according to definition (6.15). Obviously as the 
process is guaranted to result in all feasible Solutions within a finite number of 
steps, either a feasible solution xk € Sk will be found or it will be shown that no 
feasible solution exists. On the other hand only a finite number of sets Sk may 
be defined because set S contains only a finite number of elements and the feaxible 
Solutions already found are excluded from further consideration by definition 
(6.15).

The other new feature is the use of the sets Nk and D’k. Obviously at least one 
element of set Nk must be chosen in order to obtain a feasible solution. The use 
of sets D'k may easily be justified in the following way. Let us imagine that after 
obtaining a new feasible solution xk we restart the algorithm from the very begin- 
ning. In this case the choice Xj = 1, j € D'k fór the pseudo-solution is obviously 
prohibited and thus certain short cuts will take piacé (compared with the case 
when only x*-1 was known), otherwise the algorithm will follow the same path. 
The procedure described in the foregoing section differs from this approach only 
in the respect that when optimizing on set Sk+1, the steps which are exactly the 
same as when optimizing on set Sk are deleted.
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6.5 A numerical example

Let us solve the following problem by the modified additive algorithm 

min 3xx + 5x2 + 3x3 + 9x4 + 5xs + 8x6 + 7x7 + 4x8

— Xi + 3x2 — 5x3 + 7x4 - 3xs + 2x6 + 5x7 + 6x8 - = 1

3xx + 3x2 - 10x3 — 5x4 + 3xs + 5xe — 2x7 — 5x8 - y2 - —10

2xx — 2x2 + 5x3 — 2x4 — 4x5 + x6 + 3x7 + 5x8 — y3 = 10

xj € {0, 1} (j = 1, • •8) 

yt £ 0 (í = 1, 2, 3) .

Now the algorithm of Section 6.3 is applied

1. x° = 0, y° = (-1, 10, -10) £ 0 0O = (0), í = 0, z* = -45 

3. No = {1, 2, 3, 4, 6, 7, 8}

4. 3 + 7 + 2 + 5 + 6> 1
2 + 5 + l + 3 + 5>10

4(b). vx=—10, pg=-12, ^=-11, ^=-12, 
— —9, v° = —7, p8 = — 5,

max Vj — p8, j* = 8, 0X = (8)

x1 = (0, 0, 0, 0,0, 0, 0, 1), y1 = (5, 5, -5), t=l

2(b). y1 p

3. Nj, = {1, 3, 6, 7}

4. 2 + 5+ l+ 3>5

4(b). = —3, r3 = —5, vl = —4, v} = —2

max Vj = j* = 1, 02 = (8, 7)

x2 = (0, 0, 0, 0, 0, 0, 1, 1), y2 = (10, 3, -2), í = 2

2(b). y2 £ 0

3. N2 = {1, 3, 6}

4. 2 + 5 + 1 > 2
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4(b). vl = O vj=-7 v26=-l
max v] = v[, j* = 1, <^3 = (8, 7, 1)
j^N.

x3 = (1, 0,0,0, 0, 1, 1), / = (9,6,0), í = 3

2. y3 0, x* = (1, 0, 0, 0, 0, 0, 1, 1), z* = 14.

The objective function constraint is used from now on

-3*! — 5x2 ~ 3x3 — 9x4 — 5xs — 8xe — 7x? — 4x8 — y4 — z* + 1.

The sets D‘k are determined from expression (6.11)

Dg = 0j Di = 0> D3 = 2> 3> 4> 5) 6J .

All variables having subscripts taken from set Dk are fixed and tied at value 0 and 
placed after the variable fixing jk. (In our case only D3 is nonempty)

<^4 = (8, 7, T, 2, 3, 4, 5, 6), t = 4.

The last variable fixing xx = 1 (in brief, term 1) was deleted because of the fore- 
going term I.

3. Nt = 0
6(b). = (8, 7), t = 5

x5 = (0 ,0, 0, 0, 0, 0, 0, 1) y5 = (5, 5, - 5, 9)

3. #5 = {1, 3, 6}

4(b). Vj = — 3, üg = — 5, r8 = —4
max Vj = vk j* =1 = (8, 7, 1), t = 6

x6 = (1, 0, 0, 0, 0, 0, 0, 1) y6 = (4, 8, -3, 6)

2(b). y6 £ 0

3- N6 = {3}
= {8, 7, 1,3}.

The algorithm may be continued in a similar way. It is summarized in Table 6.1. 
The tableau speaks fór itself. The last column contains the evaluating numbers 
v]. The one which is chosen is framed. An empty frame means either a single 
element or the occurrence of case 4(c), when all elements must be chosen. In 
neither of these cases should the value v'j be calculated.
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CHAPTER 7

BENDERS DECOMPOS1TION

7.1 Introduction

The procedure described in this chapter may be applied fór decomposing all 
problems consisting of two parts (at least one of which is linear) in each constraint, 
and in the objective function. Discrete functions may alsó appear therefore the 
method can alsó be used fór mixed integer problems. As a result of the decomposi- 
tion a pure linear and a pure discrete programming problem is to be solved. Except 
fór very small problems this approach is nőt practical. Another algorithm is alsó 
developed, based on the same theory, which coinsists of solving a series of linear 
and discrete (or nonlinear) programming problems of the same type.

The method is based on the work of Benders (1962) with somé modifications. 
The chapter is completed with a summary of the algorithm, and a numerical 
example solved in two different ways.

7.2 Problem formulation

Let us consider the following problem 

max crx +/(y) (7.1)

Ax + F(y) á b (7.2)

x 0 (7.3)

y € S, (7.4)

where A is an m xp mátrix, x and y are p and q component variable vectors, 
respectively. Accordingly /(y) is a scalar function and F(y) is an m component 
vector function of q variables; c and b are given vectors of corresponding size; 
S is an arbitrary (possibly discrete) subset of the ^-dimensional Euclidean space. 

The objective function may be reduced to a single variable by introducing an 
additional inequality

x0 -cTx _/(y) = 0 (7-5)

max x0. (7.6)

Throughout the present chapter, (7.2)—(7.6) will be referred to as Problem (i). 
We shall need the following polyhedral conest C and Co of size (m + 1) and m, 

respectively, furthermore the polyhedron P, which may sometimes be empty.

t A subset K of a Euclidean space is called a polyhedral cone if it is a polyhedral set. i.e. 
the intersection of a finite number of closed half spaces, and it is a cone, that is, u E K implies 
that Au E K fór any A 0.
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C = {(m0, u) | Aru — cu0 0, u S 0, w0 0}

Co = {« | A7u 0, u 0}

P = {u | Aru c, u 0}

(7.7)

(7.8)

(7.9)

7.3 A reformulation of the problem

For the proof of the main theorem we shall need the following lemma.

Lemma 7.1: Let Xq be an arbitrary reál number and y* £ S an arbitrary vector. 
Then there exists a solution of Problem (i) of form (xg, x, y*) if and only if the in­
equality

uoxo + urF(y*) - »o/(y*) (7-10)

is satisfied for any vector (w0, u) £ C.
In other words, the lemma States that under the above conditions the optimum 

of Problem (i), if y = y* is substituted, is nőt worse than x^.
In the proof of the lemma we shall use the following well-known theorem:

Theorem of Farkas: The system of inequalities

Dw^O (7.11)
implies the single inequality

drw S 0, (7.12)

that is, all Solutions w of system (7.11) satisfy inequality (JA2) if and only if there 
exists a vector

v 0 (7.13)

satisfying the following system of equations

vrD = dT. (7.14)

The proof of the theorem may be found in Farkas (1902) and in many books 
on linear programming, e.g. Dantzig (1963) and Prékopa (in press).

Proof of lemma 7.1: The statement of the lemma may alsó be formulated, 
that there exists a solution to the system of inequalities

Ax g b - F(y*) (7.15)

-crx á -*o +/(y*) (7.16)

x £ 0 (7.17)

if and only if inequality (7.10) is satisfied for any (w0, u) £ C. Bút the system (7.15) 
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may be written as a system of equations with nonnegative variables, if slack 
variables are introduced

Ax + z = b — F(y*) (7-18)

_crx + Zo= -x*+/(y*) (7.19)

(xr, zr, z0) 0 . (7.20)

Applying the theorem of Farkas fór the following matrices

/A -c\
D = I 0

Vor 1/

í b - F(y*)l
l-4 + /(y)*J

U I
«°)w =d =V = z

W
the inequality system (7.11) becomes the polyhedral cone (7.7), thus the lemma 
is proved.

Let us denote by G the set of all points (x0, y) fór which Problem (i) can be 
solved. Then Lemma 7.1 may be formulated in the following way

G = n {(x0, y) I u<Ao + “W) - «o/(y) á uTb, y € s} • (7.21)
(u, ,u) € C

According to Minkowski’s theorem (1896), the polyhedral cone C can be writ­
ten as a nonnegative linear combination of a finite number of vectors.
of expression (7.21) it is sufficient to consider only these vectors, say (u0,u ), 
(fc = 1,2,..., A), because if the inequalities are satisfied fór these vectors then 
so are their nonnegative linear combinations. In other words

g = n {(x0> y) I «fco + (u*)rF(y) - Mo/(y) á (uTb, y € s} (7.22) 
fc=l

Let us consider now the following two problems

Problem (ii)
max {x0 I (x0, y) € 6} (7.23)

Problem (iii/y)
max crx (7.24)

Ax g b - F(y) (7.25)

x^O. (7-26)

As in Problem (iii/y), the value of y is given; this is a linear programming 
problem. The main purpose of the present chapter is to decompose Problem (i) 
to the above two problems. Let us solve Problem (ii) first. If it has an optimum 
Xo with the optimál solution y*, then solve Problem (iii/y*) and denote the optimál 
solution by x*. Then

(4, x*, y*)

is an optimál solution of Problem (i). This is stated in the following main theorem.
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Theorem 7.1: (Partitioning).

1° There exists (a) a feasible solution, (b) a feasible solution with unbounded 
objective function, (c) an optimál solution with Xg optimum to Problem (i) 
if and only if Problem (ii) has a solution of type (a), (b), and (c) respectively.

2° If (xo, y*) is an optimál solution fór Problem (ii), then there exists a solution 
x* fór Problem (iii/y*) and

cTx* = x* - /(y*)» (7.27)

thus (x*, y*) is an optimál solution of Problem (i).
3° On the other hand, if (x*, y*) is an optimál solution of Problem (i), then if 

the number
x* = cTx* + /(y*) (7.28)

is calculated, the vector (xg, y*) is an optimál solution of Problem (ii) and x* 
is an optimál solution of Problem (iii/y*).

Proof 1°: This statement has already been pro ved in Lemma 7.1.
2° As (xq , y*) £ G, according to Lemma 7.1, there exists an optimál solution 

x* fór Problem (iii/y*) fór which

Xg — crx* —/(y*) = 0.

The vector (xj, x*, y*) is an optimál solution of Problem (i) because of 1° (c).
3° It is an obvious consequence of Lemma 7.1.
If set G can be determined according to expression (7.22), then Problem (i) 

can be solved in two parts: by solving consecutively Problem (ii) and Problem 
(iii/y*), where y* is the solution of Problem (ii.) Then a mixed problem is reduced 
to the solution of two “pure” problems. Fór example, instead of a mixed integer 
programming problem a pure discrete and a linear programming problem should 
be solved. The determination of set G however, i.e. to give the Minkowski 
decomposition fór larger matrices, is a hopeless task. Fór this reason we shall 
try to determine a suitable set

Q C C (7.29)

and to calculate the transformed set G(Q). Then it will be shown, that

G C G(Q). (7.30)

After solving Problem (ii) on set G(Q) instead of solving it on the set G, the optimál 
solution is checked, i.e. whether (x*, y*) £ G. If the answer is positive, Problem 
(ii) is solved. In the opposite case there exists a vector (u0, u) £ C, such that

«o(4 - Ay*)) + «W*) - b) > 0. (7.31)
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Then form the new set
Öi = 6 U {(Uo, u)}

and solve again Problem (ii), now on set Qy. As (xq, y*) í G(Qj), another solution 
must be obtained. The process is continued until the optimization on the set 
G(Ö J results in a point of set G. This is a sketch of the procedure which will be 
worked out in detail.

7.4 Preliminary lemmata

Fór simplicity, let us suppose, that the following conditions hold:
(i) Set S is compact, i.e. bounded and closed.
(ii) Functions fix) and F(y) are continuous on set S.

If set S consists of a finite number of elements, then the above conditions obviously 
hold. Fór the justification of the procedure outlined in the foregoing section, we 
have to prove a few preliminary lemmata.

Lemma 7.2: Let us suppose that there exists a feasible solution fór Problem (11). 
This problem has an unbounded solution if and only ifP = 0.

Proof. According to the supposition there exists a point

(x0*,y*)€G.

If polyhedron P is empty, then u0 = 0 fór any (m0, u) £ C. Bút then

(AxJ, y*) € G fór any 2^0,

that is, Problem (ii) is unbounded.
If polyhedron P is nonempty, then there exists an element

(l,u*)€C.

It is obvious from equation (7.21) that

G C G, = {(x0, y) | x0 á /(y) - - u*rb’ y € S}.

As a consequence of the above conditions (A) and (B), set Gt is bounded, then so 
are set G and the feasibility domain of Problem (ii).

Lemma 7.3: Let Q C C be an arbitrary nonempty set and define

G^ = Cl {(x0, y) | moxo + urF(y) - ujiy) á urb, y € $}• (7.32)
(««• u) g q

If the problem
max {x0 | (x0, y) € G(ő)} (7-33) 
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has no solution, then neither does Problem (ii). In other words, equation G(O} = 0 
implies that G = 0.

Proof: As Q c C, definitions (7.21) and (7.32) imply that

u. , G(Ö) 22 G, (7.34)
which proves the lemma.

Lemma 7.4: Let vector (xp, y*) be an optimál solution of problem (7.33). This 
vector is alsó an optimál solution of Problem (ii) if and only if

min {(b - F(y*))ru | u £ P} = x* - /(y*). (7.35)

Proof: As G(g) G, (x„, y*) is an optimál solution of Problem (ii) if and 
only if (x0, y*) £ G.

To show the necessity of condition (7.35), let us suppose that (x*, y*) is an 
optimál solution of Problem (ii), that is, (x*, y*) £ G

ur(b - F(y*)) u0(x* - /(y*)) fór any (w0, u) £ C. (7.36)

If «o 0, then inequality (7.36) may be divided by u0

u7(b - F(y*)) xp —/(y*) fór any u^P, (7.37)

as u0 > 0 and C is a cone. If u0 = 0 we obtain

ur(b - F(y*)) 0 fór any u £ Co. (7.38)

The set of inequalities (7.37) implies, that

min {u7(b - F(y*)) | u £ P} xj - /(y*). (7.39)

On the other hand, the problem on the left hand side of equation (7.35) may be 
written as

min (b - F(y*)Tu (7.40)

a7“ c (7.41)

“^0- (7.42)
The dual of (7.40)-(7.42) is the following

max cTx (7.43)

Ax í b - F(y*) (7.44)

x 0 • (7.45)
The duality theorem of linear programming asserts (see fór example Dantzig 
(1963) that if one of the dual problems has a bounded solution, then so does the 
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other and their optima are equal to each other. As a consequence of Lemma 7.2, 
(7.40)-(7.42) has a feasible solution. Inequality (7.39) shows that the problem is 
alsó bounded. Thus, there exists an optimál solution x* to problem (7.43)-(7.45) 
and

(b - F(y*))ru* = cTx*, (7.46)

where u* denotes an optimál solution of (7.40)—(7.42). As the conditions of 
Theorem 7.1 are satisfied,

crx* = x* —/(y*) (7-47)

according to point 2° of the theorem. Equations (7.46) and (7.47) together show the 
necessity fór condition (7.35).

To see the sufficiency, let us suppose that equation (7.35) is satisfied. This im- 
mediately implies inequalities (7.37). The inequalities (7.38) are alsó satisfied, as 
is shown by the following indirect reasoning. If there exists ö € Co, fór which

ür(b - F(y*)) < 0, (7.48)

then Aű £ Co fór any A 0, as Co is a cone. Bút this is impossible, because then 
fór an arbitrary vector u f P

u + zú £ P

provides an unbounded solution when A -> co, which is in contradiction to equa­
tion (7.35).

If we now reverse the reasoning of the sufficiency part, inequalities (7.37) and 
(7.38) imply inequalities (7.36), which means, that

(xr,y*)€G

Bút then (xj, y*) is an optimál solution of Problem (ii), which proves the lemma. 
A vector u £ K is called extremal point of polyhedron K, if there does nőt

exist a pair of vectors n1, u2 £ K, u1 u and u2 u, fór which

u = Au1 + (1 — A)u2 0 < A < 1 .

Similarly, vector v is called the extremal direction of polyhedron K, if there 
exists a vector u fór which

u + p f X fór any 0,

bút there does nőt exist a pair of feasible directions v1 av and v2 / av (a 0 
arbitrary reál number), fór which

u + /zv1 6 K and u + /zv2 £ K fór any /z 0 
and furthermore

v = Av1 + (1 - A)v2, where 0 < A < 1.

We can now formulate our next statement.
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Lemma 7.5: 1°. The vector (1, u) is an extremal direction of cone C, if and only 
if vector u is an extremal point of polyhedron P.

2° The vector (0, v) is an extremal direction of cone C, if and only if vector v is an 
extremal direction of polyhedron P.

Proof: It follows from definitions (7.7) and (7.9) of sets C and P that if u € P 
then (p, /zu) £ C fór any p 0. If there exist vectors (rj, v1) £ C and (vg, v2) € C 
differing from vector (1, u) nőt only in a constant multiplier, such that

(1, u) = A(t& v1) + (1 - A)(p§, v2) (0 < A < 1),

then Vg = Vg = 0 is impossible.
If both Vg > 0 and v§ > 0, then using the notation

u1 = v1 £ P and u2 = i v2 f P, 
Vg fo

u = Arju1 + (1 — A)vqU2 (ArJ + (1 — A>q = 1),

which shows that u is nőt an extremal point of the polyhedron, because u1 / u, 
u2 / u.

On the other hand, if one of the numbers Vg and Vg, say vg = 0, then

(1, u) = A(»J, v1) + (1 - A)(0, v2) = ■ p Á Vg, v1! +
A “t“ Z Z Z /

í A 1ÍA(2 + A) , (1 - A)(2 + A) , A(2 + A) J
+ 1 - - - ---- - -----~------------------------ v2 +----- ------ v1 .A + 2 ] ( 4 2 4 )

As
A 2 . . 2 + 2 1 A 2(2 + A) 1 „0 < -- < 1 and —— v0 > 0, ------—- v% > 0,

furthermore the two new vectors are alsó in cone C, this situation is reduced to 
the case when both first components are strictly positive, i.e. it was shown that 
if (1, u) is nőt an extremal direction of cone C, then u is nőt an extremal point 
of polyhedron P. The opposite statement is obvious because if

u = Au1 + (1 — A)u2, u1, u2 u1j u2 £ p,
then

(1, u) = A(l, u1) + (1 - A)(l, u2) and (1, u1), (1, u2) £ C,

differing from (1, u) nőt only in a constant multiplier.
2° Let vector v be an extremal direction of polyhedron P, and

u + pv £ P fór any p 0.
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Then
Aru + ATv > c fór any /z 0,

hence
A7v 0,

which implies that (0, v) € C. If this was nőt an extremal direction of cone C, then 
there would exist vectors (rj, v1) € C and (4, v) £ C differing from vector (0, v), nőt 
only in a constant multiplier, such that

(0, v) = A(vJ, v1) + (1 — A)(vq, v2) (0 < A < 1).

As in the definition of cone C, (w0, u) á 0, thus Vq — Vg = 0. Then

AV 0 and Arv2 0,

that is, v1 and v2 are feasible directions of polyhedron P differing from v nőt only 
in a constant multiplier, and

v = Av1 + (1 - A)v2, 
which is a contradiction.

The opposite statement is obvious as in part 1°, using the vector (0, u) instead 
of (1, u), and this completes the proof of the lemma.

7.5 An algorithm fór mixed integer problems

Let S be the set of all lattice points of a bounded domain in the ^-dimensional 
Euclidean space.

Now Problem (i) is a mixed integer problem which is reduced to a series of 
linear programming and a series of pure discrete programming problems, solved 
alternately. The algorithm can be summarized in the following steps.

Step 1: Let i = 0 and choose an arbitrary set Qo c: C. (Possibly Qo = 0).

Step 2: Solve problem (7.33) fór the set 6(2;), defined by equations (7.22).

(a) If G(2.) = 0- then Problem (i) has no solution.
(b) If G(Qi) / 0, then an optimál solution of problem (7.33) is denoted by 

(4, y')- (ff 2o = 0> 4 = +oo and y° is an arbitrary element of set S.)

Step 3: Calculate the quantity

z, = min {(b - F(y'))ru | u € P}, (7-49)

and an optimál solution of this problem is denoted by u'.
(a) If P = 0, then Problem (i) has no bounded solution. (It has either no solution 

at all or it has an unbounded solution.)
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(b) If
4 - /(y')>

then solve Problem (iii/y1) and denoting its optimál solution by x‘, (4, Vi) 
is an optimál solution of Problem (i).

(c) If
-oo < Zi < 4 -/(A

then let
2í+i = Qi U (1, u') (7.50)

and increase i by 1. The algorithm is continued at

Step 2:
(d) If

Zt = — 00 (P 0),

then there exists a pair of vectors (u;, v'), such that

u' + Áv' 6 P fór any 2^0 
and

lim (b — F/yQj’/u1 + zv') = — co.
A->+oo

Such a pair of vectors is provided by the simplex method of linear program­
ming. Then let

ei+i = eíu(o,vf)U(i,ui) (7.5i)

and increase i by 1. The algorithm is continued at Step 2.

Theorem 7.2: (Convergence)
1° The above algorithm comes to an end in a finite number of steps.
2° If the algorithm is finished at Step 2a and 3a, then Problem (i) has no solution 

and no bounded solution, respectively.
3° If the algorithm is finished at Step 3b, then the optimál solution of Problem (i) 

has been obtained.

Proof. 2° In Case 2a, if G(Q^ = 0, then because of the relation

&CC (7.52)
the following relation alsó holds

G{Q^ 23 G(C) = G,

that is, G = 0. Problem (ii) has no solution and thus, according to l°(a) Theorem 
7.1, neither has Problem (i). Relation (7.52) holds true because Qo ez C and this 
property is hereditary from a to a+ias can be shown with the help of Lemma 7.5.
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In Case 3a consider the dual of (7.49) fór an arbitrary vector y £ S

max crx (7.53)

Ax í b - F(y) (7.54)

x 0. (7.55)

Problem (7.49) has no feasible solution fór any y C S, because P = 0. Thus 
(7.53)-(7.55) has either no solution or it has unbounded solution fór each y C S, 
according to the duality theorem of linear programming. The only difference 
between (7.53)-7.55) and Problem (i) is the function /(y) which is a constant 
fór a given y € S; thus Problem (i) either has no solution or it has unbounded one. 

3° in Case 3b the condition of Lemma 7.4 is satisfied, therefore the present
(x^, /) is an optimál solution of Problem (ii). Thus, according to Theorem 
7.1, vector x', the optimál solution of Problem (iii/y'), can be completed to 
an optimál solution of Problem (i)

(x0, y‘) ■

1° C is a convex polyhedral cone therefore it can be obtained as nonnegative 
linear combinations of a Unité number of vectors. If the number of these 
vectors is minimál, then these are the extremal directions of cone C. Let us 
denote the set of extremal directions by U

U = M u1), (4 u2), • • «uw)}.

On comparing equations (7.21) and (7.22), we obtain that

G = G(C) = G(U).

If Cases 2a and 3a do nőt occur throughout the algorithm then according 
to Lemma 7.5 at least one new extremal direction is added to set 2/ at each 
step 3c or 3d. In Case 3c

(1, u') í Qt 
because the inequality

- oo < Zt < 4 - /(y;) 
can be written as

(b— Fíy^/uG < xó - A?)-

In Case 3d the — oo limit implies, that

(b - Fíy'^V < 0, 
that is, 

(0,

In Case 3d the vector (1, u') may or may nőt belong to set 2n bút the number 
of extremal directions is guaranteed to be increased at least by 1. As the
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number of extremal directions is finite, after a finite number of iterations
we obtain that

C^Q^V
Then

G c G{Q^ G G(U) = G,
that is,

G(Qd = G.

In this case the algorithm is finished in a single step. Thus the proof of the 
theorem is complete.

Notes: In generál, many fewer than all extremal directions of cone C should be 
determined because usually good directions are determined by solving (7.49).

The starting set Qo depends on the particular problem to be solved. In the 
worst case Qo = 0 may be used, bút a good set Qo accelerates the algorithm to a 
considerable extent. For this purpose, it is useful to know several good feasible 
Solutions to the problem, which may be determined by a heuristic method.

7.6 A numerical example

Let us consider the following mixed integer programming problem

max 2xx - 3x2 + 5yj + 8y2 + 2y3 + 5y4 - 3y5 + 8y6

5xx + 2x2 - 10yx + 10y2 + 3y3 + 12y4 - 5y5 + 18yB g 30

— 5x2 + 8y4 + 17y2 + 6y3 + 8y4 + y5 + 9y8 25

8x4 + 4yx + 9y2 + 5y3 + 2y4 — 4y5 + 6yB 20

Xj 0 (j = 1, 2)

1} (J=l,..., 6).

This problem will be solved first by the complete Minkowski decomposition 
and then by the iterative procedure described in Section 7.4

According to the notation of Problem (i) let

D = (c - Ar).

To obtain set G, defined by expression (7.22), we have to determine the complete 
Minkowski decomposition of cone C. The method may be found, for example 
in Prékopa (in press). Minkowski’s procedure is nothing bút the explicit determina- 
tion of all Solutions of the inequality system

oj“0j á 0
lu I £ 0,
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where
-5
-2

—8i 
o|

0
5

The transformation mátrix of the first row is

H (2, -5, 0, -8) =

'0
1
0

_0

0 0 5 8"
0 0 2 0
10 0 0 
0 1 0 2_

The unit vectors correspond to the nonpositive elements. As the second, third 
and fourth elements are nonpositive, the unit vectors e2, e3 and e4 are used. The 
rest of the columns correspond to the positive-negative pairs. (They are used with 
positive sign and in reversed order.)

All nonnegative Solutions of the inequality

2m0 — 5«i + 0w2 — 8m3 g 0

may be expressed with the help of the mátrix

«2

_«3-

This expression may be substituted in the second inequality of the system Dz 0:

r0

(-3, -2, 5,0)

.0

0 0
0 0
1 0
0 1

5
2
0
0

8'
0
0
2_

~vr 
t>2 

”3 

f4 

_V5_

= — 2rr + 5r2 + 0r3 + 19f4 - 24w5 g 01
0

Vj 0 (j = 1, • ■ ; 5).

All nonnegative Solutions of this new inequality may be determined similarly

H(-2, 5, 0, -19, -24) =

”1
0
0
0

_0

0 0 0 5
0 0 0 2
10 0 0
0 10 0
0 0 10

0 0"
19 24
0 0
5 0 
0 5_
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Thus all nonnegative Solutions of this new inequality may be written as

W2

W3

w5

“1 0 0 0 5 0 0~
0 0 0 0 2 19 24
0 1 0 0 0 0 0
0 0 1 0 0 5 0

_0 0 0 1 0 0 5_

M) > 0

(/= 1,..,7).

W7J

^3

^4

-fs-

Thus we have obtained all nonnegative Solutions of the inequality system, i.e. 
the explicit form of set G. At the same time the extremal directions («o, u*) are 
available. They are the coefficient vectors of parameters wu ..., w7. In other 
words, all points of cone C may be obtained as nonnegative linear combinations 
of column vectors of the above coefficient mátrix.

Now the inequality system (7.22) determining set G may be written. In our case

/(y) = (5 8 2 5 -3 8) y

/10 10 3 12 --5 18\
F(y) = 8 17 6 8 1 9 y

\ 4 9 5 2 --4 6/

br = (30, 25, 20)

Thus, set G is nothing other than the set of all points (x0, y) satisfying the follow­
ing system of inequalities

10/i + 10/2 + 3/3 + 12/4- 5/3 + 18/6 < 30

4/i + 9/2 + 5/3 + 2/4 - 4/5 + 6/5 20

5x0 - 5/i - 20/2 - 4/3 - /4 + 5/5 ~ 4/5 60

8x0 - 32/i — 46/a - 6/3 - 36/i + 16/5 - 52/8 40

66/! + 84/2 + 27/3 + 76/4- 23/s + 108/« < 200

25x0 + 127/i + 223/2 + 94/3 + 147y4 + 44/s + 151/b 775

40xo + 32/i + 178/2 + 114/3 + 12/4 + 104/5 - 44/g 800
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where
y, e {0,1} ü = 1, • • 6) 

xj is an arbitrary reál number.

This is Problem (ii) and it can be solved by any method constructed fór pure 
integer problems. The only difficulty is to handle the single noninteger variable 
x0. This difficulty will easily be overcome. If G = 0, then Problem (ii) has no solu­
tion and according to Theorem 7.1, neither has Problem (i.) To determine whether 
set G is empty, it is sufficient to find a vector y1 satisfying all the above inequalities 
that do nőt contain variable x0. (In our example y1 = 0 is suitable.) All other 
inequalities may be satisfied by choosing a sufficient value fór variable x0. It should 
be noted that no coefficient of variable x0(u§) can be negative.

Let us suppose, that G / 0, and a vector y1 has been determined with the requir- 
ed property. Then there exists

xj = max {x0 | (x0, y1) € G} .

It can easily be seen that if
xó = más {x01 (x0, y') € G}

xő = max {x01 (x0, y") € G}, 
then

xó - xj = Kő, 
where K is an integer and

í 1 1
<5 = min | |,

where is the coefficient of the x0 in the fcth inequality determining set G.
This is a consequence of the fact that yj = 0 or 1; in addition, all coefficients 

are integer. (Note that all rows may be divided by the greatest common divisor 
of its coefficients. Then 5 is changed accordingly.) Therefore, it is sufficient to 
change x0 by <5

x* = xj + (k - 1)5,

and to determine .an element (xo, y) € G.
If there exists an element

(4 y*) € G,
bút there is no vector

(x$+1, y) € G,
then 

is an optimál solution of Problem (ii), and Problem (iii/y*) provides the correspond­
ing optimál vector x*. It is by no means necessary, however, to use such small 
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steps as ö. After obtaining the vector (xj, y1) we may choose a large value fór 
Xq. In generál, if we find a point (4, y*) 6 G, then we may choose an arbitrary 
value

4+1^4 +

In the opposite case, when no point (xq, y) £ G exists, then

^+i _ 4 + 4
x° " — ’

where 4 is the last value fór which (4, y') € G was found. The procedure is 
continued until

4 - 4 <

and there exists (xó, /) € G, bút there is no point (4, y) € G. Then

The determination of vector x* takes piacé as before. In the procedure, a feasible 
solution of a linear discrete programming problem is to be determined, or it is 
to be shown that no solution exists. Fór this purpose any procedure suitable fór 
pure discrete problems can be applied.

Without going intő detail, in our problem we obtain that

(4, y*) = (16.04, 0, 1,0, 0, 0, 1)\

Then Problem (iii/y*) has the following form

max 2%! — 3x2

5xi T 2x2 = 2

- 5x2 -1

8xj á 5

Xj 0, x2 0.

Using the simplex method of linear programming we obtain that

x* = (0.32, 0.2).

As a check, let us calculate the quantity

crx* +/(y*),

which really gives the value x* = 16.04.
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Now let us solve our problem by using the iterative procedure described in 
Section 7.4. In such a way, large problems may alsó be solved because the Min- 
kowski decomposition of set C is nőt required.

The steps of the algorithm are the following.

Step 1: i = 1> Qo —

Step 2(b): .^ = + oo, y° = (0, 0, 0, 1, 0, 1).

The point y° has been chosen by the criterion

ci max — • 
a>o Xan

The first two variables have been chosen according to this evaluation. In this 
case, the problem obviously has a solution using, fór example, x = 0. Other 
starting points could alsó have been used.

Step 3: min 8u2
5«i
2w1 — 5w2

«!, «2,

m 
m o

 
1

All 
All 

All 
eo 

« 
eo

a 
a 

a
rj 

oo 

+ +

p

Solution u° = -, 0, 0 Zo = 0.

Step 3(c): Ö1 = {(1, u°)} = {(5, 2,0, 0)}.
As only the direction is important, all elements of the vector are multiplied by 
the least common multiple of the denominators to obtain integer components.

i = 1

Step 2:
5x0 - 5^ - 20j^2 - 4y3 - + 5ys - 4ye g 60

yj £ {0, 1} 0=1..........6)

max x0

y^ (1,1,1,1,0,1) xj = 18.8 /(y1) = 28.

Step 3: Zi = min {-23^ - 23w2 - 6u3 | u £P} = -oo

/ 2 1
~,0,0 + W)^

I1 1
y,0,0, vr = (1,0,0).

17912*



Step 3(d): 62 = 2i U (0, r1) = gi U (0, 1, 0, 0), 

as (1, u1) £ öx; i = 2

Step 2:
5x0 - 5jx - 20^ - 4j3 - y^ + 5j5 - 4j6 £ 60 

lOji + 10j2 + 3y3 + 12y4 — 5js + 18y6 30

J;€{0, 1} 0=1, .... 6)

max x0

y2 = (1, 1, 1, 0, 0, 0) xl = 17.8 /(y2) = 15

Step 3:
z2 = min {7wx — 6m2 + 2w3 | u £ P} = — 3.1

u2 = ío, 1)
( 5’ 4]

*2 < 4 -/(y2)

Step 3(c):
23 = 22 U (1, u2) = Ö2 U (20, 0, 12, 5)

i = 3

Step 2:
5x0 - 5^x - 20^ - 4j3 - + 5ys - 4ye g 60

Wx + 10^2 + 3y3 + 12y4 - 5j5 4- 18js á 30

20x0 + 16^x + 89y2 + 5773 + 6j4 + 52j?5 - 22j>8 400

^€{0.1} (/=1,...,6)

max x0

y3 = (0, 1, 0, 0, 0, 1) Xq = 16.65 /(y3) = 16

Step 3: Z3 = min {2ur — u2 + 5u3 | u £ P} = 0.04 

12 19 1" ’ - (y is- °|

z3 < 4 -/(y3)

Step 3(c): gi = U (25, 10, 19, 0)

i = 4
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y} £ {o, 1} 0=1,..., 6)

Step 2:
y^ + 5j5 - 4ye á 605x0 - 5yi - 20y2 — 4y3 —

lOjj + 10y2 + 3y3 + 12y4- 5^5 + 18y6 és 30

20x0 + 16^1 + 89^2 + 57y3 + 6y4 - 52ys - 22y8 400

25x0 + 127^ + 223j^2 + 94y3 + W4 + 44y5 + 15G6 775

max x0

y4 = (o, i, o, o, o, i) *o = 16.04 /(y4) = 16

Step 3: z4 = *o ~/(y )

x* = x4 = 16.04

y* = y4 = (0, 1,0, 0,0, 1)

Step 3(b): Problem (iii/y4) should be solved:

max 2x4 — 3x2

5%i T 2x2 és 2

- 5x2 á — 1

8%i És 5

Xi 0, x2 0

x* = 0.32 x3 = 0.2
Check: x8 = crx* +/(y*) holds.

Thus, the optimál solution is
x* = 16.04, x* = (0.32, 0.2) y* = (0, 1, 0, 0, 0, 1).

Notes: The solution of discrete problems containing the single continuous 
variable x0 takes piacé as was described in the first solution, using Minkowski s 
decomposition.

Initially the first method seems to be simpler as only one discrete and one 
continuous problem need to be solved. It is nőt so however-even fór problems 
of médium size-because the number of vertices of polyhedron P, that is, the 
number of extremal directions of cone C, is very large even fór relatively small 
problems. .

On the other hand, in the second method all discrete problems differ from the 
previous one only by a single inequality. Because of this, special algorithms need 
be developed which do nőt start each time from the beginning. As can be seen 
in the literature, only a reasonable number of extremal directions occur in practice, 
so this approach is considered as practically feasible even fór larger problems.
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CHAPTER 8

MODIFIED FILTER METHOD

The method described in the present chapter originates from the filter method of 
Balas (1967). The notion of a filter, which is nothing other than an s-constraint, 
similar to those described in Chapter 5, is taken from Balas’ paper. Otherwise the 
algorithm itself and most of the proofs are quite diíferent. The treatment of the 
chapter is closely related to that of Chapter 2, bút there is alsó a slight deviation 
in order to make the discussion more suggestive.

The main purpose of the algorithm is to demonstrate the possibility to use single- 
branch enumeration and the branch-and-bound method in a common framework. 
An effort is made to limit the number of branches otherwise the growing core 
requirement would be prohibitive. Further suggestions are made fór memory 
saving, following the description of the algorithm.

The method may be applied to mixed integer problems by using the Benders 
decomposition detailed in Chapter 7.

8.1 Problem formulation

Let us consider the following problem:

Problem (P):
mincTx (8.1)

Ax b (8.2)
0 á xj 1 (j=l,2,..„ n) (8.3)

Xj integer (j — 1, 2,.. ., n) . (8.4)

As was seen in Chapter 2, without confining the generality we can suppose that 
c 0. A is an m x n mátrix. Fór simplicity, all coefficients are supposed as being 
integer. A vector x satisfying requirements (8.3) and (8.4) is called a solution. 
If the set of inequalities (8.2) are alsó satisfied by x, then it is a feasible solution.

Problem (P') is defined as the continuous version of Problem (P): (8.1)—(8.3).

Problem (D') is the dual of Problem (P') in the sense of linear programming

max bru — erv

Aru — v c 

ti 0, v 0,

(8-5)

(8-6)

(8.7)
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where
er = (1, 1, • • •, 1).

Constraints (8.2)—(8.3) define a bounded region. Therefore if Problem (P ) has 
a feasible solution, then it has an optimál solution (x) as welL In this case, accord- 
ing to the duality theorem of linear programming, Problem (D ) alsó has an optimál 
solution which is denoted by (ú, v). Let us now form a new problem having only 
a single inequality instead of system (8.2). The nonnegative multipliers of mequah- 
ties (8.2) are the components of vector ü

Problem F{ü):
min cTx (8.8)

a^x £ b0 (8.9)

0 X; 1 (j = 1,2,..., rí) (8.10)

Xj integer 1,2,...,«) (8.11)

where
a7 = ürA and b0 = ürb .

As inequality (8.9) is a consequence of inequality system (8.2), all feasible Solu­
tions of Problem (P) satisfy the constraints of Problem F(ü). This imphes that if 
the optimál solution of Problem F(ü) satisfies the inequality system (8.2), then it 
is alsó an optimál solution for Problem (P). Inequality (8.9) is called a filter 
because it filters out a large part of Solutions nonfeasible for Problem (P). It plays 
exactly the same role as did the s-constraints in Chapter 5. The only difference 
being in the determination of the multipliers u.

Problem F'(ö) is the continuous version of Problem F(u): (8.8)—(8.10).

Problem K'(&) is the dual of Problem F'(u)

maxbouo-erv (8.12)

aw0 - v á c (8.13)

uo£O, v£0, (8.14)

where
a = Aru, = b’u and e7 = (1,1,...,!).

The choice of multipliers u is justiíied by the following theorem.

Theorem 8.1 (i) If & and (ü, v) are optimál Solutions of Problem (P ) and (D ) 
respectively, then x is alsó an optimál solution of Problem F (ü).

(ii) crx is nőt larger than the optimum of Problem F (ü).
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(iii) There exists at least onepair of feasible Solutions x' and (u', v') of Problems (P') 
and (D'j respectively, in such a way that xj = 1 implies xj = 1 and xj = 0 
implies x'j = 0 fór any optimál solution x of Problem F'lyt').

Proof: (i) Problem X'(fi) can be considered as iooking fór the Solutions of type 
(m0, fi, v) fór Problem (D'). This obviously cannot be better than the optimál solu­
tion chosen from among all feasible vectors (u, v). Thus the optimum of Problem 
A'(ü) is less than or equal to the optimum of Problem (/)'). On the other hand, 
the choice

u* = 1, v* = v

results in a feasible solution of Problem K'(ü) and its objective function value is 
equal to the optimum of Problem (D'f thus (1, v) is an optimál solution of Problem 
7T(u).

Applying the duality theorem of linear programming fór Problems (P') and 
(/)'), we obtain

crx = bTü — erv. (8.15)

Vector v is obviously a feasible solution of problem F'(u). According to equation 
(8.15), the value crx is equal to the optimum of Problem A'(ö) and thus, by the 
duality theorem, it is equal to the optimum of Problem F'(ű) — which proves 
Statement (i).

Assertion (ii) follows from the fact that Problem F(u) has a feasibility region 
which is part of the feasibility set of Problem F'(ű).

Statement (iii) may be seen with the help of strong complementary slackness 
fór linear programming [see e.g. Hadley (1962), Prékopa (in press)]. This means, in 
our case, that there exists a pair of optimál Solutions x' and (u, v') fór Problems 
(P') and (D') respectively, in such a way that

xj = 1 implies Aju' — vj = Cj and Vj > 0

xj = 0 implies Áju' — vj < Cj and vj = 0

0 < Xj < 1 implies Áju — vj = Cj and vj = 0,

where Aj denotes the jth column vector of mátrix A. As Aju' = aj, the coefficients
of inequality (8.9), the above implications may be formulated as follows

xj = 1, 

xj = 0,

if aj > cj 

if aj < ct 

if a} = cj

(8.16)

(8.17)

(8.18)

Let us now choose any optimál solution x of problem F'lyfj. On the basis of 
Lemmata 1.1 and 1.2 of Chapter 1 and using the fact that an optimál solution 
with properties (8.16)—(8.18) exists, it is easy to see that
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Xj = 1, only if aj c,

Xj = 0, only if aj á Cj

0 < Xj < 1, only if aj = Cj

which completes the proof of the theorem.

Notes: According to part (i) of the theorem, Problem F(ö) need never be solved 
Part (ii) shows that any vector x with crx < crx may be ignored. Finally, part 
(iii) helps in solving strongly degenerate problems It says that there^ts a core 
of variables taking given integer values in each optimál solution o p

8.2 Optimál indexing

After solving Problems (P') and (D'f the optimál Solutions x and (fi, v) re- 
spectively, are used to create Problem F(ö) which plays the role of a filter. As the 
order ofvariables is important, a so-called optimál indexing will be introduced. 

Let us use the notation
Hn = {1,2,-■;”}

denotes the serial number of variable xk in the new ordering, which is
and jk
defined by the following rules.

Fór any r, s € Hn, jr < j„ if one of the three condittons holds

ar > 0, as 0 (8.19)

o
 A
 ö 

oA
 ö < Cs (8.20)

/\ q
 

o
 

V
II<3 

OVII > as. (8.21)

Several orderings may satisfy the above restrictions, any of them may be accepted 

^ Inüie method we are looking fór feasible Solutions. The above ordering may be 

interpreted accordingly. h • „ ve­
in the remaining part of the chapter the variables are supposed as being re 

ordered to satisfy rules (8.19)-(8.21). (See alsó notes at the end of the chapter.)

8.3 Solution-tree and pseudo-solution tree

The definitions of Chapter 2 will be used and will be given suggestive meanings. 
First of all, we shall define the solution-tree, i.e. a directed graph each vertex ot 
which represents a solution. (An n-dimensional vector of 0-1 components.)
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Now we have to define the edges of this graph. There is an edge from vertex 
x to vertex y, if

= Ji,..., xr^ = y^, xr = Q, yr=l
lo.ZZJ 

*r + l = Tr + 1 = ■ • • = Xn = y„ = 0,

where

1 r : n.

The solution tree fór n = 4 may be seen in Figure 8.1. It is clear that each solution 
has been obtained exactly once. The unique immediate ascendent of any element 
(except x = 0) may be obtained by changing the last 1 to 0. Another notation 
may be used fór the vertices of the tree. If the zeros at the end of each vector are 
omitted, the picture will be clearer. At the same time we use the notation i fór 
Xi = 1 and i fór xt = 0. Now Figure 8.2 shows the solution-tree using the new 
notation. A new interpretation may be given to this form of the solution tree. 
At the beginning, each variable is free and free variables are considered to take 0 
value. Now let us form the next n points of the graph by fixing one of the variables 
at value 1 (1 is assigned to different variables at each vertex). The variables preced- 
ing it will be fixed at 0. The variables following the newly assigned ones will 
remain free and are considered to be 0 temporarily. The same rule is repeated 
fór each new vertex, with the difference that only the free variables are considered 
fór further íixings.

Figure 8.2 may alsó be considered as a tree of ordered pseudo-solutions.
The definitions of Chapter 2 will be used in the following discussion. As in 

Chapter 6, will denote the root of pseudo-solution ip, that is, the solution 
obtained by fixing the free variables at 0 value. The root of an ordered pseudo- 
solution is interpreted as the root of the corresponding nőt ordered one:

A pseudo-solution of one element (all variables are fixed) is considered identical 
with this single element.

Now, somé definitions and lemmata will be formulated fór the ordered pseudo- 
solution tree. The word “ordered” may be deleted fór simplicity without the danger 
of misunderstanding because only one such tree will be used.

Definition 8.1: A pseudo-solution tree is a graph G — (V, E), where V is the set 
of vertices consisting of ordered pseudo-solutions with the following properties:

(i) The fixed variables retain the order of optimál indexing, defined in 
Section 8.2.

(ii) If variable xr is fixed, then so are variables x2,. . . , xr_b
(iii) The last fixed variable has the value 1.
(iv) (0) C V. (The empty ordered pseudo-solution is in V.)
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E, the set of directed edges, is defined as follows
(0b <^2) ^E if fa = (</>l, *r + l = ^r + 1, • • •’ Xr + s-l = ^r + s-l, Xr + » = 0’ 

where r is the number of variables fixed in the ordered pseudo-solution fa 
(r = 0, 1,.. .,n - 1; J = 1,2, •. -,n - r).
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The graph (K, £)is obviously a tree, i.e. connected and contains no loop. We now 
formuláié the equivalence of the solution tree and the pseudo-solution tree 
defined above.

Lemma 8.1: There exists a one-to-one correspondence between the Solutions 
x (n-dimensional vectors of 0-1 components) and the elements of the set V in such 
a way that fór the corresponding pairs

fa = X.

Proof: If x = 0, then 0 = (0). Otherwise let xk = 1, xjt+1 = ... = xn = 0, 
then

0 = Ui = ; xk = Xk) C V

and according to the definition of V no other <j) € V will be good.

Definition 8.2: In the case fa, fa' $ V, <£' is said to be an ascendant of fa' or fa' 
is called a descendant of fa, if there exists a series fa, ^>2,..fa £ V in such a 
way that

(fa, fa), (fa, , (fa, fa') € E. (8.23)
In the case r = 0, that is if

(</>', e,
then the words “immediate ascendant” and “immediate descendant” respectively 
are used.

Lemma 8.2: Fór any fa, fa' € V, fa is an ascendant of fa' if and only if

{fa} 3 {fa'}. (8.24)

Proof: If fa is an ascendant of fa, then it follows from the definition that fa' may 
be obtained by adding new variable fixings to fa, thus relation (8.24) holds. On the 
other hand, if relation (8.24) holds, fa cannot contain any variable fixing which 
is nőt included in fa'. Bút the order of variables is fixed in each element of the set 
V, thus the ordered pseudo-solutions {fa, fa') may be written as

fa' = {fa, xr+i = 5r+1,..., xs = 1). (8.25)

Fór each variable fixing xJk = 1, r < Jk £ s the ordered pseudo-solution

fa = (fa, xr+1 = őr+1,..., xjk = 1) (8.26)

is written. The series </>j, </>2, will be satisfactory fór supposi-
tion (8.23).

Lemma 8.3: Let fa, fa £ V. Then

{fa} => {fa'} (8.27)
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if and only if
</>"° € {</»'} • (8-28)

Proof: The necessity of the condition is obvious because fór any ordered 

pseudo-solution ó

To show the sufficiency, let us suppose that (8.28) holds. Let

J= (xi “ Tv • • •’ Xr~x = ^r~15 Xr =
= (X1 = 51, • • ■, XS-1 “ Xs ~ 1) •

Then r á otherwise component r of <f°, would have been zero which is 
impossible because of supposition (8.28). Fór the same reason

Ti = 5, (i = b • • - 0 •

Bút then can be written in the form (8.25), which means that£ is a£ as^ 
of </>". Lemma 8.2 may be applied, thus the desired inclusion (8.27) holds.

Definition 8.3: Let and be two arbitrary pseudo-solutions, fór which

That is, in generál
= {x | x € D", xh = b^,.. xJk = <5J (8.29)

= {x | x ( D", xh = 5A,..., xJk = bjk, Xjk+1 = b]k^,..xh = bj,}.

Then the set
= U {x | x ( D"^ = bh,.. ., xjk = bJk, xjr= 1 - bj} . (8.30)

r = k + l

is called the complementary set of pseudo-solution 1A2 concerning
As can be seen from equation (8.30), the complementary set of a pseudo-solu­

tion concerning another one is usually nőt a pseudo-solution itself, bút the unión 
of pseudo-solutions.

Definition 8.4: The following series of operations is called truncation ofthe ordered 

pseudo-solution tree.

(i) Choose any element <j) £V
= (Xí = bu .. xr-i = <5,-i, xr = 1) (8.31)

and delete all of its descendants from the graph (V, E).
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(ii) Choose an arbitary ordered pseudo-solution, such that {<£'} ez {</>}, that is, 

~ • • •> xr — l = xr ~ L xjr+i = ■ • •> xJr+! = $Jr+)> (8-32)
and substitute </> by <£'. (</> £ V is nőt required!)

(iii) Starting from ordered pseudo-solution <f build up the remaining part of the 
graph as in Definition 8.1 considering the variables with subscripts

1 á j á n (i * 1,..., r,jr+1,.. .,jr+l). (8.33)

The graph so obtained is denoted by (K1; Ed-

Definition 8.5: If a finite number of truncations is executed on the orderedpseudo- 
solution tree (V,E) (each truncation is applied to the result of the previous one), 
the final graph (V^Ef) is called the truncated tree of ordered pseudo-solutions 
or shortly truncated tree.

Notes:
1° Truncated trees may alsó be obtained in another way. The graph (V,E) is 

built up vertex by vertex, starting from = (0) and considering only the 
vertices connected to the part of the graph already accepted. After including 
a new vertex in the accepted part, somé of the variables still free in this ordered 
pseudo-solution may be fixed at 0 or 1 and joined after the existing variable 
fixings. Then the process is continued (considering only the free variables) 
as described in definition 8.1. In such a way another definition, equivalent to 
that of 8.5, may be obtained.

2° It is clear, especially after the preceeding note, that the purpose of truncation 
is that consequences of variable fixings, according to the constraints of the 
problem, may be taken intő account. Truncation reduces the size of the pseudo- 
solution tree and thus speeds up the algorithm.

3° Obviously no truncated tree contains a loop, thus the use of word “tree” 
is correct.

Example: If in the four dimensional pseudo-solution tree xk = 1 implies x3 = 0 
and x2 = 1, furthermore Xj = 0 implies x2 + x3 + x4 = 2, then the pseudo-solu­
tion tree of Figure 8.2 may be substituted by the truncated tree of Figure 8.3.

Definition 8.6: Let (ffE') be a truncated tree, and let

T(V')= U W.
■ÍC K'

Furthermore S denotes the set of feasible Solutions of Problem (P). The set H is 
called a covering system of set V" concerning Problem (P) if H C V and

U {(f>} S n T(F').

The following statement is an obvious consequence of the definition.
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Lemma 8.4: If set H d V is a covering system of the truncated tree (V , E), 
concerning Problem (Pf and <£° is nőt a feasible solution of Problem {Pf then - de- 
noting the immediate descendants of <f> by ..., - tke set

(H - U • • • ’ W
is alsó a covering system.

8.4 Use of the branch-and-bound principle

The application of the branch-and-bound principle, discussed in Chapter 3 in 
detail, follows quite naturally from the foregoing discussion.

It is easy to obtain a lower bound fór the feasible Solutions of Problem (r? in 
the pseudo-solution {</>}. Namely, c £ 0 implies that no better objective function 
value can be achieved than that of F If </>° is a feasible solution, then this is alsó 
the best one in </>, thus </> is fathomed. In the opposite case </> is decomposed accord­
ing to Lemma 8.4.

A truncated tree is to be built up gradually. Let

</> = {xh = öJx,..., xJr = 5,) (8.34)

be an ordered pseudo-solution of this truncated tree, which is nőt yet decomposed. 
Furthermore, denote the subscripts of the free variables (in natural order), that 
JS, l ^j^n, by

ki,k2,.. .,kn-r. <8-35>

Then </> is substituted in the covering system by

<' = 1’2...."-r)- (8'36)
The covering system always consists of the pseudo-solutions nőt yet decomposed 
and nőt yet proved to be empty, as far as the feasible Solutions of Problem ( ) 

191



are concerned. It should be noted that the objective function constraint is always 
used

crx á z — 1,

where z is the objective function value of the best solution found so far. Thus the 
expression “contains no feasible solution of Problem (P)” is always taken to 
include “or no better feasible solution than the best one found so far”.

A decomposition different from (8.36) may alsó be used if the fixing of momen- 
tarily free variables implies further obligatory fixings. This question will be detailed 
in the next section.

In the discussion below the order of variables corresponds to the one defined in 
Section 8.2 on optimál indexing.

8.5 Tests

The purpose of tests is to show that in the examined pseudo-solution either no 
feasible solution exists or somé of the free variables should be fixed at 1, others 
at 0, otherwise no feasible solution exists. In the latter case the obligatory fixings 
are introduced and a truncation operation of the pseudo-solution tree is executed. 
Obviously, the definition of feasible solution always includes the objective func­
tion constraint. (See the above note.)

In the present chapter two groups of tests will be used. One of them is applied 
only fór the filter (F tests) the other fór the original constraints (P tests). The F 
tests usually require less time and provide fewer results than the P tests.

The tests are formulated fór the generál ordered pseudo-solution (8.34) which 
is repeated here fór convenience

0 = (xú = • ■ - XJr = W ■

X ¥j bo (8.37)
j£J

does nőt hold, then <f>° is nőt a feasible solution of Problem (P).
If Test FI shows the infeasibility of i.e. inequality (8.37) does nőt hold, 

then we apply

The set of fixed variables is denoted by

J = {Á> • • ;j'r} 
and the notation

Ff, = {1, 2,..., t} 
will alsó be used.

Test FI: If </>°, the root of pseudo-solution 0 does nőt satisfy filter (8.9), i.e. 
the inequality
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Test F2: This provides a sufficient condition fór nőt to contain any feasible 
solution, as is stated in Lemma 8.5.

Lemma 8.5: Let us suppose that inequality (8.37) does nőt hold fór pseudo- 
solution 0. Then may contain any feasible solution of problem P only if there 
exists a positive integer t fór which

siHt-J
(8.38)

and then a lower bound of the objective function on the pseudo-solution <6

X CA + X cs + ~ r ° X aj
j^J siHt-i-J a‘ V W

X •

Proof: As $ does nőt satisfy inequality (8.37), 
(8.38) holds fór t = 1. We have to show that if

the left hand side inequality in

X a,<b0~Y^i
s e H,-J ie-T

(8.39)

(8.40)

fór t = 1, 2,. . ., n, then 0 contains no feasible solution. Let us suppose on the 
contrary, that x is a feasible solution. Then naturally it satisfies the filter

(8'41)

Then define solution x' by the following rules

síH„-J

, í Xj if j € J or X- = s
J | 0 otherwise

aj > 0 (8.42)

and let
q = max {j \j $ f aj ->0} (8.43)

Then, according to the optimál indexing of section 8.2,
n
X a^s = X asXs —

Q
X as- (8.44)

Inequalities (8.41) and (8.44) together give the desired inequality (8.38).
In order to show that expression (8.39) is a lower bound of 0, let us suppose 

that inequalities (8.38) hold fór an integer t. Let x C {</>} be a feasible solution. 
Then inequality (8.41) holds and, as a consequence of condition (8.38),

at > 0.

Thus, according to the ordering of variables

as > 0 s e H, - J (8.45)
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using subscript q defined by equation (8.43) 
f

Q
Yafij+ X aÁ^b0. (8.46)
j£J sQHq—J

The objective function may be divided intő three parts

S Cj5j + CSXS "b cs^s (8.47)
J Hq—J Hn—Hq—J

c 0 implies, that

X 0. (8.48)
Hn—Hq—J

Furthermore, according to the ordering principle (8.20) and inequality (8.46)

X X k - X - X «J- (8.49)
S^Hq-J at l JíJ StH-J )

This inequality may be obtained by using the result of Lemma 1.2 of Chapter 1. 
The objective function value (8.47) may be estimated by using inequalities (8.48) 
and (8.49) and thus, the lower bound (8.39) is correct.

Note. It is possible, that the filter in the algorithm becomes ineffective in a 
pseudo-solution, that is,

X aA bo •

In this case either we calculate another filter fór this branch or we use another 
lower bound calculation. A very simple method would be, fór example, to cal­
culate a lower bound of </>' ({</>'} ez {</>}) if </>'° is nőt a feasible solution

X + ck> 
ttr

where J' is the set of fixed variables in </>' and

ck = min {cj |y 6 J'}.

A more sophisticated method can easily be designed using one or several of the 
constraints nőt satisfied by solution <f>°.

Test Pl: Similarly to Test FI this test refers to the root ^>° of the just examined 
pseudo-solution 0. If the inequalities

X a>A bt (i = 1,2,... ,m) (8.50)
A/

hold, then a new feasible solution has been found.
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If 0° is nőt a feasible solution, then all the descendants of are checked for 
feasibility:

Test P2: Let us construct the inequalities

X«A+ É (8.51)
j£j j£Hrr~J

where the + sign in the superscript denotes the positive part of the coefficient

+ _ d if d > 0 
d+ = 0 if d^O.

If at least one of the inequalities (8.51) do nőt hold, then the pseudo-solution 
contains no feasible solution. This branch may thus be closed.

In the opposite case the next test is applied in order to find obligatory variable 
fixings.

Test P3: Test P2 is applied to the pseudo-solutions

# = (<^ = 0) (JU) (8.52)

and
&' = «>, xs = 1) (8-53)

Let us denote the set of subscripts for which fa and contain no feasible solu­
tion, by Fx and Fo respectively. Then the variable fixings

xs = 1 (s 6 FJ and x, = 0 (s € Fo)

are obligatory in the pseudo-solution </>.
Obviously, if

Fi n Fo * 0, <8-54)

then contains no feasible solution. If

Fx U = 0> (8-55)

then no information is obtained from the test, and finally if

Fx A Fo = 0 and Fx U Fo 0, (8.55)

then the corresponding variable fixings should be executed as a truncation of the 
pseudo-solution tree, as described in Definition 8.4. This corresponds to the tying 
of the variables in Chapter 2.
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8.6 Description of the algorithm

As was already mentioned, the method is based on the branch-and-bound 
principle bút a filter constraint and several tests are applied to reduce the pseudo- 
solutions. Furthermore, the optimál indexing is used to decrease the number of 
branches formed at each separation of Solutions. This is possible because the 
lower bounds fór feasible Solutions are monotone increasing fór the immediate 
descendants of any ordered pseudo-solution if they are formed according to the 
variable ordering introduced in Section 8.2.

The Symbol ti will denote the set of subscripts of all ordered pseudo-solutions 
that should be taken intő account, i.e. the ones nőt yet decomposed and nőt yet 
shown to be empty as far as feasible Solutions are concerned. (Naturally the 
objective function constraint is alsó used, thus only feasible Solutions better than 
the best one obtained so far are considered.) As the objective function coefficients 
c 0, all lower bounds are alsó nonnegative.

The sign : = will be used fór the following purpose. The same variable or set 
may stand on both sides of this sign, bút the left hand side denotes its new value 
and the right hand side contains the old value. Fór example if tt denotes a certain 
set of positive integers, then

rr := n (J {8} - {3}

means that the number 8 is added to set it and the number 3 is deleted. The new 
set is again called n.

A descendant indicator a, is assigned to each generated ordered pseudo-solu­
tion (l)t. a, = 0 means that the immediate ascendant of ej), contains at least one 
ordered pseudo-solution which comes later than in the ordering and it alsó 
means that nőne of these pseudo-solutions has already been generated. In other 
words the lower bound z, = of the objective function of <j>t alsó stands fór 
other pseudo-solutions nőt yet generated. In the opposite case az = 1.

* * *

The algorithm fór solving Problem (P) may be summarized in the following 
steps:

Step 1: Solve Problem (P'). If it has no solution, then Problem (P) has no solu­
tion. Otherwise continue at

Step 2: Denote an optimál solution of Problem (P') by x and the corresponding 
objective function value by z. If all components of x are integer, then it is alsó the 
optimál solution of Problem (P).

Step 3: If x has noninteger components, then solve Problem (D') and denote 
its optimál solution by (ű, v). Form the corresponding Problem F(ü).

Step 4: A new order of variables is introduced according to rules (8.19)-(8.21).
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Step 5: Initialization. Let

n = 0, í = 0, <£0 = 0> % = 1 •
Go to Step 8.

Step 6: If ?t = 0, then Problem (P) has no solution. Otherwise determine

min zi/M - z^t)’ 
í€ n

and let z0 = — Öi,’ ao = a/,>

ti : = ír - {i0}

If ^>o, the root of 0O, is a feasible solution, then it is alsó the optimál solution 
of Problem (P). In the opposite case

Step 7: If a0 = 1 go to Step 8, otherwise form a new ordered pseudo-solution 
cj)t+1 from

^0 = (XJt — • • •’ XJr-l = ^r-P XJr ~

such that
<£t+i = (xj1 = xJr , = ^jr_^.xjr = 0, xs — 1)

where 5 = min {j | j € Hn — J} .

Calculate zl+1 according to Lemma 8.5 and let aí+1 = 1, if all variables are fixed 
in ^,+1, otherwise a,+i = 0. Furthermore

n := n u {t + 0 t := í + 1 •

Step 8: Apply tests F2 and P2. If one of them shows the infeasibility of ^0, 
then go to Step 6. Otherwise apply test P3 and form the sets F} and Fo fór ob- 
ligatory variable fixings.

Step 9: If
F A V 0.

then go to Step 6. If
Fj U Fo = 0

then go to Step 10. Finally if

^0^ = 0 and Fj U Fo * 0, 
then go to Step 11.

Step 10: Form a descendant of the present ordered pseudo-solution

</>o = = óh> ■ • •’ xJr =

^( + 1 = (Xj, = Öj,, ..xJr = 1, xs = 1),

where í = min {j | j£Hn-J}.
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Let az+1 = 1, if all variables are fixed in 0Z+1, otherwise let az+1 = 0. 
Go to Step 12.

Step 11: Form a new descendent of the present pseudo-solution

^t+i = (0. xPx = 1,..., xPr = 1, = 0,..., xqi = 0)
where

= and Fo = {^,..., gj.

Let az+1 = 1. Go to Step 7.

Step 12: Calculate the lower bound zz+1 fór <^z+1 according to Lemma 8.5 and let

it : = íz (j {t + 1}, t : = t + 1.
Go to Step 6.

Note 1. As Problem (P') is defined on a bounded polyhedron, if it has a feasible 
solution it alsó has an optimál solution. According to the theorem of duality so 
does Problem (2)').

Note 2. If </>o turns out to be feasible fór Problem (P) in Step 6, then it is alsó 
optimál. In other words the first feasible solution is usually optimál. Though 
it may seem to be advantageous, it is nőt always so. First of all, before the end of 
the calculation no feasible solution is available. If the computer run is terminated 
before the end, then we remain empty-handed. Secondly, the full branch-and-bound 
search may require a substantial core size. This may be reduced by using single- 
branch search if the tree is growing very large. Fór further details of branch-and- 
bound algorithms, see Chapter 3.

Note 3. The order of variables is fixed throughout the algorithm. This may be 
inconvenient. In particular, if 0^ already satisfies filter (j-constraint) (8.9) the 
procedure must be changed. It may be altered in such a way that from time to 
time or if somé conditions are met, constraint (8.9) is recalculated. Obviously in 
this case, all the generated new constraints must be saved and changed according 
to the last jump in the tree. This idea should be linked to the partial single-branch 
enumeration — fór example in such a way that whenever a new filter is generated, 
the corresponding part of the tree is enumerated first.

Note 4. The tests and ^-constraint constructions of Chapter 5 may alsó be 
applied.

Note 5. The problem discussed in Note 3 may be handled in another way. If <f>k 
already satisfies the filter, then z(<j>k~) is no longer a lower bound fór the unformed 
“brothers” (to the descendants of its immediate ascendant). In this case, if no 
new filter is generated then either the remaining descendants are alsó generated 
or another lower bound is used. Fór example, the least coefhcient of the free 
variables is added to the lower bound of the ascendant. The methods of Note 3 
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and Note 5 may alsó be used alternately, depending on the size of the remain- 
ing tree.

Now the convergence of the algorithm is stated.

Theorem 8.2: The above algorithm comes to an end after afinite number of steps. 
If Problem (P) has a feasible solution, then the optimál solution is alsó provided.

The proof is decomposed intő several lemmata:

Lemma 8.6: Let x* be an optimál solution of Problem (P). Then any time when
Step 6 is executed

= min z^,) á cTx* • (8.56)
it*

Proof: First of all, let us suppose that in the algorithm an ordered pseudo- 
solutions occurs fór which

</>? = x*.

Then inequality (8.56) is satisfied because fa may be deleted only if fa is chosen 
sometimes in Step 6, bút this is the end of the algorithm because then fa is a 
feasible solution. (Before deleting fa the above inequality must hold.)

Let us now suppose the opposite, i.e. no fa occurs in the algorithm suc t at

x* = fa, k € it. (8.57)

Bút at the beginning
x* € Dn = {fa} <8-58>

thus there exists a last ordered pseudo-solution such that

x* € ^r, x* / fa, r^n

bút no generated descendants of fa contain the vector x*. Now obviously

z(</>r) crx*. (8.59)

When subscript r is omitted from the set it, then either </>r is a feasible solution 
- then the algorithm is ended - or one of its immediate descendants, say is 
formed. According to the optimál indexing (if Note 3 is taken intő account)

z(fa) á crx*. (8-6°)

Bút the descendant of </>r containing x*, say fa, is never formed according to our 
second supposition. It is possible to surpass the forming of ordered pseudo-solu­
tion fa in Step 7 only if one of the foregoing descendants of </>r, say fa, turns out 
to have a feasible root fa. Then fa is an alternative optimum of the problem and 
the procedure is ended at the deletion of </>„ which proves the lemma.
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Lemma 8.7: If
7t = 0

when starting the execution of Step 6 any time in the algorithm, then Problem (P) 
has no solution.

Proof: This statement is an immediate consequence of the preceeding one. 
Namely if there exists an optimál solution of Problem (P), then the procedure 
may be ended only at Step 6 by recognizing an optimál solution. The mentioned 
lemma may be used formally if the convention Zo = + oo is introduced in the 
case n = 0.

Lemma 8.8: The above algorithm comes to an end in a finite number of steps.

Proof: In the algorithm the period from one application of Step 6 to the next 
one is called a cycle. Obviously each cycle is finite as it consists of the decomposi- 
tion of one pseudo-solution and somé variable fixing in one pseudo-solution. 
Furthermore, the number of cycles must be finite because the application of Steps 
6 and 7 is a decomposition fór the deletion of a pseudo-solution, intő subsets. 
Only a finite number of such decompositions is possible.

Proof of Theorem 8.2: The above three lemmata imply the theorem. Namely 
the algorithm is finished in a finite number of steps according to Lemma 8.8. This 
may happen at Steps 1, 2, or 6. In the first two cases, it is obvious that there is, 
respectiyely no solution and an optimál solution. If n = 0 at ihe calculation of 
the minimál lower bound in Step 6, then according to Lemma 8.7 there is no 
solution. Finally, if turns out to be a feasible solution, then it is alsó optimál 
because

*(<#>) = min 
k^n

is always a lower bound of the optimum of Problem (P).

8.7 A numerical example

Let us solve the following problem obtained from the 2nd problem of Balas 
(1967) by omitting a few variables

min 3xt + 4x2 + 5x3 + 6x4 + 5xs + 3x6 + 9x7 + 4x8

6x4 + 8x2 - 9x3 - 3x4 + 8x5 - 6xg + 2x7 + 7x8 £ 21

*i + x2 + 6x3 + 5xs + 9xe + 7x7 - 2x8 £ 10

— 3x4 — 6x2 — 3x3 + 9x4 + 6x5 + 7xB + 7x7 + 7x8 14

^€{0,1} (j=l,...,8).
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Following the steps of the algorithm we obtain

Step 1: The optimál solution of Problem (P') is

x3 = 0.88, Xi = 0.19, x5 =1, x8 = 0.26, x8 = 1

Xi = x2 = x1 = 0.

Step 2: There are fractional components.

Step 3: The optimál multipliers are

űr = (0.78, 0.13, 0.93).

Problem F(u) may be written as

min 3xx + 4x2 + 5x3 + 6x4 + 5xs + 3x6 + 9x, + 4x8

2xí + 0.8x2 + 5x3 + 6x4 + 12.4x5 + 3xe + 8x7 + 11.7x8 £ 0

Xj C {0, 1} (7 = h • • •> 8) .

Step 4: Optimál indexing

1 |

7 I
Old subscript

New subscript

2 | 3 | 4 5 6

8 | 3 | 4 2 5

7___ 8

6 1

The problem is written down again fór convenience introducing the changes in 

the variables.
min 4xi + 5*2 + 5xs + 6*r + 3X5 + 9x« + 3*7 + 4*8

7xi + 8x2 + 9x3 - 3x4 - 6x5 + 2xe + 6x, + 8x8 g 21

-2xj + 5x2 + 6X3 + 9x5 + 7x6 + x7 + x81 10

7xi + 6x2 - 3x3 + 9x4 + 7x5 + 7x6 - 3x, - 6x8 £ 14

xy € {0, 1} (J=l,..., 8),

and the filter is the following
11.7xi + 12.4x2 + 5xs + 6x4 + 3xs + 8x6 + 2x7 + 0.8x8 £ 30.7.

Step 5: it = 0, í = 0, <^0 = (0)> ao =

Step 8; No result from tests FI and P2.

Step 9: Fi U Fo = 0

Step 10: <Ai — (1)’ ai 0
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TABLE 8.1

t 1 *' z‘

1 1
15, 6 { 1

2 T 2 23, 8 1, 2
3 1 2 15, 6 2, 3
4 1 2 3 23, 6 2, 3, 4
5 1 2 3 15, 6 2, 4, 5
6 12 3 4 15 2, 4, 5, 6
7 12 3 4 20 2, 4, 6, 7
8 1 2 3 4 5 17 2, 4, 6, 7, 8
9 1 2 3 4 5 6 23 2, 4, 6, 7, 8, 9

10 1 2 3 4 5 6 7 17 2, 4, 6, 7, 8, 9, 10_ — —' —
1 2 3 4 5 6 7 8

11 1 2 3 4 5 21 2, 4, 7, 8, 9, 10, 11
1 2 3 4 5 6

12 1 2 3 4 5 18 2, 4, 7, 8, 9, 10, 11, 12
13 1 2 3 4 5 6 23 2, 4, 7, 8, 9, 10, 11, 12, 13
14 1 2 3 4 5 6 7 18 2, 4, 7, 8, 9, 10, 11, 12, 13, 14__ -  ——
15 1 2 3 4 5 6 7 8 19 2, 4, 7, 8, 9, 10, 11, 12, 13, 14, 15
16 1 2 3 4 5 6 26 2, 4, 7, 9, 10, 11, 12, 13, 14, 15, 16
17 1 2 3 4 5 6 7 20 2, 4, 7, 9, 10, 11, 12, 13, 14, 15, 16, 17
18 1 2 3 4 5 6 7 8 21 2, 4, 7, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18
19 1 2 3 4 5 6 27 2, 4, 7, 9, 11, 13, 14, 15, 16, 17, 18, 19
20 1 2 3 4 5 6 7 21 2, 4, 7, 9, 11, 13, 14, 15, 16, 17, 18, 19, 20
21 1 2 3 4 5 6 7 8 22 2, 4, 7, 9, 11, 13, 14, 15, 16, 17, 18, 19, 20, 21
22 1 2 3 4 5 23 2, 4, 9, 11, 13, 16, 17, 18, 19, 20, 21, 22
23 1 2 3 4 5 6 29 2, 4, 9, 11, 13, 16, 17, 18, 19, 20, 21, 22, 23
24 1 2 3 4 5 6 7 23 2, 4, 9, 11, 13, 16, 17, 18, 19, 20, 21, 22,

23, 24
25 1 2 3 4 5 6 7 8 24 2, 4, 9, 11, 13, 16, 17, 18, 19, 20, 21, 22, 23,

24, 25
----------

Optimál solution 017 = (1, 2, 3, 4, 5, 6, 7, 8) 
Rearranging the variables x* = (1, 0, 1, 0, 1, 1, 0. 1)
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Step 12: Zi = z^i) = 4 + 5 + — x 1.6 - 15.6 

71 = {1}, t = 1

Step 6: z0 = 15.6 <£0 = a0 = «i = 0, n = 0 

is nőt a feasible solution.

Step 7: <A2 = (b2)
z2 = 0 + 5 + 5 + 6 + 3 + j x4.3 = 23.8 a2 = 1

ti = {2}, t = 2

Step 8: No results

Step 9: No results

Step 10: ^ = (1,2), a3 = 0

Step 12: z3 = 15.6 ti = {2, 3}, t = 3

Step 6: z0 = 15.6 <A) = fa, «o = «3 = °> 71 = W

Step 7: = (1, 2, 3) a4 = 1

^ = {2,4} t = 4.

The algorithm can. be continued in a similar way. The process of solution may 
be followed in Table 8.1. Instead of generating new filtere, if the filter was satisfied 
byX S next “brother”, i.e. the next descendant of its immediate ascendant was 

alsó generated.

The new ordered pseudo-solution, the corresponding lower bound, and the 
actual covering system are denoted at each iteration. After forming pseu o 
Solution <^25

min z^) =

As ó°, is a feasible solution of Problem (P) it is alsó optimál. Using the sub- 
script tableau of Step 4 the result is retransformed to the original variable sub- 

Scripts
x* = (1,0, 1,0, 1, 1,0, 1).
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CHAPTER 9

HEURISTICS IN DISCRETE PROGRAMMING

9.1 Introduction

Heuristic methods play a very important role in solving different kinds of 
integer programming problems. First, a great variety of exact algorithms may 
be accelerated by finding a good initial feasible solution and perhaps further ones 
throughout the algorithm. Secondly, good lower bound calculations fór the 
objective function may be associated with most of the heuristic procedures (in 
the case of minimization problems; fór maximization, they are substituted by 
upper bounds). These lower bounds may be used nőt only in branch-and-bound 
procedures bút alsó in other methods fór estimating the distance between the 
optimum and the best objective function value obtained so far. And finally, the 
capability of different exact algorithms is far beyond the need, especially in the 
number of discrete variables. Fór these cases, good heuristic algorithms may be 
used preferably with somé estimations of the optimum.

Besides the above mentioned separate functions, if heuristics is considered in 
a broader sense, then we can say that most of the discrete programming algorithms 
are blended with heuristics. This includes tests fór obligatory variable fixings and 
fór showing the emptiness of pseudo-solutions, evaluations of variables and 
constraints, choice of variable sets fór obligatory or suggested fixings, ordering 
and reordering of variables, calculations of lower and upper bounds and penalties, 
etc. And last bút nőt least, the organization of more complicated or combined 
exact algorithms is alsó subject to heuristics. This will be discussed in the present 
chapter. As an example, a new algorithm fór the set covering problem will be 
given in the next chapter. This algorithm consists of an exact branch-and-bound 
procedure which has a heuristic method built in. If certain conditions are met, 
the heuristic algorithm itself generates an optimál solution. In other cases it 
usually provides a very good lower bound of the optimum. This is a good example 
fór the symbiosis of exact and heuristic methods.

9.2 Local search techniques

Let us consider an arbitrary finite set P, and the following discrete programming 
problem

min {f(p) | p 6 P}, (9.1)

where the function f(p) is defined on the set P. A great variety of heuristic proce­
dures may be described by the neighbourhood structure and successor structure 
introduced by Reiter and Sherman (1965). The description of the method follows.
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Define a neighbourhood fór each element of the set P, which is a suoset of P. 
Choose any element A and search the above defined neighbourhood of pom 
p, only This search may include totál enumeration of the neighbourhood or it 
may be continued in a predetermined order until no improvement in the objective 
function f(p) is obtained. The best point obtained m the local search is denoted 
by p2. < f(PÚ that is> then the ^ighbourhood ° Pf^ ?=
sidered fór a local search. It is continued until/(pj >J(P2) > ■ • • >J(Pr-i) 
_ f(p) p A = pr. Then another element of set P is chosen as a starting point pr. 
The random choice of new points is repeated until either we are reasonably sure 
that no improvement can be obtained in such a way, or the cost of further calcula- 
tions is nőt justified by the expected decrease m the objective function.

In many cases, however, the domain of optimization is nőt given exphcitly bút 
is determined by inequalities, equations, logical constraints, etc. rere őre e
more generál problem

min {f(p)\ptTcP} (9.2)

will be considered. The procedure of local search techmques remams esentially 
the same The only difference is that no objective function improvement is accepted 
if the constraints are more violated. (A precise definition is mtroduced below.)

Usually onlv the implicitly determined finite discrete set T is given and it must 
be embedded in another discrete set P, the elements of which may easily be 
generated If the discrete set T contains a countably infinite number of elements, 
e g the vectors of nonnegative integer components in the n-dimensiona1 Euchdean 
space, then either explicit upper bounds of each component must be, 
from the constraints or, alternatively, other methods described in the following 

sections should be used. m zq
Let us now generalize the definition of Reiter and Sherman fór problem (9.2).

Definition 9.1: A successor structure fór problem (9.2) is defined by a triple 

(N, p, s), where
(i) N is a collection of subsets {N(p) \p £P}, such that

(a) fór each p £P there is exactly one N(p) € N

(b) p £ N(fi) for each p ^P
(ii) p is a measure of the infeasibility of set P, fór which

(a) p(p) 0 fór each p^P
(b) p(p) = 0 if and only ifp^T

(iii) s is a successor function defined on P with the properties

(a) s(p} € N(j>)
(b) either p(s(p)) < p(p) or p(s(pf) = p(fi) and f(s(p)) á f(p\

(c) if p(s(p)) = p(p) mdf(s(fii) then s(p) = p,
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(d) if j(p) = p, then p(p') p(p) for each p' £ N(p), furthermore fp") ^f(p) 
for each p" £ N(p), with p(p") = p(p) ■

N(p) is called the neighbourhood of point p. The infeasibility measure is usually 
defined in such a way that each constraint is checked for a point p ^P. If a con­
straint is satisfied, then its contribution to the measure value ^(p) is zero. In the 
opposite case, a value is calculated which expresses how far we are from satisfy- 
ing the constraint. The individual infeasibility values are added up in p(p). Some- 
times weights are alsó used for the contributions obtained from the differens 
constraints. These weights are proportional to the difficulty of the constraints 
and they may be calculated, e.g. by somé learning procedures. The successor 
function is defined in such a way that it seeks better feasiblity first. To obtain 
the largest improvement both in the feasibility and in the objective function value, 
the entire neighbourhood N(x) is fathomed. Usually complete enumeration is used 
for this purpose bút more sophisticated methods can alsó be tried.

If T = P, then p(p) s 0 and the original definition of Reiter and Sherman 
results.

Example 1: Reiter and Sherman discussed heuristic algorithms for the travelling 
salesman problem, which was formulated in Chapter 1 and for which a branch- 
and-bound solution method was described in Chapter 3. The most successful 
heuristic algorithm (detailed in the cited paper), the Algo IV(r) series, may be 
summarized in the following way.

Let P be the set of all permutations of the integers 1, 2,..., n and let /be a 
reál valued function defined on P. The function / is to be minimized. Because set 
P is explicitly given, T = P and p(p) = 0. Let p = (/,/,. . .,/) and 1 g r < n 
arbitrary integer. Then

M-(P) = {01, • • •dnjr+U • • -íjni’ + jr) jr + 2> • ■ •rjnjr

(jr + 1* jr + 2’ Jl, • • •, Jr) Jr + 3, * • ‘fjn), • • • , Or + l, * • •rjnrjlr • • •,/)}

defines the neighbourhood of point p in Algo I V(r). Let p' be the first element 
for which /(p') < /(p) then

Xp) = p'.
If no such p' exists, then

J(p) = p.

The elements of the Algo IV(r) series are applied consecutively. This means that 
Algo IV(I) is tried first, i.e. only one element of p is shifted, according to A'/p). 
Then two elements are shifted together in Algo IV(2) as shown in A2(p) etc. 
Whenever a better solution is obtained, Algo IV(1) is started again followed by 
IV(2) etc. Very good results are cited by the authors for up to 57-city problems. 
For each problem, at least as good Solutions were obtained as the best one avail- 
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able earlier, with the computer time remaining resonably smaU. Estimations of the 
computing time and expected gain are compared and used to stop the generation 
of new starting points.

Example 2: A similar approach may be used fór the so called restricted assign­
ment problem which is described and solved by a heuristic method in Kovács 
and Nagykálnai (1968). The method used in this paper is of Lagrangian multiplier 
type and an estimation of the error is alsó given, furthermore an agncultural 
application is presented together with the analysis of a small-sized reál hfe prob em. 
The mathematical problem may be described as follows:

n n
min £ £ CyXy 

í=i>=i

J=1
£^ = 1 g = <9-3>
y=i

É É dyXy á K 
í=i j=i

{0,1} (z,j=

This is almost the ordinary assignment problem which means a one-to-one assign- 
ment of n machines and n jobs at a minimál totál cost. The cost of assignmg 
machine i to job j is Cy. The only diíference is in the inequality which imposesa 
further restriction. This is used if another source (e.g. manpower) is alsó taKen 
intő account. Fór example, if machine i is assigned to job j, then a manpower 
demand d„ arises. The upper bound K fór the manpower is given. This restriction 
is very natural in agricultural applications, where diíferent plánt crops are assigned 
to diíferent fields. In this case the required manpower largely depends on the

Feasible Solutions to the assignment problem may easily be described by the 
permutations of the positive integers ■ • ;j„) as in Example 
diíference however in the corresponding solution. In the travelling 
problem this represents the solution

xhJ, = X)J. “ • • • ~ xh-yJ" = = 1

and in the assignment problem

Xy, = xVt = • • • = xnh = 1 •
Obviously nőt all permutations correspond to a solution of the resticted assign­
ment of elements 1, 2,..n, bút the set

T = {p | p € P, dVí + dyt + ... + dHj,^ K} 
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is alsó introduced, where P is the set of permutations of the first n positive in- 
tegers, that is,

P = 01, ji, ■ • ; jn) ■
Now the infeasiblity measure

^(P) = (X dut ~ K)+ 
i

is alsó introduced where the superscript + means “positive part”.
Now the neighbourhoods Nr(p) introduced in example 1 may be used without 

any change. Moving from one element of this neighbourhood to another however 
has an entirely different meaning and corresponds to a different calculation in the 
cost mátrix. Furthermore, in (9.3) nőt all points of set P are permitted, thus 
feasible Solutions are searched first. This means that the successor function should 
be modified. Let us consider any point p £ P. Let p' be the first element in the 
presently considered neighbourhood N/p), fór which either

/<P') < Xp) 
or

Xp') = n(p) and /(p') </(p), 
where

/(p) = Cy + + ■ • • + c„Jn.

Let s(p) = p' and if no such p' exists, then s(p) = p. It makes sense to use the 
following alternative definition fór p': It is the first element in Nf$)for which

ju(p') < Xp),
or if P(P) HÜllfor all p C N/p), then

/(p') + -W) </(p) + ^(p),

where 1 0 is a constant or a paraméter of the procedure. (See Note 3 at the end
of this section.)

In this second definition the objective function is considered only if either a 
feasible solution is found or if no improvement in feasibility can be achieved in 
the neighbourhood.

Example 3: Let us consider the following problem

min {crx | x C T}, (9.4)
where

r = {x | Ax b, XyfEÍO, 1} (j = 1,...,„)},

A is a given mátrix of size m x n, b and c are given vectors of corresponding size. 
The elements of set T are nőt easily determined, therefore the set

P= {x|xy€{0, 1} (J = 1,..., „)} 
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is alsó introduced. The r neighbourhoods of vectors p C P are defined by permitting 
at most r components to be changed

7V,(p) = | x | x £ P, £ |x7- #| á r 
l y=i

where 1 r n is an arbitrary integer, bút usually r = 1, 2 or 3.
The infeasibility measure is nothing bút the sum of quantities by which the 

constraints are violated
m 

^(p) = L (bi - a'p)+> 
Z = 1

where a‘ is row i of mátrix A and the superscript + again stands fór “positive 
part”. If further information is available on the question regarding how difficult 
the constraints are, then the modified form

m
^(p) = X wt(bi - a'p)+

(=1

can be used, where 0 is the weight of constraint i. These weights may be 
obtained by any of the methods described in the present and the next chapters.

The successor function may be defined as in the foregoing examples (the first 
better point in ^(p); if no such point exists, then the first better point in A2(p) 
etc.). Better point here means that as a first criterion better in feasibility; or as 
a second criterion, better in objective function.

In choosing the largest r fór which the neighbourhoods Nr(p) are considered, 
it should be taken intő account that the number of elements in Nr(p) is

The order of variables may be chosen arbitrarily in each step according to prior 
knowledge or experience with the problem.

Example 4: As a last example, let us consider a problem of design assortment 
fór a ready-made clothing-factory.

Notation

m number of rolls
j number of different sizes ordered
t number of patterns
L maximum number of pieces that can be cut together 
ht length of roll i
dj demand fór cloth size j
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ek length of pattern k
akj the number of clothes of size j in pattern k
v number of different patterns permitted fór one roll
xik the number of pieces of pattern k to be cut out from roll i
g(u) the value of matéria! of length u

Function g(u) is piece-wise linear and its value is 0 under a certain threshold u0.
Now the problem is to satisfy the demand dj and obtain a maximai value fór the 
remaining matéria!. The rest of the constraints speak fór themselves

max X ff 
z=i l

t

E ekxik á hí 
k=l

E E akjXik dj 
i=lk = l

m t

xik € {0,1,2,...} (i =

• E
k=l 1

(z = 1,..w)

(/ = 1, •■;S)

(z = ni)

,.. .,m; k — 1,..t).

(9.5)

The sign <íZ> means the least integer nőt smaller than d. An alternative problem 
may be formulated in a similar way if the demand can be oversatisfied arbitrarily 
and profitably; it is necessary that the ratios of the different sizes be kept between 
given bounds.

Now set T is the set of x vectors satisfying the constraints of (9.5) and

P = {x | xik = 0, 1,. .uik (i = 1,..m\ k = 1,..í)}, 

where 
uik = A 

ek

The neighbourhoods could be defined as in the foregoing examples: the variables 
may be changed by at most r units

^(p) = {x | x ^P, E lxz* ~ Pik\ á r} • 
i, k

On the other hand, this choice of neighbouring points does nőt fit the special 
structure of the problem. There are a great number of possibilities. We shall 
consider two of them to illustrate the ideas. First of all let us suppose that the 
demands are nőt yet met: fór example pieces of size 1 are nőt yet available. 
Then the following neighbourhoods can be defined

^r(P) = {x | x € P, E E (*ik ~ Pik) £ r} u {p} í kkJ
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where J = {k | au > 0} .

The interesting thing in this neighbourhood definition is that only certain compo- 
nents are changed by the search process, the others may be changed according 
to the other requirements, the length of rolls, etc.

The second kind of neighbourhood is illustrated in the case when Solutions 
satisfying the demands are to be improved according to the objective function. 
Then the satisfaction of the demands may be retained, fór example, by fixing the 
number of patterns used, i.e. only changes between different rolls are permitted.

nm = {x|xep, Yxik = YPik (* = i,LEkíi-A/Jár}, 
z z z k

The infeasibility measure may be defined as before

The last group of inequalities may be kept by introducing nőt too many different 
patterns fór each roll. The multiplier A helps to compose the two groups of con­
straints : the demands, and the roll length.

If we use the special neighbourhoods suggested fór this and similar problems, 
then full search of the neighbourhoods is nőt advisable, and is nőt even necessary. 
The constraints may be used to decrease the number of elements to be examined. 
Fór example the roll length restricts the search. Further restrictions may be 
implied by the objective function if we avoid too many short remnants, etc.

Note 1: As a conclusion of the above examples the neighbourhood method or 
local search technique is nőt a readily available and applicable heuristic method, 
bút rather an idea which may be used fór a wide variety of discrete programming 
problems. In each case it is applied, the problem should be thoroughly studied 
and special neighbourhoods, infeasibility measures, and successor functions have 
to be used.

Note 2: The main disadvantage of the local search techniques is that no estima- 
tion of the optimum is available. As a means of increasing the probability of find- 
ing the reál optimum, several starting points are to be chosen which are spread 
over the entire set P. Fór this purpose either a thorough deterministic design is 
used or a probability distribution is defined on the setP. The later choices of start­
ing points may depend on the earlier result, e.g. the districts which turn out to be 
better may be chosen with a higher probability. The number of starting points 
can be recalculated after each iteration (one local search) on the basis of the 
computing cost and expected return in terms of the objective function decrease. 
Local search techniques can be combined with other heuristic and exact methods 
providing lower bounds of the objective function.
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Note 3: Sometimes temporarily worse points are alsó permitted as next steps 
(worse in the sense of the feasibility measure or in the objective function value). 
The reason fór this is illustrated by the following simple numerical example

10xx — 8x2 1

—lx1 + 9x2 2.

If only neighbourhoods TV/p) are used, then p = (0, 0) is a local optimum, because

n(p, 0) = 3, Xb 0) = 9, X0, 1) = 9.

Bút on the other hand, only one point further XI, 1) = 0. Naturally in ^(p) the 
problem disappears, bút similar examples may be shown fór any r neighbourhoods. 
It can happen that the higher ránk neighbourhoods, which would solve the trouble 
require a great amount of computation. Bút by breaking the rule of monotonic 
improvement of infeasibility (or objective function value) just fór a limited number 
of steps, much better Solutions may be found. In this case fmiteness of the proce­
dure should be ensured and new guides must be found instead of the improved 
value of infeasibility measure. Such a guide might be, e.g. one of the constraints 
alone that is difficult to satisfy.

9.3 Relaxation methods

The common property of all these methods is that the constraints are relaxed 
in somé way. Either somé of the functional and integrality constraints are deleted 
or they are substituted by a weaker system of constraints in such a way that no 
feasible solution of the original problem is deleted. Furthermore the relaxed 
problem must be easy to solve. If the optimál solution of the relaxed problem is 
feasible fór the original problem, then it is alsó optimál and the problem is solved. 
In the opposite case no better solution may be obtained in the more restricted 
original problem, i.e. a lower bound has been obtained fór the optimum (in the 
case of minimization problems). Therefore the relaxation methods provide an 
approach opposite to the local search techniques. The latter usually result in good 
feasible Solutions and thus determine upper bounds of the optimum of minimiza­
tion problem. If both approaches are used, then good estimations of the reál 
optimum are always available and this may guide both the search and the genera- 
tion of new relaxed problems. They may even be built intő exact algorithms. The 
most obvious choice fór this purpose is the branch-and-bound principle because 
it presupposes the knowledge of good bounds. Bút most of the other methods 
can alsó be made more effective by using either the relaxation methods or the 
search techniques or both. We shall now review the most common relaxation 
methods individually.
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(a) Surrogate constraints

Surrogate constraints can be obtained from the inequalities of the original 
problem by forming their nonnegative linear combinations. These were discussed 
in detail in Chapter 5 and are mentioned here only fór completeness.

(b) Continuous version

The continuous version of a discrete programming problem may be considered 
at any time, omitting the integrality requirements or substituting them by lower 
and upper bounds of the variables. This is done in all cutting methods. Their sub- 
stance is to solve the continuous problem and check if the integrality requirements 
are satisfied by chance. In the case of a positive answer the discrete problem is 
alsó solved. In the opposite case a new restriction is introduced which excludes 
the, at present, optimál bút noninteger optimál solution, bút it does nőt exclude 
any of the feasible lattice points. The new continuous problem is solved again. 
The first cutting pláne algorithm was found by Gomory (1958). A short discussion 
is to be found Chapter 5, a detailed description of the method is in Gomory (1963). 
This is in fact an exact method bút it can be used as a heuristic tool fór accelerat- 
ing other algorithms. Several other cuts have since been designed; a promising 
one was found by Balas (1971).

The continuous version of a discrete programming problem is frequently use 
both fór pure and fór mixed cases if a branch-and-bound method is applied. More 
details are available in Chapter 3.

(c) The leaving out of nonnegativity restrictions

The leaving out of nonnegativity restrictions is an opposite approach to the 
one described in point b. The continuous optimum is calculated first, as before. 
Then basic variables of the optimál solution are expressed by the nonbasic vari­
ables. Following this, the integrality of the basic variables is taken intő account 
with the help of a congruence system, bút their nonnegativity restriction is tem- 
porarily deleted. If the optimál solution of this new problem satisfies the non­
negativity requirements, then the optimál solution of the original problem is 
available. In the opposite case a further search is induced in the order of monotone 
nondecreasing objective function values. Both the heuristic part and the complete 
exact algorithm are described in Chapter 4.

(d) Leaving out somé variables

The leaving out of somé variables is again a possibility fór further heuristics. 
On the basis of prior knowledge or experience obtained in the solution process 
somé of the variables can be expected to be zero. Somé evaluations may alsó show 
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that their use in positive levet is unfavourable from the point of view of direct 
and indirect consequences. A direct consequence is the increase in the infeasibility 
value and/or in the objective function value. Indirect consequences are the ones 
induced by the use of these variables: obligatory fixings and consequences which 
may be obtained by analysing the individual requirement infeasibilities. In the 
case of 0-1 problems similar arbitrary variable fixings may be used at value 1 if 
they are likely to be in the optimál solution. Somé further details are given on 
the evaluations of variables in Chapter 11.

(e) Optimization over the cone

Let us solve again the continuous version of a linear discrete programming 
problem. For simplicity, let us now consider the optimál basic solution which is 
supposed as being unique. This corresponds to a vertex of the convex polyhedron 
defining the feasibility region of the continuous problem. The active constraints, 
i.e. the hyperplanes containing the optimál solution, form a polyhedral cone. This 
cone, as it contains the polyhedron, can be considered as the relaxation of the 
original convex polyhedron. Thus a search procedure can be used for determining 
the best lattice point of this cone. If it is nőt yet feasible for the original constraints, 
then the next best lattice point is determined, etc. The first feasible lattice point 
will alsó be optimál. Many heuristic and exact algorithms are based on this idea. 
Two of them will be discussed in the next points.

(f) Fourier-Motzkin elimination

The Fourier-Motzkin elimination aims at reducing the number of variables 
in any linear programming problem — as it is described, for example, in Dantzig 
(1963). The only difficulty is that the price for the smaller number of variables is 
usually an enormous increase in the number of constraints. This is nőt the case 
if it is applied for the so-called Hermitian cone problem. The papers of Bradley 
(1971a), (1971b), and Bradley and Wahi (1973) show how the problem

max crx

Ax b (9.6)

x 0

x integer

can be transformed intő the n! equivalent problem of special form (the Hermitian 
Canonical form) by using unimodular transformations of type x = h + Kw. 
where h is a fixed and w is a variable integer vector and K is unimodular. (The 
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subdeterminants of K are ± 1.) The cone described in point e is called in this case 
a Hermitian cone and the corresponding problem takes the following form

max gíx1 + g2x2 + • • • + gnx„

duX1 (9.7)

d2\Xi + d22x2 — ^2

dniXi + dn2X2 + . . . + d„nXn ^fn

Xj integer (J = 1,..., n)

where - 4 < 0 fór all i,j with j < i and - 4 Furthermore if
(9.6) is bounded, then í 0(/= 1,. • •, «)• If the unknown objective function 
value is denoted by z, then the objective function of (9.7) is substituted by the 
inequality

g±Xj t g2x2 + • • • + gnXn = z.

Fór the inequality system of n + 1 inequalities so obtained, the Fourier-Motzkin 
elimination may be applied without increasing the number of constraints, thus 
the cone problem can easily be solved.f

(g) Set covering problems

The set covering problems may alsó be considered as a relaxation of a generál 
linear integer problem. Fór simplicity let us consider the following problem:

min crx

Ax b

Xj € {0, 1} (J = !,...,«) (9.8)

where A is given arbitrary m x n mátrix, c 0 and b are given vectors of cor­
responding size. The set covering problem differs from (9.8) in the coefficients: 
a,j = 0 or 1 and b, = 1. The generál set covering problem has right hand sides 
bj > 0, integer. The set covering problem and an algorithm fór obtaining its 
optimál solution will be discussed in detail in Chapter 10. Now only a relaxation

t The basic ideaf or reducing the number of variables(as described in the above-mentioned 
literature) is the following: One of the variables is expressed from each inequality containing 
it. (The variable must stand alone at one side of the inequality with coefflcient +1.) Then the 
variable may be omitted if we require that all expressions x, (the variable being omitted) 
must be less than or equal to all expressions xf. This method is applied to the Hermitian 
cone problem in a reverse order of variable subscripts. [See problem (9.7)]
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of (9.8) is shown, which is a set covering problem. Fór this purpose it is sufficient 
to see how 0-1 coefficient consequences of a single row

^ixi + d2x2 + .. . + dnxn § b0 (9.9)

can be formed. Let us suppose that inequality (9.9) is nőt trivially satisfied, that 
is, b0 > 0. Furthermore, let us suppose that the coefficients are already ordered 
(the subscripts are chosen in such a way)

di d2 dr > 0 2? dr+1 d„.

Let us now choose subscript p such that 
r r

E dj< b0^ dj. (9.10)
j=p+i j=P

Then obviously the constraint

xi + x2 + • ■ • + xp § 1 (9 11)

is a consequence of inequality (9.9) Different inequalities may alsó be obtained 
fór the generál set covering problem. Fór this purpose determine the subscripts 
5 and t such that t < s and 

r t r
E 4 < b0 - £ dj g X dj- (9.12)

j=S + l j = l j^s '

In this case the constraint

xi + x2 + • • • + xs t + 1 (9.13)
is a consequence of inequality (9.9). Several constraint of this type can be obtained 
depending on the choice of t.

Obviously each constraint of (9.8) can be used fór generating such 0-1 coeffi­
cient constraints and so can their nonnegative linear combinations. (See Chapter 
5 fór generating s-constraints.)

9.4 A tightening method

An opposite approach to relaxation would be the tightening of the constraints. 
At first, it is nőt clear what can be gained because usually the original restrictions 
are rather tight or they become tighter by introducing the stronger and stronger 
objective function constraint. In the method described below, the tightening is 
applied to the cone problem outlined in Section 9.3 point e, which is actually a 
relaxation of the original discrete problem. The primary purpose of tightening is 
to ensure that the lattice point, obtained by rounding the continuous optimál 
solution, is in the first cone. Furthermore, a parametric rounding procedure is 
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generated along the lines connecting the optimál Solutions of the continuous cone 
problem and its restricted version. The heuristic method was presented by Hillier 
(1969—1) and further development is made to obtain an exact enumeration 
algorithm [Hillier (1969-2)]. It can be summarized fór the following problem

n
max x0 = £ CjXj

;=i

^auxJ á bt (i = 1,2,..., ni) (9.14)

x7^0 0= l,2,...,n)

Xj integer (j = 1, 2,..., n) 
by the following steps.

Step 1: Solve the continuous version of (9.14) and denote the optimál solution 
by x(1>, the optimál basis by B, and the set of subscripts of the basic variables 
by JB. Furthermore, let 1 denote the set of row indices satisfied by x( as an equa-

Step 2: Determine x(2), the optimál solution of the problem 

n 
max x0 = £ CjXj 

j=i
n (9.15)
YaijXj^br W)

j=i

X; 0.5 (jtJ),

where
b^ = bt-y Y \a‘j\ <9-16)

J(.Jb

or alternatively 
^ = ^-7^/2 (9-17)

Step 3: Search the vectors

x3 = (1 - a)x{1) + ax(2) 0 a g 1

to obtain different lattice points by rounding x3. Fór each different lattice point 
apply alsó a local search, as described in Section 9.2. The purpose is to find as 
good feasible Solutions as possible.

HOte 1: To determined x2, only a mátrix multiplication is required because the 
same basis inverse may be used.
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Note 2: If the right hand sides (9.16) are chosen, then the rounding of x 2) is 
obviously in the first cone because

i a^] g + 1 £ |ű(/| £ + 1 £ |ű(>| = bj

J-1 J-1 z HJb tjg

If right hand sides (9.17) are chosen, then again the rounded point [x(2)] must be 
in £he original cone as the distance between x(2) and [x(2)] cannot be larger than 
V«/2-

Note 3: In the search procedure the series a = e, 2e.. . may be used with a 
sufficiently small positive e. It is alsó possible that a is changed by such a quantity 
that at least one component of the rounded vector [x3] be different.

Note 4: Each time a new feasible solution has been found, then the objective 
function constraint is tightened accordingly, to permit only better Solutions than 
the best one obtained so far. The procedure can be modified since the feasible 
region is getting smaller and smaller. Fór example, in the search procedure a 
standpoint may be to remain as far as possible from the boundary of already 
satisfied constraints. (Further details are given in Section 9.2.)

9.5 Probabilistic methods

If probabilistic procedures are tried the most obvious method would be a kind 
of Monté Carlo method or statistical sampling. This possibility was mentioned 
in Section 9.2 bút nőt emphasized so much as in the paper of Reiter and Sherman 
(1965). The main reason fór this different point of view is the presence of restric- 
tions in the problems considered which make the statistical sampling ineffective, 
because even feasible Solutions are quite rarely found. In the present section’ 
however, an entirely different approach will be discussed, this approach is based 
on the results of Graves and Whinston (1968).

Let us consider, fór simplicity, the problem

n 
min £ CjXj 

7 = 1
n
L a^Xj bj G = 1,. .., (9.18)

xj € {0, 1} (j = 1........n),

Let us suppose that an enumeration method is used fór solving this problem (any 
of those described in Chapters 2, 5 and 6). The probabilistic approach is used 
when no obligatory fixings can be found and free choices of variables are per- 

218



mitted. These free choices may however influence the remaining calculations to 
a great extent. The more likely we are to get a feasible solution, the better. There- 
fore the free variables can be evaluated according to the expected number of 
feasible Solutions after fixing them at value 1. To simplify the discussion let us 
consider only a single constraint from problem (9.18).

£ = £ djXj £ d0, Xj € {0, 1} (9.19)
j=i

Now x- can be considered as random variables taking the values 0 and 1 with 
probability 0.5. The random variable £ is the left hand side of the constraint 

is the relatíve frequency with which a random vector x satisfies the constraint. 
This is nothing bút the ratio of the number of feasible vectors (fór constraint 9.19) 
divided by the number of all such vectors, 2". In other words probability (9.20) 
is what we need. The expected value and standard deviation of variable £ are 
easily calculated

1 "

2 7 = 1

4 >1

Bút the probability distribution of random variable £ may be approximated by 
the normál distribution of the same parameters if n is sufficiently large, accord­
ing to the theorem of Lindeberg [see e.g. Feller (1966)].

Mathematical tables and computational methods are available fór calculating 
the values of the normál distribution; thus, the evaluating numbers fór the feasi- 
bility regions of a single inequality constraint can be calculated.

The method may be extended to several constraints of type (9.20) and the 
common distribution of similarly defined random variables £1( ■ ■ ■, is an m- 
dimensional normál distribution the parameters of which may easily be calculated 
from the coefficients of the constraints.

Though the procedure is practical only if the number of rows m = 1, 2 or at 
most 3. it can be used fór constraints of special interest, e.g. the s-constraints of 
Chapter 5 and the objective function constraint.

9.6 Learning procedures

Such procedure utilize the information obtained throughout the former steps 
of the algorithm on the particular problem being solved. One way of doing so is 
to use different counters fór certain events. Fór example, if we wish to measure 
the difficulty of the different constraints, then each time a trial solution does nőt 
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satisfy a constraint the corresponding counter in increased by one. Similar counters 
can alsó be used fór the variables. It should be noted however, that after fixing 
a few variables the picture may be completely changed. Thus, the use of counters 
can be effective only if a kind of forgetting procedure is built in. In other words, 
the information from the last few steps must have a larger weight.

Another way of learning is the constant measuring of efficiency of different 
alternative subroutines. This can be done by comparing the running time and the 
result of different subroutines. These “results” may be: obligatory fixings, the 

finding of new feasible Solutions, the fathoming of big solution sets, etc. — depend- 
ing on the function of the routine in question. If the overall performance of each 
routme is evaluated fór several problems, then we are able to obtain experience 
as to which routines should be used and at what paraméter values. Bút this is nőt 
a learning procedure. On the other hand, if the Central organization of the algo- 
nthm decides - fór different problems and different parts of the solution pro- 
cess — which routines should be used and what are their actual parameters, then 
learning procedures fór gathering information on the structure of the problem 
are very useful.

The above ideas will be illustrated and explained in more detail in Chapter 11 
by describing a complex System of procedures designed fór solving larger discrete 
programming problems.

If Monté Carlo methods or other simulation techniques are used fór generating 
starting points in local search procedures (see Section 9.2), then better and worse 
districts may be found by learning procedures. Only the results obtained at each 
starting point need be analysed. Then points from better districts are chosen with 
higher probability.

9.7 Testing and evaluating

Tests may be defined as sufficient conditions fór obligatory variable fixings and 
fór certain pseudo-solutions being empty. Several tests were discussed in Chapter 
5 and further ones can easily be designed especially fór problems with particular 
structures. To a certain extent they may alsó be considered as heuristic tools 
because their efficiency and effect on the main algorithm is hardly predictable.

As was already mentioned in the foregoing sections, the evaluation of variables 
is usually very important when a free choice is to be made. One possibility is the 
use of different feasibility measures (see Section 9.2) applied after fixing the 
variables in question individually and temporarily. Another one was mentioned 
in Section 9.6. Naturally, the consequences of the variable fixing may alsó be 
taken intő account. Sometimes it is advisable to evaluate certain variables in con- 
nection with other free variables. In this two step evaluation, the best variables 
- according to a first evaluation - are temporarily chosen and all free variables 
are re-evaluated in this context. Constraint evaluations can alsó be used in these 
calculations. Detailed examples of different variable evaluations are discussed in 
Chapter 11.
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CHAPTER. 10

A NEW SOLUTION FOR THE GENERAL SET COVERING PROBLEM

10.1 Introduction

The theory and applications of the generál set covering and set partitioning 
problem are discussed in the present chapter. Results on these were published in 
Kovács (1973). The algorithm presented here is closely related to the matéria! of 
Chapter 9 since it is based on a heuristic method (it can, however, be understood 
without reading Chapter 9). The background of heuristics is clariíied by three 
lemmata which ensure optimality under somé conditions. The procedure is 
developed further here; it becomes an exact algorithm of branch-and-bound type. 
Bút no linear programming is used to calculate the bounds: instead, the heuristic 
procedure provides the bounds. A computer program is written with a promising 
result. There are three main reasons for including the set covering problem in the 
present book. First, it illustrates the good relations between heuristic procedures 
and exact algorithms, particularly in the case of specially structured problems. 
Secondly, there are many applications showing the importance of the problem 
itself. Thirdly, in the generál linear integer problems, it may well play an important 
role — as was briefly discussed in Section 9.3 point (g) and as will be detailed in 
Chapter 11.

10.2 Problem and terminology

Let us consider the following problem 

min crx

Ax e (10.1)

€ {0, 1}
where A is a given mátrix of 0 and 1 elements, c is an n-vector of positive elements, 
and e is an m-vector, each component of which is 1. Problem (10.1) is known as 
the set covering problem for the following reason. We are given n subsets of the set

Io = {1,2,

and they are denoted by A, /2,. .., I„. A cost c} is associated with each set 
The entire set 70 has to be covered (each element is chosen at least once) at a mini­
mál cost. In other words a set J ez Jo = {1, 2,..., n} is to be determined

min
JcJo JÍJ

U W.

221



Problem (10.1) is obtained if mátrix A is defined as

í 1, if i^Ij 
íj I

[ 0 otherwise.

The set J is the subscript of variables x} having the value 1 in the optimál solution 
of (10.1).

The generál set covering problem

min crx*

Ax = b (10.2)

xi € {0, 1} (j = 1,...,«)

can be interpreted in a similar way. The only difference is that element i £ I 
should be eovered at least b, > 0 times. (It should be included at least in bt chosen 
sets /,-.) Thus b is a given m-vector of positive integers.

The set partitioning problem

min c7x

Ax = e (10.3)

XJ € {0, 1} (j=l,..., n)

is the same as (10.1) except that the inequalities are substituted by equations. The 
same mterpretation may alsó be used fór (10.3), the only difference being that each 
element i £ /0 should be eovered exactly once. Each feasible solution x of (10 3) 
defines a partitioning of set Io. Let

J = {/lxy = 1}.
Then 4 = U lj and I: C\Ik = Q

KJ

if j k and j, k £ J.

Thus the sets lj (j^J) give a partitioning of the set Io. Therefore (10.3) may 
be stated so as to determine a partitioning of set Io at minimál cost.

10.3 Applications

(a) Planning of bús routes

We are given n possible bús routes with an attached cost c,. There are m bús 
stops and A is the incidence mátrix, that is,

1, if route; goes through bús stop i 
0 otherwise.
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A bús network of minimál cost is to be determined in such a way that at least one 
bús route should pass by each bús stop. If variable Xj has the value 1 or 0 depend- 
ing on whether bús route j is realized or nőt, then (10.1) is the mathematical model 
fór the bús route planning.

(b) Airline-crew scheduling

Prerisely one crew should be assigned to each of the given m flights in such a 
way that each crew should obtain an acceptable full assignment (limited number 
of flights, nőt too long working time, etc.). The objective is to minimize the num­
ber of crews actually needed. To solve this problem let us determine a great 
number of acceptable crew assignments and calculate mátrix A

1 if flight i is included in assignment j 
0 otherwise

and the meaning of the variables is

{1 if assignment j is accepted
0 otherwise.

Then a set partitioning problem (10.3) is obtained with c} = 1 (J = 1, • • •, «)•

(c) Switching Circuit design

A function F(m1; u2, • • •> Un) is called a truth function if both the variables 
ult..., uN and the function F can take only the values 0 and 1. The value 0 is 
alsó referred to as the off-position of the switch or the truth value false. Similarly 
the value 1 is alsó interpreted as the on position or truth value true. The costs of 
the AND gate and the OR gate are given. The problem is to realize the truth 
function F^, ...,uN) at a minimál cost. Let us suppose that the function is 
given either in a tableau form or in a disjunctive normál form. The latter is the 
disjunction of different terms, where each term is a conjunction of a subset of 
variables Wj,. .., uN and their negated form 1 - Új,. . ., 1 — uN.

Let ük denote either variable uk or its negated form 1 — uk.

Definition: The conjunction Q = ük ük, ...ükr is a prime implicant of function 
F if dkükl.. .ükr — 1 implies that F(ult. .., uN) = 1 and no part of Q has the 
same property.

Then our problem may be transformed intő a set covering problem by the 
following steps: .

(i) Determine all prime implicants <2i> 02> °f function F and their 
attached costs q, c2,..., cn. (The number of conjunctions in the prime implicant 
times the price of the AND gate plus the price of the OR gate counts once because 
these prime implicants will be connected by the sign of disjunction.)
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(ii) Let u1, u2,..um denote all the vectors fór which F(u*) = 1, and define 
the mátrix A

í i if e/u') = i
— 1

( 0 otherwise.

Then the truth function F may be written as

j=i

and the problem becomes the set covering problem (10.1).
If the function F takes the value 1 fór more than half of the values of the argu- 

ment, then the function 1 - F may be determined instead. There are alsó other 
tricks to decrease the size of the problem. Similar methods may be applied to 
more complicated logical functions than the AND, OR gates. Fór example, 
integrated circuits of given function and price can be used.

10.4 Survey of methods

In practice, a version of any integer programming method may be tried out fór 
the set covering problem. On the other hand, since a great many papers have 
already been devoted to the subject, only a partial list of publications is mentioned 
here in which each direction is represented by one or two papers.

First of all a version, by Martin (1963), of the Gomory (1963) cutting pláne 
method is reported as being effective fór set covering problems. A paper by 
House et al. (1966) is devoted to the development of a special algorithm solely 
fór the set covering problem. The substance of the method is the construction of 
additional rows to mátrix A fór the exclusion of Solutions nőt better than the best 
one obtained so far during the algorithm. The paper of Bellmore and Ratliff (1971) 
alsó falls within the category of cutting pláne methods with a substantially different 
type of cutting method.

A typical example fór the use of the branch-and-bound method is contained in 
the paper of Lemke et al. (1971). The main difference between their approach and 
ours (discussed in Section 10.5-10.6) is that they are solving linear programming 
subproblems to obtain bounds and in the method of the present chapter, no linear 
programming is used at all. Most probably the structure of branching is alsó 
different.

Heuristic methods play an important role in large problems fór several reasons. 
The airline-crew scheduling is solved by a heuristic method by Arabeyre, et al. 
(1969); Garfinkel and Nemhouser (1969) apply other heuristics fór the set par- 
titioning problem. A rounding process and consecutive fixing is used to decrease 
the size of the problem. The smaller problems so obtained are solved by existing 
integer programming methods. The group theoretic approach of integer program- 
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ming is used by Thiriez (1971) having the special advantage that in most cases 
the determinant of the optimál basis B is usually small because of the 0 -1 ele­
ments in mátrix A.

10.5 A heuristic method

The description of the method fór solving the set covering problem consists of 
two parts. The first part gives an explanation of a heuristic method. The second 
one (next section) describes an exact method using the branch-and-bound principle 
and alsó the heuristic method fór calculating bounds.

Let us define the set of uncovered rows Ik, and the set of subscripts of unused 
variables Jk, after executing iteration k. At the beginning, all rows are uncovered 
and no columns are used

Zo= {l,2,...,m}, Jo= {1,2,...,«}.

Let us introduce the column count at iteration k as

= E au
iílk

and the evaluation of unused variable at iteration k

if nk > 0
n*

fór j € Jk
co if = 0

rk is nothing other than the row covering cost fór each individual row, thus it 
gives an evaluation of variable j at iteration k.

At iteration k +1 the variable xJk t with the best evaluation is chosen

r/ = min r^.
jeJk

The new sets are easily calculated

•ffc+l — Jk {Á + l} ar|d f* + l — Ik ~ Mk + 1’

where Mk+1 is the set of subscripts of the rows covered by variable xlk+{ 

Mk+i = {« | i € 4, aUk+i = 0 •

The procedure is continued until either I, or Jt becomes empty. In the first case 
we have obtained a feasible solution of the problem, in the second no feasible 
solution exists. Let us suppose that a solution is obtained, that is, I, = 0

| 1 if J=Á.A 
j 0 otherwise.

■ ;j,

Then the tree lemmata below show how good this solution may be.
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Notation

1 = {jlji, ■ • Jt}

is the set of indices obtained above and fór any j £ J fönn the set

hj = {’ I “v =1, aik = 0, VkCJ - {j}}.

Furthermore fór each j 6 J let
«; = n .

the number of elements in set Hj and

í Cj/n* if n* > 0 
j | oo if n* = 0.

Now we can state

Lemma 10.1: If

r* á r* fór any j € j and fór any k^{\,2,..«} - j, (10.4)t 

then x is an optimál solution of problem (10.1).

Proof: Consider any solution x of (10.1) and introduce the following additional 
notation

j = {j | % =i}, j = J n j,

r = min {r° | j £ {1, 2, ...,n} - j} . (10.5)
Then

cTx^ £ Cj + ^Cj (10.6)
jtJ-J jíj

1 CJ = X r*nj 1 r £ nf^ £ = X cj- (10-7)
itt-J jtf-J JiJ-J JíJ-J jtJ-J

If the sum 

is added to both ends of the inequality series (10.7), then the desired inequality

crx = X cj X cj = crx (10.8)
iíS JíJ

is obtained fór any x feasible solution of (10.1), which proves the lemma.
It should be noted that if there is a number n* = 0 (k C J), then the correspond­

ing variable xk may be set equal to zero without changing the feasibility of the

f If we define the numbers fór J^J similarly, the statement of the lemma can be sharp- 
ened supposing only rf rj fór any j e J and k = {1, 2,... n} \ J. 
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solution. The subscript k should be deleted from J and the numbers n*(j £ /) 
should be recalculated. Now the assumption of Lemma 10.1 may be checked 
again. If there are several variables with n* = 0 (k € J) then the order in which 
they are set equal to zero in the considered solution is important. Different order- 
ing may result in feasible Solutions of different objective function value.

The following lemma gives a stronger result:

Lemma 10.2: Let us define the numbers utfor each row

Uj = rj~\ if i C Ms, bút i $ Ms_x (10.9)

tn X 1
If £ ayUi Cj fór any j € {1,2,..., n} (10.10)t

1=1

then x is an optimál solution of problem (10.1).

Proof: Consider any feasible solution x of (10.1). Because of the definition of 
numbers ut

cri=X"r (10.11)
i=i

On the other hand, using definition (10.5), supposition (10.10), and the fact that 
x is a feasible solution of (10.1), that is,

n
X ayXj 1 0 =1,..., ni)
;=i

we obtain
m m í n \ n m m
X X “JÉ M/ = É É X X auu>= Z cj = c x UO ’2) 

1 = 1 1 = 1 J-l ) j=l 1 = 1 Jíj JtJ

Then (10.11) and (10.12) together give the desired result, viz.

crx crx,
which proves the lemma.

The following lemma provides a lower bound fór the branch-and-bound pro­
cedure if Lemmata 10.1 and 10.2 did nőt prove the optimality of the feasible solu­
tion x obtained by the above heuristic algorithm. The optimality of x may alsó 
be proven sometimes by this result (sec the notes after the lemma).

f The inequalites must be satisfied alsó fór j e f i.e. all rows should be covered exactly 
once in the heuristic solution. In the opposite case all rows covered more than once should 
be deleted and the covering numbers r and the weights u recalculated. The statement of the 
Lemma remains true.
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Lemma 10.3: Denote the optimum of problem (10.1) by z*. Then

m

where fi is the “minimál covering fraction‘, of row i

f = min {r? | 0 < j g n, = 1}

(10.13)

(10.14)

Í = 1

(i = 1, • ■ •, w).

Proof: Define the following new problem

min E E rjyjk 
j—lk 1 (10.15)

n m

E E dijkyjk i (; = i,..m) ;=ik=i

yjk € {o, i}
where if i = k 

0 otherwise.

Fór any feasible solution x of (10.1), there exists a solution of (10.15) in such 
a way that the objective function values are the same, e.g.

yjk = ajkXj (J=l,...,n; k=\,...,m).

On the other hand, the minimum of (10.15) is obviously F. This pro vés statement 
(10.13) of the lemma.

Notes: 1° If c7x = F, then x is an optimál solution of (10.1).
2° If crx > F, then F gives a lower bound of the optimum of (10.1) which 

may be used in a branch-and-bound procedure.

10.6 An exact solution fór the generál set covering problem

A branch-and-bound procedure was developed fór solving (10.1). As this type 
of method has been extensively discussed in Chapter 3, only a few characteristics 
and special properties of the present computer program are mentioned here

1° The variable fór branching is chosen in the following way. Let us determine 
subscript (0 by the minimization

n n

min E au = E ai^ 
i i-i J=i
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and let

A simple lower bound calculation is then made fór all hypothetical íixings 
Xj = 0 and 1 (j C K). The lower bounds are denoted by Lj and Lj. Then 
variable Xj is chosen

max

After each variable fixing the better of the newly formed branches is chosen 
if at least one of them is feasible. In the opposite case the best branch is taken 
the fást reconstruction of which is provided.

2° Fást termination of subproblems is guaranteed if no solution exists.
3° In the case of abnormal termination usually good feasible Solutions are 

available.
4° Lower bounds are provided by the heuristic procedure described in Section

10.5, together with the corresponding Solutions which often turn out to be 
optimál (see Lemmata 10.1-10.3).

The computer code of this algorithm was written in FORTRAN IV, fór a 
CDC 3300 computer. Several problems with up to 100 variables were solved, 
each of them in a few seconds. The program is being tested and further developed 
fór larger problems, in which case it will be necessary to retain another representa- 
tion of the coeflicients in the core. A slightly modified version of the program is 
capable of solving (10.2) without transforming it intő the form of (10.1). A similar 
approach might be used to solve (10.3), bút most probably a different evaluation 
of the variables and other substantial modifications would give a more effective 
algorithm. It should alsó be mentioned that many effective simplex type methods 
have been worked out fór (10.3) because it has equation-type constraints.
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CHAPTER 11

COMPLEX ALGORITHMS

11.1 Introduction

The main purpose of this chapter is the design of complex algorithms fór 
computers. The first few sections contain the main tools of such algorithms. Somé 
of them are only mentioned here with reference to chapter number; others are 
developed here. Somé of the possible combinations of diíferent algorithms are 
then outlined. One section aims at the man-machine interaction, this implies the 
use of prior information, series of interrupted and revised runs in the case of very 
large problems, the change of control parameters by manual intervention, etc. 
One particular section is devoted to the actual design of discrete programming 
procedures; in this section the main functions of the Central organization of 
complex algorithms are described. Finally, an outline is given of the experience 
that has been gained utilizing a complex algorithm of the type described in the 
foregoing sections. Most of the tools and ideas of this chapter were tested on this 
algorithm, except a few obvious, generál notes on the mixing of diíferent algo­
rithms which have occurred throughout the preparation of the present work. 
A short review of the numerical experience gained is alsó included in the last 
section.

The framework of the procedure is mainly the one described in Chapter 2, bút 
substantial modifications are introduced in order to obtain greater flexibility and 
efficiency.

11.2 Heuristic procedures fór obtaining feasible Solutions

Many of these procedures were discussed in Chapter 9. They are used mainly 
to determine initial feasible Solutions or sometimes other feasible Solutions during 
the steps of the main procedure. They have three main functions. First, the intro­
duction of the objective function constraint (permitting only the Solutions better 
than the best one obtained so far) usually accelerates the main algorithm. Secondly, 
the heuristic procedures usually give estimations fór the exact optimum both fór 
the original problem and fór the subproblems obtained by fixing somé of the 
variables. These bounds may be used to control the Central organization (especially 
in the procedures of branch-and-bound type, bút alsó of others) and to avoid costly 
runs which improve the best solution obtained by only a negligible amount. 
Thirdly, the heuristic procedures usually provide somé good feasible Solutions in 
the case of very large problems (see alsó Section 11.10).
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11.3 s-Constraints

s-Constraints were defined and extensively discussed in Chapter 5. They are 
nonnegative linear combinations of the original inequality constraints. If the 
multipliers are carefully chosen, then very strong constraints may be obtained, 
one or a few of which may substitute the original constraints to a great extent. 
They may provide lower bounds, obligatory variable fixings, infeasibility of certain 
pseudo-solutions, and sometimes hints fór good variable evaluations. Several 
methods fór calculating good s-constraints were discussed in Chapter 5. Another 
one is used in the algorithm described in Section 11.13. This is an adaptive ap­
proach in which the multipliers are obtained by counting the number of infeasibili- 
ties fór each constraint (see Chapter 9). The pást infeasibilities must have a decreas- 
ing importance, therefore these weights are normed (divided by a relatively large 
number) from time to time. This division alsó helps to avoid overflow in the com­
puter. The frequency of division is important because it determines the “forgetting 
procedure”.

11.4 Tests

Such tests may be defined as sufficient conditions fór obligatory variable fixings 
and as a means of showing the infeasibility of certain pseudo-solutions. A detailed 
discussion is to be found in Chapter 5. It is very important to realize that neglect- 
ing the tests and carrying out long unnecessary searches is just as great a fault as 
their constant application all the time fór all the constraints. Besides the tests 
generally applicable, it is very useful to determine special tests fór special classes 
of structured problems. Both questions will be detailed in Section 11.11.

11.5 Free variable choice rules

When no obligatory variable fixing can be determined, then it is very important 
which free variable is chosen next. In the case of better choices we may obtain a 
feasible solution much earlier, and the enumeration algorithm is accelerated by 
the stronger objective function constraint. Another advantage is that the opposite 
fixing of the really good variables (at zero value) is usually enumerated very 
quickly. Thus the earlier position it stands the better because it corresponds to 
the enumeration of a larger solution set. In brief, the importance of the order of 
variables can be demonstrated by the fact that if a variable precedes another by 
k positions, then the ratio of the number of elements in the corresponding pseudo- 
solutions is 2k.

Let us consider now the following problem
n

min £ CjXj
;=i
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^€{0,1} (j — 1,.. ., n),

where Cj 0 (j = 1,. .n) can be supposed without restricting the generality. 
Furthermore, let us denote the subscript of variables already fixed by

J ~ {/1> J2, • • -dk} 
the subscript set of free variables is denoted by F. Then

J Cl F = 0 and J U F = {1, 2,..n} .

The present values of fixed variables are denoted by Sj The (11.1) is 
transformed as usual

min Y cíxj + K 
ííf

Y auxj (i = 1,..m) (11.2)

^€{0,1} (j=l,...,n),
where

= b> -jLaüSJ’ K =^jCA- (11-3)

We are looking fór a free variable to fix at value 1 in the present ordered pseudo- 
solution

= (XA = = öjJ •

Fór this purpose an evaluation of free variables should be determined fór the 
transformed problem (11.2). We can suppose that at least one of the inequalities 
bt 0 (i = 1,.. ., m) does nőt hold, because in the opposite case x, = 0 (J £ F) 
is obviously an optimál solution of (11.2).

Balas (1965) suggested the calculation of the following value

m
VJ = L (bi - ay)+ (j £ F), (11.4)

where the superscript + denotes the positive part. Namely, if the variable fixing 
Xj = 1 is executed, then (b, - avy is the infeasibility in constraint i. Thus the 
quantity Vj is a natural measure of infeasibility after the variable fixing xy = 1. 
vj = 0 denotes a feasible solution. In any case xJk+x = 1 is chosen, where 1

min vj = vj . 
JtF

Ifvj>0(J^ F), that is, no feasible solution can be obtained by fixing just a single 
variable, then there are several other possibilities fór evaluating the free variables. 

232



Our algorithm uses a modified version of the above Balas value in 
indicate alsó the price of the improvement in the infeasibility

order to

{
m m 1 /
X &- aijy - x bt (£ + Cj) (jen, (n.5)
í=i í=i i / .

where s > 0 is a small number relatíve to the coefficients Cj to avoid the zero 
divisor. In other words, Wj expresses the feasibility improvement obtained fór 
unit cost if Xj = 1 is chosen next.

Further variants may be obtained by considering the difficulty of each constraint. 
This is done by introducing different nonnegative weights s, fór the constraints

m

“J = X ^[(^ - (e + c,) (H-6)

There are several possibilities fór determining these weights. One way is the use 
of coefficients in row i, fór example.

Si = bt/Yaü 
JtF

(11.7)

or the minimál cost may be assigned to row i by which it can be satisfied, etc.
We have chosen a different, adaptive approach. The frequency of infeasibility 

is counted fór each row, similarly to the way described in Section 11.3. The method 
does nőt give the measure of infeasibility of the í-constraint because the weights 
are changing continually and the 5-constraint is recalculated only after several 
iterations.

Another, more complicated variable evaluation is alsó used, bút only at the 
beginning of the algorithm when the number of free variables is large. The reason 
is that a relatively large amount of calculation is rewarding only if the present 
pseudo-solution is large enough.

The basic idea is that each free variable is temporarily fixed at value 1 and con- 
tinued by k further variable fixings according to any variable evaluation. The free 
variable is chosen fór permanent fixing fór which the above continuation gives 
the best result, according to feasibility and cost. One possible realization of this 
idea may be described as follows.

Denote by Uj (j € F — {r}) an evaluation of free variables after the variable 
fixing xr — 1. Let us order these values

Mp(l) «p(2) • • • •

The second level evaluation of variable xr may be determined by the best infeasi 
bility value obtained in at most k further variable fixing 

m í- t 1+
^ir ~ X 

s = l /
hr = min 

tik
K+O+ X eip^ £ z* - 1 (H.8)
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where z* is the objective function value corresponding to the best feasible solution 
obtained so far (if one has already been found; in the opposite case z* = + oo). 
These values hr are calculated fór each r and the smallest one is chosen fór 
permanent fixing. This method may alsó be combined with more complicated 
primary evaluations like the ones described by (11.5) and (11.6) instead of using 
the simplest one, viz. (11.4).

It is important to note that actually nőt all of the free variables are evaluated, 
bút they are restricted to a relatively small subset. The method of restricted enu­
meration is described in the next section.

11.6 Restricted enumeration

Let us consider the ordered pseudo-solution

• • •> xJk = öJk)

obtained when the algorithm was applied to (11.1). Somé of the fixed variables 
may alsó be tied. J and F denote the subscripts of fixed and free variables respect- 
ively, andh,- stands fór the transformed right hand side as in Section 11.5. Let us 
suppose that a free choice of variable fixing is to be made. (No tests are appli- 
cable.) It would be very useful to restrict the choice to the smallest possible subset 
of F. This would have several advantages. First of all, the enumeration is re­
stricted to a fraction of the totál number of possibilities, proportionally to the 
decrease in the number of candidates. Secondly, fewer variables need be evaluated. 
And last bút nőt least, the choosing of “essential” variables as early as possible 
usually accelerates the algorithm in both branches. When it is fixed at 1, feasible 
Solutions are found earlier. And when it is fixed at zero, the pseudo-solution often 
turns out to be infeasible.

Though the basic idea has already been mentioned in connection with the set 
covering problem in Chapter 10, the approach used in the present algorithm is 
substantially different. Let us consider any of the constraints nőt satisfied by 
(the free variables are considered as being zero), that is,

(H.9) 
jíf

Obviously at least one of the variables, having a subscript from the following 
set, must be chosen

{j|av^0, j^F}. (11.10)

We can find an even smaller subset with the same property. Fór this purpose let 
us order the coefficients standing on the left hand side of inequality (11.9)

aiPm = aip(2) • • • = aip(s) > 0, (H.H)
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and determine the number r in such a way that

X aí?(«) = ^i > X a‘pW (11-12)
q = r «=r+l

It is easy to see that the subscript set

{p(l),P(2)> ■ •->XÓ} (11.13)

can play the role of set (11.10), at least one of the corresponding variables should 
be fixed at value 1. Let us denote this set by Jj. This set may be calculated fór 
each row with b, > 0. If b, 0, then let Jt = 0. A simple choice among these 
sets is

| JJ = min {1^11 1 á i á m, |J(| > 0} . (H-14)

If the number of elements is the same in several of these sets

| A = IÁI for any ' É 4

then the choice rule is applied to variables

Xj ’j € U Ji 
ah

and if the variable fixing = 1 is accepted, then one of the sets Ji containing 
the subscript j0 is used for restricted enumeration. The frequency of occurrence of 
the different subscripts in sets Ji may alsó be an indication of importance; this 
may alsó be used in a combined choice rule.

These sets J, may alsó be used for an infeasibility test. Let us consider a pair- 
wise disjoint subset of J^, • • •>

jr^js = Q if r^s and r, s € I G {1,..., m}

and U 4 •
ríl

(The set I may contain only a single element.) Furthermore let z* denote the 
objective function value of the best feasible solution found so far. Now if

X + X min CJ z*’ (11.15)
1 1 rtl jUr

then {</>}, — 0, our present pseudo-solution contains no feasible solution. (The 
objective function constraint is alsó considered!)

Test (11.15) can easily be generalized if other sets of variable subscripts are 
formed out of which at least k elements are to be chosen. Let us consider again 
a constraint (11.9) and the ordered coefficients (11.11). If the numbers r and k are 
determined in such a way that k r and

s _ lc-1 1
X aip(q) — bi — X aiP(l') > X
q — r Q — ?=r + l
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then at least k of the variables corresponding to the subscripts

{p(l),.. .,X0}

should be fixed at value 1. A more generál test of type (11.15) can easily be 
formulated. It should be noted that restrictions of different strength may be 
obtained fór one particular row if k takes different values. Naturally the value 
of k is usually different fór each row. Similar restriction sets may be obtained fór 
nonnegative linear combinations of rows presently nőt satisfied and a parametric 
analysis may be carried out fór the multipliers. A substantial reduction in computer 
runs has been obtained fór all larger problems when this procedure has been 
applied. (The running time was smaller by a factor of 4-6.)

11.7 More flexible enumeration procedures

(a) Restarting

The idea of enumeration algorithms was presented in Section 2.3 where the 
method of Lawler and Bell was described. A substantially more flexible generál 
framework of enumeration procedures was discussed in Section 2.5. Practically 
any order of variable may be considered and any of the free variables may be 
chosen fór fixing. This means a full flexibility at the forward steps. Bút when a 
backward step is taken, there is no possibility of reordering the variables accord- 
ing to the procedure of Section 2.5. In other words the variable fixings, made 
earlier, will be eliminated later. No matter how carefully the fixings were made, 
in the new situation — fixing several further variables — the picture may be 
entirely different and somé variables which seemed to be good ones earlier may 
become less favourable. Furthermore, as the procedure goes on we obtain further 
information on the problem. Fór example, new feasible Solutions may be found 
(thus the objective function constraint gets stronger), the learning procedures built 
in may have very good evaluating numbers both fór the constraints and fór the 
variables, etc. As a consequence, the previous variable fixings may become a 
burden. One may well find oneself saying “I wish I’d started the whole thing 
again, I’d do it much better”. Naturally such restarting might really be advan- 
tageous if all the information obtained so far were to be utilized — as practice 
shows. Bút if we restart the entire algorithm from the very beginning we are alsó 
losing something, viz. we have to enumerate again all that has been done so far; 
in which case it should nőt be done very often. It is alsó possible that sometimes 
only partial restarting is applied. Bút in any case, it is quite difficult to compare 
the advantage of greater freedom in choice with the loss of recalculations.

(b) Permutation of untied variables

There are other methods where the increased flexibility does nőt accompany any 
recalculation. An idea of this type is described by Loehman et al. (1970), and will 

236



be adapted to our generál procedure of Section 2.5. The substance of these modifi- 
cations may be described shortly as follows.

When the backtracking step is executed in the algorithm of Section 2.5 (Step 6), 
then nőt only the last untied variable is considered, bút alsó all the previous ones 
until the next tied variable, and one of those may be chosen freely to change it to 
the opposite value. The modified text of this step can be described as

Step 6: Determine the last untied variable and eliminate all fixings following this 
term. One of the variables, nőt followed by any untied variable, is selected and 
pút to the last piacé. This variable is fixed and tied at the opposite value.

Example: Consider the following ordered pseudo-solution

0 = (5, 7, 1,9, 3, 11, 4, 12, 16).

The last tied variables are deleted first

$ = (5, 7, 1,9, 3, 11).

Now any of the variables 9, 3, 11 may be chosen, e.g. x9, then

</> = (5, 7,1,3, 11,9)

is the result of the backtracking.
It should be noted that when a variable is chosen from among the above 

described untied ones, a variable evaluation similar to those described in Section 
11.5 may be used. Now, obviously the effect of changing variable Xj from the 
present value (usually 1) to the opposite one should be considered.

The justification fór this change in the algorithm is quite easy. Fór this purpose 
let us consider a generál ordered pseudo-solution

4> = (®1, . . ., CCp, (Xp+i, . . • g<? + l, • • •, ^r),

where a*, represents a variable fixing of type Xj = 1 or Xj = 0 and the underlin- 
ings stand fór the tying of corresponding variable fixings. If a permutation of 
elements a„+1,..., a, is taken, then this corresponds to another realization of 
our algorithm — bút there is no difference between the two of them as far as the 
consequences are concerned (nőne of the expressions ap+1,..., a, is tied!), and 
only these consequences (variable tyings) can exclude any solution. In other words 
if a permutation of elements ap+1,...,«, substitutes the original order, then the 
same solution sets are considered, i.e. the original proof of the algorithm is still 
valid. In somé cases, it may be reasonable to go deeper intő the untied variables 
than is permitted by the last untied variable. Fór example if

0 = (2, 3, 11,9, 7, 8, 12, 17, 1, 6, 13) 
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then the last three variables are omitted:

</> = (2,3, 11,9, 7, 8, 12, 17)

and one of the variables 12 and 17 may be chosen at the backtracking. If the 
opposite fixing of variable 11, 9 or 7 is a very good choise, then it can be done at 
the price of losing the calculation made fór the ordered pseudo-solution

= (2, 3, 11,9, 7, 8),

because the backtracking with variable 9, fór example, must imply the deletion of 
the tying sign fór variable 8

(p = (2, 3, 11,7, 8, 12, 17, 9).

It is very easy to describe and prove this modification.

(c) Inserting tied variables

When a new feasible solution has been obtained and a stronger objective func­
tion constraint is thereby used or a new s-constraint is generated, then the present 
variable fixings may imply further ones. It can easily happen that the above men- 
tioned new constraints would already show these implications fór a part of the 
fixed variable. In other words, it is possible that the newly fixed and tied variable 
is nőt placed last, bút inserted somewhere in the middle. In this way the enumera­
tion is shortened.

(d) Neighbourhood search

Though the heuristic procedures are widely applicable at almost any part of 
the enumeration algorithms, one feature seems to be especially useful in connec- 
tion with the flexible backtracking. Namely, if the leaving out of any variable 
from the last group of untied variables results in a feasible solution, then it is 
recognized by the procedure described in point b of the present section. Bút if 
only a strongly improved infeasibility measure is obtained, then it may be worth 
carrying out a heuristic search fór feasible Solutions by leaving out individually, 
pairwise, etc. the fixed variables. This search may be extended to the fixed variables 
nőt in the last untied group. These heuristics, if they are nőt exaggerated, require 
only little additional time and ensure that the enumeration, going through the 
neighbourhood of a feasible solution, will find that solution.

Example: fór inserting a tied variable. If a new constraint is used to test the 
ordered pseudosolution

0 = (1,5, 6, 2, 5, 11,7) 
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and it turns out, that the íixings 8 and 12 are consequences, then the subsets of 
<j> are alsó examined and it may turn out, fór example, that the following implica- 
tions hold true

(1, 5) —» 12 and (1, 5, 6, 2) -> 8,

then instead of the ordered pseudo-solution

</> = (1,5,6, 2, 5, 11,7, 8, 12)

the following one, representing a more advanced State of enumeration, may be used

</> = (1,5, 12, 6, 2, 8, 5, 11,7)

It is easy to show that this inserting method does nőt effect the correctness of the 
algorithm of Section 2.5. This technique of insertion may alsó be used to avoid 
heavy overtesting (see Section 11.11).

11.8 An adaptive approach to subproblems of small size

It is quite obvious that the same amount of testing after many variable íixings 
may be a heavy burden. In other words the time spent in testing should nőt exceed 
the time needed fór complete enumeration. When the number of free variables is 
only 4-6, then no testing is necessary. The idea may be developed further and a 
special routine fór relatively small sized problems may be developed. Bút it is very 
hard to guess the rangé, i.e. the number of free variables, in which it is efficient. 
To overcome this difficulty an adaptive approach was used. The time used by this 
special routine is always measured. Several time intervals were defined. The routine 
starts working if the number of free variables is smaller than ns. If the running 
time is less than G, then ns is increased by 1. In the time interval tk, t2 there is no 
change in ns and in further intervals ns is decreased by larger and larger numbers. 
If the subproblem is nőt solved within a given time tk, then the run is interrupted 
and the Central organization gets the control again.

It is interesting to note that the maximai number of variables in the subproblems 
has been changing slowly between 15 and 35 (see alsó Section 11.12). This shows 
that the adaptive approach was very useful because sometimes relatively large sub­
problems were solved easily; sometimes substantially smaller problems were more 
difficult. On the other hand, usually quite a significant amount of computer time 
- otherwise wasted on heavy testing - was saved. Interruption of the subrutine, 
because of its last time limit, and thus wasted time, happened very rarely.

At present, a simplified version of the original algorithm is used fór problems of 
small size. Further research should be done to develop procedures which are 
usually very fást fór smaller problems even if, on occasion, they would take an 
extremely long time. The heuristic algorithms of Chapter 9 may alsó be utilized. 
In particular, the relaxation and somé of the bounding techniques seem to be very 
attractive.
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11.9 Mixing of algorithms

An almost unlimited number of possibilities are available fór improving algo­
rithms of discrete programming by mixing them with each other. Although more 
than two different procedures may alsó used in one algorithm, we shall briefly 
discuss only somé of the pairwise relations. The wide variety of heuristic algo­
rithms can give great help (see Chapter 9) bút fór simplicity we shall disregard 
them in this section.

First of all, if the main algorithm is a single branch enumeration or a branch- 
and-bound method, then the smaller size subproblems may be solved by any of 
the existing methods (see Section 11.8).

fa) Single branch enumeration methods

Such methods may be modified by using a kind of bounding technique. The 
procedure of enumeration may be interrupted any time, where — according to 
certain indicators — it is highly unlikely to get good feasible Solutions. Then a 
backtracking step is taken and the ordered pseudo-solution, where the “illegal” 
backtracking was performed, is saved. At the end of the algorithm these gaps are 
reconsidered, most probably in much less time than they could have been at their 
places because an optimál or near optimál solution is known and possibly other 
information has been gained on the problem (learning routines).

(b) Branch-and-bound techniques

Branch-and-bound techniques are usually coupled with other methods resulting 
in good branches. Fór example, many of the heuristic methods alsó provide lower 
bounds. The most important group is that of the relaxation methods (see Chap­
ter 9).

Furthermore, there are several reasons why single branch enumeration should 
be mixed to most of the branch-and-bound procedures. First of all, the number 
of branches usually increases rapidly and exhausts the core of the computer. 
Before this happens, somé of the already existing branches have to be searched by 
a memory saving oriented procedure, e.g. a single branch enumeration. Secondly, 
the accuracy of bounds largely depends on how far we have gone down in the 
branching. In other words, somé of the branches close to the origin of the pseudo- 
solution tree have small lower bounds only because of the inaccuracy of calcula- 
tions. This means that it is worth choosing smaller pseudo-solutions, even with 
somewhat higher lower bounds. Thirdly, jumping from one branch to another, 
usually results in a lót of computation, necessary fór reconstructing the problem 
at the new branch. This should be avoided so far as is reasonable taking intő 
account the lower bound differences. And finally, especially fór larger problems, 
it is advisable to go down in the pseudo-solution tree rapidly to find feasible Solu­
tions. This provides acceptable Solutions in the case of interrupted runs, and good 
feasible Solutions usually accellerate most discrete programming algorithms.
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(c) Cutting planes

Gomory’s cutting pláne method was the first exact algorithm fór solving discrete 
programming problems. Evén though it does nőt seem to be practical fór larger 
problems, its influence is still considerable. The method was briefly outlined in 
Chapter 5. Detailed discussion may be found in Gomory (1963) and Dantzig 
(1963). Since that time, many other cutting pláne methods have been invented. 
A very interesting direction may be found in Balas (1971) Balas et al. (1971), 
Glover (1970), Young (1971). A quite recent paper on the subject is that of Burdet 
(1973). These cutting pláne methods are independent procedures bút their basic 
cuts may be applied to accelerate other types of algorithms.

11.10 Man-machine interactions

Humán knowledge and experience may be utilized in the case of very large 
problems to get reasonably good Solutions or to accelerate the algorithm and 
obtain the exact optimum.

(a) Prior information

Prior information from practice or from previous runs may suggest a very 
likely value fór certain variables. Then the enumeration may be started with the 
ordered pseudo-solution containing these likely fixings in the order of their likeness. 
These variables should nőt be tied to ensure completeness of the enumeration. 
At first, this kind of special start may seem to be dangerous because it determines 
the order of enumeration to a great extent, and if the guess is nőt correct, feasible 
Solutions are found much later. Bút if the flexible backtracking of Section 11.7 is 
used, then inconvenient fixed variables may be eliminated sooner. Prior informa­
tion may alsó be obtained from the knowledge of several feasible Solutions which 
may have been generated by the heuristic part of the algorithm.

(b) An interrupted single branch enumeration

An enumeration of this type may be controlled by hand. The basic idea was 
briefly outlined in Section 11.9a. The only difference. is that after each part, the 
computer run is interrupted and the examiner decides which pseudo-solution 
should be considered next. These interruptions make other checks possible. Fór 
example, the feasible Solutions may be thoroughly examined to determine whether 
they are really usuable, otherwise a revision of the model has to be done. Further- 
more, this analysis may include the understanding of the meaning of variables fixed 
and, thus, new possibilities may be tried. Although heuristic methods may alsó be 
applied in the meantime, they should be separated from the exact algorithm in 
order to know what is certain and what is merely a possibility.
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11.11 Design of algorithms fór discrete programming

In the foregoing sections, many ideas were discussed fór the acceleration of 
the algorithm. The previous section outlines a few possibilities when the inspection 
of the run would help to direct it in the future. In the present section, the main 
procedures and an authomatic supervisor program of a quite generál discrete 
programming algorithm are summarized. Though it is described mainly in the 
framework of the algorithm in Section 2.5, most ideas are more generally appli- 
cable.

Now we shall discuss the main functions of the supervisor program. First of 
all, fór each ordered pseudo-solution a decision has to be made with regard to the 
step to be applied:

— heuristic search,
— construction of new s-constraint(s),
— testing,
— switching to a special method fór solving the present subproblem,
— choice of free variable fór fixing,
— backtracking.

If backtracking is chosen without proving the emptiness of the present pseudo- 
solution, then it should be stored fór later checking.

Secondly, when the function of the next step is decided, there are usually several 
alternative choices. These are nőt detailed here as they were already discussed 
in the foregoing sections.

The basis fór these decisions are the prior (built in) and obtained experience 
with the particular problem. All routines should be carefully examined to see 
how much time it takes and what the result was. The result often means how large 
a part of the solution-tree has been eliminated. Besides all this, the supervisor 
program should take intő account the present situation: the number of free vari­
ables, the likelihood of obtaining a feasible solution, the strength of constraints, 
etc.

Prior experience plays an important role in the above choices bút since each 
problem has a special structure, it is important to obtain information fór the 
particular problem. This may be done, fór example, by certain learning routines, 
somé of which were described in Section 11.5. Measuring the running time of 
each routine is necessary in all cases.

One further important point should be emphasized. Each of the above functions 
is necessary, bút if any of them is exaggerated - even if in a part of the algo­
rithm - then only the computer time is wasted. In other words their balanced 
application is necessary. As an example, if heavy testing is applied all the time, 
then often no results (consequences) are obtained. No matter how complicated 
the tests we are using, if we have several substantially different feasible Solutions in 
our present pseudo-solutions, then probably no further obligatory variable fixing 
can be found.

242



11.12 Computer experience

An enumeration algorithm with most of the features outlined in the present 
chapter has been programmed fór a CDC 3300 computer. It was written in 
FORTRAN IV, and consists of approximately 3000 statements.

Somé of the routines and their performance will now briefly reviewed.
The algorithm is usually started with an extensive heuristic routine which is 

based on a neighbourhood search and utilizes a variable evaluation of type (11.6). 
As the procedure is adaptive, it is repeated a few times with those new weights 
available at present. In most cases, several good feasible Solutions have been 
found in a few seconds, and the corresponding objective function was usually 
nőt further from the optimum than ten per cent.

An s-constraint was generated and updated after about 10 new variable fixings. 
The adaptive method of Section 11.3 was used. Most of the tests described in 
Chapter 5 were used, bút mainly fór the í-constraint. Though somé of the tests 
required only a negligible amount of computer time, the administration, the order- 
ing of coefficients, etc. are time consuming. The constant reordering could have 
been solved at a price of higher Central memory requirement. In the program, 
except in the case of s-constraints, testing is rarely used fór the constraints. This 
idea can be extended with the tied variable inserting method of Section 11.7c.

Several variable evaluation methods of different complexity are used. At the 
beginning the adaptive procedure of considering probable future fixings is used; 
this is described at the end of Section 11.5. At other places, the evaluations (11.6), 
(11.5) and sometimes (11.4) are used depending on the importance of the decision, 
which is a function of the number of free variables, strength of constraints (especi- 
ally the objective function constraint), etc.

The restricted enumeration method, briefly outlined in Section 11.6, is ex- 
tensively used in a more complicated way. Several sets of variables are calculated 
fór each position, one of which has to be chosen. A complex decision rule is used 
and the corresponding set is saved and shifted in the case of backtracking. Fór 
this purpose, a two-dimensional array would have been required. As the maximai 
number in one set may be quite large, it would have been very restrictive fór the 
number of parallel sets existing fór different positions. A one-dimensional version 
is used instead, with the following structure

K(L\ K(L + 1),..

where ^(T) = = M — L + 1,

i .e. the length of this block. K(L + 1) is the position number and K(L + 2),. . ., 
K(M — 1) are the variable subscripts to choose from. The negative sign means 
that the corresponding variable has already been tried.

Example: Consider the following ordered pseudo-solution obtained in an 
enumeration

</> = (5, 3, 2, 11).
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As an example fór the restricted enumeration, see the vector

(6, 1, -5, 8, 12, 6, 5, 2, 2, -3, 5, 7,4, 8, -2, -11,5, 7).

As the first and last element of each sublist show the number of elements (fór 
forward and backward search), it is easy to separate the three parts

(6, 1,-5,8, 12, 6), (5, 2,2,-3,5), (7, 4, 8,-2, -11, 5, 7).

The last group, fór example, means that it refers to position 4, where x2 and xu 
have already been tried and further possibilities are variable fixings x8 = 1 or 
x5 = 1. If these fixings have been tried, then a backtracking step may be executed 
without any further free variable choice.

The flexible tree search method of Section 11.7 is optional in the program. Its 
performance is very good. It is essential if prior knowledge or guess determines a 
starting ordered pseudo-solution, because the order of these variables otherwise 
determines the enumeration to a great extent, though they were nőt really evalu- 
ated by thorough calculations.

The small-sized subproblems are handled by what is usually a fást method of 
single branch enumeration. The initial value was generally 25, i.e. subproblems 
with less than 25 variables were treated by this special routine. This size has been 
modified by the adaptive control routine described in Section 11.8. The maximai 
size of “small problems” remained usually between 20 and 28. Rarely did it go 
down to 15 or up to 35. The “normál” performance time, when no change of 
this size was performed, was set between 0.5 and 1.0 second.

The input of the computer program consists of the data of the problem (co- 
efficient mátrix A, cost vector c, right hand side vector b), which are converted 
to standard form first. Following this, several parameters influencing the per­
formance and printing of each routine may be given; The input is completed with 
the variables likely or unlikely in the optimál Solutions, which may speed up the 
algorithm. The output is controlled by certain input parameters. Feasible Solu­
tions of strictly decreasing objective function value are printed out uncondition- 
ally. A small additional printing is advisable in order to follow the enumeration 
because if the run is interrupted (e.g. the allowed time has expired), the present 
ordered pseudo-solution is sufficient to reconstruct the necessary quantities and 
continue the calculations where they were stopped. The restricted enumeration 
is either reconstructed if the corresponding array is alsó saved and fed back, or 
new sets are constructed. Practically no computation is lost when the run is 
restarted.

Several problems of up to 50 rows and 100 variables have been solved, each of 
them in less than 10 minutes. Good feasible Solutions were known after 5-10 
seconds. Without substantial change, the declaration may be extended up to 

mn 10 000

remaining in the core, where m is the number of constraints and n is the number 
of variables. The algorithm is being further tested and developed.
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CHAPTER 12

RECENT DIRECTIONS IN DISCRETE PROGRAMMING

The aim of the present chapter is to give a wide view of new results and new 
directions in integer programming. Fór this purpose a considerable number of 
papers and books were selected and referred to mainly from the last 3-4 years. 
A classified bibliography, Kasting (1976) containing several thousand items, 
covers the previous time.

My intention has nőt been to provide a full list of publications bút rather a rep- 
resentative sample with more papers on popular subjects. Priority was given to 
papers of survey natúré with useful lists of further references in order to make the 
presentation compact, and papers with numerical experimentation. Personal com- 
ments were added especially to Sections 12.2 and 12.3 on generál and special 
algorithms respectively.

12.1 Basic research supporting algorithms of discrete programming

12.1.1 Complexity and approximation of combinatorial algorithms

Much effort is currently being used in providing theoretical help to construct 
and to test good algorithms. One especially important point is that clearly stated 
algorithms and well structured computer programs are much easier to analyse, 
modify, and to develop further (see e.g. Dahl et al. (1972), Aho et al. (1974) and 
Dijkstra (1976)); in somé cases even the correctness proof may become possible. 
To choose the appropriate algorithm or data structure we need to compare the 
different possibilities. Fór this purpose a measure of complexity is necessary. 
Two survey papers, Tarjan (1978), and Sahni and Horowitz (1978), extensively 
discuss the subject, including the definition of the NP-compieteness of a problem, 
techniques fór good algorithms, and sample problems fór which these techniques 
are introduced. Both papers contain a long list of references. In addition Tarjan 
(1978) composes the two measures fór complexity: worst-case and average-case 
behaviour of problem classes. The former is often too pessimistic, the latter has 
other drawbacks: namely, the lack of good probability measures, the usual sup- 
position of independent data and the surprise of very rare bút very bad examples. 
The paper is concluded by suggested research subjects. Complexity measures of 
different storage structures are compared in Pippenger and Fischer (1979). Sahni 
and Horowitz (1978) stress the importance of approximate algorithms and prob- 
abilistic algorithms, i.e. those always giving —in a certain sense — very good
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Solutions and those at a high probability respectively. The paper by Garey and 
Johnson (1976) consists of an annotated bibliography of approximate algorithms. 
Further references on combinatorial approximation are: Sahni (1978), Gonzales 
and Sahni (1978), Nemhouser and Wolsey (1978), Ibarra and Kim (1978). It 
should be noted however (as mentioned alsó in the above works), that the asymp- 
totic behaviour of algorithms which are used in complexity measures are nőt always 
good indications of the actual behaviour on bounded input. Thus the study of 
complexity of combinatorial complexity is nőt a substitute fór massive empirical 
testing bút an additional tool fór a priori analysis.

With regart to the complexity of algorithms, worst case analysis is carried out 
most often. This may refer to the quality of best solution obtained fór heuristic 
procedures (i.e. the maximai distance from the optimum). Other aims are the 
number of operations necessary, best performance guarantee (fór a limited time) 
or the maximum amount of computer core memory used. Although computer 
time and core requirement are convertible to a certain extent, this conversion 
is nőt unique and may depend heavily on computer and software facilities. Error 
bounds are determined fór approximate algorithms solving the parallel processor 
problem (Lám and Sethi (1977)), several different scheduling problems (Garey 
et al. (1978)), the travelling salesman problem (Rosenkrantz et al. (1977)), and 
the coin changing problem (Nemhouser and Wolsey (1978)). Most papers discuss 
extensively the methodology of determining error bounds and they illustrate 
their quite generally applicable methods on the mentioned examples.

12.1.2 Probabilistic and asymptotic methods

Probabilistic approaches are used fór different purposes. First of all the mathe- 
matical model, i.e. the original problem itself may be probabilistic, e.g. in Halpern 
(1977) a randomized set covering problem is considered. A chance constrained 
version (satisfaction with given probability at minimál cost) and a sequential 
decision variant (repeated choice of variables until satisfaction at minimál expect- 
ed cost) are solved.

Another approach that of testing and computing the efficiency of different 
algorithms by random problems. Karp (1977) applies a probabilistic analysis of 
his partitioning procedure fór large travelling salesman problems in the pláne. A 
worst-case error bound is used, the subproblems are solved by a combination of 
heuristic and exact methods. Stein (1978) solves the single-bus problem of carry- 
ing all people between individual origins and destinations. The length of an optimál 
tour is calculated with high probability fór a large number of passengers. The 
expected performance of an algorithm fór the bottleneck assignment problem is 
given in Garfinkel and Nemhouser (1978).

Dannenbring (1977) outlines a method fór estimating the optimum of large 
combinatorial methods. His asymptotic results are based on statistical sampling 
and they are illustrated on flow shop sequencing problems.
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12.1.3 Integer polyhedron

A large number of papers are devoted to the study of the convex hull of integer 
points of a given polyhedron, called integer polyhedron. The polyhedrality of the 
convex hull is proved by Meyer and Wage (1978) fór the equality case. A collection 
of papers on polyhedral combinatorics (edited by Balinski and Hoffman, (1978)) 
deals with questions like characterization of adjacency on 0-1 polyhedra, good 
characterization of Solutions of discrete problems, properties of blocking and 
antiblacking polyhedra.

Characterizations of all facets of 0-1 polytopes are studied by Balas (1975), 
Hammer et al. (1975), and Wolsey (1975). A characterization of valid inequalities 
is found in the framework of superadditivity in Wolsey (1977), and fór special 
structured problems (packing and covering, travelling salesman, etc.) in Wolsey 
(1977a). Although the faces of an integer polyhedron are the strongest cuts they 
may be too expensive to calculate compared with other valid cuts. Balas and Zemel 
(1977) give a necessary and a sufficient condition using critical cutsets of a graph 
fór an inequality to be a facet of the set packing polytope. Glover (1975) provides 
the means fór generating all valid inequalities, as a generalization of disjunctive 
cuts, by polyhedral annexation, i.e. by building together several convex polyhedra 
containing feasible integer points only on the surface.

12.2 Advances in generál discrete programming algorithms

12.2.1 Implicit enumeration

Different enumeration methods are of basic importance even after creating a 
number of commercial computer codes which are mainly branch-and-bound 
extentions of linear programming packages. 3 here are two main reasons. First 
of all in the mentioned packages linear programming is extensively used and this 
is time consuming. Secondly, often the special character or the combinatorial 
natúré of the problem cannot be taken intő account. Logical constraints are hard 
to handle in linear programming. In the case of pure integer problems it is pos- 
sible fór example to solve the continuous version of the problem only once and 
to start an enumeration from the continuous optimum. Patterson’s (1978) con- 
sists of a study of efficiency of five different enumeration procedures using many 
well-known test problems. There are however many other approaches of mixing 
enumeration and other types of methods. Burdet and Johnson (1977) suggest a 
subadditive approach which is a combination of cutting planes and enumeration. 
Bowman (1977) improves the enumeration by suggesting new partial orderings, 
one of which is based on the number of non-zero components, the other utilizes 
the differences of objective function coefficients. Mevert and Stuhl (1977) report 
the solution of large, structured integer problems mainly by implicit enumeration 
(using chaincd storage of nonzero elements) in a reasonable time. Commercial
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LP-based codes failed to solve these problems in the rather long allotted time. 
The generalized upper bounding technique was implicitly used in the program. 
Guignard and Spielberg (1977) consistently use logical constraints which are 
derived during the computation.

12.2.2 Branch-and-bound algorithms

Such algorithms are widely used to solve both, pure and mixed integer program­
ming problems. At present, all large commercial integer codes - see Johnson and 
Powell (1978) — are developed from linear programming packages using branch- 
and-bound principles. As the codes are very effective fór continuous linear prob­
lems, the extension remains powerful if the number of integer variables is nőt too 
high. Fór large, well structured discrete problems implicit enumeration and the 
use of logical constraints — developed during the computation — may mean a 
large improvement.

Another approach is used fór many practical applications. If a large number of 
complicated constraints determine the domain of feasible Solutions, then good 
bounds of the objective function may be obtained by relaxing the problem, i.e. 
considering only the most essential restrictions. Fór most well-known practical 
integer models there are several branch-and-bound approaches (see Section 12.3). 
This approach makes possible the use of a priori Information and the development 
of man-machine Systems. A further advantage is obtained if good heuristics 
provide acceptable Solutions because the calculated bounds give the maximai 
distance from the optimál solution and thus the economy of calculations can alsó 
be ensured.

Relatively few new generál results have been achieved in the field of branch- 
and-bound methods, because usually the special structures and corresponding 
algorithm specifications result in efficient Solutions. The theoretical examinations 
of efficiency measures, dominance relations and the e-optimality of branch-and- 
bound procedures are to be found in Ibaraki (1976, 1977a, 1977b); these sources 
contain long lists of further references. Breu and Burdet (1974) give a detailed 
description of their computer experimentation with a large number of branch- 
and-bound rules fór 0-1 pure integer problems. Johnson and Powell (1978) provide 
a survey of integer programming codes, including large scale commercial codes fór 
mixed integer problems, all of which are based on the branch-and-bound principle. 
This paper alsó contains many references to other codes fór pure integer problems 
using cutting planes, enumeration, group methods, Lagrangian relaxation or 
Benders decomposition. Johnson (1978) suggests somé ideas (tightenings, relaxa- 
tions, integer infeasibility) by which branch-and-bound codes can be made more 
efficient. Shih (1979) effectively solves the multiconstraint 0-1 knapsack problem 
by a branch-and-bound algorithm using the bounds obtained from knapsack 
problems of the individual constraints. The method can be extended to a generál 
case in which the constraint coefficients are nőt restricted in sign. Useful comments 
appear in Chapter 6 of Kovalev (1977).
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12.2.3 Dynamic programming

Dynamic programming is a very fást method fór linear and separable nonlinear 
discrete problems if the number of explicit algebraié constraints is small and the 
coefficients are nonnegative. The amount of computation grows only linearly 
with the number of variables. Recent research is aimed at combining the method 
mainly with branch-and-bound ideas and fást heuristics to extend the efficiency of- 
dynamic programming to problems having many constraints. Good initial feasible 
Solutions play a very important role in quick fathoming. Marsten and Morin (1978) 
have developed a hybrid algorithm using the above-mentioned components (seef 
alsó Morin and Mastern (1976)). It can be viewed as a procedure in the frame- 
work of dynamic programming, the excessive number of States is reduced by branch 
and bound subprocedures, the bounds are obtained by relaxation and fathoming 
criteria. An opposite view of their algorithm is to take it as a branch-and-bound 
procedure with dominance fór eliminating unnecessary branches by dynamic 
programming. Dual linear programming is used to provide bounds fór all branches 
simultaneously. A different approach is that of Aust (1976). He first relaxes the 
problem with several constraints to several problems of one constraint. An initial 
solution is constructed step by step through equalizing values of variables of the 
subproblems. The third phase is to obtain an optimál solution by fathoming the 
solution tree. Dynamic programming is alsó very promising if there are many 
logical constraints, with few or no explicit algebraié ones. Fór example, Baker and 
Schrage (1978) suggested a new efficient method fór solving optimál sequencing 
problems with precedence relations. A recent paper (Cooper, L. and Cooper, M. 
W. (1978)) suggests a new, so-called hyperplane search approach limiting the State 
space and thus solving problems of 10—15 constraints.

12.2.4 Cutting planes

Of laté, a large number of papers have been devoted to the theory valid inequal- 
ities, i.e. to those excluding no feasible integer points bút possibly a large part of 
the originally given continuous region. Jeroslow (1977, 1978) provides extensive 
surveys of disjunctive cuts and algebraié approaches respectively. The disjunctive 
approach has several other synonyms: convexity, intersection, geometric. It has 
been studied by Balas (1975) fór logical conditions. The algebraié approach is 
called subadditive because of the recent emphasis on this property. Burdet (1977-1 
1977-2) studies the question of necessary and sufficient conditions fór nonconvex 
optimization within the framework of convex analysis and he determines valid 
cuts. His polaroid cuts are extended to integer programming. As far as the effici­
ency of cutting methods are concerned, they are usually combined with other meth- 
ods (mainly implicit enumeration and branch-and-bound) to avoid pathological 
cases or to enjoy the advantages of mixed combinatorial-algebraic approaches. 
See fór example Burdet and Johnson (1977), Lev and Soyster (1978), Soyster 
et al. (1978). Another promising direction is the stepping-stone parallel cut (cf.
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Cheung (1978)) which is a combination and extensionofHillier’srounding heuristic 
procedúra and Glover’s cut search. There are several cutting pláne algorithms fór 
special structured problems: see, fór example, Balas (1977) fór the set covering, 
or Miliotis (1978) fór the travelling salesman problem.

12.2.5 Heuristics and approximations

As the time needed to solve combinatorial (discrete programming) problems 
increases very rapidly (often exponentially), with somé characteristic data (e.g. 
the number of discrete variables) of the problem the capability of any exact method 
is limited. Fór this reason many heuristic methods have been developed. They are 
usually combined with or imbedded intő other algorithms, particularly in the 
case of special structured problems (see Section 12.3). A comparison of three 
well-known heuristic procedures may be found in Zanakis (1978). Both the com­
puter time fór solving test problems and the error (distance from the optimum) 
are considered.

Another approach to avoid the combinatorial explosion is to design approximate 
algorithms. Sahni (1978) presents polynomial time approximations fór several 
well-known NP-complete problems like sequencing with deadlines, 0-1 knapsack, 
etc. Somé experimental results are included. Ibaraki (1976) proved that the effi­
ciency — measured by the number of decomposed branches — of branch-and- 
bound Solutions does nőt improve in generál by requiring e-optimality. He provides 
a subclass of problems fór which efficiency increases with the inaccuracy vaule e. 
Savage (1976) introduces a measure fór the effectiveness of local optimization in 
determining the global optimum of a combinatorial problem: the probability of 
obtaining the global optimum. His idea is illustrated on a travelling salesman 
problem and completed with a list of publications on local search methods. 
Several heuristic methods are discussed in Chapter 7 of Kovalev (1977).

12.3 Development of algorithms fór specially structured discrete problems

There is a great variety of problem classes fór which algorithms, substantially 
more efficient than the generál ones, exist. The use of quick tests, well fitted and 
easy to solve relaxations, special bounding procedures, logical implications, etc. 
may become possible. These factors are very important because of the usually 
exponential type of growth of computing time as a function of relevant input size, 
which includes the number of constraints, number of variables, density of data 
arrays, absolute values and ranges of data, etc.

12.3.1 Networks and graphs

Networks and algorithmic graph problems can be formulated alsó as discrete 
programming problems. Although conversely it is nőt true, a network or graph 
theoretic relaxation can be found to many of the quite generál discrete problems.
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NetWork flow or graph theoretic algorithms are often very efficient and even if 
they are nőt generally applicable, they may give intuitíve insight. On the other 
hand, generál discrete programming algorithms may have to be applied fór easy 
network of graph theoretic problems if somé additional constraints must alsó be 
satisfied.

The review of network flow and graph theoretic algorithms is beyond the scope 
of the present book. On algorithmic graph theory the book of Christofides (1976) 
provides a good view. Fór flow algorithms the original book of Ford and Fulker- 
son (1962) is suggested. Network flow procedures are successfully used fór solving 
certain special structured integer problems: fór example Glover et al. (1978) 
solve special linear programming problems (maximum two nonzero entries per 
column) very quickly; Balas and Samuelson (1977) solve the node-covering prob­
lem; Berge and Johnson (1977) apply, linear programming techniques fór the 
edge colouring of hypergraphs; Ibaraki et al. (1976) give an algorithm fór an 
assignment problem on networks that aims to minimize the critical path.

12.3.2 Knapsack problem

Even after many years there are still advances fór the well-known knapsack 
problem. Its importance is emphasized by many branch-and-bound type algorithms 
fór more generál integer programming problems with knapsack relaxations. A 
comparison of algorithms is found in Fayard and Plateau (1975). Further algo­
rithms fór the basic problem are contained in Nauss (1976), Ingargiola (1977) 
and Laurier (1978). Large, collapsing problems are discussed in Posner and Guig- 
ner (1978). Nonlinear knapsack problems are studied and solved by Morin and 
Marsten (1976), Michaeli and Pollatschek (1977), and Suzuki (1978). Ibaraki et 
al. (1978) deal with the basic problem with multiple choice constraints added, i.e. 
exactly one element from each of the given subgroups of variables must be chosen. 
The multi-knapsack problem (there are several capacitated knapsacks with one 
common set of objects) is solved by a branch-and-bound technique using surrogate 
and Lagrangian relaxations in Hung and Tisk (1978), and by an enumeration 
method in Shih (1979).

12.3.3 Scheduling

Difíerent scheduling problems are extensively studied because of their wide 
practical applicability and they are of theoretical interest mainly because of their 
complexity. Low order polynomial algorithms are developed fór one, two or 
three machine sequencing problems with n jobs, in the case of precedence con­
straints (see Garey and Johnson (1977) Brucker et al. (1977), Adolphson (1977), 
Nepomiastchy (1978), Kurisu (1977), Baker and Schrage (1978)). The last paper 
applies dynamic programming. Polynomial approximation algorithms are given 
by Ibárrá and Kim (1978). The performance guarantees (guaranteed objective 
function value/optimum in worst case) of several approximate algorithms are de- 
termined in Garey et al. (1978) fór the basic m machine n job sequencing, with 
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somé extensions. Panwalker and Iskander (1977) give a survey of more than a 
hundred scheduling (dispatching) rules and other heuristic rules. Carlier (1978) 
solves the generál m x n machine sequencing problem fór the case of disjunctive 
constraints, i.e. when the Processing time intervals fór somé pairs of jobs must be 
disjunct. Several test examples up to 8 machines are described and solved. The 
paper of Miyazaki et al. (1978) contains a procedure fór the mean flow time 
scheduling problem. Muckstadt and Koenig (1977) apply Lagrangian relaxation 
to the scheduling of a power generálion system. Branch-and-bound approach is 
used with diíferent new bounding schemes in Lageweg et al. (1978), and in Best- 
wick and Hartings (1976).

12.3.4 Travelling salesman and other routing problems

Fór several reasons the travelling salesman problem is one of the most cele- 
brated in discrete programming. The number of feasible Solutions obviously grows 
exponentially with the number of cities. Evén the basic problem is challenging, 
yet both in its original form and in close variations the models describe many 
reál life situations quite well. The entire arsenal of discrete programming methods 
has already been tried with variable and surprising outcomes.

Implicit enumeration is applied successfully with assignment relaxation fór 
large random test problems in Smith and Thomson (1977) and a lexicographic 
search (based on a non-decreasing order of city distances) with sequential decisions 
is used in Gupta (1978). The branch-and-bound method is the basis of Bazaraa and 
Goode (1977) who use a dual approach with subgradient optimization and of 
Garfinkel and Gilbert (1978) fór the bottleneck travelling salesman problem with 
probabilistic analysis fór large uniformly distributed random problems. The non- 
deterministic cost problem is examined alsó by Leipalá (1978) who aims at obtain- 
ing minimál expected tour length. The superiority of cutting methods is claimed 
by Miliotis (1978) over a linear programming based branch-and-bound method 
Miliotis (1976).

Several diíferent relaxations serve as objective function bounds and/or search 
directions fór better feasible Solutions. Minmum spanning 1-trees are used in Smih 
and Thompson (1977) with LIFO (last-in-first-out) to decrease memory require- 
ment in branch-and-bound search. 1-arborescence is the basis fór the algorithm 
of Garfinkel and Gilbert (1978). Most papers include heuristic rules or procedures. 
Rosenkrantz et al. (1977) discuss several of these: intersection methods, nearest 
neighbour methods, k-optimality (/c-taple changes) and others together with a 
complexity analysis.

The applicability of the travelling salesman model is largely increased by in- 
troducing additional constraints like the existence of clusters (subsets of cities) 
which must be visited contiguously. Furthermore, specific pairs of cities must be 
reached in a given order. These restrictions are treated in Lokin (1979). Somé 
others fór multiple salesman (8 hour working days, capacities of transport vehicle, 
etc.) are discussed in Dinkel et al. (1976).
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In the generál routing problems similar questions should be answered as in the 
travelling salesman problem bút the single salesman (or vehicle) is now replaced 
by several of them. A survey on recent development fór vehicle routing is given 
by Golden (1978). Usually the capacities of vehicles are restricted as in Holmes and 
Parker (1976) and Christofides (1976). The latter gives an exact and several heu­
ristic algorithms based on enumeration, set partitioning and the travelling salesman, 
respectively. The generalized savings criterion is applied in Foster and Ryan 
(1976), and in Mole and Jameson (1976). A stochastic variant is examined by 
Stein (1978), supposing transport from random locations to random locations. 
An asymptotic analysis is alsó given fór the expected length of a minimál tour. 
Several polynomial time approximate algorithms are presented fór NP-complete 
routing problems in Frederickson et al. (1978) with worst case bounds on the 
distance from the optimum.

12.3.5 Set covering, partitioning andpacking

An important special case of 0-1 linear integer problems is when all the non- 
zero constraint coefficients and all right hand side values are 1. All the constraints 
have , g types of relations. Besides their direct applicability these problems 
can be considered as relaxations of more generál discrete problems. They can be 
effectively used to represent complicated logical relations. They can be solved by 
any of the methods of discrete programming, bút substantially more efficient ones 
can alsó be developed using their special structures. An extensive survey of set 
partitioning problems including the examination of the related polytope, algo­
rithms and applications is provided by Balas and Padberg (1976). Valid inequal­
ities fór this problem are discussed further by Balas (1977). Etcheberry (1977) 
solves the set covering problem by implicit enumeration using Lagrangian multi- 
pliers and subgradient optimization. He claims that this is much more efficient 
than using the simplex method fór obtaining bounds. Houck and Vemuganti 
(1977) apply an enumeration algorithm fór the group theoretic structure of the 
vertex packing problem after obtaining good initial Solutions with the help of a 
related bipartite graph.

12.3.6 Quadratic assignment problem

This kind of problem provides a useful model fór many facility location or other 
piacement problems when discrete location costs and costs of interaction (e.g. 
transportation) occur between pairs of facilities. The latters are quadratic functions 
of the location variables. Hanan and Kurtzberg (1972) provide a detailed survey of 
the earlier results. Numerical investigations, i.e. comparison on many approximate 
algorithms on test examples, can be found in Parker (1976), and in Burkhard and 
Stratman (1978). The simple plánt location model is applied in Kauffman et al. 
(1977). Bilde and Krarup (1977) determine sharp lower bounds and an efficient 
algorithm which can alsó be applied fór the set covering problem. Guignard and 
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Spielberg (1977) exploit the special structure of the problem and establish a de- 
composition procedúra with the modified simplex method. A parallel production 
problem with changeover costs is transformed intő a quadratic assignment prob­
lem in Geoffrion and Graves (1976). Pre-partitioning is applied in Patel et al. 
(1976). Akine and Khumawala (1977) give a branch-and-bound method fór the 
capacitated warehouse problem, which is improved by Nauss (1978) using La- 
grangian relaxation. Krarup and Pruzan (1978) suggest approximate methods fór 
computer aided layout design with criticism and a suggestion of an interactive 
System.

12.3.7 Further typical applications

The single model assembly line balancing problem is solved by a heuristic net- 
work method in Pinto et al. (1978), by heuristic dynamic programming in Davis 
and Simmons (1977) and by a branch-and-bound method using dominance rules 
and a reliable branching heuristic in van Assche and Herroelen (1979). Mixed 
model problems, i.e. the case of several different products on the assembly line, 
ara studied by Dar-El (1978). A two-dimensional cutting problem is solved by 
Christofides and Whitlock (1977) and a heuristic procedure is suggested fór a 
nonlinear cutting stock problem by Coverdale and Wharton (1976). An invest- 
ment planning problem is treated by a mixed integer programming model in van 
Hulst and van Lieshout (1978). Data set allocation problems and suggested ap­
proximate algorithms ara given in Wong (1976). Dunstan (1977) provides an ap­
proximate solution fór the generál resource allocation problem with worst case 
bound on the optimum and optimality proven fór a special case. A polynomial 
time algorithm is given fór the resource allocation problem with convex objective 
function in Katoh et al. (1979). A combinatorial optimization formulation and 
implicit enumeration type of algorithm (and an approximate one fór large prob­
lems) is given fór road network planning with practical application in Anzai (1977). 
A fixed charge transportation problem is handled by a branch-and-bound method 
in Kennington and Unger (1976). A loading problem — known as bin-packing — 
is solved using a highly efficient method by Hung and Brown (1978).

12.4 Extensions, experimentation

12.4.1 Sensitivity and parametric analysis, duality

Sensitivity and parametric analysis of integer programming problems have 
special importance in addition to modelling problems as in linear programming. 
They can be used to overcome the difficulty of non-continuity of optimum as a 
function of input data and they may provide a resource evaluation.

Geoffrion and Nauss (1977) give an account of the purposes and tools fór 
parametric and postoptimality analysis in integer programming. In their approach 
a mixed integer problem is embedded intő a family of problems (with one param- 
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eter to change either the objective function or the right-hand side). The paper aims 
at studying the stability of the optimál solution, the change of optimum as a func­
tion of the paraméter, and the examination and modification of branch-and-bound 
codes in order to solve parametric and postoptimality problems effectively. 
Shapiro (1977) alsó uses the duality of linear programming to solve parametric 
problems with changing objective function coefficients or right-hand sides or 
mátrix coefficients. He formulates an extension of complementary slackness fór 
integer problems. Bell and Shapiro (1977) suggest a finite series of dual problems 
with decreasing duality gaps at the end of which the optimál solution of the 
integer problem is obtained. In other words the integer polyhedron of the original 
problem is approximated in the neighbourhood of an optimál solution by Gomory 
cuts. Hóim and Klein (1978) apply shifted Gomory cuts fór parametric right hand 
side changes. Piper and Zoltners (1976) modify the usual branch-and-bound 
method by loosening the fathoming condition in order to obtain near-optimal 
Solutions, containing the optimál Solutions of a wide variety of perturbed problems. 
Marsten and Morin (1977) solve the parametric right-hand side integer problems 
by introducing incumbents fór intervals of the paraméter in the branch-and- 
bound procedure.

A somewhat similar approach is used in Glover (1978) fór a different purpose: 
the parametric analysis results in a cost evaluation of constraints (both the integral- 
ity and the inequality constraints can be examined). This is likely to be very helpful 
both fór modelling and in the course of problem solving.

Fischer et al. (1975) discuss the use of duality in solving integer programming 
problems: obtaining strong bounds fór the objective function, finding feasible 
Solutions, guiding the search in enumeration schemes. Lovász (1977) is mainly 
devoted to primal-dual pairs of integer problems with no duality gap.

12.4.2 Nonlinear integer problems

Evén the linear discrete programming problems are usually difficult to solve, 
in contrast to the continuous case. There is no big gap between linear and non­
linear cases. The additional difficulty usually comes from the continuous relaxa- 
tion.

Different ways of decomposing discrete convex problems intő a series of com- 
binatorial and continuous convex problems are studied by Geoffrion (1977). Each 
of his four suggestions is illustrated by a reál life model and its solution. A theor- 
etical basis fór convex integer problems is to be found in Belousov (1977). Convex 
separable objective functions are considered by Michaeli and Pollatschek 
(1977) with a single linear equation. Separable nonlinear multi-dimensional knap­
sack problems are solved by Morin and Marsten (1976). In their dynamic program­
ming approach dominance of Solutions is used to reduce the problem to a one- 
dimensional one. Numerical experimentation is given. Abadie et al. (1976) com- 
pare two versions of branch-and-bound procedures on seven nonlinear test ex- 
amples.
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Phuong (1976) describes an algorithm with a modified Beale method as a 
relaxation fór problems with quadratic objective function and linear constraints; 
test problems are included. Glover (1975) suggests an improved linear formulation 
fór nonlinear, mainly quadratic integer, problems. Coverdale and Wharton (1976) 
give a heuristic procedure fór nonlinear cutting stock problems.

12.4.3 Miscellaneous

An important point in developing efficient algorithms is testing. Besides the 
numerous test problems in the literature, e.g. Garfinkel and Nemhouser (1972), 
there are test problem generating procedures, see Lin and Rardin (1977), and 
Fleischer and Meyer (1978). The latter paper alsó provide sufficient condition fór 
optimality. There are strong efforts to increase efficiency by Interactive methods 
and it is done on different level of generality.

Guignard and Spielberg (1978) ha ve designed an experimental Interactive integer 
programming system. Thomas et al. (1978) have solved a Chemical blending 
problem via on-line integer programming. Dániel (1978) shows the way of reduc- 
ing computational effort on a single bút large discrete problem.

Lagrangian relaxation is discussed extensively in Geoffrion (1974) and a good 
method of determining optimál multipliers is alsó given. Gavish (1978) aims at 
reducing the computing effort fór the repeated determining of these multipliers.

Piehler (1977) uses congruences in solving integer programming problems. An 
upper bound is given fór the number is integer Solutions of an equation in Lambe 
(1977). Bachem (1977) decomposes the integer problem on a cone. Chvátal and 
Hammer (1977) present a subclass of problems when an equivalent problem can 
be obtained by aggregating inequalities without size increase.

McDaniel and Devine (1977) give a modified Benders decomposition procedure. 
Gauthier and Ribiére (1977) discuss heuristic branch-and-bound methods using 
the concept of pseudo-cost.
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