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P R E I I A C E

The organlzers of this workshop wish to exprees theLr deepest
appreciatlon to the participants for thelr clearLy dispJ-ayed
scientiflc coDpetence, for their cooperatlon and for their un-
tlrlng efforts durlng the long lecture and dlscueslon geeslons.
The benefits were unqueatlonably mutual; the personaL oeetlngs of
scientlsts interested in the same or sl"nilar subjecCs created
natural resonances whlch wlL1 not danrp out easlly. In fact, we
expect that the forclng functlons of mutual lnterests w111 lead
to futther exchange of lnfornation and to several Jolot projects.
Examplea of subjects of conmon interest Eo at least tno or three
participants were basic probleme of geo-dynauLcs, motlons of as-
terolds and quantitatl-ve and qualltative behavlor of galaxies.

One purpose of pubJ-lshing the Proceedlngs of thls workshop
ls to stabilize the cooperatLona already establlshed and to cal-l
the attentlon to other nenibers of our professLon, not so J.ucky
as to attend our vorkshop, to the proposed cooperatl.ve effort.
Our invltatlon is to all thoee lnterested in these projects to
Join our future act lv l t ies.

We also wlsh to thank fo! the support" cooperation and
understandlng of our sponeots, the Hungarlan Acaderry of Scl.ences
and Ehe United States National ScLence Foundatlon.

We offer thle volume to our colleagues ln both countries
nlth the hurnblenegs of the beginner, hopLng that they vill real-
ize that any faulte are the faults of the orgaol-zer and all
credLts should go to our participants and to ou! sponaors.

B.  Ba16zs
Eijtviis Lor6nd Untversity
Budapest, Ilungary

end

V. Szebehely
University of Texas
Austin, Texas
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SELECTED RESEARCH PROJECTS IN CELESTIAL MEC1IANICS

AT THE UNIVERSITY OF TEXAS AT AUSTIN

Dr .  V ic to r  Szebehe ly ,  L .  B .  Meaders  p ro fessor

Department of Aerospace Eng' ineering, University of Texas

A u s t i n ,  T e x a s  7 8 7 1 2 ,  U . S " A .

Abstract

This paper reports on recent research on the inverse problemron

s tab i l i t y ,  on  accuracy  and on  undeterminacy  in  ce les t ia l  mechan ics .

( l )  The inverse  prob lem o f  dynamics  dea ls  w i th  the  es tab l i shment  o f

the  po ten t ia l  func t ion  (o r  in  genera l  o f  the  fo rce- f ie ld )  when a

fami ly  o f  o rb i ts  i s  g iven ,  The l inear  par t ia l  d i f fe ren t ia l  equat ion

for  the  po ten t ia l  V  in  the  two-d imens iona l  case is

where the functions A , B , C and D depend on the given family

o f  o rb i ts .  I t  i s  known tha t  the  inverse  prob lem does no t  have a

un ique so lu t ion  cor respond ing  to  the  fac t  tha t  V  is  the  so lu t ion

of  a  par t ' ia l  d i f fe ren t ia l  equat ion ,  wh ich  so lu t ion  is  expressed by

Orb i t ra ry  func t ions  o f  the  combina t ions  o f  the  var iab les  descr ib ing

the  sys tem.  The l inear i ty  o f  the  above equat ion  is  los t  when

ro ta t ing  (synod ic )  sys tems are  used as  in  the  res t r i c ted  prob lem

of  th ree  bod ies .  0 ther  genera l i za t ions  are  the  ex tens ion  to  th ree

A ( x , y )  v + B ( x , v )  #  +  c ( r , v ) #  =  D ( x , y )  ,
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d imensions,  us ing general  ized coordinates,  f ind ing potent ia l  s  which

descnibe in tegrable dynamical  systems'  appl icat ions to s te l lar

systems, etc. See References l-6'

(2) The measure and regions of stabil ity of artif icial and natural

celest ia l  bodies is  establ ished using var ious stabi l i ty  cr i ter ia '

such as l inear izat ion '  Hi l l 's  method,  Lyapunov's  character is t ic

numbers, etc. The quantitative measure S is represented by the

dimensionless deyi ation of the actual and crit ical values of a

constant of the notion' or bY

s = 
cact 

-- 
ccrit

'crit

S t a b i l i t y r e q u i r e s s > 0 a n d t h e v a ] u e o f S = 0 c o r r e s p o n d s t o

bi furcat ion.  This presentat ion is  especia l ' ly  wel l  adapted to Hi l l 's

method where c is the Jacobian constant. stabil ity regions of

planetary and satell i te systems are established within the solar

system and in binary systems using the above criterium reformulated

in terms of masses and orbital radii. See References 7-14'

Stabil ity regions in the phase space are established around the

Earth-i i loon l ibration points by numerical integration and the effects

of init ial position and velocity errors are studied. In this work

the stabil ity cr.iterium is the requirement for continued libration cr

opposed to other types of motions' such as chaotic

behavlor. See References l5-18.

stabil ity investigations concerning the general problem of three
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bodies as applled to triple stellar systems are given in References l8

and 19. This work is aimed at present t ime to inprove the assumptions

made in establ ish ing our  model .

A study in  progress is  the stabi l i ty  and long- t ime behavior  of  astero ids.

Hil l 's and Lyapunov's ncthods are used to study the effects of the

orbital paraneters on the behavlor of large nunbers of asteroids and

conets.

(3) To separate errors of numerical integrations and of analytical

approximations from the truly random behavior of dynamical systems,

lncreased accuracy is needed. The approaches to this problem are

the rnethod of regularization (introduction of new dependent and

lndependent varfables), the introduction of the concept of t ime

element, and forcing the system to rernin on some constant surface

in the phase space. These techniques allow long-time predictions

concerning the solar system and the accurate computations of relative

motions and possible coll isions. See References 20-29,

(4) The nost recent research interest is the problem of the non-

deterministic nature of celestial mechanics. Due to the fact that

systems of interest in our field are non-linear and non-integrable

we must rely on analytical and numerical approximations as mentioned

above. To this we must add our incomplete knowledge of the physical

laws governing these systems and the uncertainity of the init ial

conditions used. In this way we might arrive at the conclusion that

celestial mechanics is a non-determlnistic science and open to

approaches used in s tat is t ica l  mechanics.  This is  a considerable
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change from the classical apprnach to dynamics according to which the

knowledge of  the in i t la l  condiHons determine complete ly  the solut ion.

See Reference 30.

(5) current research in satell i te dynamics is discussed in Reference

3 1 .
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RDCENT PROCRESS IN THE THEORY OF TROJAN ASTEROTDS

B. Garftnkel

Yale University Observatory

New Haven, Connectlcut, U.S.A.

ABSTRACT

In previous publicatlons the euthor has constructed a

long-perloclic solution of the problem of the motion of the

Trojan asteroi.ds, treatecl es the case of l:1 resonance ln the

restricted problem of three bodies. 
_The 

rgcent progress re-

portecl here is summarj.zed under three heatlings:

1) The nature on the long-perlodic family of orbits

i-s reexarnined in the l ight of the results of the nuqerical

integrations caried out by Deprj,t and Henrard (1970). In

the vicinity of the crit ical t l ivisor

D k = o . r t - k % ,

not accessible to our solution, the fanily is interrupted by

blfurcations and short-periodic bridges. Parametrizetl by the

normalized Jacobi constant oc2, our farnily may, accortlingly,

be clefined as the union or admissible intervals, in the fo::rn

f , =  u ,  i  l * -  * i l  > . ;  ]  r  J  =  k ,  k+1 ,  . r r  oo  .
( , . 1

Hefe, to(i(m)J is the sequence of the crit ical oc, correspontl-

ing to tnl exact . ' i :1 commensurabll ity between the character-
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istic frequenci.esCJl andct2 for a given value of the mass

para:neter m.

Inasmuch as the I 'crit iceltr lntervals 
l* 

- *rl <e, can

be shown to be dlsJoint, it follows that, desplte the clus-

tering of the sequence locri at 64= 1r as J-)aa, the family

extentls into the vicinity of the separatrix o4= 1, which ter-

mi.nates the rtadpolert bra.nch of the family.

2) Our analysis of the eplcyclic terrns of the solution,

carrylng the crj.tlcal clivisor DO, supports the Deprlt eld

Heararcl refutation of the E. lV. Brown conjecture (1911) re-

garding the ternination of the tadpole branch at the Lagran-

gian polnt lr.

However, the conJecture rnay be revivecl ln e reflnecl

fom, Itf�he separatrix oc= I of 
'the 

tadpole branch spirals

asynptoticelly toward a l1mlt cycle centered on Lr. 'r

)) The perlod T("r, n) of the l1brat1on in the mean

slmoclic longitutle I 1n the range

)-1< ). < 12

is given by a hyperell iptic j.ntegral . Thls integ""f 
afo"-

naI1y expantled in a power serles in n and n2 o" p:!f - *2.

the large enplitucte of the l ibration, peeuliar to our

solution, is nade possible by the mode of the expa,nsion of

the disturbing function R. Rather then expanding about
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Lagranglen polnt 14, wlth the coordinetes r = 1, O=IV3, we

have expanded R about the circle f, = l. Thi.s proceclure is

equlvalent to analytic continuation, for it replaces the

circle of convergence centeredl at IA by an annulus lr - fl<€

wi th 0< e< 2 ' l r .
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ON TTIE VARIATIOI{ OI' TIIE JACOBI CONSTANT

OF TROJ�T ASTEROIDS

THE EILIPTIC RESTRICTED PROBTEM OF fHREE BODIES

B. Erdi

Department of Astronony, Edtvds University

Budapest, Hungary

Abstract

A relati-on correspond,lng to the Jacoblan integral of

the circular reetricted, problem of th:ree botl les is derlveat

ln cyllndrtcal coordinates for the eJ.l iptic reetrlcteil

three-body problen. The unknown lntegral appearlng ln thls

relatlon ie evaluated for the case of TroJan aeterolds ug-

1ng ar asynptotic solution for their motion. Analytic ex-

pfeesions for the main variations of a paraneter C* cone-

sponding to the Jacobi constant ln the e1liptlc case are

obtaineil. It is shown that the nain varlations of Cr clepend

on two long perlods, the period of the Llbration around the

point LO and the periotl of the motion of the perihelion of

the esteroids. Upper l inits for the anplltudes of the nain

variations of Cr are also given.

IN
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I. Introduclion

One of the essential i l tfferences between the circular

antl the ell iptic resttricted problen of three bodles ie that

the circular probJ.em possesses an integral, the Jacoblan

lntegra1,  whi le  in  the eJ. l lp t lc  case l t  doee not  ex is t .

Let  us consider  for  the eake of  e lmpl lc t ty  the equa-

t ions of  not ion of  the p lanar  e l l ip t ic  rest r ic ted problen

of  three bodies.  Tbeee are (Szebehely,  1967)

r Lq-)  4: ' � :  {  -&
dua t  d"6 

-  
4+ ec6u F 

t

( r )
t * .  , )  4 ,  - ,  4  >s r
d<r1 '- drr - 4+ taos1, 5t

where v .od ? are the rectangular coordlnates of the third

body wi tb negl lg lb le nass,  e ie  the eccentr ic l ty  of  the

relative orblt of the prlnarleervis the true anonaly of

one of the prinaries and5|(x,1) le the potentlal fr.urctlon

of the problen whose expliclt form we do not need now. l ltrhea

e=0,  Equat ioas (1)  tura to the equat ions of  tbe crrcular

:re etricted three-bocly problen.

Mul t ip ly lng the f i rs t  o f  Eguat tone ( t )  Uydx/40,  tne

secoad ay f,.41/[rr, then addlng the resu].te and integrating it

we obtaln

(# n(#f:+7**-1,fF".t**- r ( 2 )
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where C is  a constant .  For  e=0 Equat lon (2)  red.uces to the

Jacobian integral

(-*J'+ffi':2e-6
where C is  the Jacobl  constant .

The importance of the Jacoblan integral is that it

nakes possib le to establ ish regions ln  which mot ion can or

can not occur. However, thts can not be d.one l-n the ell iptlc

case because of the unknown integral on the rlght hancl slde

of  Equat lon (2) .  As the roat ter  of  fact rQ depend.s on r  and

t "ttd thus thle integraL ean be evaluated only when the sol-

utlon for r and 7 is knonn.

As the Jacoblan tntegral has an lmportant role in eta-

b '  l i ty  probS.ems and ln nany (  ases the e l l ip t ic  reetr ic tec l

three-body problen glves better tspproxlmatlon than the clr-

cu lar  one,  the analys ls  of  Equat ion (Z) ,  subet i tu t tng the

Jacobtan lntegra l  1n the e11lpt lc  case,  has been 'L :he subJect

oa several  papers.  For  example Ovenden and Roy (1951) d ie-

cussed 1ts appl lcat lon ln  long- t fune predict ions.  Szebehely

and Giacagl ia  (1954) considered the ef fecte of  the nnknown

integral  ln  Equat lon (Z)  for  zero veloc l ty  curves.  yr r t l l lams

and, Viatte (fgZg) expanded the unknown integral about a Kep-

ler an solutlon to the prob en. fnvariant relatlone for the

el l ip t ic  rest r ic ted three-body problem, eubst l tu t ing Equa-

t ion (2) ,  were der ivecl  ln  fcrns of  ser leg expanslons by

Vrcel j  ancl  c te Jonge (1978) and by Delva and Dvorak ( fgZ9).

( 3 )
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The subject  of  th ts  paper is  a lso the c l iscusslon of

Equat ion (z) .  n f re purpose of  th is  paper is  to  evaluate the

unknown integral in Equation (2) in an actual case when the

eolutj.on for x "ttd ? is known. This case is the case of

f ro jan astero lds for  which an asymptot ic  so lut lon was de-

r ivet l  by th is  author  (6rd i ,  1978,  1981).  The basic  ic lea ls

to subst i tu te th is  asynptot ic  so lut ion in to the expression

ofS? and then to calculate the in tegra l  in  Equat ion (2) .

However,  ae the solut ion for  the mot ion of  Tro jan astero ids

wae obta ined in cy l indr ica l  coordinatesr l t  is  su i table to

replace Eguat lon (z)  uy another  re lat ion wr i t ten in  cy l in-

d.rical coordinates also and to carry out the above mentloned

calcufat ions in  that  new equat icn.

The not ivat ion for  th is  invest lgat ion comes f rom the

fact  that  the stabr l i ty  of  Tro jan astero ids may be studled

by us ing Equat ion (2) .  For  example by numer ical ly  in tegra-

ting the equatidns of notlon one can calculate the value C*

of  the expression

(*J"+(*f-ffi-s.
From a compar ison wi th Equat ion (2)  i t  is  c lear  that  Ci is

not  constant  -  due to the ef fect  of  the in tegra l  on the

right hand side of Equation (z) - uut its variatj.on may

give an indication about the stabil ity of the motion of the

asteroid.s. The parameter f*may be regariled as the Jacobian

tconstant t  in  the e l l ip t ic  rest r rc  ed problem of  three

( 4 )
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bocl les.  The purpose of  th i .s  paper is  to  der ive analyt ic  ex-

pressions for the variation of C* (or rnore preclsely for a er

which wil l be defined. later in a somewhat d.ifferent way)

thus suoport ing nuner lca l  invest igat ions concernlng the sta-

b i l i ty  of  Tro jan astero lats .

2.  Equat ions . ln  Cyl indr ica l  Cooral inates

ing

In  the author 's  theory of  Tro jan astero ids the fo l low-

equat ions of  mot lon were used (6rd i ,  1978)

# -'(#), -r. # :, n-+"* [.- ? " n
+A(€ _-,d],

{(+grt ++') : At sih o( l-/ - -l-l
dvU dtr '  ' /  

4+ercosu 
[ '  RIJ ,

fu+':,ti."*l-t-
where * , d, z are the cylindrical coorallnates of an aste.:roicl

(see Figure 1) ,  .u is  the t rue anomaly of  Jupl ter ,  e ,  is  the

eccen t r i c i t y  o f  Jup i t e r ' s  o rb i t ,  A i s  t he  rnass  o f  Jup i t e r

d ivrd.ed by the tota l -  mags of  the Sun-Jupi ter  systen ancl

R.': |  \^-
L

(  5 )

AI
R."l

4+ *-7+cos d.  +*
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Ihe coordlnatee + and 2 ate dlmensionless, the unit distance

le the Sun-Juplter clistance.

7

\?

Ftgure 1

The coofdinate systen Sxlz ln Flgure I is centerecl at

the Sun, the plane Srl le the orbital plane of Jupiter and

the ax is  51 1e d l rected to the per iheLion of  Jupi ter .  Equa-

t lone (5)  descr tbe the mot lon of  an astero l i l  under the as-

sunptions that j.ts orblt around. the Sun is perturbed only by

Jupi ter  and Jupi ter 's  orb l t  ls  an e l l lpse.

Mul,t lplylng the first of Equatlons (5 ) by d.r/du, th€

second uy d*/d{t, the thlrd by dz/du, then addlng the reeutts

and nultlplylng lt by the expression 4+ e.rcogu=Q, we obtaln

after an lntegratlon according to t

+[#"r.f(#)" *(#i]:
4 : / * .  t " r  _ 7 _

R 4 ' R , .  v

- u, f +-''{* [(#F {*#[ *(*)'
: ti-trcoso(+ ( 5 )

.41*"
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where C is  a constant  of  in tegrat lgn.  put t lhg e.=0 ln to
Equatlon (6) it red.uces to the Jacobian rntegral 0f the cir-
eular restricted p:roblen of three bodles, U,l, itten ln cylin_
dr ica l  coordinates.  Note,  that  e,  ls  expl ic l t ly  present  in
Equation (5) onfy as e multlplier of the unknown lntegral
thue th ie term conta ines the ef fect  of  the eccentr ic i ty  on
the motj.on in a very conpact forn. The purpose of this paper
is to evaluate the unknown lntegral in Equation (5 ) in the
case of Trojan asterolds uoing an asytrptotlc eoLution for
their coordinates {; o(1 r(o

3. Sufunary of a Theory of , lT.o..ign Asteroids

A solut ion of  Equat ior"  (5)  was c ler lved.  for  T: :oJan as-
teroids in the followLng three_vartable asynptoil.c ertpanslon
f  orn ( I i rd i ,  l9B1)

(7a )

(zu I

(7c 1

where

€ : \ F ,

'  r : , 1  *  
*  

f+^ ( ' , u , c )  +O( .N+{ ) ,

o<: oco(tr, c)* 
* 

*"O *,t) +0(er+4 ) ,

*: !/'f [ €*z^(,r,u,,c) +O(J*nil
1tr_O J

( 8 )
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t :e(,u-nro) .,

t : el(u-q)

and. {to is the inlt lal  value of rt .

( e )
(10 )

The reaeons for assuming the solutlon in the form of

Equat ions (7)  are the fo l Iowing.

1.  t ro jan astero ids are resonant  aetero idsr  they are

ln a 1:1 resonance wi th Jupi ter  as thei r  orb i ta l  per iods are

near ly  equals.  In  case of  resonance the largest  per turbat ions

are proportional not to the perturbing mass but to the square

root of it (Brown anit Shook, L933). fhus the solutlon (7)

is expandled accord.Lng to the powers o1 glF. Note, that tn

the Sun-Jupi ter  systen p=0.000954 ancl  €=0.030885.

2, In Equations (Z) ttre functlons f1' o(nr zr. depend

on the var iables or l r rG represent ing three d i f ferent  t ine -

scales of the motlon of Trojan asteroid.s. The vari-able <r

corresponds to the orb i ta l  revolut ion of  the astero ide

arounil the Sun, while ,tr describes the long-periodic l ibra-

tional motlon around the Lagrangian points LO or Lt. lhe

variable < is coanected with the notlon of the perihelion

of  the astero ids ( f rd i ,  l9?8) .  The per iod.s of  the t ime-scales

are approxinate ly  12,  150 and 35OO years,  respect ive ly .

3. In Equati.on (7a ) the first tern on the right hand,

s lde ls  1.  lh le is  so,  because Tro jan astero ids are near ly

at the eane tlistance from the Sun as the Lag::::::::::::::::rangian points

IrO and L, are ancl these latters have a cllnensionless dis-

tance 1 fron the Sun.

4. In Equation (7b ) the first term in the expansion
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of  o( ie  o<o(<r , 'c) .  Thie tern 1s not  nul t ip l ied by € so i t  can

take large values. It can be shown that the function c<o({r)

descrlbeg the main part of the J.ong-periodic, large amplitude

librational motion around, LO or t, (frdi, 1978). On the other

hand, from the assumption that xo clepende on G f,ee, the de-

pendence of the l lbrational perlod on the cocrdlnate z caa

be der ived ( f rd i ,  1981).

5.  According to Equat lon (7c)  tne coorc l inate z ie  pro-

portional to {lL. Ihls is so, because. for the maJority of

the known TroJan aetero ia ls  0<z<1Jl .  fn"  aeeumpt ion z^ 'e

couLt l  be appl ie i l  on ly  ln  a few casea.

An additional aseunptlon for the solution of Equatione

( l )  was that

€ r : t  € , (rr )
where the constant e{ is aot very large compared to unity.

Assunlng the solution in the forn of Equatione (7 ) antl

subetituting tben into Equatlons (5) a syeten of partial dif '

ferential equati-one can be derivett for the unknown functl.ons

,far 0(61 2... The solutioa of these new equations.has been de-

terninett to O(ea) (I lrdi, 1981). At this point it ehould. be

mentioned that the three tlne-gcales nethod, applied in the

above investigations, is a generalizatlon of Kevorkiants

two-varj.able nethod applied by bim for the planar notion of

TroJan astero ide (Kevork ian,  1970).

In possession of  the solut lon for  t ,  c(  andz,  the nain

per turbat ions of  the orb i ta l  e lements of  Tro jan astero ide

werb a lso der ived ( f rdt ,  1981).  the lengthy analyt ica l  ex-
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preeeions wi l l  not  be repeated

used for the evaluatlon of the

( 5 ) .

here.  However,  these wi l l  be

unknown integraL in Equation

4. Calculation of the Unknown Inteeral

Introclucing the function F ae

frau:5;

tr:AG .' d t (14  )

p: {cosr # [#f *rffif +(*.)" +4, (12)

the integral

( 1 3 )

is to be deternlned.

'  Subst l tu t ing the solut ion (?)  in to Equat lon ( fZ) ,  F-

wil l be a known function of the varlables ifr !. ed,!, sd

thue G wll l aleo d.epend on these variables. However, tne

calculatlon of the lntegral neede care as F d.epends onrrex-

plicit ly ancl accortl lng to Equaticns (9) and (10) through {r

anal t inplicit ly. Becauee of the conpllcate anal.ytic form

of tbe function F it is sultable to i leterrnlne G insteact of

Equation (13) fron the equation
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Expanding F ana Q accord.ing to the

F : F "  + e F .  + e ' q . + * F . +
G : Q + e q + * G , + e l q +

powers of g

1 r5)
(  15)

and.  subst i tu t ing these ser ies in to Equat lon (14) ,  a systen

of partial differential equationa can be obtained. for the
determination of the unknown functions Goby equating the
coefficients of the saee powers of € on both stdes of gqua_

t ion (14) .  To n=3 theee equat ions a: re

E : * 1

t r : > G l * ) G .t l  )u  
'  

) r . r .

[ : * * * ' * * '

,-- )G.+ )e _*i_q. .t i :5 ; - t  - t * '

,EquatlonE (t7) tfrroueh (ZO) are enough to d.etermine

Gn conplete ly .  Howev"" ,  
Q.""d qcan be calculated

pa r t .

Substituting the known part of the solutlon glven by
Equat ioae (7)  (6rAi ,  1981) in to Equat ion (12) ,  one obta lnes

for the functions F^

F o : 0 ,
F  - nl , t - V r

( 1 7 )

( 1 8 )

(19  )

(20  )

G" *a
only ln

(21 )

(22)
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E:F"**1{r , { r .z)* f ,*" tn^, . ) . ,  
(23)

F.: F.***(', ̂r,<) + f*t{^*,.) + F-.'{.) (24)

where aE lt caa be ""en Fa ana F. coristst of dlfferent parts

according to tbelr clependence on {tr ' i  r c.

Fron Equatlons (1?) anal (2f) 1t followe that Go does

not depend onl..r, that ls

G:G-"(..,")

anal Gj* f" yet to be deternlned.

Equat tons (18) ,  (22)  and (25)  e ive

bG __ )G:*  .
) . "  )u

(25)

(25)

(27  )

(28 )

As ln thls equation the right hand slde does not clepentl on

e, the Lntegratioa of Equatlon (25) according to {r woul'd

g lve a secular  term in G. .  go avoid th is  le t  ue suppose that

fhen

and.

# :o .
Gr: q (^r,.)

dL e; t.1 .

7 .
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Equat lon (19)  toeether  wl th Equat lone e3) ,  Q5)r . (z t )

and (28) glve '

F***+ F** : ?G * )G *S . eg)' ? -  t L  ) t  ) u  ) t

It ls eultable to sqparate Equation (29 ) as

& -  r * " *
. 5 F : t t  r

>Gr r|rx
) o ' L r
r ^ *. % : o .
> C

Itow it follows that q = GJ =colrstent and thus lt can

be added to the constant C ln Equation (6 ). Furtbernore

and

where

and

6 : ef 
*(.,_,c) 

+ G;k) (:r )

Gr: Gi**@,u,T) + Gl"(*,n.)

C*: fri" a"* .

q: t'J.. u

o o )

Oz)

(33 )
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It can be calculated. that f,*rx ie a periodic function of l '

*d f* is a perloalic function of .rr and thus the integrals

(32) ancl (33) can be easily obtatned Thus Gj'* "rra G..*

can be regardeil as known functlons. However, Gj- "aa Gi

are yet to be deteroined..

F inal ly ,  Eguat ion (ZO) is  conetd.ered.  By v l r tue of

Equat ions (z+) ,  ( lo)  ana (3r)  i t  can be wr i t ten as

7)(|C* e)(* ,  116

l-3 t trt f ro :

- >G. * )GI** + >Gf* * )G,*'* )Gi (34)
- ) r  ' ) a r  '  ) { . r  '  ) ' c  

' ) c

Eguat ion (34) nay be eeparated into the equat ions

)G. - g***
) . u  

- r 5

.}.CI - p''�x
) t l  

- ' b

bGl - r*
) c  

- t 3 '

- 'r"j* '
>G;-- T Z - '

Q5)

(36  )

(37 )

It can be deternined fron Equation (15 ) frow Go U"_
pends on ,rr and fron Equatton (36 ) the dependence of q*

on ,tt . Equation (32 ) givee

-)( (-x t
Ur4:J l - .d "2  +  cons tan t 0 B )

and th is  constant  can a l -so be added to C fn Equat lon.  (5 ) .
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By continuing the above nethod the unknown functions

Go""t be cLetermi'g4. g,nming up the previous resulte the
rnain part of Q is

[f,-.n* +fq-a.zl+O(*) . ee)
r -  )  -  I

Equation (39) shows that the rnain part of e containee only
long-periodic terme d.epend.ing on ,lt and t . Short_periodic

terms depencli.ng on v wil l occur in higher orders. These
however wi l l  not  be calculated in  th is  paoer.

5 .

Calculating the functions E"* *a F.t and conpleting
the lntegrals 1n Equati.on (39) one obtaines

G : -(Dn f  coso<o)s .or( f fot  +Vn) -

(D"+t in c<o)c sin(R"c +g.) -  (40)

/ n-q, ( + cos do + fr'r^ 
o") *O(.')

where D,1, Dz, Ro, fin, Ar, cand {nn are constants. Moreover

Dn:*-#*-WL\ + o(t) ,  (+: .a)

. D": f *#Sf -tr{q+o(lu), (+ru)
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A.: 3F *#t" -tl rq + 0(16) ,

f,.:-+ - #-t -qf r\ -r s(t) .
ft":- tF,.ry t+zflf 4t+ o(t6)

where 0 f" " conetant neaning nearly the anplituile

ltbrational notlon around the Lagrangian point LO.

najorlty of the known TroJan asteroide t i" it tt"

0 . 0 - 0 . 5 .

The paraneter o(ocleecrlbee tbe nain part of

tloaal notioa of the asterotals around t*

d o : 5 + S a p t a r y p t a

+tcos{-(S t"* Stq)"*z{ +

+ f{}cos+- fft'cos,tr{ + O(ts)

( 42a)

( +zu1

(42c 'S

of the

For the

range

the llbra-

(43)

(44)

be ne-

(+o)

wbere

+:#(r -+r -F*'t .u + 5

ana 5 te the function of G but this clependence can

glected now.

I t  fo l lowe f rom Equat ions (5) ,  (12) ,  ( t3)  ana

that



- t t -

+[t#t'+.r(&dJ'.(*i l]--
: + f-1 t.orx+ 

ff * *U -an

where

where

aad

(45)

G6)

G - (Dn +.o. xo) eu c cos(Aor * y.) -

- (D" +sin xo)e, c sin (Roc + Vn) -

- "l (**s o(o -r- 
ft 

'r" a,)+O(feJ+ C

andC ie  a  cons tan t .

Equat ion (45)  may be regarded as an invar iant  re lat ion

of  Tro jan astero ids in  the e111pt ic  rest r ic ted.  problem of

three bodiee.  the parameter  Q*"oo"""ponds to the Jacobi

constant although C*i" ,rot really a constant and its main

variations are given by Equation ( .e).

Using Equat ions (41) ,  (+z)  ana (+: )  " r  est inat ion for

the anplltudes of the te:rms in Equation (+e ) may be clerived.

[ 
(]n * .or ",1 e" c cos(qoa 1Yr.) + (D"+rin uo) e.c sin (h;c+Y,,4) 

i 
= ( ( 4? )

(: ","(t*€ L - hr-$Sr' *ff1' +ft1t*'r

{ K ,l.i(**. do **.'^*")l (49 )



- 5 4 -

where

K.:"](4- +3 f + #S tq + o(t')). ( 50)

Table I shows the values of K. for 3o known TroJan

astero ids obta lned f ron Equat icn (48)  wi th 9t=O.O4B ana

using the values of c ana {, given in one of the author'g

pape rs  (6 rd i ,  1979 ) .

lable I .  Va1ues o1 K,r for  30 Tro jan astero ids

Around L

S t O r

Achi l les
Ajax
telamon
Menelaus
Hector
0clysseus
Agamennon
Antllochus
Diomecles

Around
troc lus

Anchises
Prlan

Aeaeag
1ro11us

o.oo722
0.00515
o.004BB
0.00359
0.00295
0.00320
o . o o 2 7 2
0.o0134
0.00117
o.00 Io2

o,oo537
0.00571
0.00493
0.00331
0.00297

P L  o b j e c t s

around L

5020
2008
2706

+>z )
6844

4595
4139
654r
6629
6540

4 0 ) f

65BI
4572
659r

o .co918
0 . 0 0 7 5 5
0 . 0 0 5 1 3

0 .00673
0 .00415
0 . 0 0 3 9 8
0 . 0 0 3 4 3

0 .00289
o . o o 2 7 2
o . 0 0 2 5 0
0 . 0 0 1 5 1
0 . 0 0 1 5 4

0 .00115
0 .00095
0 .00050

The values o3 Ko are in the range 0.00230-O.0O2OB

f o r  t = O - 0 . 5 .

soter that the naj.n varlations of p*huu" two different



per iods.  One is  the

descr ibed by c<oand
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L of the l lbration around. LO

be obta inecl  f ron Equat lon (44)  as

( : r 1

other  is  connectet l

per iod

it can

where

wi.th
I

the

t ,  -
L

T

i s  J u p i t e b t s  o r b i t a l  p e r i o d .

t lme-scele of t  and is giren

The

by

T,r,fu
For  {=O-0  .5 ,  T ; I 47 .8 -155 .J  yea rs

Thus in s tabi l i ty  invest igat ions

ca1 integrat ions shculd extend at

years t ime- interval .

( 521

and T-=358 4-324I years.
eP

of Trojan asteroids numeri-

least  for  about  a 35OO
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PROBLEMS CONCERNING THE OUTER PLANETS

P.  K .  Se ide lnann
U.  S .  Nava l  Observa tory
W a s h i n g t o n ,  D C  2 0 3 9 0

R. L. Duncornbe
Univers i ty  o f  Texas
A u s t i n ,  T X  7 8 7 L 2

THE DISCOVERY OF UMNUS, NEPTUNE AND PLUTO

- The Sun, Moon anal the planets Mergury through Saturn have
been observab le  ob jec ts  s ince  anc ien t  t imes.  0n-13  March  1 .281,
Wi l l ian  Hersche l  was  do ing  a  sys temat ic  sky  survey  fo r  doub le
s tars  when he  d iscovered an  ob jec t  wh ich  was about  s ix th
magn i tude and had a  p lanetary  appearance (Bennet  1981) .  In i t ia l l y ,
there  were  ques t ions  as  to  whether  o r  no t  i t  was  a  comet ,  bu t
subsequent  observa t ions  ind ica ted  tha t  i t  had  to  be  a  p lanet ,
Uranus .

0n  1  January  1801,  the  n inor  p lanet  Ceres  was f i rs t
d iscovered.  Th is  was the  beg inn ing  o f  the  observa t iona l -  d iscovery
progran o f  n inor  p lanets  wh ich  cont inues  to  th is  day .  Cur ren t ly ,
over  two thousand minor  p lanets  have been d iscovered ana l  the i r
o r b i t s  d e t e r n i n e d .

At  the  t ine  o f  the  i l i scovery  o f  Neptune
was d i f fe ren t  f ron  the  as t ronony  o f  today  in

1 .  The epherner ides  o f  the  p lanets  were

.  Z .  There  were  no  Pa lonar  sky  survey  p la tes  and sys temat ic
s ta r  char ts  were  o f  a  l im i ted  accuracy .

3 ,  Photography  was no t  used.

4 .  The accuracy  o f  observa t ions  was no t  as  good as  today .

I n  t h e  1 8 4 0 r s ,  t h e  b e s t  t a b L e s  f o r  t h e  n o t i o n  o f  U r a n u s  w e r e
t h o s e  o f  B o u v a r d  ( 1 8 2 1 ) .  B e s s e l  ( 1 8 2 1 )  p o i n t e i l  o u t  a n  e r r o r  i n
these tab les ,  bu t  i t  was  no t  la rge  enough to  exp la in  the  i l i s -
c repancy  be tween the  observa t ions  and tab les  as  ind ica ted  by  A i ry
( 1 8 3 2 ) .  I n  1 8 4 0 ,  B e s s e l  r e c o g n i z e d  t h e  c a u s e  o f  t h e  p r o b l e r n  w h i c h
he a t t r ibu ted  to  the  presence o f  an  unknown p lanet .  he  was ready
h inse l f  to  s ta r t  work  on  the  prob lem,  an  e f fo r t  p revented  by  h is '
i11-hea l th  and eventua l  death .

in  1846,  as t ronorny
four  s ign i f i can t  ways ;

o f  l in i tea l  accuracy .
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In  France,  Le  Ver r ie r  began an  inves t iga t ion  o f  the  obsetva-
t ion  res iduaLs  o f  Uranus  an t l  pub l i shed h is  f i rs t  paper  on  the
sub jec t  on  10  Novernber  1845.  A  fo r tn igh t  ear l ie r , -  Adarns '  hav ing
acc i rnp l i shec l  s i rn i l -a r  work  in  Eng land,  cornnun ica ted  h is  p red ic t i .ons
to  A i i y .  Ar ry  inqu i red  about  the  rad ius  vec tor  res idua l  and
unfor tunate ly ' rece iv ing  no  rep1y ,  never  s ta r ted  the  search .  0n
2 9  J u l y  1 8 4 6 ,  P r o f e s s o r  C h a l l i s  o f  C a m b r i d g e  U n i v e r s i t y '  b e g a n  a
seafch  fo r  th is  unknown p lanet  based on  the  pred ic t ions-o f  Adans.
S ince  he  d id  no t  expec t  the  pred ic t ion  to  be  accura te ,  he  p lanned
a n  e x t e n d e d  s e a r c h  ( C h a l l i s ,  1 8 4 6 ) .

Le  Ver r ie r  sen t  a  reques t  to  Dr .  Ga l le  a t  Bet l in  reques t ing
tha t  he  in i t ia te  a  search  fo r  th is  unknown p lanet .  Le  Ver r ie f ' s
le t te r  was  rece ived on  23  Septenber  1846 and tha t  n igh t '  Dr .  Ga l ' le
d iscovered the  p lanet  Neptune 55  rn inu tes  o f  a rc  f ron  the  geocent r i c
pos i t ion  pred ic ted  by  Le  Ver r ie r .  The exper ience shou l i l  be  a
lesson to  s tudents  and ass is tan ts  tha t  they  can o f fe r  use fu l
s u g g e s t i o n s  a n d  a d v i c e  e v e n  t o  t h e i r  p r o f e s s o r s .  P r o f e s s o r  G a 1 1 e
na l - look ing  fo r  a  th ree  secon i l  o f  a rc -d isk ,  wh ich  he  cou ld  no t  f ind .
I t  was  the-graduate  ass is tan t  $ tho  suggested  us ing  the  recent ly
pub l ished 8611 in  Acac le rny  Star  A t las  #21 wh ich  had been pr in tec l  ln
fS+S.  Usrng tha t  a t l .as  an  e igh th  magn i tude s ta r  was  de tec ted  tha t
was no t  p resent  in  the  a t1as .  That  un l l s ted  s ta r  vas  Neptune.

Af te r  the  d iscovery ,  Cha l l i s  rea l i ze t l  tha t  he  had observea l  the
p lanet  Neptune ear l ie r ,  bu t  ha i l  no t  pursued the-conpar ison  o f
bbserved pos i t ions  on  d i f fe ren t  da tes  fa r  enough to  de tec t  h is
d iscovery .  Adans an t l  Le  Ver r ie r  had indepena len t ly  p rec l i c ted  the
pos i t ion  o f  the  p l .anet  Neptune,  bu t  the  d iscovery  was- rnade in
Germany,  based on  the  ava i lab i l i t y  o f  accura te  s ta r  char ts  and
conf id 'ence in  the  prec l i c t ion  o f  the  unknown p lanet .  Deta i l s
concern ing  the  d is tovery  o f  Neptune are  g iven by  A i ry  (L846)  '
G o u 1 . d  ( 1 8 5 0 ) ,  a n t l  G r o s s e r  ( L 9 6 2 )  .

F igure  L  shows the  d i f fe rence be tween the  observa t idns  and
the  the6ry  o f  Uranus  tha t  was  ava i lab le  a t  tha t  t ime.  I f  the
theory  and the  observa t ions  agreed,  aLL o f  the  po in ts -wou ld  be  in
a  hor izon ta l  l ine .  The long iLudes are  ind ica ted  on  the  top  o f  the
f igure  wh i le  the  da tes  are  g iven on  the  bo t to rn .  Thg f igure  is
f r o m  P i c k e r i n g  ( 1 9 0 9 ) .  T h e  L i n e s  d r a w n  a r e  t e s t s  o f  P i c k e l i l E ? s
graph ica l  ne tLod wh ich  was to  be  used fo r  the  pred ic t ion  o f  P lu to '
f t  ihou tc l  be  no ted  tha t  the  rss idua ls  rn  th is  case range f ro rn  a
p lus  40  seconds o f  a rc  to  a  minus  100 secon i ls  o f  a rc .  Tab le  L
i i s ts  the  orb i taL  e le rnents  f ro rn  the  prec l i c t ions  o f  Adams and o f
Le  Ver r ie r  and the  e le rnents  de termined by  Walker  (1847)  a f te r  the
d iscovery  o f  Neptune.  The pred ic ted  and drscovery  e lenents  a re  in
c lose  agreenent  and the  long i tu i le  l s  par t i cu la r ly  c lose  to
d iscovery  pos i t ion  o f  Neptune.

Perc iva l  Lowel1  (191S)  p red ic ted  a  p lanet  beyond Neptune
b a s e d  o n  h i s  c a l c u l a t i o n s .  A g a i n ,  t h e  t h e o r y  b e i n g  u s e d  b e c o n e s
a fac to r .  F igure  2  shows the-d i f fe iences  in  the  long i tude o f
Uranus  be tween the  1873 theory  o f  Le  Ver r ie r  (1877)  and the  observa-
t ions  o f  Uranus .  The d i f fe rence in  the  nagn i tude o f ,  the  res idua ls
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should be noted;  the naximun scale in  th is  case is  only  s  seconds
o f  a r c .

^  . - - F i g u r e - 3  s h o w s  t h e  r e s i c r u a r . s  i n  r o n g i t u c r e  o f  u r a n u s  b a s e d  o n
G a i l l o t s ' - t h e o r y  ( 1 9 1 0 ) .  I n  t h i s  c a s e ,  i h e  s c a l e  n a x i m u n  i s  2 . 5
seconds o f  a rc .  l t lh i le  Lowe11 na i le  h i .s 'p red ic t ions  o f  the  presence
g!  i "  ad i l i t iona l  p lanet  basec l  on  nuner i ia l  caLcu la t ions ,  eLck ; ; ; ; ;
used a  graph ica l  rne thod- .  ,F igure  4  shows a  conpar ison  o i  the
Uranus observa t ion_s^wi t !  (a ) - the  Le  Ver r ie r  theory  o f  Uranus ,
( b )  P i c k e r i n g r s  o r b i t  o f  U r a n u s  w i t h  a  p r e d i c t e d  i f a t " t  i l O " ,  a n d
( c J  t h e  t h e o r y  o f  G a i 1 1 o t .  ( p i c k e r i n g , - 1 9 2 8 ( a ) )

- -  F igure  5  shows the  compar ison o f  u ranusrs  observa t i -ons  r " r i th
N e w c o m b ' s  t h e o r y  o f  U r a l u s  ( 1 8 9 8 )  a s  g i . v e n  b y  p i c k e r i . n g  i n  L 9 2 g ( b ) .' l h e r e  l s  a  1 . 5  s e c o n d  o f  a r c  c o r r e c t i o n  i n  t h e  o r i s i n  i t  r s o +  t d
put  u ranus  c lose  to^ the  theory  o f  Newcomb.  A f te r  ihe  d iscovery  o f
P l u t o ,  P i c k e r i n g - ( 1 9 3 1 )  a n a l y z e d a p l o t  ( F i g u r e  6 )  o f  r e s i d u a l s ' o f
Uranus  and inc luded a  prec l i c t ion  o f  anothe i  p lanet  "p" .  The
observa t ions  used by  p icker ing  are  f rom Gree i rw ich  and par is
cornpared to  the  Le-ver r ie r  theory  and wash ing tonrs  observa t ions
c o m p a r e d - t o  N e w c o n b t s  o r b i t ,  w i t h  a  l e a s t  s q u a r e s  c o r r e c t i o n  b e i n g
per fo rmed by  Morgan and Lyons  (1930) .

I n  1 8 9 4 ,  L o w e l 1  O b s e r v a t o r y  w a s  e s t a b l i s h e d  o n  M a r s  H i l l  i n
F l a g s t a f f ,  A r i - z o n a . ,  T h e  o b s e r v a t o r y  w a s  e x p e c t e d  t o  o b s e r v e  M a r s
and a lso  to  search  fo r  a  p lanet  beyond Nept i rne .  A f te r  Lowe11 's
f g a t h _ a n d  a ^ p e r i o d - o f -  i n a c t i v i t y . i i  t h e  s l a r c h  f o r  a n o t h e r  p r a n e t ,
the  s ta f f  o f  Lowel l -  observa tory  in i t ia ted  a  new search  program.
T h e y  h i r e d  a . y o u n g  a m a t e u r  a s t r o n o m e r  C l y d e  T o m b a u g h ,  t o  c a r r y  o u t
the  observa t iona l  p rogram and eventua l l y  a lso  to  conduct  the  61 ink
c o n p a r i s o n  o f  t h e , p l - a t e s -  , T o n b a u g h ' s  d i s c o v e r y  o f  t h e  p l a n e t  p L u t o
w a s  a n n o u n c e d  o n  1 3  M a r c h  1 9 3 0 ,  - e x a c t l y  o n  t h e - 7 s t h  a n n i v e r s a r y  o f
the  b i r th  o f  Perc i .va l  Lowel l  and 149 years  a f te r  Hersche l  ha i l
d i s c o v e r e d  U r a n u s .

F i g u r e  7 ,  a  a \ d  b ,  ( H o y t ,  1 9 8 0 )  s h o w s  t h e  p l a t e s  o n  w h i c h
Tonbaugh d iscovered P1uto .  

'The 
p la tes  were  tak 'en  o t  23  and 29

January  1 !3 -0 ,  -a1{  revea led  a  15 th  magn i tude p lanet ,  wh ich  was
d i s c o v e r e d  b y  b l i n k i n g  t h e  t w o  p l a t e s .  T h e  i r e a  c o v e r e d  b y
T o m b a u g h ' s  s e a r c h  i s  i n d i c a t e d  i n  F i g u r e  8  ( T o n b a u g h  1 9 6 1 i .  T h i s
search  was cont inued fo r  aLmost  20  years  and covered the  areas
dark ly  shaded to  16 th  and 1-T th  nagn i tude and the  l igh t ly  shaded
a r e a s  t o  t h e  1 4 t h  a n d  1 S t h  n a g n i t u d e .  T h e  d i s c o v e r i  o f ' p 1 u t o  h a s
b - e e n  r e v i e w g d  b y  H o y t  ( 1 9 8 0 ) , - T o m b a u g h  a n d  M o o r e  ( f b e O )  a n d
W h y t e  ( 1 9 8 0 ) .  S u b s e q u e n t  r e s e a r c h  o n  p l u t o  i s  r e v i e w e b  i n  a
number  o f  papers  wh ich  were  presented  in  cornrnenora t ion  o f  the  50 th
a n n i v e r s a r y  o f  i t s  d i s c o v e r y  ( I c a r u s ,  O c t .  1 g B 0 ) .

:
POST PTUTO DISCOVERY:

Af te r  the  d iscovery  o f  P1uto ,  there  fo l lowed a  per iod  o f  o rb i t
de termina t ion  and a  w idb  var ie ty  6 f  resu l ts  were  ob t i ined
( s e i d e l n a n n  e t  a 1 .  1 9 8 0 ) .  E v e n t u a l l y ,  E c k e r t ,  B r o u w e r  a n d  c l e r n e n c e
( 1 9 5 1 )  o f f e r e c l  o n e  o f  t h e  f i r s t  a p p l i c a t i o n s  o f  m o d e r n  m e t h o d s  o f
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conputat ion,  us ing a sequent ia l -e lect ronic  conputgr '  !o  s inul -
ianLousfy calcula ie the 'orb i t  o f  Pluto and the other  four  outer
p lane ts .

F igure 9,  a and b,  shows a cornpar ison between the observa-
tions oF P1ut6 and the conputation of Eckert, Brouwer, and
Ciernence, which has been the basis for the ephemeris in the
Astonomical  Almanac s ince 1960.

Photonetr ic  s tudies of  the p lanet  Pl 'u to have indicated a
ro ta t i ona t  pe r i o i l  o f  6 .5867  days -as  g i ven  i n  F igu re  10  by  Ne f f '
Lane  and  F i x  (1974 ) .  I n  1950 ,  us ing  rn i c rone te r  measu remen ts '
rn io" t  ( r950)  

-dete i rn ined 
a d i i rneter-of  6000 k i . l0rneters for  Pluto

" i i i t  t t t , i  posl ib i t i ty  that  i t  rn ight  be as sma1l  as 4000 k i lometers.
From the i rear  n iss 6f  an occul t i t ion of  a s tar  by Pl -uto,  Hal l i .c lay
ui  " t .  (1966) gave an upper l in i t  for  the d iarneter  of  6,800
ki lonetdrs.  

'Wi t t r  
the thbn accepted mass value of  1/360,0-00 and

fu iperrs d iarneter  for  PLuto,  a iensi ty  of -  50-grarns.per  cubic
l "n i i r " i " i  is  inp1ier l .  For 'cornpar ison,  - the-Earth_has.a radius of
OS iA . i l  k i l ome te i s ,  a  rec ip roca i  nass  o f  328 ,900 - .5  and  a  resg l t i ng
aeni i iy  of  5 grarns-per  cubic cent imeter .  T l tu  other^planets have
densi t ies whi ih  ranie f rom 0.7 grarns per  cubic cent i rneter  for
s; i ; i l  "p  to the Ea; th 's  densi t ! .  Thus,  compared wi th these
va lues ,  t he  dens i t y  o f  P lu to  was  unusq l l l y  l a rge ' .  La te r '
Ci" i i t i t r " i i , -p i fc t t i r r ,  and Morr ison (1976)-  observed evidence of
rn i thane f ro i t  on p lu io and concluded,  based on the inpl ie i l  a lbedo,
i t ta i  pr , r to  shou!{  have a d ianreter  of  only  2,800 to 3,300 k i lometers.

In 1978,  J in Chr is ty ,  of  the U.  S.  Naval-  Observatory,  was - -
measuring Pluto plates wirich were taken to improve the orbit. He
aeie i tea-an e longat ion of  the i rnage of  Pluto,  ar ld  not  of  the
backgrouncl  s tars.  A1so,  the e longat ion qpp-earet l . to  occur  at  a
regrr l " r  in terval .  F iguie 11 shows one of  these i lages '  I t  was a
"" i - i " i " i f i te ,  Charon"(Chr is ty  and Harr ington,  1978).  Th9 per ioc l
o i  revolut ion 'of  th is  ia te l l i te  appeared to natch the l ight  curve
per iod of  6.3867 days,  but  there i i  no reasonable way- the presence
bf  the sate l l i te  ca i r  6xpla in the anpl i tucte of  the l ight  curve.  I t
urust be assurned tfrat ttr i satell i te is in synchronous rotation with
i t re pfanet .  Recent  invest igat ions of  the i lec l inat ion res iduals of
Plut ;  by Reis,  Duncornbe,  Vai  FLandern and Pulkk inen (1981) -g ive a.

'  
i i ig t t t i i '  a iF i6t"" t  orb i ia l  per iod for  the sate lL i te .  Based on th is
in i f i i rn . t ion,  Harr ington has ' reexarnined the observat ions of  Pluto
and i ts  sate l - l i te ,  ind determined an orb i ta l  per igq- f rorn the
po l i t i o t t  ang le  and  sepa ra t i on  neasu remen ts  o f  6 ' 3871  days , ^+ '0002 '
the best  t le ierminat io i r  for  the value of  the separat ion of  the
i a i u i f i t "  i s  1 9 0 , 3 0 0  i  3 0 0 0  k i l o n e t e r s  o r  0 . 8 8 - + . 0 1  a r c  s e c o n d s
G;; ; i l ; i " " - " "a chr isTy,  1980) . -  The- ,  sate l l i te  f lern i ts  the deter-
r i i " i t io i  o f  the mass of 'P1 'uto,  but  f i rs t ,  le t  us examine the
history of  the determinat ion of  Pluto?s mass.

PLUTOIS MASS

Fol lowing the invest igat ions of  Wyl ie- l \9 !?)^  and Ecker t '
B rouwer ,  and  e lenence  (1951 ) ,  a  nass  o f  1 /3601000  so la r  nasses  was
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adopted  fo r  P lu to ,  wh ich  is  approx ina te ly  the  nass  o f  the  r r r th .  In
196b,  faced w i th  ihe  

' rnp l ied  
i lbns t ty  p rob lem fo r  P lu to  and the  fac t

that the epherneris of Neptune was Systetnatical- ly deviat ing irorn-the
observa t ions  o f  Ner , tune,  Dunconbe,  e t  a1 .  (1968)  used a  pro jc ,c t ion
techn ique as  a  tes :  fo r  the  mass  o f  P l l r to .  F igure  1-2  shows the
difference betr.een the epheneris and observations of Neptun,- '  at
tha t  t ine ,  The so lu t io i l  r tnp l le i l  a  rec ip roca l  mass  fo r  P1u:o  o f
1 , 8 1 2 , 0 0 0 ,  w h i c h  i , .  a b o u t  f 7 6  t h e  E a r t h i s  m a s s .  T h e  d e t e r r n i r a t i o n
was based on  the  use  o f  no fna l  po in ts  fo rned f ron  the  observa t ions
of  Neptune.  A  red i r ,cuss ion  o f ,  a l l  the  ind iv idua l  observa t i ; r . s  o f
N e p t . u i r e ,  t o  e l i n i n a ' e  p o s s r b l e  s y s t e n a t i c  s t a r  c a t a l o g  e f f ' c t s - ,
ina l i ca t6 t l  a  rec ip roca l  n rass  o f  3  n t l l i on ,  approx i rna te ly  1 , /10  the
mass o f  the  Ear th .

The i l i scovery  o f  the  se te l l i te  o f  P lu to  w i th  i t s  obser "ved
per iod  and separa t ion  inc l i ca tee  a  tec ip roca l  nass  o f  130 n i l l i on
i r r  2 /1000 the-nass  c f  the  Ear th .  The h is to ry  o f  the  nass  de ie r -
minations for Pluto (Teble 2) was presented by Duncornbe ancl Seiclelnann
(1980)  a t  the  F i f t ie th  annrver la ry  o f  the  d iscovery  o f  P lu to .
fhese i ta ta  were  pu t  rn to  g raph ice l  fo rn  by  Dess le r  an i l  Rqsse l l  _ (1980)
and a  curve  was i : i t  to  th6  d i ta  (F tgure  13) .  Basec t  on  th is :n fo rmat ion
Plu to  w i l l  d rsappear  in  1984.  Unfor tunate ly ,  sorne  peop le  t lok  th is
hunorous  pred ic t ion  ser rous lY .

THE PREDICTION OF PLUTO IN HINDSIGITT

The pred ic t ions  o f  the  loca t lon  o f  P lq to  by  P icker ing  and
Lowel l  we ie  c lose  in  long i 'ude .  Tab le  3  shows a  conpar ison
between the  prec l i c t ions  ar rd  the  ac tua l  o rb i t  and 'mass  o f  P1uto .
Based on our current knowledge of the rnass of P1uto. this body could
not have been the cause of the observed residuals in Uranus or
Neptune.  Thus ,  the  drscovery  has  to  be  due to  an  ass iduous  search
ra ther  than to  ! , rav i ta t iona l  p red ic t ion .

We are  le f t  w i th  some ques t ions .  Was i t  serend ip i ty  tha t
ted  to  the  d i :covery  o f  the  p la i re t  c lose  to  the  pred ic ted  p lace?
Have we d iscovered one o f  rnany  bodLes in  the  ou ter  so la r  sys ten?
Have r 're discovered the srna11 bo<ly and left  a larger body uni l is-
covered? Can the  observa t ion  res idua ls  be  exp la ined in  te rms o f
inadequate  theor ies?

Clear ly .  the  pred ic t ions  anc l  t l i scovery  o f -NePtune were  very
c l i f fe ren t  than the-pr  d ic t ions  and d iscovery  o f  P l -u to .  The d is -
covery  o f  Neptune shou l< l  be  c rec l i ted  to  good ce l -es t ra l ,nechan ics ,
wh i le - the  d iscovery  o f  P lu to  shou lc l  be  c red i ted  to  a  thorough
observa t iona l  search .

PRESENT STATUS

What  i s  the  cur ren t  s i tua t ion  w i th  regard  to  the  observa t ions
of  the  ou ter  p lanets?  P lu to  has  a  shor t  h is to ry ,  and the  observa-
t ions  are  photographs  o f  a  15 th  magn i tude ob jec t  and s ta rs  o f  a
s i m i l a r  r n a g n i t u d e , - w h i c h  a r e  s u b j e c t  t o  a  r . m . s .  u n c e r t a i n t y  o f
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about  3  a rc  seconds.  I t l i th  the  250 year  rb i ta l  per io i l  o f  P lu to
a n d  a n  o b s e r v a t i o n a l  h i s t o r y  o f  l e s s  t h a a  7 0  y e a l s ,  i t  i s  p o s s i b l e
to  f i t  the  observa t ions  bu t  the  ephQno316 shou ld  be  expec ted  to
have a  L imi te< l  l i fe - t in re  and no  con€ lug ton$ ea& be drawn f ro rn  the
observa t ion  res idua ls .  F iguro  14 ,  a  End b ,  Fhows the  conpar ison
of  the  observa t ions  w j . th  the  nqs t  regenq e l thq$@r is  o f  P1uto .

For  Neptune,  the  observa t ione l  h io ts r ry  qovers  154 years  o f
the  approx imate ly  1 ,60  year  per iod  a f  t le  l - lg$e t .  F igure  15 '  a
and b ,  shows the  compar ison o f  observe t io  a  r * i th  the  ephener is
in  r i th t  ascens ion  a i rd  dec l ina t ion .  Se i ( l  Inann,  e t  a l .  (1971)
deter rn ined an  epherner is  o f  Neptune $h iEh i t  the  observa t iona l
da ta ,  Ten years  la te r  tha t  e lhener is  Shgnts  e  gys tes la t ie  dev ia t ion
f ron  the  observa t iona l  i la ta .  Th iS  expe l i  nee eont iRues a  pa t te rn
es tab l - rshed in  the  s tud ies  o f  Newconb '  (18  t )  ,  Wy l re  (1942)  '  and
Ecker t ,  Brouwer  and c lenence.  Far  son$ ? .areR,  fhQ ephener ides
ca l ,cu l i te i l  fo r  Neptune are  va l id  fo r  p red  q t *on  fo r  on ly  a  shor t  t ine
per iod  be fore  sys terna t ic  dev ia t iqns  f rgn  he  qbseTvat ione l  da ta  apPear .
in  addr t  on  th6re  are  two 1795 obseruet tons  oS 4  s ta r  ( la te r
ident i f ied  as  Neptune)  g iven  in  La l .ande 's  * teg) t .  These observa t ions ,
wh ich  cannot  be  ieduce i l - r igorous t ry  fo  the  edapted  ga ta log  re fe rence
sys ten ,  d r f fe r  f rom the  Neptune epheneg{g  by  approxrna te ly  12  -a tc
s e c o n d i  i n  r r g h t  a s c e n s i o n - a n d  a  l l t t l e  l e s g  t h e n  t r  a r e  s e c o n d  i n
dec l ina t ion  

-Kowal  
and Drake (1980)  heve dogunonted  observa t ions  by

Gal i leo  rn  161.3  o f  Neptune w i th  res !@qt  to  the  Jup i te r  sa te l l i te
sys tem.  These observ l t rons  are  oo t  sub jee t  to  s ta?  ca ta log ,  e r fo rs  and
a r e  a n  i n d e p e n d e n t  t y p e  o f  o b s e r v e t i g l l . ' T [ g y  d f f f e r  ! r o 1  t h e  e p h e m e r i s
by  approx imi te ty  s0  i i c  seconds in  r lgh t  a€gbns ion  aad 40  arc  seconds
i n  d i l l r n a t r o n . '  T h e r e  i s  s o n e  u n c e r t E l n t y  " s  t o  w h e t h e r  G a l i l e o r s
observa t ions  accura te ly  inc l i ca te  the  pg5 i t ign  o f  Neptune or  on ly  the
d i r e c t r o n  o f  N e p t u n e  w i t h  r e s p e c t  t o  t h e  t g t Q } l i t e  s y s t e m .  T h e
u n c e r t a i n t y  i s  b a s e d  o n  G a 1 i l - e o ' s  i n d i g a t i Q a  o f  t h e  s c a l e  d i s t a n c e  f o r
tha t  observa t ion .  A t  th is  t i . rne  i t  i s  c leer  tha t  th@ pred iscovery  and
p o s t  d i s c o v e r y  o b s e r v a t i o n s  o f  N e p t q n g  e a , n o t  b e  s a t i s f i e d  b y  a  s i n g l e
ephemerrs .

Uranus  has  an  orb i ta l  per iod  o f  appro l ina te ly  80  years .  There
are  observa t ions  da t ing  bac ic  to  be fore- i7  0 ,  so  a  cornp le te  o rb i ta l
per iod  o f  observa t ions  ex is t  be fore  the  1  81  d l i scovery  and an-orb i ta l  

per io i l  o f  modern  observa t ions  ex is ts  s ince  1900.  F igure  16- ,
a  a n d  b , - s h o w s  a  c o m p a r i s o n  o f  t h e  o b s e r v a t i o n s  s i n c e  d i s c o v e r y - w i t h
an epher ie r is  a< l jus te i  to  these observa t ions .  Every  e f fo r t  has  been
made-  to  e l i .m ina le  sys tenat ic  e f fec ts  due to  ins t ruments  and s ta r
ca ta logs .  I t  i s  ev ident  f ro rn  F igure  16a tha t  there  i -s  a  s l igh t  run-
o f f  be tween the  epherner is  anc l  observa t io  s
there  is  a  s l igh t -  run-o f f  be tween the  epherner is  and observa t ions
for  the  most  recent  t ime.

T h e r e . a r e  o b s e r v a t i o n s  o f  t h e  V i k i n g  s p a c e c r a f t  i n  o r b i t
a round Mar i  fo r  a  per iod  o f  s ix  years .  l t th i le  the  t ine  per iod  is
shor t ,  the  observa t ions  are  very  accura te  anc l  they  ind ica te  a
<l i f ferent value for the rnass of Uranus than is currently adopted
by  the  IAU f t  i s  no t  poss ib le  to  sa t is fy  the  Mars  observa t ions
data  and a l l  o f  the  observa t ions  o f  Uranus  in  the  same so lu t ion .
I f  onLy  the  observa t ions  o f  Uranus  s ince  1900 are  incLuded,  the



- 4 r -
V i k i n g  o b s e r v a t i o n s  c a n  a l s o  b e  s a t i s f i e d .

_ Figure 17 cholys the cornparison between an epheneris f i t  to
the  op t ica l  obsetva t 'on t  ince  1900 in  a  so lu t ion  tha t  inc luded the
Vik ing .observa t iona l  da ta  *or  Mars .  I t  i s  ev ident  tha t  a  sys tenat ic
dev ia t i .on  rema{ns  fo r  t l l e  da t& be fore  1900.  Thus ,  the  conc ius ion
rnust be drawn that th6ie a*8e btf l l  systenatic problens with the
observations of Ufai lBF. f ihi fg ths discovery ol Neptune and pluto
have s ign i f i cen t ly  re&uced the  oB$ofva t iona i  res idua ls  o f  Uranus ,
t h e r e  s t r 1 1  r e n a i n s  a , p f d D l e n  f e p r e s e n t i n g  t h e  m o t i o n  o f  t h e  p l a n e t .

F igure  18 ,  a  q r td  b ,  shone the  compar ison o f  r igh t  ascens ion
and decl. ination obseft6t i .ol ts 0f Saturn wi.th the recent eohemerj-s
o f  Saturn .  F igd fe  19 ,  a  a t ld  D,  shows the  conpar ison  o f  i igh t
ascens ion  and i lec l in i t ion  Obsgfva t ions  o f  Jup i te r  w i th  the  recent
e p h e m e r i s  o f  J u p i t e r ,

IMPLICATIONS OF THE GURRENT DATA

I t  i s  pos6 ib le  tba t  t l i e fe  a re  sys tenat ic  d i f fe rences  be tween
the  s ta r  ca ta l -ogs  pr io r  to ,  a i ld  a f te r ,  1900.  These sys terna t ic
e f fec  s  cou ld  be  a f fec t i i l g  the  observa t ion  da ta .  I t  j . s  knom f ron
observa t ions  o f  the  r i l i nor  pLanets  tha t  sys tenat ic  e f fec ts  a re
p r e s e n t  b e t w e e n  t h e  o b s e * v a t r o n s  p r i o r  t o ,  a n d  a f t e r ,  1 9 0 0 .  I t  i s
a lso  t rue  fo r  the  th i iho t  p lanets  tha t  v isua l  observa t ions  conprorn ise
t h e  m a l o r i t y  o f  t h e  o b s e i v o t i o n s  b e f o r e  1 9 0 0 ,  w h i l e  p h o t o g r a f h i c
observa t ions  rnake uo  rnos t  o f  the  da ta  a f te r  1900.

Is  i t  poss ib le  tha t  the  e f fec t  o f  another  p lanet ,  und iscovered
a n d  e x i s t i n g  i n  t h e  o t r t e r  p a r t  o f  t h e  s o l a r  s y t e m ,  i s  b e i n g
observed? SuCh a  p lanet  eou ld  be  su f f i c ien t ly  south  o f  the
ec l ip t i c  p lane tha t  i t  wou ld  have e luded the  sys temat ic  search  o f
Tomblugh Les t  one a i lop t3  th is  soLut ion  too  p iec ip i tous l ,y ,
however ,  i t  shou ld  be  porn ted  ou t  tha t  p r io r  to  1900 there  were
resrdua ls  in  the  obgeafa t ionE o f  Mercury  and these da ta  led  to  the
pred i  t ion  and naming o f  a  p lanet ,  Vu lcan,  in te r io r  to  the  orb i t
o f  Me cury .  There  i le fe  ever l  repor ts ,  dur ing  so la r  ec l rpses ,  o f
obser ra t i  ns  o f  Vu lean.  The ac tua l  answer  to  the  prob len  o f  the
res idua ls  o f  Mercury  cane w i th  the  theory  o f  re la t i v i t y  by  E ins te in .
T h u s ,  t h e  p o s s i b r l i t y  t h a t  t h e r s  n r t  b e  i o m e  u l t e r i o r  c o r r e c t i o n  t o
o u r  g - a v i t a t i o n a l  m o d e l  c a n n o '  b e  d i s c o u n t e d .

There  are  severs  poss ib le  approaches to  f ind ing  another  p lanet .
Based on  the  observa t lon  res l i lua ls  fo r  each o f  the  ou ter  p lanets ,  a
d i rec t ion  to  a .per tu rb ing  body  tha t  wou ld  p roduce these res idua l -s
can be  de termined Then one can s -ek  cons is tency  arnongst  the
d i rec t ions  f ro rn  d i f , fe ron t  p lanet '  as  a  c r i te r ion  fo r  the  va l id i ty
o f  s u c h  t e s t s .  A 1 s o ,  p r e s e l e c t e d  e s t  o b j e c t s  c a n  b e  r n c l u d e d  i n
nuner ica l  in tegra t rons  in  the  ho  e  o f  reduc ing  the  res idua ls  in  the
observa t ions  o f  these p lanets .  Another  approach rs  to  no te  the
pecu l r -a r  na ture  o f  the  ea teL l i te  sys tem o f  Neptune,  w i th  one
s a t e l l i t e  i n  a  v e r y  e l l i p t i c a l  o r b i t ,  o n e  s a t e l l i t 6  i n  a  r e t r o g r a d e
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orb i t  and,  in  addi t ion,  the p lanet  Pluto in  an orb i - t  which in tersects
iht -orb i t  o f  Neptun- .  

' f1"  
hyaothesis  ex is ts  that  maybe sorne object  -

cane close to this 
-Neptunian'iystenr 

end caused the presently observed
i i i iu-o i  the sate l l i i -es of  Neptune,  whi le  e jectug Pluto f ron the
sa te l l i t e  s )  s ten .

I t  is  a lso possib le to i lo  a systenat . ic  search fo? an undiseovered
planei  us ing cur i .eni -p iate f i les a iqui re i l  for  proper not ion studies,
to nake ,p"Ei . l  o fs"r i ra i ions of  l i :n i ted areas based- on predict ions
iiom irte ibot'" "ppi;;;[;;; ;r io nate a whole new-rkv survev' Th9

irt"""ut of frnil i ir 'g ;;;;h;; p!an"-t obviously i lep-end on whether such
"--o i "n" t  rL 'a11y " i i i [ i ;  n ;* 'br ight  i t  is ,  how ?ast- i t  T ght  be -
rnoi i t rg  a ' .  the t r rne of  iearch,  -how accurate the Dredict lons are t rom
the celest ia t  mecnanics calculat ions,  the qual i ty  of - the astronetr ic
search observatio"i--""a itte-ittoto"ghtiess of the exanination of the
sea rch  p la tes .

Fina ' i ly ,  the quest ion wi l l  ar ise as to whether  th is  new
aiscovei i  a6ier . ' " t ' [ f r " -noiat ion of  being.another  p1a1: ! '  wi th the
;;a;;;e-ir"is of pLui;, ih" separation b6tween rninor and principal
p lanet  is  not  c leai ly 'def ineal .  How nassive or  large does an
;b ; ; ; ;  r t " "u - i o - t "  t o ' r e  c l ass i f i ed  as  a  p r i nc ipa l  pLano t?

CONCLUSION

W e h a v e f u n p r o v e d t h e e p h e r n e r i d e s o f t h e . P l a n e t s b a s e d o n t h e
new set  of  ast rononical  con; tants for  inc lus ion in  nat ional
l rpf t "^"" ia"s- feginning wi th-1984.  -However,  we st i11 have sone
;;;; i; i l t aisciepancies. certainlv,-the ephemericles for Neptune
ancl  p luto wr11 need i rp"o*r" t "nt  in ' ibout  a-decade.  The gPhener is
" i -Ui . . " " i  f r r i ,  " f  ne-J is i ty ,  been based 9t l1y 9n-observat ions s ince
L900,  because a "o" t i t i i " i '6pt t " tn" t is  could i rot  be prepared basei l
o" "if the availati!-otiervaiional i lata. With the new epherner-is,
the observation residuals of uranus are adnittecll 'y -srnal1er. Howevet'
ioro pi"n"tr tt".te "fi""ai-t""" discovered basecl on the notion of
Uranus.  Are there more?
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Figure Captions

Fig. 1. The difference between the observa.tions and the theory
of  Uranus in 1845.

Fis. 2. The difference between the observations anal the 1873
thEory of Le Verrier for Uranus in 1915.

Fig. 5. The difference between the observations and the 1903
thEory of  Gai l lo t  for  Uranus in 1915.

Fis.  4.  Conpar ison of ,  uranus observat ions wi th (a)  te .verr ier 's
i f tE i ry ,  1t j  

' l ic ter ingrs 
orb i t  wi th a predicted p lanet  ' ro"  and

(c )  Ga i l l o t r s  t heo rY .

Fig.  5.  conpar ison of  uranus observat ions wi th Newconbsr  1904
ifrEory of Urinus. There is a 1"5 corfection in the origin at
fSOq io put Uranus close to the theory of Newcomb'

Fig. 6. Cornparison of uranus observations from Paris and Greenwich
* i i t t  t "  Verr ier ' r  ih"oty and observat ions f ron Washington wi th
Newcomb I s theorY.

Fig.  7.  Pluto d iscovery p l .ates taken on 23 and 29 January 1930.

Fis.  8.  The area coverei l  b) t  the t rans-Neptunian p lanet  search
o f - t owe l1  Obse rva to ry  1929 -1945 .

Fig.  9.  cornpar ison of  Pl .uto observat ions wi th the in tegrat ion of
Ecler t ,  Broui rer ,  and Clenence in (a)  r ight  ascension and (b)
dec l i na t i on .

Fis .  10.  The l ight  curve of  Pluto for  an assuned per- ioc l  of
O?5SOZ; nagni tu i le  reduced to nean opposi t ion versus Phase '

F ig.  11.  The Elongated i rnage of  Pluto indicates the ex is tence of
a  sa te l l i t e  o f  P1u to .
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Fig.  12.  Conpar ison in r ight  ascension of  observat ions t r i th
nuner ica l  in tegrat ion for  Neptune wi th a rec iprocal  rnass of  Pluto
o f  1 8 1 2 0 0 0 .

Fig .  13 .  Es t ina tec l  Mass  o f  P lu to  versus  t i rne .  Ihe  do ts  a re
experirnental data, the sol id l ine represents t lre equation which is
the best fit curve on which- tlre tlreory is d.evelopeil .

F ig ,  14 .  Cornpar ison  be tween P lu to  observa t ions  and a  recent
ephener is  in  (a )  r igh t  ascens ion  and (b )  dec l rna t ion .

F ig .  15 .  Conpar ison  be tween Neptune observa t ions  and the  1984
epherner is  in  (a )  r igh t  ascens ion  and (b )  dec l ina t ion .

F ig .  16 .  Cornpar ison  in  (a )  r igh t  ascens ion  and (b )  dec l ina t ion
between Uranus  observa t ions ,  1781-1980,  and an  ephener is  f i t  to
a l l  t h e  d a t a .

F ig .  17 .  Conpar ison  in  (a )  r igh t  ascens ion  and (b )  dec l ina t ion
between Uranus  observa t ions  1781-1980 and an  eohemer is  f i t  to
Uranus  observa t ions  pos t  1900 on ly .

F ig .  18 .  Conpar ison  be tween Saturn  observa t ions  and.a  recent
ephemer is  in  (a )  r igh t  ascens ion  and (b )  dec l ina t ion .

F ig .  19 .  Conpar ison  be tween Jup i te r  observa t ions  and a  recent
ephener is  in  (a )  r igh t  ascensxon and (b )  dec l rna t ion .
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Table 1. Neptune Elenents

Elernents Walker LeVerrier Atlans

o

e

i

o

{r}

P

m

(nean distance)

(eccent r i c i t y )

( incl ination)

(nass,  sun = 1)
( longi tude 1847 .0)

( L o n g i t u d e  o f  n o < l e )  1 3 1 0 1 7 ' 3 8 "

( l o n g i t u d e  o f  P e r i h e l i o n  0 0 1 2 ' 2 5 "

( p e r i o < l ,  i n  y e a r s )  1 6 6 . 5 8 1

3 A . Z S

0 .  0 0 8 8 4

1o54  r  54 ' r

0 . 0 R 0 0 6 6 6
328"7 t  57"

3 6 .  1 5

0 . 1 0 7 6 1

*

*

2 8 4 0 4 5 '

2I7 .387

0 . 0 Q 0 1 0 7 3
326" 32'�

3 7  . 2 5

0  . 1 2 0 6 t

*

*

2 9 9 0 1 1 '

2 7 7 . 3

0 . 0 Q 0 1 s 0
329" 57 '

*Not  p rec l i c ted
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T a b l e  2 .  M a s s  D e t e r m i n a t i o n s

D a t e fnves t iga tor Observa t ions  Mass  in  te rms
of  the  Ear th

1 8 4 8

1 8  9 9

r908

1900

191  t

I  9 t8

1 9 t  0

1  9 t l

19 f1

1 9 4  0

L942

1 9  5 1

1 9 5 5

1968

r971 .

1 9  7 1

L97 6

1 9 7 8

J .  B a b i n e t

l{ .  Lau

l .  P i c k e r i n g

B .  G a i l l o t

P .  LoreL l

l .  P i c k e r i n g

J .  Jackson

i l i cho lson and Maya l l

E .  Brown

V.  Kourganof f

L .  W y l i e

Ecker t ,  Brouwer ,
and C lemence

Brouwer

Dunconbe,  K lepczynsk i ,
and Seidelnann

Seide l rnann,  K lepczynsk i ,
Duncombe,  and Jackson

Ask,  Shap i ro ,  and Smi th

C r u i k s h a n k ,  P i l c h e r ,
and Mor r ison

Chr is ty  and Har r ing ton

Neptune

Uranus

Uranus

Uranus, Neptune

Uranus, Neptune

Uranus, Neptune

Neptune

Neptune

Uranus

Uranus

Neptune

Neptune

Uranus, Neptune

Neptune

Neptune

Uranus, Neptune

Albedo

Sa te l  L  i t e

L 2

9

2

J

6 . 6

0 , 7  s

1 . 0

0 .  9 4

0 . 5

1 . 0

0 .  9 1

1 . 0

0 . 8 2

0 .  t  8

0 . 1 1

0 .  0 8

0 .  0 0 4

0 .  0 0 2
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Table 3. Pluto, Predictions and Actual

MEAN DISTANCE

PERTOD, YEARS

e

I.ONG PERITTELION

DATE PERIHELION

0

i

LONG 1930 .0

MAGNITUDE

UASS (EARTH = 1)

P.  Lowel l
1915

4 5 . 0

282

0 .  4 0 2

3e4?e,

1 9 9 1 . 2

1,0o ' ,

Lsz?7

12  to  15

6 . 7

lf. H. Pickering
1919

5 5 . 1

4 0 9 . 1  ,

0 .  3 1

2S091

t 7  z 0  , o

1000

1 5 0  ,

10296  :

1 5

2

Actual
Pl.uto

3 9 . 5
t '

248

"  0 .246 "

222?s

1 9 8 9 . 9 -

10e96

1791

1 0 8 9 s ,

1 5  :

0.00,2
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SATURN.ITS RINGS AND SATELIIITES, A CELESTIAT MECHANICSLABORATORY

P.  K .  Se ide lmann
U .  S .  N a v a l  0 b s e r v a t o r y ,  W a s h i n g t o n ,  D .  C . 2 0 3 g 0

Introduc t  ion
F6rn-E5iEary to May 1980, when the rings of Saturn were
.q:?: : " : :9_g9g"y i r :  to  the Earth,  severai  observ in! - -g"o"pr ,
us lng specrat  equiprnent ,  undertook prograns of  oble ivat ion
?_ i1 :9  : !  de tec t i ng  t he  fa in t  p - r i ng '  f eE iUe i ,nan , - iS6 i j - " "alnne r  noons .  repo r ted  a f t e r  t he  1966 - r i ng_p lane  c ros i i ng
. (Do l l . f us  r968 ,  Foun ta in  and  LJ rson - i sz7 , -A la ; ; ;  ana - i i an t r i n1 9 7 8 ) .

+_. : I l :  g !  _ gf  _ - th:  ;pa:e.  Telescope Wide f  ie  l i t l  p t  ane tary CanerarnvesErga t l on  De f i n i t i on  Team sough t  t o  make  these  obse rva_t ions wi th a charge coupled DevicE (ccD) caner"  " "a- i " " r "about  such -a cameia at  
' the 

same t ine.  ^ .  i t re  p-"opr" ' - "ur i iv ing
. in  F lagstaf f  were , ' .  A.  Baun,  Lowel l  OUseiv i io iy ,  i l -durr ie ,U . - o f  M a r y l a n d ,  D .  p a s c u  a n d ' p .  X .  S e i d e l n a n n  i i ' U - . - S l - N a v a luDse rva to ry .  J .  A :  Wes tpha l ,  t he  p r i nc ipa l  I nves t i ga to r  o frhe^wF /pc  ?eam, .  and  G .  E :  Da ; i e r son -o r  c i i i e i r , ' i i i i i " i J " t "a
a t  Ca t i f o rn ia  obse rva to r i es .  o the r  menbe ; ; - ; i  { [ ! - f r r i Fctean  a re  J .  E .  Gunn ,  p r i nce ton ,  A , .  D .  Code ,  U .  o i -w i s i ons in ,T . - F .  K e l s a l t ,  G o d d i r d  S p a c e  T i i g l t  C e n t e r ,  J .  K r i s t i a n ,  M t .l f f l son  Obse rva to r l , . c . .  R :  Lynds , "K i t t  pea t 'U i i t ; ; ; i -Ob ; " r -
ya tp ry  and  B .  A .  Smi th ,  U .  o f  A r i zona .

Our observat ions were nade on the 61 inch astronetr ic  ref lec-to r  o f  t he  U .  S .  Nava l  Obse rva to ry  F lags ta f f  S ta i i cn .  
-D .

l l f :". . l lp l :_I: s"idetmann rnade furthei ousirval iJi i ' i " 'u"y
r v o r  w l r n  s l n l l N r  i n s t r u n e n t a t i o n .  T b i s  p a p e r  d e s c r i b e sthe observat ional prograir  and i ts results,  i t , t r i . i i - inai i" i "
: : : . . l l t : I : : l i ng  :e fesr ia l .mechan ics  p rob lens  presented  by  theDaEurn systen, parts of this paper are inclui led in papers
by .Baum_et  a t  (198r ) ,  Se ide lma i r .n 'e t  a l  f i s8 i i - ina- i i " I i i ng .o"a n d  S e i d e l m a n n  ( 1 9 8 1 )
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lns trunentatign
A coronagrapr l lc  s l 's tem,.designed by Baum' (Baum' et  a l  19Bl)

i i" i-"t '-a' ir ig,rre i1- ir." Saiurn disk the A and B riags'

and the c lass ical  . " t " i f i t " t  r *ere s i rnul taneously masked'

i l;"i;; i t i i- i t i  s-i itg ana its surrounding background to

; ; - ; i l i . ; i i i '  rerayed.  t ;  the detectcr '  This  procedure per-

nitt;d expolures irp to 4 ninutes in duration (equivalent to

l"iJ..r-i i6urs-prrotbgiaphicalrv) w-itfr 'out saturati lg the ccD

and causing . r ,  or .etElo i  o f  extLss charge '  A d i f ferent  nask

was nade for  each " i i f r l , - " ta-  i t  nr"s-dei igned for  Saturn.  and

i i l l  l . t i r i i l " i  io  o""p i i "Ja-oJnina d i f fe ient .par ts  of  the

, i l l t - " i - l te-n igrr t  p io i iessea.  These focal -o lane nasks,  as

; ; i i  ; ;  i i i i  p"i ir  i l ; ; f l ;- ; l ; ;- '"a" ov photo-itching a thin
6"rirf irr-.obp'ur rnl l i ' ""a-ioit ing i t '  afterward with catLon-
b 1  a c k .

Por t ions  o f  the  Cassegra in  i rnage p-a-ss ing  the- foca l -p lane mask

; ; ; ; - ; ; i " ; "a- io  * , " -aEi" . to t  bf  a 'wrav l ransfer  lens '  rhe

t rans fe r  rens  was  ; " ; - i ; ;  a  2 :1 ,  i 41g9 ' reduc t i on '  r esu l t i ng - i n

a scale of  28 arcs; ; i ; : -  fn"  i iura"rens near the cassegrain

i " i " t l - tog" ther  wi ih ' ihe f ront  e lenents of  the t ransfer  lens '

r toa" i "a i  sharp inage of  the ex i t  pupi l  o f  the te lescoPe

t i ] ! ] ] - i " - r ; ; ; ; ' " i  t f ie  pr inarv n l r ror-  together  wi th the

shadow of  the t " "ot t i . iy ' "age ina su-pport ins st ruts)  at  the

i r i r -pr"""  of  the l t . " " r " i " iu" t '  wi l in  a p ip i l  nask '  of  the

forn shown in r igu ie- i l - * " t -p" t  in-ptace br ' the i r is  of  the

; ; ; ; t ; ; ; ' i " t i ,  t [ " ' io t i " i i -o i  the fbur  quadrants of  the pupi l

were deleted f rorn th; - ; ; ;  U" fotu i t -  reached the detector '
The detector  was t r r " -gr"" i ia-uaiea ccD camera systen developei l

" i  t t r "  ca l i forn ia ins i r tu te of  Technology for  the space

i " r " i i " p " -w ia ; '  F ie ie i ; i . " " i " t i  Ca rne ra  I i ves t i sa t i on  De f  i n i t i on

Team. At  the t i t " - i?-  i [ "  i " t i " "  observat ions-of  March- l980
i i i r ' . " t " t "  ionta inea a developnenta l  500 x 500 p ixel  Texas

i ; ; ; t ; ; ; ; i ;  ccD,  housecl  in  a | lqu id-a i r  dewar and therrno-

; ; ; ; i ; ; i i i - r " i " i " i i l a -u t - l r i ooc . '  Each  p i xe l  was  app rox ina te l y

i ; - ; - i ; - i l t , - i "  i t "  t o ta l  de tec :o r  a rea  i vas  7 ' 5  x  7 ' 5  nn '  r n

i l l y - ' r ge r - ; i  soo  *  eoo  p i xe r  CCD wa ; - rns ta l l ed  and  the

tempera tu re  , " ,  , " i i i " I ; ; a - . 4 - -131oC.  Each  p i xe l  was  15  x  l 5
, ,m- The ccD "us o i iJ" ied such that  the p ixel  array l ras not

l i ign"J-* i th  the Saturn r ing p lane,  d i f f ract ion axes '  nor

i . rEi iop"  not ion a ie i .  The-eiposyres were made through a

f i l ter  having " . " " i . " r  wavereis l !^(1. )  of  700 nrn and a fu l l -

; ia;[:.;:h"r?-tnaxirn" (FltHM) of-2'60 nit '  Exposure times were

contro l led by an J" i t i " " i i ' in terval  t imer ind a Unib l i tz

i t r ' r t tu . .  In iges wete d ig i t ized wi th a 16-b i t  A/D converter

;e- ; ; ; "  recoided on uragi .et ic  tape'  tandard procedures were

"i"a i"i bias subti."l i [" ""a foi aleterniniig relative pixel

sensi t iv i t  ies.
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E-Rine
fFT*est E-ring ptrotonetry wa.s obtaiaed duriag the ni€hts
irunediately fol louiag r iag-plane passa.ge in 198O. T[e
total f ield covered by the detector was 215 x 215 arcseconds,
and each-  p ixe l  was  0 .43  x  0 .43  arcsecond.  Saturn  nras  a t  a
d is tance o f  8 .448 a .u .  f ron  the  Ear th ,  so  a  Saturn  rad ius
(Rr )  was  9 .865 arcseconds,  and L  arcsecond was 6126 kn .

Three dif ferent versions of part of a sanple CCD frane are
repro f lucgd in  F igure  2 .  I t  was  a  60-second exposure  ob ta ined
at  08"38" 'UT on 15  March  1980.  The top  vers ion  represents
the original f lat-f ieldecl image displayed with six of the
ful l  16 bits of dynanic range, such that the most signif icant
b i ts  in  the  or ig ina l  sgene are  c l ipped,  resu l t ing  in  i sophota l
contour ing  o f  the  br igh tes t  a reas .  Except  fo r  sca t te red
l igh t ,  near ly  a1 l  o f  the  s igna l  in  the  r ing  p lane be longs  to
the  E r ing .  .The Saturn  d isk ,  the  A and B r ings ,  and the
p r i n c i p a l  s a t e l l i t e s  a r e  a l l  o c c u l t e d .  S e v e r a l  s t a r  i m a g e s
can be  seen,  inc lud ing  one a t  7 .2R"  tha t  n igh t  be  rn is taken
for  a  sa te l l i te  near  the  r+es tern  e i ld  o f  the  E r ing .

In  the  n i i ld le  vers ion  o f  the  image in  the  f igure ,  the
scat te red  l igh t  due to  Saturn  has  been la rge ly  removed w i th in
two rec tang les  conta in ing  the  E r ing .  Th is  was done by  f i t t ing
the  rad ia l  d is t r ibu t ion  o f  sca t te red  l rgh t  w i r th  a  snooth
func t ion  and subt rac t ing  i t  f ron  the  top  vers ion .  The br igh t
p e a k  o f  t h e  e d g e - o n  E - r i n g  p r o f i l e  a t  3 . 8  R .  b e c o m e s  r e a d i l y
a p p a r e n t ,  a n d  a  n e w  1 8 . 5 - m a g n i t u d e  s a t e l l i t E  c a n  e a s i l y  b e
s e e n  a t  4 . 8 R ,  o e  t h e  w e s t  s i d e .

T h e  b o t t o n  v e r s : o n  o f  t h e  i m a g e  i s  s i m i l a r  t o  t h e  m i d d l e
v e r s i o n ,  b u t  t h e  c o n t r a s t  h a s  b e e n  i n c r e a s e d  ( " s t r e t c h e d " )
t o  s h o w  m o r e  o f  t h e  o u t s k i r t s  o f  t h e  E  r i n g .  A t  t h e  c e n t e r
o f  the  bo t ton  vers ion  we have super rnposed par t  o f  another
f rame to  ind ica t , , :  the  loca t ion  o f  the  edge-on A and B r ings
( w i t h  t h e  d i s k  o f  S a t u r n  m a s k e d )  a t  t h e  s a m e  i n a g e  s c a 1 e .

A c r o s s  t h e  b o t t o n  o f  t h e  f i g u r e  i s  a  s c a l e  i n d i c a t i n g  t h e
d ie tances  to  the  prev ious ly  known sa te l l r . tes  o f  Saturn .

F igure  5  shows an en la rgenent  o f  the  west  s ide  o f  the  .E- r ing
and an  inage o f  1980525 whrch  is  a  sa te l l i te  a t  the  L5
l ib ra t ion  po in t  o f  Te t t rys .

Each i rnage was s l i ced  i r r . to  nar row s t r ips^Cl  x  45  p ixe ls )
p e r p e n d i c u l a r  t o  t h e  r i n g  p l a n e ,  ' . e . ,  4 Y 6  f r o n  a  n o r . h - s o u t h
1irre. Tfrey were aPProximatel l  adjacent to one another outward
fron Saturn. A traverse of the data r i thin each of these
s t r ips  y ie lded a  p lo t  o f  re la t i ve  E- r ihg  br igh tness  versus
d is tance f rom the  r ing  p lane.  Each t raverse  was then f i t ted
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r t i t t r -  a  Gauss ian  curve ,  expressab le  in  te rns  o f  two nunbers :
an area and a widt lr-.  The area, after cal lbrat ion, is a
neasure  o f  the  in tegra ted  edge-on Er igh tness  o f  a  s ing le -
p ixe l - th ick  s l i ce  across  the  E r ing ;  wL i le  the  w id t l r -  (e i ther
o  or  FWHM),  a f te r  deconvo lu t ion ,  represq.n ts  the  edge-on
spread o f  the  E r ing  above and be low-  i t s  cen t ra l  p1ane.  one
shou ld  bear  in  rn i ld  tha t  these edge-on paraneters  do  no t
represent  the  spat ia l  d is t r i6u t ion  o f  r ing  na ter ia l ;  they
ar l  a  two-d i rnen i iona l  p ro jec t ion  o f  a  th ree-d i rnens iona l
s p a t i a l  d i s t r i b u t i o n .

The t raverse  areas  f ton  severa l  f rames,  re -expressed in  te rns
o f  1 -arcsecond- th ick  s l i ces  and t rans la ted  in to  s te l la r
nagn i . tudes ,  a re  p lo t ted  in  F igure  4  aga ins t  rad ia l  d is tance
ou lward  f ron  the-center  o f  Sa iu rn .  T t ree  o f  these pro f i les
represent  the  west  s ide  o f  the  E r ing  wh i l .e  the  o ther  th ree
r e p r e s e n t  t h e  e a s t  s i d e ,  b u t  t h e y  a r e  a l l  p l o t t e d - w i t h  t h e
r a d i a l  d i s t a n c e  f r o m  S a t u r n  i n c r e a s i n g  t o  t h e  r i g h t  s o  t h a t
t h e  w e s t  a n d  e a s t  s i d e s ,  a s  w e l l  a s  p r o f i l e s  f r o n  d i f f e r e n t
d a t e s ,  c a n  r e a d i l y  b e  c o n p a r e d  w i t h  o n e  a n o t h e r .  T h e  r e a l i t y
o f  a n y  d i f f e r e n c e ' r n u s t  b e  j u d g e d  w i t h  r e f e r e n c e  t o  t h e
a n p l i t u d e  o f  t h e  n o i s e  i n d i c a t e d  b y  t h e  s c a t t e r  o f  t h e
p t o t t e d  p o i n t s ,  A s  a l r e a d y  n e n t i o n e d ,  v e r y  l i t t l e  o f  t h i s
n o r - e  i s - o f  i n s t r u n e n t a l  o r i g i n ;  j . t  i s  p r i n a r i l y  d u e  t o  t h e
f u n d a m e n t a l  / i '  s t a t i s t i c s  o f  t h e  p h o t o e l e c t r o n s .  A s  a  r e s u l t ,
t h e  n o i s e  i . s  l o w e s t  f o r  t h e  l o n g e s t  e x P o s u r e  ( p r o f i l e  W 1 )  a n d
h i g h e s t  f o r  t h e  s h o r t e s t  e x p o s u r e  ( p r o f i l e  E l ) .

F i g u r e  5  i s  a  s i m p l e  s u p e r p o s i t i o n  o f  t h e  s i x  e d g e - o n - E - r i ' n g
p r o f i t e s  o f  F i g u r e  4 .  T h e  a b s c i s s a  i s  l a b e l l e d  i n  u n i t s  o f
3 a t u r n  r a d r r  

- T h e  
f e w  a d d i t i o n a l  p o i n t s  a t  I a r g e  r a d i i '

p l . . t t e d  a s  c r o s s e s  ,  a r e  n e a n s  o f  7  t o  1 0  t r a v e r s e s  e a c h  '
S e n i - n a j o r  a x e s  o f  t h e  o r b i t s  o f  M i n a s ,  E n c e l a d u s ,  T e t h y s ,
D i o n e ,  i n d  R h e a  a r e  i n d i c a t , e d  b y  t h e i r  e n c i r c l e d  i n i t i a l s '
T h e  r e c t a n g l e  1 a b e l 1 e d  A  n a r k s  t h e  i n n e r  a n d  o u t e r  e d g e s  o f
t h e  A  r i n g .

T h e  w e l l - d e f i n e d  p e a k  f a l l s  a t  3 ' B R . r  j q s t -  a  b i t  i n s i d e  t h e
E n c e l a d u s  o r b i t ,  i s  w o u l d  b e  e x p e c t B d  i f  t h e  t r u e  n a x i n u n  o f
th ree  d in ,ns iona l  d is t r ibu t ion  co inc ides  w i th  the  Ence ladus
orb i t .  A l though the  pro f i le  may change s lope.  in  the  v ic in i ty
o f  t h e  T e t h y s  i n d  D i o n e  o r b i t s ,  t h e  r e l a t l g n s \ i ! - o f  t h e  E
r i n g  t o  E n c b l a d u s  a p p e a r s  t o  b e  o f  a  t o t a l l y  d i f f e r e n t  -
c h a i a c t e r .  T h e  o b s b i v a t i o n a l  e v i d e n c e  s u g g e s t s  a  c a u s a l
connect i  n  be tween Ence ladus  and the  E- r ing .  F igure  6  suggests
ttr.at there rnay be sl ight bunchrng of E-r i lg part icles in the
v ic in i ty  o f  the  t ra i l ing  Lagrang ian  po in t  (L . ) ,  bu t  the
ev idence is  narg ina l .  An  a l te rna t ive  in te rp ie ta t ion  migh t  be
to  suppose the  presence o f  an  "Ence ladus  B"  sq te l l i te '
enrbedd-ed rn  the  E r ing  and l ib ra t ing  around the  L t  po in t "
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S a t e l l i t e s
As . I - IAUC 3574 nore  th -an  140 0bserva t ions  o f  neu sa ter l i teswere  repor ted  in  the  c i rcu la rs  by  a l l  observ* . ,  , i " i " -Novernber  1979.  fdent i t ies  be twe in  nany  o f  tnese i inew, ,
s a t e l l i t e s  w e r e  n o t e d  i n  t h e  c i r c u r a r s  a n d  t h . r e e  n e w  s a t e l r i t e sw e r e  r e c o s n i z e d .  

,  l h . g s e  a r e  - 1 9 8 0 S 1  ( S 1 0 )  f r n a g .  i a l  
- " n J  

t 9 8 0 S 3
l l t  t  I  t * rg ._  15)  wtL ich  move in  "J " i f  r  the  same orb i t  a t  ad i s t a n c e  o f  Z 4 ' . ' s  f r o n  S a t u r n  a n d  t g 6 o s 6 _  ( S t 2 )  t ^ " g .  i d , 1 ,  k n o w na s  " D i o n e  B "  b e c a u s e  i t  i s  r o c a t e d  a t  t n J - i , ' p J i i i ' o i " o i o n u -

l : r . " l t .  X : f :g : :  d iscovered th ree  inner ' i " t3 r i i i u ,  ! i s ,  rq ,and r5 '  F iowever ,  - there  rena ined observa t ions  tha t  a iJ  no tf i t  a n y  o f  t h e s e  o b j e c t s .

a .  O r b i t a l  c o m p u t a t i o n s

I n i t i a l l y ,  n u m e r i c a l  i n t e g r a t i o n s  w . e r e  c o n p u t e d .  f o r  o b j e c t si n  o r b i t s  s i m i l a r  - t o  r 9 8 0 5 1 ,  1 9 8 0 s 3 ,  a n a  1 6 s 0 i o  " i a  i i ! o  r o ,2  d a y  a n d  6 . d a y  o r b i t s ,  t o  d e t e r n i n e  w h e t h " ,  f " . i u r ' I i i o n ,d u e  t o  r h e  t a r g e  c t a s s i c a t  s a t e t l r t e s  h a d  "  , i ; ; i i i ; ; n i  e r r e c td u r i n g  t h e  s h o i t  t i r n e - s p a n  o f  t h e - o 6 s e r v a t i o n r :  
- i h ; - ; y a , n i . c g 1

m o d e l  w a s  p l a n a r ,  i n c l u i e d  t h e  J ,  a n d  J r - i ; ; ; ' o f ' b i t i i n , ,
p o t e n t i a l  f u n c t i o n  a n d  p e r r u r b a t f o n s  d u 3  t o  i " t " i r i i . i ' rt h r o u g h  V I I I ,  b u t  e x c l u d e d  p e r t u r b a a i o n s  d u e  t o  i i - , " - S u n .  N os i g n i f i c a n t  p e r t u r b a t i v e  e f l e c t s  w e r e  d e t e c t e a  o v e i  a - s i r o r tt i n e  p e r i o d .

N e x t r - a p p r o x i m a t e  e p h e r n e r i d e s  w e r e  c o n r p u t e d  f o r  t h e s e  t h r e es a t e l l i t e s  w h i c h  w e r e  u s e d  t o  m a k e  a  f i r s t -  p i i i  . i - i J r e c t i n g
t h o s e  o b s e r v a t i o n s  a s s o c i a t e d  w i t h  e a c h  o i u i i . -  i * p r " " ! a
o r b i t s  w e r e  d e r i v e d  b y  d i f f e r e n t i a r  c o r r e c t i b n  t o  t h e  i e l e c t e do b s e r v a t i o n s  a n d  t h e  s e l e c t i o n  p r o c e s s  t v a s  r e p e a t e d .

b .  C o - o r b i t i n g  1 9 8 0 S I  a n d  1 9 8 0 S 3

s m i t h  ( I A U C  3 4 8 3 )  h a d  s u g g e s t e d  t h a t  1 9 8 0 s 1  a n d  1 9 8 0 s 3  w e r ei n  t h e  s a m e  o r b i t .  T h e  o i r i t  o r  1 9 g 0 s 1  i s  a b o u t  t t t " - i " r o "  " ,t h a t  g i v e n  f o r  1 9 6 6 5 2 - b y  F o u n t a i n  a n d  L a r i " r - i i s z i i - " n J  u yA k s , n e s  a n d  F r a n k l i n  ( 1 9 7 8 )  .  T h e  p r e s e n t  p r e c i s i o n ' o i  i t r u
r n o t i o n s  d o e s  n o t  n e r n i t  c o n f i d e n t ' i . d e n t i f i c a t i o n  o r - i s g o s r  o r1 9 8 0 S 3  w i t h  e i t h e i  r s o o s t  o r  r s 6 o s i .

T h e  t w o  s a t e l r i t e s  k n o v m  a s  l g g O s l  a n d  l 9 g 0 s i  h a v e  r e v o r u t i o np e r i c d s  o f  a p p r o x i n a t e l y - 1 6  h o u r s  4 0  n i n u t e s  a n a  d . i i i e i  b yo n l y  2 8  s e c o n d s .  s u p e r i i c i a l l y ,  t h i s  i n d i c a t u s  t t r a i - i h e
c e n t e r s  o f  t h e  s a t e l r i t e s  w o u l d  b e  w i t h i n  a g  k i l o n e i e r i  o r
each o ther  a round March  1 ,  1gg2,  and were  in  t f r .a t  re la t i ve
p o s i t i o n  i n  n i d - J a n u a r y  1 g 7 g .  E i t . h e r  t h e s e  s a t e r . r i i e s - a . e
I : l I '  

t lans i to ry  phenornena,  o r  there  is -sorne  dynamica l
m e c h a n i s n ,  s u c h  a s  l i b r a t i o n ,  t h a t  p r e s e r v e s  i h e  s t a b i . l i c y
o f  the  s fs te rn .  A  ser ies  o f  numer ic i l  in tegra t ions  o f  the
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saturnian satel l i te systelo was undertaken to exanine this

ques t ion,

The drrnarnical model included Saturn wittr .  oblateness (-using

ine vl. fnet of J2 and J4 given in t fre l98l ASTR0NOMICA'L
ALMANAC) ,  the  f i rs t  e ig t r i  ma jor  sa te l l i tes ,  I  lus  whatever
tes t  sa te l l i tes  r re re  under  inves t iga t ion .  A11 orb i ts  were

ro ia t id  ( ra t l re r  than pro jec ted ,  to  p reserve  f requenc ies)  in to

ihe  prane-  o f  the  r ing i  o i  Sa turn ,  a  s ign i f i c " l t  'PPIST ina t ion
o n l p f o r  t h e  o u t e r  t w o  s a t e l l i t e s .  M a s s e s  a ' r d  o r D r t a r
Darameters w€re agaln taken frorn the 1981 ASTRoNOMICAL ALMANAC.

ih ; l ; ; i - i . i " r r i tE t  $ere  assuned to  be  iso la ted ,  in  tha t  the
p l i tu ina t ions  o f  the  Sun and Jup i te r  were  no t  cons idered.  The
' t ;=a- ; ; ; ; ; i  

*e t "  f i r s t  de i luced i ro rn  the  rePor ted  nagn i tudes ,
and these were  used fo r  most  exper inents '  The nasses  were

i " iu .  i " " i . sed  downward  when Voy iger  I  da ta  on  the  s izes  o f

the  sa te l l i tes  becane ava l - lab le '

I n  t h e  m a j o r  e x p e r i n e n t ,  r n a s s e s  o f  2  x  l 0 - 8  a n d  B  x  l 0 - 9

o f  t t .  na is  o f  Saturn  r re re  used,  and the  sys tem was in tegra ted
i i o r  f " U t , r . r y  1 6 ,  1 9 8 0 ,  f o r w a r d  t o  A p r i l  3 ,  ' 0 6 2 ,  a n d

u r i f " " t a t  t o ' N o v e r n b e r  i 5 ,  1 8 6 2 .  I t  w a s  f o u n d  t h a t  t h e r e  i s

lnJeea a  l ib ra t ion  in  th6  d i f fe rence in  longr t ! - rdes  o f  the

i a i e i i r t e s ,  w i t h  a  p e r i o d  o f  2 5 7 0  9 " y t , - s g c h  t h a t  t h e  ,
s a t e l l l t e s  n e v e r  g e t  c l o s e r  t h a n  a b o u t  1 5 " ,  w h r c h  i s  a b o u t

4 0 , 0 0 0  k i l o n e t e r s .

F i g u r e T s h o w s t h e n o t i o n o f l g 8 0 S 3 w i t h r e s p e c t t o l 9 8 0 S l
i n " a  c o o r d i n a t e  s y s t e n  t h a t  i s  p u l s a t i n g  a n d  r o t a t i n g  s u c h

t h a t  t h e  l a t e r  s a t e l l i t e  r e n a i n s  f i x e d  o n  t h e  x - a x t s '
p i " i u " i " a  a r e  t h e  t w o  l r b r a t i o n s  p r i o r  t o  F e b r u a r y  1 - 9 9 9 ;
t h e s e  a r e  t o o d  e x a n p l e s  o f  t h e  e x t r e r n e s  o f  t h e  p o s s i b i l i t i e s '

A ; - ; ; t ; ; - g i " n . "  i t t " ' t "  r e s e r n b l e  t h e  o r b i t  r n  t h e  r e s t r i c t e d

i f r r " " : U " a i  t r o b l e m - i t r a t  i s  t h e  s e p a r a t r i x  b e t w e e n  t a d p o l e

o r b r t s  a r 6 , r i r d  L ,  a n d  L .  a n d  t h e  h b r s e s h o e  e n c o r n p a s s i n g  L t '

i .  - - r " a - i - .  ( S E e  R a b e r 1 9 6 1  f o r  t h e  f i r s t  n u m e r i c a l
i * i r l " i t i | "  o i - i f t i i - p i o b l e r n  i n  t h e  s n a l l  s e c o n d a r y  c a s e ,  a n d , -

I ; ; ^ ; i ; ; : i " , - G " " l i " t < ' e t  r s z z  f o r  n o r e  r e c e n t  t h e o r e t i c a l  w o r k ' )

i ; ; " ; ; ; ;  i t t 6  p e r i o a  o f  t h e  s e p a r a t r i x  i s  i n f i n i t e ,  a n d  i n  a n y

i r i "  t t t6  no t : . ^on  here  is  no t  s inp le  per iod ic  '

T h e  s t a b t l i t y  o f  t h i s  n o t i o n  i s  o f  p a r a n o u n t  i n p o r t a n c e '

a l thoush r - t  can  t to i  b "  reso lved unarnb iguous ly  fo r  per iods

; ; ; ; ;e i l ; - to - i t re -age o f  the  sorar  svs len '  However ,  a  few

.uti i i t -e t  om ttLis aid auxl* l iary experiments rnay shed some

t i g n t  o n  t h e  p r o b l e m .  F i r s t ,  a l r n o s t  2 8 . c o n p l e t e  l i b r a t i o n s

or"i" .orr".ed 
- in 

the frain experirnent, and there is absolutely

no rnd ica t ron  o f  evo lu t ion  br  d is in tegra t ion  o f  the  bas ic

b ;h" ; i ; " .  Second,  the  s l ro r te r  per iod  was decreased by  up  to

inree-stanaard deviat ions of i t i  deterrnined value and the
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l onger  one increased hy  th ree  o f  i t s  s tandard  dev ia t , ions  and
the  sys ten  was re in tegra ted .  A l thougt r -  the  l ib ra t : -on  per iod
decreased [_s ince  t t r -e  synod ic  per iod  decreased) ,  the  bas ic
l ib ra t iona l  behav io r  was  main ta ined.  Th i rd ,  t f re  masses  o f  the
tes t  sa te l l i tes  were  var ied ,  and aga in  the  l ib ra t ion  per iods
changed,  bu t  the  has : -c  behav io rowas rna in ta i !Ed.  fndeed,  the
f ina l l y  adopted  nasses  (6  x  10  '  and I  x  10  '  t i rnes  tha t  o f
Saturn l ,  based on  the  observed s izes  and an  assumed spec i f i c
g r a v i t y  o f  1 . 0 ,  o n l y  i n c r e a s e d  t h e  p e r i o d  o f  t h e  l i b l a t i o n  t o
3000 days ,  and decreased the  n in inum separa t ion  to  6" .  Four th ,
the  renova l  o f  ' .he  na jo r  sa te l l i tes  d id  no t  a f fec t  the  apparent
s tab i l i t y  over  the  tes t  per iod .  We conc lude tha t  th is
l i b r a t i o n  i s  a t  L e a s t  q u a s i - s t a 6 1 e  a n d  t h a t  t h e r e  i s  n o  n e e d
to  assume tha t  the  sa te l l i tes  hac l  to  have fo rned recent ly  o r
are  about  to  d isappear .  f t  shou l i l  be  no ted  tha t  the  ana lys is
o f  t h e  1 9 6 6  o b s e r v a t i o n s  b y  l a r s o n  e t .  a 1 .  ( 1 9 8 1 )  s u g g e s t s
S 1 1  w a s  f o l l o w i n g  S 1 0  b y  1 3 7 "  i n  D e c e m b e r  p f  t h a t  y e a r ,  w i t h
t h e  d i s t a n c e  d e c r e a s i n g  A s s u n i n g  S 1 1 = 1 9 8 0 S 3  a n d  S 1 0 = 1 9 8 0 S 1 ,
t h i s  i s  c o n s i s t e n t  w i t h  a  l i b r a t i o n  p e r i o d  o f  a p p r o x i n a t e l y
2 5 0 0  d a y s ,  m o r e  c o n s i s t e n t  w i t h  t h e  s o n e w h a t  L a r g e r  m a s s e s
u s e d  i n  t h e  i n i i i a l  e x p e r r n e n t s .  Q u a l i t a t i v e l y ,  t h e  n o t l o n s
o f  t h e s e  t w o  s a t e l l r t e s  c a n  b e  c o n s i d e r e d  a s  u n d e r g o i n g  t w o
p h a s e s ,  ^ D u r i n g  t h e  p e r i o d  w h e n  t h e y  a r e  s e p a r a t e d  b y  m o r e
t h a n  1 5 0 "  t h e  d o n i n a n t  p e r t u r b a t i o n s  a r e  t h o s e  o f  t h e  n a j o r
s a t e l l i t e s .  0 f  p a r t i . c u l a r  s i g n i f i c a n c e  i n  t h r s  r e g a r d  i s  t h e
2 : 1  r e s o n a n c e  w i t h  E n c e l a d u s  a n d  t h e  4 : 1  r e s o n a n c e  w i t h  D 1 o n e .
H o w e v e r ,  a s  t h e  s a t e l l i t e s  a p p r o a c h  e a c h  o t h e r ,  t h e i r  n u t u a l
p e r t u r b a t i o n s  b e c o m e  t h e  s i g n i f i c a n t  f a c t o r ,  a n d  t h e  r n o t i o n
i s  t h a t  p r e d i c t e d  b y  s t a n d a r d  r e s t r i c t e d  t h r e e  b o d y  t h e o r y ,
i . e .  l i b r a t i o n  a b o u t  o n e  o f  t h e  t r i a n g u l a r  l i b r a t i o n  p o i n t s
w h i c h  p r e v e n t s  a  c l o s e  a p p r o a c h .  H o w e v e r ,  e a c h  c i . r c u l a t i o n
a r o u n d  a  l i b r a t r o n  p o i n t  i s  d i f f e r e n t ,  b e c a u s e  o f  t h e
p e r t u r b a t i o n s  p r o d u c e d  a r o u n d  o p p o s i t i o n .  T h u s ,  t h e .
s p e c i f i c  v a 1 u e .  o f  r e l a t i v e  r a d i u s  o r  v e l o c i t y  d o  n o t  r e p e a t
f o r  e a c h  l i b r a t i o n .  I n  t i n e ,  t h e r e f o r e ,  w e  m a y  s e e  a l l  n e n b e r s
o f  t h e  f a n i l y  o f  p e r i o d : . c  o r b i t s  t r a c e d  o u t  b y  t h e s e  t w o
s a t e l l i t e s .

T h e  f a c t  t h a t  w e  s e e  t h e s e  t w o  s a t e l l i t e s  e x h i b i t i n g  t h i : ,  k i n d
o f  l i b r a t i o n a l  m o t i o n  s u g g e s t s  t h a t  s u c h  b e h a v i o r  i i  n e i t h e r
u n s t a b l e  n o r  : . m p 1 a u s i b 1 e .  T h i s  i n  t u r n  g i v e s  a d d e d  c r e d e n c e  t o
the  suggest ions  tha t  a  s i :n i la r  behav io r  be tween very  sn i11
p a r t i c l e s  a n d  l a r g e  c l u m p s  o f  p a r t i c l e s  o r  i n d i v i d u a l  b o d i e s
nay  exp la in  the  known r ing  s t ruc tu re  a round th ree  p lanets .

d )  1 9 8 0 S 6  ( " D r o n e  B " )

T fue  d iscover . ,  o f  th i  sa te l l i te  by  Laques and Lecacheux
( IAUC3457J carne  as  a  surpr ise  con l ide i ing  Ku iper 's  (1961)
conp le teness  1  n i ts .  Even rnore  surpr is ing  was the  f rnd ing
tha t  i . t  was  assoc ia ted  w i th  the  LO po in t  o f  D ione-Saturn
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(Lecac l r -eux  e t  aL  1980,  Re i tserna  e t  a l  1980)  .  That
conc lus ion  is  conf i rmed and the  l lb ra t ion  per iod  is
approx ina te ly  800 da1s ,  i rL  agreement  w i t tL  tha t  repor ted
b y  R e i t s e n a  e t  a l  ( 1 9 8 0 )  -

d )  1 9 S 0 S 1 3 ,  1 9 8 0 S 2 5  [ T e t i l y s  l i 6 r a t o r s J

At  th is  po in t  in  the  ident i f i ca t ion  Process  in  1980 there
r e m a i n e d  a t  l e a s t  o n e  a n d  p o s s i h l y  t h r e e  s a t e l l i t e s  ( o u t s i d e
of  Mimast  o rb i t )  d is t inc t  f rom Dione B.  An a t tenpt  was  nade
to  f i t  the  observa t ions  w- i th  p re l im inary  o rb i ts  o f  2  days  and
6 days .  Our  observa t rona l  na ter ia l  was  re -examined fo r
add i t iona l  o r  negat ive  observa t ions .  A  good-  image-was found
in  a  se t  o f  exposures  taken on  15  March  wh ich  had been no ted
b e f o r e  b u t  n o t  n e a s u r e d  b e c a u s e  o f  p o o r  r e f e r e n c e  i m a g e s .  A
n e w  s o l u t i o n  f a v o r e d . a  t w o  d a y  p e r i o d .

S u b s e q u e n t l y ,  o b s e r v a t  o n s  o f  s a t e l t r i t e s  n a d e  o n  1 6  M a r c h
a n d  1 9  M a y  w e r e  r e p o r t e d  ( I A U C 5 5 4 5 )  a n d  t h e  8  A p r i l  o b s e r -
v a t i o n s  w e r e  r e v i s e d  ( I A U C 3 5 4 9 ) .  A  n e w  f i t  w i t h  t h e s e
a d d i t i o n a l  o b s e r v a t i o n s  r e s u l t e d  i n  a n  o r b i t  o f  1 . 8 4  d a y s '
T h e  o b s e r v a t i o n s  a n d  t h e  r e s i d u a l s  f r o m  t h a t  s o l u t i o n  a r e
I i s t e d  i n  T a b l e  1 .  T h i s  o r b i t  s u g g e s t s  a n  a s s o c l a t i o n  w i t h
t h e  o r b i t  o f  T e t h y s  w h i c h  h a s  a  p e r i o d  o f  I ' 8 8 7 8  d a y s .
H o w e v e r ,  a n  i n t e g r a t i o n  o f  t h i s  p r o v i s i o n a l  o r b i t  s h o w s
c i r c u l a i i o n  w i t h - r e s p e c t  t o  T e t h y s ,  b u t  w i t h  d e s t a b i l i z i n g
c l o s e  e n c o u n t e r s .

A s s u r n i n g  t h a t  t h e  1 9  M a y  o b s e r v a t i o n  i s  n o t  r e l a t e d  t o  1 9 8 0 5 1 3 '
w e  f i n d - t h a t  a  1 . 9 9  d a y  p e r i o d  o r b i t  f i t s  t h e  M a r c h  a n d  A p r i l
d a t e s  b e t t e r ,  a s  i n d i c a t e d  b y  T a b l e  2 ,  b u t  a  r e - e x a m i n a t i o n  o f
o u r  o b s e r v a t i o n a l  n a t e r i a l  d i s c l o s e d  t h r e e  n e g a t i v e  o b s e r v a -
t i o n s ;  I 9 8 0  M a r c h  1 3 . 3 3 9 4 6 ,  1 4 . 2 ] - 2 9 2 ,  a n d  1 4 , 2 5 9 ' 3 6 -

S i g n i f i c a n t l y ,  t h e s e  o r b i t s  s h o w  t h e  o b s e r v a t i o n s  t o  b e  c l o s e
t o  t h e  L ,  p o i n t  o f  T e t h y s - S a t u r n  i n  A p r i l  a n d  L .  p o i n t  i n  M a r c h
a n d  M a y . u  i T a b l e s  3  a n d ' 4 )  T h u s  a n  a l t e r n a t i v e " a n d  p r e f e r r e d
i n t e r p i e t a t i o n  i s  t h a t  t w o  o b j e c t s  a r e  i n v o l v e d ;  1 9 8 0 S 1 3  a n d
t h e  l ' e a d i n g  t r i a n g u l a r  l r b r a t i o n  p o i n t  ( L O )  o f  T e t h y s  a n d
1 9 8 0 S 2 5  a t  t h e  f o l l o w r n g  ( L t ) .

T h e  o b j e c t s  a r e  e i t h e r  s o l i d  b o d i e s  o r  s i g n i f i c a n t  a c c u m u l a t i o n s
o f  E - r i n g  n a t e r i a l .  A  p r o v i s i o n a l  a n a l y s i s  s h o w s  t h e - A p r i l
observa t lons  to  be  appr6x imate ly  65  degrees  ahead o f  Te thys
wlr- i le t tr .e March and Ma1 ohservations are ahout 40 degrees
behind. Due to the l iErat ion motion, the Marcfr- and May
observations slrould not necessari ly be at the sarne elongation
and thus ,  a  so lu t ion  fo r  a  un ique ing le  i s  p robab ly  inconp le te '

The 1981 observa t ions  by  Ve i l le t  a t  CERGA and Smi th  a t  U '  o f
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Ari.zona have confj-rrned the L, and L. point satelLi*tes of
Ie thys .  F towever ,  Pascu and Se ide lmd.nn 's  ohserva t iona l  da ta ,
as_reduced so  fa r ,  d . id  no t  de tec t  the  Lq  sa te l l i te  o f  Te tb .y i
and d id  de tec t  sone images tRat  d id  no t ' f i t  th_e  a6ove orb i ts .
T h e s e  d a t a  a r e  s t i l 1  b e i n g  a n a l y z e d .  A l s o  u n f o r t u n a t e l y  t h e
repor ted  observa t ions  were  no t  measured pos i t ions ,  bu t
in te rpre ted  da ta  g iv ing  an  angu lar  pos i t : ion  w i th  respec t  to
T e t h y s .  V o y a g e r  I I  d i d  c o n f i r m  b o t h  1 9 8 0 5 1 3  a n d  1 9 g b S Z 5  a s
s o l i d  b o d y  s a t e l l i t e s  l o c a t e d  a t  t h e  L 4  a n d  L 5  p o i n t s
r e s p e c t i v e l y  i n  t h e  T e t h y s  o r b i t ,

e )  F - r i n g  s a t e l l i t e s ?

T a b l e  5 ' l i s t s  t h o s e  o b s e r v a t i o n s  w h i c h  d o  n o t  f i t  d n y  o f  t h e
prev ious  orb i ts ,  nor  can t t r -ey  be  accounted  fo r  by  a  i ing le
o r b i t .  E x c e p t  f o r  1 9 8 0 S 2 2 ,  t h e  o b s e r v e d  r n a g n i t u d e s  a n d
separa t ions  cor respond roughJ.y  to  what  one wou ld  expec t  fo r
t h e  F - r i n g  a n d  i t s  s a t e l l i t e s ,  b u t  t h e  o b s e r v a t i o n s  d o  n o t
a c c u r a t e l y  f i t  a n  o r Q i t  w i t h  t h e  a n n o u n c e d  . p e r i o d s  o f  t h e
F - r i n g  s a t e l l i t e s .

f )  O r b i t a l  E l e n e n t s

T a b l e  6  g i . v e s  t h e  o r b i t a l  e l e n e n t s  f o r  t h e s e  s a t e l l i t e s ,  L i s t i . n g
t h e  s y n o d i c  p e r i o d  ( d a y s ) ,  t h e  o r b i t  l o n g i t u d e  a t  L Z . 0  M a r c h
l 9 B 0 = J D 2 4 4 4 3 1 0 . 5  u n c o r r e c t e d  f o r  l i g h t  t i n e  ( g r e a t e s t  e a s t e r n
e l o n g a t i o n  c o r r e s p o n d s  t o  z e r o  l o n g i t u d e ) ,  a n d  t h e  a p p a r e n t
o r b i t a l  r a d i u s  a t  e p g c h  ( d e r i v e d  f r o r n  t h e  p e r i o d  a n d  o b l a t e n e s s ) .
T h e  v a l u e s  o f  t h e  o r b i t a l  r a d i i  t a b u l a t e d  w e r e  c o n s r s t e n t
( w i t h i n  t h e  e r r o r s )  l r i t h  t h e  s e n i - r n a j o r  a x i s  d e r i v e d  f r o m  t h e
d i f f e r e n t i a l  c o r r e c t f o n  s o l u t i o n s .  T h e  q u o t e d  e r r o r s  a r e  t h e
i . n t e r n a l  s t a n d a r d  e r t o r s  o f  t h e  l i n e a r  C o r r e g t i o n s .

T a b l e  7  g i v e s  a  c o r n p p r i s o n  b e t w e e n  t h e  g r b i t a l  p e r i o d s  d n d
l o n g i t u d e  a t  e p O c h  g ' i v e n  b y  R e i t s p n a  e t  a l  ( ] 9 8 0 )  ,  S y n n o t t
e t  a l  ( 1 9 8 ] ' )  a n f l  t h l s  p a p e r .  T h e  d i f f e r e n c e  b e t w e e n  S y n n o t t
e t  a 1  a n d  t h e  o t h e r ' d e t e r n r n a t i o n s  s h o u l d  b e  e x p e c t e d  f o r  1 9 8 0 S 6 .
T h e  d e t e r r n i n a t i o n s  a r e  b a s e d  o n  o b s e r v a t i o n s  t a k e n  a t  d i f f e r e n t
t i n e s  a n d  t h u s  d r f f d r e n t  l o c a t i o n s  i n  t h e  m o t i o n  o f  t h e
s a t e l : l i t e  a r o u 4 d  t h g  l i b r a t r o n  p o i n t .

L O n C  I U S  r O n

Thus t l r .e  Saturn  sys tem conta ins  r ings  qx tend lng  ou t  in to  the
sate l l i te  o rb i t , s .  Voyager  has  ind ica ted  ex tens ive  s t ruc tu re
in  t f re  r ings .  There  are  sa te l l i tes  s lq i r ing  orb i ts ,  a t
l ib ra t ions  po in ts ,  as  r ing  guard ians  a f ld  s r i th  resonance
r e  I  a t  i o n s .

Tru ly ,  the  Saturn , ' s ) .s te rn  i s  a  ce les t ia l  nechan ics  labora tory .
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F i g u r e  C a P t i o n s

F i g u r e  1 .  I n s t r u m e n t  a s s e n b l e d  f o r  o b s e r v i n g - S a t u r n ' s
r i i g s  a n d  s a t e l l r t e s .  T h e  C a s s e g r a i n  i r n a g e  o f  S a t u r n
w a s - f o c u s e d  o n  t h e  f o c a l - p 1 a n e  n a s k ,  a n d  p o r t r o n s  o t  t - n e

i m a g e  p a s s i n g  i t  w e r e  r e l a y e d  t o .  t h e  C C D  b y  t h e  t r a n s f e r
t e n i .  

' A  
c o r 6 n a g r a p h i c  n a s i <  a t  t h e  e x i t  p u p i l  s u p p r e s s e d

t e l e s c o p i c a l l y  d i f f r a c t e d  1 i g h t .

F i g u r e  2 .  T h r e e  v e r s i o n s  o f  p a r t - o - f  a . s " T R l 9 . C c p  f l a m e
( 6 6 - s e c o n d  e x p o s u r e ,  0 8 3 8  U T  o n  1 5  M a r c h  1 9 8 0 )  s h o w i n g - ,
i o i t r  " t t t " "  o f '  t h e  E ' r i n g .  T o p :  o r i g i n a l  ' f l a t -  f r e l d e d "
i ; ; t " - i ;  o v e r f l o w  d i s p l l y  m o d i .  M i d d t e :  s c a t t e r e d  l i g h t
o i  ! " t , r t t t  sub t racced ?ro i r  t "o  rec tangu lar  a reas  co l ta ln ing
E - r i n s  d a t a  B o t t o n '  s a r n e  a s  n i d d l e  i m a g e ,  b u t  w r ' t h  m o r e
.o" i i ! . i - i i t " t i r t  and  w i th  super inposed r 'nage o f  the  A and

B - ; i ; ; ; .  
- n t r o *  

t h e  i n a g e s  i i  a  s t a l e  m a r k e d  i n  u n r t s  o f

s " i " i i - i " a i i  ( n " ) .  o r b i t a i  r a d i i  o f  t h e  c l a s s i c a l  i n n e r
s a t e l l i t e s  a r e  d l s o  i n d i c a t e d .

F isure  3  An en la rgenent  o f  the
a n I  a n  i n a q e  o f  1 9 8 0 5 2 5  w h i c h  i s
l i b r a t i o n  [ o i n t  o f  T e t h Y s .  T h e
t h e  r i n g  i s  a  s t a r .

w e s t  s i d e  o f  t h e  E - r i n g
a  s a t e l l i t e  a t  t h e  L 5

i m a g e  a t  a  d r s t a n c e  f r o m

F i s u r e  4 .  S i x  e d g e  o n  b r i g h t n g : : - p r o f i l e s  o f  t h e  E - r i n g '

3 ; f i ; i ; t  " r  i r ' "  " " i t  i " t " t - "w r= rooo 'u r  March  14 '  w2=0810  u r

I ' r . i i i - i s l -w i=ossa  UT  March  15 '  samp les  o f  t he  eas t  ansa :

E r=0909  UT  March  r  j ,  r i =O i i f  O -UT  March  1S  '  E3=0838 -  UT  l v ta rch

1 ; .  
- - i ; " - ; a p  

i n  w 3 ' i t - a " "  t o  a  s a t e l l i t e  i n a g e '  w h i l r  ̂ t h o s e
i n ' E r - " n a " r )  " r e  d u e - t o  i a u l t y  p i x e l  c o l u n n s  i n  t h e  C C D '

F i e u r e 5 . l r | e a n e d g e - o n b r i g h t n e s s ' p r o f i l e o f t h e E - r i n g
i ; " i l ; ; . t , ' r e80 .  t r - ' i I  " " s -p i8a " i "a  b -v  supe r i npg : i l q - : l g  : i *
p i " i i i "  '  o f  F i g u r e  q  a n d  i d d i n g . a - f e w  D o r n t s  ( c r o s s e s ;  a t

i ; ; ; ; -R . .  
- ^ r i ' ' u ' Jo t ' ' , ; ; ;  

e ; ; i ;Ed  r ' o *  i i ng le -p i xe l :Y id : ,
t r a v e r s E s  a c r o s s . n " " t i " g l - " h i 1 e  e a c h  c r o i s  i s  a  n e a n  o f  7

o r  n o r e  t r a v e r r ; e s . ' - o i U i i i t  r a d i i  o f  h e  A  r i ' n g '  M i r n a s '

Ence ladus ,  Te thys ,  D i ; ; ; ,  and  Rhea  a re  i nd i ca ted '

F i e u r e  6 .  T e s t  f o r  v a r i a t i o n  i n  t h e . h e i g h t  " l  ! l :  P : : L  
" f

; i : " ; ; s ; : " n ' ; ; i s ;  ; " ; ; ' ; ; ; i i 1 " ; : - - ! : ] s h t ;  h e r e  a r e  b a s e d  o n

the  po in t s  be tween  37  and  39  a rcsecon i s  i n  t he  p ro f - r ' l es '  o f

F ; ; t ; ; ^ ; - -  i i . ^ - i " r i ' t ; ' - i i g r ' t , - t h e  p o r n t s  h e r e  a : - e  w 2 '  w 3 '

; i : " * ;  ,  EZ ,  i ;  
- i h ; t ; - aa i i  

a i e  p lo l t ed  i n  a  ro te t i ng

coo rd ina te  sys te ln  i ' i . a  i "  i t t "  o rb i t a l  no t i on  o f  Ence ladus '

L ,  and  L .  i nd rca te - i i t l  " q " i r " t e ra l  1 -b ra t i on  po in t s  t ha t

Sl t r r "  a id f r rc" faa"r ' - .  o" ia  have i f  they const i tu ted an

i so la ted  dyna rn i c  , | ' t " * '  o rd ina te .un i t s  a re  t he  sa rne  as  i n

F i ; ; ; ; - 4 , - ' and  e r to i  ba rs  a re  +1  o  i n  l eng th '
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Ftguf-e ?. The arotion of 198053 in a-coordin4te systen that
is-pulsating and rotating nonunifornrally, suih that 1980Sf
tenains fixed at negative unit distance on the x axis.
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TABLE 1. OBSERVATIONS OF 1980

DATE D O-C

M A R  1 3 . 3 6 9 4 9  - 4 4 . 1 0  0 . 7 7
M A R  1 5 . 3 8 1 2 6  - 4 4 . 6 0  0 . 8 9

I I { A R  1 5 . 3 5 0 5 9  - 4 6 . . 7 6  0 . 6 2

M A R  1 6 . 0 1 0 0 0  3 6 . 3 0  1 . 3 9

A P R  8 . 3 L 7 6 4  - 4 6 . 5 0  - - 1 . 1 3
A P R  8 . 5 5 2 0 8  - 4 s . 2 0  - 2 . 0 8

A P R  1 2 . 0 2 8 0 0  - 4 1 . 4 0  1 . 9 1

M A Y  1 9 . 3 4 0 0 0  3 1 . 5 0  - - 0 . 0 7

J  l ' J

IAUC DESI6

3496  80S25
3496  80S25

360S 80532

3 s 4 9  8 0 S 2 9

3466  80513
3466  80S13

3484  80524

3549  80530

TABLE 2. OBSERVATIONS

DATE D

M A R  1 3 . 3 6 9 4 9  - 4 4 . 1 0
M A R  1 3  . 3 8 L 2 6  - 4 4 . 6 0

M A R  1 s . 3 5 0 s 9  - 4 6 . 7 6

A P R  8 . 3 1 7 6 4  - 4 6 . 5 0
A P R  8 . 3 5 2 0 8  - 4 5 . 2 0

A P R  1 2 . 0 2 8 0 0  - 4 1 . 4 0

TABLE 3. OBSERVATIONS

DATi D

A P R  8 . 3 1 7 6 4  - 4 6 .  5 0
A P R  8 .  3 s 2 0 8  - 4 5 . 2 0

A P R  1 2 . 0 2 8 0 0  - 4 1 . 4 0

I98O S 13 NEAR TETHYS L4 POINT

O-C IAUC DESIG

3466  80S13
3466  80S13

.  3 4 8 4  8 0 5 2 4

oF  1980  S

o - c

0 .  9 4
0  . 3 2

- 1 . 3 9

0  . 2 6
- 0 . 2 0

0.-08

1 3

IAUC DESIG

3496  80S25
5 4 9 6  8 0 S 2 5

360s  80s32

3466  80S15
3466  80S13

3 4 8 4  8 0 S 2 4

OF
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TABLE 4, OBSERVATIONS OF 1980

DATE D

S 25 NEAR TETHYS L5 POINT

IAUC DESrG ,!.

3496  80S25
5496  80S2S

3 6 0 5 ' 8 0 5 5 2

3 5 4 9  8 0 5 2 9

3549  80S30

MAR 15 .36949
M A R  1 3 . 3 8 r 2 6

M A R  1 3 . 3 5 0 S 9

MAR 16 .01000

MAY 19 .34000

TABLE 5.

DATE

MAR 13 .29000

! {AR r  5 .19000

MAR 16 .12600

MAR 20 .88500
MAR 20 .89900
MAR 20 .90800
MAR 20 .91500
M A R  2 0 . 9 2 5 0 0
M A R  2 0 . 9 2 8 0 0
MAR 20 .97800

3463  80S07

3 4 8 3  8 0 S 2 3

5574  80S31

347 4 80522
3 4 9 7  8 0 S 2 0
5497  80S20
3497  80S20
3 4 9 7  8 0 S 2 0'  3497  80520
3 5 7 4  8 0 s 2 2

3497  80s21
3497  80S21
3 4 9 7  8 0 S 2 1
5 4 9 7  8 0 S 2 1
3497  80S21

5470  80s18
3 4 7 0  8 0 S 1 8
3470  80s18
3470  80s18
3 4 7 0  8 0 S 1 8

- 4 4  . 1 0
- 4 4 . 6 0

- 4 6  . 7  6

3 6 . 5 0

3 1 .  S 0

UNIDENTIFIED OBSERVATIONS

D O-C JAUC DESIG

MAR
l.lAR
MAR
MAR
MAR

APR
APR
APR
APR
APR

2 2 . 9 7 3 0 0
22 .97  400
22 .977  00
2 2 . 9 8 3 0 0
2 2 .  9 8 8  0 0

1 2 . 0 1 5 3 0
L 2  . 0 2 7  t 0
L 2 . 0 2 9 9 0
1 2  . 0 3 3 3 0
t  2 .  0 3 8 9 0

23 .00

1 9 . 0 0

1 9 .  7 5

- 5 8 . 0 5
1 8 . 9 0
2 0 . L 2
2 1  . 8 9
2 L . 7 2
2 t  . 6 6

- s r .74

- 2 2 . 4 4
- 2 2 . 0 0
- 2 t  " 7 2
- 2 L . 6 7
- 2 r . 7 9

- 2 4 . 8 0
- 2 5 , 6 0
- 2 6 . L 2
- 2 6 . 5 5
- 2 6 . L 2



TABLE 6.

SATELLITE

1980  s l

1 9 8 0  s 3

1 9 8 0  5 6

1980  513

. _  
9 3 -

SATELLITE ORBITAL ELEMENTS

SYNODIC PERIOD

o9ogcs  +  o .ooo1

0 . 6 9 4 2  +  0 . 0 0 0 1

2 . 7 3 5 1  +  0 . 0 0 0 5

1 . 8 3 8 9  +  0 . 0 0 0 3

1 . 9 9 8 5  +  0 . 0 0 1 2

ORBITAL
LONGITUDE

3060  +  1

l34o + 2

z o : t

2460 + 2

3150  +  4 l

ORBITAL
RADIUS

24 ' i811

24':803

61'. '60

47' :3L i

50'. '00

E p o c h  1 2  M a r c h  1 9 8 0  =  J .  D .  2 4 4 4 3 1 0 . 5

TABLE 7. COMPARISON OF ORBIT DETERMINATIONS

SYNODIC PERIOD
AND

SATELTITE ORBITAL LONGITUDE
THIS
PAPER

SYNNOTT
ET AL

REITSE}'{A
ET AL

1 98 0S1

198  0s3

19 8 056

Io for  JD24443I0.5

P
I o

P
I o

P
I o

'e!B:r
'ei:le
zlt sorl

oe!Bis
o9osc z

r3z"

zltsrlt z9z s!l
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Figure  5
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EDGE-ON RADIANCE IN UNITS OF

2OIH RED MAGNITUDE PER LINEAR ARCSECOND

r r r 6 6 o r a E

EDGE-ON RADIANCE EXPRESSED AS

RED MAGNITUDE PER LINEAR ARCSECOND

. , :r ' t '  

'  

. :r=* 

'

;i'tt' 
"'r'.. 

. .,?  

i " " ' l '  

t ' i  
' ;

Figure  4

3

t t

:

t

1)
o
ct)
m
o
o
z
(f
u t 5
-ir o
f,
o
-{
I
m
o
m
z
4
d i 5
+ c ,

o-Tl

@
D u r
{ o
c
ft
z

. - l  
t '

J  a -

iu -o!

.,';) t t .

? o. . n

lt:
.".'"



- 9 8 -

EOGE-ON RAOIANCE IN UNITS OF
2OTH RED MAGNITUDE PER LINEAR ARCSECOT{D
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EDGE-ON RADIANCE OF
THE PEAK OF THE PROFILE

Figure  6
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TWICE AVERAGED RESTRICTED THREE-BOOY PROBLEM

AND ITS APPLICATION TO STUDY THE EVOLUTION

OF ORBITS OF ASTEROIDS

F.  Veres

Observa tory  o f  the  Hungar ian  Acadeny o f  Sc lences

B a j a ,  H u n g a r y

Abs t rac t

The paper  dea ls  w i th  the  tw lc€  averaged res t r l c ted  th ree

body prob lem.  F l rs t  we show a  genera l  ana l i t i ca l  so lu t ion  fo r

the  p lanar  case and then we g lve  a  par t i cuLar  so lu t ion  fo r  the

spat la l  case.  The resu l ts  o f  the  ana l l t i ca l  go lu t ion  a t -e  corn-

p a r e d  w i t h  r e s u l t s  o b t a i n e d  b y  n u m e r i c a l  i n t e g r a t i o n .

I n t r o d u c t i o n

W e  s u p p o s e ,  t h a t  a  m a s s i v e  c e n t r a l  o b J e c t  a n d  a  m a s s i v e

per tu rb ing  body  revo lve  around the  bar icen t re  on  e l l ip t l c  o r -

b l t s .  A r o u n d  t h e  c e n t r a l  o b J e c t  n e a r e r  t o  i t  t h e n  t h e  p e r t u r -

b lng  body  revo lves  the  par t i c le  o f  neg1 ig lb l .y  smal l  nass  on  a

s l i g h t l y  p e r t u r b e d  e l l l p t i c  o r b i t .  B e c a u s e  o f  t h e  s l i g h t n e s s

o f  t h e  p e r t u r b a t i o n s ,  t h e  d i 6 t u r b a n c e s  o f  s e c o n d  o r d e r  a r e  n e g -

l ig ib le  compared to  f i rs t  o rder  ones .  We s tudy  the  evo lu t ion

o f  t h e  o r b i t  o f  t h e  p a r t l c l e .  F o r  t h i s  w e  h a v e  t o  t a k e  i n t o  a c -

c o u n t  t h e  s e c u l a r  p e r t u r b a t i o n s  o f  f i r s t  o r d e r .  T o  g e t  t h e s e

we have to  average the  d ls tu rb lng  fun .c t ion  by  the  mean anoma-

I ies  o f  the  per tu rbLng body  and the  par t l c le .  For  averag ing  we

usr :  the  Gluss-scheme,  1 .  e .  the  two mean anomal ies  a re  var ied
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i n d e p e n d e n t l y .  T h l s  m e t h o d  c a u s e s  t h e  l o o s e  o f  r e s o n a n t  t e r m s .

S i .nce  in  the  case o f  resonance the  resonant  te rms can have a

g r e a t  e f f e c t  o n  t h €  e v o l u t l o n  o f  o r b i t ,  o u r  m e t h o d  c a n  b e  a p p -

h . e d  o n l y  f o r  t h e  s t u d y  o f  n o n - r e s o n a n t  n o t i o n .  F i r s t  w e  t r e a t

t h a t  c a g e ,  w h e n  t h e  p a r t l e l - e  a n d  t h e  p e r t u r b l n g  b o d y  r e v o l v e

i n  t h e  s a m e  p l a n e .  I n  t h i s  c a s e  a f t e r  a v e r a g i n g  t h e  d i e t u r b J . n g

f u n c t l o n  h a s  t h e  f o l l o w i n g  f o r m :

0 t D a
D = {?  t -  q  car0 t r l
\ -  o r  4  " L

{.:0

^  €  r o l L + 2 . P + ? ,
5s=L (a/

P = o
K:]rp*a (")?.,

O l
w h e r e  {  i s  t h e  c o n s t a n t  o f  g r a v i t y ;  h a  i s  t h e  m a s s  o f  p e r t u r -

b l n g  b o d y ;  ( t )  i s  t h e  l o n g l t u d e  o f  t h e  p e r i c e n t r e  o f  t h o  o r b i t

o f  p a r t l c l e ,  m e a s u r e d  f r o m  t h e  p e r i c e n t r e  o f  t h e  o r b i t  o f  d i s -
l l

t u r b l n g  b o d y ;  O ,  g ,  4 ,  Q  a r e  t h e  s e m i - m a J o r  a x e s  a n d

e c c e n t r j . c i t i 6 s  o _ f  t h e  p e r t u r b i n g  b o d y  a n d  t h e  p a r t l c l e  r e s p e c -
r,(e) 

-,r(21

t l v e l y .  T h e  l l r ,  a n d  n h  f u n c t i o n s  a r e  p o l y n o m i a l s  w h e r e  t h e

s m a t l e g t  e x p o n e n t  e q u a l s  t o  L  ,  P " -  a r e  n u m e r l c a l  c o e f f i c ] - -' ( p
e n t 3 .

S lnce  R Oo""  no t  depend.  on  the  l lean  anomaly  o f  the  par -

t i c le  and does  no t  depend exp l i c i t l y  on  t lme,  the  sen i -maJor

a x l s  o f  t h e  o r b l t  Q  a n d  R  f t s e t t  a r e  p r L m e  i n t e g r a l s .  c o n s e -

q u e n t l y  t h e  e q u a t l o n s  o f  n o t l o n  c a n  b e  i n t e g r a t e d  l n  q u e d r a t u -

rea ,  i .  e .  the  dependence o f  I  and ( l )  on  t in6  can be  de termL-

n e d  b y  a n a l l t i c a l  m e t h o d s .  ?  l s  a n  l m p l l c i t  f u n c t l o n  o f  I

and q)  ,  so  l t  nakes  the  s tudy  o f  in tegra l  curves  poss ib le ,

a n d  b y  t h l s  t h e  c l a s s i f i c a t i o n  o f  t h e  t y p e s  o f  m o t i o n .
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R e s u l  t s

A c c o r d i n g  t o  o u r  r e s u L t s  t h e r e  e x i s t  t h r e e  q u a l i t a t i v l y

d l f f e r e n t  t y p e s  o f  m o t i o n :  t h e  l i b r a t l o n ,  t h e  c i r c u l a t i o n  a n d

f i n i t e  m o t l o n .  I n  t h e  f i r s t  c a s e  q )  l i b r a t e s  a r o u n d  ( I . )  =  O ,

v rh i le  I  var ies  per iod ica l l y .  The max imum ampl i tude o f  the  I ib -

r a t l o n  i s  E / 2 ,  t h e  a m p l i t u d e  o f  v a r i a t i o n s  j , n  g  h a s  t h e  o r -

d e r  o f  e l .  I n  t h e  c a s e  o f  c i r c u l a t i o n  u )  l n c r e a s e s  s e c u l a r l y ,

a n d  9  v a r i e s  p e r i o d i c a l l y .  g  h a s  i t s  g r e a t e s t  v a l u e  a t  u , ) =  e ,

a n d  t h e  s m a l ] e s t  v a l u e  a t  @  = T [ .  I n  t h e  c a s e  o f  f i n l t e  m o t l o n

O J  i n c r e a s e s  s e c u l a r l y  a n d  e ,  i n c r e a s e s  u p  t o  1 .  T h i g  m e a n s

t h e  o r b i t  t o  b e c o m e  s o  e l l i p t i c ,  t h a t  t h e  p a r - t i c l e  f a l l s  i n t o

t h e  c e n t r a l  b o d y .

I n  t h e  c o u r s e  o f  f u r t h e r  c o m p u t a t i o n s  w e  s u p p o s e  t h e  e c -

c e n t r i c l t y  o f  t h e  o r b i t  o f  p e r t u r b l n g  b o d y  t o  b e  s m a l l .  S u p p o -

s i n g  t h e  c e n t r a l  b o d y  t o  b e  t h e  S u n ,  t h e  p e r t u r b i n g  b o d y  t o  b e

t h e  J u p i t e r  a n d  t h e  p a r t i c l e  t o  b e  a n  a s t e r o i d  t h i s  c o n d i t i o n

1 s  s a t i s f j . e d .  F l n a l  f o r m u l a e  w e r e  d e t e r m i n e d  b y  a n  a c c u r a c y

o f z

I n  t h e  S u n - J u p i t e r - a s t e r o l d  s y s t e m s  t h e  c i r c u l a t j . o n  o c -

c u r s  m o s t  f r e q u e n t l y .  T h e  f o r m u l a e  f o r  t h i s  c a s e  a r e  a s  f o l -

l o w s : '

c r l  =  [ / ( t - t " )  * d n  d - N ( t - t o ) + d ,  s ; 2 - N ( t - t " )

9 -- €o + e4 c.: N(t -t .)+ e rr-.rr2,N (t -t")

r r  I  I
T h e  l \  ,  d r ,  d Z ,  9 o ,  ? r ,  Q z c o n s t a n t s  c a n  b e  d € t e r m i -

n e d  f r o m  i n i t i a l  c o n d i t i o n s .  T i m e  t  i "  r . . " r r e d  i n  J o v i a n  v e -

a r s .  A p p l y i n g  t h e  o b t a i ' n e d  f o r m u l a e  \ f o r  a s t e r o i d  V i c i a

( x o . t o g z )  w e  g e t  t h e  f o l l o r v i n g  v a l u e s :
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N =  O.16825 degreer /Jov ian  per iod

d,  =  -80533

d, = oos31

€o = 0.28519

e,  =  O.O3298

e,  =  -O.OO157

S i n u l t a n e o u s l y  t h e  e q u a t i o n s  o f  r e s t r i c t e i l  t h r e e - b o d y

prob len  werc  in tegra ted  nuner ica l . l y  w i th  the  input  da ta  o f  V l -

c la  fo r  an  in te rva l  o f  I95O Jov ian  years .  The agreement  Proved

t o  b e  g o o d ,  e x c e p t  o n  v a l u e  o f  N ,  f o r  v l h i c h  t h e  a n a L i t i c a l  t h e -

o r y  g a v e  a  r e s u l t  6  %  l e s s .  F u r t h e r  s t u d i e s  p r o v e d  t h e  d i f f e -

rence to  be  a  consequence o f  neg lec t ion  o f  secu la r  te rms o f

s e c o n d  o r d e r .  T a k i n g  i n t o  a c c o u n t  t h e  l a t t e r  o n e s ,  t h e  d i f f e -

rence decreases  down to  2  %.

Fur ther  on  we d lscussed the  spat ia l  case.  ! ' re  supposed the

inc l ina t ion  o f  the  orb i t  to  be  sna l l  and the  case o f  c i rcu l -a -

t i o n  t o  b e  r e a l i s e d .  t T e  o b t a i n e d  t h e  f o l l o w i n g .  r e s u l t s :

e = eo+ae.+ {n-sN(t-t.)+ dr"-2N(t-t)- + i"" *, Xl.1(t-tz)

s = (N + g.Xt - t.) + d n d^ N (t -t.) + d, u- Z N (t - t. ) + f; "- z fl(t - t.)

. 7  t  r  3  A r ' r .  ,  \ ' f
Lt = i, ;  [n 

-r;*- ccn l, f l  G -tr)]

, l ' 1 tt q * = ; r i ; t g  f 1  ( t - t . )
- J  A + I '

A p p l y i n g  t h e s e  f o r m u l a e  f o r  a s t e F o i d  A p o l I o  ( t t t o . t g o z )  t h e  r e -

" r l a "  u r "  a s  f o l l o w s :
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t ! ;  qo  =  o .6594 tgo .12O33( t -594 .78 )
D T i I

i '  =  5 l . f2 l1+O.  3939ocosO.  24O76( t -594.78 I

e = O. 54362+O.O2149cosO.O3967(r-L4L4.57) -

-O. O0062c6sO. o7934 ( t-  I4L4. 57) -

-o. oo393co so.24076(t-594. 78)

=o. 03967( t- 1414. 57) -4.17sinO. O39 67 ( t-L4L4.57) +

+O. llsinO. 07934( t-L4L4. :c7) -

-o .42s ino .  24o76(  t -594.  78)

I n  t h e  a b o v e  f o r m u l a e  t h e  a n g l e s  a r e  m e a s u r e d  i n  d e g r e e s

and t ime in  Jov ian  years  f rom the  epoch o f  26 th  Aug 1973.

T h e  n u m e r i c a l  i n t e g r a t i o n  w a s  a l s o  p e r f o r m e d  f o r  A p o l } o  f o r  a n

i n t e r v a f  o f  4 O O O  J o v i a n  y e a r s .  A c c o r d i n g  t o  t h e  o b t a i n e d  r e -

s u l t s  t h e  e r r o r  o f  a l l  p a r a m e t e r s  i n  t h e  a b o v e  f o r m u L a e  i s

Iess  than 2  /o .
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NONSINGIJI.AR OSCILLATOR ELEI'{EI{] S

W. T.  Kyner
Department of  Mathenat ics and Stat is t ics

The Universlty of Nelr Mexico
Albuquerque, Nerd Mexico 87131

1 .  I n t r oduc t i on .

The construct lon of  t ransformat ions to improve the numerical  integrat ion

of the perturbed Keplet problem,

r + - f = P=  3 :  :
r

can be motlvated by many reasons such as the need to solve a particular problen,

an interest in a mathematical coocept such as stabil_1ty or regularizati-on or,

as in thls paper, curloslty about the numerical advantages of transformations

that  l rere used ln sEudles of  the qual , i tat ive propert ies of  solut ions.

The coordinates of the phase space presented in this paper are called

oscl l la tor  var iables and osci l la tor  e lements.  They are def ined for  nonrect i -

linear orbits and are nonsingul-ar for sma11 eccentrlcities and lnclLnations.

The crue topicuae ls used as in independent variabLe. If a tlrne element

(see below) ls added to the system, then the solutlons of the transformed

equations of the main problern of artifical- satel1lte theory (J2 perturbation

only) are rileakly stable on nanifolds of constant energy. Numerical tests

indicate that these variables are well suLted for high preclslon computations

of  bounded orbl ts  subject  to general  pereurbat ions,

2.  The Osci l lator  Var iables

The oscl-l1-atot vari-abl-es are based on the orbital plane geonetry in which

the notlon in the orbital pLane is partiatly ae"oupfea fron the rotatlon of the

orbi taL,planel  Since most of  the non-Haoi l tonlan theor ies of  celest ia l  mechanlcs

r 1 )



- 1 0 8 -

employ this geonetry, no claim ofOfiginal-lty ls belng nade here.

As usual, the orblal plane ts deflned as the plane through the center of

maes of the attractlDg body lrhose noreal 18 the angular uomentum vector (per

utrit mass),

c  =  r x i  .

Clearly, the nonvanishlng of c ls essentlal ln thld development, i.e., onl,y

nonrectllinear orbits are allowed.

A rotatlog frme is deflned by

l l = g l t , W = c / c , V = W x U .

Ileo.ce

r  =  r g ,  i =  i g +  ( c / r ) v ,  9 =  c E  .

The poeltion of the rotatlog frane relatlve to an inertiaL frame is deternined

by three Eulerlan angles

I = the iacll-natlon of the orbl.tal plane,

O = the loogltude of the ascending node,

I - the algurlent of latitude.

Any vector C caa be ripreeented reldtlye to the tlro franes by

G = crl + cC+ c+ = cig+ c[+ cg .

The cmponents relative to the two frames are related by a rotatton matrlx B ,

' r l  [ ' i
cz 

|  
= u; c;

" z )  t c j
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where B = (U,V,W) . Ita componencs are

B1l  = cos s. t  (s in i  sJ.nr f r ) (s in i  s inf t ) / ( l  *  coe i )

Br,  = s in w -  (s in i  s in0)(s in 1 cos0)/( l  + cos t )

Br, = sin I sin {r

Br,  = -s inw t  (s in t  cosrf ) (s in t  s in0)/ (1 + cos i )

B r ,  =  cosw  -  ( s i n  I  cos r l ) ( s t n  i  cose ) / ( l  +  cos  i )  ( 2 )

Br,  = s ln i  cos 0

Br, = sin 1 sin O

Br,  = -s in 1 cos O

Br,  = cos i

with w, = {, + n , the true longitude. The matlix , B Ls the inverse of the

matrix A given in GoLdstein [1] aod its components have been rewritten for

eomputationa]- efflclency. Thls representatlon is singular for retlograde polar

orbi ts .

By means of standard techniques of rigid body rnechaoiea, the equations of

notlon can be written

. 2e J = ( c z l i ) _ ( u / r z ) + r ;

d t ' '

*i 
= "i , j* = (r/c)pj cos s

ft 
= ,t siml/c sin i)Pi

$f 
= <"1'21 - <r/;lej s1n {, cor r.

The orbi ta l  p lane var iables (r r i ,c ,1, f l r r f )  determlne the stace of  the system.

If tirey are knom, then r and i ."o be computed r.dth the ald of the

rotat lon matr ix  B.

(3)
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rf the perturblng force is zero, trien it is easy to derive the linear

oscilLator equatlotrs

t ,  ,r,n + (t/r) = (vt"z)

,  
(4 )

S; ("r" { sftrf) + (sln i sin{,) = 0 .

These equatlons motlvated the lutroduction of the osclllator varlables thqt lrere

used by the author [2.] to establish the exi.stence of invariant nanlfo].ds for the

oblate planet problen. Deflne

z r -  ( I / t )  -  ( t r / " 2 1  ,  z r =  - ( i l c )

2z3 - sln l  eln r|  ,  zO= sln l  cos rp .

Then lf P - 0 r the equatlone

n[".:] t : :l[;;
, 

are equlvalent to (4).

Let

z5 r c coe 1 , the polar cmponent of angular D@etrtum,

"6 - r - {, + O ; rhe true longltude.

Theu the ogcillator varl.abLes- (zr,zrrzr,zO,25,26) are equivalent to the orbltal

.,plaae-varlables (rrircrlrflrp) and are ileflned for all nonrectllluear orblts

-  - , - - . . . 1  . - - ; : . , l ' a . .  - - - r s - ' "
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vr i th the except ion of  polar  retrograde orbi ts .  Slnce

g y = g g * j n  ' ,
dr  o.  '  #  

= G/r" )  + ( r /c)p j  s in r !  s tn t ( r  + cos 1)-1 (5)

these orbits are excluded. The singlarity (1 + cos t)-1 also occurs tn the

roEat ion l lat r lx  B IC can be suppressed in several  ways,  e.g. ,  i f  0 is

replaced by -e ,  i t  becooes (1 -  cos i ) -1 .

3.  The Osci l lator  Elements.

rn thls section five oscillacor elements are defined. They are constant

if the perturbation is zero and are nonslngular for all but rectilinear olbits.

The first two, *1 aod xZ , are defined by the equations

z,  = (L/ t )  -  (u/ .zy = (e/p)cos f  = (e/p)cos(w- i r )

= (e/p)  (cos 6 eos w *  s i .n 6 s in w)

= x l c o s w + x 2 s i n w ,

z ,  =  ( - i / c )  =  ( - e l p ) s i n  f  =  ( - e l p ) s l n (w -6 )

= (e/n)  ( -cos 6 s in hr  + s in 6 cos w)

= -x, sin !i + x2 cos r,7

where f denotes the Erue anomaly, 6 the longltude of perigee, e the eccen-

tr ic i ty ,  p the parameter of  the conic,  w = f  *  6,  and

x,  = (e/n)  cos 6 ,  x ,  = (e l i l  s in 6 .

., 
The-varlables *3 aod *4 could be defined by slnilar foruulas in terns

of z, and "4 but it is more convenient to set



the compoaente of c

- 1 1 2 -

t 3 = " s l n l s i n Q

*4 = -"  s ln 1 cos.n

* 5 = " c o s 1 ,

, the angular momentrrm vector. Theo

z, = sln 1 sln rf = sin i sin(w-Q)

= (-llc) (x, cos w f xO sin w)

zO = sln i- cos r! = sln I cos(n-n)

= (-1,/c) (-xa stn w * xO cos w)

o(w) =
cos !r -sln w

sl-n w cos w

= o(w)

f * " 1  f " " l
|  

-  
|  = : c o ( - w ) l  -  

l .
[ " 4 J  1 " , , J

The oseillator elellents (rr,xrrx'x4rxr) are well defined for all nonrectL-

llnear orblts vlth a oodlfication required.for Polar retrograde orbLts.

'1 
I

" z )

*1

*z

'3 I
"r, J

f * ^ l
= (-r lc)o(w)l '  |  .

( x 4 l

"1 
I =,r-,r[ "r 

I ,* z J  l r z J

. -  . . 1 : : . -  i -  -  .  : - .  . . - - : r ' ,  . :
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4. The Tine Element.

The set  (xr ,x" ,xIxO,xr ,w) has f ive s low var iables and one fast  var iable.

The lnstability of solutlons to the Kepler probJ.ern is well displayed in this

coordinace system since a smal1 change in the lnltlal value of ' can lesurt

in a large change ln position and veloclty. However, the solutions on manifolds

of constant energy are stable in coordinate systems that enproy a time erement

(a slow variable) as a slxth variable. }Je sha1l use a tirne element that has

no fLrst order (in J, ) secuJ-ar terns for the elliptic orblts of the maln

problern of artifical satellite theory.

Let  us f i rs t  consider

Q = M - n t

whete M ls the rnean anornalv and

3 1 2
n =  l2 ( to ta1  energy l  l t

ls the Cunningharn nean motion [4]. For the Kepler problem, Q = UO , the rnean

anomaly at epoch. For the nain problem, Q 1s constant (ro flrst order ln J2

at successive perigees, hence' it can be considered to be the oscillatory part

of M (for more detalls see [3]). Therefore, on nanlfoLds of consranc eoergy,

the solutions to the mal-n problem are weakly stable.

The variable Q is not well defr-ned for nearry clrcular orbits so we

shaLl modify it s1ight1y. Ler

x . = M + 6 - n t = w - n t + F
o

where

F(x'x,x'x4,x5,w) = u - f = -2 arctan ffh:i*T - "e-"\L/?

(s)
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( t+" \ r l2  -  ( t - " )712
P\ct =- 

1----T7i----------Tt, '

( 1 + e ) " ' +  ( 1 - e ) ^ ' '

The varlable *6 is well defined for noffectilinear orbits wlth 0 < e < l-

I f  t  is  the independent var iable and xrrx2r. . . rx6 are known then w

can be found by lteration (lf the perLurbation is zero, (5) is equivalent to

xepler's equation). To avoid this w is taken as the independent variable and

g = (xa_w_F)/n

is conputed as needed. The position and veloclty at prescribed times can be

found by l-nterpolation. The equaEions of notlon in terms of these varlables

ls given in an appendlx.

5.  Conclusion'

The oscillator el-ements

x ,  =  ( e /p )  cos  d t

x,  = (e/P) stn dr

x ^ = c s l n i s l n 0
J

x , = - c s i n L c o s 0
4

x - = c c o s i)
x . = w - n t + f

o

are well defined for nonrectLlinear orblts with 0 < e < 1 Since the

rotat ion matr ix  B is  an aLgebraic funccion of  the xts ,  cos w and s in w ,

lt ls easy to compute. Hence, perturbations glven relaEive to the Earth fixed

frane are efficlently represented relatlve to the nolil"ng frame. The tine

variable effectively suPresses iostabillties and Pernits highly accurate com-

putations over many revolutlons, 
'The 

element set was tesged numerlcally with



a

1,.
h
J

- 1 1 5 -

-fr perturbations that included the effects of atnospherlc drag, sun-uoona{
_ \ 

perturbatlons and with reall-stlc Earth potentlals. They were found sultable' / t

/ for those near-Earth orbr.ts that must be computed with hlgh preclslon.

AppendLx: The Equatlons of MotLon.

From

$f= r "1 .2)  *o

#=" " j
a Z t  ,  2 , 3

# = , " ' r " )  
-  $ / t 2 )  + v i

where n = (r/c)rj sln V sin I (1 + cos i)-1 , one obtains

( -  I  r -  \  [ s , . 1* l  
- ' l - , 1  - ' 1 . l - ' l

l " z )  l " z )  ( s z J

where

, = f  
o  t l , s r = ( 2 u r l c z ) r j

t -r. 0 J sr - -tzrPl - ri/c .

set

[ " r l  f * , 1
|  

'  
|  =  o t w r l - - t  ;

l " z )  l * z )

I  c o s w  s t n w )
o ( w ) = l  l .

( - s t n C  c o s w J

Then
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where lostartaoeoua el€oents are employed. The factor

- 1 r 5 -
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is well deflned for nearly clrcular orbits. There are oo sna1l inclinatlon

singular i t les.
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OF THE EARTH'S MAGNETIC AND GRAVITY

F I E L D S

G.  Bar ta

E6tvd s Univer si ty, Geophysical Department, Budape st

Hungary

Abstract

The article contains a comprehensive summary of the results of in-

vestigations into the connections betv,.een magnetic and gravity fields of the

Earth. lt was shown more than 30 years ago by means of studies conqernirg

long period variations of the permanent magnetic field of the Earth that to

the secular variation a wave of about $0 years period has been superimpo-

sed. The origin of the phenomenon shoulci be found in the eccentricity of ihe

inner core of the Earth being similar to the eccentricity showing itself in

t he  magne t i c  d i po le .

The more accurate expansions into ser ies of  the geoidal  f igure -  car-

r ied out  s ince the appearence of  satel l i te observat ions -  made i t  possib le

to study the problem from the gravity side too. Some ten years ago it was

shorvn that the 6 big anomalies d.etermining the geoid can be written as sunrs

of two inJluences and the position of the two sources can be deduced from

the characteristical points of the magnetic eccentricity. These similarities

of the magnetic and gravity field of the EErth raise - of course - a lof of

new problems /e.g.  due to the shi f t ing of  eccentr ic  d ipole the gravi ty ac-

cel" .at io. ,  observable on the Earth must show changes too/ .  Thus the study

of connections between the two fields of force can not be regarded as being

closed down in spi te of  the many s imi lar i t ies detected as yet .
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The original aim of my investigations taken uP more than 3O years ago

on the magnetic secular variation was to make up a uniform magnetic obser.-

vat ion ser ies which,  in the Carpathia i l  basin,  hart  begunin IB7I ,  but  had

been interrupted several times for technical and political reasons. During

the investigations it turned out that there is a periodic pulsation of about

half a century in the magnetic annual mean value series measured in the

observatories of the Earthts nor thern temperature zone, considering either

the declination or the vertical and horizontal intensities. Ths recognition

pointed forward beyond tle original goal. Several characteristics of global

validity have been found in the secular variation recorded in the magnetic

observatories. The phenomena observed in the magnetic components can be

more closely related to the physical reality if we use a vector diagram rep-

resentation. It may be proved u,ith the aid of the vector diagrams that the

half-a-century period in the components comes from a helicoid-Iike sPatial

motion of the end point of the magnetic vector. The sense of rotation of the

helicoid is clockwise - seen from the direction of the main secular varialion

- and the rotation period is about fifty years. The component of the secular

variation which is perpendicular to the direction of the main variation is

cal led " t ransversal  ef fect" .

The transversal effect takes place in the normal plane of the variation.

The actually measured magnetic point now goes ahead, then falls behind the

averaged point. This is called the "longitudinal effect" of the magnetic se-

cular  var iat ion.  The reason for  th is is  that  the measured var iat ion is  oc-

cas!.rtrally greater at other times les s than the average one. Its period is

also half a century. It is interestifrg that either the speeding up or the

slowing down of the secular variation takes place at the same time all over

the wor ld.

I t  is  obvious then that  there is  a secondary ef fect  of  a per iod of  about
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f i f ty  years superposed on the magnet ic secular  var iat ion.  th is ef fect  is

character ized by features of  g lobal  val id i ty .  Simi lar ly ,  a hal f -a-century

period may be found in the amplitude of the Chandlerperiod and in the an-

gular velocity of the Eartht s rotation, that is in some phenomena closely

related to the rotation of our planet. From the similarity of the periods of

secondary phenomena we may conclude that the magnetic secular variation

is connected \rith significant mass motions. The internal mass distribution

of  the Earth inf luences the Earth 's f igure,  in other words the sea level ,

which represents the surface.  Examining the mean sea level  data of  sev-

eral coastal stations certain relations suggesting a global character hare

been found a per iod of  about $O years is  recognizable in these data,  too,

but in general this phenomenon depends so much on local and perhaps on

regional effects that only very feu' stations are suitable to obtain data ftom

which conclusions of general validity can be drawn.

Ths m6gnetic secular variation has a pulsation of a period of about

$O years -  as a component.  I f  in  a component part  of  a var iat ion one re-

cognizes the common gene ral features outlined above, then the main va-

r iat ion must u 'e l l  be of  general  nature.  However,  the so-cal ied isopor ic

charts,  which show the change of  the magnet ic f ie ld,  g ive a rather incohe-

rent  p icture of  the var iat ion.  the reason for  th is is  that  when an isopor ic

c l iar t  is  compi led the changes of  each of  the componenrs are represented

separately on &f ferent  sheets of  ma p,  whi le the phenomenon i tsel f  takes

place no1 in separate components but in such a way that the end-point of

the magnet ic vector  recorded in an observatory t races a spat ia l  curve.  I f

the properties of this path are being studied in separate components, the

particular local coordinate system of the observatory will be an inherent

pqrt of the investigations. Obviously in such a treatment the vertical of

European or Asiatic or American observatories will mean different di-
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rect ions.  In order to proper ly interprete the phenomenon \ /e must choose a

standard coordinate system.

About 25 years ago we investigated the vectors of secular variation of

the geomagnet ic f ie ld in a coordinate system f ixed to the Earth 's centre.

First the variation vectors were orthogonally projected to the equatorial

plane and to two other planes perpendicular to the equator, with the aim of

searching for some general feature. After several attempts it was found

that if an axis of the coord.inate system is chosen to point from the Earthrs

centre tourards Pakistan as a project ion centre,  then in th is project ion the

vectors of secular variation converge near the projection centre. Thus the

sJrmmetry center of the secular change is somev.,here near to Pakistan. It

is to be noted that the magnetic dipole has long been knoum to be located

eccentr ical ly  towards the Marshal l  is lands.  This d i rect ion is  at  r ight  an-

gles to the coordinate axis connect ing the Ear th 's  centre and Pakistan,

and'  again,  both of  these di rect ions are perpendicular  to the magnet ic d i -

pole axis.  These three di rect ions seem to have an important  ro le in the

descr ipt ion of  the magnet ic f ie ld and i ts  secular  change. Indeed, the vec-

tors of  secular  var iat ion -  seen f rom the di rect ions of  magnet ic eccen-

tricity and of the dipole axis - point out certain characterbtic directions.

It has also been known long since that the Earthts magnetic dipole

-  now being eccentr ic  towards the Marshal l  is lands -  has been dr i f t ing

westwards at  a veloci ty  of  Or2ofyear.  I f  -  according to what is  said

above - beside the magnetic secular variation the eccentricity of the

magnet ic d ipole is  a lso assumed to or ig inate f rom some kind of  mass

asymmetry ! n the "background", 
then thi s must be appa rent in the Eartr's

f igure,  too.  When these invest igat ions began -  about 20 years ago -  rve

had only certain forms of hypotheses about the triaxiality of the Earth and

a .qeneral belief in geodesy was that the equatorial major axis of the Eartr
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pointed t.owards Australia. Although this direction coincided with the di-

rection of eccentricity of the magnetic dipole, ihis conception was not more

than a guess owine to the inaccuracy of primary measurement data.

The first reliable geoid heights were computed from the perturbations

of satellite orbits 1! years ago. At the time rve made an attempt at calcu-

Iating the equatorial ellipticity from the equatorial section of the 1966 geoid

approximating it with a zonal spherical harmonic the axis of which \ras di-

rected to\iards Australia. the calculations gave the surprising result that

a spherical harmonic of this type could not fit well the equatorial section.

Varying the axis of aplrroximation we determined the direction of best-fit-

ting ellipse and, subtracting it from the measured data, obtained a charac-

teristic antisJrmmetry in the residual map. Thus we came to the conclusion

that the equatorial section could be approximated not by one, but two zonal

harrnonics v'ith axes nearly at right angles to each other. This approximatiar

is really very good. Assuming that the two reflection-sJrmmetric figures ob-

tained in the approximation \rere rotation-sJrmmetric, we drew a map of the

combined body. Surprisingly this combination reproduced the si.x well-kno*n

anomalies of geoid, that is the origin of the six large geoid anomalies can

not be six separate, independent mass inhomogeneities, but the geoid is the

sum oj two great effects.

The pairs of anomalies in the northern and southern temperate zones

are the antipodal superpositions of the t\/o main effects. The axes of the

best-fitting component figures are not far away from those mentioned above

/Austral ia, Paki stan/.

It is very demonstrative that this geoid'map has been computed solely

from the equatorial geoid heights, in other words the anomaly pattern of

temperate zones is implied in the equatorial d.ata. If a separate density in-

homogeneity is attri buted to every geoid anomaly, these inhomogeneities
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should satisfy this very peculiar condition the Probability of rvhich is ex-

t remely smal l .

It is also worth mentioning that according to a schematic calculation,

if the inner core is eccentric and of high density, the level surface becomes

egg-shaped, peaked towards the di rect ion of  eccentr ic i ty .  In our case the

zonal harmonic approximation gives an egg-shaped surface vith its axis

and peak pointing tcwards Australia. It is interesting that the rotation-

sJrmmetric component the axis of which is directed tou/ards India contains

no even spherical harmonics, so it has no ellipticity. The rotation sJ,{nmetry

is represented by harmonics of order J, $ and 7. In this stage of investi-

gation, since ve use only the equatorial data, the lines connecting the

oceanic anomaly pairs of temperate zones are perpendicular to the planc of

equator.  In real i ty  these l ines are not  perpendicular  to the equator, instead

they are inclined to each other noethward. This suggests that the mass in-

homogeneity lying behind the geoidal figure is loc ated north of the equatorial

plane. And really, the magnetic dipole is shifted north of this plane.

In the next stage of research - to explain this distortion of anomalies -

we had to abandon the equator as a plane of approximation and search for a

better fit. This generalization of computations made the formulae extremely

complicated. The best approximation was difficult to determine because the

surficial 
"inhomogeneities" of topography have also an influence on the

geoidal figure, so not only the two rotation-syrnmetric effect but the irregular

surf ic ia l  mass inhomogenei t ies are also I 'epresented in the $eoid.  Set t ing

out from the consideration that the influence of the surficial s.ource bodies

diminishes vith the altitude more rAPidIy than that of the global sources'

m,oving away from the Earth's surface we can separate the different tJrPes

.of anomalies. To achieve this separation we have calculated the geoid for

1000, 2000. 3000, 6000, 10000' 2OO0O and 5OOOO km altitudes vith the
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well-known method. The pictures at 20O0O and 5OOOO km heights are rather

schemat ic and more than the equator ia l  e l l ip t ic i ty  can not  be observed.  Be-

tween 50O0 and 1OOOO km altitudes the effect of the Indian source is clearly
schemat ic.  Their

discernible although the maps are gtilli.s(:hematic pattern means that the

effect of surficial disturbances is negligibly small at this height.Therefore

the data of the map corresponding to 600O km altitude were chosen for the

purposes of further research. During the calculations a mathematical method

was found which determined the axial directions of the two approximating ro-

tation-sJrmmetric figures quite uniquely. The calculations can be carried

out in t\/o different vays: either from the data along the main circle given

by the two axes or from the complete map of data measured aII over the

wor ld.  I f  the source body is  a composi t ion of  rotat ion-symmetr ic  f iguresrthe

two definition will give the same set of spherical harmonic coefficients when

and only when the two axes of the approximation are properly chosen. In

this way we determined the best fit directions excluding the effect of sur-

f ic ia l  inhomogenei t ies.  Then the geoid so obtained was extrapolated back

to the Earth 's surface.  Final ly  the resul t  -  which was supposed to ref lect

the ef fect  of  deep seated sources -  was subtracted f rom the measured geoid

surface, thus giving the effect of the surficial sources.

The residual map reveals a correlation between the anomaly pattern

and the relief of topography. The rows of positive anomalies of the residual

picture usually coincide w'ith the big mountain ranges of the Earth and si-

milarly the system of O lines with the mid-oceanic ridges. Furthermore the

zonal as5rmmetry of geoid /its pear-shaped figure/ can be attributed only

to th€ deep-seated sources.  The surf ic ia l ,sour ces have no zonal  harmonic

components. The polar ellipticity of the Earth may also be imagined as the

sum'of two parts corresponding to our conception. the major term is due to

the Earth's rotation, and about 0.2 percent is attributed to the internal mass
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inhomogeneitie$. 
:

The Comrec8qi 6f magt|cf e and gcotdl}enofnaliec haturally calla forth

the conclusfon'.that J$tt like the magretie fleld .ttre gtrairit5r'field alsddunder-

goes'a secular'ch8ng€.::Th€ degree of thda chenge!s very small, at drost

scveral fr,mes l9' k gal a Yeari' : ' '

l i
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TI{E NEXT DEVELOPMENT IN SATELLITE DETERMINATION OF TIIE EARTIIIS GRAVITY
FIELD

Professor W. M. Kaul-a
Department of Earth and Space Sciences
Un'iversity of Californla, Los Angeles, California 90024

Abs t ract

Satellite-to-satellite tracking is expected to achieve +10-6rn/sec accuracy

beLneen co-orbiting satellites a few 100 km apart, The mininum sustainable

altitude is about 160 ktn. It is estimated that features of the gravlty

field ru110 km in extent should be resolvable. To achl-eve thls resolution

economically, the analysis Process should be itelative' treating the

residuals wi th respect  to the best  previous rnodel  as a t lme ser ies for

each orbi t  of  l i rn i ted durat ion (e.g. ,  one revolut ion),  and deternln i -ng

the mean correcLion to the potentlal for each duration by adjustments at

t ra jectory crossings,

Introduct ion

The GEOS-3 altimeter satellite has yielded an order-of-magnitude improve-

nent in knowJ-edge of the Earth's gfavitational field over the oceans:

after adjustment of orbits for agreement aE track crosslngs, the accuracy

is better than +1 meter. A more accurate altimeter, SEASAT, was placed

in orbit, but fitled after about one month. G1oba1 solutions based on

satellite altirnetry have been published in the form of maps of the ocean

geoid (Brace,  1977; Rapp, 1979) and as spher ical  ha: :monic coef f ic ients of

po ten t i a l  (Gaposchk in ,  1980 ;  Le rch  e t  a l . '  1981 ) .

Hofiever, to obtain the gravity field over the continents' as well as to

obrain the geoid distinct from the mean sea leve1 (as desirable fot ocean

dynarnics studies), it is necessary to obtain mole accurate measurements of

satel l i te orbi t  accelerat ions,  The Tnethod nost  1 ikel-y to achieve such

accuracy is  satel l i te- to-satel l i te tange-rate,  for  which 1l /sec = 10-om/sec

. . . r r ""y at  ranges of  a few 100 kn appears at ta inable (Pisacane et  a l ' ,

1981).  The system proposed by the Appl ied Physics Laboratory;  Johns

Hopkins Univeis i ty ,  wi l l -  t ransrni t  at  t r {o f requencies,  94.0 and 40.5 Gl tz '

to overcome ionospheric refraction- It is exPected that the stable fte-

quency standard wi l l  have bet ter  than +0'2 p lsec accuracy for  four-

"."ort'd a.t"t"ges, and ttnt the main error will arise from nolse in the

circui ts t ransl ,at ing the stable reference to the t ransmisslon-f requencies.
The ninimum altitud6 at which the spacecraft are sustainable long enough

for a g1obal coverage is 160 krn. At this altitude, varlations in accelera-

tidn due to atmosphere clrag can be +10 U/sec2. Hence lt is essential that
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the satelllte be rnade drag-free. It is planned to use the Disturbance

compensation system (DISCOS) of stanford university. In this system, each

spacecraft has a proof mass within an evacuated cavity. Capacj'tors detect

rotlott of the spacecraft w'ith respect to the shlelded proof mass, and

thrust is applied to naintain a purely glavitational orbit'

The gravity satellite (GRAVSAT) spacecraft is now expected to be the same

as for the next oagnetic field survey (I,IAGSAT). The combination will not

only be Eore economic, but will improve the acculacy of the nagnetic data

and produce coorilinated data sets. It ls hoPed that a launch can be mde

before the 1988 increase in solar  act iv i ty .

Resolution

The ef fect lve "resolut ion" of  the satel l iEe-to-satel l i te range rate-- the

size of the features in the gravlty field it can measure--depends not only

on the overal l  accuracy of  + 1 u/sec,  but  a lso on the sPectra l  d ist r ibut ion

of this total error, and onlhe magnitudes of the spectral components of

the gravity field coopared to these comPonents of the error' In the 4-

"."o.td averaging tirne of the system, the spacecraft traverses 31'2 kn'

equlvalent to a rnaxirnun harmonic Lz = 657, If the error spectrum is
"whi te"--assumed tc be equal ly  d is-Cr ibuted aqrong al l  f requencies-- the error

per coef f ic ient  is  *10-6lp"ASt) f l2^= +3xl0-Un/sec in veloci ty ,  or  (using

ihe 4 second intervJl) +7x10-9rn/sec2 li acceleration at spacecraft alti-

t ude .  A t  t he  su r f ace ,  i he . . r o t  w i l l  be  [ ( 6371+160 )1637L1 "  t imes  as  g rea t :

i f .OZSgxZxfO-9ur/sec2 i .  accelerar ion or  +(1.025L1y)x7xl} -10 in d i rnensionless

i-ot . r t i . l  coef f ic lent .  The mgni tude of"n I th degree coef  f ic i -ent  is  about

+] ]O-519,2.  Equat ing these two expressions gives &:180,  equivalent  to a

iesolution of 110 kro.

var ious other esEimates have been made (Breakwel l ,  1979; Douglas et  a1. ,

1980; ? isacane & Yionoul is ,  1980; Jekel i  & Rapp, 1980; Runrnel , ,1980) '

most of them for the accuracy of determination of mean values for squares'

and there tns been some debate about how the different estinates should

be compareil. I{orrever' the dominance of the 1.025[ darnping factot leads to

all the estimates falJ-ing within the range 100-200 kn.

I t  therefore is  the consensus that  satel l i te- to-satel l i te range-rate wi lL

undoubtedJ,y yield a significant improvement in gravity field deterninati-on'

and that a greater t""f i" to develop data anal-ysis procedures which will

econornicall! ancl reliably extract the infornation from the data. Improved

est imates of  accuracy,  or  resolut ion,  should be by-products of  these

procedures.

Data Analysis

The followlng aPPear to informed cgnsenses:
1. the reference surface for which the global potential" is to be

c a l c u l a t e d s h o u l d b e a p p r o x i m a t e l y a t s a t e l l i t e o r b i t ' a l L i t u d e : t o a v o i d
the expense of  integrat ing over a wide surface area to get  accelerat ions

at  the spacecraf t ,  and to separate c lear ly the problem of  potent ia l  determi-

nation fron that of dowmrard continuation;
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2. the deterninat ion f rom satel l i te- to-sate1l l te range-rate of  var ia-
tions in potential should be done orbit-by-orbit, ptinarily to have better
inslght into nhat is happening and secondarily for economyl and

3. the data set for comnunication among investigators shouLd be
earth- f ixed locat ions (r1,  01,  I1 i  r2r  02) and al l  three forms of  d i f -
ferences:  veloci ty  (6va = Ai ; ,  anonalous potent ia l  (AT),  and accelerat ion
(Ai6) ,  :o that  lnvest igators do.not  have to d i f ferent l -ate nurnerLcal- ly  or
dupJ- icare Four ier  analyses.

Consensus 2, inprovement of the gravity field using orbit-by-orbit analyses,
is a considerable departure from classical nethods in sate11lte geodesy,
where normal matries on the order of 1000x1000 nay be solved. llowever, not
only would such global solutions frorn sateLlite-to-satellite range-rate be in-
ordinately expenr:lve, but they ale unnecessary and inappropriate. The satel-
L i te- t  -satel l i te range-rate is  most  sensi t ive to wavelengths ln the gravi ty
f ie ld comparable to the satel l i te spacing,  nhire l t  is  insensi t ive to very
long wavelengths and to tracking sLation locations. Hence the rarge-rates
constitute a data set quite complementary to the ground station tracking
data, and analyses of the range-rates are most effecttvel-y treated as
anal-yses of time series sthich are res:.duals r.lith respect to models of
the gravity field deterrained by the classical techni.ques. Important to
this mode of treatment, of course, is fhat the data colstitute as con-
t inuous a t ime ser ies as possib le.

A logical sequence of steps which confotms to these principles follows.
l. Select a reference surface rvhl.ch is a close aPploxination to the

conplete lit of olb1ts useil for a global solution The most evidence
surface is a sphere. Ilowever, Ehe perturbations arising fron the zonal

harmonics w'11 cause any orbit to depart some kiloneters from circularity.
Ilence an axisymnetric figure would be more apPropriate, approxinating:

t o ( 0 )  =  a + A a ( J 2 , 0 )

^ 2
r  -  I  c o s  2 4 ,  ( 1 )=  a + ,  J 2 -

where a is  seni-nnajor  axis,  J2 is  the oblateness factor  (1.082x10-3),  a"
i s  t he  equa to : i aL  rad l . us ,  and -Q  i s  l a t i t ude  (Kau la ,1966 :  p .40 ,  w l t h
LncLinat ion i  = r l2) .  Ihe resul t ing os" i l la t lons are thus +10.5 kn'

Bender (l-981-) suggests further an offse! of the center of the figure t4 krn

southward, to accotrmodate odd zonal effects:

r <  3 ^  e
Ar (J r )  :  - a  e ( J r ) cosM =  - f i a  ( ; 9 ) ' t r * s i n tocos l ' l

a J ^
e  J . .=  

t r . '  { s i n q + s i n  ( 2 r r r - 0 ) }  Q )
4

where M is m.gan anomaly, n is mean motlon' o ls argument of Petigee' and

J 3 ' - 2 ' 5 x 1 0 - 6 .-  
2.  Select  a reference potent ia l  f ie ld vo which is  the best  cur lent ly

availabl,e. Ihi; field is partly to calculate departures 6r of the

satellites fron the reference sutface. Hence Lt should include enough
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t.erns to assure ttBt

2 e
- 3  e { 6 r ( v o )  }  } .  

e { l i } / o t o
o

wtrere r| is the angular separation of the satellltes, e(Ai) is the error
in range rate between the satellites, and 6tD is the time interval between
da ta  po in t s .  (See  s tep  6  be l - ow) .  Thus  a  sepa ra t i on  o f  300  km,  o r  r ! : 0 . 05 ,

e(At)  :  1u/sec,  and 6tp "  4 secs require locat ion error  e{6r}  < 3 meters.
3.  Delernine orbi ts  uslng the reference potent ia l '  other appropr iate

model pararoeters, and tracking data, for the purpose of locating the
satel l i tes at  the data points selected for  analysls,  s tep 6 below. The
prJmary cr i ter ion for  the duraLion r  of  the orbi ts  is  n in i rn iz ing e{6r} .

4.  I 'our ier  analyse the satel l j - te- to-satel -1 i te range-rates Ai  for
each duration r. The data intervals 6tI for the analysis should be deter-
nlned rnalnly by instnrnental considerations. The purpose of this analysis
is to obtain re l iable accelerat ions Ai6r  steP 5 be1ow. Hence i t  rny be
economic to bleak up the orbit duracion r into several overlapping blocks.
With Fast Fourier Transform (ffT) techniques this step should not be a
major element of expense.

5.  Obtain satel -L i te-satel l i te accelerat lons Aia by di f ferent iat ing
the Fouri rming back ro
the temporal domain. The time intervals 6t6 for calcul-ation of accelera-
tions should be deternined rnainly by what is thought to be resolvable
from the satel lLte- to-satel l iEe range raLe at  satel l iLe al t i tudes:  i .e. ,
snaller than the 14 seconds iE takes to traverse 110 kn.

6.  Set  up (O-C) 's for  accelerat ions.  At  each t ime t  for  which there

is an "observed" accelerat ion Ai6( t )  we also have:
a.  the earth- f ixed satel l i te locat lons f l ( t ) ,  12(t )  f ron the

orbi ts calculated at  step 3;
b .  t he  re fe rence  po ten t i a l s  Vo ( r1 ) ,  Vo ( r2 )  and  t he i r  g rad ien t s '

p resc r i bed  a t  s t ep  2 .

Def ine the conplete potent ia l  at  r r ,  i  = 1.  or  2,  as:

v( f i )  = vo(5r)  +r(5r)

av
:  vo ( Io i )  + (#)  i  6r ,  + T(ror)

AV
.  vo( Io i )  *  ( ; f l i to ' i<vo)  +  6 r r ( r )  )  + r ( ro . )

'  Voo ( f i )  -  c ( ro )  6 r .  ( r )  +  r (gor )  (4 )

Here,  Voo(r*)  is  the reference potent ia l  Vo at  locat lon r i  calculated for

t ine t  i io i ' the orbi t  deternined at  step 3-p1us the reference potent ia l

vo;  T( fo i )  is  the "d isrurbed" potent ia l  on the reference sphere ro i ,

nEgf lg iUfy d l f ferent  f ron that  aL 11i  and d!{(T)  is  the di f ference of  the

actual  locat lon of  the satel - l i te f r6rn that  o6tain.d using the reference

Dotent ia l  V .' o

( 3 )
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The "calculatedrr accelerat ion A;c(t) is:

( ;  - #  ) . ( r ,  - r ^ )
, .  \ : 1  -  ' '^;c (t) = 

ff;ir1 
= (vvr - vv2) ' (rl

' - r  - z

uslng astrononic/geodetlc sLgn conventlon,

r .  =  v v . .- l  a

the figure is a sketch of the geometry, Ln whlch
greatly exaggerated compared to hrhat would exlst

- t_r) ltr2, (s)

f / \

\ o , ,

611 and rf have been
in the actual system.

2

0

lJe thus can wrlte in the plane deflned by the
and the tlro satellLtes:

. .  l a V r r a V o
ar"( t )  = t i ; f  s in  " . ,  - i ; f  s ln  c ,  I' 2  - '

EV.l EVT
+ 

;i 
cos al + 

a;: 
cos 02

Earthts cente! of roass 0

^;co(t).#I*Ur #IP.
rr 1 3T, ETo

+ I i -  ot , t ," l  1 t t '+t ' l  +Dr{s6rr(T) }  -Dr{s6rr(r)  } ( 7 )

reference surface
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Ai "o  =  Dr (vo1)  -D2(v02) ,

the operator

sl-n cl -
D. = - l '++ ( -1)a .o"  o,  j ; ; ,  (e)

a  ! .  d l j

and the subscripts on oio, rio denote dependence on the orbit calcuLatlon
using the reference potantial-vo at step 3. (Given f1r f2'_ determlnatLon

of the orientatioo of the 0-1-2-p1ane necessary to get 3V1/3$ frorn 3V1/E0

& av/al is a ptoblem of spherical trigonometry, wtrile a1 o2 are obtained

from 11,  r2t  t12t  etc.) .

For an orbital- span r one can write the disturbing potentlal T(t) as a

Fourier selies in time. Then for che horlzontal derivatrves

wtrere

where

(8)

O L  L  O L

a 0 n a t' o
(10)

(11)

(12)

(13)

,,o = t*/'ll1/'

l lowever, the radial delivatives 3T/0r and the orbital perturbations 6r(T)

cannot be evaLuated fron T(t) because this representatlon is not harmonlc:

i  e. ,  not  a solut ion of  v2T = 0.  I lence the 3T/3t  and 6r( t )  terras in (7)

must be set zefo, and a determination of the Foulier coefficients fot T

nade by J"east squares frour the reslduals AiU - Ai.o. In complex notation

-  { n f
T =  )  T  e - - -

0

sin c,  s in o.  ^-
^ :  r  r d r r  _ - - - - a r iA lA r d - o r " o =  -  L a ; 1 1 - - : - r a u l 2' 1  

2
,  ior t ,  io t .
l -  F  .  L  Z t ^: _ , 1  o t e  _ e  J r

u
o 0 )

Not determLned by thls procedure ls ao additive constant Toi, where the

subscript j pertains to the orbit. If the duration t corre-sponds to a

half revolution n/no pole-to-Po1e, then in a slngle such durati-n-nothing
would be learned to dLscriurinate east-west variations of the fie d frorn

north-south Also for  { ,J<<l- /6td = no/6{ ,  the detemlnat ion of  r ,  wi l l  be

weak. Con;ideratl-on should be gl.ven to a Priori variances, since these

1ow frequency teros will be the best knom in the reference fi ld Vo'

7. Determine orbital addl-tlve consta4ts for potential corr '

Ustg t f t .  set  of  correct ions

to poten' ia l  T i ( ro,{  I I  is  obtained.  Next  an adjusgment must be mde f rom

,condr"tion equations at orbit crossings eo detennine the additl-ve constants

To1 for  eac' .  orbl t .  The adjusted set  T(ro Q,I )  w 11 st : - l - l  have a global

,rii-ort additive constant, which should be set. so as to rnake the global

mean zero.
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HarmonlcaLly analysg the global  f ie ld T(ro,0, l )  ro determine
nnether the correct ions to the reference f ie ld v^ impl ied therebv are
plauslble. rf they are, a new reference fler-d sXour-i be generat;d by
adding.T to Vo and steps 2-7 i terated Hence a!  each i teraLion the 

-aT/ar

and 6r(T) f ron the previous i tera: . ion a: :e used,  in ef fect .  For the calcu_
lllion of 6r(T) a spherical harmon:c analysis of T is probably mosr
efficient. Ilowever, the OT/Dr may require a eonsiderally higirer degree,
so consideration should be given to inverse stokesr intelrations of the
residual potential over limLted caps.

At ucLA' ne are undertaking a sirnpl.e sinuLation to improve lnslght and
procedures.  A tota l  potent ia l  v  = vo*T is  calculat ;d f lot r I .  I i * i t "d
nunber of spherical harmonic coefflcitnts. The or, its are assuned to be
po1a4 and c i rcular  pLus perturbat lons 6r  as calculateal  f rom v.  The Ai^^
are calculated f rom Vo using (8) ,  but  the A;d are c: lculated f rom the 

' ' '

cornplete potential v. After procedutes are developed to recover the cor-
rection T frorn sirnple cases, the r,rork wlll nove to '�oore complicated
s i t ua t i ons .

+g!99!Le!€9ggg!9. 
'This work is supporred by NASA grant NSc-5263 and

NOAA grant NA81-M-D-00071,
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ORBIT DETERMINATION METHODS USED IN THE SATELLITE

GEODETIC OBSERVATORY

I .  A1m6r  -  Sz .  Mih6 ly  -  T .  Borza  -  J .  Adem

Satel l i te Geodetic Observatorv

Penc, Hungary

Abst rac t

The Sate l l i te  Geodet ic  Observa tory  o f  the  Hungar ian  Ins t i -

tute of Geodesy and Cartography is adopting and developing dif-

ferent proqrams of satel l i te orbit  determination connected

wi th  i t s  t rack ing  ac t iv i t y  /photograph ic ,  laser  and Dopp ler  ob-

servations / ,

The PREDICE pred ic t ion  program is  used in  laser  t rack ing

of  geodet ic  sa te l l i tes ,  T t  serves  a lso  fo r  the  improvement  o f

cer ta in  o rb i ta l  e lements

Different short-arc programs have been developed for sta-

t ion posit ioni. lg. The SAMULPO program, which is based on a

f irst approximation orbit  by PREDICE, makes use of synchronous

laser and photographic observations to improve the original

3 vector-components in several- points of a short arc. The re-

su l t  i s  u t i l i zed  to  der ive  coord ina tes  o f  another  laser  s ta t i_on

observing simultaneously iFOTOLASER method currently in use in

the  In te rcosmos count r ies / .

Another short-arc progtram, cal1ed SADOSA, serves the pur-

pose o f  Dopp ler  pos i t ion ing  by  mul t i loca t ion .  I t  enab les  the
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user to provide r igorous geodetic adjustnent of coordinates of

up- to  15  s ta t ions .

Among the unknowns the posit ional and velocity bias para-

meters of every orbit  are also determlned. Either range dif fe-

rences or pseudo-range equations can be used. The coordinate

system can be defined optional ly. The SADOSA program which

forms a part of a research agreement between.'JMR rnstruments

Inc, Cali fornia and the satel l i te Geodetic observatory provided

practical results in the f lrst wes,t-East Doppler observation

Campaign in 1980 as well  as in national and international

network computations.

Several Programs vrere developed to investigate the con-

nection and transformation bet\.reen dif ferent geodetlc coordi-

nate systems. These Programs are used mostly in the interpre-

tat ion of stat ion coordinates deterr i l ined by dif ferent technics

as well  as ln orbit  determination and geodynamical investiga-

t l o n s .

Final ly l t  is emphasized that the Satel l i te Geodetic

observatory is ready to serve as a monitoring stat ion of geo-

detic satel l i tes providing continuously precise observations

in order to improve orbit  calculat ion methods and procedures.
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EFFECT OF UPPER ATMOSPHERIC VARTATTONS

SATELLITE LIFETTMES

E .  M .  B o t h

O b s e r v a t o r y  o f  H u n g a r i a n  A c a d e m y  o f  S c i e n c e s

B a j a ,  H u n g a r y

u r i t h o u t  a n y  p e r t u r b a t i o n s  a n  E a r t h  s a t e l l i t e  w o u l d  r e -

main  on  a  Kep ler ian  orb i t  end less .  Of  the  per tu rb i .ng  fo rces

o f  d i f f e r e n t  o r i g i n ,  a t m o s p h e r i c  d r a g  c a u s e s  a  s e c u l a r  d e -

c r e a e e  o f  t h e  s e m i - m a j o r  a x i s  a n d  o r b i t a l  e c c e n t r i c i t y ,  s o

s a t e l l i t e s  h a v e  f i n i t e  l i f e t l m e s .

T h e  t h e o r e t l c a l  l i f e t i m e  o f  a  s a t e l l i t e  ( L )  c a n  b e  d e t e r -

m i n e d  b y  K i n g - H e l e ' s  f o r n u l a e ,  a s  a  f u n c t i o n  o f  o r b i t a l  d e c a y

. a t "  ( i ) .  T h e  l a t t e r  c a n  b e  d e r i v e d  e i t h e r  f r o m  o b s e r v a t i o n s

or  f rom any  a tmospher ic  n rode l .  Determin ing  L  fo r  decayed sa-

t e l l i t e s  a n d  c o m p a r i n g  t h i s  t o  t h e  o b s e r v e d  I i f e t i m e ,  n e  m a y

n o t  g e t  a n y  d i f f e r e n c e .  H o w e v e r ,  t h e r e  a r e  s u c h  s y s t e m a t i c

d i f f e r e n c e s  b e c a u s e  o f  t h e  e x a c t l y  u n p r e d i c t a b l e  v a r l a t i o n s

i n  t h e  E a r t h ' s  a t m o s p h e r e .  T h e  s y 6 t e m a t i c  e r r o r s  e n a b l e d  u s

t o  d e m o n s t r a t e  t h e  e f f e c t  o f  l l - y e a r ,  s e m i a n n u a l  a n d  2 7 - d a y

v a r i a t i o n s  o n  s a t e l l i t e  l i f e t i m e s .

F i r s t  w e  e x a m i n e d  t h e  d e p e n d e n c e  o f  K i n g - H e l e ' s  f o r m u l a e

o n  o r b i t a l  e l e m e n t s  a n d  a t m o s p h e r i c ' p a r a m e t e r s .  l l t e  c a n  s t a t e .

t h a t  L  d e p e n d s  m a i n l y  o n  o r b i t a l  e c c e n t r i c i t y  a n d  p e r i g e e

h e i g h t .  T h e  e x a c t  d e t e r m i n a t i o n  o f  t h e  m a s s / a r e a  r a t i o  o f  t h e
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s a t e l l i t e  i s  a l s o  o f  g r e a t  i m p o r t a n c e .  c o m p a r i n g  t h e s e  r e s u l t s

t o  t h e  o b s e r v e d  l i f e t i m e s  o f  n e a r l y  l o o o  s a t e l l i t e s  w e  e x p e r -

i e n c e d  a  g o o d  a g r e e n e n t ,  e s p e c i a l l y  i n  t h e  c a s e  o f  s o m e  g r o u p s

o f  s a t e l l i t e . s  o f  t h e  g a m e  m a s s ,  s h a p e  a n d  s i z e .

O e m o n s t r a t i n g  t h e  l l - y e a r  c y c l e  w e  u s e d  4 8  s a t e l l i t e s  o f

t h e  s a m e  t y p e ,  a n d  t h e i r  r o c k e t s .  T h e  s a t e l l i t e s  h a d  n e a r l y

t h e  s a m e  o r b i t .  T h e  L  v a l u e s  s h o w e C  a  s t . r o n g  c o r r e l a t i o n  w i t h

F ,  t h e  w e i g h t e d  m e a n  o f  F  s o l a r  d e c i m e t e r  f l u x .  T h e  e r r o r  o f

c o m p u t a t i o n ,  i .  e .  t h e  d i f f e r e n c e  b e t w e e n  c o m p u t e d  a n d  o b -

s e r v e d  l i f e t i m e s  s h o w e d  n o  c o r r e l a t i o n  w i t h  F .  f h i s  p r o v e d .

t h a t  t h e  l l - y e a r  v a r i a t i o n  c a n  b e  c o n s i d e r e d  a s  a  v a r i a t i o n

o f  t h e  e x o s p h e r i c  t e m p e r a t u r e ,  a n d  t h i s  e f f e c t  i 6  t a l < e n  i n t o

a c c o u n t  s a t j . s f a c t o r i l y  b y  K i n g - H e l e ' s  m e t h o d .

T h e  s e m i a n n u a l  e f f e c t  c o u l d  b e  d e m o n s t r a t e d  i n  t h e  c a s e

o f  1 3  s a t e l l i t e s ,  f o r  w h i c h  a  l o n g  s e r i e s  o f  o r b i t a l  e l e m e n t s

r v a s  a v a 1 l a b I e .  T h e  r e l a t i v e  e r r o r  o f  l i f e t i m e  d e t e r m i n a t i o n

s h o w e d  s t r o n g  c o r r e l a t i o n  w i t h  d e n s i . t y  v a r i a t i o n s .  C o r r e c t i n g

t h e  o b s e r v e d  i  v a l u e s  b y  t h e  s e m i a n n u a l  d e n s i t y  v a r i a t i o n

r a t i o  o f  ( j L R A - 7 |  a t m o s p h e r i c  m o d e l ,  t h e  c o r r e l a t i o n  c e a s e d .

T h i s  p r o v e s  t h a t  K i - n g - H e l e ' s  f o r m u l a e  d o  n o t  t a k e  i n t o  a c c o u n t

t h e  s e m i a n n u a l  e f f e c t .

T h e  s a m e  s i t u a t l o n ' i s  a t  2 7 ' d a y  c y c l e .  T h e  r e l a t i v e  e r -

r o r s  s h o w  s t r o n g  c o r r e l a t i o n  w i t h  F  i n d e x ,  c h a r a c t e r i z j ' n g  t h e

a c t i v e  a r e a  c o m p o n e n t  o f  s o l a r  r a d i a t i o n .  A p p l y i n g  a  2 7  d a y  o r

l o n g e r  r u n n i . n g  m e a n ,  t h e  c o r r e l a t i o n  c o e f  f  j - c " i  e n t  d e c r e a s e r l  ,

w h i l e  t h e  c o r r e l a t i o n  w i t h  F  i n c r e a s e d .

S u m m a r i z i n g  t h e  r e s u l t s  w e  c a n  e s t a b l i s h ,  t h a t  K i n g - F l e I e ' s
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m e t h o d  f o r  s a t e l , l i t e  r i f e t i m e  d e t € r m i n a t l o n  c a n  b e  l m p r o v e d

by us ing  a  semiannua l  cor rec t ion  o f  any  upper  a tmospher ic

mode l  and by  the  use  o f  a  runn ing  mean fo r  a t  leas t  27  days .
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u s e  o f  s a t e l l i t e  l i f e t i m e s  ( p h . D .  d i s s e r t a t i o n r l g g l )

2. CIRA-7? atmospheric 
.model .(akadenie-Verlag Berl in 1972)
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sphere (But terworths,  London 1964)
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DYNAMTC PROCESSES IN BINARY SYSTEMS

IJ. patk5s

Konkoly Observatory

Budapest, t lungary

Abstract

According to the theory of the evolut ion of close blnary sys_
tems the init ial ly more massive component f i l ls up the Roche
lobe in the course of i ts evolut ionf and mass transfer is start-
ed. I t  usual ly proceeds in tvro steps. fn the rapid phase the
nass rat io i-s rnore than ieve sed. The subsequent evolut lon pro-
ceeds on a slow, nuclear t ime scale whlle the original. ly more
massive, but now less masslve star continues to give further
masses to the other componenb.

ghe ecl ipsing binary star sv cam has been observed wlth the 50
cm cassegrain terescope of Konkory observatory,s Mountain sta-
t ion since 1973- Anatysis of the obtaihed uBv f. ight curves shows
the system to have three interestlng pecul larl t ies. Flrst of
al l  there is a migrating distsrt ion wave r.rhlch is characteris_
tic of RS CVn type stars. This wave is caused by dalk spocs .n
the surface and i t  migrates tovrards increasing orbital phase
on the r ight curve because of the dlf ferential rotatr.on of the
stars. Flare activi ty in cennection with the spotted reglon _
as" the second pecul iari ty - was also observed.

Moreover, a large-.scale dynamic process also seems to exlst in
the syst.em. Judging by ny observations the starspot_actlvi ty
of SV Cam r,/as at i ts minimum at the end of the year 1974. There
were no spots Present, an und{storted "normal, '  l ight curve
could be observed. This v/as confirmed by another observation
a month later. yet a further month later a brightness increase
of  about  OTO5 between phases  O.25 and 0 .65  appeared.  The ex i_s t -
ence ancl the shape of this brightness increase were confrrmed
by another observation four days rater. on the r ight curve ob-
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tained two months later the l ight-up had almost disappeared,

but remains of i t  were st i l l  recognizable between phase o.45

a n d  O . 5 5  .

An analysis of the t lmes of rninima obtained between 1964 and

1981 /anong them more than 50 personal observations/ shov's

that there is a break in the O-C curve at the beginning of

1975. The direct ion of the break indicates a period increase.

For a conservative system it  means that the smaller secondary

component gave mass to the primary-

The observed phenomena could be interpreted as follows: The

secondary star of the system was ln i ts quiet star-activi ty

phase at the end of 1974. This tranquil  phase was suddenly in-

terrupted by the appearance of a stream of gas which landed on

the surface of the primary causlng a hot spot there. That the

llght-up orlginated from an area hotter than the stars them-

selves was confirmed by the B- v and u- B curves. The simul-

taneous appearance of dark sPots on the surface of the second-

ary marks the beginning of a new starspot-actlvi ty cycle'

The appearance of the new distortion $tave was later confirmed

by further observatj-ons. Even the migrating dlrection was the

same as for prevlous waves.
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ROLE OF RANDOM FORCES IN STEIJLAR DYNAMICS

L . c .  B a l S z s

Konkoly Observatory - Budapest - Hungary

Abs t rac t

Our  Ga laxy  conta ins  some 1011 s ta rs  and d i f fuse  mater i -

a l .  A  mechan ica l  descr ip t ion  o f  the  s te l la rncomponent  wou ld

requ i re  the  so lu t ion  o f  a  sys tem o f  some 1  0 '  '  second order

d i f fe ren t ia l  equat ions .  There  are  severa l  approx imat ions  tha t

can be utilized to solve tLrls problern: nrmerical integration, numerical

s imu la t ion ,  and the  s ta t i s t i ca l  approach.  The fo rce  exper i -

enced by a star has some stochastic nature and so has the

mot ion  i t se l f .  The random e f fec ts  o f  s ta r  -  s ta r  encounters

probabJ.y do not play an important role in the l i fe of the

Galaxy but cooperative phenomena and encounters with huge

c louds  o f  d l f fuse  mater . ia l  and s ta rs  may be  very  s ign i f i can t .

The t j-me derivative of stochastic processes in the equation

of  mot ion  is  in te rpre ted  by  mean square  d i f fe ren t ia t ion .  In

the case of harmonic motion the approximate solut ion, which

is  cons is ten t  w i th  observa t ions  is  a  random walk .  In  t ime

scales longer than some 1 08 years one probably cannot avoid

tak ing  in to  account  the  e f fec t  o f  random forces .

Our calaxy is a hj-ghly complex system in which widely

d i f fe ren t  p rocesses  are  go ing  on .a t  the  same t ime.  Such

processes  are !  the  shap ing  o f  the  spat ia l "  d is t r ibu t ion  o f

the matter of.  our stel lar system, mechanical motions of many

k inds ,  s ta r  fo rmat ion ,  the  bu i l c l ing  up  o f  chemica l  e lements

and,  a t  leas t  in  one case,  b io log ica l  evoLut ion .  I f  we re -

s t r i c t  ourse lves  to  descr ib inq  the  spat ia f  d is t r ibu t ion  and
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motion of matter of our Galaxy then we describe i t  as a me-

chan lca l  sys tem in  te rms o f  the  laws o f  mechan ics .

The Galaxy as a mechanical system

The main  in te rac t ion  in  our  s te l la r  sys tem,  as  in  gen-

eral in the world of cosmic bodiesr is the gravitat ion keep-

ing together the dif ferent components of our Galaxy' The main

component is represented in the form of some 1011 stars mutu-

al ly interactlng gravltat ional ly and besides these we f ind a

few per  cent  o f  d l f fuse  maler ia l ,  gas  and dus t  and,  p robab ly r

mat te r  o f  an  unspec i f ied  na ture  ( "b lack  dwar fs " ,  mass ive  neu-

t r i n o s ,  e t c .  )  .

A mechanlcal descript ion of the stel lar component re-

qulres our solving a system of second order dlf ferential

equations. in the form of

e I l
* t=  f r l  . t . .  t t j  

*  " * .
- 'L 

Ll)
L = 1 , 2 r . . . . . , r l ( 1 )

and similar equations f,or the Y and z coordinates. In these

equat ions  0 i+ ,  F-  ,  n  mean the  grav i ta t iona l  in te rac t ion  be-
" i

teteen stars, betwien stars and the remaining part of the

system, and the number of stars'  respectively'  We may add

further equations to this system describing the mechanical

behaviour of the remaining parts which are coupled to the

equation of motion of stars by perturbing forces of Fi '  I t

i s  obv ious  in  the  case o f  s ta rs  tha t  the  in tegra t ion  o f  1011

unperturbed equations of motion is a hopeless task' Unti l

now one has integrated such systems numerical ly uP to n be-

ing approxinately a fet,  thousand (Aarseth et al '  1979) '  Nu-

mer ica l  s imu la t ions  (Mi l le r  19?8)  p roceed in  n  much fu r ther :

one divides the space into cel ls by a spatial grid and a-

voids the problem of close paj 'r  encounters by assuming that

two stars in the same cel l  do not interact with each other'

In  th is  way the  in f luences  o f  long  range fo rces  are  t rea ted '

T h e s e n u m e r i c a l m e t h o d s h a v e r e s u l t e d i n s i g n i f i c a n t s u c -
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cesses ln studying the mechanical behavl-our of stel lar sys-

tems. At the same t ime however, they set up a dif f lcult

problem: To what degree do the solut ions represent the me-

chanical behaviour of the real Galaxy? To answer this ques-

t ion we need to study other lndependent descrlpt ions of our

stel lar system and to compare then with the results of numer-

ica l  methods .

Suppose ! ' 'e have a system of part icles interacting

gravitat ional ly. Now we may ask: Is i t  meaningful to look for

the probabil i ty of f lnding a star in a given volume of the

6 dinenslonal phase space? The answer of stat lst ical mechan-

lcs ls yes and we can get dN, the expected number of ob-
jects r-n a unit  volume, from the expression:

d N  =  N f ( p r , g r r t ) d V ! = 1  t 2  t 3 (2'�,

nrhere  N,p i rg l r t rdv  a re  the  number  o f  ob jec ts ,  the  impu lse

cbordinates, the spatial coordj.nates, the t ime and unlt vol-

ume ln  phase space,  respec t ive ly  and f (p1rg1 , t )  i s  the

probabll i ty denslty function. In general the obJects have

d l f fe ren t  masses .  There fore  f (p1 ,g i , t )  can  be  decomposed in  the

form of

f  ( P r , 9 1 , t ) = / f  ( p r r Q i r t l m )  s ( m )  & n ( 3 )

where  f (p i rg i r t lm)  1s  the  probab i l l t y  dens l ty  func t ion  sup-

posing that mass (m) has a given value and g(m) is the

funit ion characterizing the distr lbution according to m. We

can now interpret the spatial mass density by the expres-

s i o n :

p  ( q t r t ) =  N  . f  . f m f  ( p r , 9 1  r t l m )  9 ( m )  d m d p ( 4 )

Using thls density hre Can define

by the Poisson eguations

A Q =  . 4 t l g  ( p  +  p , )

a gravltat ional potential

( s )
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where G and pr are the gravitat ional constant and the den-' o .

s i ty  o f  the  d i f fuse  mater ia l ,  respec t ive ly .  The bar  over  Q
discriminates this potential from the true potential of the

Galaxy  wh ich  is  "g ra iny"  because o f  the  presence o f  s ta rs .

The s ta t i s t i ca l  descr ip t ion  o f  our  s te l la r  sys tem means the

finding of the probabil i ty density function in phase space

or i ts moments. The stat ist ical approach has the advantage

that is vJorks well  even in the case of a very large number of

o b j e c t s .

I
Motions in a smoothed f i-eld

The mass density introduced in the preceding paragraph

may be treated as the smoothed densj.ty of stars belonging to

the same unit volume. The potential therefore defined by this

smoothed density j-s a smoothed version of the true potentj-al.

The task of stel lar dynamics j-s to f ind a solut ion to the

equations of motion in this smoothed graviat ional f ield or

in other words to solve the fol lowing system of second order

dif  ferential equatj-ons

, .  a6*= -a* . .  a 6
'  d y

z-- 1 ( 6 )

The  so lu t i on ,  i n  gene ra l ,  i s  ve r y  comp l i ca ted  and  needs  nu -

mer i ca f  me thods .  I n  some  l im i t i ng  cases ,  howeve r ,  we  can  g fe t

rather s imple analyt j -c  expressions.

I f  the star  moves on a near ly c i rcular  orbi t  around

the centre of  our Galaxy and the incl inat ion of  the orbi ta l

p lane is  smal l  then the mot ion perpendicular  to the galact ic

p l ane  i s  ha rmon i c  and  ep i cyc l i c  i n  t he  ga lac t i c  p1ane .  The

ep i cyc l i c  mo t i on  means  ha rmon i c  mo t i ons  i n  r ad ia l  and  t an -

gen t i a l  d i - r ec t i ons  re l a t i ve  t o  a  po in t  ( t he  so  ca l l ed  ep -

icentre)  revolv ing around the centre of  the Galaxy at  the

s ta r ' s  mean  d i s t ance  t o  t he  cen t re  and  w i t h  j - t s  o rb l t a l  pe -

r i o d .

Bv  a  s t a t i s t , i ca l  desc r i p t i on  we  have  t r i ed  t o  con -

s t r uc t  l f r e  p roUa f i l i t y  dens i t y  t unc t i on  i n  phase  space .

The  p robab i l i t y  dens i - t y  f unc t i on ,  howeve r ,  r e l a tes  by  e -

qua t i on  (2 )  t o  t he  expec ted  number  o f  s t a r s  i n  a  g i ven  u -
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nit volume. The true number of stars general ly deviates
from this expected value and this deviat ion also has a
probab i l j_s t i c  na ture .  The t rue  grav i ta t iona l  po ten t ia l  re -
fa tes  to  th is  t rue  dens i ty  by  an  equat ion  s imj . la r  to  (5 ) .
Addit ional ly, matter does not f i l l  the unit volume uniformly
because i t  is mostly condensed into stars and the distr ibution
of  d i f fuse  mater ia l  i s  uneven too .  A11 these have the  conse-
quence that the deviat ion of the true force f ield from the
smoothed f ield has some probabil ist ic nature. I t  means that
we can not predict exactly the force acting on a star at a
given moment. The force experienced by a star in the course
of  t ime,  there fore ,  i s  a  s tochas t ic  p rocess  and so  is  the
motion i tself .  Before entering int.o the detaits of mathemat-
icar  descr ip t ion  o f  s tochas t ic  fo rces  i t  i s  wor th  es t imat inq
the i r  s ign i f i cance in  s te l la r  dynamlca l  p rob lems.

The nature of random forces

The most str iking dif ference between the smoothed and
true distr ibution of matter in the Galaxy ls the , 'grainness"

caused by the presence of stars. The dynamic inf luence of
the "grainy" structure of the potential f ield is general ly
studied by means of star - star encounters which 1s a common
topic of textbooks dealing with stel lar dynamics. Even a
very crude model is suff icent for est imating the order of
magnitude of the dynamic effects of star - star encounters
( s e e  e . g .  W o l t j e r  1 9 6 7 ) .

IJet a star with a mass m encounter another star having
a r iass M. Let.the init ial  velocity and impact parameter be
equal to v and D, respectively. As a consequence of en-
counter the star ! i11 have a velocity component perpendicular
to the init ial  vetocity. The duration of encounter (T), the
def lec t ing  fo rce  ac t ing  on  the  s ta r  (F) ,  and the  ve loc i ty
increment (AVl) can be estimated by the fol lowing formu-
1 a e :

T - 2D/V

F - GMM,/D2

Lvt - 2cM/Dv (7')

(The mean ing  o f  these quant i t ies  i s  d isp layed in  F lg .1 )
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Figure 1

Due to the encounters the average kinetic energy associated

$rith VJ steadl ly lncreases. By def, ini t ion the t ime required

to equal the klnetlc energy of motion in the diregtlon of de-

f lect ion wlth the init ial  kinetic energy ls cal l  d the t ime

of relaxatlon. Using the stmple formulae grven abQve for T,

F and AVJ the t ime of relaxation (T.) can be writ ten as

. "3
T = ---.-.-- r  .

St lG 'Mp  l nA

( 8 )

where 4 = Dmax/Dmln and p = mass density of Perturbing

objects. Assuming that the perturbing objects are conunon pop I '

d i s c  s t a r s  r - =  1 0 1 2  -  t 0 1 3  y . u t " ,  i n  t h e  d i s c  o f  t h e  G a l -

axy. This t i i re is 2 - 3 orders of magnitude greater than the

1010 years  age o f  our  s te l la r  sys tem.  The e f fec t  o f  s ta r -

sta! encounters, therefore, can be neglected' The situatlon

changes drastical lyr however, i f  we lnsert massive clouds in-

s tead o f -s ta rs  in  p lace  o f  the  per tu rb ing  bod ies  (Sp i t ' zer ,

schwarsch i ld  1953) .  R" " r r^ t r rg  t  -  tOU*"  and p  -  0 '01M" , /Pc3 we
R

c a n  g e t  T -  - 1 0 -  Y e a r s .

Besides the effect of encounters the so-ca}led coopera-

t lve phenomena such as streamsf wavesr lnstabit l t ies contr ib-

u te  to  the  re laxa t ion  processes  as  we l l  ( l , ynden -  Be l l  1967) .

In the next paragraph we shatl  give a more r iqorous mathemat-

lcal treatnent of the effect of stochastic forces on the mo-

-  t ion .
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MathematLcal descrl-pt ion of the effect of stochastlc forces

As l t  was ment, ioned in the preceding paragraph, l f  we

were to insert stochastic forces in the equation of motion

the  mot ion  i t se l f  wou ld  a lso  become s tochas t ic .  Or ig ina l l y

the eguation of motion contained normal functlons of t ime

(expl ici t  or implici t)  and their t ime derivatives. I f  the

motion has a stochastig chalacter then we must interpret

the t ime derivatLve of a stochastic process. One of the pos-

sible interpretat ions is the so-cal led mean square deriva-

t . i o n  ( s e e  e . g .  S o o n g  1 9 7 3 ) .

By  de f in i t ion

l i m  l l x ( t  +  t )  - x  ( t )  l l  / r =  x ( t )

where  l l  x  ( t )  l l  =  E  tx  11 ;21  and E {  }  means the  expec ted

value. Thls definit lon has the very suitable property

( 9 )

*  . d n x  ( t ) .  d ne  { - 4 l =  i -  E  t x ( t ) }
d r" dr"

(  1 0 )

IC means that the derivation and the operation of expected

value are changeable, The t ime debivative of mean motion,

therefore, equals ehe expected value of the stochastic t ime

derivatlve of the real motion.

It  was mentioned already that in the case of orbits

wiqh small  eccentr icl ty and incl ination the motion is decom-

posed into harmoni.c motions. I t  is worth whiler consequently,

to investigate how stochastic perturbation affects the motion

in a harmonic force frel-d In the one dimensronal case the

eouat ion  o f  mot ion  is

I  - -
X  +  0  X  =  y  ( t t j

where o _equals the frequency of unperturbed motion and Y is

a dtochastic force havrng the propert ies:
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E  { Y ( t ) }  =  0

and

E  { Y  ( t )  Y  ( s )  }  =  r . . . .  ( t - s )
x r

The f lrst property means that Y describes

fron mean forcer thought to be harmonicl

erty expresses the stat lonarity of Y. The

by the very plauslble fornula of

( 1  2 )

on ly  the  dev ia t ion

and the second prop-

so lu t ion  is  g lven
t

+
x  ( t )  =  , r  h  ( t - s )  Y  ( s )  d s

o
( 1 3 )

r.rhere h (t) is cal led the impulse"response rthich is the solu-

t lon  o f  the  de termin ls t i c  equat ion  w i th  D i rac 's  de l ta  Per tu r -

bation

' t i  
t t l  +  r2r ,  ( . )  = u ( t ) ( 1 4 )

assuning t 20 ,  t i ( o )  =  o , h ( o )  =  0 .

The f l rs t  p roper ty  in  (12)  leads  to  E  {x  ( t ) }  =  0

and the standard deviation can be expressed in the form of

oi  = "  tx  ( t )2 ]
t t

=  I I 1 . ( t - u ) h ( t - v )  r . r r r ( u - v ) d u d v  ( 1 5 )
o o  r J

An approxlmate evaluation of the integral in (15) is possible

l f  S . , . , (o ) ,  vLz .  the  power  spec t ra l  dens l ty  o f  Y( t ) ,  l s
x t

relat lvely smooth with no sharp peaks. Under these condi-

t lons (15) reduces to

2o x

o l t t l  =
t y y ( t )  

r
2 '

( 1 6 )
o  S . , . , ( o )

(t) s 
i  

- t-  (2rrrt  -  sin2r,rt)
u)

or Ln the case of large values of t  to

!
2 ( 1 7  / a )
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a n d  s i m i l a r l y

( ' )  t

E x p r e s s i o n s  ( 1 7 )  s h o w  t h a t  t h e  s t a n d a r d  d e v i a t j - o n  o f  c o o r _
d ina tes  and  ve loc i t i e s  g rows  mono ton i ca l l y  i n  t he  cou rse  o f
t ime  as  i n  t he  case  o f  r andom wa l k ,  I n  t he  nex t  pa rag raph  we
sha11  d i scuss  how  these  p red i c t ed  e f f ec t s  w i - r 1  be  recogn i zed
by  ohse rva t i ons .

Fo rmu . l - ae  (17 )  can  be  t es ted  i n  t e rms  o f  obse rva t i _ons
i f  we  have  ob jec t s  i n  ou r  Ga laxy  f o r  wh i - ch  age ,  spa t i a l  po_
s i t i on ,  o r  ve l oc i t i e s  a re  ava i l ab l e_ .  Such  ob jec t s  a re  open
c lus te r s  and  nea rby  s ta r s .  f n  F i gu re  2  t he  d i spe rs i on  o f  d i s_
tances  f o rm  the  ga lac t i c  p l ane  i s  d i sp l ayed  as  a  f unc t i on  o f
t ime  i n  t he  case  o f  open  c l us te r s .  F i gu re  3  shows  t he  i n_
c rease  o f  ve l oc i t y  d i spe rs i ons  o f  nea rby  s ta r s  i n  t he  cou rse
o f  t j .me .  As  one  can  i n f e r  t he  po in t s  d i sp l ayed  i n  F i gu re  2
and  3  can  be  f i t t ed  ve ry  we l l  by  s t r a i gh t  l i nes  co r respond_
i n g  t o  ( 1 7 ) .

. ?  ( t \  =
x

ti

z y y
( 1 7  / b )

t[ro8 y. s.]

Fig.2. Dispersions of distances frcrn

tJ:e galaitic plane as a funclion of

tiJrE i.n the case of open clusters.

Each point represents 20 clr.sters.

(Data frcrn r,f'ng8 tgao)

5 r [ roeyrs l  10

Fig.3. Increase of dispersions of ve:
IociQr ccrqDrents perperd.icular to the
galactic plane as a function of tire
in the case oJ nearby stars.
(Data frcm Wlelen 1977)
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As is 9rel1 known, star formatlon takes place near to

the galactic plane and the newly born stars have nearly cir-

cu la r  o rb i ts  and smal l  ve loc i ty  d ispers ions .  I t  means tha t

even a t  t  =  0  the  d ispers ions  do  no t  van ish .  The measured

var j .ances ,  there fore ,  cons is t  o f  two par ts :  the  in i t ia l  d is -

pers ion  and an  inc rement  descr ibed by  fo rmulae  (17) .

At this point we need to ref lect on an important prob-

Iem:  Is  the  ob ' ;e rved increase o f  d ispers ions  rea l l y  caused

by random forces or are there other physical ly completely

dif ferent phenomena leading to the same observable result?

Fo l lo r r ing  Wie len  (1977)  we sha1 l  cons lder  th ree  poss ib i l i -

t ies  fo r  the  inc rease o f  d lspers ions :

'1 .  var ia t ion  o f  typ ica l  ve loc i ty  a t  b i r th ,

2 .  acce le ra t ion  by  g loba l  g rav i ta t iona l  f ie ld ,

3 .  acce le ra t lon  by  s tochas t rc  f luc tua t ion  o f  fo rces"

As to the f irst possibi l i ty i t  seems probable that the con-

dit ions in which stars are born today are dif ferent from

those a t  the  ear ly  phase o f  our  s te l la r  sys tem.  Th is  means

that the longterm variat ion of dlspersions could be ex-

p la ined bu t  i t  l s  d i f f l cu l t  to  be l ieve  tha t  th is  e f fec t

cou ld  account  fo r  the  rap id  inc rease over  some 10u years '

The second e f fec t ,  on  the  cont ra ry ,  i s  capab le  o f  exp la in -

ing the short term incrase in the dispersions but, as compu-

ta t ions  have shownr  i t  i s  insu f f i c ien t  fo r  longer  t lme sca les '

The bes t  exp lanat ion  appears  to  be  the  th i rd  poss ib i l i t y '  In

this way ere may conclude that when describing the dynamic be-

haviour of our Galaxy 1n t ime scales longer than some 10o

years one narst take into account the effect of random forces'
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DYNAMTCS OF'GALAXIES

R.  H .  M i l ] . e r

Un iwe rs i t y  o f  Ch i cago ,  U  S  A

Abstract

A l -arge computat lonal  p:roJect  to study the dynamics of

ga lax i es  has  been  i n  p rog ress  a t  NASA-Ames  Resea rc t r  Cen te r  i n

coope ra t i on  w i t h  D r .  B ruce  F .  Sm i th  f o r  t t r e  pas t  5  yea rs .

Ga lax i es  a re  r ep resen ted  as  se l - f - cons i s t en t  se l f - g raw i t a t i ng

ba t ches  o f  pa r t i c J -es  whose  responses  a re  compu ted  i n  a  f u1 l y

t h ree -d imens iona l  n -body  t f ea tmen t  us i . ng  1OO OOO pa r t i c l es .

Resul ts are f requent ly ur lexpected and usual ly  d i f fer  f rom

prior  tuesses" The pr incipal  d iscover j -es f rom t t r is  .work in

t he  pas t  f ev  yea rs  i nc l - ude :  ( t )  nemons t ra t i on ' t ha t  i l co l - d t r

axisymmetr ic  d isks,  l ike our Galaxy,  are dynamj-calJ-y

uns tab1e ;  ( 2 )  D i scove ry  t ha t  a  p ro l a te  ba r ,  r o ta t i ng  end -

ower -end  i n  space  abou t  a  sho r t  ax i s ,  i s  t he  dynam ica l l y -

p re fe r red  f o rm  fo r  r ap id1y  ro ta t i ng  s te ] - ] - a r  sys tems l

(3 )  n i scowery  o f  sha rp  con t rac t i ons  o f  bo t t r  members  as  two

ga lax i es  pass  nea r  each  o the r  i n  a  ga laxy  bo l J - i s i on .  Th i s

s l . a rp  con t rac t i on  p recedes  t he , r r expJ .os i on r t  o f  t he  ga laxy  and

i s  r espons ib l e  f o r  mos t  o f  t he  dynam icaL  e f f ec t s  seen

fo l ' l o r r i ng  a  co l l i s i on ;  ( k )  Demons t ra t i on  t ha t  t t r e  i n t e rna l

dynam ics  o f  a  ga laxy  i n  a  c l us te r  o f  ga tax i es  i . s  a f f ec ted  on
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t he  t j .mesca le  o f  t l . e  c l us te r  c ross i ng  t i ne ;  ( 5 )  D i scove ry

that  t idal  braking of  ga] .axies rotat ing in the foree f ie ld

of  a c luster  of  Salaxies can account for  the observed s] .ow

ro ta t j _on  o f  e l l i p t i ca l  ga1ax ies ;  and  (6 )  oemons t ra t i on  t t r a t

pe r t u rba t1ons  p resen t  as  t he  Un i ve rse  becomes  ma t t e r -

growth rates to L-2$ accuracyr and th i t  f1uctrrat ions

tO-4  t o  1O-3  a t  decoup l i ng  a re  su f f i c i en t  t o  p roduce

p resen t -day  ga l . axy  c l us te r s  and  supe rc l us te r s .  Resu l t s  f r om

these numerical  exper iments are usua1ly so complex that

mot ion pict r res are the only pract ical  way to understand the

dlrnamics.  Mot ion pictures were shown for  two exper iments '

Co ] . ] . i s i ons  o f  D i sk  Aa lax i es  i n  mass iwe  @|gg : ,  Each  ha lo  i s

rep resen ted  by  50  OOO pa r t i c l es  i n  a  se l f - cons i s t en t  s t eady -

s ta te  ga l - axy  mode l .  D i sks r  l i ke  t l r . e  ha l . os r  a re  r ep resen ted

by  pa r t i c l es .  D i sk  pa r t i c l es  o rb i t  a l ong  c i r cuJ -a r  pa t t r s

cen te red  i n  t he  k ra l o  po ten t i a l .  The  i n i t i a l  d i s ks  r ep resen t

onLy L$ of  the mass,  br : t  contr ibute al l  the l ight '  Two

disk-halo combinat ior ts are thrown at  each other a long a

spec i f i ed  o rb i t .  seve ra l  expe r imen ts  w i t h  d i f f e ren t  i n i t i a l

o rb i t a l  pa rame te rs  ( pa rabo l i c ,  hype rbo l i c ,  d i f f e ren t  i n i t i a l

orbi ta l  angular  mornentrrm) are shor lnr  f i th d i f ferent  d isk

o r i en ta t i ons .  D i sk  and  ha l - o  pa r t i c l es  a re  d i - s t i ngu i shed ,  by

di f ferent  colors in t l .e f i .J .m. Disks rapidJ.y d istor t  into

bar l ike forms in co1l is ions rr i th the disks i r r i t ia l ] .y  in t t re

orbj . ta l  p lane.  Danrage to t l .e d isks is  about equal1y severe

whether the disks rotate prograde or retrograde to the
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co ] . ] ' i s i on .  l r i t h  i n i t i a l  d i s k  no rma l s  a l ong  t he  l " i ne  be t veen

th .e  t uo  i n i t j - a l  ha l os ,  r i ngs  f o rm  i n  t he  d j . s ks  even  a t

su rp r i s i ng l y  l a rge  lmpac t  pa rame te rs "

Gravi tat ional  Clus_ter ing of  Ga.Iaxie i  j l l f  g e{ !3.d ig

Un i ve rse :  Sma l l e r  pe r t u rba t i ons  t o  t t r e  i , n i t i a ] .  s t a te  and

in teg ra t i ons  t ha t  f ep resen t  g rea te r  t o t a l  Lxpans ions  can  be

obtalned y l th the gala*y f ,namics programs than hawe been

poss lb1e  p rev i ous ] . y .  Fo rms  t ha t  l ook  l 1ke  p resen t -day

6a1ary c lusters and superclusters develop natural ly  f rom a

vide range of  in i t ia l  condi t ions.  Large empty regions

betveen t l re superclustErs,  g iv ing a cel1u1ar appearance,  are

cha rac te r i . s t i c  o f  t he  t r e11 -deve loped  f i na l  E ta tea .  Th i s

lends support  to the idea t t rat  present-day cJ_uster ing

developed through gfavi tat ional  processes,  but  i t  impl ies

t t rat  present-day c luster ing does not  carry muclr  informat ion

about detai ls  of  the Unl ,verse short ly  af ter  decoupl ' ing.
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O1.I THE OBSERVATTOIiIAI VIIIIERABI],ITY OF TI{E MODELS

FOR THE GALAXY

B.  A .  Ba16zs

Department of Astronomy, Ei i tviJs University

Buclapest, Hungary

Abst rac t

Any scienti f lc moclel must be as sirnp)-e as possible and

vulnerable by measurenents or observations. Herein some poss-

ible ways of checking the mod.els for the Galaxy are discussecl.

In contrast to Kapteyn's distorted, sma11 and r ihel io-

centr ic '  gelact i-c system, the moctels of Oort antt Schnidt are

the f irst successful quanti tat ive attempts to moclel the Ga]_axy

(see References 1-2). the fund.amental new data and id.eas en-

tering into these models ere of dynenical nat 'ure and concern

the gravitat ional force perpendicular to the galactie plane

and the dif ferential galactic rotat ion. The basic 1d.ea behind

th is  se t  up  i . s  tha t ,  co11ect ive1y ,  the  mot ions  o f  the  s rars

make u.p the dynamical structure of the galactic system, whicir

in fact deteruines the system's geometri .cal structure ancl i ts

evo lu t ion .

In the last 2O years or so authors were making more

and more frequently use of a sizeable number of analogies

between our Galaxy and similar extragalactic systems. I t

stands to reason that the basic parameters and propert ies of
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any rnodel for the Galaxy must comply wlth the rotat ion curves,

sur face  br i .gh tness  d is t r ibu t ions '  sca le  lengths '  mass / luminos-

i ty  ra t ios  a r rd  o ther  carac ter ls t i cs  o f  s im i la r  s te l la r  sys-

tems.  For  de ta i le t l  d lscuss lons  the  exce l len t  mode l  0 f  Fe f .  3

is selected because practical ly al l  the signif icant parameters

anal preal ict i-ons of this rnodel can be checked by observations

feasible with the ald of contemporary astronornicaL technics.

As  fa r  as  the  app l ica t ion  o f  s ta r  counts  to  the  de termi -

nation of galactic structure parameters 1s concerned", using an

al1alytic smooth curve approxlmatlon of the ernpirical luminos-

ity function and an exponential disk plus a de vaucouleurs

spheroid for the g1oba1 distr ibution of matter the variat ions

of the calculated star densit ies with apparent megnitude, lat i--

tucle anal longitude agree wel-1 wrth the star cor-rnt data. avail-

able for the observational ly thoroughly covered range of

4 3 nv 4 22. I lne luminosity f i rnct lon may j"ncrease strongly

outsida the aval1ab1e enpir ical l imits. I f  the logarithrni-c

slope , f  the increase is arowld the not unreasonab, e value of

0.2 cl irnwards of 16 absolute magnitude, the rncrement in counts

to 21 mag is negl igible, but \ ' re cen count with an approx' 20%

increase in the total counts up to 28th mag. The further ex-

tensi.on of the empir ical lumlnosi.ty fulct ion is therefore very

inportant for checking galax models. This is one of the rea-

sons why the nult icolour observation of the luninosity cl is-

_ t r lbu t ion  
up  to  the  fa ln tes t  s ta rs  in  qu i te  a  number  o f

p::operly selected galactlc clusters is plaJlned with the aicl

of the 6 m telescope ( in the framevrork of an eastern european
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multi lateral cooperation callecl ?tStellar Physics and Evol-

ut ion ' r  ) .

Making use of dinamlcal considerations similar to those

introclucecl by Oort a,nd the empirical rotation curve of our

ste l lar  system (see Reference 4) ,  i t  is  possib le to show that

the observatlonal clata require the existence of a third major

nass component in the Galaxy. On the one hand the computed ro-

tation curves of all the two-cornponent models of the Galaxy

fal1 monotonically beyoncl 12 kpc, while the emplrical one (see

References 3-4)  is  f la t  to  at  least  25 kpc,  on the other  there

is an irreconcllable dlfference in the circular velocity of

the sun, whlch can be (lerived emplrically f,ron the solar mo-

tion with respect to the local group of gaLaxies (see Refer-

ences 4-5) ,  halo stars and a lso f rom the escape veloc i ty

suggested by peculiar velocities 1n the solar neighbourhood.

The observatlonal restrictions do not al1ow such 1ow a value

as 1?O kms-l, which is the maxj-mum rotation velocity of the

standard two-component model. These di.screpancies 
'can 

be re-

moved by invoking a third mass component of the Gelaxy: a

massj-ve halo the stellar content of which is essentially de-

tectable by observati,ons up to mV= 28. (Ihe halo can make

only a sma11 contribution to the star counts in the eurrently

avai lable data region mV 3 21.  )  I t  is  therefore expectet t ,  that

the existence of a massive halo (vrith a mass of approx.
1 ' l

5.10*-l '{o) wil l be confirrned or disproved. in the near future

ty d i rect  (pr imar i ly  Space Telescope) observat ions.  (See

References 6-7.  )
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In the conclucling part some problems concer'ning the

modeLs for the spiral strueture of our Galaxy are cliscussed

having regarcl for the circumstance that at the present tlme

onl.y the density wave theory of C. C. I,in has been clevelopetl

towartl a coherent model to provitle a quentitative viewpoint

from which it is possible to explain the spiral pattern (see

Reference B). I'ron the model pararneters the value of the ga1-

actocentrlc tlistence of the sun (RU) and the angular pattern

speect (f)n) ls discussed. The so callecl stanclarcl IAU value of

Ro i" 10 kpc but in the last years there is a strong tenilency

to comect 1t ctoumwards (see References 5, 9-I3 ). Herein

Re= 7 kpc is prefenecl. As far as the angular pattern speecl is

- - aconce::ned,t)o is usually chosen so that the corotation radlus

tlefined uy(i(n") =Op is equal to the ctlstance of the outher-

most vj.sible H II regions to the galactic centre (see Ref. 14 ).

It is possible to check the result of thls procedure on an ln-

tlepenclent way using young open clusters (Tcg.Z 1o7y) as spiral

tracerg ancl moderately oL11 ones (?<J.oBy) as indicators of the

pattern speecl (see References 15-15), which turns out to l ie

somewhere between 33 ana 36 fu/s/kpc i. e. considerably lerger

than the value originally accepted (see aLso References 17-22).

llb.erefore not the outhermost H II reglons' but the stars in the

solar neighborhootl lie j.n the zone of corotation and the spiral

\ryaves propagete from the center to the periphery in the Ga1axy,

quite in accordance with the results of Reference 21.
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