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ABSTRACT

The simplest physical system to have a non-trivial intrinsic structure
in Minkowski space-time is a three-twistor particle. We investigate this
structure and the two pictures of the particle as an extended object in space
time and as a point in unitary space. We consider the effect of twistor trans
lations on the mass triangle defined by the partial centre of mass points in
space-time. Finally we consider the connections between twistor rotations and
spin and we establish the spin deficiency formula.

AHHOTALNWA

B npocTpaHcTBe-BpemMeHW MWHKOBCKM npocTeliweli ¢pn3nvyeckon cucTemoin aBnseTcs
yacTuua, cocTodwas M3 TpEX TBUCTOPOB. Hamm u3yyaeTcsa 3Ta yacTuua, ABnAwwascs
obwMpHOIi cucTemoin B MPOCTPaHCTBE-BPEMEHU W TOYKOW B YHMTApHOM MNpPOCTpaHCTBE.

B npocTpacTBe-BpeMeHM MAaCCOBbLII TpeyrosibHUK onpeaensawT napunasibHble MaccoBble
ueHTpbl. 3anucaB 3(hpeKT TBUCTOPHLIX TPAaHCAAUWA Ha MacCOBbLIi TPeyrosibHWUK, onpe-
AenuB CBA3b Mexgy CMNUHOM M poTauumsMm TBUCTOPOB, Hamy BbiBegeHa (Gopmyna CNUHO-
BOro fJegekTa.

KIVONAT

Minkowski téridében a legegyszeribb, nemtrivialis bels6 szerkezetli fizi-
kai rendszer a haromtvisztor-részecske. Megvizsgaljuk ezt a részecskét, amely
a téridbben kiterjedt és az unitér térben pontszer(i rendszer. A téridbben a
parcialis tomegkdzéppontok tomegharomszoget definialnak. Felirjuk a tvisztor-
transzlacidk hatasat a tomegharomszogre. Megallapitjuk a spin és a tvisztor-
elforgatasok kapcsolatat és levezetjik a spinhiany-formulat,
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The notation converts identities of the kind Uf 6§-= UfA into

trivial partitions of some index line.

Symmetrization and skewing in like indices is denoted

according to the scheme

The dimension n of the tensor system is given by the loop

In twistor theory one is interested in dimension n=4.

Taking

twistor complex conjugates is an involution that has the effect
of turning the symbols upside down. Thus the blobs of twistors

-, > Z3 and °f their complex conjugates are drawn

The skew unit twistor and the infinity twistor are denoted,

respectively

e»e-r6 . UJJ and X“3 . u .

It is useful in computations to keep in mind some of their
algebraic properties in the blob notation such as



1. INTRODUCTION

In Penrose®s theory of twistors, zero-mass objects are assign-
ed a fundamental role. The zero-mass particles are represented
(classically) by a single twistor while the massive particles are
represented by several twistors . The basic idea of twistor
particle theory 1is that the kinematic variables, e.g. momentum
and angular momentum, associated with the massive particles can
be expressed in terms of two or more twistors. (This description
is via the so-called kinematic twistor). On the other hand the
internal structure of the particle does depend critically on the
number of twistors used in the description. (Frequently in twistor
theory6“Q leptons are described by two-twistor systems while
hadrons are described by three-twistor systems.) The linear trans-
formations among the two or three (or more) twistors which
preserve the kinematic twistor (or variables) are referred to as
internal symmetry transformations , (1ST) . The ttoo-twistor par-
ticles have the simplest space-time description. They can be
thought of as either a real center of mass world-line with an
associated momentum and spin or as a complex center of mass
world-line.

Three-twistor particles are the simplest systems which do
possess an extended structure in complex Minkowski-space. A three
twistor particle with twistors Xa, Ya, Za can be thought of as
being (in some sense) composed of the three pairs 0., Ya),

(fu, Za) and (Za, Xa) of twistors”™ and thus it would have a sub-
structure of three two-twistor massive sub-systems. These struc-
ture are however not disjoint since any pair of them has a twistor
in common. Furthermore the world-lines, masses, spins, etc. of

the parts make up those of the entire system. A point to be
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of the zero-mass constituents, we obtain the spin definiency

formula iIn the blob notation

7-9)

APPENDIX: THE BLOB NOTATION

The blob notation of abstract tensor systems has been first
introduced by Penrose”. Ilts advantages over the more conventional
formalisms of Ricci, Levi-Civita and Einstein are best understood
probably in terms of the physiology of human perception.

A tensor is drawn in the diagrammatic notation as a blob
with arms and legs depicting the upper and lower indices:

ab T

cde Ugh

ap £ i -
The outer product of tensors Tc”~c and U »~ is the juxtaposition
of blobs

cde gh

To contract a pair of indices, one connects the corresponding
arm and leg,

[cgg ugh -

A Kronecker symbol 6" is represented by a line segment:



emphasized is that the subsystems and their kinematic properties
are not invariant under the 1ST.

The present work is an attempt to study the geometry of this
twistor decomposition of three-twistor systems. The two main
questions investigated are (@ what are the changes in the sub-
systems caused by the action of the 1ST, and () what is the
relationship of the total system variables to those of the related
sub-system variables. For pedagogical reasons we have chosen a
purely classical approach, most of the results easily surviving
quantization.

In Section 2 the general theory™ ® of massive n-twistor par-
ticles is reviewed. At the center of the formalism lies the
kinematic twistor in terms of which the momentum, angular momentum
and center of mass line of the particle are expressed. As men-
tioned before, the 1ST of the system leaves the kinematic twistor
invariant.

In Section 3 we specialize to three-twistor systems and
study the 1ST which turns out to be the inhomogeneous SU(3) group
(ISU(3)). Three spaces play a critical role here @)( twistor
space T on which we choose three points Zg:: (Xa, Ya, Zd), or
alternately three copies of T, 1.e. T x T x T, (@2 complex
Minkowski space which has the naturally chosen triple of points
xa, ya, za, each being the intersections of the twistor pairs
(yva, Za), (Za, Xa), and (Xa, Ya) and () unitary space, a three-
complex dimensional affine space on which the elementary representa-
tion of the 1SU@@) group acts as the isometries. It can be viewed
as the homogeneous space 1SU (3)/SUQR) -

In Section 4 we investigate the translation subgroup of the
ISU@) group and show that a translation along a given axis in
unitary space leaves the corresponding twistor unchanged while
shifting the other two in complex space-time along their subsystem
or partial center of mass line. We also find a unique correspon-
dence between the time development of the system in Minkowski
space and a special translation in unitary space.

In Section 5 we study the SU(3) subgroup of ISU(3) and show
how from its generators we can find a unique "complex internal
center of mass™ world line in unitary space. This is in analogy

with the use of the homogeneous Lorentz group dgenerators to find
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we obtain

N —E-D b - ) +2JjI+21L1 .

(7-.4)
We now compute the spin of a three-twistor particle
similarly. Inserting the rest-mass square,
lm2=1 TJ + 0 + 1t (7.5)
and the kinematical twistor +
in Eq. (7-2) we have
(7.6)

Using a judicious amount of identities of the form (7.3)
for various subsystems, we obtain for the spin of the three-

-twistor particle;

.7

When we compare this expression with the spin twistors of

the massive subsystems (Cf. Eq. (7-4)) and with the spin twistors



the center of massl. We further discuss the internal or unitary
spin (which is analogous to the Pauli-Lubanski vector) and show
its relationship to the space-time spin. Section 6 deals with
the mass triangle defined by the partial center of mass points
while Section 7 presents the spin deficiency formula, 1i.e. the
relationship between the total spin and the constituent spins.
According to this formula the total spin is the sum of the massive
subsystem spins minus the spins of the three twistors.

In the concluding sections we use the Penrose blob notation
to facilitate lengthy algebraic computation. An introduction to
the blob notation 1is given in an Appendix.

2. THE TWISTOR CONSTITUENTS

Consider a massive particle iIn Minkowski space-time as a
system of n > 2 massless constituent twistors Zgi i=l,...n. The
particle has the kinematical twistor

paB = 2z% )y " @.1)

where IdEB is the infinity twistor which breaks the conformal
invariance. The summation convention holds for Roman twistor
“"flavor™ indices (Flavor indices share the property of Greek
twistor 1indices thqt they are raised and lowered by complex con-
jugation, (Z%) = ZZA)- Each term on the right of Eq. (2.1) for a
fixed value of 1 is the kinematical twistor of one of the massless
constituents.

The kinematical twistor is decomposed into the spinor parts

@.2)

Here yAB is the total angular momentum spinor (symmetric in its
indices) and the Hermitian spinor p%, is the four-momentum. The

center-of-mass line of the system consists of the points of real
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Thus, typically, iIn tensor notation

2
C =

““pcB " ( 52176) (Z2Z3V > (Z?Zp3IXP)

L@ 1) 912 (3573 273

- (2M L, )70, 75,27 )

where antisymmetrization iIn indices iIn the brackets is understood.

7. THE SPIN DEFICIENCY FORMULA

In this section we prove the spin deficiency theorem. The
content of this theorem is that joining three two-twistor par-
ticles by identifying their constituents pairwise gives a total
spin which is the sum of the spins diminished by the spins of

the twistor constituents,

S12k + S23k + S31k (7.1

Equation (2.1) takes the form for a two-twistor particle
in the blob notation: LJ = N~ . Inserting this in the

spin twistor (2.11) written in terms of blobs as

5
and using the identity

- \p Mrk+ L* b+

@-3)



Minkowski space-time

AAT, ef LIJ_Z (mABpﬁ. . )—/A'B 'p@ ) TLu—lpAA' @ .3y

X ®)
where m”~ ==i pB,p® 1is squared rest-mass and the real par-
ameter T is the proper time. It does not appear to be possible

to express the center of mass in terms of the kinematical quanti-
ties In a manifestly twistor invariant form, due to the fact that
the concept of the center of mass in not invariant with respect
to translations. However, using the constituent twistors directly,

g
one can define a center of mass point twistor :

Ral dg| 2m 2za z3 Mik»
i K

@4

The quantities

M-lk asi I‘I‘ !ﬁ IaG 2.5
are called mass amplitudes and for n > 2 are the partial mass
amplitudes of the two-component subsystem labeled by i and k, and
are such that the mass-squared of the system may be written as

a sum of partial mass-squares:

2 _ tik
me = Wy N 2.6)
The point twistor (2.4) decomposes according to
1 RR* AB €t
0 2 rRR"r IrB*
-8 .7
. B
1T A" EA"B"

where rAA , the center of mass point, is a point of the complex
Minkowski space-time. The point rAA. lies on the complex center
of mass line of the system. The complex center of mass line is
the set. of points9
ZAA. = m_z’(yABpé. + }AlB.PAE\;')' 1 rSAA .m_2 7 ApAA. m_1
2.8)
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Taking the sum, and adding the lengths of imaginary parts
[Eg. (6.6)1,
/ »2 _ lrDal -A al -B
(XA-XB) 41RA RaR " RB Rag - <Rf +
(6.10)

For calculational convenience and to illustrate its usefulness,
Penrose®s blob notation will be used to write the lengths in
terms of the constituent twistors /Cf. Appendix/.

Let us write
Z (6.11)

From equation (2.8) , and A = (13), B = (23),

6.12)

where the mass amplitudes are

M, =A M- = (6.13)

Proceeding with the evaluation of terms in Eq. (6-10) we obtain

the expressions for the sides of the mass triangle:

i - (6.14)



where X is complex and S”, denotes the Pauli-Lubanski spinor

SAAT " i(yAB PA™ ” *Vbpb " PA )- (2-9)

In the rest-frame of the particle defined by the form of the

four-momentum [pAA]] = ERL
/2 ip i
proportional to the nonrelativistic spin. Thus the spin jJAA1 1is

given

-1 o
tAA” m SAA*"* (2-10)

The Pauli-Lubanski spinor is the sole nonvanishing part of
5
the spin twistor

Sg: = &(Aao Ap3 + > m2 03) .11

according to

.12)
-sA’B 0

The 1internal symmetry transformations of the kinematical

twistor are10

“ —JB8
(z; + AKE 3 E%

(2.13)

- - AKE
2} = W (g nap 78

, the Pauli-Lubanski spinor becomes

where [ ] Js an nxn unitary matrix and [A”™j 1is skew. The transi-

tion Z? - 7Z? amounts to selecting a new set of massless consti-
tuents for which the kinematical twistor of the system remains
unchanged. Thus the kinematical variables discussed remain un-
changed under internal symmetry transformations, with the excep-
tion of the center-of-mass twistor. The center-of-mass point is

defined directly in terms of constituents and it has been shown
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aR = 1 R«3 e rY6 = ,AA _ AA 1 2.
R1 R2aR 2 R1 akyS R2 (1 2 7 (AA rAA
(6.5)
The length of the imaginary part of vector rArI is
_aR - . AA it r\
R RaS " 4y yAA- (661

The partial mass centers are null separated in complex
Minkowski space-time since any pair of them lie on a common
twistor. Let us however consider the real mass triangle. From
Eq. (6.5), the condition of null separation for the arbitrary
subsystems A and B is

-RA RBaS " VXA “ XB)" " (Y yB) + 2i(xA - xB).(yA - yB)=0.
(6.7
Hence using Eq. (2.8), we can express the side ¢ connecting
AA_ 2 AA

the mass points A and B in terms of the spin vectors S =m'y

as

,2 def v2 _ , -2C -2¢c ,2

A " B} " mA SA _ B SB) ° @ .8)

It is quite surprising that the spin difference appears in
a side length of the mass triangle. From Eq. (6.7) we further
have that each side of the mass triangle is orthogonal to the
difference of the spins at the endpoints of the side.

To complete the analysis of the mass triangle, we now ask
how the lengths of the sides of the mass triangle depend directly
on the constituent twistors. A direct substitution into Eq.

(6.8) yields unwieldy results. Instead we consider the variants
of Eq. (6.7)

“R&B R~ ~ XA-XB"  (QA-YRY 21 QA-XB* *YA~YB*
“RA R&R = *XA_XB* “ (YA+yB)" + 21*%A XB* * (YA+YB; 6-9)

“R- RBaR ~ “XA_XB™ " 7WYA+YBI1 7 217 XA_XB; *"YA+YB) "



o]
by Hughston that internal transformations (2.13) move the com-

plex center of mass point over the entirety of the complex center-
of-mass line.

The central dogma of twistor particle theory asserts that
the state of the system at any instant of time is completely
described by the values of the constituent twistors Z? and by
their complex conjugates. The space of n-twistors TxTx...xT
admits a naturally defined symplectic form dzthfé. In the sense
of Hamiltonian dynamics z*“ and Z~ together play the role of ca-
nonically conjugate variables. Accordingly, any function of the
form f(z?,Z”) 1is called a dynamical quantity”

We introduce the Poisson bracket of dynamical quantities
f(Z,2) and 9(Z,2)

"of 3g _ _3F 3g \
,3a 3Zr  3Zr. 3Z°V
r a a r

[f.gl (2.14)

The Poisson bracket is antisymmetric in f and g and is imaginary
when both f and g are real. From (2.14) we identify the general

coordinates qé:and canonically conjugate momenta @f as TfTollows,
(2.15)
The twistor variables have the Poisson brackets
[z<, z£] 3¢ 72 (2.16)
A transformation generated by a dynamical quantity F is given

6z* = i1[z*“, 1]
(2.17)

K =i[ i fh

The unitary transformations ngz q; %f are generated by the func-
tions

B?'z =z azl (2.18)
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6. THE MASS TRIANGLE

The subsystem of twistors Z~ and z*“ has the squared rest

mass

2 -12 3 -
mil2 = 2M12 M = 2d d3*

The center of mass point twistor (2.4) of the subsystem may be

written

12 M

ROU _ @ 7~ - 7 7)) . 6.1)
12

Using Eq- (6-1) and the center of mass twistors of the remaining
massive subsystems, we obtain the center of mass of the three-

-twistor particle as the linear combination

- 11
M 23 aB v RaR
H8 - > 1 2 *12 23 23 a " kAP ©-2

The non-diagonal spinor part of (6.2) which is linear in the
position vectors [Cf. Eq. (2.7)] is
AA -2 a2 AA 2  AA 2 AA.
=n " &2 45 n23 r23  m31 rai} (6-3)
Thus the center-of-mass point rAA of the particle is a weighted
mean of the partial center of masses. Hence the four mass center
points lie in a plane. The center of mass rAA is in the barycenter
of the triangle formed by the partial mass centers. Note however
that the weights are mass-squares rather than masses. We now
compute the sides of the triangle.
The 1invariant distance of two complex points in Minkowski
space-time,
AA AA , _ AA
r- - x ¥ ry
1 6.4

AA AA , _ AA
r2 “ x2 + N2

can be expressed in terms of the point twistors and R™ "as”®



forming a Hermitian matrix, and the transformations

Zi = Z? + “ik lan Z% are generated by the mass amplitudes

Mik - zi z? r.e and "ik " Za ze 1<,e- (2-19>

The Jl-transformations commute and are called internal transla-
tions .

As long as we are concerned with a massive particle in free
motion, the decomposition into allowed twistor constituents 1is
immaterial for the motion of the particle. This reflects the
invariance of the kinematical twistor with respect to the internal
transformations (2.13). The idea is, however, that the behaviour
of the particle in interactions should depend on the substructures
present in a twistor decomposition.

The n-twistor particle where n > 3, possesses massive parts.
Such a substructure consists of two or more null constituents.
Clearly, a two-twistor particle has no massive subsystems. The
simplest place to study massive subsystems is a three-twistor
particle. In the next section we discuss some features unique to

three-twistor particles.

3. STRUCTURE OF THREE-TWISTOR PARTICLES

The internal structure of a massive particle described by
three twistors can be examined in terms of the three two-twistor
subsystems obtained by considering the three twistors pailrwise.
Each such two-twistor subsystem defines a massive particle 1in
space-time with well-defined (real and complex) center-of-mass
line, spin and center-of-mass point. These physical properties
of the subsystems combine to yield the properties of the entire
system in unexpected and interesting ways, given an ordered
triple of twistors (@, zZ/ Z) 6 T. (It is sometimes preferable
to think of the triple as a point in TxXTxT.) Any one of these,
Z?, has its kinematical twistor, A?®, and any pair of these,
(Zqi Z%), i < jJj, has its associated kinematical twistor A%F.

While a single twistor describes a massless system in Minkowski
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where we introduce the real parameter j which can take any real

value for a classical system (and it will take the values 0, 5,
3 i
1, ... after quantization). This common magnitude 1is a Casimir

invariant of both the Poincaré and of the inhomogeneous SU(3)

groups, the second common Casimir invariant being the mass square:

_ AA1l m
dl d. = AA" 5
There is a further property that connects the space-time spin

and (the negative of) unitary spin: The projections of the spin
twiscor (2.11) onto the constituent twistors are the negative

of the components of the unitary spin,

B 71 "a -12)
This result (which can be proved by direct computation) gener-
alizes a relation holding for two-twistor particle spins
a two-twistor particle, however,
by the conformally

. For
the unitary spin is replaced
invariant quadratic expressions

z? a% Zk , i, K = 1, 2,
1 - a

where [o£] are the Pauli matrices.



space-time, a pair of twistors describes a massive system. The
internal symmetry transformations change the kinematical twistors
of the one and two twistor subsystems while the kinematical
twistor of the entire system is unchanged and in fact this con-

strains the changes in o8 and AQB since

_al 1 a _ an 7 .ai an

Z
/i 1] i/j 1]
<

The internal states will be used in the description of
interactions and the manner in which the various concepts are
linked is of iImportance. To proceed further the internal symmetry
group must be examined more closely. The internal translations
are generated by the partial mass amplitudes which can be given

equivalently by

d -JG ~ Mjk and di 2 eijk ~ = (3.1)

The mass squared is easily given by m2 = 2d"d* and is positive.

The unitary transformations are generated by Bf which satisfy

d.1 bR dk = 0. (3.2)
Writing Ba as a trace-free part, A£, plus a trace results in

* =

BK A% + 6% B G-.3)

where B = X B%: From (3.2), the trace may be written as

_ -2 i Lk
B = 2m gx Ak d- (3.4)
Thus the trace of the generators of the unitary transformations
can be written iIn terms of the remaining 14 internal symmetry
generators and without loss of generality the unitary transforma-
tions will be restricted to SU(3) in the remainder of the paper.

As in (3.1) introducing alternative translation parameters
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[s*,sk] = (k d. - 0k dr dr)sj - (d1 dp - <j dr dr)Sk

-9
which are the SU(@) Poisson brackets. When the transformations
generated by ST are referred to arbitrary three-twistor systems,
then they do not b?nong to I?%(S) since Sé is not a linear com-
bination of the A. s and d s. We can consider, however, the
restriction of these transformations to systems with a fixed
momentum dl1 = D1. Then, S° are 1ISU(3) generators. We thus have
the theorem:

The unitary spin St generates the SU(2) subgroup of 1SU(3)
leaving the mass amplitudes invariant [Cf. Eq. (G.7)]-

The mass amplitudes determine the scalar products of the
momentum parts mg) of constituent twistors by = 174, AL
Hence the effect of transformations generated by is a rigid
rotation of the momentum spinors . , (together with the frame
defined by any pair of them) about the total four-momentum pAA|-
For systems with a fixed value of the unitary momentum, dl1=D,

we may choose coordinates D* = 6”~. In this coordinate system,
/2 3
the unitary spin has the component form, with Ja real,

J3 J1+ iJ2 0

1 2 o
sk]=2m J1-iJ2 J3

0 n 0

Thus the Poisson brackets (5.9) , restricted to systems with a

fixed momentum, may be written

g 1- s 0. a b,ec =1,2,3 [5.10)
.7 _
It has been known for some time that the magnitudes of the
space-time spin and of the unitary spin are equal:
AA1l -2

1.2 .§ <K o
B s; S3 = - Sgps S = jG + Dn (5-11)



tl = é EAk Ajks (3.5)

the internal symmetry transformations take the form
@ ey 2.6)
with U%‘an element of SU(3) and to an element Of C3. This trans-
formation is represented by the pair (y,t) and the group product
structure follows from the composition of two successive trans-
formations. Thus U,t) followed by ((U",t") gives after a short

calculation

(y'.t") . U9 = (yy,t + U+ t7) 3.7

where y+ is the Hermitian adjoint of y. Equation (3.7) defines

the 14-parameter group denoted by ISU(3) and called the inhomo-
geneous SU@) group of internal symmetry transformations (1ST).
This group acts on C3 with coordinates zi,i =1, 2, 3asa group

of point transformations where (y,t) gives
z1 = uE(zk + tk). (3.8)

That is to say the ISU(3) 1is realized as the isometry group on
C3 of the Hermitian line element dzi dz. and this gives C3 the
structure of a unitary space, U3. An al%ernate point of view Iis
to consider U as the homogeneous space 1SU(3)/SU@R). We will
give later yet another method of obtaining U3-

The transformations in (3.6) which act on T constitute the
twistor realization of ISU(3). The same elements of 1SU(3) act
on UJ via (3.8). We need not bother to compute the generators
of the I1SU() group in the isometry representation since they are
already available in the twistor realization |[cf. egs. (2.18),
3.3) , and (3.1) 1
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S* = S(X1 X. - Y1lY. 5.8
3 (C 3 3) G-8)
with
s\ X» = sx1, S* Y~ = - SY1,S >0
D 3
x1 d, = Y1 d. = O, x1 X =Y1Y,. = 1,
1 ] ] (i

The vector S1 = /S X1 contains all the information in S”. From
(6-4) and the first term in (5.6) we have

B = B 1.m3 @ i)

Up to the choice of origin B can be identified with the imaginary
part of T. There exists a real line which is imbedded in the
complex line and parametrized by the real part of T defined by

B = 0.

To reiterate the material of this section, we have shown
that a point iIn three twistor space selects an origin in unitary
space. AjJ(Z) represent the eight generators of SU(3) rotations
about this point while dl are thg generators of the three complex
translations. The tensor field R!(Zgit') on the unitary space
represents the SU(3) generators gbout the point z = t . Assuming
that the three twistors z“ are held fixed (i.e. we have a given
internal structure) then simply from the algebraic structure of
A’i and Qi one is led to the complex line and internal spin-tensor.
At the present we make no attempt at a physical interpretation of
the "origin', the internal center of mass line and internal spin
tensor other than to say that they are to represent the internal
structure of the three twistor particle. A different choice of
the three twistors obtained from the 1ST would represent a dif-
ferent particle having a different origin, world-line and spin
tensor but with the same kinematic values.

For a fixed numerical value of t1, Ag are SU(@3) generators.
This is true in particular on the center of mass world-line.
However an examination of (6.5) shows that tl is a function of
the Zg:and Ej and the functional dependence of QE on the Zdﬁs
is changed. From (5.7) we see that the St generate transformations
which keep the mass line fixed and by direct calculation we have
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d L erkzg 0 o z) (3.9)

d, > ei]k Va 1a0 Zﬁ

We identify the translation generators dl and cL as the components
of the complex internal momentum of a particle in the unitary
space. The generators A; of SU(3) rotations constitute the total
internal angular momentum of the particle. Under a translation

| i i

2'=72 + 4 , the total angular momentum and B changes as
[Cf. Eq. (3.7)]

T 1,.r

Av= et dit s tld - 50t L oy (3-10)
5
B=B .4 *tlap (G.11)

and the complex momentum remains invariant. The behaviour of
dynamical quantities with respect to SU(3) rotations is implicit
in our tensor notation.

For future use we wish to spell out the meaning of the trans-
formation (3.10); the A are the generating functions of the
isometries in unitary space with the origin as a fixed point
while the ﬂf are the generating functions of isometries keeping
the point z1 = ti fixed. In this manner Ki can be thought of as
a tensor field on unitary space with t* = z1.

To summarize this section, there are three spaces which play
fundamental roles here. The Tfirst is twistor space T on which we
take three points (@, zZ, Z») to specify our massive system.

(An alternative and sometimes necessary point of view would be to
choose a twistor from each of three different copies of T). The
IST, i.e. ISU (@) , acts on these three points preserving the
kinematic twistor. Since pairs of twistors define points of com-
plex Minkowski space, the three twistors define three points in
complex Minkowski space which are moved about by the 1ST. The
third space is the wunitary space U having the

isometry group ISU(3). The generators of ISU(3) define a
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. 5.2
3 3 1 3 ©-2
CjJ can be decomposed into the four parts
C* = adld 1d dl - S 5.3
3 T adldy valdy v dla, - oS} ©-9
where
_ - i -1
S% dil = s%(H = sf RTY
a' .. = dl 5.4
a= (-%)2c1d3 d = Aj B, al-= Cl d3 - ad1,
n 3 m m n
a, = Cld. - ad_.
3 2 % i 3
(Note that the Hermitian adjoint is defined by i = SK)
IT we now insert (6.3) into (5.2) with
R - L a, —ix d (5.5)
we obtain
Cj = (@ i(r-x)dld - - S1 (5.6)
3 m 3

%hus along the internal center of mass line
ct has only the first and last terms of its

The Hermitian tensor S1 called the internal
3 i 1ab

defined by (5.5),
canonical decomposition.

spin-tensor can ge

p p
explicitly solved for and written = e ejcd Ma+2B~a~br *

From its derivation or by direct calculation
(essentially) the invariant part of c]: under

[S§.d3] = 0. [si.djj =

and that it has a canonical decomposition

it is seen that is

translations 1.e.

C G.7)
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vector field d' and tensor field AX on the unitary space in a
manner analogous to the way the Lorentz group defines the momentum
and angular momentum TFfields on Minkowski space. In section 5 we
will show how Aj and d* define an internal center of mass line

and internal spin in analogy to the way angular momentum and
momentum determine a center of mass and spin.

4.  INTERNAL TRANSLATIONS

We now explore the effect of internal translations on the
structure of the three-twistor particle. Consider fTirst a trans-

lation ,

NT>

with t1 = (©,0,1), by the complex amount A in the zJ direction
of the unitary space. In the twistor realization, Eq. (3.7), the
momentum parts of the constituent twistors [ttha , where

Zi = Nya ) ] remain uneffected,

AT A -1
and

4.2)

We compare the change in the w parts with the effect of a trans-

lation in Minkowski space-time
;AA _ XAA + aAA (4.3)

This latter gives

= 0 + 1 1t = 1TA . (4.4)



5. SPIN AND ROTATION

In addition to its Minkowski space structure (momentum, mass,
angular momentum, center of mass, etc) a three twistor particle
has an associated unitary space structure, namely a point (or
origin) 1in unitary space and a complex "internal center of mass"
world-line also iIn unitary space with a related internal spin
tensor (which is the unitary space analogue of the Pauli-Lubanski
spin vector).

To see the point structure we note that three twistor space
has 24 real dimensions (3x4x2) while the kinematic twistor A
has ten real components (momentum and angular momentum) and thus
the kinematic subspace defined by AdEB constant is 14 real dimen-
sional. The equivalence classes of points in this space (eight
dimensional) defined as those points connected by SU(3) trans-
formations, i.e. Z"? = uU? Zj, U € SU(3), can be identified with
the points of unitary space. The equivalence classes can be
parametrized by points in C (6 real dimensions) i.e. by the
translations 72" , =z f+ A4~ 1 z~, TFfrom some arbitrarily chosen
"origin" Z*.

(Note that by associating this arbitrarily chosen origin
with the group identity element, the kinematic subspace can be
considered as the ISU(3) group space. Note fTurther that if we
had considered originally the group 1U(3), the U(l) part would
have an action on the 1SU(3) manifold which would not be the
action of an ISU(3) element. Neveifheless locally one could du-
plicate the U(l) action by an ISU(3) element. This explains from
a group theoretical point of view the relationship (3.4) between
the U (@) generator and the ISU(3) generator).

In order to understand and see the internal center of mass

line and internal spin tensor we define

G-

and obtain from (3.10) and (3.11) the transformation law under

- i i
translations z z + t
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for any twistor. Consider, in particular, the pair Z® and Z/.

Choose
AT = ah ulAS L W PR (4.5)

where X is complex. From Eqs. (4.4) ,

A A xR R

W1l = nA*
-A A ., =1A AT
12 b - X T
or using (2.5 ,
-A i - -A
M
. B L PP
(4.6)
-A A - -A
wi = wj o X M12 *1
Choosing the parameter X to be
"iA/NM12 4.1
we have the following result:
The special internal translation with (t1) = (0,0,/1) shifts
the twistors z” and parallelly along the time-like center of

mass line of the massive two-twistor subsystem they represent
and leaves the twistor Z” invariant. A similar result is obtained
for translations along the other two axes.

Consider next the space-time translation in the direction

of the total four-momentum of the system:
aAAl T("—_IA 1—.'2A .|—13A AT (4.8)

Is this possibly an internal translation? From Eqgqs. (4.4) we

obtain
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~A A -2A -3A

= i i -f T
W1 ul + ix(Mi2 I M 13
~A A _ - 1A -3A

+ M21 T + m 4.9

w2 = w2 T (¢ M 23 (4.9)
~A A _ . =1A -2A

= + m -f m
o3 3 ix(M3i M 32

or, 1in matrix form using (3.1),

This defines an internal translation with

(tl) = ix(dl,d2,d3). (4.11)

What we have, is a translation in the direction of the unitary
momentum d* by the amount T . The significance of this result lies
in the fact that it establishes a map from the time development
of the system in space-time to the development in unitary space
parallel to the unitary momentum.»

To conclude this section we observe that translations of
the form (4.11) exhaust the unitary translations which can be
pictured equivalently as space-time translations. The reason for
this is that space-time translations not along the centre-of-mass
line of the system alter the angular momentum. However the angular
momentum is preserved by all internal transformations since these

preserve the kinematic twistor.
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