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ABSTRACT

Models describing both the "order-disroder™ and "displacive” Tferroelec-
tric phase transitions are reviewed. By introducing a model pseudospin-phonon
Hamiltonian the tunnelling motion of the atoms is also taken into account.
On the basis of the self-consistent phonon-field and molecular-field approxi-
mations a complete system of self-consistent equations for the two order
parameters (average atomic displacement and average population of equilibrium
positions) is obtained. The analysis of this system of equations shows that
the ferroelectric phase transition (First or second order) can be either the
order-disorder, displacive or mixed type, depending on the dimensionless
coupling energy of atoms (or their zero-point energy).

AHHOTALMA

MpeanoxeHsl MoAenn AN ONUCaHUSA CEerHeTOo3NeKTPUYeCcKUX (a30BbiX MepexonoB
Kak Tuna ''‘mopsigok-6ecnopsigok’™, Tak v Tuna '‘cveweHms' . B 6onee obuem BapuaHTe
MO4E/NIM YUUTHIBATCA Takxe 3(pPeKTbl, CBA3aHHble C TYHHenvMpoBaHuMeM. Ho OcHoBe npu-
6nxeHnih camocornacoBaHHOro OHOHHOIrO MO M MOMEKYNSAPHOro Moss noslydYeHa ca-
MOcOorjsacoBaHHasi CuUCTeMa YypaBHEeHWn ANns ABYX NapameTpoB nopsiaika /cpefHero
CMelleHMsA aKTUBHbIX aTOMOB W cpefHell 3acCeneHHOCTU WX PaBHOBECHbIX MOSIOXEeHW/ .
KauecTBEHHbI aHaM3 U Takke YUCNEeHHOEe pelleHMe ypaBHeHWli nokasbiBawT, 4YTO cer-
HETO3NEKTPUYECKUIA (a30Bbii nepexom /nepBoro unam BTOporo poga/ MoxeT ObiTb Kak
Tuna nopsanok-6ecnopsafok, Tuna CMeweHusi, TakK U CMelwaHHOro Tuna, B 3aBUCUMOCTU
OT Be/n4YnHbl 6e3pa3mMepHoli 3Heprum CBA3U aToMOB /WM UX 3HEPrun HyNeBbiX Kone-
6aHnin/ .

KIVONAT

A ferroelektromos fazisatalakulasok targyaldsara modelleket javaslunk,
amelyek egyarant jol leirjak a rend-rendezetlen tipusu és a racstorzulassal
jardé fazisatalakulasokat. A tanulmany masodik részében az allapotok kozotti
alagutazassal kapcsolatos effektusokat is figyelembe vesszik. A self-consist-
ent fonon-tér és molekularis tér koézelitéseket alkalmazva a két rend-paramé-
ter - az aktiv atomok &atlagos elmozdulasa és egyensulyi helyzeteik &atlagos
betoltottsége - meghatarozasara egy self-consistent egyenletrendszert nyerink.
Az egyenletrendszer kvalitativ vizsgalatabol, éppugy mint a numerikus szami-
tasok eredményeibdl lathatjuk, hogy az atomok redukalt kotési energiajatol
/Zilletve a null-ponti rezgések energiajatol/ fiuggben lehet /Zaz els6-, illet-
ve masodrend(i/ ferroelektromos fazisatalakulas rend-rendezetlen tipusu, racs-
torzuléassal jard vagy kevert tipusu.



1. INTRODUCTION

It is generally assumed that there are two basic kinds
of phase transitions (PT) in ferroelectrics, one being the
order-disorder type and the other being the displacive type
(see, for instance, [1], [2])- In the former case the PT
results from a statistical disorder of atoms among several
(in the simplest case between two) equilibrium positions.
In the latter case the PT is caused by lattice instability

against a critical vibrational mode (soft mode) .

Nevertheless it has been shown in the last years that
both types of ferroelectric PT can be described within a single
model and there are no essential differences between them (see,
for instance, [3])- In the simplest case this model 1is described
by the Hamiltonian which is expressed as a sum of single-site
energies, as determined by double-minimum potential wells,
and the harmonic couplings between atoms in different cells.
The nature of the PT described by such models has been examined
by applying both the Curie-Weiss (or molecular-field) and the
self-consistent phonon-field approximations. It has been shown
[4] by comparing the results of both approximations that for
a weak lattice coupling the character of the PT is of the order-
-disorder type, which is more consistently described by the
molecular-field approximation; Tfor a strong lattice coupling
the PT has to be related to the displacive type, which can be

reasonably described by the self-consistent phonon field



approximation. Such a consistent description can be understood
under the circumstances that in the order-disorder transition
statistical fluctuations of atoms onto their equivalent
equilibrium position play the main role, which is accurately
enough described by the pseudo-spin model, while in the dis-
placive transition the dynamical correlations of atomic dis-
placements turn out to be more essential, so the self-consistent

phonon-field approximation is more efficient.

However, for a complete description of ferroelectric PT
one has to take into account both mechanisms simultaneously
in the frame of a universal model. A unified approach of this

type has been proposed in [5] and we briefly consider it in

Section 2.

However, the single-particle tunnelling motion of atoms
has not been taken into account in [5]. The incorporation of
the tunnelling motion as an additional degree of freedom leads
to collective excitations which may have a soft mode character
[2] or cause the appearence of a central peak [6],[7]- Since
the tunnelling energies (of the order of the ground state
quantum splitting) are usually much smaller than the characte-
ristic phonon energies, the role of such excitations is pre-
dominant at low temperatures N9~I<BT). On the other hand, 1in
addition to a renormalization of the pseudospin-energy para-
meters of the De Gennes type [8], the higher phonon excitations
can lead to the structural PT of the displacive type (against

a certain vibrational mode) at higher temperatures. 1In [9] ,



[10] the excitations of both types were taken into account
self-consistently (within the variational approach of Bogoliu-
bov). This has been achieved by representing the cooperative
atomic motion as a slow tunnelling process among several (in
the simplest case, among two) equilibrium positions an addition
to familiar phonon-like oscillations. This more general type of
ferroelectric PT is briefly reviewed in Section 3. Some con-

clusions are presented in the last Section.

2. UNIFIED MODEL OF FERROELECTRIC PHASE TRANSITIONS

In a model description of the structural PT dynamics it
is convenient to use the concept of local normal coordinates
[11], [12], [13] involving all active atoms in the given
critical vibrational mode. By using this representation a

simplified model Hamiltonian can be written in the form:

P2
H=1{2" +U@&) }+3 1 V(S., S) . 2.1

Here m 1is the corresponding effective mass of the critical mode,
L, T # - S . I

the single-site U(Si) and the pair interaction V(Si, S*) poten-

tials define the critical dynamics of the model. The local

normal coordinate S1 describes a distortion of the whole unit

cell 1. Pi is the canonical conjugate momentum to

It is assumed further, that the single-site potential UISJ

has two minima corresponding to two equilibrium atomic configu-



rations (a=x1) in the unit cell. Therefore the local normal

coordinate Sr can be written as

@-.2)

Here ol = 1) and c¢k =0(1) according to whether the atomic
configuration corresponds to the state a = +1(-1) respectively.
The projection operator o“ itself can be expressed by the

pseudospin operator

& T (1+aaA): @=%1), (2.3

which 1is introduced as an independent variable, commuting with

+a —ta
P.

the coordinate S, and the momentum operators.

The coordinate in the state a, Ss“ can be written as a sum

of a static displacement dﬁ and a thermal fluctuation %?

S? = b? + ug b§ =< S? > = ba .4

where the symbol < ... > stands for a statistical average with

the Hamiltonian (2.1).

Therefore this representation of distortions as given by
Egqs. (2.2), (2.4) enables one to take into account, at fFirst,
the atomic random distribution over two equilibrium positions

in the cell, using the operator o and secondly, the thermal
fluctuation u? in the neighbourhood of a given equilibrium
position. In describing order-disorder PT the latter variables

are usually neglected, whereas in displacive PT it is assumed



that there is only one equilibrium position in the cells (ct=tl

or a=-1); thus the operator a“ takes the same value at each
lattice site i. In this generalized model we will be able to

study both types of PT using the full representation (2.2), (2.4).
Such a physical picture is in agreement with recent computer
simulation and it is also appealing for the reason of universa-
lity [6], [14]- 1t should be pointed out that the representation
(2.2) for atomic coordinates as a sum of pseudospin and phonon
variables was proposed by Vaks and Larkin [15] in their discussion
of order-disorder type structural PT (see also [1], § 6). We

generalize their representation to consider the displacive type

PT as well.

Having inserted the definition (2.2) in the Hamiltonian

(2.1), i1t can be written in the form:

(2.5

+J3 1 | oa V(E“ , }
i,j a,0=¢1 13 1 3

The equilibrium positions of lattice atoms b”~=< Si > are

determined using the equilibrium condition in the form

1I@3Y) <P“ ® >=< [P* ,H]> (2.6)

which leads to the equation

< W n8)>+ | VS - 2>0 -7

The phonon spectrum and the average values of the atomic



displacement correlation functions of the model can be considered
within the framework of the self-consistent phonon field theory

[16] using the thermodynamical Green®s functions

D (t-1t) =« ux@® ; u. (@) » =
2.8)

< ga& 6—io)(t—t') DI .®

where ordinary notations are used [17].

Dealing with the pseudo-spin subsystem an effective Hamiltonian

can be introduced:

H y I J_._a o. .9
S 2ijj 4 1 3
Here the effective single particle "field” hi and the effective

"exchange energy"™ J can be written on the basis of variational

approach [18] in the form:

h | %—< om (Pi?l_ + U(S’??_ >0 7

a=+1

+ lj <V(a "s3) > (2.10)
a4 SVEE TSP

(o}

i F T T <V S

where the statistical averaging < ese>q 1is performed over phonon

variables.

The general model has been considered in [5] for the one

particle potential having a double-minimum Fform



u(s“)=-Ff GE&)2+1 E&)4f 2.11)
and for the pair interaction in the harmonic approximation:
= 1 - 3 2.12
V(Sg sh =14 i (s? 58) C )

where the parameters A and B define, respectively, the height
of the potential barrier Uqgq = (A2/4B)and the distance between
the two minima ZSO =2 (A/B)j- . It has been also assumed that
the critical vibrations can be described by a one component
local normal coordinata Si\ = (82, 0, 0) that corresponds to a
one component order parameter ra~<s“> . The interaction (2.12)
acts isotropically between the atoms in the 3-dimensional

lattice. Employing the renormalized harmonic approximation [16]
« (ua)3 T L‘JJ_» B 3< W2> « ua ; u,3» (2.13)

for the phonon subsystem and the molecular field approximation
for the pseudo-spin subsystem with the effective Hamiltonian
(2.9), a closed system of equations has been obtained for the

equilibrium displacements n :

Mna " @ " 3ya} + A +n-} fo°-a="° » 2-14)

for the average thermal fluctuations y» of an atom in state a :
Yo = & <(u?)2 >= X'/ dwcoth ok T [- il_l m«5? ili_l » W+ie]I (2.15)

and for the order parameter a, = < a’i > or a =< al. > = 20+- 1



(Jo-h)

a th J = I J-- (2.16)

In (2.14) the dimensionless displacement na= (B/A) ba and
coupling constant Ff = (/A) £ <! were introduced. The effective

13
exchange energy itself is defined by the equilibrium displacements:

Jij = (/4B “ij (n+ + n )2 * 2.17)

so that above the structural PT, when n+=o , J,, becomes zero,

leading to the unique solution o0OHO

In addition, we quote the expression for the spontaneous
polarization, which is dependent in the present model both on
the atomic order and on the atomic equilibrium positions, i.e._,
it is determined by two order parameters n+ and a

. In dimension-

less quantities, the spontaneous polarization is given by

©r
PS= N . <!>* <°TST 51>):
(2.18)
= 24 w [l )+—% o(m_+ n

By analysing only the equilibrium conditions (2.14) one
finds that in addition to the solutions n+=n = 0 corresponding
to the paraelectric phase (with Jij=0) , nonzero solutions na/ o
are also possible. In the case of weak coupling, TQ « 1 an
order-disorder PT can occur since there are two equilibrium dis-
placements n, and n in the unit cell (n+—n_»ofO « 1), and

there also exists the solution a=0 , corresponding to the



complete disorder for an order-disorder PT . While for suffi-
ciently strong coupling, ¥ — 0.25 only one nonzero solution
may exist, at all temperatures e.g. n”~o , (for complete atomic

order o=+1) and therefore only the displacive PT is possible.

The system of self-consistent equations (2.14)-(2.16)
obtained for the order parameters n+ and a has been solved
numerically in the classical limit of high temperatures [5].

The numerical results for cr(® and n; ) (where T = KBT/(A2/B)
is the reduced temperature) are presented in Figs. 1-3 for certain
values of dimensionless coupling parameter fO . It can be observed
that for fO < 0.1 an order-disorder PT takes Diace, for f030.15
only a displacive PT 1is possible, while in a narrow region

f B 0.12 the PT is a mixed type one, described by all the three
order parameters n+ X , n X and a(x) . The temperature
dependence of the spontaneous polarization (2.18) for different

fQ 1is shown in Fig. 4. Note that in the region of the order-
-disorder PT (f < 0.1), as compared to the ordinary Ising model,
the spontaneous polarization is decreased more rapidly as the
temperature is iIncreased due to the temperature dependence of

the effective exchange energy (2.17).

We note, that these features are also obtained by a more
sophisticated calculation [19] based on the coherent potential

approximation for the disordered lattice.

We emphasize an iImportant advantage of the present descrip-
tion for ferroelectric PT by two order parameters. It enables
one in obtaining the system of self-consistent equations for

the order parameters to choose various approximations: the mole-



10

JTig.1. Temperature dependence of the Fig. 2. Same as Fig.-1.3 for
order parameters n+ - average fQ = 0.12 .
displacement and a~ - average

pseudospin value, for the
dimensionless coupling para-
meter fO =0.10.

Fig.3. Same as Fig.l.3 for Fig. 4. Temperature dependence
fo = 0.15. of the reduced polarization
Pg for several values of the
coupling parameter T .



cular-field approximation for the parameter a(T) in Eq. (2.-16)
and the self-consistent phonon-field approximation for na and
Ya in Eq. (2.15), which offers a satisfactory description of
the PT, both in the case f « 1 (order-disorder transition of
second order) and in the case fQ » 1 (the displacive PT for
the parameter n(T), of first order, close to second order),
respectively. 1t is necessary to point out that the true order
of the PT (Ffirst or second) cannot be predicted in the mean-
-field approximation (see, for instance, Ref. [1]), so we will

not discuss this question here.

3. ORDER-DISORDER, TUNNELLING AND PHONONS IN FERROELECTRIC PHASE
TRANSITIONS

In the quantum limit, T=0K, as follows from the Eq. (2.16),
a unique solution, ohl appears (if >0 and h >0 ) .
The effect of tunnelling between states a=+1 and a=-1
suggested in [20], makes it possible to generalize the Hamiltonian
(2.1) and to introduce in (2.9) the transverse field *ft g a? ,
which in turn may lead to the solution a-@mo in the casé T=0K .
In the quantum limit the displacive PT is determined by the zero-
-point vibration energy. The limiting values for it has been
obtained in both cases of the ordered (o=1) and disordered (a=0)
lattices [21], assuming that the right choice of the transverse

field 1t can ensure the translation from O=1 to O=0 In the case

of zero temperature (T=0K) .
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However in the model description in order to take into
account the tunnelling motion simultaneously with the statisti-
cal order-disorder and the phonon oscillations it iIs convenient
to introduce the time-dependent local normal coordinate
participating in the given PT as decomposed into a slow
tunnelling-like coordinate r*+ with a characteristic frequency
M and a comparatively fast displacement of the phonon type ui ,

with characteristic frequency X
81:{-4iu. <u.|>:O- .1

Such a representation holds under the ™"adiabatic™ condition:
R« wg . Since the tunnelling energies 4o are of the order
of the ground state quantum splitting, the adiabatic condition

means that the latter ones must be much smaller than the

characteristic phonon energies FTio .

Having inserted the representation (3.1) into the general
Hamiltonian (2.1) we obtain a Hamiltonian depending on the
variables ri and u - In order to separate these variables
the variational approach can be used, assuming that the system

can be described by a trial Hamiltonian in the form:

3.2)

where

2m + 2 o G-3



HALD= | on rury ] G -y €XD)

Here ¢_ , ~ and U(ri) being the variational parameters, Pi
are the canonical conjugate momenta to u® and r~ , respec-

tively.

For the strongly anharmonic motion described by Eq. (3.4)

it is convenient to introduce the pseudospin representation with

respect to the ground doublet symmetric (Yg) and antisymmetric
(YEL) single-particle states:
2

p
{3y * UG }Ys,a(rl) = %s.a Ys,a(rl) (3.5)

so that the Hamiltonian (3.4) 1is cast in the well known form

of De Gennes [8]

+ E, (3.6)

where the energy parameters fi, J and Eq are some functions

of Ea , C13 and the matrix elements rp=< 2 lrill R > and
2 2 _ .
g <2 lrllla > (@, =s,a) , calculated with the wave functions

in Eq. (3.5 .

The variational parameters ,C,, and u(ri) are deter-

mined from the Bogolyubov variational approach, namely from the

condition of stationarity of the free energy,

F=F+<H-H>0=ITmsp {e~ " }+

F -HKT G-D
+spf{e=° B (M-H)} »
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with respect to variations over these parameters or, equivalently,
over the corresponding correlation functions. By this approach
a closed system of self-consistent equations for all parameters
entering in Egs. (3-3), (3.4) and (3.6) can be obtained, which
determines the phase transitions of the model and describes the

mutual influence of phonon and pseudospin subsystems.

Having chosen the single-site double-well potential IHS”
in the form (2.11) and the pair-potential V(Si# in the har-
monic approximation (2.12) the model for the ferroelectric phase

transitions was investigated in detail in [9] , [10].

The spontaneous polarization of the system in this model
is simply expressed by the "order-disorder™ (oz) and the displa-

cive (n) order parameters as

s N V A <ri>- (A > rsa® - MNa 3-8)

where az i1s the average occupation number. The average "slow"

displacement can be written in the form

n(M = { 1) ina G-9)

Here y = (B/A) <u”™ > is the reduced average quadratic "fast"
displacement, p 1is the overlap of the ground state wave functions
of the "left"” and "right" unperturbed harmonic oscillators, the
linear combination of which was choosed in [22] for the trial

wave TFfunctions.

The order parameters n and o, were obtained on the basis
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of the self-consistent phonon-field and molecular field
approximation solving the system of self-consistent equations
numericaly [22], for certain values of the dimensionless
coupling parameter fQ = QA £o1'=[1/(A-3B<u2>)]£p1!

and the temperature independentjrgguced quantum pa%amete#

Agq = (A/m)L/(AzaB) , Characterizing the zero-point vibrations.
The results of the numerical calculations for oZ(T), n(T)

and Pg(T) are presented in Figs. 5-8 for Ag= 0.1 and fQ = 0.1,
0.2 and 0.6 respectively. The corresponding curves in Figs. 5-8
are in agreement with our previous ones: Fig. 1-4. In the weak-
-coupling limit: ¥ « 1 , the tunnelling effects are properly
accounted for, consistently to the results by Gillis [3]. The
appearance of imaginary solutions in Figs. 5-8 is assigned by
open circles. A discontinuity itself in the displacive PT in

the case of TfQ « 1 is a very well known characteristic feature
of the self-consistent phonon approximation [3]. In the strong-
-coupling limit the displacive PT does exist and it is properly
described as previously in Section 2, since the tunnelling
effect can be disregarded. As it can be observed in Fig. 7.

the case Aq = 0.1 and fQ = 0.6 corresponds to a mixed type PT.

In [22] exact self-consistent numerical solution of the
Schrédinger equation (3.5) was also performed. The temperature
dependence of all relevant parameters for various fO and AO
agree Tfairly well with the results cited above (based on the

trial waves functions) for p £0.5 .

Taking into account the tunnelling effects the results for

a system with weak coupling in the low temperature limit are
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Fig.5. Temperature dependence of the Fig.6. Same aB Fig.5., for
order paramétere: n - average o
displacement and a - average to = °-S =
localization, 1in the case

of A =0.1, for the dimension-
lessucoupling parameter ¥ =0.1
[T = kBRT/(A2/B)].

Fig. 7. Same aB Fig.5.3 for Fig.8. Temperature dependence of
o_ the reduced polarization
to . 6 =
P for several values of
the coupling parameter
/0[T=kBT/(A VB)],(Aq=0.1) .



quite different from the ones, obtained in Section 2. In the
quantum limit (T=0K) the order parameter o 1in the molecular

field approximation according Eq. (3.6) reads

°z m 5 s T % -T- " (30)
where Jq = r%a fQ , and consequently it can change between the
limits O £ az £ 1 . In such a way the zero-point vibrations can

destroy the ground state at T=0K both in the pseudospin and the

phonon subsystems. Then according Eq. (3.8), one can expect that

the spontaneous polarization PS vanishes either in a or inu ,

depending on the mutual competion between Aq ge I/fcn(3/4fq) and

Ao,ph » 2 /fO , l.e. dependin% on which is the smaller of the two.
Table 1.
fO 0,05 0,10 0,20 0,30 0,40 0,50
AO s 0.37 0,50 0,76 1,095 1,587 2,50
Ao ,ph 0,44 0,62 0,89 1,099 1,26 1,40

Table 1. shows, that in the quantum limit for fO < 0,3 an order-
-disorder PT takes place,for f > 0,3 we can observe a displacive

PT and for fQ - 0,3 the PT has a mixed character.

4. CONCLUDING REMARKS

A novel approximation scheme has been introduced, which takes

into account simultaneously all the intriguing features of the
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structural PT, i1.e. the statistical order-disorder, the
tunnelling and phonon oscillation in the frame of only one
universal model. Our model description is based on the assumption
that the local normal coordinate can be decomposed into a slow
“"tunnelling (hopping) displacement™ and a phonon like one.

As a consequence, the energy spectrum of the coupled quartic
oscillators is represented as low-lying strong anharmonic
excitations (due to the tunnelling - in distinction from Ref.

[6], where the pseudospin-flip-type motion is associated with

the classical transfer across the barrier) and higher phonon-
-like excitations, a rather weak anharmonic interaction of which
is described in the pseudoharmonic approximation. However, since
the energy spectrum of a particle in a local double well
potential has quite a complex structure (see e.g- [6]), such a
separation has merely an interpolatory character, 1i.e. it Iis
physically inapplicable for a temperature region KBT—fin—IiwO
In particular, one could expect a more complex renormalization
of the pseudospin parameters in order-disorder compounds,

especially when the excited atomic states lie in the critical

temperature region: KBTC~JO 0

Besides the theoretical and numerical analysis presented,
it should be pointed out that our model reveals satisfactorily
the essential features both of the order-disorder and displacive

type PT at finite and zero temperatures.

Concluding this review it should be pointed out that a

further development of this unified approach to the theory of
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structural phase transitions 1is given in [23], where nonlinear
effects for the order parameter n are taken into account 1in
the spirit of the central peak dynamics [7], [14] and solitary
waves [24] that permits one to go beyond the mean Tfield type

approximations discussed in this paper.
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