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ABSTRACT

A self-consistent phonon theory of lattice dynamics based on the
thermodynamic double-time Green®s function method is reviewed. The theory
is applied for the investigation of the simplest model, the anharmonic
linear chain with nearest neighbour central force interaction.

AHHOTAUMA

Teopusas camocorsiacoBaHHOro (HOHOHHOIrO MNons CcHopMynMpoBaHa Ha OCHOBE MeTO-
[a [OBYXBPEMEHHbIX TepMoguvHaMMUyecKux ¢yHKUMiA puHa. Teopus NpuMeHeHa pnsi pac-
CMOTPEHUSA MpoCcTelweld MoOAEeNn - aHrapMOHMYECKOW JIMHEHOW UEeno4vykn C LeHTpasib-
HbIM MapHbLIM  B3auMMOZENCTBMEM Onmxainiwumx cocemen.

KI' VONAT

A self-consistent fonon-tér elméletet a kétid6s termodinamikai Green-
fliggvények modszerének a felhasznalasaval foglaljuk 6ssze. Az elméletet ez-
utan a legegyszeribb model, az anharmonikus linearis lanc targyalasara al-
kalmazzuk, a kdzvetlenil szomszédos atomok parkélcsdnhatasat feltételezve.



1. INTRODUCTION

The theory of lattice dynamics founded on the classical
works by Debye, Born and Karman in its most simple approximation
/in the harmonic approximation/ 1is considered to be a well
established theory capable to describe many of the physical
properties of the crystals in terms of independent normal modes-
-phonons. For more precise description the anharmonicity of
lattice vibrations or the interaction between the phonons should
be taken into account and usually the ordinary perturbation
theory, considering the cubic and quartic interaction is quite

appropriate for this purpose /see e.g- [13, [21. 1[31. I[4]1/-

The investigations of the past years showed, however, that
this approach cannot be applied in certain cases: near the phase
transition points, e.g. melting point; for the quantum crystals
with large zero-point energy; for the light impurities with
small binding energy etc., when the anharmonic effects are not

small /see, e.g. [5]1/.-

Thus some modification of the well established Born-Karméan
theory of lattice dynamics is needed in considering the highly
anharmonic crystals: the quantum crystals and the crystals at

high temperatures, T > (0,3-0,5) Tm , where T/ is the melting



temperature. In order to obtain a theory which is convenient
for these highly anharmonic crystals it is necessary to take
into account all orders of the anharmonic interactions applying
a self-consistent method. This very natural idea of introducing
the self-consistent collective modes was already proposed by

Born [6].-

In recent years Born"s idea was rediscovered and the self-
-consistent phonon theory (SCPT) of anharmonic crystals was
elaborated simultaneously and independently by several authors
by a variety of techniques. In one of these approaches the SCPT
is based on the variational principle, the most elegant treat-
ment of which 1is given by Werthamer [7]- A selective resummation
of diagrammatic perturbation theory was used in another group
of papers, the most detailed description of this approach being
presented in Choquard®s book [8]- The SCPT based on the thermo-
dynamic double-time Green®s function method was proposed
independently in [9] , [10].- It was shown in [7], [11] that

all of these three variants of the SCPT are equivalent.

Today the SCPT is considered to be a well established
theory and it has been applied for the investigation of dynami-
cal, thermodynamical and elastic properties of various crystals

/see e.g. [5]/-



In the present paper the SCPT is formulated in general
briefly using the thermodynamic double-time Green®s function
method (12]. In the next Section the Hamiltonian and the
equilibrium conditions for an anharmonic crystal are discussed
and the method of Green®s functions is introduced. In Section 3
the SCPT is formulated in a rather simple but general way on
the basis of the irreducible Green"s function. In Section 4
the SCPT is applied for the investigation of the properties of
an anharmonic linear chain in the Tfirst order of SCPT. Some

conclusions are presented in the last Section.

2. DESCRIPTION OF ANHARMONIC CRYSTALS
2.1 The Hamiltonian

Let us consider a crystal in the adiabatic approximation

[1] when it can be described by the Hamiltonian:

12

H - E M'ﬁ + U< V

72.17

with the local potential energy U(R”) depending only on the

coordinates R”=R”"=Ra (™) of the atom of type k=1,2,...,r in the
unit cell i; a=(x,y,z); p~=p~=-itiv” is the momentum operator
and M.=M is the mass of the k-th type of atom. For the

anharmonic crystal the equilibrium positions of atoms

xN=<R">=x (k) are temperature dependent and should be obtained



from the equilibrium conditions. Let us apply an external static

field with forces F+ acting on atoms at Rz
H, - - EF R. - - E F“r\ /2.2/
i

From the equation of motion for the momentum operator in the

Heisenberg representation
prt) “ et pte IL- H + /2.3/

one gets the equilibrium conditions in the form

as < Pi(t)»-<6i1.iPi]> - ly /2.4/

From thermodynamical considerations and Eq. /2.4/ follows an

equation for the stress tensor

i3 “ Vv I X8 Es -~V £ X¥ < V» u<*t) > /2.5/
or for the pressure
P--3 5 daa - 17 E o(»i) >. 72.67

where V is the volume of the crystal of N unit cells. The
statistical average in Eqs. /2.4/-/2.6/ is taken over the

canonical ensembles



< A > = Sp{e"R"A}/Sp{e " R"}> 8 - A; 72.7/

The lattice parameters can be obtained also directly from the

partition function:
g_ > = j £n Sp<e* **}. 12.8/

Now introducing the dynamical displacements of the atoms

VIiN=RN-x"==ua () , the Hamiltonian /2.1/ can be written as

1
U x- —=— 2.9
o( |D I nl u lJn’ / /

where the coefficients of the Taylor expansion

a. a
— _ n
n- 71V Yo&gr= cb/(iKI---anKn /2.-9a/

are symmetric functions of the index (l...n) and satisfy several
conditions which follow from the invariance of the lattice under

translations and rotations [I1].-

2.2 The Green®"s functions

Various dynamical and thermodynamical properties of the
enharmonic crystal can be discussed in terms of the Green®s func-
tion /GF/. Following [9], [10], [I2] let us consider the thermo-

dynamic GF [13]:



C+1® (T“t/)—<<uz (L), ut " (t*)»-j S£ e“r)(“t")<<ii/ V >>Q

— 00

s2 .10,

in usual notations [14] . The spectral representation for it

has the form
éﬁ n (eB“"-1)a.l»"), /72 .11/
J

where the Fourier transform J%g(WD for the correlation

function

<ui (©) Uj> Fizjlwy /2.12/

is real and has the properties

J+jw) = e*BUJij ‘w) =

“ (e0a,-1) 1 [-2ImGi;.(w+ie)] . /2.13/

(0 )

since the displacement operators u”™ are hermitian. The GF

/2.11/ obeys the sum rules [I4] :

codw[- -8 Im Gi;j(w+ie)]» 6£ , /2.14/

- co

00

w3d)[- 1 Iim Gij (w+ie)] - VAU (RN > /2.15/
()} 1 3

In the discussion of the anharmonic properties of the lattice

an (n/nO0“point GF of the type <<An (t)j An/(tf)>>, where



An(t) - {*"(t)...un() - <ul.._.un>} and

An*"(fc’) = Tun~Ct") ...~ (@) - -un,> will appear for

which the representations similar to Eqs. /72.11/ - /2.13/ hold.
In the translationally invariant lattice the GF /2.10/

depends only on the difference of the coordinates and the

Fourier transformation for i1t can be written in the form:

*a /v )
_ <n -
« | ed K o (<m) - -i3 /2.16/
Q0 !
$i3°
Here for each wave vector gq = {g”,,--,qN} the set of polarization

vectors ezé(<); J = {1...3r} satisfying the orthonormality and

closure conditions:

L_S@B(k) eiffk}
K4 /2.17/

are introduced.

The physical meaning of the retarded GF /2.16/ follows
from linear response theory [.14]: the energy of phonon-like
excitations at given (5,)J) measured by inelastic neutron scat-

tering, are defined by the imaginary part of the GCF:

e “ - Im Gj_j,(g,w+tie) . /2.18/

The position and the width of the maximum of /2.18/ give the
energy and the inverse life-time of the excitations respectjvel-
ly. The long-wavelength (@*0) limit of the static (w=0) solf-

-energy of the GF defines the isothermal elastic constants [15] .



Therefore the dynamical properties of the lattice
are well defined by the GF /2.16/ and a direct comparison be-

tween theory and experiment is possible.

2.3 The free energy and the internal energy of the anharmonic
crystal

To discuss the thermodynamical properties of the an-
harmonic crystal its free energy should be calculated. The most
elegant way for doing this is to integrate the GF over the
formal coupling constant X [16]. For the anharmonic lattice

Hamiltonian, Eq. /2.9/ X can be introduced in the form:

Then for the free energy
FOO - - 1 *nSp{e”OH(Xh - - i AnZ(X) /2.20/

one obtains the equation

) 3HL 0O
W>* _1fa™™<ww gy = < ax X*

72.21/s

To express F in terms of GF, Eq. /2.10/, consider an equation

of motion for the GF with the Hamiltonian /2.19/



-\

| - »Jjl IR -« 1.+

Xn
tolon-Di I ®12...n «mn2...un |ue/ (<)
n"2 2

/72 .22/
= 3G+ (w)

J

After integrating the imaginary part of it using Egs. /2.12/
and /2.13/ one gets the right hand side of /2.21/ and the

free energy in the form

OH.

F - F (X=0) dX “rr *\

ﬁT no( Fen o » K - 21 Gij(“+ ie>>
® > /2.23/
K & J7Cc1l *  (X»
o C 1]

where in the last line the integration over the complex vari-

able =z is performed along the contour C of two straight

lines: (-oot+tic)’m(°°+ie) and (°°-ie)-*-(-°°-ie) . Deforming the

contour C to circle the imaginary axes of 2z one obtains,

by counting the residues from the poles of (e®z-1) 1 at

zn=(2nin/3), the same result as in [17] based on the imaginary

time GF [Ifi].
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The internal energy of the anharmonic crystal
apart from being calculated thermodynamically from the free
energy /2.23/ can be obtained in a more direct way by writ-
ing it in the form

E=< H>*=<T>+<U (xX\+tux)> , /2.24/
where the average kinetic energy is easily expressed in terms

of GF with the help of Egs. /2.12/, /2.13/ ass

»2
_I 2M,
i

M.
wdo coth ¥ 7 [-ilm G (u+ie)] . /2.25/
i

The average potential energy can be written in the form of

a cumulant expansion:

<U(xiﬁy.)> %><exg{gmivf}:>mo(xx) =

/2.20/

“exp {1 b ] <V - V ¢V - - V uo<*i)"
n=2 1...n

where the cumulants <Uy-.-u_>c can also be defined from the
GF as it will be shown in the next Section. Then from a
given approximation for the self-energy NM~(w) and GF in
/2.23/, /2.25/ and /2.26/ one obtains a corresponding ap-

proximate value for the thermodynamical functions.



11

Therefore the dynamical as well as the thermodynam-
ical properties of anharmonic crystals can be investigated
by means of GF. This procedure greatly simplifies the cal-
culation and allows one to perform them in a unified self-

-consistent manner.

3. SELF-CONSISTENT PHONON THEORY

3.1 Irreducible GF

Consider an equation of motion for the GF /2.10/
by differentiating it twice with respect to the time t and
performing the necessary commutations. Then for the Fourier

transform of the GF one gets

*

. i._+ —n << O
M5l 6 i P L TRLY Yaly »u, I1-1°
=1 1. .,n

where the symmetry properties of /2.9a/ were taken into ac-
count. There 1is a large class of n-point /multi-phonon/

GF in /3.1/ that describes an uncorrelated propagation of
phonons in an averaged phonon field. This class should be
summed up not only for the simplification of further calcula-
tions but also for physical reasons: 1in highly anharmonic
crystals atoms move not in a static TfTield but rather in the
dynamic potential of their vibrating neighbours and this
renormalization should be taken into account from the begin-
ning. Therefore we introduce the irreducible /or cumulant/
GF £13] that have no disconnected parts of average field re-

normalization



12

eeilU U >>irr “ <kﬂ. i YL »
1 n1i’ y - - Uy Us s
n-1 /3.2/
_m_|>I0H m <am+I--.Un> « 2 ,1___um 12_I_,>>|rr

Here the symmetry with respect to permutations of the com-
muting operators u-~...u" has been taken into account and the
corresponding coefficient m =C" = nl/ml(n-m)l was
introduced. The GF /3.2/ can not be reduced to lower order
ones by the usual decoupling procedure [14] and so it de-
scribes the correlations between n-particle vibrations. The
definition /3.2/ can be rewritten in the form of the decom-
position for the n-point GF as the sum of the irreducible
ones:

rrr

u >>

U . ,>> = 1 C™ <u ..U ><<u. .
n" 1 L “n m+1 n 1

/3.2a/

By using a spectral representation of the type given in
Eqs. /2.12/, /2.13/ one gets from /3.2a/ the decomposition
for the n-point correlation functions in terms of the ir-

reducible /or cumulant/ ones:

n-1

<Ul**-VvV " E Cn-1.<Um+2*,,Un> (<ul’*-um+1>C)
=>»1 /3.3/

In obtaining Eq. /3.3/ some obvious changes of indices have

been performed in Eq. /3.2a/.
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Substituting now /3.2a/ into the equation /3.1/
and performing the summation at first over n for each m -

-particle irreducible GF and then over all m, one obtains:

I(Mi=“2{ij * *ij> +
/3.4/
* 0 g o | n «5....8J3S,. ,»irr,
foz M Tl R
where the renormalized interaction has the form:
¢1«--ﬂ n, I'. . .n" <UL1™ *urfe<vi* e, vnu”™Xi+ui”:
1 L . C 1 /Ay \
“ Vi-*vnexp{ ) " Leeos Uyp m-u 8% Vy---v g 4 .-

The cumulant expansion in the last line /as well as in /2.26//

follows from the equation [I9] :

oo ,n
V i

an L nl o,  peus~ Un” /3-6/
n=o 1. ,N

that can be easily solved in the form /2.26/ by introducing
the expansion /3.3/ and performing the summation over n and
m in the same manner as in /3.4/.

To obtain the equation of motion for the n-point
irreducible GF in Eq. /3.4/ let us differentiate the operator

urCt") with respect to t. Then taking into account the identity

<[ul...un# 1lpx/]>1Ir =0 (nh > 2)
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that follows from the definition /3.2/, and introducing the
same decomposition as in Eq. /3.2a/ for the operators
{fvi ,d)... ith)) on the right hand side of the (n,n" )-point

GF, one gets

2 - irr
1 "Mj/uw <<ui*e_un luj»>>@®
J /3.7/
e /\ n.T /\ *i'l' . -n.
n*-2 r...n-

where

is the (n,n") -point GF irreducible both in the n-point and
n*-point parts of 1it.
Now It is convenient to define the zero order GF

by the equation

I(Miw26ij - o+ ) () “ 01" /3.8/

J

which describes the undamped vibrations /or one-phonon pro-
pagation/ in an average phonon field. Then solving the matrix

equations /3.4/ and /3.7/ with the help of Eq. /3.8/ one

gets for the GFt

Gii"(«) “ + Pjj-M /3.9/

where the scattering matrix is defined by



Ppg"(w)« £ TIFT N *Jl...n Gi-_n, 1" ..n"(W*" I"...n",
n,n"-2 I...n

... /3.10/

Then the one-phonon GF can be written in the form of the
Dyson equation

-1
i @ T % niic <» /3.11/
where the self-energy operator TI”™»(u))ie given by the proper

part (p) of the scattering matrix /3.10/: N “(w) (S -

According to Eqs. /3.9/ and /3.11/ nN~* satisfies the equa-

tion:
pii»(w) - + 1 ntjy W) GeJ#W) /3.12/
inh
Hence, the self-energy operator has the same form as

Eq. /3.10/ where the (n,n*)-point GF is replaced by its
proper part K. V4 »(«)-GNirr=p ™1, , (w). k(u) ac-
cording to Egq. /3.12/ can not be cut into two pieces by cut-
ting only one G°-line; G° 1is defined by Eq. /3.8/.

The n-point irreducible GF in /3.7/ can also be
written in terms of K, - p t(w) if one uses equations

/3.8/ - /3.12/:

<<u1...un1ui->>drr B
& 1 VI..-_». eu!-a- - ,3-13/
J n<=2 1" n-
. 1
IV J W I n* J ¢§ﬁp.--n I...n, 1 ---n-f(mD
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Then from the spectral representation, Eqs. /2.11/ - /2.13/

for the cumulant part of the correlation functions one gets:

Y
fam L. /3.14/
—*1m™ U2—°—un _ )
a @
A irr,p
21m dt IT n oK 1_ . <ul(tuke<u2 (t)...un () lu u
|-|—3 .rl =

where a two-time proper 1irreducible correlation function,

corresponding to K. - f {,...n,(t), has been introduced.
Thus the one-phonon GF Eq. /3.11/ as well as the

cumulants /3.14/ in the renormalized interaction /3.5/ are

written in terms of the (n,n")-point GF Kog a1/ X,-*_ﬁ,(w)
=<<u _eun lun, o un,>>ull " The equations obtained are
exact but unclosed and therefore some approximations to the
K,I n i’ n,(w) should be considered in order to obtain

a self-consistent system of equations.

3.2 First order or renormalized harmonic approximation

In the first order of the SCPT /SC1/ only the re-
normalization of phonons in the self-consistent field is
taken into account. Thus the SCIl is obtained by neglecting
all the terms which contribute to the damping /or correla-

tions/ of phonons. In that case the self-energy operator

n __ (@) in the GF /3.11/ and the cumulants /3.14/ for n > 3
Th
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should be put equal to zero. Therefore the SCI GF is equal
to the zero order one /3.8/ with the renormalized pseudo-

harmonio force-constant matrix

=i§5" 7073 exP<5_1_<*1°2>7172)Uo(*1) 5 VI7j UI(xi> /3.15/
>

The system of equations gets closed by the equation for the

pair-correlation function in /3.15/. From the spectral rep-

resentation Eqs. /2.12/, /2.13/ and /2.16/, one gets

<u‘“ u?,>
1 (D e® . (kt) A 3w . “igq(xs-Xs,)
N L o4 coth— B 9 /3.16/
43i /] * . MK" 43
where the frequencies and the polarization vectors

~gj(K) are defined by the equation

w2 . ea.(x)-1 =) — /3.17/
43 q]\(/) ‘ 434( )/m m 1 6S
3s* /M< MK"

The free energy /2.23/ in SCIl is obtained by using the mean-

field self-energy operator /2.22/r

ng*> g1 a

) 3 <UIU2>7172)Uo (iti) /3.10/
1,2
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So one finds

Rt BT )5 3

1 0 1 30
ij
-FO+5") -voi)- | 1 nn~c /3.19/
ij
The trial foroe-constant matrix in /2.19/ has not been

specified yet. From the self-consistency condition ¢°. should be
put equal to ®~* iIn /3.15/ since the latter one defines the
spectrum of excitations in SCl according to /3.17/. Then for the

free energy one gets

3. ] Rktn
F1 “ UI(x<) + £ E An(2 sinh — — ) “ 4 | coth ~~2= * /3.19a/

qj 2 43

whiah coincides with that obtained from the variational approach

For the internal energy /2.24/ one easily obtains from Eqgqs. /2.25/

and /2.26/ In the SCI

RUT-.
E1 “ 4 ~ wgj COth 2™ + ~ XxiNe© /3.20/

1)

Therefore in the SCI approximation one treats the vibrations of
an anharmonic crystal as a system of noninteracting pseudoharmoni.c
phonons with the a-function type behaviour for the phonon spectrum

/2.18/. This approximation simplifies the calculations; but due
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to this approximation all the odd terms in the anharmonic inter-
action /2.9a/ are missing. One should not hope to obtain a
quantitative description in SCI: even in the limit of weak an-
narmonicity the results do not coincide with those of the ordi-

nary perturbation theory /see, e.g.[20]/.

3.3 Second order of SCPT

Since the self-energy operator M~, (w) in the GF /3.11/
on account of /3.10/ is proportional to the second order of the renor
malized anharmonic interaction /3.5/ one should calculate the
(n,n")-point GF in the lowest order. This is done by taking ac-
count only the uncorrelated propagation of n=n®" "dressed"™ phonons
and results in the following approximation for the (n,n")-point
two-time correlation function (n > 2):

L > >
un(t)|ur u o, ni6_ . n<ui (u.,> . /3.21/

n nn* -_,
Now employing the spectral representation for the (n,n*)-point

GP one obtains for the self-energy operator iIn the second order

of the SCPT /SC2/

o «w dt -iw"t x
|_|_|EI|_|_|' (ee —I) 2T e *

/3.22/

iu(xi+ui)><Vi, u(xi,+uzx,)>,

where Vj a a/3x”® and V., a S/3xh, are acting on u(xl)an% ucx,, )

respectively.
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For the cumulants /3.14/ one gets in the same SC2 approxima-
tion /3.21/:
c =

-
<Uy,...U_>
1 n

* 2 Im dt N {£ <U£(E)Ui, >Vt,I<u(xt,+ Uid>= 13.23/
i“lif

The equation for the pair correlation function
<ux(t)u;> -

- - I{o)2Mi6i;, ~ 4~ , - nj\uH-ie)} /3.24/
o e8“-1

closes the system of self-consistent equations /3.5/, /3.22/-
w/3.24/. In the present form the SC2 system of equations can ho
applied for anharmonic crystals with strong repulsive .inter-
actions since only fully renormalized vertices ¢X---n /3.5/
appear in the equations /3.22/, /3.23/, as in the Horner theory
[21], But just due to the full renprmalization of the vert.ices
the system of equations 1is rather untractable. To solve it one

should either introduce a trial short-range correlation func-

tion in Eq. /3.5/:

<U(xi+ui)>=exp{ I ~r 1 “"un>Cvi* evnHi (Xihgsrxi)iul(x.),
=3 Xe«n /3.25/

or, employing some cut-off procedure for the strong repulsive

part of the interaction expand /3.25/ in powers of cumulants:
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U(XE + Uux)> %

*> {1+ 1 in* 7 <ul...un>C V1...Vn +
n=3 1...n

... JUL(xi)
/3.26/

- + n2(x1) + ...

The renormalized potential energy in the pseudoharmonic ap-

proximation

Ul(xi) = exp I <ux u* VzV.j) no (xz) /3.26a/

is calculated by integration with a Gaussian function.

We shall not discuss the problem of hard core inter-
action here since an elegant presentation of it is given by
Horner [21] and consider only the cumulant expansion in Eq. /3.26/
up to second order in Aka(xA)_ In this approximation the re-
normalized vertices /3.15/*

(2

1...n  vr--VV*i> + au2(*i)> /3.27/
can be calculated on account of Egqs. /3.23/, /3.26/ by itera-
tion. In the classical limit of high temperatures, Q®urTax<<1-®

the integration over time in cumulants /3.23/ using the spectral

representation can easily be done with the result

QUFLEF*An>C A UBINEL, <uiui™>Vi®) <u(Mt + uz)>, /3-28/

and

ST
auAxh-e L7 (I <VV>VIE®) ul(xi). /3.29/
n-3 i
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The thermodynamical properties in the SC2 approximation can
be obtained from the internal energy /2.24/, where the aver-
age kinetic energy /2.25/ is calculated by using GF /3.11/
with the self-energy operator /3.22/ and the average poten-
tial energy /2.26/ 1is given by /3.26/. To calculate the second
order correction to the free energy in /2.23/ one should in-
troduce TFirst the irreducible GF iIn /2.22/ as done in the
Section 3.1. Then by integration over frequencies using Eq.

/3.14/ one gets:

AF. fu2l<2,2>vjvj ioNA.ip +
ij
" An
*Z3 T"DT‘l_[_%ui—“ \Y %vr-—7n ui<x "xi)}

where the Tirst term is due to the second order correction
to the renormalized pseudoharmonic matrix @Y."(1) as in /3.27/,
The A-dependent function <u”...un>*, AUMNCA,xJ)and UMNCA,X.)
are given by /3.23/, /3.26/, and /3.26a/ respectively with
every power of u™ multiplied by A. After the integration over

A with <UjUj>, <u.(t)uD> being independent of A, one gets

AF Im dt 1 =~

n=3 i

I <ui()ui,>Viv. ,))n Ul(x.) U1 =
e
/3.30/

2 N nIIA <UI*“*un>C VI"*VnMIAXiIN “ 2AN2AXIN  *
---Nn

In the calculation of the first two terms FO+AfI in the free
energy expansion one should employ /3.19/ with the SCl frequen-
cies being replaced by the SC2 frequencies defined as

the maxima of the imaginary part of the GF in the SC2 approxi-

mation according to /2.18/.
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The proposed cumulant expansions for the average poten-
tial energy /3.26/ and the free energy /3.30/ with the GF
/3.11/ and equations /3.22/ - /3.24/ give the same results
as other methods based on diagrammatic .techniques or on the

variational approach proposed by Werthamer [7] /see e.g- [5]/-

4. THE ANHARMONIC LINEAR CHAIN

In the present Section a simple model of the crystals,
the anharmonic linear chain with nearest neighbour interaction
will be investigated briefly in the Tfirst order of the SCPT
[22], [23]- In this case we can obtain a simple explicit

solution which helps to clarify some aspects of the SCPT.

4.1 The self-consistent system of equations

Let us consider an anharmonic linear chain of length L
which consists of N+1 identical atoms with mass M. Taking into
account only nearest neighbour interaction, the Hamiltonian
in the adiabatic approximation [1] reads:

N2 N
vestems U0 D96 vy a1

where p~ and R™ are the momentum and position operators for the
n-th atom. The 1interaction potential between the neighbouring
atoms is denoted b& 1(Rn _F%—I)' In the case of a one-dimensional

chain the effect of the external forces can be described by
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the external tension P which acts on the ends of the chain:

HL " P <N - Ro)= P = (R0 - Rn-I> - 1*-2"

It is convenient to introduce the equilibrium separation
I between the neighbouring atoms and the relative displacement

operators by the following definition:
R -R = <Rn—R >+ u_ -u a+u_ -u /4.3/

where the statistical average < ... > 1is calculated for the

equilibrium state of the system described by the Hamiltonian

/4.1/:
.- >= Sp { e 9... F/Sp{ e € = kT) . /4.4/

The equilibrium separation | in the one-dimensional case

can be obtained from the equation

P DR -R . P ) > /4.5/

which shows that the average force acting on an arbitrary atom

in the equilibrium position is equal to zero.

It is convenient to introduce explicitely the displacement

operators in the Hamiltonian /4.1/ by the Fourier transformation:

P® =1 PO €igR ; o(Q@ =1 VAPT: D@ e iq - /4.6/
q —1/2

In this representation the Hamiltonian of the linear chain
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/4.1/ takes the form:

9t = I o) eid* Qv Vo), /4.7/
n q

=

For the calculation of the correlation function of nearest
neighbours and the frequency of the lattice vibration we apply
the method of thermodynamic double-time GF [13] . We use the

following one-phonon GF:

Gnn‘ (t-F) = « un(® un,(t") » = - 10(t-t™) L un(® ; un,(®t)D]>
/4.8/
in usual notations [14].
To obtain the equation of motion for the GF /4.8/ we differen-
tiate it twice with respect to time t and employ the equation
of motion for the Heisenberg operators un(® and pn(® -
In this manner we get:

.2 h2 . - .
M i 5,',‘2' G- (E-17) = 6(t-t*) 6 .. +

i i 18 (Up 41—, )
I 90 eige iq « {e'q(W > N+t~ u €D »

q
/4.9/

The multiphonon GF on the r_.h.s. of Eq. /4.9/ describes
an uncorrelated propagation of phonons in an averaged phonon
field. We use the first order or renormalized harmonic approxi-
mation of the SCPT here, in which the processes connected with

the damping of phonons are not considered, but the renormali-
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zation of the energy of phonons in the phonon self-consistent
field is taken into account. In this approximation the multi-

phonon GF can be written in the form:

iqg(u-u ) » o,
« e ;U > = Kl sF < { ig(un—un_il)}s s U >
s=

[e0]

~ Sgl o < { i(i(qq—un_l)}s N> s« o ig (qq—un_l) S

ig(un_un—I)

< > 1 1 ;
e g« (un—VIn_I) ;ou_ ., »

/4.10/

For the calculation of the correlation function on the
r.-h.s. of Eq. /4.10/ we use the same approximation. We introduce

the following function:

Xqu -u )
FO =<e M > F(o) =1 . /4.11/

Differentiating it on X and using the similar approximations

as in Eq. /4.10/ we get:

FD) M~y 13
-'r =< 7”"VVile

= <q(un_un—f) szl sl Wy -up_p)

~ X g2< (% “V].)2 > * /4.12/

The integration of this equation over X from X=0 to \=i gives

us:

cHETVVIET_ -r2cW i )2 -raw 4.1/
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where we take I1Into account that the correlation function of

nearest neighbour atoms does not depend on n:

i7-<r%>2>-<dl i > 2> /4.14/
Now we introduce the Fourier transform for the GF /4.8/:
> io(t-t*)
_ -io(t-
G,y (E-€) = oo £ do 6., /1) /4.15/

and take into account that it depends only on the difference of

lattice sites (n-n")s

- ikE(n-n*)
Gnn.,(o) = ,E e /4.16/
Then Eq. /4.9/ takes the form:
o] G.K ()=1+
22
+ 28 1 O eiqi,(ig)2 e u 2(l-cosk£) Grio) f /4.17/

q

where Eqs. /4.10/, /4.13/ have been used. The solution of Eq.

/4.17/ reads

Gr (o) /4.18/
oz-O.i

as in the harmonic approximation except for the renormalization

of the force constant:

- /4.19/

2 4¥(04 ) .2ki. foQA 2 2 2
M 2 T ok ok

where oQk is the harmonic frequency of vibration and f stands
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for the harmonic force constant. The renormalized force constant

f(0,1) according to Eq. (13) <can be written as:

2 2
G6.,£) =J | @ eigeig2e U = o" & , /4.20/
q

where we introduced the self-consistent potential

2~2
< p(Rn~Rn_1) > ~ @A)=1 (@) eigk e 24U =
q

-1+ (0 f o@EB)) & /4.21/

In obtaining Eq. /4.21/ we decomposed the function exp(-" q2u2)
into the series of L and integrated it over . The self-consis-

tent potential can also be written in the form

® 2a -
O(E) = Jj dx e X 2 (p(GHx/u ) , /4.22/
where x=R//u2 . It is easy to see that in Eq. /4.22/ the renor-

malization of the potential due to the vibrations of the atoms

is taken into account by averaging it over the small region

R ~ /Ej~<< £ with the Gaussian function exp(—x2/2) which describes
the effect of the phonon self-consistent field. Owing to this
function only the shape of the potential o(R) at the bottom of

the potential well is of importance.

The correlation function of nearest neighbours in Eqgs. 7/4.21/,
/4.22/ can be obtained from the spectral theorem [13] [14] for

the GF:

<V V -¢é [/ EOTtE[ <-2 Im Gnn"@t15) 1 - /4.23/
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From Eq. /4.18/ we get:
24 Y © 8k &
<(Vun-b s e ., 0001 20
2“k
Gk 1 Y2 - a sin &
nf  a Bck:psmqocoth > r
where in the second line of Eq. /4.24/ we have replaced the sum
over K by-an integral over @ = ki,/2 . The maximum value of the
vibrational frequency of the chain in the harmonic approximation
is denoted by oq_»=(4f/M) and T = 6/0,I stands for the reduced

Ob
temperature. In the high temperature (¢« » 1) and low tempera-

ture a «1) limit the integral in Eq. /4.24/ becomes
- a2z u2=nT{1+ ) F+0@ 3)(e»1) , /4.25/
o5 T
- 2
a u2=1+4- )2+0C ) (i« 1D . /4.26/
"'oL J a
In addition to the temperature 1 the properties of the

linear chain are determined also by the length of the chain
L = NE or by the external tension P . According to Eqs. /4.5/,

/4.21/ these parameters satisfy the following equation:
=-L <cp'(Fr<]—Rn_I)> = - ip*V) . /4.27/

The internal energy is given in our approximation by the

equation
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| Eiz 1 <H>-<8! >+1i <o0<Bn-Kkm_1»>*

“OK I T 0001 <"k,20) + 1 *<1)

—

{sU) + FO,A) u2 } . /4.28/

Then for the free energy of the anharmonic linear chain

according to Eq. /3.19/ in our approximation one gets:

A Fl=1H {2 Sinh (*k/29) }+j { eU)- F(O#a) u2 }. /4.29/

In this way we have a closed system of self-consistent
equations /4.19/, /4.20/, /4.21/ or /4.22/, /4.24/, /4.27/, /4.28/,
/4.29/ which determine the dynamical, thermodynamical and elastic
properties of the anharmonic linear chain in the renormalized
harmonic approximation. This self-consistent system of equations
is determined by the self-consistent potential /4.21/ or /4.22/,
which can be obtained if the form of the interaction potential

in the Hamiltonian /4.1/ 1is known.

4.2 The self-consistent system of equation for the Morse poten-
tial
Let us take the Morse potential as a model potential

-a(R-r ) 2
P(R) =D { [ e -17 -113% , /4 .30/

where rQ 1is the average distance between the neighbouring atoms

in the harmonic approximation: <p"(ro)=o and D is the depth of
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the potential: <p(MQ)=-D . The force constant in the harmonic

approximation is given by Ff =12 94 (r ) =D a2 -
)
Applying the expansion of Eq. /4.21/ or taking the integral

of Eq. /4.22/ we get the fTollowing expression for the self-

-consistent potential:

-2ar x 2y -ar x y/2
p&x)=D{e °© e -2e ° e } ., /4.31/

where vy = a2u2= (@ rQ) (2/r2) and x = (@,/M) -1 « 1In Fig. 1.

Fig. 1. The self-aonsistent potential g>()/D

the self-consistent potential IpO)/D is presented for some values
of y . Since y depends on the temperature and, as we will see,

in the quantum limit on the energy of zero-point vibrations,
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the larger values of y mean higher temperature or larger energies
of the zero-point vibrations. The diagrams of the self-consistent
potential in Fig. 1 show the thermal expansion of the crystals
and the decrease of the binding energy of lattice atoms when

the temperature or the energy of the zero-point vibrations
increases. So for larger y values the self-consistent potential
sufficiently differs from the interaction potential that means
that the behaviour of the crystals differ sufficiently from

that calculated in the harmonic approximation.
Eq. 74.5/ for the Morse potential reads:

—2arox 2y —arox e&//2

P> = 4 {e e e ) /4.32/

where we introduced the reduced tension P = (4/arQ) P(rQ/mD) .
We note, that the introduced reduced tension differs from that
used in works [22], [23]- The renormalization factor of the
frequency, according to Egqs. /4,19/, /4.20/, for the Morse

potential takes the form:
az@) = I1{P* tey [I+/71+P*eY ]} . /4.33/

Taking into account /4.31/ we can rewrite Eqs. 74.24/,

/4.25/, /4.26/ as equations for y:

uw/2
\ct) y = /7 d @sin pcoth (a ) ., /4.34/
o
a2@¢) Y= T {1+i ~ X} T» 1 , /4.35/
2 0
\Na(y) vy= 1+ 1I-(1 )2 T« 1 /4.36/
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where X = Gle%ﬂ) is the dimensionless coupling constant and

T = 0/D

T/\ is the reduced temperature.

The expressions for the equilibrium separation of neigh-
bouring atoms £ , the internal energy /4.28/ and the free energy

/4.29/ in the case of Morse potential can be written as follows

/4.37/

/4 .38/

/74.39/

2
where a is given by Eq. /4.33/ and Fgq stands for the harmonic

free energy Fq = 0 £ £n { 2 sinhiw™e) }
K

The system of self-consistent equations /4.32/, /4.33/,
/4.34/ determines the properties of the anharmonic linear chain,

when 1,7 and P™ or £ are given, see Eqs. /74.37/-/4.39/.

Let us now consider the equation /4.34/ in the high tempe-
rature limit, Eq. /4.35/. Taking into account only the Ffirst term
in the r.h.s. of Eq. /4.35/ and using /4.33/ the self-consistent

equation can be written as TfTollows

FO) =1 —{P-+e~[1+ /1 + P~ 13}=o0
2T*

- /4_40/

The dependence of the solution of Eq. /4.40/ on the reduced

% . x _ _ _
temperature T and reduced tension P is given in Fig. 2.



Fig. 2. The real solution of the self-consistent

equation for T » 1

*
At sufficiently low temperature: T*<Tc = 0,578 , and pressure:

P < Pc = 0,222 there are several real solutions for y(T), the

thermodynamically stable ones are shown by the full lines. The

lowest line, y™T) ~ 1 corresponds to a crystalline state with

small vibrational motions. In the limit of small anharmonicity

/or lower temperature/, this solution gives the harmonic corre-
lation function. But as T* »>T*(P) /denoted by the full dots
in Fig. 2./ y™(T) becomes unstable: Ts(@) is the instability

temperature. As can be seen from Fig. 2. and from the PV diagram



corresponding to Eq. /4.32/ or /4.37/ (tor ar =6), shown in Fig.3.

Fig. 3. The PV-diagram of the (inharmonic linear chain

for r» 1

at T* = T*(P) there is a first order phase transition that drives
the chain from the state with y =y (1) to some other state with
y =vy2(T) , shown by the upper Tfull line in Fig. 2. The latter is
also a "crystalline” state /due to the restrictions imposed by
the theory/ but the vibrations of the atoms are rather large,
Y2(M>1 and are defined by the external pressure:in the limit

P+ o the solution y2() x> At sufficiently high pressure P >Pf
or corresponding high temperature, T >T: this type of vibra-
tional instability disappears. The two solutions at ?g-coincide

and there is only one stable solution for the correlation func-

tion y(T) for P*>P* _ Physically it means that the external
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forces become more efficient than the interatomic ones and the
former determine the lattice dynamics: they are strong-enough

to localize the atomic vibrations.

At low temperatures (t« 1) the solution of the self-
-consistent equation /4.36/ for the correlation function y(\,T)
leads to the same results [24] as in the high temperature limit.
The only difference is that at low temperatures the amplitude
of atomic vibrations is given mostly by the zero-point energy,
proportional to K - As a result, a highly anharmonic chain
with small coupling constant \<\c=1,207 can be unstable even at
T=0K, the critical value of the tension in this case is Pc=0,037.

In Fig-4. idle instability temperature tgis presented as a function of

Fig. 4. The dependence of the instability temperature
T, on the reduced tension P for some values of
the dimensionless coupling cons tant \ in the low

temperature limit 717« 1
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Rid

reduced tension P for some values of X . The critical curve

TC is denoted by the dotted line,

The self-consistent equation /4.34/ which is valid in the

whole temperature region can be solved only numerically. In Fig. 5.

Fig. 5. The dependence of the instability temperature
E i
TS on the reduced tension P jor some values

of the dimensionless coupling constant X

the dependence of the instability temperature Tg on the reduced
tension P is shown for some values of X . The critical curve

r is denoted by the dotted line. Using the solutions of
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Eq. /4.34/ and Eqs. /4.37/-/4.39/, we can calculate the
"physical™ properties of the anharmonic linear chain. But it is
more interesting to elucidate better the physical meaning of the
instability temperature T . It was shown, that at sufficiently
high pressure PxSPé the vibrational instability disappears.
But the critical value of the tension is rather small even at
high temperatures therefore it seems sufficient to investigate

the small tension limit P « 1 , when the results of the calcula-

tions can be presented in analytical form.

5. PROPERTIES OF THE ANHARMONIC LINEAR CHAIN IN THE CASE OF

SMALL TENSION

IfT P « 1 the renormalization factor of the frequency,
according to Eqs. /4.19/, /4.20/, /4.33/ takes the form

X
a2(y)=eyY {1+ -~"p ey }, /5.1/

and equations /4.35/, /4.36/ using /5.1/ can berewritten as

f @y-fn{l+ "~pey }=c¢eY, & » D /5.2/

X2y2 = eY {1+ \2y2Qy - ~|) XT« 1 , /5.3/

where n=(@2L/24D2) « 1 and y = (n202)/(3o2L) « 1 .
The expressions for the equilibrium separation of neighbouring
atoms /4.37/, the internal energy /4.38/ and free energy /4.39/

in the small tension limit can be written as follows (arQ =6):
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3= o YAV 2@/ 75-4/
LE - _Dbe* -y 3% 3¢ /5.5/
S, /5.6/

,%h'ﬁ[Eo‘j{ey 1) + 4 y ) -

Let us investigate the high and low temperatures separately.

5.1 High temperature (T» 1) limit

Equation /5.2/ has a real solution only if O < 6s , where

is the instability temperature. The solution ys=y(0g) is

/5.2/ and its

Og
obtained as the simultaneous solution of Eq.

derivative. The calculation gives:

2
es~ e "l +e 1 ¢ 24 ~2r ~ - 15771
y(0<0)~1 +e (~-n) - / 2(1-0/0 ) . /5.8/

The vibrational frequency T at 050S is given by

o
OK f1-en +7/ 2(1-0/0 ) + (1-0/0 ) } . /5.9/

»k (e<es)

It becomes complex if O0>es ¢ which shows the instability of

the system. It means, that the state of the linear chain, which

was stable at O0£9S becomes unstable in the temperature region

0>0
S

The length of the chain, the internal energy and also the

free energy, which can be obtained from Eqs. /5.4/, /5.5/, /5.6/
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respectively remain finite at 6 - 9S e But the coefficient of
the linear thermal expansion

_ K 3L ,, k 3 e /5.10/
atr " L 99 1 2aD /2(@-9/e"> "

and the specific heat at constant pressure

c K r OQ/fA,DaP T = Kk {1 + 0,3 /5 11/
= ? — - -
P=NTL9 €~ L >b —const J i-e/e
tend to infinity if O 0 . It should be emphasized that the

relative displacement of the atoms at the instability point 1is
rather small:

/ 2
7 uUs /y(6s)

. (0 ) 0,13 (arQ=6) /5.12/

i
a I’0 &
In the range of temperatures where aoL « 6 « D the solu-

tion of Eq. /5.2/ has the following form:

2
021 0 1 “oL M = O, 3P’
Yy “DbD U + D+ 24 “u2 @ + D> -"Tr b /5137
In this case the renormalized frequency , the equilibrium
separation of the neighbouring atoms |, the linear thermal

expression aT , the internal energy (1/N)E, and the specific

heat at constant pressure c” are given by the following

formulae
2_ 2, 3 0rf 10 1 b 3*,,
“k=ok {1+1" “Dti+2 D+24-2 -- 1}° /5.147

10 1 oL ,0 11 n*
1 ro{l1 24+4 D[1+24 2 +D~12 P "}~ /5.15/
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2
_k fo , . ~0 1 blob 7
“r 1 4D 1 D 24 12 } /5.16/
1p D 1 oL 3P D >
NE“_2+0{1+]4]1_)+240 a+2p z. /5.17/
1_00L 10 .
K {1 -5 5p (1+]P*) /5.18/

The coefficient of the linear thermal expansion, Eq. /5.16/ and
also the average of the quadratic displacement, Eq. /5.13/ coin-
cide with the result obtained in [25] using the regular pertur-
bation theory, but the higher orders terms in the expression

of the specific heat at constant pressure do not coincide with
the result obtained in [25] because in the renormalized harmonic
approximation all the odd terms thus e.g. the cubic term in the

anharmonic interaction are missing.

5.2 Low temperature (<< 1) lLimit

Equation /5.3/ has a real solution for y>0 in the range
where h>\Q and 9<0S < These parameters defined previously in

the case of high temperatures are now:

Os Xo = | {1 2v2 - 75-19/

The solution of Eq. /5.3/ at e<0 1is given by

2 .
y(0<0s) = 2{1+~|—=P*-] (X-Xq) - /]U-\0)(@-02/0g) [1- F U-*0) ] +

+1 (\-X0)(1-02/0g ) } . /5.20/

The renormalized frequency near the instability point can be
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expressed as

2
y {1 /5.21/

The frequency becomes complex if X<XQ or O>es which shows the
instability of the system. It is worth-while to emphasize, that
the chain becomes unstable even at zero temperature T=0K if the
zero-point energy is sufficiently high @ /2n) > (0/e) . Such

a situation can occur for a chain of light atoms with small

binding energy /"quantum chain'/.

In the vicinity of the instability temperature e<0g the
length of the chain, the internal energy and also the free energy,
which can be obtained from Eqs. /5.4/, /5.5/, /5.6/ respectively,
using solution /5.20/, remain Tfinite. But the coefficient of

the linear thermal expansion

=~

12n® /5.22/
oL 7/ (\-Xo)(1-e2/Q8

o
=

ar

and the specific heat at constant pressure

xX
C =K - {1 +2 /-
P 3 “oL 1-—eMg

/5.23/

tend to infinity if O0>0 = The relative displacement of the

atoms at the instability point in the low temperature limit is

also rather small

/ y(69) J~2

I ~ a£(OS) 0ar +3

(ar_ =6) . /5.24/



43

For X » 1 the solution of Eq. /5.3/ has the following

form:

y-t< 1+1 -f-o<1+f>y - /5.25/
from which we see, that y « 1 .

Using this solution the renormalized frequency o, the
equilibrium separation of the neighbouring atoms 1, the linear
thermal expansion aT , the internal energy (1/N)E , and the

specific heat at constant pressure c” can be written as

2 2, , P
= ok 14T X <1+A-1 pryse /5.26/
. px C%L !+mr+H2 ZoooL 13 p*
= To {1-rg) + i nD E X 2nD 3 @+ wp D~ Pooss2u
@
oL
Kf'o 0 n 200L
ar“6£ o, 5 (1+ nD 75-28/
oL n
1w D ,%L ,n 1 ®ot ,nT* ,, .~%LN, /5 20/
BhE ” - 2+— (1-4"D +7~F <1+2TD >> -~ )
3 d
oL
—* — ) —
o s = {1+2 /5.30/

The expressions /5.26/-/5.30/ characterize the behaviour
of a weakly anharmonic linear chain in the low temperature limit.
Using the ordinary perturbation theory this expressions can be

obtained.



6. CONCLUSIONS

The SCPT reviewed shortly in Section 3 can be used for
investigating the properties of strongly anharmonic crystals
in a wide range of temperature and external pressure. It 1is
obvious also that in the limit of weak anharmonicity the SCPT
gives the same results as the usual perturbation theory. It is
interesting to point out that the method of double-time thermo-
dynamic Green®s function in the SCPT appears to be more simple
and effective iIn the derivation of the main results iIn comparison
with the other methods, cited in Section 1. We think, that the
investigation of a simple model, the anharmonic linear chain
with nearest neighbour central force interaction in the first
order of SCPT, given in the Sections 4 and 5 has confirmed
our opinion. This simple model was investigated also in the
second order of SCPT [26]. The results obtained in the second
order coincidence with those of the renormalized harmonic
approximation except for numerical coefficients, which are
somewhat different. In second order the instability temperature
becomes smaller and the dimensionless coupling constant becomes

higher than in the first order of SCPT.

This variant of the SCPT was applied for the investigation
of a simple model of three-dimensional anharmonic crystals too
/see [12] and references quoted therein/. 1t is worth-while

to point out also several applications of the SCPT to more



complicated systems, where the interaction of lattice vibrations
with other subsystems plays on essential role in the lattice
instability, e.g. in the electron-phonon system of metals and
semiconductors, magnetic systems with spin-phonon interaction,
molecular crystals with rotational degrees of freedom, ferro-

electric crystals, etc.
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