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ABSTRACT

Canonical quantization scheme in a Hilbert-space with positive
definite metric is proposed for local gauge theories. The procedure is based
on Dirac"s general theory of singular dynamical systems. A theorem on the
subsidiary conditions, which permits perturbation treatment is stated and
proved. Unitarity in the subspace of the allowed states is demonstrated. The
method is applied to the cases of free electrodynamics in nonlinear gauges
and Yang-Mills theory. The description does not require the introduction of
ghost particles. The rules for calculating graphs are shown to be equivalent
to those in Lagrangean approach with ghost.

PESIOME

NMpeanoxeHa Cxema KaHOHWYECKOIr0 KBAaHTOBAHUSA JIOKAJIbHBIX Ka/IMGPOBOYHbIX
noneii B ruib6epToOBOM MPOCTPAHCTBE C MOJIOKUTENBHO OnpeaeneHHol MeTpuKoli, oc-
HOBaHHas Ha OO6Well Teopun CUHIYSPHBIX AMHAMWYECKMX CUCTEM, paspaboTaHHOol
[vipakoMm. ®opMupyeTCs U [OKa3biBaeTCs TeopemMa O AOMNOSHUTESIbHLIX YC/IOBUSIX, MO-
3BOMIAWWAS MPUMEHEHME Teopuy BO3MYLEHMWI. [okasaHa YHUTApHOCTb B MOANPOCTPaH-
CTBe [JONYCTWUMbIX COCTOSIHMA. PaccmaTpuvBaeTcs CBO60AHOE 3/1eKTPOMarHWTHOe Mone
B HE/IMHEeWHOW KanmbpoBKe M Teopus noneli Tuna MaHr-Munnc. OUKTUMBHBIX 4YacTuly,

B TEOpPMM He BO3HUKAET. [loka3aHo, 4YTO NpaBuia AMarpamMMHOl TEXHUKU 3KBUBASIEHT-
Hbl MpaBuiiam, MOJSTYUYEHHLIM MO flarpaHxXeBOMYy METOAY C BBeAeHUEeM (UKTMBHbLIX YacTul,.

KIVONAT

Lokalis gauge elméletek kanonikus kvantalasat targyaljuk pozitiv
metrikaju Hilbert térben. Az eljaras Dirac szingularis rendszerekre kidolgo-
zott elméletén alapul. Bebizonyitunk egy tételt a mellékfeltételekkel kap-
csolatban, mely lehetdvé teszi a perturbacids targyaldst. Megmutatjuk az
unitaritast a megengedett allapotok terén. Az eljarast nem-linearis
gaUge-bart felirt elektrodinamikara és a Yang-Mills terek esetére alkalmazzuk.
A modszer nem teszi szikségessé ghost részek bevezetését. Megmutatjuk, hogy
a graf-szabalyok ekvivalensek azokkal a szabalyokkal, melyeket ghost részek
bevezetésével kapunk a Lagrange-eljaras esetén.



1. INTRODUCTION

Quantization of field theories, invariant with respect to a group
of non-Abelian local transformations, encounters certain difficulties. IFf
one calculates scattering amplitudes, using graphical rules, analogous to
those of quantum electrodynamics in covariant gauge, than, as pointed out
first by Feynman [I1], one comes into conflict with unitarity. The origin of
this difficulty lies in the fact, that in a covariant gauge the polariza-
tion states of the particles on the internal lines of a diagram are more
numerous, than on the cut lines, appearing in the unitarity relations.
Feynman suggested [1], that unitarity could be restored by inclusion of
fictitious "ghost" particles into the theory. Following the suggestion of
Feynman several authors [2-5] have succeeded in constructing manifestly
covariant unitary quantum theory of fields, possessing local gauge invariance.

In the classical theories of this type constraints ¢=0 always
occur. In order to guarantee the correspondence between the quantum and
classical theories, the physical state vectors |¢> must satisfy the
subsidiary condition ¢]¢>=0.

It is well known, that covariant quantization requires introduc-
tion of indefinite metric and, in addition, such a quantization can be
carried out only, if the condition ¢|$>=0 is reducible to the form ¢+ |p>=
=0, suggested by Gupta [6] and Bleuler [7]- This reduction is allowed only
if
a. / the operator ¢ satisfies the equation O0p=0, making the separa-
tion of the positive and negative frequency parts possible,

b. / the Heisenberg-equations of motion contain the field operators
in such combination, that the terms, proportional to the constraints
disappear, when expectation value is taken.

It seems rather difficult to satisfy both these requirements. As it
is shown in [5], a nontrivial modification of the Lagrange multiplicator
method, developed for the quantization of the electromagnetic field in
different covariant gauges [8,9] is necessary to meet condition a/ in the
case of non-Abelian gauge theories/.



In the present work we propose a canonical quantization scheme,
based on Dirac"s general treatment [l0] of singular dynamical systems.
Following Dirac, we keep the subsidiary condition in the original form
d]p>=0. This requires relativistically noncovariant quantization procedure
without indefinite metric, and, as a result, the propagator of the particles
will contain noncovariant terms. It will be shown, that the S-matrix elements
between the mathematically complicated physical states are equal to the
matrix elements between simple states, not satisfying the subsidiary condi-
tions, provided the propagator is supplemented by additional noncovariant
terms. However, it can be proved, .that all the noncovariant terms in the
propagator can be omitted, if one takes into consideration ghost particles.

We will consider free electrodynamics in non-linear gauges and
Yang-Mills theory. In the last case the expressions ¢ contain the coupling
constant g explicitely. However, on the ingoing unperturbed states p>
only the subsidiary condition ¢ o |¢>=0, independent of g , has to be
imposed, since - as it will be shown - the scattering states |¢~>, calculated
to any given order, up to this order authomatically satisfy the full subsid-
iary condition ¢]p+£>=0. The unitarity of the S-matrix on the subset of
asymptotic states, defined by ¢g o |¢>=0, is shown to be a consequence of
this theorem.

2. DIRAC'S THEORY OF SINGULAR DYNAMICAL SYSTEMS

A dynamical system is called singular, if the expressions of the

momenta p.= dL(c[>¢) do not determine unambiguously the velocities ¢, , as

p.
the functions of momenta p”~. Dirac [lo] worked out the general framework
for the canonical quantization of singular systems. We give here a very brief
summary of the method. For a detailed treatment we refer the reader to
Dirac"s book.

In a singular theory the expressions and the coordinates
34+

satisfy a number of identities and, therefore, the momenta are subjected

to the so called primary constraints @I(p,n)zo. The consistency of these
primary constraints with the equations of motion usually leads to a number
of secondary constraints ¢2 (p,a)=0.

The functions F(p,q) of momenta and coordinates fall into two
classes. The first class quantities are those, whose Poisson-bracket with any
of the constraints is zero or equal to the linear combination of the con-
straints. In particular, the constraints themselves can be divided into Ffirst
and second class constraints.



The Hamiltonian is determined up to a linear combination of Ffirst
class constraints* with coefficients, which are arbitrary functions of the
dynamical variables. Therefore, the time evolution of a dynamical quantity
is determined only up to arbitrary functions. For those quantities, however,
whose Poisson-bracket with the first class constraints is a linear combina-
tion of the constraints, these arbitrary functions are multiplied by
constraints in the equation of motion and do not give contribution, when the
constraints are satisfied. These quantities are, therefore, the physical
quantities of the theory. In particular the Hamiltonian can be shown to be
of TFirst class,

[ba, Hl = rabgb Vav4

and it is a physical quantity.

The iIndeterminateness, connected with the arbitrary functions,
reflects the gauge freedom of the theory. Different choices of these func-
tions correspond to different gauge conditions, imposed on the generalized
coordinates.

The change of the unphysical quantities under the influence of the
first class constraints does not correspond to any change in the dynamical
state of the system. Therefore, the Tfirst class constraints generate symmetry
transformations of the system in the sense e.g. of the gauge transformations
in electrodynamics.

In quantizing the theory the first class constraints are imposed on
the state vectors as subsidiary conditions, while the second class constraints
are satisfied as operator identities through a suitable redefinition of the
Poisson-bracket. In the cases to be considered below, no second class
constraints arise.

The method, outlined above, will be applied to special cases in the
subsequent sections, and all the above statements will be illustrated ex-
plicite ly-

3. THE SUBSIDIARY CONDITION THEOREM

When the first class constraints ¢ contain the coupling constant g,
the subsidiary conditions ¢]¢p>=0depend explicitely on g. It can be shown,
however, that in the perturbation expansion this dependence is taken into
account authomatically. This is the containt of the following theorem:

* The rigorous proof of this statement has recently been given by A. Frankel

[1] -



Let the first class constraints ¢ , the Hamiltonian H and the
coefficients rab in /1/ be of the form

ha ()=Xa (x) -+ gfa(X), H=HQ+gH1, rab(x)=r3b( + grab(® ,

where Aa, Ea, HQ, H*, ra”™, rab are independent of g*. Then the n-the order
approximation |¢*> to the solution |p+> of the Lippmann-Schwinger eguation

> = > + g E=p[Tré nl|g+e> *

satisfies the full subsidiary condition up to the n-th orders

¢°1<> - gn+h a(E_H\.ie HDm|»> , 12/

provided the unperturbed state |g»> satisfies the unperturbed subsidiary
conditions

Xalg> = 0. ** /3/
Let us introduce the vector ¢, whose components are the constraints

¢ , and the matrices r and H with the matrix elements r and H6 respec-
tively. Then /1/ can be written in the form

[ H] = r4

Comparing the coefficients of the different powers of g, we get

[& HOJ = rox /4/
X, H3 + [I* HJ = + riX /5/
[Es Hi] = lel

The theorem can be proved by induction. Consider first the case n=l. The
state vector |¢p™> is given by the equation

|o> = p>+ g E_M% re Hi1ig>
From this expression, using /3/, we get

* This assumption of linearity in g, which is satisfied for instance in
the case of fermion-photon interactions, simplifies the proof, but the
theorem can be shown to hold also in the more general case.

The common spectra of Hg and H is assumed.



N> = i1 +1-1--hnJd + 921 - - H >
ol E—H0+16 ¥ : Eyl-|-|0+ie 1o

We prove, that
——  *] = /7/
agtie . > 0

as i1em. To this end let us write /4/ in the form

A /A A\

*Ho - (Ho + rok 181

Using the relations /3/, /5/°and /8/ we can write

X __x_l___- f, jl(o> = --x--lx--t- xf1 |<|@ = --x--lx--_-- X+ Hj |0 =
e—hotle X e—ho—ro+|e X E—I-(I)—I"di-le
"E. ;N e +Vo - n-")) -E.in 4 o —jiWtn<E>
0O O o o

which proves /7/, and the theorem holds for n=l.

Now assume, that the theorem is valid up to Ion> Let us write
%¥r> in the form

A \IM+1
H _ n H_—j I(*)>
Ci> 1<>+ On+l E-H tie 7
Using /2/ we have
1.+ n+1 n+l
41 if--1- »i)n+ll k>+gn+2i (-4 . >
~lgn+l g \e-h +ie 7 eon +ie TP 9 ¢ tie
/9
The first term can be written as
- A NN
L1 + X . > /101
e—h0+ie 4 Ve—oh tie
The following relation can now be proved!
. n 1
i+ ) H, ==X T+x V{74

- - +i -h_-r_+1 —-h _+i
E-H +i1e J e-i_+ie ehorole ehole



Really, using the relations /8/, /5/ and /6/ we can write

N S R N S S P S
e—ho+ie e—ho+ie e—ho—rotie e—HO+ie
1 1 A
n n [ = X===
e—Ho—ro+ie + "ix) e-H_+ie
X 1x +- + - [1, HO] ——)K}?'_—_—
e—HO—I'o e e—Hy 1e

ek I

E-n_-r +ie (oF70-Bi - iCo-B * C1+7*D* | e
0o o o]
1 /. \ 1
U S A VR (L VP S
E—Hotle e—HO—£O+Ie e—HO—rCﬂe \Y, e-Hytle
- 1 1 - . .
= - £ ——H— Hx + — *~ K G +H)I +—*T jo—-Pi + -
e-n_+ie e-n_-I _+ie 1 1 e-H -I +ie e-H_tle
0 O O 0O O (0]
~ 1 A 1 /A AN 1 n
= -1 -—— H_ + —>mm——-H, + T £ +X-" — H
e—HOtl]é * ‘E—-—"I-lo—rolﬂ‘%}\ X B’—h’o‘l—‘ié

which proves /11/

By means of /11/ the first factor in /10/ can be brought in front
of |g», and the expression /10/ vanishes as a result of /7/. Therefore, the
first term in /9/ is zero, and /9/ is identical to /2/ when n is replaced by

(n+1).

We have, therefore, shown, that in order to have ¢]p+>=0 it 1is
sufficient to satisfy the condition W>=0. The latter is also a necessary
condition, i.e. if |p > is the scattering state, developed from |g», which
is an eigenstate of HQ, then from R¢p+>=0 it follows the relation jJNg=0.
To see this it is sufficient to expand ~|¢+> in powers of g. When ¢]dp+>=0,
the coefficients of this power series vanish, and we get "|<p>=0.

It can be mentioned, that the theorem holds for the scattering
states |¢b > also.

In the following the asymptotic states |g>, satisfying the condition
Xtyjg>=0 , will be called allowed states.

The above theorem is basically important for the perturbation
treatment of the Yang-Mills theory, and justifies the usual calculational



procedure in QED, where noninteracting subsidiary conditions are always used.
In the latter case one of the constraint equations is (div E(X)-ep(X)) |[9p>=0,
but generally the solutions of the equation div E(xX) FK'">=0 are used as
asymptotic states. However, in this case one could build up the true physical
states from the solutions |§*> by an appropriate similarity transformation
[12]. But in the Yang-Mills theory such a transformation does not exist,
because the commutation relations for ¢ and ¢a=0 are different. On the other
hand, the smallest part of H, which has common eigenvector with the con-
straints, is the total H itself, which would prevent us from using perturba-
tion theory effectively.

An important straightforward consequence of the theorem discussed
above is, that when |g» is an allowed state, than S|g» is also allowed. In
order to see this we show, that the two sets of states f& |cp>=H+ and
N_Jo>=H_ , which can be obtained from the allowed states |cp>, coincide.
Suppose, that this is not true. Than one can find a vector |¢> in H+, which
is outside H_. But according to the theorem proved above for the states |{>
in H+ or H_ we have £]$p>=0, while for the states outside H+ or H_, ™)]|¢p>"0.
Hence the vector |{> cannot exist, and H+ = H_ = H.

Let H* be the sets fw |p™, where |p™ are orthogonal to all the
allowed states. If there are no bound states, than B+ are unitary operators,
and the sets H" are orthogonal to H. Hence H|=H”=H", and we have (H",H)=0.
Consider the_S—matrix element SBa = <¢8!¢5>, where l@;> ? f;&xD and i p> =
= . Since I9a>6 H and |¢> 6 H" we have S”™a=0, which is the statement,
we wanted to prove.

From the Hermiticity of the Hamiltonian it follows, that S is unitary
in the Hilbert-space of all of the asymptotic states. As a consequence Of
the above considerations the S-matrix is unitary also in the Hilbert-space
of the allowed states alone.

4. CANONICAL QUANTIZATION OF THE FREE ELECTROMAGNETIC FIELD IN NONLINEAR
GAUGES

We start from the gauge invariant Lagrangean

L=-t¢ \Y, uvd3x

of the free electromagnetic field. The canonical momenta are



b fmo

- - 712/
.0

The nonzero Poisson-bracket is defined by the relation

{A*(X), Bv(x")} = 63 (X-x")

Since — gEB is identically zero, the primary constraints of the theory are
»-~x) =B°(X) =0 /13/

i.e. one primary constraint at each point of space. The quantity BPAU,OGBX -

- L can be expressed through the momenta, potentials and their space
derivatives without solving /12/ for the velocities A g, and in this way one
can obtain one of the possible Hamiltonians

H fi F_Frs + i 8'8" -A_BI )

vh Trs ) 0 ,r.

The indices r, s, t take on the values 1,2,3. Computing- the time derivative
of the primary constraints B°(x) with this Hamiltonian one finds, that it
is equal to BIr(X). Therefore, the consistency of the constraint /13/ with
the equation of motion leads to the secondary constaints

b, £Bp. ) =0 714/

The consistency requirement of /14/ leads to no further secondary constraints.
The Poisson-bracket of the constraints is zero, so they are of first class.

In order to obtain the most general Hamiltonian Hg one has to add
to H the constraints ¢, ¢2, multiplied by arbitrary functions of the
dynamical variables:

H + + BrBr AOB,r + cll + C2Y2)d3x /15/

This Hamiltonian leads to the equation of motion

aC,

ac
A =C, +
0,0 1 3B SBI 752

C, x,

0.s A%ts + 38" 98" /16/

AS,8_ B + A



ac, 3CQ
;o < 3S 1 *
/70 9A0 91 - A, /16/
co 3C~
5 = A - A 1
,0 S,Ir r,rs 3AS r ¢2
In the classical theory one can set here = ®2 = 0. The arbitrary

functions need not disappear from the equations, since the potentials are

second class quantities, and cannot be defined unambiguously. If, however,
one identifies the first class quantities B and rot A with the electric and
magnetic Ffields respectively, then for these quantities /14/ and /16/ lead to
the Maxwell-equations, 1independent of the functions CA.

The arbitrary functions serve to fix the gauge. Let us choose them,
for example, in the following way:

- _ N _ 3 o
C1 = Ar,r AAVA L B
/17/
C2 = -
Then the First of the equations /16/ leads to the expression
B® = - (OvAV + XAVAV)
and /13/ is equivalent to the nonlinear gauge condition
3VAV+AAVAV:O
From HE one can go back to the Lagrangean
L = 1F FPV 1 23 AV + XA Av)2 d3x /18/
4 yv 2 4v Y,

The theory, corresponding to this Lagrangean, has been discussed iIn great
detail in [I3] on the basis of graph combinatorics, since it serves as a
good introduction to the non-Abelian gauge theories. For the same reason we
also discuss the canonical quantization first in this case.

The nonzero commutation relations are

Av (x),By<x?) ,0_ 0" = 6 y 6J(x-x")
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and we get the following Heisenberg equations of motion ini the gauge chosen

AO,O :Ar,r - AAVA - B

Ar,o =B + Ao,r 719/
B°,0 = Br r + 2XAoB°

B ,0 = As,rr _Ar,rs +B*° s 2}'IASB°

Using these equations, the commutation rule can be written also as
. . ig 6 (xx%)
V*>*"Vo(**"> ,0_,0,
i.e. iIn the same form, as in the Feynman-gauge /A=0/.
The subsidiary conditions, corresponding to the constraints are
B°H[3> = 0; Br 1n> =0

These conditions cannot be weakened to the form B°r+)Hi> = Br™M+Nft> = O,

since for \¢pO B° does not satisfy the equation O B° = 0, and hence it Iis
not possible to carry through covariant quantization with indefinite metric.

The operators a , b™ in the interaction picture satisfy the equations
/19/ with \=0, from which one gets

Uar(x) = O; Gby( =0
The subsidiary conditions in the interaction picture are

be()w(t) > = 0; br,r(x)|io(t) > =0 720/
Here the operators could be replaced by their positive frequency part, but

then the correspondence of the Heisenberg-equations of motion /19/ to the
corresponding classical equations would be destroyed.

The equations of motion permit us to write /20/ in the form

Par () Ito() > = 0; GtaM () w(t) > 0 /21/
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The interaction Hamiltonian is the following:
HI(x®) = - X a™~(x)av(x)b°(x)d3x 722/

Using the Fourier-expansions

+
z -L. aQ + e a
a°w -7 Kk /2w @ 0

( -ikx ikx +
-t =
A GO m i ,: e ar@@ te ar

/k°=w=|K|]/ one gets for the dommutation relations of the Fourler-amplitudes
the oscillator-type rules

Ay § - Ay =6 5
which lead to positive metric for all four components.
In momentum space the subsidiary conditions /21/ can be written as
@o(k) +c® W(®> =0

723/
@&k +ct®) I(t)> =0

where C(k) = o krar .

Let lo) be the mathematical vacuum, i.e. the Fock-state, defined by
the equations a™(k)]Jo) =0. It is-not the physical vacuum, since it does not
satisfy /23/. The physical vacuum is given by the expression [14]

N e-a° C 0 lo) = 10>
K

The unperturbed Hamiltonian H in the interaction picture can be
obtained from /15/ and /17/, replacing A", by ay, b~ and taking the
limit X=0:
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H = d&L&stm'+&bmr'aJ¥r4'@

o - |bO)be

r,r

= E W ar(-)ar(-) " ao~)ao() T C - number
- EW at (®)aX;L(-) + ar2”-"ar2”-" + (c+0s)c (l9) - aQ(is)aQ ¥  + C - number

The term

C+(19C (k) -an(k)ao ()= (¢t (K)-ao (Oj fe(k)+a*(k)j +(c(k)-a* (K)JI "C+ (K)+aQ ()

acting on physical states gives zero, therefore the physical states obtained
from 10> by transverse creation operators are those, which contain definite
number of photons. However, the state |Jo> is not normalizable, since the
operators a++C and aQ+C+ possess continuous spectrum. Let us confine
ourselves to a single momentum component, and following [I5] , define the state

-ya+ (kKyc+
o e 10) 724/

n
Icy =0ylo) =e
which for Iy Ikl has the norm

1
1-Y

< > =
OYJPY

and for y+1 satisfies /23/. It is well known, that matrix elements between
states, belonging to the same eigenvalue in a continuous spectrum are not
meaningful quantities, and using them, one could come to contradictions. For
example, the matrix element of the commutator [">a™X), av (y)J between physical
states, satisfying /23/, can be proved to be zero in spite of the fact, that
the commutator itself is a nonzero c-number. Contradictions of this type can

be circumvented, if the physical bra-states are generated from the vacuum bra
<0 lwith ypl, and the limit y=1 is "taken only in the final step. This linmit,
when exists, can be considered as the correct matrix element between physical
states.

The S-matrix is given by the formal expression

-1
s T e dv M xo0)

D

/25/
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where TQ is the Dyson chronological ordering operator. It is straightforward
to calculate amplitudes, corresponding to any diagram, between states J]o,tr),
obtained from the mathematical /unphysical/ vacuum Jo) with the aid of the
transverse creation operators. These amplitudes correspond to the Lagrangean
/18/. The of /22/ appearently does not contain the characteristic interac-
tion term - j YMayaVa ay. Contributions from such term automatically arise,
when the Dyson chronological product is systematically replaced by the Wick
chronological product /for a similar procedure see J4Y6] /. However we do not
get ghost contribution, without which the theory is known [13] to contradict
unitarity.

This is because the calculation has been based incorrectly on
unphysical states. The ghost contribution arises, when the matrix elements of
/25/ are taken between the states, satisfying the subsidiary condition.
These states are complicated, since they contain longitudinal and timerlike
photons. They can be written as

[Oytr> = Oy Jo,tr)

and the S-matrix elements are

<0. tr* s 1 ,tr> =

o1 < < -
<Y I°1> Y 0Y101

7 (o,tr"l(oyol)s]o,tr) /26/

q

where S=0 . Since 0 is independent of the space-time coordinates, this
transformation can be accounted for by the replacement

ay ) an(x) = 0“1 ay (x)01 /27/

- _ - + -
In Section 5 it will be shown, that the operator - —J'-——B 8" can in fact
Y Ul
be omitted. Therefore, it is allowed to use transverse Fock-states, built up
on the mathematical vacuum |o), provided the propagator is identified with
the expectation value of the chronological product of the operators a™(X).

Using 724/ and /27/ it is straightforward to verify, that

K The Dyson chronological operator TD is defined by the relation T_(ACD)B (™))
e(t-tHA(L) B(t" )+O(t FO)B(t" )A(t) , and does not commute with differentiation
with respect to time. In a Lagrangean theory the Wick chronological product

is used. Acting on a product of field operators and their derivatives, the
operator Tw is defined to commute with differentiation.



14

= N\ _ 1 1 _iTkx _tHA
aoéx)- _aoi)b- v IE/Z_L[I_G Cgk)

- _ Mo+ -1k
ar\g)Q - ar\gx)' yiy: E _/7%5 ﬁ go'q’(')'g e

From these expressions one obtains the expressions/in continuous Fourier-
representation/

dnkeik(x—y) 1 gyv 2Iﬂ6£K2)B€K »6yOKV

<ltd \<OIM  0) Qwyai k2+ie ke

+ 27ﬁ6§k2)06}k§»6v0Ky 128/

noik(k-
ae KV L

(OlTD Vv

Qryi

The integrand in the last line contains the Fourier-component of the retarded
propagator, and the integral vanishes, unless x°>y°. This is the consequence
of the fact, that from the subsidiary condition 3Pa™]Jo> = O it follows the
equation 3Ma™jo> = O.

One can look for the equivalent Lagrangean description also in this
case. The difference between the Dyson and Wick chronological product can be
expressed through the value of the commutators. Since the latters are invariant
under similarity trasformation, the vertices of the Lagrangean equivalent to
H~N(atl,bV) arealso given by /18/ without ghost contribution. However, 1in
contrast to the previous case, when the subsidiary conditions were neglected,
the propagators to be used in the diagrams are those of /28/. This difference
is sufficient to make the theory unitary.

5./ CANONICAL QUANTIZATION OF THE YANG-MILLS FIELD

The Lagrangean of the Yang-Mills theory [17]

1 a a
L 4 d3xFyVF
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leads to the particular Hamiltonian

a a a a a ab b\ 3

hFrsFrs+EBrBr AOVrBr)dx

where
ab ab acb c¢
Vr = 6 9r + ¢f Ar

means invariant differentiation, and the indices a, b, c label the generators
of the underlying compact group.

The constraints of the theory are

a a
®»1 =B ° =0 /29/
a ab b

»9 =y Br =20 130/

The consistency requirement szi 0 Tfulfills as a consequence of /30/ since

,a r ai abc b c
2 = 1 H 023 = "™ 9f A0 2

and no further constraints arise. The constraints are of first class:

-a b
oarx), 1Y) X0 =y 0 Pre9,92¢) x0=y© =0
/31/
-a b abc c 3
52(x) /02 () gf 02096 (x-y)
The most general Hamiltonian is therefore
",Fa Fa - a a aabb, a a aa
HE:_nglrs 'S+ HBrBr-A, Y BT +C. ¢p+c9¢9
The subsidiary conditions in Heisenberg- and interaction-picture are
a
B > =0 /32/

ab b
\/'r B riﬁ> 0] /33/
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ba°(x) (> =0 /347

a acbh c¢ b \
br,r x) + dgf a Qb r@e)jw() >=0 /35/

The subsidiary condition /33/ in the Heisenbert-picture is the time derivative
of the subsidiary condition /32/. As a consequence, /35/ is the time derivative
of /34/. However, the operator in the condition /35/ is not equal to t;a*’ since
in the Yang-Mills theory the term pae gd\|lm(t)> does not vanish /in the free
electrodynamics, discussed above, this term gives zero as a consequence of

the primary constraint/. In spite of the fact, that the subsidiary conditions
contain the coupling constant explicitely, it is sufficient to impose the
noninteracting subsidiary conditions b °Jg> = b r,rjcp> = O on the asymptotic
states |og>,. since according to the theorem, proved in Section 3, the scattering
states authomatically satisfy /35/.

The procedure of the previous section can now be immediately applied
to the Yang-Mills theory. The only step, we have to add, 1is

+
to prove, that the operator E'V\K/lr g JC-Il can indeed be omitted from the

right hand side of /26/.

Using /24/ and computing the norm <0M]JO”> we have

1 a . —Ya (Qck) -a*(kyc+ K
------- ©,tr'jo 0. = (I-8)(0,tr"| e e
Y 1

After a simple but lengthy algebra this expression can be brought into the form

® kK K
O, tr"jZ a C .a () /36/
k=0 K
where
(y) *1
ak = 1-y)— K 0
K(Y) (k)2 ( )dy v1iy ¢
In the limit y=1 all the coefficients tend to infinity except aQ, which

goes to unity. However, the matrix element /26/ has to be calculated with the
aid of /36/ before taking the limit Y=Ir an(B@ it turns out, that the terms
with kK ¢ O give no contribution.
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Really, we have shown in Section 3, that ~S]0,tr) =0, so that
§|o,tr) contains only transversal particles. That means, n 0" 04 can
indeed be omitted. Y 1

The rules for calculating graphs are, therefore, similar to those
of the previous section. Let us choose, for example,

C,=A AFV) 737/

where ~ (@) is a function of the potentials /and at least quadratic in A/.
Then we get the Lagrangean

a
L + AF D /38/

the interaction part of which defines the vertices of the diagrams.
For the propagators one has to use the expression, given in /28/.

Amplitudes, corresponding to these prescriptions, satisfy unitarlty
and are equal to the S-matrix elements, calculated by using the usual Feynman-
propagator and ghost Lagrangean. In order to prove this, it is sufficient to
establish the validity of the Slavnov-Taylor identities [18] -

In the usual description one has to add to L a suitable ghost
contribution Lg 1in order to get a Lagrangean, which satisfies the Slavnov-
Taylor identities. The form of Lg depends on the second term of L, breaking
local gauge invariance, and can be determined by the rules, given in [18].
According to these rules, the propagator of the ghost particle is that of a
zero mass scalar particle up to the ie prescription. This prescription cannot
be chosen arbitrarily, and can be determined for instance from the Slavnov-
Taylor identities iIn the lowest order [13,18j. In our gauges they give

KMON(K) = (-m )Hk™, where and (-m ) are the propagators of the vector

particle and the ghost respectively. Taking into account the form /28/ of

our vector meson propagator, we see, that the Lagrangean /38/ satisfies the
Slavnov-Taylor identities, if we add to it the usual Lg and for the ghost use
the retarded propagator

1 1 /39%/
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One now sees, that the addition of to L is completely irrelevant,
when S-matrix elements are calculated. In this case the ghost lines occur
always in closed loops, which with retarded propagators give no contribution.
Therefore, from the point of view of the observable quantities the theory,

based on L+L™ is equivalent to the canonical quantization scheme, described
above.

The Slavnov-Taylor identities serve as the basis for the proof of
the iInvariance with respect to the ie prescription of longitudinal and time-
like vector particles, from which it follows, that S-matrix elements, corres-
ponding to the canonical quantization scheme are equal to those, calculated
by using Feynman propagators and ghost Lagrangean.

Actually we will prove more: the S™-matrix elements, calculated with
the aid of propagators

. W bt a Hoouiek YO Yk + VO 2¢ss 6(-k0)kV
< @M4i  k2+ie -0 @200, s G JRON)
a - o —  + a 2id 6(k2)e(k?) —>--——+ a
K @m4i K2+ie %K

are independent of the arbitrary parameter a. The values a=l and a=0 corres-
pond to the cases, mentianéd above.

Let us start from the Slavnov-Taylor identity

Consider the sum of graphs with given transversal external particles on the
mass shell, and change a to atia by an infinitezimal amount. The change Iin
the SM-matrix element can be represented graphically as
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Using the Slavnon-Taylor identities to transform the first and second term

on the right hand side /k is on the mass shell in these terms!/ we see

immediately, that all the terms on the right hand side cancel, showing, that
is indeed independent of the parameter a. Choosing a=0 one can prove the

unitarity again [19].
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