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ABSTRACT

G eo d es ic s  o f  R iem annian  s p a c e s  a d m i t t i n g  c e r t a i n  ty p e s  o f  K i l l i n g ’s 
m o t io n s  a re  c o n s id e r e d .  I t  i s  s h o w n . th a t  to  t h e  g e o d e s ic s  t h e r e  c o r r e s p o n d  
c u r v e s  i n  a  lo w e r - d im e n s io n a l  sp ace  which r e v e a l  a s t r i k i n g  re s e m b la n c e  to  
th e  fo rc e  law s  o f  g e n e r a l  r e l a t i v i t y .  The f o r c e s  em erg ing  a re  o f  th e  e l e c ­
t r o m a g n e t i c  and o f  th e  p o t e n t i a l  t y p e .  Some c o n n e c t io n s  w i th  K a lu z a ’ s f i v e ­
d im e n s io n a l  th e o ry  and w i th  the  th e o r y  o f  d y n a m ic a l  g ro u p s  a re  d i s c u s s e d .
The s o - ic a l le d  t o t a l l y  c o v a r i a n t  c a l c u l u s  f o r  s u c h  s p a c e s  i s  a l s o  d e v e lo p e d .

INTRODUCTION

I t  was shown by K aluza soon  a f t e r  th e  d i s c o v e ry  o f  g e n e r a l  r e l a t i v ­
i t y  t h a t  one can  r e t a i n  th e  g e n e r a l  f e a t u r e s  o f  an e l e c t r o v a c  th e o ry  from a 
f i v e - d i m e n s i o n a l  fo rm a l is m  [ l ] . I t  was e s s e n t i a l l y  t h i s  work which s t im u ­
l a t e d  t h e  numerous u n i f i e d  t h e o r i e s  i n  t h e  t w e n t i e s  a n d  t h e  e a r l y  t h i r t i e s .  
The f i v e - d i m e n s i o n a l  R iem an n ian  s p a c e s  i n v o l v e d  in  t h e s e  t h e o r i e s  g e n e r a l l y  
p o s s e s  some symmetry p r o p e r t i e s .  I n  K a lu z a ’s  t h e o r y ,  f o r  exam ple , t h i s  
symmetry i s  a  K i l l i n g  m o t io n ,  a n d  i t  i s  shown t h a t  t h e  e q u a t io n

Rae  -  0
-  Ra ß b e in g  the  f i v e - d i m e n s i o n a l  R ic c i  t e n s o r  -  can b é  s p l i t  i n t o  two 

e q u a t io n s

Rik  = Ti k  "  k  q i k  тГг  '

Here Fik  i s  th e  e l e c t r o m a g n e t i c  tens"o r ,  Ti k . i s  i t s  e n e rg y  -momentum, t e n s o r , 
i s  th e  R ic c i  t e n s o r  i n  f o u r  d im e n s io n s ,  and Fi k  i s  r e l a t e d  t o  the  

K i l l i n g  v e c t o r  o f  the  f i v e - d i m e n s i o n a l  s p a c e .

A t t e n t i o n  h a s  been  m a in ly  d i r e c t e d  t o  such f i e l d  e q u a t i o n s ,  w h ile  
th e  f e a t u r e s  o f  the  g e o d e s i c s  o f  t h e s e  v a r i e t i e s  have n o t  been  i n v e s t i g a t e d  inо
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d e t a i l .  H owever, i t  can  b e  shown t h a t  t o  t h e  f i v e - d i m e n s i o n a l  g e o d e s ic s  t h e r e  
c o r r e s p o n d  c u rv e s  i n  f o u r  d im en s io n s  a n d  t h a t  t h e  f i r s t  c u r v a t u r e  o f  t h e s e  
c u rv e s  i s  e q u a l  t o  an  e l e c t r o m a g n e t i c  f o r c e .

The aim  o f  t h i s  p a p e r  i s  t o  e x te n d  t h i s  r e s u l t  a n d  show t h a t  i n  a  
H iem annian  s p a c e  o f  a r b i t r a r y  d im e n s io n s ,  a d m i t t i n g  s e v e r a l  K i l l i n g  m o t io n s ,  
g e o d e s ic s  c a n  be  p r o j e c t e d  o n to  a v a r i e t y  of lo w e r  d im e n s io n s  and t h a t  t h e  
f i r s t  c u r v a t u r e  o f  t h e  c u rv e s  o b r a in e d  in  t h i s  m anner i s  a n  e l e c t r o m a g n e t i c  
f o r c e .  An a d d i t i o n a l  te rm  w h ich  may b e  p r e s e n t  i n  t h e  c u r v a t u r e  i s  a  f o r c e  
o f  t h e  p o t e n t i a l  t y p e ,  b e i n g  a  g r a d i e n t  o f  a s c a l a r ,  a l t h o u g h  i t  can  a lw ays  
be  rem oved b y  means of a  confrom  t r a n s f o r m a t i o n  o f  th e  m e t r i c  o f  th e  lo w e r  
d im e n s io n a l  s p a c e .  The v a r i e t y  o b t a i n e d  i s  g e n e r a l l y  n o t  a  s u b sp a c e  o f  t h e  
o r i g i n a l  o n e ,  th o u g h  i t  i s  a  R iem annian  space  w hose m e t r ic  i s  f i x e d  by t h a t  
o f  t h e  l a r g e  s p a c e .  T h is  s t r u c t u r e  o f  t h e  g e o d e s ic s  i s  e a s i l y  r e v e a l e d  i f  
t h e  K i l l i n g  m o tio n s  o f  t h e  embedding s p a c e  fo rm  a n  A b e l ia n  g ro u p .

The f i r s t  s e c t i o n  o f  t h e  p a p e r  r e c a l l s  t h e  p ro o f  o f  a  theorem  
w h ich  s t a t e s  t h a t  t o  r e q u i r e  a  R iem ann ian  sp a c e  t o  adm it s e v e r a l  K i l l i n g  
m o tio n s  fo rm in g  an  A b e l i a n  g roup  i s  n o th i n g  e l s e  b u t  t o  r e q u i r e  th e  e x i s t e n c e  
o f  a  s p e c i a l  c o o r d i n a t e  s y s te m  i n  w h ic h  th e  m e t r i c  t e n s o r  i s  in d e p e n d e n t  o f  
some v a r i a b l e s .

I n  t h e  s e c o n d  s e c t i o n  a  g e n e r a l  c o v a r i a n t  t r e a t m e n t  o f  su ch  Riem an­
n i a n  s p a c e s  i s  d e v e lo p e d  a n d  t h e  c o n c e p t  o f  a  p a r a m e te r  s p a c e  c o r r e s p o n d in g  
t o  t h e  m o tions  i s  i n t r o d u c e d .  I n  o r d e r  t o  h a n d le  b o t h  t h e  p a r a m e te r  a n d  t h e  
c o v a r i a n t  I n d i c e s  i n  a  u n i fo rm ly  c o v a r i a n t  way, p a r a - c o v a r i a n t  and t o t a l l y  
c o v a r i a n t  d i f f e r e n t a t i o n  a r e  a l s o  d e f i n e d .  T h is  fo rm a l is m  i s  th e n  a p p l i e d  
t o  t h e  s p e c i a l  c o o r d in a t e  sy s te m  o f  s e c t i o n  o n e .

The t h i r d  s e c t i o n  i s  d e v o te d  t o  th e  d e c o m p o s i t io n  o f  th e  e q u a t io n s  
o f  g e o d e s ic s ' .  The s p e c i a l  c o o r d i n a t e  sy s tem  i s  u s e d  h e re  t o  show t h a t  c u rv e s  
c o r r e s p o n d in g  t o  g e o d e s ic s  a r e  a c t u a l l y  f o r c e  law s in  a  lo w e r  d im e n s io n a l  
v a r i e t y .

F i n a l l y  we c o n c lu d e  t h a t  t h e  p ro c e d u re  i f  lo o k e d  a t  i n  th e  o t h e r  
way ro u n d  i s  r e l a t e d  t o  t h e  group t h e o r e t i c a l  a p p ro a c h  t o  t h e  e q u a t io n s  o f  
dy n am ics .

I .

We f i r s t  r e c a l l  and  g iv e  t h e . p r o o f  o f  a . th e o r e m  a r i s i n g  i n  t h e  
t h e o r i e s  o f  R iem ann ian  s p a c e s  and p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  I n  a  
fo rm  a d a p te d  t o  o u r  p ro b le m ,  t h i s  s t a t e s  t h a t s
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The n e c e s s a ry  and s u f f i c i e n t  c o n d i t io n s  o f  th e  e x i s t e n c e  o f  a c o o r ­
d in a te  system  / С . З . /  in  which th e  m e tr ic  t e n s o r  g o f  an n d im en s io n a l  
Riemannian space Vn i s  in d e p en d en t  o f  th e  c o o r d in a te s  x 1 , . . .  , x ^ ( r < n )  a r e  
th a t  t h e r e  e x i s t  r  l i n e a r l y  in d e p e n d e n t  K i l l i n g  v e c t o r s ,  Кд“ , and
t h a t  th e s e  v e c to r s  form an A b e lia n  group o f  m o t io n s ,  i . e .  the g e n e r a to r s

GA | = KA |a 9 aXX / ! /
f u l f i l  th e  r e l a t i o n s

ga | gb | -  GBl ga | ■ 0 • I 21

By l i n e a r  independence  o f  the  v e c to r s  Кд |* we mean t h a t  the  r e l a t i o n

xR| KRp  ■ °

in  any p o in t  o f  the space can on ly  be s a t i s f i e d  by t h e  t r i v i a l  s e t  o f  th e  

s c a l a r s  XAI = О

This g u a r a n t e e s ,  f o r  i n s t a n c e ,  th a t  none o f  the v e c t o r s  к “ can v a n ish  a t
Alany p a r t i c u l a r  p o i n t .

B efore p ro v in g  the theorem  we r e c a l l  t h a t  by d e f i n i t i o n  a K i l l i n g  
v e c to r  Кд | а s a t i s f i e s  K i l l i n g s  e q u a t io n

KA | « , e  + К А | 8 , а  “ О ™  ' 3 '
О

E x p re s s in g  the  C h r i s t o f f e l  symbols by g and the  d e r i v a t i v e s  o f  q ,I ар
Сз) can  be c a s t  i n  the  form

К» |P о g + К.  Ip g A I , ß y pa  A I , a  y p3 + КAI ga ß , p = О / 4 /

I t  sh o u ld  a l s o  be rem arked  t h a t  i n  consequence o f  the  symmetry o f  
the C h r i s t o f f e l  symbols i n  the two s u b s c r i p t s ,  (2) can be w r i t t e n
in  th e  fo l lo w in g  ways

GA|  gb I "  GBI ga | =

= K. |P K„ P  л Э -  K„ |p к .  ,p э = о  . АI в  I ; р а  В I АI ; р о

X а
The s t r o k e  i n  кд | means t h a t  the  p re c e e d in g  s u b s c r i p t  o r  s u p e r c r i p t  i s  
n o t  a  c o v a r i a n t  index  b u t  i s  simply th e  name o f  th e  q u a n t i t y .  Such i n d i c e s  
w i l l  a l s o  be d e toned  by u n d e r l i n in g .

Greek in d i c e s  w i l l  always ru n  from 1 to  n , w h i le  c a p i t a l  L a t in  ones  
from 1 to  r  . For any ty p e s  o f  in d e x  we adopt th e  u s u a l  summation 
c o n v e n t io n .

XK*The sem ico lon  deno tes  c o v a r i a n t  d i f f e r e n t a t i o n  w i th  r e s p e c t  to  a v a r i a b l e  
i n d i c a t e d  by a  s u b s c r i p t ,  p r o v id in g  th e  s u b s c r i p t  does n o t  p re c e e d  a 
s t r o k e  o r  i s  n o t  u n d e r l i n e d ;  the  s ig n  Эа o r  a comma i n s t e a d  o f  the  s e m i­
c o lo n  denote  th e  o rd in a ry  p a r t i a l  d e r i v a t i v e .
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T his  o p e r a t o r  e q u a t io n  s t i l l  d o es  n o t  seem to  be c o v a r i a n t ,  because  the
•o p e ra to r  K„iP Э i s  no t  a  c o v a r i a n t  v e c t o r .  However, i f  we demand (2)

*  AI j a  P
to  be v a l i d  f o r  any f u n c t i o n  i n  a p a r t i c u l a r  C . S . , t h e n ,  a p p ly in g  i t  to  
th e  f u n c t i o n  f  = x a , we g e t

( s i  s i  -  s i  ga | )  * “  -  M  *■>?. .  -  M  k4 . - p '  °  ■
w hich i s  c o v a r i a n t  and w i l l  g u a ra n te e  t h a t  (2) i s  f u l f i l l e d  i n  any C .S.

The p ro o f  o f  the  th eo rem  goes a s  f o l lo w s .  Assume f i r s t  t h a t  th e re  
e x i s t s  a C .S . i n  w h ich  ga  ̂ depends only  on xr + 1 , . . . »  xn , and d e f in e  r
l i n e a r l y  in d e p en d en t  v e c to r s *  by

KAI -  6A
These w i l l  s a t i s f y  (4 ) a c c o rd in g  to  the assu m p tio n

/5 /

gaß,A = О

Using (1) and (5) one can r e a d i l y  v e r i f y  t h a t  (2) i s  a l s o  s a t i s f i e d .

The p ro o f  o f  the  r e v e r s e d  s ta te m e n t  i s  a b i t  more in v o lv e d .  Assume 
t h a t  t h e r e  e x i s t  r  l i n e a r l y  in d e p e n d e n t  v e c t o r s  Кд “ s a t i s f y i n g  (2) and 
(3) . F i r s t  we w i l l  show t h a t  one can choose a C .S. i n  which

v Ct _ f ®
KA| ~ 6A *

There e x i s t s  a C .S . i n  which th e  n o n -v a n is h in g  v e c t o r  к д | а has th e  form [4]

v а _ r
KH  -  6i / 6 /

Using ( 6 ) ,  we u t i l i z e  (2) f o r  th e  case  A = 1 ,  В = 2 by a p p ly in g  
i t  to  th e  f u n c t io n  x a , which g iv e s

а = 0К

Thus th e  e q u a t io n
n
l

P=2

2 I , 1

C2 |  * , P

has  n  -  2 in d e p e n d e n t  s o l u t i o n s ,  Ф- (x2 , . . .  ,xn ) , (k = 3 , . . . , n )  ,
X

a l l  in d e p e n d e n t  o f  x  . P e r fo rm in g  a c o o r d in a te  t r a n s f o r m a t io n

x ' 1 = X1 ,

x ' 2 = h (x2 , . . . ,x n ) ,

Ф- (x2 , . .  . ,x n ) ; (k  = 3 , . . .  ,n ) ,x ' k. =

к By v e c t o r s  we n a t u r a l l y  mean v e c t o r  f i e l d s  hav ing  c o n t in u o u s  d e r i v a t i v e s  
o f  a t  l e a s t  the f i r s t  o r d e r .
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where h  ia  chosen  so  to  a v o id  the  v a n i s h in g  o f  th e  J a c o b ia n ,  we have

к 1 | , а  = 01 / i . e .  (6 ) i s  unchanged /

and

K2| 'k= L  K2.|P ^ fP = 0 ; ( k = 3 ......... n ) *
P

2к 2 1 '  canno t be z e ro  as i t  would n o t  th e n  be l i n e a r l y  in d e p e n d e n t  of 
A t r a n s f o r m a t io n  o f  the k ind

x ' 2 K- , ' 1
x "1 = x ' 1 -  f ---------j -  dx ' 2 ,

2 *  ^

, - 2 -  Г  ,
J v , 9 ̂о K2 |

x ’,k = x ' k ; (k = 3 , .  . . ,n )

l e a v e s  (6 ) unchanged and l e a d s  to  th e  d e s i r e d  form  o f  к2 | " а

K2 I -  62 *

By r e p e a t i n g  o f  t h i s  p ro c e d u re  we f i n a l l y  end up w ith  a C .S .  where

KA | “  = 6A • I V

We s t i l l  have t o  show t h a t  i f  (7) i s  v a l i d  g i s  in d e p e n d e n t  o f  xA.Ct • ot p
By assu m p tio n  Кд | i s  a K i l l i n g  v e c t o r ;  thus i t  f u l f i l s  ( 4 ) ,  w h ic h ,„ u s in g  
(7 ) ,  w i l l  g ive

ga8,A = 0 '

which was to  be p ro v ed .

The C .S . i n  which ( 7 )  i s  v a l i d  i s  c a l l e d  a s p e c i a l  c o o rd in a te  s y s ­
tem / S . C . S . / .  S im i l a r  system s p lay  an e s s e n t i a l  r o l e  i n  the  group t h e o r e t ­
i c a l  c l a s s i f i c a t i o n  o f  the  s p a c e - t im e s  o f  g e n e r a l  r e l a t i v i t y  [3 ] .

The most g e n e r a l " t r a n s f o r m a t io n s  le a v in g  ( 7 )  unchanged have th e  form

x ' A = xA + f A ( x r + 1 , . . . ,  xn ) ,

x »j -  f j  ( xr+ 1 , . . .  , xn ) t ( j  = r + l , . . „ , n )  .

We c a l l  such a t r a n s f o r m a t io n  a s p e c i a l  c o o rd in a te  t r a n s f o r m a t io n  / S .C .T . /*  
The subgroup

x ' A = xA + f A ( * r + i , . ; , ‘f xn )  , 

x ' j  = xg ; ( j  = r+1 , . . . ,  n )

o f  th eS « (I .T .-e  c a l l e d  the group o f  gauge t r a n s f o r m a t io n s / s e e  th e  end o f  s e c t .  
I I / ,  w h ile  a t r a n s f o r m a t io n  o f  the form
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, A Ax 9 = x ,

x '3  = (xr+ \  . . .  ,x n ) ; = r + l , . . . , n )

i s  a r e s t r i c t e d  c o o r d in a te  t r a n s f o r m a t io n .

A Riemannian space a d m i t t in g  r  l i n e a r l y  in d e p e n d e n t  K i l l i n g  
v e c t o r s  fo rm ing  an A b e lian  group o f  m otions w i l l  be d e n o te d  by Vn

I I .

I n  t h i s  s e c t i o n  we examine the s t r u c t u r e  o f  a  i n  d e t a i l .  We 
s h a l l  assume th a t  th e  m a t r ix  i lkABjllo f  s c a l a r  p ro d u c ts

k ABI KA I рКв I P A B I
o f  the  K i l l i n g  v e c t o r s  i s  n o t  s i n g u l a r .  The in v e r s e  | | k  ' | |  o f  | | kAB| l l  can
be used  to  r a i s e  th e  c a p i t a l  L a t i n  s u b s c r ip t  o f  a KA| a :

I e  kAR| K
r  a k KRI a

Note t h a t  KA 1 i s  g e n e r a l l y  n o t  a  K i l l i n g  v e c t o r .
P

I n  a t h e r e  e x i s t s  a s e t  o f  n -  r  in d e p e n d e n t  s c a l a r  f u n c t io n s  
f - ( x 1 , . . .  ,x n ) s a t i s f y i n g

KA | P ' f - , B - °  *  l é l

к кI n  f a c t ,  th e  r e q u i re m e n t  (8 ) i s  f u l f i l l e d  by th e  f u n c t io n s  'P— = x in 
th e  S .C .S .  of a  V^. O b v io u s ly ,  g iv e n  su ch  a  s e t  any f u n c t i o n  POF . . .  , f — ) 
w i l l  a l s o  s a t i s f y  ( 8 ) .  I n t r o d u c t i n g  th e  n o t a t i o n

y | = ^ p  , 191
we have

KM P y!  ■ kA |p ■ 0 •
* к к

Owing to  th e  independence  o f  th e  f u n c t io n s  f — th e  v e c t o r s  y— are  l i n e a r l y  
in d e p e n d e n t .  Thus, a c c o rd in g  to  ( 1 0 ) ,  the v e c t o r s

K_, у -  /11 /A | p ,  ' p

-form a s e t  o f  n l i n e a r l y  in d e p e n d e n t  v e c t o r s  i n  a Vn . We may th e n  i n t r o ­
duce the  " i n v e r s e ” y -  s :

t

KA | p  ' ' k  "  0  '

y p yZ •  4  > 112'

x Prom now on sm a ll  L a t in  i n d i c e s  /e x c e p t  г  and  jV w i l l  run  from r+1 to  n ■
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t h e s e  n (n  -  r )  e q u a t io n s  u n iq u e ly  d e f in e  the n ( n  -  r )  q u a n t i t i e s  y a3.

To c h a r a c t e r i z e  unam biguously  a v e c to r  Ua we can u se  any one o f
th e  fo u r  s e t s  o f  s c a l a r s

_,a a ,,p ,,a a r,pU_ = y— lr , U- = у -  Ü

° A|  -  ^ p  ° P > “ a | ■ KAI p U° '  / 1 3 /

"a  -  *a UP ' °p '

4й1 -  кА|Р Op > UA| -  KA |P Up •

S im i l a r  q u a n t i t i e s  f o r  t e n s o r s  o f  h ig h e r  o rd e r  can  a l s o  be fo rm ed , e . g .

AI aß = j ^ l  a paß 
а p та о

The te n a o r

E“ = y“ y|  / 1 4 /

i s  a p r o j e c t o r ,  i . e .

a p a 
%  e ß = e ß

i n  accordance  w ith  (12) .  E qua tions  (10) and (1 2 )  g iv e

e a К i p = К I = О p AI a AI p
and

e a YP = Y“ • EP h  = / 15 /
e p Yi  Yi  ' ea p Ya / 'L:>/

We can e x p re s s  e“ by means o f  the  v e c t o r s  KAja i n  the  fo l lo w in g  ways

a -a „ r | a -  _ v  , a kRI /16/
e ß = 6ß -  K KR|ß -  5ß KR| K ß • / i b /

T h is  r e l a t i o n  i s  proved by m u l t i p l y i n g . i t  by and th e n  c o n t r a c t i n g  i t  w i th  
th e  n l i n e a r l y  in d e p en d en t  v e c t o r s  ( l l )  and f i n a l l y  t a k in g  ( 1 5 ) i n t o  
a c c o u n t .

By means o f  ( l 6 ) one can decompose the  fundam en ta l  form o f  a V^s 

9 a e d x“ dxS * 9 а р ( Ев + kR| B KR |B) dX“ 3x6 "

-  V ( EP + КТ|° KT | J e B dx“ dx8 + k R |« KR|6dX“ dxf! ■ / l 7 /

-  V  £ e dx° dxB + k R |<. kr | b dx“ dxB '
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where i n  th e  l a s t  s t e p  (16) has been  used . I n t r o d u c i n g

gdjs = Л  v gpo ' '1* '

(17) can be r e w r i t t e n

9 « H X“ dx® '  3 r s  YS Yt dx“ d x ® * * * '< .  кв | в  dx°  ^  • •

The q u a n t i t i e s  form a n o n s in g u la r  m a tr ix !  one can r e a d i l y  show t h a t  i
consequence o f  (TÜ”) and (12) we have

rk  -k 
g i r  g—  = 6i

i f
i k  i  к po

^ ' p ' a  ^

The - s  a re  the  components o f  a  m e tr ic  t e n s o r  o f  a  v n_r  and p la y
an im p o r ta n t  p a r t  i n  th e  d e r i v a t i o n  o f  fo rce  law s in  s e c t i o n  I I I .

We turn now to  q u e s t io n s  o f  t e n so r  a n a l y s i s .  From the p a r t i a l  
d e r i v a t i v e s  o f  a q u a n t i ty  В one can  form the  e x p r e s s i o n s

/ 1 9 /

The f i r s t  i s  c a l l e d  th e  in n e r  d e r i v a t i v e  o f  В i n  the  d i r e c t i o n  o f  Кд | , 
w hile  the  second  i s  th e  " p - d e r i v a t i v e  o f  в w i th  r e s p e c t  t o  f -  " .  В i s  
s a id  to  be A -  c y c l i c  i f  В д |= 0 .

We w i l l  show t h a t  g ik  i s  A -  c y c l i c  f o r  any A . To t h i s  end we
c a l c u l a t e

gi k , A1 = (gyv Yi  Yk ).P V =

= ( [yp iv] + [v p ,y ] ) Yi  Yk KA| p + /2 0 /

+ g уУ у У 'К. I p yyv l i  'k ,p  A 1 + g у уyyv 'k  '
V v P
i , p  a | '

where [af?,y] i s  th e  C h r i s t o f f e l  symbol o f  th e  f i r s t  k i n d .  In  o r d e r  to 
e v a lu a te  g ^  y^ p КД | Р we d i f f e r e n t i a t e  th e  second  r e l a t i o n  o f  ( 1 2 ) 
and use (14) to  get-

v T 
Yk ,p

T r  v 
“Yk YT,P Yr

which t o g e t h e r  w ith  ( l 6 ) g iv e s

iK .p  - kR|V V  Y i„ " YI  Yf , 0  y£
V
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T h i s ,  m u l t i p l i e d  by кд | p and c o n t r a c te d  f o r  p and

Yv „ Yv 9yV KA I
v

fk , p  ' i

, y i e l d s  

/ 2 1 /

S ince  by d e f i n i t i o n  (9) Yv „ = Yv T . and t h a t  aa  a consequence o f  (10)
L Г P P / 1

K- y— = - К . I r p ,T  A|
r

YP
V

^k.P ' i

, we may w r i te  (21) i n  the form

p T r  v y „  py ~ Y“  У r  <  9, v ■у v « Y< g yv KA
K,■ Yk Tp <r ' i  *yv “A I ,T

Yk Yi  g yp KAIP, T

I f  we s u b s t i t u t e  i n t o  (1 9 )  the l a t t e r
e x p r e s s io n  and the  e x p r e s s io n  o b ta in e d  from i t  by in t e r c h a n g i n g  i  and k ,  
we ge t

y i k , A |

which on the  assum ption  t h a t  К

<1
V I w

"A I у ; v A I v ; у

‘A a i s  a K i l l i n g  v e c to r  g iv e s

?ik ,A | = О / 2 2 /

which was to  be proved.

A ccording  to  th e  rem arks fo l lo w in g  (8 )  any f u n c t io n  o f  the - s
w i l l  e q u a l ly  s a t i s f y  (8 ) .  Thus as w e l l  as the c o o r d in a t e s  we may a l s o  t r a n s -

kform the p a ra m e te r  f u n c t i o n s  f —. A t r a n s f o r m a t io n
, r+ l

/ • • • /  Ч>£ )
i s  c a l l e d  a p a ram e te r  o r  " p " - t r a n s f o rm a t io n  i f  th e  Ja c o b ia n

= y ' —

9 f ' ~
9 f -

i s  o f  ra n k  n -  r  . The d e f i n i t i o n  o f  the p - t e n s o r s  i s  s t r a i g h t - f o r w a r d ;  
f o r  exam ple, we c a l l  Vk a c o v a r i a n t  p - v e c to r  i f  f o r  a p - t r a n s f o r m a t i o n  i t  
t r a n s fo rm s  l i k e

V , _ af4
k ----- rü  Э^'— —

Note t h a t  f o r  a p - t r a n s f o r m a t io n  th e  o rd in a ry  c o o r d in a t e s  / о - c o o r d i n a t e s /
rem a in  unchanged, and th u s  the o rd in a r y  t e n s o r s  / о - t e n s o r s /  behave l i k e  p -
s c a l a r s ;  and i n  tu rn  f o r  an o - t r a n s f o r m a t io n  th e  p - t e n s o r s  a re  to  be t r e a t e d
as  o - s c a l a r s .  ^rom d e f i n i t i o n  (9) i t  can be r e a d i l y  shown t h a t  y ^ i s  a
c o n t r a v a r i a n t  p - v e c to r  and a c o v a r i a n t  o - v e c t o r .  from (12) i s  fo l lo w s  t h a t

y® i s  a c o n t r a v a r i a n t  o -  and covarL an t p - v e c t o r .  I t  can  a l s o  be v e r i f i e d
t h a t  the  i n n e r  d e r i v a t i o n  in  any d i r e c t i o n  w i i l  n o t  a l t e r  th e  p -b e h a v io u r
o f  a p - t e n s o r .  ^he o r d in a r y  p a r t i a l  d e r i v a t i v e  o f  a p - t e n s o r  w ith  r e s p e c t
to  a v a r i a b l e  xa , how ever ,  i s  n o t  a p - t e n s o r ,  and t h e r e f o r e  we need  a  p -
_

I n  th e  l a s t  s te p  we have used  y— yv g yV = e v g yV = g yV , e 1p ’r  yyv ' i  p ^yv ' i  J yp ' i  '
, w hich i s  a r e s u l t  o f  (1 4 )a n d ( l6 )
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c o v a r i a n t  r u l e  o f  d i f f e r e n t a t i o n .  C o n s id e r  the  o - c o v a r i a n t  d e r i v a t i v e  o f  
th e  o - v e c t o r  Ua = ya l)r  , where u -  i s  an a r b i t r a r y  p - v e c t o r

° “ , e  ■ Ы . е  + * ‘
M u l t ip ly in g  t h i s  e q u a t io n  by y~  and summing f o r  a ,  we g e t  a  p - c o n t r a v a r i a n t  
and o - c o v a r i a n t  v e c t o r ,  as  Ua . 3 i s  a p - s c a l a r ;

{ pV ‘  vr i f , e )  /2 3 ,

We c a l l  the  R .H .S . o f  (23) the  p - c o v a r i a n t  d e r i v a t i v e  o f  U— w ith  r e s p e c t  to
О

x . The q u a n t i t y  i n  b r a c k e t s  can be re g a rd e d  a s  the  an a lo g u e  o f  the o r d i ­
n a ry  C h r i s t o f f e l  symbols o f  the  second  k in d ,  and may be d e n o te d  by

i  £  } = v— v p f a > -  v a Y— / 2 4 /V  ß' Ya Yb 4  Yb Ya ,$  1 1

By the  p - c o v a r i a n t  d e r i v a t i v e  o f  a p - c o v a r i a n t  v e c t o r  Za w i t h  r e s p e c t  to  
x ß we mean

-  { . A J  Z.a ,  ß a $ r

T h is  can be shown to  be a p - c o v a r i a n t  and o - c o v a r i a n t  v e c t o r .

We can  d e f in e  now the  t o t a l l y  c o v a r i a n t  d e r i v a t i v e  o f  a t e n s o r  o f  
a r b i t r a r y  p -  and o - c o v a r i a n t  c h a r a c t e r . w i t h  r e s p e c t  to  x p 5 t h i s  i s  th e  
p a r t i a l  d e r i v a t i v e  o f  the  t e n s o r  p l u s  term s w i th  a p p r o p r i a t e  s ig n s  c o n t a i n ­
in g  o - C h r i s t o f f e l  ‘symbols f o r  о - i n d i c e s  and the  symbols (24) f o r  p - i n d i c e s .  
For example t o t a l l y  c o v a r i a n t  d e r i v a t i v e  o f  V— w ith  r e s p e c t  to  x^ i s

V-“ = 0 + { - Л  V—a + { “ } V -1raa а 1 „ ra
n; ß ruß r  ß n p ßa * u£P -

-  < n V  V- a p *

From now .on the  sem ico lon  w i l l  always deno te  the  t o t a l l y  c o v a r i a n t  
d e r i v a t i v e .

O bv ious ly  th e  t o t a l l y  c o v a r i a n t  d e r i v a t i v e  o f  a p -  o r  a n - o - s c a l a r  
c o in c id e s  w i th  i t s  0 -  o r  p - c o v a r i a n t  d e r i v a t i v e ,  r e s p e c t i v e l y .

The t o t a l l y  c o v a r i a n t  d e r i v a t i v e  o f  an a r b i t r a r y  t e n s o r  can a l s o  
be " p r o j e c t e d "  by means o f  th e  у - s .  Thus e . g . ,

“- , b  -  " * ,»  '<  -  4  + ' eV  Yb 1,5 '

w hich i s  c a l l e d  " the  t o t a l l y  c o v a r i a n t  d e r i v a t i v e  o f  u -  w i th  r e s p e c t  to  f - " .  
The q u a n t i t i e s



11

{ * } _ Г а , р 
1Ь с '  р '  Yc / 2 5 /

a re  c a l l e d  p - C h r i s t o f f e l  symbols o f  the second  k in d .  A s t r a i g h t f o r w a r d  but 
le n g th y  c a l c u l a t i o n  shows t h a t

{b ~ c } ~ 2 g (^ £ b ,c  + gr c  ,b  gb c , r )  '

where gab c i s  d e f in e d  a c c o rd in g  to  the second  r e l a t i o n  o f  (19)* I t  can 
be d e r iv e d  th a t

gab; c О ,

which a re  the an a lo g u es  o f  the  c o r re s p o n d in g  o - r e l a t i o n s .

We s h a l l  now app ly  the  fo rm alism  deve lo p ed  above to  a S .C .S .  o f  a
’e

/ 2 6 /

/ s e e  s e c t io n  I / .  Thus we a re  assuming (7 )  to  h o ld ,  and th e r e f o r e

KAI a * gap KA| gaA

and c o n s e q u e n t ly ,

kABI KA|p KB |P ka | b kb | a 9ab '

I n  accordance w ith  the  rem arks  f o l lo w in g  ( 8  ) we may take
„ к к <p— = x

/ 2 7 /

/ 2 8 /
A S .C .S .  to g e th e r  w i th  t h i s  c h o ic e  o f  the f u n c t i o n s '? — i s  c a l l e d  a n a t u r a l  
system  / N . S . /  o f  a V*; .n

We s h a l l  work i n  a N .S. By d e f i n i t i o n  ( 9 ) we have

y;  -  • / « /
-Taken w i th  (12) t h i s  g iv e s

Yi  = 6i  and Yi  = '

which make p o s s ib le  th e  c a l c u l a t i o n  o f  g ik  by means o f  (1 8 ) :

* l k  -  9 ik  :  k" 1!  KB|k .

This e q u a t io n  and th e  r e l a t i o n s  (26) and (2 7 ) en ab le  us to  e x p re s s  gae 
by means o f  gi k , Кд | а and кд в | :

U  -  * + кЕ 'а  КЕ|Ь •

<>aB -  I a ■ ' 3° l

gAB = kAB| *
These i n  tu r n  a l low  us  to  c a l c u l a t e  ga ß :
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ab ab
g = g—

aB a r
g = - g —

AB
g i= ( k AB + К к 3 ^ )  . / 3 1 /

A N.S. i s  a t  the  game time a S .C . S . ,  go g i a  in d e p e n d e n t  o f  x . 
Thus aa a conaequence o f  (30) and (31) , kAB | kAB I , кд | and
to g e t h e r  w ith  gafa a re  a la o  in d e p en d en t o f  th e se  v a r i a b l e s .  T h is  i n c i d e n t a l ­
ly  i s  in  agreem ent w ith  (2 2 ) ,  which due to  (7 )  can now be w r i t t e n  i n  the  
form

^ab,A | ^ab ,p  KA|

I t  i s  seen  t h a t  i n  (30) and (31) p -  and о - i n d i c e s  a re  mixed up. I f  
we pe rfo rm  the S .C .T .

f A(xr + 1 , . . . ,  xn )

= g , „ = 0^ab,A

x ' A = xA +
, ,k ,Y .(  r +1 n )= x v,x , • . . , x ) / 3 2 /

th e n  ( 7 )  w i l l  rem ain  v a l i d .  On the  o th e r  hand ( 2 8 ) ,  and c o n s e q u e n t ly  the 
r e l a t i o n s  ( 2 9 ) ,  (30) and (31) ,  w i l l  become v o id ,  i . e .  the  new system w i l l  
n o t  be a N.S. However, i f  s im u l ta n e o u s ly  w i th  th e  o - t r a n s f o r r a a t io n  (32) we 
p e r fo rm  a  p - t r a n s f o r m a t io n

if '— = x ,k (f ..........<2. )

and ta k e  (28) i n t o  a c c o u n t ,  th e n  no t  on ly  ( 7 )  bu t a l s o  (2 8 )  w i l l  be l e f t  
unchanged , and th e  new system  w i l l  be a N .S . a g a in .

Such a p a i r  o f  s im u l ta n e o u s ly  perfo rm ed  t r a n s f o r m a t io n s  i s  c a l l e d
a n a t u r a l  t r a n s f o r m a t io n  / N . T . / .  A cco rd ing ly  the  gauge t r a n s f o r m a t io n

, A A . .А / r+1 n \x '  = X + f  [ x  , . . .  , x  )

, k  kx = x

i s  a  N.T. c a l l i n g  f o r t h
KAI a  KAI a  ~ f  , a

which e n l i g h t e n s  the  d e s ig n a t io n  "gauge” .

I I I .

Now we i n v e s t i g a t e  the  nonminimal g e o d e s ic s  o f  a V* . I f  we choose 
a p a ra m e te r  a s u c h  t h a t  g po x p xa = e x , where e = -1  , th en  ■ th e  e q u a t io n s
o f  a g e o d e s ic  a re

xa + {pa0 ) x p *a = 0 /3 3 /

x The do t d e n o te s  the  d e r i v a t i v e  w ith  r e s p e c t  to  s  .
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According to  (13 ) we in t ro d u c e  n -  r  p - v e c t o r s

tZ -  „Z

and r  s c a la r s

V -  = у -  k*- 
P

C.I * K.I * p A|  A I p / 3 4 /

We wish t o  show t h a t  сд | i s  c o n s ta n t  a lo n g  the  g e o d e s i c ,  i . e .

dc.

We have
ds = О . /35 /

One can i n v e r t  the  r e l a t i o n s  (34):

*a = v -  y“ + KRla cR , /36 /

By means o f  (34) and ( l 6 ) ,  th e  r e l a t i o n s  ( 3 6 ) a re  s een  to  be f u l f i l l e d  
i d e n t i c a l l y .

We s u b s t i t u t e  xa , o b ta in e d  by d i f f e r e n t i a t i n g  ( 36) i n t o  ( 3З) and 
use (3 6 )  aga in  t o  e x p re s s  e v e ry  xa by t h e  v -  - s  and  C ^ - s .  F i n a l l y  we 
m u l t ip ly  th e  r e s u l t i n g  e x p r e s s io n  by y~ and  c o n t r a c t  a t o  g e t

* ( Д )  V i v i  -  -2 Yf  y°z  KRl p . o CR| V i -
P £

-Y—  ̂P 10  c  I C Iy p  K ; a  K CR|  c t I ' /37 /

w h e re ( r - t } i s  the C h r i s t o f f e l  symbol (2 5 ) .  The f i r s t  te rm  on the  R .H .S . can 
be r e w r i t t e n

- 2 v f , » K R l p I o c R|  v £ . 2Yf X Ŷ l 0 ( T c R|  V i  

■ y t  9 ~  Tr  ( k R | « , t -  rB , t , o )  c r | V i  , / 3 8 /

but i n  consequence o f  (3) к , i s  a n t is y m m e tr ic  i n  p and a ,  and th u sAI p ; o
(35) i a  indeed  s a t i s f i e d .
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where
а от т t a  

Y- g p -  Yt  g—

and ( 3 ) ,  t o g e th e r  w ith  the  o b v ious  r e l a t i o n

„R| vRl = kr I -  kk IK a?ß 0 ;a  а,В ß ,a
have been u sed .

The second term o f  (37) i s  r e f o r m u la te d  as  fo l lo w s

- v f  к * 10, ,  kT|<’ S i S i -  - > f  9 0T( kRQl kq | t L  k T |° S i S i -

■ Ч --  f ?  к*01 " TV| KQ |o . p к , , ,»  c R| CT| -

1 a r  p ,RQ| .TV| , r  r
~ I  9 Yr  k k kQv| ,p cr | ct I

-  - 1 P kRT| c r
-  ~2 9 Yr  k , P Cr | CTI •

Here we have made use o f  (39) and o f

a KRIP = kRQl Ya к , p 
Yp K ; a k Yp KQ| ;a

which i s  a  consequence o f  ( 1 0 ) .  The e q u a t io n
AB I .  _kAK| kBQ|

, a RQ I , а
which i s  a consequence o f

1 ARI • .A
k kRBI = 6B

has a l s o  been u se d .  I n s e r t i n g  ( 3 8 ) and (40) i n t o  ( 3 7 ) ,  one g e t s  

V» + ( Д )  v£ v £  -  g S t  y P Y« ( c R| KR l o _p -  CB|  KR l p _o )  V -  -

-  I  т |  кет|,р  CR| ct | • /41/

The s i g n i f i c a n c e  o f  t h i s  e q u a t io n  becomes e s p e c i a l l y  l u c i d  i n  a N . S . ,  because  
as  a r e s u l t  o f  (29) we th e n  have

V— = xa ,
wi t h  kA| and kAB I indep en d en t o f  x^1, and moreover

K*L = kARl К,,,,, = kARI
kRBI 6BВ "  RIВ

Thus (41) can be c a s t  i n  th e  form

*a + < A > ** а (si KR|r,t - Si KR|t,t) *r -
1 a t  , RT I r  r
2 9 k , t  cr | ct |

/ 3 9 /

/ 4 0 /

/ 4 2 /
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The f i r s t  te rm  o f  the  R .H .S . o f  (42)has the  form o f  an e l e c t r o ­
m agne tic  fo rc e  / s i m i l a r  te rm s i n  c l a s s i c a l  m echan ics  a re  sometimes c a l l e d  
g y ro s c o p ic  f o r c e s / .  The second fo r c e  i s  o f  th e  p o t e n t i a l  ty p e .  The " e l e c t r o ­
m a g n e t ic ” f i e l d  . .

Fr t  ■ CRI K r , t  -  CR| K t , r
R Ii s  a r o t a t i o n  o f  the " v e c to r  p o t e n t i a l "  CR К 'a

I f  we pass  from one N .S . to  a n o t h e r ,  the  o -  and p - i n d i c e s  behave 
e q u a l l y .  Thus (42) i s  a c o v a r i a n t  e q u a t io n  f o r  such sy s te m s .  Our r e s u l t  can 
be p u t  i n  y e t  a n o th e r  way: There e x i s t s  a Riemannian space vn_r  w ith  the  
m e t r i c  gik  i n  which f o r  a s e t  o f  c o n s ta n t s  Сд a cu rve  d e s c r ib e d  the 
e q u a t io n s  (42) can be found t h a t  c o r re s p o n d s  to  a g e o d e s ic  o f  the  o r i g i n a l  

, th e  Сдp a  th e n  b e in g  g iv e n  by (3 4 ) .
One may a sk  i f  i t  i s  p o s s i b l e  t o  f i n d  a  L a g ra n g ia n  w hich when used  

i n  a v a r i a t i o n  p r i n c i p l e  w i l l  l e a d  t o  th e  e q u a t io n s  ( 4 2 ) .  The unswer t o  
t h i s  q u e s t i o n  i s  a f f i r m a t i v e ,  s i n c e  th e  f u n c t i o n

L ■ [(*  -  CR| CT| k M |)  9r t  i r  4* ] Ш  + CR|

w i l l  meet t h i s  re q u ire m en t.  We s t r e s s ,  how ever, t h a t  the  c h o ic e  o f  the  
param eter  s i s  such t h a t

• a • ßq 0 x x = e ,^aß

which i n  a N.S. r e a d s

о I С С I = egr t  X X k CR| Ct |

Taking t h i s  i n t o  acc o u n t and u s in g  (43) i n  the  E u le r-L ag ran g e  e q u a t io n s ,
(42) w i l l  r e a d i l l y  be r e g a i n e d .

We can a l s o  d e f in e  a new m e tr ic  t e n s o r

' ’ ab * («  -  CR| CT| kRT| ) 9ab •
U sing a p a ram ete r  s '  f o r  which

dxr  dxfc
gr t  S T -  ~ d P ~  “  c o n s t - '

th e  E u le r-L ag range  e q u a t io n s
3L d 3L _ л

/ 3 d s '
w ith  th e  L d e f in e d  by (4 3 ) ,  w i l l  le a d  to

— \  ■ + { a ,.} —  = b a t  / „  rr | r 1 \  dxr
d a ' 2 ‘ r  k  d s -  a s '  9  (  *1 r , t  CR|  k t , t j —  ■

where i a  formed from gab i n  the  u s u a l  way.



-  16

I t  i s  seen  t h a t  the  p o t e n t i a l  f o r c e  can be removed by r e d e f i n i n g
the  m e t r i c  t e n s o r  only a t  th e  p r i c e  o f  making the new m e t r i c  dependen t on
the  c o n s t a n t s  г  i .A I

CONCLUSIONS

Looking a t  the  r e a s o n in g  o f  s e c t i o n  I I I .  from the  o t h e r  way ro u n d ,  
we see  t h a t  a p o t e n t i a l - l i k e  te rm  o f  the  f i r s t  c u r v a tu r e  o f  a curve i n  a 
can alw ays be removed by r e d e f i n i n g  the  m e t r ic  o f  Vm . The new m e t r ic  t e n s o r  
i s  th e  p ro d u c t  o f  the  o ld  one and the  s o - c a l l e d  conform f a c t o r  [4 ]•  We 
f r e q u e n t ly  e n c o u n te r  s i m i l a r  p ro c e d u re s  i n  th e  group  t h e o r e t i c a l  approach  
to  th e  e q u a t io n s  o f  dynamics. For exam ple, i n  the  K ep le r  p roblem  i t  can be 
shown t h a t  the  t r a j e c t o r i e s  a re  the g e o d e s ic s  o f  a sp h e re  o f  t h r e e  d im ensions

PO-

On th e  o th e r  hand, and e l e c t r o m a g n e t i c  / o r  g y r o s c o p ic /  fo rc e  can 
only  be removed a t  the  expense o f  i n c r e a s i n g  the  d im ensions  o f  th e  sp a c e .  
However the  l a r g e r  space o b ta in e d  t h i s  way w i l l  p o s s e s  K i l l i n g  sym m etries  
c o n s t i t u t i n g  an A belian  group m o tio n s .
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