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ABSTRACT

C onsequences o f  a  R e g g e - t r a je c to r y  g e n e r a t in g  a lg e b r a  S L /2 ,C / 

a r e  e x p lo re d  a t  n o n v a n ish in g  e n e rg y . N ucleon and  d e l t a  t r a j e c t o r i e s  s a t i s f y  

a  seco n d  o rd e r  " m a ss -fo rm u la "  re m a rk a b ly  w e l l .





I n  a s e r i e s  o f  p ap e rs  , we in v e s t ig a t e d  th e  c o n c e p t and co n 
seq u en ce s  o f  a t r a j e c t o r y  g e n e r a t in g  a lg e b r a  /TGA/, f o r  h ad ron  sy s te m s .
The main, r e s u l t  o f  th e  i n v e s t i g a t i o n  i s  t h a t  -  ps a co n seq u en ce  o f s ta n d a rd  
a n a l y t i c i t y  and in v a r i a n c e  p r o p e r t i e s  o f th e  s c a t t e r i n g  a m p litu d e  and  o f 
c ro s s e d  -  c h an n e l u n i t a r i t y ,  Regge t r a j e c t o r i e s  o c c u r  i n  f a m i l i e s ;  th e  c o r r e s 
pond ing  "wave f u n c t io n s "  o f p s e u d o s ta te s ^ 1/  a t  zero  momentum t r a n s f e r ,  t  
/ i . e .  v a n is h in g  mass o f  th e  ex changed  Regge p o le /  /R eg g e  " v e r t i c e s " /  t r a n s 
form  a c c o rd in g  to  an  i r r e d u c i b l e  r e p r e s e n t a t i o n  / I R /  o f  a t r a j e c t o r y  gen
e r a t i n g  a l g e b r a , l a r g e r  th an  th e  L ie  a lg e b r a  o f  th e  l i t t l e  g ro u p s f o r  sp ace  -  
o r  t im e l ik e  momentum t r a n s f e r s .  The r o le  o f  th e  TGA i s  to  make c e r t a i n  t h a t  
a t  th e  c o n t r a c t i o n  p o i n t ,  t= 0  o f  th e  a fo re m e n tio n e d  l i t t l e  g ro u p s  /S 1 /2 ,R /  
and S U /2 /, r e s p e c t i v e l y ,  no unw an ted  s i n g u l a r i t i e s  o c c u r  i n  any s c a t t e r i n g  
a m p litu d e . G e n e ra l ly  sp e a k in g , th e  TGA d o es  n o t g e n e r a te  e x t r a  sy m m etries  
o f  th e  s c a t t e r i n g  a m p litu d e s  b u t  r a t h e r  i t  e x p re s s e s  some p r o p e r t i e s  o f th e
bound s t a t e  sp ec tru m  /" R e g g e -p o le s " /  i n  a  com pact fo rm . I t  was shown in  

4 /r e f  7 t h a t  th e  m in im al a lg e b ra  s a t i s f y i n g  th e s e  re q u ire m e n ts  i s  S L /2 ,C / .

I n  t h i s  l e t t e r  we e x p lo re  th e  consequences o f  th e  TGA j u s t  men
tio n e d  f o r  th e  a lg e b r a ic  c l a s s i f i c a t i o n  o f  Regge t r a j e c t o r i e s  o f f  th e  p o in t  
t= 0 .

I t  i s  i n t u i t i v e l y  c l e a r  and can be d e m o n s tra te d  by m odel c a l c u l a 
t i o n s  t h a t  o f f  th e  p o in t  t= 0  th e  fa m ily  o f  p s e u d o s ta te s  can n o t tr a n s fo rm  
anymore a c c o rd in g  to  an  IR o f  th e  TGA. N e v e r th e le s s ,  s in c e  th e  unsym m et- 
r i c  te rm s have  d e f i n i t e  -  and s im p le  -  t r a n s f o r m a t io n  p r o p e r t i e s  u n d e r  th e  
TGA, one can  make some d e f i n i t e  p r e d i c t i o n s  ab o u t th e  b e h a v io u r  o f  in d i v id 
u a l  members o f  a  f a m i ly  o f Regge t r a j e c t o r i e s  g e n e ra te d  by  th e  TGA.

To f i x  th e  id e a s  , l e t  u s  c o n s id e r  a  B e th e - S a lp e te r  /Ё Б / m odel of 
Regge t r a j e c t o r i e s .  We w r i te  th e  hom ogeneous, p a r t i a l  wave BS e q u a t io n  in  
o p e r a to r  fo rm :

H ( w , p W > a C F ( v / ) - K { W , i ) ] | < f > - 0 ,

1—8
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w here F i s  th e  in v e r s e  o f  t h e  d is c o n n e c te d  p a r t  o f  th e  tw o - p a r t i c l e  
G re e n ’s f u n c t io n ,  К s ta n d s  f o r  th e  BS k e r n e l .  T he t o t a l  mass and s p in  
o f  th e  hound s t a t e  a r e  W = t .  and  j ,  r e s p e c t i v e l y .  At W = 0 /b e c a u se  
o f  th e  TGA/, th e  dependence o f  H on j  e n te r s  o n ly  th ro u g h  th e  S L /2 ,0 /  
i n v a r i a n t ,  .W e  have nam ely f o r  a bound  s t a t e  s o l u t i o n  th e  r e l a t i o n t  
^  a (S'-  v c  , w here (S' d e te rm in e s  th e  p o s i t i o n  o f t h e  "L o re n tz  p o l e " and 
i s  t h e  " o r d e r " o f th e  bound s t a t e  in  th e  S L /2 ,C / f a m ily  in  q u e s t io n .  
E xpend ing  now e q . / 1 /  a ro u n d  th e  p o in t  W = 0 , we w r i t e :

( H 0 +  ( H ^  + H<r « Д ) w + . . . ) ( 14> > +  ) = 0  / 2/

c o r re s p o n d in g  t o  an  e x p a n s io n  Of th e  Regge t r a j e c t o r i e s j

OC ( 'w/ ) s  (S' — -f. U/ *+ Jr ...
On c o l l e c t i n g  th e  pow ers o f  W and m u l t ip ly in g  / 2 /  w i th  th e  b r a - v e c t o r  
< l p |  we a r r i v e  a t  th e  fo l lo w in g  e x p re s s io n s  o f th e  d e r iv a t iv e s  :

0(̂ c - ^  H ̂  j

«л. * HivW> -  2 < h w hjBf Hi^> ~ 2 «»
x i ± i  Hw> + < h w t p  Щ>1 V («ь f | >  Hu -> -  /3/

In  th e s e  fo rm u la e , HQ3 H  (W=0, b e in g  th e  p o s i t i o n  o f  a  L o re n tz -
p o le )  , th e  s u b s c r ip t s  mean p a r t i a l  d e r iv a t iv e s  and  P«p i s  t h e  p r o j e c t i o n  
o p e r a to r  o n to  th e  hound s t a t e  a t  W=0. E x p e c ta t io n  v a lu e s ,  l i k e  ,
mean 4* I H ^  | ta k e n  a t  W=0 and  Je G T ^ -ä C . The bound s t a t e  l a t  
W=0 i s  c h a r a c t e r i s e d  by th e  e ig e n v a lu e s  o f  th e  C a s im ir  o p e r a to r s  of 
S L /2 ,C / a t  W=0j c o n v e n t io n a l ly ,  we c h o se  th e  num bers О м Л  t o  la b e l  
th e  bound  s t a t e .  The num bers (S' and j  a r e  c o n n e c te d  w ith  t h e  C as im ir  
o p e r a to r s  o f  S L /2 ,C / in  i t s  r e a l  fo rm  as  fo l lo w s :

i ( s -  o f  = í i ( í i + 0 ^  ’
k s + iT 2 = d2 ( d2 + i) ^  ,

j x = I  (c r  + j 0>) , j 2 = \  ( S  -  d0 ) ,

w here S and  T s t a n d  f o r  t h e  "com pact"  and  "n o n -com pac t"  e le m e n ts  o f 
S L /2 ,C / ,  r e s p e c t i v e l y .
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We now o b se rv e  t h a t  Hw is  an  i r r e d u c i b l e  t e n s o r  o p e r a to r
un d er B L /2 ,C / ,  s i m i l a r l y  £ 1 ,0 ^  (§> ^ 1 , 0 t e t c ,  w h ile

Ho^ 0 , o \  , Нг ~ |о ,о |  , i . e .  th e y  a re  i n v a r i a n t s .  U sin g  t h i s  f a c t  and  th e
W ig n er-E ck art th e o re m  f o r  S L /2 ,0 / ,  we c a n  e x t r a c t  t h e  e n t i r e  dependence
on VC o f  th e  m a tr ix  e lem en ts  i n t o  C leb sch -G o rd an  c o e f f i c i e n t s  o f  th e  TGA.8/I n s e r t i n g  th e  v a lu e s  o f th e  l a t t e r '  '  , we g e t  th e  f o l lo w in g  p h e n o m e n o lo g ic a l 
e x p re s s io n s  f o r  Regge t r a j e c t o r i e s  t h a t  b e lo n g  to  one S L /2 ,C / " fa m ily "  
/ i . e .  b u i l d  up an  IR o f th e  TGA/ a t  W=Oj

+ A +
+ [B,+ BaC®*-*)C's-ictO + А2(«s--** '/z)]w2+ О  (W *) /V
/F e rm i t r a j e c t o r i e s  w ith  J j Q| = 1 / 2 /

o(k.(.w}» (Г-Ü t [ 6>, + Ог-*)(0--а<.*оЗ'л̂

tOCwU /5/
/B ose  t r a j e c t o r i e s ,  w ith  j  = i n t e g e r / .

Thus i n  th e  C h ew -F rau tsch i a p p ro x im a tio n  / t h e  pow er s e r i e s  o f  0 ( (W )/ 
b ro k en  o f f  a t  th e  q u a d r a t ic  t e r m / ,  a -  g e n e r a l ly  I n f i n i t e  -  f a m i ly  o f 
fe rm io n  Regge t r a j e c t o r i e s  i s  d e s c r ib e d  b y  f o u r  in d e p e n d e n t p a r a m e te r s . 
w hereas th r e e  p a ra m e te r s  a re  s u f f i c i e n t  f o r  th e  d e s c r i p t i o n  o f  a  b o so n  
f a m i ly .
/T he p a ra m e te rs  A ,B ^,B 2 * e t c .  a r e  e s s e n t i a l l y  i n v a r i a n t  c o m b in a tio n s  o f 
th e  re d u c e d  m a tr ix  e lem en ts  o f  o p e ra to r s  a p p e a r in g  i n  / 3 / / «

The d e t a i l s  o f th e  th e o ry  o f  a  b ro k e n  TGA have b e e n  d e s c r ib e d  
e l sewhere ' ' 7’ h e r e  we r e p o r t  th e  r e s u l t s  o f  th e  a n a l y s i s  o f  t h e  b e s t  
-  known'Regge t r a j e c t o r i e s  -  th e  1=1/2  an d  1=3/2  n o n s tr a n g e  b a ry o n  
t r a j e c t o r i e s  -  b a s e d  on t h i s  th e o ry .

a /  1 = 1 /2 . We assum ed t h a t  th e  known R ^  t r a j e c t o r y  i s  th e  p a r e n t  
o f an SL (2 ,C ) f a m i ly .  F u r th e r ,  th e  p o s i t i o n s  and  s p i n - p a r i t y  a s s iq u m e n ts  
o f th e  P -j^ (l466 ) an d  S - ^ ( l 5 5 0 ) re so n a n c e s  s u g g e s t  t h a t  th e  may l i e  on th e  

?< = 2 member of t h e  same f a m i ly .  On m aking t h i s  h y p o th e s i s ,  we d e te rm in e d  
th e  p a ra m e te rs  <3^, A, B^ and  from  th e  s t a t e s  j u s t  m en tio n ed  an d  from  
th e  d a ta  o f  Р^С Э ЗВ ) and F ^ ,-(l6 8 8 ) (p re su m a b ly  th e  p a r e n t  o f  P - ^ ( l4 6 6 )^  
The r e s u l t i n g  v a lu e s  o f th e  p a ra m e te rs  a r e :

<T= -  0,37
A = 0 , 0 5 4 ' G e V 1

B1 = 1 .0 4  GeV“ 2 , B2 = 0 .0 8  GeV“ 2

I
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and th e  t r a j e c t o r i e s  a c c o rd in g  t o  eq . (4 )  a r e  p l o t t e d  in  Fig« 1« We 
o b se rv e  t h a t  th e  r e s u l t i n g  v a lu e  o f  <y i s  i n  good ag reem en t w i th  th e  
z e ro  i n t e r c e p t  o f  t h e  n u c le o n  t r a j e c t o r y  as  o b ta in e d  e . g .  from  t h e  r e c e n t  
f i t  o f  N o iro t  e t  a l ^ /  to  b ack w ard  N s c a t t e r i n g .  F u r th e r ,  th e  Ю  = 1 
t r a j e c t o r y  /w h ic h  we have c a l c u l a t e d /  a p p e a rs  t o  c o in c id e  p r e c i s e l y  w ith  
th e  N y  t r a j e c t o r y  known p h e n o m e n o lo g ic a lly .  The r e s o n a n t  s t a t e s  p l o t t e do T ny 11/
in  F ig .  1 .  a r e  t a k e n  from  R o s e n f e ld ’a t a b l e s  '  and  o f  L o v e lace  ' «
P l o t t e d  a r e  a l s o  t h e  s t a t e s  ( ? )  w hich  w ere c l a s s i f i e d  as  " re s o n a n c e  i n t e r 
p r e t a t i o n  in  d o u b t"  i n  r e f 11/ .  S p in - p a r i t y  a s s ig n m e n ts  o f  some h ig h e r

12 /re so n a n c e s  w ere ta k e n  from  B a rg e r  ' ,  The ag reem en t b e tw een  th e  o b se rv e d  
re so n a n c e s  and t h e i r  mass v a lu e s  r e s u l t i n g  from  e q . (4 )  i s  i n  g e n e r a l  q u i te  
good1^ / .

b /  1 = 3 /2 . A s i m i l a r  p ro c e d u re  was a p p l ie d  t o  th e  o b se rv e d  
Д - r e s o n a n c e s , A c c e p tin g  -  t h e  exchange -  d e g e n e ra te  -  f i t  o f  r e f - ^  f o r  

, th e  t r a j e c t o r y  was fo r c e d  th ro u g h  D ^ ( l 9 5 4 ) j  th e  r e s u l t i n g
v a lu e s  o f  th e  p a ra m e te r s  b e in g !

(Г  = 0 .1 5 ,  A »  0 ,  B1=0 .8 9  GeV“ 2 , B2= 0 .0 7  GeV“ 2 .

The c o r re s p o n d in g  c u rv e s  a re  p l o t t e d  i n  F ig .  2 .  The a g ree m en t 
be tw een  th e  p r e d i c t e d  and o b s e rv e d  mass v a lu e s  o f  th e  1= 3/2  re s o n a n c e s  
i n  in d e e d  e n c o u ra g in g .

To c o n c lu d e , i t  seem s t h a t  h a d ro n ic  Regge t r a j e c t o r i e s  c a n  be 
c l a s s i f i e d  s u c c e s f u l l y  a c c o rd in g  to  r e p r e s e n t a t i o n s  o f  a  b ro k en  SL (2 ,C ) 
TGA, I t  i s  im p o r ta n t  t o  p o in t  o u t t h a t  a m ass fo rm u la  o f  th e  ty p e  / 4 / , / 5 /  
i s  a n e c e s s a ry  co n seq u en ce  o f  su c h  a  c l a s s i f i c a t i o n  an d  i t  s h o u ld  be  
ch eck ed  a g a in s t  t h e  e x p e r im e n ta l  d a ta  w h en ev er one a t te m p ts  t o  p u t  some 
Regge t r a j e c t o r i e s  i n t o  f a m i l i e s  o f th e  TGA.

The f i r s t  named a u th o r  /G .D ./  w ish e s  t o  th a n k  P r o f e s s o r  L .V an Hove 
f o r  th e  h o s p i t a l i t y  he e n jo y e d  d u r in g  a v i s i t  t o  CERN, w here he b e n e f i t t e d  
from  d is c u s s io n s  w i th  D .A m ati, C .B . C h iu , M. T o l l e r  an d  o th e r  members o f 
th e  T h e o r e t i c a l  D iv is io n .
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1 0 .  /  A .H .R o s e n fe ld , N .B a ra sh -S c h m id t, A .B a r b a r o - G a l t ie r i ,  L .R .P r ic e ,
P .S ö d in g , C .G .W ohl, M.Roos and W .J .W il l i s ,  UCRL 8 0 3 0 -P t.  1 /R e v . / ,  
J a n u a ry  1968 . S l ig h t  ch an g es i n  th e  mass v a lu e s  o f  some re so n a n c e s  
i n  t h i s  e d i t i o n  w ith  r e s p e c t  t o  o ld e r  ones le a v e  th e  p a ra m e te rs  o f 
th e  f i t ^  p r a c t i c a l l y  u n a f f e c te d .

1 1 .  /  C .L o v e la c e , P ro c . H e id e lb e rg  C o n fe ren c e  /1 9 6 7 / / t o  b e  p u b l i s h e d / .

1 2 .  /  V .B a rg e r, P ro c .  T o p ic a l C o n fe ren ce  on H igh E n erg y  C o l l i s io n s  o f
H adrons, CERN / i 9 6 0 / ,  t o  be  p u b l i s h e d

1 3 » / The f i t s  u se d  in  t h i s  l e t t e r  a r e  somewhat u n c e r t a in  due to
a m b ig u it ie s  i n  d e te rm in in g  th e  p o s i t i o n  o f a  re so n a n c e  i n  th e  
p re se n c e  o f  o th e r  open c h a n n e ls  / s e e  th e  d is c u s s io n  o f  t h i s  p o in t  
g iv e n  in ^ 0// /a n d  e x p e r im e n ta l e r r o r s .  Here -  as  r e l i a b l e  e r r o r  -  
e s t im a te s  a r e  n o t a v a i l a b l e  -  we s im p ly  a c c e p te d  th e  d a ta  a t  t h e i r  
f a c e  -  v a l u e .  We t e n t a t i v e l y  ig n o re d  some t r o u b l e s  w ith  S U /3 / 
a s s ig n m e n ts . I f  Р -ц /1 4 6 6 / i s  a  member o f a  1Ü / a s  s u g g e s te d  by 
L o v e la c e , CERN r e p .  /1 9 6 5 /  ТН 628/, th e n  i t  c a n n o t be  t o g e t h e r  w ith  
В ц /1 5 4 8 /  i n t o  one f a m ily  w hich  i s  a lm o s t c e r t a i n l y  an  o c t e t .  However, 
i f  P ^ ^ /1 4 6 6 / and Zo a r e  i n  1Ü, th e n  i t  i s  somewhat d i f f i c u l t  t o  
g e t  r i d  o f  an  u n o b se rv ed  s t a b l e  *  • A lso , t h e  mass v a lu e s  and 
s p i n - p a r i t y  a ss ig n m e n ts  seem  to  s u g g e s t  t h a t  P j j / 1 4 6 6 /  and  3 -^ /1 5 4 8 /  
may be  lytacDowell p a r t n e r s ,  in  w h ich  c a se  a l s o  P -^  w ould  b e  an  o c t e t .



F ig u re  c a p t io n s

P ig ,  1 . Reggé t r a j e c t o r i e s  w ith  th e  o b s e rv e d  1 = 1 /2  n u c le o n  r e s o n a n c e s 0 
R esonances o f  p o s i t i v e  s i g n a t u r e . a r e  m arked by t r i a n g l e s ,  th e s e  
o f n e g a t iv e  s ig n a t u r e  by c i r c l e s .  W e l l - e s ta b l i s h e d  re so n a n c e s  
a r e  drawn w ith  f u l l  t r i a n g l e s  an d  c i r c l e s .  P o in ts  c l a s s i f i e d  as 
" re so n a n c e  i n t e r p r e t a t i o n  in  d o u b t"  i n 1"*- a r e  d i s t i n g u i s h e d  by  a  
q u e s tio n m a rk .

P ig .  2 . Regge t r a j e c t o r i e s  w ith  th e o b s e rv e d  1 = 3 /2  r e s o n a n c e s .  The 
n o ta t i o n  i s  thB same as in  P ig .  1 .
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