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GENERAL THEORY OF TUNNELING IN OXIDE DIODES

A. Zawadowski
C e n tra l  R esea rc h  I n s t i t u t e  fo r  P h y s ic s ,  B u d a p e s t, Hungary

The w ell-know n th e o ry  o f  tu n n e l in g  i n  ox ide  d io d e s  i s  th e  tu n n e l in g  
H a m ilto n ia n  m ethod, h u t  t h i s  c a n n o t d e s c r ib e  p ro c e s s e s  h ap p en in g  i n  th e  o x id e  
la y e r .S o m e  new e x p e rim e n ts  n e c e s s i t a t e  th e  t r e a tm e n t  o f  th e  e l e c t r o n s  i n  th e  
b a r r i e r  a s  w e l l .  The a u th o r  has  e l a b o r a te d  a  m ethod u s in g  G reen’ s f u n c t io n s  
to  d e s c r ib e  th e  whole phenomenon i n  an i t e r a t i v e  p ro c e d u re . The s t a r t i n g  
p o in t  i s  th e  t r e a tm e n t  o f  two o th e r  problem s w here th e  m e ta l  on the  l e f t  o r  
r i g h t  s id e  o f  th e  b a r r i e r  i s  r e p la c e d  by an i n s u l a t o r .  The c u r r e n t  d e n s i ty  
i n  th e  b a r r i e r  h as  been  d e r iv e d  f o r  norm al and s u p e rc o n d u c tin g  ju n c t io n s .
The phenomenon i n  a  m ag n e tic  f i e l d  h a s  been t r e a t e d  u s in g  th e  m ic ro sc o p ic  
th e o ry ,  a v o id in g  p henom eno log ica l c o n s id e r a t io n s .  The a p p l i c a b i l i t y  o f  th e  
tu n n e l in g  H am ilto n ian  has been in v e s t i g a t e d ;  by i t s  u se  th e  t o t a l  c u r r e n t  
may be c a l c u l a t e d .  T h is  m ethod h a s  p roved  to  be  v e ry  s u i t a b l e  f o r  th e  p ro b ­
lem o f th e  anom alous tu n n e l in g  be tw een  two no rm al m e ta ls  w ith  p a ra m a g n e tic  
im p u r i t i e s  i n  th e  b a r r i e r .

I .  INTRODUCTION

I n  r e c e n t  y e a r s ,  th e  p ro b lem  of tu n n e l in g  be tw een  two norm al o r  
s u p e rc o n d u c tin g  m e ta ls  h as  been in v e s t ig a t e d  th o ro u g h ly  i n  numerous e x p e r i ­
m e n ta l and t h e o r e t i c a l  w orks. The th e o ry  o f tu n n e l in g  th ro u g h  a b a r r i e r  was 
f i r s t  i n v e s t ig a t e d  by B ard een .^  The g e n e ra l fo rm a lism  o f  th e  problem  h a s

p
been  g iv e n  by Cohen, F a l ic o v ,  and P h i l l i p s ,  who p ro p o sed  th e  tu n n e l in g  
H a m ilto n ia n . T his m ethod has  p ro v ed  to  be v e ry  s u c c e s s f u l  i n  th e  i n t e r p r e t a ­
t i o n  o f e x p e r im e n ta l r e s u l t s ' .

I n  th e  tu n n e lin g -H a m ilto n ia n  method th e  b a r r i e r  i s  r e p la c e d  by a 
m a th e m a tic a l s u r fa c e  and th e  H a m ilto n ia n  d e s c r ib e s  p ro c e s s e s  in  w hich  an 
e l e c t r o n  c r o s s e s  th e  b a r r i e r .  T h is  m ethod i s  a  r a t h e r  p h en o m en o lo g ica l one 
and f a i l s  to  i n v e s t i g a t e  th e  tu n n e l in g  p ro c e s s e s  th e m s e lv e s .  The d i f f i c u l t y  
i n  th e  e l a b o r a t io n  o f  a new th e o ry  d e s c r ib in g  th e  e l e c t r o n s  i n  th e  b a r r i e r
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a s  w e l l ,  comes from  th e  c h o ic e  o f a s e t  o f wave f u n c t io n s  t h a t  i s  com p le te
3and o r th o g o n a l .  This p rob lem  h as  b een  s tu d ie d  v e ry  c a r e f u l l y  hy  P ran g e , 

and th e  a p p l i c a b i l i t y  o f  th e  tu n n e lin g -H a m ilto n ia n  method h a s  been  p ro v ed  
i n  th e  f i r s t - o r d e r  a p p ro x im a tio n . A q u i t e  d i f f e r e n t  ap p ro ac h  h a s  been su g ­
g e s te d  by de G ennes,^  who h a s  d e r iv e d  a  g e n e r a l i z a t i o n  of th e  G insburg—Ц
Landau e q u a t io n  f o r  th e  tu n n e l in g  p r o c e s s e s .  R e c e n tly ,  Jo se p h so n  p ro p o sed  
a  v e ry  s u g g e s t iv e  method u s in g  G reen ’ s f u n c t io n s ,  b u t i t  seem s to  us t h a t  
th e  a c t u a l  a p p l i c a t i o n  o f  t h i s  m ethod i s  n o t s im p le .

N e v e r th e le s s ,  a  few  e x p e r im e n ts  have tu r n e d  up i n  w hich  th e  r e g io n  
o f  th e  b a r r i e r  p la y s  a v e ry  im p o r ta n t r o l e ,  f o r  exam ple , th e  g e o m e tr ic a l  r e s ­
onance and b o u n d ary  e f f e c t  i n  a  su p e rc o n d u c tin g  tu n n e l  ju n c t io n  m easured  by
Tomasch^ and th e  e l e c t r o n  s c a t t e r i n g  on p a ra m a g n e tic  im p u r i t i e s  in  th e  b a r -

7 8r i e f  i n v e s t i g a t e d  e x p e r im e n ta l ly  by W yatt and by  R ow ell and Shen. I n  a d d i ­
t i o n ,  th e  p ro x im ity  e f f e c t  h a s  a  g r e a t  im p o rtan ce  i n  tu n n e l in g .

A th e o ry  o f  tu n n e l in g  be tw een  s u p e rc o n d u c tin g  o r norm al m e ta ls  
a c r o s s  an  i n s u l a t i n g  l a y e r  i s  p r e s e n te d  h e re  w hich d e s c r ib e s  th e  phenomenon 
in  th e  b a r r i e r  a s  w e l l .  G re e n ’ s f u n c t io n s  a re  u se d  to  av o id  th e  p roblem  o f  . 
th e  c o m p le te n e ss  and o r th o g o n a l i t y  o f  th e  wave f u n c t io n s  a s  f a r  as p o s s i b l e .  
The s t a r t i n g  p o in t  i s  th e  t r e a tm e n t  o f  two d i f f e r e n t  p rob lem s where th e  
m e ta l on th e  l e f t  (o r  lig h t-)  s id e  o f  th e  b a r r i e r  i s  r e p la c e d  by an i n s u l a t o r .  
I n  th e s e  p ro b le m s , r e f e r r e d  to  as  l e f t  and r i g h t  p ro b le m s , th e  main p a r t  
o f  th e  b o u n d a ry  e f f e c t s  h a s  b een  ta k e n  in t o  a c c o u n t.  T his m ethod may be ap ­
p l i e d  to  th e  c a l c u l a t i o n  o f  'th e  c u r r e n t  d e n s i ty  i n  th e  b a r r i e r ,  f o r  i t  
d e s c r ib e s  th e  e l e c t r o n s  i n  th e  b a r r i e r  a s  w e l l .  W ith  o th e r  m eth o d s, o n ly  th e  
t o t a l  c u r r e n t  can  be c a l c u l a t e d .  T hroughout th e  u se  o f th e  c u r r e n t  d e n s i t y ,  
th e  e f f e c t  i n  a  m agnetic  f i e l d  may be d e s c r ib e d  i n  an  a p p r o p r ia te  way.

The G reen ’ s f u n c t io n s  o f th e  o r ig i n a l  p rob lem  a re  d e te rm in e d  b y  
th e  G reen ’ s f u n c t io n s  o f th e s e  two l e f t  and r i g h t  p rob lem s i n  an i t e r a t i v e  
p ro c e d u re  ( S e c s .  2 and 3) . ( in  S ec . 4)w e g iv e  th e  c a l c u l a t i o n  of the  c u r r e n t  
d e n s i t y  i n  th e  b a r r i e r .  T hese r e s u l t s  a r e  a p p l ie d  to  th e  Jo se p h so n  c u r r e n t  
(S e c .  5 ) ,  and to  th e  lo n g - ra n g e  o rd e r  i n  th e  Jo se p h so n  ju n c t io n  in  a  m a g n e tic  
f i e l d  (S e c .  б ) .  We d is c u s s  th e  a p p l i c a b i l i t y  o f th e  tu n n e lin g -H a m ilto n ia n  
m ethod , and we conclude t h a t  th e  tu n n e l in g  H a m ilto n ia n  i s  a  p o w erfu l m ethod 
f o r  th e  c a l c u l a t i o n  o f th e  t o t a l  c u r r e n t  S ec . 7 • F in a l ly ,  th e  p o s s i b i l i t y  
o f  h ig h e r  o r d e r  p ro c e s s e s  i s  d is c u s s e d  v e ry  b r i e f l y  (S ec . 8 ) .

2 .  THE MATHEMATICAL FORMULATION OF THE PROBLEM

We m ust d e s c r ib e  an  i n t e r a c t i n g  e l e c t r o n  g as  w hich  i s  d iv id e d  by  a 
p o t e n t i a l  b a r r i e r  in to  two p a r t s ,  c a l l e d  th e  l e f t  ( and r i g h t  ( r )  s i d e s .  
The h e ig h t  o f  th e  p o t e n t i a l  b a r r i e r  i s  g r e a t e r  th a n  th e  F erm i energy  f o r  an
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i n s u l a t i n g  o x id e  la y e r .  We s h a l l  a p p ly  th e  m ethod of th e  thermodynamic. 
G re e n ’ s f u n c t io n s .  The no rm al and anom alous o n e - p a r t i c l e  G re e n ’ s f u n c t io n s

9
in tro d u c e d  by G orkov ' a re

Сй ('л, *')= < r { V« ( x )  Уа ( х ' ) } )  •
and

£ а ъ , х ' ) -  < 4 f « ( x ) v ; ( x ' ) ) >  •

w here у  i s  th e  f i e l d  o p e r a to r  of th e  e l e c t r o n  f i e l d .  The i n t e r a c t i o n  o f  th e  
e l e c t r o n s  o r  im p u r i t i e s  i s  r e p r e s e n te d  by th e  m ass o p e r a to r  £  , w hich  i s
c a l c u la te d  a c c o rd in g  to  th e  s p e c ia l  p rob lem . We d e s c r ib e  th e  b a r r i e r  a s  a  
p o t e n t i a l  V. F o r b r e v i t y ,  we in t ro d u c e  th e  m a tr ix  n o t a t i o n  f o r  th e  G reen ’ s 
f u n c t io n s  G and  F,

w here th e  s u p e r s c r ip t  T d e n o te s  th e  exchange o f  th e  a rg u m e n ts , and th e  
s p in  in d ic e s  w i l l  no t be w r i t t e n  o u t .

The e q u a t io n  o f  m otion  may be w r i t t e n  as

4  -  Z ) C - 1 , ( 3 )

w here Ga i s  th e  in v e r s e  o f th e  n o n in t e r a c t in g - e l e c t r o n  G reen ’ s f u n c t i o n ,  
w h ich  i s

*-/ (  1 !rx0 + 7 ^ ^  ~v 0  \

I n  t h i s  fo rm u la  Xo d e n o te s  th e  tim e  v a r ia b le  and /и. th e  chem ica l p o te n ­
t i a l .  The d e f i n i t i o n s  o f  th e  in v e r s e s  a re

G - ' G ~ i  C 5 a )

and
Л  Л  4 Л

G G ' 1 = /  /  .
(5 Ъ )

Л

where /  i s  th e  u n i t  o p e r a to r .  The second  i d e n t i t y  may be p ro v e n  by p a r t i a l  
i n t e g r a t i o n s .

The c r u c i a l  p o in t  o f  our a p p ro ac h  i s  th e  r e d u c t io n  o f  th e  s o l u t i o n  
o f th e  above-m en tioned  o r i g i n a l  p rob lem  ( o .p )  w ith  the  p o t e n t i a l  b a r r i e r
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s e p a r a t in g  th e  l e f t  and  r i g h t  s i d e s  to  th e  s o lu t i o n s  o f  two o th e r  p ro b le m s . 
I n  th e  new p ro b lem s, th e  e l e c t r o n  g as  i s  l o c a l i z e d  to  th e  l e f t  o r  th e  r i g h t  
s id e  o f  th e  b a r r i e r ,  in t r o d u c in g  a p p ro p r ia te  p o t e n t i a l  w e l l s  F ig .  1 . These 
p rob lem s a r e  c a l l e d  " l e f t  and r i g h t  p rob lem s"  ( l . p .  and r . p . ) .  The p o te n ­
t i a l s  in t ro d u c e d  a re  chosen  in  su c h  a  way t h a t  th e  p o t e n t i a l  of th e  l . p .  
( r . p . )  i s  e q u a l to  th e  p o t e n t i a l  o f  th e  o .p .  on the  l e f t  ( r i g h t )  s id e  and 
in s id e  o f th e  b a r r i e r .  The c o rre sp o n d in g  m ass o p e ra to r s  and £ r  т а У
be ch osen  i n  a  s i m i l a r  way. These d e f i n i t i o n s  may be fo rm u la te d  m a th e m a tic a l 
l y  i f  we in t ro d u c e  two sm o o th ed -o u t s te p  f u n c t io n s  and hn c o rre sp o n d
in g  to  th e  l e f t  and r i g h t  s i d e s ,  w hich v a ry  o n ly  in s id e  th e  b a r r i e r  [F ig . 
I d ] ,  Assuming th e  i d e n t i t y

we can  w r i te 10

ht t  hr =■ f

V = h t  VL + hr Vr

C 6)

and

Z - h c L e ♦ ! * ; £ • „ - Г „ л „  + Г , л , (? )

These e q u a t io n s  a re  in d e p e n d e n t o f  th e  s p e c ia l  ch o ic e  o f  th e  s te p  
f u n c t i o n s ,  and we s h a l l  have to  show th a t  a l l  p h y s ic a l  r e s u l t s  a re  in d e p e n ­
d e n t o f  t h e i r  c h o ic e .

L e t us in t r o d u c e  th e  G re e n ’ s f u n c t io n s  and t h e i r  in v e r s e s  f o r  the  
l . p .  and r . p .  by th e  d e f i n i t i o n s

,г

c : l  -

, . Э V‘
1 + + 'ST  V«

-  i —  v-ő x0 2  m + (8)

w here <x.= t ,  r  and
Л  у Л  Л

Go~ Gok = 1 ( 9 a )

F u r th e rm o re ,
A f A_, л
^  = G0<x ~ ( ю )

and л л /\ л a  ,  a
g; 1 / ,  • $ , £ ■  = /

(9 b )

I t  i s  e a sy  to  see  from  E q s . (4 ) ,  ( б ) ,  ( 7 ) ,  ( 9 a )  and ( 9b) t h a t
th e  fo l lo w in g  i d e n t i t i e s . a re  e x a c t :
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and

G~' -- Gn h. + G ' 1 h rо ос t Or- r ( “ )

л л л  .
G -  G~ he + G~ hr ( 12)

I n s e r t i n g  (12)  i n t o  (5 a )  and  ( 5b) and m u l t ip ly in g  by Gr and Gt from  th e  
l e f t  and r i g h t ,  r e s p e c t i v e l y ,  and u s in g  (9b)» we g e t  th e  f o l lo w in g  i d e n t i ­
t i e s  :

у Л Л / ч л л
( h r + Gr  Gt ht ) G =Gr

( l 3 a )

А  л Л  л
G (h n + h { G{ Gr ) = Gr  , ( l 3 b )

! $ "N 1 ( 13c)

r <—» C cn (  / J a )
(1 3 d )

Adding th e se  f o u r  e q u a t io n s  to g e th e r ,  we g e t  the  fu n d a m e n ta l e q u a ­
t i o n  o f  our a p p ro a c h , w here th e  G reen’ s f u n c t io n  o f  o .p .  i s  e x p re s s e d  by th e  
G reen ’ s f u n c t io n s  o f  th e  l . p .  and r . p . :

G=Gr+Ge (GnGi'he + r ~  L) G +ő(he G/' Gr + r- - / ) /  ( 1 4 )

Our program  i s  to  g iv e  an ap p ro x im ate  s o lu t i o n  o f  t h i s  e q u a t io n ,  su p p o sin g  
t h a t  th e  t r a n s i t i o n  r a t e  o f  e l e c t r o n s  th ro u g h  th e  b a r r i e r  i s  v e ry  s m a l l .

3 . THE ITERATIVE SOLUTION OF THE GREEN’S -  FUNCTION EQUATION

We ta k e  th e  F o u r ie r  tra n s fo rm  o f  14 w i th  r e s p e c t  to  tim e :

G ( E ) ~ c r ( E ) ' C ' ( n - H ( G r (E)C'-m/,'r r ~ o ä ( c b f t O ( h A ‘( E K ( £ ) N
to  make the  d i s c u s s io n  o f  th e  p h y s ic a l  b a se  o f o u r  a p p ro x im a tio n  e a s i e r . 11

E q u a tio n  (14a) shows q u ite  d i f f e r e n t  c h a r a c t e r i s t i c s  a t  sm a ll and 
l a r g e  v a lu e s  o f  th e  en erg y  v a r i a b l e s .  A t sm a ll v a lu e s  o f  the  e n e rg y , th e  
G reen ’ s f u n c t io n s  G( and Gr  a re  s t r o n g ly  l o c a l i z e d  to  th e  l e f t  o r  to  th e
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r i g h t  s id e  o f  th e  b a r r i e r .  Only th e  t a i l s  o f  th e  G reen ’ s f u n c t io n s  p e n e t r a te
in to  th e  b a r r i e r .  I n  t h i s  case  th e  e x p r e s s io n  in  th e  b r a c k e t  i s  v e ry  sm a ll ,

Л Af o r  i t  c o n ta in s  p r o d u c ts  l i k e  Gr G'c hc w h ich  a re  p r o p o r t i o n a l  to  th e  r a t e  
o f  p e n e t r a t i o n  in t o  th e  b a r r i e r .  T h e re fo re  Gc * Gr  i s  th e  z e r o - o r d e r  
ap p ro x im a tio n  to  th e  G reen’s f u n c t i o n  n e a r  th e  Fermi e n e rg y .

At h ig h  v a lu e s  o f th e  e n e rg y  v a r i a b l e ,  the  e f f e c t  of th e  p o t e n t i a l s  
Vc and \/r  may be n e g le c te d .  I n  t h i s  c a se  b o th  o f th e  two te rm s 1 з  th e  

b ra c k e t  o f  Eq. ( l 4 a )  a re  a p p ro x im a te ly  th e  s o lu t io n  o f  E q. ( l 4 a )  i t s e l f .  We 
a re  i n t e r e s t e d  in  th e  s o lu t io n  o f  t h i s  e q u a t io n  o n ly  i n  th e  f i r s t  c a se  and 
i t  seems re a s o n a b le  to  so lv e  th e  e q u a t io n  by  i t e r a t i o n  s t a r t i n g  w ith  th e  
z e ro -o rd e r  a p p ro x im a tio n  Gg + Gr

To g e t r i d  o f the p h y s i c a l ly  u n in t e r e s t i n g  p a r t  o f th e  G reen ’ s 
f u n c t io n s  w ith  l a r g e  v a lu e s  o f  th e  en e rg y  v a r i a b l e ,  we a p p ly  a c u t o f f  i n  th e  
s p e c t r a l  f u n c t io n s  o f  the  G reen’ s f u n c t io n s  a t  some e n e rg y  betw een  th e  to p  o f 
th e  p o t e n t i a l  b a r r i e r  and th e  F erm i en e rg y  F ig .  2 . The prim e on th e  G reen’ s 
fu n c t io n  w i l l  d e n o te  t h a t  th e  c u t o f f  p ro c e d u re  i s  a p p l i e d .  I t  i s  worth m en tion ­
in g  th a t  E q s . f9 b ) a r e  to  be c o r r e c t e d  f o r  th e  t r u n c a te d  G reen ’ s f u n c t io n s .
The c o rre sp o n d in g  new e q u a tio n s  a r e

f d tx-Q;'(x,xVC‘(x“x ’) = ^ (x ,x 1 =  J(X„-х:,)&, ( \ X') #  I ,  C1?)
where th e  a p p l i c a t i o n  o f  the  c u t o f f  r e s u lts  i n  a  sm eared-out D irac  d e l t a  fu n c -

Л  / \  Л
t i o n  D . S in ce  th e  G reen ’s  f u n c t io n s  G1 and  G a re  s t r o n g ly  l o c a l i z e d  to

Л  у £  Г  Л

th e  l e f t  o r  r i g h t  s i d e s ,  Dc i s  v e r y  sm a ll on th e  r i g h t  s id e  and D'r  on the  
l e f t  s id e .

Our fundam ents], e q u a t io n  ( lA a )  a f t e r  th e  a p p l i c a t i o n  o f  th e  c u to f f
i s

g '(£) -  g; ce) + c;(e ) -U (ő;(E ) + r * ~ o ä ’(E)

+ GXE)(h'C;'(E)C'r (E) W ) / . (16 )

where th e  te rm s  in  th e  b ra c k e t  a r e  s m a ll ,  b e c a u se  we have  supposed  t h a t  th e  
p e n e t r a t i o n  o f  th e  wave fu n c t io n  i n t o  th e  b a r r i e r  i s  w eak. By i t e r a t i n g  t h i s  
e q u a t io n , we g e t some ty p i c a l  te rm s  w hich we w i l l  now i n v e s t i g a t e .

I t  w i l l  be u s e f u l  to  tr a n s fo rm  some te rm s , e .g . ,  i n  th e  fo llo w in g
w ays,

л  A  - Л  -Л /  г  Л  /  Л .  /  \  1

a;c- he g;~c;(l g -\L + л , g,
Л _  Л . л  л  л

- с
( 1 7 )
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w here we have made use  o f  th e  i d e n t i t y . ( 15)* and [ ] - d e n o te s  th e  commu­
t a t o r .  The com m utator i n  ( 17)  may be c a l c u l a t e d  u s in g  (в )  and  ( i o ) :

[ =  r r y - ' ( ^ h „ )  % + ( ,2 т У  Ä h ^ - l y h J -  , (1 8 )

w here th e  d i r e c t i o n  o f  an  arrow  above a  d i f f e r e n t i a l  o p e r a to r  in d i c a t e s  th e  
o p e ra n d . The c y c l i c  r u le  i s  to  be fo llo w e d  in  th e  absence o f an a d ja c e n t  
o p e ra n d .

We su p p o se  t h a t  th e  com m utator on th e  r i g h t  s id e  o f  ( l 8 )  v a n ish e s»

(19)

th e  i d e n t i t i e s  i n  Eq. ( 19)  a re  f u l f i l l e d  i f  th e  mass o p e r a to r s  a r e  l o c a l  
f u n c t io n s  i n  t h a t  r e g io n  o f  space w here th e  c o r re sp o n d in g  sm o o th e d -o u t s te p  
f u n c t io n s  v a ry ,  i . e . ,  i n s i d e  th e  b a r r i e r  ( s e e  R e f . IO ).

I n s e r t i n g  ( l ö )  and  ( 19)  i n t o  ( 17) ,  we g e t  f i n a l l y

= O X ^ ' (  % hc) 7. +(2r#1(ZhX)'G't X ;  heD ( 20)

I t  i s  e a sy  to  p ro v e  the f o l lo w in g  i d e n t i t y  f o r  a n o th e r  t y p i c a l  
te rm  a p p e a rin g  i n  th e  i t e r a t i o n  o f  ( 1 б ) :

g : g ; h ,  g : = Ó ; ( X - ( A  V( -- A )  -  (Л  L e-- A  E j )  hc G i  
= 4, ht c; - g;  ( a ve - л vn) л,  £  л

- c ' r ( & £ r b t ) h c c y

( 21)

w here we have in t ro d u c e d  th e  new n o ta t i o n

AV* = V* - V and a £c( = Е в -  L, (2 2)

and th e  fo llo w in g  i d e n t i t y  h a s  been a p p l ie d :

S-'-ct:' = (v,-.\/r )* ( c , - z }  ( 2Я
w hich  fo llo w s  fro m  ( в )  and ( lO ) .  I t  i s  w o rth  m e n tio n in g  t h a t  AV( i s  d i f ­
f e r e n t  from z e ro  o n ly  on th e  r i g h t  s id e  o f th e  b a r r i e r .  S im i la r  r e s u l t s  may 
be o b ta in e d  by th e  exchange o f  the i n d i c e s  r  and L .

The r e s u l t  i n  th e  f i r s t - o r d e r  i t e r a t i o n  o f  (1б) may be w r i t t e n  as 
th e  аглп o f f o u r  te rm s  w ith  d i f f e r e n t  p h y s ic a l  i n t e r p r e t a t i o n s :

Л  / \  Л  Л  A  A

G'= g;  + G'n + 6GT + <fCp +6Gd . ( 24 )
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We w i l l  g iv e  th e  o rd e r  o f  th e  p a r t i c u l a r  te rm s  i n  pow ers o f  the  
tu n n e l in g  r a t e  t . The tu n n e l in g  r a t e  i s  th e  r e l a t i v e  d e c re a s e  o f  th e  wave 
f u n c t io n s  a t  the  Ferm i en erg y  in  th e  b a r r i e r s

t  = e x p f - [ 2 m ( \ / - /u ) ] i d /  ( 2 5 )

where d  d e n o te s  th e  th ic k n e s s  o f  th e  b a r r i e r  and V i s  th e  en e rg y  o f  th e  to p  
o f  th e  b a r r i e r .

The p a r t i c u l a r  te rm s o f th e  G reen ’ s fu n c t io n  a r e :
/>

( 1 )  The tu n n e l in g  te rm , d G j  :

cfGT( x , x ’) =j j i G (' ( x , y )  ( 4 , X1)  ( 26 )

~ G ; ( x ,  & ( y >  * ’) } x C % ^ t ( y ) ) i d 4' y ,

where hr i s  e l im in a te d  by h^ u s in g  ( б ) .  I n  Appendix A a n o th e r  fo rm  of 
t h i s  te rm  i s  d e r iv e d  to  e l im in a te  h(  a s  w e l l :

cfGT(x , x ' ) = J ^  1 <Ус'(г,у) ^ -  2 m  C ’' ( y ,  x )  -  r ~ t J d ef 4 t l dL/0> ( 2 7 )

where th e  i n t e g r a l  i s  ta k e n  on an a r b i t r a r y  s u r f a c e  «5" ly in g  i n  th e  b a r r i e r .  
The s u r fa c e  e lem en t v e c to r  d f y , i  i s  d i r e c t e d  from  l e f t  to  r i g h t ,  and i t  
may be shown th a t  th e  v a lu e  o f  t h i s  i n t e g r a l  i s  in d e p e n d e n t of th e  s p e c i a l  
c h o ic e  o f  th e  s u r f a c e  S to  a good a p p ro x im a tio n . Namely, we can  p ro v e  th a t  
t h a t  p a r t  o f  cfGT w hich i s  d ep en d en t on th e  ch o ice  o f  th e  s te p  f u n c t io n  h 
i s  s im i l a r  to  t h e ' t h i r d  ty p e  o f  c o r r e c t io n  cfG£ [se e  Eq. ( 3 3 )  and
A ppendix A ], w hich i s  alw ays n e g le c te d .

I t  i s  e a sy  to  see  t h a t  t h i s  te rm  c o rre sp o n d s  to  th e  o n e - p a r t i c l e  
tu n n e l in g  and th e r e f o r e  i s  p r o p o r t io n a l  to  th e  tu n n e l in g  r a t e  t , and  th a t  
i t s  p a r t  dep en d in g  on th e  c h o ice  o f  h i s  o f o rd e r  t z . These c o r r e c t io n  
g iv e  th e  c o u p lin g  b e tw een  th e  G reen ’ s f u n c t io n s  c o r re sp o n d in g  to  th e  two d i f ­
f e r e n t  s id e s  of th e  b a r r i e r  by th e  c u r r e n t  c o u p lin g  d e r iv e d  by B a rd e e n .1- 
They may be i l l u s t r a t e d  by th e  d iag ram s i n  F ig .  3»

( 2 )  The r e n o r m a l iz a t io n  te rm s <fGR due to  th e  p o t e n t i a l  and mass 
o p e r a to r  c o r re s p o n d in g  to  th e  o p p o s ite  s i d e s :

<SG, - р Ё ' Л щ  - a  vr )h cc ;  ? c ; h t  ( ä v r - Avr ) £■

+ c;(a  t t -  /11 )  hr a ;  + c;ht ( a t ,  - л £ r ) &'„} d ( r - " 1}

U sing th e  d e f i n i t i o n s  o f  AV( , AVr , a T-c and  A 'L r  , 
th e  fo l lo w in g  i d e n t i t i e s  may be p ro v e n :
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( 2 9 )

^ h ^ á t ^ O  ( 3 0 )

I n s e r t i n g  ( 29) and  ( 50)  i n t o  (  2 8 ) and  making u se  o f  ( б )  we have g o t t e n  r i d  
o f th e  sm o o th ed -o u t s te p  f u n c t io n s ,  hc and hr  :

'5Ge (x,x') = -f/É ;(x .y )ü M r( y ,4 ')G;(4 ' , x ' ) + ( r ~ 0 } d >y d % ’ (31)

Here we have in t ro d u c e d  th e  new n o ta t io n

й ! % (  Ч , ч ' ) - М « ( у ) * ( ч - Ч ' ) + а £ « ( у > Ч'У (5 2 )
л

A c e r t a i n  p a r t  o f  oGR p ro v id e s  a c o n t r ib u t io n  to  th e  p ro x im ity  e f -A 5
f e e t .  cTGr i s  p r o p o r t io n a l  to  th e  sq u a re  o f th e  tu n n e l in g  r a t e  t , and 
i s  r e p r e s e n te d  by  th e  d iag ram s in  P ig .  4 .

( 3 )  Terms c o rre sp o n d in g  to  th e  n o n o r th o g o n a l i ty :

tfCj, ( x ,  x ')  - - 1 ( f t G ^ x ,  4 )hc ( 4 ) De (tf, x ’) d \ * f i t  Cx, 4)h t ( y ) G j y , x ) d ^  + 

+j~G'r (x, фЬс((j)Dn (y, x')d*y +f-Dr (x, y)hc Cy)G (̂.y, x ’j  d j

These te rm s  a re  s l i g h t l y  d e p e n d e n t on th e  ch o ice  o f  th e  am ea red - 
o u t s te p  f u n c t i o n s .  A c a r e f u l  a n a ly s i s  o f  th e se  te rm s  shows t h a t  t h i s  c o r ­
r e c t i o n  r e n o rm a liz e s  th e  o n e - p a r t i c l e  wave f u n c t io n s  in s id e  th e  b a r r i e r  
and i n  the  n e ig h b o rh o o d  o f  i t .  These c o r r e c t io n  te rm s  a re  v e r y  s t r o n g ly  
o s c i l l a t i n g  o u ts id e  th e  b a r r i e r  and q u ic k ly  damp w ith  in c r e a s in g  d is ta n c e  
from  th e  b a r r i e r .  They a re  th e  e f f e c t  o f  b re a k s  i n  th e  o r th o g o n a l i t y  and  com-

T.
p le ten ess  o f  th e  u se d  o n e - p a r t i c l e  wave f u n c t io n s ,  d is c u s s e d  by P ran g e .
B ecause t h i s  c o r r e c t io n  i s  l i k e  a r e n o r m a l iz a t io n  o f  th e  wave f u n c t io n s ,  th e  
d i r e c t  c o n t r i b u t i o n  to  c u r r e n t  v ia  ( 34-) i s  z e ro , b u t  in  h ig h e r - o r d e r  a p p r o x i­
m a tio n s  i t  m igh t g iv e  a c o r r e c t io n  to  th e  c u r r e n t  p r o p o r t i o n a l  to  i 3 . We 
c o n je c tu r e  t h a t  th e  c o r r e c t io n  te rm s a r e  co n ce rn ed  w ith  some m a th e m a tic a l 
p rob lem s o f o u r ap p ro ac h  and n ev er w ith  some r e a l  p h y s ic a l  p ro b le m s . We w i l l  
n e g le c t  them in  th e  fo l lo w in g .

We may g e t  h ig h e r - o r d e r  a p p ro x im a tio n s  t o  th e  G reen ’ s f u n c t io n s  
i n  t h i s  way u s in g  th e  c o r r e c t io n s  o f  th e  f i r s t  and second  ty p e .
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The s u r fa c e  and  the p ro x im ity  e f f e c t  may be ta k e n  in to  a c c o u n t i n
two s t e p s :

( 1 )  The G re e n ’ s f u n c t io n s  have b een  c a l c u la te d  i n  th e
case  where th e  m e ta l on th e  o p p o s i te  s id e  and th e  b a r r i e r  a re  r e p la c e d  by a 
s in g le  i n s u l a t o r .  I n  t h i s  way, th e  d e c re a se  o f  th e  gap f u n c t io n  n e a r  th e  
b a r r i e r  and th e  s u r f a c e  e f f e c t s  h av e  been ta k e n  in to  a c c o u n t.

( 2 )  A c tu a l ly ,  th e re  i s  a n o th e r  m e ta l  beh ind  th e  b a r r i e r  and t h i s  
may cause  a  s l i g h t  m o d i f ic a t io n  o f  th e  gap f u n c t io n  n e a r  th e  b a r r i e r .  This 
can  be c a l c u la te d  i n  p e r tu r b a t io n  th e o ry  u s in g  th e  d ia g ra m s in  F ig s .  3 and
4 .

4 .  THE CURRENT DENSITY IN THE BARRIER

The c u r r e n t  d e n s i ty  i n  an  a r b i t r a r y  p o in t  X can  be c a l c u la te d  
u s in g  th e  G reen ’ s f u n c t i o n .

Jt ( x )  ■= Urn { e ( ( V x -  4S  ) / 2 m ) t G ' ( x  , * ) )
X0~  Х0 +0,%~Х,-

О )

The z e r o th - o r d e r  a p p ro x im a tio n  to  G  w i l l  n o t  g iv e  any c o n t r ib u ­
t i o n  to  th e  c u r r e n t  d e n s i t y .  U sing  th e  f i r s t - o r d e r  a p p ro x im a tio n  to  th e  
G reen ’ s f u n c t i o n s ,  we g e t  th e  l e a d in g  term  o f  c u r r e n t  d e n s i t y ,  w hich  i s  g iv ­
en  by d ia g ra m s i n  F ig .  5» where th e  lo w e r-c a se  j  ( x )  r e p r e s e n t s  th e  c u r r e n t  
o p e r a to r .  The c o r re s p o n d in g  m a th e m a tic a l e x p r e s s io n  i s

(35)

I n  th e  s t a t i s t i c a l  m e ch an ic s  of n o n e q u ilib r iu m  p r o c e s s e s ,  th e  
c u r r e n t  d e n s i t y  i s  c a l c u la te d  a s  a  re sp o n se  t o  an  e x t e r n a l  f o r c é ;  i n  th e  
p r e s e n t  c a s e ,  i t  i s  c a l c u la te d  a s  a  re sp o n se  t o  th e  tu n n e l in g  c o u p lin g !

j j x )  = f  o 'V * ’, i ’J_ d 4o K i ( X, x ' )  Tt > (  Л’) , ( 3 6 )

where T i s  th e  g e n e ra l  symbol o f  th e  tu n n e l in g  c o u p lin g . The c a u s a l  k e rn e l  
Ис ( х , х ’)  i s  c a l c u l a t e d  u s in g  th e  c a u sa l G reen ’ s f u n c t io n s ,  b u t  h e r e  we 
need  th e  r e t a r d e d  o n e . I n v e s t i g a t i o n  o f  th e  a n a l y t i c a l  p r o p e r t i e s  o f  th e~] P
k e r n e l s  shows th a t  th e  r e ta r d e d  k e r n e l  may be  o b ta in e d  by s h i f t i n g  th e  
p o le s  o f th e  F o u r ie r  tr a n s fo rm  o f  Kc ' below th e  r e a l  a x i s  i n  the  com plex 
e n e rg y  p la n e .  I f  th e  o p e r a to r  ( C — R )  s ta n d s  f o r  t h i s  o p e r a t io n ,  th e n  th e  
e x p re s s io n  o f  th e  c u r r e n t  d e n s i ty  i s  f i n a l l y



11

- r — t j  (57)
The c u r r e n t  d e n s i ty  d e r iv e d  h e re  s a t i s f i e s  th e  e q u a t io n  o f  c o n t i ­

n u i ty  i n  the  b a r r i e r .  This can  be shown by a c a l c u l a t i o n  s im i la r  to  th e  one
in  A ppendix A. We w i l l  r e t u r n  l a t e r  to  d is c u s s  th e  c o n n e c tio n  o f  (37)  and

13th e  c u r r e n t  fo rm u la  d e r iv e d  by u s in g  th e  tu n n e l in g  H a m ilto n ia n .

A s i m i l a r  fo rm u la  can  be o b ta in e d  i n  th e  c a se  o f an e x t e r n a l  mag­
n e t i c  f i e l d :

Ji M  = (C R ) e f d %  tJ d x o
J  J  ,  (37a)

i(e/c) A(x)J - [  VA~ i(e/c)A(x)])̂ ^  fc(e^)A (x)]-lfyd(eAOA(x)JJ

- r ~ ' J

where A (x)  s ta n d s  f o r  th e  v e c t o r  p o t e n t i a l .

5 . JOSEPHSON CURRENT

To c a l c u l a t e  th e  a c t u a l  v a lu e  o f  th e  c u r r e n t ,  we have to  i n s e r t  
th e  m a tr ix  form o f  th e  G reen’ s f u n c t io n s  ( 2 ) in to  th e  e x p re s s io n  o f th e  c u r ­
r e n t  ( З 7)» Then u s in g  the  sym b o lic  n o ta t io n  T f o r  th e  co u p lin g  c o n s ta n t  we 
o b ta in  th e  fo l lo w in g  fo rm ula

' j,(x)^ejTG'TCdTr;T^'J-ejr— c]-  (3 8 )

I t  i s  w e l l  known t h a t  th e  anom alous G reen’ s fu n c t io n s  a r e  depen­
d en t on th e  s p e c ia l  cho ice  o f p h ases  and th e  a b s o lu te  v a lu e  o f  th e  tim e 
a rg u m e n ts . T h e re fo re  we may w r i te

£ ( x , x )  = e x p ( -  2ÍJUL* X0) <pc! ( x , x '  , x 0- * ; )
*  е х р ( - ( 2 е / с ) 1 ^ )

and ( 39)

F ^ \x \  x) = exp(+ 2iy* xc) <f>J’(x \X ; x j  - x 0)
x  exp [+(2 e /с )  i p « ] ,

where //<* i s  th e  chem ical p o t e n t i a l  and </>* i s  th e  phase o f th e  p a i r  wave 
f u n c t io n s  on th e  cx s id e  o f th e  b a r r i e r .  Here (f><x (°< = i,r) a r e  in d e p e n d e n t 
o f th e  ch o ic e  o f p h a s e s .

The c u r r e n t  d e n s i ty  may .be w r i t t e n  as th e  sum o f two te rm s :

j ( x )  =jN ( x)  +j j ( x ) (40)
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where

j „ < x ) * T G ; T G ' t - ( r ~ 0  ( * 1а)

i s  th e  o n e - p a r t i c l e  c u r re n t  d e n s i t y  and

J j ( x )  = e x p { 2 [ ( e /c } A < p  + A ^ x 0 ] J  T ф'г Тф{' (41b)

i s  th e  c u r r e n t  d e n s i t y  due to  th e  p a i r  tu n n e l in g ,  f i r s t  s u g g e s te d  by 
Josephson."*"^ Here we have u se d  th e  n o ta t io n s

4 “ - A ( = eV ,  (чг)
where V i s  th e  a p p l ie d  v o l t a g e ,  and

A<p = <pe-ipr ^
The a c t u a l  v a lu e  o f  th e  c u r r e n t  d e n s i ty  i s  g iv e n  in  A ppendix  B. 

At ze ro  a p p l ie d  v o l t a g e ,  th e  e x p r e s s io n  f o r  th e  c u r r e n t  d e n s i ty  r e d u c e s  to  
th e  f o l lo w in g :

JJ f  Jj,o sfn[2(e/c) A p]  (44)

6 . JOSEPHSON EFFECT IN MAGNETIC FIELD

We w i l l  a l s o  v ery  b r i e f l y  t r e a t  th e  Jo se p h so n  e f f e c t  i n  th e  p re s e n ­
ce o f an  e x te r n a l  m ag n e tic  f i e l d .  T his t r e a tm e n t  i s  b a se d  on th e  com pensa­
t io n  o f  th e  lo n g  ra n g e  phase m o d u la tio n  o f  th e  p a i r  wave f u n c t io n  f  ’ by an
a p p r o p r ia te  t r a n s f o r m a t io n  d i s c u s s e d  by th e  a u th o r  in  th e  case  o f  f lu x o id  

15q u a n t i z a t io n .  ^ I n s id e  la rg e  s u p e rc o n d u c to r s  th e  m a g n e tic  f i e l d  v a n is h e s !  
th e  v e c t o r  p o t e n t i a l  A L may be w r i t t e n  a s  a  g r a d ie n t  o f  a  f u n c t io n  y5« , 
i . e . ,

/ 4 « , i  (X )  * 4 <P«(X) + /it (cx = l , r )  (45)

where S A # v a n i s h e s  e x c e p t a t  th e  s u r f a c e  la y e r s  an d  a t  th e  n e ig h b o u rh o o d
o f th e  b a r r i e r  w here th e  m a g n e tic  f i e l d  a p p e a r s .  I t  i s  u s e f u l  to  a p p ly  the 
fo llo w in g  t r a n s f o r m a t io n :

G l(x .x ')  = £«(*, x) exp f -  i ( e / c ) [ ЧЪ(х)- % (X')]J > 
F« \x, x )  = eXp(+ 21p« Xo) l+ K x  \ X; x0’ -  x0)

x e x p { -  L ( e / c ) [  (X ) t  tp« (y, ’)  ] }  >

Ъ ' ( х . х ' )  = e x p C -^ i jL L ^ x J  ф « ( х ,  x )  X0 - x j )
X e x p { -  1(е/сУ[<рч(х) + %f(x) ] }

(4 6 )
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T his t r a n s f o r m a t io n  has a  fo rm  s i m i l a r  to  th a t  o f  a  gauge t r a n s ­
fo rm a t io n ;  t h e r e f o r e ,  u s in g  th e  gauge i n v a r i a n t  s t r u c t u r e  o f  o u r a p p ro a c h , 
i t  i s  e asy  to  s e e  t h a t  i n  th e  system  o f  e q u a t io n s  f o r  th e  G reen ’ s f u n c t io n s  
o f  th e  p a r t i c u l a r  p rob lem s o n ly  сГАы o c c u r s ,  and in  th e  system  o f  equa­
t i o n s  o f th e  o r i g i n a l  p ro b lem  <fA^ and A ф(Х)  -  yV(x)_<Pr OO . ^  I n s id e  
th e  su p e rc o n d u c to rs  and ф<х s a t i s f y  f i e l d - f r e e  e q u a t io n s ,  and so  th e y
a r e  e q u a l to  th e  G reen’ s f u n c t io n  i n  th e  ab sen ce  o f  an e x t e r n a l  f i e l d  and 
w i l l  be d e n o te d  by  G0cC ’ and <6ŰC< ’ l a t e r  i n  th i s  s e c t i o n .  We in t r o d u c e  
a n o ta t io n  s i m i l a r  to  (4 5 ) ,

Oc = G0>J  t  and фа = ф01 J  + S£  } (47)

w here d'Gcx and  d a r e  th e  d e v ia t io n s  from  th e  f i e l d - f r e e  G reen’ s  fu n c ­
t i o n s .  These d e v ia t io n s  a r e  induced  by  th e  v e c t o r  p o t e n t i a l  d A *  a c c o rd in g  
to  th e  M eissn e r e f f e c t ,  and  produce th e  c u r r e n t  w hich c a n c e ls  th e  m a g n e tic  
f i e l d  i n  th e  su p e rc o n d u c to r  and s u p p l ie s  th e  c u r r e n t  in  th e  b a r r i e r .  c fA a
h a s  to  be d e te rm in e d  i n  a  s e l f c o n s i s t e n t  way a s  d is c u s s e d  b y  F e r r e l  and 

17P ra n g e . ' T h is  v e c to r  p o t e n t i a l  i s  sm a ll and th e r e f o r e  ca n  be t r e a t e d  i n  
p e r tu r b a t io n  th e o ry .

We can  c a l c u l a t e  th e  Jo se p h so n  c u r r e n t  v e ry  s im p ly  i f  we suppose1 D
t h a t  th e  phase  d i f f e r e n c e  A f  i s  s lo w ly  v a ry in g  in  the  b a r r i e r .  I n s e r t i n g  
(4 6 ) in to  (41b) and r e p la c in g  A<p(x‘)  by A p Cx )  , we have th e  fo rm u la  f o r  
th e  Jo sep h so n  c u r r e n t  d e n s i t y :

j j ( - x )  = e x p ( 2 e i ( c ' ,A jp ( x )  + Vx0)} х Т ф 0/Г' ТфоХ’ -  ( r ~ t  )  C^8)

At ze ro  a p p l ie d  v o lta g e  t h i s  fo rm u lá  becomes more sim ple  a s  ( B l l )  h a s  been  
s im p l i f i e d  t o  (В 12):

Jj ( X ) =  Jj ( x )  Ы п [ ^ ( е / с ) А  pCx)] , (49)

w here some p a r t  o f  th e  p h ase  s h i f t  A <p i s  due to  the  m a g n e tic  f i e l d  a t  th e  
j u n c t io n .  I f  A  <p changes by  ( J c / e ) n  where n = + 1, + 2 . . . ,  th e  Josephson ., 
c u r r e n t  d e n s i ty  does n o t a l t e r .

We w i l l  t r e a t  th e  c o n n e c tio n  betw een th e  d i r e c t i o n  o f  th e  Jo se p h so n
c u r r e n t  and th e  m ag n e tic  f i e l d  e n c lo se d  by th e  ju n c t io n  w h ich  has  b een  d i s -

19c u s se d  by A nderson . 7 In  F ig .  6 we h av e  i l l u s t r a t e d  a j u n c t io n  and th e  
p e n e t r a t i o n  o f  th e  m ag n e tic  f i e l d  i n t o  i t .  The p e n e t r a t io n  d e p th s  a re  d e n o t­
ed  by A£ and Ar , r e s p e c t i v e l y .  The m ag n e tic  f i e l d  may be found fro m  th e  
m a g n e tic  f i e l d  H /w h ic h  i s  d i r e c te d  a lo n g  th e  a x is  у  / \

Ax ( x, z )  =y^ H4 ( x, z )  dz  ( 5 0 )
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The a p p r o p r ia te  t r a n s fo rm a t io n s  d i s c u s s e d  b e fo re  a re  d e te rm in e d  
b y  th e  f u n c t io n s

X  / • *  r ° °

'Pc ( x )  ~ d x  d z .H  ( x , z )  and tpr ( x ) =  /  d x  d z H 4 ( x , z } > ( 5 l)
Jxo Jo J  xo Jo 7

w here X 0 d e te rm in e d  th e  boundary  c o n d i t io n  f o r  th e  r e l a t i v e  p h a s e s .  The 
c o r re s p o n d in g  change o f  th e  phase d i f f e r e n c e  be tw een  the  p o in t s  and
i s

Д<р(хг ) -A < p(x , )  d x j  d z H v ( x , z )  = А ф н ( х г , Х ' )  ( 52)

w hich  i s  th e  m ag n e tic  f l u x  e n c lo se d  by th e  d a sh e d  l in e  i n  F ig .-  6 . The 
Jo se p h so n  c u r r e n t  i s  u n a l t e r e d  i f  th e  f lu x  ch an g es  by пфн 0 where'  ‘ IQ
фи 0 =Яс/е i s  th e  f l u x  quantum , a s  h a s  been fo u n d  by A nderson . 7 The c u r r e n t
d e n s i ty  (49) and th e  p h a s e  d i f f e r e n c e  (52) d e te rm in e  th e  t o t a l  c u r r e n t  as a
f u n c t io n  o f  th e  e n c lo se d  m ag n e tic  f i e l d ,  w hich i s  s im i la r  to  a F ra u n h o f fe r

20i n t e r f e r e n c e  p a t t e r n  fo rm u la .

I t  m igh t be e x p e c te d i th a t  a  s im i la r  in t e r f e r e n c e  e f f e c t  w ould  occu r
i n  th e  l o c a l  c u r r e n t  d e n s i ty  a t  a  f i x e d  p o in t  x  . One o f  th e  e l e c t r o n s  o f
a  tu n n e l in g  p a i r  c r o s s e s  th e  b a r r i e r  a t  p o in t  x  , bu t th e  o th e r  one c ro s s e s
somewhere e l s e  in  th e  r e g io n  o f th e  coherence  le n g th  a round  th e  f i x e d  p o in t
x  . The p h ase  d i f f e r e n c e  f o r  th e  seco n d  e l e c t r o n  m ight s t r o n g ly  v a ry  as  a

f u n c t io n  o f  th e  tu n n e l in g  p la c e  i f  th e  m ag n e tic  f i e l d  w ere s t r o n g  enough .
Then th e  in te g r a n d  o f th e  c u r r e n t  d e n s i t y  e x p r e s s io n  (37a) w ould o s c i l l a t e
a s  a  f u n c t io n  o f эс’ . I n  f a c t ,  t h i s  e f f e c t  c a n n o t be o b se rv e d  b ecau se  th e
r e q u i r e d  m ag n e tic  f i e l d  would- be com parab lé  w i th  th e  c r i t i c a l  m a g n e tic  f i e l d .

✓

7 .  THE TUNNELING HAMILTONIAN METHOD

The tu n n e l in g  H am ilto n ian  h a s  been p ro p o se d  by Cohen, F a l ic o v  and 
P h i l l i p s ^  to  d e s c r ib e  th e  e l e c t r o n  t r a n s i t i o n s  th ro u g h  th e  b a r r i e r  i n  a  phe­
n o m e n o lo g ica l way. The H am ilto n ian  c o n ta in in g  th e  f i e l d  o p e r a to r s  o f  b o th  
s id e s  o f  th e  b a r r i e r  i s

Н т = 'И Т Х',Х;С,г<*Я,1**\.г + COnj. 
д,л' '

The t r a n s i t i o n  a m p litu d e  T  in  th e  tű n n e l in g -H a m il to n ia n  m ethod h a s  b e e n  f i t ­
t e d  to  th e  e l e c t r o n  s c a t t e r i n g  a m p litu d e  c o r re sp o n d in g  to  th e  t r a n s i t i o n  from
one s id e  o f  th e  b a r r i e r  to  th e  o th e r .  A ccord ing  to  B a rd e e n 's  i n v e s t i g a t i o n s

PIw hich  a re  i n  ag reem en t w i th  our r e s u l t s ,  th e y  a re

fK x ;! , r  ( 5 J )

w here th e  ' s  a r e  th e  o n e - e le c t r o n  wave f u n c t i o n s .



The v a lu e  o f  th e  t o t a l  c u r r e n t  i s  th e  same i f  we c a l c u l a t e  from
22th e  tű n n e lin g -H a m il to n ia n  m ethod o r  from  th e  p r e s e n t  G reen’ s - f u n c t io n

m ethod. However, we need  n o t a u to m a t ic a l ly  e x p e c t c o rre sp o n d in g  ag reem en t
23in  th e  ca se  o f th e  en e rg y  d e n s i ty .
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8 . HIGHER-ORDER PROCESSES

A diagram  te c h n iq u e  i s  p rop o sed  i n  S ec. 3 w hich  i s  s i m i l a r  to  
th e  one su g g e s te d  by Jo se p h so n .^  The t y p i c a l  s t r u c t u r e  o f th e  n th - o r d e r  
d iag ram s i s  i l l u s t r a t e d  i n  F ig .  7 .

The c o n t r ib u t io n  o f th e  f o u r th - o r d e r  d iag ram s to  th e  tu n n e l in g
24c u r r e n t  h as  been c a l c u la te d  by  S c h r i e f f e r  and W ilk in s . I n  th e  p ro c e s s e s  

c a l c u la te d  by them one p a i r  h a s  b een  b ro k en  up  and two e l e c t r o n s  have tu n ­
n e le d  th ro u g h  th e  b a r r i e r .  Such p ro c e s s e s  w ere f i r s t  o b se rv e d  by T a y lo r  and

25
B u r s te in  ^ as peaks i n  tu n n e l in g  c h a r a c t e r i s t i c s .  R e c e n tly , 2 A / n  s t r u c t u r e

26has b een  o b se rv ed . These p r o c e s s e s  may be i n t e r p r e t e d  a s  th e  b re a k in g  o f  
one p a i r  and th e  tu n n e l in g  o f  n  e l e c t r o n s  i n  th e  same quan tum -m echan ica l 
p ro c e s s .

We may a rg u e  th a t  th e r e  i s  no r e a s o n  to  suppose t h a t  th e r e  would 
be a g r e a t  d i f f e r e n c e  betw een th e  a m p litu d e s  f o r  th e  b re a k  o f one o r  s e v e r a l  
e l e c t r o n  p a i r s  i n  p ro c e s s e s  of th e  same o r d e r .  The p ro p o sed  p ro c e s s  i s  th e  
b re a k in g  o f  p  p a i r s  and th e  tu n n e l in g  o f  n  e l e c t r o n s .  The v o l ta g e  th r e s h ­
o ld  o f  th e s e  p ro c e s s e s  i s  eV= 2 A C p / n )  > due to  th e  c o n s e rv a t io n  o f  en e rg y . 
The e x p e r im e n ta l r e s u l t s  o f R o c h lin  and D oug lass  ' may be i n t e r p r e t e d  as  a

2A (p /n~ )  s t r u c t u r e  in  th e  tu n n e l in g  c h a r a c t e r i s t i c s ,  a s  i s  d is c u s s e d
28e ls e w h e re .

I t  m ust be s t r e s s e d  t h a t  th e  p ro p o sed  method i s  n o t c o r r e c t  to  
any o r d e r ,  as th e  f i r s t  term  o f  th e  G reen’ s f u n c t io n  i n  th e  i t e r a t i o n  p ro c e ­
dure  g iv e n  in  S ec, 3 c o n ta in s  u n p h y s ic a l  c o r r e c t io n s  o f h ig h e r  o rd e r  to  th e  
lo w e s t n o n v a n ish in g  o n e . I t  seem s re a s o n a b le  to  suppose t h a t  i f  we c o n s id e r  
o n ly  th e  le a d in g  c o r r e c t io n s  o f  th e  h ig h e r - o r d e r  p ro c e s s e s  and n e g le c t  the  
u n p h y s ic a l  c o r r e c t io n s ,  we w i l l  o b ta in  th e  i n t e r e s t i n g  c o n t r ib u t io n s  o f 
th e se  p ro c e s s e s .  On th e  o th e r  h an d , th e  a m p litu d e s  o f  th e  h ig h e r - o r d e r  c o r ­
r e c t io n s  s t r o n g ly  d e c re a s e  as  th e  o rd e r  i n c r e a s e s .  T h e re fo re  th e  p ro c e s s e s  
o f t h i s  ty p e  may be much more i n t e n s iv e  i f  th e  - t r a n s i t i o n s  o f  th e  e l e c t r o n s  
th ro u g h  th e  b a r r i e r  o c c u r  a t  some im p e r f e c t io n s  of th e  b a r r i e r .  I n  th e  l a s t  
case  o u r  app roach  c a n n o t be a p p l i e d .
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9 . CONCLUSION

A m any-body t r e a tm e n t  o f th e  tu n n e l in g  p ro c e s s e s  h a s  been  e la b o r ­
a t e d .  The p r e s e n t  ap p ro ac h  h a s  d e a l t  w ith  th e  b e h a v io r  o f th e  e l e c t r o n s  i n  
th e  b a r r i e r ,  a s  w e l l .  The G reen ’ s f u n c t io n s  have b een  c a l c u la te d  by an 
i t e r a t i o n  p ro c e d u re . The c o n t r ib u t io n s  to  th e  G reen ’ s f u n c t io n s  i n  th e  lo w e s t 
ap p ro x im a tio n  m ig h t be c l a s s i f i e d  in t o  th r e e  d i f f e r e n t  g ro u p s :

(1 ) The tu n n e l in g  te rm  <fGr w hich d e s c r ib e s  th e  e l e c t r o n  t r a n s i -
29t i o n  th ro u g h  th e  b a r r i e r  ' ;

и
( 2 )  The r e n o rm a l iz a t io n 'te rm  cTGn f o r  th e  m e ta l on one o f  th e  

s id e s  due to  p re s e n c e  o f  th e  m e ta l on th e  o p p o s ite  s id e ;  and

( 3 )  The te rm  <fG$ due to  n o n o r th o g o n a l i ty  and n o n co m p le te n ess  
o f  th e  wave f u n c t i o n s . ^  These te rm s a r e  d ep en d en t on th e  c h o ic e  o f th e  s t e p  
f u n c t io n s  in t ro d u c e d  i n  S e c . 2 . These te rm s  have b een  n e g le c te d .

We have fou n d  t h a t  o n ly  th e  te rm  o f th e  f i r s t  type g iv e s  c o n t r ib u ­
t i o n s  to  the  c u r r e n t  d e n s i ty  i n  th e  b a r r i e r .  We may conclude  t h a t  our ap ­
p ro a c h  com puting th e  c u r r e n t  d e n s i ty  i s  c o r r e c t  to  o rd e r  . The ad v an tag e
o f  w orking w ith  th e  c u r r e n t ,  d e n s i ty  o c c u rs  i n  th e  co n seq u en t t r e a tm e n t  o f  
th e  e le c tro m a g n e tic  p r o p e r t i e s  o f  Jo se p h so n  ju n c t io n s .

In  a few  c a s e s ,  th e  d e s c r ip t i o n  o f th e  e l e c t r o n s  i n  th e  r e g io n
o f th e  b a r r i e r  i s  v e ry  im p o r ta n t .  One o f  them i s  th e  g e o m e tr ic a l  re so n an ce

31e f f e c t  d is c o v e re d  by Tomasch where th e  s u r fa c e  and the  b o u n d ary  e f f e c t s  
p la y  im p o rta n t r o l e s .  T his m ethod may be v e ry  p o w e rfu l in  th e  d i s c u s s io n  
o f . t h i s  e f f e c t ,  b eca u se  th e  boundary  and s u r fa c e  e f f e c t s  co u ld  be ta k e n  in t o  
a c c o u n t i n  th e  s o lu t i o n  o f  th e  s o - c a l l e d  l e f t  and r i g h t  p rob lem s and a  d i r e c t  
c a l c u l a t i o n  o f th e  tu n n e l in g  c u r r e n t  becom es p o s s ib le  u s in g  th e  s o lu t io n s  o f 
th e  p a r t i c u l a r  t h i n - f i l m  p ro b le m s .

R e c e n tly  some new tu n n e l in g  an o m a lie s  have been  d is c o v e re d -^  and
33 34A nderson and S u h l have c a l l e d  a t t e n t i o n  to  th e  Kondo s c a t t e r i n g  in  

th e  b a r r i e r  as  th e  p o s s ib le  e x p la n a t io n  o f t h i s  e f f e c t .  A ppelbaunr^  has 
c a l c u la te d  th e  tu n n e l in g  c u r r e n t  u s in g  th e  tu n n e l in g  H a m ilto n ia n .R e c e n tly  
Sólyom and th e  a u th o r  have a p p l ie d  t h i s  G reen ’ s - f u n c t io n  m ethod to  t h i s  
p r o b le m ,^  siumning up. a  w ide c l a s s  o f  d ia g ra m s . The r e s o n a n t  s c a t t e r i n g  on 
th e  p a ram ag n e tic  im p u r i t i e s  h a s  been ta k e n  in to  a cc o u n t by f i n d i n g  th e  s o lu ­
t i o n  o f  th e  p a r t i c u l a r  l e f t  and r i g h t  p rob lem s c o n s id e r in g  a l s o  th e  param ag­
n e t i c  im p u r i t i e s .

F i n a l l y ,  i t  h a s  b een  co n c lu d ed  t h a t  th e  p h en o m en o lo g ica l tu n n e l in g  
H am ilto n ian  can  be a p p l ie d  to  th e  c a l c u l a t i o n  of th e  c u r r e n t  i n  th o se  c a s e s  
i n  w hich th e  b a r r i e r  e f f e c t s  a re  no t im p o r ta n t .
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APPENDIX A

We h ave  d e r iv e d  th e  tu n n e l in g  te rm  o f th e  G reen ’ s f u n c t io n ,  b u t  
(26) c o n ta in s  th e  sm oo thed -ou t s te p  f u n c t io n  h( . We m ust show t h a t  <fGT 
i s  in d e p e n d e n t o f  the c h o ic e  o f h( to  a  good a p p ro x im a tio n . The fo llo w in g  
e x p re s s io n  i s  to  be c a lc u la te d :

L < f / c f h c  C y ) ] c f G T ( x ,  x ’) ,  c f  y C B  (A1)
o r  ta k in g  th e  F o u r ie r  tra n s fo rm  w ith  r e s p e c t  to  th e  tim e v a r i a b l e ,

Có’/ dht (y)]<fGT' ( x , x  ; E) ,  if L/C В ( a2)

A s tr a ig h fo rw a rd  c a l c u l a t i o n  g iv e s  th e  d e r iv a t iv e  

'< x . y ;£)*((%- % У г т \  Ll 'C y ,  }  (A3)

o r

f c / f x . y ;  £ ) (  ( S „ -  Ъ ч) / г т ) с ;  (  y .x '; £ ) - (  r — O }
O )

We e x p re s s  th e  L a p la c ia n  o p e r a to r s  by th e  in v e r s e s  o f  th e  G reen’ s 
f u n c t io n s ,  u s in g  (8 ) and ( 9) :

A 4/ 2 m  = - ( £  + ^ - V ( y ) ~  Г в ( у  ; £ ) )  + G« 1 ( у ,  E )  (a5)

& y / 2m = - ( E + ^ - V ( y ) - £,-(</; £ ) )  +G~f( y ;  E)  ,
and
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where we made use o f th e  s t r u c t u r e  o f  th e  m ass o p e r a to r " ^  and th e  arro w  
above a d i f f e r e n t i a l  o p e r a to r  i n d i c a t e s  th e  o p e ra n d .

I n s e r t in g  (A5) in to  (A4) and u s in g  ((15)» we g e t  th e  fo l lo w in g
fo rm u la :

[ó/(ff>c(y)]<fG r ' (x y ;E )  = fGe'(x,y\E)D'.(y,x‘)-De(x,y')Gr '(ii,x")} c}

= [cS/Jht ( y ^ ]c fG TiX} ( x , x /  £ ) ,
(  Аб)

where we have in t ro d u c e d  th e  new n o ta t io n  

<fGr>1> ( x , x ' t £ )  =f{Gc'Cx, l)  ; E)Dr (q , x ’) -  D( ( y , x ) G ^  ( x , y ; E ) } x h l ,(y)d3y - ( r ^ ( ) .

■Л
We may co n c lu d e  t h a t  1 dGT co u ld  be c u t  in to  two p a r t s

• A / S  XV t

<fGT —<fGT,D and d G Ti о . . The f i r s t  te rm  c o n t r ib u te s  d i r e c t l y  to
th e  p h y s ic a l  q u a n t i t i t e s  e . g . ,  c u r r e n t  d e n s i ty  , b u t  th e  second one i s  /\
s i m i l a r  to  cfGD , w hich i s  due to  th e  b re a k  o f  co m p le te n ess  and o r th o g o -

/ s

n a l i t y .  I n  Sec. 3 we n e g le c te d  th e  c o n t r ib u t io n  <fGB so we do th e  sameл Л
w ith  o G T D . F in a l ly  we c o n c lu d e . t h a t  cfDT i s  in d e p e n d e n t o f  th e  
c h o ic e  o f  h ( i n  t h i s  a p p ro x im a tio n .

APPENDIX В

The tu n n e l in g  c u r r e n t  can be o b ta in e d  by com puting e x p re s s io n s  
(4 1 a )  and (4 1 b ).

The G reen’ s f u n c t io n s  may be e x p re s se d  by a  com plete  s e t  o f  ap p ro ­
p r i a t e  o n e - p a r t ic l e  wave fu n c t io n s

< * .* ')*  E  ХА л ^ С Гхо - ^ ) \ к ( х )  ( B1)

The s p e c t r a l  r e p r e s e n ta t io n  o f  th e  norm al and anom alous G reen’ s f u n c t io n s  
a re

G b , ; ( E ) : f d t e w ( i E c“ h

Фл*(Е)=[м exp(iEt)<fijliJ(t)=fdu>íL;---- —  + —JOi*— ^ вд (со)
у  У  t  t-CD+ie E -c o - i e  /
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* * Л Е ) * Ф х * , . ( £ )  fB3)

w here t -  X0-  Xo and

h có,* = { e x p f f t d c ^ - ^ J + l } ' 1 (B4)

Here th e  s p e c t r a l  f u n c t io n s  A x ( со) and Bx (oS) a re  r e a l .  The c u r r e n t  
d e n s i ty  may be e x p re s se d  by th e  F o u r ie r  tr a n s fo rm  o f th e  c a u s a l  re sp o n se  
f u n c t io n

Ji  ( x )  = ! i m ( C - * R ) /d zf 4 , r  f d t  e x p ( i í t ) K c  - ( x , x ' ) T l > 0 0 . (B5)
F—0 J $ J J-cxj

We c a l c u la te  f i r s t  th e  o n e - p a r t i c l e  c u r r e n t  u s in g  ( 3 7 )  and (B i ) - ( B 5) and 
in t ro d u c in g  th e  t r a n s i t i o n  m a tr ix  e le m e n ts

Ъ: = ^ \ ‘, e  ^  X-X.r =~

and

f \ , * ' ; r,C - j ' d 2f X'i> ^Xt \ ; i , r ,é  ( *  ^ =~ >, r , t  ("вt )
s

The c u r r e n t  d e n s i ty  c a l c u la te d  i n  a s t r a ig h t f o r w a r d  m anner i s

fcuC*)  = 2 /im (C-R) efdtexp Ш {Г .\ Тх> л . ЛЛ//х )  Gx'r(t)6y, e (~t) f a .  ы ~ ( г ~ 0 }

~ 2 еП?о ^C'~R ') e { \ y  7A’A; ift,r’ ^ 7x’*'» n 1(~ 2 7 ГС х >г (Е'+ O C x\ ( r ~ 0 J

= 2 i l i m ( C - R ) e f £,7yjX Tx ,v, t,n ( i d c u ] f c / c J A x 1 C c J )
F 0 I «/ ^

x —Z ^ u l ) - ( r ~ t )  J
\ E + cú - c j  + ie E + c o - c o - i t y  /

= 2 H i m  ( C - R ) e f L  Ty> s i h l r  M T x y t  f d c J A  (< J ) id o l A y  t  ( c o ) ~ ~  ° " ' ‘r  < r ~ t ) \ >  
E~o ( A . X  J  J E t c o - a f + i e  J

(B8)
where th e  f a c t o r  two i s  due to  th e  s p in  o r i e n t a t i o n s .  F in a l ly  we have

j N, i M  =~  /г, ту , x : i , t , r ( * )  h .У,-r,tJ d < + > ^ A X ir( c J )J d c ^ A ^ 1( ° > )  - ~+ cj Z ^ j t i e  j  (B9)
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o r

Ín,Д * ) -  i.t.rWTx'^.r cjdoiAx r (bj)A)i-'l (cJ)(n0yiC-nCj,r')- (B io)

The Jo se p h so n  c u r r e n t  d e n s i ty  can be c a l c u la te d  i n  a  s im i la r  way and the  
r e s u l t  i s

Jj,i ( x ) = - /f-eIm lexp{2 ie(c ,A<p-f-V)<() } r .  Tyy ,  Cr,(x)Tx y . rC fdco"Bx r (cj)jdcoB x - c (cd) x
1 Ä’x "  ' " J  ' J  ’ ( B l l )

—- -  ■ co--rJ =J$ ,v(x)sin[2e(c~'A<pi-Vx0)]  + J v(x)cos[2e(c'Ap + И*0)/,
си -со t i e  J 1,1
where we have in t ro d u c e d  th e  n o ta t io n s  (4 2 ) and (43)  and th e  a m p litu d e s  

Jsv and Jc v .

At zero  a p p l ie d  v o l ta g e  we have a much more sim p le  e x p r e s s io n  o f  
th e  Jo se p h so n  c u r r e n t

Jj.i ^esin[(2e/c)A<p]{ll̂ Tx_л .,■ ( r (x)Tx>V;r,jdcJB x>r(cd’)JdcdBx, e( с о ^B12^

where /?to= пЫг= П(о[ and Jj  Q > О
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