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ABSTRACT

The tim e-dependant t r a n s i t i o n  p r o b a b i l i t y  f o r  l i n e a r  photo-  
e l e c t r o n  e m is s io n  i s  c a l c u la t e d  and th e  exact  s o lu t io n  o f  th e  equa
t i o n  o f  motion i s  g iv e n .  I t  shows an o s c i l l a t i n g  c h a ra c te r  o f  double 
l i g h t  frequency  w ith  e x p o n e n t ia l ly  d e c r e a s in g  am plitude.

РЕЗЮМЕ

Была определена вероятность перехода линейной фотоэлектронной 
эмиссии с помощью точного решения уравнения движения оператора плотно
сти . Оказалосьэ что вероятность перехода носит колебательный характер 
с двойной световой частотой и экспоненциально убывающей амплитудой.

KIYONAT

L in e á r i s  f o t o e le k t r o n m is s z ió  átm eneti v a ló s z ín ű s é g é t  határoz
tuk  meg a sű r ű sé g o p e r á to r  m ozgásegyenletének  egzak t m ego ldásáva l.  Az 
átm en eti v a ló s z ín ű s é g  k é t s z e r e s  f e n y fr e k v e n c iá ju  o s z c i l l á c i ó t  mutat, 
amelynek am p litú d ó ja  id őb en  e x p o n e n c iá l is a n  csökken.



The p h o t o n  concep t  was i n t r o d u c e d  in to  p h y a i c s  by E i n s t e i n ' s  
i n t e r p r e t a t i o n  o f  the  p h o t o e l e c t r i c  e f f e c t .  R ecen t  deve lopm en ta  in  
the  t h e o r y  o f  t h i s  e f f e c t ,  however,  h ave  made i t  c l e a r  t h a t  i t s  th e 
o r e t i c a l  e x p l a n a t i o n  does n o t  r e q u i r e  q u a n t i z a t i o n  o f  the e l e c t r o 
m a g n e t i c  f i e l d .  A l l  the e x p e r i m e n t a l  phenomena c a n  be d e s c r i b e d  by a 
s e m i c l a s s i c a l  t h e o r y  in  w hich  the e l e c t r o m a g n e t i c  f i e l d  i s  t r e a t e d  
c l a s s i c a l l y ,  w h i l e  on ly  th e  m a t t e r  i n t e r a c t i n g  w i t h  e l e c t r o m a g n e t i c  
r a d i a t i o n  i s  t r e a t e d  quantum m e c h a n i c a l l y .  This  s e m i c l a s s i c a l  theory  
a c c o u n t s  f o r  t h e  r e l a t i o n s h i p  between p h o t o c u r r e n t  and l i g h t  i n t e n s i t y  
b o t h  f o r  l i n e a r  and  h i g h e r  o r d e r  p h o t o e l e c t r i c  e f f e c t s ,  as  w e l l  as 
f o r  i,he E i n s t e i n  r e l a t i o n  be tw een  e l e c t r o n  ene rgy  and l i g h t  f r eq u en cy  

[1 ] , [2] -

The w i d e l y  used p h o t o d e t e c t o r  model c o n s i s t s  of  a l a r g e  num
b e r  o f  c o m p l e t e l y  i n d e p e n d e n t  atoms.  Each  atom h a s  one e l e c t r o n ,  and 
f o r  t h e  sake o f  s i m p l i c i t y  we c o n s i d e r  th e  p rob lem  to  be one dimen
s i o n a l .  The atom h a s  a g round  s t a t e  |g> and a s e t  o f  q u a s i - c o n t i n -  
uous e x c i t e d  s t a t e s  | )o , which a r e  n o rm a l ize d  i n  n l e n g t h  L very
l a r g e  compared to  atomic d i m e n s i o n s ,  so t h a t  t h e  l e v e l s  a pp rox im a te  
to  a con t inuum  when L t e n d s  toward i n f i n i t y .

The a toms a re  i l l u m i n a t e d  by a  c l a s s i c a l ,  monochromatic  e l e c 
t r o m a g n e t i c  f i e l d ,  f o r  w hich  the  e l e c t r i c  f i e l d  i s

E ( t )  = E0 cosai t  / 1 /

T r a n s i t i o n s  f rom the  g round s t a t e  |g> to  any o f  the  |k> s t a t e s  
u n d e r  the  i n f l u e n c e  of  i n c i d e n t  l i g h t  g i v e  r i s e  t o  the e m i s s i o n  of  
p h o t o e l e c t r o n s .  The H a m i l to n i a n  f o r  t h e  e l e c t r o n  i n t e r a c t i n g  w i th  the 
e l e c t r o m a g n e t i c  f i e l d  i s

H = Ho -  e E ( t ) x  / 2 /

where HQ i s  t h e  u n p e r t u r b e d  atomic  H a m i l to n i a n ,  x i s  t h e  c o o r d ln a t  
o p e r a t o r  of  the  e l e c t r o n  and  e i s  i t s  c h a rg e .  Here only t h e  e l e c - '



-  2 -

t r i e  d ip o le  part o f  the in t e r a c t i o n  i s  tak en  in to  a cco u n t ,  because  
atomic d im ensions are  very s m a l l  compared to  the w avelength  o f  l i g h t .  
S p a t ia l  v a r i a t i o n s  o f  l i g h t  w i t h in  the atom as w e l l  a s  r e ta r d a t io n  
and m agnetic  e f f e c t s  are n e g le c t e d .  This approxim ation  s i m p l i f i e s  the 
c a l c u l a t i o n s  f u r t h e r .

I t  i s  co n v en ie n t  to  go in to  the in t e r a c t io n  p ic tu r e ,  in  which 
the I n t e r a c t io n  p a r t  o f  the H am ilton ian  becomes:

V (t)  = -  e x ( t ) E ( t )  / 3 /

where

x ( t )  = e x p | i  HQt j  > К "о* /4 /

The n onvanish ing  m a tr ix  e lem en ts  o f /3 /  are

<k1V ( t ) 1g> = -  e x k g E(t) e x p | i  ek t j /5 /

and

< g |V (t ) |k >  = -  e x k E (t)  e x p j -  ^ ek t j /6 /

where ek i s  the energy o f  th e  к 
t i v e  to  the ground s t a t e .

- t h  e x c i t e d  s t a t e measured r e l a -

Por the d e s c r ip t i o n  o f  the t r a n s i t i o n  we use  the d e n s i t y  ma
t r i x  form alism . The d e n s i ty  m a tr ix  of p h o to e le c tr o n s  obeys the fo l lo w in g  
eq u a t io n  o f  motion i n  the i n t e r a c t i o n  p i c t u r e :

i f i  p ( t ) = V ( t ) ,  p (t )J /7 /

the form al s o lu t io n  o f  which i s :

t
p ( t )  = p(O) -  £  j  d t '  [ v ( t ')  , p ( t ') ]

о
/8 /

I t  i s  c o n v en ie n t  to  s u b s t i t u t e  / 8 /  
form o f  the  e q u a tio n  o f  motion f o r

in to  / 7 /  to o b ta in  a more u s e fu l  
the f o l lo w in g  c a l c u la t io n s :

ifi p(t ) = [ v ( t ) ,  p(O)] -
c

d t ' |v ( t ) ,  [ v ( t ') , p ( t ' ) ] j  /9 //9 /
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I n  what f o l l o w s  we ig n o re  t r a n s i t i o n s  between the e x c i t e d  s t a t e s ,  be
cause  we a r e  i n t e r e s t e d  i n  i o n i z a t i o n  p r o c e s s :  i . e . w e  assume

pk , k '  *  6k , k '  *

B efo re  go ing  i n t o  the  d e t a i l s  o f  the c a l c u l a t i o n  we b r i e f l y  
r e c a l l  the r e s u l t s  o b t a i n e d  by the  t i m e -d e p e n d e n t  p e r t u r b a t i o n  th e o ry  
i n  lo w es t  o r d e r  on the g round  o f  the above a s s u m p t io n s  [ l ]  . We
b e g i n  by d e f i n i n g  the  t o t a l  p r o b a b i l i t y  P ( t )  o f  f i n d i n g  a p h o to 
e l e c t r o n :

p ( t > -  I 1 10/

We o b t a i n  from /91  , t o  t h e  low es t  o r d e r :

e 2E2
pk , k ( t ) ~  ¥  |xk , g ! 2 6 ( ek " * “ ) •*

so /10 /  t a k e s  the  time p r o p o r t i o n a l  form

/ 11 /

/ 1 2 /

/13 /

Here  a(hw) i a  the  number o f  s t a t e s  p e r  u n i t  ene rgy  range  c a l c u 
l a t e d  a t  r e s o n a n c e .  I t  s h o u ld  be n o t e d  t h a t  an e l e c t r o n  w i l l  be ex
c i t e d  on the  к - t h  l e v e l  o n ly  i f  = fuo . We deno te  by A = e-̂  
t h e  ene rgy  o f  th e  f i r s t  e x c i t e d  s t a t e  o f  th e  q u a s i c o n t i n u o u s  s pec t rum .  
T h i s  i s  the i o n i z a t i o n  e n e r g y  o f  the atom o r  the  work f u n c t i o n  o f  the 
p h o t o d e t e c t o r .  M easur ing  the  k i n e t i c  e n e r g y  E > 0 of  the  l i b e r a t e d  
e l e c t r o n  from th e  i o n i z a t i o n  en e rg y ,  we o b t a i n  f rom the  argument of  
t h e  6 f u n c t i o n  i n  /11 /  -ftm =A+E, which i s  the well -known E i n s t e i n  
p h o t o e l e c t r i c  f o r m u l a .  I t  w i l l  be n o t i c e d  t h a t  /1 2 /  i s  p r o p o r t i o n a l  
t o  the  l i g h t  i n t e n s i t y .

In  most  t i m e -d e p e n d e n t  p rob lems  one i s  c o n t e n t  w i th  a r e s u l t  
l i k e  /12 /  . But  because  o f  the  s i m p l i c i t y  o f  o u r  p h o t o d e t e c t o r  model 
i t  i s  p o s s i b l e  to  c a r r y  o u t  the  c a l c u l a t i o n  to  a l l  o r d e r s  i n  the  p e r 
t u r b a t i o n ,  i . e .  to  i n t e g r a t e  /9 /  e x a c t l y .  We b e g i n  by n o t i n g  t h a t  
P ( t ) ,  as  d e f i n e d  i n  /10 /  , obeys the  f o l l o w i n g  e q u a t i o n  o f  mot ion  
t a k i n g  i n t o  a c c o u n t  / 9 /  :

P ( t )  = Yl  t

where

Yi = 2jl
h o(fuj) * 4

к , g 1
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Т Г 1 ■ I *(- f i)2 I <k l[v ( t >' $ p ( f j k> / 1 4 /

o r  w r i t i n g  o u t  the commutator  e x p l i c i t l y  

t
dP(t~)

d t -  -  ^  J ä t ' I (Vglt) V<,>KCt'> ck , * ( t ' ) * Vk . 9 C t- )  Vg .» ( t ) '

: , g ( t , )  ‘W * ’» v g . k ( t )  -  V g ( t )  V 9 ( t - )  V9 . k C t 0 }

/ 1 5 /
S ince  = 1 / t h e  sys tem 1в i n i t i a l l y  i n  the g round s t a t e /  and
P (t) - 4  - £ Pkfk(t) , where a l l  the  Pkfk(t) -  s a r e  p o s i t i v e ,  
i t  i s  o b v io u s  t h a t  th e  pk k(t') - s must  have an upper  bound a s  
f u n c t i o n  o f  k .  When L, the  n o r m a l i z a t i o n  l e n g t h ,  t e n d s  towards  i n 
f i n i t y ,  th e  к s t a t e s  w i l l  app rox im ate  t o  a con t inuum.  Only the  i n t e 
g r a l  o f  pk k ( t )  o v e r  a f i n i t e  range  o f  ene rgy  g i v e s  r i s e  to P ( t ) .
Thus a s  l -*■ «о the  te rms i n  /15 /  i n v o l v i n g  pk k ( t ' )  can be neg
l e c t e d  i n  com par ison  to  those  i n v o l v i n g  p (t') , so from /15 /9 »9
t h e r e  r em a ins

t  e
i d t '  I  Ie xR ^ Eq | 2 c o s u t  c o s m t ' pg g ( t ' )  2 c o s - ^ ( t - t ' )  /16/
о

R e p l a c i n g  the  sum o v e r  к by an  i n t e g r a l  o v e r  e x c i t e d  s t a t e  e n e r g i e s
a c c o r d i n g  to  Z . . .  = fde o ( e )  . . .  , where a (e) has  t h e  sameк •
meaning a s  i n  /13/ ,and u s i n g  th e  f a c t  t h a t  pg ( t ' )  = 1 -  P ( t ' )  , we
o b t a i n :

d^~ t ~  = —  f d t '  i d e  o (e )  |e  xR Eq | 2 cosmt cosmt '  j ^ l - P ( t ' ) ]  ? c o s ^ ( t - t ' )  
fi J J

/1 7 /

The i n t e g r a t i o n  o v e r  e l e a d s  to  the  d e l t a  f u n c t i o n  2тгЬб(ъ -  t ' )  ,
and a f t e r  p e r fo rm in g  the t* i n t e g r a t i o n  we f i n a l l y  end up w i th  the 
s im ple  d i f f e r e n t i a l  e q u a t i o n :

= у ( l  + c o s 2 m t ) ( l  -  P(t")) , /18 /



A p a r t  f rom a n u m e r i c a l  f a c t o r ,  / 1 9 /  i s  e q u a l  t o  ДЗ/  .

The s o l u t i o n  o f  the d i f f e r e n t i a l  e q u a t i o n  / 18 / f o r  the i n i 
t i a l  c o n d i t i o n  p( o)  = о

P ( t )  = 1 -  e x p | - ^ y t  + s i n 2 w t ) j  /20/

This  s o l u t i o n  d i f f e r s  from t h a t  found by Lamb [ l ]  in  the 
o s c i l l a t i n g  e x p o n e n t i a l  te rm .  To u n d e r s t a n d  b e t t e r  i t s  p h y s i c a l  mean
i n g ,  l e t  us expand i t  a s  a power s e r i e s  i n  y ( y t  << l )  , t a k i n g  
i n t o  accoun t  o n ly  the  f i r s t  o r d e r  te rm:

P ^ \ t )  = Yt + s in2w t  /21/

Th i s  e x p r e s s i o n  c a n  be i d e n t i f i e d  w i th  the  l o w e s t  o r d e r  t r a n s i t i o n

p r o b a b i l i t y  ( t )  , and i t s  t ime d e r i v a t i v e  i s  the  p r o b a b i l i t yк f g
o f  t r a n s i t i o n  p e r  u n i t  t ime:

w.(1)
k,g (t) = dt Y (l + cos2a)t) / 2 2 /

T h i s  means p h y s i c a l l y  t h a t  th e  t r a n s i t i o n  p r o b a b i l i t y ,  and hence the  
p h o t o c u r r e n t ,  i s  a n  o s c i l l a t i n g  f u n c t i o n  o f  t i m e .  I t  o s c i l l a t e s  a t  
d o u b le  l i g h t  f r e q u e n c y  around  the  v a l u e  o b t a i n e d  i n  l o w e s t  o r d e r  p e r 
t u r b a t i o n  t h e o r y .  Eq.  /20 /  shows how the  o s c i l l a t i o n  d e v e lo p s  i n  t im e .  
The a m p l i t u d e  o f  th e  o s c i l l a t i n g  te rm e x p o n e n t i a l l y  d e c r e a s e s  w i t h  a 
t ime c o n s t a n t  т = y_1 •

We c o n c lu d e  t h a t  t h e r e  may e x i s t  a m o d u la t i o n  o f  the  p h o to -  
c u r r e n t ,  but  t h i s  t h e o r e t i c a l  p r e d i c t i o n  n eed s  more e x p e r i m e n t a l  s u p p o r t .  
We hope to r e t u r n  t o  the  p rob lem  i n  a s u b s e q u e n t  p a p e r  t h a t  w i l l  take  
i n t o  a c c o u n t  m u l t i p h o t o n  t r a n s i t i o n s  and the  t r a n s i t i o n s  between ex 
c i t e d  s t a t e s .

whe re
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