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ABSTRACT

Tha p a ra m etr ic  re s o n a n c e  i n  the  decay o f  a system su ch  as  
a p o s i t r o n iu m  i s  d i s c u s s e d .  I t  i s  shown, u s in g  W igner-W eisskopf  per­
t u r b a t i o n  t h e o r y ,  that  the  decay c o n s t a n t s  depend on the f r e q u e n c y  
o f  t h e  e x t e r n a l  p e r t u r b a t i o n .

РЕЗЮМЕ
Обсуждается параметрический резонанс в. распаде систем, 

подобных позитронию. При помощи теории возмущения Вигнера и Вайс- 
скопфа показано, что постоянные распада существенно зависят от час­
тоты внешнего возмущения.

KIVONAT

Pozi trón ium hoz  h a s o n l ó  r e n d s z e r e k  bomlásában f e l l é p ő  para­
m e t r i k u s  r e z o n a n c i á t  t á r g y a l j u k .  Megmutatjuk,  h ogy  a bom lás i  á l l a n ­
dók. l é n y e g e s  módon függenek  a k ü l s ő  p e r t u r b á c i ó  f r e k v e n c i á j á t ó l .



1.  INTRODUCTION

Let us c o n s i d e r  a s y s te m  which undergoes  a spontaneous  r a ­
d i o a c t i v e  decay o t h e r  than an e l e c t r o m a g n e t i c  t r a n s i t i o n  between the  
energy  l e v e l s .  An example i s  th e  p o s i t r o n iu m  which d e c a y s  i n t o  two or  
three  gamma quanta .  What kind o f  m o d i f i c a t i o n  in  th e  decay law can  
be e x p e c t e d  when the system undergoes  a s m a l l  c l a s s i c a l  p e r i o d i c a l  
e x t e r n a l  p e r tu r b a t io n ?  One i s  i n c l i n e d  to t h in k  t h a t  th e  s o l e  e f f e c t  
c o n s i s t s  i n  the change o f  the t ime d i s t r i b u t i o n  from a s i n g l e  e x p o n e n t ,  
c h a r a c t e r i z i n g  the decay  o f  the  ground s t a t e ,  in to  a sum o f  ex p o n e n t s

-y  t
P (fc) = l  As ) e S

each  term o f  which d e s c r i b e s  the  decay o f  a s i n g l e  s t a t i o n a r y  s t a t e .
The d ecay  c o n s t a n t s  y g are e x p e c t e d  to be th ose  f o r  the  co rr es p o n d in g  
l e v e l s ,  w h i l e  the w e ig h t s  A^, depending on the f r e q u e n c y  Í2 , c h a r a c ­
t e r i z e  the  mixing o f  the s t a t e s  under the i n f l u e n c e  o f  the p e r i o d i c  
p e r t u r b a t i o n .  The answer to be g i v e n  b e low ,  however,  d i f f e r s  from t h i s  
i n t u i t i v e  e x p e c t a t i o n  i n  th at  th e  decay c o n s t a n t s  у ч i n  the i n d i v i d ­
ual  terms Of p ( t )  turn out to depend on th e  f r e q u e n c y  i n  an e s s e n t i a l  
way. A ccord ing  to the  i n t u i t i v e  p i c t u r e  one e x p e c t s ,  f o r  example,  that  
at  about the resonance  freq u en cy  ш -шq, when the ground s t a t e  / s = 0 /  
and one o f  the e x c i t e d  s t a t e s  / s = q /  are i n v o l v e d ,  p ( t )  w i l l  c o n s i s t  
o f  two d i f f e r e n t  exp on en ts  o f  n e a r l y  eq u a l  w e ig h t .  The argument p r e ­
s e n te d  h e r e  l e a d s  to the c o n c l u s i o n  th at  a t  resonance  the d i s t r i b u t i o n  
p ( t ) i s  a s i n g l e  exponent w i t h  the d ecay  c o n s t a n t  e q u a l  to  2 _ 1 (у0 +Уд)» 
In a d d i t i o n ,  the f o l l o w i n g  two p r o p e r t i e s  w i l l  be i n d i c a t e d :  when the  
e x t e r n a l  p e r t u r b a t i o n  g o es  to z e r o ,  the e f f e c t  d i s a p p e a r s  at  a s m a l l  
but f i n i t e  v a l u e ,  and the s t a t i s t i c s  o f  th e  counts  o f  the decay p rod u cts  
d i f f e r  from the P o i s s o n  d i s t r i b u t i o n .

2 .  THE EXPONENTIALLY DECAYING COMPONENTS

In order  to  i d e n t i f y  the  e x p o n e n t i a l l y  d e c a y i n g  s t a t e s  o f  the 
system the  p e r t u r b a t i o n  th eory  o f  Wigner and Weisskopf  [ l ]  w i l l  be ap­
p l i e d .  O r i g i n a l l y  t h i s  method was c o n c e iv e d  to t r e a t  th e  n a t u r a l  broad­
en in g  o f  s p e c t r a l  l i n e s  ob served  when the accu rac y  o f  the f r e q u e n c y
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measurement i s  o f  the ord er  o f  у . A ccord ing to  the u n c e r t a in t y  r e l a ­
t i o n  Aft . At = 1 , such an a ccu r a c y  in  the fr e q u e n c y  r e q u ir e s  the
d e te r m in a t io n  o f  the wave f u n c t io n  f o r  tim es ab ou t у_1 > w hich  i s  
beyond the p o s s i b i l i t i e s  o f  the t im e-d ep en d en t  p e r t u r b a t io n  theory  o f  
D ir a c .  L ater  [2] the method was u sed  i n  the d e te r m in a t io n  o f  expo­
n e n t i a l l y  'd e c a y in g  яmbi n a t io n s  o f  K° meson s t a t e s ,  and t h i s  i s  the 
a s p e c t  to  are  i n t e r e s t e d  i n .

The d e c a y  ra te  i n  a sm all i n t e r v a l  a f t e r  the i n i t i a l  time can  
be c a l c u la t e d  u s in g  tim e-d ep en d en t p e r t u r b a t io n  th e o r y .  T h is  c a l c u la ­
t i o n ,  however, l e a d s  to a unique d e ca y  law o n ly  i f ,  in  the cou rse  o f  
the decay, th e  change o f  the  o r i g i n a l  s t a t e  i s  l i m i t e d  to a d ecrease  
o f  the norm. T h is  c o n d i t io n  i s  met i n  the case  o f  w e l l  s e p a r a te d  s t a ­
t io n a r y  s t a t e ,  b u t  when l i n e a r  co m b in a t io n s  are in v o lv e d ,  th e  change o f  
th e  norm i s  u s u a l l y  accompanied by d i s t o r t i o n  o f  the l i n e a r  combina­
t i o n .  E x p o n e n t ia l ly  decay ing , com ponents are th o se  l i n e a r  c o m b in a t io n s  
f o r  which su c h  d i s t o r t i o n s  are a b s e n t .  They can  be d e term ined  us ing  
W igner-W eisskopf p e r tu r b a t io n  th e o r y .  S ince we n eed  the e q u a t io n s  o f  
th e  method i n  a s l i g h t l y  more g e n e r a l  form than th ey  are u s u a l l y  p r e ­
s e n t e d ,  the main s t e p s  o f  the d e r i v a t i o n  w i l l  now be g i v e n .

The H a m ilto n ia n  o f  the s y s te m  ,1з the sum 

"3t= и + w ( t ) + V  = H (t)  + V

where V 
w i l l  be 
t io n a r y  
s a t i s f y

d e s c r i b e s  the d eca y  and W i s  the e x t e r n a l  p e r t u r b a t io n .  I t  
assumed th a t  the decay  p r o d u c ts  are i n s e n s i t i v e  to  W. The s t a -  
s t a t e s  4* and '-p o f  the d e c a y in g  sy ste m  and th e  decay p r o d u c tsci £
the S ch rö d in g er  e q u a t io n s

f  = %  = e ^

The in d e x  e r e p r e s e n t s ,  b e s i d e s  the c o n t in u o u s  en erg y  v a r i a b l e ,  
a l l  the quantum numbers which are n e c e s s a r y  to  s p e c i f y  th e  s t a t e s  o f  
th e  decay p r o d u c t s .

Let ф. ( t )  = U ( t . ) ф ( 0  be th e  wave f u n c t io n  in  th e  i n t e r a c t i o n  
p i c t u r e .  The u n i t a r y  o p e r a to r  U f t )  s a t i s f i e s  th e  eq u a t io n

Ű ( t ) =  - i H ( t ) U ( t )  ; U ( O )  =  1 

The t im e-d ep en d en t S ch r ö d in g e r  e q u a t io n  can be w r i t t e n  as

Эф.
= V± (t) ф±i

a t / 1 /
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where

v i ( t )  = u ( t )  v  u ( t ) / 2 /

The s u b s t i t u t i o n  o f  t h e  e x p a n s io n

ф . ( 0  = I C'(t) + I c (t) f
a e

i n t o  ( 1 )  l e a d s ,  i n  th e  lo w e s t  order  o f  V, to  

i  Ő ' ( t )  = I Ce ( t )  < a | v i ( t  ) |e>
G

i  c e ( t )  = I c ' ( t )  < e I V . ( t ) | a >c. ci -L

/ 3 /

/ 4 /

I n tr o d u c i n g  (2 )  i n t o  ( 4 )  and i n t e g r a t i n g ,  we have 
t

iC(. ( t  ) = У <e IVI b >  ̂ e i e t  <b | u ( t ' )  |a> C^(t ')  d t ' / 5 /
ab ^

E q . (3 )  can be p r e s e n t e d  in  the  form

i c ' ( t )  = I - i e t £ < a | u ( t ) | c >  < c | v | e >  C ( t ) / 6 /

Now the f o l l o w i n g . t h r é e  s t e p s  a r e  to  be made:
-  in t r o d u c e  (5 )  i n t o  ( 6 ) ,
-  make t h e  s u b s t i t u t i o n

- f i y  + i t )  t
C ' ( t )  = e У2 У C ( t )d a.

w ith  c o n s t a n t  у and у , and
-  change th e  i n t e g r a t i o n  v a r i a b l e  t '  in to  t - t '  . 
As a r e s u l t  we a r r i v e  a t  the e q u a t io n

( i y  + i t )  C ( t )  -  C ( t )  = I < a | u ( t ) | b 2> <b1 | u ( t ) | b 3>
U  '  ЬЬ1Ь2Ь3

. I <b3 |D ( e - t ) | b >  <b2 | v | e >  < e | v | b 1> Cb Ct)
where

<b3 I D (e -y ) |b> = \ d t ' . e
- i  ( e - t  + 4 y ) t '

< b J u ( - t ' )  |b>

/ 7 /

For s u f f i c i e n t l y  l a r g e  v a lu e s  o f  t  the q u a n t i t y  on t h e
r i g h t  hand s i d e  o f  t h i s  e q u a t io n  i s  independent  o f  t h e  time t  , s in c e
the m atr ix  e lement  <b3 | u ( - t ' )  |b> i s  a sum of p e r i o d i c  term,  and
u s in g  t h e  r e l a t i o n  [J] 

t
e ~ i ( x + i y ) t ' d t , = f f6(x)  _ i  p I

term by term the t-dependence disappears.
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The f i n a l  s t e p  c o n s i s t s  in  a v e r a g in g  (7 )  o v e r  a tim e i n t e r v a l  
T w hich i s  la r g e  compared t o  th e  p e r io d s  c h a r a c t e r i z i n g  the  m otion  
o f  the d e ca y in g  s y s t e m ,  but s m a l l  compared to  the l i f e t i m e .  The aver­
age o f  c a ( t ) i s  z e r o ,  and we g e t

( k y  + i y ) c  = l  < a | u ( t ) | b 2> < b 1 | u ( t ) | b 3> .
\ ' b b , b 0b.,

1 2 J  / 8 /

• I <b3 I D ( e - y ) I b> < b 2 | v | e >  < e | v | b - ^ >
£ +

I t  i s  assumed th a t  th e  a v era g e  o f  the p r o d u ct  <U> <U> i s  in d e ­
pendent o f  the t im e ,  so  th a t  t h e  CQ - s  a r e  c o n s t a n t s  and t h e r e f o r e  
d eterm in e  the l i n e a r  co m b in a tio n s  d e c a y in g  e x p o n e n t ia l l y  ov er  tim e  
i n t e r v a l s  T. When th e  a v era g e  i s  time d ep en d en t ,  no e x p o n e n t ia l l y  
d e c a y in g  com b in ation s  can be s e l e c t e d .

In the l i m i t i n g  c a s e  W = 0

-im t
<a | u ( t )  I b >  = e a 6 a b

T herefore

— T--------------------------------------------- ~ 4 % 7 % J E
< a | u ( t ) | b 2> <b1 |U ( t ) |b ^ >  = 6ab2 6bib3 • e

Г 6, , i f  ш Ф
b 2b l  b 2 b l

-  «ab2 • \ b 3 • •
1 i f  0), = Ш.

 ̂ b 2 bl

S u b s t i t u t i n g  t h i s  i n t o  (8 )  one f in d s  t h a t  f o r  a n on degen erate  
sy stem  the  e x p o n e n t ia l l y  d e c a y in g  components are t h e  e i g e n s t a t e s  f a , 
w h i le  i n  the d e g e n e r a te  c a s e  the e x p o n e n t i a l l y  d e c a y in g  components  
are d e f in e d  by a n o n h e rm it ia ü  e ig e n v a lu e  e q u a t io n .

In the n e x t  s e c t i o n  e q . ( 8 )  w i l l  be a p p l i e d  to  the c a s e  o f  
d ecay  in  a p e r i o d i c a l  e x t e r n a l  f i e l d  i n  th e  f o l l o w i n g  way: F or  any g iv  
en freq u e n c y  th e  e i g e n s o l u t i o n s  o f  ( 8 )  w i l l  be assumed to  d e c a y  accord  
in g  t o  th e  e x p o n e n t ia l  la w , w ith  a d e c a y  c o n s ta n t  equal t o  th e  r e a l  
p a rt  o f  the c o rr esp o n d in g  e ig e n v a lu e  / s e e  eq . ( 1 6 ) / .  The w e ig h t s  o f  
t h e s e  exponents  w i l l  be g i v e n  by the p r o j e c t i o n  o f  the i n i t i a l  s t a t e  
o f  th e  system  on th e  co rresp o n d in g  e i g e n s o l u t i o n  / e q s . ( 17) and ( 1 8 ) / .
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5 . THE RESONANCE IN THE DECAY LAW

I f  an e x t e r n a l  f i e l d  i s  p r e s e n t  the  most i n t e r e s t i n g  ca se  oc­
c u r s  when the freq u en cy  i s  near a r e s o n a n ce .  To ap p ly  (8 )  an e x p r e s ­
s i o n  fo r  < a |u (t ') |b >  i s  needed which can be used  a t  the re so n a n ce .

Let i(ja ( t )  be th e  s o l u t i o n  o f  th e  eq u a t io n

i  I I  = H (t) ф 191

s a t i s f y i n g  the i n i t i a l  c o n d i t io n

Ф (a\ o )  =

Then

<b I U (t) I a> = (fb/ ф(а\о )

i . e .  p a r t i c u l a r  s o l u t i o n s  o f  (9 )  are n e c e s s a r y  to  c o n s tr u c t  и

In the  f o l l o w i n g  we c o n f in e  o u r s e lv e s  to  th e  ca se  o f  a tw o-  
l e v e l  system  and to  an e x t e r n a l  p e r tu r b a t io n  o f  th e  form

<a IW (t) |b> = (l “ <5ab) Wab g1 (̂ *-+ f ) + e-i(i2t+f)J

Eq. (9 )  can be w r i t t e n  as 
f i  (ш -to1+í2)t+ilf i  (ш -ш-, -ft) t - i ' f  1

L C o ( t )  “  I е  ^  °  + e  1 '  J  W o l  C . C t )
, , . , ч л /Ю /

i(w ,-to  + f t ) t+ if  i i u . - m  - f t ) t - i f  W, C ( t )  
iC 1 ( t )  = e 1 °  + e 4 1 °  Ю о

The c ^ i t )  - s  are  d e f in e d  by

Ф ( t )  = I c a ( t )  e ^
U sing th e  s u b s t i t u t i o n

c  ( t )  = e - i <a “ + v >t  CSi ci
where C , v are  c o n s ta n t s  and ш = fi -  (ш. -  w ) i s  th e  d e v ia t i o nо. X О
from the reson an ce  f r e q u e n c y ,  (1 0 )  can be brought in t o  th e  from

i fe W , C, = vC o l  1 о

e ~llf Wlo  Co " шС1 = vCl  I

/11/
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Quickly  o s c i l l a t i n g  terms have been omitted. ,  because  a t
to = О th e y  le ad  to  sm a l l  c o r r e c t i o n s  o n ly  o f  th e  order  o f  

\ - lw > i K “ i " “о Г

The e i g e n v a l u e s  of  (1 1 )  are

. yi1
va 2 -ш + о . 1/ы2 + 4 I Wq1 I 2

w i t h  a ---- t l  . The correspon d in g  e i g e n f u c t i o n s  are g iv e n  by th e  e x p r e s -  
я ion s

=a

c o s  §
cf-)a

S l n  2 - e

. ß 
s l n  2

- i  (f+if)) cos  2

/ 1 2 /

where

M  =

t g  §  =

wo l
wo l 1

wo l '
The p a r t i c u l a r  s o l u t i o n  ij,a ( t )  can be w r i t t e n  as

*(a)( t )  = 1 C (a)( t )  e"1 % t  f b 
♦ b D

w i t h

C<aXt)  = I 5 (CT) < £ \ t )  = I e " i(bw+Va)t Ĉ 0) <£>

Therefore

™i (uv+bü)+v ) t  /_ \
<b IU ( t )  I a> = J e b 0 CÍ i  + в

Wo l 1
Ш, -  Ш1 о

Using t h i s  e q u a t io n  in  th e  lo w e s t  o rd er  we have

<b-, I D ( e - y ) Ib> = 6bb. гб (е-ш) -  i  P /1 3 /
e -  ш

I t  has been assumed t h a t  the  m atr ix  e l em en ts  o f  V and th e  s t a t i s t i ­
c a l  w e ig h ts  o f  the  f i n a l  s t a t e s  v a r y  s l o w l y  enough f o r  th e  f r e q u e n c i e s

“o'  “ l t o  be r e p la c e d  by an average  w .

Turning to  th e  t ime average  in  ( 8 ) ,  we can w r i t e
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| u ( t ) | b 2 > <b1 | u ( t ) | b 3 > =

.  T c fo,) í . <0> c ' a)£ b~ a b 0 b ,о ' а 2 3 1
e x p  1 0), “Ш,

b 2 bl + (b 2“ b l ) “ +V ” Vo

Near th e  resonance  th e  average  in  t h i s  e x p r e s s i o n  i s  eq u a l  to

6ЬХЬ2 exP 1 ( v  " /1 4 /

When |w I >> T _1 , the  t ime average  here i s  eq u a l  toО -L __ -j
& , a , but in  th e  o p p o s i t e  c a s e ,  and i n  the  i n t e r v a l  |ш| << T 
i t  i s  eq u a l  to  u n i t y .  Between t h e s e  two v a l u e s  the  average  i s  t ime  
d ep endent ,  and no e x p o n e n t i a l l y  d e c a y in g  components can be i n d e n t i f i e d .

Let us d i s c u s s  f i r s t  th e  more important  case  o f  a ’’s t r o n g ”
W, whe r.

<“ | u ( t )  | b 2 > <b1 | u ( t ) | b 3 > = бь . I c ^ c bi£(0) cCo) £(o) c (a) 
'1~2 a b l  a b3 b l  

S u b s t i t u t i n g  ( 15) and ( 15) i n t o  ( 8 ) ,  we have

(•§■ Y + 1^)с а = I c a0) • I v 6 (e -w )  -  i  P —  Iа ь аa e e - ш

/15 /

I c b ’ • H b j l v l e » ! 2 . T 0 “  c b
ь, 1 1 * ь

This e q u a t io n  i s  s a t i s f i e d  by p u t t i n g

C = C(o) a a ’• У° = I  ^  c b } Yb

where Yb i s  the  d ecay  c o n s t a n t  o f  th e  s t a t e  . U s ing  ( 1 2 ) ,  one
f i n d s  t h a t

Y °(x )  = i ( y o + YX) + §  * (yo " YX)  /16/

where

x = 2 Wol

For a s t a t e  which a t  t  = 0 i s  d e s c r i b e d  by th e  wave func­
t i o n  I c a f a » 'kke w e ig h t s  are

x
A ( x , f )  = | I  C C<0)| = | C

0 
2

'o' 2 i  + a -7---- 2
/1 + x

+ lc i ! 2 T 1 - 0 / ”T
/1+x

c c
+ 0 • í v  c o s ( ^ - f - a )

/ 17/

A -  2L+x
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where
1U

*
CoCl
C C,1 о 1 1

B e s id e s  x , the  c o e f f i c i e n t s  a q depend on ^ as w ell . .
T his  phase can be c o n s id e r e d  as  randomly d i s t r i b u t e d ,  t h e r e f o r e

2tt -v

P ( t )  = W \ pf ( t )  d f
о ‘ /1 8 /

P^Ct) = I Aa ( x , f )  e"Y ( x ) t  j 
T a

When, f o r  exam ple, the  system  a t  t  = 0 i s  in  th e  ground 
s t a t e  ( c  =1, (^=0 ) ,  the  tim e d i s t r i b u t i o n  i s  g iv e n  by

Far from th e  resonance  t h i s  i s  th e  s i n g l e  exponent e x p ( -y o t ) ,  
w h ile  a t  th e  resonance  ( x  = 0 ) i t  i s  a n o th er  s i n g l e  exponent  
е х р [ -2 - 1 (у0 + y^) t ]  . The w id th  o f  th e  reson an ce  on the  s c a l e  ш
i s  o f  the order o f  lwo l l •

The p r o b a b i l i t y  d i s t r i b u t i o n  o f  th e  number o f  co u n ts  a t  a 
tim e t  in  the i n t e r v a l  At i s  g iv e n  by

p 1 ( df .  -1Н-(-^ П*n 2 it J nl
о

With
dp.o

PW ) = -  • At

The d i s p e r s io n  i s  e a s i l y  seen  to  be

a 2 = <n> + rYV Y+t -  Y“e ' Y_tl  ( A t ) 2
2 (l+  x^) L J

which i s  la r g e r  than f o r  a P o is s o n  d i s t r i b u t i o n ,  when b o th  C0 and 
Cx are d i f f e r e n t  from z e r o .

Let us tu rn  f i n a l l y  to  th e  ca se  when |wo l | << T 1 . I f  in
t h i s  ca se  th e  same a v e r a g e in g  procedure had to  be a p p l ie d ,  as  above,
we would have a v e r y  narrow r e s o n a n ce .  However, as in d ic a t e d  b e f o r e ,
in  t h i s  ca se  th e  average  (1 4 )  i s  equal to  6^ b , t h e r e f o r e

, 1 2
I
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<a IU ( t ") I fc>2> <b1 | U ( t ) | b 3> -  6b l b 2 6b 2a 

S u b s t i t u t i n g  t h i s  and (13 )  i n t o  ( 8 ) ,  we have

+ i p ) c a = 1 1гб(е-ш) -  i  P -Д-_
4 e е-ш_

w hich  i s  s a t i s f i e d  by th e  e i g e n s t a t e s  f a and d ecay  c o n s t a n s  ya . 
T h is  means t h a t  a t  t h i s  v e r y  s m a l l  but f i n i t e  p e r t u r b a t i o n  t h e r e  i s  
no resonance  i n  the d e c a y .

The author  i s  in d e b te d  to  D r .A .F ren k e l  f o r  numerous s t im u­
l a t i n g  d i s c u s s i o n s .
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