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ABSTRACT

A co m p le te  s e t  o f  b a s i s  f u n c t i o n s  f o r  t h e  quantum m e c h a n ic a l  
t h r e e - b o d y  p ro b le m  i s  c h o s e n  i n  the  fo rm  o f  h y p e r s p h e r i c a l  f u n c t i o n s .  
These f u n c t i o n s  a r e  c h a r a c t e r i z e d  by quantum numbers  c o r r e s p o n d i n g  to 
th e  c h a i n  0 ( 6 ) d SU ( 3 )  3  О (3 )  . E q u a t i o n s  a r e  d e r iv e d  t o  o b t a i n  t h e  
b a s i s  f u n c t i o n s  i n  an e x p l i c i t  form.

РЕЗШЕ

Для квантовой задачи трех тел выбирается полная система базис
ных функций в виде гиперсферических функций. Эти функции характеризуют
ся квантовыми числами, соответствующими цепочке 0 (6)c> su(3)^ 0  (3 ). 
Получены уравнения для определения базисных функций в явном виде.

KIVONAT

A kvan tum -m echan ika i  h á r o m ré s z e c s k e -p ro b lé m a  t e l j e s  s a j á t f ü g g 
v é n y r e n d s z e r é t  h ipergömbfüggvények  a l a k j á b a n  v á l a s z t j u k  meg, am elyeke t  
a z  О ( 6 ) ^ S U  ( 3 )  z> 0 ( 3 )  l áncnak  m e g f e l e l ő  kvantumszámok j e l l e m e z n e k .  
Megadjuk a  s a j á t f ü g g v é n y e k  e x p l i c i t  a l a k b a n  t ö r t é n ő  m egha tá rozásához  
s z ü k s é g e s  e g y e n l e t e k e t .
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<-*
n = чХ1 " x 2

f o r  = 1.  At t h e  вате t im e  t  and. n have t o  f u l f i l l

| 2 + n 2 = x 2 + x 2 + x 2 = p2 / 1 . 5 /

where p i s  t h e  r a d i u s  o f  t h e  f i v e - d i m e n s i o n a l  s p h e r e .  The v e c t o r s
can  be c o n s i d e r e d  bo th  i n  t h e  c o o r d i n a t e  space  and i n  the momentum space
I n  t h e  l a t t e r  c a s e  ( l , 3 )  means t h a t  we a r e  i n  th e  c e n t e r - o f - m a s s  frame,

2
and P i s  a q u a n t i t y  p r o p o r t i o n a l  to  t h e  ene rgy .

The p e r m u t a t i o n s  mix up the components o f  t and n 
t h e r e f o r e  i t  i s  u s e f u l  to  c o n s i d e r  a s i x  d i m e n s io n a l  v e c t o r  X 
f o r  which  we h ave

and

( ; ) •

? \  Í-1/2 -/3/2\U \
л /  \ - / 3 7  2 i / г Д п  J ' / 1 . 6 /

Prom t h e s e  f o r m u l a e  i t  i s  c l e a r ,  t h a t  t h e  p e r m u t a t i o n s  a p p e a r  a s  some 
r o t a t i o n s  in  t h e  s i x  d im e n s i o n a l  s p a c e .  On the v e c t o r s  X̂  ( i  = 1,  . . .  б) 
one c a n  b u i l d  up th e  group 0 ( 6 )  , f o r  w h ich  ( l , 5 )  c a n  be c o n s i d e r e d  as 
the  i n v a r i a n c e  c o n d i t i o n .  The 15 g e n e r a t o r s  of  0 ( 6 )  a r e

a i k  = Xi  3X^ -  Xk 3X7 / 1 * 7 /

Í| к — 1j • в e f  6*

F u r t h e r ,  we i n t r o d u c e  the complex  v e c t o r s

2 = t + in  

>  -  t - i n
/ 1 . 8 /

the  p e r m u t a t i o n  p r o p e r t i e s  o f  which a r e  e s p e c i a l l y  s im p le :
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P 1 2 z = z * ' p i 3 z = z* e ~ 2137ri  , p 2 3 z = z * e 2/3Tri

*12** = 2 . p13z* = z e 2 ^3lTÍ , P23z*= z e -2 ^3lTÍ / 1 , J /

P o r  z and z* t h e  c o n d i t i o n  ( 1 , 5 )  t a k e s  the form £2 + n2 = | z | 2 = p2 , 
and c a n  be c o n s i d e r e d  as  t h e  i n v a r i a n t  o f  the g roup  SU(3) . I n  o t h e r  
w o rd s ,  on the  v e c t o r s  z , z* the g roup  SU(3) can  be c o n s t r u c t e d .  The 
SU(3) g e n e r a t o r s  a r e ,  as  u s u a l :

Ai k  i z i  Эz, l z k .  »
k 9zi /1.10/

i , k  = 1 ,2 ,3

The g e n e r a t o r s  o f  SU(3) and  О ( б )  a r e  c o n n ec ted  i n  the f o l l o w i n g  ways 

Ai k  = 2 a i k  + i (a i + 3 , k  ~ a i ,k+3  ) + a i+3,k+3 ]  / 1 - И /

1 . 2 .  C o o r d i n a t e s .  P a r a m e t r i z a t l o n

I n  o r d e r  to  co m p le te  the  p a r a m e t r i z a t i o n ,  l e t ’ s c o n s i d e r  a t r i 
a n g l e ,  the  v e r t i c e s  o f  w h ich  a r e  d e t e r m in e d  by t h r e e  p a r t i c l e s .  The s i t 
u a t i o n  o f  the p l a n e  o f  t h i s  t r i a n g l e  i n  the  space w i l l  be c h a r a c t e r i z e d  
by t h e  u n i t  v e c t o r s  ^ 2 *

*1 = *2 = 1 ' V 2 = 0 / 1 . 1 2 /
They fo rm t o g e t h e r  w i th  1 = x 12 t h e  moving c o o r d i n a t e  s y s t e m ,  the 
o r i e n t a t i o n  o f  w h ich  to  t h e  f i x e d  s y s t e m  o f  c o o r d i n a t e s  we d e s c r i b e  by 
th e  E u l e r  a n g l e s  4^, 0 , ^2 •

A1= { - s l n ,f1s i n ' f 2+ c o s ,f1cos'P2c o s 0 ; - s i n lf1c o s  f2+cos ' ^ s i n ’fjCOsOs-cos'PjSine)

£2 = { -cos ' f1s i n f 2- s i n ' f 1cos 'f2c o s 0 ; - c o s ' f 1c o s f 2+s in 'f1s i n ' f 2c o s Q ;s in ,f 1sin0}

1 = { - c o s ^ 2s i n 0 ;  s i n f 2 s i n 0 ;  -  cos0} /1 .1 3 /

V e c t o r s  ^  and  t 2 a r e  c o n n e c t e d  w i t h  z 
i n  t h e  f o l l o w i n g  way:

J .  ♦ l e ' ^  t , )  / 1 .1 4 ,

where О ^ а ^ т т  , 0 ^ X ^ 2 tt .
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The p a r a m e t e r s  X and a c h a r a c t e r i z e  th e  form o f  th e  t r i a n g l e  / e x c e p t  
t h e  s i m i l a r i t y  t r a n s f o r m a t i o n ,  which c a n  be e x c l u d e d  p u t t i n g  p = c o n s t . /  
N o te ,  t h a t  t h e  p a r a m e t r i z a t i o n  i s  c h o s e n  i n  such  a way, t h a t  we can s e p 
a r a t e  the  two p o s s i b l e  t y p e s  o f  m o t io n  o f  the t r i a n g l e :  th e  s p a t i a l  r o t a 
t i o n s  and th e  d e f o r m a t i o n s .  That  can be e a s i l y  s e e n  f o r  exam ple ,  i f  we 
r e w r i t e  v e c t o r s  f  and rj i n  the fo rm

i , -fc ^ o s  t t ♦  , i „  t2)

П = ■̂2 T ( s i n  + cos 2̂ )̂
/ 1 . 1 5 /

However,  t h e s e  e x p r e s s i o n s  c a n  n o t  be o b t a i n e d  a s  p r o d u c t s  o f  f u n c t i o n s  
o f  t h e  E u l e r  a n g l e s  and f u n c t i o n s  o f  t h e  c o o r d i n a t e s  r e l a t e d  to  the de
f o r m a t i o n s  / t h e y  a r e ,  i n  f a c t ,  sums o f  such  f u n c t i o n s / .  T h i s  f e a t u r e  
c o r r e s p o n d s  t o  t h e  c o n n e c t i o n  be tween  r o t a t i o n s  and d e f o r m a t i o n s .  To make 
the  p i c t u r e  c l e a r e r ,  c o n s i d e r  the  c a s e  o f  a n o n - r o t a t i n g  t r i a n g l e .  We 
n e e d  f o r  t h a t  p u r p o s e  the  e x p r e s s i o n s

s 2 - V ' ( l  + s i n  a sinX^

n 2 -  V ' ^1 -  s i n  a s in x )

and

= ^~2 s i n  a cosX

The a n g l e  0 b e tw ee n  v e c t o r s  £ and n

f n  = I С I I n I cos 0

/ 1 . 1 6 /

/ 1 . 1 7 /

c a n  be w r i t t e n  i n  te rms o f  t h e  v a r i a b l e s  X and a as

c o s © cosX s i n  a
~7~-------2-------2—r/1 -  s i n  X s i n  a

/ 1 . 1 8 /

N ote ,  t h a t  th e  components o f  the  moment o f  i n e r t i a  a r e

p2 s i n 2 ( | -  -  , p2 c o s 2 ( |  -  p 2 / 1 . 1 9 /

Thus i t  i s  o b v i o u s ,  t h a t ,  i f  a  = c o n s t ,  the v a r i a t i o n s  of  X l e a d  to 
such  d e f o r m a t i o n s  o f  the  t r i a n g l e ,  which  do no t  a f f e c t  the v a l u e s  of  
momenta o f  i n e r t i a .
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Let  us r e t u r n  to  t h e  p a r a m e t r i z a t i o n .  I n  some c a l c u l a t i o n s  i t  
w i l l  be u s e f u l  t o  a p p l y  z i n  the  form

where

i / 1 . 2 0 /

72$ 1 + ^ 2 )  -  vri^i ~ ^ 2 )
/ 1 . 21/

t+t_ = 1 , l\ = £2 = 0  ̂ í o = ( I + x t_ ) = - i t

The components  o f  t + and t _  can be e x p r e s s e d  i n  te rm s  o f  th e  Wigner 
D - f u n c t i o n s ,  d e f i n e d  as

DL ( f i 0f2) = e pL ( cos0) / 1 . 2 2 /

i n  t h e  f o l l o w i n g  way:

-KK - С '/ 1  -23/

Here t  and k n a r e  u n i t  v e c t o r s  c o r r e s p o n d i n g  t o  the  moving and the 
f i x e d  c o o r d i n a t e  sy s tem s  r e s p e c t i v e l y .  U s in g  the fo rm  (1 ,2 0 )  i t  i s  o b v i 
ous ,  t h a t  the components  o f  z and z* c a n  be w r i t t e n  as

ZM p ( Dl / 2 , - l / 2 ^ X' a , ° ^  D- l , M ^ l 0 ^  + Dl / 2 , l / 2  (X' a ' ° )
/ 1 . 2 4 /

1 / 2
- 1 / 2 , - 1 / 2 (л , a , o ) D1 / 2

- 1 / 2, 1 / 2 ( l / 1 . 2 5 /

*

I I .  GENERATORS AND CASIMIR OPERATORS IN TERMS OP THE ANGULAR VARIABLES.

2 . 1 .  The Choice o f  Quantum Numbers

The t h e o r y  o f  s p h e r i c a l  f u n c t i o n s ,  which fo rm  the b a s i s  i n  the 
ca s e  o f  a  two-body sys tem,  i s  w e l l  known. I f  one i n t e n d s  to d ev e lo p  an 
a n a l o g o u s  t h e o r y  o f  harmonic  f u n c t i o n s  f o r  t h r e e  p a r t i c l e s ,  i t  i s  n a tu 
r a l  t o  use  a n g u l a r  v a r i a b l e s  on  the f i v e  d i m e n s io n a l  s p h e re ,  and  con
s t r u c t  t h e  w an ted  f u n c t i o n s  i n  terms o f  t h e s e  v a r i a b l e s .

I n t r o d u c i n g  a n g u l a r  v a r i a b l e s ,  we s e p a r a t e  th e  s i m i l a r i t y  t r a n s 
f o r m a t i o n s ,  and c o n s i d e r  t h e  g roup o f  t h o s e  t r a n s f o r m a t i o n s  o n l y ,  under 
which  t h e  sum o f  s q u a r e d  c o o r d i n a t e s  o f  t h e  t h r e e  p a r t i c l e s ,  i . e .  the 
r a d i u s  o f  the f i v e  d i m e n s i o n a l  s p h e re ,  r em a in s  c o n s t a n t .
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C o n s i d e r  now a t r i a n g l e ,  t h e  v e r t i c e s  o f  which a r e  d e te rm in e d  
by t h r e e  p a r t i c l e s .  I f  we ex c lu d e  s i m i l a r i t y  t r a n s f o r m a t i o n s ,  two ty p e s  
o f  t r a n s f o r m a t i o n s  a re  l e f t :  r o t a t i o n s  in  the  o r d i n a r y  t h r e e - d i m e n s i o n a l  
s p a c e  which a r e  d e s c r i b e d  by the g roup  0 ( 3 )  , and  d e f o r m a t i o n s  o f  the  
t r i a n g l e .

Now, i t  i s  o b v i o u s ,  t h a t  d i f f e r e n t  fo rm s  o f  a d e fo rm in g ,  non
r o t a t i n g  t r i a n g l e  can  be c o n s i d e r e d  a s  .the p r o j e c t i o n s  o n to  i t s  p la n e  
o f  a l l  the p o s s i b l e  p o s i t i o n s  o f  a r o t a t i n g  r i g i d  t r i a n g l e .  Dea l ing  w i t h  
b o t h  the  r o t a t i o n s  and d e f o r m a t i o n s ,  one can s a y ,  t h a t  a l l  t r a n s f o r m a 
t i o n s  o f  a t r i a n g l e  b e s i d e s  the s i m i l a r i t y  t r a n s f o r m a t i o n s  can  be de
s c r i b e d  by th e  p r o j e c t i o n s  onto  th e  t h r e e - d i m e n s i o n a l  space  o f  a r i g i d  
t r i a n g l e  which  i s  r o t a t i n g  i n  the f o u r - d i m e n s i o n a l  sp a c e .  That  means, 
t h a t  an  a r b i t r a r y  mot ion  o f  t h r e e  p a r t i c l e s  i s  e q u i v a l e n t  to  the r o t a t i o n  
o f  a  t r i a n g l e  o f  unchang ing  form i n  th e  f o u r - d i m e n s i o n a l  s p a c e ,  and i t s  
s i m i l a r i t y  t r a n s f o r m a t i o n s .

The r e p r e s e n t a t i o n s  on the  f i v e - d i m e n s i o n a l  s p h e re  o f  bo th  t h e  
g ro u p  0 ( 6 )  and  i t s  r e d u c t i o n  to SU(3)  invo lve  th e  r e p r e s e n t a t i o n  o f  t h e  
p e r m u t a t i o n  g ro u p  S j .  T h a t ’ s why t h i s  d e s c r i p t i o n  i s  e x t r e m e l y  c o n v e n i e n t  
f o r  th e  sys tem  o f  t h r e e  e q u i v a l e n t  p a r t i c l e s .

P o r  t h e  c l a s s i f i c a t i o n  o f  a  t h r e e - p a r t i c l e  s t a t e  one needs f i v e  
quantum num bers .  Thus i t  i s  n a t u r a l  t o  d e a l  w i t h  SU(3) symmetry,  i n  c a s e  
o f  w h ich  we d i s p o s e  e x a c t l y  o f  the  n e c e s s a r y  5 quantum numbers .  We have 
to  s e p a r a t e  f rom the SU ( 3  ) g e n e r a t o r  ( 1 , 1 0 )  t h e  a n t i s y m m e t r i c  t e n s o r  -  
t h e  g e n e r a t o r  o f  the  r o t a t i o n  group 0 ( 3 )  í

J i k  2 (Aik  “ ^ i )  2 (i z i
_ i _  _ i z  _ J _  + i z * _ Э
9 zr 1Zk 3 z i  l z i  3 z £ i z* _Э

к ЭГ1 / 2 . 1 /

The re m a in in g  symmetric  p a r t

Вi k " 2 ( f i k  + \ i )  2 (l z i
3 , . 3 . # э  , * 3

3z, Zk dz. 1Z i3 z "  zk 3zT к i  к i
/ 2 . 2 /

i s  t h e  g e n e r a t o r  o f  the  g ro u p  o f  d e f o r m a t i o n s  o f  t h e  t r i a n g l e  which t u r n s  
o u t  to  be l o c a l l y  i so m o rp h ic  w i th  t h e  r o t a t i o n  g r o u p .  F i n a l l y ,  we i n t r o 
duce  a  s c a l a r  o p e r a t o r

N = £  SP A =  i  I  ( z k -  z к 3z?
/ 2 . 3 /

To c l a s s i f y  th e  t h r e e - b o d y  s ys tem ,  we choose t h e  f o l l o w i n g  quantum num
b e r s :

K, J ,  Л,  v ,  П .
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Неге К(К + 4 )  i s  t h e  e i g e n v a l u e  o f  the  L ap lace  o p e r a t o r  on the  f i v e  
d i m e n s i o n a l  s p h e r e  / q u a d r a t i c  C a s i m i r  o p e r a t o r  f o r  SU(3) / ,  J ( J  + l)
-  the  e i g e n v a l u e  o f  the  s q u a re  o f  the a n g u l a r  momentum o p e r a t o r  j 2 =
= 4 I J 2k ; M— t h e  e i g e n v a l u e  o f  = 2 J 12 and v -  t h e  e i g e n v a l u e  of  
N. A l ó  ugh N i s  n o t  a  C a s im i r  o p e r a t o r  o f  SU(3) , t h e  r e p r e s e n t a t i o n  
might  be c h a r a c t e r i z e d  by means o f  i t s  e i g e n v a l u e ,  b e c a u s e ,  a s  i t  can  be 
seen ,  t h e  e i g e n v a l u e  o f  the  C a s i m i r  o p e r a t o r  o f  t h i r d  o r d e r  can  be w r i t 
ten  a s  a  c o m b in a t i o n  o f  К and  v . / i f  t h e  harmonic f u n c t i o n  b e longs  
to  the  SU(3) r e p r e s e n t a t i o n  ( p , q )  , t h e n  К = p+q, v = (P -q )  / .

The f i f t h  quantum number  i s  n o t  i n c lu d e d  i n  any  o f  the  c o n s id 
e red  subgroups-,  we take  i t  f r o m  0 (б) and  d e f in e  i t  a s  the e i g e n v a l u e
o f  th e  o p e r a t o r

n r  I ,  J i k  Bk* J *i  = sp  JBJ1 r К f J6

This c u b i c  g e n e r a t o r  was f i r s t  i n t r o d u c e d  by Racah [16]

/ 2 . 5 /

2 . 2 .  The Lap lace  O p e r a t o r

We have now to  w r i t e  down the o p e r a t o r s ,  t h e  e i g e n v a l u e s  o f  
which we a r e  l o o k i n g  f o r .  F i r s t  o f  a l l  l e t  us c o n s t r u c t  the L a p la c e  oper 
a t o r .  We c o u ld  do t h a t  by a s t r a i g h t f o r w a r d  c a l c u l a t i o n  of

/ 2 . 6 /

but t h e r e  i s  a s i m p l e r  way. We c a l c u l a t e

dz = i  z dp -  j  z dX + ^  e _lX( l  x z*)da -  (dm x z )  / 2 . 7 /

This  r a t h e r  s im p le  e x p r e s s i o n  i s  o b t a i n e d  by i n t r o d u c i n g  the i n f i n i t e 
s im a l  r o t a t i o n  du> . i t s  p r o j e c t i o n s  o n t o  the f i x e d  c o o r d i n a t e s

= ( 1 , 0 , o) , k2 = (o, l ,  о) , = ( о ,  о , l )  c a n  be e x p r e s s e d  in
terms o f  the E u l e r  a n g l e s  i n  a  wel l -know n form:

dm^ = cos sinG d ^  - з1п^2

dm2 = - s i n 4̂  sinG d ^ -  c o s f j  dQ / 2 . 8 /

dm^ = cosG dfj^ + d ^

We s h a l l  use the.  e x p r e s s i o n s  o f  the i n f i n i t e s i m a l  r o t a t i o n s  a b o u t  the 
r o t a t i n g  axes  a s  w e l l ;  th e y  a r e  d e f i n e d  a s

dS^ = 1 ^  dm / 2 . 9 /

From ( 2 , 7 )  one e a s i l y  g e t s
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ds

da +

I dz = g ik
i  кq q =

^  dX‘ + j  dn* + i  dn^ + d«3 - / 2 . 10 /

- s i n  a dQ^ dft2 “ cos  a dft^ dxj + dp
S in c e  the  s i m i l a r i t y  t r a n s f o r m a t i o n s  a r e  o f  no i n t e r e s t  to  u s ,  we can  f rom 
now on p u t  p = 1 .

The e x p r e s s i o n  ( 2 , 1 0 )  d e t e r m i n e s  the components o f  t h e  m e t r i c  
t e n s o r  g ^ ,  t h u s  i t  becomes easy  to  c a l c u l a t e  t h e  Lap lace o p e r a t o r :

л' 1 . _  1 1
Д = 4 Д -  4 7 ^ эд19 g ik

3q

3 + 2 c t g  2 a g | + - 1
За2 , 2 s m  a

+ 1 ' з2 + s i n  a ^
2cos 2a 3fi2

2 + co s  а эх 3fí_
4 ЭЯ2

3Í2̂  3Í 2̂ эп2 эп:

The e x p l i c i t  fo rm  o f  the  o p e r a t o r  N i s

ЭN = i ЭЛ

/ 2 . 1 1 /

/ 2 . 1 2 /

I f  a  ha rmonic  f u n c t i o n

and

i s  an e i g e n f u n c t i o n  o f  Д , i t  h a s  to  f u l f i l l

Дф = - k ( k+ 4 ) ф / 2 . 1 3 /

Ыф = уф / 2 . 1 4 /

R e w r i t i n g  / 2 , 1 1 /  i n  terms o f  the  E u l e r  a n g l e s ,  we o b t a i n  th e  L a p l a c i a n  i n  
t h e  form

„ , /  _ 2 \
Д = Aa " t g  a 91 + 22cos  a ле " 3f

s i n  a 
22cos a

___„,0 / 1+cos 0 3 _
c o s 2 4 l  -------2---- W  2AV s i n ^ e  dTi

1
COS0
s i n 2 0 3 f 2 2 c t g Q  30  + / 2 . 1 5 /

+ 2 sin© 3 f 2 30)  + s in 2 l f i  (^0 " -  2
30

where Да and Д0 a r e  0 ( 3 )  Lap lace  o p e r a t o r s :

э + c t g  a ^  +
Э a

,2

Э2 Э2
+  C O S  a 3X 3fJ_

s i n  а \3X

-  - Í J  + c t , e  -  2COS0 -

1 ЭП. / 2 . 1 6 /

/ 2 . 1 7 /
dU b in  w 2 '

The form ( 2 ,1 5 )  c a n  be o b t a i n e d  from t h e  L a p l a c i a n  c a l c u l a t e d  i n  [9] by  
a u n i t a r y  t r a n s f o r m a t i o n .
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2 . 3 .  The G e n e r a t o r s  and,

To g e t  t h e  g e n e r a t o r s  d i r e c t l y  f ro m  dz,  one have to  i n v e r t  a
5 x 5  m a t r i x  i n  th e  c a s e  o f  t h r e e  p a r t i c l e s .  That  r e q u i r e s  r a t h e r  a long
c a l c u l a t i o n ,  which  i s  g e t t i n g  h o p e l e s s  f o r  a l a r g e r  number o f  p a r t i c l e s .  
I n s t e a d  o f  p e r f o r m i n g  the s t r a i g h t f o r w a r d  c a l c u l a t i o n ,  we o b t a i n  the  
w an ted  e x p r e s s i o n s  i n  the  f o l l o w i n g  way. L e t  us f i r s t  c o n s i d e r  J l k , o r ,  
to  be p r e c i s e ,  a  component o f  i t ,  f o r  example  ^ ^ 2 '  We i ^ r o d u c e  a p a r a 
m e t e r  a i k  which d e f i n e  the  d i s p l a c e m e n t  a l o n g  the t r a j e c t o r y  w hich  c o r 
r e s p o n d s  to  the  a c t i o n  o f  t h e  o p e r a t o r  J l k . Thus, f o r m a l l y  we c a n  w r i t e

J i 2  = § ( i z i  Щ  ~  i z 2 d r [  + i z l  d b j  “  i z 2 a ! l [ )  E / 2 . 1 8 /

A c t i n g  w i t h  J -̂ 2 on the  v e c t o r s  z and z

/ Zl\ Í~ÍZA  /Ч \  / _ i z 2 \
J 12 Z2 -  I  i Z l  ' J 12 z 2 = I  i z i  J '2‘19' '

\ z 3 /  \  0 /  \ z 3 / \  0 /
we s e e ,  t h a t  a\2. ^ а з  ^гааё^па:гУ- the f o l l o w i n g ,  we w i l l  make
use  o f  t h e  e q u a t i o n s

z J 12 z = О , z J 12  z = О / 2 . 2 0 /

z* J 12 z = | ( z  x  z ) 3 / 2 . 2 1 /

Í  J i2  í  = -  j ( í  X Í )3 / 2 . 2 2 /

U s in g  th e  e x p r e s s i o n  / 2 , 7 /  f o r  dz , we can w r i t e

_ -*■ 3z i  ± dX , 1 _-iX / -t *\ da / dw .. i  |
J 12z -  -  -  2 2 + 2 -  U - * > ^  , 2 -23/

and

' « * *  ■ “  §  ** a f j j  + I  • “ » » )  -  ( a f f j  * 5*)

( h e r e  -  i s  e t c . )  I f  we now o b t a i n  the d e r i v a t i v e s  which a re
i n c l u d e d  i n  the  r i g h t - h a n d  s i d e  o f  the l a t t e r  e q u a t i o n s ,  then  we can 
e x p r e s s  J j 2 i n  t arma o f  t h e  new v a r i a b l e s .  S u b s t i t u t i n g

Л
(t x z*) = i e  2 ^cos ^ t_ + i  s i n  ^  í +) /2 .2 5 /

- i —■
( Í  x z )  = - i e  2 ^cos  ̂ t+ - i s i n  ^  /2 .26 /
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S i m i l a r l y ,  / 2 , 2 1 /  g iv e s

LX , s i n a , z*

) g e t f rom ( 2 ,

da dX
d012 d a 12

dn

d012
1
2 *(3)

. iX- i e  s i n  a / 2 . 2 7 /

/ 2 . 2 8 /

/ 2 . 2 9 /

and  f i n a l l y ,  / 2 , 2 2 /  l e a d s  to

dn

where ^  d e n o t e s  the  k - t h  component  o f  v e c t o r  t ^  
Thus ,  we o b t a i n

1 _ .  i
d o 12 -  2 * 1

díí2 _ i  „(3)
® 1 Г "

S i m i l a r l y
12

23

31

1
2

1
2

p )_i _  + / 3) Э + Я(3) _Э
1 ЭП 2 ЭП. an.

p  _1_  + Д ) _ э _ +  Д)_э_
1 an. 2 an~ an.i  2 .

1 an 2 an. an.

1 _ a _
2 Эш.

1 _a_
2 Э со ̂

1 _a_
2 Эш„

/2 .3 0 /

/2 .3 1 /

/2 .3 2 /

/2 .3 3 /

/2 .3 4 /

The g e n e r a l  e x p r e s s i o n  f o r  the a n g u l a r  momentum o p e r a t o r  w i l l  have t h e  
form

2 J k " J i j  "2 e i j k “1 an 2 an. an. - i  3
Эш, / 2 . 3 5 /

The components  o f  t h i s  o p e r a t o r  f u l f i l l  the commuta t ion  r e l a t i o n s

p i k '  j j i ]  -  K j :u  v  -  h k  ы )  - l ( J i j  4k t  -  j «k « и )  ' 2 - 36'

F i n a l l y ,  th e  s q u a r e  o f  th e  a n g u l a r  momentum o p e r a t o r  i s

э 2
ân̂  an2 an32 I ле /2 .3 7 /

We c o u l d ,  o f  c o u r s e ,  g e t  d i r e c t l y  th e  e x p r e s s i o n s  f o r  J ^ .  However, we 
wanted  to  p r o v e  the  method,  which i s  n e c e s s a r y  t o  c a l c u l a t e  B ^ «  L e t ' s  
c o n s i d e r

D 1 / .  a , , 3 . # a . *  aB. 0 = ;r 1 2 .  -г----  + i z -  sr—— -  1 Z .  -Г-ТГ -  1 Z ,  -r—12  ̂ \ 1 Эz 2 2 1 0Z2 2 oZj Э812
/ 2 . 3 8 /
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From th e  a c t i o n  o f  B-^2 on

I t  i s  o b v i o u s ,  t h a t  ß12 i s  

z B-̂ 2 z = iz

z a n d  z*

r e a l .  Making use  o f  

l z 2 ' z * B12 z * = “ iz 1Z2

/ 2 . 3 9 /

/ 2 . 4 0 /

/ 2 . 4 1 /

í  B 1 2  z = §  (*(1 )z 2 + Ä.( 2 ) z .J  / 2 . 4 2 /
«

and o f  / 2 , 7 /  , / 2 , 2 5 /  and / 2 , 2 6 /  , and f o l l o w i n g  a  p r o c e d u r e ,  s i m i l a r  
to  t h a t  i n  the  case  o f  J l k , we o b t a i n  the  g e n e r a t o r  В^к o f  the  group 
o f  d e f o r m a t i o n s  o f  t h e  t r i a n g l e :

We i n t r o d u c e d  here  t h e  n o t a t i o n

/ 2 . 4 4 /

F o r  the s a k e  o f  c o m p le t e n e s s  l e t ’ s  w r i t e  down the com muta t ion  r e l a t i o n s  

[Bik* Bj я] “  í ( J i í  6k j  " J jk  6i t )  + l ( / i j  “ J kk 6i j )

[Bik -  J j t ]  * l ( Bi i  «k j  -  Bjk  Sl t )  -  l ( Bl j  *1« ‘  " ‘ к * « )  / 2 ’46/

2 . 4 .  !Ehe C u b ic  O p e r a t o r  n

F i n a l l y  we c a l c u l a t e  t h e  o p e r a t o r  Я . L e t ’ s  i n t r o d u c e  th e  oper 
a t o r s  H+ a n d  H_ -  w hich  a r e  t h e  u sua l  SU ( 2 )  r a i s i n g  and l o w e r in g  op
e r a t o r s  t a k e n  a t  t h e  v a l u e  of  t h e  E u l e r  a n g l e  - 2 « 3 = 2 ^  = 0



-  13  - I

тт 1 Э + j l  ^ 4 - i  J) 1
H+ = 7 Y  7 5  _ i sTrTa "5X- I  c t g  a Ж Л  / 2 . 4 7 /
3 9and th e  o p e r a t o r s  and :

= тт-(ш11 1 Э П ^ =  т т ^ 1 Г1 á  ?  i r a  1 c t g 0 3 ^ 1  / 2 ' 4 8 /
— /V J

Using t h e s e  n o t a t i o n s ,  we o b t a i n  ft i n  t h e  form

fi li-, j f k
J  . . *J .. B. , j k  k i

/ 2 . 4 9 /

The o p e r a t o r  ii h a s  a  s im p l e  meaning i n  th e  c l a s s i c a l  a p p r o x im a t i o n .  
S u b s t i t u t i n g  v e l o c i t i e s  f o r  d e r i v a t i v e s  and i n t r o d u c i n g  £ = p and
П = q , we c a n  w r i t e

§  fi = ( C J ) ( q j )  -  ( n J ) ( p j )  / 2 . 5 0 /

The d e r i v a t i v e  o f  t h i s  o p e r a t o r  i s  o b v i o u s l y  z e r o .  I f  we now choose  the 
z a x i s  to  be d i r e c t e d  a l o n g  J ,  and i n t r o d u c e  two v e c t o r s  i n  t h e  space 
o f  p e r m u t a t i o n s

t h e n  ( 2 , 5 0 )  c a n  be r e w r i t t e n  a s

I  S -  ( S  .  y ) 3 / 2 . 5 2 /

The o p e r a t o r  h a s  th e  form o f  the  t h i r d  component o f  the  a n g u l a r  momentum 
i n  t h e  space  o f  p e r m u t a t i o n s .  So th e  symmetry p r o p e r t i e s  o f  t h e  problem 
become c l e a r :  we d e a l  w i t h  s p h e r i c a l  symmetry i n  t h e  c o o r d i n a t e  space ,  
and  w i t h  a x i a l  symmetry i n  t h e  space  o f  p e r m u t a t i o n s .
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B e fo re  w r i t i n g  down the e i g e n f u n c t i o n s  o f  the o b t a i n e d  f i v e  o p e r 
a t o r s ,  we have to  make a  few r e m a r k s .  One can show, t h a t  fi i S not  n e c e s 
s a r y  a t  s m a l l  K - v a l u e s ,  a t  which th e  degree  o f  d e g e n e ra c y  i s  s m a l l .  In d e e d ,  
t h e  number o f  s t a t e s  a t  g i v e n  К and v v a l u e s  i s  d e f i n e d  by the. u s u a l  
SU ( 3 ) fo rm u la

n ( K' v ) = g- (K + 2 ) ( К  + 2 -  2 v ) ( K  + 2 + 2 v )  / 2 . 5 3 /

Summing o ver  2 v  from -  К to  K, we o b t a i n  the  well -known e x p r e s s i o n

n 0 )  = Y 2 ( k + 3 ) ( K + 2 ) 2 ( к  + l )  / 2 . 5 4 /

Maximal d e g e n e r a c y  o ccu r s  i n  the c a s e  o f  s t a t e s  w i t h  v = 0 a t  even К 
v a l u e s ,  and v = 1 / 2  a t  odd К v a l u e s .

К -  e v e nn ( K , o )  = | ( k + 2 ) 3 

n ( K ,  I / 2 )  = | ( к  + l )  (К + 2)  (К + 3 )  К -  odd
/ 2 . 5 5 /

On t h e  o t h e r  h a n d ,  a t  g i v e n  К v a l u e s  t h e r e  a r e  (K + 1 )  s t a t e s  with
d i f f e r e n t  J  a n d  M, s i n c e  j  e (о, к) and M e ( - j , j ) .  For  К » 4 we have

n(к, о) > 0  + 1)2

and

п ( к ,  1 / 2 ) > ( к  + l ) 2

/ 2 . 5 6 /

Thus ,  f o r  К < 4  a l l  s t a t e s  / w i t h  g i v e n  K, J ,  M and v v a l u e s /  a r e  s im ple ;  
the f i f t h  quantum number i s  n o t  n e c e s s a r y .  I n  the  i n t e r v a l  4 «  K< 8 doubly  
d e g e n e r a t e  s t a t e s  show up; i n  th e se  c a s e s  the  o r t h o g o n a l i z a t i o n  can be 
c a r r i e d  ou t  s i m p l y  by c o n s t r u c t i n g  sym m etr ic  and a n t i s y m m e t r i c  combina
t i o n s .  Only a t  К = 8 s t a t e s  w i t h  t h r e e - f o l d  d e g e n e ra c y  a p p e a r ,  f o r  
which  th e  o r t h o g o n a l i z a t i o n  r e q u i r e s  more c o m p l i c a t e d  c a l c u l a t i o n s .  Be
s i d e s ,  s t a t e s  w i t h  J  = 0 a n d  J  = К v a l u e s  a r e  n o t  d e g e n e r a t e .  Conse
q u e n t l y ,  i n  f a c t  f o r  p r a c t i c a l  p u r p o s e s  i t  i s  enough to  d e a l  w i t h  f o u r  
quantum numbers .

The number o f  s t a t e s  a t  g iv e n  К and v v a l u e s  i s  g i v e n  in  
the A ppend ix .  There  i t  i s  shown i n  d e t a i l ,  t h a t  n - f o l d  d e g e n e ra c y  appea rs  
a t  К = 4 n .
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2.5. Eigenfunctions

F i n a l l y ,  l e t ' s  l o o k  f o r  the harmonic  f u n c t i o n s  Ф , which f u l 
f i l l  t h e  e i g e n v a l u e  e q u a t i o n s  o f  the L ap lace  o p e r a t o r  and the  o p e r a t o r  
N w i t h  e i g e n v a l u e s  К ( к  + 4 )  and v r e s p e c t i v e l y .  The g e n e r a l  form i s  
the  f o l l o w i n g *

♦m , v - 1 £ * » K > 1  ° Í , m ( W
4

/ 2 . 5 7 /

I t  i a  e a s y  to  u n d e r s t a n d  the  meaning o f  t h i s  s o l u t i o n .  One can  c o n s i d e rО
the  second  D - f u n c t i o n  -  which i s  the e i g e n f u n c t i o n  o f  J  and -  a s  an 
e i g e n f u n c t i o n  o f  a r o t a t i n g  r i g i d  top w i th  the  p r o j e c t i o n  o f  the a n g u l a r  
momentum on to  the  moving a x i e ,  e q u a l  to  p . This  p r o j e c t i o n  i s  no t  con
s e r v e d  i n  o u r  c a s e ,  t h a t ’ s why we have to t a k e  a sum o v e r  d i f f e r e n t  v a l u e s  
o f  p . That  i s  j u s t  the  p o i n t  where an a d d i t i o n a l  o p e r a t o r  i s  needed  to  
o r t h o g o n a l i z e  the  o b t a i n e d  f u n c t i o n s .

The c o e f f i c i e n t s  a v (K»M) have to  be d e f i n e d  from the
J ig e n v a lu e  e q u a t i o n  o f  the L a p l a c i a n  / 2 , 1 3 /  and from

fi*S,v  = * < v / 2 . 5 8 /

These e q u a t i o n s  a r e  u n f o r t u n a t e l y  somewhat c o m p l i c a t e d :

1 l f k ,  (*»U-2)§ ]/(§ - J  "K + l ) (§  + £  -<) | / ( j - p + 2 ) ( j - p + l ) ( j + p - l ) ( j + p ) ’ 
к p I L 4

+ а у ( к , р + 2 ) |  ^ ( f  + J  _,c+1) ( f  " 2 - < ] ^ ( j + h + 2 ) ( j + P + l ) ( j - W - l ) ( j - u ) 1 +

( K , p ) ( i v p 2 + i v J ( j + l )  + 4«)J DK/2-K ( X , a , o )  +
V'2

-  1,2 + i )  вК /Г "  ( x -a - ° )  dÍ , m ( V ^ )  +
V' 2

t g  a( - i j±  + I ) )/(J - p ) ( J + p + l ) ( J - p - l ) (  J+p+2) DK/2" K(X,a,0) dJ +2 m ( ^ 0 f2 ) +

+ ( f  -  l )  ' | ( j+p)(  J - p + l )  ( j + y - l )  ( j - P + 2 ) ’ DK/2‘ K(X,a,0)  dJ _ 2?m ( f ^ ) )  = О

+ a

+ a / 2 . 5 9 /

x The s o l u t i o n  i s  g i v e n  i n  a s i m i l a r  form i n  (715]
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and

I I {‘‘'-(""’[К? + 2) - (I - K) ( !  -  * + l) -  5
V

cos a

— i - я -  J ( j + l )  + ^-ü-----
2cos2a 2cos a ° * T  -

- - . ( « . - o  i t g a i / ( i - i - i c  + i ) ( f  ♦ s  -  0  ° vK ,r  (» . . .*>)  о г . 2>в( ^ ^ )  *
' i

+ «v (« ,w ) [ -  ^ - и) ( л+и+1) ( м . 1)(л+и+2) ' „K/2-« ( х о) j
4cos a v Ü и+2 ,Мч 1 ^

/ 2 . 6 0 /

Although  i t  i a  q u i t e  e a s y  to  s o lv e  t h i s  s e t  o f  e q u a t i o n s  f o r  eve ry  p a r t i c 
u l a r  с а з е ,  we c o u l d n ’ t  o b t a i n  ao f a r  a g e n e r a l  s o l u t i o n .

The p r a c t i c a l  c a l c u l a t i o n s  a r e  g e t t i n g  s i m p l e r ,  i f  we take  i n t o  
a c c o u n t  some p r o p e r t i e s  o f  the  e i g e n f u n c t i o n s . Note,  t h a t  i n  /2 ,5 7 / the  
D - f u n c t i o n s  c o r r e s p o n d i n g  to  th e  s p a c i a l  r o t a t i o n s  form the m se lves  an  o r -  
thonorm al s e t .  C o n s e q u e n t ly ,  the  e i g e n f u n c t i o n s  <f>jj v have to be o r 
th o g o n a l  i n  the space  o f  a and X a t  any g i v e n  v a l u e s  o f  the  B u ie r  a n g l e s  

0 ,  . W e  can t h e r e f o r e  p u t  ^  = 0 = f  2 = О a f t e r  we have ap
p l i e d  ft . I n  o t h e r  w ords ,  t h e  p rob lem  r e d u c e s  to  th e  o r t h o g o n a l i z a t i o n  
o f  the fdr ic t i ö n s  b f  к and'X .

I f  we i n t r o d u c e  the  o p e r a t o r s

Врм (q  ° h )

-  7 7  (J 1 ± ы г)
/ 2 . 6 1 /

= -  i J .

i n  the  f o l l o w i n g  way:which  a c t  on
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/ 2 . 6 4 /

f o r  even  К v a l u e s ,  ( f i x i n g  M = 0 ) , and

X { t  a v ( K' 3 ) f ( l  -  K -  i)(f -  K + | )  l / ( j - l )  (j + 2 ) ( j - 2 ) ( j +3) '  (A ,a ,o )  +

+ §  a v ( i i - l ) ( f  -  к + j )  J ( J + 1 )  ( A ,a , 0 )  +

J ± d? m ш * 7 7  )' b J >m±1 ( ^ e ^ )

J o  °т(*1в *2) -  1 »  ^ „ ( V ^ )  , 2 ' 6 2 /

A

t h e n  Я can be r e w r i t t e n  i n  the  form

°  = i  J fk Bi j  J j k  J k i  = 7  ( B-  + B++ J !  -  B+- ( J +J -  + J - J + -  2 j2 )  -

- B- o ( V o  + J oJ + )  "  B+ o ( J - J o + V - ) }  =

" 7  { ^ ( h. ^  + H+J f )  + £  ("j 2  -  J o )  -  .
"

“  i á m  ( т а ;  +  1  s i n a i m ; ) ( J + J o  +  J 0 J + )  +  ( т а ;  "  1  s i n a t o ; ) ( j - j o + j o j - ) _  '

Tak ing  i n t o  a c c o u n t  D^M ( o , 0 , o )  = 6yM we o b t a i n  the  e q u a t i o n s  

I  ( §  av (ic,2) \ j ( %  -  k) ( |  -  < + l )  | / j ( j + l ) ( j - l ) ( j + 2 )  D ^ l ~ \ \ , a , 0 )  +

+ I  av ( K, - 2) ^ ( I  -  K) ( f  -  K + X1  | f j ( j + l ) ( j - l ) ( j + 2 )  D ^ 2 "k ( x , a , o )  +

+ ( i v j ( j + l )  + 4 o )  a v (Kf0)  ( x , a , o )  +

+ 4 c o s ~ a У J ( J + l H  J - 1 )  ( J +2 )' (av (к , 2 ) dJ ^ _ k ( x , a , o )  + ау ( к , - 2 )  dJ J ^ k ( a , a fo))  =0
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1 s i n  a 
4 cos a

1 s i n  a a 
4 cos a v / 2 . 6 5 /

f o r  odd К v a l u e s  ( a n d  M = 1 ) r e s p e c t i v e l y .

I I I .  ANOTHER WAY OF CONSTRUCTION OF A SET OF EIGENFUNCTIONS

There i s  a n o t h e r  way to  f i n d  a comple te  s e t  o f  e i g e n f u n c t i o n s  
f o r  the  t h r e e - b o d y  p rob lem .  I n  f a c t ,  the  p rob lem becomes c o m p l ic a te d  be
cause  o f  the  r e q u i r e m e n t  o f  d e f i n i t e  p e r m u t a t i o n  symmetry p r o p e r t i e s .  
W i thou t  them i t  would be s im ple  to c o n s t r u c t  the wanted f u n c t i o n s  w i th  
h e lp  o f  the  g r a p h i c a l  method o f  the  s o - c a l l e d  " t r e e - f u n c t i o n s " ,  which 
was p ro p o s e d  by V i l e n k i n  and Smorodinsky [17] . We have to m o d i f i c a t e  
t h e s e  f u n c t i o n s ,  i . e .  we have t o  f i n d  a t r a n s f o r m a t i o n  f rom t h e  complete 
s e t  of  " t r e e - f u n c t i o n s "  t o  t h e  K -ha rm onic s .  /К -ha rm o n ic s  a r e  h y p e r s p h e r i c a l  
f u n c t i o n s  p o s s e s s i n g  d e f i n i t e  symmetry p r o p e r t i e s  w i t h  r e s p e c t  t o  the  
p e r m u t a t i o n s ;  t h e y  were i n t r o d u c e d  f i r s t  by Simonov and Bada lyan  [ ? ] / .
Thus we c o n s t r u c t  t h e  " t r e e - f u n c t i o n s "  which a r e  th e  e i g e n f u n c t i o n s  of  
t h e  L a p l a c i a n ,  and a r e  c h a r a c t e r i z e d  by t h e  quantum numbers

where j-^M̂  $2^2  a r e  an6ul a r  momenta and t h e i r  p r o j e c t i o n s  con ju 
g a t e d  to 5 and n . We have t o  t r a n s f o r m  th e s e  f u n c t i o n s  f i r s t  to a 
s e t  w i th  g iv e n  t o t a l  a n g u l a r  momentum, t h a t  i s ,  to a s e t  c h a r a c t e r i z e d  by

K' ^ 1 '  Mi '  32 » M2 / 3 . 1 / »

K, J , M, t j 2 / 3 . 2 /

I n  the  n e x t  s t e p  we p a s s  o v e r  to  the quantum numbers

K, J ,  M, v ,  ( j x j 2 ) / 3 . 3 /
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c o r r e s p o n d i n g  to  the  K -ha rm on ic s .  I n  o r d e r  to  do t h a t  i t  i s  n e c e s s a r y  to  
c a r r y  o u t  a  s im p le  P o u r i e r  t r a n s f o m .  To be c o r r e c t ,  i a  no t  a r e a l
quantum number i n  the  s e n s e ,  t h a t  f u n c t i o n s  c o r r e s p o n d i n g  to  d i f f e r e n t  
p a i r s  ( í 1 ^ 2  ̂ do n o * form an  o r th o n o rm a l  s e t ,  b u t  t h i s  n o t a t i o n  demon
s t r a t e s  where we g o t  t h e s e  f u n c t i o n s  f rom .  L e t ’ s p o i n t  o u t ,  t h a t  and 
32 c ea se  to  be e i g e n v a l u e s  any more a f t e r  p e r fo rm in g  the  P o u r i e r  t r a n s 
form.

The c a l c u l a t i o n  o f  the  e x p l i c i t  form o f  t h e  f u n c t i o n s  c o r r e s p o n d 
i n g  to  / 3 , 3 /  i s  g i v e n  i n  d e t a i l s  i n  [12] -  [13] . Here we p r e s e n t
o n l y  the  f i n a l  e x p r e s s i o n .

-  »JM I  l s I  (> V  ' V  w)2 •

/ \ K+U-6 V ,

fe * ." b  y .-w  + jflf - 4 ~*
f f )  2«'*

(§-«)p )  .
floy д5 / 2 , v

if)
' ( j 1+2m) l  ( j 2 +2n- 2m) l  ] 1 / 2  ( л  + + § V n + j 2 + k

(К + к + 1 ) !  к ! n-m
К у 
2 '2

aV , l l 2 ( V i ) / 3 . 4 /

where

( - i ) ^ 4 tt
JM 3 l + j 2 ( 2 J + l ) ^ 2 N

j - - r i 7 2 , j 2+T72-iT/7
( j l + Ml ) l  ( j 2+M2 ) P 1 / 2  

( j r Ml ) l  ( j 2- M2 ) ‘

1 J 2

• ( j j_ .  О,- j 2 , 0 | j ; 0 ) ( j 1 , M1? j 2 , M2 | J ; m) / 3 . 5 /

1 J 2
Á Í  -  4  •f h  + 2̂  

2  2 ) I И . J; 
2̂ 2

L =>2 3  ̂
2 2  11

(k+2 ) r(fK j l +j
V2 2

2 + i) r(' к  m  h + h  

, 2 + 2 * 2)

a (m)_ n m ( r\ * гЛ -  -om L .  71 \ .
Ak*. "  °кЛ 2 ' ° J  “ PkÄ V 2 ) ' 13. 61

б = Wi -  P2 W = - 2- ■3-  + у  -  m 4 z



-  20 -

Comparing now the  e x p r e s s i o n s  / 2 , 5 7 /  and / 3 , 4 - /  one can  e s t a b 
l i s h ,  t h a t  the  g e n e r a l  form o f  the  s o l u t i o n  / 2 , 5 7 /  was chosen  in  
the  r i g h t  way. However, l o o k i n g  a t  the  s t r u c t u r e  o f  the c o e f f i c i e n t

° f  (A ,a ,o )  (*Pj_0̂ 2)  i n  /3,4-/ i t  i a  e a s y  to  u n d e r s t a n d

t h a t  o u r  a t t e m p t s  to  d e t e rm in e  а у ( к , р )  d i r e c t l y  c o u l d n ’ t  be suc
c e s s f u l .  S t i l l ,  now we can  somewhat more p r e c i s e l y  d e s c r i b e  the  method 
o f  d e t e r m i n a t i o n  o f  the  n e i g e n f u n c t i o n s .  The s o l u t i o n s  o f  the 
e i g e n v a l u e  e q u a t i o n s  f o r  К and П have to  be l i n e a r  com bina t ions  
o f  the  f u n c t i o n s  /3 ,47  s

4 v  = C ( j i  j 2) ФаГМу / 3 . 7 /

where d^d2 r u n  o v e r  each  p a i r  o f  v a l u e s  which can  g iv e  the  t o t a l
a n g u l a r  momentum J such  t h a t  J  < 3 2 ^ Aod- what  i s  more: one 
can  show, t h a t  i n  f a c t  t h e r e  i s  no need to  take  e v e r y  p o s s i b l e  p a i r  
o f  d- ,̂ d2 . The number o f  the  n e c e s s a r y  p a i r s  d^ and d2 i n  ®a ch 
sum / 3 , 7 /  i s  e q u a l  to  the  d e g re e  o f  d e g e n e ra c y  o f  the  g iv e n  s t a t e  
which i s  c o n s i d e r e d .
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CONCLUSIONS

The p ro b lem  o f  c o n s t r u c t i n g  a b a s i s  f o r  a sys tem o f  t h r e e  f r e e  
p a r t i c l e s ,  r e a l i z i n g  r e p r e s e n t a t i o n s  o f  th e  t h r e e - d i m e n s i o n a l  r o t a t i o n  
g roup  and o f  t h e  p e r m u t a t i o n  g roup ,  i s  q u i t e  s im ple  i n  p r i n c i p l e .  To so lve  
t h e  p rob lem ,  however ,  t u r n e d  ou t  to  be r a t h e r  h a r d .  We c a l c u l a t e d  a s e t  
o f  e q u a t i o n s  f o r  d e t e r m i n i n g  the  e i g e n f u n c t i o n s ,  b u t  we c o u l d ' n t  g e t  so 
f a r  a g e n e r a l  s o l u t i o n  f o r  i t .  /The o b t a i n e d  fo rm ulae  a r e  c o m p l i c a t e d ,  
b e c a u se  the p o l y n o m i a l s ,  which we a re  d e a l i n g  w i t h ,  a r e  n o t  c l a s s i c a l  and 
t h e i r  t h e o ry  i s  n o t  worked o u t  y e t .  I f  o u r  method w i l l  l e a d  to  u s e f u l  r e 
s u l t s ,  i t  w i l l  n o t  be d i f f i c u l t  to  s t u d y  the p r o p e r t i e s  o f  t h e s e  new po
ly n o m i a l s  and t a b u l a t e  t h e m . /

Note ,  t h a t ,  i f  one i s  d e a l i n g  w i t h  a l a r g e r  number o f  p a r t i c l e s ,  
t h e n  the  fo rm u lae  w i l l  be s t i l l  more c o m p l i c a t e d ;  i n  a c e r t a i n  sense the 
s i t u a t i o n  i s  s i m i l a r  to the  t r a n s i t i o n  from h y p e r g e o m e t r i c a l  f u n c t i o n s  
o f  one v a r i a b l e  to  those  o f  few v a r i a b l e s ,  the  t h e o ry  o f  which i s  a lm os t  
n o t  known.

We have p o i n t e d  o u t ,  t h a t  f o r  p r a c t i c a l  p u rp o s e s  t h e  g e n e r a l  
s o l u t i o n  o f  t h e  p rob lem  i s  i n  f a c t  n o t  n e c e s s a r y ,  and t h e r e  i s  no n eed  t o

A

u s e  t h e  o p e r a t o r  n .. I n  s p i t e  o f  t h a t  we i n s i s t  on d e r i v i n g  t h e  s o l u t i o n  i n  
a  c l o s e d  fo rm ,  t h e  more so s i n c e  t h e  p rob lem  seems t o  be p r a c t i c a l l y  s o lv e d .  
As i t  was shown, t h e  e i g e n v a l u e  e q u a t i o n s  can be s i m p l i f i e d  c o n s i d e r a b l y ,  
and  i t  r em a ins  o n ly  t o  c a l c u l a t e  t h e  c o e f f i c i e n t s  and o b t a i n  n u m e r i c a l  
r e s u l t s .  /We p r e s e n t  them i n  o u r  n e x t p a p e r . /

There a r e  s e v e r a l  p o s s i b i l i t i e s  to  a p p ly  the t e c h n i c s  deve lopped  
h e r e ,  f i r s t  o f  a l l ,  a s  soon as  the quantum m e chan ic a l  t h r e e - b o d y  problem , 
w hich  we have d e l t  , w i t h ,  h a s  the  same symmetry p r o p e r t i e s  a s  the  c l a s 
s i c a l  one ,  i t  was i n t e r e s t i n g  to  i n v e s t i g a t e  the  c l a s s i c a l  p rob lem from 
t h i s  g r o u p - t h e o r e t i c a l  p o i n t  o f  view [l4 ]  . The e q u a t i o n s  o f  mot ion  were
o b t a i n e d  v e r y  e a s i l y  f o r  b o t h  the case  o f  f r e e  p a r t i c l e s  and o f  d i f f e r e n t  
p o t e n t i a l s .

The c l a s s i f i c a t i o n  o f  a t h r e e - b o d y  syetem p r e s e n t e d  i n  t h i s  p a p e r  
c a n  be used a s  w e l l  f o r  the  a n a l y s i s  o f  t h r e e - p a r t i c l e  decay  p r o c e s s e s .  
Namely: d e a l i n g  w i t h  a D a l i t z  p l o t  f o r  deca y  p r o c e s s e s  i t  seems to be u s e 
f u l  to expand th e  p o i n t  d e n s i t y  i n s i d e  the  p h y s i c a l  r e g i o n  i n t o  a s e r i e s  
o f  o r thono rm al  f u n c t i o n s .  /S u c h  an e x p a n s i o n  i s  s i m i l a r  to the  u s u a l  phase 
a n a l y s i s  f o r  t w o - p a r t i c l e  d e c a y s ,  and i t  can be used  f o r  cod ing  experimen
t a l  d a t a ,  f o r  c a l c u l a t i o n  o f  d i f f e r e n t  c o r r e l a t i o n  f u n c t i o h s ,  e t c . /  One
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can  choose f o r  t h e  s e t  o f  b a s i s  f u n c t i o n s  o u r  K-harmonics ;  t h i s  cho ice  
w i l l  be e s p e c i a l l y  s u i t a b l e  when t h e r e  w i l l  be an e x p e r i m e n t a l  p o s s i b i l 
i t y  to  n o t i c e  c o r r e l a t i o n  between the momenta o f  p a r t i c l e s .  The expans ion  
p ro c e d u re  i s  worked o u t ,  b u t  no n u m e r i c a l  c a l c u l a t i o n s  a r e  done y e t .

Prom a  p r a c t i c a l  p o i n t  o f  view i t  i s  o f  c o u r s e  e s s e n t i a l  to  de
ve lop  a  method to  c a l c u l a t e  m a t r i x  e l e m e n t s  o f  p a i r w i s e  i n t e r a c t i o n s  i n 
t r o d u c i n g  d i f f e r e n t  p o t e n t i a l s .  I t  w i l l  be n e c e s s a r y  to  o b t a i n  a p r o p e r  
a p p r o x im a t i o n  f o r  bound s t a t e s  á s  w e l l .

I t  would be a l s o  o f  i n t e r e s t  to  s e e ,  w h e th e r  i t  i s  p o s s i b l e  to 
make use o f  an  e x p a n s io n  o f  t h a t  k i n d ,  which i s  d e s c r i b e d  i n  th e  p r e s e n t  
p a p e r ,  f o r  th e  m ot ion  o f  a  mass ive  t o p .  E s p e c i a l l y  i n t e r e s t i n g  /a n d  so f a r  
n o t  w e l l  u n d e r s t o o d /  i s  the  case  o f  t h e  K ovalevskaya  top [ le ]  , the 
quantum an a lo g u e  o f  which i s  n o t  known y e t .

I
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APPENDIX

S t a t e s  w i th  g i v e n  К v a l u e s  can  be o b t a i n e d  i n  the u s u a l  way, 
by c o n s t r u c t i n g  t e n s o r s  and  p s e u d o t e n s o r s  from the  SU ( 3 )  b a s i s  v e c t o r s  
z ± . These s t a t e s  a r e  l a b e l l e d  by  quantum numbers J  and v a c c o rd in g  
to  the c h a i n  SO ( 3 ) э  О ( 3 )  x  О ( 2 )  . Ab an example ,  we l i s t  a l l  p o s 
s i b l e  s t a t e s  w i t h  g i v e n  К v a l u e s  / i n  the  i n t e r v a l  1« К i  5 /  and d i f 
f e r e n t  J  and v . The d e g e n e r a c y  a p p e a r s  c l e a r l y  a t  К = A. I n  o r d e r  
to  g e t  the  number o f  s t a t e s ,  i t  w i l l  be s u f f i c i e n t  to  c o n s i d e r  i n s t e a d  
o f  the p o l y n o m i a l s  i t s e l v e s  t h e i r  f i r s t  / h i g h e s t /  t e rm s ,  which w i l l  be 
d en o ted  a s  P i n  the  f o l l o w i n g .

К P 1 2 v 1 J n n ( K , ± v ) n(K)

z i
1

z *
1 1 3x2 3x2 6

Zi •

z i z k 2 5x2

z* z* l  к 2 6 x 2

2 z 2 0 1x 2 20

z * 2

z i z k 0
2 5

8
z*z* 1 3

Z J z . z, 1 3 k 3 7x2

z i z j zk 3 10 x2

z2zk 1 3x2

3
4

50

z i z j zk 3 7x2
z i z jZk
z* z 2 1 1 3x2 15x2

* 2
z zk 
Z^(zxz*)

z^( zxz *)

2 5x2
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К Р 1 2v 1 J n n ( K , ± v ) n ( K )

z i z j 2k z * 4 9x2

z i zk z2 4 2 5x2 15x2

z 4

and c o m p l e x  c o n j u g a t e s
0 1x2

z i z j zk z jT 4 9x2

z i z M 2 5x2
4

z i z j (zXz*)
2

3 7x2
24x2 105

z ^ ( z x z ‘ )
and c o m p l e x  c o n j u g a t e s

1 3x2

Z Z 7* Ẑz i z j zk z i, 4 9

z i z j z * 2 5
2 * *

2 z k z * 0 2 5 27
2 * 2  z z 0 1

z i zk ( z *z *) 3 7

z i z j z k z * zm . 5 11 x2

z i z j z k z2 5 3 7x2 21x2
z ^ z 4 1 3x2
and c o m p l e x  c o n j u g a t e s

z i z j 2k z i,zm 5 11x2
_ _ _ 2 # Z . Z 1 z z 1 J Ш 3 7x2

5 _4 *35 Zm 3 1 3x2 35x2

Zj.z j z R (zxz*) 4 9x2 196

z ^ z 2 (z x z * ) 2 5x2

and  c o m p l e x  c o n j u g a t e s

5 11 x 2i  j  к l  m
2 * *z . z  z . z 3 7x2i  1 m

z .  z . z ,  z * 2 3 7x21 j  к 1 42x2
z ^ z 2 z* 2 1 3x2

Z. Z.  (z x z * )  z* 4 9x2
i  j  x ' m

z 2 ( z x z 1*) z * 2 5x2

and c o m p l e x  c o n j u g a t e s
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n (k , ± v ) = - | ( k+ 2 ) ( k+ 2 - 2 v ) ( k+ 2+2 v )  

п ( к )  = j j ( k+ 3 ) ( k+ 2 ) 2 ( k+1)

/А1/

/А 2 /

I t  i a  w o r th w i l e  to  i n t r o d u c e  a s im p le  g r a p h i c a l  method,  which e n a b le s  ue 
to  o b t a i n  t h e  number o f  s t a t e s  a t  any К and v v a l u e s .  H o te ,  t h a t  we 
do n o t  mark the  o b v io u s  2 J  + 1 -  f o l d  d e g e n e ra c y  o f  each  d o t  on the g ra p h s .  
I n  the c a s e  o f  odd К we have

2 v>

\

о

-»

2V

5

K -I K-3

К “5

2v

3 

2 • 

1 

О

-V

- 2

2 3
к •

— J

ч
-а •

2v
• •

3 • К • X • • 7 • • • •

2 6

5 • ж • и • • к •
1 • К ® X • ч

• ж X X •и 2 ч 5 2
-( • X ® X • 1 • ж © © к •
•  9 л 1 г ч 5 6 7

-3 • М • X • -1 • ‘ к © © © X •
-2

-Ч -Л • I« © X © X •
-5 • • • • • -ч

-S

’
-7 % » % •

К - 7
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2v ‘

-  t e n s o r  s t a t e s
-  p s e u d o t e n s o r  s t a t e s  / i . e .  s t a t e s  i n c l u d i n g  z x z * / .
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К - 8
2̂1 1

I t  can  be s e e n ,  t h a t  a g a i n  t h e  g ra p h s  can be 
c o n s t r u c t e d  f ro m  two e l e m e n t a r y  g r a p h s ;  f o r  exam ple ,  i n  
t h e  case  К = 16 we have
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Uvl

A n a lo g o u s ly  to  the  case  o f  odd К v a l u e s ,  t h e s e  g raphs  a r e  p u t  
t o g e t h e r  f rom " g a t e 8,, o f  i n c r e a s i n g  m u l t i p l i c i t y .  The o n l y  d i f f e r e n c e  i s ,  
t h a t  i n  t h e  l e f t - h a n d  s i d e  column o f  each  " g a t e "  t h e  m u l t i p l i c i t y  o f  e v e r y  
second  s t a t e  i s  d e c r e a s e d  by one .  The e x t e r n a l  " g a te «  c o r r e s p o n d s  to the  
quantum numbers J  » 0 ,  J  = К and | 2v| ж К.

I t  i s  q u i t e  e a s y  to  co u n t  the number o f  s t a t e s  i n  each  row o f  
th e  g r a p h s  / i . e .  a t  g i v e n  v v a l u e s / .  I f  we d o n ' t  take  i n t o  accoun t  the  
d i f f e r e n t  v a l u e s  o f  V, we g e t

i ( s + l ) ( K - S + l )  = | ( k+2+2v) ( k+ 2 - 2 v )

n ' ( K, s )

i n  th e  c a s e  o f  odd К v a l u e s ,  and f o r  
even  К and odd S v a l u e s ;

i ( s + l ) ( K - S + l )  + I  -  | ( k+2+2v) ( k+ 2 - 2 v )  + \

/ A 3 /

f o r  even  К and even S v a l u e s
4
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w here

S =

The num ber o f  s t a t e s  on th e  g ra p h  w hich can  be o b ta in e d  by 
summing up th e  row s / t h a t  m eans, summing o v e r  v /  i s  th e  fo llo w in g :

(к + г ) (к 2+4к+б) f o r  odd К
/A 4 /

YJ ( к + 1 ) ( к 2+5к+б) f o r  even  К

N ote, t h a t  th e  num ber o f  a l l  s t a t e s  we g e t  i f  we tak e  in to  
a c c o u n t ,  th a t  th e  m u l t i p l i c i t y  o f  a  s t a t e  w ith  a  g iv e n  J  v a lu e  i s  2 J+ 1 . 
Thus th e  fo rm u la e  /A 4 / p r e s e n t  th e  num ber o f  6 t& te s  w ith  g iv e n  K, J  and 
v v a lu e s ,  in d e p e n d e n tly  o f  th e  v a lu e  o f  M.

F i n a l l y ,  i t  i s  i n t e r e s t i n g  to  oompare /A 3 / w ith  / А 1/ , From 
t h i s  com p ariso n  i t  f o l lo w s ,  t h a t  the  " a v e ra g e "  num ber o f  s t a t e s  a t  a 
g iv e n  К v a lu e  i s  e q u a l to  К + 1 .
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