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ABSTRACT

The solution of the problem of scattering between complex nuclei
can be reduced by Feshbach®"s method to the solution of an effective two-
particle problem. In this paper an extension of Feshba--’ "s procedure to
the case of rearrangement processes is proposed.

It is shown that the problem of rearrangement can be traced back
to a pair of scattering processes in the input and the output channel,
respectively. The inhomogeneous integral equation for the two-particle radial
wave Tunction in the output channel is set up and solved formally by taking
into account the boundary conditions represented by the incident wave.

PE3IOME

Yxe ®ewbax nokasan, Kak nosyvyaeTcs amMnAuTyga paccesHWUsS Mexay co-
CTaBHbBIMW AApaMu NyTeM peleHus 3apdeKTUBHON AByxuyacTUYHOW npob6nembl. B aToii
pa6oTe MeToa dewbaxa 0606WeEH ANsS NpoOLECcCOB nNeperpynnupoBku. [MokaszaHo, 4TO
npo6iemMy neperpynnMpoOBKM MOXHO NPUBECTU K peleHno npo6iemM ABYX 3P eKTUBHbIX
ABYXUYaCTUYHBIX paccesHUil, OAHO M3 KOTOPbIX MPOWCXOAWT B BXOAHOM, a BTOpoe B
BbIXOAHOM KaHane. B pa6oTe ycTaHOBNEeHO U (OpMasbHO PELIEeHO HEeOLHOPOAHOE WH-
TerpanbHOEe YypaBHeHWe [ANs BbIXOLHOTO0 KaHafna C KpaeBbiMW YC/IOBUSIMWU, MNOJIYYEHHbI-
MW M3 HauyaNbHOTO COCTOSIHWS BXOJHOTO KaHana.

KIVONAT

Feshbach adott eljarast arra, miként szamithatdé ki 6sszetett magok
kozotti szoérasfolyamat szoérasi amplitudéja egy effektiv kétrészecske-problé-
ma megoldasaval. Dolgozatunkban Feshbach médszerét atrendezdédéses folyamatok-
ra altalanositjuk. Kimutatjuk, hogy az atrendez6dés esete visszavezethetd
két effektiv kétrészecske-probléma megoldasara, amelyik kozil az egyik a be-
mend , a masik a kimend csatornaban zajlik le. Felallitjuk és formalisan meg-
oldjuk a kimen8 csatornabeli kétrészecske-allapot inhomogén integralegyenle-
tét, a bemend csatornabeli kezd&éallapot - megszabta hatarfeltételekkel.



Feshbach [I] was the first to introduce a two-particle problem that
can be considered to be dynamically equivalent to the problem of elastic or
inelastic scattering between complex nuclei. The effective two-particle wave
function was found to be the projection of the many-particle scattering state
onto the open channels of the fragmentation in question; Tfurther, it proved
to satisfy an integro-differential equation with an energy-dependent non-local
effective two-particle potential. To construct the latter quantity, knowledge
of the interaction operator and of the complete set of the channel wave
functions is required. The reducibility of a many-particle process to a
single two-particle problem, however, seems to be restricted to scattering
processes. Nevertheless, this does raise the question of whether or not the
solution of a rearrangement process may be linked with the solutions of a
pair of two-particle processes in the input and output channeis, respectively.

It is convenient to take as the starting point for this approach
the Rosenfeld-Humblet approximation [Z] to the S-matrix element for the
transition between channels a(a) and b(B) of the fragmentations a and R

WPR{Uba(rR); wb ~ )
ba Kb W . Y (i)
Paflaa ¢ a?> A% or S
Here, u and u, are the projections of the many-particle scattering

state tga onto chgﬁhels a and b, respectively; \E? and \ﬁﬂ denote free

or Coulomb-distorted radial wave functions of the outgoing and the incoming
type. Approximation (1) may be made asymptotically exact [3] by increasing
the channel radii pQ and to infinity. For a=B, a=b formula (1) proves
at once the equivalence of the many-particle elastic scattering and Feshbach®"s
effective two-particle problem. The function wuaa 1is, in fact, the effective
two-particle state for elastic scattering and, in principle, may be obtained
by Feshbach®s method. To complete the calculation of for the general
case, one has still to develop a procedure for obtaining the "mixed" projec-
tion w”a for a final fragmentation £ that is different from a , the
initial one. Below, an argument is proposed for how this may possibly be

realized.



The Hamiltonian of the system and the expansion of the scattering state
in terms of the channel coordinates and the channel wave functions of the
final fragmentation may be written down in the usual notation as

H” T3E3) + + VRB(-3" 7"3) 2)
and
N
"b,J)=i r3X Ub*a~r3®» Vv ( V 53"
* s deh“(r 7 ,r&1 UB"a@3" V) ®B*(-3" V Eb* €Y
b (eb0
where is the number of the discrete channels in fragmentation 3» and
b*(e™,) is the symbol for the set of discrete quantum numbers required to
specify the channels for the degenerate continuum eigenvalue , which is
the sum of the internal excitation energies in channel b". Inclusion of the

continuous channels for any energy is necessitated by the requirement of
completness. The channel selection may be simply

b*> = “)

where xb» stands for the internal state. For the Schroédinger equation of

the system we have

T3(-R) + H373~ + y3(-3" " EHAF R ubta(rl) obT(-3" A
- O
1 deb* Th-L ~ "el "ba(re* V) V (Vv v) =0

This equation must be multiplied from the left with each of the NB + 1
components in turn of the symbolic vector

«B> (O

and, within each equation of the set thus obtained, integrated over the
entire range of the variables r and %9- Let us introduce the notation

-p
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as well as
>V m A <« - *p') (8)
and
2y
vb"b"(rg) 5~ <pb " Jye |ob " >
2y
Vb"b* (rRB"Eb™*" = RT” <pb" (eb™)1y31b " >
- voERey - T .« Aph - ©)
V' b* (rR3,eb",Eb") = <pb" (eb""YBlpb""eb")>

The set of coupled equations may now be divided into three groups. First,
for the channel b"™ = b one has a single equation

{kb + W - vbb(rR)}uba<>R) (10)

1
o

Second, for the remaining bound channels a set b" of N~~ 1 -equations is

obtained:

fb b [kb™ + °b"(rR)  Vb"b*CrR) Ub*a(rR)

k deb}%_ vb"5"(rB"£b") ub"a(rR"Eb0 = vb"b (rR) ubaCrB) =

b"(8) ¢ b Q1)

Finally, for the last component of the vector (6" one has the single equation

corresponding to the continuum



I vb"b(rR,eb™) uba(rhl)
bll

It is convenient to introduce the vectors Vv , and U
b,

by the channels b"(R), excluding channel as

(X.b)b" = Vb"b(rpR) for bound channels b*
= vb"b(rR,eb”) for the continuum
and
(H.a)b" = for bound channels b*

E ub”a(rR,eb”) for the continuum

Similarly, in the same truncated space b",b" ® b , we

y in the form

(s)b-b* 5V b (rR)

5 vb"b"(ri,eb™) for b> bound,
b continuous, etc;

and the diagonal matrices

D , K and ie

with obvious diagonal elements.

With eqs. (13) - (16) in mind, eq. (1o0) may be

bbv ubaCrfR) = 1.b(re)-i

@2)

b b
(13)

® b
(14)

introduce the matrix

for bound channels b*,b"™ o b,

(15)

(16)
rewritten as
.a(re) an

in the space subtended



Egqgs. (A1) -(12) can likewise written down in the compact form

(V + D(re) - v(r3)ju<a = v>b uba(r3) . (18)

The inhomogeneous vector differential equation (18) solves for

lc
B

Ha@R) = “.a(rB) +

X.a(rR) Uba(rR) a9

Here the newly introduced w-s should not in general vanish identically, since,
in contrast to the input fragmentation a , all the channels of any other
fragmentation involve incident waves. By virtue of egs. (18) - (19) the wuw-s

satisfy the vector differential equation

(V + D(rR) - v(rR)j w>a(re) = 0 Go)

which immediately may be converted into the coupled set of integral equations

Nar) = “.a 0 M0)(rR) +

G1)

—————————————— VSrR) "_g&rfn

Here, the boundary conditions involved in the first term on the right hand
side should yield all the necessary information on the input channel a. The
normalization vector n is meant to carry these data and the vector w(»®
is regarded as comprising the force-free solutions in channels b*"(B) ¢ b
of a definite norm /e.g. in the case of neutral channels kb r - times the

Bessel functions/.

By representing the operator acting on the vector wu on the right
hand side of eq. (I) by a single matrix, say h , it is easy to see that the
dependence of w on the normalization vector n may be put into the form

il.a(rR) = £(rR)-S.a (22)

where the elements of g may be constructed in each particular case out of



the components of w”*”~ and the elements of h. The essential content of

eq. (22) is the way its structure displace how w a depends on a. The
required information on ¢a is thus reduced to the knowledge of the constants
n . By inserting relationship (22) into eq. (19), the latter may be combined
with eq. (17) to give a scalar integro-differential equation for w”a in
terms of the single variable r~:

{kb + W " Vbff( v} Uba(rR) =

(23)
@R 2(rR) -.a

where the concept of the effective two-particle potential was introduced by

eff
vb vbb(ri) +

;O\ — . X.b(re) @

v.b(@R) .2 An -,
+ E(re) - X(rR) +

£

The next step is to solve eq. (23) for u”a

uba(rR) = %a(r) +

2 , . eff, v . —.b(rR) S GR)E.a (25
b + Db(rR) " vb (rR) + le

The scalar integro-differential equation for w?a 1is

(kb + Db(rR) Vb (rR)j bayqrR) - ° (26)

Hence

“ba<V "ba WbO,(rR)

“ @n
+ D. (" B) + ie vb  (rR) “ba@R)

By use of a similar notation to that in eq. (22), the factorization of the
a- and TrR -dependence may be expressed as



%a(re) =V rR) "ba (28)

where, again, an explicit form for ft follows from eq. (27).

An explicit expression for the mixed effective two-particle wave

function uba is obtained by combining eq. (25) with eq. (28):

uba (Vv = “b(ri> "ba +

€9
- b(I'B) a(l'e,2a

To complete the argument it is necessary to determine the vector and the

scalar normalization factors

H.a and ""ba ~30)

that are functionals of the input channel wave function d)u . This calcula-
tion must be based on an equation that relates the scattering quantities
expressed in the variables ox the output fragmentation to the input channel

wave function, i.e.

Do {\jE da + VR d):} 0 U

E -{T8(B) + W }

which is the R-representation of the integral equation for scattering.

To put eq. @Bl into a useful form we expand first the scattering

state ©®¢a given by eq. (3), and subsequently also the expression o>,
in terms of the channel wave functions b" , which gives
v i3 K =
-1 (32)
a(R){b"(B)[Vb*'b " (re) ob""(£B, c3)un

For the sake of simplicity, the bound and the continuous channels
are treated on equal footing. A comparison of egs. (3), (31) and (32) leads
to a set b"(R) of equations



()

- i dre gb" ~(r8, '8, kb")
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| 33)

+ 1 .
b x8) vb"b®™ @8) ub"a (r|P J

£H] is the force-free radial Green function of the outgoing type:

gt( (e, r8, kb» kb rerB \ (kb re) hgpkb ré) * r8 <ré
G
=kb reré \ (kb rd) ho*"r®) * r > ré ;

fba the overlap of the input and the outpit channels

fora(V E <pb"lda> G5

and the sum covers all the channels of the fragmentation 8. Now, in order
to have a set of equations for the quantities of (30), one has to substitute
into eq. (33) both eq. (29) for uba and a combination of eqgs. (29) and

(19) for u., *

It is worth noting that eq. (33) can be regarded as a set of
coupled integral equations in a single variable for the complete set of
ub,a"s , which, 1in principle, can be solved, whenever the interaction
operator as well as the input channel wave functions are given in the space
of the output channels.

Once the set of effective two-particle state is known, the transi-
tion amplitude may be calculated, not only by eq. (1) but also by

_ 2
ba = | drg g

wON = )
b (P )\I,) -bb-(re> ub“a(re> 0)

which is an immediate consequence of expansion (32) and does not involve
the channel radii.

In summarizing these considerations it should be pointed out that
whereas the first of the above methods for calculating the effective two-
particle state develops a set of equations based on the many-particle
Schroédinger equation, the alternative prodedure deduces a set of integral



equations starting from the many-particle integral equation. While the
latter method is self-contained, the first one requires information with

regard to the formalism of the integral equation method.

Feshbach®s theory has also been made the basis of some model calcula-
tions [4] that prove particularly successful in reproducing inelastic
scattering experimental data. It is hoped that either of the procedures propos-
ed above will find some application in model construction of rearrangement
processes in few-nucleon problems or direct reactions.
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