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ABSTRACT

Many-sorted (heterogeneous) logic is a useful tool for discussing of a great variety of
theoretical problems in computer science and artificial intelligence. The purpose of this paper is
to give ageneral and precise system of definitions for the users of many-sorted logic and to be
an introduction to a deeper study of many-sorted model theory. A detailed definition of first
order many-sorted language is given and a whole section deals with operators defined on hetero-
geneous models such as submodel, homomorphic image, direct and reduced products. The con-
cept of many-sorted free model is introduced and some well-known theorems of predicate cal-

culus are generalized for first order many-sorted language.



0. INTRODUCTION

Many-sorted (or heterogeneous) logic is widely used in several branches of computer science
and artificial intelligence. It is utilized e.g. for a logical foundation of computer-aided problem

solving (Gergely - Sz6ts 111]), for knowledge representation of design (Markusz [18, 19)) and for
definition of semantics of programming languages (Andréka - Németi - Sain [8]). Attempts have
been made recently for an implementation of first order many-sorted resolution (Stanford
Research Institute) which could increase the effectiveness of mechanical theorem proving. Heter-

ogeneous logic is an aid for experts to discuss a great variety of theoretical problems in computer

science (Kamin [15], ADJ [1], Andréka - Németi [7]), as well as to develop theories of data-base
systems (Rdnyai [34]), to investigate dynamic algebras of programs (Pratt [31,32, 33], Németi
[27, 29]), and semantics of program verification (Andréka - Németi - Sain [8], Németi [28]).
Many-sorted logic is a useful tool for a description of connections between initial algebra
semantics and algebraic logic, and between initial algebra semantics and cylindric algebras
(Andréka - Sain [9], Németi [25]).

There are many possible fields of applications. Computer Science is full of problems which
could be discussed in a more natural and simpler way within the framework of many-sorted
model theory. Such problems are e.g. Montague’s Universal Grammar [23] giving a logical foun-
dation of natural language understanding, and a method of definition of semantics of formal
languages based on Montague s work (Markusz - Sz6ts [20]). See also Janssen [37], Many-sorted
logics are used in pure mathematics as well (e.g. in Henkin-style higher-order arithmetic,
Godel-Bernays set theory) and there is a need for further development of this logic from their
part, too.

Due to this widespread application of many-sorted logic it is time that the concepts used in
different papers in different ways were cleared and exactly defined. It means a unique and
precise definition of all the basic concepts. First of all a reference work is needed for the users of
many-sorted logic. In order to obtain further successful applications, it is necessary to investigate
the specialities, possibilities and limits of this new mathematical tool. It needs a more detailed
and deeper study of many-sorted model theory, which is not as highly developed as classical

predicate calculus. There are only a few works discussing heterogeneous logic and most of them



are restricted to the definition of the language (Monk [22], Lugowski [17], Andréka - Németi -
- Sain [8]). The first step towards the investigations of some deeper specialities of manv-sorted

logic is a general and precise system of definitions.

The purpose of this paper is to meet the goals stated above, i.e. to be a reference paper for
the users of many-sorted logic and, on the other hand to be an introduction to a detailed study
of model theory of many-sorted logic.

In this paper a detailed definition of first order many-sorted language is given and a whole
section deals with the operators defined on many-sorted models such as weak and strong sub-
model, homomorphic image, direct product, reduced product and ultraproduct. The well-known
Los lemma of classical predicate calculus is also generalized for many-sorted first order language.
The connections between the operators defined on the heterogeneous classes of models are
discussed and some theorems of axiomatizability are presented. The proofs of most of the
theorems in this paper follow from H.Andréka, I.Németi and 1.Sain's results on a category
theoretical version of abstract model theory [4, 5, 6, 30]. Category theoretical methods are
widely used in investigating many-sorted logics (see e.g. [1, 15]). This follows from the nature
of this field: in many-sorted logic we have to reformulate and reprove existing notions and
theorems in a new environment so that they should fit harmoniously into a new coherent theo-
ry about many-sorted algebras. (About this phenomenon see the introduction of [4]. This is
just the kind of thing category theoretical logic of [4, 5, 6, 30] was invented for.

One of the specialities of ”being many-sorted" is referred to at several places in this paper.
In most works published (e.g. Monk [22]) all the models having a sort with an empty universe
are excluded. This exclusion essentially restricts the area where many-sorted logic can be used
although this area should be extended. In this paper we fail to make this restriction. However, in
order to be able to discuss the difference between the class of models defined in Monk [22] and
the class of models defined here, we introduce the concept of normal manv-sorted models.
Normal models are identical with many-sorted models defined in Monk [22]. Non-normal models

have at least one sort with an empty universe. Thus, the class of t-type many-sorted models

defined here includes both normal and non-normal models, and is often called the class of empty-
-sorted models. Using classical validity concept for the larger class of empty-sorted models yields
logical paradoxes. Thus all the theorems in this paper are stated for the smaller class of normal
models. Another paper (Markusz [21 ]) will study the special features of the class of empty-

-sorted models.

There are many further interesting branches of developing the theory of many-sorted al-



gebras. One of these is the investigation of the connections between the usual first-order logic
and many-sorted logic. Here we mention a recent result of 1.Sain which says that the same
relations (remaining within a fixed sequence of sorts) can be defined in a many-sorted model

using many-sorted language as in the first-order version of this model using first-order language.



1. NOTATION

Throughout the paper = denotes the fact that the concept standing on the left-hand side
of the equality symbol is defined by the expression standing on the right-hand side. For example,

P~ A~ . o - D d ¥ .
X =y means that x is equal to y by definition. Similarly, \|' means that the formula

is defined by formula i//, and is defined to be true if and only if V/ is true. Troughout the paper
iff” is an abbreviation of ”if and only if , Brackets (,) and [,] play the same role and they are
used simultaneously.

The following notation is given for arbitrary sets,

UA =d{x :(3>’e A)x e y'}.
nA =d{x :(VyeA)xey7j.
AuB=UI[A B .
AnB=nl[A B} .

ANB =iaEA:a” B}L

Natural numbers are used in von Neumann s sense.

0 denotes the empty set.

d

at+l = auif<zf.
go— N {H:0eH and (YneH)nt 1GH} and (Vne co)n={0, 1, ...,n-1} .
A\ denotes the cardinality of the set A.

SbA —{X:X—A 1. SbA istheset consisting of all the subsets of A. Sb A is called the

power set of the set A.

(a, b) =Ua), [a bil istheordered pair of a and b, where the first member of the pair is a,
and the second one is h.

d d
Notation: (g b)Q=a and (a b)j =

b .

J

q - .
AXxB—{(ab):ae A and b€BJ. AXx# isthe Cartesian product ofA andB .

dc . .
Dom A =iae uu A :(3b)a,b) €A . Dom A denotes the domain of the set A.



d .
RngA =ibe uu A:(3a)(a, b)e Aj . RngA denotes the range of the set A .

ATI'B=An(BxRngA)- {(ab)e A : ae B} . A A3 denotes the restriction of the

"B

set A to the set B .

Let/ be an arbitrary set. / is a function or a mapping or a sequence iff all the
elements of / are ordered pairs and

Y-a, b, c[((a b) &f and (a c)ef)-*b=c].

If/ isa function and i € Dgm f, then there exists exactly one set b such that

a, b)gl.

b is said to be the value of the function / at the argument i and is denoted by
or

or

= {fe Sb(A xB):f isafunction, Domf =A} .

AB denotes the set of all functions from A into B .

f : A +B denotes that/ e "B .

f: Ay->B denotes that/e AB and / is aone-to-one mapping, i.e.

[f:A>*B J«[/." A mB and (V a be A) (fia) =f(b) %a-b)] =

: A—"B denotes that/£ and f isamapping from A onto B, i.e. Rngf -B .

f:Ay& B denotes that/e AB and / is a one-to-one mapping from A onto B .

Let pj, ..., and S be fixed sets.

Let t(x,pj , p n) bean expression, which assigns a unique set denoted by

s, pj, pn) to everys GS. Then

<< s,pj,Pn)>s& * <T(S PR ¢Pn) :sG S> = {fs, t (s, pj,..., pn)) :se S}.
That is <t (s, pj, ... is a function with domain S.

If n-0, i.e. there are no parameters pj, ..., pn then <t (s) d <ts |
For example, suppose t(s,p) = snp.Then f= <sn\p:sGS > isa function for
every fixed parameter p and S, otherwise / is not defined. That is function /
depends on the choice of the parameters p and S .

A further example: Suppose S— c¢j and pe . >mThen g—<p +s:se g > isa
function g: ¢ % & and (VxG oj) g(x) =x +p . Obviously function g depends on

the choice of the parameter p .
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In particular, if / isafunction and Dorn/= 5, then

<fs:seS>=f,

<fs>ses= <fs:ssS>-f-

Let ne a) "and let / be a sequence of length n .

Sequence / may be given by ’enumeration” as follows:

f Afo of lessse fn-]'> o

E.g. /== <5, 3,8, 7> =1 (0,5), (1,3), (2, 8),(3,7)}
That is / is a sequence with length 4, f: 4 -* oj such that f(0) -fQ- 5, fil) -fj =3,

Let "s”seS an<™s'seS two seiluences with common domain S . Sequence

<KS> c o is smaller than or equal to sequence <Ls>seS iff (Vsg S)Ks”Ls,

and we write:

<KsyseS < <Ls>seS -’

Let / and g be two functions.

fog = <f(ng)) . g(X)E:DOmf>X € Bom g

Function fog is called the composition of the functions / and g.
Id» — 1 (&, aj :ae A }. Id”~ isthe identity function on the set A .

j =U t S:nGco and n¥0j . ST denotes the set of all finite nonempty sequences of
elements of S .

Let A be a function. The direct product of A is as follows:

PA d At dff DOImA( Rng A) : (Vie Dom A) A-}
= = e U Rn . 1€ om - .
e poma A% g 171

Let ’Sets” denote the class of all sets.
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CONVENTION 0

Throughout the paper each symbol denotes a set unless it is declared to denote a class or
a metaclass. All the notations introduced above are used for classes and metaclasses as well as for

sets in the usual way.

REMARK 0

Set theory, which is based on the hierarchy of sets —classes —metaclasses, is described
e.g. in Herrlich—Strecher [12], where conglomerate” is used instead of ”metaclass”. The main

point of the hierarchy is

Sets —Metaclasses such that Sets € Metaclasses and

<Sets, £> 1= ZFC and <Metaclasses, €.> 1= ZFC .

The difference between metaclasses and classes is that elements of a metaclass can be

metaclasses, classes or sets, while a proper class may have no elements but sets.

CONVENTION 1

1.1 From now on the ordered pairs and the 2-length sequences will not be distinguished.
More exactly, <x, y > will denote both the ordered pair (x, y) and the function
£(0,x), (l,y) j foreveryset x and y , though they are not identical. The reason
behind this convention is that it is not so important from the point of view of this paper,
which meaning of the symbol <x, y> is to be considered. The only requirement is that
condition g
VX y,un [<x,y>=<u,w> @(x=u and y =w) ]
holds for both meanings, and it obviously holds for both the ordered pairs and the

2-length sequences.

An important consequence of this convention isthat A x A isidentical with A for

every set A .

This convention (which is improper in princeple) is very wide spread in mathematics, see
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e.g. Henkin-Monk-Tarski [12] p. 33. or Levy [16] Def. 4.15. p. 58. In these
works one can also find the consequences of the convention above, and a technique

which helps to avoid false results.

7.2 Let A beasetand «e gj.Then nA xA isconsidered to be identical

with n+*A, i.e.

nA xA =n+lA
Therefore the ordered pair (<sQ, ... ,sn_j>,sn)isconsidered to be identical with
the sequence <sQ, ... ,sn_j,sn > ,and the Cartesian product is considered to be

associative:
(A xB)xC=Ax(BxC)™ 3(AuBUC).

Hence A XA XA =’A .

DEFINITION 0 (n-ary relation, function)

Let B beasetand ne comByan rcary relation over B we understand aset R —nB , i.e. an

«-ary relation is a set of sequences with length n .

By an «-ary function over B we understand a set /€ (nB)B . If / isan «-ary function, we

write
f: nB>B .

M
COROLLARY O

Due to Convention 1, «-ary functions over B are «+7-ary relations over B , since

/«D 1 ,
"«-ary functions over B" = B - (nB) x B =n**B .

This corollary is utilized essentially throughout the paper.
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2.  FIRST ORDER MANY-SORTED LANGUAGE

21 MANY-SORTED SIMILARITY TYPE

DEFINTION 1 (many-sorted similarity type)

A set t is said to be a many-sorted (or heterogeneous) similarity type if

t&*fRngt) and
tj : Dorn tj-*(t0)+and ~ ~ Dom tj

NOTATION

Generally tQ isdenoted by S and N by o)

t-<S, tj,H>
In Definition 1
=0 is called the set of sorts.
- is called arity function,
t2 -H is the set of function symbols,

Dom (tj) VH is the set of relation symbols of the type t

CONVENTION 2

From now on t denotes a many-sorted similarity type.

NOTATION

Let t be asimilarity type and let re Dorn tj .

tr=t(r) = tj (r)
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REMARK1

If re Domtj ~ H, ie. r isarelation symbol, then Dom (tr) is the number of the arguments
of the relation symbol r . For example, let t - <S, tj, H> be afixed similarity type such that

S=ip,q,k], . tj=E</" <q,p k>>, <f, <q, k>>}, H=[f} , tr=<q,p,k> .

Then Dom (tr) -3=$0, 1,2}, and
tr(o) =q, tr(D)=p , tr(2)-k .

Let n = Dom (tr)-1. And really r is a ternary relation symbol between sorts g, p and k .

If /e H, ie / isafunction symbol, then n = Dom (tf)-1 is the number of the arguments

of function symbol / .
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2.2 MANY-SORTED MODELS

DEFINITION 2 (t-type model)

Let t be a many-sorted similarity type.

By a many-sorted /-type model we understand a pair Vi - <A, R > iff the following (1)-(2)
hold:

(1) A isafunction such that
DomA -&.

(2) R isafunction, and conditions (i) —(ii) hold:
(i) DomR-Domtj
(i) Let re Dorn tj be an arbitrary symbol and

Dom(tr)-\ . Then:

Furthermore, if re H , then

Rr: (Atf(0) x ... x Atr(mng))-+Atr(n) , i.e. the relation Rr isa function with
domain

D°m(Rr>-- [

By Definition 2 Vi is a/-type many-sorted model iff

VC = «A > ,

syseS " <Rr>eDom(tl) > 1c

r reDomftj) and

the conditions (1) and (2) above hold.
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NOTATION

Let 01 be an arbitrary t-type model and let r*Dom (tj) be an arbitrary symbol. Then Rr

fif
is denoted alternatively by r ) , too. Thus

a -<A,R>-«As>8<Rr>e[lomlli) = =
= <A C2ef <IDFepom(t))™

As (s &S) issaid to be the universe of the sort s, and

0t°=A =<As>seS

is said to be the system of universes of the model 01 .

DEFINITION 3 (normal t-type model)

Let (K bea i-type model.
01 isanormal model iff (VseS)AsV O .
That is Ut isa normal model if and only if there is no sort s such that the corresponding

universe As isempty.

NOTATION

Modf = £Ut: Vt is a normal t-type model }
Mod° = IVl : Ol isa t-type model }

Note that Mod( and Mod®° are not sets, but proper classes. Mod{ ~ Mod®° , i.e. Mod( isa

proper subclass of the classMod® .
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REMARK?2

In Section 3 we shall define the usual model theoretical concepts (such as submodel, homo-
morphic image, direct and reduced products) on many-sorted models. The definitions will be
given for the larger class Mod” , the propositions and theorems, however, will be given for the

smaller class of the normal models Modf .

Some theorems proposed in this paper hold only for normal models. We are going to investigate
a new validity relation in another paper. This new validity concept will differ from that in
Tarski’s sense, and the propositions and theorems of this paper will hold for the elements of the

class Mod®° , as well (see Markusz [21]).
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2.3 SYNTAX OF FIRST ORDER MANY-SORTED LANGUAGE

DEFINITION 4 (variables)

Let t =<S, tj,H> be asimilarity typeandlet v: xS>» Rngv be aone-to-one
function. Let Rng v be disjoint from any other set occuring in this paper, e.g.

Dom (tj) n Rngv=0.

Let </, s>eu\S .Then

vf — V(<*. 5>) o

is called the Zth variable of the sort s .

Define
V=1 ¢d¢ieca}.

Vs is called the set of variables of the sort 5.

Define

V= U VW
seS

V is said to be the set of the variables.

DEFINITION 5. (set of t-type terms : T()

Let t =<S, tj,H> be asimilarity type, and let Vs be a set of variables of the sort seS.

Let G be the smallest sequence such that Dom G -S , and conditions (i)—ii) hold :

Q) (VseS) Vs —G (s) .

(i) Let /eH and n-Dom(tf)-\
Suppose (V ien) re G (tf(0) . Then

f(r0, ..., rhl)e G (tf(n)) .

Obviously, there exists such a function G, and only one exists.
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Let define
Th"= G ()
for every seS.

1¢ is said to be the set of Mype terms of the sort s.
Let Tt= Rng G, Le. T(=U7".
SeS

T( is called the set of t-tvpe terms.

DEFINITION 6 (set of t-type first order formulas : F()

The set of t-type atomic formulas is a set Aft :

Aft = $r(tig, % rn) :reDom (tj) 'vH, n-Dom(tr)-\ and rze 7’9“) foreveryKn} u
ul (t=o0) :t,oe T¢ for seS} .

The set of t-type first order formulas is the smallest set F{ such that

(i) AfrNE,

(i) Let pe\peF( andlet e V for any seS and ieut . Then

E(AIll). 3 < - Ff.

CONVENTION 3

Let ip. 41e F{ be arbitrary formulas and let vseV be avariable for any fixed seS and ieco ¢

Then

G+ D= cv v
(Wfp)= a 3vf»
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2.4 SATISFACTION AND VALIDITY RELATION IN TARSKI’S SENS

DEFINITION 7 (valuation)

Let 01 eMod®

By a valuation of the variables into a model Ol (shortly by a valuation) we understand a

sequence of functions k =<ks> " such that

<yseS)ks:u + As .

That is ks e “(Aj for every seS.

Therefore the set of all the valuations of the variables into Ot is

se% (" (AQ) -

DEFINITIONS (r6™])
Let te Tt , VI eMod°t, ke P (“(4Q).
1 1 seS( ( ’9)

The meaning of the term r in the model Oi with respect to the valuation k (notation :

t [&]) isdefined by recursion

(i) If r isavariable v]|e Vs(seS and zeto), then
via [K]= ks(i) . (k/i) e As) .
(i) If t isaterm of the form f (tqg....... m 1), where fe H ,n - Dom (tf) -1 and

(Vzen) [rze TAM  and N [&] has already been defined ], then

f (N VI )W [fC] N e*(TOOZAT>. . FTLEA] . o

The concept ’satisfaction” in Tarski’s sense (notation : 1=) is a 3-ary relation which connects a
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class of models, a set of formulas and the corresponding set of valuations. In the case of many-

-sorted logic, considering the class of models Mod?°, the set of formulas F( and the set of

valuations PS (w/l,,) , the satisfaction relation is:
se
N Mod? xf,x P (WA,*) .
1 1 seS

seS
Let 01 e Mod® ,tpeFt,ke SePS(WAS)

Then 1=< «Of, \p, k> means, that the valuation k satisfies the formula y in the model
, or the formula ” is true in the model 01 with respect to the valuation k . Usually, we

write OC I=ip[k] instead of 1=<0U, , k> ,ie.
\=tp[k]= l=<{/t,ip k>

(see e.g. Andréka—Gergely—Németi [3] or Monk [22]) .

By convention (sloppily), the symbol 1= denotes the validity relation in Tarski's sense, too
(see Monk [22]). The validity is a binary relation, defined on a class of models and on a set of
formulas. In our case:

1=~ Modt® x Ft .

Thus the sequence of symbols tit &=  means, that the formula p is valid in the model 0C

or Ot isa model of the formula <.

We define the satisfaction and the validity relation in Tarski’s sense for many-sorted logic in

details bellow.

DEFINITION 9 (satisfaction: Ot !=<£[&])

Let Ff, Vi e Modf° , k.e P (WAJ) .
1 1 seS a

"The valuation k satisfies the formula < in the model & ” (notation: (Jt \="p [A]) is defined

as follows:

1 Atomic formulas

(i) Letreoe . Then

M. 1=(T=a) [A] ~=> r U-[K\ =a~fc] =
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i . tr (i)
(i) Let re Dom n =Dom (tr)-1 and (Vi—n) rye T( Then

(X\=r{To, ..., ) [A] <M=> <T~[K] , ..., r [k]>¢e [ .

2. Formulas

Let iped/ € Ft and € V5 .
Suppose Vt Mip[k) and Ot 1=\p [A] has already been defined.Then

Q) 1=1 <p[k] <t*> (tK Mip[k] is not true) .
(ii) M(ip A \X) [A]M=> (<K\=v[k] and Vi M~ [A]).
(iii) =3  &A] (there exists a valuation ge P (UM )) suchthat

(VZE5™ s} )kz =gz and
ks f (co'v{i$)=gs f (co'Vlii) and
VI =[g]) .

DEFINITION 10 (validity: Vt \=" )

Let Vt e Mod® « e F( .

The formula \p is valid in the model & or Ot isa model of the formula ip iff

Vt M24»(VA:6 Po ("(/1.») 01 M<p[*] .

REMARK 3

If Vi isanon-normal Mtype model, i.e. (3seS)”™ =0, then the set of the valuations is

empty, i.e.

Thus, according to Definition 10, Vt Md> for any <peF{, since
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Vtl=<p <==> (Vk e 0) Ot N yp[k] .

Therefore Oi \=Ft, e.g. (K \=y A1l p aswell. Obviously, it contradicts our intuitive
imagination, that is why we are going to introduce another validity concept on the class Mod{°,
which is “good” in the case of Mod*®, too. This new validity concept (Mostowski [24]) is said

to be the validity relation in Mostowski’s sense and is denoted by N .

Thus if Oi € Mod® and e Ft then Vi \=y Ahp holds, but Ahp does
not hold.

The definition and the detailed description of this new validity relation is discussed in Markusz

[21m It is easy to see that if is a normal model, then Oi 1=V A “lI does not hold.
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DEFINITION OF FIRST ORDER MANY-SORTED LANGUAGE

DEFINITION 11 (Lt)

Triple Lf= <F{,Modf, 1=> issaid to be a first order many-sorted language .

REMARK 4

41

4.2

4.3

4.4

The triple above is said to be a language according to the terminology of abstract model
theory (see Sain [35] or Andréka-Németi [4, 6]). The set of formulas denoted by F(
defines the syntax of the language, and the class of models Modf and the validity

relation define the semantics of the language.

Many-sorted language L ( is reducible to classical first order predicate calculus (see Monk
[22]). Its reducibility is very important from the point of view of the completeness of the
language L{, since many-sorted language Lt isalso complete according to Godel’s

Completeness Theorem.

Triple Lt° = <Ft, Modf , N> s said to be a first order empty-sorted language. As one
can see in Remark 3, this language is much more difficult to work with than language L ( .

To avoid these difficulties we define another empty-sorted language

L°Mt = <Ft,M°dt0, N >

which satisfies our intentions. Note that language LMt uses validity concept is Mostowski’s
sense. The comparison of languages L? and LJO"t can be found in Markusz [21]. It is

0 o
worth mentioning that the syntax of all the three languages Lt, L( and L”*jt isthe same

the difference lying in their semantics.

Validity relation 1=—Modt°® x Ft induces Galois sorrespondences, namely

Th : Sb Modt® -* Sb F{ and Mod : Sb F{ -* Sb Modt® , which are called ""Theory of”
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and Models of |, respectively. (See Def. 30, 31.) Note that since Mod( is a proper class,

O @]
Sb Modt is a metaclass, and therefore Th and Mod are metafunctions.

PROPOSITION 0

Metafunctions

Th :<Sb Modt , —-»m <Sb Ft, 5-> and

Mod®°:<Sb F(, A > >»<Sb Mod( , —>

are metahomomorphisms.
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3.  MANY-SORTED MODEL-THEORETIC CONSTRUCTIONS

3.1 SUBMODEL

DEFINITION 12 (weak submodel)

Let (K, & € Modt be two models.

jy isaweak submodel of Vi (notation: Jy GSw { OI\ or h- -w~” ) iff

0] (YseS)Bs"A s .

(i) (Vre Dom(tj)) r*> ~ ro1 .

EXAMPLE 1 (weak submodel)

& M

Figure 1

Let t-<S, tj, H> be a similarity type, where
5=i.0,1,2 } ,
tl="<r; <l,2>> ,<r2,<0, 2 » ,<r2,<2,2»} ,

H= 0.
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Let t)L and & be two f-type models as follows:

&= <BI,<r*r>reD0m(.tj).> , (K=<A‘,<r°t>reD0m(.tj).> ,
B-< Bo,Aj,Bl1>, and M =<Mo,/lj, /12> -B
Bo=iaoh Bi= iail > B2=la2’M =
rir= [ <ax, b2>} riol si<alt b7>1} ,
rl*~- |’<ao' a2> $ . r2W =i<ao,a2>1 ,

-i<a2, b2> 1 <b2,a2>] .

CLAIM

PROOF

Condition (i) in Definition 12 holds, since (Vie S) (4 =B$), and so does condition (ii), since

Jy,. O . Sy . Vi iy . <K
Al TR PRl AR P ol S

QED.

DEFINITION 13 (strong submodel)

Let (It, ly e Mod( .

& is astrong submodel of 01 (notation: Ss {0t\ or Is'" —sn) iff

(i) (Vie S)Bsi As .
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(i) re Dom (tf) [(n- Dom (tr) -1) ->(r*'= rOlniEn Bir(i)) \.

EXAMPLE 2 (strong submodel)

& et

Figure 2.

Let t denote the same similarity type and let (it denote the same t-type model as in Example

1. We define amodel A as follows:

& - <B’<rh>reDomdj) > Where B-<B0,B1B2>
Bo =i aot « Bl =fal* « B2=la2$%$ =

rl 0 >r2"=l<ad’a2>3" rt= 0 «

CLAIM

& G S5iit}
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PROOF

Condition (i) in Definition 13 holds, since

Bo~ Ao‘ B1=Al+B2 ~ A2~*

and so does condition (ii) because

1) ]~ rfCn (Pj xB-,) since
r -0 and

n (B] \B2) ={< aJt b2>}n (iajl x {a2])={<aj, b2>\ n $<aj, a2>} =0 .

2) r2 ~r')*n (BO xB" since
=l<a0,a2>] and
n (B0 xB2) =£<aQ a2>] n ({a0\ xla2]) =

=\<a0,a2>\ n{<a0,a2>] ={<a0,a2>\

3) r2 = <~}(B~>x B2) since
-0 and

r*tc\(B-,xB7) -£<a2 b2><&*a2”™"™ n"EW2? x £62 N =

zi<az2 b2><b2,a2>) n $<a2,a2>} =0 .

qED.

REMARK 5

5.1 InExample 2 S* isaweak submodel of the model t)t ,but it is not a strong
submodel, i.e.

& £ Otand b' ~
w S

It is easy to see that condition (ii) in Definition 13 does not hold, since
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r’\nfByxB") because

r~ =0 and
n(B2xB2) =l <a2,b2> , <b2,a2>} n (\a2,b2\ x la2 b2\) =

=f£<a2b2>,<b2,a2>} n { <az2,a2>, <h2, b2>

< a2, b2>i<b2,a2>} =

-{<® b2> , 2,u2>J"™N 0

Sloppily, the difference between a weak submodel of a model 01 and a strong one is that
if we omit some elements of the universe of VI and restrict relations to the new universe
(i.e. omit exactly the ones which contain any of the omitted elements), then we get a

strong submodel of Vi . However, if we omit only some relations, or only some elements

of the universe A, we get a weak submodel.

For example, in Example 1we only omitted relation r # from the model Gt and we have
got a weak submodel, while in Example 2, we omitted element b2 with all the relations

on it, and we have got a strong submodel.

PROPOSITION 1

a cS)P=>Vt cwn

PROOF

The proof is easy by Definition 12, 13.

qED .
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3.2 HOMOMORPHIC IMAGE

DEFINITION 14 (homomorphism)

Let Vi, & € Mod(° .

By a homomorphism from & into ®& we understand a sequence of functions / =<fs>

such that
0] (ViE5)/s: *

(i) (VreDom(tl))(N<aO0,...,an>e rU) <ftr(o) (aQ, ..., ftr(n)(an) > e r*.

NOTATION: f : Vt -»eA- denotes that / isahomomorphism from into

DEFINITION 15 (isomorphic models)

Let 01 ,&m E Mod(

Two models 01 and are isomorphic iff there exist two homomorphisms f : O & and

g:b VI such that

(NseS)(fsogs =IdA” and gs ° fs=Id} ).

NOTATION: Ol = & denotes that models CK and are isomorphic.

PROPOSITION 2

Let /: Ol -~ fo- . Then
(Vig5)Ms~0 - Bs*0)

The proof is trivial. QED .



- 33

DEFINITION 16 (weak homomorphic image)

Let Ot,fa gModt

far is said to be a weak homomorphic image of the model tit (notation: fa e Hw{di}) iff

0 there exists a homomorphism /: Ot “mfa’.

(i) (ViG S) Rngfs =Bs .

DEFINITION 17 (strong homomorphic image)

Let tK ,fa e Mod( and f :tX. “mfa .
fa is said to be a strong homomorphic image of the model VL (notation: fa e H5(0Cj ) iff

(i) fa GHw { Vt\« (ie. fa isa weak homomorphic image of 01 )

(i) for every r &Dorn (tj) , if n- Dorn (tr)-1 , then

r*= i <ftr(o) (ac> ftr(n)(ad > ;<ac> an>Grt

REMARK 6

6.1 Sloppily, a strong homomorphic image of a model OL is quite alike as *’the result of the

projection” of the model VI by the corresponding homomorphism.

6.2 In the case of a weak homomorphic image of a model Ot there may be some relation
which does hold on some elements of the homomorphic image, but do not hold on the

corresponding elements of the pre-model OL .
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EXAMPLE 3 (weak homomorphic image)

Figure 3.

Let t= <S, tj, H> be asimilarity type, where
5 -i0, 1,2} ,
tj ={<rp <0,2» ,<r2,<2,1», <r3,<0,1»]
H=0.

Define models Vt and b- as follows:

a=< <r€‘x>reli")omftj )'> ’ b =<B,<r >reDom(tj)
A=<AdmAl>a2> Y B ~-<Bo>B1>B2y

Ao Tacwm =5 bils oAy arm

Bo =\ co . Br \'ci}, B2 =\c2\

x - i<bgra2>} rp =i <d0c2>\ ,

r2Vi =i<bop>1 r2iy =l<c2,ci>1

r3Vt=O' rSA_ =l< (=]

Let the homomorphism / -<f0 «f/ >?2>  defined as follows: / : VL -* <&such that
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fo(aO) co fo (bO) do *
/; (aj) -fj (bj) -Cj , f2(a2)-f2(b2)-c2
CLAIM

& GHw\ Ot} ,but * £ Hsi M | .

PROOF

1) &eH w{WJ.

Conditions (i) and (ii) in Definition 16 holds trivially, therefore ff- e Hw { Ut] .

2) U £ Hsfelt}

In the definition of strong homomorphic images (Definition 17) condition (ii) does not
hold, since

<fO(ao"flral*>= <co’cl>Gr" « but

<ao,al> irOL, so

qED.

REMARK 7

We construct a strong homomorphic image of the model 6t by modification of the model <<m
in Example 3. Let omit the relation r » - { <cQ, Cj>] from the model & , more exactly let

£ be amodel, which is the same as the model & in Example 3, but r*~ 0 . Then

I €Hsle*J.
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3.3 DIRECT PRODUCT
DEFINITION 18 (direct product)

Let / be an arbitrary set and Oi e {Modt ie. Oi =<OCI'>te|r

Let us denote the universe of the sort s of the model by A”s . By the direct product of
the models Viziéi) we understand a Mype model J* =« B s>eS,<r® ¥epjom(t* such

that
(i) (NSES)Bs= ?<Afs:iel>
(i) VreDom(tj) if n=Dom(tr)-I then

Vbe (Btr(0) x ... xBtr(n) ) [be r** (Vie I)<bQi), ..., bn(i)> e r*1]

The direct product of the models (X (iel) isusually denoted by P OV or E \C-
i

NOTATION

The direct product of the systems of universes of Mype models V t (iel) is denoted by

PA = P<A;i>iej = < P <Af nTej mseS> =(P tl),

EXAMPLE 4 (direct product of rnany-sorted models)

& «vt0*Oi, *

<

Figure 4.
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Let 1=3={0,12}, andlet t=<s, tj, H > be asimilarity type where

5=ip.ql, t}={<r,<p,q>\ , H=0.

VL0 <<A0,s”eS ’ <r  >eDom(tl) >
<Ao0,8'seS * ""P’Ao,p>><], Ao,q>" where
Ao,p~$%$a>b] t Aoqg - ic}

rr° =1 <a, c>}
We define the models t)l j and tt inasimilar way:
Alp =1d,e], Aixg=If\ and r~1={<e,f>\
A2p=%#%> A2>g=\h\ and r 1=\<g,h>\
The system of universes of the model = 0tQx ILjx is as follows:
*&0 = B =<BS:seS> =< P<Ai,s>iel: SeS > =
=\ <p,iAop xAlp xA2tp\> , <q,iAogxAlg xA2qi>j =

={ <p,{ <a, d g>,<a e9g>,<b,d g>,<b, eg>l >, <q, \ <c, f h>j >]

CLAIM

) «a, eg>,<c, frh» ern,

2) « ad,g>,<cfrh» 4rn.

PROOF

1) <a,c>€r™° |, <egf>er*1l, <g,h>er , therefore condition (ii) of Definition

18 holds.
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2) <d,f> " Ol}, so the condition (ii) mentioned above does not hold.

QED .
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3.4 REDUCED PRODUCT

DEFINITION 19 (pre-filter, filter)

Let / be an arbitrary set. We recall that Sbl is the set of all subset of / . A pre-filter D over
/ is defined to be aset D —Sbl such that

(VX, Ye D)(Xn Y)eD
A pre-filter D over / is said to be a proper pre-filter over / iff
oD
Recall that a filter D over / is nothing but a pre-filter over | such that
(VI1, YeSbI)[«X ¢ Y)A(XeD)) - Ye D]

holds.

DEFINITION 20 (ultrafilter)

Let / beaset. Aset U—Sbl issaid to be an ultrafilter over / iff U isanonempty, maximal

proper pre-filter over /.

REMARK 8

Let / be aset. Aset U—Sbl isan ultrafilter over | iff U is nonempty and

o ofu.

(ii) (VX, Ye U (in Y) e U
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(iii) (VX,YeSbI)[((Xc Y)A(Xe U) ~ Ye U]
(iv) (VYeSbl)(Ye U or (1"Y)eU).

In our case the straightforward generalization of the definition of reduced product, which is

based on the equivalence classes on the direct product is not satisfactory. We shall use other

equivalence classes on the set (P™A) defined bellow instead.

DEFINITION 21 (PDA)

Let | be an arbitrary set, let D € sSbl bea pre-filter over /, and let Oi € ITM odt0 , l.e.
eA =<«,->. 7 .Define PDA to be a set

pD" A.<PDAs:se S > such that for every seS

?°ASt {fs:(1 YCD) [fse YRngfs and (Vi€ Y)fs(i)GAis } .

DEFINITION 22 (equivalence relation =D)

Let t-<S, tj, H> be asimilarity type. Let / be an arbitrary set, let D be a pre-filter over |I.

Let pDa -<PdAs:se S> be aset defined in Definition 21, and let fs, gse P”AS for any
SGS .Then

(VseS) (fs™=Dgs) Dom(fsn gs)eD

REMARK 9

It is easy to se that the relation =, is an equivalence relation over P° A, since it is symmetri-

cal, reflexive and transitive due to the definition of pre-filter.
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NOTATION

Let t=<S, tj, H> be asimilarity type and s€ S . Let us denote the equivalence class of the

function fseP°As by fs .

The set of all equivalence classes of the relation =£, of the sort s is denoted by

p‘V>J.r<rv Bii'7 ufsseDAsi =

PDAID = PD A,-ID= <PDAJD :seS>
iel 1 A

The set PAA/D is said to be the reduced product of A modulo D ,where A =<AM>"i 1 %

a set, and D is a pre-filter over | .

REMARK 10

10.1 Note that there is a significant difference between the direct product of systems of

universes Aj (i€.1) (denoted by PA) and the set P* A defined in Definition 21.
PA =4 <P <AifSsel:seS> and P°A= <P°AS:seS>

where for every se S

P A Os , A (Rng fs>ad (Vie

pPen= £ fs:H YeD)ifsey (Rngfs)and (Vie e /Gs ]j

where / is an arbitrary set, D —Sbl is a pre-filter and 01 e “Mod°

That is the significant difference is that each element of the direct product of the sort s
is a sequence with length 1/1, the elements of P”* A Q, however, are sequences with length
depending on the elements of the pre-filter D . In the case of a finite pre-filter (see e.g.

Example 5) the lengths of the sequences PDAs may be different.

Moreover (YseS) IP°v4S 1 > |P<Aijs>iet l.
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10.2  Note that the same idea is used to define the equivalence relation =p both in this paper

(for ?DA) and in classical model theory (for reduced product).

DEFINITION 23 (many-sorted reduced product)

Let / be an arbitrary set, let D —Sbl a pre-filter over / and let Ote “Mod° . Let
P°A =<PDAs :se S> be the set defined in Definition 21.

By the reduced product of O[ modulo D we understand a t-type model

*

A =< <Bs>seS T >reDom (tj) ~

such that
(1) (V,eSIBsx ifs ./JePD/ls5 +?°ASID

(i) For every r GDom (tj) if n =Dorn (tr)-I ,then
Vhe(Btr(o) x .. xBtr(n)) [b€ r*<U>

<~=>(3 YeDXVYieY) <bji), , bn(i)>er \.

The many-sorted reduced product of Vi modulo D is denoted by POt/D or _PI VI l/D
ie

EXAMPLE 5 (many-sorted reduced product)

Let / =4=£0, 1,2,3} .

Let 2=££0, 1},{1}, £1,2}} a proper pre-filter over / , and let the similarity type t fix
as follows: t-<S, tH > ,where S=£p, q] , tj =I<r, <p, q>} f H=0 .

Models QXQ, 6ij , (k1, (X3e Mod ° can be seen in Figure 5. Note that OI3 isanon-
-normal model, since Ad -0 .The reduced product of the models Ot , OL, (X oL

modulo D isa Mype model
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Iy :<<B’S>seip.q) sreez

such that

B =<Bs>selp,q\ = i<P.Bp><q>Bq>} =[<P,{X}>, <q, {Z, W} >} ,

where X, Z, W are equivalence classes. E.g. the equivalence class of the function

<a, d> e i0’l} P°Ap isdenoted by X , or the equivalence class of the function

1<1, ¢>, <2, e N i s denoted by W . (See Fig.5.)
CLAIM
<X, Z>¢e and <X, h/>~" , therefore

rY=i<X,z>}

The proof is easy by Definition 23.

REMARK 11

If we had defined the reduced product in the usual way i.e. by the equivalence classes on the set
of the direct products, the reduced product  of the same models 0£Q (Xj, (Xi, QG

modulo D would have been entirely different:

Jy =<<£’> <r> > where

s7se Ip.dy
where

vV 0’V iv-Qi'
(See Figure 6.)
This example shows that when defining the new concepts one should take into consideration the

specialities of the empty-sorted model class in order to make easy the generalization of the

classical theorems (e.g. to£ lemma).
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DEFINITION 24 (ultraproduct)

Let / be an arbitrary set and let Vie Mod° . Let U be an ultrafilter over /. The ultra-
product of 01 modulo U is a reduced product of Vi modulo U . The ultraproduct of

modulo U isdenoted by

PVtIU or P 01-1U .
iel 1
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3.5 LOf LEMMA

THEOREM 3 (generalizetion oftok lemma)

Let / be an arbitrary set. Ut e {Mod{, let U be an ultrafilter over / and let e F{ bean

arbitrary formula . Then the following propositions (i) and (ii) hold:

(i) ftitiu \=f<=> (3ye £/)(V/e Y) oit =
(i) Let &eP P (MA: ,),ie let kte P _(u4ic) be avaluationinto dt-, i.e.
iel seS 1 seS
Wi& mVs£S)ki'S<EC>Ais .
Let (Vse S) k‘.’ 100 /F;/ A- .,/ U such that
ks = « Kk{s(n):i&l>1U :n€ g> .
Let kK~ < ks:se S> beavaluation into Pit/U . Then
Pdll) Nv? [E]<==>(3 Teil/)(¥/ey)«z\="[kt] .

PROOF
() The proof is based on the following lemma:

Lemma 3.1

The ultraproducts in classMod( defined in this paper are equivalent to the ultraproducts
of cathegorie theory (see Andréka—Németi [6] and Sain—Hien [36])- They are
equivalent to the universal ultraproducts, too, see Sain-Hien [36]. Thus P utIF is
equivalent to the reduced product of the sequence of models Ol modulo F for every
filter F and for every sequence of models Ot e u*Modt . Lemma 3.1 is easy to prove.

A detailed analogue proof can be found in Andréka—Németi—Burmister [2] .

QED . (Lemma 3.1)
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(i) The proof of Theorem 3 follows immediately from Lemma 3.1 and from the results of
Andréka—Neémeti: ’Los lemma holds in every category” [6]. For this it is sufficient to

check whether the validity relation 1=- Mod( x F( defined in this paper corresponds
to that used in Andréka—Németi [6].

QED . (Theorem 3.)
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3.6 OPERATORS ON CLASSES OF MODELS

We define metafunctions Hw, H5, Sw, Ss, P, P;, Up and Uf, each of them is a meta-
function from Sb Mod(° into Sb Mod® . It is known, that the difference between a function

and a metafunction is that a metafunction can be not only a set or a class, but also a metaclass.

DEFINITION 25 (operator)

Let Q be ametaclass. Q is said to be an operator iff Q : Sbh Mod(° -+SbMod° .

DEFINITION 26 (closure operator)

Let A be a metaclass. Metafunction Q : SbA “m SbA s said to be a closure operator iff

()  (VXAA)XAQX

(i) (VX"A)QQX =QX .

(i) (VX YEA)(X- Y » QX QY).

DEFINITION 27 (operators on classes o f models)

Let K - Mod( be a class.
1 Weak homomorphic image

Hw K =\f>eMod®° : (3M el)A6H K[«3}.
2. Strong homomorphic image

Hs K =[fr e Modt® : (3 (ICe K) U £
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3. Weak submodel

SWK =\U eMod® : (ItKeK)

4. Strong submodel

$K =lt* cMod® :(3VCe K) & e S5{ft}}.

5. Direct product

Mod®° : (3 set /) (301 e !'K)PVisU ]
P+= (PK"PO)uK.
6 Reduced product

PrK =iJb- eModt® :( 3 set /) (3«G TK) (3 £- Shl)
[((VIi€ED)0lj&K a D isafilter) » PVIID &” ]}

7. Ultraproduct

Up K ={&eModt°® : (3 set /) (3We (3 U- Shl)
[((ViGU)C~.eir A U isan ultrafilter) m P6fc/(7 = {y ]$ .

8. Ultrafactor

\liK ={&EModt° :Kn Upf&J# 0}

PROPOSITION 4

For any similarity type t

Hw Modt —Modt, Hs Mod{—Modt, PModt —Modt, PrModt —Mod(, Up Modt,

UfModt —Modt, but there is a similarity type t such that

Ss Modt ~ Modt and Sw Mod( ™ Modf
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Moreover, if a similarity type t does not contain any constant symbol, then

S5Modt =Modt and Sw Mod( =M odf

The proof is trivial.
QED .

Knowing Proposition 4 we define operators S* and S as follows:

DEFINITION 28 1S% S

Let us define metafunctions

s+ ¢ Sh Mod{ “m Sbh Mod{ and
8/ ¢ Sb Modt - Sb Modt

as follows:

StA <ModtnS(i : K- Modt> .

S <M0dfnS(I\VK : K"Modfg .

PROPOSITION 5

S*Modt —Modt and Mod( —Mod{ .

The proof is trivial by Definition 28.

QED .
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REMARK 12
We investigate bellow the connection between the operators we have already defined and the

operators obtained by composing several of them. We also investigate which operators are

closure operators.

Frequently, we omit the symbol of the composition o, i.e. instead of Hw ° Sw we write

Hw Sw , and instead of H50 Sw 0 p We write HASMP .

DEFINITION 29 ( Qj < Q2)

Let Qj and Q2 be two operators over Mod® .Then

Qj < Q2° (for every similarity type t) (Y X - Modt) QjX - Q2X .

EXAMPLE 6

CLAIM

0] (¥QG{Hw,Hs,Sw.S,.P,P',Up,UfJ)Q>Id(Sbh Mod() .
(i) Hw > Hs , moreover Hw> Hs .

(iii) Sw > Ss , moreover Sw > S5 .

The proof is easy.

qED .
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EXAMPLE 7

CLAIM

S5jk HY and S5/~ HA, i.e. relation < does not hold between operators and H\ .

PROOF

1)

S, 4 H,
It is sufficient to show that
3/1 2X~"Modt)Ss X "HsX .

Let the similarity type t be the following: t-<S,tj,H>, where S =1ip],

tj ={<r,<p,p»l and H- 0, ie. t isaone-sorted type.

It is sufficient to show that there exsist a model 01 e Mod(, and a model & £ Ss{0l] such

that &

Let Ol be the following:

Ol =<A,R>=<1i<p, Ap>} , | <r, f*> J>

where

Ap ={abj and rU - [ <a, b>]

Let <& be a strong submodel of the model 01 such that
Bp={a} and r" =0.

(See Figure 7.)

Figure 7.
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Then b £ Hvi Oi} since = 0 and, by the definition of strong homomorphic image

r** should be equal to £< a a> }

2> Ssf H,

It is sufficient to show that
3t(i X"Modt)Hsx ssX .

Let t be the same similarity type and let Vi be the same model as in (1) above. Define a
model I, g HJ Vi) such that Cn={al and ={<a a>) .(See Figure 8.) It is easy

to see, that Z is not a strong submodel of Vi .

QUED .

Figure 8.

Figure 9 summarizes the propositions we have about the operators , Ss, P, Up and about
their compositons. Figure 9 also represents a partial ordered set (poset), where the elements of
the set are operators and the partial ordering on them is the relation < .If O; < (?2 then oper-
ator Q2 is drawn upper than operator Qj , and they are connected with a line. The fact that an
operator is a closure operator is denoted by a circle around its symbol. For every operator Q ,
(Q Modt) istaken into consideration instead of Q . Figure 9 is reasonably simple because it

does not illustrate operators Hw and Sw .
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The proofs of all the propositions illustrated in Figure 9 follow immediately from Corollary 7

and Corollary 13 of Németi—Sain [30] page 568.

REMARK 13

The poset in Figure 9 is said to be a poset generated by the set { H5,S9, P, Up } , where the

ordering is the relation < .

S, Up P=S P"

Figure 9.
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THEOREMG6

Let Op be the partially ordered semigroup generated by £ Hw , Sw, ,S5,P,Pr,Up}.

Let L —Op be a subsemigroup with P, Upe L . Then L is not a lattice.

PROOF

We shall prove that sup (P, Up) does not exist. The proof will use the following lemma:

LEMMA 6.1

(i) UpP ™ PUp .

(i) UpP ™ PUp .

(iii) ( 3 class K of similar algebras) (UpP K PUp K and UpP PUp AT).

The proof of Lemma 6.1 is presented separately after the proof of Theorem 6. See Fig. 10.

By Lemma 6.1 we know PUp”~ UpP” PUp . Let Qe L be an upper bound of P and Up,
iie: P<d6>Up. If P7occurs in Q thenby UpP<Pr<Q we have Q™ PUp thus

Q ~sup (P, Up), see Fig. 10.

Therefore we may assume that ?r does not occur in Q .

PUpP 5( UpPUp

Figure 10.
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CASE 1
The letters P and Up do occur in Q . If they occur in the order ” ... P .. Up .. " -Q then
PUp< Q . Hence Q < UpP proving that Q ¥=sup (P, Up) .

If they occur in the reversed order then UpP < Q and thus Q ~ PUp proving that
Q sup (P, Up) inCase 1.

CASE 2

Up_does not occur in Q . Ifonly P occursin Q then Q- P~ Up thus Q is not supremum.
Assume therefore that some other generator of Op occurs in Q. Since P? does not occur in

Q we have S; or H; occursin Q for ie £5s, w\ .

Let the similarity type t be empty and let K = Mod(: \AI> o} . Assume S:
occurs in Q. Then S5< Sy< Q.

Clearly K - PUpK ¥=$s K < QK . Similarly if occurs in Q then < H:< Q and
H5/C£ K .Thus in both cases Q~ PUp . Hence QE sup (P, Up) in Case 2.

CASE 3

P does not occur in Q . The proof is exactly the same as in Case 2 but the roles of P and Up

reversed, however, note that without any computation P£21 ~ HWSW UP 2\

Since there are no other alternatives Cases 1-3 prove that Q is not sup (P, Up) .

QED . (Theorem 6.)

LEMMA 6.1

(i) UpP ™ PUp .
(i) UpP f PUp .
(iii) (3 class K of similar algebras) (UpP K~ PUp K and UpP K ~ PUpK ).



. 57.

PROOF

Here we use the notations of Henkin—Monk—Tarski [12] and Henkin—Monk—T arski-
—Andréka—Németi [13] without recalling them. For any set b we let b = <b:ie<jj> .

Let £ = <2, U, 2~ > be the two element Boolean Algebra (abbreviation:") .

PROOF of (i)

pupf =p£ , hence (Y.&'ePUpjt ) Jy is acomplete lattice.
But (3CJfeUpPE£) is not a complete lattice .
Bellow we present a different proof in detail:

Let = 03X .Then At =£0j :i€ 00} . Wenote PI=Uv ($) .

Thus 1At 2 I=(j and IP 1=20J. Let F be any nonprincipal ultrafilter over oj . Let
Jy = IF .

Then 1At &m1=2" =15 1because At/* -(At5 ) IFK bytos lemma, and because by
0.3.73 of Henkin—Monk—Tarski [12] for any countable set H —P we have WH\F 1=20.
Further 2W< \P I< IMP/F I< WP\ =(2W)W=2W.
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So we have

(*) &eUpPE£ and \At&\ =203=\B \.
Clearly Up £ =1JC since ICI < co and the similarity type of <€ s finite too.

Let Vi e PUp JC . Then Ut e P£ by the above. Thus Vt = for some set / .
Well, "2 =Q>bl==<Sbl, U, > and obviously At Q>bl=f £/! :ze / } . Then
\Atlt 1= 1/1 and \AtIE\ = I/l < 2171=17C1L .

Hence by (*) 0é-~ ~£ . This proves

(**) (VCitePUpX ) UitlK \Al.

By(*) and (**) we proved

(***) UpPE£ £ PUp < . Thisalso proves that

(*4) PUp is not closure operator, in particular

(PUp) (PUp) £ PUp .

QED (i) .

PROOF OF (i) and (Hi)

Here a,R always denote ordinals. Notation: Let Ut be similar to C4a’s and jce A .

Then AM(x) =A(x) =liea:gx¥x} .

K=\ a efow :l1AI1=2 and Ilco'vA™(0) I< co}

Thus (VCiei) (3 «G co) A™ (0) — gp'v n that is W h { (0=1:n<iGco|
Let (¥«<Eco) be such that iyn 1=A(0)=co'v n .

Taking an ultraproduct of < £yfl : ne co> we have

(*5) (3We UpiO AW (0) =0. Thatis VC 1= £cf0=0 :ieco}. Let ft "~ U-Then
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Thus

(*7)

(*8)
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KI ePUpA: and A”~(0) =0 and \Attl\ =o0j.

Let 6t e PK.Then Ig ™ A™(0)I< ¢ since Cls iPeI Sy1 for some Sy e”"K and

(3 «Sci)(31£/) Sy-1=100=1 (JL>r|” and hence Vt —{C 070 :j > n} because
if j> n then Cj<0:kEl> =<0 * :kel> and g0 "' Y 0 thus

Cj< 0 :ke I> £<0 :ke I>

(V 0ie?K)(3 ne cj) (Yi>n) XK I=cz0*0

That is Aa (0) —cj'cn .

Let Cl e UpPAT and assume AA™(0) =0 . Then by (*7) Vi = PE/F for some C e "PK
and ultrafilter F over /. Then F is countably incomplete (i.e. is not cj|-complete)

because every cjj-complete ultraproduct preserves the cj] - ary formula
PK 1=V C((0)#0
KCJ

(for completeness we include an explicite proof: let Zn= li£1: i ¢cn0=0% for

all ne ¢cj, then YnZ e F but n Z ~F). Then by Exesice 4.3.14 on page 210
n necj

of Chang-Keisler [10 1 for any family < ;ie /> we have

Iigl A71,/F 1> a .

By Los lemma we have At (P £ /F )=i<Fa)I (At S, 1l) /F.

Hence by (*8) above, \At (P% IF) \¥=c¢j . Thus \AttK\ ¥=c¢j . Hence by (*6) we
have Cl £ Kt.

By the choice of ClI we proved Tt ~ UpPAT. This by (*6) proves PUpAT ~ UpPAf. This

proves (ii) .

G (i) .

By replacing 1 with K in the proof of (i), we also obtain

PUPAT~ UpPA™

(since (V Jy e PUpAT) < \B\) . This proves(iii) .
QED (Lemma 6.1)
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REMARK 14

In the proofs of (i), (ii) of Lemma 6.1 it would be enough to consider instead of BA’s
< A, +,-> additive semilattices < /\45+> and instead of Bog s <A+ c;, dt:>.

i’ 1] ijea
only bounded semilattices < A,+ ,0 ,Cj je(X) with infinitely many (arbitrary) constants

c:(i 6 ej) (that iswith e A and tit 1=0Ojci9 .

Let the similarity type of K consists of one binary operation + and infinitely many constants

dj (ie u>).
Let K= I <2, i<+u>,<djjo>i<dj,1>:/<«</Gcj} >:ne ol
d/-(]>n}
(i< n)dj
Figure 12.
Thatis (X e K (3«Gco)W =< 2, U,
n times
LEMMA 6.2

pup/: ? upP£ £ pupu:.
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PROOF

The proof is the same as that of Lemma 6.1 above. (Hint: replace the constant dj by the

constant term c:(0) of Bo” s).

QED . (Lemma 6.2)

The following theorem 6.3 is due to 1.Németi, see Németi [26].

THEOREM 6.3

UpPUp is not a closure operator, moreover PUpP  UpPUp .

PROOF

We shall use the notations of HMT [12] and HMTAN [13] without further warning.
Let U = <2, u, 2~, 0> e BA be the two-element BA . (We note that the poset < 2, —>
would be amply enough for our purposes but then we could not use the notations of HMT

[12]).

CLAIM

PUpPPE£ ~ UpPUpt

First version of the proof: Let ft = . Then 1At It I=co< 205=INland it e p£
Let F be any nonprincipal ultrafilter on gj andC|,== 00ftIF. Then OJ”eUpPJC , and
\AtV[\ =2u =1<1 (by 0.3.73 of HMT [12] since At Vf, =(“At ft VA7l . Let

Ot= ft xfy and b==<1~ ,0~> and d =< 0" , >.Then b, de A . Forany
aeA welet Iga=1lg”\a) . (Recall from HMT [12] that Iga = .) Now,
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& I(AtOt)nigh I = IAttil=¢ and \AtW n Igdl=2~ = IA I

which holds since At VinlIgbh- f<a 0> £ A :a& At ~tl\.

Assume VI GUpPUp L . Since Up £ -1 X , thismeans Vi GUpP£ . Then there are / , an
ultrafilter F on / and Jy g 7P£ suchthat MC =P fy jF. Hence there is h G/s (Of,P A'/F).
(VXGA) we let x+= h(x) . Let A = P& IF and t£a+ be fixed. By Los lemma

() AtU n Ig{a*\ =Re/ (At nIg ikfi ) IF*",

Since IFI< 2a),thereis ZGF, (V/G Z) IF;l< 27~ . Thus we may assume
(VI'G/H) 27 1<2tJ. By then we conclude /1t Jy* I< co for all i G/ (since
(¥p gP£ )(3H) -p =HI thus IFI=2Ur,Pl) . Thus\AtH\< I7co/FI (because AtK =

=PieJAt & jIF). By 2CKIAtCN < \AtVt\ -\AtVi\ we conclude I7co/Fl >2&.
This is a property of F. By 4.2.8 on p.182 (or equivalently 4.2.4) of Chang-Keisler [10] then
F isnot oj - complete . Thus by Ex. 4.3.14 on p. 210 of Chang-Keisler [ 101 IP;e/ Hj | F I¥=c0

for any system < Hi : i&l > of sets. In particular, IPiel (Atfy® n Igk-)/F*\=L co, which
contradicts ( ) +( ) . This contradiction proves that our assumption VC GUpPUp C  was
wrong. Thus PUpP£ ~ UpPUp£ is proved.

QED . (First version of proof.)

Second version o f the proof. We include this version in the hope that it might be useful in

attacking the problem of deciding whether (3 ne oj) [(PUp)w is a closure operator].

The following Lemma 6.3.1 will be useful:

LEMMA 6.3.1

Let Vi GBA and F be acountably incomplete ultrafilter on /. Let £y = 70t/ F . Let
X —B with IX I = co and with

() (Vy~1)(3 aeX)a$ XY .
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Then ZX does not exist in 1y.

PROOF

Let Zc with (Vzc/c t0) 4-3 Z- and n F«g ZeF. EXxistssince F is countably

incomplete.

\
Let X= 1 Xj:iGcto} . Assume p/F-zX for some p . WWe may assume o ~ F«g p

since (1X1> 2 => p/F¥0). Forevery «Geo, let gn &xQ+...+xn besuchthat
(Viel) gn (i) < p(i) and gn<Qn.j (in ~tft) « These exist by the following:

Let (v« Gto) [tnG 2 X- and 116/ @ fi) pi\ and
Wn*1= ~ U * fg/ 4 ~ Pi CF n 1

Then AN F by xQ+... +xn < XQ+... +X,+ ? p/F by ().

(*)
Let —to[MI0]. Then &xQand qQ(i)< p(i) forall ic/ . Define Znt =
—fmi [ /qgn] forall nG to (by induction) .

Let 1c/. Then q()(i) < p(i) sinceif t() (i) 4t p- then ig W) hence qQ(i) =0 < p(i) since
we may assume 0 £ Rngp . Assume the same for gn . Then, if tntl(i)E£p(i) then Zc W |
hence gntXd) - gn(i) < p(i) * By induction then (V«Gco) gnd) <  asdesired. If zc Whtl
then gntl(i) =gn(i) elseif i£ } then

gnd) =tnd)<tntld) = qgntld)

since i ® Wh either. Thus gn< gnt{ .

Let f&"A be defined as follows . (vzG/) (v «Gto) [ZG Zn~ Zntx=$> = qn(i) ]. This
completely defines / since 1- u SZn~ Zmj : hGto j isadisjoint union (by
VvV« FZn—Zn>1>). Let nG to and zc Z* . Then (3 m> n) ie. Zm~ Z "~} thus

fi =gm~it> qn ™ mHence fIF>qgnlF (by z«e/r)-
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Let iel. Then 3n (i€ Zn~Z"x). Thus fj =qn (0 < pt proving f/F < p/F.

By X=£qJF:nG co} wehavethat f/F isan upper bound of X . Hence p/F is not the

least upper bound of X .

QED . (Lemma 6.3.1)

Let X , ft = , and (ty =u>%/F be as in the first version of the proof. Let Cj' = utj-.
Then CJePUpPJC.

Let (¥iGu))az=<0 :new>j where 0 and 1 are understood in C”p.Thus a"E G
for iEco.Now 2 £aj :iEu>}- 1™ since forany fE G, [f> a) ° /[-=1] thus
(VIGeo) f> at =>/= 1)},

Assume 6™ G UpPUp <€ . Then N~ G UpP Ju too. Thus

(3 ultrafilter F on /) ( G 7PJt) s '& = PJK/F. Since IAt ft I=2W=1\R I,
exactly as we did in the first version, we conclude from this that F is countably incomplete. Then,
by Lemma 6.3.1, we have (VX" coj R) [{YY” X) STF 2Z=> 2A does not exist in ft ].

But then 2 \a”:iG o>} =1 isa contradiction.
Actually we can derive a stronger contradiction” (that might be relevant for the harder

PUp)” problem) as follows: Let H— w£0~™ |1 j .Then H —G. Let
(PUp)” p i

tit= Cg* //. Nowby HESu tty wehave M-H .
Then ttt ¢ PJt isacomplete BA with At Kit= £ :i€ co} . Further



-65-
(Vie co) IAt UJ, n Ig idj} 1=2U since Noe

Anyway, we have a stronger condition” since flft —tty isacomplete BA with \M\=2QJ!

This proves ~ UpPUp L

Note that 2 Wt s . Actually Xtl =w 0¢ ~ 10 7j

QED . (Second version.)

QED . (Theorem 6.3.)

PROPOSITION 7

Let t-< S, tj, H> be asimilarity type such that IDom tj*H 1< co, i.e. the set of

relation symbols is finite.Then the following propositions (i)—ii) hold:

(i) Hs SsP > Hs S5Up .

(i) HAPUp =H,SP

PROOF

The proof is based on Andréka—Németi [4]. See also Németi—Sain [30] page 573.

QED .

OPEN PROBLEM 8

Is the poset generated by the set i Hs , Ss , P, S"Up, Up S} a lattice in one-sorted universal

algebras (where the similarity type t has only functions) ? Describe this poset.
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3.7 THEOREMS OF AXIOMATIZABILITY

DEFINITION 30 (Th)

Metafunction Th: Sb (Mod °) Sb(F{) isdefined as follows:

(YK-Mod° )Th(K)*"={vrFt:K\=v\

DEFINITION 31 (Mod®)

Metafunction Mod® : Sb(F() m Sb(Mod®) isdefined as follows

(V T~ F{)Mod0(T)= {Oi gMod 0: 01 1= T}

DEFINITION 32 (Mod Y)

Let Yt - Ft and let K —Mod 0 . We define metafunctions

Y:Sb(Mod®) = Sh(Yf)

and
Mod : Sb (F{ -* Sb (Mod(),

and their composition

Mod Y : Sb (Modt®) = Sb (Modt)

as follows:

()  Y:Sb(Mod®°) -+Sh(Yf) suchthat
(VA —Modt®) Y(K)= Yf n Th(K) .
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(i) (VT —Ft)Mod (T) = Mod°(T) n Mod( .

(i)  Mod Y=Mod° Y ie. Mod Y (K)=Mod (Y(K)) .

NOTATION

If Yt=F{ ,then Th-Y,ie. Th= F :Sb (Modf°) > Sb(F{) . Moreover ThO =F( .

DEFINITION 33

Let us define the set of formulas Eqt, Af(, Qeq(, Qaft,U.det, Uda(, Uhft, Unvt- Ft as

follows :
Eqt = £<r,a> :t,06 T{}. (equalities)
Aft = {R(tq,...,Tt(Ryl):Re Dorntj” t2 and tq,...,Tt(RhleTtl u

u i(r-o): r,oeTt}. (atomic formulas)

Qeqlt —\(/é«ei —’r:e ):ne oo and (Vi< n)e-e EqA.

(quasi-equalities)
Qaft — | AMRi (tijo »e >Ti,t(R)-i) Rn "% "o » '
n kec , (Vi<nRje Domtj ™ t2 and
¥'en)(Vfei(7?d vye Tf and (Vi< f)o{e T(] .
(quasi atomic formulas)
Udef — i jyn ef: (Vi<n)cie Eqf and bg u ]

(universal disjunction of equalities)
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Udat = £ V a-:(Yi<n)aeAft and ne ui ]
1 Kn
(universal disjunction of atomic formulas)
Uhff 'V 0= at most one of the formulas Ol- is an atomic formula (Vi < n) O—l is an
i<n
atomic formula or negation of atomic formula , ne co} .
(universal Horn formulas)
Unvt — £ pzFf : y isaformula without quantifier }
(universal formulas)
REMARK 14
14.1 Let ~»>=00v... v0 be an universal Horn formula. If m =1, then is either an
atomic formula or the negation of an atomic formula. If m > 1 and 6m isan atomic
formula, say, then is equivalent to a formula
(~0A >
where each ,i<m, isalso an atomic formula.
14.2  The difference between the quasi atomic formulas (Qaf() and the universal Horn

formulas (Uhft) is that ina quasi atomic formula

X=60v... Vo,

there is exactly one i< m such that o- isan atomic formula, the rest are negations of

atomic formulas.
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REMARK 15

15.1

15.2

15.3

CLAIM

According to Definitions 32, 33
Eq :Sb (Mod®) » Sb(F{

denotes a metafunction, and similarly, A f, Qeq, Qaf, Ude, Uda, Uhf, Unv are

also metafunctions . That is metafunction
Mod°Eq : Sb Mod,0 > Sb Mod*

is an operator over Mod(° . Similarly, metafunctions Mod°Af, Mod0Qeq, Mod® Qaf>
ModOUda, Mod®° Unv are operators over Mod®°. Thus

(VBe i Eq,Af, Qeq, Qaf, Ude, Uda, Uhf, Unv] )

Mod Q : Sb Mod{ “m Sb Mod( .

We describe the operators

Mod Q : Sb Modt “m Sb Mod{

above in a pure algebraic way using the so called axiomatizability theorems . The

axiomatizability theorems are based on the following scheme:

Let Y —F( be aset of formulas, let K —Mod( be a class of models and let
C : Sb Modt -> Sb Modf be a closure operator over Mod{. Then

(Y K-Modt)CK =Mod Y(K) , i.e. C=ModY.

The so called preservation theorems are based on the following scheme:
Let Y —Ft , K —Modt and C:Sb Modt “m Sb Mod( be the same as in 15.2 . Then

AGY €= (YK" Modf) [(K 1= )=> (CK = )] .

Every axiomatizability theorem implies a preservation theorem and the converse is not true.

More precisely

[YKLAModt)CK=ModY(K) ~ [fie Y <=S>(YK ~ Modt) (K \=¢) (CK 1=%)) ]
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THEOREM 9 (axiomatizability theorems)

1) UfUp = ModTh

2)  HWSWP --M6dEq

3) HWS;P --ModAf
4) S*PUp =Mod Qaf
5) P Up =Mod Qeq
6) S*P+Up=Modihf
7)  H, St Up-Mod Ude
8) H~"S+Up -ModUda
9) Ss Up-Mod Unv

PROOF

The proof follows from Theorem 1 and 3 in Németi—Sain [30].

COROLLARY 9.1

Each proposition (1-9) of Theorem 9 implies a preservation theorem. For example, proposition

2 (Hw P-Mod Eq) implies the following theorem:

Operator Hw S+P preserves every equality. More precisely, let y e Eqt be an equality and let

K —Mod( aclass of models. Then

*l=*=* HWSWPK \=* .
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3.8 FREE MODEL

DEFINITION 34 (many-sorted K-free model over X)

Let K —Mod® be a t-type class of models and let Of e Mod(° be a model such that

W =<4 -4 S>£S <r<K>reD0m{tJ)|> °

Let X - a seduence °f sets such that (Vs e S) Xg—As .Then 01 isa A-free model
over X or the model Ot is K-freely generated by the set X , iff

(i) & g K.

(i) for every model fa e K and for every sequence of functions /= </7A>S€0’ such that
(Vs€€S) fs : Xs -* Bs, there exists a unique homomorphism g : 01 “mfa such that
<VseS)Ss2fs .

DEFINITION 35 (many-sorted K-free model)

Let K —Mod®° andlet 01 e Mod®° .01 issaid to be a K-free model iff there exists a

set X such that Ot isa K-free model over X .

PROPOSITION 10

Suppose OI' and fa are .K-free models over X . Then 01 = fa'.
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PROOF

The proof is easy by Definition 34.

QED .
NOTATION
1) FrXK denotes the K-iree model over X . The notation is correct because of

Proposition 10, since a free model is unique up to isomorphism. More precisely, Fr™ K

denotes an arbitrary element of an isomorphism class.
2) Let K—Mod° .
P+tA'=1 { PI Uti: 0le and 1F D and / isaset } , where | issaid to be the
ie

isomorphism operator

I :SbhMod® -* SbMod(°

IK= $0te Mod° :(3Ae K)xK s &) } .
THEOREM 11

Let t be afixed similarity type and let K —Mod® be a class of models such that P+K =K .
Suppose (YseS) (3 normal 01 € K) IAsI> 1 .

C
Let X e Sets be an arbitrary function. Then Frx K exists.

PROOF

The proof follows from Proposition 1 in Andréka-Németi [4] -

QED .
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THEOREM 12

() Let t be afixed similarity type, and suppose S* P+K - K and
(VseS) (3Gte £) \asl> 1.

0
Let X e °(Sets % 1J an arbitrary function. Then there exists Frx K

(i) There exists a similarity type t and a function X € ~Sets such that Frx K does not

exist.
PROOF
\
(i The proof follows from Theorem 11.
(i) Let t be a similarity type such that there is no constant term of the sort s for every
Je S .

Let X=<0:sGS> . Then Frx Modt does not exist.

QED .

EXAMPLE 8 (many-sorted free model)

Let us fix the similarity type t of the class of models Mod( as follows:

t=<S,tj,H>

where
~No=100, 1%,
tj = 1»  ,<g,< 1,1» } ,
H =Domtj=1fg} .

Let K —Mod( be aclass of t-type models such that

K = Mod | g(f(v°0)) =f(v°) }
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Let us consider the models b , £ e Mod( (see Figure 14) .

Figure 14.

b <<B0,Bl>, < /> » where
50 =la,b] ,
Bj =[c,d,e,v,z].
f** ={<a,c> ,<b,d>\

gr ={ <cc> ,<d d>, <e e>, <v,z> ,<z, 2>]

Z =« C0,Cj>,K < , 0% » where
CoO =i h,il ,
Cj =i j,kl
f* =1I<Kj>,<ik>}

gE =i<j,k> ,< k k>]

CLAIM

be Kand £ /K
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PROOF

Let us denote formula g (f( v°)) =f(v®) by p , ie

(M

(i)

QED .

fr
P= g(f(v°0))--f(v°o) .

fr eK

It is obvious that formula ip is valid in model &, since all the valuations of variable
v’ (k(v®)=a and k’(v°) =b) satisfy formula ip in model Sy . In more details:
If k(v°0)-a then g(f(a))-g(c) =c and f(a)-c

If kK'(MQ-b then g(f(b)) =g(d)-d and f(b)-d

Therefore & e K.

I 4 K

Formula p is not valid in model L , since there exists a valuation k™ into model H ,

which do not satisfy formula p , namely :
If k”(v°)=h then g(f(h)=g(¢)-k and f(h)=jFk .

Thus i' £ K , therefore
K C Modt .

Now we show that there exists a A-free model for class of models

K--Mod{ g(f(v°0))=f(v°0)}

Let VC be a t-type model, where AQ- [x}, Aj= ly], fOot={<x,y >} , g" -\< y,y >\

(see Figure 15) .

Let X =< X0,Xj>=<1x}, 0> .
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CLAIM

Figure 15.

OC isa Afree model over X .

PROOF

(i)

(if)

GIED .

Obviously, tK e K, since (X e Mod{ and the unique valuation k of variable

ve (k(vg) =x) satisfies formula § in model Ot .

Let m - < ms> ~ be an arbitrary function m : X “m B, where fy € K isan arbitrary

but fixed model (see Figure 15). For example, let m=<mo,0> suchthat mjxl-a.

Then there exists a unique function n=Lm such that n: 01 -mf* isahomomorphism.

Namely n= <nQ,nj> where nQ(x) =m0(x) =a and rij(y)=c .

It is clear that function n is a homomorphism, and this function is unique, since the

other possible extentions of function m , e.g.
n =< {<x,a>l<y, d>}>

n"-<l<xa>t<y,e>}>
are not homomorphisms.
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REMARK 16
We construct a free model Frhj K for class of models K in Example s . That is, we need a

/r-free model generated by a sequence of sets X -< £Cs , | 0? > , i.e. both XQ and Xj have

only one element.

Let us consider model & such that

& - « DQ,D1> , <r&>reDom(‘tj)'> where

DO = {x\, \Dj\=u

/S = {<x y>] where yeDj and

8* =Zi<y,y>, <Pj,Ppj >miE w} . (SeeFig. 16.)

Let X =< X0, Xj> =< 1Ix] ,ipQ] > .

CLAIM

& isa [T-free model over X .

Figure 16.
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PROOF
Let & e K be an arbitrary model. Easy to see that any sequence of functions m : X “m B
(ie. <mQ, mj>:<ix\, Ip0\ > - > < BQ, Bj > ) isextendable to a unique

homomorphism n: & > &

QED .

REMARK 17

Let X =< XQ, Xj > be an arbitrary sequence of sets such that XQ 0 . Then there exists

Frx K for class of models K in Example s . The proof is easy.



4.  ACKNOWLEDGEMENTS

I would like to express my appreciation to Hajnal Andréka and IstvAn Németi for their en-
couragement at the time of writing this paper and for the numerous helpful and inspiring dis-
cussions we had about the topic. Special thanks are due to lldiké Sain for many helpful remarks

and suggestions. | wish to thank Zoltan Pasztor and Gabor Markus for careful reading.






-81-

5. LIST OF DEFINITIONS
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Def.26 (ClOSUIE OPEFALOT) oottt 48
Def.27 (operators on classes of models: Hw , Hs , Sw, Ss, P, ?r, Up, Uf) ... 48
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Def.30 (MetafunCtion Th ) e 66
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Def.32 (Metafunction MoOd Y ) e e 66
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