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NUMERICAL METHODS FOR COMPUTATION
OF THI' GENERALIZED INVERSE OF RECTANGULAR MATRICES

INTRODUCTION

Recently a number >f books and papers deal with the generalized inverse of rectangular
matrices, and with i:s applications in the numerical analysis. The ground of its impor-
tance is that it is connected with the problems of linear parameter estimation and
fitting based on the principle of the least squares. Various direct and iterative numeri-
cal methods are known for the computation of the GI of rectangular matrices based on
different properties of its concept introduced by Moore [1] and Penrose [2]. This

latter has shown, that, forany m by n (m, n> ) complex matrix A, there exists
aunique n by m GI, denoted by A*, which satisfies the following 4 relations

(Penrose’s Lemmas):

AA*A:=A (A AH*=A A*
A*A A*=AY (A*A)*=A*A

where * denotes the conjugate transpose.

Rao and Mitra [3] have shown, that if the matrix of the linear system of equations
Ax =D isrectangular, then x= A*ll is the vector of least Euclidean norm, which mi-
nimizes the Euclidean norm of Ax-b. (This vector is called the (pseudo) normal

solution of the system of equations Ax=Db.)

This result gives a possibility to write the GI of . Aisa

fullrank m by n matrix (r(A)=min(m, n)), then there are 3 possible cases:

(1) m>n  overdetermined system, no solution
(2) m=n regular system, 1 solution

(3) m<n underdetermined system, < solutions.



In the first casc, there is only one vector, which minimizes the function f(x) = l Ax - lg_l,
. . 'l *

it is the result ¢f an ordinary unconstrained minimization problem, x = (A*A) A b, and

so A*=(A¥A) A*.

-1
The second is th case of regular quadratic matrices: A" =A .

In the third case there is only one vector, which minimizes | X | with the restriction,

that Ax=b. This minimization problem can be solved by applying the method of
-1 " -1

Lagrange multipliers. It gives x = A*(A A*) b, andso A"= A*(A A*) ‘

However, if A isnot of full-rank, then it can be factorized into the product of full-rank

matrix pairs of one of the following types:

»

(H-(2), (H-3), 2)-0) .

Though this factorization is not unique, the above mentioned minimization property of

the GI ensures the uniqueness of the result, which can be obtained using the known rule
-1 -1 -1

for inversion of the product of two regular quadratic matrices ((BC) =C B ), which is

valid for the calculation of the GI of the product of full-rank rectangular matrices too
((BC)" =C"B").

The aim of this treatise is to introduce to the numerical methods and their subroutines
for the computation of the GI of rectangular matrices, contained by the program library
of the machine CDC 3300 of the Hungarian Academy of Sciences. For this purpose

first a brief survey will be given about the basic properties of the GI, that are used in the

different computing methods.

This treatise does not contain the numerical comparison of the computing methods to

be discussed, an exhaustive comparison can be found e.g. in [4] .



BASIC PROPERTIES OF THE GI

In the following, so ne basic properties of the GI will be described without proof. They

follow from the Pen ‘ose’s Lemmas or from the explicit form of the GI.

(1) The rank of he GI of a rectangular matrix is equal to the rank of the given

matrix.

(2) The GI of the (conjugate) transpose of a matrix is equal to the (conjugate)

transpose of the GI for complex and real matrices respectively.
(3) The GI of the GI of a matrix is equal to the matrix in question.

(4) If m <n for a fullrank rectangular matrix A, then AA" =1, however if
m> n, then AA =1, otherwise, for not full-rank matrices, these products are

projector matrices.

(5) The GI of a scalar ¢ (1 by 1 matrix) is a scalar ¢' :

L {llc if c#0
[ s

0 otherwise .

(6) The GI of a column vector r (nby 1 matrix) is a row vector defined as

follows:

- T otherwise .

” {J/(rT i r#0
r

in particular

1
A 1Ty

(7) This latter property can be generalized for rectangular block matrices in the

following form:

[] [ ]



(8)

(9

(10)

(1)

If O isazero matrix and

18
B - [A*, OT]

If 01 and 02 are zero matrices and

then

A O
C - 5 Bﬂ ,
2 7|
then
.. |&* OF
C = i -
o' B
. 1 =

If A=BC, and either B or C isan orthogonal matrix, then A'= C'B*, even

when the other factor is not of full rank.

If, as the result of a perturbation, the rank of the matrix reduces, then the

change of the entries of the GI is not continuous [5]. E.g.

1 x
A=12 0 5
1 0
if x # 0, then r(A)=2, and
0 04 02
A= s
1/x 0.4/x-0.2/x

if x— 0. then A" — o |

if x=0, then r(A)=1, and

16 13 1/6
At =
0 0 0



NUMERICAL METHODS FOR COMPUTATION OF THE GI

Further some numerical methods will be introduced for computation of ihe GI.
Though the Penrose’s Lemmas concern complex rectangular matrices, the e exists
no special method for them. However the methods for real ones can be ap slied

either using complex arithmetic, or constructing a 2m by 2n real matrix

from the complex m by n matrix A=B+jC, and considering, that if

A*= U+jV, then
. [TU ¥
Z =
vV U

and its blocks yield the GI of Z. (This latter method requires more memory, but the

other one is slower.)

In the matter of the GI of real rectangular matrices, the following FORTRAN sub- *

routines will be introduced:

(1) GENINF (for computation of the GI of a full-rank real rectangular matrix by

means of the Householder orthogonalization)

(2) GENINR (for computation of the GI of an arbitrary real rectangular matrix

by means of the Householder orthogonalization)

(3) SVDINY (for the same raca ac in (7)Y hv maang of the singular value decom-

position)

(4) GREINYV (for the same case as in (2) by means of the Greville recursive

algorithm)

(5) GINYV (for the same case as.in (2) by means of the Gram-Schmidt ortho-.

gonalization)



(6) NOREQU (for computation of the (pseudo) normal solution of a linear system
of equations with real rectangular matrix anc real right hand side vector by
means of the Gaussian elimination and the Cl olesky decomposition without

explicit computation of the GI of the matrix Hf the system of equations).

In cases (1) and (5), the rank of the matrix in questio. | is known, in the remaining

cases, it is computed and stored by an output paramei >r.



BRIEF DESCRIPTION OF THE SUBROUTINES

(1)

(2)

(3)

(4)

GENINF performs Householder orthogonal decomposition [ 5] on the matrix
A in n steps, resulting in the form A = QBP, where Q is the product of
elementary orthogonal matrices of the form I -u gT/ll, cons ructed by means
of the columns of A, B isan m by n matrix whose lowe trapezoidal

part has zero entries, and P is a permutation matrix needed because of the
successive choice of columns of maximum norm. The Gl of 2 is

A PTB”“Q,T (B* can be easily computed by virtue of property 8). In case of

rank deficiency error indication is given.

GENINR performs Householder orthogonal decomposition on the matrix A
in r steps (the number of successful steps gives the rank of A), resulting in
the form A =QBP, where Q isof the same typé as above, B s

an m by n matrix having nonzero entries in its upper trapezoidal part
only, P is the same type as above. One more orthogonal decomposition
gives the equation B =CR, where C isa block matrix consisting of four
blocks: the upper left hand block is a lower triangular matrix, the other blocks
are zero matrices. The complete decomposition of A has the form

A = QCRP. Because of property 10, the GIof A is A*=PIRTIc'QT . (C*
can be easily computed by means of property 9).In case of zero rank, error

indication is given.

SVDINY uses the singular value decomposition technique [7] for the matrix

A, resulting in the form A= UZ vT [8], where U and V are orthogonal
matrices, anu ) ix having nonzero entries in its "main
diagonal” only (the number of nonzero entries equals the rank of A). From the
decomposed form of the matrix, the GI can be computed in the form

A*=v =* UT (by virtue of the properties 9 and 10).

GREINYV applies the recursive Greville algorithm [?] for computation of the GI

ofan m by n matrix A in the following way: Let Ay =ay (the first



(5)

(6)

- 10 -

colimn of A), compute its GI A"l by virtue of property 6. Further let
Ay 5 [Ak-l’ Ek] (k=2,...,n) be in partitioned form. Seek for its GI
in tl e form Ah :[ BL : QE]T . Requiring the fulfilment of Penrose’s
Lem mas, it gives By = Al+(-l -dy by , where dy = A;(-l a . For compu-

tatica of by » there are two cases. Let namely ¢ =ay - A1 d . thenif

(i) o # 0,ie. t(Ap) > r(Ap 1), then by = &

K
(i) ¢ =0, thenwehave by =(1+dfdy) df Ay .

After the last step of the recursion we have A’ = A;\ .

GINV [10] can be applied for computation of the GI, if the matrix-is *
partitioned in advance in the form A = [R, S] , where R contains the
linearly independent columns of A, and S contains the linear combinations.
Because of this form, there exists a unique factorization S=RU, and A can
be written in the form A =R [l, U] . Due to the properties 2 and 7, one

can write the GI of A in the form A" :[ I,U ]T- (I+U UT)-l « R*. Using
the modified Gram-Schmidt orthogonalization technique, one can write the GI

of A in the following form:

[1 - (UP)(UP)T] QT

i pup)T zQT

where R*'=7Z QT (obtained by means of Gram-Schmidt orthogonal decompo-
-]
sitionof R),and (I1+UUT) -ppT .

NOREQU performs Gaussian elili......... ...... cosiipaee paroting on the m by
n matrix of the linear system of equations AX =b to obtain its LU factorized
form. The system of equations can be written in the form LUy =d , where
y=Px and d=Pb (P isapermutation matrix). Since L a-nd U are full-
rank matrices, the (pseudo) normal solution of the system of equations can be

obtained by premultiplication of d by the GI of L and U (without

explicitly computing them) and finally by PT. So we have xp = I’TU Ld.
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NOTES

(1)

(2)

(3)

The requirement of me¢mory and the size of arrays needed to the described
procedures can be found in the list of parameters and in the comments of

the FORTRAN subroutines of the numerical methods in question. ,

It is essential to underlii e, that the actual dimensioning of the arrays
contained by the list of rarameters of the subroutines takes place in the main

program written by the . ser.

It is quite impossible to give the number of operations needed to the exe-
cution of the procedures, because it depends on the rank of the rectangular
matrix to be inverted. For each basic numerical technique (Gaussian elimi-
natibn, Cholesky decomposition, Honseholder or Gram-Schmidt orthogo-
nalization, QR triangularization) that are used in the described procedures,
the number of operation can be found in the literature. Therefore a complete

testing was not made, only a verification of the described methods is given

here.

For the verification of GENINF the full-rank test matrix

1 -3
i = 4 -5 8
3 2 1
8 -1 6

vas used, resulting in the known GI

. 28 2 -10 A
A =001 -35 -15 45 -5
-39 -1 33 =1

The remaining subroutines (GENINR, SVDINV, GREINV and GINV) were

verified by using the matrix
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-2 8 -11 -5
1 -1 3 -3

that resulted in the GI

il
0.99579395  0.09994797 -0.58776342 0.50797849_1
0.81266441 0.08737317 -0.13059000 0.76944758
B'=0.1] 0.33200359 0.11750932 -0.13427572 0.31523719 ’

- 0.57453820 0.66299540 -0.08108577 0.00737143
-»
1.58933888 - 1.75353395 - 0.96059897  -1.12479403

—

and therank r(B) =3 by all the four subroutines. Finally NOREQU was

verified by solving the overdetermined system of equations B x = ¢, where
: T

B is the above rectangular matrix, and c¢=[1,0,4,-7, 3] , resulting in

the (pseudo) normal solution

T
XN = [1.11135923,-0.933158442, -0.343906282, -0.16570549]

that was corroborated by postmultiplying B* by the right hand side vector B
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LIST OF THE SUBROUTINES

SUBROUTINE GENINF(NDIMyaNgMyAsVy Soile JELWEPS, [ER)
COMPUTE THE MOORE-PENRCSE GENERALILIZEUD INVERSE OF AN N BY ®
REAL FULL RANK MATRIX BY MZANS OF THZ HOUSEHO.DER
DRTHOGONAL DiCOMPOSITION

PARAMETERS
NDIM MAXIMUM NUMSER OF R0WS OF A
N NUMBER OF RJOWS OF A
4 NUMBER OF CILUMNS OF 4 (MaLEWN)
AN BY M ARRA' OF THE MATRIX TU 38 L[iVERTzUO, REPLACEC BY THE
TRANSPOSE O THE RESULTANT LENERALILIZED INVERSE
N 8Y N ARRAY OF THE ORTHOGONA. MATRLIX
AWORKING Ve €W CR OF LENGTH N
WORKING VECTUR UF LCNGTH N
JEL PERMUTATLUW VECTCOR OF LENGTH 4
EPS ABSOLUTE ERRCE 30UND
IER ERRCR CTGDE
I R=0 NORMAL TcRMINATION
Ick=1 RANK DEFICIENIY

DIMENSION A(NUDIMy1) oV INDIM1),0(1),U(1) ~JEL (1)

ItR=1D

D3C 1 I=1,4N

00 1 J=1,N

1 VAT JISATIZIE T I T)

DO 2 IR=1 M

IrR1=IR+1

8 I=0s

00 17 IS=IR,M

DO 3 I=IR,4N

SLII=ALIL1IS)

5=C(I)

3 SIGMA=SIGHMA+S*¥S

IF(SIGMA.LE.ST) GO T3 17

S I=SIGMA

IT=1S

D0 40 I=1IR4N
40 JYUIY=C(ATI)

17 CONTINUE

SIGHMA=5

IF(SIuMA.GT.EPS) GO TO &

1ER=1

RETURN

4 JEL(IR)=IT

IF(IRLEQ.IT) GO TO 33

DO 32 I=1,N

S=A(I,IR)

A(I,IR)=A(I,IT)

S$2 A(ILIT)=S
33 S==SGRT(SIGMADI*SIGN(1.,3 (IRL,IR))

U(IR)=U(CIR)-5

H=SIGMA-A(IR,IR)*S

DC 6 K=IR1,M

Q.<

o

DOGIOOTOGO OO OO



Ui

13
12
11

15

14

&2

21
20

CL=M¥1-0

F=0.

DG 5 J=IR,N

F=F+U(J) *A (Jy K)

C(K)=F/H

A(IR,IR)=S

00 7 I=1IR,N

BC 7 K=IR1,M

A(I,KI=A(I,K)=0(I)*C(K)

DO 8 K=1,N

F=0.

B0 9 J=IR,N

F=U(J) *V (J,<) +F

C(K)=F/H

D0 10 I=IR,N

DC 10 K=1,4N

VIL,K)I=V(I,K)=U(I)*C(K)

CUNTINUE

DC 11 J=1,M

AL,L)=1./A(L,4L)

Li=f=y

DG 12 KI=1,L1

K=L-KI

Ki=K+1

F=0.

00 13 I=K1,L

F=F=A(K, I)*A(I,L)

A(KyLI=F/ZA(K4K)

CONT INUE

DO 14 K=1,N

DO 14 I=1,M

F=0.

DO 15 J=1,M

F=F+A(I’J,¥V‘JQK)

V(I,XK)=F

DO 20 IJ=1,™

I=M+1-IJ

K=JEL{(I)

IF(I-K) 22420,22

DC 21 J=1,N

5=V I(I,aJ)

VIILJ)I=V(Kyd)

VIKyJ)=S

GCONT INUE

DO 24 I=4,M

TN 24 J=1,N
(JoyI)=VI(I,J)

ReTURN

£ND
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-
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SUBRCUTINE GENINR(NDIMy FDIMyNyMeAyV oW sCeUsJELEPSLIER)
COMPUTE THE MOORE-PENROSE GENcCRALIZEOD INVERSE OF AN N BY M
REAL MATRIX BY MEANS OF THE HOUSEHOLDZIR
ORTH05 ONAL DECOMPOSITION

PARAMETERS?
NDIM MAXIMUM NUMBER OF RCAS OF A
MDOIM MAXIMUM NUMBER CF COLUMNS JF A
il NUMBER OF ROWS OF A
M NUMBER OF COLUMNS OF A ( OUTPUT: RANK OF A)
N BY M ARRAY OF THE MATRIX TO 3E INVERTED, REP_ACEL BY THE
TRANSPOSE OF THE RESULTAMT GEU+XRALIZED INVE2SE
V N Y N ARRAY UOF AN ORTHOGLONAL MATRIX (LeFT HANJ FACTUR)
W M BY M ARRAY OF AN ORTHOGONAL MATRIX (RIGHT HA D FACTOR)
C WORKING VECTCR OF LENSGTH N
U WORKING VECTOR OF LENGTH N
JEL PERMUTATION VECTCR OF LENGTH M
EPS ABSCLUTE ERRQOR BOUND
IER erRROR CODE

IER=0 NORHMAL TERMINATION

IER=1 ZERO RANK

DIMENSION A(NDIMy1) gVINDIMe1)  d(MOIMe1) «C (L) 4U(1)4JEL(L)

MIN=H

IF(NsLT«M) MIN=N

I4=0 *

IER=D

DC 1 I=1,N

DC 1 J=1,N

1 VIIJ)=(1I/J)%(J/1)

DO 38 I=1,M

DO 38 J=1,M
38 WIIyJ)=(1/J)*(J/1)

DO 2 IR=1,MIN

IR1=1IR+1

Si=0.

DO 33 IS=IRy M

SIGMA=0.

DO 3 I=1IR,N

C(I)=A(I,IS)

S=C (I)

3 SIGMA=SIGMA+S*S

IF(SIGMA.LE.STI) GO TO 39

SI=SIGMA

IT=IS

DO 40 I=IR4N
40 U(I)=C(I)

39 CONTINUE

IF(SI.GE.EPS) GO 10 &

GO TO 17

L JEL(IR)=IT

5IGMA=SI

IF(IR.EQ.IT) GO TO 18

DO 19 I=1,N

=



S g T,

19
18

14

140

17

20

26

29
28

F:A(Iv IR)
A(I4IR)I=A(I,IT)
A(I,IT)=F

IM=INM+1
S==SGRT(SISMA) *SIGN(1.4yA(IRL,IR))
U(IR)=U(IR)-5S
H=SIGMA-A(IR4IR)*S
DO 6 K=IR1,M

F=0.

DO 5 J=IReN
F=F+U(J)*A (J,K)
C(K)=F/H

A(IR,IR)=S

DO 14% I=IRL,N
A(I,IR)=0.

DO 7 I=IR,4N

DO 7 K=IR1,M
A(I4K)=A(IK)=-UCI)*3(K)
DO 8 K=1,4N

F:UD

DC 9 J=IRsN

F=F +U(J) ¥V (J ,K)
C(K)=F/H

DO 10 I=IR,N

DO 10 K=1,N
VIIaK)=V(I,K)=U(I)*C(K)
CONTINUE

IF(IMeGT&0) GC TO 20
IER=1

RETURN

DO 25 IR=1,IM
IR1=IR+1
U(IR)=A(IR,IR)

F=0

DO 26 I=IR1,M
UI)=A(IR,I)

S=U(I)

F=F+S*S

IF(F.LT.EPS) GO TO 25
F=F+U(IR)*U(IR)
S==SGRT(F)I*SIGN(1l.,A{IRy,IR))
U(IR)=U(IR)=-S
H==U(IR) *S

DO 28 I=IRL,IH

F=0e

DO 2¢

F=F+ALL KR EK)
C(I)=F/H

A(IR,IR)=S

DO 15 I=IR1,M
A(IR,I)=0,

DO 30 I=IR1,IN

i
SIS




30

32
31

33
25

13
12
11

35
34

37
36

23
22

DU 30 K=IRyM
A(I,K)=A(I,K)=C(I)*U(K)
D0 31 I=1,M

F=0.

DO 32 K=IR,M
F=F+W(I,K)*¥U(K)
C(I)=F/H

DC 33 I=1,M

DO 33 K=1IR,M

W T aK)I=W(I4,K)=C(I)* U(K)
CUNTINUE

D0 11 I=1,IM
A(I,I)=1./A(1,1)
I1=T+1

DC 12 L=1I1,1IM
Li=L-1

F=0.

00 13 J=I,L1
F=F=A(LyJ)*A(J, I)
A(L,I)=F/A(L,L)
CONTINUE

DO 34 I=1,M

DO 34 J=1,IM

F=0.

DO 35 K=J,yIM
F=F+W (I, K)*A(K,J)
W(I,J)=F

DO 36 I=1,M

DO 36 J=1,4N

F=0.

D0 37 K=1,IHM

F=F +d (I, K)*¥V(K,J)
A(JyI)=F

DO 22 IJ=1,1I#M
I=IM+1-1IJ
K=JEL(I) ;
IF(I.EQeK) 50 TO 2
DO 23 J=1,4N
S=A(J, 1)
A(JyIN=A(J,K)
A(J,K)=S

CONTINUE

M=IM

RETURN

F NN

u”‘
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SUBRCUTINE SVUCINV(MOIMyNDIMeMaNoEPS 3TOL UV «Q4E)
COMPUTE THE MOORE-PENROSE GENERALIZED INVERSE OF AN M BY N
REAL MATRIX B8Y MEANS JF THE SINGULAR VALUE DECOMPOSITION
PARAMATERS? ;

MOIM MAXIMUM NUMBER 3JF R0WS OF U

NDIM MAXIMUM NUMBER F COLUMNS OF U

M NUMBER OF RO4S OF U

N NUMBER OF COLUMNS (F Uy (MeGE«H) (OUTPUT2RANK OF U)

EPS SMALLEST POSITIVE NUMBLR FOR WHICH L+EPS NE 1

TOL MACHINE TOLERANCE = ETA/EPS, ETA IS THE SMALLEST
POSITIVE NUMBER REP!ESENTABLEZ I[N Tt MACHINE

U M BY N ARRAY OF THE MATRIX TU BE IWERTEU, REPLACEC
8Y THE TRANSPOSE OF THE RESULTANT GENERALIZZD INVERSE

V N BY N WORKING MATR. X

Q WORKING VECTOR OF LEINGTH N

E WORKING VECTUR OF LENGTH N

DIMENSION U (MBIM,1),¥ (NDIM,1),2{1)eE(1)

G=0.

X=U -

DO 2 I=1,4N

E(L)=G

S=0.

L=I+1

DO 3 J=1I,M

T=U(JyI)

3 S=S+T*T
I%( =TOL) 44545

Gu TC 6
5 F=U(I,I)
G==SQRT(S)
IF(FelLTeBe) G=SQRT(S)
H=F ¥G=-5
ULI,I)=F-G
DG 9 J=L,yN
S=0.
DO 8 K=I,M
8 S=S+U(KsI)*U(K,yJ)
F=S/H
DC 9 KzI'M
G U(KeJ)=U(KeJ) ¢F*U(K,I)
6 QA(IN=G
S=0s
DC 10 J=L 4N
T=U{T,J)
T
IF(S-TOL) 11,12,12
33 G=0.
6o Yo i3
12 F=U(I,I+1)
G==SGRT(5)
IF(FeLTeO04) G=SQRT(S)



14

15
17

15
13

21

23
24
2.2

29

25

19

28

31

32
30

33

H=F*G=-S
UL, I+1)=F-5

DO 14 J=L 4N

ELJY =0T yJd) 78

DO 15 J=L,H

S=Do

DO 15 K=L1N
S=S+U(J4KI*ULI,K)

DO 17 K=L,N
UJsK)=U(J oK) 4S*E ()
CONT INUE
Y=AB8S(Q(I))+ABS(E(I))
IFIYsBT.X) X=Y¥
CONTINUE

DO 19 I1=1,N
I=N+1-11

IF(G.EQeDes) GO TO 20
H=U (I ,I+1)%G

DO 21 J=L,N
VIJdeId=U(IyJ)/H

DO 22 J=L,N

S:UO

DO 23 K=L 4N
S=S+U{IsKI*V(KeJ)

DO 24 K=L,N
VKyJ)=V(KeJ)+SEV(L,T)
CONTINUE

DO 25 J=L,N

Vils 3)=0a

V(J,I)=0.

V(I,I):'ln

G=E(I)

L=I I,

0O 27 Ti=1,N
I=N+1-T1

L=I+1

G=Q(I)

DO 28 J=L,N
UCT 53 ) =0
IF(G<EQ.0s) 5O TO 29
H=U (I, I) %G

DG 30 J=L,4N

S=0.

DO 31 K=L,M

S=S +U(Ks IV *U(KyJ)
F=S/H

DG 32

UKy Jd)=U(KyJ) +F*U (K, 1)
CUNTINUE

DO 33 J=I,M

Uitd s V= UldoI V4G

GO TC 34

i G e



_20_

23 DU 35 J=1,4M

35 UWJ,1)=0.

34 U(IL,I)=U(I,I)+1.

27 CONTINUE
EPS=EPS*X
DO 36 I1=1,N
K=N+1-I1

37 DO 33 L2=1,K
L=K+1-L2
IF(ABS(E(L))LE.tPS) GO TO 4y
IF(ABSTQ(L=1))eLE«EPS) 530 TO 39

58 CONTIHNUL

39 C=0.
S=1.
Li=L-1
DG 41 I=L,K
F=S*E(I)
E(I)=C*E(D
IF(ABS(F) LELEPS) GO TO 40
6=Q(T)
A=SQART (F¥F+5* ()
Q(I)=H
C=G/H
S==F/H
00 42 J=1,M
Y=U(J,L1)
Z=U(J,I)
UGJyL1)SY*34Z %S

42 U(JyI)==Y*5+7+C

41 CONTINUE

40 Z=d(K)
IF(L.EQeK) GO TU 43
X=Q (L)
Y=Q (K-1)
G=E (K-1)
H=E(K)
F=((Y=Z)F(Y4Z )+ (G=H)¥ (G*+H) ) /7 (L ¥H?Y)
G=SQRT(F*F+1L )
F1=F +G
IF(F.LT0s) F1=F =G
F=((X=-Z)¥(X+Z)+H*(Y/F1-H) ) /XK
C=1.
S5=1.
LPLUS=L+1
DO 44 I=LPLUS,K

(I)

Y=Q(I)
H=5S%*G
G=C*G
Z=SGRT (F ¥*F+H*H)
c(I-1)=Z
C=FrZ



45

47
A

43

43
30

49

50

53
52

S=H/Z

- F=X*C+G¥S

G==X*3+G*(
H=Y*S

Y=Y*(C

DU 4B J=1,N
X=V(JyeI-1)

2=V (Jd,1)

VI(Jy I-1)=X*C+Z*S
V(JyI)==X*S+Z%C
Z=SQART(F*F +H¥H)
Q(I=-)=Z

C=F/12

S=H/Z

F=C¥5+5*Y
X==S*G+0*Y

JUO 47 J=1,1
Y=Uu(J,I-1)
Z=U(J,1)

UJdy I-1)=Y¥C +2%S
U(JyI)==Y*S+/ %
CONTINUE
c(L)=0.

E(K)=F

QIK)I=X

60 Tt 37
IF(Z.GEsGWs) 50 TO 30
QIK)==Z

DO 48 levN
VIJaK)I==V (J,yK)
CONTINUE

IR=9

DO 49 I=1,N
IF(Q(I)LLTLEPS) Q(I)=0.
IF(Q(I).EQed4) GO TU 49
QI)=1.7Q (1)
IR=TIR+1
CONTINUE

D0 50 J=1,N
X=3(J)

DO 50 I=1,4N

VI J)I=VI(IaJ)*X
DO 52 I=1,H

DG 51 J=1,N
E(J)I=ULT . D)

D0 52

X:U.

00 53 K=1,4N
X=X+V(J,yK) *Z (K)
J(I4J)=X

N=IR

RETURN

END

= 9] =
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SUBROUTINE GREINVI(MDIMy My NyAsZyBsUsELEPS) I
COMPUTE THE MOCRE-PENROSE GENERALIZED INVERSE OF AN M BY N
REAL MATRIX BY MEANS OF THE GREVILLE XECURSIVE ALGORITHM
PARAMETERS 3
MOIM MAXIMUM NUMBER CF ROWS OF A
NUMBER OF ROWS OF A
NUMBER OF COLUMNS OF A (QUTPUT :RANK OF &)
M BY N ARRAY OF THE MATRIX TO 3E INVIRTED
M 8Y N ARRAY OF THE TZANSPOSE OF THE RESULTANT
GENERALIZED INVERSE -
WORKING VECTOR OF LEN>TH M
WORKING VECTUR UF LENGTH N
€ WORKING VECTCR OF LENGTH M
EPS ABSCLUTE ERRCR B3CUND
DIMENSION A(MDIMe1)9Z (MOIM91) 93 (1)ei (1).E (1)
IR=0
S=0.
DO 1 I=1,M
TSACTx1)
1 S=S+T*T
IF{S.LT.EPS) GO TO 3
Z{Ts1)=A L1,41/8 , -
IR=IR+1 .
60 TO 5
DO 4 I=1,M
Z{I»1)=0
DO 17 K=2,N
L=K=-1
DO 6 I=1,L
T=8,
Be 7 J=19N
7 T=THZE: TY%A135K)
BALI=T
S=0 «
DC 9 I=1,H
T:n.
DG 8 J=1si
8 T=T+A(I5J)%0(J)
E(I)=A(I,K)-T
T=£l1)
g 5=S+T*T
IF(S.LT.EPS) G0 TO 11
[R=IR+1
DO
10 BldI=etd: s
GO TO 18
11 5<%
Do 12 I=1,L
T=0L1)
12 S=SH+T+T |
pa 13 321+

N> Z X

m oo

(R

Ui & W

o



ik
18
13

16
15
17

T=0.

DO 14 I=1,L
T=T+D(I)¥*Z(J,1I)
B(J)=T/S

DO 15 J=1,M

00 16 I=1,L

- 23 -

I(Js1)=2(Jysi) =D(D)*3(J)

Z{(J,yKI=B(J)
CONTINUE
N=IR
RETURN

END
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SUBRCUTINE GINVINDIMyNR4NCyAyUy AFLAGs ATEMP,TUL)
COMPUTE THE MOORE-PENROSE GENEZRALIZED INVERSE COF AN NR BY NG
REAL MATRIX BY MEANS OF THE GRAH-3CHMIDT ORTHOGONALIZATION
PARAMETERS ¢

NDIM MAXTMUM NUMBER CF ROWS OF A

NR NUMBEiI® OF ROWS OF A

NC NUMBEF OF COLUMNS OF A (NC.LENR)

A NR BY MC ARRAY OF THE MATRIX TU 32 INVERTED, REePLACED
83Y THE TRANSPOSE OF THE ReSULTANT HINERALIZED INVERSE

U NC BY N, KWORKING MATRIX

AFLAG WOR{ING VECTOR OF LENGTH NU

ATEMP WORIING VECTOR OF LENWGTH nNQ

TOL® RELATLAVE ERROGR BOUND

DIMENS.ON A(NDIM.1) yUINDIMs1) yAFLAGIL) JATEMP(1)

DO 10 1=1,NC

DG 10 =1 ,NC
19 UL sd)=(I/3)F(I/1T)

FAC=DOT(NDIMyNR4Ay41,1)

FAC=1«/SGART (¥ &C)

D0 15 I=14NR
15 A(I,1)=A(I,1)*¥FAC

DO 20 I=1,N0
20 J(I,1)=U(I,1)*FAC

AFLAG(1)=1. o ’

DO 100 J=2,4HC w8

DOT1=C0T (NDI 14 NRy Ay Js J) :

JMi=J-1 )

DG 50 L=1,2

DO 30 K=1,J11
30 ATEMP(K)=DOT (NDIMsNRsAyJ,yK)

00 45 K=1,J11

00 35 I=1,4N2
35 A{IGJ)=A(I4J)-ATEMP(K)*A (I,K)IFAFLAG(K)

D0 40 I=1,4NO
L0 U(IoJ)=U(I,J)-ATEMP(K)¥U(I,K)

45 CONTINUE
50 CONTINUE

DUT2=00TI(NDIMsNRy Ay Jy J)

IF(DBOT2/0CT1~-TOL) 55,459,710
55 DO ol I=1,J41

ATEMP(I)=0.

JU 60 K=1,I
60 ATEWUP(I)=ATIHMP(I) +UK,I)I*U( K, J)

DO 65 I=1,NR

A(I,J)=0a

DO 65 K=1,U11
65 A(I4J)=A(I,J)-A(I,K)FATE"

AFLAG(J)=0.

FAC=DUT(NDIMyNC sUsJsJ)

FAC=1./SQRT(F AC)

GO TQ 75
70 AFLAG(J)=1.

’
’.
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FAC=1./SQRT(DUT2)
75 DO 80 I=1,NR
80 A(L,J)=A(I,J)*FAC
DO 85 I=1,NC
85 U(I,J)=U(I,J)¥FAC
100 CONTINUE _
DC 130 J=1,4NC
DO 130 I=1,NR
FAC=0.
DO 120 K=JsNC
120 FAC=FAC+A(I,K)*U (J,K)
130 A(I,J)=FAC
RETURN
END
FUNCTION DUT (NDIM4aNR A 4JC 4XC)
C COMPUTE THE INNER PRODUCT CF T4 GOLUMNS OF A MATRIX
JIMENSION A{(NDIM,1) :
DoT=0.
00 5 I=1,NR
5 DOT=00T+A(I,JC)¥A(I,<C)
RET URN
END
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SUBROUTINE NOREQU(MDIMy My NyAs3,0,INC,EPS)

COMPUTE THE (PSEZUDO)INORMAL SOLUTLION U5 A LINEAR SYSTEM OF
EQUATIONS WITH M BY N RzAL RECTANGULAR MATRIX AND REAL

RI

GHT HAND SIDE VECTOR BY MEANS OUF THAZ GAUSSIAN ELIHINATIDN\

AND THE CHOLESKY DECOMPJSITION

PARAMETERS ?

MDI¥ MAXIMUM NUMBER CF ROW5 OF A

y
N

A

e]

9]
IN

NUMBER OF ROWAS OF A

NUMBER OF COLUMNS OF A (OUTRPUT:IRANK OF A)

H BY N ARRAY OF THE MATRIX UF THE LINEZAR SYSTEM CF
EQUATIONS TO BE SOLVED

THE RIGHT HAND SIDE V=CTOR OF LENGTH MAX(MN)
REP.ACED BY THE (PSEUROINOR#AL SULJT ION

WOR ING VECTOR CF LeNGTH ™

D P RMUTATION VECTOCOR OF LENGTH H

EPS AGSOLUTE ERROR 30UND

13

DIMENSION A(MDIMy1)4e353(1)4D(1),INI(L)
I1sM=9

K =0

MIN=MINDO (My )

DU 13 I=1,4N
IND(I)=I

DO 1 IK=1,MIN

5=0.

DU 2 L=1IKsM

DO 2 I=IK,4N
R=ABS(A (L ,I))
IF(R=S) 2%2%3

5=r

Li=L

1i=1

SONTINUE
IF(S.LT.EPS) GO TO 5
K=IK

IF(I1.EQ.K) GO TO b
IC=IND(I1)
IND(I1)=IND(X)
IND(K)=IC

06 10 J=1,M
X=A(J4K)
A(JyK)=A(JyI1)
Ald,I1)=X
IF(L1.EQeK) GG TO 9
DO 7 J=14N

X=A(K,yJ)
A(KyJ)=A(LL1,J)
AlL1,J)=X

X =8 (K)

B(K)=8(L1)

3(L1)=X

H=A (KyK)

Ki=K+1



vl = &

510

15
14

17
16
99

21

DO 8 I=K1,M
X=A(I,K)/H
A(I,K)=X

DO 8 J=K1,4N
A(I,J)=A(IQJ)"X*A (K,J)
CUNT INUE

DO 38 I=1,K
I1=T+1

Y=t (I)

DO 39 J=11,H
Y=Y +A(Jy1)%3 (J)
0(1)=Y

DO 50 J=1,K
g 1=.J%1

X=1.

DO 51 I=J1i.M
X1=1\(I,J)
X=X+»X1¥X1

g (J)=X
Ké=K=1

DO 52 J=1,4K2
Ji=Jd+1

DU 52 L=J1,K
Li=L+1
XIALJJ)

DO 53 I=L1i,HM

3 X=X+A(I,L)*A(I,J)
A (L QJ):X

GO TO 99

DG 14 I=1 K
X=0,

DO 15 TI1=I,4nN
Xi=A(L,1I1)
A=X+X1¥X1
g2(I)=X
Ki=K=-1

DU 16 I=1,K1
[ 2=1+1

D0 16 U=1I2,4K
X=0«

DO 17 Ii=Jsi
X=X+A(I,11)¥A(J,I1)
Ald,I)=X
ISM=1I5M+1

DO 18 I=1,K
X=8(I)
I2=1-1

DU 20 L=1,I2
X1=A(I,L)
X=X=X1¥X1
X=5GRT(X)

g (I)=X

- 27 -
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GN 3.

NN LT
=N

X=(1 €

(I)ONI=T
(P)Ca(T*QIVe X=X
IM¢T= 22 00
.0._.X

(1°7) ONIW=T¥
I="

N¢T=I ©2 nQ

fE 0L 09 (T*MI*WSINAI
(I)E/X=(1) 0
(C)Ce (I40) Y= X=X
N¢TTI=C 42 00
T+I=T1

(1) G=X

NI-T+%=1

N¥¢T=91 ®Z 00
(1) €/X=(T1) C
(P)O4(LST)V=X=X
2I*T=r £2 00
(1)0=X

1-1=21

¥¢T=1 22 0@
3INNT LNOD
XAA=AES YN

(140 Yal 14T) V= A= A
2I1¢T=1 12 00
(IC)V=A

¥TT=r BT 00
T+I=T1

2

£

81
61
e
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