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Preface

Having vegetated on the fringes of mathematical science for centuries, combi­
natorics has now burgeoned into one of the fastest growing branches of mathe­
matics — undoubtedly so if we consider the number of publications in this 
field, its applications in other branches of mathematics and in other sciences, 
and also, the interest of scientists, economists and engineers in combinatorial 
structures. The mathematical world had been attracted by the successes of 
algebra and analysis and only in recent years has it become clear, due largely 
to problems arising from economics, statistics, electrical engineering and other 
applied sciences, that combinatorics, the study of finite sets and finite structures, 
has its own problems and principles. These are independent of those in algebra 
and analysis but match them in difficulty, practical and theoretical interest 
and beauty.

Yet the opinion of many first-class mathematicians about combinatorics is 
still in the pejorative. While accepting its interest and difficulty, they deny its 
depth. It is often forcefully stated that combinatorics is a collection of problems, 
which may be interesting in themselves but are not linked and do not constitute 
a theory. It is easy to obtain new results in combinatorics or graph theory 
because there are few techniques to learn, and this results in a fast-growing 
number of publications.

The above accusations are clearly characteristic of any field of science at an 
early stage of its development — at the stage of collecting data. As long as the 
main questions have not been formulated and the abstractions to a general 
level have not been carried through, there is no way to distinguish between 
interesting and less interesting results — except on an aesthetic basis, which is, 
of course, too subjective. Those techniques whose absence has been disapproved 
of above await their discoverers. So underdevelopment is not a case against, 
but rather for, directing young scientists toward a given field.

In my opinion, combinatorics is now growing out of this early stage. There are 
techniques to learn: enumeration techniques, matroid theory, the probabilistic 
method, linear programming, block design constructions, etc. There are branches 
which consist of theorems forming a hierarchy and which contain central struc­
ture theorems forming the backbone of study: connectivity of graphs (network 
flows) or factors of graphs, just to pick two examples from graph theory. There 
are notions abstracted from many non-trivial results, which unify large parts 
of the theory, such as matroids or the concept of good characterization (see 
below). My feeling is that it is no longer possible to obtain significant results
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without the knowledge of these facts, concepts and techniques. (Of course, 
exceptions may occur, since the field is destined to cover such a large part of 
the world of mathematics that entirely new problems may still arise.)

*

The reader will forgive I hope the insertion of some general ideas which tend 
to play the role of systematizing and unifying concepts. The first of these is the 
notion of a good characterization,t formulated by J. Edmonds. A property P  
of graphs is well-characterized if (making use of the different formulations 
of the definition and the equivalent condition) we are able to efficiently prove 
P  if it holds and to efficiently disprove it if it does not. For example Kura- 
towski’s classical characterization of planar graphs provides a good characteri­
zation of planarity: if a graph is planar, we easily establish this by drawing it 
in the plane; if it is non-planar, we can show this by exhibiting one of Kura- 
towski’s graphs in it (see problem 5.37). A good characterization reflects a deep 
underlying logical duality of the property and, as the reader may convice him­
self by comparing good and “non-good” characterizations occurring through­
out this book, often amounts to “the” solution of the problem. Of course, 
this does not mean that “non-good” characterization j may not be deep and 
useful theorems.

The existence of good characterizations tends to go hand in hand with the 
existence of good decision algorithms (by a “good” or “efficient” algorithm 
we mean one whose running time in the worst case is only a polynomial in the 
input data; this again does not directly affect its practical value). Several 
combinatorial properties are known for which there exists a “good” algorithm 
to decide whether a given structure has the property, but its existence is by no 
means obvious (e.g. having a 1-factor). An interesting theoretical result, due 
to S. A. Cook, R. M. Karp and L. A. Levin is the following.* Several properties 
of graphs (for example, .the existence of Hamiltonian circuits, independence 
number, chromatic number, the existence of a kernel etc.) are equivalent in 
the sense that if any one of them could be solved by a “good” algorithm, all 
of them could, and in this case the “good” algorithmic solvability of very many 
other problems in different fields of mathematics would follow (just to mention 
a very distant one: testing an «-digit number for primarility). It is unlikely 
that all of these could be solved efficiently, but there is as yet no proof of this.

Another idea which has proved very fruitful is that combinatorial optimization 
problems can generally be formulated as linear programming problems with 
integrality constraints. If one could disregard the constraints, the Duality 
Theorem of linear programming would provide the solution. So the solution of 
these problems is connected with investigating the effect of the integrality 
constraints on the behavior of optima. For example, if we can show that they 
do not change the optimum, we obtain a minimax theorem. Several instances of 
this idea can be found in § 13 (Hypergraphs).

* For a detailed description see e.g. У. Chvátal, Discrete Math. 4 (1973) 305—337, or 
A.V. Aho, J.E. Hopcroft, J.D. Ullman, The Design and Analysis of Computer Algorithms, 
Addison-Wesley, 1974, Chap. 10.
* See e.g. R.M. Karp, in: Complexity of Computer Computations (R.E. Miller, J.W. 
Thatcher, ed.) Plenum Press, 1972, 85-104 or A.V. Aho et al., ibid.
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Last but not least we mention the use of linear algebra. This ranges from appli­
cations of matrix calculus to the introduction of homology and cohomology 
groups. A common background of many applications of linear algebra is Matroid 
Theory, which is now a flourishing branch of combinatorics itself.

*

The main purpose of this book is to provide help in learning existing techniques 
in combinatorics. The most effective (but admittedly very time-consuming) 
way of learning such techniques is to solve (appropriately chosen) exercises 
and problems.

This book presents all the material in the form of problems and series of prob­
lems (apart from some general comments at the beginning of each chapter). 
We hope that it will be useful to those students who intend to start research in 
graph theory, combinatorics or their applications, and for those who feel that 
combinatorial techniques might help them with their work in other branches 
of mathematics, management science, electrical engineering and so on. For 
background, only the elements of linear algebra, group theory, probability and 
calculus are needed.

When selecting the material I have had to restrict the topics covered. I feel 
that a more detailed analysis of a few basic notions is more useful than touching 
of all possible fields of research. So in this volume only enumeration problems, 
graphs and set-systems are discussed. Some fields have had to be completely 
omitted: random structures (here the reader is advised to read the book Proba­
bilistic Methods in Combinatorics by P. Erdős and J. Spencer, Akadémiai 
Kiadó, Budapest and Academic Press, New York-London, 1974), integer pro­
gramming, matroids (combinatorial geometries), finite geometries, block designs, 
lattice geometry etc. I hope eventually to write a sequel to this volume cover­
ing some of these latter topics.

The book consists of three major parts: Problems, Hints and Solutions. Areader 
with less experience may read the hint given to a problem before trying to 
solve it; those problems with one or two asterisks are thought to be difficult 
and the reader may read the hint given right away unless he is prepared to 
sacrifice several days to the problem (some of them are worth it, I venture to 
say). Even having solved a problem the reader is advised to compare his solu­
tion with the one given here: it may be that the idea occurring in our solution 
will be basic in a later series of problems. Here it should be pointed out that 
problems come in series and previous problems often serve as steps to the last, 
deepest result in the series. Also note that the solution often uses notation or 
properties introduced in the hint.

As references I have preferred to give those where further development of the 
subject can best be seen. Thus, for those results reproduced in textbooks or 
monographs, usually the latter are given as reference. No reference means 
either that the assertion of the exercise is so well known that it would have been 
impossible or superfluous to trace it back or that the problem is believed to be 
new. A list of those textbooks and monographs most often cited is given at the 
end of the volume. A dictionary containing the definitions of combinatorial 
concepts used in the book and a list of symbols as well as an Author Index 
and a Subject Index are included.
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I. Problem s

§ 1. Basic enumeration

There is no rule which says that enumeration problems, even the simplest ones, 
must have solutions expressible as closed formulas. Some have, of course, and 
one important thing to be learnt here is how to recognize such problems. An­
other approach, avoiding the difficulty of trying to produce a closed formula, 
is to look for “substitute” solutions in other forms such as formulas involving 
summations, recurrence relations or generating functions. A typical (but not 
unique or universal) technique for solving an enumeration problem, depending 
on one or more parameters, is to find a recurrence relation, deduce a formula 
for the generating function (the recurrence relation is usually equivalent to 
a differential equation involving this function) and finally, where possible, 
to obtain the coefficients of the Taylor expansion of the generating function.

However, it should be pointed out that, in many cases, elementary transfor­
mations of the problem may lead to another problem already solved. For 
example it may be possible by such transformations to represent each element 
to be counted as the result of n consecutive decisions such that there are at 
possible choices at the ith step. The answer would then be ага2 . . . an. This is 
particularly useful when each decision is independent of all the previous deci­
sions. Finding such a situation equivalent to the given problem is usually 
difficult and a matter of luck combined with experience.
1. In a shop there are к kinds of postcards. We want to send postcards to n 
friends. How many different ways can this be done ? What happens if we want 
to send them different cards ? What happens if we want to send two different 
cards to each of them (but different persons may get the same card) ?
2. We have к distinct postcards and want to send them all to our n friends (a 
friend can get any number of postcards, including 0). How many ways can this 
be done ? What happens if we want to send at least one card to each friend ?

3. How many anagrams can be formed from the word c h a r a c t e r iz a t io n ? (An 
anagram is a word having the same letters, each occurring the same number of 
times; this second word does not need to have a meaning.)
4. (a) How many possibilities are there to distribute к forints* among n people 
so that each receives at least one ?

t forint: Hungarian currency.
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(b) Suppose we do not insist that each person receives something. What 
will be the number of distributions in this case?

5. There are к kinds of postcards, but only in a limited number of each, there 
being a,- copies of the ith one. What is the number of possible ways of sending 
them to n friends ? (We may send more than one copy of the same postcard to 
the same person).

6. Find a recurrence relation for the second-order Stirling numbers S(n, k) 
and tabulate them for n <  6.

7. Prove that

S(n, к) x(x — 1 ) . . . (x — к +  1) =  xn.
k =1

8. Prove that

S(n, ( * ) f .
j i 3'

In particular, the right-hand side is 0 for к >  n (cf. also 2.4).

9. (a) Let Pn denote the nih Bell number, i.e. the number of all partitions of 
n objects. Prove the formula

1 03 hn
P  = -  — .n 7 Ie fc=o &!

(b)* P „ ~  -ÍL A(tt)n + * e^b"-1
\n

where ).{n) is defined by ).{n) log л(?г) =  n.
10. Find a recurrence relation for P n.
11. Let p(x) be the exponential generating function of the sequence P n, i.e.

p(*) =  2 - f x n -n=o П!

Determine p(x).

12. (a) Prove that

p  — у ------------------- ---------------------- .
" кх\(\\)Ькг \ { 2 \ ) Ь . . . к п\(п\уь

ki+2k2+ • • • +nkn—n

Deduce the formula for p(x) from this expression.

(b) What do we get (asymptotically) if the summation is extended over all 
systems (kv  . . . ,  kn) with \  +  k2 +  . . . +  kn =  nl



13. G ive another proof o f
1 “ Jrn

P = -  У  — .
e к !

14. (a) Let Qn denote the number of partitions of an ^-element set into an even 
number of classes (Q0 =  1). Determine

g(x) =  2
n=o n !

and find an analogue of the formula of 1.9a.

(b) Denote by Rn the number of partitions of an »-set into classes of even 
cardinality (R0 =  1). Determine

r(x) =  2 ~ хЛ-

15. Let Sn denote the number of mappings /: {1, . . . ,  n} —► {1,. . . ,  n) such 
that if /  takes a value i then it also takes each value j, 1 <[ j  <  i. Let S0 =  1.

(a) Prove that
CO JrXl

8n =  У  —
iÚ  2k+1

and determine the generating function
” S

Ф ) -  2  i*"'n=0 n\
(b) Prove the asymptotics

A(log2)n+1 ̂  ! Moo).
n !

*

16. The number of partitions of the number n into (a sum of) no more than r 
terms is equal to the number of partitions of n into any number of terms, 
each at most r.
17. The number of partitions of a number n into exactly m terms is equal to 
the number of partitions of n—m into no more than m terms. Find a similar 
identity involving the number of partitions of n into exactly m distinct terms.
18*. The number of partitions of n into (any number of) , distinct terms is 
equal to the number of partitions of n into odd terms.

3&2 I fc
19*. (Pentagonal Numbers Theorem) If n ---------- then the number of par-

2
titions of n into an odd number of distinct terms is the same as the number of 
its partitions into an even number of distinct terms.

1 .1 9  5 1- BASIC ENUM ERATION 1 5
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20. Let nn be the number of partitions of the number n. Determine the generat­
ing function of the sequence nn.

21. Prove that the number of partitions of n into distinct terms is equal to the 
number of partitions of n into odd terms (1.18), by calculating the generating 
functions of both sides.

22. Which identity follows from problem 1.19?

23. * Prove the following identities by combinatorial considerations:

(a) (1 +  X) (1 +  x 3) (1 +  X s ) . . . =  у ----------------- —----------------
i^o(l — sc2)(1 — a;4) . . .  (1 — xik)

00 укг-\-к
(b) (1 +  Z2) (1 +  7f) (1 +  *«) . . .  = 2 - — — — - — - — - •

ft-o(l -  Ж2)(1 X*) . . .  (1 xik)

24. We look for those partitions of the number n which have the property that 
each number between 1 and n is uniquely representable as a partial sum of the 
partition. When will the trivial partition n =  1 +  • • • +  1 be the only solu­
tion?

25. The number of non-congruent triangles with circumference 2n and integer 
sides is equal to the number of partitions of n into exactly three terms. Deter­
mine this number.

*

26. We have n forints. Every day we buy exactly one of the following products: 
pretzel (1 forint), candy (2 forints), icecream (2 forints). What is the number 
Bn of possible ways of spending all the money ?

27. What is the number An of ways of going up n stairs, if we may take one or 
two steps at a time? Determine

2 An&
n = 0 '

28. (a) We have n forints and each day we make exactly one purchase. There 
are a, sorts of goods which can be bought for i forints (i =  1, . . . ,  Jc). Suppose 
the polynomial xk — ax x ^ 1 — . . . — ak =  0 has distinct roots f)v . . .-, -&k. 
Prove that the number of possible ways of spending our money is

1 0! . . .  ^ - 1+n 

i dk . . . # ir2 & t 1+n
П ~  ~ 1 0! . . . &F1 ‘

i h  ■ ■ ■ t i r 1
(b) Determine the generating function of Cn, and thereby a formula for Cn.
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29. Determine the eigenvalues of the matrix

0 i о

1 0 . 1 .

1. .

0 i
S.I —— ——

n

30. How many sequences of length n can be composed from a, b, c, d in such a 
way that a and Ъ are never neighboring elements ?

31. What is the number of ^-tuples chosen from 1, . . ., n containing no two 
consecutive integers?
32. What is the number of monotone increasing functions mapping {1, . . ., n] 
into itself?
33. (a) How many monotonic mappings /  of {1,.  . . ,  n} into itself satisfy the 
condition f(x) X for every 1 <! x <  n ?

(b) What is the number of sequences of n 0’s and n l ’s such that there are 
at least as many 0’s as l ’s among the first к digits for each 1 <1 & <[ 2w?
34. Prove that the number of sequences (aq,. . . , xr) (1 <  xt <  n) containing 
less than i entries <) i for each i =  1, . . . ,  n is (n — r)»r~1 (1 <  r n)-

*
35. A sequence of partitions of the и-element set S  is constructed as follows: 
We start with S  itself and then we obtain the (i l) st partition from the ith 
by splitting any one of its classes having more than one element into two non­
empty subsets. Thus the partition into one-element classes will be reached after 
n steps. What is the number of ways of carrying out this procedure ?
36. The previous problem is modified to the extent that the (i +  l)st partition 
is obtained from the ith by splitting all classes having more than one element 
into two non-empty subsets. What is the number of ways of carrying out the 
procedure now?
37. We want to break a stick of length n into n pieces of unit length. What is 
the number of ways of doing so if

(a) at each step, we break one of the pieces with a length greater than 1 into
two,

(b) at each step, we break all pieces with a length greater than 1 into two.
38. In how many ways can one put brackets into the product хг • x2 • . . . ■ xr 
(in the sense that any bracket includes a product of two factors) ?

39. What is the number Dn of triangulations of a convex n-gon? (A triangula­
tion is a set of n — 3 diagonals no two of which intersect internally and which, 
therefore, divide the n-gon into n — 2 triangles.) 2

2 lovász
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40. Determine, without using the preceding result, the generating function of 
Dn and prove the result of the preceding problem from this.

41. In how many ways can one divide a convex n-gon into triangles by n — 3 
non-intersecting diagonals, in such a way that each triangle has an edge in 
common with the convex n-gon?

*

42. Find a closed formula for each of the following expressions:
[n/2] i  n

Wáü- 
,b) J (::**)•
(o,,l(l) и*)-
,d> j'-̂ d) (»-*)■
(e) ill’k=m 1 к  /

[пД] f n 1m j U-
(g) j f l “ ? * )

k=0 « j
m '

(h) .

» ДГП U-3-
43. Prove the following identities:

<« jpi c:i-'-“-JB rri—'--
“ ii:i i:i k m ;i i:i-
(d] ,£ .(P | (?) \n + p  +  q — k \ l n  +  p\ ln +  q\

ä UJ U) l р+я i l p П я )'



(e) — 1*1 =  j (~ 1)ft+1( X U J - Í * “ *' .dx \nI i^i к \n — k) ftíí к \n — к 
44*. Prove the following Abel identities:

Л [ 71.\
( a )  2  x (x  +  к )к ~ ^ У  +  n  —  k )n~ k =  (ж  +  У +  n ) n , 

k = 0 \ k )

(b) 2  Í?) (* +  *)*"% +  » -  fc)"-*-1 =  | -  +  - ] ( *  +  у +  n)"-i,
k=о l*  УI
ft — 1 Yt,

(c) 2$  hk~1(n — k)n~k~1 =  2(w — 1 )nn~2, 
fc=i 4 ,

45. Let

/„(ж) =  Ж (x — 1). . .  (x — n +  1).
Prove that

П v  \
f n ( x  +  У) =  2  ,  I kM  f n - k ( y )  ■ft=o k)

Find other examples of such sequences of polynomials.

§ 2. The sieve

One powerful tool in the theory of enumeration as well as in prime number 
theory is the inclusion-exclusion principle (sieve of Eratosthenes). This relates 
the cardinality of the union of certain sets to the cardinalities of intersections 
of some of them, these latter cardinalities often being easier to handle. How­
ever, the formula does have some handicaps: it contains terms alternating in 
sign, and in general it has too many of them!

A natural setting for the sieve is in the language of probability theory. Of 
course, this only means a division by the cardinality of the underlying set, but it 
has the advantage that independence of occurring events can be defined. Situa­
tions in which events are almost independent are extremely important in number 
theory and also arise in certain combinatorial applications. Number theorists 
have developed ingenious methods to estimate the formula when the events 
(usually divisibilities by certain primes) are almost independent. We give here 
the combinatorial background of some of these methods. Their actual use, 
however, rests upon complicated number-theoretic considerations which are 
here illustrated only by two problems.

It should be emphasized that the sieve formula has many applications in quite 
different situations. These are scattered throughout the book, but§ 15 (Recon­
struction) in particular may be pointed out in this connection.

A beautiful general theory of inclusion-exclusion, usually referred to as the 
theory of the Moebius function, is due to L. Weisner, P. Hall and G.-C. Rota 
and the second half of this section is devoted to this.
1. In a high school class of 30 pupils, 12 pupils like mathematics, 14 like 
physics and 13 chemistry, 5 pupils like both mathematics and physics, 7 both

2.1 § 2. T H E  SIEV E 1 9

2*
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physics and chemistry, 4 pupils like mathematics and chemistry. There are 
3 who like all three subjects. How many pupils do not like any of them ?

2. (a) (The Sieve Formula) Let A v . . . ,  A n be arbitrary events of a probability 
space (Q, P). For each /  c: {1, . . . ,  n}, let

A,  =  П  A t ; A B=  Ü;
ii l

and let

ak =  2  P(A,)> * o = l -
|i|=fc

Then

P ( A , +  . . .  +  An) =
j= i

(b) (Inclusion-Exclusion Formula) Let A v . . . , An C. S where S is a finite 
set, and let

Aj  =  П Ai\ A0 — S.
iei

Then

I f i -  ( ^ ^ . . . U i J I  =  2  ( - 1)171 \A i\ •
/£{i..... «}

3. Determine the number <p(n) of integers between 1 and n coprime to n, given 
the prime factorization pll ■ . ■ p*r of n.
4. Prove the identity

ыо ( i j  | (  —1)п?г! if к — n.

What do we get if к >  n ?
5. Let p(xv . . . ,  xn) be a polynomial of degree m, and denote by akp the poly­
nomial obtained by substituting 0’s for к of the variables in p  in every possible
combination and summing the arising |^j polynomials (a°p =  p). Prove that

1 , 2  0 if m <  no°p — О'-p -f- агр  — . . . =  ■
c • X]_. . .  xn if m — n.

What is c?
6. Let A v . . . , An be any events, Bt =  fi(Av  . . . , A n) (i =  1, . . . , k) poly­
nomials in A v . . . , A n and cv . . .  , cn reals. Then

2 cip (Bt) > 0i=i
holds for every A v . . ., Ak, provided it holds in those cases when P[Aj) =  0 
or 1 for j  =  1, . . . , n.
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7. (a) (K . J o rd a n ’s F o rm u la ) L e t А г....... A n be ev en ts  as in  2.2a. T h e  p ro b ­
a b ility  th a t  e x a c tly  q o f th e m  occur is

2 ( ~ 1У
j=9

A p
Я,

'1 •

(b) Let r] denote the number of Aj’s that occur (this is a random variable). 
Then

E(x") =  j p ( x -  1 у  aj.
j= о

8. Express by a similar formula the probability of the event Dp that at least p 
of A v  . . . ,  A n occur.

9. The partial sums of

P [Ä 1 . . . Ä n) — cr0 -|- cr! — <r2 +  • • • 
are alternating in sign.
10. Prove that

n r +  1
O r - 1

sharpen this inequality if or+1 =  0.
11. For each /  c { l , . . n } ,  let a number p ; be given. When can one find 
events A v . . . , An such that

P(AI) =  P l i.

*

12. Let 0  be a simple graph on V(0) =  {1, . . . ,  n). Denote by 30 the collection 
of odd independent subsets of V(G) and by SÓ the collection of those even sub­
sets which span at most one edge. Then

p (ä i . . . Ä n) ^ 2 -  2 p (^/ ) •
UK us«

Find an analogous lower estimate. (Note that for E(G) =  0 we obtain the sieve 
formula.)

13. (Brun’s Sieve) Let f(k) >  0 be any integer-valued function defined on 
{1, . . . ,  n) and set

3 =  { /  e  (1.........n): | / n  {1.......... *}| < , 2 № ,  k =  1,.
Then

p ^ . - . ä ^ k  2
1 63

Find an analogous lower estimate.
14*. (Selberg’s Sieve) For each I  (Z {1, . . . ,  n}, let Xj be a real number, and 
A0 =  1.
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Then
p ( Ä , . . . Ä n) <  2  h h p (Ai» j)-

I . J  S { 1 .........П}

Find an analogous lower estimate.
15*. (Cont’d) Let p ,• =  P(At) and

Pi =  II Pii t l
Determine the minimum and the minimizing system {A,} of

2  ^i^-jPiuj

under the constraints
A„ =  1, A; =  0 for | / |  >  k, 

where p x, p 2, ■ • • , pn and к are supposed given.
16.* (Cont’d) L et e >  0, M  1, 0 <  p t <  1 and

S =  Z p l{ .  . . p1-,
where the summation extends over those systems lv . . . , ln >  0 with 

P\ ■ • • Pn  ^  ■ Assume that

\P(AK) — p K\ < e  (К  C {1, . . . ,  »}).
Then

P (A X . . . A n) ^ - + ------------— ------------ •
S  (1 -  Р г ? . . . ( 1 - Р п )2

17*. Prove that, for large enough x, the number of primes in the sequence 
l, к -f- l, . . . ,  k(x — 1) 4* I (0 <  l <  k) is not greater than

cp(k) log x 

*

18*. Let G be a simple graph on V(G) =  {1,. . . , n] with all degrees at most d 
and let an event At be associated with each point i. Suppose that

(i) P(At) <  ~ , and
4 d

(ii) every At is independent of the set of all d js for which j  is not adj acent to i. 
Then

P (A X. . .  A n) > 0 .
19. (Second Moment Method) Prove the inequality

Р ( А х . . . А п) < ^ ° '  +  2a* -  1 .
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20. Let P(At) =  p, and assume any two events are independent. Estimate
P ( A ,  . . . A „ )

from the above using each of 2.9, Selberg’s method (2.14-16) and the preceding 
formula and compare the results.

*

21. Let V =  {xx, . . xn} be a set partially ordered by a relation <C. Call an 
n X w-matrix (aly) compatible if

Щ ]  0  => X j  ^  X j .

Show that the sum, the product and (if it exists) the inverse of compatible 
matrices is compatible.
22. Find a function p defined on F X  F such that

n(x, у) =  o if X y, 

p(x, x) =  1,

^  у) =  О (x <  z)

(the Moebius function of V).
23. Evaluate the function p(x, y) if V is

(a) the lattice of all subsets of a set S (ordered by inclusion),
(b) an arborescence (here x <1 у means that the unique path going from the 

root to у  passes through x),

(c) the set of integers 1, , n  where x <  i/ means x | y.
24. Turn the partially ordered set “upside down” i.e. consider (F, *) where
x <) *y iff у x. Let p* denote the Moebius function of (F, <  *). Then

(*) iU*(x, y) =  p(y, x).
25. Write M  as a polynomial in Z (see the solution of 2.22).
26. (Moebius Inversion Formula) Let /(x) be any function defined on F, and

g (x) =  ^ 7 (2).
Z-S.X

Then
f(x) =  ^ g ( z ) p ( z ,x ) .

z£x

Show that the sieve formula is a special case of this statement.
27. Let F be a lattice, a <, b £ F, and denote by 0 and 1 the minimal and maxi­
mal elements of F. Then

(a) Jg  p(0, x) =  0 (if a >  0) ;
x\/a—b
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(b) Jg  /x(x, 1) =  0 (if 6 <  1).
x/\b=a

28. Let V be a lattice again and x £ V such that x is not representable as the 
union of atoms. Then jx (0, x) =  0.

29. Let V be a lattice and {А, В, C} a partition of V such that if x £ A and 
у  <( x then у £ A ; on the other hand, if x £ G and x <  у then у  £ G. Then

1 +  2  2  *> y ) =  2  ^ x’ У) ■
xZA  уес х , у е в

30. Let V be the lattice of all partitions of the set S =  {1, . . . ,  n), where 
{A v  . . . ,  A p} <  { B v . . . ,  Bq} means that each A i is contained in some Bj. 
Denote by 0 the partition into one-element sets and by 1 the partition into a 
single set. Then

MO, 1) =  ( - l ) " - 1 ( » - ! ) ! •
31. Let (V, < )  be a lattice, V =  {хг, . . . , *„}, f(x) any function on V and

9(я) =  2  №  •
y<,x

Let gij =  g(Xi/\Xj), then
det(6Ti;) =  /(*!) . . • /(*„) •

Generalize this formula for partially ordered sets.
32. Evaluate the determinants

(1.1) (1, 2) . . . (1, n)
(2.2) ( 2 , 3 ) . . .  (2, »)

(2.1) (2, 2) . . . (2, n)
(3.2) (3, 3) . . . (3, n)>

{n, 2) (n, 3) . . . (n, n)
(n, l)(w, 2) . . . (n, n)

where (i, j) denotes the greatest common divisor of i and j.
33*. Let J7 be a tree, V =  V(T) =  {xx, . . . , xn} and

dij =  d{xt, xj)
the distance of xt from Xj in T. Then

det(d,7)”y=1 =  -  (-2)"'- 2 (n -  1).
34. Let V be a lattice and let pk denote the number of chains a0 — 0, av  . . . 
. .  . , ak =  1. Then

MO, 1) =  - P i  +  P2 -  Рз + -----
35. Let V be a lattice and let В be the set of its atoms. Denote by qk the number 
of those ^-tuples in R whose union is 1 (q0 =  0 except when | V | : |[) . Then

MO, 1) =  J ' i - l  )‘g,.
1= 0
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36*. Let C be a set of pairwise incomparable elements of the lattice V such that 
every maximal chain (linearly ordered subset) contains an element of C. 
Denote by qk the number of those ^-tuples from C whose union is 1 and whose 
intersection is 0. Then

MO, 1) =  J ( - i ) 4 .
i= 0

37. Let V be a (finite) geometric lattice of rank r, then ^(0, 1)^=0 and has. 
sign ( —l)r.

§ 3. Permutations

Permutations play a role in combinatorics mainly as symmetries of combina­
torial structures. Various properties of the symmetric group and its subgroups 
are important. We shall focus our attention on a few questions here which do 
not involve extensive algebraic machinery (for example, group representations). 
So we discuss simple enumeration problems, and two important tools in han­
dling such problems: the cycle index polynomial and a coding of permutations 
due to M. Hall and A. and C. Rényi.

When we enumerate certain structures we sometimes want to consider some of 
them as not being essentially different (for example, they may be isomorphic). 
This usually means that a certain permutation group acts on the underlying 
set of structures, and we do not want to distinguish two structures if some ele­
ment of this group maps one onto the other. Polya’s method, discussed in the 
second part of this section, is a beautiful way to handle such situations.

Many other combinatorial properties of permutation groups, only touched 
upon here, can be found, for example in Wielandt’s Finite Permutation Groups, 
Academic Press, 1966.

1. What is the number of conjugacy classes in the symmetric group Sn ?
2. Determine the number of the permutations in Sn

(a) having no fixed points,
(b) consisting of one cycle only.

3. We select a permutation of {1, . . ., n) at random. What is the probability 
that the cycle containing 1 has length h ? (In this and all subsequent problems 
all permutations are supposed to have an equal probability of selection.)
4. What is the probability that in a permutation of {1,.  . ., n}, chosen at ran­
dom, 1 and 2 belong to the same cycle?
5. We choose a permutation of {1, . . ., n) at random. What is the expected 
number of cycles?
6. We have n savings boxes, with different keys. Someone locks the boxes and 
throws the keys into them at random, putting one key in each box. We break 
open lc boxes. What is the probability that we are now able to open all the rest ? 
(In mathematical form: Whe choose a permutation те of {1 , . . .  те,} at random. 
What is the probability that the cycles of n containing 1 к cover all points ?)
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7. Denote by pn(xv . . . ,  xn) the cycle index of Sn, the symmetric group on re 
elements, and put p0 =  1. Prove that

j%Pn(xV  • • . xn)yn =  exp {xt y +  — y2 +  . . . + ^ y k +  . . .  .
n=o 1 2  к

8. Determine the cycle index of

(a) the group of rotations of a regular re-gon;
(b) the group of permutations of nk elements which keep a given partition P 

into к re-element classes invariant.
Generalize these results.

9. Two permutation groups (acting effectively) have the same cycle index. 
Are they necessarily isomorphic?

10. Denote by qn(xlt . . . ,  xn) the cycle index of the alternating group A n (q0 — 2). 
Determine the generating function

^ q n(xv  . . . , xn)yn
n=0

11. Prove that if all but a finite number of the numbers xv x2, . . .  are equal to 
1, then

lim pn(xv  . . . ,  xn)
П-*- oo

exists, and determine its value.
12. (a) Let sn k denote the number of those permutations of { 1 , . . . ,  re} having 
exactly к cycles. Find a closed form of the polynomial

fn(x) = ̂ 8n,kxk.
k=\

What is ( - 1  )n~ksny .
(b) Give a new proof of 3.5.

13. What is the exponential generating function of the number gn of 2-regular 
simple graphs on re given points?

14. In how many ways can one partition the 2re letters {1, 1, 2, 2, . . ., re, re} 
into re pairs if

(a) the order of elements in a pair does not count,
(b) the order of elements in a pair does count ? (Determine the generating 

function.)
15. Give a new solution of 3.2, based on the cycle index of Sn.

*

16. Choose a permutation n at random. Denote by 'n(i) the number of those 
integers 1 <  j  <, i with n(j) >  n(i). Then re(l),. . . ,  re(re) are random variables. 
Prove that they are independent.
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17. (a) What is the expected number of (on-going) records at a long jump 
competition, in which each of the n competitors has one jump, these jumps 
are all different and the starting order is drawn at random ?

(b) What is the probability that there are exactly к records?
18*. Imagine a long jump competition, in which no two of the n competitors 
jump the same distance. They jump in a drawn order. One can bet according 
to the following rule: After a jump, one can say “This is best of all.” We arrive 
on the scene after the kth jump.

(a) What is the probability pk that, following the best strategy, we will 
guess the winner correctly (information about the previous results is available) ?

(b) What strategy should we follow in order to have the largest probability 
of winning (provided we arrive in time) ?
19. What is the number of permutations я of {1, . . . ,  n) so that there is no 
triple i <  j  <  к with

n(j) <  n(i) <  л(к) ?
20. Let an k denote the number of those permutations я of {1, ,n)  which 
have к inversions (pairs i <  j  with я(г) >  n(j)). Prove that

О
J ?  a n , k X k =  (1 +  x) (1 +  X  +  X 2) . . . (1 +  X  +  . . . +  xn x).
k=\

21. Along a speed track there are some gas-stations. The total amount of gasoline 
available in them is equal to what our car needs for going around the track. 
Prove that there is a gas-station such that if we start there with an empty 
tank, we shall be able to go around the track without running out of gasoline.

22. (a) Let xv . . .  , xn be real numbers. For each permutation я o f { l , . . .  ,n) ,  
define

а(л) =  max(0, xM , xM  +  xn(2), . . . ,  x„(1) +  . . . +  x^n)}.
Also consider the cycles Cv . . ., Ck of я and set

к
Ь(л) =  max (0, Xj).

1 = 1 jiCi
Then {«(g): q € £„} and {b(я): я £ Sn} are equal as collections.

(b) m boys and m girls form “rings” for a dance at random (there may be 
pairs or even singles: two and one-element “rings”). Prove that the probability

that in each “ring” the number of boys is equal to the number of girls i s --------.
m +  1

*

23. (a) How many convex k-gons can be formed from the vertices of a regular 
я-gon, if two &-gons are considered essentially different when they do not arise 
from each other by rotation?
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(b) What is the number of ^-colorations of the vertices of a regular те-gon, 
if two Jc-colorations are not considered as essentially different when they arise 
by rotation from each other ?

24. (Burnside’s Lemma) Let Г be a group of permutations of {1, . . . ,  те} with 
к orbits. Then the average number of fixed points of permutations in Г  is k.

25. Let Г be a permutation group acting on a set Q. Suppose a “weight” 
w(x) is associated with each x £ Ü such that w(x) is invariant under Г,  i.e. for 
any given orbit 0  of Г, w(x) takes the same value w(0) for all x £ 0.  Prove that

2 w№  =  - ^ - 2  2 wW-
0  l-i 11 Я £ Г  л(х)=Х

26. (Pólya-Redfield Enumeration Method I) Let Г  be a permutation group 
with cycle index F(xx, . . . , xn) on a set D and let R be another set. We say 
that the mappings f , g : D —»R are essentially different if no n £ Г  can be found 
such that

лf =  g.
What is the number of essentially different mappings of D  into R ?

27*. (Cont’d) What happens if a permutation group Г х is given on R and /, g 
are only considered essentially different if for n o i r ( f ,  о £ 1\

n f  —  g e i

(Express this number by the cycle indices F, G of Г  and Г г )
28*. (Cont’d) Count the number of essentially different injections (one-to-one 
mappings) of D into R.
29. (Pólya-Redfield Method II) Let I) be a finite set, R arbitrary; let Г be a 
permutation group acting on D with cycle index F. Assume each у £ R has 
a positive integral weight w(y). Denote by rn the number of elements of R with 
weight n (suppose this is finite) and set

00
r(x) =  ^  rnxn .

n = 1

Let an denote the number of essentially different mappings /: D -*■ R (in the 
sense of 4.26) such that

(*) 2  w{f(x)) =  n ■
xiD

Prove that

^ a nxn =  F{r(x), r(x2), . . .).
n = 1

30. Solve the problem of distributing n forints to к persons using the above 
technique.
31. Give a new proof of the formula fór the exponential generating function of 
the number of partitions of a set (1.11), using the Pólya-Redfield method.
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§ 4. Two classical enumeration problems in graph theory

I have long felt it a very surprising fact that the number of trees on n labelled 
points is nn~2. The reason why this is surprising is that one does not see any 
direct way to enumerate trees and one would expect a less compact result. The 
difficulty and beauty of this problem have challenged several authors to find 
proofs, usually by dealing with a well-chosen generalization of the problem. 
Some of these are given here; the reader may test his knowledge of much basic 
enumeration technique.

Another theory, with less general results — but quite ingenious methods — is 
the enumeration of 1-factors in graphs. The special case when the graphs are 
bipartite is equivalent to the problem of “restricted permutations”, that is,
the problem of enumerating those permutations of {1, ___ n} which map each
element % onto one of the elements of a specified subset A,-. The methods here 
also use different enumeration techniques but they usually work for certain 
special cases only.

It is also interesting to note that the theory of enumeration of trees is important 
in solving the Kirchhoff equations in electrical network theory and that enu­
meration of 1-factors plays an important role in ferromagnetism. (See Seshu- 
Read, Linear Graphs and Electrical Networks, Addison-Wesley, 1961; E.W. 
Montroll, in: Applied Combinatorial Mathematics, E. F. Beckenbach, ed. 
Wiley, 1964.)

1. Let v v . . . ,  vn be given points and d v . . . ,  dn be given numbers such that
П

У' dj =  2n — 2, d, >  1. Prove that the number of trees on the set ( iq ,. . . ,  vr)  
i=1
in which Vj has degree dt (i =  1, . . . ,  n) is

(n — 2)!
1) 1)! ‘

2. (Cayley Formula) Prove that the number of all trees on n points is nn 2.

3. Let
p n ( X v  . . . , X n ) =  E  . . . а;4у(г>„)-1

where dT(vt) denotes the degree of the point v( in the tree T  and the summation 
extends over all trees on {vv  . . . , vn}. Prove, without using 4.1, that

Pn(x .......... *n) =  (*i +  • • ■ +  *n)"-2-

Deduce the Cayley formula from this.

4. Let T  j, . . .  , T r be trees on disjoint sets of points and V =  V(T ̂  U . . .  U V(Tr). 
What is the number of trees on V containing T x, . . ., Tr ? 5

5. Let Г be a tree on points vv . . . ,  vn. Delate the endpoint having the least 
index and write down the index of its neighbor. Repeat this procedure with 
the resulting tree, until a tree with only one point remains. This associates a 
sequence of n — 1 numbers with T, called the Prüfer Code of T. Prove that
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(a) the Prüfer code of T  uniquely characterizes T,
(b) given any sequence (av . . ., an_ x) such that 1 <  «, <  n, an_ 1 =  n, 

there is a (unique) tree with this Prüfer code.

(c) Deduce the Cayley formula.
6. Denote by Tn the number of trees on points vv . . . , vn. Prove that

П — 1 lyi _ О
( * )  T n =  2 k  ,  T * T n_ k

t=\ - 1.
and prove Cayley’s formula from this identity.
7. (a) The exponential generating function

ос /ТТ
t(x) =  S  — —----Xn

Űx (n -  1)!
satisfies the functional identity

t(x) e_((x) — X.
(b) Prove the Cayley formula from this identity.

8. What is the number of all trees on n points with exactly n — l endpoints ?
9. (a) Let G be a digraph, V(G) =  {vv  . . . ,  vn} and E(G) =  {e1( . . . ,  em}. 
Let A be the point-edge incidence matrix of G, i.e. the matrix A =  (a, .) defined
by

j 1 if Vj is the head of Cj,
a,jj =  ! — 1 if Vj is the tail of e;-,

I 0 otherwise.

Remove any row from A and let A 0 be the remaining matrix. Prove that the 
number T(G) of spanning trees of G is det A 0A q.

(b) What are the entries of A0A ’l  ?
(c) Deduce the Cayley formula from this.

10. Let
Pa{xi ......... xn) =  Z  xfrM . . . хата.)

where G is a graph on {w1, . . . ,  vn} and the summation extends over all spanning 
trees of G (cf. 4.3). Define

— XjXj if Vj, Vj are adjacent,

a x ) _  0 if i  ^  j  and Vj, Vj are non adjacent,
X, • 2  X ,  if i  =  j ;

Vv adjacent to Vj
and

D  =  K 7)? 4  i m ­
p rove th at

pa(xv . . . , xn) =  det D.
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11. What is the number of trees on { v lt . . ., vn; w 1..........w m) in which each
edge joins a vt to a wß.

12. (a) The number T(G) of spanning trees of a graph G is given by

T(G) =  2 ( - i r - ' T ( G [ X 1] ) . . .T(G[Xr]) |Z X| I . . .  \Xr\nr~2 

where the summation extends over all partitions (X1(. . . ,  X r) of V(G) and
» =  | F ( G ) | .

Determine T(G) when G is
(b) the complement of a graph consisting of q independent edges and n — 2q 

isolated points,
(c) the complement of a graph consisting of q edges adjacent to a point v 

and n — q — 1 isolated points.
13. (a) What is the number of “binary plane trees”, i.e. those trees on 2n points 
which are embedded in the plane and each point has degree 1 or 3 with some 
endpoint specified as root? (Two plane trees are the “same” if there is an iso­
morphism between them which keeps the cyclic ordering of edges in the star 
of each point,)

(b) What is the number of plane trees on n points rooted at an endpoint ?

*

14. What is the number E(n, k) of forests F on points vv . . .  ,vn having к com­
ponents and such that vv . . . ,  vk belong to distinct components?
15. Let G be an acyclic digraph with a specified root a and suppose G has a 
spanning arborescence rooted at a. What is the number of spanning arbores- 
cences of (??
16. Let G be a digraph without loops, V(G) =  {vv . . . , vn}. Let atj be the num­
ber of edges joining vt to Vj, and let df  be the indegree of vt.

(a) The number of spanning arborescences of G rooted at vn is equal to the 
determinant

dx —a12 . . .  —

^(в) =  ~ a"  d‘ ~  .

a n— 1Д ® n - 1,2 • • •

(b) Find a similar formula for the polynomial

X (к.). . . h»),

where T  ranges over all spanning arborescences of G rooted at vn (cf. 4.10).
17*. Let n be odd and let я be a permutation of the «.-element set V. The number 
of trees on V  admitting я as an automorphism is
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0 if я has no fixed points, 

k\l~2 7 7  ( 'S dk )̂ki~' ( ^  d/,'d) if я has a fixed point,
f= 2  d  I i d\i

d¥=i

where kt — к([л) is the number of i-cycles in я.
18. Let Wn denote the number of non-isomorphic trees on n points with a speci­
fied point called root. Prove that

2” <  Wn <  4" (я >  6).

19*' Set w(x) =  j ? W n X " .
П = 1

(a) Prove the identity
w(x) =  x{\ — z ) - wi(l  — x2)~w>. . .  (1 — xn)~w* ___

(b) Deduce the following identities from both (a) and the Pólya-Redfield 
method:

. Iw(x) w(x2) )
1 1 2 j

w(x) =  X  ^ p n(w(x), w(x2), . . .) .
n=0

where pn is the cycle index of the symmetric group Sn.

20**. (a) Show that w(x) has a radius of convergence 0 <  x <  1 and has a 
unique singularity on the circle \ x\ =  x at x =  r. Moreover, w(x) is an analytic 
function of ]/t — x near this singularity.

(b) Prove that there is a positive constant c such that
cn~3l2 x~n.

*

21. Let G be a bipartite graph with 2-coloration {U ,V ) ,  U —{uv . . . , un}, 
V =  {vv  . . . , vr) and let atj denote the number of (ut, r;)-edges in G. Set

A =  {ai}) U U -
Then the number of 1-factors of G is per A.
22. Determine the number of 1-factors in the “ladder” graph shown in Pig. 1.

n steps

23. What is the number of 1-factors in K n n minus n disjoint edges ? (That is, 
in how many ways can a company consisting of n married couples dance if 
everyone dances but nobody dances with his spouse?)
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24. Let G be a simple graph and G an orientation of G with the property that, 
in any even circuit C of G, the number of edges directed one way (or the other) 
around the circuit is odd. Let V(G) =  {vv . . . ,  vn) and В be defined by

Prove that the number of 1-factors of G is |P f B \ .
25. (Cont’d) For which orientations of a graph G is |[Pf B\ the number of
1-factors?
26. Let В be any skew symmetric matrix. Then

det В =  (Pf В)2.
27. Let G be a 2-connected planar graph which has a 1-factor F. Prove that G 
has an orientation G such that every circuit C which alternates with respect to 
F, contains an odd number of edges oriented in some given direction.
28. Determine the number of 1-factors of the “ladder” (4.19) from the preceding 
results.
29*. Let an be the number of ways to cover a (2n) x  (2n) chessboard by dominoes. 
Prove the formulas

1 if (vt, Vj ) £ E(G),
В =  (bu), bfj ' 1 if (Vj ,  vt) i  E(G),

0 otherwise.

ft л /  li'TT Itt \
(a) a  =  22'1’ /  !  7  Г  cos2 ----------- 1- cos2----------

f4  2n -F 1 2n +  1 j
2

.. . 2n \  12n — 21 /2гг — 41
<Ь) l ő j  I 2 ) I 4 ) " •

°  ( o )  ( ,  I ••  M
rows

« ■ С) Гг2)-
2 n — 11 I2n — 3)

1 3 )

I2n — 11 I2n — 3
: I 1 M  3 ] "  Щ

• rows

» -  • -rr irn - 1
n — 1 colums

3 Lovász



(c) Determine
.. loga„ hm —2—̂ . 
n—oo n2

30. Prove that the number of spanning trees of the »X »  “chessboard” (i.e. 
the graph whose points are the squares and two of them are adjacent iff they 
share an edge) is equal to the number of ways of covering a (2» —- 1) X  (2» — 1) 
chessboard minus its upper left-hand corner by dominoes.

31. What is the number of 4-element matchings in the following bipartite graph:
V(G) =  {v-l, . . . , vn; uv . . . , un};

E(G) =  {(«„ vj) : i <  j } .
32. What is the number of those permutations я of {1, . . . , n) having the prop­
erty that

Iя(4) — 4) <; 1 ( 4 = 1 , . . . , » ) ?
33*. Let an denote the number of permutations я of {1......... n} suchthat

Iя(4) — 4| <  2.
Determine

f(x) =  j ? a nx \
n =0

34. Determine the number Un p of those permutations я of {1, 2, . . . ,  n} which 
satisfy

л(к) <  к -)- p — 1 ( 4 = 1 , . . . , » ) .
35. Find a formula for the number of permutations я such that

|я(4) — Jc\ < ln  — p  ( 4 = 1 , . . . , » ) ,
where p  is small.

36. Denote by p n the number of those permutations я of {1, . . . ,  2»} satisfying

M i )  —  i |  < ; » .
Prove that

Pn=  j ?  S(n, k)2(k\)2.
k = 0

§ 5. Parity and duality

Parity considerations are applied in graph theory quite often. This loosely 
connected section contains various examples of parity problems, together 
with questions of different sorts to which these exercises lead. The first graph- 
theoretic result, Euler’s solution of the Königsberg bridge problem, is typical 
of the role of parity. Studying Euler trails will lead to another classical problem, 
finding the way out of a labyrinth.

The most important applications of parity considerations in graph theory are 
linear spaces of circuits and cuts. This is the starting point of matroid theory

34 PROBLEM S 4.30
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on the one hand, algebraic topology on the other. Basic results in algebraic 
topology such as Sperner’s lemma (5.29) depend on parity arguments. We 
also note that certain existence results follow by showing that the number of ob­
jects in question is odd (for example, 5.20 and, more convincingly, 5.30). 
Linear spaces of circuits and cuts play a role in the characterization of planar 
graphs and in the study of the relationship between a planar graph and its dual.

Having finished with enumeration problems, we shall more frequently encoun­
ter the notion of a good characterization (see the introduction). Problems 5.3, 5.4, 
5.6 are simple examples of well-characterizing necessary and sufficient condi­
tions. A more important example is Kuratowski’s criterion for planarity. 
Note that the MacLane and Whitney criteria are not “good characterizations’’ 
in this sense. (This shows at the same time that the name “good characteriza­
tion” may be misleading; it does not have anything to do with the depth of 
the theorem.)

1. (a) Is there a graph with degrees 3, 3, 3, 3, 5, 6, 6, 6, 6, 6, 6 ?
(b) Is there a bipartite graph with degrees 3, 3, 3, 3, 3, 5, 6, 6, 6, 6, 6, 6,

6 , 6 ?

(c) Is there a simple graph with degrees 1, 1, 3, 3, 3, 3, 5, 6, 8, 9?
2. Which numbers occur as orders of ^-regular simple graphs ?

3. A graph is bipartite iff every circuit of it is even. Is the statement (with 
cycle instead of circuit) true for digraphs ? Or strongly connected digraphs ?
4. We associate a value v(e) with each edge of a digraph G. This may be con­
sidered as the work needed to go from the tail of e to the head of e. To go 
conversely we need —v(e) work. We want to find a “potential”, i.e. a function 
p(x) defined on V(G) such that if e — (x, у ) then v(e) =  p(y) — p(x). Show 
that this is possible if and only if going around any circuit, the total work 
needed is 0.
5. The points of a strongly connected digraph G can be 2-colored so that each 
point is joined to a point of opposite color by a directed edge if and only if G 
has an even cycle.
6. If G is a weakly connected digraph with dg(x) =  da(x) for each x then G 
lias an Euler trail.

7. Let Gkn (k >  2) be defined as follows. The points of Gkn are vectors of dimen­
sion к composed from 1, . . . . ,  n. The vectors (av . . . , ak) and (bv  . . . , bk) 
are joined by a directed edge if a2 =  blt a3 =  b2, . . . , ak =  bk_1. Show that
@k,n Í®

(a) Eulerian;
(b) Hamiltonian.

8. Show that we can associate 0 or 1 with each point of a 2/f-cycle (k >  2) in 
such a way that all arcs of length к of the cycle give different 01-sequences.
9. If G has a point of outdegree at least 3, then the number of its Euler trails is 
even. (Two Euler trails are not considered to be different if they give the same 
cyclic permutation of the edges.)

3*
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10. Let G be a digraph in which the outdegree of each point is equal to its inde­
gree. Let T  be a spanning inverse arborescence with root x0. We start from x0 
and walk along the edges of G according to the following rule:

(*) From each point x we go to the next one along an edge (starting from x) 
not used previously. We use the edges of T  only if we have no other choice.

Show that we get stuck at x0 and that, by this time we have traversed an 
Euler trail.
11. Let V(G) =  {x0, . . . , xn_ ,  cLq(xi) =  do(xt) =  dr Show that the number 
of Euler trails in G is a multiple of

(d0 -  1) 1)!
12. (Labyrinth Problem). Starting at a point x0 we walk along the edges of a 
connected graph G according to the following rules:

(*) We never use the same edge twice in the same direction.
(**) Whenever we arrive at a point x x0 not previously visited by us, 

we mark the edge along which we entered x. We use the marked edge to 
leave x only if we must, i.e. if we have used all the other edges before.

Show that we get stuck at x0 and that, by then, every edge has been traversed 
in both directions.
13. If G is a graph with even degrees, then G can be oriented in such a way 
that every point of the resulting digraph G has the same outdegree as indegree.
14. (a) A graph G has an Euler trail iff it is connected and has even degrees.

(b) If a connected graph G has 2k points of odd degrees, then it is the union 
of к edge-disjoint open trails (k >  1).

15. If a planar map has an Euler trail then the map can be drawn without 
the lifting pencil from the paper, without; going over the same line twice 
and without crossing our line (at most touching it).
16. The number of subgraphs G' of a connected graph G which have even de­
grees and V(G') — V{G) is equal to 2m-n+1 (m =  \E(G)\, n =  |F(6*)|).
17*. (a) The set of points of any graph G can be partitioned into two classes 
Vv V2 such that both V1 and V2 span subgraphs with even degrees.

(b) For any graph G, V(G) can be partitioned into two classes Vv V2 such 
that V j spans a subgraph with even degrees and V2 spans a subgraph with 
odd degrees.

18*. (a) Let G be a graph and denote by mr(G) the number of r-element match­
ings of G. Express m x(G), m2(G), . . .  in terms of |F(G)| =  n and mx{G), 
m2(G), . . .

(b) If I V(G) I is even and G has an odd number of matchings then G has 
a 1-factor.

(c) G has an even number of 1 -factors iff there is a non-empty set S c: V(G) 
such that every point is adjacent to an even number of points of S (e.g. Euler- 
ian graphs).
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19. If G is a simple digraph and h(G) denotes the number of Hamiltonian paths 
in G, then

h(G) =  h(G) (mod 2).

Is this true for undirected graphs ?

20. Any tournament has an odd number of Hamiltonian paths.

21*. Every edge e of a 3-regular graph G is contained in an even number of 
Hamiltonian circuits.

22. A 3-regular bipartite graph with at least 4 points has an even number of 
Hamiltonian circuits.

*

23. Let G be a connected planar map and G* its dual. Show that G and G* have 
the same number of spanning trees.
24. (Euler’s Formula) Show that if G is a connected planar map then it has
m — n -f- 2 faces, where

ra =  |^(6r)|, n — |F(6?)|.
25. (a) A simple planar graph with n points has at most 3n — 6 edges.

(b) A simple triangle-free planar graph with n points has at most 2n — 4 
edges.

26. If a planar map has even degrees then the faces can be 2-colored in such a 
way that faces with a common edge on their boundary have different colors.

27. If G is a 4-regular planar map, then it can be oriented in such a way that 
each point has two edges coming in, two edges going out, and these two pairs 
separate each other in the given embedding.

28. (a) Can you draw a planar map in the interior of a pentagon so that the 
faces are triangles (except, of course, the outermost one), and each point has 
even degree?

(b) Suppose we split the interior of a pentagon into triangles by a map such 
that all points except those on the pentagon have even degree. Which points 
of the pentagon have odd degree?

29. Let G be a planar map with triangular faces. Suppose the points of G are 
3-colored. Show that the number of faces which get all three colors is even.

30*. Let G be a planar map whose faces are triangles except for the exterior 
face abed. Let V{G) =  V x U F2, a, c £ Vv b, d £ V2• Then either Vx contains 
an (a, c)-path or F2 contains a (b, d)-path.

*

31. Let F be the space of vectors (ax, . . . ,  an)T where the a/s are from a 
field F. For a =  (av . . an)T, b =  (bv  . . . , bn)T, define their inner product
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by a rb =  a lbl . . .  -f- anbn. Further, let M  be a subspace of V and A a linear 
transformation of V. Decide whether the following assertions are true1':

(a) If A is non-singular, so is its transpose A T.
(b) More generally, if A is non-singular, so is ATA.
(c) Even more generally, Ker A TA =  Ker A.
(d) M  П AI-1 =  {0} (where M 1 is the subspace orthogonal to M i.e. M x =  

=  {a : a rb =  0 for each b £ M}.
(e) <71/ U M-L') =  V ( (X)  denotes the subspace generated by X).
(f) dim M  -f dim Mx =  n.
(g) (лг-4-l -  M.

32. Let V be the n-dimensional vector space over GF(2), and M  a subspace of V. 
Show that

j =  ( i , ____ i ) T e < i n  и 7i f-L>.

33. Let E(G) — {elf . . . , em}. Represent each subset of E(G) by a 01-vector, 
where the j th entry is 1 iff e, belongs to the subset. This way we identify the 
subsets of E{G) with the elements of an m-dimensional vector space VG over 
GF( 2).

(a) Determine the subspace UG generated by the stars, and the orthogonal 
subspace Wa. Give new proofs of 5.3, 5.16 and 5.17, using these linear spaces.

(b) Prove that the decomposition in 5.17a is unique iff G has an odd number 
of spanning trees.
34. Let G be a 2-connected planar map. Show that the boundaries of all finite 
faces form a basis for the space Wa.

35*. Let G be a graph, Cv . . . ,Cf  circuits of G and suppose
(1) each edge of G is contained in at most two of Cv . . .  ,Cf,
(2) Cv . . . , (Jj constitute a basis of Wa.

Show that
(a) if К =  ^  G( is a circuit and

1 6  J  i i l

then J  C 7 ( / , /  C { 1 ......... /});
(b) either all blocks of G are single circuits or there are two C/s, say C\ 

and G2 such that C l -f C2 is a circuit;

t  T h is exercise rea lly  belongs to  linear a lgebra. M ost tex tbooks, how ever, do n o t consider 
in n e r p ro d u c ts  o ver fin ite  fields w hich is th e  im p o rta n t case fo r us. (N ote t h a t ,  if  F  is 
th e  field o f  com plex num bers, ou r in n er p ro d u c t is n o t th e  sam e as th e  one u su a lly  in tro ­
duced .) T he read e r w ill find i t  in s tru c tiv e  to  clear up  th e  sim ilarities an d  differences 
th ro u g h  th is  exercise. (All s ta te m e n ts  a re  tru e  fo r th e  rea l field.)
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(c) G is planar, and Cv . . . ,Cf are faces.
(d) (MacLane’s Criterion) A graph G is planar iff Wa has a basis such that 

each edge belongs to at most two elements of it.

36*. (Withney’s Criterion) A connected graph G is planar iff there exist another 
graph G* and a one-to-one mapping <p of E(G) onto E(G*) such that whenever 
T  is a spanning tree of G, <p(E(G) — E(T)) gives a spanning tree in G* and vice 
versa.
37*. Let G be a minimal non-planar graph (i.e. each proper subgraph of G is 
planar) with degrees at least 3. Then

(a) G is 3-connected,
(b) G contains a circuit with a chord,
(c) G a d  K 5 or K 33,
(d) (Kuratowski’s Criterion) A graph is planar if and only if it contains 

no subdivision of K 5 or K 3 3.

F i g . 2

38*. If G is a simple planar graph, then G has an embedding in the plane such 
that all edges are straight segments.

§ 6. Connectivity
Several central concepts of graph theory belong to this chapter; separating 

sets of points and edges, connected components, blocks, paths, circuits, trees 
and forests. These concepts occur in most fields of graph theory and hence 
they belong to the basic techniques a graph theorist uses.

The theory of connectivity is one of the most developed branches of graph 
theory (together with factorization problems, which are discussed in the next 
chapter). One main reason for this is Menger’s theorem, which links connec­
tivity defined in terms of separation to connectivity defined in terms of connect­
ing paths. This gives a “good characterization” of fc-connected graphs. Closely 
related to Menger’s theorem is the so-called Max-Flow-Min-Cut theorem, 
which plays a fundamental role in flow theory. This puts the duality between 
connection and separation in a very graphic form.

Problems involving connectivity between two specified points are usually 
settled without difficulty using Menger’s theorem. On the other hand, con­
nectivities between more than two points are more difficult to handle and are,
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to a large extent, independent of Menger’s theorem. Such problems arise in 
the study of minimal ^-connected graphs, multicommodity flows, safe com­
munication networks, etc. Their solutions are difficult but some typical mani­
pulations with cuts occur repeatedly and these may lead to ideas for a general 
approach.

Some of the strongest results in the field are structure theorems, which prove 
that certain classes of graphs can be constructed by repeated application of 
some simple transformation, e.g. 2-connected graphs by repeatedly attaching 
“ears” (cf. 6.27, 6.28, 6.33, 6.52, 6.53, 6.64).

1. Show that
c(G)+\E(G)\^\V(G)\

holds for every graph G.
2. (a) Let Gv G2 be two graphs with V(GX) =  V(G2). Show that

C(G\) +  c(G2) <] c(Gx U G2) +  c(Gx П G2).
(b) This holds without assuming V(GX) =  V(G2).

3. Let d x <  . . . dn be the degrees of the simple graph G and assume that 
dk ~>k for every к n —  d n —  1 . Then G is connected.

4. Show that G1 x  G2 is connected if and only if Gv G2 are connected and 
one of them contains an odd circuit.
5. A connected ^-regular bipartite graph is 2-connected.
6. (a) Every connected graph G has a point whose removal does not disconnect 
the graph. What is the situation for strongly connected digraphs?

(b) Let G be a connected graph which does not contain a “cherry”, i.e. 
two points of degree 1  with a common neighbor. Show that one can remove 
two adjacent points without disconnecting G.
7. (a) Let T v T 2 be two spanning trees of a connected graph G. Prove that 
T x can be transformed into T 2 through a sequence of “intermediate” trees, 
each arising from the previous one by removing an edge and adding another.

(b) Suppose G is 2-connected. Then to obtain T x from T 2 it suffices repeatedly 
to apply the following transformation: we remove the edge adjacent to some 
endpoint x of the tree and connect x to the rest by some other edge of G.
8. (a) Let G be a 2-connected graph on n points and nx -|- n2 — n. Then 
V(G) has a 2-coloration { A v A 2} such that \At\ =  nt and A v A 2 induce con­
nected subgraphs.

(b) Let 6  be a 2-connected non-bipartite graph on 2m points. Then V(G) 
has a partition { A v A 2) with \At\ — m such that the (A ,, A 2)-edges form a 
connected spanning subgraph.

9. A digraph G is strongly connected iff there is at least one edge leaving each 
set X  c  V(G), X  ^  0.
10. Let G be a digraph, x, у £ V(G) and suppose the edges of G are colored 
red, green and black. Then exactly one of the following two assertions holds:
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(i) There is a black and red undirected (x, j/)-path P  in G such that all 
black edges of P  are oriented from x to y,

(ii) There is a set S c  V(G), x £ S, у S, such that no red edge connects 
S and V(G)—S in any direction and no black edge goes from S to V(G)—8.

11. (a) Suppose we can disconnect the strongly connected digraph G by re­
moving <;& edges. Prove that we can also disconnect it by inverting < k  edges.

(b) Suppose 6  is a digraph without isthmuses and we can get a strongly 
connected digraph from G by contracting at most к edges. Then we can also 
get a strongly connected graph by inverting at most к edges.

(c) If we can destroy all cycles of the digraph G having no loops by remov­
ing at most к edges, then we can also destroy them by inverting at most 
к edges.
12. A tournament is strongly connected if and only if it contains a Hamiltonian 
cycle.
13. A strongly connected tournament T  on n ]> 4 points contains at least 
two points x such that T  — a; is strongly connected.

*
14. Let G be a directed tree and F CZ E(G). Prove that there is a point x £ V(G) 
such that the edges of F  incident with x have their head at x and the other 
edges incident with x have their tail at x.
15. Let G be a tree and let

<p : V(G) — V(G)
be a mapping such that, whenever (x, у ) £ E(G), then 

<p(x) — <p(y) or (cp(x), cp(y)) £ E(G).
Prove that (p has a fixed point or a fixed edge.
16. If the intersection of a set of subtrees of a tree G is non-empty, then it is 
a subtree.
17. (a) If G is a connected graph, then any two paths of maximum length 
have a point in common.

(b) If G is a tree, then all maximum paths of G have a point in common.

18. If Gv . . . , Gk are subtrees of the tree G such that any two intersect, then 
they have a point in common. (This yields a new proof of part (b) of the pre­
ceding problem.)
19. Prove that, in a connected graph G, the distance d(x, y) of the points 
x, у as, well as the maximum length J)(x, y) of paths connecting x and у are 
metrics. That is

(a) d(x, y) 0, with equality iff x =  y,
(b) d(x, y) =  d(y, x),
(c) d{x, y) +  d(y, z) ;> d(x, z), 

and similarly for D{x, y).
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20. If G is a tree and p  v , pn, qv  , qn+l are points of it, then

d(Pi,Pj)+ d(qi,qj) ^  ^  d(pt,qj).
1 $.l<]-£.n l<,i<j<.n+l i '= l j = 1

21. (a) Let ä(x) =  max d(x, y), where x, у are points of a tree. Show that the

minimum of <7(ж) is attained at one point (the center of G) or at two adjacent 
points (the bicenter of G).

(b) Show further that d(x) is a convex function in the sense that, if y, z 
are neighbors of x, then

2d(x) <  d(y) -+- i?(z).

22. (a) Let s(x) — Jg d(x, y), where x, у are points of a tree G. Show thats(z)
у

is strictly convex in the sense that, whenever ж is a point and y, z are two 
neighbors of it, then

2s(x) <  s(y) +  s(z).
(b) Show that s(x) assumes its minimum at one point (the baricenter) 

or at two adjacent points of G.
(c) Construct a tree which has a center and a baricenter whose distance 

apart is greater than 1000.
23. Determine those trees G on n points for which JV d(x, y) is maximal and,
respectively, minimal. х>у
24. In a tree on n points of diameter at least 2к — 3, there are at least n — к 
paths of length k.

25. Given n cities, we want to build a connected telephone network between 
them. The expense v(e) of a line e between any two cities is known, and we 
want to minimize the total expense. Thus, we want to find a tree on the given 
points such that the sum of the expenses of edges is minimal. Show that the 
following algorithm produces the desired result: At the ith step, choose a com­
ponent Gj of the graph formed by the edges already selected, and select an 
edge connecting Gi to a point not in Gt with minimum expense. Stop when 
0 , contains every point.
26. (Cont’d) Show that if the edges have distinct expenses, then the optimal 
tree is unique.

*

27. Call two edges of a 2-edge-connected graph G equivalent if they are equal 
or their removal disconnects the graph. Show that

(a) this is an equivalence-relation,
(b) all edges of an equivalence-class lie on a circuit,
(c) removing the edges of an equivalence-class P, the components of the 

remaining graph are 2-edge-connected,
(d) contracting the components of G — P, we obtain a circuit.
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28. Given a 2-edge-connected graph G we can “build it up” as follows: G =  
— Gx U . . . U Gr, where Gl is a circuit and Gi+1 is either a path which has 
exactly its endpoints in common with Gx U . . . U G, or a circuit which has one 
point in common with Gx U . . . U G, (Fig. 3).

29. A graph G can be oriented so that the resulting digraph G is strongly con­
nected iff G is 2-edge-connected.
30*. We say that an edge is well f itted with the circuit C if it lies on C or has 
no point in common with C.

Let ev . . . , ek be independent edges of a 2-edge-connected graph G. Show 
that there is a circuit C into which all the edges ev . . .  , ek are well fitted.
31. Show that “edges e, f are equal or lie on a circuit” is an equivalence rela­
tion.
32. The following properties of a graph G are equivalent:

(i) G is 2-connected,
(ii) any two points of G lie on a circuit,

(iii) any two edges of G lie on a circuit, and G has no isolated points.
33. Let G be a 2-connected graph, which is not a circuit. Then there is a path 
P  in G such that the inner points of the path P  (if any) are of degree 2, and 
removing the edges and inner points of P  the remaining graph is 2-connected.

34. Let p, q be two points of a 2-connected graph G. Show that G can be oriented 
in such a way that each edge is contained in a (p, g)-path.
35. Let G be a 2-connected graph. Then the following properties are equivalent:

(i) G is critically 2-connected,
(ii) no circuit of G has a chord.

36*. Let G be a critically 2-connected graph. Show that each circuit C of G 
has a point of degree 2.
37*. Let G be a critically 2-connected graph. Remove all points of degree 2 
from G. Show that the resulting graph G' is a disconnected forest.

38. Construct a critically 2-connected graph G such that some x £ V(G) 
is at distance at least 1000 from every point of degree 2.

F i g . 3
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39*. (Menger’s Theorem). Let 6  be a digraph and а, Ъ £ V(G). Prove that
(a) there are к edge-disjoint (a, 6)-paths iff G is /ь-edge-connected between 

a and b;
(b) there are к independent (a, 6)-paths iff G is ^-connected between a and 6;
(c) analogous statements hold for undirected graphs.

40. Let A, В  be disjoint subsets of V(G) and assume that any set X  which has 
a point from each (A, B)-path has at least к elements. Show that there are 
к vertex-disjoint (A, 2?)-paths.
41. Formulate and prove a common generalization of the undirected vertex- 
connectivity version of Menger’s theorem 6.39b and 6.40.

42*. Let В a  V(G) and a £ V(G) — B; suppose we are given к independent 
(a, ß)-paths P j, . . . , Pk and к +  r independent (a, P)-paths Qv . . . , Qk+r- 
Show that there are 1 <  j \  <  • • • <  Ír S  £ +  r and (a, P)-paths R x, . . . , Rk, 
Rj ending in the same points as P,, such that P ,, . . . , Rk, Qyi, . . . , Qjr are 
independent.
43. Let a, b, c be distinct points of G. Assume there are к independent (a, b)- 
paths P v . . . , Pk and a (b, c)-path P 0 independent of them. Also, there are 
к (other) independent (a, 6)-paths Qv . . . ,Qk and an (a, c)-path Q0 independent 
of them. Show that there are к +  1 independent (c, fe)-paths in G. (Try to avoid 
the use of Menger’s theorem.)
44. Without using Menger’s theorem, describe a graph G having two non- 
adjacent points a, b such that

(i) there are at most к independent (a, 6)-paths in G, and
(ii) if any new edge is added to G, there will be at least к +  1 independent 

(a, fe)-paths in the resulting graph.
Deduce the undirected independent-path version of Menger’s theorem from 

this.
45. Let G be a digraph and a,b £ V(G). Decide whether the following state­
ments are true:

(i) If any two paths which connect one of a and b to the other have a 
common edge, then there is an edge which is contained in all of these paths.

(ii) If G is Z:-edge-connected between a and b, then it is -edge - со nnected 
between b and a.

(iii) If G is .̂'-edge-connected between a and b and also between b and a, 
then there are к (a, 6)-paths P\,  . . . , Pk and к (b, a)-paths Qv . . . , Qk which 
are mutually edge-disjoint.
46. Assume that each point x ^  a, b of G has the same indegree and outdegree 
and that d£(a) — dä(a) =  к >  0. Prove that there are к edge-disjoint (a, b)- 
paths in G.
47. If the outdegree of each point of G is equal to its indegree, then (i), (ii) 
and (iii) of 6.45 are true.

*
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48. Let ff be a graph and X, Y ,Z  (Z V(G). Establish the inequalities:
(a) d0(X U Y) +  да(Х П Y) ^  da(X) +  6a(Y);
(b) dG(X -  Y) +  &a(Y  -  X) <  dG(X) +  da( Y);
(c) öG( X - Y - Z )  +  öG( Y - Z - X )  +  ö a ( Z - X -  Y) +  dG(X П Y П Z) <  

^  W  +  dG( Y) 4- dG(Z).

49*. Prove that a critically Ledge-connected graph has a point of degree k.
50. Let G be a к - edge - eon n e c ted graph and let F v . . , F m be Lelement cutsets 
of edges. Prove that G — {F x U . . . U Fm) has at most 2m connected com­
ponents.
51*. Let G be an Eulerian graph, x £ V(G) and suppose G is Ledge-connected 
between any two points u,v=^x.  Then we can find two neighbors! y, z of x 
such that, if we remove two edges (x, y) and (x, z) but join у  to z by a new 
edge, the resulting graph is still Ledge-connected between any two points
U , V ^  x.
52*. Let G be a 2 L edge - со n n ее ted, 2Lregular graph. Prove that G can be 
obtained by the following construction:

I. We start with two points joined by 2k edges.
II. Having constructed a graph, we select к edges, subdivide them by one 

point each, and identify the new points.
53*. Prove that, provided k~> 2 the assertion of 6.51 holds for non-Eulerian 
graphs as well.

54. (a) Let ff be a graph and G an orientation of G. If G is Ledge-connected, 
then G is 2 L  e dge - с о rm e о te d.
__ (b)* Conversely, if G is 2Ledge-connected, then it has an orientation
G which is Ledge-connected (generalization of 6.29).

55. Let a, ß be integers, G a graph and а, а', Ь,Ъ' four points in G. We want 
to find a (a, a')-paths p v  . . . ( and ß (b, &')-patlis Qv . . . , Q^such that 
P l t . . . ,  Pa, Qv  . .. , Qß are edge-disjoint. Show that the following conditions 
are necessary: (*) We need to remove at least

a edges to separate a from a', 
ß edges to separate b from b', and
a -j- ß edges to separate {a, i}  from {a', b'} or {a, b’} from {o', £].

Show by an example that these conditions are not always sufficient.
56*. Let a, a ’, b, b’ be points of an Eulerian graph G, and a, ß positive even 
integers. Assume that condition (*) formulated in the previous problem is 
satisfied.

t i f  x  has on ly  one neighbor, у  an d  z  m ay  be  iden tica l; b u t  th is  ease is tr iv ia l.



46 PROBLEM S 6.57

(a) Show that G has an orientation G such that

di(a') -  dff(o’) =  - a ,  dt(b') -  d-(b') =  - ß ,

d§(a) -  d~(a) =  a, d~(b) -  d~(b) =  ß, 

d~(x) =  d~(x) for X   ̂ V(G) — {a, b, a', b'}.

(b) Prove that G contains a (a, a')-paths and ß (b, 6')-paths, all edge- 
disjoint.

57. Construct a 5-connected graph G and 4 points a, b, c, d of it such that each 
(a, 6)-path hag a point in common with each (c, d)-path.

58. Let A, В be /--element sets of points of a ^-connected graph G, separating 
a and b. Show that the set C of those points in A U В  which are the endpoints 
of (a, A U /?)-paths is a belement set separating a and b.
59. Let G be a critically ^-connected graph and H a /ь-connected subgraph 
of it. Show that H is critically /--connected.
60*. (a) Let G be a /^-connected graph, A a /.--element separating set of it, 
Gx a component of G — A and assume A is chosen so that j FjCr,)] is minimal. 
Show that for any /^-element separating set B, either V{Ĝ ) С В or V(GX) p\B —

к=  0. Moreover, IFjCT̂ I <b in the former case.
2

(b) Every critically /.--connected graph G has a point of degree k.
61*. Let G be a simple 3-connected graph and assume that the endpoints of 
the edge e are both of degree at least 4. Then one of O/e, G — e is 3-connected.
62. Let G be a critically 3-connected graph, and e an edge of it which connects 
two points of degree at least 4. Then 6r/e is a critically 3-connected graph.
63. If G is a critically 3-connected graph, then every circuit of G contains 
at least two points of degree 3.

64. Suppose that a 3-connected graph G is such that for every edge e, G — e 
and G/e are not 3-connected. Show that G od K v
65. Construct a critically 3-connected graph and a point x in it such that 
every point at distance at most 1000 from x has degree at least 1000.

*

66. In a ^-connected graph G, any к points are on a circuit.
67*. Let elt e2, e3 be independent edges of a 3-connected graph G. Then there 
is a circuit containing ev e2, e3 except when ev e2, e3 form a'separating system.
68. Let a, b, xv . . . , xk be distinct points of a (k l)-connected graph G. 
Prove that there is an (a, 6)-path which contains xv . . . , xk.
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69. Show that a circuit C in a simple planar 3-connected map has exactly 
one bridge iff it is the boundary of a face. Consequently, 3-connected simple 
planar graphs have an essentially unique embedding in the plane.

70*. Every 3-connected graph G has a circuit C with exactly one bridge.

71. We associate a value v(e) >  0 with each edge e of a strongly connected 
digraph G. Let a, b be two points of G and let P  and C run over all (a, 6)-paths 
and (a, 6)-cuts, respectively. Prove that

max min v(e) =  min max v(e).
P e £P  C e£C

72. Let (p denote a function on V(G) satisfying (*) <p(a) — 0, <p(y) — <p{x) <  
<; v(x, у) ((ж, y) £ B(G)). Now define the value u(P) of an (a, 6)-path P  to be

У  v(e). Then *
e t E ( P )

m in  u(P) =  m a x  99(b).
p  <p

73. Let /  be an (a, &)-flow and C an (a, 6)-cut. Show that

w(f) =  2  /(e) -
e e c  e£C*

74. (Max-Flow-Min-Cut Theorem) Show that the maximum value of an 
(a, 6)-flow /  satisfying /(e) <C v(e) is given by

min У  v(e),
C 7 t c

where C runs over all (a, b)-cuts.
75*. The preceding solution suggests the following algorithm to construct 
a maximum (a, b)-flow.

Let fk be an (a, 6)-flow and Pk an (undirected) (a, b)-path. Let A, В be the sets 
of edges of P k directed toward a and b, respectively. Suppose Pk is such 
that /(e) >  0 for e £ A and /(e) <  v(e) for e £ В  (if no such path Pk exists 
we know fk is optimal). Set

e =  m in  (fk(e), v(e') -  fk(e')).
e£A,  e '£B

Increase the value fk(e) by e for e £ В and decrease it by e for e £ A, to get 
a new flow fk+1. Prove the following assertions:

(a) Even repeating the above procedure infinitely many times, the values 
of the flows obtained do not necessarily converge to the values of a maximum 
flow.

(b) If P k is always chosen to be a path with minimum possible length 
then, repeating the above procedure, the length of Pk does not decrease.

(c) If P k is always a path with minimum length, we get an optimum 
flow in at most n3 steps (11 — |F(6?)|).
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76. Suppose there is a value u(x) prescribed for each point x, and a value 
v(e) prescribed for each edge e. When does a function /(e) exist such that

0 ^  f(e) ^  v(e); £  №  ~  2  №  = u(«)
e = (a , y) e=(y, a)

for every a?

77. (a) Assume the capacities v(e) are integers. Show that there is a maximum 
value (a, 6)-flow with integral entries.

(b) Show that the Max-Flow-Min-Cut theorem is a consequence of the
directed-edge-version of Menger’s theorem 6.39.

78. Let /  be an integral (a, 6)-flow of value w(f) =  wl -f-. . . - ) -  wk (wt =  1, 2, . . . ).  
Show that f is the sum of к integral [a, fe)-flows f v . .  . , fk, of values 
wv . . .  , wk, respectively.

§ 7. Factors o f  graphs

Here we consider the general question: given a graph, does there exist a sub­
graph whose degrees meet certain prescribed conditions? The characteristic 
example of such a question is the problem of the existence of 1-factors (perfect 
matchings), the solution of which (the König-Hall theorem for bipartite 
graphs and Tutte’s theorem for the general case) is an outstanding result 
making this probably the most developed field of graph theory.

In addition to the question of their existence, the problem of describing the 
.structure of all factors is also of importance. We touch only briefly on this 
problem (cf. also § 4).

One question which can be handled with the help of factorization results 
is whether a given sequence of integers can be the degree sequence of a graph 
(digraph, simple graph). This leads in fact to factorization problems for the 
complete graph and the answers are, correspondingly, much simpler.

Factorization problems constitute a class of integer programming problems 
for which there is a satisfactory solution. The basic idea of the correspondence 
between these two fields will be given in § 13, for the general case of hypergraphs. 
However, we shall not be able to go into the details in this volume.
1. Let G be a graph without isolated points. Then v(G) -f- q(G) — | V(G)\.
2. (König’s Theorem) Let G be a bipartite graph. Then v(G) =  x(G), and o(G) =  
=  «(G).
3. (Hungarian Method) Let G be a bipartite graph with 2-coloration {A, В } 
and let M  be a matching of G. Let A x and /1, be the sets of points in A and В 
not covered by M . Form a maximal forest F c f f  with the following properties:

(*) each point x oí F in В has degree 2 and one of the edges adjacent to x 
belongs to M;

(**) each component of F contains a point of A v
Prove that M  is a maximum matching iff no point of B x is adjacent to any 

point of F. Deduce König’s theorem 7.2 from this. Derive an algorithm to find 
a maximum matching in a bipartite graph from this result.
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4. (a) Let G be a bipartite graph with bipartition {A, B}. Suppose that every 
X  c: A is adjacent to at least |X| points of B. Prove that G has a matching 
which matches all the points of A with (certain) points of B. Find different 
proofs which use and respectively, do not use König’s theorem.

(b) When does a bipartite graph G have a 1-factor?

5. Let G be a bipartite graph with bicoloration {A, B) and

ő =  m ax{|X | -  \Га(Х)\}.
X Q A

Prove that
v(G) = \ A \ - d .

6 . (a) Suppose G is a bipartite graph with bicoloration [A, B] and let к >  0 
be a given integer such that

(*) |ГС(Х ) |>  |X| +  k
holds for each I C i , I # 0 .  Let X v X 2 be two sets that satisfy (*) with 
equality and suppose X 1f ] X 2=^0. Show that also gives equality in (*).

(b) Show that G as defined in part (a) has a spanning subgraph G1 such that
(1) dGi(x) =  к +  1 for all X £ A,
(2) I r G,(X)[ ^  \X\ +  к for a l l i e d , ! ^  0/]

7. Show that for any bipartite graph G with bicoloration {A, B),  the following 
three statements are equivalent:

(i) G is connected and each edge of G is contained in a 1-factor,
(ii) For any X  £ A and у £ B, G — x — у  has a 1-factor,

(iii) |̂ 41 =  \B\ and for each 0 ^ I c i ,  |P(X)| >  |JT|.
(Such a graph is called an elementary bipartite graph.)
8. Prove that a bipartite graph G is elementary if and only if it can be written 
in the form

G =  G0 U P 1 U . . . U P k,

where G0 consists of two points and an edge joining them and P, is an odd path 
which joins two points of G0 U P x U . . . U P,_ t in different color classes and 
has no other point in common with G0 U P x U . . . U Р г_х.

9. Let G be an elementary bipartite graph which will not remain elementary 
if we remove any edge of it. Show that it has a point of degree 2. Does every 
edge of it have an endpoint of degree 2 ?
10. A bipartite graph G with maximum degree r =  d(G) is the union of r 
matchings (i.e. has chromatic index r).t

t In general, the chromatic index of a graph G is bounded by i?(G)j [Shannon] and by 

d{Q) +  1, if О is simple [Vizing], [see В].

4 Lovász
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11. Let G be any bipartite graph and suppose к >  1. Then G is the union of 
к edge-disjoint spanning subgraphs Gv  . . .  ,Gk such that

<с1а({х)<, ^ X̂  for each x£V(G).
к J [ к

12. Let G be a bipartite graph with minimum degree r. Then G is the union 
of r disjoint edge-covers.
13. Determine the least number r =  r(n) with the property that every r-regular 
bipartite graph G with 2n points has a 1-factor such that each edge of this 
1-factor has a parallel in G.
14. Let G be an r-regular bipartite graph (r >  2) with 2-coloration {A, B ] , 
where A — {av  . . . , an} and В =  {61, . . . , bn}. Suppose a point x to be mov­
ing in V(G) and transforming the graph as follows:

(1) x starts at a1 and moves along any (av bt) to bt at which time this edge 
is removed.

(2) If x is at bj, which it has just entered from aß, then it moves to the first 
point av such that aß ф  av and av is adjacent to oh and the edge (av, bt) is 
doubled. (Note that G may have multiple edges and thus, afi may still be 
adjacent to b. though one (au, 6,)-edge is removed.)

(3) If x is at av which it entered from bt, then it moves over to the first 
neighbor bj=A= 6,- of av and an (av, b;)-edge is removed.

Prove that, in a finite time, the procedure terminates with the situation that 
x =  a1 and ax is adjacent to some bt by r parallel edges (and to no other point). 
Use this procedure to get a 1-factor.
15. (a) Suppose the simple bipartite graph G with bipartition {A, B} has a 
1-factor and every x £ A has degree at least k. Show that G has at least к ! 
1-factors.

(b) An elementary bipartite graph with n points and m edges has at least 
m — n -(- 2 1-factors.
16. Let G be a bipartite graph with bipartition {A, B} and f(x) 0 an integer 
valued function on V(G). Show that G has an /-factor if and only if

(i) j ? f ( x )  =  2  f ( y )
X €A y t B

and

(ii) ^ / ( * ) < т ( Х ,  Г ) +  2  НУ)
xex уев~у

for all A  cz A, and Y  с; В , where m(X, Y) is the number of edges connecting 
X  to Y.

17. Let 6  be a bipartite graph with n points and m edges and maximum 
degree d. Show that G can be embedded as an induced subgraph in a d-regular

[
ТУЬ "1— points, but no less.
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18. Let 6  be a simple bipartite graph with bipartition {A, В } such that
\A\ =  [jB| =  n, and with maximum degree d <  — - . Show that G can be

embedded in a simple regular bipartite graph on the same set V(G) of points 
with degree 2d.
19. Let A =  {(ijj) be a non-negative n x n  matrix such that all row- and 
column-sums of A are 1 (such a matrix is called doubly stochastic). Prove that 
per A >  0, i.e. the determinant of A has a non-zero expansion term.
20. (a) Let G be a simple bipartite graph with 2-coloration {A, B), A —
— {ax, . . . , an} and В =  {bx, . . . , bn). Let 0 iff (ait bj) £ E(G) and
assume the non-zero s are algebraically independent transcendentals. Prove 
that G has a 1-factor iff det (atj) ^  0.

(b) Prove the König-Hall criterion (7.4a) for the existence of a 1-factor 
in a bipartite graph from this observation.
21. Let 6  be a connected graph with n points and E(G) =  {ex, . . . , em}. 
Consider all vectors (ylt . . . , ym) such that

(i) 2 У ‘ =  °

for each point v. What is the dimension of the space spanned by them?
*

22. Let G be a simple graph on 2n points with all degrees at least n. Show that 
G has a 1-factor.
23. Let F0 be any matching of G. Then G has a maximum matching which 
covers all points covered by F0.
24. (a) Construct a graph with a unique 1-factor having all its degrees at least k.

(b) Prove that a graph with a unique 1-factor has a cutting edge.
(c) If a simple graph G on 2n points has a unique 1-factor, then

\E(G)\<,v?.
25. If G is a graph without isolated points and with maximum degree d, then

d + l
26*. Let G be a connected graph such that, for each x £ V(G), v(G — x) =  
=  v(G). Show that G is factor-critical.
27*. (a). Show that for any graph G,

0(G) =  |F(G)| -  2v(G) =  max {c^G -  X) -  |Z |} .
X  S  V(G)

(b) (Tutte’s Theorem) A graph has a 1-factor if and only if cx(G — X) <( 
<  ]A| for every X  с; V(G).
28. (a) Let G be a simple graph such that

(i) G has no 1-factor, but

4*
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(ii) joining any two non-adjacent points of G by an edge results in a graph 
with a 1-factor.

Show (without using Tutte’s theorem) that G has the following structure: 
it has a set V1 of points joined to every other point and the remaining points 
span disjoint complete graphs.

(b) Give a new proof of Tutte’s theorem 7.27b based on (a).
29. (a) (Petersen’s Theorem) A 2-connected 3-regular graph has a 1-factor, 

(b) Construct a simple 3-regular graph having no 1-factor.

30. Let G be a (k — l)-edge-connected, ^-regular graph with an even number 
of points. Remove к — 1 edges of G. Show that the remaining graph G' has 
a 1-factor.
31. Let G be a factor-critical graph. Show that it can be expressed in the form

G =  P 0 U P 1 U . . .  U P k,

where P 0 is an odd circuit and Pi+l is either an odd path with both endpoints 
in P 0 U P 1 U . . . U Pj but no inner point in P 0 U P l U . . . U Р,- or an odd 
circuit having exactly one point in common with P 0 U P г U . . . U P t (i — 
=  0......... к — 1).
32*. (The Gallai-Edmonds Structure Theorem) Let G be a graph. Denote 
by Da the set of those points which are not covered by at least one maximum 
matching. Let Aa be the set of neighbors of I)G and CG =  V(G) — AG — Da. 
Prove:

(a) Removing a point x of ACl, the sets Da and Ca do not change.
(b) Every component of the graph induced by Da is factor-critical. The 

graph induced by Ca has a 1-factor.
(c) If M  is any maximum matching, it contains a maximum matching 

of each component of the graph induced by Da and a 1-factor of the graph 
induced by Ca.

(d) v ( G ) = i { | F ( G ) | - c ( D c) + | A 0|}.A
(e) Tutte’s theorem follows from this.
(f) Determine the sets A, C, D for the graph shown in Fig. 4.

F i g . 4
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33. Let M  be a matching of G and C a circuit of length 2k -j- 1 which contains 
к edges of M, but meets no other edge in M. Let G' be the graph obtained 
by contracting C and M' — M — E{C). Then Ж is a maximum matching of 
G iff M' is a maximum matching of G'.

34*. (Edmonds’ Matching Algorithm) (a) Let f fb e a  graph, M  be a matching 
of G and consider a maximal forest F  with the following properties:

(*) Each component of F contains exactly one point not covered by 
M, called a root.

(**) Calling those points of F  being at an odd distance from a root 
inner points and the other points, including the roots) outer points, each inner 
point has degree 2 and one of the two edges incident with it belongs to M  
(Fig. 5).

F i g . 5

Then, if two outer points in distinct components are adjacent, M  is not a 
maximum matching. Design an algorithm to find maximum matchings based 
on this observation and the preceding problem.

(b) Test your algorithm on the graph in Fig. 4.

35. Assume that the ^-regular graph G on 2m points has the property that 
any two odd circuits of it either intersect or are joined by an edge. Show that 
G has a 1-factor.
36. (a) If G has no 1-factor, then it has a point x such that each edge adjacent 
to x is contained in some maximum matching.

(b)* If G is a 2-connected graph with a 1-factor then it has a point such 
that each edge adjacent to this point occurs in some 1-factor. (Such a point 
is often said to be totally covered.)

inner point

outer point

unattained
point
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37. The maximum size of a 2-matching of 0  is

\ V ( G ) \ -  m ax { |X | -  |Г0(Х )|} .
X  s  V(G)

X  independent

38*. Every graph G has a maximum matching which is contained in a maxi­
mum 2-matching.

*

39. Let 6  be a connected 2d-regular graph with an even number of edges. 
Prove that G has a d-factor.
40. A 2d-regular graph is the union of d 2-factors.

41. Which connected graphs G have a spanning subgraph F with

Гd(x) ] d(x) ]*dF(x) =  ——  or ——-
2  J  2

for each ж?
42. (a) Which connected graphs have a spanning subgraph with all degrees 
odd?

(b) Every 2-edge-connected graph G with all degrees at least 3 has a span­
ning subgraph in which each degree is positive and even.
43*. Let G be a graph and let us associate a non-negative integer f(x) with 
each point of G. Construct a graph G' which has a 1-factor if and only if

(a) G has a perfect /-matching,
(b) G has an /-factor.

44. We associate a pair (/(ж), дг(ж)) of non-negative integers with each point 
ж of a digraph G. When does G have a spanning subgraph with indegree f(x) 
and outdegree g(x) at each point ж?
45. Given a graph G, when can one orient its edges in such a way that the out­
degree of every point ж is equal to a prescribed number /(ж) ?
46. (a) Let G be a connected graph which contains a circuit. We associate a 
number g(x) with each point ж of G. Show that G has a spanning subgraph F 
whose degree differs from g(x) at every pont ж.

(b) Let G be a tree, and let us associate an integer g(x) with each point ж. 
Show that exactly one of the following statements is true:

(i) G has an orientation with indegrees g(ж);
(ii) G has a spanning subgraph with all degrees different from g(x).

*

47. Let 0 <  d x <  . . . <  dn be integers. Show that there exists a tree with 
degrees dv . . .  , d n if and only if

d ̂  -J- . . . -f- dn 2 7i — 2.
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48. Let 0 <, d l <, . . . <[ dn be integers. Show that they are the degrees of 
a graph without loops iff

(1) d y +  . . . +  dn is even, and
(2) dn <  dy -(- . . . -f- dn_v

49. Let f v  . . . , / „ ,  gv  . . . , gn 0 be integers. Prove that there exists a simple
digraph on {vy .vn] without loops in which d^(v,) =  /,, djj(v/) =  g, iff

(a) f у +  . . . +  fn =  gy + . . .  +  gn, and
(b) | / | ( » - | ^ D -  \ I ~ J \  ( / , J c { l , . . . , n } ) .

U i  K J

Simplify the condition if / i  /„ and gy <  . . . gn.
50. Prove that there exists a simple graph with degrees dy <  d2 ^  dn
if and only if there exists one with degrees d'y, , d'n_y, where

A' _  dk for к =  \,  . . .  , n  — dn — 1, 
dk —

dk — 1 for к — n — dn, . . . , n — 1.

51. (a) Suppose d, >  0 (i =  1 ,. . . , n) and dy +  . . . -j- dn is even. Suppose
there is a simple digraph H without loops on V — {vv . . .  , vn} such that 
dH(vi) — dji(Vj) =  dy (i =  1, . . . , n). Then there exists a simple graph G 
on V with dG(v,) =  dt (i =  1 ,. . . , n).

(b) Let 0 <  dy . . . <  dn. Prove that there exists a graph with degrees 
dy, . . . , dn if and only if

(1) dy -f- . . . +  dn is even, and

(2) dy ^  k(k — 1) +  min (d,, k)
i=n-k+1 i=l

for each 1 к n.
52. Let 0 dx <[ d2 <1 . . . <  dn be given integers. Show that they are the 
degrees of a simple connected graph if and only if

(1) they satisfy the conditions of 7.51b and moreover
(2) dy >> 0, and

(3) J d , . > 2( i i -  1).
i=i

53*. Let dy, . . . , dn be given integers. Prove that they are the degrees of a
simple graph with a 1-factor if and only if dy......... dn as well as dy — 1, . . .
dn — 1 are the degrees of some simple graph.

§ 8. Independent sets o f points

The concept of an independent set of points is analogous to, and sounds simpler 
than the concept of an independent set of edges. However, it is more difficult 
to handle and much less is known. There is no “good” way to determine the
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maximum number of independent points; there are some fundamental reasons 
for this (see the work of Cook, Karp and Levin quoted in the introduction).

The problem of considering graphs critical with respect to independence 
number has proved easier to tackle. These graphs have many nice properties 
and, extending problem 8.25 it is even possible to find a classification 
of them. The quantity and depth of results concerning а-critical graphs is 
considerably larger than those concerning chromatic-critical graphs (see the 
next section).

A related problem is that of the problem of games on graphs, which is a very 
general setting for game theory. The reader is advised to translate the games 
of chess, tic-tac-toe etc. into games on directed graphs as in problem 8.8, 
and design games to which the surprising results of these problems can be 
applied (e.g. chess with “pass”).

1. A graph with all degrees at most d satisfies

«(G) ^  Ш .
d -j- 1

2. The points of a graph G can be covered by not more than a.(G) vertex- 
disjoint paths.

3. The points of a graph G can be covered by not more than a(G) disjoint 
circuits, edges and points.
4*. Let G be a digraph and 8  a subset of V(G) such that there are disjoint 
(directed) paths starting from the points of 8  and covering V(G). Show that 
8  contains a subset S0 with the same property such that

|S0| ^  «(<?)•
5. (a) Every symmetric digraph has a kernel.

(b) An acyclic digraph G has a unique kernel.
(c) If every cycle of G has even length, then G has a kernel.

6. Every tournament T  has a point from which every other point can be 
reached on a (directed) path of length at most 2.

7. Every digraph G contains an independent set 8  Cl V(G) such that every 
point can be reached from S  by a (directed) path of length at most 2.
8. Let ffb ea  digraph and let players A , В play the following game. A occupies 
a point and then, taking turns, they e ach occupy a point which is accessible 
from the opponents last move and still unoccupied. A player loses whenever 
he has no possible move on his turn.

(a) Suppose G has no cycles. Show that A has a winning strategy and de­
termine the set of points he can start w ith .

(b) Now drop the assumption that G is acyclic but assume it has a point 
x0 of indeg ree 0. Show that the opening player A still has a winning strategy.

(c) Now let G be an arbitrary digraph. Show that the second player has a 
winning strategy if and only if he has a winning strategy on each strong 
component of G.



9. (Cont’d) Let G be a graph (or, equivalently, a symmetric digraph). Show 
that the opening player has a winning strategy if and only if G has no 1-factor.

*
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10. Let T v  . . . , T k be maximum independent sets in a graph G. Show that

11Щ +  I ^ D  . . .  nn i^2oc(0) .
11. Let T lt . . .  , T k be maximum independent sets of G and X  any independent 
set. Let

S  =  i n í 71 í l . . . n 3 1í .

Then
\r(S)\ -  |S| <  |Г(Х)| -  |A|.

12. Let G be an а-critical graph without isolated points. Then every point x  
is contained in some maximum independent set, but not in all. If x, у are two 
points which do not constitute a component of G, then there is a maximum 
independent set containing exactly one of them. If x, у are adjacent then 
there is another maximum independent set missing both of them.
13. Substituting a complete graph for each point of an а-critical graph, we get 
an а-critical graph.
14. Every graph is an induced subgraph of an а-critical graph.

15. (a) Find infinitely many connected r-regular а-critical graphs (r >  2).. 
(b) Which Platonic bodies are a-critical?

16. Which bipartite graphs are a-critical ?
17*. Any two adjacent edges of an a-critical graph are contained in a chordless, 
odd circuit.

18. An a-critical graph has no cutset, spanning a complete graph (in particular 
it has no outpoint).
19*. (a) Let Gv G2 be connected a-critical graphs other than K 2. Split a point 
x £ V(Gq) into xv x2 and remove an edge (yv y 2) of G2. Identify xt with yt. 
Show that the resulting graph is a-critical.

(b) Show further that every connected but not 3-connected a-critical 
graph arises in this way.
20. An a-critical graph G without isolated points has at least 2a(G) points.
21. In an a-critical graph |.T(X)| >  )A | for any independent set X.
22. Let X  be an independent set of an a-critical graph G and x £ X.  Then

dG(x) ^  IД А ) I — |.Xj +  L
23. The maximum degree of an a-critical graph without isolated points is at 
most \V{G)\ — 2a(G) -+- 1.
24*. Which connected a-critical graphs G are regular of degree \ V{G) | — 2a(0) -f- 
+  1?
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25. Characterize the connected а-critical graphs with \V (G )— 2a(G) =
=  0 , 1 , 2 .

26. Assume that a(G — x — y) — a(G) for every x, у £ V(G) and |F(6 )| =  
=  2a(0) -J- 1. Show that G is an odd circuit.
27. Let G be a graph such that a.(G — {x, y, z}) =  a(G) for all x , y , z £  V(G).
Show that either |F((7)| 2x(G) +  3 or G ^  K t .

§ 9. Chromatic number

The chromatic number is the most famous graphical invariant; its fame being 
mainly due to the Four Color Conjecture, which asserts that all planar graphs 
are 4-colorable. This has been the most challenging problem of combinatorics 
for over a century and has contributed more to the development of the field 
than any other single problem. Although today chromatic number attracts 
attention for several other reasons too, many of which arise from applied 
mathematical fields such as operations research, the Four Color Conjecture 
is still the main motivation for its investigation.

Despite its popularity, we know very little about chromatic number. It is 
difficult to compute it; there is no good characterization of ̂ -chromatic graphs 
except for the trivial case к =  2 (cf. the non-trivial but “non-good” charac­
terizations given in problems 9.6, 9.9, 9.11, 9.15, 9.16); and chromatic critical 
graphs have much weaker properties than а-critical graphs. The most difficult 
proofs often concern counterexamples.

The collection of problems presented here is an attempt to cover the most 
important ideas developed so far in this area. None of these have lead to a 
satisfactory theory of chromatic number as yet (in particular, none of them 
has enabled us to settle the Four Color Conjecture),! but they may become 
elements of a more advanced theory. The main ideas dealt with in this section 
are; graphs with small degrees have small chromatic number; attempts to 
generalize the idea of “potential” used for bipartite graphs in § 5; the con­
sideration of critical and saturated graphs; perfect graphs; chromatic poly­
nomials, a promising algebraic approach; and Kempe chaining.
1. If every point of a graph G has degree at most k, then /(G) <, к -(- 1.
2. Prove that for any graph G, we can find a partition V(G) =  F, U F 2 
( Vv V2 ^  0) such that

m v i i )  +  m v * \ )  =  m -
Further, if G is not complete, we can find a partition F (ß )=  F jU  F2 with

x(G[ViD +  X(G[F2]) >/(G).
3. Establish the inequality /(G1 U G2) %(G±) • %((?2).
4. Suppose G has a (good) coloration in which each color occurs at least twice. 
Show that G has such a coloration with /(G) colors.

t Since I wrote these sentences Appel and Haken have given a proof of the Four Color 
Conjecture. They use different methods, among others computers very extensively.
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5. (a) Suppose |V(G)] =  n and V(G) has a partition { V  ......... V k} such that,
for each 1 <, i <C j  <, Jc, there exists an x £ V, and a у £ F,- which are non- 
adjacent. Then

x(G) <; n -  к +  1.

(b) Let G be a simple graph on n points. Then

■/AG) +  X(G) ^  n +  1, x(G) ■ X(G) >  n.
6. Show that the chromatic number of a graph G is equal to the least 
number m such that

x ( G @ K m) =  \V(G)\.
(G ®  K m is the Cartesian product of G and the complete m-graph).

7- (a) x(G1 x  G2) <  min (tfßj), %{GJ).
(b) X(G X  G) =  x(G).
(c) x(G X  K n) =  min (x(G), n).
(d) * Show that if G is connected and x(G) >  n then G x K n has a unique 

n-coloration (up to permuting colors).
(e) How many «.-colorations can a graph have?

8 . Let S be a set of points. If S c: V(G), then any coloration of G induces a 
partition of 8. Embed 8  into some graph G in such a way that the partitions 
of 8  induced by ^-colorations of G (k >  3) are

(a) the partition of 8  into 1-element classes only (this makes sense, of course, 
only if |/S| <  k);

(b) all partitions except the previous one;
(c) the partition {S} only;
(d) all partitions except the previous one;
(e) * a given set {P^ • • • > P n} of partitions.

*

9. If a digraph G has no path of length m then %(G) <  m.
10. When can we color the points of a digraph G by any number of colors 
1, 2, . . .  in such a way that every edge joins a point of color i to a point of 
color i +  1 (1 <, i) ?
11*. Prove that G is ^-colorable if and only if it can be oriented in such a way

I F1(C1\ i
that for any circuit C of G and any given direction on C, at least -------- -

к
edges of C are oriented in this direction.

*
12. (a) Let G be a connected graph and suppose there is a set C(x) of colors 
associated with each point x of G. Assume \C'(x) \ >  da(x) for every x and 
that strict inequality holds for at least one x0. Then we can find a (good) 
coloration of G which uses one of the prescribed colors at each point.
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(b) Suppose again that a set C(x) of colors is associated with each point 
X of a graph G, but now let |C(x) j =  dG(x) for each point and C(a) ^  0(b) 
for some a, b. Further assume G to be 2-connected. Show that G admits a 
(good) coloration which uses an element of C(x) to color x for each point x. 
(Note the important special case when G is a circuit; cf. the solution of 9.8d).

13*. (Brooks’ Theorem) (a) Show that if every point ofG has degree at most/- 
(/> 3) and G is 3-connected but is not a complete (Jc +  l)-graph, then %{G) <  к 
(i.e. in this case the condition that C(x) is not the same at every point can be 
dropped).

(b) Show that the condition of 3-connectivity can be replaced by connec­
tivity.

*

14*. (a) Let G be an infinite* graph all of whose finite subgraphs are /^-colorable, 
but if we join any pair of non-adjacent points by a new edge in G, it will have 
a finite subgraph which is not ^-colorable. Prove that V(G) has a partition such 
that two points are adjacent iff they belong to distinct classes.

(b) (Erdős-de Bruijn Theorem) Suppose all finite subgraphs of an infinite 
graph G are Z;-colorable. Prove that G itself is />colorable.

(c) For eacli point v £ V(G), let Tv be a copy of the discrete topological 
space on points 1,. . . , k. Then the colorations of V(G) with к colors can be con­
sidered as points of the topological product space X  Prove that the le­

ve  V(G)
gitimate colorations of G form a closed subset. Give another proof of the Erdős- 
de Bruijn theorem.
15. Let 31 ^  0 be a class of simple graphs satisfying the following conditions:

(i) If G £ 3Í and G has a homomorphism into G', then G' £ St.
(ii) If G is a graph, a,b, c £ V(G) are such that a, c are adjacent but b is 

not adjacent to either of them, and if G -j- (a, b) £ SC and G -j- (b, с) £ 3i, then 
G£3C.

Prove that 3Í consists of all non-/;-colorable graphs for some k^> 0.
16*. (Hajós’ Construction) Consider the following operations on simple graphs: 

(a) Addition of edges and/or points to the graph,
(ß) Identification of two non-adjacent points (and cancellation of the 

resulting multiplicities of edges),
(y) For two graphs GVG2 and (xt, у ,) £ E(Gt), removal of (x,-, yt) (i =  1, 2), 

addition of a new- edge (yv y 2), and identification of хг and x2.
Prove that these operations produce non-Z:-colorable graphs from non-Z;-color- 

able ones and that every non-Z:-colorable graph arises by the repetition of these 
operations, from the initial graph K k+l (see in Fig. 6 how the 5-wheel is 
obtained from К I  s).

t This exercise shows that problems concerning infinite graphs with finite chromatic 
number can usually be reduced to the finite ease. This is why we include it here, cf. 
14.19.
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F i g . 6

17. (a) Which graphs are critically 3-chromatic?
(b) Construct critically 4-chromatic graphs on 4n points in which the num­

ber of edges is at least n2.
(c) Construct critically 6-chromatic graphs on 2n points in which each point 

has degree at least n.
18. We associate a new point x' with each point a; of a /-critical graph G, and 
join it to all neighbors of x in G. We take another new point у  and join it to 
the points x' (x £ V(G)). Show that the resulting graph G' is /-critical with 
X(G') =  %(0) +  1.
19. (a) Is the graph in Fig. 7 an induced subgraph of some critically 4-chro­
matic graph?

(b) A graph G0 is a subgraph (or induced subgraph) of a critically (k -f- 1)- 
chromatic graph G iff /(6r0/e) <( к for every edge e.
20. If we split a point of a critically (k -f- l)-chromatic graph G, the resulting 
graph G' is either ^-chromatic or critically (k - j -  l)-chromatic. For which values 
of к can the latter happen ?

21. A critically (k l)-chromatic graph is at least &-edge-connected.
22. Every /-critical graph is 2-connected. Which ones are not 3-connected?
23. Show that if G is a /-critical graph, y(G) =  к -f- 1 and S is a separating set 
of points of cardinality m, then the number of components of G — S is not more 
than the number P m k of partitions of m objects into at most к classes. Also 
show that this is best possible.
24. Let G be a critically (k -j- l)-chromatic graph. Prove that every pair of adja­
cent points can be connected by к — 1 edge-disjoint chordless even paths.

F ig . 7
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25. (a) Construct a ^-chromatic graph without triangles.
(b)* Construct a ^-chromatic graph without 3-, 4- and 5-circuits.

26. Let G be a digraph and L(G) its line-graph. Prove that

z{L(G))>\og2X(G).

27. Construct graphs having no odd circuits shorter than 2s 1 and with chro­
matic number greater than №.
28. Let I v  be closed intervals on a line. Define a graph G on a set
{ab........xn} by joining x„ to x̂  iff / v П /ц ^  0.

(a) Show that the resulting graph G has %(G) =  oo(G).
(b) Show that the complement of this graph G also satisfies %(G) =  w{G).
(c) Show that every circuit C of G of length greater than 3 has a chord.

29. (a) Let G be a graph such that any circuit of G of length greater than 3 has 
a chord. Show that every (inclusionwise) minimal cutset 8  of G induces a com­
plete graph.

(b) A graph G has the property that every circuit of length greater than 
3 has a chord if and only if it can be represented as follows: Let F v . . . ,  Fn 
be subtrees of a tree T\ set V{G) =  [xv . . . ,  xn) and join xt to x ,■ if and only 
if Fj fl F j ^ 0 .

(c) If G has no chordless circuits of length greater than 3, then G has 
%(G) =  oj{G) and the same holds for its complement.

30. Let G be a bipartite graph. Then %(G) =  a>(G).
31. If G1 and G.2 both satisfy %(G,) =  w(G,), then so does their strong product 
Gx ■ G2.
32. (a) Let P  be a partially ordered set and define a graph G on P  by joining 
x, у  € P  if and only if x <| у  or у x.

(a) Show that =  w(G).
(b) Show the same for the complement of G.

33. Which of the previous exercises yield perfect graphs*?
34. A graph G is perfect if and only if every induced subgraph G' of it contains 
an independent set which meets all maximum cliques of G'.
35*. Show that, substituting a perfect graph Gx for each point a; of a perfect 
graph G produces a perfect graph G'.

*

t In fact, there exist graphs with arbitrarily large girth and chromatic number. 
[P. Erdős; see ES]
* Problems 9.28-32 suggest that the complement of any perfect graph is perfect. This is 
in fact true, and a proof of it will follow from the theory of hypergraphs. See 13.65-57.
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36. Show that the chromatic polynomial of a graph G is a polynomial in the 
number A of colors, and determine its degree.

37. Show that

P a W =  2  ( - D |T|Ac(r),
T  c  E(G)

where c(T) =  c(V(G)\T).
38. Show that

P’g(A) =  ^G-e(A) — P guW -
39. Determine the chromatic polynomials of complete graphs, trees, circuits 
and wheels.
40. Express the chromatic polynomial of G given the chromatic polynomials of

(a) its components, and
(b) its blocks.

41. Determine the chromatic polynomial of an interval graph.
42. If G has no loops then

Pc(x) =  xn — a ^ x " - 1 +  a„_2xn~2 -  . . . +  (—1

where at >  0. What is an_1'i. Find an interpretation for av (Here and later n 
is the number of points.)
43. If G is connected, then af >  0 (* =  1, . . ., »  — 1) and ап_г <  a„_2 <  . . .
<  ® [n /2]+ l-

44. Let x0 be the largest real root of PG(X). Show that x0 <[ n — 1.

45. Show that PG(X) has no root in the interval (0, 1).
46. (a) Determine the meaning of the multiplicities of the roots 0 and 1.

(b) Prove that |P G( —1)| is the number of acyclic orientations of G.
47*. (a) Let G be a planar map with a quadrilateral face F. Let ev  e2 be the 
two diagonals of F, and Gt =  G +  e, (i =  1, 2). Find a relation between P G (A),
Pc.W. P GlM  PGj ttM-

(b) Is there any linear relation

a P GW  +  ЪР0,(Х) “l" cP g,W  ~  0
with some fixed integers а, Ъ, c not all 0, which holds for every G and A? Show 
that, except for at most five cases, there is no such relation even for a fixed value 
of A.

(c) Set г =  ^5 "t~ 1 . ThenA

P g ( T +  1) =  ( r  +  l ) ( ^ >Gi(T +  1) +  P GJ^X +  ! ) ) •

48. ShoAV that r +  1 is not a root of any chromatic polynomial.
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49*. (The Golden Ratio Theorem) (a) If в  is a planar triangulation with n 
points, then

Pa(r +  2) =  (r +  2) r3"-10P2o(r +  1).

(b)t For any planar graph G,

Pg(7 +  2) >  0.
*

50. A planar graph G without loops has chromatic number at most 5.

51. Given a planar 3-regular 2-connected map, we can 4-color the faces (in 
such a way that adjacent faces get different colors) if and only if its chromatic 
index is 3.
52. Let G be a 3-regular 2-connected planar map. Then the faces of G are 
4-colorable if and only if we can associate one of the numbers + 1 , —1 with 
each point in such a way that the sum of numbers associated with the points 
-of any face is divisible by 3.

53. Assume that a planar map has a Hamiltonian circuit. Show that its faces 
are 4-colorable.
54*. (a) The connected planar graph G has all degrees at most 5, and at least 
one point of degree at most 4. Prove that G is 4-colorable.

(b) Prove that all 5-regular planar graphs are also 4-colorable.
55. We can two-color the points of every simple planar map G in such a way 
that each face receives both colors.
56. A planar triangulation is 3-colorable if and only if every point has even 
degree.
57. Let us draw some lines in the plane, such that no 3 are concurrent. Consider 
their points of intersection as the points of a graph and the segments between 
neighboring intersection points as edges. Prove that the resulting planar graph 
is 3-colorable.

§ 10. Extremal problems for graphs

Túrán raised and solved the following problem in 1943: How many edges guar­
antee that a graph with this number of edges (and n given points) has a com­
plete subgraph with к points? This type of question has been extensively 
investigated since then. Actually, any problem of the form “what is the extre­
mal value of a given parameter for a given class of graphs?” is an “extremal 
problem”; in this sense, almost everything in combinatorics could be included 
in this chapter. However, we shall mainly restrict ourselves to the case when 
we are looking for the maximum number of edges among graphs on n points

t The Four Color theorem asserts P 0(4) >  0 for every planar graph. Since т +  2 =  
=  3, 6 . . . is quite close to 4, P q(t  +  2) >  0 is interesting from this point of view.
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not containing certain subgraphs. Still, these subgraphs may only be prescribed 
up to isomorphism, up to homeomorphism (if, for example, circuits are exclud­
ed) or in some other way (if for example Hamiltonian cycles are excluded), 
and this leads to investigations with quite different methods.

One feature common to all of them however is that they can all be translated 
from questions involving the number of edges into ones involving instead the 
degrees of the points. There are several well-known tricks for interpreting infor­
mation from one formulation in terms of the other.

Again we are able to select only a few characteristic problems from this large 
field. The reader will find other such problems in all graph theory books and 
a large variety of solved and unsolved problems in papers of P. Erdős.1'
1. Suppose that the simple graph G on n points has more than 3(n — l )/2 
edges. Prove that it contains a ©-graph, i.e. three independent paths connect­
ing the same pair of points.
2. (a) If every point of a simple graph G has degree at least 3, then G contains 
a circuit with a chord.

(b) If © is a simple graph with n >  4 points and 2n — 3 edges, then G contains 
a circuit with a chord.

3. (a) Suppose that the simple graph G has all degrees at least 3. Prove that it 
contains a subdivision of K v

(b) Suppose that © is a simple graph with n points and 2n—2 edges. Prove 
that G contains a subdivision of К 4.
4*. Let G be a simple graph with all degrees at least 3 and containing no two 
disjoint circuits. Prove that G is one of the following graphs: (i) K 3, (ii) a wheel,
(iii) K 3n_3 with any set of edges connecting points in the 3-element class 
added (Fig. 8).

F i g . 8

5. (a) Every simple 2-connected graph with n )> 5 points and 2n — 2 edges 
contains a subdivision of K 2 3.

(b) Every simple 3-connected graph with n >  6 points and 3n — 5 edges 
contains a subdivision of K 3 3.

t See: P. Erdős, The Art of Gountinq, Selected Writinqs, The MIT Press, Cambridge- 
London, 1973.

5 Lovász
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(c) How many edges guarantee the existence of a subdivision of i f 2,3 and 
К 3 3 respectively, without the above connectivity assumptions?
6. (a) If a simple graph G can be contracted onto K v  it also contains a sub­
division of Кц.

(b) This is not true for K5 instead of K v  Find a 4-connected counterexample !
7. Let G be a simple graph with m edges and n points. Prove that it contains 
a connected (non-spanning) subgraph G1 such that the neighbors of (i.e. 
those points of V{G) — F(G,) adjacent to some point of 0 1) induce a graph

7У1
with all degrees at least----- 1.° n

8. Let G be a simple graph on n points, m ]> 3 and \E(G) \ >  2m~3n. Then 
G can be contracted onto K m.
9. Let F be any graph with k edges and no loops or isolates. Prove that if G 
is a simple graph with

IE(G) I ]> 2k \V(G)\, 

then G contains a subdivision of F.
*

10. Determine the smallest 3-regular graphs with girths 4 and 5.

11. If G is an r-regular graph with girth g, then
ё—3

I v(G) I >  1 +  r +  r(r — !) +  • • • +  r(r -  !) 2 if 9 is odd,

2(1 +  (r — 1) +  . . . +  (r — l p -1) if g is even.
12. Let r i> 2 and <7 I> 2 be given. Then there exists an r-regular graph with 
girth g.

13. Let G be an r-regular graph with girth at least g having the least number 
of points. Prove the following assertions:

(a) The diameter of G is at most g.
(b) The girth of G is g.

(c) |F (£)| < £ ^ ( r -  1)*.

14. If G is an r-regular graph (r 2) with girth at least g, and G has 2n points, 
where n ]> 2r8 then G can be embedded in an (r -j- l)-regular graph with girth 
at least g on the same set of points.

15. (a) Construct a (p +  l)-regular graph on 2{p2 +  p  +  1) points with girth 
6 (p prime).

(b)* Construct a {p l)-regular graph on 2(p3 +  p2 +  p  +  1) points 
with girth 8 (cf. 10.11).
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16. (a) Let G be a graph on n points such that 3 <; dG(x) <  d for each point x.
7Ь “l- 2Then, to represent all circuits of G, we need at lea st--------- points.
d +  1

(b) If G has girth g and minimum degree at least 3 then to represent all
3

circuits of G we need at least -  2el2 points.
8

17*. Let G b e a  graph with all degrees at least 3 and girth g 3. Prove that G
3

contains — 2g/2 disjoint circuits.
8 g

18. Let G be a graph, let v denote the maximum number of disjoint circuits 
in G and г the minimum number of points that represent all circuits of G. 
Prove that

(a) if v =  1, then t  3,

(b) r ;> v ^  — - — ,
4 log г

(c) for infinitely many values of т there are graphs G with
4r

----- '•log T
*

19. Let G be a 2-conneeted graph, x, у £ V(G) and assume that each point dif­
ferent from x, у has degree at least k. Prove that x, у can be connected by 
a path of length at least k.
20*. Let G be a simple graph such that, for each X  d  V(G) with \X\ <T k,

I Г(Х) — X  I ^  2 I X  I — 1.
Prove that G contains a path of length 3k — 2.
21. Let 6? be a simple graph on n points xv . . . , xn with degrees d 1<i d., <i . . . 
. . . <  dn- Prove that G has a Hamiltonian circuit if it satisfies any one of the 
following:

(a) (Dirac’s Condition) dx ]> n\2,
(b) (Pósa’s Condition) dk ^  к +  1, for к <  — ,

2

(c) (Bondy’s Condition) dx <C l, dk <  к implies that dt -f dk >̂ n (к ф  l),
71/(d) (Chvátars Condition) dk <  i  <  — implies that dn_k >  n — k.
2

7b I Q
22. If G is a simple graph on n points with all degrees at least ------- , then

2
any set F of q edges which form disjoint paths is contained in a Hamiltonian 
circuit.

5*
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23*. Let G be an »-regular simple graph on 2» -f- 1 points. Prove that G has 
a Hamiltonian circuit.
24. In the simple graph G on n i> 2 points, every point has degree greater 
than »/2. Show that any two points of G can be joined by a Hamiltonian 
path.

25. Let G be a simple digraph on n points with all indegrees and outdegrees 
at least n/2. Prove that G contains a Hamiltonian cycle (cf. 10.21a).
26. Let 6  be a ^-connected simple graph such that G contains no set of к +  1 
independent points (k >  2). Prove that G has a Hamiltonian circuit.

27. Let G be a simple graph on n points and with all degrees at least k. Then
(a) G contains a circuit of length at least lc -f- 1,
(b) * if G is 2-connected, it contains a circuit of length at least 2k or a 

Hamiltonian circuit.
28. Let G be a simple graph on n points with more than —̂ ----— edges.

2
Then G contains a circuit of length at least к +  1.

29*. Let G be a 2-connected simple graph and let l be the maximum length of
172

circuits in G. Then G contains no path of length — -f- 1.
L 4J

*
30. The simple graph G on n points contains no triangles. Prove that

\ E ( G ) \ < , - .
4

31. If G is a simple graph without triangles, then

\щ в) \£ * (& )  ■ г (G).
Prove the result in the preceding problem from this.
32. (a) If G is a simple ^-regular graph on n points, then the total number of 
triangles in G and G is

_  *  Цп  _  к _  i ) .

3j 2

(b) Any simple graph G on n points and its complement G contain together 
at least

n(n — !)(» — 5)

24
triangles.

33. The number of triangles in a graph with n points and m edges is at least
4m I n2—  m ----- .
3n \ 4,
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34. (Turán’s Theorem) Let G be a simple graph with mk points and more than 
m2 edges. Prove that G contains a complete (k +  l)-graph. Generalize

for the case n =  mk -\- r, 1 <  r <  & — 1.

35. Assume G is a simple graph containing no complete (k +  l)-graph. Prove 
that there is a simple ^'-chromatic graph H on V(G) such that

dH( x ) > d G(x) (x£V(G)).

Deduce Turán’s theorem from this.

36. (a) Every simple graph on n points with at least ^ (l -f- У4n — 3) edges
contains a quadrilateral (4-circuit). 4

(b) If n =  p2 -j- p  -f- 1 (p prime), then there exists a 4-circuit-free simple
graph on n points with -  p(p -f- 1)2~  i  n3/2 edges.

2 2

37. Assume that the simple graph G with n points and m edges contains no 
K rr. Prove that

2-1
m < C  • n r ,

where C depends only on r.
38*. (Erdős-Stone Theorem) (a) Let e >  0 and k, t >  1 be given. Prove that 
if n is large enough, then every graph on n points and with all degrees at least 
(1 — 1 jk-\- s)n contains k- \-1 disjoint i-sets such that any two points in dif­
ferent t-sets are adjacent.

,̂2
(b) Let G be a simple graph with n points and (1 — 1 jk s) — edges.

2
Then, if n is large enough, G contains к -|- 1 disjoint /-sets such that any two 
points in different /-sets are adjacent.

(c) Eor each graph G0, denote by M(n, G0) the maximum number of edges 
in a simple graph on n points containing no subgraph isomorphic to G0. Prove 
that

i , « U | i ______! _ ] .
n2 2 l X(Go) — D

39*. Let G0 be a (k -f- l)-chromatic graph such that G0 — e is ^-colorable for 
some edge e. Prove that the graph Hn k in the solution of 11.34 does not 
contain G0 but if n is large enough, any other graph with this number of edges 
contains G0 as a subgraph. So Hn k is the unique extremal graph.
40*. Let G be a simple graph on n points and denote by N k the number of 
complete ^-graphs in G. Prove that

(a) >  — -—  fk* J ^ í -  -  n \ ,
N k k2 - l \  N k̂



§ 11. Spectra of graphs

It is a classical program to describe a structure in terms of its numerical 
“invariants”. With properly chosen invariants, the problems considered in 
the theory may be transformed into numerical or algebraic problems concern­
ing the invariants and powerful methods of classical algebra may then be 
brought into play.

The invariants considered in the previous chapters (connectivity, chromatic 
number, chromatic polynomial) were defined combinatorially and their al­
gebraic properties played only a minor role. On the other hand, introducing 
the spectrum of a graph as the spectrum of its adjacency matrix, we get an 
algebraically defined invariant system. The spectrum does not, in general, 
characterize the graph uniquely, though it does reflect many properties of it 
and more and more such connection are continually being discovered. Thus 
the introduction of spectra of graphs is not a universal method to solve all 
problems, but it does prove to be very powerful in some purely graph-theoretic 
situations (for example, in classifying strongly regular graphs).

VO p r o b l e m s  10.41

(
1 /Л  i ( 'ii i к

1 - i  — , then N k>  Г I Ч (к <  b +  1, # real).

*

j i % i
41. (a) A tournament T  on n points contains at most -  3-cycles.

(b) A strongly connected tournament T on n points contains at least n — 2 
3-cycles.

(n   \

2 ,

43. A tournament on n points contains at least one and at most n !/2'I/2 Hamil­
tonian paths.
44. (a) Every tournament T  on n points contains a transitive subtournament 
on [log2 n ] +  1 points.

(b) The number of ^-element transitive subtournaments (1 к <, log., n) 
is at least

j= o  *

(c) If T  is strongly connected the number of ^-element transitive sub­
tournaments (k ]> 3) is at most

n\ in — 2
к к — 2
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The effective use of spectra in graph theoretic investigations depends on our 
ability to take two major steps. First we must be able to calculate the spectra 
of large classes of graphs (or, more generally, we must be able to translate 
graph theoretic information into spectral information) and, second, we must 
be able to deduce properties of graphs from their spectral properties. It is 
interesting that there is a large variety of methods for linking graphs with their 
spectra in both these senses.

Some properties of the spectra of graphs are special consequences of the Fro- 
benius-Perron theory of non-negative matrices. We shall use without proo- 
or reference the following facts (see, for example, F. R. Gantmacher, Applicai 
tions of the Theory of Matrices, Interscience, 1959). The maximum eigenvalue 
of any graph G is non-negative, and there is a non-negative eigenvector belong­
ing to it. Moreover if the graph is connected then the maximum eigenvalue 
has multiplicity 1 and there is a strictly positive eigenvector belonging to it. 
Any non-negative unity eigenvector belonging to the maximum eigenvalue 
maximizes the quadratic form xTAa x on the unit sphere. The maximum eigen­
value has maximum absolute value among all eigenvalues.

1. Determine the spectra and eigenvectors of a complete тг-graph K n, a star 
8n and a circuit Cn on n points.

2. Suppose we know the spectrum of a regular graph. Determine the spectrum of
(a) its complement G.
(b) its line-graph L(G).
(c) What is the spectrum of the Petersen-graph (Fig. 9) ?

3. Let Г be a forest and e =  (x, y) £ E(T). Then

p T{X) =  Рт- e W  -  V r - x - y W  ■

4. Let Г be a forest on n points and let ak denote the number of ^-element 
matchings in T. Then

p T(h) =  A" — a x An~2 +  a2An- 4 -  . . . + ( —1)Ша An~2® .
L2 J

F i g . 9
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5. Let P n denote a path with n points. Show that its characteristic polynomial 
can be written in either of the following forms:

(a) pP,p.) =  A" -  [* ~  X) A"~2 +  jn ”  2 j A"-4 -  ~  3j A"-®. . . ,

(c) Determine the eigenvalues of Pn.
6. Find infinitely many non-isomorphic pairs of trees having the same spectrum.

7. Suppose the eigenvalues of Gx and Gt are given. Determine those of
(a) the Cartesian product of Gx and G,,,
(b) the (strong) direct product Gx • G., of G± and G2-

8. Let G be a graph whose automorphism group contains a regular, commuta­
tive subgroup Г. Let yxy be the element of Г  which moves x to у  and put 
V(G) =  {vv ......... vn}. Let x be a multiplicative character of Г. Prove that

2  Xirv.vi)
(v„Vi)eH(G)

is an eigenvalue of G.
9. Determine the eigenvalues of the и-cube Qn.
10. Let G, H be two graphs on the point set 1, s, e2, . . . , ep_1, where e =  е2л,/р 
and p  is prime, both of which are invariant under the rotation by 2njp. Sup­
pose G Gd H.  Then there is an integer t such that taking the ith power of each 
point maps G onto H isomorphically.
11. If the bipartite graph G has no 1-factor then 0 is an eigenvalue of it.
12. If the 3-regular graph G has a system of disjoint subgraphs, each isomorphic 
with the graph in Fig. 10, which covers all points, then 0 is an eigenvalue of G.

13. If Л and Л' are the greatest eigenvalues of G and G', respectively, where G' 
is a subgraph of G, then Л >  Л'.

14. (a) Let Л be the largest eigenvalue of the graph G and let d, D  be the min­
imum and maximum degrees of G. Then

max (d, ][D) Л <  D.

F i g . 10
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For which connected graphs is Л — D  ?
(b) If G has n points and m edges, then

— < A < ] [  2m(n — ] >
n =  ~~ \ n

15. Show that the line-graph of any graph G has all its eigenvalues at least 
—2, and that, if \E{G)\ >  | V(G)\, then its least eigenvalue is —2.
16*. Suppose the eigenvalues of G are distinct. Show that every non-identity 
automorphism of G is of order 2.
17*. Suppose that the eigenvalues of the simple graph G are distinct and that 
its automorphism group is transitive. Show that G К 2.
18. Let • . . <| be the eigenvalues of the graph G. Show that

K(G)+1 s ä  0 , Aa(0) < j  0 ,  ^ a( G ) - l  —  1 . G l-ß (G )+ l s ä  ! •

19. (a) A connected graph G with maximum eigenvalue A is bipartite iff — Л 
is an eigenvalue.

(b) A graph is bipartite iff its spectrum is symmetric with respect to the 
origin.
20. Let A be the maximum eigenvalue of G. Then

m < A  +  \.
21*. (a) Let <  . . . An =  A be the eigenvalues of G, and set к =  %(G). 
Then

^1 +  • • • +  Дк-  1 äs —A.
(b) Show that, if the graph G is /с-colorable in such a way that two points 

are adjacent iff they have different colors, then we have equality in (a).

22*. Suppose G has к negative and l positive eigenvalues. Also suppose that G 
is the union of m edge-disjoint complete bipartite graphs. Then

m >  max (к, l).

23. The number of distinct eigenvalues of a connected graph is greater than its 
diameter.
24. Given a graph G, we can find a polynomial f(x) such that

f { A a ) —  J
if and only if G is regular and connected.
25. Given a projective plane, its line-graph L is formed as follows: Let U bo 
the set of points of the plane and V the set of lines, then V(L) =  U U V and 
и £ U is joined to v £ V iff и £ v. Determine the spectrum of L.
26*. The simple graph G has the following properties:

(i) each point has degree d,
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(ii) for each pair of points, there are 6 ( > 0) other points adjacent to both.
(a) Determine the spectrum of G.
(b) Determine all such graphs with 6 =  1.
(c) Find infinitely many non-trivial examples of such graphs (a trivial 

example being a complete graph).

§ 12. Automorphisms o f  graphs

Although most graphs have no automorphisms other than the identity, many 
graphs arising from different combinatorial, geometric or algebraic structures 
possess, or are characterized by, a large automorphism group. This makes 
the study of relationships between the structure of graphs and their auto­
morphism groups of some importance.

The early trend in these investigations was to deal with independence results;
i.e. results which show that even the imposition of rather strong restrictions 
on the graphs may not restrict their automorphism groups. This approach 
involves the construction of graphs, for which fairly standard methods are 
now available. The other approach, in which properties of the graphs are 
found which do restrict the properties of their automorphism groups, needs 
more “ad hoc” methods.

If the automorphism group is not only considered as an abstract group but 
also as a permutation group, then, of course, we find stricter interrelationships 
with the graph. For example, the property that the automorphism group is 
transitive implies many nice properties for the graph.

Investigation of the endomorphism semigroup instead of the automorphism 
group mostly yields similar results with more complicated constructions. 
However, there are some suprising differences (see the last exercise).

1. What is the automorphism group of the Petersen graph (Fig. 9, p. 71)?

2. (a) Show that the automorphism group of the dodecahedron graph (Fig. 11) 
is isomorphic with A5y Z 2.

(b) The automorphism group of the cube is isomorphic with Si x Z 2- What 
are the automorphism groups of the other Platonic bodies ?

F i g . 11
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3. Construct a graph having automorphism group isomorphic with Zk, a cyclic 
group of order k.

4 . Let Г — {gv . . . , gn] be a group. Define a digraph G by joining <?,■ to gry 
by an edge of color к if gt gA =  gk. What is the automorphism group of the 
resulting colored digraph?
5. (Frucht’s Theorem) Given a finite group Г, there exists a simple graph G 
with automorphism group isomorphic to Г.
6*. Let Г be a group of order n (n >  6). Construct a simple graph G on 2n 
points with A(G) Qd Г.
7. (a) Any tournament has an odd number of automorphisms.

(b)* Every group Г  of odd order n is the automorphism group of a tourna­
ment on 2n points.
8*. Given a finite group Г, construct a 3-regular graph with automorphism 
group Г.
9. If G is a connected graph with one point xx of degree 2 and all other points 
of degree 3 then the automorphism group of G is of order 2fe for some k.
10. Let G be a graph such that A (G) acts semiregularly on E(G). Let Г  be any 
subgroup of A(G). Then G has an orientation G such that A{G) =  Г.
11*. Let r v Го be two finite groups. Construct a graph G which has an edge e 
such that A(G) Г 1 and A(G -  e) ed Г 2-
12. (a) Let G be a connected graph and Г  a subgroup of A(G) acting semi­
regularly. Prove that G can be contracted onto a graph G' such that A(G') 
has a subgroup Г' Qd Г  which acts regularly.

(b) Let G be a connected graph and Г  a simple subgroup of A(G). Then 
some connected subgraph of G can be contracted onto a graph G' such that 
A(G') has a subgroup Г' Qd Г  which acts edge-transitively on G'. If, in addition, 
the elements of Г have no fixed point in common, then C'has the same property.

*
13. (a) If the automorphism group of a graph G is commutative and transitive 
it is isomorphic to the direct product of cyclic groups of order 2.

(b) Construct a graph whose automorphism group is transitive and iso­
morphic with the direct product of n cyclic groups of order 2, for any given n.

(c) * Construct a simple graph with this property for large enough n.
14*. The r-regular connected graph G has a transitive automorphism group. 
Show that G is r-edge-connected.

15*. (a) Let G be a graph with transitive automorphism group which is exactly 
3-connected. Show that G is 3-regular. Is this true with 4 instead of 3 ?

(b) How large must the connectivity of an r-regular connected graph with 
transitive automorphism group be?

(c) A connected simple graph with an edge-transitive automorphism group 
and with all degrees at least r is r-connected.
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16. * A connected graph G with an even number of points and transitive auto­
morphism group has a 1-factor and, in fact, each edge of it belongs to a
1-factor.
17. The graph G is connected and A(G) contains a commutative transitive 
subgroup Г. Prove that G has a Hamiltonian circuit.

18. Which planar graphs have edge-transitive automorphism groups?
19*. Assume that the planar graph G has a non-cyclic simple automorphism 
group. Prove that A(G) sŝ  A s.
20*. (a) Assume G is a connected graph and A(G) contains a subgroup 
Г  ш (Zp)3 (p prime) which acts semiregularly. Then G can be contracted onto Кp.

(b) Assume G is a connected graph and A(G) > Г' (Zp)3, where p  is
a prime and Г' is a simple group without a common fixed point. Then G can 
be contracted onto K m, where m — [log p/log 8].

(c) Let Si be a class of graphs, not containing all graphs, such that if 
G £ Si and e £ E(G), then both G — e and G/e belong to §C (e.g. the class of graphs 
embeddable in a surface F, or the class of graphs having no subgraph contract­
ible onto K m). Then there exists a group Г  such that no graph of 3Í has auto­
morphism group isomorphic to Г.

21. Let Г  be a permutation group on a set Q. Construct a simple graph G such 
that V(G) D Ű , Q is invariant under A(G) and the restriction of A(G) to Q 
yields Г.

*
22. Determine the endomorphisms of the Petersen graph (Fig. 9, p. 71).

23. Construct a rigid graph.

24*. (a) Let E be a finite monoid (semigroup with identity). Prove that there 
exists a digraph G with colored edges such that the endomorphism semigroup 
End (G) £ai E.

(b) Prove that there exists such a simple graph as well.

25. (a) If End (G) is isomorphic to the multiplicative semigroup {0, 1, —1} 
then G — e cannot be rigid for any edge e.

(b)* For any monoid E  there exists a simple graph G with End (G) E
such that G -f- e is rigid for some new edge e.

§ 13. Hyper graphs

A hypergraph, being a set with a specified collection of subsets, is a very gen­
eral structure to consider. Graphs (in which each specified subset has just 
two elements) and several other combinatorial structures (block designs, 
matroids) are very special cases. Consequently the investigation of hyper­
graphs throws up a very large variety of problems and the “theory” is very 
dispersed. However, when various problems are translated to hypergraphs 
some concepts such as matching number, covering number and chromatic
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number seem to occur very frequently. In my opinion these concepts are 
almost as general as those of logic: for example, given a combinatorial quantity 
defined as a minimum, it is usually easy to express it as the covering number 
of a suitable hypergraph. The duality between matching number and covering 
number, not yet completely worked out, is the background of many more graph- 
theoretic and combinatorial results than would appear at first glance.

There are also some general methods in hypergraph theory. The averaging 
method (cf. problems 12, 21, 27, 28, 32, 41, 52, 53) seems to be trivial, but its 
direct application has settled problems which were unsolved for several years 
(e.g. 32, 57).

Finally we remark that certain special questions concerning hypergraphs 
give rise to theories which are distinguished from the rest by their more de­
veloped methods. We touch on transversal theory in problems 5-7. The theory 
of block designs (i.e. hypergraphs with high degree of symmetry) is not treated 
here.
1. A connected hypergraph H contains no circuits if and only if 

(*) 2  ( | Я | - 1) =  | Г ( Я ) | - 1 .
E  £ E(H)

2*. (a) Let Я be a totally balanced hypergraph with \E(H) \ >  2. Then H 
has two edges E, F such that each point of E — F  has degree 1.

(b) Let H be a totally balanced hypergraph and suppose that any two 
edges have at most p points in common. Then

(*) 2  № - v ) < , \ V ( H ) \ - p .
E£E(H)

3. Let P  be a path and let P v . . . , P m be subpaths (intervals) on P. Setting 
V =  V(P), Ej =  V(Pj), prove that the hypergraph (F; {Ev  . . . , Em}) is 
totally balanced.
4. The 3-uniform hypergraph H (without multiple edges) has | V(Il) | — 1 
edges. Prove that it contains a circuit of length at least 3.

*

5. (a) (Hall’s Theorem) A hypergraph H has a system of distinct representatives 
iff \V(H')\ >  \E(H')\ for each partial hypergraph H' of H.

(b) Given a hypergraph H, we want to select a 2-element subset f(E) of each 
edge E in such a way that the sets f(E), considered as the edges of a graph, 
form a forest. Prove that this is possible iff |F(#') |  >  \E(H')\ -f- 1 for 
each partial hypergraph H' of H.
6 . Let T  Cl V(II). When does H have a system of distinct representatives 
containing T %
7*. Let H v H 2 be two hypergraphs with V(HX) =  V(H2) and \E(HX)\ =  
=  \E(HZ)\ — m. Then H v H 2 have a common system of distinct representa­
tives iff

IV(H') П V(H")I >  \E(H')\ +  \E(H")\ -  m 
for any two partial hypergraphs H ', H" of H x and H 2, respectively.



78 PROBLEM S 13.8

8. Let H be a hypergraph with m distinct edges (m >  2). Prove the following 
assertions:

(a) The number of sets of the form E Д F (E, F  £ E(Hj), is at least m.
(b) * The same holds for the sets of the form E — F, (E, F £ E(H)y
(c) * The same holds for the sets of the form E U F or E П F, (E, F £ E(H), 

E ^ F ) .
9*. Let H be a hypergraph such that if E £ E(H) then every F c: E belongs 
to E(H). Prove that there exists a permutation a of E(H) such that E П o(E) =  0 
for each E £ E(H).
10. (a) The hypergraph H on n points has n distinct edges. Prove that it has a 
point X such that H \ x  has n distinct edges.

3(b) The hypergraph H on n points has m <j — n distinct edges. Prove that
2

it has a point x such that H \ x  has at least m — 1 distinct edges.
(c) The hypergraph H on n points has

n\
m > У  .

/5) Ul
distinct edges. Prove that there is a set X  cz V(H) with \X \ =  k, such that 
every subset of X  occurs among the sets X  П E, E £ E(H).
11. Let H, К  be two hypergraphs on the same »-element set V and suppose 
that

A'  e  A £E(H) =► A' £E(H),
and

V 3  B' э  В 6 E(K) => B' € E(K).
Prove that

\E(H) П E(K)\<-^ \E(H )\  • \E(K)\.

12. (a) Let H be any r-uniform hypergraph. Prove that V(H) can be split into 
two classes such that the number of edges contained in one of the two classes

AE(H)\is at most---------.
2r~i

(b) Prove that V(H) can be partitioned into r classes such that at least
T!— \E(H)\ edges have the property that they contain exactly one element
rr
of each class.
13*. An r-uniform hypergraph has m edges, any two of which meet in at most к 
points. Prove that it has at least

r2m
r -)- (m — 1) к

points.
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14*. Let H be a hypergraph with n points and m edges. Denote by d(x) the 
degree of x and suppose d(x) <  m, 0 <  \E\ <  n holds for all edges E and 
points x. Suppose further that, if x (J E, then

d(x) <  \E\.
Prove that m n.
15. (a) Let Я Ь е а  hypergraph, V(H) ^  0 , in which any two edges have exactly 
one element in common, and no point occurs in all edges. Then \E(H)\ <T 
<\V (H)\ .

(b) * (Fischer’s Inequality) Prove that the same holds if any two edges 
have exactly A elements in common (у >  0) and that, the characteristic vec­
tors of edges are linearly independent over the reals.

16. Let H, К  be two hypergraphs on the same set of points, and suppose 
\E(H)\ =  m, \E(K)\ =  m', where m' — m or m +  1. Then

2  2  2  \A л A '\ +  2
A  £ E(H) B Í  E(K)  {А, А' )  с  E(H) В,  В'} Я E(K)

17*. (a) Let Fv . . . , Fm be sets such that |Р, д Р ;| =  2k (1 <  i <  j  <  m). 
Then the degree d of any point satisfies

d(m — d) <[ km.
(b) If there is a point x with degree 0, 1, m — 1, m, then m <; k2 +  к +  2.

18. (a) Suppose that any two edges of the simple hypergraph H on n points
intersect. Prove that \E(H) \ 2n_1.

(b) If, in addition, no two edges cover every point, then \E(H)\ <  2"~2.

19. Let H be a hypergraph on n points without multiple edges, such that, 
for any two edges E, F £ E(H), either E c  F or F  с  E or E П F 0. What 
is the maximum number of edges in HI
20. Divide the set of all subsets of an и-element set S into symmetric chains. 
(By a symmetric chain we mean a chain Er c  Er+1 a  . . . d  En_r, where

71\Et\ =  i and 0 <T r < —.)
2

21. (a) (Sperner’s Theorem) If H is a clutter on n points (i.e. no two edges of H 
contain each other), then \E(H)I <  / r П \ .

■ ([;])
(b) For which hypergraphs does equality hold?

22*. In any partially ordered set (S, < )  there is a maximum set of pairwise 
incomparable elements (a maximum anti-chain) which is invariant under the 
automorphisms of 8.

Give a new proof of Sperner’s theorem 13.21 using the above observation.

23*. Let us call a hypergraph H cross-cutting if each subset of V(H) is com­
parable with an edge of H.



(a) Does every cross-cutting hypergraph contain a cross-cutting clutter?
I' 7Ь \\ edges n

2 J
24. If к is the maximum length of chains E 1c  E 2 c  . . . c  Ek of edges in 
a hypergraph H on n points without multiple edges, then \E(H) | is not greater 
than the sum of the к largest binomial coefficients in the nth row of the Pascal 
triangle.
25. (a) Suppose that every set of r -\- 1 edges of an r-uniform hypergraph H 
has a point in common. Then all edges of H have a point in common.

(b) Suppose any к edges of an r-uniform hypergraph have a point in com­
mon. Then

r(H) 1 .
k, — 1

26. Let H be an r-uniform hypergraph with v(H) — 1 and t(H) >  1. Prove 
that there exists a set S c  V(H) such that \E П $ | >  2 for every edge E 
and IS I 3r — 3.
27*. Let H be an r-uniform hypergraph such that any two edges of H inter­
sect. Prove that there is a set W cz V(H) such that

(9r   41
r -  1

and any two edges in the subhypergraph Hw induced by W meet. This is 
not true with

n r i á l * - * | .r — 1
28. (a) Let A v A, be distinct arcs of length & of a circuit C (\V(C)\ >  2k) 
and suppose that any two have an edge in common. Then t <,k.

(b) (Erdős-Ko-Rado Theorem) Let II be an r-uniform hypergraph on 
n points without multiple edges such that any two edges of H intersect. 
Prove that

41 _ 1
\E (H )\<  .

\ r - l j
29*. (a) Let H be an r-uniform r-critical hypergraph with n points and m 
distinct edges. Then (for r, v fixed)

m =  0(nr~2).
(b) Let H be any hypergraph with n points and m distinct edges. Then 

for n >  n0(r, v) (v — v(H)) we have(„-n |„_2| ,»-»1
p  — 1 J P - 1 J r — l)

80 PROBLEMS 13.24
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30*. Let Я  be a hypergraph and denote by d its maximum degree. Then
г (Я) ^  (1 +  logd) r*(H).

31*. (a) Let 0 <  к r be integers, u > v > w > r — lb e  reals and assume 
that

/ U _  (V' I w 
( r 1 r (r — 1

Prove that

ГЫ1 + 1 w I-
1 * 1  U j  U - i j

(b) Let Я  be an r-uniform hypergraph without multiple edges. Write
I E(H) I in the form | | , where и l> r is real. Prove that the number of ^-tuples

M  ,u \
contained in edges of Я is at least I (1 k <, r).

(c) Deduce the Erdős-Ko-Rado theorem 13.28b from (b).
32*. (a) Let =  . . . =  \Am\ =  p, l-Bjl =  . . . =  \Bm\ — q and A t П Я, =  
=  0 <=> i =  j. Then

т ^ 1 Р + Я  . 
p  )

(b) An r-uniform т-critical hypergraph H has at most л  ̂ edges.
I r

*
33. If no two edges of a hypergraph H have exactly one point in common, 
then H is 2-colorable.
34. If every point of a connected hypergraph H has degree 2 and H  is not 
a (2-uniform) odd circuit, then H is 2-chromatic.
35. Determine all hypergraphs in which any two edges have exactly one 
point in common and which are not 2-colorable.

36. Let Я  be a 3-uniform hypergraph о п и ^ 5  points in which each pair of 
points occurs in the same (positive) number of edges. Prove that Я  is not
2-colorable.
37*. A hypergraph H has a totally unimodular incidence matrix if and only 
if each subhypergraph Hw has a bicorolation {A 0, A x} such that

Г -Щ  ^  \E П A xI < Г -Щ *2 J L 2 J
for every Я £Я(Я^).(Т1ае incidence matrix of H =  ({v1, . . . , vn}\ {Ev . . . , Em}) 
is the matrix A — (aiy) defined by

M if
[ 0 otherwise.

6 Lovász
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A matrix is totally unimodular if every square submatrix has determinant 
0 or + 1.)

38. (a) If every circuit of the hypergraph H has even length, then its points 
can be 2-colored so that the numbers of red and blue points in any edge differ 
by at most one.

(b) The incidence matrix of H is totally unimodular.

39. If the incidence matrix A of a hypergraph H =  ({n1(. . . ,  vn}; {Elt . . . , Em}) 
is totally unimodular, then H is balanced.

40. A balanced hypergraph in which every edge has at least 2 elements is
2-colorable.

41. If an r-uniform hypergraph has at most 2r~1 edges, then it is 2-colorable.

42. Prove, using 13.30, that there exists a non-2-colorable r-uniform hyper­
graph on 2r2 points with c • r22r edges.

43*. If every edge of an r-uniform hypergraph H meets at most 2r~3 other 
edges, then H is 2-chromatic.

44*. Let H be an r-uniform hypergraph with n points and m edges such that 
two edges have at most one point in common.

(a) If n <; 2r_4, then H is 2-colorable.
(b) If H  is not 2-colorable, then it contains at least 2r~4/r points of degree 

at least 2r_4/r.

(c) If m <  4r~4/r3, then H is 2-colorable.
(For existence problems concerning such hypergraphs cf. 14.24).

45. (a) The hypergraph H has the property that, for all l c >  1, the union of 
any к edges has at least к -f- 1 points. Prove that H  is 2-chromatic.

(b) Construct an r-uniform hypergraph H such that the union of any к 
edges (k =  1, 2, . . . ) has at least к points but H is not 2-chromatic.

46. Construct, for infinitely many values of r, r-uniform hypergraphs without 
multiple edges which are not 2-chromatic but any two edges of which inter­
sect and have

(a) more than r ! edges,
(b) at most 3r_1 edges,
(c) more than 3r_1 points.

47. If a simple hypergraph H is r-uniform, 3-chromatic and any two edges of H 
intersect, then

• \ E ( H ) \  <  r T.
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48. Pro vet that, for any hypergraph H,

v(H) v*(H) =  x*(H) <  X(H).

49. (a) Let F be a graph. Then any Lcover is the sum of a 2-cover and of a 
(k — 2)-cover.

(b) A similar assertion holds for ^-matchings if к is even.
(c) There are optimal fractional covers and also optimal fractional match­

ings, where the weights are halves of integers. Consequently, 2r*(G) is an 
integer.

(d) Deduce 7.37 from (c).
50. Let G be a bipartite graph. Prove that every &-cover is the sum of к 
1-covers and that every ^-matching is the sum of к 1-matchings. Consequently, 
x(G) =  t*(G) and v(G) =  v*(G).
51. (a) Prove that

x*(G®H) =  t *(G) X*(H), 

x(G) x(H) ^  x(G®H) X(G) X*(H), 

v(G) v(H) <, v{G®H) <, v(G) v*(H) 

hold for any two hypergraphs G, H.
(b) Given a hypergraph H, x(G®H) =  x(G) x(H) holds for every hyper­

graph G iff X(H) =  X*(H).
p_____

(c) Setting Hp =  H®H<g). . .®H (p factors), determine lim \jx(Hp).
p-+  CO

52. If a hypergraph H is т-critical, then either H consists of disjoint edges or
x{H) >  X*(#).

53. If a hypergraph H is v-critical, then

v(H) <  v*(H).

54. Every balanced hypergraph H has x(H) =  v(H).
55. If H is a hypergraph, then the following three assertions are equivalent.

(i) v(H') =  v*(H'), for every partial hypergraph H' of H.
(ii) x(H') =  x*(H'), for every partial hypergraph H' of H.

(iii) H is normal, i.e. v(H') =  x(H') for every partial hypergraph H' of H.

t One may use the duality theorem of linear programming: I f  max c 7 x exists under the 
constraints A x  b, x  0 then also min b 7 y  exists under the constraints A Ty  >  c, 
у Si 0 and min b Ty  =  max cTx  (here A  is any n x m  real m atrix and b and c  are n- and 
m -dimensional real vectors.)

6*
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56*. (Cont’d) The following assertions are also equivalent to (i)-(iii):
(iv) d(H') =  q(H'), for every partial hypergraph H' of H.
(v) H has the Helly-property; i.e. if edges E v . . . , Em meet pairwise, 

then E x П . . . П Em Ф 0 and L(H) is perfect.

57*. (Perfect Graph Theorem) A graph 0  is perfect iff G is perfect.

§ 14. Ramsey Theory

Every “irregular” structure, if it is large enough, contains a “regular” sub­
structure of some given size. This phenomenon occurs in many situations. 
A typical example (the title of this chapter) is that, if we take a large complete 
graph whose edges are 2-colored (as “irregularly” as we like) there always 
exists a large monochromatic complete subgraph. However, one can color 
other objects (points in spaces, numbers, subsets, etc.) and also, one can look 
for other “regular” substructures (monochromatic subspaces, arithmetic 
progressions, configurations, etc.) Some of these questions turn out to be very 
difficult. However, a considerable number of them can be given a general treat­
ment using categories (see problems 14.13-18 for the combinatorial background). 
The last sequence of problems deals with monotone subsequences of sequences 
and related problems in geometry and combinatorics. For example the famous 
problem of finding convex subsets of a set is treated here.

Ramsey theory in the narrower sense, when monochromatic subsets are 
looked for, is a special case of the theory of chromatic number of hypergraphs. 
Most of the results here can be formulated as assertions that a certain hyper­
graph “regular” and large enough, has high chromatic number.

We shall not deal with infinite Ramsey theory, although this is more closely 
related to the finite theory than, perhaps, are the finite and infinite counter­
parts of any other field in combinatorics. We hope that problems 9.14 and 14.19 
will shed light on this connection.

1. (a) Every graph on  ̂ [  ̂ points contains either a complete graph with
к

к -f- 1 points or an independent set of l +  1 points.
(b) Let av . . . , ak 1 be given integers (k >  2). Prove that there exists a 

(least) natural number n =  Rk(av . . . , ak) such that, if we /.'-color the edges 
of K n in any way, there will be an 1 <i i <; к and a complete «.-graph all of 
whose edges are colored with the ith color.
2 .  (a) Prove that

R k( S ) ^ R k(3, . . . , 3 ) < [ e .  i ! ]  +  1;

and that equality holds for к =  2, 3.
(b)* Prove that for к >  2,

2kl2 <  B 2(k) <  22k.
3. (a) Ramsey’s Theorem Let K rn denote the hypergraph consisting of all /’-tuples 
of n points and let av . . . , ah ~> 1. Prove that there exists a (least) number
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n — R'k(al, . . . , ak) such that, if we fe-color the edges of K'n, there will be an 
e»,-subset of V( K'n) all of whose /.'-subsets have the ith color, for at least one
i <  i <, k.

(b) Prove that
Rrk+1(a) <  k № Y .

4. 2-color the edges of a complete и-graph (и 3). Prove that there will be a 
Hamiltonian circuit which either is monochromatic or consists of two mono­
chromatic arcs.

6. Let us 2-color the edges of a complete и-graph. Prove the following asser­
tions:

(a) If there is a monochromatic (2к -f- l)-circuit {к >  3), then there is a 
monochromatic 2/г-circuit.

(b) If there is a monochromatic 2/c-circuit (Ic )> 3), then there is either a 
monochromatic (2к — l)-circuit or two monochromatic disjoint complete 
^-graphs.

(c) If и >  2m — 1 and n i> 6, then there will be a monochromatic m-circuit.

*

7. Let us 3-color the points of the plane. Prove that there will be two points 
at distance 1 with the same color.

8*. We 2-color the points of the plane. Suppose there are three points of the 
same color forming a regular triangle with side 1 (a monochromatic regular 
triangle with side 1, for short). Then for each а, Ъ >  0 such that \a — b\ <  
<  1 <  a -f- b, we have a monochromatic triangle with sides 1, a, b.

9. (a) Show that if we 2-color the points of the plane, then we do not necessarily 
have a monochromatic regular triangle with side 1.

(b) Prove that, 2-coloring the points of the plane, we always have a mono 
chromatic triangle with sides 1̂ 2, /б , л.

10*. Does there exist a natural number n =  n0(k, li) such that, if we /г-color 
the points of и-dimensional Euclidean space, one of the colors will contain 
a configuration congruent to R, where

(a) R is a rectangle,
(b) R is a non-rectangular parallelogram.

*

11. Let us split the first n natural numbers into к classes. Prove that if n >  k\e, 
then one of the classes contains three integers x, y, z with x -p у =  z.

Зуг. i j -
5*. We 2-color the edges of a com p lete------------ graph. Prove that there
is a monochromatic path of length k. L 2
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12. Let к, г i> 1 be given. Then there is an n0(k, r) such that if « >  n0(k, r)
and {1......... «} is /.--colored, then we can find natural numbers a, dv , dr
such that all sums

« +  <■, +  ••• +  div (f <  ч  <  • • • <  <: г, о <; V <; r)
have the same color (and, of course, a -j- d 1 -f- . . . -)- dr <[ n).

13. Let us /'-color all non-empty subsets of an «-element set. Prove that if n 
is large enough, there are two disjoint non-empty subsets X, Y  such that 
X, Y, X  U Y have the same color.
14*. (a) Suppose that the set of all subsets of an «-element set 8  is /-colored, 
where n >  N(k, t). Find disjoint sets A v B v  . . . , A t, B, such that for any 
fixed sequence 1 <; <  . . . <  iv <( t, all unions of the form

Cu U . . . U Cip (Ci =  A i or Bi or A i U Д  )
have the same color.

(b) Prove that for any given к and r there is an n =  n(k, r) with the 
following property: whenever the set of all subsets of an «-element set S 
is /-colored, then there exist non-empty disjoint subsets X v  . . . , X r Cl 8  
such that all non-empty unions of any of them have the same color.

-’*98
15. Strengthen 14.12 as follows: For any к and r there exists a natural number 
«suchthat, if ( 1, . . . , «} is /'-colored, then there always exist natural num­
bers d v . . . , dr such that dx dr <J n and all sums du -f- . . . -j- div
(1 iS *i <  • • • <  К üí r> r >  1) have the same color.
16*. Consider the set ms of all m-collections of points of the set S, where 
to (> 2. (In an то-collection оЯ the same point may occur more than once but 
at most m times.) Let a be a /-coloration of ms.

(a) There is an nx(k, to) such that if |$| >  «х(/, to), then there is a set 
X  a  S and an то-collection &> of points of S — X  such that rnX -f- Si and 
(to — 1)X -f- Si have the same color.

(b) There is an пг(к, to) such that if \S\ >  nr(k, m), then there are disjoint 
sets X v . . . , X ra  S and an то-collection Si of points of S — X x — . . .  — X r 
such that each collection

оЯ =  ^ U i X i  -+- Si (0 ai <1 to)
i=i

has the same color as
оЯ' =  J?  min (а,-, то — 1) Xj +  Si.

i =1
17*. (Cont’d) Prove that there is an N(k, r, m) such that if |/S| ^  N(k, r, to), 
then there are disjoint non-empty subsets X v  . . . , X r of S  and an те-collec­
tion Si of points of S — X x — . . .  — X r such that all то-collections

аЯ — J? at X, +  Si, (0 <; di <T to)
i=i

have the same color.
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18. (Van der Waerden’s Theorem) There exists a number w — w(k, m) such 
that if the natural numbers 0 ,1 , ,w  are ^-colored, then there is a mono­
chromatic arithmetic progression of length m.
19. Let P  be any property of ^-colored finite sets of natural numbers (e.g. a set 
has property P  if it is monochromatic and forms an arithmetic progression). 
Suppose that, ^-coloring all natural numbers in any way, some finite subset 
will have property P. Then there exists a natural number N  such that, 
^-coloring the set {1, . . . ,  V} arbitrarily, some subset of it will have property P .1
20*. Decide whether the following assertion is true: If the set of all natural 
numbers is ^-colored, one of the classes contains x, y, z with

(a) x +  у =  3 z,
(b) x +  2 у =  z.

21*. Let
(*) axxx +  . . . +  anxn =  0

be an equation with integral coefficients. Then the following two properties 
are equivalent:

(i) (*) has a non trivial (0, l)-solution.
(ii) If we color the natural numbers with finitely many colors, (*) will 

have a monochromatic solution.

22*. Prove that there exists a function /(/.-) with the property that, if S  is any 
set of integers with |S| >  f(k), then the set of all integers can be ^-colored so 
that S  -f- j  meets all the colors for every integer j  (S j  — {s +  j: s £ &}). 
The ^-coloration can even be required to be periodic.
23. Let q be a prime power and к >  1, r >  0.

(a) Let n >  N(k, r, q — 1). Then, if we Pcolor the points of the affine 
и-dimensional space over GF(q), then some r-dimensional subspace will be mono­
chromatic.

(b) Prove an analogous theorem for projective spaces.
24. Give two constructions, based on Ramsey’s theorem and 14.23a, of an 
r-uniform hypergraph H which has chromatic number at least i: -f  1 and in 
which any two edges have at most one point in common.

*
25. Let (av . . . ,a,(2+i) be any sequence of integers. Prove that it contains 
a monotone subsequence of length к -(- 1.
26. (a) Let /  be an integral-valued function defined on {1, . . . , 2n-1}, 1 <[ 
iS /(*) <1 L for г =  1, . . . , 2n~1. Prove that there is a sequence

1 =  ax <  . . . <  an <ь 2n~1

+ T h is assertio n  is a  v e ry  special case o f a  genera l p rinc ip le  called  c o m p a c tn e ss . T his 
p rinc ip le  w ould allow  fo r exam ple  th e  d ed u c tio n  o f  R am sey ’s th eo rem  14.2 from  a n  
in fin ite  version  o f it . S ince w e can n o t go in to  se t-th eo ry , th is  exercise is to  serve  a s  an  
illu s tra tio n .
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with /Ю  < ; . . .  <; /K ) .
(b) This is not true for 2n~1 — 1 instead of 2n~1.

27*. (a) Let Tn denote a transitive tournament on n points and let a number
i p  _i_ q  —  2

f(x, y) be associated with each edge (x, y) £ E(Tn). Prove that if n >  ,
l V -  1

then there is either a (directed) path (x0, . . .  , xp) with

/(*o’ xi) <  Kx i. x2) <  ■ • • <; f(xp-1. xp) 
or a path (y0, . . . , yq) with

f(Vo’ Vi) >  /(Vv У2 ) >  • • • >  f(yq-V Уо)- 
(b) Prove that the bound is sharp.

28*. Let us associate an element f(X) £ X  with each non-empty subset X  CI S 
of the set S.

(a) If |(S| =  2m, then there is a set T  C S, with \T\ — m, and an order­
ing (xv  . . . , xm) of S — T  such that

f(8  — {xv  . . . .  X;}) i  T  (i =  0, . . . , m).

(b) If |$| =  2n, then there is a chain I 0 c  I j  C . . . c I „ c S  with 
P d  =  • • • =  f(Xn).

(c) This is no longer true, when |/S| =  2n — 1.
29. Given N  =  kn +  1 points in the plane, we can always find an “almost 
straight” broken line, i.e. a sequence a0, av  . .  . , ak such that angle

30. We call a polygon convex from below (above) if it is convex and any 
semi-line starting from its vertices and parallel to the negative (positive) 
half of the y-axis has only its endpoint in common with the polygon (Fig. 12).

(a) Prove that any set S  of  ̂ + 1  points in the plane, in general
l V

position (which includes here the property that no line determined by them

F i g . 12
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is parallel to either axis), contains either a (p 2)-gon convex from below 
or a (q -f- 2)-gon convex from above.

(b) This is not true with ^  ̂ points.
, V

31. (a) There exists a (least) natural number K(m) such that, if we have K(m) 
points in the plane in general position there always exists a convex m-gon 
of whose vertices are from the given set.

(b) * Establish the inequalities1'
Ow _ A

2m~2 -f- 1 <; K(m) <  +  1
m — 2

(c) Show that K(4) =  5 and K(5) =  9.

§ 15. Reconstruction
The problem of reconstruction is a version of the classical principle of invari­

ants. If we associate some structure A' with each structure A (for example 
the line-graph of a graph, or the generating function of a sequence, or the Betti 
numbers of a manifold), we may be interested in the question as to whether 
A' uniquely determines A. For example, the fact that a power series deter­
mines its coefficients is a result of this type. Also we may be interested in 
characterizing those structures which arise in the form A'.

We restrict ourselves to reconstruction-type problems of combinatorial 
character; reconstructing graphs from their line-graphs, “matroids”, direct 
products with themselves etc. The best known problem in this area is the Re­
construction Conjecture, which asserts that a graph can be reconstructed 
from the collection of its maximal proper induced subgraphs. This is solved 
in special cases only.

We mention here for the sake of completeness one class of problems in this 
connection which we shall not be able to deal with in this volume. These are 
the problems concerning the construction of symmetric combinatorial struc­
tures (block designs, partial geometries, latin squares) from finite fields. 
It is often the case for certain values of parameters that these are the only 
structures of the given type. This is so for example in the case of geometries 
over finite fields. However the techniques needed usually involve an extensive 
use of the theory of block designs and this is why we cannot include them here.
1. (a) Let Gv G2 be two simple graphs with all degrees at least 4 and suppose 
that their line-graphs L(GX) and L(G2) are isomorphic. Prove that Gx cs: G.,.

(b) Let Gv  6r2 be two connected simple graphs and suppose L(G1) cs; L(G2), 
but G1 ;é G2« What are Gx and G2 ?

(c) Let Gv G2 be connected simple graphs and cp : L(GX) -*■ L(G2) an iso­
morphism between L(GX) and L(G2). We say that <p is trivial if there is an iso­
morphism y> : Gx G2 such that rp induces (p on E(GX). For which graphs
are there non-trivial isomorphisms between L(GX) and L{G2) ?

I It is conjectured that the lower bound is the exact value of K(m).
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2. (a) Let a be an automorphism of the line-graph of the hypergraph K'n 
consisting of all r-tuples of n points (n >  3r). Then a is induced by an auto­
morphism of K rn (i.e. a permutation of V(Krn)').

(b) The preceding result holds for 3r^>n > 2 r but fails for n <  2r.

3. Let 0 < , i< C r  be given. Form the graph Ь({Кгп) whose points are the 
r-tuples in K rn and in which two r-tuples A, В  are adjacent iff \Af)B\  =  i. 
Show that for sufficiently large n, every automorphism of L,(Krn) is induced 
by a permutation of V(Krn) in the natural way.
4. (a) Every simple graph is the line-graph of some hypergraph. Describe 
these hypergraphs.

(b) Show that every graph © on n points without isolated points is the line-

graph of a hypergraph on —  points.
4 J

5. (a) L e t G be  a  sim ple g ra p h  w ith  m ore  th a n  9 p o in ts . Suppose th a t ,  fo r 
each  p o in t x, G  — ж is th e  lin e -g rap h  o f  som e sim ple g ra p h  H x. P ro v e  th a t  
G is th e  lin e -g rap h  o f  a  sim ple g raph .

(b) One can find a finite number of “sample graphs” Gv . . .  ,Gk so that 
a simple graph©'is the line graph of a simple graph if and only ifit  does not 
contain any of Gv . . .  , Gk as an induced subgraph.
6 . (a) Call a triangle abc of a graph G odd if there is a point x a, b, c which is 
adjacent either to one or to three of the points a, b, c. Show that if the simple 
graph © is a line-graph, then

(i) it does not contain the 3-star as an induced subgraph,
(ii) whenever abc, bed are odd triangles {a ¥^d), then a is adjacent to d. 

(b) If © is a simple graph such that (i) and (ii) hold, then G is the line-graph
of some simple graph.

(e) Determine the “sample graphs” in 15.5b.
7*. Show that the statement of 15.5b is not valid for line-graphs of 3-uniform 
hypergraphs (without multiple edges).
8. (a) Construct two isomorphic 2-connected planar graphs whose duals are 
not isomorphic.

(b) If two 3-connected planar graphs are isomorphic so are their duals.

9. Let Gv  ©2 be two 3-connected graphs and q>: E(G1) —*■ E(G2) a bijection 
between their edges such that edges forming a circuit in G1 are mapped onto 
the edges of a circuit in ©2 and conversely.

(a) Prove that <p preserves adjacency of edges.
(b) Prove* that ©г ©2.

10. Let T, T' be two trees and assume they have the same set {x1, . . . , xr} 
of endpoints. Suppose

dT{Xi, Xj) =  dr (x„ Xj) (1 < , i < j  <, r).

* This problem says that 3-connected graphs can be reconstructed from their matroids.
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Show that T, T' are isomorphic.
11. Let xv . . . , xr be the endpoints of a tree T  and set

dij =  d(xt, Xj).
Show that

(a) for any three indices i, j, k,
dij djk — dik >  0, d/j -f- djk — dlk =  0 (mod 2),

(b) for any four indices i, j, k, l, two of the numbers dtj +  dik, d,k -j- djt, 
dn -f- djk are equal and the third one is not greater than these two.

(c) Suppose (djjYij=i is a symmetric matrix consisting of non-negative 
integers for which d,-; =  0 iff' i =  j, and which satisfies (a) and (b). Then there 
exists a tree T  with r endpoints xv . . . , x r such that

d(x{, Xj) — díj
12*. (a) Let n =  2k. Construct two collections {av  . . . , an} ^  \bv . . . , bn) 
of integers (the same integer may occur more than once) such that the two 
collections {a,- +  : 1 <) i <  j  <[ n) and {bt +  b j : 1 <  i <  j  <  n) are equal.

(b) This is not possible when n is not a power of 2; i.e. in this case 
{av . . . , an} is reconstructible from the collection {a, -f- a; : 1 <[ i <  j  ^  n}.
13. Let (ctjj), (bjj) be complex matrices in each of which no two rows are equal 
and let

/ к ......... « * ) = J  H - . - M ,
i = l S1 I sk I
N Ih 'h

g{sv ■ ■ •, 8k) =  2 n • • • ik ■
i=l l s l j  sk.

Suppose further that f(sv . . . , sk) =  g(sv . . . , sk) for every choice of non­
negative integers sv  . . . , sk. Prove that /  =  g, i.e. the matrices (at]) and (bjj) 
arise from each other by permutation of the rows.
14. Let Glt G2 be two simple graphs with a common underlying set V, \ V\ > 3 .  
Suppose G1 — X  — у QdG2 — x — у for all х, у  £ V. Show that (?1 and Go 
are identical.

15. (a) Is the following statement true ? If ö 1 and G2 are simple graphs with 
a common underlying set V (which is large enough) and Gt — x G2 — x 
for all x £ V, then G 2 and G2 are identical.

(b) Let Gv G2 be two graphs on a common underlying set V and suppose 
Gq — x q̂ G2 — x for all x £ V. Let H be any given graph with less than 
I V\ points. Show that Gx and Go have the same number of subgraphs [induced 
subgraphs] isomorphic to H.

(c) If Gy is disconnected, then so is G2 and they are isomorphic.t

t Ulam’s famous conjecture states that this assertion holds for any pair of graphs.
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16*. Let T v To be two trees on the same set F and suppose that for each 
x € V ,

T  j  —  X  а л  T o  —  X.

(a) Prove that T v T 2 have the same diameter d.
(b) Prove further that T y qsl T o.

17*. (a) Let Gv G2 be two simple graphs with |F(Crj)| =  jF(6?2)| =  n,E(G^) =
1 ln\=  {ei . • • • . em}> F(G2) =  {/j.......... fm}. Assume m > — and Gy — e,- ai
2 2 J

^  G2 — fi for i =  1, . . , m. Then Gx ^  G2.
L hx(b) Prove the same result when m >  — is replaced by m > n  log n.
2 (2

18. Let H v II2 be two r-uniform hypergraphs on the same set F, and let 
r <  & IF I — r. Suppose that
(*) \E(Hl - X ) \  =  \ЩН2 - Х ) \
for all X  CI F, with |X| =  k. Then IIx and H 2 are identical.

19. Let H v Ho be hypergraphs on the same set F and suppose that, for each
x e v ,

H } \ x  =  II 2\x .
Show that either / / ,  =  H 2 or H x contains all even-element subsets of F and 
H2 contains all odd-element subsets of F (or conversely).
20*. (a) Let Gv G2 be two simple graphs and suppose they have the same 
number of homomorphisms into any third graph H. Then Gl Q:i G2.

(b) Suppose Gv G2 are two simple graphs and every graph H has the same 
number of homomorphisms into G± as into G2. Then G , G2.
21. If G-уx Gy Siá G2xG 2, then G  ̂^  G2.
22. (a) Construct simple graphs Gv G2, F  without isolates such that Gl G2, 
but G^xF q̂ G2x F.

(b) Suppose GyXF adG2x F ,  where Gv G2, F are simple graphs. Then
G ^ F o ^ G i X F o

for all subgraphs F0 of F.
(c) Prove that the cancellation law holds for strong direct products, i.e. 

if Gl • H ш, G2 • H, then G1 G2.
(d) The same cancellation law holds for direct products of finite groups 

and rings.



II. Hints

§ 1

1. Decide about the persons one by one.
2. Decide now about the postcards. The answer to the second question is 
n \S(k, n).

3. If we form all permutations of the letters, how often does the same word 
occur ?
4. (a) Imagine к 1-forint coins in a row and suppose the people come one by 
one and pick up forints as long as you allow them.

(b) Reduce to the previous case by borrowing one forint from each person.
5. One can decide about the different kinds of postcards independently.
6. A recurrence relation is

S(n, k) =  S(n — 1, к — 1) +  kS(n 1, k)
7. If X is an integer, both sides count the number of mappings of an «.-element 
set into an я-element set.
8 . Substitute

f  =  J?S(n,  r ) j ( j — 1) . . .  O' — r +  1).
r= 0

9 . (a) Use

P n =  ^ S ( n ,  k).
k=- 0

(b) Prove that the distribution of terms in the sum in (a) is asymptotically 
normal; if we set

then

9n(y) =  T7==- yn y 1/2 ey_1 ( ~  yn/ey!),у 2n

дп(Цп) +  yX(n)!\rn) ^  g- ^ / 2  (n ^  со).
0n(A(»))
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10. Consider the partition class containing a given element.

11. Use the previous recurrence relation to derive a differential equation 
for p(x).
12. (a) For a partition, consider all permutations in which the classes are ar­
ranged in order of non-decreasing lengths.

(b) The result is ^  (e — 1)".

13. Consider the Taylor expansion of e**.

14. (a) The second derivation of the formula for p(x) (1.12) can be modified 
to apply here.

(b) The method of the first proof of the formula for p(x) (1.11) easily 
extends to this case.
15. (a) Use the recurrence relation

&n =  J  ("I Sn-x-
k = 1

(b) Use

|z|=e

16. Represent the partition n =  ax -f- . . . -f- as, ax Г> . . . >  as by a diagram 
in which the ith column consists of a, dots.
17. Associate the partitions n — ax . A- am and n — m — (ax — 1) -f-

(am — 1) with each other.

18. Let
П  =  « i  +  • • • +  a m

be a partition of n into distinct terms. Write

a,- =  2P‘bit where bt is odd.
19. If

n =  ax +  . . . +  am, « ! > . . . >  am ^  1
is a partition of n, then try to form a partition into distinct terms with one 
more term by subtracting 1 from ax and taking a new term 1. This will not 
work in general as we may have ax — 1 =  a2. In that case, also subtract 
1 from a2 an(l  let the new term be 2, etc.
20. It is

S(x) = ------------------------------------- •
(1 — x) (1 — X 2) (1 — X 2) . . .

21. Represent each of the generating functions as a product similarly as in 
the preceding solution.
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22. The difference between the numbers of partitions of n into an odd and 
an even number of distinct terms is the coefficient of xn in

(1 -  x) (1 -  X 2) ( 1 — x3) _____

23. Identity (a) expresses the following fact that the number of partitions 
into distinct odd terms is equal to the number of partitions with symmetric 
Ferrer diagrams. (Symmetric means axially symmetric with respect to the line 
starting from the left lower corner and ascending at 45°).
24. Decide, starting with 1, which numbers with what multiplicity must occur 
in such a partition. If 1 occurs кг times, the next least number occurring is 

+  1.
25. If

n =  X у  +  z

is a partition of n, then x - \ - y ,  y - \ - z ,  x - \ - z  are the sides of a triangle with 
circumference 2n.

26. Find a 2-step recurrence relation on Bn; guess a 1-step recurrence relation 
and prove it by induction.
27. Find a recurrence relation for A n.
28. Deduce a recurrence relation for Cn and prove that the upper determinant 
satisfies it as well as the initial values. As initial values, take C_k+1 =  . . .  =  
=  C_x =  0, C0 =  1.

(b) Use the recurrence relation in the same way as in 1.27.
29. Prove the recurrence relation

pn(X) =  Хрп_к{Х) —Рп_2(Я) 
for the characteristic polynomial

pn(X) =  det {XI — A).
30. Denote by xn and yn the number of such sequences starting with a or Ъ 
and c or d, respectively, and find recurrence relations on these numbers.
31. Use ideas similar to those in the solution of 1.17.
32. The graph of such a function can be considered as a polygon, joining the 
point (1, 1) to the point (n,n), moving to the right or one upwards at each step.

33. It is more convenient to deal with the monotonic mappings /  of {1, . . . , n)
into {0, , n  — 1} with f(x) <  x. The mappings not having this property
are in a one-to-one correspondence with step-functions connecting (0, 1)

1 (2nto (n —(— 1, — 1). The result is ----------
n -F 1 n

34. Denote by g(n, r) the number in question. Establish and then use the re­
currence relation

Г lrg(n, r) =  V  g{n — 1, k).
*=o к

35. Consider the procedure backwards.
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36. Use induction as follows: remove an element of S, then the sequence of 
partitions of the remaining set is almost a sequence arising by the procedure 
of the problem.
37. Reduce (b) to the preceding problem.
38. Use 1.37 or 1.33.
39. Associate a bracketing of the product xl . . . x n_ y with a triangulation.

40. Use the recurrence relation

Un — D k D n_k+1.
= 2

41. The triangles form a chain.
Kn-m n

42. (a) Evaluate S  at the same time.
k=о +  1

(b) Consider the Pascal triangle.
(c) Find a combinatorial interpretation.
(d) This is the coefficient of xm in (1 — я)и(1 +  x)u.
, , (k\ [n\ In] In — m
(e) =  I

m] i&J \m n —k
2ni

(f) Set e =  e 7 and use

=  \7 i f7| fc 
jTo [ 0 otherwise.

(g) Find a recurrence relation for these numbers (z fixed, n varies).
эд, _ J

(h) Prove by induction that the result is (—l)m
m

(i) The result is M v  ̂ .
m

43. (a) Find a combinatorial interpretation.
(b) Substitute — n — 1 for n in (a).
(c) Substitute

n +  _ * n I ik
,V +  q) jÜ \p +  q — j) [j,

(d) Substitute — n — 1 for n in (c).
cc —j— t cc(e) Expand ' — by 1.42c and i.

n n) "
44. To prGve (a), differentiate both sides with respect to у and use induction 
on n. (b), (c) will follow from (a).

45. Use fn(x) =  n ! i‘T] .
\n)
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§ 2
1. The number of pupils who like either mathematics or physics is not 
12 +  14. By how much is 26 too large?
2. Determ ine the contribution of any atom of the Boolean algebra generated 
by A v . . . , An on each side.

3. Let S =  {1, . . .  , n} and let Ai be the set of integers divisible by p t.
4. Count the number of mappings of a set of к given elements onto a set of 
n given elements.
5. p  — al p  +  . . • vanishes for xt =  0 (i =  1 ,. . . , n).
6. Consider the “contribution” of an atom В  of the Boolean algebra generated
by A v , An.
7. (a) Apply the preceding result.

(b) Use

8 . Sum the results of the preceding problem for p, p  -(- 1, . . .
9. This goes back to the partial sums of

k \  i k  i k

oj ~  [lj +  U. ”  ' '  '
10. To solve the second half, show

°V iS — ar-1 +  (r +  1) °V+i- r
11. For each J  C {1, . .  . , n},

P(Aj - J J A j) ^  О-
HJ

12. Denote by and the set of independent even subsets and the set of 
odd subsets spanning at most one edge. Prove that

W  >  |S0|, №1 Pil
simultaneously.
13. If P(Aj) =  . . . =  P(An) =  1, then the terms (— l )1*1 and (— l )1-?1 with 
J  =  I  U {n} cancel out; the remaining terms are positive.
14. Use 2.6. A lower estimate is the following;

P (Ä x. . . Ä n) >  1 -  2 1 l i b jP ( A w j ) ,
I , J £ {  1 ..............n)
m a x / = max J

where ли =  0, =  1 for 1 <, к <, n and Áj is an arbitrary real number for
1*1 ^ 2.

7 Lovász



15. Let q,: =  1 — p, and qj =  П  qt and show that
и  I

pi öj  =  p i Pj 2
K s i n j  Pk

16. Set P(AK) =  p K +  RK, Ж =  К  :рк > —?- , minimize
M

J? î ĵ Piuj (Ae =  1)
/,je*

and estimate
S  hi^ jRiuj

i. jtn
at this place.

17. Let M  =  Уж/log2 X and let P v . . . , P n be those primes <[ M  which do not 
divide Jc. “Sift out” those numbers from the given sequence which are divisible 
by one of P v  . . . , P n, using Selberg’s method.
18. Prove that

P (A i \Ä 2 . . . Ä n) ^ ± j
2 a

by induction on n.
19. Let I be the number of A t’s that occur. Use Chebyshev’s (or Markov’s) 
inequality

P (Ä V . . . A n) =  P ( | =  0)
ff?

20. To compare the result of 2.19 with the estimate of Selberg’s method, 
expand the latter as a power series in p.
21. Only the statement concerning the inverse is non-trivial. Towards this, 
show that (at]) is invertible iff auf ^  0 (i =  1, . . . , n).
22. What will the matrix M  =  (m;y), where mi j =  p{xt,xj), be equal to?
23. p(a, b) depends only on the structure of the interval {z : a <  z <  b}.
24. Show that p* defined by (*) satisfies the identities in the definition of /x.
25. Use the fact that (Z — I)n =  0.

26. (For the second part) Choose V to be the set of all subsets of {1, ,n }
and

f(K) =  P ( J J  At n  Aj).
i $ K  j € K

27. Use

^  /«(о. *) =  2  *)•
x<ib a ^ b ^ b  a v x = b i

98 H IN TS 2.15
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28. Let a be an atom such that a <T x and consider

2  M°> у) =  °-
y v a = x

29. Decompose

2  2  M*» 2/ ) '
X y ^ x

into terms according to whether x, у belong to A , В, C.
30. Use 2.27 and induction on n.
31. Define

I =  \f ixi) if i =  j,
( 0 otherwise.

What is the relationship between the matrices F =  (ft]) and G — j) ?
32. Use the set {1, . . . , n} ordered partially by divisibility and a slight modi­
fication of 2.31.
33. Find a similar representation D =  ZT AZ of the matrix (dt]) =  D as for 
the matrix G in the solution of 2.32.
34. Write M  as a polynomial in Z — 7, in a way similar to the one in 2.25.
35. Denote by qk(x) the number of those ^-tuples in R whose union is x. Show 
that

?o(*) — 9i{x) +  ?a(*) — Яз(х) +  • • • =  MO, x).
36. Use the identity of 2.29 in an argument similar to the preceding one.
37. Use 2.27 and induction on r.

§ 3

1. Two permutations are conjugate iff their cycles have the same cardinalities.

2. (a) Use inclusion-exclusion;
(b) build up such a permutation, starting from a given point.

3. Count those permutations in which the set of elements in the cycle con­
taining 1 is given.
4. Count similarly as before.
5. Determine the expected number of points in ^-cycles.

6. Use the coding of the second solution of 3.3.

7. Prove the recurrence relation
П

W 'P n fa l’ • • • ’ %n) == P n —k f a v  • • • f %n —k ) •
k = \

7*
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8 . For (b), represent these permutations by a permutation of the set of classes 
and by к permutations, permuting each of the classes.
9. If the corresponding elements of the two groups have the same order, 
then their regular representations have the same cycle index.
10. Observe the identity

qn{xv p n(xv  +  pn(xv  -  *2, . . . ( - l ) " - 1^ ) .

11. Consider

j g i P n  — P n-i)yn-
n = 0

12. (a) fn(x) — n ! pn(x, . . . ,  x), where pn(xv . . . , x n) is the cycle index of Sn. 
(b) Evaluate f'n(l).

13. Such a graph consists of disjoint circuits. If we orient these, we get the 
graph of the cycle decomposition of a permutation of n elements.
14. (a) Join the two numbers in a pair by an edge.

(b) How many ways can one orient the preceding graph?

15. Express these numbers as certain values of the cycle index.

16. The sequence я(1), . . . , л(п) uniquely characterizes the permutation n.
17. If the jumper to jump at the ith time executes the (jr(i))th longest jump, 
then л is a random permutation of {1, . . . , » } .  The ith jump is a record iff 
7t(i) — Í.
18. Observe that the optimal strategy to follow is independent of the order 
of the first к jumps. Determine pn_ v  pn_2, • • - •

19. This is equivalent to л (j -j- 1) ]> л(]).

20. The number of inversions of л is

(я(1) — l) +  (л:(2) — l) +  • • . +  (л {п) — l)-

21. Suppose we start with a large reserve in our tank and use it, if running 
out of gas. Consider the point where the reserve needed is maximal.

22. (a) Call a sequence (jv . . . , j s) of different integers j t (1 <[ <  n) as­
cending, if

(i) xh +  . . . +  xJt >  0, but
(ii) xh +  . . . +  xjv <; 0 for 1 <; V <  s.

(For 5 = 1, the one-element sequence (j±) is ascending iff xJt > 0 .)  Call the 
sequence descending if

(i') £/, +  • • • +  Xj. <, 0, but
(Ü') £ / „ + . . . +  Xj, >  0 for 1 <  V <; s.
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(Note that the two definitions are not completely analogous.) Consider par­
titions of {1, . . . , n) into ascending and descending sequences, and build up 
permutations л from them for which а(л) and b(n), respectively, can be de­
termined easily, cf. also 3.21.

(b) Put n =  2m, %x =  . . . =  xm =  1 and xm+1 =  . . .  =  x2m =  — 1 in (a).
23. (a) Count the number of &-gons invariant under a given rotation.

(b) Use a similar method.
24. Count the number of elements of Г  fixing a given point.

25. This is only a slight generalization of 3.23.
26. We want to determine the number of orbits of the permutation group 
induced by Г  on the set Q of mappings of D into R.
27. First find a formula involving F; then use

28. Use a method similar to the previous one; a one-to-one mapping which is 
a fixed point of (л, q) must map a cycle of л onto a cycle of q with the same 
length.

29. First determine the generating function of the numbers qn(y) of mappings 
/  satisfying (*) and invariant under a given у £ Г.
30. If D is the set of forints, R the set of people and Г  the symmetric group 
on D, 3.26 gives the answer.
31. Put \D\ =  n, |i?| =  N  |> и, Г  =  {1} and Г 1 =  SN in 3.27; let N  -*• °o.

and use the identity 2.5.
4. Contract each T , onto a single point vt.
5. Try to reconstruct the sequence bv . . .  , bn_ x of removed points; observe 
that fe, is the least number not occurring among b v  . . .  , b , _ v  ah . . . , an_v
6. Remove one edge of the tree in every possible way.
7 .  (a) Prove that

F(uv u2, . . .) =  F (— , — , . . . )  •
(9z, dz2 I

§ 4

1. Supposing dn — 1, remove the point vn.
2. Use the preceding result and the binomial theorem.

3. Show that

Pn(xV . . . .  *„_i, 0) =  (*! +  . . .  +  xn_ 1) p n_ 1(x1........хп_ 2)

M ' = ,.w üí ) .
X  X



(b) Use the fact that

Tn = I ^ ) ( 0) = i ^ = i I l ( f ) Ä <fe, 
n 2л m  j  z

where C is any simple closed curve around the origin.

n !8. Use 4.1. The result i s ---------- S(n — 2,l).
(n — l)\

9. (a) Use the Binet-Cauchy formula:

det A0A0r — Z  (det Bf,

where В ranges over all (n — l )x {n  ~  1) submatrices of A 0.
(b) Two rows of A0 have at most one common non-zero entry.
(c) The number of trees on n points is the number of spanning trees of K n, 

the complete »-graph.

10. Write D in the form A 0A j  and use an argument similar to that in the 
solution of 4.9.
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11. This is the number of spanning trees of the complete bipartite graph on 
{vv . ,  . vn; w v . . . , wm).

12. (a) Use the inclusion-exclusion principle and 4.4.
(b) —(c) Use 4.9 or 4.12a.

13. (a)- Consider the binary tree with & -f- 1 endpoints as a diagram to cal­
culate a product with к factors.

(b) Imagine that the edges of such a tree are walls. Starting from the root, 
walk around the wall, keeping it on your left. Write a 1 when walking along 
an edge away from the root and a —1 otherwise. Which +  1-sequences arise 
in this way?

14. Use 4.4. Alternatively prove the recurrence relation

E(n, к — 1) =  1 ----— nE(n, к) .
к,

15. Trivial: the edges entering the points =A=a can be chosen independently.
16. (a) Use induction, by splitting the edges entering v1 into two classes 
Gp C2 and considering the graphs G — G\, G — 6'2.

(b) Consider the s as variables and substitute . =

17. If there is a fixed point x, orient such a tree T  to get an arborescence T 
rooted at x. Contract all orbits of л and investigate the image of T.

18. To prove the upper bound consider rooted plane trees.
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19. (a) Write the right-hand side in the form

x I J (  1 +  *IV<™ +  *»iv<r>| +  . . .),
T

where T  ranges over all isomorphism types of trees.

(b) Denote by W $  the number of non-isomorphic rooted trees in which 
the root has degree d. Express first the generating function of the numbers 
Wff for a fixed d in terms of w(x) by the Pólya—Redfield method.

20. (a) w(x) satisfies the equation

w(x) e~w(x) =  (p{x),

where
lw( X2) w(x3) )

Ф )  =  X exp —------1-----------b • • •

is analytic in a larger circle than w.
(b) Show that

w"(x) =  B^r — x)~312 +  B 2(r — x)~112 4- h(x),

where h(x) is continuous on the (closed) disc |x| <! r.
21. Each expansion term of per A counts the number of 1-factors parallel 
to a given one.
22. Find a recurrence relation.
23. Use inclusion-exclusion.

24. One has to prove that all terms in pf В have the same sign.
25. The even circuits used in the previous solution are all alternating with 
respect to some 1-factor.
26. Those expansion terms of det В which correspond to a permutation with 
at least one odd cycle will cancel out.

27. Prove that there is an orientation such that, if we go around the boundary 
of any bounded face in the positive sense, we pass an odd number of edges 
agreeing with its orientation.

28. Orient the ladder as in Fig. 13 and apply 4.21 and 4.23.

F i g . 13
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29. (a) Write a2 in the form
det pn(A),

where

Use 1.29 to obtain the roots of р п(л)-
(b) Observe that the formula (a) is the resultant of two polynomials and 

use its Sylvester determinant form.

(c) Using formula (a), Яп will be a sum approximating
n2

30. Consider the n X n chessboard as consisting of every second square of 
the (2n — l ) x ( 2n — 1) chessboard.
31. Identify Uj and vt.
32. Find a recurrence relation.
33. Consider an as the permanent of a matrix and expand it by its first row. 
Find simultaneous recurrence relations on an and some other analogous num­
bers.
34. This number is

71 71

— J  J  log (4 cos2ж +  4 cos2?/) da; dу

о 0

per
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E x p a n d  b y  th e  firs t row .

35. Use inclusion-exclusion.

36. The number is the permanent of the matrix

Count the expansion terms having к entries from the upper left block.

§ 5
1. (a) What is the sum of the degrees of a graph ?

(b) The title of the chapter is misleading, use divisibility by 3.
(c) How are the first and last two points joined to each other?

2. Use the solution of 5.1a.

3. If every circuit is even, then the lengths of any two paths between a pair 
X,  у  of points have the same parity.
4. If the total work around any circuit is 0, the work needed to go from x to у  
is independent of the path used.

5. If there is an even cycle C, start defining a 2-coloration of 0  by first 2-color­
ing C and extending.
6 . Take a maximum closed trail in О and show that it contains all the edges.
7. (a) Trivial by 6.

(b) Note that Gk n =  L(Gk̂ lt „).

8. This means the same as “Gk 2 has a Hamiltonian cycle”.
9. Look at the sections of an Euler trail between two consecutive occurrences 
of a point x of degree at least 3.

10. To show that we have used every edge consider an edge of T  not used and 
nearest to x0.
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11. The Euler trails can be considered as starting from x0 through a specified 
edge. Show that every Euler trail arises by the algorithm given in 5.10, from 
some spanning arborescence.
12. Call a point “good” if all edges incident with it have been traversed in both 
directions. Look at the first “bad” point met during the walk.

13. Show and then use the fact that a graph with even degrees and without 
isolated points is the union of edge-disjoint circuits.
14. (a) Use 5.13 and 5.6.

(b) Take a new point and join it to all points with odd degree.

15. Use induction on the number of edges.

16. Use induction on the number of edges; observe that if Gx is a spanning sub­
graph with even degrees and if  is a circuit, then (V{G), E(GX) Д E(K)) is a 
spanning subgraph with even degrees (briefly; a “good” subgraph) as well.
17. (a) Use induction on n. Remove a point of odd degree and take the comple­
ment within the set of its neighbors.

(b) Add a new point and join it to all points of V(G).

18. (a) Take all r-element matchings of the complete graph on V(G) and sieve 
out those having an edge from G.

(b) By (a).
(c) The number of 1-factors has the same parity as the determinant of the 

adjacency matrix.
19. Use an argument similar to the one above. For undirected graphs, the 
statement is true if |F(G)| > 3 .
20. Show that reversing an edge, the parity of the number of Hamiltonian 
paths does not change.
21. Consider pairs (Fv F 2) of 1-factors such that F x f) F2 — 0, e £ F v Show 
that the number of such pairs is even, and make use of this.
22. Reduce the graph as shown in Fig. 14 and distinguish Hamiltonian circuits 
going through the edges in different directions.

F ig . 14



.38 § 5. PA RITY  AND DUALITY 107

23. Let F be a spanning tree of G. Show that those edges of G* which do not 
correspond to edges of F form a spanning tree of G*.
24. Use the previous proof.

25. Each face has at least three edges on the boundary.

26. Remove the edges on the boundary of a face.
27. Use the 2-coloration of the faces.
28. (a) Consider a 2-coloration of the faces.

(b) Take a new point outside the pentagon and join it to the points of odd 
degree.
29. Count the number of edges joining a red point to a blue point.
30. Color a point X  red, if x £ V1 and Vx contains an (x, a)-path; blue, if x £ V2 
and V2 contains an (x, 6)-path; green otherwise. Show that there is no triangle 
with all three colors.
31. Only the proof of (/) is somewhat difficult. Take a basis {v , , . . . ,  v k, v k+1, . . .  
. . . ,  v„} of V with ( r v  . . ., V/-) =  M and consider the transformation A defined
by

A : e, — V,,
32. Show and then use the fact (M  U M 1} =  (M П ML)L.
33. (a) The stars generate the subspace of cuts, the orthogonal subspace con­
sists of those sets of edges which constitute a subgraph with even degrees.

(b) Use 4.9.
34. Show that each circuit C is the sum of those faces contained in C,
35. (a) Show that J? Ct CZ K.

id l Uj

(b) Consider a set I  such that К  =  is a circuit, | / |  >  2 and | / j  is
minimal. m

(c) Use (b) and induction on /.
(d) By (c) and 5.34.

36. Use MacLane’s criterion.
37. (a) Supposing G — Gíl U Go, F(6rt) П V(G2) =  {x, у }, contract Ĝ  — x and 
Go — x.

(b) Consider a maximum path.
(c) Remove the chord of the circuit, drow the rest in the plane and choose 

the circuit so that the number of regions inside be maximal. Prove that the 
graph has only chords outside the circuit.

(d) Clear from (c) and 5.25b.
38. It suffices to consider triangulations. (Prove!) Find an edge e which is con­
tained in exactly two triangles. Contract e and use induction.
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§ 6

1. Addition of an edge decreases the number of components by at most one.
2. (a) Let T v . . . , T c(ßl) be the components of Gv 8 V . . . , Sc(Gt) the compo­
nents of G2. Construct a graph G* with V{G*) — [tv . . . ,  fc(Gi), sv . . . ,  sc(Gi)} 
joining tj to Sj iff T t П Sj ^  0 and look at the components of this graph.

(b) Add the points of V{GX) — V{G2) to Qx as isolated points.
3. Let X,- have degree dt. Consider a component Gx of G not containing xn; this 
has points of degree less than IF^dl only!
4. If G1 contains an odd circuit (say) and is connected, show that Gx contains 
a walk of any large enough length connecting any two points, and make use of 
this fact.

5. Cf. 5.1b.
6 . (a) C onsider a  longest p a th .

(b) Consider an endpoint of a longest path again.
7. (a) One can increase the number of common edges of T x and T 2 at each step.

(b) Use “backwards” induction on the number of edges in a common 
subtree of T x and T 2.
8. (a)-(b) Use 6.7b.
9. To show that there is an (a, 6)-path, consider the set X  of all points accessible 
from a.
10. Contract the red edges and remove the green ones.
11. (a)-(b)-(c). If F is a minimal set whose removal (contraction) yields a 
digraph with the desired property, then the inversion of F also results in such 
a graph.

(b) Consider the case |i |̂ =  1 first.
(c) Show first that the points of an acyclic graph G can be ordered in such a 

way that every edge has larger head than tail.
12. To show that a strongly connected tournament contains a Hamiltonian 
cycle, consider a maximal cycle.
13. Consider a longest cycle which is not a Hamiltonian cycle.
14. Invert the edges of F.
15. Find a proper subtree mapped into itself by <p.
16. Consider two points of the intersection and the path connecting them.
17. (a) Assuming P v P 2 are disjoint maximum paths, consider a (Pv P 2)- 
path Q.

(b) The middle point of a fixed maximum path is contained in every other 
maximum path.
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18. Use induction on к or n. In the first case find an edge separating Gk from
G i  Л  . . . П  Gk_ v
19. Only (c) is non-trivial. In the case of d(x, y) consider a minimum (ж, у)-path 
and a minimum (у , z)-path; in the case of D(x, y), consider a maximal (x, z)- 
path.

20. Take an edge and count how many paths of type (p„ p;), (p,, qj), (qitqj) 
contain it.

21. (a) Show that removing all points of degree 1, ä(x) decreases by 1 for all 
of the remaining points.

(b) Consider a longest path with endpoint x.

22. (a) Moving from x to y, for which points z does d(x, z) increase and de­
crease ?

(b) Easy from (a).
(c) Take a long path and a large “fan” at one of its ends.

23. To determine the minimum of d(x, y) observe that exactly n — 1 terms
x , y

are equal to 1; can all the others be equal to 2 ? On the other hand, show that 
s(x) is maximal when G is a path and x an endpoint of it.
24. Associate, with each of all but к of the points, a path of length к starting 
from it, such that different points are associated with different paths.
25. Let G be the tree constructed by the algorithm, and H a tree of minimum 
expense having the largest possible number of edges in common with G. Assum­
ing G ^  H, consider an edge of G not in H.

26. Use an argument similar to the one in 6.25.

27. Two edges are equivalent iff they lie on the same circuits !
28. Choose subgraphs Gv satisfying the condition and show that if
Gx U . . . U Gj =^G you can choose a Gi+1.
29. The non-trivial part is that if G is 2-edge-connected it has a desired orienta­
tion. Use 6.27 or 6.28.

30. Find a circuit with which all but one of the edges are well-fitted and con­
tract it, and proceed by induction.
31. To show that if ev  e2 lie on a circuit C'1ande2, e3 lie on a circuit C2, then 
ev e3 also lie on a circuit, consider the common points of Cl and C2 next to e3 
on C2 in both directions.

32. In the cycle (i) => (iii) => (ii) =>■ (i) only the first step is non-trivial. Prove
(iii) for two adjacent edges first!
33. Find and use a structure for G similar to the one in 6.27. Another possi­
bility is to select 3 paths P v P 2, P3 connecting some two points such that 
the length of P x is minimal and show that P } satisfies the requirements.
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34. Arrange the points of G in a sequence such that p is the first point, q is the 
last point and from any other point there are edges connecting it both to earlier 
and to later points.
35. A chord of a circuit could be removed without violating 2-connectivity.
36. Select a (C, (7)-path P  with endpoints x, у for which the arc R connecting 
X and у  on C is minimal. Then the neighbor 2 of x on К has degree 2.

37. If O' were connected, G would contain a circuit whose points of degree 2 
would constitute an arc.
38. Identify the corresponding endpoints of two isomorphic trees.
39. (a) Use induction on \E(G)\. If there is a n S c  V(G) which defines a 
^-element (a, b)-cut and |*S| >  2, |F(G) — &| >  2, then apply the induction 
hypothesis on the graphs obtained by contracting S and V(G) — S, respectively.

(b) Split each point x ^  a, b into two points xv x2, where хг is joined 
to x2, and x2 is joined to y 1 iff x is joined to y.

(c) Replace each (undirected) edge by two oppositely oriented edges.
40. Take two new points a and b; join a to all points of A, b to all points of B.
41. A common generalization is the following. If А, В  C V{G) are disjoint 
sets and there is a positive integer “capacity” w(x) associated with each point 
x, and for every set 8  meeting all (A , /1)-paths we have

w(x) ;> к ,
xes

then there are к {А, /I)-paths such that each point x is contained in at most 
w(x) of them.
42. Choose к independent (a, R)-paths R v  . . . ,  Rt such that Rt ends at the 
some point as P t and

I E(R^ U . • • U Rk) -  E{Q1 U • ■ • U Qk+r) I
is minimal.

43. Choose В =  V(P0) and apply 6.42.
44. Knowing Menger’s theorem it is easy to see that G will consist of two com­
plete graphs Gv G2 with к common points, a £ V(GY), b £ V(G2), a. b (j 
I F(GX П G2). To prove this without Menger’s theorem show that every 
point is connected to a or to b and the points connected to both separate a and b.

45. None of them is true.
46. Use Menger’s theorem.
47. For (i): Remove the edges of an (a, b)-path (if any) and apply 6.46.
48. By straightforward counting of the edges on both sides.

49. Consider a set X  with <5G(A) =  к and |X| minimal.
50. Contract those edges not in f  .......... Fm and consider the resulting graph.
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51. Let U a  V(0) — {x} be a maximal set such that dG(U) =  к and a certain 
neighbor у of x belongs to U. Show that there exists a neighbor z of x not in U.
52. Apply the previous “point-splitting” repeatedly until x disappears.

53. Use 6.48c instead of 6.48a.
54. (a) is trivial. For (b), find a point of degree 2k and “split” it as in the solu­
tion of 6.52.
55. Consider a quadrilateral.
56. (a) Show that there are a -+- ß edge-disjoint paths connecting {a, 6} to 
{a', b'} such that exactly a of them start at a and exactly a of them (some 
other a, possibly) ends at a'.

(b) Use a similar argument to the one as in 6.46 and 6.47.

57. Look for a planar example.
58. G obviously separates a and b. To show \C\ =  k, consider the set D of 
points accessible from b on a (6, A U 5 )-path and show that

C í l ö  С 4 П Л .
As another possibility, use Menger’s theorem.
59. If (x, y) is an edge of 11 and T a (k — 1 )-element separating set of G — (x, y ), 
then 7  П V(H) separates II — (x, y).
60. (a) Assume the statement is false. Let G — A — Gx U G2, G — В  =  
=  G3 U G4, (G1 П G3 — G3 П (?4 =  0) and assume, e.g., that Gx П G3 0, 
F(Gj) П В =?̂ 0. Let a £ Gx П G3, and let C be the set of points of A U В acces­
sible from a on an (a, A U 5)-path. Show that

1° \C\ > k ,
2 ° 0 C ( 4 Í )  F(G3)) U (А П JB) U (В П 7(0^),
3° e 2 n e 4 =  0 ,
4° |F(G4)| <  I F(G4)|.

(b) Show that G4 defined in (a) is a one-element set.

61. Set e — (a, b) and assume both G/e and G — e are only 2-connected. Show
(a) there are two points x, у  in G — e separating a and b,
(b) there is a point и in G such that {a, b, u) separates x and y,
(c) if {x, y) separates a from u, then x, у and b are the only neighbors of a.

62. Show that if G is a simple graph and e is an edge of G which connects points 
with degree at least к and, moreover, Gje is ^-connected, then so is G.

63. Use induction on the length of the circuit.

64. Let a be a point of degree 3, joined to bv b2, b3. Show that, if G 
there is a point ut separating bi+1 and bi+2 in G — a — fe, (i =  1, 2, 3; bj+3 — 
— bj), and then use this fact.
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65. Draw a tree T  without points of degree 2 in the plane so that its endpoints 
are on its convex hull; then add the edges of the convex hull C. Show that this 
graph G is a line-critically 3-connected graph.
66. Use induction on k. If x1 . . . ,  xk_ 1 are on C, but xk is not, consider к inde­
pendent (xk, C)-paths.
67. Assume no circuit contains all the three given edges. Find a circuit which 
contains two of them and does not touch the third one, and, as in 6.66, investi­
gate the paths joining the third edge to this circuit.
68. Use an argument similar to the one in 6.66.
69. Show that every bridge of the boundary of a face contains all points of the 
circuit.

70. Let /  £ E(G) and select a circuit C of G — /  such that the bridge В of C 
containing /  is maximal.
71. Assume v(ex) >  . . . >  v(em), where E(G) — {ev  . . ., em}, and consider the 
first index к such that {ev . . . , ek} contains an (a, b)-path.
72. Determine a function q> such that, for each point x, there is an (a, :r)-path 
with value <p(x).

73. Let C be given by 8  cz V(G). Consider

2 (  2  / ( e ) -  2  Щ -
x Z S \ e = ( x , y )  e =(y , x )  )

74. The non-trivial part of the proof is to find an (a, 6)-flow /  and an (a, b)-cut 
C such that

w(f) =  2  v(e).
eec

Consider a flow /  of maximum value, satisfying f  <[ v. For each e £ E(G), we 
introduce a new edge e' having the same endpoints but converse orientation, 
and let

„ ,„v _  «(e) -  /(e) if e € E(G),
l / ( e x) if e =  e[, ex£ E(G).

We then consider the digraph Gx determined by those edges e, e' for which 
vn(e) >  0 and v0(e') >  0; respectively. Show that G1 is not connected between 
a and b.

oo
75. (a) Let wn be the increase of flow value at the nih step; then J? con must be

/7 =  1
convergent. Try to achieve con =  a”, a <  1. Also, there must be edges with 
fk[e) =  0 or v(e) at each step. How can the value of fk(e) change between two 
successive equal states?

(b) Show that if we omit those edges which the paths P k and P h+1 use in 
different directions, U P t+1 still contains two (a, b)-paths Qv Qo with 
Qi П Q2 с  Pk П P k+1.
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(c) W hen  a n  edge is u sed  in  o p p o site  d irec tio n s  b y  P k a n d  P k+l, th e n  
P k+t is longer th a n  P k.

76. Introduce two new points a0, b0; join a0 to each point x with u(x) 0 and 
give the new edge e the capacity v(e) — u(x); join each point x with u(x) <  0 
to b0 and give the new edgee the capacity v(e) — —u(x). The problem is equiv­
alent to finding a suitable (a0 ,60)-flow in the resulting digraph Gv
77. (a) Substitute v(e) parallel edges for every edge e and apply Menger’s 
theorem.

(b) Demonstrate the existence of an (a, 6)-flow /(e) <  v(e) and an (a, b)-cut 
C such that

^ v(e)  =  w(f) 
e€C

first for the case of rational capacities v(e).
78. One may assumed = 2. Consider an integral (a, 6)-flow /' such thatw(/')
/'(e) <  /(e) and ̂  /'(e) is minimal.

§ 7

1. Show that a minimum system of edges which cover all points consists of 
disjoint stars.

2. One can use Menger’s theorem (6.39). In order to get a direct proof, consider 
a minimal subgraph G' of G such that t(G') =  r(G) and show that G' consistrs 
of independent edges.
3. From each point у of F in A, there is a path alternating relative to M  con­
necting у to A v
4. To get a direct proof, use induction on \A | ; try to find a subset 0 
such that IẐ (̂ 4x)| =  |A ±\.
5. Use an argument similar to that in the first solution of 7.4.
6. (a) Observe that

Г ( Х !  U  X 2) =  Г ( Х г ) и  Г ( Х 2),  Г ( Х х П  Х 2) С  Г ( Х х) П  Г ( Х 2).

(b) Consider a minimal subgraph G± with V(GX) =  V(G) and property (2). 
Observe that (1) means that the one-element sets satisfy (2) with equality.
7. The implications (i) =>• (iii) => (ii) =>• (i) are easily verified.
8. “If” is easy by the preceding result. Conversely, fix a 1-factor F, an edge of 
F as G0 and choose the paths P v . . ., Pk alternating with respect to F  (cf. 
the solution of 6.28).
9. Pk in the previous problem cannot be a single edge!
10. Prove it for r-regular graphs first. Show that G has a 1-factor, and remove 
the edges of this 1-factor.

8 Lovász
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11. Split each point x into points of degree к and, if necessary, one point
к

of degree d(x) — к •

12. Use 7.11 with к =  r.

13. Define a graph Gx on V{G) by joining two points iff they are joined in G by 
more than one edge. For which values of r can Gx fail to satisfy the condition 
given in 7.4b?
14. To show we cannot go into an infinite cycle, consider all edges which x passes 
infinitely many times and show that every point is adjacent to at most two of 
them.

15. Distinguish between elementary and non-elementary graphs.
16. Reduce to a network-flow problem, similar to that in the first solution of 
7.2.

17. Embedding into a G' of this size is straightforward. To show that smaller 
G' would not do, count the edges leaving a color-class of G by two different 
methods.

18. It should be shown that, if G is the bipartite graph on V(G), where x £ A 
is joined to у £ В iff they are not adjacent in G, then G has an (n — 2d)-factor.
19. Construct a bipartite graph G on {uv . . . ,  un, vv . . . ,  vn}, where ut is adja­
cent to Vj iff a,j >  0. One has to show that this bipartite graph has a 1-factor.
20. (a) If G has a 1-factor the expansion term corresponding to this cannot 
cancel out as the entries are algebraically independent.

(b) If G has no 1-factor the columns of (a,;) are linearly dependent. Consider 
a minimum set of columns which are linearly dependent.
21. If G is bipartite, the conditions (1) are not linearly independent.

22. Suppose not. Let F  be a maximum matching and u, v two points not in F. 
How many edges can join {и, г>} to any edge of F ?
23. Consider a maximum matching F which has as many edges in common with 
F0 as possible.

24. (a) Use induction on k.
(b) Consider the decomposition given in 6.27. You may use 6.30 as well.
(c) Use this sharpening of (b): If G has a unique 1-factor F x then it has a 

cut-edge which belongs to F.

25. Consider a maximum matching F and select an edge from each point not 
covered by F.

26. Show by induction on the distance between x and у that v(G — x — y) <  
<  v(G) for each x =̂ =y £ V(G).
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27. (a) d(G) >  max . . .  is easy. To establish < ,  use induction and the previous 
result.

(b) Trivial from (a).

28. (a) One has to show that “adjacency” is an equivalence-relation in G — V v 
(b) Adding edges does not disturb the inequalities of the theorem.

29. (a) Apply Tutte’s theorem.
(b) A cut-edge^of a 3-regular graph must be contained in every 1-factor.

30. Tutte’s condition is satisfied. This follows from counting the edges and 
removed edges in a way similar to that in the solution of 7.29a.

31. Use an argument similar to that in 7.8, selecting paths P 0, P v . . . ,  P k one 
by one so that they alternate relative to a given maximum matching F.
32. (a) Let x £ Aa and let г £ Da be a neighbor of x. Supposing indirectly 
that у (f Da, but some maximum matching M ' of G — x avoids y, consider a 
maximum matching M  of G avoiding z and form M A M ' .

(b) Remove all points of Aa, using (a).
For (c) — (e), use (a) and (b).

33. From any matching M 0 of G' we get a matching with \M0\ к edges in G- 
For the proof of the converse, consider the Gallai- Edmonds structure described 
in the preceding problem.

34. If two outer points in the same component are adjacent we have an odd 
circuit as in 7.33. Otherwise, remove the inner points.
35. Consider the components of the set Da in 7.32 and use an argument similar 
to that in 7.29.
36. (a) Let F be a maximum matching and x a point not covered by F.

(b) Find an edge e such that e is in some, but not all, 1-factors and G — e 
is 2-connected (cf. 6.36).
37. It is easy to see that no 2-matching can be larger than the value given. To 
find a 2-matching of this size, take two copies G,G' of G, where V(G) =  {vv ...,vn} 
and V(G') =  {v[, . . . ,  v'n) and define a bipartite graph G0 by joining vt to v'
iff (Vj, Vj) £ E(G).
38. First consider factor-critical graphs and then use the Gallai-Edmonds 
structure theorem 7.32.
39. Consider an Euler trail of G.
40. Consider a pseudosymmetric orientation (5.13) and split each point into 
two, separating the outgoing and incoming edges. Apply 7.10 to this bipartite 
graph.

41. Add a new point x and join it to all points of odd degree adding, if necessary, 
a loop at x.
42. (a) The number of points must be even !

(b) G is a contraction of a 2-connected 3-regular graph.

8*
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43. (a) Replace each point by f(x) independent points.
(b) If f(x) =  1 for at least one endpoint of any edge, then an /-matching 

is an /-factor.
44. Split each point x into two points x', x" incident with the incoming and 
outgoing edges, respectively.

45. Subdivide each edge and define /  to be 1 for the new points. Look for an 
/-factor of the resulting graph.

46. Use induction.
47. Use induction.
48. Show that the sequence d v , dn_2, dn_± — 1, dn — 1 satisfies the same 
conditions.

49. Use 7.44.
50. Transform G with degrees r/,, . . . , dn to a graph with the same degrees in 
which vn is adjacent to vn_dn, . . . , vn_1.
51. (a) Choose H with as many pairs of oppositely directed edges as possible. 
Show that those edges of H whose converse is not in H can form neither an 
even cycle nor two disjoint odd cycles.

(b) Trivial by (a) and 7.49.
52. To show the sufficiency of the condition, consider a graph having these 
degrees and reduce the number of components one by one.
53. Let G be one graph on V =  {vv . . . ,  vn} with d0(»f) =  dl and G' another 
with dG-(Vj) =  di — 1. Choose G' and G as “close” as possible.

§ 8

1. Consider a maximal independent set.
2. Let S 1 be a maximum independent set of G and let /Si+1 be a maximum inde­
pendent set in G — 8 X — . . . — St. Show that Si+1 has a matching into
3. Find a circuit or an edge which contains a point x and all neighbors of x.
4. If (x, y) £ E(G), where x, у £ S, consider G — x.
5. (a) Take any maximal independent set.

(b) Use induction, removing a point with indegree 0 and its neighbors-
(c) Use 5.3.

6 . Consider the point of highest outdegree.
7 . Remove a point and all points which can be reached from it on an edge, and 
use induction.
8. (a) Observe that whether or not the player to move can win depends only 
on his opponent’s last move; call this last move a “winning move” (for the
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opponent) if he cannot win. What are the characteristic properties of the set 
of winning moves ?

(b) The point x0 is only involved if A starts with it.
(c) Observe that when they have once left a component they will make no 

more moves there.

9. If G has no 1-factor, A should select a maximum matching and start with a 
point not on this.

10. Use induction on k.

11. Use an argument similar to the one in the previous problem.

12. Remove an edge incident with the point x.

13. It is enough to show this, if a single point x is replaced by two adjacent 
points xv x2 both joined to the same “old” points as x.

14. It is enough to embed the given graph G0 into a G such that x(G — e) >  
>• x(G) holds for the edges of G0.

15. (a) For r — 2, odd circuits do. For r >  2, increase the degree by substitut­
ing complete graphs for points.

(b) The tetrahedron and icosahedron.

16. An а-critical bipartite graph consists of independent edges. Supposing there 
was an x £ V(G) joined to two points y v y 2, consider a maximum independent 
set Si of G — (x, yi) and the subgraph induced by Д S 2 U {a;} (cf. the solu­
tion of 7.2).

17. Follow the previous solution.
18. If S were a minimal cutset spanning a complete graph and x £ S, consider 
two edges joining x to different components of G — S.
19. (a) Show that a(G) =  ajGj) +  a(6r2).

(b) Suppose G =  Gx U G2 with V(G1) П F(G2) =  {x, y),  |F(G,)| ^  3. 
Determine, for each X  Cl {x, y) and i =  1,2,  the maximum size of an inde­
pendent set in G/ which meets {x, y) in X,  by writing out several inequalities 
involving these numbers.
20. Apply 8.10 with the set of all maximum independent sets.
21. Apply 8.11.

22. Let T v . . .  , T k be the set of all maximum independent sets containing 
U apply 8.11 again.
23. Use the previous result.
24. These are the complete graphs and odd cycles only; show and use the fact 
that, if T, S are maximum independent sets with T  П S 0, then Г(Т U S) =  
=  V(G) -  T -  S.



25. Use 8.19. and the previous problem.
26. Consider an а-critical spanning subgraph.
27. Again consider an oc-critical spanning subgraph of G.

118 HINTS 8.25

§9

1. Use induction on |F(6r)| removing a point.
2. To show the second statement, let V , be the set of points of amaximum clique.

3. Use pairs of colors to color Gx U G2.

4. Consider a coloration a such that each color occurs at least twice and a color­
ation ß with X(G) colors, so that they have as many color classes in common 
as possible.
5. Use induction on k, and a re-coloration similar to the one in the solution of 
9.2.
6 . It helps to answer the question: can tx(G ® K m) be larger than |F(Cr)|?

7. (a) If a coloration of Gx is given, color a point of GxxG* according to its 
first coordinate.

(b) Observe that GxG  э б .
(c) If a is a ^-coloration of G X K n, n 'x>k, use the fact that some color occurs 

twice in the set {(v, x); x £ V(Kn)} for each v £ F(G).
(d) For an и-coloration a of G x K n, show that if {x(v, x) : x £ V(Kn)) are 

different, then so are {x(u, x) : x £ V{Kn)} for any neighbor и of v.
(e) What about K% =  i „ x . . . x i „ ?

m

8. For (d), observe that, if we want to 3-color an odd circuit but one of the 
colors is excluded at each point, then it is possible iff the excluded color is not 
the same at every point. For (e), consider first the case when all but one parti­
tion are allowed.

9. First prove this for acyclic graphs; for the general case, see the solution of
6 . 10.

10. If and only if every circuit has the same number of edges oriented in each 
direction around the circuit.
11. If G is an orientation of G with the property mentioned then, for a walk of 
G, define the expense of it by saying that we gain one if we go along an edge 
in the right way (from tail to head) but lose к — 1 otherwise. Verify and then 
use the following:

(a) the expenses of walks from a to Ъ are bounded from below,
(b) if а, Ъ are adjacent, then the minimum expenses of (x0, (t)-walks and 

(x0, 6)-walks are different but differ by at most к — 1.
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12. (a) Find an arrangement (x0, . . . ,  xn_ ,) of the points of G such that xt is 
adjacent to some Xj (j <  г); start by coloring xn_ v

(b) Show that the sequence used in the previous solution can be chosen so 
that x0 is adjacent to xn_ 1 and C(x0) ¥=C(xn_1).
13. (a) Consider x0, xn_2, xn_ t such that (xn_2, a:n-i)  $ (x0, хп„г) 6 E(G), 
(*o> x n - 2) € Щ О ) .

(b) If ff =  ßj U (?2 with V(Gj) П V(G2) =  {*!, x2j,  17(ö,) I ^  3, consider 
G1 +  (xv  *2) and G2 +  (xv x2).
14. (a) One has to show that “to be non-adjacent” is an equivalence relation.

(b) Embed G in a maximal graph on the same set with the same property.
(c) Consider the set of those colorations coloring the endpoints of a given 

edge e differently.
15. Let K k+1 be the smallest complete graph in SC; then Ж will be the class of 
all non-Ucolorable graphs. To show that these are, in fact, in SC, consider a 
counterexample with a fixed number of points but maximum number of edges 
and prove that “to be non-adjacent” is an equivalence relation on the points.
16. Use the preceding result.
17. (a) Odd circuits.

(b) In every 3-coloration of K n n> one of the two classes is monochromatic.
(c) In every 5-coloration of K n n< one of the two classes receives only two 

colors.
18. To show %(G') >  y(G), let a be a coloration of G' with colors 1, . . ., y(G) and 
a.(y) =  1. “Project” a to get a coloration of G not using color 1.

19. (a) What would a 3-coloration of G — (x3, a;4) look like?
(b) Use 9.8 to show the sufficiency.

20. It can happen for all Jĉ > 3.
21. If к — 1 edges separate G into two pieces Gv G2, consider ^-colorations of 
these and permute the colors to fit the two colorations together.

22. If G is critically (1c +  l)-chromatic and 6? =  U G2 with V(G4) П V(G2) =  
=  {x, y}, then investigate the Ucolorability of the graphs obtained from G1 
and G2 by connecting or identifying the points x and y.
23. Let Gv . . . ,  Gn be the components of G — S. Consider the partitions of S 
induced by ^-colorations of G — F(Cr,) (i =  1, . .  . ,  N).

24. In every ^-coloration of G — (x, y) the points x, у  have the same color. If this 
color is г, then for any other color j, the set of points with color i and j  must 
contain an (x, y)-path.
25. (a) Use e.g. 9.18.

(b) If we have Gk with %(Gk) =  к and join each point x of it to a new point 
x' by an edge, then, га-coloring this piece, the set of new points cannot be 
monochromatic.
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26. A ^-coloration of L(G) yields a coloration of the edges of G in which all 
colors form bipartite graphs.
27. Take iterated line-graphs of a transitive tournament.

28. (a) Remove an interval whose right endpoint is as far to the left as possible.
(b) Consider I x and a as before, but now remove all intervals containing a 

from the system.
(c) We may assume V(G) =  V(C). Consider I  ̂  and a as before.

29. (a) Consider circuits formed by two arcs joining v £ S to и £ S through 
different components of G — S.

(b) The “if” part follows like 9.28c. For the “only if” part use (a) and 
induction.

(c) Use induction and (a).
30. This is equivalent to <x.(G) — q(G).
31. Show that

x (Gi - G 2 ) < x (Gi)- x (Q*). 
oj(G1 • G2) • co(G2).

32. Heuristically, you have to partition P  into “levels”. Take the points on the 
top as “first level”, the next largest points as “second level” etc.

(b) Use 8.4.

33. 9.31 does not yield a perfect graph, even if Gx and G2 are perfect.
34. A color-class of an co(ö)-coloration does so.
35. It suffices to prove the previous condition for G', in the case when only one 
Gx has more than one point.
36. Consider the partitions of V(G) induced by /.-colorations.

37. Count the number of /.-colorations using inclusion-exclusion.

38. Which Я-colorations of в  — e are not Я-colorations of G1
39. For circuits, use the previous formula.
40. If G has several components, we can color them independently. If it has 
several blocks, we can color them almost independently.
41. Remove the interval whose right endpoint is the farthest to the left.
42. Use 9.38.
43. Use induction on \E(G)\, but now starting with a tree.

44. Use the formula given in the solution of 9.36.
45. In fact, (— l)n~1 PG(?.) >  0 in (0, 1) for connected graphs. Show this by an 
induction similar to the one in the solution of 9.43.
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46. (a) Show th a t  0 is a  sim ple ro o t iff О  is connected , i  is a  sim ple ro o t iff  
G is 2 -connected  o r a=á K.z.

(b) Use induction and 9.38.

47. (a) Trivial by 9.38.

(b) Any linear relation like this ought to be satisfied in the three cases 
when 7(G) =  V{F).

(c) Show that this (in fact, any) linear relation holds generally if it holds, 
for the three cases when V(G) =  V(F).

48. What about ——-—— ?
<u

49. (a) Show that the relation holds when G is some very simple triangulation 
and reduce the problem to this case by “switching” the diagonals of quadrilat­
erals; use the identity

P gS t  +  1) —  P a , ( r  +  1) =  * ~ 3 ( P g1 ie,(T +  1) —  P g , ie,(T +  1 ))  •

(b) Use “backward” induction, removing edges from a triangulation.

50. Show that G has a point of degree at most 5.
51. If the faces are colored with colors 1, 2, 3, 4, give color a to edges adjacent 
to faces of color 1 and 2 or 3 and 4; color ß to edges adjacent to faces of color 
1 and 3 or 2 and 4; color у to the rest.

For the converse, first color the regions of the mapsformedby red-green and 
red-blue edges in a 3-coloration of the edges.

52. If the edges are 3-colored with 1, 2, 3, associate the number + 1  with those 
points where 1, 2, 3 is the clockwise ordering of the edges incident with the 
point and associate —1 with the rest. For the converse, consider L(G) and 5.4.

53. Use two colors inside and two colors outside the Hamiltonian circuit.

54. (a) Use induction, removing a point of degree at most 4, coloring the rest 
with 4 colors and modifying this coloration to get only three colors in the 
neighborhood of the removed point.

(b) Identify two non-adjacent points on the boundary of a face and apply 
an argument similar to the one in part (a).

55. We may assume G is a triangulation. Then consider a 1-factor in its dual map 
G*.

56. For part “if”, orient the edges in such a way that, if 1 unit of work is needed 
to pass a given edge in the given direction, then 0 (mod 3) units of work are 
needed to go round each face.

57. Suppose no line is parallel to the x-axis. Then color the points one by one, in 
the order of their ordinates.
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§ 1 0

1. Otherwise, each block of G would consist of a single circuit.
2. (a) Consider a longest path.

(b) Use induction based on (a).

3. (a) Instead of (a), prove the slightly stronger statement: If a simple graph 
G has at most one point with degree at most 2, then G contains a subdivision 
of K v

(b) Reduce to (a) as before.
4. Show and use the fact that G cannot contain a subdivision of K i and an edge 
disjoint from it.

5. (a) The graph contains a subdivision of K v
(b) U se  X u ra to w sk i’s th eo rem  5.39d.
(c) T h e  o n ly  excep tions to  (a) w hen  d ro p p in g  th e  co n n ec tiv ity  assu m p tio n  

a re  co n n ec ted  g rap h s w hose b locks a re  com plete  4-g raphs.

6 . The point is that K i has degrees at most 3.

7. Contract edges forming a connected subgraph as long as

Щ 1 > ™
|F(G")| ^  n

holds for the resulting graph G'.
8. Use induction on m, and the preceding problem.

9. Use a method similar to the one in 10.8.

10. If one builds them up starting with a given point and a given circuit, re­
spectively, when can the branches “grow together” ?
11. The points which can be reached from a point x0 on paths of length at most
----- - are distinct.

2

12. Supposing G(r, g) and G(r'; g — 1) are available, where r' =  |V(G(r, </))|, 
construct G(r +  1, <7).

13. (a) If two points a, b were at a distance greater than g, remove a, b and 
match up their neighbors.

(b) Treat the cases r — 2l, r =  21 -f- 1 separately. In the first case, there 
must be a circuit of length g through any given point. In the second case, one 
of any two adjacent points has this property.

(c) Use a counting similar to that in 10.11.

14. If G' has girth at least g, (u, v) £ E(G’) and both x, у are at distance at 
least g — 1 from {и , v}, thenG' — (u, v) +  (x, и) +  (у , г>) has girth at least g.
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15. (a) Use a finite projective plane.
(b) Let the points of G be the lines and points on the hypersurface 

erf. -(- x\ -f- xl +  x\ +  =  0 in the 4-dimensional projective plane over GF(p)
and connect a point to a line iff they are incident.
16. (a) Let Z be a minimum set of points representing all circuits and count the 
number of edges between Z and V(G) — Z.

(b) Use (a) and an argument similar to that in 10.11.
17. Let 6rj =  G; if Gv . . .  ,Gt are already defined, then let Ct be a minimum 
circuit in Gt, and let Gi+1 be obtained from Gt by removing the points of C,- 
and also all points not in circuits of Gt — F(C,) and by “smoothing out” 
points of degree 2. Consider an i for which G, has largest girth.

18. (a) Use 10.4.
(b) By a similar argument to the one in the previous proof.
(c) A minimal 3-regular graph with girth log2 к has this property.

19. Use induction removing x.
20. Consider a maximum path P =  (x0, xx.........xm). We say that the path
(x0.........xt, ж», xm_ v . . . ,  xi+ j) arises by deformation from P  (provided
(xt, xm) £ E(G)). Let X  be the set of all endpoints of paths arising by repeated 
deformation from P.
21. (a) One may suppose that adding any edge (x, y) to G a Hamiltonian cir­
cuit arises. Consider the neighbors of x and у on this Hamiltonian circuit.

(b) (c) — prove (d) first.
(d) The argument in the solution of (a) proves that if dk -f- d, n, then 

xk and x, are adjacent. Consider a missing edge (xk, x,) with к l maximal.
22. Show that if G is saturated and xit Xj are non-adjacent points, then

da(x,) +  da(Xj) <; n +  q — 1.
23. Find a circuit of length 2n.
24. Join the two points x, у if necessary and subdivide the edge (x, y).

7Ь
25. Consider a maximum cycle C. First prove that | V(G) \ >  —, then consider

2
a maximum path P  of G — V(C) and try to replace an arc of C by a path going 
through P.
26. Consider a maximum circuit C, a component Gx of G — V(C) and the neigh­
bors of those points of C adjacent to Gv

27. (a) Consider an endpoint of a longest path in G.
(b) Let (a;0, . . . ,  xm) be a longest path. Consider first the case when there 

are edges (x0, xf) and (xm, xf) such that i <  j.
28. Use induction on n and 7.27b.
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29. Any path P  in G is contained in a subgraph as in Fig. 15.

30. Use the fact that if x, у are adjacent points, then

da(x) +  da(y) <[ n.
31. Observe that

dG(x) <  a(G)
for each point x.

32. If a triple {x, y, z} C V(G) does not span a triangle of G or Q, then it con­
tains exactly two points such that the two edges in the triple adjacent to any 
one of these points do not belong to the same G or 0.
33. The edge (x, у) is contained in at least d(x) -|- d(y) — n triangles.
34. Use induction on m, starting with a complete Л-graph.
35. Consider the neighborhood of a point with maximum degree and use induc­
tion on k.

36. (a) Count the number of “cherries” (3-point trees) in the graph in two dif­
ferent ways.

(b) Use a method similar to the one in 10.15.

37. Now count the number of K lr’s in G.

38. (a) By induction on k, choose к disjoint s-sets A v . . . ,  A k such that any 
two points in distinct s-sets are adjacent (s is an appropriately large number) 
and show that many points outside are adjacent to at least t points of 
every At.

1 e(b) Remove points with degree 1 --------1---- -- ] V(G) | repeatedly; prove that
к 2

when one gets stuck the number of points is still large.
(c) By (b).

39. Prove that if G ^  Hn k does not contain G0, then 2k-1 V(G0) | points can be 
removed from G so that the remaining graph Gr satisfies

\E(Gy)\ -  |Я(ЯП1>*)| > \E(G)I -  \E(Hn k)\ (n , =  |F (0 X)|).
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40. (a) If a given complete Ugraph is contained in “few” complete (k -j- 1 )-  
graphs, then we find “many” pairs (A, U) of k-sets of points such that A is 
a complete graph, U is not, and \A П U\ =  к — 1.

(b) First prove that
(*) N k > # — k +  ! n

N k_x — Ъ k '
41. (a) Let dv . . . ,  dn be the outdegrees of points in T. Then T  contains

3-cycles.
(M —-Г;!

(b) Observe that each point is adjacent to at least one 3-cycle.

42. Prove that it contains at least n — к -j- 1 ^-cycles for each 3 <, к <,n.

44. (a) The assertion says that, if n =  2k~1, then there is a transitive subtourna­
ment with к points. Prove this by induction on k.

(b) Using induction on k, observe that the set of points accessible from x 
contains at least

y / i - t i - i lf - i  1 V I
transitive subtournaments with к — 1 points, where d is the outdegree of x.

^ _ 2
(c) Prove by induction on n that there are at least Utuples that

contain a 3-cycle. & — 2

§ H
1. What does an eigenvector mean combinatorially ?
2. (a) Use the fact that (1,. . . ,  1) is an eigenvector and the eigenvectors are 
pairwise orthogonal.

(b) Establish and use the identities
Aa =  Bc Bq — dl, AL(q) — Bq Ba — 21.

(c) The Petersen graph is merely L(K5).

3. We may assume that V(T) =  {xv  . . . ,  xn}, e =  (xk, xk+1) (1 <! к <^n — I ) and 
that T —e ~ T x[JT.2, where F(?\) = { x v . . . .  xk} and V(T2) = { x k+v. . .  ,xn}. 
Consider the expansion of det (XI — A) by its first к rows.

7Ъ43. If we specify — independent edges 
2

elt . . . ,  e["] ,

there is at most one Hamiltonian path whose Ist, 3rd, . . . edges are these.
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4. Use induction and the previous exercise.
5. (a) follows by 11.4 and 1.31. Both (a) and (b) follow by induction. Both (b) 
and (c) are essentially solved in 1.29.

6. By 11.4, we only have to find two trees with the same number of 7-element 
matchings for every k. Look for them among those trees with no 3 independent
edges.
7. (a) Prove that

VgW  =  detpGi(A7 — AGt).
(b) How does the adjacency matrix A Gi.Gi arise?

8. The vector v  =  (x(yVl, J ,  ■ ■■, x(yVl, j ) T is an eigenvector.
9. The automorphism group of Qn contains the commutative regular subgroup 
(Z2)n; one can also use 11.7a.
10. If G asá H, their eigenvalues are the same.
11. Note that 0 is not an eigenvalue iff det А ф  0.

12. Find an eigenvector which associates a with those points of degree 3 in the 
covering subgraphs and Ъ with the other points.
13. Use the fact that A — max vTAa v.

hi = •
14. (a) Use the previous result; to determine the case of equality use the fact 
that the adjacency matrix of a connected graph has a (strictly) positive eigen­
vector.

(b) Use the fact that 27., =  0 and 27.2 =  2m.
15. Use the formula 2tL(G) =  BTB — 21, where В  is the point-edge incidence 
matrix:

P _ ,, . j í 1 if vt belongs to the j th edge,
lJ 0 otherwise.

16. To any automorphism a of G there corresponds a permutation matrix P  
such that AgP =  PAa. Also use the fact that A =  T~1LT, where T  is an 
orthogonal matrix and L is a diagonal matrix with the eigenvalues in the diag­
onal.

17. Use the previous result to show that Г  is commutative and regular and 
apply 11.8 to calculate the eigenvalues.
18. Use the fact that if A is a symmetric matrix with eigenvalues Ax 72 <[
< [ . . . <  An and В is a symmetric submatrix of it with eigenvalues 
№ i —Si ■ ■ ■ then А,- [j, i ki+n_m.
19. (a) Suppose A0 w ~  —Aw,  w =  (wv  . . . , wn)T. Prove that w' =  
=  (IWjI, . . . ,  |mn|)T satisfies —wTA0 w =  w 'TAa w'.

(b) Consider a component whose least eigenvalue is minimal.
20. Use 11.13, 11.14 and induction.



21. (a) Show that, with respect to a suitable basis, A has a k x  h symmetric 
submatrix D with 0’s in the main diagonal and such that Л is an eigenvalue 
of D.

(b) 0 is an eigenvalue with multiplicity n — k.
22. Write xr.4c x as a sum of m positive and m negative squares.
23. If /(A) is the polynomial whose roots are the distinct eigenvalues of Aa, 
then f(Ac) =  0.

24. Show that both statements are equivalent to “every eigenvector of Aa is 
an eigenvector of J ”.
25. Calculate A
26. (a) Aa satisfies the equation

A% =  bJ +  (d — b) I.
(b) G =  K 3.
(c) Generalize the example of K i ® K v

§ 1 2

1. The Petersen graph is the complement of the line-graph of K 5.
2. (a) Consider cubes of the type shown in Fig. 16.

(b) For the case of the cube, consider the 4 main diagonals.
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3. A ^-circuit has some superflous automorphisms; how can we prevent it from 
changing the direction?

4. Multiplication by any fixed element from the right is an automorphism of G.
5. Get rid of the directions and colorations bv a method similar to the one in 
12.3.
6. Let {hv ..  . , hm} be a minimal set of generators of Г. Take the elements of 
Г х {1 , 2} as points and connect (g, 1) to (g', 2) iff g'g~x — ht for some i. Add 
edges within Г  X {1} and Г  X {2} to guarantee that there are no automorphisms 
other than those induced by the elements of Г  in the natural way.

F i g . 16
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7. (a) A group of even order has an element of order 2.
(b) Find all tournaments which admit a regular group of automor­

phisms ей Г.

8. Trying the same kind of construction as in 12.5, it is easy to get all points 
not in F(6?0) to have degree 3. Split each point of G0 into points of degree 1 and 
connect them by a circuit.
9. Let xv x2, ■ . . ,  xn be an arrangement of the points of G such that for i >  1 
Xj is adjacent to some Xj with j  <  i. Consider the subgroups of automorphisms 
fixing X v  , Xj .

10. It suffices to consider one orbit of A(G) on E(G).
11. First solve the case Г2 =  {1}. Then consider a certain “product” of 
examples.

12. (a) Consider a maximal tree T  such that T  П y{T) =  0 for every у £ Г, 
у ф  1, and contract each y{T).

(b) Let e £ E(R), Gl the subgraph formed by the edges which are images 
of e under Г  and try to contract the components of Gv

13. (a) A commutative and transitive permutation group is regular. Fix an 
x0 £ V(G) and consider the mapping a(x0) \~* a-1(a:0) (a £ A(G)).

(b) The n-cube almost does it.
(c) Consider the »-cube Qn and a vertex x of it. Add some edges between the 

neighbors of x and all edges which are forced by those automorphisms of Qn 
preserving the directions of edges. What will the subgraph induced by the 
neighbors of a; be?

14. Use an argument similar to the one in the solution of 6.49.

15. (a)-(b) Consider a minimal set X  which is a component of G—T, for some
2

minimum cutset T. Use 6.60a. The connectivity must be at least — (r +  1). 
(c) Use 6.60a again.

16. Use Tutte’s theorem 7.27 and 12.14.

17. The Cartesian product of a circuit and a path contains a Hamiltonian cir­
cuit.

18. The connected ones are the following: circuits, the platonic bodies, the 
line-graphs of the cube and the dodecahedron, graphs obtained from these by 
multiplying each edge by the same number, subdivisions of these examples by 
one point on each edge, the duals of the line-graphs of the cube and the 
dodecahedron, and the stars.

19. Use 12.12b and the previous solution.

20. (a) Show that the Cartesian product of two p  — 1-paths and a K 2 is 
contractible onto K p.
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(b) One may assume Г' acts edge-transitively and Г  does not act semiregu- 
larly. Use 10.8.

(c) Consider a simple group.

21. Construct a simple graph G with A (G) Г  and link it to Q in a suitable 
manner.
22. Every endomorphism of the Petersen graph is an automorphism.
23. Use the same idea as in the previous solution: any endomorphism is one-to- 
one on a minimal odd circuit.

24. (a) goes as the solution of 12.4.
(b) When replacing colored edges by paths with attached pieces use many 

rigid graphs which have no homomorphisms into each other.
25. (a) Either 0 or —1 remains an endomorphism.

(b) Modify the previous construction.

§ 13

1. Associate a bipartite graph G with H in the following way: Let U =  V(II), 
W — E(H), V(G) =  U U W, and join и £ U to w £ W iff и £w.
2. (a) If E  is an edge such that H' =  ( H — { E } ) \ E  is connected 
(hence 0 (j E(H)'), then we can find an F  with the desired property.

(b) Use induction, removing the edge E in the preceding problem.

3. Consider any circuit of length >■ 3 and choose two points which are consec­
utive on the circuit but there is a further point of the circuit which lies between 
them in the ordering defined by the path P.
4. Otherwise it is totally balanced!
5. Apply 7.4 and 7.6.

6. Such a system of distinct representatives exists iff H has a system of distinct 
representatives and so does the hypergraph

V(H*) =  E(H),
E(H*) =  {Ux : x £ T } ,

where Ux is the set of edges of H containing x.

7. Represent the situation by a flow problem rather than a matching problem.
8. (a) The sets E0 Д  F (F £ E(H)) are distinct!

(b) Let x £ V(H), and consider the hypergraphs I I \ x  and H ’, where 
V(H') =  V(H) -  {*},

E(H') — {E £ E(H) J U { i } (  E(H), x $ E }
(c) Consider the hypergraphs H1 =  H — x, H 2 =  H  — E(H1).

9 Lovász
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9. Consider the hypergraphs H x =  II — x, II., =  H — E(Hx), II., — / / 2\ x ,  
for some x £ V(H).
10. (a) Prove, by induction on k, that there is a set X  C V(H) with \X\ =  к 
such that Hx has at least к +  1 distinct edges (1 <  к <, n — 1).

(b) Form a graph similar to the one in the previous second solution. Prove 
that it is bipartite and contains no 0-graph.

(c) Set H x =  H \ x ,  V(H2) =  V(H) — x, and E(H2) =  {E £ E(H) : x $ E, 
E U {ж} £ E(H)}. Prove that either H 1 satisfies the condition of the problem 
with k, or H a does so with к — 1.

11. Consider the edges containing a given x £ V and use induction.

12. (a) Average the number of edges contained in the classes over all partitions 
of V(H) into two classes.

(b) Average now over all r-colorations of V(H).
13. Establish and use the inequality

^  d(x) < r  +  (m — l )k  [E £ E(Hj) ,
xi E

where d(x) is the degree of the point x.
14. Suppose indirectly that m >  n. Sum the inequalities

— < ^ l ,  {X (B ) .
m — d(x) n — \E\

15. (a) H satisfies the conditions of the previous problem.
(b) If a 1( . . . ,  am are the characteristic vectors of edges, then a ,a ; =  Я 

for i
16. How many times is a given element counted on each of the two sides ?
17. (a) Suppose x 6 F 1.........  Fd, [x $ Fd+1, . . . ,  Fm. Take F 1 — {a:}, . . . ,
Fd — {x} m — d times, Fd+l, . . . ,  Fm d times and apply 13.16.

(b) Suppose that |Р Х| =  . . . =  |F m_!| =  2k, Fm =  0, and (indirectly) 
m =  k2 к +  3. Verify that there are not more than к points of degree
at least m — к — 1, but every Fj (1 <C j  m — 1) must contain at least к 1
^uch points.
18. (a) At most one of X  and E(H) — X  can be an edge.

(b) Use 13.8b, 13.9, or 13.11.
19. Count the pairs (Ev E 2) of edges such that E 2 С E 1 and there is no 
F £ E(H) with E 2d  F a  E v

20. Use induction on n.
21. (a) Consider the chains constructed in the previous problem. For another 
proof, count in two different ways those permutations of V(H) which have an 
edge of H as beginning section.
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(b) The even case is easy. For n — 2k +  1, show that each edge must be of 
size к or к +  1 and that, if X  c  f , |W| =  &, |F | =  & -(- L then one of 
X, Y must belong to E(H).
22. If A and В  are maximum antichains, then A\J В =  {x £ A U В : x <£ y 
for all у £ A U  B} is a maximum antichain as well (x <  у  means x <, у 
and x ¥=y).
23. To prove (b) consider the subsets SE (E £ E(H)) which are comparable 
with the edge E only, and show that, if chosen properly, they form a clutter.
24. Let

ln\  n
1 p i  \p +  к — 1.

be the к largest binomial coefficients and let M  be the hypergraph on V(H) 
whose edges are all the p, . . . , (p -f- к — 1)-tuples. Compare H with M  in 
each of the symmetric chains of 13.20.
25. (a) Fix an edge E. What does it mean if no point of E occurs in all the edges ?

(b) Find j  edges whose intersection has at most r —- (j —- 1) (r(H) — l) 
points, for j  =  1 ,2 , ,k .
26. Take two edges with one point in common if possible and a third edge not 
containing this point.
27. Take a minimal W such that any two edges of Hw meet. For every order­
ing of W, count the number of those points x £ W which are both first points 
and last points of edges of H w.
28. (a) From any given point, there starts at most one A,-.

(b) Count the edges which consist of consecutive points in cyclic permuta­
tions of V(H) in two different ways (cf. the second solution of Sperner’s theo­
rem 13.21a).

29. (a) Select a set S such that |S П E\ > 2  for each edge E and ISI is bounded, 
(b) If H is not r-critical, use induction on v.

30. Choose points xv . . . ,  x, such that xi+1 is a point of maximum degree
<5f+1 of H — xx — . . .  — Xj. Show that \E(H — xx — . . . — ж,-)| x*öi+1.

31. (a) Write t — w — r -f- 1,

[ « )  _  f +  j  — (« — t — j  l и  _  r~' It +  lu  — t — j
И  á l  j  r - j  ’ [ r -  l j  Po j -  1 J I r - j  ,

and similarly for V , U , ( V , [ , and compare ^   ̂ 1
(rj ( r - l j  \ r — lj \ r - 2  j

with t +
i  -  1 )

(b) Consider a point x with minimum degree and consider the hypergraphs 
H — x, H — E(H — x). Use induction on r and \E(H)\ on the basis of (a).

9*
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(c) Suppose any two edges of H meet, where H is r-uniform. How many 
r-tuples can be contained in the sets V{ H ) — E, E £ E(H)?
32. (a) Use an argument similar to the one in 13.21 and 13.27; for a given per­
mutation of the points, there is at most one index i such that every element 
of А/ has smaller index than every element of B,.

(b) This is a special case of (a).

33. Color the points one-by-one; when would one be forced to complete a mono­
chromatic edge?
34. Show first that if one point has degree 1 and the others have degree 2, then 
H is 2-chromatic.
35. Suppose H has no 1-element edges and no isolated points. Show that

(a) every point has degree at least 2,
(b) a point of degree at least 4 belongs to 2-element edges only,
(c) any two points belong to an edge.

36. Supposing there was a 2-coloration, count the edges in two different ways; 
by the monochromatic pairs contained in them and also by the bichromatic 
pairs contained in them.

37. To show the “if” part find a set IT C V(H) such that either all of 
I W П E x\ , . . . ,  I IT fl EmI are even or one of them is odd.
38. (a) Show that replacing an edge E by disjoint subsets E v . . . , Ek a  E 
does not influence the assumption.

(b) Use the preceding characterization of hypergraphs with totally unimod- 
ular incidence matrix.

39. The incidence matrix of an odd circuit is not unimodular.
40. Show that a minimum counterexample would contain a connected span­
ning 2-uniform (hyper)graph.
41. Show that, coloring the points at random, the probability of getting a 
monochromatic edge is less than 1 [cf. 13.12a].

/ 2f2
4 2 .  Let | $ j  =  2r2 and let the r-tuples in S  constitute the points of another

1 r
hypergraph H; for each partition P =  {X, Y}  of 8  let those r-tuples contained 
in X  or in Y  form an edge Ep of H. What are x(H) and x*(H)1
43. Consider a random coloration again but estimate by 2.18.
44. (a) Consider a point with maximum degree.

(b) Remove the point with largest degree from every edge.
(c) Count the edges adjacent to the point of high degree.

45. (a) Select a 2-element subset of each edge such that these subsets form a 
forest.

(b) For r =  2, the triangle is such a hypergraph. Use induction on r.



46. For (a), use a modification of the construction in 13.45; for (b), try to 
“multiply” two smaller constructions; for (c), look for a simple direct example.
47. Select a ^-element set X  for each 1 <  A: <Ur such that the number of edges

. . . v  • \E(H)\containing X is more than ------- — .
rk

48. Setting V(H) =  {vv  . . . ,  vn}, E(H) =  {Er.........Em},
j l  if v,ZEj,
[0 otherwise,

and A — (a,y)”=1j i 1, the value v*(H) is the maximum of l 'x  under the con­
straints Ax 1, X >  0.
49. (a) Decompose directly, but take into consideration the multiplicities of 
points.

(b) Use 7.40.
(c) There are optimal fractional covers (matchings) with rational weights. 

Reduce the least common denominator of the weights using (a) and (b).
(d) 2v*(G) is the maximum size of 2-matchings. 2r*(G) is the formula given 

in 7.37 for v,(G).
50. Use a construction similar to the one in the previous solution.

51. (a) To prove the second inequality observe that if S C V(G®H) covers all 
edges of G®H,  then 8  П ( V(G) ® F) has at least r(G) elements for every edge 
F  of H.

(b) “If” is easy by (a); to prove “only if” assume t n(H) <  пт(Н) and let 
G consist of all (N—ri)-element subsets of an j\7-set (N large).

(c) Use 13.30 to estimate t(Hp) from above.
52. If a point X  is adjacent to two distinct edges E v E.,, take the “mean” of 
(t — l)-element covers of H — {E\)  and H — {E2}-
53. Take the “mean” of maximum matchings of H — vit vt £ E0 £ E(H).
54. One has to show that a т-critical balanced hypergraph consists of disjoint 
edges. Copy the 2nd solution of 7.2.

55. To show (i) => (iii), note that a minimum counterexample would be r-criti- 
cal.
56. Show and use the following fact: If a hypergraph H satisfies (iv), then every 
hypergraph H0 arising by multiplication of edges also satisfies (iv). (Multipli­
cation includes multiplication by 0, i.e. removal.)

57. Suppose G is perfect; associate a hypergraph H with G such that L(H) G.
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§ 14

(b) The existence of R 2(av a2) follows from the preceding result. Use 
induction on k.

2. (a) \ek !] =  k[e(k — 1)!] +  1.
(b) The upper bound is trivial from 14.1a. To prove the lower bound 

consider the hypergraph H with

V(H) =  E(Kn) and E(H)  =  {E(A) : A is a complete ^-subgraph of A'„}.

3. (a) For r =  2 we already know this. Use induction on a x +  a k and r.
(b) Select an ordered subset (xv . . . ,  xm) of elements such that for each 

r-tuple l < ^ r 1 < . . . < r r < m  of indices, all (r -f- l)-sets of the form 
(xVl, . . . ,  Xyt, xA (vr <  [i <  m) have the same color.

4. Easy by induction on n.

5. Consider a maximum red path P and two disjoint blue paths Qv Q., such that 
Qv Q2 consist of (F(P), V(G) — F(P))-edges, theirendpointsare in V{G) — V(P), 
they do not contain the endpoints of P  and their length is maximal. Prove that 
Q i U Qi U P  covers all points.

6. (a) Let (x(), . . . ,  x.,k) be a red circuit. Prove that (xh xi+2) is blue, (xh xj+i) 
is red and (xh xi+3) is blue (i =  0, . . . , 2k; x2k+l+, — xj).

(b) Let (xv  . . . ,  xik) be a red circuit. Prove that {xv x3, . . . ,  x2k- i \  and 
{x2, a*4, . . . ,  x2k} induce complete subgraphs.

(c) Show that there is a monochromatic Ж-circuit for some M  >  m, then 
use (a), (b).

7. Consider the configuration in Fig. 17, in which all lines have unit length.

о

F ici. 17

1. (a) A point X is either adjacent to at least Í points or non-
t/c i i _ ij \ к — 1

adjacent to at least points.
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e
F i g . 19

8. Consider the arrangement of six triangles with sides 1, a ,b  shown in Fig. 18.
9. (a) Take a stripwise coloration.

(b) See Fig. 19.

10. (a) Consider the Cartesian product of two large simplices.
(b) One may assume ab — 1, where a, b are the two side vectors of R. Color 

the point w with [w2] modulo 4.
11. Let { A v . . . ,  Ak} be the partition of {1, . . . ,  n) in question. Form a
complete graph on {1, 1} and color the edge (i, j) with color v iff
|i -  Л € A v.
12. Use induction on r : Find a sequence I x.........I r of “long” intervals whose
first terms constitute an arithmetic progression and which are similarly colored.
13. Use 14.2a in a similar way to that in 14.11.

14. (a) First select a large set T  and A v ß j C S -  T  with A x П В г =  0 
such that, for every I  c f ,  the colors of A x U X,  ß j U I ,  A x U B x U X  
are the same.

(b) Let t be large in (a) and color the subset { i v . . ., i„} c; {1, . . . ,  t) by 
the color of А/i U . . . U А/„.

F i g . 18
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15. Color the subsets of an га-element set corresponding to the colors of their 
cardinalities.
16. (a) Trivial for n^k, m) =  k.

(b) Let |У| =  кт'~', T  C S. Color collections аЯ of points of S — T 
with the mIT|-tuples (a(a# -(- ®); @ £ mT).
17. By repeated application of 14.16b, we can find disjoint non-empty sets 
Х[, . . X't C  S and an m-collection §b of points of 8  — X[  — . . . — X't such 
that the color of every m-collection

01  =  2  ciX 'i +i=i
is the same as the color of the m-collection

oft =  и Xi  +
Ci â

Now apply 14.14b.

18. Use a method similar to the one in 14.15.
19. Suppose there were a ^-coloration of {1, . . . ,  N}  for each N  with no subset 
having property P. Find such ^-colorations which could be combined together^

20. (a) Use the following observation: if x, y, z satisfy (a) and x, y, z == 0  or 
i (mod 5), then x,y,  z== 0  (mod 5) (for each fixed 1 <; i 4).

(b) Use induction on к and Van der Waerden’s theorem.

21. Translate parts (a) and (b) of the previous solution to the general case.

22. Color the points at random and use 2.18 to ensure that every edge meets 
every color.
23. (a) This is a special case of 14.17.

(b) Given rv  . . . ,  rk >  0, prove that a number N(k; rv . . . ,  rk; q — 1) 
exists such that if n >  N  and all points of the ^-dimensional projective space 
over GF(q) are ^-colored, there always exists an r,-dimensional subspace all 
of whose points have color i for some 1 <, i <, k. Try to reduce this to the affine 
case by removing the “infinitely distant” hyperplane.

24. For r =  q, a prime power, the lines of an affine space over GF(q) of high 
enough dimension will do it. Otherwise take a prime power q~^>r and reduce 
the edges of a ^-uniform example.

25. For each ah consider the largest monotonically increasing subsequence 
starting with (if.

26. (a) Let t(x) be the maximum length of a sequence ж =  a, <  a 2 <  . . . with 
/(ai) Sis /(гаг) <1 • • • Prove that, if t(x) ^>t( 1) — k, then f(x) <  2Л ( 0  к <C

(b) Let /  consist of (n — 1) monotone decreasing parts.
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27. (a) Denote by r](x, у) and <p(x, у) the lengths of the longest monotone in­
creasing and decreasing paths starting with the edge (x, y) £ E(Tn). For any 
two points a, b,

{(p(a,x), (p(a,x)); (a ,x )£E(Tn)} ^  {(ф , х ), <p(b,x)); (b, x) £ E{Tn)}.

(b) To prove that the bound is sharp use induction on p  and q.

28. (a) Let xi+x be a point different from
f{8 — {xx......... xv}), V =  0, . . . , i (0 <; i <, m — 1).

(b) Prove a common generalization of (a) and (b): There is an ordering 
(xv  . . ., x2") of S such that, for each 1 <  j  n,

f({xv  . . . ,  xv}) С {*v  • • •. W}>
2j <  V <  2n

holds for at least (n — j) 2j values of v.
(c) Look for an /  in the following form. Given a function q> with 1 <[ cp(i) <

<  i, let f(X) be the g>(|Ji|)th element of I ( I c S = { l .........2n~1 — 1}).

29. Direct each segment (p, q) formed by two given points upwards and color 
it with color i if its angle formed with the positive half of the ж-axis is between
Ъ Ъ j X— л and-------л . What can the chromatic number of the graph G,• formed byn n

the segments of color i be, if it contains no “almost straight” broken line?
qt __ <1#

30. (a) Associate the valued---- - with the edge ((жх, y x), (x2, y 2)) of the com-
X-±

plete graph on 8; orient this from (xv y x) toward (x2, y 2) if xx <  x2 and apply 
14.27.

(b) Carry out the construction in 14.27 with tournaments of the special 
type considered here.

31. (a) Color a quadruple of points red if it forms a convex quadrilateral and 
blue otherwise; apply Ramsey’s theorem.

(b) The upper bound is immediate from the preceding problem. The lower
yyi _ 2̂

bound follows by putting together sets with cardinalities (i =  0,
i I

. . ., m — 2) containing no (i -f 2)-gons convex from below and no (m — i)- 
gons convex from above.

§1 5

1. (a) How can one realize the points of G in L(G) ?
(b) There are three edges ev e2, e3 £ E(GX) starting from some point such 

that the corresponding edges e[, e2, e3 £ E(G2) form a triangle.
(c) The solution of (b) contains the answer.
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2. (a) Show that \E П F\ =  \x(E) П a(.F)|, for any two E, F £ E(Krn).
(b) Show that it can be “recognized” in L(Krn) when two r-tuples have к 

points in common for к =  r — 1; then show this for к — 1 , 2 , . . . .
3. Again, “recover” | E П F| from Т̂ (К'п) by counting the r-tuples adjacent to 
both E and F.
4. (a) Consider hypergraphs of stars.

Tip1(b) What we need is a covering of edges by — cliques. This can be done by
4

a method similar to the one in Turán’s theorem 10.28.
5. (a) Use 15.1b to show that the graphs Hx “fit together”.

(b) Obvious from the preceding problem.

6. (a) If G — L(H), then those triples of edges of H which form an odd triangle 
in Q belong to a star and conversely.

(b) Define two edges (a, b) and (c, d) of О to be equivalent if they are identi­
cal or they belong to an odd triangle or they span a complete quadrilateral. 
Show that this is an equivalence relation and that the equivalence classes are 
complete covering subgraphs as in 15.4a and they will give a desired graph 
H with L(H) — 0  in all but a few cases.

(c) How can (ii) in (a) be violated?
7. Verify that the graph shown in Fig. 20 is not the line-graph of any 3-uni­
form hypergraph without multiple edges but every proper subgraph of it is 
such a line-graph.

F i g . 20

8. (a) This means: find two essentially different embeddings in the plane of the 
same planar graph.

(b) Use 6.69.

9. (a) Consider two edges (x, y), (x, z) and a circuit C through y, z in Gл — x.
(b) The solution of 15.1b simplifies since, in this case, no star can correspond 

to a triangle.
10. Use induction on r, showing that T  and T' are isomorphic, where x\ corre­
sponds to Xj.
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11. (a) follows from an identity used in the preceding solution, (b) follows 
similarly.

(c) Construct T  by induction. Consider two points x,, x; such that

dri +  drj — djj
is minimal.

12. (a) Let {av . . . ,  an} consist of *] copies of 21, for 0 l <, ^
21 J 2

and {£>!, . . . , bnj consist of M copies of 2l -f- 1, 0 <  l <  - .
\2l —|j- 11 2

(b) Consider the polynomials

f ( x )  = j ? x a‘, g(x) =  xb‘.
1=1 1=1

13. By considering /  — g, it suffices to show that

ы\ U J  le j
cannot vanish for all integers s v . . . , sk 0 unless it is identically 0.

14. Prove first that Gv G., have the same number of edges, then that they have 
the same degrees.

15. (a) Consider two Hamiltonian circuits on F.
(b) Count H in all subgraphs G — x.
(c) Prove that each /г-point-conneeted graph occurs among the compo­

nents of G± and G2 the same number of times, for к =  |F | — 1.........

16. (a) The diameter of Tt is the maximum of diameters of T, — x, except 
when Tj is a path.

(b) If Tj — x has diameter d for each endpoint x, then the branches of Tt 
relative to its center can be reconstructed using a method similar to the one 
in 15.9c. If an endpoint x0 is contained in all paths of length d, then examine 
whether all (d — l)-paths of T t — x0 can be covered by one point.

17. (a) Express the numbers of isomorphisms of Gx into G., and onto itself by 
a formula similar to that in 5.18, and observe that the right-hand sides are 
identical.

(b) Use the identity in 2.7b instead of the sieve formula.

18. Show first that if (*) holds for every |X| =  к, then it also holds for every 
\X\ <, к (provided к <, | F| — r).
19. Suppose H 1 H 2. Show that 0 £ E(Hx) or 0 £ E(H2)-, then use induction 
on к to show that each Uelement subset belongs to / / , or to / / 2, depending on 
the parity of k.
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20. (a) With epimorphisms (homomorphisms onto II) the assertion would be 
trivial. Express the number of epimorphisms in terms of the number of homo­
morphisms.

(b) “Dualize” the solution of (a).
21. Show that the number of homomorphisms of H into OxG  is the square of 
the number of homomorphisms of H into G.
22. (a) Try F =  K 2; observe that Gv G2 must have the same degree sequence.

(b) Use an argument similar to the one in the preceding solution.
(c) Let G° denote the graph obtained by adding a loop at each point of G. 

Then (G ■ H)° = G ° x H ° .
(d) Again, if two groups have the property that every group has the same 

number of homomorphisms into each of them, then they are isomorphic.

I-to



III. Solutions

§ 1. Basic enumeration

1. I. The first person may be sent any of the к kinds of postcards. No matter 
which one he is sent, we may still send the second one any of the к kinds, so 
there are к ■ к =  к2 ways to send cards to the first two friends. Again, whatever 
they are sent, the third friend can still be sent к kinds, etc. So there are kn ways 
to send out the cards.

II. If they have to be sent different cards, the first person can still be sent any 
of the к cards. But for any choice of this card, there are only к — 1 kinds of 
cards left for the second person; whatever the first and second friends receive 
the third one can get one of к — 2 postcards, etc. . . . Thus the number of ways 
to send them postcards is k(k — 1) . . .  (k — n -(- 1) (which is, of course, 0 if 
n >  k).

III. This is the same as the first question but we have  ̂ pairs of postcards
Ik n l2/instead of к postcards. Thus the result is
Ы

2 .1. We have to decide about the postcards independently. Any postcard can 
be sent to any of the n friends. Hence, the result is nk.
II. Let Cv . . ., Ck be the cards. The set S =  {Cv  . . ., C,;} must be split into n 
disjoint non-empty sets S v . . ., Sn. Thus {$ х, . . ., Sn} is a partition of S. 
From any partition of S into n (non-empty) classes we get n ! possibilities to 
send out the postcards. Hence the answer is n ! • S(k, n).
3. There are 16 ! permutations of the letters of C h a b a c t e e iz a t i o n . However, 
not all of these give new words; in fact, in any permutation, if we exchange the 
three A’s, the two C’s, the two R’s, the two Г s or the two T 's we get the same 
word. Thus for any permutation, there are 3 ! - 2 - 2 - 2 - 2  =  96 permutations 
which give the same word, so the result is

_L6!
96

In general, if there are kA A ’a, kB B’s, etc. then the result is

(kA +  kB !
kA \kB\ . . .
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4. (a) If we distribute the forints by the procedure described in the hint we 
have to say “Next please” n — 1 times. If we determine at which points 
(after which coins) we say this we uniquely determine the distribution. There 
are к — 1 possible points to switch and we have to choose n — 1 out of these. 
Hence the result is

к — 1 
n — 1

(b) Borrow one forint from each person. If we distribute the n -f- к forints 
we then have in such a way that each person gets at least one, we would then 
have done the same as if we had distributed the к forints without this require­
ment. More precisely, distributions of n -(- к forints among persons so that 
each one gets at least one are in a one-to-one correspondence with all distribu­
tions of n forints among к persons. Hence the answer is

n -f к — 1
n -  1

5. We can distribute the first kind of postcards in

lax +  n — 1 
\ n — 1

ways by the preceding solution. Whatever the choice here, there are

a2 +  n — 1 
n — 1

ways to send out the second one, etc. Thus the result is

ax n — 11 la2 -T n — 11 lak -j- n — 1 
n — 1 J ( n — 1 n — 1

6. We interpret S(n, k) as the number of partitions of {1, . . ., n} into exactly 
к classes. If we remove the class containing n we get a partition of n — r ele­
ments into к — 1 classes, where r is the number of elements in this class.

Yl _ XWe have possible ways of choosing this class. Hence
r — 1

П  ( /YJ   "I M  —  1 ____  1

S (n ,k )=  У  S ( n - r , k - l ) = y  S ( m , k -  1).
r — 1 m=o I m ,

«
We can get another recurrence relation if we consider the restrictions of parti­
tions of {1, . . ., n} onto {1, . . ., n — 1}. This way we obtain each partition 
of 1, . . ., n — 1 into к classes exactly к times, the partitions into к — 1 classes 
exactly once. Hence

S(n, k) — S(n — 1, к — 1) +  kS(n — 1, k).
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On the basis of this, it is easy to tabulate the second-order Stirling numbers::

\  к
n Ns\ 0 1 2 3 4 5 6 7

0 1 0 0 0 0 0 0 0
i 0 1 0 0 0 0 0 0
2 0 1 1 0 0 0 0 0
3 0 1 3 1 0 0 0 0
4 0 1 7 6 1 0 0 0
5 0 1 15 25 10 1 0 0
6 0 1 31 90 65 15 1 0
7 0 1 63 301 350 140 21 1

Table 1
The second-order Stirling numbers

7. Suppose first that a; is a positive integer. Let \X\ =  x, ]iV | =  n. The 
number of mappings of N  into X  is xn (cf. 1.1). On the other hand, let к denote 
the cardinality of the range of a mapping of N  into X.  For к fixed, we can spe­
cify S(n, k) ways in which elements of N  are mapped onto the same element of 
X.  Once this partition of N  is specified, we have to find an image for each class 
of it, distinct images for distinct classes. This can be done in x(x — 1) . . - 
. . .  (a; — Ä: -)- 1) ways. Thus

S(n, к) x(x — 1)  . . . ( x  — к 4- 1)

*s the number of mappings of N  into X  with range of cardinality k. This proves 
the identity when a; is a positive integer. But this means that if we consider x 
as a variable the polynomials on the two sides have infinitely many values in 
common. Therefore, they must be identical.

1 к !Ь к t  1 \k—j n
8- —  2  ( -  Dk~J . f  =  2  , ,  2  S ^  f) M  -  D .. • (? -  r +  1) =

=  ü ( - D * - ' s ( » ,  r) -— - i - — -  =

=  i  r) i  ( - l ) W  P  -  r | =  y J ^ k l L  ( ! _ ! ) . - ,  =  S(„, ky
Ú  (k - r ) \ p  \ k -  j) P o ( k - r ) \ K

9. (a) Since S(n, k) =  0 for к ^>n, we have

p n =  2 s (n> *) =  2 T7 J 1 ( - :l)k~J f  =

” f  « (-1 )^ 1  _  -  f_ J.
Po j \ i P j ( k - j ) \  po  j  \ ' e
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(b) First we remark that

(1) / V -  ' J 'kn- k- \ e k~' ( w- o o ) .
У2д jfí

In fact, let k0 be chosen such that for к k0,

kl
1Г---- ------ ----- 1 <  s,
У2лк (kle)k

where e is any given positive number. Since
*o-l bn I kn \
^ i r = ° r r  = 0 ( P J ’&=0 # ! И !

we have
l 00 Ьп

* п ~ ± 2 т 7-

Similarly,

1 V  ] .n -k -H 2  c k— 1   ̂ V 1 £ n — f c - 1 / 2  g fc—

У 2л /c=i У2я =̂д-0
By the choice of k0, we have

—L= У  kn~k- 1/2 ek~l 
1 -  e <  _У2:Г ----------------<  1 +  e.

-  j j * 7  *!

This proves (1).

Now put

■ xn ~ x ~ 2  e*-1 for r 0,
?„(*)= У2я

0 for X <  0.

Then gr„(a;) has a unique maximum at the point X(n). Put

h /.л _  0пЙ^)(1 +  2//ŷ >)
gn(X(n)) '

Then hn(y) has a unique maximum at у =  0, this maximal value is 1 and we 
have, by the above,

(2) p n~ \  2  ~^К(Ук)]-ур-9 ,г(Чп)) ,
U — - Я(п) J У n

where

I Уте 1Г"Уи =  к  —  \ п  .л(п) 1



The sum in { } is approximating the integral J hn(y) dy and the difference is less 

than (m//.(u)) max hn(y) =  o(l). We shall show that
(3) hn(y) — е~У*1* (n — oo)

and that the functions hn(y) have a common integrable majorant. It will then 
follow by Lebesgue’s theorem that

P n ~  ß ß  дп(Цп)) Г е-У2'2 dy =  ß ß  дп(Цп)) ]j2я =  Х{п)п+\  ех̂ ~ п~1. 
yn J ]/п уп

Now (3) follows from the transformation

(4) log hn(y) =  - ( n  -  X{n)) \ - ß  -  log | l  +  - ß  ) -
yn Уп >]

-  Я(П)1 Г + i ) logi1 + I r i’у n 2 у n J

у ( у 1
The second term is A(w) -\---- = o ( l )  (a sB -ю о ) , while the first

Ifn 1 yn 2
one is equal to

( n - Mn ) ) i - ß  +  ^ ß - . . . )  =  - ß  +  o(l)
( 2 n 3 n) n J 2

for n >  y2. This proves (3).
To establish an integrable majorant for hn(y), first let у > 0 .  Then by (4),

log A„(y) <  —ß - ß - \ o g [ \  +  ß = \
2 I У гг. ( yn J

(for n >  16). This upper bound is monotone decreasing and so
, \ '

hn( y ) < e x p — 2y +  8log 1 +  (n >  16).

For у <  0 we have similarly

loghn(y) < - ± \ У -  log (l +  V j - L t o g  (l +  ß J  
2 yn ( yn 2 ( yn)

(provided n >  y2) and then it is easy to see that, for у <  — 3 the right-hand 
side is monotone increasing and hence that

K(y) <  e~yi-
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This holds for n <  y2 as well since then hn(y) — 0. Estimating hn(y) by 1 in the 
interval —3 < 1  у <, 0, we obtain the desired integrable majorant. [L. Moser- 
M. Wyman, Trans. Royal Soc. Can. 49 (1955) 49-54.]

10. Let 8  be the set to be partitioned and x £ S. If the class containing x has

к elements, it can be chosen in П * ways and the remaining n — к elements
к — 1

can be partitioned in Pn_k ways. So the number of partitions in which the class 
containing x has к elements is

This remains true for к =  n if we set P 0 =  1. Thus

P _  V  in ~  1 P -  V  (n ~  *1 P  , r n - k - Z  h Гк-
k = 1 Л/ —  1 /  R = o  \  1C

11. From the recurrence relation in the previous solution, we have
00 P 00 rpkl fl-1 /лл __ I

p(x) =  У = -±  Xn =  1 +  у —  у  p k =
Á  n ! n ! ffo \ к

=  1 +  j g  —  j g  — -------- ---------
Á  к ! n̂ A+1 n (n — к — 1)!

and so,
°° P  «о 1 00 p  00 « г

p'(x) =  y = - ±  у  ---------- — ----------- - =  y = - ± — у  —  =  p{x)ex
Ú k \  n£ + i ( n - k -  1)! i £  к ! £ > r \

or
(log p{x))' =  =  ex, p(x) =  e*+c

p(x)

for some constant c, which can be determined by setting x =  0:
1 =  p(0) =  ee"+c, c =  — 1.

Thus we have
p(x) =  .

12. (a) Let kt denote the number of i-element classes in a partition. Then

к2 -j- —к2 —{- . . . -f- тькп 71.
Let us count partitions with kv  . . ., kn fixed. If we consider any arrangement 
of the n objects we can get such a partition by taking the first кг elements as
1-element classes, the next 2k2 elements a 2-element classes etc. We get any 
given partition exactly

kx !(1 !)fci • k2 !(2 !)*■. . . kn \{n !)ft»
times; for we can construct the arrangement of the objects by putting the one- 
element classes first, then the two-element ones, etc. However there are kt ! 
possible ways to order the г-element classes and (г !)*< possible ways to order the
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elements in the г-element classes. Thus the number of partitions with kt i-ele- 
ment classes {i =  1, . . .  ,n; kx +  2k2 n n̂ — n) is

n !
kx !(1 \)kik2 !(2 !)*». . .*„!(»!)** '

This proves the assertion. Now
“ jP = i

n ( x )  —  V —i i " — V  X ’ ____________ _____________ ~n
Г о й !  „-To kl,..tb&> ky !(1 !)fc*. . . kn \(n !)*■

/Ci+2/ca+  . . .  -\-nkn—n

We may actually allow infinitely many k/s  in each term with the restriction 
kx -)- 2k2 -f- • • • =  n, since clearly kr — 0 for r >  n. Thus

ХП Л ‘к‘
p (x) =  2  2  ------- =  2  — ------------ -

n=0 *I+J g °.. J [  h  Hi !)ft‘ **° П  k, !(i !)*«
1 =  0 f = 0

where the summation extends over all sequences kv k2, . . . of non-negative 
integers containing finitely many non-zero entries. Consequently,

OO f oo yiki 00
**) =  и \ 2 т Ш *  =  I I  e" =  e<*-Ki=i Uj=о «-,■'(» !)л<; ,=i

(b) If we consider
v  n !

ft., • áLx> !(1 !)»* fc2 !(2 !)*■... (i„)!(n!)^ ’
k i+ ... +kn=n

then we can observe that this is the polynomial expansion of

L^TT ^ ( e - l ) n.
l i i  г ! )

In fact the difference is
n 1 i n  /  n 1 \ /  ti—1 n 1 n-k '

( e -  1 ) » -  =  e - i - ^ - L  ^ ( e - 1 ) * ^  —  <
í=i 1 ! I l i=i г ! (л=о ' i=i г U

<  -------------1---------------b • ■ • n(e — 1)" -*• 0.
l ( n + l ) !  (n +  2)! J

13. By 1.12,
” ePe**= у ^ ± Л х п. 

n=o »!
On the other hand,

e* =  y ±  у  (fa)n _  y ^ xn
Á  к ! ^  n ! á o n \  iá ok  \

10*
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Hence
ePn _  1 ~ kn
~ n \ ~ ~ n \ f f 9 T\

which proves the assertion.
We remark that, conversely, the formula in this problem implies 1.11.

14. (a) We have

" fcl, .d > o  &i! (1 !)**•• - &n! (п\)кя
/ii 2/̂ 2 “5“ • • • “{“ЛАкц—fl
кх+/с,+  . . • +/craeven

and so
OO rjfXi

q(x) =  У  У  ----------------------------- =
! (1 !)fc‘ ■ ■ ■kn \(n !)к»

/íi+2/íjT  • • • Л-пкп—fi
k i + . . .  +кп even

а з  'Г i fi i
=  у  И --------------- =

к,,*— *» U  к i ! (г !)fc*
кх+кл+ . . .  finite and even

=  у  1 у  (2г) ! ” íx [ k‘
r=о (2 r ) ! kuk.....£0 i 1 !A2 ! . . . , = i  [г!,

к х+ кг + • • • =  2r

The second summation is just the polynomial expansion of
( oo ~i 2r

2 ^ 7  = ( « X - 1 )2r
iti г !;

and so

?(*) =  2  T~TT (e* -  !)2r =  ch(e* -  1). 
r=o (2r)!

To get an expression for the coefficients we write

e«*-i 4- e1_e* “ P  A- Dch(ex — 1) =  ?----- --------- =  у  xn t
2 2

where
l 00

p n =  -  2  ,

is the number of all partitions and
(_!)**■

г а  * i
is the difference between the number of partitions into an even and an odd 
number of classes [A. Rényi, MTA III. Oszt. Közi. 16 (1966) 7 7 -1 0 5 ] .
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(b) If the class containing x has 2k elements, then we get the recurrence 
relation

K ] / n _ n
(1) =  2  ofк— i \2ilc — lj

We remark that, obviously, Я 2т+1 — 0.

“  7? «= X n ~ 1 1-2 ]  I V    I \
r'(x) =  У ------x"-1 =  У ----------------  у  1 Rn_2k =

Ú  (n -  1)! Ú ( n -  l ) \ Ú  [2* -  lj
ос 1  CO z p— 'V -1 у  д.П-1 _

á \  (2к -  1)! n úk  (П -  2к)!

“ хгк~1 “ f L 2kxn-*k , ч “ ж2*“1
=  У  -------------  У  -------------- =  г(х) У  ---------- — =  r(x) sh x ,

Ú  (2к -  1)! né 2k (п -  2к) ! (24 -  1)!

whence
r(x) =  ech3C_1.

(The constant —1 in the exponent follows, as before, by substituting x =  0.) 
[Rényi, ibid.]

15. (a) If there are exactly к >  1 elements mapped onto 1 by f, then these
711elements can be chosen in ways and the rest can be mapped into 2, . . .  , n
k)

in exactly Sn_k ways. Hence

Sn =  2  (Г) Sn~k
k = 1 l#  

or

n ! j?Tо к ! (n — k)\
Thus

“ 2S °° ( n 1 SI2s(x)=  y —S-a? =  i +  у  у -L. ° n~k xn =
n=o »! £ 0  IfcTo k\ ( n — k)\

=  1 +  У - ^ х т V — U = l  +  s(a:)ex,

whence

s(*) =  — -—  .
2 — ex

Let us expand this:

c(x) -  1 1 -  1 у  [£ '*  =  у  1
2 1 -  ex/2 2 jfS [ 2 í “o 2fe+1 ^  n ! ’

whence the formula for Sn follows by comparing the coefficients of xn on 
both sides.



This construction gives a one-to-one correspondence between partitions of 
the number n and arrays composed of n points, arranged in columns such 
that the number of points in the successive columns decreases (not strictly). 
We may also consider these points as lattice points. In that case we will have 
a collection 8  of lattice points such that if (г, j) £ 8, then i >  0, j  0 and if 

0 < С < г ,  0 <  j' j, then (i', j') £ S. Hence it follows that 
reflecting a Ferrer diagram on the line x =  у we get another Ferrer diagram. 
Now, if a Ferrer diagram has at most r columns, then this reflected Ferrer dia­
gram has at most r points in any column, i.e. it represents a partition into

(b) By the Cauchy formula,

Sn =  J _  X  dz
n\ 2ni J  (2 —e2)zn+1 

1*1-«
for any e small enough. This can be re-written as

2ni  Ф 2n% ф
|*|-2 |2—log 2|=e

because the only singularities of the integrand are at z =  0 and z =  log 2 -f 
+  2leni, and hence only z =  log 2 lies in the region between the circles \z\ =  2 
and \z\ — e. The first term tends to 0 as n — » .  The second term is known 
to be equal to

- 1  1 ( }
z*+i ± ( 2 - e > )  2 (log 2)"+1

dz z=log2
This proves the assertion.
16. If n =  a 1 -f- . . . +  as is a partition of та. >  as, then we construct
a diagram, the so-called Ferrer diagram of the partition as follows: we put a,- 
dots in the ith column, starting from the bottom (Fig. 21).

150 solutions 1-16

Fig. 21
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terms, each at most r. This gives a one-to-one correspondence between par­
titions into at most r terms and partitions into terms, each at most r.

17. Let o t am =  я be a partition of те into exactly m terms; ax 2>
i >  • • • a m- Then

(1) » — m =  K — 1) +  • • • +  (am — 1)
and here ax — 1 . . . |> am — 1. Some terms at the end of (1) may be 0’s;
discarding these, we obtain a partition of n — m into not more than m terms. 
Conversely, if we have a partition of те — m into r <  to terms, then we can get 
a partition of те by adding 1 to each term and taking m — r additional l ’s. 
This one-to-one correspondence proves the assertion.

Let ax am =  n be a partition of n into exactly m distinct terms.
Then a x >  a 2 • ■ • >  a m ^  1» hence

ax — (m — 1) a2 — (m — 2) i> . . . >  am_x — 1 >  am >  1

and so, the decomposition

П ~  (T) =  ^  ~  _  +  («* — (*» — 2j) +  • • • +  «я.
j

(

7Yt\ into m terms.

Conversely, if we are giyen a partition of те — |?И| into exactly m terms, then

adding (m — 1), . . .;, 1, 0 to the terms, we get a partition of n into m distinct 
terms. Thus: 1... '

The number of partitions of ri, into exactly m distinct terms is equal to the number
‘ Í771 1 1of partitions of n —- I I into exactly m terms.

18. If

(1) » =  « ! + , . . .  +  am, ax > .  . . > a m>  1,
then set

a i =  2ßi bit where &, is odd.
Replacing each at by 2& b/s in (1) we get (after rearranging the terms if ne­
cessary) a partition of n into odd terms. The number of occurrences of the 
odd number d is

( 2 ) £  2ßi ■bi=d
We show that the above correspondence is a bijection; i.e. any partition of n 
into odd terms arises exactly once. In fact, consider a partition of n into odd 
terms; let there be y x l ’s, y3 3’s . . . If this arises as above, then

yd =  2  2ßtb.=d
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for any odd number d. Since here the numbers /3, must be distinct (because 
ßj =  ßj, bj =  bj =  d would imply ai =  (ij =  2f?id); it follows that they are 
uniquely determined by yd. Thus a partition of n into odd numbers arises 
in at most one way. On the other hand, yd can be written as a sum of distinct 
powers of 2:

у =  27 2Л«*>,
and then the numbers d2Md’> form a partition of n into distinct terms such 
that the corresponding partition into odd terms is the same as the one we 
started with.

19. Consider a partition
(1) n =  « ! + . . .  +  am,
and its Ferrer diagram. We drow lines through the first and last column, 
through the lowest row and also a line decreasing at 45° through the dot 
at the top of the first column (Fig. 22).

22  = 8+7+4+3. = 7+6+4+3+2
(a) (b)

Fig. 22

The diagram is contained in the trapezoid formed by these four lines because 
a i >  . . . >  am. We denote by p  the number of dots on the upper (skew) line. 
Now we transform the diagram as follows. If p  <  am, then we take off the 
last dots of the first p  columns and form a new column of p  dots at the end 
(Fig. 22 a —>-b). The resulting diagram will have distinct rows; this is trivial 
if am is not decreased, i.e. p  <  m; and it is also clear in case p =  m and 
am +  1. Now am =  p  1, m =  p  is excluded, because then

n =  (p +  1) +  (p +  2) +  . . . +  (2p) =  Sp +  P .
2

If am <  p, then we remove the last column and add one point to the first
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a m co lum ns (Fig. 22 b  — a).  T h is is possib le  ex cep t w hen  th e re  a re  no  am co lum ns, 
i.e. m  — 1 <  a m. B u t m  >  p  >  a m a n d  hence, th is  could  on ly  arise  i f  m  =  
=  p  =  am; b u t  th e n

n  =  p  +  ( p  +  l )  +  • • • +  (2p  — i)  =  3 p  9 V- >

which was excluded. Thus we have defined a transformation which associates 
Ferrer diagrams of partitions into distinct terms with each other. It is easy 
to check (that is why Fig. 22 could be used to illustrate both cases we con­
sidered) that carrying out this transformation twice we get the original dia­
gram, i.e. the transformation pairs off the partitions into distinct terms. 
Since each pair contains one partition into an odd number of terms and one 
into an even number of terms, this pairing proves the assertion of the prob­
lem. [Euler; cf. also 1.22]
20. If we consider

(1 +  x +  x2 +  . . .) (1 +  x2 +  x4 +  .■■. .) (1 +  x3 +  x6 +  . . .),
then the coefficient of x" is the number of ways xn can be represented as 
xk'Xlk* . . . xnk", i.e. the number of partitions of n. Hence

S(x) =  jj> nnxn =  (1 4- X +  X2 -F . . .) (1 +  x2 +  X* +  • • •) ■ . • =
/7 =  0

1 1 1 _  1
1 — X 1 — X2 1 — X3 (1 — x) (1 — X2) . . .

(We have skipped the question of convergence of these infinite products; 
this could easily be settled but they could also be viewed as formal series.)
21. The coefficient of xn in the product

(1 +  x) (1 +  x2) (1 +  x3) . . .
is the number of partition of n into distinct terms; the coefficient of xn in 

(1 +  x +  x2 +  . . .) (1 +  x3 xe -f- . . .) (1 -f- xb +  ж10 -f . . . ) . .  . 
is the number of partitions of n into odd terms. Thus we have to show that

(1 +  X )  (1 +  X2) (1 +  X3) . . . =

=  (1 +  X +  X2 +  . . .) (1 -I- X3 +  X6 +  . . .) (1 -I- X5 +  X10 +  . . .) . . . 
or, equivalently,

(1) (1 +  x) (1 +  x2) (1 +  x3) . . . =  --------— ------J— ------ j--------•
(1 — x) (1 — X3) (1 — x°) . . . .

Now
(1 -  X) ( 1 +  X) (1 +  X2) (1 +  x* )  . . . =  1 

and, substituting x2A+1 for x, we get
(1 _  a;2fc + l )  ( !  _J_ X2A + 1) (1 _|_ X2(2k + 1)) (1  _j_ X W + 1 ) )  . . . =  1 .



Multiplying these identities together for к — 0, 1, 2, . . . , we get all binomials 
1 — x2k+1, also all binomials 1 +  xn; thus

(1 — x) (1 — X3) (1 — X5) . . .  (1 +  x) (1 +  X2) (1 +  X3) . . . =  1, 
which proves (1).

2 2 .If we expand
(1 — x) (1 — Я2) (1 — X3) . . .  ,

we get a —xn for any partition of n into an odd number of terms and a + x n
for any partition of n into an even number of terms. So, by 1.19, xn cancels

, 3*2 +  кout unless n = ----- —— .
2 з£2 i £

Let us determine what happens if n = ---------- -. The correspondence between

partitions of n constructed in the solution of 1.19, pairs off partitions into an 
even number of terms with partitions into odd number of terms except for 
the partition » =  ( & + 1) +  (& +  2) +  . . ,  +  (2k), which will give a coeffi­
cient ( —l)fc.

3£2 _ fc
Similarly, if n = -----------, we get (—l)kxn. Hence

2
оэ 3  k 2—k  3  k * - \ - k

(1 -  *)(1 -  x2) ( l - x 3) . . .  =  l + ^ ( - 1)*{аГ2~  d-aT*- } .
k =I

[For a tricky analytic proof, which of course also proves 1.19, see e.g. Rade- 
macher, Lectures on Elementary Number Theory, Blaisdell, 1964.]

23. (a) Let us prove the combinatorial assertion formulated in the hint. 
If we are given a symmetric Ferrer diagram with к elements in the “diagonal”, 
then let a i  denote the total number of dots in the first row and first column; 
let a 2 be the number of dots in the second row and column which are not in 
the first row or column, etc. (Fig. 23). Then a 1 > a 2 >  • • • > ak are °dd 
numbers which partition n. Conversely, we can construct from any partition

154 SOLUTIONS 1.22

Fio. 23
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into к distinct odd numbers a symmetric Ferrer diagram with к dots in the 
“diagonal”. This proves the assertion of the hint.

Now the number of partitions of n into distinct odd numbers is the coeffi­
cient of ж" in

(1 +  * )(! +  z3) ( 1 + ж 5) . . . .

The number of symmetric Ferrer diagrams with к elements in the diagonal 
can be counted as follows. We remove the к X к square in the corner and con­
sider the ith row above the square plus the ith column to the right of the 
square as a summand. This way we get a partition of n into № and some even 
numbers <[ 2k. The number of such partitions is the coefficient of xn in

xk' (1 -f z2 -f ж4 . . .) (1 z4 4- V? -f- . . .) . . . (1 +  z2* -f- z4* +  . . .)
(1) _____________ XP___________

_  (1 -  X2) (1 — ж4) . . .  (1 — X2*)'
Hence

oo ryk*
У  -----------------------------------------------------------------

*=o (1 -  X2) (1 _  Ж4) . . .  (1 -  x2k)

in the generating function of the numbers of symmetric Ferrer diagrams with 
n dots. This proves (a).

(b) Now (b) could be proved similarly but it also follows from another 
observation. The number of partitions of n into к distinct odd terms is the 
coefficient of xnyk in

(1 +  xy) (1 +  x3y) (1 +  x5y) . . . .

On the other hand, we know that this number is equal to the number of sym­
metric Ferrer diagrams with n dots and к dots in the “diagonal”, i.e. the co­
efficient of ж" in (1). This gives the identity

(1 +  xy) (1 +  x3y) . . . =  у ---------------- --------------- -------  .
iÚ  (1 — ж2) (1 — ж4) . . .  (1 — x2k)

Setting у — X we get (b) [Euler].

24. Suppose there are k1 l ’s in the partition. The partial sums formed by these 
l ’s represent uniquely each number up to kv  So none of 2, . . , k1 can occur 
in the partition. Since kt -f 1 must be representable as a partial sum, it must 
occur in the partition with some multiplicity k2 >  0. Then all numbers are 
taken care of till k2(kl -|- 1) -(- k1 (i.e. they all have a unique representation). 
Going on similarly, we get that the numbers occurring in the partition 
are 1, k± -[- 1, (k1 1) (k2 —(— 1), . . . , (kx 1) (k2 -|- 1) . . . (km -j- 1), where
(Äq +  1) . . . (ki +  1) has multiplicity ki+l (i =  1, . . . , m). Since the sum 
of all numbers must be n, we have

n — • 1 +  ^2(^1 + ! )  +  •••  +  km+1(ki -j- 1) • ■ • (km -f- 1)
or

n +  1 =  (^1 + ! ) • • •  (km+i +  1) •
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If m =  0 we have the trivial partition consisting of 1 ’s; if n  -f- 1 is a prime 
then this must be the case. On the other hand, if n -f 1 is composite then

B T  1 =  (&1 + 1 )  (&2 + 1 )
with ky, к2 >  1 and then the partition

n =  1 +  • • • +  1 +  (&i + ! )  +  ••• +  (&i T" 1)

1 j ко

is a suitable one [see R].
25. If

n  =  X  +  у  +  г ,
then

( x  +  У) +  { x  +  z) +  ( y  +  z )  =  2  n ,

( x  +  y )  +  ( x  +  z )  =  у  +  г +  2 x  >  у  +  z,
i.e. x -\- у, у z, x -\- z are the sides of a triangle with circumference 2n. 
Conversely, if a, b, c are sides of a such a triangle (a, b, c integers) then, setting

X — n —a, у  =  n — b, z — n — c,
we have

a 4- b — c
x = ----------- > 0 , i/ > 0 ,  2  > 0 ,

2

X  +  У +  2 =  П ,

and also
x  -\- у  =  c ,  x  -f- z  =  b ,  у  -f- z  =  a .

Thus, we have a one-to-one correspondence between partitions of n and tri­
angles with circumference 2n (and integer sides).

To determine the number of partitions of n into exactly three terms we ob­
serve first that the number of partitions of m into exactly two terms not 
exceeding a is

л  . .  m0 if a <  — ,
2

m — II .„ m ,a — -----—  if — <  a <  m,
2 J 2 —

Гиг]
— ii 0 2  m.

1 2
Hence, the number of partitions

n =  a -j- b -f- c, a i> 6 i> c 
is

^  ( . - [ i ^ I | +  2  \ ~ \
n —a  ̂ \  L  "  J /  n —a<a  L  "-Y ~ < ,a < n -a



or, equivalently,
Г n — a — 11 n — a '

>  a -  --------------  +  >  --------  .

3“fl<2 2~â n
It is seen that the result depends on the residue of n mod 12, e.g. if n =  12/,-, 
then the result is 12k2.
26. On the first day, we have three choices: we may buy a pretzel, in which 
case we have Bn_ l further possible ways to spend the remaining n — 1 forints; 
or we may buy candies for 2 forints, and then we can spend the rest in Bn_ 2 
ways; similarly we have Bn_ possibilities if we first buy an icecream. Thus 
we have
(1) Bn =  Bn_1 +  2 Bn_2-
We need some values at the beginning and obviously,

B x =  1, B 2 — 3.
Hence by (1)

B3 =  5, Bi =  11, В5 =  21, Be =  43.
We see here and conjecture that

(2) Bn =  2Bn_ 1 +  ( - 1)".
In fact, (2) follows easily from (1) by induction: 
if

Ял- i  =  2Bn_2 +  ( -1 )" -1, 2Я„_2 =  Bn_ l +  ( - 1 ) ”,
then

Bn =  -®n-i +  2Яп_2 =  Bn_ l +  {Bn_ x +  ( — 1)") =  2ßn-1 +  (—l)n.
Now we have

Bn =  2 Bn_ x +  (-1)"  =  2(2 Bn_2 +  ( - 1 ) " - 1) +  (-1)"  =
4Ял- 2 +  2( — l ) n_1 +  ( - 1 ) "  -  8 B n_3 +  4 ( - l ) n-2 +  2( — 1)"_1 +  ( - 1 ) "  -  

=  . . . =  2n~1 — 2n~2 - f  2n~3 — . . . +  ( — 1)" =

2” — (— 1 1
= --------=  - ( 2 n +  (-1 )" -1).

2 — (—1) 3
Of course, if one guesses this result earlier one can prove it easily by induction 
from (1), without bringing (2) into consideration.
27. We may begin by taking one or two steps. In the first case, we have An_ x 
possibilities to continue; in the second, we have An_2 possibilities. Thus

(1) An — A n_ x +  An_2-
Since we have

A x =  1, A 2 — 2,
the sequence is essentially the sequence of the Fibonacci numbers. We set 
A0 =  1 and
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f(x) =  ± A nx".
n=0

Then

xf(x) =  2 A n-1*">
n=1

x*f(x) =  2  An- 2  *”>
n=2

and by (1)

f(x) -  xf(x) -  x2f(x) =  A 0 +  (A! -  A 0) X +  2  (A n -  A n- 1 -  A n-2) xn = A 0=  1
n = 2

and hence

/(* )= 7 ----- 1------*•

To get an explicite formula for An we write this as

,, . 1 lV5x IIfix

2 2

1 “ 1 +  /5  X [1 —1/5
=  >  ---------- ------Х  — ---------- —  X  =

V6Xk5) [ \  2 2 J

=  i i j ( l ± V £ | " ' _ | i i i i i r ' b .
1 5 ,é„\\ 2 J I 2 I 1

Hence
, 1 [(1 + ] [ 5 \ n+1 (1 — ]/Ъ\п+1
""Wll 2 J _ I 2 J "

28. (a) If on the first day, we buy a product costing i forints, we have Cn_t 
possible ways to spend the rest of the money. Hence

(1) Cn =  2 aiGn-i (n>Jc) .
1 = 1

It will be convenient to set C0 =  1, C_1 =  . . . =  G_k+1 =  0. These new values 
will satisfy (1) for n j> 1.

Observe that the sequence M&1 satisfies (1) for any fixed v, for

M.%nv =  2 aiM^v~‘
1 = 1

is equivalent to
— . . . — — ak) =  0,

158 SOLUTIONS 1.28
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which is clearly satisfied. Hence any sequence

(2) xn =  2 M ,V*
v=\

satisfies (1). Let us try to look for our sequence Cn in the form (2). It will be 
convenient to set

— ^n—k+1 •
Then x0 — xx =  . . . =  xk _ 2 =  0, xk_x =  1, or

M x +  M 2 +  . . .  +  Mk — 0 

ft XM x -|- f t 2 ftkMk =  0

(3) ;

ftk~2M x +  ftk~2M a +  . . . +  ftkk~2Mk =  0

< { - %  +  ^ - W 2 +  . . . +  &к~гМк =  1.
Denote the Vandermonde determinant

1 ftx . . .  f t ^ 1

1 ftk . . .  &iTx
by D,  then, by Cramer’s rule, (3) has a solution for M x, . . . Mk, in fact

l l  ftx . . .  f t ^ 1 1 ftx . . .  ftk~2 0

Mv —~  ' =  — '
D 0~ 0 . . .  1 D  1 bv . . .  ftk~2 1

1- bk . . .  f t ^ 1 1 ftk . . .  f t t 1 0
(the second form arises by subtracting ftk~1 times the j>th row from the ith 
(i Ф v) and then adding ftl_1 times the last column to the j th (j =  1, . . . 
. . . ,  к — 1). Hence

1 ftx . . .  ftk~2 

xn =  =  ~  •
v = \

1 ftk . . .  ftk~2 ft-
and Cn =  xn+k_ x is the value given in the problem.
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(b) Set

m  =  ± c nx".
n = 0

Then

fix) -  2 а‘х‘№  = Co + 2 x"iCn -  a lCn_1 -  . . .  -  akCn_k)
f=i /1—1

(where again С_г — . . .  =  C_k+1 =  0, C0 =  1). Here the last sum is 0, so 
f(x) (1  — djX — . . .  — akxk) =  1 ,

and f(x) =   --------- — 1-------- — — •
1 — а kx — . . .  — акхк

To get an explicit formula for the coefficients we observe that the roots of the 
denominator are 1 / 0 1; . . . .  1 /0 *  and hence, f(x) can be written as a sum of 
partial fractions:

1 k Af(x) = --------------- ----------------=  У -------*—  .
(1  -  0J*) . . .  (1  -  b kx) Д  1 -  0„X

Multiplying bv 1 — ftvx and substituting x — l/0„, we get 

and so

m  =  2  A » =  2  A- 2  V =  i "  J 1 1 Í1 -  k  *n
0 = 1  1  Vv X v—\ n — 0 n =  1 0 = 1  jj=v V Vv )

and hence

On =  2  I I  I1 -  ~ )  W =  2 1 1  ^  W~k+1-
0 = 1  Hv ) 0 = 1  ]фр

It is left to the reader to verify that this formula is equal to the one given 
in part (a).
29. We have р(лп) =

Я - 1  о  ;  - 1 0  - 1  о . . .  о

- 1  Я - 1  Я — 1 я  — 1
- 1  я

=  Я ' . +

0  - 1  Я 0  - 1  Я 0  - 1  я

п п — 1 п — 1

=  Л Р п - i W  —  P n - i W  ( п  > .  3 ) -
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This recurrence relation remains valid for n >  1 if we set p0(A) =  1 and 
p_  j (A) =  0. As in the solution of 1.27, we denote by # 1; $2 the roots of

X2 — l x  -)- 1 =  0
'
ftv $2 are, of course, functions of A:

A + j  ,w=iH E i ) .
2 2 /

Then
PnW =  c1 - W +1 +  c № +1-

Taking n =  0 and —1 we get
Ci Ca — 0,

c i -|~ c2#2 — 1 •
Hence

1 - 1
C i — ... .... у С о — -----------

У  A 2  -  4  f A 2  -  4
and

pn(X) =  ^ = ( ^ 1 - ^ +1)-

Thus if
P n W  —  o .

then

or, equivalently,
=  £2#2,

where
* kni

e =  en+1 , 0 <  к <  n.
Solving ß 1 =  e 2 { } 2 for A we obtain

, / 1 1  _ кл
A =  ±  e +  — =  ±  2 cos-------- .

“ I e) ~~ n +  1
_ I J ^

Here we may omit i  since — cos —-----=  cos------- -— ------  It is easily
n +  1 n •+- 1

seen by substitution that these numbers are roots of p„(A) for к =  1 , n\ 
therefore, it is not a root for к =  0. Thus the eigenvalues of A are

_ кл .2 cos--------, к =  1, . . . , n
n +  1

[cf. also problems 4.28 and 11.5].
30. If we have a sequence of length n — 1 in which а, Ъ are not neighbors we 
can put in front of it

(1) c or d or a \b\ if it starts with b [a];
(2) a, b, c or d if it starts with c or d.

11 Lovász
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Hence if xn and yn denote the numbers of sequences of length n starting with 
a or b and c or d, respectively, we have the recurrence relations

*n— 1 +  2yn_i,

Уп =  2 x n- !  +  2 y n- v
To solve these recurrence relations, put

»« =  [*" ], A =  Í1 2 .
1 У п \  U  2

Then we have

L2 J Ll
We can transform A into a diagonal form by setting

3 + y i 7  0
2

L =  ,
0

2

l/~ У17 — l _  1/~ у Г7 +  i
2/17 2/Í7

T =  ___________  ___________  ;

i f / 1 7 +  1 f  У17 — 1
Г 2 /17  Г 2 /17

then 4̂ =  TLT ~1 (L has the eigenvalues of +  in the diagonal and T  is composed 
of the eigenvectors of A). We want to determine

xn +  yn= [ \ , \ ] A n ° = 1 [ 0 , 1 ] + п+ ^ ]  =  | [ 0 , 1 ] Г ^ ^ - 1  ° .

Here

[ 0 Л ] Г  =  [ _ / Щ + 1 ,  1 / Ш Е Г
2 /17  F 2 /1 7

whence
„ , „ / 1 7 + 1  /3 + / I 7 | n+1 / 1 7 -  1 (3 - / I 7 |n+1

4 /1 7  ( 2 4 /1 7  ( 2 j

31. Let {av . . . , ak} c  {1, 2, be a selection such that av+l av +  2.
Then

«i <  «2 — 1 <  • • • <  a k —  (& — 1).
i.e. {av  a2 — L • • •, ak — (к — 1)} is a ^-element subset of {1, . . . , и — & + 1 }. 
Conversely, for any ^-element subset {+, a'2, . . .  , ajc\ С  {1, . . . , »  — /г +  1}
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the set {a'v а'г , -f 1,.  . . , n'k -f (к — 1)} is a subset of {1, . . . , re} containing 
no two consecutive integers. Hence the answer is

n — к -f 1 

к

32. For any such function /, consider the following polygon: connect (ж, /(a*)) 
to (ж-f 1, /(ж)) and also connect (ж, /(ж)), to (ж, /(ж) — l), to (ж, /(ж) — 2 ),.. . 
. .  . , to (ж, /(ж— 1)) (here /(0) =  l). Also join (re -f 1, /(re)) to ( » + ! . / ( » ) +  l). 
. . . , to (re -f 1, re) (Fig. 24). Then we get a polygon connecting (1, 1) 
to (re -f 1, re) whose edges join neighboring lattice points, and if we move 
along it from (1,1) to (re-f- 1,»), then we always step either to the right 
or upwards. Call such a polygon a step-polygon. Conversely, a step-polygon
connecting (1, 1) to (re -f 1, re) represents a monotonic function of {1......... re}
into itself. Thus it suffices to enumerate such polygons.

Let ev . . .  , e2n- i  be the edges of a step-polygon. There are re edges which 
are “horizontal” and re — 1 edges which are “vertical”. Conversely, if we 
specify which re edges should be horizontal, then we uniquely determine a step- 
polygon. Thus the number of step-polygons connecting (1, 1) to (re -f 1, re) is

I2n — 1
\ n ,

33. (a) We may as well enumerate all monotonic mappings of {1, . . . , re} 
into {0, . . . , re — 1} with the property that /(ж) <  ж. Constructing the step- 
polygon corresponding to such an /, it will connect the points (1,0) and 
(re -f 1, re — 1) and will not intersect the line ж =  у.

I2n_ \ \
We know the number of all step-polygons; it is by the preceding

solution. So, if we enumerate those meeting the line x =  у we will know the 
number of those not meeting this line as well.

Let P  be such a polygon which meets the line x = y  and let (a, a) be their first 
point of intersection. Reflect the piece between (1,0) and (a, a) in the line 
x — y. Then we get a step-polygon P' connecting (0, 1) and (re-f 1, re — 1).

11*

F i g . 2 4
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Conversely, if P' is a step-polygon connecting (0, 1) to (n +  1, n — 1) then, 
obviously, it must intersect the line x =  у and if we again denote by (a, a) 
their first point of intersection, we get a step-polygon connecting (1,0) to 
(n +  1, n — 1) which meets the line x =  y. Hence, the number of all step- 
polygons connecting (0, 1) to (n +  1, n — 1) is equal to the number of step- 
polygons connecting (1, 0) to (n -f- 1, n — 1) which intersect x =  у (Fig. 25).

Now the number of step-polygons between (0, 1) and (n -|- 1, n — 1) can be 
determined as in the previous solution. Such a polygon has 2n — 1 edges, 
n — 2 going upwards. Hence their number is

2 n — 1 
n — 2

F i g . 25

and so, the answer to our problem is

2 n — 11 I2n — 11 1 I2n\
n — l j  I 71 — 2 j 7 1 + 1  ( n j

(b) Denoting by f(k) the sum of the first к digits, the problem becomes 
equivalent to (a).

34. Consider such a sequence and cancel all entries n. The resulting sequence 
has some length k, say 0 <, к <, r and also satisfies the assumption. Con­
versely, if a sequence composed of 1 , , n  — 1 of length к has the property 
that less than i entries of it are <  г (г =  1, . . .), then we may insert r — к
new entries n jwhich can be done in | ways , and get a (1 , . . . ,  тг)-sequence 

of length r with the same property. Thus,

(1) U(n, r) — ^  Í Г g(n— l,k)  (1<Гг<тг),
A' = 0 l к

where g(n, r) denotes the number of (1, . . . , Ji)-sequences of length r with 
the property that less than i entries are < г, г =  I, 2, . . .  .
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Now
(2) g(n, r) =  (n —- r) nr~x
follows easily by induction on n. For n — r, (2) is valid since then, each 
(1,. . . , и)-sequence of length n contains n entries <  n and thus, g(n, r) =  0. 
Let n >  r. Then, using (1),

g(n, r) =  2  ( \  ?(» — 1> *) =  ,r ) (« — 1 — *) (» — l)fc 1 =
k =o [ к  a. = o \  к )

=  2  \ (n -  Dfc -  JÉ 11 k{n -  1)*~1 =  nT - r 2  ~  ! | (n - =A=0.1 « / 4=0 ( к fc=1 К— 1,
=  Пг — Г • nr~x

which proves (2). [H. E. Daniels, Proc. Roy. Soc. A 183, (1945) 405-435.]
35. If we write down the partitions in converse order, starting with the identity 
partition (the partition into one-element sets) and ending with the zero 
partition {S},  we can observe that each row arises from the previous one by 
“sticking two classes together”. In the г111 row we will always have n — i -f 1

' Yh _ 1j I J 1
classes, thus the number of ways to get the (i +  l)st row is 1 .

Hence the number of all such procedures is
In) In — 1 /21 n\ ( n — 1)!
I 2J 2 ”  ’ 12 ) ~  2"

36. Let Pj be the partition arising at the Ith step, P 0 =  {$}; we call the sequence 
P0, P v . . . a splitting procedure. Denote by P\  the partition of 8  — {x} in­
duced by Pj (x £ 8 ). Then P,-+1 arises from Р,- by splitting all classes of Р,- 
with more than one element into two classes, except possibly for a particular 
value i0 of i in which case one of the classes of P'o, though with more than 
one element, may not split: In the corresponding step the class C of P io 
containing x is split into {ж} and G—{x).  Now, let P* and P** denote the 
partitions of C — {x} and S — C induced by P] and set

Q _  [ P'i if i <> V
' (p ;+1u P** if г > v

Then Q0 =  {»S'}, Qv  . . .  is a splitting procedure of S — {x}.
Conversely, let Q0,QV... be such a splitting procedure of S  — {x}. We deter­

mine how many ways Q0, Qv . . . arises from a splitting procedure P 0, P v . . . 
of S. We specify the class C — {x} £Q0 U Qy U . . . . Once we have done so 
we have a unique P 0, P lt . . . .  In fact, the index i0 is the first for which 
C — {x} £ Qi„-x- Hence, we get P, ( 1 <( г <  i0) from Qt by adding x to the class 
containing C — x, and we can construct Р,- (i0 <  г) from Qt by replacing the 
partition of C — {x} induced by Qt by the partition of C — {x} induced by 
Qi-x and adding x as a separate class. It is easy to check that, this way, we 
get a unique splitting procedure P 0, P v . . . from any splitting procedure 
Q0, Qj, . . . of S — {x} together with a specified member of Q0 U Qx U . . . 
Let us calculate \Q0 U Qx U . . . |. Luckily, this will depend only on n. Ob-
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viously, any one-element subset of S — {x} belongs to Q0 U Qx U . . . , this 
makes n — 1. To each C £ Q0 U Q1 U . . . , )C| >  2, let us observe that there 
corresponds a splitting and conversely. There are n — 2 splittings (since 
each splitting increases the number of classes by one) and hence, we have

|Qo U Qi U . . .| =  (n -  1) +  (n -  2) =  2n -  3.
Thus, the number of splitting procedures of S is 2n — 3 times the number 
of splitting procedures of S  — {a:}. Hence, by induction, the looked-for num­
ber is

(2n — 3) (2n — 5) . . . 1 =  (2n — 3) 1!
37. (a) We have to break at each of n — 1 points; the procedure is determined 
if we specify the order in which we break at the different places. Hence, the 
number is (n — 1)!

(b) Let us call such a procedure a breaking procedure. Consider any splitting 
procedure P0, P v  . . .  of an и-element set S  (see the previous solution). We 
may interpret this as follows: whenever we split a class, we specify one half 
of it and put this in front of the other half. So, the classes of the partition 
arising at each step will be ordered and the final partition gives an ordering 
of S; moreover, the splitting procedure corresponds to a breaking procedure 
of the “stick” consisting of the elements of S in the given order.

Conversely, if a breaking procedure and an ordering of S  is given then applying 
the breaking procedure with the ordered set S we get a splitting procedure. 
Let bn and sn denote the number of breaking and splitting procedures, respec­
tively, then the above correspondence between splitting procedures with 
orderings of the pairs the classes are split into and pairs consisting of an 
ordering and a breaking procedure implies

2" ~ lsn =  n ! bn.
sn =  (2n —- 3) (2n — 5 ) . . .  1, and therefore 

h _  2 ( 2 n — 3) (2» — 5) . . .  1 (2n — 2)! _  (2» -  2
n\  » ! ( » — 1)! n \ n  — 1

38. First solution. Consider a bracketed product. The multiplication carried 
out at the last time means breaking the product into two pieces, where inside 
each piece there is some bracketing:

(*!•• •  */) (*«+1 • • • xn).
The two multiplications before this last one mean breaking each half of this 
into two pieces

((Xi . . . ) ( . . .  *,)) ((xi+1. . . )  (. ..*„))
(some of these brackets may contain a single variable only, in which case it 
does not occur). This way we see that the number of bracketings of a product 
with n factors is equal to the number of breaking procedures of a stick of length 
n, i.e. by the previous result,

1 I2n — 2] 
n I n — 1 I
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Second solution. Let f(x) denote the number of closing brackets between the 
first X -f- 1 symbols (x =  1, 2, . . . , n — 1). Then

(a) 0 <, f(x) <; n — 2,
(b) f(x) is monotonic and
(c) f(x) <  x as there are at most x — 1 pairs of brackets between x +  1 

symbols.
Conversely, let f(x) be a function defined on {1........n — 1} with properties

(a), (b), (c), then f(x) uniquely determines a bracketing of the product. It will 
be more convenient to describe a bracketing as a way to multiply the n ele­
ments together (in a non-associative non-commutative structure). Obviously, 
there must be f(i) —- f(i — 1) closing brackets between xt and xi+v and 
n — 2 — f(n — 1) closing brackets at the end.

Now consider the first closing bracket (from the left), multiply the two ele­
ments in front of it and remove this bracket. Again, find the first remaining 
closing bracket, multiply the two elements in front of it (one of these two may 
be the result of the previous multiplication), etc. This must be the same order 
of multiplication as the one prescribed by the bracketing which determines 
f(x). It is also easy to check that we will be able to carry this out, i.e. we never 
get a closing bracket with just one element in front of it, by (c). So we have 
a bijection between functions /  with properties (a), (b), (c) and bracketings 
of products. The functions with properties (a), (b), (c) have been enumerated 
in 1.33, so the result is

1 (2 n — 2
n \ n — 1

39. Let vx..........vn be the vertices of our и-gon. If vt is joined to Vj by a diagonal
in a given triangulation, put a pair of brackets into the product:

*1 - • • (*i • • • Xj-l)Xj.  . . xn_ x.
Then it is easy to see that this bracketing is a “correct” one and conversely, 
from each correct bracketing we get a triangulation. Thus, the answer is

Ti 1 |2и — 4
Dn — г _ >n —- 1 (и — 2

by 1.38.

40. Let vv . . . , vn be the vertices of our и-gon (in this cyclic order). In any 
triangulation, the edge (vv vn) is contained in a unique triangle (vv vn, v,j. 
If к is fixed, we have Dk possible ways to triangulate the &-gon (vv . . . , v k) 
and Dn_k+1 possible ways to triangulate the и-gon {vk+1, . . . , vn). If we set 
XL =  1 this will also be true for к =  2 and к =  и — 1. Thus

Dn — ^  Dk^n-k+l (n 3),
k = 2

D 2 =  1.

NOW let D(x) -  ± D nxn.
n = 2
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Then (1) implies that

D(xf  =  2  Dk Xk 2  D>x‘ =  2  2 DkDl *k+l =  2  X" 2  DkDn-U =
k = 2  1 = 2  к  =  2 1 = 2  n = 4  к  =  2

=  2 D n - i x "  =  X Í 2  A,*") =  x(D(x) -  X 2) .  
n = 4 n=3 )

Hence
D(x)2 — xD(x) -f X 3 =  0,

Since Z)'(O) =  0, we must take the negative sign for x =  0; since D(x) is con­

tinuous, we must take the negative root for x <  —. Thus
4

1 — f i  — 4x
D(x) = --------2--------  ‘ * ‘

Expanding this by Newton’s formula we get

D(x) =  — [l -  J i 1/2) ( - l ) M ^ |  =  J ? ( - l ) ft_1 í 1̂ 2) 22*-1 жл+1.
2 ft=o i i  / *=i \ Jc )

Here

1/2 =  (1 /2 )(-1 /2 )... ( 1 / 2 - +  1) =
.4 A!

=  ( _  d * - i  J L  1 • 3  • • • • ■ №  - 3 ) =  _ L _  1  p  -  2
2k к ! 22к~г к к -  1,

and hence

D(x) =  у  — [21c ~  2 • *Ä+1 =  2  — -—  |2w ~~ 4| *"■Й  4 U  — 1 j n — 1 и — 2 j
Hence the result follows.
41. We may assume n >  4. Let us consider a vertex tq; there are n possible 
ways to choose this. Connect the two neighbors of vx by a diagonal dv Now 
the triangle incident with this diagonal from the other side must have an 
edge in common with the boundary of the n-gon; so its third edge must be 
one of the two diagonals connecting an endpoint of d1 to the neighbor of the 
other endpoint. So we have two possible ways of choosing this second diagonal 
d2. Similarly, if dv  . . . , dt (i <  n — 3) have been chosen, then there are two 
possibilities for di+1. So we have found

n2n~i

ways to choose the point aq and a sequence d v d2, . . . , dn_3 of diagonals 
dividing the convex n-gon into triangles having an edge in common with the
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ri-goii. However, every triangulation (with the required property) has two 
triangles which contain two (adjacent) edges of the n-gon; thus, each is counted 
twice. So the result is

n2n 5.
42. (a) We have

+  n I _  ■y' i n \ =  2n
k = o  k = o  2 &  +  1  a = o к  I

[ft] Г n \ C-*- ] I n ]  n , ln\
V -  ^  =  V  - 1 ) 4  =  (1 -  1)" =  0 ,

Á  m  Ú  U i f c + l J  д  U - j
thus

ff l »I 2! + 0  =  2„_,
k=o Í.2&) 2

(b) We can replace the last term П mj by |И >>l ^ ; then the sum

_ , . . I n  — m 4- 11 n — m 4-11 Im — m 4- 2)oi the last two terms is +  =  ; now
0 ) 1 I 1 j

the sum oi the last two terms is +  — ,
1 i 1 2 [ 2

etc. Finally we get П M (Table 2).
m I

1

1 2  1 

1 3  3 1

t
6 4 1

10 5 1

!0 15 6 1

35 21 7 1 

) 56 28 8 1 

Table 2
71

(c) First solution. Let |E7| — u, \V\ =  v, U П V =  0. Then, is the num-
k

( V \ber of ^-tuples from U, is the number of (m — k)-tuples from
m — к)

ТП [ 'll \ l 1)
V; is the number of m-tuples from U U V, i.e.

a = o U '  \ m  —  к



■ ш  i  f ; i  I * \ H “ + ’ík=o \k)  \m — к) \ m I
Second solution. The coefficient of xm on each side of the identity 

(1 -f z)u(l +  x)v =  (1 +  x)u+v

is the left- and right-hand side of (1), respectively.
(d) The coefficient of xm in (1 — x)u (1 -f- x)u — (1 — x2)u is 0, if m is odd

and U if m is even, 
m/ 2

(в) We have

I к In __ к ! n\  _  та! 1 _
\m m\ ( k  — m) ! k \ ( n  — k) ! m\  (k — m) ! (n — k)\

_ n\  (n — m) ! In)  in — m\
m\  ( n — m) ! (k — m ) \ ( n — A;)! \m) \n — к I

Thus
" к I n _  " n 'n — mj __ n " In — m _  ( n n_m

Á m W  Ы  k=m\m) \n — k) m) j ~ m[n — k} (mj

(f)

2  [* =  J  H  (?) =  у  J  J  ( ? ) *kj =  у  J  i1 +  e;)n =
k = 0 \ 7 & j  A:= 0  \ 7  j = o  )  l & j  7  j =  о  / c = 0 \  I j = о

=  ? :r i  +  2 J c o Ä o s "
7 L j á  7  7  J

(g) Let

Ы  ln — jfc
=  -S' %  л

Then
, — 1 — к) In — & — l \ )  ka" = 1+ii(l 4 J + l .-1 )J* =
Щ l n - 1 - k  k Щ In -  к -  1 k

=  2  r 2 + 2  , , z -
/ с = 0  i  К  I l  «- —  1

The bound — can be replaced by —----- in the first term since к =  —
2\  I 2 2

(if this is an integer) gives a 0 term. Hence the first term is

Г— 1L 2 J (n _  i _  k)
M  I » )

170 SOLUTIONS 1.42
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Similarly, the second term is

И  in — i _  k\ t V ]  in — 2 — к)

Á  l к -  1 ] 5  I к
So we have the recurrence relation
(1) an =  an_ 1 + z a n_2, a0 =  a i = l .
As in 1.28, (1) remains valid if we put a_1 =  0. Then by 1.28,

1 *n+1
i en+1 d " + i _ an+i

an — -------------- - = ---------------- ,
l a  ß — a
1 ß

where a, ß are the two roots of the equation
x2 — X — z =  0,

i.e.
1 -  Vl -  4z a 1 +  Vl -  4z

“ = --------2--------ß = --------------2--------
and thus

1 1 +  У1 — 4г |n+1 1 — V"l — 4z ]n+1
=  |/T ^ te  2 I 2 .

This holds if z ¥=—, i.e. а ф  ß. In case z =  — we can rewrite (1) as 
4 4

1 i 1
a n ~ №n - l —  ~  a n - 1 a n - 2  • ̂ Z A

Hence
1 _  c ^  ,

where from a, — — an =  1 — — =  — it follows that c =  1, i.e.
2 2 2

1 1an ----- an_ t =  — .
2 2"

Thus
1 , 1 1 , 1 1 1  , 1

— ------- -------< + _  1 ---- --------- ------------------  -\------ 2 —
2" 2 2" 2 2"_1 2

1 , 1 , 1  П , 1 71+1
— —' + ----------- №„_2 — . . .  — ------ ------CTq — -------- -- •

2" 2" 4 2" 2" 2"



Í j2,   J
(h) The result is (—l)m . This is clear for m =  0. We prove it

by induction: m ,

(- 1)Л (Г ) =  S 1 ( - 1)* (? )  +  ( - 1)" Í*  =k= o \k)  k=o k) \m

=  M +  ( - i ) m i w| =  ( - i  )m \ n ~ 1 .
m — lj [mj \ m

(i) The number of those (u -j- v +  1 — m)-tuples of {1, . . . , w -|- и -j- 1}
^ I

whose (и +  l)st element is и -f- к -f- 1 is . Summing for
к =  0, . . .  , m we get the result. & ) \m — к

43. (a) The left-hand side can be interpreted as follows: we select к points 
of an то-element set M ; then we select m points out of an «.-element set N  
and the к points chosen before. The result is, therefore, a pair (X, Y), where 
X  С  M, Y c: N  U X  and | Y\ =  m. The number of possible ways of choosing 
this is

m hi к 
;~o к { m

The same enumeration problem can be solved by selecting Y П M  and Y  П N
1тЬ ( 7Tbfirst; if \Y  П N\ =  j, then this can be done in ways; then we
j  [m — j

have to select on X  with Y П M С I  С M, which can be done in 2] ways; 
so the total number of choices is

у  in m 2j
j Ü  4 1 \ i )

(b) Since identity (a) means the equality of two polynomials in n for 
infinitely many values of n, it follows that the two polynomials are identical. 
Thus we may substitute — n — 1 for n and get, on the left hand side,

m | m j | _ » _ 1  +  k\ =  m /TO| ^ _ l )mln +  m - k \  _  (_ 1)m « lm\ (n +  k\
k== U \  771 J k—0 k , [ 771 J k—0 \ k j 1 771 t
The right-hand side becomes

У  M  l ~ n -  M 2* =  у  Г ]  ( -D *  (П +  k\ 2k =  У  h  [П +  *1 (-2)*.
Ú  Ы  к Á \ k )  [ к * 3  UJ I к j

This proves the assertion.
(c)

у  \P Ы In +  к ' _  “ (p Ы  * Ik i n j _
k=o &J U) V +  Я) k=о [к, к j=о \ j) \p Q — j,

=  y (  n I
Ĵ o lp +  q — j) Á  \k) j j )

1 7 2  SOLUTIONS 1 .4 3



1.44 § 1. BASIC ENUMERATION 173

Here

у  v \ [ q \ =  у  И ____________ — _____________=
k=o [&, k) j  Á  Ы  (q — k ) \ j \ ( k  — j ) !

_  y i v \ { q \ \ q  — j  _ l q \ l p  +  q — j\
k=o k)  q — fc] [?'j q )

by 1.42c. Thus the sum on the left-hand side is

y t  n U q U p + q  — j\ _  у ______________nl______________ =
i o  \P +  q — j) Ы  l q ) j ü  (n — p  -  q +  j) \(q — j) \ ( v  — Я! Л  

“ ln\ ip\ In — p \  ln\ “ !p\ In — p  ln\ In

J?o\p) j ) \ q - j )  \ p ] j B ) [ j j \ q  — j )  Ы  q.

by 1.42c again.

(d) This follows in exactly the same way as (b).
(e) We have

x +  *1 _  x \ — у  ( l I ( * I 
n ) n í“ i U ) \n — k)

by 1.42c. Dividing by t and letting t 0 the first expression follows. The 
second one is obtained analogously by 1.42i and

jx -\- t\ hr j _  " It +  к — 1 j /ж — k\
\ n ) \n) k^\\ к I \n — k)

44. We prove (a) by induction on n. For n — 0 it is trivial. Let n >  0. We 
have

— (x -+- у n)n =  n(x +  у -f w)n_1 =  ?г(а: -f- (y -f- 1) +  (n — l))"-1,
9 у

—  f  M  x(x +  k)«~\y +  n -  к )"-* =
эу m j l&j

=  J  Í?) *(* +  k^ n - k ) ( y  +  n -  к)"-1*-' =
kS> l&j

=  n (n ~  1 *(* +  к)*-! ((у +  1) +  (n -  1) -  куп- 1'>~к.
/с=о I к

The two right-hand sides here are equal by the induction hypothesis. To prove 
the identity it suffices to show that (a) holds for any one value of y. Choose 
у =  —x — n. Then the right-hand side vanishes while the left-hand side is



Я (/у)\  ̂ ln
х(х +  к)к-Ц—X — к)п~к =  x j > \  (_i)n-fc(a; +  £)"-! =  

к=о к) к=о \к)
П 'у) Л — 1 / /у* — 1

=  * 2  7 ( - 1)П_А . # * " -' =  л=о */ у=о \ ?

Л  —  1 I 'M _  1  ^

=  X  2  xn~JS(j, n) — О as j  <  n (by 1.8).
7=o j  I

(b) The left-hand side of (a) can be rewritten as

(*| X(x -f к)к~Цу 4- П — к)п~к~1(у +  n — к) =  
k = о \ k )

=  J 1 f ? )  * ( *  +  +  »  -  f c ) " - fc- 1 4 -
гго w

+  J  (ГЫ * +  ^)А_1(г/ +  и -  fc)”“*_1(» -  i ) .
k=0l«/

Here the second term is

» [n x(x +  k)k-\((y  +  1) +  (» — 1) — *)(”- D-* =
A' = 0 I & I

=  n(x -f (y +  1) +  (n — l ))n_1 =  n{x +  у 4- n)"-1 
by (a). Hence

П  f y ) '

J?  ̂ x(x 4- k)k~1y(y -\- n — k)n~k~1 =  (x 4 - у  -f ?г)п — n(x +  j/ +  w)"_1 — 

=  (* 4- У) [x 4 - у 4- n)"-K 

Dividing by xy identity (b) follows.

(c) Subtract — (y 4- w)n_1 +  — (x 4- w)n_1 from both sides of (b) thenx у
we get

l^j (x +  k)k- 1 (y 4- n — £)n_*_1 =  4"{(* +  y  +  n)”_1 -  (2/ +  w)n_1} +

+  у  {(ж 4- у 4- и)""1 — (ж 4- тг)”- 1} .

Letting x, у -*■ 0 we obtain (с).
45.

J  [ * |  / * ( * )  fn-Лу) =  2  ! )  к ! ( ! )  ( »  -  * ) !  I У ,  =
" , (х) ( у \ , 1х 4- V=  J ? n \  * =  »! л J

JT) (А: \п — к) \ п

174 SOLUTIONS 1-45



by 1.42c (strictly speaking, the identity

у  У _ l x  +  y
i~0 \lc) \n — к) I n (

was proved for the case when x, у are natural numbers; but if the polynomials 
on the two sides coincide for every such choice of the variables they are iden­
tical).

Other instances of such polynomials: fn(x) =  xn (then the formula in the prob­
lem is the binomial theorem), fn(x) =  x(x +  1) . . . (ж +  n — 1) (this follows 
in the same way as fn(x) =  x(x — 1) . . . (x — n +  1)), fn(x) =  x(x +  n)n~x 
(this follows from identity (b) in the preceding problem). [See also G. C. Rota- 
-R. Mullin, in Graph Theory and its Applications, Academic Press, New York 
1970, 167-213.]
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§ 2. The sieve

1. Let us subtract from 30 the number of pupils who like mathematics, physics,, 
chemistry, respectively:

30 — 12 — 14 -  13.
This way, however, a student who likes both mathematics and physics is. 
subtracted twice; so we have to add them back, and also for the two other 
pairs of subjects:

3 0 — 1 2 — 1 4 — 13 +  5 +  7 +  4.
There is still trouble with those who like all three subjects. They were subtract­
ed 3 times, but put back 3 times, so we have to subtract them once more to 
get the result

30 — 12 — 14 — 13 +  5 +  7 +  4 — 3 =  4.
2. (a) Let

В =  A x A 2 . . . A k Ä k+i . . . Ä n
be any atom of the Boolean algebra generated by A v A n (with an ap­
propriate choice of indices, every atom has such a form.) Every event in the 
formula is the union of certain (disjoint) atoms; let us express each P(A,) 
and P(A1 +  . . . +  An) as the sum of the probabilities of the corresponding 
atoms. We show that the probability of any given atom cancels out.

The coefficient of P(B)  on the left-hand side is
1 if i  #  0,

0 if к =  0.
В occurs in Aj  iff /  CZ {1, . . . , & } ,  so its coefficient on the right-hand side is.

J ( * )  ( - i ) ' " 1 =  1 -  J P ) ( - i y =  1 -  (1 -  i )fc=  Í 1 l{ k ^ ° ’
yíí Ы  \) I l o  If * =  0.

Thus P(B)  has the same coefficient on both sides, which proves (a).
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To get (b), choose an element x of S by a uniform distribution. Then A,- can 
be identified with the event that x £ A,-, and we have

P ( A, ) =
| £ |

So we have, by the above

P( A1 + . . .  +  An) =  J - (-1)7-1  ^  M i l  =  ^  ( _ 1 ) | / | - . Ш ,
j=  l | / | =У | d |  0 # / < = {  1..........n> Iй !

or, equivalently,

m 1 . . . i „ )  =  i - P U 1 +  . . .  +  ^„) =  i -  2
0#/£ n} l«l

The assertion (b) follows on multiplying by |<S|.
3. Let А ( be the set of integers between 1 and n divisible by p t. Then, for
^ { 1 ......... r},

A t =  П Ai =  {к : 1 <; к <, n, Ц  Vi I Ц 
u i  h i

and so,

\Aj\ = - ^ — .
I I  Viu i

Hence,

< D  <p(n)= 2  ( - D m T T - -i^(T..,r) I I  ViUI
Now I I  Pi ranges over divisors of n; over those divisors of n, in fact, 

u i
which are not divisible by the square of any prime. To write (1) in a neater 
form, define

10 if к is divisible by the square of some prime,y(k) —
(—1)' if к has i distinct prime factors.

Then

<p(n) =  2 ^ r n -
k\n &

Also, one can observe that (1) is the expansion of the product
r 1

<P(n) =  n  / /  1 -  —  • 
i=l Vi

4. Let |X| =  k, Y =  {yv . . . . , yn). Then the number of those mappings 
of X  into Y  which are onto Y is, obviously,

0 if к < n ,
n ! if к — n.
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On the other hand, let A t denote the set of mappings of X  into Y — yt and let 
S  be the set of all mappings of X  into Y . Then we are interested in 
8  — (Ax U . . . U An). By the inclusion-exclusion formula.

и л ) Г =  2  ( - 1)Í IAI-

Here Aj  is the set of mappings of X  into Y  — {yl : i £ I) ,  hence

\A,\ - ( » -  |/ |)A. .
So

tl (tJ \ ft i'Yi
| я - М 1 и ; . . и л ) 1  = ^ ( - i ) y . ( n - j ) k =  ^ ( - i ) " - o  j k,

j= о {? j= 0 \ ) .
which proves the assertion.

If к >  n, the result of the same inclusion-exclusion procedure is the number 
of mappings of X  into Y, which is n ! S(k, n). Thus the result is a new proof 
of 1.8.

5. Put Xj =  0 into a°p — alp  -f- . . . . Then, if we set
p(Xj, . . . , Xj_i, Xj+1, . . . , xn) —

=  P(*i......... *i_i, 0, xi+1, . . . , xn),
we have akp  |Xi==0 =  ok~1p +  akp (a I'-tuple of variables of p either contains 
or does not contain Xj),

lx,=0 =  P\xi=o =  P =  <r°p, so (a°p — al p -f a2p — . . . )|x,_0 =
=  a°p — (a°p +  агр) -f- (alp -f a2p) — . . . =  0.

Therefore, xx . . . xn divides a°p — axp . Since a°p — axp  +  . . . has
degree at most m, it follows that

(0 if m < n ,aup  — cdp + . . . = {
I cxx . . . xn if m =  n.

Also note that akp ( k >  1) certainly does not contain any term of the form 
xx . . . xn; hence c is the coefficient of xx . . . xn in a°p =  p.

We remark that for p(xx, . . . , xn) =  (жх -f • • • +  xn)k an(i  xx — . . . =  xn =  1
we obtain the preceding result (cf. problem 4.3).
6. Let us express P(B) as the sum of probabilities of atoms; we show that 
each atom will have a non-negative coefficient. Let

В — A x . .  . Ah x • • • Ä n
be any atom of the Boolean algebra generated by A x, . . .  , An. Define A[ — 
=  . . .  — Ax =  1, A'k+X =  . . . =  A'n =  0, and let B\ =  fj(Ax, . . ., A'n). Then
В С В i iff B'j Therefore, the coefficient of P(B)  in с(Р(В^ is

Í = 1

Bi 2  В 1=1
by the assumption [Ré].

1 2  L o v á sz
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7. (a) By the preceding result, we may assume that
P( AX) =  . . .  =  P(Ak) =  1, Р(Лл+1) =  . . . =  P(An) =  0.

Then the left-hand side is 1 if к =  q and is 0 if к ^ q ;  the right-hand side is

If q >  k, this sum is, obviously, 0. If q == k, the sum is 1. Finally, if q <  k, then 
£W j _  к ! _  Ik Ik —

j )  I?) ?! O '-  ? ) ! ( * - ? ) !  l ? ) u - ? j

So we have

2  (T-1V+« (*) i4 ~ 9] =  (*] £  (-i)p -*  i* ~ 9 =
i=Q \ q ) \ ) - q )  U ) P q \] — 9

=  (1 — l)k_9 =  0 [K. Jordán; Ré].
I?)

(b) E | p j j  is the expected number of '̂-tuples of the events A x......... A n

such that all j  occur. Since the probability of simultaneous occurrence of 
a given ;-tuple {A it......... A^} is P(Ah . . . A if), we have

E  Í P ? ) |  =  2  P(At l . . . A H) =  Oj.

Thus

Щ&) =  e  2  P?) (* -  =  2  aM  -  1У-
J=o\]l  J 7 = 0

8. By the preceding result, the probability to be determined is

i  J ( - i ) y+? p  Oj =  J  oj2 ( - i)y+f p |  =  2  ai 2  ( - ! ) ’' P ) =
9 = P  7 = 9  U )  JP p  q=p \q) P p  P o M

-  2 aÁ ~ 1)}~P P “  4  =  J ( -  1)У+Р *7
j = p  b  -  P i  jHP \ p  -

by 1.42h [see Ré].
9. Let j  >  0, be odd. Then we want to show that

P(Ä\  . . . Ä n) — <т0 +  О! — . . . +  Oj ;> 0.

By 2.6, we may assume that
P(A,) =  . . .  =  P(Ak) =  1, P(Ak+1) =  . . . =  P(An) =  0.
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The case k =  0 is trivial, so let Ä >  1. Then we have to show that

° ~ 1 + (i)~(*) + ' ' '  +  ( * ) a 0 ,  
if j  is odd. This is clear as by 1.42h,

The case of even j  follows similarly.
10. I. By 2.6 we may assume again that

P ( A X) =  . . . =  P ( A k) =  1, P ( A k+1) =  . . . =  P(A„)  =  0.
Then

H*)' "'-“Ui)'
so what we have to prove is

k\  ̂ n — r l l к 
г ) "  r \r — 1 

[кor, dividing by ,
\r

— r +  1 r n — r + 1
г к — r -f 1 к — r +  1

which is clear [M. Frechet; Ré].
II. We prove the inequality given in the hint by the usual method. It 

suffices to show that

1*1  á - M  *  |  +  ( r - l ) f  *  1 .
Ы  r r -  lj \ r +  lj

This is clear, if к <  r, so suppose k] >r .  Dividing by j , we obtain

i s i . - +  <r +  d ^ = i +  - ü b * .
r k — r 1 r +  1 к — r -f  1

which is obviously true.

So, if ar+1 =  0, we have ar <  -i- ar_v

11. I. Suppose we have such events A 1 , . . . , A n and let / C { 1 , ........ n}.
By the sieve formula 2.2a

P ( f l A i . A j ) =  2  ( -1  ) W P ( A , A j ) =  2  ( - 1  )'k ~J'Pk -
‘ i J  / £ { ! , . .  , n ) - J  J E K £ { l , . . . , n }

12*
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Since a probability is non-negative, we have

( 1 ) 2
J E K £ { I , . . . , n }

for every J  С { 1 .  Also, obviously,

(2) pa = l .
II. We show that (1) and (2) are sufficient. Take 2" atoms Vj (J  Cl {1,. . . ,  n}) 

and define
P(vj )= 2  ( - D |K- ^ k .

J S K £ { I , . . . ,« }

A 0 =  : J  e  {1, . . . , w}},

Aj =  {vj : i £J}  (i — 1......... n).
Then

A , =  J f  A t =  {vj : l c l  C {1, »}}.
i £ I

We claim
p(X) =  2  p (vj)

vjiX
defines a probability measure on Aa and P(A\) =Pi -  Let us show the second 
statement first:

p( A , )=  2  p (vj ) =  2  2  =
/  E  V S  {1 n )  / E J E { l , . . . i ! } rJ Q K c { \ , . . . , n }

2  Рк 2  ( - D IK- JI-
I  Q  К  М 1 , . . . , п }  J C K

Here

у  (_1)|К-Л i 1 lf 1 =  K ’
iQjQK [0  otherwise,

so we have
P(A,) =  pj.

To show P  is a probability measure, we merely note that (1) implies P 0 
while (2) implies P{A0) — 1 [Ré].

12. It suffices to prove the inequality if there is a set К  C {1, . . . , n) such 
that

P{Aj) =  1 lf K ’
0 otherwise,

by 2.6. If К  =  0 both sides are 1. So let К  =И= 0. Then we may assume without 
loss of generality that К  =  {1, . . . , n}- otherwise we could consider the 
subgraph induced by K.  Then the inequality has the form

(1) 1ЭД>|30|.
We prove this together with

(2 ) ) s [ \  >  iax|
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by induction on n. If 6r is a complete graph, then
11

|80| =  », |3£J =  + 1 , ISil. =  0, |3j| =  n,

thus (1), (2) are satisfied. Suppose G is not complete and let, say, n £ V(G) 
be adjacent to 1, . . . , h but not adjacent to h -)- 1, . . . , n — 1. Form the 
subgraphs 6?*, G** of G induced by {1, 1} and {h +  1, . . . , n — 1},
respectively. Denote by 3*, 3** etc. the set 30, etc. for G* and в**. Then an 
independent set of G is either an independent set of G* or consists of n and an 
independent set of G**. Hence

(3) |3,-| -  |3f*| +  |3**-|.
Also, each subset of G* which spans at most one edge is such a subset of G; 
and if X  is such a subset of G**, then X  U {»} is such a subset of G. But now 
G may have other subsets inducing at most one edge, e.g. {1, n). Hence, we 
can only claim
(4) |s;i >  |з;*| +  |з;**.|.
Now by the induction hypothesis,

№  >  |3?|, |3jiii >  |3?*-|,
thus (3) and (4) imply (1) and (2).

The lower estimate follows from (2) exactly as the upper one follows from 
(1) and reads

P ( Ä ,  . . . A n) ^ 2  P ( A j )  -  2  p (A i) ■
i e »i i  € s;

[A. Rényi, J. Math. Pures Appl. 37 (1958) 393-398].

13. Again we may assume

P(Ai) =  1 lf 1 € K  ’
0 otherwise

for some К  cz { 1, . . . , n}. If К  =  0, both sides are 1, so suppose К  ^ 0 .  
Then, we have to show

(1) ^ ( - 1 ) |7|^ 0 .
le s

1£K
Let X be the largest element of K .  In (1), those pairs of terms (— 1)HI, (— 1)141, 
where J  — I  U {x} (x I) obviously cancel each other.

If J  6 3 and x £ J ,  then, obviously, J — {x) £ 9. Thus, in (1), only those 
terms ( —l) !/i are left, where x (f /  and I  U {ж} (j 3. We show all such terms 
are positive. In fact, I  U {ж} $ 3 means

i ( / u  M )  n { i ......... £}i > 2m

for some k; since /  £ 3 we must have

11 П {1......... *}| <2f(k) ,
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whence & !> x and
| / f l  { l , . . . , k } \  =  2f(k).

But /  C  JT C  ( 1 ,  . . . , z }  C  { 1 ,  . . . , i } ,  a n d  thus

| / П{ 1 .......4}| =  |7| =2/(4),
i.e. (—ljlfl =  (—1)2Лк) =  1 as stated.

The lower estimate is clearly the following: Let
3' =  { / c { l ......... »} : | / D  {1, . . . , k} \ ^2 f ( k )  +  1 (к =  1...........»)}

then
P ( Äx . . . Ä n) >  ^ ( - i ) m p ( ^ ) .

/  €  9 '

[F o r  an  acco u n t o f  sieve m ethods, from  th e  n u m b e r th e o re tic  p o in t o f  v iew , 
see H . H a lb e rs ta m —K .F . R o th , Sequences, C larendon  P ress, O xford , 1966.]

14. B y  2.6, w e m ay  assum e

(1) P ( A J  =  . . . =  P ( A k) =  1, P ( Ak + =  P ( A n) =  0.
If к =  0, then P(AIUj) =  0 except when /  =  J  — 0 and then we have to 
show that

1<A1.
which is clear. If к > 0 ,  then we have to verify that

2  */*/ =  ( 2  A')2’
I . J ^ (  1 k) / £ { 1 ........k)

which is again clear.
To prove the lower estimate given in the hint, we may again assume that

P(Ai) =  1 lf 1 € K  ’
0 otherwise

(since the ordering of the indices is involved in the formula we may not assume 
this time that К  is a section {1, . . . , &}). The relation is trivial if К  =  0 
(1 ^  1), so suppose К  #  0. Then we have to show

o > i -  2
I . J Q K  

max / =  max J

Let
K. =  {̂ 1» • • • » kv} , кj <̂  . . . *<! kv1 

then this inequality can be written as

i < i ’ 2 2 M/ = i (  J/)!=4« + i (  */)’-
1=1 I £ K  J c K  1=1 I Q K  1=2 I C K

max I= k j  max J=ks  max I =kj max [=kf

which is clearly true.
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15. We have

2  A/ AypiUy =  2  ĵ Xj Pjuj =  2  X,Xjp,pj  2  —
/J£{l , - ,n)  \1\£к Ий* KQIHJPk

\J\& Ul^fc
because

P/uy =  PiPjlPi nj
and

S' — = I I  [ l+—1= —  •
k q i v j Pk i e mj  * P'l Pm j

Thus

^  ̂ y P /u y  =  2  í r  2  h h P i P j  —
llláfc IKláfc P *  K S /  K s y
lyi f̂c |/|£fc lyî fc

* 2 ^ ( 2 л ^  =  2 . ^ .К РК K £ /  К Рк
1Л£Л

where

(1) Рк — 2  Pi
KGI
1Л£*

Here we can express A7 as

(2) h = ± -  2  ( - 1 ) |К- 7|Рк.
Pi 1ЯК|K|£fc

because the /iK’s obviously determine the A/s and the А/ s  defined by (2) satisfy
( 1 ) :

2  P’ x' =  ^  2  ( - D l-/- / | p y =  2  pj 2  (—i) l-/- / | =  p k *
К £ /  К £ /  / £ У  К £ У  К £ / £ У|/|£Л |/|£/с lyî fc 1У1ЙЛ

Thus we have to minimize

(3) г
I Ki<ft Pk

subject to

(4) ^  (-1)1к1/хк =  I-
|K|£Ac

This can be done either by the Lagrange method or simply by the transforma­
tion:

(5) V  « £ ,*  =  2  f e ( f e y x - (- 1)IK' 1’ +  - .
IkÍ *  Px l ú *  Чх \ Р к <2 J в

where

«  =  2  - ■|К|;£* Чх
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which holds under the assumption (4). Since

(6) Л с = 7 Г - — "(-  1)'K'
Q як

is a choice of the variables which minimizes the right-hand side of (5) and 
also satisfies the constraint (4), we get that the minimum of (3) is 1 /Q and (6) 
gives the extremum. Hence

=  2  (“ 'i)|K- J| 77 — ( - i )|K| =  l ^ £ i  2  — •
P1 isK Q Як QQi z.e{i.....n}-i 4lIKISfc |L|áft-|/|

16. By 2.14,
П А х. . . А п)<^ 2  h^j PUi Mj )

..... n)
for any choice of X, (I C {1, . . . , n) with the only restriction that A0 =  1. 
We will only use A/s that satisfy the requirement A7 =  0 for I  $ %. Setting

P{Ai) — Pi +  -ß/>
we have

( 1 )  P ( Ä1 . . . j 4 n )  ; <  2  ^i ĵ Pi u j -{- 2
i . jex i , jex

As in the preceding solution, the choice

(2) A; =  1)1/1 2  ~
QVl LQ{\,. .. ,n)-I QlLUI£5t

minimizes the first term and then the value of it is 1 /Q, where

« =  2 y -K£Ж Як
We now estimate the second term in (1) when A7 is given by (2). We have

I h \ < ^ -  2ЧЯ1 lc{i, . qL q,LUl£H
because L U I  £ Ж implies L £ Ж. Thus

2  2  f  f  = ‘ Í 2 t }‘ ^ ‘ Í 2 —  ) * £I i,j£H i.JCX- У1 "J \1 (.%Я1 ) 17€зе qt )

<L еМ2 2  — Г  =  еМ* [ f i  Í1 +  — )Г =  ' ',„}qj) \jJi ' q,j) q \ - . - q \

The first term can be estimated as follows:

Q =  2  —  =  2  П  ~ — =  2  П ( Р к  +  Рк +  ■■■)•K£% Як K£% k£K 1 — Pk K€* Л6К
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If we multiply out we get exactly those terms p ' l . . . p ' j  for which J  J  p, >  —  ;
h >  о -M

so we certainly get all terms of this form which are themselves at least
— . Thus 
M

Q > S
and the assertion follows.

17. Let P lt . . . , P n, M  be defined as in the hint. Let us choose one of the 
numbers l, к l, . . . , (x — 1 )ic -f- l at random and let А,- be the event that 
it is divisible by Pj. Set

p , =  П  p i (7 £ {1...........»})•
i€I

x ■ P(Aj)  is the number of multiples of Pj  among l, 1c-\-l, . . . , (x — 1) к -f- L 
Since (Pj, к) = 1 , Pj  has one multiple among pP, ■ к +  l, (pPi +  1) к +  l, • • -
. . . , (pPj  +  Pj — 1) к l for every 0 <  p <  —----1. Hence

Pi

— 1 <  xP(A,) <  [— 1 +  1
Ы "  [p A

and thus

(1) P { A i ) - ± -  < - .
Pj x

Thus if we set p t =  — , e =  — , the conditions of 2.16 are satisfied and hence, 
Pj x

1 sM2P( A1 . .  . A„) < — + --------------------------- — •
S - K )

Now here

S =  У ------------ ,
^  P l{ .  . .  P'j

where the summation extends over all choices of lv  . . . , ln 0 with Pl{ . . .  
. . . P1“ <  M. This sum is exactly

8 =  2  — • m?M m 
(т,к ) = 1

To get a lower bound on this, observe that

2  - l / l í 1 +  - Í  +  4 +  • ■ • U  2  ] : > Xo%M ’
m<,M m )  P \k  l P  P  ) m<,M Ml

(m,k) = 1
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whence

S >  log M ---------- ------------ r =  log M  / /  f 1 ] =  log M ^ - .
/ 7  i +  - ^ + . . .  p \ k \  P)  к
p\k \ P

On the other hand, it is known that

(1 -  P l r . . .  (1 -  Vnf  ^  7 7  (l -  ^ )2 ^  — c—
PZM\ PI  log2M

and thus

i> (A  ■ • • Л )  < ; --------------- +  Ж Ч о^Ж  M _
rp(k) • log M cx cp(k) log X

if X is large enough. Thus the number of primes in the sequence l, к +  l, . . .  , 
- . . , (x — 1) к +  iis

<[ n  +  X  P{ A1 . . . Ä n) < , \ x  +  2,5 — ----- —  <  3 — -----—
<p(k) log * tp(k) log X

if  x is large enough.
18. We prove that

O) 2 d
by induction on n .  This, in fact, will imply that

P ( Ä 1 . . .  A„) =  P (A 2 . . . A n) P (A ± I Ä 2 . . . A n) >  P ( Ä2 . . .  A n) jl -  >  0

because by the induction hypothesis, P( Ä2 . . . A n) > 0  (this assures that 
P( Ay I A 2 . . . A n) is meaningful).

Let, say, 2 ,. . . , h be the neighbors of 1. We have

ví л i л л \ _P(A i Ä 2 . . .  A/j I A/j+1 . . .  A n)
I А г • • • Л-п) —  — — - ----- .

P ( Ä2 . . .  Ä h I Äh+1. . . Än)
Here the numerator is

P(A, Ä 2 . . . Ä h \ Ä h+1 . . . Ä n) <,  P(A2 I Ä h+1 . . . Ä n) =  P( AX) < ,± -
Ы

(as A 1 is independent of A h+1, . . . , Ä n) while for the denominator we have 
P(A2 . . . .  Ä h I Ah+1. . . A n) =  1 — P{A2 +  • • ■ +  A h I A n+1. . . An) >

1=2

Now applying our induction hypothesis with the graph induced by {i, h -f- 1,. . . 
. . . , n} we get

P(Ai \ Ä h+1. . . Ä n) < i —j
2 d



an d  80 p (ä  2 . . .  Ä h I Ä h+1 . . . Ä n) > i  -
2d 2

as h — 1 is the degree of 1 and so it is at most d. Thus
1

P ( A 1 \ Ä , . . . Ä n) < , ^  =  ± .
1 2d
2

[P. Erdős-L. Lovász, in: Infinite and Finite Sets, Coll. Math. Soc. J. Bolyai 10 
(1974) Bolyai-North Holland, 609-627.]

19. We have

P{Ä,  . . . Ä n) =  PC =  0) £  P(C -  >  of) <

^  \ e (C -  <h)2) -  \ { E C 2) -  °l) •a \  a \
Now let

£ 1 if A i occurs,
0 otherwise,

then

c =  Jc,- 
1=1

and thus,

EC2) =  E Í J ’Cf +  2 2  C#Cy) =  »! +  2ff2,
U=1 l< ,i< j< n )

whence

The first step is actually Chebyshev’s inequality;

Р ( С = о) < р ( ( | С - Р ( С ) | > | ^ Р ( С ) ^ ^ | - =  g((C ~  gl)2) •

2 0 .1. By 2.9,
— Í  7Ь

P{ ÄX. . .  Ä n) <.  1 — np +  p2 — <*.
2

II. By Selberg’s method,

P (A  • • • Л )  ^  2  *i *j p i iuj i .

where Я0=  1, Яр} arbitrary. By 2.15, the Я/ s  can be chosen so that the right- 
hand side becomes

1 1 _  о
у  P111 г , np P '

iflli (i - p)pl i  - p

2.20 § 2. T H E  SIEV E 187



III. The preceding formula gives 

by direct substitution.
Obviously, у i> ß, thus II is better than III. However, I and II are incompa­

rable. For let p  be fixed and n —<- oo, then ß —>- 0 but a —► oo, thus II even III 
is better if n is large. On the other hand, fix n and let p -*■ 0. Then the power 
series of ß is

1 np n(n — 1) p2 -(- . .  . , 
which is larger than a if p is very small.
21. It is trivial that sum of compatible matrices is compatible. Let A =  (a;y), 
В =  (bjj) be compatible matrices, AB =  C — {ctj) and suppose c;y- ^  0. 
Since

° t j  =  ^ ih  b k j  i 
к

there exists a к such that aik ^  0 and bkj 0 Hence x, <  xk and xk <  Xj, 
and so, by transitivity, x( <i Xj. Thus C is compatible.

Let A  be an invertible compatible matrix. We may assume without loss 
of generality that xt <  Xj => i <  j  (this can be achieved by indexing appro­
priately). Then, it is seen that all the non-zero entries of A are above the

П

diagonal, so det A =  J  f  au. So au ¥= 0. Now let В  =  (bjj) be the inverse of
i=i

A, and suppose indirectly that it is not compatible, i.e. there are xt ^  Xj 
with bjj ^  0. Choose i here to be maximal. We have

П

2  aik bkj — 0,
k=1

but
a;j bjj 0,

so there must be a к with
aikbkj ^  0-

Since (üjj) is compatible, this implies that xt xk and so, i <  k. By the 
choice of i, bkj ^  0 implies xk <  Xj and so, xt <  Xj, a contradiction.

[Most problems in the rest of this section are based on G. C. Rota’s paper 
in: Zeitschr. f. Wahrscheinlichkeitstheorie, 2 (1964) 340—368.]

22. Define
1 if X: <  Xj ,

Zj j  =  =  J
0 otherwise,

Z — (Zjj). Then the two requirements on ц can be re-written as
ZM  =  I,

where M =  (ж,;) with mi; =  p{xt, xj) and I is the identity matrix. Since 
Zjj ^  0, Z is invertible (see the preceding solution) and so, by the preceding
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re su lt, M  — x is a  co m p a tib le  m a tr ix . T h is defines th e  desired  fu n c tio n  
ц(х, y).
23. Note that if we know у (a, y) for every У such that a <  у <  b, then the 
equation

2  ^ a> = 0
a<*y<,b

uniquely determines y(a, b). Therefore, we can calculate y(a, x) for every 
a £& * <[ b inductively using only elements between a and 6. Hence, if  
a b £ V, a' <J b' £ V' and the partially ordered sets { z f V  : a <[ z <Lb}, 
{z' £ V' : a' <j z' b'} are isomorphic as partially ordered sets, then

y(a, b) =  y(a', b').

(a) We claim that y(X, Y) — (—l)ly- x l (X ci Y  (Z S). In fact,

дйТс» i á  1 t  I | 0  if в - >A.
(b) Here, any interval a <, z < ,b  is a chain. So it suffices to calculate 

y(av an) for a chain
« !  <  a 2 <  • • • <  a n-

We have by definition,
y(av a1) = l .

Also,
^(«l. а г) +  Ma i> «2) =  0,

whence
y{ct 4̂ 1̂ 2) — 1 .

Now, for i >  3,
y{av ax) +  y(av  «,) +  . . .  +  y(av at) =  0, 

whence, obviously,
i«(«i, аз) — . . .  =  y(av an) =  0.

Thus
1 if x =  y,

y(x, y) =  —1 if (x, y) is an edge.
0 otherwise.

(c) We claim that

(!) <Ф, у) = у — ,x

where y(k) is the (number theoretical) Moebius function: if к =  . . . pp
(plt . . . , pr distinct primes), then

^ )  =  i (- 1)r if
I 0 otherwise.
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Obviously, fi(x, у) defined by (1) satisfies y(a, a) =  1. Also, if a ^  b, a | b, then

2  M«. y ) =  2  ?{%) =  2  M«*)-
о lyl b a \y\b \ U I d | 6

Set

A  =  к =  p l ' . . . p*/,

then

2 n ( d )  =  2  Мл. • • • Ph) =  2  r I ( - 1)1' =  °-
d\k ! & , < . . . < /v£r  r=0 V}

24. We have to show
p*(a, a) =  1,

J?? /л*(а, x) =  0 (a fe),
a<a*X<̂*b

i.e.
ц(а, a) =  1,

2  M * . =  °-
b<x<a

The first assertion is trivial. To show the second one, note that, in terms of M  
and Z, it can be expressed as

Z  ■ M  =  I ,
which is obvious, because M  =  Z -1.

25. Let Z — 1 — {Ujj), then
[ 1 if Xj  <  Xj ,

u‘j =  1 1[ 0 otherwise.
Then the (i, j )th entry of (Z — I)n is

2  ®<ft. Uk,k, • • • ukn-i У — 0 ,
ku.-,kn-i

because a non-zero term would correspond to a chain x, <  xkl <  xkt <  . . . 
. . . <  хкп_г <  Xj, which clearly does not exist. Hence

(I -  Z)n =  0
or, equivalently,

J | W) ( - 1  y - ' z ‘ =  i .
ы\ 1*1

Multiplying by M ,  we get
П ( fj \

2  ( - i ) ' - 1# - 1 =  ж .
i=i l 1)

Note that instead of n, we could consider the maximum length of chains in V.
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2 6 .  ^ g ( z )  fi(z, x) =  2  ^ f ( y )  / i( z ,  x) =  ^ f ( y )  2  y(z,  x) =  f(x) .
2 ^ 1  z £ x  у < ,г  y S x  y ^ 2 < x

(Note: setting /  =  (/(жх), . . . , /(xn)), 9 =  (g{x 1), . . . , 0(жл), the definition of g 
means

9 =  f - Z
and the assertion is

/  =  gM =

To get the sieve formula let F consist of all subsets of {1, . . . ,  n}, and let <  
mean inclusion. By 2.23, y(K, L) =  (—1)IL~KI (K czL ) .  Set

RK) =  p ( n A, Я Ч ) .
i$ K  J*€ К

then
!7(L) =  /(*) = Р ( П А )  =  P(A l)

K£L i$L
(K =  {1, . . . , n) — K), and so,

i ( / j i , ) = / ( { i ......... » } ) =  ^  ( - 1)л- |К|а д  =
í= l  KS{1.......n)

=  2  ( - 1  )|k| -P(^k)-
K<={1.......n}

27. (a) We proceed by induction on the number of elements between a and 6- 
If a =  b, then the sum looks like

2  f (°> *)>
x<,b

which is 0 by the definition of y. Let b >  a. Then

2 > ( o , * ) =  2  ( 2  f (o,* )).
x ^ b  а<,Ьг̂ Ь avx=b,

The left-hand side is 0 by the definition of y. All terms on the right-hand side 
with 6X <  b are 0’s by the induction hypothesis. Thus, the last one is 0 as well.

(b) follows immediately from (a) and 2.24 by inverting the order.

28. We use induction on the number of elements below x. If x =  0 the asser­
tion is true (0 is the union of some atoms). Let x > 0 . If a <  x is any atom, 
then, by the preceding result,

2  м°> у) =  °-
У  V Ű = X

Here, obviously, no у  is a union of atoms. So each term with у <  ж is 0 by the 
induction hypothesis. It follows that so is y(0, ж).
29. We have

, ,  , . f l  if fl =  l ,2  y(a, y) =  .
y^a 0 otherwise,



s o  i i (x ,  y )  —  1 .
х,У

On the other hand,

(i) ^  =  2 2  +  ^  ^  -  2  •x,y x£A,y£C x.yeAUB х,уевис х.уев
Here

2  M*> y) =  2  2  Мж> M = 1 >
xjCAUi y£AUB x£y

and similarly,
2  У(х’ У) = 2  2  У(х’ у) =  1 •x.yeßuc , хевис ŷ x

Hence (1) has the form

i  =  2 2  M*> y) + 1 + 1 -  2  rtx>y)>
x£A y£C x,yi в

which proves the assertion.
30. L e t b — {{1}, {2, . . . , a}}  a n d  ap p ly  2.27:

2  Мж>!) =  0XAb=0
or, equivalently,

(i) mo, i) =  -  2  /*(*.x)-
XAf> = 0
x#0

Determine the partitions x with x Л Ъ =  0, x ^  0. Let x =  { A v  • • • V A p} 
be such a partition. Let 1 £ A i say. Then for i > 1 ,  A t =  А,- П {2, . . . , a}

. is a class of x A b =  0 ,  hence \At\ =  1. As x =И= 0, \AX\ ^  2. But A 1 П 
П {2, . . . , ?г} is also a class of x Л b =  0, so [ A x\ = 2 .  So a; is of the form

x =  {{1, г}, {2},. . . , {г — 1}, {г +  1}, . {a}}.
The interval {z : x <, z:<, 1} consists of all partitions which do not separate 1 
and i. This interval is, obviously, isomorphic to the lattice of all partitions of 
n — 1 elements (1 and г “stick together”). Hence

p{x, 1) =  ( - I )""2 (a -  2)!
by the induction hypothesis. Since there are n — 1 partitions x to consider, 
(1) implies

M0, 1) =  - ( a  -  1) ( - l )n~2 (a -  2)! =  (—l )""1 (a -  1)! .

[M. P. Schützenberger].
31. If F is defined as in the hint, we have

ZTFZ =  G.
In fact,

2  2 Zki fki z4 =  2  Zk‘ / » zkj =  2  f{x^ =  2  Л**) = g{Xi л xi ) =  9tj■
A=1 í = 1 k = 1 к кXt£x i xt<Xî Xfxt£xi
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Hence
det G =  det (ZTFZ) =  (det ZT) (det F) (det Z) =  det F =  f(Xj) . . . (f(xk).
If V is only a partially ordered set, then we define F as before and consider

0  =  ZTFZ =  (gu).
We have, as before,

П  П

9tj =  2 2  2 2 zkifu zu — 2  /(**) •
fc= > Í=1 XiáXi

X k ^ X f

We cannot rewrite this in terms of ж, A X j  (as this is not defined) so we have 
to state the formula as follows: let f(x) be any function on V and set

9 i j=  2  f(*)-
X < . X i
x<,Xj

Then
det (giß =  f(xj) . . . f(xn).

Note, that if any two elements xt, x, of V have a greatest lower bound xt A x •, 
then

9ij =  22 №  =  g(-x' Л xi)’
X<Xi/~Xj

where
9(y) =  2 f WxSy

[H. S. Wilf, Bull. Amer. Math. Soc. 74 (1968) 960-964].

3 2 .1. Let V =  {1, . . . , n), let the partial order be defined divisibility and 
g(x) =  X.  We try to apply the preceding formula (V is not a lattice but it 
is closed under the operation x A y  =  (x, y) and so, the same formula holds 
by the remark at the end of the previous solution). To get a suitable f(x) we 
use 2.26:

/(* )=  J2v(y,x)9(y)  =  = Ф )
У<.х у  I x У .

by the solution of 2.3. So the value of the determinant is 95(1) • 99(2) . . . <p(n)

II. This determinant is just 99(1) . . . <p(n) X {the upper left entry in G~1} 
where, as in the preceding solution

G -  ((i, j))?ij=1 =  ZTFZ ,

/ 99(1) 0 \

F =  (fij) =
к 0 <p(n) J

7  -  i~ \ _ _  Í 1 i f  * I J >Z — \Ziih Zjj — 1
10 otherwise.

13 Lovász



Thus
G-1 =  (ZTFZ)-'  =  M F - ' M 7,

where M  =  (m/;),

i“ (4-j if » Im,y =  M
0 otherwise.

Thus the upper left corner entry of 6?-1 is
n  n n ,,2(1.)

л- i  ;=i *=i ?>(«)
Hence

(2, 2) . . . (2, n )

... , " p2(£)
=  v(l) • • • v(n) 2 14 r r -

k = 1 < p ( F )

( n ,  2) . . . (те, те)

33. Let
0 1 . . .  1
1 - 2

0
A — .

0

1 — 2

Consider as a root, then T can be considered as an arborescence and ths 
defines an ordering of V =  V(T): x, <  xJt if the (unique) (x,-, x;)-path contains 
Xj. Then let Z be as in 2.22; we claim that

ZTAZ — D.
In fact, the (г, j)th entry of ZTAZ is

П П
d ' i j —  ^  z k i a k l z l j  —  a k l -

k =  1 / = 1  X k ^ X i X i < X j

Now akl is non-zero only if к =  l or к — 1 or l =  1 so we have

díj =  2  ( ~ 2> +  2  1 +  2 1 =
X t ^ X t . X j  X k < , X i  X l ^ X f

=  —2\d(Xi Л Xj ,  X j )  +  1] +  [d{xh xj) +  1] +  [d(Xj, x j  +  1],

where x, Д  Xj is the last common point of the (x,, x,) and (xv  x;)-paths. 
Hence

d'ij =  d(xh x j  +  d(Xj, x j  — 2d(Xi Д x;, x j  =  d(x„ xj)
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as stated. Thus
det D =  det A =  —(n — 1)(— 2)"-2 

[R. L. Graham-H. O. Poliak, Bell Sys. Tech. J. 50 (1971) 2495-2519].

34. Set U =  Z — I  =  {Ujj). Then Un =  0. Further we have

(I +  U)(I -  U +  U2 -  U3 +  . . . +  ( - l ) " - ! ^ - 1) =  /  +  ( - l ) " “1^  =  /.
So

1 — V +  U2 — U3 +  . . . =  (7 +  U )-1 =  Z - 1 =  M.
Hence

y(0, 1) =  J ( - l  УК,
v = l

where p'v is the (0, l)th entry in Uv; but this entry is

P'v =  J?  « 0 Í . • • • «iv-,1 =  1 =  ÍV
h,...,iv 0<x,-,<...<xiv_i<l

35. Set
?(*) =  г/0(ж) — ^(ж) +  q2(x) -  q3(x) +  . . .

Then

^  ?*(*)•
XSy /£ = 0 x ŷ

Now, let « j , . . . ,  am be all the atoms <  г/. Then ^  qk(x) counts all /^-tuples 
from {av . . . , am}. Therefore, x<y

<2 **<*>= f t )
and so

У , ( х ) =  1 ( - 1 ) ‘ Г  = f ‘ if ”* =  0' i e - ’J =  °-
S y  k? 0  U ) [o  if m >  0, i.e. y >  0.

By the Moebius inversion formula 2.26, we have

4(x) =  Р(У, x) ( 2  q(z)) =  ^(0, x).
VáX 2<y

36. There are three types of elements in L\
(a) elements of C,
(b) elements such that there is а у £ C, with x <  y,
(c) elements such that there is а у £ C, with x >  y.

(a), (b) and (c) partition the elements; in fact, there cannot be any x with two 
of these properties since this would give two comparable elements of C. Also, 
if an x did not have any of the properties (a), (b), (c), then no maximal chain 
containing x would meet C.

113*
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Let us write x <  О and x > C  if (b) and (c) holds, respectively. Consider the 
number qk(a, b) of /.'-tuples in C whose union is b and meet is a, and let a <  C <b.  
Then we prove that

q(a, b) =  J?(  — l)kqk(a, b) =  y(a, b)
k = 2

by induction on the number of elements between a and b. Let a v , am be 
those elements of C between a and 6. We may assume a — 0 and b =  1, 
because {av . . . am} forms a set in the sublattice {z : a <J z <1 b) with the 
same properties as C. We have

2  «*(*•») =  (? |
x< C < y  *  /

and so

(

77) 771
-  =  m — 1.

By 2.29, у  satisfies the same identity:

(2) 2  У)=  2  i“(x> 2/) — 1 =  2  x) ~  1 =  m — I-
x< C < y x , y í C  x iC

Now in (1) and (2) q[x, у ) =  y(x, y) if x ^  0 or у ф  1 by the induction hy­
pothesis. So we must have

q(o ,  i )  =  v(o, l ) .
37. Let a be any atom, then

2  M°> x) =  0
a V x=  1

by 2.27. Since a covers 0, either x =  1 or a V  x =  1 covers x, so x is a co­
atom.

If we use induction on r we may assume p(0, x) has sign ( —1)/'_1 (the rank of 
the interval 0 < z < ^ a ; i s r  — 1, since any maximal (0, x)-chain extended by 
1, forms a maximal (0, l)-chain). So

p(0, 1) =  — ^  p(0, x)
хф \

XV a = l

implies the assertion.

§ 3. Permutations

1. If л, Q are permutations of {1, . . . , n), then

л' - д_1лд
is the permutation arising as follows: we draw the “graph” of л, i.e. w’e connect
i to л(i) for i =  1.......n; then consider the image of this graph by g as the
graph of a permutation л'. Hence it follows that two permutations are 
conjugate iff their graphs are isomorphic. These graphs consist of disjoint 
cycles (corresponding to the cycle decomposition of the permutation). Therefore,



the graphs of two permutations are isomorphic if and only if the cardinalities 
of their cycles are the same.

Hence, a conjugacy class can be described by the cardinalities of cycles. These 
cardinalities form a partition of the number n and conversely, each partition 
describes a conjugacy class. Hence, the number of conjugacy classes of 8 n 
is 7in, the number of partitions of the number n (see problem 1.20).

2. (a) By inclusion-exclusion, the number in question is

2  ( - i ) 1XiSx.
X £ { 1 ........ n )

where Sx denotes the number of those permutations which fix all points in X. 
This number is, obviously (n — ] X  | ) ! So we have

n if, n ( __ 1 \k f,  i
2  ( - i ) 1X| ( r c - \ x \ ) \  =  2 ( - i ) k ( » - * ) !  =  » !  2 ± - г т - ™ — ,

X £ { 1 , n >  k=0 lA'j fc=0 k \  e

where the difference at the ^  sign is less than -------- .
n +  1

(b) If we want to construct a permutation л consisting of a single cycle, 
we can map 1 onto any of 2, . . .  n. This gives n — 1 possibilities. We can 
map 7 t ( l )  onto any o in  — 2 elements etc, if тг( 1), л2( 1), . . . , лк{1) are specified, 
we can choose any of the remaining n — к  — 1 elements for я(ял(1)). Thus the 
number of such permutations is (n — 1) (n — 2) . . .  1 =  (n — 1)!.

3. Let us count the permutations in which 1 is contained in a cycle of length k.
'эд, _ X

There are possible ways to choose the elements of this cycle; there

are (k — 1) ! ways to order them in a cycle and (n — k) ! ways to permute the 
rest. Thus we get

П~  1 (k -  l ) l ( n - 4 ) !  =  ( n -  1)!
\ k - l j

and the probability is
(n — 1)! _  1

n ! n

independently of k, a remarkable fact.
Second solution. Given a permutation л, let us write it as a product of cycles 

(we also write out one-element cycles i.e. fixed points) such that each cycle 
should end with its least element and these last elements of cycles should 
be in increasing order. Thus the first cycle ends with 1. The resulting string 
of numbers can be viewed as another permutation л. It is easy to see that л 
can be recovered from л uniquely: the first cycle of л ends with 1; the second 
cycle ends with the least number not occurring in the first cycle etc.

The length of the cycle of л containing 1 is determined by the position of 1 in л. 
This clearly can be any one of the n positions with the same probability 1 \n.
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4. We count those permutations in which 1 and 2 belong to distinct cycles.
Iy  ̂ 2

possibilities to

к X
select its elements and (k — 1)! possibilities to order them into a cycle; we 
have (n — k ) ! possibilities to order the rest. Hence the number of such per­
mutations is

2  [“ ~~ 1̂ (* -  1)! (» - k ) \  =  ( n -  2)! 2  (n -  k) =
/c=i к — 1/

/ ^  . Mn — 1) n\=  (n 2)! ---------  =  —  ,
2 2

whence the probability in question is 1/2.
Second solution. Consider the coding of permutations introduced in the second 

solution of 3.3. 1 and 2 belong to the same cycle of я iff 2 occurs in n before 1. 
Obviously this happens with probability 1/2.

5. Let 1 <  к <. n, and
1 if г is contained in a &-cycle,
0 otherwise.

Then Ci +  • • • +  i n is the number of points which are contained in k-cycles

and — (Ci +  . . . -f C„) is the number of ^-cycles. Now 
к

W 4 - ( f ! . + ■•• +  &.))= - j -  2 E&i)-к ] k i

Here, by 3.3,

* « < > = 4

and thus, the expected number of /r-cycles is

1 n 1
— 2  =  -j- ■

The expected number of cycles is, therefore,

-----1-------b • • • H-----~ lo g  n.
1 2  n

6. Let я denote the permutation defined by

7t(j) =  the index of the box containing key j.

Suppose we have broken open boxes 1, . . . , k. Clearly we can open the rest 
iff each cycle of я contains one of 1, . . . , k.

198 SOLUTIONS 3.4



3.7 § 3. PERMUTATIONS 199

Consider the permutation л  introduced in the second solution of 3.3. Since 
the cycles of л are ordered in the definition of л  such that their least elements 
are in increasing order, it suffices to require that the least element of the last 
cycle should be at most k; or, by the definition of íz, that iz(n) <Z k. The 
probability that this occurs is clearly kin.

[J. Bognár-J. Mogyoródi-A. Prékopa-A. R ényi-D . Szász, Problem Book 
on Probability (in Hungarian), Tankönyvkiadó, Budapest 1970, p. 56.]

7. We have

n ! pn(x1------ xn) =  JP xi (n) ■ • • 4"(л).

where kt(л) denotes the number of i-cycles of л. Let us consider a point v of 
the underlying set and let Cn be the cycle of л which contains v; let it have 
length ln. Also, let q„ be the permutation of the elements not in Сл, induced 
by л. Thus

n ! pn(xv . . . , xn) =  У  х1ж xkP-‘n) . . . x*”_-£(4
e  71 €  Sn

The cycle Cn with length ln can be chosen (n — l)(n — 2) . . . (n — /„+ 1) 
ways (see 3.3); with each of these cycles, we can pair any permutation o„ 
of the remaining n — ln points. Thus

П

n\p„(x 1, . . . , Xn) ~  ^ ( n  — 1) . . . (n — l +  1 )x,(n — l)'.pn-,(xv ■ ■ ■ ,*„_() =  
1= 1

n

=  J ? ( n ~  1)! xiPn-iix \----->xn-i)
/=1

or, equivalently,
П

n ■ pn(xv . . . , xn) =  2  x,pn_i(x1......... *„_,).
1=1

Set

f(V) =  jj>Pn(xv ■ ■ ■ , хп)Уп.
n = 0

then

f (y)  = 2  n ' Pn(a;i’ • • • ’ xn)yn~l =  2  Pn-i(x v • • • - xn-i)yn~1 =
n — о n = 0 1= 1

=  xi yl~x J2  Pn-i(x i—  , Xn-,)yn~l =  [ j t xi ^ “i  fM-
/=1 n= I U=1

Hence
(in f(y)Y =  Xx +  x2y +  . . . +  xk yk~x +  . . . ,

2 к
1 nf(y) — c  Xxy -\- X2—--- 1- • • • +  xk~-----t* • • • »2 a
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and substitution of у =  0 yields C =  0. Thus
/ 7 /- i

f(y) =  exp Ixfl +  x2 —  +  . . . +  Xk +  ■ • •
\ 2 к )

as stated. [ G .  Pólya, Ada Math. 68 (1937) 145-254; this reference is relevant 
for all problems on cycle index and the “Pólya—Redfield method”; also see 
N. G. de Bruijn in: Applied Combinatorial Mathematics, (E. E. Beckenbach, 
ed.) Wiley, 1964.]

8. (a) The rotation by m decomposes into (n, m) cycles of length nj(n, m). 
Hence the cycle index is

=  2 * # *  2  1 ^ ^ < p ( d ) x r .
m =  1 d\n m<Ln d\n

(m ,n )  = 2

More generally, let G be any group and consider its regular representation as 
a permutation group, i.e. define, for a £ G and x £ G,

a(x) =  xa

Then a is a permutation of the set G which decomposes into \G\jk cycles of 
length k, where к is the order of a; because

xam — x о  am =  1.
Hence the cycle index is

2  x^ ld<p{G, d),
d\\G \

where y{G, d) is the number of elements of order d in the group G.
(b) Let P =  {C1, C2, . . • , Ck}, Cj =  {civ . . . , cin}. A permutation which 

keeps P  invariant can be described as follows. We take a permutation л of 
{1, . . . , &} and к permutations Qi, ■ ■ ■ , 0k of {1, . . . , n) . We denote by 
(л; gv  . . .  , gk)  the permutation defined by

(л, 2j, . . . , Qk)(cij) — ся(|'),е,0)

(1 < , i ^ , k ,  1 ^ . j < , n ) .

Let us determine the cycles of дг, , ok). If, say, (1, . . . , l) is a cycle 
of л, then the iterated images of c1; by (л; qv . . . ,  gky are in C \ , . . .  ,Clt Cv . —  
Thus, the first image which is equal to c1; is the (lm)th image for some m. 
To determine this m we observe that the Ith image of c1; is Cj,- with j' — 
=  Qi (. . . Qx(j) . . . ). Hence, m is the length of the cycle of . . .  q, contain­
ing j. Thus, Ct U . . . U C, contains ki(g1 . . . q,) cycles with length li. Similar 
assertions hold for the other cycles of л. The term corresponding to this per­
mutation is

. . xkn(eu- • eq),
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where the product extends over all cycles (iv . . . i() of n. Summing this over 
all choices of Qlt , gt we get (since for different cycles g(j, . . . , g;, can be 
chosen independently),

П ,
where again, the product extends over all cycles (ix . . .  i,) of n. Since gh . . . g, t 
represents each permutation (n !)i_1 times,

Cf í =  (n\)l~l JiP xkl(!t). . .  xknf n) =  (и! )1 pn{xl......... xnl).
6ii,- • • ,Qii л€$«

where pn(xv . . . , xn) is the cycle index of Sn. Thus

Г 1  ( aAta.-eip . . . ж •• «,)) =  J /  (п\)11)п(х„ . . . , x nl) =
(/i,...,Л) e«, ei, <«i...... <i)

=  7 /  ( W  ! ) , А ' <Л) P n i * / »  • • • > ^ / ) Л К Л )  =  ( »  ! ) *  f [ P n ( x h ■ ■ ■ , Xnl)k,(!,)- 
i = l  /=1

If we sum over я, and divide by к \(n !)k, the number of permutations in the 
group, we get

P k ( P n ( x  1> ■ • • > x n ) ’ P n ( x 2> • • • > x 2n)> • • • > P n ( x k’ • • • > x kn ) ) •

In exactly the same way we prove, that if Г, I \  are permutation groups with 
cycle indices F(xv . . . xk), G(xv . . . , xn) respectively, then the cycle index of 
their wreath product (the group of permutations (я; gv . . . , gk),  where 

g,e Л ) is

F(G(xx......... x„), G(x2, . . . , x2n)...........G(xk, . . . , xkn)).

[G. Pólya, ibid.]

9. By (a) of the previous problem, if we can find two groups which have the 
same number of elements of order к for к =  1,2, . . .  , then the regular per­
mutation group representations of these groups yield a counterexample.

We will find two non-isomorphic groups of order p3 (p > 2 ,  prime) in which 
each element ^  1 has order p. One of these is, plausibly, Gx =  Zpy Z py  Zp. 
Let G2 consist of all matrices of form

/1  a b \
0 1 c ,

Vo 0 l j
where a , b ,c £  GF(p). Since

''l a b \ / 1 X у \ /1  a -fa : b -\- у -\- a z \
(1) 0 1 c 0 1 2  =  0 1 c - f  z ,

О Щ 0  0 1 /  l o  0 1 )
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these matrices form a group with p3 elements. Moreover,

кl a b  1 ka kb -f ac
2)

0 1 с _  0 1 kc
0 0 l j  [ 0 0  1

which follows easily by induction on k. Thus
P ( Г) --  \  \

l a b  1 pa p \b  —------ac\ 1 0 0
l 2 )

0 1 c 0 1  pc 0 1 0
0 0 l j  (o  0 1 [o  0 1

i.e. each element other than 1 has order p in this group G2. Finally, Gx G2 
as G2 is non-commutative: the matrices in (1) commute iff az =  cx. [G. Pólya, 
ibid.]

10. We have

pn(xv —x2, ___ _ ( — 1)” cr„) =  2  (—1 )M*>+ *.<’*> + ••• **.<*> . . . х*-<л> ^

=  —  ( у  x l 'W . . . x ^ W  -  У  **■<">. . . 4»<л)) . 
и - *€S„ д„

Hence
pn(xv x2, . . . xn) +  pn(xv —x2, . . . , (—l)nxn) =

=  Д - 2  ж1,(л) • • • х"”(л) =  ......... Xn)-■ neAn
Thus

,  ,  „  Х г У  +  х г\  +  . . .  +  хк- —  + • • •  X , y - * « • £  +  . . .  +  ( -0 * X * -V- +  . . .2 ,  qn(xv . . . , x n)yn =  e 2 k 4- e 2 k
/1=0

11. Let p _ x — 0, then

j%(Pn -  P n - i ) y n =  ( i  —  y) 2 p ny n =  ( i  —  у ) е*-°h /  =
n=0 n=0

S' £  y*+ln(l-y) I—  g k =o  к  —  gfc=o Л

By our assumption on the x/s, there is a polynomial in the exponent and hence, 
this function is an entire function. Therefore, its Taylor series converges at 
У =  1:

N  2’ X t~ l
lim 2  (Pn -  Pn-i) =  lim =  e*- .

n=0 N ~  oo



12. (a) Obviously,
П

П ! J)n ( x ,  . . . , x )  —  У  + • • • + *«(’') =  2 S n , l ;Xk ■
»es, k=о

Hence
У  Ш . у П  =  eXy + 4  + ... + x^+ ... =  ex(_ ln(1_y)) =  (1 _  y y x  =

n-0 и!

=  j H - * ( - D V  =  J  * +  и _ 1 ]?л
n = 0 Ii /1 = 0 И

Thus

fn(x) =  n ! X  ̂ П  ̂ — x(x -+- \) . . .  {x -\- n — 1) 
n

and
sn,k =  (—1 )”"*«(». k),

where s(n, k) is the Stirling number of first kind.
Second solution. Let r be a positive integer. If a permutation я of a set S has 

exactly к cycles, then xk is the number of ж-colorations of S invariant under я. 
So fn(x) sums these numbers for all permutations я of S =  {1, . . . , n}. A 
given ж-coloration /  of S is counted k\ ! . . . kx ! times, where is the number 
of elements with color i. The number of occurrences of a given sequence 
kx......... kx is n 1/lq! . . . k( ! (see 1.3) and so by 1.4b,

f j \ x , n ! [x +  n — 1
fn(*) =  >  , , - , M  . . . kx \ =  n!

/i,.....kx ! . . . kx ! 1 n
kl + ...+kx=n

If this equality between polynomials holds for positive integers ж, then it 
holds for every value.

(b) Since

/Ad) =  2 ksn.u
k—0

is the sum of numbers of cycles in permutations, the expected number of
cycles in permutations is —  /„(1). Evaluating this,

n ! 1

1 J, ̂  _  Í x(x +  1) ■ . . (ж +  n — 1) ' =  
n ! I n !

_  x{x -1- 1) . . . (ж +  n — 1) flL 1
n ! ж ж 4- n — 1

and thus

~ f n (  1) =  +  - • • +  — ~  log n.n\  1 n
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13. Orient each circuit of such a graph. Let л denote the permutation we get 
this way. Then кх(л) =  к2(л) — 0. Moreover, we get from the same graph 
2к3(л )+ .. .+ к п(я) permutations. Thus, if we form the sum

У --------1--------2к^т‘)+"-+кп(л)

over the permutations associated with a given graph we get 1; and if we sum 
over all permutations such that кг(л) =  к2(л) =  0 we get the number of
2-regular simple graphs. Thus

gn =  У  - - - - - - - - - - - - - - - ■  =  n !  p  10 ,  0 ,  —  —  .
■”  2fr3<31>+-••+*»<*> 2 2 

ki(n)=ks(n)=0
Hence

~ a “ / 1 1 —+..Л
2 ^ y n =  2 P n уп =  еЛз 4 -n^o n \  Г о  1 2 2

_  J< = ______ 1______ _

14. (a) If we join г and j  (1 <, i, j  ^  n) by an edge whenever (г, j) is a pair in 
our partition we get a 2-regular graph; this time double edges and/or loops 
may occur. Similarly as before, we get that our number is

n \ p n | l , l ,  — ,. . . ,•— 
l 2 2

and hence, the exponential generating function is

± V n  (l, l A ”  ■ ■ ’- V  =  e l̂n(,_>,>+2 + T =  J L J L  .
n=o I, 2 2 )  Y l - y

(b) Now join i to j  by a directed edge whenever (г, j) belongs to the parti­
tion. By changing the directions in such a way as to get cycles, we associate 
a permutation with the given partition. As before, we get

2к»(л) + ■ ■ ■ + М»)

permutations from a given partition; but we obtain
^ к г(л) 23Л3(я) + i  к,(л) + . . . + пкп(л)

digraphs (i.e. partitions) from a given permutation. Thus the answer is

3  M *)  оЗка(л) + . . .  + пкп(л)
У  --------------------------- =  n ! pn( 1, 3, 22, 23, . . . )

~ s  2 ,l'»tn +  • • • +  кп(л)

204 SOLUTIONS з л а



and the exponential generating function is
3 2*V3 2k—1v k  V* 1

/1 о  02 0 3  \  n  У + 2  ' y i +  + - " +  ~ ~ k  Y  +  2 ( _ l 0 g ( 1 _ 2 y ) )pn( 1, 3, 22, 23, . . .) у =  e 2 3 k =  e 2 2 —
ül

=  [G. Baróti].
П - п

15. (a) Obviously, the number of permutations having no fixed point is

n \ p n(0, 1, . . . 1).
The exponential generating function of these numbers is

J X ( 0 ,  1, . . .  l ) yn =  eT + ^ +'"+ T +--- =  e-y-mo-y) =
n = о

P  ^  7/ 1/2
=  --------= { l + y  +  y * + . . . )  +  . . .  ,

1 — у 1! 2 !
whence

n ( — l lk 1
PB(0 ,1 ......... 1 ) =  ^ - L r rL ~ — •UTo к l e

(b) The number of permutations consisting of exactly one cycle is, by 
3.10, the coefficient of x in the polynomial

x(x -f 1) . . .  (x +  n — 1),
i.e. it is equal to (n — 1)!.
16. Let kv . . .  , kn be integers, 1 <1 kt <. i. We claim that there exists a unique 
permutation л with л(к) =  kj. Since л(п) denotes the number of integers 
1 5s Í <1 n with n(j) л(п), if follows that л(п) — n — kn +  1.

Suppose we have determined what the values oin(n),n{n— l) ,. . .  ,л(п — jfc -(-1) 
are. Then л(п — к) must be the number in the sequence obtained
from (n, n — 1, . . . , 1) by deleting л(n), . . . , л(n — к -f 1). It is immediately 
seen that in this way л(n), . . . , ?r(l) are uniquely determined by kn, , k l 
and they form a permutation of {1, . . .  ,n) .  Moreover, this permutation л
will satisfy 7i(i) =  kj (i — 1 , ......... n) by the construction.

Let us determine
n ! == kh......... n(ir) =  ki),

where 1 <1 kt <  г are given integers. The values л(г), i =̂ =iv . . .  ir can be 
chosen arbitrarily; hence

n ! P f a i )  =  ku, . . . ,  n(ir) =  ki) =  / /  i

1 áíán
and thus

Р(Щч) =  ku, . . . , л(гг) =  кЛ =  ——-—r .
*i • • • *r
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Thus

P f a i i )  =  К ...............n ( i r) =  k ir)  =  J l  Р ( л ( г р) =  k i , ) ,
v = l

which shows that n(l)......... n(n) are independent. [C. Rényi and A. Rényi,
in: Combinatorial Theory Appl. Coll. Math. Soc. J. Bolyai 4, Bolyai-North- 
Holland (1970) 945-971.]

17. (a) By the remark in the hint, we have to determine the expected number 
of integers i with n(i) =  i. Let

 ̂ _ 1 if i(i) =  i,
0 otherwise.

Then we are interested in

W i  +  • ■ • +  U  =  2  =  0  =  J - ~ log ».
1 = 1 (=1 1 = 1 t

(b) The probability that i , . . . , ik (and only these) are records is, by the 
preceding solution,

* 1 ( 1 ) 1
I l y  U  i - y h - i  П  ( « - D
» = 1  К i îu- -,ik\ * /  n ! í # í i ,

and thus, the probability that there are exactly k records is

n  '• 1 <.h< - .<U-*Zn n \
where s(n, k) is the Stirling number of first kind.

Second solution: Observe that in л (see the second solution of 3.3) the last 
elements of cycles of л are exactly the “negative records”, i.e. those elements 
which are not followed by any smaller element. Thus the number of “negative 
records” in ii is equal to the number of cycles in л. Therefore the number of 
permutations with k “negative records” is the same as the number of those 
with k cycles, which is \s(n, k) \ by 3.12a. The number of permutations with 
k records is clearly the same. [C. Rényi and A. Rényi, ibid.]

18. (a) If we consider the same random permutation of {1, . . . , n) as in 3.16, 
then the winner is the last i with n(i) =  i.

A strategy is a function which associates with each sequence (я(1), . . . , л(/с)} 
(1 У  k <  n) one of “yes” or “no”. The value of a strategy is the probability 
that the first “yes” is after the winner. Since there are finitely many strategies, 
there is a best one. Furthermore, if we are late, i.e. come after the &th jump, 
then we have to follow a strategy which says “no” for the first k jumps. Ob­
viously, there are optimal strategies among these, too.

Let us denote by Ak the event that a (fixed) optimal strategy (with k “no”s 
first) wins, and put P(Ak) =  pk. Observe that A k is independent of the order 
of the first k jumpers. This is heuristically clear and can be shown as 
follows: Let

P(Ak I i ( l )  =  lv . . .  , л(к) =  lk) =z qu...... h
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and let пь be maximal among the numbers q (1
Then define a strategy which says “yes” for a sequence (л(1), . . . , я(г)) iff 
our original strategy says “yes” for (mv  . . . , mk, л(к +  1), . . . , я(г)). 
The probability that this new strategy wins is qmx,...,mv whence

4l\-,lk =  P(Ak) — pk-
*1 ufr.b

We must have equality here, whence q,: h — pk.
Now let к <  « Then ’

(1) P{Ak) =  Р(л(к 4* 1) =  к -\- \ }P[Ak I л(к -f- 1) =  A; — l) +
+  Р(л(к -f- 1) <  к -f- l) • P(Ak 1л(к 1) <  к -(- l).

Here the second term corresponds to the case when the (k -f l)st jump is 
not a record. In this case we obviously will not bet on this jump; hence we say 
“no” and follow the optimal strategy after к -f- 1 jumps, i.e.

P(Ak 17i(k +  1) <  к +  1) =  P(Ak+11 n(k +  I) <  к +  l) =  pk+v
By 3.16,

Р(ж(к +  1) <  к -f l) =  —- — .
' к +  1

If the (k -f l) st jump is a record we have two choices. Either we say “yes”, 
then we ли in with probability

P(n(k +  2) <  к +  2, . . . , л(п) <  n) =  A ± _ L . . . ZL=_i =  Í ± I ,
к -j-2 n n

or we say “no”, in which case we follow the strategy after к +  1 “no”s and 
have a chance of

P(Ak+1! n(k +  1) =  к -\- l) =  P(Ak+l) =  pk+1.
Thus

fc i i
Pk(Ak I л(к +  1) =  к +  l) =  max -------- , pk+l .

Since

Р (л (к +  1 ) =  k +  1 ) = —Д— ,
' к +  1

it follows from (1) that

. . .  Pk+i 1 \ , к / 1  к
(2) p k  =  max 1 - ,  —  +  ------- ~Pk+i =  max Pk+1, — + -—— - p k+1 .

к +  1 n I A ; + l  n Л; -)- 1

This makes it possible to determine p n_ v pn_2, . . . recursively. If we arrive 
after the (n — l)st jump we have to bet on the last jumper and win with 
probability

pn_! =  Р(л(п) = n ) = — .

3.18 § 3. PERMUTATIONS 20T



Now define pk for к =  n — 1 ,. . . , 1 recursively as follows:
1 I k

P n - i  =  — >Pk =  —  +  - , -  P k+ l-n n к -f- 1
Since

Pk ^  1 ! Pk+i 
к nk к -f- 1

it follows that

fe =  JL +  .. 1___+ . . .  + ___ ____ + ___ -___,
к nk n ( k 1) n(n — 2) n(n— 1)

O)
к I i , , 1 1  к n

Pk  =  —  T +  • • ■ + ---------- Г ---------- l o g T -n \ k n — 1 I n к

Now we have p n .̂1 =  pn- k, let к be the largest index with pk ¥^Pk- Then
1 к 1 , к „

P k  ^ -------b  - — -  P k + 1  — ---------b  ; P k+ 1W & +  1 » « +  1
and so,

P k =  Pk+ V
(2) then implies that

Pk =  P k - 1 =  • • • = ? ! •

This & is the largest value for which

P k + 1  > --------b  - — ■— — p k + 1 —  P k .
и к -f 1

i.e. by (3),

(4) —----- — +  • • • H-------- - >  1 •
к +  1 n — 1

This value of & satisfies
1 71 1 7  11 иlo g --------1, к +  1 ^  — .

к -f- 1 e

о т 11 , , 1 )  т . п г . . jSo pm =  — -----b  • • • H-----^  — log — for m > k ,  and p x =  . . . =  pk+1 =
и [m n) n m

=  £ +  1 1 J_| ^  J
n (& -b 1 n) e

(b) The solution above already contains the optimum strategy. If к is such 
that pk <L Pk+v then we get equality in (2), by the argument before it, if 
we say “no”; but if pk > pk+, and we have a record we have to say “yes”. 
Thus we have to say “no” for the first к cases, where к is the largest number 
such that (4) holds. After this, we say “ves” to the first record. [ J. Bognár et ab, 
loc. cit. at 3.6.]
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19. If there is no triple i <  j  <  к with n(j) <  n(i) <  л (к), then each i <  j  
such that n(i) >  n(j) also satisfies л(i) > jr (j +  1); thus, n(j) <  n(j +  1),
i.e. the mapping n is monotone. Conversely, if л is monotone, there exists no 
i <  j  <  к with n(j) <  n(i) <  n(k). Suppose indirectly that there is such a
triple. Consider n(j), n(j -}- 1)......... л (к). In this sequence there must be two
consecutive terms л(l), л(1 -f- 1) such that л(l) <  л(г) <  л(l 1)- Then any 
V <  l -)- 1 with зг(г) >  n(l 1) also satisfies v <  l and л(г) >  л (I); moreover, 
г satisfies г <  l and л(ъ) >я( / )  but n(i) <  л(1 +  1). Thus л(1) +  1),
a contradiction.

Thus, the number we seek is equal to the number of monotone mappings 
cp of {1, ,n }  into itself such that 1 <[ rp(i) i. By 1.33, this number is

1 Í2n\
n +  1 \ n j

20. If л is any permutation, then the number of pairs г <  j  with я(г) >  n(j) 
is, for a fixed j, equal to n(j) — 1. Hence the total number of inversions is

(я(1) — l) +  (л(2) — l)  +  • . . +  (л(п) — l).
Thus, the number of permutation with exactly к inversions is the number 
of solutions of the equation

xi xn =  к
in integers satisfying 0 <  ^  i — 1 (я, will be n(i) — l). This number is,
similarly as in 1.20, the coefficient of xk in the product

1(1 +  x) . . . (1 +  ж +  X2 +  . . . +  xn~1).
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21. Suppose we have a very large tank with sufficient gasoline in it to go 
around the track. Let us start at an arbitrary point and go around. Stop at 
each station and buy all the gasoline in it. Then returning to the starting 
point we end up with the same amount of gasoline we started with, by the 
hypothesis.

Let A be the point, where the amount of gasoline in our tank was minimal. 
Then clearly A is at a gas station. Now if we start at A we can clearly go around 
the whole track.
22. Define ascending and descending sequences as in the hint. Let л be an
arbitrary permutation and Cv . . . , Ck its cycles. Assume Xj >  0 for 
i =  1, . . . , p, but <C 0 for i =  p  1, k. jtCi

We claim each of the cycles Cv . . .  ,Cp has a unique decomposition into 
arcs which are ascending sequences. Let, e.g. C1 =  (1, . . . , r). Let us imagine 
Cj as a speed track (cf. 3.21), in which each positive x, corresponds to a gas 
station containing x, liters of gasoline, while each negative xt corresponds 
to a piece of the track which takes —xt liters of gasoline to travel (there may 
be two gas stations immediately after each other or two consecutive pieces 
of the route with no gas station between them).

Going around the track we gain some gasoline, since xx +  . . . +  xr >  0. 
Let us keep on going around. Take those gas-stations after which the amount 
of gasoline in the tank is a record. There is at least one such station, since 
the amount of gasoline increases at each turn, and trivially if we return to

14 Lovász
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a record point the amount is a record again. The pieces of the track between 
two consecutive record points yield the desired decomposition of C into arcs 
which are ascending sequences. It is also easy to verify that there is no other 
such decomposition.

Similarly we can decompose each C,, p  +  1 <: i <  Ic into descending arcs. 
So each permutation л yields a decomposition of {1, . . . , n) into disjoint 
ascending and descending sequences.

Now suppose that we are given a partition of {1, . . . , n) into и ascending 
and V descending sequences. Let, e.g. 1, ,m  be those numbers occurring 
in ascending sequences. Compose cycles each element of which is an ascending 
sequence in this partition and other cycles whose elements are the descending 
X sequences. The number of ways to do so is clearly и \v !. In each case we ob­
tain a permutation л  such that Ъ(л) — x x -j-  . . . xm.

Now let us arrange the и ascending sequences of the given partition into a 
linear order, followed by the v descending sequences. The number of ways 
to do so is и \v !. This results in a permutation g of {1, . . .  ,n }  such that

a(g) = = * ! + . . .  +  xm.
It is easy to see that, conversely, every permutation g is obtained from a 
unique partition into ascending and descending sequences.

So every partition of {1,. . . ,  n) into и ascending and v descending sequences 
corresponds to и \v ! permutations л and the same number of permutations 
g, and Ъ(л) =  a(g) for each such л and g. This proves the assertion.

It is interesting to remark that this result has important applications in the 
theory of orthogonal series. [F. Spitzer, Trans. Amer. Math. Soc. 82 (1956) 
323-339.]

(b) Following the hint, take x x=  ... =  xm =  1, xm+1=  ... =  x 2m =  — 1 in (a). 
Let я be a permutation of {1, . . .  , 2m}. This clearly corresponds to the boys 
and girls forming “rings” to dance. The condition that the number of boys 
is equal to the number of girls in each “ring” is clearly equivalent to Ь(л) =  0. 
The number of n’s with this property is, by (a), the same as the number of 
permutations g of {1, . . . , 2m} such that a(g) =  0 .  Each such permutation 
yields a sequence of l ’s and (— l) ’s such that all sums of the first r of them 
(r =  1, . . . , 2m) are non-positive. Each such ± 1 -sequence corresponds to 
(ml)2 permutations n with a(g) =  0. The number of such ±  1-sequences is, 
by 1.33b,

1 Í2m 
m -\- 1 \ m

So the number of permutations g with a(n) =  0 is

1 (2m\ (м у  =  1 2 в )! .,
m \ \ m) m 1

Dividing this by the total number (2m)! of permutations we obtain the proba­
bility as desired.
23. (a) The set of all fc-gons can be split into classes, where each class contains k- 
tuples arising by rotation from each other. We want to determine the number 
of these classes.
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In a class, there are the n rotated copies of a k-gon K. These are not all differ­
ent however; if c(K) denotes the number of rotations which map К  onto it­
self, then the class contains ——— elements. The sum

c(K)
2 C(K)
к

7Ьover all convex &-gons counts the class containing К  c(K) ■ —-----=  n
times. Thus, we want to determine the number C(K)

-  2 < K )-n к
Let us consider how many times a given rotation is counted in Lc(K). If it is 
the rotation by m, then we get all convex &-gons invariant under this rotation

7bas follows: we split the n-gon into --------- arcs of length (m, n) and specify
k ( m ,  t i )  . ^----- -----points on one of these arcs. The other arcs must contain rotated

n
copies of this tuple and therefore we uniquely determined a convex k-gon 
Thus, the number of convex &-gons invariant under the rotation by m is

1 (m, n) '
k{m, n) jf n\k(m, n)

n
0 otherwise

and thus,
( (m,n) \

k(m’ n) , n 1
n\k(m ,n )

7bIntroducing here d =  ----- —, we find that d\(n, k) and there are exactly
(m, n)

9>(d) terms with the same d, and thus

^  К ^  d\(n ,k) I «'/Я,

(b) Proceeding as before, we consider the number c(a) of rotations keeping 
a given ^-coloration a invariant. Then

~ 2  «IП a

is the number of essentially different ^-colorations. If we consider the rotation 
by m, there will be ^-colorations invariant under it and thus,

-  2 c<a> =  -  2  k(n,m) =  ~ 2  v W  k~d ■7b a 7b m = l 7b щ п

14*
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24. Let Vv . . . , Vk be the orbits of Г, |F, | =  щ. Let x £ F,- and denote 
by Гх the subgroup fixing x. Then the right cosets of Гх in Г  consist of those 
permutations in Г  which map x onto a given element of F,. Hence Гх has index 
tij and

1Л1 =  — •n,
Now let кх(я) be the number of fixed points of the permutation л. Then the 
average number of fixed points is

1 i i i ft I Г\
7 ^ 2 ^ = —  2  l^ l  = T F T ^ « < V '  =  *-
M l  л£ Г  M l  x €  {! ,-•• , л} / M I / — 1 W'i

25. Consider
2 '  2  =  2 Ŵ  lr xl>

л £ Г  л ( х ) =Х х £ П

where Гх is the stabilizer of x. Let Vx be the orbit containing x, then

\ГХ\ =
\VX\

and thus

2  2 ’ »(*) =  2 w^ ~ n  =  2 2 Ŵ ^  =  \ r \ 2
яеГл(х)=х x€ß | b x [ © x i @  |b'l ®

26. If we define
n(f) (*) =  f{n{xj)

for /  : D — R and л £ Г, then л can be considered as a permutation of the set 
Q of mappings of D into R. By Burnside’s lemma 3.24, the number of orbits 
of Г  on Q, i.e. the number of essentially different mappings of I) into R, is equal 
to the average number of fixed points of elements of Г, acting on Q.

Let л £ Г. Then f £ Q is a fixed point of я  if
/(я(х)) =  f(x) (x £ D),

i.e. if /  is constant on the orbits of Г  in T). Let к(л) be the number of orbits 
of я in D, then the number of such mappings /  is, obviously, |Ä|k(7l) and hence, 
the average number of fixed points of elements of Г  in Ü is

=  |Д|).
\í 1 лег

27. Consider the permutation group Г 2 =  f x f j ,  acting on Ü, defined by

((jr, g)f) (ж) =  Q(f(n~1(x))) (я £ Г, q £ Г, f  £ Q, x e D)-
Then we have to determine the number of orbits of Г.,. By Burnside’s lemma 
3.24, this is equal to

(1) - ^ T T  • 2  2 ^
I1 \ • l1 ll легеел
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where кг(л, о) is the number of fixed points of the permutation (л, g) £ Г 2,
i.e. the number of mappings /  (  Й such that

(2 ) e( f (n~4x)) )  — f(x)

holds for each x £ D. To determine this number, let kt(n) =  kh k,( g) =  lt 
(i =  1 , 2 , . .  .). Let Cv . . . .  ,Gk be the cycles of л and с,- £ C\. Now note that 
the values /(Cj), . . . , f(ck) uniquely determine /; for by (2),

(3) /Ис,)) =  e-'(/(c,))
and every element of D can be written as я'(с,-) with some t and i. Also, (3) 
must hold for t =  |C,|:

f(d) =  gic<l f(ct) ,
i.e. the length of the cycle of g containing f(ct) must divide |C,|.

Conversely, if /(c,), i =  1, . . . , к are given such that the length of the cycle 
of о containing /(c,) divides |C,-|, then (3) defines a fixed point of (л, g). To se­
lect the image of a point ct with |C,| =  m, we therefore have

2 dlä
d\m

possibilities. This can be done independently, hence
1̂1 / \ km

4 ^ q) =  П  \ 2 dlA ■
m = \ \d\m  I

Thus (1) can be written as
1 1  |D| 1U”) 1

77ГГТ n  2 2  П 2 ЛШ  «, ( й .),
P  ll  M I e i p n e r  m = I \d\m  P  ll  е€Л

where
wm(e) =  _^dkd(g).

d\m

To express this in terms of F  and G, observe that

F^u^g), u2(g), . . .) =  F  ( — ,  — ,  .  .  . 1  e u '<<?>* + М е ) г , . . .
1 9 ^ 1  Э ^ 2  J Zi= 0

and here
OO CO o o  o o

2  Um(o)zm =  ^  2  dJcd(e)zm -- 2  dkd(e)
m=  1 m = \ d\m d=  1 s=l

Thus

_ __  's? F — — ,  8  ,  .  . . 1  e u ><e ) 2i + u ‘<e ) z ‘ + - - -  =
1Л1 ein, (92! ’ dz2 ’ )

=  F| ~ .  ir• • " I t f t  2  П =
O ^ i  0 ^ 2  \ l  l l  е € Л  < / = l

=  F  í—  , —  ,  . . . ]  C ? ( e z i + z »H— , ß 2 z , + 2 z , +  . . . ,  .  .  . )
[ Э z1 dz2
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and so, the number of essentially different mappings is

F G(eZi+Zt+- - , e2z‘+2z<+---, . . .)
9sq 9z2 ( Zi=0

[N.G. de Bruijn, loc. cit. at 3.7.]

28. We use the same notation as before. The group Г 2 keeps invariant the set 
Q' of all one-to-one mappings of D into R. We want to determine the number 
of orbits of Г2 in Q'. As before, this is equal to

i?rVr -  2  *;<»■ Й.о I ' M ii »£г вел
where А'[(я, g) is the number of those one-to-one mappings of D into R which 
are kept fixed by (л, q).

Let Gv . . . , Ck be the cycles of л. Then, again, it suffices to determine the 
image of a representative system {cv . . . , ck}, ct £ C,-. Moreover, since /  is 
one-to-one, /(c,-) must belong to a cycle of n of length |(7,|. Let Cv . . .  , Cki 
be the cycles of л of length i (say), then we have i ■ lt choices for the image 
of c, £ G\; c2 £ Go cannot be mapped onto the same cycle of and thus, we have 
i(lj — 1) choices for the image of c2. Going on similarly, we will have

(Hi) ( i(h -  1 ) )  • • • (i(h - k , +  I ) )  =  ik‘h(h —  1)  • • •  ( I/  —  hi +  1)

possible ways to map cv . . .  , cki. Since the images of cycles of л of distinct 
length will be automatically disjoint, we can choose them independently and 
therefore

Щя, e) =  f /  iki h(h -  l ) . . .  (/, -  kt +  1)
i=i

and hence, the number of essentially different one-to-one mappings of D 
into R is

1 1 |D|
—  ~  2  2 n ik,(n)k№  ( Ш  - ! ) • • •  ( Ш  -  Ыл) +  1).
\ i  I и ii л е г ^ г м

Now observe that

_L £ i j i№>Me){4e)  -!)■•• -  Un) + i) =
14  I И £ Г ; =  1

=  F [— , —  , . . .) (1 +  zJKM (1 +  2 .  . .
(9«! 9z2 2i=o

and thus, the result is

—  2  F (— , —  •■• • (1 +  (1 +  2 г г)Ш . . .
l-f\l e€A \dz1 dz2 zj= 0

=  f (— , —  + z v  1 +  2 z 2, . . . )  .
(dz1 9 z2 zj=o
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29. Following the hint, consider а у £ Г; let Cv . . . , Gk be its cycles. We prove 
that

(1) 2<1п{у)хп = П Л х  1*1).
П=1 1=1

In fact, the coefficient of xn on the right-hand side is

rp, • • •
vlt • •
Evi\ Ci\ = n

and clearly this is the same as the number of mappings satisfying (*) which 
are constant on each of the sets Cv  . . . , Ck.

Now (1) can be rewritten as

2Яп(у)*п =  П г ( х 1 ) кЫ.
n = 1 j=  1

By Burnside’s lemma 3.24,

a n = —  £  9 n ( v )
l1 \ var

and hence

2 a nxn =  -L - 2 g n(y)x" =  - i -  J ? / J r(xJ)kiM =  F(r(x), r(x*), . . .).
n=i \l \ rer \1 I yzr]= i

[G. Pólya, loc. cit. at 3.7.]

30. Let D  be the set of n forints, R the set of к people who get them. A distri­
bution of the forints is a mapping of D into R. Since all forints are alike, two 
distributions /, g are essentially the same if there is a permutation л of D 
such that

f(n(x)) =  g(x) (x £ D).
By 3.26, the number of such distributions is

pn(k, . . . ,k),
where pn(xv  . . . , £ „ )  is the cycle index of Sn. By the solution of 3.12,

n  , ,  (n +  к — 1Pn(k, • . . , k) —
n

31. Let \D\ =  n, |JB| =  N  >  n. Two mappings f , g : D —»R  induce the same 
partition of R iff

9 (x) =  e(f(z)) (x £ D)

for some permutation q of R. Thus, the number of partitions of D is, by 3.27,

P n =  М Ц  p N(eZi+z‘+-- - , e2z’+2z<+- -  , .  . .) =  (— 1 p N(ez, 1, . . .  1)
ß z i ) zí=о 1 j  2=o
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P
i.e. —— is the coefficient of zn in the Taylor series of pN(ez, 1, . . . 1), for any 

n !
N  >  №. Since by 3.11,

lim pN (ez, 1, . . .  1) =  ef~1,
P
—2- is the coefficient of zn in the power series of ef 1 as well; i.e. 
n !

OO p

y f j l - z n =  е'г~К
и « !

§ 4. Two classical enumeration problems 
in graph theory

П

1. We use induction on n. For № =  1,2 the statement is trivial. Since d, —
1 =  1

=  2n — 2 <  2n, there is a d, =  1. We may assume d n =  1. Remove vn. In 
any tree under consideration, vn is adjacent to some Vj, 1 <  j  <  n — 1 and 
the removal of vn results in another tree on {vv  . . . , vn_1} with degrees 
d v , dj_v dj — 1, dj+1, . . . , dn_ v  Conversely, if we are given a tree on 
{г?х, . . . , with degrees d1; . . . , dj_ 1( dj — 1, dj+v . . . , dn_ 1 then
joining Vj to vn we get a tree on {wj, . . . , vn} with degrees dv  . . .  , dn. 
The number of trees on {vx, . . . , «n_x} with degrees dv . . .  , dj_v dj — 1, 
dj+ v . . .  , dn_ x is

_______________________(№— 3)1_______________________
(dx-  1)1. . .  (d j _x -  1)! ( d j -  2) 1 (dJ+1-  1 ) ! . . .  (dn_ 1 — 1) 1 '

= ( d j -  ! ) ( » -  3)!
(dx -  l ) \ . . . ( d n -  1)1'

This is also valid if dj =  1 since, then it is 0. Thus, the number of trees on 
{vv  . . .  , vn} with degrees dv  . . .  , dn is

V  1*J - 1) (TC.- 3) ! =  Г у  (d. - 1)1______ t * - 3*1-______ . =
Я  (dx -  1)! • • • (dn -  1)! J (dx -  1)! . . . (dn -  1)!

(n — 2) (n — 3)!
= (dx -  l ) \ . . . ( d n -  1)! ’ 

which proves the assertion [see В].

2. The number of trees on n points is

(n -  2)! ( » - 2 ) 1
d u . j L n  (dx ~  I ) ! - - -  (dn -  1)! “ t ó о ! • • • К  ! "

rfj+ ‘ • • -\-dn=2n — 2 Лх+.^.+Лп—я 2

=  (1 - -. +  1)"~2 =  №n-2 [A. Cayley; see В].
П
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3. p x(xv . . . , xn_v  0) =  2  x̂ t(v̂  1. .  .x„TSv“~̂  ', where the summation extends 
over all trees having an endpoint at vn. If we set S =  T — vn, then S is a 
tree on {vx, . . . , гп_ л) and conversely, for any tree S on {w,, . . . , vn_ ,} we 
can get n — 1 trees with an endpoint at vn by joining vn to a point of S.. 
For these trees T, we have

r dr ( v , ) - l  T dT —  r  ~d,s(Vi) 1 ds( v „ _ 0 - lX] — XjXt ,

where j  is the index for which Vj is adjacent to vn. Hence
£  â ) - \  _ xdr(Vn)-\ =  (X] +  X/j )) .
T

T —vn = S

and, summing over all trees 8  on {ux, . . . , и„_г}, we get

(1) pn(xv . . .  , xn_ v 0) =  (*! +  . . .  +  xn-i)  Pn- i(xv  • • • . *n-1)- 
Now we prove by induction on n that

(2) pn(x j......... xn) =  ( * ! + . . .  +  x n )n ~ 2-

By (1), we may assume

pn(xv . . .  , x n_ v  0) =  (*i +  • • • +  - 2.
Set

P * ( x  ..................... x n)  =  ( « !  +  . . .  +  x n)n ~ 2-
Then

pn(xv . . . , xn_ v  0) =  p*(xv . . . , xn_v  0)

and similarly, if we substitute 0’s for any non-empty set of variables, p n and 
p* become identical. Hence, using the notation of 2.5,

<*kPn(x i .  • • • ,  * n )  =  O k P * ( x v  ■ ■ ■ > *n )

for к =  1, . . . , n. Now by 2.5,

Pn -  <*iPn +  °гРп +  • • • +  ( - 1  )nanp n =  0,
P* -  P*n +  o2p* -  . . .  +  ( —1 )nanp* =  0

because pn, p* are of degree n — 2 <  n. This implies that p n =  p*.
The Cayley formula now follows on substituting xx =  . . . =  xn =  1 

[A. Rényi, in: Combinatorial Str. Appl. Gordon and Breach, 1970, 355-360].

4. If we contract each T t onto a single point vt (i =  1, . . .  ,r), then any tree
on V containing T v . . . , Tr is mapped onto a tree on {®x, . . . , vr}. Let us 
count how many distinct trees on V are mapped onto a fixed tree T' on 
W ........vr} =  V.

If, for each edge (i\, Vj) £ E(T'), we choose a (Tu Tj)-edge we will get such 
a tree and, obviously, any tree on V which is mapped onto T' can be obtained 
in this way. The number of selections of such trees is

П  I v  (T j) I • I v(Tj) i = y /  i v  (T j) \ir
iE(T)  i =  l
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and hence, the number of all trees on V containing T v . . .  , T r is

^  f [ \V (Ti) \dT̂ ,
T ' 1 = 1

where the summation extends over all trees on V'. By the preceding formula, 
this is equal to

\ V ( T X)\ . . . \ V ( T , ) \  ( j F(2\)| +  . +  \ V ( T r) \ y - *  =  |F (2\)| . . . \ V ( T r)\  |F|'->
[J.W. Moon; see В].

5. (a) Let bv . . . , bn_1 be the indices of removed points. Let us see how to 
determine bt, if we know the Prüfer code.

bt is obviously different from bv . . .  , bi_v a,-. Also, 6, ^  ay for j  >  i; for 6, 
is removed and it cannot be the neighbor of an endpoint at a later step. Con­
versely, if к (J {bv . . . , bj_v ait . . . , an_i},  then vk is an endpoint of 
T  — {vbi, . . . , ; otherwise it would be a neighbor of a point removed
at a later step. Thus,

(1) bi — min {& : к $ {bv . . . , bt_ v ah . . . , an_ J } .

Thus, the Prüfer code uniquely determines the numbers bt. Since (vat, vb{) 
are the edges of T, the Prüfer code uniquely determines T.

(b) Let (av  . . . , an_ x) be any sequence of integers with 1 a,- <C n, an_x =
=  n. Define 6, recursively by (1) and join vat to % for i =  1, . . . , » — 1. 
We claim that the resulting graph I6 7 is a tree with Prüfer code (av . . . an_ 1). 
Both assertions will follow, if we show that vbi is an endpoint of the graph 
T t =  T  — [vbi, . . . «(,!_»} and no point with smaller index is endpoint. 
We have

va, Í V(Tt)
because at =^bv . . .  , bl_ i by (1). Thus, vb( has a neighbor in T r vbi cannot 
be adjacent to any other point of Tf, for suppose {vap vbj) is another edge of 
T i adjacent to hh then j  ^>i as vbj £ V(rl\) and either bt =  bj or b( — a;, 
which both contradict (1). Hence vbi is an endpoint of T t. This proves that 
T  and all Т / s are trees.

Now suppose that T t has an endpoint vk with к <  bt. Since к did not come 
into consideration when defining 6, by (1), it follows that either к — bv, v <  i 
or к =  aj, j  >  i. Now the first possibility does not occur because vbv £ V(Tj), 
so к =  dp j  >  i. Since an_ 1 =  n > b t >• k, we have j  < ,n  — 2. By the argu­
ment above, vbj is an endpoint of Tj  and its neighbor is vaj. But va, =  vk 
is an endpoint of T h and therefore it must be an endpoint of Tj too. Hence 
V(Tj) =  {vap vbj} which is impossible as Tj has n — j -f 1 3 points.

The Cayley formula follows immediately: The number of sequences (av . . . 
• • • an_i) with 1 <, a, <, n, ап_х =  n is, obviously, rt"~2 [A. Prüfer, Archiv 
f. Math. u. Phys. 27 (1918) 142-144].
6. If T  is a tree on V =  {vv . . . ,  vn} and e g E{T), then T — e consists of two 
disjoint trees, which together cover V. This way we get (n — 1) Tn such pairs.
Let T', T"  be two disjoint trees which together cover V; let \V(T')\ =  k, 
\V(T")\ =  n — к, гу £ V(T'). Then we have k(n — k) possible ways to add
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an edge joining T' to T" to obtain a tree on V. Thus the pair (T ', T") arises 
from k(n — к) trees T. The number of such pairs T ' , T" is, obviously,

n  ̂1 T T
\ k - l ) TkTn- k

and hence,
n- 1  _  i  \

(1) 2  , Т кТп_кЦ л - к )  =  ( п - \ ) Т п.
k?i к — lj

Since in — lj n — 1 in — 2
к — lj n — к \k — lj

the result follows. Observe that substituting Tn — та"“2 we obtain one of 
Abel’s identities.

To get Cayley’s formula note that by changing the index to n — k, we get 
from (1),

Tl—\ (yj _ _  "I

(2) 2  г Т к Т п_ к Ц п - к )  =  ( п - \ ) Т п
k= 1 ß ,

and hence, adding (2) to (1),

(3) 2  h  TkTn_k k(n - k )  =  2(n -  1 )Tn.
k~\ 1*1

Using induction on n, we know
Tk =  kk~2, Tn_k =  (n — k)n~k“2 (1 <; * <  та -  1)

and so, the left-hand side of (3) is
П - 1  l - Y ) \

2  \ *fc_1 (n — k)n-k~1 =  2(n -  1)та"“2
A=I l*.

by Abel’s identity 1.44. This proves that
Tn =  nn~2

[0. Dziobek, Sitzungsber. Berl. Math. G. 17 (1917) 64-67].
7. (a) The recurrence relation in the last problem can be written in the form 

T  n-i l-т, T-L n _ -i -L к _____ n—к________

(та — 2)! _  í” i (к — 1)! (та — к — 1)!
and thus

°o /77 oo ( n  —  1 I f  r p  r p

(1) ~у n xn~2 — "V "V n-k xn- 2
&  (» -  2)! &  *Ti (* -  1)! (та -  * -  1) !j

The right-hand side is the product of the power series
oo 1. /77 oo /77

T ------- -— and ----- -— a;"“1
Ú ( k - 1 ) \  í Á ( n -  1)!

and thus, (1) yields ^ t(x)
{ X  ) X
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or, equivalently,
' И Г

(ln —  ’ =  I 2 L J - =  t ‘(x),
X t(x)

X
In t(x) _  Q

X

Ä  =  c • e'M.
X

Substituting X =  0 we get c — 1, thus
X — t(x)e~{(x\

(b) By the Cauchy integral formula we have for n^> 1,

1  (0) =  (̂ )! (f) =  -<-» -  ^  (f), &,
n ‘Inin  T  zn 2n in T  Ш)е~‘Щп

c c
where C is a small circuit around the origin. Since t'(0) =  1 ^  0, the mapping 
t is a homeomorphism in a small neighborhood of 0. Hence t(C) is a simple 
closed curve around 0 and hence,

( 1) =  =
2nin T  (we~w)n 2n in T  wn

t(C ) t(C )

Here
1 X ewn J— r(D —  dw2я t j wn

t(C )

is the coefficient of хп~г in the power series

C  (xn)k
á  h\

Hence
( » - U I  _ » - ■  =  n „ _ ,

n (и. — 1)!

[G. Pólya, Acta Math. 68 (1937) 145-254].

8. First, let the endpoints vv . . . ,  vn_t be specified. Then, by 4.1, the result is

a )  2•
f c » - l + i + . . . + & « = n - 2  ^n—l + l  !  •  •  •  •k&l
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because d x =  . . . =  dn_( =  1 in this case. Now observe that
(n — 2) !

k n - l + l  • • • • k n  •

is the number of ways to partition n — 2 objects into l labelled classes (i.e. 
there is a first, second, . . . class specified), where the ith class contains kn_i+l 
elements. Thus, (1) counts the total number of partitions of те — 2 objects 
into l labelled non-empty classes. Thus, (1) is equal to / ! S(n — 2, l).

(tvSince we have not specified the endpoints, they can be chosen in |  ̂ ways. 

Thus, the number of trees on те points with exactly n — l endpoints is

И|/ ! 5 ( т е -  2,1) = — —— S ( n - 2 , l )
l ) (те - 1 ) 1

[A. Rényi, Mat. Kút. Int. Közi. 4 (1959) 73-85].

9. (a) We may assume without loss of generality that the nttx row of A has 
been removed. Let В  be an (n— 1) X (те — 1) submatrix of A 0. We claim that

± 1  if the subgraph G' formed by 
edges corresponding to columns 

det В — in В is a spanning tree,

0 otherwise.
We use induction on n. Suppose first there is a point vt (i ^  те) which has 

degree 1 in G'. Then the i th row of В contains exactly one dzl (all other entries 
in this row belonging to В are 0). Expand det В by this row. The resulting 
(те — 2) X (те — 2) determinant det B' will correspond to G' — v, in the same 
way as det В does to G'. Since G' is a spanning tree of G iff G' — vt is a span­
ning tree of G — v( and |det B\ =  |det B'\ the assertion follows.

Secondly suppose no point of G has degree 1, except possibly vn. Then G' 
is not a spanning tree. Since \E(G')\ — n — 1 <  те, there must be a point 
having degree 0 in G'. If this point differs from vn, then В has a 0 row and 
det В  =  0. If this point is vn, then each column of В  contains a 1 and a — 1, 
thus the sum of rows of В is 0, hence det 5  =  0.

Now use the Binet-Cauchy formula:

det A0A l  =  27(det B)2,

where В ranges over all (те— 1)Х(те— 1) submatrices of A 0. Since by 
the above,

1 if В corresponds to a 
(det B f  =  spanning tree,

0 otherwise,
the assertion follows.

(b) The (i, j)th entry of A 0Ai' (i ^  j) is the inner product of the ith and j th 
rows of A0. In any column of A () but at most one, one of the ith and j th entry
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is 0. In the column corresponding to the (i, j)-edge (if any) we have a -j- 1 
and a —1. Thus the (г, j)th entry of A 0 A is —1.

The (i , i)th entry of A 0Aq is, obviously, the number of non-zero elements 
in the ith row of A 0, i.e. the degree of vt. Hence the (i, j)th entry is

the degree of v( if i =  j,
— 1 if Vj and Vj are adjacent,

0 otherwise.

(c) The number of trees on n points is the same as the number of spanning 
trees of K n, i.e.

n - 1 - 1  . . .  - 1  1 1 . . .  1

— 1 n — 1 . . .  —1 —1 n — 1 . . .  —1

— 1 —1 . . .  n — 1 —1 —1 . . .  71 — 1
П — 1

(by adding all rows to the first one)

1 I . . .  1

0 n . . .  0

. j

0 0 . . .  n j

(by adding the first row to the others)

== nn~'2
[G. Kirchhoff; see Biggs].

10. Let us orientG in someway to get a digraph G and define E(G) =  {ev ... ,em},

— ][xiXk if ej =  («,, vk),

— V*iXk if ej =  (vk,Vi),

0 if е} is not adjacent to vt (1 <, i n, 1 <T. j  <  m),
and set

Л  =  K ) K A -
Then it is easy to check that

D =  A 0Al.
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Let В be an (?г — 1) X (w — 1) submatrix of A0. We claim that

—d7,(14) if—dr(iin) if the columns of В  correspond to a
det B =  ' ^ ~ ' X± i X,x spanning tree,

0 otherwise.
This follows by induction on n in the same way as in the solution of 4.9. 

By the Binet-Cauchy formula,

det A0A l  =  2  (det B )2 =  ■ • • a # < 4
r

where T ranges over all spanning trees of G. This proves the formula.

11. We have to determine the number of spanning trees of the complete 
bipartite graph K n m. It follows from 4.9 (or from 4.10 by setting 
xx =  . . . =  xn =  1), that

n m — 1

m  . . .  0 — 1 . . .  — 1

0 . . .  m —1 . . . —1
T(Kn,m) =  ;

— 1 . . .  —1 n . . .  0

— 1 . . .  - 1  0 . . .  n

add all rows to the first one, then add the first row to each of the last m — 1 
rows, and then we get

1 1 . . .  1 0 . . . 0

0 m  . . .  0 —1 . . .  — 1

T(Knm) =  0 0 . . .  m  — 1 . . .  — 1 = m n - i nm-i.

0 0 . . .  0 n . . .  0

0 0 . . .  0 0 . . .  n
12. (a) Let E(G) =  {ev . . . , em} and let A k denote the set of those trees 
on V(G) containing ek; we denote by S the set of all trees on V(G'). Then, 
by the inclusion-exclusion principle,

m
(1) T(G) =  S -  у  A k =  2  (—1)|K| \AK\,

к — 1 K Q { l , . . . , m }
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where
Ав =  S, А к =  П Ах .

kíK
We determine \AK\. Set

EK =  {ek : k £ K } ,  GK =  (V(G), EK)

and let X ^ ,  . . . , X ^  be the sets of points of components of GK. If GK 
is not a forest, then obviously, A K =  0. Suppose GK is a forest. A K consists 
of all trees on V(G) containing GK. By 4.4 the number of such trees is

Also, I i f  I =  n — rK and hence, (1) yields

T(G) =  £  ( — l)"-^ |X iK>| . . . |2Г<*>| nr*~2.
K S { I .........m )
Ge  is a  forest

For a fixed partition {Х г, . . . ,  X r} the number of terms К  with {.X|K), . . . ,  X ^ }  =  
— {Xj, . . . , X r} is, obviously,

T ( G [ X , ] ) . . .  В Д Х , ] ) ;

thus, if we sum over all partitions Í l1; . . . , X r of V(G), we get

. . .T (G [X r]) |Xd . . . \Xr\ n'~2 

as stated [H.N.V. Temperley; see В].

(b) First solution. By 4.9,

T(G) =
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Add all rows to the first one, then add the first row to all others; we get

2q — 1 n — 2q

0 1 1 1 . . .  1 I 1 . . .  1

— 1 n— 1 1 0 . . .  0 ! 0 . . .  0

— 1 1 n—1 0 . . .  0 j 0 . . .  0

T(G) =  ■ I
____________________________ ;_i__________—  1 0 0 0 . . .  0 I и  . . .  0

- 1  0 0 0 . . .  0 I 0 . . .  n

Now add — times all columns to the first one; we getn
2q — l n -2 q

1 1 I . . .  \ 7 ~ ~ 1n i

О I 71—1 1 I I 0 . . .  0
I I

О I 1 n— 1 I I 0 . . .  0

t {G )=  : j I ■ . I

0 ! 0 0 1  I n . . .  0

0 I 0 0 ! I 0 . . .  n

71 —  2  71   1  1  Í — 1

= ------ -- nn~2i = ( n  — 2)1 nn~i~2.
n 1 n — 1

Second solution. In the formula of 4.12, it suffices to consider those partitions 
(X\, ■ • • , X r) in which every X t is one-element or consists of two points

q

adjacent in 0. There are ways to select j  such classes, thus
Ш

T(G) =  N” (—l)n~(n~J)2Jnn~J~2 =  nn~q~2 (n — 2)i [L. Weinberg, see В].
У-o J

15 Lovász
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(c) We shall only give in detail the solution based on (a). Here it suffices 
to consider partitions (X x, . . . , X r), where X x contains v and some j  points 
adjacent to v and all other X (’e are one-element. The number of such
partitions j ̂  j • Thus we get

T(G) =  j g  ( - 1  4 . 1) nn-j~2=  n"-2(( 1 -  xfx) '  x =
J=0 j  x=n

I 1 19 1 W-l 1
=  nn~2 1 -----— — nn~2 q 1 ------- —  =

( n J ( n n

=  (n — q — 1) (n — 1)9_1 wn_9_2 [Р.У. O’Neil; see В].

13. (a) Draw the tree so that a is the uppermost point, and departing from a 
we descend  w hile th e  o th e r  en d p o in ts  a re  on  th e  “ g ro u n d ” . I t  is c lear th a t  
each  b in a ry  p lan e  tre e  can  be  d raw n  essen tia lly  u n iq u e ly  in  th is  w ay . T h e  e n d ­
p o in ts  d iffe ren t fro m  a  h av e  a  n a tu ra l  o rdering  v lt . . . , vk; going  a long  th e  
“ g ro u n d ”  line  in  th is  d irec tio n , we h a v e  a to  o u r le ft. N o te  th a t ,  from

\E{T)I =  — (к +  1 +  3(2n - k - l ) ) = 2 n - l ,
2

we have к =  n.
The tree can be considered as a diagram to calculate the product xv . . .  xn. 

The variables are associated with the endpoints on the ground, and every 
inner point represents the multiplication of the two products corresponding 
to the two points immediately below it. Thus the number of binary plane 
trees with 2n points is the same as the number of bracketings of a product

1 I2n_21
of n factors, which is — by 1.38.

n n — 1
(b) Consider the + 1 -sequence defined in the hint associated with a rooted 

plane tree. It follows trivially by induction that the sum of the first к entries 
is equal to our distance from the root after having walked along к edges. This 
sum is therefore positive, except for к =  2n — 2, when it is 0. Conversely, 
given a sequence of n — 1 ( +  l) ’s and n — 1 (— l) ’s such that the partial 
sums are positive, there is a unique rooted plane tree with this code. In fact, 
we can build up the walls and the walk around them step-by-step as follows; 
we start from the root. Assume the walls corresponding to the first к entries 
have been built up, and we are where we have to be after к steps in the walk. 
If the next entry is -f- 1, we attach a new wall and build it for a while, always 
having it to our left. If the next entry is — 1, we do not build but just walk 
along the wall toward the root (keeping it to our left). It is easy to check that 
this is a correct “decoding”. So the number of plane rooted trees on n points 
is equal to the number of sequences of n — 1 ( + l) ’s and n — 1 (—l)’s such 
that all partial sums are positive. This number is

1 (2 n — 4
n — 1 ?г — 2
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by 1.33b. [G. Pólya, Acta Math. 68 (1937) 145-254. Note the relation between 
the results of parts (a) and (b); cf. D. A. Klarner, J. Comb. Theory 9(1970) 
401-411.]

14. First solution. Draw an arbitrary tree T  with points v 1.......vk. Then any
forest F in which v v  . . . , vk are in distinct components and which has к 
components gives, together with T, a tree containing T0; and conversely. 
Thus the result is the same as the number of trees on n points containing 
a given /г-point subtree; this number is, by 4.4,

(1) E(n, k) =  knn~k~1.

Second solution. Let F be one of the forests on {u1, . . . , vn} having к — 1 
components and such that v v  . . .  , vk_ 1 are in distinct components T v .. .
. ■ ■ ,T k_ v Let vk d V(Tj) and remove the edge adjacent to vk which is on the 
(vk, г,-)-path. Then we get a forest F' which has к components and vv . . . , vk 
are in distinct components.

Let us see how many times a given forest F' occurs. Let F' have components 
T[, . . . , T'k, Vj £ V(T'). Then we have to join vk to a point of V(T[ U . . . U 
U T'k_ x), which gives IF)?7] U . . . U ?’]_ ,)I =  n — ] V(T’k)\ possibilities.

Now, unfortunately, n — \ V(T'k) | depends on the special choice of F'. But we 
can sum this over all permutations of vv . . . ,  vk. Then a given F' will be counted

( * - 1 ) !  Í > - |  V(T\)\) =  ( k - \ ) \ ( n k -  n)
Í = 1

times; on the other hand, we get from each forest F  with к — 1 components 
(tij, . . . , vk_ 1 in distinct components) к ! forests F'. Hence

к ! E(n, к -  1) =  (к -  1)! n(k — 1) E(n, k)

or, equivalently,
h _ i

(1) E(n, к — 1) = -------- nE(n, к).
к

Hence

Е(п, k) = -- k' пЕ(п, к +  i ) = — k . ~ к + ..1 п*Е(п, к +  2) =
* +  1 к +  1 к +  2

к f c + l  п — 1 „ .=  . . . = -------- -—-----. . . --------- пп К Е(п, п).
к +  1 к 4 - 2 п

Since Е(п, п) — 1 by definition, this gives
E[n, к) =  кпп- к~К

Since
Т(п) =  Е(п, 1) =  пп~2,

we have obtained a new proof of the Cayley formula too [A. Cayley; see В]. 

15*
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15. Select one edge entering each point x =̂= a. Then we get an arborescence 
T  rooted at a; for we have n — 1 edges (n =  | V(G) ) and for each x, we can 
find an edge (xv x) £ E(T); then an edge (x2, aq) £ E(T), etc. The same point 
cannot occur twice in the sequence x, xv x2, . . . ,  because G is acyclic. Hence 
there is a unique {а, ж)-path in T  for every x, and, consequently, T  is an 
arborescence rooted at a.

Conversely, every arborescence rooted at a occurs in this way. Hence the 
number of such arborescences is

хфа
where d~(x) is the indegree of x.

16. We use induction on \E(G)\. If \E(G) \ <  n — 1, then A(G) contains a column 
which is identically 0. So we may suppose \E(G)\ > n — 1. Also we may 
assume no edge enters the root vn, because such an edge plays no role.

Suppose first that there is a point, say vv  which is the head of at least two 
edges. Split the edges entering v1 into two non-empty classes Cv C2. Since any 
arborescence contains exactly one edge which enters v v the number of all 
(spanning) arborescences of G is equal to the sum of the numbers of arbo­
rescences of G — C1 and G — C2. On the other hand, all but one row of A(G — C,) 
are the same as those of A(G)\ the first rows of A(G — 6’,) and A(G —- C2) 
add up to the first row of A(G). Hence

A(G -  CJ +  A(G -  C2) =  A(G).

Since by the induction hypothesis, A(G — Ct) is the number of spanning 
arborescences rooted at vn in G — C'h the assertion follows.

In the case remaining, exactly one edge enters each point vit 1 <; i <; n — 1. 
If G is an arborescence, then we have to show

A(G) =  1.

To show this we may renumber the points in such a way that, if vt is joined 
to Vj, then i >- j. Then the matrix A(G) has 0’s above the diagonal and l ’s 
in the diagonal, whence A(G) =  1 follows.

On the other hand, assume G is not an arborescence. Since each point ^  r, 
has indegree 1 and thus, \E(G)\ =  n — 1, G must be disconnected; let, say, 
vv . . . , vk form a component of G which does not contain vn. Then the sum 
of the first к rows of A(G) is 0, hence A(G) =  0. This completes the proof.

(b) Replace each edge e of G by xe parallel edges. Then the number of ar­
borescences in the resulting graph G', rooted at vn is

• • • xen̂ i>

where the summation extends over all (n — 1)-tuples {ev . . .  , en_ l} of edges 
which form a spanning arborescence. Let xei =  yv, if e; =  (vv, v )̂. Then

>' f l  y1T(Vih,
T i = 1
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on the other hand, this is equal to

2 an vj  “122/1 • • • a i , n - i U i
m

“ 2 1 У2 2 а 1* У ]  • • •  ~~ а 2 , п - 1 У 2
A(G) =  •

“ п  — 1 , 1 У n — 1 “ п - 1 ,  2 У п - 1  ■ • • ^  a j , n - l V j
j¥=n — l

Since this equality holds for any choice of y, such that у,- >  0 and y, is an in­
teger, it holds identically [see В].

17 .1. It is easy to prove that if л has no fixed points, then no tree is invariant 
under it. We use here the notion of the center (see 6.21) but the reader will 
find no difficulty in replacing this by other considerations if he wants to avoid 
reference to later chapters. If our tree has a center this must be a fixed point 
of л. If it has a bicenter, л must exchange the two points of this. But then 
it must exchange the two branches of the tree relative to the edge connecting 
the bicenters, which is only possible if the tree has an even number of points.

II. Now suppose that x is a fixed point of n. Let T  be the arborescence arising 
by orienting T  so that x becomes its root. We need some further information 
on T.

Let V v . . . ,  V m be the underlying sets of the cycles of тс, | F-J [> | F2| 1> . . .  ]>
>  \Ут\, Vm =  {x}.

(i) л is an automorphism of T, obviously.
(ii) If (x, y) £ E(T), x e Vi, у  e Vj, then |F,| | |F; |. In fact, if |F,-| f |F ,|, 

then there is an image (nk(x), 7rk{y)) of (x, y) with 7ik(y) =  у but лк(х) ф  x. 
This means two edges of T  enter y, which is impossible, because T  is an ar­
borescence.

(iii) If (x, y) £ E(T), x£  Vi, у 6 Vj, then i For there is an edge 
(z, и) with и £ Vj, z  ̂ Vj\ a suitable image (nk(z), лк(и)) is such that nk(u) =  
=  y; thus лк(г) =  x (f F

(iv) If we contract each F, onto a point vit and cancel the arising multi­
plicities of edges of T, then T  is mapped onto a certain arborescence 7 \  on 
{vv . . .  , vm\. In fact, the same argument as in (i) or (ii) shows that all edges 
of T  entering F, must come from the same F;. Hence exactly one edge of T x 
enters each vit i =7  ̂m. Since, obviously, each point v( is accessible from vm 
on a path of T v it follows that T x is an arborescence rooted at vm.

(v) is a subgraph of the digraph Gr in which (vt, v.) £ E(G,) iff |F,| I IF. |;
by (i).

Now let us determine, how many trees T  yield a given arborescence T v Each 
such T  arises by taking one (F,, F;)-edge and its images by л for every (vt, vj) 6 
(zE(Tj); conversely, if we select one (F,-, F;)-edge and its images for every 
(Vj, Vj) £ E(Tj) we get a tree which is invariant under л. The set of all (F,-, Vj)-
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edges consists of |F,| orbits (remember |F,| | |F; [). Thus the number of trees 
T  belonging to a given arborescence T x is

m —V |F,| = I I  \V,\d*M
(Vi,v,)ZE(T0 i=l

and hence, the number of all trees on F invariant under n is

2 \ v ^ . . . \ v m\d̂ Vm).
t\

By the preceding problem, this is equal to the determinant

2 a n \ V j \  — a 12 I l ^l l  • • •  a l , m - l | l ' l l
J* •

a2 l i V2 I ^  aj2 I ^]\ • ‘ " * 2 ,т— 1 I 1 2 I
A =  ■ J*2

a m - 1 , 1  I V  m —l l  a m - l , 2 \ V m - l \  • • •  ^  a j , m - 1 1 ^ j \
j¥=m-\

where
| 1  if |F,| I I Vj\ ( \ < , i , j < m ) ,I j

0 otherwise.

This determinant can be evaluated as follows. It has the form

since |F,| I \ Vj\, i > j  implies [F,| =  |F;|. Hence A is equal to the product 
of the shaded subdeterminants. Consider the block corresponding to kt. It has

«i =  ^ d k d — i
d\i

in the diagonal, so its value is
«,• —i . . . —i
—i a,- . . .  — г =  (a,- +  г)**-1 (a, — (kt — 1) г) =

A ' =  ■ ■ ■ = ( y d k dy > - ' ( ^ d k d)
d\i d\i

. .  d î
— Í —Í . . .  0С,-
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for i >  1 and kj >  1, and

— 1 —1 . . .  —1
— 1 — 1 —1

A1 =  ■ ■ ■ =  kf-*

- 1  - 1  . . .  Äq- 1
ki — 1

(one has to check that these formulas give A,- =  1 if =  0 (i =  2, . . . , m) 
and Ax =  1 if =  1). Since

A =  A1 . . . A n,
the assertion is proved.

18. Since the number of rooted trees on » (labelled) points is »n_1 by Cayley’s 
formula and at most (» — 1)! of these are isomorphic, we have

wn_1 wn
Wn >  f — ■- — — —— >  2n ( n ^  6).

(n — 1)! n !

Each rooted tree can be drawn in the plane. Join its root to a new point of 
degree 1 to get a plane tree on n -)- 1 points rooted at an endpoint. This cor­
respondence shows that the number of non-isomorphic rooted trees is not 
larger than the number of essentially different plane trees rooted at an endpoint, 
which is, by 4.13b,

! ( 2w- 2|< 4 "

19. (a) Following the hint, we write the right-hand side in the form

ce(l 4- X  -f X 2 -)- . . , ) W l (1 +  a:2 +  a;4 +  . • -)Wi. . . =

=  X  / / ( 1  +  a;,V(T)i +  a;2|V(T)l +  . . . ) ,
T

where T ranges over all rooted trees. The coefficient of xn in this product is 
the number of representations of the number n in the form

(1) n = \  +  2 v T \V{T)\ ,  vt 0.
T

Given such a representation, take vT copies of T  for each rooted tree T  and 
join their roots to a new root. In this way we obtain an »-point rooted tree 
and conversely, every »-point rooted tree yields a solution of (1). Thus the 
coefficient of xn in the product is Wn, which proves the identity. (Convergence 
questions can be settled easily on the basis of 4.18, and will be ignored.)
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(b) The two identities are equivalent by 3.7. (For x <  1 the series on 
the right-hand sides are convergent because then w{xn) — 0(жп). The first one 
follows easily from (a):

log =  _  2  w n  log (1  -  X ")  =  2  w n 2 ° T - =
X  n=0 n=0 k=  I ^  k=  1 к

which proves the identity.
To get the second identity directly by the Pólya-Redfield method, set 

D =  {\ ,  . . .  ,d ) ,  R =  {isomorphism types of rooted trees}, w(T) =  \V(T) \ 
for T £ R, and let Г  be the symmetric group on I). A rooted и-point tree is 
a d-tuple of “branches”, where d is the degree of the root. The branches are 
themselves rooted trees with total weight n — 1. Thus the number Wty of 
rooted и-point trees in which the root has degree d is equal to the number 
of essentially different mappings of D into R with total weight n — 1. Hence 
by 3.29,

Wff xn =  xpd(w(x), w(x2), . . .).
n = 1

Summing over all d, we obtain the identity in the problem [A. Cayley].
20. (a) The fact that the radius of convergence of w(x) satisfies 0 <  т <  1 is 
trivial by 4.18. It follows that

( w(z2) w(z3)
4>(z) =  2 exp ——  H-----------b • • •

I A о

is analytic in the circle of radius Y'* >  x- Write the first identity of 4.19a as
(1) w(z) e- “<*>= tp(z).
By 4.7 this can also be written as

(2) w(z) =  t{cp{z))= 2 ^ { Ф ) У -
n = l  n  '

Consider first the values 0 <; x <  r. Since (p has positive coefficients, it follows 
by (1) that

0 <  cp'(x) =  w'(x) (l — w(x))e~w('x\  w(x) <  1.
Again by (1),

<p(x) <  —.
e

Bv the positivity of the coefficients of q>, we must have \q>(z) \ <  Jl for \z\ <  г
e

except for z =  t. We must have cp( x) — 1/e, otherwise (2) would define w ana- 
litically in a larger circle. Hence w is continuous at т and w(r) — 1. Moreover, 
(2) defines w analytically along the boundary except for z — r.

Investigating now the behavior in the neighborhood of r for 0 <  x <  r, set 
у =  t — x, и =  1 — w. Then (1) can be written in the form

yjL гцЪ W™
------ b  —  +  • • • -\—  ---------~  + • • • = =  1 —  e<p(x) =  a-iV +  а2.У2 +  • • • >
2 3 n(n — 2)!



where
a x =  ecp ' ( t )  >  0.

Hence

(3) и j~ — + — + . . .  = Yv Vai + a 2 у н~ • • •

(the square-roots are to be taken positive if у, и are small positive numbers). 
The left-hand side is analytic for sufficiently small и and its derivative is non­
zero at 0, therefore и can be expressed as an analytic function of the right hand 
side in a sufficiently small neighborhood of 0. Consequently и is an analytic 
function of У у for a sufficiently small y. Thus

(4) w(*) =  j% bk(z -  x)kl2,
k=0

where b0 =  1 and by (3), b1 =  —\ 2 a x <  0.
(b) By (4) above, we have for |z| <  r

(5) w"(z) =  f  °^ (r — z)~3'2 — z ) -1'2 +  h(z),

where h(z) has the following expansion in a neighborhood of r:

(6) h(z) =  2  ~{k ~  2) bk(r -  z f r .
k=i 4

(5) implies that h(z) is analytic in the open disc |z| <  r and even at all points 
of the boundary except z =  t. (6) implies h(z) is continuous even here. There­
fore if we expand h(z) around 0, we have

h(z) =  2  Cnz",
/ 1 = 0

where

cn =  —  ( f ) Ä - d z  =  0 (r-").
2ni T  zn+1

| 2 |  =  T

Hence by (5), the coefficient of xn in w"(x) is

Here the second term is 0(r“n) as well, while the first term is asymptotic to

c\[n T~n
by elementary calculations using the Stirling formula. This proves the asser­
tion of the problem.
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21. Let „(i) »2, jt(2) • • • ап,ж(п) be an expansion term of per A . Observe that 
the number of 1-factors consisting of a (uv  i^^-edge, a (u2, nJt(2))-edge, . . . , 
a (urv vn(n))'edge is exactly

а 1 , я ( 1 ) а 2 , я ( 2 )  • ■ • a n , n ( n )

because we can choose a (uv w„(i))-edge, a (u2, ?;„(2))-edge, etc. independently. 
This has to be summed over all permutations n, i.e. over all expansion terms. 
This proves the assertion.

22. Let an denote the number required. We have

<1) a0 = 1, a1 =  1.
Let F be any 1-factor of the ladder with n steps. There are two possibilities. 
If F starts with a vertical edge at the left end, then there are t possible ways 
to continue. If F starts with horizontal edges, then it can be one of a„_2 
1-factors. Hence

<2) an =  an_ 1 +  an_ 2.
(1) and (2) show that an is the nth Fibonacci number (cf. 1.27).
23. The number of 1-factors in K n n is, obviously, n ! If we have n edges removed 
íróra. K n n, then we do not want to count those 1-factors of K n<n containing a 
removed edge. The number of 1-factors containing j  given edges is (n — j ) !. 
Hence, by inclusion-exclusion, the number under consideration is

n . In n ( — IV
. (» -  j )\  =  n \ 2 ~ ~ -

Ы  j=o Я

The sum here is a partial sum of the series for ~  the remainder being less than 
---------- •. Hence
<» +  l ) !

! . « ( - i y  n\  i
\n\ 2 1—  ----------< ----------•
I jTo j \  e n +  1

71 !Thus, our number is the integer next to —L.
e

24. We may assume that n is even, otherwise the assertion is trivial. Observe 
that each non-zero term in Pf В corresponds to a 1-factor of G and conversely. 
Thus, the number of 1-factors of G is <  [ Pf В j with equality iff all terms in 
Pf В have the same sign. Let

6 <̂1 ij 6,3 ,
6 bj\j, b]sji . . . bjn i ja (e,  ö =  ± 1 )

be two terms in Pf B. If they are non-zero, we must have (vid_l, v i j  £ E(G), 
{»Jj-aVj,,) € E{G). Let

E =  (vu, vit), vin),
E' =  {vj„ VjX . . . ,  (vjn_,, vJn)
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be the two 1-factors of G corresponding to the expansion terms above. F U F' 
decomposes into alternating circuits Cv . . . ,Cr and some edges belonging to 
both. Let us orient each C,- in an arbitrary way and let л denote the permuta­
tion corresponding to the resulting cycles. Since we have freedom in the order­
ing of the pairs (iv i»), . . . ,  (in- v in), as well as in the choice of order within the 
pairs we may assume Vitl), (Vjal_lt vjal) are either identical or consecutive
edges on the same (directed) cycle C,-.

Now the ratio, or product, of the two expansion terms of the Pfaffian is

(1) (eWui.bjj.bi.ubjj,  • • •bin_1inbjn_ljn.
Here ed is the sign of the permutation

iLi2 . . .  in — л ,
h h  ■ ■ ■ in)

i.e.
ed =  ( - l ) r.

On the other hand, the product biiia . . . bjn l ,n contains a —1 for every edge 
of F U F' whose orientation in G does not agree with the direction on the C, 
containing it (for the edges of F П F' the corresponding two factors ,-2i Ъ-ы L д 
cancel each other out. Since the number of such edges is odd in each Cit (1) 
is equal to

(—l)r( — 1)г =  1 [P.W. Kasteleyn; see В].
25. I. If all circuits C of G which alternate with respect to a given 1-factor F0 
have the property that an odd number of their edges is oriented in a given 
direction, then |Pf B\ is the number of 1-factors of G. In fact, let

F0 =  • • • - (»/._,»/»)}
and let

(1) i„
be the expansion term of Pf В corresponding to F0, then the preceding solu­
tion shows that any other non-zero expansion term has the same sign. Hence 
I Pf B\ counts the number of 1-factors.

II .If |Pf B\ is equal to the number of 1-factors, then every circuit C which 
alternates with respect to any 1 -factor has the property that an odd number of 
edges is oriented in a given direction.

In fact, let C be a circuit which alternates with respect to a 1-factor F, 
and let

F' =  F A E(C).
Assume indirectly that C contains an even number of edges going in one direc­
tion. Then the same computation as used before shows that the expansion 
terms corresponding to F and F' have opposite signs. Since the non-zero expan­
sion terms of Pf В correspond to 1-factors of G and two of these cancel out, 
the number of 1-factors is greater than [PflSj, which is a contradiction 
[ibid.].
26. Let В =  (Ъи)1]=1, then

det В =  ^ е ( л )  Ь1п(1). . . Ъп ^п),
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where л ranges over all permutations of {1, . . n} and e(n) is the sign of л. 
Suppose the cycle decomposition of л contains an odd cycle (i±i 2 . ■ . i 2k+ j), 
к >  1. Let л' be the permutation obtained by replacing (i1i2 . . . i 2/i+1) by 
(Нк+iHk • ■ ■ h)- Then the expansion terms corresponding to л and л' cancel 
out as В  is skew symmetric.

Also, if л has a fixed element, then the corresponding expansion term is 
0 because В  has 0’s in the diagonal. Thus

det В =  Ф Ж п Ы  ■ ■ ■ Ъп, л(л).

where it suffices to consider only those permutations л which decompose into 
even cycles (and these cycles partition {1, . . .,»}). This proves the assertion if 
n is odd, since then det В =  (Pf В)2 =  0. Call two permutations equivalent 
if their cycle decompositions differ in the direction of cycles only. Then all 
terms corresponding to equivalent permutations are equal. For a permutation 
л with even cycles that partition {1, . . ., n}, let г(л) be the number of cycles 
and s(n) the number of 2-cycles. Then the sum of all terms equivalent to л is

and hence
det В =  £  (— 1 )г<я)2Г<Я>-*<Я)Ь1шя(1). . . V n o ­

where л now ranges over a system of representatives of equivalence classes. 
Consider (Pf B)2. If we expand this, each term will have the form

(2 ) е Ь  b ‘i it • • • b i n - l i n bj l j l  • • • b jn-ljn>

where {{гг, i 2}, . . ., {г„_1, г„}}, { { j v j 2}, . . ., {jn_ v jn}}  are partitions and 
e, d are the corresponding signs.

Consider the graph on {1, . . ., n} whose edges are (i2г-1, i 2/) and (j2i-i> Hi) 
(l =  1, . . ., n). This graph consists of s edges which arise in both forms and 
r — s circuits whose edges are alternatingly (i2, — i> Hi) and (;2;-i> Hi)- We may 
assume (i2/_ 1, i2;) and (̂ 2;-i> jn) are either identical or consecutive edges on 
these circuits. Then set

Í1 Ъ 2 • • • ŷi

h h
Q is determined up to equivalence by the given term of (Pf B)2.

Also, eb is the sign of p. Hence, (2) is equal to

(—ly ^ b i gd) • . .
Moreover, we get equivalent permutations for 2 r(-Ql~s(e) terms of (Pf B)2. 
Thus

(Pf B f  =  2  ( - Dr(e) 2r(ebs(e) blt e(1). . . bn> e(n) =  det B.
e

27. First we prove the assertion of the hint by induction. If the graph is a tree, 
there is no bounded face and the assertion is trivial.

Suppose G is not a tree. Remove an edge of G which is on the boundary of the 
infinite face and which also belongs to a circuit and orient the rest as required. 
Put this edge back, then all bounded faces but the one containing this edge
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have the property that going around their boundary in the positive sense, we 
find an odd number of edges oriented in the direction of our walk. A suitable 
orientation of e will guarantee this for the extra bounded face too.

Now we prove that any circuit C which alternates with respect to the given 
1-factor F  contains an odd number of edges oriented in one way (or the other) 
around the circuit. G contains an even number 2p  of points inside the circuit 
C because F matches these points. Let \V(C) \ — 2k, and denote by A v . . . ,  A} 
the faces inside C; let q, be the number of edges passed in the right direction, 
when going around A, in the positive sense.

Consider qx -f- . . .  -)- qf. Note that here the edges inside G are counted exactly 
once; the edges on C are counted iff they are oriented according to the positive 
orientation of G. Thus we are interested in the number

q =  qx -\- . . . +  qf  — m =  f — m (mod 2),
where m is the number of edges inside C.

Now consider the graph G' formed by C and those edges and points of G in­
side C. G' has /  +  1 faces, m 2k edges and 2p -f- 2k points. By the Euler 
polyhedron theorem (cf. also 5.24),

/  1 +  2p +  2k =  m 2k,
hence m == f -)- 1 (mod 2)
and q == /  — m >= 1 (mod 2)
as stated [P.W. Kasteleyn; see В].
28. If we consider the orientation of the ladder shown in Fig. 13 we find that 
the boundary of any bounded face contains an odd number (3) of edges going 
in the positive direction. Thus, by the preceding solution, any circuit which 
alternates with respect to a I-factor contains an odd number of edges orient­
ed one given way around the circuit.

The corresponding matrix В defined as in 4.24 is
A I  

- I  - A  } ’
where ( 0 1  0

— 1 0 /1 on

A =  ■ 1 =

0 1  VO 1 /

0 —1 0
The number of 1-factors of the ladder is given by

A T l 1/2 A T __/ )2 U/2
det =  det =  (det (I -  A2))1'2 =

- I  - А )  0 V ’

=  (det (I — A) det (I -f A ))1/2 =  det (I +  A),
because

I  — A =  (7 +  A)T.
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It is quite easy to verify by induction that this is the same as the nth Fibonacci 
number.

29. (a) What we have to enumerate is the number of 1-factors of a (2n) X (2n) 
“lattice”, i.e. the graph shown in Fig. 26. If we consider the orientation given 
there, it will satisfy the condition that the boundary of any bounded face con­

tains one edge going one way and three the other way. Hence by the solution 
of 4.27, every circuit which alternates with respect to a given 1-factor has an 
odd number of edges oriented in a given direction around the circuit. Hence, 
if we form the corresponding matrix В as in 4.24, the number of 1-factors will 
be equal to |Adet B.

Now В can be written in the form

A 1 o
- I  - A  I

(D B =  - 1 ■ •

• A I

О - I  - A
П

where

0 ! 0

— 1 o
A =  . . . .

1

0  — 1 0
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If we multiply the first column, then the 3rd and 4th row, then the 4th and 5th 
column, then the 7th and 8th row etc. of the partitioned matrix (1) by —1, we 
get the partitioned matrix

\ ~ A 1 0 )
I  - A  I

B' — 1

• —A I

0  I  —A

Set

0 1 0  

1 0 1

A' =  1 • • , PnW =  det (A' — XI),

1

0  1 0

then

det В =  det B' =  det p n{A).

By 1.29, the eigenvalues of A are 2 cos—— — , к =  1, . . ., 2n. Hence
2  n +  1

2л b ~  \ 2n L_
det pn(A) =  det T f  2 cos---------- 1 — A N= f  /  det 2 cos--------- 1 — A .

k = i - f  1  j  k = i 2 n  - ) -  1

Let
qn{l) =  det (A -  XI),

then, in turn,
2л Jrrr \

det В =  Г j  qn 2 cos .
k=  1 2n  -f- lj

The eigenvalues of A can be determined in the same way as those of A' and
lcixthey turn out to be 2i cos---------, к =  1, . . . ,  2n. Thus

2n +  1

2л 2л Ь.— 1т,
det В — f f  TT 2 cos ——------ 2 i cos - =

кЛ iJi 2п +  1 2 п +  1.



. s 2" 2 n I Jen In
— 24'1 T i  f  /  cos------------ г cos — ----- - =

kÁ , i ! 2 n + l  2 n + l

2  n 2n l~r \  1 /2

=  24"a / /  TI cos2 ■ +  cos2 — -—  =
/=1 í=Í 2тг +  1 2» +  l]

a " " „ kn „ I n  ]2=  24n /  /  /  /  cos2---------- 1- cos2 —-------  .
1 /=i 2и +  1 2?г 4 - 1

Hence,

a =  ¥ det i? =  22"! TT 7 /  cos2——----1- cos2— —— =
f i  f=i 2» + l  2» + l )

" " . a kn InI I  TT 4 cos2----------- |- 4 cos2--------- .
k=i /=i 2w -f 1 2т г 1.

/C7T(b) The polynomial with roots 4 cos2---------, к =  1, . . . , n is
2?г+ 1

/2гг. — 11 , (2тг — 2/(ж) =  ж" — ж" 1 -f ж" 2 . . .
1 2

Observe that ап is the resultant of /(ж) and f(—x). By the Sylvester form of the 
resultant,

I 2 n — 11 2 n — 2
" .  1 J 2

o i - f 2" - 1) . . .J I \ n  rows

0
а п = ------------------------------------------------------------------------

2n — 1 2n — 2
1 2

I2n — 11
0 1 . . .  I и rows.

1 )

0

240 SOLUTIONS 4.29

2 n c o lu m n s
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Add the (» -j- £:)th row to the &th (k =  1,. . . ,  »), then divide the first к rows by 
2 and subtract the &th row from the (» — &)th. The resulting determinant is

2 n) (2 n — 2)0 0 
0 l 2 j

12») 12» — 2)
о U . . . n rows

0 • 1 2 j

an =  2" _ I ---------------------------------- •----------------
0 12» — 1 12»— 3

. 1 1 3 J
/О™ _ 1 n rows.

0 0 2 1 0
1

2 n columns

Suppose, e.g. n is even. Then the last column looks like this:

I2” ] 0 I2“ " 2 0 . . .  0  I
0 1 l a )

„ | 2» | 0 |2 » - 2
Q 2 rows

=  2« o . . .  ( 2 n \ . . . [ " )
( o UJ

0 l2 n ~  !)  0 [2 n ~~ 3 | • • • 0
1 J 3

n rows.

0 . . .  I2” - 1 . . .  0
__________________________  1 )_________ I

2n columns

16 L o v á sz
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Thus expanding by the first and last columns we get

This proves the assertion. The case of odd n follows similarly [see E.W. 
Montrall, in: Applied Combinatorial Mathematics, (E.E. Beckenbach, ed.) 
Wiley, 1964].

2“ | 0 |2n~ 2l 0 . . .
0 ) 1 2

„ 2 n\ „ 12 n — 210 0 n — row s
0 2

an =  2n ---------------------------------------------------------------

( 2 w i_ 1 ) 0  ( 2 7 3 ) °  • • •

л [2м — 11 271— 3
0 U . . .  'и  rows.

I 1 3

Now this determinant is the direct product of two determinants of the form

12 m! I 2 n —  21 I 2 n — 4

.0  I 2 4

л 2n\ I2n — 21 n -  2
0 (o)  t 2 )■■■ V  —

12 n  — 11 I2n — 31 I 2 n  —  51

l 1 l 3 5

12 n  —  11 (2  n  — 31 „
o j I 3 J ■ • • у rows-
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(c) We have

log an 1 " " , ' ,  fa  . , » In ]—-—  =  — >  >  log 4 cos2------------ h 4 cos2---------  .
n2 n2 ifrl tTi 2 n + l  2 n + l

The right-hand side tends to

я / 2  я / 2

(1) — J  J log (4 cos2 X 4 cos2 y)dxdy =  c ^  1,2 .

о 0

Thus,

n2
[ibid.].

30. Let G denote the (2n — 1) x (2?г — 1) lattice; its points are (i, j) (0 <  i <  
<[ 2n — 2, 2n — 2). Call point (i, j) black if i and j  are both even;
green if one of them is odd; red if both are odd. The black points form an n x n  
lattice graph H. Let T  be any spanning tree of H. Let a; be a black point. 
Then there is a well-defined first edge on the path in T  connecting x to 
a =  (2n — 2, 2n — 2) and this contains a green point x'.

Let у be a red point. In the lattice of red points, there is a unique path which 
connects у to the outside boundary of the lattice G and on this, there is a first 
edge which contains a green point. Let y' be this green point.

The pairs (x, x'), (y, y') form, as is easily verified, a 1-factor of G — a 
(Fig. 27).

Conversely, let F be a 1-factor of G — a. Consider the set T  of those edges of 
H which contain an edge of F. These form a spanning tree. In fact, the number 
of edges of F  adjacent to black points is n2 — 1, so T  contains n2 — 1 =  
=  I V(H)  I — 1 edges; it suffices to prove they do not form circuit. Suppose 
indirectly they formed a circuit G. The number of points of G inside C is odd 
(this easily follows, e.g. by induction on the length of C) and so, F cannot 
match them, a contradiction.

F i g . 27

16*
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Thus we have established a one-to-one correspondence between spanning 
trees of H and 1-factors of G — x [H.N.V. Temperley, in: Combinatorics, 
London Math. Soc. Lecture Notes Series 13 (1974) 202-204].

31. Orient the edge (uit vj) from ut to Vj and then identify itt and v, ( ) ,  
our graph is thereby mapped onto the transitive tournament T„.

If M  is a ^-element matching in G, then M  is mapped onto a set M'  of edges of 
T n such that at most one edge of M ' enters and leaves any given point. Hence 
M ' consists of disjoint directed paths; if we consider the points of T n not touched 
by M'  as one-element paths, we can observe that M  corresponds to a system of 
n — к disjoint directed paths which cover all points of T„. Conversely, the edges 
of a system of n — к disjoint directed paths covering V(Tn) corresponds to a 
^-element matching of G.

Now let P v  . . .  ,P n_t be disjoint directed paths which cover V(Tn). Then 
{ F ^ ) ,  . . . .  V(Pn_k)} is a partition of V(Tk). Each partition of V(Tk) into 
n — к classes arises uniquely in this way; if { Vv  . . . ,  Fn_fc} is a partition of 
V(Tn) and Pf is the unique Hamiltonian path of the (transitive) subtournament 
induced by V,-, then V(P,) =  Vt and P t, . . . , P n- t  are disjoint directed paths 
that cover V{T )̂.

Hence, there is a one-to-one correspondence between ^-element matchings of 
G and partitions of V{Tn) into n — к (non-empty) classes. Thus the required 
number is S(n, n — k).

32. Let Fn denote the number of such permutations. By the assumption, 
n(n) =  n or 7i(n) =  n — 1. The number of permutations л with the desired 
property which fix n is Fr_ v The number of those with л(п) — n — 1 is Fn_2, 
because, then it necessarily exchanges n and n — 1 (nothing else can be mapped 
onto n). Thus

Pfi — Pn-l +  F П-2'

Since F0 — F k =  1, Fn is the nih Fibonacci number.
One can formulate the problem as follows. Let {vv  . . . ,  vn}, {«1?. . . ,  un} be 

two disjoint sets of points. Join ut to Vj iff |i — j\ 1 (Fig. 28). If л is any

admissible permutation, then the pairs (г, л(г)) form a 1-factor of the resulting 
graph G and conversely. Thus we want to know the number of 1-factors of 
the graph G. Since G is isomorphic to the graph in Fig. 1 (p. 32) it follows 
that this number is the nth Fibonacci number.

F ig . 28
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33. It is easy to see that
Í 1 1 1 0

1 1 1 1

1 1 1

an =  per 1
1

1 1

0  i l l
П

Expanding this by the first row we get

a n  =  a n - 1 +  b „ _ i  +

where f i l l  Q  1 1 1  0
1 1 1 1  1 1 1 1
0 1 1 1 1  0 1 1 1 1

1 1 1 '  O i l
bn =  per 1 • , Cn =  per

1 • 1 
1 1  ' l l

0  i l l  . 0  i  i i
n n

To get a complete recurrence relation we also expand bn, cn by their first columns:

(2) bn =  an_ x +  6n_i; 
but with cn we get a new permanent:
(3) cn — Ъп_ г -f- dn_ lt

where 1 1 0  0

1 1 1 1  
0 1 1 1 1  

1 1 1
dn =  Per

1
1 1

0  i . i
n
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Expand dn too:

(4) dn =  an_ l +  en_i, 
where

1 1 1  0  

0 1 1 1

0 1 1 1 1  
1 1 1

en =  p er

1

1 1
0  í i i

n

Trivially,

(5) =  an_ 1

(1)—(5) yield recurrence relations for an, bn, cn, dn, en, starting with the value
n =  2: «2 =  b2 =  c2 == d2 =  2, e2 — 1. Set

1 1 1 0 0 an
1 1 0 0 0 br

^ 4 = 0 1 0 1 0 ,  v n =  cn ,
1 0 0 0 0 dn
1 0 0 0 1 en

then

v„ =  Avn_ r — . . . =  A n~2v2 =  An~1v 1 =  A nv0,

where

1 1 1
0 1

v„ =  0 , Vj. =  0
0 1

. 0 I 1
by convention. Hence,

2 tnyn =  2 tnAn\ y0 =  ( i - t A ) - 4 0.
/1=0 /1 = 0
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We are interested in the first entry of (I — f d ) _1v0, i.e. the upper left entry of 
(I — t A)~1. By Cramer’s rule this is equal to

1—t 0 0 0
—t 1 —t o
0 0 1 — t
0 0 0 1 1 — t

f(t) = --------------------------------------------= ----------— ---------
1—t —t —t 0 0 C — 213 — 2t + 1
—t l —t 0 0 0
0 —t 1 —t o
—t o  0 1 —t
—t 0 0 0 1

[D. H. Lehmer, in: Comb. Theory Appl. Coll. Math. Soc. J. Bolyai 4, Bolyai- 
-North-Holland (1970) 755-770].
34. Expanding the permanent in the hint by its first row we get

u n,p =  P  '  u n - l ,p -
Hence

unip =  pun_ ltP =  . . . =  pun-P upp =  pn~Pp\ .

35. We want to determine
1 . . . 1 0 . . .  0 ]

• p

1 0

(1) per 0 1 I

n - p

0 . . .  0 1 . . . 1 J
p n -p

i.e. the number of those expansion terms of

Í 1 M
per ■ • >

l l  . . .  1 ;
n
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which do not contain any entry from the two triangles which contain 0’s in 
(1). By inclusion-exclusion this is equal to

2 ( - l ) V \  + W\ Kuvv>
U,v

where U is a subset of the entries in the triangle in the lower left corner and V 
is a set of entries in the triangle in the upper right corner, and K v \jv is the 
number of expansion terms containing U\JV. Obviously, it suffices to consider 
those sets U, V in which no two entries are in a row or column.

We have
K uvv =  ( n - \ U [ j V \ ) \ .

Thus our number is

2  ( — i)lt/| + \v\(n _  \ u \  — |F|)! =  J ? ( — l ) k+1(n — к  — l) ! 1.
U , V  k = 0  7 - 0  I U \ = k

IVI-I

By 4.31, the number of sets U under consideration with \U\ =  к is S(p +  1, 
p  +  1 — k) and, similarly, we have S(p +  \ , p  +  1 — /) sets V. Thus the 
result is

J  2 ( - l ) k+,(n - k - l ) \ S ( p + l , p + l - l ) S ( p + l , p + l - k ) .
k = 0 1 = 0

36. If an expansion term of the permanent contains к l ’s from the upper left 
block, then it contains n — к l ’s from the upper right block, n — к l ’s from 
the lower left block and к l ’s from the lower right block. If we select the n — к 
l ’s from the upper right block and n — к l ’s from the lower left block, then 
there are (k !)2 possible ways to select the rest.

Observe that the (n — &)-tuples of l ’s, no two in a row or column, out of the 
upper right n X n block correspond to ^-element matchings of the graph 
defined in 4.31; hence their number is S(n, k). Similarly for the lower left cor­
ner. Thus the number of selections for a fixed к is

S{n, k)2 (k !)2,

which proves the assertion [K. Yesztergombi, Studia Sci. Math. Hung. 9 (1974) 
181-185].

§ 5. Parity and duality

1. (a) Summing the degrees of a graph, we get every edge counted twice 
(once for each of its endpoints). Thus, the sum of degrees is twice the number of 
edges.

As 3 +  3 4 - 3  +  3 +  5 +  6 +  6 +  6 -1- 6 -1-6 +  6 is odd (there is an odd 
number of odd summands), this sequence is not the degree-sequence of any 
graph. This gives generally that the number of odd degrees is even.
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(b) Let dv . . . ,dk be the degrees of the “upper” points, rv . . . ,  re the de­
grees of “lower” points of a bipartite graph. Then both dx +  . . . -\- dk and 
r l  -f- . . . -j- r e give the number of edges, hence

(*) d  ̂ -j- • • • +  d/; =  r1 +  . . . -(- re.
Now suppose that the degrees are as given in the problem. Let dx =  6 (say). 
Then the right-hand side of (*) is divisible by 3, while the left-hand side is not. 
Thus, this sequence is not the degree-sequence of any bipartite graph (it is,, 
however, the degree sequence of a graph).

(c) Since the point with degree 9 is adjacent to all other points, it must in 
particular be adjacent to both points of degree 1. Hence, the point with degree 
8 cannot be adjacent to either of the two points of degree 1; but then there are 
only 7 more points left and so, it cannot have degree 8 [cf. problem 7.51].

2. Assume there is a ^-regular simple graph on n points. By the solution of 
5.1a, к • n is twice the number of edges, thus

(*) к • n is even;
also trivially
(**) к <, n — 1.

We show that, if (*) and (**) are satisfied, there is a ^-regular simple graph on 
n points.

n = 8 n=8
k= U  A=5

Case 1. к is even. Consider the vertices of a regular и-gon and join each of them
№)thto its neighbors, 2nd neighbors, etc., neighbors. Since к <  n, this gives 

no multiple edges (Fig. 29). '2,

Case 2. к is odd. Then by (*), и is even. Consider the graph of degree к — 1 on 
n points constructed in Case 1. By (**) the endpoints of the longest diagonals 
are not joined; thus, if we add these edges, we get a /г-regular simple graph.

3. If the graph G is bipartite and C is a circuit of G, then C, as a subgraph of G, 
is bipartite as well and hence it is even. Now suppose G has only even circuits 
and let P v P 2 be (x, у)-paths. We prove by induction on F(PX) that P v P %

F i g . 29
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have the same parity. If P l U P 2 is a circuit, then, since it is even, P x and P 2 
have the same parity.

So suppose P v Po have a point in common; z. Let z split them into pieces 
P'v P'[ and P2, P ‘,l, respectively. The notation may be chosen so that P[. P 2 
are (xz)-paths and hence by the induction hypothesis, they have the same 
parity. Similarly, P'[ and P\  have the same parity, which proves that so do 
P 1 =  P i U P'[ and P 2 =  P' U P".

To prove 2-colorability we may assume G is connected. Let л(х, у) denote the 
common parity of (x, y )-paths (л(х, y) =  0 or 1). Let x0 £ V(G) and set

Si =  {у : л(х0, у) =  i} (i =  0, 1).

Then {S0, Sy} is a good bicoloration; for let (u, v) be an edge and и £ S0 (say), 
and consider an (x0, w)-path P. If v (J F(P), then P  (u, v) is an (x0, v)-path, 
whence

л(х0, v) =  л(х0, «) +  1 =  1.
If v is on P, and divides it into an (x0, r)-piece P x and a (v, w)-piece P 2, then 
P , +  (u, v) is a circuit and hence, it is even. This means that P 2 has odd length 
Now

0 =  n(x0, и ) =  \E(P)\ =  |P (P X)| +  |P (P2)| ^  n(x0, v) +  1 (mod 2)

This shows that л(х0, v) =  1, i.e. v £ 8 V
The statement is not true for digraphs, since the triangle with transitive orien­

tation is not bipartite and has no odd cycles (no cycles at all, in fact).
However, it remains true for strongly connected digraphs. To show this, first 

one proves that if G has no odd cycles and P  is an (a;y)-path while Q is a 
(у , a;)-path, then P, Q have the same parity. This goes exactly like the first 
part of the proof above. Now let P v  P 2 be two (x, y)-paths, then choose a 
(y, x)-path Q (here we use the fact that G is strongly connected), then P x and 
Q have the same parity. But so do P 2 and Q, and therefore P x and P 2 have the 
same parity. The rest of the proof runs exactly as in the undirected case.

4. If there is a potential p(x), the work on any walk is the change in potentia 
between the endpoints. In particular, it is 0 on any closed walk, so on any 
circuit.

Now suppose that the sum of work on any circuit is 0. We claim it is 0 on any 
closed walk W. We use induction on the length of W. If IF is a circuit the state­
ment is the assumption. So suppose W uses a point x twice, x splits W into two 
smaller closed walks, Wv W2. The work on W1 and on W2 is 0 by the induction 
hypothesis, but then so is the work on W.

Now if P, and P 2 are any two (x, у)-walks we can form a closed walk W by 
going on P x from x to у and then returning on P 2. Since W has total work 0, 
P t and P , need the same work.

Now fix a point x0 and let p(y) be defined as the work needed to go from x0 
to y. By the above, this is independent of the way we go from x0 to y. It is easy 
to see that this potential function satisfies the requirements.

We remark that the values of v(e) andp(x) can be from an arbitrary commuta­
tive group. Moreover, if this group is such that each element has order 2, the 
•orientation of G plays no role.
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5. First let C be an even cycle. We can 2-color C in such a way that each point
of C is joined to a point of opposite color, simply coloring its points alternating- 
ly. If C does not span G, we extend this 2-coloration as follows. There is a point 
x1 joined to C, because G is strongly connected; similarly, select points x2, . . .  ,xm 
so that Xi is joined to C U {xv  . . . , a:i_ 1} (i =  2, , m). Finally, every
point of G not on G becomes one of the x ’s. Now if G U {xv . . . ,  а:,-_x} is al­
ready 2-colored, give ar, the color opposite to the color of a point of C U 
U {xx, . . . ,  ж,_ x} which xt is joined to. Obviously, this coloration has the desired 
property.

Suppose now that there is a 2-coloration of G with the property in considera­
tion, with color classes S v S 2. Let G0 denote the graph consisting of the edges 
between S x and S 2. Since G0 has positive outdegrees by the assumption, it 
contains a cycle C. Since G0 is bipartite, G has even length.

6. Let L be a maximum closed trail in G. If L does not contain all the edges’ 
then there is an edge e(x, y) which has a point in common with L\ for other­
wise L would be a connected component of G which is impossible because G is 
weakly connected. We may assume e has its tail x on L.

Let us start with this edge and walk along edges of G — E(L), using an edge 
only once as long as we can. We cannot get stuck at any point z =̂ =x; for there 
are as many edges of G — E(L) leaving it as running into it and any time we 
use an edge leaving г we had to use one running into it before.

Thus we get stuck at x\ now let us go on to traverse L starting with x. This 
gives us a trail longer than L.
7. (a) The indegree and outdegree of any point are both equal to n. G
is strongly connected. For (av  . . . , alc), (a2......... ak, 61), (a3, . . . , 62) . . .
. . . (ak, bv . . ., bk_ 1), (bv . . ., bk) is a directed walk from (av . . ., ak) to 
(blt. . . ,  bk). Thus G is Eulerian.

(b) The case к — 2 is trivial. Let k~> 3. If (a, b) is an edge of Gk_Xn, then 
a — (xv  . . . ,  xk_ 1), b =  (x2, . . . ,  xk) for some 1 <[ xt n by definition. Let us 
associate the point (xv . . . ,  xk) of Gk<n with the edge (a, b). It is immediate that 
this yields an isomorphism between L{Gk_l n) and Gk n. An Euler trail of Gk_ ln 
yields a Hamiltonian circuit of L(Gk_1
8. Let (a1........a2*) be a Hamiltonian cycle in Gk< 2. Then, by the definition of
adjacency, ax — (xv  . . . , xk), a2 =  (x2, . . . , xk, xk+1), . . . , a2* =  (x21’ xv ■ ■ • 
. . . , xk_x). Let the numbers xv . . . , :c2* be associated with the points of the 
cycle. Then the arcs of length к yield the 01-sequences a v . . ., a21. Since a 
Hamiltonian cycle contains each point exactly once, the arcs yield each 
01-sequence exactly once.

9. If the pieces L lt . . . , Ld described in the hint are given, any permutation of 
them determines an Euler trail, and two of these Euler trails are the same iff 
the two permutations are the same as cyclic permutations. Thus there are 
(d — 1)! Euler trails obtained from L v . . . , Ld. This proves that the total 
number of Euler trails is divisible by (d — 1)! which is even because d >  3.

10. We cannot get stuck anywhere except at x0; this follows just as in 5.6. 
Assume now that there are edges of G not on the trail L we have traversed. 
L uses every edge incident to x0; this is obvious for the edges leaving x0 and fol-
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lows for the incoming edges by d + (.r0) =  d~(x0). If (x, у ) $ L, then the (unique) 
edge of T  starting from x does not belong to L either, by (*). Thus, there are 
edges of T  not on L. Let us consider one whose head z is nearest to x0 (the dis­
tance measured on T). Since L does not use all edges running into z, it returns 
to z less than d + (z) =  d~(z) times, hence by (*), it does not use the (unique) edge 
(z, u) of T  leaving z. However, и is nearer to x0 than is z (on T), which is a 
contradiction.

11. We consider all Euler trails as starting from x0 along e0. Let L  be an Euler 
trail, and T  the set of those edges (x, y) (x ^  x0), which satisfy

(**) every edge starting from x is used earlier than (x, у ).
Then T is a spanning arborescence. For we first observe that there is exactly 
one edge of T starting from every x =̂= x0. Moreover, T  is acyclic; for if

C — (Xi, €x, £2, 2̂’ • • • ’

is a cycle in T, then e2 is the last edge incident with x2 on L and hence ex 
anticipates e2. Similarly, e2 anticipates e3, . . .  ,en anticipates ev a contra­
diction. The definition of T  assures that L arises from T  by the construction of 
the preceding problem.

If T  is given, then we can characterize any Euler trail obtained from it by spe­
cifying an ordering of edges of G — E(T), starting from x, for any x ^  x0, 
and an ordering of the edges =И= c0 starting from x0; the orderings indicate in 
which order the Euler trail has to use the edges. Thus there are exactly 
(d0 — 1) ! . . .  (dn_1 — 1)! such Euler trails. Hence, the number of Euler trails 
is (d0— 1 )  1)! X  (number of spanning arborescences rooted at x0).
[Aardenre-Ehrenfest, de Bruijn; see В].

12. We cannot get stuck at x x0; this follows just as in 5.6.
x0 is a “good” point. For if there is an edge (x0, y) we have not passed from 

x0 to y, then we are not stuck; hut if every edge (x0, y) has been used in this 
direction, then we left x0 d(x0) times, hence лее entered it d(x0) times, i.e. 
all edges have been used to enter x0.

Assume we meet a “bad” point on our walk and let x be the first one. We 
enter x on an edge (y, x) and this being the first time we meet x, this will be 
the edge marked, x is “bad” means we enter x less than d(x) times and hence, 
by (**) we do not use (x, y) to leave x. However, this contradicts the fact that 
у  is “good”.

Thus, each point we meet is a “good” point. By the definition of “good” 
points, their neighbors are reached during the walk and are, consequently, 
“good” points as well. Thus, the good points form a connected component 
of G. Since G is connected, every point is “good”. This completes the proof. 
[Tarry algorithm; see В].

13. To show the statement of the hint, let C1 be a circuit of G (G is not a forest 
as a forest which has an edge has a point of degree 1). Let Gx be the graph 
obtained by removing the isolated points of G — E(C x). Then Gx has even 
degrees (each degree is reduced by 2 or 0), thus

G x =  C 2 U . . . U Ck
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by induction, and
G = C 1 U . . . U C t.

Now assume that G is a graph with even degrees. Then
G =  C1 U . . . U Ck

(we may forget about isolated points). Orienting each 67,- cyclically, we get 
a desired orientation of G.
14. (a) If G has an Euler trail it is, obviously, connected and has even degrees. 
Conversely, if it is connected and has even degrees, then it can be oriented in 
such a way that each point has equal indegree and outdegree, by 5.13. The 
resulting graph has an Euler trail by 5.6. This Euler trail gives an Euler trail 
of G.

(b) If G' is the graph obtained by adding a new point and joining it to all 
points of G of odd degree, then G' has even degrees and is connected, thus it 
has an Euler trail. Removing the new point, this trail decomposes into к 
edge-disjoint trails covering G.
15. We may assume G has all degrees at least 4.

Let X £ V(G) and let A v . . . , A 2ct be short beginning segments of the edges 
incident with x, in this cyclic order. We may assume that if G — (Ax U . . .  U A 2d) 
is disconnected (this is the case, e.g. if there is a loop at x), then A v A 2 
go to separate components of it. Remove A x U A 2 but connect their endpoints 
different from x by a new arc A (Fig. 30). The resulting map G' is connected:

this follows from the observation that each component of G — (A 1 U . . . 
. . . U A 2d) is connected to x by at least two A ’s because G is Eulerian. Also, 
G' has fewer edges than G. Thus by induction, G' has an appropriate Euler 
trail. Replacing A by A x U T , again, we obtain an appropriate Euler trail 
of G.

16. The statement of the hint is easily verified. As for the assertion of the 
problem, it is trivial for a tree (2(”~3)~n+i =  1, in accordance with the fact 
that the only “good” subgraph of a tree G is (V(G), 0)).

Suppose G is connected and has M  “good” subgraphs. Those “good” 
subgraphs of G -f- e which do not contain e are exactly the “good” subgraphs
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of G and thus their number is M. All we have to do is to show that the number 
of “good” subgraphs containing e is the same. Let G be a circuit of G -f- e 
containing e (which exists because G is connected). Then Gl is a good subgraph 
of G -f- e containing e iff (V{G), E(G2) /\E(C)) is a good subgraph not containing 
e. This correspondence is one-to-one and proves the assertion.

17. (a) We may restrict ourselves to simple graphs as the removal of two 
parallel edges does not alter the assertion.

If every point has even degree, we take Vx — V(G), V 2 =  0. Suppose a is 
a point of odd degree. Let S be the set of its neighbors. Define Gl by

V(G,) =  V(G) -  {a},

(X, y) 6 E(GX) iff f y) $ E{G) Jf *’ y  € S’
( (x y) £ E(G) otherwise.

By induction on n, we may assume V(Ĝ ) =  IT, U W2, where W x and W2 
span subgraphs of Gt with, even degrees Gx. Since

\S n  W 2 I +  |S n  W21 =  | £ |  =  1 (mod 2),
we may assume |/S П W j  j is even and \S П W2\ is odd. Set

V1 = W 1 G{a} ,  V2 =  W 2.

Then Vv V2 span subgraphs of G with even degrees. First, let x £ Vv If x (£ 8, 
then its degree is even in G [F x] obviously. Let x £ S .  Then

—  +  ^ [ W I O S ] ^ )  +  1 =

=  ^Gitwdí )̂ — ^G.IW.nS] )̂ +  (| JFX П £ | — 1 — <?G,[W,nS](*)) +  1
=  ^g.IwjGO — 2dG,[w,nsj(a:) +  \W2 П S\,

and here each term is even. It follows similarly for x £ V2 that it has even 
degree in G\V2\.

(b) Let V be a new point, joined to all points of V(G), and let G1 be the 
resulting graph. By the preceding exercise, F(GX) — U 1\JU2, where UV U2 
span subgraphs with even degrees. Now if v £ U 2 (say), then V1= U 1, V2 =  
=  U 2 — {«} is a desired partition of V(G) [T. Gallai, unpublished; W.K. Chen, 
SIAM J. Appl. Math. 20 (1971) 526-529; the proof given here is due to L. Pósa].
18. (a) Let S be the set of r-element matchings of the complete graph on 
V{G). Let e1(..  . ,  em be the edges of G and A t the set of those elements of /8 
which contain et. We want to determine

mr(ß) =  \ s -  и At .
i = 1 I

By the sieve formula (2.2),

mr(G) =  |S| -  2  +  2  \A ‘ П Aj\ -  . . . +

+  (—l)r 2  \A h П ■ • • П A ir\;
■ ■ .< irSm



here \ А и П  . . .  П  A i v \ is the number of those elements of 8  which contain 
eh, . . .  , eiv. This is non-zero only if eilt . . .  , eiv are independent and then it 

71 — 2 vis (2r — 2v — 1)!!. Hence,
2r — 2 vj

г l  on   Op \
™r(G) =  2  * n (2r — 2v — 1)!! ( ( - 1)!! =  l).

v=o 2 f  — 2v)
(b) Let n =  2k. By (a),

к [ob _  2 i>  fc _
mk( 0 ) = 2 ( ~  1Г , (2* -  2r -  1)!! mv(G) ^  V  mv(G) (mod 2),

2k — 2v) ?T0
thus

mk(G) 0.

(c) Let A be the adjacency matrix of G and consider det A. Each expansion 
term here which is non-zero and symmetric with respect to the main diagonal 
corresponds to a 1-factor and vice versa. The other expansion terms corre­
spond to each other in pairs under reflexion in the main diagonal. Thus the 
number of 1-factors of G has the same parity as det A, and is even iff det A 
vanishes over GF(2). This occurs iff the rows of A are linearly dependent over 
GF(2), i.e. there are elements gv  . . . , gn of GF(2) such that not all of them 
are 0 and multiplying the rows of A in order by gv . . . , gn, the sum of rows 
will be 0. Let S  be the set of points for which the corresponding gt is 1, then 8  
has the property that each point is adjacent to an even number of elements 
of it. Conversely, each such set S  yields appropriate coefficients gv . . . , gn.
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19. Let S  be the set of all Hamiltonian paths of the complete digraph on V(G) 
and let elt . . . , em be the edges of G. Let A t denote the set of elements of 8  
containing eh then we have

(*) h(G) =  2 ( - i Y  2  K n . . . n ^ fr|.
v=0

(the term with j> =  0 is |$|). Now, \Ait fl . . . П A iv\ is the number of Ham­
iltonian paths of the complete digraph containing eu, . . . ,  e,„. This is 0 unless 
e(i, . . . , e,„ form disjoint paths; in the letter case it is (n — v) !, since the graph 
(F(6r); {e(i, . . . , e,-„}) has n — v components and any Hamiltonian path through 
eu........eiv defines an ordering of these components and conversely. Hence,

í 1 if v — n — 1 and eit, . . . , eiv form a
IA ix П . . . П A ivI is Hamiltonian path,

( even otherwise.

This proves that h(G) =  h(G) (mod 2).
If G is an undirected graph, then, defining 8, eh A t similarly, we have the 

same formula as (*), but now we have

1 A h П  . . . П  A iv 1 =  (П-~  v) 1 2 o ,
2



if etl, . . . ,  e,„ form у vertex-disjoint proper paths. If n~> 4, then this is also 
even except when v =  n — 1 and eu, . . . ,  eiv form a Hamiltonian path. Hence, 
we can conclude as above. [T. Szele; see В].

20. If the statement of the hint is true, the assertion of the problem follows 
easily: by reversing edges we get a transitive tournament, which has one 
Hamiltonian path. As the parity remained the same, the original tournament 
had an odd number of Hamiltonian paths.

Thus, it suffices to show that, if T  is a tournament, and T'  is the tourna­
ment obtained from it by reversing an edge E, we have

ЦТ') =  ЦТ) (mod 2).

Let Gx and G2 be the digraphs obtained from T by removing e and adding the 
inverse of e, respectively. Then a simple computation shows that

Hflx) +  ц о  2) =  ЦТ) +  ЦТ').
Moreover, Gx arises from G2 simply by reversing all edges, whence

h(Gx) =  h(G2).
Finally,

h(Gx) =  Ä(öj) (mod 2)
by 5.19. Hence

ЦТ) +  ЦТ') =  h(Gx) +  h(G2) =  h(Gx) +  h(Gx) =  0 (mod 2), 

which proves the assertion [L. Rédei; see В].
21. If F x, F о are disjoint 1-factors of G, then E(G)—F 1 — F 2 is a 1-factor. 
Conversely, if we have a partition of E(G) into three 1-factors, then we can 
choose as F x the 1-factor containing e and any one of the two others as F 2. 
Hence, the number m of pairs (Fv F 2) of 1-factors with F x П F 2 =  0, e £ F v 
e (f F 2 is twice the number of partitions of E(G) into 1-factors. Thus, m is even. 
Now consider F x U F 2; this consists of even circuits covering V(G). If, con­
versely, H c; E(G) is the set of edges of a system of к disjoint even circuits 
covering V(G) and containing e, then H can be decomposed into H — F x U F 2 
(Fv F 2 1-factors, e ([ F v e (j F 2) in exactly 2k~1 ways. Thus, if mk denotes 
the number of systems of к disjoint even circuits covering V(G) and containing 
e, then

m =  m1 +  2m2 +  , . . +  2k~1mk +  . . .
Note here that m x is the number of Hamiltonian circuits through e and there­
fore

m x =s m =  0 (mod 2).
[C.A.B. Smith; see B.]

22. We prove the assertion by induction on |F(G*)|. If |F(0)| =  4, it is 
obvious. Also, we may assume that G is connected.

If there is a double edge in G, then all Hamiltonian circuits must use one of 
the two and hence the Hamiltonian circuits occur in pairs, differing only 
in which of the two parallel edges they use. Thus the total number of Hamil­
tonian circuits is even again.

266 SOLUTIONS 5.20
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So suppose G is simple. Let (x, y), (x, их), (x, u2), (y, zq), (у, v2) £ E(G). 
(see Fig. 14). Remove x and у and join u x to zq, u2 to zq to get G'\ also, join 
ил to zq and u2 to zq to get G".

The Hamiltonian circuits of G may or may not contain (x, y). There are four 
kinds of Hamiltonian circuits through (x, y), containing (илхуъ\), (uxxyv2), 
(u2xyi\), (u2xyv2), respectively (Fig. 31). Let their numbers be hv  h2, h3, /q. 
Also, those Hamiltonian circuits not containing (x, y) may go like (. . . uxxu2 . . . 
. . . vxyv2 . . . ) or (. . . u xxu2 . . . v2yvx . . . . ) .  Let the numbers of such Hamil­
tonian circuits be hb and h6.

The h1 Hamiltonian circuits defined above are in a one-to-one correspondence 
with those Hamiltonian circuits of G' containing (uv vx) but not (u2, v2). 
Similarly, h2, h3, hA are equal to the numbers of Hamiltonian circuits of G" 
and G' containing (uv v2), (u2, tq), (u2, v2) but not the other new edge. The h- 
Hamiltonian circuits of G correspond to those Hamiltonian circuits of G' 
containing both {uv  iq) and (u2, v2) and going through them like (. . . u1v1 . . . 
. . . u2v2 . . . ). Similarly, the h6 Hamiltonian circuits correspond to those 
Hamiltonian circuits of G" going through (uv v2) and (u2, v x) like (. . . u xv2 . . . 
. . . .  u2vx . . . ).

The Hamiltonian circuits of G' not considered so far are those going through 
(uv zq) and (?i2, v2) like (. . . iqzq . . . v2u2 . . . ) and those not containing the 
new edges. Let /q and h3 be the numbers of such Hamiltonian circuits.

17 Lovász
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In G", we have not considered so far the Hamiltonian circuits of form 
(. . . uxv2 . .  . vxu2 . . . )  and those not containing any of the new edges. The 
numbers of such Hamiltonian circuits are, as is easily seen, h7 and hs, re­
spectively (Fig. 32, see p. 257).

Now the number of Hamiltonian circuits of G is hx h2 +  h3 -)- +  li5 +
— h6 =  (hx -(- h4 -f- h5 -|- h7 -f- ha) -|- (h2 h3 h6 h7 h8) == 0 (mod 2), 
since here in the brackets we have the numbers of Hamiltonian circuits of 
G' and G", respectively [J. Bosák; see В].

23. To show the statement of the hint, let F* be the graph on 7(0*) formed 
by those edges of G* which are not crossed by the edges of F. F* does not 
contain a cycle, for then the points of F  inside this cycle would not be connected 
to those outside. Moreover, F* is connected. For if F* =  F x U F 2, F x П F 2 — 0, 
then let U be the union of faces of G with “capital” in F*. Then U is not the 
whole plane (no point of F 2 belongs to it) and therefore, its boundary В  is 
non-empty. Now В consists of certain edges of F, each having a face of U 
on one side and a face not in U on the other. Therefore, there is no point 
of degree 1 on the boundary, i.e. it contains a circuit. This is a contradiction.

Hence F —► F* gives a one-to-one correspondence between the spanning 
trees of G and G*. This proves the assertion of the problem.

Remark: Our argument uses some facts of plane topology like the Jordan 
curve theorem (each simple closed curve divides the plane into two parts) 
and other similar statements. As our goal is to illuminate the combinatorial 
content of the problems we assume these facts without proof.

24. Consider a spanning tree F  of G and F* as in 5.24. Then
\E(F)\ =  IF(ö)| -  1,

\E(F*)\ =  17(ö*)I -  1 
and by the definition of F*,

\E(F)\ +  \E(F*)\ =  \E(G)\.
Hence

17(ö*) I =  \E(G)\ +  2 - 1 7 ( 0 ) 1 .

25. Since each face has at least three [four] edges on its boundary and each 
edge is on the boundary of exactly two faces, we get by Euler’s formula

2m >  3(m — n -f  2) [2m >  4(m — n -f- 2)]
or, equivalently,

m <  3w — 6 [m <1 2n — 4].

26. We may assume there are no loops. We use induction on \E(G)\.
Let F be a face bounded by the edges ev . . .  ,em. We claim that every point 

X  is incident with an even number of them. For let k “corners” in x belong to F, 
then two of these “corners” cannot have a common edge e because this edge 
would be a cut-edge (see Fig. 33) and hence a component of G — e would 
contain exactly one point of odd degree. Thus x is incident with 2k edges of 
the boundary of F.
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Now remove the edges ex........em. The remaining map O' has even degrees,
thus its faces can be 2-colored. The faces of O' are the union of F  and its neigh­
bors, as well as all the other faces of 0. Interchanging the color of F  but keep­
ing it everywhere else, we get a 2-coloration of the faces of G.
27. First, 2-color the faces according to 5.26 with red and blue, say. Then, 
orient each edge so that the red face incident with a given edge e is on its 
left-hand side. This orientation satisfies the requirement.

28. (a) Suppose there were a planar map with even degrees, and all faces 
triangular except one which is pentagonal. 2-color the faces (5.26) with red 
and blue, and suppose the pentagon is red (say). Count the number of edges. 
Each blue face has 3 edges on its boundary, and this counts each edge exactly 
once; hence the number of edges is divisible by 3. On the other hand, the red 
faces have altogether 3Jc -)- 5 edges on their boundaries (k is the number 
of triangular red faces), which should give the same total number of edges, 
a contradiction.

(b) The graph G' constructed in the hint has even degrees at every point 
except possibly z, but then, by 5.1a, z has an even degree as well. Let ax -\- 1,

17*
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«2 +  1, • • •, «2s +  1 be the sizes of faces incident with z in a cyclic order.
2-color the faces (Fig. 34 see p. 259). The color containing the face of size a1 1 
has (eq +  1) T  (®з + ! ) + • • ■  +  (a2s-i +  1) +  3& edges on its boundary, the 
other one has (a2 -f- 1) -f- . . . +  (ais -f- 1) -(- 3IV edges. In both cases we get 
the total number of edges of G. Hence,

& у —{— «2 -j- . . . -{— «2s__̂ == «2 —[- ctf -[- . . . -j- «2s (mod 3).
25

Moreover, we have ^  (а,- — 1) =  5. It is easy to verify that the only solution of
(=i

these equations is
u1 =  2, a2 =  5

(or conversely). Thus, exactly two, neighboring points of the pentagon have 
odd degrees [T. Gallai].

29. Let the three colors be red, blue, green. Each triangle whose points get 
different colors has one red-blue edge; any other triangle has 0 or two. More­
over, every red-blue edge is counted twice, in both triangles adjacent to it. 
So this adds up to an even number, i.e. the number of triangles with 3 different 
colors is even.

Remark: The statement is a special case of Sperner’s lemma in algebraic to­
pology, which is equivalent to a similar statement for »-dimensional triangula­
tions [see e.g. L. S. Pontryagin, Grundzüge der Kombinatorischen Topologie, 
Berlin, 1956, p. 73].

30. Consider the coloration defined in the hint. If there is a face with points 
X,  y, z, of color red, blue, green (in this order) and z (  F, (say), then z plus 
the (x, a)-path in yields а (z, a)-path in Vv  whence z should have been 
colored red.

Now if there is no (a, c)-path in Fj and no (b, d)-path in V2, then c, d are green. 
Hence, if we add the edge (a, c), we get a triangulation with only the face 
abc meeting three colors. This contradicts the preceding exercise.

31. (a) True; in fact, A is regular iff det A 0, a fact whose standard proof 
uses considerations valid in any field.

(b) True; for
det A TA ~  det A T det A — (det A f  =и= 0.

(c) False; for we may have a vector u with uTu =  0 (e.g. if F =  
-  - GF( 2), u = e, -j- e., or F is the complex field and u — (1, г)т), and then the 
transformation A defined by

Aex — u, He2 =  . . . =  Aen — 0 (for some basis e1( . . . , en) 
satisfies A ^  0, уA TAx — (Ay)J^Ax =  0 for any x, y, thus A T A =  0.

(d) False; if uTu =  0, u ^  0. then let M =  <u> (the subspace generated by 
u); then M  CI M 1-.

(e) False; for the preceding M, we have (M , Л/-1-) =  M L ¥= V, as, e.g. one 
of e! , . . . ,  e„ is surely non-orthogonal to M.
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(f) True; let A be as in the hint. Then
X £ M 1- <=> xr v,=  0 (i =  1......... k) <=> xT Ae, =  0 (i =  1...........k),

O  ef A Tx =  0  (i =  1, . . . , Ä-) <=> A Tx £ <eA.+ 1, . . . ,e„>, 
o x g  (Ar) - 1<e/l. + 1, . . . , e„>.

Hence
=  (AT) ~ \ e k+1, . . . , en>, 

which shows that dim M  x =  n —  k.
(g) True; for let u 6 M, then u is orthogonal to every element of M x , 

i.e. u 6 (Afx)x. Thus
M  C  ( J / x ) x .

On the other hand,

dim (Mx)x — n — dim M x — n — (n — dim 31) =  dim 31, 
which proves the assertion.

32. x£(31 ,  Жх) х iff x is orthogonal to both M  and M x , i.e. x 6 f̂fx П 
П  ( d / x ) x  =  M  П  M L. Hence

( M ,  M x >  =  (31  П  J / x ) x .
Now, let u 6 M  П M x. Then и £ M and u 6 31±, thus uTu =  0. This means, 
however, that the number of l ’s in u is even, which is equivalent to ur j =  0. 
Thus j 6 (M П Tfx)x =  {31, ilfx). [T. Gallai, W. K. Chen, loc. cit. on p. 254.]

33. (a) We show UG consists of the cuts. Cuts form a subspace; for the sum of 
cuts determined by the sets iS\ and S 2, respectively, is the cut determined by 
$1Д S 2- Each star is a cut. Conversely, the cut determined by S is the sum of 
stars determined by the points of S.

The star of x is orthogonal to a set A  of edges iff the subgraph determined by A 
has even degree at x. Hence, WG consists of the sets of edges of subgraphs 
with even degrees. By the solution of 5.13, WG is generated by the circuits 
of G.

If all circuits are even, then j =  (1, . . . ,  1) is orthogonal to every circuit, hence 
j € (  ̂ =  UG. This says by (a) that G is bipartite. Hence 5.3 follows.

To show 5.16, we have to determine dim 1TG. It is enough to determine dim 
UG by 5.21f. Let A v . . . , A n be all the stars. Since

A n =  A t +  . . • +  An_ i,
we have Ua — (A 3, . . . , A n_ 1).  We show that A 1......... An_ x are linearly
independent. Any linear dependence between them would be of the form

А/,  +  • .  .  +  A ik =  0 ,
as we are working over GF(2). However, A u +  . . . +  A ik is a cut determined 
by a non-empty proper subset of V(G), which is non-empty because G is con­
nected.

Thus dim Ua — n — 1, dim WG — m — n -f  1, q.e.d. 5.17 follows from 
5.32 immediately.
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(b) The assertion is trivial for disconnected graphs, so suppose G is con­
nected. The number of decompositions, i.e. the number of solutions of a -f 
+  b =  j, a f UG, b g WG, is clearly equal to \UG П Wa\. This is the same 
as the number of vectors u g EIC orthogonal to every element of UG.

Let A0 be the point-edge incidence matrix of G and A 0 the matrix arising 
from it by cancelling a row. Then the range of A% is UG. We also know A'l 
is one-to-one. Thus, we are interested in the number of vectors x such that

( Л х)т ( Л у) =  х ^ о Л Т У =  о
for every у. But this holds for every у iff A0A l  x =  0. This equation has a 
unique solution iff det АпА^ =и=0 (mod 2). By 4.9 this means the number of 
spanning trees is odd.
34. Let Cv  . . . , Cf_ i be the finite faces, considered as circuits of G, i.e. ele­
ments of WG. We show that every circuit of G is the sum of some C/s. Let C 
be a circuit of G. Each face Gt lies either inside or outside C. Let, say, Cv . . .  ,Cr 
lie inside C. Then

C —  +  • • • +  Cr;
in fact, if e is an edge of O, then exactly one of the two faces incident with e 
lies inside G, hence e g E(G1 - ( - . . .  +  Cr). If e is inside (outside) C, then both 
(none) of these two faces are inside G, hence e does not occur in +  . . . +  Cr. 
On the other hand, if Gv . . . , Cf-i were dependent, say

Ci +  • • • +  Cr =  o>
then draw a continuous line from an inner point x of Cx to the infinity, avoid­
ing the vertices. This line leaves the union of faces Cx......... Cr at a point
which belongs to an edge e of G. Then exactly one of the two faces adjacent 
to e belongs to Cv . . . , Cr, hence

e € G i  +  • • . +  Cr,
a contradiction.

Remark: Since the dimension of Wa is m — n -f- 1 by the previous prob­
lem, we get

m  =  n  - f -  1  =  /  — " 1 ,

i.e. we also obtain Euler’s formula at least for 2-connected graphs. Conversely, 
the use of Euler’s formula would have made one half of the proof superfluous.
35. (a) Let eg  ^  Gt, and say e g Ĉ , у g 7 U ,7. We claim у g 7. This is clear

i€/U j
if у g J. Suppose у g J, then since no other Gv, v g 7 U J  contains e, we have

e < L 2 Ci ^  U C„
i e j  n i

whence у g 7. Thus, eg  Ct =  K,  i.e. ^  Ct с; К . Since if  is a circuit
i í i  í e i uy

and ^  Cj =и=0 , we have 
i U U J

K =  £  C,.
i t i u j



5.35 § 5. PA RITY  AND DUALITY 263

Since К  has a unique decomposition into the sum of Cj’s, we get
III  J  =  I, J c / .

(b) If Cv . . . ,  Cj are the only circuits, then it is easy to see that they are 
precisely the blocks of G (not counting cutting edges).

Let К  ^  Gv  . . . , Cf be a circuit such that its representation as the sum of 
Ci’s has a minimum number of terms. Let, say,

К  =  C ^ - f -  Cr (r 2), I  =  { 1 ,  . . .  ,r)
and, e.g. Cx П С2 =И= 0. Then C\ -f- C2 has even degrees and therefore
(1) Gk +  C2 =  K l +  . • • +  K s,
where K v . . . , K s are edge-disjoint circuits. At least one of them, say K v 
must be different from Cv . . . , Cf, otherwise (1) would show that Cv  . . . ,Cf 
are linearly dependent. Let

К г =  2
i i j

By (a), J  c; 7 and hence by the minimality of I, we have J  =  I. Thus К  — 
and so
(2) i c C j  +  C2.
We claim that К  =  Сг +  C2. Suppose there is an edge of 6\  not in К  U C2 
(say). This edge belongs to a Ck, 3 <1 & <) r. (2) holds for Ck as well, i.e.
(3) К  C (7, +  Ck.
But (2) and (3) imply that an edge of К  not in C \  must belong to both of C 2

Г
and Ck and thus it cannot occur in -̂77,-, a contradiction.

Thus Cx +  C2 is a circuit. t—i

(c) We use induction on the number of edges. Let, say, Сг +  C2 =  C be 
a circuit. Remove the edges common to Cx and C2 and the isolated points 
that possibly arise. Let G' be the resulting graph.

Consider the system C, C2, . . .  ,Cf . It is obvious from the construction that 
each edge of G' is contained in at most two of them. Moreover, if A is a sub­
graph of G' with even degrees, then

A =  2 ° i
i € I

{ / C {1, . . . ,/}), and here either both C'1 and C2 occur or neither of them, 
whence A is a linear combination of C, C3, . . . ,Cf. Moreover, C, C3, . . . ,Cf 
are, obviously, linearly independent. Hence, by the induction hypothesis, 
G' can be embedded in the plane so that C, Cs, . . .  , C j  are boundaries of faces. 
To get G we have to put back Сг П C2, which is a path joining two points 
of C and thus, it can be done and Cv C2 will become the new boundaries.

(d) It is easy to see that a graph is planar iff each block of it is planar. 
A similar assertion holds for the property that WG has a basis such that each 
edge belongs to at most two elements of it. Therefore to prove the equivalence 
of these two properties, we may restrict ourselves to 2-connected graphs.
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For these, the necessity of MacLane’s condition of planarity follows by 5.34. 
We remark that we may require that the elements of the basis should be 
circuits. For suppose there exists a basis A v . . . , Af of WG such that each 
edge belongs to at most two of them. A x is the union od egde-disjoint circuits. 
One of these must clearly be linearly independent of A 2, . . .  , A n. Replacing 
A , with this circuit we obtain a basis with the same property. Going on similarly 
we can replace A 2, . . .  , At  by circuits.

Now the sufficiency of MacLane’s condition follows by (c). [S. MacLane; 
see W.]

36. Suppose G is a planar map and let G* be its dual graph. Then if <p associates 
with each e £ E(G) the edge of G* crossing it, will satisfy the requirements of 
the statement by 5.23.

Conversely, suppose G* and tp exist, we show G is planar.
First, we prove that the edges of a star in G* correspond to the edges of an 

element of WG. For let X  ci V{G) and suppose <p(X) is the star of a point 
X £ V(G*). Let B v . . . , Bs be the branches of G* relative to x and let A t be 
the set of (x, Д )-еdges. Then A, is a minimal set which meets every spanning 
tree of G*. Therefore, д)~ЦА;) is a minimal set which is not contained in any 
spanning tree of G*, i.e. <p~1(A,) is a circuit. Hence

x  =  2 < p - 1(A i ) d w c-
1=1

Now, let Cv . . . ,  Cn* be the elements of WG corresponding to the stars of points 
in G*. Then trivially each edge of G is contained in exactly two C/s. Moreover 
if we set f =  n* — 1, Cv . . . ,Gj will form a basis of WG. In fact,

dim Wa =  e — n -\- 1 =  n* — 1 =  /

(from the definition of G*), and C\, . . . , Cf  are linearly independent over 
GF(2), because so are the corresponding stars in G*.

Thus G is planar by MacLane’s criterion. [H. Whitney; see, e.g. Wi.]

37. (a) It is trivial that G is 2-connected. Suppose indirectly that G — Gy U G2 
with V(Ĝ ) П  F ( G 2) =  {%>y}> |F (6 r ,-) l >  3. Let P, be an (x, j/)-path in Gt 
and IIj =  Gj +  P3_,-. Then //, is planar; embed 7/, into the plane so that the 
path P 3_i lies on the boundary of the unbounded domain (this can be achieved 
by an inversion). Then identify the two points x and у and delete the paths 
Pi (Fig. 35). This results in an embedding of G in the plane, a contradiction.

(b) Let (x0, . . . , xm) be a longest path in G. x0 has degree at least 3, [and 
it is adjacent to no point outside this path because of the maximality of it. 
Hence it has two neighbors xit Xj with I <  i <  j. Then (x0, . . . , xj) is a circuit 
with a chord (cf. also 6.35).

(c) Let (x, y) be a chord of a circuit C and choose C so that embedding 
G — (x, y) in the plane the number of faces inside C is as large as possible. 
Observe first that there is no point outside C. In fact, let G0 be a component 
of G — V(G) and suppose indirectly that G0 lies outside G. Since G is 3-connect- 
ed, there must be three points of G adjacent to G0 and at least two of these, 
и and V say, are not separated by x and y .  Then replacing the ( u ,  r)-arc of e
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F i g . 35

not containing X , у by a (u, и)-path through G0, we obtain a circuit C' with 
chord (x, у) and more faces inside.

The same reasoning shows that all chords ofC running outside connect inner 
points of the two (x, y)-arcs of G.

Now let us consider the bridges of G inside C. Call such a bridge flappable if  
its endpoints do not separate the endpoints of any outside chord of G. It is 
clear that we can “flap” all these bridges to the outside of G. Among the 
remaining bridges there must be one containing inner points of both (x, y)- 
arcs of G, otherwise x and у  could be connected inside C and G would be planar. 
So there is a bridge В inside C and a chord (a, v) outside G such that the end­
points of В  separate a from v and x from у on G; also (a, v} and {x, y} separate 
each other. This can occur in several ways (Fig. 36):

(a) В contains inner points of the (x, a)-arc and (y, v)-axo (or, symmetri­
cally, of (x, v) and (y, a));

(b) В contains v, an inner point of (x, a) and moreover a point of (y, a) 
different from a (or any symmetrical situation);

(c) B contains x, y, a, v.
Take a path P  connecting two of the mentioned endpoints of B. In case b) 

take a path connecting P  to the third one. In case (c) take two paths connect-

F i g . 36
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ing P  to the other two endpoints. If these two paths meet each other, then let 
them have a common initial piece. So we get from case (c) two subcases accord­
ing to whether the mentioned paths in В form an H or an X  (Fig. 37).

In case (a), we see a subdivision of K 33; by the minimality of G, there cannot 
be other edges or any subdividing points, i.e. G ш K 33. In cases (b) and (cl) 
the graph properly contains a subdivision of K 33; this is impossible since 
each proper subgraph of G is supposed to be planar. In case (c2) we see a sub­
division of K 5 and hence G sä. K-.

(d) Suppose G is planar. Then, obviously, G cannot contain a subdivision of 
K 5 or K 3 3. Conversely, suppose G is not planar. Then G contains a minimal 
non-planar graph G0. If we get rid of the points of degree 2 from G0 (removing 
them and joining their two neighbors successively), we get another minimal 
non-planar graph, this time with degrees at least 3. This graph is K b or K 3 3 
by (c), thus G0 is a subdivision of K 5 or /l.,,3 [see S II].

38. We use induction on the number of points. If this is at most 3, the asser­
tion is trivial.

First we show that if G is any planar graph we can introduce new edges to 
turn all faces into triangles without getting parallel edges. For let us draw 
new edges as long as we can without getting parallel ones. The graph G has 
no outpoints; for if G — Gx U G2 with V{G1 П G2) =  {x}, then take a point 
Xj of Gj — x on the boundary of the face which meets both Gx — x and G<, — x; 
xv x,, could be connected by a further edge.

So G is 2-connected and, therefore, each face is a circuit. Suppose G is the 
boundary of a face with at least 4 vertices and let a, b, c, d be four consecutive 
points on C. One of the two edges (a, c), (b, d) must be missing; since they both 
ought to run outside C and therefore, they ought to cross. Suppose a and c

F i g . 37
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are noil-adjacent; then they can be connected by an edge inside G. Hence all 
faces of G are triangles.

Thus it suffices to prove the assertion for triangulations. Now we find an edge 
(x, у ) which is contained in two triangles only. For let x be a point which is 
contained inside some triangle T  (any point not on the outermost triangle 
has this property) and choose x, T  so that the number of faces inside T  is 
minimal. Let у  be any neighbor of x. Now if (x, y) were an edge of three tri­
angles (x, y, Zj), (x, y, z2), (x, y, z3), then all these triangles would be properly 
contained in T  and, say, (x, y, z J would contain z3 inside it, contrary to the 
minimality of T .

So choose an edge (ж, у) such that the only two triangles having (x, y) as an 
edge are the two triangular faces (x, y, zx), (x, y, z2) incident with it. Contract 
(x, y) to a point p  and remove one edge from both arising pairs of parallel 
edges. This way we get a new simple triangulation G0 and by induction hy­
pothesis, there is a triangulation G0 with straight edges such that the faces 
of G0 and G'a correspond to each other.

Now consider the edges of G' corresponding to (p, Zj) and (p, z2). They split 
the angle around p  into two angles; one of these contains the edges whose 
pre-images in G are adjacent to x, the other one those whose pre-images are 
adjacent to y. Therefore, we can “pull x, у  apart” and get an appropriate 
representation of G with straight edges (Fig. 38) [K. Wagner-I. Fáry; see S].

§ 6 . Connectivity

1. We use induction on \E(G)\. If \E(G)\ =  0, G consists of isolated points 
and hence, c(G) =  |F(G)|. Let e £ E{G). Then

c(G) >  c(G — e) — 1,
because e connects either two points of the same component of G — e, in which 
case G — e has the same connectivity classes, or two points in different com­
ponents, in wich case c(G) drops by 1. By induction,

c(G - e )  +  \ E ( G - e ) \ ^ > \ V ( G - e ) \  =  |F(G)| ,
c(G) +  \E(G)\ >  c(G -  e) -  1 +  \E(G -  e)| +  1 =

=  c ( G - e )  +  \ E ( G - e ) \ >  |F(G)|.
hence

F i g . 38
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2. (a) Let H be a component of the graph G* constructed in the hint. Define

H =  U (S| n T t).
(in,t,)(LE(H)

Suppose (X, у) £ E{G1 U G2), x £ Й. Let (x, y) £ E(GX) and x £ 8 t f| Tj (say). 
Since Sj is a component of Gv у £ Sr Let у £ Tjt. Now s, £ V(H), (sit i;o) £ E(H), 
hence S, П Tja С H, у £ H.

Hence, H consists of one or more components of G1 U G2, whence
c(Gx U G2) >  c(G*).

If Sj П Tj 0, then it consists of one or more components of G l П G2, hence
\E(G*)\.

By the previous exercise,

c(Gx U Gt) +  c(G, П Go) >  | F(G*)| =  c(Gx) +  c(C2).
(b) Set V =  V(Gj) U V(G.,), and add the points of V — V(G,) to G,- as 

isolated points. Let G,- be the resulting graph. Then
v(G[) =  V(g :j =  V,

c(G'j) =  c(Gj) +  \V\ ~\V(Gj)\ ,

c(G[nG'o) =  c[Gj П G2) +  |F | -  |F (0X П 0*)|, 

c(G[ U G2) =  c(Gx U Go).
By (a),

c(G( U Go) -f~ c(Gx П Go) c(Gx) -j- c(G2).
So

e(Gx U G2) +  c(Gx П  Go) =  c(G[ U G2) +  c(G[ П  G') -

-  \v\ +  I F(GX П G2)| ^  c(G[) +  c(G2) — I F| +  | F(GX Л G2)| =
=  c(Gx) +  c(G2) +  |F | -  | F(GX)| -  |F(G2)| +  |F(GX П G,)| =  c(Gx) +  c(G2).
3. Assume indirectly that G is disconnected and let Gx be a component not 
containing xn. Let |GX| =  k, and xtl, . . . ,  xik its points (1 <  i x <  . . . <  ifc<  n). 
Since the component containing xn has at least dn 1 points, we have 
к <1 n — dn — 1. Moreover,

dk ^  djk ^  к — 1,

a contradiction [A. Bondy; see В].

4. Suppose first that Gx contains an odd circuit C and that Gx, G2 are connected. 
To follow the hint, let x, у  £ F(GX). If there is an (x, y)-walk in Gx of length k, 
then there is one of length к -f- 2 (since we can go on an edge back and forth). 
Therefore it suffices to show there are both odd and even (x, ?/)-walks. There is 
a walk touching C because Gx is connected; if we add a tour around C to this 
walk, we get a walk of opposite parity. This proves the statement of the hint. 
Now let (x, u) and (y, v) be two points of GxxG 2. G2 contains a walk (и =
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— u0, uv . . . , uk — v). We may assume this walk is very long. Then by the 
above, Gl contains a walk (x =  x0, xv . . . , xk =  y) of the same length. Then 
((x0, ад0), (xx, u x), . . . (xk, uk)) is a walk in GxxG 3 connecting (x, и) to (y, v).

Conversely, assume that Gx x G2 is connected. Trivially, Gv  G2 are connected. 
Suppose both of Gj and G2 are bipartite, and let V(GX) =  A x U B v F(G2) =  
=  A 2 \J B 2 be 2-colorations of them. Then no edge of Gx x  G2 connects 
(Axx A 2) U (Bxx B2) to (̂ 41x 5 2) U (B xx A 2), a contradiction.
5. Suppose G =  Gx U G2, F(GX) П F(G2) =  {x}, |F(G,)| >  2. Then 1 <,
<, dGi(x) к — 1, on the other hand, dGl(y) =  к for у £ F(Gt) — {x}. Let 
u x, . . .  , u r, X] vx . . .  vs be the points in the two color classes of Gv Then

\E(G )̂\ =  dGi(û ) -)-••• +  dGi(ur) +  dCi(x) =  d^Vj)  +  • . • +  dGl(vs)
whence

к ■ r -f  dGj(x) =  к ■ s, & I dCi(x),
a contradiction.

6. (a) Let P  =  (x0, xv . . . , xm) be a maximum path in G. Suppose G — x0 
is not connected. Let Gx be a component of G — x0 which does not contain 
P  — x0. Since G is connected, there must be an edge (y, x0) joining Gx to x0. 
Now (y, x0, xv . . . , xm) is a longer path than P.

A cycle shows that the assertion does not hold for strongly connected 
digraphs.

(b) Let P  =  (x0, xv . . . , xm) be a longest path in G. If G — x0 — xx is 
connected we are finished. Assume not, then there is a point у  separated from 
x2, . . . ,  xm by x0 and xv  Let Q be a (y, P)-path in G. Then Q hits P  at x0 or xv 
However, by the maximality of P, it must hit at xv Also, since Q U (P — x0) 
is a path and has length <! \E(P)\ by the maximality of P, Q consists of 
a single edge, joining у to xv  No other edge can leave y, since it cannot go to 
a point outside P  (by the maximality of P) and cannot go to a point of P  
since x0, xx disconnect P  and y. Thus, у  is of degree 1.

Now observe that (y, xv . . . ,  xm) is a maximum path and therefore the same 
argument yields a point z ^  у  of degree 1 connected to xv This contradicts 
the assumption of the theorem.

7. (a) Let e £ E(TX) — B(T2). Then T x — e has two components and T 2 
has an edge /  connecting these. T x — e +  /  is a spanning tree having more 
edges in common with T 2 than T x. Repeating this we can transform T x into T 2.

(b) Let W be a largest common subtree of T x and T We prove the asser­
tion by induction on I F(G)| — | V(W)\. If | V(W) \ >  \ V(G) \ — 1 the assertion 
is trivial. Suppose |F(JF)| <  |F(G)| — 2, and let et — (xit i/,) be an edge 
of Т ( with Xf £ F(TF), yt  ̂ V(W).

Case 1. y x ^=y2. L e t t b e  a spanning tree of G containing W ex +  e2. 
Then by the induction hypothesis T x can be transformed into Tg and T3 
can be transformed into T 2 in the required way, which proves the assertion.

Case 2. y x — y 2. Let e3 =  (x3, y3) be any edge of G — y x such that x3 £ V(W), 
Уз Í V( W) (here we use the fact that G is 2-connected). Let Ts and T4 be 
spanning trees of G containing W ex e3 and W +  e2 -j- e3, respectively.
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Then by the induction hypothesis, we can transform T x to T3 to 1 \  to T 2, 
which proves the assertion.

Note that this procedure has the additional property that if T x and T<> 
have a common subtree W this remains unchanged during the sequence of 
transformations, and if W consists of a single point this never plays the 
role of the endpoint x.

8. (a) Let e =  (xv x2) he an edge of 0  and let T t consist of e and a spanning 
tree of 0  — Then by 6.7b, T x can be transformed into T 2 through a se­
quence of intermediate trees in the given way, and by the remark after the 
solution of 6.7b, we may assume all these trees contain e. The branch of 
these trees relative to e containing xx has one point in T x and n — 1 points in 
T 2 and its size changes by at most one at each step. Hence it will have exactly 
nx points in some intermediate spanning tree T. Now the two branches of T 
relative to e give the partition we wanted.

(b) The assertion is clearly equivalent to the fact that a 2-connected non- 
bipartite graph G has a spanning tree T  such that the (unique) 2-coloration 
of T  has equal color-classes.

Let G =  (x0, . .  . , x2k) be an odd circuit in G. Consider a spanning tree W of 
G — x0 containing C — x0 and the two spanning trees T x, T  2 of G obtained 
from W by adding the edges (x0, xx) and (x2k, x0), respectively. By 6.7b 
and the remark after its solution, we can obtain the tree T 2 from T x through 
a sequence of spanning trees of G, each of which arises from the preceding one 
by the following operation: we remove the edge adjacent to an endpoint 
x ^  x0 and connect x to the rest by another edge of G. Let us 2-color each of 
these trees with red and blue in such a way that x is red. Then if T x has к 
red points, T 2 has 2m — к +  1 red points, because clearly every point except 
x has different colors in each of them. Moreover, the number of red points 
changes by at most one at each step. Hence there is an intermediate tree with 
exactly m red points. [A. Bondy-L. Lovász; see L. Lovász, Acta Math. Acad. 
Sei. Hung. 30 (1977) 241-251.]

9. If G is strongly connected between a and b, let 0 #  J  c  F(G), a £ X ,  
Ъ £ V(G) — X.  Walking along a (directed) (a, 6)-path, at some point we 
have to leave x. The next edge of the (a, 6)-path connects the set X  to V(G) — X  
(in this direction).

Conversely, suppose there is no (a, 6)-path. Let X  be the set of those points 
which are accessible from a along a directed path. Then a ( l ,  b (t X  and 
there is no edge (x, y) with x £ X,  у (j X  since any (a, x)-path plus this edge 
would give an (a, y)-path, which, however, does not exist because у § X.

10. Let G0 be the digraph obtained by contracting the red edges and removing 
the green ones.

Suppose first there is no directed (x, y)-path in G0. Then there is a set S0, 
x € S0, У $ S0 such that no black edge goes from S0 to V(G0) — <S'0. Let S 
be the co-image of S0 under the contraction of red edges; then no red edge 
connects S and V(G) — S and no black edge goes from S to V(G) — S, i.e. 
(ii) is satisfied.

Trivially one obtains that if there is an (x, у)-path in G0, then (i) is satisfied.
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Finally, (i) and (ii) cannot be satisfied simultaneously. Suppose indirectly 
that there is a path P  as in (i) and a set S as in (ii). Then P  has a first edge f 
joining 8  to V(G) — 8. f  cannot be green since P  has no green edges and it 
cannot be red since no red edge joins 8  to V(G) — S.

Thus /  is black. But /  cannot be oriented from 8  to V{G) — S by (ii), neither 
can it be oriented conversely since it lies on P. [G. J. Minty; see B, ch. 1.]

11. (a) Let F be a minimum set of edges such that G — F is not strongly 
connected. Then by 6.8, there is a set 0 c l  C F(Cr) with ba_F{X) =  0. 
Any edge e in F  must join a point of X  to a point of V(G) — X; otherwise e 
could be placed back and we would still have 6a_F+e(X) =  0. Therefore, if 
we put back the edges of F inversely the resulting digraph G' has őG'(X) =  0, 
i.e. G' is not strongly connected.

(b) Let F  be a minimum set of edges such that G\F is strongly connected, 
and let G0 be obtained from G by reversing the edges of F. We claim that G0 
is strongly connected.

First we consider the case F =  {/}.(? is not strongly connected by the mini­
mality of F; thus there is a set A c  V(G), X  =̂ =0 with 8a(X) =  0. Since Gjf 
is strongly connected, /  must join a point у £ V(ß) — X  to a point x £ X.  
Invert /, and assume indirectly that the resulting digraph G0 is not strongly 
connected either. Thus there is a set Y a  V{G), Y ^=0 such that bG{ Y) =  0. 
Again since 6?// is strongly connected, у £ Y  but x (  F(ß) -  Y.

Now i f X n  Y ¥=0, then baif(X П Y) =  0 which is impossible. Thus X  П Y =  
=  0. Similarly we obtain I U  Y  =  V(G). But then 8a{X) =  SC(Y) =  0 
implies that /  is an isthmus, a contradiction. This settles the case \F\ =  1.

The general case follows by an easy induction on IF]. Let /  £ F  and denote 
by H the digraph obtained from G by reversing /. The digraph G/(F — {/}) 
clearly contains no isthmuses, is not strongly connected (by the minimality 
of F) and contracting /  in it we obtain a strongly connected digraph. Hence 
if we reverse /  the resulting graph H\F — {/} will be strongly connected. 
Moreover, F  — {/} is a minimal set with this property. For if HjF() were 
strongly connected for some F0a  (F — {/}), then so would be (# /F 0)// =  
— GIF0 U {/} which would contradict the minimality of F as F0 U {/} d  F. 
Thus we may apply the induction hypothesis and conclude that the graph 
obtained from H by reversing the edges of F — {/} is strongly connected. 
But this digraph is just G0 [A. Frank],

(c) Suppose Я  is a digraph which contains no cycles. Then H has a point x 
with outdegree 0; otherwise, starting from any point and walking along edges 
in their direction, we would never get stuck and sooner or later we would 
complete a cycle. Using induction on V(H), we may assume that the points 
of H — x can be ordered in such a way that every edge has larger head than 
tail. Putting x on the top, we obtain such an ordering of V(H).

Now let F be a minimal set of edges such that H — F  is acyclic. Then V(H) 
has an ordering such that every edge of H — F  has larger head than tail. If we 
put back any edge of F the ordering loses this property, because the graph is 
no longer acyclic. Thus all edges of F  go “downward”. But then inverting 
them they will have a larger head than tail, i.e. the graph obtained from G 
by inverting the edges of F is acyclic. [E. J. Grinberg, J. J. Dambit,
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Latv. Mat. E. 2 (1966) 65-70; T. Gallai, Theory of Graphs (P. Erdős-G. О. H. 
Katona, eds.) Akadémiai Kiadó, (1968) 115-118.]

12. If the tournament T  has a Hamiltonian cycle, then it is obviously strongly 
connected. Now suppose that T  is strongly connected. Let C — (yv . . . , yk) 
be a maximal cycle in T  (this exists, as the acyclic tournament is not strongly 
connected). Suppose indirectly that C is not a Hamiltonian cycle.

Let г be a point not on C. Suppose, e.g. (yv x) £ E(T). If (x, y2) £ E(T), 
then (yv x , y 2 . . . yk) is a longer cycle. So (y2, x) £ E(T). Similarly {yh x) £ 
£ E(T) for i — 1 ,2 , . . .  ,k.

Now, let X  be the set of all points x such that (yv x) £ E(T). Then (г/,, x) £ 
£ E(T) for every x £ X  as above. Let (x, z) £ E(T) be an edge with x £ X,  
z £ X  (which exists by dT(X) >  0). Then z £C,  and thus, z £ X  implies 
(z, y j  £ E(T). Now (x, z , y v . . . , yk) is a cycle longer than С [P. Camion; 
see В].

13. Let C =  (ylt . . . , yk) be a longest cycle which is not a Hamiltonian cycle; 
this exists as n >  4. If C has length ( V(T) | — 1, it misses exactly one point x 
and so T  — a; is strongly connected.

Assume indirectly that C has length at most | V(T) \ — 2. The same argument 
as in the previous solution yields that, for each x £ V(T) — V(G), either 
(г/,-, x) £ E{T) for each 1 <! i <  к or (x, yf) £ E(T) for each 1 <  i <[ k. Let 
X  denote the set of points with the first property. Let (x, z) be an edge leaving 
X. Then

(x, z , y v . . .  , 2/л_ х)
is a cycle longer than C but still missing a point (yk, in fact).

To show that there are at least two such points let y x have this property. y v 
is contained in some circuit shorter than n; for let X  denote the set of points 
z with (yv  z) £ E(T), then there is an edge (z, u) leaving X  and (yv z, и) 
is a 3-cycle.

Consider now a longest cycle (yv  . . . , yk) with к <  n; we find as before that 
к — n — 1 and this yields a point x у 1 such that T  — ans strongly connected.

14. Invert all edges of F. The resulting graph G' has no circuit, therefore the 
beginning point of a longest path is the tail of every edge incident with it. 
Inverting the edges of F again, we get that this point satisfies the requirements.

15. We use induction on | V(T)\. For | V(T)| =  1,2 the assertion is trivial. 
Let I V(T)\ ^  3.

If (p is one-to-one then it is an automorphism. Denoting by T' the subtree 
formed by the inner points, 99 maps T' onto itself. If <p is not one-to-one, then 
<p(T) is a proper subtree mapped into itself by cp.

In both cases we are finished by induction.
Remark: The assertion is a degenerate case of the Lefschetz Fixed Point 

Theorem (see, e.g. E. Spanier, Algebraic Topology, McGraw-Hill, 1966).

16. The path connecting two points of the intersection is unique and is con­
tained, therefore, in each of the given subtrees. Thus, it belongs to their inter­
section.
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17. (a) Let xlt x2 be the endpoints of Q, xt £ P,-. xt divides P- into two pieces 
Pj, P". We may assume P\ is at least as long as P" and that P[ is at least as 
long as P2. Then

\E(P[ UQU Pi)I >  \E(P[)\ +  \E(PZ>\ >  2 \E(P')\ >  \E (P M  +
+  \E(Pl)\ =  \E(P2)\,

i.e. the path Pj U Q U P2 is longer than P 2, a contradiction.
(b) Let P v P 2 be two maximum paths. Their intersection Q is a path by 

6.15, hence P x U P 2 has the following form: there are two paths P[, P '2 starting 
from one endpoint of Q, and two others: P'[, P "2 from the other endpoint, 
so that

Pr -  Pi U Q U P'i P 2 =  P'2 U Q U P 2.
We have \E (P[)\ =  \E (P2)\, because, e.g. |Í7(PÍ)| ^>\E(P2)\ wouid imply 
that the path P[ U Q U P"2 is longer than P 2. Similarly, \E(P' )̂\ =  |P (P2)j. 
Since P[ U P 2 is a path, we have \E(P[)\ <. 1/2 \E (P^l and similarly, 
\E(P1)\< 1/2 [EiPJl

This shows that the middle point (points) of P x belongs to Q and, hence, to 
P 2. Since this holds for any P 2, this point (points) is in the intersection of all 
maximum paths.

Remark: An example of H. J. Walther [WV; Fig. 39] shows that this is not 
true for every connected graph, as was conjectured by Gallai.

18. First solution. For k =  2 the statement is obvious. Using induction on k, 
we may assume G1 П .. . П Gk_x =  G0 ^=0. Suppose G0 П Gk — 0. Let P  be 
a (G0, öfc)-path. Consider an edge (x, y) of P  (x nearer Gk). Then obviously 
X (j V(G0), thus x (J V(Gj) for some 1 <| i <  к — 1. Hence (x, y) ({ E(G(). 
Now G — (x, y) is disconnected, and x and у  are in distinct components 
of it. Obviously, Gk is in the component containing x. Since Gt is a connected 
subgraph of G — (x, y) and meets Gk, it also lies in the same component. 
But this is impossible because G0 cz Gt andG0 has points in the other component.

Second solution. Let x be a point of degree 1 of G, joined to y. Suppose the 
assertion holds true for G — x.

1 8  L o v á s z

F i g . 39
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If none of Gl t . . .  ,Gh is the one-point graph with the point x, then Gx — x , . ..  
. . . , Gk — x intersect mutually; for if a; is a common point of Gt and Gj, then 
so is y. Thus by the induction hypothesis G1 — x, . . . , Gk — x have a point 
in common, hence so do Gv  . . . , Gk. If G1 (say) has only one point x, then 
ж is a common point of Gv  . . .  ,Gk.

19. To show d(x, y) -)- d(y, z) >  d(x, z), consider an (x, ?/)-path P  of length 
d(x,y) and a (y, z)-path of length d(y, z). P  U Q contains an (x, z)-path, which 
obviously has length at most d(x, y) -f- d(y, z). Thus d(x, z), the minimum 
length of all such paths, is also <, d(x, y) -j- d(y, z).

To show D(x,y) D(y, z)^>D(x,z), consider an (x,z)-path P  of length D(x, z). 
Since G is connected, we have a (y, P)-path Q; let t be the endpoint of Q on P. 
t splits P  into two paths P v P 2, of lengths lx and l2, say. Let Q have length k. 
Then Q U Pi  is an lx, t/)-path, hence

D(x, y ) > k  +  lx.
Similarly,

D(y, z) >  к +  l2,
whence

D{x, y) +  D{y, z ) > 2 k  +  l1 +  l2 =  2к +  D(x, z) >  D(x, z).

20. In the formulation given in the hint, let us see how many times a given 
edge e is counted on each of the two sides. G — e consists of two components; 
let a of the points p t and ß of the points qt be in one of them. Then e is contained 
in

a(n — a) of the (pit p;)-paths, 
ß(n +  1 — ß) of the (qit g;)-paths, 

y.{n +  1 — j8) +  ß(n — a) of the (pit <7;)-paths.

It suffices to show that

a(n — a) +  ß(n +  1 — ß) <: а(те +  1 — ß) +  ß(n — а) 

or, equivalently,
ß — ß)\

which is true because a, ß are integers. [J.B. Kelly, in; Comb. Structures and 
their Appl. Gordon and Breach (1969) 201-208; cf. 13.16.]

21. (a) First we prove the assertion of the hint. Since all points at distance 
d(x) from x are, obviously, of degree 1, 3(x) decreases at every point. On the 
other hand, only one point was omitted from the longest path starting from x\ 
hence d(x) decreases by 1.

Now suppose I V(G) \ ;> 2. Let Z be the set of points, where d(x) is minimal. 
If Z contains no points of degree 1, remove all points of degree 1 from G. By 
the assertion of the hint, this does not alter Z and hence the statement follows 
by induction. If a point x of degree 1 belongs to Z, look at the neighbor у  of x. 
Obviously, у is strictly nearer than x to any other point. Hence, d(x) can be
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minimal only if d(x) =  1, i.e. G is the tree with two points. In this case, the 
statement is obvious.

Note that the center (bicenter) is contained in every maximum path (cf. 
6.16b).

(b) Let P  be a path of length d(x) starting from x. If P  does not contain 
у or z, then obviously,

d(y) =  d{x) +  1, d(z) =  d{x) -f 1

and the assertion follows. If P  contains у (say), then

d(y) >  d(x) — 1, d(z) =  d(x) +  1,

which proves the statement. [See, e.g. K.]

22. (a) Let kv k2 be the numbers of points in the components of G — x con­
taining у and z, respectively (obviously, these are different components). 
Moving from ж to y, kx points approach but n — Jc1 depart, hence

s(z) =  s(y) +  кг — (n — kj) — s(y) +  2 Aj — n.
Similarly,

s(x) =  5 (2 ) 2k2 — n.
Summing,

2s(x) =  s(y) -f s(z) +  2{кг +  k2 — n) <, a(y) +  s{z) — 2.

(b) Assume indirectly that there are two non-adjacent points x, у such 
that в(ж) =  s(y) is minimal. Let

(хг =  x, x2......... xp, xp+1 =  y)

be the (x, y)-path. Then
«(*2) ^  e(x).

By (a),
s(x) +  s(x3) >  2 s ( x 2 )  >  s(x2) +  s(x), s(x3) >  s(x2) >  s{x), 

s(x2) +  e(x4) > 2s(x3) > s(x ) -f s(x2), s(x4) > s(x), 

and so on, finally we get

s ( * p + i ) =  S ( V)  > s (x p )>

a contradiction [К].

(c) Let xv . . . , xp be the points of a path and y lt . . . »  y„ other points 
connected to xv Then, if p  is even, the center of the tree is xp; on tne other hand,

iv\ 2the baricenter is x,, if q =  . Thus, the distance of the baricenter and
. p '2'center is — — 1, which is arbitrarily large indeed.

18*
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23. In
2  d{x, y),

x , y e  v(G)

there are exactly n — 1 terms equal to 1; if G is the star, all the other terms 
are 2; otherwise, they are not less than 2 with at least one of them 3. Hence, 
the sum is minimal for the star.

To prove the statement given in the hint for the second part of the prob­
lem, note that, for an endpoint ж of a path P  we have
(1) s(x) =  I +  2 +  . . .  +  ( » — 1).
If G is any tree and x an endpoint of it, and d(x) =  d, we have at least one 
point of distance 1 ,2 , , d  from x, therefore the sum defining s(x) looks like

(2) s(x) — 1 —|— 2 -|— . . . —|— c? —(— . . . —(— dn_ 1_d,
where dv  . . . , dn_ 1_d d. Obviously, (2) (1) and equality holds only if
d — n — 1, i.e. G is a path and x its endpoint.

Now we prove by induction on n that

2  d^ y )x.yev(G)
is maximal {G ranging over all и-point trees) if G is a path. Let a be a point 
of degree 1 in G. Then

2  d(x> у) =  +  2  d x̂' у)-
x , y £ V ( G ) x , y £  V(G — a)

Here the first term is maximal if G is a path and a is an endpoint of it. For­
tunately, in this case the second term is also maximal by the induction hy­
pothesis.

24. Let P  =  (xv  . . . , x211- 2) be a path of length 2к — 3 in G. With any point 
у  not on P, associate a path Py in the following way. Let Q be the path 
connecting у  to P  and having no other point in common with P. If Q is longer 
than к — 1, let P y be the segment of Q of length k, starting from y. Otherwise, 
let Py consist of Q and a subpath of P. Such a choice is possible since P  has 
length 2к — 3, hence one of the pieces of P  incident with the endpoint of 
Q is of length к — 1. Furthermore, let P Xi be a subpath of P  incident with 
Xj for к <, i <| 2k — 2.

It is easy to see that the P v’s are distinct and that their number is n — k.

25. The resulting graph is obviously a spanning tree. Let H be an optimal 
spanning tree with the maximum number of edges in common with G and 
let e,- =  (x, y) be an edge of G not in // ,  selected at the ith step. Let P  be 
the path in H connecting x to y; then there is an edge /  of P connecting Gt to a 
point outside it. Since we preferred to choose e, rather than /, v(e:) <, v(f). 
On the other hand, H — /  -j- e,- is a spanning tree and has no more expense 
but more edges in common with G than H, a contradiction.

Bemar к: If Gt is the component containing a given point at every step, the 
graph formed by the edges selected in the first i steps is always connected. 
[J.B. Kruskal; see S.]
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26. Let G, G' be two optimal trees. Let e be an edge of G not in G'. Consider 
the path in G' connecting the endpoints of e. Some edge of it, /  say, connects 
the two components of G — e. Now either G — e f or G' — f -\- e has less 
expense than G.

27. If e, f aie contained in the same circuits, then /  is contained in no circuit 
of G — e, hence G — e — /  is disconnected.

Conversely, if there is a circuit containing /  but not e (say), then /  is on a 
circuit of G — e, whence G — e — /  is connected. This proves the statement 
of the hint.

Now (a), (b) follow immediately. To show (c), let e he an edge not in the 
removed equivalence class P, and let f £ P . e  is not a cut edge of G — /, hence 
there is circuit G containing e but not /. C obviously contains no other edge 
of P, whence C is a circuit of G — P. Obviously C lies in the connected com­
ponent of 6? — P  containing e. Hence e is not a cut edge of this component.

To show (d), we show that each component G0 of G—P  is incident with two 
edges of P. Let (x, y) be an edge of P  incident with G0 (x £ V(G0), у (J F((?0)). 
Let О be a circuit containing (x, y). Let us walk along C, starting from x through 
(x, y). Upon reaching a point of G0 again, let us go back to x within G0. The 
circuit defined this way contains exactly two edges of P  incident with G0; 
on the other hand, it contains all edges of P; hence there are exactly two edges 
of P  incident with G0.

Thus, contracting the components of G — P, we get a connected regular 
graph of degree 2. This is a circuit.

28. We can select a circuit Gx of G. Assume Gy, . . . ,Gj are already selected 
in such a way that Gi+1 (1 <  г <  /) is either a path having its endpoints in 
common with Gy U . . . U G, or a circuit having one point in common with 
Gy U . . . U Gj. If Gy U . . . U Gj =  G we are finished. Otherwise, there is an 
edge e =  (x, y) not in Gy U . . . U Gj but having a point x in common with 
Gy U . . . U Gj. Let C be a circuit containing e; start from x walking through 
e and then along C until we meet Gy U . . . U Gj again; let Gj+X be the sub­
graph consisting of those edges and points we touched. Then, obviously, Gj+1 
is either a path with two endpoints in Gy U . . . U Gj, or a circuit C meeting 
Gy U . . . U Gj in the point x only. Thus we could find a suitable Gj+1. G being 
finite, sooner or later we have to have decomposed the whole G.

29. First solution. If we orient G in some way and the resulting G is strongly 
connected, let (x, y) be an edge of G, directed from x to y. There is a path in 
G connecting у to x; hence (x, y) is contained in a circuit of G (even of G). 
Now assume that G is 2-edge-connected. We use induction on the number of 
edges. Remove an equivalence-class P  defined in 6.27. The components of the 
remaining graph are 2-connected and thus they can be oriented so that they 
are strongly connected. The edges of P  lie on a circuit C; let us orient them 
in accordance with a cyclic orientation of C. It is easy to see that the resulting 
digraph is strongly connected.

Second solution, (for the second part): Let G =  Gy U . . . U Gr as in 6.28, 
then we can define an orientation of G by considering an orientation which 
makes an oriented path or cycle out of each Gt.
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Let a £ V(Gj). Then it easily follows by induction on j  that any Ъ £ V(Gj) 
is accessible from a on a directed path and conversely, a is accessible from 
any other point. By the transitivity of accessibility this proves G is strongly 
connected. [H.E. Robbins; see B, Wi.]

30. By induction on k, we can find a circuit C0 such that ev . . . , ek_ 1 are well 
fitted with C0. If ek is well fitted with C0, we are finished. If both endpoints 
of ek are on C0, ek and one of the arcs bounded by its endpoints give the desired 
circuit. Thus we may assume e has one endpoint x on C0 and one endpoint 
у not on C0.

Contract CQ. The resulting graph G' is obviously 2-edge-connected and by 
induction, it has a circuit C1 with which all the edges e,- not on (70 are well-fitted. 
Let C[ be the subgraph of G mapped onto C1 by the contraction. There are 
three possibilities.

(a) C[ is a circuit disjoint from G0. Then C[ is the desired circuit.
(b) C[ is a circuit having one point in common with C0. Then it must contain 

ek (since ek is well fitted with Сг), hence it does not meet the e ’s on C0, and has 
the desired property again.

(c) C[ is a path connecting two points of C0-ek lies again on C[. Now C[ 
and one of the arcs of C0 bounded by its endpoints gives a circuit with the 
desired properties (Fig. 40).

Fig. 40

31. The only non-trivial statement to prove is that mentioned in the hint. 
Walk from e3 in both directions on C2 till we meet G\; let x and у be the two 
points reached (it may happen that x and/or у are endpoints of e3). x and у 
are distinct, so they bound two arcs of Cv  one of which contains ex; this arc 
and the arc of C2 bounded by x, у and containing e3, give a circuit containing 
ex and e3.

32. (i) => (iii) : First let e and /  be two edges with a common endpoint x. 
Let у  and z be their other endpoints. Since G — x is connected, there is a path 
in it connecting у  to z; this forms with e and /  a circuit.

Using 6.31, we get that any two edges are on a circuit; in fact, an equivalence- 
class of the relation “being on a circuit” contains every edge which is adjacent 
to its edges; therefore consists of the edges of a component. But G is connected, 
hence this equivalence-class is the whole graph.
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(iii) =>■ (ii): Given two points, consider one edge incident with each and 
a circuit through these two edges.

(ii) => (i): Assume that the removal of a point x disconnects G. Let a, b 
lie in different components of G — x. Then no circuit can contain both a and b.
33. First solution. We show that G — Gx U . . . U Gr, where Gl is a circuit 
and Gi+1 is a path having exactly its endpoints in common with Gx U . . . U Gt. 
Let G1 be a circuit and choose G2, . . . ,Gt satisfying the requirement above. 
If G1 U . . . U Gt ¥^G, we can find an edge (x, y) in G —- E(GX U . . . U Gt) 
such that x £ V{GX U . . . U Gt). Since G — x is connected, we can find a 
(y, Gx U . . . U Gt — a;)-path Q in G — x. Then Q and (x, y) give a Gi+V 
Therefore, sooner or later we have G — Gx U . . . U Gr.

Now U . . . U Gr_ 1 is 2-connected, which can be seen very easily. Hence 
Pk=  Gr satisfies the requirements.

Second solution. Let P v  P 2, P 3 be three paths connecting a and b(a,b £ V(G)) 
and assume a, b, P v  P 2, P 3 are chosen so that P 1 is of minimum length. 
First we show P x has inner points of degree 2 only. Assume (x, y) would be 
an edge incident with an inner point x of P 1 but not belonging to P v Since 
G — x is connected there is a (y, P x U P 2 U P 3 — a:)-path Q in G — x. The 
other endpoint of Q may be on P x or on P 2 U P3; in either case we get 
two points connected by three independent paths, one of them being shorter 
than P v  a contradiction with the choice of P x (Fig. 41).

Thus the inner points of P x are of degree 2. Remove the inner points of P v 
The resulting graph G' is 2-connected. In fact, consider two points a, b of 
G' — c for some c. There is an (a, 6)-path P in G — c. If P  does not go through 
P x, it is an (a, 6)-path in G' — c. If P x С P, one of P 2, P3 does not contain 
c and we can “avoid” P x using it. Thus G' — c is connected.

This proves that P , satisfies our requirements. [H. Whitney, Amer. J. Math. 
55 (1933) 236-244; also see G. A. Dirac, J. Reine Angew. Math. 228 (1967) 
204-216.]
34. Let G — Gx U . . . U Gr, where Gx is a (p, <?)-path and Gi+1 is a path which 
has exactly its endpoints in common with Gx U . . . U G> Such a decompo­
sition can be found just as in the first solution of the preceding exercise.

Now order the points of Gx according to their position on Gx; insert the points 
of Cr2 between them, so that they are ordered in accordance with their positions

Fig. 41
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on Go (and thus, lie between the two endpoints of Go) etc. The ordering obtained 
finally has the property that each point is adjacent to both earlier and later 
points.

Now orient any edge, so that its tail anticipates its head in this ordering. Then 
starting from any edge (x, у ), we can find edges (y, y x), (yv y 2) etc. by the 
properties of the ordering the last of which must end, of course, in q. Similarly, 
there are edges (xx, x), (x2, xx) etc. the last starting from p. These edges yield 
a (P> Я) path of G containing (x, y). [A. Ádám, A problem of the Schweitzer 
Competition, Mat. Lapok, 22 (1971) 34.]
35. The assertion given in the hint follows from the second solution of problem 
6.33; it proves immediately that (i) implies (ii). Conversely, if (ii) holds, let 
e =  (x, y) be an edge such that G — e is 2-connected. Then x and у lie on a 
circuit of G — e which has e as a chord, a contradiction. [M. D. Plummer, 
Trans. Amer. Math. Soc. 134 (1968) 85-94.]
36. If G =  C we have nothing to prove. Otherwise, there is a (C, C)-path 
in G. For let и be a point of C of degree at least 3, (u, v) an edge not on C, 
and P 0 a (v, G — w)-path in G — u. Then P 0 -f- (u, v) is a (C, C)-path.

Now let P  be a (C, C')-path selected as in the hint. 11 has at least 2 edges by 
6.35. Assume z has degree at least 3. Then it follows as above that z is the 
endpoint of a (C, C)-path Q. Let w be the other endpoint of Q.

Observe that if P  and Q intersect or w is outside R, we can find a circuit such 
that (x, z) is a chord of it, which contradicts 6.35 (see Fig. 42). However, 
this means that the arc connecting z and w (in R) is a proper, sub-arc of R, 
which contradicts the choice of P. [M. D. Plummer, ibid.]

37. G' is a forest by 6.36. By the argument in the preceding proof, there is a 
(G', (r')-path Qv 1ÍG' is connected, then it contains a path Q2 connecting the 
endpoints of Qy C =  Qx U Q2 is a circuit whose points of degree 2 form an 
arc of it (these are the inner points of Q2, in fact).

Now let P  be a (C, C)-path; one of the arcs connecting its endpoints has no 
points of degree 2. On the other hand, this arc contains a minimal arc of this 
type and this has a point of degree 2 by the solution of the preceding exercise. 
[M. D. Plummer, ibid.]

38. Let Gv G2 be two isomorphic trees such that every endpoint of them is 
at distance at least 1000 from their centers, and which have no points of degree
2. Identify the corresponding endpoints of Gy and G2. The resulting graph

F i g . 42
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G is 2-connected; for take any two points x, у of it. Let x', y' be the correspond­
ing points in the other tree (maybe x =  x' or у — у'). We show that even 
x, x’, y, y' lie on a circuit. We may assume x ,y  ^Gx x', y' £ в 2. Let P 1 be 
the path in G x connecting x to y. We can lengthen P x to a path P  which con­
nects two endpoints of Gv Let P'  be the path corresponding to P; then P U P '  
is a circuit which contains x, x', у, у'.

On the other hand, removing an e £ E(G1) (say) the resulting graph will not 
even be 2-edge connected, because the edge e' £ E(G2) corresponding to e 
will be a cutting edge of it.

39. (a) If G has к edge-disjoint (a, 6)-paths, it is obviously Pedge-connected 
between a and b. To prove the other part, remove edges till the removal 
of any further edge will destroy ^-edge-connectivity between a and b. Then 
obviously, there will be no edge with head at a or tail at b. Assume first there 
is an edge ex incident neither to a nor to b. Since G — ex no longer satisfies the 
conditions, it has a (k — l)-element (a, 6)-cut C .  Then, C =  G' U { e j  =  
=  {ev  . . . , e,.} is a Pelement (a, b)-cut and by the choice of ev  the set S 
determining C satisfies ]<S'| (> 2, \V{G) — S\ >  2.

LetG1,G2 be the graphs obtained by contracting S and V(G) — S, respectively; 
let a' and b' be the images of a in Gt and b in G2, respectively.

Obviously, Gx is ^-connected between a' and b, and thus by the induction 
hypothesis, there are к edge-disjoint (a', 6)-paths P v  . . . , P k. Since the edges 
going out from a' are only ev . . .  , ek, we may assume e,- £ P,. Similarly, there 
are к edge-disjoint (a, fe')-paths Qv . . . ,Qk in C?2, et £ Qt. Then P x U Qv . ■ - 
. . .  , P k U Qu form Pedge-disjoint (a, 6)-paths in G.

What is left is the case, when each edge has tail at a or head at b.
If there is an (a, b)-edge, we can remove it and proceed by induction on k, 

thus we may assume there is no such edge.
For any x a, b, let k(x) be the minimum of the numbers of (а, ж)-edges and 

(x, 6(-edges. Then obviously, there are k(x) edge-disjoint (a, 6)-paths.
хфа,Ь

On the other hand, let S  be the set of all points x which are connected to b 
by k(x) edges. Then, the cut determined by {a} U S has exactly k(x) edges. 
Hence x ^ a . b

^  k(x) =  k,
*Фа,Ъ

which proves the assertion.
(b) As suggested in the hint, consider a graph G', which has points a, b 

and two points xv x2 for each x £ V(G)v x ^  a, b. Put a 1 =  a2 =  a and 
bx =  b2 =  b. For any edge e =  (x, y) É E(G), G' has the edge e' =  (x2, y x)r 
moreover, for each x £ V(G), x ^  a ,b , the edge (xv x2). Now

(i) G' is /.'-edge-connected between a and b iff G is ^-connected between 
a and 6;

(ii) G' has Pedge-disjoint (a, 6)-paths iff G has к vertex-disjoint (a, b)- 
paths.

To show (i), consider an (a, 6)-cut G in G'. Let A consist of all points x such 
that (xv  x2) £C  and all other edges of C. Then \A\ =  |C| and A separates 
a and b in G; for if P  is any (a, fe)-path in G, then the edges ofG' corresponding
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to edges and inner points of P, form an (a, ft)-path P' in G and since P'  contains 
an edge of G, P  contains an edge or point of A.

Conversely, if A is a set of edges and points separating a and b in G, then the 
construction above associates a set C of edges of G' with it, and G will be an 
(a, b)-cut with 1(71 =  \A\. This proves (i).

Now consider к edge-disjoint (a, 6)-paths P v . . .  , P k in G'. If xt £ P; then, 
obviously, (xx, x2) is an edge of Pj and x3_t is also on Pj. Hence, P x, . . . , P k 
are vertex-disjoint and even contracting the edges (xx, x2) to get G back, 
we obtain к vertex-disjoint (a, 6)-paths of G.

Conversely, if there are к vertex-disjoint (a, 6)-paths in G, then the (a, b)- 
paths of G' associated with them in the natural way are vertex-disjoint, and 
hence edge-disjoint. This proves (ii).

(i) and (ii) prove the statement of (b), by (a).
(c) The directed graph G obtained as in the hint has the same connectivity 

and edge-connectivity between any two points as G.
Moreover, the maximum number of edge-disjoint (vertex-disjoint) (as, 6)- 

paths of G and G are the same. For edge [vertex] disjoint (a, &)-paths of G yield 
such paths in G. Conversely, if we have some edge-disjoint (a, fr)-paths of G, 
we may assume that they do not use both (x, y) and (y, x); for in this case 
one can easily find another system of the same number of (a, 6)-paths, which 
contain neither (x, y) nor (y, x) (in the vertex-connectivity case, this difficulty 
does not even arise). These paths yield edge-disjoint (vertex-disjoint) (a, b)- 
paths in G [K. Menger; see any textbook on graph theory.]

40. The graph G' constructed in the hint is ^-connected between a and b; 
since a and b are non-adjacent, it suffices to show that the (a, 6)-paths cannot 
be covered by к — 1 points; but this is the assumption. Therefore by Monger’s 
theorem, there are к independent (a, b)-paths in G'; removing a and b from 
them, we get к (A, /i)-paths as desired.

41. To prove the statement formulated in the hint, let us substitute w(x) 
distinct points for each x, and connect two new points if the original points 
are connected. Denoting by G' the resulting graph and by A'  and B' the sets 
of points substituted for A and B, respectively, these sets will satisfy the 
conditions of 6.40. For let X  be a set which meets all ( A ii')-paths of G'. Choose 
X  to be minimal. If X  contains a point x1 substituted for x, then it contains 
every other point x2 substituted for x; since if N  — xx fails to meet some path 
P, then P  П X  =  {xx} and hence if x2 ([ X,  replacing xx by x2 in P  we get 
a path disjoint from X.  Let X 0 be the set of all points x £ V(G) such that 
X  contains the corresponding points of G', then

|x |  =  2  w№ ’
x  € -Xo

on the other hand X  meets all (А, Б)-paths of G, hence |X | )> k.
There are, thus, k (A', H')-paths in G' which have no point in common. Con­

tracting the points substituted for x onto x for each x £ V(G), we get к (A, B)- 
paths in G as required.

Menger’s theorem is obtained by putting w(a) =  w(b) — к and w(x) — 1 
elsewhere; 6.40 follows by putting w(x) =  1 for every x. A third special case
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of interest is when A — {a} and w(a) =  k, w(x) =  1 for x ^  a. Then we get: 
if any set which does not contain a but meets every (as, S)-path is of cardi­
nality at least k, then there are к (a, _B)-paths which have no point but a 
in common. [G. A. Dirac, J. London Math. Soc. 38 (1962) 148-163.]

42. If R v . . . , Rk are chosen in accordance with the hint, we claim that, if 
the beginning edge of a Qj (1 <( j  <  к +  r) is not the beginning edge of any 
Rj, then Qj is independent of every Й,. For assume Qj meets some of them 
and let X be the first point of Q j  in common with an R {. Let Щ  be the path 
consisting of the (a, x)-part of Qj and the (x, B )-part of Rt. Then

\E(Rl U . .  . U R'i U . . . U Rk) -  E(Q1 U . . . U Qk+r)\ <

<  \E{R1 U . . . U Rk) — E(Qr U . . . U 0 ,+r)|,

a contradiction.
Now there are at least r of Qv . . . , Qk+r whose beginning edge is not a begin­

ning edge of R v . . .  , Rk. [H. Perfect, J. Math. Anal. Appl. 22 (1968) 96-111.]

43. With В =  V(P0), the conditions of 6.42 are satisfied: we have к independent 
(as, B)-paths I \ ,  . . . , P k and, on the other hand, suitable beginning sections 
of Q0, . . . , Qk give /: -f 1 independent (a, B)-paths (no matter where they 
end, i.e. where they meet P 0). Therefore, we have к +  1 independent (a, ill- 
paths R v . . . , Rk and R such that R v . . . , Rk end at b. R U P 0 contains 
a (k l)st (as, 6)-path, independent of R v  . . . , Rk. [For this and the next 
problem see G. Hajós, Theory of Gr. Int. Symp. Rome, Dunod, Paris-Gordon 
and Breach, New York (1967) 147.]

44. Let c a, b. Assume indirectly that c is not connected to anyone of a 
and b. The addition of an (a, c)-edge produces к -f- 1 independent (a, 6)-paths; 
removing this edge again we get к independent (a, b)-paths and a (b, c)-path 
independent of them. Similarly we get к independent (a, 6)-paths and an 
(a, c)-path independent of them. By 6.43, there are к +  1 independent 
(as, ó)-paths in G, which is a contradiction.

We show by a similar argument that, if x is joined to a but not to b and у is 
joined to b but not to a, then x and у are not adjacent. Assume indirectly that 
there was an edge e connecting them. Subdivide e by a point c. Then, adding, 
the edges (as, y) and (b, x) and applying 6.43, we get a contradiction just 
as above.

This statement means the points connected to both« and b separate them. 
Hence their number is at least k. On the other hand, through each of these 
points there goes an (as, 6)-path of length 2 and these paths are independent. 
This proves that the number of points joined to both a and b is k.

Now if Gx is spanned by as and its neighbors, G2 by b and its neighbors, then 
joining two points of Gy or Go cannot produce к -f- 1 independent (a, ó)-paths 
as a and b will still be separated by к points. Thus Gv G2 are complete and we 
are finished.

To deduce Menger’s theorem, consider an undirected graph G and a, b £ V(G). 
We may assume a, b are independent, since the removal of an (as, 6)-edge 
decreases both the maximum number of independent (a, 6)-paths and the con-
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nectivity between a and b by i . Let к denote the maximum number of in­
dependent (a, 6)-paths; we have to show a and b can be separated by к points. 
Add edges till к remains the same; the graph we finally get is described above 
and has a ^-element set separating a and b. But the same set separates a and 
b in 0.

45. To disprove (i), consider the graph shown in Fig. 43. Any (a, 6)-path starts 
through ev  whence any two of them have an edge in common, similarly for 
(b, «)-paths. Taking an (a, 6)-path P  and a (b, a)-path Q, they connect two 
opposite corners of the broken rectangle; hence they intersect somewhere. 
Now each intersection point is a point of the graph and has degree 3, therefore 
they have an edge in common.

There are two vertex-disjoint paths connecting c to d; hence, if an edge is 
contained in each (a, 6)-path it is either ex or / 2. Since, similarly, an edge 
contained in each (b, a)-path is e2 or f v no edge is contained in all (a, &)-paths 
and (b, a)-paths.

This example is not the simplest one. It was given here because contracting 
ev e<>, f v f 2 , it gives a graph G which is 2-connected between the image a' 
of a and the image b' of b, but any (a, 6)-path has an edge in common with 
any (b, a)-path. This disproves (iii).

Finally, (ii) is obviously false for a graph consisting of к vertex disjoint 
(a, fr)-paths.
46. Let C be an (a, 6)-cut, determined by S. Then

|C| >  \C\ - \ C * \  =  J?{d£(x) -  da(x)) =  k,
x €  S

which proves the statement by Menger’s theorem.

47. (i) If there are neither (a, b)-paths, nor (b, a)-paths we have nothing to 
prove. If P  is an (a, 6)-path say, then by 6.46, G — E(P) has a (b, a)-path Q 
which is edge-disjoint from P; a contradiction.

(ii), (iii). Assume G is &-edge-connected between a and b. Then there are 
к edge-disjoint (a, 6)-paths by 6.39. Remove the edges of these (a, 6)-paths,

F ig. 43
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then the remaining graph has к edge-disjoint (b, a)-paths by 6.46. This proves 
both (ii) and (iii) [A. Kotzig, JFiss. Z. Martin-Luther Univ. Halle-Wittenberg 
10 (1961-62) 118-125].

48. (a) Every edge joining A  fl Y  to V(G) — X  — Y is counted twice on both 
sides. Those edges joining X  — Y  to T — X  are counted on the right-hand side 
only. Any other edge is counted exactly once on each side.

(b) This follows from (a) by substituting V{G) — Y  for Y, and taking into 
account the fact that

М П  =  ba{V(G) -  Y).
(c) It is clear that
1° if an edge connects two of X  — Y — Z, Y — X  — Z, Z — X  — Y, 

X  П Y П Z, then it is counted twice on the left-hand side and twice on the right- 
hand side,

2° if an edge connects one of X  — Y  — Z, Y — X  — Z, Z — X  — Y, 
X  П Y 0 Z to a point not in these sets, it is counted once on the left-hand side 
and at least once on the right-hand side,

3° no other edge is counted on the left-hand side.

49. Let dG(X) =  k, |A| minimal, x £ X.  If all edges incident with x go to 
V{G) — X,  then their number is <£ dG(X) =  k, so the degree of x is <  k. 
By the Ledge-connectivity, we have equality here.

Suppose that x is adjacent to у  £ X.  Removing (x, y), the edge-connectivity 
decreases, hence there is an 0 ^ Z  cz V(G) with <3G_(x y) (Z) <  к — 1. This 
can only be if dG(Z) =  к and Z separates x and y, say x £ Z, у £ V(G) — Z. 
We may assume X  U Z ^ V ( G ) ,  otherwise we could consider V(G)— Z 
instead of Z. By 6.48a,

ÖG (X П Z) -f- bG (A U Z) <  <5g (A) bG (Z).
Here <5C(A П Z) >  k, 6 C(X U Z) ]> k, ba(X) — da(Z) =  k. Therefore, we must 
have equality throughout, in particular dG(X f] Z) =  k. This contradicts 
the minimality of A  [W. Mader, Math. Ann. 191 (1971) 21-28].

50. (a) We have to show that if we contract G — (Fl U . . . U Fm) we get 
a graph G' with not more than 2 m points. Suppose we will have p points. 
These points have degree at least к and thus

\E(G') \
2

On the other hand, each edge of G' belongs to one of the cuts F v  . . . , Fm, 
otherwise it should be contracted. Thus

m
\E(G') \ <  j £ \  Fi\ =  m ■ к,

/= i
whence

as stated.
p  <j 2 m
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51. Let у , 2 be two neighbors of x. Remove two edges (x, y) and (x, z) and create 
a new edge (y, z). If the resulting graph G' is not &-edge-connected between 
two points of V(G) — x, then there is a set 0 U cz V(G) — {x} such that

bGi{U) <  Jc.
Since G and G' are Eulerian, ail cuts in them are even; so к is even and 8 a’(U) 
as well, whence
1) ő0'(U) < k -  2.

Obviously,
bGiU )  ^  bo(U) -  2 £  É -  2,

whence
dG(U) =  k, öGiU) =  öa(U) -  2 .

The latter equality means y, z d U .
Now let у be any neighbor of x and U a maximum set such that Ucz V(G) — {x}, 

у d U, 6 a(U) =  k. Since
bG(U U {*}) > k  =  0G(U),

it follows that U cannot contain all neighbors of x\ let z (J U be a neighbor of x. 
Now if the pair (y, z) does not satisfy the requirements of our problem, there is 
a set F d  V(G'] — {a:} with y, z d V and <5C(F) =  k. Now by 6.48a,

dG(U U F) +  6 G(U П V) <  ÖG(U) +  00(F) =  2 k,

and since U fl V ^  0,
dG(U П F) >  k.

This implies that
da(U U F ) ^  k.

By the maximality of U, this can only occur if

t/U F =  V(G) -  {ж}.
Now observe that

bG{U -  V) +  da(V - U ) <  da(U) +  <5C(F),
because in the counting in the solution of 6.48a the edge (x, y) is only counted 
on the right-hand side. Here

da(U) =  8 a(V) =  k, ÖG(U -  F), dG(V - U ) ^ k ,
a contradiction.

52. We use induction on |F(G)|; if |F(0)| =  2 then we have the initial graph I. 
Now, suppose |F(G)| >  3 and x d V(G). By the preceding result, we can find 
two points y v  zx adjacent to x such that if we remove (x, у г) and (x, zx) but 
connect y x to zv  then the resulting graph Gx is still (2£)-edge-connected 
between any two points of V(G) — {x}. If a: is still not isolated, we can find 
two points у 2, z2 adjacent to x in Gx such that Gt — (x, y 2) — (x, z2) -)- (y2, z2) 
is again 2 k-edge connected between any two points of V(G) —{x}, etc. Here
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loops can never arise, because a point with loops could be separated from the 
other points by less than к edges. Thus we get a (2/c)-edge-connected, (2 k)- 
regular graph G' which arises from G by removing the edges (x, y Y), (x, z1), . . . 
(x, yk) (x, zk) (and then the isolated point x) and creating к new edges (yv  zx),
. . . , (yk, zk). Now G arises from G' by construction II. [A. Kotzig, Doctoral 
dissertation, Bratislava, 1959; cf. also G. J. Simmons, Infinite and Finite 
Sets, Coll. Math. Soc. J. Bolyai 10, Bolyai-North-Holland (1974) 1277-1349.]

53. We are going to follow the solution of 6.51 as long as we can. For each 
pair (y, z) of neighbors of x we find a set U such that 0 Ф U d  V(G) — {x}r 
y , z  £ U, and

W )  <  к -(- 1

(because here we do not gain 1 as we did in (1) in the solution of 6.51).
Now let у be a fixed neighbor of x and consider the set H of all sets U like 

above for all points z. If the assertion is not true, then these sets 
cover all neighbors of x. Let U v  . . . , Ut be a minimum number of sets of H 
which cover all neighbors of x. Since

bG(u l и {*}) ^  к ^  ac(f7,.) -  1,

it follows that at most — dG(x) edges connect x to Since x is joined to у
2

which belongs to all Ut, it follows that two U ’s cannot contain all neighbors 
of x. Hence l >  3.

Consider Uv U2, U3. Since U x could not be omitted from H, there is a neigh­
bor of x which is covered by U 1 but not by U 2 or U3. Similarly we find 
that U2 — U3 — U x ^  0 and U3 — Ux — U2 0.

Now use a slight sharpening of 6.48c.

W i  -  Z7, -  U3) +  bG(U2 - U 3 -  U3) +  bG(U j -  Ux -  U2) +
+  ba(Uг f ) u 2 f) u 3) <; bG(Uj] -j- bG(U2) bG(U3) — 2.

(The —2 comes from the observation that the edge (x, y) is counted 3 times 
on the right-hand side but only once on the left.) Here all terms on the left- 
hand side are ]> k, but all terms on the right are к +  1. Hence

4k <J 3(k + 1 )  — 2, k< ,  1,
a contradiction.

54. (a) Let 0 c  V(G). Then

ŐG(Z) =  ój(X ) +  ős(F(G) -  X) >  к +  jfc =  2 k.

(b) We prove the assertion by induction on \V(G)\. If |V(G)\ — 2  it is 
trivial. Let |F(G)| >  3. We may assume G is critically 2&-edge-connected; 
then by 6.49, there is a point x with dG(x) =  2 k. As in the solution of 6.52, we 
find a 2&-edge-connected graph G' and к edges (yv  z-f), . . . , (yk, zk) £ E(G') 
such that if we subdivide each of these к edges by a point and identify these 
new points to a point x, we get G (note that now 6.53 must be applied rather 
than 6.51). Let G' be an orientation of ©'which is &-edge-connected. This in-
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duces an orientation G of G : if (yt, zt) is directed from yt to 2, (say), then we 
direct (yh x) from yt to x and (x, zt) from x to zt. It is easy to see that G is 
fc-edge-connected. [In a stronger form this was proved by Nash-Williams; 
see B.]

or = /9 = 1

Fig. 44

55. The necessity of the conditions given is obvious. Consider the graph shown 
in Fig. 44. Here the conditions are satisfied since a quadrilateral is 2-edge- 
connected. On the other hand any (a, a')-path has an edge in common with any 
(b, 6'[-path.
56. (a) Take two new points u, u'. Connect и to a and b by a and ß edges, re­
spectively and, similarly, connect m' to a' and b' by x and ß edges, respectively. 
Condition (*) now implies that the resulting graph G' is (a /3)-connected 
between и and u'. Hence, it contains a 4 - ß edge-disjoint (u, w')-paths and thus 
G contains a -+- ß edge-disjoint {{a, b}, {a 6'}[-paths, a of them starting at a 
and the same number of them ending at a’, as stated in the hint. Let 
P v  . . . ,  Pa+/3 be these paths.

Now G — E{P 1) — . . .  — E(P,x+ß) has even degrees, so by 5.13 it has an orien­
tation with equal out-, and indegrees. Orienting the paths P, from their endpoint 
in {a, 6} toward their endpoint in {a', b'}, we get a desired orientation of G.

(b) Let G be an orientation of G as in part (a). First, we show that there are 
a edge-disjoint (a, a')-paths in G. Let X  C V(G) — {&'}, a £ X .  If b, b' X,  
then

bo (-̂ 0 isi b0 (X) — b a ^ i  =  Öq (ci) bfiia) — a.
We argue similarly, if b, b' £ X  or b £ X, b' ([ X.  Suppose b' £ X,  b ([ X. 
Then we have

(1) ős(X) -  ba(X) =  Щ{а) -  <5g(a)) +  (6 Mb') -  őö(b')) =  a -  ß.
■On the other hand

( 2 )  д§(X) +  ő g ( X )  =  6a(X) >  a +  ß.

Summing (1) and (2) we obtain

26 3 {X) >  2a,

which proves that there are a edge-disjoint (a, a'[-paths P v . . ., P.x in G.
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N ow  consider G ’ =  G  — Е ( Р ,) — . . .  — Е ( Р Л). I n  th is  g rap h

дмь) -  Wb) =  ß, ть')  -  тъ') =  - ß,
Őq.(x) =  ÖQ'(x) for X b'.

Therefore by 6.46, G' contains ß edge-disjoint (b, 6')-paths Qv . ■ ■ ,Qß- Now 
P v . . Pa, Qv . . . ,  Qß (more exactly, the undirected paths of G corresponding 
to these directed paths) form a required set of paths. [T.C. Hu, Integer Pro­
gramming and Network Flows, Addison-Wesley, 1969; this proof is due to 
C. St. J. A. Nash-Williams.]

57. Let G be a 5-connected planar map with a quadrangular face F; let a, c, b, d 
be the vertices of F  in this cyclic order. Then, obviously, any (a, 6)-path inter­
sects any (c, d)-path.

Thus it suffices to find a 5-connected planar graph with a quadrangular face. 
A little experimentation yields, e.g., Fig. 45.

Remark: It can be shown [P. Mani-H. A. Jung, see Jung, in: Comb. Structures 
Appl. Gordon and Breach, 1970 189-191] that all examples are planar. In 
particular, there are no 6-connected examples. More generally, there exists a 
function g(n) such that given any 2n points av . . ., an, bv . . ., bn in a g(n)- 
connected graph, there are n vertex-disjoint paths P v . . ., P n, P t connecting 
ai to bj.

58. First solution. C separates a and b; for any (a, 5)-path intersects A U В 
(«even A) and the first point of it belonging to A U В is a point of G.

Similarly, D defined in the hint is a separating set. Hence, \C\ k, \ D \ > k .  
Now

C f l f i c i f l B ;

for if x^G П D, then there is an (a, A U /i)-path Р г connecting x to a and a (b, A U 
U В)-path connecting x to b. Then P 1 U P 2 is a path, which meets A U В in x

19 Lovász

F i g . 45
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only; since each (a, 6)-path must meet both A and B, x must belong to both A 
and B. Thus

\A П B\ >  \C П D\ =  \G\ +  \D\ — \G U D\ >  к +  к — \A U B\ =

=  \A\ +  \B\ — \A \J B \  =  \A ( \  В  I,

which shows that we have equality everywhere, in particular |C| =  \D\ =  k.
Second solution. Let P „  . . . ,  P k be independent (a, 6)-paths (these exist by 

Menger’s theorem ), then  A (B) contains ex a ctly  one point os, (6,) from  P,. 
L et c(- be th e  one o f  a, and bt nearer a  on P t.

Now G — {c,, . . . ,  ck}. Obviously, c,- £ G. On the other hand, if c £ C, then 
c £ A U В  and thus c £ P t for some i. Assume с Ф c,-, then c is on the (c,-, b)- 
piece of Pi. By definition, there is an (a, c,)-path not meeting A, which gives 
with the (с,-, 6)-piece of P  an (a, 6)-path not meeting A, a contradiction.

Thus, |C| =  1c. The fact that it separates a and b follows easily as above 
[cf. L. L ovász, A cta M ath. Acad. Sei. H ung. 2 (1970) 365-368].

59. L et T  be as in  th e  h int. I t  is enough to  show th a t i f  T  separates G — (x, у ), 
then , in  fact, i t  separates x  and y; for then, obviously, T  П V(H)  separates x  
and у  in  H,  i.e. H — (x, y) has a (k — l)-elem en t separating set.

Now if, to the contrary, x, у  are in the same component of G — {x, у ) — T , 
then, adding (x,y), we see that G — T  is still disconnected and this is impossible.

60. (a) 1° In G — C, there are no edges between Gx П G3 and the remainder of 
the graph, which is non-empty. Hence G is a separating set and since Gx П G3 
is a proper subgraph of Gx (as В П У(Ох) ^  0), G cannot be a ^-element separat­
ing set.

2° Let a; £(7.Then there is an (a, A U P)-path P  connecting a to x. If x $ А П B, 
then x  (( A or x (£ B. If x $ A (say), then P  does not intersect A, i.e. x is in 
the same component Gx of G — A ns a.

3° If b £ G2 П Gi} then by 6.58 C has cardinality Jc.
4°

17 (0 ,)I > |Р Л  7(^)1 +  1 7 (0 ,0  0 *)I, 
while ,

|7(G4)| =  |АП 7 (G4)I +  17 (ö , П G4)|.
Now since

\ в  D 7 (ö ,)I +  \A n B\ +  \A П 7 (ö ,)I >  \C\ >Jc
and

IА П 7(ö*)I +  \A П B\ +  \A П 7 (ö ,)I =  \A\ =  k,
it  follow s that

|P D  7 (ö ,)I > \ A  П 7(0*) 1,
whence

|F(G,)| > |7(G *)|,
which contradicts the minimality of Gx (Fig. 46).



6.60 § e . CONNECTIVITY 291

To show the second statement, assume first that F(G2) 0  B. Since 
I T7”(б?x)I <  I F((?2)|, this immediately implies that | V{Ĝ )\ <  k/2.

Secondly, assume that F(G2) <£ B. Let, e.g. G2C\G3 =̂ 0 .  Since (A nF(G3))U 
U (А П В ) U (jB П F(G2)) separates G, it follows that

IА П F(G3)I +  \A П B\ +  \B П F(Ga)| >  к =  \B\ =
=  IFÍÖOI +  И П  Д| +  |Д П  F(G3)I,

whence
I W I ^ I ^ n  F(G3)j.

If ö 2 П ö 4 ^  0 then similar argument yields that

l í W i ^ n n  F(G«)|,
and hence

| * т а | < ^ | = 4 .
2 2

If G2 П G4 =  0 then similar argument yields that

|F(6 4) | ^ | S n  F(Ga)|,
and so

|F(GX)| <  |F(G4)| £  \B П F(Ga)| £  \B\ -  |F(Gj)| =  lc -  |F (fly |,
whence the assertion follows again. [W. Mader, Arch. Math. 22 (1971) 333-336; 
M. E. Watkins, J. Comb. Th. 8 (1970) 23-29.]

(b) Obviously, G has no multiple edges. We may assume G is not a (k -f- 1)- 
clique. Then Gx of (a) exists. Assume G, has at least two points, then Gx has 
an edge e =  (x, y). G — e has a (k — l)-element separating set T. Then G — T  is

19*

F i o .  4 6
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F i g . 47

connected but G — T  — e is not, whence G — T  — e has two components con­
nected by e. Suppose the component containing x has more than one point, 
then T  U {x} is a ^-element separating set of G, having a point x in common 
with Gx but not containing another point, у of it. This is impossible by (a). 
Thus Gx =  {ж} and it follows that x has degree k. [R. Halin, J. Comb. Theory 
7 (1969)150-154.]

61. (a) Let {x, y) be a separating set of G — e. Since G — {x, y} is connected, 
e connects different components of 6? — e — {x, y}, hence a and b are separated 
by x, у in G — e.

(b) Let {u, v) be a separating set of Gje. We claim one of u, v is the point 
e is contracted onto. For otherwise Gje — {u, v) would arise by contraction of 
an edge from the connected graph G — {u, v} and would be connected. Now 
if v is this point, then {a, b, u} is a separating set. To show it separates x and y, 
consider a component G' of G — {a, b, и}. Since G is 3-connected, this compo­
nent is connected to each of a, b, и and, thus there is an (a, 6)-path P L with inner 
points in G'. P 1 contains one of x and y, x say. Considering another component 
G" of G — {a, b, u) , the same argument shows that у must be in G".

(c) Assume the component (r1 of G — e — [x, y\  containing a has a point 
c=t=a. SinceG is 3-connected, there is а (с, ж)-path P  in G — {а, у). P does not 
go through b and u, because Ъ, и and c are separated by a, x, у  (even by e, 
x, and y ); hence P  is a (c, x)-path in G — {a, b, u}. Similarly, there is a (c, y)- 
path Q in G — {a, b, u) ; however, P  U Q then gives an (x, ?/)-path in G — {a , b. 
u}, which contradicts (b) (Fig. 47).

The degree of a is now 3, a contradiction.
62. First we prove the assertion of the hint. Assume G — T  is disconnected, 
where |T| <( к — 1. If T  does not contain either of the endpoints x, у of e,
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then (G — T)le =  Gje — T  is disconnected, which is a contradiction, because 
G/e is ^-connected. If x, у £ T, then G/e can be cut even by the (k —- 2)-element 
image of T. Therefore, we may assume that x £T, у § T  (say).

G/e — T  can be obtained from G — T  by removing y. Gje — T  is connected 
while G — T  is not, which means у was a component of G — T. Hence T  con­
tains all the neighbors of y, which is impossible, because у  has degree at least h.

Now the result follows easily. Gje is 3-connected by the preceding problem. 
Suppose it is not minimal, then G/e — f  =  (G — /)/e is still 3-connected for 
some /  £ E(G). Since the endpoints of e have degree at least 3 in G — /, it follows 
by the above that G — /  is 3-connected, contrary to the assumption.

63. Let C be the circuit under consideration. If | V(C) \ — 2 the statement is 
void as an edge-critically 3-connected graph cannot have multiple edges.

Assume | V(C) | >  3. If C has at most one point of degree 3, it has an edge 
e whose endpoints have degree at least 4. Then, by 6.62, Gje is a critically
3-connected graph, and the circuit C is mapped by the contraction of e onto 
a shorter circuit C' which still has at most one point of degree 3. This is a 
contradiction.

This result — with a more complicated proof — remains valid for critically 
/..'-connected graphs. [See W. Macler, Arch. Math. 23 (1972) 219-224.]

64. The statement of the hint follows just like (b) in the solution of 6.61. 
Take a circuit C through bi and b2inG — a (which is 2-connected so that such 
a circuit exists by 6.32), then one of the (bv b2)-ures of C contains u3, the other 
one contains b3. Thus C is a circuit through b , and b3 and hence by an argument 
similar to the one above, it also contains u2. Thus each circuit of G — a con­
taining two of bx, b2, b3 also contains the third one as well as uv u2, and u3. 
Further Uj separates bi_ 1 and bi+x.

It follows that each (uv  M2)-path must contain either b3 or both bx and b2; 
otherwise we could replace an arc of C by it and get a circuit violating the above 
assertion. Thus b3 and b2 separate u x and u2 in G — a, but then they also sepa­
rate uv u2 in G, a contradiction (Fig. 48). [Cf. W.T. Tutte, Connectivity in 
Graphs, Toronto University Press, Toronto, 1966.]

b.

F i g . 48
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65. Construct G as in the hint. I. G is 3-connected. For let us remove 2 points of 
it. If both are inner points of T, then, since the points of T  are of degree at 
least 3, each component of the remainder of T meets G and this “connects” 
them. The same argument works if a point of T  and a point of C are removed. 
Finally, if we remove two points of C, the remainder of T  is connected and 
meets all pieces of the remainder of C, thus the resulting graph is connected 
again.

II. First suppose e £ E(C), then G — e is at most 2-connected, because the 
endpoints of e have degree 2 in it. Secondly suppose e £ E(T). Then T  — e has 
exactly two components T v T 2. The endpoints of T t form an arc A, of C (the 
precise proof of this fact is left to the reader). Thus, there are two edges Д, / 2 
connecting A i and A 2. G — e — f x — f2 is, disconnected, showing that G — e 
is not even 3-edge-connected.

III. Choose the tree T  such that some point x has distance 1000 from all end­
points and all inner points have degree 1000.

66. We use induction on k. Let C be a circuit passing through xv . . ., xk_ v 
If xk £ V(C) we are finished; assume xk V{C). Now we distinguish two cases.

(a) Assume there are к (xk, C)-paths which have only xk in common. The 
points xv . . . ,  xk_ x divide C into к — 1 arcs, thus one of these arcs (including 
its endpoints) contains two endpoints of the paths P k, . . ., Pk. Now adding 
these two paths to C, but removing the arc between their endpoints (which 
does not contain any хь 1 i <  к — 1), we get a circuit through xv . . . ,  xk.

(b) If there are not к (xk, C)-paths which have no point in common except 
xk, then by 6.41 there is a set X,  jX[ — к — 1. xk £ X,  which meets each 
(xk, C)-path. Since G — X  is connected, each point of 6’ — X  can be connected 
to xk in G — X  by a path. This is a contradiction except when X  =  7(C) =  
=  {xv . . . ,  xk_ L} . In this latter case an argument similar to the one above 
shows that there are к — 1 (xk, C)-paths, having only xk in common. These 
paths connect xk to xv . . . ,  xk_v  Adding two of them, which connect xk to 
neighboring points of C, but removing the edge between their endpoints we get 
a desired circuit again. [G. Dirac; see B.]
67. Suppose G is a 3-connected graph and ev e2, e3 are edges of G not on a cir­
cuit. We show first that there is a circuit C containing two of them, which does 
not meet the third one.

Let C1 be a circuit through ex and e2. If e3 =  (x, у) has no endpoint on Cv we 
have the desired circuit. If x£ V (Cx), but у £ 7(6']), consider an (у, C Y — ж)-path 
P  of G — x; let this path P  end at z £ 7(6^). Then e3, P  and one of the (x, z)-arcs 
of C1 give a desired circuit. Finally, if x, у £ 7(6^), then e3 and one of the 
(x, y )-arcs of C] yield C. Now C — e1 — e2 =  P k U P 2, where P v P 2 are dis­
joint paths. Consider all ({x, y } , P k) paths of G — V(P2). No two of them are 
disjoint, since this would yield a circuit containing ev e2, e3. Thus, there is a 
point и meeting each of them. Similarly, there is a point meeting each ({x, y}, 
P 2)-path of G — 7(P]). Then {u,v}  meets all ({x, y},  G)-paths. Since G is
3-connected, this is only possible if {u, v] =  {x, y }, say и =  x, v =  y. Thus, 
any ({x, y}, 6 )-path which ends on P г (P2) starts from x (y).

If we show that G — {ev e2, e3} does not contain any (x, ?/)-patli we are 
through. Assume indirectly that there is such a path T .
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Assume first that T  does not meet G. Let Q be a (T, U)-path of G — {x, y) ending 
in P x (say); then Q and a suitable piece of T  would give an ({x, y}, (7)-path 
starting from y, which is impossible. We reach a similar conclusion when T 
meets P x only. Thus the only case we have to deal with is when T  meets both 
P x and P 2. Then it contains a (Pv  P 2)-path R, different from ex and e2. Let 
a £ P x, b £ P 2 be the endpoints of R. Since G — {a, 6} is connected, there is 
an ({x, у}, C — {a, 6})-path Qx in it. Let the endpoints of Qx be e.g. x and zx £ 
£ P v Let Q2 be a (y, C)-path in G — x, then obviously, the endpoint z2 ^  у 
of Q2 is on P 2. Qx and Q2 are disjoint for otherwise we would get on (x, y)- 
path of G — {ev  e2, e3} disjoint from C.

One of the (zv  z2)-arcs of C does not contain a. This arc forms with Qv Q2 and 
e3 a circuit C0, containing e3 and one of ex and e2, e2 say. Now there are (ev C0)- 
paths connecting the same endpoint of ex to both components of C0 — {e2, e3}, 
a contradiction (Fig. 49).

68. Using induction on k, we may assume there is an (a, 6)-path P  which passes 
through xv , xk_x and assume xk P. It is impossible to cover all (xk, P)- 
paths by к points different from xk since, if X  were a ^-element set meeting all 
of them (xk $ X), then xk and P  — X  ^  0 would belong to different components 
of G — X.  Hence by 6.41, there are к +  1 (xk, P)-paths Qv . . . ,  Qk+V having 
only xk in common. Since xv . . ., xk_ x divide P  into к pieces, one of these meets 
two Q/s. Then removing the subpath connecting these two endpoints but add­
ing the two Qj s, we get an (a, fe)-path through xv . . ., xk [M.D. Plummer, 
in: Proc. 2nd Louisiana Conf. on Comb. (Univ. of Manitoba Press, Winnipeg, 
1971) 458-472].

69. Let C be the boundary circuit of a face F. Let В  be any bridge of C. We 
show, following the hint, that В contains hll points of C. Assume x £ V(G), 
x (J V(B). Let y, z be the two points o f f i f lC  next to x on C. Then the other 
(y, z)-arc of G has an inner point; this is trivial, if P is  a chord and follows from 
the fact that P  has at least 3 points on G, if P  has an inner point. Since G —{y,z} 
is connected, it has a path P  connecting the two (y, z)-arcs of 0. Let Q be a 
(y, z)-path in P. Both P  and Q run outside F (as F is a face) and so, they inter-

F i g . 4 9
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F ig. 50

sect by planarity. This means, however, that P  belongs to B, a contradiction 
to the definition of у and z (Fig. 50).

The statement just shown implies that G has no chords. Suppose B v B 2 are 
two bridges. Then G +  B\  divides the exterior of F  into regions having at most 
2 boundary points on G and B 2 lies inside one of these (as it does not meet B k). 
But B 2 has at least 3 points on C, a contradiction.

Since the result of this problem characterizes the boundaries of faces of a plan­
ar 3-connected map independently of the embedding, it follows that every 
isomorphism between two planar 3-connected maps preserves faces. By the 
Schoenflies Theorem in plane topology it follows that every isomorphism be­
tween two 3-connected maps on the sphere is induced by a bomeomorphism of 
the sphere onto itself [H. Whitney, Trans. Amer. Math. Soc. 34 (1932) 339- 
362].

70. Let G be defined as in the hint; we show it has no bridge other than B. 
As in the previous solution, we show first that each point of C is on B. Suppose 
X  £ V(C), X  V(B). Let y, z be the two points of В next to x on C. As in the 
previous solution, we find a path P  joining the two (y, z)-arcs of G in G — у  — z. 
Let a, b be the endpoints of P  and let R  be an (a, b)-arc of G. Then P  U R is 
a circuit such that the bridge of P  U R containing /  properly contains B, a 
contradiction.

So every point of C is in B. Suppose B x is another bridge of C. Let c, d be two 
points of B 1 on G. Then a (c, d)-arc of G has an inner point (since B x is 
either a chord or has at least 3 points on G). Denote by R the other (c, d)-arc 
of C and denote by P  a (c, d)-path of B v then R  U P  is a circuit through c, d 
and the bridge of R U P  containing /  properly contains B. A contradiction 
again [W. T. Tutte, Proc. London Math. Soc. 13 (1963) 743-767].

71. With the notation of the hint, let P 0 be an (a, 5)-path, formed by some 
edges of ev . . . ,  ek. Since {e^ . . . ,  ek_ 1} does not contain any (a, ft)-path,
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there is an (a, &)-cut C0 such that C0 contains none of ev , ek_1. Hence, 
C0 П P 0 — {efc}. Moreover, by definition,

min v(e) =  v(ek), max v(e) =  v(ek).
e £ P .  e € C .

On the other hand, let C be any (a, b)-cut, then (J П P 0 0, say et £ G П P0, 
i <; k. Then

max v(e) >  х(е,) >  v(ek) 
e t c

and similarly
min v(e) <[ v(ek)
e( .P

for any (a, 6)-path P, whence
max min v(e) =  v(ek) =  min max v(e)

P  e £ P  C e i C

[cf. J. Edmonds, D.R. Fulkerson, J. Comb. Theory 8 (1970) 299].

7 2 .1. Suppose 99 is a function satisfying (*) and P  =  (a, xv  . . . ,  xk, b) is any 
(a, b)-path. Then

u(P) =  v(a, Xj) +  v(xv x2) +  . . . +  v(xk, b) ;>

>  ^(^i) +  (<P(X2) — <p{*i)) +  • • • +  (<#) — <p{Xk)) =  <p{b).
II. Thus it suffices to construct an (a, ft)-patri P  and a function q>, satisfying 

(*), such that u(P) =  <p(x). We define <p step by step. Put 99(a) =  0. Suppose 
99 is already defined for a set S c: V(G), a £ S and has the property that for 
each point x £ S there is an (a, a;)-path in S of value <p(x). Consider all edges 
{x, у ) with x Z S, у   ̂S and choose one for which cp{x) -)- v(x, y) is minimal. 
Set cp(y) =  (p{x) -f- v(x, y). This extends the domain of 99. We show that the 
property (*) is preserved. Let (z, u) be any edge spanned by S  U {?/}, we have 
to show

99(a) — 9o(z) <  v(z, u).
If u, z £ S this is obvious. If z £ S, и =  у then, by the choice of (x, y),

<p(y) =  cp(x) +  v(x, y) <; cp(z) +  v(z, u).
So let и £ S, z =  y. In this case we claim 99(a) =  <f(y), which will prove the 
assertion. For this we show, by induction, that a point chosen later has no 
smaller 99-value than a point chosen earlier. Suppose indirectly that cp(y) <  
<  99(a). Then (p{x) <  (p{y) <  99(a) and hence, by induction, x was chosen earlier 
than a. But then instead of a one should have chosen y. So 99 satisfies (*). 
Moreover, by induction, there is an (a, a;)-path with value cp(x) and adding 
(x, y) to this path we get an (a, y)-path with value cp(y).

In particular, we have an (a, b)-path with value 99(6) when 99 is completely 
defined. This proves the assertion [For most problems of the rest of this para­
graph see FF or Hu].
73. Since /  is an (a, &)-flow, the only non-zero term in the expression given in 
the hint is

J 1 / И -  2
e=(a,y)  e—(y, a)
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which is the value of /. On the other hand, each edge e spanned by S occurs 
twice with opposite signs, the edges of C occur with positive sign, the edges of 
C* with negative sign. Thus, the value of /  is

2 f { e ) ~  2 M -
e ZC  e g C *

74. We follow the hint. Assume there is an (a , &)-path P  in Gv Let
e =  min ^  v0{e) >  0.

Now set for e £ E(G),
'/(e) +  e if e £ E(P),

Ш =  /(e) — e i f  e'£ ЩР) ,
/(e) otherwise.

Then, obviously, / x(e) is an (a, 6)-flow of value w(f) +  e, a contradiction. 
Thus, Gi is not connected between a and b. Hence, by 6.9 there is an S C V(E) 
such that a £ S, b £ S and the cut G of G determined by S  satisfies

/(e) =  v(e) if e £ C,

/(e) =  0 if e £ C*.
Hence, by 6.73,

4 f )  =  2 № -  2  №  =  2 VW-
e g C  e g C *  e € C

Thus
max w(f) >  min S  v(e).

f  « ftc
On the other hand, if /  is an arbitrary (a, 6)-flow with /  <£ г>, and G is any (a, b)- 
cut, we have

Mf)  =  2  / ( ß) -  2  №  <  2 №  ^  2  >
e € C  e £ C *  e i C  e £ C

which proves the assertion. [C.R. Ford-D.R. Fulkerson; FF.]

75. (a) Consider the network in Fig. 51, where a is the positive root of as -f- 
-f- a — 1 =  0, all capacities are 1 and the values of a flow / 0 are indicated.

F i g . 51
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We start with the flow in Fig. 51, and use the paths (atwvub), (atuvwb), (avutwb), 
(avwtub), and repeat this cyclically. We consider the change of values of fk on 
the quadrilateral (uvwt), since the other edges have a large enough capacity not 
to interfere.

We claim that after 4m steps we will have the flow shown in Fig. 52, and the 
next 4 increases will be a4m+1, a4m+2, a4m+3, a4m+4. Using induction on m, it 
suffices to consider four consecutive steps; so Fig. 53 proves the assertion; the 
flow values on the edge (a, t) will be partial sums of

oc — a2 +  a4 — a6 +  a6 — a10

1-or 1-or

flm+2

F ig . 53

F i g . 62
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so they will be strictly between 0 and 1; similarly for the other edges at a and b. 
Now the value of these flows converges to

a2 -f- (a +  a2 -f- . . . -f <*k +  . . .) — a2 -\-----—  =  1 +  a +  2a2 <  4.
1 — a

On the other hand, the maximum flow clearly has value 4.
(b) Let us form a new digraph G0 as follows: we orient all edges of Pk and 

Pk+ ] toward b and take the union of the resulting directed paths P k and Pk+ x; 
but we remove those pairs (x, у ) (у, x) of edges where (x, y) £ P k and (y, x) £ 
6 Pk+ V Those common edges of Pk and P k+ v which are passed in the same sense 
are taken, however, twice.

Now G0 has equal outdegrees and indegrees except at a and b. Thus by 6.46 
there are two edge-disjoint (directed) (a, ft)-paths Q\ and Q'2 in G0. Let Q1 
and Q2 be the two corresponding undirected (a, 6)-paths in G.

Now observe that Qx and Q2 have the property that, after the Icth step, they 
come into consideration together with Pk, i.e. they have the property that their 
edges e directed toward a satisfy fk(e) >  0 and those directed toward b satisfy 
fk(e) <  v(e). This follows immediately from the observation that any edge of 
Qi is an edge of P k or P k+ x and Q, passes it in the same sense.

Thus by the minimality of P k,

\E(Qi)\ >  \E{Pk)\.
Since

l^(0i)| +  \E(Q2)\ ^  \E(Pk)\ +  \E(Pk+1)\,
it follows that

\E(Pk)\ <  \E(Pk+1)\ .
(c) Suppose that contrary to the assertion formulated in the hint, | E(Pk+l) \ =  

=  \E(Pk)\ ( >  follows by (b)). Let l be minimal. Then by (b)

\E(Pk+1)I -  . . . =  1 В Д + ,-!)I =  \E(Pk)\
and the paths P k+1, . . . ,  Р к+\ - к do not use any edge of Pk or P /f+i oppositely 
to P k or Pk+i by the minimality of l. Hence it follows that those edges e of 
Pk+i not on P k already satisfy the requirement at the &th step: fk(e) > 0  if e 
is directed toward a (on (P k+/) and fk(e) <  v(e) if e is directed toward b.

Now we get, by an argument similar to the one in (b), two (a, fr)-paths Q v Q2 
such that Qx U Q2 a  Pk U P k+i, Qk П Q2 с  P k П P k+:, and Qv Q2 avoid those 
edges which are passed by P k and P k+1 oppositely; moreover, Qv Q2 pass 
each edge in the same direction as P k or Pk+1. By the above, Qv Q2 were candi­
dates for Pk and hence,

\E(Qt)\ ^  \E(Pk)\.

Moreover, since at least one edge is used by P k and P k+t in opposite directions, 

l^№i)l +  \E(Q2)\ <  \E(Pk)\ +  \E(Pk+l)\ -  2.
Thus

\E(Pk+l)\ >  \E(Pk)\ +  2.
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This proves the assertion of the hint. To get (c) observe that if Pk, P k+1, . . ■
. , P/t+i do not pass any edge in opposite directions, then the number of those 
edges e in P i U . . . U Pk+l which satisfy / fc+I(e) =  0 and are directed toward 
a (on the path P k+j  containing them), or /,f+i(e) =  v(e) and are directed toward 
b, increases at each step. Hence

I ^  \E(G)\ <  n2.
Thus, in every n 2 steps the length of Pk increases by at least two. Since it is 
less than n ,  the number of steps does not exceed

„ n n3 
n 2 ■ — =  — .

2 2

[J. Edmonds and R.M. Karp; see Hu, Ch. 8.]

76. If there is a function as required, we have

2 u ( x )  =  ^  { 2  f(x, y) -  27(2/, 7 }
X  X у  у

and here each edge occurs twice with opposite signs. This gives' a necessary 
condition

(1) 2 «(*) =  ° •
X

Moreover, define
f(a0, x) =  u(x), 
f(x, b0) =  —u(x).

Then we obtain an (a0, &0)-flow, satisfying /(e) <  v(e) and of value

у  =  2  “(*) =  2  ( - M(7)-
u ( x ) > 0  u ( x ) <  0

Since such an (a0, 60)-flow exists, we must have

2  «(e) ^  уeect
for any (a0, 60)-cut C\ of Gv  Now let C\ be determined by S U {a0}, S C. V(G) 
and let C be the cut of G determined by S, then

2  v(e) =  2  7e) +  2  (—'“(*)) +  2  w(7  •
e € C ,  e i C  x i S  x £ V ( G ) - S

u(x)<  0  u ( x ) >  0

Thus,

(2) 2 7 e ) ^ 2 M7 ) -
e i C  x i S

Conversely, if (1) and (2) are satisfied, then Gy has a flow /(e) г>(е) of value V
by 6.77. This flow has, necessarily, /(e) =  v(e) for the edges adjacent to a0 or 60, 
and consequently gives the required function, when restricted to G. [D. Gale; 
see FF.]
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77. (a) Let us substitute v(e) parallel edges for each edge e and let G v be the 
resulting graph. Let G be an (a, 6)-cut of G and Сг the (a, b)-cut of Gv deter­
mined by the same set. Then

Thus, putting

|Ci| =  ^ » (e ) .
e t c

V — min V  v(e), 
c fTc

we get IC?! I >  V and hence, by Menger’s theorem, we find V edge-disjoint 
(a, 6)-paths in Gv  Let /(e) be the number of edges parallel to e used by these 
paths, then /(e) is an (a, £>)-flow of value V and with integral entries.

We remark that the proof of 6.77 constructs an integer valued flow whenever 
v is integer valued.

(b) If v(e) is an integer for each e, (a) solves the problem. If v(e) is rational 
for each e, consider s ■ v(e), where s is the least common multiple of denomina­
tors of the v(e)’s, this reduces the problem to the integral case. Finally, if v(e) 
is arbitrary, take a sequence и,- -*■ v with rational values u,(e). Since there are 
only finitely many (a, 6)-cuts, we may assume the minimum

nij =  min 2  viie)
C ftc

is attained for the same cut C. For each i, there is an (a, 6)-flow /,• with

0 <  fi(e) <( v i(e); M f i ) =  Щ-

As the graph is finite, we may assume /,(e) converges for any e. The limit
/(e) =  lira /,(e)

/—► 00
is an (a, 6)-flow of value

lim m,- =  ^  v(e).
~  e e c

This proves the non-trivial part of the Max-Flow-Min-Cut Theorem.

78. Let /' be as in the hint. We show w(f') =  w1. Assume w(f') >  wv Let G' 
be the subgraph of G determined by those edges e of G for which /'(e) >  0. 
G' is connected between a and 6; otherwise we could find an (a, b)-cut C of G 
which would contain no edge of G', i.e. we would have

2 f ' ( e )  =  0.
e i C

On the other hand, the solution of 6.74 yields

2 Г ( е ) ^ М П  > Щ ^ 0 ,
e t c

a contradiction. Thus, we have an (a, b)-path P  with /'(e) >  0 for each e £ P. 
Subtract 1 from the flow-value of each edge. Then w(f') is decreased but is 
still >  wv  and /' is an (a, 6)-flow <  /. So w(f') =  wv
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Now let — f , / 2 =  /  — Then by the above, f v f 2 are (a, 6)-flows and 

0 0 £ / , £ / ,

Mfl) =  Щ, w(/s) =  w(f) -  wifi) =  «V

§ 7. Factors o f graphs

1. First, let Fx be a system of g(G) edges which cover all points. Since removing 
any edge from F1 yields an uncovered point, each edge in Fx has an endpoint 
which has degree one in <F(G), Fj). This implies that Fr consists of disjoint 
stars.

The number of components of <V(G), F^/ is, obviously, \V(G)\ — |jPj| =  
=  |F(G)| — q(G). Select an edge from each component of <V{G), F^). Then 
we have |F(G)| — p(G) independent edges, whence

(1) v(G) >  I F((?) I -  e ( 0 ) ,  V(G)  +  e ( G )  ^  IF(O')I-
On the other hand, let F 2 be a system of v(G) independent edges. Select one 
edge from each of the |F(G)| — 2v(G) points not covered by F2. Together with 
F 2, these edges cover all points of G and their number is

v(G) +  (|F(G)| -  2v(G)) =  |F(G)| -  v(G),
whence

(2) q(G) <, I V(G) I -  v(G), v(G) +  q(G) <, \ V(G) \ .
(1) and (2) yield the desired equality. [T. Gallai, Ann. Univ. Sei. It. Eötvös, 
Sectio Math. 2 (1959) 133-138.]

2. First solution. Let {A, B)  be a bicoloration of G, i.e. suppose V(G) =  A U B, 
А П В =  0 and each edge of G joins A to B. Consider two new points a, b. 
Join a to all points of A and b to all points of B. Let G' be the resulting graph. 
Now observe
(i) a set S CZ V(G) separates a and b in G' if and only if S  covers all edges of Ĝ
(ii) the maximum number of independent (a, 6)-paths is v(G); for any v(G) 
independent edges of G yield v(G) independent (a, b)-paths and conversely, any 
к independent (a, 6)-paths contain к independent edges of G.

Since, by Menger’s theorem, the minimum cardinality of sets separating a 
and b is equal to the maximum number of independent (a, 6)-paths, (i) 
and (ii) prove v(G) =  v(G). Since by 7.1, v(G) +  q(G) =  |F(G)| and, obviously, 
a(G) +  r(G) =  |F(G)|, the other equation of this problem follows immediately.

Second solution. We show v{G) =  r(G). Since obviously, v(G) <  r(G), it suffices 
to show that v(G) >  r(G).

Let G' be a minimal subgraph of G such that r(G') =  r(G). We show G' con­
sists of disjoint edges. This will be sufficient since the number of these edges 
must be r(G’) =  r(G), thus v(G) ^  r{G).

Suppose indirectly that there is a point x adjacent to two edges ex — (x, у х), 
e2 =  (x, y 2) of G'. By the minimality of G', there is a set $,■ with |$,-| =  
=  г(G) — 1, which covers all edges of G' — et (i =  1, 2). Obviously, x, yt (t S,



but y x £ S 2, y 2 € S x. Set R =  S XC\ S 2, |.R| =  p, r(G) — t, and let Gx denote 
the subgraph of G' induced by (Sx — Л) U (S2 — R) U {a;}.

SinceGx is a subgraph of G, it is bipartite. Let {A, B) be a bicoloration of Gx 
and, say, \A\ <, |5 |.  Then

| . i | ^ [ 1(i8fl~ jR)U('Sfa~ ‘B)U{a!}l1 - [ 2(<~ 1 ~ p) +  11 - f  T 1- = L 2 J 2
We claim that A U R covers all edges of G'. In fact, let e £ E(G'). If e has an 
endpoint in R, we are done. We show that, if e is not covered by R, then it 
belongs to Gx. This is obvious if e =  e,-, since x, yt £ F(G1). If e e„ then both 
8 X — R  and S 2 — R have to cover e and hence, e has to join S x — R to S 2 — R. 
Thus e has both endpoints in V(GX) again. Since A covers all edges of Gv  it 
covers e.

Thus, t(G') <; IA UÄ| — t — p — 1 -1- p =  t — 1, which contradicts the 
definition of G' [D. König; see any textbook on graph theory],

3. I. Suppose some point x of F  is joined to a point у £ B v Obviously, x £ A. 
By (**), there is a path P  in F connecting x to a point a £ A v This path starts 
from a on an edge not in M. Thus by (*), its second edge belongs to M. Its 
third edge is therefore not in M  while by (*) its fourth edge is in M, etc. Hence, 
it is a path alternating relative to M  and its last edge belongs to M. Exchange 
the edges of E(P) П M  and E(P) — M, then a matching M'  arises to which 
(x, y) can be added. Thus M  is not a maximum matching.

II. On the other hand, suppose no point of F is adjacent to any point in B v 
Let X  =  A — V(F) and Y =  V(F) П B. We claim \X U Y\ =  \M\ and 
X  U Y  covers all edges.

All points of X  U Y are covered by M, for suppose not. If у £ Y =  V(F) П В , 
then by (*) у is covered by M. If x £ X  =  A — V{F) and x £ A x, then the 
forest F' =  F U  {#} is larger than F , contradicting the assumption that F was 
maximal relative to M.

Moreover, no edge of M  covers two points of X  U Y, for if (x, у) £ M  and 
у £ V{F) П B, then x £ V(F) by the maximality of F. Hence \X U Y\ =  |M |.

Secondly, let (и , v) be any edge not covered by X  U Y  and suppose и £ A, 
V £ B. Then и £ V(F) and v $ V(F). Moreover, by the assumption, v (J B v 
Thus there is an edge (w, v) £ M, and w since |A U T| =  \M \ . Here 
w £ V(F), for otherwise it would follow as in part I, that w would be connected 
in #  to 4 j  by a path starting from w through (w, v), whence v £ V(F), a 
contradiction. But, if w £ V(F), then the edges (u, v) and (w, v) can be added 
to F, contradicting the maximality of F.

So r(G) <, \M\. Since, obviously, \M\ <; v(G) <  x{G), it follows that

\M\ =  v(G) and r{G) =  v(G).

The first inequality shows that M  is a maximum matching. The second proves 
König’s theorem.

The desired algorithm could now be the following: Start with a matching M. 
Form a maximal forest with properties (*) and (**). Then either we can enlarge 
M  or conclude that it is a maximum matching. In the latter case we also obtain 
a minimum cover.

3 0 4  SOLUTIONS 7 -3
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We cannot go into details but remark that this algorithm does not need more 
time than a polynomial of the number of points.
4. (a) First solution. What we want to show is that v(G) =  \A\. It is enough 
to prove, by 7.2, that т(G) =  \A\. Since A covers all edges, t(G) <, \A\. 
Thus, it suffices to show that any set 8  covering all edges has at least \ A | 
elements. Observe now that if S covers all edges of G, then

Г(А -  S) C S П В
because, if x £ A — 8  is joined to у  £ В, then to cover the edge (x, y), S has 
to contain y. Hence by the assumption of the theorem,

|/S n B\ ^  IГ(А -  S)| ^  \A -  S\
and thus,

\S\ =  |SD  A\ +  |/8 n B\ >  |/8П A\ +  \A -  S\ =  \A\.
Second solution. We use induction on \A\. Let us distinguish two cases:
Case 1. There is a set A x a  A, A 1 # 0 ,  such that |Г'(̂ 41)| =  | 4̂x[. Let Gx 

be the subgraph of G induced by А г U F(A t) and let G 2 — G — A x — F(AX). 
We claim both Gx and G2 satisfy the condition of the problem.

Let X  C A x. Then Г(Х) Cl Г(А ,) and so,

r 0i(X) =  Г(Х), |rGl(X)| =  |Г(Х)| >  \x\ .
On the other hand, suppose X  C A — A v Then

\ r 0t(X)\ =  IA *  и A x)I -  1ГМ,)! >  \X и A xI -  |A^i) l  =
=  \ Х 0 А г\ -  \AXI =  |X |.

Thus, by the induction hypothesis, there exists a matching F x in Gx which 
matches A , with Г(А x) and a matching F 2 in G2 which matches A — A x with 
(certain points of) В — A-di)- F x U F2 is a desired matching.

Case 2. |Д Х )| >  |X | for every I c T I  ^ 0 .  Let x £ А, у £ В be adja­
cent points. We claim Gx =  G — x — у satisfies the conditions of the problem. 
Let X  c  A — {x}; if X  =  0, then |Д Х )| =  0 =  |X|, so we may assume 
X  ¥=0. Also X  ^  A, thus by the assumption, | Д Х ) j >  |X|. So

\Гв1( Х ) \ > \ Г ( Х ) \ - 1 > \ Х \ .
Hence, by the induction hypothesis, there is a matching F x in Gx which covers 
all points of A — {x}. Now F x U {(x, y)} is a matching of the type desired, 

(b) If G has a 1-factor, then obviously,
(1) \Г(Х)\ ^  |X | for each X  cz A and \A\ =  |H|.j
Conversely, if (1) holds, then (a) implies G has a 1-factor. [P. Hall; B, O, S.]
5. By 7.2, it suffices to show that

г(Q) =  \A\ -  Ö.
First let I  C i  be a set such that

» = \ x \ -  | Г ( Х ) | .

20 Lovász
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Set S =  Г(Х) U (А — X). Then S covers a ledges of O, and hence 
r(G) ^  \S\ =  \Г(Х)\ +  \A\ -  |X | =  \A\ -  Ő.

Now let S be a minimum point-cover and X  — A — S. Then, as before,

Г(Х) c S f l  В
and hence,

\Г(Х)\ ^ \ S f ) B \  =  \ S \ - \ S n A \  =  \ S \ -  \A\ +  \ A - S \  =

=  x ( G ) - \ A \  +  \X\,
whence

Ő >  \X\ -  |Г(Х)| ^ \ A \  — r(G), and thus т(G) ^  \A\ — «5.
[O. Ore; О, B]

6 . (a) By the observation in the hint,

IЦ Х х U X 2)\ +  \Г(Х1 П N 2)| <, m x j  и Г(Х2)I +  IЦ Х ,)  n Г(Х2)I =

=  m x j ]  +  \ I \X t)\ =  \Х г\ +  |Z 2| +  2k.

On the other hand,
IГ(Хх и X 2)\ ^  \Х г U I 2| +  i  and |Г(Хх П X 2)\ >  |Z X П X 2\ +  k, 

because of (*) and since Thus
IГ(Х,  U X t)\ +  \Г(Х,  n X 2)\ ^  |Z X U Z 2| +  \X x n X t \ +  2k =

=  l* il +  |* , |  +  2k.

Hence equality must hold throughout, in particular

\Г(Х1 Г[Х2)\ =  |Z i n x 2| +  .̂

(b) Let G1 be defined as in the hint. Let x £ A, and let S be the intersection 
of all sets X  with

|r 0l(X)| =  |Z | +  к and x € X.
Then, by the repeated application of (a), we see that S itself satisfies

(3) |r Gl(N)| =  |£ | +  к and x É S.

(If the assertion is true, S =  {x}, but we do not know this as yet.)
Let у  be any point adjacent to x. Since G1 — (x, y) does not have property (2), 

we find a set X  Cl A, X  ¥=&, such that

|r Gl_(x>y)(X)| <  |Z | +  k.

Since, on the other hand, |.TGl_(X У)(Х)| can differ from \ r Gi(X) | only by 1, we 
must have

|r Gl(Z)| =  |Z | +  к, x £ X ,  у Í T’Gl_(xy)(Z).



Thus, by the definition of 8, 8  С X  and also

(4) У Í r Gl(S  -  {x}), 
because

r Cl(S - { * } )  =  r 0l_ ^ y)(S  -  {а:}) с  Га^ х>у)(Х).

Now since (4) holds for each neighbor у of x, we get

r Gl( x ) n r Gl( S -  {x}) =  0.
Hence

\Г0 , т  =  \ r 0t(x) U r Gl(S  -  {x})| =  |Г0,(х)| +  Ir Gl(S  -  {*})|.
Here

(5) \ r Gl( x ) \ ^ k + l
and

jp  i g   { о ; } ) I —  0  —  1 $  —  { ж }  I i f  Ä  —  { z }  =  0 ,
1 \ S -  {z}| + k ^ \ 8 -  {*}| if S -  {ж} 9&0.

Consequently,
\ r Gi( S ) \ > k + l  +  \ S - { x } \  =  \S\  +  k.

Comparing this with (1), we find that equality must hold everywhere, in par­
ticular in (5). [L. Lovász, Acta Math. Acad. Sei. Hung. 21 (1970) 443-446.]

7. (i) =*• (iii). 6? has a 1-factor, hence |̂ 4| =  |В |. Let 0 c  A and assume 
indirectly that |-Г(-ЗГ)| <J |X |. We must then have equality as G has a 1-fac­
tor. Now X  U Г(Х) is joined by an edge e to the rest of the graph, because G is 
connected. Obviously, e joins Г(Х) to A — X.  Now this edge e is not contained 
in any 1-factor; for if J?7 is a 1-factor, then it contains |X ] edges leaving X.  
But these edges cover all of Г(Х) so that e cannot belong to F.

(iii) => (ii). We have to show G — x — у has a 1-factor if x g А, у £ В. 
Since \A — {ж} I =  IВ — {у) I, it suffices to show that there is a matching in 
G — x — у covering A —- {a;}. But this is equivalent to saying that, for 
each X  CZ A — {x},

\ rG- x- y(X)\ >  \x \ .

This is obvious if X  =  0. Otherwise,

|Г0_х_у(Х)| >  \Г(Х)\ -  1 ^  \X\.

(ii) => (i). Suppose G is disconnected. Then we can find a component G1 
such that 17(6?!) П A \ <  |7(6?!) П B\. Let x £ 7(6?^  П 4 , у  6 В  — 7(6?!). 
Then G — x — у cannot have 1-factor, because F(ßj) П Л is adjacent to 
17(6?!) П A I — 1 <  I 7(6? j) П B\ points only. Thus G is connected.

Now let e =  (x, y) be any edge of G. Then G — x — у has a 1-factor, which 
extends to a 1-factor of 6? containing e. Thus each edge of G is contained in a 
1-factor. [G. Hetyei, Pécsi Tan. Főisk. Közi. (1964) 151-168.]

20*
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8 . 1. First we show that the graphs of form

G = G0 U P x U . . .  U Pk,
where P v . . . , P k are chosen as described in the problem, are elementary. 
They are obviously bipartite and connected.

We use induction on k. Suppose that
G' =  G0 U P x U . . . U Pk_ x

is elementary and let x, у  be the two endpoints of P k. Observe first that every 
1-factor of G' extends to a 1-factor of G, simply by adding every second edge of 
Pk, starting with the second edge. Thus, all edges of G' as well as every second 
edge of Pk belongs to some 1-factor of G.

On the other hand, G' — x — у  has a 1-factor F0. Add to F0 every second edge 
of Pk, starting with the first edge. Then we get a 1-factor of G which includes 
the edges of Pk not used before.

Thus we have shown that G is connected and each edge of it belongs to a 1- 
factor. This proves by the preceding result that it is elementary.

II. Now suppose that G is any elementary graph. Let F be a 1-factor of G and 
let G0 be the graph formed by an edge of F. We choose P v P, , , . . . ,  Pk one by 
one so that they have the properties required in the problem and in addition that 

(*) they are alternating paths with respect to F, starting with an edge not 
in F  (we allow P, to be a single edge not in F).

Suppose P v  . . .  ,Pj  are chosen, and G' =  G0 U P x U . . .  U P f ^  G. Let e be 
an edge not in G' but having at least one endpoint x in G'. Since G is connected, 
such an edge exists. Let F 1 be a 1-factor of G containing e.

Observe that by the additional requirement (*), G' has the property thai 
F П E(G') is a 1-factor of G', and F0 =  F — E(G') does not meet G' at all. 
Thus, if we consider F r U F0, one component of it will be a path ending with e. 
This path P /+1 has both endpoints in G' (one of them is x) and has no other 
point in common with G'. Its end-edges belong to F v  and hence by reasons 
of parity, P i+, has odd length and connects two points in different classes of 
G'. By its definition, it alternates with respect to F in the required manner. 
Thus, if 6r0 U P  x U . . .  U Pi =t̂ G, we were able to extend this union by Pi+1. 
Sooner or later G will be exhausted, which proves the assertion. [G. Hetyei, ibid. ]

9. Represent G in the form

G0 U Px  U . . . U Pfc
as in the preceding problem. Here Pk cannot be a single edge, because

G0 U P 1 U . . . U P ft_ 1
is elementary and therefore cannot be obtained from G by removing a single 
edge. Thus P k has an inner point (at least two, in fact) and these have degree 
2 [G. Hetyei, ibid.].

The stronger statement that every edge would have an endpoint of degree 2 
is false. The graph shown in Fig. 54 arises from the construction of 7.8, so it is 
elementary. It is also minimal. To see this we remark that an elementary graph 
has degrees at least 2 by 7.7. Removing any edge except e and /, the remain-
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F i g . 5 4

ing graph will have a point of degree 1, and so will not be elementary. If e 
or /  is removed, the three points marked by x or 0  will be joined to three points 
only, showing by 7.7 that the remaining graph is not elementary again. How­
ever, both endpoints of e have degree 3 [J. Csima],
10. Suppose first that G is r-regular. We show G has a 1-factor. Obviously,

\E(G)\ =  r \A \  = r \ B \ ,
whence \A \ =  |J3|.

Thus, it suffices to show that G contains a matching which covers A or by 
7.4, that for each X  c: A,

\Г ( Х ) \> \Х \ .
Suppose X  CZ A and let us count the edges leaving X.  There are, by regular­
ity, r \X\ such edges. On the other hand, each of them goes to a point of 
Г(Х) and any point of Г(Х) meets at most r of them. Hence,

r |X |  < г |Г ( Х ) | ,  | Х | < | Г ( Х ) | .

Thus G has a 1-factor.
Let F  be a 1-factor of G. G — F  is an (r — l)-regular bipartite graph and, by 

induction, it decomposes into the union of r — 1 1-factors. Adding F to them 
we obtain a desired decomposition.

Now let G be any bipartite graph with maximum degree r. Add new (isolated) 
points to make the two color-classes of G equal. Then add new edges as long 
as you can without increasing the maximum degree. The graph G г obtained 
this way must be r-regular; for if there was a point x with degree dGi(x) <  r, 
then the opposite color class would contain such a point у  as well and we 
could add an (x, у)-edge.

Thus, G, is an r-regular graph containing G. Hence we may split Gx into r 
1-factors, and thereby produce a decomposition of G into r matchings.

11. Let Gj denote the bipartite graph obtained as described in the hint. Then

daSx) {x £ V(Gi))
and hence, by the preceding problem, E(G1) is the union of /.: matchings 
F x, . . . ,  Fk.

Now identify those points of <7, which correspond to the same point of G, 
then Fv . . . , Fk are mapped onto certain subgraphs F F ' k. Since



Fi is a matching, there is at most one F,-edge incident with any of the 
d(x) "1*v ' points of Gx corresponding to x £ V(G). Hence,

* • * * * [ * ¥ ] ■
(jjt уЛ п

On the other hand, there are —-—  points of Gx corresponding to x which have
L к  J

degree k. There must be an F,-edge starting from each of these, whence

* * ■ > * [ ¥ ]

[D. de Werra; В].

12. By 7.11, E(G) has a partition Gx U . . . U Gr where

for any point x. Since d(x) >  r by the definition of r, this implies that

dat{x) >  1,

i.e. G( is an edge-cover [R.P. Gupta, Theory of Gr. Int. Symp. Rome, Dunod, 
Paris-Gordon and Breach, New York, (1967) 135-138].
13. Suppose ffjas defined in the hint has no 1-factor. Let {A, B} be a bicolora­
tion of G, obviously \A\ — \B\. Thus, if Gx has no 1-factor, 7.4b implies that 
there exists a n l c i  such that

(1 )  \ rGl(X)\ <  \X\.

We count the edges of G leaving X  by two different methods. Firstly, the 
number of these edges is r • |X|. Secondly, there are at most |Y| • (n — 
— 1FGi(Z)|) edges joining X  to В — ГС1{Х) (since these edges are simple 
edges) and at most r • |F0l(Z)| edges joining X  to jHGi(Z), since any point 
of r Gi(X) has degree r. Thus

r - \ X \ < ,  |Z | • (n -  |r Gl(X)|) +  r \ r Gl(X)\
or, equivalently,
(2) ( r - n ) | Z | < ( r - | Z | ) | r Gi(Z)| .

Now obviously, we are interested in the case r ]> w, otherwise not even the 
existence of multiple edges follows. Then |X| <  r and (1), (2) imply that

( r - n )  | Z | < ( r - | Z | ) ( | X | - l )

or, equivalently,

' £ ( » — 1*1 +  1) • | Z | ^ [ ^ ± i ]  - .
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[ ть I X Tb I 2 "1--------- • --------- implies the existence of
2  J  L 2  J

Conversely, let |̂ 4| =  |J5| =  w, A' c  A, \A'\ =  * , B ' а  В and

Yb _  1  Г  72/ I 2
l-B'l =  --------- . Join each point of A'  to each point of B' by ---------

2  [_ 2

edges, each point of A — A' to each point of В  — B' by e( Ŝes!

and each point of A' to each point of В  — B' by one edge. The resulting

graph G is — ~—  . ---- -----  -regular. For any r <  — -—  ■ — -—  , G

contains an /--regular spanning subgraph Gr (see 7.10). Observe that G and, 
consequently, Gr has no 1-factor whose edges have a parallel in Gr. This proves
. i  . /  .  Г т е  +  1 1 Г т е  2that r(n) — ---- -----  • ---- -----  -j- 1.

2  J  2  J
14 .1. We show we cannot get stuck in any situation other than x =  a x and 
«i is joined to some 6,- by r parallel edges.

Suppose we get stuck when x =  b,. The reason why we cannot continue is that 
we have come from (1 <j p те) and 6, has no neighbor other than â . 
Since 6,- has degree r — 1, when x =  bit we must have r — 1 (au, 6,)-edges. 
So at the previous step when x =  â , there were г («ц, 6,)-edges. Suppose x 
came to aß from bj ^  bt. Then the edge (aß, b;) was doubled, i.e. the degree 
of was at least r -j- 2, which is not allowed.

Similarly it follows that if we get stuck when x =  ait then г =  1 and we 
have the situation described.

II. So it remains to show that the procedure cannot run infinitely. Suppose 
indirectly that it does. Note that all edges in all graphs arising are parallel 
to edges of G. Consider those edges of G which x passes infinitely many times. 
These edges must be passed infinitely often in both directions, otherwise 
their multiplicities would tend to -j-oo or —oo, both impossible.

Consider a point bh and suppose 3 edges (aß, &,), (av, 6,), (a„, bt) are used 
infinitely often (p <  v <  q <, те). Then (a&, bt) could never be passed from 
bj to ae, since (â , bj) or (av, bj) is always a choice with p, v <  g. But this is 
impossible. Similarly it follows that each a is adjacent to at most two in­
finitely used edges.

Now consider a stage when all the finitely used edges have already been used 
up. Since each point is adjacent to at most two infinitely used edges, x can 
only run around a circuit. But then the edges of this circuit are always passed 
in the same direction, a contradiction.

The procedure thus results in an r-regular graph which is obtained from a sub­
graph of G by multiplying edges and in which the pair {av bj} spans a com­
ponent. Repeating it, we finally obtain a graph which arises from a 1-factor 
of G by taking each edge r times. Thus we obtain a 1-factor of G. Note that 
no data must be stored; the procedure can be carried out on a blackboard 
with an eraser and one piece of chalk [J. Csima].
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15. (a) We use simultaneous induction on |F(G)| and k.
Suppose first G is elementary. Let x £ А, у £ В be adjacent. Then the 1-factors 

of G containing (x, y) correspond to the 1-factors of 6? — x — y. Since (x, y) 
is contained in some 1-factor, G — x — у  has a 1-factor. Moreover, every 
point of A — x has degree 2> к — 1 in G — x — y, so G — x — у  has at least 
(Ä; — 1)! 1-factors. Thus, each edge of G is contained in at least (к — 1)! 
1-factors.

Fix an x £ A. There are at least к edges incident with x and each of them 
is contained in at least (к — 1)! 1-factors, This gives k(k — 1)! =  k\  1- 
factors which are obviously different.

Now suppose that G is not elementary. Then by 7.7, there is an 0 / I ’c 3  
such that

\Г(Х)\ =  \x\.

Let F be any 1-factor of G and let F x be the set of its edges starting from 
A — X.  Then, obviously, the other edges of F  cover Г(Х), so F л matches 
up A — X  with В  — Г(Х).

Observe that the subgraph Gx induced by X  U Г(Х) satisfies the same 
requirements as G: every point of X  has degree at least к in G1; and it has 
a 1-factor (e.g. F — F x). Therefore, Gx has at least к ! 1-factors by the induction 
hypothesis. Adding F x to each of these 1-factors, we obtain к ! 1-factors of G 
[M. Hall, Bull. Amer. Math. Soc. 54 (1948) 922-926].

(b) We use induction on m — n +  2. If this =  2, then G is a single circuit 
and the assertion is trivial. Suppose m ^>n. By 7.8,

ß  =  e 1 u p ,

where Gx is an elementary bipartite graph and P  is an odd path, which has 
only its endpoints x, у in common with Gx and x, у  belong to different color 
classes of Gv Clearly

|ü(Gi)| — 17(0^1 -f 2 =  m — n +  \ <  m — n 2

and thus, by the induction hypothesis, Gy contains at least m — n +  1 1- 
factors. Each of these can be extended to a 1-factor of G. Moreover by 7.7, 
Gx — x — у contains a 1-factor which can also be extended to a 1-factor of 
G using every second edge of P. Thus we indeed have found (m — » -f 1) +  1 =  
=  m — n 2 1-factors in G [cf. L. Lovász—M.D. Plummer, in: Infinite 
and Finite Sets, Coll. Math. Soc. J. Bolyai 10, Bolyai-North-Holland (1975) 
1051-1079].]

16 .1. Suppose G has an /-factor F. Then, obviously,

2 K x )  =  \F\ =  2 M ,
x t A  X Z B

which proves (i). Let X  a  A and Y с: В. Then there are at most m(X, Y) 
edges of F joining X  to Y and at most ^  f(y) edges of F joining X  to В  — Y.

y i B - y
Since there are exactly N  f[x) edges of F joining X  to B, (ii) follows.

x €  X
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II. Now suppose that (i) and (ii) are satisfied. Direct all edges from A to B. 
Take two points a, b and join a to each point of A and each point of В to b 
by directed edges. Define the capacity c(e) of an edge e of the resulting digraph 
G0 by

Í f(x) if e =  (a, X) or e =  (x, b),
1 if e =  (x, у), x ( A ,  у £ В.

Observe that G0 has an integral (a, b)-flow with value f(x) =  N" f(y), if and
x € A  y e  в

only if G has an /-factor. So what we have to verify is, by 6.74 and 6.77, that 
each (a, fo)-cut of G0 has capacity at least J? f(x).

x € iA
Let S determine an (a, b)-cut (a £ S <z F(Gn)). Set X  =  S П A and Y =  

=  В — S. Then the capacity of the cut determined by S is

2  /(*) +  2  M  +  w<x ’ Y ) >  2  /(*) +  2 №  =  2  /(x)
x Z A - X  y Z B - Y  x i A - X  x ( X  x € A

by (ii). This completes the proof [0. Ore, D. Gale-H. J. Ryser; see 0].

17. Suppose G is embedded into a d-regular bipartite graph G' with color 
classes A, B. Let A x =  А П V(G), B x=  В П V(G), A 2 =  A — A x, B 2 — 
=  В — B v Since there are exactly d — d(x) edges of G' joining x to B 2 for 
any x £ A v  we have

2  ( d - d ( x ) ) < d .  \B2\
x i A i

or, equivalently,
d • \AX\ — m < d  ■ |i?2|.

Similarly,
d ■ 1^1 — m <; d ■ \A2\.

Summing, we get

dn — 2m <  d(\A2\ +  \B2\) =  d(| V(G')\ — n),
thus

О 'УУ1
\ V ( G ' ) \ ^ 2 n -  —  

a
and, since \V(G')\ is an even integer,

7Y!
\ V ( G ' ) \ ^ 2 n -  2 -  .

a

Next we show that G can be embedded as an induced subgraph into a d-regular
7)Ъbipartite graph G' with exactly 2n — 2 — points. Let {A, B} be a bicolor-
d J

ation of G. Since m <, d • \A\ and m < ,d  • |jB|, we have

|J3| — n — \A \ -^ n  — — and \A | <  n — — .
d J L d

So we can construct two disjoint sets A' ZD A and B' ZD В with
771

\A'\ =  \ B ' \ = n -  -  .
a



We add now (A, B' — /i)-edges and (jB, A' — .4)-edges so that all the degrees 
in A U В  become equal to d. This is possible because

^  (d — d(a;)) =  \A\ • d — m =  nd — |5 | ■ d — m 
x€ a

7Y)
<  nd — \B\ ■ d — — ■ d = \ B ' \ - d - \ B \ - d = \ B '  -  B\ ■ d 

d
and similarly,

2 ( d - d ( x ) ) ^ \ A ' -  A \ .  d
x €  В

(and, because we do not mind multiple edges). Finally, we add (A'—A, B'—dr­
edges to make all degrees d.

18. Considering the “bipartite complement” G of G as defined in the hint, 
by 7.16 it suffices to show that whenever I  c i ,  Y  С B, then

(n -  2d) (n — I F|) +  m0(X, Y ) > ( n — 2d) ■ |X | 
or, equivalently,

(n -  2d) ( | Z |  +  | Y\ -  n) ^  mG(X, Y).
Since this inequality is symmetric in X, Y  we may assume that |X| >  \Y\. 
Moreover,

m0(X, Y) =  \X\ ■ \Y\ - m G(X, Y),
and so, it suffices to show that
(1) (n -  2d) (|X| +  i Y\ -  n) ^  \X\ ■ I Y\ -  ma(X, Y).
Here mG(X, Y) <, d ■ | F|
and so, (1) would follow from

(I JT| -j- d — n) (I F| +  2d — n) >  d(2d — n).
If |F | <| n — 2d, then | Y\ +  2d — n 0 and so,

(|Z| -f d — n) ( |F| -)- 2d — n) >  (n -f- d — n) (| F| -f- 2d —- n) i> d(2d — n).
If n — 2d I Y\ |X| <  n — d and |X| d, then |JC| +  d — n 0, thus

(|X| -j- d — n) ( |F| + 2 d — n) ;> (|X[ d — n)d 2> (2d — n)d.
If n — 2d <; I F| and и — d <  |X|, then recalling also that d <, n/2, we have

(|X| -j- d — n) ( |F| +  2d — n) >  0 >  d(2d — n).
Finally, if \X\ <,d,  we use

mG(X, Y ) ^ \ X \  ■ \ Y\ 
and thus it suffices to show that

(n — 2d) (|X| +  |F| — n) <  0,

Ybwhich is clear, since \Y\ <  \X\ <  d <] —.
2
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19. T h e  tra n sfo rm a tio n  o f  th e  p rob lem  g iven  in  th e  h in t is easily  verified  
(cf. 4.21).

Suppose G has no 1-factor, then by 7.4b, there is a set X  CZ A =  [uv . . . ,  un) 
with |Г(Х)| <  |JT|. Let, say, X  — {ux, . . . , % }  and В — Г(Х) =  {vv . . . , v,}. 
Thus к -+-1 >  n, and atj =  0 for 1 <  i <, к, 1 <C j  <  /. Now

2  a ‘j —  1  ’i=i
because A is doubly stochastic, hence

i n 

j=i <=i
On the other hand,

2 2 a‘j= 2  2 a‘j^ 2 2 a‘j = n- k<i,
1=1 1 = 1 I=fe+ly=l i=fc+l y=i

a contradiction.

20. (a) It is clear from the remark in the hint.
(b) Suppose G has no 1-factor. Then det (a,--) =  0. Let, say, the first 

к -f- 1 columns form a minimal linearly dependent set of columns. Since the 
rank of the matrix A' formed by these к 1 columns is k, it contains a k x k  
non-singular submatrix. We may assume that the first к rows and columns 
form this sub matrix.

Since the first к -f- 1 columns are linearly dependent, we have numbers 
Xv , A/i+1 such that

(l) 2 h a4 =  о (* =  1......... »)■j- 1

Since 7̂= 0 by the minimality of k, we may divide by any Â  and determine 
the numbers Ay/AM by Cramer’s rule from the first к rows. Thus Av/Â  belongs 
to the field generated by {atj : 1 < , i  <, к, 1 <, j  <, к -f 1}.

We claim that ai;- =  0 if /с +  1 <1 г <  ft and 1 <  j  <! к -)- 1. We show, e.g. 
that (ik+i,i — 0. We have

1 fc+i
a k +  i , i  =  ~  2  ^ j a k + i , j

Ai j=2
from (1). Here the right-hand side is in the field generated by {a/;; (г, j) ^  
^ +  1> 1)}. By the algebraic independence of the a A s this is only possible 

i f  a k +  i , i  =  0 .

Setting X  =  {ak+1, . . . , an}, we have

Ц Х )  c  {bk+2...........Ь „ } , | Г ( Х ) |  <  | Z | ,

which proves the non-trivial part of 7.4b [J. Edmonds, J. Res. Nail. B. 
Standards 71B (1967) 241-245].
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21. If the conditions imposed upon у are linearly independent the answer 
is clearly m — n, where n =  \ V(G) \; if n — 1 of them are linearly independent 
but the nth one is not, the dimension is m — n 4- 1. We claim the first case 
occurs, if G is not bipartite and the second one, if it is.

To prove this, consider a non-trivial linear relation among the left-hand 
sides of the constraints (1). We want to show that this can exist only, if G is 
bipartite and that in this case it is essentially unique. So let

be identically 0, i.e.
2  ^  2  У‘

V € V  (G) e i $ v

+  Au — 0
for every edge (u, v). Hence using the fact that G is connected we conclude 
that |A„| =  const =  A and points with A„ =  A are only connected to points 
with A„ =  —A and vice versa. Hence G is bipartite. Since the 2-coloration 
o f  a b ip a r ti te  g rap h  is u n iq u e , we also see t h a t  th e  lin ea r  re la tio n  am ong 
th e  le f t-h a n d  sides o f  th e  c o n s tra in ts  (1) is u n iq u e  u p  to  a  sca la r fac to r. T h u s  
in  th e  b ip a r ti te  case th e re  is th e  u n iq u e  re la tio n

^  Vi =  ^  ^  Vi > 
v C A C j S v  v  e  В  e r

where {A, В} is the bicoloration of G [H. Sachs, Wise. Z. TH Ilmenau 12 
(1966) 7-12].

22. Following the hint, let (x, y) £ F. If there are at least 3 edges joining 
{x, y} to {u, v) , then there are two of them which are independent, e.g. (x, u) 
and (y, v). Now F =  {(x, y)} U {(x, u), (y, u)} is a bigger matching than F, 
a contradiction. So each edge of F is joined to {u, v} by at most two edges. 
Since и and v are not joined to each other or to any point not on the edges 
of F  (otherwise F would not be maximal), this implies that

d{u) +  d(v) <  2\F\ <  2(n — 1).

This, however, contradicts the hypothesis that d(u) and d(v) are at least n 
(cf. also problem 10.19).

23. Let X  be the set of points covered by F0. Following the hint, let F be a 
maximum matching of G containing as many edges of F0 as possible. We claim 
F covers X.  Suppose indirectly that there exists an x £ X  not covered by F. 
Let (x, y) be the edge of F0 incident with x. Since F  U {(x, y)} is not a matching 
by the maximality of F, there is an e £ F incident with y. Set F' =  F  — 
— {e} U {(x, y)}, then F' is a matching of the same size as F, i.e. it is a maxi­
mum matching. Moreover, it has more edges in common with F0 than F, 
a contradiction.

24. (a) For к =  1, a single edge satisfies the requirements. Suppose Gk_ 1 
is a graph with a unique 1-factor and with degrees at least к — 1. Let G'k_ l 
be another disjoint copy of it, and also consider two new points x, y. Join 
x to all points of Gk_ v у to all points of G'k_ v  and x to y. Let Gk be the resulting 
graph (Fig. 55).
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Every point of V(Gk_ x) U V(G'k_ l) has greater degree than in Gk_ 1 or 
G'k-v hence it has degree at least k. Obviously, this holds for x and y. More­
over, Gk has a unique 1-factor. For let F be any 1-factor of Gk. By reasons 
of parity it must contain the cut-edge (x, y). Then, however, the rest of it 
forms a 1-factor of Gk_ 1 and a 1-factor of Gk_ v Since these are unique, F is 
uniquely determined. So Gk has at most one 1-factor. But the one described 
(composed of the 1-factors of Gk_v G'k_1 and of (x, y)j is indeed a 1-factor 
of Gk. Thus Gk has a unique 1-factor.

(b) First solution. Suppose 6  is a minimum counterexample. Let F be 
its unique 1-factor and let ex £ E(G) — F. Consider the equivalence-class 
defined in 6.27 containing ev If it consists only of ev then G — ex is 2-edge- 
connected and we get a contradiction of the minimality of G. Suppose it has 
other edges e2, . . . , ek, к >  2.

Let Gx be any component of G — {ev . . . ,  ekj. By 6.27, it is incident with 
exactly two edges of {ev . . . , ekj. If these two edges do not belong to F, 
we get by induction that Gx has two distinct 1-factors which, together with 
F  — E(GX), yield two distinct 1-factors of G. Thus at least one of the two 
edges of {e1, . . . , ek} incident with G , belongs to F. Since this is true for any 
component of G — {ev  . . . , ek}, at least half of the edges {ev . . . , ek} belong 
to F. Since, in turn, this holds for any equivalence class, at least half of the 
edges of G belong to F. Hence \E(G)\ <_' |F(C?)|. Since G is 2-edge-connected, 
this is possible only, if (7 is a circuit. However, an (even) circuit has two 1-factors.

Second solution. Suppose G is 2-edge-connected. Let F be a 1-factor of G. 
Let C be a circuit such that any edge of F either lies on C or is completely 
disjoint from C. Such a circuit exists by 6.30. Now C must be alternating 
relative to F  (since F is a 1-factor). Thus, “switching” on G (i.e. replacing 
the edges of E(C) П F by the edges of E(C) — F, we get another 1-factor 
[A. Kotzig, Mat. Fyz. Casopis 9 (1959) 73-91; L. Beineke—M. D. Plummer, 
J. Comb. Th. 2 (1967) 285-289.]

(c) The proof is by induction on \E(G)\.
The sharpening of (b) formulated in the hint follows from (b) trivially. It 

suffices to prove this for connected graphs, since if G has a unique 1-factor, 
so do its components. Double all edges of G not in F. This cannot produce 
any new 1-factors, so the resulting graph G' has a cut-edge by (b). This edge 
must belong to F, since it is not doubled.

Let e =  (x, y) be a cut-edge of G, belonging to the unique 1-factor F 
of G, then G — x — у has a unique 1-factor. By the induction hypothesis,

F i g . 55
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E(G — X  — у) <  (n — l)2. Moreover, since (x, у) is a cut-edge, no point is joined 
to both x and y. Hence, at most 1 -f- (2n — 2) =  2n — 1 edges are adjacent 
to one of x and y. Thus

\E(G)\ <  (» -  l )2 +  2n -  1 =  n2.
The result is sharp, as shown by graphs of structure similar to those in Fig. 56 
[G. Hetyei, loc. cit. p. 307].
25. Let xv . . . , xb be the points not covered by a maximum matching F, 
ö =  d(G) =  | F ( G ) |  — 2v(G). Let F  — {ev  . . . , e,}, and let /, be an edge 
adjacent to xt (i =  1, . . . , d). Then each /,• joins xt to a point covered by F. 
Moreover, no two / / s go to different endpoints of the same e;-, since this would 
make it possible to enlarge F. Therefore, we can select an endpoint Uj of e;-
(j — 1......... v) so that {uv . . . .  uv) covers all fv . . .  , f t . Since d(uj) <  d,
we have

d ^  (d — l)r or n — 2v < ,(d  — l)r,
and hence

nV > ------- .
d +  1

26. Following the hint, observe that if x and у are adjacent, then v(G — x — y X  
<  v(G), because any matching of G — x — у can be extended using (x, y).

Let x, у  be two points at distance к >  1, and let z be any inner point 
of a minimum (x, y)-path. Suppose indirectly that v(G — x — y) =  v(G). 
Let F be any maximum matching in G — x — y. Also, consider a maximum 
matching F0 in G — z\ then J F\ =  |F0| =  v(G) {v for brevity). Observe that

(a) F must cover z, otherwise, it would be a r-element matching of G — x — 
— z, which contradicts the induction hypothesis v(G — x — z) <  v, and

(b) similarly, F0 must cover x and y.
Now F  U F0 is the union of some disjoint alternating paths, circuits and 
common edges of F  and F0. There is an alternating path J \  starting from x 
and such a path P 2 starting from y. If P y =  P 2> then replace the edges of 
F П Е(РУ) by the edges of F0 П E(Py) in F; this way we get a (v ■+■ l)-element 
matching (since both end-edges of P y belong to P 0), which is a contradiction. 
Thus, Pj ^  P 2. At least one of P y and P 2 does not contain z, say z (f ViP )̂. 
Now replace the edges of F П E(Py) by the edges of F0 П Е(РУ) in F. The 
resulting matching F' has |P'| |F | (because P y starts from x with an
P 0-edge and so, if the last edge of P y is in F0, then |P'| >  |P[, otherwise

F i g . 56
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|2?,'| =  |F |). Moreover, z is still not covered by F' (since z (J FfF]}) and thus 
F' is a matching of cardinality 2> v in G — у  — z, again a contradiction.

Thus, v(G — x — y) <  v(G) for every x, y. Let F  be any maximum matching 
of G. Then there is at most one point not covered by F, since if there were 
two such points X, y, then we would have

v(G -  x -  y) ;> IF\ = v{G),

a contradiction. Moreover, F cannot be a 1-factor for if it were, then

v ( G - x ) < ± - \ V ( G - x ) \  < -i-|F (G )| -  |jF| =  v(G),
2 2

which contradicts one of the hypotheses. Hence,

v(G)=  | * 4 = I ( |7 ( Ö ) | -  1),

which proves the assertion [T. Gallai, MTA Mat. Kút. Int. Közi. 8 (1963) 
135-139].

27. (a) Let X  c  F(G) and F  a maximum matching of G. Let Gv . . . , Gk 
be the odd components of G — X.  Let, say, Gv  . . . , G, be those containing 
a point not covered by F. From every Gjt i <  j  <, Jc, there must be an edge 
of F going to X  by parity. Since these edges have to go to different points 
of X,  we have

k - i <  |X|.
On the other hand, each of Gv  contains an uncovered point, so

(1) ö ( G ) > i > I c -  |W| ^ c ^ G - X ) -  |Z|.

It remains to show — and this is the crux of the argument — that there 
exists a set X  for which equality holds in (1). We show this by induction on 
\V(G)\.

Suppose first that there exists an x £ V(G) such that v(G — x) <  v(G). 
Obviously, v(G — x) — v(G) — 1 and hence

d(G -  x )  =  \V(G -  x)| -  2 v(G -  x) =  |F(G)| -  2v(G) +  1 =  d(G) +  1 .

Thus by the induction hypothesis, there exists an X' Q V(G — x) such that

Ő(G) +  1 =  c^G - x - X ' ) -  \X'\.
Now set X  — X'  U {x}. Then

Ő(G) =  c^G -  X)  -  \X\.

Secondly, suppose v(G — x) =  v(G) for every x £ F(G). Let Gx......... Gk be
the components of G, and x £ F(Gf). Then

v(G) =  r(Gx) +  . . . +  v(Gk) =  v(G - x )  =
=  V(G\) +  • • • +  v(G/ — x) +  . . . +  v(0k),
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hence v(Gj — x) — v(Gj). By the preceding problem, this implies that |F(Cr,-)| 
is odd and 6(Gj) =  1. Thus

6(G) =  2  № )  =  b =  c^G),
i=i

and X  =  0 satisfies the requirement [C. Berge; see В].

(b) G has a 1-factor if and only if 6(G) =  0, i.e. by (a), if and only if

(2) max {Cl(G — X) — |X|} =  0 .
x

Since Cjfö) — |0 | >  0, the maximum is always >  0 and so, (2) is equivalent to

ex(G -  X) -  \X\ £  0

for every X  ClV(G) as stated [W. T. Tutte; see В].

28. (a) Let V± be the set of those points of G joined to every other point and 
V2 =  V(G) — Vv We want to show that if a, b, c £ V2, and b is adjacent 
to both a and c, then a and c are adjacent.

Suppose this is not the case. Since b £ V2, there is a fourth point d which 
is not adjacent to b. By the maximality assumption on G, G -+- (a, c) has 
a 1-factor F x and G-\-(b,d)  has a 1-factor F 2. Obviously, (a, c) £ F v 
(b, d) £ F 2, (b, d) (j F 1 and (a, c) F 2.

Consider F x U F2. This consists of disjoint alternating circuits and common 
edges of F x and F2. (a, c) is on an alternating circuit 6\  and similarly, (6, d) 
is on an alternating circuit C2.

Case 1. C1 ^=C2. Then replace the edges of F(C\) ПF x by the edges of 
E(Cу) П F 2 in F у and get a 1-factor of G, a contradiction.

Case 2. C1 =  C2. Starting from b through (b, d) and walking along Cv 
sooner or later we must hit (a, c). Without loss of generality we may suppose 
we hit a before c.

So we have a (b, a)-path starting with the f^Vedge (b, d) and ending with 
another CVedge, since (a, c) £ F v Thus, К  =  P  -f- (a, b) is a circuit alter­
nating relative to F 2. Replacing the edges of E(K) П F 2 by the edges of 
E(K) — F 2 we get a 1-factor of G from F 2. This is again a contradiction.

Thus we have shown that adjacency is an equivalence relation on V2, i.e.
V., decomposes into disjoint complete graphs.

(b) We only prove the non-trivial part of 7.27b, which says that if G 
has no 1-factor, then there is an I  C V(G) with

c,(G - X ) >  \X\.

If |F(6r)| is odd, X  =  0 has this property; so we may assume \ V(G) \ is even. 
Let us add edges to G as long as we do not produce any 1-factor. When we have 
to stop we will have a graph G' on the same point-set as G with the property 
that G' has no 1-factor, but joining any two non-adjacent points of G' produces 
a graph with a 1-factor.
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By (a), O' has the following form: if V, is the set of those points connected 
to every other point, then O' — Vx consists of disjoint complete subgraphs 
Gk......... Gk.

We claim there are at least 17X| +1  odd complete graphs among Gv .. .  ,Gk. 
Suppose not. Select a 1-factor of each even Gh select a maximum matching 
of each odd Gt, this misses exactly one point. Select independent edges matching 
these points with some points in Vv Since | V(G) j is even, there are an even 
number of points of Vk still uncovered. But we may match them arbitrarily 
with each other, because Vlt obviously, spans a complete subgraph of O'. 
So we get a 1-factor, and hence a contradiction.

Thus, there are at least |F X| +  1 odd components of G' — Vv When the 
edges of E(G') — E(G) are removed, these odd components may fall apart, 
but each of them yields at least one odd component of G — V v Hence

c ( G -  V1) > \ V 1\,

i.e. X  — Vk is an appropriate choice for X.

Remark: The reader may easily verify the fact (which was not needed here) 
that Gx, . . . ,Gk are all odd and к =  jFJ +  2 [G. Hetyei, Pécsi Tanárképző 
Főiskola Közi. 1974; L. Lovász, J. Comb. Th. 19 (1975) 269-271].

29. (a) By Tutte’s theorem, we have to show that

Ci (G -  X )  £  |X |
for every X  ez V(G).

Let Gv be any odd component of G — X. Since G is 2-connected, there are 
at least 2 edges joining Gx to X. There cannot be exactly two such edges, how­
ever, for this would imply the sum of the degrees of Gy is 3 ^ (в х)| — 2, an 
odd number, which is impossible. So there are at least 3 edges joining Gx to X. 
Thus, there are at least 3c1(G — X) edges coming from the odd components 
of G — X to X. But each point of X  is adjacent to at most 3 of them, so their 
number is at most 3|X|. Thus

3Cl(G -  X) ^  3|X|, Cy(G -  X) ^  |X|

as required.
(Note that only 2-edge-connectivity of G was used. It is trivial to see though 

that, if a 3-regular graph is 2-edge-connected then it is also 2-connected.) 
[J. Petersen; for a proof not using Tutte’s theorem, see K, S.]

(b) If e is a cut-edge of a 3-regular graph, then e is contained in every 
1-factor (if any). In fact, the two components of G — e are odd (they contain 
exactly one point of even degree). Thus, G — e has no 1-factor, so each 1- 
factor, if any, contains e.

It therefore suffices to construct a simple cubic graph with three separating 
edges meeting at some point: any 1-factor of such a graph must contain all 
three of them, which is impossible. Figure 57 shows such a construction (the 
reader may wish to verify that this is the smallest such example).

21 Lovász
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F i g . 57

30. By Tutte’s theorem (7.27b), we only have to show that
ci(G' ~ X ) < ,  |X |

for any X  CZ V(G). Suppose this does not hold for some X.  Since | F(G) j is 
even and so

Cl(G' - Х ) ш \ F(G') -  X\  a  \X\ (mod 2)
we have
(1) Cjfß1 - X ) ^  \X\ +  2.

Let Gv ..  ., Gm be the odd components, Gm+1, . . . ,  GM the even components 
of G' — X.  For 1 <, i <  M , let a, (/3,) be the number of edges of E(G) — E(G') 
joining Gt to X  (to the other Gf s), and let у,- denote the number of edges of G' 
joining G,- to X.  Then a,- +  ßt +  У: is the total number of edges of G leaving 
Git which is at least к — 1.

Moreover, if G,- is an odd component, then а,- +  /3; +  у,- >  & — 1; for 
af +  ßi +  у,- =  к — 1 would mean that the sum of degrees of the subgraph 
of G induced by V(Gt) is £|F(G,)| -  к +  1 =  *(|F(G,)| -  1) +  1 =  1 (mod 2). 
Hence

m m m
(2) «,■ +  ßi +  ^ y t ^ k  ■ m.

í = i  í = i í = i

The number of removed edges between two of G v  . . . , GM and X  is
M  J  M

2  *< +  — 2  whence i 2 i
M  M

2 ^ « ,  +  ^ A ^ 2 ( 4 -  1).
i=i i=i

M  M
The total number of edges entering X  is ^  «,• +  ^  y,-, whence

i i

M  M

2 * i  +  2 y t ^ k - \ x \-
1=1 1=1
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Adding the last two inequalities,
M  M  M

+  2 yi ^ k ■ (lz l + 2) -  2-i= 1 i= 1 1 = 1
Comparing this with inequality (2), we get

М М М  М М М
km < , 2 « '  +  2 ß ‘ +  2 r ‘ ^ 3 2  +  2  ßi +  2  V‘ ^1 = 1  i= 1 i= 1 i '= l  1 = 1  1 =  1

< £ •  (|Z | +  2 ) - 2 < 4 ( | Z |  +  2)
or, equivalently,

m  <  |X | +  2

which contradicts (1) [J. Plesnik, ilfai. C'a.s. Ätov. Atoá. Vied. 22 (1972) 
310-318].

31. Let F  be a maximum matching which misses a given point x. Let у 
be a point adjacent to x and let F 0 be a 1-factor of G — y. F  U F0 consists 
of disjoint alternating circuits, common edges of F  and F0 and an alter­
nating (x , í/)-path P. Now P 0 =  P  -f- (x, у) is an odd circuit which contains

4 ( l F(P o)l — 1) edges of F.
A

Now suppose that P 0, . . . ,  P, have been chosen so that for all j  <  i, P y+1 is 
an odd (P0 U . . . U P y, P 0 U . . . U P ;)-path or an odd circuit having exactly 
one point in common with P 0 U . . . U Py and Py+1 alternates relative to F  
(starting and ending with an edge not in F). If Pj+i happens to be an odd 
circuit, then we adopt the convention that it starts and ends at its common 
point with P 0 U . . . U Pj. Also suppose P 0 U . . . U P, # 6 . Let (а, Ъ) be any 
edge not in P 0 U . . . U Р,- such that a £ V(P0 U . . . U P,) (such an edge 
exists since G is connected).

If b £ V(P0 U . . .  U P t), we may take P i+1 =  (a, b). So suppose b (j F(P0 U 
U . . . U P t). Let F i be a 1-factor of G — b. F  U F, consists of disjoint alter­
nating circuits, common edges of F  and F h and an alternating (b, a:)-path Q. 
Traverse Q from b to the first point c of P 0 U . . . U P,-. The last edge traversed

21*
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then belongs to Fh because each /'-edge meeting P 0 U . . . U P t belongs to 
this union by the construction. Let Q' be the piece of Q between b and c, and 
Pi+i — Q' +  (a, b). Then P ;+1 satisfies the requirements (Fig. 58).

Thus if P0 U . . . U P i # e ,  we can choose a P i+1. Sooner or later we exhaust 
G, and the required decomposition is obtained [L. Lovász, Studia Sci. Math. 
Hung. 7 (1972) 279-280; also cf. the Edmonds Matching Aglorithm 7.34].

32. (a) Set A =  Ac, C =  Cc, . . . ; A' =  MG_X, C' =  CG_X, . . .  It suffices to 
prove that D' — D, since then C is the set of points not adjacent to D — D' 
and so is the same as C'.

Observe that since G — x contains no maximum matching of G, v(G — x) =
_v(G) — 1. Hence if M is any maximum matching of G, M — x is a maximum
matching of G — x. Since for each у £ I) there is a maximum matching of G 
avoiding у and this yields such a maximum matching of G — x, it follows that 
у  £ D', i.e. D £  D'.

Conversely, let у  (J D and suppose indirectly that у £ D'. Then there is a 
maximum matching M' of G — x avoiding y. Let M  be a maximum matching 
of G avoiding a neighbor z  £ D  of x. Consider M U M'. Since у  is covered by 
M, but not by M ', the component of M U M' containing у is a path P  
starting from у  with an edge of M. P  cannot end with an edge of M', since 
then replacing the edges of M  П E(P) by the edges of M' П E(P) we would 
get a maximum matching of G avoiding y. Thus P  ends with an edge of M. 
Now replace the edges of M ' on P  with the edges of M  П E(P). This way we 
get a matching larger than M '. Therefore, this new matching cannot lie in 
G — x. This implies that P ends at x. But now (M — E(P)) U (E(P) П M ') U 
U {(x, z)} is a maximum matching avoiding y, a contradiction again.

(b) Let Gv . . .  ,Gt be those components of G — A contained in D. Since no 
edge connects D to C, these components partition D. Let H be the subgraph 
induced by C.

If we remove the points of A one by one, (a) implies that the sets C, D do not 
change. Hence every maximum matching of G — A will cover all points of H, 
but each point of D will not be covered by some maximum matching of G — A. 
The maximum matchings of G — A consist of a maximum matching M0 of H 
and maximum matchings Ж, of (?,, i =  1, . . . , t. Since every point of H must 
be covered, M0 is a 1-factor of H. Moreover, since each point of Gt is avoided 
by some maximum matching of G/, Gt is factor-critical by 7.26.

(c) If M  is any maximum matching of G then by the argument at the 
beginning of the proof, M — A is a maximum matching of G — A. In part (b), 
we have already seen what M — A must look like.

(d) By (b),

v ( G -  A ) = 1 ( |F ( G ) | -  \ A \ - t ) .
A

By the remark above concerning removal of points of A one at a time,

v(G — A) — v(G) -  \A\.
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Hence the equality follows.
(e) Suppose that cx(G — X) >  |X| holds for every X.  In particular, 

cx(G — A) >  \A\. On the other hand cx(G — A) =  t. Hence by (d),

K G )> -V (G )|,
2

i.e. G has a 1-factor. (The other direction of Tutte’s theorem is trivial.) [T. 
Gallai, MTA Mat. Kút. Int. Közi. 8 (1963) 373-395; J. Edmonds, Canad. J. 
Math. 17 (1965) 449-467.]

(f) See Fig. 59.

33. I. Suppose M'  is not a maximum matching in G'. Then G' has a matching 
M0 with |Ж0| > \M ' \ .  M 0 is a matching in G which contains at most one 
point of G. Hence we can add к edges of C to M 0 to get a matching M x with

\MX\ =  \M0\ +  k >  \M'\ +  k =  \M\,
a contradiction.

II. Now suppose M'  is a maximum matching of G'. Consider the sets I)', 
A', G' defined for G' as in 7.32. Let c be the image of C in G'. Since M'  avoids 
с, с £ I)'. Hence if we “blow up” c, the component of G' — A ' containing c 
becomes a component of G — A ' containing G, also odd. Hence

cx(G — A') — cx(G' - A ' )
and

* (G )^ i{ |F (G )| - Cl( G - H ' ) +  \A'\} =

=  ■£■{i m i  -  Ci(G'-  Л') +  \A'\} =
A

=  ~  { I V(G')\ — cx(G' — A') +  И ' | } + * =  \M'\ +  k =  \M\,
A

showing that M  is a maximum matching in G.

F i g . 5 9
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34. (a) I. A forest with properties (*) -  (**) certainly exists; e.g. let the forest 
consist of the points not covered by i f  and no edges. Let F be a maximal such 
forest. Then no outer point can be adjacent to F(G) — V(F), for by the prop­
erties of F, (G — F(F)) П i f  is a 1-factor of G — V(F) (since all the uncov­
ered points must be roots in F) and so, if a £V(G) — V(F) is adjacent to the 
outer point b of F and (a, c) £ M, then (a, b) and {a, c) could be added to F.

II. If two outer points, a; and у say, in distinct components of F are adjacent, 
then consider the paths P  and Q connecting a and у  to the roots of their 
components in F. Then R =  P  U Q U {(a, y)} is a path alternating relative to 
i f  and if we replace i f  П E(R) by E{R) — i f ,  we get a matching larger than i f  
(Fig. 60).

X
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III. Now suppose that two outer points u, v of the same component of F are 
adjacent. Then they form with certain edges of F an odd circuit C. Let w be 
the point of C nearest the root r of this component of F (w =  r may occur). 
“Switching” on the alternating path connecting w to r, we get a new matching

i f 0 such that i f 0 contains — (| V{G) | — l) edges of C and no other edge of
2

i f 0 meets C. By the preceding result, if we contract C, then i f 0 =  i f 0 — F(C) 
will be a maximum matching in the resulting graph G' iff i f 0 (or, equivalently, 
i f )  is a maximum matching of G. Moreover, if we find in G' a matching larger 
than i f 0 we can easily extend it to a matching of G larger than i f .

IV. Finally, suppose that the outer points of G are independent. Let A be the 
set of inner points. Then the outer points will be isolated in G — A; their 
number is

c,(G -  A) =  \M fl E(F)I +  (|F(G)| -  2 |if |) ,
while

\A\ =  | i f  П E(F)\.
Hence

( if  I =  . I ( |F(G)| +  \ A \ - cA Q - A ) ) .

But by 7.27 the right-hand side is an upper bound for v(G). Thus i f  is a maxi­
mum matching.
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The desired algorithm is now clear by summarizing the above results. At 
each step, we have a matching M  of G and a forest F a  G satisfying (*) and 
(**). We consider the edges adjacent to outer points of F.

1 ° If there is an edge connecting an outer point of F to a point of V(G) — V(F), 
we enlarge F as in part I.

2° If there is an edge connecting two outer points in different components of F, 
we enlarge M  as in part II.

3° If there is an edge connecting two outer points in the same component of F > 
we contract an odd circuit as in part III and try to enlarge the resulting match­
ing of the resulting graph. We can either conclude that M  is maximal or en­
large it.

4° If all edges adjacent to outer points connect them to inner points, we 
conclude that M  is a maximum matching.

Remarks. 1. The above algorithm is efficient in the sense that it performs in 
0(n4) steps. In fact, let f(n) denote the least upper bound on the number of 
steps the algorithm needs to check whether a given matching M  of an n-point

F i g . 61
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graph is maximum and replace it by a larger one if not. It takes 0(n2) steps 
to find a maximal forest with properties (*) and (**). (We carry a fist of cer­
tain outer points. At each step we check whether or not the first point on the 
list is adjacent to any point ouside F. If so, we enlarge F, and put the new 
outer point on the end of the fist. If not, we cancel this outer point from the 
fist. One such step needs the inspection of O(n) adjacencies. At each step either 
V(F) or the number of cancelled outer points increases, so the number of 
steps is 0(n).) Then we have to carry out one of the steps 2°, 3°, 4°. Since this 
takes, in the worst case when step 3° must be carried out, at most f(n — 2) -f 
-f- 0(n2) steps, we get that

f(n) =  f(n — 2) +  0(n2),

whence f(n) =  0(n3). Since the size of the matching is increased at most O(n) 
times, the whole algorithm finishes in no more than 0(n4) steps.

2. The following observation is very significant: If we carry out step 3°, the 
forest F  is mapped onto a forest of the same kind for resulting graph. Using 
this one can improve the upper bound on the length of the algorithm to 0(n3). 
The same observation and a more careful analysis of the algorithm would enable 
us.to avoid the use of 7.33 (and through this, the use of the Gallai-Edmonds 
Structure Theorem). We also remark that the sets Aa, Ca, D0 can be deter­
mined and several previous results (e.g. 7.26, 7.27, 7.31, 7.32) can be deduced 
from the algorithm. The reader may find it interesting and instructive to work 
out the details.

(b) See' Fig. 61 (cf. also 7.32f) [J. Edmonds, Canad. J . Math. 17 (1965) 
449-467]. '

35. Suppose G has no 1-factors. Consider the sets A, G, D  as in 7.32. Let 
Gv . . . , Gt be components of G\I)~\, then by 7.32 they are factor-critical. 
7.31 implies (it is also easy to see directly) that if |F(G,)| >  1, then G, con­

tains an odd circuit. Hence, at most one of Gv  i . . , Gt has more than one 
point. Let, say,

IF ^ )!  ^  1, |F(Ga)| =  IF(G3)I =  . , .  =  \V(G,)\ =  1.

Now there are exactly к edges joining G,- to A for i — 2 ,.  . . , t. Since each point 
in A is adjacent to at most к of these, we get

k(t -  1) <; к • \A\
or, equivalently,

t ^  \A\ +  1.
Now since

t =  Cl(G -  A) s  \V(G -  A)\ =  \A\ (mod 2), 

this implies that
t < \ A \ ,  v(G) =  -i-{ IF(G)I — t -f |A |} > | |F ( G ) | ,

2 2

whence G has a 1-factor, a contradiction [D.R. Fulkerson, A.J. Hoffman, M.H- 
McAndrew, Canid. J. Math. 17 (1965) 166-177].
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36. (a) Let x be as in the hint, and (x, y) any edge incident with x. у must be 
covered by some edge e of F , otherwise F (x, y) would be a larger matching. 
Now F — e -f- (x, y) is a maximum matching containing (x, y).

(b) We use induction on \F(G)\. By 7.24b we know that G has two distinct 
1-factors F v F 2. Let C be a circuit in F 1 U F 2- If some point of C is of degree 2 
we are done, since then the two edges adjacent to it belong to the 1-factors 
F x and F 2, respectively.

So suppose each point of C has degree at least 3. We claim that G — e is 2- 
connected for some e £ E(C). This will settle the problem; for G — e has a 
1-factor (e belongs to exactly one of F x and F 2) and so by the induction hy­
pothesis, there is a point x such that each edge of G — e adjacent to x, belongs 
to some 1-factor of G — e. Since e belongs to a 1-factor, x will have the same 
property in G.

Suppose, indirectly, that G — e has a cut-point xe for each e £ E(C). Clearly 
xe £ V(C). Let e be chosen in such a way that xe is as close to e on C as possible. 
Obviously, xe is not an endpoint of e.

Let /  be the edge of C adjacent to e on the shorter (e, xe)-arc of C (Fig. 62)..

У

Then by the choice of e, x, must lie on the other (e, xe)-arc. Now the common 
point у of e and /  is adjacent to a third edge (y, z). Since G — у is connected, 
z is joined to some point of C — у  by a path P. Now it is seen that no matter 
where P  hits C, we get a contradiction to the fact that both {e, xe} and {/, Xj) 
separate G. [J. Zaks, Combin. Structures Appl. Gordon and Breach (1970) 
481-488.]

3 7 .1. Let w be any 2-matching and choose an independent set X  C V(G).. 
Set

w(x) =  J? w ( e ) ,  d x  =  ^  (2 — w ( x ) )  .
e í E(G)  x i X

е э х

The total гс-weight of edges going from X  to Г(Х) is

2 \X\ -  6X,
on the other hand, it is <  2 \P(X) |, whence

дх > 2 \ Х \ - 2  \Г(Х)\.

F i g . 62
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Thus,
2 И  =  2 ?  Щ х )  =  2 17(0)1 -  2  (2 -  "(*)) ^

X £ V ( G )  X  € V ( G )

<. 2 i m i  -  2  (2 -  «(*)) =  2 I Л в ) | -  «X £  2(17(6)1 -  |Z | +  |P(X)|).
x€X

This proves that the maximum size of a 2-matching is

£  i m i  -  max (|X| -  \Г(Х)\).
X  indep

II. First we remark that
max {|X | -  |P(X)|} =  max {|X | -  |P(X)|} .

X  indep all X

In fact, for an arbitrary X  CZV(G) define X' =  X  — Г(Х). Then X ’ is inde­
pendent, and P(X') с: Г(Х) — X.  Hence

|X| -  |Г(Х)| =  |X'| -  |P(X) -  X\ ^  | X ' |  -  |Г(Х')|,
showing that the maximum of |X| — |P(X) ] is attained by some independent 
set X.

Let G0 be the bipartite graph defined in the hint. Observe that for X  CZ V(G), 
r Go(X) I =  Г(Х) |. Therefore, we have

Ő =  max {\X\ -  |PGo(X)|} =  max {|X | -  |P(X)|}.
X C  V(G) XQV( G)

By 7.5, G0 has a set F of |7(0)| — Ö independent edges. For e =  (u, v) £ E(G) 
let w0(e) denote the number of edges of F  among (v1, u') and (u', v'); so w0(e) =  0 
1 or 2. Moreover, for any fixed v, there is at most one edge of F leaving v 
and at most another one leaving v'. Hence

w0(v) =  2  wo(e) <  2 .
e 6 E(G) 

e ? v
i.e. w0 is a 2-matching. Moreover,

K l  =  w0(e) =  \F\ =  \V ( G ) \ - d ,
eZE(G)

whence
max \w\ >  \w0\ =  17 (0 )I - d  =  17 (0 )| -  max {|X | -  |P(X)|}

w  a  2-matching X Q V  (G)

[cf. W.T. Tutte, Proc. Amer. Math. Soc. 4 (1953) 922-931].

38.1. Observe that a 2-matching of size [7(0)| is necessarily maximum. 
Therefore, if G has a 1-factor F, then taking the edges of F with weight 2, 
we get a maximum 2-matching containing the maximum 1-matching F.

II. Now let G be factor-critical and suppose | V(G) | >  1- Let F be any maxi­
mum matching of G. The solution of 7.31 shows that there exists an odd circuit
P0 such that F has-1- |7 (P 0)| — 1) edges on P0; i.e. F — E(P0) is a 1-factor

■of G -  7(P0). Set [ 1 if e 6 P(P0),
w(e) =  2 if e 6 F — E(P0) ,

0 otherwise,
then w is a 2-matching of size 17(6 ) |, containing F.



III. Now suppose G is not factor-critical and has no 1-factor. Consider the 
Gallai-Edmonds decomposition of G (7.32). Let G x, . . .  ,Gt be the components 
of G[Dq]\ let, say,

IF«?,)! =  . .  . =  IV(Gk)I =  1 <  \V(Gk+1) \ , . . . ,  17(0,)I,
7(0,) =  {у,}, (i =  1, . . .  , k), Y =  {yv . . . ,  yk}.

Also set, as before
Ö =  max {\X\ -  |Д Х )|}.

X SA (G )
Since, therefore,

IД А )I >  \X\ -  6
holds for every X  Cl Y, we get from 7.5, applied with the bipartite graph 
formed by the edges incident with Y, that there are | Y\ — Ö =  к — Ö in­
dependent edges joining Y  to Д  Y) Cl A. We may assume y v . . .  , ук-ь can 
be matched with к — ö points of A.

By 7.23, there exists a maximum matching F of G covering y v . . . ,  y,(_ä. 
We define a maximum 2-matching w containing F as follows: let Gk+V . . . Gm 
be joined to A by some edge of F (m <, t). By 7.32, F П E(Gj) is a maximum 
matching in Gt (i =  m +  1, . . . , t), and hence, as in part II of the proof, 
we can define a 2-matching wt of Gt of size \V{Gt)\ containing F П E(Gi), 
for i =  m -f 1, ,t. Now, for each e £ E(G), let

Wi(e) if e 6 E(Gm+1) U . . .  U E(Gt), 
iv(e) =  2 if -  E(Gm+1) — . . .  — E(Gt),

0 otherwise.
Then, obviously, w is a 2-matching which contains F. We have to show w is 
maximal. Observe that exactly two edges of w contain each point except 
yk- i+1, . . . , yk, which are contained in no edge of w. Thus

w =  I F(ö) I -  Ó,
which shows by 7.37 that w is a maximum 2-matching.
39. Let L be an Euler trail of G. Consider every second edge of L. Since the 
total number of edges is even, this is possible. Then the considered edges form 
a d-factor.
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40. Let G be a pseudosymmetric orientation of G (see 5.13), set V{G) — 
=  {vv ......... ?;„} and define a bipartite graph G0 by setting

Y(G0) — {^n • • • * ^i’ • * * ’ *

E(G0) =  {(p„ v'j) : (v„ Vj) g E(G)}.
Observe that G0 is a d-regular bipartite graph and G arises from it by identify­
ing Vj and v'j for each 1 <i г <  w.

Let us color the edges of G0 by d colors so that each color forms a 1-factor 
(this is possible by 7.10). Identifying and r', this yields a d-coloration of the 
edges of G such that each color forms a 2-factor. (Note the difference between 
this and the construction in the proof of 7.37; there two edges of the bipartite
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graph were mapped onto the same edge of G, therefore we could only conclude 
that a matching of the bipartite graph yields a 2-matching of the graph; 
here no two edges are mapped onto the same edge, therefore a 1-factor of the 
bipartite graph yields a 2-factor of the graph.)
41. First suppose all degrees are even. If the number of edges is even, the same 
proof as in 7.39 gives a desired subgraph; i.e. consider an Euler trail and take 
every second edge of it. On the other hand, if such a subgraph F  exists, then

2 \ E ( F ) \ =  2  dF(x) =  2  I A m
x€V(G) XZV(G) 2

whence \E(G) \ is even.
Now suppose there are points with odd degree. Let rh ea  new point and join v 

to all points of G of odd degree. Adding a loop at v if necessary, we thereby 
construct a graph G' with even degrees and with an even number of edges. 
Thus again by 7.39, G' has a spanning subgraph F' with degrees

dF-(x) =  -- da-(x) (x e V(G')).

Now set F — F' — v. Then, for any x £ V{G),

dF(x) =  dF-(x) — — dc/(x) =   ̂ d(x) if d(x) is even,
2 2

dF(x) — dF'(x) =  — dG’(x) =  ^ X̂  if d(x) is odd and (x, v) E(F),
2 2

dF(x) — dF'(x) — 1 =  ---- - if d(x) is odd and (x, v) £ E(F).
2

So all connected graphs have this property except Eulerian graphs with an 
odd number of edges.

42. (a) Since a graph with odd degrees has an even number of points, G must 
have an even number of points.

Conversely, suppose |F(6r)| is even, say V(G) =  {xy, . . . , x2m}. Let P, be a 
path connecting x, to xi+m (i =  1, . . . , m), and set

m
F =  2 E(P i) (mod 2).

i=i
Then for each x £ V{G),

m
dF(x) =  2 dpi(x) =  1 (mod 2),

•  < = i

and F is a spanning subgraph of the type desired.
(b) Let x £ V(G), dG(x) i> 4. Let us consider two edges (x, у ), (x, z) of G 

such that G — (x, у ) — (x, z) is connected. (There exist two such edges, for 
let y, z lie in distinct components of G — x if G — x is not connected. Then 
G — (x, y) — (x, z) is connected, if G — x is connected, because dG(x) >  3
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and also if G — ж is disconnected since each component of G — ж is joined to 
ж by at least two edges.) Take a new point x' and connect it to x, у  and z. 
Contracting the edge (ж, ж') we recover G.

Repeating the above procedure we get, in a finite number of steps, a 3-regu­
lar graph G', for the sum

2  ( W - 3 )
x €  V(G)

decreases at each step. G is a contraction of G' and G' is 2-edge-connected 
(and thus, as remarked in 7.29a, 2-connected).

Hence G' contains a 1-factor F by 7.29a. Then F' =  E(G') — F is a 2-factor. 
Contracting the new edges to get G from G', F' is mapped onto a subgraph of G 
with positive even degrees.

4 3 .  (a) Replace each point ж by a set Mx of /(ж) independent points. If (ж, у) 6 
6 E(G), then each point of Mx is joined to each point of M y, otherwise no edge 
connects Mx to M y  It is straightforward to check that the resulting graph 
has a 1-factor iff G has an /-matching.

(b) Subdivide each edge by two points and define /(ж) =  1 at the new 
points. Then the obtained graph G0 has an /-factor iff G has an /-factor. Each 
edge of G0 has at least one endpoint ж with /(ж) =  1; therefore, G0 has an /- 
factor iff it has an /-matching. Now if we replace each point ж of G0 by /(ж) 
independent points as in (a), we get a graph G' which has a 1-factor iff G has 
an /-factor [W.T. Tutte, Canad. J. Math. 6 (1954) 347-352].

4 4 .  Let G' be the digraph defined in the hint; i.e. set V' =  {x' : x £ 7(G)}, 
V" =  {ж" : ж e V(G)J, V(G') =  7 ' U V" and E(G’) =  {(ж', у") : (ж, у) € E(G)}. 
Let G’ arise by forgetting about the orientations. Define

A(y) =  l jW  if  » =  *'•
I /(ж) if у =  ж" (ж 6 7(G)).

Obviously, G has a desired factor if and only if G' has an Л-factor. By 7.16, 
this is so if and only if

2  *(*) =  2
x € V ' y€ V "

and for every I  с  Г ,  Г  C  7",

2  h(*) ^  2  +  ™G’ v " -  Y )-
x z x  y e Y

In other words, if and only if

2  /(*) =  2
xgV (G ) xeV (G )

and for all X, Y  <z 7(G),

2  gW  ^  2  №  +  mo(x ’ v W  -  Y) ’
x e x  y t Y

where mc(X, Z) denotes the number of edges with tail in X  and head in Z.
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45. Following the hint, let G1 be the graph obtained by subdividing the edges 
of G and extend /  to V(Gx) as described. Observe that G has a desired orienta­
tion if and only if 6rx has an /-factor.

Gx is, obviously, bipartite with color classes V(G) and F(öx) — V(G). Thus 
by 7.16, Gl has an /-factor if and only if

( 1 )  2  f{*) =  \ W ) \
xev(G)

and
(2) for each X  Cl V(G), Y cz K(G) the number of incidences between X  and 
Y is not less than

2  К*) -  1В Д  -  Y \-
x £ X

Obviously, it suffices to require this for the special case when there is no inci­
dence between X  and Y, but Y  contains all edges not incident with X .  Then 
(2 ') says that
(2') at least ^  f(x) edges are incident with X,  for every X  C V(G).

XSX
(1) and (2') are the necessary and sufficient conditions for G being orientable 
in the desired way.

46. (a) We use induction on the number of points. Suppose first that G is 
a circuit, V(G) =  {aq, . . . , xn} and E{G) — {(aq, x2), . . . , (xn, aq)}. If g(x) >  0 
for every x,- £ V(G), we can take F =  (F(G), 0). So suppose, e.g. g(xy) =  0. 
Then put (xx, x2) into F. Going along the cycle, put (xit xi+1) into F whenever 
(xi_ 1, x i) £ F  and g(Xj)  =  1 or (хг-_1; x;) (J F and g{xf) =  0. Deciding this 
way about every edge we end up with 1 or 2 F-edges at xv  thus dF(Xy) ^  
^  g(x1) =  0. The other points satisfy the requirement, because F  has been 
constructed that way.

Now suppose that G is not a single circuit. Then we find a point x £ V(G) 
such that Gx =  G — x is connected and has a circuit. Define gx on F(GX) as 
follows: if g(x) >  0, we set gq =  g; if g(x) =  0, we select a neighbor у of x and 
let

=  , ‘Í г * у-
( g{y) —  i  i f  z  =  y .

By the induction hypothesis, Gy has a spanning subgraph F , with degree 
different from gv In case g(x) >  0, F — F x is a desired subgraph of G. If 
g(x) =  0, F  =  Fy U {(x, у )} has the required property.

(b) I. Suppose both (i) and (ii) hold; let F  be a spanning subgraph with 
degrees ^  g(x) and G an orientation with indegrees g{x). Reverse the orienta­
tion of the edges of F. Since the resulting digraph is acyclic, it has a point x 
with indegree 0. However, reversing the edges of F  again, x will have indegree 
g(x), whence it is adjacent to g(x) edges of F, a contradiction.

II. Let G be any tree, we show either (i) or (ii) is satisfied. Let x be a point of 
degree 1. If g(x) <  0 or g(x) >  1, then (ii) is satisfied. For add a loop to x, 
apply (a), and then remove the loop. We get a spanning subgraph having 
degree ^  g(y) at each у X  x and of course, its degree is different from g(x) 
at x.
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Thus we may assume g(x) — 0 or g(x) =  1. Suppose, e.g. g(x) =  1 (the other 
case follows similarly). If в  — x has a spanning subgraph F with degrees 
¥=g(y) for each у £ V(G) — {x}, the same subgraph (with x as an isolated 
point) satisfies the requirements for G; thus (b) holds again. Suppose, therefore, 
that no such F exists. Then, by the induction hypothesis, G — x has an orien­
tation with indegrees g(y) for each у £ V{G) — x. Orient the edge adjacent to 
x toward x. Then the resulting orientation shows that (i) holds [L. Lovász, 
Periodica Math. Hung. 4 (1973) 121-123].
47. The necessity is obvious as a tree on n points has n — 1 edges. Now suppose 
that dx +  . . . - ) -  dn =  2n — 2. We use induction on n. The case » <  2 is 
trivial, so suppose n >  3. Then d1 =  1, since dt ~>2 would imply d1- \ - d n

2?г >  2n — 2. Also dn >  1 as dn =  1 would imply d1 +  . . . -f- dn =  n <  
<  2n — 2. Since

d2.-\- . . . -|- dn_x -(- (dn — 1) =  2n — 4 =  2(n — 1) — 2,
there is a tree T  with degrees d2, . . . , dn_ v dn — 1. Add a new point and 
join it to the point of T  with degree dn — 1; then the resulting tree has the 
desired degrees [see В].

48. Again the necessity is obvious. We prove the sufficiency using induction on
П

^  dj. We distinguish two cases.
i=1

I- dn_2 <  dn. Then dn — 1 is a largest element in dv d2, . . . ,  dn_2, dn_ x— 1, 
dn — 1 and so what we have to verify is
(1 ) dx +  . . . -|- dn_2 -)- (dn_ x — 1) —)— (dn — 1) =  0 (mod 2),
(2 ') d x -J- . . . -)- dn_ 2 -f- dn_ x — 1 dn — 1,
which are obvious from (1) and (2).

II. dn_2 =  dn. Then dn_x =  dr. Obviously, (1') holds and 

(2 ) dx +  . . . 4 - dn_3 (dn_ x — 1) +  (dn — 1) ^  dn_2,
provided dn_2 >  2. If dn_2 =  1, then the left-hand side of (2") is odd by (1),. 
and is therefore at least 1 trivially.

Thus dv  —  , dn_2, dn_ x — \ , d n— \  satisfy the assumptions of the problem 
and by induction, there exists a graph without loops on n points realizing this 
sequence. Joining the points with degree dn_ x — 1 and dn — 1 by a new edge, 
we get a graph with degrees dv . . . , dn [see В].
49. Let К  be the simple digraph without loops defined by V(K) =  {vx, . . . , г>„), 
E(K) — {(г>,-, Vj) : i j)  ■ The existence of a digraph with the desired prop­
erties is equivalent to the existence of a subgraph of К  with given outdegrees 
and indegrees. By 7.44, this is equivalent to (1) and (2), since the number of 
edges of К  connecting г £ /}  to { v j ; j  $J}  is \I\ (n — \J\ ) — \I — J |. 
(Remember here that К  has no loops !)

Now if f !<,■■• < . fn and sq<j • • . <á 9n< then for every I, J  with |7| =  k, 
\J\ =  l, we have

I  i = n —k + 1
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as well as

£ g j  +  — l) — l-T — J\ >  J?9j +  Hn — l) — min (k, n — l).
j e j  J= i

Thus (2) can be replaced by

(2 ') j ?  f i < , ^ g j  +  (n — l )k— m\n(k, n — l).
i=n-k+\ j=1

For (2') is, of course, a special case of (2) (with /  =  {n — к 1, . . . , n} 
und J  =  {1, . . . , /} ), so it is necessary; and moreover as we have seen (2 ') 
implies (2) under the assumption / i  • • • <! 9i ^  • • • <  9n [see В].

50. Suppose first that there exists a simple graph G with degrees d v . . . , d n 
and let V( be the point with degree dt. Also set p =  n — dn. We claim G can 
be chosen so that vn is adjacent to each of v t, . . . , vn__ l (but to no other point). 
For let us choose G among all graphs with da(Vj) =  dt such that vn is adjacent 
to as many points in {vp, . . . , vn_x} as possible. Suppose vn is not adjacent to 
vk, for some p  < , k  < ,n  — 1. Then vn must be adjacent to some vv, 1 <  v <, 
< , p  — 1, since dn — n — p. Since dv <  dk, there must be a point vm, m ^  k, v, 
adjacent to vk but not to vv. Now remove the edges (vk, vm) and (vv, vn), but 
add (vk, vn) and (vv, vm). This way a graph with the same degrees is obtained 
in which vn is adjacent to more points in {vp, . . . , vn_1} than in G, a contra­
diction.

Thus we have a graph G with degrees d l t . . .  ,dn in which all of vp, , vn_ x 
are adjacent to vn. Removing vn we obtain a graph with degrees d v . . .  , dp_ v 
dp 1> dp+1 1 ...........dn_i  1.

Conversely, suppose the numbers d'k are degrees of a simple graph G'. We 
can then add vn trivially [V. Havel, Cas. Pest. Mat. 80 (1955) 477-480].

51. (a) Following the hint, choose H with the given out- and indegrees such 
that the number of 2-cycles in H is maximal. Let Й denote the subgraph 
formed by those edges (x, у ) £ E(H) for which (y, x) (J E(H).

Now H contains no even cycle. For suppose (xv . . . ,  x2k) is an even cycle 
of H'. Then remove (x2, x3), . . . , (x2k, cc1); but add (x2, xx), (x4, x3), . . . 
. . . , (x2k, x2k_i). We thereby get a graph with the same out- and indegrees 
but with more 2-cycles.
The same argument shows that //yannot have any closed directed trail with 
an even number of edges. Since Й has equal indegrees and outdegrees, it is 
the union of edge-disjoint cycles (cf. 5.6). By the above, these are odd and no 
two can have a point in common, because they would then form a trail with an 
even number of edges.

Suppose there are two cycles CVC2 in the above cycle-decomposition of И,
<?i = J xo>......... x2k) and C2 =  (y0, . . . , y 2l). If (x0, y0) £ E(H), then (x0, y0) $
3 Е(Й) by the above, and so (y0, x0) 6 E(M) and U C2 U {(x0, y0), (y0, x0)} 
is a trail with an even number edges, whence we get a contradiction as above. 
So (x0, y0), (y0, x0) $ E(H). Then remove (x0, х4), (x2, x3), . . . , (x2k, x0), (y0, iJi), 
(У г. Уз)’ ■ ■ ■ ’ (У 2i’ У о)’ but add (x2, хг) , . . .  , (x2k, x ^ J ,  (y2, y k), . . .
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• • •. (Уъь У2i—1)> (*o> Уо)’ (Уо> xo)- We again get a simple digraph with the same 
degrees and more 2-cycles.

Thus H contains at most one cycle. If it contains exactly one, then this is odd
П

and dt — \E(H)| is odd, a contradiction of the assumption. Thus H has
i=i

no edge; i.e. H consists of pairs of opposite edges. Replacing each such edge 
by a single undirected edge we get a simple graph with degrees dv . . . , d n 
[cf. D.R. Fulkerson, A.J. Hoffman, M.H. McAndrew, Canad. J. Math. 17 
(1965) 166-177].

(b) By (a), the existence of a simple graph with degrees d x, . . . , dn is
equivalent to the existence of a simple digraph H on {vx, . . . , vn} such
that d£(Vj) =  dft(V[) =  dt (i =  1, .  . . , n) (under the necessary assumption
that d x -j- . . . +  dn is even). By 7.49, such a digraph exists iff for every
M  6 {1 .......... n } ,

(2 ') ^  dj <  dj Jc(n — l) — min (к, n — l).
i=n—k+\ ]—l

It suffices to require (2 ') for the case к l <, n. In fact, if к -f- l >  n, then 
(2 ') is equivalent to

(2") ^  dt =  ^  dj -f- k(n — l) — min (k, n — l),
i=l+l j= 1

which can also be derived from (2') with n — l and n — к playing the roles 
of к and l, respectively.

Now if к -f- l <, n, then
l n —k

^  dj +  k(n — l) ;> ^  min (dj, k) -f k2.
1=1 7 = 1

So if

(2) ^  di <: £  min (dj, k) +  k2 — k,
i=n-k+ 1 7=1

then (2 ') is satisfied. On the other hand, (2) is a special case of (2') when we 
take m — max {j : dj <  k} and l =  min {n — k, m). So (2) is a necessary 
condition [P. Erdős, T. Gallai; see В].

52. Suppose first that d v . . . , d n are the degrees of a connected graph. Then 
7.51 implies (1), while (2) and (3) are trivial.

Suppose, conversely, that dv __,dn satisfy (1), (2) and (3). By (1), there is
a simple graph G with degrees dv . . . , dn. Choose G so that it has the least 
possible number of components.

We claim that G is connected. Suppose not, then by (3), one of its components 
contains a circuit. Let Gx be this component and (x, y) an edge of Gx on a cir­
cuit. Let 6r2 be any other component and (u, v) any edge of G2 (G2 has an 
edge since it is not an isolated point by (2)). Then G — {(x, y), (u, v)} +

2 2  Lovász
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+  {(x, и), (у, u)} is a graph on the same set, with the same degrees and with 
fewer components, a contradiction [P. Erdős, T. Gallai; В].

53. Let G be a graph with a 1-factor F  and with points vv . . . , vn such that 
d(Vj) =  dr Then, obviously G — F has degree sequence dx — 1, . . . , dn — 1. 
To prove the converse, let G be any simple graph on V — {tq, . . . , vn} with 
dG(Vi) — df and G' another simple graph on V with dG\Vi) =  d, — 1. More­
over, among all such pairs of graphs, choose a pair with \E(G) — E(G') | 
minimal. We claim G' CZ G. Suppose not, then there are points incident with 
edges of E(G') — E(G). Let x be one adjacent to the maximum number к of 
edges of E{G') — E(G). Then x is contained in к -j- 1 edges of E(G) — E(G'). 
Let (ж, Vl), Ук+1) 6 E(G) -  E(G') and (x, z) £ E(G') -  E(G).

Since dG(z) > d G'(z), there is a point v such that {z, v) £ E(G) — E(G'). 
Choose an 1 <  i <i к -j- 1 such that yt ф  v. Then (v, yt) £ E(G). For if (v, yt)  ̂
§E(G), then removing (x, y t) and (z, v) from G, but adding (x, z) and (v, y(), 
we get a graph with the same degrees as G, but with more edges in common 
with G'. Similarly, (v, ?/,-) (j E(G'), for if (v, yt) £ E(G') we could remove 
(v, yi) and (x, z) from G', but add (x, ?//) and (z, v) to G' and get a graph with 
the same degrees as G', but having more edges in common with G. Thus, (v, yt) £ 
6 E(G) -  E(G').

Now, if v Ф y v . . . ,  yk+ v then v is adjacent to at least к +  2 edges of E(G) — 
— E(G') ((u, z), (v, Ух) ■■ ■ ,(v, yii+i)) so by hypothesis it is adjacent to at least 
к +  1 edges of E(G') — E(G), a contradiction of the choice of x. If v =- y x 
(say) then, again, it is adjacent to at least к 2 edges of E(G) — E(G') (in 
this case ((u, z), (v, x), (v, y 2), . . . , (v, yk+1) are these edges), and we get a 
contradiction as before [S. Kundu, Discrete Math. 6 (1973) 367-376; L. Lovász, 
Periodica Math. Hung. 5 (1974) 149-151].

§ 8. Independent sets o f points

1. Let 8  be a maximal independent set. Then any point x £ V{G) — 8  is joined 
to a point in S. Since a point of S can only be joined to at most d points of 
V(G) — 8, we have

\V (G ) \ - \S \  =  \ V ( G ) - S \ < d \ S \ ,
1. e.

|Ä |^ - r 1— |F (ö)|. 
d  - f  1

2. Define S 1} S 2, . . ■ as in the hint. Then

\St\ ^  a (G[Si+1 U Sj]) ^  « (ö  _  Sx -  . . . -  Si_x) =  |S (| ,
whence

r(G[Si+1ÜSl]) =  \Si+1\.

Hence byKönig’s theorem 7.2, we have | Si+ x | independent edges in öfő1,- U S j+1 ], 
which is a matching Ft of Si+ г into St.
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Now F x U F 2 U . . . consists of |$2| disjoint paths, which cover all points 
except IjSjJ — |*S'2| of the points of S v Taking these as one-point paths, 
we get liSjJ paths covering V(G).
3. If G consists of independent points, the assertion is obvious. So suppose 
this is not the case. We use induction on a(G).

Let P  be a longest path in G and let x be an endpoint of P. If x has degree 1, 
remove x and its neighbor y. Observe that <z(G — x — y) <  a(G), since any 
independent set of G — x — у can be completed with x. Hence, G — x — у 
can be covered by x(G) — 1 disjoint circuits, edges and points, and adding 
the edge xy, we get a desired cover of G.

So suppose x has degree at least 2. Each point adjacent to x is on P, because P  
is maximal. Let у  be the farthest point on P  adjacent to x and let C be the 
circuit formed by the (x, y)-piece of P  and the edge (x, y). Observe again that 
a{G -  V(C)) <  a(G), because C contains all neighbors of x. Hence G — V(C) 
can be covered by a(G) — 1 disjoint circuits, edges and points, and adding C, 
we get a desired cover of G again [L. Pósa, MTA Mat. Kút. Int. Köd. 8 (1963) 
355-361].
4. We use induction on \V(G) |. For | V(G)\ =  1 the assertion is trivial. 

Consider a set S such that there are disjoint paths P v  . . .  , Pis\ starting from
points of S and covering all points; suppose, moreover, that |<$’| is minimal. 
What we have to show is |$| a(G). Suppose this is not the case, then, ob­
viously, 8  is not independent, i.e. there are xv x2 £ S with (жх, ж2) £ E(G). Let, 
say, Р/ be the path starting from ж,-. Then P x is not a single point, since then 
the paths

P2 — P г (#i> P3............P isi

would cover every point, which is impossible, because they are disjoint and 
start from the points of S — {ж,}. Thus, P l has a second point z. Consider now 
G' =  G — xx, 8' =  S — Xj U {zj  and the paths

P[ =  P 1 — xv P 2, P3, . . . , Ps.
They start from the points of S', cover V(G’), and they are disjoint. Hence, 
by the induction hypothesis, there is an 80 C S' with |S0| <  ot(G') <1 a(G) <  \S\ 
such that certain disjoint paths, starting from the points of S0, cover 
G. Now if z £ S0, then adding xx to the path starting from z, we get |/S'0| <  |S| 
disjoint paths starting from a proper subset of S and covering G, which is a 
contradiction. A similar argument works if z ({ S0 but x2 £ S0. Finally, suppose 
x2, z $ S0. Then |S 0| <C |/S| — 2, thus we may add {я -J as a path to the 
system to get |S01 -f- 1 <  \S\ disjoint paths, starting from a subset of S 
and covering all points of G. This is a contradiction again [T. Gallai; see В].

5. (a) If S is a maximal independent set, then each x (J S  must be adjacent 
to a у £ S. By the symmetry assumption, this means that both (x, y) and 
(y, x) are edges of the digraph.

(b) Let ж be a point with indegree 0 (the existence of such a point follows 
from the fact that the digraph G is acyclic); let T  be the set of neighbors of x. 
Obviously, G0 — G — x — T  is acyclic, so by induction on the number of 
points it has a (unique) kernel S0. We claim that S — {ж} U (S'0 is a kernel of G. 
It is independent since G0 contains no neighbor of ж; moreover, any у £ V(G) — S

22*
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is either £ F(ö0) — S0 in which case it can be reached from S0, or £ T, in 
which case it can be reached from x on an edge of G.

Now if S' is any other kernel of G, then x £ S' (since x cannot be reached from 
ony point) and hence, T  D S' =  0. Let Ŝ  — S' П V(G0), then S'Q is a kernel 
af G0 and hence by the uniqueness of S0, $0 =  S0. Thus

S ’ =  »S' U {a;} =  S0 U {x} =  S.

(c) Let G0 be a strongly connected component of G such that no edge of G 
enters G0. By 5.3, G0 is bipartite; let S0 ^  0 be one of its color classes, and let 
T  be the set of all neighbors of S0 in V{G) — V(G0). Using induction on |F(6r)| 
we may assume G' = G  — V(G0) — T  has a kernel S v Set

s  =  s x u  s 0.
Then S is, obviously, independent. Further let x £ V(G) — »S'. if ж £ V(G') — S v 
then it can be reached from S t through an edge, because S x is a kernel 
oíG'. I f x £ T ,  it is adjacent to a у £ S0 by the definition of T  and the edge 
joining them goes from у to я by the definition of G0. Finally, let x £ V(G0) — »S0. 
Since G0 is strongly connected and S0 0, we have an edge (x, z) of G0 leav­
ing x. Since S0 has been one of the color classes of G0, z £ »S0. This proves 
that »Si is a kernel of G [see В].

6. Let x have the highest outdegree among the points of T. We claim any other 
point у can be reached from x on a path of length at most 2.

Suppose у is a point, which cannot be reached. Then
(a) the edge joining x and у has tail in y,
(b) whenever (x, z) is an edge, (y, z) is an edge (otherwise, (xzy) would be 

an (x, y)-path of length at most 2).
Hence, for each edge leaving x, there is an edge leaving у and (a) yields another 

edge leaving y. This means that the outdegree of у is larger than the out­
degree of x, a contradiction.

7. Let x £ V(G) and let T  be the set of all points, which can be reached from x 
on an edge. Set G' =  G — T  — x and suppose, by the induction hypothesis, 
that G' contains an independent set S' such that every point of G' — S' can 
be reached on a path of length at most 2 from S'. Now, we distinguish two 
cases:

Case 1. S' U {x} is independent. Then set S =  S' U {x} and observe that a 
у d V(G') — S' can be reached from S' on a path of length at most 2, while 
a у £ Í1 can be reached from x even on an edge.

Case 2. S' U {x} is not independent, i.e. there is a z £ S' adjacent to x. Since 
z $ T, (z, x) £ E(G). Now set S =  S'. If у £ V(G') — S', it can be reached from 
»S' in at most 2 steps by the definition of »S'. If у £ T, it can be reached on 
zxy. [Y. Chvátal—L. Lovász, in: Hypergraph Seminar, Lecture Notes in Math. 
411, Springer (1974) p. 175.]
8. (a) To be precise, we define a winning move as a point such that, if a player 
occupies it, he can win (no matter what his opponent does). E.g. a point with 
outdegree 0 is a winning move, since there is no response at all. Now it follows 
from the definition that
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(1) winning moves are independent points; for if a; is a winning move and 
(x, у) £ E(G) then, by definition, if I occupy x, I can win; this happens, in 
particular, if my opponent occupies у at the next step, so у is not a winning 
move;

(2) any poin t X, which is not a  w inning move is  joined to a  w inning move. 
Since by definition, if my opponent occupies x, I can still win, i.e. I have a re­
sponse у which is a winning move.

Thus, the set of winning moves is the “dual kernel”, i.e. the kernel of the 
graph obtained by inverting the arrows. So A can win by choosing a point of 
dual kernel at each step.

(b) Assume A cannot win if he starts with x0; this means that В  has a re­
sponse xx such that A cannot win after this move. In this case, let A imagine 
he is the second player and В has started with x0; so respond with xx and 
follow B’s previous strategy. Since x0 has indegree 0, it will never happen that 
В makes a move which was illegal in the previous game, since the only such 
move would be occupying x0. Thus A wins.

(c) Assume first that for each strong component Gt of G (i =  1, . . . , k), 
the second player has a winning strategy. Then he can follow this rule: whenever 
A moves in a component Gt, he responds in the same component Gt with the 
move determined by his winning strategy for this particular component. So 
sooner or later A has no move in this component Git and he either loses or has 
to move to another component Gj. Clearly, they have not played in Gj earlier 
and therefore В can consider the move of A as an opening move of tne game 
in Gj, and respond according to his strategy in Gj etc.

Conversely, assume that there are strong components of G, where the beginner 
has a winning strategy. Let Gt be such a component with the property that 
no such component can be reached from G, on a path (if for each such compo­
nent there is another one accessible on a path we can make a closed walk 
through more than one component, contradicting the definition of component). 
Let A start in Gt according to the winning strategy in Then he can force 
his opponent to make a move outside G, first. However, this move is a compo­
nent, where the second player has a winning strategy and so A can force В 
to leave this component first (or to lose), etc.

9. Suppose first that G has a 1-factor {e1, . . . , erj. Then the second player В 
can win by following this rule: whenever A occupies an endpoint of an eit 
his response is to occupy the other endpoint of the same edge. So A has to 
choose from a new edge of the one-factor at each step and B ’s response is 
always legitimate.

Now suppose 6r has no 1-factor. Let {ev . . .  ,ev) be a maximum matching of 
G and xx a point not covered by ev . . . , ev. We claim that, if A opens with x 
and follows the strategy that whenever В  occupies an endpoint of an et he 
responds by occupying the other one, then he wins.

What we have to show is that В can never make a move to occupy a point, 
which is not an endpoint of an edge e,-. Suppose that at the j th move, В first 
has a move у which is not an endpoint of ev . . . , ev. Let x, x1, . . .  , Xj _x be the 
previous moves of A, y v . . . , уj_x the previous moves of B. Then (xit yt) is an 
edge of the maximum matching {ev . . . ,  ev} ; say (x,-, yt) =  e,- (i =  1, . . . ,  j  — 1).
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Now observe that {(a;, ?/L), . . .  , (xj yj), ey-,. . . , e„} is a larger matching, a 
contradiction [cf. W. N. Anderson, J . Comb .Theory В 17 (1972) 234-239].

10. For к =  1 the statement is evident. Suppose

|T1 U . . . U n - 1l +  |7Ti n . . . n n _ 1|>2a(G ).
In fact, we show that
\TX U . . . U T k\ +  |7 \ n . . .  n TkI. >  \T, u . . .  u T k_ t \ +  \ т х П • • • n T k_il 
or, equivalently

\TX U . . .  и Tk -  T x и . . .  и 2V.il >  \т, п . . .  п тк_ х -  тх n . . .  n  тк\.

Now set
4 = 2 ’1 U . . . U n - 2 ,i U . . . U  Tk_ 1,
В =  Г 1П . . . П Г * . 1 П - - - - 2 ' 1ПГ*,
C =  T k - A = T k n ( T í \ J . . . \ J T i _ 1).

Then \A\ +  ]C*j =  \Tk\ =  a(0). On the hand, В U C is independent. In 
fact, suppose x, у £ В U C. Obviously, В, С are independent, so we may assume 
x £ B ,  у  £ C. Then у £ T 1 U . . . U Tk_x, say y d T ^  But also x £ 2 r,1 and 
hence, x and у are non-adjacent. Thus В U C is independent and hence,

\B UC| (G) = \ A U C \ ,  
i.e.

\ B \ < ,  \A\.
[A. Hajnal; see B.]
11. It suffices to consider the case к =  1, since the general case is trivial by 
induction. Observe that

ЦБ)  с  Г(Х) — T v
Hence

\Г(Х)\ -  \Г(8)\ >  \Г(Х) П Т ,I =  ITJ -  |S| — \ТХ — X  — Г(Х)\ =
=  «(G) -  \S\ +  \х\  - \ T . \ J X -  Г(Х)\.

Here Т х U X  — Г(Х)  is, obviously, independent, and has, therefore, at most 
a(G) points. Thus \цх)\ -  \m\ > izi -  isi,
which proves the assertion.

12. Let T  be an (a(G) +  l)-element independent set in G — (x, y). Since T  is 
not independent in G, we have x, у £ T. Now T  — у is an a(G)-element in­
dependent set in G containing x, and T  — x is another one missing it.

If x, у do not form a component of G, we can find a z joined to one of them, 
say to x. Then G — (x, z) contains an (а(в) -f l)-element independent set T.  
Obviously, x, z £ T. If y ^ T ,  then T  — x contains у  but not x; if у  £ T,  
then T  — z contains x but not y. Finally, if x, у are adjacent, then у  £ T  and 
so T  — x misses both x and y.
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13. Let G' be the graph obtained from О by replacing x by xx and x2 as in 
the hint. Since O' — x2 ad G, we have 7.(0') >  a.(G). On the other hand, no 
independent set of G contains both xx and x2 and so, it yields an independent 
set of G of the same size. Hence, a(G') =  a(G).

Now let e £ E{G'). Suppose first that e =  (xv x2). Let T be a maximum in­
dependent set of G containing x. Then T — {ж} U {xv x2} is an (a(G) -f 1)- 
element independefit set in G — e.

Suppose e =  (xv у) (у ^  x2). Let T  be an (a(G) -f- 1)-element independent 
set in G — (x, y). Then T  — {x} U {xx} is an (a.(G) -f- 1)-element independent 
set in G — (x1; y). Similarly, if e  — (x2, y) or (z, y) (z , у  ^  xx, x2), we get 
a((? — e) > a (G). [W. Wessel, Coll. Math. Soc. J. Bolyai 4 (1970) 1123-1139].

14. Suppose we have a G such that G0 is an induced subgraph of G and 
«(G -  e) Ü> ct(G) for e £ E(G0). Remove edges of G as long as you do not in­
crease 7.{G); then you never remove any edge from G0 and so, the a-critical 
graph you get contains G0 as an induced subgraph.

So it suffices to construct such a G. Let E(G0) =  {ev  . . . ,  emJ and a =  a(G0). 
Let 8 V . . . , Sm be (« — 1)-element sets disjoint from each other and V(GQ). 
Set V(G) =  V(G0) U S x U . . . U Sm. Let, moreover, each x É Sj be joined 
to all other points except the points of Sj and the endpoints of e;-. Thus, we get 
a graph G.

Now a(G) >  a, because S v  together with an endpoint of ev form an a-element 
independent set. On the other hand, if T  is an independent set and it contains 
a point of S/, then it contains at most S; and one endpoint of e ; if T CL F(6r0), 
then \T\ ^  <x(G0). Hence a(G) =  a.

Moreover, G — e - contains the (a -j- l)-element independent set S, U e. 
0' =  1, • • • , m).

15. (a) Consider a (6i -f 3)-cycle. This is а-critical. Substitute a Kr_ L for 
every third point of it. Then the resulting graph is r-regular, connected and 
а-critical by 8.13.

(b) It is trivial that the tetrahedron is а-critical and that the octahedron 
and cube are not.

Using the fact that the automorphism group of the icosahedron is vertex- 
and edge-transitive, it is easy to verify that its independence number is 3 but 
this increases to 4 if any edge is removed. Thus the icosahedron is a-critical.

Note that two opposite vertices of the icosahedron, though non-adjacent, 
never occur in the same maximum independent set. This shows that the 
assertion of problem 8.12 could not be extended in this direction.

Finally, to show that the dodecahedron is not a-critical note that it contains 8 
independent vertices (Fig. 63). Remove an edge and consider an independent 
set in the remaining graph. This contains at most three vertices of the two 
faces adjacent to the removed edge and at most 2 vertices of any other face. 
Each element of the independent set belongs to three faces. Therefore the 
cardinality of this independent set is no larger than

2 • 3 +  10 • 2 0
----------------------------=  8 .66 ,

3
showing that the independence number is still 8.
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16. L e t 8 lt S 2 be as in  th e  h in t. O bv iously  x £ S t П S 2, yt £ St, yt S3_ t. 
Since S-L Д  S 2 U {ж} induces a  b ip a r ti te  g rap h , i t  co n ta in s  a n  in d e p e n d e n t s e t  
T  w ith

\ T \ ^ - \ S 1 & S t U{z} \  =  \S1- S t \ + ± ,
2 2

i.e. I?1! — S 21 +  1. Now note that T  U (S1 П S 2) — {ж}) is indepen­
dent; for let и, V £ T  U (($1 П S 2) — {*}); we show they are non-adjacent. If 
и, V £ T  or и, V £ S x П S 2, we are done. Let, say, и £T, v £ D S 2. Since 
J1 C LI S 2, we have, e.g. и £ S v So u, v are in S 1 and v x, y v  hence they 
are non-adjacent. But

IT  U ((8, П S 2) -  {*})| =  |T| +  15, П S 2\ -  1 ^

^  \S1 -  S 2\ +  1  +  IS, n S 2\ -  1 =  18 X\ >  «(G),
a contradiction.
17. Let ж be a point of the а-critical graph G, adjacent to y 1 and y 2. Let St 
be an (a(G) +  l)-element independent set in G — (x, yt). As before, x, yt d S,:, 
Vi $ 83_i- Let G =  G[_SX Д  S 2 U {ж}]. If G' is bipartite, we get a contradic­
tion exactly as above. So G' contains an odd circuit. A minimal odd circuit 
C is chordless. Since, obviously, G' — (x, y x) is bipartite with bipartition 
{$! — S 2, S 2 — 8 X U {a;}}, G must go through (x, y x). Similarly, G goes 
through (x, y 2) [L. Beineke, F. Harary, M.D. Plummer, C. Berge; see В].

18. Following the hint, let (x, y x), (x, y 2) be two edges, and suppose y v y 2 
are in different components of G — 8. Then G contains a chordless (odd) 
circuit through (x, y x) and (x, y 2). This has another point z of S because S 
separates у l and y 2 and z is joined to x because 8  spans a complete graph. Thus 
G is not chordless, a contradiction.

19. (a) Let T  be an independent set in G. If T  contains at most one of xv x2, 
then T  П (FiGj) — {a;}) and T C\V(G2) are independent sets in Gx and G2, 
respectively, whence \T\ <C «(Gx) -f- «(G2). If x1,x2 £ T, then T  П F(GX) —

F i g . 63
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- { * } )  U {x} and T  П V(G2) -  {Vl} are independent sets in Gx and G2, respec­
tively, and we reach the same conclusion.

On the other hand, letT^ be a maximum independent set of Gx containing x 
and T 2 an (a(G2) +  l)-element independent set of G2 — (yv y 2) (thus contain­
ing y x and y 2). Then T x — {ж} U T 2 is an (a(6r,) +  a(6?2))-element independent 
set of G. Hence a.(G) =  a(Gx) -f a(G2).

Let e d E(G1). Let T x be an (a(öx) -f- l)-element independent set in Gx — e. 
If x d I \ ,  let T 2 be an (a(G2) +  l)-element independent set of G2 — {yv у 2 ) 
and T — T x — {a;} U T 2. If x (J T v let T 2 be a maximum independent set of 
G2 missing у x and y2 and T — T x U T 2. In both cases, T  is an (a(G) +  l)- 
element independent set in G — e.

Let e d E(G2), e ^  (yx, y 2)- Let T 2 be an (a(G2) -f-1 )-element independent set 
in G2 — e. If y x, y 2 ft T 2, let T x be a maximum independent set of Gx missing 
x and T =  T  x U  T 2. If y x d T 2 (say), let z  be a neighbor of x2 in V{Gx), let 
rJ \  be an (a(Gx) +  l)-element independent set in Gx — (x, z) and T  =  T x — 
— {x} U T 2- In both cases T  is an (a(6r) -f l)-element independent set in 
G — e. This proves G is а-critical. [T. Gallai, M. D. Plummer, W. Wessel; 
see W. Wessel, Manuscripta Math. 2 (1970) 309-334.]

(b) Let G be a connected а-critical graph, a(G) =  a. By the preceding exer­
cise, G is 2-connected. Suppose G is not 3-connected, then G =  Gx U G2 with 
F(GX) П F(G2) =  {*, у}, IF(Gj)I >  3. By the preceding problem again, x 
and у are non-adjacent.

For each X  CZ [x, y} and i =  1,2,  denote the maximum size of an indepen­
dent set T  C V{Gi) with T  П {x, y} =  X  by a‘x . Then clearly
(1) ах -j- a \  <  x +  IX I; alx <[ ale -f- | X  j =  a‘ +  | X  | ,
Let (x, z) d E(G), z d F(Gq). Then G — (x, z) contains an (a +  l)-element in­
dependent set T. Clearly, x, z £T.  If у (£ T, we get from this

 ̂2 j ^x ~b ^x ^  oc “b L
a1 +  ax « +  1 •

Similarly if у £ T, we obtain
j ®xy “b ®xy sSÍ a “b 2,
1«! +  «xy ;> a +  2.

Thus either (2) or (3) holds. Similarly we obtain that one of the following; 
systems of inequalities holds:
(4) i«x +  a x > « + l .  «xy +  «ly a +  2,

. ai  +  a2 « +  1, a\y +  a* Г> a +  2.
Now (2) and (4) cannot hold simultaneously since (1) implies

(a1 +  al) +  (o£ +  a2) =  (a1 +  a2) +  (a\ +  a2) <  2a +  1.
Similarly, (3) and (5) cannot hold simultaneously. Thus, choosing the indices 
appropriately we get that (2) and (5) hold. Interchanging the role of x and у 
we get that either

(6) К  +  «у ^  a +  1, and i«xy +  axy ^  a +  2,
,al +  ay « +  1, I aly +  a2y >  a +  2,
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or
(8) j «i +  a2 >  а +  I, and (9) i ®iy'+ a2y' >  «]+ 2

[ a* -f «2 >  ос +  1, 1 «i +  ®?y >  а +  2

hold. But (2), (5) and (8), (9) cannot hold simultaneously; in fact, they would 
imply

(a1 -f- a 2) +  (dy +  a 2) +  (ffljy +  ®y) +  (®i +  axy) S í 4a  -f- 6;

but the left-hand side is equal to
(a1 +  a2) -)- (ax +  a2) -{- (ay -f- a2) (axy -f- a2y) 4a 4

by (1), a contradiction. Thus (2), (5), (6), (7) hold but (3), (4), (8), (9) do not. 
Since the first inequalities in (3), (4), (8), (9) also occur in (2), (5), (6), (7), 
their second inequalities must fail to hold, i.e.

(10) +  ®i +  « ? y ^ a + l ,
« у +  а 2 <  а «у +  a xy <  a  +  1-

Since by (1) and (6)
а >  a1 -f a2 >  a1 +  а2 — 1 >  a,

we have
a1 -f a2 =  a, a2 =  a2 1.

But, then by (6) and (10),
а 1 Oy -f- Oy — dy —1— ci2 —|— 1 ^  а -f- 1,

whence
ciy =  ос — a2 =  a1.

Similarly we deduce that
al =  a1, ax =  a2 +  1, =  a1 +  1, axy =  a2 +  1.

Now denote by Gv G2 the graphs obtained from Gl by connecting x to у and 
from G2 by identifying x and y, respectively. We claim these two graphs are 
а-critical. Since G arises from them by the operation in (a), this will prove the 
assertion.

We have
a(6rj) =  max (a1, a\,  a*) =  a1,
x(G2) =  max (a2, а2у — 1) =  a2.

Let e £ E((lx). If e =  (x, y), then x(Gx — e) ^  а\у >64; if e ^  (x, y), then 
e £ E(G). Let T  be an (a l)-element independent set in G — e, T П {x, y) =  
=  X. Then

T  n  V(G2) <, a2x
and thus by (1)

T fl V(GX) ^  а +  1 -  а* +  \X\ =  +  1.

Now, if X  ^  {x, y ) , then T П V[GX) is an independent set in Gx — e of size 
a \  -f- 1 > ® 1; if X  =  {x, y},  then T — {x} is such a set of size a\y > a x. This 
proves Gx is а-critical. For G., this follows similarly. [T. Gallai, W. Wessel; 
ibid.]
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20. Let T v . . . , Tk be all maximum independent sets of G. Then, by 8.12,

T y П . . . П T k =  0, T x U . . . U Tk =  V(G).
Thus by 8.10,

|F«?)| -  \TX U . . . U T k\ =  \TÍ U . . . U Tk\ +  \T, П . . . П T k\ ^  2«(G)

[P. Erdős, T. Gallai; В].
21. Let T v . . . , Т к Ъе the maximum independent sets of G. Then, as we have 
seen,

Т к Г\ . . . V\Tk =  0.
Thus setting S =  T x П . . . П Tk П X  — 0, we get by 8.11 

\ Г ( Х ) \ -  \ Х \ > \ Г ( 8 ) \ -  |S| =  0

[A. Hajnal; see B.]
22. Let S =  X  П T x П  . . . П Tk, where T x.........Tk are as in the hint. Then
X £ S. Let S' =  S — {a;}. We claim that Г(8') П Г(х) =  0. Suppose there is 
a V adjacent to x and to a point и in S'. Let T  be an (a(G) +  l)-element 
independent set in G — (x, v), then x, v £ T  and hence и  ̂T. Moreover, 
T  — {v} is a maximum independent set of G containing x and so, T — {v} =  T t 
for some i. But then и  ̂T h hence и S, a contradiction.

Thus |Г(£)| =  \r(S')\ +  |Д*)|; by 8.11 we have

\r(S)\ -  \ s \ <  |Г(Х)| -  \x\
whence

da(x) =  |Г(*)| =  |r(S)| -  \r(S')\ =  \r(S) \ -  \S\ -  (\r(S')\ -  |S'|) +  1 ^
<  IГ(Х)\ -  \X\ +  1

[L. Lovász, L. Surányi].
23. Let x £ V(G) and let T be an independent set of size a(6r) containing x. 
By the preceding problem,

da(x) ^  |Г(Г)| -  |Г| +  1 =  IV(G) -  T\ -  \T\ +  1 =  |F(0)| -  2«(Ö) +  1 
[A. Hajnal; see В].
24. Let S, T  be maximum independent sets with S П T  ^  0. Obviously

Г(8 í l T j c  V(G) - S - T .
On the other hand if x £ S Л T,  we have

\V(ß)\ -  2x(G) +  1 =  dG(x) <, IЦ 8  П T)\ -  |S П T\ +  1
by 8.22, so

\r(S П T )I >  П T\ +  \V(G)\ -  2a(G) =

=  |F(0)| +  \S\ +  И  -  | 5 П Г | =  |F(ö)| — \ 8\ JT\ ,  
whence we have Г(8 П T) =  F(G) — S — T.
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Now let a be an arbitrary point of V(G), and bv . . . ,  bk(/c =  ] V(G) | — 2 a(G) -f- l) 
be the neighbors of a. Let 8t be an («(G) -f- l)-element independent set 
of G — (a, bj) and set T t — St — a. Then, obviously, T t is a maximum in­
dependent set of G, and 6,- £ T t, b, (J Tj for j  ^  i. Thus, T t П Tj contains no 
neighbors of a. This means by the statement proved above that T , П T ; — 0. 
Hence

|F(G)| >  1 +  J 1 \Tt\ =  1 +  (|F(G)| -  2«(G) +  1) «(G)
1 =  1

or, equivalently,

(«(Ö) — l) (|F(G)| — 2a(G) — l) <  0.

Now if a(G) =  1, we have a complete graph. If a(G) )> 1 and | F(G) | <[ 2a(G) +  1, 
then the degree is at most 2 and so we have K 2 or a cycle. The latter is a-cr 
only if it is odd.

25. If IF(G) I =  2a(G), we have da(x) =  1 by 8.22 and so, G K 2. If |F(G)| =  
=  2a(G) +  1, we have dc(x) <  2 for every point x, thus G is a circuit or a path. 
It is easily seen that only odd circuits are а-critical among these.

Now consider those graphs which are а-critical and satisfy | F(G) | =  2a(G)+2. 
They have da(x) <1 3 for every point x. Observe that if we subdivide an edge 
of them by two points we get a graph from the same class; because this oper­
ation is a special case of the operation in 8.19 when Gx is a triangle and G2 is 
the given graph. Conversely, if we have such a graph and a point x of degree 2 
in it (no point can have degree 1, since then its neighbor would be a one-element 
cutset, contradicting e.g. 8.18), then the two neighbors of x form a 2-element 
cutset and by part b of 8.19 we get that, contracting the two edges adjacent 
to x, an «-critical graph arises. This graph G' has degrees at most 3 as well 
since simple computation shows that |F(G')| — 2a(G') =  2. Therefore, one of 
the neighbors of x in G must have been of degree 2 and so, G arises from G' 
by subdividing an edge by two points. Thus, it suffices to consider those graphs 
with degree 3.

By the previous problem, a 3-regular graph with |F(G)| =  2a(G) —(- 2 is K v 
Hence all graphs G which are connected, а-critical and satisfy | F(G) | =  2«(G)+2 
arise from K i by subdividing some edges by an even number of points 
[B. Andrásfai, in: Theory of Gr. Int. Symp. Rome, Dunod, Paris-Gordon and 
Breach, New York, 1967, 9-19].

Remark: It is known [L. Lovász, in: Combinatorics, Coll. Math. Soc. J. Bolyai 
15, Bolyai-North-Holland (1977)] that for each Ö there exists a finite number of 
а-critical graphs G with 2a(G) -f- <5 points such that all the other such graphs 
arise from them by subdividing some edges by an even number of points.

26. Remove edges till finally an «-critical graph G' with a(G') =  a(G) arises. 
G' does not have isolated points since for such a point x we would have a(G—x) <  
<1 a(G' — x) =  a(G) — 1. Similarly, no component of G' consists of two points; 
since if x, у  constitute a component of G', then

*(G — {x, y}) ;> a(G' — {x, y}) =  a(G) — 1.
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H ence , fo r each  com ponen t G0 o f G', we h av e  | V(G()) \ >  2 a (Gn) -f- 1 b y  8.25. 
S ince I V(G) I =  2 a (G) -j- 1, we h av e  on ly  one co m p o n en t a n d  so b y  8.25, th is  is 
a n  o d d  c ircu it.

So G’ is an odd circuit. We show G’ =  G. Suppose there is an edge of G not in 
G'. This edge, together with an arc of G, forms an odd circuit C and the rest 
of G, an arc of odd length, has a 1-factor F. Now G" =  C U F has a(G") =  
=  a(G) and we get a contradiction with the above. [V.G. Vizing, L.S. Melni­
kov, Diskret. Analiz 19 (1971) 11-14.]

27. As before, let G' be an а-critical spanning subgraph of G with a(Cr') =  a{G). 
We see as before that G has no component, which is an isolated point or a single 
edge. Moreover, each point of G' has degree greater than 2. For suppose x is 
adjacent in G' to у  and z only. Then a(G' — {x, y, z)) <  «(G), because we could 
add x to any independent set of G — {x, у , zj to get an independent set of G. 
Thus

«{G — {x, у, г}) <  a{G' — {x, y, z}) <  «.(G),
a contradiction.

By 8.23, we have | F(6r0)| >  2«(G0) +  2 for each component G0 of G. This 
implies that

\V (G )\ > 2«(G )  +  4 ,
if G is not connected; so we may assume G is connected. By 8.25, G K x or

\V(G)\>2«(G) +  3
[E. Szemerédi, Comb. Theory Appl. Coll. Math. Soc. J. Bolyai 4. Bolyai- 
North-Holland (1970) 1051-1053].

§ 9. Chromatic number

1. Let x £ V(G). Since every point of G —- x has degree at most k, by using 
induction we can (k -f- l)-color it. x is adjacent to at most к points, therefore 
we can find a color, which does not occur among the neighbors of x. If we give 
x this color, we get a good coloration of G.

2 .  The first statement is trivial: Consider any (good) coloration of G with 
X(G) colors, let V1 be the union of к <  %(G) color classes and V2 the rest. 
The ^(0)-coloration we started with induces a ^-coloration of G [ V ! ] and a 
(x(G) —/i)-coloration of G[F2]: thus

X Í^FJ) ^  k, x(G[F2]) X(G) -  k.
On the other hand, G\ Vr] cannot be colored by less than к colors, since such 
a coloration, together with the coloration of G[F2] we already have, would 
give a coloration of G by less than %(G) colors. Thus

xiGlVJ) =  к
a n d  s im ila rly

X(G[F2]) =  x(G) -  k.
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Now suppose that G is not a clique, then it contains a maximal clique H r 
Let Vx =  V(HX), V2 =  V(G) -  Vx and H2 =  G[V2\  We claim that

x(H i) +  х(н г) >  %{G).
Since H 1 is a clique, / (Hx) =  IF-,1 =  к (say). We have to show that / (H2) >  
>  X(G) -  k.

Suppose indirectly that H 2 admits a {/(G) — ^-coloration, using colors 
1, . . . ,  /(G) — k. Use colors /(G) — к 1 , . . . ,  /(G) to color H v We are going to 
show that we can get rid of one of these к colors, color /(G), say. To this end, 
look at the set T  of those points of color 1, which are neighbors of the point x 
with color /(G). Since H 1 is a maximal complete subgraph, each point l £ T 
is non-adjacent to a certain point t' £ Vv  Now re-color the graph giving to 
each t £T  the color of V. This is another legitimate coloration, because the color 
of t' does not occur anywhere else, and the new points of this color are inde­
pendent. Now observe that in this new coloration x is the only point of color 
/(G) and has no neighbor of color 1. So if we re-color a; by 1, we get a coloration 
by /(G) — 1 colors. This is a contradiction.
3. Let a, be a -coloration of Gt (i =  1, 2). We may assume V(Gг) =  V(G2), 
since this can always be achieved by adding isolated points to the two graphs. 
Then

«(*) =  (<xx(x), y.2(x))

defines a coloration of Gx U G2 with %(GX) • /(G2) colors, which is easily seen to 
be legitimate.
4. Let a, ß be as in the hint. We show that ß uses each color at least twice. 
Suppose, e.g. 1 occurs only once. Let x be the point of /3-color 1, and let 8  be 
the color-class of x with respect to a. Let ß' be obtained from ß by re-coloring 
each point of S by 1. Then the “old” common color classes of oc and ß remain 
untouched, but we get a new color class S in common, a contradiction [T. 
Gallai, Mat. Kút. Int. Közi. 8 (1964) 373-385].

5. (a) By induction on k, we may suppose that
X(G -  V J ^ n -  \Vk\ -  ( k -  1) +  1.

Let a be a coloration of G — Vk with colors 1, . . . , n — \Vk\ — к -\- 2, and 
extend a to a coloration of G by coloring the points of Vk with colors
n — Wk\ — к -f- 3......... n — к -f- 2. We want to re-color the graph, so as to
get rid of one of these colors.

By the assumption, each F,- (1 <  i <( к — 1) contains a point yt, which is non- 
adjacent to a certain point Xj of Vk. There must be a color which occurs in 
the set {yv . . . , yk~\} only, since the number of points outside this set is 
only n — к +  1. Let, e.g. 1 be this color. Now re-color the points y, suchthat 
x(yß =  1 with the color of xt. It is clear that the resulting coloration is good 
and uses n — к -f- 1 colors only [R.P. Gupta, in: Theory of Graphs, Proc. 
Int. Coll. Rome, Gordon and Breach, 1969].

(b) Consider a ^(C)-coloration of G with color classes F,, . . . ,Vk {k =  /(G)). 
Then any two F /s are connected by an edge in G, since otherwise they could 
be merged. Thus G satisfies the conditions of (a) and so,

/(G) < n - k  +  l =  n -  /(G) +  1.
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H en ce  th e  firs t in eq u a lity . T h e  second  is t r iv ia l  b y  9.3:

X(G) ■ X(G) ^  XÍG US) -  X(Kn) =  n.
[E.A. Nordhaus, J.W. Gaddum, Amer. Math. Monthly 63 (1956) 175-177].

6. Let V(Km) — {xv  . . . , xm}. Suppose T  is an independent set of G © K m. 
Then T  contains at most one point of {(y, xx), . . . , (y, xm)} (y £ 7(G)) since 
this is a complete graph. Therefore, \T\ <  \V{G)\. If equality holds, then
exactly one of {(y, xx)......... (y, xm)} belongs to T. Define then an m-coloration
of G by giving у the color i, if (y, xt) £ T. This is a legitimate coloration since, 
if y, z both have color i, then (y, x,), (z, x,) £ T  and so are non-adjacent, but 
then so are y, z. Conversely, suppose G is m-colorable, and consider a coloration 
я of it with colors 1, ,m.  Then the set {(y, xl(y)); у £ F(G)} is an indepen­
dent subset of G ® K m of cardinality |F(G)[ [V. G. Vizing; В].

7. (a) Let a be a ^(Gj)-coloration of Gv Define a coloration ß of Gi x G 2 by 
ß(x, у) =  «(x) (x g F(GX), y £  F(G2)). This is a legitimate coloration, for if  
(x1; yx) is joined to (x2, y2), then xx is joined to x2 (and yx is joined to y2), so 
a(xx) ^  a(x2). Thus x(GxxG 2) <  j;(Gx). Similarly, it is <  %(G2).

(b) Since the points of {(x, x) : x £ V(G)\ induce a subgraph of GxG  iso­
morphic to G, we have y[GxG) %{G) and by (a), we have equality.

(c) Suppose к =  %(GxKn) <  n, we show that к ]> %(G). Let a be a k- 
coloration of G x K n. Since к <  и, we have a repetition in the set {a(w, x); 
x £ V(Kn)} for every v £ V(G); let ß(v) be this more than once occurring color. 
We claim ß is a good ^-coloration of G. Suppose (vv v2) £ E{G). There are 
xit x'i with a(Vj, x,-) =  a.(Vj, х\) =  ß(vß (i =  1, 2). We assume xx =-̂  x2. Then 
(vv  xx) and (v2, x2) are adjacent in G x K n, so

ß(vß) =  x(vv  xx) ^  x(v2, x2) =  ß(v2).
(d) Let a be an и-coloration of G X K n- If, for every v, there is a color which 

occurs twice among {x(v, x) :x £  V(Kn)}, then we get a good и-coloration 
of G as in the previous solution and this contradicts yJG) >  n. So we have a 
v £ F(G) such that cc(v, x), x £ V(Kn) are different.

We claim that the same holds for each neighbor и of v, and, in fact, а(м, x) =  
=  x(v, x) for each x £ V(Kn). This follows since we have а(м, x) ^  x(v, y) for 
x ф у  and all colors but a.(v, x) occur among x(v, у), у Ф x. So a(w, x) =  x(v, x) 
and as G is connected, this will hold for any и and v. Hence, the и-coloration 
a is the one induced by the (unique) и-coloration of K n.

(e) If и =  2, a bipartite graph G has 2C(G)_1 2-colorations, since each com­
ponent has a unique 2-coloration (up to exchanging colors) and these can be 
combined in 2C(G)_1 ways.

So suppose и >  3. We claim that K ”1 has exactly m и-colorations (those 
induced by the n-colorations of the factors). We use induction on m. Let « be 
an и-coloration of Kß  =  K „ ~ 1x K n.

Suppose first there is a point v £ ViK'ß^1) such that all points (v, x), x £ V{Kn), 
have the same color. Then it follows as in the previous solution that x (v, x) 
is independent of v (as because K ß ~1 is connected for и >  3 by 6.4), i.e. it is 
induced by an и-coloration of the last factor. So suppose that there are two 
points xv, x'v £ V(Kn) for each v £ V(K™_1) such that x(v, xv) =  x(v, x!ß). I f
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x(v, x) is independent of x, then it is induced by a coloration of K™~1 and we 
are finished by induction. So suppose there is a v0 £ V(K™~1) and x0, x'0 £V{Kn) 
such that x(v0, x0) ^  x(v0, x'0). Now define

Then it is easy to check that ß, ß' are legitimate и-colorations of K rß~l and 
they differ only at v0. But we know all и-colorations of i f ”1“ 1 from the induc­
tion hypothesis and there are no two such ß, ß' among them. This contradiction 
proves the assertion [D.L. Greenwell, L. Lovász, Acta Math. Acad. Sei. 
Hung. 25 (1974) 3 3 5 -3 4 0 ].

8. (a) The complete graph on S.
(b) Take к — |S| 1 new points and join them to each other and to S.
(c) Take к — 1 new points and join them to each other and to S.
(d) Take an odd circuit C of length i> |N|; join each point of C to a point 

of S, so that each point of S occurs. Take, furthermore, к — 3 other points 
uv . .  . , Mfc_3 and join them to each other, to the points of G and to a 
given point s0 £ S.

No ̂ -coloration of the resulting graph G induces {*$'}. For if all points of S  are 
colored the same, then uv  . . . , uk_z are colored by к — 3 other colors (being 
adjacent to s0), and we can use only two colors to color C, which is impossible. 
Let us consider a ^-coloration of S, where at least two colors occur. Let us 
color uv . . .  , uk_g by colors different from the color of s0. Now at each point 
of C there are at most к — 2 colors excluded (the colors of uv . . . , uk_z and 
the color of its neighbor in S) and so, there are still two legal colors. Moreover, 
these two colors are not the same at every point. We show that this implies 
that we can extend the coloration to C.

Let C =  (x v  ..., xm) (we do not need in this argument the fact that C is odd). 
Also we may assume that the two colors permitted at x 1 and xm are not the 
same, i.e. there is a color ax permitted at xx but not at xm. Let a2 be a color 
permitted at z 2 different from a.j (since two colors are permitted at z 2, there is 
such a color) and similarly, if ax, . . . , a, are defined, then let aI+1 be a color 
permitted at x i+i different from a,-. Then

defines a good coloration of C. In fact, xh xi+ x have different colors by defini­
tion and so do xx and xm since the color xm is one of the colors permitted at 
xm while the color of xx is not.

(e) First solidion. First, let a partition P  be given. We construct a graph 
GP such that S CI V(GP) and the ^-colorations of GP induce all partitions of S 
except P. Let P  =  { X v  . . . , X r}. Let us associate a new point with each 
(r — l)-subset A =  {av  . . . , ar_ x} such that at £ A t (i =  1, . . . , r — 1), and 
connect it to a x, . . .  , ar_ v  Let T  be the set of these new points. Now note the 
following two properties of the resulting graph:

ß(v) ^  aK> xo) for v =  vo- 
x(v, xt) otherwise,

ß _  Í Фа* xó) for v =
I ß(v) otherwise.

x( Xj )  =  x  i (i =  1......... m)
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(1) If we /г-color it so that the coloration induces the partition P  on S, then 
T  U X r is necessarily monochromatic.
(2) If we /.'-color 8  so that the corresponding partition is different from P, 
then the coloration can be extended over T  so that T  U X r will not be mono­
chromatic.

Now attach a graph to T  U X r such that a /«-coloration of T  U X r can be 
extended over this graph iff T  U X r is not monochromatic (see part (d)). Then 
the resulting graph GP has the desired property.

If any set { P X, . . . , P N} of partitions of S is given, construct the graph 
GP for each partition P P  v . . . , PN. We may assume the graphs GP have
only the points of 8  in common. Then G =  U GP is a graph with the desired 
properties.

Note the additional property that S is an independent set of points.
Second solution. We only describe the construction without details. Consider 

Ktf- By 9.7, this graph has exactly N  ^-colorations xv . . .  , ccN. Let ßt be a 
/^-coloration of S inducing the partition P, ( i  =  1, . . . , N), and у,- =  a, U ßt 
(this is a /"-coloration of S U V(K^)). Add all edges between S and K% to the 
graph which leave the colorations yt legitimate. It is easy to verify that the 
^-colorations of the resulting graph are just yv . . .  , yN, and thus it satisfies our 
requirements.

. Suppose first that G has no cycles. Let a(x) denote the maximum length of 
a path starting from x. Then a is a coloration with colors 0, 1, . . .  ,m  — 1. 
For suppose there were adjacent points x, у with the same color i; let say 
(x, y) £ E(G). Let P  be a path of length i starting from y; then P  does not go 
through x, because G has no cycles. Therefore, (x, y) -f- P is a path of length 
iff- 1 starting from x, hence a(x) i> i -f- 1, a contradiction. Observe that in 
this coloration, no path joins points of the same color.

Now let {ev . . . , ek) be a minimum set of edges whose removal destroys all 
cycles. Then G' = G  — {e1( . . . ,  efc} is acyclic and has the m-coloration con­
structed above. Since G' -f- et is not longer acyclic, it has a cycle through et. 
Hence, G' has a path connecting the endpoints of e,-. By our remark above, 
this implies that the endpoints of e(- have different colors. Thus, the m-colora­
tion of G' is a good m-coloration of G as well [T. Gallai, B. Roy; see В].

10. Assume we have a coloration with the mentioned property. Then every 
circuit must go “up” and “down” equally often, i.e. has the same number of 
edges oriented in each of the two directions.

Conversely, suppose the circuits have this property. Let W be any closed 
walk, we claim that W has the same property. We use induction on \E(W)\. 
If IF is a circuit this is trivial; otherwise let x be a point, which occurs twice 
on W. Then x divides IF into two shorter closed walks, and we are finished 
by induction.

Define the “expense” of a walk as the number of edges used in the right 
direction less the number of edges used backwards. Let x0 be a point. For any 
point a, the expenses of all (x0, a)-walks are the same, because otherwise, 
walking from x0 to a on one walk and coming back on the other the expense of 
this walk would be non-zero. Color a by the expense of any (x0, «)-walk, then 
the coloration has the desired property.

23 Lovász
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11. If G is ^-colorable with colors 1.......k, direct (a, b) from a to b, if the
color of b has a higher number than the color of a. It is easy to check that this 
orientation has the property stated. Conversely, assumed is an appropriate 
orientation of G. Let us verify first the statements of the hint.

(a) Observe that by the assumption on the orientation, if I walk around 
any circuit of G, I cannot gain. Thus, if I remove a “loop” from any (a, b)- 
walk, I obtain an (a, 6)-walk with no more expense. The number of (a, 6)-paths 
being finite, we have one with minimal expense.

(b) Suppose a, b are adjacent and say (a, b) £ E{G). Let Wa, Wb be optimal 
(x0, a)- and (x0, 6)-walks with expenses e(a) and e(b), respectively. Then 
Wa -f- (a, b) is an (x0, 6)-walk with expense e(a) — 1, thus e(b) <  e(a) — 1. 
Conversely, Wb +  (a, b) is an (x0, a)-walk with expense e(b) -j- к — 1, hence 
e(a) <| e(b) -f- к — 1. Thus

1 <1 s(a) — s(b) <2 к — 1
as stated.

Now fix a point x0 and define the color of a as the minimum expense of (x0, a)- 
walks modi;. Thus we use colors 0, 1 , . . . ,  к — 1. This coloration is legal, 
because if a, b are adjacent points then by (b) above, the minimum expenses 
of (x0, a) and (x0, £>)-walks belong to different residue classes mod к [G. J. Minty, 
Am. Math. Monthly 69 (1962) 623-624]. /

12. (a) Let x0 be a point with j6'(x0) | >- d0(x0); suppose x0, . . .  , x t (0 <  i 
<  n — 1) are defined, then let xi+1 be a point adjacent to one of them (which 
exists, because G is connected). So we get the sequence (x0, . . . , xn_ 1).

Now color xn_ x with one of the colors of C'(x„_1); suppose xn_ x, . . . ,  xn_t are 
colored, then choose a color from (7(x„_i_ 1), which is different from the colors 
of previously colored neighbors of This is possible, if t -  1 since
then xn_i_1 has da(xn_i_1) neighbors previously colored and |C(xn_/_1)| >

dG(xn_i_ 1). But it is also possible for i  =  n — 1, because x0 has da(x0) 
neighbors and |C(x0)| > d G(x0). Thus we get a desired coloration.

(b) We can find two neighboring points a, b with C(a) =̂ =C(b). We may 
assume C(a) $  C(b). Since G — b is connected, we can arrange its points in a 
sequence (x0 =  a, , xn_2) so that Xj is adjacent to some xt with i <i j  for 
any 1 <  j  n — 2. Let b — xn_ v it also has this property.

Let us give хп_ г a color not in C(a) (which exists, because C(a) $C(b)). Going 
backwards as in the previous solution, we get xn_2, . . . , aq colored. However, 
we can find a suitable color for x0 =  a as well; since it has dG(a) =  |C(a) | 
neighbors but one of these, b, has a color a, which does not come into con­
sideration since a $ (7(a). Therefore, we can find a color in (7(a), which is dif­
ferent from the color of the neighbors of a.

13. (a) x0, xn_ 2 , xn_j with the property given in the hint exist, as otherwise 
the relation of being adjacent would be an equivalence relation and G would 
be complete.

Since G is 3-connected, G— xn_2—xn_ x is connected and its points can be 
arranged in a sequence x0, . . . , xn_3 so that Xj is joined to an x,- with i  <  j  
( j  =  1......... n — 3).
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Now color xn_ x, xn_2 with color 1. Working backwards again, we can give 
each Xj (i i> 1) one of the colors 1 , ,k,  since xt has less than к neighbors
colored previously. Reaching a;0, we can find a color for it too, since although 
x0 has к previously colored neighbors, two of these, xn_ x and xn_2, have the 
same color.

(b) We may assume G is 2-connected; for otherwise, if we can /'-color 
the blocks of it, we can put together these colorations in the obvious way 
(permuting the colors, if necessary, to get the same color for the outpoints). 
We may also assume that G is ^-regular otherwise 9.12a applies.

Now suppose that G is not 3-connected, i.e. G =  G1UG2 with V(GX) П F(6r2) =  
=  {xv x2}, |F(G,)| ]> 3. Since k~ > 3 ,G x and G2 have more than three points. 
Also, we may assume dGi(xx) >  1 otherwise we could replace xx by its neigh­
bor in Gv Similarly, we may assume dGa(x2) >  1. Then Gx -)- (xx, x2) and 
G2 +  {xx, x2) have points of degree at most к and so, they can be /.'-colored 
(by induction or by 9.12a, whichever you prefer). In these ^-colorations 
xx, x2 get dilferent colors, since they are adjacent. Therefore, by permuting 
the colors we can achieve that xx gets the same color in both graphs and 
so does x2. Now the two /;-colorations can be put together to get a /.'-colora­
tion of G [R.L. Brooks; see any textbook on graph theory].

14. (a) As noted in the hint, we have to show that “to be non-adjacent” is 
an equivalence-relation on V(G). This will imply that there is a partition 
{ V x, V2, . . .} of V(G) such that two points are adjacent iff they belong to 
distinct classes. The number of classes will be not more than к since G cannot 
contain a complete (k-\-1)-graph; the fact that there cannot be less than к 
classes follows from the maximality of G.

The symmetry and reflexivity of the relation “to be non-adjacent” is trivial. 
Thus, what we have to show is that (a, b) (j E(G), (b, c) E(G) imply (a, c) $ 
$E(G). By the maximality of G, there is a finite subgraph H x of G such that 
H x (a, b) is not /^-colorable. Clearly a, b £ V(HX). Similarly, there exists 
a finite subgraph H 2 of G with the property that H 2 (b, c) is not jfc-colorable. 
Consider H x U H 2 (a, c); we claim that this graph is not Z;-colorable. Sup­
pose indirectly that it has a Z;-coloration a. Then a (a) =  a.(b), otherwise a 
would be a ^-coloration of H x -j- (a, b). Similarly a (b) =  a (c). Now a (a) — 
=  a(c) and this is impossible as a and c are adjacent in H x U H 2 -f- (a, c). 
Thus H x U H 2 +  (a, c) is not Z;-colorable and so, it cannot be a subgraph of G. 
Thus a, c are non-adjacent in G.

(b) We may suppose G is simple. Consider all graphs G' such that V(G') =  
=  V(G), and all finite subgraphs of G' 1)6 are Z;-colorable. Since this property 
depends on the finite subgraphs of G' only (i.e. G' has this property iff all 
finite subgraphs have), there is a maximal simple graph G0 with this property. 
Clearly G0 3  G. Thus by (a), V(G) has a partition Vv . . . , Vk such that two 
points are adjacent in G iff they belong to distinct classes. Clearly this partition 
is a good coloration of G [P. Erdős,-N.G. De Bruijn, Indag. Math. 13 (1961) 
371-373; this proof is due to L. Pósa].

23*
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(c) Let e — (X, у) £ Е{О). Then the set

F e =  ( a  : а ( ж )

of ^-colorations of V(G) is closed, since its complement is the union of the 
open sets

{а: а(ж) =  x(y) =  j) (j =  1......... &).
The set of legal colorations is just

П  F e ,
e € E(G)

which is, therefore, closed as well.
To prove the Erdos-de Bruijn theorem, note that by Tihonov’s Lemma the 

product space X  Tv is compact. The assumption that each finite subgraph
V  €  V(G)

of G is ^-colorable translates into the assumption that the intersection of any 
finite number of sets Fe is non-empty. The proposition that G is ^-colorable is 
equivalent to the assertion that the intersection of all of them is non-empty. 
But this follows by the Riesz Intersection Theorem.

15. I. Clearly Ж contains some complete graphs. Let K k+1 be the least complete 
graph in Ж. We claim that Ж is precisely the class of non-&-colorable graphs. 
First let G £ Ж and suppose indirectly that G is ^-colorable. Then the £-colora- 
tion of G defines a homomorphism of it into K k, thus by (i) K k £ Ж, a contra­
diction.

II. We now show that every non-к-colorable graph belongs to SC. Suppose 
G would be a counterexample. We may suppose G is such that connecting any 
two non-adjacent points of G by a new edge, we get a graph in Ж. We claim 
that “to be non-adjacent” is an equivalence-relation on V(G). Suppose in­
directly that (a, b) (J E{G), (b, c) (J E(G) but (a, c) £ E{G) (the other conditions 
of an equivalence-relation are trivially fulfilled). By the maximality of G, 
G (a, b) £Ж, G -f  (b, c) £ 3Í. Hence by (ii) G £ Ж, a contradiction.

Thus “to be non-adjacent” is an equivalence-relation and hence, V(G) has a 
partition { V v  . . . , Vm} such that two points are adjacent iff they belong to 
distinct classes. Since G is not ^-colorable, m >  к -j- 1. But then G contains 
a K k+1, a contradiction as К к+1£Ж but G (jSt.

16. It is straightforward to show that operations (a), (ß), (у) yield non-/f- 
colorable graphs if the initial graphs are not ^-colorable.

Let Ж denote the class of all graphs arising by repeated application of (a), 
(ß), (у) from the complete (k -f- l)-graph. We claim that Ж satisfies the con­
ditions of 9.15. (i) is trivial. Let H be a graph, a, b, c £ V{H) such that H -f 
+  (a, b) £ Ж, H -(- (b, с) £ Ж. Let H' be a graph isomorphic with H and denote 
by x' the point of IJ' corresponding to x £ V{II). Then H' +  (b1, с') £ Ж. 
Let us identify b and b' and connect a to c'; then identify x with x' (x £ F(H)) 
and cancel the multiplicities of edges to get a simple graph. From H +  {a, b) 
and H' -j- (//, c'), by operations (y), (ß) we obtain H this way. This proves 
that H £Ж.

Thus Ж consists of all non-r-colorable graphs for some r. Obviously, r =  k. 
[G. Hajós; see B, S].
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17. (a) By 5.3, a graph is 2-colorable iff it contains no odd circuit. Hence 
the critically 3-chromatic graphs are precisely the odd circuits.

(b) Assume for the sake of simplicity that n is odd; the even case could be 
treated similarly. Consider a complete bipartite graph K n n with color classes 
A, B. Take two disjoint odd circuits CA, CB of length n and connect each 
point of CA to a point of A, each point of GB to a point of В by independent 
edges. Let G denote the resulting graph (Fig. 64).

F i g . (34

The graph G is not 3-colorable. In fact, every 3-coloration of К n n colors one 
of the sets A, В monochromatically. But then this coloration does not extend 
to the corresponding odd circuit.

On the other hand, G is ^-critical. For let e =  (x, y) be any edge. If x £ A, 
у £ В, then color x and у red, all points of A — {ж} blue, all points of В — {у}  
green. In this coloration neither A nor В is monochromatic, hence it extends 
to a 3-coloration of the whole graph G — e. We obtain by similar reasoning 
that G — e is 3-colorable for every edge e.

Since G has more than n2 edges, the desired graph is found [B. Toft, Studia 
Sci. Math. Hung. 5 (1970) 461-470].

(c) Again suppose for the sake of simplicity that n is odd. Take two disjoint 
«-circuits Cv G2 and connect each point of C1 to each point of C2. The resulting 
graph is not 5-colorable, for we need 3 colors to color Cx and 3 different colors 
to color C2- It is straightforward to find 5-colorations of the graphs G — e, 
e £ E(G), thus G is ^-critical. It trivially fulfils the degree requirement 
[G.A. Dirac, J. London Math. Soc. 27 (1952) 85-92].

18. Set /(G) =  k. We show first that /(G') >  k. Suppose indirectly that there 
is a ’̂-coloration a of G'. Let a(y) =  1; define a coloration ß of V(G) by

ß ( x ) = l « (x) if a(a:)̂ 1’
[ ot(x') if a.(x) =  1.

Then ß is a legitimate coloration of G. In fact, if (x, z) £ E(G), then one of them, 
say x, has x(x) 1, so ß(x) =  x(x). Now no matter whether ß(z) =  a(z) or 
a(z'), ß(z) will be different from ß(x) since both z, z' are neighbors of x. ß uses 
only lc — 1 colors, which is a contradiction.

Now let e £ E{G'), we show that z(G' — e) >  lc. If e £ E(G), then take а (к — 1)- 
coloration of G — e, color the points x' (x £ V(G)) with color к and у with
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color 1. If e =  (и , v'), take a (k — l)-coloration ß of G — (и, v). Define

ß(z) if z e V ( 0 ) - { v } ,
a(z) =  к if z =  v or z — y, 

ß[x) if z — x'.
Finally, if e =  (y, v'), let  ̂be a (k — l)-coloration of G — v and define

ß{z) if z g V(G) — {г;},
a(z) =  к if z — v, v' or y,

ß(x) if z =  x'.

In all eases we have found a ^-coloration of 0'  — e. Thus G' is /-critical and 
/(G') =  к 4- 1 as stated [J. Mycielsky; see S].

19. (a) Assume G0 is a subgraph of a 4-chromatic /-critical graph G. Then 
G — {x3, xßf is 3-colorable. Consider any 3-coloration of it. Then x v x5 have 
two different colors; therefore both x2, xi have the third color and so, x3, x4 
have different colors. But this implies our coloration is a good coloration 
of G as well, which is a contradiction.

(b) Suppose G0 c: G, where G is /-critical and /(G) =  к 1. Let e £ E(G0). 
Then G — e has a (k — l)-coloration a. Since this is not a good coloration of 
G, the endpoints of e have the same color. However, this means that x yields 
a ^-coloration of GJe.

Conversely, suppose that /(GJe) <  к for every e £ E(G). We show that G0 
can be embedded into a critically (к +  l)-chromatic graph even as an induced 
subgraph. The assumption means that for each e £ E(G), there exists a k- 
coloration of V(G), which associates the same color with the endpoints of e, 
but different colors with the endpoints of any other edge of G{y Let Pe be the 
partition of 8  induced by ac. By 9.8, we can find a graph G such that 8  c: V(G) 
and the ^-colorations of G induce the partitions Pe (e £ E(G0)) of 8  and no 
other partition. Set G' =  G U G0.

Now /(G') >  k. For if there existed a ^-coloration of G', this would induce 
a Pe on 8, which is impossible as e joins two points in the same class of P e. 
Therefore, G' contains a (k -f~ l)-chromatic /-critical graph G". All we have 
to show is that to obtain G" from G' we do not have to remove any edge of G0. 
Suppose indirectly that e £ E(G0), e (j E(G”). Let ae be a к coloration of G 
inducing Pe on S. By the definition of Pe, ae is a good coloration off?'' с б  U 
U (G0 — e). This contradicts /(G") =  к -(- 1 [D. Greenwell, L. Lovász, Acta 
Math. Acad. Sei. Hung. 25 (1974) 335-340].

20. The first assertion is trivial: for any edge e of G, G — e is /.-colorable and 
this yields a Z;-coloration of G' — e. Hence either G' itself is /.'-colorable or it is 
critically (k -j- l)-chromatic.

If к =  2, then the critically 3-chromatic graphs are the odd circuits. Split­
ting any point of these, we obtain a 2-chromatic graph (a path).

We show by example that for к >  3 the second possibility can, in fact, occur. 
Put 3 copies of K k+1 together as in Hajós’ construction shown in Fig. 65. 
Then by 9.16 (or trivially) the resulting graph G' is not /.'-colorable. On the 
other hand, even if we identify the points x and x ', the resulting graph will be
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critically (к +  l)-chromatic. For let us remove any edge e, for example from 
the K k+1 containing x. We can then color the points of this K k+1 in such a 
way that only the endpoints of e have the same color; in particular и and v 
are differently colored. Color the points of the other K k+1 (containing x') 
such that only the colors of t and w are the same. Color v' with the color of u. 
The remaining к — 2 points can be colored with the к — 2 colors different 
from the colors of v ', w' and и. Similar arguments yield a ^-coloration of 
G — e, when e is any other edge.

21. Assume indirectly that some m <J к — 1 edges ev . . . , em separate G into 
two pieces Glt G2. We may assume this is a minimal cutset, so that each e,- 
connects G t to Ga. Consider a /г-coloration of Gx with color-classes T v . . . , Tk 
and a ^-coloration of G2 with color-classes 8 V . . . , Sk (these exist by the criti­
cality of G).

We want to match each T t with some $,• such that no edge connects T t and 8,. 
Since there are only m <, к — 1 edges to consider, there certainly exists an 8 t 
not connected to T x by any edge. We can clearly select this St such that 
either T 1 or S, should be incident with one of the edges ev . . . , em. Let this 
index be 1'. Then we have to match the remaining к — 1 classes T  with the 
remaining к — 1 classes S, and the number of edges e,- between these classes 
is now <  m — 1 <  к — 2. So we can proceed in the same way as above. 
(Actually what we have shown is that removing к — 1 edges of K k k, the 
remaining bipartite graph has a 1-factor. This would of course follow from the 
König-Hall theorem immediately.)

Now the partition \ T x U 8 V . . . , Tk U Sk} is a ^-coloration of G, a contra­
diction. [G. Dirac; B.]

22. Suppose first that G is separable, i.e. G =  Gx U G2 with V(GX П G2) — {x}, 
\V(Gt) \ ,> 2. Since G is ^-critical, %{Gt) <  %(G) — к -f 1. Consider a ^-coloration 
a.1 of Gt. By permuting the colors we may assume that ox(x) — o2(x). Then 
putting o1 and a2 together we obtain a ^-coloration of G, a contradiction.

Now suppose that G =  G1\JG2 with |F(G,)| >  3, V(GX П G2) =  {x, у }. Let 
a,- be a ^-coloration of G(- (г =  1, 2). It is impossible that ox(x) =^o Jy) and 
x2(x) ^ x 2(y); since then, by permuting colors, we could assume that ox(x) — 
=  x2(x), aj(y) =  «2(У) and so, we could put xv oc2 together to get a /г-colora-

F i g . 6 5
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tion of G. We reach a contradiction similarly, if ox(x) =  оx(y) and o2(x) =  
=  -а2(?/). So we have that, choosing the indices appropriately, any ^-coloration 
of Gl paints X,  у  with the same color, but no ^-coloration of G2 does so. Hence, 
G[ — Gx +  (x, y) is not ^-colorable and neither is G'2 obtained from G2 by identi­
fying X  and y.

We claim that G[, G'2 are /-critical. Obviously, /((?]) =  %(G!,) =  /(G). Let 
e £ E(G[). Now G — e is ^-colorable; from above, this coloration associates 
different colors with x and у (G2 forces this) and therefore, it yields a /.'-colora­
tion of G[ — e. Thus G[ is /-critical. Similarly, G2 is /-critical.

Note that the fc-colorability of G2 does not follow from the fact that G2 is 
critically (k -j- l)-chromatic (cf. 9.20). Therefore, we can summarize the result 
as follows:

Every critically (k -j- l)-chromatic graph G, which is not 3-connected arises 
by the following construction. We take two critically (k +  l)-chromatic 
graphs G[, G'2. We remove an edge (xx, y x) of G(. We split a point of G2 into two 
points x2, у 2 in such a way that the resulting graph is ^-colorable. Finally, we 
identify xx with x2 and y x with y2. It is easy to verify that the converse is true 
as well: every graph arising by this construction is critically (k -f l)-chromatic 
[G.A. Dirac, J. Reint Angew. Math. 214/215 (1964) 43-52].

23. Let «.j be a ^-coloration of G — V(Gt). Then a; induces a partition P, of 8  
into at most к classes. We claim that P t ^  P; for i For if Р,- =  Py then, 
by permuting colors, we could arrange for а,- and a j to color 8  the same way. 
Now use Oi on G — V(Gj) and a; on G( (where it is defined, as i ¥=j) to get a 
^--coloration of G. This contradicts /(G) =  к +  1. Thus the P,’s are different 
and hence N  Р т *.

If we want to construct a /-critical graph G such that an S C V(G), 
|jS| =  m separates it into exactly p  =  P tu,h components, let P lt . . . , P p be 
the partitions of S into at most к classes. For each i, 9.8 yields a graph Gt 
containing S such that the ^-colorations of Gt induce all partitions of 8  
into at most к classes except P,-. We may assume V(Gt) П V(G,) =  S. Let 
G =  Gx U  . . .  U  Gp.

G is in general not /-critical. But certainly, it is not Ä;-colorable, for a /.'-colora­
tion of G would induce a partition P, of S and this contradicts the definition 
of Gj. So we can consider a /-critical subgraph G' of G with /(G') =  к +  1. 
We show that G' has the desired property: it suffices to verify

(a) 8  e  F((?');

(b) G' meets every 0,- — 8.

(a) Suppose indirectly that a £ S, « ([ V(G'). Let say, P x =  {{ct}, S — 
— {a}}, P 2={*Si}. Let <Xj be a Z;-coloration of Gv which induces the partition
P 2 of S and let o( be a ^-coloration of Gt inducing P x for i =  2 , ......... p. Since
P x and P 2 coincide on S — a, we may assume the а/s  can be put together to 
get a ^-coloration of G — a; therefore, G' cz G — a is Z>colorable, a contra­
diction.

(b) Suppose G' does not meet G, — 8. Let ay be a Z;-coloration of Gj inducing 
Pi of S  (j  г). Then the а/ s  can be put together to get a Pcoloration of 
G — (F(G,) — 8). Since G' is a subgraph of this, G' is Z;-colorable, a contradiction.
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24. Let (x, у) £ E(G). Since G is %-critical, Q _  (x, y) has a й-coloration a. 
Since G itself is not ^-colorable, a(x) =  a(y) =  1 (say). Consider another color 
i and the graph /7, induced by those points of colors 1 and i. Let Н\ be the 
component of /7, containing x. Then we claim that у  £ F(77J); for otherwise, 
we could switch colors 1 and i in V(H'i); the arising coloration a' is legitimate 
and has а'(ж) ^  а. ’(у), i.e. it is a good coloration of G, which is impossible. 
So there are (x, у)-paths in Ht; let P, be a shortest one. Since P, contains 
alternating points with colors 1 and i, it is of even length; by minimality, it 
spans no chord. Since each edge of P, connects a point of color 1 to a point 
of color i, the paths P 2, . . . , P k must be edge-disjoint. This proves the asser­
tion. We remark that 9.21 follows easily from this.

25. (a) Let G3 be a 5-circuit and, if Gr is defined, let Gr+1 be the graph obtained 
by the construction of problem 9.18. Then it follows by the assertion of this 
problem that Gr is an r-chromatic graph (^-critical too) and it is easy to 
check that it has no triangles.

(b) Let G3 be a 7-circuit. Suppose Gn (n ]> 3) is defined such that /(Gn) >  n. 
Take a set S of n( \ V(Gn) ] — 1) —|- 1 points. With each \V(Gn) | -element sub­
set F  of S, we associate a copy GF of Gn (these copies should be disjoint), and 
join it to the points of F  by a matching. Let Gn+1 be the resulting graph, then 
Z(G„+1) >  n. Suppose Gn+x could be и-colored, then some | V(Gn) | points of S 
would get the same color 1; let F be the set of these points. As remarked in 
the hint, the points of GF cannot get the color 1, so they are, in fact, (n— 1)- 
colored; this, however, contradicts the definition of Gn.

It is immediate that Gn contains no 3-, 4-, or 5-circuits. [W.T. Tutte (Blanche 
Descartes); see S.]

26. Let %(L(G)) =  к  and consider a ^-coloration a of L(G). Then a is a ^-colora­
tion of the edges of G such that the edges (x, y) and (y, z) cannot have the 
same color. Consider the red edges. For each point x, either all red edges adja­
cent to x have their tail at x, or all of them have their head at x. This yields a 
bipartition of the graph formed by the red edges. Hence G can be decomposed 
into к bipartite graphs Gv . . ., Gk. Let а,- be a 2-coloration of Gh i =  1, . . ., k. 
Then using the vector (ax(a:), . . . ,  aft(*)) to color x, we obtain a 2,<-coloration of 
G. Hence

X(G) ^  2*.

27. Let Gr n be the r-times iterated line-graph of T n, the transitive tournament. 
By the preceding problem,

%(ßr,n) >  log log ■ ■ . log n.
Г

Now let Gr n be Gr n with the orientations ignored. We show that Gr<n has no 
odd circuits of length at most 2r -f 1. We use induction on r. Let C be a closed 
path in Gr n of length 2s -j- 1. Since Gr n is acyclic, C decomposes into arcs P v 
Qv P 2, Q2, . . . ,  Pt, Q, such that P v . . . , P, are directed paths in Gr>n going in 
the same direction around C and Ql t . . . , Qt are directed paths going in the 
opposite direction; moreover, they follow each other on the walk as listed.



Since Grn is acyclic, it is easy to see that the points of P, (or Qj) correspond to 
the edges of a path P\ (or Q\) in Gr_ ln. Then the last edge of P[ coincides with 
the last edge of Q'2 (with respect to orientation in Gr), etc. Thus, if we 
remove these last edges the rest of P[, Q'v . . ., P't , Q't forms a walk of length 
2s -f- 1 — 21. Clearly, this walk contains an odd circuit of length l <  2s +  1 — 

2i <  2s — 1. By the induction hypothesis l i> 2r, whence 2s +  Í >  2r +  1 
as stated.

Second solution. Consider the surface of the ^-dimensional unit ball. Connect 
two points of it, if their distance, measured on the surface, is at least (1 — 1 ß)n. 
The resulting graph is not ^-colorable. In fact, a theorem of Borsuk asserts 
that in any ^-coloration of the surface of the ^-dimensional ball, one of the 
color-classes has diameter 2; this color-class then contains adjacent points. 

On the other hand, let (x0, . . . ,  x2p) be any odd circuit in the graph. If d denotes
the spherical distance, then d(xit xi+1) >  1 — — гг, whence d(xt, жг+2) <[

l
<[ 2ti/Z, and hence by induction d(x0, x2p) <, 2pnß. On the other hand, this

distance is at least 1 — — n. Hence 2p -|- 1 >  l. So our graph contains no
l

short odd circuits.
This graph is infinite but by the Erdős- de Bruijn theorem 9.14, it has a finite 

subgraph with similar properties [P. Erdős—A. Hajnal, Ann. N. Y. Acad. Sei. 
157 (1970) 115-124].

28. (a) Let, say, I x =  [b, a~\ be the interval whose endpoint a is the first from 
left. The system I 2, . . . , I n determines the graph G — x v  By induction, 
X(G — x3) =  m(G — Xj) <  co(G). Observe, moreover, that if, x,- is adjacent to xv  
i.e. Ij meets I v  then a £ /,  (since otherwise the right endpoint of /, would lie 
to the left of a). Since at most co(G) intervals contain a (including /  J, the 
degree of is at most co(G) — 1. Therefore, we can extend the w(G)-coloration 
of G — x1 to xv Hence, %{G) <, co(G). Since, obviously, %(G) >  m{G), we are 
done.

(b) Let I v I 2.........I r denote the intervals containing a. Then xv x2, . . . ,  xr
form an independent set in G. Consider G — {xv . . .  , x r}. If xh, . . . ,  х1г form 
a clique in G — {xv . . ., xr\ , then / fi, . . . ,  Iiq are disjoint intervals not contain­
ing a. By the definition of a, I ti, . . . ,  Jiq are to the right of a and therefore 
f ! is disjoint from them. Hence {xv xu, . . . ,  xiq} is a clique in G. This proves 
that x(G — {xlt . . . ,  xr}) <  m(G) — 1. Thus, G — {xv . . . ,  xr} can be colored 
hy m(G) — I colors and we can use the same new color for x v . . . ,  xr. Hence 
%(G) <  co{G). The equality is obvious as before.

(c) Let x2, x2 be the neighbors of xx on the circuit. Then, as we have already 
seen, 12, 12 contain a and therefore, they meet each other. Thus, (x2, x3) is a 
chord of the circuit (unless C =  (xv x2, x3)) [G. Hajós, Intern. Math. Nachr. 
11 (1957) Sondernummer 65].

29. (a) If Gx is a component of G — S, then it is adjacent to all points of S, 
since otherwise a set smaller than S (the set of neighbors of 6r1) would sepa­
rate G.

362 SOLUTIONS 9.28
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Let и, V £ S and Gv G2 two components of G — S. Let P, be a minimal path, 
which connects u, v through G(. Then P, has no chords by minimality, except 
possibly (и, v). Set С =  P l U P 2, then C is longer than 3 and therefore, C has 
a chord. This cannot join an inner point of P, to an inner point of P 2 as these 
points are in distinct components of G — 8. Hence, it must join two points of 
the same P,. This is only possible, if it is (u, v). Thus, u, v are adjacent. [G. Dirac]

(b) First, let G be defined through the subtrees as formulated, and consider 
a circuit C of G. We may assume C is a Hamiltonian circuit.

Let us remove points of degree 1 from T as long as the remainders of F x, , Fn 
have at least one point. We cannot change the graph G, i.e. if Р,- П Р/ 0 
and a; is a point of degree 1, then (Р,- — x) П (Ft — x) ^  0; since, if a; is a com­
mon point of Р,- and Fj, then certainly so is its neighbor. When we get stuck, 
we have an P, with one point; let F 1 be this, say. Let P 2, P3 be the two neigh­
bors of Fj on G, then P 2, P 3 both contain the (unique) point of Fv  and hence, 
they intersect. So (x2. a;3) is a chord of C.

Conversely, suppose G is a graph without chordless circuits of length at least 
4; we show by induction on V{G) j that it is representable in the mentioned 
way. Let S be a minimum cutset of G, then by the previous result, 8  induces 
a complete graph H. Let G — G1 U Go, Gx f| G2 =  H, Gv Go =F= H. By the in­
duction hypothesis, Gx, Go can be represented in the given way, through cer­
tain subtrees of trees T x, and T 2, respectively. Let F x, . . . .  P|s|! F[ , . . . ,  F\s\ 
be the subtrees corresponding to the points of S  in the representation of Gl 
and 6?2, respectively. By 6.18, F v  . . . ,  F\s\ have a point v in common and 
similarly, F[, . . . ,  F'$\ have a point w in common. Set

T =  T x U To -f- (v, w), F'! =  Ft U FJ +  (v, w), (i =  1, . . . , |S |) ,
then the subtrees P" and those corresponding to points of Gr -— S and G2 — 8  
yield a representation of G.

(c) We give here proofs using the representation (b). As we have seen in 
the first part of that proof, we may remove points of degree 1 from T, and still 
get a system of trees representing the same G until finally, we have a tree Fx 
with one point. Let xx be the corresponding point of G. Then G — xx has 
%(G — aq) =  co(G — xx) <  co(G). Moreover, the neighborhood of xx forms a 
complete graph and so, x x has degree at most w(G) — 1. Thus coloring G — xx 
by w(G) colors we can jind a color for xx.

To show ri(G) =  o:{G), remove xx and all its G-neighbors x2, , xr. Any set 
which forms a clique in G — {xx, . . . ,  xr}, i.e. which is independent in 
G — {aq, . . . ,  xrj can be completed with xv So w(G — {xv • ■ ■ ,xr})<lco(G) — 1. 
Color G — {xv . . . ,  xr} by o)(G) — 1 colors by induction; then using a further 
color for xv . . ., xr we get the desired coloration of G. [A. Hajnal, J. Surányi; 
C. Berge; see B.]

30. Let G have m isolated points xv . . . ,  xm. By 7.2, V(G — {xv . . . ,  xm}) 
can be covered by

a{G — {xv  . . . , xm}) =  a{G) — m
edges. So V(G) can be covered by a.(G) edges and points of G. We may assume 
that these edges are disjoint, since if two have an endpoint in common, we can 
replace one of them by its other endpoint. Then these a(G) edges and points of
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G yield a(6r) =  to(G) independent subsets of G covering the points, i.e. an 
&j(ö)-coloration of G. Hence, /(G) w(G). Since the converse is true as well,
we have equality.

31. Let Hj be a maximum complete subgraph of Gt (i =  1, 2), then V(II}) X
X V(H2) spans a complete subgraph of Gt ■ G2 of size | V(HX) \ ■ | V(H2) | =  
=  c»(Gi) • oo(G2). Hence co(G1 ■ G2) to(Gi) • u.)(G2).

On the other hand, let a,- be а (̂6?,)-coloration of Gx (г =  1, 2). Define a col­
oration a by

Ф и  *г) =  Ф Ф ) (*; £ ^(0,)),
then it is easy to verify that a is a good coloration of Gx • G2 and uses /(GJ ■ 
• X(G2) colors. Therefore /(G  ̂ ■ G2) <, /(GJ ■ y\G2). Thus,

X(Gx • G2) <  %(Gt) • x(G2) =  (»(G  ̂ ■ co(G2) <, co(G1 • G2)
and, the converse inequality being trivial, we have equality as stated.

32. (a) The exact formulation of the hint is this. Let x(x) denote the maximum 
length of a chain x =  xx <  x2 <  . . . <  хл. Then 1 <[ a.(x) <  cd(G), because 
w(G) is the maximum size of a totally ordered subset, i.e. a chain. Moreover, 
я is a legitimate coloration. For suppose x and у are adjacent, say x >  y. Then 
a chain x — хг <  x2 <  . . • <  £a(x), of maximum length «(x) can be extended 
over y, showing a(y) >  a(x) +  1.

(b) Define a directed graph G by orienting the edge (x, y) from x to у  if 
x <  y. Then, obviously, w(G) =  a(G). By 8.4, we can cover the points of G by 
a.(G) disjoint paths. A path of G corresponds to a chain in P. So, it spans a com­
plete subgraph of G; i.e. an independent set in G. Thus, G can be partitioned 
into a(G) — 00(G) independent sets, i.e. /(G) <  00(G). The converse is, as always, 
trivial. [This is an equivalent form of Dilworth’ theorem; see B.]

33. In 9.28, 29, 30, 32, the graphs considered are such that all induced sub­
graphs of them belong to the same class, thus they satisfy /(G) =  o>(G) as well. 
However, we do not get perfect graphs from 9.31 in general. To show this, let 
Gv G2 be two 3-paths, then G , • C?9 contains a chordless 7-cycle as shown i n 
Fig. 66.

34. Suppose first that G is perfect. Let G' be any induced subgraph of G. Let 
S be a color-class of a ^((r')-coloration of G'. Then /(G' — S) =  /(G') — 1 and 
so, S meets all maximum cliques of G'.

Fig. 66



«.37 § 9. CHROMATIC NUM BER 365

Suppose that, conversely, every induced subgraph of G has an independent 
set, which meets all maximum cliques. We prove that %{G') =  co(G') for the 
induced subgraphs by induction on \V(G')\. Let S  be an independent set, 
which meets all maximum cliques of G'. Since S is independent,

X(G') ^  X(G' ~ S )  +  1
and by its definition,

cti(G') ^  co(G' -  S) +  1.
The two right-hand sides are equal by the induction hypothesis, thus r/(G’) <  
<7 w(G'). The converse inequality is trivial.
35. We may substitute the graphs Gx for the points of G one by one, and it 
suffices to show that perfectness is preserved at each step. So we may assume 
that a non-trivial GXo is substituted for one point x0, while the other points are 
not touched (or we may say one-point graphs are substituted for them).

Also, it suffices to show that the maximum cliques of G' can be covered by an 
independent set; for the induced subgraphs of G' arise in the same way as G' 
and so, the previous exercise yields that G' is perfect. Now let us ^(G)-color 
G and take the color-class S containing x0. Also, take an independent subset 
»S', of GXo, which meets all maximum cliques of GXa.

Then clearly (S — x0) U S l is independent in G'. We show it covers all maxi­
mum cliques of G'. Let T be a maximum clique of G'. If T  does not meet GXa, 
then it is a maximum clique of G and so S — x() covers it. If T  meets GXa, then, 
obviously, it contains a maximum clique of GXu and S x covers it [L. Lovász, 
Discrete Math. 2 (1972) 253-267].
36. If P  is a partition of V(G) into independent sets, then, obviously, it can 
arise in

A(A -  1) . . . (A -  \P\ +  1)
ways as a partition induced by A-colorations of G; this clearly also holds, if 
|P| >A. Hence

(1) P0(A) = 2 A(A - 1 ) . . .  ( A - | P |  +  1),
p

where the summation is over all partitions of V(G) into independent sets. Thus 
P G(A) is a polynomial indeed.

Obviously, each term in (1) has degree at most n =  | F(6r) j and the only term 
with this degree belongs to the partition into one-element sets. Thus, if one- 
element sets are independent, i.e. G has no loops, then PG(l) is of degree n and 
A" has coefficient 1.

If G has a loop, then it has no good coloration at all, so PG(A) =  0. 
[Concerning chromatic polynomials see О, B, Wi; R.C. Read, J. Comb. Theory 
4 (1968) 52-71; W.T. Tutte, Comb. Structures and their Appl. Gordon and 
Breach 1970, 439-453.]
37. To get all A-colorations of G, consider all mappings of V(G) into { 1 , . . . ,  A}. 
We have to exclude those, which map the two endpoints of an edge onto the 
same point. The inclusion-exclusion formula (2.2) yields

P0w = l  2  (—l) |Ti p(T, A),
TQE(G)
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where p(T, A) denotes the number of those mappings which identify the end­
points of each edge of T. Note that a mapping does this if and only if it 
maps each component of the graph <V(G),Ty onto a single number; hence, 
p{T, A) =  ).C(T> and the formula is proved.

38. If a A-coloration of G — e associates different colors with the endpoints of 
e, it is a good A-coloration for G, and conversely. Thus P 0_e(A) — P C(A) is the 
number of those A-colorations of G — e, which associate the same number with 
the endpoints of e. Now note that such a A-coloration of G — e yields a A-col­
oration of G/e and conversely. Hence,

P g- c(A) P g(A) — P  G/e(A)

for every natural number A. Since we have polynomials on both sides, this must 
hold for every A.

39. Since K n has only one partition into independent sets, the formula in the 
solution o f 9.36 im plies th at

P k„(A) — A(A —  1) . . .  (A — я +  1).

Let P  be a tree and x a point of degree 1 of P. Any A-coloration of P  — x 
can be extended to x in A — 1 ways; hence

P F{X) =  (A -  1 )P f _x(A).

Since the chromatic polynomial of the one-point tree is A, we have
P f(A) =  A(A -  l)"-1.

Let Cn be a circuit of length n, and let e be an edge of it. Then 

Pcn(V =  P c ,-e(A) -  PC„/e(A).

Now note that Cn — e is a path on n points, while Gnje is an (n — l)-circuit 
Cn_ v Thus

Pc„(A) =  A(A -  I)"'1 -  PCnM )
and repeating this reduction,

Pc„(A) =  A(A -  l)" -1 -  A(A -  1)"-* +  . . . +  (—1)”—2A(A -  1), 
since P Ci(A) =  0. Summing this series,

Pc„(A) =  ( A -  l)B +  ( - l ) " ( A -  1).

Finally, let Wn be the wheel with n points. Color the center arbitrarily, then 
the rim has to be colored by the remaining A — 1 colors. Thus

Pw„(A) =  APC._,(A -  1) =  A(A -  2)"-i +  A (—l)”-1 (A -  2).

40. Let Gv . . ., Gm be the components of G. Then we can combine A-colorations 
of them arbitrarily to get a A-coloration of G, thus

PaW =  PGlW  ■ • • -PoJA).
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Now suppose that G is connected and let B x, . . Bm be its blocks. We may 
assume Bm is a block, which has only one point x0 in common with the rest and 
set G' =  B x U . . . U Bm_v

Take a Я-coloration a0 of G'. Now those and only those Я-colorations of 
Bm yield a Я-coloration of G, which color x0 with x(.t0). Since this only means 
permutation of colors, the number of such Я-colorations of Bm is

}Рн„(Я).

Hence

PaW =  Pa'W \ P bmW
A

and by induction we obtain

Pa W = ^ P BlW - - - P B mW.
A

41. Let G be the graph obtained from the system {[ax, fex], [a2, b2]> • • • > \ßw &n]} 
of intervals. We may assume Ъх <  b2 <  . . . <  bn. Let xt be the point of G cor­
responding to [a,-, &,]• Then, as observed and used before, the neighbors of xx 
form a complete graph. Hence, if we take any Я-coloration of G — xv  this 
excludes exactly d(x x) colors for xx (we assume Я is large). Thus,

P  o(A) =  (Я — d{xx))Pa_Xi{X).
Let /q denote the number of intervals containing bit then d(xx) =  цл — 1, so 
we may write

PG{X) =  (Я - f i 1 +  1 )Р0_Х1(Я).
Continuing in a similar manner, we get

P o(A) =  (A — /н +  1) (Я — /i2 +  1) • . . (Я — fin -f 1)
(we have to remark that the first j  intervals do not contain bj+1 by definition, 
so if we remove them, bJ+, will be contained in the same number fij+1 of inter- 
wals).

Note that 9.28 is an immediate consequence; if Я i> co(G) =  max then 
Р0(Я) Ф 0, so there exists a Я-coloration.

42. We use induction on \E(G)\. For the edgeless graph on n points we have 
PG(X) =  /."■ We may assume that G is simple since reducing multiple edges to 
simple ones does not influence Р0(Я). So G/e has no loops. By 9.38,

PqW  — Pa-eW — PG,eW 
for every edge e of G. By the induction hypothesis

Po-eW =  A" — +  < - 2A”- 2 -  • . .
PaieW =  A"-1 -

where a}, a" >  0. From the recurrence relation we get

PaW  =  An -  « _ !  +  1) Я"-1 +  K _ 2 +  < _ 2) Я"~2 — . . . ,
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which proves the assertion. It is seen that an_x =  a'n_ x -f- 1, thus it follows by 
induction that an_ x is the number of edges of G (provided G is simple).

To find an interpretation for av  consider the formula given in 9.37. The linear 
terms correspond to those subgraphs, which are connected spanning subgraphs; 
thus, (—l)n_1a1is the difference between the numbers of connected spanning 
subgraphs with an even and an odd number of edges, respectively. It is remark­
able that ax J> 0 implies an inequality between these two numbers. The reader 
may find it interesting to give a direct proof.

43. We use induction on \E(G)\. If the graph is a tree the statement is true by 
9.40 (and the binomial theorem). Suppose G is a simple connected graph, which 
is not a tree, then it has an edge e such that G — e is connected. Obviously so is 
G/e and they both have no loops. By the previous solution (and with the nota­
tion as there),

a i >  a 'i >  0 .

M oreover, a'n_ 1 <  a'n_ 2 <  . . . <  a 'n-., « " _ 2 < . . . - <  a"n_x, b y  th e  in d u c tio n  
h y p o th esis , th u s  LäJ L- 2 J

O'n—l  <C. . . .  ß j - n y

44. By 9.36,
pgW = 2 W - D - - - ( 1 - - \ p \ + i),

p
where P  ranges over all partitions of V(G) into independent sets. If A >  n — 1 
all terms are positive.

45. We may suppose that G is connected. We show (— l)n-1Pc(A) > 0 ,  if 
0 <  A <  1. The statement is true for trees. Let e be an edge of G such that 
G — e is connected. Then

( - l y ^ P ^ A )  > 0 ,  ( - 1 ) п- 2Р0/е(Д) > 0

by the induction hypothesis, so
( - l ) ”- iP 0(A) =  ( - l )" - i{ P c_e(A) -  Р0/г(А)} =

-  ( —1)П-1Ро-е(А) +  ( - 1 ) п- 2Рс/е(А) > 0 .
46. (a) If G is connected, 9.43 implies 0 is a simple root of PG. Thus by 9.40, 
the multiplicity of the root 0 is equal to the number of components. Let 
G be 2-connected, we show by induction on \E(G) \ that 1 is a simple root; we 
show that, in fact,

( _ 1 ) » ^ с И 1 > 0 .
Я — 1

To this end let us first remark if G has an edge, then 1 is a root by definition; 
so if G is connected but not 2-connected and G K 2, then 1 is a multiple root, 
which follows immediately from 9.40. Thus, if e is any edge of G,

(-1)" Р° - еЩ  > 0 ,
A -  1 |л_1 “



( — i ) n />(;/<,(--) >  О,
Я — 1 A = 1

since, if G — e and/or Oje are 2-connected, it follows from the induction hy­
pothesis, otherwise the left-hand side is 0.

Since for |F(G)| <[ 3 the assertion is trivially true, we may assume that 
I F(ö)| >  4. We are going to show that one of G — e, G/e is 2-connected. Sup­
pose G/e is separable; clearly only the image of e can be a outpoint of it, whence 
the two endpoints x, у of e form a cutset. Let P v P 2 be (x, j/)-paths through 
two components of в  — x — y. Then P 1 U P 2 is a circuit and e is a chord of it. 
But as in 6.35, this implies G — e is 2-connected.

(b) Let a(G) denote the number of acyclic orientations of G. Consider an 
acyclic orientation of G—e. This can be extended to an acyclic orientation of G 
in one or two ways according as it is an acyclic orientation of Gje. Thus

a(G) =  a(G — e) +  tr(G/e).

Hence the result follows by induction and 9.38 [R. Stanley, Discrete Math. 5 
(1973) 171-178].

47. (a) By 9.38,

PgÁV =  PGi-eÁV -  PgmW  =  PgW  -  PejeiW>
PgW  — PßiW +  PüileÁ^)’

and similarly
P g( )̂ =  PG, ( +  PG,le,(P)’

thus,
P a W  + PGileÁ^) = P G i (̂ ) + P  G,le,(^)-

(b) Consider the three graphs G in Fig. 67, if there is a linear relation, 
then it is satisfied by them. So

aX(X -  1) (A2 -  ЗА +  3) +  ЬА(А -  1)(A -  2)2 -f cA(A -  1)(A -  2)2 =  0,

aA(A -  1) (A -  2)2 +  6A(A -  1) (A -  2)2 +  cA(A -  1) (A -  2)(A -  3) =  0,

aA(A — 1) (A — 2)2 +  ЪЦХ -  1) (A -  2) (A -  3) +  cA(A -  1)(A -  2)2 =  0.
If this system of equations has a non-trivial solution, its determinant is 0. 
But its determinant is

A2 — 3A +  3 A — 2 A— 2
A3(A — 1)3(A — 2)2 (A — 2)2 A - 2 A - 3  =

(A — 2)2 A — 3 A — 2

=  A3(A -  l)3 (A -  2)2 (A2 -  ЗА +  1).

So if A 0, 1, 2,  ̂ ^  , there is no linear relation (in particular, there is none,A
which would hold for every A). For A =  0, 1, 2, we have trivial relations like 
PGi(A) =  0.

24 Lová&z
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(c) We use induction on \E(G)\. If V(G) =  F(F), we have only three 
graphs to check; those in Fig. 67 (since multiple edges can be ignored and if G 
has a loop, everything is 0). Fortunately, there are only four numbers to cal­

culate, namely setting |  =  т +  1 =   ̂  ̂ , we haveA

S(S -  I ) ( ! 2 -  3 |  +  3) =  (I2 -  I) • 2 =  4 |  -  2,

1(1 _  1)(! _  2)2 =  (?  -  £)(?  -  4 |  +  4) =  (2£ — 1)(3 - 0  =  1 - 1 ,  

1(1 -  1)(! -  2)(I -  3) =  | ( |  — 3) • (I — 1)( |  — 2) =

=  (I2 — 3£)(|2 — 3 | +  2) =  - 1

(we have made use of the fact throughout that £2 =  3f — 1). With these values, 
and the chromatic polynomials determined in the last solution, it is easy to 
check that the relation holds as stated.

Now suppose that V(G) ^V(F).  If there are only isolated points in G besides 
the points of F, they only mean that the equations already verified are multi­
plied by a power of |.  So suppose there is an edge e with at most one endpoint 
on F. Set G' =  G — e, G'x =  G' +  ev G2 =  G' +  e2 and similarly, G"= G/e, 
G'[ =  G" +  ev G"2 =  G" +  e2- Then by the induction hypothesis,

Pai i )  =  £(Pq;(£) +  P o;(0),

P<A£) =  S(P<x(£) +  Paid))-
Subtracting we get the desired equality by 9.38.

48. Let q(x) =  x2 — 3x -(- 1; the roots of q(x) are £ =  -  and I' =
3 _у 5 ^

= ---- ----- . Then q \ P a, because by 9.45, I' is not the root of any chromatic
A

polynomial. Since q is irreducible over the rationale, this implies it has no root 
in common with PG, i.e. P q(£) =7̂ 0.

49. (a) We use the notations of 9.47. By 9.38 and 9.47c,

PC i(T +  1) +  P GÁr +  1) +  P  Gi/ci(T +  1) +  PG,le,(r +  1) =
— 2(t +  1)(PGi(t +  1) +  P g,(t +  1))>

F i g . 6 7
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whence

( 1 )  P G ,le Á x  +  1 )  +  -^G i/C |(T +  1 )  =  (2t +  1 ) ( - P  G i(T +  1) +  P g , ( x  +  1 ) )  =

=  x\ P gXx +  1) +  P gXX 4" !))•
Also by 9.47a,

(2) PGileXx + 1 )  — pG,leXx +  1) =  PG,(x + 1 )  — P gXx +  1) • 
and multiplying (1) and (2) together we obtain

(3) P G,/e,(x  + 1 )  — P h ,le ,(x  +  1) =  x\ P b t(x +  1) — P G ,(X +  !))•
Now suppose that the maps G2, Gi1/e1) G2je2 satisfy the identity given in the 
problem. Then (3) yields upon multiplying by (r +  2)r3"~13,

P<hkAx +  2) -  Р0г,е,(x +  2) =  (r +  2)тзп-10Р§1(т +  1) -  PaSt +  2).
By 9.47a, this implies Gl also satisfies the identity.

Now let Gy be a minimal triangulation, which does not satisfy the identity and 
suppose Gy has a point x of degree as large as possible. Let (x, y, z) be any tri­
angle adjacent to x, and let (x', у, z) be the second triangle with side (y, z). Then 
x' — x. In fact, if x' =7  ̂x, then letting G =  G1— (y, z) and G2 =  G +  (x, x'), 
Gil(y, Zj),  G2I(x, x') and G2 will satisfy the identity by the minimality assumption 
on Gx and the maximality assumption on dGi(x). Hence by the above, Gy also 
satisfies the identity, a contradiction.

The above argument shows that, if a face is adjacent to x, then so are all the 
neighboring faces. Hence all faces are adjacent to x. This implies that x is 
adjacent to all other points and G — x has no circuits. Since a triangulation 
is always 2-connected (if x were a cut-point, then consider a face which meets 
two components of G — x; the fact that this face is a triangle implies that there 
is an edge connecting two components of G — x, a contradiction), G — x is a tree.

Now if we want to А-color G, we can give x any of the Я colors and (Я — 1)- 
color the remaining points. Hence

Pg(A) =  APC_X(A -  1) =  A(A -  1) (A -  2)n-2
and

PG(t +  2) =  (r +  2) (r +  1) г"“2 =  (T +  2) t" 
as г -(- 1 =  T2. Also,

(r +  2)r3" -10Pg(r +  1) =  (t +  2) тзп- 10(т +  l)2t2(t -  l)2<"-2> =

=  (t +  2) гзп_10т4г2т_2(',_2) =  (t +  2)t" 
as r — 1 =  T_1. Thus G satisfies the identity, a contradiction.

(b) We use induction on the number of points and “backwards” induction 
on the number of edges; we may suppose there are no 2-gonal faces. If we have 
a triangulation, (a) implies the assertion. Otherwise, we have a face with more 
than 3 points. Put in a diagonal e into this face. Then we have, by the induction 
hypothesis,

P(G+e)le(x  +  2 )  > 0 ,

PG+C(r +  2) > 0 .

24*
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Now by 9.38,
-Pg(t +  2) =  P(G+e)le(x +  2) +  PG+e(r +  2) >  0.

50. We use induction on |F(G)|. We may assume G is simple. By 5.25a, the 
number of edges of G is at most 3 | V(G) j — 6, therefore G has a point x of 
degree at most 5. If the degree of x is at most 4, we can remove it, 5-color the 
rest and extend this coloration to x. So suppose d(x) =  5. x has two neighbors, 
which are non-adjacent, for otherwise we would get a K 6 in the graph. Let y, z 
be two such neighbors of x. Contract the edges (x, у ) and (x, z) and consider 
the resulting graph G. This has no loops, thus by the induction hypothesis, it is 
5-colorable. Let us consider the corresponding 5-coloration of G. This is not 
legitimate, because x, у  and г have the same color; but only the edges (x, y) 
and (x, z) are monochromatic. Now note that x has only 3 other neighbors, so 
we can find a color, which is different from the colors of all neighbors of x, and 
re-color x with this color.
51. Suppose first that the faces are 4-colorable; then it is easy to check that the
3-coloration of the edges defined in the hint is a good one.

Secondly, let us consider a 3-coloration of the edges. Let 6rx be the map formed 
by red and blue edges and 0 ,  the map formed by red and green edges. Clearly, 
Cr, and G2 consists of disjoint circuits and hence, the faces of Gx can be 2-colored 
with red and green; also the faces of G2 can be 2-colored with “light” and 
“dark”. Now use “light red”, “light green”, “dark red” and “dark green” 
to color the faces of G; each face F of G is contained in a face F 1oiG 1 and in a 
face F 2 of 6r2 and color it “light red”, if Fr is red and F2 is light etc. This defines 
a good coloration of the faces of G.

Remark-. One could also prove the second half by using 5.4 [P.G. Tait; see 
S, OF, Wi].
52. If the faces are 4-colorable the edges are 3-colorable by 9.51; let 1, 2, 3 be 
their colors. Consider the assignment described in the hint. Go around the 
boundary circuit of a face F counterclockwise, and consider the “clock” in 
Fig. 68. Whenever we pass through a point with value -f-1, the color of the next 
edge will be the next mark clockwise; if we pass through a point with —1, the 
color of the next edge is the next mark counterclockwise. Since going around 
the whole circuit we get back to the same color we started with, the sum of 
-f-l’s and —l ’s is divisible by 3.

Conversely, suppose we have an assignment of -f l ’s and —l ’s as required. 
Consider L(G), this is also planar and has two kinds of faces: For each x £ V{G)

F i g . 68
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F i g . 69

it has a triangular face Fx surrounding x and for each face F of G, it has a face 
F', which lies in F and has the same number of edges (Fig. 69).

Orient L(G) by orienting the triangles Fx clockwise, and define the work 
v(e) on an edge e £ E(L(G)) as the value assigned to the corresponding point 
of G.

So the three edges of a triangular face of L(G) corresponding to a point of G 
have the same work. Thus, the sum of work of edges around any face is = 0  
(mod 3). But, then this holds for any circuit C. For go around each face inside 
this circuit clockwise and write up the sum of the work. This is 0. On the other 
hand, the sum of these sums is exactly the work around C (clockwise), because 
the inside edges are counted twice, and in fact, in different direction. So the 
work needed to go around C is 0. By 5.4, we can find a potential p(x) of V(L(G)) 
such that for each edge (x, y), v(x, y) =  p(y) — p(x) (mod 3). Obviously, we 
may assume p  takes only the values 0, 1,2. Then p(x) is a good 3-coloration of 
L{G). [P. J. Heawood, see S, OF.]
53. The faces inside the Hamiltonian circuit C can be 2-colored. To show this, 
note that the corresponding piece of the dual graph G* contains no circuit, for 
such a circuit would isolate a point of G from C, which is clearly impossible. 
Thus, the piece of G* inside C is a forest, and this is 2-colorable.

Similarly, 2 other colors suffice to color the faces outside C.
54. (a) We use induction on |F(G)|. If this number is at most 4 the assertion 
is obvious.

Let dG(x) <  4. By the induction hypothesis, G — x has a 4-coloration a. 
If dG(x) <  3, this 4-coloration can obviously be extended to x. So suppose 
dG(x) =  4. Let y, z, u, v be the neighbors of x. We think of G as embedded in 
the plane and assume the edges (x, y), (x, z), (x, u), (x, v) leave x in this cyclic 
order.

If one of the colors does not occur among a(y), a(z), x(u), x(v), we can color 
x with this color. So suppose a(y) =  1, a(z) =  2, x(u) =  3, x(v) — 4.

Consider the subgraph spanned by colors 1 and 3 and the component Gl of 
it containing y. If u (J V(G-J, we can exchange the colors of points of Gx and get 
a 4-coloration of G — x, where 1 does not occur among the colors of y, z, u, v. 
Then, as before, x can get color 1. So we may suppose и £ V(GX) i.e. there is a 
(y, it)-path Pj whose points have only colors 1 and 3.
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Fia. 70

Similarly, we may assume that there is a (z, v)-path P 2 having only colors 2 
and 4. But since G is planar, P l and P 2 cross, and their common point cannot 
have any of the colors 1, 2, 3, 4, a contradiction (Fig. 70) [G. Dirac; see S, 
OF. This method is called Kempe chaining].

(b) Suppose first that all faces are triangles. Then it is easy to see that we 
must have the graph of the icosahedron which, in fact, admits a 4-coloration 
(Fig. 71).

We may assume the graph is 3-connected, this follows by an argument similar 
to the one in the solution of 9.13b1'. If F is a non-triangular face, then F has 
two points X,  у  which are at distance 2 on the boundary C of F; but, then 
X,  у are not adjacent in G since otherwise, they would separate the two arcs of 
C connecting them.

t Note the analogy between 9.13a—b and this problem,

F i g . 71
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Identify X and y, and cancel the arising multiplicities of edges. The resulting 
graph G' has at least one point of degree at most 4: this is the common neighbor 
of X and y. It has degrees at most 5 except that the image x' of x (and y) has 
higher degree.

If G' is 4-colorable clearly so is G. So suppose G' is not 4-colorable and consider 
a critically 5-chromatic subgraph G" of it. The argument in part (a) shows 
that G" can have no point of degree at most 4. Hence G" is a proper subgraph 
of G' and, moreover, all edges of G' incident with G" must be incident with x'\ 
otherwise, their endpoints in G" would have degree at most 4. But, then x' 
is a cutting point which is impossible, because as G is 3-connected, G' is 2-con- 
nected [J.M. Aarts and J. de Groot; see S].

55. Clearly, we may assume that G is 2-connected; otherwise, add another edge 
joining two blocks of G, not parallel to the old edges.

Consider a face F of G, which is not a triangle, and let C =  (xv  . . .  , xk) be its 
boundary circuit. Either (xv x3) or (x2, aq) is not an edge of G, for otherwise 
they ought to cross each other outside G. Say (xv x3) $ E(G). Then add (xv x3) 
to G; we have broken F into two smaller faces this way. Carrying on, we can 
extend G into a simple triangulation. If this triangulation can be colored in the 
desired way, i.e. so that no face of the triangulation is monochromatic, then no 
face of G is monochromatic.

Thus, we may assume G is a triangulation. Then G* is 3-regular and since 
G is simple, G* is 2-edge-connected.

By Petersen’s theorem (7.29), G* has a 1-factor F. Let Ф be the set of corre­
sponding edges of G. Then Ф contains exactly one edge from each face of G. 
Therefore, the faces of G — Ф are quadrilaterals, i.e. by the dual of 5.26, G — Ф 
is bipartite. Consider the 2-coloration of G — Ф; this 2-coloration meets the 
requirements for G [M. Schäuble, Beiträge zur Graphentheorie, Teubner, Leipzig 
(1968) 137-142].

56. Suppose every point has even degree. Let us 2-color the faces (5.26) with 
red and blue and orient the edges, so that they have red on their right side. 
Let C be any circuit. Count the number of edges on and inside C in two different 
ways. Let a edges of C have red face incident from the inside and ß edges from 
the outside. Let, moreover, к red and l blue faces lie inside C. Then the number 
of edges on and inside C is

and also
3 к +  ß,

31 +  a.
Therefore, the work needed to go around C counterclockwise is 

a — ß — 3k — 3Z =  0 (mod 3).
This implies, by 5.4, that there is potential p(x) defined on V(G) such that if 
(x, y) £ E(G), then p(y) — p(x) =  1 (mod 3). This p(x) yields a 3-coloration of 
G [H. Whitney; OF, Wi],

57. Let (aq, у ±), . . . ,  (xn, yn) be the intersection points. We may suppose the 
direction of axes is chosen so that xv  . . .  , xn are different, say xx <  хг <  .. .
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. . . <  xn. Now 3-color the points in the above order. When we get to (ж,-, yt) 
at most two neighbors of it have previously been colored and so, we can find 
a color for it. Thus we can 3-color the graph [H. Sachs].

§ 10. Extremal problems for graphs

1. We may assume that G is 2-connected. For if G =  Gx U G2 with 17(6^) П
n V(G2)\ <  1, |F(0,-)| 2, then one of Gv G2 satisfies

1ВД1 > |(F |(ö , .) |  - 1 ) ,A
and we can use induction on n.

So suppose that G is 2-connected. Clearly, it is not a single circuit, so 
by 6.33, G =  P 0 U Pj U . . . U P k (k 1), where P 0 is a circuit and P ,+ 1 is a 
(P0 U . . . U Pi, P 0 U . . . U P,)-path for i =  0, . . . ,  к — 1. Then P 0 U P x is 
a 0-graph.

The sharpness of the result is shown by any graph whose blocks are triangles.
2. (a) Let P  =  (ж0, xv  . . . ,  xp) be a longest path in G. x0 is adjacent to two 
points other than xx; since P  is maximal these two points must lie on P; let,
say, x0 be adjacent to ж, and ж,-, 2 <; i <  j <, p. Then (x0.........ж;) is a circuit
in G which has the chord (ж0, ж,) [J. Czipszer].

(b) We use induction on n. The assertion is clear for n =  4. If G has degrees 
at least 3, then it contains a circuit with a chord by (a).

Thus we may assume G has a point ж with degree at most 2. Then G — ж con­
tains at least 2n — 3 — 2 =  2(n — 1) — 3 edges and thus, by the induction 
hypothesis, G — ж contains a circuit with a chord. But, then so does G.

K 2 п- i  shows that the result of (b) is sharp [L. Pósa].
3. (a) We prove by induction on | V(G) | the assertion of the hint.

I. Assume first that G has a point ж of degree at most 2. If ж has degree 1, then 
G — ж has at most one point of degree at most 2 and we are done by induction. 
If ж has degree 2, i.e. it is adjacent to two points y, z and (y, z) (j E(G), then 
remove ж and join у to z. The resulting graph has degrees at least 3 and thus, 
it contains a subdivision of K v  If we subdivide (y, z) by ж, we get G back; 
hence G contains a subdivision of K i too. If y, z are adjacent, then we may 
assume da(y) =  da(z) =  3 (otherwise, G — ж satisfies the assumption). If the 
third neighbors of у and z are the same point w, then G — ж — у  — z — w 
satisfies the assumption; if у is adjacent to u, z is adjacent to v (x, y, z, u, v 
being distinct) then contracting ж, у, z to a single point ж', we get a graph G' 
in which only x' has degree at most 2. Hence G' contains a subdivision of K A. 
Since subdividing the edge (ж', и) of G' we get a subgraph of G, G also contains 
a subdivision of K i (see Fig. 72).

II. Now assume that every point of G has degree at least 3. We may assume G 
has a point ж of degree 3, otherwise we could remove edges as long as all but one 
of the points of G have degree at least 3. Let u, v, w be the points adjacent to ж. 
If u, v, w are adjacent by pairs, then ж, u, v, w spans a K :l. Thus we may sup-
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F i g . 72

pose (и , v) (J E(G). Remove x and join и to v. The resulting graph G' has degrees 
at least 3 except possibly that w has degree 2. Thus G' contains a subdivision 
of Кц by induction. Since subdividing the edge (и, v) by x we get a subgraph o f  
G, G also contains a subdivision of K v

(b) If every point of G has degree at least 3, we are done by (a). If there is 
a point of degree 2, we can remove it and proceed by induction.

The graph shown in Fig. 73 has exactly two points of degree 2 and 2n — 3 
edges, it does not contain a subdivision of K i (prove!). Thus (a) and (b) are 
sharp [G. Dirac, Math. Nadir. 22 (1960) 61-85].
4. First we prove, as suggested in the hint, that G does not contain a subdivi­
sion H of K i and an edge (u, v) disjoint from it. Suppose it does. Consider the 
component Gx of G — V(H) containing (u, v). Trivially G, is a tree. Let x, у be

F i g . 74

F i g . 7 3

( a ) (b)
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two endpoints of Gv Then x (respectively y) must have two neighbors p v p 2 
(respectively qv q2) in H. No two of p v p 2, qv q2 can be contained in the “sub­
divided star” of one of the principal points of H as center or inner point of the 
“rays”, for such a position would yield two disjoint circuits (Fig. 74a). But 
then, as is easily verified, p 4, p 2, q4, q3 must be the principal points of H and 
we again get two disjoint circuits as shown in Fig. 74b.

Now we have to distinguish 5 cases.
Case 1. Assume there is in C a subdivision H of K x and a point v of degree at 

least 4 not in H. A similar argument to the one above shows that v has degree 
exactly 4 and is adjacent to the four principal points xv x2, x3, xx of H. Ex­
changing the role of xt and v we can use the assertion of the hint and see that 
X , must be adjacent to xy (j ^  i) and v, and to no other point. Hence G —  K 5.

Case 2. Assume G contains a subdivision H of K x and a point v of degree 3 not 
in H but connected to three principal points xv x2, x3 of H. Interchanging the 
role of v and the fourth principal point x4 we get that Г(хх) =  {xx, x2, x3). We 
show that every edge (r, s) of G contains one of xv x2, x3. Suppose not, then 
r, s xv x2, x3, x4, v. But xv x2, x3, x4 and v, together with any one of the sub­
divided edges (xv  x2), (x2, x3), (xv x3), form a subdivision of K 4. Hence (r, s) 
must meet each of these subdivided edges at inner points, which is impossible. 
Thus xv x2, x3 in fact cover all edges. But this clearly means we have graph
(in).

Case 3. There is a subdivision H of K 4 and a point v not in H of degree 3, con­
nected to at most two principal points of H. By the assertion of the hint, the 
neighbors of v must be in H and it is easy to see that at least two of them, 
x4 and ж2 say, must be principal points. The third one, being not principal, 
must be an inner point p  of the subdivided (x3, x4)-edge. Interchanging the roles 
of x3 and v we get Г(х3) =  {xv x2, p}  and similarly, Г(х4) =  {xv x2, p}- We 
claim that xv x2, p cover all edges; then we shall be able to conclude as before. 
Since xv x2, x3, x4, p, v induce a subdivision of K 4, each edge must meet one of 
these points. But those meeting x3> x4 or v also meet xv x2 or p. This settles 
this case.

Case 4. So we may assume each subdivision of K 4 is a spanning subgraph. By 
10.3a, G contains a subdivision H of K 4. Let xv x2, x3, x4 be its principal points. 
Assume that this subdivided K 4 can be chosen so that xx has degree at least 4. 
Let (xv u) be an edge adjacent to xx but not in //. Since H is a spanning 
subgraph, и is a point of H; trivially и must lie on the circuit C of H — xv 
Replacing the subdivided edge (xv xt) (i =  2 ,3,4) by (xv u), we must get 
spanning subdivided K 4 s. Hence x4 is adjacent to x2, x3 and x4. Any point of 
C can, trivially, be adjacent to xx only (except for its neighbors on C). Thus 
G is a wheel.

Case 5. Only one more case is left, when each subdivided K 4 in G is a spanning 
subgraph and its principal points have degree 3 in G. If G =  K 4, then it is a 
wheel. So suppose H has a chord e, which must then connect inner points of 
two subdivided edges of H. Clearly these subdivided edges must be disjoint, 
e.g. (xv x2) and (x3, x4). Now G contains no further point since removing such 
a point the rest of H -\- e would still contain a subdivision of K 4, contrary to 
the assumption. Hence G has six points, a trivial case.
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Remark: By similar arguments we could determine all (not necessarily simple) 
graphs, which contain no two disjoint circuits. Given any such graph, we can 
remove points of degree one and “smooth out” points of degree 2, so it suffices 
to describe these graphs with degrees at least 3. The result is as follows: the 
three types of graphs in the problem with the modification that the spokes of 
the wheel and the edges in the 3-element class of K 3 n_3 may be multiple; and 
there is one new class: take a forest F, and a point x with possibly some loops 
at X, and connect x to F arbitrarily [G.A. Dirac, Canad. Math. Bull. 8 (1965) 
459-463; L. Lovász, Mat. Lapok 16 (1965) 289-299].

5. (a) By 10.3b, G contains a subdivision of K v  If this subdivision is proper, 
i.e. at least one of the subdivided edges has an inner point we easily find a sub­
division of A 2 3. So we may suppose G contains four pairwise adjacent points 
x, y, z, u. Since n >  5, there is at least one more point v. Since G is 2-connected 
there are two independent paths connecting v to two distinct points of x, y, 
z, u. Now x, y, z, u, v are principal points of a subdivision of K 23 (Fig. 75).

(b) Since \E(G)\ >  ‘i n — 5, 5.26 implies that G is non-planar and hence, 
by Kuratowski’s theorem 5.39d, G contains a subdivision of K 33 or K b. In 
the first case we are done, so suppose G contains a subdivision of K & with prin­
cipal points xv . . ., xb. As in part (a), we distinguish whether or not this sub­
division is proper.

1° Suppose the subdivided (xv x2)-edge Q (say) contains inner points. G — 
— {xv x.,} being connected, we have a path P  joining an inner point у of Q

F i g . 76

F i g . 76
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to a point z outside Q. z may have three essentially different positions but in 
either case we easily find a subdivision of K 3 3 easily (see Fig. 76, p. 379).

2°. Suppose xlt . . . ,  x5 are mutually adjacent. Since n ]> 6, we must have a 
further point V. Since G is 3-connected, there are 3 independent paths connect­
ing V to xv x2, (say). Then again a subdivision of K 3 3 is obviously found 
(Fig. 77).

(c) We claim that if a graph has at least 2n — 2 edges and contains no sub­
division of K 3 2, then it is connected and its blocks are s. We use induction 
on n.

Suppose first that a graph G with 2n — 2 edges is not connected, i.e. G =  G y U 
U G2, G1 0 G 2 =  0. Let |F(G,)| =  щ >  0 (i =  1, 2). Then

125(6*1)1 “b |25(Сг2)| esi — 2 =  (2П1 — 2) -f- (2n2 — 2) —|— 2,

whence, e.g.
1 В Д | ^ 2 п 1 - 1 .

Thus by induction, G1 is connected and all blocks of it are K\  s. But, then 
\E(G1)\ =  2n1 — 2, a contradiction. So G is connected.

If G is 2-connected the assertion follows from (a). So suppose it has a cut-point 
X . Let G =  G1 U G2, V(Gx П G2) =  {ж}, |F(G,)| =  Щ <  n. Then

IE{GX)\ +  \E(G2)\ ^  2n — 2 =  (2n1 — 2) +  (2n2 — 2).
As above, we get a contradiction, if

I ОД.) I >  2nt — 2
for any i. Thus it follows that

\E(G1)\ =  2^! — 2, \E(G2)\ — 2n2 — 2
and hence by induction hypothesis, Gv G2 are connected graphs whose blocks 
are 2T4’s. Thus so is G.

A similar argument shows that, if G is a graph with n points and 3n — 5 edges 
containing no subdivision of K 3 3, then G is 2-connected and it is composed of 
complete 5-graphs by the following recursive rule. We take a graph G (already 
constructed) and a complete 5-graph K 5, and identify an edge of G with an 
edge of K b (see Fig. 79a).

F i g . 77



Thus the answer to (c) is: A graph with n points and 
2n — 1 edges if n =  1 (mod 3),
2n — 2 edges if n =  0,2 (mod 3)

contains a subdivision of К 2 3; a graph with n points and

3n — 4 edges if n =  2 (mod 3),
3n — 5 edges if n =  0,1 (mod 3)

contains a subdivision of K 3 3. These bounds are best possible as shown by the 
graphs in Figures 78 and 79 [L. Pósa].

0 .6  § 10. EX TREM A L PROBLEM S FO R  GRAPH S 381

(a) (b) any triangulation of a  circuit 

F i g . 78

F i g . 79

6. We show: (a') If G0 has degrees at most 3, then any graph contractible onto 
G0 contains a subdivision of G0; (b') If G0 has a point with degree at least 4 
this is no longer true.

(a') It suffices to show on the one hand that, if G/e (e =  (u, v) £ E(G)) con­
tains a subdivision H of G0, then so does G. If the point x of Сг/e, which is the

(b) any planar trianqulatiort
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image of e is not a principal point of H, then this is clear; suppose it is a prin­
cipal point. By the assumption, there are at most 3 subdivided edges of H start­
ing from X. If we pull и  and v  apart again, some of these will start from и  and 
some will start from v.  We may assume at most one starts from v ;  then adding 
e to this subdivided edge and considering ад as a principal point we find a sub­
division of G0 in G.

(b') We show that there is a graph Gv  contractible onto G0, with degrees at 
most 3. Let ж be a point of G0 with degree at least 4. Let us split x into d points 
xv . . . ,  xd of degree 1 and connect these by a circuit. Do so for each point 
x with degree at least 4, and denote the resulting graph by Gv Then Gx has 
degrees at most 3 and is contractible onto G0. If G0 has a point with degree at 
least 4, then, clearly, G x contains no subdivision of G0.

A 4-connected counterexample in the case of K 5 is К i 4.

7. Let a £ V(G). Contract edges and cancel the arising multiplicities repeatedly 
so that

(*) the contracted edge is adjacent to the image of a,

(**) \E(G )J_ ^  m  f()r t |)e resulting graphs.
I V(G')\ "  n

Suppose, we get stuck with the graph G0. Let a0 be the image of a in G0. It fol­
lows from (*) above that the subgraph Gx of G mapped onto a0 is connected 
and G — V{Ĝ ) =  G0 — я0.

Let x be any point adjacent toa0in G0 (i.e. adjacent to В(0г) in G). Let if 
denote the number of points of G0 adjacent to a0 and x (this is the degree of x 
in the subgraph of G induced by the neighbors of G,). Try to contract (a0, x) 
and cancel one edge from each of the arising if parallel pairs. Then (**) must fail 
to hold for the resulting graph G'0. Since

|F(G')| =  |F(G0)| -  1,

| В Д |  =  IE(G0)\ - 1 - 0 ,
we have

\E(G0)\ -  & -  1 m 
| F ( G 0) | - 1  n

or, equivalently,

0 >  \E(G0)\ — 1 — —  (I V(G0)I -  1).
n

Since
\ m 0 ) \  ^  rn 
IF(G0) I ”  ад ’

we have

0 > —  |F(G0) | - I -  —  (|F(G0)| — 1) =  — — 1, 
ад ад ад

which proves the assertion [W. Mader; see W].
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8. W e use in d u c tio n  on m . F o r  m  =  3 th e  a sse rtio n  is clear. L e t  m  ~> 4.
By the preceding problem, G contains a connected subgraph G1 such that the

subgraph Go induced by the neighbors of Gt has degrees 
>  2m 3 — 1, so >  2m 3. Hence n

1В Д 1 ^ 2 т~*У(вг),
and thus, by the induction hypothesis, G2 can be contracted onto K m_ v Carry­
ing out the same contraction on G and also contracting Gv we obtain a graph 
which contains K m [ibid.].
9. Induction on k: for к =  1 the assertion is trivial.

Again, let Gj be a connected subgraph as in 10.7, i.e. let the subgraph G2 

induced by the neighbors of Gx have degrees |> 2 k. Then
l^(G2) | ^ 2 k-4 F (G 2)|

and thus, G2 contains a subdivision H of F — e for any e £ E(F). Let xv x2 

be the principal points of H corresponding to the endpoints of e. Since xt £ 
£ V(G2), it is adjacent to some point y, £ F(G4) (i =  1, 2). Since Gt is connect­
ed it contains a (yv y2)-path P. Then

H' =  H  +(*!, у г) +  (x2, y 2) +  P
is a subdivision of F contained in G. [ibid.]
10. I. Let Xj be a point of the 3-regular graph G with girth 4, and let x2, x3, xá
be its neighbors. Then x2, x3, xi must be independent, because G contains no 
triangle. Let x5, x6 be two further neighbors of x2. Thus | V(G) | 6; equality
holds only if x3, a*4 are also adjacent to хъ and x6< i.e. G =  K 3 3.

II. Let (xv . . . ,  xp) be the least circuit in G,p~> 5. Let yt be the third neighbor 
of Xj. By the minimality of the circuit considered, yt does not lie on it and 
у i ¥=У] for i Hence \V(G) \ 2 p >; 10. If equality holds, then p  —  5. 
The only points at distance at least 4 from y x are y3 and yv  so these must be 
the two further neighbors of y x besides xv  Similarly, y 2 is adjacent to yi and 
yb, and y3 to y5, i.e. we get the Petersen graph (Fig. 80).

F i g . 8 0



11.1. Assume first that g is odd. Let xn £ V(0), and denote by <S, the set of
points at distance i from x0 i  =  0........ -— —j . From each point of S( there is

exactly one edge to 8 t_ x, since two such edges would yield two paths from x to 
x() of length i, and these would form a circuit of length less than g. Thus

|S/+1| =  (r — 1) ■ \Si\ i =  1.........- ....... . , and hence
2

|L(Cr)| ^  \S0\ +  ISJ +  . . . -f- ]<Sg-3l =
2 g-3

=  1 -f r +  r(r — 1) +  r(r — 1) 2 .

II. Let g be even and consider two adjacent points x, y. Denote by S, the set

of points at distance i from the set {x, у) (i =  1, — — 1). The result fol-
2

lows b y  th e  sam e co u n tin g  as above [W .T. T u tte ;  P . E rd ő s-Н . Sachs; see S].

12. Assume we have constructed G(r, g) andG(r', g — 1), where r' — | V(G(r, g))\. 
Split each point of G(r', g — 1) into r' points of degree one and identify these 
r' points with the points of a copy of G(r, g). The resulting graph G' is, obviously, 
(r -f- l)-regular. We claim that it has girth g. If we consider a minimum cir­
cuit in a copy of G(r, g), this has length g\ hence G' has girth at most g. Any 
other circuit in copies of G(r, g) has length at least g. Let C be a circuit of length 
s not in the copies of G(r, g). Contract each copy of G(r, g), then G' is mapped 
onto G(r', g — 1). C is mapped onto a non-empty subgraph with even degrees, 
hence the image of C contains a circuit C'. Now C contains at least one edge1’ 
of a copy of G(r, g) and hence, G' has less than s edges. Thus s — 1 >  g — 1, 
s ;> g. Thus G' — G(r +  1, S')-

Now since G(r, 2) as well as G(2, g) exist trivially (r parallel edges and a g-gon, 
respectively) we get that G(3,3), G(4,3) . . . ; G(3,4), C?(4, 4), . . .; . . . ; G(3, g), 
G{4, g), . . . also exist. [P. Erdős-H. Sachs; see S, WV].
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13. (a) Suppose indirectly that а, Ъ £ V(G) are at distance >  g. Remove a 
and Ъ and add r new edges, matching the r neighbors of a with the r neighbors 
of b. The resulting graph G' is, obviously, r-regular.

We show that G' has girth at least g. Let C be a circuit in G'. If C does not 
contain any of the r new edges, then it is a circuit in G and thus, the length of C 
is at least g. So suppose C contains some new edges.

Now consider a path P  in G — {a, b} joining two endpoints of the new edges. 
If P  joins a neighbor of a to a neighbor of b, then, since a, b are at distance 
at least g -\- 1, P  has length at least g — 1. If P  joins two neighbors of a (or 
b), then with two further edges it forms a circuit of G through a (or b) and hence, 
it has length at least g — 2.

Now if C contains only one new edge, then it contains a path joining the two 
endpoints of this edge. By the above argument, this path has at least g — 1 
edges and thus, C has at least g edges.

t  A t leas t s /2  such  edges, in  fa c t; b u t  we do  n o t use th is  observation .
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On the other hand, ifj C contains at least two new edges, then it also con­
tains at least two paths connecting endpoints of these. Hence its length is 
at least

2 +  2(flr -  2) >  g.
Thus G' is r-regular and has girth at least g. Since \V(G')| <  \V(G)\, this is 
a contradiction.

(b) I. Assume r =  2/. Let ж £ V(G). Remove x and join the 21 neighbors 
of it by new independent edges. The resulting graph G' is clearly r-regular. 
Since \V(G')\ <  |F((?)|, G' must have girth less than g, i.e. it must contain 
a circuit C with length less then g. Obviously, C contains some (at least one) 
new edges; let ev . . . ,  es be these edges and let them split C into arcs P v . . . ,  Ps. 
We observe that P, forms a circuit in G when we add the two edges joining its 
endpoints to x, thus |P(P,) j ]> g — 2. Hence

g >  \E(C)\ > s ( g  -  2) +  s =  s(g — 1).

Thus s =  1, i.e. C consists of a new edge e1 and a path P 1 connecting its end­
points, such that P x C 6  — {ж}. It also follows that P x has g — 2 edges, i.e. 
joining its endpoints to x we get a circuit of length g in G.

II. Assume r =  2 l 1. If <7 =  2 or 3, then G consists of r parallel edges 
and G =  K r + 1  respectively. Thus we may assume g ]> 4.

Let (x, y) £ E(G). Remove x and у from G and pair up the 21 remaining neigh­
bors of x as well as the 21 remaining neighbors of y. The resulting graph G' 
is r-regular again. Since \V(G')\ <  \ V{G)\, G' contains a circuit C of length 
less than g. Again, let ev . . . ,  es be the new edges on C and let them divide C 
into arcs P v . . . ,  Ps. Note that

|F(P )| >  Я ~   ̂ ^  j°ins two neighbors of x or two neighbors of y,
— g — 3 if P, connects a neighbor of ж to a neighbor of y.

Thus,
g >  \E(C)\ >  s(g — 3) +  s =  s(g — 2),

whence s =  1 as g 4. Now we conclude as before that P 1is contained in a 
circuit of G of length g, which passes through ж or y.

(c) Let ж £ F(6r). By (a), any point of G can be reached from ж by a path 
of length at most g. But there are

^  r(r — IF'- 1
paths of length j  starting from ж (some of them may terminate at the same 
point; some may come back to ж) and thus,

|F(G)| ^  1 +  r +  r(r -  1) +  . . .  +  r(r -  l)«-1 =

=  1 + - M ( r -  l)g -  1) < — —  ( r -  1)*
[ibid.].
14. Take a maximal graph G', which arises from G by adding independent 
edges and which has girth at least g. Assume indirectly that G' has a point и 
of degree r. Then for reasons of parity, it has another such point v.

25 Lovász
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Let S be the set of points of O’ at distance at most g — 1 from [u, v). Each 
point w oi O' outside 8  must be of degree r 1, otherwise the edge (u, w) 
could be added to G'. Since by a computation similar to that in the solution 
of 10.11 we have

\8 \ <  2(1 +  r +  . . . +  r*-1) <  2rg <7 — I F(ö) I,
2

it follows that there are two points x, у  outside 8  connected by an edge of 
E{G') — jE(G). Now G' — (x, y) -f- (x, и) +  (x, v) is a graph with girth at least 
g, arising from G by addition of independent edges, and larger than G', a contra­
diction.

15. (a) Let U be the set of points and W the set of lines of the projective plane 
over GF(p). Connect и £ U to w £ W iff и £ w. The resulting bipartite graph 
is clearly (p +  l)-regular and has 2 (p2 -|- p  -)- 1) points. To show it has girth 6, 
note that it contains no quadrilaterals; in fact, if (uv wv u2, w2) were a circuit, 
then the lines wv w2 would have two points in common uv u2. It contains no 
circuits of length 3 or 5, because it is bipartite. Any triangle in the plane 
yields a hexagon in the graph.

(Ъ) Consider the hypersurface If =  {x: xTx =  0} in the 4-dimensional 
projective space over GF(p). First we prove some geometric properties of §.

(i) §  contains no plane. Suppose indirectly that я is a plane contained in If 
and let u ,v £ n .  Then uTu =  0, vTv =  0 and (u +  v)T{u -f- v) =  0 (since 
u, v and u -j- v are vectors representing points of я). Hence it follows that 
uT v =  0. Hence if V denotes the linear subspace of the 5-dimensional vector 
space formed by homogeneous coordinate quintuples of points of л, we have 
V c; Fx. But this implies that dim V± j> dim V — 3, contradicting 5.31.

(ii) There are exactly p  +  1 lines of §  through each point b of §.  Let 27 =  
=  {x: bTx =  0} be the “tangent hyperplane” at b. Each line through b is 
contained in 27; for if v is a point of such a line then as in (i), it follows that 
bT v =  0. Conversely, if v £ §  П 27, then all points of the line spanned by 
b and v belong to If П 27.

Let л be any plane in 27 avoiding b. Then я П If is a conic section, which is 
non-degenerate since if it contained a line, then this, together with b, would 
give a plane contained in If, contradicting (i). So я П If has p -\- 1 points as 
is well known. Now the lines in If through b are exactly those lines connecting 
b to the points of я П If, so their number is p  +  1-

Let us note that these considerations together with (i) also imply that no three 
lines in §  form a triangle.

(iii) I of I =  p3 +  p2 +  P +  1- Observe that given any line A and point b on 
§  — A, there is a unique line on If containing b and meeting A. In fact, the 
tangent hyperplane 27 at 6 cannot contain A, so 27 intersects A in a single point 
a, and then the line ab is this unique line. Thus, if we consider any line A, 
there are p +  1 points on A, p  further lines incident with each point of A, and 
any point of If is incident with exactly one of these lines. Hence | of — A \ — 
=  p2(p +  1), which proves the assertion.
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Since each line contains p +  1 points and each point is incident with p  +  1 
lines of IP, the number of lines of IF is the same. Let £ denote the set of lines 
of

Now form a bipartite graph on §  U £ by connecting Ъ £ §  to Л £ £ iff b £ A. 
The resulting bipartite graph is (p +  l)-regular by (ii) and has 2(p3 +  p2 +  
+  p +  1) points by (iii). It contains no 4- or 6-circuit, since a 4-circuit would 
correspond to two lines on IF meeting in two points and a 6-circuit to 3 lines 
on IF forming a triangle, both impossible.

16. (a) If Z represents all circuits, then V(G) — Z spans a forest and hence, it 
spans at most n — \Z\ — 1 edges. Since each point has degree at least 3, there 
are 3(n — \Z\) edges leaving the points of V(G) — Z. The edges spanned by 
this set are counted here twice but still we have at least

3(n -  \Z\) -  2(» -  \Z\ -  1) =  n -  \Z \  +  2
edges connecting V(G) — Z to Z. On the other hand, a point of Z is incident 
with not more than d edges, hence the number of (F (G)—Z, Z)-edges is at most 
d.\Z\.  Thus

d ' №\ őü n — \%\ 4" 2
or, equivalently,

d +  1
(b) We may suppose g 3, as g =  1, 2 are trivial.

Let d denote the maximum degree in G. The same counting as in 10.11 yields

™ ; > l - M + 2 d + . . .  +  2^V]  , d = i +  й ( 2 ^ ]  _  i).

Now by (a), any set Z representing all circuits satisfies

|7i ^  " +  2 >  3 +  d(2M  -  1) 3 +  3 ( 2 ^ ]  -  1) ^  3 _ 2i/2
d — 1 d 4 1 ' " 3 +  1 8

[H.-J. Voß, M. Simonovits; see WV],
17. Let Gv G2, . . . , Gv be defined as in the hint; 6rv+1 =  0. One may assume 
that the girth of each Gt is at most g, otherwise we could consider Gt instead 
of G. Hence | F ^ )  U . . . U V(Cv)\ <  vg.

On the other hand, it is easy to verify that F(CI1) U . . .  U V  (Cv) represents 
all circuits of G. Thus part (b) of the preceding problem yields

|Т(СХ) U . . . U F(Cv) I ^  -  2 gli.
8

Hence

V ^ — 2*/2,
8<7

as stated [ibid.].

25*
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18. (a) V =  1 means that any two circuits of G have a point in common. If G 
is not simple, i.e. it contains a loop or two parallel edges, then all circuits are 
covered by 1 or 2 points, respectively. So we may assume G is simple. Then 
by 10.4, G is one of the graphs displayed in Fig. 8. The circuits of K 5 are covered 
by any 3 points of it; those of the wheel are covered by the center and any one 
point of the rim; those of the third example {K3 n_3 with some edges added 
in the 3-element class) are covered by any two points of the 3-element class 
[B. Bollobás, L. Pósa].

(b) We use induction on V(G). We may assume that G has no points of 
degree 1 or 2, because these could be removed and “smoothed out” , respec­
tively. Remove the points of a shortest circuit. By 10.16b, the length of this 
satisfies

9 <; 4 log2 r.
Let t' denote the minimum number of points of covering all circuits of the 
remaining graph. Clearly

*  ^  t '  +  9-

So using the induction hypothesis,

v > +  1 ^  — 5 1 -  +  i > i l l  +  i > — 1— .
4 log t' 4 log г 4 log г 4 log r

(c) Let G be a 3-regular graph with girth g and minimum number n of 
points. By 10.13c,

7Ъn <  3 • 2s, or g >  log 2 — .
3

By 10.16a, we need at least n/4 points to represent all circuits, i.e. n <[ 4t. 
Furthermore,

. n . n . 4t
------------- <s--------•

9 l°g2 W 3) log2 t.
[P. Erdős-L. Pósa; this proof is due to H.-J. Voß, in: Theory of Graphs 
(Akadémiai Kiadó, Budapest 1968) and M. Simonovits, Acta Math. Acad. Sei. 
Hung. 18 (1967) 191-206; also see WV.]
19. Consider G1 =  G — x. Since G is 2-connected, G1 is connected.

1°. If G1 is 2-connected, then let xy be any point adjacent to x. Since 
dGl(z) j> к — 1 for every z ф х у, у (for every z ф у ,  in fact) there is an (xv y)- 
path of length at least к — 1 in Gv Adding (x, xy) we get an (x, y)-path of 
length at least k.

2°. Assume Gy is not 2-connected and let Gy =  A U B, | V(A) П F(B)| =  1. 
Choose the notation so that у £ V(A) and suppose В is minimal. Then В is, 
obviously, 2-connected. Let {yx} =  V(B) П V{A). Since G is 2-connected, x 
must be adjacent to a point xy £ V(B) — {)/L}.

Now each point z Ф y x of В  has degree at least к — 1, hence В contains an 
(xv í/jJ-path P  of length at least к — 1. Also, let P 2 be a (yv  y)-path in A; then

P =  P y - \-P 2 -\-(x, ^j)

is an (x, j/)-path in G of length at least k.
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20. Let X  be defined as in the hint. Obviously, all paths arising by repeated 
deformation from P have the same points, thus X  CZ F(P). Let X  — {x0 , 
xu, . . . , xit, xm} (0 <  i x <  . . . <  it <  m). We claim that

Г(Х) c  {a ,̂ xm_i, xiv±i: v =  1 , . . . ,  í} U Z

(whence |P(X) — X\ <  2 t — 2).
Let и £ Г(Х), и (j X.  Then и is adjacent to a point v £ X.  Since, by definition, 

v is an endpoint of a maximum path whose points are the points of P, и must 
belong to P. Let и =  xt.

By the definition of v, there are paths P 0 — P, P v . . .  , P S such that P i + 1  

arises by deformation from P, (i =  0, . . . , s — 1) and v is an endpoint of Ps. 
If both edges (xit х ^ х) and (xh xi+,) belong to Ps then let, say, (xit xi+ j) be 
the first edge of the (u, u)-arc of P s. Then xi + 1  is an endpoint of a path arising 
from Ps by deformation, i.e. xj+, £ X  and we are finished.

So suppose, e.g. that (xi+1, x() E(PS). Then there is an index j, 0 < ? < 5 - l  
such that (xi+1, Xj) £ E(Pj) but (xi+1, xt) $ E(PJ+1). Since Pjf  i arises from 
Pj by deformation, this can only happen if one of xl+v xt is the endpoint of 
Pj+ v Since Xj ({ X,  we must have xi+ x £ X  and we are done again.

Thus we know that
\ Г ( Х ) - Х \ < 2 \ Х \ - 2 ,

whence, by the assumption, |-3T| k +  1. Let X x ez X,  |̂ l х| =  k. Then by 
the assumption

Щ Х^  -  >  2|Xj| -  1 =  2k -  1
and since

и Г(Хг) c  F(P),
we have

|F(P)| >  |Xj| +  IГ(Хх) -  Xj\  ^  * +  2 k -  1 =  U  -  1.
The assertion is sharp for any к as is shown by any graph consisting of disjoint 
complete (3к — 1) -graphs [L. Pósa, Discrete Math. 14 (1976) 359-364].

21. (a) Suppose indirectly that G has no Hamiltonian circuit. Let us add edges 
to G as long as we do not form a Hamiltonian circuit. Since condition (a) 
remains valid (by the way, so do (b), (c), (d)) we may suppose G is already 
saturated, i.e. adding any new edge to it, a graph containing a Hamiltonian 
circuit arises. Let (x, y) (j E(G), and let H be a Hamiltonian circuit of G +  
+  (x, y). Then G contains a Hamiltonian path P  =  (zx =  x, z2, . . . , zn =  y) 
connecting x to y.

Let zh, . . . , zik be the neighbors of x on P, 2 =  i 1 <  i 2 <  • • • <  ik <! n. Then 
у cannot be adjacent to ziv_\ (1 <; v <  k); otherwise, (zx, . . . , z,„_i, zn, 
zn_v  . . . , ziv) would be a Hamiltonian circuit. Hence

7Ь 71dG{y) <ra — 1 — к =  n — 1 — da{x) <  n — 1 ----- <  — ,
2 2

a contradiction.
We next assume (d) holds. We again may assume G contains no Hamiltonian 

circuit but joining any two non-adjacent points by an edge a Hamiltonian 
circuit arises. Let xk, xt be a non-adjacent pair with к -\- l maximal (к <  l).



Then xk is adjacent to xi+v . . . , xn, hence
(1) dk > n  — l :
also, Xi is adjacent to xk+v . . . , xt_ v xl+1, . . . xn, i.e.

(2) dl '>i n — к — 1.

The same argument as used in (a) yields
(3) dk d, <  n — 1.
Now from (2) and (3),

(4) dk <  n — 1 — d[ <  (n — 1) — (n — к — 1) =  к.

Set m =  dk. Then by (4), m~>k  and thus, dm> d k =  m. Also, (3) implies 
that

7 nm  =  ak <  — .
2

Thus by the assumption,

dn-m ^>n — m =  n — dk > d i  -\- 1.
It follows that

n — dk =  n — m >  l,
or, equivalently,

dk <  n — l,
which contradicts (1).

72/
If (b) holds, then, obviously, (d) holds. Suppose (c) holds, and let dk <  к <  —,

2
l =  n — k. Then by (c), either d, l or dk +  d, >  l +  к =  n, whence dt >  l. 
Thus (d) holds again and the existence of a Hamiltonian circuit follows [see В].

22. Let G be a simple graph, which does not contain a Hamiltonian circuit 
through the edges in F. We may assume that, adding any edge to G, we already 
have such a Hamiltonian circuit (because in the complete graph on V(G), 
there is a Hamiltonian circuit through F, as F consists of disjoint paths). 
Let (x, y) ([ K(G). Then there is a Hamiltonian circuit in G -j- (x, y) through 
F, i.e. there is a Hamiltonian path P  in G through F connecting x to y. Let 
P =  (x =  zv z2, . . . , zn =  y). Let x be adjacent to z(l, . . . , zik (2 =  <
< . . . . <  ik <  n). As before, it follows that z,„_i (1 <[ v <  k) can be adjacent 
to у only, if (z/„_i, ziv) £ F. Thus, at most n — 1 — к -f- q points are adjacent 
to y. Hence

390 SOLUTIONS 10.22

This is clearly impossible.
Remark: One could give analogous generalizations as in the preceding 

problem [see В].

23. Add a point у and connect it to all points. The resulting graph on 2 n +  2 
points has degrees at least n +  1 and has a Hamiltonian circuit by Dirac’s

( 1 ) da(y) +  da(x) <Ln +  q — 1.
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theorem 10.21a. Removing у  we still have a Hamiltonian path (x0, . . . , x2n) 
in G. Suppose G has no Hamiltonian circuit, then we have the following rule:

if xQ is adjacent to xh then x2n is not adjacent to x,_1.
Since the degrees of x0 and x2n are n, it must hold that if x0 is not adjacent 
to Xj then xn is adjacent to xt_ v

Suppose first that x0 is adjacent to xv . . . ,  xn and x2n is adjacent to xn, . . .  
. . . ,  x2n_v There is an i, 1 <^i <,n  such that x, is not adjacent to x,; then xt is

adjacent to Xj for some n <  j  <! 2re — 1, because da(xt) =  n. Then the circuit 
(xit Xj_v . . . , x0, xi+1, . . .  , Xj_v x2n, . . . ,  Xj) is a Hamiltonian circuit (Fig. 81).

Now let 1 <[ г <j 2 n — 1 be such that xi + 1  is adjacent to x0 but xt is not. By 
the above argument, xi _ 1 is adjacent to x2n. Thus G contains a (2 n)-circuit 
i î— ...........37)’ ^i+V • • • ’ n)‘

Let C =  (yv . . . , y 2n) be a (2w)-circuit in G, and let y0 be the last point. 
Since G is a maximum circuit in G, y0 cannot be adjacent to two neighboring 
points of G; so it must be adjacent to every second point on C, to y v yv . . . 
. . . ,  y2n+v say. Replacing y2i by y0 we get another maximum circuit and so, y2i 
must also be adjacent to y v y3, , y2n_ v  Now we observe that y x is adjacent
to y0, 2/2, - - - , y 2n, i.e.

da(y i) >  n +  1,
a contradiction [C.St.J.A. Nash-Williams, Proc. Amer. Math. Soc. 17 (1966) 
466-467].
24. Let x, у  £ V(G), we prove that they can be connected by a Hamiltonian 
path. We may assume (x, y) £ E{G), since connecting x, у by a new edge 
influences neither the assumption nor the conclusion.

Subdivide the edge {x, y) by a new point z. Then it is easy to see that the 
resulting graph G' has a Hamiltonian circuit, if and only if G contains a Hamil­
tonian path connecting x to y.

Now the degrees of G' are
2 <  d 2 <J . . . <) d„+1,

7Ъ I Xwhere d 2 <[ . . . <  dn + 1  are the degrees of G; hence d 2 > ---------  by the
2

assumption. Since \V(G')\ =  n -)- 1, Pósa’s condition (b) in 10.21 is satisfied

Fm. 81
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and hence, G' has a Hamiltonian circuit. Thus, G contains a Hamiltonian 
path connecting x to у [see В].

7Ъ25. Let G =  (xv  . . . , xm) be a longest cycle in G. Then | F(C)| >  —. In fact,
2

let Q =  (Zq, . . . , zp) be a longest (directed) path and zu......... zllt ( i x <  . . . <
<  ik) be those points of G for which (ziv, z0) £ E(G) (they obviously lie on Q). 
Then ik )> к >  n\2 and thus, the cycle (z0, . . . , zik) has length >  nj2.

Suppose C is not Hamiltonian and let P  =  (y0, . . . , yt) be a longest path
in G — V(C). We have (u, y0) £ E{G) for at least —— l points и not on P.

2 n
All these points belong to C; let us denote them by xh, , Xj,, t  )> — — l.

7Ъ
Similarly, there are points Xjx, • . . , Xjs, s )> ----- l such that (yt, Xjv) € E(G),
1 < , v ^ s .  i2

Now observe that if xiv ^  Xj ,̂ then the (xiv, ж^)-агс of C must be at least as 
long as l +  2 ; for otherwise, this arc of C could be replaced by (xlv, Уо) +  -P +  
+  (yh Xjp). Thus if we consider an arc A v of C, starting at ж,-„+1 (xm+i — xi) 
and having length l, (1 <C v t), then

v=  1 

t
But it is easy to see that (J V(Av) and thus

v=l
5 <  m — (t -f l)

or, equivalently,
+  i +  —  l l ~  n -  l

But P  has l +  1 points out of n — m, thus
Z -|- 1 <  ?г — m, m <. n — l — 1, 

a contradiction [C.St.J.A. Nash-Williams; see В].
26. Let G be a maximum circuit in G. Suppose indirectly that G is not a Hamil­
tonian circuit. Then G — V(G) is non-empty; let Gl be a component of it. Let 
xv . . . , xs be those points of G adjacent to Gv Observe that no two xt are 
neighboring points on G by the maximality of G. This implies that {aq, . . . , z j  
separates G and hence, s^>Jc. Going around C in a given direction, let y v  . . .  ,ys 
be the points following xv , xs.

Now we claim that y lt . . . , ys are independent. Suppose indirectly that yt 
and уj are adjacent, then remove (xit yt) and (Xj, yj) from C and add (yit y}) 
and an (xi} x;)-path through Gx] the resulting circuit is longer than G, a contra­
diction.

Also, no у i is adjacent to Gx and thus, selecting a y0 £ V{Gl), the set S  =  
— {Уо* Ух......... Vs) will be independent. But

\S\ =  s + l ^ k + l ,

a contradiction [P. Erdős-V. Chvátal; see В].
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27. (a) L e t P  =  (x0, x t , . . . , x m) b e  a  longest p a th . T h en  a ll ne ighbors o f  x 0 
a re  on  P ;  since d G(a;0) >  k, one o f  th e se  neighbors is  xt w ith  к <, i <1 m. T hen  
C =  (x 0, . . . , Xj) is a  c ircu it o f  len g th  i -f- 1 к +  1-

(b) Let P  be a longest path as above. Suppose first that there are points 
X(, Xj such that i <  j, xt is adjacent to xm and x jis adjacent to x0. We may 
assume у — г is minimal among such pairs of indices. Let C =  (x0, . . . ,  xit xm, 
Xm_ v . . . , Xj ) .  If j  =  i -f 1, then C has length m 1 and must be a Hamilto­
nian circuit, since otherwise there would be a point outside C connected to G, 
which would yield a path longer than P. So we may assume that j  ]> i +  2. 
Then xi+ j, . . . ,  an_ j are not adjacent to x0 or xm, hence G contains xm, all 
neighbors of xm, and all points xv for which xv + 1  is adjacent to x0, except Xj_v 
These points are distinct and hence C has at least 2 k points.

So suppose that the last point xt adjacent to x0 comes before the first point 
Xj adjacent to xm (possibly xt =  Xj). Since G is 2-connected, there are two dis­
joint paths P 1, P 2 connecting the circuits G1 =  (x0, . . . ,  xt) and C2 =  (xj, . . . 
. . . , xm). We may assume that one of them starts at X{, for otherwise we can 
walk on the path (xh . . . ,  Xj) till we hit either C2 or P v, and replace an appro­
priate piece of P v by this path. Similarly, we may assume that one of P v  P 2 
ends at Xj. It may be that the same P v ends at xf and Xj or not; but in both 
cases we get a circuit which contains x0, xm and all neighbors of them as shown 
in Fig. 82. This circuit is longer than 2k [G.A. Dirac, Proc. London Math. 
Soc. 2  (1952) 69-81].

F ig. 82

28. For n <, к the assertion is void, so suppose n >  k. If G has a point x with
/ и _2 \Jc

degree at most k/2 , G — x has more than -----------edges and so, by the indue-
2

tion hypothesis, G — x contains a circuit of length greater than h. Thus we may
1c _|_ i

assume that every point of G has degree at least------- .
2

Also, if G is not 2-connected, say G =  G1 U6?2 with IFfG )̂ П F(02)| <  1 
then, by

\щвг)\ +  № ) I > ^ ~ : 1)^ A (1 F (Q 1)| +  |F(G2) | - 2 ) ,
Zi A



it follows that for i =  1 or 2,

\W i ) \  ^ ( I F i e , ) ! - 1)

and induction works again. Thus we may suppose that G is 2-connected. Then 
10.27 implies that G contains a circuit of length at least к +  1.

The result is sharp for graphs whose blocks are K k s. [P. Erdős—T. Gallai, 
Acta Math. Acad. Sei. Hung. 10 (1959) 337-356].

29. Let P  =  (0, 1, . . . ,  N) be any path in G. Let P x be a (P , P)-path with end­
points i x =  0 and j i such that j l is maximal. Suppose the (P, P)-paths B v . . . 
. . . ,  Bk have been selected, Bv has endpoints iv <  jv and jk <  N. Let Bk + 1  be 
a (P, P)-path connecting {0 ,. . . ,  j k — 1} to {jk -f- 1, . . . , N}  (such a path 
exists as G is 2-connected) and let j k+  x be as large as possible. If j k =  N  we stop; 
let s be this value of k.

It follows from the definition that
o <  j l  <  h  <  • • • <  is =  N.

Also,

ifc+l ^  jk -1>
since otherwise Rk+ x could have been chosen for Rk. Thus we have

0 =  i i < i 2 <  j 1 < , i 3 < ) * < , ■ --<L is <  js- 1  <  is-
«Similar reasoning shows that B v . . . , Bs are independent paths. Thus P  U 
U P x U . . . U Bs has the structure indicated in the hint.

Suppose that s =  2 p -)- 1 is odd (the even case can be treated similarly and is 
left to the reader). Then the arc between i p + 1  and j p + 1  is not longer than l — 1 
since it forms a circuit with Rp+1. Similarly, the (ip, ip+1)-arc and (jp+v jp+2)- 
arc of P  form a circuit with Rp, Rp+1, йр+2 and the (jp, ip+2)-arc of P  (this 
latter may degenerate; Fig. 83) and hence their total length is at most l — 3. 
Similarly we get that the sum of lengths of the (iq, iq+ x)-arc and the 
(j 2p+i-q ?2j5+2-?.)-arc is at most l — (p -f 1 — q). Thus

№ 1  ^  (I — 1) +  (Í — 3)
4

which proves the assertion [H.-J. Voß, G. Dirac, see WV].

394 SOLUTIONS 10.29

Fio. 83
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30. Let x, у  £ V(G), (x, у) £ E(G). Any z £ V(G) — (x, y} is adjacent to at 
most one of x, y. Hence

(d{x) — 1) +  {d(y) — 1) <: n — 2, d{x) +  c%) <  n.

Sum this over all edges (x, y), then we get each d(x) exactly d(x) times on the 
left-hand side, i.e.

2 d \ x )  < n  ■ \E(G)\.
X

Here

2  *(*> ^  1  ( 2  dW )2 =  1 1EW  I2-
x  x

thus

±-\E(G)\*^n\E(G)\, \ E ( G ) \ < ^ .

[W. Mantel, Wiskundige Opgaven 10 (1906) 60-61. Other simple proofs can be 
obtained by specializing the solutions of Turán’s theorem 10.34 and 10.35.]

31. Let x be any point of G. Then no two neighbors of x can be adjacent, hence
d(x) <; «(<?).

Now let N be a minimum point cover of G. Then each edge of G is represented 
by a point in S, thus

\E(G)\ ^  J?d(x) <  a(G) ■ \S\ =  a(G) ■ r(G).
xlTs

Since

«(g) ■ T(g) <  ( “(C) + t(0) Г =  A )1 = £ ,
I. 2 2 4

the result in the preceding problem also follows from this.

32. Let us call a triple {x, y, z} bad if it does not span a triangle of G or G. 
Then the number of bad triples such that exactly one edge spanned by them 
contains the point x is d(x)(n — 1 — d(x)), so

d(x)(n — 1 — d{x))
X

counts the bad triples twice. The number of triangles in G and G together is, 
therefore,

ív)  1
------- JF d(x)(n — 1 — d(x)).

3) 2 xev(G)
(a) If G is ^-regular this formula reduces to

П ----—nk(n — 1 — k)
3] 2

as stated.



(b) We have а д ( „ _  ; _  а д )  ^  K ^ i j !

and hence, the number of triangles in G and G is at least 

n\ n ín — 1 2 _  n(n — 1)(?г — 5)
3j 2 2 } -  24

Note: This is positive for n > 5 , which is a very special case of Ramsey’s 
theorem (§ 14) [A.W. Goodman, Amer. Math. Monthly 66 (1959) 778-783].
33. Let (x, y) £ E(G). Then at least d(x) -j- d(y) — n points are adjacent to 
both x and y, i.e. at least this many triangles contain (x, y). Hence

V  2  (<*(*) +  % ) -  n)3 (x, y)  6 E(G)

estimates the total number of triangles from below. Since d(x) occurs in this 
sum exactly d(x) times, the number of triangles in G is at least

— ( 2  d(x)2 — nni).
3  x €V(G)

By the Cauchy-Schwartz inequality, this is

( У  d[x)Y
. 1 X ' 1 4  m l  n2>  — -----------------nm = ------ m -------.

3 n 3n 4
[ibid.]
34. We use induction on m. For m =  1 the assertion is void.

Let H be a complete /c-graph in G (such a subgraph exists by induction on k, 
or let us ’’saturate” G by adding edges as long as no complete (k +  l)-graph is 
produced, and consider this saturated graph rather than G). If G contains no 
complete (k +  1)-graph, each x f  F(6) -  V{H) is adjacent to no more than 
к — 1 points in H. Hence the graph Gx =  G — V(H) has more than

m2 — (k — 1 )(m — k) — [ =  (m — l)2
2 ) \2 j \2j

edges. By the induction hypothesis, this implies that Gx contains a complete 
(k +  l)-graph and hence, so does G.

The equality is attained when V(G) =  Vx U . . .  U V k, 1F,| =  m and two point 
points are adjacent iff they belong to different sets F,-.

If n =  mk -j- r then we claim that the most number of edges in a simple graph 
without triangles is attained when G =  Hn ,,, V{Hntk) =  F jU  . . .  U Fft,
1F 1| =  . . . =  |Fr| =  m +  1, |Fr+1| =  . . . =  |Fft| =  m and again, two points 
are adjacent iff they belong to different classes. This number of edges is

(m +  l)2 +  r(k — r) m(m -f 1) +  Í Г m2.
2 ) I 2
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This claim is trivially true if m =  0 and can be proved by induction on m in 
the same way as above [P. Túrán; see B, S].

35. Let X be a point with maximum degree and denote by G0 the subgraph 
induced by the neighbors of x. Then there is a graph II0 on V(G0), which is 
(k — l)-chromatic and satisfies

^h„(z) :> daXz) (z 6 F(G 0));

this follows by induction on к since G0 contains no complete &-graph. Define 
H on V(G) by connecting all points of V(G) — V(G0) to all points of F(6'0) and 
also all pairs of points adjacent in H0.

Obviously, H is ^-chromatic. Also,

dH(y) =  i m , ) l  =  do(x) >  da(y) (У í  F ( ö 0)),

dH(y) =  |F(G)| -  IV(G0) I +  d„.(y) ^
>  I V(G) I -  I V(G0) I +  dGo(y) >  dG(y) (y 6 F(G0)).

Note that Turán’s theorem is an immediate consequence. For let A v , Ak 
be the color-classes of H, |A, | =  a{. Then a 1 -f- . . . -f- ak =  n and

№ l  =  v  2 1 <*(*)<-J- 2  dH ( * ) = \ E m <  2  a‘ai-2 xeV(G) 2 x iv(H) Ш<^к
The right-hand side is maximal if the s are as nearly equal as possible, i.e. 
ax =  . . . =  ar =  m -f- 1, ar + 1  = . . . . =  ak =  m. This gives Turán’s bound 
[P. Erdős, Mat. Lapok 21 (1970) 249-251].

36. (a) Suppose G is a simple graph on n points containing no 4-circuit. Let us 
count those pairs {x, y) of points both adjacent to a third point г.

For a fixed z, we count ^  such pairs. On the other hand, each pair x, у is
2

counted at most once since if it were counted both with z 1 and with z2, then 
(x, zv y, Zo) would form a quadrilateral. Hence

у  {d{z)\ <  (n
zev(G) . 2 j [2

Here by Jensen’s inequality,
№ ) | >  ж / 2 \E(G) j \ =  i m ) ! 2 \E(G)\ n

z€ V(G) 2 I n  I П

and thus
«и >иЗ _m -ii2

\E(G)\z ~  — \E(G)\ < - ------—,
2 4

whence

\E(G)\ —  + 2  =  1 +  у й Г ^ З )  ~  — n3/2.
4 16 4 4 2
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(b) Let the points of V(G) be the points of the projective space over GF(p), 
and connect points [x, y, z] and \u, v, w \ ifi' xu -f- yv -)- zw =  0 (this means, if 
they are conjugate with respect to the conic section x2 -f- y2 +  z2 — 0; we use 
homogeneous coordinates).

The points adjacent to any given point и form a line of the geometry (the 
polar of и), which goes through и iff и is on the conic x2 -f- y1 -f z2 =  0. Hence G 
has p +  1 points of degree p and the remaining p2 points of degree p +  1. 
Thus

\E(G)\ =  ~  (p(p +  1) +  (p +  1 )p2) = ~ P ( P  +  l)2 =
A A

=  ( f 4il _  3 _  i).
4

On the other hand, G contains no 4-circuit. In fact, if u, v are two points, then 
their polars meet in a single point (since they are trivially distinct lines), so 
any two points have at most one common neighbor [I. Reiman, Acta Math. 
Acad. Sei. Hung. 9 (1959) 269-279].

37. Let m =  \E(G)\, V(G) =  {xv . . . , xn}, dG(xi) =  d{. Since G contains no 
K r r, any given r-tuple in V(G) is contained in the neighborhood of at most
r — 1 points. The neighborhood of xt contains 1 r-tuples. Thus

r

J h < >  — i>(n).
ы\ I n  И

We are going to estimate the left-hand side from below using Jensen’s inequal- 
ity. Unfortunately, is convex only for x i > r  — 1. But set

X if x ]> r — 1,
/(*) =  In

о if x <; r — i,
then f(x) is convex and, since dt is an integer, we have

2  di\ =  2 f W  ^ n - f  -  +  "  ‘ +  dn\ =  nf[—  ■
i  *= 1 И  /=1 ^

2 yyi 2 ш
Now, if —  <  r — 1, we have nothing to prove. Suppose —  )> r — 1, then we 

have /2m\
, n [n \ ^ AL idA \  t '2m\ n

\r) i“\ \ r )  n ) \  r J
Here /2 m\ 12m К

I —  I ■—- — f -j- 1n nr \ n \ П
(r — 1) <  (r 1) г , П 1 > n - -------- j--------\r j r ! \ r / r\



and thus ( 2m , , r . ,. „ ,------ r +  1 <  (r — l )^ “1,
l n

\____  2-1  2-1
2m <  ]/r — \  • n r -f (r — 1 )n <  C • n r

[K. Zarankiewicz’s problem; T. Kővári—V.T. Sós—P. Túrán, Colloqu. Math. 3 
(1954) 50-57].

38. (a) We use induction on 1c. For 1 = 1  the assertion is true. Let 1 i> 2 and
s =  — t . If n is large enough then, by the induction hypothesis, we find к

e
disjoint s-sets A lt . . ., A k such that any two points in distinct sets A, are 
adjacent.

Now let W denote the set of those points in U = V (0 )  — A 1 — . . . — A k 
adjacent to at least t points in each A,-. Then there are at least

( IÍ71 — | JF|)(s — i) >  ( IС/1 — |W|) (1 — e)s =  (n — ks — |JF]) (1 — s)s
edges missing between U and A t U . . . U A k. On the other hand, there are at
most ——  s n edges missing from a given point and hence, there are at most

к

Isj-i-—  e n =  (1 — к e)sn

edges missing between U and A x U . . . U A k. Thus
(n — ks — |JT|)(1 — e)s <j (1 — ks)sn,

whence
\W\ > - ^ — n - k s .

1 — e
Thus W gets large if n is large.

Select t points adjacent to w £ W from each A h for all w g W. If

\w\  1),
i

then we necessarily select the same f-tuples for t distinct points in W. But these 
t points together with the к i-tuples belonging to them form a desired subgraph.

1 e l(b) Remove a point with degree less than 1 -------- 1-----• | V(G)\ (if any);
к 2 j

do so again for the resulting graph and so on. Suppose we get stuck, i.e. we get
a graph H with all degrees at least 1 ----— +  — [P( # ) |. Then if N  =  | V(H)\

к 2

is large enough, the preceding problem implies the assertion. Thus it suffices, 
to show that N  cannot be too small (and that we get stuck at all, i.e. N  ^  0). 
In the construction of H we removed altogether at most

■ д л - т - т и т - г л н - т * ^
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<  f h  -  И ) Í1 - — + — I + ( » -  n )- {  2 )  [ 2  j j  [ к  2 j

imedges. The remainder has at most edges, thus
2

m  I =  f1 -  Y  +'«] [n  ^  Í1 -  T  +  v l  í  d  -  H )  +  (» -  N )  +к I j 1,21 к 2 1 (Д2) ( 2 )) (2
or, equivalently,

8 n) , ( 1 e ] (IV]— ---------  + ( n  — N).
2  \ 2  2 j [ 2 J

Hence N  gets large if n is large and the assertion follows.
(c) Set %{GÜ) =  к +  1. Consider Turán’s graph IIn k as in the solution of 

10.34. This is ^-chromatic and hence it does not contain a G0. Hence
ryi 2 "I

M(n,G0 )^>\E(Hnik) \ ~ — 1 - 4 -  ,
2 ( к

Hm >  — fl -  — ,
n2 2  к

Now suppose indirectly that there were arbitrarily large graphs G containing 
no copy of Gn with

n2 2  к
Then by (b), an appropriately large one would contain к -f- 1 disjoint sets of 
cardinality |F(ö0)| such that any two points in two different such sets are 
adjacent. But then G0 is a subgraph of this subgraph already, a contradiction. 
[P. Erdős-A.H. Stone, Bull. Amer. Math. Soc. 52 (1946) 1089-1091. This 
proof is a specialization of P. Erdős—M. Simonovits, Studia Sci. Math. Hung. 
1 (1966) 51-57.]
39. Set n0 =  |F(6r0)|. First we prove the assertion formulated in the hint, 
more exactly:

(*) If G ^  Hn k is a simple graph with ni>N (k ,  n0) points, \E(Hn> k) | edges 
and G contains no G0, then it contains an induced subgraph Gx on n x =  n — 
— 2knQ points such that

\E(G1)\ -  \E(Hnuk)\ >  |В Д | -  \Е{НП}к)\.
In fact N  =  N(k, n0) is chosen so that a graph on n '2> N  points and with 

\E{Hn k)\ edges should contain к disjoint classes A v . . . , A k, \At\ =  2n0 

such that any two points in different sets А,- are adjacent. Such an N  exists 
by 10.38b since

\E(Hn\k) \ ~  (*] W  >  fl -  ■ - * -  +  Д
(2J [Jc к —j(l к2} 2

400 SOLUTIONS 10.39
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Now for each x <j U . . . U A k, there must be at least 2 n0 points of A y U . . .  
. . . U Ak non-adjacent to x. Otherwise, x would be adjacent to at least one 
point in each class and to at least n0 points in all but one of the classes. Hence 
we could select a set Bt Cl A,-, [ B, J =  n0 such that x is adjacent to all points 
in, say, B í U . . . U B k _ 1 and to at least one point in Bk. Since G0 — e is k- 
chromatic, the subgraph induced by B 1 U . .  . U Bk U {a;} contains G0, a con­
tradiction.

Also observe that equality can hold only if x is adjacent to all points of all but 
one A t and to no point of this A,-. Suppose that the equality holds for every x. 
Then the afs can be divided into к classes G v . . ., Ck, x £ Ct being adjacent to 
all points of Aj, j  ¥=i but to no point of A,. No two points in the same С,- can be 
adjacent since then we could find a G0 in G in the same way as above. Hence, 
G is ^-chromatic. Among ^-chromatic graphs, obviously, Hn k has the most 
edges, which contradicts G =A=Hn k and \E(G) | \ЩНп,к) |. ’

Thus some x is adjacent to less than (2 k — 2 )n0 points of А г U . . .  U A k.
( k )Hence the removal of A 1 U . . . U A k destroys less than M  =  4 -j- (n —
2

— 2 kn0)(2 k — 2)n0 edges. The removal of 2n0 points from each class of Hn k 
destroys exactly M  edges and results in НПик. Thus

\E(G -  A l  -  . . . -  A k)\ -  \B(Hnuk)\ >  \E(G)\ -  \E(Hn<k)\.
This proves (*).

Now suppose indirectly that there is a simple graph G ^  Hn k with n ■<,_ 
(N<C 2 kn0 +  N  points, at least \E(Hn k)\ edges and containing no G0. Set 

2
nt =  n — 2  kin0. Select induced subgraphs G Э  Gx 3  G2 ■ ■. such that j V((?,•) | =  
=  n, and |В Д | -  \E(Hnik)\ <  IEiGM -  \Е(НПик)\ < . . .  Then
(1) \B(G,)\ >  \E(Hnitk)\ +  i.
Let us see when the sequence Gv G2, . . . stops. Suppose this happens at the 
ttu step. By (*) we can find a Gt + 1  unless Gt Hn,tk or \E(Gt)\ <  \E(Hnuk)\ 
or \V(Gt)\ <  N. (1) rules out the first two possibilities immediately. But also, 
if

\V(Gt)\ =  nt =  n — 2ktn 0 <  N
then

t > * ~ N  k H
2 kn0 [ 2  j

and so,

a contradiction. [M. Simonovits, in : Theory of Graphs (P. Erdős-G. Katona, ed.) 
Akadémiai Kiadó, Budapest, 1968, 270-319.]

40. (a) Let A v  . . . ,  ANk be the complete /г-graphs and B v . . . ,  BNlc_t be the 
complete (к — 1)-graphs in G. Let A t be contained in at complete (k -j- 1)- 
graphs; also, let Bt be contained in bt complete ^-graphs.

26 L o v á sz
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Let a; be a point not in A t which does not form a complete (k +  l)-graph with 
Aj. Then X  is non-adjacent to some point у  £ А/. Let U v . . . , Uk _ 1 be those 
й-subsets of Aj U {x} containing {x, y}. Then any pair (At, Uj) consists of 
a complete &-graph and a non-complete &-graph, and has \A( П Uj\ =  к — 1. 
So

N t
(k — l)(n — к — dj) 

i = i

is a lower bound for the number of pairs (A, U) such that A is a complete k- 
graph, U is a non-complete /.;-graph and \A Л TJ\ =  к — 1.

On the other hand, the number of such pairs (A, U) is, obviously,
I V * - 1

2  bi(n — k +  1 — b<)- 
i=l

Thus we have
N k N k -

(1) (к — 1 )(n — к — at) <  2  bj{n — к +  1 — bj).
/ — i = i

We know that \
Nk N k -i

(2) 2 ai =  (* +  iWk+v 2  b‘ =  kN*•
i = i  i = i

The left-hand side of (1) is equal to

(к — 1)(?г — k)Nk — (к2 — l)Nk+1, 
while the right-hand side can be estimated by Jensen’s inequality

J V * _ ,  /  N k—i i

b < .2 4
2 ъ,(— * +  i -  * + i - - 5 f c r J -

=  k ( n - k + l
Nk-l

whence (a) follows [J.W. Moon—L. Moser, Mat. Kút. Int. Közi. 7 (1962) 
283-286].

(b) Estimation (*) in the hint follows from (a) by a straightforward in­
duction. Now from (*),

, T . * ё  — i 4- 1 n (ё\ l n \ kNk >̂ n T f ------------------=  — •
U  # i UJUJ

41. (a) Any triple of points of T n spans either a 3-cycle or a transitive triangle. 
If two edges have a common tail their points form a transitive triangle and 
each transitive triangle contains one such pair of edges. Hence the number 
of transitive triangles is

'n — 1\
^  ^  „ 2 I n ( n  -  !)(»  — 3)

d U P  1  a )-I“



by Jensen’s inequality, since E dt =  |WjJ . Thus the number of 3-cycles is

,  ln\ n(n — l)(w — 3) (n +  1 )n(n — 1) 1 n +  1
"  [з] 8 ~~ 24 4 3

(b) Let X £ V(T), and denote by X  and Y the sets of points у such that 
(у, X) d E(G) or (x, y) £ E(G), respectively. There must be an edge joining Y 
to X,  otherwise T  would not be strongly connected. This edge forms, with x, 
a 3-cycle.

We prove that the number of 3-cycles is at least n — 2 by induction on n. 
For n =  3 this is obvious.

By 6.13 we can find a point x such that?7 — x is strongly connected; thus, 
by the induction hypothesis, T  — x contains at least n — 3 3-cycles. As ob­
served above, there is at least one 3-cycle incident with x; hence T  contains 
at least n — 2 3-cycles.

Remark: Both assertions are essentially sharp: if n is odd, then K n has an 
orientation such that each point has outdegree-------- by 5.13 and this tourna-

1 I n  _L_ i  2
ment has exactly— 3-cycles. On the other hand, consider a transitive

4 3
tournament and invert the edge e connecting its “first” and “last” point. Then 
we obtain a strongly connected tournament in which each 3-cycle contains e, 
thus their number is n — 2 [see S, М].

42. First we show by induction on n that for each 3 <[ & <  ?i, there is a k- 
cycle through each point x. For n — к this is true since T  contains a Hamilto­
nian circuit by 6.11. Suppose к <  n.

By 6.13, there is a point у ¥^x such that?7 — у is strongly connected. Thus 
T  — у contains a /г-cycle through x and hence, so does T.

Now it follows by an easy induction like the one in part (b) of the preceding 
solution that T  contains at least n — к 1 /г-cycles for 3 <Lk <,n.  Hence the 
total number of cycles is

n n- 2 /v  T
> 2 ( n - k  +  i )  =  2 V =  \ 0  •

k=3 v=X [ 2

The assertion is sharp for the tournament obtained from a transitive one by 
inverting the edges of the Hamiltonian path [see М].

43. We already know there is a Hamiltonian path (see 5.20). Let ev . . . ,  ßrn-i
L 2 J

be independent edges. A Hamiltonian path whose (2i — l)st edge is e(-
( 7Ь— is uniquely determined. Hence, the number of Hamiltonian 

2 J r n л
paths is not greater than the number of ways to select — independent edges 
(and order them). L 2 J

( t i  [ть —  2choices fore,; choices for e2, etc. Thus the number of
2 ) 2

26 *
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ways to select ev . . . , ern-i is
1-2 J

/ » — 2 Щ  +  2\
n In — 2  [ 2 J I _  n ! щ
2) 2 "  ' 2 /  2[^]

44. (a) We may assume n =  2,<_1 and want to prove У contains a transitive 
subtournament with к points, using induction on k. For к =  1 the assertion 
is trivial.

Suppose к >  1 and choose an x £ V(T). Let X  and Y denote the sets of points 
z such that (z, x) £ E(T) and (x, z) £ E(T), respectively. Since |A| -j- |У| =  
— 2fc_1 — 1, we may assume, e.g. that |A| >  2fc~2. Then, by the induction 
hypothesis, X  spans a transitive subtournament T г with к — 1 points. Together 
with x, T 1 yields a transitive subtournament with к points.

(byWe prove the assertion by induction on k. For к =  1 it is obvious 
again. Suppose к >  1. Define

к 2 irv> i i
[ 1  - X X -  1 if x >  2fc_2 — 1, 

f(x) =  j=0 2 J
0 if x ^  2fc- 2 -  1.

Then f(x) is a convex function.
Let V(T) ~  {xv . . .  , xn}, x,- havingoutdegree d,. By the induction hypothesis, 

there are at least f(d,-) transitive (k — 1)-tournaments spanned by the (1,- 
points xt is joined to; this gives f(dt) transitive ^-tournaments with sources in 
Xj. Thus the number of transitive ^-tournaments is

M y) _ 1 \

i=i 2 J
( 7Ъ • 1
and since-------~> 2 k ~ 2 — 1

2 “

which proves the assertion.
(c) This time we use induction on n to prove the assertion of the hint. 

For n <  к the assertion is true. Let n >  k. By 6.13, there is a point x such
( n  3

^-tuples
к — 2

in T  — x containing a 3-cycle. Also, by the solution of 10.40, there is a 3-cycle
эд,_ 3

through x and there are further ^-tuples containing this triangle. This
gives  ̂ ®

in — 3j in — 3 In — 2
[jfc -  3j \k -  2) |/c -  2

^-tuples containing a 3-cycle as stated.
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Since a transitive ^-tournament contains no 3-cycle, their number is

n\ In — 2

~  к) к — 2
Note that equality holds for the tournament in the solution of 10.41 [see М].

§ 11. Spectra of graphs

1. An eigenvector of A a assigns numbers xv  . . . , xn to the points vv . . . , vn 
in such a way that the sum of values assigned to the neighbors of v, is Xxt. 
Now the graphs in consideration have such a simple structure that it is easy 
to guess such assignments. For the complete graph we have (1, . . . , 1), yield­
ing the eigenvalue (n — 1); we also have vectors of form (1, 0, . . . , 0, — 1, 
0, . . .  0), which are linearly independent and yield the eigenvalue (— 1) with 
multiplicity n — 1. Since there are n eigenvalues altogether, this is all.

For the star, we look for eigenvectors, which associate the value 1 with the 
center. If Я is the corresponding eigenvalue we must have 1/Я associated with 
each of the other points, so

(n — 1) =  Я, Я =  ±У » — 1 •

This gives two eigenvectors and two eigenvalues. To get the rest, we have to 
consider eigenvectors associating 0 with the center. Then the eigenvalue be­
longing to it must be 0. It follows that the eigenvectors have arbitrary numbers 
at the other points, the only restriction being that the sum of entries must be 
0 [asit has to give 0 X (number in the center)]. There are n—2 linearly indepen­
dent such vectors, thus we have all eigenvalues again.

Finally, if C =  (Cj, . . . , cn) is an тс-circuit, then let

=  «Л X =  • ,

\ x j
where e is any nth root of unity. Then we have

A x  =  (x'v) 1 = v
where

x'v =  x v_ x -F x v+1  =  ev ~ 1 +  ev+1 — e +  —  ev =  ( e  +  e)x„.
e

Thus e -)- i  is an eigenvalue and considering the n roots of unity, we get all of 
them. Hence the eigenvalues of Cn are

0 „ 2л 4л 2(n — 1)ti2, 2 cos — , 2 cos—- , . . . ,  2 cos------------ .
n n n



2. (a) j =  (1, . . . , 1) is an eigenvector of G with eigenvalue d, the degree of 
G. This follows immediately, because G is regular. Similarly, j is an eigenvector 
of G with eigenvalue я — 1 — d.

Now let vx =  j, v2, . . . ,  vn be a basis of the я-space consisting of orthogonal 
eigenvectors of G. We claim that v1(. . . , v„ are eigenvectors of G. For

Aq j =  (я — d — l)j,
which, if written out, means only that в  is (я — d — l)-regular. For the other 
eigenvectors we have

Ac v, =  (J — I — Aa)Vj = J  V / -  V,- -  Аа V,- =  -  V,- — Aa v, =  ( -  1 — A,) r,

since, by jv, =  0 ,  J\i  =  0 .  Thus vt is an eigenvector indeed and thus, if 
Ai >  • • • >  An are the eigenvalues of G, then я — 1 — Xv  — 1 — A2, . . . ,  — 1 — A„ 
are the eigenvalues of G.

(b) The two equalities in the hint are easily verified. We use now the well- 
known fact that if C is an (m x  я) matrix and D is an (я X m) matrix, then

det (xl  — CD) =  xm~n det (x l  — DC).
Let G have m edges and я points. Then

det (xl — Aua)) =  det ((x +  2)1 — B%Ba) =
=  ( i f  2 )m~n det ((x -F 2)1 — BQB l) =  (x +  2 )m~n det ((x +  2 — d)I — Aa). 
Thus if m >  n, the eigenvalues of L(G) are

d — 2 +  A for each eigenvalue A of G, with the same multiplicity, and 
— 2 with multiplicity m — я.

(If —d is an eigenvalue of G, then further —2’s occur among the eigenvalues 
of the first type.) If m <  я, then we have to remove я — m numbers —2 
from the numbers listed first to get the spectrum of L(G) [H. Sachs; see Biggs].

(c) Figure 84 shows how to assign the edges of the complete 5-graph to the 
points of the Petersen graph in such a way that adjacent edges correspond to

406 SOLUTIONS 11.2
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non-adjacent points, and vice versa. Hence the Petersen graph is L(KS), and 
by 11.1 and (a), (b), its eigenvalues are —2, —2, —2, —2, 1, 1, 1, 1, 1, 3.
3. The expansion of det (XI — A T) by its first к rows contains only two non­
zero terms: One, where the 1st, 2nd, . . . ,  kth columns go with the first к rows, 
the other, where the 1st, ..  . , (k — l)st, (k +  l)st columns do so (any other com­
bination yields a column of zeros in one subdeterminant or the other.) Now the 
first term yields p Tl(X) pTa(A) — Рт-eW; the second term is the product of two 
determinants p v p 2, which do not correspond to characteristic polynomials 
directly. But if we expand D i (the subdeterminant composed of the 1st, . . . &th 
rows and 1st, . . . , (k — l)st, (k -f- l)st columns) by its last column we get 
pTl- Xk(X)\ similarly, D 2 =  Pr2-x*+,(A) and so, taking the sign into considera­
tion, the second term is

P T x —X t ( ^ )  Р Т г—Xi+iW =  P T - X t - X I t + S ^ )

[A. Mowshowitz, J. Comb. Th. В 12 (1972) 177-193; L. Lovász—J. Pelikán, 
Periodica Math. Hung. 3 (1973) 175-182].

4. We use induction on \E(T)\.
The statement is true for forests with no edges. Let e =  (x, y) £ E(T). By 

the previous exercise,
p T(X) =  Рт-eW  -  Рт-x-yW

and by the induction hypothesis,

Рт-eW =  Xn -  a] A""2 +  «2 A " -  . . . ,

Рт-x-yW =  A”- 2 -  al A"-4 +  a"2 An-e
where ak (ak) is the number of ^-element matchings in T  — e (T  — x — y, 
resp.). Thus

P t ( A) =  An — (a[ 1)A"-2 -|- (a2 -(- «[)A”-4 — (a2 -(- a2) A”_e 4- . . . .
To prove the formula it suffices to show that ak +  a"k_ x =  ak (and a[ -)- 1 =  ax). 
Since a у is the number of edges of T, a[ is the number of edges of T  — e, a'x -j- 
r  1 =  ®i obviously. Moreover, a'k is the number of ^-element matchings in 
T  — e, i.e. the number of those ^-element matchings of T  not containing e. 
On the other hand, the (k — l)-element matchings of T7 — x — у  are in an 
obvious one-to-one correspondence with those ^-element matchings of T  con­
taining e. Thus, ak -(- ak_ x gives the total number of ̂ -element matchings in T 
as stated [ibid.].

5. (a) By 11.4,
pPn(X) =  A" -  ayX" - 2 +  a 2Xn~* -  . . . , 

where ak is the number of ^-element matchings in P n; this means the number

(
эд,   ]ß\

k '
(b) In 1.29 the recurrence relation

Pp*W =  PPn-iW -  PPn-,W



was deduced and formula (b) was proved by it (note that this recurrence 
relation is a consequence of 11.3 as well). This yields a simple inductive proof 
of (a) whose details are left to the reader. Also in 1.29 the eigenvalues of the 
path were found to be
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6. Trees with no 3 independent edges have one of the forms shown in Fig. 85. 
Let T 1 be one from the first class, T 2 be one from the second class. Let ak, a'k 
denote the number of ^-element matchings in T lt T ,, respectively. Then

a ̂  a —{- b “I- 1, ax — c d ”f~ 2,

a 2 =  ab, a '2 =  cd -\- c -\- d.
If we find values a, b >  0, c, d >  0 such that a x =  a[, a 2 =  a'2, then we are 
done as clearly this also implies that T v T 2 have the same number of points 
(a1 +  1 =  a] +  1). A little experimentation yields, e.g. the solution a =  b =  
=  u2 -f- и 1, с =  V?, d =  (u -f l)2. (In fact, almost every tree has a “pair” 
with the same spectrum; see A. Schwenk, in: New Directions in the Theory of 
Graphs, Acad. Press, 1973, 275-307.)
7. (a) The adjacency matrix of G arises from the adjacency matrix of Gk by 
replacing the l ’s by I, the \V(G2)\ dimensional identity matrix, and putting 
A Ct into the diagonal. Hence XI — A a arises by substituting —I  for the 
— l ’s in XI — AGl and XI — AQl for the A’s:

f  X 0 —1 —П  /  XI—ACi 0 —I —I  '
0 A 0 0 0 XI—AGa 0 0

— 1 0 A —1 —I  0 XI—A a, —I
l —l 0 - 1  A /  —I___ 0_______ —I  Х1—А0г)

X I —A gx X I —A g

Since XI — A q2 and I  commute, this yields
pc(A) =  det (XI — Aa) =  det pGi(X I  — AGi).

Let Xv . . . , Xn be the eigenvalues of Gv p v . . . , pm be those of G2. Then

pG(X) =  det / 7  (XI -  Ag, -  Xjl) -  7 7  det ((A -  w  -  Ao.) =  
1=1 1=1

[ibid.]
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n n m
= IlPc.d -  A ,) =  п  I I  -  Я - -  My)-

f = l  í = l  y = l

Hence the eigenvalues of G are Я,- +  H-j (1 <, i <  n, 1 <  j <  m).
(b) Let Aq — Aa +  I- With this notation, if a*,-, yt £ V(G{), then

{((*i. *г)> (у1,У2) ) £ Щ в 1 -0 2) or (xv  x2) =  (yv y 2) *>
((*1. Vi) € E(@i) or xx =  y x) and ((x2, y 2) £ E(G2) or x 2 =  y 2)},

which means that Aq,.g, is the Kronecker product of Aq, and Aq,.
The eigenvalues of Aq, and Aq, are Ax +  1, . • . , Ani -f- 1, • . . , /Н +  

+  1, . . . ,yn, +  1, where ?.v  . . . , Ani; y v . . . , yn, are the eigenvalues of Gr 
and G2, respectively. Thus the eigenvalues of Aq,.g, are

(A, +  l ) ( ^ + l )  l ^ j < n 2)

and the eigenvalues of Gx-G2 are

AiHj +  А,- +  fij (1 <  i <, nv  1 <  у <;  n2).

A similar argument shows that the eigenvalues of the weak direct product 
are Aifij [D. Cvetkovic, Univ. Beograd, Publ. Elektrotehn. Falc. Ser. Mat. 
Fiz. 354-356 (1971) 1-50].

8. The ith coordinate of Av  is
П

2 a i j V j =  2  X i y x„ x,) =  £  x ( y Xi. Xl) x ( r Xi, Xi)-
7=1 (Xi, Xj) Í  E(G)  (Xi ,Xf ) tE<G)

Take here a term and set yX{X,{x1) =  xk (i.e. =  yx,Xk)- We claim than
(xh Xj) £ E(G) if ancLonly if (xv xk) £ E(G). For consider yXlXi. Then yx,xt (Xj) =  xr 
by definition. On the other hand,

УХ , Х{(Х/с) =  y XlXt ( y Xi Xj ( X i ) )  =  yxfX /vyxiX ii^l)) =  X j

(by the commutativity of Г) and so, (xlt xk) is mapped onto (xit Xj) by yXi,Xj- 
Thus, they are both edges or non-edges.

Thus if Xj ranges over all neighbors of xit the point xk — yXtxj(xi) ranges over 
all neighbors of xx (it is different for different points Xj,  because Г  is regular). 
Hence, the formula for the ith coordinate of Aw can be rewritten as

I ^  x(yXi, « ) 1 х(Ух,,х()
1 (x i, x t)  £ E ( G )  \

showing that v is an eigenvector with eigenvalue

^  %(yx i .x * ) -
(Xi, Xi) € E ( G )

We remark that, since a commutative group Г  has exactly IFI distinct charac­
ters (and they all have ^(1) =  1, so that they do not give parallel vectors), 
the eigenvalues found above are all the eigenvalues of G. (For the case of 
non-commutative groups see L. Lovász, Periodica Math. Hung. 6 (1975) 
191-195.)
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9 . First solution. Let us represent the points of Qn by 01-vectors of length 
n, two being adjacent iff they differ at exactly one place. For each 01-vector 
(av . . .  , an), the mapping

«аь-.-.о,: (*i> ■ ■ ■ ,x n)\-+ (aq +  x„ +  an)
((aq, . . . , xn) 6 V(Qn); addition mod 2)

is an automorphism of Qn. Geometrically, these are those automorphisms of 
■Qn preserving the directions of edges; they are reflexions in certain affine 
subspaces. They form a commutative, regular group Г, which is (abstractly) 
isomorphic with (Z2)n.

Now the characters can be obtained this way: let 1 < t i 1 < i 2<  ■ ■ . <  гк <  и, 
and

% iu  ■ . . , i i ( a a , ..........a n )  —  (  l ) a 4 + - - - + a ‘t .

It is easy to verify that these are characters and since their number is 2" =  
=  IFI, they are all the characters. Thus, we get an eigenvalue as follows:

=  Xil, .... а ( аа„ .. .,o„) =

=  ( — 1 )“<»+• •• + “<*.
((at, ■■■,a»>, (0,...,0)) €£(<?„)

By the definition of Qn, the sequences (av . . . , an) considered here are those 
having exactly one non-zero entry. Hence

А/,..... it —— n 2 Tc.
Thus, the eigenvalues of Qn are

(72/

.

к

Second solution. Qn is the Cartesian product of n copies of K 2. Hence by 
11.7a, its eigenvalues arise in the form Aj +  . . . -j- A„, where А,- =  ± 1  are 
eigenvalues of K.,. We conclude as before.
10. The mappings

cpv : ek —* ek+v
are automorphisms of G, forming a cyclic group Г  of order p, which acts transi­
tively on V(G). The characters of Г  are given by

Xt(<Pv) =  e'v (t =  0......... 23— 1; V =  0.......... 23 — 1).
2ni

where e =  e p . Thus by 11.8, the eigenvalues of G are given by

Af =  ^  etai (i  =  0 , . . . .  23 —  1).
2=3

where 1 is adjacent to £a>, . . . , £?k. Similarly, the eigenvalues of H are

л  =  2 etb> (t =  0, . . . , p  — 1),
2=i



where ebt, . . . , ebk are the neighbors o f  1. Since G and H  m ust have the sam e 
spectra, we have

=  Ht (0 < , t < p  -  1)
or, equivalently, J ,  (e* _  e,bj) =  0<

1=1
Let a denote the residue of a mod p, 0 a <  p  — 1. Then e is a root of the 
polynomial

к _
f(x) — (xai — x,bf).

J- 1
Since the minimal polynomial of e is 1 -f- x -f . . . +  xp~l, it follows that

1 4- X -+- . . . +  xp~1\ f(x).
Since deg f <, p — 1, we get;

f{x) =  c(l +  * +  ••• +  £p_1).
From /(0) =  0, we deduce that c =  0, i.e. f(x) == 0. But this means that in 
f(x) all terms cancel out, i.e.

{aj : 1 <  j  <C k} — {tbj : 1 ^  j  <  k}
proving the assertion [D.Z. Djokovic, Acta Math. Acad. Sei. Hung. 21 (1970) 
267-277; B. Elspas-J. Turner, J. Comb. Th. 9 (1970) 297-307].
11. Let V(0) =  {aq . . . xn}.

If det A # 0 ,  we have a non-zero expansion term of det A ; say 
• • • a n,in =5̂= 0, where (iv . . . , in) is a permutation of (1, , n). Thus (xv, xiv) £
€ E(G) (i =  1, . . . , n). If say, xv . . . , xk (к~> nj2) form one of the two 
color-classes of G, then the edges

(*1> a'ii)’ • • • > (*ft>
7Ьare independent and their number is к — , thus they have to form a 1-factor 

ofG. 2
12. Let Gv  . . . , Gm be vertex-disjoint subgraphs as shown in Fig. 10 (see 
p. 72), which cover all points. Let S be the set of endpoints of Gr U . . . U Gm 
and3T =  V(G) — S; also set V(G) =  {vv  . . . , vn} (n =  6m). Then each point 
is adjacent to two points of S and to one point of T. Hence if we set

2 if Vi£T,  / х Л
Xt — x =  : ,

— 1 if Vi £ S \ x n)
we have Ax =  0

showing that Я =  0 is an eigenvalue [H. Sachs. JFiss. Z.TH Ilmenau, 19 (1973) 
83-99].
13. We may assume that G' is a spanning subgraph of G; otherwise, we can 
add the remaining points of G to G' as isolated points and this only adds 0’s 
to the spectrum of G', thus does not change the maximum eigenvalue of it.
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Let vbe an eigenvector of A 0’, with eigenvalue /Г and with non-negative 
entries. We may assume |v| =  1, then

A ’ =  vTAG- v < , v TAa v
as V has non-negative entries and Aa >  A a-. On the other hand,

A =  max xTHGx >  yT Aay >  A'.
W=i

14. (a) I. Let j be the vector of length n all of whose entries are 1. Then AGj 
is a vector whose entries are the degrees and so,

Aaj >  dj, jrHGj >  djr j =  dn.
Thus

xTx jTj
TI. Let G' denote the star of a point of maximum degree. Then, by 11.1, the 

m axim um  e igenvalue  o f G' is ][D. B y  11.13,

a  >  Y d .

III. We have Aa j <  Dj by the definition of D.
Let v be an eigenvector belonging to D ; we may assume the maximum co­

ordinate of it, say the first one, is equal to 1. Then

Av =  A qV <, Aaj <; Dj,
so considering the first coordinates

A <, D.
IV. Suppose we have equality here. Then Aav and TGj have the same first 

coordinate D, i.e.
2  vi =  D -

(x„ X i)  € E(G)

Since Vi= 1 this can only happen if each xt adjacent to aq has the same value 
vt =  1. Then the above argument applies to these points and yields that their 
neighbors Xj also have Vj =  1 and so on; since G is connected, we conclude that 
Vj =  1 for every point. Thus v =  j, and then

Aaj = A j  =  Dj
yields that G is D-regular.

(b) The two identities in the hint are easily seen: If <i . . . Xn =  A
n n

are the eigenvalues of G, then J?  Я,- =  Tr Aa =  0, ^  ).f =  Tr A% =  2 m. Hence
i=i Í Í

A2 = ( ! , +  . . .  +  K - i ?  <  {n -  1) (Я| +  . . . +  A*_x) =  (n -  1) (2 m -  A2), 
whence the upper bound follows. The lower bound follows by the argument of I.

15. The formula
Auo) =  BTB -  21

follows easily.

412 SOLUTIONS 11.14



11.16 § 11. SPECTRA OF GRAPHS 4 1 3

Since Вт В is positive semidefinite, all of its eigenvalues are non-negative. 
Hence, the eigenvalues of Аца> are >  —2. Moreover, if \V(G)\ <  \E(G)\, 
then

r(BTB ) =  r(B) ^  I 7(ö) I <  \E(G)\

(r{X) is the rank of the matrix A). So, BTB has at least one 0 eigenvalue, 
i.e. AL(G) has at least one —2 eigenvalue. [A.J. Hoffman, in: Beiträge zur 
Graphentheorie, Teubner (1968) 75-80.]
16. Let a be an automorphism of G; define a matrix P — (ptj) by

p  = \ l Íf =
[ 0 otherwise.

Then P  is a permutation matrix, i.e. each row and column of it contains exactly 
one 1. Hence P _1 =  P T.

The fact that a is an automorphism is equivalent to the relation
P~ iAaP  = A a.

For if Aa =  (atj), then the (i, ?)th entry of P~xAaP  is

2  2  p*ia*p*j» (i
where i' , j' are determined by a(x,') =  xh х{хр) =  Xj. Thus a maps the pair 
(ay, xp) onto the pair (ay xj), and it is an automorphism iff

«,•'/ = atj (i , j  =  l , . . . , n )
as stated.

Now Aa is symmetric, hence Aa =  T ~ XL T , where
' 0

Я 2
L =

.0 К .

and T  is an orthogonal matrix. Thus

p - i T -y-LTP =  T ~ XLT, 
or

Ц Т Р Т - 1) =  (!TPT~X)L.
Multiplying a matrix by L from the left (from the right) means to multiply 
its ith row (ith column) by Я,- for each 1 <  г <  n. Since Я,- ^  Яу- for i ^  j  by 
the assumption, this yields that the matrix TPT~1 is a diagonal matrix, say

h  o

T P T - 1 =

0 tn
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Here, however, P  and T  are orthogonal matrices and thus, so is T F T 1. Hence 
ti =  ± 1- But then

TP 2T~1 =  (TPT - 1) 2 =  1, P 2 =  I.

Now it is easy to see that P 2 is the permutation matrix associated with a2, 
whence a2 =  1. [A. Mowshowitz, in: Proof Techn. in Graph Th. Academic 
Press (1969) 109-110; M. Petersdorf—H. Sachs, in: Combin. Th. Appl. Coll. 
Math. Soc. J. Bolyai 4, Bolyai-North-Holland, (1970) 891-907. For directed 
graphs cf. C.Y. Chao, J. Comb. Th. 3 (1971) 301-302.]

17. Since by 11.16, all elements of Г  are of order 2, Г  is commutative ((xy) 2 — 
=  1 =  x2y2 and hence, xy =  yx). Suppose that Г  is transitive on the points, 
then it follows that it is regular L Thus 11.8 applies and we get that any eigen­
value of G is of the form

h =  ^  ÚVvuVi),
Oi.i'iK e(G)

where % is a character of Г. Moreover, since %(y)2 — x(y2) =  %(1) =  1 for each 
y, the summands here are +  l ’s. Thus Я is an integer; if d is the degree of points 
of G, then Я is the sum of d +  l ’s and hence,

—d <  Я <C d, l = = d  (mod 2).

This leaves exactly d -f- 1 values for Я. Since there are | V(G) | eigenvalues, 
all different, we have | V(G) | <  d -)- 1. Since G is simple, it must be a complete 
graph, but this is impossible again except for G s  ̂K 2, since K n has n — 1 
equal eigenvalues (see 11.1) [ibid.].

18. Let Gv Go be the subgraphs induced by a maximum clique and a maximum 
independent set, respectively. Then ^ G i >  - ^ G ,  are symmetric submatrices of 
Ag. Since G1 has eigenvalues

- 1 , .  . . , —1, oi(G) -  1,
<o(G) -  1

we have, by the theorem mentioned in the hint,

^ • a ( G ) - l  L  ^ п - е (0 ) + 1 eC  1 -

Similarly, G2 has eigenvalues 0, . . . , 0 and therefore

K ( G )  C L  0 ,  ^ t ( G ) + 1 S i  0 .

19. (a) Suppose first that —A is an eigenvalue.
Let w =  (wv  . . . , wn)T be the eigenvector belonging to —A and set w' =  

=  ( N il ......... N n|)T. Aa =  (aij). Then
(1) |w^HGw| =  I—Awr w| =  AwTw;

t Suppose (p g Г  fixes a point x. Then by <p(a(x)) =  a.((p(x)) =  a(x), it follows that it fixes 
every point a(x), a£ Г. Since Г  is transitive, cp =  1.
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on the other hand,
wT^ Gw =  ^ a iJwiWj\<) ^  J? au \wt\ \wj\ =

«' j ‘ J
(2) = w ' 7 i Gw '< d w 'Tw' =  dw 7 w.
(since A is the maximum of uT̂ Gu/uTu).

Comparing (1) and (2), we find that we must have equality everywhere in (2). 
Thus, w' is an eigenvector belonging to A and since G is connected, no entry 
of w' is 0. Moreover, all non-zero terms in

^  aij wi wj =  -^ lw T w
' i

must have the same sign and since the sum is negative, all summands are 
negative. Thus, if a,j ^  0, w, and Wj have different signs. So, if

S x =  {Xi : Wj > 0 }  S 2 =  {Xi : wt <  0},

then {/S1, S 2) is a 2-coloration of G.
Conversely, let G be bipartite and let w =  (wlt . . . , wn) be the eigenvector 

belonging to the eigenvalue Л. Let S v S 2 be a 2-coloration of G and set

w, _ |w ,  if xt 6 S v 
—Wi if Xi É S 2, 

w' =  (w'i, . . . .  w'n)T.
Then the ith coordinate of .4G w' is

J?  ciijWj =  — JPaijWj =  —AWj =  —A w'j, 
j j

if Xi £ (since all j ’s here for which aiy- ^  0 have '.Xj g S 2), and similarly,
^ d i j W ’i =  ^ a i jW j  =  AWj =  —Awj, 
j J

if Xi £ S 2. Thus w' is an eigenvector and the corresponding eigenvalue is —A. 
The same idea proves the “only if” part of (b) too.

(b) Suppose the spectrum is symmetric with respect to the origin. If G 
is connected (a) proves the theorem. We are going to reduce the general case 
to this, using induction on the number of components.

Note that the spectrum of G is the union of the spectra of its components 
(in the sense that, if Я occurs in the spectra of components with multiplicity
m 1 ......... mr, then it has multiplicity m 1 +  . . . -f- mr in the spectrum of G).
Let A be the largest eigenvalue and let Gx be a component such that — A is 
an eigenvalue of Gv Then the largest eigenvalue of Gx is >  \ —A\ =  A and, 
since it cannot be greater than this, it is A. Hence, applying (a) to Gv  we get 
that G-i is bipartite. Hence, its spectrum is symmetric with respect to the 
origin. We obtain the spectrum of G — 6?x by removing the spectrum of Gx 
from the spectrum of G. Both these spectra being symmetric, so is the spectrum 
of G — Gr  By induction, G — Gx is bipartite. So is Gx as we have seen andi 
therefore, so is G.
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20. We use induction on the number of points.
Set к =  [A] +  1. Let cc be a point of minimum degree d. By 11.14, d <,A,  

so d  <i к — 1. Let A' be the maximum eigenvalue of G — x. By 11.13, 
A' A, so by the induction hypothesis

X(G — x) ^  A' +  1 <  A +  1, so i ( G - x ) < k .

Let us fe-color G — x. Since d =  к — 1, this coloration can be extended to x, 
and so, %(G) <[ к A +  1 [H.S. Wilf; see Biggs].

21. (a) It follows from %(G) — к that for a suitable choice of indices, ACj can 
be written in the form

0  A i2  . . . -d ik

A 2 i 0 A2k

9

. Л к1 A k2 0

where A^ is an m,- x  rn,j matrix and, of course, Ajt =  Ajß here m,- is the number 
of points with color i.

Let V be an eigenvector belonging to A. Let us break v  into pieces y v  . . .  , \ k 
of lengths mv . . . , mk, respectively. Set

> '4 1  [ w , ]
0

w, =  m,- entries, w  =

o ) |

Let Bj be any orthogonal matrix such that

WiBt =  v,- ( i =  1, • . ■ , &)>
and

B,  0
B 2

B  =

0  Bk

Then Bw =  v and
B~lABw =  B~lAv  =  AB~l \  =  Aw, 

so w  is an eigenvector of B~ 1AB.



Moreover, B~1AB  has the form
0 Bi 1A 1»B2 . . . B^A^Bk  

-®2lĵ 2i^ i 0 B2 XA 2kBk

Bk1Ak\B1 B^AftnB^ . . .  0
Pick the entry in the upper left corner of each of the № submatrices В[л A^Bj  
(A a =  0), these form а к X к submatrix D. Now observe that

> i l '

u =

. Kl .
is an eigenvector of D; for w is an eigenvector of В~гАВ  and has 0 entries 
on places corresponding to those rows and columns of B~ 1AB,  which are to 
be deleted to get D. Moreover, the eigenvalue belonging to u is A.

Now let /i! <  . . . <; pk be the eigenvalues of I). Since D has 0’s in its main 
diagonal,

/Н +  • • • +  /be =  0*
On the other hand, A is an eigenvalue of D and so

Л <, Цк,
while by a theorem quoted in the proof of 11.18,

Ax . . . , Aft_ 1 ^  Ц к - 1-
Thus

Ai +  • • ■ +  ^k-i /Н +  • • • +  /hi-1 =  —H'k ^  —Л 
[A.J. Hoffman, in: Graph Th. Appl. Academic Press (1970) 79-91].

(b) Let the ^-coloration of G have a, points of the ith color (i =  1, .  . . , Jc). 
Then the a, rows of the matrix Aa corresponding to the ith color are equal, 
hence the rank of Aa is at most к and n — к of the eigenvalues are 0; more­
over if we denote by w, the vector with

W, =  (Wij),
1 if the j th point has color i

IV ij — 1
0 otherwise,

then the eigenvectors belonging to the n — к 0’s are orthogonal to every w,. 
We look now for eigenvectors of the form

к
(1) w =  ^a:,w ,;

/=1

27 Lovász
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these will be different from the above mentioned ones and if we find к of them 
(i.e. к eigenvalues belonging to them) we have all. (1) is an eigenvector with 
eigenvalue Я if and only if

(2) J £ avxv =  **/>

i x ' \
i.e. if Я is an eigenvalue and ; is a corresponding eigenvector of

' xk)
О Ы4 d3 . . .
ax 0 a3 . . .  ak

A '  =

í?i d3 . . .  0

We claim that every eigenvalue of A'  except the largest one is non-positive. 
In order to show this write (2) as

к
(3) 2 < h x. =  (A +  a,)x,.

v =  1

If A =  —dj for some i, then we have nothing to show. Otherwise,

^ a vxv ^  0
V = 1

and hence, we may assume
к

(4) £ a vxv =  l.

Then (3) yields

x( =  — -̂--- (i =  1, . . . , k),
Я +  Uj

whence by (4)
к г/

(5)
v=l  ̂T  ®V

Now it is easy to see that (5) has exactly one positive root. Thus all but one 
of the eigenvalues of A ' are non-positive.

Thus if A,......... Я,(_] are the к least eigenvalues of Ac and Л is the largest
one, then . . .  , Як_г, A are exactly the eigenvalues of A'. Since A' has 0’s 
in its diagonal,

•̂1 +  • • • +  1 +  A =  0,
which proves the assertion.

418 SOLUTIONS 11-21
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22. Let G = Gx U . . . U Gm, where (9, is a complete bipartite graph. We add 
all points of V(G) — V(Gj) as isolated points to Gt. Then

m
A G =  A Gl +  . . .  +  A 0m, xTAc x =  2  xTA Gix.

i=i
Let V(G) — {1, . . . , n) and denote by {Ait Bt} the 2-coloration of G(. Then 

x r ^ Gfx =  ^  Jg.X 'Xp  =  ~ ( 2  xv +  2 .  xt f  -  ( 2  Xv — 2  xp)2
" i A i i x e B t  + v£Ai  H i B i  v£Aj P€Bi

and thus
m l  m i

2 - 7 ( 2 * . +  2 %f-
i=\  *± v £Ai  i = l  ̂ v£Ai  P t B i

Thus xTAa X is the sum of in positive and m negative squares. Hence, as is 
well known, m (> к and m^>l  both follow.

(Let U denote the subspace of vectors x such that
xv =  (i =  , m)

v i A i

and V the subspace spanned by the eigenvectors with negative eigenvalue. 
Then clearly U П V =  0 and so

l — dim V <  n — dim U <  n — (n — m) =  m.)
[R.L. Graham, H.O. Poliak, in: Graph Th. Appl. (Lecture Notes in Math. 303, 
Springer 1972) 99-110.]
23. Let k be the number of distinct eigenvalues of G and assume indirectly that 
the diameter of G is at least к. Let f(x) — (x — Яг) . . . (x — Xh) =  xn -f 
+  an_ lxn ~ 1 -f a0> where ?.v . . .  , ?.k are all the distinct eigenvalues of G. 
As is well known
(1) f(Aa) — Aq an_ 1 AG 1 +  • • • +  a0I  =  0.
Now let vit Vj be two points at distance к (these exist as the diameter of G is 
at least k). Observe that the (г, j)th entry of Aq is the number of (vt, Vj)-walks 
of length m; because it is

У  ^  ®I, i i a hi i  • • • a im- i j
*1 = 1  *a =  l im—i =  l

and this term is 1 if (vit vu......... Vj) is a walk and 0 otherwise.
Thus, the (г, ;)th entry in Aq is positive, but it is 0 in all the other terms in (1), 

which is a contradiction [see Biggs].

24. We consider the following three statements:
(i) G is connected and d-regular.

(ii) There exists a polynomial /  such that f(Ac) =  J ;
(iii) Every eigenvector of Aa is an eigenvector of J, i.e. either parallel or 

orthogonal to j.

27*
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(ii) => (iii). Let u be any eigenvector of Aa; it is an eigenvector of any poly­
nomial of Aa, in particular of J .

(iii) =>• (i). Since the eigenvectors of Aa span the whole space, one of them must 
he j. Let d denote the eigenvalue belonging to j, then

Acj =  di
expresses exactly the fact that G is d-regular.

Suppose G is disconnected, say G =  G1 U G2, GXC\ G2 =  0. Define u =  (w,) by

u Í 1 if
0 otherwise.

Then u is an eigenvector of Aa but not of J, a contradiction.
(i) => (ii). Since G is d-regular, j is an eigenvector with eigenvalue d. Let u, =  

=  j, u2........u„ be a basis of eigenvectors of Aa, with corresponding eigen­
values d =  Xv . . As is well-known, jTu,- =  0 (2 <  г <  n).

Consider a polynomial f(x) such that
f(d) =  n, /(A,) =  0 (2 <; i <; n).

Since G is connected, d is a single eigenvalue and this definition makes sense. 
Then

f(Aa)j =  Щ, f(AG)Ui =  0 (2 < i < , n ) ,
and therefore, the action of f{Aa) coincides with the action of J  on a basis; 
hence, f(Aa) — J  [A.J. Hoffman, Amer. Math. Monthly 70 (1963) 30-36].

25. From the basic properties of projective planes, we get

^2 _ d  ~b 9 1  0
L ~ \  o J  +  q i ) ’

where q is the order of the plane. Hence the eigenvalues of A'[ are: (q +  l )2 
(twice) and q (2(g2 -)- q) times). Now the spectrum of L is symmetric with re­
spect to the origin (see 11.19), hence L has eigenvalues

q +  1 with multiplicity 1,
Vq _ ” q2 +  q.
—Vq ”  q2 +  q,
- q - 1  ” i

[A.J. Hoffman, Proc. Amer. Math. Soc. 16 (1965) 297-302].
26. (a) (i) expresses the fact that each diagonal entry of Aq is d; (ii) expresse 
the fact that the off-diagonal entries are b. Hence

A t  =  bJ +  (d -  b)I.

Hence the eigenvalues of Aq are nb +  d — b, d — b, . . ., d — b. Note that G 
is connected by (ii) and is not bipartite, since again by (ii), it contains triangles. 
Hence 11.19 implies that — Ynb -|- d — b is not an eigenvalue of G. Thus



\nb d — b, zc\d  — b are the different eigenvalues of G. Since by (i), d is the 
largest eigenvalue of G, we must have

/72 /7
(1) \nb  4- d — b — d, n —------------1- 1.

b

Suppose G has к eigenvalues equal to \ d — b and n — 1 — к eigenvalues equal 
to — \ d  — b. Since the sum of eigenvalues of G is 0, we have

— (n — 1 — 2 k) \ d  — b +  d =  0.

Hence )jd — b is rational, consequently integer, say / d  — b — r. Then
(2) d =  r2 4- b 

and
r(n — 1 — 2 k) =  r2 4- b.

Hence
(3) r\b.
Also, by (1),

b\d2 — d =  r* 4* 2r2b 4- b2 — r2 — b
thus
(4) b\r2(r2 — 1).

(b) Now if b =  1 (3) implies that r =  1 and hence, by (2), d =  2. Thus 
from (1) we get n — 3, i.e. G =  K 3.

Note that (3), (2), and (1) imply that n <  b2(b 4- 2) and hence there is a finite 
number of such graphs for fixed b; (4) shows that one need not even consider 
all divisors of b in (3) [S. S. Shrikhande, see Biggs].

(c) Let the points of G be the non-vertical lines of the affine plane over 
GF(2 k), and let us connect two of them if they intersect and the intersection 
point is on one of 2 k ~ 1 prescribed vertical lines L v . . ., L2*-j. Set L — L x U . . . 
. . . U L2*-i. If two non-vertical lines E, F do not intersect in L, then there are 
2 k~1(2 k ~ 1 — 1) other non-vertical lines meeting both E, F in L. If E, F 
intersect in a point p  £ L, then there are 2 k — 2 other non-vertical lines through 
p  and (2k_1 — l)(2k_1 — 2) non-vertical lines avoiding p, which meet both E, 
F  in L. This gives again

2 k — 2 4- (2k-1 — — 2) =  2k_1(2k_1 — 1) 

common neighbors of E, F. Thus G has the desired property.

§ 12. Automorphisms o f graphs

1. Figure 63 (see p. 344) shows how to associate lines of К ъ with the points 
of the Petersen graph P  so that adjacent points are associated with non- 
adjacent lines. So P ш L (K 5) and the automorphism group of P  is the same 
as that of L(K5). The automorphism group of L(K5) is isomorphic with the
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automorphism group of K b. For obviously, each automorphism of / i5 induces 
an automorphism of its line-graph. Conversely, let a be an automorphism of 
L(Kb). Observe that any 4-element clique in L(K.) corresponds to a star in 
K- and vice versa, so L(K5) has exactly five 4-element cliques, and any point 
in L(K5) is uniquely characterized as the intersection of some two of them. 
Thus, a induces a permutation of the five 4-element cliques of L(K5) and this 
induces an automorphism of К ъ.

Thus, the automorphism group of P  is isomorphic with the automorphism 
group of К ъ, which is S5 [R. Frucht, Comment. Math. Helv. 9 (1936-37) 
217-223].

2. (a) Each automorphism of this graph is a congruence of the dodecahedron. 
This follows from the observation that for any mapping of the star of a point 
onto the star of any other point there is a uniqe automorphism extending it; 
also, there is a unique congruence of the dodecahedron and so, the automor­
phism must be the same as the one induced by this congruence.

This observation also shows that the dodecahedron has 120 congruences.
Consider the cubes shown in Fig. 16, p. 127. Observe that each diagonal of any 

face is an edge of a unique cube and each cube contains exactly one diagonal of 
each face. Thus, the number of such cubes is exactly 5. Let Qv . . ., Qs l ie these 
cubes. Each congruence a of the dodecahedron induces a permutation <x of 
Qi , . . . ,  Qs. Suppose x =  1 for some cm. Consider any point x of the dodecahedron. 
This is contained in exactly two cubes , Qj. These two cubes have only one 
more point in common, namely the point x' diametrically opposite to x. Thus 
a.(x) =  x ov x'. Moreover, if cc(x) =  x for some x, then a(y) must be a neighbor 
of x for every neighbor у of x, so a(y) — y. Thus it follows that a is either the 
identity or the reflection q about the centre of the dodecahedron.

The number of congruences of the dodecahedron is 120. By the above, a —+x 
is a homomorphism of the congruence group Г  into S5, and the image has 60 
elements. The only 60-element subgroup of S5 is A s, so this is the image of Г. 
Also the above considerations show that the mapping is monomorphic on the 
subgroup Г0 of direct (orientation preserving) congruences, hence this subgroup 
(which clearly has index 2) is isomorphic with A 5. Also it follows that {1, q} is 
a normal subgroup, whence о commutes with every element of Г. Hence

Г  =  Г0 х {  1, o} A 5 x C.,.
(b) It follows as for the dodecahedron that each automorphism of the cube 

is, in fact, induced by a congruence and that the whole group is the direct 
product of Z .2 and the group of direct congruences of the cube. Each direct 
congruence of the cube induces a permutation of the 4 main diagonals. It is 
also easy to see that, if a direct congruence maps every main diagonal onto itself, 
then it is the identity. Therefore, the group of direct congruences of the cube is 
a subgroup of *SY A straightforward counting shows that the cube has 24 direct 
congruences (each edge is mapped onto any other edge by exactly two direct 
congruences) and hence, the group of direct congruences is &4.

The tetrahedron clearly has automorphism group S4. The octahedron is the 
dual of the cube; since its automorphisms must be induced by congruences in 
the same way as in the previous eases, its automorphism group is the same as 
that of the cube, i.e. Z 2 x S t . Similarly, the automorphism group of the icosa­
hedron is isomorphic with Z 2 xA-.
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3. A graph like the one in Fig. 86 has only the rotations as automorphisms 
[R. Frucht, Compositio Math. 6 (1938) 239-250].

4. The right multiplication by any fixed group element g, i.e. the mapping 
gi M* 9 i9  is an automorphism: if gt is joined to g] by an edge of color к (i.e. 
gar 1 =  9 k)> then (giSHgjg) - 1 =  gk and hence, gtg is joined to gsg by an edge 
of color k.

Conversely, every automorphism of G arises in this way. For let a be any auto­
morphism of G and set g — a(l). We claim that gtg =  a(gr,). Since (gig)g~ 1 =  g,, 
gtg is joined to g by an edge of color i and gt is the only point with this property. 
On the other hand, gt is joined to 1 by an edge of color i by definition, and since 
a is an automorphism this implies that a(g,) is joined to a(l) =  g by an edge of 
color i. Hence, a(gt) =  gtg.

Since it is easy to see that the multiplication of elements of Г  is the same as 
multiplication between the corresponding automorphisms of G, we conclude 
that the automorphism group of G is isomorphic with Г  [R. Frucht, ibid.].

5. We may assume |F | >  2. The previous problem yields a colored digraph 
G0 with automorphism group Г.

If gh gj £ V (G0) =  Г  are joined by an edge of color k, then connect them by a 
path of length к -f- 2, with paths of length 1 attached to each inner point of it 
except for the inner point next to gjy where we attach a path of length 2

F i g . 87

F i g . 86
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(Fig. 87, p. 423). We do this for each pair and then remove the directed 
edges. We denote the resulting graph by G.^

Observe first that each automorphism of G0 induces a unique automorphism 
of G. It suffices to show that, conversely, if a is an automorphism of G, then a 
is induced by some automorphism of G0. The points of V(G0) are exactly those 
points of G, which are neither outpoints nor endpoints. Hence, V(G0 ) is invari­
ant under A(G).

The new paths with the attached shorter paths are the components of G — 
— V{G0), hence a maps them onto each other. A path of length к must be 
mapped onto a path of length к and the end of the path with the longer attached 
path must be mapped onto the corresponding end. Hence, if gt is connected to 
gj by an edge of color k, then so is a(grf) to a(gq). Thus, a yields an automorphism 
of G0 as stated [R. Frucht, ibid.].

6. Let F, =  {(у, г): у £Г} (i =  1, 2). We may consider Г  to act on V1 U V2 
according to

<5(y> i) =  (yö, i) (y, ő £Г,  i =  1, 2).
Let hlt . . hm be a minimal set of generators of Г. Assume first that rn >  2. 
Connect (1,1) to (1, 2), (hv 2), . . ., (hm, 2), (hv  1). Also connect (hv 2) to 
(h2, 2) to . . .  to (hm, 2). Take all images of these edges under Г  and denote the 
resulting graph by G.

Clearly G admits all elements of Г as automorphisms. Let us see, if it has any 
other.

Let a be an automorphism of в  and assume first that it keeps Vv V2 invariant. 
By multiplying by a suitable element of Г, we may achieve «(1, 1) =  (1, 1). 
The point (1, 1) is adjacent to (1, 2), (h2, 2), . . ., (hm, 2) in V2. a must keep this 
set invariant.

We claim that these points induce the following subgraph: (1, 2) is isolated, 
(hv 2), . . ., (hm, 2) form a path P. Clearly the edges of P  are in G but we have 
to show no other edge runs between these points. More exactly we show: 
Г  does not map any pair ((/i,, 2), (hi+1, 2)) onto a pair ((Ar, 2), (hs, 2)) unless 
{r, s} =  {i, i +  1} and it does not map it onto ((1,2), (hr, 2)) at all. For assume

V((K  2). (hi+1, 2)) =  ((К , 2), (hs, 2)), у  € Г.

Then у =  hy1hr — Äf+Vb • If one °f r> s is different from both ht and hi+1’ 
then it can be expressed from this relation in contradiction with the minimality 
of generating set {hly . . ., hm}. So {r, s} =  {г, i -f 1}. The other assertion 
above follows similarly.

Thus it follows that a must keep (1, 2) fixed, and that there are only two possi­
bilities for a to act on (hv  2), . . ., (hm, 2): either a is the identity on this set 
or a(hit 2) =  (hm_i+1, 2). We can rule out the second possibility as follows. 
(hv 2 ) is adjacent to (hv  1), which is a neighbor of (1, 2). We show (hm, 2) is not 
adjacent to any neighbor of (1, 1) in Vv In fact, (1,1) has two (not necessarily 
different) neighbors (hv  1) and (fef1, 1) in Vv If (hy1, 1) were adjacent to (hm, 2), 
then we would have (Af1, 1) =  y(l, 1), and (hm, 2) =  y(hr, 2) or \hm, 2) =  y(l, 2) 
for some у £ Г  and 1 <  r <[ m. But this would imply у =  and either y =  h~4im 
or у =  hm, which are both impossible by the minimality of the generating set 
{hv . . . , h m}.
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So we have shown that if a fixes (1, 1), it also fixes its neighbors in V 2. We show 
now that a acts on V1 and V2 in the same way, i.e. if ct(g, 1) =  {</, 1), then 
a(g, 2) =  (g', 2). In fact, g a g’~l keeps (1, 1) fixed which, as above, implies 
that it fixes (1, 2). But this means that a.(g, 2) =  (g’, 2). Thus a fixes (hv  1), . . ., 
. . ., (hm, 1). It follows then that if a fixes (g, 1), is also fixes (ght, 1) for each 
i =  1 , . . . ,  m. Since {hv . . ., hm) generates Г  it follows that a fixes every ele­
ment of Vv As we have seen, this implies that it fixes every element of V2, 
i.e. a =  1. This proves that those automorphisms of G keeping V x and V 2 in­
variant are only the elements of Г.

To rule out those automorphisms of G, which would not keep V x and V2 invar­
iant we want to arrange for the degrees in these sets to be different. If G itself 
fulfils this we are done. Otherwise, take the complement in Vv  Since the de­
grees of the subgraph induced by VxmG are at most 2, in the complement they 
will become at least n — 1 — 2 >  2. Thus they increase, so after complemen­
tation they will not be equal to the degrees in V2. Since the complementation 
in Fj does not influence those automorphisms keeping Vx invariant, we get 
the desired graph.

In the case when m =  1, i.e. Г  is cyclic, take the graph shown in Fig. 88. The 
points on the rim have degree 5, the points inside have degree 3, so each 
automorphism maps the boundary circuit onto itself. The inner points prevent 
reflections [L. Babai, Can. Math. Bull. 17 (1974) 467-470].

F i g . 88

7. (a) Suppose indirectly that a tournament T  has an even number of auto­
morphisms. By Cauchy’s theorem T  has an automorphism a of order 2. Let 
(xy) be a 2-cycle of a. Since у is a tournament, either (x, y) or (y, x) is an edge 
of T, but not both. Say (x, y) £ E(T), then a maps (ж, у) onto (у, x) ({ E(T), 
a contradiction.

(b) Let us first note the following fact. Let V be a set such that the group 
Г  of odd order acts regularly on V. Let us consider the orbits of Г  on the set 
E  of ordered pairs (ж, у), x ^  у, x, у  £ V. No element of Г  can map (x, y) onto 
(y, x); for such a permutation would contain an even cycle and hence, it would 
be of even order.

Thus, the orbits of Г  on® decompose into pairs S, S ’ such that S ’ =  {(x, y): 
(y, x) £ S}. Selecting one orbit from each such pair S, S', the union of these
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orbits forms a tournament T, which admits all elements of Г  as automorphisms. 
Now let us take two sets F, =  {(a, i) : a f  Г) (« =  1, 2), and define the action 
of a € Г on F t U V2 by

tx(y, i) =  (yoc, i) (у  ̂Г, i — 1, 2).
Let hv . . hm be a minimal generating set of Г.

Let us connect (у , 1) to (Ő, 2) if д =  у or Ö — у • А,- (1 <  i :< m), and (d, 2) 
to (у, 1) otherwise. Take any tournament on Vx invariant under Г. To define 
the tournament on V2 let us observe that no pair ((A,-, 2), (Ay, 2)) or ((A,-, 2), 
(1, 2)) or ((1, 2), (A,-, 2)) is mapped onto such a pair by any element у £ Г, 
у  7̂ = 1; for, e.g.

y((A,, 2), (Ay, 2)) =  ((Â , 2), (A„, 2))
would imply

ht =  h^h-'hj,

which implies, by the minimality of {hv . . ., Am}, that either i =  v, j  =  \i 
and thus (A,Ay)2 =  1 (which has been excluded, because Г  has odd order) 
or i =  fi, j  =  v and thus у =  1. So we may take the edges ((1, 2), (A,-, 2)) 
(i =  1, . . ., m) and ((A,-, 2), (Ay, 2)) (1 <[ i <  j  <̂ , m) and all images of them 
under Г  and, as noted at the beginning, one of each remaining pair of orbits of 
Г  on E, and obtain a tournament on F 2 invariant under Г. Thus we have defined 
a tournament T on Vx U V2 invariant under Г.

We claim that A(T) =  Г. Let a £ A(T), we want to show a £ Г. First observe 
that the points in V x have outdegree

n — 1--------- )- m +  1,
2

while the points in V2 have outdegree

n — l--------- \- n — m — 1,
2

which are different, because n is odd. Therefore, a must keep F , and F 2 invari­
ant.

We may assume <x( 1,1) =  (1,1)- Then the set of points in F2 accessible from 
(1, 1) on an edge is also invariant under a. This set is (1, 2), (hv  2), . . ., Am, 2), 
which is a transitive tournament. Therefore a must fix all these points. Hence it 
follows as in the preceding solution that a must fix every point i.e. a =  1 
[J.W. Moon, Canad.J. Math. 16 (1964) 485-489; this construction is due to 
L. Babai].

8 . Instead of the paths shown in Fig. 87, p. 423, use the paths on Fig. 89 to connect 
</,- to gj if they are joined by a directed edge of color A; where the 6-point 
configuration is repeated к times. In this way, we get a graph Gx which 
has automorphism group Г  (this follows exactly as before). However, Gx is 
not 3-regular as the points of F(G0) have degree 2 IFI.

Take any g( £ F(G0). Observe that there are exactly two of the strings of Fig. 
86 of length к attached to it, one with each kind of ending (k =  1, . . \Г\).
Split gr, into 2 I Г j points of degree 1; they can be denoted by o16, . . ., ®ir|,e> 
a l 8 ,  .  .  . ,  «|r|,8> where ak j  is the starting point of a string in Fig. 86 of length
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к and with a '̂-point configuration next to ak j . Now join the ak J s by a circuit 
Gj in the above order. Do the same for each i — 1 , . . |D |. Clearly, each
automorphism of Gx induces an automorphism of the resulting graph G. Con­
versely, let a be an automorphism of G. The only triangles in G are those in the 
strings of Fig. 86, so a maps them onto each other; also the triangles in the 
6-point configurations have different neighborhoods than the triangles in the 
8-point configurations, therefore a maps 6-point-configurations onto 6-point 
configurations and 8-point-configurations onto 8-point configurations. Thus, 
a maps the rest, i.e. the points on circuits (7, onto each other. Since the C, s 
are the components of the subgraph spanned by V(CX) U . . . U V(C\r \), a 
maps each С,- onto some Cj. Hence, a induces a (unique) automorphism of the 
graph obtained by contracting each 6'.-. But this graph is Gv

Thus the automorphisms of G and (?1 are in a 1 — 1 correspondence, which is 
obviously an isomorphism. Hence, the automorphism group of G is isomorphic 
to Г. Since G is 3-regular, we are finished. [R. Frucht, Canad. J. Math. 1 (1949) 
365-378. This proof is due to L. Babai. For regular graphs of any degree see 
G. Sabidussi, Canad. J. Math 9 (1957) 515-525.]

9. Let xv . . ., xn be as in the hint, and denote by the group of those auto­
morphisms fixing xv . . ., x,j. Then [ \  =  A(G), because x x is the only point of 
degree 2 and so each automorphism must fix it; Гп — {1}. We show that the 
index \ r i _ 1 : Г, | is 1 or 2; this will imply the assertion.

Look at the images of xt under Ft_ x ( i  >  2). Let j  <  i be such that Xj is adja­
cent to хх. Then Xj has at most one other neighbor in {xt , . . ., x,,}. Since each 

must map x( onto such a neighbor of Xj, it follows that either ж, is 
fixed by all automorphisms in t or it has one other image. The index | jTf_ , : 
: Гj I is, accordingly, 1 or 2.

Remark: Every group of order 2 k arises as the automorphism group of 
such a graph [cf. L. Babai—L. Lovász, Studia Sci. Math. Hung. 8 (1973) 
141-150].

10. Select an e £ E(G) and orient it arbitrarily. Let / be any other element in 
the orbit of e under A(G) and let a be the unique automorphism mapping e 
onto /. Now orient /  in such a way that a should preserve the orientation of e,

F i g . 89
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if a £ Г  and conversely, otherwise. The remaining edges of G we orient in such 
a way that every у £ A(G) preserves their orientations (this can be done as 
A(G) acts semiregularly on E(G)).

The resulting digraph G admits the elements of Г  as automorphisms by the 
construction. On the other hand, let a be any automorpnism of G. Then, clear­
ly, a is an automorphism of G, i.e. a £ A(G). Since a(e) must be oriented like e, 
it follows that a £ Г  [Cf. J. Nesetril, Monatsh. f. Math. 76 (1972) 323-327].

11. It is easy to check that in 12.5, if we remove an edge e, which connects 
a point of degree 1 to a point of degree 2, we obtain a graph with no 
automorphisms. Taking the complement we have a connected graph G2 and 
an edge e =  (u, v) £ E{G2) such that A(G2) =  {1}, A(G2 — e ) ^ T 2. Also 
the construction in 12.5 has the property that its automorphism group acts 
semiregularly on the points, i.e. no automorphism а ф  1 fixes any point. 
Thus we have a graph Gx such that A(GX) Qd Г x and only the identity fixes a 
certain x £ V(GX).

Now construct G as follows. Let its points be the pairs (x1; x2), xt 6 V(Gt). 
Moreover, connect (xx, x2) to (yx, y 2), if either (xlt y x) £ E(GX) or xx =  y x and 
(x2, y 2) £ E(G2). (G is called the lexicographic product of Gx and G2.) Also let 
us color those edges ((x1; x2), (yv y 2)) of G with xx =  y x red and the rest black. 
Now A(G) Qd I\ .  For obviously, each automorphism of Gx induces an automor­
phism of G. On the other hand, let a £ A(G). Since G2 is connected, the red 
coloration of edges forces that a must map each class VXl =  {(xx, x2) : x 2 £ 
6 F(6r2)} onto such a class Vx\. From the fact that G2 has no automorphism 
except the identity, it follows that a(xx, x2) =  (x'x, x2), i.e. a is induced by an 
automorphism of Gx.

On the other hand, let us remove the edge /  =  ((x, u), (x, r)). Then for each 
у £ A(G2 — e) the mapping у defined by

is an automorphism of G — /. Conversely, if a is any automorphism of G — /, 
then it follows as above that a maps VXl onto Vx[. But then a must map Vx 
onto itself (since Vx induces fewer edges than any other FXl). Therefore, a 
induces an automorphism x of Gx, which fixes x, whence x =  1 , i.e. a( F*i) — V Xl 
for every xx  ̂V(GX). Since VXl induces a graph with no proper automorphism 
for xx =?̂ x, we conclude that a =  у  for some у 6 A(G2 — e). Thus A(G — /) ^  Г 2.

We still have to get rid of the colorings of edges. This can easily be done by 
replacing each black edge by a path of length N, N  large [L. Babai].

12. (a) Let us remark first that there is a tree T  such that each orbit of Г  con­
tains exactly one point of T.  For choose a maximal tree T 0 such that each orbit 
contains at most one point of T 0. If V0 =  |J у(^(Т0)) =  V(G) we are done.

ver
Suppose V0 V(G), then, since G is connected, there is a point x (] Fn adjacent 
to some у  £ F0. Let у  £ y(T0), then y(T0) -)- (x, y) is a larger tree meeting each 
orbit in at most one point.

So let the tree T  meet each orbit in exactly one point. Let us contract each 
y(T), у £ Г.  The resulting graph G' is clearly connected, and Г  acts regularly

- / 4 \(X’ v(x2)) if x l =  X’y(xu x2) =
((Xj,  x2) if xx ¥=x.
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on it [L. Babai, Acta Math. Acad. Sei. Hung. 24 (1973) 215-221; cf. G. Sabi- 
dussi, Proc. AMS  9 (1958) 800-804].

(b) We use induction on | F(6?)|. We may suppose Г  {1}. Let e £ E(G) 
such that not both endpoints of e are fixed points of Г.

Let G' be the subgraph of G formed by those edges of G of form y(e), у £ Г. 
Then G' is a subgraph of G on which Г  acts edge-transitively. Moreover, differ­
ent elements of Г  have different effects on V(G')\ for the set N  of those permu­
tations у £ Г  which have у | v(G') =  1 is a normal subgroup of Г; by the sim­
plicity of Г, N  =  Г  or N  =  {1}. However, N =  Г  would imply that all points 
of V{G'), in particular both endpoints of e, are fixed points of Г, a contradic­
tion. Thus if G' is connected we are done.

Supposed' is disconnected; let Gv . . ., Gk be its components. Then { F(G1), . . .
. . ., F(Gfc)} U {{a:} : x £ V(G) — F(C?')} is a partition of V{G) invariant under 
Г. Let us contract each 0,- onto one point. The resulting graph G" is clearly 
connected. Each automorphism у £ Г  induces an automorphism у £ A(G"). 
As above, the simplicity of Г  implies that either у =  1 for each у £ Г  or 
у i *■ у is one-to-one. But the former possibility cannot occur since some у £ Г  
maps G1 onto G2 and for this у ^  1. Hence A(G") contains a subgroup isomor­
phic with Г. We are finished by induction. [L. Babai, Discrete Math. 8 (1974) 
13-20.]

13. If a permutation group is commutative and transitive, then it is regular 
(see the footnote to the solution of 11.17).

If we fix any x0 then, by the regularity of A(G), each x £ V(G) can be written 
uniquely as а(ж0), а £ A(G). So the mapping q> with cp(<x.(x0)) =  а ~Цх0) is well 
defined and is a permutation of V(G). Moreover, <p is an automorphism of G, 
since if (x, у) £ Е(в), x — а(ж0), у =  ß(x0), (а, ß £ A(G)) then, since a is an 
automorphism, (x0 ,a.~1(ß(x0)) =  (:r0, ß(a.~1(x0)))£E(G), whence (/3_1(ar0), <x~1(x0))£ 
£ E(G). Since <p fixes x0, we get, by the regularity of A(G), that cp =  1. 
Thus, a-1 =  a for each а £ A(G), i.e. every element of A(G) is of order 2. It is 
well known from group theory that this implies that A(G) is the direct product 
of cyclic groups of order 2. [C.Y. Chao, Proc. AMS  15 (1964) 291-292; G. Sabi- 
dussi, Monatsh. f. Math. 68 (1964) 426-438.]

(b) Let Qn be the n-cube. We may assume the vertices of Qn are 01-vectors 
of length n and two such vectors are adjacent iff they differ at exactly one 
place. Denote by er the characteristic vector of /  C l  (1, . . ., n } .  If we switch 
the coordinates belonging to a subset l c { l ,  we get an automorphism
ocj of Qn. The group Г0 of all automorphisms oq is isomorphic with Z 2 X ■ ■ ■ x Z 2.

П

However, Qn has other automorphisms, e.g. exchanging the first two coordi­
nates. To exclude these, let us modify Qn by joining two vectors by к edges if 
they differ at the kih place only. It is obvious that a7 as defined above is still 
an automorphism of the resulting graph Q'n. We show that Q'n has no other auto­
morphisms. If it had we could assume it had one, which fixes (0, . . . ,  0). How­
ever, if a is an automorphism, which fixes (0, . . . ,  0), then it also fixes (1, 0, . . .
. . ., 0) since this is the only point joined to (0, . . ., 0) by exactly one edge. 
Similarly, it fixes (0, . . . 0, 1, 0, . . ., 0) for any position of the 1. Thus if а 
fixes a point it fixes all neighbors of it. Q'n being connected, a must fix every 
point, i.e. « =  1, a contradiction.
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(c) We want to introduce new edges to Qn such that the arising simple graph 
G still admits every cc/asan automorphism, but has no other automorphism. 
Let H be a graph on the set of vectors {ex, . . ., e„}, e, =  (0, . . . 0, 1, 0, . . ., 0).

If (e,-, ey) £ E(H), then a;(e,) =  (е/др}), a ;(е;) =  е/др). Thus if we add all edges 
(e/; ej) to Qn such that I Д</ =  {г, j] with (e, , ej)^E(H), we obtain a graph G 
invariant under Г0.

Let us see what properties H must have to ensure that G has no other automor­
phism.

Suppose A(G) ^  Г0. Since Г 0 is transitive, we have an a £ A(G), a ^ 1  with 
a(0, . . ., 0) =  (0, . . ., 0). Let H 1 he the graph induced by the neighbors of 
(0, . . ., 0) in G (this is, of course, not H since (0, . . 0) has neighbors other
than e(). The points of H l are e,, . . ., e„ and all points epj} with (e,-, e;) £ E(H). 
Two points of form e, are adjacent iff they are adjacent in H. e^j) is adjacent 
to e, , Cj and no other e„. Finally, eyj) is adjacent to iff (e,-, ey), (ец, e„) are 
adjacent edges, e.g. j  =  v and (e,-, e )̂ £ E(G).

Thus H 1 arises from H by taking a new point pe for each edge e of H, connect­
ing it to the endpoints of e and connecting pe to pe' iff e, e' are edges of a tri­
angle in H.

Note that if H contains no triangles, then each point of V{Hx) — V(H) has 
degree 2. If H has no point of degree 1, then these are the only points of degree 
2. Thus if in addition H  is asymmetric, so is H v

If this can be achieved we are done, since it means that a fixes the neighbors of
(0........0) in G, and G being connected, it follows that it fixes every point, a
contradiction. So all we need is an asymmetric triangle-free graph with no 
point of degree 1.

Figure 90 shows such a graph H for n j> 8. [W. Imrich, Monatsh. f. Math. 
73 (1969) 341-347. For graphs with non-abelian regular automorphism group 
see L.A. Nowitz-M.E. Watkins, Canad.J. Math. 24 (1972) 993-1018.]

14. Let к be the edge-connectivity of G, and X  Cl V(G) a minimal set with 
dG(X) =  k.

By the minimality of X,  |X| <  |F(G)|/2. Let xv x2 £ X  and a £ A(G) be 
such that a moves xx to x2. Let a.(X) =  X'.  Then 6 G{X') =  к (as a is an auto-

Fio. 90
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morphism) and X  П X'  and I  U I V  F(G) (as |X| =  |X '|< ( |F(G)|/2).. 
Hence by 6.48a, dG(X П X') — k. Since X  has been minimal, this is only 
possible, if А П X' =  X,  i.e. X  =  X ' .

Thus, those automorphisms which keep X  invariant act transitively on X. 
This implies that each point of X  has the same number « of neighbors in X . 
Obviously,

a <  ]X| — 1,

and since each point of X  is adjacent to r — a points outside X,
( r - a )  \X\ =  k.

Thus к — (r — a) |A| >  (r — a)(a +  1) r.
Since obviously r )> k, we have r =  к as stated.

15. (a) Let T c  F(G), |!F| =  3, Gx a component of G — T, X  — F(GX) and 
suppose T, G1 are chosen so that \X\ is minimal.

Consider all images of X  under automorphisms of G. By the transitivity of 
A(G), they will cover all points. Moreover, they are disjoint (if different). For 
if x(X) П ß(X) 0, «(X) ß(X) then a(T) meets ß(X) but does not contain 
it, which contradicts 6.60a. This also shows that T  is the union of certain images 
of X.  Since \ T\ =  3, this is only possible if |X | =  1 (in which case we are 
finished) or | X  | =  3.

To exclude this latter case, observe that X  is joined by edges to T  only. So if 
T =  x(X) for some a, then T  is joined to a(T) =  x2(X) only; however, T  is in 
fact joined to X  and to some other points too (being a cutset).

The statement is false for 4 instead of 3 as is shown by Fig. 91.

(b) Again let T  be a minimum cutset of G and G, a component of G — T r 
chosen so that |X| is minimal, where X  =  F(GX). It follows as before that T 
is the union of certain images of X  which are disjoint, and T  cannot be an image 
of X  (under automorphisms of G). Hence,

\ T \ ^ 2 \ X \ .
Since any x 6 X  can be joined to the points of T  U {X — {a;}) only, we have

2 2

F i g . 91
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or, equivalently,

This estimate is sharp if r +  1 is divisible by 3, as is shown by the strong direct 
product of a circuit and a complete (r +  l)/3-graph (Fig. 88 for r — 5) 
[M.E. Watkins, J. Comb. Th. 8 (1970) 223-226; W. Mader, Arch. d. Math. 21 
(1970) 331-336].

(c) Again let T be a minimum cutset of G and Gl a component of G — T . 
Assume T  and G, are chosen so that [ V(GX) | is minimal. We want to show that 
Gx consists of a single point. Suppose indirectly that Gl has an edge e. Let /  be 
an edge connecting Gx to T, and a an automorphism mapping /  onto e. Then 
a(T) meets G, and does not contain it, a contradiction with 6.60a.
16. Suppose indirectly that the edge e =  (x, y) of G does not occur in any 1-fac­
tor (G itself may or may not have 1-factors). Then G — x — у has no 1-factor 
and therefore, by Tutte’s theorem, there exists an X x Cl F(G) — {x, у} such 
that G — x — у — X \ has more than X , odd components. For reasons of parity, 
the number of odd components oÍG  — x — у — X x is > | X 1 | - ( -2 (since 
j F(G) I is even). So if we set X  =  X x U {x, y}, then G — X  has >  |X  | odd 
components.

Let T v  . . ., Tk be the components of G — X  (kZ> [ X |) and let G be r-regular. 
By 12.14, G is r-edge-connected and hence, there must be at least r edges join­
ing to X  (г =  1, . . ., к). This means that at least kr edges enter X. But X  
has only IXI <[ к points to receive them and a point of X  can receive at most 
r. Moreover x and у can receive at most r — 1 as they are incident with e too. 
Thus, the points of X  cannot receive all the edges entering X, a contradiction.
17. Г  is regular (see the footnote to the solution of 11.17). Let x £ V(G) and 
у £ Г  be such that (x, y(x)) £ E(G). Then (x, y(x), . . ., yr~1(x)) is a circuit in 
G (where r is the order of y).

Now let Г х be a maximal subgroup of Г  such that the elements of Г х(х) form a 
circuit (x, xv  . . ., xm) (1/^1 — m -F 1). We claim that Г х(х) =  F(G), which 
will prove the assertion. Suppose Г  — Г х =A= 0, then since G is connected, 
there is an edge (a, b) with a £ Г х(х), b Г х(х). Then a =  y(x) (у £ Г х) and 
(x, y -1(&)) is an edge as well. Clearly y -1(&) $ Г х(х); let у~\Ъ) =  д(х), Ö 6 Г  — 
— r v Let p be the least integer with 6 P 6 Г г

By the commutativity of Г, (y, d(y)) 6 E(G) for any у 6 F(G); in fact, у =  y(x) 
for some у £ Г  and then (y, d(y)) =  (y(x), d(y[x))) =  (y{x), y(S(x))) =  y(x, 
d{x)) 6 E(G). Also the commutativity implies that Г 2 =  Г х U Г х ö U . . . 
. . . .  U Г 1др ~ 1 is a subgroup.

If p  is even, then
(x, xx........xm, d(xm), . . ., 8 (xx), b2(xx), . . ., <52(xJ, . . ., bp~\xm), . . .,

. . . ,  őp-T zi). дР-Цх), . . ., д(х))
is a circuit formed by the points of Г 2(х), a contradiction (Fig. 92a). If p is odd 
we have the circuit

(x, xv . . ., xm, d{xm), . . ., 0(xx), 8^(хх), . . ., ő2(xm)........ 6 p x(xm), dp x(x),
bp~2(x)........ ő(x)),

я contradiction again (Fig. 92b).

m > - ^ ( r  + 1).
о

SOLUTIONS
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Remark: The condition that Г  is abelian cannot be dropped, as is shown by 
the Petersen graph [J. Pelikán].

18. It suffices to describe connected graphs with the desired properties; the dis­
connected ones are disjoint unions of arbitrary numbers of the same connected 
examples.

We distinguish two cases. If Г  =  A(G) acts point-transitively, then by 12.15b, 
G is at least 2-connected unless G =  K 2. Moreover if G is not 3-connected, then 
it is 2-regular, i.e. a single circuit.

Assume that G is r-regular, r 3 and 3-connected. By 6.69 it follows that G 
has an essentially unique embedding into the sphere and every automorphism 
maps faces onto faces. By edge-transitivity, either all faces have the same size 
or there are only two types of faces, &-gons and l-gons, say. In the first case G 
can only be one of the five platonic bodies, the proof of which is found in any 
geometry book.

In the second case, the edge-transitivity implies that each edge must be ad­
jacent to just one &-gon and one Z-gon. Hence each point is adjacent to some a 
k-gons and a l-gons. Clearly a >  2 and by 5.26, | E(G) | =  a ■ n 3n — 6, 
whence a — 2 .

2 тъ 2 тъThe total number of &-gons is, clearly, — , the number of /-gons is — , thus
к l

by Euler’s formula

, 2 n , 2 n „ , „n-\------------ = 2 л  +  2,
к I

-  +  -  =  -  +  
к I 2  n

We may suppose 3 <, к <  l, whence either к =  3, 1 =  4, n =  12 or к =  3, 
1 =  5, n =  30. It is easy to see that the corresponding graphs are the line- 
graphs of the cube and dodecahedron, respectively.

28  Lovász

F i g . 9 2
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Now suppose that Г  is not transitive on the points. Then clearly A(G) has two 
transitivity classes on V(G), U and W, say. Each edge connects two points in 
different classes.

If the minimum degree of 6? is 1, it is a star. If the minimum degree of G is 2, it 
arises by subdividing each edge of a (not necessarily simple) planar graph Gx 
by one point. This graph G1 has an automorphism group transitive on both the 
points and the edges. Hence (?1 arises from one of the graphs determined above 
by multiplying each edge by the same number. Thus G is one of the graphs 
described in the hint.

So suppose the minimum degree of G is at least 3. Then G is 3-connected by 
12.15c, and thus by 6.69 it has an essentially unique embedding into the 
sphere. From the edge-transitivity it again follows that A(G) is either transi­
tive on the faces or there are two types of faces. In the first case consider the 
dual graph G*. This has an automorphism group transitive on both the points 
and the edges, and is therefore one of the graphs determined above.

So we may suppose A{G) is not transitive on the faces either. Let each edge be 
adjacent to a £-gonal and an Z-gonal face. Let the degrees in U and W he a and 
b, respectively. Since the faces containing a given point are alternatingly in 
the two transitivity classes, a, b are even and therefore at least 4. Similarly k, 
l 2> 4. But then the number of points is at most | E(G) |/2, the number of faces is at 
most |jE?(Cr)|/2, contradicting Euler’s theorem. So the last case cannot occur. 
Thus the list given in the hint is verified.

19. Let Г  be a non-cyclic simple group and assume that A(G) Qd Г, where G is 
planar. We show that this implies Г  A s, even if coloring the points is allowed.
Let G be a minimum graph with A (G) ш Г. Then G is connected. For, suppose that 
G has components Gv  . . ., Gk. Then each automorphism of 6? induces a permu­
tation of the components. Those automorphisms inducing the identity form a 
normal subgroup of A(G). Since A(G) is simple, either no automorphism induces 
the identity or all of them do. In the first case the components of G are asym­
metric and hence A(G) is a direct product of symmetric groups (permuting the 
isomorphic components), which is never a non-cyclic simple group. So each 
automorphism leaves the components invariant. Let G± be a component, which 
is not asymmetric, then those automorphisms keeping the points of Gx fixed 
form a normal, proper subgroup of A(G). Since A(G) is simple it follows that

Fig. 93



12.20 § 12. AUTOMORPHISMS OF GRAPH S 435

only the identity does so, i.e. A(G) ac A(G,), a contradiction with the mini­
mality of G.

Furthermore A(G) has no fixed points. For removing a fixed point and coloring 
its neighbors with a new color we obtain a smaller colored graph with the same 
automorphism group.

Now let us contract an appropriate connected subgraph of G onto a graph G() 
as in 12.12b such that A(G0) contains a subgroup Г' A(G), which acts edge- 
transitively. Observe that the construction in 12.12b is such that if A(G) has 
no fixed points, neither does Г'. G0 is clearly planar and so it is one of the graphs 
described in the preceding hint. The stars are ruled out since Г' is fixed point 
free. The remaining examples are the platonic bodies or graphs, which are easily 
seen to have the same automorphism groups as the platonic bodies. Using 12.2 
it is easy to see that the automorphism groups of the platonic bodies have no 
non-cyclic simple subgroups other than A-.
Remark: Fig. 93 shows a planar graph with automorphism group Ab [L. 
Babai, in: Infinite and Finite Sets, Coll. Math. Soc. J. Bolyai 10 Bolyai- 
North-Holland (1975) 29-84].

20. (a) Using 12.12a, we may assume that Г  acts regularly. Then it is easy to 
see that G' contains the Cartesian product of two (p — l)-paths and an edge. 
(In fact, it contains the Cartesian product of three p-circuits.) Let G ZD P  ©  
®  P'  ®  Q, P  =  (xv . . ., xp), P' — (yv . . ijp), Q =  (zv z2). It suffices to 
show that P  ® P' ®Q  can be contracted onto K p. To this end contract the 
subgraphs spanned by P ©  {yf} ©  { z j  and {жг} ©  P' ®  {z2} (which are 
clearly connected). This results in a graph isomorphic to K PiP which, in turn, 
is trivially contractible onto K p (Fig. 94).

F i g . 94

(b) For reasons similar to those in the solution of the previous problem we 
may assume that the action of Г' is edge-transitive. By (a) we may suppose 
that the action of Г  is not semiregular. Let y0  £ Г  have fixed points. Since G 
is connected it has two adjacent points x0, y0 such that y0(x0) =  x0, but y0(y0) =A= 

y0. Then y0, y0(y0), . . ., yß~1(y0) are different neighbors of x0. Hence dG{x0) )> 
— p -If A(G) is point-transitive, then each point has degree at least p and we are 
done by Mader’s theorem 10.8. So suppose A(G) is not point-transitive. 
By the edge-transitivity, it follows then that Г' has two transitivity classes, 
namely U — Г \ х 0) and W =  Г'(у0). Each edge connects U to W. It is trivial

28*



that the degrees in U are all at least p  and those in W are all at least 2. If the
3

degrees in W are at least ][p, then we can still conclude as before by 10.8. So
3 _

suppose the degrees in W are less than ]ip.
Form a graph Gx on V(Gx) =  U by connecting two points, if they are at distance 

2 in G. Each у £ Г' induces a у £ A(Gx). Clearly у к> y' is a homomorphism 
and since Г' is simple, it is either a monomorphism or maps onto 1. However, 
the latter is impossible since Г' acts transitively on U. Moreover, y0 has fixed 
points, but is not the identity, thus as before, it follows that the degrees of Gt 
are at least p.

For each edge e =  (u, v) £ E(G1), let /(e) be one of the common neighbors of 
u, v in G. Clearly /(e) £ V. A point у £ V occurs at most

(do(2/)| <  ffpl <  * 2/3
I 2 j I 2 j 2

tim es as /(e) (e £ E (G 1)') a n d  so, th e  n u m b e r o f  p o in ts  o f  form  /(e) is a t  leas t

W )i> - jH E U ip2/3 — 2̂/3 1 “ 1
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For each point x of the form /(e) select an edge (ux, vx) — ex £ E(G1) such that 
f(ex) =  x and contract the edge (ux, x) of G.

Identify those points of W not of form /(e) with an arbitrary neighbor of them. 
In this way G is mapped onto a subgraph G’ of Glt which contains all edges of 
the form ex (and possibly more). So

\E(G’) \ ^ \ U \ Y p .

Thus by 10.8 G’ can be contracted onto K m.
(c) Let N  be a large enough number; we show that the alternating group 

An is not isomorphic to the automorphism group of any graph from Si, even, if 
coloring of the points is considered. More exactly we show that if a graph G 
(with possibly colored points) has automorphism group AN, then a suitable 
subgraph of it can be contracted onto K m provided N >_ 3p, where p is a prime 
greater than 8m. Since for large enough m, Ж certainly does not contain any graph 
contractible onto K m, this will prove the assertion.

For reasons similar to those in the solution of 12.19, we may suppose that G is 
connected and A(G) has no fixed points. Then disregarding the coloration of 
the points, we obtain a graph, which satisfies the conditions of (b).This implies 
that G can be contracted onto K m [L. Babai, Discrete Math. 8 (1974) 13-20].

21. Let G be a graph with A(G) od Г, V(G) f l f i  =  0. On the basis of the con­
struction in 12.5 we may assume A(G) acts on G semiregularly, i.e. no element 
a ^  1 has a fixed point.

Also by the construnction in 12.5 we may assume | V(G) >  | Г \ • \ Q\; 
then A(G) has at least |ß | orbits on V(G). Finally, by taking the complement 
of the construction in 12.5 we can arrange for each degree in G to be greater 
than I Г\. Let у —>- у be an isomorphism of Г  onto A(G). Now let Qv  . . . ,  Qk be 
the orbits of Г on Q and select a yt £ (i =  1, . . ., Ic). Let xv . . ., xk £ V(G)
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be points in different orbits. For every у £ Г  and 1 <i i <C k, connect y(yi) 
to y(Xi). The resulting graph G' admits all permutations y' as automorphisms, 
where

\y(x) if x £ Q ,
V (x) =r ly(sB) if i f  V(G).

For, clearly y' preserves adjacency in V(G) and if ( у „(?/,), y0(x,)) is any new 
edge, then y'{y0(yt), у0(х()) =  {(y0y)(yt), (ny)(xt)) is also a new edge.

On the other hand, G' has no other automorphisms. For let a £ A(G'). Then a 
preserves V(G), as the set of points with degree greater than |.T|. Therefore 
a I v(O) =  у I v(G) for some у £ Г .  Let y £ Q ,  then у — b(yt) for some <5 £ Г  
and 1 <( i <( &. Since a is an isomorphism, y.(y) is adjacent to a(<5(ic,)) =  (by) (xt). 
But the only point of Ü adjacent to (by) (xt) is (by) (yt). So a(y) =  (by) (?/,) =  
=  y(y). Thus we conclude that a =  y'.

This proves that G' has the desired properties [I.Z. Bouwer, J. Comb. Th. 6 
(1969) 378-386; Z. Hedrlin-A. Pultr, Illinois J. Math. 10 (1966) 392-405].
22. The assertion of the hint easily follows from these two observations:

(a) If г] is any endomorphism of the Petersen graph and C is a pentagon 
in it, then r) is one-to-one on C. For the image of C contains an odd circuit (it 
cannot be 2-colorable as this would yield a 2-coloration of C), and the shortest 
odd circuit in the Petersen graph is a pentagon. Thus r](C) contains a pentagon 
and so r) is one-to-one on C.

(b) Any two points of the Petersen graph are contained in a pentagon.
Therefore, no endomorphism can identify two distinct points. Thus, the endo­

morphism semigroup is ^  Sb by 12.1.
23. Consider the graph shown in Fig. 95, where s > a - f b - f - c i s  odd. This 
graph G has three circuits of length s and one circuit of length 3,9 — 2 (a +  b -)- 
+  с) >  в .  Therefore, any endomorphism rj of G  must be one-to-one on the 
.s-circuits. In particular, the three neighbors of x  lie pairwise on circuits of 
length s,  thus rj(x) must have three distinct neighbors, which also lie pairwise 
on such circuits. Hence rj(x) — x. It follows trivially that if a, b, c are distinct, 
then rj must keep the three “spokes” fixed. Also, the arc of length s — a — c 
on the “rim” cannot be mapped onto any other arc with the same endpoints,

s-a-b

F i g . 95
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for there are only two other paths with the same parity, namely the paths of 
length c -j- & +  (s — a — b) and a +  b -f-(s — b — c), but these are longer. 
Thus r) — 1 [Z. Hedrlin-A. Pultr, Monatsh. f. Math. 69 (1965) 318-322].

24. (a) Let rjv  . . ., rjn be the elements of E. Choose these as points of a colored 
digraph G. Connect rji to rjj by a directed edge of color к if щ =  . Since
we only have a semigroup it may happen that certain pairs are connected by 
several edges of different colors or by no edge at all.

For any r]m, defining rjmiVj) — VjVm > we obtain an endomorphism of G; for if 
an edge of color к connects ry to r]j, i.e. rjj =  r)kr]j, then гуг)т =  r]k rjjym, 
i.e. an edge of color к connects VmiVi) to rjm{r)j). Moreover, the rjm ’s are distinct 
endomorphisms of G; for if rjm(rjj) =  rj/ry) for each i, then in particular,
Vm( 1) =  4 i(l) .  i e. m  =  l.

We claim G has no other endomorphisms. Let e £ End (G) and set rjm =  e(l). 
We claim that e =  rjm. Let ry £ V(G). Then ry is connected to 1 by an edge of 
color i, as r]i =  f]i ' 1- Therefore, в(гу) is connected to e(l) =  rjm by an edge 
of color i, since e is an endomorphism. Hence

e(m) = ViVm’ be. e =  rjm-

(b) First we observe that there is an arbitrarily large number of simple 
graphs, which are rigid and have no homomorphisms into each other. Just take 
a large enough -s and different choices of a, b, c with a b c =  s — l i n  the 
construction in the solution of 12.20. Let Gv  . . GN be these rigid graphs, 
where N  =  2  | E | . Each point of each Cr, is contained in an odd circuit of 
length s, which is shortest in each of them.

Now we replace each edge (x, у) of color Ic in G (constructed in part (a)) by a 
chain as shown in Fig. 96, where the two edges incident with a Gt are supposed 
to be attached to it at the same two points in each case. Loops are replaced 
similarly, except that x and у coincide.

The resulting graph G' clearly has endomorphisms fy, corresponding to each 
endomorphism rji of G. We claim it has no other endomorphisms. Since G' has 
no other «-circuits or shorter circuits than those in the G/в  it follows that any 
e £ End(G) maps the points of G/ s onto points of G/в. Since these are rigid 
and cannot be mapped into each other it follows that e maps each Gt into 
another (or the same) copy of the same graph. The points of G are adjacent to 
points in different G/в. Therefore, s(V(G)') Cl V(G). It is also easy to see that if 
x and у are connected in G by an edge of color k, i.e. they are connected in G’ 
by a chain of Gik_ / s and G2k’s (see Fig. 92), then so are e(x) and e(y), and 
there is a unique way to map the (x, у)-chain onto the (e(x), e(y))-chain. 
Therefore, e =  ry for some i. [Z. Hedrlin-A. Pultr, Monatsh. f. Math. 68 (1964) 
213-217; see also Z. Hedrlin-J. Lambek, J. of Alg. 11 (1969) 195-212].

s  c o p i e s

F i g . 96
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25. (a) Suppose End (G) =  {1, «, со}, where со is a О-element: aco =  coa =  со, 
1 is the identity and a2 =  1. Let us remove the edge e =  (x, y). If со does not 
remain an endomorphism, there exists an edge (xv y x) £ K(G — e) with co(x1) =  
=  X,  co(yx) =  y. Similarly, if a does not remain an endomorphism, then there 
is an edge (x2, y2) £ E(G — e) with <x(x2) =  x, a(y2) — y. But then

X, =  a(x) =  a^ X ^ ) =  (ü{xí) =  X, y 2 =  y,

which means that (x2, y 2) is not an edge of G — (x, y), a contradiction.
(b) Consider the construction in the solution of 12.21b, but choose s such 

that we have one more rigid graph GN + 1  of girth s having no endomorphism 
into Gv . . ., Gn and conversely. If we add GN + 1  as a new component to G' we 
obtain a graph G" with End (G”) ê , End (G') ш  E. However, if we connect 
the point 1 of V(G) to GN + 1  by an edge, the resulting graph is rigid] [L. Babai, 
J. Nesetfil],

§ 13 .  Hyper graphs]

1. Consider GH as defined in the hint. Obviously, GH is connected. Moreover, 
observe that a circuit of H corresponds to a circuit of GH and conversely. Thus 
H has no circuits, iff GH is a tree, which is, in turn, equivalent to

(**) \E(GH)\ =  \V(GH) \ - 1 .
Obviously, \E(GH)\ is the sum of degrees in W, i.e.

\E(GH) \ =  2  \E \-
EZE(H)

On the other hand,
\V(Gh) \= \V (H ) \+ \E (H ) \ .

Thus (**) is the same as

2  |Я| =  |Г(Я)| +  | В Д | - 1 ,
E  £ E(H)

which is the same as (*) [see В].
2. (a) We first verify the assertion of the hint. Suppose H' =  (H — \ E } ) \ E  
is connected. Let F be an edge such that \E C\ /̂  | is maximal. We claim that 
each point of E — F has degree 1 in H. Let x £ E f] F , у (i E  — (if such x 
or у  does not exist we have nothing to prove), and assume indirectly that 
у £ E' for some E' £ E(H), E' ^  E. By the assumption F — E, E' — E are 
non-empty, thus by the connectivity of H' there exists a sequence a0, . . ., ak £ 
£ V(H) —• E of points and E0 =  E', E v  . . ., Ek + 1  =  F  of edges such that 
a, £ Et П E t+ 1  (i =  0, . . ., k). If Ic is as small as possible, we clearly have
that at £ Ej unless j  — i or i  +  L  Then the circuit (y, E0, a0 ........Ek, ak,
Ek+1, x, E) is not balanced, a contradiction.

Now to prove the problem we use induction on \E(H)\. We may assume U  is 
connected, otherwise we may apply the induction hypothesis with one of its 
components.

Let x £ V(H) and suppose that x is not contained in every edge (if no such 
point exists the assertion is trivial). Choose an E £ E(H) such that x £ E and
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the connected component H 1 of (H  — { E } ) \ E  containing x is maximal. If 
{H — { E ) ) \ E  is connected, we already know the assertion is true; so suppose 
there are edges of H, which do not meet V(HX) other than E and let H 2 be the 
hypergraph formed by all edges F not meeting V(HX). Clearly E £ E(H2) and 
I E(H2) I >  2. Let T  be the set of those points in E  which belong to edges not 
in H 2- We claim that every F  £ E{H 2) contains T . Suppose there are F  £ 
(z E(H2) and t £ T  — F. Then consider (H — {F } ) \ F .  In this hypergraph the 
component containing x clearly contains V(I1  x) and also t, a contradiction. 

Thus П F  Э Г . Clearly H 2 is totally balanced (each partial hypergraph 
F  £  E ( H S)

of a totally balanced one is totally balanced) and so, there are E v F x £ E(H2) 
such that all points of E x — F x have degree 1 in H 2. Since the edges of H[ 
meet in T  only, these points have degree 1 in H.

(b) We use induction on \E{H)\. Let En, F 0 be two edges such that each 
point of E0 — F0 has degree 1. Consider the hypergraph H' arising from H 
by the removal of E 0 and the points of E0 — F0.

Obviously, this is totally balanced and satisfies \ E X П E 2\ <; p  for any two 
E v E 2 £ E(H'). So we have, by induction,

2  ( \e \ - p ) < \ v (h ' ) \ - p -
E 4 E ( H ‘)

Now observe that \E0 f) F 0| <1 p by the assumption. So | E0 — F0 \
>  \E0\ — p  and so,

2  (\е \ - р ) =  \у (н ' ) \ - р  +  \е о\ - р <!
E  6 E(H)

< \ V ( H ’) \ - p  +  \E 0 - F 0 \ = \ V ( H ) \ - p .
3. Consider the points of P  to be linearly ordered. Let G =  ( x x, P v . . ., xk, P k) 
be a circuit in H, 1c i> 3. We may assume xx is neither the least nor the largest 
point in C, i.e. Xj <  xv Xj >  xx for some i, j. We may suppose i <  j; then there 
is an i <, p <  j  such that

XH < X1 <  X,i+V
Now Pp contains xfl and х^ + 1  and since it is a path, it contains xv Thus G is 
balanced.
4. If Ы has no circuit of length at least 3, then it is totally balanced and thus’ 
it satisfies (*) in 13.2b with p  =  2. But (*) simplifies to

\E(H)\<i \ V ( H ) \ - 2 ,
a contradiction [L. Lovász, Beiträge zur Graphentheorie, Teubner (1968) 
99-106].
5. (a) The given condition is obviously necessary. Suppose it is satisfied, we 
show H has a system of distinct representatives.

Define a bipartite graph G on the set of points V(H) U E(H), by joining v £ 
€ V(H) to E^  E(H) iff v e E. Then, for any X  e  E{H),

1Л*)1 =  1 U E \ ^ \ X \
E e x

by the assumption, so by 7.4, G has a matching, which covers all points in E(H).
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The endpoints of edges of this matching in V(H) form a system of distinct 
representatives of H [P. Hall; see B, Mi].

(b) Again it is trivial that the given condition is necessary. We show it is 
sufficient. Form the bipartite graph G as above. Then the condition means that

(1) IГ(Х ) I 2> IX| +  1

holds for 0 ^  X  C E(H). By 7.6, there is a subgraph G' of G on the same set 
of points such that each point of E(H) has degree 2 and G' also satisfies (1). 
For each E £ E(H), let f(E) be the set of points in V(H) adjacent to E in G'. 
Then \f(E)\ — 2, and (1) implies

i u m \ ^ \ x \  +  i
E t X

for every 0 -X” c; E(H). Hence the pairs f(E) form the edges of a forest on
V(H). [L. Lovász, Acta Math. Acad. Sei. Hung. 21 (1970) 443-446.]

6. First solution. Suppose there exists a function /  : E(H) —► V(H) such that 
f(E) £ E, f is one-to-one and f(E(H)) 2  T. Then, setting h =  / -1 |T, we can 
observe that

(a) H has a system of distinct representatives,
(b) h defines a system of distinct representatives of the hypergraph H*, 

defined by F(H*) =  E(H), E(H£) =  {Ux : x £ t}, where Ux =  {E 6 E(H) : 
: х £ Е } .

Conversely, suppose g and h are mappings defining systems of distinct repre­
sentatives of H and H*, respectively. We claim H has a system of distinct 
representatives containing T.

For each х £ Т ,  x (] R(g) consider the sequence x, h(x), g(h(x)), h(c/(h(x))), 
. .  . until we get stuck; this clearly happens when g(h .  .  .  g(h(x))) £ T .  Let H j  

be the set of edges in these sequences. Define

fh-^E)  for E £ H V
' [ g(E) for E £ E ( H ) - H V

Then /  defines a system of distinct representatives. Clearly, f{E) в E. If 
f(E) =  f{E’), then we must have E £ H v E' Н г (or conversely) and g(E') =  
=  h~1(E); hut this means that g(E') and E' are the elements preceding E 
in the chain containing it, i.e. E' £ H V a contradiction. Finally, every x £ T 
belongs to R{f). For if x belongs to one of the chains, then x =  f(li{x))\ if x 
does not belong to the chains, then x £ 1 1 (g) and the edge g~1(x) £ H v  so

 ̂=  /(0-1(z))-
Thus (a) and (b) together are a necessary and sufficient condition for the exist­

ence of a system of distinct representatives containing T. By the preceding 
problem, they can be rewritten in the form

(a') \ V(H')\ ]> I E(H')\ for every partial hypergraph H';
(b') every T'  С T  meets at least \ T'\ edges [This is a version of Bernstein’s 

theorem on equicardinality of sets; see B, Mi].
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Second solution. Set F =  V(H) —T, and add F as a new edge | V(H) \ — \ E(H) \ 
times to H. Then it is easy to verify that the resulting hypergraph H' has a 
system of distinct representatives iff H has one containing T. Applying the Hall 
condition (preceding problem) to H' we obtain a condition, which is equivalent 
to (a'), (b') above. Details are left to the reader.

7. Take two new points a , b. Define a digraph G on the set {a} U {b} U E(H2) U
U E{Hx) U V(Hj) as follows: join a to all elements of E(Hj); join each E £ 
£ to each x £ E\ join each x £ V(H^) — V(H2) to all F £ E(H2)
containing x; finally, join each element of E(H2) to b.

Observe that H 1 and H 2 have a common system of distinct representatives 
iff G has m independent (a, 6(-paths. By Menger’s theorem, this is equivalent 
to the property that every set of points of G separating a and b has at least 
m points.

Now let X  U Y U Z separate a and b, X  c  E(Hy), Y  с  7 (Я Х), Z C E(Ht). 
Let H[, H2 be the hypergraphs formed by the edges in E(II x) — X  and E(H2) — 
— Z, respectively. Obviously, Y  must contain L(//() П V(H2) and does not 
have to contain any other point. So the fact that every set of points separating 
a and b has cardinality at least к is equivalent to saying that

I Е(Нг) -  E(H[)\ +  I E(Ht) -  Е(Щ)\ +  I V(H[) fj V(H'2)\ > m

for every two partial hypergraphs H[, H2 of H 1 and H 2, respectively. This is 
the same as the formula given in the problem [R. Rado, B, Mi].

8. (a) For a fixed E0 £ E(H), the sets

E0 AF(F dE (H ))

are distinct, as E0 A E 1 =  E0A E 2 implies that

Fi =  (E0 Д F x) A E 0=  (E0 Д F 2) A E q =  Fn.

(b) Let H x be the hypergraph obtained from H \ x  by removing one of 
each double edge. Obviously, H \ x  has \E(H')\ double edges, where H' 
is defined as in the hint. So setting

mi =  \E(HJ\, m2 =  IE(H')\ ,
we have

mi +  m2 =  m•
By induction on |7(Я )|, we find mx pairs E v F 1; . . . ; Em , Fmi such that 
Et, F; 6 H x and E l — F v . . . , Emi — Fmt are distinct. Similarly, we find 
m2 pairs Ef, F*; . . . ; Я*,, F%,t such that E*, Ff g H' and Ef — F*, . . . 
. . . , E%,, — F*u are distinct.

There are sets Et, Ft £ Я (1 <" i <  т х) such that Et =  Et or Et =  Et — {x}t
=  Ft or Fj =  Fj — {x}. Then, obviously, E( — Ft (i — 1......... т г) are

distinct.
For each E* (1 we will denote by E) one of E* and E* U {x}

(both are edges of Я), by the following rule. If É*. — F* does not occur among
Ej — Ft ( i  =  1 ......... mj), then let E) =  E* If E* — FJ — Eu -  Fu, then
let E'j — E* U {x}. Then Ej — F* will be different from the sets É, — Fx;
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for if E'j — F* =  L\ — Fh then Et — Ft =  Eu — Fio which is impossible. 
Thus, if we consider the differences E 1 — F v  . . . , Emi — Fmi, E[ — F*, . . .
. . . , Е'тг — F%2, they are distinct and their number is m 1 -f- m2 — m [J. 
Marica, J. Schönheim, Canad. Math. Bull. 12 (1969) 635-637.]

(c) If m =  2 the assertion is obviously true. Suppose m >  3 and use in­
duction on m.

Let x £ V  (H); we may assume x belongs to at least one edge E0, but not to all. 
Suppose first that x has degree 1. Then H x =  H  — x has m — 1 edges, so there 
are at least m — 1 edges representable in one of the forms E П F, E U F 
(E, F £ E(H1), E  5̂  F). None of these sets contains x. Thus, the set E0 \J F 
yields an mth set or the desired form for an arbitrary F.

Secondly, let the degree of x be between 2 and m — 2 (inclusively). Then 
consider

H x =  H - x ,  H 2 =  H - E { H X)

They both have at least two edges, so, by the induction hypothesis, there are 
at least | E{Ht) \ sets representable in the form E U F or E П F, E ^  F £
€ E(Hj), (i — 1, 2). Moreover, x (f E D F, x (£ E U F, if E, F £ E(HX) but 
x £ E f) F, E U F, if E, F £ E(H2). Thus we have at least |E(HX)\ +  
-f- I E(H 2) I =  m sets of the required form altogether.

Finally, if x belongs to all edges but E v then set H 2 =  H — {F x}. H 2 has at 
least two edges, hence there are at least | E{H2) \ =  m — 1 sets of the form 
E f) F or E \J F, E F  ̂E(H2). All these sets contain x, thus E x П F yields 
an mth for any F £ E(H2) [D.E. Daykin, L. Lovász, J. London Math. Soc. 12 
(1976) 225-230].

9. If H v H,, are defined as in the hint, then (by induction on | V(H) j) we may 
assume there are permutations <rf of E(Ht) (i =  1, 2) such that E p) a^E) =  0 
for each E £ E(Ht).

Now define a as follows: Let E £ E(H). If x $ E, then let

К (Я ) if ax(E)[J{x}^E(H),
Ы Е )  U {s} if ax(E) U {a:} iE(H).

If x £ E, then let
a{E) =  o2(E — {ж}).

It is easy to check that E П o(E) — 0 for each E. We show that a is a permuta­
tion. Let E £ H .  If x £ E ,  then E =  a(ax\ E — {я})). If x (J E but E U 
U {cr} 6 E(H), then E =  o{o2 \E)).  Finally, if E U {x} $ E(H), then E =  
=  o(o[l(E)). So each edge of II is the image of some edge under a, i.e. a is 
a permutation. [P. Erdős, J. Herczog, J. Schönheim, Israel J. Math. 8 (1970) 
408-412.]
10. (a) First solution. We may assume n )> 2. Then there is a point v contained 
in some edge but not in all. X  =  {w} satisfies the requirement of the asser­
tion in the hint for к =  1.

Suppose we have a set A' such that | A '| =  к — 1 and HX’ has at least к 
distinct edges. If Hx■ has more than к distinct edges, then so does HX'u{y} 
for any у £ V(H) — X ' , and we can set X  =  X'  U {?/}. Thus we may assume 
that Hx- has exactly к distinct edges. Since к <  n, Hx- has two distinct edges
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E, F with E П X'  =  F П X ' . Let у £ E£\F,  and X  =  X'  U {?/}. Obviously, 
Hx has more distinct edges than HX', as E i l l  Thus, we have
(for к =  n — 1) a set X  — V(H) — {a:} such that Hx — H \ x  has n distinct 
edges.

Second solution. Let x be any point. If H \ x  has fewer distinct edges than 
H, then there must be an Ex £ E(H) such that x £ Ex and Fx =  Ex — (x) £ 
6 E(H). Let us fix one such pair (Ex, Fx) of edges for each point x (if, for 
some x, no such pair exists we are done).

Define a graph G on V(G) =  E(H) by joining E  to F iff E =  Ex, F  =  Fx for 
some x. This simple graph G has n points and n edges, so it contains a circuit. 
Let (Ev  . . . , Ek) form a circuit in G (Et £ E(H), k^> 3) and let E 1 =  Ex, 
Eu =  Fx (say). Then x £ E v x § Ek and thus, there is an index j  such that 
x  £ Ej, x (j Ej+1. But Ej and EJ+ 1  are adjacent, so [Ep EJ+1} =  {Ey, Fy} 
for some y. Since Ey and Fy differ at the element у only, we must have у =  x 
and Ej — Ey — Ex, Ej+ 1  =  Fy =  Fx. This is, however, a contradiction as 
(Ej, Ej+1) ^  (Ev Ek) [J.A. Bondy, J. Comb. Theory В 12 (1972) 201-202].

(b) Suppose indirectly that H \ x  contains at most m — 2 distinct edges. 
Construct a graph G on E(H) as follows. For every x £ V(H), select two pairs 
Ex 1Э Fx and E’x 3  F'x of edges such that Ex — Fx =  E'x — F'x =  {x}. Such 
pairs exist otherwise H \ x  has at least m — 1 distinct edges. Now connect 
the pairs (Ex, Fx) and also the pairs (E'x, Fx) in G. Thus

\V(G)\ =  m, \E(G)\ =  2 n.

1° G is bipartite. In fact
Vk=  {E £ E(H) :\E\ is odd},
V2 =  {E £ E(H) %.\E\  is even} 

defines a 2-coloration of it.
2° No two points of G are connected by three independent paths. Suppose 

indirectly that E, E' are two points of G connected by three independent 
paths P v P 2, P 3. Let x £ E — E' (say). Then, on each path P t we find a last 
point Ej containing x. So if F{ is the point following Ej on P it then x £ E, — Fj. 
Since Ej, Fj are adjacent they differ at one point only, i.e. (Ej, Fj) =  (Ex, Fx) 
or (Ex, Fx). This cannot hold for all three values of i. This proves 2°.

Now we estimate the number of edges in G. It follows from 2° that each block 
in G is a single edge or a single circuit. Let G have c components, a cutting 
edges and b other blocks, of sizes kv . . .  , Jcb. By 1°, kt >  4. Also

m =  I F(G) I =  c +  a +  ^ ( k j — 1),
i=i

2 n =  I E(G) I =  a +  £ k j .
i=i

Thus

m  ^  1 +  a +  ^  (kj — 1) 1 H---- ® ^  — f ] =  1 4-----(2n) =  1 H------n,
Ä  4 ') 4 2

a contradiction [B. Bollobás].



(c) We use induction on n. Let Hv H 2 be as in the hint. If
к —1 i/yf   I

\ЩН1) \ > 2  .
i=o г

then, by the induction hypothesis, it has a set X  of n points such that each 
subset of X  can be written as X  П E, E £ Е(Нг). Then, obviously, the same 
set X  will be good for H as well. Thus we may assume

к —1 у) __ 1

1 В Д )1 ^  2  .
;=i г

Then
к —1 у) к —1 у» __ 1 к —2 yj __ i \

\щ н 2)\ =  \е ( Н ) - е (н 1) \ > 2  - 2  • =  2  •
1=о i=o 1 i=o 1 /

and so, by the induction hypothesis, IF, contains a set X'  of к — I elements 
such that each subset of X'  can be written in the form X'  П E, E g E(IL,). 
Now set X  =  X' U {я}. If Г  с  X', then Y  =  X'  П E =  X  П E for some 
E € E(H2) c  E(H). If Y  с  X, x e  Y, then we know Y -  {x} =  X' Г) E 
for some E £ E(H2). Now by definition of H 2, E =  F — {x} for some F £ 
€ E(H), x £ F. Then X  П F =  Y. Thus we have shown that every subset 
Y  of X  can be represented in the form X  П E, E £ E(H) [N. Sauer, J. Comb. 
Theory 13 (1972) 1 4 5 -1 4 7 ].

11. We use induction on n. Let x £ V and
oft' =  {Л£Е(Н) :x £ A } ,  <Л" =  {A £ E(H) : x $ A),
áB' =  {B£E(K) : x i B ) ,  Si" =  {B£E(K) :x$B} .

Then clearly

E{H) =  Ж'  U  с Л ' ,  E(K) =  Si' U  áB' ,  E(H) П  E(K) =  («Л' П  á B ' ) U  (оЯ" U  Si"). 
By the induction hypothesis,

| o f t '  f l f f i ' l  < — !—  | o f t ' |  ■ láB'l
2"—4

and omitting x from all members of oil" and Si", we similarly get

| oft" П  á B ' |  <  — I oft" I • l á B ' l .

So we know that

| Х ( Я ) П Х ( Х ) | < ^ Т ( | СХ ' |  • | á B ' |  +  | o f t ' |  • l á B ' l )
2n

and it suffices to prove that

| « Л ' |  • láB' l  +  I e f t ' I  • l áB' l  < - ( | o f t ' |  +  I oft" j) ( I áB' I +  l á B ' l ) .
2

This can be re-written as

( * )  ( | o f t ' | - | o f t ' | ) ( | á B ' | - l á B ' l )  < 0 .

1 3 .1 1  § 13. HYPERGRAPHS 4 4 5
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Observe that, if A dJL", then A —- {x} £оЯ', thus |оЯ.'| >  \оЯ"\. Analogous 
reasoning gives |c6'| <, |<&"|. This proves (*) [D. Kleitman, J. Comb.
Theory 1 (1966) 153-155].

12. (a) Let f(X) denote the number of edges contained in X  or disjoint from X,  
for X  e  V(H). Set |7(Я)| =  n. Then

2  f(X)=\E(H)\2"~r+i,
X  C  V ( H )

because each given edge E is counted 2 n ~r + 1  times (there are 2n~r sets X  dis­
joint from E and 2 n~r sets X  containing E). Thus,

J _  V  / т  =  Ш .
2n x o |h) 2r 1

The left-hand side being the average of f(X), there must be a set X  below 
average, i.e. such that

W O I
2r_1

as stated.
(b) Let <p: V(H) —► {1, . . . , r) be an r-coloration of V(H) and denote by 

11 cp 11 the number of those edges E all of whose points are differently colored 
by (p. Then

2W<p\\ =  r\r"-'\E{H)\ ,
<P

because there are r ! ways to color a given edge E and rn~’ ways to color the 
rest (n is again | V(H) |). Thus the average of 11 q> \ | is

— =  - 4 1-#(#)!•rn ~  rr

Since there is a <p such that 11 rp \ | is at least equal to the average, this proves 
the assertion.
13. Let d(x) denote the degree of x in H. Then, for any E £ E{H),

J £ d ( x ) =  2  \ E t \ F \  =  r +  £  \ E f ] F \ < r  +  ( m - l ) k .
x € E  F  a  E ( H )  F £ E ( H ) - { E )

Sum this over all edges E, then ^  d(x) 2

2  2  =  2  d ( x f = \ v (H)\x^  >
E € E ( H ) x € E  x £ V ( H )  \ у Щ ) \

(  2  dW \ 2 ( 2  l^ l)2
>  I I x e  v(H) _  v e g e (H )  J _  rn2 r2

\  \V(H)\ / |7(Я )| |7(Я )|

Hence nifl  < m { r + ( m _ 1)h)

or, equivalently, j V(H) \ >  тГ*
r -j- (m — 1)&
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[К. Corrádi, Problem at the Schweitzer Competition, Mat. Lapok 20 (1969). 
159-162.)

14. Supposing m >  n, we have m — d(x) >  n — d(x) 7> n — \ E\ for any 
pair X,  E such that x (j E, and hence

Ф )  <  \E\
m — d(x) n — \ E\

(because \ E\ ^  0, n). Summing for every pair x $ E, we obtain

2 (m -  d^ )  d[x] ,  V <  ^  (» - 1 ■e  I) — ^ 1 —x m — й(ж) в я — 11? I
or, equivalently,

2 d { x ) < 2 \E\,
x E

which is not the case, because here we have equality. The contradiction proves 
that m <  n [cf. P. Crawley-R.P. Dilworth, Algebraic Theory of Lattices, 
Prentice-Hall, 1973, proof of 14.2].

15. (a) If 0 £ E(H), then clearly | E(H) \ =  1 and we are done. So suppose 
0$E(H).  Clearly V[H)$E(H).  Let x£V(H),  E£E(H),  x $ E .  By the 
preceding problem, it suffices to prove that

d(x) <  IE |.

Let E v . . . , Ed be those edges containing x. Then E v . . . ,Ed meet E by 
the assumption and their intersections with E are disjoint since they cannot 
have any common element other than x. Thus, \E\ ~> d — d(x) as stated.

(b) Let V(H) =  {xv E(H) =  {Ev  . . . , E m),

fl if x,£Ej,
U*ij —  '

(0 otherwise,

/  ai j \
aj =  °V ■

anJ 1

We claim that av . . . , am are linearly independent. This clearly also proves, 
that m <^n. Suppose

m
(i) 2  v p j =  0;

7=1
we show every rjj is 0. Multiplying (1) by ak, we get

m
2  Vj»J»k =  0 ■
7=1
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Since by assumption a,a,. =  Я for i ^  k, this yields
m

A 2 4 + Vk&k - Я) = o. 
y=i

If a | =  I Ek I =  A, then Ek is contained in every other edge, which is excluded 
except when Ek =  0, in which case m =  \ <i n. So suppose a | >  Я for every k. 
Then

__  3 m

(2) A k  —  л

and so
m m m i

2 ъ =  2 ч  гk-i \pL " а ? - Я
•or, equivalently,

' m \ /  m 1
^ 4  l  +  A ^ - j — J  = 0 .

w = l  A' =  l  a A

Since the second factor is strictly positive we derive
m

2 ч=°
7=1

and hence by (2), r)k =  0 as stated [This is a generalized version of Fisher’s 
inequality; see Hall],

16. Let ж £ V(H), and let a and b denote the degrees of x in II and K,  respec­
tively. Then x is counted in

(1) a(m' — b) -{- b(m — a) 

terms of the left-hand side and

(2) a(m — a) +  b(m' — b) 

terms of the right-hand side. Their difference is

a(m' — b) 4- b(m — a) — a(m — a) — 6(m' — b) =
=  (a — b) 2 — (to' — to) (a — b) >  0,

since a — b is an integer and to' — to =  0 or 1 [J.B. Kelly, Combin. Structures 
and Appl. Proc. Calgary Conference, Gordon and Breach, 1970, 201-207].

17. (a) As in the hint, assume that x £ F v . . . , Fd, x £ Fd+V . . . , Fm.
m

Define two hypergraphs H, К  on V =  U Ft , by letting E(H) and E(K) con-
i=i

sist of m — d copies of F x — {ж}, . . . , Fd — {ж} and d copies of Fd+ v , Fm, 
respectively.
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Then \E(H)\ — \E(K)\ — d(m — d). Also we have

2  2  IА Д В I =  (2k — 1) d2(m — d)2,
AeE(H) B4E(K)

_  (d
2  \A A A'\ =  2 k(m -  d)2 ,

{A,A'}CE(H) 12

2  I В Д B' I =  2 kd2 lm ~  d .
{в,в'}с£(К) l 2

Thus by the inequality in 13.16,

(2 k -  1) d2(m -  d )2 >  2  k\(m - d ) 2 [d +  d2 lm ~  d ,
I2J I 2 JJ

whence the inequality of the problem follows after cancellations.
(b) Replacing F, by F,- Д Fm the conditions remain unchanged. Thus we 

may suppose | F x| =  . . . =  | F m_ x | =  2 k, Fm =  0. Then, if d is the degree of 
any point, then by (a)

d(m — d) <  km.

Assume first that k - \ - 2 <kd < s m — к — 2 . Then

km >  d(m — d) >  (k +  2) (m — к — 2),

m ^  Г-(- + 2)21 ^ k 2 +  к +  2 ,
2

and we are finished. Hence we may suppose that d к -\- 1 or d~>m — к — 1 
holds for each degree d.

Let xv . . . , X[ be those points with degree at least m — к — 1. Suppose first 
that l к -f- 1- Clearly there is at most one Fj containing all elements of 
{xv . . ., xk+1}. Thus, m — 2  Fj’s miss at least one point of {xv . . ., xk+1}; 
one misses к 4- 1 of them (the empty set Fm) and one may contain all of them. 
Thus, there are at most k(m — 2) +  к -f- 1 incidences between these points 
and the sets F j .  On the other hand, the number of such incidences is at least 
(m — к — 1)(& -)- 1). Thus

k(m — 2) +  к -f- 1 >  (m — к — 1) (к -f- 1),
whence

m <  к2 +  к +  2
and we are finished again. So we may assume that there are l <  к points 
x v  . . . , Xj  only with degree at least m —  к — 1. By our previous assumption, 
the remaining points have degree at most к 1.

There is a set Fj , 1 <  m — 1 such that Fj contains less than к elements 
of {xv , Xi). Otherwise, we would have l =  к and xv . . . , xk would be 
common elements of F v  . . . , Fm_ v But, then the sets F l — {xv  . . . , xk)
■ ■ . , Fm_ 1 — {xlt . . . , xk} are disjoint (by F, Д  Fy =  2k) and so we would 
have a situation which we have excluded.

29 Lovász
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Thus we may assume that, e.g. t \  contains к -f- 1 (or more) points whose 
degrees are at most к -f- 1. Hence the number of incidences between points in 
F x and the sets F v F 2, . . . , Fm is at most (к — 1 )(m — 1) +  (& +  l)2- On 
the other hand, this number is exactly 2к -\- (m — 2)k, since each of F 2, . . .
. . . , Fm _ 1 intersects F x in exactly к elements. Thus

2к -\- (m — 2)k (k — l)(w  — 1) +  (к +  l)2, m <  к2 -J- к -f- 2
as stated.

Equality holds if к is such that there exists a finite projective plane of order k. 
Let us add к — 1 further points and let F v  . . . , F k , + k + 1  be the lines of the 
plane together with these к — 1 points; let F k , + k + 2  =  0. Then these sets 
satisfy our conditions [M. Deza, J. Comb. Theory 16 (1974) 166-167].

18. (a) Arrange all subsets of V(H) into pairs (X , V(H) — X). Then we will 
have 2n_1 pairs and E(H) can contain at most one member of each. Hence the 
assertion follows.

(b) First solution. Let H' be the hypergraph with V(H') — V(IJ) and 
E(H') =  {X  : X  с: E £ E(H)}. Consider a permutation a of the edges of H' 
for which E П a[E) — 0 (E £ E(H'); such a a exists by 13.9. The edges 
o(E), E£E(H)  cannot be edges of H since Ef\ o(E) =  0, while any two 
edges of H intersect. Thus
(1) \E(H’)\ >  2 \E(H)\.
Observe that no two edges of H' cover V(H); forif E, F  6 E(H') have E U F — 
=  V(H), then choose E v F k £ E(H) so that E c: E v F c: F x and then E x U 
U F k =  V(H), a contradiction. Hence E(H') contains at most one of X,  
V(H) —  X  for any X  Cl V(H) and, therefore,
(2) ЩН')\ ^ 2 " -h
(1) and (2) prove the assertion [J. Schönheim, Combinatorics, London Math. 
Soc. Lecture Notes Series 13 (1974) 139-140].

Second solution. Consider the hypergraph H 1 with V{H )̂ — V(H), E(H x) ~  
=  {A : X  =  E — F, E, F £ E(H)}, and set H 2 — H U  H v  No edge of H k 
is an edge of H, since E — F — E0 (E, F, E0 £ E(H)) would imply F П E0 =  
=  0, which is not allowed. Moreover, |A(HX)| >  \E(H)\ by 13.8b. Thus
(3) \E(H2) \ > 2 \E(H)\.
Now no two edges of H 2 cover V(H), because each edge of H 2 is contained in 
an edge of H. Hence, as before,
(4) |Я (Я ,)|^ 2" -1 ,
and (3), (4) imply the assertion of the problem [D.E. Daykin, L. Lovász, J. 
London Math. Soc. 12 (1976) 225-230].

Third solution. Let o í = { I c  V{H) : I c i (  E(H)}, 3b =  {X  c  V(H) : 
X  ^ E  £E(H)}.  Then by (а), |о Я |^ 2 п"1 and |<&| <  2""1. By 13.11,

I E(H) I ^  I оЯ П Sb I <  ~  IЛ 113b I <  2"-2
A

[D. Kleitman].
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19. We may assume each one-element set belongs to E(H), as well as 0 and 
V(H). If E\ ф  V{H) or 0] is any edge of H, then there is a unique minimal 
edge Е г properly containing E; for if E v E 2 were two such edges, then we would 
have E x(z E 2, E 2 d  E x or Е г П E 2 =  0 by the assumption; however, any of 
these is impossible. If E =  0, then it is contained in n minimal members of H; 
E =  V(H) is contained in none. This way we count m -f- n — 2 edges.

Consider any E £ E(I1), \E\  ^  2 and consider the maximal edges properly 
contained in E.  They cover E  and are disjoint, so their number is at least 2. 
So E is counted at least twice. If | E | =  1 E  is counted once; E — 0 is not 
counted. Hence

m - f  » -  2 ^  2 (m — n — 1) -f- n,
or, equivalently,

m <  2n.
This number can be attained; in fact, if G is any arborescence with outdegrees 
2 at all points except n endpoints and, if for each point x of G, we consider the 
set Ex of endpoints accessible from x, then the hypergraph formed by edges 
Ex and the empty set has n points and 2n edges (Fig. 97).

20. For n =  1 the problem is obvious. We use induction on n. Suppose we have 
the chains K v . . . , K t of 2s , where |$ |  =  n and add an (n +  l)st point x. 
For each chain K ( =  {Er, . . . , En_r] we define two new chains

K\ =  {Er, Er U {*}, Er+1 U {x} , . . . .  En_r U {x}}
and

E \  — {Er+1, . . . , En_r) (provided \ K t \ ^  2).
Obviously, both K'i and K" are symmetric chains of subsets of S U {x}. 
Moreover, any subset X  of S U {a;} belongs to exactly one of them. For if 
I  C S U  {a-} and a : ( I ,  then let X — {ar} € lf ,;  we will have X £К\ .  
If X  C S, then let X  £ К if X  is the first member of K t, then X  € K'i) 
if X  is a later member, then X  6 K " . Similarly one sees that no X  belongs 
to more than one K[ or K " .

29*
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Thus the chains K\, K" yield a decomposition of all subsets of S U {#} into 
symmetric chains and the induction is complete [N.G. de Bruijn, C. van E. 
Tengbergen, D. Kruijswijk, Nieuw Arch. Wiskunde 23 (1949-51) 191-193].

21. (a) First proof: Let K v . . . .  K. be the chains of subsets of V(H) defined
7Ьin 13.20. Since each subset X  with | X |  =  — belongs to exactly one K t and

conversely, we have t — I — I. Any K t contains at most one edge of H, as

any two edges of K i are comparable (one contains the other). Hence | E(H) | <  t. 
[E. Sperner, Math. Z. 27 (1928) 544-548. This proof is due to de Bruijn, 
C. A. van E. Tengbergen and D. Kruijswijk, ibid.]

Second proof: Let us consider those permutations (xx, . . . ,  xn) of V(H) for 
which {xv . . . , xk} 6 E(H) for some k. For any edge E  with \E\ =  k, we 
get к \(n — k) ! such permutations by putting the elements of E in the first к 
places and the other elements in the last (n — /,:) places. No permutation is 
counted more than once; for if (xv . . . , xn) is a permutation, then it cannot 
happen that E x =  {xv  . . . , xki} and E 2 =  {aq, • • • , хкг) are both edges since 
then one of E v E 2 would contain the other.

Thus we count k \(n— k) ! permutations with any edge E (k =  \E\), and, 
altogether, we count at most n ! permutations. Since

i ,/ ,,, n\ n\ f я] Г?г+ 1]
In — i n \  [ 2 j [  2
b) M

U 2J/
this implies that

\E(H)\ ■ Г- l l  [ÜJ±LÍ:] i <  n \ y
L2J L 2 ~

\ E ( H ) \ < - r ’ -^ n  = ( r n \— n I n -(- 1 , I й
2 J ' L 2 J’ VL 2 J/

[D. Lubell, J. Comb. Th. 1 (1966) 299].
( 7b \(b) Let H be a clutter on n points with exactly edges. Then we must

71

I m i
have equality in all estimations used in the second proof of part (a). In par­
ticular, if E £ E(H), IE \ — k, then

k\(n — k) \ =  —• ! — —  !, i.e. —r =   ----- ,L2 J L 2 J in f n ^
Uj и

VL2J7
Г n~\ \n - \-Ywhence к =  — or -------  .2 J [ 2
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Now there are two cases:
1 ° те =  2p. Then \E\ =  p  for any E £E(H) and so, E(H) consists of all p- 

tuples of V(H).
2° n — 2 p  1. Then \E\ — p or p  -f- 1 for any E £ E(H). We claim that 

every edge has the same cardinality, i.e. E(H) consists of all p-tuples or of all 
(p +  l)-tuples.

If [xv . . . ,  xn) is any permutation of the points, then this permutation must 
be counted in the second solution; i.e. either x1; . . . , xp or xv . . . , xp + 1  is an 
edge. Thus, if X  c  Y c  V(H), \ X  | =  p, \ Y \ — p  +  1, then one of X, Y 
is an edge.

Now suppose there is an edge E £ E(H) with \E\ =  p  -f- 1 and a set 
X a  V(H), |X| =  p  -f 1, which is not an edge (if all (p -f- l)-tuples are edges 
then, obviously, no p-tuple is an edge and we have nothing to prove). We 
can find such a pair E, X  with \EV\X \ — p\ for let E =  {xv  . . . , xp+1) , 
E  П X  =  {хи . . . , xp+1}, X  =  {xt, . . . , xi+p). Then consider the sets {x„, . . . 
. . . ,  xv+p} (v =  1, . . . , i). There is a last one among these, which is an edge, 
say {xv, . . . , xv+p}. Then we can consider {xv, . . . , xy+p} instead of E and 
{xv+1, . . . .  xv+1+p} instead of X.

Now since E f lX c z E ,  S O X  $ E{H); on the other hand, E f \ X c z X ,  
\ E V \ X \— p, IZI =  p +  1 and so by our remark above, ЕПХ^Е(Н) ,  
a contradiction.

Thus E(H) consists of all p-tuples or of all (p -)- l)-tuples of V(H).

22. Suppose A, В are maximum antichains with m elements and define 

А Ч В =  {x (i A {} В : X A у iov every у g A U B},  

A / \ B = { x £ A U B : x > y  for every у £ A U B}.

Then A V В, А Д В are antichains by their definition. Moreover 

(1) (A V B)Cl(A Л B) 3  Í Í 1 5 .

In fact, if X £ А П B, then there is no у £ A U В  such that x <  у for if 
у £ A (say), then x £ A also and A is an antichain. Thus, x £ A\J В and 
similarly, x £ А Д B.

(21 (A V B) U (А Л B) =  A U B.

The inclusion a  is obvious. Let x £ A U B, say x £ A. If x § A \J В , then 
there is a y x £ A U В such that x <  y v Obviously, y 1 (J A; so у г £ В. Similarly, 
if x § А /\ B, then there exists a y 2£ В  with y 2 <  x. Now y 2 <  y v  a 
contradiction. Thus x g (A V B) U (А Д B).

From (1) and (2) we deduce that

(3) | Л V £ |  +  |Л Д Б |  =  |(M V # )  U ( Z A Б)|  +
+  ЦА V B )  П (A A 5)| ^  \ A  U B \  +  \ A f \ B  \ =  \ A  \ +  |5 |  =  2m.

Since A, В were maximum antichains we have
(4) I 4̂ V  5 1 <  m ,  IA  A  5 1 <  m.
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Now from (3) and (4) we see that equality must hold throughout, in particular 
in (4). This proves that A\J В, A \  В are maximum antichains.

It is easy to verify that the set £ of maximum antichains forms a lattice with 
respect to the operations Д and \J. Let E be the unity of £, then E is a maxi­
mum antichain which is, obviously, invariant under the automorphisms of 
(S, 5S).

Now consider S  — 2 V(-H'> and the partially ordered set (S , CC). E(H)  is an 
antichain in (S,  C l) ,  so we want to determine the maximum size of an anti­
chain. By the above, there is a maximum antichain $, which is invariant under 
the automorphisms of (S, c ) .  Let E £$, \E\ =  k. Any permutation of 
V(H) induces an automorphism of S, and these permutations map E onto 
all Д-element subsets. Thus, all Д-element subsets belong to §. Obviously, $ 
cannot have any other member, thus

< n \

i« i =  [” | <  Г -1
U j  VL 2 Jy

[R.P. Dilworth, Combin. Analysis, Proc. Symp. Appl. Math. AMS (1960) 85].
23. (a) The hypergraph H with V(H) — {1, 2, 3, 4}, E{H) =  {{1, 2, 3}, 
{3, 4}, {1, 4}, {2}} is cross-cutting but contains no other cross-cutting hyper­
graph, in particular, no cross-cutting clutter (Fig. 98).

1 4

2^ ®___ ĵ)3
Fia. 98

(b) Let H be a minimal cross-cutting hypergraph. Then for any E £ E(II) 
there exists a set SE C V(H), which is not comparable with any edge of 
H — {Я}. Clearly, E Cl SE or SE cc E. Denote by E* the larger of E, SE, 
and let

V(H*) =  V(H), E(H*) =  {E* : E £ E{H)}.
We claim that H* is a clutter. Assume indirectly that E* CI F*. If E* =  SE, 
F* =  F, then SE Cl F, which is a contradiction since SE is comparable only 
with E by definition. We get a similar contradiction, if E* =  E, F* =  S f . 
If E* =  E ,F *  =  F, then SE С E and E C F, so SE C F. If E* =  SE, F* =  
=  SF, then E ^  SE c  SF. We get a contradiction in both cases again.

Thus H* is a clutter and so by Sperner’s theorem

Щ Я)| =  |Я ( Я * ) |^ ( м |

[P. Erdős]



24. Following the hint, let
~n — к -I- 1 ‘
------ 2------ 1*

Then , , \ n к — Y
p  к —  1 =  — -----------------

2
Tb\ / Yb

and hence, p  +  (p +  & — 1) =  n or n — 1. Therefore , .  . .,
P) [p +  k - l j

are the к largest binomial coefficients jif n — A: is even there is another such set:

we could replace ” by П but this is unimportant . Form the hyper-
\P) \P -  * +  2) )

graph M on V(H) consisting of all p ........ (p +  к — l)-tuples as in the hint.
Let K v . . ., K,  be a decomposition of 2 V<-H~> into disjoint symmetric chains 
as in 13.20. Obviously,

I E(M) П I =  min (к, I K,  |);
on the other hand, E(H) contains no chain of length k, whence

I E(H) П K t I <  min (k, 1^1).
Since this holds for every i =  1, . . . , t, we conclude that

\Е(Н)\<,\Е[М)\ =  [П\ +  . . .  +  ( “ i
\P) \P +  * — 1

[P. Erdős, Bull. Amer. Math. Soc. 51 (1945) 898-902].
25. (a) Suppose indirectly that the edges of H cannot be covered by one point. 
Let E =  {xv  . . ., xr} £ E(H). Then xt does not cover all edges, so we find an 
edge Ft such that x( (j Ft (i =: 1, . . . , r). Now E, F v . . ., Fr have no point 
in common; for such a point ought to be in E but xt does not cover Ft.

(b) We construct j  edges E x......... Ej such that

\E1 C\ . . .  Г\ Ej \ <^r — (j — l)(t(H) — l)
for j  =  1, . . . , k. For j  — 1 , E X can be chosen arbitrarily. Assume E v  . . . , E, 
have been selected (j к — 1). Since every other edge intersects E x П . . . П 
П Ej this set must be of cardinality at least t(H). Let X  с  E x П . . . П Ej, 
I A" I =  т(Н) — 1. Since X  cannot cover all edges, there must be an edge 
EJ + 1  such that Ej+ 1  П X  =  0. Thus

IE x П . . .  D EJ+11 <  | ( ^  П . . .  П Ej) -  X \  =
=  \EX Л . . . П Ej\ — (r(H) -  1) ^  r -  j(r(H) -  1),

i.e. Ej+ 1  has the desired property.
Now E x f| • • • П Ek ^  0, i.e.

1 ^ \E X П . . .  П Ek\ <, r -  (k -  l) (r (Я) -  1),
whence the inequality of the problem follows immediately.
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26. Take any edge F. \ i  \ E C\ F \ ' > 2  for every edge E we can take S — F. 
Suppose IF' П F\ =  1 for some F', say F' П F  =  {x}. Let F" be an edge 
of H — X (such an edge exists since t(H) >  2), and set S =  F  U  F' U  F". 
Clearly

\ s  \ <; 3r — 3.
On the other hand, let E £ E(G). If x (J E, then E must intersect F  and F' 
in distinct points so I E П 8  | j> 2. If x £ E, then E must meet F" in a point 
different from x so | E П S | >  2 again.

27. Let (xv . . . , Xp) be any ordering of W, where IF is a minimal set such that 
any two edges of Hw meet ( | W \ =  p). Then there is at most one point xt such 
that both {ж1( . . . , Xj} and {xit , xp) contain edges E, E' of Hw (clearly 
E Л E' =  {ж,}). For if j  i and {xv . . ., xj) contained F, {x,, . . . , xA  con­
tained F' (F, F' £ E(Hwj), then assuming, e.g. i <  j  we would have E  П F' =  
=  0, a contradiction. So if we carry out the counting for every ordering of W, 
we count at most p ! points.

Now every element of W is counted many times. In fact, if x £ W, then there 
are edges E, F £ E(HW) such that E П F =  {x}, by the minimality of W. 
Set \E\ — s, I F [ =  t. Let us arrange the points of E, then put x, then put 
the points of F; finally, “stick in” the remaining points arbitrarily. This can 
be done in

(i — l)!(e —1)1 P ( p - s - t +  l ) ! = p l ( s~  1)1
s -j- t — 1 (<s t — 1)!

ways. Now s , t < , r ,  hence

(s +  i — 1)! ( s + t - 1 ' I2 r - l )
( s— l ) ! ( i — 1)! t — 1 ) — ( r — l )

Also we can exchange the role of E  and F. Thus every point in W is counted
2p !

at least — ------— times. Hence the number of points in W is at most

i - ~ . )

The second assertion follows by considering the following hypergraph. Let 
\U\ =  2 r — 2. With each partition {A, T} of U such that |A| =  |F | =  
=  r — 1 we associate a new point vXY; let V be the set of these points vXY and 
V{H) =  U U  V. Moreover, let E(H) consist of all r-tuples in U and also of all 
sets 1  U  {% y}’ F U  {vXY}- It is easy to check that any two edges of H 
intersect but that no subhypergraph has this property. Thus the minimal IF 
is V(H), and

IF(H)I >  I F| =  — (2r ~~ 2 = ( 2 r ~ 3| .
2 r — 1 ( r — 1 J

[A sharpened version of a theorem of M. Calczynska-Karlowicz, Bull. Acad. 
Polon. Sei. ser. math. astr. phys. 12 (1964) 87-89.]
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28. (a) Let x be any point of C. Then x is the endpoint of at most one A t; 
for if A,-, Aj had a common endpoint then, since they are distinct, they ought 
to start in different directions and, as | V(C) | >  2 k, they would be edge- 
disjoint.

Now observe that, since each Aj (j =  2, , t) has an edge in common with
A v  one of the endpoints of Aj is an inner point of A v  Hence there are at most 
к — 1 arcs Aj with 2 j  <[ t and this implies that t <f k.

(b) Let л =  (xv  . . . , xn) be a cyclic permutation of V(H). We consider 
a circuit C of length n and associate xv . . . , xn with the edges of C (in the same 
cyclic order). Then if E £ E(H) consists of consecutive points in л, then it 
corresponds to an arc A of C of length r. Any two of these arcs have an edge in 
common. Thus, by the preceding “lemma”, there are at most r such arcs, i.e., 
for any cyclic permutation л, there are at most r edges, which consist of consecutive 
points. Since there are (n — 1)! cyclic permutations, this way we count not 
more than

r(n — 1)!
edges. Let us see, how often a given edge E is counted here. To specify a cyclic 
permutation for which E consists of consecutive points, we have to order E  
and V(H) — E. Thus E is counted r\(n — r)! times. So the number of edges is

. r{n — 1)! In — 11 m <  —— -— — =
r! (n — r)! [r — 1 j

[P. Erdős, Chao Ко, R. Rado, Quart. J. of Math. Oxford, II. 12 (1961) 313- 
320, this proof is due to G.O.H. Katona, J. Comb. Theory 13 (1972) 183-184.]
29. (a) Let F v . . . , Ft be all the sets which are unions of v disjoint edges of 
H. The fact that H is r-critical means that

Fy П . . . П Ft =  0.
By 13.25a, we find rv +  1 sets among F v . . . ,  Ft, say F v  . . . ,  Frv+1, whose 
intersection is void. Let S =  F t U . . . U Frv+1. We claim that |N П E\ ;> 2 
for every edge E of H. In fact, S H E  meets every one of Fv  . . . , F r v + 1  

(otherwise E would be disjoint from Ft for some i and then it could be added 
to the v disjoint edges forming Ft as a (v -f l) st one). Since by their construction 
F v , F r v + 1  cannot be covered by one point it follows that | S П E\ !> 2. 
Now I S'! <  (rv A- 1) rv. Thus the number of edges E is at most

щ  n ^  ((r v + i)™) n \ =  o(nr~2)
2 j r — 2j 1 2 \r — 2j

(b) We use induction on v. If H is r-critical, (a) settles the question. If H 
is not r-critical, let x £ V(H) be such that v(H — x) <  v(H). Then

\ B W - x ) \ A n ~ 2\ +  . . .  +  ( * - ’)
(r — 1) (r — 1 j

by the induction hypothesis and since x cannot be contained in more than 
n _jq

edges, the assertion follows.
r — lj
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Equality holds for the hypergraph on n points consisting of those r-tuples, 
which meet a given v-element set [A. Hajnal, В. Rothschild, J . Comb. Theory 
15 (1973) 359-362].

30. Let {ix} (x £ V(H)) be an optimum fractional cover of H. Then

x€E

holds for every edge E. Summing this for every edge of //, =  H — xx — —  — xt, 
we obtain

2  2 * * ^ \Е(НМ-
E íE (H t)  x í E

The left-hand side can be written as

2  *x 2   ̂ <̂i+i ~  x* î+1 •
x ЕЭх x

E d E W i)
So
(1) \E{Ht)\ <, r*dt+1.
Now suppose the procedure stops after t steps, i.e. xv . . .  , x t cover all edges, 
E(Ht+1) — 0. Then clearly

r(H) <  t.
We know that

\ЩЩ\ -  1 В Д +а)| =  dt,
so

,  =  i  |В Д )  |Д (Д м )| [■ и д .
1=1 » /  i = 2  \ d i  » / —i j  » x

Since dt ^  d i+ 1  we can estimate \E(Ht)\ by (1) and obtain

t < r *  \ 2 dÁ ^ ~  т Ч  +  I ]  = T* T*d +  log d)11=2 df d(_ i/ d1 i=i df k=\ &
[L. Lovász, Discrete Math. 13 (1975) 383-390].
31. (a) Clearly и ~> w -(- 1 since

U _  w _j_ W 'p> 'W Jr w _  to +  1
r r) l r -  lj “  (rj (r — lj r

Let w =  t r — 1, и =  t -|- uv V =  t -|- vv Then by 1.42i and b,

[u \ _  I* +  j  — l \ u i — Я 
*■) j  ) \ r - j ) ’

u| =  у  l* +  i —  г \
r) \ j  J l r — j ) ’

w +  ? — 1 
T -  l] JS 1 j
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Hence
 ̂ (v\ , I w iu\ +  ? — 1]

(i)  о =  +  -  \ = 2  <Pr-j>И  Ir -  lj \r) y_o J
where

» , = j''* -.r + i) +  i - ( “ > - f + ij .

Similarly

<*> UJHrj-UJ-lfTlib-
= Iff+r 1ly'-'

in case t =  0, we define — = 0  .
I t I

We claim that if <р,- is positive then so are go,-_x, . . . , tpv  In fact,

— 4— [ » ■ - ’• + i | +  i — i — [ « . - ' • + iU
иг — r -f- г( г ul ~  r - \ - i \  i )

i vi — r +  i i i  lux — r  +  i _
% — r +  г [ i % — r +  i % — r +  i l i

= ------- : : 9,i> 0 -ux — r -f- г
(since % >  i7x and ux — и — t >  w l  — f =  r). Thus we have a & (0 <[ 
<; /г <j r) such that

<Pi> • • • . <Pk >  0. 9>*+i> . . . , <pr <; 0.
/i у __

Then replacing — b y-------on the right-hand side of (2) we decrease it. There-
t t

fore by (1),

( ”’ ] +  ( ”’ ! - [  “ | > L ^ l 2 ( < +  ) - 1| „  , =  0.
r — lj [r — 2 ] (r — l! t yfo j

(b) We use induction on \E(H)\. It suffices to treat the case к — r — 1. 
Let a; be a point with minimum degree d. We may assume that there are no 
isolated points, i.e. d >  1; also we may suppose there are at least two edges,

so that d <  \ .
1 * 7

' Ub jLet Hx — H — X. Then \E(H1)\ =  I — d. Let us write this number in the
И

Vform (v 2> r); then, by the induction hypothesis, there are at least
r) (r — 1
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(r — l)-tuples covered by the edges of H v  Note that none of these contains x- 
Let us define H 2 by V(H2) =  V(H) — {a:}, E(H2) =  {E — {ж} : x £ E £  
£ E(H)). Then \E(H2)\ =  d, and H 2 is (r — l)-uniform. Let us write d in the

wform , w~>r — 1, then by the induction hypothesis, there are at least
r — 1 

w
(r — 2)-tuples covered by the edges of H Adding x to these (r — 2)-

r —  2)
I w  )tuples, we obtain at least (r — l)-tuples contained in edges of H.
r — 2)

Since each of these (r — l)-tuples contains x, they are different from the ones 
found previously.

Thus the number of (r — l)-tuples contained in edges of H is at least

V I w
r — II r — 2

Using (a) we will be done if we can show that v ;> w. To this end observe that 
the average degree is

11Д(£0| __ !•]_
\V(H)\ |Г(Я)|

and here, obviously, \V(H)\ >  u. Thus

I'm  i

r\ 1)— -  ^  —h =r — l) U T — 1
whence

w <  и — 1.
Thus

dh lu\ w \ . lu\ [u— 1) (и — 1 . , .=  — >  — =  , v^> и — \^>w,
r) \r | (r — 1 ) \r) (r — lj r

as stated. [J.B. Kruskal, in: Math. Opt. Techniques, Univ. of Calif. Press 1963, 
251-278; G. Katona, in: Theory of Graphs (Akadémiai Kiadó, 1966, 187-207. 
See these references for the exact optimum when и is not an integer.]

(c) Let H have m distinct edges, which are r-tuples and mutually inter­
secting. Let H' be defined by

V(H') =  V(H)
E(H') =  { V(H) — E : E £ E(H)}.

Then by assumption no edge of H can occur as a subset of any edge of //'. 
Let us write

и ,m =  (Uc>n — r, real),
n — r)

XLthen by (b), there are at least r-tuples among the subsets of edges of H '.
r.
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Hence

( “ I + h ̂  h •\n — r \r) \r)
Since

n — lj и — 1 in I
n — rI r [rj

it follows that и n — 1 and thus
и \ ^ In — 1 In — 1 m — <  =

n — r) [n — r (r — 1
[D.E. Daykin, J. Comb. Th. A 17 (1974) 254-255].

32. (a) Observe that if (xv  . . . , xn) is any permutation of V(H), then there is 
at most one index i for which every element of A ,• has smaller index than 
every element of B(. So we count at most n! pairs (A,, B,).

Moreover, if i is any given index, then the number of permutations of V(H) 
for which every element of A, anticipates every element of B, is

( П p\ q\ (n — p — q)\ —— ——- .I p +  qf p +  q
p

Hence, a given pair (At, B,) is counted this number of times. Hence

 ̂ * / n! (p  +  q)
Ip + q p

I P .
(b) Let E v . . . , Em be the edges of H. Since H is r-critical, H — {i?,} 

has a (x{H) — l)-element point-cover T t. Then, obviously, Et П T l■ =  0 
while Tj П Ej ^  0, if i #  j. Thus (a) implies that

[В. Bollobás, G.O.H. Katona, F. Jaeger, C. Payan; see В].

33. Let V(H) =  {г ,̂ . . . . , vn}. We color vv v 2, . . . , vn by one of the colors 
red and blue, so that we do not color all points of any edge with the same
color. Suppose v x......... vt are colored (1 <  i <  n). If we cannot color vi+ 1

red, then there is an edge E  d  {vv  . . . , v,+1}, vi+l £ E such that all the 
other points of E are red. Similarly, if v i+1 cannot be given color blue, there 
must be an edge F  c  {vv  . . . , vi+1), v i+ 1  £ F all of whose points except 
v i+ 1  are blue. Now E П F — {wi+1} , a contradiction. Thus we can color vi+ 1  

either red or blue.

34. Suppose first that H has one point x x of degree 1 and all other points have 
degree 2. Let x2 be a point adjacent to xv x3 a point adjacent to x 2 or x3, . . . , 
let x i+1 be a point, different from xv , xt and adjacent to one of them. Such
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an xl+1 exists, because H is connected. Now going “back” we can color xn, 
xn_x, . . . , xx successively with red and blue in the same way as in the previous 
solution.

Now suppose that every point of H has degree 2. We may assume Ы is not 
a graph. Then it contains an edge E with \E\ ]> 3. Let x £ E, E' =  E — {ж} 
and H' =  H — {E}  -)- {E'}.  Now if H' is connected, then, since x has degree 
1 in H', by the first part of the solution II' is 2-chromatic. A 2-coloration of H' 
is a 2-coloration of H. If H' is not connected, then H =  H 1 U H 2, У(Нг) П 
П V(H2) —  {x}. 2-coloring H j and H 2 (which have points with degree 1) we 
can put these 2-colorations together after exchanging colors in Hlt if necessary.

35. Suppose we have no 1-element edge (which is a trivial case). Also remove 
isolated points. We verify the assertions in the hint. ~

(a) Let x £ V(H), E Z E(H) be such that x £ E. Color E  — {ж} red, 
V{H) — E U {ж} blue. Clearly there will be no red monochromatic edge. 
Since H  is not 2-eolorable, there must be a blue monochromatic edge F. F 
meets £ i n a  single point and this point must be blue; hence ж £ F. Thus ж has 
degree at least 2.

(b) Let x £ E v ..........Ed Z E(H), d~I> 4, and suppose indirectly that
\Ed\ ^  3. Let yi g Ej — {ж} ( i  =  2, . . . , d  — 1). Since d  ]> 4, there is at 
most one edge containing y 2, , yd- 1. So we can select a point yd Z Ed — {ж}
such that no edge contains y 2, . . .  , yd. Now let us color E x — {ж}, y 2, . . . , yd 
red, all other points blue. It is easy to check that no monochromatic edge can 
occur.

This settles the case when there is a point ж of degree at least 4; more generally, 
if there is a point ж which is adjacent to 2-element edges only, then consider 
an edge E  not containing ж (such an edge clearly exists). E  must contain the 
(single) point of F — {ж} for every edge F Э x. This shows that E is unique 
and so V(H) =  E U {ж}, E(H) =  {E } U {{ж, у)  : у Z E}.

So suppose each point belongs to at least one edge of cardinality at least 3. 
Then there is no 2-element edge. For let {ж, у} Z E(H) and let E, F be 3- 
element edges containing ж and y, respectively. Let и be the (unique) common 
point of E and F,  and let v Z E — {u, x}, w £ F — {и , у}.  By (a), there are 
other edges A, В  containing v and w. Since A, В must meet {ж, у),  we have 
У Z A, x £ B.

Now color every point in E U F — {гг} — {г/} red, the remaining points blue. 
Then no red monochromatic edge occurs; for such an edge X  must meet {ж, у} 
in a red point, i.e. in ж; it must meet A in a red point, i.e. in v; but then X  =  E, 
which is not monochromatic. Also no blue monochromatic edge arises; for 
such an edge X  must meet {ж, у } in a blue point, i.e. in y,  it must meet E 
in a blue point, i.e. in гг; but then X  — F,  which is not monochromatic. Thus 
H is 2-colorable, a contradiction.

Now we are prepared to prove (c). Let ж, у  £ V(H), and select edges E, F 
such that x € E, у  £ F. We may assume x  ̂F and у  (j E,  otherwise we have 
nothing to prove. Let us color E  U F  — {ж, у)  red, everything else blue. 
Then no monochromatic red edge can arise; for such an edge could only con­
sist of one point of E — {ж} and one point of F — {г/}, but 2-element edges 
are excluded. But then a blue monochromatic edge A arises, which must meet 
E in ж and F in y, which proves (c).
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It follows that every edge is a 3-tuple. For if E£E(H), \E\ |> 4, then let 
X £ V(H) — E. For each point у in E, there exists an edge containing x, у 
and these edges are, obviously, distinct. But then x has degree at least 4, 
a contradiction.

Now let E, F, G be three edges such that E fi F ф G. Let E fi F =  {я}, 
F C\ G = {у}, E C\G =  {z}. Then: there are unique further points u, v, w

of E, F, G. There is a unique edge {x, w, t] containing x, w. There is a unique 
edge containing y, u, which must also contain t since this is the only point in 
which it can meet {x, w, t}. Similarly, {z, v, t) and {u, v, w} are edges and there 
are no other edges. This hypergraph (usually called the Fano configuration, 
or 7-point-plane) is 3-chromatic. Thus we have found the hypercraphs shown in 
Fig. 99 as the only possibilities.
36 . Suppose indirectly that H has a 2-coloration with red and blue. Let nx 
and n2 denote the numbers of red and blue points, respectively. Then the 
number of red-red-blue edges is

where a is the number of edges containing'a'given pair. Similarly, there are

(n 2) a
12

blue-blue-red edges. Thus

(1) \ЩН)\ =  а\ [£) + (**) •
On the other hand, each edge contains exactly two pairs (x, y), where x is blue, 
у is red. Thus,
(2) 2 \E(H)\ =  anxn2.
From (1) and (2) we get

ПхПг =  n\  -f n\  — Пх — П2 =  П2 — П — 271̂ 2 
or, equivalently,
(3) 3 nxn2 =  n2 — n.

P i g . 99



But we have In, 4- n2\ 2 n2

^ Г т - ]  = 7 '

so (3) implies that
y$*
— n2 — n or n <  4,
4

a contradiction [L. Lovász, Proc. 4th SE Conf. on Comb. Graph Theory and 
Computing, Utilitas Math. 1973, 1-12].

37. Consider the polyhedron P  in и-dimensional space described by

J ^ ] <  ( / = l , . . . , m ) ,

О <1 Щ <L 1 (i =  1, . . ., и).

/1 l \ rP  is non-empty since the vector belongs to it. Also the matrix
(AT 2 )

is totally unimodular and the constants are integers, so by the Hoffman-

Kruskal theorem, P  contains a lattice point. Let (£v , |„)T be this lattice
point. Color Vj red, if =  0 and blue, otherwise. This coloration is a legitimate

~\E-\~
one, if H contains no 1-element edges. More exactly, there are at least —!—

I F.|1* - ^
and at most -—J— blue points in every edge Ej. This proves the “only if” 

2
part of the assertion.

Now suppose that each subhypergraph has a bicoloration as formulated. Then 
we show that every subdeterminant of the incidence matrix i  is 0 or ± 1 . 
Since a square submatrix of A is the incidence matrix of some partial sub­
hypergraph which, obviously, has the same property it suffices to show that 
if n — m, then det A =  0 or ± 1 .

We claim that there exists а (Г C V(H), W ^ 0  such that | W П E jJ,.. . , 
\W П En_xI are even; in fact, consider the vectors

( a ij\ 1 if Vi £ Ej,

a; =  • , where = ,

\anjl  0 otherwise,

{i — 1 ,. . . , n — 1) over GF(2 ). They do not generate the whole space, so there 
is a 01-vector

( ЪЛ
b =  ^ 0

w
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orthogonal to all of them by 5.32f. Now set

W =  {vt : b, =  1}.

Then I IT П Ej\ s= b • a; =  0 (mod 2) (j =  1, . . . , n — 1). \W П En | may be 
odd or even.

We may assume W =  [vx, . . . ,  vt}. By the assumption W =  A 0 U A v A 0 П 
Í 14 i  =  0 so that

g = ...... »>.
Note that, by the choice of W,

\EjC\A0\ =  l ^ n ^ l 
2

for j  =  1, . . . , n — 1. Let, say, A 0 =  {г;̂  . . . , ws}. Then add the 2nd, . . . , sth
columns to the first one but subtract the (s +  l)st, ......... tth columns from it.
This way we get 0’s in all but the last entry of the first column, and get 0 or 
dil in the last entry. If this last entry is 0, then det A t =  0. Otherwise, we can 
expand by the first column and proceed by induction [A. Ghouila-Houir; see В].

38. (a) First we prove the statement of the hint. It suffices to consider the case 
к =  2. Let E £ E(H), E v E 2 cz E, E x П E 2 — 0 . Consider

H' — H — {E} +  {Ev E 2).

We claim that H' has no odd circuits. For let G be any circuit of H'. If C 
contains none or one of E v E 2, then it corresponds to a circuit of H  in the 
natural way and hence it is even. Suppose it contains both of E v E 2. Then it 
is of the form

(Ev xv F v . . . , xk, E 2, y v Gv . . . , y,), 

where к >  2, l >  2 as E 1 П E 2 =  0. Now

(E, xv F v . . . , xk) and (E, y v  ......... y,)

are circuits of H, hence к and l are even. Then к +  l is even, i.e. C is even.
ЧГТ1-

Now replace each edge E by -—- disjoint pairs. The resulting graph is bi-
2

partite by the above result and thus it possesses a 2-coloration with red and
blue. Now each edge E contains at least П^П red and at least p—Л blue 
points, which proves the assertion. L 2 J L 2 J

(b) This follows trivially by (a) and 13.37 [C. Berge; see В].

39. Suppose indirectly that H  is not balanced. Then it contains an odd circuit 
(xv‘ E x, . . . , x2k+1, Ek+1) which is not balanced. This means that there is no 
other incidence between xv , x2k+l and E v . . . , E2k+1, than is indicated by
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the definition of circuits. Hence A contains a (2 k -|- 1) x  (2 k 1) submatrix
of the form

1 1 0

0  ! 1
1 1

which has determinant 2, a contradiction [see В].
40. Suppose indirectly that there are balanced hypergraphs, which are not 
2-chromatic and consider a minimum counterexample H. Define a graph G 
by V(G) =  V(H), E(G) =  {E 6 E(H) : \E\ =  2}.

We claim that G is a connected graph. Suppose indirectly that V(G) =  F x U V2, 
Vx П V2 =  0, Vv V 2 ¥= 0 such that each E £ E(G) is contained in Vx or V2. 
Consider HVl and HVt and remove the one-element edges of them. This way 
we obtain two balanced hypergraphs 1 1  v H2.

By the minimality of Ы, / / ,  and H 2 are 2-chromatic. Let us 2-color each of 
them by red and blue, we claim this is a good 2-coloration of H. Let E £ E(H). 
If \E\ =  2, then E  is spanned by one of Vx or V2 and therefore it gets both 
colors. If \E\ >  3, then \E П F,| i> 2 for one of t =  1, 2 and so, E П Vt 
gets both colors in the 2-coloration of Ht. Thus we have obtained a 2-colora­
tion of H, a contradiction.

Now G has no odd circuits, because H  is balanced and since it is connected, 
it has an (essentially unique) 2-coloration with red and blue. We claim that 
this is a legitimate 2-coloration of H. Assume indirectly that there were a 
monochromatic edge E, \E\ >  1. Since G is connected, it contains a path 
P =  (x0, F v * ! , . . . ,  Fk, xk) with x0 6 E, xk £ E. We may assume xt $ E  for 
i =  1, . . .  , к — 1. The points x0, . . .  , x k are alternately red and blue, hence 
к is even. Thus

(Xq, F i, xv  . . . , xkl E)
is an unbalanced odd circuit, a contradiction. Thus the 2-coloration we con­
sidered is a good 2-coloration of H, a contradiction again [C. Berge; see В].
41. Let E(H) =  {Ev  . . . , Em) (m <  2r_1) and color the points of H with red 
and blue at random, independently of each other and with probability 1/2. Let 
A i denote the event that Et is monochromatic. Then

P(Ai) =  —
2 r- i

as there are 2 r ways to color Et and 2 of these come into consideration. So the 
probability that a random coloration contains a monochromatic edge is

m  rvv)
P(AX +  . . . +  A m) <  J?P(Ai)  =  — - <  1,

i-i 2
(the first strict inequality follows from the fact that A v  . . . , A m are not 
mutually exclusive: all occur, when all points are red) [P. Erdős; see ES],
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42. Let H be defined as in the hint. Then

| щ  =  и + Г ' М 1r { r I (r
for any edge EP (P  =  {X, F}). Therefore,

^ — jrz 
2

r
defines a fractional cover. Thus

2r2|

г*(H)
2n

rl
(It would not be difficult to show that one has equality here.)

Now let T  be any set of points of H  covering every edge EP. Then T  is a col­
lection of r-tuples, so V(H0) — 8 , E(H0) =  T  defines an r-uniform hypergraph. 
The fact that T  covers EP means that P  does not give a legitimate 2-coloration 
of H0; so H 0 is not 2-chromatic. Thus if T  is a minimum cover we have by 13.30,

\E(H0)\ =  г (И) <  (1 +  \ogd(H))r*(E).
Here, however,

'2 r2

r * (H ) —
2 Гr ,

d{H) =  2 r‘~r,

and so
2r2 12 r2

\ЩИ0)\ <  (1 +  (̂ 2 -  r) log 2) — <  г2- Ц 1  =
i T“ T“

2
И  Ir

2r2 2r2 — 1 2r2 — r -(- 1 ,
r2 r2 — 1 r2 — r +  1

[P. Erdős; see ES].

43. Let us color the points of H  at random again, as in the solution of 13.41. 
Observe that if Elt . . . , E p are disjoint from Eq, then A lt . . . , A„ and any 
polynomial in them are independent of A q. So if we form L(H) and associate 
the event Aj with Eh then this graph and the associated events satisfy the first
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condition of 2.18. Moreover, by the assumption, each point of L(H) has degree 
at most 2r_3, hence the second condition is satisfied as well. Therefore

P{Ä1 . . . Ä m) > 0 ,
i.e. there is a coloration in which no edge is monochromatic [P. Erdős-L. Lo­
vász, in: Infinite and Finite Sets, Coll. Math. Soc. J. Bolyai 10, Bolyai-North- 
Holland (1974) 609-627].
44. (a) Suppose H is not 2-chromatic. Then by 13.43, there is an edge E which 
is intersected by more than 2r~3 other edges. Then one of the points of E 
belongs to more than 2' ~3/r of these. Thus, the maximum degree d of H is 
at least 2r~3fr.

Now let ж be a point with maximum degree d. Then the edges containing ж 
have no other point in common by the assumption and so, they cover at

r
least points, a contradiction.

(b) For E £ E(H), let <p(E) denote the point of E which has largest degree 
in H (or one of these) and set E' =  E — {cp(E)},

H' =  (F(H); {E' : E £ E(H)}).

Then H' must be at least 3-chromatic since any 2-coloration of H' would yield 
a 2-coloration of H. Thus by the solution of (a), there is a point x with degree 
t >  2r_4/(r — 1) in H' . Let E'v  . . .  , E't be the edges of H' containing x. Then, 
by definition, the degree of <p(Et) in H is at least the degree of x in H, which 
is at least the degree of ж in H', which is equal to t. Moreover, the points <p(Ef), 
. . . , cp(Et) are distinct, as E v  . . . , Et have no point in common other than ж. 
Thus we have t points with degree at least t, which proves the assertion.

(c) Suppose indirectly that H has chromatic number at least 3. Then, by 
the preceding problem, there are 2r_4/r points with degree >> 2r_4/r. If we 
count the edges adjacent to these points we get 4r_4/r2, and each edge is counted 
not more than r times. Hence

\E(H) I >  4r_4/r3.
[ibid.]
45. (a) By 13.5b, we can select a pair f(E) from each edge E of If so that the 
hypergraph (in fact, graph) G — (V(H), {f(E) : E £ E(//)} ) is a forest. Hence 
G is 2-colorable and a 2-coloration of G gives a 2-coloration of H [M. Las 
Vergnas, L. Lovász; see В].

(b) Let H 2 be the triangle and suppose we already have an /-uniform hyper­
graph Hr with the desired property. Define H r + 1  as follows; for every edge 
E £E(Hr), take an (r +  l)-element set E'\ let the sets E' be disjoint from 
each other and from V(IIr). Define

V(Hr+1) =  U E' U V{Hr),

E(Hr+1) =  {E' : E £  E(Hr)} U {E  U {ж} : E £ E(Hr), x £ E'}.
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Then, obviously, H r+1 is ( r  -J- l)-uniform. Moreover, H r+1 is not 2-colorable. 
For let a be a 2-coloration of Hr+V Then there is an edge E £ E(Hr), w hich is 
monochromatic since Hr is not 2-colorable. Let, e.g. all points of E be red. 
Then for any x £ E', E U {a;} is an edge of Hr+1, so x must be blue. But then 
E' is a monochromatic edge of Hr+V a contradiction.

LetЯ ' be any partial hypergraph of Я г+ 1 , we claim that | V(H’)\ >  \E(H')\. 
Suppose not, and let H' be a minimal counterexample. Then every point in 
H' has degree at least 2, since otherwise it could be removed. Therefore, if 
x £ E' (E £ Я(ЯГ)) is a point of H' , then E' £ E(H'), and also E U {y} £ E(H') 
for each у £ E'.

Let A denote the set of edges of H' of form E', E £ E(Hr). For every E £ 
£ E(H') — A, let E* =  E 0 V ( H r). Clearly E* £ E(Hr). Thus the hyper­
graph Я" defined by

V(H") =  V(H') П V(Hr),
E(H") =  {E* : E £ E(H') — A}

(each set E* is taken only once) is a partial hypergraph of Hr, and thus
\V(H")\^\E(H")\.

Also we have
\E(H')\ =  (r +  1) \E(H")\,

|7(Я ')| =  \V(H")\ +  r\E(H")\
and so

| T W I ^ > ( r +  1) \E(H')\ =  \E(H')\.
This proves that Hr + 1  has the desired properties. We remark that every partial 
hypergraph Я' of Hr even satisfies

\V(H')\>\E(H')\  +  1

except for H' =  Hr [D.R. Woodall, in: Combinatorics, Proc. Conf. Southend- 
on-Sea, 1972, 322-340].

46. (a) Let Hr be an r-uniform non-2-colorable hypergraph, without multiple 
edges, in which any two edges meet. We construct an (r -f- l)-uniform hyper­
graph H r + 1  with similar properties. Let |[7| =  r +  1, U П V(Hr) =  0. Define
Hr+1 by

V(Hr+1) =  ViHJ U U ,
E(Hr+1) =  {*7} U {E U {x} : E £ E(Hr), x £ U).

It is easy to verify that Hr+V has the desired properties. Also,
\ЩНг+1)\ =  (r -f- 1) \E(Hr)\ -f- 1,

whence
\E{Hr)\ =  [(c -  1 )H] >  r !.

(b) Let Я, H' be two hypergraphs. Define H[H'] as follows. Let 

V(H[H']) =  V(H) x  V(H'),
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Я(Я[Я']) =  {{ж,} x ^ U  {ж2} X F% U  . . . .  U  {xr} X Fr :
: {xv . . . , xr} <E E(H), F 1 ......... Fr £ Я(Я')}.

Then, if any two edges of Я  and of Я' meet, the same holds for Я[Я']. In 
fact, if { z j  X Fi  U  . . .  U  {хг} X Fr and {x[} x  F[ U  . . . U  {zá} X F's are 
two edges of then {xv . .  . , xr) and {x'v  . . . , ẑ } meet; let x(- =  zj,
then also Ft and F) meet; let у £ Ft П F), then (xh у ) is a common point of 
the two edges of H[H'\.

If Я, H' are not 2-colorable, than neither is H[H']. For let us 2-color the 
points of Я[Я']. Then, for each x £ V(H), one of the sets {ж} x F  (F £ E{H')) 
is monochromatic; choose such an edge Fx of Я'. Now color ж with the color 
of {ж} x F x> then there will be an edge {xv . . . , xr} £ E(Hr) which is mono­
chromatic. Then the edge

{{*1} X FXl, . . . , {zr}Jx FXr}
is monochromatic.

Let К  denote the triangle and set
K m =  K [ K [ K . . . [ K \ . . ] ] .  

m times

Then, by the above,- any two edges of K m meet, but it is not 2-chromatic. 
It is r =  2m-uniform and has 32"-1 edges, as is easily seen by induction. 
Hence it has all the desired properties.

(c) The hypergraph constructed in the solution of 13.27 trivially has all 
the desired properties [P. Erdős-L. Lovász, ibid.].
47. Consider such an r-uniform Я without multiple edges, which is not 2-chro­
matic. Let x-L be a point with maximum degree, then its degree is greater than

— . For let E £ E(H). Every other edge meets E, it meets itself in r points, 
r

hence
(TO_ l ) +  r <- 2  |ЯП F\ =  2 d^ x)-

F  € E ( H )  X Í E

Thus
m 1 ramaxaH(x) > ----- -------b 1 > ----xPE HV -  r r r

Now suppose that xv  . . . , ж,- are chosen so that {xv  . . . , ж,} is contained in
TYbmore than —г edges (i <  r). Try to color xv . . .  , x t red, the rest blue. This
r‘

cannot work, i.e. there must be an edge Et such that xv  . . . , ж,- E,-. Any
edge containing {xv  . . . , ж,} meets Е,- and thus, there is a point ж!+1 which
is contained in more than—-  r of them. Thus {жх......... xí+i} is contained in

m r>more than ---- - edges.rf+i 0' fyyij
We conclude that {xv . . . , xr} is contained in more than —  edges. Since

rT
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{xv . . .  , xrj is, obviously, contained in at most one edge (it is either an edge 
or not), we have

m— < 1 ,  m <  r 
rr

which proves the assertion. [P. Erdős-L. Lovász, ibid.]
48. Since each cover defines a fractional cover, the inequality

r*(H) <, г(H)
is trivial. Similarly

v(H) ^  v*(H)
is obvious.

With the notation introduced in the hint, any real vector x such that
4̂x <[ 1, x >  0

defines a fractional matching; any real vector у such that
A Ty ;> l ,  у :> о 

defines a fractional cover. Thus

v*(H) =  max { lr x | Ax 1, x >  0}, 

r*(H) =  min {1ту I А ту >  1, у >  0),
and the relation

v*(H) =  x *(H)

follows by the Duality theorem in linear programming.

49. (a) Let t be any i-cover of a graph 0. Set
A =  {x: t(x) >  A}
В  =  {x: t(x) =  0}

and define
2 if x £ A, 

t'(x) =  < 0 if x g B,
1 otherwise; 

t"(x) =  t{x) — t'(x).
We claim that t' is a 2-cover and t" is a (k — 2)-cover. Let (a;, y) £ E(G). 
If x, у \  B, then t'(x) +  t'(y) >  2. If, say, у  £ В, then t(x) +  t(y) ~> к implies 
that t(x) k, x £ A, and t'(x) -)- t'(y) 2 again. So t' is a 2-cover. On the
other hand, t"(x) -f- t"(y) >  (t(x) — 1) -f- t(y) — 1 к — 2 unless, e.g. x £ A. 
But then t"(x) +  t"(y) >  t"{x) ~> к  — 2 follows again.

(b) Let w b e a  ^-matching, and suppose к is even. Replace each edge E 
by w(E) parallel edges. The resulting graph O' has degrees at most k. By adding 
new edges (loops are allowed) we can obtain a ^-regular graph O". By 7.40 G"
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has a 2-factor; the rest of its edges form a (k — 2)-factor. Removing the edges 
of E(G") — E(G'), we obtain a decomposition of E(G') into a 2-matching and 
а (к — 2)-matching. These yield a decomposition of w into a 2-matching and 
а (к — 2)-matching.

(c) Let t be an optimal fractional cover with rational weights (it is known 
from linear programming that such an optimal fractional cover exists). Let 
2к be a common denominator of the weights in t. Then 2Id is a (2&)-cover. 
By (a), 2kt =  tx . . . +  tk, where tv  . . . , tk are 2-covers. Thus

* = 4 - 1 — + • • • + — >к 2 2

where — are fractional covers. Since t is optimal, it follows that
2 2

— — must be optimal fractional covers too. Now, e.g. — consists
2 2 2 

of halves of integers.
For matchings the assertion follows similarly. Also

2т*(Я) =  £  4 х)
x t V ( H )

is an integer.
(d) Let t be an optimal 2-cover. Set

A =  {x : t(x) =  0}.

Obviously, A is independent. Moreover for any point у in Г(А), t(y) >  2, 
since there is an a; in i  adjacent to у and t(x) t(y) >  2. Obviously, t(y) <[ 2 
for every point, thus t(y) =  2.

Now t(z) >  1 for every z $ A  U Г(А); moreover, taking t(z) — 1 is sufficient 
to cover every edge of G twice. Thus t(z) =  1 by the optimality of t. So t is 
determined by A and

2  t(x) =  2\Г(А)\ +  17(0) -  Г(А) - A \  =  17 (ö )I +  |Г(А)| -  \A\.
xev(H)

So, using (c),
2 r*(G) = mi n  y t ( x ) =  17 (ö )I +  min {|Г(А)| -  |A|}.

t x  -A indep.

Thus (c) implies 7.37.

50. Let (Í7, V} be a 2-coloration of G, and let t be a £-cover. For \  <L i <, k, 
define

1 if x  ̂ U and t(x) ^  i 

tj(x) =  or x £ V and t(x) ^  к — i +  1,

0 otherwise.
We claim that tx -)- . . . +  tk =  t and that every edge is covered by every tf. 
The first assertion is trivial. Let (x, y) £ E(G), 1 <; i <7 k. Since t(x) -|- t(y) ^  k,
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we have either t(x) >  i or t(y) >  к — i +  1- Accordingly, f,(x) =  1 or tt(y) = 1 . 
The assertion concerning matchings follows exactly as in the previous solution 
only now we can use 7.10 instead of 7.40.
51. (a) Let t, t' be minimum fractional covers of G, H, respectively. Define 

t(x, у ) =  t(x)t'(y) (X £ V(G), у £ V(H)),

then it is easy to check that t is a fractional cover of G®H.  Moreover,

2  *(*• ») =  =  r*{G)r*(H),
( x , y ) € V ( G ® H )  U  Д у  J

whence
r*(G <S> H) <  x*{G)x*(H).

An analogous argument with fractional matchings yields

v*{G®H) ;> v*(G)v*(H),
and hence 13.48 implies the first relation.

Let 8  be a minimum point cover of G® H. Let F £ E(H) and

SF =  {x £ V(G) : (x, y) £ S for some у £ Fj.
Then, clearly, S F covers all edges of G, whence \SF\ >  x(G). Set r(G) — 
Define, for у £ V(H),

НУ) =  |(7 (ö )  X {у}) П S\.
Then

y(F
.e. t is a &-cover of H. Thus

rk{H) <, 2  *y)  =  | S |  =  Т ( 0 ® Я ) ,
y i V ( H )

and thus
x(G®H) ]> xk{H) ^  Jcx*(H).

This proves the upper bound in the second statement. The lower bound follows 
by a similar method as in the first step of the solution. The assertion concerning 
matching number follows analogously and therefore we omit details.

(b) Assume г (H) =  г *(H). Then by (a),

r(G)x(H) >  x{G®H) >  x(G)x*(H),
which proves that

x (G®H) =  x(G)x(H).

Conversely, assume x(Я) >  x*(H). Then xn(H) <  n ■ x(H) for some n. Let 
N  =  xn(H) and define a hypergraph G on 1, . . . , N  to consist of all (N — n-\-1)- 
element subsets. Let {xlt . . . , xN} be a minimum «.-cover of H (the same 
point may occur several times on this list) and

S =  {(», Xj): l <, i <L N}.
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Then S represents all edges of G<g>H; for if E x  F  is an edge of G®H 
(E £ E(G), F £E(H)), then there are at least re points of S of the form (i , xt), 
xt £ F, and at most re — 1 of these have i (J E by the definition of G. Thus

x{G®H) ^  |£| =  N.
Since clearly x(G) =  re, we have

r(G<g>H) =  N  =  x„(Я) <  nr(H) =  x(G)r(H)
[C. Berge, M. Simonovits, in: Hypergraph Seminar, Lecture Notes in Math. 
411, Springer, 1974, 21-33].

(c) By (a),
x*{HP) =  t*(H)P,

thus

(1) t {HP) >  г *(H)P.
To estimate x(Hp) from above we use 13.30. We have

d(HP)  =  d(H)P

by easy computation and thus,
(2) r{HP) <  (1 +  log d(HP))x*(HP) =

=  (l +  V b g  d(H))r*(H)P.
By (1) and (2),

P_____  P ______________
x*(H) <, УхЩр) <, Y1 +  p  log d(H)  X*(H).

Thus
p________

lim ]/t(Hp) — x*(H).
p - -

[R.J. McEliece-E.C. Posner, r̂ere. Math. Stat. 42 (1971) 1706-1716].

52. Suppose H  contains two edges E v E 2 with a common point x. Since it is 
т-critical there exists a 1-cover £,• of H  — {£?,} such that

^ Ф )  =  r(H) -  1.
X

Then define
1 if у =  x,

Чу) =  t,(y) +  tJy) itotherwise,
l 2

Then, clearly, i is a fractional cover. Moreover, its size is

2  Чу) = i + v U ^ )  + «̂2(г/)| = т(Я)--1.
у 2 { у у 2
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Hence
т*(Я) ^  x(H) - ± - <  r(H)

<u

[L. Lovász, in: Hypergraph Seminar, Lecture Notes in Math. 411, Springer, 
1974, 111-126].

53. Let E0 =  {vx......... vk) £ E(H). Obviously, Jc> 2. Let wt be a maximum
matching of H — vt (i =  1 к); then, since H is v-critical,

^ w i{E) =  v{H) (i =  1......... *)•
E

Set
1 if E =  E0,

w(E) =  i
— (w^E) +  . . .  +  wk[E)) if E y^E0.
к

Then it is easy to check that w is a fractional matching; in fact, if x ({ E0, then

2  wW  =  г  2  Wl{E) +  • • • +  2  w№ ) \  ^  1
ЕЭх К ЕЭх ЕЭх

and if x =  u1 (say), then

2  wW  =  г  Í1 +  2  +  • • • +  2 \ w* №  ^  L
EBVi *  EЭv EbVi

Thus v*(H) can be estimated as follows:

v*(H) >  2: w{E) — -i- ! 1 +  ^  (m>i(E) +  • • • +  v>k(E))\ =
E К Е фЕ ь /

=  J _ (l +  b(H)) =  v(H) +  i -  >  v(H).
к к

[L. Lovász, ibid.]

54. Suppose indirectly that there are balanced hypergraphs with x(H) >v(H)  
and consider a minimum example. Then

г(H -  {E}) =  v(H -  {E})
for every E £ E(H) and so,

x(H -  {E}) =  v{H -  {Я}) £  v(H) <  г (Я),

i.e. H is т-critical. Since H cannot consist of disjoint edges, there are E v E 2 £ 
£ E(H), x £ V(H) with x Z E x П E 2-

Since t (H — {E,}) <  x(H), we have a (x(H) — l)-element point-cover T7, in 
H — {Ej}. Obviously, Ef П Tj =  0. Set

W =  (Тг Д T 2) и {ж}.
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By 13.38, the subhypergraph H w has chromatic number 2 (if 1-element edges 
are ignored). Let {A,  B)  be a bicoloration of it, А П В  =  0, A U В =  IF, 
\A\ <  |Я|. Since

\W\ =  IT x -  T 2 1 +  IT 2 - T xI +  1 =  2т(Я) -  2IT, n  T 2\ -  1,
we have \A \ <  т(Я) — |2 \ П T 2| — 1.

Now A U (Tj П Уо) covers every edge of Я. For if an edge E £ E(H), E 
Я2 does not meet T 1 П T 2, then it meets both — T 2 and T 2 — 2^, 

i.e. it has at least two points in W and since {A, B}  is a bicoloration of H w, 
E П A =f̂ 0. Similarly, if E — Ej} then it has two points in IF and we conclude 
as before. So A U (T1 П T 2) is a point-cover of H.  But

\A U (T1 П Т 2)\ =  т(Н) -  1, 
a contradiction [C. Berge; В].

55. Obviously, (iii) => (i) and (iii) => (ii). Assume (i) holds but (iii) fails and 
consider a minimal such counterexample. Then

t(H) >- v(H), r(H — x) =  v(H — x)
and since

т(Н — x) >  г(H) — 1,
we have

v(H -  x) =  v(H),
i.e. H is r-critical. By 13.53, however, it follows that

v*(H) >  v(H),
a contradiction. So (iii) => (i).

Similarly, it follows that, if Я  is a minimal hypergraph, which satisfies (i) 
but not (iii), then H is т-critical (cf. 13.54), and so, by 13.52, т(H) >  t *{H), 
a contradiction.

Thus (i) <=>• (iii) о  (ii) [L. Lovász, ibid.].

56. Let us first verify the assertion of the hint.
It suffices to show that, if we add a new edge, parallel to an old one to Я, then 

the resulting hypergraph H 0 has property (iv). Let E be this new edge, parallel 
to E0 £ E(H).

It suffices to show that d(H0) =  q(H0) since this follows similarly for the partial 
hypergraphs. d(H0) <  q(H0) is trivial.

If d{H0) =  d(H) +  1, then

g(H0) <  q(H) +  1 =  d{H) +  1 =  d(H0).
So suppose d(H0) =  d(H), i.e. no point of E0 has maximum degree in Я. 
Since Я  has property (iv), its edges can be d^)-colored. Let E0 have color 
red, say, and let F v . . . , Ft be the other red edges. Let H' =  H — { F v . . . , 
Ft}. Let us determine d(H'). If x has degree less than d(H) in Я, then it has 
degree less than d(H) in Я'; if x has maximal degree d(Ii) in Я', then it must 
be adjacent to a red edge, and since the points of E0 have degree less than d(H), 
x (j E0. Hence x has degree less than d(H) in H ’. Thus d(II') <  d(H), and, con-



13.56 § 13. H Y PER G R A PH S 4 7 7

seq u en tly , th e  edges o f  H '  can  be  (d ( H ) — l)-co lo red . Color th e  edges E,  
F  1( . . . , F t b y  a  fu r th e r  color; we o b ta in  a  d( Я )  -co lo ra t ion  o f  th e  edges o f  H 0. 
T h is p ro v es th e  a sse rtio n  o f  th e  h in t.

Now we turn to the solution of the problem.
(iv) =» (i). Let w be an optimal fractional matching of H, and let к be a com­

mon denominator of the weights w(E) (we may suppose these are rational). 
Replace each edge of Я  by Jcw(E) parallel edges. The resulting hypergraph H l 
has d{I] x) <  к by the definition of w. Since by the lemma, it also satisfies (iv) we 
have

4(Hi) <, k>
i.e. the edges of H x can be ^-colored.

Since each color occurs at most v(Hx) <  v(H) times, it follows that

\E(Hx) \ ^ b ( H ) .
Since by the construction of H x

\E(HX)\ =  kv*(H),
if follows that

v*(H) <  v(H).

Since the converse inequality is trivial, (i) follows.
The relation (iii) => (iv) can be reduced to the relation (iv) => (iii) by construct­

ing a hypergraph H* as follows. Let V(H*) consist of all 1-matchings of Я; 
and, for every E £ E(H), let the set E* of all 1-matchings of H containing 
E be an edge of Я*. We omit the details.

(iii) =>■ (v). Suppose H is normal, i.e. it satisfies (iii).
Let E v ----- Ek £ E(H), E, П E.- ^ 0  (1 <,i , j < ,  k). Then set H' =  (7(Я),

{E v , Ek}). We have
v(H') =  1,

so we must have
r(H') =  1,

i.e. E x, . . . .  Ek must have a point in common. Thus Я has the Helly-property.
Let Gx be an induced subgraph of L(H). Then Gx L(H') for some partial 

hypergraph Я' of Я. We have

X(Gi) =  г(Я');
for a ifc-coloration of Gx corresponds to a partition of L(H') into к cliques and 
so, to a ^-element point-cover of H' (since H' has the Helly-property). Sim­
ilarly,

co(Gx) =  v(H').

Since Я  is normal, we have
l(Gx) =  r(H') =  v(H’) -  «(Gd.

i.e. G is perfect.
The converse follows similarly [L. Lovász, В].



57. Suppose G is perfect. Let Gv  . . . , CN be the cliques of G. Take N  points 
Pv  • • • .  P n  and, with eachx £ V(G), associate an edge Ex such that

Pi € Ex <=> X £ C,.
Then

H =  ({pv . . . , p Ny, {Ex. xtV(Q)))

is a hypergraph such that L(H) ea? G. We claim that H  satisfies property (iv) 
of normal hypergraphs. Let H' be any partial hypergraph of H. Then L(H') 
is an induced subgraph of G, hence L(H') is perfect, i.e.

%{L{H')) =  Ц Д Я ')).

Now observe that %(L{H')') =  q(H’). Also, co[L(H')) =  d(H'); for if EXl........ EXp
are edges of H' adjacent to the same point, then xv . . . , xp are points of 
L(H') forming a complete subgraph; hence w(L(H')) ]> d(H'). On the other 
hand, if xv . . . , Xp form a complete subgraph of L(H'), then there is a Cj 
such that xv . . . , x„ £ О, and then p,  is adjacent to Ex , . . . , Ex , hence 
d(H') >  co(L(H')). So

a m  =  X{L(H')) =  co(L(H'j) =  d(H').

Thus H satisfies (iv) in 13.56 and so, it is normal. This implies that L(H) =  G 
is perfect.

If G is perfect, then the fact that G is perfect [follows ;by| interchanging the 
roles of G and G. [ib id .]

§ 14. Ramsey Theory

1. (a) We use induction on к -\- l. For к =  1 or l =  1 the assertion is clear. 
Suppose к, l >  1. Let x £ V(G). Since

dG(x) +  de (X) =  |F(G)| -  1 =  (* +  l \ -  1 =  [* +  1 7  4  +

k +  l ~ l \  
к

we have either

d0 {x) > |  k _ x I or dG(x) >  ^

Assume, e.g. that the first inequality holds, and let Gx be the subgraph induced 
by the neighborhood of x. Then, by the induction hypothesis, Gx contains 
either a complete i-graph or l -\- 1 independent points. In the second case we 
are done. If Gr contains a complete /.'-graph H, then V(H) U {x} spans a com­
plete (k -f l)-graph.

4 7 8  SOLUTIONS 13.57



(b) By (a),

B 2(av ai) <  Í“1 +  “2 2 .
a x - \

Now suppose that к >  3 and that R k _ 1( b 1, . . . , b k _ x) exists for each b v  . . . , 
bk_v  Then we claim that

Bk(al> • • • > ak) Sb Bk_1(%> • • • > ak—2 > B 2(ak_ 1> ®fc))-
In fact, consider a complete graph with Bk_ 1(a1, . . . .  a;f_ 2> B 2{ak_ v aki) 
points and i-color its edges. Identify the (k — l)8t and &th colors for the 
moment; then we know that either the ith color contains a complete a,-graph 
for some 1 <C i  <, к — 2 (in which case we are done) or the last color contains 
a complete B 2(ak_ v  aA)-graph K.  The edges of К  are colored with к — 1 and к 
and so, by definition, either color к — 1 contains a complete ak_ x-graph or 
color к contains a complete a,..-graph. This completes the proof [see H, B, ES].

2. (a) I. We use induction on k. For к =  2, B 2(3, 3) <  6 follows from 14.1a (here 
equality holds as is shown by the pentagon).

Let x be any point of a ^-colored complete graph on [ék !] +  1 points. There 
are [e&!] edges adjacent to this point, which are split into к classes. Since

дач = [j?4f| = J4 } =  1 + ъ*2 1 = 1 + *[«(* -!)  П»Ipo Jl J J\ p o  J\

one of the к colors, let us call it red, contains at least [e(k — 1)!] —(- 1 edges 
adjacent to x. Let S  be the set of those points joined to x by a red edge.

If S  spans a red edge this forms, together with x, a red triangle and we are 
finished. If 8  spans no red edge it spans a complete graph with [e(k — 1)!] +  1 
points, whose edges are (k — l)-colored; thus by the induction hypothesis, 
one of these к — 1 colors contains a triangle and we are done again [see В].

II. To prove B 3(3, 3, 3) =  [e • 3!] =  17, we have to 3-color the edges of a 
complete 16-graph avoiding monochromatic triangles. Let x be any point, it 
easily follows that x must be adjacent to 5 edges of each color and those points 
joined to x by a red edge must span a green and a blue pentagon (Fig. 100, p. 480). 
It is natural to assume that rotation through 120° maps red onto green and 
green onto blue, hence it suffices to specify the red edges. It is also quite natu­
ral to assume that rotation of each of the three pentagons by 72° keeps each 
color invariant. Some experimenting results in Fig. 101, p. 480 (where the point x 
is not shown for the sake of clearness and the three pentagons are drawn 
in a geometrically different way to show this latter symmetry).

Bemar к: This coloration can be described as follows: Let P  be a pentagon 
and V(K16) the’set of subsets of V(P) with even cardinality. For A , В £ V(K13), 
let (A, B) be colored

red if А Д  В is an edge of P, 
blue if А Д  В is an edge of P, 
green if \A Д B\ — 4.

14.2 § 14. BAMSEY TH EO BY  479
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F ig. 101

It is easy to see that each edge gets one of the three colors. If A, B, C 6 V(K16), 
then

(А А В) Д  (B A  C) =  А Д  C;
hence it is seen that none of the three colors contains a triangle.

Fig. 100

— r e d

-- green
- blue



(b) The upper bound is trivial from 14.1a:

R 2(lc, k) ^ i 2L' ~  2 +  l < 2 2k.
\ к — 1

To prove the lower bound we may suppose к >  4. Let n =  2 k>2 and consider 
the hypergraph defined in the hint. Clearly this hypergraph is 2-colorable iff 
the edges of K n can be 2-colored in such a way that no monochromatic com­
plete jfc-graph arises, i.e. if n <  E 2(k, k).

'it (Jc\The number of edges of Я is, clearly, and Я  is -uniform. So by 13.41, Я
is 2-colorable provided w  w

С И ’ - 1 -

But this is so, because
к*

[n\ nk 2 2 + i ^< ------< —_ = 2'2/ 2 <  2'2'
U j  2 k 1 2 k- !

[P. Erdős; see ES].

3. We use induction on r and ax +  . . . +  ak. For r =  2 we already know that 
Rliav . . . , a k) =  Rk(av . . . , ak) exists. Suppose r >  2 (as a matter of fact, 
Rk(ai> . . . , ak) trivially exists and we could start the induction with r =  2). 
Also, if a, =  1 for any i, the assertion is trivial; so we may suppose a,- >  2. 
Now let X £ V(Krn). Color every (r — l)-tuple S in V(Krn) — {a;} with the 
color of S U {a;}. Thus the edges of K rn \ are ^-colored. So if

n - l >  .........h),
then, for some 1 ^  i ^  k, there is a Vt e  V(Krn) — x, |F,-| =  bt such that all 
r-tuples of Vj U {a;} containing x have color i. Now if we choose here

bt =  B rk(av . . . , at_ly а,—  1, a l + 1 .........ak)
(this number exists by the induction hypothesis on ax -f- . . . -f ak) we find 
that either F,- has an a;-subset all of whose ^-tuples have color j  for some 
j F *  (in which case we are done), or else, V,- contains an (af — l)-subset V  
all of whose r-tuples are colored i. Thus all ^-subsets of F' U {a:} are colored i, 
and we are done again [see H, В].

(b) Let m =  Rk(a), N  =  r -(- k^r  ̂ and S =  {1, . . . , N}.  Trivially N  <  kmr 
except for trivial cases. Assume that the set of all (r -f- l)-element subsets of S 
is /с-colored. We prove that there is an «-element subset of S  all of whose 
(r -)- l)-subsets have the same color. We follow the hint.

We define elements and a “reservoir” Ut of points recursively such that
(i) xv . . . , Xj xi+v . . . , xm bJit

(ii) for each subset 1 <, vi <  . . .  <  vr <, i, all (r +  1 [-tuples (arVl, . . . ,  xtr, y) 
with у £ Ui have the same color, and moreover

(iii) ^  (i =  l , . . . ,m ) .

31 Lovász
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All these conditions clearly hold for i =  1, , r  — 1, if xx =  1 , . . .  , xr_x =  
=  r — 1 and Ui — {i , N}.  Now assume that xv . . . , xit U lt . . . , Ut
(r — 1 <| i <; m — 1) have been defined in accordance with (i), (ii) and (iii). 
Choose an arbitrary element of U t for xi+v To define Ui+1, call two elements 
y, y' 6 U, — {xi+1} equivalent, if the colors of

(xVl, \ . x rr_lt[a:i+1 ,[y) and] (xtl, .[..[, xi+1 ,[y')

( 1 )are the same for every 1 ^  vx <  . .  . <  vr̂  <. i. There are at most £Vr_1' 
equivalence classes. Define U i+ 1  as the largest one of these, (i) and (ii) are triv­
ially fulfilled. Also

L tM-u  .

Thus (iii) holds as well.
We now define a ^-coloration of the r-subsets of {aq, . . . , xm} by coloring 

(xPj, . . . , xVr) (1 <  jq <  • . . <  vr <  to) with the common color of (r -f 1)- 
sets (xVl, . . . , xVf, y) (y £ UVr). By the choice of m, there is an а-subset A of 
{x±, . . . , xm} such that all r-tuples of A have the same color, say red. But 
then all (r -f l)-subsets of A are red in the original coloration. In fact, let 
(xVl, . . . , xVr+1) be an (r -f  l)-tuple of elements of A. Then by the choice of A, 
(xVl, . . . , xVr) is red. But then, since xVr+l € UVr, the above (r -f l)-tuple is red 
by the definition of the coloration of r-tuples. This proves that B rk + 1  (a) <  N.  
[P. Erdős-R. Rado, Proc. London Math. Soc. Series 3, 2 (1952) 417-439. 
Concerning the sharpness of this estimation, see P. Erdős-A. Hajnal-R. Rado, 
Acta:Math. Hung. 16 (1965) 93-196.]

4. For n =  3 the assertion is trivial; suppose n >  3. Let us remove a point x\ 
we find, by induction, an (n— l)-circuit C in the rest, which is either mono­
chromatic or has two points a, b such that one (a, b)-arc P  is red, while the other 
one, Q is blue. The first case can be regarded as the special case of the latter 
when a — b.

We may assume edge (a, x) is red. Let и be the point on Q next to a (if Q 
consists of a single point, и can be any neighbor of a). Then

P +[(a, ж)3+;(х» + |(ö  — a)

is a Hamiltonian circuit in the complete n-graph such that either the two 
(b, x)-arcs are red and blue, respectively or the two (b, u) arcs are so [H. Ray­
naud; see В].

5. Let P, Qv Q2 be as in the hint. By induction on 1c, we may assume that P  
has length lc — 1. Let a, b; cv dx; c2, d 2 denote the endpoints of P, Q1} i r ­
respectively. Suppose indirectly that there is a point x (J F(P) U F(Qj) U V(Q2)- 
Since, from the structure of Qv Q2,

i m )  OF(P)| =  i ( i m - ) l  -  1) =  \V{Qt) -  F(P)| -  1,
A



we have
I F(P) -  V(Q2) -  v m  \ =  k +  2 -  I V(Q1) U V(Q2) -  F(P) | >

>Jc +  2 -  \V(G) -  F(P)| =  2 i.+  2 -  - ^ ± 1  =  |\|j +  2.

[lc~\Thus Qx U Q2 misses at least — -f- 3 points of P. This implies that there is
2

an edge (u, v) £ E(P) such that u, v а, b and u, v (J V(Q1 U Qi).
One of the edges (x, u), (x, v) must be blue; otherwise, replacing (u, v) by 

(и, x) and (я, v) we could increase the length of P. Let, say, (x, u) be blue. 
Then (cv u) must be red otherwise (cv u) and (x, и) could be added to Qv  But 
then (cv v) must be blue by the same argument as above. Similarly, (c2, v) 
is blue. Now

Qi —  C i  “b  (c i> v ) -j- (c 2> v) “l-  Qí>

Q'2 =  {*}
are two paths with total length greater than |E(Qx)\ -f \E(Q2)\ satisfying the 
same conditions as Q1 and Q2, a contradiction.

Thus P  U Qx U Q2 covers all points. Let us consider the edges (ca, a), (c2, a), 
(dv b), (d2, b). By the maximality of P, these are blue. Bence, the circuit

C  =  Qi -f- (Cj, a) +  (cQ, d) -j- Q2 -)- (dv b) -f- (d2, b)
is blue. The length of C  is

2 IF (G) — F(P) I =  2 Ü J L  .
2

If к is odd this is equal to к +  1 and so, removing any edge of C we have a 
blue path of length k. Suppose к is even. If there is a blue edge joining C  to 
V(G) — F(C), we find such a blue path again. So suppose all edges connecting
C to F(G) — F (C) are red. Then a red path with length 2  ̂ )> к canL 2 J
trivially be found (Fig. 102) |L. Gerencsér-А. Gyárfás, Annales Univ. Sci. 
P. Eötvös SectiotMath. X. (1967) 167-170].
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F i g . 1 0 2

6. (a) Let (ж0.......x2k) be a red circuit. If (xf, xi+2) is red for some 0  <  i <  2 k
(where x2 k+ 1  =  x0, x2 k + 2  =  xx etc.), then we trivially have a red (2&)-circuit. 
1 hus we may assume (xt, xi+2) is blue for each 0 <  i <  2 k.

31*
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The circuit (x0, x2, . . .  , x2k, xv . . . ,  x2k_l) is a blue (2 k -f- l)-circuit. There­
fore as above, we may assume (xt, xi+i) is red for each 1 i <  2 k. Now (x0, 
xi} . . . , x2k, X.,, xx) is a 2/t'-circuit, which is red except possibly for its edge 
(x2k, x2). Thus we may assume that (x2k, x2) is blue and similarly, so is (xt, 
xi+3) for each 0  <, i <, 2 k. Now the circuit (x0, xs, x6, x3, . . . , x2k, xv x2k_j) 
x2k_3, . . . , хъ, Xo) is a blue (2 k)-circuit.

(b) Let (x0, . . . , x2k_1) be a red circuit, and suppose there is no monochro­
matic (2 k — 1 (-circuit. As before, (xh xi+2) is blue for 1 <  г <  2r (now setting 
X%k+i ~~  **t )*

We claim that (xt, xi+2v) is blue for each 1 <1 i <  2 k, 1 <iv <, к — 1. Suppose 
indirectly that (x0, x2v) is red (say). Then all edges of (x0, x2v, x2v_v . . . , xv 
a-2v+2» x2v+v • • • > x2k-i) are red except possibly (xv x2v+2). Thus (xv x2v+2) 
must be blue. Similarly, the circuit

(х0, x x , . . .  , x2v_2 , x2k—i ,  x2k_2, . . . ,  x2) 
implies that (x2v_2, x2k_x) is blue. Now the circuit

(x 2k—1> x 2i>—2> x 2v—4> • • • > x o> x 2k—2’ • • • > x 2v+2> X l ’ X 3> ■ • • ’ X 2k—3 )

has length 2 k — 1 and is blue, a contradiction. So (x,, xi+2v) is blue for every 
г, V and thus, [xv . . . , х2к_^), [x0, . . . , x2k̂ 2} induce blue complete sub­
graphs.

(c) The case m — 4 can be verified directly; suppose m 5.
Tor the two graphs Gv G2 formed by the red and blue edges, respectively, 

we have

\E(G1)\ +  \E(G2)\ =  i 2  ,

whence, e.g.

1 В Д 1 Й 1  2"1~ 1U l ^ (2 m - 1 ) > (? - 1) (l F(g. > l - 1) . 
2 ( 2 )  2 2

Thus by 8.26, Gx contains an ;lf-circuit for some M  >  m.
Consider a monochromatic Ж-circuit C with M >  m, M  minimal; let, e.g. C be 

red. If M — m, we are done. Suppose indirectly that M  >m . By (a), (b), we 
also have a monochromatic (M — l)-circuit (contradicting the choice of M) or 
M =  2 k is even and we have two disjoint complete graphs К  and H, both in 
blue, with V(K) U V(H) 3  V(G), \ V ( K ) \ ^ k ,  | 7 (Я ) |> & .  Choose here 
|F(if)| +  |7(Я)| to be maximal.

If there are two independent blue edges connecting К  to H, then obviously 
we will have a blue (M — l)-circuit. Thus we may suppose all blue edges 
between К  and H  have a point in common x £ V(K). If m is even we trivially 
form a red m-circuit from the edges connecting H to К  so suppose m is odd. 
Let V (F((?) — V(C). If V is joined by red edges to both К  — x and II, we can 
form a red m-circuit from these two red edges and the red (К , Я (-edges. So 
suppose that for each v £ V(G) — V(C) either all (v, К  — a;)-edges or all 
(v, H ) -edges are blue. The latter cannot happen by the maximality of | V(H) I +  
+  IV(К) I and the same reasoning implies that (v, x) is red.



If ] V(H) I ;> m, we are trivially done so suppose | V(H) \ <C m — 1. Consider 
the sets 8  =  V(K -  x), T  =  V(G) - S  -  V(H). Then 18  \ + '| T  \ >  (2m -  1 ) -

iyy\j _ J
— (m — 1) =  m, IS I >  к > ---------, and all edges spanned by S or joining S

2
^ j

to T  are blue. If | S  | > ---------here we trivially find a blue m-circuit. Similarly,
2
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we are finished, if \S\ —---------but T  induces at least one blue edge. Thus
2

I V(H) I =  m — 1, I S I =  —---- — , IT  I =  m  ̂ and T  induces a red complete
2 2

graph. If a point of T  is joined to at least two points of H  by blue edges, we are 
finished again.

Thus we may suppose at most one blue edge connects each 6 T  to H . Since

I V(H) I =  m — 1, H contains------ — points, which are connected to T  by red
2

edges only and a further point, which is connected to T  by at most one blue
ryyij _ J

edge. If M  is the set of these---------points we easily find a red m-gon in

V(T) U M  (Fig. 103). [A. Bondy-P. Erdős, J. Comb. Theory 14 (1973) 46-54. 
For other Ramseyan results concerning circuits, see У. Rosta, J. Comb. Theory 
(B) 15 (1973) 94-104 and 105-120.]

7. Suppose indirectly that the points of the plane can be 3-colored with no 
two points at distance 1 having the same color. Let a in Fig. 17 (p. 134) have, 
say, color red. Then b, c must be blue and green (in some order). Therefore, 
/  must be red. Similarly, g must be red. But then /, g form a pair at distance 1 
with the same color, a contradiction [H. Hadwiger, Elemente d. Math. 16 (1961) 
103-104].

8. Suppose the triangle ABC in Fig. 18 (p. 135) has red vertices. Then, if any 
of D, E, F is red we are done; so suppose D, E, F  are blue. Now, if G or H is 
blue, then DEG or DFH is a monochromatic triangle; if G and H  are red, then 
BGH is one [P. Erdős-R.L. Graham-P. Montgomery-B.L. Rothschild-J. Spen- 
cer-E.G. Straus, J. Comb. Th. 14 (1973) 341-363].

F i a .  1 0 3
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Уз
9. (a) Let us split the plane into strips of width —- ,  counting their lowerA
edge with the strips but not the upper one. Color these strips alternately red 
and blue. It is easy to see that any regular triangle with sides 1 has to contain 
vertices from two adjacent strips and so, it must not be monochromatic.

— TC "(b) We may as well consider 1, ]/"3, as this only means a transforma-
1 2

tion of the unit by a scalar factor. We show that, if we 2-color the points of 
the plane, there will be a monochromatic regular triangle with side 1 or УЗ; 
in either case, the preceding problem will imply the existence of a monochro­

matic triangle with sides 1, f  3, .

If not all points have the same color there must be a pair a, b of points at 
distance 2 colored differently; for any pair of points with different colors can 
be connected by a polygon with sides 2 and one of these sides must have 
differently colored endpoints.

So we may assume a is red and b is blue in Fig. 19 (p. 135). Also we may as­
sume without loss of generality that c is red. If d or e is red we have a mono­
chromatic regular triangle with side 1; if both d, e are blue we have a mono­
chromatic regular triangle with side У 3 [P. Erdős et al. in: Infinite and Finite 
Sets, Coll. Math. Soc. J. Bolyai 10 (1974) 529-583].

10. (a) Let a, b the lengths of edges of the rectangle R. Let v0, . . . , vN be the 
vertices of a regular simplex in the W-dimensional space with side a, where 
N  =  &'m ; let w0, . . . , wk be the vertices of a regular simplex in the Ic-di- 
mensional space with side b. Consider the points (vit wj) of the [N -f- k)-di­
mensional space (0 i M, 0 <Lj<,k).  For each fixed i, the к -j- 1 points 
{vt, wj) can be colored in kk+l =  N  ways; therefore, there are two indices 
0  <, i± <. i 2 <L N  such that (vtl, Wj) and (vlt, wj) have the same color for each 
0 <L j  <i, k. Also, there are two indices 0 <1 ^  <  j 2 <[ к such that [vtl, Wjj) 
and (vi,, Wjj) have the same color. Hence,

(»/,, wj,)> K >  wj ,)> K -  wu)> (vi wj.)

have the same color. These four points obviously form a rectangle congruent 
to R.

(b) Let a, b be the two side vectors of R, then, as R is not rectangular, 
ab ^  0. We may suppose ab — 1, since this only means transformation of the 
unit by a scalar factor. We claim n(4, Й) does not exist. For any n, construct 
a 4-coloration of the a-dimensional Euclidean space by giving w the color i 
(0 г 3), if [w2] sa i (mod 4). We prove that there exists no monochromatic 
set congruent to R.

Suppose R' is such a set. Then

R' — {w, w +  a', w b', w a' +  b '} .

for some w, a b £ En. Since this is monochromatic we have

[w2] =  [(w +  a')2] =  [(w +  b')2] =  [(w +  a' +  b')2] (mod 4)
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and so,

[w2] — [(w +  a')2] — [(w +  b')2] +  [(w +  a' +  b')2] =  0 (mod 4)
But

[w2] — [(w +  a')2] — [(w +  b')2] +  [(w +  a' +  b')2] =
=  w2 — (w +  a')2 — (w +  b')2 +  (w +  a' +  b')2 +  0  =

=  2a'b'+  0  =  2 +  0,

where — 2 <  0  <  2, and so, this number cannot be divisible by 4. [Erdős 
et al. ibid.]

11. If the edges of a complete (n +  l)-graph are ^-colored, then, by 14.2a, 
we find a monochromatic triangle. Thus in the complete graph on {1,.  . . , 
n +  1} where, following the hint, we color the edge (i, j) with color v, if | г —• j  | f  
£ A v, we find three points i, j, h such that x =  | i  — j |, у  =  \j  — k\, z =  
=  I i — к I belong to the same class. Let, say, i <  j  <  1c, then

x  +  У =  2,
which proves the assertion. [I. Schur, Jahresb. Deutschen Math.-Ver. 25 (1916) 
114.]

12. First solution. Suppose n0(Jc, r — 1) exists (certainly so does п0(к, 1)), then 
we prove that we can take
(1) n0(k, r) =  кп̂ к’г~1'> +  n0(k, r — 1).

For suppose n ~> n0(Jc, r) and {1, . . . , n] is ^-colored. Consider the colors of i, 
i +  1, . . . , i +  n0(k, r — 1) — 1, for each 1 <[ г -+ £««(*.r—i) _|_ i. There are 
Jcn<k,r-i) sequences of colors, which can occur here, thus we have two numbers 
i <  j  such that, for each 0 +  r +  n0(k, r — 1) — 1, the colors of i +  v and 
j  +  v are the same.

By induction, we have a number a, i <[ a ^  i +  n0(Ic, r — 1) — 1, and in­
tegers dv  . . . , dr_y such that all numbers a +  du +  . . . +  d,„, 1 <
<  • • • <  К r — 1 have the same color. Set dr — ] ~  i, then, by the choice 
of i and j, all numbers

a +  d>h +  • • • +  diV’ 1 ^  H <  • • • <  К ^  r\ 
have the same color.

Second solution. First we prove: I f d  c  {1, . . . ,»} ,  | 4 |  ^ 2 ,  then there is a 
number d !> 1 such that the set

Ad=  {a£A: a- \-d£Aj

h“ \a . \ > № - .4 n

Infaot =
STi I 2 J 4

whence . \A\2 . \A\2max \Ad\^>—!—■—  
lZd^n-l 4(n — 1) 4 n



Now let A  be the largest color-class in a й-coloration of {1, . . . , n}. Then we 
have a d j ^ l  such that

1 4 , 1 =
4n -  4k2 (4k)2 k)

Similarly, we have a á 2^ l  such that
A dud , =  \ { a £ A d i : a  +  d 2 Z A dl}\  =  \ { a £ A :

^ -b € A, d - \ - d 2 ^A,  a d 1 -(- d 2 £ A }  \ ^> 

n __ 4n 
Ш* ~  (4k)*

and repeating this r times we get numbers dlt . . . , dr such that

! Adl....dTI =  I {я  € A  • я  -)- dix -)- . . .  -f- div £ A ,

4̂2/
“ 1 w_  Л (4 к)*

Any element of A di >dr satisfies our requirements. We need, however, 
\ A di...dj| >  2 for each 1 <  г <  r — 1. This is satisfied provided

n >  — (4k)v~\
4

13. Let n =  \ek!]. Assume the non-empty subsets of {1, . . . , ri) are fc-colored 
with colors 1 ,. . . , k. Now color the pair {i, j },  l < i « < i < ? i + l  by the 
color of the interval {i, . . .  , j  — 1}. By 14.2a, there is a monochromatic 
triangle. If \ < , p < . q < r < , n - \ - \  are the vertices of this triangle, then
X  =  [p .........q — 1}, Y — {q, . . . ,  r — 1} and I U 7 = { | ) ...........r - 1 )
have the same color.

488 SOLUTIONS 14.13

14. (a) Suppose that N(k, t) exists for every к (t 1); we prove N(k, t -\- 1) 
exists for every k. Since N(k, 1) exists by the preceding problem, this will 
prove the assertion.

Let a =  N(k2, t) and N(k, t +  1) =  N(k2°, 1) +  a. Suppose a coloration a of 
the set of all subsets of an N(k, t -f- l)-element set 8  is given. Let T Q S ,  
\T\ =  a. First we define a coloration a* of the subsets of S  — T, for which

a*(A) =  (a(X U Y) : Y  С T).
This coloration uses к2° colors and so by the choice of N(k, t -f- 1), there exist 
two disjoint sets A v B 1 СГ S  — T  such that a*(AX) =  ol*(B )̂ =  a*(A1 U B )̂, 
i.e.

(1) * ( i 1 U I )  =  « (5 1 U I )  =  c1( 4 1 U 5 1 U I )
for each X  c: T. Now define a coloration a** of the subsets of T  by

a**(A) =  (a(Z), <x(X U A,)).
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This coloration uses k2 colors and hence by the definition of a, there are 21 

disjoint sets A 2, B2, . . . , A f+1, Bl+l such that for each sequence 2 <i <  . . .
^  iv ^  t 1,

л**(Ри u . . . U Civ)
is the same for any choice of Cj =  Aj or Bj or Aj U Bj. Then Av  Bv  . . ., A t+1,. 
Bt+1 satisfy the requirements of our problem.

(b) We use induction on r; for r =  2 the preceding problem contains the 
solution.

Assume b =  n(k, r) exists; we define n(k, r -f- 1) =  N(k, b) and prove it has 
the desired property. Let a be any ^-coloration of all subsets of an n(k, r —j— 1 )- 
element set S. By (a), there exist 2b disjoint sets A} , B1} . . . , Аb, Bb such that 
for each 1 <[ ix <  . . . <  i v ^  b, all sets of the form

Cj, U . . . U Civ ( C j  =  Aj or Bj or Aj U Bj)
have the same color. Define a ^-coloration a* of the set {1, . . . , b) by

•••»»„}) =  “Mi. U . . . U Aiv).
By the choice of b, there are disjoint subsets I x......... Tr C {1, . . .  ,6} such
that the color of any non-empty union of them is the same, say red. Now set

Xj =  U At, Yj =  U Bt.
i£ lj  id lj

Then Xj, , X r, Yv . . . , Yr are disjoint and any non-empty union of them 
is red. In fact, let V, W c: {1, . . . , r) and set I  =  U T.-, I' =  (J I,,  
I" =  U I,- Then we have Avow jav-w

j £ W  V

«(( u Xj) и ( u Yj)) = a({ и (А, и Д)}  U
j i V  jzw i € l

{ U At) U { u Bi}).
ier ter

By the choice of A, and Bt this color is the same as

<x( U A,) =  a*(J U / '  U I").
i e i u r u r

which is red.
Since the number of sets X x, . . ., X r, Ylt . . . ,  Yr is 2r r -)- 1, this 

proves the assertion. [R.L. Graham-B.L. Rothschild, Bull. Amer. Math. Soc. 
75 (1969) 418-422; also see R.L. Graham, K. Leeb, B.L. Rothschild, Adv. 
in Math. 8 (1972) 417-433.]

15. Let n =  n(k, r), where n(k, r) is the function in the preceding problem. 
Suppose a is a ^-coloration of {1, . . . , n). Then define a ^-coloration a* o f  
the subsets of S =  (1, . . . , n} by

л*{Х) =  cc(|Z|) (X C 8 ).

By 14.14, there are disjoint sets X v . . . , X r C S  such that all non-empty 
unions of any of them have the same color. Then the choice dt =  |_3Tf| is an 
appropriate one [J. Folkman, J. Sanders; see ibid.].
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16. (a) Take nx[k, m) =  k; set S — {xv . . . , xk). Consider tLo ra-collections 
m -0  +  (m — 1) • {aq, . . . , xk}] w { x j  +  [m — 1) • {x2, . . . , xk),

,m  - {x1(. . . , xk} +  (m — 1)0.
Some two of these, say

m • {xv -Ия» — 1) • {xl+1, . . . , x k}
and

m • {aq, . . . , Xj} -f- (m — 1) • {x1+1, . . . , xk)

have the same color (0 ^  i <  j  <1 /г). Let X  =  {a:i+l, . . .  , Xj}, oB =  m- (aq, 
. . . , ж,} +  (я» — 1) . . . , хк}, then |the requirement is satisfiedé

(b) We prove the existence of nr(k, m) by induction on r.
Set a =  knf~1, k' — kni“, nr+1(k, m) =  nr{k', m) +  a. We prove that this 

choice is correct. Let T  c  S, \T\ =  a. Define a coloration of ms~T by

<х*(<Л) =  (oc(<X +  ® ); ®  6 rnT).

Here we use m°-tuples of the original set of colors, so we use not more than 
krn“ =  k' colors. Hence by the choice of nr+1(k, m), there exists r disjoint sub­
sets X v . . . , X r of S — T  and an m-collection 3iL £ ms ~Xi~ - ~Xr such that

r r 1
а* JP atX t +  <®i =  a* ^  min (a,, m — 1) X,- -f-

4 = 1  l i = l |

holds for every 0 <, a, <| m; i.e. we have

( 1 )  <x.{®+ jg c iiX i +  áBx  =  a  | @ + J £ m i n ( a (- ,  m  —  1 ) Х ,  +  $ г ]
' i= i i= i  J

for every 0 <  at m and @ £ mT. Now define a coloration «** of mT by

a**(@) =  oc |@ +  J£a,X , +  áBjJ : 0 <; a, <  m -  1 j.

In this way an mr-tuple of colors is a new color, so a** uses at most km' — a 
colors. Since \T\ — a, we find by (a) a set X r+1 С T  and an m-collection 
aB2 £ mT~x'+̂  such that

«**(mXr+1 +  Sb2) =  cc**((m — 1) X r + 1  +  áB2), 
i.e.

(2) a mXr+1 ^  diXi -(- -j- oB2 =  «j (m —- 1) X r + 1  -j- ^  ®/X(- -j- о8г -j- óB2
í=i l  i=г

for any integers 0 m — 1. Now let őö =  -f- cB2 (this is an ra-col-
lection, as <§B1, áB2 are disjoint). Then X x, . . . , X r + 1 ,  satisfy the requirement. 
Clearly X v , Xr+1 are disjoint from each other and Sb. Let

Г + 1
оЯ, =  CĥK-i -)- cB,

i = l
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then

ос(оЯ) =  а min (аг, m — 1) X t +  ar+1 X r+í +  őöj

by (1) and

a [ar+1 X r + 1  +  ^  min (a,, m — 1} X,  +  8b =
i=i

=  a |min (аг+1, m — 1) Xr+1 -f- min (ait m — 1) X, -\- cöj 

by (2). This completes the proof, [ibid.]

17. We use induction on m. For m =  1 the answer follows by 14.14b (we may 
even take 8 b =  0). Suppose N(k, r, m) exists and define a =  N(k, r, m),

N(k, r, m +  1) == na(k, m +  1),

where na(k, m +  1) is defined as in 14.16b. Then if |$ | >  N(k, r ,m  1) we 
find disjoint sets 7 V . . . , Ya C S and an (m +  l)-collection 8 bt of points of 
S  — Yx — . . .  — Ya such that

(1) a JgajYi +  SbÁ = а  ^  min (%, m) Yt +  <®i]
.<=1 / V/=1 /

holds for every 0 ^  at ■ <̂  m -j- 1- For each £ mi1’ ■ ■ *al, define

a * ( í ) = « f j ' « / 3 r/ +  a  i) .
i=i /

where at is the number of times г occurs in “J. Now by the choice of a, there are 
disjoint subsets Vv . . . , Vr c z  { 1 ,  . . . , a} and an m-collection SC of elements 
of {1......... a) — Vl — . . .  — Vr such that

«* | i w + ^ J

is the same color, say red, for every choice of 0 6;- <, m. Define

X j  =  U Y j,  8b — Sbi  4* У  ai F i ,

a
where at is the number of times г occurs in SC. Clearly '^aiY i is disjoint from

;=i
Xj  and Sbl so X lt . . . , X r, oB are mutually disjoint. Moreover, if 0 <  a( <[ 

m +  1, then
/ г r

и ^  cLiX l -(- Sb =  a ^  min (a,-, m) X t -|- 8b
\i=1 l i= l
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by (1); moreover, this is equal to

a* min (a,-, m) Vt +  SC ,
u=i

which is red. This proves that N(k, r, m +  1) has the desired property [A. 
Hales-R.I. Jewett, Trans. Amer. Math. Soc. 106 (1963) 222-229].

18. Let w =  (m — 1) N(Jc, 1, m — 1), |S| =  N(k, 1, m — 1). Let a be any k- 
coloration of {0, . . . , w). We define a ^-coloration of (m — l)s by setting

х*(сЯ) =  а(|<Л|).
Since 0 <  |<Л| (m — 1) [iS| =  w, this is well defined. By the choice of |/S]
there exists a set X  c: S and an (m — 1)-collection Si of points of S — X  
such that

**(&) =  **($ +  X) =  a*(<® +  2X) =  . . . =  а*($ +  {m -  1)X),
i.e.

*(|Ä|) =  a(|S| +  \X\) =  . . . =  a(|JB| +  (m -  1)|X|).

Thus, (|<S|, |<S| +  |X|, . . . , |^| -)- (m — 1)|A|) is a monochromatic arithmetic 
progression [cf. R.L. Graham-B.L. Rothschild, Proc. Amer. Math. Soc. 42 
(1974) 385-386].

19. Suppose {1, . . . , N}  has a ^-coloration a.N for which no subset has property 
P. Consider the colors ajV(]). Since we use only к colors, there will be one 
occurring infinitely many times, say

ocN!(l) =  a,v; (1) =  • • • •

Denote this common color by a(l). Now consider the colors <xn\ (2). Again we 
will find an infinite subsequence Щ, Щ , . . . of N\,  Щ, . . . such that

*n;(2) =  aN.(2) =  . . . =  а (2).

Now suppose we have defined colors a(l), . . . , a(n), so that still infinitely many 
indices A", A", . . . exist with

aNn,(m) =  a(m) for 1 ^  m <  n and i =  1, 2, . . . .
Then among the colors (n 1), one color occurs infinitely often; denote 
this by a(n +  1).

We claim the coloration a of all natural numbers is such that no finite subset 
has property P. Assume indirectly that a subset S Cl [I, . . .  ,n)  has property 
P. Then

aNn(m) — o i ( m )

for each m £ S and thus, S has property P  in the coloration too, a contra­
diction.

20. (a) Write each natural number m in the form m =  5a™ (5/Sm +  ym), 1 <  
<  ym <  4 and color m with color ym. Thus the set of all natural numbers is
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4-colored. We claim that x -f- у =  3z has no monochromatic solution. Suppose 
it has one in the yth class, then

5a*(5/?x +  y) +  5a»(5ßy -f y) — 3 • 5'xi5ßz +  у).
Divide here by 5a, where a =  min (ax, ay, az), and consider the equation mod 5. 
Then we get

exy +  еуУ =  3ezy (mod 5),
where ex =  1, if a =  ax and = 0 ,  if a <  ax (similarly for ey and ег). Then

ex +  ey — 3sz (mod 5),
which obviously, has a unique solution in ex, ey, ez =  0, 1: ex =  ey =  ez =  0. 
But this is a contradiction as a must be equal to one of ax, ay, az.

(b) We prove by induction on к that x -f 2у =  z has a monochromatic 
solution. For к =  1, this is obvious. Suppose it holds for к — 1 colors.

It follows as in 14.19 that there is a natural number N  with the property that 
if we (k — 1 (-color the numbers (1, . . . , A}, then one of the color classes will 
contain a solution of x -f- 2 y =  z.

Now suppose that the natural numbers are ^-colored. By van der Waerden’s 
theorem 14.18, one of the classes, the “red” class say, contains an arithmetic 
progression

{a, a +  d, a 2d, . . . , a -f 2Nd).
Let us seek a monochromatic solution of (b) in the form x =  a, у — y.d, z =  
=  a -\- 2xd. Now x and z are red for each 1 <( y. <  N, so if yd is red for any 
1 <; x <( N  we are finished. Suppose this is not the case, then we have the 
numbers d, 2 d, . . .  , Nd colored with к — 1 colors. Define a new coloration 
of {1, . . . , W} by giving x the color of yd. Here we use к — 1 colors, hence 
by the definition of N, there are xv y v z i having the same color and satisfying 
хг +  2 y1 =  z. Now (dxy) -\- 2 (dy1) =  (dzß) and dx1, dyx, dzx have the same 
color in the original ^-coloration, which proves the assertion.

21 .1, (i) => (ii). Consider a (0, l)-solution of (*); we may assume it looks like
r m

J ? a r  1 +  2  at ■ 0 =  0.
1 = 1  I = r + 1

Now since the equation
m \

(**) aL - x — ax-y +  J£a , -  -2 =  0
I  =  Г  + 1  J

also satisfies (i) and any monochromatic solution of (**) yields a monochro­
matic solution of (*) with xx =  x, x 2 =  . . . =  xr =  y, xr + 1  =  . . . =  xm =  2, 
we may assume that (*) looks like

(***) Ax — Ay  -)- Bz =  0.

We use induction on k. The case к =  1 is trivial, so suppose к >• 1 and (ii) holds 
for к — 1 colors. As in 14.19, we can find a natural number N  such that if 
{1, . . ., A} is (k — l)-colored, (***) has a solution in one of the color classes.



Now suppose that all natural numbers are ^-colored. By van der Waerden’s 
theorem, we find a monochromatic (say, red) arithmetic progression

a, a -f- d, i . . , a -f BNd.
Then from

A(a -f- Bud) —[Aa -f- B(yAd) =  0

it follows that if xAd is red for some I <  x <  N,  we are done. So suppose 
у Ad  is never red; then by the choice of N,  we find numbers xv y v zx such that 
x^Ad, HiAd, zxAd have the same color and then

A(XjAd) — A(yyAd)[-\- B(zyAd) =  0.

II. (ii) => (i). Let p be a very large prime and write t =  p x,(ßtp  -f- yt) (1 
<  yt <T p  — 1). Let us color t with yt . Then by (ii), (*) has a monochromatic 
solution; i.e. there are non-negative integers a£\ . . . , a{m\  ß(l\  . . .  , j6(m), 
у (1 <  У ^  P — 1) such that-

(1)
/ - i

Set a =  min (a(1), . . . , â "') and divide here by pa, then consider (1) mcd p. 
We get

m
^ a i£iy ш  0H(mod p),
i=i

where £( =  1 or 0 according  ̂as a, =  a[or[a, >  a. Hence
m

Jg atet e=s 0 (mod p). 
i=i

Since p  is large (e.g. it suffices to takefi)!> \ал \ . . . +  ме get
m
У  a^i =  0. 

í=i
Since a =  a,■ for at least one i, el t . . . , em is a non-trivial (0, 1) solution of (*). 
This proves (i) [R. Rado, Math. Zeitschr. 36 (1933) 424-480].]

22. We specify f(k) later. Let 1 ,. . . , Jc be к colors and color the integers with 
them at random, independently of each other and giving each integer each 
color with probability 1 /к. Let A , denote the event that S j  does not meet 
one of the colors. Then

' к ( l  \/(K)
P(Aj) <  ^  P(S -)- j  does]'not meet color i) =  к 1 -----

i - i  1 h

Now form a graph G on Z, the set of integers, by connecting j x to j 2, if (S -f j x) П 
П (S -f j 2) =A 0- Then A j is independent of

{Av :(j, V) $ E(G)}.
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Finally, observe that the degree of each point in G is
* =  \{v: ( 0 , г ) е В Д } | =  |{r: (S +  v) П S ^  0 } | =

=  | { s - S' : s , S' e £ } | < / ( * ) 2.
Thus, if

I ! 1 !/<*> 1
(1) i  1 - -  < — — ,

1 Ы  "  m ?
we have

and thus by 2.18,

(2) P(Äо . . . Ä N) )> О

for any N.  Of course, we cannot assert that P J [  >  0, but the existence
of a coloration such that all translated copies of S  meet all colors still follows. 
One possibility would be to apply compactness theorems (cf. 14.19) but here 
we can construct this coloration directly.

Let r be the diameter of 8  (r — max 8  — min 8 ) and N  >  4r+1. Consider a 
^-coloration for which A 0 . . . A N holds, i.e. S  -f- 1, . . . , S  +  N  meet all 
colors. Since N  >  kr+1, there are two segments {v, v +  1 ,. . . , v +  r) and 
{/1 , [X -f 1 , . . . ,  [л -f- r) (v <  /i), which are colored similarly. Now, if we keep 
the coloration of v, v +  1, . . . , /x — 1 but extend this in both directions with 
period fi — v then, as is easily verified, S  +  j  will meet all colors for every 
integer j.

It only remains to find an f(Jc) for which (1) holds. Certainly f(k) =  [clc log i]  
will be appropriate for large enough c, because

( И  \ f W  j  J  \ c f c l o g k  1
1 1 —  —  ^  1 - -  < e - c l o g k = _ L
, к I к ) kc

while

=  ------------>  — .
4f(k) 2 4c4 2 log2 к к? - 1

[P. Erdős-L. Lovász, in: Infinite and Finite Sets, Coll. Math. Soc. J. Bolyai 
10, Bolyai-North-Bolland, (1974) 609-627.]
23. (a) Let us denote the elements of GF(q) by 0, 1 , . . . .  q — 1 (the operations 
between them will play no role.) Each element of the w-dimensional affine 
space over GF(q) can be represented as a vector (аг , , an), 0 <  a{ <! q — 1, 
which in turn can be regarded as a (q — l)-collection of elements of { 1 , . . .  , n}. 
Thus if these are Ä;-colored and n >- N(k, r, q — 1), where N(k, r,q — 1) is
defined as in 14.17, then there will be disjoint non-empty sets ......... Vr C
cr {1,.  . . , n} and a (q — l)-collection oB of points of {1, . . . , « }  — Fx —

Г

— . ». — Vr such that all collections ^  а(У( -f §b (0 a, <  a — 1) have the
i= 1

same color; let, say,
F, =  {I; +  1 , . . . ,  ib,+i} (i =  1 ,. . . , r; 0 =  kx <  k2 <  . . . <  £r+1 =  m)

14 .23  § 14. EAMSEY THEORY 496
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and let j  occur in S  ^ times (clearly bj =  0 for 1 <C j  <; m), then all vectors 
the form

\  к г  k a  k r + i

(® 1  j • • • > > ^ 2 »  • • • > ^ 2 ’ ^ 3 »  • • • » ) ^ m + 1  > • • • i ^ n )

have the same color. But these vectors form an r-dimensional subspace.

(b) We prove the (formally) more general assertion formulated in the hint 
by simultaneous induction on fj......... rk and k. For к =  1 we clearly can take

(1) N( 1; гц q — 1) =  rx.
On the other hand, if rf =  0 for some 1 <  i <  k, say rk =  0, then
(2) N(k; rv  . . . , rk_x, 0; q — 1) =  N(k — 1; rv ......... rk_l t q — 1)

will be an appropriate choice. For if any point has color к we are done; if color 
к does not occur we have the case with к — 1 colors. So we may assume rt >  0 
for 1 <; i <  &. Then let
<3) N(k; rk..........rk; q — 1) =  N(k; m,q — 1),

where
m — 1 +  max N(k; r1, . . . , r,_1; rt — 1, rm , . . .  , r k, q — 1)

i áiáfe
and N(k, m, q — 1) is defined as in part (a). To prove that (3) is an appropriate 
■choice let n^> N(k; rl , . . . , rk; q — 1) and suppose that the points of the n- 
dimensional projective space over GF(q) are ^-colored. Let 2’0 be a hyperplane 
(the “infinitely distant” hyperplane). Remove Z0, then the remaining affine 
space contains a monochromatic subspace Ф of dimension m by (3) and (a). 
Let Ф have, e.g. color 1. Let Ф1 be the subspace of the projective space spanned 
by Ф and put W =  Фк П E. Then 4* is an (m — 1)-dimensional projective space, 
which is ^-colored. Thus by the choice of m, W has a monochromatic subspace 
A of dimension rx — 1 in the first color or of dimension r,- in the ith color 
(2 < 2  i k). In the latter case we are done. If A is (rx — 1)-dimensional and 
has color 1, we can take any rr dimensional subspace Ax of Фл such that Ax П 
П E — A and then Ax is an fj-dimensional subspace with color 1 [R.L. Gra- 
ham-B.L. Rothschild, Trans. Amer. Math. Soc. 159 (1971) 257-292].

24. First solution: Let n >  Jik~̂\ (r, . . . , r), where R is the Ramsey number as 
in 14.3. Let 8  =  {1, . . . , n), and denote by V the set of all (r — l)-element 
subsets of S. Define a hypergraph on V by letting the r (r — 1)-tuples of each 
r-subset of S form an edge of II. Then clearly H is r-uniform, any two edges 
of H have at most one point in common, and the fact that H is not ^-colorable 
is just the assertion of Ramsey’s theorem.

Second solution: Let n >  N(k; 1, q — 1), where q is a prime power. Let V(H) 
be the set of points of the n-dimensional affine space over GF(q) and let It(II) 
consist of the lines of this affine space. Then any two edges of H have at most 
one point in common and it is g-uniform. The assertion of 14.23a is just that 
H is not /.'-colorable. This settles the problem for the case when r is a prime 
power.



Now let r be arbitrary and select a prime power q > r .  Carry out the above 
construction for q and then select an arbitrary r-subset of each edge of the 
resulting hypergraph. These r-element sets constitute a hypergraph with the 
desired properties.

25. For each ah let t(i) denote the maximum length of subsequences

ал-
with

i  < j ! < . . • <  j t - 1-
Suppose that max t(i) <1 к (otherwise we are done). Then there is a т such that 
t(i) =  t  holds for at least к -(- 1 indices i. Let

*(«l) — . . . =  t(ik+1) =  T, » ! < . . . <  ifc+1.
Then we claim that

au > * ! . > • • •  >«'»+,•
Suppose indirectly that

«fr ^  %  (v <  k)-
Then, since £(a1(i) =  r, we have a sequence

* ( . < ? ! < • • • <  Á-1
with

%  ^  «У, ^  ^  a j x - i  •
Then

«fr <  %  < , ah < , -  ■ ■ <  aA-i>
contradicting <(cq„) =  т.

Remark: Define i -< j  if i <  ? and а,- <  a,. Then we have a partial order on 
the set {1, . . . , w 2 + l } .  Thus the result would follow from 9.32.

26. (a) Consider t(x) as in the hint. Observe that max t(x) — i(l). We use 
induction on n.

First we prove the assertion of the hint. Assume indirectly that f(x) >  2 k 
and t(x) >  i(l) — k. Then x >  2 k and к <  n — 1. Let

X =  ak <  . . . <  a((x),

/(« i) <  • • • ^  / К « ) -
By the induction hypothesis, there exist

I ^ b 0 < b 1 <  . . . < b k ^ 2 k
with

/(bo) ^  /(&i) ^  ^  /(bfc).
Then

/(bo) ^  /(bi) <  • • • £  /(bft) < b k <  2 k <  / К )  £  . . .  £  /(o iW),

whence
i(l) ^  t(x) +  к +  1,

a contradiction.

3 2  Lovász
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Now observe that if t(x) =  t(y), then f(x) ^  f(y) (otherwise, the chain starting 
with у [x <  y) could be extended to x) and thus,

\{x : t(x) =  <(1) — Ц \ < 2 k (0 < ,J c ^  t( 1) -  1).
Hence,

2n_1 =  2 ; \{x : <(*) =  *(!)-&} I <  2  2fc =  2 W - l .
k= 0  k=0

Hence
i(l) >  n,

which was to be proved.
(b) Let

cp0{2 k +  l) =  2k -  l (к =  0, . . . , n -  2; 0 ^  l <, 2 k — 1).

Then (p0(i) <" i (i =  1, . . . , 2"-1 — 1) and (p0 consists of n — 1 monotone 
decreasing intervals; any sequence

1 <: «1 <  . . . <  «/ <; 2 n ~ 1 — 1
with

/Ю  <  • • • <  /(«<)
contains at most one number from each of these intervals. Hence t <, n — 1 
[E. Harzheim, РиЫ. Math. Debrecen 14 (1967) 45-51].

27. (a) Let rj(x, y) be the maximum length of a path (x, у  =  y v  y 2 .......Уг)
with

/ ( * .  Vi) ^  f(yi .  2/a )  <  • • . <  f(yv- 1, yv)
and also, let <p(x, y) be the maximum length of paths (x, у  =  y v y 2, • • ■ , yf) 
with

/ ( * .  Vi )  > f ( V v  Vt )  > •  • • > f ( y f - 1» 2/^)-
Observe that
(*)] for any two (adjacent) edges (x, y) and (y, z), either rj(x, у ) >  r)(y, z) or 
<p(x> У) >  <p{y, 2 ) .  In fact, let, e.g. f(x, y) <  f(y, z) and (y, z =  zv z2, . . . ,  
Zi}(y,z)) be a path with

f ( V ’ z l )  f [ z l> z i )  ^  ^  f ( ZTj(y,z)—V  Zij(y ,z ))-

Then the path (x, y , z v  . . . , zr,y 2)) shows that ij(a:, ?/) >  rj(y, z )̂ +  1.
For w £ V{Tn), let

Pw =  {(v(w> x), <p(w, x)) : (w, x) £ E(Tn)}

and let Pw consist of all maximal elements of Pw (with respect to the partial 
ordering (íj, <p) (íj', <p') iff íj <; íj' and <p <  <p'). Then we claim.that

(**) Pw v^Pv, if w #t) .

For suppose, e.g. (v, w) £ E{Tn). By the definition of P„, there is a pair (íj„,
<Po) £ P v =  P w with Ф ,  w) <[ Vo> <piv> w) <! 9V Let Vo =  V(w> x)> <Po =  <P(W’x)- 
Then r](v, w) <  r](w, x), cp(v, w) <  q)(w, x), which contradicts (*).
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All that remains is to count how many sets come into consideration as sets
Pw. If Pw =  {(r^, 95X), . . . , (r]k, qp*)}, then r)x......... r]k are distinct (so are
<pv  . . . , q>k) and if, say, r\ 1 <  . . .  <  r]k, then 9̂  > .  . . >  9ok. Hence, the two 
sets {r)v . . . ,  rjk} and {9ov . . . ,  <pk} uniquely determine P w. For a fixed k,

there are at most ^ ways to choose r)k and  ̂ ways to choose
Jc ] к

99V . . . , 9ok, where p' =  max у(х, у ) and q' — max cp(x, y). Thus the number 
of distinct sets Pw is

^  £ .[? '] [<?'] =  £  (p'\ q' =  p ’+ q '
Á \ k )  UJ q'-Jcj P' , ■

Thus

p ' + q '  ^ l P  +  q ~ 2

P i p — 1

whence either p' p  or #']> q» This proves the assertion.

(b) With a slight change in notation, we are going to construct a transitive

tournament Tn o n n =  ^  ̂  ̂ points and a function
P

f : E(Tn) -  Z

(which will be an injection) such that the maximum length of a monotone 
increasing path is p  and the maximum length of a monotone decreasing path 
is q. The case p  =  1 or q =  1 is trivial; so suppose p , q ^ > 2 .

We have

[P +  9j +  9 — 1] +  p +  q — 1 
1 P ] (1 P P — 1

By induction on p, q, we construct a transitive tournament Tm on m =
_  P q 1 points and a tournament T l on l — p   ̂ 4  points, to-

P l P — 1 I
gether with two functions g : E(Tm) — Z, h: E(Tt) —► Z such that the maximum 
length of monotone increasing [decreasing] paths in Tm and T t are p  and 
p — 1 [q — 1 and 9], respectively. Let V(Tn) =  V{Tm) U V(Tt),

E(Tn) =  E(Tm) U E(T,) U ( F W x F f r , ) )
and

g(x, y) if (x, y) 6 E(Tm), 
f(x, y) =  h(x, y) if (x, y) € E(T,),

— M  otherwise,

32*
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where M  > m a x  (\g(x, y)\, \h(x, y )|). It is easy to verify that Tn and /  have
(x,y)

the desired properties [V. Chvátal-J. Komlós, Canad. Math. Bull. 14 (1971) 
151-157].

28. (a) If 0 <! i <1 m — 1, let xi+ 1  be any element of

8  — {f( 8  — {xv . . . , xv}) : 0 <  V <  i}

(which set is clearly non-empty), and let
T =  8  — {х1г . . . , xmj.

Then by the choice of the x/s,
f(S — {xv  . . . , xv}) £ T  (v =  0 ,. . .  , m — 1)

and this holds trivially for v =  m too.
(b) We select ж2», a;2»-i> • • • recursively. If x2«, . . . , xM+i are already 

selected, then let x be an element of »S' —  { ж 2« ,  . .  .  ,  х/л+,}, which occurs the 
least number of times in the form f ( S  — {x2n, . . . , xp + 1 )}, /л <= v <, 2 n.

To handle this procedure, let rp(m) denote the number of indices- v >  m -) ■ 1 
such that

f ( { x v . . . ,  *,})g Xm } .
Then we have

(1) cp{m) — <p(m — 1) — (p(m) — 1
m

since the indices v counted in cp(m) but not in (p{m — 1) are those with v >  m 4- 1 
and

/({*1> • ■ ■ > **'!>}) =
and by the choice of xm, the number of such indices v is at most <p{m)lm ; and 
besides, m is counted in <p(m — 1), but not in <p(m).

We want to show that cp(2 k) (> (n — Jc)2 k; more generally we show that

(2) cp(2 k +  Z) :> (n — к) 2 k +  (n — к — 2) l (0 <; l <, 2 k).

Note that for l =  2 k this inequality is the same as
<p(2 k+1) > ( n  — Jc— 1) 2fc+1.

Inequality (2) is easily proved by induction on n — 2 k — l. If n — 2k — l =  0, 
it is trivially true. Suppose 2 k -f I <  n. We may assume l <  2 k since otherwise 
we could consider the decomposition 2 k -f- 0 =  2k_1 -f- 2fc-b By (1)

<p(m — 1) 1 +  —------ <p(m),
m

whence

9>(2л +  1 ) ^ 1  +  -'fc2 ■ ; <p{m).
2 k -f l +  1
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By induction hypothesis

<p(m) =  <p(2 k +  7 +  1) ;> (n — Jc) 2 k +  (n — к — 2 ) (7 +  1) =
=  (n — к) (2 k -f 7 +  1) — 2(7 +  1).

Thus

9>(2k +7)̂ 1 + (2* + 7) ( n - k ) -  2(1 + 1} f  + l) =
2 R +  7 +  1

27-1-2
=  (2 k +  7) (n — к) +  1 — 27 — 2 +  ^

2 k +  1 + 1

and since the left-hand side is an integer,

9>(2л +  l) >  (2 k +  l) (n — i)  +  1 — 2 1  — 2 +  1 =
— (n — к) 2 k (n — к — 2)7,

as stated. Thus <p(0) = 9? ( l ) - f - l > i i + l

(c) Let cp0 be the mapping of {1, . . . , 2n} into itself defined in 14.26b. 
We define a mapping /  associating with each i-element subset X  of {1, . . . , 
2" — 1} the (f n(k)th largest element of X.  This is possible, because 1 <L <p0 (k) <  k.

Now suppose X 0 a  X x d  . . .  a  X n is a chain of subsets with f(X0) =  . . .  =  
=  f(Xn) =  у (one may suppose X n — [y\,  but this is irrelevant). Let k, =  
=  |.5Г(|. Then, by the definition of /,

<Po(*i) =  I%i П {y, . . . , 2n — 1} I,

thus <p0(k0) <  tpgikj <  . . . <  (pn(kn). But this is impossible by 14.26.

Remark: Part (b) gives, of course, a new proof of part (a) of 14.26; but the proof 
given there is much simpler [E. Harzheim, Puhl. Math. Debrecen 15 (1968) 
19-22].

29. Consider the complete graph K N on the given points; orient its edges up­
ward and color an edge color i, if it forms with the positive half of the ж-axis

 ̂_I J
an angle between — л and-------л (i =  0...........n — 1) (we may assume that

n n
these angles themselves never occur or else we rotate the picture). Suppose there

exists no sequence a0, . . .  , a n of points in which <£ ai_1aial+ 1  > 1 ----- л
n

for i =  1 , . . . , к — 1. Then the graph with edges of color i contains no directed 
path of length k; such a path would exactly mean an almost straight broken line. 
Therefore by 9.9 the graph formed by edges of color i is /г-colorable. Since K N 
is the union of n such graphs it follows by 9.3 that %(KN) <  kn, a contradiction 
[P. Erdős-G. Szekeres, Compositio Math. 2 (1965) 463-470].

30. (a) Define a tournament on S with values associated with the edges as in 
the hint. By 14.27a there exists a monotone increasing path of length p -f- 1
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Let us place S v S 2 on the plane in such a way that the vector connecting some 
two points of them is (M, M2), where M  is very large (Fig. 104). Let us consider 
any polygon P  convex from below; let (xv у x), . . . , {xt, yt) be its points, 
xx <  . . .  < x t. If all these points belong to S x or S 2, then t <) p  -j- 1 by
definition. So suppose [xv yx)......... (ж,-, у) £ Sv {xi+1, yi+1), . . . , {x„ yt) £ S2
(clearly any point of S г is to the left from any point of S 2 if M  is large enough). 
Then

У>+1 У‘ ^  m

x i+i — x i
so if M is larger than

max -------— : (x, y), (x', y') £ S 2
X  — x

then our polygon cannot be convex unless £ -(- 1 =  <. Since i < , p  by the 
choice of S x it follows that t p  -f- 1. Similarly we conclude that any polygon

or a monotone decreasing path of length q -f 1. Let, e.g. the first case occur. 
Then there are points [x0, y0), . . . ,  (жр+1, yp+l) such that x0 <  жх <  . . .  <  xp + 1  

and

Уо Vi ^  Ур+i Ур
x0  — x1 xp + 1  — xp

Clearly these points form a p - | -  2-gon convex from below.

(b) We construct a set S of  ̂  ̂ points spanning no (p +  2)-gon con-
V

vex from below and no (q +  2)-gon convex from above, by induction on p  -f q.
The case p =  1 or q =  1 is trivial, so let p , q >  2. Let S t be a set of _  ̂ Ml P  — 1 I
points spanning no (p +  l)-gon convex from below and no (q +  2)-gon convex

(p q — 1
from above. Also let S2 be a set of points spanning no (p +  2)-gon

P
convex from below and no (q +  l)-gon convex from above; both S v S2 
should consist of points in general position.

F ig. 104
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convex from above spanned by S has at most q -f- 1 vertices [P, Erdős, 
G. Szekeres; ibid.].

31. (a) We show first that 5 points always determine a convex quadrilateral. 
If the convex hull of them is a quadrilateral we are done, so suppose this con­
vex hull is a triangle abc. Thisjcontains two further points d, e. Suppose the line 
de intersects the edges ab and ac of the triangle. Then bade is a convex quadri­
lateral (Eig. 105).

Now let us 2-color all quadruples of the given n points: let a quadruple be 
red, if it forms the vertices of a convex quadrilateral and blue otherwise. К

(1) n>R%(m, 5),

then we have either те points with all quadruples red or 5 points with all 
quadruples blue. The latter case is impossible by the above. Hence we have m 
points any 4 of which form a convex quadrilateral. Hence the те points form a 
convex m-gon.

(b) I. We show that (1) can be replaced by

. 2m — 4 , ,n >  + 1.
m — 2

_ 4' +  1 points in general position, they always
те — 2 j

span an те-gon convex from below or from above by 14.30a; this is a convex 
те-gon.

II. We construct a set of 2m-2 points spanning no convex те-gon. Let T t be
ть_21a set of points in general position such that \Tt \ — and T t spans

i j
no (* +  2)-gon convex from above and no (n — i)-gon convex from below. 
Let T t have diameter less than 1 (i =  0, 1, 2). Also we may
suppose that any line formed by two points of Tt forms an angle less than 45° 
with the ж-axis (by applying an affinity perpendicular to the ж-axis, if neces­
sary).

Pio. 105
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be the vertices of P  with least and largest ж-coordinate respectively. The diag­
onal ab splits P  into two polygons, convex from above and below, respectively. 
Hence by the definition of T it the number of vertices of these polygons is <[ i -f- 
+  1 and <  n — i  —  1 , respectively. Hence the number of vertices of P  is 
<; (i +  1) +  (n — i — 1) — 2 =  n — 2.

Now suppose that P  intersects Tt and Tj, i <  j. Let i be the least and j  be the 
largest index for which this holds. Now P  can intersect T , i <  у  <  j  in at 
most one point, and its pieces in T t and Tj are convex from above and below, 
respectively (Fig. 107). Hence P  has at most

( i  +  1) +  0' — i  — 1) +  (n — j  — 1) =  n — 1
points.

(c) if(4) >  5 trivially; K(4) <  5 by the first paragraph of the solution. 
Thus K(4) =  5.

K(5) >  9 by (b). So what we have to show is that any 9 points (in general 
position) contain a convex pentagon. If the convex hull of the 9 points is a 
pentagon we are done. So suppose it is a quadrilateral or a triangle.

10 Suppose the convex hull is a quadrilateral xyzu. Consider the 5 remaining 
points. If they form a convex pentagon we are done. Otherwise, there are 4
among them, which do not form a convex quadrilateral; let a point v be con­
tained in a triangle abc (Fig. 108). Consider the angles avb, bvc, cva. One of 
these contains x and y. Then xyavb is a convex pentagon.

Let P  be a large regular (4n — 4)-gon with centre at the origin and let v0, 
. . . , vn _ 2 be its vertices in the segment of +45° around the positive half of 
the ж-axis (Fig. 106). Let us place T t around v, (i.e. let us translate one point 
of Tt into Vi). The resulting set T  has

n- 2 n-2 [m__q
\t \ =  2 \t í \ =  2  • = 1 2"~2,=.0 !=0 4 ,

elements. We claim that it contains no convex n-gon. Let P  be any convex 
polygon spanned by T. If P  is contained in a Tt (0 <i i <  n — 2), let a and b

504 solutions 14.31

Fig. 107
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2° Suppose the convex hull is a triangle abc. Again we have two subcases: 
I. The convex hull of the remaining 6 points is a quadrilateral xyzu. Let 

p, q be two further points (inside xyzu). If the line pq intersects two adjacent 
edges of xyzu we have a pentagon trivially (Fig. 109). So suppose pq intersects 
the edges xy and uv. We may suppose the intersection with xy is nearer p  
than q (Fig. 109). Now consider the semilines px, py, qz, qu. They divide tho

F i g . 1 0 9

F i g . 1 1 0

F i g . 1 0 8



606 SOLUTIONS 15.1

outside of xyzu into 4 regions. If the region ypqz contains one of a, b, c we are 
done. Similarly if xpqu contains one of a, b, c.

If ypqz and xpqu contain none of a, b, c, then either xpy or zqu contains two of 
those; then we find a convex pentagon again.

II. Finally, suppose] the convex hull of the 6 points inside abc is another 
triangle xyz. Again let p, q be two points inside xyz. We may assume that the 
line pq intersects the edges xy and xz. Consider the angles xpy, xqz. Each of 
these may contain at most one of a, b, c otherwise we find a convex pentagon. 
Hence one of a, b, c lies in the region determined by the semilines py, qz and 
the segment pq\ but this yields a convex pentagon again (Fig. 110, p. 505) 
[ibid.].

§ 15. Reconstruction

1. (a) Let ev . . . , ek (Ic >  4) be the edges adjacent to a given point x £ V(0). 
Then elt . . . , ek form a complete subgraph of L{G). Moreover, they form a 
maximal complete subgraph (clique) of L(G); for if e £ E{G) is any other edge, 
then it does not contain x and thus, it meets at most two of ev . . . , ek.

Conversely, let ev . . .  ,ek form a clique of L(G), к >  4, we claim that they are 
the edges adjacent to one of the points of G. For let x be the common point of 
ex and e2. If e g , , ek also contain x, then we are finished, since, by the maxi- 
mality of the complete subgraph of G formed by ev . . . , ek, no other edge 
can contain x.

Assume indirectly that e3 does not contain x, then e4, e2, e3 form a triangle. 
Since к ~> 4, we also have an e4; obviously, e4 cannot meet all of elt e2, e3, a 
contradiction.

The above assertions show that, if G has degrees at least 4, then we obtain G 
from L(G) as follows; Let Gv . . . ,Gn be those cliques of L(G) with at least 4 
points; associate a point xt with С,- and join xt and Xj iff Ot and Cj have a point 
in common. The resulting graph G' will be isomorphic to G.

Thus, if Gv  О2 are two graphs with all degrees at least 4 and L(Gk) odL(G2) 
then, “reconstructing” Gk and G2 as above, we get isomorphic graphs.

(b) Let S v . . . , Sn be the stars of the points of Gy and let S[........... S'm be
the stars of the points of G2. Consider an isomorphism a : L(Gy) —► L(G2). 
We may assume n~>m.

a(8 t) cannot be a star for each i =  1, ,n.  For if a(Sj) is a star, then o(Sj), 
a(Sj) (i ^  j) are different stars (since Sj ^  Sj, except in the trivial case Gy сы 
esá K 2, which we may ignore) and so, it would follow that m =  n, а[8 {) =  8 \ 
(i =  1, . . . , n) with a suitable choice of indices. But then mapping the center 
of St onto the center of 8 \ (i =  1, . . . , n), we get an isomorphism between Gy 
and G2.

Thus а(8 у) is not a star (say). We claim that there are three edges ev e2, e3 

in Gy and corresponding edges e'v e2, e3 in G2, which form a triangle in one graph 
and a star in the other.

1° К  |$4| =  1. i.e. Sy =  {ej ,  then no endpoint of e[ =  д(еу) has degree 1. 
So there are two edges e2, e3 фе!у starting from the two endpoints of e(. e2 =  
=  <7_1(e[) and e3 =  u_1(eá) meet e1( which is only possible if they start from
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the same endpoint of ex. But then e2 and e3 must meet too, i.e. ex, e2, e^form 
a triangle.

2 ° ‘If 8 X — {ev e2} , then e[ =  e2 — a(e2) have a point x'  in common. 
There must be a further edge e3 starting from x'. e3 =  er_1(e3) meets both ex 
and e 2, hence they form a triangle.

3° If S x — {ev  e 2, e3} , then e'x, e2, e3 must form a triangle; otherwise, they 
would start from the same point and since a(8j) is not a star, there would be 
a fourth edge meeting all of them, which is clearly impossible.

So we have three edges e 1, e 2, e3 forming a triangle, so that the corresponding 
edges e'x, e2, e3 start from the same point x. ex =  (u2, u3), e2 =  (ux, u3), e3 =  
=  (ui, u2), e'i =  (x, yt) ( i  =  1,2, 3).

The above pair yields a solution: Gx =  {{ux, u2, m3} , {ex, e2, e3}) sé G2 — 
— ({x, y x, у 2, y3}, {e[, e2, e3}) but L(GX) ^ L(G2) We claim there is no further 
Such pair. If there was, we would have | E(Gt) | >  4.

Let e4 £ E{GX), e4 ^ ev e2, e3. We may assume e4 =  (ux, v). Then e4 =  ст(е4) 
meets ex and e3, hence e4 =  (y2, y3). Since Gx £  G2, we have a further edge 
e5 a E(G). Again we may assume that it meets one of ev e2, e3, e4. Obviously,
Mi $ e5.

If e5 does not meet e4, then it meets ex and e2 (say), el =: cr(e5) must meet e[ 
and e2 but not e3 and e4, which is impossible. If e5 meets e4 but not ex, then e'b 
meets e4 but not e'x, e2, e3, which is impossible again. Thus e5 =  ( m 2 , v ) or (m3 , v ); 
say e5 =  (m 2, v ) ,  then cr(e5) =  e'5 =  [yx, y3). Since Gx g  G2, we must have a 
sixth edge e6. As above, we get e6 =  (m3 , v ) , a(e6) =  (yx, y2). Now Gx 3= G2 
implies that there must be a seventh edge, but the same argument as above 
shows this is impossible (Big- 111).

(c) Let a : L(GX) —► L(G2) be a non-trivial isomorphism. Again let S x, . . . , Sn 
and S[, . . . , S’m be the stars of points in Gx and 6?2, respectively. If o{Si) is 
a star of each 1 <1 i <] n, then we get, as before, that er is a trivial isomorphism. 
Otherwise, we can follow the preceding solution but everywhere, where we 
argued “since Gx jk G2 we have a further edge” we must stop and list an ex­
ample. So we get the pairs shown in Fig. 112, p. 508 [H. Whitney, Amer. J. 
Math. 54 (1932) 160-168].
2. (a) Let E, F  £ E{Krn). Then the number of edges of K rn disjoint from E 
and F  is

' n— \ E U F \  _  i n— 2г +  \E П F |  

r r
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Similarly, the number of edges of K rn disjoint from a(E) and a(F) is

— 2r +  I oc(E) П a(F) ||

Thus
'n — 2 r +  I E П F |1 _  in — 2 r +  I a(E) П a.(F) \ 

r r
Since n — 2r ;> r, this implies that \E П F\ =  \ cc(E) П a(F) |.

We want to show, as in 15.1, that the set of all r-tuples containing any given 
point X is mapped onto the set of r-tuples containing a point ß(x).  This then 
defines a permutation ß  of V(Krn), which induces a.

So let X £ V(Krn), and let E, F be two edges with E П F  =  {a:}. Then, by the 
above, a(E) and a(F) have a unique point ß(x) in common. We claim that, if 
any edge A £ E(Krn) contains x, then «.(A) contains ß(x) (and conversely).

Let A £ E(Krn), x £ A, and let В be an r-tuple such that В П A ~  A — E — 
— F. Then
(1) \B f tA \  =  \ A - E  -  F\  =  \ A \ - \ A £ \ E \ - \ A ( \ F \  +

-\ - \Af \EV[F\ =  r - \ - l  — \A [ \ E \  — \AC\F\.
Since

[a(-B) П a(E)\ =  \ B 0 E \ = 0 ,
|в(В)П«(Л1 =  1-В 0 ^ 1 = 0 ,
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we have
I a(i?) П x(A)\ <  I a(A) — «.(E) — a(^)| = r — \ я(А) П a(E)\ -

— I a(M) П a(F) I +  I «(-4) П a(E) П <x.(F) |.
Here I a(B) П <x(A)\ =  \B П A\, \ x(A) П a(E)\ =  \A П E |, | a(A) П «(Л1 =  
=  A V\ F |, thus (1) implies that

I ol{A) П a(E) П a (i’)! > 1 ,
i.e. ß(x) £ a {A).

(b) We sharpen the preceding argument. The number of »--tuples disjoint 
from two given r-tuples E, F with \E f) F \ =  r — l i s

I г  ) > 0 -
and is less than this if | E П F | <  r — 1. Therefore, \E П F  | =  r — 1 iff 
I a(E) П x(F) I =  r -  1.

Suppose now we know | E П F \ =  к <=> | a(E) П a(F) \ =  к for к =  0, 1, . . .  , 
. . . , k0 (we certainly know this for к — 0). Then \ E f] F \ — k0 1 <=> 
о  I E П F I >  k0 and there is an »--tuple A with | E  П A | =  r — 1, 
1-F1 П A\ =  k0 о  I oc(E) П « (í1)! >  k0 and there is an »--tuple A with | a(E) П 
П ol(A)\ =  r — 1, I a(F) П ol(A)\ =  k0 <=>■ | a(E) П <x(F)\ =  k0 +  1.

This proves that | E П F \ =  |a (E) П а(^)| for any two »--tuples E, F. 
Now let ж be a point of K rn and E, F two г-tuples in K rn with E П F =  {ж}. 

Let a (E) П a (F) =  {ß(x)}, we show that x £ A implies ß(x) £ a {A) or, equiv­
alently, X £ A implies ß(x) £ a(A).

Let X $ A, and assume indirectly that ß(x) £ u(A). Set \A П E\ =  i, \A П 
П F I =  j, d =  I V(Krn) — A -  E — F\. Then

d =  n — (3 r — 1 — i — ;?) <( i -f- У -{- 1 <[ r.
Also,

I V (Krn) — A — {x} \ —n — r — 1 > »-.

So we can find an r-tuple В  such that

V(Krn) — A — E — F c z B c i  V{Krn) — A — {x}.
Consider ot(B). Obviously, я(В) П *(A) =  0, so ß(x) $ a(B). Moreover,

I a(-B) П <x(E) I =  I -В Г) -E I 
|а (Б )П а (Л 1 =  |-В П ^ |,

thus
I а {В) — a(E) -  a( Л I =  IВ | -  | В П E | -  | В П F \ =  d.

Hence
I V(Krn) -  a{A) -  a (E) -  x{F) \ >  \ а {В) -  a (E) -  a (F) | =  d.

But
I V(Krn) -  a ( A ) -  a(E) -  a (F) \ =  n — 3r +  | я{А) П a (E) | +

+  I а (А) П а(Л1 +  I *(E) П a(i’)l -  I *M) П a (E) П a( Л I =
=  n — 3r +  i +  j + l  — l = d — l,
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a contradiction [C. Berge, Hypergraph Seminar, Lecture Notes in Math. 
411, Springer, 1974, 1-12].

3. Let E, F  be two r-tuples, | E  П F \ =  j. Let us count the number of 
r-tuples adjacent to both E and F. We get

(1) if j  <  2 г — r, there are no such r-tuples,
(2) if 2i — r <  j, the number of r-tuples adjacent to both E  and F is

min(i,j) i j  ir  _  j  2 /n _  2 r 4 -  j\
2  ■ , =  //» )J i t -г W l* — vj (?• -  2г +  v)

(we consider i and r fixed).
The polynomials fj(n) are distinct for j  — 2i — r, 2i — r +  1 ,. . . , r — 1, 

since their leading terms are
ir — fl2 nr-*i+J ,r . .
г — j) (r — 2г -f- !

P - Ü —  if i < j < r .
UJ (r — г)!

Thus, if n is large enough the numbers fAri) are distinct for j  =  2 i — r, . . . , 
. . .  , r — 1. This implies that we have the characterization:

\E П F| =  j  iff the number of r-tuples adjacent to both E and F is equal to fj(r). 
Thus, if we define a graph on the points of Li(Krn) by joining two of them 

when the number of neighbors they have in common is ft-i(n) (note that 
2 i — r i — 1), we get Lj^K^).  a is therefore an automorphism of 
Proceeding similarly, we get that a is an automorphism oiL 0(Krn). But L0(Krn) =  
=  L(Krn), so a is an automorphism of L(Kn). By 15.2, this implies that a is 
induced by a permutation of V(Krn) [C. Berge; ibid.].

4. (a) Let S v  be the stars of points of G, and consider the hypergraph

H  =  (E(G), -S,,}).
It is obvious that i {̂H) ^  G.

More generally, let C\........Cm be complete graphs such that Сг U . . .  U Cm =
— G. For each x 6 V(G), let Ux be the set of those C,’s containing x, and set

H =  ({C1 , . \ .>,Cm}-,{Ux -\xiV(G)}).
Then L(H)l^ G. The natural correspondence is a( Ux) =  x and it is trivial to 
verify that it is an isomorphism.

Conversely, suppose L(H) G for a hypergraph H  and let a : L(H) —> G be an 
isomorphism. For each v £ V(H), let Cv be the subgraph of G spanned by the 
points a(E), where v £ E 6 E(H). Obviously, Cv is a complete subgraph, 

у CV =  G and if Ux denotes the set of complete graphs Cv containing x, we
vev(H)
have

H ^ ( { C v :v£V(H)}-, {Ux :x£ F(6?)}).

(b) We prove by induction on n that G is the union of -—- complete graphs.
4
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Por n =  2 this is obvious. Let n >  2, and let x, у be two adjacent points.

G — X  — у is the union of t =  —— —  =  — — n +  1 complete graphs Cv4 J L 4
. . . ,  Ot and certain isolated points.

Let z £ V(G) — x — y. It z is adjacent to both of x, y, then let Cz be the tri­
angle xyz. If z is adjacent to x or у only, then define Cz as the edge joining z to 
x, y. Otherwise, let Gz — {z}. Also let C0 be the edge (x, y). Now adding the new 
complete graphs C0 and Cz (z £ V{G) — x — y) we get

n2t + n — 2 + 1 =  —
4

complete graphs whose union is G.

Thus we can cover the edges of G by ■— complete graphs and this yields aL 4
hypergraph with line-graph 6? on — points.

4
The result is sharp, as is shown by a complete bipartite graph Ki  n-i rn+n

I X l  ' L 2 J
[P. Erdős-A.W. Goodman Pósa, Canad. J. Math. 18 (1966) 106-112].

5. (a) Let x, y, z be three points of G such that, removing any combination of 
them, G remains connected (i.e. x, y, z are three endpoints of a spanning tree of 
G\ if the only spanning tree of G is a path, then G is a path or circuit and there­
fore a line-graph).

Let G — x ad L(HX), G — у L(IJy), . . . ,  G — x — у L(Hxy) , . . .  G — x — 
— у  — zodL(Hxyz). Then L(Hxyz) L(Hxy — ez) for the edge ez corresponding
to z. Since I E(Hxyz) I >  6, this means that the isomorphism between L(Hxyz) 
and L(Hxy — ez) is induced by an embedding of Hxyz into Hxy. Similarly, we get 
a whole lot of embeddings (illustrated in Pig. 113), which commute with the 
isomorphisms between L(Hxy), etc. and the corresponding induced subgraphs 
of G (Fig. 113).

Since we also know that the embedding of Hxyz into'Hx, Hy, Hz is unique, this 
diagram commutes. So we may identify all points mapped onto each other by 
embeddings, and form the union H. The edges of H correspond to the points
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of G in the natural way and it is easy to check that this correspondence is an 
isomorphism between L(H) and G.

(b) Let Gv . . .  ,Gk be those simple graphs which are not line-graphs but 
each proper induced subgraph of which is a line-graph. Since by the preceding 
problem they have at most nine points, their number is finite.

Now if G is any simple graph which is not a line graph, then it contains a min­
imal induced subgraph, which is not a line graph, and this is one of Gx, . . . 
■ ■ . , Gk. Conversely, if G contains one of Gv  . . . , Gk then, obviously, it cannot 
be a line-graph.

6 . (a) Suppose the points a, b, c, d, of G =  L(H) form a 3-star with center a. 
Then the edge a is adjacent to b, c and d; some two of them b and c say, start 
from the same endpoint of a. But then b and c are adjacent.

Now let abc, bed be odd triangles, we claim a, b, c start from the same point 
of H. Suppose indirectly that a, b, c form a triangle of H. By definition, there 
is an edge x adjacent to one or three of a, b, c. But this is impossible since x 
must start from a point of the triangle formed by a, b, c in H  and so, x is adja­
cent to two of a, b, c. Thus a starts from the common point of b, c. Similarly, 
d starts from the common point of Ъ, c implying that a, d are adjacent.

(b) We may assume that G is connected since each component satisfies (i) 
and (ii) and if they are line-graphs, then so is G. Let (a, b )  ~  (c, d) be as in 
the hint. Suppose (a, b) ~  (c, d) ~  (e, /) are distinct edges of G, we show that 
(a, b) ~  (e, f) (the other criteria for an equivalence relation are trivially ful­
filled). Observe that [a, b, c, d} spans a complete graph. Consider a and e 
(say), a ^  e. If a =  c or d, then a, e are trivially adjacent so suppose a ^  c, d; 
similarly e =̂ =c, d. Then acd is an odd triangle (if b =  c or d this follows immedi­
ately from the definition of equivalence, otherwise b is adjacent to three points 
of it), similarly ede is an odd triangle, whence a and e are adjacent by (ii). 
Now, if (a, b) and (e, /) have no common endpoint we immediately conclude 
that (a, b) ~  (e, /). Suppose a =  e. If c or d is different from a, b, /, then it is 
adjacent to three points of the triangle abf, so this triangle is odd; if (c, d) 
is also an edge of this triangle, then it must be odd again. So (a, b) ~  (e, /) 
follows again.

Let Gv . . .  , CN be the equivalence classes of the relation ~ .  They obviously 
form complete graphs. We show that each point of G is contained in at most 
two of these complete graphs unless G is one of the exceptional graphs shown 
in Fig. 114a, b, c.

Assume that x £ V(G) is contained in three complete graphs, i.e. there are three 
non-equivalent edges (x, y), (x, z) (x, u) adjacent to x. By (i) some two of y, 
z , и are adjacent; say (y, z) £ E(G). Since xyz is not an odd triangle, и must 
be adjacent to one of y, x, say (и, у) £ E(G), and then (и , z) E(G). If | V(G) \ — 4, 
then we get(a) in Fig. 114.

If G is larger, then there is a point v adjacent to one of x, y, z, u. It must be 
adjacent to an even number of points of the triangles xyz and xyu, therefore 
it must be adjacent to one of x, y. Let, say, (v, x) £ E(G) (the roles of x and у 
have been symmetric as, obviously, (y, x), (y, z), (y, u), are non-equivalent). 
By (i) v is adjacent to one of z and u, say (u, v) £ E(G). Again, because xyz and 
xyu are not odd triangles (v, y) £ E(G) and (v, z) £ E(G). If G has only five 
points, we get(b) in Fig. 114.
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Obviously, (v, x) is non-equivalent to at least one of (x, z) and (x, и), say (v, x) 
is non-equivalent to (x, u), i.e. vxu cannot be an odd triangle; for if it were, then 
a point adjacent to an odd number of points of vxu would be adjacent to an 
odd number of points of one of the triangle vxz, xyz, xyu, as is easy to verify. 
Thus, the roles of y, z, u, v are symmetric.

Now suppose that G has a further point w, adjacent to one of the x, y, z, u, v. 
w cannot be adjacent to x; for if it were, then one of (y, v) as well as one of z, и 
ought to be a neighbor of w; let, say, (y, w), (z, w) £ E(G), then xyz is odd, 
a contradiction. So w is adjacent to у (say) but not to x. Then it follows that it 
is adjacent to u, v, z also. So if G has 6 points, we have(c) in Fig. 114.

Observe that no two edges spanned by x, . . . ,  w can be equivalent, hence the 
roles of x, . . . , w are symmetric. Therefore, the argument of the last paragraph 
shows that no further edge can be adjacent to any of the points x, . . . , w, i.e. 
indeed we only get the three graphs of Fig. 114.

Now it is easy to complete the proof. If G is one of the graphs of Fig. 114. 
then it is a line-graph of the corresponding graph in Fig. 114a', b', c'. 
Otherwise, G can be covered by edge-disjoint complete subgraphs so that each 
point is contained in exactly two of them (we add one-point graphs, if neces­
sary). As in 15.40a, this implies that G is a line-graph.

(c) We claim that G is a line-graph of a simple graph iff it does not contain 
any of the graphs shown in Fig. 115 (p. 514) as an induced subgraph.

It is immediately clear that these graphs are not line-graphs since they violate 
(i) or (ii) of (a). Conversely, suppose G is not a line-graph. Then it either contains

33 Lovász

(Ы(a)

(o')(b'l
F i g . 114
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the 3-star as an induced subgraph or it violates (ii), i.e. there are points a, 
b, c, d such that abc, bed are odd triangles and a, d are non-adjacent. Let e 
and /  be points adjacent to an odd number of points of abc and bed, respec­
tively. Then there are several cases to distinguish: e =  f  or e which points 
of the corresponding triangle are adjacent to e, f. The consideration of these 
cases is straightforward but lengthy; they yield the graphs shown in Fig. 
115. We leave the details to the reader [L.W. Beineke; see В, Н].

7. From 15.4 we know that a graph is the line-graph of a 3-uniform hypergraph 
without multiple edges iff its edges can be covered by complete subgraphs so 
that each point is contained in three of them and each edge is contained in at 
most two of them.

Now suppose that the graph shown in Fig. 20 (p. 138) is a line-graph, i.e. it has 
such a decomposition into complete graphs. Obviously, (x0, zx) and (y0, zx) must 
be complete graphs by themselves. Since zx is contained in three complete 
graphs only, zv  xv y 1 must be one. Similarly, uv xv y l must be one of the 
covering complete subgraphs. Thus (xv y x) is already contained in two covering 
complete subgraphs, hence (xv  z2) and (yv z2) must be covering complete 
subgraphs by themselves. From here on, the argument periodically repeats 
till we get that (xn, zn+1) and (yn, zn+l) are covering complete subgraphs by 
themselves. Since, obviously, so are {xn+l, z„+1) and (yn+1, zn+1), zn + 1  is 
contained in four of them, a contradiction.

Now remove a point from G. There are essentially four kinds of points: xt 
(or yt), Zj, Uj ,  Vj (or Wj ) .  Figure 116 shows how to decompose G — t into complete 
subgraphs, if t =  Xj, zit uit vt [L. Nickel].
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8. (a) See Fig. 117.
(b) This is just a re-formulation of the corollary, which has been drawn 

from 6.69.
9. (a) Let ex =  (x, y), e2 =  (x, 2) be adjacent edges of Gx; we show that t/j(ex), 
ip{e2) are adjacent as well. If ev e2 are parallel, clearly so are y(ex), ip(e2). Since 
G1 — ж is 2-connected it contains a circuit Cx through у and 2, if y ^  z. Then ip(C)

:i3*

F i g . 117
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is a circuit in Go. Since C -j- e, contains no other circuit, neither does ip(C) -f- 
+  w(ei)- Therefore, ?/.'(e1) is not a chord of ip(C), i.e. it has an endpoint и not on 
ip(C). But C +  ex +  e2 contains a circuit C' through ex and e2. Then xp(C') C  
C y>(C) -f- ip(ex) -j- у(ег) is a circuit in Go, containing ip(ex) and ip{e2). Thus there 
is an edge of \p(C') adjacent to u. This edge must be гр(е2). So f(ex)
and y>(e2) are adjacent.

(b) Now let x £ V(вх), and let ev . . . , ek be all edges adjacent to x. Then 
ip(ê ), . . . , rp(ek) intersect by pairs and no three of them form a triangle. Hence 
there is a point rj(x) contained in all oiy>(e )̂, . . . , ip(ek). The point rj(x) is unique; 
for if a и ^  rj(x) also belonged to y(ex), . . . , y>(ek), then y>(ex), . . . , ip(ek) would 
be parallel; thus ev . . .  , ek would be parallel, i.e. x would have a unique neigh­
bor, which is impossible, as Gx is 3-connected. Hence rj is well-defined. Let 
и d V(G2) and f v . . .  , fk be all edges adjacent to u. As above, there is a unique 
point x £ V(GX) contained in гр~Ц1х), ■ ■ ■ , v>_1(/a)- Then rj(x) is contained in 

and hence и =  rt(x). Therefore, r](x) is onto. Similarly, it follows that 
it is one-to-one. Also, if (x, y) =  e £ E(G), then rj(x), r](y) are endpoints of 
ip(e). Therefore rj is an isomorphism [H. Whitney, see loc. lit. p. 507].

10. If r =  2 the assertion is trivial. Assume r >  2. Let v (vr) be the point next 
to xr (x'r), which has degree at least 3. Remove xr and all inner points of the 
path joining xr to v from T, and remove x' and the inner points of the (x'r, v')-
path from T ' . This way we get two trees T v T[ with endpoints x , , ......... xr_ x
and x[, . . . , x'_j, respectively. Obviously, the distance between x(- and Xj 
is the same in T  and T x (1 <L i <. j  < 1  r — 1) and similarly for T'  and T\. 
Thus, by the induction hypothesis, Tl ad T[, and, in fact, there exists an iso­
morphism (p such that (p(Xj) =  x/.

We show that cp(v) =  v'. Consider the unique {(p(v), x')-path, and extend it to 
a path joining x ■ to x' (l <  i <  j  <, r — 1). Then

while
d(x'i, x'j) -[- d(x'i, x‘r) — d(x'j, x') =  2d(x'{, v'), 

d(Xj, Xj) +  d(x;, xr) — d(Xj, xr) =  2d(xh v).

So by the assumption d{xt, v) =  d(x\, v'), which implies that v' =  cp(v). It 
also follows that d(xr, v) — d(x'r, v'); for

d(xr, Xj) +  d(xr, Xj) — d(xt, Xj) =  2d(xr, v) ,

d(x'r, x)) -f d(x'r, x'j) — d(Xj, x'j) =  2d(x'r, v')

and the left-hand sides are equal by the assumption. Now cp extends to an 
isomorphism of T  onto T' obviously [E/A. Smolenskii, Zhmnal Vychisl. Mat. 
i Mátém. Fiz. (1962) 371-372].
11. (a) Let Pjj be the (unique) (x/; x;)-path in T. Let Q be the (unique) (P/;, xk)~ 
path and denote by v its beginning point. Then, obviously

d(xit Xj) +  d(Xj, xk) — d(Xj, xk) =  2d(Xj, v)

which proves (a).
Now consider the two paths Py and P kl. They may have 0, 1 or at least 2 

points in common. Suppose first that they do not meet, then let Q be the
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(Py, P w)-path with endpoints и £ F(Py), v 6 V(Pkl). Let Bit Bj be the (ж,-, u), 
(Xj, w)-paths and Rk, B t be the (xk, v), (x,, »)-paths in T. Then

So

P ik =  R,  U Q U Rk, Pj, =  RJ { J Q \ J R l
Pjk =  R j ö Q U  Rk, P„ =  Ä , U Q U  В,.

djk-\- dji — du +  djk =  d/j +  dkl -f- 2d(u, v),

which proves assertion (b) in this case.
Now suppose that Py and Pkl have exactly one point v in common. Then 

considering the form of paths joining v to xit xp xk xt we get, in the same 
way as above,

dij +  dkl =  dik -f- djt =  da -(- djk.

Finally, if Py and Pkl have more than one point in common, then either P ik 
and Pji or P it and Pß  do not meet and we have the first case by exchanging 
indices.

(c) Suppose a tree T' is constructed with endpoints xv . . . , xr_k such that 
d(Xj, Xj) =  djj holds in T' for each 1 i <  j  r — 1.

Let Xj, Xj be two points of T' such that

dri +  drj — djj
is minimal. Let v be the point on the (xit 3y)-path in T'  for which

d(v, Xj) =  — (dri +  djj — drJ)
Jj

and join xr to v by a path of length — (dri +  drJ — djj) (this is possible since these
2

numbers are natural numbers by (a)). We claim that the resulting tree T  satis­
fies d(xk, Xj) =  dkl, for any I <L к <C I <L r. This is trivial unless l =  r. It is 
also easy to see, when к =  г or к =  j  from the definition of u, so suppose к ^
^  j •

By (b), two of the numbers dy -f- drk, d ir -f d]k, djr +  dik are equal and not 
less than the third. We claim that djj -|- drk is not less than the other two. 
For suppose

djj +  drk <  dir 4- djk,
then

drk +  drj — djk <  dri -j- drj — djj,
which contradicts the choice of i and j. So, for a suitable choice of indices i, j,
(1) djj +  dkr =  d ir -f- djk djr -f- d ik.

Now T  itself satisfies (b), and, in fact, the (xr, x;i)-path and (xit cr;)-path in T  
certainly intersect. Hence, by the solution of the preceding problem
(2) d(Xj, Xj) +  d(xk, xr) =  d(Xj„ xr) +

+ d(xJt, x k) >  d{Xj„ xr) + d(xio, xk),



where (i0, j0) is a permutation of (i, j). Since we have d(xh Xj) =  dt], d(X(0, xr) =  
=  ditr etc., (1) and (2) imply that we may assume i0 — i, j 0 =  j  and then (1) 
and (2) imply

d(xk, xr) =  dkr

[K.A. Zaretskii, Usp. Matem. Nauk. 20 (1965) 6, 94-96].

12. (a) The number 21 occurs in {a, +  « / : 1 <1 i <  j  <L n} exactly
' Ik +  11 f к +  1 \

ÍTo . 2r (2/ — 2 v)

times if l is odd and

' / A + 1 W 4  +  1 _  +  Ц2 , (* +  1 '
Ä  \ 2 v ) \ 2 l - 2 v) 2 Li I ] I / J.

times if l is even. It occurs in {6,- +  6/ : 1 <  i <  j <  n) exactly

' r J / i + l U  k +  1 Ц / * + 1 | »  k + 1
о (2v +  1 \2 l — 2 v — 1 2 l , I

times if l is odd and

v P  +  M i * + 1  I
r r0 (2r +  lj \2l — 2 v — l )

times if l is even. Suppose, e.g. I is odd, then one has to verify that

' [ i +  lj !k  +  1 j = ' ^ f f c  +  1 I к +  1 I _ H | *  +  1 2 +  [ * +  1 ' 
■“  2r J (2l — 2v) i“ o I2r +  lj Ul -  2r — lj 2 [\  l . ( l j.

or, equivalently,

i (- i ) , P + ‘ (* +  1 = - ± Г Р + ‘ г + Р + 1 ,
Á  1 i« J >2 l -p]  LI \

which follows from identity (d) in 1.42.
(b) Suppose {a(- +  aj : 1 * <  j  n) — {bt - f-  bj■ : 1 <  i <  j  <  n}, but

{«/ : 1 <  i <; n} ^  {*>,- : 1 <; i <  n). We show that n is a power of 2. We 
may assume a,-, 6, >  0, since adding any constant to all a, and 6, the condition 
remains valid. Set

fix) =  J ? x ai, g(x) =  J?  xb‘.
! = 1 ( = 1

Then

/*(*) =  +  2  xa( + ai =  f(x2) -(- 2 аР"+0',
i =  1 1 ä , i < j ^ n  l £ i < j £ n

g2(x) =  g(x2) +  2 J? xb‘ + bi
t S i < j < . n

518 SOLUTIONS 15.12
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and thus,
f*(x) — g2(x) =  /(x2) — g(x2), f(x) + g(x) =  ] ■ ~ 9^ ~ ■

f(x) -  g(x)

We want to substitute x =  1 in the last identity, since, then we will have 2n 
on the left-hand side. But x =  1 is a root of /(x) — g(x); so write

/(x) — g(x) =  (1 — x)k+1p(x) (k >  0, p(l) 0).
Then

/ ( x 2) -  g№) =  (1  , x]k+, pi*2)
f(x) -  g(x) p(x)

and

2 n =  /(1) +  9(1) =  (1 +  l)fc+1̂ r  =  2k+1,
Ml)

which proves the assertion [J. Selfridge-E.G. Straus, Рас. J. Math. 8 (1958) 
847-856].

13. More generally, we prove that, if

h(sv . . . , s k) = j ? x i M  . . .  M

(where (cfl, . . . , cik) ^  (cyl, . . . ,  cik) for i ^  j) vanishes for any choice of s1( . . .  
• • • > sk 0. then ax =  . . . =  aM =  0. The assertion of the problem will follow 
by considering h = f  — g.

Let cv . . . , cp be the distinct values of cik (1 i <, N). Then 

h(sv  . . .  , sk) — ^>hi(s i> • • • > sk- i) |̂ 'J > 

where hl is of the same form as h. Setting x,- =  А,(в1; . . . , s^-i), we have

*i +  • • • +  xp — 0,

fjj *,+ ••• + ('j *, = 0.
( 1 )  :

(P - i b + ' - - + [1, - 1b = 0 '
We claim that the determinant of this system of equations is non-zero. We use 
the formula

y S ( n ,  É)4!Í*| =  x»,
k=0 W

where S(n, k) are Stirling numbers of second kind (see 1.7). Multiply the 
(t +  l)st row of the determinant of (1) by i ! and then add S(j, i ) times the



(i +  l)st row to the (j +  l)st row (; =  1......... p  — 1; i =  j  — 1, . . . , 0). Then
we get

сЛ |cpj 1 . . .  1
oj 0 / cx . . .  cp

~  0 ! 1 ! . . .  (p -  1) ! '
(  C l  )  I cp c p - 1  c p ~ i

\ P -  lj li>— lj 1 ■■■ p

=  П
1 £i<j£p г )

Thus (1) has only the trivial solution for xv  . . . , xp, i.e. ht(ev  . . . , sk_i)  =  0
for any choice of non-negative integers sv  . . .  , sk_ v Using induction on Jc
(k =  0 can be considered as true) we find that all coefficients А,(в1; . . . , sk_ 1) 
are 0 . Thus so are all coefficients in h(slt . . . , sk).
14. Form

^ \E (G i  — x — y) |.

Here each edge is counted at each pair x, у different from its endpoints, hence

2 ? \ Е ( в , - х - у )I =  | |F | - 2 ) щ а м -
x*y У 2 )

This implies that |£ ,(Cr1)| =  \E(G2)\. Now form

2  \E (Q i -  x o -  y)\>

where x0 is fixed. If e is an edge adjacent to x0, then e is counted here |F| — 2 
times; otherwise, it is counted |F| — 3 times. Thus,

2  IE{$ i  -  *o -  У)I -  (IЛ  -  3) \E(Gi)\
уф*«

is the degree of x0 in a,. Since this value is the same for i =  1 and 2 , 
daA* o) =  da,(x0).

Finally, we have

щ а м  — IE(Gt — x — y) I =  d0 i{x) +  da,(y) — е,(ж, у),
where ег(ж, у) is the number of (x, y)-edges in Gt. Since the other terms do not 
depend no i, we have ex(x, y) =  e2(x, y), i.e. Gv  G2 are identical.
15. (a) Let Hv H 2 be two circuits with F(//j) =  V(H2) — V. Then Hx — x 
is a path of length |F | — 2 and so is H 2 — x. So H x — x ad II2 — x for all 
x £ F, but, of course, IIx and H 2 need not be identical. Thus the assertion is 
false.

(b) Let Gj — x have f(H, Gt — x) subgraphs isomorphic to H. Form

2  /(я - G‘ -  x)•xe V

520 SOLUTIONS 15.14
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Then each subgraph of G,- isomorphic to H is counted here )F| — 1 V(H) \ 
times, so

2  G i - x )  =  ( \ V \ -  \V(H)\) f(H, Gt).
x e v

Since IFI >  IV(H) I by the assumption and the left-hand side is the same 
for г =  1, 2, we get

/(Я, Gx) =  f(H, G2)

as stated. The same argument works for induced subgraphs.

(c) Suppose first that Gx consists of an isolated point and a connected com­
ponent H on I F| — 1 points. Then G2 has an induced subgraph H' isomor­
phic with H, by the preceding assertion. Since we have, by the preceding 
assertion again, \E(GX)\ =  \E(G2)\, it follows that G2 has no edge other than 
those of H' , i.e. G2 consists of H' and an isolated point. Thus Gx sd G2.

Conversely, if G2 has a component with | F| — 1 points then, similarly, Gx ad 
ad G2. Thus, in every case, the number of components of Gx and G2 isomorphic 
with H, where |F (#)| =  |F | — 1, is the same.

Suppose that this holds for each connected graph H  with |F(H)| =  
=  IFI — 1, . . . , к -j- 1. Let I V(H)  [ =  k. To get the number of components 
of Gj isomorphic with H we count all induced subgraphs of Gt isomorphic 
with H  and subtract the number of induced subgraphs, isomorphic with Hr 
of larger components of Gt. By the preceding problem and the induction hy­
pothesis, this number will be the same for i — 1 and 2.

So Crj, G2 have the same number of components isomorphic with any given H, 
hence G* G2. [P.J. Kelly, Pacific J. Math. 7 (1957) 961-968; for a survey 
on the reconstruction problem see J.A. Bondy-R. Hemminger, J. Graph 
Theory 1 (1977) 227-268.]

16. (a) First we remark that since

dTl(x) =  |F | -  1 -  \E(Tj -  *)| =  |F | — 1 — IE(T2 -  x)\ =
=  dT2(x),

T 1 and T 2 have the same endpoints. Let IF be the set of these endpoints.
If I IF I =  2, then both T v T 2 are paths and thus T x od T 2. We will assume in 

the sequel that |TF| ^  3.
Let P  be any maximum path in i71 and x an endpoint not on P. Then by T 2 od 

od X =  Tx — /  D P i t  follows that T 2 also contains a path of the same length. 
Hence the diameter of T 2 is at least as large as the diameter of Tv  This being 
true conversely as well, it follows they have the same diameter d.

(b) We discuss the case of even d. The odd case is simpler. Let с,- be the 
center of T t. We may assume d >  2 since, if T t is a star, then it contains a 
point of degree n — 1 and hence, the other tree is also a star.

1° Suppose first that T t — x has diameter d for each endpoint x.
Let us determine the number m((Z>) of branches of Tj attached to c,-, which 

are isomorphic to a specified tree D with a specified “root” (i.e. with a speci­
fied point to be attached to c,). We prove by “backwards” induction that 
mx(D) =  m 2(D). If |F(Z))| >  |F| this is trivially true.



Let us count the number of all occurrences of branch D attached to the center 
of Tj — X, X £ W. Then by T x — x s*á T  2 — x, we obtain the same number. 
The branches of T l — x isomorphic to I) arise in two ways; they are either 
branches of T , themselves or arise from a larger branch of T t by removing x. 
The numbers of branches D  of the graphs T, — x arising from larger branches 
of T t are the same for i =  1, 2 since T x and T 2 have the same larger branches. 
Therefore, the numbers of branches D of the graphs T t — x, which are bran­
ches D  of Tj are the same for i =  1, 2. Since each branch D of T t is counted 
I W\ — l times, where l is the number of endpoints of D, this proves that 
m^D) == m2(D). Thus mx(D) =  m 2(D) holds for any rooted tree D. This 
implies that T { o=á T 2.

2° Let us assume that there is exactly one point x0 such that the diameter of 
T l - x 0  =  T 2 -  x0 is less than d. Then there must be exactly two branches

B\, B '2 attached to c, in T h which contain a — -path; there may be any number
2 ^

of other branches. B[ contains exactly one point at distance— from ct-; B 2 
contains at least two such points. 2

2° (a). Suppose first that neither of B\, B\ is a single path. Then B l2 is the largest 
branch in the trees T, — x (x £ W — {x0}) relative to the center, which has at

least two points at distance— from the root and so, B\ and B\ are isomorphic
2

rooted trees. Hence it follows as in 1° that T v T 2 have the same branches 
attached to their centers.

2° (b.) Assume B\ is a.single path. Then the endpoint xl o f T l — x0 adj acent to 
x0 has the property that it is contained in all (d — l)-paths of T x — x0. Hence 
7' 2 — x0 also contains an endpoint x2, which occurs in all (d — l)-paths. Now 
x0 must be adjacent to x2 in T 2, since otherwise both x2 and x0 would be end­
points of T 2 contained in all d-paths, a contradiction. x0 is connected to corre­
sponding points of T x — x0 a* T 2 — x0, i.e. T x T2.

3° The case when T x — х и Т ,  — x has diameter d — 1 for two points x 
(it clearly cannot have diameter d — 1 for more than 2 endpoints) can be 
treated anologously [15.15; ibid.].

17. (a) Let H be any graph on n points and let \G -> H \ denote the number of 
those mappings <p : V(G) —*- V(H), which are one-to-one and map adjacent points 
onto adjacent points. Then \G —► H\ can be expressed by an inclusion-exclu­
sion formula as follows. For each S c; E(G) let Gs denote the graph (V(G), S). 
Then, by a method similar to the one in 5.18,

\G -* H \ =  2  (—1 )|S| |ö s -► H\.
S  S E(G)

In particular,
(i) 1 0 ^ 0 * 1 =  2  (—DISI iefi,s — e .i,

S C E(G,)

S E E(G,)

522 solutions 15.17
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Here, the graphs G1S (S a  E(G1)) and G2 s (.S'cz E(G.,)) are pairwise isomor­
phic; this follows just like 15.14b. Moreover,

1^1 , E (G .) -* • ® 2 | =  \Gy  —  в 2 \ =  o  

since Gx has more edges than G2. Similarly,

1̂ *2, S(Gi) — I — 0-
Thus, the right-hand sides of (1) and (2) have the same terms. This implies that

\Gy —► G21 =  |G2 -*G 2| > 0 .

Thus Gy has a one-to-one mapping into G.,. Since they have the same number 
of edges, Gy ^  G2 [L. Lovász, J. Comb. Theory 13 (1972) 309-310].

(b) We may assume V(Gy) — V{G2) =  V. Consider a random permutation 
ti of V .  Denote by Ay (By) the event that e, is mapped onto a pair of non-adjacent 
points in Gy (in G~2). Define, as in 2.2a,

A, =  / /  A,-. By =  / /  By.
U 1 i il

O j =  a 'j =  2 p ( B ' ) -
\ i \ = j  \ i \ = j

Note that as in 15.14b or part (a) it follows that

Oj — o'j for j  =  0, 1, . . m — 1.

Denote by r\ and £ the numbers of Ay a and B.’s that occur. Then by 2.7b,
m m

) =  2  ('* -  !)y a r  E ■(**) =  у  ( X - i Y a).
7=o 7=o

Hence
(1) E(0)  -  E m  =  ( x -  1Г (am -  o'm).

Set here x — — 1 and use the trivial relations

1®((-1)ч)1 ^  1 and \E((-l)*)\ <, l.
Then we get by (1)

. , . . 1 1 I om om ‘C <C
2m~1 n !

by hypothesis. But from the definition of the probability field, am and o'm are 
rationals with denominator n !. Hence they must be equal.

Now, taking the constant terms in (1), we obtain

P ( r i  =  0 )  =  P ( £  =  0 ) .

But, if я is the identity, then £ =  0. So

P(V =  0 ) =  P(£ =  0) > 0,
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i.e. there is a permutation, which maps each e, onto an edge. This is then an 
isomorphism between Gx and G2 [W. Müller, J . Comb. Theory [B] 22 (1977) 
281-283].

18. We are going to show that, if |F| — к — 1, then

\E(H1 - X ) \  =  \E(Ht - X ) \ .
Let X lt . . . , X t be the ^-tuples containing Y (t — |F| — к -f- 1). Then

(1 )  2 т н г -  W ,-)| =  (\v\ - k - r + 1 ) \E(H1 -  X)\,
i=i

which follows by a simple counting. Similarly,

(2) ^  \E(H2 -  A,)| -  (\V\ - k - r + 1 )  IE(Ho -  X)\.
i=i

Since the left-hand sides of (1) and (2) are equal and \V\ — к — r-f-1  > 0, 
(1) and (2) imply that \E(H1 — T)| =  \E(H2 — F)|. Similarly this follows 
for each Y with |F| <; k.

Let T  С V, \T\ =  r. We want to calculate the multiplicity of T  as an 
edge of Hi, i.e. we want to determine the number of those edges of Hb which 
do not belong to Ht — t for any t £ T . By inclusion-exclusion, this number is

2  < - 1)|X| 1 В Д - w)|.
x e r

Since k^>r,  this number is the same for i — 1,2. Hence H v H 2 are identical 
[V. Faber, Hypergraph Seminar, Lecture Notes in Math. 411, Springer, 1974, 
85-94].

19. Let v,(X) denote the multiplicity of I C  F as an edge of H , (i =  1, 2). 
The assumption implies that

(1) Vl(X -  {*}) +  Vl(X) =  v2(X -  {a-}) +  v2(X),

since Vj(X — {a;}) +  Vj(X) is the multiplicity of the edge X  — {a;} in H,\x .  
Assume now that H1 ^  II2. Then there are sets X  CZ V with v^X) =̂ =v2(X). 
Let X  be a minimal such set. Then by (1), vx(X — {a;}) v2(X — {a:}) for any 
X £ X.  This is only possible, if X  =  0. So we may assume r1(0) >  v2{0).

We prove by induction on |A | that

^(N) >  v2(X), if |W| is even,

^(A) <  v2(X), if |A| is odd.

This follows easily from (1). In particular,

Vj(Z) >  v2(X) >  0, if |Z | is even,

i.e. every even subset of V is an edge of Ht. Similarly, every odd subset of V 
is an edge of H 2 [see C. Berge, Hypergraph Seminar, Lecture Notes in Math. 
411, Springer, 1974, 1-12].
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20. (a) Let hom (A, b) andepi (A, В ) denote the numbers of homomorphisms of 
A into В  and epimorphisms of A onto B, respectively. Observe first:

(*) If epi (Gv H) =  epi (G2, Я) for every Я, then Gx G2.

In fact, we have epi (Gv G2) =  epi (G2, G2) >  0, epi (G2, G2) =  epi (Gv G2) >  0, 
i.e. Gv G,  are epimorphic images of each other. Since they are finite, they must 
be isomorphic.

So we want to relate hom(6r, , Я) and epi(ö,, H). Obviously, each epimorphism 
is a homomorphism and a homomorphism is an epimorphism iff every edge of 
H  is in the image. So we can use the inclusion-exclusion formula and get

epi (Gj, H) — hom (Gh II) — ^  hom (Git H — e) 4-
e i E ( H )

+  hom (Gj, H — ex — e2) — . . . =  ( —l) |Sl hom (Gj, H — S).
{e., e ,}  Q  E ( H )  S  £  E ( H )

Since the right-hand sides are the same for i =  1,2  and any fixed //, we con­
clude that

epi (Gv H) — epi (G2, H)

holds for every graph H. By (*), this implies that 6?1 G2.

(b) Let mon (A, В ) denote the number of monomorphisms (=  one-to-one 
homomorphisms) of A into B. Again,

(*) if mon (H, Gj) =  mon (H , G2) for every H, then G2 — G2.

In fact, mon (G2, G2) =  mon (Gv Gt) > 0, mon (GVG2) =  mon (G2,G2) > 0, i.e. 
Gv G2 have monomorphisms into each other, whence 6гх G2 follows because 
they are finite.

To relate mon (H, Gt) and hom (//, Gj), observe that a homomorphism is a 
monomorphism if and only if it does not identify any pair of points. Let 
&[(xv ух), . . . ,  (xk, yk)) be the least equivalence relation such that xit yt belong 
to the same class (i =  1, . . . ,  k) and denote, for any simple graph H and equiv­
alence relation 0  on V(H), by IIj0 the simple graph obtained by identifying 
the points in every given class of 0  and forgetting about multiplicities of edges 
in the resulting graph. Then we can express mon(//, Gj) by inclusion-exclusion.

mon (H, Gj) =  hom (H, Gj) — J?  hom (Я/в(Хь yi), Gt) +
{x„ y,} s  v(H)

+  ^  hom (Я/в((Х1_ yt)> (xi> y,», Gj) — . . .  =
{xI,y 1}#{x!,y s} £  V ( H )

(|V(H)|\
2  (“ D k 2^ = h o m (Я/е((Х1>у1).....Gj).
k = 0  { X i , y , } # . . . # { x 4 , y t > c  V ( H )

Again, the right-hand side is the same for i =  1 and 2, so mon (Я, Gk) =  
=  mon (H,G2) and (*) proves the assertion [L. Lovász, Periodica Math. Hunq. 
1 (1971) 145-156].
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21. Let <p, y> : H —* Gr be homomorphisms, and set
t(v) =  (y(v), \p(v)) (V i  V(H)).

Then, as is easily verified, |  is a homomorphism of H into G, xG,; conversely, 
each homomorphism of H into Gx x G, arises uniquel у in this way. Hence
(1) hom (Я, GjXGj) =  (hom (H, G j)2.
Now we have

(hom (Я, Gj))2 =  hom (H, G1 xG1) =  hom (H, G2xG 2) =  (hom (H, G,))2 

and, since hom (H, Gt) >  0,
hom (H , Gj) =  hom (H, G2).

This holds for any H, so by 15.19b, we get Gy ad G2- [L. Lovász; ibid.].

22. (a) We try F =  K 2. Then observe that, if v £ ViGj), then (v, x) £ F(Gxx F) 
has the same degree as v. Therefore, G1 and G2 must have the same degrees. 
A simple non-isomorphic pair with the same degree sequence is shown in 
Fig. 118. Forming the direct products with K 2 (we set V(K2) =  {1, 2}), we get 
two disjoint 6-cycles in each case, as shown in Fig. 119.

F i g . 118

e,xx2
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(b) L et H  be any graph. For reasons sim ilar to  those in the preceding solu­
tion,

ĵ̂  hom (H , Gy) hom (H , F) =  hom (H , Gyx F)  =

=  hom (H, G2 xF)  — hom (Я, G2) hom (Я, F).

We want to show that

(2) hom (Я, Gj) hom (Я, F') =  hom (Я, G2) hom (H, F').
If hom (H, F') — 0, then (2) is trivially satisfied. If hom (H, F') >• 0 then, ob­
viously, Ьот(Я, F) > 0, so (1) implies that hom (H, Gy) =  hom(H,G2), whence 
(2) follows again.

(c) The relation (G • H)° — G°xH°  formulated in the hint is easily verified. 
Then

0 “х Я ° =  ((?! • H)° c* (G2 • H)° =  GnXH0.
Let E° denote the graph with one point and one loop. Then E° is a subgraph of 
H° and so by (b)

G \ ^ G l x E 0 ^ G 02 x E ° ^ G l .
(d) The assertion formulated in the hint follows by an argument similar to 

the one in 15.20b except that Q((xv y y), . . (xk, yk)} must be interpreted as 
the least congruence relation containing the pairs (xv у y (xk, ŷ ).

Now suppose that Gv G2, F  are finite groups and
Gyx F  odG2 xF.

Denoting the number of homomorphisms of the group H into the group G by 
hom (H , G), we have

hom (Я, Gj) hom (Я, F) =  hom (Я, G2) hom (Я, F), 

for each finite group Я. Since hom (Я, F) ¥= 0, this yields

hom (Я, Gy) =  hom (Я, G2),
whence Gk G2.

For finite rings the proof is the same. In fact, it is the same for any three alge­
bras G], G2, F provided F  has a 1-element subalgebra. [For a generalization to 
categories see L. Lovász, Acta Sei. Math. 33 (1972) 319-322.]



Dictionary
of the combinatorial phrases and concepts used

Abel identities: see 1.44.
Adjacency matrix of a graph G with vertices vv  . . ., vn: the matrix Aa =  

— (aij)?,j=i> where atj is the number of (vt , iq)-edges.
Adjacent: see graph.
Arborescence: a digraph G with a specified vertex a called the root such that 

each point x ^  a has indegree 1 and there is a unique (а, я)-path for each 
point x. Arborescences can be obtained by specifying a vertex a of a tree and 
then orienting each edge e such that the unique path connecting a to e ends at 
the tail of e. An inverse ~  is the digraph obtained from an arborescence by 
inverting its edges.

Automorphism of a [di\graph: a permutation a of V(G) such that the number 
of (x, ?/)-edges is the same as the number of (a.(x), a(«/))-edges (x, у 6 V(G)). 
We also speak of the automorphisms of a graph G with colored edges. This 
means a permutation a such that the number of (x, y )-edges is the same as the 
number of (а(ж), a(y))-edges with any given color. The set of all automorphisms 
of a [di (graph forms a permutation group A(G).

Balanced circuit in a hypergraph: a circuit (aq, Ev . . .  ,xk, Ek) such that either 
к =  2 or there is an incidence xt £ Ej, where j  =Ai, i — 1 and (i , j) ^  (1, k). 

— hypergraph: a hypergraph in which every circuit of odd length is balanced.
totally ~  hypergraph: every circuit is balanced.

Bell number: see partition.
' 7bBinomial coefficient : the number of ways to select к elements out of n. 

One has
, 1, W .1  = » ( n - l ) . . . ! » - i + l )  ,0 ■ £ * < „ )

Uj *!(» — *) 1 £!
and by definition [k\ , ;, . , .J =  1, (к =  0, 1, . . .).

(oj
7bFormula (1) defines for any real (or complex) value of n. 
к
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Bipartite ( 2-chromatic) graph'. A graph G admitting a bipartition or 2-coloration 
{A, B} of its points such that each edge connects a point of A to a point of В 
(cf. chromatic number).

Block of a graph G: a cut-edge or a maximal 2-connected subgraph. Each edge 
is contained in a unique block. Blocks could also be defined as classes of the 
equivalence relation on E(G) defined by “e and /  are on a circuit or e =  / ”. 
The blocks of a graph give a “cactus-like” structure; each point belonging to 
more than one block is a outpoint, and the number of branches relative to any 
point is the same as the number of blocks containing this point (Fig. 120). 
Blocks containing one outpoint are called endblocks.

F i g . 120

Branch of a graph G relative to a point x: a subgraph consisting of a com­
ponent Gx of G — x, the point x and all edges connecting x to Gv

Bridge of a subgraph Gp. A (connected) subgraph В such that either В consists 
of a single edge with both endpoints in Gx or В consists of a connected compo­
nent of G — V(Gf) together with all edges connecting this component to G L and 
their endpoints in Gv  The bridges of Gx partition E(G) — E(GX); i.e. they could 
also be defined as classes determined by the equivalence relation “ex~ e *  iff 
ex =  e2 or there is a path connecting e, and e2 disjoint from G ”.

Brooks’ Theorem: see 9.13.

Brun’s Sieve: see 2.13.

Burnside Lemma: see 3.23.

Cayley Formula: see 4.2.

Characteristic polynomial of a graph G: The polynomial pa(X) =  det (XI — Aa), 
where A 0  is the adjacency matrix of G. This clearly does not depend on the 
labelling of points. The roots of the characteristic polynomial, i.e. the eigen­
values of Ag , are called the eigenvalues of the graph G.

Chord of a subgraph 6 j C 6 : an edge e £ E(G) — E(GX) connecting two points 
Oft?!.

34 Lovász
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Chromatic index of a [hyper]graph G: the least integer к for which the edges 
of G can be ^-colored such that adjacent edges have different colors. We denote 
it by q(G). Clearly q(G) =  x(L{G)).

Chromatic number of a graph [digraph, hypergraph\G: the least integer к for 
whichG has a “good ^-coloration” (see below), we denote this number by %{G). 
Clearly, %(G) >  0, if G is non-empty; %(G) >  1, if E(Q) is non-empty. %(ß) =  
=  oo if G has a loop [or, when G is a hypergraph, it has an edge with less 
than 1 endpoints].

Chromatic polynomial Р0(Я) of a graph G: the number of good Я-colorations of 
G (Я =  0, 1, . . .). This turns out to be a polynomial in Я (for fixed G) and so, 
its definition can be extended to all real (or complex) values of Я. Note that 
two Я-colorations differing in the labelling of colors count as different.

Circuit in a graph: a walk (xx, ev . . . ,  xk, ek, xk+1) such that xv _, xk are dis­
tinct points, e1, . . ., ek are distinct edges and xx =  xk+l. If the graph is simple, 
we will denote it by (xv . . ., xk).

~  in a digraph: a circuit in the graph obtained from G. by replacing each 
oriented edge by an unoriented one with the same endpoints. Cf. cycle.

~  in a hypergraph-, a sequence (xv E v . . .  , xk, Ek), where x v . . . ,  xk are 
distinct points, E v . . ., Ek are distinct edges and x, £ Et (i =  1, . . ., k), 
xi+1 £ Et (i =  1, . . ., к — 1) and xx £ Ek. к is the length of this circuit.

Clique: a maximal complete subgraph of a graph.
Clutter: a hypergraph in which no edge contains another.
Collection: a set S together with an assignment of positive integers called mul­

tiplicities to the elements of /S'; anything not in S can be said to have multipli­
city 0. If оЯ, Si are collections then аЯ. q8 is defined as the collection in which

the multiplicity of x is the sum of its multiplicities in <Л and Si. пиЛ =  Ж  -f . . .
m

<A. m -collection: a collection in which each element has multiplicity 
less than m. mx  is the set of all m-collections of elements of X.

Coloration: a (legitimate, good) ^-coloration of a graph [digraph, hypergraph] 
is an assignment of “colors” (usually one of the integers 1, . . k) to the 
points such that the endpoints of every edge have different “colors”.

-̂colorable graph [digraph, hypergraph]: it has a good ^-coloration.

Complement of a simple graph G: the simple graph G defined by
F(G0 =: V(G), E(G) =  { ( X ,  у) : x, у £ F(G), x Фу,  (x, y) $ E(G)}.

Clearly (G) =  G.
~~ of a simple digraph G: the simple digraph G defined by 

V(G) =  V(G), E(G) =  V(G) x  V(G) -  E(G).
Complete graph: a simple graph in which any two distinct points are adjacent. 

A complete graph on n points will be denoted by K n.
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Complete bipartite graph: a simple graph whose points can be partitioned into 
two classes U, W such that two points are adjacent iff one of them belongs 
to U and the other to W. If \U\ =  n, and \W\  — m, then the complete 
bipartite graph is denoted by K n>m.

Component (connected ~ )  of a graph G: a maximal connected sub­
graph of G. Any two connected components of G are vertex-disjoint and each 
vertex (and edge) belongs to one of them. Their number is denoted by c(G); 
et(G) denotes the number of those connected components with an odd num­
ber of points.

strong ~  (of a digraph): maximal strongly connected subgraph.
Connected graph-, a graph, which is not representable in the form Gx U G2, 

digraph where Gt and G2 are vertex-disjoint non-empty graphs. Equivalently: 
any two points are connected by a path in the graph.

weakly ~  digraph: a digraph not representable as Gl U G2, where Gv G2 

are vertex-disjoint non-empty digraphs.
strongly —• digraph: a digraph in which any two points are connected by 

a (directed) path.
•— hypergraph: it is not representable as / / ,  U H2, where Я,, H2 are vertex- 

disjoint non-empty hypergraphs. Note that if 0£ E(H), H is not connected.
^-connected between a and b: if less than le points (^  a, b) and/or edges are 

removed, there still exists an (a, 6)-path in the [dijgraph (removal of edges 
is only needed when a, b are adjacent).

~  [dijgraph G: on at least к -f- 1 points, k-connected between any two points. 
Equivalent formulations: \V(G)\ [> к -(- 1 and G — A  is [strongly] connected 
for any set I c F ( ö ) ,  |X | <[ к — 1. Or, for a graph: G cannot be represented 
as ö j U G2, where V(Gf), V(G2) ^  V(G) and IFffl^) П V(G2) \ <  к -  1. The 
complete graph K n is thus (» — l)-connected but non и-connected. Connected 
and 1-connected are equivalent for graphs with at least two points.

Contraction of an edge e of a [digraph : removal of this edge and identification 
of its endpoints. Contracting a subgraph means contracting all edges of it 
(the order in which the contraction is made is irrelevant). Note that multiple 
edges may appear.

&-cover of a \hyper)graph: a collection of points such that each edge contains 
at least lc of them. (Point-) cover: 1-cover: A /ь-cover can also be regarded as a 
mapping t: V(G) —► {0, 1, . . .} such that £  t(x) >  к for each edge E.

X€E
fractional cover: an assignment of a non-negative real weight t(x) to each 

point X such that £  Kx) Sä 1 f°r every edge E.xeE
Critical: a graph G is called (edge-)critical with respect to property P, or criti­

cally having property P  if G has it but, on removing any edge, the resulting 
graph will not have property P. Point-critical is defined analogously. 
«.-critical: «(G — {e}) >  «(G), for each edge e.
1 -critical: y(G — {e}) <  y(G), for each edge e
%-critical: r(G — {e}) <  r(G), for each edge e.
v-critical hypergraph: v(H — x) =  v(H), for each x £ V(G).
factor-critical graph: G has no 1-factor but G — x has a 1-factor for each point x.

34*



(a, 6)-cut: a set F  of edges representing (covering) all (a, &)-paths. The cut de­
termined by S c.V(G) is the set of edges connecting S  to V(G) — S. If C is a 
cut in the digraph G determined by S', then C* is the cut determined by 
V(G) -  8 .

Cutset (separating set): a set of points [edges] in a connected graph whose remov­
al results in a disconnected graph. A outpoint [cut-edge'ov isthmus\ is a point 
[edge] forming a cutset by itself.

Cycle in digraph: a walk (xv ev . . ek, xk+1), where xv . . xk are distinct and
x k+ 1 =  b i ­

cycle index of a permutation group Г : the polynomial

pr(xv . . ., xn) =  2  xi (n) ■ ■ ■ хпп(л)’лег
where n is the number of objects Г  acts on and kt(л) is the number of г-cycles 
in the cycle decomposition of the permutation n.

Degree (valency) of a point x in a [hyper]graph G: the number of edges con­
taining X (in the case of graphs a loop is counted twice). The degree of x is denoted 
by da(x). d(G) denotes the maximum degree of G. A graph is к-regular if every 
point has degree Jc. The indegree [outdegree] of a point ж in a digraph G is defined 
as the number of edges with their head [tail] in x\ they are denoted by da(x) 
and йо(ж), respectively.

Diameter of a graph G : the maximum distance between points of G.

Digraph: a set V(G) of points or vertices, a set E(G) of edges, and an assignment 
of an ordered pair of points with each edge; the first and second elements of 
this pair are called the tail and the head of the edge, respectively. Two edges 
are parallel, if they have the same heads and tails. The digraph is simple, if it 
contains no two parallel edges. In this case, E(Q) can be considered as a subset 
of V(G) X V{G). IfG is a graph and for each edge we declare one of its endpoints 
to be its head, the other one its tail, we obtain a digraph called an orientation 
of G. If e — (x, y) £ E(G) we use either of the phrases: e is directed from x to y; 
у can be reached from x on e; e leaves x and enters y. Cf. also graph.

Distance between two points x, у in a graph G: the minimum length of (x, y)- 
paths; if no path of G connects x to y, their distance is ° o .  It is denoted by 
dG(x, y) —- or shortly d(x, y), if the graph G under consideration is well-deter­
mined.

Dual map’ of a connected planar map G: the map G* constructed as follows. 
We select a point xF in each of the faces F of G; these will be the vertices of G*. 
Also we select a point pe on each edge e of G. We connect each point pe to the 
points xp , xF,, by Jordan curves Je, interior to F and F', respectively, where 
F, F' are the two faces adjacent to e. If F =  F' (i.e. the same face of G bounds 
e from both sides), then Je, J'e should connect pe to xF such that they leave pe 
on different sides of e (this happens, if e is a cutting edge). Moreover, let us choose 
Je, J'e such that the arcs Je connecting xF to points p e on the boundary of F 
should have no point in common other than xF. Set e* =  Je U J'e and E(G*) =  
=  {e* : e 6 E(G)}. Then G* is a planar map and is, essentially, uniquely defined,

532 DICTIONARY
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i.e. if G* is another dual map of G, then there is a homeomorphism rp of the plane 
onto itself such that rp(x) — x for each x(i V{G), 93(e) =  e for each e£E(G), 
9?(F(6r*)) =  V(G*) and if e* is the edge corresponding to e* in G*, then <p(e*) — 
=  e*. The dual of G* is G. The above construction and these last assertions in­
volve much from plane topology that we accept here without proof (Fig. 121).

Edge: see graph, digraph, hypergraph.
Edge-cover of a \hyper]graph: a set of edges containing all points.
fc-edge-connected between a and b: the removal of no more than к — 1 edges 

results in a [dijgraph containing an (a, 6)-path.
~  [dijgraph: /с-edge connected between any two points. Equivalently: the 

removal of no more than &—1 edges results in a [strongly] connected [dijgraph.
Edmonds’ Matching Algorithm: see 7.34.
Elementary bipartite graph: see 7.7.
Empty [hyper]graph: has no points and no edges.

Endomorphism of a [di]graph G: a homomorphism of G into itself. The set of 
all endomorphisms of G with the composition as multiplication, form a semi­
group, denoted by End(G).

Endpoint of a graph G: a point with degree 1.
~  of an edge: see graph.

Erdős de Bruijn Theorem: see 8.14.

Erdős Ко Rado Theorem: see 13.28.
Erdős Stone Theorem: see 10.38.
Euler-trail: a trail containing all edges of a [dijgraph.
Eulerian \di]graph: it has an Euler-trail.

F i g . 121
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Euler’s Formula: see 5.24.
Face: see planar map.
f-factor of a graph: given a function /  defined on V(G) an /-factor is a spanning 

subgraph G' such that dG,(x) =  f(x) for each point x. A 1-factor is, therefore, 
a system of independent edges covering all points.

Ferrer’s diagram: see 1.16.
{a, 6)-flow: a non-negative real valued function /  defined on the edges of a 

digraph such that, for each point x0 ^  a, b,

2  M  =  2  /(ß)
e—(x,.y) € E(G) e=(y,x„) € E(G)

(i.e. the amount of “water” entering x0 is the same as the amount leaving it; 

“Kirchhoff’s Law”). The value of an (a, 6)-flow f  is

w{f) =  2  f(e) =  — 2  /(«)
e*=(a,x) e=>(x,b)

Forest: a graph without circuits. The components of a forest are trees. 

Frucht’s Theorem: see 12.5.

Gallai Edmonds Structure Theorem: see 7.32.
Generating function of a sequence {an}™_0: the function

f(x) =  2 anxn .
n = о

exponential f(x) =  2  —  %n- 
fPo n\

Geometric lattice: a lattice L such that L is generated by its atoms and when­
ever x covers x Л y, x V у covers y. The rank r(x) is defined as the maximum 
length of (0, a;)-chains less one. This function satisfies: r(x) 0, x >  x' —► r(x) >
^  r(x'), if x covers y, then r(y) <C r(x) ^  r(y) +  1, and r(x V y) +  r(x f\y) <, 
<  r(x) -|- r(y). Examples of such lattices are the lattices of subspaces of any 
subset of a projective or affine plane.

Girth of a graph G: the length of its shortest circuit. The girth is 1 iff G has a 
loop and it is 2 iff G has multiple edges.

Graph: a graph G consists of a finite set V(G) of points (vertices) and a finite 
set E(G) of edges, and an assignment of an unordered pair of elements of V(G) 
to each edge e 6 E(G), called the endpoints of e. We write G =  (V(G), E(G)). 
An edge is said to join or connect its endpoints. If e connects a: to у then e is 
called an (x, y)-edge. An edge with two identical endpoints is a loop. Two edges 
with the same pair of endpoints are parallel or multiple. The graph is simple if 
it has no loops or parallel edges. In this case we may consider E(G) as a set of 
2-subsets of V(G). An edge and a point are adjacent (incident) if the point is an 
endpoint of the edge. Two edges are adjacent if they share an endpoint. Two
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points are adjacent (neighboring) if they are connected by an edge. The set of 
edges adjacent to a point is its star. The set of points adjacent to X  C V(G) is 
denoted by Га(Х) or simply Г(Х)  if the graph in question is clear from the 
context. Graphs without loops are special hypergraphs (cf. also digraph).

Hajós’ Construction: see 8.16.

Hamiltonian circuit [cycle, path) : a circuit [cycle, path] containing all points 
of a [dijgraph.

Hamiltonian [di)graph: it has a Hamiltonian circuit [cycle].
Homomorphism of [di]graph Gx into [digraph G2: a mapping <p : V(Gf) -* 

-*■ V(G2) such that if (x, y) £ Е(Ох), then (y(x), <p(y)) £ E(G2).

Hypergraph (set-system): a hypergraph H consists of a finite set V(H) of 
points (vertices), a finite set E(H) of edges and an assignment of a subset of 
V(H) to each edge E, the set of endpoints (elements) of E. So we write H =  
=  ( V(H), E(H)). Two edges with the same endpoints are parallel. The hyper­
graph is simple, if it contains г о parallel edges. In this case, E(H) can be con­
sidered as a set of subsets of V(H). An edge and a point are called incident, if 
the point is an endpoint of the edge. The hypergraph is r-uniform, if every edge 
has r endpoints. A 2-uniform hypergraph is a graph without loops. The 
complete r-uniform hypergraph on n vertices is a simple hypergraph having 
all r-subsets of its vertex set for its edges. It is denoted by K rn.

Identification of two points x, у of a [di]graph G results in a [dijgraph G' 
with V(G') — V(G) — [x, y) U {xy},  where z =  xy denotes a new point, E(G')= 
=  E(G) and each edge e £ E(G) should have the same endpoints in G' as in 
G except if it has had x or у as endpoint it should have xy instead. Thus each 
(x, y)-edge becomes a loop in xy.

Incidence matrix of a graph G with vertices vv . . ., vn and edges ev . . ., em: 
the matrix BG =  (btj)%xjLi, where btj =  1, if Vj and ey are adjacent and 0 
otherwise.

Incident: see graph, hypergraph.
Inclusion-exclusion Formula: see §2.
Independent points in a [di]graph: no two are adjacent. The maximum number 

of independent points in G is denoted by a(G).
~  edges in a [hyper, di]graph: no two have an endpoint in common. The 

maximum number of independent edges in G is denoted by v(G). Independent 
edges from a matching.

•— paths in a [di]graph: paths having no points in common except 
possibly their endpoints.

Induced subgraph: see subgraph.

Interval graph: a simple graph whose vertices are intervals on a line, and two 
vertices are adjacent iff they intersect as intervals.

Isolated point of a graph: a point adjacent to no edge.
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Isomorphism of Gl onto G2: a one-to-one mapping у  of V(G-f) onto F(6?2) and 
a one-to-one mapping у  of E(Gf) onto E(G2) such that if x is an endpoint [head, 
tail] of e, then y(x) is an endpoint [head, tail] of y(e). If Gv G2 are simple, 
then у  plays no important role and we define an isomorphism as a one-to-one 
mapping у  of V(Gf) onto F((?2) such that (x, у ) £ E(Gt) (y(x), y(y))dE(G2)

Isthmus: see cut-edge.

Kernel: an independent set 8  of points in a digraph such that, for each x £ 
£ V(G) — S, there exists a у £ S such that (x, y) 6 E(G).

König’s Theorem: see 7.2.
Kuratowski’s Theorem: see 5.38.
Line-graph of a [hyper]graph G: a simple graph L(G) defined by

V ( m )  =  E(G),

E(L(G)) =  {(e, /) : e, /  £ E(G), e, f, have an endpoint in common}.
~  of a digraph G: a simple digraph L(G) defined by

V(L(G)) =  E(G)

E(L(G)) =  {(e, /) : e, f £ E{G), the head of e is the tail of /}.

Loop: see graph.
Matching: a к-matching in a hypergraph G is a collection of edges of G such 

that each point belongs to at most к of them (note that repetition of edges is 
allowed). A 1-matching is also called a matching. A ^-matching can be consid­
ered as a mapping w:E(G) —► {0, 1, ...} suchthat ^  w(E) <  к for every point

E  Эх
x (w(E) is the multiplicity with which E occurs in the matching). A perfect 
к-matching is a ^-matching such that each edge belongs to exactly к members 
of it (note the difference between this and a /i-factor!). A fractional matching 
is an assignment of a non-negative real weight w(E) to each edge E such that 

w(E) <1 1 for every point x.
Е Э х

Max-Flow-Min-Cut Theorem: see 6.74.
Maximum [minimum] means maximal [minimal] in cardinality.
Maximal [minimal] means maximal [minimal] with respect to inclusion.
Menger’s Theorem: see 6.39.
Moebius function: see 2.22.
Moebius Inversion Formula: see 2.26.
Orientation: see digraph.
Parallel edges: see graph, digraph, hypergraph.

Partial hypergraph of a hypergraph H: a hypergraph H' with V(H') C V(H), 
E(H') c  E(H).
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Partition of a set S: a system { A lt . . ., A k} of disjoint non-empty subsets of 
S (called classes of the partition) such that A k (J . . ■ IJ A k =  S. The number Bn 
of partitions of an »-element set is called a Bell-number.

~  of a number n: a collection {ax, . . ., ak) (aYf> . . . '> ak) of positive inte­
gers such that a l -\- . . .  -\- ak ~  n.

Path in a [di]graph: a walk (xv ev  . . . ,  ek, xk+1), where xv , xk+1 are dis­
tinct points. It can be denoted by (xv . . ., xk+1), if the [di]graph is simple.

(X, F)-path: a path in a [dijgraph, connecting a point of X  to a point of Y 
and having no other point in common with H j f -

Perfect graph: a simple graph G such that each induced subgraph G' of G 
satisfies

<*>(0') =  Z(G').
Perfect Graph Theorem: see 13.57.
Permanent of a matrix (aI;)f_1 j=1:

per A =  J ?  al M . . .  anMn),
Л

where n ranges over all permutations of {1, . . ., »}
Permutation of a set Q: a one-to-one mapping of Q onto itself. The number of 

permutations of an »-element set is »! =  1 • 2 •. . .  •». The identity permutation 
is denoted by 1. If у is a permutation of Ü, x£ Q and y(x) =  x, then x is called 
a fixed point of y.

cyclic ~ : identify two orderings (xv . . . ,xn) , (yv . . ., yn) ofthesame set S, 
if Vi =  4 + 1> • • •> Уп-к =  xn, Уп-k+i =  xv . .  ., yn =  xk for some 1 <; к <, n, 
A class of orderings identified in this way is a cyclic permutation.

~  group: a group Г  such that to each у £ Г  a permutation у^ Г  of a finite 
set Q is assigned such that yb(x) =  ö(y(x)) (y, ö 6 Г). If no confusion can arise 
we will assume the elements of Г  are permutations themselves, the same per­
mutation occurring possibly several times. If у =  ő implies у =  S, or, equiv­
alently, у =A= 1  for у 1, the permutation group is called effective. If for any 
pair x, у £ Q there is a у 6 Г  such that y(x) =  у the group is transitive. If, for 
any pair x, y£.Q, there is at most one у £ Г with y(x) =  y, or, equivalently, no 
у € Г, 7 ^ 1  has fixed points, the permutation group is semiregular. If it is 
both semiregular and transitive it is called regular. In this case | Г \ =  \ Q \ 
and the elements of Ü can be identified with the elements of Г  such that y(d) =  
=  by for all у, д £ Г.

Petersen graph: see Fig. 9, p. 71.
Pfaffian of a skew-symmetric matrix {a =  A (i.e. ait =  0, atj =  — a;i): 

P f  ^4 =  2 2  eo h ,....in jn  a iji> • • • . 

where is the sign of the permutation

1 2 . . .  2» — 1 2»
H j l  • • • in jn .

and the summation is taken over all partitions of {1, . . ., 2»} of the form 
{{ii, j i}, • • •, {in, jn}}- It i8 easy to see that the term corresponding to parti-
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Prüfer code: see 4.5.

Pseudosymmetric digraph: see symmetric.

tion {{ip j j),  . . ., {♦„, jn}} does not depend on the order of classes and/or the 
order of the two elements within a class.

Planar map: a graph whose vertices are points in the plane and whose edges 
are Jordan curves in the plane (ending in their corresponding graphical end­
points) with no point in common except their endpoints. A connected compo­
nent of the set obtained by removing the edges and vertices of a planar map 
from the plane is called a face (region, country). The boundary of a face is al­
ways the union of certain edges; if the map G is 2-connected as a graph, the 
boundary of each face is a closed Jordan curve, consisting of the edges of a 
circuit in G.

~  graph: a graph G isomorphic to a planar map. Such a planar map is 
called an embedding of G in the plane.

Point: see graph, digraph, hypergraph.

Polya’s Enumeration Method: see 3.26-30.
Product of two simple [digraphs: we consider three kinds of products: 

(weak) direct ~  G1 xG 2 of Gx and G2, defined by
V(Q1 x G2) = V ( G 1) x V(G2),

E(G1 x G2) =  {((*!, x2), (yv y 2) ) : (xv у г) Í E(G1), (x2, y 2) £ E(G2)}. 

strong direct ~  Gx - G2 of G1 and G2, defined by 

V(G1 -G 2) = V ( G 1) xV( G2),
E(G1 • G2) =
=  {((x1, x 2),(y1 , y 2)) :(xv  and (x2, y 2) € E(G2), or x 1 =  y 1

and (x2, y 2) g E(G2), or (xv y x) £ E{G^ and x2 =  y 2).
Cartesian ~  G2 ©  G2, defined by

V{GX ®  G2) =  ViG^y.V (G2),
E(G± ©  G2) =  {((*!, x2), (yv y 2)): xx =  y x and (x2, y 2) € E(G2)i

or (xv y j  £ E(Gt) and x2 =  y 2)}.

Thus Gx - G2 =  (öiXÖü) U (<9 ! ©  G2) (see Fig. 122).
~  of two hypergraphs H v H 2: the hypergraph H x X H 2 defined by

V(H1 x H 2) =  V(H1) x V ( H2),

E(Hxx H 2) =  { Exx E 2 : E1e E(HX), E 2 € E(H2)}.

F i g . 122
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Ramsey’s theorem: see § 14.
Regular graph: see degree-, ~  group: see permutation group.

Removal of a set X  C V(G) from a [hyper-, di-]graph G: removal of points 
in X  together with all edges adjacent to them. The resulting [hyper-, di-]graph is 
denoted by G — X; if X  =  {x} we write simply G — x.

Restriction of a hypergraph H onto X  C. V(H): the hypergraph Hx on the 
set X,  for which E(HX) is the collection of sets E П X [E £ E(H)). If X  =  V (H) — 
— Y  then we adopt the further notation 11 x =  H \ Y  and Hx =  H — у , if
У = { y } -

Rigid graph: has no proper endomorphism.

Selberg Sieve see 2.14-17.

Semiregular group: see permutation group.

Separate: a set X  of points and edges is said to separated and £ ( 4 , £ c F  ((?)), 
if it represents (covers) all (A, Ü)-paths (cf. also cutset).

Sieve Formula: see § 2.
Simple graph, digraph, hypergraph: see graph, digraph, hypergraph.

Spanning subgraph of G: subgraph G' such that V(G') =  V(G).
Spectrum of a graph G: The spectrum (collection of eigenvalues) of the adja­

cency matrix Aq of G. Since Aa is symmetric, the eigenvalues of G (the elements 
of its spectrum) are real.

Sperner’s Lemma: see 5.29.
Sperner’s Theorem: see 13.21.

Splitting a point x of a graph G into points xv . . . ,  xh: we remove x and replace 
each {x, у )-edge (jj £ V(G) — {ж}) by an (xh у)-edge for exactly one i, 1 <[ i <, k.

Star: a tree with one point connected to all other points.
~  of a vertex of a graph: see graph.

Stirling number S(n, k) (first kind): the coefficient of xk in the expansion of the 
product x(x — 1) . . .  (x — n 1).

~  S(n, k) (second kind): the number of partitions of n objects into exact­
ly к classes.

Subdivision of a graph G: a graph G' arising from G by replacing each edge e 
by a path Pe (of lengths ^>1), connecting the endpoints of e and having no 
other point in G, such that the paths P e (e £ E(G)) are independent. We call the 
points of G principal points of G'.

Subgraph of G: a graph G' with V(G') CZ V(G) and E(G') Cl E(G). We write 
G’ CG.

~  of G induced by a set X  Cl V(G): the graph G[X~] with F(G[X]) =  X,  
E(G[X]) =  {e 6 E(G) : e e  X}.
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Substitution of a graph 0  for a point x of a graph H (supposing G and H are 
vertex-disjoint): we remove x from H, and replace each (x, y)-edge (y £ V(H) — 
— {ж}) by the [F(G)| edges connecting у to the points of G.

Symmetric digraph-, a simple digraph such that (x, y) £ E(G), whenever (y, x) £ 
£ E(G). Pseudosymmetric: d+(x) =  d (x) at every point.

System of distinct representatives of a hypergraph H\ a one-to-one mapping q: 
E(H) -* V{H) such that q(E) £ E for each E £ E(H). If no confusion can arise, 
we also call the range q(E(H)) a system of distinct representatives.

Tournament: a (simple) digraph T without loops in which exactly one of (x, y) 
and (y, x) is an edge for every pair x ^  y, x, у  £ V(T).

Trail: see walk.

Transitive tournament: a tournament T  such that (x, y) £ E(T) and (y, z) £ 
£ E(T) imply (x, y) £ E(T). The points of a transitive tournament have an 
ordering (aq, . . . , xn) such that (xi} xf) £ E(G) ■*-► i <  j.

~  permutation group-, see permutation group.
Tree: a connected graph without circuits. It may also be defined as a connected 

graph such that removing any edge disconnects it; or as a circuit-free graph in 
which the introduction of any new edge will produce a circuit. A tree on n 
points has exactly n — 1 edges and it always has at least two points of degree 
1, provided 17(0) I > 2 .

Triangulation (planar)-, a planar map in which each face is a triangle.
~  of a circuit C: a graph consisting of this circuit and n — 3 non- 

crossing “interior” diagonals (n is the length of C).
Turán’s Theorem: see 10.34.
Tutte’s Theorem: see 7.27.
Uniform: see hypergraph.
Valency: see degree.
Vertex: see graph, digraph, hypergraph.
Walk in a [di]graph: a sequence (aq, ev . . . ,  xk, ek, xk+1) in which xv . . . ,  xk

are points and e,- is an (xh xi+1)-edge (i =  1.........k). If the [di(graph is simple
we may describe the walk by the sequence (xv  . . . ,  xk+1). The walk is open 
[iclosed] iff xk+l Ф x^xk+l =  xf]. The length of the walk is к above. A walk is 
a trail if no edge is used twice.

Wheel: a graph obtained from a circuit by connecting all points to a new point 
(the “center” of the wheel).

0-graph: a graph consisting of three independent paths connecting two points.
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Aa: adjacency matrix of graph G.
A(G): automorphism group of G.
Ba: incidence matrix of G.
c(G): number of components of G.
c^G): number of odd components (i.e. components with an odd num­

ber of points) of G. 
dG(x): degree of point x in G.
d(G): maximum degree in G.
dG(x, y): distance between points x, у in G.
dG(x): outdegree of point x in G.
dG(x): indegree of point x in G.
e (G) : set of edges of G.
End(fr): endomorphism semigroup of G.
exp x: ex.
j [</]: a vector [matrix] all entries of which are l ’s.
kt{n): number of г-cycles in permutation n.
Krn: complete /--uniform hypergraph on n points. For r =  2 the super­

script is omitted.
L(G): line-graph of G.
0 ( № ): a function g(n) such that g(n)lf(n) is bounded.
°{f(n)): a function g(n) such that g(n)/f(n) -+ 0 as n <».
р0(Я): characteristic polynomial of G.
PG(/): chromatic polynomial of G.
pr(xv ...,xn): cycle index of permutation group Г. 
per A: permanent of matrix A.
PfA:  Pfaffian of matrix A.
q(G): chromatic index of G.
s(n, k),
S(n, Ic): Stirling numbers of the first and second kind, respectively.
V(G): set of points of G.
Z: the set of integers.
0G(X): number of (X, V(G) — JT)-edges in G.
a(6r): maximum number of independent points.
Га(Х): set of points in graph G adjacent to at least one point o f l c F  (G).
v(G): maximum number of independent edges in G (matching number).
q(G) : minimum number of edges of G covering all points.
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t(0 ): minimum number of points of G representing all edges.
yv(G): chromatic number of G.
co(G): maximum number of points in a clique (or in a complete sub­

graph) of G.
d(x), d+(x),
Г(Х), etc.: abbreviations for dG(x), dG(x), Га(х) in the case when the graph 

G is understood.
[ж] integer part of x: largest integer not greater than x.
[ж]*: least integer not less than x.
G — F, (where G is a graph (digraph, hypergraph) and F CZ E(G)) removal

of all edges in F (but removing no points).
G — /, (where f £ E(G)) shorthand for G — {/} , when no confusion can

arise.
G: the complement of [dijgraph G.
Gl U G2: the [di]graph defined by V[G1 U G2) =  V(Gx) U V(G2), E{G1 U

U G2) =  E(Ĝ ) U E(G2) (here Gv G2 may have points or edges in 
common).

G — X: (where G is a graph [digraph, hypergraph] and X  CZ V(G))
removal of points in X  and all edges adjacent to them.

G — x: (where x £ V(G)) shorthand for G — {x}.
H \ X : (where Я is a hypergraph and X  CZ V(H)) the restriction of H

onto V(H) -  X.
H\x:  (where x £ V(H)) shorthand for H \{x ) .
G[X\ the subgraph of G induced by I  C V(G).
Hx : the restriction of hypergraph H onto X  CZ V(H).
GIF. (where F CZ E(G)) the graph arising from graph G by contract­

ing all edges in F.
Gif: (where / £ E(G)) shorthand for 6r/{/}.
G1x G2: (weak) direct product of [digraphs GVG2.
G1 ■ G2: strong direct product.
Gl @G2: Cartesian product.

direct product of hypergraphs Hv H2.
аЯ Si>: sum of the collections аЯ, Si.

1 m
таЯ: (where аЯ is a collection) аЯ -f . . . -f <Л.
ms : the set of all m-collections of elements of S.



Index
of the abbreviations of textbooks and monographs

B: C. Berge, Graphs and Hypergraphs, North-Holland—American
Elsevier, 1973.

Biggs: N. Biggs, Algebraic Graph Theory, Cambridge Univ. Press, 1974.
ES: P. Erdős—J. Spencer, Probabilistic Methods in Combinatorics, Aka­

démiai Kiadó, Budapest, 1974.
Fe: W. Feller, An introduction to Probability Theory and its Applica­

tions, 2nd ed., Wiley, New York-Chapman Hall, London 1957.
FF: L. R. Ford—D. R. Fulkerson, Flows in Networks, Princeton Univ.

Press, 1962.
H: F. Harary, Graph Theory, Addison-Wesley, 1969.
Hall: M. Hall, Combinatorial Theory, Blaisdell, 1967.
Hu: T. C. Hu, Integer Programming and Network Flows, Addison-Wesley,

1969.
K: D. König, Theorie der endlichen und unendlichen Graphen, Leipzig,

1936.
M: J. W. Moon, Topics on Tournaments, Holt, Rinehart and Wilson,

1968.
Mi: L. Mirsky, Transversal Theory, Academic Press, 1971.
O: O. Ore, Theory of Graphs, Amer. Math. Soc. Coll. Publ., 1962.
OF: O. Ore, The Four Color Problem, Academic Press, 1967.
R: J. Riordan, An introduction to Combinatorial Analysis, Wiley, 1958.
Ré: A. Rényi, Foundations of Probability, Holden-Day, San Francisco-

Cambridge-London-Amsterdam, 1970.
S: H. Sachs, Einführung in die Theorie der endlichen Graphen, Teil

I -П ., Teubner, 1970-1972.
W: K. Wagner, Graphentheorie, Bibliographisches Inst. AG. 1970.
Wi: R. J. Wilson, Introduction to Graph Theory, Oliver & Boyd, 1972,
WV: H. Walther-H.-J. Voß, Über Kreise in Graphen, VEB Deutscher

Verlag der Wiss., 1974.





Subject Index
Italics refer to main occurrences.

Examples: Explanation:

5.18, 20, 22-26 §5, Problems 18, 20 and 22 through 26, and/or the Hints
or the Solutions to these problems 

5.0 Introduction to §5
§ 7 Most of chapter 7 is relevant

Abel identities 1.44; 4.6 
affine space 14.23 
alternating path 7.3,8,26,34

-  circuit 4.24-29; 7.28,31 
analytic function 4.20 
arborescence 2.23,33; 4.15-17

spanning -  4.15,16; 5.10,11 
atom of a Boolean algebra 2.2,6

-  of a lattice 2.28,37
automorphism group 4.17; 8.15; 11.8-10, 

16,17; §12; 13.22; 15.2 
averaging method 13.0,12,41

Bell-numbers (P n) 1.9,10,12 
Bernstein’s Theorem 13.6 
Binet-Cauchy formula 4.9,10 
bipartite graph 4.11,21,31; 5.1,3,22;

6.5; 7.1-21,40; 8.16; 9.30; 10.15; 
11.11,19,22; 13.1,10,50

-  elementary graph 7.7-9,15 
block 5.35; 6.0; 9.40,55; 10.1,5 
Bondy’s Condition 10.21 
Borsuk’s Theorem 9.27 
breaking a stick 1.37
bridge 6.69,70 
Bruck’s Theorem 9.13 
Brun’s Sieve 2.13 
Burnside’s Lemma 3.24-29

cancellation law 15.22
Cauchy Integral Formula 1.15; 4.7
Cauchy’s Theorem 12.7
Cayley Formula 1.15; 4.2-9,14,18
chain 2.25,34-37; 13.20-24; 14.28
character 11.8,10,17

characteristic polynomial 1.29; §11 
characterization, good 5.0 
Chebyshev’s Inequality 2.19 
choice function 14.28
chord 5.37; 6.35,70; 8.17; 9.24,28,29; 10.2 
chromatic index 7.10; 13.56

-  number (see also coloration) §9; 
10.35,38,39; 11.20,21; 13.33-47

-  polynomial 9.0,36-49
root of t h e ----9.44-48

Chvátal’s Condition 10.21 
clique 9.2; 11.18; 12.1 
coatom 2.37
coloration of a graph 3.23; 4.21; 5.26; 6.8; 

7.3-7; §9; 10.35; 11.19-22; 12.11,20, 
22; 13.12,33-47; 14.4-6

-  of the natural numbers 14.11,12,15, 
18-22

-  of the plane 14.7-10
-  of the power set 14.13-17 

compactness 14.19
complete subgraphs, number of 10.40 
conic section 10.15,36 
connectivity of graphs §6; 12.15 

edge -  9.21; 12.14,16 
strongly connected digraph 5.3,5,7-9; 

6.6,9-13,29; 8.8; 10.41-44 
contraction4.17,27; 9.38; 10.3,6-8; 12.12,20 
convex polygon 1.39,41; 3.23; 14.30,3)

-  hull 6.65; 14.31 
coset 3.24
cover 7.1-5,12; 8.2-4; 10.18,31; 13.25, 

26,30,48-55
fractional -  13.30,48-55 
&-cover 13.26,49,50
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covering number of circuits 10.16-18 
Cramer’s Rule 1.27,28; 4.33; 7.20 
critical

oe-critical 8.12-27; 9.0 
v-critical 13.29,53 
r-critical 13.32,52 
^-critical 9.17-24 
factor -  7.26,31,32,38 

critically ^-connected 6.36-38,54,59-65 
-  k-edge-connected 6.49,63 

cut 5.33; 6.50,71-74; 8.18; 9.29; 10.5;
12.5,15

cycle index (see also permutation group) 
3.7-12,15,26,30; 4.19

cycles of a permutation 3.1-13,22,26-29

degree
maximal -  2.18; 7.10,17,18,25; 8.1,23;

10.6,16,38; 11.14; 12.6; 13.17,30,56 
minimal -  6.61-65; 7.10,12,24; 9.1;

10.3,8,35; 11.14,20; 13.17,44 
degree sequence 4.1; 5.1; 6.3; 7.47-53; 

10.24; 12.9
diameter of a graph 6.22; 10.13; 11.23; 

15.16
digraph 3.14; 4.10,15-17; 5.3-13,19; 6.6, 

9-13,39,45,71; 7.44,49,51; 8.4-8; 9.9- 
11,26; 12.4,5,24; 13.7 

acyclic -  4.15; 6.11; 8.5 
strongly connected -  see connectivity 
symmetric -  8.5 

Dilworth’s Theorem 9.32 
Diophantine Equation 14.20,21 
Dirac’s Condition 10.21,23 
dual of a graph 5.23,36; 15.8 
duality theorem of linear programming 

13.48

Edmonds’ Matching Algorithm 7.34 
eigenvalue 1.29,30; 4.29; §11 
eigenvector 1.30; 11.1-5,8,13,14,18-24 
endomorphism 12.22,24,25 
enumeration §1-4 
Erdős-de Bruijn Theorem 9.14,27 
Erdős-Ko-Rado Theorem 13.28,31 
Erdős-Stone Theorem 10.38 
Euclidean space 14.10 
Euler trail 5.0,6,9-11,14; 7.39 
Eulerian graph 5.7; 6.51,53,56 
Euler’s Formula 4.27; 5.24,34; 12.18 
event 2.2,6,8,11,17,18,20; 3.18 
expected number 2.7; 3.5,17

factor
1-factor 4.0,27-28,32; 5.18,21; §7; 9.55; 

11.11; 12.16 
/-factor 7.16,39-45 
factor critical graph 7.26,31,32,38 

Fano plane 13.35 
Ferrer diagram 1.16,19,23 
Fibonacci numbers 1.27; 4.22,28,32 
Fisher’s Inequality 13.15 
Five Color Theorem 9.50

flow 6.71-78
forest 4.14; 6.37; 7.3; 11.3,4; 13.5 

maximal -  7.34,37 
Four Color Theorem 9.0 
Frobenius-Perron theory 11.0 
Frucht’s Theorem 12.5

Gallai-Edmonds Structure Theorem 7.32 
Galois field (GF(g)) 5.31,36; 10.15,36;

11.26; 13.37; 14.23,24 
gam e (on a  g raph ) 8.8,9 
g en era tin g  fu n c tio n  § 1 ; 3.14,19,29

e x p o n e n tia l---- § 1; 3 .13-15,31; 4.7
girth 9.25-27; 10.10-17; 12.25 
Golden Ratio Theorem 9.49 
group (see also permutation group) 

alternating -  3.10
commutative -  3.9; 5.4; 11.8,9,17;

12.13,17
cyclic -  11.3,10,13,19 
symmetric -  3.1,7,15; 4.19; 12.19 

group character 11.8,10,17
-  of automorphisms 11.8-10,16,17; §12;

13.22; 15.2
edge transitive -  -  12.12,18

Hajós’ Construction 9.16,20 
Hall Theorem 13.5
Hamiltonian circuit 5.7,21,22; 9.29,53;

10.21-27; 12.17; 14.4; 15.15
-  cycle 6.12,13; 10.25
-  path 5.19,20; 10.21-24,42,43 

Helly property 13.56 
Hoffmann-Kruskal Theorem 4.64 
homeomorphic graphs (see subdivision) 
homomorphism of graphs 9.15; §12; 15.20,

22
-  of groups and rings 15.22 

Hungarian method 7.3 
hypergraphs §13

balanced -  13.39,40,54 
normal -  13.55-57 
totally balanced -  13.2,3,4 
uniform -  13.3,12,13,25-32,36,41-47; 

14.24; 15.18

inclusion-exclusion formula (see also sieve)
2.0,2,4; 3.2; 4.12,23,35; 9.37; 15.17, 
20

independent sets of vertices 2.12; 7.37;
§8

-  events 2.0,18,20; 3.16
-  paths 4.31; 5.19; 6.39-46; 8.2-4; 9.24; 
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