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Preface

Having vegetated on the fringes of mathematical science for centuries, combi-
natorics has now burgeoned into one of the fastest growing branches of mathe-
matics — undoubtedly so if we consider the number of publications in this
field, its applications in other branches of mathematics and in other sciences,
and also, the interest of scientists, economists and engineers in combinatorial
structures. The mathematical world had been attracted by the successes of
algebra and analysis and only in recent years has it become clear, due largely
to problems arising from economics, statistics, electrical engineering and other
appliedsciences, that combinatorics, the study of finite sets and finite structures,
has its own problems and principles. These are independent of those in algebra
and analysis but match them in difficulty, practical and theoretical interest
and beauty.

Yet the opinion of many first-class mathematicians about combinatorics is
still in the pejorative. While accepting its interest and difficulty, they deny its
depth. It is often forcefully stated that combinatorics is a collection of problems,
which may be interesting in themselves but are not linked and do not constitute
a theory. It is easy to obtain new results in combinatorics or graph theory
because there are few techniques to learn, and this results in a fast-growing
number of publications.

The above accusations are clearly characteristic of any field of science at an
early stage of its development — at the stage of collecting data. As long as the
main questions have not been formulated and the abstractions to a general
level have not been carried through, there is no way to distinguish between
interesting and less interesting results — except on an aesthetic basis, which is,
of course, too subjective. Those techniques whose absence has been disapproved
of above await their discoverers. So underdevelopment is not a case against,
but rather for, directing young scientists toward a given field.

In my opinion, combinatorics is now growing out of this early stage. There are
techniques to learn: enumeration techniques, matroid theory, the probabilistic
method, linear programming, block design constructions, etc. There are branches
which consist of theorems forming a hierarchy and which contain central struc-
ture theorems forming the backbone of study: connectivity of graphs (network
flows) or factors of graphs, just to pick two examples from graph theory. There
are notions abstracted from many non-trivial results, which unify large parts
of the theory, such as matroids or the concept of good characterization (see
below). My feeling is that it is no longer possible to obtain significant results
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without the knowledge of these facts, concepts and techniques. (Of course,
exceptions may occur, since the field is destined to cover such a large part of
the world of mathematics that entirely new problems may still arise.)

*

The reader will forgive | hope the insertion of some general ideas which tend
to play the role of systematizing and unifying concepts. The first of these is the
notion of a good characterization,t formulated by J. Edmonds. A property P
of graphs is well-characterized if (making use of the different formulations
of the definition and the equivalent condition) we are able to efficiently prove
P if it holds and to efficiently disprove it if it does not. For example Kura-
towski’s classical characterization of planar graphs provides a good characteri-
zation of planarity: if a graph is planar, we easily establish this by drawing it
in the plane; if it is non-planar, we can show this by exhibiting one of Kura-
towski’s graphs in it (see problem 5.37). A good characterization reflects a deep
underlying logical duality of the property and, as the reader may convice him-
self by comparing good and “non-good™ characterizations occurring through-
out this book, often amounts to “the” solution of the problem. Of course,
this does not mean that “non-good” characterization j may not be deep and
useful theorems.

The existence of good characterizations tends to go hand in hand with the
existence of good decision algorithms (by a “good” or “efficient” algorithm
we mean one whose running time in the worst case is only a polynomial in the
input data; this again does not directly affect its practical value). Several
combinatorial properties are known for which there exists a “good” algorithm
to decide whether a given structure has the property, but its existence is by no
means obvious (e.g. having a 1-factor). An interesting theoretical result, due
to S.A. Cook, R. M. Karp and L. A. Levin is the following.* Several properties
of graphs (for example, .the existence of Hamiltonian circuits, independence
number, chromatic number, the existence of a kernel etc.) are equivalent in
the sense that if any one of them could be solved by a “good” algorithm, all
of them could, and in this case the “good” algorithmic solvability of very many
other problems in different fields of mathematics would follow (just to mention
a very distant one: testing an «-digit number for primarility). It is unlikely
that all of these could be solved efficiently, but there is as yet no proof of this.

Anotherideawhich has proved very fruitful is that combinatorial optimization
problems can generally be formulated as linear programming problems with
integrality constraints. If one could disregard the constraints, the Duality
Theorem of linear programming would provide the solution. So the solution of
these problems is connected with investigating the effect of the integrality
constraints on the behavior of optima. For example, if we can show that they
do not change the optimum, we obtain a minimax theorem. Several instances of
this idea can be found in § 13 (Hypergraphs).

*For a detailed description see e.g. Y. Chvatal, Discrete Math. 4 (1973) 305—337, or
A.V. Aho, J.E. Hopcroft, J.D. Ullman, The Design and Analysis of Computer Algorithms,
Addison-Wesley, 1974, Chap. 10.

*See e.g. R.M. Karp, in: Complexity of Computer Computations (R.E. Miller, J.W.
Thatcher, ed.) Plenum Press, 1972, 85-104 or A.V. Aho et al., ibid.
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Last but not least we mention the use of linear algebra. This ranges from appli-
cations of matrix calculus to the introduction of homology and cohomology
groups. A common background of many applications of linear algebra is Matroid
Theory, which is now a flourishing branch of combinatorics itself.

*

The main purpose of this book is to provide help in learning existing techniques
in combinatorics. The most effective (but admittedly very time-consuming)
way of learning such techniques is to solve (appropriately chosen) exercises
and problems.

This book presents all the material in the form of problems and series of prob-
lems (apart from some general comments at the beginning of each chapter).
We hope that it will be useful to those students who intend to start research in
graph theory, combinatorics or their applications, and for those who feel that
combinatorial techniques might help them with their work in other branches
of mathematics, management science, electrical engineering and so on. For
background, only the elements of linear algebra, group theory, probability and
calculus are needed.

When selecting the material | have had to restrict the topics covered. 1 feel
that a more detailed analysis of a few basic notions is more useful than touching
of all possible fields of research. So in this volume only enumeration problems,
graphs and set-systems are discussed. Some fields have had to be completely
omitted: random structures (here the reader is advised to read the book Proba-
bilistic Methods in Combinatorics by P. Erdés and J. Spencer, Akadémiai
Kiadd, Budapest and Academic Press, New York-London, 1974), integer pro-
gramming, matroids (combinatorial geometries), finite geometries, block designs,
lattice geometry etc. | hope eventually to write a sequel to this volume cover-
ing some of these latter topics.

The book consists ofthree major parts: Problems, Hints and Solutions. Areader
with less experience may read the hint given to a problem before trying to
solve it; those problems with one or two asterisks are thought to be difficult
and the reader may read the hint given right away unless he is prepared to
sacrifice several days to the problem (some of them are worth it, | venture to
say). Even having solved a problem the reader is advised to compare his solu-
tion with the one given here: it may be that the idea occurring in our solution
will be basic in a later series of problems. Here it should be pointed out that
problems come in series and previous problems often serve as steps to the last,
deepest result in the series. Also note that the solution often uses notation or
properties introduced in the hint.

As references | have preferred to give those where further development of the
subject can best be seen. Thus, for those results reproduced in textbooks or
monographs, usually the latter are given as reference. No reference means
either that the assertion of the exercise is so well known that it would have been
impossible or superfluous to trace it back or that the problem is believed to be
new. A list of those textbooks and monographs most often cited is given at the
end of the volume. A dictionary containing the definitions of combinatorial
concepts used in the book and a list of symbols as well as an Author Index
and a Subject Index are included.
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I. Problems

§ 1. Basic enumeration

There is no rule which says that enumeration problems, even the simplest ones,
must have solutions expressible as closed formulas. Some have, of course, and
one important thing to be learnt here is how to recognize such problems. An-
other approach, avoiding the difficulty of trying to produce a closed formula,
is to look for “substitute” solutions in other forms such as formulas involving
summations, recurrence relations or generating functions. A typical (but not
unique or universal) technique for solving an enumeration problem, depending
on one or more parameters, is to find a recurrence relation, deduce a formula
for the generating function (the recurrence relation is usually equivalent to
a differential equation involving this function) and finally, where possible,
to obtain the coefficients of the Taylor expansion of the generating function.

However, it should be pointed out that, in many cases, elementary transfor-
mations of the problem may lead to another problem already solved. For
example it may be possible by such transformations to represent each element
to be counted as the result of n consecutive decisions such that there are at
possible choices at the ith step. The answer would then be ara2...an. This is
particularly useful when each decision is independent of all the previous deci-
sions. Finding such a situation equivalent to the given problem is usually
difficult and a matter of luck combined with experience.

1. In a shop there are k kinds of postcards. We want to send postcards to n
friends. How many different ways can this be done ? What happens if we want
to send them different cards ? What happens if we want to send two different
cards to each of them (but different persons may get the same card) ?

2. We have K distinct postcards and want to send them all to our n friends (a
friend can get any number of postcards, including 0). How many ways can this
be done ? What happens if we want to send at least one card to each friend ?

3. How many anagrams can be formed from the word characterization? (An
anagram is a word having the same letters, each occurring the same number of
times; this second word does not need to have a meaning.)

4. (a) How many possibilities are there to distribute k forints* among n people
so that each receives at least one ?

t forint: Hungarian currency.
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(b) Suppose we do not insist that each person receives something. What
will be the number of distributions in this case?

5. There are K kinds of postcards, but only in a limited number of each, there
being a- copies of the ithone. What is the number of possible ways of sending
them to n friends ? (We may send more than one copy of the same postcard to
the same person).

6. Find a recurrence relation for the second-order Stirling numbers S(n, k)
and tabulate them for n < 6.

7. Prove that
S(n, Kx(x —1)...x—k+ 1) = xn
k=1
8. Prove that
S(n, (*)f.
joi 3
In particular, the right-hand side is 0 for k > n (cf. also 2.4).

9. (a) Let Pndenote the nih Bell number, i.e. the number of all partitions of
n objects. Prove the formula

p o= 1 @hn
N~ om0 &l

(B P~ L At enb-1
n

where ).{n) is defined by ).{n) log A(?") = n.
10. Find a recurrence relation for Pn
11. Let p(x) be the exponential generating function of the sequence Pn, i.e.

p() = 2.~ f, X0

Determine p(x).

12. (a) Prove that
p.,.— y :

" KAM)bkr\{2\)b...kn\(n\yb

Ki+2k2+ ®®®+nkn—

Deduce the formula for p(x) from this expression.

(b) What do we get (asymptotically) if the summation is extended over all
systems (kv ..., kn) with \ + k2+ ...+ kn= nl
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13. Give another proof of
1 “In
P =-Y—.
e K!

14. (@) Let Qndenote the number of partitions of an ~-element set into an even
number of classes (Q0= 1). Determine

99 = r%zo n!
and find an analogue of the formula of 1.9a.
(b) Denote by Rnthe number of partitions of an »-set into classes of even
cardinality (RO= 1). Determine
rx) = 2 ~ x-
15. Let Sn denote the number of mappings /: {1, ..., n} ={1,. .., n) such
that if / takes a value i then it also takes each value j, 1<[j < i. LetSO= 1
(@ Prove that

© m
8n= y —
iU 2k+l
and determine the generating function
7 S o
®) - Bt

(b) Prove the asymptotics

e

16. The number of partitions of the number n into (a sum of) no more than r
terms is equal to the number of partitions of n into any number of terms,
each at most r.

17. The number of partitions of a number n into exactly m terms is equal to
the number of partitions of n—m into no more than m terms. Find a similar
identity involving the number of partitions of n into exactly m distinct terms.

18*. The number of partitions of n into (any number of) distinct terms is
equal to the number of partitions of n into odd terms.

X 1f
19*. (Pentagonal Numbers Theorem) If n = ----- 5 then the number of par-

titions of n into an odd number of distinct terms is the same as the number of
its partitions into an even number of distinct terms.
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20. Let nnbe the number of partitions of the number n. Determine the generat-
ing function of the sequence nn.

21. Prove that the number of partitions of n into distinct terms is equal to the
number of partitions of n into odd terms (1.18), by calculating the generating
functions of both sides.

22. Which identity follows from problem 1.19?

23. *Prove the following identities by combinatorial considerations:

@ @+ @+ xn@+ xs)...=

iro(l —) (L —ad) ... (1 — xik)
® YKrAK
b)) A+ DA+ HA+ *...= 2 -— — — -— -— e
ft-o(l - M1 X... 1 xik)
24. We look for those partitions of the number n which have the property that
each number between 1 and n is uniquely representable as a partial sum of the

partition. When will the trivial partition n = 1+ eee¢+ 1 be the only solu-
tion?

25. The number of non-congruent triangles with circumference 2n and integer
sides is equal to the number of partitions of n into exactly three terms. Deter-
mine this number.

*

26. We have n forints. Every day we buy exactly one of the following products:
pretzel (1 forint), candy (2 forints), icecream (2 forints). What is the number
Bn of possible ways of spending all the money ?

27. What is the number Anof ways of going up n stairs, if we may take one or
two steps at a time? Determine

2 _An&

=0’ :

28. (8) We have n forints and each day we make exactly one purchase. There
are a, sorts of goods which can be bought for i forints (i = 1, ..., X). Suppose

the polynomial xk—axx”~1—...—ak= 0 has distinct roots fjv .. ., &
Prove that the number of possible ways of spending our money is

10! ... N -1

i dk ... #ir2 &tln
M- ~10" ... &F1 ‘

i h mmm tirl

(b) Determine the generating function of Cn, and thereby a formula for Cn.
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29. Determine the eigenvalues of the matrix

30. How many sequences of length n can be composed from a, b, ¢, d in such a
way that a and bare never neighboring elements ?

31. What is the number of ~-tuples chosen from 1, ..., n containing no two
consecutive integers?
32. What is the number of monotone increasing functions mapping {1, . . ., n]
into itself?
33. (8 How many monotonic mappings / of {1,. .., n} into itself satisfy the
condition f(x)  Xforevery 1<! x< n?

(b) What is the number of sequences of n 0’s and n I ’s such that there are
at least as many 0’s as |’s among the first k digits for each 1 <l &<[ 2w?
34. Prove that the number of sequences (ag,. . ., xr) (1 < xt < n) containing
less than i entries <)i for each i= 1,...,nis (n—r)»r~1 (1< r n}

35. A sequence of partitions of the n-element set S is constructed as follows:
We start with S itself and then we obtain the (i I)st partition from the ith
by splitting any one of its classes having more than one element into two non-
empty subsets. Thus the partition into one-element classes will be reached after
n steps. What is the number of ways of carrying out this procedure ?

36. The previous problem is modified to the extent that the (i + I)st partition
is obtained from the ith by splitting all classes having more than one element
into two non-empty subsets. What is the number of ways of carrying out the
procedure now?

37. We want to break a stick of length n into n pieces of unit length. What is
the number of ways of doing so if

(@) at each step, we break one of the pieces with a length greater than 1into
two,
(b) at each step, we break all pieces with a length greater than 1into two.

38. In how many ways can one put brackets into the product xrex2e... mxr
(in the sense that any bracket includes a product of two factors) ?

39. What is the number Dn of triangulations of a convex n-gon? (A triangula-
tion is a set of n — 3 diagonals no two of which intersect internally and which,
therefore, divide the n-gon into n — 2 triangles.)2

2 lodz
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40. Determine, without using the preceding result, the generating function of
Dn and prove the result of the preceding problem from this.

41. In how many ways can one divide a convex n-gon into triangles by n — 3
non-intersecting diagonals, in such a way that each triangle has an edge in
common with the convex n-gon?

*

42. Find a closed formula for each of the following expressions:
VU
@Id) v)-
- |
di'-"d) 6
11?7
© k=m lll I
' U
@ J 2",

m

(h)

» AITTU-3-

43. Prove the following identities:
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© g ab = I C R X kit ko Tk
44*, Prove the following Abel identities:
A
a) 2
@) (=0 k)

X(X + K)K~"Y + n—k)n~k= x+ Y+ n)n,

(b) éo i7) (* + *)*"% + » - fC)"—*-l: l; + '>1|(* ry+ n)"_i,

ft— Y
() 2% hk~1(n — k)n~k~1= 2(w — 1)nn~2,
fcai 4,
45. Let
LK) = Mx—1). .. X—n+ 1).
Prove that

n v\
fn(x + Y) = 12[:0 K) [kM fn-k(y) m

Find other examples of such sequences of polynomials.

82. The sieve

One powerful tool in the theory of enumeration as well as in prime number
theory is the inclusion-exclusion principle (sieve of Eratosthenes). This relates
the cardinality of the union of certain sets to the cardinalities of intersections
of some of them, these latter cardinalities often being easier to handle. How-
ever, the formula does have some handicaps: it contains terms alternating in
sign, and in general it has too many of them!

A natural setting for the sieve is in the language of probability theory. Of
course, this only means a division by the cardinality ofthe underlying set, but it
has the advantage that independence of occurring events can be defined. Situa-
tionsin which events are almost independent are extremely important in number
theory and also arise in certain combinatorial applications. Number theorists
have developed ingenious methods to estimate the formula when the events
(usually divisibilities by certain primes) are almost independent. We give here
the combinatorial background of some of these methods. Their actual use,
however, rests upon complicated number-theoretic considerations which are
here illustrated only by two problems.

It should be emphasized that the sieve formula has many applications in quite
different situations. These are scattered throughout the book, but§ 15 (Recon-
struction) in particular may be pointed out in this connection.

A beautiful general theory of inclusion-exclusion, usually referred to as the
theory of the Moebius function, is due to L. Weisner, P. Hall and G.-C. Rota
and the second half of this section is devoted to this.

1. In a high school class of 30 pupils, 12 pupils like mathematics, 14 like
physics and 13 chemistry, 5 pupils like both mathematics and physics, 7 both

2.
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physics and chemistry, 4 pupils like mathematics and chemistry. There are
3 who like all three subjects. How many pupils do not like any of them ?

2. (@) (The Sieve Formula) Let Av ..., Anbe arbitrary events of a probability
space (Q, P). Foreach/ c: {1, ..., n}, let

A, = !__II At; AB= U;
ii

and let
ak= 2 P(A)> *o=I-
lij=fc
Then
P(A+ ... + An)=
I
(b) (Inclusion-Exclusion Formula) Let Av ..., AnC. S where S is a finite
set, and let
Aj = A\ A0—S.
iel
Then

Ifi- (A~ UiJ1 = 2 (-1)MAIQ\ -
I£4

3. Determine the number <p(n) of integers between 1 and n coprime to n, given
the prime factorization pll m. mp*r of n.

4. Prove the identity

bIO (ij [(—Dn?r! if kK—n.
What do we get if Kk > n?

5. Let p(xv ..., xn) be a polynomial of degree m, and denote by akp the poly-
nomial obtained by substituting 0’s for k of the variables in p in every possible

combination and summing the arising |j polynomials (a°p = p). Prove that

0°p—0lp’—f—2arp—...=lo |_fm<n
ceX_.. xnif m —n.
What is ¢?
6. Let Av ...,An be any events, Bt= fi(Av ..., An) (i= 1, ...,k poly-
nomials in Av ...,Anand cv ... ,cnreals. Then
I2_i cip(Bt)> 0

holds for every Av ... Ak provided it holds in those cases when P[Aj) = 0
or1forj=1,...,n
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7. (a) (K. Jordan’s Formula) Let Ar....... Anbe events as in 2.2a. The prob-
ability that exactly q of them occur is

2 (~ AP 1.
=9 a,

(b) Let rjdenote the number of Aj’s that occur (this is a random variable).
Then
EX") = jp(x- 1yaj.
J=0
8. Express by a similar formula the probability of the event Dp that at least p
of Av ..., Anoccur.

9. The partial sums of

P[A1...An)—a0-- ol — <2+ eee
are alternating in sign.
10. Prove that

sharpen this inequality if or+l = 0.

11. For each / c{l,..n}, let a number p; be given. When can one find
events Av ..., Ansuch that

P(Al) = Pli

*

12. Let O be a simple graph on V(0) = {1, ..., n). Denote by 30the collection
of odd independent subsets of V(G) and by SOthe collection of those even sub-
sets which span at most one edge. Then

ai...An ~ 2 - 2 N)e

plai...An o 2 p(")

Find an analogous lower estimate. (Note that for E(G) = 0 we obtain the sieve
formula.)

13. (Brun’s Sieve) Let f(k) > 0 be any integer-valued function defined on
{1, ..., n) and set
3= {/e (1..... n: |/n {1..... *} <,2Ne, k= 1,.
Then
pN .- .a"Nk 2
163

Find an analogous lower estimate.

14*. (Selberg’s Sieve) For each | (Z {1, . . ., n}, let Xj be a real number, and
A= 1
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Then
p(A,...Am< 2  hhpAi»j)-

1.0 S{Lluu... m
Find an analogous lower estimate.
15*. (Contd) Let pe= P(At) and
Pi = .IF Pi
It

Determine the minimum and the minimizing system {A} of
2 AMA-jPIUj
under the constraints
A,= 1 A= 0for |/] > k,
where px, p2 mee, pnand K are supposed given.
16.* (Cont’d) Let e > 0, M 1, 0< pt< 1and

S=2zZp{. ..pL
where the summation extends over those systems Iv ...,In> 0 with
P\ mepn N mAssume that
\P(AK) —pK\<e (K C{1,...,»}.
Then
P(AX...An" -+ .
s (- Pr2...(1-Pn)
17*. Prove that, for large enough x, the number of primes in the sequence
L1, ..., k(x—1) 410 < I|< K)is not greater than
oK logx
*
18*. Let G be a simple graph on V(G) = {1,. .., n] with all degrees at most d
and let an event At be associated with each point i. Suppose that
i) P(At)< ~ , and
() P(AY< 7.

(i) every Atisindependentofthe set of all d jsforwhichj isnotadjacenttoi.
Then
P(AX... An)>0.

19. (Second Moment Method) Prove the inequality

P(AX...Anm<~"°" + 2a*- 1.
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20. Let P(At)= p, and assume any two events are independent. Estimate
P(A, ...A,)

from the above using each of 2.9, Selberg’s method (2.14-16) and the preceding
formula and compare the results.

*

21. Let V= {xx .. xn} be a set partially ordered by a relation <C. Call an
n Xw-matrix (aly) compatible if

1] 0 =>Xj A Xj.

Show that the sum, the product and (if it exists) the inverse of compatible
matrices is compatible.

22. Find a function p defined on F x F such that
nix,y) = oif X v,
p(x, x) = 1,
N y) = 0 (x< 2

(the Moebius function of V).
23. Evaluate the function p(x, y) if Vis
(@) the lattice of all subsets of a set S (ordered by inclusion),

(b) an arborescence (here x <l y means that the unique path going from the
root to y passes through x),

(c) the set of integers 1, ,n where x < i/ means X |y.

24. Turn the partially ordered set “upside down” i.e. consider (F,  *) where
x <) *y iffy x Let p* denote the Moebius function of (F, < *). Then

*) iU y) = p(y, x).
25. Write M as a polynomial in Z (see the solution of 2.22).
26. (Moebius Inversion Formula) Let /(x) be any function defined on F, and

g(x) = ’ZES;(Z)-
Then
f(x) = ~g(z)p(z,x).
ZEX

Show that the sieve formula is a special case of this statement.

27. Let F bealattice, a <, b £ F, and denote by 0 and 1the minimal and maxi-
mal elements of F. Then

@ Jg p(0,x)=0 (ifa>0);
x\/a—b
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(b) Jg MXxx )= 0 (ifé< 1).
x/\b=a

28. Let V be a lattice again and x £ V such that x is not representable as the
union of atoms. Then jx(0, x) = 0.

29. Let V be a lattice and {A, B, C} a partition of V such that if x £A and
y <(x then y £A; on the other hand, if X£G and x < y then y £G. Then

L 4 Ayk V52 XY=

X,yeB
30. Let V be the lattice of all partitions of the set S= {1, ..., n), where
{Av ..., Apt< {Bv ..., Bgt means that each Ai is contained in some Bj.

Denote by 0 the partition into one-element sets and by 1 the partition into a
single set. Then

MO, 1) = (-1)"-1(»-")!e
31 Let (V, <) be a lattice, V= {xr,...,*,},f(x) any function on V and

9 =2 N
(<) =2 e

Let gij = g(Xi/\Xj), then
Cet(6Ti;) = /(*1) .. */(*,)*
Generalize this formula for partially ordered sets.
32. Evaluate the determinants
(1.1) 1,2...(L n

202 2...2 n (2.2)(2,3)... (2 »)

(32)(3, 3 ...3 n

>

M Hw, 2) ... (n, n) n2M3)...(nn

where (i, j) denotes the greatest common divisor of i and j.
33*. Let J7be atree, V= V(T) = {xx...,xn} and
dij = d{xt, xj)
the distance of xt from Xjin T. Then
det(d,7)’y=L= - (-2)"'-2(n- 1).

34. Let V be a lattice and let pk denote the number of chains a0—0, av . ..
. .,ak= 1 Then

MO, 1) = -Pi + P2- P3+ —--

35. Let V be a lattice and let B be the set of its atoms. Denote by gkthe number
of those ~-tuples in R whose union is 1(g0= 0 except when |V | :|[) . Then

MO, 1) = J"i-1)qg,.

1=0
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36*. Let C be a set of pairwise incomparable elements of the lattice V such that
every maximal chain (linearly ordered subset) contains an element of C
Denote by gkthe number of those ~-tuples from C whose union is 1 and whose
intersection is 0. Then

MO, 1) = J (-i)4.
i=0
37. Let V be a (finite) geometric lattice of rank r, then ~(0, 1)*=0 and has.
sign (—1)r.

8 3. Permutations

Permutations play a role in combinatorics mainly as symmetries of combina-
torial structures. Various properties of the symmetric group and its subgroups
are important. We shall focus our attention on a few questions here which do
not involve extensive algebraic machinery (for example, group representations).
So we discuss simple enumeration problems, and two important tools in han-
dling such problems: the cycle index polynomial and a coding of permutations
due to M. Hall and A. and C. Rényi.

When we enumerate certain structures we sometimes want to consider some of
them as not being essentially different (for example, they may be isomorphic).
This usually means that a certain permutation group acts on the underlying
set of structures, and we do not want to distinguish two structures if some ele-
ment of this group maps one onto the other. Polya’s method, discussed in the
second part of this section, is a beautiful way to handle such situations.

Many other combinatorial properties of permutation groups, only touched
upon here, can be found, for example in Wielandt’s Finite Permutation Groups,
Academic Press, 1966.

1. What is the number of conjugacy classes in the symmetric group Sn?
2. Determine the number of the permutations in Sn

(@) having no fixed points,
(b) consisting of one cycle only.

3. We select a permutation of {1, .. ., n) at random. What is the probability
that the cycle containing 1 has length h? (In this and all subsequent problems
all permutations are supposed to have an equal probability of selection.)

4. What is the probability that in a permutation of {1,. . ., n}, chosen at ran-
dom, 1 and 2 belong to the same cycle?

5. We choose a permutation of {1, ..., n) at random. What is the expected
number of cycles?

6. We have n savings boxes, with different keys. Someone locks the boxes and
throws the keys into them at random, putting one key in each box. We break
open Icboxes. What is the probability that we are now able to open all the rest ?
(In mathematical form: Whe choose a permutation ®'of {1,... 18} at random.
What is the probability that the cycles of n containing 1 K cover all points ?)
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7. Denote by pn(xv ..., xn) the cycle index of Sn, the symmetric group on e
elements, and put p0= 1. Prove that

JY%PNn(xV ee.xn)yn= exp ixty+ — y2+ ...+ My k+ ..
o 2 K

8. Determine the cycle index of

(@ the group of rotations of a regular re-gon;
~ (b) the ?roup of permutations of nk elements which keep a given partition P
into k re-element classes invariant.

Generalize these results.

9. Two permutation groups (acting effectively) have the same cycle index.
Are they necessarily isomorphic?

10. Denote by gn(xlt ..., xn) the cycle index of the alternating group An(q0—2).
Determine the generating function

A gn(xv ..., xnyn

n=0
11. Prove that if all but a finite number of the numbers xv x2, ... are equal to
1, then

limpn(xv ..., xn)

M*m

exists, and determine its value.

12. (@) Let snkdenote the number of those permutations of {1,..., re} having
exactly k cycles. Find a closed form of the polynomial

=", 8kk

What is (-1 )n~ksny.
(b) Give a new proof of 3.5.

13. What is the exponential generating function of the number gnof 2-regular
simple graphs on re given points?

14. In how many ways can one partition the 2re letters {1, 1, 2, 2, .. ., Ie re}
into re pairs if

(@) the order of elements in a pair does not count,

(b) the order of elements in a pair does count? (Determine the generating
function.)

15. Give a new solution of 3.2, based on the cycle index of Sn.

*

16. Choose a permutation n at random. Denote by 'n(i) the number of those
integers 1< j <, i with n(j) > n(i). Then re(l),. . ., r(re) are random variables.
Prove that they are independent.



3.23 § 3. PERMUTATIONS 27

17. (@) What is the expected number of (on-going) records at a long jump
competition, in which each of the n competitors has one jump, these jumps
are all different and the starting order is drawn at random ?

(b) What is the probability that there are exactly k records?

18*. Imagine a long jump competition, in which no two of the n competitors
jump the same distance. They jump in a drawn order. One can bet according
to the following rule: After a jump, one can say “This is best of all.” We arrive
on the scene after the kth jump.

(@) What is the probability pk that, following the best strategy, we will
guess the winner correctly (information about the previous results is available) ?

(b) What strategy should we follow in order to have the largest probability
of winning (provided we arrive in time) ?

19. What is the number of permutations s of {1, ..., n) so that there is no
triple i < j < Kk with
n(j) < n(i) < n(k) ?

20. Let ank denote the number of those permutations s of {1, ,n) which
have K inversions (pairs i < j with a(r) > n(j)). Prove that

O
J2 ankxk= L+ X)L+ x+x2...(0+ x+ ...+ xn X.
k=\

21. Along a speed track there are some gas-stations. The total amount of gasoline
available in them is equal to what our car needs for going around the track.
Prove that there is a gas-station such that if we start there with an empty
tank, we shall be able to go around the track without running out of gasoline.

22. (@) Let xv ... ,xnbe real numbers. For each permutation a of{l,... ,n),
define

a(n) = max(0, xM ,xM + xn2), ..., X,0 + ...+ x*n}
Also consider the cycles Cv . . ., Ckof g and set
K
b(n) = max (0, Xj).
=1 jiCi
Then {«(g): q€£,,} and {b(a): A £Sn} are equal as collections.

(b) m boys and m girls form “rings” for a dance at random (there may be
pairs or even singles: two and one-element “rings”). Prove that the probability

that in each “ring” the number of boys is equal to the number of girls is------- 7

*

23. (a) How many convex k-gons can be formed from the vertices of a regular
s-gon, if two &-gons are considered essentially different when they do not arise
from each other by rotation?
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(b) What is the number of ~-colorations of the vertices of a regular Te-gon,
if two J-colorations are not considered as essentially different when they arise
by rotation from each other?

24. (Burnside’s Lemma) Let I be a group of permutations of {1, . . ., T} with
K orbits. Then the average number of fixed points of permutations in I" is k.

25. Let ' be a permutation group acting on a set Q. Suppose a “weight”
w(x) is associated with each x £ U such that w(x) is invariant under I, i.e. for
any given orbit 0 of I', w(x) takes the same value w(0) for all x £0. Prove that

20WN9=—’\ 2 2 wW-

l-i 1 A£0 a(x)=X

26. (Polya-Redfield Enumeration Method 1) Let I' be a permutation group
with cycle index F(xx ..., xn) on a set D and let R be another set. We say
that the mappings f, g : D —»R are essentially different if non £ can be found

such that
nf= g

What is the number of essentially different mappings of D into R ?

27*. (Cont’d) What happens if a permutation group I" xis given on R and /, g
are only considered essentially different if for noir(f, o£1\

nf — gei
(Express this number by the cycle indices F, Gof I and ')
28*. (Cont’d) Count the number of essentially different injections (one-to-one
mappings) of D into R.

29. (Pdlya-Redfield Method I1) Let 1) be a finite set, R arbitrary; let I" be a
permutation group acting on D with cycle index F. Assume each y £R has
a positive integral weight w(y). Denote by rnthe number of elements of R with
weight n (suppose this is finite) and set
®
r(x) = ™ rnxn.

n=1
Let an denote the number of essentially different mappings /: D “mR (in the
sense of 4.26) such that

*) 2 wif(x)) = nm
Prove that
~Nanxn= Hr(x), r(x2), .. .).

n=1
30. Solve the problem of distributing n forints to k persons using the above
technique.

31. Give a new proof of the formula for the exponential generating function of
the number of partitions of a set (1.11), using the Pdlya-Redfield method.
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84. Two classical enumeration problems in graph theory

I have long felt it a very surprising fact that the number of trees on n labelled
points is nn~2 The reason why this is surprising is that one does not see any
direct way to enumerate trees and one would expect a less compact result. The
difficulty and beauty of this problem have challenged several authors to find
proofs, usually by dealing with a well-chosen generalization of the problem.
Some of these are given here; the reader may test his knowledge of much basic
enumeration technique.

Another theory, with less general results — but quite ingenious methods —is
the enumeration of 1-factors in graphs. The special case when the graphs are
bipartite is equivalent to the problem of “restricted permutations”, that is,
the problem of enumerating those permutations of {1, n} which map each
element %onto one of the elements of a specified subset A-. The methods here
also use different enumeration techniques but they usually work for certain
special cases only.

Itis alsointeresting to note that the theory of enumeration of trees isimportant
in solving the Kirchhoff equations in electrical network theory and that enu-
meration of 1-factors plays an important role in ferromagnetism. (See Seshu-
Read, Linear Graphs and Electrical Networks, Addison-Wesley, 1961; E.W.
Montroll, in: Applied Combinatorial Mathematics, E. F. Beckenbach, ed.
Wiley, 1964.)

1. Let vv ..., vnbe given points and dv . . ., dn be given numbers such that
_);'dj = 2n—2, d, > 1 Prove that the number of trees on the set (iq,..., vr
in Which \j has degree dt (i = 1,..., n)is

(n—2)!

1) ! e
2. (Cayley Formula) Prove that the number of all trees on n points is nn 2
3. Let

pn(Xv ...,Xn) = E L ady(r>,)-1

where dT(vt) denotes the degree of the point v(in the tree T and the summation
extends over all trees on {vv ..., vn}. Prove, without using 4.1, that

Pn(x.......... *N) = (*i+ eem+ *n)"'-2-
Deduce the Cayley formula from this.

4. LetTj,... ,Trbetrees ondisjoint sets of points and V= V(T~ U... UV(Tr).
What is the number of trees on V containing Tx ..., Tr%

5. Let ' be a tree on points vv .. ., vn. Delate the endpoint having the least
index and write down the index of its neighbor. Repeat this procedure with
the resulting tree, until a tree with only one point remains. This associates a
sequence of n — 1 numbers with T, called the Prifer Code of T. Prove that
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(@) the Prifer code of T uniquely characterizes T,
(b) given any sequence (av ..., an X suchthat 1< « < n,an 1= n,
there is a (unique) tree with this Prifer code.
(c) Deduce the Cayley formula.

6. Denote by Tnthe number of trees on points vv .. ., vn Prove that
M h_O

*) Tn=2_k , T*Tn_k
t=\ - L

and prove Cayley’s formula from this identity.

7. (@) The exponential generating function

e /T
tx) = S ——-—-Xn
Ox (n- 1!

satisfies the functional identity
t(x) e (X — X.
(b) Prove the Cayley formula from this identity.
8. What is the number of all trees on n points with exactly n — 1| endpoints ?

9. (@) Let G be a digraph, V(G) = {vv ..., vn} and E(G) = {eX..., em}.
Let A be the point-edge incidence matrix of G, i.e. the matrix A = (a,.) defined

by . _ : :
j 1 if \is the head of Cj,

ajj= !'—1 if \fis the tail of e},
I 0 otherwise.

Remove any row from A and let A0 be the remaining matrix. Prove that the
number T(G) of spanning trees of G is det AOAq.

(b) What are the entries of AOAI ?
(c) Deduce the Cayley formula from this.

10. Let )
Pa{xi......... xn) = ZxfrM...xaTa)

where Gis agraphon {wj}, ..., vn} and the summation extends over all spanning
trees of G (cf. 4.3). Define

—XX if \j, \j are adjacent,
a X)) _ 0 if i ™ j and\j, Vf are non adjacent,
X, e 2 x, if i = j;
W adjacent to \j
and
D= K7n?4im -
prove that

pa(xv ...,xn) = detD.
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11. What is the number of trees on {vit... vn; wl..... wm) in which each
edge joins a vt to a wR.

12. (@) The number T(G) of spanning trees of a graph G is given by
TG) = 2(-ir-"T(G[XT)...T(G[Xr] |ZA I... \Xr\nr~2
where the summation extends over all partitions (X1(..., Xr) of V(G) and
» = |[F(G)].
Determine T(G) when G is

(b) the complement of a graph consisting of q independent edges and n — 2q
isolated points,

(c) the complement of a graph consisting of q edges adjacent to a point v
and n —q — 1 isolated points.

13. (@) What is the number of “binary plane trees”, i.e. those trees on 2n points
which are embedded in the plane and each point has degree 1 or 3 with some
endpoint specified as root? (Two plane trees are the “same” if there is an iso-
morphism between them which keeps the cyclic ordering of edges in the star
of each point,)

(b) What is the number of plane trees on n points rooted at an endpoint ?

*

14. What is the number E(n, k) of forests F on points vv . .. ,vnhaving K com-
ponents and such that vv ..., vkbelong to distinct components?

15. Let G be an acyclic digraph with a specified root a and suppose G has a
spanning arborescence rooted at a. What is the number of spanning arbores-
cences of (??

16. Let G be a digraph without loops, V(G) = {vv ..., vn}. Let atjbe the num-
ber of edges joining vt to M, and let df be the indegree of vt.

(@ The number of spanning arborescences of G rooted at vnis equal to the
determinant

dx —al2 ... —
~B) = ~a" d* ~

an—1[ ®n-1,2 o
(b) Find a similar formula for the polynomial
X (K)... h»),

where T ranges over all spanning arborescences of G rooted at vn (cf. 4.10).

17*. Let n be odd and let 51 be a permutation of the «.-element set V. The number
of trees on v admitting g as an automorphism is
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0 if 1 has no fixed points,
kK\F27 7 ('SdkMki~ (™ d)'d if g has a fixed point,

f=2  dli d\i
dy=i

where kt — k([n) is the number of i-cycles in s.
18. Let Wndenote the number of non-isomorphic trees on n points with a speci-
fied point called root. Prove that

2" < Wn< 4" (a> 6).

19*" Set w(x) = Hz?lw nx-.

(@) Prove the identity
wix) = x{\ —z)-wi(l —x2~w>... (1 —xn)~w*__
(b) Deduce the following identities from both (a) and the Po6lya-Redfield

method:
w(x)  w(x2 )
11 2 j
w(x) = x ~ p nw(x), w(xd,...).

n=0
where pnis the cycle index of the symmetric group Sn.

20**. (@) Show that w(x) has a radius of convergence 0 < x< 1 and has a
unique singularity on the circle \xX\ = x at x = r. Moreover, w(x) is an analytic
function of ]/€ — x near this singularity.
(b) Prove that there is a positive constant ¢ such that
cn~32x~n

*

21. Let G be a bipartite graph with 2-coloration {U,V), U —{uv ..., un}
V= {vv...,vr) and let atj denote the number of (ut, r;)-edges in G. Set

A= {apuu -
Then the number of 1-factors of G is per A.

22. Determine the number of 1-factors in the “ladder” graph shown in Pig. 1.
n steps

23. What is the number of 1-factors in Knnminus n disjoint edges ? (That is,
in how many ways can a company consisting of n married couples dance if
everyone dances but nobody dances with his spouse?)
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24. Let G be a simple graph and G an orientation of G with the property that,
in any even circuit C of G, the number of edges directed one way (or the other)
around the circuit is odd. Let (G) = {vv ..., vn) and B be defined by

1 if  (vt,vj) £E(G),
B= (bu), bff ' 1 if (v, vi)i E(G),
0 otherwise.
Prove that the number of 1-factors of Gis |Pf B\.

25. (Cont’d) For which orientations of a graph G is |[PfB\ the number of
1-factors?

26. Let B be any skew symmetric matrix. Then
det B = (PfB)2.

27. Let G be a 2-connected planar graph which has a 1-factor F. Prove that G

has an orientation G such that every circuit C which alternates with respect to
F, contains an odd number of edges oriented in some given direction.

28. Determine the number of 1-factors of the “ladder” (4.19) from the preceding
results.

29*. Letanbethe number of ways to cover a (2n) x (2n) chessboard by dominoes.
Prove the formulas

ltt \

fto_n_ |/ T
(@ a =22r/!' 7T cos2 1- cos2 .
f4 2n-F 1 2n + 1j

2n\ n— 2 jar— 41 2
<b) 16 j I 2 ) 1 4 ) e
° (o) ( I . M
rows
« n Q I'r}-
2n —11 12n —3)
1 3 )
I2n— 1 12n—3
I 1 M 3 ] " L
. rows

» - e-rrirn-1

n —1 colums

3 Lovéasz
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(c) Determine

hm I—Ogﬁ’\.
n—& n2

30. Prove that the number of spanning trees of the »X» *“chessboard” (i.e.

the graph whose points are the squares and two of them are adjacent iff they

share an edge) is equal to the number of ways of covering a (2» — 1) x (2» — 1)

chessboard minus its upper left-hand corner by dominoes.

31. What is the number of 4-element matchings in the following bipartite graph:
V(G) = {v-)...,vn; uv ...,un}

EG) = {(«,, V) i< j}.

32. What is the number of those permutations s of {1, . . ., n) having the prop-
erty that

k4) —4) <1 (4=1,...,»)?
33*. Let an denote the number of permutations a of {1......... n} suchthat

R4) —4| < 2.
Determine

f(x) = j?anx\

n=0

34. Determine the number Unp of those permutations s of {1, 2, . . ., n} which

satisfy
nK)< k-)-p—1 (4=1,...,»).

35. Find a formula for the number of permutations s such that

[A(4) —B <In —p (4=1,...,»),
where p is small.

36. Denote by pnthe number of those permutations s of {1,..., 2»} satisfying

Mi) — | <;».
Prove that

Pn= j? S(n, K2(k\)2.
k=0

§ 5. Parity and duality

Parity considerations are applied in graph theory quite often. This loosely
connected section contains various examples of parity problems, together
with questions of different sorts to which these exercises lead. The first graph-
theoretic result, Euler’s solution of the Kdnigsberg bridge problem, is typical
of the role of parity. Studying Euler trails will lead to another classical problem,
finding the way out of a labyrinth.

The most important applications of parity considerations in graph theory are
linear spaces of circuits and cuts. This is the starting point of matroid theory
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on the one hand, algebraic topology on the other. Basic results in algebraic
topology such as Sperner’s lemma (5.29) depend on parity arguments. We
also note that certain existence results follow by showing that the number of ob-
jects in question is odd (for example, 5.20 and, more convincingly, 5.30).
Linear spaces of circuits and cuts play a role in the characterization of planar
graphs and in the study of the relationship between a planar graph and its dual.

Having finished with enumeration problems, we shall more frequently encoun-
ter the notion of a good characterization (see the introduction). Problems 5.3, 5.4,
5.6 are simple examples of well-characterizing necessary and sufficient condi-
tions. A more important example is Kuratowski’s criterion for planarity.
Note that the MacLane and Whitney criteria are not “good characterizations”
in this sense. (This shows at the same time that the name “good characteriza-
tion” may be misleading; it does not have anything to do with the depth of
the theorem.)

1. (@) Is there a graph with degrees 3, 3,3, 3,5,6,6,6,6,6,67?

(b) Is there a bipartite graph with degrees 3,3, 3,3, 3,5, 6,6,6,6,6,6,
6,62

(c) Is there a simple graph with degrees 1, 1,3, 3, 3, 3, 5, 6, 8, 9?
2. Which numbers occur as orders of ~-regular simple graphs ?

3. A graph is bipartite iff every circuit of it is even. Is the statement (with
cycle instead of circuit) true for digraphs? Or strongly connected digraphs ?

4. We associate a value v(e) with each edge of a digraph G. This may be con-
sidered as the work needed to go from the tail of e to the head of e. To go
conversely we need —v(e) work. We want to find a “potential”, i.e. a function
p(x) defined on V(G) such that if e —(x, y) then v(e) = p(y) —p(x). Show
that this is possible if and only if going around any circuit, the total work
needed is 0.

5. The points of a strongly connected digraph G can be 2-colored so that each
point is joined to a point of opposite color by a directed edge if and only if G
has an even cycle.

6. If G is a weakly connected digraph with dg(x) = da(x) for each x then G
lias an Euler trail.

7. Let Gkn (k > 2)be defined as follows. The points of Gkn are vectors of dimen-

sion kK composed from 1,...., n. The vectors (av ...,ak) and (bv ..., bK
are joined by a directed edge if a2= blt a3= b2 ...,ak= bk 1 Show that
@k,n i®

(@ Eulerian;

(b) Hamiltonian.

8. Show that we can associate 0 or 1 with each point of a 2fcycle (k> 2) in
such a way that all arcs of length k of the cycle give different 01-sequences.

9. If G has a point of outdegree at least 3, then the number of its Euler trails is
even. (Two Euler trails are not considered to be different if they give the same
cyclic permutation of the edges.)

3«
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10. Let G be a digraph in which the outdegree of each point is equal to its inde-
gree. Let T be a spanning inverse arborescence with root x0. We start from x0
and walk along the edges of G according to the following rule:

(*) From each point x we go to the next one along an edge (starting from x)
not used previously. We use the edges of T only if we have no other choice.

Show that we get stuck at x0and that, by this time we have traversed an
Euler trail.

11. Let V(G) = {x0,...,xn_, dg(xi) = do(xt) = dr Show that the number
of Euler trails in G is a multiple of
(do- 1) !
12. (Labyrinth Problem). Starting at a point x0 we walk along the edges of a
connected graph G according to the following rules:
(*) We never use the same edge twice in the same direction.

(**) Whenever we arrive at a point x  x0 not previously visited by us,
we mark the edge along which we entered x. We use the marked edge to
leave x only if we must, i.e. if we have used all the other edges before.

Show that we get stuck at xOand that, by then, every edge has been traversed
in both directions.

13. If G is a graph with even degrees, then G can be oriented in such a way
that every point of the resulting digraph G has the same outdegree as indegree.

14. (a) A graph G has an Euler trail iff it is connected and has even degrees.

(b) If a connected graph G has 2k points of odd degrees, then it is the union
of K edge-disjoint open trails (k > 1).

15. If a planar map has an Euler trail then the map can be drawn without
the lifting pencil from the paper, without; going over the same line twice
and without crossing our line (at most touching it).

16. The number of subgraphs G' of a connected graph G which have even de-
grees and V(G') — V{G) is equal to 2mn+l (m = \E(G)\, n = |F(6%)).
17*. (a) The set of points of any graph G can be partitioned into two classes
Vv V2such that both V1and V2span subgraphs with even degrees.

(b) For any graph G, V(G) can be partitioned into two classes Vv V2such

that Vj spans a subgraph with even degrees and V2 spans a subgraph with
odd degrees.

18*. (@) Let G be a graph and denote by mr(G) the number of r-element match-
ings of G. Express mxG), m2G), ... in terms of |F(G)| = n and mXG),
m2G), . ..

(b) If IV(G)I is even and G has an odd number of matchings then G has
a 1-factor.

(c) G has an even number of 1-factors iff there is a non-empty set S c: V(G)
such that every point is adjacent to an even number of points of S (e.g. Euler-
ian graphs).
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19. If G is a simple digraph and h(G) denotes the number of Hamiltonian paths
in G, then

h(G) = h(G) (mod 2).
Is this true for undirected graphs ?

20. Any tournament has an odd number of Hamiltonian paths.

21* Every edge e of a 3-regular graph G is contained in an even number of
Hamiltonian circuits.

22. A 3-regular bipartite graph with at least 4 points has an even number of
Hamiltonian circuits.

*

23. Let G be a connected planar map and G* its dual. Show that G and G* have
the same number of spanning trees.

24. (Euler’s Formula) Show that if G is a connected planar map then it has
m —n -f- 2 faces, where

ra= |76r), n — [F(67)].
25. (@) A simple planar graph with n points has at most 3n — 6 edges.

(b) A simple triangle-free planar graph with n points has at most 2n — 4
edges.

26. If a planar map has even degrees then the faces can be 2-colored in such a
way that faces with a common edge on their boundary have different colors.

27. If G is a 4-regular planar map, then it can be oriented in such a way that
each point has two edges coming in, two edges going out, and these two pairs
separate each other in the given embedding.

28. (@) Can you draw a planar map in the interior of a pentagon so that the
faces are triangles (except, of course, the outermost one), and each point has
even degree?

(b) Suppose we split the interior of a pentagon into triangles by a map such
that all points except those on the pentagon have even degree. Which points
of the pentagon have odd degree?

29. Let G be a planar map with triangular faces. Suppose the points of G are
3-colored. Show that the number of faces which get all three colors is even.

30*. Let G be a planar map whose faces are triangles except for the exterior
face abed. Let V{G) = VXU F2 a c£ Vv b, d£ V2 Then either Vxcontains
an (a ¢)-path or F2contains a (b, d)-path.

*

31. Let F be the space of vectors (ax ..., an)T where the a/s are from a
field F. Fora= (av.. anT, b= (bv ..., bnT, define their inner product
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byaro = albl ... -~ arbn Further, let M be a subspace of V and A a linear
transformation of V. Decide whether the following assertions are truel:

(@ If A is non-singular, so is its transpose AT.

(b) More generally, if A is non-singular, so is ATA.

(c) Even more generally, Ker ATA = Ker A.

(d M MAI-1= {0} (where M1 is the subspace orthogonal to M i.e. Mx =
= {a :arb = 0 for each b £ M}.

(e) <f/ UM-L) = V ((X) denotes the subspace generated by X).
(f) dim M -f dim Mx = n.
@ (nr-44- M.
32. Let V be the n-dimensional vector space over GF(2), and M a subspace of V.
Show that
j= (i,__i)Te<in u Tif-L>

33. Let E(G) —{elf . .., en}. Represent each subset of E(G) by a 0l-vector,
where the jth entry is 1 iff e, belongs to the subset. This way we identify the
subsets of E{G) with the elements of an m-dimensional vector space VG over
GF(2).

(@) Determine the subspace UGgenerated by the stars, and the orthogonal
subspace Wa. Give new proofs of 5.3, 5.16 and 5.17, using these linear spaces.

(b) Prove that the decomposition in 5.17a is unique iff G has an odd number
of spanning trees.

34. Let G be a 2-connected planar map. Show that the boundaries of all finite
faces form a basis for the space Wa.

35*. Let G be a graph, Cv ... ,Cf circuits of G and suppose

(1) each edge of G is contained in at most two of Cv ... ,Cf,
(2) Cv ..., (J constitute a basis of Wa.
Show that

(@ if K=~ G(is a circuit and

16 J il
thenJ C7 (/,/ C{l..... n);

(b) either all blocks of G are single circuits or there are two C/s, say C\
and G2 such that CI -f C2is a circuit;

t This exercise really belongs to linear algebra. Most textbooks, however, do not consider
inner products over finite fields which is the important case for us. (Note that, if F is
the field of complex numbers, our inner product is not the same as the one usually intro-
duced.) The reader will find it instructive to clear up the similarities and differences
through this exercise. (All statements are true for the real field.)
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(c) G is planar, and Cv ... ,Cf are faces.

(d) (MacLane’s Criterion) A graph G is planar iff Wa has a basis such that
each edge belongs to at most two elements of it.

36*. (Withney’s Criterion) A connected graph G is planar iff there exist another
graph G* and a one-to-one mapping $of E(G) onto E(G*) such that whenever
T is a spanning tree of G, p(E(G) — E(T)) gives a spanning tree in G* and vice
versa.

37*. Let G be a minimal non-planar graph (i.e. each proper subgraph of G is
planar) with degrees at least 3. Then

(@ G is 3-connected,
(b) G contains a circuit with a chord,
(€) cad K50r K33,

(d) (Kuratowski’s Criterion) A graph is planar if and only if it contains
no subdivision of K5 or K33,

Fig. 2

38*. If G is a simple planar graph, then G has an embedding in the plane such
that all edges are straight segments.

§ 6. Connectivity

Several central concepts of graph theory belong to this chapter; separating
sets of points and edges, connected components, blocks, paths, circuits, trees
and forests. These concepts occur in most fields of graph theory and hence
they belong to the basic techniques a graph theorist uses.

The theory of connectivity is one of the most developed branches of graph
theory (together with factorization problems, which are discussed in the next
chapter). One main reason for this is Menger’s theorem, which links connec-
tivity defined in terms of separation to connectivity defined in terms of connect-
ing paths. This gives a “good characterization” of fc-connected graphs. Closely
related to Menger’s theorem is the so-called Max-Flow-Min-Cut theorem,
which plays a fundamental role in flow theory. This puts the duality between
connection and separation in a very graphic form.

Problems involving connectivity between two specified points are usually
settled without difficulty using Menger’s theorem. On the other hand, con-
nectivities between more than two points are more difficult to handle and are,



40 PROBLEMS 6.1

to a large extent, independent of Menger’s theorem. Such problems arise in
the study of minimal ~-connected graphs, multicommodity flows, safe com-
munication networks, etc. Their solutions are difficult but some typical mani-
pulations with cuts occur repeatedly and these may lead to ideas for a general
approach.

Some of the strongest results in the field are structure theorems, which prove
that certain classes of graphs can be constructed by repeated application of
some simple transformation, e.g. 2-connected graphs by repeatedly attaching
“ears” (cf. 6.27, 6.28, 6.33, 6.52, 6.53, 6.64).

1. Show that

c(G)+\E(G)\"\V(G)\
holds for every graph G.

2. (a) Let Gv G2 be two graphs with V(GX = V(G2). Show that
GG\ + dG2) <] c(GxUG2 + c(GxMG2.
(b) This holds without assuming V(GX = V(G2).

3. Letdx< ... dnbe the degrees of the simple graph G and assume that
dk~>k for every Kk  n_ dn- 1. Then G is connected.

4. Show that G1x G2 is connected if and only if Gv G2 are connected and
one of them contains an odd circuit.

5. A connected ~-regular bipartite graph is 2-connected.

6. (@) Every connected graph G has a point whose removal does not disconnect
the graph. What is the situation for strongly connected digraphs?

(b) Let G be a connected graph which does not contain a “cherry”, i.e.
two points of degree 1 with a common neighbor. Show that one can remove
two adjacent points without disconnecting G.

7. (@) Let Tv T2be two spanning trees of a connected graph G. Prove that
T x can be transformed into T2 through a sequence of “intermediate” trees,
each arising from the previous one by removing an edge and adding another.

(b)  Suppose Gis 2-connected. Then to obtain T xfrom T 2it suffices repeatedly
to apply the following transformation: we remove the edge adjacent to some
endpoint x of the tree and connect x to the rest by some other edge of G

8. (@) Let G be a 2-connected graph on n points and nx-|- n2—n. Then
V(G) has a 2-coloration {Av A2} such that \At\= ntand Av A2induce con-
nected subgraphs.

(b) Let 6 be a 2-connected non-bipartite graph on 2m points. Then V(G)
has a partition {Av A2 with \At\ —m such that the (A,, A2)-edges form a
connected spanning subgraph.

9. A digraph G is strongly connected iff there is at least one edge leaving each
set X¢c V(G), X ~ 0.

10. Let G be a digraph, x, y £ V(G) and suppose the edges of G are colored
red, green and black. Then exactly one of the following two assertions holds:
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i) There is a black and red undirected (x, j/)-path P in G such that all
black edges of P are oriented from x to vy,

(i) ThereisasetSc V(G), X£S, y S, such that no red edge connects
S and V(G)—S in any direction and no black edge goes from S to V(G)—S8.
11. (@) Suppose we can disconnect the strongly connected digraph G by re-
moving <;&edges. Prove that we can also disconnect it by inverting <k edges.

(b) Suppose 6 is a digraph without isthmuses and we can get a strongly
connected digraph from G by contracting at most k edges. Then we can also
get a strongly connected graph by inverting at most K edges.

(c) If we can destroy all cycles of the digraph G having no loops by remov-
ing at most K edges, then we can also destroy them by inverting at most
K edges.

12. A tournament is strongly connected if and only if it contains a Hamiltonian
cycle.

13. A strongly connected tournament T on n]> 4 points contains at least
two points x such that T —g is strongly connected.
*

14. Let G be adirected tree and F (ZE(G). Prove that there is a point x £ V(G)
such that the edges of F incident with x have their head at x and the other
edges incident with x have their tail at x.

15. Let G be a tree and let
P:V(G) — V(G
be a mapping such that, whenever (x, y) £ E(G), then

PR — <) or (), op)) £ E(G).
Prove that (p has a fixed point or a fixed edge.

16. If the intersection of a set of subtrees of a tree G is non-empty, then it is
a subtree.

17. (@) If G is a connected graph, then any two paths of maximum length
have a point in common.

(b) If Gis a tree, then all maximum paths of G have a point in common.
18. If Gv ..., Gkare subtrees of the tree G such that any two intersect, then

they have a point in common. (This yields a new proof of part (b) of the pre-
ceding problem.)

19. Prove that, in a connected graph G, the distance d(x, y) of the points
X, y &, well as the maximum length J)(x, y) of paths connecting x and y are
metrics. That is

@ d(x,y) 0, with equality iff x = vy,
(b) d(x, y) = d(y, %),
© dfx, y) + d(y, 2) ;> d(x 2),

and similarly for D{x, y).
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20. IfGisatree andp v ,pn, qv , g+ are points of it, then
d(Pi,Pj)+  d(@iq) ~ ~ d(pt,aj).
1$.1<]-En I<,i<j<.n+l i=l j=1

21. (a) Let &(x) = max d(x, y), where X, y are points of a tree. Show that the

minimum of <70 is attained at one point (the center of G) or at two adjacent
points (the bicenter of G).

(b) Show further that d(x) is a convex function in the sense that, ify, z
are neighbors of x, then

2d(x) < d(y) -+ i?(2).
22. (@) Let s(x) —Jg d(x, y), where X, y are points of a tree G. Show thats(z)

is strictly convex inythe sense that, whenever X is a point and y, z are two
neighbors of it, then
25(X) < s(y) + s(2).

(b) Show that s(x) assumes its minimum at one point (the baricenter)
or at two adjacent points of G.

(c) Construct a tree which has a center and a baricenter whose distance
apart is greater than 1000.

23. Determine those trees G on n points for which JV d(x, y) is maximal and,
respectively, minimal. 7

24. In a tree on n points of diameter at least 2k — 3, there are at least n — K
paths of length k.

25. Given n cities, we want to build a connected telephone network between
them. The expense v(e) of a line e between any two cities is known, and we
want to minimize the total expense. Thus, we want to find a tree on the given
points such that the sum of the expenses of edges is minimal. Show that the
following algorithm produces the desired result: At the ith step, choose a com-
ponent G of the graph formed by the edges already selected, and select an
edge connecting Gi to a point not in Gt with minimum expense. Stop when
0, contains every point.

26. (Cont’d) Show that if the edges have distinct expenses, then the optimal
tree is unique.

*

27. Call two edges of a 2-edge-connected graph G equivalent if they are equal
or their removal disconnects the graph. Show that

(@) this is an equivalence-relation,
(b) all edges of an equivalence-class lie on a circuit,

(c) removing the edges of an equivalence-class P, the components of the
remaining graph are 2-edge-connected,

(d) contracting the components of G — P, we obtain a circuit.
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28. Given a 2-edge-connected graph G we can “build it up” as follows: G =
—GxU ... UGr, where Gl is a circuit and Gi+l is either a path which has
exactly its endpoints in common with GxU . .. UG, or a circuit which has one
point in common with GxU ... UG, (Fig. 3).

Fig. 3

29. A graph G can be oriented so that the resulting digraph G is strongly con-
nected iff G is 2-edge-connected.

30*. We say that an edge is well fitted with the circuit C if it lies on C or has
no point in common with C.

Let ev ..., ek be independent edges of a 2-edge-connected graph G. Show
that there is a circuit C into which all the edges ev ... ,ek are well fitted.

31. Show that “edges e, f are equal or lie on a circuit” is an equivalence rela-
tion.

32. The following properties of a graph G are equivalent:
(i) G is 2-connected,
(i) any two points of G lie on a circuit,
(iii) any two edges of G lie on a circuit, and G has no isolated points.

33. Let G be a 2-connected graph, which is not a circuit. Then there is a path
P in G such that the inner points of the path P (if any) are of degree 2, and
removing the edges and inner points of P the remaining graph is 2-connected.

34. Let p, qbe two points of a 2-connected graph G. Show that G can be oriented
in such a way that each edge is contained in a (p, g)-path.

35. Let G be a 2-connected graph. Then the following properties are equivalent:
(i) G is critically 2-connected,
(i) no circuit of G has a chord.

36*. Let G be a critically 2-connected graph. Show that each circuit C of G
has a point of degree 2.

37*. Let G be a critically 2-connected graph. Remove all points of degree 2
from G. Show that the resulting graph G is a disconnected forest.

38. Construct a critically 2-connected graph G such that some x £ V(G)
is at distance at least 1000 from every point of degree 2.
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39*. (Menger’s Theorem). Let 6 be a digraph and a, bf V(G). Prove that

éla)b there are k edge-disjoint (a, 6)-paths iff G is /-edge-connected between
a and b;

(b) there are kindependent (a, 6)-paths iff G is ~-connected between a and 6;
(c) analogous statements hold for undirected graphs.

40. Let A, B be disjoint subsets of V(G) and assume that any set X which has
a point from each (A, B)-path has at least k elements. Show that there are
K vertex-disjoint (A, 2?)-paths.

41. Formulate and prove a common generalization of the undirected vertex-
connectivity version of Menger’s theorem 6.39b and 6.40.

42*. Let Ba V(G) anda £ V(G) — B; suppose we are given K independent

(& B)-paths Pj, ..., Pk and Kk + r independent (a P)-paths Qv ..., QkH-
Show that there are 1< j\ < eee< IrS £+ rand (a P)-paths Rx ...,Rk
Rj ending in the same points as P,, such that P, ... Rk Qyi,...,Qr are
independent.

43. Let a, b, ¢ be distinct points of G. Assume there are k independent (a, b)-
paths Pv ... ,Pkand a (b, c)-path PO independent of them. Also, there are

K (other) independent (a, 6)-paths Qv ... ,Qkand an (a, c¢)-path Q0independent
of them. Show that there are Kk + 1independent (c, fe)-paths in G. (Try to avoid
the use of Menger’s theorem.)

44, Without using Menger’s theorem, describe a graph G having two non-
adjacent points a, b such that

(i) there are at most k independent (a, 6)-paths in G, and

(i) ifany new edge is added to G, there will be at least k + 1 independent
(a, fe)-paths in the resulting graph.

Deduce the undirected independent-path version of Menger’s theorem from
this.

45. Let G be a digraph and a,b £ V(G). Decide whether the following state-
ments are true:

(i) If any two paths which connect one of a and b to the other have a
common edge, then there is an edge which is contained in all of these paths.

(i) If Gis Z:-edge-connected between a and b, then it is -edge-connected
between b and a

(iii) 1f G is ~.'-edge-connected between a and b and also between b and a,
then there are K (a, 6)-paths P\, ... ,Pkand k (b, a)-paths Qv . .., Qk which
are mutually edge-disjoint.

46. Assume that each point x ™ a, b of G has the same indegree and outdegree
and that d£(a) —dé(a) = k > 0. Prove that there are kK edge-disjoint (a, b)-
paths in G.

47. If the outdegree of each point of G is equal to its indegree, then (i), (ii)
and (iii) of 6.45 are true.

*
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48. Let ff be a graph and X, Y,Z (Z V(G). Establish the inequalities:

@ do(X UY) + paX My)~ da(xX) + 6a(y);

(b) d@X - Y) + &(Y - X) < d@X) + da(Y);

() 6@X-Y-Z)+0QY-Z-X)+06a(Z-X-Y)+dgxnynz <
AW+ dQY) 4- d@2).
49*, Prove that a critically Ledge-connected graph has a point of degree k.

50. Let G be a k-edge-eonnected graph and let Fv . ., Fmbe Lelement cutsets
of edges. Prove that G—{FxU ... U Fn) has at most 2m connected com-
ponents.

51*. Let G be an Eulerian graph, x £ V(G) and suppose G is Ledge-connected
between any two points u,v="x. Then we can find two neighbors! y, z of x
such that, if we remove two edges (X,Yy) and (x, z) but joiny to z by a new
edge, the resulting graph is still Ledge-connected between any two points
u,vr X

52* Let G be a 2L edge-conneeted, 2Lregular graph. Prove that G can be
obtained by the following construction:

I. We start with two points joined by 2k edges.

I1. Having constructed a graph, we select k edges, subdivide them by one
point each, and identify the new points.

53*. Prove that, provided k~> 2 the assertion of 6.51 holds for non-Eulerian
graphs as well.

54. (a) Let ff be a graph and G an orientation of G. If G is Ledge-connected,
then G is 2L edge-cormeoted.

__ (b)* Conversely, if G is 2Ledge-connected, then it has an orientation
G which is Ledge-connected (generalization of 6.29).

55. Let a, B be integers, G a graph and a, a', b,b' four points in G. We want
to find a (a, a")-paths pv ... ( and B (b, &)-patlis Qv ..., Q"such that
PIt..., Pa, Qv ..., Q% are edge-disjoint. Show that the following conditions
are necessary: (*) We need to remove at least

a edges to separate a from a’,
R edges to separate b from b', and

a -j- B edges to separate {a, i} from {a', b'} or {a, b’} from {o', £].
Show by an example that these conditions are not always sufficient.

56*. Let a, a’, b, b’ be points of an Eulerian graph G, and a,  positive even
integers. Assume that condition (*) formulated in the previous problem is
satisfied.

tif x has only one neighbor, y and z may be identical; but this ease is trivial.
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(@) Show that G has an orientation G such that
di(a") - dff(o’) = -a, dt(b") - d-(b") = -RB,
dg(a) - d~(a) = a d~(b) - d~(b) = R,
d~(x) = d~(x) for x V(G —{a, b a’, b'}.
(b) Prove that G contains a (a a')-paths and R (b, 6')-paths, all edge-
disjoint.

57. Construct a 5-connected graph G and 4 points a, b, ¢, d of it such that each
(a, 6)-path hag a point in common with each (c, d)-path.

58. Let A, B be /--element sets of points of a ~-connected graph G, separating
a and b. Show that the set C of those points in A U B which are the endpoints
of (a, A U /?)-paths is a belement set separating a and h.

59. Let G be a critically ~-connected graph and H a /connected subgraph
of it. Show that H is critically /--connected.

60*. (@) Let G be a /”-connected graph, A a /.--element separating set of it,
Gxa component of G — A and assume A is chosen so that jFjCr,)] is minimal.
Show that for any /~-element separating set B, either V{G") C B or V(GX p\B —

= 0. Moreover, IHCT™M <b; in the former case.

(b) Every critically /.--connected graph G has a point of degree k

61*. Let G be a simple 3-connected graph and assume that the endpoints of
the edge e are both of degree at least 4. Then one of O/e, G — e is 3-connected.

62. Let G be a critically 3-connected graph, and e an edge of it which connects
two points of degree at least 4. Then 6rfe is a critically 3-connected graph.

63. If G is a critically 3-connected graph, then every circuit of G contains
at least two points of degree 3.

64. Suppose that a 3-connected graph G is such that for every edge e, G —e
and Gle are not 3-connected. Show that G od Kv

65. Construct a critically 3-connected graph and a point x in it such that
every point at distance at most 1000 from x has degree at least 1000.

*

66. In a N-connected graph G, any K points are on a circuit.

67*. Let elt e2 e3 be independent edges of a 3-connected graph G. Then there
is a circuit containing ev e2, e3except when ev e2 e3form a'separating system.

68. Let a, b, xv ..., xk be distinct points of a (k I)-connected graph G.
Prove that there is an (a, 6)-path which contains xv ..., xk
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69. Show that a circuit C in a simple planar 3-connected map has exactly
one bridge iff it is the boundary of a face. Consequently, 3-connected simple
planar graphs have an essentially unique embedding in the plane.

70*. Every 3-connected graph G has a circuit C with exactly one bridge.

71. We associate a value v(e) > 0 with each edge e of a strongly connected
digraph G. Let a, b be two points of G and let P and C run over all (a, 6)-paths
and (a, 6)-cuts, respectively. Prove that

max min v(e) = min max v(e).
P efP C e£C

72. Let (p denote a function on V(G) satisfying (*) @ — 0, <p(y) — P <
<; V(X% y) (Ox y) £B(G)). Now define the value u(P) of an (a, 6)-path P to be
Y v(e). Then*
etE(P)
min U(P)= max 99(b).
P P

73. Let / be an (a, &-flow and C an (a, 6)-cut. Show that

W(f) - ezec /(e) i e£C*

74. (Max-Flow-Min-Cut Theorem) Show that the maximum value of an
(a, 6)-flow / satisfying /(e) <Cv(e) is given by

min Y v(e),
C T7tc

where C runs over all (a, b)-cuts.

75*. The preceding solution suggests the following algorithm to construct
a maximum (a, b)-flow.

Let fkbe an (a, 6)-flow and Pkan (undirected) (a, b)-path. Let A, B be the sets
of edges of Pk directed toward a and b, respectively. Suppose Pk is such
that /(e) > 0 for e£A and /(e) < v(e) for e £B (if no such path Pk exists
we know fkis optimal). Set

e= min (fke), v(e') - fke")).
efA, e'£B

Increase the value fk(e) by e for e £ B and decrease it by e for e £A, to get

a new flow fk+1. Prove the following assertions:

(@ Even repeating the above procedure infinitely many times, the values
of the flows obtained do not necessarily converge to the values of a maximum
flow.

(b) If Pkis always chosen to be a path with minimum possible length
then, repeating the above procedure, the length of Pk does not decrease.

(c) If Pkis always a path with minimum length, we get an optimum
flow in at most n3steps a1 — |F(6?))).
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76. Suppose there is a value u(x) prescribed for each point x, and a value
v(e) prescribed for each edge e. When does a function /(e) exist such that

0N fe)™ v(e); £ No ~ 2 No =u(«
e=(a, y) e=(y, a
for every a?

77. (a) Assume the capacities v(e) are integers. Show that there is a maximum
value (a, 6)-flow with integral entries. )
(b) Show that the Max-Flow-Min-Cut theorem is a consequence of the

directed-edge-version of Menger’s theorem 6.39.

78. Let / be an integral (a, 6)-flowofvalue w(f) = wl-f-...-)- wk (wt= 1,2,...).
Show that f is the sum of k integral [a, fe)-flows fv .. ., fk of values
wv ... ,wk respectively.

8 7. Factors of graphs

Here we consider the general question: given a graph, does there exist a sub-
graph whose degrees meet certain prescribed conditions? The characteristic
example of such a question is the problem of the existence of 1-factors (perfect
matchings), the solution of which (the Konig-Hall theorem for bipartite
graphs and Tutte’s theorem for the general case) is an outstanding result
making this probably the most developed field of graph theory.

In addition to the question of their existence, the problem of describing the

structure of all factors is also of importance. We touch only briefly on this
problem (cf. also § 4).

One question which can be handled with the help of factorization results
is whether a given sequence of integers can be the degree sequence of a graph
(digraph, simple graph). This leads in fact to factorization problems for the
complete graph and the answers are, correspondingly, much simpler.

Factorization problems constitute a class of integer programming problems
for which there is a satisfactory solution. The basic idea of the correspondence
between these two fields will be given in § 13, for the general case of hypergraphs.
However, we shall not be able to go into the details in this volume.

1. Let G be a graph without isolated points. Then V(G -~ (G — |V(G)\.
(Kdnig’s Theorem) Let G be a bipartite graph. Then v(G) = x(G), and o(G) =
«(G).

3. (Hungarian Method) Let G be a bipartite graph with 2-coloration {A, B}
and let M be a matching of G. Let A xand /1, be the sets of points in A and B
not covered by M. Form a maximal forest F ¢ ff with the following properties:

(*) each point x oi F in B has degree 2 and one of the edges adjacent to x
belongs to M;

(**) each component of F contains a point of Av

Prove that M is a maximum matching iff no point of B xis adjacent to any
point of F. Deduce Kdnig’s theorem 7.2 from this. Derive an algorithm to find
a maximum matching in a bipartite graph from this result.

nn
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4. (a) Let G be a bipartite graph with bipartition {A, B}. Suppose that every
X c¢: A is adjacent to at least |X| points of B. Prove that G has a matching
which matches all the points of A with (certain) points of B. Find different
proofs which use and respectively, do not use Konig’s theorem.

(b) When does a bipartite graph G have a 1-factor?
5. Let G be a bipartite graph with bicoloration {A, B) and
6= max{|X]| - \ra(xX)\}.
XQA

Prove that
v(G =\A\-d.

6. (@) Suppose G is a bipartite graph with bicoloration [A, B] and let k> 0
be a given integer such that

*) Irax)|> X} + k
holds for each 1 C i, 1 # 0. Let Xv X2be two sets that satisfy (*) with
equality and suppose X 1f] X 2="0. Show that also gives equality in (*).

(b) Show that G as defined in part (a) has a spanning subgraph G1such that
(1) dax) = k+ 1 for all XEA,
@2 rgX)[™ X\+«k forallied,!”™ 0/]
7. Show that for any bipartite graph G with bicoloration {A, B), the following
three statements are equivalent:
(i) G is connected and each edge of G is contained in a 1-factor,
(i) For any x £A and y £B, G—x —Y has a 1-factor,
(iii) ML= \B\ and for each 0 ~ I c i, [P(X)| > WJT.
(Such a graph is called an elementary bipartite graph.)

8. Prove that a bipartite graph G is elementary if and only if it can be written
in the form

G= GoUprP1U...UPk,
where GOconsists of two points and an edge joining them and P, is an odd path

which joins two points of GOUPxU. .. UP,_tin different color classes and
has no other point in common with GOUPxU. .. UPr x

9. Let G be an elementary bipartite graph which will not remain elementary
if we remove any edge of it. Show that it has a point of degree 2. Does every
edge of it have an endpoint of degree 2?

10. A bipartite graph G with maximum degree r = d(G) is the union of r
matchings (i.e. has chromatic index r).t

t In general, the chromatic index of a graph G is bounded by i?2(G)j [Shannon] and by
d{Q) + 1, if O is simple [Vizing], [see B].

4 Lovasz
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11. Let G be any bipartite graph and suppose kK > 1. Then G is the union of
K edge-disjoint spanning subgraphs Gv ... ,Gk such that

J<cla({x)<, [’\X’\ for each xEV(G).
K

12. Let G be a bipartite graph with minimum degree r. Then G is the union
of r disjoint edge-covers.

13. Determine the least number r = r(n) with the property that every r-regular
bipartite graph G with 2n points has a 1-factor such that each edge of this
1-factor has a parallel in G

14. Let G be an r-regular bipartite graph (r> 2) with 2-coloration {A, B],
where A —{av ... ,an} and B = {61, ..., bn}. Suppose a point x to be mov-
ing in V(G) and transforming the graph as follows:

(1) x starts at aland moves along any (av b to bt at which time this edge
is removed.

(2) If xis at bj, which it has just entered from aR, then it moves to the first
point av such that al¢ av and av is adjacent to oh and the edge (av, bt) is
doubled. (Note that G may have multiple edges and thus, afi may still be
adjacent to b. though one (au, 6,)-edge is removed.)

(3) If x is at av which it entered from bt, then it moves over to the first
neighbor h=A= 6; of av and an (av, b;)-edge is removed.

Prove that, in a finite time, the procedure terminates with the situation that
x = aland axis adjacent to some btby r parallel edges (and to no other point).
Use this procedure to get a 1-factor.

15. (a) Suppose the simple bipartite graph G with bipartition {A, B} has a
1-factor and every x £ A has degree at least k. Show that G has at least k!
1-factors.

(b) An elementary bipartite graph with n points and m edges has at least
m —n -(- 2 1-factors.

16. Let G be a bipartite graph with bipartition {A, B} and f(x) 0 an integer
valued function on V(G). Show that G has an /-factor if and only if

@ j?f(x) = 2 f(y)
XEA ytB
and

(i) M (*)<T(X, M+ 2 HY
Xex yeB~y

for all A cz A, and Y c; B, where m(X, Y) is the number of edges connecting
X to Y.

17. Let 6 be a bipartite graph with n points and m edges and maximum
degree d. Show that G can be embedded as an induced subgraph in a d-regular

™1 .
[— points, but no less.
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18. Let 6 be a simple bipartite graph with bipartition {A, B} such that

\A\ = [iB] = n, and with maximum degree d < —. Show that G can be
embedded in a simple regular bipartite graph on the same set V(G) of points
with degree 2d.

19. Let A = {(ijj) be a non-negative nxn matrix such that all row- and
column-sums of A are 1 (such a matrix is called doubly stochastic). Prove that
per A > 0, i.e. the determinant of A has a non-zero expansion term.

20. () Let G be a simple bipartite graph with 2-coloration {A, B), A —
—{ax...,an} and B = {bx...,bn). Let 0 iff (aithj) £E(G) and
assume the non-zero s are algebraically independent transcendentals. Prove
that G has a 1-factor iff det (atj) ™ 0.

(b) Prove the Kdnig-Hall criterion (7.4a) for the existence of a 1-factor
in a bipartite graph from this observation.

21. Let 6 be a connected graph with n points and E(G) = {ex ..., em}.
Consider all vectors (ylt...,ym) such that
(i) 2y ‘= °

for each point v. What is the dimension of the space spanned by them?

*

22. Let G be a simple graph on 2n points with all degrees at least n. Show that
G has a 1-factor.

23. Let FO be any matching of G. Then G has a maximum matching which
covers all points covered by FO.

24. (a) Construct a graph with a unique 1-factor having all its degrees at least k.
(b) Prove that a graph with a unigue 1-factor has a cutting edge.
(c) If a simple graph G on 2n points has a unique 1-factor, then

\E(G)\<,v?.
25. If G is a graph without isolated points and with maximum degree d, then

d+ |

26*. Let G be a connected graph such that, for each x £ V(G), WG —X) =
= v(G). Show that G is factor-critical.

27*. (a). Show that for any graph G,
0G) = |F(G) - 2v(G) = max {c"G - X) - |Z|}.
X S V(G)
(b) (Tutte’s Theorem) A graph has a 1-factor if and only if cXG — X) <(
< ]A|] for every X c; V(G).
28. (a) Let G be a simple graph such that
(i) G has no 1-factor, but

4
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(i) joining any two non-adjacent points of G by an edge results in a graph
with a 1-factor.
Show (without using Tutte’s theorem) that G has the following structure:
it has a set V1of points joined to every other point and the remaining points
span disjoint complete graphs.

(b) Give a new proof of Tutte’s theorem 7.27b based on (a).

29. (@) (Petersen’s Theorem) A 2-connected 3-regular graph has a 1-factor,
(b) Construct a simple 3-regular graph having no 1-factor.

30. Let G be a (k — I)-edge-connected, "-regular graph with an even number

of points. Remove k — 1 edges of G. Show that the remaining graph G' has
a 1-factor.

31. Let G be a factor-critical graph. Show that it can be expressed in the form
G=pPoUP1U... UPk,

where P0is an odd circuit and Pi+l is either an odd path with both endpoints
in POUP1U... UPj but no inner point in POUPIU... UP- or an odd
circuit having ()exactly one point in common with POUPruU... UPt (i —
= 0 K—1).

32*, (The Gallai-Edmonds Structure Theorem) Let G be a graph. Denote
by Da the set of those points which are not covered by at least one maximum
matching. Let Aa be the set of neighbors of I)Gand CG= V(G) —AG— Da.
Prove:

(@) Removing a point x of AQ, the sets Da and Ca do not change.

(b) Every component of the graph induced by Da is factor-critical. The
graph induced by Ca has a 1-factor.

() If M is any maximum matching, it contains a maximum matching
of each component of the graph induced by Da and a 1-factor of the graph
induced by Ca.

(@ v(G)=i{IF(G)[-c(Dc)+|A0l}.

(e) Tutte’s theorem follows from this.
(f) Determine the sets A, C, D for the graph shown in Fig. 4.

Fig. 4
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33. Let M be a matching of G and C a circuit of length 2k -j- 1 which contains
K edges of M, but meets no other edge in M. Let G' be the graph obtained
by contracting C and M* —M —E{C). Then >X is a maximum matching of
G iff M' is a maximum matching of G'.

34*. (Edmonds’ Matching Algorithm) (a) Let ffbea graph, M be a matching
of G and consider a maximal forest F with the following properties:

(*) Each component of F contains exactly one point not covered by
M, called a root.

(**) Calling those points of F being at an odd distance from a root
inner points and the other points, including the roots) outer points, each inner
point has degree 2 and one of the two edges incident with it belongs to M
(Fig. 5).

inner point
outer point

unattained
point

Fig. 5

Then, if two outer points in distinct components are adjacent, M is not a
maximum matching. Design an algorithm to find maximum matchings based
on this observation and the preceding problem.

(b) Test your algorithm on the graph in Fig. 4.

35. Assume that the ~-regular graph G on 2m points has the property that
any two odd circuits of it either intersect or are joined by an edge. Show that
G has a 1-factor.

36. (a) If G has no 1-factor, then it has a point x such that each edge adjacent
to x is contained in some maximum matching.

(b)* If Gis a 2-connected graph with a 1-factor then it has a point such
that each edge adjacent to this point occurs in some 1-factor. (Such a point
is often said to be totally covered.)
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37. The maximum size of a 2-matching of 0 is
\W(G)\- XT«’:\%J {X1 - [Fo(X)[}-
X independent

38*. Every graph G has a maximum matching which is contained in a maxi-
mum 2-matching.

*

39. Let 6 be a connected 2d-regular graph with an even number of edges.
Prove that G has a d-factor.

40. A 2d-regular graph is the union of d 2-factors.
41. Which connected graphs G have a spanning subgraph F with

dF()() = rdﬂ] or (MI*

for each »?

42. (@) Which connected graphs have a spanning subgraph with all degrees
odd?

(b) Every 2-edge-connected graph G with all degrees at least 3 has a span-
ning subgraph in which each degree is positive and even.

43*. Let G be a graph and let us associate a non-negative integer f(x) with
each point of G. Construct a graph G' which has a 1-factor if and only if

(@ G has a perfect /-matching,
(b) G has an /-factor.
44. We associate a pair (/0k), o0R) of non-negative integers with each point

xof a digraph G. When does G have a spanning subgraph with indegree f(x)
and outdegree g(x) at each point

45. Given a graph G, when can one orient its edges in such a way that the out-
degree of every point xis equal to a prescribed number /() ?

46. (@) Let G be a connected graph which contains a circuit. We associate a
number g(x) with each point xof G. Show that G has a spanning subgraph F
whose degree differs from g(x) at every pont x

(b) Let G be a tree, and let us associate an integer g(x) with each point x
Show that exactly one of the following statements is true:

() G has an orientation with indegrees g(x);
(i) G has a spanning subgraph with all degrees different from g(x).

*

47. Let 0 < dx< ...< dn be integers. Show that there exists a tree with
degrees dv ... ,dnif and only if

dr-g- ... fdn 27 —2.
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48. Let 0 <, dl <, ... <[dn be integers. Show that they are the degrees of
a graph without loops iff

(1) dy+ ...+ dnis even, and
(2) dn< dy (- ... -f-dn_v

49. Letfv ...,/,,, gv...,gn0 beintegers. Prove that there exists a simple
digraph on {vyvn] without loops in which d”(v,) =/, djj(v/) = g, iff
@ fy+ ...+ fn= gy+ ... + gn and
(b) [/](»-]~"D- \1~J\ (/,dc{l,...,n}).
Ui KJ
Simplify the condition if /i /,, and gy< ... gn
50. Prove that there exists a simple graph with degrees dy < d2 N odn
if and only if there exists one with degrees dy, , dn_y, where
a‘(__ dk for k=\, ... ,n —dn—1,
dk— 1 for K —n —dn,...,n —1.
51. (@) Suppose d, > 0 (i=1,...,n) and dy + ... -j-dniseven. Suppose
there is a simple digraph H without loops on V —{vv ... ,vn} such that

dH(vi) —dji(Vj) = oy (i= 1,...,n). Then there exists a simple graph G
on V with dQv,)=dt(i= 1,...,n).

(b) Let 0< dy ...< dn Prove that there exists a graph with degrees
dy, . ..,dnif and only if

(1) dy ... + dnis even, and
@) dy k(k—1)+  min(d, K
i=n-k+1 i=l
foreach 1 kK n

52. Let 0 dx<[d2<l...< dnbe given integers. Show that they are the
degrees of a simple connected graph if and only if
(1) they satisfy the conditions of 7.51b and moreover

(2) dy >>0, and
(@) Jd,.>2(ii- 1)
i=i

53*. Let dy, ..., dn be given integers. Prove that they are the degrees of a
simple graph with a 1-factor if and only if dy......... dnas well asdy —1, . ..
dn— 1 are the degrees of some simple graph.

§ 8. Independent sets of points

The concept of anindependent set of points is analogous to, and sounds simpler
than the concept of an independent set of edges. However, it is more difficult
to handle and much less is known. There is no “good” way to determine the
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maximum number of independent points; there are some fundamental reasons
for this (see the work of Cook, Karp and Levin quoted in the introduction).

The problem of considering graphs critical with respect to independence
number has proved easier to tackle. These graphs have many nice properties
and, extending problem 8.25 it is even possible to find a classification
of them. The quantity and depth of results concerning a-critical graphs is
considerably larger than those concerning chromatic-critical graphs (see the
next section).

Arrelated problem is that of the problem of games on graphs, which is a very
general setting for game theory. The reader Is advised to translate the games
of chess, tic-tac-toe etc. into games on directed graphs as in problem 8.8,
and design games to which the surprising results of these problems can be
applied (e.g. chess with “pass”).

1. A graph with all degrees at most d satisfies

G~ Ul :

«(G) 51

2. The points of a graph G can be covered by not more than a(G vertex-
disjoint paths.

3. The points of a graph G can be covered by not more than a(G) disjoint
circuits, edges and points.

4* Let G be a digraph and 8 a subset of V(G) such that there are disjoint
(directed) paths starting from the points of 8 and covering V(G). Show that
8 contains a subset SO with the same property such that

IS0~ (<D
5. (@) Every symmetric digraph has a kernel.

(b) An acyclic digraph G has a unique kernel.

(c) If every cycle of G has even length, then G has a kernel.

6. Every tournament T has a point from which every other point can be
reached on a (directed) path of length at most 2.

7. Every digraph G contains an independent set 8 Cl V(G) such that every
point can be reached from S by a (directed) path of length at most 2.

8. Let ffbea digraph and let players A , B play the following game. A occupies
a point and then, taking turns, they e ach occupy a point which is accessible
from the opponents last move and still unoccupied. A player loses whenever
he has no possible move on his turn.

(@ Suppose G has no cycles. Show that A has a winning strategy and de-
termine the set of points he can start with.

(b) Now drop the assumption that G is acyclic but assume it has a point
x0 of indeg ree 0. Show that the opening player A still has a winning strategy.

() Now let G be an arbitrary digraph. Show that the second player has a
winning strategy if and only if he has a winning strategy on each strong
component of G.
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9. (Cont’d) Let G be a graph (or, equivalently, a symmetric digraph). Show
that the opening player has a winning strategy if and only if G has no 1-factor.

10. Let Tv ...,Tkbe maximum independent sets in a graph G. Show that
11l + 17D ... nni*20c¢(0).

11. LetTIt... ,Tkbe maximum independent sets of G and X any independent
set. Let

S = in {70 il...n31.
Then
\r(S\ - IS < [T(X)| - |A.

12. Let G be an a-critical graph without isolated points. Then every point x
is contained in some maximum independent set, but not in all. If x, y are two
points which do not constitute a component of G, then there is a maximum
independent set containing exactly one of them. If x, y are adjacent then
there is another maximum independent set missing both of them.

13. Substituting a complete graph for each point of an a-critical graph, we get
an a-critical graph.

14. Every graph is an induced subgraph of an a-critical graph.

15. (@) Find infinitely many connected r-regular a-critical graphs (r> 2).
(b) Which Platonic bodies are a-critical?

16. Which bipartite graphs are a-critical ?

17*. Any two adjacent edges of an a-critical graph are contained in a chordless,
odd circuit.

18. An a-critical graph has no cutset, spanning a complete graph (in particular
it has no outpoint).

19*. () Let Gv G2be connected a-critical graphs other than K2 Split a point
x £ V(Gg) into xv x2 and remove an edge (yv y2) of G2 Identify xt with yt.
Show that the resulting graph is a-critical.

(b) Show further that every connected but not 3-connected a-critical
graph arises in this way.

20. An a-critical graph G without isolated points has at least 2a(G) points.

21. In an a-critical graph | T(X)| > )A| for any independent set X.

22. Let X be an independent set of an a-critical graph G and x £X. Then
dgx) ~ IWA)I— X+ L

23. The maximum degree of an a-critical graph without isolated points is at
most \W{G)\ —2a(G) -+ 1.

24*. Which connected a-critical graphs G are regular of degree \V{G) | —2a(0) -f-
+ 17
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25. Characterize the connected a-critical graphs with \V(G)—2a(G) =
=012

26. Assume that a(G—x —y) —a(G) for every x, y £ V(G) and |F(6)| =
= 2a(0) -F 1. Show that G is an odd circuit.

27. Let G be a graph such that a(G— {x, y, z}) = a(G for all x,y,z£ V(G).
Show that either |[F((7)] 2x(G) + 3 or G™ Kt.

8 9. Chromatic number

The chromatic number is the most famous graphical invariant; its fame being
mainly due to the Four Color Conjecture, which asserts that all planar graphs
are 4-colorable. This has been the most challenging problem of combinatorics
for over a century and has contributed more to the development of the field
than any other single problem. Although today chromatic number attracts
attention for several other reasons too, many of which arise from applied
mathematical fields such as operations research, the Four Color Conjecture
is still the main motivation for its investigation.

Despite its popularity, we know very little about chromatic number. It is
difficult to compute it; there is no good characterization of -chromatic graphs
except for the trivial case k = 2 (cf. the non-trivial but “non-good” charac-
terizations given in problems 9.6, 9.9, 9.11, 9.15, 9.16); and chromatic critical
graphs have much weaker properties than a-critical graphs. The most difficult
proofs often concern counterexamples.

The collection of problems presented here is an attempt to cover the most
important ideas developed so far in this area. None of these have lead to a
satisfactory theory of chromatic number as yet (in particular, none of them
has enabled us to settle the Four Color Conjecture),! but they may become
elements of a more advanced theory. The main ideas dealt with in this section
are; graphs with small degrees have small chromatic number; attempts to
generalize the idea of “potential” used for bipartite graphs in §5; the con-
sideration of critical and saturated graphs; perfect graphs; chromatic poly-
nomials, a promising algebraic approach; and Kempe chaining.

1. If every point of a graph G has degree at most k, then /(G) <, K (- L.

2. Prove that for any graph G, we can find a partition V(G) = F, UF2
(Vv V27~ 0) such that

mvii) + mv*\) = m -

Further, if G is not complete, we can find a partition F(R)= FjU F2with
X(G[VID + X(G[FZ]) >/(G).

3. Establish the inequality /(G1UG2) %G  %(%2).

4. Suppose G has a (good) coloration in which each color occurs at least twice.
Show that G has such a coloration with /(G) colors.

t Since | wrote these sentences Appel and Haken have given a proof of the Four Color
Conjecture. They use different methods, among others computers very extensively.
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5. (@) Suppose |V(G)]= n and V(G) has a partition {V ........ VK} such that,
for each 1<, i <Cj <, XL there exists an Xx £V, and a y £ F- which are non-
adjacent. Then

X©G <;n- k+ 1
(b) Let G be a simple graph on n points. Then

WG+ XO N n+ 1 xG) mXG > n

6. Show that the chromatic number of a graph G is equal to the least
number m such that

Xx(G@KmM = \V(G)\.
(G® Kmis the Cartesian product of G and the complete m-graph).
7- (@) x(Glx G2) < min (tfRj), %{GJ).
(b) XG x G) = x(G).
(€) X(G x Kn) = min (x(G), n).

(d) * Show that if G is connected and x(G) > n then GxKn has a unique
n-coloration (up to permuting colors).

(e) How many «.-colorations can a graph have?

8. Let S be a set of points. If S ¢c: V(G), then any coloration of G induces a
partition of 8. Embed 8 into some graph Gin such a way that the partitions
of 8 induced by ”~-colorations of G (k> 3) are

(@) the partition of 8 into 1-element classes only (this makes sense, of course,
only if |/§ < K);

(b) all partitions except the previous one;

(c) the partition {S} only;

(d) all partitions except the previous one;

(e) * a given set {P/ eee>Pn} of partitions.

*

9. If a digraph G has no path of length m then %G < m.

10. When can we color the points of a digraph G by any number of colors
1,2, ... in such a way that every edge joins a point of color i to a point of
color i+ 1 (1<,i)?

11=. Prove that G is ~-colorable if and only if it can be oriented in such a way

.. . . . IFKCAi

that for any circuit C of G and any given direction on C, at least JRchH
K

edges of C are oriented in this direction.

*

12. (a) Let G be a connected graph and suppose there is a set C(x) of colors
associated with each point x of G. Assume \C(X)\> da(x) for every x and
that strict inequality holds for at least one x0. Then we can find a (good)
coloration of G which uses one of the prescribed colors at each point.
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(b) Suppose again that a set C(x) of colors is associated with each point
Xof a graph G, but now let |C(x)j = dG@x) for each point and C(a) ™ 0(b)
for some a, b. Further assume G to be 2-connected. Show that G admits a
(good) coloration which uses an element of C(x) to color x for each point x.
(Note the important special case when G is a circuit; cf. the solution of 9.8d).

13*. (Brooks’ Theorem) (a) Show that if every point ofG has degree at most/-
(/> 3) and G is 3-connected but is not a complete (X + 1)-graph, then %G < K
(i.e. in this case the condition that C(x) is not the same at every point can be
dropped).

(b) Show that the condition of 3-connectivity can be replaced by connec-
tivity.

*

14*. (a) Let Gbe an infinite* graph all of whose finite subgraphs are /-colorable,
but if we join any pair of non-adjacent points by a new edge in G, it will have
a finite subgraph which is not ~-colorable. Prove that V(G) has a partition such
that two points are adjacent iff they belong to distinct classes.

(b) (Erdé6s-de Bruijn Theorem) Suppose all finite subgraphs of an infinite
graph G are Z;-colorable. Prove that G itself is />colorable.

(c) For eacli point v £ V(G), let Tv be a copy of the discrete topological
space on points 1,. . ., k Then the colorations of V(G) with k colors can be con-
sidered as points of the topological product space X Prove that the le-

. . . veV(G) X
gitimate colorations of G form a closed subset. Give another proof of the Erdés-
de Bruijn theorem.

15. Let 31 0 be a class of simple graphs satisfying the following conditions:
(i) 1f G £3[ and G has a homomorphism into G', then G' £St.

(i) If Gis a graph, a,b, c £ V(G) are such that a, c are adjacent but b is
not adjacent to either of them, and if G -j- (a, b) £ and G -j- (b, ¢) £3i, then
GE£3C.

Prove that 3i consists of all non-/;-colorable graphs for some k"> 0.

16*. (Hajos’ Construction) Consider the following operations on simple graphs:
(@) Addition of edges and/or points to the graph,

(R) Identification of two non-adjacent points (and cancellation of the
resulting multiplicities of edges),

(y) For two graphs GVG2and (xt,y,) £ E(G), removal of (x- yt) (i= 1, 2),
addition of a new- edge (yv y2), and identification of xr and x2

Prove that these operations produce non-Z:-colorable graphs from non-Z;-color-
able ones and that every non-Z:-colorable graph arises by the repetition of these
operations, from the initial graph Kk+l (see in Fig. 6 how the 5-wheel is
obtained from K1 s).

t This exercise shows that problems concerning infinite graphs with finite chromatic
number can usually be reduced to the finite ease. This is why we include it here, cf.
14.19.
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Fig. 6

17. (@) Which graphs are critically 3-chromatic?

(b) Construct critically 4-chromatic graphs on 4n points in which the num-
ber of edges is at least n2

(c) Construct critically 6-chromatic graphs on 2n points in which each point
has degree at least n.

18. We associate a new point X' with each point g of a /-critical graph G, and
join it to all neighbors of x in G. We take another new point y and join it to
the points x' (x £ V(G)). Show that the resulting graph G' is /-critical with
XG) = wO0) + 1.

19. (a) Is the graph in Fig. 7 an induced subgraph of some critically 4-chro-
matic graph?

Fig. 7

(b) A graph GOis a subgraph (or induced subgraph) of a critically (k - 1)-
chromatic graph G iff /(6r0e) <( k for every edge e

20. If we split a point of a critically (k -~ I)-chromatic graph G, the resulting

graph G' is either ~-chromatic or critically (k -j- 1)-chromatic. For which values
of kK can the latter happen ?

21. A critically (k  I)-chromatic graph is at least &-edge-connected.
22. Every /-critical graph is 2-connected. Which ones are not 3-connected?

23. Show that if G is a /-critical graph, y(G) = k -~ 1and S is a separating set
of points of cardinality m, then the number of components of G — S is not more
than the number P mk of partitions of m objects into at most k classes. Also
show that this is best possible.

24. Let Gbe acritically (k -j- I)-chromatic graph. Prove that every pair of adja-
cent points can be connected by k — 1 edge-disjoint chordless even paths.
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25. (@) Construct a ~-chromatic graph without triangles.
(b)* Construct a ~-chromatic graph without 3-, 4- and 5-circuits.
26. Let G be a digraph and L(G) its line-graph. Prove that
2{L(G))>\0g2X(G).
27. Construct graphs having no odd circuits shorter than 2s 1 and with chro-
matic number greater than Ne

28. Let lv be closed intervals on a line. Define a graph G on a set
{ab........ xn} by joining x,, to x™ iff /v /u”™ 0.

(@ Show that the resulting graph G has %G = 00(G.
(b) Show that the complement of this graph G also satisfies %G = W{G).
(c) Show that every circuit C of G of length greater than 3 has a chord.

29. (a) Let G be a graph such that any circuit of G of length 1greater than 3 has
alchord. S?]ow that every (inclusionwise) minimal cutset 8 of G induces a com-
plete graph.

(b) A graph G has the property that every circuit of length greater than

3 has a chord if and only if it can be represented as follows: Let Fv ..., Fn
be subtrees of a tree T\ set {G) = [xv ..., xn) and join xt to xmf and only
if Fj fl Fj~O0.

() If G has no chordless circuits of length greater than 3, then G has
%O = o{G and the same holds for its complement.

30. Let G be a bipartite graph. Then %G = a~(G.

31. If Gland G2both satisfy %G) = w(G,), then so does their strong product
GxmG2

32. (a) Let P be a partially ordered set and define a graph G on P by joining
x, yEP ifand only if x<|yory x

(@ Show that = wG).

(b) Show the same for the complement of G.
33. Which of the previous exercises yield perfect graphs*?

34. A graph G is perfect if and only if every induced subgraph G' of it contains
an independent set which meets all maximum cliques of G".

35*. Show that, substituting a perfect graph Gx for each point g of a perfect
graph G produces a perfect graph G'.

*

t In fact, there exist graphs with arbitrarily large girth and chromatic number.
[P. Erd6s; see ES]

*Problems 9.28-32 suggest that the complement of any perfect graph is perfect. This is
in fact true, and a proof of it will follow from the theory of hypergraphs. See 13.65-57.
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36. Show that the chromatic polynomial of a graph G is a polynomial in the
number A of colors, and determine its degree.

37. Show that
Paw= 2 (-D |T|Ac(r),
T ¢ E(G)
where ¢(T) = c¢(V(G)\T).
38. Show that
Pg(A) = ~G-e(A) — PguW -

39. Determine the chromatic polynomials of complete graphs, trees, circuits
and wheels.

40. Express the chromatic polynomial of G given the chromatic polynomials of
(@) its components, and
(b) its blocks.
41. Determine the chromatic polynomial of an interval graph.
42. If G has no loops then
Pc(x) = xn—a”~x"-1+ a,, 2xn-2- ...+ (—1

where at> 0. What is an_11 Find an interpretation for av (Here and later n
is the number of points.)

43. If G is connected, then af> 0 *= 1,...,» —1)andanr< a, 2< ...
< ®[n/2]+I-

44. Let x0be the largest real root of PQX). Show that x0<[ n — 1.

45, Show that PQX) has no root in the interval (0, 1).

46. (a) Determine the meaning of the multiplicities of the roots 0 and 1

(b) Prove that |PG(—1)| is the number of acyclic orientations of G.
47*. (@) Let G be a planar map with a quadrilateral face F. Let ev e2be the
two diagonals of F, andGt= G + ¢, (i = 1, 2). Find a relation between P G(A),

Pc.W. PAM  PGttM-
(b) Is there any linear relation

aPON + BPO,(X) “"cPgW ~ 0

with some fixed integers a, T ¢ not all 0, which holds for every G and A? Show
that, except for at most five cases, there is no such relation even for a fixed value
of A

(c) Set r= "5At~l . Then

Pg(T+ 1) = (r+ I BT+ 1)+ PGIX + 1))
48. SVAV that r + 1is not a root of any chromatic polynomial.
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49*. (The Golden Ratio Theorem) (a) If B is a planar triangulation with n
points, then

Pa(r + 2)= (r+ 2)r3'-10Pa(r + 1).
(b)t For any planar graph G,
Pg(7+ 2) > 0.

*

50. A planar graph G without loops has chromatic number at most 5.

51. Given a planar 3-regular 2-connected map, we can 4-color the faces (in
such a way that adjacent faces get different colors) if and only if its chromatic
index is 3.

52. Let G be a 3-regular 2-connected planar map. Then the faces of G are
4-colorable if and only if we can associate one of the numbers +1, —1 with
each point in such a way that the sum of numbers associated with the points
-of any face is divisible by 3.

53. Assume that a planar map has a Hamiltonian circuit. Show that its faces
are 4-colorable.

54*, (@) The connected planar graph G has all degrees at most 5, and at least
one point of degree at most 4. Prove that G is 4-colorable.

(b) Prove that all 5-regular planar graphs are also 4-colorable.

55. We can two-color the points of every simple planar map G in such a way
that each face receives both colors.

56. A planar triangulation is 3-colorable if and only if every point has even
degree.

57. Let us draw some lines in the plane, such that no 3 are concurrent. Consider
their points of intersection as the points of a graph and the segments between
neighboring intersection points as edges. Prove that the resulting planar graph
is 3-colorable.

§ 10. Extremal problems for graphs

Turén raised and solved the following problem in 1943: How many edges guar-
antee that a graph with this number of edges (and n given points) has a com-
plete subgraph with kK points? This type of question has been extensively
investigated since then. Actually, any problem of the form “what is the extre-
mal value of a given parameter for a given class of graphs?” is an “extremal
problem”; in this sense, almost everything in combinatorics could be included
in this chapter. However, we shall mainly restrict ourselves to the case when
we are looking for the maximum number of edges among graphs on n points

t The Four Color theorem asserts P0(4) > 0 for every planar graph. Since 7+ 2=
= 3,6...is quite close to 4, Pq(t + 2) > 0 is interesting from this point of view.
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not containing certain subgraphs. Still, these subgraphs may only be prescribed
up to isomorphism, up to homeomorphism (if, for example, circuits are exclud-
ed) or in some other way (if for example Hamiltonian cycles are excluded),
and this leads to investigations with quite different methods.

One feature common to all of them however is that they can all be translated
from questions involving the number of edges into ones involving instead the
degrees of the points. There are several well-known tricks for interpreting infor-
mation from one formulation in terms of the other.

Again we are able to select only a few characteristic problems from this large
field. The reader will find other such problems in all graph theory books and
a large variety of solved and unsolved problems in papers of P. Erd6s.1

1. Suppose that the simple graph G on n points has more than 3(n —1)/2
edges. Prove that it contains a ©-graph, i.e. three independent paths connect-
ing the same pair of points.

2. (a) If every point of a simple graph G has degree at least 3, then G contains
a circuit with a chord.

(b) If ©is a simple graphwith n> 4 points and 2n —3 edges, then G contains
a circuit with a chord.

3. (a) Suppose that the simple graph G has all degrees at least 3. Prove that it
contains a subdivision of Kv

(b) Suppose that © is a simple graph with n points and 2n—2 edges. Prove
that G contains a subdivision of K4

4*. Let G be a simple graph with all degrees at least 3 and containing no two
disjoint circuits. Prove that G is one of the following graphs: (i) K3, (ii) a wheel,
(iii) K3n_3 with any set of edges connecting points in the 3-element class
added (Fig. 8).

Fig. 8

5. (@) Every simple 2-connected graph with n)> 5 points and 2n —2 edges
contains a subdivision of K 23,

(b) Every simple 3-connected graph with n > 6 points and 3n —5 edges
contains a subdivision of K33,

t See: P. Erd6s, The Art of Gounting, Selected Writings, The MIT Press, Cambridge-
London, 1973.

5 Lovéasz
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(c) How many edges guarantee the existence of a subdivision of if23 and
K33 respectively, without the above connectivity assumptions?

6. (@) If a simple graph G can be contracted onto Kv it also contains a sub-
division of Ku,
(b) This is not true for K5instead of Kv Find a 4-connected counterexample !

7. Let G be a simple graph with m edges and n points. Prove that it contains
a connected (non-spanning) subgraph G1 such that the neighbors of (i.e.
those points of V{G) — F(G,) adjacent to some point of 0 1) induce a graph

with all degrees at Ieast%l——— 1.

8. Let G be a simple graph on n points, m]> 3 and \E(G)\> 2m~3. Then
G can be contracted onto Km

9. Let F be any graph with k edges and no loops or isolates. Prove that if G
is a simple graph with

IEG) 17> 2k \V(G)\,

then G contains a subdivision of F.

*

10. Determine the smallest 3-regular graphs with girths 4 and 5.

11. If G is an r-regular graph with girth g, then
&3
VG)I> 1+ r+ r(r—"!) + eee+ r(r- 1) 2 if 9is odd,
20+ r—1D+ ...+ (r—Ip-1) if g is even.
12. Let ri> 2 and g1> 2 be given. Then there exists an r-regular graph with
girth g.
13. Let G be an r-regular graph with girth at least g having the least number
of points. Prove the following assertions:
(@) The diameter of G is at most g.
(b) The girth of G is g.

© IFE)N < £ (r- D

14. 1f Gis an r-regular graph (r ~ 2) with girth at least g, and G has 2n points,
where n ]> 2r8then G can be embedded in an (r -j- I)-regular graph with girth
at least g on the same set of points.

15. (8) Construct a (p + I)-regular graph on 2{p2+ p + 1) points with girth
6 (p prime).

(b)* Construct a {p I)-regular graph on 2(p3+ p2+ p + 1) points
with girth 8 (cf. 10.11).
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16. (a) Let G be a graph on n points such that 3 <; d@x) < d for each point x.

3

Then, to represent all circuits of G, we need at Ieast—g?——?——i points.

(b) If G has girth g and minimum degree at least 3 then to represent all
3
circuits of G we need at least éZeIZ points.

17*. Let %bea graph with all degrees at least 3 and girth g 3. Prove that G
contains — 2¢2 disjoint circuits.
8¢

18. Let G be a graph, let v denote the maximum number of disjoint circuits
in G and r the minimum number of points that represent all circuits of G
Prove that

(@ ifv= 1, then t 3,

O r>vr —-—,
4 logr
(c) for infinitely many values of T there are graphs G with
4r
logT*

*

19. Let G be a 2-conneeted graph, x, y £ V(G) and assume that each point dif-
ferent from x, y has degree at least k. Prove that x, y can be connected by
a path of length at least k.

20*. Let G be a simple graph such that, for each X d V(G) with \X\ <Tk,
I T(X) —X 1™ 2IX 1—1
Prove that G contains a path of length 3k — 2.

21. Let 6?be a simple graph on n points xv . . ., xnwith degreesd1<i d., <i . ..
.. < dn-Prove that G has a Hamiltonian circuit if it satisfies any one of the
following:

(@) (Dirac’s Condition) dx]> n\2,
(b) (Pésa’s Condition) dk”~ Kk + 1, for k< 5
() (Bondy’s Condition) dx<Cl, dk< k implies that dt-f dk”>n (k¢ 1),

(d) (Chvatars Condition) dk< i < Z—implies that dn k> n —k

22. If G is a simple graph on n points with all degrees at least ZE——Z'——P, then

any set F of q edges which form disjoint paths is contained in a Hamiltonian
circuit.

5*
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23*. Let G be an »-regular simple graph on 2» -~ 1 points. Prove that G has
a Hamiltonian circuit.

24. In the simple graph G on n i> 2 points, every point has degree greater
than »/2. Show that any two points of G can be joined by a Hamiltonian
path.

25. Let G be a simple digraph on n points with all indegrees and outdegrees
at least n/2. Prove that G contains a Hamiltonian cycle (cf. 10.21a).

26. Let 6 be a ~-connected simple graph such that G contains no set of Kk + 1
independent points (k > 2). Prove that G has a Hamiltonian circuit.

27. Let G be a simple graph on n points and with all degrees at least k. Then

(@) G contains a circuit of length at least Ic - 1,

(b? ~ *if Gis 2-connected, it contains a circuit of length at least 2k or &
Hamiltonian circuit.

28. Let G be a simple graph on n points with more than —’\—é———edges.
Then G contains a circuit of length at least k + 1.

29*. Let G be a 2-connected simple graph and Ietll be the maximum length of
circuits in G. Then G contains no path of length e £ 1

*

30. The simple graph G on n points contains no triangles. Prove that
\E(G)\<,-.
(G) i

31. If G is a simple graph without triangles, then
\wB)\E*(&) mr(G).
Prove the result in the preceding problem from this.

32. (a) If G is a simple ~-regular graph on n points, then the total number of
triangles in G and G is

3 2

(b) Any simple graph G on n points and its complement G contain together
at least
n(n — N(» —5)
24
triangles.

33. The number of triangles in a graph with n points and m edges is at least
am | n2
— m

3n \ 4,
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34. (Turan’s Theorem) Let G be a simple graph with mk points and more than
m2 edges. Prove that G contains a complete (k + I)-graph. Generalize

forthecasen= mk \r, 1< r< &—1.

35. Assume G is a simple graph containing no complete (k + I)-graph. Prove
that there is a simple ~'-chromatic graph H on V(G) such that

dH(x)>dQx) (XEV(G)).
Deduce Turan’s theorem from this.

36. (a) Every simple graph on n points with at least ’\(I - ¥4n —3) edges
contains a quadrilateral (4-circuit).

(b) 1fn= p24-p -~ 1 (p prime), then there exists a 4-circuit-free simple
graph on n points with 5 p(p - 12~ |2 n32 edges.

37. Assume that the simple graph G with n points and m edges contains no
Krr. Prove that

m<C en o,
where C depends only on r.

38*. (Erdds-Stone Theorem) (a) Let e > 0 and k, t > 1 be given. Prove that
if n is large enough, then every graph on n points and with all degrees at least
(1 —1jk-\- s)n contains k-\-1 disjoint i-sets such that any two points in dif-
ferent t-sets are adjacent. ny

(b) Let G be a simple graph with n points and (1 — 1jk s)éedges.

Then, if nis large enough, G contains K -|- 1 disjoint /-sets such that any two
points in different /-sets are adjacent.

(c) Eor each graph GO, denote by M(n, G0) the maximum number of edges
irll a simple graph on n points containing no subgraph isomorphic to GO. Prove
that

i, « U | i ' 1.
n2 21 XGo — D

39*. Let GO be a (k- I)-chromatic graph such that GO—e is ~-colorable for
some edge e. Prove that the graph Hnk in the solution of 11.34 does not
contain GO but if n is large enough, any other graph with this number of edges
contains GO as a subgraph. So Hnkis the unique extremal graph.

40*. Let G be a simple graph on n points and denote by Nk the number of
complete ~-graphs in G. Prove that

@ > —-— fk<JIA-- n\,
Nk  Kk2- 1\ Nk
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1 [0 i Ciiik
1 -1 — thenNk> T | (K< b+ 1 # real).
*
_ . ji% i
41. (@) A tournament T on n points contains at most - 3-cycles.

(b) A strongly connected tournament T on n points contains at least n — 2
3-cycles.
" \

2 ’

43. A tournament on n points contains at least one and at most n !/2'l2 Hamil-
tonian paths.

44. (a) Every tournament T on n points contains a transitive subtournament
on [log2n]+ 1 points.

(b) The number of ~-element transitive subtournaments (1 K <, log., n)
is at least

o

() If T is strongly connected the number of ~-element transitive sub-
tournaments (k ]> 3) is at most

n in—2
K K—2

8 11. Spectra of graphs

It is a classical program to describe a structure in terms of its numerical
“invariants”. With properly chosen invariants, the problems considered in
the theory may be transformed into numerical or algebraic problems concern-
ing the invariants and powerful methods of classical algebra may then be
brought into play.

The invariants considered in the previous chapters (connectivity, chromatic
number, chromatic polynomial) were defined combinatorially and their al-
gebraic properties played only a minor role. On the other hand, introducing
the spectrum of a graph as the spectrum of its adjacency matrix, we get an
algebraically defined invariant system. The spectrum does not, in general,
characterize the graph uniquely, though it does reflect many properties of it
and more and more such connection are continually being discovered. Thus
the introduction of spectra of graphs is not a universal method to solve all
problems, but it does prove to be very powerful in some purely graph-theoretic
situations (for example, in classifying strongly regular graphs).
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The effective use of spectra in graph theoretic investigations depends on our
ability to take two major steps. First we must be able to calculate the spectra
of large classes of graphs (or, more generally, we must be able to translate
graph theoretic information into spectral information) and, second, we must
be able to deduce properties of graphs from their spectral properties. It is
interesting that there is a large variety of methods for linking graphs with their
spectra in both these senses.

Some properties of the spectra of graphs are special consequences of the Fro-
benius-Perron theory of non-negative matrices. We shall use without proo-
or reference the following facts (see, for example, F. R. Gantmacher, Applicai
tions of the Theory of Matrices, Interscience, 1959). The maximum eigenvalue
of any graph G is non-negative, and there is a non-negative eigenvector belong-
ing to it. Moreover if the graph is connected then the maximum eigenvalue
has multiplicity 1 and there is a strictly positive eigenvector belonging to it.
Any non-negative unity eigenvector belonging to the maximum eigenvalue
maximizes the quadratic form xTAax on the unit sphere. The maximum eigen-
value has maximum absolute value among all eigenvalues.

1. Determine the spectra and eigenvectors of a complete m-graph Kn, a star
8nand a circuit Cnon n points.

2. Suppose we know the spectrum of a regular graph. Determine the spectrum of
(@) its complement G.
(b) its line-graph L(G).
(c) What is the spectrum of the Petersen-graph (Fig. 9) ?

Fig. 9
3. LetT be a forest and e = (x,y) £E(T). Then

pPT{X) = PT-eW - Vr-x-yw =

4. Let " be a forest on n points and let ak denote the number of ~-element
matchings in T. Then

pT(hy = A'—axAr2+ a2Ar4- ...+ (—1)LIJaL2JAn~2®.
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5. Let Pndenote a path with n points. Show that its characteristic polynomial
can be written in either of the following forms:

(@ pPp.) = A'- [*~ X A~2+ jn” 2jA™4 - ~ 3jA"®. ..,

(c) Determine the eigenvalues of Pn
6. Find infinitely many non-isomorphic pairs of trees having the same spectrum.

7. Suppose the eigenvalues of Gxand Gt are given. Determine those of
(a) the Cartesian product of Gxand G,,,
(b) the (strong) direct product Gx G, of Gtand G2

8. Let G be a graph whose automorphism group contains a regular, commuta-
tive subgroup I'. Let yxy be the element of ' which moves x to y and put
V(G) = {vv ... vn}. Let x be a multiplicative character of I'. Prove that

2 Xirv.vi)
(v,,Vi)eH(G)
is an eigenvalue of G
9. Determine the eigenvalues of the n-cube Qn.

10. Let G, H be two graphs on the point set 1, s, €2, ..., ep_1, where e = e2p
and p is prime, both of which are invariant under the rotation by 2njp. Sup-
pose G GdH. Then there is an integer t such that taking the ith power of each
point maps G onto H isomorphically.

11. If the bipartite graph G has no 1-factor then 0 is an eigenvalue of it.

12. If the 3-regular graph G has a system of disjoint subgraphs, each isomorphic
with the graph in Fig. 10, which covers all points, then 0 is an eigenvalue of G.

Fig. 10
13. If 1 and /1" are the greatest eigenvalues of G and G', respectively, where G'
is a subgraph of G, then 1> N".

14. (a) Let 1 be the largest eigenvalue of the graph G and let d, D be the min-
imum and maximum degrees of G. Then

max (d, ][D) N < D.
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For which connected graphs is 1 —D ?
(b) If G has n points and m edges, then

—<A<][2mn—]1>
n= ~—\ n

15. Show that the line-graph of any graph G has all its eigenvalues at least
—2, and that, if \E{G)\ > |V(G)\, then its least eigenvalue is —2.

16*. Suppose the eigenvalues of G are distinct. Show that every non-identity
automorphism of G is of order 2.

17*. Suppose that the eigenvalues of the simple graph G are distinct and that
its automorphism group is transitive. Show that G K2

18. Let ». . <| be the eigenvalues of the graph G. Show that
K(G)+1 sa 0, Aa(0) <j 0, "a(G)-I — 1. GI-B(G)+I sa le

19. (@) A connected graph G with maximum eigenvalue A is bipartite iff —/1
is an eigenvalue.

(b) A graph is bipartite iff its spectrum is symmetric with respect to the
origin.
20. Let A be the maximum eigenvalue of G. Then
m <A + \

21*. (a) Let < ... An= A be the eigenvalues of G, and set Kk = %G).
Then

AL+ eeet [k 1ds —A.

(b) Show that, if the graph G is /c-colorable in such a way that two points
are adjacent iff they have different colors, then we have equality in (a).

22*. Suppose G has k negative and | positive eigenvalues. Also suppose that G
is the union of m edge-disjoint complete bipartite graphs. Then

m > max (K, ).

23. The number of distinct eigenvalues of a connected graph is greater than its
diameter.

24. Given a graph G, we can find a polynomial f(x) such that
f{Aa) —J
if and only if G is regular and connected.

25. Given a projective plane, its line-graph L is formed as follows: Let U bo
the set of points of the plane and V the set of lines, then V(L) = U UV and
n £ U is joined to v £ V iff u £v. Determine the spectrum of L.

26*. The simple graph G has the following properties:
(i) each point has degree d,
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(i) for each pair of points, there are 6 (> 0) other points adjacent to both.
(@) Determine the spectrum of G.
(b) Determine all such graphs with 6 = 1.

(c) Find infinitely many non-trivial examples of such graphs (a trivial
example being a complete graph).

8 12. Automorphisms of graphs

Although most graphs have no automorphisms other than the identity, many
graphs arising from different combinatorial, geometric or algebraic structures
possess, or are characterized by, a large automorphism group. This makes
the study of relationships between the structure of graphs and their auto-
morphism groups of some importance.

The early trend in these investigations was to deal with independence results;
i.e. results which show that even the imposition of rather strong restrictions
on the graphs may not restrict their automorphism groups. This approach
involves the construction of graphs, for which fairly standard methods are
now available. The other approach, in which properties of the graphs are
found which do restrict the properties of their automorphism groups, needs
more “ad hoc” methods.

If the automorphism group is not only considered as an abstract group but
also as a permutation group, then, of course, we find stricter interrelationships
with the graph. For example, the property that the automorphism group is
transitive implies many nice properties for the graph.

Investigation of the endomorphism semigroup instead of the automorphism
group mostly yields similar results with more complicated constructions.
However, there are some suprising differences (see the last exercise).

1. What is the automorphism group of the Petersen graph (Fig. 9, p. 71)?

2. (a) Show that the automorphism group of the dodecahedron graph (Fig. 11)
is isomorphic with A5y Z 2.

(b) The automorphism group of the cube is isomorphic with SixZ 2- What
are the automorphism groups of the other Platonic bodies ?

Fig. 11
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3. Construct a graph having automorphism group isomorphic with Zk, a cyclic
group of order k

4.Let ' — {gv ..., gn] be a group. Define a digraph G by joining $ato gy
by an edge of color k if gtgA = gk What is the automorphism group of the
resulting colored digraph?

5. (Frucht’s Theorem) Given a finite group I, there exists a simple graph G
with automorphism group isomorphic to I.

6* Let ' be a group of order n (n > 6). Construct a simple graph G on 2n
points with A(G) QdT.

7. (@ Any tournament has an odd number of automorphisms.

(b)* Every group I" of odd order n is the automorphism group of a tourna-
ment on 2n points.

8*. Given a finite group I, construct a 3-regular graph with automorphism
group TI.

9. If Gis a connected graph with one point xx of degree 2 and all other points
of degree 3 then the automorphism group of G is of order 2&for some k.

10. Let G be a graph such that A (G acts semiregularly on E(G). Let I be any
subgroup of A(G). Then G has an orientation G such that A{G) = T.

11*. Let r v [0 be two finite groups. Construct a graph G which has an edge e
such that A(G) Tland A(G - e)ed 2

12. (@) Let G be a connected graph and I' a subgroup of A(G) acting semi-
regularly. Prove that G can be contracted onto a graph G' such that A(G')
has a subgroup " QI which acts regularly.

(b) Let G be a connected graph and I' a simple subgroup of A(G). Then
some connected subgraph of G can be contracted onto a graph G' such that
A(G') has a subgroup I'" Q@ I which acts edge-transitively on G'. If, in addition,
the elements of I" have no fixed pointin common, then C'hasthe same property.

13. (@) If the automorphism group of a graph G is commutative and transitive
it is isomorphic to the direct product of cyclic groups of order 2.

(b) Construct a graph whose automorphism group is transitive and iso-
morphic with the direct product of n cyclic groups of order 2, for any given n.

(c) * Construct a simple graph with this property for large enough n.

14*. The r-regular connected graph G has a transitive automorphism group.
Show that G is r-edge-connected.

15*. (a) Let G be a graph with transitive automorphism group which is exactly
3-connected. Show that G is 3-regular. Is this true with 4 instead of 3?

(b) How large must the connectivity of an r-regular connected graph with
transitive automorphism group be?

(c) A connected simple graph with an edge-transitive automorphism group
and with all degrees at least r is r-connected.
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16. * A connected graph G with an even number of points and transitive auto-
m?rphism group has a 1-factor and, in fact, each edge of it belongs to a
1-factor.

17. The graph G is connected and A(G) contains a commutative transitive
subgroup I'. Prove that G has a Hamiltonian circuit.

18. Which planar graphs have edge-transitive automorphism groups?

19*. Assume that the planar graph G has a non-cyclic simple automorphism
group. Prove that A(G) s™MAs.

20*. (@) Assume G is a connected graph and A(G) contains a subgroup
I w (Zp)3(p prime) which acts semiregularly. Then G can be contracted onto Kp.

(b) Assume Gis a connected graph and A(G) > I’ (Zp)3 where p is
a prime and I'" is a simple group without a common fixed point. Then G can
be contracted onto Km where m — [log p/log 8].

(c) Let Si be a class of graphs, not containing all graphs, such that if
G £Siand e £ E(G), then both G —e and G/e belong to & (e.g. the class of graphs
embeddable in a surface F, or the class of graphs having no subgraph contract-
ible onto Km). Then there exists a group I such that no graph of 3l has auto-
morphism group isomorphic to I'.

21. Let I' be a permutation group on a set Q. Construct a simple graph G such
thaIE1 V#G) DU, Q is invariant under A(G) and the restriction of A(G) to Q
yields T

*

22. Determine the endomorphisms of the Petersen graph (Fig. 9, p. 71).
23. Construct a rigid graph.

24*. (a) Let E be a finite monoid (semigroup with identity). Prove that there
exists a digraph G with colored edges such that the endomorphism semigroup
End (G fa E.

(b) Prove that there exists such a simple graph as well.

25. (a) If End (G is isomorphic to the multiplicative semigroup {0, 1, —1}
then G —e cannot be rigid for any edge e.

(b)* For any monoid E there exists a simple graph G with End (G) E
such that G -~ e is rigid for some new edge e.

§ 13. Hypergraphs

A hypergraph, being a set with a specified collection of subsets, is a very gen-
eral structure to consider. Graphs (in which each specified subset has just
two elements) and several other combinatorial structures (block designs,
matroids) are very special cases. Consequently the investigation of hyper-
graphs throws up a very large variety of problems and the “theory” is very
dispersed. However, when various problems are translated to hypergraphs
some concepts such as matching number, covering number and chromatic
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number seem to occur very frequently. In my opinion these concepts are
almost as general as those of logic: for example, given a combinatorial quantity
defined as a minimum, it is usually easy to express it as the covering humber
of a suitable hypergraph. The duality between matching number and covering
number, not yet completely worked out, is the background of many more graph-
theoretic and combinatorial results than would appear at first glance.

There are also some general methods in hypergraph theory. The averaging
method (cf. problems 12, 21, 27, 28, 32, 41, 52, 53) seems to be trivial, but its
direct application has settled problems which were unsolved for several years
(e.g. 32, 57).

Finally we remark that certain special questions concerning hypergraphs
give rise to theories which are distinguished from the rest by their more de-
veloped methods. We touch on transversal theory in problems 5-7. The theory
of block designs (i.e. hypergraphs with high degree of symmetry) is not treated
here.

1. A connected hypergraph H contains no circuits if and only if
*) 2 (I9]-)=|ra)l-1.
E £ E(H)

2*, (@) Let A be a totally balanced hypergraph with \E(H)\> 2. Then H
has two edges E, F such that each point of E — F has degree 1

(b) Let H be a totally balanced hypergraph and suppose that any two
edges have at most p points in common. Then

*) E)%:EO_DNQ—V)<,\V(H)\—p.

3. Let P be a path and let Pv ..., Pmbe subpaths (intervals) on P. Setting
V = V(P), Ej = V(Pj), prove that the hypergraph (F; {Ev ...,Em}) is
totally balanced.

4. The 3-uniform hypergraph H (without multiple edges) has |V(Il)| —1
edges. Prove that it contains a circuit of length at least 3.

5. (a) (Hall’s Theorem) A hypergraph H has a system of distinct representatives
iff \W(H")\ > \E(H")\ for each partial hypergraph H' of H.

(b) Given a hypergraph H, we want to select a 2-element subset f(E) of each
edge E in such a way that the sets f(E), considered as the edges of a graph,

form a forest. Prove that this is possible iff |F(#')| > \E(H)\ - 1 for
each partial hypergraph H' of H.

6.Let T A V(II). When does H have a system of distinct representatives
containing T %

7*. Let Hv H2 be two hypergraphs with V(HX = V(H2 and \E(HX\ =
= \E_(fI?Z)\ —m. Then Hv H2have a common system of distinct representa-
tives i

IV(H) NVHMI> \E(H)N + \EH")\ - m

for any two partial hypergraphs H', H" of Hxand H2 respectively.
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8. Let H be a hypergraph with m distinct edges (m > 2). Prove the following
assertions:

(@) The number of sets of the form E A F (E, F £ E(Hj), is at least m.

(b) *The same holds for the sets of the form E —F, (E, F £ E(H)y

(© * The same holds for the sets of the formE UF or E N F, (E, F £ E(H),
E"F).

9*. Let H be a hypergraph such that if E £ E(H) then every F c: E belongs
to E(H). Prove that there exists a permutation a of E(H) such that E Mo(E) = 0
for each E £ E(H).

10. (a) The hypergraph H on n points has n distinct edges. Prove that it has a
point X such that H \x has n distinct edges.

(b) The hypergraph H on n points has m <j %n distinct edges. Prove that

it has a point x such that H\x has at least m — 1 distinct edges.
(c) The hypergraph H on n points has

n\
m>Y

/5) Ul

distinct edges. Prove that there is a set X cz V(H) with \X\ = k, such that
every subset of X occurs among the sets X ME, E £ E(H).
11. Let H, K be two hypergraphs on the same »-element set V and suppose
that

A' e A £E(H) =>A' £E(H),
and

V 3 B'3 B6E(K) =B' €£E(K).
Prove that

\E(H) ME(K)\<-A\E(H)\ » \E(K)\.

12. (a) Let H be any r-uniform hypergraph. Prove that V(H) can be split into
two classes such that the number of edges contained in one of the two classes

is at mos E(H)\

2r~i
(b) Prove that V(H) can be partitioned into r classes such that at least
T! .
F\E(H)\ edges have the property that they contain exactly one element
of each class.

13*. An r-uniform hypergraph has m edges, any two of which meet in at most K
points. Prove that it has at least

rm
r--(m—2LukK
points.
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14*, Let H be a hypergraph with n points and m edges. Denote by d(x) the
degree of x and suppose d(x) < m, 0 < \E\ < n holds for all edges E and
points x. Suppose further that, if x JE, then

d(x) < \E\
Prove that m n.

15. (a) Let Abea hypergraph, V(H) ~ 0, in which any two edges have exactly
one element in common, and no point occurs in all edges. Then \E(H)\ <T
<\V(H)\.

(b)* (Fischer’s Inequality) Prove that the same holds if any two edges
have exactly Aelements in common (y > 0) and that, the characteristic vec-
tors of edges are linearly independent over the reals.

16. Let H, K be two hypergraphs on the same set of points, and suppose
\E(H)\ = m, \E(K)\ = m', where m' —m or m + 1. Then

2 2 2 \A n A\ + 2
A£E(H) BI E(K) {A, A"y ¢ E(H) B, B'} 4 E(K)
17*. (@) Let Fv ..., Fmbe sets such that |[P,gP;|= 2k (1< i< j< m).
Then the degree d of any point satisfies
d(m —d) <[ km.

(b) Ifthereis apoint xwithdegree 0,1, m—1,m, thenm <; k2+ K + 2.

18. (@) Suppose that any two edges of the simple hypergraph H on n points
intersect. Prove that \E(H)\ 2n_1.

(b) If, in addition, no two edges cover every point, then \E(H)\ < 2"~2

19. Let H be a hypergraph on n points without multiple edges, such that,
for any two edges E, F £E(H), either Ec For Fc¢c EorENMF 0. What
is the maximum number of edges in HI

20. Divide the set of all subsets of an n-element set S into symmetric chains.
(By a symmetric chain we mean a chain Erc Ertl a ...d En.r, where

\Et\= i and 0 <Tr < %.)

21. (a) (Sperner’s Theorem) If H is a clutter on n points (i.e. no two edges of H
contain each other), then \E(H)I < / :

|
)
(b) For which hypergraphs does equality hold?

22*. In any partially ordered set (S, <) there is a maximum set of pairwise
incomparable elements (a maximum anti-chain) which is invariant under the
automorphisms of 8.

Give a new proof of Sperner’s theorem 13.21 using the above observation.

23*. Let us call a hypergraph H cross-cutting if each subset of V(H) is com-
parable with an edge of H.
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(@) Does every cross-cutting hypergraph contain a cross-cutting clutter?

: n?D\ edges

2]

24. If K is the maximum length of chains E1lc E2c ... c Ek of edges in
a hypergraph H on n points without multiple edges, then \E(H) | is not greater
than tlhe sum of the K largest binomial coefficients in the nth row of the Pascal
triangle.

25. (a) Suppose thateveryset of r -\- 1 edges of an r-uniform hypergraph H
has a point in common. Then all edges of H have a point in common.

(b) Suppose any K edges of an r-uniform hypergraph have a point in com-
mon. Then

r(H) K 1 1.

26. Let H be an r-uniform hypergraph with v(H) — 1 and t(H) > 1. Prove
that there exists a set S ¢ V(H) such that \E M$| > 2 for every edge E
and ISI  3r—3

27*. Let H be an r-uniform hypergraph such that any two edges of H inter-
sect. Prove that there is a set W ¢z V(H) such that

(9r 4
r- 1

and any two edges in the subhypergraph Hw induced by W meet. This is
not true with

nrial*-*].
r—l|

28. (@) LetAv A, be distinct arcs of length &of a circuit C (\V(C)\ > 2Kk)
and suppose that any two have an edge in common. Then t <,k.

(b) (Erd6s-Ko-Rado Theorem) Let Il be an r-uniform hypergraph on
n points without multiple edges such that any two edges of H intersect.
Prove that

\E(H)\< _
\r-1j

29*. (@) Let H be an r-uniform r-critical hypergraph with n points and m
distinct edges. Then (for r, v fixed)

m = 0(nr~2).
(b) Let H be any hypergraph with n points and m distinct edges. Then

for n > nQ(r, v) (v—Vv(H)) we haye
t,,—n \],,_Z »»]
p—1J P -1J r—1)
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30*. Let A be a hypergraph and denote by d its maximum degree. Then
r(d) ~ (1 + logd) r*(H).

31*. (@) Let 0 < K r be integers, u > v >w > r —Ibe reals and assume
that

iy _ (V' 1w
(r 1r r—1

b+l

(b) Let A be an r-uniform hypergraph without multiple edges. Write
IE(H) lin the form | | ,whereunl>r is real. Prove that the number of ~-tuples

Prove that

1*

M U\
contained in edges of A isatleast I (1 k<, ).

(c) Deduce the Erd6s-Ko-Rado theorem 13.28b from (b).
32*, (a) Let = ...= \Am\=p, I-Bjl = ... = \Bm\—qg and At 4d, =
= 0<»i = j. Then
TMN1IP+4A .
P )
(b) An r-uniform T-critical hypergraph H has at most n N edges.
I r

*

33. If no two edges of a hypergraph H have exactly one point in common,
then H is 2-colorable.

34. If every point of a connected hypergraph H has degree 2 and H is not
a (2-uniform) odd circuit, then H is 2-chromatic.

35. Determine all hypergraphs in which any two edges have exactly one
point in common and which are not 2-colorable.

36. Let A be a 3-uniform hypergraph onwn”~5 points in which each pair of
points occurs in the same (positive) number of edges. Prove that A is not
2-colorable.

37*. A hypergraph H has a totally unimodular incidence matrix if and only
if each subhypergraph Hw has a bicorolation {A0, A X} such that

r—%J,J’\ \E I"IAXI<FLI2I,:‘]‘

for every A £A(AN).(T1ae incidence matrix of H = ({vL,...,vnp\ {Ev ... Em})
is the matrix A — (aiy) defined by

M if
[0 otherwise.

6 Lovéasz
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A matri>3 is totally unimodular if every square submatrix has determinant
Oor + 1

38. (a) If every circuit of the hypergraph H has even length, then its points
can be 2-colored so that the numbers of red and blue points in any edge differ
by at most one.

(b) The incidence matrix of H is totally unimodular.

39. Ifthe incidence matrix A ofahypergraph H = ({n1(..., vn}; {Elt... , Em})
is totally unimodular, then H is balanced.

40. A balanced hypergraph in which every edge has at least 2 elements is
2-colorable.

41. If an r-uniform hypergraph has at most 2r~1 edges, then it is 2-colorable.

42. Prove, using 13.30, that there exists a non-2-colorable r-uniform hyper-
graph on 2r2 points with ¢ * r22r edges.

43*. If every edge of an r-uniform hypergraph H meets at most 2r~3 other
edges, then H is 2-chromatic.

44*, Let H be an r-uniform hypergraph with n points and m edges such that
two edges have at most one point in common.
(@ If n <; 2r_4, then H is 2-colorable.

(b) If H is not 2-colorable, then it contains at least 2r~4r points of degree
at least 2r_4r.

(€) If m < 4r~4r3 then H is 2-colorable.

(For existence problems concerning such hypergraphs cf. 14.24).
45. (@) The hypergraph H has the property that, for all Ic> 1, the union of
any K edges has at least k -f- 1 points. Prove that H is 2-chromatic.

(b) Construct an r-uniform hypergraph H such that the union of any k
edges (k= 1, 2, ...) has at least k points but H is not 2-chromatic.

46. Construct, for infinitely many values of r, r-uniform hypergraphs without
multiple edges which are not 2-chromatic but any two edges of which inter-
sect and have

(@) more than r! edges,
(b) at most 3r_1 edges,
() more than 3r_1 points.

47. If a simple hypergraph H is r-uniform, 3-chromatic and any two edges of H
intersect, then

WE(H) < rT
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48. Provet that, for any hypergraph H,
v(H)  v¥(H) = x*(H) < X(H).
49. (@) Let F be a graph. Then any Lcover is the sum of a 2-cover and of a
(k — 2)-cover.
(b) A similar assertion holds for ~-matchings if k is even.

(c) There are optimal fractional covers and also optimal fractional match-
ings, where the weights are halves of integers. Consequently, 2r*(G) is an
integer.

(d) Deduce 7.37 from (c).

50. Let G be a bipartite graph. Prove that every &-cover is the sum of kK
1-covers and that every ~-matching is the sum of k 1-matchings. Consequently,
X(G) = %G and V(G = v¥G).

51. (a) Prove that
x*(G®H) = t*G) X*(H),
X(G) x(H) * x(G®H)  XG) X*(H),
v(G) V(H) <, V{G®H) <, V(G) v*(H)
hold for any two hypergraphs G, H.
(b) Given a hypergraph H, x(G®H) = x(G) x(H) holds for every hyper-
graph G iff X(H) = X*(H).
(c) Setting Hp = H®H<g). . .®H (p factors), determine lim \jx(Hp).
p-+ o

52. If a hypergraph H is T-critical, then either H consists of disjoint edges or
x{H) > X*(#).
53. If a hypergraph H is v-critical, then
v(H) < v*(H).
54. Every balanced hypergraph H has x(H) = v(H).
55. If H is a hypergraph, then the following three assertions are equivalent.
@) v(H") = v*(H'), for every partial hypergraph H' of H.
(i) x(H) = x*(H"), for every partial hypergraph H* of H.
(iii) H is normal, i.e. v(H') = x(H") for every partial hypergraph H' of H.

t One may use the duality theorem of linear programming: If max c7 x exists under the
constraints Ax b, x 0 then also min b7y exists under the constraints ATy > c,
y Sio and min bTy = max cTx (here A is any nxm real matrix and b and c are n- and
m-dimensional real vectors.)

6*
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56*. (Cont’d) The following assertions are also equivalent to (i)-(iii):

(iv) d(H") = q(H"), for every partial hypergraph H' of H.

(V) H has the Helly-property; i.e. if edges Ev ..., Em meet pairwise,
then ExM ... MEm® 0 and L(H) is perfect.

57*. (Perfect Graph Theorem) A graph 0 is perfect iff G is perfect.

8 14. Ramsey Theory

Every “irregular” structure, if it is large enough, contains a “regular” sub-
structure of some given size. This phenomenon occurs in many situations.
A typical example (the title of this chapter) is that, if we take a large complete
graph whose edges are 2-colored (as “irregularly” as we like) there always
exists a large monochromatic complete subgraph. However, one can color
other objects (points in spaces, numbers, subsets, etc.) and also, one can look
for other “regular” substructures (monochromatic subspaces, arithmetic
progressions, configurations, etc.) Some of these questions turn out to be very
difficult. However, a considerable number of them can be given a general treat-
ment using categories (see problems 14.13-18 for the combinatorial background).
The last sequence of problems deals with monotone subsequences of sequences
and related problems in geometry and combinatorics. For example the famous
problem of finding convex subsets of a set is treated here.

Ramsey theory in the narrower sense, when monochromatic subsets are
looked for, is a special case of the theory of chromatic number of hypergraphs.
Most of the results here can be formulated as assertions that a certain hyper-
graph “regular” and large enough, has high chromatic number.

We shall not deal with infinite Ramsey theory, although this is more closely
related to the finite theory than, perhaps, are the finite and infinite counter-
parts of any other field in combinatorics. We hope that problems 9.14 and 14.19
will shed light on this connection.

1. () Every graph on ~ [ ”~ points contains either a complete graph with
K

K -f- 1 points or an independent set of | + 1 points.

(b) Let av ...,ak 1 be given integers (k> 2). Prove that there exists a
(least) natural number n = RKkav . .., ak) such that, if we /.'-color the edges
of Knin any way, there will be an 1<i i <; k and a complete «.-graph all of
whose edges are colored with the ith color.

2. (@) Prove that
RK(S)MRK(@3, ...,3)<[e. il] + 1
and that equality holds for k = 2, 3.
(b)* Prove that for k > 2,
2W2< B2AK) < 22k

3. (@) Ramsey’s Theorem Let K ndenote the hypergraph consisting of all /~tuples
of n points and let av ...,ah~> 1. Prove that there exists a (least) number
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n — Rk(al, . . . ,ak) such that, if we fe-color the edges of K'n, there will be an
@»,—su_bsetkof V(Kn) all of whose /."-subsets have the ith color, for at least one
i< i<,
(b) Prove that
Rk+l(@) < kNeY.
4. 2-color the edges of a complete n-graph (n  3). Prove that there will be a

Hamiltonian circuit which either is monochromatic or consists of two mono-
chromatic arcs.

3 i j-
5*. We 2-color the edges of a complete-------—--—-- graph. Prove that there
is a monochromatic path of length k. L 2

6. Let us 2-color the edges of a complete u-graph. Prove the following asser-
tions:

(@ If there is a monochromatic (2k -f- I)-circuit {k > 3), then there is a
monochromatic 2/r-circuit.

(b) If there is a monochromatic 2/c-circuit (Ic)> 3), then there is either a
monochromatic (2k — I)-circuit or two monochromatic disjoint complete
~-graphs.

(€) If n> 2m — 1 and n i> 6, then there will be a monochromatic m-circuit.

*

7. Let us 3-color the points of the plane. Prove that there will be two points
at distance 1 with the same color.

8*. We 2-color the points of the plane. Suppose there are three points of the
same color forming a regular triangle with side 1 (a monochromatic regular
triangle with side 1, for short). Then for each a, B> 0 such that \a—b\ <
< 1< a -f b, we have a monochromatic triangle with sides 1, a, b.

9. (a) Show that if we 2-color the points of the plane, then we do not necessarily
have a monochromatic regular triangle with side 1.

(b) Prove that, 2-coloring the points of the plane, we always have a mono
chromatic triangle with sides ¥2, /6, n.

10*. Does there exist a natural number n = n0(k, li) such that, if we /r-color
the points of n-dimensional Euclidean space, one of the colors will contain
a configuration congruent to R, where

(@ R is a rectangle,
(b) R is a non-rectangular parallelogram.

*

11. Letussplitthe first n natural numbers into K classes. Prove that if n > k\e,
then one of the classes contains three integers X, y, z with x py = z
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12. Let k, ri> 1 be given. Then there is an nOk, r) such that if « > nQk, r)
and {1........ «} is /.--colored, then we can find natural numbers a, dv ,dr
such that all sums

«+ <M+ eeo + div(f < 4y < eee< <T, 0<;V<n)
have the same color (and, ofcourse, a -j- d1-f- ... -)-dr <[ n).

13. Let us /*-color all non-empty subsets of an «-element set. Prove that if n

is large enough, there are two disjoint non-empty subsets X, Y such that
X, Y, X UY have the same color.

14*. (a) Suppose that the set of all subsets of an «-element set 8 is /-colored,
where n > N(k, t). Find disjoint sets Av Bv ..., At, B, such that for any
fixed sequence 1<; < ...< iv<(t, all unions of the form

CuU...UCip(Ci= Ai or Bi or AiUud)
have the same color.

(b) Prove that for any given k and r there is an n = n(k, r) with the
following property: whenever the set of all subsets of an «-element set S
is /-colored, then there exist non-empty disjoint subsets Xv ..., XrCl 8
such that all non-empty unions of any of them have the same color.

-8B
15. Strengthen 14.12 as follows: For any Kk and r there exists a natural number
«suchthat, if (1,...,«} is /'-colored, then there always exist natural num-
bers dv ... ,dr such that dx dr<Jn and all sums du ... -- div

(LiS *i< eee< Kiir>r> 1) have the same color.

16*. Consider the set ms of all m-collections of points of the set S, where
o (> 2. (In an To-collection oA the same point may occur more than once but
at most m times.) Let a be a /-coloration of ms.

(@) There is an nxk, w) such that if |$| > «X/, ©), then there is a set
X a S and an To-collection & of points of S — X such that rnX -f- Si and
(w— 1)X - Si have the same color.

(b) There is an nr(k, w) such that if \S\ > nr(k, m), then there are disjoint
sets Xv ..., Xra S and an To-collection Si of points of S — X x— ... —Xr
such that each collection

od= ~UiXi -+ Si 0 a<lw
i=i
has the same color as
of = J? min (@, 10—1)Xj + S.
i=

17*. (Cont’d) Prove that there is an N(k, r, m) such that if |[/J ~ N(k, r, ©),
then there are disjoint non-empty subsets Xv ..., Xr of S and an Te-collec-
tion Si of points of S — X x—... — Xr such that all To-collections

ad—J? atX, + Si (0 <; di <Tw)
i=i
have the same color.
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18. (Van der Waerden’s Theorem) There exists a number w —w(k, m) such
that if the natural numbers 0,1, ,w are ~-colored, then there is a mono-
chromatic arithmetic progression of length m.

19. Let P be any property of ~-colored finite sets of natural numbers (e.g. a set
has property P if it is monochromatic and forms an arithmetic progression).
Suppose that, ~-coloring all natural numbers in any way, some finite subset
will have property P. Then there exists a natural number N such that,
~N-coloring the set {1,..., V} arbitrarily, some subset of it will have property P.1

20*. Decide whether the following assertion is true: If the set of all natural
numbers is ~-colored, one of the classes contains X, y, z with

@ X+ y= 3z
(b) X+ 2y =z
21*. Let
*® axxx+ ...+ anxn= 0

be an equation with integral coefficients. Then the following two properties
are equivalent:

(i) (*) has a non trivial (0, I)-solution.

(ii) If we color the natural numbers with finitely many colors, (*) will
have a monochromatic solution.

22*. Prove that there exists a function /(/.-) with the property that, if S is any
set of integers with |S| > f(k), then the set of all integers can be ~-colored so
that S -] meets all the colors for every integer j (S j —{s + j: s£&)}).
The ~-coloration can even be required to be periodic.

23. Let g be a prime power and k> 1,r> 0.

(@ Let n> N(k, r,g—1). Then, if we Pcolor the points of the affine
n-dimensional space over GF(q), then some r-dimensional subspace will be mono-
chromatic.

(b) Prove an analogous theorem for projective spaces.
24. Give two constructions, based on Ramsey’s theorem and 14.23a, of an

r-uniform hypergraph H which has chromatic number at least i: -f 1 and in
which any two edges have at most one point in common.
*

25. Let (av ... ,a@H) be any sequence of integers. Prove that it contains
a monotone subsequence of length K -(- 1.
26. (a) Let / be an integral-valued function defined on {1,...,2n-1}, 1<[
iS/(*) <tLL forr= 1,...,2n1 Prove that there is a sequence

1= ax< ...< an< 2+l

+This assertion is a very special case of a general principle called compactness. This
principle would allow for example the deduction of Ramsey’s theorem 14.2 from an
infinite version of it. Since we cannot go into set-theory, this exercise is to serve as an
illustration.
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with /IO <;... < IK).

(b) This is not true for 2n~1— 1 instead of 2n~-1
27*. (a) Let Tndenote a transitive tournament on n points and let a number
f(x, y) be associated with each edge (x, y) £ E(Tn). Prove thatifn > ;p ;I/_q _l ’

then there is either a (directed) path (x0, . .. , xp) with

[(*0’xi) < KXi. Xx2) < mee<; f(xp-1 Xp)
or a path (y0,...,yqQ with
fOMO' Vi) > /(W Y2) > eee> fyarV Y-
(b) Prove that the bound is sharp.

28*. Let us associate an element f(X) £ X with each non-empty subset X A S
of the set S.

@ If |(§ = 2m, then there is aset T C S, with \T\ —m, and an order-
ing (xv ..., xm of S —T such that

f8 —{xv.... XpiT (i=0,...,m).

(b) If |$| = 2n, then there is a chain 10c Ij C...cl, ¢S with
= eee= f(Xn)

(c) This is no longer true, when |/§ = 2n— 1.

29. Given N = kn+ 1 points in the plane, we can always find an “almost
straight” broken line, i.e. a sequence a0,av .. ., ak such that angle

30. We call a polygon convex from below (above) if it is convex and any
semi-line starting from its vertices and parallel to the negative (positive)
half of the y-axis has only its endpoint in common with the polygon (Fig. 12).

(@ Prove that any set S of ~ +1 points in the plane, in general

Y]
position (which includes here the property that no line determined by them

Fig. 12
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is parallel to either axis), contains either a (p  2)-gon convex from below
or a (q -f 2)-gon convex from above.

(b) This is not true with ~ ~ points.
, vV

31. (a) There exists a (least) natural number K(m) such that, if we have K(m)
points in the plane in general position there always exists a convex m-gon
of whose vertices are from the given set.

(b) * Establish the inequalitiesl

Oow _
2m-2 - 1 <; K(m) < + 1
m—2

(c) Show that K(4) = 5 and K(5) = 9.

§ 15. Reconstruction

The problem of reconstruction is a version of the classical principle of invari-
ants. If we associate some structure A' with each structure A (for example
the line-graph of a graph, or the generating function of a sequence, or the Betti
numbers of a manifold), we may be interested in the question as to whether
A" uniquely determines A. For example, the fact that a power series deter-
mines its coefficients is a result of this type. Also we may be interested in
characterizing those structures which arise in the form A'.

We restrict ourselves to reconstruction-type problems of combinatorial
character; reconstructing graphs from their line-graphs, “matroids”, direct
products with themselves etc. The best known problem in this area is the Re-
construction Conjecture, which asserts that a graph can be reconstructed
from the collection of its maximal proper induced subgraphs. This is solved
in special cases only.

We mention here for the sake of completeness one class of problems in this
connection which we shall not be able to deal with in this volume. These are
the problems concerning the construction of symmetric combinatorial struc-
tures (block designs, partial geometries, latin squares) from finite fields.
It is often the case for certain values of parameters that these are the only
structures of the given type. This is so for example in the case of geometries
over finite fields. However the techniques needed usually involve an extensive
use of the theory of block designs and this is why we cannot include them here.

1. (a) Let Gv G2be two simple graphs with all degrees at least 4 and suppose
that their line-graphs L(GX and L(G2) are isomorphic. Prove that Gxcs: G,.

(b) Let Gv 6r2be two connected simple graphs and suppose L(GJ) cs; L(G2),
but G1;6 G2ZWhat are Gxand G2?

() Let Gv G2 be connected simple graphs and @ :L(GX “mL(G2 an iso-
morphism between L(GX and L(G2). We say that <is trivial if there is an iso-
morphism y>: Gx Gz such that i induces (p on E(GX. For which graphs
are there non-trivial isomorphisms between L(GX and L{G2)?

I It is conjectured that the lower bound is the exact value of K(m).
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2. (@) Let a be an automorphism of the line-graph of the hypergraph K'n
consisting of all r-tuples of n points (n> 3r). Then a is induced by an auto-
morphism of Kn (i.e. a permutation of V(Kn)).

(b) The preceding result holds for 3rA>n > 2 r but fails for n < 2r.

3. Let 0<,i<Cr be given. Form the graph b({Kn) whose points are the
r-tuples in Kn and in which two r-tuples A, B are adjacent iff \Af)B\ = .
Show that for sufficiently large n, every automorphism of L,(Kn) is induced
by a permutation of V(Kn) in the natural way.

4. (a) Every simple graph is the line-graph of some hypergraph. Describe
these hypergraphs.

(b) Show that every graph © on n points without isolated points is the line-

graph of a hypergraph on e points.

5. (@) Let G be a simple graph with more than 9 points. Suppose that, for
each point x, G — x is the line-graph of some simple graph Hx. Prove that
G is the line-graph of a simple graph.

(b) One can find a finite number of “sample graphs” Gv ... ,Gk so that
asimple graph®©'is the line graph of a simple graph if and only ifit does not
contain any of Gv ... ,Gk as an induced subgraph.

6. (a) Call a triangle abc of a graph G odd if there is a point x  a, b, ¢ which is
adjacent either to one or to three of the points a, b, ¢. Show that if the simple
graph © is a line-graph, then

(i) it does not contain the 3-star as an induced subgraph,

(i) whenever abc, bed are odd triangles {a ¥/d), then a is adjacent to d.

(b) If ©is asimple graph such that (i) and (ii) hold, then G is the line-graph
of some simple graph.

(e) Determine the “sample graphs” in 15.5b.

7*. Show that the statement of 15.5b is not valid for line-graphs of 3-uniform
hypergraphs (without multiple edges).

8. (@) Construct two isomorphic 2-connected planar graphs whose duals are
not isomorphic.

(b) If two 3-connected planar graphs are isomorphic so are their duals.

9. Let Gv ©2 be two 3-connected graphs and ¢» E(G1) —mE(G2) a bijection
between their edges such that edges forming a circuit in G1are mapped onto
the edges of a circuit in ©2 and conversely.

(@) Prove that < preserves adjacency of edges.
(b) Prove* that©r ©2

10. Let T, T' be two trees and assume they have the same set {x1, ..., xr}
of endpoints. Suppose
dT{4, X) = dr (x, X)) L<,i<j <.

*This problem says that 3-connected graphs can be reconstructed from their matroids.
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Show that T, T' are isomorphic.

11. Let xv ..., xr be the endpoints of a tree T and set
dij = d(xt, X).
Show that
(@ for any three indices i, j, k,
dij djk—dik> 0, d/j - djk—dlk= 0 (mod 2),

(b) for any four indices i, j, k, I, two of the numbers dtj + dik d,k-j- djt,
dn - djk are equal and the third one is not greater than these two.

(c) Suppose (djjYij=i is a symmetric matrix consisting of non-negative
integers for which d- = 0 iff i = j, and which satisfies (a) and (b). Then there

exists a tree T with r endpoints xv ... ,xr such that
d(x{, ) —dij
12*. (@) Let n = 2k Construct two collections {av ...,an} ™ \bv ..., bn)
of integers (the same integer may occur more than once) such that the two
collections {a-+ :1<)i< j<[n)and{bt+ bj:1< i< j< n)areequal
(b) This is not possible when n is not a power of 2; i.e. in this case
{av ..., an} is reconstructible from the collection {a, f-a;:1<[i < j ™ n}

13. Let (ctjj), (bjj) be complex matrices in each of which no two rows are equal
and let

[K . «*)=] IH

-.-M
i=l S1I° sk
Ih 'h
g{sv mme, 8K = él Neee Ka
i=l Islj sk
Suppose further that f(sv...,sk = g(sv...,sK for every choice of non-
negative integers sv ..., sk Prove that / = g, i.e. the matrices (af) and (hjj)
arise from each other by permutation of the rows.

14. Let Glt G2be two simple graphs with a common underlying set V, \W\ > 3.
Suppose G1—x —y QdG2—x —y for all x, y £ V. Show that (?1 and Go
are identical.

15. (@) Is the following statement true ? If 6 1and G2 are simple graphs with
a common underlying set V (which is large enough) and Gt —x G2—X
for all x £V, then G2and G2 are identical.

(b) Let Gv G2be two graphs on a common underlying set V and suppose
&q—x*"G2—x for all x£V. Let H be any given graph with less than
IM\ points. Show that Gxand Go have the same number of subgraphs [induced
subgraphs] isomorphic to H.

(c) If Gy is disconnected, then so is G2 and they are isomorphic.t

t Ulam’s famous conjecture states that this assertion holds for any pair of graphs.
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16*. Let Tv To be two trees on the same set F and suppose that for each
X€V,

Tj - XanTo — X
(@) Prove that Tv T2 have the same diameter d.
(b) Prove further that Tyl Ta
17*. (@) Let Gv G2be two simple graphs with |F(Crj)| = jF(62)| = n,E(G") =
= {ei.ccc.enp> F(GD) = {/j......... fm}. Assume m > —; I;“Jand Gy—e-ai

N G2—fi for i=1,..,m. Then Gx™ G2

(b) Prove the same result when m > ?Lg is replaced by m >n logn.

18. Let Hv 112 be two r-uniform hypergraphs on the same set F, and let
r< & IFI—r. Suppose that

™* \E(HI - X)\ = \LLUH2- X )\
for all X A F, with |X| = k Then Ilxand H2 are identical.

19. Let Hv Ho be hypergraphs on the same set F and suppose that, for each
Xev,

HI\x = 112x.

Show that either //, = H2or Hxcontains all even-element subsets of F and
H2 contains all odd-element subsets of F (or conversely).

20*. (@) Let Gv G2 be two simple graphs and suppose they have the same
number of homomorphisms into any third graph H. Then GI Qi G2

(b) Suppose Gv G: are two simple graphs and every graph H has the same
number of homomorphisms into Gt as into G2 Then G, G2

21. If Gyx Gy SAG2xG2 then GA™ G2

22. (a) Construct simple graphs Gv G2, F without isolates such that GI G2,
but GM"xF *G2x F.

(b) Suppose GyXF adG2xF, where Gv G2, F are simple graphs. Then
GM"Fo~rGiXFo
for all subgraphs FO of F.

(c) Prove that the cancellation law holds for strong direct products, i.e.
if Gl eH w, G2+H, then G1 G2

(d) The same cancellation law holds for direct products of finite groups
and rings.



Il. Hints

§1

1. Decide about the persons one by one.

2. Decide now about the postcards. The answer to the second question is
n\S(k, n).

3. If we form all permutations of the letters, how often does the same word
occur ?

4. (@) Imagine k 1-forint coins in a row and suppose the people come one by
one and pick up forints as long as you allow them.

(b) Reduce to the previous case by borrowing one forint from each person.
5. One can decide about the different kinds of postcards independently.
6. A recurrence relation is
S(n, k)= S(n —1,k—1 + kS(n LK

7. If Xis an integer, both sides count the number of mappings of an «.-element
set into an fa-element set.

8. Substitute
f = J3?2S(n, Nj(j—D... O—r+ 1)
r=0

9. (@) Use
Pn= ~S(n, K).
I O( )

(b) Prove that the distribution of terms in the sum in (a) is asymptotically
normal; if we set

o) = Togyny eyl (=~ ynleyl),
then
an(Ln) + yX(mNm) A g2 (N co)
On(A(»))
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10. Consider the partition class containing a given element.

11. Use the previous recurrence relation to derive a differential equation
for p(x).

12. (a) For a partition, consider all permutations in which the classes are ar-
ranged in order of non-decreasing lengths.

(b) The result is ~ (e — 1)
13. Consider the Taylor expansion of e**

14. (a) The second derivation of the formula for p(x) (1.12) can be modified
to apply here.

(b) The method of the first proof of the formula for p(x) (1.11) easily
extends to this case.

15. (@) Use the recurrence relation
& =J ("l Sn-x-

k=1

(b) Use

|z|=e

16. Represent the partition n = ax-f ... fas, ax>...> asby a diagram
in which the ith column consists of a, dots.

17. Associate the partitions n — ax .A-am and n—m — (ax— 1) -
(am— 1) with each other.
18. Let
M= «i+ e+ am

be a partition of n into distinct terms. Write

a- = 2Pbit where bt is odd.
19. If
n=ax+ ...+ am«!>...> am” 1
is a partition of n, then try to form a partition into distinct terms with one
more term by subtracting 1 from ax and taking a new term 1. This will not

work in general as we may have ax— 1= a2 In that case, also subtract
1 from a2 an(l let the new term be 2, etc.

20. It is
S = L—xX)A—x2y 1 —x2) .. ..

21. Represent each of the generating functions as a product similarly as in
the preceding solution.
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22. The difference between the numbers of partitions of n into an odd and
an even number of distinct terms is the coefficient of xnin

1- xX)@- x2(1—x3 ___

23. ldentity (a) expresses the following fact that the number of partitions
into distinct odd terms is equal to the number of partitions with symmetric
Ferrer diagrams. (Symmetric means axially symmetric with respect to the line
starting from the left lower corner and ascending at 45°).

24. Decide, starting with 1, which numbers with what multiplicity must occur
in such a partition. If 1 occurs Kr times, the next least number occurring is
+ 1

25. If

n=X y+ z
is a partition of n, then x-\-y, y-\-z, x-\-z are the sides of a triangle with
circumference 2n.
26. Find a 2-step recurrence relation on Bn; guess a 1-step recurrence relation
and prove it by induction.
27. Find a recurrence relation for An.

28. Deduce a recurrence relation for Cnand prove that the upper determinant
satisfies it as well as the initial values. As initial values, take C_k+l = ... =
= C_x=0,C0= 1

(b) Use the recurrence relation in the same way as in 1.27.

29. Prove the recurrence relation

pn() = Xpn_KX) —Pn_25)
for the characteristic polynomial

pn(X) = det {XI —A).

30. Denote by xn and yn the number of such sequences starting with a or b
and c or d, respectively, and find recurrence relations on these numbers.
31. Use ideas similar to those in the solution of 1.17.
32. The graph of such a function can be considered as a polygon, joining the
point (1, 1) to the point (n,n), moving to the right or one upwards at each step.

33. It is more convenient to deal with the monotonic mappings/ of {1,...,n)
into {0, ,n — 1} with f(x) < x. The mappings not having this property
are in a one-to-one correspondence with step-functions connecting (0, 1)

to (n 441, —1). The result is-----=----

34. Denote by g(n, r) the number in question. Establish and then use the re-
currence relation

g(n, r) = \)'Ir g{n — 1, k).

*=0 K
35. Consider the procedure backwards.
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1.36

36. Use induction as follows: remove an element of S, then the sequence of
partitions of the remaining set is almost a sequence arising by the procedure
of the problem.

37.
38.
39.
40.

41.

42.

43.

44,

on

45.

Reduce (b) to the preceding problem.
Use 1.37 or 1.33.

Associate a bracketing of the product xI...xn_y with a triangulation.

Use the recurrence relation

un — DkDn_k+1.

The triangles form a chain.

Kn-m n _
(@) Evaluate S at the same time.
k=0 + 1

(b) Consider the Pascal triangle.

(c) Find a combinatorial interpretation.

(d) This is the coefficient of xmin (1 —a)u(l + x)u
k\ [n\ In] In—m

o (k\ [\ _ In]

m i& \m n—k
2ni
(f) Set e = e7 and use

jTo [0 otherwise.

=V if7|fc

(9 Find a recurrence relation for these numbers (z fixed, n varies).

(h) Prove by induction that the result is (—I)m

(i) The result is M v .
m
(@ Find a combinatorial interpretation.
(b) Substitute —n — 1 for n in (a).
(c) Substitute
n+ % n lik
V+a jU\p+a—i) i
(d) Substitute —n — 1 for n in (c).
(e) Expand q::—t — rc; by 1.42c and i.

3 J

To prGve (a), differentiate both sides with respect to y and use induction

n. (b), (c) will follow from (a).

Use fn(x) = n!{g}].
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§2

1. The number of pupils who like either mathematics or physics is not
12 + 14. By how much is 26 too large?

2. Determine the contribution of any atom of the Boolean algebra generated
by Av ...,Anon each side.

3. Let S= {1,... ,n} and let Ai be the set of integers divisible by pt.

4. Count the number of mappings of a set of k given elements onto a set of
n given elements.

5. p —alp + ..evanishes for xt= 0 (i= 1,...,n).

6. Consider the “contribution” of an atom B of the Boolean algebra generated
by Av ,An.

7. (a) Apply the preceding result.
(b) Use

8. Sum the results of the preceding problem forp, p (1, ...
9. This goes back to the partial sums of

k\ ik ik

o~ [lj+u -
10. To solve the second half, show

°\/iSTar-1+ (r+ 1)°v+-
11. For each J C {1, .. ., n},
P(Aj -JJA)N O
HJ

12. Denote by and the set of independent even subsets and the set of
odd subsets spanning at most one edge. Prove that

. W > |0, N Pil
simultaneously.

13. If P(A)) = ...= P(An) = 1, then the terms (—I)*land (—I)¥Lwith
J = 1 U{n} cancel out; the remaining terms are positive.

14. Use 2.6. A lower estimate is the following;

P(Ax...An> 1- 21 libjP(Awj),
LIEfs o0
max/= max
where im= 0, = 1for 1<, k<, nand A is an arbitrary real number for

mn 2

7 Lovasz
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15. Let g;= 1—p, and gj = ['1 gt and show that
nl

i6j = piPj 2
PIOY = PIT ( Sinj P

16. Set P(AK) = pK+ RK, XX= K :pk> K/IQ— , Minimize

J? 7N’y Piuj (Pe= 1)
/,je*
and estimate
S hi?jRiuj
. i.jtn
at this place.

17. Let M = ¥log2Xandlet Pv ..., Pnbe those primes <[ M which do not
divide X “Sift out” those numbers from the given sequence which are divisible
by one of Pv ..., Pn, using Selberg’s method.

18. Prove that

P(AINA2...An~"+j
2a
by induction on n.

19. Let | be the number of At’s that occur. Use Chebyshev’s (or Markov’s)
inequality

P(AV...An)= P(| = 0)
ff?

20. To compare the result of 2.19 with the estimate of Selberg’s method,
expand the latter as a power series in p.

21. Only the statement concerning the inverse is non-trivial. Towards this,
show that (af]) is invertible iffad”™ 0 (i= 1,...,n).

22. What will the matrix M = (mj)), where mij= p{xtxj), be equal to?
23. p(a, b) depends only on the structure of the interval {z :a< z< b}.
24. Show that p* defined by (*) satisfies the identities in the definition of /x
25. Use the fact that (Z —1)n= 0.

26. (For the second part) Choose V to be the set of all subsets of {1, ,n}
and

f(K) = P(i\]sﬂ Atjr€1K Aj).
27. Use
N0 *) = 2 *)e

x<ib a”b”™b avx=bi
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28. Let a be an atom such that a <T x and consider
2 M>y)= °-

yva=x

29. Decompose

2 2 M%2)

X y~x
into terms according to whether x, y belong to A, B, C.
30. Use 2.27 and induction on n.
31. Define
I = \fixi) if i=]j,
( 0 otherwise.
What is the relationship between the matrices F = (ff) and G — })?

32. Use the set {1, ..., n} ordered partially by divisibility and a slight modi-
fication of 2.31.

33. Find a similar representation D = ZTAZ of the matrix (dff) = D as for
the matrix G in the solution of 2.32.

34. Write M as a polynomial in Z —7, in a way similar to the one in 2.25.

35. Denote by gk(x) the number of those ~-tuples in R whose union is x. Show
that

20(*) —9i{x) + 7a(*) —BX) + cee= MO, X).
36. Use the identity of 2.29 in an argument similar to the preceding one.
37. Use 2.27 and induction on .

§3
1. Two permutations are conjugate iff their cycles have the same cardinalities.
2. (@) Use inclusion-exclusion;
(b) build up such a permutation, starting from a given point.

3. Count those permutations in which the set of elements in the cycle con-
taining 1 is given.

4. Count similarly as before.
5. Determine the expected number of points in ~-cycles.
6. Use the coding of the second solution of 3.3.

7. Prove the recurrence relation
n
W'Pnfal” e ¢’ %n) == Pn—kfav e« f%n—k)e
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8. For (b), represent these permutations by a permutation of the set of classes
and by k permutations, permuting each of the classes.

9. If the corresponding elements of the two groups have the same order,
then their regular representations have the same cycle index.

10. Observe the identity
gr{xv p n(xv + pn(xv - *2...(-D)"-1n).
11. Consider

jgiPn —Pn-i)yn-
N=o

12. (@) fn(x) —n!pn(x, ..., X), where pn(xv ..., xn) is the cycle index of Sn.
(b) Evaluate fn(l).

13. Such a graph consists of disjoint circuits. If we orient these, we get the
graph of the cycle decomposition of a permutation of n elements.

14. (@) Join the two numbers in a pair by an edge.
(b) How many ways can one orient the preceding graph?

15. Express these numbers as certain values of the cycle index.

16. The sequence s(1), ..., n(n) uniquely characterizes the permutation n.

17. If the jumper to jump at the ith time executes the (jr(i))th longest jump,
th(e)n n is a random permutation of {1,...,»}. The ith jump is a record iff
7t —1.

18. Observe that the optimal strategy to follow is independent of the order
of the first K jumps. Determine pn_v pn 2 ee- ¢

19. This is equivalent to n(j - 1) > n(]).
20. The number of inversions of n is

A@Q) =D+ @ —1) + <.+ (n{n) —1)-

21. Suppose we start with a large reserve in our tank and use it, if running
out of gas. Consider the point where the reserve needed is maximal.

22. (a) Call a sequence (jv ...,js) of different integers jt 1 <[ < n) as-
cending, if

@) xh+ ...+ xX> 0, but

(i) xh+ ...+ xjv<; 0 for 1<;v< s

(For 5= 1, the one-element sequence (j4) is ascending iff xx >0.) Call the
sequence descending if

(i) £/, + eee+ X.<, 0, but
(U') £/11+'--+ )q,> O fOf l< V<’ S.



4.7 § 4. TWO CLASSICAL ENUMERATION PROBLEMS 101

(Note that the two definitions are not completely analogous.) Consider par-
titions of {1, ..., n) into ascending and descending sequences, and build up
permutations n from them for which a(n) and b(n), respectively, can be de-
termined easily, cf. also 3.21.

(b) Putn=2m, %= ...= xm= land xm+l= ... = x2n= —1in (a).
23. (@) Count the number of &-gons invariant under a given rotation.

(b) Use a similar method.
24. Count the number of elements of I fixing a given point.
25. This is only a slight generalization of 3.23.

26. We want to determine the number of orbits of the permutation group
induced by I on the set Q of mappings of D into R.

27. First find a formula involving F; then use

F(uvuz...) = FE& ’EZ"“)I .

28. Use a method similar to the previous one; a one-to-one mapping which is
a fixed point of (n, g) must map a cycle of n onto a cycle of gwith the same
length.

29. First determine the generating function of the numbers gn(y) of mappings
/ satisfying (*) and invariant under a given y £T.

30. If D is the set of forints, R the set of people and I' the symmetric group
on D, 3.26 gives the answer.

31.Put \D\'=n, |i?l= N |>n I = {1} and 1= SN in 3.27; let N -* °0.

§4
1. Supposing dn— 1, remove the point vn
2. Use the preceding result and the binomial theorem.
3. Show that
PA(xV .... %, 1,0 = (*1+ ... + xn_)pn_1ixL........ xn_2)
and use the identity 2.5.
4. Contract each T, onto a single point vt.

5. Try to reconstruct the sequence bv ... , bn_x of removed points; observe
that fg is the least number not occurring amonghv ... ,b, v ah...,an.v

6. Remove one edge of the tree in every possible way.
7. (a) Prove that

M ' = .w ).
X X
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(b) Use the fact that

Tn=12)(0)=ir=ill(f)A 4e,
n 2nm j oz

where C is any simple closed curve around the origin.

|
8.Use 4.1. The result is————r—1——'———S(n—2,I).
n

9. (a) Use the Binet-Cauchy formula:
det AOA® —Z (det Bf,

where B ranges over all (n—I)x{n ~ 1) submatrices of AQ.

(b) Two rows of AO have at most one common non-zero entry.

() The number of trees on n points is the number of spanning trees of Kn,
the complete »-graph.

10. Write D in the form AOAj and use an argument similar to that in the
solution of 4.9.

11. This is the number of spanning trees of the complete bipartite graph on
{vv ., .vn; wv ...,wm).
12. (@) Use the inclusion-exclusion principle and 4.4.

(b)—(c) Use 4.9 or 4.12a.

13. (@- Consider the binary tree with &-f- 1 endpoints as a diagram to cal-
culate a product with k factors.

(b) Imagine that the edges of such a tree are walls. Starting from the root,
walk around the wall, keeping it on your left. Write a 1 when walking along
an edge away from the root and a —1 otherwise. Which + 1-sequences arise
in this way?

14. Use 4.4. Alternatively prove the recurrence relation

E(n, k—1) = 1--—nE(n, K).

15. Trivial: the edges entering the points =A= can be chosen independently.

16. (a) Use induction, by splitting the edges entering v1 into two classes
Gp C2 and considering the graphs G — G\, G —6'2

(b) Consider the s as variables and substitute .=

17. If there is a fixed point x, orient such a tree T to get an arborescence T
rooted at x. Contract all orbits of n and investigate the image of T.

18. To prove the upper bound consider rooted plane trees.
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19. (a) Write the right-hand side in the form
XTI (1+ V<M+ i + L. L),
T

where T ranges over all isomorphism types of trees.

(b) Denote by W$ the number of non-isomorphic rooted trees in which
the root has degree d. Express first the generating function of the numbers
WIff for a fixed d in terms of w(x) by the Pdlya—Redfield method.

20. (a) w(x) satisfies the equation
W(x) e~wx) = (p{X),
where

0 Iw(x2) 1_\!\1§x3)

d) = Xex boeeo

is analytic in a larger circle than w.
(b) Show that
w'(x) = BAr —x)~32+ BAr —x)~1124- h(x),
where h(x) is continuous on the (closed) disc [x| <! r.

21. Each expansion term of per A counts the number of 1-factors parallel
to a given one.

22. Find a recurrence relation.
23. Use inclusion-exclusion.
24. One has to prove that all terms in pf B have the same sign.

25. The even circuits used in the previous solution are all alternating with
respect to some 1-factor.

26. Those expansion terms of det B which correspond to a permutation with
at least one odd cycle will cancel out.

27. Prove that there is an orientation such that, if we go around the boundary
of any bounded face in the positive sense, we pass an odd number of edges
agreeing with its orientation.

28. Orient the ladder as in Fig. 13 and apply 4.21 and 4.23.

Fig. 13
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29. (a) Write a2 in the form

det pn(A),
where

Use 1.29 to obtain the roots of pn(n)-

(b) Observe that the formula (a) is the resultant of two polynomials and
use its Sylvester determinant form.

(c) Using formula (a), nzﬂ'l will be a sum approximating

s s

— J J log (4 cos2k+ 4 cos2?) da; dy
00

30. Consider the nXn chesshoard as consisting of every second square of
the (2n — 1) x(2n — 1) chessboard.

31. Identify U and vt.
32. Find a recurrence relation.

33. Consider an as the permanent of a matrix and expand it by its first row.
Find simultaneous recurrence relations on an and some other analogous num-
bers.

34. This number is

per
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Expand by the first row.
35. Use inclusion-exclusion.

36. The number is the permanent of the matrix

Count the expansion terms having Kk entries from the upper left block.

85

1. (&) What is the sum of the degrees of a graph ?
(b) The title of the chapter is misleading, use divisibility by 3.
(c) How are the first and last two points joined to each other?

2. Use the solution of 5.1a.

3. If every circuit is even, then the lengths of any two paths between a pair
x, y of points have the same parity.

4. If the total work around any circuit is 0, the work needed to go from x to y
is independent of the path used.

5. If there is an even cycle C, start defining a 2-coloration of 0 by first 2-color-
ing C and extending.

6. Take a maximum closed trail in O and show that it contains all the edges.
7. (@) Trivial by 6.

(b) Note that Gkn= L(GkMIt,,).
8. This means the same as “Gk2has a Hamiltonian cycle”.

9. Look at the sections of an Euler trail between two consecutive occurrences
of a point x of degree at least 3.

10. To show that we have used every edge consider an edge of T not used and
nearest to x0.
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11. The Euler trails can be considered as starting from x0 through a specified
edge. Show that every Euler trail arises by the algorithm given in 5.10, from
some spanning arborescence.

12. Call a point “good” if all edges incident with it have been traversed in both
directions. Look at the first “bad” point met during the walk.

13. Show and then use the fact that a graph with even degrees and without
isolated points is the union of edge-disjoint circuits.

14. (@) Use 5.13 and 5.6.
(b) Take a new point and join it to all points with odd degree.

15. Use induction on the number of edges.

16. Use induction on the number of edges; observe that if Gxis a spanning sub-
graph with even degrees and if is a circuit, then (V{G), E(GX A E(K)) is a
spanning subgraph with even degrees (briefly; a “good” subgraph) as well.

17. (a) Use induction on n. Remove a point of odd degree and take the comple-
ment within the set of its neighbors.

(b) Add a new point and join it to all points of V(G).

18. (a) Take all r-element matchings of the complete graph on V(G) and sieve
out those having an edge from G.

(b) By (a).

(c) The number of 1-factors has the same parity as the determinant of the
adjacency matrix.

19. Use an argument similar to the one above. For undirected graphs, the
statement is true if |F(G)| >3.

20. Show that reversing an edge, the parity of the number of Hamiltonian
paths does not change.

21. Consider pairs (Fv F2) of 1-factors such that Fxf) F2—0, e £ Fv Show
that the number of such pairs is even, and make use of this.

22. Reduce the graph as shown in Fig. 14 and distinguish Hamiltonian circuits
going through the edges in different directions.

Fig. 14
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23. Let F be a spanning tree of G. Show that those edges of G* which do not
correspond to edges of F form a spanning tree of G*.

24. Use the previous proof.

25. Each face has at least three edges on the boundary.
26. Remove the edges on the boundary of a face.

27. Use the 2-coloration of the faces.

28. (a) Consider a 2-coloration of the faces.

(b) Take a new point outside the pentagon and join it to the points of odd
degree.
29. Count the number of edges joining a red point to a blue point.

30. Color a point x red, if x £ V1and Vxcontains an (x, a)-path; blue, if x £ V2
and V2contains an (x, 6)-path; green otherwise. Show that there is no triangle
with all three colors.

31. Only the proof of (/) is somewhat difficult. Take a basis {v,,..., vk, vk+1,...
.. V,yof Vwith (rv ..., M-) = M and consider the transformation A defined
by
A CH _\/n

32. Show and then use the fact (M UM1} = (M M ML)L.
33. (@) The stars generate the subspace of cuts, the orthogonal subspace con-
sists of those sets of edges which constitute a subgraph with even degrees.

(b) Use 4.9.
34. Show that each circuit C is the sum of those faces contained in C,
35. (@) Show that J? Ct ZK.

id 1Uj

(b) Consider aset | such that K = is a circuit, |/| > 2 and |I] is

minimal. m

(c) Use (b) and induction on /.
(d) By (c) and 5.34.

36. Use MacLane’s criterion.
37. (@) Supposing G —dl U Go, F(6rt) M V(G2 = {Xx, y}, contract G® —x and
Go —x.

(b) Consider a maximum path.

(c) Remove the chord of the circuit, drow the rest in the plane and choose
the circuit so that the number of regions inside be maximal. Prove that the
graph has only chords outside the circuit.

(d) Clear from (c) and 5.25b.

38. It suffices to consider triangulations. (Prove!) Find an edge e which is con-
tained in exactly two triangles. Contract e and use induction.
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§6
1. Addition of an edge decreases the number of components by at most one.

2. (@) LetTv ..., Tod) be the components of Gv 8V...,SAX) the compo-
nents of G2 Construct a graph G* with V{G*) — [tv ..., f[q@), sv ..., sq@)}

joining tj to § iff TtMSj ~ 0 and look at the components of this graph.
(b) Add the points of V{GX — V{G2) to Qx as isolated points.

3. Let X- have degree dt. Consider a component Gxof G not containing xn; this
has points of degree less than IF~dI only!

4. If G1contains an odd circuit (say) and is connected, show that Gxcontains
a walk of any large enough length connecting any two points, and make use of
this fact.

5. Cf. 5.1b.

6. (a) Consider a longest path.
(b) Consider an endpoint of a longest path again.

7. (@ One can increase the number of common edges of T xand T 2at each step.

(b) Use “backwards” induction on the number of edges in a common
subtree of Txand T2

8. (a)-(b) Use 6.7b.

9. To show that there is an (a, 6)-path, consider the set X of all points accessible
from a

10. Contract the red edges and remove the green ones.

11. (a)-(b)-(c). If F is a minimal set whose removal (contraction) yields a
digraph with the desired property, then the inversion of F also results in such
a graph.

(b) Consider the case |i” = 1 first.

(c) Show first that the points of an acyclic graph G can be ordered in such a
way that every edge has larger head than tail.

12. To show that a strongly connected tournament contains a Hamiltonian
cycle, consider a maximal cycle.

13. Consider a longest cycle which is not a Hamiltonian cycle.

14. Invert the edges of F.

15. Find a proper subtree mapped into itself by

16. Consider two points of the intersection and the path connecting them.

17. (@) Assuming Pv P2 are disjoint maximum paths, consider a (Pv P2)-
path Q.

(b) The middle point of a fixed maximum path is contained in every other
maximum path.
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18. Use induction on k or n. In the first case find an edge separating Gk from
Gin...nGkyv

19. Only (c) is non-trivial. In the case of d(x, y) consider a minimum (x y)-path
and a minimum (y, z)-path; in the case of D(X, y), consider a maximal (X, z)-
path.

20. Take an edge and count how many paths of type (p,, p;), (P, gj), (Qitqj)
contain it.

21. (@) Show that removing all points of degree 1, a(x) decreases by 1 for all
of the remaining points.

(b) Consider a longest path with endpoint x.
22. (a8) Moving from x to y, for which points z does d(x, z) increase and de-
crease ?

(b) Easy from (a).

(c) Take a long path and a large “fan” at one of its ends.

23. To determine the minimum of  d(x, y) observe that exactly n —1 terms

are equal to 1; can all the others bex’équal to 2? On the other hand, show that
s(x) is maximal when G is a path and x an endpoint of it.

24. Associate, with each of all but k of the points, a path of length K starting
from it, such that different points are associated with different paths.

25. Let G be the tree constructed by the algorithm, and H a tree of minimum
expense having the largest possible number of edges in common with G. Assum-
ing G ™ H, consider an edge of G not in H.

26. Use an argument similar to the one in 6.25.

27. Two edges are equivalent iff they lie on the same circuits !

28. Choose subgraphs Gv satisfying the condition and show that if
GxU... UG =G you can choose a Gi+lL.

29. The non-trivial part is that if G is 2-edge-connected it has a desired orienta-
tion. Use 6.27 or 6.28.

30. Find a circuit with which all but one of the edges are well-fitted and con-
tract it, and proceed by induction.

31. To show that if ev e2lie on a circuit Clande2 €3 lie on a circuit C2 then
ev e3also lie on a circuit, consider the common points of Cl and C2next to €3
on C2in both directions.

32. In the cycle (i) = (iii) => (ii) =m(i) only the first step is non-trivial. Prove
(iii) for two adjacent edges first!
33. Find and use a structure for G similar to the one in 6.27. Another possi-

bility is to select 3 paths Pv P2 P3 connecting some two points such that
the length of P xis minimal and show that P } satisfies the requirements.
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34. Arrange the points of G in a sequence such that p is the first point, g is the
last point and from any other point there are edges connecting it both to earlier
and to later points.

35. A chord of a circuit could be removed without violating 2-connectivity.

36. Select a (C, (7)-path P with endpoints x, y for which the arc R connecting
Xand y on Cis minimal. Then the neighbor 2 of x on K has degree 2.

37. If O' were connected, G would contain a circuit whose points of degree 2
would constitute an arc.

38. Identify the corresponding endpoints of two isomorphic trees.

39. (@) Use induction on \E(G)\. If there is anSc V(G) which defines a
~-element (a b)-cut and [*9 > 2, |HG) —& > 2, then apply the induction
hypothesis on the graphs obtained by contracting S and V(G) —S, respectively.

(b) Split each point x ™ a, b into two points xv x2 where Xr is joined
to x2 and x2is joined to y 1iff x is joined to y.

() Replace each (undirected) edge by two oppositely oriented edges.
40. Take two new points a and b; join a to all points of A, b to all points of B.

41. A common generalization is the following. If A, B C V{G) are disjoint
sets and there is a positive integer “capacity” w(x) associated with each point
X, and for every set 8 meeting all (A, /1)-paths we have

wX) ;> K,
Xes

then there are k {A, /I)-paths such that each point x is contained in at most
w(x) of them.

42. Choose K independent (a, R)-paths Rv ..., Rt such that Rt ends at the
some point as Pt and

IER*"U .-+ URK - E{QlU « m+ U QkH)I
is minimal.

43. Choose B = V(P0) and apply 6.42.

44, Knowing Menger’s theorem it is easy to see that G will consist of two com-
plete graphs Gv G2 with k common points, a £ V(GY, b£ V(G2), a. b
| F(GXMG2. To prove this without Menger’s theorem show that every
point is connected to a or to b and the points connected to both separate a and b.

45. None of them is true.

46. Use Menger’s theorem.

47. For (i): Remove the edges of an (a, b)-path (if any) and apply 6.46.

48. By straightforward counting of the edges on both sides.

49. Consider a set X with 83A) = k and |X| minimal.

50. Contract those edges not in f .......... Fmand consider the resulting graph.
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51. Let U a V(0) — {x} be a maximal set such that dqU) = k and a certain
neighbor y of x belongs to U. Show that there exists a neighbor z of x not in U.

52. Apply the previous “point-splitting” repeatedly until x disappears.
53. Use 6.48c instead of 6.48a.

54. (a) is trivial. For (b), find a point of degree 2k and “split” it as in the solu-
tion of 6.52.

55. Consider a quadrilateral.

56. (@) Show that there are a -~ B edge-disjoint paths connecting {a, 6} to
{a', b'} such that exactly a of them start at a and exactly a of them (some
other a, possibly) ends at a'.

(b) Use a similar argument to the one as in 6.46 and 6.47.

57. Look for a planar example.

58. G obviously separates a and b. To show \C\ = k, consider the set D of
points accessible from b on a (6, A U 5)-path and show that

Cile c4nn.
As another possibility, use Menger’s theorem.

59. If (x, y) isanedge of 11and T a (k — 1)-element separating set of G — (X, y),
then 7 M V(H) separates Il — (x, y).

60. (@) Assume the statement is false. Let G—A —GxUG2 G—B =
= G3U, (GLMNMG3—G3M (™= 0) and assume, e.g., that GxMNG3 0,
F(Gj) MB =*0. Let a £GxIMG3, and let C be the set of points of A U B acces-
sible fromaon an (a, A U 5)-path. Show that

1° \Q\ >k,
2°0C(41) F(G3)U(AMIB U(B MN7(0M),
3°e2ned= 0,

4° |F(G4)| < IF(GY.
(b) Show that G4 defined in (a) is a one-element set.
61. Set e — (a, b) and assume both G/e and G — e are only 2-connected. Show
(@) there are two points x, y in G —e separating a and b,
(b) there is a point 1 in G such that {a, b, u) separates x and vy,
(c) if {x, y) separates a from u, then x, y and b are the only neighbors of a.

62. Show that if G is a simple graph and e is an edge of G which connects points
with degree at least k and, moreover, Gje is -connected, then so is G

63. Use induction on the length of the circuit.

64. Let a be a point of degree 3, joined to bv b2 b3 Show that, if G
there is a point ut separating bi+1 and bi+2in G —a —f (i = 1,2, 3; bhj+3 —
—bj), and then use this fact.
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65. Draw a tree T without points of degree 2 in the plane so that its endpoints
are on its convex hull; then add the edges of the convex hull C. Show that this
graph G is a line-critically 3-connected graph.

66. Use inductionon k. 1fx1. .., xk_lareon C, but xkis not, consider K inde-
pendent (xk, C)-paths.

67. Assume no circuit contains all the three given edges. Find a circuit which
contains two of them and does not touch the third one, and, as in 6.66, investi-
gate the paths joining the third edge to this circuit.

68. Use an argument similar to the one in 6.66.

69. Show that every bridge of the boundary of a face contains all points of the
circuit.

70. Let / £ E(G) and select a circuit C of G —/ such that the bridge B of C
containing / is maximal.

71. Assume v(ex) > ...> v(em), where E(G) — {ev .. ., en}, and consider the
first index k such that {ev ..., ek} contains an (a, b)-path.

72. Determine a function ¢psuch that, for each point x, there is an (a, :r)-path
with value <p(X).

73. Let C be given by 8 cz V(G). Consider

2 2 I(e)- 2 -

xZS(e:(x,y) (e) e=(y,x) LI_I')

74. The non-trivial part of the proofis to find an (a, 6)-flow / and an (a, b)-cut
C such that

w(f) = 2 v(e).
eec

Consider a flow / of maximum value, satisfying f <[ v. For each e £ E(G), we
introduce a new edge €' having the same endpoints but converse orientation,
and let

sV «(e) - /(e) if e€E(G),
1/(ex) if e= e[, ext E(G).

We then consider the digraph Gx determined by those edges e, e' for which
vne) > 0 and vO(e") > O; respectively. Show that G1lis not connected between
a and b

@
75. (@) Let wn be the increase of flow value at the nihstep; then J? con must be
n=1
convergent. Try to achieve on= a”,a < 1 Also, there must be edges with
fikje) = 0 or v(e) at each step. How can the value of fk(e) change between two
successive equal states?

(b) Show that if we omit those edges which the paths Pk and Ph+1use in
different directions, UPt+1l still contains two (a, b)-paths Qv Qo with
Qi MQ2c PkMPk+L.
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(c) When an edge is used in opposite directions by Pk and Pk+l, then
P k+t is longer than Pk.

76. Introduce two new points a0, b0; join a0to each point x with u(x) 0 and
give the new edge e the capacity v(e) — u(x); join each point x with u(x) < 0
to b0 and give the new edgee the capacity v(e) ——u(x). The problem is equiv-
alent to finding a suitable (a0,60)-flow in the resulting digraph Gv

77. (@) Substitute v(e) parallel edges for every edge e and apply Menger’s
theorem.

(b) Demonstrate the existence of an (a, 6)-flow/(e) < v(e) and an (a, b)-cut
C such that

~v(e) = w(f)
e€C

first for the case of rational capacities v(e).

78. One may assumed = 2. Consider anintegral (a, 6)-flow /' such thatw(/")
/'(e) < I(e) and”™ [/'(e) is minimal.

87
1. Show that a minimum system of edges which cover all points consists of
disjoint stars.

2. One can use Menger’s theorem (6.39). In order to get a direct proof, consider
a minimal subgraph G' of G such that t(G') = r(G) and show that G' consistrs
of independent edges.

3. From each point y of F in A, there is a path alternating relative to M con-
necting y to Av

4. To get adirect proof, use induction on \A|; try to find a subset 0
such that 1IZ2Y¥%| = |AA

5. Use an argument similar to that in the first solution of 7.4.
6. (&) Observe that
F(XruX2=T(Xr)ul (X2, T(XxnX2c (XxnTl(X2.

(b) Consider a minimal subgraph G+ with V(GX = V(G) and property (2).
Observe that (1) means that the one-element sets satisfy (2) with equality.

7. The implications (i) == (iii) = (ii) == (i) are easily verified.

8. “If” is easy by the preceding result. Conversely, fix a 1-factor F, an edge of
F as GO and choose the paths Pv ..., Pk alternating with respect to F (cf.
the solution of 6.28).

9. Pkin the previous problem cannot be a single edge!

10. Prove it for r-regular graphs first. Show that G has a 1-factor, and remove
the edges of this 1-factor.

8 Lovész
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11. Split each point x into points of degree k and, if necessary, one point
K

of degree d(xX) —k .

12. Use 7.11 with Kk = r.

13. Define a graph Gxon V{G) by joining two points iff they are joined in G by
more than one edge. For which values of r can Gxfail to satisfy the condition
given in 7.4b?

14. To show we cannot go into an infinite cycle, consider all edges which x passes
infinitely many times and show that every point is adjacent to at most two of
them.

15. Distinguish between elementary and non-elementary graphs.

16. Reduce to a network-flow problem, similar to that in the first solution of
7.2.

17. Embedding into a G' of this size is straightforward. To show that smaller
G' would not do, count the edges leaving a color-class of G by two different
methods.

18. It should be shown that, if G is the bipartite graph on V(G), where x £ A
is joined to y £ B iff they are not adjacent in G, then G has an (n —2d)-factor.

19. Construct a bipartite graph G on {uv ..., un, vv .. ., vn}, where ut is adja-
cent to \j iff a,j > 0. One has to show that this bipartite graph has a 1-factor.

20. (@) If G has a 1-factor the expansion term corresponding to this cannot
cancel out as the entries are algebraically independent.

(b) IfG has no 1-factor the columns of (a,;) are linearly dependent. Consider
a minimum set of columns which are linearly dependent.

21. If Gis bipartite, the conditions (1) are not linearly independent.

22. Suppose not. Let F be a maximum matching and u, v two points not in F.
How many edges can join {u, r3} to any edge of F ?
23. Consider a maximum matching F which has as many edges in common with
FO0 as possible.
24. (a) Use induction on k.
(b) Consider the decomposition given in 6.27. You may use 6.30 as well.
(c) Use this sharpening of (b): If G has a unique 1-factor F xthen it has a
cut-edge which belongs to F.

25. Consider a maximum matching F and select an edge from each point not
covered by F.

26. Show by induction on the distance between x and y that V(G —x —vy) <
< V(G) for each x ==y £ V(G).
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27. (@) d(G) > max ... is easy. To establish <, use induction and the previous
result.

(b) Trivial from (a).

28. (@) One has to show that “adjacency” is an equivalence-relation in G — Vv
(b) Adding edges does not disturb the inequalities of the theorem.

29. (@) Apply Tutte’s theorem.
(b) A cut-edge™of a 3-regular graph must be contained in every 1-factor.

30. Tutte’s condition is satisfied. This follows from counting the edges and
removed edges in a way similar to that in the solution of 7.29a.

31. Use an argument similar to that in 7.8, selecting paths PO,Pv . .., Pkone
by one so that they alternate relative to a given maximum matching F.

32. (a) Let x£Aa and let r £Da be a neighbor of x. Supposing indirectly
that y (fDa, but some maximum matching M ' of G — x avoids y, consider a
maximum matching M of G avoiding z and form MAM".

(b) Remove all points of Aa, using (a).

For (c) — (e), use (a) and (b).
33. From any matching M Oof G' we get a matching with \MO\ K edges in G

For the proof of the converse, consider the Gallai- Edmonds structure described
in the preceding problem.

34. If two outer points in the same component are adjacent we have an odd
circuit as in 7.33. Otherwise, remove the inner points.

35. Consider the components of the set Da in 7.32 and use an argument similar
to that in 7.29.
36. (a) Let F be a maximum matching and x a point not covered by F.

(b) Find an edge e such that e is in some, but not all, 1-factors and G —e
is 2-connected (cf. 6.36).

37. It is easy to see that no 2-matching can be larger than the value given. To
find a 2-matching of this size, take two copies G,G' of G, where V(G) = {vv ...,vn}
and V(G') = {v[, ..., vn) and define a bipartite graph GO by joining vt to V'
iff (M, M) £ E(G).

38. First consider factor-critical graphs and then use the Gallai-Edmonds
structure theorem 7.32.

39. Consider an Euler trail of G.

40. Consider a pseudosymmetric orientation (5.13) and split each point into
two,hseparating the outgoing and incoming edges. Apply 7.10 to this bipartite
graph.

41. Add a new point x and join it to all points of odd degree adding, if necessary,
a loop at x.

42. (@) The number of points must be even !
(b) G is a contraction of a 2-connected 3-regular graph.

8g*
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43. (a) Replace each point by f(x) independent points.
(b) If f(x) = 1 for at least one endpoint of any edge, then an /-matching
is an /-factor.

44. Split each point x into two points x', X" incident with the incoming and
outgoing edges, respectively.

45. Subdivide each edge and define / to be 1 for the new points. Look for an
/-factor of the resulting graph.

46. Use induction.
47. Use induction.

48. Show that the sequence dv ,dn_2 dn +—1,dn—1 satisfies the same
conditions.

49. Use 7.44.

50. Transform G with degrees r/,, ..., dnto a graph with the same degrees in
which vnis adjacent to vn ch...,vn 1

51. (@) Choose H with as many pairs of oppositely directed edges as possible.
Show that those edges of H whose converse is not in H can form neither an
even cycle nor two disjoint odd cycles.

(b) Trivial by (a) and 7.49.

52. To show the sufficiency of the condition, consider a graph having these
degrees and reduce the number of components one by one.

53. Let G be one graph on V = {vv ..., vn} with dO(»f) = dl and G' another
with dG(M) = di — 1. Choose G' and G as “close” as possible.

§8
1. Consider a maximal independent set.

2. Let S 1be a maximum independent set of G and let /Si+1 be a maximum inde-
pendent set in G —8 X—. .. — St. Show that Si+1has a matching into

3. Find a circuit or an edge which contains a point x and all neighbors of x.
4. If (x, y) £E(G), where x, y £8S, consider G —x.
5. (a) Take any maximal independent set.

(b) Use induction, removing a point with indegree 0 and its neighbors-
(c) Use 5.3.

6. Consider the point of highest outdegree.

7. Remove a point and all points which can be reached from it on an edge, and
use induction.

8. (@) Observe that whether or not the player to move can win depends only
on his opponent’s last move; call this last move a “winning move” (for the
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opponent) if he cannot win. What are the characteristic properties of the set
of winning moves ?

(b) The point x0is only involved if A starts with it.

(c) Observe that when they have once left a component they will make no
more moves there.

9. If G has no 1-factor, A should select a maximum matching and start with a
point not on this.

10. Use induction on k.
11. Use an argument similar to the one in the previous problem.
12. Remove an edge incident with the point x.

13. It is enough to show this, if a single point x is replaced by two adjacent
points xv x2 both joined to the same “old” points as x.

14. 1t is enough to embed the given graph GO into a G such that x(G —e) >
>e X(G) holds for the edges of GO.

15. (@) For r — 2, odd circuits do. For r > 2, increase the degree by substitut-
ing complete graphs for points.

(b) The tetrahedron and icosahedron.
16. An a-critical bipartite graph consists of independent edges. Supposing there
was an x £ V(G) joined to two points yv y2, consider a maximum independent

set Si of G — (X, yi) and the subgraph induced by [ S2U {&;} (cf. the solu-
tion of 7.2).

17. Follow the previous solution.

18. If S were a minimal cutset spanning a complete graph and x £ S, consider
two edges joining x to different components of G —S.

19. (a) Show that a(G) = ajGj) + a(6r2).

(b) Suppose G = GxUG2 with V(G) MFG2 = {x,y), |FG) ™ 3
Determine, for each X d {x, y) and i = 1,2, the maximum size of an inde-
pendent set in G/ which meets {x, y) in X, by writing out several inequalities
involving these numbers.

20. Apply 8.10 with the set of all maximum independent sets.
21. Apply 8.11.

22. Let Tv ... ,Tkbe the set of all maximum independent sets containing
U apply 8.11 again.

23. Use the previous result.

24. These are the complete graphs and odd cycles only; show and use the fact
that, if T, S are maximum independent sets with T MS 0, then (T US) =
= VG- T- S
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25. Use 8.19. and the previous problem.
26. Consider an a-critical spanning subgraph.
27. Again consider an oc-critical spanning subgraph of G.

89

1. Use induction on |F(6r)] removing a point.
2. To show the second statement, let V, be the set ofpoints of amaximum clique.
3. Use pairs of colors to color GxU G2

4, Consider a coloration a such that each color occurs at least twice and a color-
ation B with X(G) colors, so that they have as many color classes in common
as possible.

5. Use induction on k, and a re-coloration similar to the one in the solution of
9.2.

6. It helps to answer the question: can X(G® Km) be larger than |F(Cr)?

7. (@) If a coloration of Gxis given, color a point of GxxG* according to its
first coordinate.

(b) Observe that GXG 36.

(c) Ifaisa”-coloration of GX Kn, n x>k use the fact that some color occurs
twice in the set {(v, X); x £ V(Kn)} for each v £ F(G).

(d) For an u-coloration a of G xKn, show that if {x(v, X) : x £ V(Kn)) are
different, then so are {x(u, X) : x £ V{Kn)} for any neighbor n of v.

(e) What about K% = i, x...Xx1i,,?

m

8. For (d), observe that, if we want to 3-color an odd circuit but one of the
colors is excluded at each point, then it is possible iff the excluded color is not
the same at every point. For (e), consider first the case when all but one parti-
tion are allowed.

9. First prove this for acyclic graphs; for the general case, see the solution of
6.10.

10. If and only if every circuit has the same number of edges oriented in each
direction around the circuit.

11. If G is an orientation of G with the property mentioned then, for a walk of
G, define the expense of it by saying that we gain one if we go along an edge
in the right way (from tail to head) but lose k — 1 otherwise. Verify and then
use the following:

(@) the expenses of walks from a to bare bounded from below,

(b) if a, bare adjacent, then the minimum expenses of (x0, (t)-walks and
(x0, 6)-walks are different but differ by at most Kk — 1.
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12. (a) Find an arrangement (x0, .. ., xn_,) of the points of G such that xt is
adjacent to some X (j < r); start by coloring xn_v

(b) Show that the sequence used in the previous solution can be chosen so
that x0is adjacent to xn_1and C(x0) ¥=C(xn_J).

13. (a) Consider x0, xn_2 xn_t such that (xn 2 an-i) $ (x0, xn,, 1) 6 E(G),
(*(Pxn —2)€LLI,O).
(b) If ff = RBj U(?2 with V(Gj) M V(G2 = {*I, x2j, 7(6,) 1™ 3, consider
Gl+ (xv *2 and G2+ (xv x2.
14. (@) One has to show that “to be non-adjacent” is an equivalence relation.
(b) Embed G in a maximal graph on the same set with the same property.
(c) Consider the set of those colorations coloring the endpoints of a given
edge e differently.

15. Let Kk+1 be the smallest complete graph in SG then XX will be the class of
all non-Ucolorable graphs. To show that these are, in fact, in G consider a
counterexample with a fixed number of points but maximum number of edges
and prove that “to be non-adjacent” is an equivalence relation on the points.

16. Use the preceding result.
17. (@ Odd circuits.

(b) In every 3-coloration of Knr>one of the two classes is monochromatic.

(c) In every 5-coloration of Knrcone of the two classes receives only two
colors.

18. To show UG) > y(G), let a be a coloration of G' with colors 1, . . ., y(G) and
a(y) = 1. “Project” ato get a coloration of G not using color 1.

19. (@) What would a 3-coloration of G—(x3, a4) look like?
(b) Use 9.8 to show the sufficiency.
20. It can happen for all Jo*> 3.

21. If Kk —1 edges separate G into two pieces Gv G2, consider "~-colorations of
these and permute the colors to fit the two colorations together.

22. If Gis critically (Ic + I)-chromatic and 6? = U G2with V(G4 M V(G2 =
= {x, y}, then investigate the Ucolorability of the graphs obtained from G1
and G2 by connecting or identifying the points x and y.

23. Let Gv . .., Gn be the components of G —S. Consider the partitions of S
induced by ~-colorations of G—HCr) (i= 1,.. ., N).

24. In every ~-coloration of G—(X, y) the points x, y have the same color. If this
color is r, then for any other color j, the set of points with color i and j must
contain an (x, y)-path.

25. (a) Use e.g. 9.18.

(b) 1f we have Gk with %(Gk) = Kk and join each point x of it to a new point

X' by an edge, then, racoloring this piece, the set of new points cannot be
monochromatic.
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26. A ~-coloration of L(G) yields a coloration of the edges of G in which all
colors form bipartite graphs.

27. Take iterated line-graphs of a transitive tournament.

28. (@) Remove an interval whose right endpoint is as far to the left as possible.

(b) Consider | xand a as before, but now remove all intervals containing a
from the system.

() We may assume V(G) = V(C). Consider | ~and a as before.

29. (@) Consider circuits formed by two arcs joining VES to n £S through
different components of G —S.

(b) The “if” part follows like 9.28c. For the “only if” part use (a) and
induction.

(c) Use induction and (a).
30. This is equivalent to «x(@Q — o(G).
31. Show that
x(Gi -G2)<x(Gi)- x (Q.
0i(Gl+ G2 * co(R).

32. Heuristically, you have to partition P into “levels”. Take the points on the
top as “first level”, the next largest points as “second level” etc.

(b) Use 8.4.
33. 9.31 does not yield a perfect graph, even if Gxand G2 are perfect.
34. A color-class of an co(6)-coloration does so.

35. It suffices to prove the previous condition for G', in the case when only one
Gx has more than one point.

36. Consider the partitions of V(G) induced by /.-colorations.
37. Count the number of /.-colorations using inclusion-exclusion.
38. Which Scolorations of B —e are not Scolorations of G1

39. For circuits, use the previous formula.

40. If G has several components, we can color them independently. If it has
several blocks, we can color them almost independently.

41. Remove the interval whose right endpoint is the farthest to the left.
42. Use 9.38.

43. Use induction on \E(G)\, but now starting with a tree.

44, Use the formula given in the solution of 9.36.

45. In fact, (—1)n~1P@E?) > 0 in (0, 1) for connected graphs. Show this by an
induction similar to the one in the solution of 9.43.
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46. (a) Show that 0 is a simple root iff O is connected, i is a simple root iff
G is 2-connected or a&aK.z.

(b) Use induction and 9.38.
47. (a) Trivial by 9.38.

(b) Any linear relation like this ought to be satisfied in the three cases
when 7(G) = V{F).

(c) Show that this (in fact, any) linear relation holds generally if it holds,
for the three cases when V(G) = V(F).

48. What about _<u_?

49. (@) Show that the relation holds when G is some very simple triangulation
and reduce the problem to this case by “switching” the diagonals of quadrilat-
erals; use the identity

PgSt + 1) — Pa,(r + 1) = *~3(Pglie(T+ 1) — Pg,ie,(T + 1))
(b) Use “backward” induction, removing edges from a triangulation.

50. Show that G has a point of degree at most 5.

51. If the faces are colored with colors 1, 2, 3, 4, give color a to edges adjacent
to faces of color 1 and 2 or 3 and 4; color B to edges adjacent to faces of color
1 and 3 or 2 and 4; color y to the rest.

For the converse, first color the regions of the mapsformedby red-green and
red-blue edges in a 3-coloration of the edges.

52. If the edges are 3-colored with 1, 2, 3, associate the number +1 with those
points where 1,2, 3 is the clockwise ordering of the edges incident with the
point and associate —1 with the rest. For the converse, consider L(G) and 5.4.

53. Use two colors inside and two colors outside the Hamiltonian circuit.

54. (a) Use induction, removing a point of degree at most 4, coloring the rest
with 4 colors and modifying this coloration to get only three colors in the
neighborhood of the removed point.

(b) Identify two non-adjacent points on the boundary of a face and apply
an argument similar to the one in part (a).

55. We may assume Gis a triangulation. Then consider a 1-factor in its dual map
G*.

56. For part “if”, orient the edges in such away that, if 1 unit of work is needed
to pass a given edge in the given direction, then 0 (mod 3) units of work are
needed to go round each face.

57. Suppose no line is parallel to the x-axis. Then color the points one by one, in
the order of their ordinates.
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1. Otherwise, each block of G would consist of a single circuit.
2. (@) Consider a longest path.
(b) Use induction based on (a).
3. (@) Instead of (a), prove the slightly stronger statement: If a simple graph

G has at most one point with degree at most 2, then G contains a subdivision
of Kv

(b) Reduce to (a) as before.

4. Show and use the fact that G cannot contain a subdivision of Ki and an edge
disjoint from it.

5. (@) The graph contains a subdivision of Kv

(b) Use Xuratowski’s theorem 5.39d.

(c) The only exceptions to (a) when dropping the connectivity assumption
are connected graphs whose blocks are complete 4-graphs.

6. The point is that Ki has degrees at most 3.

7. Contract edges forming a connected subgraph as long as
L, 1>™
IFG™) ~ n

holds for the resulting graph G'.

8. Use induction on m, and the preceding problem.

9. Use a method similar to the one in 10.8.

10. If one builds them up starting with a given point and a given circuit, re-
spectively, when can the branches “grow together” ?

11. The points which can be reached from a point x0on paths of length at most
-—- - are distinct.
2

12. Supposing G(r, g) and G(r'; g — 1) are available, where r' = |V(G(r, <)),
construct G(r + 1, 9).

13. (@) If two points a, b were at a distance greater than g, remove a, b and
match up their neighbors.

(b) Treat the cases r —2I, r = 21 -f- 1 separately. In the first case, there
must be a circuit of length g through any given point. In the second case, one
of any two adjacent points has this property.

(c) Use a counting similar to that in 10.11.

14. If G' has girth at least g, (u, V) £ E(G’) and both x, y are at distance at
least g — 1 from {u, v}, thenG' —(u, v) + (x, n) + (y, P has girth at least g.
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15. (@) Use a finite projective plane.

(b) Let the points of G be the lines and points on the hypersurface
af--x\ f£xI+ xX\+ = 0 in the 4-dimensional projective plane over GF(p)
and connect a point to a line iff they are incident.

16. (8) Let Z be a minimum set of points representing all circuits and count the
number of edges between Z and V(G) —Z

(b) Use (a) and an argument similar to that in 10.11.

17. Let 6rj = G; if Gv ... ,Gt are already defined, then let Ct be a minimum
circuit in Gt, and let Gi+l be obtained from Gt by removing the points of C-
and also all points not in circuits of Gt — F(C,) and by “smoothing out”
points of degree 2. Consider an i for which G, has largest girth.
18. (@) Use 10.4.

(b) By a similar argument to the one in the previous proof.

() A minimal 3-regular graph with girth log2k has this property.
19. Use induction removing x.

20. Consider a maximum path P = (x0, XX........ xm). We say that the path
(x0......... Xt, ¥», Xm v ..., Xi+j) arises by deformation from P (provided
(xt, xm) £ E(G)). Let X be the set of all endpoints of paths arising by repeated
deformation from P.

21. (@) One may suppose that adding any edge (x, y) to G a Hamiltonian cir-
cuit arises. Consider the neighbors of x and y on this Hamiltonian circuit.

(b) (c) — prove (d) first.

(d) The argument in the solution of (a) proves that if dk-f-d, n, then
xk and x, are adjacent. Consider a missing edge (xk, x,) with k | maximal.

22. Show that if G is saturated and xit Xj are non-adjacent points, then
da(x) + da(}) <;n+ q—1

23. Find a circuit of length 2n.

24. Join the two points X, y if necessary and subdivide the edge (X, y).

25. Consider a maximum cycle C. First prove that |V(G)\ > % then consider

a maximum path P of G — V(C) and try to replace an arc of C by a path going
through P.

26. Consider a maximum circuit C, a component Gxof G — V(C) and the neigh-
bors of those points of C adjacent to Gv

27. (@) Consider an endpoint of a longest path in G.

(b) Let @0, ..., xm) be a longest path. Consider first the case when there
are edges (x0, xf) and (xm, xf) such that i < j.

28. Use induction on n and 7.27b.
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29. Any path P in G is contained in a subgraph as in Fig. 15.
30. Use the fact that if x, y are adjacent points, then
da(x) + da(y) <[ n.
31. Observe that
dG@x) < a(G
for each point x.

32. If atriple {x, y, z} C V(G) does not span a triangle of G or Q, then it con-
tains exactly two points such that the two edges in the triple adjacent to any
one of these points do not belong to the same G or 0.

33. The edge (x, y) is contained in at least d(x) -|- d(y) — n triangles.
34. Use induction on m, starting with a complete Jigraph.

35. Consider the neighborhood of a point with maximum degree and use induc-
tion on k

36. (@) Count the number of “cherries” (3-point trees) in the graph in two dif-
ferent ways.
(b) Use a method similar to the one in 10.15.

37. Now count the number of KIr’s in G

38. (a) By induction on k, choose K disjoint s-sets Av . .., Ak such that any
two points in distinct s-sets are adjacent (s is an appropriately large number)

and show that many points outside are adjacent to at least t points of

every At

(b) Remove points with degree 1 ————-l———l——g — IM(G) | repeatedly; prove that
K

when one gets stuck the number of points is still large.
(©) By (b).

39. Prove that if G ™ Hnkdoes not contain GO, then 2k-1V(G0)| points can be
removed from G so that the remaining graph Gr satisfies

\E(Gy)\ - [A(AMH)| > \E(G)I- \E(HnK\ (0, = |F(O)).
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40. (a) If a given complete Ugraph is contained in “few” complete (k -j- 1)-
graphs, then we find “many” pairs (A, U) of k-sets of points such that A is
a complete graph, U is not, and \ATTU\ = Kk — 1L

(b) First prove that

* Nk >#—k+ ! n
Nk x— b k'
41. (@) Let dv ..., dnbe the outdegrees of points in T. Then T contains

" (M —3!

(b) Observe that each point is adjacent to at least one 3-cycle.
42. Prove that it contains at least n — K -j- 1 ~-cycles for each 3 <, Kk <,n.

43. If we specify 7;— independent edges
elt ..., e['Y,

there is at most one Hamiltonian path whose Ist, 3rd, . . . edges are these.
44. (a) The assertion says that, if n = 2k~1, then there is a transitive subtourna-
ment with Kk points. Prove this by induction on k.

(b) Using induction on k, observe that the set of points accessible from x
contains at least

ehig ottt Vi
transitive subtournaments with k — 1 points, where d is the outdegree of x.
N
(c) Prove by induction on n that there are at least —  Utuples that
contain a 3-cycle. &—2
§H

1. What does an eigenvector mean combinatorially ?

2. (@) Use the fact that (1,. .., 1) is an eigenvector and the eigenvectors are
pairwise orthogonal.

(b) Establish and use the identities
Aa= BcBg—dl, Al{gj— BgBa—2L
(c) The Petersen graph is merely L(KD5).

3. We may assume that V(T) = {xv ..., xn}, e= (xk xk+l) (1 <!k <*n —1)and
that T—e~ T x[JT.., where F(?\) ={xv .... xk} and V(T2 ={xk+v... ,xn}
Consider the expansion of det (XI — A) by its first kK rows.
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4. Use induction and the previous exercise.

5. (@) follows by 11.4 and 1.31. Both (a) and (b) follow by induction. Both (b)
and (c) are essentially solved in 1.29.

6. By 11.4, we only have to find two trees with the same number of 7-element

néatchings for every k. Look for them among those trees with no 3 independent
edges.

7. (@) Prove that
VgW = detpGA7 —AQ).
(b) How does the adjacency matrix AG.G arise?

8. The vector v = (x(yM,J, mmm x(yM, j) T is an eigenvector.

9. The automorphism group of Qn contains the commutative regular subgroup
(Z2)n; one can also use 11.7a.

10. If G &4 H, their eigenvalues are the same.
11. Note that 0 is not an eigenvalue iff det A ¢ O.

12. Find an eigenvector which associates a with those points of degree 3 in the
covering subgraphs and bwith the other points.

13. Use the fact that A —max vTAav.

14. (a) Use the previous result; to determine the case of equality use the fact
that the adjacency matrix of a connected graph has a (strictly) positive eigen-
vector.

(b) Use the fact that 27., = 0 and 27.2= 2m.

15. Use the formula 2tL{GQ = BTB — 21, where B is the point-edge incidence
matrix:
P_ . . ] i1 if vtbelongs to the jth edge,

N 0 otherwise.

16. To any automorphism a of G there corresponds a permutation matrix P
such that AgP = PAa. Also use the fact that A = T~1LT, where T is an
orthogonal matrix and L is a diagonal matrix with the eigenvalues in the diag-
onal.

17. Use the previous result to show that I' is commutative and regular and
apply 11.8 to calculate the eigenvalues.

18. Use the fact that if A is a symmetric matrix with eigenvalues Ax  72<]
<[...< A and B is a symmetric submatrix of it with eigenvalues

Né -9 mmm then A [ji kitnh.m
19. (@) Suppose AOw ~ —Aw, w= (w ...,wnT. Prove that w'=
= (Wl .., |mn])T satisfies —WTAOw = w'TAaw'.

(b) Consider a component whose least eigenvalue is minimal.
20. Use 11.13, 11.14 and induction.
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21. (@) Show that, with respect to a suitable basis, A has a kx h symmetric
submatrix D with 0’s in the main diagonal and such that J1 is an eigenvalue
of D.

(b) 0is an eigenvalue with multiplicity n — k.
22. Write xr.4cx as a sum of m positive and m negative squares.

23. If /(A) is the polynomial whose roots are the distinct eigenvalues of Aa,
then f(Ac) = 0.

24. Show that both statements are equivalent to “every eigenvector of Aa is
an eigenvector of J”.

25. Calculate A
26. (@) Aa satisfies the equation

A%= bl + (d—b)l.
(b) G= K3

(c) Generalize the example of Ki ® Kv

§12

1. The Petersen graph is the complement of the line-graph of K5,

2. (a) Consider cubes of the type shown in Fig. 16.
(b) For the case of the cube, consider the 4 main diagonals.

Fig. 16

3. A ~-circuit has some superflous automorphisms; how can we prevent it from
changing the direction?

4. Multiplication by any fixed element from the right is an automorphism of G.

5. Get rid of the directions and colorations bv a method similar to the one in
12.3.

6. Let {hv .. ., hn} be a minimal set of generators of I'. Take the elements of
Mx{1, 2} as points and connect (g, 1) to (g', 2) iff g'g~x— ht for some i. Add
edgeswithin ™ X {1} and I X {2} to guarantee that there are no automorphisms
other than those induced by the elements of I' in the natural way.
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7. (@) A group of even order has an element of order 2.
(b) Find all tournaments which admit a regular group of automor-
phisms eii I.

8. Trying the same kind of construction as in 12.5, it is easy to get all points
not in F(620) to have degree 3. Split each point of GOinto points of degree 1 and
connect them by a circuit.

9. Let xv x2 m. ., xnbe an arrangement of the points of G such that fori > 1
X is adjacent to some Xj with j < i. Consider the subgroups of automorphisms
fixing xv . Xj.

10. It suffices to consider one orbit of A(G) on E(G).

11. First solve the case 2= {1}. Then consider a certain “product” of
examples.

12. (@) Consider a maximal tree T such that T My{T) = 0 for every y £T,
y® 1, and contract each y{T).

(b) Let e £ E(R), Gl the subgraph formed by the edges which are images
of eunder I and try to contract the components of Gv
13. (@) A commutative and transitive permutation group is regular. Fix an
X0£ V(G) and consider the mapping a(x0) \*a-1@0) (a £ A(G)).

(b) The n-cube almost does it.

(c) Consider the »-cube Qnand a vertex x of it. Add some edges between the
neighbors of x and all edges which are forced by those automorphisms of Qn
preserving the directions of edges. What will the subgraph induced by the
neighbors of g be?

14. Use an argument similar to the one in the solution of 6.49.

15. (a)-(b) Consider a minimal set X which is a component of G—T, for some

. - 2
minimum cutset T. Use 6.60a. The connectivity must be at least —(r + 1).
(c) Use 6.60a again.

16. Use Tutte’s theorem 7.27 and 12.14.

17. The Cartesian product of a circuit and a path contains a Hamiltonian cir-
cuit.

18. The connected ones are the following: circuits, the platonic bodies, the
line-graphs of the cube and the dodecahedron, graphs obtained from these by
multiplying each edge by the same number, subdivisions of these examples by
one point on each edge, the duals of the line-graphs of the cube and the
dodecahedron, and the stars.

19. Use 12.12b and the previous solution.

20. (@) Show that the Cartesian product of two p —1-paths and a K2 is
contractible onto Kp.
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(b) One may assume I"" acts edge-transitively and I does not act semiregu-
larly. Use 10.8.

(c) Consider a simple group.

21. Construct a simple graph G with A(G I and link it to Q in a suitable
manner.

22. Every endomorphism of the Petersen graph is an automorphism.

23. Use the same idea as in the previous solution: any endomorphism is one-to-
one on a minimal odd circuit.

24. (a) goes as the solution of 12.4.

(b) When replacing colored edges by paths with attached pieces use many
rigid graphs which have no homomorphisms into each other.

25. (@) Either 0 or —1 remains an endomorphism.
(b) Modify the previous construction.

§ 13

1. Associate a bipartite graph G with H in the following way: Let U = V(II),
W —E(H), V(G = UUW, and join m£U to wEW iff ntw.

2.(@ If E is an edge such that H'= (H—{E})\E is connected
(hence 0 (j E(H)"), then we can find an F with the desired property.

(b) Use induction, removing the edge E in the preceding problem.

3. Consider any circuit of length >m3 and choose two points which are consec-
utive on the circuit but there is a further point of the circuit which lies between
them in the ordering defined by the path P.

4. Otherwise it is totally balanced!
5. Apply 7.4 and 7.6.

6. Such a system of distinct representatives exists iff H has a system of distinct
representatives and so does the hypergraph

V(H*) = E(H),
E(H*) = {Ux:x£T},
where Uxis the set of edges of H containing x.
7. Represent the situation by a flow problem rather than a matching problem.

8. (@) The sets EO4 F (F £ E(H)) are distinct!

(b) Let x £ V(H), and consider the hypergraphs 11\x and H’, where
V(H) = V(H) - {*},

E(H) —{EE£E(H) JU {i}( E(H), x$E}
(c) Consider the hypergraphs H1= H —x, H2= H —E(HJ).

9 Lovasz



130 HINTS 13.9

9. Consider the hypergraphs Hx= Il —x, I, = H —E(HX, Il., —//2Xx,
for some x £ V(H).

10. (@) Prove, by induction on k, that there is a set X C V(H) with \X\ = Kk
such that Hx has at least k + 1 distinct edges (1 < K<, n —1).

(b) Form a graph similar to the one in the previous second solution. Prove
that it is bipartite and contains no 0-graph.

(c) Set Hx= H\x, V(H2 = V(H) —x, and E(H2) = {E £E(H) :x $E,
E U {«} £E(H)}. Prove that either H1satisfies the condition of the problem
with k, or Hadoes so with Kk — 1.

11. Consider the edges containing a given x £ V and use induction.

12. (a) Average the number of edges contained in the classes over all partitions
of V(H) into two classes.

(b) Average now over all r-colorations of V(H).
13. Establish and use the inequality

Ndx)<r + (im— Dk [E £E(H)),
XiE
where d(x) is the degree of the point x.
14. Suppose indirectly that m > n. Sum the inequalities
— < N, {X(B).
m—d(x) n—\E\
15. (a) H satisfies the conditions of the previous problem.

(b) If a1 ..., amare the characteristic vectors of edges, then a,a;= 4
for i

16. How many times is a given element counted on each of the two sides?

17. (@) Suppose x6 F1........ Fd, [x$ Fd+l,..., Fm Take F1 — {a}, .. .,
Fd—{x} m —d times, Fd+l, ..., Fmd times and apply 13.16.
(b) Suppose that |[PX= ...= |Fm! = 2k, Fm= 0, and (indirectly)

m= k2 «k+ 3. Verifythat there are not more than kK points of degree
at leastm — k —4, but every Fj (1 <Cj m — 1) must contain at least K 1
uch points.
18. (@) At most one of X and E(H) — X can be an edge.

(b) Use 13.8b, 13.9, or 13.11.

19. Count the pairs (Ev E2) of edges such that E2C Eland there is no
F £E(H) with E2d Fa Ev

20. Use induction on n.

21. (a) Consider the chains constructed in the previous problem. For another
proof, count in two different ways those permutations of V(H) which have an
edge of H as beginning section.
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(b) The even case is easy. For n — 2k + 1, show that each edge must be of
size Kor k+ 1 and that, if X ¢ f, |W = & |F| = &-(- L then one of
X, Y must belong to E(H).

22. If A and B are maximum antichains, then A\JB = {x£A UB :x <ty
for all y£A v B} is a maximum antichain as well (x< y means x <,y
and x ¥=y).

23. To prove (b) consider the subsets SE (E £ E(H)) which are comparable
with the edge E only, and show that, if chosen properly, they form a clutter.

24. Let
In\ n

1 pi \p+ K—1
be the k largest binomial coefficients and let M be the hypergraph on V(H)

whose edges are all the p, ..., (p - kK — 1)-tuples. Compare H with M in
each of the symmetric chains of 13.20.

25. (a) Fix an edge E. What does it mean if no point of E occurs in all the edges ?
(b) Find j edges whose intersection has at most r —(j — 1) (r(H) — 1)

points, for j = 1,2, k.

26. Take two edges with one point in common if possible and a third edge not

containing this point.

27. Take a minimal W such that any two edges of Hw meet. For every order-
ing of W, count the number of those points x £ W which are both first points
and last points of edges of Hw.

28. (@) From any given point, there starts at most one A-.

(b) Count the edges which consist of consecutive points in cyclic permuta-
tions of V(H) in two different ways (cf. the second solution of Sperner’s theo-
rem 13.21a).

29. (a) Selectaset S suchthat |S ME\ > 2 for each edge E and ISI is bounded,

(b) If H is not r-critical, use induction on v.

30. Choose points xv ..., X, such that xi+l is a point of maximum degree
&+ of H —xx—... —X. Show that \E(H —xx—...—X9)|  x*0i+L
31. (@) Writet —w —r - 1,
[«) _ f+j— («—t—j 1 wn _ r-"lIt+ lu —t—j
7 al i r-j [r-1j Po j-1JI r-j

and similarly for V , U R v o, [\ , and compare ~ /™ 1
(rj (r-1j r—Ij r-2 i

with t+
i- 1)
(b) Consider a point x with minimum degree and consider the hypergraphs
H —x, H —E(H —x). Use induction on r and \E(H)\ on the basis of (a).

9*
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(c) Suppose any two edges of H meet, where H is r-uniform. How many
r-tuples can be contained in the sets V{H) —E, E £ E(H)?

32. (@) Use an argument similar to the one in 13.21 and 13.27; for a given per-
mutation of the points, there is at most one index i such that every element
of A/ has smaller index than every element of B,.

(b) This is a special case of (a).
33. Color the points one-by-one; when would one be forced to complete a mono-
chromatic edge?

34. Show first that if one point has degree 1 and the others have degree 2, then
H is 2-chromatic.

35. Suppose H has no 1-element edges and no isolated points. Show that

(@ every point has degree at least 2,

(b) a point of degree at least 4 belongs to 2-element edges only,
(c) any two points belong to an edge.

36. Supposing there was a 2-coloration, count the edges in two different ways;
by the monochromatic pairs contained in them and also by the bichromatic
pairs contained in them.

37. To show the “if” part find a set IT C V(H) such that either all of
IWMEX,..., ITflEml are even or one of them is odd.

38. (@) Show that replacing an edge E by disjoint subsets Ev ...,Eka E
does not influence the assumption.

(b) Use the preceding characterization of hypergraphswith totally unimod-
ular incidence matrix.

39. The incidence matrix of an odd circuit is not unimodular.

40. Show that a minimum counterexample would contain a connected span-
ning 2-uniform (hyper)graph.

41. Show that, coloring the points at random, the probability of getting a
monochromatic edge is less than 1 [cf. 13.12a].

Il Letl|{] : 2r2and let the 1 r-tuples in S constitute the points of another
r

hypergraph H; for each partition P = {X, Y} of 8 let those r-tuples contained
in X orin Y form an edge Ep of H. What are x(H) and x*(H)1

43. Consider a random coloration again but estimate by 2.18.

44, (@) Consider a point with maximum degree.

(b) Remove the point with largest degree from every edge.

(c) Count the edges adjacent to the point of high degree.
45, (@) Select a 2-element subset of each edge such that these subsets form a
forest.

(b) For r= 2, the triangle is such a hypergraph. Use induction on r.
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46. For (a), use a modification of the construction in 13.45; for (b), try to
“multiply” two smaller constructions; for (c), look for a simple direct example.

47. Select a ~-element set X for each 1 < A<Ur such that the number of edges

containing X s more than AE(H\
rk
48. Setting V(H) = {vv ..., vn}, E(H) = {Er.......Ent},
jlif v,ZEj,

[0 otherwise,

and A — (@y)=ljil the value v*(H) is the maximum of 1I'x under the con-
straints Ax 1, X> 0.

49. (a) Decompose directly, but take into consideration the multiplicities of
points.

(b) Use 7.40.

(c) There are optimal fractional covers (matchings) with rational weights.
Reduce the least common denominator of the weights using (a) and (b).

(d) 2v*(G) is the maximum size of 2-matchings. 2r*(G) is the formula given
in 7.37 for v,(G).

50. Use a construction similar to the one in the previous solution.

51. (@) To prove the second inequality observe that if S C V(G®H) covers all
edges of G®H, then 8 M (V(G) ® F) has at least r(G) elements for every edge
F of H.

(b) “If” is easy by (a); to prove “only if” assume tn(H) < nT(H) and let
G consist of all (N—i)-element subsets of an j\7-set (N large).

() Use 13.30 to estimate t(Hp) from above.

52. If a point X is adjacent to two distinct edges Ev E.,, take the “mean” of
(t — I)-element covers of H — {E\) and H — {E2}-

53. Take the “mean” of maximum matchings of H —vit vt £ EO£ E(H).

54. One has to show that a T-critical balanced hypergraph consists of disjoint
edges. Copy the 2rd solution of 7.2.

55. To show (i) => (iii), note that a minimum counterexample would be r-criti-
cal.

56. Show and use the following fact: If a hypergraph H satisfies (iv), then every
hypergraph HO arising by multiplication of edges also satisfies (iv). (Multipli-
cation includes multiplication by 0, i.e. removal.)

57. Suppose G is perfect; associate a hypergraph H with G such thatL(H) G.
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814
1. (a) A point X is eitt/i%er_ adjacent to at least \i 1 points or non-
P —
adjacent to at least — 7 points.

(b) The existence of R2av a2 follows from the preceding result. Use
induction on k.
2. (@ \ek!]= k[e(k —1)!1]+ 1

(b) The upper bound is trivial from 14.1a. To prove the lower bound
consider the hypergraph H with

V(H) = E(Kn) and E(H) = {E(A) : A is a complete ~-subgraph of A',}.

3. (a) For r= 2 we already know this. Use induction on ax + akandr.

(b) Select an ordered subset (xv ..., xm) of elements such that for each
r-tuple I<~rl<...<rr<m of indices, all (r -f I)-sets of the form
(XM, ..., Xt, XA (w < [i < m) have the same color.

4. Easy by induction on n.

5. Consider a maximum red path P and two disjoint blue paths Qv Q, such that
Qv Q2consist of (F(P), V(G) — F(P))-edges, theirendpointsare in V{G) — V(P),
they do not contain the endpoints of P and their length is maximal. Prove that
Qi UQi UP covers all points.

6. (@) Let (x(, ..., x,K be ared circuit. Prove that (xh xi+2) is blue, (xhxj+i)
is red and (xhxi+3) is blue (i = O, . .., 2k; x2kH+ — Xj).

(b) Let (xv ..., xik) be a red circuit. Prove that {xv x3,..., x2i\ and
{x2 a4, ..., x2&} induce complete subgraphs.

(c) Show that there is a monochromatic >X-circuit for some M > m, then
use (a), (b).

7. Consider the configuration in Fig. 17, in which all lines have unit length.

0

Fici. 17
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Fig. 18

Fig. 19

8. Consider the arrangement of six triangles with sides 1,a,b shown in Fig. 18.
9. (a) Take a stripwise coloration.

(b) See Fig. 19.
10. (@) Consider the Cartesian product of two large simplices.

(b) One may assume ab — 1, where a, b are the two side vectors of R. Color
the point w with [wZ2] modulo 4.

11. Let {Av ..., Ak} be the partition of {1, ..., n) in question. Form a
complete graph on {1, 1} and color the edge (i, j) with color v iff
[i - N€EAvV

12. Use induction on r : Find a sequence I x........ Irof “long” intervals whose

first terms constitute an arithmetic progression and which are similarly colored.
13. Use 14.2a in a similar way to that in 14.11.

14. (@) First select a large set T and AvRBjC S - T with AxNBr=0
such that, for every I c f, the colors of AxUX, BjUIl, AxUBxUX
are the same.

(b) Let t be large in (a) and color the subset {iv ..., i,} ¢; {1, ..., t) by
the color of A/iU... UA,,
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15. Color the subsets of an raelement set corresponding to the colors of their
cardinalities.
16. (a) Trivial for n™"k, m) = k.

(b) Let |¥| = kT~, T C S. Color collections ad of points of S —T
with the mITj-tuples (a(a# -(- ®); @ £ mT).

17. By repeated application of 14.16b, we can find disjoint non-empty sets
X[, .. Xt C S and an m-collection & of points of 8 — X[ — ... —X't such
that the color of every m-collection

01 = %—i ciX i+
is the same as the color of the m-collection
ot= n Xi +
C”a
Now apply 14.14b.

18. Use a method similar to the one in 14.15.

19. Suppose there were a ~-coloration of {1, ..., N} for each N with no subset
having property P. Find such ~-colorations which could be combined together”™

20. (a) Use the following observation: if X, y, z satisfy (a) and x,y, z=o0 or
i (mod 5), then x,y, z==0 (mod 5) (for each fixed 1<;i 4).
(b) Use induction on k and Van der Waerden’s theorem.

21. Translate parts (@) and (b) of the previous solution to the general case.

22. Color the points at random and use 2.18 to ensure that every edge meets
every color.

23. (@) This is a special case of 14.17.

(b) Given rv ..., rk> 0, prove that a number N(k; rv ..., rk; g—1)
exists such that if n > N and all points of the ~-dimensional projective space
over GF(q) are ~-colored, there always exists an r,-dimensional subspace all
of whose points have color i for some 1 <, i <, k. Try to reduce this to the affine
case by removing the “infinitely distant” hyperplane.

24. For r = @, a prime power, the lines of an affine space over GF(q) of high
enough dimension will do it. Otherwise take a prime power g~">r and reduce
the edges of a N-uniform example.

25. For each ah consider the largest monotonically increasing subsequence
starting with (if.

26. (a) Let t(x) be the maximum length of a sequence x= a, < a2< ...with
/(ai) Ss/(rar) <L e« Prove that, if t(x) ~>t(1) —k, then f(x) < 2/T(0 K <C

(b) Let / consist of (n — 1) monotone decreasing parts.
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27. (a) Denote by r](x, y) and <p(x y) the lengths of the longest monotone in-
creasing and decreasing paths starting with the edge (x, y) £ E(Tn). For any
two points a, b,

{(p(a,x), (p(ax)); (a,x)EE(TM} ~ {(d ,x), <p(bx); (b x) £E{Tn)}.
(b) To prove that the bound is sharp use induction on p and g

28. (a) Let xi+x be a point different from
f{8 — {xx........ XV}, V=0,...,i 0<;i<, m—1.
(b) Prove a common generalization of (a) and (b): There is an ordering
(xv ..., xZ) of S such that, for each 1< j n,
f({xv ..., xv}) C{*Vv eee. W}>
2j < V< 2n

holds for at least (n —j)2j values of v.
(c) Look for an/ in the following form. Given a function ¢pwith 1 <[ (i) <
< i, let f(X) be the g>(Ji))th element of 1 (1 cS={1..... 21— 1}).

29. Direct each segment (p, ) formed by two given points upwards and color
it with color i if its angle formed with the positive half of the »xaxis is between

nl” andP——rJ;]——Z(n .What can the chromatic number of the graph Ggformed by

the segments of color i be, if it contains no “almost straight” broken line?

t ]
30. (a) Associate the valuq)t(e_gf———— with the edge ((kx yX), (x2,y2)) of the com-
plete graph on 8; orient this from (xv yX) toward (x2,y2) if xx< x2and apply
14.27.
(b) Carry out the construction in 14.27 with tournaments of the special
type considered here.

31. (a) Color a quadruple of points red if it forms a convex quadrilateral and
blue otherwise; apply Ramsey’s theorem.

(b) The upper bound is immediate from the preceding problem. The lower

»
bound follows by putting together sets with cardinalities WI_— (i= 0,

i1
..., m—2) containing no (i -f 2)-gons convex from below and no (m —i)-
gons convex from above.

815

1. (a) How can one realize the points of G in L(G) ?

(b) There are three edges ev e2, e3£ E(GX starting from some point such
that the corresponding edges e, €2, e3£ E(G2) form a triangle.

(c) The solution of (b) contains the answer.
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2. (@ Show that \EM R = \x(E) Ma(.F)|, for any two E, F £ E(Kn).

(b) Show that it can be “recognized” in L(Kn) when two r-tuples have k
points in common for Kk = r — 1; then show this for k —1,2,....

3. Again, “recover” |E M F| from T™\Kn) by counting the r-tuples adjacent to
both E and F.

4. (@) Consider hypergraphs of stars.
Tl

(b) What we need is a covering of edges by " cliques. This can be done by

a method similar to the one in Turan’s theorem 10.28.

5. (a) Use 15.1b to show that the graphs Hx “fit together”.

(b) Obvious from the preceding problem.
6. (@) 1fG —L(H), then those triples of edges of H which form an odd triangle
in Q belong to a star and conversely.

(b) Define two edges (a, b) and (c, d) of O to be equivalent if they are identi-
cal or they belong to an odd triangle or they span a complete quadrilateral.
Show that this is an equivalence relation and that the equivalence classes are
complete covering subgraphs as in 15.4a and they will give a desired graph
H with L(H) —O0 in all but a few cases.

(c) How can (ii) in (a) be violated?

7. Verify that the graph shown in Fig. 20 is not the line-graph of any 3-uni-
form hypergraph without multiple edges but every proper subgraph of it is
such a line-graph.

Fig. 20

8. (@) This means: find two essentially different embeddings in the plane of the
same planar graph.

(b) Use 6.69.

9. (@) Consider two edges (x,Y), (X, 2) and a circuit C through y, z in Gn—x.

(b) The solution of 15.1b simplifies since, in this case, no star can correspond
to a triangle.

10. Use induction on r, showing that T and T* are isomorphic, where x\ corre-
sponds to xj.
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11. (a) follows from an identity used in the preceding solution, (b) follows
similarly.

(c) Construct T by induction. Consider two points x,, X; such that

dri + dnj —djj
is minimal.
12. (a) Let {av ..., an} consist of 21 *5copies of 2, for 0 I< 5
d {&, ..., bnj consist of Mcopies of 2| -1, 0< | < -.
and { nj consist o PR} pies o 5

(b) Consider the polynomials

f(x) =j?xa’ gx) = xb'.
=ik =il

13. By considering / —g, it suffices to show that

b\ UJ lej
cannot vanish for all integers sv ...,sk 0 unless it is identically 0.

14. Prove first that Gv G, have the same number of edges, then that they have
the same degrees.

15. (@) Consider two Hamiltonian circuits on F.
(b) Count H in all subgraphs G —x.

(c) Prove that each /rpoint-conneeted graph occurs among the compo-
nents of G+ and G2the same number of times, for k = |F| — 1.........

16. (@) The diameter of Tt is the maximum of diameters of T, —x, except
when Tj is a path.

(b) If Tj —x has diameter d for each endpoint x, then the branches of Tt
relative to its center can be reconstructed using a method similar to the one
in 15.9c. If an endpoint x0is contained in all paths of length d, then examine
whether all (d — I)-paths of Tt — x0 can be covered by one point.

17. (a) Express the numbers of isomorphisms of Gxinto G, and onto itself by
a formula similar to that in 5.18, and observe that the right-hand sides are
identical.

(b) Use the identity in 2.7b instead of the sieve formula.

18. Show first that if (*) holds for every |X| = K, then it also holds for every
\X\ <, K (provided K <, |F| —1).

19. Suppose H1  H2 Show that 0 £E(HX or 0 £ E(H2), then use induction
on K to show that each Uelement subset belongs to //, or to //2, depending on
the parity of k
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20. (@) With epimorphisms (homomorphisms onto Il) the assertion would be
trivial. Express the number of epimorphisms in terms of the number of homo-
morphisms.

(b) “Dualize” the solution of (a).

21. Show that the number of homomorphisms of H into OxG is the square of
the number of homomorphisms of H into G

22. (a) Try F = K 2; observe that Gv G2must have the same degree sequence.
(b) Use an argument similar to the one in the preceding solution.

(c) Let G° denote the graph obtained by adding a loop at each point of G.
Then (G mH)° =G°xH?°.

(d) Again, if two groups have the property that every group has the same
number of homomorphisms into each of them, then they are isomorphic.



I1l. Solutions

8§ 1. Basic enumeration

1. 1. The first person may be sent any of the k kinds of postcards. No matter
which one he is sent, we may still send the second one any of the k kinds, so
there are kK mk = K2ways to send cards to the first two friends. Again, whatever
they are sent, the third friend can still be sent k kinds, etc. So there are knways
to send out the cards.

I1. If they have to be sent different cards, the first person can still be sent any
of the k cards. But for any choice of this card, there are only k — 1 kinds of
cards left for the second person; whatever the first and second friends receive
the third one can get one of Kk — 2 postcards, etc. . . . Thus the number of ways
to seE)d them postcards is k(k — 1) ... (k—n -(- 1) (which is, of course, 0 if
n > K.

I11. This is the same as the first question but we have ~ pairs of postcards
Ik n 12/

bl

2.1. We have to decide about the postcards independently. Any postcard can
be sent to any of the n friends. Hence, the result is nk

I1. LetCv ... Ckbe the cards. Theset S = {Cv ..., C;} must be split inton
disjoint non-empty sets Sv ... Sn Thus {$x ... Sn} is a partition of S.
From any partition of S into n (non-empty) classes we get n ! possibilities to
send out the postcards. Hence the answer is n!e S(k, n).

3. There are 16 ! permutations of the letters of Chabacteeization. However,
not all of these give new words; in fact, in any permutation, if we exchange the
three A’s, the two C’s, the two R’s, the two I's or the two T's we get the same
word. Thus for any permutation, thereare 3!-2-2-2-2 = 96 permutations
which give the same word, so the result is

_Le!
96
In general, if there are kA A’a kB B’s, etc. then the result is
(kA + kB !
kA\KB\...

instead of k postcards. Thus the result is
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4. (a) If we distribute the forints by the procedure described in the hint we
have to say “Next please” n — 1 times. If we determine at which points
(after which coins) we say this we uniquely determine the distribution. There
are K — 1 possible points to switch and we have to choose n — 1 out of these.
Hence the result is

K—1
n—1

(b) Borrow one forint from each person. If we distribute the n -f- Kk forints
we then have in such a way that each person gets at least one, we would then
have done the same as if we had distributed the k forints without this require-
ment. More precisely, distributions of n -(- k forints among persons so that
each one gets at least one are in a one-to-one correspondence with all distribu-
tions of n forints among k persons. Hence the answer is

n-fk—1
n- 1

5. We can distribute the first kind of postcards in

lax+ n—1
\ n—1

ways by the preceding solution. Whatever the choice here, there are

a2+ n—1
n—1

ways to send out the second one, etc. Thus the result is

ax n—Ula2-Tn—1 lak -j-n — 1
n—1 J( n—1 n—1

6. We interpret S(n, K) as the number of partitions of {1, . . ., n} into exactly
K classes. If we remove the class containing n we get a partition of n —r ele-
ments into kK — 1 classes, where r is the number of elements in this class.

Y_ X . . .
We have  — 1 possible ways of choosing this class. Hence
r JR—

s(nk)= y

S(n-r,k-1)=y — s(m,k- 1).
mo Il m

’
«

We can get another recurrence relation if we consider the restrictions of parti-
tions of {1, ..., n} onto {1, ... n— 1}. This way we obtain each partition
of 1, ..., n—1into K classes exactly k times, the partitions into kK — 1 classes
exactly once. Hence

S(n, k) —S(h — 1, k — 1) + kS(n — 1, k).
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On the basis of this, it is easy to tabulate the second-order Stirling numbers::

\' K

nN O 1 2 3 4 5 6 7
0 1 0 0 0 0 0 0 0
i 0 1 0 0 0 0 0 0
2 0 1 1 0 0 0 0 0
3 0 1 3 1 0 0 0 0
4 0 1 7 6 1 0 0 0
5 0 1 15 25 10 1 0 0
6 0 1 31 9 65 15 1 0
7 0 1 63 301 350 140 21 1

Table 1
The second-order Stirling numbers

7. Suppose first that g is a positive integer. Let \X\ = x, JiV|= n. The
number of mappings of N into X is xn (cf. 1.1). On the other hand, let k denote
the cardinality of the range of a mapping of N into X. For K fixed, we can spe-
cify S(n, k) ways in which elements of N are mapped onto the same element of
X. Once this partition of N is specified, we have to find an image for each class
of it, distinct images for distinct classes. This can be done in x(x —1) .. -
... @—A-)-1) ways. Thus

S(h, KX(X—1) ...(x —K4- 1

*s the number of mappings of N into X with range of cardinality k. This proves
the identity when g is a positive integer. But this means that if we consider x
as a variable the polynomials on the two sides have infinitely many values in
common. Therefore, they must be identical.

1 K Ib K t 1\ n
8 — 2 (-DkJ . f =2 .2 SN HM - D..e(?- r+ 1) =

0(-D *-"s(», ) _ ij-— - =

i N i (-bwpP- ri=yJ KIL (r_1).-, = s,k
O k- h VK- Bo(k-r)\k y
9. (a) Since S(n, k) = 0 for kK ~>n, we have

pn=2 s> = 2 173 1(- NkJ f =

"f o« (1)L - f
Poj\iPj(k-j)\ poj\" e



144 SOLUTIONS 1-9

(b) First we remark that

@ IV - " J 'knk\ek' (w-00).
Y2 jfi
In fact, let kO be chosen such that for k kO,
Jl'————k—I —————————— 1<s
Y2nk (kle)k '
where e is any given positive number. Since
*o-1 bn I kn\

&o#1=°ryry =0(PJ’

we have
I ®© bn
*nN~+x2T1 7-
Similarly,
1 v ].n-k-H2 ck—1 N V 1£n—fc-1/2 gfc—
Y2n =i Y29 =g

By the choice of kO, we have
—+ =Y knk 1R2ek-

1- e< Y2IT - <1+ e
- JjrTH
This proves (1).
Now put
B Xo-x-2 €%1 forr 0O,
?,(*)= ¥Y2a
0 for X< 0.

Then or,{&) has a unique maximum at the point X(n). Put
h/in _ onAN( + 2h)
gn(X(n)) '
Then hn(y) has a unique maximum at y = 0, this maximal value is 1 and we
have, by the above,

2 n~-\ 2 -~
2 pn=\,2

ﬂ(n*)<(YK)]-JYp)-/%,F(‘4H)),

where

v = JH{I%_%F'.
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The sum in { } is approximating the integral J hn(y) dy and the difference is less

than (nf/.(u)) max hn(y) = o(l). We shall show that
(3 hn(y) — eY*1* (n — 00)

and that the functions hn(y) have a common integrable majorant. It will then
follow by Lebesgue’s theorem that

Pn~ B B gn(Un)) lMe-Y22dy = B R pan(Lin)) Jj2a = Xmn+\ e ~m-1.
yn J 1/n yn
Now (3) follows from the transformation

4) log hn(y) = -(n - X{n))\-yfé - log |l + _}[131%_

- ammyr + k) login + LKj’

1
The second term is Y (A(V\b y A-—=0(l) (asB-t00), while the first
fn 1 yn 2
one is equal to
n-Mn))i-g+2~R-...) =-B8 + ol
( )Z 2n 3n)n )J 2 M

for n > y2 This proves (3).
To establish an integrable majorant for hn(y), firstlety >0. Then by (4),

log Ay) < —B - B -\ \ + B=)
0g A.Y) 2|ym°g[( by

(for n > 16). This upper bound is monotone decreasing and so
: V'
hn(y)<exp —2y + 8log 1+ (n > 16).

For y < 0 we have similarly

loghnly) < - £+ \ Y - IogEI+ Vij-Ltog EI+BJ
2 yn yn 2 yn)

(provided n > y2) and then it is easy to see that, for y < —3 the right-hand
side is monotone increasing and hence that

K(y) < eyi-

10 Lovasz
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This holds for n < y2as well since then hn(y) — 0. Estimating hn(y) by 1in the
interval —3 ¢! y <, 0, we obtain the desired integrable majorant. [L. Moser-
M. Wyman, Trans. Royal Soc. Can. 49 (1955) 49-54.]

10. Let 8 be the set to be partitioned and x £S. If the class containing x has
K elements, it can be chosenin 1 ’l‘ ways and the remaining n — k elements
K JR—

can be partitioned in Pn_kways. So the number of partitions in which the class
containing x has k elements is

This remains true for Kk = n if we set PO= 1. Thus

P vin-1py g2 TP

k=1 N/ — R=0

11. From the recurrence relation in the previous solution, we have

® P ®m f-1/m__ 1
X)= Y=-+Xn= 1+ y — k=
P(x) A n! y n!f¥o\ K P

MR G Maw T

and so,

oo p « «r
'(X) = =-t S —— = -t — — = p{x)ex
PO 05 it kT KT e T P

or
(log p{x))" = = ex, p(x) = e*+c

p(x)

for some constant c, which can be determined by setting x = 0:
1 = p(0) = e+, c= —1

Thus we have

p(x) =
12. (a) Let kt denote the number of i-element classes in a partition. Then

K2-j- —Kz—{—. .. m=a 71.

Let us count partitions with kv . . ., knfixed. If we consider any arrangement

of the n objects we can get such a partition by taking the first kr elements as
l-element classes, the next 2k2 elements a 2-element classes etc. We get any
given partition exactly

kx!(L D « k21(2 y'm. . . kn\{n N>

times; for we can construct the arrangement of the objects by putting the one-
element classes first, then the two-element ones, etc. However there are kt!
possible ways to order the r-element classes and (r j’<possible ways to order the
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elements in the r-element classes. Thus the number of partitions with kt i-ele-
ment classes {i = 1, ... ,n; kx+ 2k2 n™M—n) is
n!
kx!(1 Ykik21(2 *». . > I(»1)**
This proves the assertion. Now
L
n(x) — V —Hi" —

v X
Foit! o K,.th& Kyl DE...kn\(n )=

[Ci+2/cat ... -\-nkn—

1
~n

We may actually allow infinitely many k/s in each term with the restriction
kx-)- 2k2 f- oo = n, since clearly kr—0 for r > n. Thus

p(x)= 2 2 e = 2 — e -
n=0*+J g °.. [ h HDfE  **° Mk I(i Y
1=0 f=0

where the summation extends over all sequences kv k2, ... of non-negative
integers containing finitely many non-zero entries. Consequently,
@f o Vyiki (0]
** —_ * - "o -
) = YLi\ %JonJ-,”(»!)m B ,Lil e" = ek

(b) If we consider

v n!
Joealx> ML pri2i@ e (@) nhn

then we can observe that this is the polynomial expansion of

ATT ~(e-1)n.
I r)

In fact the difference is

n 1in / i n 1\ /ti—4 n 1 n-k'
(e- 1)»- = e-ji-~-L A(e-1)*" — <
i=i 1l | i=i r! (o =i TU
< 1 beme ne —1" >0
I(n+1)! (n+ 2)! J
13. By 1.12,
ex*= y’\eiflxrl.
n=0 »!
On the other hand,
e* = y £ y (fan _ y N oxn
A k! ~ n! don\ idok\

10~
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Hence
ePn 1 ~kn

~n\~~n\ffoT\

which proves the assertion.
We remark that, conversely, the formula in this problem implies 1.11.

14. (a) We have

" fd.d> &il (1 1)**ee -&n1 (N\)iA
fii 272'S e e LT
KX+/c,+ ..* +/cragven

and so
)o/o y rjfXi _
I (1 )E mmmkn\(n Niw

[{i+2/ijT eoe-nkn—fi
ki+... +kneven

q(¥)

as ‘Tifii

" -
K,,*L *» u kilrher

kx+kn+ ... finite and even

y 1 y (2n) ! " ix[ ke
r=o (2r)! kuk..£0 i1!A2!...,=i [r!,

KX+ KI+ eee = 21

The second summation is just the polynomial expansion of
(@ ~i 2r
_2_’\ 7 = (« X- 1)2r
iti r!;

and so

) = 2y TaIT @ - D= chier - 1)

To get an expression for the coefficients we write

*_j - x 13
ch(ex—1) = = 4-el e y P AD .
2 2

where
| ©
pn= - 2

is the number of all partitions and
(_!)**.
ra *j
is the difference between the number of partitions into an even and an odd
number of classes [A. Rényi, MTA I1l. Oszt. Kozi. 16 (1966) 77-105].
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(b) If the class containing x has 2k elements, then we get the recurrence
relation

K]l/n_ n
@) = B Ak —
We remark that, obviously, 421+ —0.
“ 7? « Xn~1 121 1V 1\
rex) = Y - X"1= Y e y 1 Rn_%k=
U (n- 1)! U((n- H\U [2*- 1j
— v 1 y 7 orHL
a\ 2k - 1! nak (M- 2k)!
“ xrk=1 “ fL 2kxn*k R TR |
=Y e Y e =01X) Y - — = r(x)shx,
U k- DX (n- 2K)! (24 - 1)
whence
r(x) = ed3C1

(The constant —1 in the exponent follows, as before, by substituting x = 0.)

[Rényi, ibid.]

15. (a) If there are exactly k> 1 elements mapped onto 1 by f, then these
. 711 .

elements can be chosen in K ways and the rest can be mapped into 2,... ,n

Sn=2, .@”4‘

in exactly Sn_k ways. Hence

or
n! j?lok! (n—k)\
Thus
25(x)=y 2—SS—a'?: i+ y (yn—ll_. §]n~k Xn =
N0 »! e o IHcTok\(n —k)\
=1+ Y-~"XT V —U=I+ s(@ex
whence
s(*) = —-— .
® 2 —ex
Let us expand this:
cx) - 1 1 - 1ly [g*=y 1
2 1- ex2 2 jfS [2 i“o2fell~ n! >’

whence the formula for Sn follows by comparing the coefficients of xn on
both sides.



150 solutions 1-16
(b) By the Cauchy formula,

Sh=J_ X dz
n\ 2ni J (2—edzntl
T«
for any e small enough. This can be re-written as

i © 2t B
-2 [2Heg2=e

because the only singularities of the integrand are at z= 0 and z= log 2 -f
+ 2leni, and hence only z = log 2 lies in the region between the circles \z\ = 2

and \2\ —e. The first term tends to 0 as n — » . The second term is known
to be equal to

-1 1 ( }
*+it (2-e>) 2 (log 2)"+1
dz z=log2
This proves the assertion.
16. Ifn= al-f ...+ asisapartition of m > as, then we construct

a diagram, the so-called Ferrer diagram of the partition as follows: we put a-
dots in the ith column, starting from the bottom (Fig. 21).

Fig. 21

This construction gives a one-to-one correspondence between partitions of
the number n and arrays composed of n points, arranged in columns such
that the number of points in the successive columns decreases (not strictly).
We may also consider these points as lattice points. In that case we will have
a collection 8 of lattice points such that if (r,j) £8, theni > 0,j 0 and if

0<C<r, 0<j" j, then (i', j') £S. Hence it follows that
reflecting a Ferrer diagram on the line x = y we get another Ferrer diagram.
Now, if a Ferrer diagram has at mostr columns, then this reflected Ferrer dia-
gram has at most r points in any column, i.e. it represents a partition into
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terms, each at most r. This gives a one-to-one correspondence between par-
titions into at most r terms and partitions into terms, each at most r.

17. Let ot am= 4 be a partition of ' into exactly m terms; ax2>
i> oo am- Then

(1) » —m= K —1)+ eee+ (am—1)

and here ax—1 ...|> am—1 Some terms at the end of (1) may be 07;

discarding these, we obtain a partition of n — m into not more than m terms.
Conversely, if we have a partition of E—minto r < toterms, then we can get
a partition of T by adding 1 to each term and taking m —r additional |’s.
This one-to-one correspondence proves the assertion.

Let ax am= n be a partition of n into exactly m distinct terms.

Then ax> a2.m«> am~ 1» hence
ax—(m—1) a2—(m—2)i>...> amx—1> am> 1

and so, the decomposition

n~ (= -~ _ + («F—(»—2]) + eee+ i
i

™oL
Into m terms.

(

Conversely, if we are giyen a partition of ®B—| ] into exactly m terms, then

adding (m—1), .. .;, 1, 0 to the terms, we get a partition of n into m distinct
terms. Thus: 1. '
The number of partitions of n, into exactly m distinct terms is equal to the number

of partitions of n — ™1 into 1exactly m terms.

18. If
1) » = «l+,... +am ax>. ..>am> ]
then set

ai = 20§ bit where & is odd.

Replacing each atby 2& b/s in (1) we get (after rearranging the terms if ne-
cessary) a partition of n into odd terms. The number of occurrences of the
odd number d is

(2) kﬁ:dzm "

We show that the above correspondence is a bijection; i.e. any partition of n
into odd terms arises exactly once. In fact, consider a partition of n into odd
terms; let there be yx1’s, y3 3’ ... If this arises as above, then

yd= &deSt
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for any odd number d. Since here the numbers /3 must be distinct (because
Bj = Bj, bj = bj = d would imply ai = (ij = 2fid); it follows that they are
uniquely determined by yd Thus a partition of n into odd numbers arises
in at most one way. On the other hand, ydcan be written as a sum of distinct
powers of 2:

y = 2712k,

and then the numbers d2Md>form a partition of n into distinct terms such
that the corresponding partition into odd terms is the same as the one we
started with.

19. Consider a partition
@ n=«!+... + am

and its Ferrer diagram. We drow lines through the first and last column,
through the lowest row and also a line decreasing at 45° through the dot
at the top of the first column (Fig. 22).

22 =8+7+4+3. = T+6+4+3+2

@) (b)

Fig. 22

The diagram is contained in the trapezoid formed by these four lines because
ai > ... > am We denote by p the number of dots on the upper (skew) line.
Now we transform the diagram as follows. If p < am then we take off the
last dots of the first p columns and form a new column of p dots at the end
(Fig. 22 a—-b). The resulting diagram will have distinct rows; this is trivial
if amis not decreased, i.e. p < m; and it is also clear in case p = m and
am + 1. Now am= p 1, m = p is excluded, because then

n=(p+ D+ (p+ Y+ ...+ (2p) = Sp2+P-

If am< p, then we remove the last column and add one point to the first
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amcolumns (Fig. 22 b —a). This is possible except when there are no amcolumns,
ie. m — 1< am Butm > p > am and hence, this could only arise if m =
= p = am; but then

NI P+ (P )+ eeek (2p—i)=3p9 Vo>

which was excluded. Thus we have defined a transformation which associates
Ferrer diagrams of partitions into distinct terms with each other. It is easy
to check (that is why Fig. 22 could be used to illustrate both cases we con-
sidered) that carrying out this transformation twice we get the original dia-
gram, i.e. the transformation pairs off the partitions into distinct terms.
Since each pair contains one partition into an odd number of terms and one
into an even number of terms, this pairing proves the assertion of the prob-
lem. [Euler; cf. also 1.22]

20. If we consider
L+ x+x2+ ..)@Q+ x2+ x4+ m) (1 + x3+ x6+ ..)),
then the coefficient of X" is the number of ways xn can be represented as
xK'Xk*. . . xrK; i.e. the number of partitions of n. Hence
S(x) = jj>nnxn= (1 4-X+ XR-F..)1+ X2+ X+ eeo)m o=

=0

1 1 1 _ 1
I1—X 1—X 1—X3 L—x1—X)...

(We have skipped the question of convergence of these infinite products;
this could easily be settled but they could also be viewed as formal series.)

21. The coefficient of xn in the product
@+ x@Q+x)(1 + x3 ...
is the number of partition of n into distinct terms; the coefficient of xnin
T+ x+x2+ ..)@Q+x3 xef..)@Q Ffxb+ xO0-f...)...
is the number of partitions of n into odd terms. Thus we have to show that
A+ Q+XQQ+X¥9...=
= L+ X+ X+ L)@ X8+ X6+ ..) 1>+ X0+ ... ..
or, equivalently,

S e 7 e g 7 e S

Now
@- X1+ XA+ X@Q+xn...=1
and, substituting x2A+1 for x, we get
(1 _ a2fe+l) (! 3 X2A+1) (1 | X2(k+1) (1 j_XW+1)) ...= 1.
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Multiplying these identities together for k —0, 1, 2, . .., we get all binomials
1 —x2k+1, also all binomials 1 + xn; thus
B—XNCL—X91—X)... A+ X A+X0+X...=1,

which proves (1).
22.1f we expand
lT—)1—DPOQ—X3...,

we get a —xn for any partition of n into an odd number of terms and a +xn
for any partition of n into an even number of terms. So, by 1.19, xn cancels
k3
out unless n = —?3——2—+—K.
2 ) 2 i £
Let us determine what happensifn= ----------- . The correspondence between

partitions of n constructed in the solution of 1.19, pairs off partitions into an
even number of terms with partitions into odd number of terms except for
the paErtllt;%n » = (&+1)+ (&+ 2)+ .., + (2k), which will give a coeffi-
cient (—

Similarly, if n = - 2_ ---, we get (—I)kxn Hence

- %A - x)(1-x3... = |+ A (- )*{arz d-aT* }.
k=I

[For a tricky analytic proof, which of course also proves 1.19, see e.g. Rade-
macher, Lectures on Elementary Number Theory, Blaisdell, 1964.]

23. (@) Let us prove the combinatorial assertion formulated in the hint.
If we are given a symmetric Ferrer diagram with k elements in the “diagonal”,
then let ai denote the total number of dots in the first row and first column;
let a- be the number of dots in the second row and column which are not in
the first row or column, etc. (Fig. 23). Then al>a2> «++> ak are °dd
numbers which partition n. Conversely, we can construct from any partition

Fio. 23
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into K distinct odd numbers a symmetric Ferrer diagram with k dots in the
“diagonal”. This proves the assertion of the hint.

Now the number of partitions of n into distinct odd numbers is the coeffi-
cient of X' in

@+ *(+ z3(1+xH....
The number of symmetric Ferrer diagrams with k elements in the diagonal
can be counted as follows. We remove the K Xk square in the corner and con-
sider the ith row above the square plus the ith column to the right of the

square as a summand. This way we get a partition of n into Ne and some even
numbers <[ 2k. The number of such partitions is the coefficient of xn in

xk L-fz2-txd ..)Q z44-wv+..)...(Q+ z22ZF248+ ..)

@ XP
(- x2o@Q—)... @ —x2)

Hence
® R
y
o 1- X)@_ ... @- xXK

in the generating function of the numbers of symmetric Ferrer diagrams with
n dots. This proves (a).

(b) Now (b) could be proved similarly but it also follows from another
observation. The number of partitions of n into k distinct odd terms is the
coefficient of xnyk in

LT+ xy) @+ xy A+ x5)....

On the other hand, we know that this number is equal to the number of sym-
metric Ferrer diagrams with n dots and k dots in the “diagonal”, i.e. the co-
efficient of )" in (. This gives the identity

L+ x) @+ x3)...

T O xR
Setting y — X we get (b) [Euler].

24. Suppose there are k11°’s in the partition. The partial sums formed by these
I’s represent uniquely each number up to kv So none of 2, .., k1 can occur
in the partition. Since kt -f 1 must be representable as a partial sum, it must
occur in the partition with some multiplicity k2 > 0. Then all numbers are
taken care of till kAkl -|- 1) -(- k1(i.e. they all have a unique representation).
Going on similarly, we get that the numbers occurring in the partition

are 1, kx - 1, (k1 1) (k21), ..., (kx 1)(k2-]-1)...(km-- 1), where
Ag+ 1)...(ki + 1) has multiplicity ki+l (i= 1,...,m). Since the sum
of all numbers must be n, we have

n— 1+ "2M+1) + eee + kmtl(ki -j- 1) e me (km-- 1)
or

N+ 1= ("L+1)eee (kmHi + 1)
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If m = 0 we have the trivial partition consisting of 1’s; if n -~ 1 is a prime
then this must be the case. On the other hand, if n -f 1 is composite then
BT 1= (& +1) &+1)

with ky, k2= > 1 and then the partition

N= 1+ eeet+ 1+ (&i+!) + oe0 + (&KIT"'Y
1j KO
is a suitable one [see R].

25. If
n=X+y+ I,
then

x+n+ x+ 2+ v+ = 2n,
xty)+ x+2)=y+TIr+2x>y+ 7
ie. Xx\-y, y z, x--z are the sides of a triangle with circumference 2n.
Conversely, if a, b, ¢ are sides of a such a triangle (a, b, ¢ integers) then, setting

X—n—a,y=n—b z—n—c
we have

and also
x -\-y = ¢, x f-z = b, y-f-z= a.

Thus, we have a one-to-one correspondence between partitions of n and tri-
angles with circumference 2n (and integer sides).

To determine the number of partitions of n into exactly three terms we ob-
serve first that the number of partitions of m into exactly two terms not
exceeding a is

0 if a< -,
2
Ml Mo m,
2 J 2 —
rvr] .
— ii02 m.
12

Hence, the number of partitions
n=a+bfc ai>6i>c
is

~ . <
DY_~a<,a<n-a\ L i n—a<a.
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or, equivalently,

3“fl<2 2~a™n

It is seen that the result depends on the residue of n mod 12, e.g. if n = 12/-,
then the result is 12k2

26. On the first day, we have three choices: we may buy a pretzel, in which
case we have Bn_|I further possible ways to spend the remaining n — 1 forints;
or we may buy candies for 2 forints, and then we can spend the rest in Bn 2
ways; similarly we have Bn_ possibilities if we first buy an icecream. Thus
we have

@ Bn= Bn 1+ 2Bn 2
We need some values at the beginning and obviously,

Bx= 1, B2—3
Hence by (1)
B3= 5 Bi= 11, B5= 21, Be= 43.

We see here and conjecture that

) Bn= 2Bn_ 1+ (-1)"
In fact, (2) follows easily from (1) by induction:
if

An-i = 2Bn_2+ (-1)"-1 24,,2= Bn_| + (-1)7,
then
Bn= -®n-i + 24n_ 2= Bn_| + {Bn_x+ (—1)") = 2B8n-1 + (—I)n

Now we have
Bn= 2Bn x+ (-1)" = 22Bn 2+ (-1)"-)+ (-1)" =
4492+ 2(—n_1+ (-1)" - 8Bn_ 3+ 4(-1)n-2+ 2(—1)" 1+ (-1)" -

= ...= 2n~1—2n-2-f 2n~3— ... + (—1)" =
- l2 ! 1)"-1

= -z - (20 (-1)"-D).
S (1) 3( )" -1

Of course, if one guesses this result earlier one can prove it easily by induction
from (1), without bringing (2) into consideration.

27. We may begin by taking one or two steps. In the first case, we have An_x
possibilities to continue; in the second, we have An_2 possibilities. Thus

@ An—An x+ An_2-

Since we have
Ax= 1 A2—2

the sequence is essentially the sequence of the Fibonacci numbers. We set
AO= 1 and
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f(x) = £ A nx".
n=0
Then
xf(x) = 2 An-1*">
n=1
X(x) = 2 _An: *”">
n=2
and by (1)

f(x) - xf(x) - x&F(x) = A0+ (A!- AQX+ 2 (An- An-1- An-2xn=A0=1
n=2
and hence

To get an explicite formula for Anwe write this as

"o 1UV5x 11fix
2 2
v ol X R
V6Xk5)[\ 2 2 J

—||5é’l’<\v _'ii?ii'?.
1 [(1 +][5\n+1 (@ —])/b\no+l
hV.Y{ R I T T

28. (a) If on the first day, we buy a product costing i forints, we have Cn_t
possible ways to spend the rest of the money. Hence

Hence

@) Cn= 2 aiGn-i (n>Jc).
=
It will be convenienttosetC0= 1,C_1= ...= G_k+l = 0. These new values
will satisfy (1) for n j> 1.
Observe that the sequence M&1 satisfies (1) for any fixed v, for

MW= 2 aiM”v~
) _ =1
is equivalent to

— = —ak) = 0,



1.28 § 1. BASIC ENUMERATION 169
which is clearly satisfied. Hence any sequence
@) xn= 2 M,V*

v=\

satisfies (1). Let us try to look for our sequence Cnin the form (2). It will be
convenient to set

—n—ktle
Then xX0—xx= ...= x_2= 0, xk x= 1, or
Mx+ M2+ ... + Mk—O0
foMx--f t 2 fkMk= 0

€)) ;

ftk-M x+ ftk-2Ma+ . ..+ ftk-2Mk= 0

<{-% + ~-W 2+ . ..+ &~TMK= 1.
Denote the Vandermonde determinant

1 ftx ... ft~ 1
1 ftk ... &iTx
by D, then, by Cramer’s rule, (3) has asolutionfor M x, ... Mk in fact
I ftx ... ft~1 1ftx ... ftk=2 O
My —~ ' = -
D O~ 0 ... 1 D 1 bv.. ftik2 1
1-  bk... ft~1 1ftk ... fttl O

(the second form arises by subtracting ftk~1 times the fth row from the ith
(i ®v) and then adding ftl 1 times the last column to the jth (j= 1,...
.., K—1). Hence

1 fix... ftk~2

1 ftk ... ftk~2 ft-
and Cn= xn+k_xis the value given in the problem.
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(b) Set

m = £ c nx"
n=0
Then
fix) - 2 _a'x'Ne =Co+ 2 x"iCn- alCn_1- ... - akCn K

f= i

(where again C_ r—... = C_k+l = 0, CO= 1). Here the last sum is 0, so
f(x) (1 —djXx —... —akxk) = 1,

and f(x) = — 1 ——

1 —akx — ... —akKxK

To get an explicit formula for the coefficients we observe that the roots of the
denominator are 1/01.... 1/0* and hence, f(x) can be written as a sum of
partial fractions:

1 k A

f(x) = =y x|
@- 0J...01- bkxy O 1- 0,X

Multiplying bv 1 — ftw and substituting x — 1/0,,, we get

and so
m = 02:1 A»1 Vv X = \/2—\ A_ngo v =ni:"1 0‘21 le:vlvll_ Vv) k *n
and hence
On=2 III1-~%W=211’\ W~k+1-
0=1 Hv 0=1 ]dp

It is left to the reader to verify that this formula is equal to the one given
in part (a).

29. We have p(nn) =

q -1 0 R | 0 -1 0 ... 0
-1 q -1 q —1 qa —1
-1 q
=9 ' +
0 1 q 0 -1 q 0 1 1
n n—i1 n—1
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This recurrence relation remains valid for n> 1 if we set pO(A) = 1 and
p_j A = 0. As in the solution of 1.27, we denote by #1, $2 the roots of

x2—1Ix-)-1=0

ftv $2are, of course, functions of A

bt w ol o
2 2
Then
PnW = cl1- W +1+ cNo +1-
Taking n = 0 and —1 we get

ad Ga—0
c if|-c2#2—1.
Hence
1 -1
Cl — ey [0} 0 [ ——
|4 | fhl |
and
pnX) =~ = (N 1- "N +)-
Thus if
then PnW — o.
or, equivalently,
= 242,

where
* kni
e= entl, 0< K< n

Solving s 1 = .2p32 for Awe obtain

, /11 Kn
A= £ e+ — = * Z2C0S--—-—-—- .
“ e ~ n+ 1
o 3~ .
Here we may omit i since —cos = cos -1 It is easily
+ o+
seen by substitution that these numbers are roots of p,(A) for k=1 , n\
therefore, it is not a root for k = 0. Thus the eigenvalues of A are
2 cos———@——-, K= 1, , N
n +

[cf. also problems 4.28 and 11.5].

30. If we have a sequence of length n — 1 in which a, bare not neighbors we
can put in front of it

(1) cord ora \b\ifit starts with b [a];
(2) a, b, cordifit starts with c or d.

11 Lovasz
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Hence if xnand yndenote the numbers of sequences of length n starting with
a or b and c or d, respectively, we have the recurrence relations

*n—+ 2yn i,
yn= 2xn-! + 2yn-v

To solve these recurrence relations, put

= [*"], A=112
1yn\ u 2
Then we have

23 U

We can transform A into a diagonal form by setting

3 +yi7 0
2
L= ,
0
2
~Y17 —1  1yI7 + i
2/17 2/17

if/17+ 1 fylr—1

r 2/17 r 2/17
then 4 = TLT ~1(L has the eigenvalues of + in the diagonal and T is composed
of the eigenvectors of A). We want to determine

xn+ yn=[\,\JAn ° =1[0,1]+n+ ~] =|[0,1]F~~-1 °

Here

[onjr=1[_/W +1, 1/WET

2/17 F 2/17
whence
v a [17+1 /3+/17|ml /17- 1(3-/17 |ntl
4/17 ( 2 4117 (2 ]

31. Let{av...,ak} ¢ {1,2, be a selection such that av+l av+ 2.
Then

«i< «2—1< eee< 3¢ — (&—1).

i.e. {ava2—L eee, ak—(k—1)} is a ™-element subset of {1, ..., —&+1}.
Conversely, for any ~-element subset {+,d2 ... ,ad C {1,...,» —/Ir+ 1}
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the set {av ar, -f 1,. .. ,dk-f (k — 1)} is a subset of {1, ..., re} containing
no two consecutive integers. Hence the answer is
n—K-f1
K

32. For any such function /, consider the following polygon: connect (x, /(a*))
to (k-f 1,/0K)) and also connect (k /(X)), to Ok /OK) — 1), to Ok /0K) —2),.. .
.. ., to 0K /ok—1)) (here /(0) = 1). Also join (re-f 1, /(re)) to (» +!./(»)+ I).

...,to (e-f 1, © (Fig. 24). Then we get a polygon connecting (1, 1)
to (re-f 1, ¥ whose edges join neighboring lattice points, and if we move
along it from (1,1) to (re-f- 1,»), then we always step either to the right
or upwards. Call such a polygon a step-polygon. Conversely, a step-polygon
connecting (1, 1) to (re-f 1, r© represents a monotonic function of {1......... re}

into itself. Thus it suffices to enumerate such polygons.

Fig. 24

Let ev ... ,e2n+i be the edges of a step-polygon. There are reedges which
are “horizontal” and re— 1 edges which are “vertical”. Conversely, if we
specify which redges should be horizontal, then we uniquely determine a step-
polygon. Thus the number of step-polygons connecting (1, 1) to (e -f 1, r®) is

I2n —1

\' n ,
33. (8 We may as well enumerate all monotonic mappings of {1, ..., re
into {0, ..., r— 1} with the property that /(k) < » Constructing the step-

polygon corresponding to such an /, it will connect the points (1,0) and
(re-f 1, m— 1) and will not intersect the line x=_y.

12
We know the number of all step-polygons; it is _ W by the preceding

solution. So, if we enumerate those meeting the line x = y we will know the
number of those not meeting this line as well.

Let P be such a polygon which meets the line x=y and let (a, a) be their first
point of intersection. Reflect the piece between (1,0) and (a a) in the line
X —Yy. Then we get a step-polygon P' connecting (0, 1) and (re-f 1, rr—1).

11~
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Conversely, if P" is a step-polygon connecting (0, 1) to (n + 1, n — 1) then,
obviously, it must intersect the line x = y and if we again denote by (a, a)
their first point of intersection, we get a step-polygon connecting (1,0) to
(n+ 1, n —1) which meets the line x = y. Hence, the number of all step-
polygons connecting (0, 1) to (n + 1, n — 1) is equal to the number of step-
polygons connecting (1, 0) to (n - 1, n — 1) which intersect x = y (Fig. 25).

Fig. 25

Now the number of step-polygons between (0, 1) and (n -|- 1, n — 1) can be
determined as in the previous solution. Such a polygon has 2n — 1 edges,
n — 2 going upwards. Hence their number is

2n —1
n—2
and so, the answer to our problem is
2n—11  I12n— 11 1 12n\
n—Ilj 11—2j 71+1 (nj

(b) Denoting by f(k) the sum of the first k digits, the problem becomes
equivalent to (a).

34. Consider such a sequence and cancel all entries n. The resulting sequence
has some length k, say 0 <, K<, r and also satisfies the assumption. Con-
versely, if a sequence composed of 1, ,n — 1 of length K has the property
that less than 1 entries of it are < r (r= 1,...), then we may insert r —K

new entries n jwhich can be donein | ways ,andget a(1,..., m)}sequence

of length r with the same property. Thus,

(1) Unr —~ Ir g(n—I1,k) (1<rr<tr),
A=0 |k

where g(n, r) denotes the number of (1, ..., Ji)-sequences of length r with
the property that less than i entries are <r, r= 1,2, ... .
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Now
@) g(n, r) = (n—r) nr-x
follows easily by induction on n. For n —r, (2) is valid since then, each
(1,. . . ,mn)-sequence of length n contains n entries < n and thus, g(n, r) = 0.

Let n > r. Then, using (1),

=2 (\ 2%—pY=  —1—%0—Nt1

a=o

= 201k, (M- DE- 415& k{n- 1*-1=nlT- rg, Kli' (n- =

= [T —Tenr-x
which proves (2). [H. E. Daniels, Proc. Roy. Soc. A 183, (1945) 405-435.]

35. Ifwe write down the partitions in converse order, starting with the identity
partition (the partition into one-element sets) and ending with the zero
partition {S}, we can observe that each row arises from the previous one by
“sticking two classes together”. In the riLrow we will always have n —i -f 1

1J1
classes, thus the number of ways to get the (i + I)st row is  — ! 1.

Hence the number of all such procedures is
In) In—1 21 n\ (n—1)!
1 2J 2 7 12) ~ 2"

36. Let Pj be the partition arising at the Ithstep, PO= {$}; we call the sequence
PO, Pv ... a splitting procedure. Denote by P\ the partition of 8 — {x} in-
duced by Pj (x £8). Then P,-+1 arises from P- by splitting all classes of P-
with more than one element into two classes, except possibly for a particular
value i0 of i in which case one of the classes of P'q though with more than
one element, may not split: In the corresponding step the class C of Pio
containing x is split into {K} and G—{x). Now, let P* and P** denote the
partitions of C — {x} and S —C induced by P] and set

Q _ [Pi if i oV
"o (p;+lu PP oif r> v

Then Q0= {8}, Qv ... is a splitting procedure of S — {x}.

Conversely, let Q0,QV... be such asplitting procedure of S — {x}. We deter-
mine how many ways QO, Qv . . . arises from a splitting procedure PO, Pv . ..
of S. We specify the class C — {x} £QO0UQyU ... . Once we have done so
we have a unique PO, PIt.... In fact, the index i0 is the first for which
C —{x} £Qi,-x- Hence, we get P, (1 <( r < i0) from Qtby adding x to the class
containing C — x, and we can construct P- (i0< r) from Qt by replacing the
partition of C — {x} induced by Qt by the partition of C — {x} induced by
Qi-x and adding x as a separate class. It is easy to check that, this way, we
get a unique splitting procedure PO,Pv ... from any splitting procedure
Q0,Qj,... of S —{Xb together with a specified member of QQUQx U. ..
Let us calculate \QOUQxU. . .|. Luckily, this will depend only on n. Ob-
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viously, any one-element subset of S — {x} belongs to QQUQxU ..., this
makes n — 1. Toeach CEQOUQLU ..., )C > 2, let us observe that there
corresponds a splitting and conversely. There are n — 2 splittings (since
each splitting increases the number of classes by one) and hence, we have

[QUQIU..|=(0n- D+ (n- 2= 2n- 3

Thus, the number of splitting procedures of S is 2n — 3 times the number
of splitting procedures of S — {a:}. Hence, by induction, the looked-for num-
ber is

(2n —3)(2n —5)...1= (2n —3) 1

37. (&) We have to break at each of n — 1 points; the procedure is determined
if we specify the order in which we break at the different places. Hence, the
number is (n — 1)!

(b) Let us call such a procedure a breaking procedure. Consider any splitting
procedure PO,Pv ... of an n-element set S (see the previous solution). We
may interpret this as follows: whenever we split a class, we specify one half
of it and put this in front of the other half. So, the classes of the partition
arising at each step will be ordered and the final partition gives an ordering
of S; moreover, the splitting procedure corresponds to a breaking procedure
of the “stick” consisting of the elements of S in the given order.

Conversely, if a breaking procedure and an ordering of S is given then applying
the breaking procedure with the ordered set S we get a splitting procedure.
Let bnand sndenote the number of breaking and splitting procedures, respec-
tively, then the above correspondence between splitting procedures with

orderings of the pairs the classes are split into and pairs consisting of an
ordering and a breaking procedure implies

2'~Isn= n'!bn
sn= (2n —3) (2n —5)... 1, and therefore
h _2(2n—3)(2»—5)...1 @2n—2)! _  (2»- 2
n\ »(»—1)! n\n —1
38. First solution. Consider a bracketed product. The multiplication carried
out at the last time means breaking the product into two pieces, where inside
each piece there is some bracketing:
(%lose *[) (*«tle e e xn).
The two multiplications before this last one mean breaking each half of this

into two pieces
(Xi..)(C..o %) ((xi+1..) (..%))

(some of these brackets may contain a single variable only, in which case it
does not occur). This way we see that the number of bracketings of a product
with n factors is equal to the number of breaking procedures of a stick of length
n, i.e. by the previous result,

112n—2]
nin—1l
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Second solution. Let f(x) denote the number of closing brackets between the
first X-~1 symbols (x= 1,2,...,n—1). Then
@ 0<, f(x) <sn—2,
(b) f(x) is monotonic and
(c) f(x) < x as there are at most x — 1 pairs of brackets between x + 1
symbols.

Conversely, let f(x) be a function defined on {1........ n — 1} with properties
(@), (b), (c), then f(x) uniquely determines a bracketing of the product. It will
be more convenient to describe a bracketing as a way to multiply the n ele-
ments together (in a non-associative non-commutative structure). Obviously,
there must be f(i) —f(i — 1) closing brackets between xt and xi+v and
n —2 —f(n — 1) closing brackets at the end.

Now consider the first closing bracket (from the left), multiply the two ele-
ments in front of it and remove this bracket. Again, find the first remaining
closing bracket, multiply the two elements in front of it (one of these two may
be the result of the previous multiplication), etc. This must be the same order
of multiplication as the one prescribed by the bracketing which determines
f(x). It is also easy to check that we will be able to carry this out, i.e. we never
get a closing bracket with just one element in front of it, by (c). So we have
a bijection between functions / with properties (a), (b), (¢) and bracketings
of products. The functions with properties (a), (b), (c) have been enumerated
in 1.33, so the result is

1 (2n—2
n\n—1

39. Letvx......... vnbe the vertices of our n-gon. If vtis joined to \f by a diagonal
in a given triangulation, put a pair of brackets into the product:

*1-ee (%o oo Xj-1)X]. . . XN_X.

Then it is easy to see that this bracketing is a “correct” one and conversely,
from each correct bracketing we get a triangulation. Thus, the answer is

I-Dﬁ 1 |2un —4
"h _lwm—2
by 1.38.
40. Let vv ..., vn be the vertices of our n-gon (in this cyclic order). In any
triangulation, the edge (vv vn) is contained in a unique triangle (vv vn,v,j.
If k is fixed, we have Dk possible ways to triangulate the &-gon (vv ... ,vk)
and Dn_k+1 possible ways to triangulate the mn-gon {vk+1, ..., vn). If we set

XL = 1 this will also be true for k= 2 and K = n —1. Thus

Dn —~  Dk~™n-k+l n 3),
k=2

D2= 1

NOW let D(x) - £ D nxn.

n=2
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Then (1) implies that

D(xf = DkXk2 Dx‘= 2 2 DkDI*ktHl= 2 X'2 DkDnU=
n=4 K=2

k=2 1=2 k=2 1=2
= Dn-ix" = X112 A*") = x(D(X) - x2).
n

Hence
D(x)2—xD(x) -f x3 = 0,

Since 2)'(O) = 0, we must take the negative sign for x = 0; since D(x) is con-

tinuous, we must take the negative root for x < —. Thus
4

1—fi —4x
D(X) = -----—-- 2-mmmmmme Cok

Expanding this by Newton’s formula we get

D(x) = ?[I - ﬁlzolili/ZI)(-l)M N o= gz'fi)(-l)ﬂ_l{]iQ;ZZ"-l)lml.

Here
12 = (1/2)(-1/2)...(1/2-+ 1) =
A4 Al
= (_d*-iJL 1e3 eeee N - 3) = L_1p -2
2k K! 22«~T K K- 1,
and hence

D(x) = I% T[}]_c; fj e*A4l = 2 —— |%IW:24J .

Hence the result follows.

41. We may assume n > 4. Let us consider a vertex tq; there are n possible
ways to choose this. Connect the two neighbors of vxby a diagonal dv Now
the triangle incident with this diagonal from the other side must have an
edge in common with the boundary of the n-gon; so its third edge must be
one of the two diagonals connecting an endpoint of d1to the neighbor of the
other endpoint. So we have two possible ways of choosing this second diagonal
d2 Similarly, if dv ... ,dt (i < n—3) have been chosen, then there are two
possibilities for di+1l. So we have found

n2n-i

ways to choose the point aq and a sequence dv d2 ..., dn 3 of diagonals
dividing the convex n-gon into triangles having an edge in common with the
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ri-goii. However, every triangulation (with the required property) has two
triangles which contain two (adjacent) edges of the n-gon; thus, each is counted
twice. So the result is

n2n 5.
42. (@) We have
+ n |I_ win\= 2n
k=0 k=o 2& + 1 a=o Kk |

Rf}]rn\_ —”j—\]l n | _ \9 _1),4In\ - @- =0,

A m V] Uifc+1Jd a U-j
thus

ffl »I 21+0 = 2,,_,
k=0 128 2
(b) We can replace the last term M mjby [ = A ; then the sum
n —m 4- ]_’L+ n—m4-11 _Im—m 4- 2)
0 ) 1 | 1

the sum oi the last two terms is o+ — ,
1 i 1 2 [ 2

. .
oi-the last two terms is ; NOW

etc. Finally we get Il MI (Table 2).
m

1
12 1
13 31
6 4 1
10 5 1
0 15 6 1
3B 21 7 1

) 56 28 8 1

Table 2

n
(c) First solution. Let [E] —u, WA= v, U TV = 0. Then, ‘ is the num-

ber of ~-tuples from U, (m v \) is the number of (m —k)-tuples from
—K
TN ) _ _
is the number of m-tuples from U U V, i.e.

’
az=o U \m — «
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' 0l ¥ l i i
1l o i b 2\ 1
Second solution. The coefficient of xm on each side of the identity
@ -f2u( + x)v= (1 + Xutv
is the left- and right-hand side of (1), respectively.
(d) The coefficient of xmin (1 —x)u(l - x)u— (1 —x2uis 0, if m is odd
and U if mis even,
m/2

(8) We have
Ik In K! n\ _ Tal 1 _
\m m\(k —m)! k\(n —k)! m\ (k—m)!(n —Kk)\

n\ (n—m)! In) in—m\
m\ (n—m)! (Kk—m)\(n—A) \m) \n —«kl

Thus
kIln _ " n n—mj_ n "In—m _ (n nm

AmW bl k=m\m) \n —Kk) m)j~m[n —k}  (mj
()

2o D= 3. B Zy I J )K=y ) il + en=
=?2:ri+2JcoA os"
7L j4 7 71
(9) Let
bl In —jt
= -S'" % n
Then

d=14i(l 4 W T Y=

Wwin-1-k k WiIn- k- 1 Kk
=2 r 2 +2 y z-

/e=0 i K [ « — 1

The bound = can be replaced by . in the first term since K = >
(if this is an integer) gives a 0 term. Hence the first term is

230 0 K
M T » )
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Similarly, the second term is

N in—i _ k\ tV] in—2 —k)
Al k-1 ] 5 | K
So we have the recurrence relation
@) an= an_l+zan 2 a0= ai=1I.
As in 1.28, (1) remains valid if we put a_1= 0. Then by 1.28,
1 *n+l
i entl d"+i_anti
an — = :
| a BR—a
1B
where a, B are the two roots of the equation
X2—X—z = 0,
ie.
1- VI- 4z a 1+ VIl- 4z
“= 2 B = 2
and thus
1 1+ Y1l —A4r|nHl 1—V1—4z]nt
= [IT™te 2 I 2

This holds if z ¥:Z' ie.a@ B In case z = Zwe can rewrite (1) as
1 i 1
an 7\Nm—l—z an-1 Aan—2

Hence

where from a, ——an= 1 ——= —it follows that c= 1, i.e.
2 2 2

1 1
an --—- an t = —.
| T
Thus
1.1, 1,111 .1
2 2 2" 2 21 2
1,1, n, 1 71+1
[ Ng, 2 — . e — o
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2 J
(h) The result is (—I)mJ2 . This is clear for m = 0. We prove it
by induction: m ,
koG WHEY = ot - D" () + (-D" {7 =
= -i)mjw] = (-i)m\in~ 1 .
m_l}? + ( |)mtvn\1/J ( |)m\nm
(i) The number of those (u - v + 1—m/2—tL|JpIes of {1, ..., w--n-- 1}
whose (1 + I)st element iswn -f- kK -~ 1 is . Summing for
K= 0,...,m we get the result. & ) \m—k

43. (a) The left-hand side can be interpreted as follows: we select kK points
of an To-element set M ; then we select m points out of an «.-element set N
and the k points chosen before. The result is, therefore, a pair (X, Y), where
)?1_ CM, Yc:NUX and [Y\ = m. The number of possible ways of choosing
this is
m hi K
~0 K { m
The same enumeration problem can be solved by selecting Y MM and Y NN
first; if \Y MN\ = j, then this can be done in 115 E ™ _ways; then we
] Im—]
have to select on X with Y TM C | C M, which can be done in 2] ways;
so the total number of choices is

y in m 2
ju 4 1\i)
(b) Since identity (a) means the equality of two polynomials in n for

infinitely many values of n, it follows that the two polynomials are identical.
Thus we may substitute —n — 1 for n and get, on the left hand side,

mimj|_» 1 +kK= m/TQ™_Dmin+ m-k\ _ (_ Dm « Im\ (n+ K\
k= U\ T J k8 k, [ m 3 k-8\kj1 7 t
The right-hand side becomes

6/ 'I\a/ll I~n- M2=y F} (—D*EH+ k\ 2k= *y h [N+ *1(-2)*.

K A\k K 3UJIT Kk j
This proves the assertion.

©
y \P bl In+ k" _ “ (P bl *Ik in j_

ko & U) V+ 4 kwo [k k j=0\]) \p Q—j,

= y( n 1. .
Jolp+ g—j)A \K) j j)
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Here

[

Ll i~ A b g=one=nT

yivi{g\\g —j _Ig\lp + g—j\
k=0 k) q—f] [?] q )

by 1.42c. Thus the sum on the left-hand side is

yt n UgUp+qg —j\ _ y nl =
io \P+ qg—j) bl I q ) ju (n—p- g+ PHDVg—j \(v—aAn
“In\ip\ In —p\In\ *“ Ip\ In—p In\ In

J?o\p) j)\q-j) \pliB)[jj\a —j) bl «q
by 1.42c again.

(d) This follows in exactly the same way as (b).
(e) We have

X+ *  x\—y (11 * 1
n ) n i“iU)\n —K

by 1.42c. Dividing by t and letting t 0 the first expression follows. The
second one is obtained analogously by 1.42i and

ixA 0 hrj It k—1j Ak —K
\n ) W) kN ok 1\n—Kk

44. We prove (a) by induction on n. For n —0 it is trivial. Let n> 0. We
have

—x-+y nn=nx+y-fwnl=2aFy-F+2)+ (n—1)"-1,

%

— f M x(x+ k)«~\y + n- k)"-*=

3y mjl&

=J I**+ k™~ n-k +n- K)"-F'=
l®|) ( ) (y )

=n Fn ~ 1 *(*+ kK*I'((y+ D+ (n- 1)- kyn-I>k
o K

The two right-hand sides here are equal by the induction hypothesis. To prove
the identity it suffices to show that (a) holds for any one value of y. Choose
y = —x —n. Then the right-hand side vanishes while the left-hand side is
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A (W S ANn
X(X + Kk-U—X—K)n~k= xj>\  (i)n-fe(a; + £)"-! =
K=0 K) K=0 \K)
My M —1
=R L CDNA L, #E s
=x2 " xnIs(,n) —O asj<n (by 18).
7-0 j 1

(b) The left-hand side of (a) can be rewritten as

(*] X(x -f K~y 4- M—K)n~k~1y + n —K) =
k=0 \k)

= 3 17) *(* + + oy - fo)"fo 14
rrow

+ 3 (Chl* + NAIT + - f* 1(»- i).

J
k=0$«/
Here the second term is

» [n X(x+ KkA((y + )+ > —1) —*)(-D-*=
A I & |

=nx-fiy+ 1)+ n—I)nl=n{x+ y4-n)-1
by (a). Hence

32 A X(x 4- Kk~1y(y - n —K)nk~1= (x 4-y -f DN—n(x + jl+ w)" 1 —
= (*4-Y) [x4-y 4- n)"-K
Dividing by xy identity (b) follows.
(c) Subtract = (y4-wn1l+ 7(x 4- w)n_1 from both sides of (b) then
we get
N (x+ kKk-1(y4-n—En_*1=4"{(*+ y+ n)” 1- @+ wn1l}+
+y {(k4-y4-n"1l—0k4-m’-1}.

Letting x, y “m0 we obtain (c).

L =2 T )y,

= J"?ln\’ ) (¥ \= »l k%_y
Jn @ \n —K) \'n
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by 1.42c (strictly speaking, the identity

y Y _Ix +y
i~0\lc) \n —K) I n (

was proved for the case when x, y are natural numbers; but if the polynomials
on tlt)1e two sides coincide for every such choice of the variables they are iden-
tical).

Other instances of such polynomials: fn(x) = xn(then the formula in the prob-
lem is the binomial theorem), fn(x) = x(x + 1) ... (k+ n — 1) (this follows
in the same way as fn(x) = x(x —1)...(x—n + 1)), fnX) = x(x + n)n~x
(this follows from identity (b) in the preceding problem). [See also G. C. Rota-
-R. Mullin, in Graph Theory and its Applications, Academic Press, New York
1970, 167-213.]

8§ 2. The sieve

1. Let us subtract from 30 the number of pupils who like mathematics, physics,,
chemistry, respectively:

30 —12 —14 - 13

This way, however, a student who likes both mathematics and physics is.
subtracted twice; so we have to add them back, and also for the two other
pairs of subjects:

30— 12— 14—13+ 5+ 7+ 4

There is still trouble with those who like all three subjects. They were subtract-
ed 3 times, but put back 3 times, so we have to subtract them once more to
get the result

30 —12—14—13+ 5+ 7+ 4—3= 4

2. (a) Let ) )
B = AxA2...AKkAk+ ... An

be any atom of the Boolean algebra generated by Av An (with an ap-
propriate choice of indices, every atom has such a form.) Every event in the
formula is the union of certain (disjoint) atoms; let us express each P(A,)
and P(Al+ ...+ An) as the sum of the probabilities of the corresponding
atoms. We show that the probability of any given atom cancels out.

The coefficient of P(B) on the left-hand side is

1 if i #0,
0 if k=0
B occurs in Aj iff / &Z{1, ...,&}, so its coefficient on the right-hand side is.

3%y (-iyi= 1o P ’

yit 5 ?(—iy: 1- (- ife= IIol ﬁ 5;\

\J
Thus P(B) has the same coefficient on both sides, which proves (a).

0.
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To get (b), choose an element x of S by a uniform distribution. Then A- can
be identified with the event that x £ A-, and we have

P(A)=
|E]
So we have, by the above
P(AL+ ... + An= J-(-1)7-1 ~ Mil= N C/]-.w,
i=1 =Y |d] 0#/<={1..... n> 17i 1
or, equivalently,
m 1...i,)=i-PUI1+ ...+ 2)=1-

2
0#/£ n l«l
The assertion (b) follows on multiplying by |<S.

3. Let A( be the set of integers between 1 and n divisible by pt. Then, for

N1 r},
At=TIAIi= {k:1<;k<,n U VilL
ui

hi
and so,
A\ = -~ —
NRY
ul
Hence,
<D <p(n)=. (-DmTT.--
i (%..,r) lIJII Vi

Now Il Pi ranges over divisors of n; over those divisors of n, in fact,

ui
which are not divisible by the square of any prime. To write (1) in a neater
form, define

y(K) 10 if K is divisible by the square of some prime,

(—1)" if k has i distinct prime factors.
Then

— VAN _
QN = %n &r n

Also, one can observe that (1) is the expansion of the product
r 1
<P(n) = n [/ 1- —
i=l Vi
4. Let |X| =k Y= {yv....,yn. Then the number of those mappings
of X into Y which are onto Y is, obviously,
0 if K<n,

n! if K—n.
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On the other hand, let At denote the set of mappings of X into Y —ytand let
S be the set of all mappings of X into Y. Then we are interested in
8 — (AxU...UAn). By the inclusion-exclusion formula.

nn)r= 2 (- DIIAI-

Here Aj is the set of mappings of X into Y —{yl:i £1), hence

\AN - (» - |IDA
So
f ) ft n
[9-M 1u;..un)l =~ (-i)y . (n-j)k= ~(-i)"-0 jk
j=o { j=0 \).
which proves the assertion.
If K> n, the result of the same inclusion-exclusion procedure is the number
of mappings of X into Y, which is n !S(k, n). Thus the result is a new proof
of 1.8.

5 Put ¥ = 0into a°p —alp - .... Then, if we set
pO<, ., X0, JHL, L., xn) —
= P(*i......... *i_i, 0, xi+1, . .., xn),

we have akp ¥=0= ok~1p + akp (a I'-tuple of variables of p either contains
or does not contain X),

Ix=0= P\xi=o= P= <r°p, so (a°p —alp -fazp —...)|x_0=
= a°p—(a°p + arp) f (alp -fazp) —...= 0.
Therefore, xx...xn divides a°p — axp . Since a°p —ayp + ... has

degree at most m, it follows that
_ (0 if m<n,
={ ms
lcxx...xn if m= n
Also note that alp (k> 1) certainly does not contain any term of the form
XX. ..Xn; hence cis the coefficient of xx...xnin a°p = p.

We remark that forp(xx, ..., xn) = (Okx-f eee+ xnkan(i xx— ...=xn = 1
we obtain the preceding result (cf. problem 4.3).

6. Let us express P(B) as the sum of probabilities of atoms; we show that
each atom will have a non-negative coefficient. Let

B —AX...Ah XeoeAn

be any atom of the Boolean algebra generated by AXx ... , An Define A[ —
= ... —Ax= 1, Ak+X= . . An= 0, and let B\ = fJ(AX ., An).Then

B C Bi iff Bj Therefore, the coefficient of P(B) in _ c(P(B’\ is

aup —cdp + ...

Bi2 B 1=
by the assumption [Ré].

12 Lovéasz
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7. (a) By the preceding result, we may assume that

P(AX= ... = P(AR =1, PUIn) = ...= P(An = 0.
Then the left-hand side is 1if k = qand is 0 if kK ~q; the right-hand side is

Ifq > k, this sum is, obviously, 0. If g =k, the sumis 1 Finally, ifq < k, then

EWj _ K! ok k—
1) 2ot-2)(x-2)t 1?)u-?j
So we have
TV () 14 ~ 9] = (] € (-Dp-*i* ~ 9 =
|=Q R )\)'Q§ U)Pqg \] —9

=  (@1—Dk9= 0 [K.Jordan; Ré].
12)

(b) E |pjj is the expected number of ~-tuples of the events Ax........ An
such that all j occur. Since the probability of simultaneous occurrence of
a given ;-tuple {Ait......... A"} is P(Ah. .. Aif), we have

Eipr?)l - 2 P(Atl...ABH= 0.
Thus

W) = e g gz 2 M 1
8. By the preceding result, the probability to be determined is

i J(—|)y|-’>p OJ—J quZ:p(-i)y+fPQ$=P2paiP20(_!)"Iw:))z

9=pP 7=9

- 2 aA-~ l)}~PP“4:J(—l)Y+P *7
i=p jHP \p -

by 1.42h [see Ré].
9. Letj > 0, be odd. Then we want to show that
P(A\...An —<0+ O —...+ g;>0.
By 2.6, we may assume that
P(A) = ... = P(AR = 1, P(Ak+l)= ...= P(An) = 0.
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The case k = 0 is trivial, so let A> 1. Then we have to show that

REMUAGAEREH]

if j is odd. This is clear as by 1.42h,

The case of even j follows similarly.
10. I. By 2.6 we may assume again that
P(AX= ...= P(Ak= 1 P(Ak+1) = ...= P(A,) = 0.

H*Y' Ui

so what we have to prove is

Then

K\ “"n—r |1 K
ry" r \r—1
[k
or, dividing by :
\r
—r+ 1 r n—r+1
r K—r-fl kK—r+1

which is clear [M. Frechet; Ré].
I. We prove the inequality given in the hint by the usual method. It

suffices to show that
N ¥ ’ ( . ) ¥
:IlallaMr—lj+ rlr\r+|j'

This is clear, if Kk < r, so suppose k]>r. Dividing by j, we obtain

i s i . - +<+d”™ = i+ -0b*,
r k—r 1 r+ 1 K—r {1
which is obviously true.
So, ifartl = 0, we have ar< -i-ar_v
11. 1. Suppose we have such events A1,...,Anand let/C {1, ... n}.
By the sieve formula 2.2a
P(fIAiI.Aj)= 2 (-1)ywP(A,Aj)= 2 (-1yk~J3"Pk -
‘i [E{Y,.. ,n)-J JEKE{I,..., n}

12«
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Since a probability is non-negative, we have

(1) 2

JEKE{I,..., n}
foreveryJ C{ 1 . Also, obviously,
) pa=1.

1. We show that (1) and (2) are sufficient. Take 2" atoms Vj 3 C {1,..., n})
and define

P(vj)= 2 (-D|K- ™ k.
JSKE{I,..., «}
A0 = Je {1,...,w}}
Aj = {vj i £J3} (i—1..... n).
Then
A, =J3fAat={vj:lcl C {4, »}}.
We claim !
X)= 2 i
p(X) Vjixp(\a)

defines a probability measure on Aaand P(A\) =Pi- Let us show the second
statement first:

P(A,)= 2 p(v)= 2 2 =
/EVS {1 n) JEJE{l,...i'}d9QKc{\,..., n}
2 Pk 2 (-DIKJ-
1QK M1,..., n} JCK
Here
y (DK-T i1 If 1=K’
iQjQK [0 otherwise,
so we have
P(A)) = pi.

To show P is a probability measure, we merely note that (1) implies P 0
while (2) implies P{AQ) — 1 [Ré].

12. It suffices to prove the inequality if there is a set K C {1, ...,n) such
that

P{Aj)) = 1 If K’
0 otherwise,

by 2.6. If K = 0 both sides are 1. So let K #40. Then we may assume without

loss of generality that K = {1, ..., n}- otherwise we could consider the
subgraph induced by K. Then the inequality has the form
@) 134>|30.

We prove this together with
@) )s[\ > iax
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by induction on n. If 6r is a complete graph, then
80 = » [E= = +1, ISi.=0, [3j|= n,

thus (1), (2) are satisfied. Suppose G is not complete and let, say, n £ V(G)
be adjacent to 1,...,h but not adjacent to h-)-1,...,n—1 Form the
subgraphs 6%, G** of G induced by {1, and th+ 1,...,n—1}
respectively. Denote by 3* 3** etc. the set 30, etc. for G* and B**. Then an
independent set of G is either an independent set of G* or consists of n and an
independent set of G**. Hence

©) 3 - [3f] + [37.

Also, each subset of G* which spans at most one edge is such a subset of G;
and if X is such a subset of G**, then X U {»} is such a subset of G. But now
G may have other subsets inducing at most one edge, e.g. {1, n). Hence, we
can only claim

4) Is;i > [3%] + [37**].
Now by the induction hypothesis,
N > |37, |3jiii > |37*|,

thus (3) and (4) imply (1) and (2).
The lower estimate follows from (2) exactly as the upper one follows from
(1) and reads

P(A,...An ~2 P(Aj)- 2 p(Aim
iex i €s;

[A. Rényi, J. Math. Pures Appl. 37 (1958) 393-398].
13. Again we may assume

P(A) = 1 If 1€K

otherwise
for some K cz {1,...,n}. If K = 0, both sides are 1, so suppose K ~0.
Then, we have to show
@) N (-1)[71M0.
1£&
Let X be the largest element of K. In (1), those pairs of terms (—1)H, (—1)141,
where J —1 U {x} (x 1) obviously cancel each other.

If J 63 and Xx£J, then, obviously, J —{x) £9. Thus, in (1), only those
terms (—I) Vi are left, where x f/ and | U {x} (3. We show all such terms
are positive. In fact, | U {x} $3 means

i(/u M) n {i..... £}i > 2m
for some k; since / £3 we must have

N M {L.....*}| <2f(K),
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whence &!> x and
[/F1 {1,... k}\ = 2f(K).

But/ c Jrc (1,...,zy C {1,...,i}, and thus
[/T1{1....... 4} = |7] =2/(4),
i.e. (—ljIfl = (—1)2K = 1 as stated.
The lower estimate is clearly the following: Let
3= {/lc{l... »} 1 [/D {1, ..., k}\"2f(k) + 1 (k= 1l...... »)}
then
P(AX...An> ~(-i)mp ().

/I €9

[For an account of sieve methods, from the number theoretic point of view,
see H. Halberstam—K.F. Roth, Sequences, Clarendon Press, Oxford, 1966.]

14. By 2.6, we may assume
(@) P(AJ = ...= P(AK =1 P(AK + = P(An) = 0.

If k=0, then P(AIUj) = 0 except when / = J —0 and then we have to
show that

1<A1l.
which is clear. If kK >0, then we have to verify that

2 *[*] = g 2 A)2
1.7 (1 k) £{1... k)
which is again clear.

To prove the lower estimate given in the hint, we may again assume that

P(Ai)= 1 If 1€K’
0 otherwise

(since the ordering of the indices is involved in the formula we may not assume
this time that K is a section {1, ..., &]}). The relation is trivial if K = 0
(L™ 1), sosuppose K # 0. Then we have to show

0>1i- 2
malx'ilerrlfaxJ
Let
K= {M»eeerky}, Kj<...dkdl

then this inequality can be written as

i<i’ 2 2M/ =i =4« +1i
1=1 £ K Jc K 1=1 ma!(?:Kkj ( 1=2 JIQK (

max 1=kj maxJ=ks max [=kf

which is clearly true.
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15. We have

2 AAypiy = 2 7 XPjyj = 2 X Xjp,pj 2 —
[JE{l,-,n) \1\EK nin* KQIHJPk
\W\& Ulnfe
because
P/uy = PiPjlIPinj
and
S L [
kqiijk | Pl ij
Thus
N ANyPluy = 2 ir* 2 hhPiPj —
illle‘ffcc IKlafc P |l/T£Sfé &/s%
CEPGEN N TR ek
VEN
where
1 Pk — 2 Pi
&) K KGI :

Here we can express A7 as

) h= (-1)|K- 7|Pk.
H@é

because the /iK’s obviously determine the A/s and the A's defined by (2) satisfy
(1):

2 P'x'= (-D H-/|py= pi 2 (—i)H-I| = pk
Eh [7|§/c ly.ch ﬁ% KEIEY
Thus we have to minimize
3 r
@ IKi<ft Pk
subject to
4) (-1)1KkUxk = I-
INEAC

This can be done either by the Lagrange method or simply by the transforma-
tion:

5 V «E£,* = 2 feyx- IKl’+—.
© kl* Px la* l—b(& Py ( <2
where

« = “a;E* Lﬂ
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which holds under the assumption (4). Since

Nc=7C-— "(-)'K
©®) c=75- 5 "D
is a choice of the variables which minimizes the right-hand side of (5) and

also satisfies the constraint (4), we get that the minimum of (3) is 1/Q and (6)
gives the extremum. Hence

= 2 (“"MK-JT7T7T — i -I’\£| .
Plli}215%( K- g ﬂK( K] ‘Til”ft)' m
16. By 2.14,
MAXx...Anf<n 2 h~jPUIM))
..... n)
for any choice of X, (I C {1, ..., n) with the only restriction that 0= 1

We will only use A/s that satisfy the requirement A7= 0 for | $ % Setting

P{Ai) —Pi + 3>
we have

(1) P(AL...j4n) ;< 2 "iYyPiujf 2
i.jex i,jex

As in the preceding solution, the choice

2 A = nr1 2 ~
L)t Q
minimizes the first term and then the value of it is 1/Q, where
= Reksi

We now estimate the second term in (1) when A7 is given by (2). We have

I higAr- 2
Y ICL{b|£H C]L q,
because L U I £ Ximplies L £ XK Thus

lijeH BT gy " b )t

<eM2 2 m}a)r = eM*{jslj J1+ aj))r

g\-.-q\
The first term can be estimated as follows:

Q= lg£%$:k I%E%kIEKl—Pk ég)%&PK+PK+ mmm)e
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If we multiply out we get exactly those terms p'l...p'j for which JJ p, > — ;

h> 0 -M
so we certainly get all terms of this form which are themselves at least

— . Thus
M

Q>S
and the assertion follows.
17. Let Plt...,Pn M be defined as in the hint. Let us choose one of the
numbers I, kK I, ..., (Xx— l)ic-F- | at random and let A- be the event that
it is divisible by Pj. Set

p,= [ pi (7E{L...»)r

1
x mP(Aj) is the number of multiples of Pj among I, 1c-\-l, ..., (X — 1) kF L
Since (Pj, K) =1, Pj has one multiple among pP, mk + I, (pPi+ 1)K + |, ee-
...,(pPj + Pj—1)k | for every 0 < p < ——-1. Hence

Pi

— 1< xP(A)) < [—1+ 1
bl " p A

and thus
@ P{Ai)-£- < -.
Pj X
Thus if we set pt = P_ , 8 = — , the conditions of 2.16 are satisfied and hence,
j X
P(AL. .A) < =+ sM2 _ .
S -K)
Now here
Sz Y - -
A PP
where the summation extends over all choices of Iv ... ,In 0 with P{ ...
...PI'< M. This sum is exactly
8= v m’

(T=1

To get a lower bound on this, observe that

Sl /lil+ -1+ 4+ emeU 2 1, > XM’
M m) Pk I P P ) m<,M Ml
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S > logM ——--momm e r=logM// fl ]=logM ~ -.
17 i+ -~+ . p\k\ P) K

On the other hand, it is known that

@-pPir...@- vnt ™~ 77 (- ’\?2’\—«:—
PZM\ P log2M
and thus

i>(A meeJ1) <o —ome- + XKUoNXK M
(k) «log M CX oK log X

if Xis large enough. Thus the number of primes in the sequence I, k + |, ... ,
, (X — 1D K+ iis

<[n+ x P{ALl...An) < \x + 25— —— < 3— - —
<K log * tp(k) log x

if x is large enough.
18. We prove that

©) 2d

by induction onn. This, in fact, will imply that
P(Al... A,)=P(A2...AnP(AxIA2... An> P(A2... An)jl - >0

because by the induction hypothesis, P(A2...An) >0 (this assures that
P(Ayl1A2...An)is meaningful).
Let, say, 2,. .., h be the neighbors of 1. We have

vi N ,Alrﬁl_l_b P(A|A2 - Aj IAj+L ... An)

P(A2 ... Ah IAh+1 CAn)
Here the numerator is

P(A,A2...Ah\An+tl...An<, P(A21AhM1...An = P(AX <ib|

(as Alis independent of Ah+l, ..., An) while for the denominator we have
P(A2.... AhlAh+1l.. . An)= 1 —P{A2+ sem+ AhIAn+1l...An)>

1=2

Now applying our induction hypothesis with the graph induced by {i, h - 1
, N} we get

P(Ai\Ah+1...An)<i§j-d
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and 80 p(@2... Ah1tAhl...An>i -

2d 2
as h — 1is the degree of 1 and so it is at most d. Thus
1
P(AL\A ,...An <, ~ = +.
1 2
2

[P. Erd6s-L. Lovész, in: Infinite and Finite Sets, Coll. Math. Soc. J. Bolyai 10
(1974) Bolyai-North Holland, 609-627.]

19. We have
P{A,...An= PC=0)£ P(C- > of) <
N - - - ° 3
é\e(C <h)2 }i{ECZ) )]
Now let
£ 1 if Ai occurs,
0 otherwise,
then
C= JC,-
1=1
and thus,
EC2=EIJ'T+ 2 2 GG)= » + 2ff2,
(=i I<,i<j<n )
whence

The first step is actually Chebyshev’s inequality;
P(C=0)<p ((IC-P(C)[>[*P(C)M"]-= g((C~ gh)2) *

20.1 By 209,

- i
P{AX... Anj<. 1—np + ) p2—<

I1. By Selberg’s method,
P(A seeJ1) N 2 *i*piiuji.

where 0= 1, 5} arbitrary. By 2.15, the s can be chosen so that the right-
hand side becomes

1 1 0

y Pm r, np P’
iflli (i - p)pl i-p
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II. The preceding formula gives

by direct substitution.

Obviously, y i> B, thus Il is better than I11. However, | and Il are incompa-
rable. For let p be fixed and n —<o00, then B —0 but a —%00, thus Il even |1l
is better if n is large. On the other hand, fix n and let p “m0. Then the power
series of 3 is

1 np nin—1p2(...,

which is larger than a if p is very small.

21. It is trivial that sum of compatible matrices is compatible. Let A = (ay),
B = (bjj) be compatible matrices, AB = C —{ct) and suppose cy” O.
Since
°tj = Aih bkj i
K

there exists a k such that aik ~ o and bl o Hence x, < xk and xk < X,
and so, by transitivity, x(<i X. Thus C is compatible.

Let A be an invertible compatible matrix. We may assume without loss
of generality that xt< Xj=>i < j (this can be achieved by indexing appro-
priately). Then, it is seen that all the non-zero entries of A are above the

diagonal, so det A = Jf au. So au ¥=0. Now let B = (bjj) be the inverse of

i=i
A, and suppose indirectly that it is not compatible, i.e. there are xt”™ X
with bjj ~ 0. Choose i here to be maximal. We have

2 aikbk —0,
k=1
but
ajbjj 0,
so there must be a k with
aikbkj N 0

Since (Ujj) is compatible, this implies that xt xk and so, i < k. By the
choice of i, bl§ ~ 0 implies xk< X and so, xt < X, a contradiction.

[Most problems in the rest of this section are based on G. C. Rota’s paper
in: Zeitschr. f. Wahrscheinlichkeitstheorie, 2 (1964) 340—368.]

22. Define
N 1 if x < x|,
Zjj = = J
0 otherwise,
Z — (4j). Then the two requirements on , can be re-written as
ZM = 1,

where M = (x,;) with mi; = p{xt, xj) and | is the identity matrix. Since
4j ™ 0, Z is invertible (see the preceding solution) and so, by the preceding
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result, M — x is a compatible matrix. This defines the desired function
u(x, y).
23. Note that if we know y(a, y) for every ¥ such that a < y < b, then the
equation

2 Na> =0

a<*y<b

uniquely determines y(a, b). Therefore, we can calculate y(a, x) for every
a £&* <[ b inductively using only elements between a and 6. Hence, if

a bEV, a <Jb £V and the partially ordered sets {zfV :a <[z <Lb},
{z' £V :a'<jz* b'} are isomorphic as partially ordered sets, then

y(a, b) = y(@', b).
(@ We claim that y(X, Y) —(—Dly-xI (X ci Y (ZS). In fact,

AATC» ia 1 t | |0 if B->A

(b) Here, any interval a <,z <,b is a chain. So it suffices to calculate
y(av an) for a chain

«l < a2< eee< an-
We have by definition,
y(aval)=1.
Also,
N«l.ar) + Mai>«2) = 0,
whence
y{ctdr9) — L
Now, for i > 3
y{avax + y(av«,) + ... + y(avat) = 0,
whence, obviously,
i«(«i, a3) —... = y(av an) = 0.
Thus
1 if x=y,
yix,y) = —1 if (x y) is an edge.
0 otherwise.
(c) We claim that
O <@Y)=Y ¢
where y(k) is the (number theoretical) Moebius function: if kK = ...pp
(plt ..., prdistinct primes), then

ANY = 0(- Dr o if
) I( O) otherwise.
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Obviously, fi(x, y) defined by (1) satisfies y(a, a) = 1. Also, ifa ™ b, a | b, then

2,uMe )= 2,701 = 2, M)

olyl a\y\b
Set
A= k= pl...pY,
then
g\{](d) = 1&,<...</v£rMn' **ePh) = 2, \'}}I(_l)1= )
24. We have to show
p*(a a) = 1,
J?”? In¥(a, x) = 0 a fo)
(@ x) ( )
i.e.
u(a a) = 1,
2 M* . = °

b<x<a

The first assertion is trivial. To show the second one, note that, in terms of M
and Z, it can be expressed as

ZaM = |,
which is obvious, because M = Z-1.
25. Let Z —1 — {Ujj), then
[1 if Xx < xj,
to otherwise. !
Then the (i, j)th entry of (Z —1)nis
ku.—z,kn—i &t Ukk, oo eukniY—D0,

because a non-zero term would correspond to a chain x, < xd < xk < ...
... < xK1r< X, which clearly does not exist. Hence

ufj =

(- Z2)n=0
or, equivalently,
J IW(-1y-"z°=1i.
bi\ 1*1
Multiplying by M, we get
nj\
2 (1 (-1)"-1# -1= x.

i=i 1)
Note that instead of n, we could consider the maximum length of chains in V.
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26. Ng(z) fi(z, x) = 2 ~f(y) Jiz, x) = ~Mf(y) 2 y(z, x) = f(x).

2n~1 zEX y<,r y S x yha2<x
(Note: setting / = (/(xX), ... ,/(xn), 9= (ofxD, . .., 00k, the definition of g
means

9=f-Z
and the assertion is
[ = gM =
To get the sieve formula let F consist of all subsets of {1,..., n}, and let <

mean inclusion. By 2.23, y(K, L) = (—1)I~KI (KczL). Set
RK) =p (n A, d4).
i$K JEK
then
7 = /(=) = P (.1 A) = P(AI
©= o/ (i$L ) (Al)

(K= {1, ...,n) —K), and so,

(151 = (L D= o n)(-l)n—|K|a L=

= -1)K|-P("K
K<={21.......n}( JIkl-P(My

27. (a) We proceed by induction on the number of elements between a and 6-
If a = b, then the sum looks like

2 f(>*>
X<,b
which is 0 by the definition of y. Let b > a. Then
2>(0,*)= 2 (2 F(o%)).
x"b a<,brb avx=b,
The left-hand side is 0 by the definition of y. All terms on the right-hand side
with 6X< b are 0’s by the induction hypothesis. Thus, the last one is 0 as well.
(b) follows immediately from (a) and 2.24 by inverting the order.
28. We use induction on the number of elements below x. If x = 0 the asser-

tion is true (0 is the union of some atoms). Let x >0. If a< x is any atom,
then, by the preceding result,

2 M>y)= -

Y Vvi=x

Here, obviously, no y is a union of atoms. So each term with y < Xis 0 by the
induction hypothesis. It follows that so is y(0, X.

29. We have

1 if fl= 1,

yz’\ay(a’ y) = 0 otherwise,
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50 ii(x, y) — 1.
XY
On the other hand,
(1) /)z,y - X%A,%/£C+ x.y/éAUB x,yé\Bmc ) x.;%eB '

Here
M>y) = 2 2 MxeM= 1>
xjéAUi y) VEAUB XEy
and similarly,

X.)/%BUC ,y(x’ N = xe?Bmc );\x Yx'y) = 1

Hence (1) has the form

i=2 2 M>y)+ 1+ 1- 2  rtxy)
I XEA y£C y) X,Yi B X3

which proves the assertion.
30. Let b — {{1}, {2, ..., a}} and apply 2.27:

g Mue!) = 0
or, equivalently,

(i) mo, i) = - >;%QIOO/*(*»(}

2-90

Determine the partitions x with x J1b= 0, x ~ 0. Let x = {Av ***VAp}

be such a partition. Let 1£Ai say. Then for i >1, At= A-T1{2,...,a}
.is a class of xXAb= o0, hence \At\= 1. As x 340, \AX "~ 2. But A1l
M{2,...,a}isalso aclass of x JiIb= 0,s0 [AX\=2. So g is of the form

x={{1,r} {2},...,{r—1} {r+ 1},. {a}}.

The interval {z :x <, z:<, 1} consists of all partitions which do not separate 1
and i. This interval is, obviously, isomorphic to the lattice of all partitions of

n — 1 elements (1 and r “stick together”). Hence
px, D= (-1)"2(@- 2)!

by the induction hypothesis. Since there are n — 1 partitions x to consider,

(1) implies

MO, 1)= -(a - 1) (-I)n2(@- 2)' = (—)"1(a-

[M. P. Schiitzenberger].
31. If F is defined as in the hint, we have

ZTFZ = G
In fact,

2
A=l =1 A
%E&' X<

2ifdza= 2_ZKI»2f= 2 fx*= 2 S = gXinxi)= otjm
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Hence
det G = det (ZTFZ) = (detZT) (det F) (detZ) = det F = f(Xj) . .. (f(xk).
If V is only a partially ordered set, then we define F as before and consider
0 = ZTFZ = (gu).
We have, as before,

9j = ?Fn2>f_=n% zkifu zu _)%éN/(**) .

XkrXf

We cannot rewrite this in terms of »x Axj (as this is not defined) so we have
to state the formula as follows: let f(x) be any function on V and set

9ij= 2 f(®-
<X
Then
det (g = f(xj) ... f(xn).
Note, that if any two elements xt, x, of V have a greatest lower bound xt Ax ¢
then

9ij= 22 No = gx'/Nxi)y

X<Xil~Xj
where
a(y) = >2<5\';W
[H. S. Wilf, Bull. Amer. Math. Soc. 74 (1968) 960-964].
32.1 Let V= {1,...,n), let the partial order be defined divisibility and

g(x) = x. We try to apply the preceding formula (V is not a lattice but it
is closed under the operation xAy = (x, y) and so, the same formula holds
by the remark at the end of the previous solution). To get a suitable f(x) we
use 2.26:

()= Jav(y.x)9(y) = , , T®)

Ix

by the solution of 2.3. So the value of the determinant is 1) « 92) . .. <n

1. This determinant is just ¥1) ... pn) X {the upper left entry in G~1
where, as in the preceding solution

G- ((i,)7j=l= zTFz,

/ H(1) 0\
F = (fij) =
KO <) J
s iml o d1if *1d>
7 —{zih 4j — 0 otherwise.

13 Lovéxz
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Thus
G-1

(ZTFZ)-' = MF-"M7,
where M = (m/}),

my= i Ré/ll—] if »I
0 otherwise.

Thus the upper left corner entry of 621 is

n n n ,2(1)
n-i ;=i *=i 7>(«)
Hence
22 ...2
, " p2(E
= v(l) eeev(n) 2 ﬂ”
k=1 <p(F)
(n,2)...(%m®
33. Let
0 1 1
1 -2
0
A —
0
1 —2

Consider as a root, then T can be considered as an arborescence and ths
defines an ordering of V = V(T): x, < xXif the (unique) (x-, X;)-path contains
X. Then let Z be as in 2.22; we claim that

ZTAZ —D.
In fact, the (r, j)th entry of ZTAZ is
n n
Now aM is non-zero only if k = l or k —1or | = 1 so we have

dij= 2 (~2>+ 2 1+ 2 1=

XtAXt.X] Xk<,Xi XIAXf

= G ST xj, <0 + 1]+ [d{xhxj) + 1] + [dOG, xj + 1],

where x, O X is the last common point of the (x,, X)) and (xv x;)-paths.
Hence

dij= d(xhxj + dOq, xj —2d(Xi 4 x;,xj = d(X,, Xj)
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as stated. Thus

detD = detA = —(n—1)(—2)"-2
[R. L. Graham-H. O. Poliak, Bell Sys. Tech. J. 50 (1971) 2495-2519].
34.Set U= Z —1 = {Uj). Then Un= 0. Further we have
(Ir+ U- U+ U2- U3+ ...+ (-D)"-1~r-=/+ (-D)"“1~ = /.
So

1—V+ U2—U3+ ...= (7+ U)-1= Z-1= M.
Hence

y(0, )= J (-1 YK,

v=1

where pvis the (0, 1)th entry in Uv; but this entry is

Pv= J? «O01.eeecivl= 1=V

h,...,iv 0<X,-,<..<xiv_i<l
35. Set

2(*) = e —0K) + g2x) - A3 + ...
Then

n ?*(*).
xSy £=0 XNy
Now, let «j,..., ambe all the atoms < . Then A gk(x) counts all /-tuples
from {av ..., an}. Therefore, X<y
<2 *hgh>S— ft)

and so

Y, (x)= 1(-1)r =f° if "= 0 ie- J="7°
Sy koo U) [o if m>0, ie. y>0.

By the Moebius inversion formula 2.26, we have
4x) = P, x(2 q@) = ™0, x).
Vax xy

36. There are three types of elements in L\
(@) elements of C,
(b) elements such that there is a y £C, with x< v,
(c) elements such that there is a y £C, with x > .

(@), (b) and (c) partition the elements; in fact, there cannot be any x with two
of these properties since this would give two comparable elements of C. Also,
if an x did not have any of the properties (a), (b), (c), then no maximal chain
containing x would meet C.

113*



196 SOLUTIONS 2.37

Let us write x < Oand x >C if (b) and (c) holds, respectively. Consider the
number gk(a, b) of /."-tuples in C whose union is band meet is a, and leta < C <b.
Then we prove that

q(a b) = J?(—Dkaka b) = y(a b

by induction on the number of elements between a and b. Let av , am be
those elements of C between a and 6. We may assume a —0 and b= 1,
because {av ...am} forms a set in the sublattice {z :a <Jz <l b) with the
same properties as C. We have

2 «F(rew) = (2 l

x<C<y
and so
(77) ) m - m—1
By 2.29, y satisfies the same identity:
2 2 Y= 2 ixs2)—1= 2 ~1l=m—I-
() X<C<y ) x,yiC (X 2/) XiC X)

Now in (1) and (2) q[x, y) = y(x, y) if x ™ 0 or y ¢ 1 by the induction hy-
pothesis. So we must have

go, i) = v(o, 1).
37. Let a be any atom, then

2 M>x)=0

aVx=1

by 2.27. Since a covers 0, either x = 1 or aV x = 1 covers X, SO X is a co-
atom.

If we use induction on r we may assume p(0, x) has sign (—1)/ 1 (the rank of
the interval 0<z<”a;isr — 1, since any maximal (0, x)-chain extended by
1, forms a maximal (0, I)-chain). So

p@0, )= — ~ p(0 X
X\

XVas=1

implies the assertion.

8§ 3. Permutations

1. If n, Qare permutations of {1, ...,n), then
n - ping

is the permutation arising as follows: we draw the “graph” of n, i.e. we connect
i ton()fori= 1.... n; then consider the image of this graph by g as the
graph of a permutation n'. Hence it follows that two permutations are
conjugate iff their graphs are isomorphic. These graphs consist of disjoint
cycles (corresponding to the cycle decomposition of the permutation). Therefore,
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the graphs of two permutations are isomorphic if and only if the cardinalities
of their cycles are the same.

Hence, a conjugacy class can be described by the cardinalities of cycles. These
cardinalities form a partition of the number n and conversely, each partition
describes a conjugacy class. Hence, the number of conjugacy classes of 8n
is 7in, the number of partitions of the number n (see problem 1.20).

2. (@) By inclusion-exclusion, the number in question is
2 (-1) D4Sx.

where Sx denotes the number of those permutations which fix all points in X.
This number is, obviously (n — ]X |)! So we have

n if, n (_1\k f, i
2 (-i)X(re-\xN = 2 (Ci)K (we*)l o= ol 24-TT o™
XE{1,n> k=0 IA f0  k\ e

where the difference at the ~ sign is less than -------- .
n +

(b) If we want to construct a permutation n consisting of a single cycle,
we can map 1 onto any of 2, ... n. This gives n — 1 possibilities. We can
map 7«1y onto any oin — 2 elements etc, if (1), nA(1), . . . , nK{1) are specified,
we can choose any of the remaining n —k — 1 elements for a(a1(1)). Thus the
number of such permutations is (n—1) ("N —2)... 1= (n— 1)

3. Let us count the permutations in which 1is contained in a cycle of length k
X . .
There are A possible ways to choose the elements of this cycle; there

are (k — 1) 'ways to order them in a cycle and (n —K) ! ways to permute the
rest. Thus we get

\Tiﬁ (k- 1)I(n-4)! = (n- 1)

and the probability is
(h—1)! 1
nt n

independently of k, a remarkable fact.

Second solution. Given a permutation n, let us write it as a product of cycles
(we also write out one-element cycles i.e. fixed points) such that each cycle
should end with its least element and these last elements of cycles should
be in increasing order. Thus the first cycle ends with 1. The resulting string
of numbers can be viewed as another permutation n. It is easy to see that n
can be recovered from n uniquely: the first cycle of n ends with 1; the second
cycle ends with the least number not occurring in the first cycle etc.

The length ofthe cycle of n containing 1is determined by the position of 1in 5.
This clearly can be any one of the n positions with the same probability 1\n.
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4. We count those permutations in which 1 and 2 belong to distinctcy
™ N
possibilities to

K X
select its elements and (k — 1)! possibilities to order them into a cycle; we
have (n —Kk)! possibilities to order the rest. Hence the number of such per-
mutations is

/%:i [";:’1‘}(*- D »-k)\=(n-212 (n- k=

o SpMn=D . n
2 2

whence the probability in question is 1/2.

Second solution. Consider the coding of permutations introduced in the second
solution of 3.3. 1 and 2 belong to the same cycle of s iff 2 occurs in n before 1
Obviously this happens with probability 1/2.

5. Let 1< kK<.n, and

1 if ris contained in a &-cycle,
0 otherwise.

Then Ci + e+« + inis the number of points which are contained in k-cycles

and— (Ci + ... -f G) is the number of ~-cycles. Now
K

W 4K-(f! St e + &.a)=-1(- 2, E &i)-
Here, by 3.3,
*a<>=4

and thus, the expected number of /r-cycles is

1 n 1
_2 :_j_.

The expected number of cycles is, therefore,

6. Let A denote the permutation defined by
7t(j) = the index of the box containing key j.

Suppose we have broken open boxes 1, ..., k Clearly we can open the rest
iff each cycle of g contains one of 1, ...,k
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Consider the permutation n introduced in the second solution of 3.3. Since
the cycles of n are ordered in the definition of n such that their least elements
are in increasing order, it suffices to require that the least element of the last
cycle should be at most k; or, by the definition of iz, that iz(n) <k The
probability that this occurs is clearly kin.

[J. Bognar-J. Mogyorodi-A. Prékopa-A. Rényi-D. Szasz, Problem Book
on Probability (in Hungarian), Tankdnyvkiado, Budapest 1970, p. 56.]

7. We have
n!pn(xl--—---xn) = JP Xi () me 4" ().

where kt(n) denotes the number of i-cycles of n. Let us consider a point v of
the underlying set and let Cn be the cycle of n which contains v; let it have
length In. Also, let g, be the permutation of the elements not in Cn, induced
by n. Thus

nipnxv...,xnN= Y xRN ...x*"-£@4
Te Sn
The cycle Cn with length In can be chosen (n—N)(n —2)...(h—/,+ 1)

ways (see 3.3); with each of these cycles, we can pair any permutation o,
of the remaining n — In points. Thus

MP(XL .. X))~ A (N —1) ... (n—1+ 1)x(n—I).pr,(xv emm*, ()=
1=1

n
= J?2(n~ DIxiPniix\----- >XN-i
22(n~ 1) )

or, equivalently,

nmpn(xv ...,xn = 2n X, pn_i(xLl........ * )
1=1

Set
f(v) = jj>0Pn(xv mmm, XN)Yh
n=
then

f(y) =2 n'Pn@i’eee’xnyml = 2 Pn-i(XVv s« -xn-i)yn-1=
n—o n=o0 1=1

_ _— v i [ty A i
1X|ylx\3;2an|(X| , Xn-,)yn~l U:i[m i fM

Hence

(inf(y)Y = Xx+ x + ...+ xkyk=x+ ...,

2 K
Inf(y) —c Xy - X27—— Leeot xk-é———t’< eeey
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and substitution of y = 0 yields C = 0. Thus
/ 7- i
fly) = exp IXfl + x2— + ...+ XK + mee
\ 2 K )
as stated. [c. PdOlya, Ada Math. 68 (1937) 145-254; this reference is relevant
for all problems on cycle index and the “Pélya—Redfield method”; also see
N. G. de Bruijn in: Applied Combinatorial Mathematics, (E.E. Beckenbach,
ed.) Wiley, 1964.]

8. (d) The rotation by m decomposes into (n, m) cycles of length nj(n, m).
Hence the cycle index is

= 2%#*x 2 1~n~<p(d)xr.
m=1 d\n m<Ln d\n
(m,n) =2

More generally, let G be any group and consider its regular representation as
a permutation group, i.e. define, for a £G and x £G,

a(x) = xa

Then a is a permutation of the set G which decomposes into \G\jk cycles of
length k, where K is the order of a; because

Xxam—x o am= 1
Hence the cycle index is
2 xMd<pG d),

d\G\
where y{G, d) is the number of elements of order d in the group G

(b) Let P = {CLC2 ..+,CK, Cj= {civ...,cinf. A permutation which
keeps P invariant can be described as follows. We take a permutation n of
{1, ..., & and k permutations Q, mmm, Ok of {1,...,n). We denote by
(n; gv ..., 0K the permutation defined by

(fl, 21’ S Q()(CIJ) —CF(I'),E,O)
L<,irk, 17.<,n).

Let us determine the cycles of ar, , 0K). If, say, (1,...,1) is a cycle
of n, then the iterated images ofcL; by (n; qv ..., gky arein C\,... ,CltCv .—

Thus, the first image which is equal to cl; is the (Im)th image for some m.
To determine this m we observe that the Ith image of cL is G- with j' —
= Q(..QQ)...) Hence, mis the length of the cycle of ... g contain-
ing j. Thus, Ct U... UC, contains ki(gl... g) cycles with length li. Similar
assertions hold for the other cycles of n. The term corresponding to this per-
mutation is

. Xk’(a‘l'.m)x
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where the product extends over all cycles (iv ... i() of n. Summing this over
all choices of Qt , gt we get (since for different cycles g(j, ..., g;, can be
chosen independently),

M ,

where again, the product extends over all cycles (ix... i,) ofn. Since gh... gt
represents each permutation (n )i 1 times,

Gi = (n\)l~|r£: XK(). .. XK= (n1)1pn{X......... xnl).

Giy_..vqi
where pn(xv . . ., xn) is the cycle index of Sn. Thus
re ¢ aAta-eip. . . X =«))= J/ (mMY)yn(x,, ...,xnl) =
(i,.. 1) e e, ...
= 7 1 (WI),A'N) Pni*/» « e« e >A/)naKkA) = (» H* F[P n (xh mmm, Xnl)k(!)-
i=1 /=1

If we sum over 4, and divide by k\(n )k the number of permutations in the
group, we get

Pk(Pn(x 1> m+ « >xn)’Pn(x2> e ee>x2n)>...>Pn(xk’ .« . >xkn)-

In exactly the same way we prove, that if I, I\ are permutation groups with

cycle indices F(xv ... xK), G(xv ..., xn) respectively, then the cycle index of
their wreath product (the group of permutations (a; gv ..., oK, where
g,e 1) is

F(G(XX........ X0, G(X2, . . ., X2 G(xk, . .., xk).
[G. Pélya, ibid.]

9. By (a) of the previous problem, if we can find two groups which have the
same number of elements of order k for k = 1,2, ... , then the regular per-
mutation group representations of these groups yield a counterexample.

We will find two non-isomorphic groups of order p3 (p >2, prime) in which
each element ~ 1 has order p. One of these is, plausibly, Gx= ZpyZ py Zp.
Let G2 consist of all matrices of form

/1 a b\
0 1 ¢ ,
Vo 0 |Ij

where a,b,c£ GF(p). Since
" 'a b\/1 X y\ /1 ada: b-\y-az\

@) 0 1 c 01 :2: = 0 1 c-fz ,
O wo o0 1/ o 0 1 )
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these matrices form a group with p3 elements. Moreover,

la b 1 ka kb-f < ac
2)
0 1 c _ 0 1 ke
0 0 1j [00 1
which follows easily by induction on k. Thus
lab i 1 pa p\% r)—_———\—ac\\ 100
I 2 )
0 1 c 01 pc 010
0 0 Ij (o O 1 [0 0 1

i.e. each element other than 1 has order p in this group G2 Finally, Gx G2
as G2is non-commutative: the matrices in (1) commute iffaz = cx. [G. Polya,
ibid.]

10. We have
pnxv —x2,  (—1)"a,)= 2 (DM *S e TS A
= — (y xI'W...x"W - Y OS> L 4»<)) .
u- *€S,, L,
Hence

pn(xv X2, ...xn) + pnxv —x2, ..., (—l)nxn) =

= ,ﬂ,—.nZeAn»d,(n) eeex™N= ... Xn)-
Thus

2, v xmyn="E N g g g R

11. Letp_x—0, then

j%(Pn - Pn-i)yn=|i - 2 pnyn=|i - e*-°h| :
|!]=0()( )Y | y)nzop y | y)
— ng='o é y*+|n(|_y) — gfc|=0 n

By our assumption on the x/s, there is a polynomial in the exponent and hence,
this function is an entire function. Therefore, its Taylor series converges at
Y= 1
. N . ) 2’ Xt~1
lim 2 (Pn- Pn-i) = lim = e*-
n=0 N~ @
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12. (a) Obviously,

n

nlynx, ... x)— ¥ toeet+ (M= 2 sn,l;xkm
»€s, k=0
Hence
y w.yn = ey+d +. . +xML=exCInly)= (1 yyx =
n-0 wu!
= -*(-DV =3J *+ 117
M -y o T -In
Thus
fn) =n! X~ M ~ —x(x-+\)... x-\-n—1
n
and

snk= (—1)""*«(». k),
where s(n, k) is the Stirling number of first kind.

Second solution. Let r be a positive integer. If a permutation s of aset S has
exactly k cycles, then xkis the number of »colorations of S invariant under s.
So fn(x) sums these numbers for all permutations 4 of S= {1,...,n}. A
given »«coloration / of S is counted R !. .. kx! times, where is the number
of elements with color i. The number of occurrences of a given sequence
KX....... kxis n1/1g!. .. k(! (see 1.3) and so by 1.4b,

i\ X, n! [x+ n—1
*) = - = |
b fkxt gt o MokaAE b
kl+...+kx=n

If this equality between polynomials holds for positive integers > then it
holds for every value.

(b) Since
/Ad) = 2 ksnu
k-0

is the sum of numbers of cycles in permutations, the expected number of
cycles in permutations is — /,,(1). Evaluating this,

nt
13~ Ix(x+ Dm.(k+ n—1) '=
n! I n!
ox{xED...k+ n—DFIL 1
n! X X4-n—1

and thus

ﬁ\fn(1)= 1 + -t " log n.
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13. Orient each circuit of such a graph. Let n denote the permutation we get
this way. Then kX)) = kn) —0. Moreover, we get from the same graph
2xan)+...+kn(n) permutations. Thus, if we form the sum

Y i)

over the permutations associated with a given graph we get 1; and if we sum
over all permutations such that kr(n) = kn) = 0 we get the number of
2-regular simple graphs. Thus

gn = Y e I: nlp 11 - -
__2fi3%+-etc> 2 2

Hence

14. (8) If we joinrandj (1<,1i,j ™ n) by an edge whenever (r, j) is a pair in
our partition we get a 2-regular graph; this time double edges and/or loops
may occur. Similarly as before, we get that our number is

n\pnl|l,I, —,. .. —
P t 2 2
and hence, the exponential generating function is

tVn (L1A " aw-V =¢ Nn((>>2+T= JLJL
n=0 | 2 2) YI-y

(b) Now join i to j by a directed edge whenever (r, j) belongs to the parti-
tion. By changing the directions in such a way as to get cycles, we associate
a permutation with the given partition. As before, we get

2k4) + - M»)

permutations from a given partition; but we obtain

~kr(n) Zy-Hﬂ)+ i K,(n) + ...+ nkn(n)

digraphs (i.e. partitions) from a given permutation. Thus the answer is

3M*) o3kan) + ... + nkn(n)

= n'pn(l, 3,2223...)

~s 2 I'»tn + eee+ kn(n)
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and the exponential generating function is

3 2*V3 2k—1vk % 1
pnd, 8, 92928 .. )yr = e@*+vi+3 "+ -k = e 20100 2y)) —
a
= [G. Bardti].
Mn -n
15. (a) Obviously, the number of permutations having no fixed point is
n\pn@, 1, ... 1.

The exponential generating function of these numbers is

JX (0,1, ... )yn= eT+~+""+T +— = e-y-mo-y) =

- . e
= ogyT iy vy 0 ta
whence
PROL.......1) = "r-1l_(r_r||lk~ 1,
’ Uo K

(b) The number of permutations consisting of exactly one cycle is, by
3.10, the coefficient of x in the polynomial
X(x-f1... (x+ n—1,
i.e. it is equal to (n — 1)L
16. Let kv ... , knbe integers, 1 <L kt <. i. We claim that there exists a unique
permutation n with n(k) = kj. Since n(n) denotes the number of integers

15s 1 <t n with n(j)  n(n), if follows that n(n) —n —kn+ 1.
Suppose we have determined what the values oin(n),n{n—1),... ,a(n —jc-(-1)

are. Then n(n —kK) must be the number in the sequence obtained
from (n,n — 1, ..., 1) by deleting n(n), ..., n(n —k -f 1). It is immediately
seen that in this way n(n), ..., ?r(l) are uniquely determined by kn, , kil
and they form a permutation of {1,... ,n). Moreover, this permutation n
will satisfy 7i(i) = kj (i —1,....... n) by the construction.
Let us determine
n! =kh......... n(ir) = ki),
where 1<l kt< r are given integers. The values n(r), i ==v ... ir can be

chosen arbitrarily; hence
n!Pfai) = ku,..., n(in=ki)= [/ i
1aian
and thus

P(LLUY) = Kku,...,n(rmr) = k/ = —r .

*i ooo*r
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Thus

Pfaii) = K . n(ir) = ki) = J 1 P(a(rp) = ki,),
v=I
which shows that n(l)......... n(n) are independent. [C. Rényi and A. Rényi,

in: Combinatorial Theory Appl. Coll. Math. Soc. J. Bolyai 4, Bolyai-North-
Holland (1970) 945-971.]

17. (a) By the remark in the hint, we have to determine the expected number
of integers i with n(i) = i. Let

A1 af i) =i,
0 otherwise.
Then we are interested in
Wi+ em+ U =2 =0=J - ~ log».
=1 = F1t
(b) The probability that i ,...,ik (and only these) are records is, by the
preceding solution,
* 1 ( 1)1

)!:1I )i( i/\iH_ -,ik\l - y*rl _l{!i#fll—,l («-D
and thus, the probability that there are exactly k records is

n . 1<.h< -.<U-*Zn n\

where s(n, k) is the Stirling number of first kind.

Second solution: Observe that in n (see the second solution of 3.3) the last
elements of cycles of n are exactly the “negative records”, i.e. those elements
which are not followed by any smaller element. Thus the number of “negative
records” in ii is equal to the number of cycles in n. Therefore the number of
permutations with k “negative records” is the same as the number of those
with k cycles, which is \s(n, k)\ by 3.12a. The number of permutations with
k records is clearly the same. [C. Rényi and A. Rényi, ibid.]

18. (a) If we consider the same random permutation of {1, ..., n) asin 3.16,
then the winner is the last i with n(i) = i.
A strategy is a function which associates with each sequence (s(1), . . . , n(/c)}

(1 Y k < n) one of “yes” or “no”. The value of a strategy is the probability
that the first “yes” is after the winner. Since there are finitely many strategies,
there is a best one. Furthermore, if we are late, i.e. come after the &h jump,
then we have to follow a strategy which says “no” for the first k jumps. Ob-
viously, there are optimal strategies among these, too.

Let us denote by Ak the event that a (fixed) optimal strategy (with k “no”s
first) wins, and put P(AK) = pk Observe that Akis independent of the order
?f"the fli_rst k jumpers. This is heuristically clear and can be shown as
ollows: Let

P(AKII() = IV ... ,A(K) = 1K) = qu.....h
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and let m be maximal among the numbers q (1
Then define a strategy which says “yes” for a sequence (n(1), ..., sa(r)) iff
our original strategy says “yes” for (mv...,mk n(k+ 1),...,4a(r).

The probability that this new strategy wins is gnx...,mv whence
4\-,lk = P(AK) —pk-
*1 ufr.b

We must have equality here, whence gq,: h—pk
Now let K < « Then ’

1) P{AK) = P(n(k 4~ 1) = k \- \IP[AKIn(k 1) = A—1) +
+ P((k - 1) < K £ 1) sP(AKIN(k 1) < K - I).

Here the second term corresponds to the case when the (k -f I)st jump is
not a record. In this case we obviously will not bet on this jump; hence we say
“no” and follow the optimal strategy after k - 1 jumps, i.e.

P(AkTi(k + 1) < k+ 1)= P(Ak+lIn(k + 1) < k+ |) = pk+v
By 3.16,

POKK + 1) < K-f 1) = ——

If the (k -f I)st jump is a record we have two choices. Either we say “yes”,
then we smvin with probability

Pnk + 2)< k+ 2,...,0(M)<n)=A+_L...ZL=_i=1=%1,
K -J-2 n n

or we say “no”, in which case we follow the strategy after k + 1 “no”s and
have a chance of

P(Ak+1!'n(k + 1) = kK - 1) = P(AkH) = pk+L
Thus

PKAKIn(k+ 1) = k+ |) = max --—-—-—-- JpkH .
Since
P(n(k+ 1) = k+ 1)=—[—,
' K+ 1
it follows from (1) that

(2) pk = max lJ:.)kﬂ-, —1\+‘ _ K Pk = max /Pkgl-l,— + —K—-pk+1 .
K+ 1 nl A+l n )1

This makes it possible to determine pn_v pn_2 ... recursively. If we arrive
after the (n —I)st jump we have to bet on the last jumper and win with
probability

pn!=P(n)=n)=—.
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Now define pkfor k = n —1,. .., 1 recursively as follows:
1 I k
Pn-i = — >Pk = — + - o Pk+1-
n n K1
Since
Pk ~ 1 1 Pk+i

K nk k-1
it follows that

fe=JL+. 1 +... + + -
K nk n (k1 nn—2) n(n—1J

K 1i |, , 11 K n
Pk= m\Tk + ==+ pge==T|—logTg

0)

Now we have pnl= pn k let Kk be the largest index with pk ¥\Pk- Then

and so,

Pk = Pk+v
(2) then implies that

Pk = Pk-1= eee=210
This &is the largest value for which

Pk+1 > I/Ib —K—__F—l—pk+1— Pk.
ie. by (3),

(4) ——t co.H _______ -> l.
K+ 1 n—1

This value of &satisfies

kK 1 e
8 pm= XL cei WA Tigg—idr m>k,anddpx= ... = pkH =
[m ) m
— g+ 1 1 R
n (&bl n) e

(b) The solution above already contains the optimum strategy. If K is such
that pk <LPk+v then we get equality in (2), by the argument before it, if
we say “no”; but if pk > pk+, and we have a record we have to say “yes”.
Thus we have to say “no” for the first k cases, where K is the largest number
such that (4) holds. After this, we say “ves” to the first record. [J. Bognar et ab,

loc. cit. at 3.6.]
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19. If there is no triple i < j < k with n(j) < n(i) < n(x), then each i < j
such that n(i) > n(j) also satisfies n(i) >jr(j + 1); thus, n(j) < n(j + 1),
i.e. the mapping n is monotone. Conversely, if n is monotone, there exists no
i < j < k with n() < n(i) < n(k). Suppose indirectly that there is such a
triple. Consider n(j), n(j -} 1)........ n(K). In this sequence there must be two
consecutive terms n(l), n(1 -f 1) such that n(l) < n(r) < n(l  1)- Then any
V< | =) 1with ar(r) > n(I 1) also satisfies v< | and n(r) > n(l); moreover,
r satisfies r< | and n(v) >a(/) but n(i) < n(l + 1). Thus n(1) + 1),
a contradiction.

Thus, the number we seek is equal to the number of monotone mappings
@of {1, ,n} into itselfsuch that 1 <[ mp(i) i. By 1.33, this number is

1 02n\
n+ 1\nj

20. If n is any permutation, then the number of pairs r < j with a(r) > n(j)
is, for a fixed j, equal to n(j) — 1. Hence the total number of inversions is

(A1) —1) + (n(2) —1) + «.. + (n(n) —1).
Thus, the number of permutation with exactly K inversions is the number
of solutions of the equation

Xi XN= K

in integers satisfying 0 <~ i —1 (8, will be n(i) — ). This number is,
similarly as in 1.20, the coefficient of xk in the product

11+ x)...0+ x+ X+ ...+ xn~-D.

21. Suppose we have a very large tank with sufficient gasoline in it to go
around the track. Let us start at an arbitrary point and go around. Stop at
each station and buy all the gasoline in it. Then returning to the starting
point we end up with the same amount of gasoline we started with, by the
hypothesis.

Let A be the point, where the amount of gasoline in our tank was minimal.
Then clearly A is at a gas station. Now if we start at A we can clearly go around
the whole track.

22. Define ascending and descending sequences as in the hint. Let n be an
arbitrary permutation and Cv ..., Ck its cycles. Assume X > 0 for
i=1...,p, but <COfori=p 1 k. jtCi

We claim each of the cycles Cv ... ,Cp has a unique decomposition into
arcs which are ascending sequences. Let, e.g. C1= (1, ...,r). Letus imagine
Cj as a speed track (cf. 3.21), in which each positive x, corresponds to a gas
station containing X, liters of gasoline, while each negative xt corresponds
to a piece of the track which takes —xt liters of gasoline to travel (there may
be two gas stations immediately after each other or two consecutive pieces
of the route with no gas station between them).

Going around the track we gain some gasoline, since xx+ ...+ xr> 0.
Let us keep on going around. Take those gas-stations after which the amount
of gasoline in the tank is a record. There is at least one such station, since
the amount of gasoline increases at each turn, and trivially if we return to

14 Lovasz
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a record point the amount is a record again. The pieces of the track between
two consecutive record points yield the desired decomposition of C into arcs
which are ascending sequences. It is also easy to verify that there is no other
such decomposition.

Similarly we can decompose each C,,p + 1<:i < Ikinto descending arcs.

So each permutation n yields a decomposition of {1, ...,n) into disjoint
ascending and descending sequences.

Now suppose that we are given a partition of {1, ..., n) into un ascending
and v descending sequences. Let, e.g. 1, ,m be those numbers occurring

in ascending sequences. Compose cycles each element of which is an ascending
sequence in this partition and other cycles whose elements are the descending
Xsequences. The number of ways to do so is clearly n\v ! In each case we ob-
tain a permutation n such that b(n) — xx-j- ... xm

Now let us arrange the n ascending sequences of the given partition into a
linear order, followed by the v descending sequences. The number of ways
to do so is m\vl This results in a permutation g of {1, ... ,n} such that

a(@ ==*!+... + xm.

It is easy to see that, conversely, every permutation g is obtained from a
unique partition into ascending and descending sequences.

So every partition of {1,..., n) into n ascending and v descending sequences
corresponds to n\v! permutations n and the same number of permutations
g and B(n) = a(g) for each such n and g. This proves the assertion.

It is interesting to remark that this result has important applications in the
theory of orthogonal series. [F. Spitzer, Trans. Amer. Math. Soc. 82 (1956)
323-339.]

(b) Following the hint, take xx= ... = xm= 1, xm+1= ... = x2n= —1in ().
Let 4 be a permutation of {1, ... ,2m}. This clearly corresponds to the boys
and girls forming “rings” to dance. The condition that the number of boys
is equal to the number of girls in each “ring” is clearly equivalent to b(n) = 0.
The number of n’s with this property is, by (a), the same as the number of

permutations g of {1, ..., 2m} such that a(g) = |. Each such permutation
yields a sequence of I’s and (—I)’s such that all sums of the first r of them
(r=1,...,2m) are non-positive. Each such +1-sequence corresponds to

(ml)2 permutations n with a(g) = 0. The number of such * 1-sequences is,
by 1.33b,

1 I2m
m-\-1\m
So the number of permutations g with a(n) = 0 is

1 @2m\(my = 128B)!.,
m \ \m) m 1

Dividing this by the total number (2m)! of permutations we obtain the proba-
bility as desired.

23. (a) The set of all fc-gons can be split into classes, where each class contains k-
tuples arising by rotation from each other. We want to determine the number
of these classes.
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In a class, there are the n rotated copies of a k-gon K. These are not all differ-
ent however; if ¢(K) denotes the number of rotations which map K onto it-

self, then the class contains elements. The sum

c(K)
2 QK
K
over all convex &-gons counts the class containing K c(K) "= n
times. Thus, we want to determine the number akK)
n &< Ky

Let us consider how many times a given rotation is counted in Lc(K). If it is
the rotation by m, then we get all convex &-gons invariant under this rotation

as follows: we split the n-gon into -2 arcs of length (m, n) and specify

k(m, ti) .. A .
—-points on one of these arcs. The other arcs must contain rotated
n

copies of this tuple and therefore we uniquely determined a convex k-gon
Thus, the number of convex &-gons invariant under the rotation by m is

1(mn)’
k{m, n) jf n\k(m, n)
n

0 otherwise
and thus,
( (mn) \
k(m'n) 4,
n\k(m,n)
Introducing here d = —(———79 7 we find that d\(n, K) and there are exactly
m, n

9(d) terms with the same d and thus

AK Ad\(n,k) 1e/S,

(b) Proceeding as before, we consider the number c(a) of rotations keeping
a given ~-coloration a invariant. Then

na
is the number of essentially different ~-colorations. 1f we consider the rotation
by m, there will be ~-colorations invariant under it and thus,

7 2, C@>= o 2 knhm= 5 u%n VW kdm

14*
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24. Let Vv ..., VK be the orbits of ', |F,|= w. Let x£ F- and denote
by I'x the subgroup fixing x. Then the right cosets of 'xin " consist of those
permutations in I which map x onto a given element of F,. Hence "'x has index
tij and

Now let kXs1) be the number of fixed points of the permutation n. Then the
average number of fixed points is

1 i i i ft n
N 2N = — I —TFT’\«<V *-
M1 nElr M1 XE {l,-o, 0} / M1/—1 Wi
25. Consider
2 =2 W Irx>
nEr n(x)=X XEN

where 'x is the stabilizer of x. Let Vx be the orbit containing X, then

\FX\ =
\WWX
and thus
2_ 2°»*) =2 wr~n =2 2 W~ =1\r\2
ael n(x)=x X€R |bx[ © xi@ |b’l ®

26. If we define
n(f) () = H{n{xj)

for/ :D —Rand n £, then n can be considered as a permutation of the set
Q of mappings of D into R. By Burnside’s lemma 3.24, the number of orbits
of " on Q, i.e. the number of essentially different mappings of 1) into R, is equal
to the average number of fixed points of elements of I', acting on Q.

Let n£I. Then f£Q is a fixed point of a if

I(a(x)) = f)  (x£D),

i.e. if / is constant on the orbits of I' in T). Let k(n) be the number of orbits
of 2 in D, then the number of such mappings/ is, obviously, |A|k? and hence,
the average number of fixed points of elements of [ in U'is

\i 1ner - AD-
27. Consider the permutation group 2= fxfj, acting on U, defined by
Gr, 9f) 08 = Q(f(n~1x))) (LT, «£T, f£Q, xe D)-
Then we have to determine the number of orbits of I.,. By Burnside’s lemma
3.24, this is equal to

1 AT T 2 270
() IL\eI11l nereen
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where kr(n, o) is the number of fixed points of the permutation (n, g) £I'2
i.e. the number of mappings / ( 1/ such that

) e(f(n~4x))) — f(x)
holds for each x £D. To determine this number, let kt(n) = kh k/(g) = It
(i=1,2,.. ) LetCv .... ,Gkbe the cycles of n and ¢-£ C\. Now note that
the values /(Cj), . . ., f(ck) uniquely determine /; for by (2),

©) c,)) = e-'(/(c))

and every element of D can be written as s'(c-) with some t and i. Also, (3)
must hold for t = |C|:
f(d) = gicdf(ct) ,

i.e. the length of the cycle of g containing f(ct) must divide |C,|.

Conversely, if/(c,), i = 1, ..., Karegiven such that the length of the cycle
of o containing /(c,) divides |C-|, then (3) defines a fixed point of (1, g). To se-
lect the image of a point ct with |C,| = m, we therefore have

2 dla
d\m
possibilities. This can be done independently, hence
¥/ \km

4 N~ g=0Nn \2dA =
m=\ \d\m |
Thus (1) can be written as
11 O 1U”) 1
2 2

77T n N« (i1),
PIl M1 eipner m=1 \dm P Il e€Nn
where

wr(e) = _"dkd(g).
d\m
To express this in terms of F and G, observe that
Frung), ug), .. .) = F (- CooLeudr e,

901 g g Z0
and here

00 co

2 Umozm= A 2 did(e)zm-- 2 dkd(e)
m=1 m=\ d\m d=1 s=|
Thus

P F —— 8 lenx)ltute)ttee- =
Tl ein, (92! * dz2”

= F Aaroeen <=1 re"lefe 2 M -

o™i 0onr2

= F ['3_1 a 5t J Coezit ol R2z,4224..., .. )
z z
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and so, the number of essentially different mappings is

F G(eZd+4+ -, e +2<+—--, . . )
9sq 9z2 ( Zi=0

[N.G. de Bruijn, loc. cit. at 3.7.]

28. We use the same notation as before. The group I 2keeps invariant the set
Q' of all one-to-one mappings of D into R. We want to determine the number
of orbits of F2in Q'. As before, this is equal to

l?'f\a. ;Er%nm

where A[(s, g) is the number of those one-to-one mappings of D into R which
are kept fixed by (n, q).

Let Gv ..., Ck be the cycles of n. Then, again, it suffices to determine the
image of a representative system {cv ..., ck}, ct£C- Moreover, since / is
one-to-one, /(c,-) must belong to a cycle of n of length |(7,. Let Cv ... ,CK
be the cycles of n of length i (say), then we have i mit choices for the image
of ¢, £G\; c2£ Go cannot be mapped onto the same cycle of and thus, we have
i( — 1) choices for the image of c2 Going on similarly, we will have

(H) (i(h- 1) eee(i(h-k,+ 1) = iKh(h— 1) «es (I — hi + 1)

possible ways to map cv ... ,cki. Since the images of cycles of n of distinct
length will be automatically disjoint, we can choose them independently and
therefore

Ws, e) = f/ ikhth- 1)... (/,- kt+ 1)
1=l

and hence, the number of essentially different one-to-one mappings of D
into R is
1 1 O
— ~ 2 2 n ik(MkNe (LW -!)eee (LU - bla) + 1)
\iluiiner~rm
Now observe that

_L £ ijiNe>Me){4e) -)mes - Un) +i)=

4 I NET;=1

=F[— ,— ,..)@Q+ KM@+ 2 ..
(9«! 922 2i=0

and thus, the result is

_ 2 F (— — ome o (1 + 1+ 2 i ...
I-f\l e€A {dzl’ dz2 = ( rn Zjo

+ zv 1+ 222,...)

f (= = .
(dz1 9z2 zj=0
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29. Following the hint, consider ay £ letCv . .., Gkbe its cycles. We prove
that
@ 2<1n{y)xn=T1 N x 1*1).

M1 =

In fact, the coefficient of xn on the right-hand side is

rp L )
Vit ee
Evi\Ci\=n
and clearly this is the same as the number of mappings satisfying (*) which

are constant on each of the sets Cv ... ,Ck
Now (1) can be rewritten as

24An(y)*n= Mr(x1)«bl.

n=1 j=1

By Burnside’s lemma 3.24,

— £ 9n(v)
I1 \var

and hence
2anxn= -L-2gny)x"=-i-J3?/J3 r(x)kM = F(r(x), r(x*), .. .).
n=i \I \'rer \L lyzr]=i
[G. Polya, loc. cit. at 3.7.]
30. Let D be the set of n forints, R the set of k people who get them. A distri-
bution of the forints is a mapping of D into R. Since all forints are alike, two

distributions /, g are essentially the same if there is a permutation n of D
such that

f(n(x)) = g®)  (X£D).
By 3.26, the number of such distributions is

pk, ... k),
where pn(xv ...,£,,) is the cycle index of Sn. By the solution of 3.12,

_(h+ k-1
n

Pn(k’."’k)

31.Let \D\ = n, B = N > n. Two mappings f,g:D-—»R induce the same
partition of R iff

s(x) = e(f(2) (x£D)

for some permutation gof R. Thus, the number of partitions of D is, by 3.27,

Pn= MU pN(eZd+z'+--, eZ+2<- . . ) = (—1pN(ez1l ...10
Bzi) zi=0 1 j 2=0
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P
i.e. —'is the coefficient of znin the Taylor series of pN(ez, 1, . . . 1), for any
n!

N > Ne Since by 3.11,
limpN(ez 1, ... 1) = ef~],

P, . . . . .
—2;— is the coefficient of znin the power series of ef 1as well; i.e
n!

yfjl-zn= e'r-K
n«!

8 4. Two classical enumeration problems
in graph theory
1. We use induction on n. For Ne= 1,2 the statement is trivial. Since d —

-1
= 2n—2< 2n, thereis ad, = 1. We may assume dn= 1. Remove vn In
any tree under consideration, vnis adjacent to some \f, 1< j < n—1land

the removal of vn results in another tree on {vv ...,vn 1} with degrees
dv ,dj_vdj—1,dj+1,...,dn v Conversely, if we are given a tree on
..., with degrees di ...,dj_1( dj—1, dj+v ..., dn_1 then
Jomlng \j to vn we get a tree on {V\a, ..., vn} with degrees dv ... ,dn
The number of trees on {vx ...,«n X} W|th degrees dv ... ,dj v dj —1,
dj+v ... ,dn xis
(Ne—3)1
(dx- 1)1... (dj_x- D! (dj- 2) 1(dI+1- 1)!... (dn_1—D] 1"
= (dj- )(»- Y

(dx- 1\...(dn- 11"

This is also valid if dj = 1 since, then it is 0. Thus, the number of trees on

{vv ... ,vn} with degrees dv ... ,dnis
\% - Hac 3! =Ty (d- 1)1 3*1 =
A (dx- 1)! 2-(I-tidn-) H! y (J ) (dx - 1)I . (dn 15'
(n—2) (n—3)!

= (dx- I\...(dn- 1!~
which proves the assertion [see B].

2. The number of trees on n points is

(n- 2)! (»-2)1
i -~ I - - - | e A ' o0 0 ' "
rfj+d‘-L!—\Jdr1L:9n —2 (dX ! ) ’ (dn l)' ﬂx+.".+n|1-:|9ﬂ0 2 ) K
=1 --.+ 1)"~2= Nm-2 [A. Cayley; see B].

n
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3.pXXV ..., xn v 0) = 2 XMW 1. .x, B/~ ', where the summation extends
over all trees having an endpoint at vn. If we set S= T —vn, then S is a
tree on {vx ..., rn_n and conversely, for any tree S on {w, ...,vn_,} we

can get n — 1 trees with an endpoint at vnby joining vnto a point of S.
For these trees T, we have

Mr(v,)—l TdT —_ijts(Vi) 1 ds(v,,_0-I
where j is the index for which \f is adjacent to vn. Hence
£ a)-\ _ xd(\h-\ = (K + X))
T—Jn:s
and, summing over all trees 8 on {ux ..., n, r}, we get

@ pn(xv ... ,xn.v0)= (*'+ ... + xXnri) Pn-i(xv eee.*n-1-
Now we prove by induction on n that

) PN(Xj.ereene Xn) = (*!'+... + xn)n-2-

By (1), we may assume

pR(XV ... , XN v 0) = (*i+ ese+ -2
Set

P*(X e XNn) = («! + ..+ Xn)n~2-

Then
pn(xv ...,xn_v 0) = p*(xv...,xn_v 0)

and similarly, if we substitute 0’s for any non-empty set of variables, pnand
p* become identical. Hence, using the notation of 2.5,

<*kKPn(Xi. « «+,*n) = OKP*(Xxv mmm>™*n)
for k= 1,...,n Now by 25,
Pn- <iPn+ °rPn+ eee¢+ (-1)nanpn= 0,
pP* - Pn+ o2p*- ... + (—Llnanp* = 0
because pn, p* are of degree n —2 < n. This implies that pn= p*.

The Cayley formula now follows on substituting xx= ...= xn= 1
[A. Rényi, in: Combinatorial Str. Appl. Gordon and Breach, 1970, 355-360].
4. 1f we contract each Tt onto a single point vt (i = 1,... ,r), then any tree
on V containing Tv ..., Tris mapped onto a tree on {® ..., vr}. Let us

count how many distinct trees on V are mapped onto a fixed tree T' on
W ... vr} = V.

a tree and, obviously, any tree on V which is mapped onto T' can be obtained
in this way. The number of selections of such trees is

M W(Thle MTj)i=y/ iv(Tj\ir
iE(T) i=|
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and hence, the number of all trees on V containing Tv ... ,Tris

N V(T iH\d™

T 1=1
where the summation extends over all trees on V'. By the preceding formula,
this is equal to

WXL WTN GFRY) + L F vy = [FRY) L w ey [FIT->
[J.W. Moon; see B].

5. (@) Let bv ...,bn_1be the indices of removed points. Let us see how to
determine bt, if we know the Prifer code.

bt is obviously different from bv ... , bi_v a- Also, 6, ~ ayfor j > i; for 6,
is removed and it cannot be the neighbor of an endpoint at a later step. Con-
versely, if k @{bv...,bj_v ait...,an i}, then vk is an endpoint of
T —{vhi, ..., ; otherwise it would be a neighbor of a point removed
at a later step. Thus,

1) bi —min {&:k ${bv...,bt vah...,an J}.

Thus, the Prifer code uniquely determines the numbers bt Since (vat, vb)
are the edges of T, the Prifer code uniquely determines T.

(b) Let (av ...,an_X be any sequence of integers with 1 a- <Cn, an_x=
= n. Define 6, recursively by (1) and join vatto % fori= 1,...,» —1
We claim that the resulting graph 18is a tree with Priifer code (av ...an 1)
Both assertions will follow, if we show that vhi is an endpoint of the graph

Tt= T —vhi,...«!'» and no point with smaller index is endpoint.
We have

va, [ V(Tt)
because at =~bv ... ,bl_i by (1). Thus, vi( has a neighbor in Tr vk cannot

be adjacent to any other point of Tf, for suppose {vap vhj) is another edge of
Ti adjacent to hh then j ~>i as vg£ V(K\) and either bt= bj or b(—a;,
which both contradict (1). Hence vhi is an endpoint of Tt. This proves that
T and all T/s are trees.

Now suppose that Tt has an endpoint vk with k < bt. Since kK did not come
into consideration when defining 6, by (1), it follows that either Kk —bv, v< i
or K= aj, j > i. Now the first possibility does not occur because vhvE V(Tj),
SO K= dpj> i. Sincean 1= n>bt>k we havej <,n —2 By the argu-
ment above, vlj is an endpoint of Tj and its neighbor is va. But va = vk
is an endpoint of Th and therefore it must be an endpoint of Tj too. Hence
V(Tj) = {vap vh} which is impossible as Tj has n —j -f 1 3 points.

The Cayley formula follows immediately: The number of sequences (av . ..
eeean i) with 1<, a <, n, an_x= n is, obviously, rt"~2 [A. Prifer, Archiv
f. Math. u. Phys. 27 (1918) 142-144].

6. If Tisatreeon V= {vv..., vn} and e g E{T), then T —e consists of two
disjoint trees, which together cover V. This way we get (n — 1) Tnsuch pairs.
Let T', T" be two disjoint trees which together cover V; let \V(T')\ = Kk,
W(T")\ = n—x ry£ V(T'). Then we have k(h — k) possible ways to add
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an edge joining T' to T to obtain a tree on V. Thus the pair (T', T'") arises
from k(n — k) trees T. The number of such pairs T', T"" is, obviously,

n MTT
\k - 1) TKTn-k

and hence,

@ 2, I_TKTI‘I_KLI,I'I—K):(I'I—\)TFL
kK2i k—1j

Since in—lj n—1in—2

K—Ij n—k\k—Ij
the result follows. Observe that substituting Tn—Td*2 we obtain one of
Abel’s identities.

To get Cayley’s formula note that by changing the index to n —k, we get
from (1),

2 7 Tk k) = (n-1)T
r KTnkln-x) = (n- M
k=1 B, -
and hence, adding (2) to (1),
©)) 2 h TkTnkk(n-k) = 2(n- 1)Tn
k- 171

Using induction on n, we know
Tk= kk~2 Tnk= (n—Kk)K2 (1<;*< ma- 1
and so, the left-hand side of (3) is

n- 1 1Y)\

2 \ *tl(n—Kknk1l= 2(n- Lm*2
M T
by Abel’s identity 1.44. This proves that

Tn= nn~2
[0. Dziobek, Sitzungsber. Berl. Math. G. 17 (1917) 64-67].
7. (@) The recurrence relation in the last problem can be written in the form

In _ n_j I_Ik _r-1r—|<
@—2)! _ i”i (k—1)! (A—K— 1)!
and thus
1) v noxm2— VT “nk  xn2
& (»- 2)! & *Ti (*- 1! (@- *- 1)}

The right-hand side is the product of the power series
,'Ic'o e — and J— a1l
U(k-1)\
and thus, (1) yields ~Ntx)
{ X)) X



220 SOLUTIONS 4.8
or, equivalently,

n r
In— = | 2LJ- = t'(X),
(In X ) )
X
Int(x) _ Q
X
A =cee'M
X

Substituting X= 0 we get ¢ — 1, thus
X—t(x)e~{d

(b) By the Cauchy integral formula we have for n™> 1,

}1 )= (Alnin)! ((:P m . i/I:l (j’)’UJ)e~‘I_I_I,I'I&'

where C is a small circuit around the origin. Since t'(0) = 1~ 0, the mapping
t is a homeomorphism in a small neighborhood of 0. Hence t(C) is a simple
closed curve around 0 and hence,

1 = =
o 2nin T (we~wn 2nin T wn
t(C) t(C)

Here
1 enn
ot qf’wn du
t(C)

is the coefficient of xm~r in the power series

C (xn)k

a h\
Hence

(»-U 1 _ »-m = n,_
n n—21)!

[G. Polya, Acta Math. 68 (1937) 145-254].
8. First, let the endpoints vv ..., vn_t be specified. Then, by 4.1, the result is
a) »

N
fc»r|+|+k8‘]&«:nrz n—+l. ...
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because dx= ... = dn (= 1in this case. Now observe that
(n—2)!

Kn-1+1 eeeekn o

is the number of ways to partition n — 2 objects into | labelled classes (i.e.
there is a first, second, . . . class specified), where the ith class contains kn_ i+
elements. Thus, (1) counts the total number of partitions of ®—2 objects
into | labelled non-empty classes. Thus, (1) is equal to /! S(n —2, I).

Since we have not specified the endpoints, they can be chosen in PX ways.

Thus, the number of trees on T points with exactly n —1 endpoints is

II/IJ/!S(TG- 2,1) = (;Iﬁ S(n—2,|)

[A. Rényi, Mat. Kuat. Int. Kozi. 4 (1959) 73-85].

9. (@) We may assume without loss of generality that the nttx row of A has
been removed. Let B be an (n—1) X (e—1) submatrix of A0. We claim that

+1 if the subgraph G' formed by
edges corresponding to columns
det B — in B is a spanning tree,

0  otherwise.

We use induction on n. Suppose first there is a point vt (i 1) which has
degree 1in G'. Then the ithrow of B contains exactly one dzl (all other entries
in this row belonging to B are 0). Expand det B by this row. The resulting
(e — 2) X (e — 2) determinant det B' will correspond to G' —v, in the same
way as det B does to G'. Since G' is a spanning tree of G iff G —vtis a span-
ning tree of G —v( and |det B\ = |det B'\ the assertion follows.

Secondly suppose no point of G has degree 1, except possibly vn. Then G'
is not a spanning tree. Since \E(G')\ —n — 1 < Te there must be a point
having degree 0 in G'. If this point differs from vn, then B has a 0 row and
det B = 0. If this point is vn, then each column of B contains a 1 and a —1,
thus the sum of rows of B is 0, hence det 5 = 0.

Now use the Binet-Cauchy formula:

det AOAI = 27(det B)2
where B ranges over all (te— 1)X(te— 1) submatrices of AOQ. Since by
the above,
1 if B corresponds to a
(det Bf = spanning tree,
0  otherwise,
the assertion follows.

(b) The (i, j)thentry of AQAI' (i ~ j) is the inner product of the ith and jth
rows of AQ. In any column of A() but at most one, one of the ith and jthentry
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is 0. In the column corresponding to the (i, j)-edge (if any) we have a -j-1
and a —1. Thus the (r, j)th entry of AOA is —1

The (i, i)th entry of AOAq is, obviously, the number of non-zero elements
in the ith row of AQ, i.e. the degree of vt. Hence the (i, j)th entry is

the degree of v( ifi = j,

—1 if \j and \j are adjacent,
0 otherwise.

() The number of trees on n points is the same as the number of spanning
trees of Kn, i.e.

n- 1 1. -1 1 1. 1
—1  n—1 —1 =1 n—1.. —1
—1 —1 n—1 —1 —1.. 711

=]

1 | 1
0 n 0

-
0 O ... nj

(by adding the first row to the others)

=nn2
[G. Kirchhoff; see Biggs].

10. Let us orientG in someway to get adigraph G and define E(G) = {ev ... ,em},
—]xiXk if ¢ = («, VK),
— V*ixXk if e = (vkWi),

0 if e}is not adjacent to vt (1<, i n, 1<Tj< m),

and set

n =K)KA-
Then it is easy to check that

D = AQAI
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Let B be an (r — 1) X (w— 1) submatrix of A0. We claim that

—di¥  if—din if the columns of B correspond to a
det B = "M"~"X i XX spanning tree,
0 otherwise.

This follows by induction on n in the same way as in the solution of 4.9.
By the Binet-Cauchy formula,

det AOAI = 2 (det B)2= meea#<4
r

where T ranges over all spanning trees of G. This proves the formula.

11. We have to determine the number of spanning trees of the complete
bipartite graph Knm It follows from 4.9 (or from 4.10 by setting
XX= ...= xn= 1), that

n m—1
m 0 —1 —1
0o ... m —1...-—-1
T(Knm) = ;
—1 ... —1 n ... O
—1 ... -1 o ... n

add all rows to the first one, then add the first row to each of the last m — 1
rows, and then we get

11 .. 1 0... 0
0Om ... 0 —1 ... -1
T(Knm)= 0 0 ... m —1 ... —1 =mn-inm-i.
00 ... O n ... O
00 ... 0 0... n
12. (@) Let E(G) = {ev...,emt and let Ak denote the set of those trees

on V(G) containing ek; we denote by S the set of all trees on V(G'). Then,
by the inclusion-exclusion principle,

m
(1) TG)= S- y Ak= 2  (—1)K\AK\
K—1 KQ{l,...,m}
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where
AB= S, Ak = Tl Ax.
kiK
We determine \AK\. Set
EK= {ek:kEK}, GK= (V(G), EK)
and let X, ..., X" be the sets of points of components of GK. If GK

is not a forest, then obviously, AK= 0. Suppose GK is a forest. AK consists
of all trees on V(G) containing GK. By 4.4 the number of such trees is

Also, lif I= n—rKand hence, (1) yields
T(G) = £ (—)" -~ XIKS ... 2] nre~2

KS{l.... m)
Ge is a forest

For a fixed partition {Xr, ..., Xr}the number of terms K with {X|K),..., X"} =
—{Xj, ..., Xr} is, obviously,

T(G[X.,1)... BAX,1);
thus, if we sum over all partitions 11%; . . ., Xrof V(G), we get
GT(GIXD)) |Xd L. AX\n'~2

as stated [H.N.V. Temperley; see B].
(b) First solution. By 4.9,

T(G) =
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Add all rows to the first one, then add the first row to all others; we get

20—1 n—2q

0 1 1 1 ... 111 ... 1

—1 n—1 1 O.. 01l ... 0

—1 1 n—1 0. 0 j0 0
T(G) = ] I
_i

-1 0 o0 o0.. oll ... o

-1 0 0 0 . 010 n

Now add Y times all columns to the first one; we get

2q—I n-2q
noi 1 1 1 \7~~1
O 1711 1 1 10 0
| |
a 1 n—1 1 1 0 0
t{G)= : i Il m |
0 10 01 In 0
0 1 0 0o ! 10 n
n—- 2 71 1 1 i—1 R
= L nn-J =(n —21nn~i~2
n 1 n—1

Second solution. In the formula of 4.12, it suffices to consider those partitions
(X\, mee Xr1) in which every Xt is one-element or consists of two points

adjacent in 0. There are q ways to select j such classes, thus
L

TG) = N  (—D)m{(mI2InnF+2= nn2(n —2)i [L. Weinberg, see B].
¥o J

15 Lovasz
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() We shall only give in detail the solution based on (a). Here it suffices
to consider partitions (Xx, ..., Xr), where X xcontains v and some j points
adjacent to v and all other X (e are one-element. The number of such

partitions j~j « Thus we get

TG) = jg (-1 4. D)nnj~2= n"-2((1- xfx)' x=
J0 j X=n
~ 2I 119 ) 1w 1
= nn~- (1 ----- n—J—nn~q(1 ----- ===

mn—g—1)(n—191wn 92 [P.Y. ONeil; see B].

13. (a) Draw the tree so that a is the uppermost point, and departing from a
we descend while the other endpoints are on the “ground”. It is clear that
each binary plane tree can be drawn essentially uniquely in this way. The end-
points different from a have a natural ordering vit ..., vk; going along the
“ground” line in this direction, we have a to our left. Note that, from

VBTl = —(c+ 1+ 3@n-k-1))=2n-1,

we have K= n.

The tree can be considered as a diagram to calculate the product xv ... xn.
The variables are associated with the endpoints on the ground, and every
inner point represents the multiplication of the two products corresponding
to the two points immediately below it. Thus the number of binary plane

trees with 2n points is the samﬁ as the number of bracketings of a product

... 112n
of n factors, which is — - by 1.38.
n n—1

(b) Consider the +1-sequence defined in the hint associated with a rooted
plane tree. It follows trivially by induction that the sum of the first kK entries
is equal to our distance from the root after having walked along k edges. This
sum is therefore positive, except for k = 2n — 2, when it is 0. Conversely,
given a sequence of n —1 (+ I)’s and n — 1 (—1)’s such that the partial
sums are positive, there is a unique rooted plane tree with this code. In fact,
we can build up the walls and the walk around them step-by-step as follows;
we start from the root. Assume the walls corresponding to the first K entries
have been built up, and we are where we have to be after k steps in the walk.
If the next entry is -f- 1, we attach a new wall and build it for a while, always
having it to our left. If the next entry is — 1, we do not build but just walk
along the wall toward the root (keeping it to our left). It is easy to check that
this is a correct “decoding”. So the number of plane rooted trees on n points
is equal to the number of sequences of n — 1 (+ 1)’s and n — 1 (—I)’s such
that all partial sums are positive. This number is

1 (2n—4
n—1 7—2
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by 1.33b. [G. Polya, Acta Math. 68 (1937) 145-254. Note the relation between
the results of parts (a) and (b); cf. D. A. Klarner, J. Comb. Theory 9(1970)
401-411.]

14. First solution. Draw an arbitrary tree T with points v1......vk Then any
forest F in which vv ..., vk are in distinct components and which has k
components gives, together with T, a tree containing TO; and conversely.
Thus the result is the same as the number of trees on n points containing
a given /r-point subtree; this number is, by 4.4,

(D E(n, k) = knn~k~1

Second solution. Let F be one of the forests on {ul, ...,vn} having Kk —1
components and such that vv ... ,vk 1 are in distinct components Tv .. .
.mm Tk v Let vkd V(Tj) and remove the edge adjacent to vk which is on the
(vk, r-)-path. Then we get a forest F' which has k components and vv . .., vk
are in distinct components.

Let us see how many times a given forest F' occurs. Let F' have components
T[ ..., Tk ME£ V(T"). Then we have to join vkto a point of V(T[u ... U
u Tk x) which gives IF)?qu ... u?]_,)I= n —]V(TK\ possibilities.

Now, unfortunately, n — \V(Tk)| depends on the special choice of F*. But we
can sum this over all permutations ofvv ..., vk Then a given F' will be counted

(*-1)1 : VM) = (k-\)\(nk- n)

>
=1
times; on the other hand, we get from each forest F with Kk — 1 components
(tij, ..., vk 1in distinct components) k! forests F'. Hence

K'E(n, k- 1)= (k- 1! nk—1)E(n, K
or, equivalently,

h i
@ E(n, K —1) = -———-nE(n, K).
K
Hence
E(n, k)= --K nE(M,k+ i)=—k.~k+.1n0*E(n, K+ 2) =
(MK =5 K e )= —k KL e )
- - K fC+|...”_lnn’KE(n,n)I
K+ 1 K4-2 n

Since E(n, n) — 1 by definition, this gives
E[n, K) = knn- k~K
Since
T(n) = E(n, 1) = nn~2,
we have obtained a new proof of the Cayley formula too [A. Cayley;see B].

15*
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15. Select one edge entering each point x #xa. Then we get an arborescence
T rooted at a; for we have n — 1 edges (n = |V(G) ) and for each x, we can
find an edge (xv xX) £E(T); then an edge (x2 aq) £ E(T), etc. The same point
cannot occur twice in the sequence X, Xv X2, ..., because G is acyclic. Hence
there is a unique {a )-path in T for every x, and, consequently, T is an
arborescence rooted at a

Conversely, everl)j/ arborescence rooted at a occurs in this way. Hence the
number of such arborescences is

xa

where d~(x) is the indegree of x.

16. We use induction on \E(G)\. If \E(G)\< n —1, then A(G) contains a column
which is identically 0. So we may suppose \E(G\ > n — 1. Also we may
assume no edge enters the root vn, because such an edge plays no role.

Suppose first that there is a point, say vv which is the head of at least two
edges. Split the edges entering v1linto two non-empty classes Cv C2 Since any
arborescence contains exactly one edge which enters vv the number of all
(spanning) arborescences of G is equal to the sum of the numbers of arbo-
rescences of G —Cland G —C2 On the other hand, all but one row of A(G—C,)
are the same as those of A(G)\ the first rows of A(G—6’,) and A(G —C2
add up to the first row of A(G). Hence

AG- CJ+ AG- C2= AO).

Since by the induction hypothesis, A(G —Ct) is the number of spanning
arborescences rooted at vnin G — Ch the assertion follows.

In the case remaining, exactly one edge enters each point vit 1<;i<;n—1
If G is an arborescence, then we have to show

AQ) = 1

To show this we may renumber the points in such a way that, if vt is joined
to M, then i >-j. Then the matrix A(G) has 0’s above the diagonal and I’s
in the diagonal, whence A(G) = 1 follows.

On the other hand, assume G is not an arborescence. Since each point ~ r,
has indegree 1 and thus, \E(G)\ = n — 1, G must be disconnected; let, say,
vv ...,vkform a component of G which does not contain vn. Then the sum
of the first kK rows of A(G) is 0, hence A(G) = 0. This completes the proof.

(b) Replace each edge e of G by xe parallel edges. Then the number of ar-
borescences in the resulting graph G', rooted at vnis

oo o xaMN>

where the summation extends over all (n — 1)-tuples {ev ... ,en_I} of edges
which form a spanning arborescence. Let xd = yyv, if ;= (w, V. Then
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on the other hand, this is equal to

2 anvj “12211 oo ai,n-ivi
m
“21Y2 2 al1*y] LX) ~~a2,n-1Y2
A(G) = o
“n—1,1¥Yn—1 “n-1,2Yn-1 me oo n aj,n-1Vj
j¥=n—

Since this equality holds for any choice of y, such that y- > 0 and y, is an in-
teger, it holds identically [see B].

17.1. It is easy to prove that if n has no fixed points, then no tree is invariant
under it. We use here the notion of the center (see 6.21) but the reader will
find no difficulty in replacing this by other considerations if he wants to avoid
reference to later chapters. If our tree has a center this must be a fixed point
of n. If it has a bicenter, n must exchange the two points of this. But then
it must exchange the two branches of the tree relative to the edge connecting
the bicenters, which is only possible if the tree has an even number of points.

I1. Now suppose that x is a fixed point of n. Let T be the arborescence arising
by orienting T so that x becomes its root. We need some further information

on T.
Let Vv ..., Vmbe the underlying sets of the cyclesof ¢ |[F-J [> [F2|1>... ]>
> \Y1\, Vm= {x}.
(i) n is an automorphism of T, obviously.
@) If (x,y) £EE(T), xe Vi,ye V], then |F,| ||F;|. In fact, if |F- f |F||,
then there is an image (nk(x), #K{y)) of (x, y) with dkly) = y but akx) d x.

This means two edges of T enter y, which is impossible, because T is an ar-
borescence.

@iii) If (x, y) £EE(T), x£ Vi, y6Vj, then i For there is an edge
(z, ) with n £ V], z ™ Vj\ a suitable image (nk(z), nkn)) is such that nk(u) =
= y; thus nKr) = x fF

(iv) If we contract each F, onto a point vit and cancel the arising multi-
plicities of edges of T, then T is mapped onto a certain arborescence 7\ on
{vv ... ,vm\. In fact, the same argument as in (i) or (ii) shows that all edges
of T entering F, must come from the same F;. Hence exactly one edge of T x
enters each vit i #*m. Since, obviously, each point v( is accessible from vm
on a path of Tv it follows that T xis an arborescence rooted at vm

(V) is a subgraph of the digraph Grin which (v, v.) £ E(G,) iff |F,| I IF.|;
by (i).

Now let us determine, how many trees T yield a given arborescence Tv Each
such T arises by taking one (F,, F;)-edge and its images by n for every (vt, vj) 6
(zE(Tj); conversely, if we select one (F-, F;)-edge and its images for every
(M, M) £ E(Tj) we get a tree which is invariant under n. The set of all (F-, Vj)-
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edges consists of |F,| orbits (remember |F,| | |F;]. Thus the number of trees
T belonging to a given arborescence T X is

V. F[=1T waem
(Vi,v)ZE(TO i=|

and hence, the number of all trees on F invariant under n is

2 \v ™o oLy md™ )

o
By the preceding problem, this is equal to the determinant

2 an\Vj\ —a 12117 al,m-1]1"11
Jre
azliVal n ajz I\ ot *2,T—1 1121
A= | J*2
am-1,1 1Vm—lIl am-1,2\Vm-I\ n aj,m-11Mj\
J¥=m-\

where
|1 if [F T\ (\<,i,j<m),

0 otherwise.

This determinant can be evaluated as follows. It has the form

since |F,| 1\Vj\, i>j implies [F,| = |F;|. Hence A is equal to the product
of the shaded subdeterminants. Consider the block corresponding to kt. It has

«i = Ndkd—i
i
in the diagonal, so its value is
«e — ... -
— a ... — =@+ nN™=la —(kt—1)rn=
A'= m [ l=()a\gjkdy>-'(’\_dkd)
i i

-1 —1... G
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fori > 1land kj > 1, and

—1 —1 —1
—1 —1 —1
Al= | ] m = kf-*
-1 -1 .. Ar1
k—
(one has to check that these formulas give A-= 1if =0(=2,...,m)
and Ax= 1if = 1). Since
A= Al...An,

the assertion is proved.

18. Since the number of rooted trees on » (labelled) points is »n_1 by Cayley’s
formula and at most (» — 1)! of these are isomorphic, we have

wn_1 wn
f —8————>2n (n”™ 6)
(n—1! n!

Each rooted tree can be drawn in the plane. Join its root to a new point of
degree 1to get a plane tree on n -)- 1 points rooted at an endpoint. This cor-
respondence shows that the number of non-isomorphic rooted trees is not
larger than the number of essentially different plane trees rooted at an endpoint,
which is, by 4.13b,

Wn >

(2w- 2|<4"

19. (@) Following the hint, we write the right-hand side in the form

ce(l 4-x -fx2-)-..ywi(l+ a2+ g4+ .- )Wi...=

= x /(1 + aMDi + aMIl + ...),
T
where T ranges over all rooted trees. The coefficient of xn in this product is
the number of representations of the number n in the form
@) n=\+ 2v T T\V{T)\, vi O
T

Given such a representation, take vT copies of T for each rooted tree T and
join their roots to a new root. In this way we obtain an »-point rooted tree
and conversely, every »-point rooted tree yields a solution of (1). Thus the

coefficient of xnin the product is Wn, which proves the identity. (Convergence
guestions can be settled easily on the basis of 4.18, and will be ignored.)
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(b) The two identities are equivalent by 3.7. (For x < 1 the series on
the right-hand sides are convergent because then w{xn) — 0¢«r). The first one
follows easily from (a):

log = 2 wn|Og(l-X"):2wn2°T-:
X n=0 n=0 k=1 *» k=1 k
which proves the identity.

To get the second identity directly by the Polya-Redfield method, set
D= {\, ... ,d), R = {isomorphism types of rooted trees}, w(T) = \V(T)\
for T £R, and let ' be the symmetric group on I). A rooted n-point tree is
a d-tuple of “branches”, where d is the degree of the root. The branches are
themselves rooted trees with total weight n — 1. Thus the number Wty of
rooted mn-point trees in which the root has degree d is equal to the number
gf essentially different mappings of D into R with total weight n — 1. Hence

y 3.29,

WIFf xn= xpdw(x), w(x2), ...).
n=1

Summing over all d, we obtain the identity in the problem [A. Cayley].

20. (a) The fact that the radius of convergence of w(x) satisfies 0 < T< 1is
trivial by 4.18. It follows that
(Wz9)  w(z3

4z = 2exp A H————0 Deee

is analytic in the circle of radius Y'* > x- Write the first identity of 4.19a as

(D w(z2) e- “<>= tp(2).
By 4.7 this can also be written as
¢) W) = Hep(@)= 27 (@)Y -
Consider first the values 0 <; x < r. Since (phas positive coefficients, it follows
by (1) that
0< cp'(®) = W'(x) (I —w(x))e~wR w(x) < 1.
Again by (1),

PR < —.
e

Bv the positivity of the coefficients of ¢z we must have \2)\ < Jel for\d\ < r

except for z = t. We must have q(x) — l/e, otherwise (2) would define w ana-
litically in a larger circle. Hence w is continuous at T and w(r) — 1. Moreover,
(2) defines w analytically along the boundary except for z —r.

Investigating now the behavior in the neighborhood of r for 0 < x < r, set
y= t—X = 1—w. Then (1) can be written in the form

i b v

__2____b _3 + e e e .\_n(.h..:-.é-)!+ eee== ] — eqxx) = a—|V+ a22+ v 0>
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where
ax= ecp'(t) > 0.
Hence
(©) Wjp—+ —+ ... =YV Nl + a2y H-ooe

(the square-roots are to be taken positive if y, n are small positive numbers).
The left-hand side is analytic for sufficiently small n and its derivative is non-
zero at 0, therefore 1 can be expressed as an analytic function of the right hand
side in a sufficiently small neighborhood of 0. Consequently u is an analytic

function of Yy for a sufficiently small y. Thus

@) w(*) = ;(‘1/00 bk(z - x)K2

where b0= 1 and by (3), b1= —2ax< 0.
(b) By (4) above, we have for |z] < r

(5) w'z) = f°r(r—z)~32 —12)-12+ h(2),
where h(z) has the following expansion in a neighborhood of r:
6) h(z) = 2 ~{k~ 2)bk(r - zfr.

k=1 4

(5) implies that h(z) is analytic in the open disc |z] < r and even at all points
of the boundary except z = + (6) implies h(z) is continuous even here. There-
fore if we expand h(z) around 0, we have

h(z) = 2 Ox",
11=0
where
cn= —  (F)A-dz = 0(r-").
oni P 2= 00

2]=T

Hence by (5), the coefficient of xnin w"(x) is

Here the second term is 0(r“n) as well, while the first term is asymptotic to

c\[nT~n

by elementary calculations using the Stirling formula. This proves the asser-
tion of the problem.
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21. Let () »2jtQ « »am>K) be an expansion term of per A. Observe that
the number of 1-factors consisting of a (uv i"™-edge, a (u2 ni2)-edge, .. .,

a (urvvn(n))'edge is exactly

a 1l,a(l)a 2,a(2) » m+ an,n(n)

because we can choose a (uv w,,(i))-edge, a (U2 ?,(9)-edge, etc. independently.
This has to be summed over all permutations n, i.e. over all expansion terms.
This proves the assertion.

22. Let andenote the number required. We have
<1) a0= 1, al= 1

Let F be any 1-factor of the ladder with n steps. There are two possibilities.
If F starts with a vertical edge at the left end, then there are t possible ways
to continue. If F starts with horizontal edges, then it can be one of a,,_2
1-factors. Hence

<2) an= an_1+ an 2
(1) and (2) show that anis the nth Fibonacci number (cf. 1.27).

23. The number of 1-factors in Knnis, obviously, n ! Ifwe have n edges removed
iréra. Knn, then we do not want to count those 1-factors of K ren containing a
removed edge. The number of 1-factors containing j given edges is (n —j) L
Hence, by inclusion-exclusion, the number under consideration is

n .In n(—Iv

<x»+ 1)!

n\ i
< °
e n+ 1

n\2|_£ 1y

Thus, our number is the integer next to=L.
e

24. We may assume that n is even, otherwise the assertion is trivial. Observe
that each non-zero term in Pf B corresponds to a 1-factor of G and conversely.
Thus, the number of 1-factors of G is < [PfBjwith equality iff all terms in
Pf B have the same sign. Let
6 "dij63 :
6bj\j, blsji . . . bjnijae, 6= +1)

be two terms in Pf B. If they are non-zero, we must have (vid_I,vij £ E(G),
{»Jj-aVj,,) € E{G). Let

E

=

(vu, vit), vin),
{vi,, VIX ..., (vin,, v
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be the two 1-factors of G corresponding to the expansion terms above. F U F'
decomposes into alternating circuits Cv . ..,Cr and some edges belonging to
both. Let us orient each G- in an arbitrary way and let n denote the permuta-
tion corresponding to the resulting cycles. Since we have freedom in the order-
ing of the pairs (iv i»), ..., (in-v in), as well as in the choice of order within the
pairs we may assume Mtl), (Md_ It vjd) are either identical or consecutive
edges on the same (directed) cycle C-.
Now the ratio, or product, of the two expansion terms of the Pfaffian is

(D (eWui.bjj.bi.ubjj, *eebin linbjn Ijn
Here ed is the sign of the permutation
iL2...in
. hh mmmin) ,
ie.
ed= (-Dr.

On the other hand, the product biiia. . . bjn I ncontains a —1 for every edge
of F UF' whose orientation in G does not agree with the direction on the C,
containing it (for the edges of F MF' the corresponding two factors AWl g
cancel each other out. Since the number of such edges is odd in each Cit (1)
is equal to

(—Dhn—Lr=1 [P.W. Kasteleyn; see B].

25. 1. If all circuits C of G which alternate with respect to a given 1-factor FO
have the property that an odd number of their edges is oriented in a given
direction, then |Pf B\ is the number of 1-factors of G. In fact, let

and let FO= eoe-(»._»»}

(1) i,

be the expansion term of Pf B corresponding to FO, then the preceding solu-
tion shows that any other non-zero expansion term has the same sign. Hence
IPf B\ counts the number of 1-factors.

I Af |Pf B\ is equal to the number of 1-factors, then every circuit C which
alternates with respect to any 1-factor has the property that an odd number of
edges is oriented in a given direction.

In fact, let C be a circuit which alternates with respect to a 1-factor F,
and let

F' = FAE(C).

Assume indirectly that C contains an even number of edges going in one direc-
tion. Then the same computation as used before shows that the expansion
terms corresponding to F and F' have opposite signs. Since the non-zero expan-
sion terms of Pf B correspond to 1-factors of G and two of these cancel out,
the number of 1-factors is greater than [PfISj, which is a contradiction
[ibid.].

26. Let B = (Wm)1]=l, then
det B = ~e(n) BELn(2). . . Ti™n),
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where n ranges over all permutations of {1,.. n} and e(n) is the sign of n.
Suppose the cycle decomposition of n contains an odd cycle (i#2. m. i2k+j),
K> 1 Let n' be the permutation obtained by replacing (ili2...i2i+l) by
(Hk+iHKk - mmh)- Then the expansion terms corresponding to n1 and n' cancel
out as B is skew symmetric.

Also, if n has a fixed element, then the corresponding expansion term is
0 because B has 0’ in the diagonal. Thus

det B = ®XKnbl mmsby ().

where it suffices to consider only those permutations n which decompose into
even cycles (and these cycles partition {1, .. .,»}). This proves the assertion if
n is odd, since then det B = (PfB)2= 0. Call two permutations equivalent
if their cycle decompositions differ in the direction of cycles only. Then all
terms corresponding to equivalent permutations are equal. For a permutation
n with even cycles that partition {1, ..., n}, let r(n) be the number of cycles
and s(n) the number of 2-cycles. Then the sum of all terms equivalent to n is

and hence
detB = £ (—Lr¢ 2l EWAY. ..V no-

where n now ranges over a system of representatives of equivalence classes.
Consider (PfB)2 If we expand this, each term will have the form

(2) eb b'iit »+ +bin-linbjljl * ¢« bjn-ljn>
where {{rr,i2, ... {r, L.} {{ivi2, ... {jn_vjn}} are partitions and
e, d are the corresponding signs.

Consider the graph on {1, .. ., n} whose edges are (i2-1,i2) and (ja-i> Hi)
(I=1,... n). This graph consists of s edges which arise in both forms and
r —s circuits whose edges are alternatingly (i2—>Hi) and (;2-i> Hi)- We may
assume (i2/_1,i2) and ("Z-i>jn) are either identical or consecutive edges on
these circuits. Then set

[1ReeeAi
hh

Qis determined up to equivalence by the given term of (Pf B)2
Also, eb is the sign of p. Hence, (2) is equal to

(—ly~bigd)e..
Moreover, we get equivalent permutations for »r@s() terms of (PfB)2
Thus

(PFBf = 2 (- Dr@ 2r(ebs(e) blte(l). . . brre(r) = det B.
e

27. First we prove the assertion of the hint by induction. If the graph is a tree,
there is no bounded face and the assertion is trivial.

Suppose Gis not a tree. Remove an edge of G which is on the boundary of the
infinite face and which also belongs to a circuit and orient the rest as required.
Put this edge back, then all bounded faces but the one containing this edge
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have the property that going around their boundary in the positive sense, we
find an odd number of edges oriented in the direction of our walk. A suitable
orientation of e will guarantee this for the extra bounded face too.

Now we prove that any circuit C which alternates with respect to the given
1-factor F contains an odd number of edges oriented in one way (or the other)
around the circuit. G contains an even number 2p of points inside the circuit
C because F matches these points. Let \V(C)\—2k, and denote by Av ..., A}
the faces inside C; let g, be the number of edges passed in the right direction,
when going around A, in the positive sense.

Consider gx-f- ... -)- f. Note that here the edges inside G are counted exactly
once; the edges on C are counted iff they are oriented according to the positive
orientation of G. Thus we are interested in the number

g=gX\+ ...+ f—m=f—m (mod 2),
where m is the number of edges inside C.

Now consider the graph G' formed by C and those edges and points of G in-
side C. G' has/ + 1faces, m 2k edges and 2p -f- 2k points. By the Euler
polyhedron theorem (cf. also 5.24),

/ 1+ 2p+ 2k=m 2k,
hence m=f--1 (mod 2)
and qg=/—m>=1 (mod 2)
as stated [P.W. Kasteleyn; see B].
28. If we consider the orientation of the ladder shown in Fig. 13 we find that
the boundary of any bounded face contains an odd number (3) of edges going
in the positive direction. Thus, by the preceding solution, any circuit which
alternates with respect to a I-factor contains an odd number of edges orient-

ed one given way around the circuit.
The corresponding matrix B defined as in 4.24 is

A |
-1 -A )}
where (01 0
—10 /1 on
A= n 1=
01 O 1/
0 —10

The number of 1-factors of the ladder is given by
A T V2 A T _N2ur

det y A) det 0 = @et (I - A2)12=
= (det (I —A) det (I -f A))I2= det (I + A),
because

I —A= 7+ A)T.
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It is quite easy to verify by induction that this is the same as the nthFibonacci
number.

29. (a) What we have to enumerate is the number of 1-factors of a (2n) X (2n)
“lattice”, i.e. the graph shown in Fig. 26. If we consider the orientation given
there, it will satisfy the condition that the boundary of any bounded face con-

tains one edge going one way and three the other way. Hence by the solution
of 4.27, every circuit which alternates with respect to a given 1-factor has an
odd number of edges oriented in a given direction around the circuit. Hence,
if we form the corresponding matrix B as in 4.24, the number of 1-factors will
be equal to |Adet B.

Now B can be written in the form

A 1 0
-1 -A |
(D B = -1 m .
e A |
O -1 -A
Mn
where
0 ! 0
—1 o
A =
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If we multiply the first column, then the 3rdand 4th row, then the 4th and 5th
column, then the 7th and 8th row etc. of the partitioned matrix (1) by —1, we
get the partitioned matrix

\~A 1 0,
I-A I
B' — 1
e —A |
0 I —A
Set
0 1 0
1 0 1
A' = 1 o . , PNW = det (A" —XI),
1
0 10
then
det B = det B' = detpn{A).
By 1.29, the eigenvalues of A are 2cos— —, K= 1, ..., 2n. Hence
2 n + 1
2n b~ \ 2n L_
det pn(A) = det Tf 2 cos-----—--—-- 1 —AN= f/ det 2cos——-—-- 1—A
k=i -f 1 j k=i 2n -)- 1
Let
gn{l) = det (A - Xl),
then, in turn,

det B = rzf gn 2 cos o _\
k=1 2n - |J

The eigenvalues of A can be determined in the same way as those of A" and

. I
they turn out to be 2i cos————gz(———, K= 1,..., 2n. Thus
2n+ 1

2N 2n b— 1T,
detB—ff TT 2cos ———- 2i cos - =
KT 1Ji 2n + 1 2n+ 1
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2n 2n I~r \172
B C0S2— — =
i=l 2w+ 1 2» + 1]

1
N
e

)

N

=~
—
[o—
o
o
wn
N

11
5
s3]
-
~:
~
~ =
(@]
o
72
N
i
i
1
|
[T
(@]
o
172
I
|
1
I
I

Hence,

a = ¥deti?= 22" TT 7/ cos2 -—--1 c02——— =
fi f=i 2» + | 2» +1)

I'I' TT 4 cosa---l-(-r-] ————— |- 4 cosZ————I-rJ—-—

k=i /=i 2w-f 1 orr 1.

(b) The polynomial with roots 4 cos2--------- , k=1 ...,nis
27r+ 1

K 2. ..

1K) = M,_/erl—llm, 1-f mr—2

Observe that anis the resultant of /(0k) and f(—x). By the Sylvester form of the
resultant,

I 2n —11 2n—2
1 J 2
0 i —f2"J—l)|... \n rows
0
an =
2n—1 2n—2
1 2
I2n— 11
0 1 ... v rows.
1)
0

2n columns



4.29 § 4. TWO CLASSICAL ENUMERATION PROBLEMS 241

Add the (» -j- £)throw to the & (k= 1,. .., »), then divide the first Kk rows by
2 and subtract the &h row from the (» — &gth. The resulting determinant is

2n) 0 (2n—2_) 0
0 I 2
12 —
o ”) U 12 2)_. .. N rows
0 - 1 2
an= 2" 1 .
0 12» —1 12»— 3
1 1 3 J
ov 1 n rows.
0 0 2 — 1 0
1

2 ncolumns

Suppose, e.g. n is even. Then the last column looks like this:

127 ] 0 24" 2 0 0 I
01 la )
” | 2% | 0 [2»-2
Q 2 rows
= 2« 0 (2n\ .. [™)
(o (UN]
0 2n~ 1) 0 [2n~~ 3| s+ 0
1 J 3
n rows.
0 27- 1... 0
1) |
2n columns

16 Lovasz
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Thus expanding by the first and last columns we get

2 0 [2n~ 2l 0
0 1 2
0 2n\ 0 n—2 n —rows
0 2
an= 2n
(2wi 1) 0 (27 3)
n [2m — 11 271— 3
0 U ... ' rows.
1 1 3

Now this determinant is the direct product of two determinants of the form

12m! 12n— 21 12n— 4

.0 I 2 4

n 2n\ I2n—21 n- 2

0 (0) t 2 )mm V —

2n — 11 I12n—31 I2n— 51
1 1 1 3 5

2n — 1 (2n —31 ”
0 ] | 3 Jmee Yy rons

This proves the assertion. The case of odd n follows similarly [see E.W.
Montrall, in: Applied Combinatorial Mathematics, (E.E. Beckenbach, ed.)
Wiley, 1964].
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(c) We have

logan_ 1 ) S ;_’Iog '40052’————1:—:zl —————— 'h’4cosﬁ)————|—n————]
n2 n2 ifrl tTi 2n+| 2n+1
The right-hand side tends to
1) — J J log (4cos2X 4 cos2y)dxdy = ¢ 1,2.
00
Thus,
n2

[ibid.].

30. Let G denote the (2n — 1)x (27— 1) lattice; its points are (i,j) (0< i<
<[ 2n —2, 2n — 2). Call point (i, j) black if i and j are both even;
green if one of them is odd; red if both are odd. The black points form an nxn
lattice graph H. Let T be any spanning tree of H. Let g be a black point.
Then there is a well-defined first edge on the path in T connecting x to
a= (2n —2, 2n —2) and this contains a green point x'.

Let y be a red point. In the lattice of red points, there is a unique path which
connects y to the outside boundary of the lattice G and on this, there is a first
edge which contains a green point. Let y* be this green point.

(FThGZYD)airS (% x"), (y,y") form, as is easily verified, a 1-factor of G —a
ig. :

Conversely, let F be a 1-factor of G—a. Consider the set T of those edges of
H which contain an edge of F. These form a spanning tree. In fact, the number
of edges of F adjacent to black points is n2— 1, so T contains n2—1 =
= IV(H) I— 1 edges; it suffices to prove they do not form circuit. Suppose
indirectly they formed a circuit G The number of points of G inside C is odd
(this easily follows, e.g. by induction on the length of C) and so, F cannot
match them, a contradiction.

Fig. 27

16*
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Thus we have established a one-to-one correspondence between spanning
trees of H and 1-factors of G —x [H.N.V. Temperley, in: Combinatorics,
London Math. Soc. Lecture Notes Series 13 (1974) 202-204].

31. Orient the edge (uit vj) from ut to \fj and then identify ittandv, ()
our graph is thereby mapped onto the transitive tournament T,,

If M is a *-element matching in G, then M is mapped onto a set M" of edges of
Tnsuch that at most one edge of M ' enters and leaves any given point. Hence
M ' consists of disjoint directed paths; if we consider the points of T nnot touched
by M"' as one-element paths, we can observe that M corresponds to a system of
n — k disjoint directed paths which cover all points of T,,. Conversely, the edges
of a system of n — k disjoint directed paths covering V(Tn) corresponds to a
~N-element matching of G.

Now let Pv ... ,Pn_t be disjoint directed paths which cover V(Tn). Then
{F~), .... V(Pn K} is a partition of V(TK). Each partition of V(TK) into
n —kK classes arises uniquely in this way; if{Vv ..., Fn i} is a partition of
V(Tn) and Pf is the unique Hamiltonian path of the (transitive) subtournament
induced by V-, then V(P,) = Vtand Pt,...,Pn-t are disjoint directed paths
that cover V{TN).

Hence, there is a one-to-one correspondence between ~-element matchings of
G and partitions of V{Tn) into n —k (non-empty) classes. Thus the required

number is S(n, n —K).

32. Let Fn denote the number of such permutations. By the assumption,
n(n) = n or 7i(n) = n — 1. The number of permutations n with the desired
property which fix n is Fr_v The number of those with n(n) —n — 1is Fn_2
because, then it necessarily exchanges n and n — 1 (nothing else can be mapped
onto n). Thus

Pfi —Pn-l + Fr-2"

Since FO—Fk= 1, Fnis the nih Fibonacci number.
One can formulate the problem as follows. Let {vv ..., vn}, {«1?..., un} be
two disjoint sets of points. Join ut to Vjiff [i —j\ 1 (Fig. 28). If n is any

Fig. 28

admissible permutation, then the pairs (r, A(r)) form a 1-factor of the resulting
graph G and conversely. Thus we want to know the number of 1-factors of
the graph G. Since G is isomorphic to the graph in Fig. 1 (p. 32) it follows
that this number is the nth Fibonacci number.
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33. It is easy to see that

T 1 1 0
1111
111
an= per 1
1
11

Expanding this by the first row we get

an= an-1+ b,_ i+
where fildl Q 111
1111 1111
0 1111 0 1111
11 1" Oil
bn= per 1 . , h= per
1
11
0 i1 0

To get acomplete recurrence relation we also expand bn, cnby their firstcolumns:

) bn= an x+ 6n_i;
but with cnwe get a new permanent:
(3 cn—bir-f-dn_It
where 110 0
1111
0 1111
111
dn= Per
1
11
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Expand dn too:

4 dn= an_ | + eni,
where
1 1 1 0
0 111
01111
111
en = per
1
1 1
0 [
n
Trivially,
(5) = an 1

(1)—(5) yield recurrence relations for an, bn, cn, dn, en, starting with the value
n= 2:«2= bh2= c2=d2= 2, e2— 1. Set

1 11 00 an
1 10 00 br
N4 =01010, vn= ¢cn ,
1 00 00O dn
1 00 01 en
then
v,,= Avn.r—...= An~2v2= An~-1lvl= Anv(
where
11 1
0 1
v,,= 0 M.= 0
0 1
0 11

by convention. Hence,

2 tnyn= 2 tnAn\y0= (i-tA)-40.
fio " o yo= )
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We are interested in the first entry of (I —fd)_1v0, i.e. the upper left entry of
(I —tA)~1 By Cramer’s rule this is equal to

1—t 0 0 0
—t 1 —t o
0 0 1 —
ft) = 0 0 0 1 _ 1—t
1+t —+4 —t 0 0 C—2B8—2t+ 1
— I— 0 0 0
0 —t 1 — o
—t o 0 1 —t
—t 0 0 0 1

[D. H. Lehmer, in: Comb. Theory Appl. Coll. Math. Soc. J. Bolyai 4, Bolyai-
-North-Holland (1970) 755-770].

34. Expanding the permanent in the hint by its first row we get

unp= P ' un-I,p-

Hence
unip= pun_ItP= ... = punPupp = pn-Pp\.

35. We want to determine

1 ... 1 0 ... 0]

* P

1 0

(1) per 0 11
n-p
0o ... 01 o013
p n-p

i.e. the number of those expansion terms of
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which do not contain any entry from the two triangles which contain 0’s in
(1). By inclusion-exclusion this is equal to

2(-1)V\ +W Kuvv>
Uyv

where U is a subset of the entries in the triangle in the lower left corner and V
is a set of entries in the triangle in the upper right corner, and Kv\jv is the
number of expansion terms containing U\JV. Obviously, it suffices to consider
those sets U, V in which no two entries are in a row or column.

We have

Kuvww = (n-\U[jV\)\.
Thus our number is

2 (W +W\(n _ v —|F)! = J?2(—Nhk+i(n —k — 1)1 1
u.,v k=0 7-0 LU\=k

V-1

By 4.31, the number of sets U under consideration with \U\ = k is S(p + 1,
p + 1—Kk) and, similarly, we have S(p + \,p + 1—/) sets V. Thus the
result is

J 2(-)k+t(n-k-I)\S(p+l,p+I-1)S(p+l,p+l-k).

k=0 1=0

36. If an expansion term of the permanent contains K |’s from the upper left
block, then it contains n —k |’s from the upper right block, n —k |’s from
the lower left block and k | ’s from the lower right block. If we select the n —k
I’s from the upper right block and n — Kk |’s from the lower left block, then
there are (k)2 possible ways to select the rest.

Observe that the (n— &)-tuples of 1’s, no two in a row or column, out of the
upper right n X n block correspond to ~-element matchings of the graph
defined in 4.31; hence their number is S(n, k). Similarly for the lower left cor-
ner. Thus the number of selections for a fixed K is

s{n, k)2 (k )2

which proves the assertion [K. Yesztergombi, Studia Sci. Math. Hung. 9 (1974)
181-185].

8 5. Parity and duality

1. (@ Summing the degrees of a graph, we get every edge counted twice
(once for each of its endpoints). Thus, the sum of degrees is twice the number of
edges.

As 3+ 34-3 + 3+ 5+ 6+ 6+ 6-216-1-6+ 6 is odd (there is an odd
number of odd summands), this sequence is not the degree-sequence of any
graph. This gives generally that the number of odd degrees is even.



5.3 § 5. PARITY AND DUALITY 249

(b) Letdv ..., ,dkbe the degrees of the “upper” points, rv ..., rethe de-

grees of “lower” points of a bipartite graph. Then both dx+ ... -\-dk and
ri -f-. .. - re give the number of edges, hence
*) N j-eee+ d; = rl+ ... (-re.

Now suppose that the degrees are as given in the problem. Let dx= 6 (say).
Then the right-hand side of (*) is divisible by 3, while the left-hand side is not.
Thus, this sequence is not the degree-sequence of any bipartite graph (it is,
however, the degree sequence of a graph).

(c) Since the point with degree 9 is adjacent to all other points, it must in
particular be adjacent to both points of degree 1. Hence, the point with degree
8 cannot be adjacent to either of the two points of degree 1; but then there are
only 7 more points left and so, it cannot have degree 8 [cf. problem 7.51].

2. Assume there is a ~-regular simple graph on n points. By the solution of
5.1a, K * n is twice the number of edges, thus

@) Ken is even;
also trivially
(**) K<, n—1

We show that, if (*) and (**) are satisfied, there is a ~-regular simple graph on
n points.

n=8 n=8
k=U A=5

Fig. 29

Case 1. K is even. Consider the vertices of a regular n-gon and join each of them

to its neighbors, 2rd neighbors, etc., No)th
no multiple edges (Fig. 29). 2,

neighbors. Since K < n, this gives

Case 2. Kis odd. Then by (*), u is even. Consider the graph of degree K — 1 on
n points constructed in Case 1. By (**) the endpoints of the longest diagonals
are not joined; thus, if we add these edges, we get a /r-regular simple graph.

3. Ifthe graph G is bipartite and C is a circuit of G, then C, as a subgraph of G,
is bipartite as well and hence it is even. Now suppose G has only even circuits
and let Pv P 2be (x, y)-paths. We prove by induction on F(PX that Pv P%
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have the same parity. If Pl UP 2is a circuit, then, since it is even, P xand P 2
have the same parity.

So suppose P v Po have a point in common; z. Let z split them into pieces
Pv P[ and P2 P, respectively. The notation may be chosen so that P[. P2
are (xz)-paths and hence by the induction hypothesis, they have the same
parity. Similarly, P'[ and P\ have the same parity, which proves that so do
P1= PiUP[and P2= P" UP"

To prove 2-colorability we may assume G is connected. Let n(x, y) denote the
common parity of (x, y)-paths (n(x, y) = 0 or 1). Let xO£ V(G) and set

Si = {y :n(x0,y) = i} (i= 0,2

Then {SO, Sy} is a good bicoloration; for let (u, v) be an edge and un £ SO (say),
and consider an (x0, w)-path P. If v QF(P), then P (u, v) is an (x0, v)-path,
whence

nxo0v) = n(x0,«) + 1= 1.

If vis on P, and divides it into an (x0, r)-piece P xand a (v, w)-piece P 2, then
P, + (u, v) is acircuit and hence, it is even. This means that P 2has odd length
Now

0= n(x0u)= \E(P)\ = |P(PR] + [P(PD| ~ n(xOv) + 1 (mod 2)

This shows that n(x0,v) = 1, i.e. vE8V

The statement is not true for digraphs, since the triangle with transitive orien-
tation is not bipartite and has no odd cycles (no cycles at all, in fact).

However, it remains true for strongly connected digraphs. To show this, first
one proves that if G has no odd cycles and P is an (a;y)-path while Q is a
(y, a;)-path, then P, Q have the same parity. This goes exactly like the first
part of the proof above. Now let Pv P2be two (X, y)-paths, then choose a
(y, x)-path Q (here we use the fact that G is strongly connected), then P xand
Q have the same parity. But so do P 2and Q, and therefore P xand P 2 have the
same parity. The rest of the proof runs exactly as in the undirected case.

4. If there is a potential p(x), the work on any walk is the change in potentia
between the endpoints. In particular, it is 0 on any closed walk, so on any
circuit.

Now suppose that the sum of work on any circuitis 0. We claim it is 0 on any
closed walk W. We use induction on the length of W. If IFis a circuit the state-
ment is the assumption. So suppose W uses a point x twice, x splits W into two
smaller closed walks, Wv W2 The work on Wland on W2is 0 by the induction
hypothesis, but then so is the work on W.

Now if P, and P 2are any two (x, y)-walks we can form a closed walk W by
going on P xfrom x to y and then returning on P 2 Since W has total work 0,
Ptand P, need the same work.

Now fix a point xOand let p(y) be defined as the work needed to go from x0
to y. By the above, this is independent of the way we go from x0to y. It is easy
to see that this potential function satisfies the requirements.

We remark that the values of v(e) andp(x) can be from an arbitrary commuta-
tive group. Moreover, if this group is such that each element has order 2, the
sorientation of G plays no role.
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5. First let C be an even cycle. We can 2-color C in such a way that each point
of Cis joined to a point of opposite color, simply coloring its points alternating-
ly. If C does not span G, we extend this 2-coloration as follows. There is a point
x1joined to C, because Gis strongly connected; similarly, select points x2, ... ,xm
so that Xi is joined to CU{xv ...,ai_ 1} (i= 2 ,m). Finally, every
point of G not on G becomes one of the x’s. Now if GU {xv ..., a-x is al-
ready 2-colored, give a; the color opposite to the color of a point of C U
U{xx,..., »_>} which xtis joined to. Obviously, this coloration has the desired
property.

Suppose now that there is a 2-coloration of G with the property in considera-
tion, with color classes Sv S2. Let GOdenote the graph consisting of the edges
between Sx and S2 Since GO has positive outdegrees by the assumption, it
contains a cycle C. Since G0 is bipartite, G has even length.

6. Let L be a maximum closed trail in G. If L does not contain all the edges’
then there is an edge e(x, y) which has a point in common with L\ for other-
wise L would be a connected component of G which is impossible because G is
weakly connected. We may assume e has its tail x on L.

Let us start with this edge and walk along edges of G— E(L), using an edge
only once as long as we can. We cannot get stuck at any point z ==x; for there
are as many edges of G — E(L) leaving it as running into it and any time we
use an edge leaving r we had to use one running into it before.

Thus we get stuck at x\ now let us go on to traverse L starting with x. This
gives us a trail longer than L.

7. (@ The indegree and outdegree of any point are both equal to n. G
is strongly connected. For (av...,ald, (a2...... ak 61, (@3,...,62...
...(@akbv..., bk D, (bv...bk is a directed walk from (av ... ak) to
(blt. . ., bk). Thus G is Eulerian.

(b) The case k —2 is trivial. Let k~> 3. If (a, b) is an edge of Gk_Xn, then
a—(xv..., xk.D b= (x2..., xk) for some 1 <[ xt n by definition. Let us
associate the point (xv ..., xK) of Gknwith the edge (a, b). It is immediate that
this yields an isomorphism between L{Gk | n) and Gk n. An Euler trail of Gk _In
yields a Hamiltonian circuit of L(Gk_1

8. Let (al....... a2y be a Hamiltonian cycle in Gk Then, by the definition of

adjacency, ax— (xv ...,xK), a2= (x2 ...,xk xk+l), ...,a2*= (X21'Xv mme
..., Xk X). Let the numbers xv ..., :2*be associated with the points of the
cycle. Then the arcs of length k yield the 0l-sequences av ... a2. Since a

Hamiltonian cycle contains each point exactly once, the arcs yield each
01-sequence exactly once.

9. Ifthe piecesLIt ..., Lddescribed in the hint are given, any permutation of
them determines an Euler trail, and two of these Euler trails are the same iff
the two permutations are the same as cyclic permutations. Thus there are
(d — 1)! Euler trails obtained from Lv ..., Ld. This proves that the total
number of Euler trails is divisible by (d — 1)! which is even because d > 3.

10. We cannot get stuck anywhere except at x0; this follows just as in 5.6.
Assume now that there are edges of G not on the trail L we have traversed.
L uses every edge incident to x0; this is obvious for the edges leaving x0and fol-
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lows for the incoming edges by d+(.r0) = d~(x0). If (x, y) $ L, then the (unique)
edge of T starting from x does not belong to L either, by (*). Thus, there are
edges of T not on L. Let us consider one whose head z is nearest to x0(the dis-
tance measured on T). Since L does not use all edges running into z, it returns
to z less than d +(z) = d~(z) times, hence by (*), it does not use the (unique) edge
(z, u) of T leaving z. However, u is nearer to xOthan is z (on T), which is a
contradiction.

11. We consider all Euler trails as starting from x0along €0. Let L be an Euler
trail, and T the set of those edges (x, y) (X ™ x0), which satisfy

(**) every edge starting from x is used earlier than (x, y).

Then T is a spanning arborescence. For we first observe that there is exactly
one edge of T starting from every x #=x0. Moreover, T is acyclic; for if

C — (Xi, €% £2, /2 s os’

is a cycle in T, then e2is the last edge incident with x2 on L and hence ex
anticipates e2 Similarly, e2 anticipates €3,... ,en anticipates ev a contra-
diction. The definition of T assures that L arises from T by the construction of
the preceding problem.

IfT is given, then we can characterize any Euler trail obtained from it by spe-
cifying an ordering of edges of G —E(T), starting from x, for any x ~ x0,
and an ordering of the edges #4c0starting from xO0; the orderings indicate in
which order the Euler trail has to use the edges. Thus there are exactly
(do—21)!... (dn_1—1)! such Euler trails. Hence, the number of Euler trails
is (d0—1) 1)! x (number of spanning arborescences rooted at x0).
[Aardenre-Ehrenfest, de Bruijn; see B].

12. We cannot get stuck at x  x0; this follows just as in 5.6.

x0is a “good” point. For if there is an edge (x0,y) we have not passed from
x0to y, then we are not stuck; hut if every edge (x0, y) has been used in this
direction, then we left x0 d(x0) times, hence ree entered it d(x0) times, i.e.
all edges have been used to enter x0.

Assume we meet a “bad” point on our walk and let x be the first one. We
enter x on an edge (y, X) and this being the first time we meet x, this will be
the edge marked, x is “bad” means we enter x less than d(x) times and hence,
by (**) we do not use (x, y) to leave x. However, this contradicts the fact that
y is “good”.

Thus, each point we meet is a “good” point. By the definition of “good”
points, their neighbors are reached during the walk and are, consequently,
“good” points as well. Thus, the good points form a connected component
of G. Since G is connected, every point is “good”. This completes the proof.
[Tarry algorithm; see B].

13. To show the statement of the hint, let C1be a circuit of G (Gis not a forest
as a forest which has an edge has a point of degree 1). Let Gx be the graph
obtained by removing the isolated points of G —E(CX. Then Gx has even
degrees (each degree is reduced by 2 or 0), thus

Gx=c2U...Uck
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by induction, and
G=ClUu...UCt.

Now assume that G is a graph with even degrees. Then
G=ClU...UCk

(we may forget about isolated points). Orienting each 6/- cyclically, we get
a desired orientation of G.

14. (8) If G has an Euler trail it is, obviously, connected and has even degrees.
Conversely, if it is connected and has even degrees, then it can be oriented in
such a way that each point has equal indegree and outdegree, by 5.13. The
resulting graph has an Euler trail by 5.6. This Euler trail gives an Euler trail
of G

(b) If G' is the graph obtained by adding a new point and joining it to all
points of G of odd degree, then G' has even degrees and is connected, thus it
has an Euler trail. Removing the new point, this trail decomposes into K
edge-disjoint trails covering G.

15. We may assume G has all degrees at least 4.

Let X£ V(G) and let Av ..., A2 be short beginning segments of the edges
incident with x, in this cyclic order. We may assume that if G—(AxU... UA2d)
is disconnected (this is the case, e.g. if there is a loop at x), then Av A2
go to separate components of it. Remove A XxUA 2 but connect their endpoints
different from x by a new arc A (Fig. 30). The resulting map G' is connected:

this follows from the observation that each component of G —(A1U...
... UA2)) is connected to x by at least two A ’s because G is Eulerian. Also,
G' has fewer edges than G. Thus by induction, G' has an appropriate Euler
trail. Replacing A by AxUT, again, we obtain an appropriate Euler trail
of G.

16. The statement of the hint is easily verified. As for the assertion of the
problem, it is trivial for a tree (2("~3~n+i = 1, in accordance with the fact
that the only “good” subgraph of a tree G is (V(G), 0)).

Suppose G is connected and has M “good” subgraphs. Those “good”
subgraphs of G -- e which do not contain e are exactly the “good” subgraphs
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of G and thus their number is M. All we have to do is to show that the number
of “good” subgraphs containing e is the same. Let G be a circuit of G - ¢
containing e (which exists because G is connected). Then Gl is a good subgraph
of G - e containing e iff (V{G), E(G2) /\E(C)) is a good subgraph not containing
e. This correspondence is one-to-one and proves the assertion.

17. (a) We may restrict ourselves to simple graphs as the removal of two
parallel edges does not alter the assertion.

If every point has even degree, we take Vx— V(G), V2= 0. Suppose a is
a point of odd degree. Let S be the set of its neighbors. Define Gl by

V(G) = V(G) - {a},

6 E(G iff E{G) X *'y€S’
) (63 ! ((&3%5&3 othervxyise.

By induction on n, we may assume V(GY = IT, U W2 where Wxand W2
span subgraphs of Gt with, even degrees Gx Since
\Sn Wair+ [Snh W21= £ = 1 (mod 2),
we may assume |/ST1TW;jis even and \S M W2\ is odd. Set
V1i=W 1G{a}, V2= W2

Then Vv V2span subgraphs of G with even degrees. First, let x £ Vv Ifx E8,
then its degree is even in G [FX] obviously. Let XES. Then

— + A[WI0S]A) + 1 =
= AGitwdi®Y) —NGIW.NSY) + (| IFXME| — 1 —<2G[WnS|(¥) + 1
= "glwj@ —2dG,[wnsj(a:) + \W2T1 S\,

and here each term is even. It follows similarly for x £ V2 that it has even
degree in G\VA.

(b) Let Vbe a new point, joined to all points of V(G), and let G1 be the
resulting graph. By the preceding exercise, F(GX — U1\JU2 where UV U2
span subgraphs with even degrees. Now if v £ U2 (say), then V1=U 1 V2=
= U2—{«} is a desired partition of V(G) [T. Gallai, unpublished; W.K. Chen,
SIAM J. Appl. Math. 20 (1971) 526-529; the proofgiven hereis due to L. Pésa].

18. (a) Let S be the set of r-element matchings of the complete graph on
V{G). Let el(.. ., embe the edges of G and At the set of those elements of /8
which contain et. We want to determine

mr(B) = \'s - n At .
i=1 |

By the sieve formula (2.2),
mr(G = |S| - 2 + 2 MNAOAN- .+

+ (—hr 2 \Ah Mmes AR
El<irSm
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here \An n ... n Aiv\ is the number of those elements of 8 which contain
eh, ... eiv This is non-zero only if eilt ... ,eivare independent and then it
is n— (2r —2v — 1)!1. Hence,
2r—2
| on Op\
™(G) = 2 * n @2r—2v—1n!! (- =1D.
V=0 2f — 2V)
(b) Let n = 2k. By (a),
0 2 1F[b > 2 nt G’\\f/C G d 2
m =2 (-~ 2- 2r- Hl'm m mod 2),
(0)=2(~ar ) 7 @ 1 mvG) A ¥ mvG)  (mod 2)

thus
mk(G) 0.

(c) Let A be the adjacency matrix of G and consider det A. Each expansion
term here which is non-zero and symmetric with respect to the main diagonal
corresponds to a 1-factor and vice versa. The other expansion terms corre-
spond to each other in pairs under reflexion in the main diagonal. Thus the
number of 1-factors of G has the same parity as det A, and is even iff det A
vanishes over GF(2). This occurs iff the rows of A are linearly dependent over
GF(2), i.e. there are elements gv ..., gn of GF(2) such that not all of them
are 0 and multiplying the rows of A in order by gv ..., gn, the sum of rows
will be 0. Let S be the set of points for which the corresponding gtis 1, then 8
has the property that each point is adjacent to an even number of elements
of it. Conversely, each such set S yields appropriate coefficients gv ..., gn

19. Let s be the set of all Hamiltonian paths of the complete digraph on V(G)
and let elt . .., embe the edges of G. Let At denote the set of elements of 8
containing eh then we have

W) he=2(-iy 2 Kn...n"fi

(the term with p= 0is |$]). Now, \Ait fl ... MAIW is the number of Ham-
iltonian paths of the complete digraph containing eu, ..., €,, This is 0 unless
e(i, . . ., e,, form disjoint paths; in the letter case it is (n — V) !, since the graph
(F(ér); {e(, . . . , e~ has n — v components and any Hamiltonian path through
eu........ eiv defines an ordering of these components and conversely. Hence,

il if v—n —1 and eit,...,eiv form a
IAXI...TAM is Hamiltonian path,
(even  otherwise.
This proves that h(G) = h(G) (mod 2).

If G is an undirected graph, then, defining 8, eh At similarly, we have the
same formula as (*), but now we have

Ahn ... n Aivi= (|_|-~~2 V) 120,
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if etl,..., e,, form y vertex-disjoint proper paths. If n~> 4, then this is also
even except when v= n—21and eu, ..., eivform a Hamiltonian path. Hence,
we can conclude as above. [T. Szele; see B].

20. If the statement of the hint is true, the assertion of the problem follows
easily: by reversing edges we get a transitive tournament, which has one
Hamiltonian path. As the parity remained the same, the original tournament
had an odd number of Hamiltonian paths.

Thus, it suffices to show that, if T is a tournament, and T' is the tourna-
ment obtained from it by reversing an edge E, we have

Ut = ur (mod 2).

Let Gxand G2 be the digraphs obtained from T by removing e and adding the
inverse of e, respectively. Then a simple computation shows that

Hflx) + uo2 = UT) + UT").
Moreover, Gxarises from G2simply by reversing all edges, whence

h(GX = h(G2.
Finally,

h(GX = A(5j) (mod 2)
by 5.19. Hence

UT) + UT") = h(GY + h(G2 = h(GY + h(GY= 0 (mod 2),
which proves the assertion [L. Rédei; see B].

21. If Fx Foare disjoint 1-factors of G, then E(G)—F 1—F2 is a 1-factor.
Conversely, if we have a partition of E(G) into three 1-factors, then we can
choose as Fxthe 1-factor containing e and any one of the two others as F2
Hence, the number m of pairs (Fv F2) of 1-factors with FxMF2= 0, e£Fv
e (f F 2is twice the number of partitions of E(G) into 1-factors. Thus, m is even.
Now consider Fx U F2; this consists of even circuits covering V(G). If, con-
versely, H c; E(G) is the set of edges of a system of k disjoint even circuits
covering V(G) and containing e, then H can be decomposed into H — FxU F2
(Fv F2 1-factors, e ([ Fv e (j F2 in exactly 2k~1 ways. Thus, if mk denotes
the number of systems of k disjoint even circuits covering V(G) and containing
g, then

m= ml+ 2m2+ ,..+ 2k-Imk+ ...

Note here that mxis the number of Hamiltonian circuits through e and there-
fore

mx=sm= 0 (mod 2).
[C.A.B. Smith; see B.]

22.We prove the assertion by induction on |F(G*)]. If |[F(0)| = 4, it is
obvious. Also, we may assume that G is connected.

If there is a double edge in G, then all Hamiltonian circuits must use one of
the two and hence the Hamiltonian circuits occur in pairs, differing only
in which of the two parallel edges they use. Thus the total number of Hamil-
tonian circuits is even again.



5.22 § 5. PARITY AND DUALITY 257

Fig. 31

So suppose G is simple. Let (x,y), (x,uX, (X,u?), (v, zq), (v, vd £ E(G).
(see Fig. 14). Remove x and y and join uxto zq, u2to zqto get G'\ also, join
un to zq and u2to zqto get G*.

The Hamiltonian circuits of G may or may not contain (X, y). There are four
kinds of Hamiltonian circuits through (X, y), containing (wixys\), (uxyv2),
(uxyi\), (uyv2), respectively (Fig. 31). Let their numbers be hv h2 h3, /q.
Also, those Hamiltonian circuits not containing (x, y) may go like (. . . uxu?2. ..
coovyv2. o) or (.. uxu2. .. vdvX....). Let the numbers of such Hamil-
tonian circuits be hband hé.

The h1Hamiltonian circuits defined above are in a one-to-one correspondence
with those Hamiltonian circuits of G' containing (uv vX) but not (u2 v2).
Similarly, h2, h3, hAare equal to the numbers of Hamiltonian circuits of G"
and G' containing (uv v2), (u2 tq), (u2 v2) but not the other new edge. The h-
Hamiltonian circuits of G correspond to those Hamiltonian circuits of G'
containing both {uv iq) and (u2 v2) and going through them like (. .. ulvl. ..
...ud2...). Similarly, the h6 Hamiltonian circuits correspond to those
Hamiltonian (3ircuits of G* going through (uv v2) and (u2 vx like (. .. uw2. ..

A 1 12.7) GRS )

The Hamiltonian circuits of G' not considered so far are those going through
(uv zg) and (712, v2) like (. ..igzg...vau2...) and those not containing the
new edges. Let /q and h3 be the numbers of such Hamiltonian circuits.

Fig. 32

17 Lovész
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In G', we have not considered so far the Hamiltonian circuits of form
(..uw2...vx2...) and those not containing any of the new edges. The
numbers of such Hamiltonian circuits are, as is easily seen, h7 and hs, re-
spectively (Fig. 32, see p. 257).

Now the number of Hamiltonian circuits of G is hx h2+ h3-)- + |li5+
—h6= (hx-- h4f h5--h7+ha -|-(h2 h3 h6 h7 h8 =0 (mod 2),
since here in the brackets we have the numbers of Hamiltonian circuits of
G' and G", respectively [J. Bosak; see B].

23. To show the statement of the hint, let F* be the graph on 7(0*) formed
by those edges of G* which are not crossed by the edges of F. F* does not
contain a cycle, for then the points of F inside this cycle would not be connected
to those outside. Moreover, F* is connected. For if F* = FxUF2 FxMF2—0,
then let U be the union of faces of G with “capital” in F*. Then U is not the
whole plane (no point of F2 belongs to it) and therefore, its boundary B is
non-empty. Now B consists of certain edges of F, each having a face of U
on one side and a face not in U on the other. Therefore, there is no point
of degree 1on the boundary, i.e. it contains a circuit. This is a contradiction.

Hence F —»F* gives a one-to-one correspondence between the spanning
trees of G and G*. This proves the assertion of the problem.

Remark: Our argument uses some facts of plane topology like the Jordan
curve theorem (each simple closed curve divides the plane into two parts)
and other similar statements. As our goal is to illuminate the combinatorial

content of the problems we assume these facts without proof.

24. Consider a spanning tree F of G and F* as in 5.24. Then
\E(F)\ = IF(®)| - 1,
\E(F*)\ = 17(6%)I- 1

and by the definition of F*,

\E(F)\ + \E(F*)\ = \E(G)\.
Hence
17(6*) 1= \E(G)\ + 2-17(0)1.

25. Since each face has at least three [four] edges on its boundary and each
edge is on the boundary of exactly two faces, we get by Euler’s formula

2m> 3(m—n { 2) [2m > 4(m —n - 2)]

or, equivalently,
m< 3w—6 [m <l 2n —4].

26. We may assume there are no loops. We use induction on \E(G)\.

Let F be a face bounded by the edges ev ... ,em We claim that every point
x is incident with an even number of them. For let k “corners” in x belong to F,
then two of these “corners” cannot have a common edge e because this edge
would be a cut-edge (see Fig. 33) and hence a component of G —e would
contain exactly one point of odd degree. Thus x is incident with 2k edges of
the boundary of F.
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Fig. 33

Now remove the edges ex....... em The remaining map O' has even degrees,
thus its faces can be 2-colored. The faces of O' are the union of F and its neigh-
bors, as well as all the other faces of 0. Interchanging the color of F but keep-
ing it everywhere else, we get a 2-coloration of the faces of G.

27. First, 2-color the faces according to 5.26 with red and blue, say. Then,
orient each edge so that the red face incident with a given edge e is on its
left-hand side. This orientation satisfies the requirement.

28. (a) Suppose there were a planar map with even degrees, and all faces
triangular except one which is pentagonal. 2-color the faces (5.26) with red
and blue, and suppose the pentagon is red (say). Count the number of edges.
Each blue face has 3 edges on its boundary, and this counts each edge exactly
once; hence the number of edges is divisible by 3. On the other hand, the red
faces have altogether 3k -)- 5 edges on their boundaries (k is the number
of triangular red faces), which should give the same total number of edges,
a contradiction.

(b) The graph G' constructed in the hint has even degrees at every point
except possibly z, but then, by 5.1a, z has an even degree as well. Letax-\- 1,

Fig. 34

17*
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«+ 1,0, «X+ 1 be the sizes of faces incident with z in a cyclic order.
2-color the faces (Fig. 34 see p. 259). The color containing the face of sizeal 1
has(eg+ 1) T @& +!)++em + (a%-i + 1)+ 3&edges on its boundary, the
other one has (a2 1) f- ... + (ais - 1) -(- 3IV edges. In both cases we get
the total number of edges of G. Hence,

& <2+ ... <X "=«2Fdf - ... J-«& (mod 3).

5
Moreover, we have * (a-—1) = 5. Itiseasy to verify that the only solution of
=i
these equations is
ul= 2, a2=5b

(or conversely). Thus, exactly two, neighboring points of the pentagon have
odd degrees [T. Gallai].

29. Let the three colors be red, blue, green. Each triangle whose points get
different colors has one red-blue edge; any other triangle has 0 or two. More-
over, every red-blue edge is counted twice, in both triangles adjacent to it.
So this adds up to an even number, i.e. the number of triangles with 3 different
colors is even.

Remark: The statement is a special case of Sperner’s lemma in algebraic to-
pology, which is equivalent to a similar statement for »-dimensional triangula-
tions [see e.g. L. S. Pontryagin, Grundzlge der Kombinatorischen Topologie,
Berlin, 1956, p. 73].

30. Consider the coloration defined in the hint. If there is a face with points
x, Y, z, of color red, blue, green (in this order) and z ( F, (say), then z plus
the (x, a)-path in yields a (z, a)-path in Vv whence z should have been
colored red.

Now if there is no (a, ¢)-path in Fj and no (b, d)-path in V2 then ¢, d are green.
Hence, if we add the edge (a, c), we get a triangulation with only the face
abc meeting three colors. This contradicts the preceding exercise.

31. (@) True; in fact, A is regular iff det A 0, a fact whose standard proof
uses considerations valid in any field.

(b) True; for
det ATA ~ det ATdet A — (det Af 3#0.

(c) False; for we may have a vector u with uTu= 0 (eg. if F=
--GF(2), u = e, - e, or F is the complex field and u — (1, ), and then the
transformation A defined by

Aex—u, He2= ... = Aen—0 (for some basis eX. .., en)

satisfies A N 0, YATAX — (Ay)J"Ax = 0 for any x, y, thus ATA = 0.

(d) False; ifuTu= 0,u” 0. then let M = <u> (the subspace generated by
u); then M A ML

(e) False; for the preceding M, we have (M, JI-}) = ML ¥V, as, e.g. one
ofel,..., e, is surely non-orthogonal to M.
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(f) True; let A be as in the hint. Then
XEML<>xrv,=0 (i= l..... k) <>xTAe, = 0 (i= l...... K),
O efATx= o (i=1 ..., A<>ATxE<eA] ... >

oxg (Ar)-Iel+1 ...,e,>
Hence

= (AT)~\ek+l, ..., €R
which shows that dimM x = n- k

g) True; for let u 6 M, then u is orthogonal to every element of Mx,
i.e. u 6 (Afx)x. Thus
ML
On the other hand,

dim (Mx)x —n —dim Mx —n — (n —dim 31) = dim 31,
which proves the assertion.

32. x£(31, XXx) x iff x is orthogonal to both M and Mx, ie. x67ffx N
T [flc)r = M1 ML. Hence

(M, M1y = 320 T,

Now, letu6M MMXx.Then n £M and u 6 31+, thus uTu = 0. This means,
however, that the number of I’s in u is even, which is equivalent to urj = 0.
Thus j 6 (M M Tfx)x = {31, ilfx). [T. Gallai, W. K. Chen, loc. cit. on p. 254.]

33. (@) We show UGconsists of the cuts. Cuts form a subspace; for the sum of
cuts determined by the sets iS\ and S2 respectively, is the cut determined by
$1/1 S2 Each star is a cut. Conversely, the cut determined by S is the sum of
stars determined by the points of S.

The star of x is orthogonal to aset A of edges iff the subgraph determined by A
has even degree at x. Hence, WG consists of the sets of edges of subgraphs
with even degrees. By the solution of 5.13, WGis generated by the circuits
of G

Ifall circuits are even, then j = (1,..., 1)is orthogonal to every circuit, hence
j€( 7~ = UG This says by (a) that G is bipartite. Hence 5.3 follows.

To show 5.16, we have to determine dim 1TG It is enough to determine dim
UGhby 5.21f. Let Av ... ,Anbe all the stars. Since

An= At+ ..+ An i,

we have Ua— (A3 ...,An_1). We show that Al...... An_x are linearly
independent. Any linear dependence between them would be of the form

A+ v o+ Alk= 0,

as we are working over GF(2). However, Au + ...+ Aikis a cut determined
by a non-empty proper subset of V(G), which is non-empty because G is con-
nected.

Thus dim Ua—n —1, dim WG—m —n f 1, g.e.d. 5.17 follows from
5.32 immediately.
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(b) The assertion is trivial for disconnected graphs, so suppose G is con-
nected. The number of decompositions, i.e. the number of solutions of a -f
+ b=j, af UG bg WG is clearly equal to \UGI Wa\. This is the same
as the number of vectors u g HCorthogonal to every element of UG

Let AO be the point-edge incidence matrix of G and A0 the matrix arising
from it by cancelling a row. Then the range of A% is UG We also know A'l
is one-to-one. Thus, we are interested in the number of vectors x such that

(NX)T(NMy)= x*oN1TY= 0

for every y. But this holds for every y iff AOAI x = 0. This equation has a
unique solution iff det AnRA™ =40 (mod 2). By 4.9 this means the number of
spanning trees is odd.

34. Let Cv...,Cf_ i be the finite faces, considered as circuits of G, i.e. ele-
ments of WG We show that every circuit of G is the sum of some C/s. Let C
be a circuit of G. Each face Gtlies either inside or outside C. Let, say, Cv ... ,Cr

lie inside C. Then
C— + eee+ Cr;

in fact, if e is an edge of O, then exactly one of the two faces incident with e
lies inside G, hence e g E(G1-(-... + Cr). If e is inside (outside) C, then both
(none) of these two faces are inside G, hence e does not occurin =~ + ...+ Cr.
On the other hand, if Gv ..., Cf-i were dependent, say

Ci+ eee+ Cr= o

then draw a continuous line from an inner point x of Cxto the infinity, avoid-
ing the vertices. This line leaves the union of faces Cx........ Cr at a point
which belongs to an edge e of G. Then exactly one of the two faces adjacent
to e belongs to Cv ... ,Cr, hence

e€ci + ¢+, + Cr,
a contradiction.

Remark: Since the dimension of Wais m —n -f- 1 by the previous prob-
lem, we get

i.e. we also obtain Euler’s formula at least for 2-connected graphs. Conversely,
the use of Euler’s formula would have made one half of the proof superfluous.

35 (@) Leteg ™ Gt ,andsay egCh yg7U,7. We claimy g7. This is clear

[
if y gJ. Suppose ngJ, then since no other Gv, vg 7 UJ contains e, we have

e<L2Cir UG,
iej ni
whence y g 7. Thus, eg Ct= K, i.e. ™~ Ctec; K. Since if is a circuit
ifi feiu
and N Cj a0, we have Y
ivuul
K= £ C,.
itiuj
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Since K has a unique decomposition into the sum of Cj’s, we get
mra=1, Jc/.

(b) If Cv ..., Cj are the only circuits, then it is easy to see that they are
precisely the blocks of G (not counting cutting edges).

Let K ~ Gv ..., Cfbe acircuit such that its representation as the sum of
Ci’s has a minimum number of terms. Let, say,
K = cnr-f- Cr r 2), I=q¢,...,n
and, e.g. CxMC2440. Then C\ -f- C2 has even degrees and therefore
Q) Gk+ C2= Kl + .ee+ Ksg,
where Kv ..., Ks are edge-disjoint circuits. At least one of them, say Kv
must be different from Cv . . ., Cf, otherwise (1) would show that Cv ... ,Cf

are linearly dependent. Let
Kr= 2
iij
By (a), J c; 7 and hence by the minimality of I, we have J = I. Thus K —
and so

@) icCj+ C2

We claim that K = Cr+ C2 Suppose there is an edge of 6\ not in K UC2
(say). This edge belongs to a Ck, 3 <1 &<) r. (2) holds for Ck as well, i.e.

©)) K C(7,+ Ck
But (2) and (3) imply that an edge oflg not in c\ must belong to both of c2

and Ck and thus it cannot occur in “\77,-, a contradiction.
Thus Cx+ C2is a circuit. t—

() We use induction on the number of edges. Let, say, Cr+ C2= C be
a circuit. Remove the edges common to Cx and C2 and the isolated points
that possibly arise. Let G' be the resulting graph.
Consider the system C, C2,... ,Cf. It is obvious from the construction that
each edge of G' is contained in at most two of them. Moreover, if A is a sub-
graph of G' with even degrees, then

A= 2°i
i€l
{/ C {1,...,/}), and here either both C1and C2 occur or neither of them,
whence A is a linear combination of C, C3,...,Cf. Moreover, C, C3,...,Cf
are, obviously, linearly independent. Hence, by the induction hypothesis,
G' can be embedded in the plane so that C, Cs,... ,cj are boundaries of faces.
To get G we have to put back Cr M C2 which is a path joining two points
of C and thus, it can be done and Cv C2 will become the new boundaries.

(d) It is easy to see that a graph is planar iff each block of it is planar.
A similar assertion holds for the property that WGhas a basis such that each
edge belongs to at most two elements of it. Therefore to prove the equivalence
of these two properties, we may restrict ourselves to 2-connected graphs.



264 SOLUTIONS 5.36

For these, the necessity of MacLane’s condition of planarity follows by 5.34.
We remark that we may require that the elements of the basis should be
circuits. For suppose there exists a basis Av ..., Af of WGsuch that each
edge belongs to at most two of them. A xis the union od egde-disjoint circuits.
One of these must clearly be linearly independent of A2 ... , An. Replacing
A, with this circuit we obtain a basis with the same property. Going on similarly
we can replace A2 ... , At by circuits.

Now the sufficiency of MacLane’s condition follows by (c). [S. MacLane;
see W.]

36. Suppose Gis a planar map and let G* be its dual graph. Then if associates
with each e £ E(G) the edge of G* crossing it, will satisfy the requirements of
the statement by 5.23.

Conversely, suppose G* and tp exist, we show G is planar.

First, we prove that the edges of a star in G* correspond to the edges of an
element of WG For let X ci V{G) and suppose <p(X) is the star of a point
XE V(G*). Let Bv ..., Bs be the branches of G* relative to x and let At be
the set of (x, [})-edges. Then A, is a minimal set which meets every spanning
tree of G*. Therefore, g)~UA;) is a minimal set which is not contained in any
spanning tree of G*, i.e. g~1(A,) is a circuit. Hence

X = %zip-l(Ai)dwc—

Now, let Cv ..., Cr*be the elements of WGcorresponding to the stars of points
in G*. Then trivially each edge of G is contained in exactly two C/s. Moreover
if wesetf= n*—1 Cv...,Gjwill form a basis of WG In fact,

dimWa=e—n-\-1=n*—1=/

(from the definition of G*), and C\, ..., Cf are linearly independent over
GF(2), because so are the corresponding stars in G*.
Thus G is planar by MacLane’s criterion. [H. Whitney; see, e.g. Wi.]

37. (a) It is trivial that G is 2-connected. Suppose indirectly that G —Gy U G2
with MG N F(G2) = {%>y}> |F(6r-)l > 3. Let P, be an (x, j/)-path in Gt
and Ilj = Gj + P3 -~ Then //, is planar; embed 7/, into the plane so that the
path P3_i lies on the boundary of the unbounded domain (this can be achieved
by an inversion). Then identify the two points x and y and delete the paths
Pi (Fig. 35). This results in an embedding of G in the plane, a contradiction.

(b) Let (x0,...,xm be alongest path in G. X0 has degree at least 3,[and
it is adjacent to no point outside this path because of the maximality of it.
Hence it has two neighbors xit Xj with I < i < j. Then (x0, . . ., Xj) is a circuit
with a chord (cf. also 6.35).

(c) Let (x, y) be a chord of a circuit C and choose C so that embedding
G — (%, y) in the plane the number of faces inside C is as large as possible.
Observe first that there is no point outside C. In fact, let GO be a component
of G — V(G) and suppose indirectly that GOlies outside G. Since G is 3-connect-
ed, there must be three points of G adjacent to GO and at least two of these,
n and v say, are not separated by x and y. Then replacing the (u, r)-arc of e
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Fig. 35

not containing x, y by a (u, n-path through GO, we obtain a circuit C' with
chord (x, y) and more faces inside.

The same reasoning shows that all chords ofC running outside connect inner
points of the two (x, y)-arcs of G

Now let us consider the bridges of Ginside C. Call such a bridge flappable if
its endpoints do not separate the endpoints of any outside chord of G. It is
clear that we can “flap” all these bridges to the outside of G. Among the
remaining bridges there must be one containing inner points of both (X, y)-
arcs of G, otherwise x and y could be connected inside C and G would be planar.
So there is a bridge B inside C and a chord (a, v) outside G such that the end-
points of B separate a from v and x fromy on G; also (a, v} and {x, y} separate
each other. This can occur in several ways (Fig. 36):

(@ B contains inner points of the (x, a)-arc and (y, v)-axo (or, symmetri-
cally, of (x, v) and (y, a));

(b) B contains v, an inner point of (x, a) and moreover a point of (y, a)
different from a (or any symmetrical situation);

(c) B contains x, y, a, V.

Take apath P connecting two of the mentioned endpoints of B. In case b)
take a path connecting P to the third one. In case (c) take two paths connect-

Fig. 36
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Fig. 37

ing P to the other two endpoints. If these two paths meet each other, then let
them have a common initial piece. So we get from case (c) two subcases accord-
ing to whether the mentioned paths in B form an H or an X (Fig. 37).

In case (a), we see a subdivision of K 33; by the minimality of G, there cannot
be other edges or any subdividing points, i.e. G w K33. In cases (b) and (cl)
the graph properly contains a subdivision of K33; this is impossible since
each proper subgraph of G is supposed to be planar. In case (c2) we see a sub-
division of K5and hence G s& K-.

(d)  Suppose G is planar. Then, obviously, G cannot contain a subdivision of
K5or K33 Conversely, suppose G is not planar. Then G contains a minimal
non-planar graph GO. If we get rid of the points of degree 2 from GO (removing
them and joining their two neighbors successively), we get another minimal
non-planar graph, this time with degrees at least 3. This graph is Kbor K33
by (c), thus GOis a subdivision of K5or /1.3 [see S I1].

38. We use induction on the number of points. If this is at most 3, the asser-
tion is trivial.

First we show that if G is any planar graph we can introduce new edges to
turn all faces into triangles without getting parallel edges. For let us draw
new edges as long as we can without getting parallel ones. The graph G has
no outpoints; for if G —GxUG2 with V{G1M G2 = {x}, then take a point
X of Gj — x on the boundary of the face which meets both Gx—x and G5 — x;
XV X, could be connected by a further edge.

So G is 2-connected and, therefore, each face is a circuit. Suppose G is the
boundary of a face with at least 4 vertices and let a, b, c, d be four consecutive
points on C. One of the two edges (a, ¢), (b, d) must be missing; since they both
ought to run outside C and therefore, they ought to cross. Suppose a and c
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Fig. 38

are noil-adjacent; then they can be connected by an edge inside G. Hence all
faces of G are triangles.

Thusit suffices to prove the assertion for triangulations. Now we find an edge
(%, y) which is contained in two triangles only. For let x be a point which is
contained inside some triangle T (any point not on the outermost triangle
has this property) and choose x, T so that the number of faces inside T is
minimal. Let y be any neighbor of x. Now if (x, y) were an edge of three tri-
angles (x, y, Zj), (x, v, 22, (x, y, z3), then all these triangles would be properly
contained in T and, say, (x, y, zJ would contain z3 inside it, contrary to the
minimality of T.

So choose an edge (x y) such that the only two triangles having (x, y) as an
edge are the two triangular faces (x, y, zX), (x, y, z2) incident with it. Contract
(%, y) to a point p and remove one edge from both arising pairs of parallel
edges. This way we get a new simple triangulation GOand by induction hy-
pothesis, there is a triangulation GO with straight edges such that the faces
of GO and Ga correspond to each other.

Now consider the edges of G' corresponding to (p, Z) and (p, z2). They split
the angle around p into two angles; one of these contains the edges whose
pre-images in G are adjacent to x, the other one those whose pre-images are
adjacent to y. Therefore, we can “pull x, y apart” and get an appropriate
representation of G with straight edges (Fig. 38) [K. Wagner-I. Fary; see S].

§ 6. Connectivity
1. We use induction on \E(G)\. If \E(G)\ = 0, G consists of isolated points
and hence, ¢(G) = |F(G)|. Let e £E{G). Then

c(G) > c(G—e) —1,

because e connects either two points of the same component of G — e, in which
case G —e has the same connectivity classes, or two points in different com-
ponents, in wich case ¢(G) drops by 1. By induction,

c(G-e) + \E(G-e)\">\V(G-e)\ = |[F(Q) ,
hence G + \E(G\ > c(G- e - 1+ \E(G- ¢+ 1=
= ¢c(G-e) + \E(G-e)\> |F(G).
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2. (a) Let H be a component of the graph G* constructed in the hint. Define

H= U (S| nTt.
@in,t,)(LE(H)

Suppose (X, y) £E{G1UG2), x £N. Let (x,y) £EE(G¥ and x £8tf| Tj (say).
Since Sj is a component of Gv y £Sr Lety £Tjt. Now s, £ V(H), (siti;0 £ E(H),
hence S, MTjaC H, y £H.

Hence, H consists of one or more components of G1 U G2 whence
c(GxUG2 > ¢(G*).
IfSj MTj 0, then it consists of one or more components of GI M G2, hence
\E(G¥)\.
By the previous exercise,
c(GxUGt) + ¢(G, MGo) > |F(G*)| = c(GY + ¢(C2).

(b) Set V= V(Gj) UVG,), and add the points of V — V(G) to G- as
isolated points. Let G- be the resulting graph. Then

V(G[) = Mg:i=V,
oGj) = (@) + \W\ ~\V(Gj)\,
c(G[nG'o) = c[Gj MG2) + |F| - |F(0XM0%*),
(G UG2 = c(GxU ).
By (a),
o(G( UG Fc(GxMGo)  ¢(GX - c(G.
So
e(GxUG2 + ¢(Gxn Go) = ¢c(GL UG + c(G[ n G) -

- WA+ IFGXMGY| ~ (G + oG — IF| + |F(GXNG2)| =
= Gy + (G + |F| - |F(GH - [F(G| + [F(GXNG,)| = c(GY + c(G2).

3. Assume indirectly that G is disconnected and let Gx be a component not
containing xn Let |GX{= k, and xtl, ..., xikits points (1< ix< ...< if< n).
Since the component containing xn has at least dn 1 points, we have
K <1 n —dn— 1. Moreover,

dk N djk”™ Kk — 1,
a contradiction [A. Bondy; see B].

4. Suppose first that Gxcontains an odd circuit C and that Gx, G2are connected.
To follow the hint, let x, y £ F(GX. If there is an (x, y)-walk in Gxof length k,
then there is one of length k - 2 (since we can go on an edge back and forth).
Therefore it suffices to show there are both odd and even (x, ?/)-walks. There is
a walk touching C because Gxis connected; if we add a tour around C to this
walk, we get a walk of opposite parity. This proves the statement of the hint.
Now let (x, u) and (y, v) be two points of GxxG2 G2 contains a walk (n =
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—uQ uv ...,uk—v). We may assume this walk is very long. Then by the
above, Gl contains a walk (x = x0,xv .. .,xk=y) of the same length. Then
((x0, &), (xx ux, ... (xk uk) is a walk in GxxG 3 connecting (x, n) to (y, v).

Conversely, assume that Gxx G2is connected. Trivially, Gv G2are connected.
Suppose both of Gj and G2 are bipartite, and let V(G = AxUBv F(G2 =
= A2\ B2 be 2-colorations of them. Then no edge of Gx x G2 connects
(AxXxA2 U (Bxx B2) to ("™M1x52 U (Bxx A2, a contradiction.

5. Suppose G= GxUG2, FGXMNFG2= {x}, |F(G) > 2. Then 1%,
<, dd(X) k—1, on the other hand, dd(y) = k for y £ F(Gt) — {x}. Let
ux ... ,ur, X vx. .. vs be the points in the two color classes of Gv Then

\E(GM\ = dG(U) -)-+es + dG(ur) + dG(X) = d™Vj) + . e+ dd(vs)
whence
K mr f dG(X) = K ms, & 1ddi(x),
a contradiction.

6. (@ Let P = (X0, xv ...,xm be a maximum path in G. Suppose G —x0
is not connected. Let Gx be a component of G — x0 which does not contain
P —x0. Since G is connected, there must be an edge (y, x0) joining Gxto x0.
Now (y, X0, xv ..., xm) is a longer path than P.

A cycle shows that the assertion does not hold for strongly connected
digraphs.

(b) Let P = (X0, xv ...,xm be a longest path in G. If G—x0—xx is
connected we are finished. Assume not, then there is a point y separated from
X2 ..., xmby x0and xv Let Q be a (y, P)-path in G. Then Q hits P at x0or xv
However, by the maximality of P, it must hit at xv Also, since Q U (P — x0)
is a path and has length <! \E(P)\ by the maximality of P, Q consists of
a single edge, joining y to xv No other edge can leave vy, since it cannot go to
a point outside P (by the maximality of P) and cannot go to a point of P
since x0, xxdisconnect P and y. Thus, y is of degree 1.

Now observe that (y, xv ..., xm) is a maximum path and therefore the same
argument yields a point z ~ y of degree 1 connected to xv This contradicts
the assumption of the theorem.

7. (@ Let e£EE(TA—B(T2. Then Tx—e has two components and T2
has an edge / connecting these. Tx—e + / is a spanning tree having more
edges in common with T 2than T x Repeating this we can transform T xinto T 2

(b) Let W be a largest common subtree of Txand T We prove the asser-
tion by induction on IF(G)| —|V(W)\. If |[V(W)\> \V(G)\—1 the assertion
is trivial. Suppose |F(JF)| < |[F(G)] —2, and let et— (xiti/,) be an edge
of T(with X £ F(TF), yt ™ V(W).

Case 1. yx~=y2 Lettbe a spanning tree of G containing W ex+ e2
Then by the induction hypothesis T x can be transformed into Tg and T3
can be transformed into T 2in the required way, which proves the assertion.

Case 2. yx—y2 Let e3= (x3,y3) be any edge of G—yxsuch that x3£ V(W),
Y1 V(W) (here we use the fact that G is 2-connected). Let Ts and T4 be
spanning trees of G containing W ex e3and W + e2-j- €3 respectively.
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Then by the induction hypothesis, we can transform Txto T3to 1\ to T2
which proves the assertion.

Note that this procedure has the additional property that if Tx and T
have a common subtree W this remains unchanged during the sequence of
transformations, and if W consists of a single point this never plays the
role of the endpoint x.

8. (@) Let e = (xv x2) he an edge of 0 and let Tt consist of e and a spanning
tree of 0 — Then by 6.7b, Txcan be transformed into T 2 through a se-
guence of intermediate trees in the given way, and by the remark after the
solution of 6.7b, we may assume all these trees contain e. The branch of
these trees relative to e containing xxhas one point in T xand n — 1 points in
T 2and its size changes by at most one at each step. Hence it will have exactly
nx points in some intermediate spanning tree T. Now the two branches of T
relative to e give the partition we wanted.

(b) The assertion is clearly equivalent to the fact that a 2-connected non-
bipartite graph G has a spanning tree T such that the (unique) 2-coloration
of T has equal color-classes.

Let G= (X0,.. .,xX) be an odd circuit in G. Consider a spanning tree W of
G — x0 containing C — x0 and the two spanning trees T x T 2 of G obtained
from W by adding the edges (X0, xX) and (x2 x0), respectively. By 6.7b
and the remark after its solution, we can obtain the tree T 2from T xthrough
a sequence of spanning trees of G, each of which arises from the preceding one
by the following operation: we remove the edge adjacent to an endpoint
x ™ x0and connect x to the rest by another edge of G. Let us 2-color each of
these trees with red and blue in such a way that x is red. Then if T x has K
red points, T2has 2m — kK + 1 red points, because clearly every point except
x has different colors in each of them. Moreover, the number of red points
changes by at most one at each step. Hence there is an intermediate tree with
exactly m red points. [A. Bondy-L. Lovéasz; see L. Lovasz, Acta Math. Acad.
Sei. Hung. 30 (1977) 241-251]

9. If G is strongly connected between a and b, let 0 # J ¢ F(G), aEX,
BE V(G) —X. Walking along a (directed) (a, 6)-path, at some point we
have to leave x. The next edge of the (a, 6)-path connects the set X to V(G) — X
(in this direction).

Conversely, suppose there is no (a, 6)-path. Let X be the set of those points
which are accessible from a along a directed path. Then a (I, btX and
there is no edge (x, y) with x £X, y (j X since any (a, x)-path plus this edge
would give an (a y)-path, which, however, does not exist because y § X.

10. Let GObe the digraph obtained by contracting the red edges and removing
the green ones.

Suppose firstthereis no directed (X, y)-path in GO. Then there is a set S0,
X €S0, ¥ $S0 such that no black edge goes from SOto V(G0) —<&. Let S
be the co-image of SO under the contraction of red edges; then no red edge
connects S and V(G) —S and no black edge goes from S to V(G) —S§S, i.e.
(i) is satisfied.

Trivially one obtains that if there is an (x, y)-path in GO, then (i) is satisfied.
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Finally, (i) and (ii) cannot be satisfied simultaneously. Suppose indirectly
that there is a path P as in (i) and a set S as in (ii). Then P has a first edge f
joining 8 to V(G) —8. f cannot be green since P has no green edges and it
cannot be red since no red edge joins 8 to V(G) —S.

Thus/ is black. But/ cannot be oriented from 8 to V{G) —S by (ii), neither
can it be oriented conversely since it lies on P. [G. J. Minty; see B, ch. 1]

11. (a) Let F be a minimum set of edges such that G —F is not strongly
connected. Then by 6.8, there is a set 0 c | C HCG) with ba HX) = 0.
Any edge e in F must join a point of X to a point of V(G) — X; otherwise e
could be placed back and we would still have 6a_Fe(X) = 0. Therefore, if
we put back the edges of F inversely the resulting digraph G' has 6G(X) = 0,
i.e. G' is not strongly connected.

(b) Let F be a minimum set of edges such that G\F is strongly connected,
and let GO be obtained from G by reversing the edges of F. We claim that GO
is strongly connected.

First we consider the case F = {/}.(? is not strongly connected by the mini-
mality of F; thus there is a set A ¢ V(G), X ==0with 8a(X) = 0. Since Gjf
is strongly connected, / must join a point y £ V() —X to a point x £ X.
Invert /, and assume indirectly that the resulting digraph GO is not strongly
connected either. Thus thereis aset Y a V{G), Y =0 such that bdY) = 0.
Again since 62/ is strongly connected, y £ Y but x( F(B) - .

Now ifXn Y ¥=0, then baif(X I Y) = 0 which is impossible. Thus X MY =
= 0. Similarly we obtain 1U Y = V(G). But then 8a{X) = SQY)= 0
implies that / is an isthmus, a contradiction. This settles the case \F\ = 1.

The general case follows by an easy induction on IF]. Let/ £ F and denote
by H the digraph obtained from G by reversing /. The digraph G/(F — {/})
clearly contains no isthmuses, is not strongly connected (by the minimality
of F) and contracting / in it we obtain a strongly connected digraph. Hence
if we reverse / the resulting graph H\F — {/} will be strongly connected.
Moreover, F — {/} is a minimal set with this property. For if HjF( were
strongly connected for some FOa (F — {/}), then so would be (#/FQ)// =
—GIFO U {/} which would contradict the minimality of F as FOU {/} d F.
Thus we may apply the induction hypothesis and conclude that the graph
obtained from H by reversing the edges of F — {/} is strongly connected.
But this digraph is just GO [A. Frank],

(c) Suppose A is a digraph which contains no cycles. Then H has a point x
with outdegree 0; otherwise, starting from any point and walking along edges
in their direction, we would never get stuck and sooner or later we would
complete a cycle. Using induction on V(H), we may assume that the points
of H —x can be ordered in such a way that every edge has larger head than
tail. Putting x on the top, we obtain such an ordering of V(H).

Now let F be a minimal set of edges such that H — F is acyclic. Then V(H)
has an ordering such that every edge of H —F has larger head than tail. If we
put back any edge of F the ordering loses this property, because the graph is
no longer acyclic. Thus all edges of F go “downward”. But then inverting
them they will have a larger head than tail, i.e. the graph obtained from G
by inverting the edges of F is acyclic. [E. J. Grinberg, J. J. Dambit,
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Latv. Mat. E. 2 (1966) 65-70; T. Gallai, Theory of Graphs (P. Erdés-G. O. H.
Katona, eds.) Akadémiai Kiadd, (1968) 115-118.]

12. If the tournament T has a Hamiltonian cycle, then it is obviously strongly
connected. Now suppose that T is strongly connected. Let C —(yv ..., yK
be a maximal cycle in T (this exists, as the acyclic tournament is not strongly
connected). Suppose indirectly that C is not a Hamiltonian cycle.

Let r be a point not on C. Suppose, e.g. (yv x) £ E(T). If (x, y2 £E(T),
then (yv x,y2...yk) is a longer cycle. So (y2 x) £ E(T). Similarly {yhx) £
£E() fori —1,2,... ,k.

Now, let X be the set of all points x such that (yv x) £ E(T). Then (i, x) £
£ E(T) for every x £X as above. Let (x 2) £E(T§ be an edge with x £ X,
z £X (which exists by dT(X) > 0). Then z£C, and thus, z£ X implies
(z,yj £EE(T). Now (X, z,yv ...,yK) is a cycle longer than C [P. Camion;
see B].

13. LetC = (ylt... ,;/k) be a longest cycle which is not a Hamiltonian cycle;
this exists as n > 4. 1T C has length (V(T)| — 1, it misses exactly one point x
and so T — g is strongly connected.

Assume indirectly that C has length at most | V(T) \—2. The same argument
as in the previous solution yields that, for each x £ V(T) — V(G), either
(- X) EE{T) for each 1<!'i< Kk or (x, yf) EE(T) for each 1< i <[ k Let
X denote the set of points with the first property. Let (x, z) be an edge leaving
X. Then

X, z,yv... ,24n R

is a cycle longer than C but still missing a point (yk, in fact).

To show that there are at least two such points let yxhave this property. yv
is contained in some circuit shorter than n; for let X denote the set of points
z with (yv z) £ E(T), then there is an edge (z, u) leaving X and (yv z, n)
is a 3-cycle.

Consider now a longest cycle (yv ..., ykwith k < n; we find as before that
K —n — land this yields apointx  ylsuchthatT — ans strongly connected.

14. Invert all edges of F. The resulting graph G' has no circuit, therefore the
beginning point of a longest path is the tail of every edge incident with it.
Inverting the edges of F again, we get that this point satisfies the requirements.

15. We use induction on |V(T)\. For |V(T)| = 1,2 the assertion is trivial.
Let IV(T)\ ~ 3.

If (pis one-to-one then it is an automorphism. Denoting by T' the subtree
formed by the inner points, 9 maps T' onto itself. If $is not one-to-one, then
<(T) is a proper subtree mapped into itself by q

In both cases we are finished by induction.

Remark: The assertion is a degenerate case of the Lefschetz Fixed Point
Theorem (see, e.g. E. Spanier, Algebraic Topology, McGraw-Hill, 1966).

16. The path connecting two points of the intersection is unique and is con-
tained, therefore, in each of the given subtrees. Thus, it belongs to their inter-
section.
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17. (a) Let xIt x2be the endpoints of Q, xt £ P-. xt divides P- into two pieces
Pj, P"". We may assume P\ is at least as long as P'"" and that P[ is at least as
long as P2 Then

\E(P[ UQU Pi)l > \E(PD\ + \E(Pz>\ > 2\E(P')\ > \E(PM +
+ \E(P)\ = \E(P2)\,

i.e. the path Pj UQ UP2is longer than P2 a contradiction.

(b) Let Pv P2be two maximum paths. Their intersection Q is a path by
6.15, hence P x U P 2has the following form: there are two paths P[, P 2starting
from one endpoint of Q, and two others: P'[, P2 from the other endpoint,
so that

Pr- PiUQUP'i P2= P2UQUP2

We have \E (P)\ = \E (P2)\, because, e.g. |[I7(PI)] *>\E(P2\ wouid imply
that the path P[ UQ UP?2 s longer than P2 Similarly, \E(P"\ = |P(P2)j.
Since P[ UP2 is a path, we have \E(PD\ <. /2 \E (P~ and similarly,
\E(P1)\< 1/2 [EiPJI

This shows that the middle point (points) of P xbelongs to Q and, hence, to
P 2 Since this holds for any P 2, this point (points) is in the intersection of all
maximum paths.

Remark: An example of H. J. Walther [WV; Fig. 39] shows that this is not
true for every connected graph, as was conjectured by Gallai.

Fig. 39

18. First solution. For k= 2 the statement is obvious. Using induction on Kk,
we may assume G1rI1.. . MGk x= GO ~"=0. Suppose GOMGk—0. Let P be
a (GO, ofc)-path. Consider an edge (x, y) of P (x nearer Gk). Then obviously
X V(GO), thus x @V(G)) for some 1<|i< k—1. Hence (%, y) {E(G(.
Now G —(x, y) is disconnected, and x and y are in distinct components
of it. Obviously, Gkis in the component containing x. Since Gt is a connected
subgraph of G —(x, y) and meets Gk, it also lies in the same component.
But this is impossible because GO cz GtandGOhas points in the other component.

Second solution. Let x be a point of degree 1 of G, joined to y. Suppose the
assertion holds true for G —x.

18 Lovasz
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If none of Glt... ,Ghis the one-point graph with the point x, then Gx—x ...
..., Gk—x intersect mutually; for if g is a common point of Gt and Gj, then

so is y. Thus by the induction hypothesis G1—X, ... ,Gk—x have a point
in common, hence so do Gv ... ,Gk If G1(say) has only one point x, then
Xis a common point of Gv ... ,Gk

19. To show d(x, y) -»- d(y, 2 > d(x, z), consider an (X, ?/)-path P of length
d(x,y) and a (y, z)-path of length d(y, z). P UQ contains an (x, z)-path, which
obviously has length at most d(x, 3/2 - d(y, ZZ. Thus d(x, z), the minimum
length of all such paths, is also <, d(x, y) - d(y, z).

Toshow D(x,y) D(y, 2)*>D(x,z), consider an (x,z)-path P of length D(x, 2).
Since G is connected, we have a (y, P)-path Q; let t be the endpoint of Q on P.
t splits P into two paths Pv P 2, of lengths Ixand 12 say. Let Q have length k.
Then Q UPi is an Ix, t/)-path, hence

D(x,y)>k + Ix
Similarly,

D(y,2) > K+ 12
whence

D{x,y) + D{y,z)>2k + 11+ 12= 2k + D(X, z) > D(X, 2).

20. In the formulation given in the hint, let us see how many times a given
edge e is counted on each of the two sides. G — e consists of two components;
let a of the pointsptand B of the points gt be in one of them. Then e is contained

; a(n—a) of the (pitp;)-paths,
B(n + 1—R) of the (qitg;)-paths,
y{fn+ 1—B) + B(n —a) of the (pit &)-paths.
It suffices to show that
aln—a) + B(n+ 1—R) < are+ 1—0B) + B(n—a)
or, equivalently,
R — B)\

which is true because a, B are integers. [J.B. Kelly, in; Comb. Structures and
their Appl. Gordon and Breach (1969) 201-208; cf. 13.16.]

21. (a) First we prove the assertion of the hint. Since all points at distance
d(x) from x are, obviously, of degree 1, 3(x) decreases at every point. On the
other hand, only one point was omitted from the longest path starting from x\
hence d(x) decreases by 1.

Now suppose IV(G)\;>2. Let Z be the set of points, where d(x) is minimal.
If Z contains no points of degree 1, remove all points of degree 1 from G. By
the assertion of the hint, this does not alter Z and hence the statement follows
by induction. If a point x of degree 1 belongs to Z, look at the neighbor y of x.
Obviously, y is strictly nearer than x to any other point. Hence, d(x) can be
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minimal only if d(x) = 1, i.e. G is the tree with two points. In this case, the
statement is obvious.

Note that the center (bicenter) is contained in every maximum path (cf.
6.16b).

(b) Let P be a path of length d(x) starting from x. If P does not contain
y or z, then obviously,

diy) = d{x) + 1, d(z) = d{x) -f 1
and the assertion follows. If P contains y (say), then
diy) > dx) —1, d@) = d(x) + 1,
which proves the statement. [See, e.g. K.]
22. (a) Let kv k2 be the numbers of points in the components of G —x con-

taining y and z, respectively (obviously, these are different components).
Moving from xto y, kxpoints approach but n — X1 depart, hence

$(z) = s(y) + kr —(n —kj) —s(y) + 2A —n.
Similarly,
s(X) = s(2) 2k2—n.

Summing,

25(X) = s(y) -fs(z) + 2{kr+ k2—n) <, afy) + s{z) —2.

(b) Assume indirectly that there are two non-adjacent points X, y such
that BOK = s(y) is minimal. Let
(Xr= X, X2....oo.. Xp, Xp+l = )
be the (X, y)-path. Then
«(*2) ™ e(X).

By (a),

S(X) + S(X3) > 2s(x2) > S(X2) + s(X), s(x3) > s(x2 > s{x),

S(x2) + e(x4) > 2s(x3) >s(x) -f s(x2), s(x4) >s(x),

and so on, finally we get

s(*p+i) = S(V) > s(xp)>
a contradiction [K].

(c) Let xv ...,xp be the points of a path and ylt ...» y,, other points
connected to xv Then, ifp is even, the center of the tree is xp; on tne other hand,
(YA

the baricenter is x,, if g= . Thus, the distance ofzthe baricenter and

center is 2 — 1, which is arb|2trarily large indeed.

18~
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23. In
2 d{xy),
X,ye v(G)
there are exactly n — 1 terms equal to 1; if G is the star, all the other terms
are 2; otherwise, they are not less than 2 with at least one of them 3. Hence,
the sum is minimal for the star.

To prove the statement given in the hint for the second part of the prob-
lem, note that, for an endpoint »xof a path P we have

(@) sX)= 1+ 2+ ... + (»—1).

If G is any tree and x an endpoint of it, and d(x) = d, we have at least one
point of distance 1,2, ,d from x, therefore the sum defining s(x) looks like
) sx) —1 42+ ..+ ...—dn 14,

where dv . ..,dn_1d d Obviously, (2) (1) and equality holds only if
d—n—1,ie Gis apath and x its endpoint.
Now we prove by induction on n that

N
x.y%v(G)d y)
is maximal {G ranging over all n-point trees) if G is a path. Let a be a point
of degree 1in G. Then

= + '
x,y£2V(G)d(X>y) x,y£V2(G—a) dx y)—
Here the first term is maximal if G is a path and a is an endpoint of it. For-
tunately, in this case the second term is also maximal by the induction hy-
pothesis.

24. Let P = (xv ..., Xa- 2) be a path of length 2k — 3 in G. With any point
y not on P, associate a path Py in the following way. Let Q be the path
connecting y to P and having no other point in common with P. If Qis longer
than Kk — 1, let Pybe the segment of Q of length k, starting from y. Otherwise,
let Py consist of Q and a subpath of P. Such a choice is possible since P has
length 2k — 3, hence one of the pieces of P incident with the endpoint of
Q is of length k — 1. Furthermore, let PX be a subpath of P incident with
X for kK <, 1 <| 2k — 2.

It is easy to see that the Pv’ are distinct and that their number is n —k.

25. The resulting graph is obviously a spanning tree. Let H be an optimal
spanning tree with the maximum number of edges in common with G and
let e-= (X, y) be an edge of G not in //, selected at the ith step. Let P be
the path in H connecting x to y; then there is an edge / of P connecting Gt to a
point outside it. Since we preferred to choose e, rather than /, v(e:) <, v(f).
On the other hand, H —/ -j- e- is a spanning tree and has no more expense
but more edges in common with G than H, a contradiction.

Bemark: If Gt is the component containing a given point at every step, the
raph formed by the edges selected in the first i steps is always connected.
?J.B. Kruskal; see S.]
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26. Let G, G' be two optimal trees. Let e be an edge of G not in G'. Consider
the path in G' connecting the endpoints of e. Some edge of it, / say, connects
the two components of G —e. Now either G—e f or G' —f -\- e has less
expense than G

27. If e, T aie contained in the same circuits, then / is contained in no circuit
of G —e, hence G —e —/ is disconnected.

Conversely, if there is a circuit containing / but not e (say), then / ison a
circuit of G —e, whence G—e —/ is connected. This proves the statement
of the hint.

Now (a), (b) follow immediately. To show (c), let e he an edge not in the
removed equivalence class P, and let fEP.e is not a cut edge of G —/, hence
there is circuit G containing e but not /. C obviously contains no other edge
of P, whence C is a circuit of G—P. Obviously C lies in the connected com-
ponent of 62— P containing e. Hence e is not a cut edge of this component.

Toshow (d), we show that each component GO of G—P is incident with two
edges of P. Let (x, y) be an edge of P incident with GO(x £ V(G0), y @ F((?0)).
Let Obe a circuit containing (x, y). Let us walk along C, starting from x through
(%, y). Upon reaching a point of GO again, let us go back to x within GO The
circuit defined this way contains exactly two edges of P incident with GO;
on the other hand, it contains all edges of P; hence there are exactly two edges
of P incident with GO.

Thus, contracting the components of G—P, we get a connected regular
graph of degree 2. This is a circuit.

28. We can select a circuit Gx of G. Assume Gy, . ..,Gj are already selected
in such a way that Gi+l (1 < r< /) is either a path having its endpoints in
common with Gy U... UG, or a circuit having one point in common with
GyU...UG. IfGyU...UGj= G we are finished. Otherwise, there is an
edge e = (x, ¥) not in Gy U... UGj but having a point x in common with
Gy U...UG). Let C be a circuit containing e; start from x walking through
e and then along C until we meet Gy U. .. UGj again; let Gj+X be the sub-
graph consisting of those edges and points we touched. Then, obviously, Gj+1
is either a path with two endpoints in Gy U... UGj, or a circuit C meeting
Gy U... UG;j in the point x only. Thus we could find a suitable Gj+1. G being
finite, sooner or later we have to have decomposed the whole G.

29. First solution. I1fwe orient G in some way and the resulting G is strongly
connected, let (x, y) be an edge of G, directed from x to y. There is a path in
G connecting y to x; hence (X, y) is contained in a circuit of G (even of G).
Now assume that G is 2-edge-connected. We use induction on the number of
edges. Remove an equivalence-class P defined in 6.27. The components of the
remaining graph are 2-connected and thus they can be oriented so that they
are strongly connected. The edges of P lie on a circuit C; let us orient them
in accordance with a cyclic orientation of C. It is easy to see that the resulting
digraph is strongly connected.

Second solution, (for the second part): Let G= Gy U... UGr as in 6.28,
then we can define an orientation of G by considering an orientation which
makes an oriented path or cycle out of each Gt.
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Let a £ V(G]). Then it easily follows by induction on j that any bf V(G))
is accessible from a on a directed path and conversely, a is accessible from
any other point. By the transitivity of accessibility this proves G is strongly
connected. [H.E. Robbins; see B, Wi.]

30. By induction on k, we can find a circuit COsuch that ev ..., ek lare well
fitted with CO. If ek is well fitted with CO, we are finished. If both endpoints
of ekare on CO, ekand one of the arcs bounded by its endpoints give the desired
circuit. Thus we may assume e has one endpoint x on CO and one endpoint
y not on CO.

Contract CQ The resulting graph G' is obviously 2-edge-connected and by
induction, it has a circuit Clwith which all the edges e-not on (70are well-fitted.
Let C[ be the subgraph of G mapped onto C1 by the contraction. There are
three possibilities.

(@ C[ is a circuit disjoint from GO. Then CJ[ is the desired circuit.
(b) C[ is a circuit having one pointin common with CO. Then it must contain

ek (since ekis well fitted with Cr), hence it does not meet the e ’s on C0, and has
the desired property again.

(c) C[ is a path connecting two points of COek lies again on C[. Now C[
and one of the arcs of CO bounded by its endpoints gives a circuit with the
desired properties (Fig. 40).

Fig. 40

31. The only non-trivial statement to prove is that mentioned in the hint.
Walk from e3in both directions on C2till we meet G\; let x and y be the two
points reached (it may happen that x and/or y are endpoints of €3). x and y
are distinct, so they bound two arcs of Cv one of which contains ex; this arc
and the arc of C2bounded by x, y and containing €3, give a circuit containing
ex and e3

32. (i) => (iii) :First let e and / be two edges with a common endpoint x.
Let y and z be their other endpoints. Since G —x is connected, there is a path
in it connecting y to z; this forms with e and / a circuit.

Using 6.31, we get that any two edges are on a circuit; in fact, an equivalence-
class of the relation “being on a circuit” contains every edge which is adjacent
to its edges; therefore consists of the edges of a component. But G is connected,
hence this equivalence-class is the whole graph.
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(iii) > (ii): Given two points, consider one edge incident with each and
a circuit through these two edges.

(i) = (i): Assume that the removal of a point x disconnects G. Let a, b
lie in different components of G — x. Then no circuit can contain both a and b.

33. First solution. We show that G —GxU ... UGr, where Gl is a circuit
and Gi+l1 is a path having exactly its endpoints in common with Gx U ... UGt.
Let G1 be a circuit and choose G2, . . .,Gt satisfying the requirement above.
If GIU... UGt¥*G, we can find an edge (x,¥) in G—E(GXU ... UGt)
such that x £ V{GXU ... UGt). Since G —x is connected, we can find a
(y,GxU...UGt—a;)-path Q in G—x. Then Q and (X, y) give a Gi+V
Therefore, sooner or later we have G —GxU ... UGr.

Now U...UGr_1is 2-connected, which can be seen very easily. Hence
Pk= Gr satisfies the requirements.

Second solution. Let Pv P 2 P 3be three paths connecting a and b(a,b £ V(G))
and assume a, b, Pv P2 P3 are chosen so that P1is of minimum length.
First we show P x has inner points of degree 2 only. Assume (X, y) would be
an edge incident with an inner point x of P 1 but not belonging to Pv Since
G —x is connected there is a (y, PxUP2UP3—a:)-path Q in G—x. The
other endpoint of Q may be on Px or on P2UP3; in either case we get
two points connected by three independent paths, one of them being shorter
than P v a contradiction with the choice of P x (Fig. 41).

Fig. 41

Thus the inner points of P xare of degree 2. Remove the inner points of Pv
The resulting graph G' is 2-connected. In fact, consider two points a, b of
G' —c for some c. There is an (a, 6)-path P in G —c. If P does not go through
Px it is an (a, 6)-path in G —c. If PxC P, one of P2 P3 does not contain
¢ and we can “avoid” P xusing it. Thus G' —c is connected.

This proves that P, satisfies our requirements. [H. Whitney, Amer. J. Math.
55 (1933) 236-244; also see G. A. Dirac, J. Reine Angew. Math. 228 (1967)
204-216.]

34. Let G—GxU. .. UGr where Gxis a (p, <?)-path and Gi+1 is a path which
has exactly its endpoints in common with GxU ... UG> Such a decompo-
sition can be found just as in the first solution of the preceding exercise.
Now order the points of Gxaccording to their position on Gx; insert the points
of G2between them, so that they are ordered in accordance with their positions
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on Go (and thus, lie between the two endpoints of Go) etc. The ordering obtained
finally has the property that each point is adjacent to both earlier and later
oints.

g Now orient any edge, so that its tail anticipates its head in this ordering. Then
starting from any edge (x, y), we can find edges (y, yx), (yv y2 etc. by the
properties of the ordering the last of which must end, of course, in g Similarly,
there are edges (xx X), (X2, xX) etc. the last starting from p. These edges yield
a (P9 path of G containing (x, y). [A. Adam, A problem of the Schweitzer
Competition, Mat. Lapok, 22 (1971) 34.]

35. The assertion given in the hint follows from the second solution of problem
6.33; it proves immediately that (i) implies (ii). Conversely, if (ii) holds, let
e = (% y) be an edge such that G —e is 2-connected. Then x and y lie on a
circuit of G —e which has e as a chord, a contradiction. [M. D. Plummer,
Trans. Amer. Math. Soc. 134 (1968) 85-94.]

36. If G= C we have nothing to prove. Otherwise, there is a (C, C)-path
in G. For let n be a point of C of degree at least 3, (u, v) an edge not on C,
and POa (v, G—w)-path in G—u. Then PO (u, v) is a (C, C)-path.

Now let P be a (C, C")-path selected as in the hint. 11 has at least 2 edges by
6.35. Assume z has degree at least 3. Then it follows as above that z is the
endpoint of a (C, C)-path Q. Let w be the other endpoint of Q.

Observe that if P and Q intersect or w is outside R, we can find a circuit such
that (x,z) is a chord of it, which contradicts 6.35 (see Fig. 42). However,
this means that the arc connecting z and w (in R) is a proper, sub-arc of R,
which contradicts the choice of P. [M. D. Plummer, ibid.]

Fig. 42

37.G' is a forest by 6.36. By the argument in the preceding proof, there is a
(G', (r)-path Qv 11G" is connected, then it contains a path Q2 connecting the
endpoints of Qy C = QxUQ2 s a circuit whose points of degree 2 form an
arc of it (these are the inner points of Q2 in fact).

Now let P be a (C, C)-path; one of the arcs connecting its endpoints has no
points of degree 2. On the other hand, this arc contains a minimal arc of this
type and this has a point of degree 2 by the solution of the preceding exercise.
[M. D. Plummer, ibid.]

38. Let Gv G2 be two isomorphic trees such that every endpoint of them is
at distance at least 1000 from their centers, and which have no points of degree
2. ldentify the corresponding endpoints of Gy and G2 The resulting graph
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G is 2-connected; for take any two points x, y of it. Let X', y* be the correspond-
ing points in the other tree (maybe x = x' or y —y'). We show that even
X, X*, y, y' lie on a circuit. We may assume X,y "Gxx',y' £82 Let P1 be
the path in Gxconnecting x to y. We can lengthen P xto a path P which con-
nects two endpoints of Gv Let P* be the path corresponding to P; then PUP"’
is a circuit which contains x, x', y, y".

On the other hand, removing an e £ E(GY) (say) the resulting graph will not
even be 2-edge connected, because the edge e' £ E(G2) corresponding to e
will be a cutting edge of it.

39. (@) If G has k edge-disjoint (a, 6)-paths, it is obviously Pedge-connected
between a and b. To prove the other part, remove edges till the removal
of any further edge will destroy ~-edge-connectivity between a and b. Then
obviously, there will be no edge with head at a or tail at b. Assume first there
is an edge exincident neither to a nor to b. Since G —exno longer satisfies the
conditions, it has a (k —I)-element (a, 6)-cut C. Then, C= G U {ej =
= {ev...,e.} is a Pelement (a b)-cut and by the choice of ev the set S
determining C satisfies }3 (> 2, \V{G) — S\ > 2.

LetG1G2be the graphs obtained by contracting S and V(G) —S, respectively;
let a' and b' be the images of a in Gt and b in G2, respectively.

Obviously, Gxis ~-connected between a' and b, and thus by the induction
hypothesis, there are k edge-disjoint (a', 6)-paths Pv ..., Pk Since the edges
going out from a' are only ev ... , ek, we may assume e-£P,. Similarly, there
are K edge-disjoint (a, fe')-paths Qv ... ,Qk in C2 et£Qt Then PxUQv . m-
... ,PkUQu form Pedge-disjoint (a, 6)-paths in G.

What is left is the case, when each edge has tail at a or head at h.

If there is an (a, b)-edge, we can remove it and proceed by induction on k,
thus we may assume there is no such edge.

For any x  a, b, let k(x) be the minimum of the numbers of (a, »)-edges and
(x, 6(-edges. Then obviously, there are k(x) edge-disjoint (a, 6)-paths.

xa,b, .
On the other hand, let S be the set of all points x which are connected to b

by k(x) edges. Then, the cut determined by {a} US has exactly k(x) edges.
Hence x"a.b

~OKX) = k
b

which proves the assertion.

(b) As suggested in the hint, consider a graph G', which has points a, b
and two points xv x2 for each x £ V(G)v x ~ a, b. Put al= a2= a and
bx= b2= b For any edge e= (X, y) EE(G), G' has the edge €' = (X2 yXr
moreover, for each x £ V(G), x ™ a,b, the edge (xv x2). Now

((;) 6G' is /."-edge-connected between a and b iff G is ~-connected between
a and 6;

r(]ii) G' has Pedge-disjoint (a, 6)-paths iff G has k vertex-disjoint (a, b)-
paths.
To show (i), consider an (a, 6)-cut G in G'. Let A consist of all points x such

that (xv x2 £C and all other edges of C. Then \A\ = |C| and A separates
a and b in G; for if P is any (a, fe)-path in G, then the edges ofG' corresponding
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to edges and inner points of P, form an (a, ft)-Path P' in G and since P' contains
an edge of G, P contains an edge or point of A.

Conversely, if A is a set of edges and points separating a and b in G, then the
construction above associates a set C of edges of G' with it, and G will be an
(a, b)-cut with 1(7L = \A\. This proves (i).

Now consider K edge-disjoint (a, 6)-paths Pv ... ,Pkin G Ifxt £ P; then,
obviously, (xx x2) is an edge of Pj and x3 tis also on Pj. Hence, Px ...,Pk
are vertex-disjoint and even contracting the edges (xx x2) to get G back,
we obtain k vertex-disjoint (a, 6)-paths of G.

Conversely, if there are K vertex-disjoint (a, 6)-paths in G, then the (a, b)-
paths of G' associated with them in the natural way are vertex-disjoint, and
hence edge-disjoint. This proves (ii).

() and (ii) prove the statement of (b), by (a).

(c) The directed graph G obtained as in the hint has the same connectivity
and edge-connectivity between any two points as G.

Moreover, the maximum number of edge-disjoint (vertex-disjoint) (gs, 6)-

paths of G and G are the same. For edge[vertex] disjoint (a, &-paths of G yield

such paths in G. Conversely, if we have some edge-disjoint (a, fr)-paths of G,
we may assume that they do not use both (x,y) and (y, x); for in this case
one can easily find another system of the same number of (a, 6)-paths, which
contain neither (x, y) nor (y, X) (in the vertex-connectivity case, this difficulty
does not even arise). These paths yield edge-disjoint (vertex-disjoint) (a, b)-
paths in G [K. Menger; see any textbook on graph theory.]

40. The graph G' constructed in the hint is ~-connected between a and b;
since a and b are non-adjacent, it suffices to show that the (a, 6)-paths cannot
be covered by k — 1 points; but this is the assumption. Therefore by Monger’s
theorem, there are k independent (a, b)-paths in G'; removing a and b from
them, we get K (A, /i)-paths as desired.

41. To prove the statement formulated in the hint, let us substitute w(x)
distinct points for each x, and connect two new points if the original points
are connected. Denoting by G' the resulting graph and by A" and B' the sets
of points substituted for A and B, respectively, these sets will satisfy the
conditions of 6.40. For let X be a set which meets all ( A ii*)-paths of G'. Choose
X to be minimal. If X contains a point x1substituted for x, then it contains
every other point x2substituted for x; since if N — xxfails to meet some path
P, then P MX = {xx and hence if x2([ X, replacing xxby x2in P we get
a path disjoint from X. Let X0 be the set of all points x £ V(G) such that
X contains the corresponding points of G*, then

[x] = 2 wNe’
x €-X0

on the other hand X meets all (A, B)-paths of G, hence |X]| )> k

There are, thus, k (A', H")-paths in G' which have no point in common. Con-
tracting the points substituted for x onto x for each x £ V(G), we get k (A, B)-
paths in G as required.

Menger’s theorem is obtained by putting w(a) = w(b) —k and w(x) —1
elsewhere; 6.40 follows by putting w(x) = 1 for every x. A third special case
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of interest is when A — {a} and w(a) = k, w(X) = 1 for x ™ a. Then we get:
if any set which does not contain a but meets every (& S)-path is of cardi-
nality at least k, then there are K (a, _B)-paths which have no point but a
in common. [G. A. Dirac, J. London Math. Soc. 38 (1962) 148-163.]

42. 1f Rv ... ,Rk are chosen in accordance with the hint, we claim that, if
the beginning edge of a Qj (1 <(j < K+ r) is not the beginning edge of any
Rj, then Qj is independent of every W,. For assume Qj meets some of them
and let X be the first point of Qj in common with an rR{ Let w, be the path
consisting of the (a, x)-part of Qj and the (x, B)-part of Rt. Then

\E(RIU.. .URi U...URK- E(QlU...UQk)\ <
< \E{R1U...URK —E(QrU...U0,+)|,

a contradiction.
Now there are at least r of Qv . . . , Qk whose beginning edge is not a begin-
ning edge of Rv ... , Rk [H. Perfect, J. Math. Anal. Appl. 22 (1968) 96-111.]

43. With B = V(PQ0), the conditions of 6.42 are satisfied: we have k independent
(s B)-paths 1\, ... ,Pkand, on the other hand, suitable beginning sections
of QO,...,Qk give /- -f 1 independent (a, B)-paths (no matter where they
end, i.e. where they meet P0). Therefore, we have K + 1 independent (a, ill-
paths Rv ... ,Rkand R such that Rv ... ,Rkend at b. R UPO contains
a (k Dst (s 6)-path, independent of Rv ..., Rk [For this and the next
problem see G. Hajos, Theory of Gr. Int. Symp. Rome, Dunod, Paris-Gordon
and Breach, New York (1967) 147.]

44. Let ¢ a, b. Assume indirectly that c is not connected to anyone of a
and b. The addition of an (a, c)-edge produces k -f- 1 independent (a, 6)-paths;
removing this edge again we get K independent (a, b)-paths and a (b, c)-path
independent of them. Similarly we get k independent (a, 6)-paths and an
(a, ¢)-path independent of them. By 6.43, there are k + 1 independent
(s, 6)-paths in G, which is a contradiction.

We show by a similar argument that, if x is joined to a but not to band y is
joined to b but not to a, then x and y are not adjacent. Assume indirectly that
there was an edge e connecting them. Subdivide e by a point c. Then, adding,
the edges (s y) and (b, X) and applying 6.43, we get a contradiction just
as above.

This statement means the points connected to both« and b separate them.
Hence their number is at least k. On the other hand, through each of these
points there goes an (g, 6)-path of length 2 and these paths are independent.
This proves that the number of points joined to both a and b is k.

Now if Gxis spanned by sand its neighbors, G2 by b and its neighbors, then
joining two points of Gy or Go cannot produce Kk -f- 1 independent (a, 6)-paths
as a and b will still be separated by k points. Thus Gv G2are complete and we
are finished.

To deduce Menger’s theorem, consider an undirected graph G and a, b £ V(G).
We may assume a, b are independent, since the removal of an (g 6)-edge
decreases both the maximum number of independent (a, 6)-paths and the con-
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nectivity between a and b by i. Let k denote the maximum number of in-
dependent (a, 6)-paths; we have to show a and b can be separated by K points.
Add edges till kK remains the same; the graph we finally get is described above
and has a "-element set separating a and b. But the same set separates a and
b in 0.

Fig. 43

45. To disprove (i), consider the graph shown in Fig. 43. Any (a, 6)-path starts
through ev whence any two of them have an edge in common, similarly for
(b, «)-paths. Taking an (a, 6)-path P and a (b, a)-path Q, they connect two
opposite corners of the broken rectangle; hence they intersect somewhere.
Now each intersection point is a point of the graph and has degree 3, therefore
they have an edge in common.

There are two vertex-disjoint paths connecting c to d; hence, if an edge is
contained in each (a, 6)-path it is either ex or /2 Since, similarly, an edge
contained in each (b, a)-path is e2or fv no edge is contained in all (a, &paths
and (b, a)-paths.

This example is not the simplest one. It was given here because contracting
ev ez fv f2, it gives a graph G which is 2-connected between the image a'
of a and the image b' of b, but any (a, 6)-path has an edge in common with
any (b, a)-path. This disproves (iii).

Finally, (ii) is obviously false for a graph consisting of kK vertex disjoint
(a, fr)-paths.

46. Let C be an (a, 6)-cut, determined by S. Then
IC] > \Q -\C*\ = J?{dE(x) - da(x)) = k,
x€ S
which proves the statement by Menger’s theorem.

47. (i) If there are neither (a, b)-paths, nor (b, a)-paths we have nothing to
prove. If P is an (a, 6)-path say, then by 6.46, G—E(P) has a (b, a)-path Q
which is edge-disjoint from P; a contradiction.

(ii), (iii). Assume G is &-edge-connected between a and b. Then there are
K edge-disjoint (a, 6)-paths by 6.39. Remove the edges of these (a, 6)-paths,
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then the remaining graph has k edge-disjoint (b, a)-paths by 6.46. This proves
both (ii) and (iii) [A. Kotzig, JFiss. Z. Martin-Luther Univ. Halle-Wittenberg
10 (1961-62) 118-125].

48. (a) Every edge joining A fl Y to V(G) —X — Y is counted twice on both
sides. Those edges joining X — Y to T — X are counted on the right-hand side
only. Any other edge is counted exactly once on each side.

(b) This follows from (a) by substituting V{G) — Y for Y, and taking into

account the fact that
M = ba{V(G) - Y).

(c) It is clear that

1° if an edge connects two of X — Y —Z, Y —X —Z, Z—X —Y,
X MY MNZ, then it is counted twice on the left-hand side and twice on the right-
hand side,

2° if an edge connects one of X —Y —Z, Y —X —Z, Z —X —Y,
X MY 0 Z to a point not in these sets, it is counted once on the left-hand side
and at least once on the right-hand side,

3° no other edge is counted on the left-hand side.

49. Let d@X) = k, |A|] minimal, x £X. If all edges incident with x go to
V{G) — X, then their number is <€ d@X) = k, so the degree of x is< k
By the Ledge-connectivity, we have equality here.

Suppose that x is adjacent to y £ X. Removing (X, y), the edge-connectivity
decreases, hence there is an 0 ~Z cz V(G) with & (Xy) (2) < k— 1. This
can only be if d@Z) = k and Z separates x and y, say x£Z, y £ V(G) —Z
We may assume X UZ"V(G), otherwise we could consider V(G)—Z
instead of Z. By 6.483,

GB(X M2) £ GA UZ) < g(A) bG(.

Here XA MZ) > k, sQX U2Z) ]> k, ba(X) —da(2) = k Therefore, we must
have equality throughout, in particular d@X f] Z) = k= This contradicts
the minimality of A [W. Mader, Math. Ann. 191 (1971) 21-28].

50. (@) We have to show that if we contract G—(FlIU... UFm we get

a graph G' with not more than m points. Suppose we will have p points.
These points have degree at least k and thus

\E(G)\

On the other hand, each edge of G' belongs to one of the cuts Fv ..., Fm
otherwise it should be contracted. Thus

m

\E(G") \< J}E_\ Fi\ = m mk,

=j

whence
p<j=m

as stated.
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51. Lety, 2be two neighbors of x. Remove two edges (X, y) and (X, z) and create

a new edge (y, z). If the resulting graph G' is not &-edge-connected between

two points of V(G) —x, then there is aset 0 U cz V(G) — {x} such that
bG{U) < &

Since G and G' are Eulerian, ail cuts in them are even; so K is even and sa’(U)
as well, whence

1) a'U) < k - 2
Obviously,
bdU) ~ bo(U) - 2£ E- 2
whence
dqu) = Kk, 6adU) = da(U) - -.
The latter equality means y, zdU.
Now let y be any neighbor of x and U a maximum set such that Ucz V(G) —{x},
ydU, sa(U) = k Since
bquU U {*}) >k = 0QqU),

it follows that U cannot contain all neighbors of x\ let z J U be a neighbor of x.
Now if the pair (y, z) does not satisfy the requirements of our problem, there is
aset Fd V(G]—{a} with y,zdV and &IF) = k Now by 6.48a,

dqU UF) + «QU MV) < GQU) + 00(F) = 2Kk,
and since U fl V ~ 0,

dqu NF) > k
This implies that

da(U U F)™ k
By the maximality of U, this can only occur if

t/lU F = V(G - {x}
Now observe that
bJU - V) + da(V-U )< da(V) + &F),
because in the counting in the solution of 6.48a the edge (X, y) is only counted
on the right-hand side. Here
da(U) = sa(V) = k, GQU - F), d@V-U)~k,

a contradiction.

52. We use induction on |F(G)|; if |[F(0)| = 2 then we have the initial graph I.
Now, suppose |[F(G)| > 3 and x d V(G). By the preceding result, we can find
two points yv zxadjacent to x such that if we remove (x, yr) and (x,zX but
connect yx to zv then the resulting graph Gx is still (2£)-edge-connected
between any two points of V(G) — {x}. If a is still not isolated, we can find
two points y2, z2adjacent to x in Gxsuch that Gt — (x, y2) — (X, 22 -)- (y2 z2)
is again 2 k-edge connected between any two points of V(G) —{x}, etc. Here
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loops can never arise, because a point with loops could be separated from the
other points by less than k edges. Thus we get a (2/c)-edge-connected, (zK)-
regular graph G' which arises from G by removing the edges (x,yY), (x,zJ), ...
(x, YK (X, zK) (and then the isolated point x) and creating K new edges (yv zX),
..., (yk zK). Now G arises from G' by construction Il. [A. Kotzig, Doctoral
dissertation, Bratislava, 1959; cf. also G. J. Simmons, Infinite and Finite
Sets, Coll. Math. Soc. J. Bolyai 10, Bolyai-North-Holland (1974) 1277-1349.]

53. We are going to follow the solution of 6.51 as long as we can. For each
pair (y, z) of neighbors of x we find a set U such that 0 ® U d V(G) — {x}r
y,z £U, and

W )< k(1

(because here we do not gain 1 as we did in (1) in the solution of 6.51).
Now let y be a fixed neighbor of x and consider the set H of all sets U like
above for all points z If the assertion is not true, then these sets

cover all neighbors of x. Let Uv ..., Ut be a minimum number of sets of H
which cover all neighbors of x. Since

bQulwn {¥H ~ k™ ac(f7,.) - 1,
it follows that at most ?qu) edges connect x to Since x is joined to y

which belongs to all Ut, it follows that two U ’s cannot contain all neighbors
of x. Hence | > 3.

Consider Uv U2, U3 Since Uxcould not be omitted from H, there is a neigh-
bor of x which is covered by Ui but not by U: or U3. Similarly we find
that U2— Us —Ux” 0 and Us —Ux— U2 0.

Now use a slight sharpening of 6.48c.

W i- Z7,- U3+ b@U2-U 3- U3+ bqUj- Ux- U2+
+ ba(Urf)u:2f) ul <; bQUj] - bQU2 bqu3) — 2.

(The —2 comes from the observation that the edge (X, y) is counted 3 times
on the right-hand side but only once on the left.) Here all terms on the left-
hand side are ]> k, but all terms on the right are  k + 1. Hence

4k <J3kk+1) —2, k<, ]
a contradiction.

54. (a) Let O ¢ V(G). Then
z) = 6j(X) + 6s(F(G) - X) > k+ jt= 2k

(b) We prove the assertion by induction on \V(G)\. If |V(G\ — 2 it is
trivial. Let |[F(G)| > 3. We may assume G is critically 2&-edge-connected;
then by 6.49, there is a point x with d@x)= 2 k. As in the solution of 6.52, we
find a 2&-edge-connected graph G' and k edges (yv zf), ..., (yk zK £ E(G")
such that if we subdivide each of these k edges by a point and identify these
new points to a point x, we get G (note that now 6.53 must be applied rather

than 6.51). Let G' be an orientation of ©'which is &-edge-connected. This in-
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duces an orientation G of G : if (yt, zt) is directed from yt to 2, (say), then we

direct (yhx) from yt to x and (x, zt) from x to zt. It is easy to see that G is
fc-edge-connected. [In a stronger form this was proved by Nash-Williams;
see B.]

or=/9=1

Fig. 44

55. The necessity of the conditions given is obvious. Consider the graph shown
in Fig. 44. Here the conditions are satisfied since a quadrilateral is 2-edge-
connected. On the other hand any (a, a")-path has an edge in common with any
(b, 6'[-path.

56. (a) Take two new points u, u'. Connect u to a and b by a and [ edges, re-
spectively and, similarly, connect m' to a' and b* by x and 8 edges, respectively.
Condition (*) now implies that the resulting graph G' is (a  /3)-connected
between n and u'. Hence, it contains a 4- B edge-disjoint (u, w')-paths and thus
G contains a —+ B edge-disjoint {{a, b}, {a 6'}[-paths, a of them starting at a
and the same number of them ending at a’, as stated in the hint. Let

Pv ..., Pat3be these paths.

Now G —E{P1)—... —E(P,xHY has even degrees, so by 5.13 it has an orien-
tation with equal out-, and indegrees. Orienting the paths P, from their endpoint
in {a, 6} toward their endpoint in {a', b'}, we get a desired orientation of G.

(b) Let G be an orientation of G as in part (a). First, we show that there are
a edge-disjoint (a, a")-paths in G. Let X C V(G) —{&'}, aEX. If b, b" X,
then

bo ("Oiisi b (X) —ba”i = (y(a) bfiia) —a.

We argue similarly, if b, b'£X or b£X, b' (X. Suppose b' £X, b({X.
Then we have

@ 6s(X) - ba(X) = WJa) - <Sg@) + (sMb’) - 66(b")) = a- B
mOn the other hand
[ AS(X) + i1[l] = 6a(X) > a+ B.
Summing (1) and (2) we obtain
263{X) > 2a,

which proves that there are a edge-disjoint (a, a'[-paths Pv ... Pxin G
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Now consider G’= G — E(P,) — ... — E(PJ). In this graph
amMb) - WDb) = B, Tb') - Tb') = - B,
t.x) = 0QK for X b

Therefore by 6.46, G' contains B edge-disjoint (b, 6')-paths Qv . mmQBR- Now
Pv.. PaQv ..., QB (more exactly, the undirected paths of G corresponding
to these directed paths) form a required set of paths. [T.C. Hu, Integer Pro-

gramming and Network Flows, Addison-Wesley, 1969; this proof is due to
C. St. J. A. Nash-Williams.]

57. Let G be a 5-connected planar map with a quadrangular face F; let a, c, b, d
be the vertices of F in this cyclic order. Then, obviously, any (a, 6)-path inter-
sects any (c, d)-path.

Thus it suffices to find a 5-connected planar graph with a quadrangular face.
A little experimentation yields, e.g., Fig. 45.

Fig. 45

Remark: It can be shown [P. Mani-H. A. Jung, see Jung, in: Comb. Structures
Appl. Gordon and Breach, 1970 189-191] that all examples are planar. In
particular, there are no 6-connected examples. More generally, there exists a

function g(n) such that given any 2n points av ..., an,bv ... bnin a g(n)-
connected graph, there are n vertex-disjoint paths Pv ..., Pn, Pt connecting
ai to bj.

58. First solution. C separates a and b; for any (a, 5)-path intersects A UB
(«even A) and the first point of it belonging to A U B is a point of G,

Similarly, D defined in the hint is a separating set. Hence, \Q\  k, \D\>Kk.
Now

CflficiflB;

for if x~G MD, then thereis an (a, A U/i)-path P rconnecting xtoaanda (b, A U
U B)-path connecting x to b. Then P 1UP 2is a path, which meets A UB in x

19 Lovasz
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only; since each (a, 6)-path must meet both A and B, x must belong to both A
and B. Thus

\AMB\'> \CIND\ = \G+ \D\ —\GUD\ > k+ Kk—\A UB\ =
= \A\ + \B\ —\A\JB\ = \A(\ B,

which shows that we have equality everywhere, in particular |C| = \D\ = k.

Second solution. Let P,, ..., Pkbe independent (a, 6)-paths (these exist by
Menger’s theorem), then A (B) contains exactly one point & (6,) from P,.
Let ct be the one of a, and bt nearer a on P t.

Now G —{c,, . . ., ck}. Obviously, ¢-£G. On the other hand, if c £C, then
c£ A UB and thus c £Pt for some i. Assume ¢ ® ¢, then ¢ is on the (c-, b)-
piece of Pi. By definition, there is an (a, c,)-path not meeting A, which gives
with the (c-, 6)-piece of P an (a, 6)-path not meeting A, a contradiction.

Thus, |C| = Ik The fact that it separates a and b follows easily as above
[cf. L. Lovasz, Acta Math. Acad. Sei. Hung. 2 (1970) 365-368].

59. Let T be as in the hint. It is enough to show that if T separates G — (x,Y),
then, in fact, it separates x and y; for then, obviously, T Il V(H) separates x
andy in H, i.e. H—(x, y) has a (k — I)-element separating set.

Now if, to the contrary, x, y are in the same component of G —{x,y) —T,
then, adding (x,y), we see that G —T is still disconnected and this is impossible.

60. (@) 1° In G —C, there are no edges between Gx M G3and the remainder of
the graph, which is non-empty. Hence G is a separating set and since GxIMG3
is a proper subgraph of Gx(as B ' ¥(0OX) ™ 0), G cannot be a ~-element separat-
ing set.

2° Letg £(7.Then thereisan (a, A UP)-path P connectingato x. Ifx $A MB,
then x (A or x EB. If x $ A (say), then P does not intersect A, i.e. x is in
the same component Gxof G —A ns a.

3° If b £G2 M Gi} then by 6.58 C has cardinality &

40
woHI>Ppn 7(™N)1 + 17(0,0 0%)],
while :
[7(G4)| = |AN 7(CGH + 17 (6, NGY.
Now since
\B D7(6,)1+ \An B\ + \AM7(6,)I> \C\ >Jc
and

A M70*)1+ \AMNB\ + \AT7(6,)I= \Al = k
it follows that
[PD 7(6,)I>\A M 7(0%)1
whence
IF(G)I >[7(G™)l,
which contradicts the minimality of Gx (Fig. 46).



6.60 § e. CONNECTIVITY 291

Fio. 46

To show the second statement, assume first that F(G2 0 B. Since
ITEXI < 1F((?2)], this immediately implies that |V{GY)\ < k/2.

Secondly, assume that F(G2) <€B. Let, e.g. G2CQ\G3”=0. Since (A nF(G3)U
U (A NB)UQ(@(BNFG2) separates G, it follows that

IAMF@G + \AMB\ + \BMFGa| > kK= \B\ =
= IFIGOl + UM A + |A4N F(&I]I,
IW 1217 n F(G3j.
If 62N 64~ 0 then similar argument yields that
[iW i~ nn FG),

whence

and hence
[* Ta|< ™ |=4.
2 2
If G2IM G4 = 0 then similar argument yields that

IF(64 " [Sn FGa),
and so
[F(GX < |[F(GH| £ \BMFGa| £ \B\ - |F(G))| = lc- |F(fly],
whence the assertion follows again. [W. Mader, Arch. Math. 22 (1971) 333-336;
M. E. Watkins, J. Comb. Th. 8 (1970) 23-29.]

(b) Obviously, G has no multiple edges. We may assume G is not a (k -f- 1)-
clique. Then Gx of (a) exists. Assume G, has at least two points, then Gxhas
an edge e= (x,y). G—e has a (k—I)-element separating set T. Then G —T is

19*
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Fig. 47

connected but G —T — e is not, whence G —T —e has two components con-
nected by e. Suppose the component containing x has more than one point,
then T U {x} is a ™-element separating set of G, having a point x in common
with Gxbut not containing another point, y of it. This is impossible by (a).
Thus Gx= {i} and it follows that x has degree k. [R. Halin, J. Comb. Theory
7 (1969)150-154.]

61. (@) Let {x, y) be a separating set of G —e. Since G — {x, y} is connected,
e connects different components of 6?—e — {Xx, y}, hence a and b are separated
by x, y in G —e.

(b) Let {u, v) be a separating set of Gje. We claim one of u, v is the point
e is contracted onto. For otherwise Gje — {u, v) would arise by contraction of
an edge from the connected graph G — {u, v} and would be connected. Now
if v is this point, then {a, b, u} is a separating set. To show it separates x and y,
consider a component G' of G — {a, b, n}. Since G is 3-connected, this compo-
nent is connected to each of a, b, u and, thus there is an (a, 6)-path P Lwith inner
points in G'. P 1contains one of x and y, x say. Considering another component
G" of G —{a, b, u) , the same argument shows that y must be in G".

(c) Assume the component (rlof G—e —[X, y\ containing a has a point
c=t=a. SinceG is 3-connected, there is a (c, >X-path P in G — {a, y). P does not
go through b and u, because b un and c are separated by a, x, y (even by e,
X, and y); hence P is a (c, x)-path in G — {a, b, u}. Similarly, there is a (c, y)-
path Qin G — {a, b, u) ; however, P UQ then gives an (x, ?/)-pathin G — {a, h.
u}, which contradicts (b) (Fig. 47).

The degree of a is now 3, a contradiction.

62. First we prove the assertion of the hint. Assume G —T is disconnected,
where |T| <(k — 1 If T does not contain either of the endpoints x, y of e,
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then (G—T)le = Gje —T s disconnected, which is a contradiction, because
Gle is M-connected. If x, y £T, then G/e can be cut even by the (k—2)-element
image of T. Therefore, we may assume that x £T, y 8 T (say).

Gle —T can be obtained from G —T by removing y. Gje —T is connected
while G —T is not, which means y was a component of G —T. Hence T con-
tains all the neighbors of y, which is impossible, because y has degree at least h.

Now the result follows easily. Gje is 3-connected by the preceding problem.
Suppose it is not minimal, then Gle —f = (G —/)/e is still 3-connected for
some / £ E(G). Since the endpoints of e have degree at least 3 in G —/, it follows
by the above that G —/ is 3-connected, contrary to the assumption.

63. Let C be the circuit under consideration. If |V(C)\ —2 the statement is
void as an edge-critically 3-connected graph cannot have multiple edges.

Assume |V(C)| > 3. If C has at most one point of degree 3, it has an edge
e whose endpoints have degree at least 4. Then, by 6.62, Gje is a critically
3-connected graph, and the circuit C is mapped by the contraction of e onto
a shorter circuit C' which still has at most one point of degree 3. This is a
contradiction.

This result — with a more complicated proof — remains valid for critically
[..'-connected graphs. [See W. Macler, Arch. Math. 23 (1972) 219-224.]

64. The statement of the hint follows just like (b) in the solution of 6.61.
Take a circuit C through bi and b2inG —a (which is 2-connected so that such
a circuit exists by 6.32), then one of the (bv b2)-ures of C contains u3, the other
one contains b3. Thus C is a circuit through b, and b3and hence by an argument
similar to the one above, it also contains u2 Thus each circuit of G —a con-
taining two of bx, b2 b3 also contains the third one as well as uv u2 and u3
Further U separates bi_1and bi+x.

It follows that each (uv MP-path must contain either b3 or both bxand b2;
otherwise we could replace an arc of C by it and get a circuit violating the above
assertion. Thus b3and b2 separate uxand u2in G—a, but then they also sepa-
rate uv u2in G, a contradiction (Fig. 48). [Cf. W.T. Tutte, Connectivity in
Graphs, Toronto University Press, Toronto, 1966.]

Fig. 48
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65. Construct G as in the hint. I. Gis 3-connected. For let us remove 2 points of
it. If both are inner points of T, then, since the points of T are of degree at
least 3, each component of the remainder of T meets G and this “connects”
them. The same argument works if a point of T and a point of C are removed.
Finally, if we remove two points of C, the remainder of T is connected and
meets all pieces of the remainder of C, thus the resulting graph is connected
again.

1. First suppose e £ E(C), then G —e is at most 2-connected, because the
endpoints of e have degree 2 in it. Secondly suppose e £ E(T). Then T —e has
exactly two components Tv T 2 The endpoints of Tt form an arc A, of C (the
precise proof of this fact is left to the reader). Thus, there are two edges A, /2
connecting Ai and A2 G —e —fx—f2is, disconnected, showing that G —e
is not even 3-edge-connected.

I11. Choose the tree T such that some point x has distance 1000 from all end-
points and all inner points have degree 1000.

66. We use induction on k. Let C be a circuit passing through xv ..., xk v
If xkE V(C) we are finished; assume xk V{C). Now we distinguish two cases.

(@) Assume there are K (xk C)-paths which have only xk in common. The
points xv ..., xk xdivide C into k — 1 arcs, thus one of these arcs (including
its endpoints) contains two endpoints of the paths Pk ..., Pk Now adding
these two paths to C, but removing the arc between their endpoints (which
does not contain any xb 1 i < K— 1), we get a circuit through xv ..., xk

(b) If there are not K (xk, C)-paths which have no point in common except
xk, then by 6.41 there is a set X, jX[ —k—1 xk£X, which meets each
(xk, C)-path. Since G — X is connected, each point of 6 — X can be connected
to xkin G—X by a path. This is a contradiction except when X = 7(C) =

= {xv ..., xk_L}. In this latter case an argument similar to the one above
shows that there are Kk — 1 (xk, C)-paths, having only xk in common. These
paths connect xk to xv ..., xk v Adding two of them, which connect xk to

neighboring points of C, but removing the edge between their endpoints we get
a desired circuit again. [G. Dirac; see B.]

67. Suppose G is a 3-connected graph and ev e2, e3 are edges of G not on a cir-
cuit. We show first that there is a circuit C containing two of them, which does
not meet the third one.

Let Clbe a circuit through exand e2 If e3= (X, y) has no endpoint on Cv we
have the desired circuit. If x£ V (CX), buty £ 7(6']), consider an (y, C Y—x)-path
P of G —x; let this path P end at z £ 7(6”). Then €3, P and one of the (x, z)-arcs
of C1give a desired circuit. Finally, if x, y £ 7(6”), then e3 and one of the
(x, y)-arcs of C] yield C. Now C —el—e2= PkUP2 where Pv P2are dis-
joint paths. Consider all ({x, y}, P K paths of G — V(P2. No two of them are
disjoint, since this would yield a circuit containing ev e2, e3 Thus, there is a
point n meeting each of them. Similarly, there is a point meeting each ({x, y},
P 2-path of G — 7(P]). Then {u,v} meets all ({Xx, y}, G)-paths. Since G is
3-connected, this is only possible if {u, v] = {x, y}, say n = x, v =y. Thus,
any ({x, y}, 6)-path which ends on P r (P2 starts from x (y).

If we show that G — {ev e2 €3} does not contain any (x, ?/)-patli we are
through. Assume indirectly that there is such a path T.



6.69 § 6. CONNECTIVITY 295

Assume first that T does not meetG. Let Qbe a (T,U)-path of G—{x, y) ending
in P x (say); then Q and a suitable piece of T would give an ({x, y}, (7)-path
starting from y, which is impossible. We reach a similar conclusion when T
meets P xonly. Thus the only case we have to deal with is when T meets both
Pxand P2 Then it contains a (Pv P 2-path R, different from exand e2 Let
atPx bE£P2 be the endpoints of R. Since G — {a, 6} is connected, there is
an ({x,y}, C —{a, 6})-path Qxin it. Let the endpoints of Qxbe e.g. x and zx£
£Pv Let Q2be a (y, C)-path in G —Xx, then obviously, the endpoint z2 " vy
of Q2is on P2 Qxand Q2 are disjoint for otherwise we would get on (X, y)-
path of G —{ev e2 €3} disjoint from C.

One of the (zv z2)-arcs of C does not contain a. This arc forms with Qv Q2and
e3a circuit CO, containing e3and one of exand e2 e2say. Now there are (ev C0)-
paths connecting the same endpoint of exto both components of CO— {e2, €3},
a contradiction (Fig. 49).

Fig. 49

68. Using induction on k, we may assume there is an (a, 6)-path P which passes
through xv , Xk _xand assume xk P. It is impossible to cover all (xk P)-
paths by Kk points different from xksince, if X were a ~-element set meeting all
ofthem (xk$ X), then xkand P — X ~ 0 would belong to different components
of G — X. Hence by 6.41, there are k + 1 (xk P)-paths Qv ..., Qk+V having
only xkin common. Since xv . . ., Xk_xdivide P into k pieces, one of these meets
two Q/s. Then removing the subpath connecting these two endpoints but add-
ing the two Qjs, we get an (a, fe)-path through xv ..., xk [M.D. Plummer,
in: Proc. 2nd Louisiana Conf. on Comb. (Univ. of Manitoba Press, Winnipeg,
1971) 458-472].

69. Let C be the boundary circuit of a face F. Let B be any bridge of C. We
show, following the hint, that B contains hll points of C. Assume x £ V(G),
X @V(B). Let vy, z be the two points offifIC next to x on C. Then the other
(y, 2)-arc of G has an inner point; this is trivial, if Pis a chord and follows from
the fact that P has at least 3 points on G, if P has an inner point. Since G —{y,z}
is connected, it has a path P connecting the two (y, z)-arcs of 0. Let Q be a
(y, 2)-path in P. Both P and Q run outside F (as F is a face) and so, they inter-
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Fig. 50

sect by planarity. This means, however, that P belongs to B, a contradiction
to the definition of y and z (Fig. 50).

The statement just shown implies that G has no chords. Suppose Bv B2are
two bridges. Then G + B\ divides the exterior of F into regions having at most
2 boundary points on G and B 2lies inside one of these (as it does not meet BK).
But B2has at least 3 points on C, a contradiction.

Since the result of this problem characterizes the boundaries of faces of a plan-
ar 3-connected map independently of the embedding, it follows that every
isomorphism between two planar 3-connected maps preserves faces. By the
Schoenflies Theorem in plane topology it follows that every isomorphism be-
tween two 3-connected maps on the sphere is induced by a bomeomorphism of
the sphere onto itself [H. Whitney, Trans. Amer. Math. Soc. 34 (1932) 339-
362].

70. Let G be defined as in the hint; we show it has no bridge other than B.
As in the previous solution, we show first that each point of C is on B. Suppose
x £ V(C), x V(B). Lety, z be the two points of B next to x on C. As in the
previous solution, we find a path P joining the two (y, z)-arcs ofGinG —y —z.
Let a, b be the endpoints of P and let R be an (a, b)-arc of G. Then P UR is
a circuit such that the bridge of P UR containing / properly contains B, a
contradiction.

So every point of Cis in B. Suppose B xis another bridge of C. Letc, d be two
points of Blon G. Then a (c, d)-arc of G has an inner point (since Bx is
either a chord or has at least 3 points on G). Denote by R the other (c, d)-arc
of C and denote by P a (c, d)-path of Bv then R UP is a circuit through c, d
and the bridge of R UP containing / properly contains B. A contradiction
again [W. T. Tutte, Proc. London Math. Soc. 13 (1963) 743-767].

71. With the notation of the hint, let PObe an (a, 5)-path, formed by some
edges of ev ..., ek Since {e” ..., ek 1} does not contain any (a, ft)-path,



6.73 § 8. CONNECTIVITY 297

there is an (a, &-cut COsuch that CO contains none of ev , ek_1 Hence,
COMPO— {ef}. Moreover, by definition,

min v(e) = v(ek), max v(e) = v(ek).
On the other hand, let C be any (a, b)-cut, then JIMPO0 0, say et£G IMPQ,
i <; k. Then
max v(e) > x(e,) > v(ek)
etc

and similarly
min v(e) <[ v(ek)
e(.P

for any (a, 6)-path P, whence

max min v(e) = v(ek) = min max v(e)
P e£P C eiC

[cf. J. Edmonds, D.R. Fulkerson, J. Comb. Theory 8 (1970) 299].

72.1. Suppose Dis a function satisfying (*) and P = (a, xv ..., xkb) is any
(a, b)-path. Then

ulP) = v(a Xj) + v(xv x2 + ...+ v(xkb) ;>
> AMN) A+ (R — ) + eoet (<H) —PPK) = ).

I1. Thus it suffices to construct an (a, ft)-patri P and a function ¢ satisfying
(*), such that u(P) = <p(X). We define {pstep by step. Put ®a) = 0. Suppose
Dis already defined for a set S ¢: V(G), a £S and has the property that for
each point x £S there is an (a, a;)-path in S of value (¥). Consider all edges
{X, y) with xZS, y ~S and choose one for which cpX) -)- v(x, y) is minimal.
Set cp(y) = (P9 -F v(x, y). This extends the domain of @ We show that the
property (*) is preserved. Let (z, u) be any edge spanned by S U {?/}, we have

to show
Ha) — D@ < vz, ).
If u, z£S this is obvious. If z£S, n = y then, by the choice of (x, y),
PO = PR + V(X Y) <; P + vz, u).

Solet u£S, z=y. In this case we claim Ha) = <f(y), which will prove the
assertion. For this we show, by induction, that a point chosen later has no
smaller Bvalue than a point chosen earlier. Suppose indirectly that cp(y) <
< %a). Then (p{¥) < (p{y) < Ha) and hence, by induction, x was chosen earlier
than a. But then instead of a one should have chosen y. So 9 satisfies (*).
Moreover, by induction, there is an (a, a;)-path with value (X and adding
(%, y) to this path we get an (a, y)-path with value cp(y).

In particular, we have an (a, b)-path with value 96) when ®is completely
defined. This proves the assertion [For most problems of the rest of this para-
graph see FF or Hul].

73. Since / is an (a, &-flow, the only non-zero term in the expression given in
the hint is

J1/1 - 2
e=(a,y) e—(y, a)
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which is the value of /. On the other hand, each edge e spanned by S occurs
twice with opposite signs, the edges of C occur with positive sign, the edges of
C* with negative sign. Thus, the value of/ is

2f{e)~ 2 M -
eZC egc*
74. We follow the hint. Assume there is an (a, &)-path P in Gv Let
e= min ™ vQfe) > 0.
Now set for e £ E(G),
'I(e) + e if e£E(P),
w = /() —eir e'E wp),
/(e) otherwise.

Then, obviously, /Xg) is an (a 6)-flow of value w(f) + e, a contradiction.
Thus, Gi is not connected between a and b. Hence, by 6.9 thereisan S c V(E)
suchthata £S, b £S and the cut G of G determined by S satisfies

/(e) = v(e) if e£C,

ley=10 if e£C*

Hence, by 6.73,
4f) =2 Ne - 2 Ne =2 W-

Thus g g

max w(f) > min S v(e).

f « ftc

On the other hand, if/ is an arbitrary (a, 6)-flow with/ <€ iz and Gis any (a, b)-
cut, we have

Mf) = 2 /(B)- 2 No < 2 No N 2 >
eec e£C* eiC e£C

which proves the assertion. [C.R. Ford-D.R. Fulkerson; FF.]

75. (8) Consider the network in Fig. 51, where a is the positive root of as -f-
f-a—1= 0, all capacities are 1 and the values of a flow /0 are indicated.

Fig. bl
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We start with the flow in Fig. 51, and use the paths (atwvub), (atuvwb), (avutwb),
(avwtub), and repeat this cyclically. We consider the change of values of fk on
the quadrilateral (uwwt), since the other edges have a large enough capacity not
to interfere.

We claim that after 4m steps we will have the flow shown in Fig. 52, and the
next 4 increases will be adm+l, adm#2, admt3, adm+4. Using induction on m, it
suffices to consider four consecutive steps; so Fig. 53 proves the assertion; the
flow values on the edge (a, t) will be partial sums of

c—a2+ ad—ab+ a6—ald

Fig. 62

lor lor

fim2

Fig. 53
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so they will be strictly between 0 and 1; similarly for the other edges at a and b.
Now the value of these flows converges to

a2f (@a+ a2f...-f K+ ...)—a2-\———1——— = 1+ a+ 2a2< 4
—a

On the other hand, the maximum flow clearly has value 4.

(b) Let us form a new digraph GO as follows: we orient all edges of Pk and
Pk+] toward b and take the union of the resulting directed paths Pkand P k+x;
but we remove those pairs (x,y) (y, X) of edges where (x,y) £Pkand (y, x) £
6 Pk+ VThose common edges of Pkand P k+v which are passed in the same sense
are taken, however, twice.

Now GOhas equal outdegrees and indegrees except at a and b. Thus by 6.46
there are two edge-disjoint (directed) (a, ft)-paths Q\ and Q2 in GO. Let Q1
and Q2 be the two corresponding undirected (a, 6)-paths in G

Now observe that Qxand QhZhave the property that, after the Ith step, they
come into consideration together with PK; i.e. the%/ have the property that their
edges e directed toward a satisfy fkie) > 0 and those directed toward b satisfy
flk(e) < v(e). This follows immediately from the observation that any edge of
Qi is an edge of Pkor Pk+xand Q, passes it in the same sense.

Thus by the minimality of Pk,

\E(Qi)\ > \E{PKk)\.
Since
IN0D)] + \E(Q2\ ™ \E(PK\ + \E(Pk+1)\,
it follows that
\E(PK\ < \E(Pk+D)\ .

(c) Suppose that contrary to the assertion formulated in the hint, |[E(PkH)\=
= \E(PK\ (> follows by (b)). Let I be minimal. Then by (b)

\E(PK+DI - ...= 1BA+,-1)1= \E(PK)\

and the paths Pk+1, . . ., Pk+\-kdo not use any edge of Pk or P/f+ oppositely
to Pk or Pk+i by the minimality of I. Hence it follows that those edges e of
Pk+i not on Pk already satisfy the requirement at the &h step: fk(e) >0 if e
is directed toward a (on (Pk+/) and fk(e) < v(e) if e is directed toward b.

Now we get, by an argument similar to the one in (b), two (a, fr)-paths Qv Q2
such that QxUQ2 a Pk UPk+H, QkMQ2c PkMPk+:, and Qv Q2 avoid those
edges which are passed by Pk and P k+l oppositely; moreover, Qv Q2 pass
each edge in the same direction as Pkor Pk+L By the above, Qv Q2were candi-
dates for Pk and hence,

\E(QO\ ~ \E(PK)\.
Moreover, since at least one edge is used by Pkand P k+ in opposite directions,
I"Nei)l + \E(Q2\ < \E(PK\ + \E(PkH)\ - 2.
Thus
\E(Pk+H)\ > \E(PK\ + 2.
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This proves the assertion of the hint. To get (c) observe that if Pk,Pk+l,..m
., PIt+i do not pass any edge in opposite directions, then the number of those
edges ein Pi U... UPkH which satisfy /fcH(e) = 0 and are directed toward
a (on the path Pk# containing them), or /,f+i(e) = v(e) and are directed toward
b, increases at each step. Hence

I ~ \E(G\ < n2.

Thus, in every n2 steps the length of Pkincreases by at least two. Since it is
less than n, the number of steps does not exceed

2 2
[J. Edmonds and R.M. Karp; see Hu, Ch. 8]

. N n3
nz2 m—

76. If there is a function as required, we have
2u(x) =™ {2 f(x,y) - 27(2/, 7}
X X y y

and here each edge occurs twice with opposite signs. This gives' a necessary
condition

M ACERE

Moreover, define
f(a0, x) = u(x),
f(x, b0) = —u(x).
Then we obtain an (a0, &)-flow, satisfying /(e) < v(e) and of value

y=2 “(= 2 (-MD-

u(x)>0

Since such an (a0, 60)-flow exists, we must have

ezect «©) "y
for any (a0, 60)-cut C\ of Gv Now let C\ be determined by S U {a0}, S C. V(G)
and let C be the cut of G determined by S, then
- LY °
e%c‘ v(e) e2iC 7e) + >(<2i)S ( () + xgv%e)-s w7
u(x)<o u(x)>0

Thus,

(2) 27e)” 2 M)-
eiC XiS
Conversely, if (1) and (2) are satisfied, then Gy has aflow /(e) ) of value V
by 6.77. This flow has, necessarily, /(e) = v(e) for the edges adjacent to a0Oor 60,

and consequently gives the required function, when restricted to G. [D. Gale;
see FF.]
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77. (a) Let us substitute v(e) parallel edges for each edge e and let Gv be the
resulting graph. Let G be an (a, 6)-cut of G and Cr the (a, b)-cut of Gv deter-
mined by the same set. Then

ICi] = "»(e).
etc
Thus, putting

V —min V v(e),
c fTc

we get IC21> V and hence, by Menger’s theorem, we find V edge-disjoint
(a, 6)-paths in Gv Let /(e) be the number of edges parallel to e used by these
paths, then /(e) is an (a, £5)-flow of value V and with integral entries.

‘We remark that the proofof 6.77 constructs an integer valued flow whenever
v is integer valued.

(b) Ifv(e) is an integer for each e, (a) solves the problem. If v(e% is rational
for each e, consider s mv(e), where s is the least common multiple of denomina-
tors of the v(e)’s, this reduces the problem to the integral case. Finally, if v(e)
is arbitrary, take a sequence - “mv with rational values u,(e). Since there are
only finitely many (a, 6)-cuts, we may assume the minimum

nij = min 2 Vviie)
C ftc
is attained for the same cut C. For each i, there is an (a, 6)-flow /s with

0 < fi(e) <( vi(e); Mfi) = LU-
As the graph is finite, we may assume /,(e) converges for any e. The limit
I(e) = liral(e)
is an (a, 6)-flow of value
limm-= 2 v(e).
~ eec

This proves the non-trivial part of the Max-Flow-Min-Cut Theorem.

78. Let /' be as in the hint. We show w(f') = w1l Assume w(f') > wv Let G'
be the subgraph of G determined by those edges e of G for which /'(e) > 0.
G' is connected between a and 6; otherwise we could find an (a, b)-cut C of G
which would contain no edge of G', i.e. we would have

2f'(e) = 0.

eiC
On the other hand, the solution of 6.74 yields

2 (e)~AMM >, 0,

etc
a contradiction. Thus, we have an (a, b)-path P with /'(e) > 0 for each e £ P.

Subtract 1 from the flow-value of each edge. Then w(f') is decreased but is
still > wv and /" is an (a, 6)-flow < /. So w(f') = wyv
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Now let —f ,/2=/ — Then by the above, fv f2are (a, 6)-flows and
0 0E£/,£/,
Mfl) = L, w(/s) = w(f) - wifi) = «V

8 7. Factors of graphs

1. First, let Fxbe a system of g(G) edges which cover all points. Since removing
any edge from F1 yields an uncovered point, each edge in Fxhas an endpoint
which has degree one in <F(G), Fj). This implies that Fr consists of disjoint
stars.

The number of components of <V(G), FV is, obviously, \V(G\ — |jRi| =
= |F(G)] — q(G). Select an edge from each component of <V{G), F). Then
we have |F(G)| — p(G) independent edges, whence

@ v(G) > IF(()1- e(0), v + ¢G) ™ IHO)I-

On the other hand, let F2be a system of (G independent edges. Select one
edge from each of the |F(G)| — 2v(G) points not covered by F2 Together with
F 2 these edges cover all points of G and their number is

V(@ + (IF(G) - 2v(Q) = |F(G)| - v(G),
whence

) dG <, VG 1- v(G), V(G + g <, \V(G)\.

(1) and (2) yield the desired equality. [T. Gallai, Ann. Univ. Sei. It. E6tvos,
Sectio Math. 2 (1959) 133-138.]

2. First solution. Let {A, B) be a bicoloration of G, i.e. suppose V(G) = A UB,
A MB = 0 and each edge of G joins A to B. Consider two new points a, b.

Join a to all points of A and b to all points of B. Let G' be the resulting graph.
Now observe

(i) asetS Z V(G) separates a and bin G' if and only if S covers all edges of G*

(i) the maximum number of independent (a, 6)-paths is v(G); for any v(G)
independent edges of G yield v(G) independent (a, b)-paths and conversely, any
K independent (a, 6)-paths contain k independent edges of G.

Since, by Menger’s theorem, the minimum cardinality of sets separating a
and b is equal to the maximum number of independent (a, 6)-paths, (i)
and (ii) prove v(G) = v(G). Since by 7.1, (G + G = |F(G)| and, obviously,
a(G + r(G) = |F(G)|, the other equation of this problem follows immediately.

Second solution. We show {G) = r(G). Since obviously, v(G) < r(G), it suffices
to show that v(G) > r(G).

Let G' be a minimal subgraph of G such that r(G') = r(G). We show G' con-
sists of disjoint edges. This will be sufficient since the number of these edges
must be r(G”) = r(G), thus WG ™ r{G).

Suppose indirectly that there is a point x adjacent to two edges ex—(X, y X,
e2= (x,y2 of G'. By the minimality of G', there is a set $m with [|$-| =
= r(G — 1, which covers all edges of G' —et (i = 1, 2). Obviously, x, yt({S,
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but yx£S2 y2€Sx Set R = SXGS2 |R = p, r(G) —t, and let Gx denote
the subgraph of G' induced by (Sx— /1) U (S2—R) U {a;}.

SinceGxis a subgraph of G, it is bipartite. Let {A, B) be a bicoloration of Gx
and, say, \A\ <, |5|. Then

| P12 |- JRU(Sa- B)Ufally-[2<~ 1pp) + 11-f T

We claim that A UR covers all edges of G'. In fact, let e £ E(G"). If e has an
endpoint in R, we are done. We show that, if e is not covered by R, then it
belongs to Gx This is obvious if e = e- since x, yt£ F(G]). Ife e, then both
8 X—R and S2—R have to cover e and hence, e has to join Sx—R to S2—R.
Thus e has both endpoints in V(GX again. Since A covers all edges of Gv it
covers e

Thus, t(G) <; IA UA| —t —p — 14 p = t —1, which contradicts the
definition of G' [D. Konig; see any textbook on graph theory],

3. |. Suppose some point x of F is joined to a pointy £ Bv Obviously, x £ A.
By (**), there is a path P in F connecting x to a point a £ Av This path starts
from a on an edge not in M. Thus by (*), its second edge belongs to M. Its
third edge is therefore not in M while by (*) its fourth edge is in M, etc. Hence,
it is a path alternating relative to M and its last edge belongs to M. Exchange
the edges of E(P) MM and E(P) — M, then a matching M" arises to which
(x, y) can be added. Thus M is not a maximum matching.

I1. On the other hand, suppose no point of F is adjacent to any pointin Bv
Let X = A—V(F) and Y = V(F) NB. We claim \X UY\ = \M\ and
X UY covers all edges.

All points of X UY are covered by M, for suppose not. Ify £Y = V(F) MNB,
then by (*) y is covered by M. If x£X = A — V{F) and x £ Ax then the
forest F' = F u {#} is larger than F, contradicting the assumption that F was
maximal relative to M.

Moreover, no edge of M covers two points of X UY, for if (x, y) £M and
y £ V{F) M B, then x £ V(F) by the maximality of F. Hence \X UY\ = |[M|.

Secondly, let (n, V) be any edge not covered by X UY and suppose u £ A,
VEB. Then n £ V(F) and v $ V(F). Moreover, by the assumption, v Bv
Thus there is an edge (w,v) £M, and w since |A U T| = \M\. Here
w £ V(F), for otherwise it would follow as in part I, that w would be connected
in # to 4j by a path starting from w through (w, v), whence v £ V(F), a
contradiction. But, if w £ V(F), then the edges (u, v) and (w, v) can be added
to F, contradicting the maximality of F.

So r(G) <, \M\. Since, obviously, \M\ <; (G) < X{G), it follows that

\M\ = v(© and r{G) = V(G).

The first inequality shows that M is a maximum matching. The second proves
Konig’s theorem.

The desired algorithm could now be the following: Start with a matching M.
Form a maximal forest with properties (*) and (**). Then either we can enlarge
M or conclude that it is a maximum matching. In the latter case we also obtain
a minimum cover.
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We cannot go into details but remark that this algorithm does not need more
time than a polynomial of the number of points.

4. (a) First solution. What we want to show is that v(G) = \A\. It is enough
to prove, by 7.2, that 17(G) = \A\. Since A covers all edges, t(G) <, \A\
Thus, it suffices to show that any set 8 covering all edges has at least \A|
elements. Observe now that if S covers all edges of G, then

MA- S)CSMNB

because, if x £A —8 is joined to y £ B, then to cover the edge (X, y), S has
to contain y. Hence by the assumption of the theorem,

f[SnB\N IF(A- S)| ™ \A- S\
and thus,
\S\ = |SD A\ + |8n B\ > |/8ITA\ + \A- S\ = \A\.

Second solution. We use induction on \A\. Let us distinguish two cases:

Case 1. There is a set Axa A, A1#0, such that [F(™M])| = |"¥X. Let Gx
be the subgraph of G induced by Ar UF(At) and let G2—G — A x— F(AX.
We claim both Gxand G2 satisfy the condition of the problem.

Let X C Ax Then I'(X) AT (A, and so,

r0i(X) = I(X), |[rA(X)| = |[F(X)] > \x\.
On the other hand, suppose X C A —Av Then
\rot(X)\ = TA* n AXl- 1M > \X n Axl- |AN)I =
= \X0ATN- \AX= |X].

Thus, by the induction hypothesis, there exists a matching F xin Gxwhich
matches A , with T'(AX) and a matching F2in G2which matches A — A xwith
(certain points of) B — A-di)- FxU F2is a desired matching.

Case 2. |4 X)| > |X]| for everyl ¢ T I ~0. Letx£A, y£B be adja-
cent points. We claim Gx= G —x —y satisfies the conditions of the problem.
Let X ¢ A —{x}; if X =0, then |4X)| = 0= |X]|, so we may assume
X ¥=0. Also X ™ A, thus by the assumption, |4X)j > |X]|. So

MBI X )\ >\ (X)\-1>\X\.

Hence, by the induction hypothesis, there is a matching F xin Gxwhich covers
all points of A — {x}. Now FxU {(x, y)} is a matching of the type desired,

(b) If G has a 1-factor, then obviously,
@) \FOXO\ ~ | X]| for each X cz A and \A\ = |H|.j
Conversely, if (1) holds, then (a) implies G has a 1-factor. [P. Hall; B, O, S.]
5. By 7.2, it suffices to show that
rQ = \A - Q
First let I C i be a set such that
» =\ x\- |F(X)]

20 Lovasz
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Set S = N(X) U(A —X). Then S covers a ledges of O, and hence
r(G) ~ \S\= \rX\ + \A\ - |X] = \A\ - O
Now let S be a minimum point-cover and X — A —S. Then, as before,
MX) csfl B
and hence,
\F(X)\ M\ST)B\

\S\-\SnA\ = \S\- \A\ + \A-S\ =
X(G)-\A\ + \X\,

whence
0> \X\ - |[F(X)] "\A\ —r(G), and thus T(G ™ \A\ — &
[O. Ore; O, B]

6. (a) By the observation in the hint,

LUXXUX2\+ \[(XIMNNY| <, mxj nl(X1+ ILX,) nF(XIl=

= mxj] + VI\Xt\ = \Xr\+ |Z2] + 2k

On the other hand,

F(Xxu X\ AXrU 12+ i and [F(XXMIX2\ > |ZXMIX2\ + K,
because of (*) and since Thus

IF(X, UXt\ + \[(X, n X2\~ |ZXUZ2 + \Xxn Xt\+ 2k =
= I*il + |*,] + 2k
Hence equality must hold throughout, in particular
\M(X1IT[X2\ = |Zinx2 + ~

(b) Let G1lbe defined as in the hint. Let x £ A, and let S be the intersection
of all sets X with

[rol(X)] = |Z]| + k and x €X.
Then, by the repeated application of (a), we see that S itself satisfies
©)) [rA(N)| = |£] + k and x ES.

(If the assertion is true, S = {x}, but we do not know this as yet.)
Let y be any point adjacent to x. Since G1—(x, y) does not have property (2),
we find a set X Cl A, X ¥=& such that

[rA_e(X)| < |1Z]| + k.

Since, on the other hand, | TA_(XY(X)| can differ from \rG(X) | only by 1, we
must have

[rd2)| = |Z] + x, x£X, yITA (xy)(2).
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Thus, by the definition of 8, 8 C X and also

(4) Yirc(s - {x}),
because
rcis -{*}) = ro_~y)(s - {a} c ra™ x)(X).

Now since (4) holds for each neighbor y of x, we get

rd(x)nrd(S- {x}) = 0.
Hence

o, T = \rot(x) Uraeis - {x}| = [FO,(¥)| + kais - {*})]
Here
(5) \r@(x )\~ k + 1
and

ip ig  {o})l — 0= 1§ = {x}I it A - {2} = 0,
1 \S- {2} + k~\8- {*} if S - {K} 9&0.

Consequently,
\rG(S)\>k+1 + \S-{x}\ = \S\ + k

Comparing this with (1), we find that equality must hold everywhere, in par-
ticular in (5). [L. Lovasz, Acta Math. Acad. Sei. Hung. 21 (1970) 443-446.]

7. (i) == (iii). 62has a 1-factor, hence ™| = |B|. LetO ¢ A and assume
indirectly that HT{-3MN)| <J |[X]. We must then have equality as G has a 1-fac-

tor. Now X U T(X) is joined by an edge e to the rest of the graph, because G is

connected. Obviously, e joins '(X) to A — X. Now this edge e is not contained

in any 1-factor; for if J7is a 1-factor, then it contains |X]edges leaving X.

But these edges cover all of '(X) so that e cannot belong to F.

(iii) = (ii). We have to show G—x —y has a 1-factor if x g A, y £ B.
Since \A — {13 1= IB — {y) |, it suffices to show that there is a matching in
G —x —y covering A — {a;}. But this is equivalent to saying that, for
each X ZA — {x},

\rG x y(X)\ > \x\.

This is obvious if X = 0. Otherwise,
[FO_x y(X)| > \[F(X)\ - 1~ AX\.

(ii) = (i). Suppose G is disconnected. Then we can find a component G1
such that 17(6?) n A\< |7(6?!) n B\. Let x£ 7(6?~ M4, ye& B — 7(6?").
Then G —x —y cannot have 1-factor, because F(Rj) M1 is adjacent to
767y M A1— 1< 17(6?)) n B\ points only. Thus G is connected.

Now let e = (x, ¥) be any edge of G. Then G—x — Yy has a 1-factor, which
extends to a 1-factor of 62 containing e. Thus each edge of G is contained in a
1-factor. [G. Hetyei, Pécsi Tan. FOisk. Kozi. (1964) 151-168.]

20~
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8.1 First we show that the graphs of form
G=G0UPxU... UPK

where Pv ... Pk are chosen as described in the problem, are elementary.
They are obviously bipartite and connected.
We use induction on k. Suppose that

G = GOUPxU...UPk x

is elementary and let x, y be the two endpoints of Pk Observe first that every
1-factor of G' extends to a 1-factor of G, simply by adding every second edge of
Pk, starting with the second edge. Thus, all edges of G' as well as every second
edge of Pk belongs to some 1-factor of G.

On the other hand, G' —x —y has a 1-factor FO. Add to FOevery second edge
of Pk, starting with the first edge. Then we get a 1-factor of G which includes
the edges of Pk not used before.

Thus we have shown that G is connected and each edge of it belongs to a 1-
factor. This proves by the preceding result that it is elementary.

I1. Now suppose that Gis any elementary graph. Let F be a 1-factor of G and
let GO be the graph formed by an edge of F. We choose Pv P,,,..., Pkone by
one so that they have the properties required in the problem and in addition that

(*) they are alternating paths with respect to F, starting with an edge not
in F (we allow P, to be a single edge not in F).

Suppose Pv ... ,Pj are chosen, and G'= GOUP xU... UPf~ G. Let e be
an edge not in G' but having at least one endpoint x in G". Since G is connected,
such an edge exists. Let F 1be a 1-factor of G containing e.

Observe that by the additional requirement (*), G' has the property thai
F ME(G") is a 1-factor of G', and FO= F —E(G') does not meet G' at all.
Thus, if we consider Fr U FO, one component of it will be a path ending with e.
This path P/+1 has both endpoints in G' (one of them is X) and has no other
point in common with G'. Its end-edges belong to Fv and hence by reasons
of parity, Pi+, has odd length and connects two points in different classes of
G'. By its definition, it alternates with respect to F in the required manner.
Thus, ifGOUP xU ... UPi #G, we were able to extend this union by Pi+1.
Sooner or later G will be exhausted, which proves the assertion. [G. Hetyel, ibid. ]

9. Represent G in the form

coUpPx U...UPL
as in the preceding problem. Here Pk cannot be a single edge, because

GOUP1U...UPf 1

is elementary and therefore cannot be obtained from G by removing a single
edge. Thus Pk has an inner point (at least two, in fact) and these have degree
2 [G. Hetyei, ibid.].

The stronger statement that every edge would have an endpoint of degree 2
is false. The graph shown in Fig. 54 arises from the construction of 7.8, so it is
elementary. It is also minimal. To see this we remark that an elementary graph
has degrees at least 2 by 7.7. Removing any edge except e and /, the remain-
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Fig. 54

ing graph will have a point of degree 1, and so will not be elementary. If e
or/ is removed, the three points marked by x or 0 will be joined to three points
only, showing by 7.7 that the remaining graph is not elementary again. How-
ever, both endpoints of e have degree 3 [J. Csima],

10. Suppose first that G is r-regular. We show G has a 1-factor. Obviously,
\E(G)\ = r\A\ =r\B\,

whence \A\= |J3|.
Thus, it suffices to show that G contains a matching which covers A or by
7.4, that for each X c: A,
\M(X)\>\ X\,

Suppose X ZA and let us count the edges leaving X. There are, by regular-
ity, r \X\ such edges. On the other hand, each of them goes to a point of
M(X) and any point of '(X) meets at most r of them. Hence,

rIX| <rfC )], (X< (X)].

Thus G has a 1-factor.

Let F be a 1-factor of G. G—F is an (r—1)-regular bipartite graph and, by
induction, it decomposes into the union of r — 1 1-factors. Adding F to them
we obtain a desired decomposition.

Now let G be any bipartite graph with maximum degree r. Add new (isolated)
points to make the two color-classes of G equal. Then add new edges as long
as you can without increasing the maximum degree. The graph Gr obtained
this way must be r-regular; for if there was a point x with degree dG(x) < r,
then the opposite color class would contain such a point y as well and we
could add an (x, y)-edge.

Thus, G, is an r-regular graph containing G. Hence we may split Gxinto r
1-factors, and thereby produce a decomposition of G into r matchings.

11. Let Gj denote the bipartite graph obtained as described in the hint. Then

dasx) X £ V(Gi))

and hence, by the preceding problem, E(GY) is the union of /: matchings
Fx..., Fk

Now identify those points of <7, which correspond to the same point of G,
then Fv ..., Fk are mapped onto certain subgraphs F F ' k Since
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Fi is a matching, there is at most one F,-edge incident with any of the
dx) ' . .
9()‘ points of Gxcorresponding to x £ V(G). Hence,

*.***[*¥].

Jin

On the other hand, there are points of Gxcorresponding to x which have

L K J
degree k. There must be an F,-edge starting from each of these, whence

* * ] > * [¥ ]
[D. de Werra; B].
12. By 7.11, E(G) has a partition GxU ... U Gr where

for any point x. Since d(x) > r by the definition of r, this implies that

dat{x) > 1,
i.e. G(is an edge-cover [R.P. Gupta, Theory of Gr. Int. Symp. Rome, Dunod,
Paris-Gordon and Breach, New York, (1967) 135-138].

13. Suppose ffjas defined in the hint has no 1-factor. Let {A, B} be a bicolora-
tion of G, obviously \A\ — \B\. Thus, if Gxhas no 1-factor, 7.4b implies that
there exists a n | ¢ i such that

(1) \rd(X)\ < X\

We count the edges of G leaving X by two different methods. Firstly, the
number of these edges is r ¢ |X|. Secondly, there are at most |Y| ¢ (n —
— 1FG(Z)|) edges joining X to B —ICKX) (since these edges are simple
edges) and at most r « |FOI(Z)| edges joining X to jH3(Z), since any point
of r G(X) has degree r. Thus

r-\X\<, |Z] «(n- [rdX)) + r\rd(X)\
or, equivalently,
o) (r-n)|Z|<(r-[Z])|ra(z)|.

Now obviously, we are interested in the case r ]>w, otherwise not even the
existence of multiple edges follows. Then |X| < r and (1), (2) imply that

(r-n) [Z|<(r-1Z)(IX]-1)
or, equivalently,

E(»—1¥+ e |Z [A[A ] -



7.14 § 7. FACTORS OF GRAPHS 311

[B1X 0 B 2% 00es the existence of

2 J L 2 J

Conversely, let ™M = |35 = w, A'c A, \A'\ = * 0 B'a B and

1 . . . N/

I-B'l = ‘2— . Join each point of A" to each point of B' by L_E
edges, each point of A — A" to each point of B —B' by e("Ses!

and each point of A' to each point of B — B' by one edge. The resulting

graph Gis —~— . -—--— -regular. Foranyr< —-— ® —-— |G

contains an /--regular spanning subgraph Gr (see 7.10). Observe that G and,
consequently, Gr has no 1-factor whose edges have a parallel in Gr. This proves

that r(n) _r_'f_j.-___ll . r_T_e__ .___2_ _j_ 1.

/2 A

14.1. We show we cannot get stuck in any situation other than x = axand
«i is joined to some 6- by r parallel edges.

Suppose we get stuck when x = b,. The reason why we cannot continue is that
we have come from (1<jp T and 6, has no neighbor other than a™
Since 6- has degree r — 1, when x = hit we must have r — 1 (au, 6,)-edges.
So at the previous step when x = &\, there were r («u, 6,)-edges. Suppose X
came to all from bj ~ bt. Then the edge (af, b;) was doubled, i.e. the degree
of was at least r -J- 2, which is not allowed.

Similarly it follows that if we get stuck when x = aitthen r= 1 and we
have the situation described.

I1. So it remains to show that the procedure cannot run infinitely. Suppose
indirectly that it does. Note that all edges in all graphs arising are parallel
to edges of G. Consider those edges of G which x passes infinitely many times.
These edges must be passed infinitely often in both directions, otherwise
their multiplicities would tend to -j-o0 or —oo0, both impossible.

Consider a point bh and suppose 3 edges (a3, &), (av, 6,), (a,, bt) are used
infinitely often (p < v< qg<, ®). Then (a&bt) could never be passed from
bj to ae, since (& bj) or (av, bj) is always a choice with p, v< g But this is
impossible. Similarly it follows that each a is adjacent to at most two in-
finitely used edges.

Now consider a stage when all the finitely used edges have already been used
up. Since each point is adjacent to at most two infinitely used edges, x can
only run around a circuit. But then the edges of this circuit are always passed
in the same direction, a contradiction.

The procedure thus results in an r-regular graph which is obtained from a sub-
graph of G by multiplying edges and in which the pair {av bj} spans a com-
ponent. Repeating it, we finally obtain a graph which arises from a 1-factor
of G by taking each edge r times. Thus we obtain a 1-factor of G. Note that
no data must be stored; the procedure can be carried out on a blackboard
with an eraser and one piece of chalk [J. Csima].
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15. (8) We use simultaneous induction on |F(G)| and k

Suppose first G is elementary. Let x £A, y £ B be adjacent. Then the 1-factors
of G containing (X, y) correspond to the 1-factors of 62—x —y. Since (X, Y)
is contained in some 1-factor, G—x —y has a 1-factor. Moreover, every
point of A —x has degree 2>k — 1in G—Xx —y, so G —Xx —Y has at least
A — 1! 1-factors. Thus, each edge of G is contained in at least (k — 1)!
1-factors.

Fix an x £A. There are at least k edges incident with x and each of them
is contained in at least (k —1)! 1-factors, This gives k(k —1)! = k\ 1-
factors which are obviously different.

Now suppose that G is not elementary. Then by 7.7, there isan 0/ 1 ’c 3
such that

\FOON = X\

Let F be any 1-factor of G and let Fxbe the set of its edges starting from
A —X. Then, obviously, the other edges of F cover I'(X), so Fn matches
up A —X with B —I'i)X).

Observe that the subgraph Gxinduced by X UT(X) satisfies the same
requirements as G: every point of X has degree at least K in G1, and it has
a 1-factor (e.g. F — FX). Therefore, Gxhas at least k ! 1-factors by the induction
hypothesis. Adding F xto each of these 1-factors, we obtain k! 1-factors of G

[M. Hall, Bull. Amer. Math. Soc. 54 (1948) 922-926].

(b) We use induction on m —n + 2. If this = 2, then G is a single circuit
and the assertion is trivial. Suppose m ~>n. By 7.8,

B = elup,

where Gxis an elementary bipartite graph and P is an odd path, which has
only its endpoints x, y in common with Gxand x, y belong to different color
classes of Gv Clearly

[0(Gi)] —7(O0™M f2=m—n+ \<m—n 2

and thus, by the induction hypothesis, Gy contains at least m —n + 1 1-
factors. Each of these can be extended to a 1-factor of G. Moreover by 7.7,
Gx—x —Yy contains a 1-factor which can also be extended to a 1-factor of
G using every second edge of P. Thus we indeed have found (m —» -f 1) + 1=
= m—n 2 1-factors in G [cf. L. Lovasz—M.D. Plummer, in: Infinite
and Finite Sets, Coll. Math. Soc. J. Bolyai 10, Bolyai-North-Holland (1975)
1051-1079].]

16.1. Suppose G has an /-factor F. Then, obviously,
2Kx) = \R\= 2 M ,

X tA XZB

which proves (i). Let X a A and Y c: B. Then there are at most m(X, Y)
edges of F joining X to Y andat most ~  f(y) edges of F joining X to B —Y.

iB-
Since there are exactly N f[x) edgeé of ¥: joining X to B, (ii) follows.
x€ X
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I1. Now suppose that (i) and (ii) are satisfied. Direct all edges from A to B.
Take two points a, b and join a to each point of A and each point of B to b
by directed edges. Define the capacity c(e) of an edge e of the resulting digraph
GO by

if) ife= (a X ore= (xb),
1 ife= (x,v), x(A, YyEB.
Observe that GOhas an integral (a, b)-flow with value f(x) = N'f(y), if and
€
only if G has an /-factor. So what we have to verify iXs,Aby 6.74’and 6.77, that
each (a, fo)-cut of GO has capacity at least J€? f(x).
XEIA

Let S determine an (a, b)-cut @£S < F(Gn). Set X = STIA and Y =
= B —S. Then the capacity of the cut determined by S is

2 I*)+ 2
y

XZA-X ZB
by (ii). This completes the proof [0. Ore, D. Gale-H. J. Ryser; see 0].

M +wx’Y)> 2
-y XiA-X

)+ 2N = 2,1

17. Suppose G is embedded into a d-regular bipartite graph G' with color
classes A, B. Let Ax= A MV(G), Bx= BMNVG), A2= A —Ax B2—
= B —Bv Since there are exactly d —d(x) edges of G' joining x to B2 for
any x £Av we have

2 (d-d(x))<d. \B2

XTAi
or, equivalently,

de\AX—m<d mji?2.
Similarly,

d minMl —m<; d m\A2\
Summing, we get

dn —2m < d(\A2\ + \B2)) = d(| V(G')\ —n),
thus
0). 4
\WW(G")\*2n- -
and, since \V(G')\ is an even integer,
W (G N\ 2n-2 "
a

Next we show that G can be embedded as an induced subgraph into a d-regular

bipartite graph G' with exactly 2n —2 %bJ points. Let {A, B} be a bicolor-

ation of G. Since m <, d «\A\ and m <,d « |jB|, we have
[J3] —n —\A\-"n — — and \A|< n— — .
dJ Ld

So we can construct two disjoint sets A* DA and B' 2D B with

\W\= \B"\=n- "
a
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We add now (A, B' — /i)-edges and (iB, A" — .4)-edges so that all the degrees
in A UB become equal to d. This is possible because

N(d—d&)= \AAed—m=nd—|5| md —m

x€ a

< nd —\B\ -d—% md=\B'\-d-\B\-d=\B"' - B\ md

and similarly,
2(d-d(x))M\VA'- A\ d

x€ B

(and, because we do not mind multiple edges). Finally, we add (A'—A, B'—dr-
edges to make all degrees d.

18. Considering the “bipartite complement” G of G as defined in the hint,
by 7.16 it suffices to show that whenever I c i, Y C B, then

(n- 2d) (n — IF|) + mO(X, Y)>(n—2d) m|X]
or, equivalently,
(n- 2d) (J1z| + |[Y\ - n) ™ m@X, Y).

Since this inequality is symmetric in X, Y we may assume that |X| > \Y\.
Moreover,
mo(X, Y) = \X\ m\Y\ -m QX, Y),

and so, it suffices to show that
@ (n- 2d) (IX] + iY\ - n)~ AX\ mIY\ - ma(X, Y).
Here maxX, vY) <, d m|F|
and so, (1) would follow from
@J1n 4-d —n) AF] + 2d —n) > d(2d —n).
If |F| <|n—2d, then |[Y\ + 2d —n 0 and so,
(Z] -fd —n)(|F]-)-2d —n)> (n-~d —n) (| F|  2d —n) i> d(2d —n).
If n—2d I\\X| < n—d and |X| d, then JJ + d —n 0, thus
(IX|4+d—n) (|F| +2d —n) ;> (X[ d—n)d2>(2d —n)d.
Ifn—2d<; IF] andu —d< |X], then recalling also that d <, n/2, we have
(IX] -d —n) (|F| + 2d —n) > 0> d(2d —n).
Finally, if \X\ <,d, we use
maX, Y)MX\ m\Y\
and thus it suffices to show that
(n—2d) (|X| + |F| —n) < 0,

which is clear, since \Y\ < \X\ < d <]§.
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19. The transformation of the problem given in the hint is easily verified
(cf. 4.21).

Suppose G has no 1-factor, then by 7.4b, there is a set X &ZA = [uv ..., un)
with [F(X)] < |JT. Let, say, X —{ux ...,%} and B —I'(X) = {vv...,v,}.
Thus k-+1>n, and atj= 0 for 1< i<, Kk 1<Cj< /. Now

a‘j — 1

i=i
because A is doubly stochastic, hence
i n
j=i<d
On the other hand,

22 =2 24" 2 2 g=n- k<,

1=1 1= I=fe+ly=I i=fc+l y=i
a contradiction.

20. (@) It is clear from the remark in the hint.

(b) Suppose G has no 1-factor. Then det (a—-) = 0. Let, say, the first
K -f- 1 columns form a minimal linearly dependent set of columns. Since the
rank of the matrix A' formed by these kK 1 columns is k, it contains a kxk
non-singular submatrix. We may assume that the first k rows and columns
form this submatrix.

Since the first k -~ 1 columns are linearly dependent, we have numbers
Xv , Ali+l such that

(N 2 had=o *= 1. »l
J1

Since  7=0 by the minimality of k, we may divide by any A*and determine
the numbers A/AVby Cramer’s rule from the first K rows. Thus A/A™ belongs
to the field generated by {afj :1<,i <, K, 1<,j <, k-f 1}.

We claim that ai-= 0 if c+ 1<lr< ft and 1< j <! k-)- 1. We show, e.g.
that (ik+i,i —0. We have

1 fcH
ak+ i,i = Aij=2A13k+i,j

from (1). Here the right-hand side is in the field generated by {a/;; (r,j) ™
N+ 1>1)}. By the algebraic independence of the aAs this is only possible

" Setting X = {ak+L ..., an}, we have
LX) ¢ {bk+2..... b}, IF(X)] < |Z],

which proves the non-trivial part of 7.4b [J. Edmonds, J. Res. Nail. B.
Standards 71B (1967) 241-245].
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21. If the conditions imposed upon y are linearly independent the answer
is clearly m —n, where n = \\V(G)\; if n — 1 of them are linearly independent
but the nth one is not, the dimension is m —n 4- 1. We claim the first case
occurs, if G is not bipartite and the second one, if it is.

To prove this, consider a non-trivial linear relation among the left-hand
sides of the constraints (1). We want to show that this can exist only, if G is
bipartite and that in this case it is essentially unique. So let

2 N2
VEV(G) ei$v
be identically 0, i.e.
+ AU—0

for every edge (u, v). Hence using the fact that G is connected we conclude
that |A] = const = Aand points with A,= Aare only connected to points
with A,= —A and vice versa. Hence G is bipartite. Since the 2-coloration
of a bipartite graph is unique, we also see that the linear relation among
the left-hand sides of the constraints (1) is unique up to a scalar factor. Thus
in the bipartite case there is the unique relation

ANz AN >

vVCACjSv veB e r

where {A, B} is the bicoloration of G [H. Sachs, Wise. Z. TH IlImenau 12
(1966) 7-12].

22. Following the hint, let (x,y) £ F. If there are at least 3 edges joining
{x, y} to {u, v), then there are two of them which are independent, e.g. (X, u)
and (y, v). Now F = {(x, y)} U{(x, u), (v, w} is a bigger matching than F,
a contradiction. So each edge of F is joined to {u, v} by at most two edges.
Since n and v are not joined to each other or to any point not on the edges
of F (otherwise F would not be maximal), this implies that

du) + d(v) < 2\F\ < 2(n — 1).

This, however, contradicts the hypothesis that d(u) and d(v) are at least n
(cf. also problem 10.19).

23. Let X be the set of points covered by FO. Following the hint, let F be a
maximum matching of G containing as many edges of FO0as possible. We claim
F covers X. Suppose indirectly that there exists an x £ X not covered by F.
Let (X, y) be the edge of FQincident with x. Since F U {(x, y)} is not a matching
by the maximality of F, there is an e £ F incident with y. Set F' = F —
—{e} U {(x, y)}, then F' is a matching of the same size as F, i.e. it is a maxi-
mum matching. Moreover, it has more edges in common with FO than F,
a contradiction.

24. (@) For k= 1, a single edge satisfies the requirements. Suppose Gk 1
is a graph with a unique 1-factor and with degrees at least k — 1. Let Gk |
be another disjoint copy of it, and also consider two new points x, y. Join
x to all points of GK_v y to all points of GK_v and x to y. Let Gkbe the resulting
graph (Fig. 55).
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Fig. 55

Every point of V(Gk % U MGk_I) has greater degree than in Gk 1 or
G'k-v hence it has degree at least k. Obviously, this holds for x and y. More-
over, Gk has a unique 1-factor. For let F be any 1-factor of Gk By reasons
of parity it must contain the cut-edge (X, y). Then, however, the rest of it
forms a 1-factor of Gk_1and a 1-factor of Gk_v Since these are unique, F is
uniquely determined. So Gk has at most one 1-factor. But the one described
(composed of the 1-factors of Gk_v Gk_1and of (x, y)j is indeed a 1-factor
of Gk Thus Gk has a unique 1-factor.

(b) First solution. Suppose 6 is a minimum counterexample. Let F be
its unique 1-factor and let exf E(G) — F. Consider the equivalence-class
defined in 6.27 containing ev If it consists only of ev then G —exis 2-edge-
connected and we get a contradiction of the minimality of G. Suppose it has

other edges €2, ...,ek k> 2.
Let Gx be any component of G—{ev ..., ekj. By 6.27, it is incident with
exactly two edges of {ev ..., ek. If these two edges do not belong to F,

we get by induction that Gx has two distinct 1-factors which, together with
F —E(GX, yield two distinct 1-factors of G. Thus at least one of the two
edges of {el, . .., ek} incident with G, belongs to F. Since this is true for any
component of G — {ev . .., ek}, at least half of the edges {ev . .., ek} belong
to F. Since, in turn, this holds for any equivalence class, at least half of the
edges of G belong to F. Hence \E(G)\ <' |F(C?). Since G is 2-edge-connected,
thisis possible only, if (7is a circuit. However, an (even) circuit has two 1-factors.

Second solution. Suppose G is 2-edge-connected. Let F be a 1-factor of G
Let C be a circuit such that any edge of F either lies on C or is completely
disjoint from C. Such a circuit exists by 6.30. Now C must be alternating
relative to F (since F is a 1-factor). Thus, “switching” on G (i.e. replacing
the edges of E(C) M F by the edges of E(C) — F, we get another 1-factor
[A. Kotzig, Mat. Fyz. Casopis 9 (1959) 73-91; L. Beineke—M. D. Plummer,
J. Comb. Th. 2 (1967) 285-289.]

(c) The proof is by induction on \E(G)\.

The sharpening of (b) formulated in the hint follows from (b) trivially. It
suffices to prove this for connected graphs, since if G has a unique 1-factor,
so do its components. Double all edges of G not in F. This cannot produce
any new 1-factors, so the resulting graph G' has a cut-edge by (b). This edge
must belong to F, since it is not doubled.

Let e= (x,y) be a cut-edge of G, belonging to the unique 1-factor F
of G, then G —x —y has a unique 1-factor. By the induction hypothesis,
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Fig. 56

E(G —x —y) < (n—1)2 Moreover, since (X, y) is a cut-edge, no point is joined
to both x and y. Hence, at most 1 f- (2n —2) = 2n — 1 edges are adjacent
to one of x and y. Thus

\EG\ < (»- )2+ 2n- 1= n2

The result is sharp, as shown by graphs of structure similar to those in Fig. 56
[G. Hetyei, loc. cit. p. 307].

25. Let xv ..., xb be the points not covered by a maximum matching F,
6= dG) = |F(6)] —2v(G). Let F —{ev...,e}, and let /, be an edge
adjacent to xt (i= 1,...,d). Then each /e joins xt to a point covered by F.

Moreover, no two //s go to different endpoints of the same e}, since this would
make it possible to enlarge F. Therefore, we can select an endpoint Uj of e-

G—1..... v) so that {uv .... uv) covers all fv ... ,ft. Since d(uj) < d,
we have
d™ (d—DNDr or n—2v<,(d —Dr,
and hence
V> L
d+ 1

26. Following the hint, observe that if x and y are adjacent, then v(G—x —y X
< V(G), because any matching of G —x — Yy can be extended using (X, Y).

Let x, y be two points at distance Kk > 1, and let z be any inner point
of a minimum (X, y)-path. Suppose indirectly that WG —x —y) = V(G).
Let F be any maximum matching in G —x —y. Also, consider a maximum
matching FOin G —2\ then JF\ = |F0] = w(G) {v for brevity). Observe that

(@) F must cover z, otherwise, it would be a r-element matching of G —x —
—z, which contradicts the induction hypothesis WG —x —2z) < v, and

(b) similarly, FO must cover x and y.

Now F U FO0 is the union of some disjoint alternating paths, circuits and
common edges of F and FO. There is an alternating path J\ starting from x
and such a path P2 starting from y. If Py= P2>then replace the edges of
F ME(PY by the edges of FOME(Py) in F; this way we get a (v mm[)-element
matching (since both end-edges of P y belong to P 0), which is a contradiction.
Thus, Pj ~ P2 At least one of Pyand P 2 does not contain z, say z (f ViP»).
Now replace the edges of F ME(Py) by the edges of FOME(PY in F. The
resulting matching F' has |P’| |[F| (because Py starts from x with an
POedge and so, if the last edge of Pyis in FO, then |P'| > |P[, otherwise
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|22°| = |F[). Moreover, z is still not covered by F' (since z  FfF]}) and thus
F' is a matching of cardmahty 2> v in G—y —z, again a contradiction.

Thus, V(G—x —y) < V(G) for every X, y. Let F be any maximum matching
of G. Then there i$ at most one point not covered by F, since if there were
two such points Xy, then we would have

V(G- x- y) ;> IF\ = V),
a contradiction. Moreover, F cannot be a 1-factor for if it were, then
v(G-x)<ié\V(G-x)\ <-i2-|F(G)| - iF = v(G),
which contradicts one of the hypotheses. Hence,
V(G)= [*4=1(]7(0)]- 1),

which proves the assertion [T. Gallai, MTA Mat. Kat. Int. Kozi. 8 (1963)
135-139].

27. (a) Let X ¢ F(G) and F a maximum matching of G. Let Gv ..., Gk
be the odd components of G — X. Let, say, Gv ..., G, be those containing
a point not covered by F. From every Gjt i < j <, X there must be an edge
of F going to X by parity. Since these edges have to go to different points
of X, we have

k -i< [X].
On the other hand, each of Gv contains an uncovered point, so
@ 0(G)>i>lc- WrcrG-X)- |Z]

It remains to show — and this is the crux of the argument — that there
exists a set X for which equality holds in (1). We show this by induction on
\W(G)\.

Suppose first that there exists an x £ V(G) such that w(G —x) < v(G).
Obviously, (G —x) —v(G) — 1 and hence

dG- x) = \V(G- X)|- 2v(G- x)= |[F(G)] - 2v(G) + 1= d(G) + 1.
Thus by the induction hypothesis, there exists an X' Q V(G —x) such that
A9+ 1= c"G-x-X")- X\

Now set X —X" U {x}. Then
QG = "G - X) - X\

Secondly, suppose (G —x) = (G for every x £ F(G). Let Gx........ Gk be
the components of G, and x £ F(Gf). Then

VG = Gy + ...+ v(GY= vG-x) =
= Q) + eee+ Y G —x) + ...+ Vv(0K),



320 SOLUTIONS 7.28

hence V(Gj — x) — v(G). By the preceding problem, this implies that |HCr,-)|
is odd and 6(Gj) = 1. Thus

6G) = 2 Ne) = b= cG),
|

and X = 0 satisfies the requirement [C. Berge; see B].
(b) G has a 1-factor if and only if 6(G) = 0, i.e. by (a), if and only if
(2) max {A(G—X) — [X]} = 0.
Since Cjfé) — |0| > 0, the maximum is always > 0 and so, (2) is equivalent to
exXG- X)- X\£ 0
for every X CIV(G) as stated [W. T. Tutte; see B].

28. (a) Let Vzbe the set of those points of G joined to every other point and
V2= V(G) — Vv We want to show that if a, b,c £ V2 and b is adjacent
to both a and c, then a and c are adjacent.

Suppose this is not the case. Since b £ V2, there is a fourth point d which
is not adjacent to b. By the maximality assumption on G, G -+ (a, ¢) has
a l1-factor Fx and G-\-(b,d) has a 1-factor F2 Obviously, (a c) £ Fv
(bd£F2 (b,d Fland (&, c) F2

Consider FxU F2 This consists of disjoint alternating circuits and common
edges of Fxand F2 (a, ¢) is on an alternating circuit 6\ and similarly, (6, d)
is on an alternating circuit C2

Case 1. C17=C2 Then replace the edges of F(C\) NMFx by the edges of
E(CyYMF2 in Fyand get a 1-factor of G, a contradiction.

Case 2. Cl= C2 Starting from b through (b, d) and walking along Cv
sooner or later we must hit (a, ¢). Without loss of generality we may suppose
we hit a before c.

So we have a (b, a)-path starting with the Vedge (b, d) and ending with
another CVedge, since (a, ¢) £ Fv Thus, K = P £ (a, b) is a circuit alter-
nating relative to F2 Replacing the edges of E(K) NMF2 by the edges of
E(K) — F2we get a 1-factor of G from F2 This is again a contradiction.

Thus we have shown that adjacency is an equivalence relation on V2 i.e.
V., decomposes into disjoint complete graphs.

(b) We only prove the non-trivial part of 7.27b, which says that if G
has no 1-factor, then there is an I C V(G) with

6, (G-X)> X\

If |F(6r) is odd, X = 0 has this property; so we may assume \V(G)\is even.
Let us add edges to G as long as we do not produce any 1-factor. When we have
to stop we will have a graph G' on the same point-set as G with the property
that G' has no 1-factor, but joining any two non-adjacent points of G' produces
a graph with a 1-factor.
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By (a), O' has the following form: if V, is the set of those points connected
tokever)glgther point, then O' — Vx consists of disjoint complete subgraphs
Gk........

We claim there are at least 174 +1 odd complete graphs among Gv ... ,Gk
Suppose not. Select a 1-factor of each even Gh select a maximum matching
of each odd Gt, this misses exactly one point. Select independent edges matching
these points with some points in Vv Since |V(G)j is even, there are an even
number of points of Vkstill uncovered. But we may match them arbitrarily
with each other, because VIt obviously, spans a complete subgraph of O
So we get a 1-factor, and hence a contradiction.

Thus, there are at least |[FX{ + 1 odd components of G' — Vv When the
edges of E(G') —E(G) are removed, these odd components may fall apart,
but each of them yields at least one odd component of G — Vv Hence

c(G- V) >\V 1\,
i.e. X — VKkis an appropriate choice for X.

Remark: The reader may easily verify the fact (which was not needed here)
that Gx ... ,Gkare all odd and k= JFJ + 2 [G. Hetyei, Pécsi Tanarképz6
Foiskola Kozi. 1974; L. Lovasz, J. Comb. Th. 19 (1975) 269-271].

29. (a) By Tutte’s theorem, we have to show that

Ci(G- X) £ [X|
for every X ez V(G).

Let Gvbe any odd component of G — X. Since G is 2-connected, there are
at least 2 edges joining Gxto X. There cannot be exactly two such edges, how-
ever, for this would imply the sum of the degrees of Gy is 3~ (BX)| — 2, an
odd number, which is impossible. So there are at least 3 edges joining Gxto X.
Thus, there are at least 3cl(G — X) edges coming from the odd components
of G — X to X. But each point of X is adjacent to at most 3 of them, so their
number is at most 3|X|. Thus

3AG- X) ™ 3IX|, G- X) ™ [X]

as required.

(Note that only 2-edge-connectivity of Gwas used. It is trivial to see though
that, if a 3-regular graph is 2-edge-connected then it is also 2-connected.)
[J. Petersen; for a proof not using Tutte’s theorem, see K, S.]

(b) If e is a cut-edge of a 3-regular graph, then e is contained in every
1-factor (if any). In fact, the two components of G —e are odd (they contain
exactly one point of even degree). Thus, G—e has no 1-factor, so each 1-
factor, if any, contains e.

It therefore suffices to construct a simple cubic graph with three separating
edges meeting at some point: any 1-factor of such a graph must contain all
three of them, which is impossible. Figure 57 shows such a construction (the
reader may wish to verify that this is the smallest such example).

21 Lovasz
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Fig. 57

30. By Tutte’s theorem (7.27b), we only have to show that
ci(G' ~X) <, IX]

for any X &ZV(G). Suppose this does not hold for some X. Since |F(G)j is
even and so

AG -X)w \KG) - X\a X (mod 2)
we have

1) CifR1- X ) A \X\ + 2.

Let Gv .. ., Gmbe the odd components, Gm+l, ..., GM the even components
of G' — X. For 1<, i< M, let a, (/3) be the number of edges of E(G) — E(G")
joining Gtto X (to the other Gfs), and let y- denote the number of edges of G'
joining G-to X. Then a-+ Bt+ ¥ is the total number of edges of G leaving
Git which is at least Kk — 1.

Moreover, if G- is an odd component, then a-+ /3 + y-> &—1; for
af+ Bi + y-= kK — 1 would mean that the sum of degrees of the subgraph
of G induced by V(Gt) is £|[F(G,)| - k+ 1= *(F(G)|- 1+ 1= 1 (mod 2).
Hence

m m m
(4] @+  Ri+ AytAk mm.
The number of removed edges between two of Gv ...,GM and X is
M J M
2i K+ 2—% whence

M
2 N, + NAN2(4- D).
i=i i=i
. . M M
The total number of edges entering X is  «*+ ” y- whence

1 I
M M
2*i + 2y t”™ Kk-\x\-
=1 1=1
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Adding the last two inequalities,
M M M
1 1 tj V7 kmlz i+ 2)- 2
Comparing this with inequality (2), we get
M M M M M M

[ 3 C A 1 CIVAN
Qe PR3 A g B2V

<fe (|Z| + 2)-2<4(|Z]| + 2)

km<,1

or, equivalently,
m< |[X| + 2

which contradicts (1) [J. Plesnik, ilfai. Cas. Atov. Atoa. Vied. 22 (1972)
310-318].

31. Let F be a maximum matching which misses a given point X. Let y
be a point adjacent to x and let FO be a 1-factor of G— y. F U FO consists
of disjoint alternating circuits, common edges of F and FO and an alter-
nating (x, i/)-path P. Now P0= P -f- (X, y) is an odd circuit which contains

L}A( IF(Pol — 1) edges of F.

Now suppose that PQ,..., P, have been chosen so that for all j < i, Py+lis
an odd (POU... UPy, POU... UP;)-path or an odd circuit having exactly
one point in common with POU ... UPy and Py+l alternates relative to F
(starting and ending with an edge not in F). If Pj+i happens to be an odd
circuit, then we adopt the convention that it starts and ends at its common
point with POU ... UPj. Also suppose POU... UP, # 6. Let (a, B be any
edge not in POU ... UP- such that a£ V(POU...UP,) (such an edge
exists since G is connected).

IfbE£V(POU... UPt), we may take Pi+l = (a, b). So suppose b (j F(POU
U... UPt). Let Fibe a 1-factor of G— b. F UF, consists of disjoint alter-
nating circuits, common edges of F and Fh and an alternating (b, a:)-path Q.
Traverse Q from b to the first point cof POU . .. UP- The last edge traversed

Fig. 58

21~
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then belongs to Fh because each /'-edge meeting POU ... UPt belongs to
this union by the construction. Let Q' be the piece of Q between b and ¢, and
Pi+i —Q' + (a, b). Then P ;+1 satisfies the requirements (Fig. 58).

Thus if POU ...U P i#e, we can choose a Pi+l. Sooner or later we exhaust
G, and the required decomposition is obtained [L. Lovasz, Studia Sci. Math.
Hung. 7 (1972) 279-280; also cf. the Edmonds Matching Aglorithm 7.34].

32. (@ Set A= Ac,C=2Cc,...;A"= MGXC' = CG X ... It suffices to
prove that D' — D, since then C is the set of points not adjacent to D — D'
and so is the same as C".

Observe that since G —x contains no maximum matching of G, V(G—x) =
_ V(G — 1. Hence if M is any maximum matching of G, M — x is a maximum
matching of G —x. Since for each y £ 1) there is a maximum matching of G
avoiding y and this yields such a maximum matching of G — x, it follows that
y£D',1e. D £ D'.

Conversely, let y @D and suppose indirectly that gE D'. Then there is a
maximum matching M' of G —x avoiding y. Let M be a maximum matching
of G avoiding a neighbor z £D of x. Consider M U M". Since y is covered by
M, but not by M’ the component of M UM" containing y is a path P
starting from y with an edge of M. P cannot end with an edge of M', since
then replacing the edges of M ME(P) by the edges of M' M E(P) we would
get a maximum matching of G avoiding y. Thus P ends with an edge of M.
Now replace the edges of M ' on P with the edges of M M E(P). This way we
get a matching larger than M. Therefore, this new matching cannot lie in
G —x. This implies that P ends at x. But now (M —E(P)) U(E(P)IMM ") U
U {(x, 2)} is a maximum matching avoiding y, a contradiction again.

(b) LetGv ... ,Gtbe those components of G — A contained in D. Since no
edge connects D to C, these components partition D. Let H be the subgraph
induced by C.

If we remove the points of A one by one, (a) implies that the sets C, D do not
change. Hence every maximum matching of G — A will cover all points of H,
but each point of D will not be covered by some maximum matching of G — A.
The maximum matchings of G — A consist of a maximum matching M0 of H
and maximum matchings X, of (?,, i = 1, ..., t. Since every point of H must
be covered, M0Ois a 1-factor of H. Moreover, since each point of Gt is avoided
by some maximum matching of G/, Gt is factor-critical by 7.26.

() If M is any maximum matching of G then by the argument at the
beginning of the proof, M — A is a maximum matching of G — A. In part (b),
we have already seen what M — A must look like.

(d) By (b),
V(G- A)=1(F(G)|- VA1),

By the remark above concerning removal of points of A one at a time,

V(G—A) —Vv(G) - \A\.
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Hence the equality follows.

(e) Suppose that cXG—X) > |X]| holds for every X. In particular,
cXG—A) > \A\. On the other hand cXG —A) = t. Hence by (d),

KG)>-V(G)I,

i.e. G has a 1-factor. (The other direction of Tutte’s theorem is trivial.) [T.
Gallai, MTA Mat. Kat. Int. Kézi. 8 (1963) 373-395; J. Edmonds, Canad. J.
Math. 17 (1965) 449-467.]

(f) See Fig. 59.

Fig.59

33. 1. Suppose M" is not a maximum matching in G'. Then G' has a matching

MOwith DKO| >\M"\. MO0 is a matching in G which contains at most one

point of G. Hence we can add k edges of C to M0to get a matching M xwith
\MX = \MO\+ k> \M\ + k= \M\

a contradiction.

I1. Now suppose M' is a maximum matching of G'. Consider the sets I)’,
A', G' defined for G' as in 7.32. Let ¢ be the image of C in G'. Since M" avoids
¢, c£1)'. Hence if we “blow up” c, the component of G' — A"' containing c
becomes a component of G — A ' containing G, also odd. Hence

c{G—A") —cXG -A")
and

*(G)MH{IF(G)] - A(G -H ")+ A} =

maim i - Ci(G- 1)+ A} =

S {IVGN —ex(@ —AY) + U "[}+ %= WM+ k= W,

showing that M is a maximum matching in G,
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34. (@) I. A forest with properties (*) - (**) certainly exists; e.g. let the forest
consist of the points not covered by if and no edges. Let F be a maximal such
forest. Then no outer point can be adjacent to F(G) — V(F), for by the prop-
erties of F, (G— F(F)) Mif is a 1-factor of G — V(F) (since all the uncov-
ered points must be roots in F) and so, if a £V(G) — V(F) is adjacent to the
outer point b of F and (a, ¢) £M, then (a, b) and {a, ¢) could be added to F.

I1. If two outer points, gand y say, in distinct components of F are adjacent,
then consider the paths P and Q connecting a and y to the roots of their
components in F. Then R = P UQ U {(a, y)} is a path alternating relative to
if andifwe replace if N E(R) by E{R) —if, we get a matching larger than if
(Fig. 60).

X

Fig. 60

I11. Now suppose that two outer points u, v of the same component of F are
adjacent. Then they form with certain edges of F an odd circuit C. Let w be
the point of C nearest the root r of this component of F (w = r may occur).
“Switching” on the alternating path connecting w to r, we get a new matching

i f0such that if0 contains ?(| V{G)| — ) edges of C and no other edge of

i f 0 meets C. By the preceding result, if we contract C, then if0= if0— F(C)
will be a maximum matching in the resulting graph G' iff i f 0 (or, equivalently,
if) is a maximum matching of G. Moreover, if we find in G' a matching larger
than ifOwe can easily extend it to a matching of G larger than if.

IV. Finally, suppose that the outer points of G are independent. Let A be the
set of inner points. Then the outer points will be isolated in G —A; their
number is

¢(G- A = \MFfl E(F) + (F(G)] - 2 |if]),
\A\ = [if ME(F)\.

while

Hence
(if 1= .1(JF@G) + \A\-cAQ-A)).

But by 7.27 the right-hand side is an upper bound for v(G). Thus if is a maxi-
mum matching.
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The desired algorithm is now clear by summarizing the above results. At
each step, we have a matching M of G and a forest F a G satisfying (*) and
(**). We consider the edges adjacent to outer points of F.

1° Ifthere is an edge connecting an outer point of F to a point of V(G) — V(F),
we enlarge F as in part 1.

2° Ifthere is an edge connecting two outer points in different components of F,
we enlarge M as in part I1.

3° Ifthere is an edge connecting two outer points in the same component of F >
we contract an odd circuit as in part 111 and try to enlarge the resulting match-
ing of the resulting graph. We can either conclude that M is maximal or en-
large it.

4° If all edges adjacent to outer points connect them to inner points, we
conclude that M is a maximum matching.

Remarks. 1. The above algorithm is efficient in the sense that it performs in
0(n4) steps. In fact, let f(n) denote the least upper bound on the number of
steps the algorithm needs to check whether a given matching M of an n-point

Fig. 61
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graph is maximum and replace it by a larger one if not. It takes 0(n2) steps
to find a maximal forest with properties (*) and (**). (We carry a fist of cer-
tain outer points. At each step we check whether or not the first point on the
list is adjacent to any point ouside F. If so, we enlarge F, and put the new
outer point on the end of the fist. I1f not, we cancel this outer point from the
fist. One such step needs the inspection of O(n) adjacencies. At each step either
V(F) or the number of cancelled outer points increases, so the number of
steps is 0(n).) Then we have to carry out one of the steps 2°, 3°, 4°. Since this
takes, in the worst case when step 3° must be carried out, at most f(n —2) -f
-f- 0(n2) steps, we get that

f(n) = f(n —2) + 0(n),

whence f(n) = 0(n3). Since the size of the matching is increased at most O(n)
times, the whole algorithm finishes in no more than 0(n4) steps.

2. The following observation is very significant: If we carry out step 3°, the
forest F is mapped onto a forest of the same kind for resulting graph. Using
this one can improve the upper bound on the length of the algorithm to 0(n3).
The same observation and a more careful analysis of the algorithm would enable
us.to avoid the use of 7.33 (and through this, the use of the Gallai-Edmonds
Structure Theorem). We also remark that the sets Aa,Ca, D0 can be deter-
mined and several previous results (e.g. 7.26, 7.27, 7.31, 7.32) can be deduced
from the algorithm. The reader may find it interesting and instructive to work
out the details.

(b) See' Fig. 61 (cf. also 7.32f) [J. Edmonds, Canad. J. Math. 17 (1965)
449-467].

35. Suppose G has no 1-factors. Consider the sets A, G, D as in 7.32. Let
Gv ..., Gt be components of GI)~\, then by 7.32 they are factor-critical.
7.31 implies (it is also easy to see directly) that if |F(G,)| > 1, then G, con-

tains an odd circuit. Hence, at most one of Gv i.., Gt has more than one
point. Let, say,

IFM)I A~ 1 |FGa = IFG3I=.,. = WG\ = 1.
Now there are exactly kK edges joining G-to A fori —2,. .., t. Since each point

in A is adjacent to at most k of these, we get

kit - 1) <; ke \Al
or, equivalently,
t~N \A + L
Now since
t=Cl(G- A)s WG- A\ = \A (mod 2),

this implies that
t<\A\, VG = -2i-{IF(G)I —t-f|A|}> |EF (G,

whence G has a 1-factor, a contradiction [D.R. Fulkerson, A.J. Hoffman, M.H-
McAndrew, Canid. J. Math. 17 (1965) 166-177].
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36. (a) Let x be as in the hint, and (x, y) any edge incident with x. y must be
covered by some edge e of F, otherwise F %/x, y) would be a larger matching.
Now F —e - (X yg is a maximum matching containing (X, y).

(b) We use induction on \F(G)\. By 7.24b we know that G has two distinct
1-factors Fv F2 Let C be a circuit in F1 U F 2- If some point of C is of degree 2
we are done, since then the two edges adjacent to it belong to the 1-factors
Fxand F2 respectively.

So suppose each point of C has degree at least 3. We claim that G —e is 2-
connected for some e £ E(C). This will settle the problem; for G —e has a
1-factor (e belongs to exactly one of Fxand F2) and so by the induction hy-
pothesis, there is a point x such that each edge of G — e adjacent to x, belongs
to some 1-factor of G —e. Since e belongs to a 1-factor, x will have the same
property in G

Suppose, indirectly, that G —e has a cut-point xe for each e £ E(C). Clearly
xe £ V(C). Let e be chosen in such a way that xeis as close to e on C as possible.
Obviously, xeis not an endpoint of e.

Let/ be the edge of C adjacent to e on the shorter (g, xe)-arc of C (Fig. 62)..

Yy

Fig. 62

Then by the choice of e, X, must lie on the other (e, xg)-arc. Now the common
point y of e and / is adjacent to a third edge (y, z). Since G—Yy is connected,
z is joined to some point of C —y by a path P. Now it is seen that no matter
where P hits C, we get a contradiction to the fact that both {e, xe} and {/, X)
separate G. [J. Zaks, Combin. Structures Appl. Gordon and Breach (1970)
481-488.]

37.1 Let w be any 2-matching and choose an independent set X C V(G)..
Set

wW(x) = J? w(e), dx = (2—wx)).
eiE(G) xiX
eax
The total rc-weight of edges going from X to I'(X) is
2 \X\ - 6X,
on the other hand, it is < 2 \P(X) |, whence
ox > 2\ X\ -2 \[(X)\.
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Thus,

2N = 27 Wx)= 217001 - 2 (2- "(*)H~
XEV(G) X € V(G)
<.2imi - X%X(Z- «(*)) = 2118B)| - «XE£ 2(17(6)1 - |Z]| + |[P(X))).
This proves that the maximum size of a 2-matching is
£ im i - max (]X| - \[(X)\).
X indep

I1. First we remark that
max {|X| - [P(X)[} = max {|X]| - [P(X)[}.
X indep all X

In fact, for an arbitrary X CZV(G) define X' = X —TI(X). Then X is inde-
pendent, and P(X") c: I'(X) —X. Hence

IX] - (PN = X - PX) - XA A pxey - [F(XF)]

showing that the maximum of |X| — |P(X)]is attained by some independent
set X.

Let GObe the bipartite graph defined in the hint. Observe that for X ZV(G),
r G(X) I= T[(X)]|. Therefore, we have

O= max {\X\ - |PG(X)|} = max {|X|- [P(X)|}.
X C V(G) XQV(G)
By 7.5, GO has a set F of |7(0)] — Oindependent edges. For e = (u, v) £ E(G)
let wO(e) denote the number of edges of F among (v1, u) and (u’, v'); sowQe) = 0
1 or 2. Moreover, for any fixed v, there is at most one edge of F leaving v
and at most another one leaving v'. Hence
wlv) = 2 wole) < 2.
45O
i.e. wOis a 2-matching. Moreover,
KI = wle) = \F\ = \V(G)\-d,

eZE(G)
whence

max WA > W= 7(0)I-d = T(0)- max {IX] - PO}

w a 2-matching

[cf. W.T. Tutte, Proc. Amer. Math. Soc. 4 (1953) 922-931].

38.1. Observe that a 2-matching of size [7(0)| is necessarily maximum.
Therefore, if G has a 1-factor F, then taking the edges of F with weight 2,
we get a maximum 2-matching containing the maximum 1-matching F.

I1. Now let G be factor-critical and suppose |V(G)| > 1- Let F be any maxi-
mum matching of G. The solution of 7.31 shows that there exists an odd circuit

POsuch that F has-% |7(P0)] — 1) edges on PO;i.e. F —E(PQ) is a 1-factor

mwfG - 7(P0). Set [1 if e6P(PO,
we) = 2 if e6F —E(PO),
0 otherwise,

then w is a 2-matching of size 17(6 )|, containing F.
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1. Now suppose G is not factor-critical and has no 1-factor. Consider the

Gallai-Edmonds decomposition of G (7.32). Let Gx, ... ,Gtbe the components
of G[Dq]\ let, say,
IF?) = .. .= IVGKI= 1< \V(Gk+t)\,..., 17(0))],

70)={y,}, (=1,... K, Y={yv..., yk

Also set, as before
0= max {\X\ - |AX)[}.
XSA(G)
Since, therefore,

ILA)I> \X\ - 6

holds for every X O Y, we get from 7.5, applied with the bipartite graph
formed by the edges incident with Y, that there are |[Y\ —O= Kk — O in-
dependent edges joining Y to 4 Y) C A. We may assume yv ... ,YK-b can
be matched with Kk — 6 points of A.

By 7.23, there exists a maximum matching F of G covering yv ..., y,( &
We define a maximum 2-matching w containing F as follows: let Gk+V .. .Gm
be joined to A by some edge of F (m <, t). By 7.32, F M E(Gj) is a maximum
matching in Gt (i= m+ 1,...,t), and hence, as in part Il of the proof,
we can define a 2-matching wt of Gt of size \WV{Gt)\ containing F M E(Gi),
fori = m-f 1, ,t. Now, for each e £ E(G), let

W) if e6E(Gm+l) U... UE(GH),
ive) = 2 if - E(Gm+l) — ... — E(Gt),
0 otherwise.

Then, obviously, w is a 2-matching which contains F. We have to show w is
maximal. Observe that exactly two edges of w contain each point except
yk-i+1, ..., yk which are contained in no edge of w. Thus

w= IF@®)I- Q
which shows by 7.37 that w is a maximum 2-matching.
39. Let L be an Euler trail of G. Consider every second edge of L. Since the

total number of edges is even, this is possible. Then the considered edges form
a d-factor.

40. Let G be a pseudosymmetric orientation of G (see 5.13), set V{G) —
= {vv ....... 7.4 and define a bipartite graph GO by setting

Y(GO)—{AI’] e e o * Nj? o *k* *

E(GO = {(p., V) : (v.. ) g E(G)}.

Observe that GOis a d-regular bipartite graph and G arises from it by identify-
ing \j and Vj for each 1<ir< w

Let us color the edges of GOby d colors so that each color forms a 1-factor
(this is possible by 7.10). Identifying and r', this yields a d-coloration of the
edges of G such that each color forms a 2-factor. (Note the difference between
this and the construction in the proof of 7.37; there two edges of the bipartite
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graph were mapped onto the same edge of G, therefore we could only conclude
that a matching of the bipartite graph yields a 2-matching of the graph;
here no two edges are mapped onto the same edge, therefore a 1-factor of the
bipartite graph yields a 2-factor of the graph.)

41. First suppose all degrees are even. If the number of edges is even, the same
proof as in 7.39 gives a desired subgraph; i.e. consider an Euler trail and take
every second edge of it. On the other hand, if such a subgraph F exists, then

2\E(F)\= 2 dHx) = 2
XEV(G) MG 2
whence \E(G) \ is even.

Now suppose there are points with odd degree. Let rhea new point and join v
to all points of G of odd degree. Adding a loop at v if necessary, we thereby
construct a graph G' with even degrees and with an even number of edges.
Thus again by 7.39, G' has a spanning subgraph F' with degrees

dF(x) = -- da-(x) (x e V(GY).
Now set F —F' —v. Then, for any x £ V{G),

dHRX) = dF(X) —?dd(x) = ;d(x) if d(x) is even,
dHX) —dF(x) = ?dG(x) =N X’é if d(x) is odd and (x, v) E(F),

dFX) —dF(x) —1= ST if d(x) is odd and (x, v) £ E(F).

So all connected graphs have this property except Eulerian graphs with an
odd number of edges.

42. (a) Since a graph with odd degrees has an even number of points, G must
have an even number of points.

Conversely, suppose |F(6r)| is even, say V(G) = {xy,...,x2m}. Let P, be a
path connecting x, to xi+m (i = 1,...,m), and set

m
F=2_EPi (mod 2).
i=i
Then for each x £ V{G),
m
dHRx) = 2 dpi(x)= 1 (mod 2),

and F is a spanning subgraph of the type desired.

(b) Let x £ V(G), d@X) i> 4. Let us consider two edges (x,Y), (x, z) of G
such that G — (x, y) — (%, 2) is connected. (There exist two such edges, for
let vy, z lie in distinct components of G —x if G —x is not connected. Then
G — (X, y) — (x, 2) is connected, if G —x is connected, because d@x) > 3
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and also if G —is disconnected since each component of G —is joined to
X by at least two edges.) Take a new point x' and connect it to x, y and z.
Contracting the edge (K ) we recover G

Repeating the above procedure we get, in a finite number of steps, a 3-regu-
lar graph G', for the sum

2 (W -3)
x€ V(G)

decreases at each step. G is a contraction of G' and G' is 2-edge-connected
(and thus, as remarked in 7.29a, 2-connected).

Hence G' contains a 1-factor F by 7.29a. Then F' = E(G") —F is a 2-factor.
Contracting the new edges to get G from G’, F' is mapped onto a subgraph of G
with positive even degrees.

1. (@) Replace each point xby a set Mxof /(k) independent points. If (x y) 6
6 E(G), then each point of Mxis joined to each point of My, otherwise no edge
connects Mx to My It is straightforward to check that the resulting graph
has a 1-factor iff G has an /-matching.

(b) Subdivide each edge by two points and define /(k) = 1 at the new
points. Then the obtained graph GO has an /-factor iff G has an /-factor. Each
edge of GO has at least one endpoint »xwith /0k) = 1; therefore, GO has an /-
factor iff it has an /-matching. Now if we replace each point xof GO by /(x)
independent points as in (a), we get a graph G' which has a 1-factor iff G has
an /-factor [W.T. Tutte, Canad. J. Math. 6 (1954) 347-352].

Il Let G' be the digraph defined in the hint; i.e. set V' = {X' :x £ 7(G)},
V'= fK' ke V(G), V(G) = 7' UV and E(G)= {(K,y") : (ky) € E(G)}
Let G’ arise by forgetting about the orientations. Define

AY) = TJW if »= *
/oK) if y = R (k6 7(G)).

Obviously, G has a desired factor if and only if G' has an Jifactor. By 7.16,
this is so if and only if

2 *(*) = 2

X€V' yEV"
and foreveryl ¢ ', I C 7",
><22x h(*)AyeZY + G V- Y)'
In other words, if and only if

I*) =

xgV (G) xe\?(G)
and for all X, Y <z 7(G),

XeXx

2 gw Ayt% No + mo(x’vW - Y)’

where mc(X, Z) denotes the number of edges with tail in X and head in Z
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45. Following the hint, let G1be the graph obtained by subdividing the edges
of G and extend / to V(GX) as described. Observe that G has a desired orienta-
tion if and only if 6rx has an /-factor.

Gx s, obviously, bipartite with color classes V(G) and F(6X — V(G). Thus
by 7.16, Gl has an /-factor if and only if
1 2 ) = \W)\
(1) X(0) ) )
and
(2) for each X A V(G), Y cz K(G) the number of incidences between X and
Y is not less than

xfo)_ BO - Y\

Obviously, it suffices to require this for the special case when there is no inci-
dence between X and Y, but Y contains all edges not incident with X. Then
(2" says that
(2") at least )’(\ f(x) edges are incident with X, for every X C V(G).

(1) and (2") are the necessary and sufficient conditions for G being orientable
in the desired way.

46. (@) We use induction on the number of points. Suppose first that G is
a circuit, V(G) = {aq, . .., xn} and E{G) —{(aq, x2), . . ., (xn,aq)}. Ifg(x) > 0
for every x-£ V(G), we can take F = (F(G), 0). So suppose e.g. gxy) = 0.
Then put (xx, x2) into F. Gomg along the cycle, put (xit xi+1) into F whenever
xi_LxDEF and gxj) = 1 or (XF_Lx;)JF and g{xf) = 0. Deciding this
way about every edge we end up with 1 or 2 F-edges at xv thus dF(y) »
N g(x1) = 0. The other points satisfy the requirement, because F has been
constructed that way.

Now suppose that G is not a single circuit. Then we find a point x £ V(G)
such that Gx= G —x is connected and has a circuit. Define gxon F(GX as
follows: if g(x) > 0, we set gq= g; if g(x) = 0, we select a neighbor y of x and
let

. b *oy-
(o) — 1 it 2=7.
By the induction hypothesis, Gy has a spanning subgraph F, with degree

different from gv In case g(x) > 0, F —Fxis a desired subgraph of G. If
gx) = 0, F = Fy U{(x, y)} has the required property.

(b) 1. Suppose both (i) and (ii) hold; let F be a spanning subgraph with
degrees ™ g(x) and G an orientation with indegrees g{x). Reverse the orienta-
tion of the edges of F. Since the resulting digraph is acyclic, it has a point x

with indegree 0. However, reversing the edges of F again, x will have indegree
g(x), whence it is adjacent to g(x) edges of F, a contradiction.

I1. Let G be any tree, we show either (i) or (ii) is satisfied. Let x be a point of
degree 1 If g(x) < 0 or g(x) > 1, then (ii) is satisfied. For add a loop to X,
apply (a), and then remove the loop. We get a spanning subgraph having
degree ™ g(y) at each y X x and of course, its degree is different from g(x)
at x.
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Thus we may assume g(fx) —O0or g(x) = 1. Suppose, e.g. %(x) = 1 (the other
case follows similarly). 1f B —x has a spanning subgraph F with degrees
¥=g(y) for each y £ V(G) — {x}, the same subgraph (with x as an isolated
point) satisfies the requirements for G; thus (b) holds again. Suppose, therefore,
that no such F exists. Then, by the induction hypothesis, G — x has an orien-
tation with indegrees g(y) for each y £ V{G) — x. Orient the edge adjacent to
x toward x. Then the resulting orientation shows that (i) holds [L. Lovasz,
Periodica Math. Hung. 4 (1973) 121-123].

47. The necessity is obvious as a tree on n points has n — 1 edges. Now suppose
that dx+ ...-)- dn= 2n —2. We use Induction on n. The case » < 2 is
trivial, so suppose n > 3. Then d1= 1, since dt ~>2 would imply d1- \ - d n

2% > 2n —2. Also dn> 1 as dn= 1 would imply d1+ ... -fdn= n<
< 2n —2. Since

d2-\- ... -4-dn_x-(- (dn—21) = 2n —4 = 2(n —1) —2,

there is a tree T with degrees d2 ...,dn vdn—1 Add a new point and
join it to the point of T with degree dn— 1; then the resulting tree has the
desired degrees [see B].

48. Again the necessity is obvious. We prove the sufficiency using induction on

~ dj. We distinguish two cases.
i=1

I- dn_2< dn. Then dn—1 is a largest element in dvd2 ..., dn_2 dn x—1,
dn— 1 and so what we have to verify is

@) dx+ ...--dn_2-)- (@dn_x—1) 3Hdn—1)= 0 (mod 2),
29 dx-F...-)-dn 2 dn x— 1 dn—1,
which are obvious from (1) and (2).

I1. dn_2= dn Then dn_x= dr. Obviously, (1" holds and

@) dx+ ...4-dn3 (@nx—1)+ (dn— 1)~ dn 2

provided dn_2> 2. If dn_2= 1, then the left-hand side of (2") is odd by (2),.
and is therefore at least 1 trivially.

Thus dv — ,dn_2 dn_x—\,dn—\ satisfy the assumptions of the problem
and by induction, there exists a graph without loops on n points realizing this
sequence. Joining the points with degree dn_x— 1 and dn— 1 by a new edge,
we get a graph with degrees dv ..., dn [see B].

49. Let K be the simple digraph without loops defined by V(K) = {vx ..., >),
E(K) —{™> M) :i j)mThe existence of a digraph with the desired prop-
erties is equivalent to the existence of a subgraph of K with given outdegrees
and indegrees. By 7.44, this is equivalent to (1) and (2), since the number of
edges of K connecting r£/} to {vj;j$J3} is \IN (n —\J\ ) —\I —J|.
(Remember here that K has no loops !)

Now if fl< mme <.fn and sq<j ¢+. <4 9n<then for every I, J with |7|] = Kk,
\J\ = I, we have

I i=n—k+1
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as well as

£gj + —I) —FT—3\ > J?9j + Hn—I) —min (k, n —1).
jei =1

Thus (2) can be replaced by

29 j? fi<,~gj+ (n—Dk—m\n(k, n —1).
i=n-k+\ ji=1

For (2) is, of course, a special case of (2) (with / = {n—«k 1,. n}
und J = {1 ,1}), so it is necessary; and moreover as we have seen (2)

implies (2) under the assumption /i  eee<! Qi eee< On [see B].

50. Suppose first that there exists a simple graph G with degrees dv ... ,dn
and let \ be the point with degree dt. Also set p = n —adn. We claim G can

be chosen so that vnis adjacent to each of vt, ,vn_I (but to no othercloomt)
For let us choose G among all graphs with da(\4) = dt such that vnis adjacent
to as many points in {vp,...,vn_x} as possible. Suppose vnis not adjacent to

vk, for some p <,k <,n — 1 Then vn must be adjacent to some w, 1< v<,
<,p —1, since dn—n —p. Since dv< dk, there must be a pointvm m ~ Kk, v,
adjacent to vk but not to w. Now remove the edges (vk, vm) and (w, vn), but
add (vk, vn) and (w, vm). This way a graph with the same degrees is obtained

in which vnis adjacent to more points in {vp, ..., vn_1} than in G, a contra-
diction.

Thus we have a graph G with degrees dlt... ,dnin which all of vp, ,vn_ X
are adjacent to vn. Removing vnwe obtain a graph with degrees dv ... ,dp_v

dp dp+tl 1. dni L
Conversely, suppose the numbers dk are degrees of a simple graph G'. We
can then add vntrivially [V. Havel, Cas. Pest. Mat. 80 (1955) 477-480].

51. (@) Following the hint, choose H with the given gut- and indegrees such
that the number of 2-cycles in H is maximal. Let M denote the subgraph
formed by those edges (x, y) £ E(H) for which (y, X) QE(H).

Now H contains no even cycle. For suppose (xv ..., X2 is an even cycle

of H'. Then remove (X2 x3), ..., (X% «l); but add (x2 xX, (x4 x3), ...
ooy (X XK i). We thereby get a graph with the same out- and indegrees
but with more 2-cycles.
The same argument shows that //yannot have any closed directed trail with
an even number of edges. Since M has equal indegrees and outdegrees, it is
the union of edge-disjoint cycles (cf. 5.6). By the above, these are odd and no
two can have a point in common, because they would then form a trail with an
even number of edges.

Suppose there are two cycles CVC2in the above cycle-decomposition of W,
< =] X0>......... x2K) and C2= (Y0, y2). If (x0,y0) £ E(H), then (x0 y0) $
3 E(W) by the above, and so (yO xO) 6 E(M) and UcC2 U {(x0, y0), (y0, x0)}
is a trail with an even number edges, whence we get a contradiction as above.
So (x0, y0), (y0, x0) $ E(H). Then remove (x0 x4, (x2 x3), .. ., (x x0), (y0, iJi),
(Yr. Y3) mmw’ (=i’ Y0)’ but add (x2 xr),... , (xkx"™J, (y2yR, ...
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coo (Vb Y2i—3p (0> Y0)' (0>x0- We again get a simple digraph with the same
degrees and more 2-cycles.
ThuIS‘IH contains at most one cycle. If it contains exactly one, then this is odd

and  dt— \E(H)| is odd, a contradiction of the assumption. Thus H has
i=i

no edge; i.e. H consists of pairs of opposite edges. Replacing each such edge

by a single undirected edge we get a simple graph with degrees dv ... ,dn

[cf. D.R. Fulkerson, A.J. Hoffman, M.H. McAndrew, Canad. J. Math. 17

(1965) 166-177].

(b) By (a), the existence of a simplegraph with degrees dx ...,dn is
equivalent to the existence of a simpledigraph H on {vx ... ,vn} such
that dE(Vj) = dft(M) = dt (i= 1,. .., n) (under the necessary assumption

that dx-- ...+ dnis even). By 7.49, such a digraph exists iff for every
M 6{l..... n},

2" A odi< djf Jn—1) —min (k,n —1).
i=n—k+ ]

It suffices to require (2") for the case k | <, n. In fact, if Kk -f- | > n, then
(2" is equivalent to

2" A odt= A dj F k(n—I) —min (k n—I),
i=l+ =1

which can also be derived from (2") with n —I and n —k playing the roles
of k and |, respectively.
Now if K -f- | <, n, then

I n—k
Adj+ k(n —1) >~ min (dj, k) -f k2
= 1=1
So if

) A di<i £ min (dj, K) + k2—Kk,
i=n-k+1 7=1

then (2" is satisfied. On the other hand, (2) is a special case of (2') when we
take m —max {j :dj< k} and I = min {n —k, m). So (2) is a necessary
condition [P. Erdés, T. Gallai; see B].

52. Suppose first that dv ... ,dnare the degrees of a connected graph. Then
7.51 implies (1), while (2) and (3) are trivial.

Suppose, conversely, that dv __,dnsatisfy (1), (2) and (3). By (1), there is
a simple graph G with degrees dv ... ,dn. Choose G so that it has the least
possible number of components.

We claim that Gis connected. Suppose not, then by (3), one of its components
contains a circuit. Let Gxbe this component and (x, y) an edge of Gxon a cir-
cuit. Let 6r2 be any other component and (u, v) any edge of G2 (G2 has an
edge since it is not an isolated point by (2)). Then G —{(x, y), (u, v)} +

22 Lovész
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+ {(x, n), (y, u)} is a graph on the same set, with the same degrees and with
fewer components, a contradiction [P. Erd6s, T. Gallai; B].

53. Let G be a graph with a 1-factor F and with points vv ..., vnsuch that
d(Vj) = dr Then, obviously G—F has degree sequence dx—1, ...,dn—1.
To prove the converse, let G be any simple graph on V—{tq, ..., vn} with

d@M) —df and G' another simple graph on V with dGWVi) = d, — 1. More-
over, among all such pairs of graphs, choose a pair with \E(G) —E(G")|
minimal. We claim G' ZG. Suppose not, then there are points incident with
edges of E(G') — E(G). Let x be one adjacent to the maximum number Kk of
edges of E{G') — E(G). Then x is contained in K -j- 1 edges of E(G) — E(G").
Let (x VI), Yk+) 6 E(G) - E(G') and (x, z) £E(G") - E(G).

Since dQz) >d G(z), there is a point v such that {z, v) £ E(G) —E(G).
Choose an 1 < i <i K -j- 1such that yt ¢ v. Then (v, yt) £ E(G). For if (v,yt) "
8E(G), then removing (x, yt) and (z, v) from G, but adding (x, z) and (v, y(),
we get a graph with the same degrees as G, but with more edges in common
with G'. Similarly, (v, ) ( E(G'), for if (v, yt)£E(G') we could remove
(v, yi) and (x, 2) from G', but add (x, %) and (z, v) to G' and get a graph with
the same degrees as G', but having more edges in common with G. Thus, (v, yt) £
6 E(G) - E(G).

Now, ifv @ yv ..., yk+v thenvis adjacent to at least Kk + 2 edges of E(G) —
—E(G") ((u, 2), (v, ¥X) mm,(v, yii+i)) so by hypothesis it is adjacent to at least
K + 1 edges of E(G') —E(G), a contradiction of the choice of x. If v=yXx
(say) then, again, it is adjacent to at least kK 2 edges of E(G) —E(G') (in
this case ((u, 2), (v, X), (v, ¥2), ..., (v, yk+1) are these edges), and we get a
contradiction as before [S. Kundu, Discrete Math. 6 (1973) 367-376; L. Lovasz,
Periodica Math. Hung. 5 (1974) 149-151].

8 8. Independent sets of points

1. Let 8 be a maximal independent set. Then any point x £ V{G) — 8 is joined
to a point in S. Since a point of S can only be joined to at most d points of
V(G) —8, we have

W (G)\-\S\ = \V(G)-S\<d\S\,
1e

|A |7~ -r 1= |F(0)].
d-f1

2. Define STS2 .. mas in the hint. Then

\St\~ a(G[Si+L U Sj]) » «(6 _ Sx- ...- Si_x) = |s(,
whence .
r(G[Si+1USI]) = \Si+1\.

Hence byKénig’s theorem 7.2, we have |Si+x| independent edges in 6f61-USj+1],
which is a matching Ft of Si+rinto St.
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Now FxUF2U... consists of |$2| disjoint paths, which cover all points
except Ipj) — PS2| of the points of Sv Taking these as one-point paths,
we get 1li§J paths covering V(G).

3. If G consists of independent points, the assertion is obvious. So suppose
this is not the case. We use induction on a(G).

Let P be a longest path inG and let x be an endpoint of P. If x has degree 1,
remove x and its neighbor y. Observe that <<{(G—x —y) < a(G), since any
independent set of G—x —y can be completed with x. Hence, G —x —y
can be covered by x(G) — 1 disjoint circuits, edges and points, and adding
the edge xy, we get a desired cover of G

So suppose x has degree at least 2. Each point adjacent to x is on P, because P
is maximal. Let y be the farthest point on P adjacent to x and let C be the
circuit formed by the (x, y)-piece of P and the edge (x, y). Observe again that
a{G - V(C)) < a(G), because C contains all neighbors of x. Hence G — V(C)
can be covered by a(G) — 1 disjoint circuits, edges and points, and adding C,
we get a]desired cover of G again [L. Pésa, MTA Mat. Kat. Int. Kod. 8 (1963)
355-361].

4. We use induction on \V(G) |. For |V(G)\ = 1 the assertion is trivial.

Consider a set S such that there are disjoint paths Pv ... ,Pis\ starting from
points of S and covering all points; suppose, moreover, that || is minimal.
What we have to show is |$|  a(G). Suppose this is not the case, then, ob-
viously, 8 is not independent, i.e. there are xv x2£ S with (xx %) £ E(G). Let,
say, P/ be the path starting from » Then P xis not a single point, since then
the paths

P2—Pr > P3..... P isi

would cover every point, which is impossible, because they are disjoint and
start from the points of S — {x,}. Thus, P | has a second point z. Consider now
G' = G—xx8" =S — X U{zj and the paths

P[= Pl—xvP2P3...,Ps.

They start from the points of S, cover V(G’), and they are disjoint. Hence,
by the induction hypothesis, there is an 80C S" with |S0|< ot(G) <l a(G) < \S\
such that certain disjoint paths, starting from the points of SO, cover
G. Now if z £ S0, then adding xxto the path starting from z, we get |SO| < ||
disjoint paths starting from a proper subset of S and covering G, which is a
contradiction. A similar argument works if z { SObut x2£ SO. Finally, suppose
X2,z $S0 Then |s0| <C |iS| — 2, thus we may add {s-J as a path to the
system to get |[SOLl-f 1 < \S\ disjoint paths, starting from a subset of S
and covering all points of G. This is a contradiction again [T. Gallai; see B].

5. (@) If S is a maximal independent set, then each x S must be adjacent
to a y £S. By the symmetry assumption, this means that both (x, y) and
(y, X) are edges of the digraph.

(b) Let xxbe a point with indegree 0 (the existence of such a point follows
from the fact that the digraph G is acyclic); let T be the set of neighbors of x.
Obviously, GO—G —x —T is acyclic, so by induction on the number of
points it has a (unique) kernel SO. We claim that S — {x} U 0is a kernel of G.
It is independent since GOcontains no neighbor ofx moreover, any y £ V(G) —S

22+
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is either £ F(60) —S0in which case it can be reached from SO or £T, in
which case it can be reached from x on an edge of G.

Now if S' is any other kernel of G, then x £S" (since x cannot be reached from
ony point) and hence, T DS' = 0. Let S~ —S' M V(G0), then SQis a kernel
af G0and hence by the uniqueness of SO, $0 = SO Thus

S'= S U{a}= SOU{x} = S.

(c) Let GO be a strongly connected component of G such that no edge of G
enters GO. By 5.3, GOis bipartite; let SO 0 be one of its color classes, and let
T be the set of all neighbors of SO0in V{G) — V(G0). Using induction on |F(6&r)|
we may assume G' =G — V(G0) —T has a kernel Sv Set

s = sxu sQ

Then S is, obviously, independent. Further let x £ V(G) —>»8. if XE V(G") —Sv
then it can be reached from St through an edge, because Sxis a kernel
0iG". Ifx£T, itis adjacent to ay £S0by the definition of T and the edge
joining them goes fromy to s by the definition of GO. Finally, let x £ V(G0 —»0.
Since GOis strongly connected and SO 0, we have an edge (X, z) of GO leav-
ing x. Since SOhas been one of the color classes of GO, z £»3. This proves
that >8is a kernel of G [see B].

6. Let x have the highest outdegree among the points of T. We claim any other
point y can be reached from x on a path of length at most 2.
Suppose y is a point, which cannot be reached. Then
(@) the edge joining x and y has tail iny,
(b) whenever (x, z) is an edge, (y, z) is an edge (otherwise, (xzy) would be
an (x, y)-path of length at most 2).
Hence, for each edge leaving x, there is an edge leaving y and (a) yields another
edge leaving y. This means that the outdegree of y is larger than the out-
degree of x, a contradiction.

7. Let x £ V(G) and let T be the set of all points, which can be reached from x
on an edge. Set G' = G—T —x and suppose, by the induction hypothesis,
that G' contains an independent set S' such that every point of G' —S' can
be reached on a path of length at most 2 from S'. Now, we distinguish two
cases:

Case 1. S" U {x} is independent. Then set S = S' U {x} and observe that a
y d V(G') —S' can be reached from S' on a path of length at most 2, while
ay £11can be reached from x even on an edge.

Case 2. S' U {x} is not independent, i.e. there is a z £S" adjacent to x. Since
z3$T, (z, X) £EE(G). Now set S = S'. If y £ V(G') —S', it can be reached from
»S in at most 2 steps by the definition of »S. If y £T, it can be reached on
zxy. [Y. Chvatal—L. Lovasz, in: Hypergraph Seminar, Lecture Notes in Math.
411, Springer (1974) p. 175.]

8. (@) To be precise, we define a winning move as a point such that, if a player
occupies it, he can win (no matter what his opponent does). E.g. a point with
outdegree 0 is a winning move, since there is no response at all. Now it follows
from the definition that
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(1) winning moves are independent points; for if g is a winning move and
(%, y) £ E(G) then, by definition, if 1 occupy X, | can win; this happens, in
particular, if my opponent occupies y at the next step, so y is not a winning
move;

(2) any point X, which is not a winning move is joined to a winning move.
Since by definition, if my opponent occupies x, | can still win, i.e. | have a re-
sponse y which is a winning move.

Thus, the set of winning moves is the “dual kernel”, i.e. the kernel of the
graph obtained by inverting the arrows. So A can win by choosing a point of
dual kernel at each step.

(b) Assume A cannot win if he starts with x0; this means that B has a re-
sponse xxsuch that A cannot win after this move. In this case, let A imagine
he is the second player and B has started with x0; so respond with xx and
follow B’s previous strategy. Since x0 has indegree 0, it will never happen that
B makes a move which was illegal in the previous game, since the only such
move would be occupying x0. Thus A wins.

(c) Assume first that for each strong component Gt of G (i = 1,...,K),
the second player has awinning strategy. Then he can follow this rule: whenever
A moves in a component Gt, he responds in the same component Gt with the
move determined by his winning strategy for this particular component. So
sooner or later A has no move in this component Git and he either loses or has
to move to another component Gj. Clearly, they have not played in Gj earlier
and therefore B can consider the move of A as an opening move of tne game
in Gj, and respond according to his strategy in Gj etc.

Conversely, assume that there are strong components of G, where the beginner
has a winning strategy. Let Gt be such a component with the property that
no such component can be reached from G, on a path (if for each such compo-
nent there is another one accessible on a path we can make a closed walk
through more than one component, contradicting the definition of component).
Let A start in Gt according to the winning strategy in Then he can force
his opponent to make a move outside G, first. However, this move is a compo-
nent, where the second player has a winning strategy and so A can force B
to leave this component first (or to lose), etc.

9. Suppose first that G has a 1-factor {el, ..., erj. Then the second player B
can win by following this rule: whenever A occupies an endpoint of an eit
his response is to occupy the other endpoint of the same edge. So A has to
choose from a new edge of the one-factor at each step and B’s response is
always legitimate.

Now suppose 6rhas no 1-factor. Let {ev ... ,ev) be a maximum matching of
G and xxa point not covered by ev ..., ev. We claim that, if A opens with x
and follows the strategy that whenever B occupies an endpoint of an et he
responds by occupying the other one, then he wins.

What we have to show is that B can never make a move to occupy a point,
which is not an endpoint of an edge e- Suppose that at the jth move, B first
hasamovey which is not an endpoint ofev ... ,ev. Letx, x1,... , Xj_xbe the
previous moves of A, yv ...,yj_xthe previous moves of B. Then (xit yt) is an
edge of the maximum matching {ev ..., eV};say (x-yt)=e-(i=1,..., ] —1).
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Now observe that {@, 2/,..., (X Vi), . ..,6,} is a larger matching, a
contradiction [cf. W. N. Anderson, J. Comb .Theory B 17 (1972) 234-239].

10. For Kk = 1 the statement is evident. Suppose

[TIU...Un-1U+ |7in...nn_1>2a(G).

In fact, we show that
\TXU...UTK\+ [7\n... nTkl> \T, u... uTk t\+ \TxMeeen Tk il
or, equivalently

\TXU ... nTk- Txm ... n2V.il > \T,n ... n TK X- TXn ... n TK\

Now set
4=2’1U...Un-2,iU...U Tk 1

B=r1M...Mr*.1M----2"11r*,
C=Tk-A=Tkn(Ti\J..\JTi_J.

Then \A\ + ]Cj = \Tk\= a(0). On the hand, B UC is independent. In
fact, suppose x, y £ B UC. Obviously, B, C are independent, so we may assume
XxEB, YEC. Then y £T1U... UTk x say ydT”~ But also x£2r1 and
hence, x and y are non-adjacent. Thus B U C is independent and hence,

\B UC| (G =\AUC\,
i.e.
\B\<, \A\.
[A. Hajnal; see B.]

11. It suffices to consider the case k = 1, since the general case is trivial by
induction. Observe that

LUB) ¢ T(X) —Tv
Hence

\FOON - \MB)\ > \I(X) NT,I = ITI - |S| —\TX—X —I(X)\ =
= «G) - \S\ + \x\ -\T . \J X - F(X)\.
Here TxU X —TI(X) is, obviously, independent, and has, therefore, at most

G) points. Th
a(G) points. Thus \Ux)\ - \m\ >izi - isi,

which proves the assertion.

12. Let T be an (a(G + I)-element independent set in G — (X, y). Since T is
not independent in G, we have x, y £T. Now T —vy is an a(G)-element in-
dependent set in G containing x, and T — X is another one missing it.

If x, y do not form a component of G, we can find a z joined to one of them,
say to x. Then G —(x, ) contains an (a(B) -f I)-element independent set T.
Obviously, x, z£T. If y~T, then T —x contains y but not x; if y£T,
then T —z contains x but not y. Finally, if x, y are adjacent, then y £T and
so T —x misses both x and y.
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13. Let G' be the graph obtained from O by replacing x by xxand x2 as in
the hint. Since O' —x2ad G, we have 7.(0") > a(G. On the other hand, no
independent set of G contains both xxand x2and so, it yields an independent
set of G of the same size. Hence, a(G") = a(G.

Now let e £ E{G’). Suppose first that e= (xv x2. Let T be a maximum in-
dependent set of G containing x. Then T — {x} U {xv x2} is an (a(G -f 1)-
element independefit set in G —e.

Suppose e= (xvy) (y x?. Let T be an (a(G - 1)-element independent
setin G— (X, y). Then T —{x} U {xx is an (a(Q - 1)-element independent
set in G— (xLy). Similarly, if e —(x2y) or (zy) @,y ™ XX X2, we get
a((? —e) > a(G). [W. Wessel, Coll. Math. Soc. J. Bolyal 4 (1970) 1123-1139].

14. Suppose we have a G such that GO is an induced subgraph of G and
«(G- €) B ct(Q for e £ E(GO). Remove edges of G as long as you do not in-
crease 7{G); then you never remove any edge from GO and so, the a-critical
graph you get contains G0 as an induced subgraph.

So it suffices to construct such a G. Let E(GO)= {ev ..., emJ and a = a(G0).
Let 8V...,Smbe (« — 1)-element sets disjoint from each other and V(GQ.
Set V(G)= V(GO)USxU...USm Let, moreover, each x ESj be joined
to all other points except the points of Sj and the endpoints of e~ Thus, we get
a graph G

Now a(G) > a, because Sv together with an endpoint of ev form an a-element
independent set. On the other hand, if T is an independent set and it contains
a point of S/, then it contains at most S; and one endpoint of e ; if T L F(60),
then \T\  <(@). Hence a(G) = a

Moreover, G —e-contains the (a - I)-element independent set S, Ue.
0'= 1,¢°°,m).

15. (@) Consider a (6i -f 3)-cycle. This is a-critical. Substitute a Kr_L for
every third point of it. Then the resulting graph is r-regular, connected and
a-critical by 8.13.

(b) It is trivial that the tetrahedron is a-critical and that the octahedron
and cube are not.

Using the fact that the automorphism group of the icosahedron is vertex-
and edge-transitive, it is easy to verify that its independence number is 3 but
this increases to 4 if any edge is removed. Thus the icosahedron is a-critical.

Note that two opposite vertices of the icosahedron, though non-adjacent,
never occur in the same maximum independent set. This shows that the
assertion of problem 8.12 could not be extended in this direction.

Finally, to show that the dodecahedron is not a-critical note that it contains 8
independent vertices (Fig. 63). Remove an edge and consider an independent
set in the remaining graph. This contains at most three vertices of the two
faces adjacent to the removed edge and at most 2 vertices of any other face.
Each element of the independent set belongs to three faces. Therefore the
cardinality of this independent set is no larger than

2 -3; 0.2 0.0

showing that the independence number is still 8.
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Fig. 63

16. Let 81t S2 be as in the hint. Obviously X£StI1S2 yt£St, yt S3 t.
Since SLA4 S2U {x} induces a bipartite graph, it contains an independent set
T with

\TAN-AS1&St Uz} = \S1-S th+ £,

ie. 17U —S21+ 1. Now note that T U (S1MS2 — {k}) is indepen-
dent; for let u, VET U (($1 MS2 — {*}); we show they are non-adjacent. If
m,vET or n,vESxIMS2 we are done. Let, say, M£T, vE DS2 Since
JicC US2 we have, e.g. u£Sv Sou, varein Slandv X, yv hence they
are non-adjacent. But

mu((8, nsa- Pl = [T| + 15 0S2- 1~
NASL- S2A+ 1+ IS, n S2A- 1= BA> «G),
a contradiction.

17. Let »xxbe a point of the a-critical graph G, adjacent to yland y2 Let St
be an (a(G) + I)-element independent set in G — (X, yt). As before, x, ytdS;;,
Vi$83i- Let G = G[ SXA S2U {x}]. If G' is bipartite, we get a contradic-
tion exactly as above. So G' contains an odd circuit. A minimal odd circuit
C is chordless. Since, obviously, G' — (x,yX is bipartite with bipartition
{$! —S2 S2—8XU {a;}}, G must go through (x, yX. Similarly, G goes
through (x,y 2 [L. Beineke, F. Harary, M.D. Plummer, C. Berge; see B].

18. Following the hint, let (x, yX), (X, y2 be two edges, and suppose yv y2
are in different components of G—8. Then G contains a chordless (odd)
circuit through (x, y® and (x, y2. This has another point z of S because S
separates y| and y2and z is joined to x because 8 spans a complete graph. Thus
G is not chordless, a contradiction.

19. (@) Let T be an independent set in G. If T contains at most one of xv x2,
then T M (FiGj) —{&;}) and T C\V(G2) are independent sets in Gx and G2,
respectively, whence \T\ <C«(GX) - «(G2. If xLx2£T, then T N F(GX —
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{*}) U{x} and T N V(G2 - {VI} are independent sets in Gxand G2, respec-
tively, and we reach the same conclusion.

On the other hand, letT” be a maximum independent set of Gx containing X
and T 2an (a(G2 + I)-element independent set of G2— (yv y2) (thus contain-
ing yxand y2). Then Tx— {x} UT 2is an (a(6r,) + a(6%)-element independent
set of G. Hence a(G = a(Gx -f a(G2.

Let ed E(G]). Let Tx be an (a(6X) - I)-element independent set in Gx—e.
If xdI\, let T2 be an (a(G2 + I)-element independent set of G2— {yv y:2)
and T —Tx—{a} UT2 If x JTv let T2be a maximum independent set of
G2 missing yxand y2and T —TxUT2 In both cases, T is an (a(G + I)-
element independent set in G —e.

Let e dE(G2), e™ (yx y2- Let T 2be an (a(G2) -f-1)-element independent set
in G2—e. Ifyx y2fT2 let Txbe a maximum independent set of Gx missing
xand T = Txu T2 If yxdT2 (say), let : be a neighbor of x2in V{GX, let
g\ be an (a(GX + [)-element independent set in Gx— (X, z) and T = Tx—
—{x} UT2- In both cases T is an (a(ér) -f I)-element independent set in
G —e. This proves G is a-critical. [T. Gallai, M. D. Plummer, W. Wessel;
see W. Wessel, Manuscripta Math. 2 (1970) 309-334.]

(b) Let G be a connected a-critical graph, a(G) = a. By the preceding exer-
cise, G is 2-connected. Suppose G is not 3-connected, then G= GxUG2 with
F(GXMFG?) = {* vy}, IFG)I > 3. By the preceding problem again, x
and y are non-adjacent.

Foreach X Z[x, y} andi = 1,2, denote the maximum size of an indepen-
dent set T C V{Gi) with T M{x, y} = X by a%. Then clearly
@) ax J-a\ < x+ IXI; ak <[ab |[Xj= a‘+ |[X],
Let (x, z) d E(G), z d F(GQq). Then G — (X, z) contains an (a + I)-element in-
dependent set T. Clearly, x, z £T. Ify €T, we get from this
2j XN ab L
al+ ax «+ 1e
Similarly if y £T, we obtain
&y ‘b®&ySa‘b2,
1« + «xy;>a+ 2.
Thus either (2) or (3) holds. Similarly we obtain that one of the following;
systems of inequalities holds:
4 i«x +ax>«+]1. «y + «ly a+ 2,
al + a2 «+ 1, aly + a* >a+ 2.
Now (2) and (4) cannot hold simultaneously since (1) implies
(@l+ al) + (c£E+ a2 = (al+ a2 + (a\+ a2)< 2a+ 1.
Similarly, (3) and (5) cannot hold simultaneously. Thus, choosing the indices
appropriately we get that (2) and (5) hold. Interchanging the role of x and y
we get that either
(6) K +«”™a+ 1 and «xy + axy ™ a+ 2,
al +ay «+ 1 laly + ay> a+ 2,
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or
(8) j«i+ a2>a+ I, and (9) i®iy'+ad’'> «]+ 2
[a* -f 2> @+ 1, lai + ®Yy> a+ 2

hold. But (2), (5) and (8), (9) cannot hold simultaneously; in fact, they would
imply

(alf-a2) + (dy + a2 + (flly + ®) + (®i + axy) Si 4a -f- 6;
but the left-hand side is equal to

(al+ a2 -)- ax+ a2 {- (ay a2 (axy-f-a) 4da 4

by (1), a contradiction. Thus (2), (5), (6), (7) hold but (3), (4), (8), (9) do not.
Since the first inequalities in (3), (4), (8), (9) also occur in (2), (5), (6), (7),
their second inequalities must fail to hold, i.e.

(10) + ®+ «?y~Na+l,
«y + a2< a «y + axy < a + 1-
Since by (1) and (6)
a> al-fa2> al+ a2—1> a,
we have
al-f a2= a, a2= a2 1

But, then by (6) and (10),

a 1 OO —dy+e2+1n a1,
whence
dy= ¢—a2= al
Similarly we deduce that

al = al, ax= a2+ 1, = al+ 1, axy= a2+ 1

Now denote by Gv G2the graphs obtained from Gl by connecting x to y and
from G2 by identifying x and y, respectively. We claim these two graphs are

a-critical. Since G arises from them by the operation in (a), this will prove the
assertion.

We have
arj) = max (al, a\, a* = al,

X(G2) = max (@2 azy—1) = a2

Let e£E((IX. If e= (X y), then x(Gx—e) ™ a\ly >64; if e ™ (X,y), then
e£ E(G). Let T bean (a I)-element independentset inG —e, T M{x, y) =
= X. Then
Tn V(GD<, aR
and thus by (1)
TflVGYN a+ 1- a*+ \X\ = + 1L

Now, if X ™ {x, y), then T MV[GX is an independent set in Gx—e of size
a\ +-1>®1%Lif X = {x, y}, then T—{x} is such a set of size a\y >ax This
proves Gxis a-critical. For G, this follows similarly. [T. Gallai, W. Wessel;
ibid.]
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20. Let Tv ..., Tkbe all maximum independent sets of G. Then, by 8.12,

TyMl...NTk= 0, TxU...UTk= V(G).
Thus by 8.10,

[F«?)] - \TXU...UTK\= \TIU...UTK+ \T, ... OTK~ 2«G)
[P. Erd6s, T. Gallai; B].

21. Let Tv ..., TKbe the maximum independent sets of G. Then, as we have
seen,
TkN...WTk= 0.

Thus setting S = TxM ... NTkMNX —O0, we get by 8.11
\C(X)\- AX\>\T(8)\- |S|=0
[A. Hajnal; see B.]

22. Let S= X MNTxn ... MNTk where Tx........ Tk are as in the hint. Then
XES. Let S' = S —{a}. We claim that (8") NMr(x) = 0. Suppose there is
a Vadjacent to x and to a point n in S'. Let T be an (a(G) + [)-element
independent set in G —(x, v), then x, vET and hence n”~T. Moreover,
T —{v} is a maximum independent set of G containing x and so, T —{v}= Tt
for some i. But then u~*Th hence n S, a contradiction.

Thus |F(E)] = \r(S)\ + |4*)|; by 8.11 we have

\r(S)V - \s\< [F(X)| - WX\

whence

da() = |F®)| = |r(S)| - (SN = \r(S)\- \S\ - (\r(SH\ - |S') + 1~
< IF(X\ - WX\ + 1

[L. Lovész, L. Suréanyi].

23. Let x £ V(G) and let T be an independent set of size a(6r) containing x.
By the preceding problem,

dax) » [IF(N)] - M+ 1= MG - T\- \\ + 1= |F0)] - 2«0 + 1
[A. Hajnal; see B].
24. Let S, T be maximum independent sets with S MT ~ 0. Obviously
r8ilTjc V(G -S-T.
On the other hand if x £S 1T, we have
WERN - 2x(G) + 1=d@x¥) <, U8 MM\ - |SOAT\ + 1
by 8.22, so
\r(SOT)I > AT\ + \WVG)\ - 2a(G =

= |FO) + \S\+ N - |50 |= |F©6) —\8\JT\,

whence we have (8 MT) = FG) —S —T.
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Now let a be an arbitrary pointof V(G), and bv ..., bk/c= JV(G) | —2a(G) f 1)
be the neighbors of a. Let 8t be an («(G) -f- I)-element independent set
of G—(a, bj) and set Tt —St—a. Then, obviously, Tt is a maximum in-
dependent set of G, and 6-£Tt, b, JTj for j ~ i. Thus, Tt M Tj contains no
neighbors of a. This means by the statement proved above that T, M T; —0.
Hence

IF(G)| > 1+ J 1\Tt\= 1+ (JF(G)| - 2«(G) + 1) «(G)

or, equivalently,
(«(©) — 1) (F(G)] —2a(G) —1) < 0.

Now if a(G) = 1, we have a complete graph. Ifa(G) )>1and |F(G)| <[ 2a(G) + 1,
then the degree is at most 2 and so we have K 2or a cycle. The latter is a-cr
only if it is odd.

25. If IF(G) 1= 2a(G), we have da(x) = 1by 822 andso,G K2 If [F(G)| =
= 2a(G) + 1, we have dc(x) < 2 for every point x, thus Gis a circuit or a path.
It is easily seen that only odd circuits are a-critical among these.

Now consider those graphs which are a-critical and satisfy |F(G)|= 2a(G)+2.
They have da(x) <1 3 for every point x. Observe that if we subdivide an edge
of them by two points we get a graph from the same class; because this oper-
ation is a special case of the operation in 8.19 when Gxis a triangle and G2is
the given graph. Conversely, if we have such a graph and a point x of degree 2
in it (no point can have degree 1, since then its neighbor would be a one-element
cutset, contradicting e.g. 8.18), then the two neighbors of x form a 2-element
cutset and by part b of 8.19 we get that, contracting the two edges adjacent
to x, an «-critical graph arises. This graph G' has degrees at most 3 as well
since simple computation shows that |F(G')] — 2a(G') = 2. Therefore, one of
the neighbors of x in G must have been of degree 2 and so, G arises from G'
by subdividing an edge by two points. Thus, it suffices to consider those graphs
with degree 3.

By the previous problem, a 3-regular graph with |F(G)| = 2a(G) 2 is Kv
Hence all graphs Gwhich are connected, a-critical and satisfy |F(G) | = 2«(G)+2
arise from Ki by subdividing some edges by an even number of points
[B. Andrésfai, in: Theory of Gr. Int. Symp. Rome, Dunod, Paris-Gordon and
Breach, New York, 1967, 9-19].

Remark: It is known [L. Lovasz, in: Combinatorics, Coll. Math. Soc. J. Bolyai
15, Bolyai-North-Holland (1977)] that for each Othere exists a finite number of
a-critical graphs G with 2a(G) - $points such that all the other such graphs
arise from them by subdividing some edges by an even number of points.

26. Remove edges till finally an «-critical graph G' with a(G") = a(G) arises.
G' does not have isolated points since for such a point x wewould have a(G—x) <
<l a(G' —x) = a(G) —1. Similarly, no component of G' consists of two points;
since if x, y constitute a component of G’, then

GC—{xvyh)>aG —{xy} = aG —1
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Hence, for each component GO of G', we have |V(G()\> 2a(Gn) -f- 1 by 8.25.
Since IV(G) 1= 2a(Q -J- 1, we have only one component and so by 8.25, this is
an odd circuit.

So G’is an odd circuit. We show G’ = G. Suppose there is an edge of G not in
G'. This edge, together with an arc of G, forms an odd circuit C and the rest
of G, an arc of odd length, has a 1-factor F. Now G = C U F has a(G") =
= a(G) and we get a contradiction with the above. [V.G. Vizing, L.S. Melni-
kov, Diskret. Analiz 19 (1971) 11-14.]

27. As before, let G' be an a-critical spanning subgraph of G with a(Cr') = a{G).
We see as before that G has no component, which is an isolated point or a single
edge. Moreover, each point of G' has degree greater than 2. For suppose X is
adjacent in G' toy and z only. Then a(G' —{x, y, 2)) < «(G), because we could
add x to any independent set of G—{x, y, zj to get an independent set of G.
Thus

«{G—{x,y, 1} < afG —{x, y, z}) < «(G),

a contradiction.
By 8.23, we have |F(6r0)| > 2«(G0) + 2 for each component GO of G. This
implies that
\W(G)\>2«(G) + |

if G is not connected; so we may assume G is connected. By 8.25, G K xor
\W(G)\>2«(G) + 3

[E. Szemerédi, Comb. Theory Appl. Coll. Math. Soc. J. Bolyai 4. Bolyai-
North-Holland (1970) 1051-1053].

§ 9. Chromatic number

1. Let x £ V(G). Since every point of G—x has degree at most k, by using
induction we can (k - I)-color it. x is adjacent to at most k points, therefore
we can find a color, which does not occur among the neighbors of x. 1fwe give
x this color, we get a good coloration of G.

2. The first statement is trivial: Consider any (good) coloration of G with
X(G) colors, let V1 be the union of Kk < %G color classes and V2 the rest.
The ~(0)-coloration we started with induces a ~-coloration of G[V!] and a

(x(G) —fi)-coloration of G[F2]: thus
XINFI) ~ K x(G[F?)) XG - k
On the other hand, G\ Vr] cannot be colored by less than k colors, since such
a coloration, together with the coloration of G[F2] we already have, would
give a coloration of G by less than %G colors. Thus
xiGIVY) = «
and similarly

X(G[F) = x©) - k
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Now suppose that G is not a clique, then it contains a maximal clique Hr
Let Vx= V(HX, V2= V(G)- Vxand H2= G[VA We claim that

X(Hi) + x(HT1) > %HG.

Since H1lis a clique, /(HX = I~1= Kk (say). We have to show that /(H2) >
> XO - k

S?(u(p?oose indirectly that H2 admits a {/(G) — ~-coloration, using colors
1,...,/(G) —k Usecolors /(G) —k 1,..., /(G) to color Hv We are going to
show that we can get rid of one of these k colors, color /(G), say. To this end,
look at the set T of those points of color 1, which are neighbors of the point x
with color /(G). Since H1lis a maximal complete subgraph, each point 1 £T
is non-adjacent to a certain point t' £ Vv Now re-color the graph giving to
each t £T the color of V. This Is another legitimate coloration, because the color
of t' does not occur anywhere else, and the new points of this color are inde-
pendent. Now observe that in this new coloration x is the only point of color
/(G) and has no neighbor of color 1. So if we re-color g by 1, we get a coloration
by /(G) — 1 colors. This is a contradiction.

3. Leta bea -coloration of Gt (i = 1, 2). We may assume V(Gr) = V(G2),
since this can always be achieved by adding isolated points to the two graphs.

Then
«(*) = &Xx), y.AX))

defines a coloration of GxUG2with %{GX ¢ /(G2 colors, which is easily seen to
be legitimate.

4. Let a, B be as in the hint. We show that 8 uses each color at least twice.
Suppose, e.g. 1occurs only once. Let x be the point of /3-color 1, and let 8 be
the color-class of x with respect to a. Let ' be obtained from R by re-coloring
each point of S by 1 Then the “old” common color classes of @and R remain
untouched, but we get a new color class S in common, a contradiction [T.
Gallai, Mat. Kut. Int. Kozi. 8 (1964) 373-385].

5. (@) By induction on k, we may suppose that
X(G-VI~An- \WK- (k- )+ 1

Let a be a coloration of G — Vkwith colors 1,...,n —\VK\—«k - 2, and
extend a to a coloration of G by coloring the points of Vk with colors
n—WkK\ —k 3. n —k §- 2. We want to re-color the graph, so as to

get rid of one of these colors.

By the assumption, each E- (1< i <(k—1) contains a point yt,which is non-
adjacent to a certain point X of Vk There must be a color which occurs in
the set {yv ...,yk~\} only, since the number of points outside this set is
only n —k + 1 Let, e.g. 1be this color. Now re-color the pointsy, suchthat
x(yB = 1 with the color of xt. It is clear that the resulting coloration is good
and uses n —kK -f- 1 colors only [R.P. Gupta, in: Theory of Graphs, Proc.
Int. Coll. Rome, Gordon and Breach, 1969].

(b) Consider a ~(C)-coloration of G with color classes F,, ... ,Vk{k = /(G)).
Then any two F/s are connected by an edge in G, since otherwise they could
be merged. Thus G satisfies the conditions of (a) and so,

G)<n-k +1=n- /(G) + 1
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Hence the first inequality. The second is trivial by 9.3:

X6 mXG) ~ XIGUS) - XKn) = n,
[E.A. Nordhaus, J.W. Gaddum, Amer. Math. Monthly 63 (1956) 175-177].

6. Let V(Km) — {xv ...,xm}. Suppose T is an independent set of G© Km
Then T contains at most one point of {(y, xX, ..., (y, xm} (y £ 7(G)) since
this is a complete graph. Therefore, \T\ < \W{G)\. If equality holds, then
exactly one of {(y, xX......... (y, xm} belongs to T. Define then an m-coloration
of G by giving y the color i, if (y, xt) £T. This is a legitimate coloration since,
if y, z both have color i, then (y, x,), (z, X,) £T and so are non-adjacent, but
then so are y, z. Conversely, suppose G is m-colorable, and consider a coloration
s of it with colors 1, ,m. Then the set {(y, xI(y)); y £ F(G)} is an indepen-
dent subset of G ® Kmof cardinality |F(G)[ [V. G. Vizing; B].

7. (@) Let a be a ”(Gj)-coloration of Gv Define a coloration B of GixG?2 by
Bx, y) = «(X) (xg F(GX, yE£ F(G2). This is a legitimate coloration, for if
(xL yX is joined to (x2 y2), then xxis joined to x2 (and yxis joined to y2), so
a(x) ™ a(x?). Thus x(GxxG2) < };(GX. Similarly, it is < UQ).

(b) Since the points of {(x, X) :x £ V(G)\ induce a subgraph of GxG iso-
morphic to G, we have y[GxG) %G and by (a), we have equality.

(c) Suppose kK = %(GxKn) < n, we show that K]> %G. Let a be a k-
coloration of GxKn. Since K < n, we have a repetition in the set {a(w, x);
x £ V(Kn)} for every v £ V(G); let 3(v) be this more than once occurring color.
We claim B is a good ~-coloration of G. Suppose (vv v2) £ E{G). There are
xit Xi with a(M, x-) = a(M, X\) = B(vB (i = 1, 2). We assume xx=*x2 Then
(vv xX) and (v2 x2) are adjacent in GxKn, so

BWR) = x(ww xX) ™ Xx(v2 x2) = B(v2).

(d) Let a be an n-coloration of GXKn- If, for every v, there is a color which
occurs twice among {x(v, X) :x£ V(Kn)}, then we get a good wu-coloration
of G as in the previous solution and this contradicts yJG) > n. So we have a
v £ F(G) such that v, x), x £ V(Kn) are different.

We claim that the same holds for each neighbor n of v, and, in fact, a(m, x) =
= X(v, X) for each x £ V(Kn). This follows since we have a(m, X) ™ X(v, y) for
x ¢y and all colors but a.(v, X) occur among X(v, ¥), y ® X. So a(w, X) = X(v, X)
and as G is connected, this will hold for any n and v. Hence, the un-coloration
a is the one induced by the (unique) u-coloration of Kn

(e) If n= 2, a bipartite graph G has 203 1 2-colorations, since each com-
ponent has a unique 2-coloration (up to exchanging colors) and these can be
combined in 20G 1 ways.

So suppose 1 > 3. We claim that K”1 has exactly m wn-colorations (those
induced by the n-colorations of the factors). We use induction on m. Let « be
an u-coloration of KR = K,,~1xKn

Suppose first there is a point v £ ViK'871) such that all points (v, x), X £ V{Kn),
have the same color. Then it follows as in the previous solution that x (v, X)
is independent of v (as because KR~1is connected for n> 3 by 6.4), i.e. it is
induced by an u-coloration of the last factor. So suppose that there are two
points xv, Xv£ V(Kn) for each v £ V(K™ 1) such that x(v, xv) = x(v, ¥f). If
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x(v, X) is independent of x, then it is induced by a coloration of K™~1and we
are finished by induction. So suppose thereis a VO£ V(K™~1) and x0, X0£V{Kn)
such that x(v0, x0 ™ x(v0, X0). Now define

B(v) ~ aK>xg forv= vo
X(v, xt)  otherwise,

R Tda*xd forv=
1 B(V) otherwise.

Then it is easy to check that B, B' are legitimate u-colorations of K&~ and
they differ only at vo. But we know all n-colorations of if”1“1from the induc-
tion hypothesis and there are no two such B, ' among them. This contradiction
proves the assertion [D.L. Greenwell, L. Lovész, Acta Math. Acad. Sei.
Hung. 25 (1974) 335-340].

8. (@) The complete graph on S.
(b) Take Kk — |S| 1 new points and join them to each other and to S.
(c) Take kK — 1 new points and join them to each other and to S.

(d) Take an odd circuit C of length i> |N]|; join each point of C to a point
of S, so that each point of S occurs. Take, furthermore, kK —3 other points
uv .. .,M 3 and join them to each other, to the points of G and to a
given point sO£ S.

No ~-coloration of the resulting graph Ginduces {*$}. For if all points of S are
colored the same, then uv ..., uk z are colored by kK — 3 other colors (being
adjacent to s0), and we can use only two colors to color C, which is impossible.
Let us consider a ~-coloration of S, where at least two colors occur. Let us
color uv ... , uk gby colors different from the color of sO. Now at each point
of C there are at most k — 2 colors excluded (the colors of uv ..., uk z and
the color of its neighbor in S) and so, there are still two legal colors. Moreover,
these two colors are not the same at every point. We show that this implies
that we can extend the coloration to C.

Let C = (xv ..., xm) (we do not need in this argument the fact that C is odd).
Also we may assume that the two colors permitted at x1 and xm are not the
same, i.e. there is a color ax permitted at xx but not at xm. Let a2 be a color
permitted at z 2 different from aj (since two colors are permitted at z2 there is
such a color) and similarly, if ax ..., a, are defined, then let al+1 be a color
permitted at xi+i different from a- Then

X(Xj) = Xi (i= 1. m)

defines a good coloration of C. In fact, xh xi+xhave different colors by defini-
tion and so do xxand xmsince the color xmis one of the colors permitted at
xmwhile the color of xxis not.

()  First solidion. First, let a partition P be given. We construct a graph
GPsuch that S A V(GP) and the ~-colorations of GP induce all partitions of S

except P. Let P = {Xv ..., Xr}. Let us associate a new point with each
(r —D-subset A = {av ...,ar x} such that atEAt(i= 1,...,r—1), and
connectitto ax ... ,ar_v Let T be the set of these new points. Now note the

following two properties of the resulting graph:
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(1) If we /r-color it so that the coloration induces the partition P on S, then
T UXr is necessarily monochromatic.

(2) If we /'-color 8 so that the corresponding partition is different from P,
then the coloration can be extended over T so that T U Xr will not be mono-
chromatic.

Now attach a graph to T UXrsuch that a /«-coloration of T UXr can be
extended over this graph iff T U X ris not monochromatic (see part (d)). Then
the resulting graph GP has the desired property.

If any set {PX...,PN} of partitions of S is given, construct the graph
GP for each partition P Pv ...,PN. We may assume the graphs GP have
only the points of 8 in common. Then G = UGP is a graph with the desired
properties.

Note the additional property that S is an independent set of points.

Second solution. We only describe the construction without details. Consider
Ktf- By 9.7, this graph has exactly N ~-colorations xv ... , a\. Let &t be a
/™-coloration of S inducing the partition P, (i= 1,...,N), ‘and y-= a, UBRt
(this is a /"*-coloration of S U V(K”)). Add all edges between S and K% to the
graph which leave the colorations yt legitimate. It is easy to verify that the
~-colorations of the resulting graph are just yv ... , yN, and thus it satisfies our
requirements.

. Suppose first that G has no cycles. Let a(x) denote the maximum length of
a path starting from x. Then a is a coloration with colors 0, 1,... ,m — 1
For suppose there were adjacent points x, y with the same color i; let say
(X, ¥) £E(G). Let P be a path of length i starting from y; then P does not go
through X, because G has no cycles. Therefore, (X, y) -f- P is a path of length
iff- 1 starting from x, hence a(x) i> i -f- 1, a contradiction. Observe that in
this coloration, no path joins points of the same color.

Now let {ev ..., ek) be a minimum set of edges whose removal destroys all
cycles. Then G' =G — {el( ..., e} is acyclic and has the m-coloration con-
structed above. Since G' - et is not longer acyclic, it has a cycle through et.
Hence, G' has a path connecting the endpoints of e~ By our remark above,
this implies that the endpoints of ef have different colors. Thus, the m-colora-
tion of G' is a good m-coloration of G as well [T. Gallai, B. Roy; see B].

10. Assume we have a coloration with the mentioned property. Then every
circuit must go “up” and “down” equally often, i.e. has the same number of
edges oriented in each of the two directions.

Conversely, suppose the circuits have this property. Let W be any closed
walk, we claim that W has the same property. We use induction on \E(W)\.
If IFis a circuit this is trivial; otherwise let x be a point, which occurs twice
on W. Then x divides IF into two shorter closed walks, and we are finished
by induction.

Define the “expense” of a walk as the number of edges used in the right
direction less the number of edges used backwards. Let xObe a point. For any
point a, the expenses of all (x0, a)-walks are the same, because otherwise,
walking from x0to a on one walk and coming back on the other the expense of
this walk would be non-zero. Color a by the expense of any (x0, «)-walk, then
the coloration has the desired property.

23 Lovasz
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11. If G is ™-colorable with colors 1....... k, direct (a, b) from a to b, if the
color of b has a higher number than the color of a. It is easy to check that this
orientation has the property stated. Conversely, assumed is an appropriate
orientation of G. Let us verify first the statements of the hint.

(@) Observe that by the assumption on the orientation, if | walk around
any circuit of G, | cannot gain. Thus, if | remove a “loop” from any (a, b)-
walk, | obtain an (a, 6)-walk with no more expense. The number of (a, 6)-paths
being finite, we have one with minimal expense.

(b) Suppose a, b are adjacent and say (a, b) £ E{G). Let Wa, Wb be optimal
(x0,a)- and (x0, 6)-walks with expenses e(a) and e(b), respectively. Then
Wa - (a, b) is an (x0, 6)-walk with expense e(@) — 1, thus e(b) < e(a) — L
Conversely, Wb+ (a, b) is an (x0, a)-walk with expense e(b) -j- Kk — 1, hence
e@) <| e(b) - k — 1. Thus

1<ls(@ —sbh) k—1

as stated. ) ) .
Now fix a point xO0and define the color of a as the minimum expense of (x0, a)-
walks modi;. Thus we use colors 0, 1,..., K— 1. This coloration is legal,

because if a, b are adjacent points then by (b) above, the minimum expenses
of (x0,a) and (x0, £5)-walks belong to different residue classes mod k [G.J. Minty,
Am. Math. Monthly 69 (1962) 623-624]. /

12. (@) Let x0 be a point with j6'(x0)| >- dO(x0); suppose X0, ... ,xt (0 < i
< n—1) are defined, then let xi+1 be a point adjacent to one of them (which

exists, because G is connected). So we get the sequence (x0,...,xn_1J).

Now color xn_xwith one of the colors of C'(x,,_1); suppose xn_x,..., Xn_t are
colored, then choose a color from (7(x,,_i_1), which is different from the colors
of previously colored neighbors of This is possible, if t - 1 since

then xn_i_1 has da(xn_i_1) neighbors previously colored and |C(xn_/_1)| >
d@xn_i_1). But it is also possible for i = n —1, because x0 has da(x0)
neighbors and |C(x0| > d Gx0). Thus we get a desired coloration.

(b) We can find two neighboring points a, b with C(a) ==C(b). We may
assume C(a) $ C(b). Since G — b is connected, we can arrange its points in a
sequence (x0= a, , Xn_2) so that X is adjacent to some xt with i <ij for
any 1< j n—2 Letb—xn_v it also has this property.

Let us give xn_ra color not in C(a) (which exists, because C(a) $C(b)). Going
backwards as in the previous solution, we get xn_2, . . ., ag colored. However,
we can find a suitable color for x0= a as well; since it has d@a) = |C(a) |
neighbors but one of these, b, has a color a, which does not come into con-
sideration since a $ (7(a). Therefore, we can find a color in (7(a), which is dif-
ferent from the color of the neighbors of a.

13. (@) X0, xn_2, xn_j with the property given in the hint exist, as otherwise
the relation of being adjacent would be an equivalence relation and G would
be complete.

Since G is 3-connected, G—xn_2—xn_xis connected and its points can be
arranged in a sequence X0, ..., xn_3so that X is joined to an x- with i < j
G = 1. n —3).
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Now color xn_x, xn_2with color 1. Working backwards again, we can give
each X (i i> 1) one of the colors 1, .k, since xt has less than k neighbors
colored previously. Reaching a0, we can find a color for it too, since although
X0 has Kk previously colored neighbors, two of these, xn_xand xn_2 have the
same color.

(b) We may assume G is 2-connected; for otherwise, if we can /'-color
the blocks of it, we can put together these colorations in the obvious way
(permuting the colors, if necessary, to get the same color for the outpoints).
We may also assume that G is ~-regular otherwise 9.12a applies.

Now suppose that G is not 3-connected, i.e. G= G1UG2with V(GX M F(6r2 =
= {xv x2}, |F(G))] ]» 3. Since k~>3,Gxand G2 have more than three points.
Also, we may assume dG(xx) > 1 otherwise we could replace xxby its neigh-
bor in Gv Similarly, we may assume d@&x2 > 1. Then Gx-)}- (xx x2) and
G2+ {xx x2 have points of degree at most Kk and so, they can be /."-colored
(by induction or by 9.12a, whichever you prefer). In these ~-colorations
xX x2 get dilferent colors, since they are adjacent. Therefore, by permuting
the colors we can achieve that xxgets the same color in both graphs and
so does x2 Now the two /;-colorations can be put together to get a /."-colora-
tion of G [R.L. Brooks; see any textbook on graph theory].

14. (@) As noted in the hint, we have to show that “to be non-adjacent” is
an equivalence-relation on V(G). This will imply that there is a partition
{Vx V2 ...} of V(G) such that two points are adjacent iff they belong to
distinct classes. The number of classes will be not more than k since G cannot
contain a complete (k-\-1)-graph; the fact that there cannot be less than k
classes follows from the maximality of G.

The symmetry and reflexivity of the relation “to be non-adjacent” is trivial.
Thus, what we have to show Is that (a, b) § E(G), (b,c) E(G) imply (a,¢c) $
$E(G). By the maximality of G, there is a finite subgraph H xof G such that
Hx (a b) is not /-colorable. Clearly a, b £ V(HX. Similarly, there exists
a finite subgraph H2of G with the property that H2 (b, ¢) is not jfc-colorable.
Consider HxUH2 (&, c); we claim that this graph is not Z;-colorable. Sup-
pose indirectly that it has a Z;-coloration a. Then a(a) = a(b), otherwise a
would be a ~-coloration of Hx+j- (a, b). Similarly a(b) = a(c). Now a(@) —
= a(c) and this is impossible as a and ¢ are adjacent in HxXUH2-f- (a, c).
Thus HxUH2+ (& c) is not Z;-colorable and so, it cannot be a subgraph of G.
Thus a, ¢ are non-adjacent in G

(b) We may suppose G is simple. Consider all graphs G' such that V(G') =
= V(G), and all finite subgraphs of G' 1)6 are Z;-colorable. Since this property
depends on the finite subgraphs of G' only (i.e. G' has this property iff all
finite subgraphs have), there is a maximal simple graph GOwith this property.
Clearly G0 3 G. Thus by (a), V(G) has a partition Vv ..., Vk such that two
points are adjacent in G iff they belong to distinct classes. Clearly this partition
is a good coloration of G [P. Erd6s,-N.G. De Bruijn, Indag. Math. 13 (1961)
371-373; this proof is due to L. Pésa].

23*
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(c) Let e — (X, y) £ E{O). Then the set

Fe= (a :a(x)

of ~-colorations of V(G) is closed, since its complement is the union of the

open sets
{a: ap¥ = x(y) =) (= 1l.... &)
The set of legal colorations is just

n Fe,
e€E(G)

which is, therefore, closed as well.
To prove the Erdos-de Bruijn theorem, note that by Tihonov’s Lemma the
product space x Tvis compact. The assumption that each finite subgraph

ve V(G
of G is ~-colorable %r)anslates into the assumption that the intersection of any
finite number of sets Feis non-empty. The proposition that G is ~-colorable is
equivalent to the assertion that the intersection of all of them is non-empty.
But this follows by the Riesz Intersection Theorem.

15. 1. Clearly X contains some complete graphs. Let Kk+1 be the least complete

graph in )X We claim that X is precisely the class of non-&-colorable graphs.

First let G £)K and suppose indirectly that Gis ~-colorable. Then the £-colora-

(tji_on_ of G defines a homomorphism of it into Kk, thus by (i) KKE>X a contra-
iction.

I1. We now show that every non-k-colorable graph belongs to SC Suppose
G would be a counterexample. We may suppose G is such that connecting any
two non-adjacent points of G by a new edge, we get a graph in )X We claim
that “to be non-adjacent” is an equivalence-relation on V(G). Suppose in-
directly that (a, b) JE{G), (b, c) JE(G) but (a, c) £ E{G) (the other conditions
of an equivalence-relation are trivially fulfilled). By the maximality of G,
G (a b)£X, G- (bc)£3l. Hence by (ii) G £>)X a contradiction.

Thus “to be non-adjacent” is an equivalence-relation and hence, V(G) has a
partition {Vv ..., Vm} such that two points are adjacent iff they belong to
distinct classes. Since G is not ~-colorable, m > k -J- 1. But then G contains
a Kk+1, a contradiction as Kk+1£XX but G (jSt.

16. It is straightforward to show that operations (a), (B), (y) yield non-/f-
colorable graphs if the initial graphs are not ~-colorable.

Let XK denote the class of all graphs arising by repeated application of (a),
(R), (y) from the complete (k -~ I)-graph. We claim that >K satisfies the con-
ditions of 9.15. (i) is trivial. Let H be a graph, a, b, ¢ £ V{H) such that H -f
+ (a b) £XX H (- (b, ¢) £XK Let H' be a graph isomorphic with H and denote
by x' the point of 1J' corresponding to x £ V{Il). Then H' + (bl c") £X
Let us identify b and b' and connect a to c'; then identify x with x' (x £ F(H))
and cancel the multiplicities of edges to get a simple graph. From H + {a, b)
and H' 4- (//, ¢"), by operations (y), (B) we obtain H this way. This proves
that H £)K.

Thus X consists of all non-r-colorable graphs for some r. Obviously, r = k.
[G. Hajos; see B, S].
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17. (@) By 5.3, a graph is 2-colorable iff it contains no odd circuit. Hence
the critically 3-chromatic graphs are precisely the odd circuits.

(b) Assume for the sake of simplicity that n is odd; the even case could be
treated similarly. Consider a complete bipartite graph Knn with color classes
A, B. Take two disjoint odd circuits CA, CB of length n and connect each
point of CAto a point of A, each point of GBto a point of B by independent
edges. Let G denote the resulting graph (Fig. 64).

Fig. (34

The graph G is not 3-colorable. In fact, every 3-coloration of Knncolors one
of the sets A, B monochromatically. But then this coloration does not extend
to the corresponding odd circuit.

On the other hand, G is ~-critical. For let e = (x, y) be any edge. If x £A,
y £ B, then color x and y red, all points of A — {x} blue, all points of B — {y}
green. In this coloration neither A nor B is monochromatic, hence it extends
to a 3-coloration of the whole graph G —e. We obtain by similar reasoning
that G —e is 3-colorable for every edge e

Since G has more than n2edges, the desired graph is found [B. Toft, Studia
Sci. Math. Hung. 5 (1970) 461-470].

(c) Again suppose for the sake of simplicity that n is odd. Take two disjoint
«-circuits Cv Gz and connect each point of C1to each point of C2 The resulting
graph is not 5-colorable, for we need 3 colors to color Cxand 3 different colors
to color C2- It is straightforward to find 5-colorations of the graphs G —e,
ef£ E(G), thus G is ~-critical. It trivially fulfils the degree requirement
[G.A. Dirac, J. London Math. Soc. 27 (1952) 85-92].

18. Set /(G) = k. We show first that /(G') > k. Suppose indirectly that there
is a ~*-coloration a of G'. Let a(y) = 1; define a coloration B of V(G) by

B(x)—l« x) I 39

Then B is a legitimate coloration of G. In fact, if (x, z) £ E(G), then one of them,
say X, has x(x) 1, so B(x) = X(X). Now no matter whether B(z) = a(z) or
a(z"), B(z) will be different from 3(x) since both z, z' are neighbors of x. 8 uses
only Ic— 1 colors, which is a contradiction.

Now let e EE{G"), we show that z(G' —e) > lc Ife £E(G), then take a (k —1)-
coloration of G —e, color the points x' (x £ V(G)) with color k and y with
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color 1. Ife= (u,Vv"), take a (k —I)-coloration B of G — (u, v). Define
B(z) if zeV(0)-{v},
a@ = «k if z=v or z—y,
B[x) if z—Xx"
Finally, ife = (y, v*), let ~ be a (k — I)-coloration of G — v and define
B{z) if zgV(G) —{r},
a2 = K if z—v,v' or vy,
B(x) if z= X\

In all eases we have found a ~-coloration of 0 —e. Thus G' is /-critical and
/(G") = Kk 4- 1 as stated [J. Mycielsky; see S].

19. (a) Assume GO is a subgraph of a 4-chromatic /-critical graph G. Then
G — {x3, xB&f is 3-colorable. Consider any 3-coloration of it. Then xv x5 have
two different colors; therefore both x2 xi have the third color and so, x3, x4
have different colors. But this implies our coloration is a good coloration
of G as well, which is a contradiction.

(b) Suppose GO c: G, where G is /-critical and /(G) = Kk 1. Let e £ E(GO).
Then G —e has a (k — I)-coloration a. Since this Is not a good coloration of
G, the endpoints of e have the same color. However, this means that x yields
a ~-coloration of GJe.

Conversely, suppose that /(GJe) < k for every e £ E(G). We show that GO
can be embedded into a critically (k + I)-chromatic graph even as an induced
subgraph. The assumption means that for each e £ E(G), there exists a k-
coloration of V(G), which associates the same color with the endpoints of e,
but different colors with the endpoints of any other edge of G{y Let Pebe the
partition of 8 induced by ac. By 9.8, we can find a graph G such that 8 c: V(G)
and the "-colorations of G induce the partitions Pe (e £ E(G0) of 8 and no
other partition. Set G' = G U GO.

Now /(G') > k For if there existed a ~-coloration of G', this would induce
a Peon 8, which is impossible as e joins two points in the same class of Pe.
Therefore, G' contains a (k # I)-chromatic /-critical graph G". All we have
to show is that to obtain G from G' we do not have to remove any edge of GO.
Suppose indirectly that e £E(G0), e (j E(G”). Let ae be a k coloration of G
inducing Peon S. By the definition of Pe, aeis a good coloration off?"* ¢ 6 U
U (G0—e¢). This contradicts /(G"™) = Kk (- 1 [D. Greenwell, L. Lovasz, Acta
Math. Acad. Sei. Hung. 25 (1974) 335-340].

20. The first assertion is trivial: for any edge e of G, G —e is /.-colorable and
this yields a Z;-coloration of G' — e. Hence either G' itself is /."-colorable or it is
critically (k -j- I)-chromatic.

If k= 2, then the critically 3-chromatic graphs are the odd circuits. Split-
ting any point of these, we obtain a 2-chromatic graph (a path).

We show by example that for k > 3the second possibility can, in fact, occur.
Put 3 copies of Kk+l together as in Hajos’ construction shown in Fig. 65.
Then by 9.16 (or trivially) the resulting graph G' is not /.-colorable. On the
other hand, even if we identify the points x and x', the resulting graph will be
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Fig. 65

critically (k + I)-chromatic. For let us remove any edge e, for example from
the Kk+1 containing x. We can then color the points of this Kk+1 in such a
way that only the endpoints of e have the same color; in particular n and v
are differently colored. Color the points of the other Kk+l (containing Xx')
such that only the colors of t and w are the same. Color v' with the color of u.
The remaining Kk — 2 points can be colored with the kK —2 colors different
from the colors of v', w' and w. Similar arguments yield a ~-coloration of
G —e, when e is any other edge.

21. Assume indirectly that some m <J Kk — 1 edges ev . .., em separate G into
two pieces Glt G2 We may assume this is a minimal cutset, so that each e-
connects Gt to Ga Consider a /r-coloration of Gxwith color-classes Tv ..., Tk
and a ~-coloration of G2 with color-classes 8V . . ., Sk (these exist by the criti-
cality of G).

We want to match each T twith some $such that no edge connects Tt and 8,.
Since there are only m <, Kk — 1 edges to consider, there certainly exists an 8t
not connected to T x by any edge. We can clearly select this St such that
either T1or S, should be incident with one of the edges ev ..., em Let this
index be 1'. Then we have to match the remaining Kk — 1 classes T with the
remaining kK — 1 classes S, and the number of edges e- between these classes
is now < m—1< K—2. So we can proceed in the same way as above.
(Actually what we have shown is that removing kK — 1 edges of Kkk, the
remaining bipartite graph has a 1-factor. This would of course follow from the
Konig-Hall theorem immediately.)

Now the partition \TxU8V ... ,TkUSK} is a ~-coloration of G, a contra-
diction. [G. Dirac; B.]

22. Suppose first that G is separable, i.e. G = GxUG2with V(GXMN G2 — {x},
\W(Gt\ ,> 2. Since G is ~-critical, Q&) < %G —k -f 1. Consider a ~-coloration
a. of Gt. By permuting the colors we may assume that oxx) —o02x). Then
putting oland a2 together we obtain a ~-coloration of G, a contradiction.
Now suppose that G = G1\JG2with |F(G))| > 3, V(GXNG2 = {x, y}. Let
a- be a "-coloration of G¢ (r = 1, 2). It is impossible that oXx) ="0Jy) and
x2Ax) ™ x Ay); since then, by permuting colors, we could assume that oxx) —
= x2X), aj(y) = «X¥) and so, we could put xv a2 together to get a /r-colora-
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tion of G. We reach a contradiction similarly, if oxxX) = oxXy) and 02Xx) =
= -aX?). So we have that, choosing the indices appropriately, any ~-coloration
of Gl paints x, y with the same color, but no ~-coloration of G2 does so. Hence,
G[ —Gx+ (X, y) is not ~-colorable and neither is G2obtained from G2by identi-
fying x and y.

We claim that G[, G2 are /-critical. Obviously, /((?]) = %Q,) = /(G). Let
e £ E(G]). Now G—e is "-colorable; from above, this coloration associates
different colors with x and y (G2forces this) and therefore, it yields a /."-colora-
tion of G[ —e. Thus G[ is /-critical. Similarly, G2is /-critical.

Note that the fc-colorability of G2does not follow from the fact that G2 is
critically (k - )-chromatic (cf. 9.20). Therefore, we can summarize the result
as follows:

Every critically (k -J- I)-chromatic graph G, which is not 3-connected arises
by the following construction. We take two critically (k + I)-chromatic
graphs G[, G2 We remove an edge (xx yX of G(. We split a point of G2into two
points x2 y2in such a way that the resulting graph is ~-colorable. Finally, we
identify xxwith x2and yxwith y2 It is easy to verify that the converse is true
as well: every graph arising by this construction is critically (k -f I)-chromatic
[G.A. Dirac, J. Reint Angew. Math. 214/215 (1964) 43-52].

23. Let «j be a ™-coloration of G — V(Gt). Then a; induces a partition P, of 8
into at most K classes. We claim that Pt~ P; for i For if P- = Pythen,
by permuting colors, we could arrange for a- and aj to color 8 the same way.
Now use G on G — V(G) and a; on G( (where it is defined, as i ¥=j) to get a
~--coloration of G. This contradicts /(G) = k + 1. Thus the P,’s are different
and hence N PT*

If we want to construct a /-critical graph G such that an S C V(G),
liS| = m separates it into exactly p = Ptuh components, let PIt ..., Pp be
the partitions of S into at most K classes. For each i, 9.8 yields a graph Gt
containing S such that the “-colorations of Gt induce all partitions of 8
into at most k classes except P-. We may assume V(Gt) M V(G,) = S. Let
G= Gxu ... uGp B

Gis in general not /-critical. But certainly, it is not A;-colorable, for a /."-colora-
tion of G would induce a partition P, of S and this contradicts the definition
of Gj. So we can consider a /-critical subgraph G' of G with /(G') = k+ 1
We show that G' has the desired property: it suffices to verify

(@8 e F(*)
(b) G' meets every 0- —8.

(@) Suppose indirectly that a£S, « [ V(G). Let say, Px= {{ct}, S —
—{a}}, P 2={*Si}. Let 9§ be a Z;-coloration of Gv which induces the partition
P2of S and let o( be a ~-coloration of Gtinducing P xfori = 2,......... p. Since
P xand P 2coincide on S —a, we may assume the a/s can be put together to
get a ”~-coloration of G —a; therefore, G' cz G —a is Z>colorable, a contra-
diction.

(b) Suppose G' does not meet G, —8. Let aybe a Z;-coloration of Gj inducing
Pi of S (§ ). Then the a/s can be put together to get a Pcoloration of
G—(F(G,) —8). Since G' is a subgraph of this, G' is Z;-colorable, a contradiction.
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24. Let (x, y) £E(G). Since G is %o-critical, Q _ (x,y) has a #-coloration a
Since G itself is not ~-colorable, a(x) = a(y) = 1 (say). Consider another color
i and the graph /7, induced by those points of colors 1 and i. Let H\ be the
component of /7, containing X. Then we claim that y £ F(77J); for otherwise,
we could switch colors 1 and i in V(H'); the arising coloration a' is legitimate
and has a'0k) ~ a’(y), i.e. it is a good coloration of G, which is impossible.
So there are (x, y)-paths in Ht; let P, be a shortest one. Since P, contains
alternating points with colors 1 and i, it is of even length; by minimality, it
spans no chord. Since each edge of P, connects a point of color 1 to a point
of color i, the paths P2 ..., Pkmust be edge-disjoint. This proves the asser-
tion. We remark that 9.21 follows easily from this.

25. (a) Let G3be a5-circuit and, if Gris defined, let Gr+l be the graph obtained
by the construction of problem 9.18. Then it follows by the assertion of this
problem that Gris an r-chromatic graph (”-critical too) and it is easy to
check that it has no triangles.

(b) Let G3be a 7-circuit. Suppose Gn (n ]> 3) is defined such that /(Gn) > n.
Take a set S of n(\V(Gn)]— 1) 4 1 points. With each \V(Gn)| -element sub-
set F of S, we associate a copy GF of Gn (these copies should be disjoint), and
join it to the points of F by a matching. Let Gn+1 be the resulting graph, then
Z(G,+1) > n. Suppose Gn+xcould be u-colored, then some |V(Gn)| points of S
would get the same color 1; let F be the set of these points. As remarked in
the hint, the points of GF cannot get the color 1, so they are, in fact, (n—1)-
colored; this, however, contradicts the definition of Gn.

It is immediate that Gncontains no 3-, 4, or 5-circuits. [W.T. Tutte (Blanche
Descartes); see S.]

26. Let %L(G)) = k and consider a ~-coloration a of L(G). Then a is a ~-colora-
tion of the edges of G such that the edges (x, y) and (y, z) cannot have the
same color. Consider the red edges. For each point x, either all red edges adja-
cent to x have their tail at x, or all of them have their head at x. This yields a
bipartition of the graph formed by the red edges. Hence G can be decomposed
into K bipartite graphs Gv . . ., Gk Let a- be a 2-coloration of Ghi = 1,.. .k
Then using the vector (ax&), ..., aft(*)) to color x, we obtain a 2 <coloration of
G. Hence

X(@) N 2%,

27. Let Grnbe the r-times iterated line-graph of T n, the transitive tournament.
By the preceding problem,

%{®r,n) > log log mm. log n.
r

Now let Grn be Grnwith the orientations ignored. We show that Gr<nhas no
odd circuits of length at most 2r -f 1. We use induction on r. Let C be a closed

path in Grnof length 2s -j- 1. Since Grnis acyclic, C decomposes into arcs P v

QvP2Q2..., PtQ suchthatPv ...,P, are directed paths in Gengoing in
the same direction around C and QIt...,Qt are directed paths going in the
opposite direction; moreover, they follow each other on the walk as listed.
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Since Grn is acyclic, it is easy to see that the points of P, (or Qj) correspond to

the edges of a path P\ (or Q\) in Gr_In. Then the last edge of P[ coincides with
the last edge of Q2 (with respect to orientation in Gr), etc. Thus, if we
remove these last edges the rest of P[, Qv ..., Pt,Qt forms a walk of length
2s -f- 1 — 21 Clearly, this walk contains an odd circuit of length 1 < 2s + 1 —

2i < 2s — 1. By the induction hypothesis | i> 2r, whence 2s + | > 2r + 1
as stated.

Second solution. Consider the surface of the ~-dimensional unit ball. Connect
two points of it, if their distance, measured on the surface, is at least (1 — 1B)n.
The resulting graph is not ~-colorable. In fact, a theorem of Borsuk asserts
that in any ~-coloration of the surface of the ~-dimensional ball, one of the

color-classes has diameter 2; this color-class then contains adjacent points.
On the other hand, let (x0, ..., x2p) be any odd circuit in the graph. 1fd denotes

the spherical distance, then d(xit xi+1) > 1—I—rr, whence d(xt, x+2) <[
<[ 24/Z and hence by induction d(x0, x2p) <, 2pnf3. On the other hand, this
distance is at least 1—I—n. Hence 2p -|- 1> I. So our graph contains no

short odd circuits.

This graph is infinite but by the Erdés- de Bruijn theorem 9.14, it has a finite
subgraph with similar properties [P. Erd6s—A. Hajnal, Ann. N. Y. Acad. Sei.
157 (1970) 115-124].

28. (a) Let, say, I x= [b, a\ be the interval whose endpoint a is the first from
left. The system 12...,1n determines the graph G—xv By induction,
X(G—x3 = mG—Xj) < co(G. Observe, moreover, that if, x-is adjacent to xv
i.e. 1j meets Iv then a £/, (since otherwise the right endpoint of /, would lie
to the left of a). Since at most co(G intervals contain a (including / J, the
degree of s at most co(G) — 1. Therefore, we can extend the w(G)-coloration
gf G —x1to xv Hence, %O <, co(G. Since, obviously, %G > m{G), we are
one.

(b) LetlvI2.... I r denote the intervals containing a. Then xv X2,. .., xr
form an independent set in G. Consider G — {xv ... ,xr}. If xh, ..., xIrform
acliqguein G — {xv ..., xr\,then/fi, ..., ligare disjoint intervals not contain-
ing a. By the definition of a, Iti, ..., Jigare to the right of a and therefore
f l'is disjoint from them. Hence {xv xu, ..., xi¢ is a clique in G. This proves
that x(G—{xIt ..., xr}) < m(G) — 1 Thus, G—{xv ..., xr} can be colored
hy m(G) — I colors and we can use the same new color for xv . .., xr. Hence
%G < cofG). The equality is obvious as before.

(c) Let x2 x2be the neighbors of xxon the circuit. Then, as we have already
seen, 12 1. contain a and therefore, they meet each other. Thus, (x2 x3) is a
chord of the circuit (unless C = (xv x2 x3) [G. Hajos, Intern. Math. Nachr.
11 (1957) Sondernummer 65].

29. (a) If Gxis a component of G —S, then it is adjacent to all points of S,
since otherwise a set smaller than S (the set of neighbors of 6rl) would sepa-
rate G.



9.30 § 9. CHROMATIC NUMBER 363

Let n, VES and Gv G2two components of G—S. Let P, be a minimal path,
which connects u, v through G(. Then P, has no chords by minimality, except
possibly (1,v). Set C = Pl UP2 then Cis longer than 3 and therefore, C has
a chord. This cannot join an inner point of P, to an inner point of P 2as these
points are in distinct components of G — 8. Hence, it must join two points of
the same P,. This is only possible, if it is (u, v). Thus, u, vare adjacent. [G. Dirac]

(b) First, let G be defined through the subtrees as formulated, and consider
a circuit C of G. We may assume C is a Hamiltonian circuit.

Let us remove points of degree 1from T as long as the remaindersof Fx,  ,Fn
have at least one point. We cannot change the graph G, i.e. if P-MP/ 0
and g is a point of degree 1, then (P,- —x) M (Ft—x) ™ 0; since, if gis a com-
mon point of P- and Fj, then certainly so is its neighbor. When we get stuck,
we have an P, with one point; let F 1be this, say. Let P 2, P3 be the two neigh-
bors of Fj on G, then P 2, P3both contain the (unique) point of Fv and hence,
they intersect. So (x2 g3) is a chord of C.

Conversely, suppose G is a graph without chordless circuits of length at least
4; we show by induction on \V{G)j that it is representable in the mentioned
way. Let S be a minimum cutset of G, then by the previous result, 8 induces
a complete graph H. Let G —G1UGo, Gxf| G2= H, Gv Go #=H. By the in-
duction hypothesis, Gx Go can be represented in the given way, through cer-
tain subtrees of trees T x and T 2, respectively. Let Fx.... P|s|! F[,..., Rs\
be the subtrees corresponding to the points of S in the representation of Gl

and 6722, respectively. By 6.18, Fv ..., R\s\ have a point v in common and
similarly, F[, ..., F® have a point w in common. Set
T=TxUTof(v,w), F1= FtUFJ + (v, w), i=1...,[SD,

then the subtrees P'" and those corresponding to points of Gr —S and G2—8
yield a representation of G

(c) We give here proofs using the representation (b). As we have seen in
the first part of that proof, we may remove points of degree 1 from T, and still
get a system of trees representing the same G until finally, we have a tree Fx
with one point. Let xx be the corresponding point of G. Then G — xx has
%G —ag) = co(G—xX < co(G. Moreover, the neighborhood of xx forms a
complete graph and so, xxhas degree at most w(G) — 1. Thus coloring G — xx
by w(G) colors we canjind a color for xx

To show 1(G) = 0:{G), remove xxand all its G-neighbors x2, , Xr. Any set
which forms a cliqgue in G—{xx ..., xr}, i.e. which is independent in
G—{aq, . . ., xrj can be completed with xv So w(G—{xv « mm,xr})<lco(G) — L
Color G —{xv ..., xr} by 0)(G) —1 colors by induction; then using a further
color for xv . .., xr we get the desired coloration of G. [A. Hajnal, J. Suranyi;
C. Berge; see B.]

30. Let G have m isolated points xv ..., xm By 7.2, V(G —{xv ..., xm})
can be covered by

alG—{xv ..., xm}) = a{G —m
edges. So V(G) can be covered by a(GQ edges and points of G. We may assume

that these edges are disjoint, since if two have an endpoint in common, we can
replace one of them by its other endpoint. Then these a(G) edges and points of
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G yield ar) = to(G) independent subsets of G covering the points, i.e. an
&j(6)-coloration of G. Hence, /(G) w(G). Since the converse is true as well,
we have equality.

31. Let Hj be a maximum complete subgraph of Gt (i = 1, 2), then V(I1})X
XV(H2 spans a complete subgraph of Gt mG2 of size |[V(HX\m|V(H2)|=
= oGi) * 00(&). Hence o(G1mG2) to(Gi) « u)(@).

On the other hand, let a- be a /\6?)-coloration of Gx(r = 1, 2). Define a col-
oration a by

®u ) = ©d)  (55E£70)),

then it is easy to verify that a is a good coloration of Gx* G2and uses /(GJ m
* X(G2) colors. Therefore /(G mG2) <, /(GJ my\G2). Thus,

X(Gx* G2 < WGL) * x(G2 = (»(C" mAG2) <, co(Gl+ G2
and, the converse inequality being trivial, we have equality as stated.

32. (@) The exact formulation of the hint is this. Let x(x) denote the maximum
length of a chain x = xx< x2< ...< xn Then 1<[a(X) < oG), because
w(G) is the maximum size of a totally ordered subset, i.e. a chain. Moreover,
s11s a legitimate coloration. For suppose x and y are adjacent, say X > y. Then
a chain x —xr < x2< ..e< £a)), of maximum length «(x) can be extended
over y, showing a(y) > a(x) + 1

(b) Define a directed graph G by orienting the edge (x, y) from x to y if
X < y. Then, obviously, w(G) = a(G). By 8.4, we can cover the points of G by
a.(Q disjoint paths. A path of G corresponds to a chain in P. So, it spans a com-
plete subgraph of G; i.e. an independent set in G. Thus, G can be partitioned
into a(G) — 0o(G) independent sets, i.e. /(G) < 00o(G). The converse is, as always,
trivial. [This is an equivalent form of Dilworth’ theorem; see B.]

33.In 9.28, 29, 30, 32, the graphs considered are such that all induced sub-
graphs of them belong to the same class, thus they satisfy /(G) = oG as well.
However, we do not get perfect graphs from 9.31 in general. To show this, let
Gv G2 be two 3-paths, then G, « CO contains a chordless 7-cycle as shownin
Fig. 66.

Fig. 66

34. Suppose first that G is perfect. Let G' be any induced subgraph of G. Let
S be a color-class of a ~((r')-coloration of G'. Then /(G' —S) = /(G') —1 and
so, S meets all maximum cliques of G'.
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Suppose that, conversely, every induced subgraph of G has an independent
set, which meets all maximum cliques. We prove that %G) = co(G) for the
induced subgraphs by induction on \V(G')\. Let S be an independent set,
which meets all maximum cliques of G'. Since S is independent,

XG)~ XG ~S) + 1

diG) ~ oG - S) + 1

The two right-hand sides are equal by the induction hypothesis, thus #G’) <
<7 W(G"). The converse inequality is trivial.

and by its definition,

35. We may substitute the graphs Gx for the points of G one by one, and it
suffices to show that perfectness is preserved at each step. So we may assume
that a non-trivial GXis substituted for one point x0, while the other points are
not touched (or we may say one-point graphs are substituted for them).

Also, it suffices to show that the maximum cliques of G' can be covered by an
independent set; for the induced subgraphs of G' arise in the same way as G'
and so, the previous exercise yields that G' is perfect. Now let us ~(G)-color
G and take the color-class S containing x0. Also, take an independent subset
>S, of GXg which meets all maximum cliques of GXa

Then clearly (S —x0) US| is independent in G'. We show it covers all maxi-
mum cliques of G". Let T be a maximum clique of G'. If T does not meet GX§
then it is a maximum clique of G and so S — x() covers it. If T meets GXg then,
obviously, it contains a maximum clique of GXuand Sx covers it [L. Lovasz,
Discrete Math. 2 (1972) 253-267].

36. If P is a partition of V(G) into independent sets, then, obviously, it can
arise in
AA- ... (A- \P\+ ]

ways as a partition induced by A-colorations of G; this clearly also holds, if
[P] >A. Hence

@h) PO = 2 AA-1)... (A-|P| + 1),

p
where the summation is over all partitions of V(G) into independent sets. Thus
PQA) is a polynomial indeed.

Obviously, each term in (1) has degree at most n = |F@r) jand the only term
with this degree belongs to the partition into one-element sets. Thus, if one-
element sets are independent, i.e. G has no loops, then PQ]) is of degree n and
A" has coefficient 1

If G has a loop, then it has no good coloration at all, so PGA) = 0.
[Concerning chromatic polynomials see O, B, Wi; R.C. Read, J. Comb. Theory
4 (1968) 52-71; W.T. Tutte, Comb. Structures and their Appl. Gordon and
Breach 1970, 439-453.]

37. To get all A-colorations of G, consider all mappings of V(G) into {1,..., AL
We have to exclude those, which map the two endpoints of an edge onto the
same point. The inclusion-exclusion formula (2.2) yields

POw = | 'RZI(G) (—=D[Tip(T,A,
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where p(T, A denotes the number of those mappings which identify the end-
points of each edge of T. Note that a mapping does this if and only if it
maps each component of the graph <V(G),Ty onto a single number; hence,
p{T, A = ).GP» and the formula is proved.

38. If a A-coloration of G —e associates different colors with the endpoints of
g, it is a good A-coloration for G, and conversely. Thus P0_eA —P QA) is the
number of those A-colorations of G —e, which associate the same number with
the endpoints of e. Now note that such a A-coloration of G —e yields a A-col-
oration of G/e and conversely. Hence,

PgdA) PgA —PGeA

for every natural number A Since we have polynomials on both sides, this must
hold for every A

39. Since Knhas only one partition into independent sets, the formula in the
solution of 9.36 implies that

PkA —aAA—1)...  A—a+ 1.

Let P be atree and x a point of degree 1 of P. Any A-coloration of P —X
can be extended to x in A— 1 ways; hence

PHX = (A- 1)Pf_xA).
Since the chromatic polynomial of the one-point tree is A we have
PfA = AA- I)"-1.
Let Cnbe a circuit of length n, and let e be an edge of it. Then
Pcn(V = Pc,-e¢A) - PG/kA.

Now note that Cn—e is a path on n points, while Gnje is an (n —I)-circuit
Cn_v Thus

Pc,(A) = AA- I)"'1- PGM)
and repeating this reduction,
Pc(A) = AA- D™-1- AA- D"*+ ...+ (—1D)"24A- 1),
since PG = 0. Summing this series,
Pc,(A) = (A- DB+ (-1)"(A- 1)

Finally, let Wnbe the wheel with n points. Color the center arbitrarily, then
the rim has to be colored by the remaining A— 1 colors. Thus

PW,(A) = APC (A- 1)= AA- 2)"-i + A(—)"-1(A- 2.

40. Let Gv .. ., Gmbe the components of G. Then we can combine A-colorations
of them arbitrarily to get a A-coloration of G, thus

PaW = PAW me«-PoJA).
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Now suppose that G is connected and let Bx, .. Bmbe its blocks. We may
assume Bmis a block, which has only one point x0in common with the rest and
setG'= BxU...UBmyv

Take a $tcoloration a0 of G'. Now those and only those $colorations of
Bmyield a Scoloration of G, which color x0with x(.t0). Since this only means
permutation of colors, the number of such $colorations of Bmis

}PH,.(A).
Hence

PaW = Pa'W \AP bnW

and by induction we obtain
Pa W :A’\ P BW---PBnW.

41. Let G be the graph obtained from the system {[ax, fex], [a2 bZ}> ¢« >\Bw &]}
of intervals. We may assume X< b2< ...< bn Let xt be the point of G cor-
responding to [a-, &]* Then, as observed and used before, the neighbors of xx
form a complete graph. Hence, if we take any $coloration of G —xv this
excludes exactly d(xX) colors for xx (we assume His large). Thus,

Po®) = (A—d{x3)Pa_X{X.

Let /g denote the number of intervals containing bit then d(xX) = u1 — 1, so
we may write

PEX = A-fil+ 1)PO_X(A).
Continuing in a similar manner, we get
PoA = A—/MH+ HEHA—/i2+ ). H—Afin-f 1)

(we have to remark that the first j intervals do not contain bj+1 by definition,
so if we remove them, bJ+, will be contained in the same number fij+1 of inter-
wals).

Note that 9.28 is an immediate consequence; if Ai> co(G = max then
PO @ 0, so there exists a $tcoloration.

42. We use induction on \E(G)\. For the edgeless graph on n points we have
PQX = /'mWe may assume that G is simple since reducing multiple edges to
simple ones does not influence PO(f). So G/e has no loops. By 9.38,

PgW —Pa-eW —PGeW
for every edge e of G. By the induction hypothesis
Po-eW = A'— + <-2K-2- ...
PaieW = A"-1-
where a}, &' > 0. From the recurrence relation we get
PaW = An- «_! + DA"™1+ K_2+ <_2d"~2—. ..,
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which proves the assertion. It is seen that an_x= an_x-f- 1, thus it follows by
induction that an_xis the number of edges of G (provided G is simple).

To find an interpretation for av consider the formula given in 9.37. The linear
terms correspond to those subgraphs, which are connected spanning subgraphs;
thus, (—1)n_lalis the difference between the numbers of connected spanning
subgraphs with an even and an odd number of edges, respectively. It is remark-
able that axJ> 0 implies an inequality between these two numbers. The reader
may find it interesting to give a direct proof.

43. We use induction on \E(G)\. If the graph is a tree the statement is true b
9.40 (and the binomial theorem). Suppose G is asimple connected graph, whic
is not a tree, then it has an edge e such that G —e is connected. Obviously so is
G/e and they both have no loops. By the previous solution (and with the nota-

tion as there),

ai> a'i> 0.

Moreover, an_1< an_2< ...< a'n-, «"_2<...-< a"nx, by the induction
hypothesis, thus LaJ L2

o'n—I <C. ... Bj-ny
44. By 9.36,

pg\N=2pW-D---(1--\p\+ i)

where P ranges over all partitions of V(G) into independent sets. IfA> n—1
all terms are positive.

45. We may suppose that G is connected. We show (—Il)n-1Pc(A) >0, if
0 < A< 1 The statement is true for trees. Let e be an edge of G such that
G —e is connected. Then

(-ly~"P~A) >0, (-1)n-2P0k) >0
by the induction hypothesis, so
(-1)7-iP0A = (-D"-i{Pc_aA) - POUr(A} =
- (—)rHPo-e(A) + (-1)m-Pcle(d) >0.

46. (a) If G is connected, 9.43 implies 0 is a simple root of PG Thus by 9.40,
the multiplicity of the root 0 is equal to the number of components. Let
G be 2-connected, we show by induction on \E(G) \ that 1is a simple root; we
show that, in fact,

(_1)»~chN1>0.
d—1
To this end let us first remark if G has an edge, then 1 is a root by definition;

so if Gis connected but not 2-connected and G K 2, then 1is a multiple root,
which follows immediately from 9.40. Thus, if e is any edge of G,

-1)" P°- >0,
(-1) A—eul_l'|n_1“
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(IR 7 ©

since, if G — e and/or Oje are 2-connected, it follows from the induction hy-
pothesis, otherwise the left-hand side is O.

Since for |F(G)| <[ 3 the assertion is trivially true, we may assume that
IF(6)| > 4. We are going to show that one of G—e, Gle is 2-connected. Sup-
pose G/e is separable; clearly only the image of e can be a outpoint of it, whence
the two endpoints x, y of e form a cutset. Let Pv P 2be (X, j/))-paths through
two components ofB —x —y. Then P 1U P 2is a circuit and e is a chord of it.
But as in 6.35, this implies G —e is 2-connected.

(b) Let a(G) denote the number of acyclic orientations of G. Consider an
acyclic orientation of G—e. This can be extended to an acyclic orientation of G
in one or two ways according as it is an acyclic orientation of Gje. Thus

a(G) = a(G—e) + tr(Gle).

Hence the result follows by induction and 9.38 [R. Stanley, Discrete Math. 5
(1973) 171-178].

47. (a) By 9.38,
PgAV = PG-eAV - PgmW = PgW . Pejew>
PgW —PRiW + PuileA")
and similarly
Pog() = PG ( + PGle(P)
Paw + PGileAr) = PG (N + PGle(n)-

(b) Consider the three graphs G in Fig. 67, if there is a linear relation,
then it is satisfied by them. So

aX(X- 1) (M- 3A+ 3)+ bAA- DA- 2)2-f cAA- DA- 22= 0,
aNA- 1) (A- 22+ BAA- 1(A- 22+ AA- DA- )A- 3) =0,
aAA— 1) (A—22+ HIX- )(A- 2)(A- 3) + AA- 1(A- 2)2= 0.

If this system of equations has a non-trivial solution, its determinant is O.
But its determinant is

thus,

R—3A+3 A—2 A—2
ABA—13A—2)2 (A—2)2 A-2 A-3 =
(A—2)2 A— 3 A—2

= MA- 1)3A- 22(2- 3a+ 1),

SoifA 0,12 " AA , there is no linear relation (in particular, there is none,

which would hold for every A). For A= 0, 1, 2, we have trivial relations like
PG(A = 0.

24 Lok
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Fig. 67

(€) We use induction on \E(G)\. If V(G) = F(F), we have only three
graphs to check; those in Fig. 67 (since multiple edges can be ignored and if G
has a loop, everything is 0). Fortunately, there are only four numbers to cal-

culate, namely setting | = ++ 1=~ A ~, we have

S(S- 1)('2- 3|+ 3)= (12- 1) 2= 4] - 2,
11 1) 22= (?- £)(?- 4|+ 4= 26—1)@B-0 = 1-1,
- - 2)0- 3= [(| =3 —1)(—2=

= (12—3£)(]2—3| + 2) = -1

(we have made use of the fact throughout that £2= 3f — 1). With these values,
and the chromatic polynomials determined in the last solution, it is easy to
check that the relation holds as stated.

Now suppose that V(G) “V(F). If there are only isolated points in G besides
the points of F, they only mean that the equations already verified are multi-
plied by a power of |. So suppose there is an edge e with at most one endpoint
on F. Set G'= G—e Gx= G' + ev G2= G' + €2 and similarly, G"= Gle,
G[= G"+ ev G2= G"+ e2 Then by the induction hypothesis,

Paii) = £(Pqg(E) + Po;(0),
P<A£) = S(P<x(f) + Paid))-
Subtracting we get the desired equality by 9.38.

48. Let g(X) = x2—3x (- 1; the roots of q(x) are £= - and I' =
3_y5 . " :
= i Then g\Pa, because by 9.45, 1" is not the root of any chromatic

polynomial. Since q is irreducible over the rationale, this implies it has no root
in common with PG i.e. Pg(f) #0.

49. (@) We use the notations of 9.47. By 9.38 and 9.47c,

PO(T+ 1)+ PGAr + 1) + PG/i(T+ 1) + PGle(r + 1) =
—2(t+ 1)(PG(t+ 1) + Pg(t+ 1)
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whence

(1) PG,leAx + 1) + -AGi/C|(T+ 1) = (2t+ 1)(-PGI(T+ 1) + Pg,(x + 1)) =

= XA PgXx+ 1) + PgXX4" 1))e
Also by 9.47a,

) PGlexXx +1) —pGleXx + 1) = PG,(x +1) —PgXx+ 1)
and multiplying (1) and (2) together we obtain

3) PGlex +1) —Phle,(x + 1) = X\Pbt(x+ 1) —pPG,(x+ 1)e

Now suppose that the maps G2, Alel) GJe2 satisfy the identity given in the
problem. Then (3) yields upon multiplying by (r + 2)r3'~13

P<hkAx + 2) - POre(x + 2) = (r + 2)T3n-10P8YT + 1) - PaSt + 2).

By 9.47a, this implies Gl also satisfies the identity.

Now let Gy be a minimal triangulation, which does not satisfy the identity and
suppose Gy has a point x of degree as large as possible. Let (X, y, z) be any tri-
angle adjacent to x, and let (x',y, z) be the second triangle with side (y, z). Then
X' —x. In fact, if X' # %, then letting G= G1—(y, z2) and G2= G+ (X, Xx'),
Gil(y, zj), GA(x,x") and G2 will satisfy the identity by the minimality assumption
on Gxand the maximality assumption on dG(x). Hence by the above, Gy also
satisfies the identity, a contradiction.

The above argument shows that, if a face is adjacent to x, then so are all the
neighboring faces. Hence all faces are adjacent to x. This implies that x is
adjacent to all other points and G —x has no circuits. Since a triangulation
is always 2-connected (if x were a cut-point, then consider a face which meets
two components of G — x; the fact that this face is a triangle implies that there
is an edge connecting two components of G —x, a contradiction), G—x is a tree.

Now if we want to Acolor G, we can give x any of the fAcolors and (A— 1)-
color the remaining points. Hence

PglA = APCXA- 1) = AA- DA- 2)n-2
and
PEt+ 2)=(r+ 2)(r+ Hr2= (T+ 2)t"
as r-(-1= T2 Also,
(r+ 2)r3"-10Pg(r + 1) = (t + 2) 3n-10(T + N2 At- NX2>=
= (¢+ 2)r3n_1014r27_2(, 2) = (t + 2)¢"
as r— 1= T 1 Thus G satisfies the identity, a contradiction.

(b) We use induction on the number of points and “backwards” induction
on the number of edges; we may suppose there are no 2-gonal faces. If we have
a triangulation, (a) implies the assertion. Otherwise, we have a face with more
than 3 points. Put in a diagonal e into this face. Then we have, by the induction
hypothesis,

P(G+e)le(x + 2) >0,
PGQr + 2) >0.

24*
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Now by 9.38,
Po(t+ 2) = PGH)le(x + 2) + PGre(r + 2) > 0.

50. We use induction on |F(G)|. We may assume G is simple. By 5.25a, the
number of edges of G is at most 3 |V(G) j— 6, therefore G has a point x of
degree at most 5. If the degree of x is at most 4, we can remove it, 5-color the
rest and extend this coloration to x. So suppose d(x) = 5. x has two neighbors,
which are non-adjacent, for otherwise we would get a K6in the graph. Lety, z
be two such neighbors of x. Contract the edges (x,y) and (X, z) and consider
the resulting graph G. This has no loops, thus by the induction hypothesis, it is
5-colorable. Let us consider the corresponding 5-coloration of G. This is not
legitimate, because x, y and r have the same color; but only the edges (X, Y)
and (x, z) are monochromatic. Now note that x has only 3 other neighbors, so
we can find a color, which is different from the colors of all neighbors of x, and
re-color x with this color.

51. Suppose first that the faces are 4-colorable; then it is easy to check that the
3-coloration of the edges defined in the hint is a good one.

Secondly, let us consider a 3-coloration of the edges. L et 6rxbe the map formed
by red and blue edges and 0, the map formed by red and green edges. Clearly,
Q, and G2consists of disjoint circuits and hence, the faces of Gxcan be 2-colored
with red and green; also the faces of G2 can be 2-colored with “light” and
“dark”. Now use “light red”, “light green”, “dark red” and “dark green”
to color the faces of G; each face F of G is contained in a face F1loiGland in a
face F2of 6r2and color it “light red”, if Fris red and F2is light etc. This defines
a good coloration of the faces of G

Remark-. One could also prove the second half by using 5.4 [P.G. Tait; see
S, OF, Wi].

52. If the faces are 4-colorable the edges are 3-colorable by 9.51; let 1, 2, 3 be
their colors. Consider the assignment described in the hint. Go around the
boundary circuit of a face F counterclockwise, and consider the “clock” in
Fig. 68. Whenever we pass through a point with value -f-1, the color of the next
edge will be the next mark clockwise; if we pass through a point with —1, the
color of the next edge is the next mark counterclockwise. Since going around
the whole circuit we get back to the same color we started with, the sum of
-f-I’s and —I’s is divisible by 3.

Conversely, suppose we have an assignment of -fl’s and —I’s as required.
Consider L(G), this is also planar and has two kinds of faces: For each x £ V{G)

Fig. 68
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Fig. 69

it has a triangular face Fx surrounding x and for each face F of G, it has a face
F', which lies in F and has the same number of edges (Fig. 69).

Orient L(G) by orienting the triangles Fx clockwise, and define the work
v(e) on an edge e £ E(L(G)) as the value assigned to the corresponding point
of G.

So the three edges of a triangular face of L(G) corresponding to a point of G
have the same work. Thus, the sum of work of edges around any face is =0
(mod 3). But, then this holds for any circuit C. For go around each face inside
this circuit clockwise and write up the sum of the work. This is 0. On the other
hand, the sum of these sums is exactly the work around C (clockwise), because
the inside edges are counted twice, and in fact, in different direction. So the
work needed to go around C is 0. By 5.4, we can find a potential p(x) of V(L(G))
such that for each edge (X, y), v(X, y) = p(y) —p(x) (mod 3). Obviously, we
may assume p takes only the values 0, 1,2. Then p(x) is a good 3-coloration of
L{G). [P. J. Heawood, see S, OF.]

53. The faces inside the Hamiltonian circuit C can be 2-colored. To show this,
note that the corresponding piece of the dual graph G* contains no circuit, for
such a circuit would isolate a point of G from C, which is clearly impossible.
Thus, the piece of G* inside C is a forest, and this is 2-colorable.

Similarly, 2 other colors suffice to color the faces outside C.

54. ga)_ We use induction on |F(G)|. If this number is at most 4 the assertion
is obvious.

Let d@x) < 4. By the induction hypothesis, G—x has a 4-coloration a.
If d@x) < 3, this 4-coloration can obviously be extended to x. So suppose
dG@Xx) = 4. Lety, z, u, v be the neighbors of x. We think of G as embedded in
thg plane and assume the edges (x, y), (X, 2), (X, u), (x, v) leave x in this cyclic
order.

If one of the colors does not occur among a(y), a(z), x(u), x(v), we can color
X with this color. So suppose a(y) = 1, a(z) = 2, x(u) = 3, x(v) —4

Consider the subgraph spanned by colors 1 and 3 and the component Gl of
it containing y. If u JV(G-J, we can exchange the colors of points of Gxand get
a 4-coloration of G—x, where 1 does not occur among the colors of vy, z, u, v.
Then, as before, x can get color 1. So we may suppose u £ V(GX i.e. there is a
(y, it)-path Pj whose points have only colors 1 and 3.
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Fia. 70

Similarly, we may assume that there is a (z, v)-path P 2having only colors 2
and 4. But since G is planar, P | and P 2cross, and their common point cannot
have any of the colors 1, 2, 3, 4, a contradiction (Fig. 70) [G. Dirac; see S,
OF. This method is called Kempe chaining].

(b) Suppose first that all faces are triangles. Then it is easy to see that we
must have the graph of the icosahedron which, in fact, admits a 4-coloration
(Fig. 71).

Fig. 71

We may assume the graph is 3-connected, this follows by an argument similar
to the one in the solution of 9.13bZl If F is a non-triangular face, then F has
two points x, y which are at distance 2 on the boundary C of F; but, then
x, y are not adjacent in G since otherwise, they would separate the two arcs of
C connecting them.

t Note the analogy between 9.13a—b and this problem,
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Identify X and y, and cancel the arising multiplicities of edges. The resulting
graph G' has at least one point of degree at most 4: this is the common neighbor
of X and y. It has degrees at most 5 except that the image x' of x (and y) has
higher degree.

If G' is 4-colorable clearly sois G. So suppose G' is not 4-colorable and consider
a critically 5-chromatic subgraph G* of it. The argument in part (a) shows
that G" can have no point of degree at most 4. Hence G"is a proper subgraph
of G' and, moreover, all edges of G' incident with G" must be incident with x'\
otherwise, their endpoints in G' would have degree at most 4. But, then x'
is a cutting point which is impossible, because as G is 3-connected, G' is 2-con-
nected [J.M. Aarts and J. de Groot; see S].

55. Clearly, we may assume that G is 2-connected; otherwise, add another edge
joining two blocks of G, not parallel to the old edges.

Consider a face F of G, which is not a triangle, andletC= (xv ... ,xK) be its
boundary circuit. Either (xv x3) or (x2 aq) is not an edge of G, for otherwise
they ought to cross each other outside G. Say (xv x3) $ E(G). Then add (xv x3)
to G; we have broken F into two smaller faces this way. Carrying on, we can
extend G into a simple triangulation. If this triangulation can be colored in the
desired way, i.e. so that no face of the triangulation is monochromatic, then no
face of G is monochromatic.

Thus, we may assume G is a triangulation. Then G* is 3-regular and since
G is simple, G* is 2-edge-connected.

By Petersen’s theorem (7.29), G* has a 1-factor F. Let ®be the set of corre-
sponding edges of G. Then ®contains exactly one edge from each face of G.
Therefore, the faces of G — ® are quadrilaterals, i.e. by the dual 0f 5.26, G — &
is bipartite. Consider the 2-coloration of G —®; this 2-coloration meets the
requirements for G [M. Schauble, Beitrége zur Graphentheorie, Teubner, Leipzig
(1968) 137-142].

56. Suppose every point has even degree. Let us 2-color the faces (5.26) with
red and blue and orient the edges, so that they have red on their right side.
Let C be any circuit. Count the number of edges on and inside C in two different
ways. Let a edges of C have red face incident from the inside and R edges from
the outside. Let, moreover, K red and | blue faces lie inside C. Then the number
of edges on and inside C is

3 K+ B
and also
31+ a
Therefore, the work needed to go around C counterclockwise is
a—B —3k—3= 0 (mod 3).
This implies, by 5.4, that there is potential p(x) defined on V(G) such that if

(%, y) £E(G), then p(y) —p(x) = 1 (mod 3). This p(x) yields a 3-coloration of
G [H. Whitney; OF, Wi,

57. Let (ag, y3d), . .., (xn, yn) be the intersection points. We may suppose the
direction of axes is chosen so that xv ... ,xnare different, say xx< xr< ...
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. < xn. Now 3-color the points in the above order. When we get to (%- yt)
at most two neighbors of it have previously been colored and so, we can find
a color for it. Thus we can 3-color the graph [H. Sachs].

8§ 10. Extremal problems for graphs

1. We may assume that G is 2-connected. For if G = GxUG2with 17(67) N
n V(G2\ < 1, [F0,-)| 2, then one of Gv G2satisfies

1BAL >|(F (5, -1),

and we can use induction on n.

So suppose that G is 2-connected. Clearly, it is not a single circuit, so
by 6.33, G= POUPj U... UPk(k 1), where POis a circuit and P,+1lis a
(POU...UPi,POU...UP)-path for i=0,..., k—1 Then POUPX is
a 0-graph.

The sharpness of the result is shown by any graph whose blocks are triangles.

2. (@) Let P = (40, xv ..., xp) be a longest path in G. x0is adjacent to two
points other than xx; since P I1s maximal these two points must lie on P; let,
say, X0be adjacent to x and X~ 2<;i < j <, p. Then (x0......... X) is a circuit
in G which has the chord (0, x) [J. Czipszer].

(b) We use induction on n. The assertion is clear for n = 4. If G has degrees
at least 3, then it contains a circuit with a chord by (a).

Thus we may assume G has a point xwith degree at most 2. Then G —con-
tains at least 2n —3 —2 = 2(n — 1) — 3 edges and thus, by the induction
hypothesis, G — >k contains a circuit with a chord. But, then so does G.

K2n-i shows that the result of (b) is sharp [L. P6sa].

3. (&) We prove by induction on |V(G) | the assertion of the hint.

I. Assume first that G has a point xof degree at most 2. 1f xhas degree 1, then
G —has at most one point of degree at most 2 and we are done by induction.
If >xhas degree 2, i.e. it is adjacent to two points y, z and (y, z) (j E(G), then
remove >and join y to z. The resulting graph has degrees at least 3 and thus,
it contains a subdivision of Kv If we subdivide (y, z) by » we get G back;
hence G contains a subdivision of Ki too. If y, z are adjacent, then we may
assume da(y) = da(z) = 3 (otherwise, G — X satisfies the assumption). If the
third neighbors of y and z are the same point w, then G —X—y —z —w
satisfies the assumption; if y is adjacent to u, z is adjacent to v (X, y, z, u, v
being distinct) then contracting x y, z to a single point »x, we get a graph G'
in which only x' has degree at most 2. Hence G' contains a subdivision of KA
Since subdividing the edge («, 1) of G' we get a subgraph of G, G also contains
a subdivision of Ki (see Fig. 72).

I1. Now assume that every point of G has degree at least 3. We may assume G
has a point of degree 3, otherwise we could remove edges as long as all but one
of the points of G have degree at least 3. Let u, v, w be the points adjacent to x
If u, v, w are adjacent by pairs, then > u, v, w spans a K. Thus we may sup-
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Fig. 72

Fig. 73

pose (1,Vv) JE(G). Remove x and join u to v. The resulting graph G' has degrees
at least 3 except possibly that w has degree 2. Thus G' contains a subdivision
of Ky, by induction. Since subdividing the edge (1, v) by x we get a subgraph of
G, G also contains a subdivision of Kv

(b) If every point of G has degree at least 3, we are done by (a). If there is
a point of degree 2, we can remove it and proceed by induction.

The graph shown in Fig. 73 has exactly two points of degree 2 and 2n — 3
edges, it does not contain a subdivision of Ki (prove!). Thus (a) and (b) are
sharp [G. Dirac, Math. Nadir. 22 (1960) 61-85].

4. First we prove, as suggested in the hint, that G does not contain a subdivi-
sion H of Ki and an edge (u, v) disjoint from it. Suppose it does. Consider the
component Gxof G — V(H) containing (u, v). Trivially G, is a tree. Let X, y be

Fig. 74
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two endpoints of Gv Then x (respectively y) must have two neighbors pv p 2
(respectively gqv g2) in H. No two of pv p2 qv g2can be contained in the “sub-
divided star” of one of the principal points of H as center or inner point of the
“rays”, for such a position would yield two disjoint circuits (Fig. 74a). But
then, as is easily verified, p 4, p 2 g4 g3 must be the principal points of H and
we again get two disjoint circuits as shown in Fig. 74b.

Now we have to distinguish 5 cases.

Case 1. Assume there is in C a subdivision H of K xand a point v of degree at
least 4 not in H. A similar argument to the one above shows that v has degree
exactly 4 and is adjacent to the four principal points xv x2 x3, xx of H. Ex-
changing the role of xt and v we can use the assertion of the hint and see that
x, must be adjacent to xy (j ~ i) and v, and to no other point. Hence G — K5.

Case 2. Assume G contains a subdivision H of K xand a point v of degree 3 not
in H but connected to three principal points xv x2, x3of H. Interchanging the
role of v and the fourth principal point x4 we get that F'(xX) = {xx X2, x3). We
show that every edge (r, s) of G contains one of xv x2, x3. Suppose not, then
s Xv x2x3 x4, v. But xv x2 x3 x4and v, together with any one of the sub-
divided edges (xv x2), (x2, x3), (xv x3), form a subdivision of K4. Hence (r, s)
must meet each of these subdivided edges at inner points, which is impossible.
Thus xv x2, x3in fact cover all edges. But this clearly means we have graph
(in).

Case 3. Thereis a subdivision H of K4and a point v not in H of degree 3, con-
nected to at most two principal points of H. By the assertion of the hint, the
neighbors of v must be in H and it is easy to see that at least two of them,
x4 and »2 say, must be principal points. The third one, being not principal,
must be an inner point p of the subdivided (x3, x4)-edge. Interchanging the roles
of x3and v we get '(x3) = {xv x2 p} and similarly, I'(x4) = {xv x2 p}- We
claim that xv x2 p cover all edges; then we shall be able to conclude as before.
Since xv x2, x3, x4, p, v induce a subdivision of K 4, each edge must meet one of
these points. But those meeting x3>x4 or v also meet xv x2 or p. This settles
this case.

Case 4. So we may assume each subdivision of K 4is a spanning subgraph. By
10.3a, G contains a subdivision H of K4. Let xv x2, x3, x4be its principal points.
Assume that this subdivided K 4can be chosen so that xxhas degree at least 4.
Let (xv u) be an edge adjacent to xxbut not in //. Since H is a spanning
subgraph, u is a point of H; trivially n must lie on the circuit C of H —xv
Replacing the subdivided edge (xv xt) (i = 2,3,4) by (xv u), we must get
spanning subdivided K 4s. Hence x4is adjacent to x2 x3 and x4. Any point of
C can, trivially, be adjacent to xxonly (except for its neighbors on C). Thus
G is a wheel.

Case 5. Only one more case is left, when each subdivided K 4in G is a spanning
subgraph and its principal points have degree 3in G If G = K4, then it is a
wheel. So suppose H has a chord e, which must then connect inner points of
two subdivided edges of H. Clearly these subdivided edges must be disjoint,
e.g. (xv x2) and (x3, x4). Now G contains no further point since removing such
a point the rest of H -\- e would still contain a subdivision of K4, contrary to
the assumption. Hence G has six points, a trivial case.
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Remark: B%/ similar arguments we could determine all (not necessarily simple)
graphs, which contain no two disjoint circuits. Given any such graph, we can
remove points of degree one and “smooth out” points of degree 2, so it suffices
to describe these graphs with degrees at least 3. The result is as follows: the
three types of graphs in the problem with the modification that the spokes of
the wheel and the edges in the 3-element class of K3 n 3 may be multiple; and
there is one new class: take a forest F, and a point x with possibly some loops
at X, and connect x to F arbitrarily [G.A. Dirac, Canad. Math. Bull. 8 (1965)
459-463; L. Lovasz, Mat. Lapok 16 (1965) 289-299].

5. (@) By 10.3b, G contains a subdivision of Kv If this subdivision is proper,
i.e. at least one of the subdivided edges has an inner point we easily find a sub-
division of A23. So we may suppose G contains four pairwise adjacent points
X, ¥, Z, U. Since n > 5, there is at least one more point v. Since G is 2-connected
there are two independent paths connecting v to two distinct points of x, v,
z, u. Now x, v, z, u, v are principal points of a subdivision of K 23 (Fig. 75).

(b) Since \E(G)\ > In—5, 526 implies that G is non-planar and hence,
by Kuratowski’s theorem 5.39d, G contains a subdivision of K33 or Kh. In
the first case we are done, so suppose G contains a subdivision of K &vith prin-

cipal points xv .. ., xb. As in part (a), we distinguish whether or not this sub-
division is proper.

1° Suppose the subdivided (xv x2)-edge Q (say) contains inner points. G —
— {xv x.,} being connected, we have a path P joining an inner point y of Q

Fig. 76

Fig. 76
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to a point z outside Q. z may have three essentially different positions but in
either case we easily find a subdivision of K33easily (see Fig. 76, p. 379).

2°. Suppose xlt .. ., x5are mutually adjacent. Since n]> 6, we must have a
further point v. Since G is 3-connected, there are 3 independent paths connect-
ing v to xv X2, (say). Then again a subdivision of K33is obviously found

(Fig. 77).

Fig. 77

(c) We claim that if a graph has at least 2n — 2 edges and contains no sub-
division of K32 then it is connected and its blocks are  s. We use induction
on n.

Suppose first that a graph G with 2n —2 edges is not connected, i.e. G= GyU
UG2 G10G2= 0. Let |[F(G,)| = w > 0(i= 1, 2). Then

1561 ‘b [25C)| esi  — 2= (2M— 2) +F (2n2— 2) =2,
whence, e.g.
1BA|~"2n1-1.

Thus by induction, G1is connected and all blocks of it are K\'s. But, then
\E(GD\ = 2n1—2, a contradiction. So G is connected.

IfGis 2-connected the assertion follows from (a). So suppose it has a cut-point
x. Let G= G1UG2 V(GxMG2) = {«}, |F(G)| = W< n. Then

E{GX\ + \E(G2\ » 2n —2 = (2n1—2) + (2n2—2).
As above, we get a contradiction, if
o4)1> 2nt—2
for any i. Thus it follows that
\E(G)\ = 2~ — 2, \E(G2\ —2n2—2

and hence by induction hypothesis, Gv G2 are connected graphs whose blocks
are ZT4s. Thus so is G

A similar argument shows that, if Gis a graph with n points and 3n — 5 edges
containing no subdivision of K33, then G is 2-connected and it is composed of
complete 5-graphs by the following recursive rule. We take a graph G (already
constructed) and a complete 5-graph K5, and identify an edge of G with an
edge of Kb (see Fig. 79a).
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Thus the answer to (c) is: A graph with n points and
2n — ledges ifn= 1(mod 3),
2n — 2 edges if n=  0,2(mod 3)

contains a subdivision of K 23; a graph with n points and
3n —4 edges ifn= 2(mod 3),
3n —5edges ifn= 0,1(mod 3)

contains a subdivision of Kz 3. These bounds are best possible as shown by the
graphs in Figures 78 and 79 [L. Pésa].

(a) (b) any triangulation of a circuit

Fig. 78

(b) any planar trianqulatiort

Fig. 79

6. We show: (') If Go has degrees at most 3, then any graph contractible onto
Go contains a subdivision of GO; (b") If Go has a point with degree at least 4
this is no longer true.

(@) It suffices to show on the one hand that, if G/e (e = (u, v) £ E(G)) con-
tains a subdivision H of GO, then so does G. If the point x of G/e, which is the
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image of e is not a principal point of H, then this is clear; suppose it is a prin-
cipal point. By the assumption, there are at most 3 subdivided edges of H start-
ing from x. If we pull » and v apart again, some of these will start from » and
some will start from v. We may assume at most one starts from v; then adding
e to this subdivided edge and considering gqas a principal point we find a sub-
division of Go in G.

(b") We show that there is a graph Gv contractible onto G0, with degrees at
most 3. Let xxbe a point of Gowith degree at least 4. Let us split x into d points
XV ..., xd of degree 1 and connect these by a circuit. Do so for each point
x with degree at least 4, and denote the resulting graph by Gv Then Gx has
degrees at most 3 and is contractible onto GO. If Go has a point with degree at
least 4, then, clearly, Gxcontains no subdivision of GO.

A 4-connected counterexample in the case of Ks is Ki 4

7. Leta £ V(G). Contract edges and cancel the arising multiplicities repeatedly
so that

(*) the contracted edge is adjacent to the image of a,

**) \E(G )™ m fOr t|)e resulting graphs.

IV(GW\ " n
Suppose, we get stuck with the graph GO. Let a0 be the image of a in GO. It fol-
lows from (*) above that the subgraph Gxof G mapped onto ao is connected
and G — V{GY) = Go — 0.

Let x be any point adjacent toa0in Go (i.e. adjacent to B(0r)inG). Let if
denote the number of points of Go adjacent to a. and x (this is the degree of x
in the subgraph of G induced by the neighbors of G,). Try to contract (a0, x)
and cancel one edge from each of the arising if parallel pairs. Then (**) must fail
to hold for the resulting graph GO. Since

IF(G)I = KGOl - 1,

|IB4| = E(GO\-1-0,
we have

\E(GO\ - &- 1 m
[F(GO)|-1 n
or, equivalently,

0> \E(GO\ —1—— (I (GOl - 1.

Since
vmooon N om
IFGO)I1” &’
we have
0>— |[FGO|-1- — (F(GO| —1) = — —1,
d a d

which proves the assertion [W. Mader; see W].
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8. We use induction on m. For m = 3 the assertion is clear. Let m ~> 4.
By the preceding problem, G contains a connected subgraph G:such that the

subgraph Go induced by the neighbors of Gt has degrees
> 2m3—1, so > 2m 3. Hence n

1BA1 N 2 T=*Y(BD),

and thus, by the induction hypothesis, G2 can be contracted onto Km v Carry-
ing out the same contraction on G and also contracting Gv we obtain a graph
which contains Km [ibid.].

9. Induction on k: for k = 1 the assertion is trivial.

Again, let Gj be a connected subgraph as in 10.7, i.e. let the subgraph G:
induced by the neighbors of Gxhave degrees |> 2k Then

NG N 2 k-4F (G 2|

and thus, Gz contains a subdivision H of F —e for any e £ E(F). Let xv x:
be the principal points of H corresponding to the endpoints of e. Since xt£
£ V(G2), it is adjacent to some point y, £ F(G4) (i = 1, 2). Since Gt is connect-
ed it contains a (yv y2-path P. Then

H = H+(*l,yn+ (x2y2) + P
is a subdivision of F contained in G. [ibid.]

10. I. Let Xj be a point of the 3-regular graph G with girth 4, and let x2, x3, xa
be its neighbors. Then x2 x3, xi must be independent, because G contains no
triangle. Let x5, xs be two further neighbors of x2 Thus |V(G)| 6; equality
holds only if x3, a4 are also adjacent to xband x&i.e. G = Ks 3

1. Let (xv ..., xp)bethe least circuit in G,p~> 5. Let yt be the third neighbor
of X. By the minimality of the circuit considered, yt does not lie on it and
yi ¥=Y] for i Hence \V(G)\ 2p >; 10. If equality holds, then p — 5.
The only points at distance at least 4 from yxare ys and yv so these must be
the two further neighbors of yxbesides xv Similarly, y is adjacent to yi and
yb, and ys to y5, i.e. we get the Petersen graph (Fig. 80).

Fig. 80
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11.1. Assume first that g is odd. Let xn£ V(0), and denote by <§ the set of
points at distancei fromx0 i = 0........ -— —j . From each point of S(there is

exactly one edge to s t_x, since two such edges would yield two paths from x to
x() of length i, and these would form a circuit of length less than g Thus

[S/+1= (r— D) mSi\ i= 1. T and hence
ILCn)] ™ \SO\+ ISJ + ... F <3 =
6% i,
=1-fr+r(r—1J +r(r—1 2.

I1. Let g be even and consider two adjacent points X, y. Denote by S, the set
of points at distance i from the set {x,y) (i = 1, ru 1). The result fol-

lows by the same counting as above [W.T. Tutte; P. Erdés-H. Sachs; see S].

12. Assume we have constructed G(r, g) andG(r', g — 1), where r' — | V(G(r, g))\.
Split each point of G(r', g — 1) into r' points of degree one and identify these
r' points with the points of a copy of G(r, g). The resulting graph G' is, obviously,
(r f- )-regular. We claim that it has girth g. If we consider a minimum cir-
cuit in a copy of G(r, g), this has length g\ hence G' has girth at most g. Any
other circuit in copies of G(r, g) has length at least g. Let C be a circuit of length
s not in the copies of G(r, g). Contract each copy of G(r, g), then G' is mapped
onto G(r', g — 1). C is mapped onto a non-empty subgraph with even degrees,
hence the image of C contains a circuit C'. Now C contains at least one edgel
of a copy of G(r, g) and hence, G' has less than s edges. Thuss —1> g —1,
s;>g Thus G' —G(r + 1, Sy

Now since G(r, 2) as well as G(2, g) exist trivially (r parallel edges and a g-gon,
respectively) we get that G(3,3), G(4,3) ...; G(3,4),CX4, 4), .. .; ...;G(3, g),
G{4, g), . . . also exist. [P. Erd&s-H. Sachs; see S, WV].

13. (@) Suppose indirectly that a, bE V(G) are at distance > g Remove a
and band add r new edges, matching the r neighbors of a with the r neighbors
of b. The resulting graph G' is, obviously, r-regular.

We show that G' has girth at least g. Let C be a circuit in G'. If C does not
contain any of the r new edges, then it is a circuit in G and thus, the length of C
is at least g. So suppose C contains some new edges.

Now consider a path P in G —{a, b} joining two endpoints of the new edges.
If P joins a neighbor of a to a neighbor of b, then, since a, b are at distance
at least g -\ 1, P has length at least g— 1. If P joins two neighbors of a (or
b), then with two further edges it forms a circuit of G through a (or b) and hence,
it has length at least g — 2.

Now ifC contains only one new edge, then it contains a path joining the two
endpoints of this edge. By the above argument, this path has at least g — 1
edges and thus, C has at least g edges.

t At least s/2 such edges, in fact; but we do not use this observation.
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On the other hand, ifj C contains at least two new edges, then it also con-
tains at least two paths connecting endpoints of these. Hence its length is
at least

2+ 2ir- 2)> g
Thus G' is r-regular and has girth at least g. Since \V(G")| < \V(G)\, this is
a contradiction.

(b) I. Assume r = 2/. Let £ V(G). Remove x and join the 21 neighbors
of it by new independent edges. The resulting graph G' is clearly r-regular.
Since \V(G'\ < |F((?)], G' must have girth less than g, i.e. it must contain
a circuit C with length less then g. Obviously, C contains some (at least one)
new edges; letev ..., esbe these edges and let them splitCinto arcsPv ..., Ps.
We observe that P, forms a circuit in G when we add the two edges joining its
endpoints to x, thus |P(P,)j]> g — 2. Hence

g> \E(C\ >s(g - 2)+ s= s(g—1).

Thus s = 1, i.e. C consists of a new edge eland a path P connecting its end-
points, such that PxC 6 — {x}. It also follows that P xhas g — 2 edges, i.e.
joining its endpoints to x we get a circuit of length g in G

Il. Assumer = 21 1 Ifg= 2 or 3, then G consists of r parallel edges
and G = K1 respectively. Thus we may assume g > 4.

Let (x, ¥) £ E(G). Remove x and y from G and pair up the 21remaining neigh-
bors of x as well as the 21 remaining neighbors of y. The resulting graph G'
is r-regular again. Since \V(G')\ < \\V{G)\, G' contains a circuit C of length
less than g. Again, let ev ..., es be the new edges on C and let them divide C
into arcs Pv ..., Ps. Note that

[F(P) > 49~ ~ 7~  j°ins two neighbors of x or two neighbors of y,
— g —3 if P, connects a neighbor of xto a neighbor of y.

Thus,
g> \E(C\ > s(g—3) + s = s(g—2),

whence s = 1asg 4. Now we conclude as before that P lis contained in a
circuit of G of length g, which passes through >ory.

(c) Let £ F(6r). By (a), any point of G can be reached from by a path
of length at most g. But there are

~or(r—IF-1

paths of length j starting from > (some of them may terminate at the same
point; some may come back to ») and thus,

IFG)| ™ 1+ r+r(r- D+ ... +r(r- N«-1=

=1+-M (r- Ig- )< —— (r- 1)*
[ibid.].

14. Take a maximal graph G', which arises from G by adding independent
edges and which has girth at least g. Assume indirectly that G' has a point u
of degree r. Then for reasons of parity, it has another such point v.

25 Lovasz
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Let S be the set of points of O’ at distance at most g— 1 from [u, V). Each
point w oi O' outside s must be of degree r 1, otherwise the edge (u, w)
could be added to G'. Since by a computation similar to that in the solution
of 10.11 we have

w\< 21+ r+ ...+ r*1)< 2rg<7?|F(t')) I,

it follows that there are two points X, y outside s connected by an edge of
E{G") —]JEG). Now G' — (x, y) - (x, n) + (X, V) is a graph with girth at least
g, arising from G by addition of independent edges, and larger than G', a contra-
diction.

15. (a) Let U be the set of points and W the set of lines of the projective plane
over GF(pZ. Connect n £U to w£ W iff n £w. The resulting bipartite graph
is clearly (p + I)-regular and has 2 (p- -|- p -)- 1) points. To show it has girth 6,
note that it contains no quadrilaterals; in fact, if (uv wv u2 w2) were a circuit,
then the lines wv w2 would have two points in common uv u2 It contains no
circuits of length 3 or 5, because it is bipartite. Any triangle in the plane
yields a hexagon in the graph.

(b Consider the hypersurface If = {x: xTx = 0} in the 4-dimensional
projective space over GF(p). First we prove some geometric properties of 8.

(i) & contains no plane. Suppose indirectly that s is a plane contained in If
and let u,vEn. Then uTu= 0,viv= 0 and (u+ V)T{u-fv) = 0 (since
u, v and u - v are vectors representing points of s). Hence it follows that
uTv = 0. Hence if V denotes the linear subspace of the 5-dimensional vector
space formed by homogeneous coordinate quintuples of points of n, we have
V ¢; Fx. But this implies that dim V+ j>dim V — 3, contradicting 5.31.

(i) There are exactly p + 1lines of § through each point b of §. Let 27 =
= {x: bTx = 0} be the “tangent hyperplane” at b. Each line through b is
contained in Z7; for if v is a point of such a line then as in (i), it follows that
bTv = 0. Conversely, if v£8 M2, then all points of the line spanned by
b and v belong to If M27.

Let n be any plane in 27 avoiding b. Then a MIf is a conic section, which is
non-degenerate since if it contained a line, then this, together with b, would
give a plane contained in If, contradicting (i). So g M If has p -\- 1 points as
is well known. Now the lines in If through b are exactly those lines connecting
b to the points of s M If, so their number is p + 1-

Let us note that these considerations together with (i) also imply that no three
lines in 8 form a triangle.

(iii) lofl= p3+ p2+ P + 1- Observe that given any line A and point b on
8 —A, there Is a unique line on If containing b and meeting A. In fact, the
tangent hyperplane 27 at 6 cannot contain A, so 27intersects A in a single point
a, and then the line ab is this unique line. Thus, if we consider any line A,
there arep + 1 points on A, p further lines incident with each point of A, and
any point of If is incident with exactly one of these lines. Hence |of —A\ —
= pAp + 1), which proves the assertion.
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_ Since each line contains p + 1 points and each point is incident with p + 1
lines of 1p, the number of lines of IF is the same. Let £ denote the set of lines
of

Now form a bipartite graph on § U £ by connecting b£8 to T ££ iff bEA.
The resulting bipartite graph is (p + I)-regular by (ii) and has 2(p3+ p2+
+ p + 1) points by (iii). It contains no 4- or 6-circuit, since a 4-circuit would

correspond to two lines on IF meeting in two points and a 6-circuit to 3 lines
on IF forming a triangle, both impossible.

16. (@) If Z represents all circuits, then V(G) —Z spans a forest and hence, it
spans at most n — \2\ — 1 edges. Since each point has degree at least 3, there
are 3(n —\2\) edges leaving the points of V(G) —Z. The edges spanned by
this set are counted here twice but still we have at least

3n- \2) - 2»- \A- 1)=n- \z\v + 2

edges connecting V(G) —Z to Z. On the other hand, a point of Z is incident
\évi\th\nothmore than d edges, hence the number of (F(G)—Z, Z)-edges is at most
AZ\. Thus

d" Nd 6Un—\o4a 4" 2
or, equivalently,

d+ 1
(b) We may suppose g 3, as g = 1, 2 are trivial.
Let d denote the maximum degree in G. The same counting as in 10.11 yields
™o>I-M+2d+... +27MV] ,d= i+ n(2~] _ ).
Now by (a), any set Z representing all circuits satisfies

[7i~ "+ 2> 3+ d2M - 1) 3+ 3(2~] - D~ 3 2R
d—1 d4 1 3+ 1 8
[H.-J. VoB, M. Simonovits; see WV],

17. Let Gv G2 ..., Gv be defined as in the hint; 6rv+1 = 0. One may assume
that the girth of each Gt is at most g, otherwise we could consider Gt instead
of G. Hence |[F”~) U... U V(CW\ < w

On the other hand, it is easy to verify that F(CI) U... U V(Cv) represents
all circuits of G. Thus part (b) of the preceding problem yields

[TCXU...UFCwIN 3 2 gli.
Hence
VN — 2*/2
87
as stated [ibid.].

25*
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18. (@) v= 1 means that any two circuits of G have a point in common. If G
is not simple, i.e. it contains a loop or two parallel edges, then all circuits are
covered by 1 or 2 points, respectively. So we may assume G is simple. Then
by 10.4, Gis one of the graphs displayed in Fig. 8. The circuits of Ks are covered
by any 3 points of it; those of the wheel are covered by the center and any one
point of the rim; those of the third example {Ks n_3 with some edges added
in the 3-element class) are covered by any two points of the 3-element class
[B. Bollobéas, L. Posal.

(b) We use induction on V(G). We may assume that G has no points of
degree 1 or 2, because these could be removed and “smoothed out”, respec-
tively. Remove the points of a shortest circuit. By 10.16b, the length of this
satisfies

9 <;4log2r.

Let t'denote the minimum number of points of covering all circuits of the
remaining graph. Clearly
*Att 4+ 0

So using the induction hypothesis,

I"—51-+i>ill +i>—

V> + :
4 log t' 4logr 4log r 4logr

(c) Let G be a 3-regular graph with girth g and minimum number n of
points. By 10.13c,

n< 32, or g> IogZ%b.

By 10.16a, we need at least n/4 points to represent all circuits, i.e. n <[ 4t.
Furthermore,

.n. n . 4t
<S§ .

9 1°g2W3) log2t.
[P. Erd6s-L. Pdsa; this proof is due to H.-J. VoB, in: Theory of Graphs

(Akadémiai Kiadd, Budapest 1968) and M. Simonovits, Acta Math. Acad. Sei.
Hung. 18 (1967) 191-206; also see WV.]

19. Consider G1= G —x. Since G is 2-connected, G1 is connected.

1°. If G: is 2-connected, then let xy be any point adjacent to x. Since
dd(z) j> k — 1forevery z g xy,y (for every z ¢y, in fact) there is an (xv y)-
path of length at least k — 1 in Gv Adding (X, Xy) we get an (X, y)-path of
length at least k

2°. Assume Gyis not 2-connected and let Gy= A UB, |V(A) M F(B)| = 1
Choose the notation so that y £ V(A) and suppose B is minimal. Then B is,
obviously, 2-connected. Let {yx} = V(B) N V{A). Since G is 2-connected, x
must be adjacent to a point xy£ V(B) — {)/L3.

Now each point z @ yxof B has degree at least k — 1, hence B contains an
(xv i/jJ-path P of length at least k — 1. Also, let P 2be a (yv y)-path in A; then

P=Py-\-P2-\-(x, )
is an (x, j))-path in G of length at least k.
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20. Let X be defined as in the hint. Obviously, all paths arising by repeated
deformation from P have the same points, thus X &ZF(P). Let X — {Xo,
XU, ..., xittxmp (0 < ix< ...< it< m). We claim that

F(X) ¢ {a" xmi, xivti: v= 1,..., i} UZ

(whence [P(X) —X\ < 2t —2).

Letn £ (X), n (j X. Then un is adjacent to apointv £ X. Since, by definition,
v is an endpoint of a maximum path whose points are the points of P, n must
belong to P. Let n = xt.

By the definition of v, there are paths Po—P, Pv ... ,PSsuch that Pi.:
arises by deformation from P, (i= 0,...,s—1) and v is an endpoint of Ps.
If both edges (xit x”X) and (xh xi+,) belong to Ps then let, say, (xitxi+j) be
the first edge of the (u, u)-arc of Ps. Then xi+1 is an endpoint of a path arising
from Ps by deformation, i.e. xj+, £X and we are finished.

So suppose, e.g. that (xi+1,x() E(P9. Thenthereisanindexj, 0 < ? <5 -1
such that (xi+1, X) £ E(Pj) but (xi+1, xt) $ E(PJ+1). Since Pjfi arises from
Pj by deformation, this can only happen if one of xI+v xt is the endpoint of
Pj+v Since X (X, we must have xi+x £ X and we are done again.

Thus we know that

\F(X)-X\<2\X V-5,

whence, by the assumption, |31 k+ 1 Let Xxez X, [Mx = k Then by
the assumption
LLL X~ - > 2|Xj] - 1=2k- 1
and since
nr(xnc F(P),
we have
IF(P)| > IXjl + IF(XX- Xj\~ *+ 2:k- 1=U - 1

The assertion is sharp for any K as is shown by any graph consisting of disjoint
complete (3k — 1) -graphs [L. Poésa, Discrete Math. 14 (1976) 359-364].

21. (a) Suppose indirectly that G has no Hamiltonian circuit. Let us add edges
to G as long as we do not form a Hamiltonian circuit. Since condition (a)
remains valid (by the way, so do (b), (c), (d)) we may suppose G is already
saturated, i.e. adding any new edge to it, a graph containing a Hamiltonian
circuit arises. Let (x, y) E(G), and let H be a Hamiltonian circuit of G +

+ (X, y). Then G contains a Hamiltonian path P = (zx= x,22 ...,zn=Y)
connecting X to y.
Let zh, . .., zikbe the neighbors of x on P, 2= i1 < i2 < eee< jk<!n. Then
y cannot be adjacent to ziv\ (1 <;v< Kk); otherwise, (zx ...,Z,, i, zn,
zn v ..., ziV) would be a Hamiltonian circuit. Hence
ddy) <ra—1—k=n—1—daf{x) < n —1 ————7—2b< lzl

a contradiction.

We next assume (d) holds. We again may assume G contains no Hamiltonian
circuit but joining any two non-adjacent points by an edge a Hamiltonian
circuit arises. Let xk xt be a non-adjacent pair with k -\- | maximal (k < ).
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Then xk is adjacent to xi+v ..., xn, hence

@ dk>n —I:

also, X is adjacent to xk+v ..., xt_v xl+1,...xn, i.e.

2 dl'>in —k —1

The same argument as used in (a) yields

3 dk d, < n—1

Now from (2) and (3),

e dk< n—1—d< (n—) —(n—k—1) = Kk

Set m = dk Then by (4), m~>k and thus, dm> d k= m. Also, (3) implies
that

Thus by the assumption,

dn-m”~>n —m = n—dk>di - 1
It follows that
n—dk=n—m > |,
or, equivalently,
dk< n —1,
which contradicts (1).

If (b) holds, then, obviously, (d) holds. Suppose (c) holds, and let dk< Kk < ?

| = n—k Then by (c), either d, lordk+ d,> | + kK= n, whence dt > |I.
Thus (d) holds again and the existence of a Hamiltonian circuit follows [see B].

22. Let G be a simple graph, which does not contain a Hamiltonian circuit
through the edges in F. We may assume that, adding any edge to G, we already
have such a Hamiltonian circuit (because in the complete graph on V(G),
there is a Hamiltonian circuit through F, as F consists of disjoint paths).
Let (x, y) (K(G). Then there is a Hamiltonian circuit in G -]- (X, y) through
F, i.e. there is a Hamiltonian path P in G through F connecting x to y. Let
P=(x=12zvz2...,zn=vy). Let x be adjacent to z(l,...,zk 2= <
<....< ik< n). As before, it follows that z,,, i (1 <[ v< k) can be adjacent
to y only, if (z/,,_i, ziv) £ F. Thus, at most n — 1 —k -f- g points are adjacent
to y. Hence

(1) da(y) + da(x) <Ln + g —1
This is clearly impossible.

Remark: One could give analogous generalizations as in the preceding
problem [see B].

23. Add a point y and connect it to all points. The resulting graph on :n + 2
points has degrees at least n + 1 and has a Hamiltonian circuit by Dirac’s
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theorem 10.21a. Removing y we still have a Hamiltonian path (x0, ..., x2n)
in G. Suppose G has no Hamiltonian circuit, then we have the following rule:

if xQis adjacent to xh then x2nis not adjacent to x,_1

Since the degrees of xo and x2nh are n, it must hold that if xo is not adjacent
to X then xn is adjacent to xt_v

Suppose first that xo is adjacent to xv ..., xnand x2n is adjacent to xn, ...
..., X2n v Thereis an i, 1<Mi <,n such that x, is not adjacent to x,; then xtis

Fm. 81

adjacent to Xj for some n < j <! 2re — 1, because da(xt) = n. Then the circuit
(xit Xj v ...,x0xi+l, ... ,Xj_v x2n ..., X)is a Hamiltonian circuit (Fig. 81).
Now let 1<[r<j:n—1 be such that xi+: is adjacent to xo but xtis not. By
the above argument, xi_: is adjacent to x2n Thus G contains a (=n)-circuit
IN—.......... RARAAXEN ‘
Let C= (yv...,y2n) b()e a (2w)-circuit in G, and let yo be the last point.
Since G is a maximum circuit in G, yo cannot be adjacent to two neighboring
points of G; so it must be adjacent to every second point on C, to yv yv ...
.., ynv say. Replacing y2 by yo we get another maximum circuit and so, y4
must also be adjacent to yv y3, , Yy2n_v Now we observe that y xis adjacent

toy0,22 ---,y2n i.e.
da(yi) > n+ 1,

a contradiction [C.St.J.A. Nash-Williams, Proc. Amer. Math. Soc. 17 (1966)
466-467].

24. Let x, y £ V(G), we prove that they can be connected by a Hamiltonian
path. We may assume (x,Yy) £ E{G), since connecting X, y by a new edge
influences neither the assumption nor the conclusion.

Subdivide the edge {x, y) by a new point z. Then it is easy to see that the
resulting graph G' has a Hamiltonian circuit, if and only if G contains a Hamil-
tonian path connecting x to v.

Now the degrees of G' are

2<d2<J...<)d,*],
where d2<[...< dn+1 are the degrees of G; hence d: > R by the

assumption. Since \V(G')\ = n -} 1, Pdsa’s condition (b) in 10.21 is satisfied
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and hence, G' has a Hamiltonian circuit. Thus, G contains a Hamiltonian
path connecting x to y [see B].

25. Let G= (xv ...,xm be alongest cycle in G. Then |F(C)| > %b In fact,
let Q= (Zg ...,zp) be a longest (directed) path and zu......... zlit (ix< ... <
< ik) be those points of G for which (ziv, z0) £ E(G) (they obviously lie on Q).

Then ik)> K > n\2 and thus, the cycle (20, . . ., zik has length > nj2
Suppose C is not Hamiltonian and let P = (y0, ..., yt) be a longest path

in G — V(C). We have (u, y0) £ E{G) for at least 2——I points n not on P.
n

All these points belong to C; let us denote them by xh, N, t)>——1
b

Similarly, there are points XX -e.., Xss)>-— I such that (yt, ¥v) € E(G),

1<,v”/s. i2

Now observe that if xiv™ X\ then the (xiv, >x*)-arc of C must be at least as
long as | + 2 ; for otherwise, this arc of C could be replaced by (xlv, Yo) + P +
+ ?yh Xp). Thus if we consider an arc Av of C, starting at »X-;xL (xm+i —Xi)
and having length I, (1 <Cv t), then

V=1

t
But it is easy to see that (JI V(Av) and thus
\V=

5 <m—(@t-fl
or, equivalently,

+ 0+ — 1 I~ n- |

But P has | + 1 points out of n —m, thus
Z|- 1< ¥—m m<.n—I| —1,
a contradiction [C.St.J.A. Nash-Williams; see B].

26. Let G be a maximum circuit in G. Suppose indirectly that G is not a Hamil-
tonian circuit. Then G — V(G) is non-empty; let Gl be a component of it. Let
XV ..., Xs be those points of G adjacent to Gv Observe that no two xt are
neighboring points on G by the maximality of G. This implies that {aq, . . . ,z]j
separates G and hence, s">Jc. Going around C in a given direction, letyv ... ,ys
be the points following xv , XS.

Now we claim that ylt ..., ysare independent. Suppose indirectly that yt
and yj are adjacent, then remove (xit yt) and (4, yj) from C and add (yity}
and an (xi} x;)-path through Gx] the resulting circuit is longer than G, a contra-
diction.

Also, no yi is adjacent to Gx and thus, selecting a yo £ V{GI), the set S =
— PO W \s) will be independent. But

\S\ = s+ 1~k +1,
a contradiction [P. Erddés-V. Chvatal; see B].
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27. (a) Let P = (xO,xt, ..., xm) be a longest path. Then all neighbors of x0
are on P; since dG(@0) > Kk, one of these neighbors is Xtwith K <, I <lm. Then
C= xo,..., Xj) is a circuit of length i -f-1 K+ 1-

(b) Let P be a longest path as above. Suppose first that there are points
X, X such that i < j, xtis adjacent to xmand x jis adjacent to x0. We may
assume y—r is minimal among such pairs of indices. Let C = (x0, . . ., Xit xm,
Xm v ... Xj). Ifj=i-f1 thenChaslengthm 1and must be a Hamilto-
nian circuit, since otherwise there would be a point outside C connected to G,
which would yield a path longer than P. So we may assume that j ]>i + 2
Then xi+j, ..., an_j are not adjacent to Xo or xm hence G contains xm all
neighbors of xm and all points xvfor which xv+1 is adjacent to x0, except Xj_v
These points are distinct and hence C has at least 2 k points.
So suppose that the last point xt adjacent to xo comes before the first point
Xj adjacent to xm (possibly xt = Xj). Since G is 2-connected, there are two dis-
joint paths P 1, P 2 connecting the circuits G. = (x0, ..., xtyand C2= (¥, . ..
..., Xm. We may assume that one of them starts at X, for otherwise we can
walk on the path (xh. .., X) till we hit either C. or Pv, and replace an appro-
priate piece of Pvby this path. Similarly, we may assume that one of Pv P2
ends at Xj. It may be that the same Pvends at xfand X or not; but in both
cases we get a circuit which contains x0, xmand all neighbors of them as shown
in Fig. 82. This circuit is longer than 2k [G.A. Dirac, Proc. London Math.
Soc. » (1952) 69-81].

Fig. 82

28. For n <, K the assertion is void, so syppozs&n > k. If G has a point x with
n
degree at most k/=, G —x has more than -————_—2—————edges and so, by the indue-

tion hypothesis, G — x contains a circuit of length gﬁe_a_ter than h. Thus we may
1 |
assume that every point of G has degree at least------- .

Also, if G is not 2-connected, say G = G: U672 with IFFGN MF(02| < 1
then, by

\wgr)\ + Ne ) 1>~ 4 l)"A'&lF(Q Dl + [F(GI|-2),
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it follows that for i = 1 or 2,

Wi\ A (IFie,)!-1

and induction works again. Thus we may suppose that G is 2-connected. Then
10.27 implies that G contains a circuit of length at least Kk + 1.

The result is sharp for graphs whose blocks are Kks. [P. Erdés—T. Gallai,
Acta Math. Acad. Sei. Hung. 10 (1959) 337-356].

29. LetP = (0,1 ..., N) be any path in G. Let P xbe a (P,P)-path with end-
points ix= 0 and ji such that j I i1s maximal. Suppose the (P, P)-paths Bv . ..
..., Bk have been selected, Bvhas endpoints iv< jvand jk< N. Let B«x+1 be
a (P, P)-path connecting {0,. .., jk— 1} to {jk-f-1,...,N} (such a path
exists as G is 2-connected) and let jk+ xbe as large as possible. 1fjk= N we stop;
let s be this value of k.

It follows from the definition that

0 < jl<h < eee< is= N.
Also,

ifcHl ~ jk-B
since otherwise Rk+xcould have been chosen for Rk Thus we have

0 = ii<i2< jl<,i3<)*<,m--<Lis< js-1 < is
«Similar reasoning shows that Bv ..., Bs are independent paths. Thus P U
UPxU ... UBs has the structure indicated in the hint.

Suppose that s = 2p -)- 1 is odd (the even case can be treated similarly and is
left to the reader). Then the arc between iy+1 and jy+1 is not longer than | —1
since it forms a circuit with Rp+1. Similarly, the (ip, ip+l)-arc and (jp+v jp+2)-
arc of P form a circuit with Rp, Rp+l, nip+2 and the (jp, ip+2)-arc of P (this
latter may degenerate; Fig. 83) and hence their total length is at most | — 3.
Similarly we get that the sum of lengths of the (ig ig+X-arc and the
(jz2p+i-q?Zpt2-?.)-arc is at most | — (p -f 1 —aq). Thus

Ne 1~ (0—1+ (i—3 A
which proves the assertion [H.-J. VoR, G. Dirac, see WV].

Fio. 83
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30. Let x,y £ V(G), (x, y) EE(G). Any z £ V(G) — (X, y} is adjacent to at
most one of X, y. Hence

@x) —1) + {dy) — ) <n—2 d{x) + c%) < n.

Sum this over all edges (X, y), then we get each d(x) exactly d(x) times on the
left-hand side, i.e.
2d\x) <n m\E(G)\

X

Here

2X *(*>Nn 1 (X2 dw)2=1 EW P
thus
+\E(G)\* "n\E(G)\, \E(G)\<".

[W. Mantel, Wiskundige Opgaven 10 (1906) 60-61. Other simple proofs can be
obtained by specializing the solutions of Turan’s theorem 10.34 and 10.35.]
31. Let x be any point of G. Then no two neighbors of x can be adjacent, hence
d(X) <; «<).
Now let N be a minimum point cover of G. Then each edge of G is represented
by a point in S, thus
\E(G\ )a]?d(x) < a(G) m\S\ = a(G mr(G).
TS

Since

«(0) mT@@ < ("O+ UOT = A )1254,

the result in the preceding problem also follows from this.

32. Let us call a triple {X, y, z} bad if it does not span a triangle of G or G.
Then the number of bad triples such that exactly one edge spanned by them
contains the point x is d(x)(n — 1 —d(x)), so

d(x)(n — 1 —d{x))
counts the bad triples twice. The number of triangles in G and G together is,
therefore,

"L IF de(n — 1 —d(x).
3) 2 xev(G)

(@ If Gis ™-regular this formula reduces to

] ~5nk(n —1—K)

as stated.
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(b) We have ag(,, _;_ap)”™ K~ij!

and hence, the number of triangles in G and G is at least
N nin—12_ n(n—1)@r—5)
3 2 2 } - 24

Note: This is positive for n >5, which is a very special case of Ramsey’s
theorem (8 14) [A.W. Goodman, Amer. Math. Monthly 66 (1959) 778-783].

33. Let (x,¥) £EE(G). Then at least d(x) -j- d(y) — n points are adjacent to
both x and y, i.e. at least this many triangles contain (x, y). Hence

¥ e O+ %) -0

estimates the total number of triangles from below. Since d(x) occurs in this
sum exactly d(x) times, the number of triangles in G is at least

—( > d(x)2 — nni).
3 x€V(G)

By the Cauchy-Schwartz inequality, this is
Y d[x)Y
(Y, d[x);

[ibid.]
34. We use induction on m. For m = 1 the assertion is void.

LetH be a complete /c-graph in G (such a subgraph exists by induction on k,
or let us “’saturate” G by adding edges as long as no complete (k + I)-graph is
produced, and consider this saturated graph rather than G). If G contains no
complete (k + 1)-graph, each x f F(6) - V{H) is adjacent to no more than
K — 1 points in H. Hence the graph Gx= G — V(H) has more than

z)mz—(k—l)(m—k) —{zj ® (m—1)2

edges. By the induction hypothesis, this implies that Gx contains a complete
(k + D-graph and hence, so does G.

The equality is attained when V(G) = VxU... U Vk 1F,| = m and two point
points are adjacent iff they belong to different sets F-.

If n = mk -J- r then we claim that the most number of edges in a simple graph
without triangles is attained when G= Hn,, V{Hntk)= FjU ... U Ff,
Fi=...= |Frfl=m+ 1 |Fr+l| = ... = |Ff§ = m and again, two points
are adjacent iff they belong to different classes. This number of edges is

)(m+ N2+ r(k —r)m(m -f 1) + |I ) r m2
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This claim is trivially true if m = 0 and can be proved by induction on m in
the same way as above [P. Turan; see B, S].

35. Let X be a point with maximum degree and denote by Go the subgraph
induced by the neighbors of x. Then there is a graph Ilo on V(G0), which is
(k — I)-chromatic and satisfies

h,fz) > daXz) (z 6 F(GO);
this follows by induction on K since Go contains no complete &-graph. Define
H on V(G) by connecting all points of V(G) — V(GO0) to all points of F(6'0) and

also all pairs of points adjacent in HO.
Obviously, H is ~-chromatic. Also,

dH(y) = im ,)I = do(x) > da(y) Yi F(60)),
dHy) = [F(G)| - MGOI+ d,.(y) *
> VG- IVGOI+ dGy) > dQy) (y 6 F(GQ)).
Note that Turan’s theorem is an immediate consequence. For let Av , Ak
be the color-classes of H, |A,| = a{ Then a: f- ... -f~ak= n and

Ne 1=y xe%/(é)<*(*)<_§_va(H)dH (F)ZVEM < jpon 2k

The right-hand side is maX|maI if the s are as nearly equal as possible, i.e.
ax= ...=ar=m-1 a+« =....= ak= m. This gives Turan’s bound
[P. Erd6s, Mat. Lapok 21 (1970) 249- 251].

36. (@) Suppose G is a simple graph on n points containing no 4-circuit. Let us
count those pairs {x, y) of points both adjacent to a third point r.

For a fixed z, we count ’\2 such pairs. On the other hand, each pair x, y is

counted at most once since if it were counted both with z: and with z2 then
(X, zv y, 20 would form a quadrilateral. Hence

y A\ < (n
zev(G) . 2 j [2
Here by Jensen’s inequality,
Ne )| > x/2\E(G)j\ = im )I2\E(G\ n
€V(6) 2 I n | I

and thus
mHi2

B
\E(G)\z ~ — \E(G)\ < - e

whence

\E(G)\ Y + 2 1+ yirn3) ~ En?/Z
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(b) Let the points of V(G) be the points of the projective space over GF(p),
and connect points [x, y, z] and \u, v, w\ ifi' xu -f- yv -)- zw = 0 (this means, if
they are conjugate with respect to the conic section x> -f- y» + z2 —0; we use
homogeneous coordinates).

The points adjacent to any given point n form a line of the geometry (the
polar of n), which goes through niff n is on the conic x2 - y1-f 22= 0. Hence G

[I\_?]s p + 1 points of degree p and the remaining p2 points of degree p + 1
us

\EG\ =~ (p(p+ D+ (p+ Dp =~P (P + 1)2=

= (F4il _ 3 _ ).
4

On the other hand, G contains no 4-circuit. In fact, if u, v are two points, then
their polars meet in a single point (since they are trivially distinct lines), so
any two points have at most one common neighbor [I. Reiman, Acta Math.
Acad. Sei. Hung. 9 (1959) 269-279].

37. Let m = \E(G)\, V(G) = {xv ...,xn}, d@xi) = d{ Since G contains no
Krr, any given r-tuple in V(G) is contained in the neighborhood of at most

r — 1 points. The neighborhood of xt contains 1 r-tuples. Thus
r

Wi > =P

We are going to estimate the left-hand side from below using Jensen’s inequal-
ity. Unfortunately, is convex only for xi>r — 1. But set
X if x]>r—1,
/(*) = In
0 if x<;r—i,
then f(x) is convex and, since dtis an integer, we have

i\=/2:1fW An-f- + "4 dn\ = nf[— =

i w
Now, if Z—WI < r—1, we have nothing to prove. Suppose = )>r—1, then we

have /2m\
NN acida\ £ om n
\r)  i"\\r) n) \rld
Here /2m\ 12m K

n nr 4t ®nq—fil
(r—l)\rj< (r 1)r!',l‘|1_r/>n________hl. _______
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and thus (2m r+'7 r. (r — )71,
In
\ 2-1 2-1

2m< =\ en r-f (r—1n< Cen r
[K. Zarankiewicz’s problem; T. Kévari—V.T. S6s—P. Taran, Colloqu. Math. 3
(1954) 50-57].
38. (a) We use induction on & For 1 =1 the assertion is true. Let 1i> 2 and
s= —t .If nis large enough then, by the induction hypothesis, we find k

€
disjoint s-sets Alt ... Ak such that any two points in distinct sets A, are
adjacent.
Now let W denote the set of those points in U=V (0) —A1l—... —AKk
adjacent to at least t points in each A-. Then there are at least

(H71— |IF)(s —i) > (IC1— |W]) @ —e)s = (n —ks — |IF]) (L —s)s
edges missing between U and At U. .. UAKk On the other hand, there are at

most —— s n edges missing from a given point and hence, there are at most
K

Isj-i-— en= (1 —kKe)sn

edges missing between U and AxU ... UAk Thus

(n —ks — ITP(L —e)s <j (1 — ks)sn,
whence

WA > -~ —n-ks.
1—e

Thus W gets large if n is large.
Select t points adjacent to w £ W from each Ah for all w g W. If

\w\ : 1),

then we necessarily select the same f-tuples for t distinct points in W. But these
t points together with the k i-tuples belonging to them form a desired subgraph.

(b) Remove a point with degree less than 1----- L 1——2—'3 [V(G)\ (if any);
K J

do so again for the resulting graph and so on. Suppose we get stuck, i.e. we get
a graph H with all degrees at least 1————K—+ — [P(#)|. Then if N = |V(H)\
2

is large enough, the preceding problem implies the assertion. Thus it suffices,
to show that N cannot be too small (and that we get stuck at all, i.e. N ~ 0).
In the construction of H we removed altogether at most

m AN -T-TWUWT-TNH-T*A
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_<{fr§)- [I/IZJP[Il Tttt O n)

edges. The remainder has at most ”2n edges, thus

m 1= fl_YK+'iq E.,nﬂ,\ |’1--|;(+V2|1w)- t—&y)+(»- N)+(2
or, equivalently,
80 el

Hence N gets large if n is large and the assertion follows.

(c) Set %{Q) = k + 1. Consider Turan’s graph lInk as in the solution of
10.34. This is ~-chromatic and hence it does not contain a GO. Hence
. .
M(n,Go)>\E(Hnik) \ ~ %2 (l - 4K— ,

Hm > —fl - —
17} 2 K

Now suppose indirectly that there were arbitrarily large graphs G containing
no copy of Gh with

N2 2 K

Then by (b), an appropriately large one would contain k - 1 disjoint sets of
cardinality |F(60)| such that any two points in two different such sets are
adjacent. But then GOis a subgraph of this subgraph already, a contradiction.
[P. Erd6s-A.H. Stone, Bull. Amer. Math. Soc. 52 (1946) 1089-1091. This
proof is a specialization of P. Erd6s—M. Simonovits, Studia Sci. Math. Hung.
1 (1966) 51-57.]

39. Set no = |F(6r0|. First we prove the assertion formulated in the hint,
more exactly:

* If G™ Hnkis asimple graph with ni>N(k, n0 points, \E(HreK)| edges
and G contains no G0, then it contains an induced subgraph Gxon nx= n —
— 2knQpoints such that

\E(GI\ - \E(HNnuk\ > [BA| - \E{HIK\

In fact N = N(k, n0) is chosen so that a graph on n>>N points and with
\E{Hn K\ edges should contain k disjoint classes Av ...,Ak \At\= 2no
such that any two points in different sets A- are adjacent. Such an N exists
by 10.38b since

\E(HRK \~ Eg\[/J\(/: > fl - :—*j(|+ é} 2
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Now for each xa’_ U... UAKk there must be at least 2no points of AyU . ..
... U Ak non-adjacent to x. Otherwise, x would be adjacent to at least one
point in each class and to at least no points in all but one of the classes. Hence
we could select a set Bt Cl A-, [B,J= no such that x is adjacent to all points
in, say, Bi U...UB«_1 and to at least one point in Bk Since Go —e is k-
chromatic, the subgraph induced by B: U.. . U Bk U {&;} contains G0, a con-
tradiction.

Also observe that equality can hold only if x is adjacent to all points of all but
one At and to no point of this A-. Suppose that the equality holds for every x.
Then the afs can be divided into k classes Gv . . ., Ck x £ Ct being adjacent to
all points of Aj, j ¥=i but to no point of A,. No two points in the same G- can be
adjacent since then we could find a Go in G in the same way as above. Hence,
G is "™-chromatic. Among ”~-chromatic graphs, obviously, Hn k has the most
edges, which contradicts G =A=thk and \E(G)| \LLUHRK]| ’

Thus some x is adjacent to less than (:k —2)no points of Ar U.. uak

Hence the removal of A1U ... UAkdestroys less than M = 4 ‘kz’ 4 (n—

—2kno)(zk — 2)no edges. The removal of 2no points from each class of Hn k
destroys exactly M edges and results in HI'W Thus

\EG- Al- ...- AK\- \B(Hnuk\ > \E(G)\ - \E(HNK\

This proves (*).
Now suppose indirectly that there is a simple graph G ™~ Hnkwith n m_

<C:z kno (N + N points, at least \E(HnK)\ edges and containing no GO. Set
2

nt= n—:kin0. Select induced subgraphs G 3 Gx3 G- mm such that jV((29)|=
=n and |[BA]| - \E(Hnik\ < EiGM - \E(HIW\ <... Then

@) \B(G,)\ > \E(Hnitk)\ + 1i.
Let us see when the sequence Gv G2, . .. stops. Suppose this happens at the
ttu step. By (*) we can find a Gi+1 unless Gt  Hntk or \E(Gt)\ < \E(Hnuk)\
or \V(Gt\ < N. (1) rules out the first two possibilities immediately. But also,
if

W(Gt\ = nt= n—2ktno < N
then

t>*~NKkKH,
2kno (2]

and so,

a contradiction. [M. Simonovits, in:Theory of Graphs (P. Erdds-G. Katona, ed.)
Akadémiai Kiadd, Budapest, 1968, 270-319.]

40. (@) Let Av ..., ANbe the complete /-graphs and Bv ..., BNc t be the

complete (k — 1)-graphs in G. Let At be contained in at complete (k -j- 1)-
graphs; also, let Bt be contained in bt complete ~-graphs.

26 Lovasz
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Let g be apoint not in Atwhich does not form a complete (k + 1)-graph with
Aj. Then x is non-adjacent to some pointy £A/. Let Uv ..., Uc_1 be those
n-subsets of Aj U {x} containing {x, y}. Then any pair RAt, Uj) consists of
g complete &-graph and a non-complete &-graph, and has \A(M U\ = Kk — 1.

0

Nt
(k—D(n —k —dj)

is a lower bound for the number of pairs (A, U) such that A is a complete k-
graph, U is a non-complete /.;-graph and \A 1 TA = Kk — 1.
On the other hand, the number of such pairs (A, U) is, obviously,

v *-1

;. b —k+ 1—bo

Thus we have

Nk Nk-
(1) (K—1)(n—k—at)< 2  bj{n—k+ 1—h).
/—i =i
We know that \
Nk Nk-i
2 2 ai= (*+ iWk+v 2 b'= kN™*

The left-hand side of (1) is equal to
(K — D(or —k)Nk — (ke — I)Nk+1,
while the right-hand side can be estimated by Jensen’s inequality
Vo i Nk— i
. 24

2 b(— *H+ - *+j--5fcrJ-

=k(n-k+l
Nk-I
whence (a) follows [J.W. Moon—L. Moser, Mat. Kat. Int. Kozi. 7 (1962)
283-286].
(b) Estimation (*) in the hint follows from (a) by a straightforward in-
duction. Now from (*),
* € —id4-1n_ (8\In\k
U # i UJuUJ
41. (a) Any triple of points of T nspans either a 3-cycle or a transitive triangle.
If two edges have a common tail their points form a transitive triangle and
each transitive triangle contains one such pair of edges. Hence the number
of transitive triangles is
'n—1\
n AT 2 1 n(n- NH>»—3
duUu P 1 a )F
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by Jensen’s inequality, since E dt= |V§0. Thus the number of 3-cycles is

, IV nn—NDw—3) (nh+ Y)nn—1) 1 n+ 1
[3] 8 ~ 24 4 3

(b) Let X£ V(T), and denote by X and Y the sets of points y such that
(y, X) dE(G) or (x, y) £ E(G), respectively. There must be an edge joining Y
to g( oltherwiseT would not be strongly connected. This edge forms, with x,
a 3-cycle.

Weyprove that the number of 3-cycles is at least n — 2 by induction on n.
For n = 3 this is obvious.

By 6.13 we can find a point x such that?7—x is strongly connected; thus,
by the induction hypothesis, T — x contains at least n — 3 3-cycles. As ob-
served above, there is at least one 3-cycle incident with x; hence T contains
at least n — 2 3-cycles.

Remark: Both assertions are essentially sharp: if n is odd, then Kn has an

orientation such that each point has outdegree-------- by 5.13 and this tourna-
In L

1 2
ment has exactIyZ 3-cycles. On the other hand, consider a transitive

tournament and invert the edge e connecting its “first” and “last” point. Then
we obtain a strongly connected tournament in which each 3-cycle contains e,
thus their number is n — 2 [see S, M].

42. First we show by induction on n that for each 3 <[ &< %, there is a k-
cycle through each point x. For n — K this is true since T contains a Hamilto-
nian circuit by 6.11. Suppose K < n.

By 6.13, there is a point y ¥/x such that?7—y is strongly connected. Thus
T —y contains a /r-cycle through x and hence, so does T.

Now it follows by an easy induction like the one in part (b) of the preceding
solution that T contains at least n —k 1 /rcycles for 3 <Lk <,n. Hence the
total number of cycles is

n n-2 N
> Zgn-k + i) =2 V=1\ 0
k= v=X [ 2

The assertion is sharp for the tournament obtained from a transitive one by
inverting the edges of the Hamiltonian path [see M].

43. We already know there is a Hamiltonian path (see 5.20). Letev ..., Brrzrli
be independent edges. A Hamiltonian path whose (2i — I)st edge is ef

( %J is uniquely determined. Hence, the number of Hamiltonian

rnn
paths is not greater than the number of ways to select — independent edges
(and order them). L2J
' choices fore,:™ ~ * choices for e2 etc. Thus the number of
2) 2

26+



404 SOLUTIONS 10.44

ways to selectev ..., erl'rzrji is
[»—2 + 2\
n In—: [UﬁJ I n! L,
2 2 " 2 [ 2

44, (a) We may assume n = 2<1 and want to prove ¥ contains a transitive
subtournament with K points, using induction on k. For k = 1 the assertion
is trivial.
Suppose K > 1 and choose an x £ V(T). Let X and Y denote the sets of points
z such that (z, x) £E(T) and (x, z) £ E(T), respectively. Since |A| - |¥Y]| =
—2fc 1— 1, we may assume, e.g. that |A| > 2fc-2 Then, by the induction
hypothesis, X spans a transitive subtournament T rwith k — 1 points. Together
with x, T yields a transitive subtournament with k points.
(byWe prove the assertion by induction on k For k= 1 it is obvious
again. Suppose K > 1. Define
K2
(1 -XX-1 if x> 2fc2—1,
fx) = j=0 2J

0 if x~ 2f2- 1

Then f(x) is a convex function.

Let V(T) ~ {xv ... , xn}, x- havingoutdegree d,. By the induction hypothesis,
there are at least f(d-) transitive (k — 1)-tournaments spanned by the (;
points xt is joined to; this gives f(dt) transitive ~-tournaments with sources in
X. Thus the number of transitive ~-tournaments is

M /A

i=i 2 J
( . > 1
and since------- ~>ok-2 —1

2 [13

which proves the assertion.

(c) This time we use induction on n to prove the assertion of the hint.
For n < kK the assertion is true. Let n > k. By 6.13, there is a point x such
¢ : N-tuples

K—2
in T —x containing a 3-cycle. éAIso, by the solution of 10.40, there is a 3-cycle

through x and there are
gives N®
in—3 in—3 In—2
pt- 3 k- 2 Jec- 2
~-tuples containing a 3-cycle as stated.

further ~-tuples containing this triangle. This
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Since a transitive ~-tournament contains no 3-cycle, their number is

n  In—:
~ K K—2
Note that equality holds for the tournament in the solution of 10.41 [see M].

§ 11. Spectra of graphs

1. An eigenvector of Aa assigns numbers xv ..., xn to the points vv ..., vn
in such a way that the sum of values assigned to the neighbors of v, is Xxt.
Now the graphs in consideration have such a simple structure that it is easy
to guess such assignments. For the complete graph we have (1, . . ., 1), yield-
ing the eigenvalue (n — 1); we also have vectors of form ({1, 0 , 0, —1,
0, 0), which are linearly independent and yield the elgenvalue (—1) with
multlpI|C|ty n — 1. Since there are n eigenvalues altogether, this is all.

For the star, we look for eigenvectors, which associate the value 1 with the
center. If Ais the corresponding eigenvalue we must have 1/A associated with
each of the other points, so

n—1) =4 A= zY» —1e

This gives two eigenvectors and two eigenvalues. To get the rest, we have to
consider eigenvectors associating 0 with the center. Then the eigenvalue be-
longing to it must be 0. It follows that the eigenvectors have arbitrary numbers
at the other points, the only restriction being that the sum of entries must be
0 [asit has to give 0 X (number in the center)]. There are n—2 linearly indepen-
dent such vectors, thus we have all eigenvalues again.

Finally, if C = (G, . .., cn) is an Tccircuit, then let

\ X j
where e is any nth root of unity. Then we have
Ax = (Xv)l=v
where

Xv = Xv_X-Fxvtl= ev~1+ evtl — e+ — ev= (e + €)X,
e

Thus e -)-i is an eigenvalue and considering the n roots of unity, we get all of
them. Hence the eigenvalues of Cn are

9, 2 cos2 , 2 cos2 e 2005—2—(—9———_——93]-.
n n n
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2. j= (14, ...,1 is an eigenvector of G with eigenvalue d, the degree of
G. This follows immediately, because G is regular. Similarly, j is an eigenvector
of G with eigenvalue 1 — 1 —d.

Now let vx= j, v2 ..., vnbe a basis of the a-space consisting of orthogonal
eigenvectors of G. We claim that v1(. . .,v,, are eigenvectors of G. For

Agj = (A —d —1)j,
which, if written out, means only that B is (A —d — I)-regular. For the other
eigenvectors we have

Acv,= J—I1 —AaM=J V/- \-- AaV-= - F—Aav,= (- 1—A)r,
since, by jv, =1, J\i =1 Thus vtis an eigenvector indeed and thus, if
Ai > eee> Maretheeigenvalues of G, then s —1—Xv —1—A2, ..., —1—A,

are the eigenvalues of G.

(b) The two equalities in the hint are easily verified. We use now the well-
known fact that if C is an (m x fA) matrix and D is an (a X m) matrix, then

det (xI —CD) = xmndet (x| —DC).
Let G have m edges and s points. Then
det (xI —Aua)) = det (x + 2)1 — B%Ba) =
= (if 2)mndet((x F2)1 —B@BI) = (x+ 2)mndet ((x + 2 —d)I —Aa).
Thus if m > n, the eigenvalues of L(G) are
d —2 + A for each eigenvalue Aof G, with the same multiplicity, and
—2 with multiplicity m — 4.

(If —d is an eigenvalue of G, then further —2’s occur among the eigenvalues
of the first type.) If m < q, then we have to remove 8 —m numbers —2
from the numbers listed first to get the spectrum of L(G) [H. Sachs; see Biggs].

(c) Figure 84 shows how to assign the edges of the complete 5-graph to the
points of the Petersen graph in such a way that adjacent edges correspond to

Fig. 84
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non-adjacent points, and vice versa. Hence the Petersen graph is L(KS), and
by 11.1 and (a), (b), its eigenvalues are —2, —2, —2, —2,1, 1,1, 1, 1, 3.

3. The expansion of det (XI —AT) by its first K rows contains only two non-
zero terms: One, where the 1st, 2nd, ..., kth columns go with the first K rows,
the other, where the 1st,.. ., (k —I)st, (k + I)stcolumns do so (any other com-
bination yields a column of zeros in one subdeterminant or the other.) Now the
first term yields p TI(Y pTAA) —PT1-eW; the second term is the product of two
determinants pv p2 which do not correspond to characteristic polynomials
directly. But if we expand D (the subdeterminant composed of the 1st,. .. &h
rows and 1st, ..., (k—Dst, (k- 1)st columns) by its last column we get
p TI- XX\ similarly, D2 = Pr2x*+(A) and so, taking the sign into considera-
tion, the second term is

PTx—=Xt(") PTr—XIHW = PT-Xt-X1t+54)

[A. Mowshowitz, J. Comb. Th. B 12 (1972) 177-193; L. Lovasz—J. Pelikén,
Periodica Math. Hung. 3 (1973) 175-182].

4. We use induction on \E(T)\.
The statement is true for forests with no edges. Let e = (x,y) £ E(T). By
the previous exercise,
pTH) = PT-eW - PT-X-yW
and by the induction hypothesis,
PreW = X1- a]A"2+ QA " - ...,
Pr-x-yW = A-2- alA"-4+ a.A-e
where ak (ak) is the number of ~-element matchings in T —e (T —x —v,
resp.). Thus
peA= M—@ DA-2 (a2 (- «DA4—(2(-a)d A ed....
To prove the formula it suffices to show that ak + dk _x= ak(anda[ -)- 1 = aX.
Since ayis the number of edges of T, a[ is the number of edges of T — e, dX -j-
r 1= ®i obviously. Moreover, dk is the number of ~-element matchings in
T —e, i.e. the number of those ~-element matchings of T not containing e
On the other hand, the (k —I)-element matchings of T7—x —y are in an
obvious one-to-one correspondence with those ~-element matchings of T con-

taining e. Thus, ak -(- ak_xgives the total number of ~-element matchings in T
as stated [ibid.].

5. (@) By 11.4,
pP(X) = A'- ayX -2+ a2Xn~*- ...,

where ak is the number of -element matchings in P n; this means the number
3

(b) In 1.29 the recurrence relation

Pp*W = PPn-iwW - PPn-,W
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was deduced and formula (b) was proved by it (note that this recurrence
relation is a consequence of 11.3 as well). This yields a simple inductive proof
of (a) whose details are left to the reader. Also in 1.29 the eigenvalues of the
path were found to be

[ibid ]

Fig. 85

6. Trees with no 3 independent edges have one of the forms shown in Fig. 85.
Let T 1 be one from the first class, T2 be one from the second class. Let ak, dk
denote the number of ~-element matchings in T It T, respectively. Then

a” a-fb‘t 1 ax—c d’'F2,
az = ab, az = cd-\-c-\-d

If we find values a, b > 0, ¢, d > 0 such that ax= a[, az = d2 then we are
done as clearly this also implies that Tv T2 have the same number of points
(an + 1= a] + 1). A little experimentation yields, e.g. the solution a = b =
= uw-fn 1 c=V2d= (u-f )2 (In fact, almost every tree has a “pair”
with the same spectrum; see A. Schwenk, in: New Directions in the Theory of
Graphs, Acad. Press, 1973, 275-307.)

7. (@) The adjacency matrix of G arises from the adjacency matrix of Gk by
replacing the 1’ by I, the \V(G2\ dimensional identity matrix, and putting

AQ into the diagonal. Hence XI —Aa arises by substituting —I for the
—I’s in XI —Ad and XI —A{ for the As:
f X0 —1 —N [/XI-Ad 0 — —
0 A 0 O 0 XI—AG 0 0
—1 0 A-—-1 — 0 XI—Aa, —I
|l —I 0 -1 A —__ 0 — X1—AO0r)
X1—A gx X1—Ag
Since XI—Aq and | commute, this yields

pc(A = det (XI —Aa) = detpGA(XI —AG).
Let Xv ..., Xnbe the eigenvalues of Gv pv ..., pmbe those of G2 Then

p@X) = det/7 (XI - Ag,- Xjl)- 77 det((A- w - Ao)=
1=1 1=1
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—IIPCd- A) = rl Ini C A My

Hence the eigenvalues of Gare 3+ H (1<,i< n, 1< j< m)
(b) Let Ag—Aa + I- With this notation, if & yt£ V(G{), then

{((*i. 1> (y1,¥2))EWLB1-0 D or (xvXx2)= (yvy)™
(*L Vi) €EE(@i)) or xx=yxX and ((x2y2)EL£E(G2 or x2= y2},

which means that Aq,.g, is the Kronecker product of Aq, and Aq,.

The eigenvalues of Ag, and Aqg, are Ax+ 1, .. Aif1e.., H+
+ 1,...,yn,+ 1 where 2v ..., Ai; yv...,yn are the eigenvalues of Gr
and G2 respectively. Thus the eigenvalues of Aq,.g, are

A+ 1) (~+1) I"j<n?2
and the eigenvalues of Gx-G: are
AHj+ A+ fij (@< i<nv 1< y<;nd.

A similar argument shows that the eigenvalues of the weak direct product
are Aifij [D. Cvetkovic, Univ. Beograd, Publ. Elektrotehn. Falc. Ser. Mat.
Fiz. 354-356 (1971) 1-50].

8. The ith coordinate of Av is

n

2 aijVvij= 2 Xiyx,x,) = £ X (y Xi. XI) x (rXi,Xi)-
7=1 (Xi, Xj) | E(G) (Xi, XP)tE<G)
Take here a term and set yXX{xD) = xk (i.e. = yxX&)- We claim than

(xh ) £ E(G) if ancLonly if (xv xK) £ E(G). For con3|der yXX. Then yxxt (X)) = xr
by definition. On the other hand,

YX, X{(Xlc) = yXIXt(yXiXj(Xi)) = yxfX/vyxiXiirl)) = Xj

(by the commutativity of ') and so, (xIt xK) is mapped onto (xit Xj) by yX,%-
Thus, they are both edges or non-edges.

Thus if Xj ranges over all neighbors of xit the point xk— yXq(xi) ranges over
all neighbors of xx(it is different for different points xj, because I is regular).
Hence, the formula for the ith coordinate of Aw can be rewritten as

[ X(yX, «) 1x(¥%,X()

1 (xi, xt) £EE(G)

showing that v is an eigenvector with eigenvalue

N O/((y)@.x*)-

(Xi, Xi) € E(G)

We remark that, since a commutative group I' has exactly IFI distinct charac-
ters (and they all have (1) = 1, so that they do not give parallel vectors),
the eigenvalues found above are all the eigenvalues of G. (For the case of
ngn—cgm)mutative groups see L. Lovasz, Periodica Math. Hung. 6 (1975)
191-195.
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9. First solution. Let us represent the points of Qn by 01-vectors of length
n, two being adjacent iff they differ at exactly one place. For each 01-vector
(av ... ,an), the mapping

«@b-.-.0,: (*i> mmm, xnN\-+ (aq + X,, + an)

((@q, . .., xn) 6 V(Qn); addition mod 2)

is an automorphism of Qn. Geometrically, these are those automorphisms of
m(h preserving the directions of edges; they are reflexions in certain affine
subspaces. They form a commutative, regular group I, which is (abstractly)
isomorphic with (Z2n

glow the characters can be obtained thisway: let 1<ti: < i2< mm. < k< nu,
an

%iu m.. ii(aa,....an) — ( l)ad+ ---+a‘t.

It is easy to verify that these are characters and since their number is 2" =
= IFl, they are all the characters. Thus, we get an eigenvalue as follows:

= Xil, .... a(aa, ...0,) =
= (—1) “rtese+
(e wma(0....,0) €<2,)

By the definition of Qn, the sequences (av ..., an) considered here are those
having exactly one non-zero entry. Hence

Thus, the eigenvalues of Qnare

(72/

K

Second solution. Qnis the Cartesian product of n copies of K2 Hence by
11.7a, its eigenvalues arise in the form Aj+ ... -J- A, where A= +1 are
eigenvalues of K.,. We conclude as before.

10. The mappings
qv : ek == ek+v

are automorphisms of G, forming a cyclic group I' of order p, which acts transi-
tively on V(G). The characters of ' are given by

XY = ev (t= 0. 23— 1 V= 0. B—1).
|
where e = e p . Thus by 11.8, the eigenvalues of G are given by

A= N eta (i=0,.... B— 1).
23
where 1is adjacent to £a ..., £k Similarly, the eigenvalues of H are

n=2d  (t=0, ...,p—1),
2=i
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where ebt, . . ., elk are the neighbors of 1. Since G and H must have the same
spectra, we have

=H (O<,t<p - 1
or, equivalently, J, (e _ eh)= &k

=
Let a denote the residue ofamodp, 0 a< p —1 Then eis aroot of the
polynomial

f) —  (xd —xH.
31

Since the minimal polynomial of eis 1 f x -f ... + xp~l, it follows that
1 4- X+ ...+ xp~1\f(x).

Since deg f <, p — 1, we get;

f{xX) = c(l + *+ eee + £p 1)
From /(0) = 0, we deduce that c= 0, i.e. f(x) =0. But this means that in
f(x) all terms cancel out, i.e.

{aj :1< j<Ck} —{thj : 1" j < Kk}

proving the assertion [D.Z. Djokovic, Acta Math. Acad. Sei. Hung. 21 (1970)
267-277; B. Elspas-J. Turner, J. Comb. Th. 9 (1970) 297-307].

11. Let V(0) = {aq...xn}

If det A #0, we have a non-zero expansion term of det A; say
. *ean,in B0, where (iv . . ., in) is a permutation of (1, , n). Thus (xv, xiv) £
€EG) (i=1,...,n). If say, xv...,xk (k~>nj2) form one of the two
color-classes of G, then the edges

(1> i)’ » 0 « >(

are independent and their number is kK E, thus they have to form a 1-factor
ofG. 2

12. Let Gv ...,Gm be vertex-disjoint subgraphs as shown in Fig. 10 (see
p. 72), which cover all points. Let S be the set of endpoints of Gru ... U Gm
and3T = V(G) —S; also set V(G) = {vv ...,vn} (n = 6m). Then each point
is adjacent to two points of S and to one point of T. Hence if we set

2 if VIET, IxN
X — X = T,
—1 if MES \xn)
we have Ax =0

showing that A= 0is an eigenvalue [H. Sachs. JFiss. Z.TH Ilmenau, 19 (1973)
83-99].

13. We may assume that G' is a spanning subgraph of G; otherwise, we can
add the remaining points of G to G' as isolated points and this only adds 0’s
to the spectrum of G', thus does not change the maximum eigenvalue of it.



412 SOLUTIONS 11.14

Let vbe an eigenvector of AQ’, with eigenvalue /" and with non-negative
entries. We may assume |v| = 1, then

A’= VTAGv<,vTAav
as V has non-negative entries and Aa > Aa- On the other hand,

A = max XTHGx > yTAay > A"
WEI

14. (@) 1. Let j be the vector of length n all of whose entries are 1. Then AG
is a vector whose entries are the degrees and so,

Aaj > dj, jrHG > djrj = dn.
Thus

XTX jTj
TI. Let G' denote the star of a point of maximum degree. Then, by 11.1, the
maximum eigenvalue of G' is J[D. By 11.13,
a > Yd.
I11. We have Aaj < Dj by the definition of D.
Let v be an eigenvector belonging to D; we may assume the maximum co-
ordinate of it, say the first one, is equal to 1. Then
Av = AqV<, Aaj <; Dj,
so considering the first coordinates
A <, D.

IV. Suppose we have equality here. Then Aav and TG have the same first
coordinate D, i.e.

(X, ><2i) €E(G) vi

Since Vi= 1 this can only happen if each xt adjacent to aq has the same value
vt = 1 Then the above argument applies to these points and yields that their
neighbors X also have \j = 1 and so on; since G is connected, we conclude that
\j = 1 for every point. Thus v = j, and then
Aaj =Aj = Dj
yields that G is D-regular.
(b) The two identities in the hint are easily seen: If <i... Xn= A

n n
are the eigenvalues of G, then J? 3= TrAa= 0, )f= TrA%= >m. Hence
N

i=i
Ar=(!,+ ... + K-i2< {n- DA+ ...+ A XY= (n- D(@2m- A2,
whence the upper bound follows. The lower bound follows by the argument of I.

15. The formula
Auo) = BTB - 21
follows easily.
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Since BB is positive semidefinite, all of its eigenvalues are non-negative.
Hence, the eigenvalues of Auya>are > —2. Moreover, if \WV(G)\ < \E(G)\,
then

r(BTB) = r(B) ~ 17(8) 1< \E(G)\

(r{X) is the rank of the matrix A). So, BTB has at least one 0 eigenvalue,
i.e. AL@Q has at least one —2 eigenvalue. [A.J. Hoffman, in: Beitrage zur
Graphentheorie, Teubner (1968) 75-80.]

16. Let a be an automorphism of G; define a matrix P — (ptj) by
p =\l If =
[0 otherwise.

Then P is a permutation matrix, i.e. each row and column of it contains exactly
one 1. Hence P _1= PT.
The fact that a is an automorphism is equivalent to the relation

P~iAaP =Aa.
For if Aa = (afj), then the (i, Dthentry of P~xAaP is
2 02 p*ia*p*j

where i',j' are determined by a(x,") = xhx{xp) = X. Thus a maps the pair
(ay, xp) onto the pair (ay xj), and it is an automorphism iff

«f=aj (i,j=1,....,n)
as stated.
Now Aa is symmetric, hence Aa = T~X.T, where
' 0
P
L =
0 K.

and T is an orthogonal matrix. Thus

p-iT-y-LTP = T~XT,
or
LTPT-0) = (TPT~XL.

Multiplying a matrix by L from the left (from the right) means to multiply
its ith row (ith column) by &} for each 1< r< n. Since G~ S+ for i ~j by
the assumption, this yields that the matrix TPT~1 is a diagonal matrix, say

h 0
TPT-1=

0 tn
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Here, however, P and T are orthogonal matrices and thus, sois T F T 1 Hence
ti = + 1- But then

TP.T~1= (TPT- n2 = 1 P2= 1.

Now it is easy to see that P: is the permutation matrix associated with a2
whence a2= 1. [A. Mowshowitz, in: Proof Techn. in Graph Th. Academic
Press (1969) 109-110; M. Petersdorf—H. Sachs, in: Combin. Th. Appl. Caoll.
Math. Soc. J. Bolyai 4, Bolyai-North-Holland, (1970) 891-907. For directed
graphs cf. C.Y. Chao, J. Comb. Th. 3 (1971) 301-302.]

17. Since by 11.16, all elements of I" are of order 2, I" is commutative ((xy)2 —
= 1= xzy2 and hence, xy = yx). Suppose that " is transitive on the points,
then it follows that it is regularL Thus 11.8 applies and we get that any eigen-
value of G is of the form

h= A Uvvuvi),
Qi.i'Ke(Q
where %is a character of I'. Moreover, since %(y2 — x(y2 = %1) = 1 for each
y, the summands here are + |’s. Thus Ais an integer; if d Is the degree of points
of G, then Ais the sum ofd + 1’s and hence,

—d< A<, I==d (mod 2).

This leaves exactly d - 1 values for A Since there are | V(G)| eigenvalues,
all different, we have |V(G)| < d -)- 1. Since G is simple, it must be a complete
graph, but this is impossible again except for G s* K2, since Knhas n — 1
equal eigenvalues (see 11.1) [ibid.].

18. Let Gv Go be the subgraphs induced by a maximum clique and a maximum
independent set, respectively. Then .s:. ... are symmetric submatrices of
Ag. Since G: has eigenvalues

-1,...,—10(© - 1
Q- 1
we have, by the theorem mentioned in the hint,
Aea(e -l L An-e(0)+1eC  i1-
Similarly, G: has eigenvalues 0, ..., 0 and therefore
K(G) CcL 0, At(G)+1 Si 0.
19. (a) Suppose first that —A is an eigenvalue.
Let w= (wv ...,wn)T be the eigenvector belonging to —A and set w' =
= (Nil....... N n))T. Aa = (aij). Then
(1 [WAHGWN| = I—AwWrw| = AwTw;

t Suppose (p g I fixes a point x. Then by <p(a(x)) = a((p(¥)) = a(x), it follows that it fixes
every point a(x), a£ . Since I is transitive, = 1.
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on the other hand,
wTN Qv = Na IWiIW<)N J? au \wt \Wwj\ =
& BN |
2 =w'7i Gv'<dw'Tw' = dw7w.
(since A is the maximum of u™ Gu/uTu).
Comparing (1) and (2), we find that we must have equality everywhere in (2).

Thus, w' is an eigenvector belonging to A and since G is connected, no entry
of w' is 0. Moreover, all non-zero terms in

n aijjwiwj = -~wTw
Yo
must have the same sign and since the sum is negative, all summands are
negative. Thus, if a,j ~ 0, w, and W have different signs. So, if
Sx={Xi:W >0} S2= {Xi:wt< 0},

then {/S1, S2) is a 2-coloration of G.
Conversely, let G be bipartite and let w = (wlt . . ., wn) be the eigenvector
belonging to the eigenvalue /1. Let Sv Sz be a 2-coloration of G and set

w, |w, if xt6Sv
—W if XiES2
w'= Wi, .... wn)T.
Then the ith coordinate of .4Gwn" is
J? ciij = —J_Paijo = —AW = —AwWj,
J J

if X£  (since all j’s here for which aiy”™ 0 have '§gS2, and similarly,
ANIJWIT = MaijWj = AW = —Aw;j,
i J
if Xi £S2 Thus w' is an eigenvector and the corresponding eigenvalue is —A.
The same idea proves the “only if” part of (b) too.

(b) Suppose the spectrum is symmetric with respect to the origin. If G
is connected (a) proves the theorem. We are going to reduce the general case
to this, using induction on the number of components.

Note that the spectrum of G is the union of the spectra of its components
(in the sense that, if Hoccurs in the spectra of components with multiplicity
Miene mr, then it has multiplicity m: + ... -f mr in the spectrum of G).
Let A be the largest eigenvalue and let Gxbe a component such that —A is
an eigenvalue of Gv Then the largest eigenvalue of Gxis > \—A\ = A and,
since it cannot be greater than this, it is A. Hence, applying (a) to Gv we get
that Gi is bipartite. Hence, its spectrum is symmetric with respect to the
origin. We obtain the spectrum of G —6% by removing the spectrum of Gx
from the spectrum of G. Both these spectra being symmetric, so is the spectrum
of G —Gr By induction, G —Gx s bipartite. So is Gxas we have seen andi
therefore, so is G
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20. We use induction on the number of points.

Set k= [A] + 1 Let che a point of minimum degree d. By 11.14, d <,A,
SO d <i K— 1. Let A" be the maximum eigenvalue of G—x. By 11.13,
A' A, so by the induction hypothesis

XCG—X) M A"+ 1< A+ 1 so i(G-x)<k.
Let us fe-color G —x. Since d = k—1, this coloration can be extended to X,
and so, %G <[k A + 1 [H.S. Wilf; see Biggs].

21. (a) It follows from %G — k that for a suitable choice of indices, A can
be written in the form

0 Az . . . -dik
Azi 0 Ak
Jla A2 0

where A is an m-x mjmatrix and, of course, Ajt = AjR here m- is the number
of points with color i.

Let Vbe an eigenvector belonging to A. Let us breakv into pieces yv ... ,\k
of lengths mv . .., mk, respectively. Set
>'41 [w,]
0
w, = m- entries, w =
o)l
Let Bj be any orthogonal matrix such that
WiBt = v- (i= 1,+.m &
and
B, 0
B2
B -
0 Bk

Then Bw = v and
B~IABw = B~IAv = AB~I\ = Aw,
so w is an eigenvector of B~:AB.
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Moreover, B~JAB has the form

0 Bi:A»B. ... BAANBK
@I 20N 0 B2 A kBK
BkiAK\B: BAAFtNBA . .. 0

Pick the entry in the upper left corner of each of the Nesubmatrices B[nA”Bj
(Aa = 0), these form a Kk X k submatrix D. Now observe that

>il’

K.

is an eigenvector of D; for w is an eigenvector of B~TAB and has 0 entries
on places corresponding to those rows and columns of B~:AB, which are to
be deleted to get D. Moreover, the eigenvalue belonging to u is A.

Now let/i' < ... <; pkbe the eigenvalues of I). Since D has 0’s in its main
diagonal,

H+ eeet+ o= 0O
On the other hand, A is an eigenvalue of D and so

N <, LWk
while by a theorem quoted in the proof of 11.18,
Ax YL { i AN TR
Thus
A+ eemt+ Nk-i  [H+ eee+ /hi-1l = —FkN ]
[A.J. Hoffman, in: Graph Th. Appl. Academic Press (1970) 79-91].
(b) Let the ~-coloration of G have a, points of the ithcolor (i= 1,. .., X).

Then the a, rows of the matrix Aa corresponding to the ith color are equal,
hence the rank of Aa is at most kK and n — k of the eigenvalues are 0; more-
over if we denote by w, the vector with

W= (W),
v 1 if the jth point has color i
0 otherwise,

then the eigenvectors belonging to the n —k 0’s are orthogonal to every w,.
We look now for eigenvectors of the form

1) W= Aanw;
~1

27 Lovéasz
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these will be different from the above mentioned ones and if we find k of them
(i.e. K eigenvalues belonging to them) we have all. (1) is an eigenvector with
eigenvalue Aif and only if

2 JEavxv= *fH>

L : Pxt L
i.e. if Ais an eigenvalue and ; is a corresponding eigenvector of

' xKk)
O bl ds ...
ax 0 as ... ak
A' =
i?i dz ... O

We claim that every eigenvalue of A' except the largest one is non-positive.
In order to show this write (2) as

3 2K<hx. = (A+ a)Xx,.

v=1

If A= —dj for some i, then we have nothing to show. Otherwise,

Navxvh 0
and hence, we may assume
K
4 £avxv= |
Then (3) yields
X(= — A-—-- i=1...,k),
ST )
whence by (4)
K r/
(5
vl AT ®/

Now it is easy to see that (5) has exactly one positive root. Thus all but one
of the eigenvalues of A" are non-positive.

Thus if A,......... (] are the k least eigenvalues of Ac and J1is the largest
one, then ..., 5k r, A are exactly the eigenvalues of A'. Since A* has 0’s
in its diagonal,

/\1+ eeoe 1+A= O,
which proves the assertion.
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22.Let G= Gxu ... uGm where (9, is a complete bipartite graph. We add
all points of V(G) — V(Gj) as isolated points to Gt. Then

m
AG= Ad+ ... + AOm xTAcx = _2_xTAGix.
i=i

Let V(G) —{1,...,n) and denote by {Ait Bt} the 2-coloration of G(. Then
Xre G = "?Aiix‘lgix Xp = P (v%Ai v HZiB'i xtt - (v%Aj XV_P%Bi xP)2
and thus
m mi
2-7(2* .+ ) ) > %f-
i=\ * VEAI i=l N vEAI PtBi

Thus xTAaXis the sum of in positive and m negative squares. Hence, as is
well known, m (> k and m~>1| both follow.
(Let U denote the subspace of vectors x such that

XV = (I = ,m)
ViAi

and V the subspace spanned by the eigenvectors with negative eigenvalue.
Then clearly U MV = 0 and so

| —dimV< n—dmU< n—(Mn—m)=m)

[R.L. Graham, H.O. Poliak, in: Graph Th. Appl. (Lecture Notes in Math. 303,
Springer 1972) 99-110.]

23. Let k be the number of distinct eigenvalues of G and assume indirectly that
the diameter of G is at least k Let f(X) —(x —5) ... (X —X) = xn-f

+ an IXn-1 -fal®>where ?2v ... , ?kare all the distinct eigenvalues of G.
As is well known
(D f(Aa) —Ag an_1AG1l+ eee+ a0l = 0.

Now let vit \f be two points at distance k (these exist as the diameter of G is
at least k). Observe that the (r, j)th entry of Aq is the number of (vt, Vj)-walks
of length m; because it is

y » @, iiahii + ¢ aim-ij
*1=1 *a= | im—i=1
and this term is 1if (vit vu......... \j) is a walk and 0 otherwise.

Thus, the (r, ;)thentry in Aqis positive, butitis 0in all the other terms in (1),
which is a contradiction [see Biggs].
24. We consider the following three statements:
(i) G is connected and d-regular.
(ii) There exists a polynomial / such that f(Ac) = J;

(iii) Every eigenvector of Aa is an eigenvector of J, i.e. either parallel or
orthogonal to j.

27*
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(if) => (iii). Let u be any eigenvector of Aa; it is an eigenvector of any poly-
nomial of Aa, in particular of J.

(iif) == (i). Since the eigenvectors of Aa span the whole space, one of them must
he j. Let d denote the eigenvalue belonging to j, then
Acj = di
expresses exactly the fact that G is d-regular.
Suppose G is disconnected, say G = G1 UG2 GXG G2 = 0. Define u = (w,) by
u 11 if
0 otherwise.
Then u is an eigenvector of Aa but not of J, a contradiction.

(i) = (ii). Since G is d-regular, j is an eigenvector with eigenvalue d. Let u, =
= j,u2... u,, be a basis of eigenvectors of Aa, with corresponding eigen-
values d = As is well-known, jTu- = 0 2< r< n.

Consider a polynomlal f(x) such that

f(d)=n, /(A)=0 (2 <;i<;ny.
Since G is connected, d is a single eigenvalue and this definition makes sense.
Then
f(Aa)j = W f(AQU = 0 (2<i<,n),
and therefore, the action of f{Aa) coincides with the action of J on a basis;
hence, f(Aa) —J [A.J. Hoffman, Amer. Math. Monthly 70 (1963) 30-36].
25. From the basic properties of projective planes, we get

N2 d b9 0
L~\ 0 J+qi)’

where g is the order of the plane. Hence the eigenvalues of A'[ are: (Q+ 1)2
(twice) and q (2(2 -)- g) times). Now the spectrum of L is symmetric with re-
spect to the origin (see 11.19), hence L has eigenvalues

g+ 1 with multiplicity 1,
Vg _ ? @2+ q.
—Va " @2+ q
-q -1 " i

[A.J. Hoffman, Proc. Amer. Math. Soc. 16 (1965) 297-302].

26. (@) (i) expresses the fact that each diagonal entry of Agis d; (ii) expresse
the fact that the off-diagonal entries are b. Hence

At=bl+ (d- D).

Hence the eigenvalues of Agare nb + d —b, d —b, ..., d —b. Note that G
is connected by (ii) and is not bipartite, since again by (ii), it contains triangles.
Hence 11.19 implies that —Ynb -|- d —b is not an eigenvalue of G. Thus
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\nb d —b, zc\d —b are the different eigenvalues of G. Since by (i), d is the
largest eigenvalue of G, we must have

(1) \nb 4-d —b—d, N —-erend L

Suppose G has K eigenvalues equal to \d —b and n — 1 — K eigenvalues equal
to —d —b. Since the sum of eigenvalues of G is 0, we have

—(M—1—:2K \d —b+ d= 0.

Hence )jd — b is rational, consequently integer, say /d —b —r. Then

2 d=r24-b
and
rh—1—:k) = r24- b

Hence
(3 rb.
Also, by (1),

b\d2 —d = r*4*2r2b 4- . —r2—»b
thus
4 b\rz(r. — 1).

(b) Now if b= 1 (3) implies that r = 1 and hence, by (2), d = 2. Thus
from (1) we get n —3, i.e. G= K3

Note that (3), (2), and (1)imply that n< b2b 4- 2) and hence there is a finite
number of such graphs for fixed b; (4) shows that one need not even consider
all divisors of b in (3) [S. S. Shrikhande, see Biggs].

(c) Let the points of G be the non-vertical lines of the affine plane over
GF(z2K), and let us connect two of them if they intersect and the intersection
point is on one of 2« -1 prescribed vertical lines Lv ... L2-j SetL —LxU. ..
... UL2~i. If two non-vertical lines E, F do not intersect in L, then there are
2k~1(2x~-1 — 1) other non-vertical lines meeting both E, F in L. If E, F
intersect in a pointp £L, then there are - k— 2 other non-vertical lines through

p and (2k 1 — 1)(2k 1 —2) non-vertical lines avoiding p, which meet both E,
F in L. This gives again

ok—2 4 (2k-1 — —2)= 2k 12k 1 —1)
common neighbors of E, F. Thus G has the desired property.

8 12. Automorphisms of graphs

1. Figure 63 (see p. 344) shows how to associate lines of Kb with the points
of the Petersen graph P so that adjacent points are associated with non-

adjacent lines. So P w L (K5 and the automorphism group of P is the same
as that of L(K5). The automorphism group of L(K5) is isomorphic with the
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automorphism group of Kh. For obviously, each automorphism of /i5induces
an automorphism of its line-graph. Conversely, let a be an automorphism of
L(Kb). Observe that any 4-element clique in L(K.) corresponds to a star in
K- and vice versa, so L(K5) has exactly five 4-element cliques, and any point
in L(KD5) is uniquely characterized as the intersection of some two of them.
Thus, a induces a permutation of the five 4-element cliques of L(K5) and this
induces an automorphism of Ku

Thus, the automorphism group of P is isomorphic with the automorphism
group of Kt which is Ss [R. Frucht, Comment. Math. Helv. 9 (1936-37)
217-223].

2. (@) Each automorphism of this graph is a congruence of the dodecahedron.
This follows from the observation that for any mapping of the star of a point
onto the star of any other point there is a unige automorphism extending it;
also, there is a unique congruence of the dodecahedron and so, the automor-
phism must be the same as the one induced by this congruence.

This observation also shows that the dodecahedron has 120 congruences.

Consider the cubes shown in Fig. 16, p. 127. Observe that each diagonal of any
face is an edge of a unique cube and each cube contains exactly one diagonal of

each face. Thus, the number of such cubes is exactly 5. Let Qv . . ., Qs lie these
cubes. Each congruence a of the dodecahedron induces a permutation <« of
Qi,..., Qs. Suppose x = 1 for some anConsider any point x of the dodecahedron.

This is contained in exactly two cubes ,Qj. These two cubes have only one
more point in common, namely the point x* diametrically opposite to x. Thus
a(X) = x ov x'. Moreover, if co(X) = x for some x, then a(y) must be a neighbor
of x for every neighbor y of x, so a(y) —y. Thus it follows that a is either the
identity or the reflection gabout the centre of the dodecahedron.

The number of congruences of the dodecahedron is 120. By the above, a—+x
is a homomorphism of the congruence group I into S5 and the image has 60
elements. The only 60-element subgroup of Ss is As, so this is the image of I'.
Also the above considerations show that the mapping is monomorphic on the
subgroup Mo of direct (orientation preserving) congruences, hence this subgroup
(which clearly has index 2) is isomorphic with A5. Also it follows that {1, q} is
a normal subgroup, whence o commutes with every element of I'. Hence

M= Tox{1 o} AsxC.,.

(b) It follows as for the dodecahedron that each automorphism of the cube
is, in fact, induced by a congruence and that the whole group is the direct
product of Z. and the group of direct congruences of the cube. Each direct
congruence of the cube induces a permutation of the 4 main diagonals. It is
also easy to see that, if a direct congruence maps every main diagonal onto itself,
then it is the identity. Therefore, the group of direct congruences of the cube is
a subgroup of *SY A straightforward counting shows that the cube has 24 direct
congruences (each edge is mapped onto any other edge by exactly two direct
congruences) and hence, the group of direct congruences is &4.

The tetrahedron clearly has automorphism group S4. The octahedron is the
dual of the cube; since its automorphisms must be induced by congruences in
the same way as in the previous eases, its automorphism group is the same as
that of the cube, i.e. Z>xSt. Similarly, the automorphism group of the icosa-
hedron is isomorphic with Z.xA-.
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Fig. 86

3. A graph like the one in Fig. 86 has only the rotations as automorphisms
[R. Frucht, Compositio Math. 6 (1938) 239-250].

4. The right multiplication by any fixed group element g, i.e. the mapping
gi M*is is an automorphism: if gt is joined to g] by an edge of color Kk (i.e.
gar: = ¢K> then (giSHgjg -: = gk and hence, gtg is joined to gsg by an edge
of color k.

Conversely, every automorphism of G arises in this way. For let a be any auto-
morphism of G and set g — a(l). We claim that gt = a(gr,). Since (gig)g-: = g,
gtg is joined to g by an edge of color i and gtis the only point with this property.
On the other hand, gtis joined to 1 by an edge of color i by definition, and since
a is an automorphism this implies that a(g,) is joined to a(l) = g by an edge of
color i. Hence, a(gt) = gtg.

Since it is easy to see that the multiplication of elements of I" is the same as
multiplication between the corresponding automorphisms of G, we conclude
that the automorphism group of G is isomorphic with I [R. Frucht, ibid.].

5. We may assume |F| > 2. The previous problem yields a colored digraph
Go with automorphism group T

Ifghgj £ V(G0) = I are joined by an edge of color k, then connect them by a
path of length k - 2, with paths of length 1 attached to each inner point of it
except for the inner point next to gjy where we attach a path of length 2

Fig. 87
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(Fig. 87, p. 423). We do this for each pair and then remove the directed
edges. We denote the resulting graph by G.»

Observe first that each automorphism of Go induces a unique automorphism
of G. It suffices to show that, conversely, if a is an automorphism of G, then a
is induced by some automorphism of GO. The points of V(G0) are exactly those
points of G, which are neither outpoints nor endpoints. Hence, V(Go) is invari-
ant under A(G).

The new paths with the attached shorter paths are the components of G —

— V{G0), hence a maps them onto each other. A path of length K must be
mapped onto a path of length k and the end of the path with the longer attached
path must be mapped onto the corresponding end. Hence, if gtis connected to
gj by an edge of color k, then so is agrf) to a(gg). Thus, a yields an automorphism
of Go as stated [R. Frucht, ibid.].

6.Let F, = {(y,nN: yEI'} (i= 1,2). We may consider I' to act on V1UV2
according to

i) = (yo, i) (y, 6EI, i = 1,2).
Let hit.. hmbe a minimal set of generators of I'. Assume first that m> 2.
Connect (1,1) to (1,2), (hv 2), ..., (hm,2), (hv 1). Also connect (hv 2) to
(h2, 2) to ... to (hm, 2). Take all images of these edges under I and denote the
resulting graph by G

Clearly G admits all elements of I" as automorphisms. Let us see, if it has any
other.

Let abe an automorphism ofB and assume first that it keeps Vv V2invariant.
By multiplying by a suitable element of I', we may achieve «(1, 1) = (1, 1).
The point (1, lc)J is adjacent to (1, 2), (h2 2), ..., (hm, 2) in V2 a must keep this
set invariant.

We claim that these points induce the following subgraph: (1, 2) is isolated,
(hv 2), ..., (hm, 2) form a path P. Clearly the edges of P are in G but we have
to show no other edge runs between these points. More exactly we show:
r does not map any pair ((/i,, 2), (hi+l, 2)) onto a pair ((Ar, 2), (hs, 2)) unless
{r, s} = {i, i + 1} and it does not map it onto ((1,2), (hr, 2)) at all. For assume

V(K 2). (hi+1,2)) = ((K,2), (hs, 2)), y €T.

Then y = hyihr — Af\Vbe If one °f r>s is different from both ht and hi+1’
then it can be expressed from this relation in contradiction with the minimality
of generating set {hly ..., hmy. So {r,s} = {r,i -f 1}. The other assertion
above follows similarly.

Thus it follows that a must keep (1, 2) fixed, and that there are only two possi-
bilities for a to act on (hv 2), ..., (hm 2): either a is the identity on this set
or a(hit 2) = (hm_i+1, 2). We can rule out the second possibility as follows.
(hv 2)is adjacent to (hv 1), which is a neighbor of (1, 2). We show (hm, 2) is not
adjacent to any neighbor of (1, 1) in Vv In fact, (1,1) has two (not necessarily
different) neighbors (hv 1) and (fefl, 1) in Vv If (hyl, 1) were adjacent to (hm, 2),
then we would have (Afl, 1) = y(l, 1), and (hm 2) = y(hr, 2) or \hm, 2) = y(l, 2)
forsomey £ and 1< r <[ m. But thiswould implyy = and either y= h~4im
?L y = hrgn, i/vhich are both impossible by the minimality of the generating set

vV...,hmh
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So we have shown that if a fixes (1, 1), it also fixes its neighbors in V2 We show
now that a acts on V1and V2in the same way, i.e. if ct(g, 1) = {</, 1), then
a(g, 2) = (g 2). In fact, gag’~l keeps (1, 1) fixed which, as above, implies
that it fixes (1, 2). But this means that a(g, 2) = (g’, 2). Thus afixes (hv 1), . . .,
..., (hm, 1). It follows then that if a fixes (g, 1), is also fixes (ght, 1) for each
i=1,..., m Since {hv ... hm generates I" it follows that a fixes every ele-
ment of Vv As we have seen, this implies that it fixes every element of V2
i.e. a = 1. This proves that those automorphisms of G keeping Vxand V: in-
variant are only the elements of I'.

To rule out those automorphisms of G, which would not keep Vxand V: invar-
iant we want to arrange for the degrees in these sets to be different. If G itself
fulfils this we are done. Otherwise, take the complement in Vv Since the de-
greesof the subgraph induced by VxmG are at most 2, in the complement they
will become at least n — 1 —2 > 2. Thus they increase, so after complemen-
tation they will not be equal to the degrees in V2 Since the complementation
in Fj does not influence those automorphisms keeping Vx invariant, we get
the desired graph.

In the case when m = 1,i.e. " is cyclic, take the graph shown in Fig. 88. The
points on the rim have degree 5, the points inside have degree 3, so each
automorphism maps the boundary circuit onto itself. The inner points prevent
reflections [L. Babai, Can. Math. Bull. 17 (1974) 467-470].

Fig. 88

7. (&) Suppose indirectly that a tournament T has an even number of auto-
morphisms. By Cauchy’s theorem T has an automorphism a of order 2. Let
(xy) be a 2-cycle of a. Since y is a tournament, either (x,y) or (y, X) is an edge
of T, but not both. Say (x,y) £E(T), then a maps (ky) onto (y, x) { E(T),
a contradiction.

(b) Let us first note the following fact. Let V be a set such that the group
I" of odd order acts regularly on V. Let us consider the orbits of ' on the set
E of ordered pairs 0k y), X N vy, X, y £ V. No element of ' can map (X, y) onto
(y, X); for such a permutation would contain an even cycle and hence, it would
be of even order.

Thus, the orbits of T on® decompose into pairs S, S’ such that S’ = {(x, y):
(y, X) £S}. Selecting one orbit from each such pair S, S', the union of these
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orbits forms atournament T, which admits all elements of I' as automorphisms.
Now let us take two sets F, = {(a, i) :af ') («= 1,2), and define the action
ofa€l on FtUV: by

by, i) = (oc i) (YN0 —1,2)
Let hv . hmbe a minimal generating set of I'.
Let us connect (y,Dto G2 ifg= yor O—y Al < i:<m), and (d, 2)
to (y, 1) otherwise. Take any tournament on Vxinvariant under I". To define

the tournament on V2 let us observe that no pair ((A- 2), (A, 2)) or (A~ 2),
(1, 2)) or ((1,2), A+ 2)) is mapped onto such a pair by any element y £T,

y 7=1,; for, e.g.
Y((A, 2), A, 2)) = (A 2), (A, 2)
would imply

ht = h~h-'hj,

which implies, by the mlnlmalltg of {hv ..., Ar}, that either i = v, j = \i
and thus (AAy)Z— 1 (which has been excluded, because I' has odd order;
ori= fi, j ="vand thus y = So we may take the ed es ((1, 2), (A 2)
(i=1...,m and (A- 2), (A, 2)) (I<[i<j<sm) and all images of them
under I and as noted at the beginning, one of each remaining pair of orbits of
I on E, and obtain a tournament on F 2invariant under I". Thus we have defined
a tournament T on VxU V2invariant under T

We claim that A(T) = T. Let a £ A(T), we want to show a £ I". First observe
that the points in Vxhave outdegree

which are different, because n is odd. Therefore, a must keep F, and F2invari-
ant.

We may assume <(1,1) = (1,1)- Then the set of points in F2accessible from
(1, 1) on an edge is also invariant under a. This set is (1, 2), (hv 2), .. ., Am, 2),
which is a transitive tournament. Therefore a must fix all these points. Hence it
follows as in the preceding solution that a must fix every point ie. a= 1
[J.W. Moon, Canad.J. Math. 16 (1964) 485-489; this construction is due to
L. Babail].

8. Instead of the paths shown in Fig. 87, p. 423, use the paths on Fig. 89 to connect
< to gj if they are joined by a directed edge of color A where the 6-point
configuration is repeated k times. In this way, we get a graph Gx which
has automorphism group I (this follows exactly as before). However, Gxis
not 3-regular as the points of F(G0) have degree 2 IFI.

Take any g( £ F(G0). Observe that there are exactly two of the strings of Fig.
86 of length k attached to it, one with each kind of ending (k= 1, .. \IN).
Split g; into 2 I j points of degree 1;they can be denoted by 016, . . ., ®ir|,e>
als. . «|r|,8>where ak; is the starting point of a string in Fig. 86 of length
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Fig. 89

K and with a ~-point configuration next to akj. Now join the akJ s by a circuit
Gj in the above order. Do the same for each i —1,.. |D|. Clearly, each
automorphism of Gxinduces an automorphism of the resulting graph G. Con-
versely, let a be an automorphism of G. The only triangles in G are those in the
strings of Fig. 86, so a maps them onto each other; also the triangles in the
6-point configurations have different neighborhoods than the triangles in the
8-point configurations, therefore a maps 6-point-configurations onto 6-point
configurations and 8-point-configurations onto 8-point configurations. Thus,
a maps the rest, i.e. the points on circuits (7, onto each other. Since the C, s
are the components of the subgraph spanned by V(CXRu...u V(C\r)), a
maps each C- onto some Cj. Hence, a induces a (unique) automorphism of the
graph obtained by contracting each 6'- But this graph is Gv

Thus the automorphisms of G and (?1are in a 1 — 1 correspondence, which is
obviously an isomorphism. Hence, the automorphism group of G is isomorphic
to I". Since Gis 3-regular, we are finished. [R. Frucht, Canad. J. Math. 1 (1949)
365-378. This proof is due to L. Babai. For regular graphs of any degree see
G. Sabidussi, Canad. J. Math 9 (1957) 515-525.]

9. Let xv ..., xnbe as in the hint, and denote by  the group of those auto-
morphisms fixing xv . . ., Xj. Then [\ = A(G), because xxis the only point of
degree 2 and so each automorphism must fix it; F'n— {1}. We show that the
index \ri_1 :T, | is 1 or 2; this will imply the assertion.
Look at the images ofxtunder Ft_x(i > 2). Letj < i be such that Xj is adja-
cent to xx Then X has at most one other neighbor in {xt, .. . x,}. Since each
must map x(onto such a neighbor of Xj, it follows that either x is
fixed by all automorphisms in tor it has one other image. The index |jTf_, :
:[jlis, accordingly, 1 or 2.

Remark: Every group of order :k arises as the automorphism group of
such a graph [cf. L. Babai—L. Lovéasz, Studia Sci. Math. Hung. 8 (1973)
141-150].

10. Select an e £ E(G) and orient it arbitrarily. Let / be any other element in
the orbit of e under A(G) and let a be the unique automorphism mapping e
onto /. Now orient / in such a way that ashould preserve the orientation of e,
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if a £ and conversely, otherwise. The remaining edges of G we orient in such
a way that every y £ A(G) preserves their orientations (this can be done as
A(G) acts semiregularly on E(G)).

The resulting digraph G admits the elements of ' as automorphisms by the
construction. On the other hand, let a be any automorpnism of G. Then, clear-
ly, ais an automorphism of G, i.e. a £ A(G). Since a(e) must be oriented like e,
it follows that a £ [Cf. J. Nesetril, Monatsh. f. Math. 76 (1972) 323-327].

11. It is easy to check that in 125, if we remove an edge e, which connects
a point of degree 1 to a point of degree 2, we obtain a graph with no
automorphisms. Taking the complement we have a connected graph G: and
an edge e = (u, v) £E{G2) such that A(G2 = {1}, A(G:—e)"T2 Also
the construction in 12.5 has the property that its automorphism group acts
semiregularly on the points, i.e. no automorphism a ¢ 1 fixes any point.
Thus we have a graph Gxsuch that A(GX Q I'xand only the identity fixes a
certain x £ V(GX.

Now construct G as follows. Let its Pomts be the pairs (x1; x2), xt6V(Gt)
Moreover, connect (xx x2) to (yx y2), it either (xlt yX) £ E(GX or xx= yxand
(x2,y2) £E(G2). (Gis called the lexicographic product of Gxand G2) Also let
us color those edges ((xL x2), (yv y2) of G with xx= yxred and the rest black.
Now A(G) @ I\. For obviously, each automorphism of Gxinduces an automor-
phism of G. On the other hand, let a £ A(G). Since G: is connected, the red
coloration of edges forces that a must map each class VX = {(xx x2) :x2 £
6 F(6r2)} onto such a class VX\. From the fact that G2 has no automorphism
except the identity, it follows that a(xx x2) = (XX x2), i.e. aisinduced by an
automorphism of Gx

On the other hand, let us remove the edge/ = ((x, u), (X, r)). Then for each
y £ A(G2 —e) the mapping y defined by

- \(Xv(x2)) if xlI=
y/(xu ijl ((Xj, X2 if xx¥—

is an automorphism of G —/. Conversely, if a is any automorphism of G —/,
then it follows as above that a maps VX onto Vx[. But then a must map Vx
onto itself (since Vx induces fewer edges than any other FX). Therefore, a
induces an automorphism x of Gx which fixes x, whence x = 1, i.e. a( F*i) — VA
for every xx”V(GX. Since VX induces a graph with no proper automorphism
for xx=2% we conclude that a= y for some y 6A(G2—e¢). ThusA(G—/) ~* T'2
We still have to get rid of the colorings of edges. This can easily be done by
replacing each black edge by a path of length N, N large [L. Babai].

12. (a) Let us remark first that there is a tree T such that each orbit of ' con-
tains exactly one point of T. For choose a maximal tree T Osuch that each orbit
contains at most one point of TO. If VO:VJeer(A(TO)) = V(G) we are done.

Suppose VO  V(G), then, since G is connected, there is a point x (] Fnadjacent
tosome y £F0. Let y £y(T0), then y(TO) -)- (X, y) is a larger tree meeting each
orbit in at most one point.

So let the tree T meet each orbit in exactly one point. Let us contract each
y(T), y £I. The resulting graph G' is clearly connected, and I' acts regularly
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on it [L. Babai, Acta Math. Acad. Sei. Hung. 24 (1973) 215-221; cf. G. Sabi-
dussi, Proc. AMS 9 (1958) 800-804].

(b) We use induction on |F(6?)]. We may suppose ' {1}. Let e £ E(G)
such that not both endpoints of e are fixed points of I'.

Let G' be the subgraph of G formed by those edges of G of form y(e), y£TI.
Then G' is a subgraph of G on which I acts edge-transitively. Moreover, differ-
ent elements of I have different effects on V(G")\ for the set N of those permu-
tations y £ which have y |\G) = 1 is a normal subgroup of I'; by the sim-
plicity of ', N=T or N = {1}. However, N = " would imply that all points
of V{G'), in particular both endpoints of e, are fixed points of I', a contradic-
tion. Thus if G' is connected we are done.

Supposed' is disconnected; letGv . . ., Gkbe its components. Then { F(G)), . . .
..., F(GR} U{{a:} :x £ V(G) — KC?)} is a partition of V{G) invariant under
. Let us contract each 0- onto one point. The resulting graph G" is clearly
connected. Each automorphism y£I induces an automorphism y £ A(G").
As above, the simplicity of ' implies that either y = 1 for each y£I or
y i Wy is one-to-one. But the former possibility cannot occur since some y £
maps G: onto Gz and for this y ™ 1. Hence A(G") contains a subgroup isomor-
phic with I". We are finished by induction. [L. Babai, Discrete Math. 8 (1974)
13-20.]

13. If a permutation group is commutative and transitive, then it is regular
(see the footnote to the solution of 11.17).

If we fix any Xo then, by the regularity of A(G), each x £ V(G) can be written
uniquely as a(k0), a £ A(G). So the mapping ¢pwith q<x(%)) = a~LIx0) is well
defined and is a permutation of V(G). Moreover, fis an automorphism of G,
since if (x,y) £E(B), x —a(0),y = B(x0), (a, B £A(G)) then, since a is an
automorphism, (xo,a.~1(B(x0)) = (:r0, B(a.~1(X0)))EE(G), whence (/3_1@a0), >-1(x0)E
£E(G). Since ¢ fixes x0, we get, by the regularity of A(G), that p= 1.
Thus, a-1 = a for each a £A(G), i.e. every element of A(G) is of order 2. It is
well known from group theory that this implies that A(G) is the direct product
of cyclic groups of order 2. [C.Y. Chao, Proc. AMS 15 (1964) 291-292; G. Sabi-
dussi, Monatsh. f. Math. 68 (1964) 426-438.]

(b) Let Qnbe the n-cube. We may assume the vertices of Qnare 01-vectors
of length n and two such vectors are adjacent iff they differ at exactly one
place. Denote by er the characteristic vector of / ci (1, ..., n3y. If we switch
the coordinates belonging to a subset I c {1, we get an automorphism
og of Qn. The group Mo of all automorphisms oqg is isomorphic with Z2X wmmx z 2.

However, Qn has other automorphisms, e.g. exchanging the first two coordi-
nates. To exclude these, let us modify Qnby joining two vectors by k edges if
they differ at the kih place only. It is obvious that a7 as defined above is still
an automorphism of the resulting graph Qn. We show that Qnhas no other auto-
morphisms. If it had we could assume it had one, which fixes (0,..., 0). How-
ever, if ais an automorphism, which fixes (0,..., 0), then it also fixes (1,0, ...
..., 0) since this is the only point joined to (0, ... 0) by exactly one edge.
Similarly, it fixes (0,...0,1,0,..., 0) for any position of the 1. Thus if a
fixes a point it fixes all neighbors of it. Qn being connected, a must fix every
point, i.e. « = 1, a contradiction.
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(c) We want to introduce new edges to Qn such that the arising simple graph
G still admits every cc/asan automorphism, but has no other automorphism.
Let H be a graph on the set of vectors {ex ..., e,},e=(0,...0,1,0,... 0).

If (e-, ey) EE(H), then a;(e,) = (e/ap}), a;(e;) = e/ap). Thus if we add all edges
(e/; ej) to Qnsuch that | A</ = {r, j] with (e, ej)*E(H), we obtain a graph G
invariant under 0.

h!_et us see what properties H must have to ensure that G has no other automor-
phism.

Suppose A(G) ™ 0. Since Mo is transitive, we have an a£A(G), a”~1 with
a0,...,0)= (0,...0). Let H: he the graph induced by the neighbors of
0, ..., 0)in G (this is, of course, not H since (0,.. 0) has neighbors other
than e(). The points of Hl aree,, .. ., e, and all points epj} with (e-, ;) £ E(H).
Two points of form e, are adjacent iff they are adjacent in H. e%j) is adjacent
to e,, § and no other e, Finally, eyj) is adjacent to iff (e-, ey), (ey e,,) are
adjacent edges, e.g.j = vand (-, ef\g £ E(G).

Thus H:arises from H by taking a new point pefor each edge e of H, connect-
ing it to the endpoints of e and connecting peto pe' iff e, e’ are edges of a tri-
angle in H.

Note that if H contains no triangles, then each point of V{HX — V(H) has
degree 2. If H has no point of degree 1, then these are the only points of degree
2. Thus if in addition H is asymmetric, so is Hv

If this can be achieved we are done, since it means that a fixes the neighbors of
O........ 0) in G, and G being connected, it follows that it fixes every point, a
contradiction. So all we need is an asymmetric triangle-free graph with no
point of degree 1.

Figure 90 shows such a graph H for n j> 8. [W. Imrich, Monatsh. f. Math.
73 (1969) 341-347. For graphs with non-abelian regular automorphism group
see L.A. Nowitz-M.E. Watkins, Canad.J. Math. 24 (1972) 993-1018.]

14. Let k be the edge-connectivity of G, and X O V(G) a minimal set with
d@X) = k

By the minimality of X, |X| < |F(G)|/2. Let xv x2£X and a £ A(G) be
such that a moves xxto x2 Let a(X) = X'. Then s@X') = K (as a is an auto-

Fio. 90
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morphism) and X X' and 1 U IV FG) (as |[X] = |X'|<( [F(G)|/2).
Hence by 6.48a, d@X MX') —k. Since X has been minimal, this is only
possible, if A MX' = X, ie. X = X',

Thus, those automorphisms which keep X invariant act transitively on X.
This implies that each point of X has the same number « of neighbors in X.
Obviously,

a< IX| —1,
and since each point of X is adjacent to r —a points outside X,
(r-a) \X\ = k
Thus K—(r—a) |Al> r—a@+ 1) r

Since obviously r )> k, we have r = K as stated.

15. (@) Let T ¢ F(G), |'F| = 3, Gx a component of G—T, X — F(GX and
suppose T, G: are chosen so that \X\ is minimal.

Consider all images of X under automorphisms of G. By the transitivity of
A(G), they will cover all points. Moreover, they are disjoint (if different). For
if x(X) MBR(X) 0, «(X) B(X) then a(T) meets B(X) but does not contain
it, which contradicts 6.60a. This also shows that T is the union of certain images
of X. Since \T\ = 3, this is only possible if |X| = 1 (in which case we are
finished) or |X | = 3.

To exclude this latter case, observe that X is joined by edges to T only. So if
T = x(X) for some a, then T is joined to a(T) = x2(X) only; however, T is in
fact joined to X and to some other points too (being a cutset).

The statement is false for 4 instead of 3 as is shown by Fig. 91.

Fig. 91

(b) Again let T be a minimum cutset of Gand G, a component of G—Tr
chosen so that |X| is minimal, where X = F(GX. It follows as before that T
is the union of certain images of X which are disjoint, and T cannot be an image
of X (under automorphisms of G). Hence,

\TA\AM 2\ X\,
Since any x 6 X can be joined to the points of T U {X — {a;}) only, we have
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or, equivalently, m>-A(r + 1)
0

This estimate is sharp if r + 1is divisible by 3, as is shown by the strong direct
product of a circuit and a complete (r + 1)/3-graph (Fig. 88 for r —5)
[M.E. Watkins, J. Comb. Th. 8 (1970) 223-226; W. Mader, Arch. d. Math. 21
(1970) 331-336].

(c) Again let T be a minimum cutset of G and Gl a component of G —T.
Assume T and G, are chosen so that [V(GX| is minimal. We want to show that
Gxconsists of a single point. Suppose indirectly that Gl has an edge e. Let/ be
an edge connecting Gxto T, and a an automorphism mapping / onto e. Then
a(T) meets G, and does not contain it, a contradiction with 6.60a.

16. Suppose indirectly that the edge e = (X, y) of G does not occur in any 1-fac-
tor (Gitself may or may not have 1-factors). Then G —x —y has no 1-factor
and therefore, by Tutte’s theorem, there exists an X xCO F(G) — {x, y} such
that G—x —y — X\ has more than X, odd components. For reasons of parity,
the number of odd components 0lG —x —y —Xxis > | X 1]|-(-2 (since
iF(G) 1 is even). So if we set X = XxU({x, y}, then G—X has > |X | odd
components.

LetTv ..., Tkbe the components of G—X (kZ>[X |) and let G be r-regular.
By 12.14, Gis r-edge-connected and hence, there must be at least r edges join-
ing toX (r= 1, ... K. This means that at least kr edges enter X. But X
has only IXI <[ kK points to receive them and a point of X can receive at most
r. Moreover x and y can receive at most r — 1 as they are incident with e too.
Thus, the points of X cannot receive all the edges entering X, a contradiction.

17. T is regular (see the footnote to the solution of 11.17). Let x £ V(G) and
y £ be such that (x, y(x)) £ E(G). Then (x, y(x), .. ., yr~1(x)) is a circuit in
G (where r is the order of y).

Now let I xbe a maximal subgroup of I" such that the elements of I' Xx) form a
circuit (x, xv ..., xm (I —m + 1). We claim that 'xXx) = F(G), which
will prove the assertion. Suppose ' —I' x %0, then since G is connected,
there is an edge (a, b) with a£Ixx),b 'xXx). Then a= y(x)(y £I'¥Y and
(%, y-1(&) is an edge as well. Clearly y-1(& $T Xx); let y~\b) = g(x), O6 T —
—r v Let p be the least integer with P61 r

By the commutativity of I', (y, d(y)) 6 E(G) for any y 6 F(G); in fact, y = y(X)
for some y £1" and then (y, d(y)) = (y(x), d(y[x))) = ({), ¥(S(x))) = v(x,
d{x)) 6 E(G). Also the commutativity implies that .= 'xUIrxé U...
... Ul 1p -1 is a subgroup.

If p is even, then

(X, XXeerenre xm o d(xm), . . ., s (XX}, (xX), ..., &xJ, ... bp~\xm, ...
.., 6p-Tzi). gP-Lx), ..., a(x)

is a circuit formed by the points of I 2(x), a contradiction (Fig. 92a). Ifp is odd
we have the circuit

(%, XV ..., xm, d{xnm), ..., 0(xX, eNXRJ, ..., 2xm........ sp Xxm), dp XX),
bp~(X)........ 6(x)),

s contradiction again (Fig. 92b).
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Fig. 92

Remark: The condition that I" is abelian cannot be dropped, as is shown by
the Petersen graph [J. Pelikan].

18. It suffices to describe connected graphs with the desired properties; the dis-
connected ones are disjoint unions of arbitrary numbers of the same connected
examples.

We distinguish two cases. IfIT = A(G) acts point-transitively, then by 12.15b,
G is at least 2-connected unless G = K 2 Moreover if G is not 3-connected, then
it is 2-regular, i.e. a single circuit.

Assume that G is r-regular, r 3 and 3-connected. By 6.69 it follows that G
has an essentially unique embedding into the sphere and every automorphism
maps faces onto faces. By edge-transitivity, either all faces have the same size
or there are only two types of faces, &gons and I-gons, say. In the first case G
can only be one of the five platonic bodies, the proof of which is found in any
geometry book.

In the second case, the edge-transitivity implies that each edge must be ad-
jacent to just one &-gon and one Z-gon. Hence each point is adjacent to some a
k—gons and a I-gons. Clearly a> 2 and by 5.26, |E(G)|= amn 3n—86,
whence a —:.

. n 3 2B
The total number of &-gons is, clearly, z- , the number of /-gons |32T , thus
K

by Euler’s formula

We may suppose 3 <, K< |, whence either k= 3, 1= 4, n= 12 or K= 3,
1= 5 n= 30. It is easy to see that the corresponding graphs are the line-
graphs of the cube and dodecahedron, respectively.

28 Lovasz
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Now suppose that I is not transitive on the points. Then clearly A(G) has two
transitivity classes on V(G), U and W, say. Each edge connects two points in
different classes.

If the minimum degree of6?is 1, it is a star. If the minimum degree of Gis 2, it
arises by subdividing each edge of a (not necessarily simple) planar graph Gx
by one point. This graph G: has an automorphism group transitive on both the
points and the edges. Hence (?1arises from one of the graphs determined above
by multiplying each edge by the same number. Thus G is one of the graphs
described in the hint.

So suppose the minimum degree of G is at least 3. Then G is 3-connected by
12.15¢, and thus by 6.69 it has an essentially unique embedding into the
sphere. From the edge-transitivity it again follows that A(G) is either transi-
tive on the faces or there are two types of faces. In the first case consider the
dual graph G*. This has an automorphism group transitive on both the points
and the edges, and is therefore one of the graphs determined above.

So we may suppose A{G) is not transitive on the faces either. Let each edge be
adjacent to a £-gonal and an Z-gonal face. Let the degrees in U and W he a and
b, respectively. Since the faces containing a given point are alternatingly in
the two transitivity classes, a, b are even and therefore at least 4. Similarly k,
| 2> 4. But then the number of points is at most |E(G) |/2, the number of faces is at
most [JEAC)2 contradicting Euler’s theorem. So the last case cannot occur.
Thus the list given in the hint is verified.

19. Let " be a non-cyclic simple group and assume that A(G) @ I", where G is
planar. We show that this impliesI”  As, even if coloring the points is allowed.
LetGbe a minimum graph with A(G) w I'. Then Gis connected. For, suppose that
G has components Gv . . ., Gk Then each automorphism of 62 induces a permu-
tation of the components. Those automorphisms inducing the identity form a
normal subgroup of A(G). Since A(G) is simple, either no automorphism induces
the identity or all of them do. In the first case the components of G are asym-
metric and hence A(G) is a direct product of symmetric groups (permuting the
isomorphic components), which is never a non-cyclic simple group. So each
automorphism leaves the components invariant. Let Gtbe a component, which
is not asymmetric, then those automorphisms keeping the points of Gx fixed
form a normal, proper subgroup of A(G). Since A(G) is simple it follows that

Fig. 93
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only the identity does so, i.e. A(G) ac A(G,), a contradiction with the mini-
mality of G

Furthermore A(G) has no fixed points. For removing a fixed point and coloring
its neighbors with a new color we obtain a smaller colored graph with the same
automorphism group.

Now let us contract an appropriate connected subgraph of G onto a graph G()
as in 12.12b such that A(G0) contains a subgroup I'"  A(G), which acts edge-
transitively. Observe that the construction in 12.12b is such that if A(G) has
no fixed points, neither does I"*. Go is clearly planar and so it is one ofthedqraphs
described in the preceding hint. The stars are ruled out since I'" is fixed point
free. The remaining examples are the platonic bodies or graphs, which are easily
seen to have the same automorphism groups as the platonic bodies. Using 12.2
it is easy to see that the automorphism groups of the platonic bodies have no
non-cyclic simple subgroups other than A-.

Remark: Fig. 93 shows a planar graph with automorphism group Ab [L.
Babai, in: Infinite and Finite Sets, Coll. Math. Soc. J. Bolyai 10 Bolyai-
North-Holland (1975) 29-84].

20. (a) Using 12.12a, we may assume that I" acts regularly. Then it is easy to
see that G' contains the Cartesian product of two (p —I)-paths and an edge.
(In fact, it contains the Cartesian product of three p-circuits.) Let G DP ©
®P'"®Q, P=(xv..,xp), PP —(yv.. 1ijp, Q= (zvz2. It suffices to
show that P ® P' ®Q can be contracted onto Kp. To this end contract the
subgraphs spanned by P© {yf} © {zj and {xit © P' ® {z2} (which are
clearly connected). This results in a graph isomorphic to K AP which, in turn,
is trivially contractible onto Kp (Fig. 94).

Fig. 94

(b) For reasons similar to those in the solution of the previous problem we
may assume that the action of I'" is edge-transitive. By (a) we may suppose
that the action of I" is not semiregular. Let yo £I" have fixed points. Since G
is connected it has two adjacent points X0, yo such that yo(x0) = X0, but yo(y0) #¢

y0. Then y0, yo(y0), . . ., yB~1(y0) are different neighbors of x0. Hence dGx0) )>

3 A(G) is point-transitive, then each point has degree at least p and we are
done by Mader’s theorem 10.8. So suppose A(G) is not point-transitive.
By the edge-transitivity, it follows then that I'" has two transitivity classes,
namely U —TI\x0) and W = I'(y0). Each edge connects U to W. It is trivial

28*
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that the degrees in U are all at least p and those in W are all at least 2. If the
3
degrees in W are at least ][p, then we can still conclude as before by 10.8. So
3

suppose the degrees in W are less than Jip.

Form a graph Gxon V(GX) = U by connecting two points, if they are at distance
21in G Each y £ induces a y £ A(GX. Clearly y k>y"' is a homomorphism
and since " is simple, it is either a monomorphism or maps onto 1. However,
the latter is impossible since I'" acts transitively on U. Moreover, yo has fixed
points, but is not the identity, thus as before, it follows that the degrees of Gt
are at least p.

For each edge e = (u, v) £EE(G)), let /(e) be one of the common neighbors of
u, vin G. Clearly /(e) £ V. A point y £ V occurs at most

@do@2)] < ffpl < * 2B
12j 12j 2

times as /(e) (e £ E(GY) and so, the number of points of form /(e) is at least
W2)i>-' i
o > IRE UL

For each point x of the form /(e) select an edge (ux, vx) —ex £ E(G) such that
f(ex) = x and contract the edge (ux, X) of G
Identify those points of W not of form/(e) with an arbitrary neighbor of them.

In this way G is mapped onto a subgraph G’ of Glt which contains all edges of
the form ex (and possibly more). So

\E(G)\M\U\Yp.

Thus by 10.8 G’ can be contracted onto Km.

() Let N be a large enough number; we show that the alternating group
An is not isomorphic to the automorphism group of any graph from Si, even, if
coloring of the points is considered. More exactly we show that if a graph G
(with possibly colored points) has automorphism group AN, then a suitable
subgraph of it can be contracted onto Kmprovided N > 3p, where p is a prime
greater than 8m Since for large enough m, XK certainly does not contain any graph
contractible onto Km, this will prove the assertion.

For reasons similar to those in the solution of 12.19, we may suppose that Gis
connected and A(G) has no fixed points. Then disregarding the coloration of
the points, we obtain a graph, which satisfies the conditions of (b).This implies
that G can be contracted onto Km [L. Babai, Discrete Math. 8 (1974) 13-20].

21. Let G be a graph with A(G) od I, V(G) flfi = 0. On the basis of the con
struction in 12.5 we may assume A(G) acts on G semiregularly, i.e. no element
a” 1 has a fixed point.

Also by the construnction in 12.5 we may assume |V(G) > |F\«\Q\;
then A(G) has at least |B| orbits on V(G). Finally, by taking the complement
of the construction in 12.5 we can arrange for each degree in G to be greater
than IM\. Let y —y be an isomorphism of " onto A(G). Now let Qv ..., Qkbe
the orbits of T on Q and select a yt£ (i= 1,... 1. Let xv ... xkE£V(G)
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be points in different orbits. For every y £I' and 1<ii <Ck, connect y(yi)
to y(Xi). The resulting graph G' admits all permutations y* as automorphisms,
where

B \y(x) if X£Q,
YO = B if if V(O

For, clearly y' preserves adjacency in V(G) and if (y,(?), yOx,)) is any new
edge, then y'{yQyt), yo(x() = {(yOy)(yt), (ny)(xt)) is also a new edge.

On the other hand, G' has no other automorphisms. For let a £A(G"). Then a
preserves V(G), as the set of points with degree greater than |.T|. Therefore
alvo) = y k) for some yEI. Let yEQ, then y —b(yt) for some SE£T
and 1 <(i <( & Since ais an isomorphism, y.(y) is adjacent to a(<&(ic,))) = (by) (xt).
But the only point of U adjacent to (by) (xt) is (by) (yt). So a(y) = (by) (%) =
= y(y). Thus we conclude that a = y'.

This proves that G' has the desired properties [I.Z. Bouwer, J. Comb. Th. 6
(1969) 378-386; Z Hedrlin-A. Pultr, Illinois J. Math. 10 (1966) 392-405].

22. The assertion of the hint easily follows from these two observations:

(@ If ] is any endomorphism of the Petersen graph and C is a pentagon
in it, then r) is one-to-one on C. For the image of C contains an odd circuit (it
cannot be 2-colorable as this would yield a 2-coloration of C), and the shortest
odd circuit in the Petersen graph is a pentagon. Thus r](C) contains a pentagon
and so 1) is one-to-one on C.

(b) Any two points of the Petersen graph are contained in a pentagon.
Therefore, no endomorphism can identify two distinct points. Thus, the endo-
morphism semigroup is ~ Sb by 12.1.

23. Consider the graph shown in Fig. 95, where s>a-fb-f-cis odd. This
graph G has three circuits of length s and one circuit of length 39—-2(a + b -
+ €) > s Therefore, any endomorphism rj of ¢ must be one-to-one on the
.Ss-circuits. In particular, the three neighbors of x lie pairwise on circuits of
length s, thus rj(x) must have three distinct neighbors, which also lie pairwise
on such circuits. Hence rj(x) — x. It follows trivially that if a, b, ¢ are distinct,
then 1j must keep the three “spokes” fixed. Also, the arc of length s —a —c
on the “rim” cannot be mapped onto any other arc with the same endpoints,

s-a-b

Fig. 95
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for there are only two other paths with the same parity, namely the paths of
length ¢ -j- &+ (s —a —bh) and a + b -f-(s—b—c), but these are longer.
Thus n—1 [Z Hedrlin-A. Pultr, Monatsh. f. Math. 69 (1965) 318-322].

24. (a) Letrjv ..., fnbe the elements of E. Choose these as points of a colored
digraph G. Connect 1ji to 1jj by a directed edge of color K if w = . Since

we only have a semigroup it may happen that certain pairs are connected by
several edges of different colors or by no edge at all.

For any rfm, defining rjmVj) — VjVm>we obtain an endomorphism of G; for if
an edge of color kK connects ry to rlj, i.e. fj= nkr]j, then ryn)T= r]kr”ym
i.e. an edge of color k connects Vim\i) to m{r)j). Moreover, the rjm’s are distinct
endomorphisms of G for if rjm(rjj) = rj/ry) for each i, then in particular,

Vm(VV) 4i(l). ie.m =
e claim’G has no other endomorphisms. Let e £ End (G and set fjm= e(l).

We claim that e = rjm Let ry £ V(G). Then ry is connected to 1 by an edge of
color i, as f]i = f]i * 1- Therefore, B(ry) is connected to e(l) = fmby an edge
of color i, since € is an endomorphlsm Hence

e(m) = Vivm’ be. e = fjm-

(b) First we observe that there is an arbitrarily large number of simple
graphs, which are rigid and have no homomorphisms into each other. Just take
a large enough sand different choices ofa, b, cwitha b c¢= s —Ilin the
construction in the solution of 12.20. Let Gv .. GN be these rigid graphs,
where N = > |E|. Each point of each @; is contained in an odd circuit of
length s, which is shortest in each of them.

Now we replace each edge (x, y) of color kcin G (constructed in part (a)) by a
chain as shown in Fig. 96, where the two edges incident with a Gt are supposed
to be attached to it at the same two points in each case. Loops are replaced
similarly, except that x and y coincide.

The resulting graph G' clearly has endomorphisms fy, corresponding to each
endomorphism i of G. We claim it has no other endomorphisms. Since G' has
no other «-circuits or shorter circuits than those in the G/ it follows that any
e £ End(G) maps the points of G/s onto points of G/B. Since these are rigid
and cannot be mapped into each other it follows that e maps each Gt into
another (or the same) copy of the same graph. The points of G are adjacent to
points in different G/B. Therefore, s(V(G)") A V(G). It is also easy to see that if
x and y are connected in G by an edge of color k, i.e. they are connected in G’
by a chain of Gik_/s and GXs (see Fig. 92), then so are ¢(x) and e(y), and
there is a unique way to map the (x, y)-chain onto the (e(x), e(y))-chain.
Therefore, e = ry for some i. [Z. Hedrlin-A. Pultr, Monatsh. f. Math. 68 (1964)
213-217; see also Z. Hedrlin-J. Lambek, J. of Alg. 11 (1969) 195-212].

s copies

Fig. 96
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25. (a) Suppose End (G) = {1, «, co}, where @ is a Gelement: aco = coa=
1is the identity and a2= 1. Let us remove the edge e = (x, y). If codoes not
remain an endomorphism, there exists an edge (xv yX £ K(G — ¢€) with co(x1) =

= x, co(yX) = y. Similarly, if a does not remain an endomorphism, then there
is an edge (x2 y2) £ E(G —e) with (@) = x, a(y2 —y. But then

X = ak) = anxX”) = ([Ufx)= X y2=y,

which means that (x2,y?2) is not an edge of G — (X, y), a contradiction.

(b) Consider the construction in the solution of 12.21b, but choose s such
that we have one more rigid graph Gv+1 of girth s having no endomorphism
into Gv . . ., Gn and conversely. If we add Gn+1 as a new component to G' we
obtain a graph G" with End (G”) &\ End (G') w E. However, if we connect
the point 1 of V(G) to Gv+1 by an edge, the resulting graph is rigid] [L. Babai,
J. Nesetfil],

§13. Hypergraphs]

1. Consider GH as defined in the hint. Obviously, GHis connected. Moreover,
observe that a circuit of H corresponds to a circuit of GHand conversely. Thus
H has no circuits, iff GHis a tree, which is, in turn, equivalent to

(**) \E(GH\ = \V(GH)\-1.
Obviously, \E(GH)\ is the sum of degrees in W, i.e.
\E(GH\= 2 \E\
EZHH)

On the other hand,
\W(Gh)\=\V (H)\+\E(H)\.

Thus (**) is the same as

A= rE)+ B4A-1,
E £E(H)

which is the same as (*) [see B].

2. (@) We first verify the assertion of the hint. Suppose H' = (H—\E})\E
is connected. Let F be an edge such that \E G /| is maximal. We claim that
each point of E—F has degree 1inH. Letx£E fl] F,y (E — (if such x
or y does not exist we have nothing to prove), and assume indirectly that
y £E" for some E' £E(H), E' ~ E. By the assumption F —E, E' —E are
non-empty, thus by the connectivity of H' there exists a sequence ag, . . ., ak£
£ V(H) —E of points and Eo = E', Ev ..., Ex+1 = F of edges such that
a £EtMNEw: (i=0,...,Kk. If Icis as small as possible, we clearly have
that at£Ej unless j —i or i + L Then the circuit (y, EQ ao........ Ek, ak,
Ek+l, x, E) is not balanced, a contradiction.

Now to prove the problem we use induction on \E(H)\. We may assume U is
connected, otherwise we may apply the induction hypothesis with one of its
components.

Let x £V(H) and suppose that x is not contained in every edge (if no such
point exists the assertion is trivial). Choose an E £ E(H) such that x £ E and
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the connected component H: of (H—{E})\E containing x is maximal. If
{H—{E))\E is connected, we already know the assertion is true; so suppose
there are edges of H, which do not meet V(HX other than E and let H: be the
hypergraph formed by all edges F not meeting V(HX. Clearly E £ E(H2) and
IE(H2)1> 2. Let T be the set of those points in E which belong to edges not
in H2 We claim that every F £ E{H2) contains T. Suppose there are F £
@E(H2 and t £ET —F. Then consider (H — {F})\F. In this hypergraph the
component containing x clearly contains V(l. X) and also t, a contradiction.
Thus M F 2I. Clearly H: is totally balanced (each partial hypergraph

FEE(HY

of a totally balanced one is totally balanced) and so, there are Ev Fx£ E(H2)
such that all points of Ex— Fx have degree 1in H2 Since the edges of H[
meet in T only, these points have degree 1 in H.

(b) We use induction on \E{H)\. Let En Fo be two edges such that each
point of Eo — Fo has degree 1. Consider the hypergraph H' arising from H
by the removal of Eo and the points of Eoc — FO.

Obviously, this is totally balanced and satisfies \E XM E2\<; p for any two
Ev E2£E(H'). So we have, by induction,

£y (\e\-p)<\v(h')\-p-
Now observe that \Eof) FO|<lp by the assumption. So |Eo — Fo\
> \EO\—p and so,

2 (\e\-p)=\yH")\-p+lea-p«
E 6E(H)

S\WW(H)\-p + \Eo-F o\=\V(H)\-p.

3. Consider the points of P to be linearly ordered. Let G = (xx,Pv ..., xk PK)
be a circuit in H, i> 3. We may assume xxis neither the least nor the largest
point in C, i.e. X < xv Xj > xxfor some i, j. We may suppose i < j; then there
isani <, p < jsuch that

XH< X < Xi+V
Now Pp contains xfl and x~+1 and since it is a path, it contains xv Thus G is
balanced.

4. If bl has no circuit of length at least 3, then it is totally balanced and thus’
it satisfies (*) in 13.2b with p = 2. But (*) simplifies to

\E(H)\<i\V (H)\-2,

a contradiction [L. Lovasz, Beitrage zur Graphentheorie, Teubner (1968)
99-106].

5. (&) The given condition is obviously necessary. Suppose it is satisfied, we
show H has a system of distinct representatives.

Define a bipartite graph G on the set of points V(H) U E(H), by joining v £
€ V(H) to E™ E(H) iff ve E. Then, for any X e E{H),

1n*)1 = lEU EAMXA

by the assumption, so by 7.4, G has a matching, which covers all points in E(H).
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The endpoints of edges of this matching in V(H) form a system of distinct
representatives of H [P. Hall; see B, Mi].

(b) Again it is trivial that the given condition is necessary. We show it is
sufficient. Form the bipartite graph G as above. Then the condition means that

Q) IF(X)12> 1X| + 1

holds for 0 ~ X C E(H). By 7.6, there is a subgraph G' of G on the same set
of points such that each point of E(H) has degree 2 and G' also satisfies (1).
For each E £ E(H), let f(E) be the set of points in V(H) adjacent to E in G'.
Then \f(E)\ — 2, and (1) implies

ium\INMAx\ + i
EtX

for every 0 -X’c; E(H). Hence the pairs f(E) form the edges of a forest on
V(H). [L. Lovéasz, Acta Math. Acad. Sei. Hung. 21 (1970) 443-446.]

6. First solution. Suppose there exists a function / : E(H) —V(H) such that
f(E) £E, f is one-to-one and f(E(H)) 2 T. Then, setting h= /-1|T, we can
observe that

(@ H has a system of distinct representatives,

(b) h defines a system of distinct representatives of the hypergraph H¥*,
defined by F(H*) = E(H), E(HE) = {Ux:x £t}, where Ux= {E 6 E(H) :
:XEE}.

Conversely, suppose g and h are mappings defining systems of distinct repre-
sentatives of H and H*, respectively. We claim H has a system of distinct
representatives containing T.

For each XET, x (R(g) consider the sequence X, h(x), g(h(x)), h(c/(h(x))),
. .until we get stuck; this clearly happens when g(h . . g(h(x))) £T Let H;
be the set of edges in these sequences. Define

fh-~E) for EEHV
[9(E) for EEE(H)-HV

Then / defines a system of distinct representatives. Clearly, f{E) BE. If
f(E) = f{E’), then we must have E £Hv E' Hr (or conversely) and g(E') =
= h~:(E); hut this means that g(E') and E' are the elements preceding E
in the chain containing it, i.e. E' £HV a contradiction. Finally, every X £T
belongs to R{f). For if x belongs to one of the chains, then x = f(li{x))\ if x
does not belong to the chains, then x £::(g) and the edge g~i:(x) £Hv so
~=[(0-1(2)-

ThEJS (ag E)I)Hd (b) together are a necessary and sufficient condition for the exist-
ence of a system of distinct representatives containing T. By the preceding
problem, they can be rewritten in the form

@) \V(H)\ 1> IE(H")\ for every partial hypergraph H';

(b every T' C T meets at least \T'\ edges [This is a version of Bernstein’s
theorem on equicardinality of sets; see B, Mi].
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Secondsolution. Set F = V(H) —T, and add F as a new edge | V(H) \—\E(H)\
times to H. Then it is easy to verify that the resulting hypergraph H' has a
system of distinct representatives iff H has one containing T. Applying the Hall
condition (preceding problem) to H' we obtain a condition, which is equivalent
to (a"), (b") above. Details are left to the reader.

7. Take two new points a, b. Define a digraph G on the set {a} U {b} UE(H2 U
U E{HX U V(Hj) as follows: join a to all elements of E(Hj); join each E £
£ to each x£E\ join each XEVXHA; —V(H2 to all FE£E(H2
containing x; finally, join each element of E(H2) to h.

Observe that H: and H: have a common system of distinct representatives
iff G has m independent (a, 6(-paths. By Menger’s theorem, this is equivalent
to the property that every set of points of G separating a and b has at least
m points.

Now let X UY UZ separate a and b, X ¢ E(Hy), Y ¢ 7(AX% Z C E(Ht).
Let H[, H: be the hygergraphs formed by the edgesin E(113 — X and E(H2) —
—Z, respectively. Obviously, Y must contain L(//() M V(H2) and does not
have to contain any other point. So the fact that every set of points separating
a and b has cardinality at least k is equivalent to saying that

IE(Hr) - E(HD\ + IE(Ht)- E(L\ + IV(H]) fj V(H2\ > m

for every two partial hypergraphs H[, H2 of H: and H 2, respectively. This is
the same as the formula given in the problem [R. Rado, B, Mi].

8. (@) For a fixed Eo £ E(H), the sets
EocAF(FdAE(H))
are distinct, as Ec AE 1+ = EOA E: implies that
Fi= (Eo[l FYAEO= (Eo[ F)AEq= Fn

(b) Let Hxbe the hypergraph obtained from H \x by removing one of
each double edge. Obviously, H\x has \E(H")\ double edges, where H'
is defined as in the hint. So setting

mi = \E(HJ\, m2= IE(H')\ ,

we have

mi + m2= me
By induction on |7(A)]|, we find mx pairs Ev F1;...;Em, Fm such that
Et, F;6Hxand EIl —Fv ... ,Em —Fnt are distinct. Similarly, we find
m2 pairs Ef, F*; ... ;dA*, P4t such that E* FfgH' and Ef —F* ...

..., B4, — F*u are distinct.

There are sets Et, Ft£A (1 <'i< T X such that Et= Et or Et= Et — {x}t

= Ft or Fj = Fj —{x}. Then, obviously, E(—Ft(i — 1......... Tr) are
distinct.

For each E* (1 we will denote by E) one of E* and E* U {x}
(both are edges of A1), by the following rule. If EXx. — F* does not occur among
Ej —Ft(i= l.... mj), then let E) = E* If E*X — FJ —Eu- Fu, then
let Ej —E* u {x}. Then Ej — F* will be different from the sets E, — Fx
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for if Ej — F* = L\ — Fh then Et— Ft= Eu — Fio which is impossible.
Thus, if we consider the differences E1—Fv ... , Em—Fm, E[ — F*, ...
..., BT —F%2 they are distinct and their number is m: - m2 —m [J.
Marica, J. Schénheim, Canad. Math. Bull. 12 (1969) 635-637.]

(c) If m = 2 the assertion is obviously true. Suppose m > 3 and use in-
duction on m.

Let xEV (H); we may assume x belongs to at least one edge EO, but not to all.
Suppose first that x has degree 1. Then Hx= H —x has m — 1 edges, so there
are at least m — 1 edges representable in one of the forms E NMF, E UF
(E, F £E(HY, E 5 F). None of these sets contains x. Thus, the set EOM F
yields an mth set or the desired form for an arbitrary F.

Secondly, let the degree of x be between 2 and m—2 (inclusively). Then
consider

Hx= H-x, H2=H-E{HX

They both have at least two edges, so, by the induction hypothesis, there are
at least |E{Ht)\ sets representable in the form EUF or ETF, E™ F £
€E(H)), (i—1 2). Moreover, x fEDF, x€EE UF, if E, F£E(HX but
xtEf)F, EUF, if E, FEE(H2. Thus we have at least |[E(HX\ +
f- IE(H2 1= m sets of the required form altogether.

Finally, if x belongs to all edges but Ev then set H-= H — {Fx}. H: has at
least two edges, hence there are at least |[E{H2\ = m — 1 sets of the form
Ef)ForE\AF E F “E(H2. All these sets contain x, thus ExIN F yields

an mthfor any F £E(H2 [D.E. Daykin, L. Lovasz, J. London Math. Soc. 12
(1976) 225-230].

9. IfHv H, are defined as in the hint, then (by induction on |V(H) j) we may
assume there are permutations <f of E(Ht) (i = 1, 2) such that Ep a”E) = 0
for each E £ E(Ht).

Now define a as follows: Let E £ E(H). If x $E, then let

K(5) if axE)[I{x}"E(H),

blE) U{s} if axE) U{a}iE(H).
If x £E, then let
a{E) = oAE —{x}).
It is easy to check that E 'l o(E) — 0 for each E. We show that a is a permuta-
tion. Let EEH. If xEE, then E= a(ax\E —{a})). If x(JE but E U
U {cr} 6 E(H), then E = o{o2\E)). Finally, if E U{x} $E(H), then E =
= o(o[I(E)). So each edge of Il is the image of some edge under a, i.e. a is

a permutation. [P. Erdds, J. Herczog, J. Schonheim, Israel J. Math. 8 (1970)
408-412.]

10. (a) First solution. We may assume n )> 2. Then there is a point v contained
in some edge but not in all. X = {w} satisfies the requirement of the asser-
tion in the hint for k = 1

Suppose we have a set A' such that |A'| = k— 1 and HX’ has at least k
distinct edges. If Hxmhas more than k distinct edges, then so does HX'Ujy}
forany y £ V(H) — X", and we can set X = X' U {?/}. Thus we may assume
that Hx- has exactly k distinct edges. Since K < n, Hx-has two distinct edges
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E, F with ENMX' = FMNX". Lety £EE\F, and X = X" U {?/}. Obviously,
Hx has more distinct edges than HX, as Eill Thus, we have
(fork = n—1) aset X —V(H) — {a} such that Hx —H \x has n distinct

edges.

Second solution. Let x be any point. IfH \x has fewer distinct edges than
H, then there must be an Ex£ E(H) such that x £Ex and Fx= Ex— (x) £
6 E(H). Let us fix one such pair (Ex, Fx) of edges for each point x (if, for
some X, no such pair exists we are done).

Define a graph G on V(G) = E(H) by joining E to FiffE = Ex, F = Fxfor
some Xx. This simple graph G has n points and n edges, so it contains a circuit.
Let (Ev ...,EK form a circuit in G (Et£E(H), k~> 3) and let E:1 = EX,
Eu= Fx (say). Then x £Ev x § Ekand thus, there is an index j such that
x £Ej, x JEj+L But Ej and E;«.: are adjacent, so [Ep E}XL]} = {Ey, Fy}
for some y. Since Ey and Fy differ at the element y only, we must havey = X
and Ej —Ey —EX, Ej+» = Fy= Fx This is, however, a contradiction as
(Ej, Ej+1) ~ (Ev EK) [J.A. Bondy, J. Comb. Theory B 12 (1972) 201-202].

(b) Suppose indirectly that H \x contains at most m — 2 distinct edges.
Construct a graph G on E(H) as follows. For every x £ V(H), select two pairs

Ex I9Fxand EX 3 Fxof edges such that Ex— Fx= Ex— Fx= {x}. Such
pairs exist otherwise H \x has at least m — 1 distinct edges. Now connect

the pairs (Ex, Fx) and also the pairs (Ex, FX) in G. Thus
\W(@G)\ = m, \E(G)\ = 2n.
1° G is bipartite. In fact
Vk= {E £E(H) :\E\ is odd},
V.= {E £E(H) %E\ is even}

defines a 2-coloration of it.

2° No two points of G are connected by three independent paths. Suppose
indirectly that E, E' are two points of G connected by three independent
paths Pv P2 P3 Let x £E — E' (say). Then, on each path Ptwe find a last
point Ej containing x. So if F{is the point following Ej on Pitthen x £ E, — Fj.
Since Ej, Fj are adjacent they differ at one point only, i.e. (Ej, Fj) = (Ex, FX)
or (Ex, Fx). This cannot hold for all three values of i. This proves 2°.

Now we estimate the number of edges in G. It follows from 2° that each block
in G is a single edge or a single circuit. Let G have ¢ components, a cutting
edges and b other blocks, of sizes kv ... , Xh By 1° kt> 4. Also

m= IFG)I= c+a+ " (kj—1),

2n= IE(G)I= a+ £kj.

Thus

mA 1+a+ 2 (K—1) 1H—® A~ —f]= 14-—(2n) = 1H-n,
A(J ) 2 ] 4() 5

a contradiction [B. Bollobés].
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(c) We use induction on n. Let Hv H2 be as in the hint. If
K—1 ifyf |

\LLHD \ > 2

then, by the induction hypothesis, it has a set X of n points such that each
subset of X can be written as X ME, E £ E(Hr). Then, obviously, the same
set X will be good for H as well. Thus we may assume

r'

k—1y) __ 1
1BO)1™ 2.
Then "
K—1 ) K—1 y»__ 1 K—2y __ i\
\wH2\=\e(H)-er)\>2 -2 ¢ =2 i
1=0 i=o 1 i=o 1 /
and so, by the induction hypothesis, IF, contains a set X' of Kk — | elements

such that each subset of X' can be written in the form X' ME, E g E(IL,).
Now set X = X" U{a}. If ' ¢ X', then Y = X' ME = X ME for some
E€E(H2) c E(H). If Yc X, xe Y, then we know Y - {x} = X' E
for some E £E(H2. Now by definition of H2 E = F — {x} for some F £
€E(H), x£F. Then X MF = Y. Thus we have shown that every subset
Y of X can be represented in the form X ME, E £ E(H) [N. Sauer, J. Comb.
Theory 13 (1972) 145-147].

11. We use induction on n. Let x £V and
oft' = {NIEE(H) :xEA}, J1'= {A £E(H) :x$A),
aB' = {BEE(K) :xiB), S"= {BEE(K):x$B}.
Then clearly
E{H) = XK' Uc/l', E(K) = Si"Ué&B', E(H) N E(K) = («1' T &B")U (oAU S").
By the induction hypothesis,
oft" fIffi'l < —1— |oft'| mlaB'l
24
and omitting x from all members of ail'" and S*, we similarly get
[oft" M &B'| < —  loft" I &B'I.
So we know that
[X ()N X (X )|<2" T (J&"| « |&B'| + |oft'| « [&B"I)
n
and it suffices to prove that
|«N'] « &B'] + left'l « 4Bl <-goft‘| + loft"j) (14B' 1+ 14B'l).
This can be re-written as
(*) ([oft"|-]oft"[)(|&B"|-14B"l) <0,
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Observe that, if A dJL", then A — {x} £o4', thus |os'| > \oA'\. Analogous
reasoning gives |c6'| <, |<&'|. This proves (*) [D. Kleitman, J. Comb.
Theory 1 (1966) 153-155].

12. (a) Let f(X) denote the number of edges contained in X or disjoint from X,
for X e V(H). Set [7(A)| = n. Then

2 f(X)=\E(H)\2"~r+i,
X C V(H)

because each given edge E is counted 2n-+1 times (there are 2n~r sets X dis-
joint from E and 2 n~r sets X containing E). Thus,

J_ VvV /Tt =1 :

2n x o |h) 2r 1
The left-hand side being the average of f(X), there must be a set X below
average, i.e. such that

WOl
2rl
as stated.
(b) Let 1 V(H) {1, ...,r) be an r-coloration of V(H) and denote by

Npl the number of those edges E all of whose points are differently colored
by (@ Then

2W<p\\ = r\r-"\E{H)\,

El

because there are r ! ways to color a given edge E and rn~" ways to color the
rest (n is again |V(H) |). Thus the average of Lp\| is

T ~ = o HHE)!

Since there is a such that Hip\| is at least equal to the average, this proves
the assertion.

13. Let d(x) denote the degree of x in H. Then, for any E £ E{H),
JEd(x)= 2 \Et\F\ =r+ £ \Ef]F\<r + (m-1)k.

X€E FaE(H) FEE(H)-{E)
Sum this over all edges E, then N d(x2
2 2 = 2 d(xf=\v(H)\x® >
EE€E(H)XEE XEV(H) Vy W)\
N
> I(xezv(H) AW 2 _ segze (H) I |2|2 _ rn2r2
' AWH)N [7(9)] [7(9A)]
Hence nifl <m{r+(m_ 1)h)

or, equivalently, JV(H)\> >
r4-(m—1&
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[K. Corgédi, Problem at the Schweitzer Competition, Mat. Lapok 20 (1969).
159-162.

14. Supposing m > n, we have m —d(x) > n —d(x) 7> n —\E\ for any
pair x, E such that x (j E, and hence
? ) < \E\
m—d(x) n—\E\

(because \E\ ~ 0, n). Summing for every pair x $ E, we obtain

2, (m- d™) mixh(m)V< g O W)

or, equivalently,
2 d{x)<2 \E\,
E

X

which is not the case, because here we have equality. The contradiction proves
that m< n [cf. P. Crawley-R.P. Dilworth, Algebraic Theory of Lattices,
Prentice-Hall, 1973, proof of 14.2].

15. (@) If 0 £E(H), then clearly |E(H)\= 1 and we are done. So suppose
0$E(H). Clearly V[H)$E(H). Let x£V(H), E£E(H), x$E. By the
preceding problem, it suffices to prove that

dx) < IE|

Let Ev ..., Ed be those edges containing x. Then Ev ... ,Ed meet E by
the assumption and their intersections with E are disjoint since they cannot
have any common element other than x. Thus, \E\ ~>d —d(x) as stated.

(b) Let V(H) = {xv E(H) = {Ev ..., E m),
~ fl if x,EE]j,
uej — - .
(0 otherwise,
[ aij\
a= °vV n=m
anl:

We claim that av ..., amare linearly independent. This clearly also proves,
that m <”n. Suppose

m

(i) ; VPI= O

we show every rjj is 0. Multiplying (1) by ak we get

m

2 Vipd»k=0m
=1
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Since by assumption a,a,. = Afor i ™ k, this yields
m

A2+ &<« 9= a
y=i

Ifal| = IEkI= A then Ekis contained in every other edge, which is excluded
except when Ek= 0, in which case m = \ <i n. So suppose a| > Afor every k.
Then

3 m
) Ak =
and so
m m m i
b r
k-i \pL a?-4
«or, equivalently,
m\/ m 1
N4 oI+ AN-j—T =0.
w =1 A=1 a A
Since the second factor is strictly positive we derive
m

7=1
and hence by (2), ?k— 0 as stated [This is a generalized version of Fisher’s
inequality; see Hall],

16. Let £ V(H), and let a and b denote the degrees of x in Il and K, respec-
tively. Then x is counted in

@ a(m' —hb) {-b(m—a)
terms of the left-hand side and
) a(m—a) + b(m' —b)

terms of the right-hand side. Their difference is
a(m' —b) 4- b(m —a) —a(m —a) —6(m' —h) =
= (a—b:— (0 —w)(a—h) > O,

since a — b is an integer and o' —w= 0 or 1 [J.B. Kelly, Combin. Structures
and Appl. Proc. Calgary Conference, Gordon and Breach, 1970, 201-207].

17. (@ As in the hint, assume that X£Fv ...,Fd, x£Fd+V..., Fm
Define two hypergraphs H, K on V = U Ft, by Iettlng E(H) and E(K) con-
sist of m —d copies of F x—{x, . Fd—{)K} and d copies of Fd+v , Fm

respectively.
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Then \E(H)\ — \E(K)\ —d(m —d). Also we have
IALBI= (2k —1)dAm —d)2,

PeE(FD B4E(K)
Z \AA AN = 2k(m - d)2(0I ,
{AAICEH) 2
2 IBOB 1= 2kd2Im~ d .
{B,B"}cE(K) | 2

Thus by the inequality in 13.16,
(k- 1)dAm- dy2 > 2k\(m -d)2{gJ+ d: I|m~ d ,

whence the inequality of the problem follows after cancellations.

(b) Replacing F, by F- 4 Fmthe conditions remain unchanged. Thus we
may suppose |Fx = ...= |[Fm_X = 2k, Fm= 0. Then, if d is the degree of
any point, then by (a)

d(m —d) < km.

Assume first that k-\-2 <kd<sm —K —=:2. Then
km> d(m —d) > (k+ 2) (m—kKk —2),

m» -+ 2)21"kz2+ K+ 2,
2

and we are finished. Hence we may suppose thatd kK -\- lord~>m — kK —1
holds for each degree d.

Let xv ..., X be those points with degree at least m — k — 1. Suppose first
that I k- 1- Clearly there is at most one Fj containing all elements of
{xv ... xk+l}. Thus, m —: Fj’s miss at least one point of {xv ..., xk+1};

one misses K 4- 1 of them (the empty set Fm) and one may contain all of them.
Thus, there are at most k(m —2) + k f- 1 incidences between these points

and the sets Fj. On the other hand, the number of such incidences is at least
(M —K— 1)(&-) 1). Thus

k(m—2) + k1> (m—k—1) (k 1),
whence
Mm< K+ K+ 2

and we are finished again. So we may assume that there are | < K points
xv ...,xj only with degree at least m — kK — 1. By our previous assumption,
the remaining points have degree at most k 1
There is a set Fj, 1< m — 1 such that Fj contains less than k elements
of {xv , Xi). Otherwise, we would have | = k and xv ..., xk would be
common elements of Fv ..., Fm v But, then the sets FI —{xv ..., xK
Fm 1—{xlt..., 6 xk} are disjoint (by F, 1 Fy= 2k) and so we would
have a situation which we have excluded.

29 Lovasz
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Thus we may assume that, e.g. t\ contains kK -f- 1 (or more) points whose
degrees are at most k -f- 1. Hence the number of incidences between points in
Fx and the sets Fv F2 ...,Fmis at most (K —1)(m —1) + (&+ )2 On
the other hand, this number is exactly 2k -\- (m — 2)k, since each of F2, . ..
..., Fm_1 intersects Fxin exactly kK elements. Thus

2k (m—2)k (k—D(w—1)+ (kK+ N2 m< k-Fk-f2
as stated.

Equality holds if k is such that there exists a finite projective plane of order k.
Let us add k — 1 further points and let Fv ..., Fx+x+1 be the lines of the
plane together with these k — 1 points; let F«+x+2 = 0. Then these sets
satisfy our conditions [M. Deza, J. Comb. Theory 16 (1974) 166-167].

18. (a) Arrange all subsets of V(H) into pairs (X, V(H) —X). Then we will
have 2n_1 pairs and E(H) can contain at most one member of each. Hence the
assertion follows.

(b) First solution. Let H' be the hypergraph with V(H') — V(1J) and
E(H') = {X :X c: E £ E(H)}. Consider a permutation a of the edges of H'
for which E Ma[E) —0 (E £E(H'); such a a exists by 13.9. The edges
o(E), EEE(H) cannot be edges of H since Ef\ o(E) = 0, while any two
edges of H intersect. Thus

) \E(H)\ > 2 \E(H)\.

Observe that no two edges of H' cover V(H); forif E, F 6 E(H') haveE UF —
= V(H), then choose Ev FkE£ E(H) so that E ¢: Ev F c: Fxand then ExU
UFk= V(H), a contradiction. Hence E(H') contains at most one of X,
V(H) — X for any X c1 V(H) and, therefore,

@) LLH)\ A2"-h

(1) and (2) prove the assertion [J. Schénheim, Combinatorics, London Math.
Soc. Lecture Notes Series 13 (1974) 139-140].

Second solution. Consider the hypergraph H: with V{HY — V(H), E(HX ~

{A :X=E—F, E, FEE(H)}, and set H-—H U Hv No edge of Hk
an edge of H, since E — F —Eo (E, F, Eo £ E(H)) would imply FTMEo =

0, which is not allowed. Moreover, |A(HX| > \E(H)\ by 13.8b. Thus

3) \E(H:) \ > » \E(H)\.

Now no two edges of H. cover V(H), because each edge of H: is contained in
an edge of H. Hence, as before,

4 [A(A,)|~2"-1,

and (3), (4) imply the assertion of the problem [D.E. Daykin, L. Lovasz, J.
London Math. Soc. 12 (1976) 225-230].

Third solution. Letoi={lc V{H) : 1 ci( E(H)}, = {Xc V(H):
X ~E £E(H)}. Then by (a), |of|~2n"land |<& < 21 By 13.11,

w

IE(H) I loAMNSDl< A 1 1dl< 2"-2
[D. Kleitman].
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Fig. 97

19. We may assume each one-element set belongs to E(H), as well as 0 and
V(H). If E\d V{H) or 0] is any edge of H, then there is a unique minimal
edge E rproperly containing E; for if Ev E 2 were two such edges, then we would
have Ex(z E2 E-d Exor ErME2 = 0 by the assumption; however, any of
these is impossible. If E = 0, then it is contained in n minimal members of H;
E = V(H) is contained in none. This way we count m -~ n — 2 edges.

Consider any E £ E(I11), \E\ ~ 2 and consider the maximal edges properly
contained in E. They cover E and are disjoint, so their number is at least 2.
So E is counted at least twice. If |[E| = 1E is counted once; E —0 is not
counted. Hence

m-f»- 22~ 2(m—n —1) n,

or, equivalently,
m < 2n.

This number can be attained; in fact, if G is any arborescence with outdegrees
2 at all points except n endpoints and, if for each point x of G, we consider the
set Exof endpoints accessible from x, then the hypergraph formed by edges
Ex and the empty set has n points and 2n edges (Fig. 97).

20. For n = 1the problem is obvious. We use induction on n. Suppose we have

the chains Kv ..., Ktof 2s, where |$| = n and add an (n+ I)st point x.
For each chain K(= {Er, ..., En_r] we define two new chains

K\ = {Er,ErU{*}, ErLU{x},.... EnruU{x}}
and

E\ —{Er+l,... ,En_r) (provided \k t\" 2).

Obviously, both Ki and K" are symmetric chains of subsets of S U{x}.
Moreover, any subset X of S U{a;} belongs to exactly one of them. For if
I CSU {a} and a:(l, then let X — {ar} €If,; we will have X £K\.
If X CS, then let X £K if X is the first member of Kt, then X €K'i)
if X is a later member, then X 6k . Similarly one sees that no X belongs
to more than one K[ or k.

29+
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Thus the chains K\, K" yield a decomposition of all subsets of S U{#} into
symmetric chains and the induction is complete [N.G. de Bruijn, C. van E.
Tengbergen, D. Kruijswijk, Nieuw Arch. Wiskunde 23 (1949-51) 191-193].

21. (a) Firstproof: Let Kv . ... K. be the chains of subsets of V(H) defined
in 13.20. Since each subset X with |x | = ) belongs to exactly one Kt and
conversely, we have t —1 — 1. Any Kt contains at most one edge of H, as

any two edges of K i are comparable (one contains the other). Hence |[E(H) |< t.
[E. Sperner, Math. Z. 27 (1928) 544-548. This proof is due to de Bruijn,
C. A. van E. Tengbergen and D. Kruijswijk, ibid.]

Second proof: Let us consider those permutations (xx, ..., xn) of V(H) for
which {xv ...,xk} 6 E(H) for some k. For any edge E with \E\ = k, we
get k\(n —Kk) ! such permutations by putting the elements of E in the first K
places and the other elements in the last (n —/) places. No permutation is
counted more than once; for if (xv ..., xn)is a permutation, then it cannot
happen that Ex= {xv ..., xki} and E2 = {aq, ¢+, xx) are both edges since
then one of Ev E: would contain the other.

Thus we count k\(n—Kk)! permutations with any edge E (k = \E\), and,
altogether, we count at most n! permutations. Since

i/ n\ n\ fa] r+ 1]
In —in\ J[2j[ 2

b) M

u2J/

this implies that
\E(H)\ l[—é\l] EJJ%I':] i< n\y

\E(HI<- el =g )
2J'L 2 J M2J/
[D. Lubell, 3. Comb. Th. 1 (1966) 299].

(b) Let H be a clutter on n points with exactly (o

\
. edges. Then we must

have equality in all estimations used in the secontljnbr(;of of part (a). In par-
ticular, if E £ E(H), IE\—Kk, then

K\(n —K)\ = L e —r=

— | —_ _ -,
2JL 2 J in fn~»
Uj n
M2J7
whence K = m OF L -—fo—
2] '
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Now there are two cases:

1° ®'= 2p. Then \E\ = p for any E £E(H) and so, E(H) consists of all p-
tuples of V(H).

2° n—.p L1 Then \E\ —p or p f 1 for any E £ E(H). We claim that
every edge has the same cardinality, i.e. E(H) consists of all p-tuples or of all
(p + I)-tuples.

If [xv ..., xn) is any permutation of the points, then this permutation must
be counted in the second solution; i.e. either x1, ... ,xXpor Xv ..., Xp+1 iS an
edge. Thus, if Xc Yc¢ V(H), \X|=p, \Y\—p + 1, then one of X, Y
is an edge.

Now suppose there is an edge E £E(H) with \E\ = p -~ 1 and a set
Xa V(H), |X| = p -f 1, which is not an edge (if all (p -f- I)-tuples are edges
then, obviously, no p-tuple is an edge and we have nothing to prove). We
can find such a pair E, X with \EVAX\—p\ for let E = {xv ..., xptl),

ENX = {xu...,xptl}, X = {xt, ..., xi+p). Then consider the sets {x,, . ..
., Xvipr (v= 1, ...,10). There is a last one among these, which is an edge,
say {xv,...,xvHp}. Then we can consider {xv, ..., Xy} instead of E and

{xv+l, .... xv+l4p} instead of X.

Now since EflXczE, SOX $E{H); on the other hand, Ef\XczX,
\EVAX\—p, 1ZI = p+ 1 and so by our remark above, EMX"E(H),
a contradiction.

Thus E(H) consists of all p-tuples or of all (p -)- I)-tuples of V(H).

22. Suppose A, B are maximum antichains with m elements and define
AUB = {x (A {{ B: XAy iovevery ygA UB},
A/\B={x£EAUB:x>y for every y £A U B}.

Then A VB, A 1B are antichains by their definition. Moreover

(1) (AVB)CI(ANB) 3 1i15.

In fact, if XEATB, then there is no y £A UB such that x < y for if
y £A (say), then x£A also and A is an antichain. Thus, x £A\J B and
similarly, x £ A 1 B.

@ (AVB) U(AJIB) = A UB.

The inclusion a is obvious. Let x£A UB, say x£A. If x§A \JB, then
there is a yx£ A UB such that x < yv Obviously, y: §A; soyr £ B. Similarly,
if x§A NAB, then there exists a y2£EB with y2 < x. Now y:< yv a
contradiction. Thus x g (A VB) U (A [ B).

From (1) and (2) we deduce that
(3) INVE|l + |N AB| = [MV#) U (ZA B)| +

+ uAvB) M A5)] M \a UB\ + \Af\B\= \A\+ |5| = 2m

Since A, B were maximum antichains we have

(4) MV 5 1< m, IAAS5 1< m.
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Now from (3) and (4) we see that equality must hold throughout, in particular
in (4). This proves that A\J B, A\ B are maximum antichains.

It is easy to verify that the set £ of maximum antichains forms a lattice with

respect to the operations [, and \J. Let E be the unity of £, then E is a maxi-
mum antichain which is, obviously, invariant under the automorphisms of
S, 5§
( Nov)v consider s — 2\(H>and the partially ordered set (S, cc). E(H) is an
antichain in (S, c1, so we want to determine the maximum size of an anti-
chain. By the above, there is a maximum antichain $, which is invariant under
the automorphisms of (S, ¢). Let E £$, \E\ = k. Any permutation of
V(H) induces an automorphism of S, and these permutations map E onto
all Lelement subsets. Thus, all delement subsets belong to § Obviously, $
cannot have any other member, thus

<n\
i«i= ["] < -1
Uj M2l
[R.P. Dilworth, Combin. Analysis, Proc. Symp. Appl. Math. AMS (1960) 85].

23. (a) The hypergraph H with V(H) —{1, 2, 3,4}, E{H) = {{1, 2, 3},
{3, 4}, {1, 4}, {2}} is cross-cutting but contains no other cross- -cutting hyper—
graph, in particular, no cross-cutting clutter (Fig. 98).

1 4

e NY)3

Fia. 98

(b) Let H be a minimal cross-cutting hypergraph. Then for any E £ E(lI)
there exists a set SEC V(H), which is not comparable with any edge of
H — {A}. Clearly, E Cl SE or SEcc E. Denote by E* the larger of E, SE,
and let

V(H*) = V(H), E(H*) = {E* :E £E{H)}.

We claim that H* is a clutter. Assume indirectly that E* A F*. If E* = SE,
* = F, then SECI F, which is a contradiction since SE is comparable only
with E by definition. We get a similar contradiction, if E* = E, F* = Sf.
IfE*= E,F* = F,thenSEC EandE C F, so SEC F. IfE* = SE, F* =
= SF, then E ~ SEc SF. We get a contradiction in both cases again.
Thus H* is a clutter and so by Sperner’s theorem

waA) = [a(a*) " (m|
[P. Erdés]
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24. Following the hint, let

Nn—xK--1°
—————— 2--—--1*
Then o ko 1- \D _____ K —Y
2
and hence, p + (p+ &—1) = n or n— 1 Therefore m,. ..,/ o .
P) [p+ k-1j

are the k largest binomial coefficients jif n — Ais even there is another such set:

we could replace ” by M but this is unimportant . Form the hyper-

\P) \P- *+ ) % : .
graph M on V(H) consisting of all p........ (p + K —I)-tuples as in the hint.
Let Kv ..., K, be a decomposition of : VHsinto disjoint symmetric chains
as in 13.20. Obviously,

IE(M) T 1= min (k IK, |);
on the other hand, E(H) contains no chain of length k, whence
IE(H) MKtl< min (k 171).
Since this holds for every i = 1,...,t, we conclude that
\E(H)\<\E[M)\ = [T\ + ... + ( “o
\P) \P+ *—1
[P. Erdés, Bull. Amer. Math. Soc. 51 (1945) 898-902].

25. (a) Suppose indirectly that the edges of H cannot be covered by one point.
Let E = {xv ..., xr} £E(H). Then xt does not cover all edges, so we find an
edge Ftsuch that x(GFt(i=:1...,r. NowE, Fv ..., Fr have no point
in common; for such a point ought to be in E but xt does not cover Ft.

(b) We construct j edges Ex........ Ej such that
\E1G ... NEj\ < — (G — D(t(H) —1)

forj = 1, ...,k Forj —1,E Xcan be chosen arbitrarily. Assume Ev ..., E,
have been selected (j kK — 1). Since every other edge intersects ExIT. .. I
M Ej this set must be of cardinality at least t(H). Let X ¢ Ex ... NEj,
IA'l= T(H) — 1. Since X cannot cover all edges, there must be an edge
Es+1 such that Ej+2 M X = 0. Thus

IExM... DE}#I1< |(~ M... NE) - X\ =
= \EXJ1...ME\ —(r(H)- )~ r- j(r(H) - 1),

i.e. Ej+1 has the desired property.
Now Exf| ses TMTEK”™ 0, i.e.

1~ \EXIM... NEK\<, r- (k- D(r(A) - 1),
whence the inequality of the problem follows immediately.
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26. Take any edge F. \i \E GF\:- > for every edge E we can take S —F.
Suppose IF' MF\ = 1 for some F', say F' MF = {x}. Let F" be an edge
of H — X (such an edge exists since t(H) > 2), and set S= F U F' U F".
Clearly

\s\<; 3r—3.

On the other hand, let E £E(G). If x JE, then E must intersect F and F'
in distinct points so IE Ms |j> 2. If x£E, then E must meet F"' in a point
different from x so |[E S |> 2 again.

27. Let (xv ..., Xp) be any ordering of W, where IF is a minimal set such that
any two edges of Hw meet (|W\= p). Then there is at most one point xt such
that both {xI(. .., X} and {xit , Xp) contain edges E, E' of Hw (clearly
E NE' = ?K,}). For if| i and {xv ..., Xj) contained F, {X,, ..., XA con-
tained F' (F, F' £ E(Hwj), then assuming, e.g. i < j we would have E M F' =
= 0, a contradiction. So if we carry out the counting for every ordering of W,
we count at most p ! points.

Now every element of W is counted many times. In fact, if x £W, then there
are edges E, F £E(HW) such that E M F = {x}, by the minimality of W.
Set \E\ —s, IF[= t. Let us arrange the points of E, then put X, then put
Lhedpoin_ts of F; finally, “stick in” the remaining points arbitrarily. This can

e done in

(i—Die—D1 P (p-s-t+ 1)1=pl(s
s t—1

& t—ot

ways. Now s,t<,r, hence
(s+ i— 1! (s+t-a' Lr-1)
(s—D!(i—! t—1 )— (r—1)
Also we can exchange the role of E and F. Thus every point in W is counted

2p! . oL .
at least — ------ —times. Hence the number of points in W is at most

i-~)

The second assertion follows by considering the following hypergraph. Let
\U\ = .r — 2. With each partition {A, T} of U such that |[A| = |F| =
= r — 1 we associate a new point vXY; let V be the set of these points vXY and
V{H) = U U V. Moreover, let E(H) consist of all r-tuples in U and also of all
sets 1 U {%y} F U {vXY}- It is easy to check that any two edges of H
intersect but that no subhypergraph has this property. Thus the minimal IF
is V(H), and

IF(H) > IF| = —@r—2 =(2r~ 3.
(H) =2 @7 ((r—llJ

[A sharpened version of a theorem of M. Calczynska-Karlowicz, Bull. Acad.
Polon. Sei. ser. math. astr. phys. 12 (1964) 87-89.]
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28. (@) Let x be any point of C. Then x is the endpoint of at most one At;
for if A-, Aj had a common endpoint then, since they are distinct, they ought
EQ start in different directions and, as |[V(C)|> 2k they would be edge-
isjoint.
Now observe that, since each Aj (j = 2, ,t) has an edge in common with
Av one of the endpoints of Aj is an inner point of Av Hence there are at most
K —1arcs Aj with 2 j <[t and this implies that t <f k.

(b) Let n = (xv...,xn) be a cyclic permutation of V(H). We consider
a circuit C of length n and associate xv . . . , xnwith the edges of C (in the same
cyclic order). Then if E £E(H) consists of consecutive points in n, then it
corresponds to an arc A of C of length r. Any two of these arcs have an edge in
common. Thus, by the preceding “lemma”, there are at most r such arcs, i.e.,
for any cyclic permutation n, there are at most r edges, which consist of consecutive
points. Since there are (n — 1)! cyclic permutations, this way we count not
more than

r(n — 1!

edges. Let us see, how often a given edge E is counted here. To specify a cyclic
permutation for which E consists of consecutive points, we have to order E
and V(H) —E. Thus E is counted r\(n —r)! times. So the number of edges is

n—1) _ In—1
r’‘n—r)!  [r—1j

[P. Erdés, Chao Ko, R. Rado, Quart. J. of Math. Oxford, Il. 12 (1961) 313-
320, this proof is due to G.O.H. Katona, J. Comb. Theory 13 (1972) 183-184.]

29. (@) Let Fv ..., Ftbe all the sets which are unions of v disjoint edges of
H. The fact that H is r-critical means that

FyM...MFt= 0.

By 13.25a, we find rv+ 1 sets among Fv ..., Ft, say Fv ..., Fn#l, whose
intersection is void. Let S = Ft U... UFn+l We claim that |[NTIE\ ;> 2
for every edge E of H. In fact, SHE meets every one of Fv ..., Fu+
(otherwise E would be disjoint from Ft for some i and then it could be added
to the vdisjoint edges forming Ftas a (v -f 1)stone). Since by their construction
Fv , Frve1 cannot be covered by one point it follows that |S ME\ !> 2.
Now IS! < (rv A 1)rv. Thus the number of edges E is at most

m <’

L, n ~ (rv+ i)™ n \= o(nr-2)
2j r—2j 1 2 \r —2j

(b) We use induction on v. If H is r-critical, (a) settles the question. If H
is not r-critical, let x £ V(H) be such that v(H —x) < v(H). Then

\BW -x)\An~ 2\+ ... + E* -7)
r—1 r —1j
b%/_t?e induction hypothesis and since x cannot be contained in more than

q .
i edges, the assertion follows.
r—1j
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Equality holds for the hypergraph on n points consisting of those r-tuples,
which meet a given v-element set [A. Hajnal, B. Rothschild, J. Comb. Theory
15 (1973) 359-362].

30. Let {ix} (x£ V(H)) be an optimum fractional cover of H. Then

X€E

holds for every edge E. Summing this for every edge of //, = H —xx—— —xt,
we obtain

2o **A\EMHM
EiE(Ht) xiE

The left-hand side can be written as

2 X 2 N S~ X*N41e
X E3X . X
EdEWi)
So
@) \E{HO\ <, r*dt+1.
Now suppose the procedure stops after t steps, i.e. xv ... ,xt cover all edges,

E(Ht+l) —O0. Then clearly
r(H) < t.
We know that
\LLLLL\ - 1B A+a)| = dt,

=1 [BA) |A(Am)] m wn g

i=2 \d i »/—ij »X

SO

1=1

Since dt ™ di-:1 we can estimate \E(Ht)\ by (1) and obtain

t<r Yo dAg~ T i d] = i of kg T7d+ logd)
[L. Lovasz, Discrete Math. 13 (1975) 383-390].
31. (@) Clearly n ~>w (- 1 since

Uu _wj W W w _ to+1
r r Ir-1j“ (rj (r—1j r
Letw=t r—21un=t-|-uv V= t--vv Then by 1.42i and b,
[u\ _ F+ j —I\ ui—4
i bo)Nr-j)”
ul=y F+i—=rl\
r) \' Jlr—j)”’
w + ?7—1

T- 1] JS1 |
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Hence
. A AN B iu\ +?2—1
M RV T T \r) ) )2/_0 3
where

», =M F-r+ )+ 0 (“>-f+0j.
Similarly

%" UJHrj-UJ-IfTlib-
= 1ff4r Iy

in case t = 0, we define—=0

I t I
We claim that if g is positive then so are @- x, ..., tow In fact,
— 4 [»m-"+ 0| + | — i— [«.-"¢+ iU
ur—r f-r( r ul ~ r-\-i\ i )
i Vi—r+ i i i lux—r + i _

%—r+ 1] i %—r+i Y%—r+ il i
X - >0

(since % > ix and ux—un —t>w | —f=r). Thus we have a & (0 <]

<; Ir<j r) such that

H>eeeo k> 0.BM>. .., < 0.

h
Then replacingTby)—/—ﬁ———on the right-hand side of (2) we decrease it. There-

fore by (1),

(7 1+ (7 r-L % [>LAI2(<t) -1, =0
r—Ij [r—2] (@r—1N t yfo j
(b) We use induction on \E(H)\. It suffices to treat the case K —r — 1.

Let a be a point with minimum degree d. We may assume that there are no
isolated points, i.e. d > 1; also we may suppose there are at least two edges,

so that d < \

[

Let Hx—H — X Then \E(HI)\ = I;Ibll —d. Let us write this number in the

form ) (v2>r); then, by the induction hypothesis, there are at least ( 1
r r —
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(r — D-tuples covered by the edges of Hv Note that none of these contains x-
Let us define H: by V§H2)= V(H) —{a:;, E(H) = {E—{«} :Xx£EE
£ E(H)). Then \E(H2\ = d, and H: is (r —I)-uniform. Let us write d in the

form W L w~>r — 1, then by the induction hypothesis, there are at least
r J—

W 2 (r — 2)-tuples covered by the edges of H Adding x to these (r —2)-

. I . .
tuples, we obtain at least v 2) (r — I)-tuples contained in edges of H.
r

Since each of these (r — I)-tuples contains x, they are different from the ones
found previously.

Thus the number of (r — I)-tuples contained in edges of H is at least
AV w
r—Ii r—2

Using (a) we will be done if we can show that v ;> w. To this end observe that
the average degree is
1Al -']1_

WHN - [F(A)]
and here, obviously, \V(H)\ > u. Thus

_ - N - l)
r—1) u T—1
whence
w< n—1=1
Thus
dh _ . w \.> . [u—1) _ m—1 VAU A,
) \r] (r—1) \r) (r—1j r

as stated. [J.B. Kruskal, in: Math. Opt. Technigques, Univ. of Calif. Press 1963,
251-278; G. Katona, in: Theory of Graphs (Akadémiai Kiado, 1966, 187-207.
See these references for the exact optimum when u is not an integer.]

(c) Let H have m distinct edges, which are r-tuples and mutually inter-
secting. Let H' be defined by

V(H") = V(H)
E(H) = {V(H) —E :E £ E(H)}.

Then by assumption no edge of H can occur as a subset of any edge of //'.
Let us write

m = " (Uc>n —r, real),
n—r)

then by (b), there are at least x r-tuples among the subsets of edges of H".
r.
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(“1+h "R

—r  \r) \n)

Hence

Since
n—Ij m—1 inl
n—rl r [rj
it follows that u n — 1 and thus
m \ Min—1 In—:
< =
n—r) [n—r r—1
[D.E. Daykin, J. Comb. Th. A 17 (1974) 254-255].
32. (a) Observe that if (xv ..., xn)is any permutation of V(H), then there is
at most one index i for which every element of As has smaller index than
every element of B(. So we count at most n! pairs (A,, B,).

Moreover, if i is any given index, then the number of permutations of V(H)
for which every element of A, anticipates every element of B, is

1} n p\on(n—p —q\ ————.
+ of p+q
p
Hence, a given pair (At, B,) is counted this number of times. Hence

N o*[onl e+ 9

Ip+q p
I P .
(b) Let Ev ...,Em be the edges of H. Since H is r-critical, H — {i?,}

has a (x{H) — I)-element point-cover Tt. Then, obviously, EtMNTm= 0
while Tj MEj ™ 0, if i# j. Thus (a) implies that

[B. Bollobas, G.O.H. Katona, F. Jaeger, C. Payan; see B].

33. Let V(H) = {r~ ....,vn}. We color vv v2, ...,vn by one of the colors
red and blue, so that we do not color all points of any edge with the same
color. Suppose vXx........ vt are colored (1 < i < n). If we cannot color Vi1
red, then there is an edge Ed {vv ...,v,+1}, vi+l £EE such that all the
other points of E are red. Similarly, if vi+1 cannot be given color blue, there
must be an edge Fc {vv ..., vitl), vi.s £F all of whose points except
vi-1 are blue. Now E N F — {wi+1}, a contradiction. Thus we can color vi::
either red or blue.

34. Suppose first that H has one point xxof degree 1 and all other points have
degree 2. Let x2 be a point adjacent to xv xs a point adjacent to x2 or x3, . . .,
let xi+1 be a point, different from xv , Xtand adjacent to one of them. Such
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an x+1 exists, because H is connected. Now going *“back” we can color xn,
Xn_x, ..., xxsuccessively with red and blue in the same way as in the previous
solution.

Now suppose that every point of H has degree 2. We may assume bl is not
a graph. Then it contains an edge E with \E\ ]> 3. Let x£E, E' = E — {}
and H' = H —{E} -)- {E'}. Now if H' is connected, then, since x has degree
lin H', by the first part of the solution 11" is 2-chromatic. A 2-coloration of H'
is a 2-coloration of H. If H' is not connected, then H = H: UH2 Y(Hr) N
M V(H2 — {x}. 2-coloring Hj and H: (which have points with degree 1) we
can put these 2-colorations together after exchanging colors in HIt if necessary.

35. Suppose we have no 1-element edge (which is a trivial case). Also remove
isolated points. We verify the assertions in the hint. ~

(@ Let x£V(H), E ZE(H) be such that x£E. Color E — {«} red,
V{H) — E U {x} blue. Clearly there will be no red monochromatic edge.
Since H is not 2-eolorable, there must be a blue monochromatic edge F. F
meets £ina single point and this point must be blue; hence £ F. Thus »has
degree at least 2.

(b) Let XEEV .......... EdZE(H), d-I>4, and suppose indirectly that
\Ed\" 3. Let yigEj—{«} [ = 2,...,d —1). Since d]> 4, there is at
most one edge containing y 2, , yd- 1. So we can select a point yd ZEd — {x}
such that no edge contains y2, ... ,yd. Now let us color Ex— {x}, y2,...,yd

red, all other points blue. It is easy to check that no monochromatic edge can
occur.

This settles the case when there is a point xof degree at least 4; more generally,
if there is a point » which is adjacent to 2-element edges only, then consider
an edge E not containing > (such an edge clearly exists). E must contain the
(single) point of F — i} for every edge F 9x. This shows that E is unique
and so V(H) = E Uk}, E(H) = {E} U{{x,y) :y ZE}.

So suppose each point belongs to at least one edge of cardinality at least 3.
Then there is no 2-element edge. For let {x, y} ZE(H) and let E, F be 3-
element edges containing xkand y, respectively. Let n be the (unique) common
point of E and F, and let vZE — {u, x}, w£ F — {u,y}. By (a), there are
other edges A, B containing v and w. Since A, B must meet {x y), we have
y ZA, X £B.

Now color every pointin E UF — {rr} — {r/} red, the remaining points blue.
Then no red monochromatic edge occurs; for such an edge X must meet {x y}
in a red point, i.e. in it must meet A in a red point, i.e. in v; but then X = E,
which is not monochromatic. Also no blue monochromatic edge arises; for
such an edge X must meet {x y} in a blue point, i.e. in y, it must meet E
in a blue point, i.e. in rr; but then X —F, which is not monochromatic. Thus
H is 2-colorable, a contradiction.

Now we are prepared to prove (c). Let xy £ V(H), and select edges E, F
such that x€E, y £F. We may assume x *F and y (j E, otherwise we have
nothing to prove. Let us color E UF — K y) red, everything else blue.
Then no monochromatic red edge can arise; for such an edge could only con-
sist of one point of E — {1} and one point of F — {r/}, but 2-element edges
are excluded. But then a blue monochromatic edge A arises, which must meet
E in>and F iny, which proves (c).
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It follows that every edge is a 3-tuple. For if EEE(H), \E\ |> 4, then let
X£ V(H) —E. For each point y in E, there exists an edge containing X, y
and these edges are, obviously, distinct. But then x has degree at least 4,
a contradiction.

Now let E, F, G be three edges such that EfiF ¢ G Let E fi F = {a},
FC\G= {y}, EQG= {z}. Then: there are unique further points u, v, w

Pig. 99

of E, F, G. There is a unique edge {X, w, t] containing X, w. There is a unique
edge containing y, u, which must also contain tsince this is the only point in
which it can meet {x, w, t}. Similarly, {z, v, t) and {u, v, w} are edges and there
are no other edges. This hypergraph (usually called the Fano configuration,
or 7-point-plane) is 3-chromatic. Thus we have found the hypercraphs shown in
Fig. 99 as the only possibilities.

36. Suppose indirectly that H has a 2-coloration with red and blue. Let nx
and n2 denote the numbers of red and blue points, respectively. Then the
number of red-red-blue edges is

where a is the number of edges containing'a‘given pair. Similarly, there are

(n9

a
12
blue-blue-red edges. Thus

@ \WH\ = & [£) + (%) ¢
On the other hand, each edge contains exactly two pairs (X, y), where x is blue,
y is red. Thus,
2 2\E(H)\ = ann2.
From (1) and (2) we get
M = n\ -f n\ —Mx—m2= m—n—271"2
or, equivalently,
3 3nX12 = n2 —n.
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But we have In, 4&-n2az2 N2

~NTTr o o-1=T7"
so (3) implies that

— m—n or n< 4
4

a contradiction [L. Lovasz, Proc. 4th SE Conf. on Comb. Graph Theory and
Computing, Utilitas Math. 1973, 1-12].

37. Consider the polyhedron P in n-dimensional space described by
JN]< (/=1,...,m),

O<1 Ll 1 i=1,... w.

P is non-empty since the vector h I\r belongs to it. Also the matrix

(AT

is totally unimodular and the constaﬁ)(s are integers, so by the Hoffman-

Kruskal theorem, P contains a lattice point. Let (£v , |,) T be this lattice
point. Color \jred, if = 0 and blue, otherwise. This coloration is a legitimate

. . ~E\~
one, if H contains no 1-element edges. More exactly, there are at least ——
IFJ1* o o wpt e

and at most > blue points in every edge Ej. This proves the “only if

part of the assertion.

Now suppose that each subhypergraph has a bicoloration as formulated. Then
we show that every subdeterminant of the incidence matrix i is 0 or 1.
Since a square submatrix of A is the incidence matrix of some partial sub-
hypergraph which, obviously, has the same property it suffices to show that
if n—m, then det A = Oor +1.

We claim that there exists a (I c V(H), W~ 0 such that |WNE]J,.. .,
\W M En xl are even; in fact, consider the vectors

(aij\ 1 if M£Ej,
a;= <+ , where =,
\anl 0 otherwise,
{i —1,...,n—1) over GF(2). They do not generate the whole space, so there
is a 01-vector
(bN
b= ~0
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orthogonal to all of them by 5.32f. Now set
W= {vt:b = 1}.

Then HTME\Ns=bea;= 0(mod 2) (j=1,...,n—1). \WTIEn| may be
odd or even.

We may assume W = [vx ..., vt}. By the assumption W= AocUAvV Aol
114i = 0 so that

Note that, by the choice of W,

\EjCIAO\= 17 |

forj=1,...,n—1 Let, say, Ao = {r;™...,vg}. Then add the 2nd, . . . ,sth
columns to the first one but subtract the (s + I)st, ......... tth columns from it.

This way we get 0% in all but the last entry of the first column, and get 0 or
dil in the last entry. If this last entry is 0, then det At = 0. Otherwise, we can
expand by the first column and proceed by induction [A. Ghouila-Houir; see B].

38. (a) First we prove the statement of the hint. It suffices to consider the case
k= 2. Let E£E(H), Ev E2 czE, ExXIME2—0. Consider

H' —H —{E} + {EVED2).

We claim that H" has no odd circuits. For let G be any circuit of H'. If C
contains none or one of Ev E2 then it corresponds to a circuit of H in the
natural way and hence it is even. Suppose it contains both of Ev E2 Then it
is of the form

(Evxv Fv...,xk E2yvGv...,y),
where K> 2, | > 2 as E:MEz2 = 0. Now
(E, xv Fv ... ,xK and (E, yv ...... y,)
are circuits of H, hence Kk and ILeIl_rlgl_even. Then K + | is even, i.e. C is even.
Now replace each edge E by - disjoint pairs. The resulting graph is bi-

partite by the above result and thus it possesses a 2-coloration with red and

blue. Now each edge E contains at least M~ red and at least p—J1 blue
points, which proves the assertion. L2J L2J

(b) This follows trivially by (a) and 13.37 [C. Berge; see B].

39. Suppose indirectly that H is not balanced. Then it contains an odd circuit
(XV‘EX ..., x2+H, Ek+l) which is not balanced. This means that there is no
other incidence between xv ,X2kHand Ev . .., E2#], than is indicated by

30 Lovasz
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the definition of circuits. Hence A contains a (:k -|- 1)x k 1) submatrix
of the form

which has determinant 2, a contradiction [see B].

40. Suppose indirectly that there are balanced hypergraphs, which are not
2-chromatic and consider a minimum counterexample H. Define a graph G
by V(G) = V(H), E(G) = {E 6 E(H) : \E\ = 2}.

We claim that Gis a connected graph. Suppose indirectly that V(G) = FxU V2,
VxMVz= 0, Vv V2 ¥=0 such that each E £ E(G) is contained in Vxor V2
Consider HM and HW and remove the one-element edges of them. This way
we obtain two balanced hypergraphs 11v H2

By the minimality of bl,//, and H: are 2-chromatic. Let us 2-color each of
them by red and blue, we claim this is a good 2-coloration of H. Let E £ E(H).
If \E\ = 2, then E is spanned by one of Vxor V. and therefore it gets both
colors. If \E\ > 3, then \ETMF,| i>2 for one of t= 1, 2 and so, E NVt
gets both colors in the 2-coloration of Ht. Thus we have obtained a 2-colora-
tion of H, a contradiction.

Now G has no odd circuits, because H is balanced and since it is connected,
it has an (essentially unique) 2-coloration with red and blue. We claim that
this is a legitimate 2-coloration of H. Assume indirectly that there were a
monochromatic edge E, \E\ > 1. Since G is connected, it contains a path
P= (X0 Fv *!, ..., Fk xK) with x06 E, xkE E. We may assume xt$E for
i=1,...,K—1 The points x0, ... ,xkare alternately red and blue, hence
K is even. Thus

XgFi,xv ..., xdE)

is an unbalanced odd circuit, a contradiction. Thus the 2-coloration we con-
sidered is a good 2-coloration of H, a contradiction again [C. Berge; see B].

41. Let E(H) = {Ev ... ,Em (m< 2r_1) and color the points of H with red
and blue at random, independently of each other and with probability 1/2. Let
Ai denote the event that Et is monochromatic. Then

P(A) = — .

as there are 2 r ways to color Et and 2 of these come into consideration. So the
probability that a random coloration contains a monochromatic edge is

m W
P(AX+ ...+ Am < J?P(Ai) = — -< 1,
i- 2
(the first strict inequality follows from the fact that Av ..., Am are not
mutually exclusive: all occur, when all points are red) [P. Erdés; see ES],
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42. Let H be defined as in the hint. Then

lw = wnr+ T{frM X
for any edge EP (P = {X, F}). Therefore,

N — jrz
2
r
defines a fractional cover. Thus
2r2|
r*(H)
2n

rl

(It would not be difficult to show that one has equality here.)

Now let T be any set of points of H covering every edge EP. Then T is a col-
lection of r-tuples, so V(H0O) —s , E(HO) = T defines an r-uniform hypergraph.
The fact that T covers EP means that P does not give a legitimate 2-coloration
of HO; so Ho is not 2-chromatic. Thus if T is a minimum cover we have by 13.30,

\E(HO\ = r(W) < (1 + \ogd(H))r*(E).
Here, however,

'2r2

and so
2r2 122

\LWMOVN < 1+ "2- nNlog2)—_, <r2-1]1 =
iT T
2
n Ir
r2 2ra—1 2r2—r (-1 ,
2 r.—1 rnr—r+ 1

[P. Erdoés; see ES].

43. Let us color the points of H at random again, as in the solution of 13.41.
Observe that if Elt . .., Ep are disjoint from Eq, then Alt... A, and any
polynomial in them are independent of Ag So if we form L(H) and associate
the event Aj with Ehthen this graph and the associated events satisfy the first

30*
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condition of 2.18. Moreover, by the assumption, each point of L(H) has degree
at most 2r_3, hence the second condition is satisfied as well. Therefore

P{Al . Am) >0,
i.e. there is a coloration in which no edge is monochromatic [P. Erd6s-L. Lo-

vasz, in: Infinite and Finite Sets, Coll. Math. Soc. J. Bolyai 10, Bolyai-North-
Holland (1974) 609-627].

44. (a) Suppose H is not 2-chromatic. Then by 13.43, there is an edge E which
is intersected by more than 2r~3 other edges. Then one of the points of E
belongs to more than 2'~3r of these. Thus, the maximum degree d of H is
at least 2r~sfr.

Now let xxbe a point with maximum degree d. Then the edges containing >
have no other point in common by the assumption and so, they cover at

r
least points, a contradiction.

(b) For E £ E(H), let (B denote the point of E which has largest degree
in H (or one of these) and set E' = E — {cp(E)},

H' = (F(H); {E' : E £EE(H)}).

Then H' must be at least 3-chromatic since any 2-coloration of H' would yield
a 2-coloration of H. Thus by the solution of (a), there is a point x with degree
t> 2r4(r—1) in H'.Let Ev ... ,Et be the edges of H' containing x. Then,
by definition, the degree of <p(R) in H is at least the degree of x in H, which
is at least the degree ofin H', which is equal to t. Moreover, the points <p(Ef),
..., cp(R) are distinct, as Ev ..., Et have no point in common other than x
Thus we have t points with degree at least t, which proves the assertion.

(c) Suppose indirectly that H has chromatic number at least 3. Then, by
the preceding problem, there are 2r_4/r points with degree >> 2r 4/r. If we
count the edges adjacent to these points we get 4r_4/r2, and each edge is counted
not more than r times. Hence

\E(H) 1> 4r 4/r3.
[ibid.]
45. (@) By 13.5b, we can select a pair f(E) from each edge E of If so that the
hypergraph (in fact, graph) G — (V(H), {f(E) :E £E(//)}) is a forest. Hence
G is 2-colorable and a 2-coloration of G gives a 2-coloration of H [M. Las
Vergnas, L. Lovasz; see B].

(b) Let H: be the triangle and suppose we already have an /-uniform hyper-
graph Hr with the desired property. Define H:1 as follows; for every edge
E £E(Hr), take an (r + I)-element set E'\ let the sets E' be disjoint from
each other and from V(lIr). Define

V(Hr) = U E' U V{Hn),

E(Hr+1) = {E' :E£ E(Hn} U{E U {K} : E £E(HN), x £E'}.
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Then, obviously, H r+1 is (r -F I)-uniform. Moreover, H r+1 is not 2-colorable.
For let a be a 2-coloration of Hr+V Then there is an edge E £ E(Hr), which is
monochromatic since Hr is not 2-colorable. Let, e.g. all points of E be red.
Then for any x £E', E U {&;} is an edge of Hr+l, so x must be blue. But then
E' is a monochromatic edge of Hr+V a contradiction.

LetA' be any partial hypergraph of s r+1, we claim that |V(H)\ > \E(H)\.
Suppose not, and let H' be a minimal counterexample. Then every point in
H' has degree at least 2, since otherwise it could be removed. Therefore, if
x £E" (E £4(AN) is a point of H', then E' £ E(H"), and also E U {y} £ E(H")
for each y £E".

Let A denote the set of edges of H' of form E*, E £ E(Hr). For every E £
EE(H') —A, let E*X= EOV(HT). Clearly E* £E(Hr). Thus the hyper-
graph A" defined by

V(H") = V(H") M V(HD),
E(H") = {E* :E £E(H') —A}
(each set E* is taken only once) is a partial hypergraph of Hr, and thus
\WW(H")\MN\E(H")\.
Also we have
\E(H)\ = (r+ 1) \E(H"™)\,

[7(AY] = \WHI\ + nE(H™\
and so
[TWIA>(r+ 1) \E(H)\ = \E(H)\.

This proves that H:+: has the desired properties. We remark that every partial
hypergraph A' of Hreven satisfies

\WWHNS\E(H)\ + 1
except for H' = Hr [D.R. Woodall, in: Combinatorics, Proc. Conf. Southend-
on-Sea, 1972, 322-340].

46. (a) Let Hr be an r-uniform non-2-colorable hypergraph, without multiple
edges, in which any two edges meet. We construct an (r -f- 1)-uniform hyper-
graph H:1 with similar properties. Let |[7] = r + 1, U M V(Hr) = 0. Define

Hr+l by
V(Hr+l) = ViHJ U U,
E(Hr+) = {*73 U {E U {x} :E £E(HDN), x £ U).
It is easy to verify that Hr+V has the desired properties. Also,
\LLIHMI\ = (r - 1) \E(Hr)\ - 1,

whence
\E{H\ = [(c- 1)H] > rl

(b) Let A, H' be two hypergraphs. Define H[H'] as follows. Let
V(H[H']) = V(H) x V(H),
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AEAEAT = {{x} x2U G XFW% ... v {xr} X Fr:
{xv ..., xr} €E(H), F1 ........ Frea(Aany.

Then, if any two edges of A4 and of A' meet, the same holds for A[A']. In
fact, if {zj XFiu ... u{xi} XFrand {X[} x F[u ... u {z& X Fs are
two edges of then {xv .. .,xr) and {Xv ...,Z"} meet; let x¢(= z],
then also Ft and F) meet; let y £ Ft M F), then (xhy) is a common point of
the two edges of H[H'\.

If A, H' are not 2-colorable, than neither is H[H"]. For let us 2-color the
points of A[A"]. Then, for each x £ V(H), one of the sets {x} xF (F £ E{H"))
iIs monochromatic; choose such an edge Fx of A4'. Now color »xwith the color
of P} X Fx>then there will be an edge {xv ..., xr} £ E(Hr) which is mono-
chromatic. Then the edge

{{*3 XFX, ..., {zr1dx F*%

is monochromatic. )
Let K denote the triangle and set

Km= K[K[K...[K\..1].
m times
Then, by the above,- any two edges of Km meet, but it is not 2-chromatic.

It is r = 2muniform and has 32'-1 edges, as is easily seen by induction.
Hence it has all the desired properties.

(c) The hypergraph constructed in the solution of 13.27 trivially has all
the desired properties [P. Erdés-L. Lovasz, ibid.].

47. Consider such an r-uniform A without multiple edges, which is not 2-chro-
matic. Let xL_be a point with maximum degree, then its degree is greater than

— . For let E £ E(H). Every other edge meets E, it meets itself in r points,
r

hence
MO_ 1)+ r<- AN A = 2 d™x)
F €E(H) XIiE
Thus
m 1 ra
ARy 2 poyb >
Now suppose that xv ..., are chosen so that {xv ...} is contained in
more than lﬁ?edges (i < 1. Try to color xv ... ,xtred, the rest blue. This
r
cannot work, i.e. there must be an edge Et such that xv ..., E- Any
edge containing {xv ... ,»x} meets E- and thus, there is a point ¥+l which

is contained in more than— r of them. Thus {xx........ xi+i} is contained in
m
more than i edges.

We conclude that {xv ..., xr} is contained in more than %_ edges. Since
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{xv ... ,xrj is, obviously, contained in at most one edge (it is either an edge
or not), we have

m

— <1, m<r

rr

which proves the assertion. [P. Erd6s-L. Lovész, ibid.]

48. Since each cover defines a fractional cover, the inequality
r(H) <, r(H)

is trivial. Similarly
v(H) ~ ve(H)

is obvious.
With the notation introduced in the hint, any real vector x such that

Mx<[1, x>0
defines a fractional matching; any real vector y such that
ATy ;> 1, y:>o0
defines a fractional cover. Thus
v¥(H) = max {Irx |Ax 1, x> 0},
r*(H) = min {Ity lATy > 1,y > 0),
and the relation
v¥(H) = x*(H)
follows by the Duality theorem in linear programming.
49. (a) Let t be any i-cover of a graph 0. Set
A= {x t(x)> A
B = {x: t(x) = 0}
and define
2if X £A,
t'(x) = <0ifxgB,
1 otherwise;
() = t{x) —t'(X).

We claim that t' is a 2-cover and t"is a (k—2)-cover. Let (a,Y) £ E(G).
Ifx, y\ B, then t'(x) + t'(y) > 2. If, say, y £B, then t(x) + t(y) ~> K implies
that t(x) k X£A, and t'(x) --t'(y) 2 again. So t' is a 2-cover. On the
other hand, t"(x) - t"(y) > () — 1) Ft(y) —1 «k—2 unless, e.g. X£A.
But then t"(X) + t"(y) > t"{X) >« — 2 follows again.

(b) Let wbea ~-matching, and suppose K is even. Replace each edge E
by w(E) parallel edges. The resulting graph O' has degrees at most k. By adding
new edges (loops are allowed) we can obtain a ~-regular graph O". By 7.40 G*
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has a 2-factor; the rest of its edges form a (k — 2)-factor. Removing the edges
of E(G'") —E(G"), we obtain a decomposition of E(G") into a 2-matching and
a (k — 2)-matching. These yield a decomposition of w into a 2-matching and
a (K — 2)-matching.

(c) Let t be an optimal fractional cover with rational weights (it is known
from linear programming that such an optimal fractional cover exists). Let

2K be a common denominator of the weights in t. Then 2Id is a (2&)-cover.
By (@), 2kt = tx ...+ tk where tv ..., tk are 2-covers. Thus

=4 ly et 5 >

where — are fractional covers. Since t is optimal, it follows that
2 2

- - must be optimal fractional covers too. Now, e.g. - consists

of halves of integers.
For matchings the assertion follows similarly. Also

21*(A) = £ 4 X)
XtV (H)
is an integer.

(d) Let t be an optimal 2-cover. Set
A= {x:t(x) = 0}

Obviously, A is independent. Moreover for any point y in ['(A), t(y) > 2,
since there is an gin i adjacent to y and t(x)  t(y) > 2. Obviously, t(y) <[ 2
for every point, thus t(y) = 2.

Now t(z) > 1 for every z$A UI(A); moreover, taking t(z) — 1 is sufficient
to cover every edge of G twice. Thus t(z) = 1 by the optimality of t. So t is
determined by A and

2 tx)= 2\F(A)\ + T7(0) - T(A) -A\ = T7(6)1+ |F(A)| - \A\.
xev(H)

So, using (c),
2r*(G) =min yt(x)= 17 (6)I+ mjn {rA) - A}
t X -Aindep.

Thus (c) implies 7.37.

50. Let (i7, V} be a 2-coloration of G, and let t be a £-cover. For \ <Li <, k,
define

1 if x~Uandt(x) ™ i
tj(x) = or xEVandt(x) ® K—i + 1,
0 otherwise.

We claim that tx-)- ...+ tk= t and that every edge is covered by every tf.
The first assertion is trivial. Let (x, y) £ E(G), 1<;i <7 k. Since t(x) -|- t(y) ™ k,
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we have either t(x) > iort(y) > k—i + 1- Accordingly, f,(x) = lortt(y) =1.
The assertion concerning matchings follows exactly as in the previous solution
only now we can use 7.10 instead of 7.40.

51. (a) Let t, t' be minimum fractional covers of G, H, respectively. Define
tx, y) = tt'(y)  (XEV(G), y £ V(H)),
then it is easy to check that t is a fractional cover of G®H. Moreover,

= r*{G)r*(H),

P *(*o ») =
(X,y)€EV(GO®H) u oy J

whence
r*(G &H) < x*{G)x*(H).

An analogous argument with fractional matchings yields
v¥{G®H) ;> v¥(G)v*(H),

and hence 13.48 implies the first relation.
Let & be a minimum point cover of G®H. Let F £ E(H) and

SF= {XxXEV(G) : (x,y) £S for some y £ Fj.
Then, clearly, SF covers all edges of G, whence \SF\> x(G). Set r(G) —
Define, for y £ V(H),

HY) = |(7(6) X {y}) NS\
Then

y(F
e. tis a &-cover of H. Thus
ri{H) <, 2 *y) = [§] = T(0@8),
yiv(H)
and thus
X(G®H) 1> xi{H) ~ Jcx*(H).

This proves the upper bound in the second statement. The lower bound follows
by a similar method as in the first step of the solution. The assertion concerning
matching number follows analogously and therefore we omit details.

(b) Assume r(H) = r*(H). Then by (a),
r(G)x(H) > x{G®H) > x(G)x*(H),
which proves that
X(G®H) = x(G)x(H).
Conversely, assume x(A) > x*(H). Then xn(H) < n mx(H) for some n. Let
N = xn(H) and define a hypergraphGon 1, . .., N to consist of all (N — n-\-1)-

element subsets. Let {xIt...,xN} be a minimum «.-cover of H (the same
point may occur several times on this list) and

S = {( Xj):I < i <LN}.
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Then S represents all edges of Gg>H, for if E x F is an edge of G®H
(E £E(G), F £E(H)), then there are at least repoints of S of the form (i, xt),
xt£ F, and at most re— 1 of these have i JE by the definition of G Thus

x{G®H) ™ |£] = N.
Since clearly x(G) = re we have
r(Gg>H) = N = x,(4) < nr(H) = x(G)r(H)

[C. Berge, M. Simonovits, in: Hypergraph Seminar, Lecture Notes in Math.
411, Springer, 1974, 21-33].

(©) By (a)
x*{HP) = t*(H)P,
thus
@ t{HP) > r*(H)P.
To estimate x(Hp) from above we use 13.30. We have
d(HP) = d(H)P
by easy computation and thus,
2 r{HP) < (1 + log d(HP))x*(HP) =

= (I + Vbg dH)rHP.
By (1) and (2),

P P
x*(H) <, ¥xLWp) <, Y1 + p log d(H) X<(H).
Thus

P
lim J/e(Hp) — x*(H).
p_-
[R.J. McEliece-E.C. Posner, “rere. Math. Stat. 42 (1971) 1706-1716].

52. Suppose H contains two edges Ev E: with a common point x. Since it is
T-critical there exists a 1-cover £2of H — {£?}} such that

Ad ) = rH) - L

X

Then define
1 if y=x

HY)= t@) + tdy)
I 2
Then, clearly, i is a fractional cover. Moreover, its size is

2 W)=i+y U ")+ =T()-1

oH‘ue rwise,
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Hence

T*(A) N x(H) - iq—;< r(H)
[L. Lovéasz, in: Hypergraph Seminar, Lecture Notes in Math. 411, Springer,
1974, 111-126].

53. Let Eo = {vx........ vk) £ E(H). Obviously, Jc> 2. Let wt be a maximum
matching of H —vt (i = 1 K); then, since H is v-critical,

~w i{E) = v{H) (i= 1l.... *)e

E
Set

1 if E= EQ,
w(E) = i .

— (WME) + ... + wKE)) if E y*EOQ
K
Then it is easy to check that w is a fractional matching; in fact, if x {EO, then

2 WW =1 2 WHE) + e+ 2 wNe)\ N 1
E3x K E3x E3x

and if x = ul (say), then

> wWW =1 1+ » + eee+ 5 \W*Noe N L
EBVi * E9Qv EbVi

Thus v*(H) can be estimated as follows:

v¥(H) > 2: W{E) —-i- 11+ 2~ (n#(E) + eee+ VwK(E))\ =
E K EhESb /

= J (I + b(H)) = v(H) + i- > v(H).
K K
[L. Lovasz, ibid.]

54. Suppose indirectly that there are balanced hypergraphs with x(H) >v(H)
and consider a minimum example. Then

r(H- {E}) = v(H- {E})
for every E £ E(H) and so,
X(H- {E}) = {H- {a}) £ v(H) < r(f),

i.e. H is T-critical. Since H cannot consist of disjoint edges, there are Ev E2 £
£ E(H), x £ V(H) with x ZExME2

Since t(H—{E,}) < x(H), we have a (x(H) —I)-element point-cover T/ in
H — {Ej}. Obviously, Ef MTj = 0. Set

W= (Tr4 T2 n {x}.
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By 13.38, the subhypergraph Hw has chromatic number 2 (if
are ignored). Let {A, B) be a bicoloration of it, A NB =
\A\ < |4|. Since

WA = Fx- T21+ F2-T xl+ 1= 21(A) - 21T, n T2 - 1,

we have \A\< 1(A) — |2\ NT2 —1
Now A U (Tj MYo) covers every edge of A. For if an edge E £ E(H), E
A2 does not meet T: MT2 then it meets both —T2and T2 —2°,
i.e. it has at least two points in W and since {A, B} is a bicoloration of Hw,
E MA =0. Similarly, if E —E]} then it has two points in IF and we conclude
as before. So A U (T: MT2 is a point-cover of H. But

\VAU(T:NT2\ = 1(H) - 1,
a contradiction [C. Berge; B].

lm
0, U=IF

55. Obviously, (iii) => (i) and (iii) = (ii). Assume (i) holds but (iii) fails and
consider a minimal such counterexample. Then

t(H) >- v(H), r(H—x) = v(H—X)

and since
TH—X) > r(H) —1,
we have
V(H- x) = v(H),
i.e. H is r-critical. By 13.53, however, it follows that
v¥(H) > v(H),

a contradiction. So (iii) = (i).

Similarly, it follows that, if 4 is a minimal hypergraph, which satisfies (i)
but not (iii), then H is T-critical (cf. 13.54), and so, by 13.52, T(H) > t*{H),
a contradiction.

Thus (i) <= (iii) o (ii) [L. Lovasz, ibid.].

56. Let us first verify the assertion of the hint.

It suffices to show that, if we add a new edge, parallel to an old one to A, then
the resulting hypergraph Ho has property (iv). Let E be this new edge, parallel
to Eo £ E(H).

It suffices to show that d(HO) = q(HO0) since this follows similarly for the partial
hypergraphs. d(HO0) < q(HO0) is trivial.

If d{HO) = d(H) + 1, then

g(H)) < qH) + 1= d{H) + 1= d(HO0).

So suppose d(HO0) = d(H), i.e. no point of Eo has maximum degree in .
Since A has property (iv), its edges can be d”)-colored. Let Eo have color
red, say, and let Fv ..., Ftbe the other red edges. Let H' = H —{Fv ...,
Ft}. Let us determine d(H"). If x has degree less than d(H) in A, then it has
degree less than d(H) in A"; if x has maximal degree d(li) in A', then it must
be adjacent to a red edge, and since the points of Eo have degree less than d(H),
x (§ EO. Hence x has degree less than d(H) in H’. Thus d(11") < d(H), and, con-
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sequently, the edges of H' can be (d(H) — l)-colored. Color the edges E,
F1...,Ftby a further color; we obtain a d(f)-coloration of the edges of HO.
This proves the assertion of the hint.

Now we turn to the solution of the problem.

(iv) =» (i). Let w be an optimal fractional matching of H, and let k be a com-
mon denominator of the weights w(E) (we may suppose these are rational).
Replace each edge of A by JowWE) parallel edges. The resulting hypergraph H1
Ras d{11X < K by the definition of w. Since by the lemma, it also satisfies (iv) we

ave

4(Hi) <, k>

i.e. the edges of Hx can be ”-colored.
Since each color occurs at most v(HX < v(H) times, it follows that

\E(HY\*b(H).
Since by the construction of H x

\E(HX\ = kv*(H),
if follows that

v¥(H) < v(H).

Since the converse inequality is trivial, (i) follows.

The relation (iii) = (iv) can be reduced to the relation (iv) => (iii) by construct-
ing a hypergraph H* as follows. Let V(H*) consist of all 1-matchings of H;
and, for every E £ E(H), let the set E* of all 1-matchings of H containing
E be an edge of A*. We omit the details.

(iii) == (v). Suppose H is normal, i.e. it satisfies (iii).

Let Ev -——- EK£E(H), E,ME-~0 (1<,i, j<, k). Then set H' = (7(A),
{Ev , EK}). We have

v(H) = 1,
so we must have
r(H) = 1,
i.e. EX . ... Ekmust have a point in common. Thus A has the Helly-property.

Let Gxbe an induced subgraph of L(H). Then Gx L(H') for some partial
hypergraph A" of 4. We have
X(Gi) = r(a");

for a ifc-coloration of Gx corresponds to a partition of L(H") into k cliques and
_slo, Ito a "-element point-cover of H' (since H' has the Helly-property). Sim-
ilarly,

0(Gx) = v(H").
Since A is normal, we have
1(GX = r(H") = v(H) - «(Gd.

i.e. Gis perfect.
The converse follows similarly [L. Lovéasz, B].
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57. Suppose G is perfect. Let Gv ..., CN be the cliques of G. Take N points
Pv ees. », and, with eachx £ V(G), associate an edge Ex such that

Pie Ex<Xx£C,
Then

H= ({pv...,pNy, {Ex xtV(Q)))
is a hypergraph such that L(H) e?G. We claim that H satisfies property (iv)

of normal hypergraphs. Let H' be any partial hypergraph of H. Then L(H")
is an induced subgraph of G, hence L(H") is perfect, i.e.

%KL{H")) = LAAY).
Now observe that %{L{H)") = q(H’). Also, co[L(H")) = d(H"); for if EX........ EX

are edges of H' adjacent to the same point, then xv ..., xp are points of
L(H;? forming a complete subgraph; hence w(L(H")) ]> d(H"). On the other
hand, if xv ..., Xp form a comﬁ ete subgraph of L(H'), then there is a Cj
such that xv ..., x,£0, and then p, is adjacent to Ex,...,Ex, hence

d(H') > co(L(H")). So
am = X{L(H")) = co(L(H'j) = d(H").

Thus H satisfies (iv) in 13.56 and so, it is normal. This implies that L(H) = G
is perfect.

If Gis perfect, then the fact that G is perfect [follows ;by| interchanging the
roles of G and G. [ibid.]

§ 14. Ramsey Theory

1. (@) We use induction on K -\-I. For k = 1 or | = 1 the assertion is clear.
Suppose K, | > 1. Let x £ V(G). Since

d@x) + de (9 = [FG)|- 1= (*+ N\- 1= [*+ 17 4 +
K+ 1~1\

K

we have either

b >] k_ x I or dGx > A

Assume, e.g. that the first inequality holds, and let Gxbe the subgraph induced
by the neighborhood of x. Then, by the induction hypothesis, Gx contains
either a complete i-graph or | \- 1 independent points. In the second case we
are done. If Gr contains a complete /.'-graph H, then V(H) U {x} spans a com-
plete (k -f I)-graph.
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(b) By (a),
Bo(av ai) < 1+ “2 2 .

ax-\

Now suppose that Kk > 3 and that rk_1(b1, ..., bk_x exists for each bv ...,
bk v Then we claim that

Bk(al>e++>ak) So BK 1(%6> ¢+ >ak—=>B:(ak 1>®f)-

In fact, consider a complete graph with Bk Xal, .... a;f 2>BZak v aki)
points and i-color its edges. Identify the (k—1)& and &h colors for the
moment; then we know that either the ith color contains a complete a,-graph
for some 1 <Ci <, Kk — 2 (in which case we are done) or the last color contains
a complete B2ak v aA-graph K. The edges of K are colored with k—1 and k
and so, by definition, either color k — 1 contains a complete ak xgraph or
color K contains a complete a,..-graph. This completes the proof [see H, B, ES].

2. (@) I. We use induction on k. For k = 2,B2(3, 3) < 6 follows from 14.1a (here
equality holds as is shown by the pentagon).

Let x be any point of a *-colored complete graph on [ék !] + 1points. There
are [e&!] edges adjacent to this point, which are split into k classes. Since

pu=[[24f]=34)= 1+ ¥R | 1D B

one of the Kk colors, let us call it red, contains at least [e(k — 1)!] < 1 edges
adjacent to x. Let S be the set of those points joined to x by a red edge.

If S spans a red edge this forms, together with x, a red triangle and we are
finished. Ifs spans no red edge it spans a complete graph with [e(k — 1)!] + 1
points, whose edges are (k— I)-colored; thus by the induction hypothesis,
one of these kK — 1 colors contains a triangle and we are done again [see B].

I1. To prove Bs(3, 3, 3) = [e «3!] = 17, we have to 3-color the edges of a
complete 16-graph avoiding monochromatic triangles. Let x be any point, it
easily follows that x must be adjacent to 5 edges of each color and those points
joined to x by a red edge must span a green and a blue pentagon (Fig. 100, p. 480).
It is natural to assume that rotation through 120° maps red onto green and
green onto blue, hence it suffices to specify the red edges. It is also quite natu-
ral to assume that rotation of each of the three pentagons by 72° keeps each
colorinvariant. Some experimenting results in Fig. 101, p. 480 (where the point x
is not shown for the sake of clearness and the three pentagons are drawn
in a geometrically different way to show this latter symmetry).

Bemark: This coloration can be described as follows: Let P be a pentagon
and V(K16) the’set of subsets of V(P) with even cardinality. For A, B £ V(K13),
let (A, B) be colored

red if A BisanedgeofP,
blue if A 4 B is an edge of P,
green if \A 1 B\ —4.
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—red
—green
- blue

Fig. 100

Fig. 101

It is easy to see that each edge gets one of the three colors. If A, B, C 6 V(K16),
then

(AABO(BAC=ALC
hence it is seen that none of the three colors contains a triangle.
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(b) The upper bound is trivial from 14.1a:

R, k) ~i2l'~ 2 + 1<2%%
\k—1

To prove the lower bound we may suppose K> 4. Let n = 22 and consider
the hypergraph defined in the hint. Clearly this hypergraph is 2-colorable iff
the edges of Kncan be 2-colored in such a way that no monochromatic com-
plete jfc-graph arises, i.e. if n < Ez(k, K).

p @

The number of edges of A is, clearly, t and A is * -uniform. So by 13.41, A

is 2-colorable provided w w

C n 1
But this is so, because
R
1 N

Mo Nk _22_ 5 %%y

uj 2k 1 2k- !
[P. Erdés; see ES].
3. We use induction onr and ax+ ...+ ak Forr = 2 we already know that
Rliav . ..,ak) = Rkav ..., ak) exists. Suppose r > 2 (as a matter of fact,
Rk(ai>. . ., ak) trivially exists and we could start the induction with r = 2).

Also, if a, = 1 for any i, the assertion is trivial; so we may suppose a-> 2.
Now let X£ V(Kn). Color every (r — I)-tuple S in V(Kn — {&;} with the
color of S U {a;}. Thus the edges of Kn \ are ~-colored. So if

n-1> ... h),

then, for some 1~ i~ Kk, thereisa Vte V(Kn —x, |F-| = btsuch that all
r-tuples of Vj U {a} containing x have color i. Now if we choose here

bt= Bk(av ...,at lya— 1, a1......... ak)

(this number exists by the induction hypothesis on ax-f- ... -f ak we find
that either F- has an a;-subset all of whose ~-tuples have color j for some
j F* (in which case we are done), or else, V- contains an (af — I)-subset V
all of whose r-tuples are colored i. Thus all ~-subsets of F* U {a:} are colored i,
and we are done again [see H, B].

(b) Letm= RKk@), N = r-(-k™”and S = {1,...,N}. Trivially N < knr
except for trivial cases. Assume that the set of all (r -f- 1)-element subsets of S
is /ccolored. We prove that there is an «-element subset of S all of whose
(r -3 I)-subsets have the same color. We follow the hint.

We define elements  and a “reservoir” Ut of points recursively such that

O xv..., ¥ Xi+v ..., xm hjit

(ii) for each subset 1<,vi< ... < w<,i, all (r+ 1[-tuples @\ ..., xtr,y)
with y £ Ui have the same color, and moreover

(iii) A= 1,...,m).

31 Lovéasz
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All these conditions clearly hold for i = 1, o —1 ifxx=1,... ,xr x=
= r—1land Ui —{i , N}. Now assume that xv ..., xitUlt..., Ut
(r—1<]i<; m—1) have been defined in accordance with (i), (ii) and (iii).
Choose an arbitrary element of Ut for xi+v To define Ui+l, call two elements
y, ¥y' 6 U, — {xi+1} equivalent, if the colors of

OM,\ . x I+, [y) and] (<t L[, Xih,[y)

are the same for every 1™ vx< .. .< v <. i. There are at most £(/f£l)
equivalence classes. Define Ui+1 as the largest one of these, (i) and (ii) are triv-
ially fulfilled. Also

LtM-u .

Thus (iii) holds as well.

We now define a ”~-coloration of the r-subsets of {aqg, . . . , xm} by coloring
(XH, ..., x\) (1< jg< e..< vwr< 1) with the common color of (r-f 1)-
sets (XM, ..., xM y) (y £ U\). By the choice of m, there is an a-subset A of
{xt, ...,xm such that all r-tuples of A have the same color, say red. But
then all (r -f I)-subsets of A are red in the original coloration. In fact, let
M, . .., x\) be an (r -f I)-tuple of elements of A. Then by the choice of A,
(XM, . .., x\) is red. But then, since xX\MH € U\, the above (r -f I)-tuple is red
by the definition of the coloration of r-tuples. This proves that B«:1 (@) < N.
[P. Erd6s-R. Rado, Proc. London Math. Soc. Series 3, 2 (1952) 417-439.
Concerning the sharpness of this estimation, see P. Erdés-A. Hajnal-R. Rado,
Acta:Math. Hung. 16 (1965) 93-196.]

4. For n = 3 the assertion is trivial; suppose n > 3. Let us remove a point x\
we find, by induction, an (n—1)-circuit C in the rest, which is either mono-
chromatic or has two points a, b such that one (a, b)-arc P is red, while the other
one, Q is blue. The first case can be regarded as the special case of the latter
when a —b.

We may assume edge (a, X) is red. Let n be the point on Q next to a (if Q
consists of a single point, n can be any neighbor of a). Then

P +[(a, X)3+;(x» +|(6 —a)

is a Hamiltonian circuit in the complete n-graph such that either the two

(b, x)-arcs are red and blue, respectively or the two (b, u) arcs are so [H. Ray-
naud; see B].

5. Let P, Qv Q2 be as in the hint. By induction on 1 we may assume that P
has length lc— 1. Let a, b; cv dx; c2 d2 denote the endpoints of P, QL ir -
respectively. Suppose indirectly that there isa point x F(P) U F(Qj) U V(Q2-
Since, from the structure of Qv Q2

im ) OF(P)| = iA(im—)I - D= \WQY)- FP) - 1,
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we have
IF(P)- V(Q)- vm \=k+ 2- IV(QY)UV(Q)- FP)|>

SJc+ 2- \W(G) - F(P)|= 2i+2- -~A+1 = N_|+2.

Thus Qx U Q2 misses at least [IZE\ -f- 3 points of P. This implies that there is

an edge (u, v) £E(P) such thatu, v a, band u, v @V(Q: UQi).

One of the edges (x,u), (x, v) must be blue; otherwise, replacing (u, v) by
(n,x) and (s, v) we could increase the length of P. Let, say, (x, u) be blue.
Then (cv u) must be red otherwise (cv u) and (x, n) could be added to Qv But
th%r? (cv v) must be blue by the same argument as above. Similarly, (c2,v)
is blue. Now

Qi—Ci* (cipv) -j- (c>V)“+ Qi>
Q= {*}
are two paths with total length greater than |E(Qx)\ -f \E(Q2\ satisfying the
same conditions as Q: and Q2, a contradiction.

Thus P UQxUQ: covers all points. Let us consider the edges (ca a), (c2, a),
(dv b), (d2 b). By the maximality of P, these are blue. Bence, the circuit

C = Qi - (Cj,a) + (cQd) - Q2 -)- (dv b) -f- (d2,b)
is blue. The length of C is
2IF(G) —FP)I=2 U %L

If k is odd this is equal to k + 1 and so, removing any edge of C we have a
blue path of length k. Suppose « is even. If there is a blue edge joining C to
V(G) — F(C), we find such a blue path again. So suppose all edges connecting

C to F(G) —F(C) are red. Then a red path with length 2|:2 J)>K can

trivially be found (Fig. 102) |L. Gerencsér-A. Gyéarfas, Annales Univ. Sci.
P. E6tvos SectiotMath. X. (1967) 167-170].

Fig. 102
6. (a) Let (x0.......x2X) be a red circuit. If (xf, xi+2) is red for some o < i < 2k
(Where xzx+1 = X0, Xz2x+2 = XX etc.), then we trivially have a red (2&)-circuit.
1hus we may assume (xt, Xi+2) is blue for each 0 < i< 2k

31*
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The circuit (X0, x2,... ,x& xv ..., xX& 1) is a blue (=k - I)-circuit. There-
fore as above, we may assume (xt,xi+i) is red for each 1 i< 2k Now (x0,
Xi} ..., XX X, xX) is a 2/t'-circuit, which is red except possibly for its edge
(X x2). Thus we may assume that (x x2) is blue and similarly, so is (xt,
xi+3) for each o <, i <, 2k. Now the circuit (x0, xs, x6, X3, ..., X% XV XzK j)
XX 3 ...,Xn X0) is a blue (2k)-circuit.

(b) Let (x0, . .., xZ 1) be a red circuit, and suppose there is no monochro-
matic (= k —1(-circuit. As before, (xh xi+2) is blue for 1< r< 2r (now setting
X%k+i ~~ *¢)*

We clai)m that (xt, xi+2v) is blue for each 1<li < 2k, 1<iv <, K—1. Suppose
indirectly that (x0, x2) is red (say). Then all edges of (x0, x2v, X2/ v ..., XV
adr Xav+y ¢ o ¢ >Xok-i) are red except possibly (xv x242). Thus (xv Xx2+2)
must be blue. Similarly, the circuit

(X0, x x, . .. ,\ XN 2, XK+ XK 2,..., X2
implies that (x2v_2 xX X is blue. Now the circuit

(X 2k—1>X A>-2>X 2v—4> ¢ o o >X 0> X 2k—2" o ¢ ¢ >X 2v+2> X |* X3>me ¢’ X2k—3)

has length :k — 1 and is blue, a contradiction. So (x,, xi+2) is blue for every
r, Vand thus, [xv ...,xXx"), [x0,...,x&2Z induce blue complete sub-
graphs.

(c) The case m —4 can be verified directly; suppose m 5.
Tor the two graphs Gv G: formed by the red and blue edges, respectively,
we have

\E(GD\ + \E(G2\=i 2
whence, e.g.
1BO1M1 2"~ 1U |~ 2m-1)>( - 1)(E(g.>1-1).
4 &R ; ( )>( )(2(9 )

Thus by 8.26, Gx contains an ;lf-circuit for some M > m.

Consider a monochromatic XX-circuit Cwith M > m, M minimal; let, e.g. C be
red. If M —m, we are done. Suppose indirectly that M >m. By (a), (b), we
also have a monochromatic (M — I)-circuit (contradicting the choice of M) or
M = 2k is even and we have two disjoint complete graphs K and H, both in
blue, with V(K) UV(H) 3 V(G), \V(K)\*k, |7(A)|>&. Choose here
|[F(if)] + |7(A)| to be maximal.

If there are two independent blue edges connecting K to H, then obviously
we will have a blue (M — I)-circuit. Thus we may suppose all blue edges
between K and H have a point in common x £ V(K). If mis even we trivially
form a red m-circuit from the edges connecting H to K so suppose m is odd.
Let V(F((?) — V(C). If Vis joined by red edges to both K — x and 11, we can
form a red m-circuit from these two red edges and the red (K, A(-edges. So
suppose that for each v £V(G) — V(C) either all (v, K —a;)-edges or all
(v, H)-edges are blue. The latter cannot happen by the maximality of | V(H) | +
+ IV(K) I and the same reasoning implies that (v, x) is red.
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If JV(H) I;> m, we are trivially done so suppose |V(H)\<Cm — 1. Consider
thesetss = V(K- x), T = V(G JS - V(H). Then 8\+'|T1\> 2m- 1)-
—(M—1)=m, ISI> k> 2_ and all edges spanned by S or joining S

N
to T are blue. If |s |> ————é—J———here we trivially find a blue m-circuit. Similarly,

Fia. 103
we are finished, if \S\ —————é————but T induces at least one blue edge. Thus
IVH)I=m—1 IS I= 5 ITI= m ~and T induces a red complete

2
graph. If apoint of T is joined to at least two points of H by blue edges, we are
finished again.

Thus we may suppose at most one blue edge connects each 6T to H. Since
IV(H)I= m—1, H contains---—-- — points, which are connected to T by red
2

edges only and a further point, vv__hicr} is connected to T by at most one blue
edge. If M is the set of these—@—:——points we easily find a red m-gon in

V(T) UM (Fig. 103). [A. Bondy-P. Erdds, J. Comb. Theory 14 (1973) 46-54.

For other Ramseyan results concerning circuits, see ¥. Rosta, J. Comb. Theory
(B) 15 (1973) 94-104 and 105-120.]

7. Suppose indirectly that the points of the plane can be 3-colored with no
two points at distance 1 having the same color. Let ain Fig. 17 (p. 134) have,
say, color red. Then b, ¢ must be blue and green (in some order). Therefore,
/ must be red. Similarly, g must be red. But then/, g form a pair at distance 1
vlv(i)t3hlt82]same color, a contradiction [H. Hadwiger, Elemente d. Math. 16 (1961)

8. Suppose the triangle ABC in Fig. 18 (p. 135) has red vertices. Then, if any
of D, E, F is red we are done; so suppose D, E, F are blue. Now, if Gor H is
blue, then DEG or DFH is a monochromatic triangle; if G and H are red, then
BGH is one [P. Erd6s-R.L. Graham-P. Montgomery-B.L. Rothschild-J. Spen-
cer-E.G. Straus, J. Comb. Th. 14 (1973) 341-363].
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Y3
9. (@) Let us split the plane into strips of width o counting their lower

edge with the strips but not the upper one. Color these strips alternately red
and blue. It is easy to see that any regular triangle with sides 1 has to contain
vertices from two adjacent strips and so, it must not be monochromatic.

(b) We may as well consider 1, ¥'3, T:as this only means a transforma-

1
tion of the unit by a scalar factor. We show that, if we 2-color the points of
the plane, there will be a monochromatic regular triangle with side 1 or ¥3;
in either case, the preceding problem will imply the existence of a monochro-

matic triangle with sides 1, f 3,

If not all points have the same color there must be a pair a, b of points at
distance 2 colored differently; for any pair of points with different colors can
be connected by a polygon with sides 2 and one of these sides must have
differently colored endpoints.

So we may assume a is red and b is blue in Fig. 19 (p. 135). Also we may as-
sume without loss of generality that cis red. If d or e is red we have a mono-
chromatic regular triangle with side 1; if both d, e are blue we have a mono-

chromatic regular triangle with side ¥3 [P. Erdés et al. in: Infinite and Finite
Sets, Coll. Math. Soc. J. Bolyai 10 (1974) 529-583].

10. (a) Let a, b the lengths of edges of the rectangle R. Let vO, ..., vNbe the
vertices of a regular simplex in the W-dimensional space with side a, where
N = &mn; let w0, ..., wk be the vertices of a regular simplex in the Ic-di-
mensional space with side b. Consider the points (vit wj) of the [N - k)-di-
mensional space (0 i M, 0<Lj<,k). For each fixed i, the K -j- 1 points
{vt, wj) can be colored in kk+#l = N ways; therefore, there are two indices
o <, i< iz <LN such that (vtl, W) and (vIt, wj) have the same color for each
0<j <, k Also, there are two indices 0 <L < j2 <[ K such that [vtl, Wj)
and (vi,, Wj) have the same color. Hence,

(»/,, wj)> K> wj)>K - wu)> (vi wj.)

have the same color. These four points obviously form a rectangle congruent
to R.

(b) Let a, b be the two side vectors of R, then, as R is not rectangular,
ab ™ 0. We may suppose ab — 1, since_this only means transformation of the
unit by a scalar factor. We claim n(4, W) does not exist. For any n, construct
a 4-coloration of the a-dimensional Euclidean space by giving w the color i
0 r 3),if[wZsai (mod4). We prove that there exists no monochromatic
set congruent to R.

Suppose R' is such a set. Then

R'"—{w,w+ a'w b ,w a'+ b'}.
for some w, a b £ En. Since this is monochromatic we have
W2 = [(w+ a)2= [(w+ b)21= [(W+ a"+ b)2] (mod 4)
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and so,
W2] —[(w+ a")] —[(w+ b)] + [(w+ a'+ b)2Z= 0 (mod 4)

W2l —[(w + a)Z —[(w+ b)2 + [(w+ a + b)Z =
= w2—(w+ a")2—(w+ b)2+ (w+ a'+ b")2+ 0 =
=2a'b'+ 0=2+ 0,

where —2 < 0 < 2, and so, this number cannot be divisible by 4. [Erdds
et al. ibid.]

11. If the edges of a complete (n + I)-graph are ~-colored, then, by 14.23,
we find a monochromatic triangle. Thus in the complete graph on {1,. ..,
n + 1} where, following the hint, we color the edge (i, j) with color v, if |[r—j | f
£Av, we find three points i, j, h such that x= |i —j|, y = \] —Kk\, z =
= li —k | belong to the same class. Let, say, i < j < 15 then

But

X+ Y= 2,
which proves the assertion. [I. Schur, Jahresh. Deutschen Math.-Ver. 25 (1916)
114]

12. First solution. Suppose n0J; r — 1) exists (certainly so does nQk, 1)), then
we prove that we can take

(@) nak, r) = kXr~1> nOk, r —1).
For suppose n ~>n0;, r) and {1, ..., n] is ~-colored. Consider the colors of i,
i+ 1...,i+ nOk r—1) —1 for each 1<[r -+ f«(*F) | i. There are

Jrek,r-i) sequences of colors, which can occur here, thus we have two numbers
i < j such that, for each 0 + r+ nOk, r — 1) — 1, the colors of i + v and
j + v are the same.

By induction, we have a number a, i <[a”™ i+ no(lc r —1) — 1, and in-
tegers dv ...,dr_y such that all numbers a+ du+ ...+ d,, 1 <

< eee< K r—1 have the same color. Set dr —] ~ i, then, by the choice
of i and j, all numbers

a+ dh+ eeet diV 1/ H< eoe< KA 1\

have the same color.
Second solution. First we prove: 1fd ¢ {1,...,»}, |4| ~2, thenthereisa
number d !> 1 such that the set

Ad= {afA: a-\-d£A]j

H* \a.\> No -

an
Infaot ST 123 4
whence « \Ad\’\>—\é\3— . VA2

ma !
1Zd™n-I 4n—1) 4n
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Now let A be the largest color-class in a it-coloration of {1, ..., n}. Then we
have ad j~ | such that

D% e ™ ke K)
Similarly, we have a&2” | such that
Adud,= \{a£Adi:a+ d2ZAdI}\ = \{afA:
b €A d-\-d27A, a  di-{-d2£A}\~>

n _ 4n
w* ~ (4k*
and repeating this r times we get numbers dlt . . ., dr such that
IAd...dn= I{a €A «q )-dix)- ... £ diVEA,
49
1 w_ 1 (4K)*

Any element of Adi >t satisfies our requirements. We need, however,
\Adi...dj| > 2 foreach 1< r< r— 1 This is satisfied provided

n> —(4k)v~\
2 (4K)
13. Let n = \ek!]. Assume the non-empty subsets of {1, ..., ri) are fc-colored
with colors 1,. ..,k Now color the pair {i,j}, I<i«<i<?i+1 by the
color of the interval {i, ... ,j —1}. By 14.2a, there is a monochromatic
triangle. If \<,p<.q<r<,n-\-\ are the vertices of this triangle, then
X = [P g—1}, Y—{g, ..., r—1} and TU7={]) .ecveu.. r-1)

have the same color.

14. (@) Suppose that N(k, t) exists for every Kk (t 1); we prove N(k, t - 1)
exists for every k. Since N(k, 1) exists by the preceding problem, this will
prove the assertion.

Let a = N(k2 t) and N(k, t+ 1) = N(k2, 1) + a. Suppose a coloration a of
the set of all subsets of an N(k, t -f- I)-element set s is given. Let T QS,
\T\ = a. First we define a coloration a* of the subsets of S —T, for which

a*(A) = (aXUyY):YCT).
This coloration uses k2 colors and so by the choice of N(k, t - 1), there exist
two disjoint sets Av B:1 @S —T such that a*(AX = a*(B") = a*(A: UBY),
i.e.
1) *(i1U1) = «(51U1) = d(41U51U1)
for each X c: T. Now define a coloration a** of the subsets of T by

a**(A) = (a(2), AXUA)).
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This coloration uses k2 colors and hence by the definition of a, there are 2:
disjoint sets A2, B2, . .., Af+l, BlH such that for each sequence 2 <i < ...
AT LEAN S

n**Puu...UCWN

is the same for any choice of Cj = Aj or Bjor Aj UBj. Then Av Bv ..., At+l,
Bt+l satisfy the requirements of our problem.

(b) We use induction on r; for r = 2 the preceding problem contains the
solution.
Assume b = n(k, r) exists; we define n(k, r -~ 1) = N(k, b) and prove it has
the desired property. Let a be any ~-coloration of all subsets of an n(k, r 4—1)-
element set S. By (a), there exist 2b disjoint sets A}, BL} .. ., Ab Bbsuch that

for each 1<[ix< ...< iv”™ b, all sets of the form
Cj,U...UCiv (cj= Aj or Bj or Aj UBj)
have the same color. Define a ~-coloration a* of the set {1, ..., b) by

seenx»,}) = “Mi. U... UAWN).

By the choice of b, there are disjoint subsets Ix......... TrC {1,... ,6} such
that the color of any non-empty union of them is the same, say red. Now set

Xj= UAt Yj= UBL.

i£lj idlj
Then Xj, , X1, Yv ..., Yrare disjoint and any non-empty union of them
is red. In fact, let V, Wec: {1, ...,r) and set | = Uu T-1'= @ 1,
I" = U I,- Then we have Avow jav-w

JEW Vv
(uXjp)muyp=afu (A nia)} U
jiv JZW i€l
UAt) U Bi}).
{ier ) {tgr 1)
By the choice of A, and Bt this color is the same as
S U A)=a @ u/"uim.
leturur
which is red.
Since the number of sets Xx,..., Xr, Ylt..., Yris 2r r-)- 1 this
proves the assertion. [R.L. Graham-B.L. Rothschild, Bull. Amer. Math. Soc.

75 (1969) 418-422; also see R.L. Graham, K. Leeb, B.L. Rothschild, Adv.
in Math. 8 (1972) 417-433.]

15. Let n = n(k, r), where n(k, r) is the function in the preceding problem.

Suppose a is a "-coloration of {1, ..., n). Then define a ~-coloration a* of
the subsets of S = (1,...,n} by

n*{X) = cc(|Z]) (XCs).
By 14.14, there are disjoint sets Xv ..., XrC S such that all non-empty

unions of any of them have the same color. Then the choice dt = | 3Tf| is an
appropriate one [J. Folkman, J. Sanders; see ibid.].
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16. (a) Take n{k, m) = k; set S —{xv ..., xK). Consider tLo ra-collections
m-0+ (m—1-e{aq, ..., XK w{xj + [m—1)«{x2...,xK),

;m-{x1(...,xk + (m—1)0.
Some two of these, say

m ¢ {xv Na» — 1) « {xI+], . .. ,xk}
and
mefag, ..., X} (M —1)« {x1+, . . ., xK)
have the same color (0~ i< j <L/ Let X = {ai+l, ... ,Xj}, B= m-(aq,

OXF+ (B —1) ..., XK}, then|the requirement is satisfiedé

(b) We prove the existence of nr(k, m) by induction on r.
Set a = knf~1, k' —kn*, nrt(k, m) = ni{k’, m) + a. We prove that this
choice is correct. Let T ¢ S, \T\ = a. Define a coloration of ms~T by
(<) = (oo(<X + ®); ® 6 ).

Here we use m°-tuples of the original set of colors, so we use not more than
kmi‘= k' colors. Hence by the choice of nr+ti(k, m), there exists r disjoint sub-

sets Xv ..., Xrof S—T and an m-collection 3iLE ms~Xi~ - ~Xr such that
r rl
a* JPatXt+ <® = a* N min(a,, m—1) X-
4=1 li=1]

holds for every 0 <, a, <| m; i.e. we have
(1) <X{®+ jgciiXi+ & = a|@ +JEmin(abm — L)X, + §1]
' i=i i=i J

for every 0< at m and @£ mT. Now define a coloration «** of mT by
a*(@) = ac|l@+ JEa,X,+ &J:0<;a, <m- 1]

In this way an mr-tuple of colors is a new color, so a** uses at most kni —a
colors. Since \T\ —a, we find by (@) a set Xr+1 C T and an m-collection
a2 £ mT~x"+ such that

«**(MXrHl+ $2) = cc*(Mm—1) X1 + &),
i.e.

@ amXril A diXi-- G = GM—1) X1 " ®X¢-Br- R
|

i=i I=r
for any integers 0 m—1 Now let &= -f- B (this is an ra-col-
lection, as €4, &are disjoint). Then Xx ..., I 1tl,  satisfy the requirement.
Clearly Xv , Xr+l are disjoint from each other and S Let

M+1 i
= OrKi) B
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then
o) = a min (ar, m — 1) Xt + art Xr+ + &)

by (1) and

a [art X1 + N min (a,, m —1} X, + sh =
i=i

= a|min (@ar+l,m —1) Xrtl-f-  min (ait m —1) X, -\- c§j
by (2). This completes the proof, [ibid.]

17. We use induction on m. For m = 1 the answer follows by 14.14b (we may
even take sb= 0). Suppose N(k, r, m) exists and define a = N(k, r, m),

N(k, ,m+ 1) =nak, m + 1),
where nak, m + 1) is defined as in 14.16b. Then if |$| > N(k, r,m 1) we

find disjoint sets 7V..., YaC S and an (m + I)-collection sht of points of
S — Yx—... — Yasuch that
D a JgajYi+ A=a ~ min (% m) Yt+ <q]

<1 / \V=il /

holds for every 0 ~ am™m -j- 1- For each £ milmmal, define
a*(l')=«fj|'_'i«/3lf+ ai).

where atis the number of times roccurs in 3. Now by the choice of a, there are
disjoint subsets Vv ..., Vrcz {1, ..., a} and an m-collection Cof elements
of {1......... a) —VI—... — Vrsuch that

«*liw + N J
is the same color, say red, for every choice of 0  6-<, m. Define

Xj= U Yj, 8— Shi 4 y aiFi,

a
where at is the number of times roccurs in SC Clearly '"aiYi is disjoint from

=l .
Xj and S so XIt ..., Xr, B are mutually disjoint. Moreover, if 0 < a(<[
m + 1, then

/T r
m N diXl--9 =a ™ min(a-, m) Xt-|-sb
\i=1 li=1
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by (1); moreover, this is equal to

a* _min(a,-, m) Vt+ X,
u=i

which is red. This proves that N(k, r, m + 1) has the desired property [A.
Hales-R.l1. Jewett, Trans. Amer. Math. Soc. 106 (1963) 222-229].

18. Let w= (m—1DNJc, 1, m—1), |S| = N(k, 1, m —1). Let a be any k-
coloration of {0, ...,w). We define a ~-coloration of (m —1)s by setting
x*(cs) = a(<).

Since 0< |1 (Mm—1) [iY = w, this is well defined. By the choice of |/S]
there exists a set X c¢: S and an (m — 1)-collection Si of points of S —X
such that

_ &) = **($ + X) = a<®+ 2X) = ...= a*($ + {m- 1)X),
i.e.
*(JA) = a(IS| + \X\) = ... = a(IB| + (m- 1)|X|).
Thus, (<, <9 + |X], ..., | -)- (m—1)]A]) is a monochromatic arithmetic

progression [cf. R.L. Graham-B.L. Rothschild, Proc. Amer. Math. Soc. 42
(1974) 385-386].

19. Suppose {1, . .., N} has a ~-coloration aN for which no subset has property
P. Consider the colors aj\(]). Since we use only k colors, there will be one
occurring infinitely many times, say

01\]'(') = a,V, (1) = eeeo o
Denote this common color by a(l). Now consider the colors <n\ (2). Again we
will find an infinite subsequence L, L, ,... of N\, L, ... such that
*n;(2) = aN.(2 = ... = a(2).

Now suppose we have defined colors a(l), . . ., a(n), so that still infinitely many
indices A", A", ... exist with
aNp(m) = a(m) for 1" m<nandi= 12 ....
Then among the colors (n 1), one color occurs infinitely often; denote
this by a(n + 1).
We claim the coloration a of all natural numbers is such that no finite subset
has property P. Assume indirectly that a subset S d [I, ... ,n) has property

P. Then
aN(m) —oi(m)

gqr each m £ and thus, S has property P in the coloration too, a contra-
iction.

20. (@) Write each natural number m in the form m = 5a™M5Sm+ ym), 1<
< ym< 4 and color m with color ym. Thus the set of all natural numbers is
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4-colored. We claim that x -f- y = 3z has no monochromatic solution. Suppose
it has one in the ythclass, then

5a(B5?x + y) + Sa(5By -f y) — 3 «5%5Rz + ).

Divide here by 5a where a = min (ax, ay, az), and consider the equation mod 5.
Then we get

exy + eyY= 3ezy (mod 5),
where ex= 1, if a= axand =0, if a< ax (similarly for ey and er). Then
ex + ey — 3sz (mod 5),

which obviously, has a unique solution in ex, ey, ez= 0, 1: ex= ey = ez= 0.
But this is a contradiction as a must be equal to one of ax, ay, az.

(b) We prove by induction on k that x -f 2y = z has a monochromatic
solution. For k = 1, this is obvious. Suppose it holds for k — 1 colors.

It follows as in 14.19 that there is a natural number N with the property that
if we (k — 1(-color the numbers (1, ..., A}, then one of the color classes will
contain a solution of x -f- 2y = z

Now suppose that the natural numbers are ~-colored. By van der Waerden’s
theorem 14.18, one of the classes, the “red” class say, contains an arithmetic
progression

{a,a+ d,a 2d,...,a-f 2Nd).

Let us seek a monochromatic solution of (b) in the form x= a, y —yd z =
= a -\- 2xd. Now x and z are red for each 1 <(y. < N, so if yd is red for any
1<; x <(N we are finished. Suppose this is not the case, then we have the
numbers d, -d, ... , Nd colored with Kk — 1 colors. Define a new coloration
of {1, ..., W} by giving x the color of yd. Here we use k — 1 colors, hence
by the definition of N, there are xv yv zi having the same color and satisfying
Xr+ 2y1 = z. Now (dxy) -\- 2 (dyl) = (dzB) and dx1, dyx, dzx have the same
color in the original ~-coloration, which proves the assertion.

21.1, (i) = (ii). Consider a (0, I)-solution of (*); we may assume it looks like
r m
J?ar 1+ . atm0= 0.

1=1 I=r+1

Now since the equation

m \
(**) aL-x —ax-y+ Jfa,- -2=0
1= r+1 J
also satisfies (i) and any monochromatic solution of (**) yields a monochro-
matic solution of (*) with XX= X, X2 = ... = Xr= y, X+1 = ... = Xm= 2,
we may assume that (*) looks like
(***) Ax —Ay Bz = 0.

We use induction on k. The case k = 1is trivial, so suppose K >+ 1 and (ii) holds
for k — 1 colors. As in 14.19, we can find a natural number N such that if
{1, ... A} is (k — I)-colored, (***) has a solution in one of the color classes.
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Now suppose that all natural numbers are ~-colored. By van der Waerden’s
theorem, we find a monochromatic (say, red) arithmetic progression
a,a-fdi..,a-fBNd.
Then from
A(a -~ Bud) —{Aa - B(yAd) = 0
it follows that if xAd is red for some | < x < N, we are done. So suppose

yAd is never red; then by the choice of N, we find numbers xv yv zxsuch that
xMAd, HiAd, z>XAd have the same color and then

A(XjAd) — A (yyAd)[-\- B(zyAd) = O.

1. (ii) = (i). Let p be a very large prime and write t = px(8tp - yt) (1
< yt<Tp — 1). Let us color t with yt. Then by (ii), (*) has a monochromatic

solution; i.e. there are non-negative integers af£\ ...,am B\ ..., jam,
y (1< Y™ P—1) such that-

1

@ I-i

Set a= min (a(), ..., a ") and divide here by pa, then consider (1) mcd p.
We get

m
N a ifly w OH(mod p),

where £ = 1 or 0 according™as a, = ajor[a, > a. Hence

Jra atetes 0 (mod p).
i=i

Since p is large (e.g. it suffices to takefi)!>\an\ ...+ me get
m
Y ani= 0.
i=i
Since a = amfor at least one i, elt. . ., emis a non-trivial (0, 1) solution of (*).

This proves (i) [R. Rado, Math. Zeitschr. 36 (1933) 424-480].]

22. We specify f(k) later. Let 1,. .., Xbe K colors and color the integers with
them at random, independently of each other and giving each integer each
color with probability /k. Let A, denote the event that S  j does not meet
one of the colors. Then
. ‘K . . (1 V(K
P(Aj) < ™ P(S -)-j does]'not meet color i) = Kk 1-——-
i-i 1

Now form a graph G on Z, the set of integers, by connecting jxto j2 if (S -f jX N
M (S -f j2 sA0- Then Aj is independent of

{Av :(j, V $E(G)}.
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Finally, observe that the degree of each point in G is
*= \{{v: (0,r)eBA}= Kr: (S+ vy NS ™ 0} =
= |{s-S:s5,S'ef£}|</(*)2

Thus, if
L1l 1
@ i1 - / < —
1 bl 'm?
we have
and thus by 2.18,
) P(Ao...AN))>0O

for any N. Of course, we cannot assert that P J[ > 0, but the existence

of a coloration such that all translated copies of S meet all colors still follows.
One possibility would be to apply compactness theorems (cf. 14.19) but here
we can construct this coloration directly.

Let r be the diameter of s (r—maxs —mins) and N > 4r+l Consider a
N-coloration for which Ao...AN holds, i.e. S 1,...,S+ N meet all
colors. Since N > kr+l, there are two segments {v, v+ 1,...,v+ r) and
{,[X-f 1,..., [n-F-r) (v< /i), which are colored similarly. Now, if we keep
the coloration of v, v+ 1, ..., /x— 1 but extend this in both directions with
period fi — v then, as is easily verified, S + j will meet all colors for every
integer j.

It only remains to find an f(J) for which (1) holds. Certainly f(k) = [clclog i]
will be appropriate for large enough c, because

( n \fw J J \cfclogk 1

11 — — A 1 - - < e-clogk= _L

, K I K) c
while

R — > —
4f (k)2 4c42 log2k K -1

[P. Erd8s-L. Lovasz, in: Infinite and Finite Sets, Coll. Math. Soc. J. Bolyai
10, Bolyai-North-Bolland, (1974) 609-627.]

23. (@) Let us denote the elements of GF(q) by 0, 1,.... g — 1 (the operations
between them will play no role) Each element of the w-dimensional affine
space over GF(q) can be represented as a vector (ar, ,an, 0 < a{<lq—1,
which in turn can be regarded as a (@ — I)-collection of elements of {1,... , n}.
Thus if these are A;-colored and n >-N(k, r, g— 1), where N(k, r,g — 1) _is
defined as in 14.17, then there will be disjoint non-empty sets  ......... vrC

cr {1,. ..,n} and a (g— I)-collection B of points of {1,...,«} —Fx—

— . ». — Vrsuch that all collections » a(Y(-f & (0 a,< a—1) have the
i=1
same color; let, say,

F,={l;)+1,...,ib+ti} (i=1,...,r0=kx< ka< ...< £rl= m)
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and let j occur in S ~ times (clearly bj = 0 for 1 <Cj <; m), then all vectors
the form

\ KT ka kr+i

(®Lj e oo > SA2» o o e SN2 A3y e 0 ey ) "m+1>e e jp)
have the same color. But these vectors form an r-dimensional subspace.

(b) We prove the (formally) more general assertion formulated in the hint

by simultaneous induction on fj......... rkand k. For k = 1we clearly can take
(@) N(Lrug—1) = rx

On the other hand, if rf= 0 for some 1< i < k, say rk= 0, then

2 Nkk;rv...,rkx,0;g—1) = Nk —1;rv ... rk Itq—1)

will be an appropriate choice. For if any point has color k we are done; if color
K does not occur we have the case with k — 1 colors. So we may assume rt > 0
for 1<;i < & Then let

<?) N(k; rk.......... rk;q—1) = N(k; m,q — 1),
where

m—1+ maxN(k;rl,...,r,Lrt—1rm,... ,rkq—1)
iiéfe

and N(k, m, g — 1) is defined as in part (a). To prove that (3) is an appropriate
mchoice let N> N(k; rl, ..., rk;g—1) and suppose that the points of the n-
dimensional projective space over GF(q) are ~-colored. Let 20be a hyperplane
(the “infinitely distant” hyperplane). Remove Z0, then the remaining affine
space contains a monochromatic subspace ® of dimension m by (3) and (a).
Let ® have, e.g. color 1. Let ®: be the subspace of the projective space spanned
by ® and put W= ®kME. Then 4*is an (m—1)-dimensional projective space,
which is ~-colored. Thus by the choice of m, W has a monochromatic subspace
A of dimension rx—1 in the first color or of dimension r- in the ith color
(2<2i K). In the latter case we are done. If Ais (rx— 1)-dimensional and
has color 1, we can take any rrdimensional subspace Axof ®nsuch that AxT
ME — A and then Axis an fj-dimensional subspace with color 1 [R.L. Gra-
ham-B.L. Rothschild, Trans. Amer. Math. Soc. 159 (1971) 257-292].

24. First solution: Let n > JikA\(r, ..., r), where R is the Ramsey number as
in 14.3. Lets = {1,...,n), and denote by V the set of all (r — I)-element
subsets of S. Define a hypergraph on V by letting the r (r — 1)-tuples of each
r-subset of S form an edge of II. Then clearly H is r-uniform, any two edges
of H have at most one point in common, and the fact that H is not ~-colorable
is just the assertion of Ramsey’s theorem.

Second solution: Let n > N(k; 1, g — 1), where q is a prime power. Let V(H)
be the set of points of the n-dimensional affine space over GF(q) and let It(Il)
consist of the lines of this affine space. Then any two edges of H have at most
one point in common and it is g-uniform. The assertion of 14.23a is just that
H is not /.'-colorable. This settles the problem for the case when r is a prime
power.
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Now let r be arbitrary and select a prime power q>r. Carry out the above
construction for g and then select an arbitrary r-subset of each edge of the
resulting hypergraph. These r-element sets constitute a hypergraph with the
desired properties.

25. For each ah let t(i) denote the maximum length of subsequences
an-
with
i<jl<..e< jt-k
Suppose that max t(i) <1 k (otherwise we are done). Then there is a T such that
t(i) = t holds for at least k (- 1 indices i. Let
Fed) —. . .= t(ik) = T, »I'<...< ifcHl
Then we claim that
au>*1 >eee Syt e
Suppose indirectly that
«dr™ % (v< k-
Then, since £(@alf) = r, we have a sequence
*(.<?1<eee< Al
with
% A Y, A Aajx-ie
Then
«fr< % <,ah<,- mm< aA-i>
contradicting <og) = T.

Remark: Define i <j if i < ? and a-< a,. Then we have a partial order on
the set {1, ...,w2+1}. Thus the result would follow from 9.32.

26. (a) Consider t(x) as in the hint. Observe that max t(x) —i(l). We use
induction on n.

First we prove the assertion of the hint. Assume indirectly that f(x) > 2k
and t(x) > i(l) —k Thenx > 2kand k< n— 1 Let

X= ak< ...< a(X,
[(«i) < eoe N [K«)-
By the induction hypothesis, there exist
I"bo<bl< ...<bk” 2k

with
/(bo) ™ /(&) ™ N [(bB.
Then (bo) ™ /(&i) (bB
I(bo) ~ [(bi) < sesf [(b)< b k< 2k< /K) £ ... £ /(0iW),
whence

- i)™t + k+ 1,
a contradiction.

32 Lovasz
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Now observe that if t(x) = t(y), then f(x) ™ f(y) (otherwise, the chain starting
with y [x < y) could be extended to x) and thus,

X tx) = <0 — L\ < ok (0<,dc” t(D) - 1).

Hence,

2nl= - ; {x:<®= *(1)-&}I< 2t= 2W-1.

ni= i \Mx<)= ()&} I<
Hence

i() > n,
which was to be proved.
(b) Let
@{k+ )= 2k- 1 (k=0,...,n- 2; 0N I<, 2k—1).

Then @) <'i (i=1,...,2"1—1) and (@ consists of n — 1 monotone

decreasing intervals; any sequence

_ 1<i«l< ...< «/<;2n-1—1
with

KO < eee< [(«<)

contains at most one number from each of these intervals. Hence t <, n —1
[E. Harzheim, Publ. Math. Debrecen 14 (1967) 45-51].

27_.h (@ Let rj(x, y) be the maximum length of a path (X, y = yv y2...... M)
wit

I(*. Vi)~ f(yi. 2a) < +o . < f(yv-1,yv)

ar]dh also, let gx y) be the maximum length of paths (x, y = yv y2 *em, yf)
wit

= Vi) >T(Vv Vt) >« «o>f(yf- 1520
Observe that g ) (Vv vy (yf-129

(*)] for any two (adjacent) edges (x, y) and (y, z), either rj(x, y) > )y, z) or
Qx>Y) > Py, 2). In fact, let, e.g. f(x,y) < f(y,2) and (y,z= zvz2...,
4Xy.2) be a path with
f(vizl)y  flzl>zi) A ~ (2T Ziily 2)-

Then the path (x,y,zv ..., zry 2) shows that ij@, ?) > rjy, 2y + 1

For w £ V{Tn), let

Pw= {(v(w>X), W X)) :(w, x) £E(Tn)}

and let Pw consist of all maximal elements of Pw (with respect to the partial
ordering (ij, 9  (ij', ) iff ij <; ij' and < <. Then we claim.that
(**) Pwv/Py, if w #t).
For suppose, e.g. (v,w) £ E{Tn). By the definition of P,,, there is a pair (ij,,

£Pv= Pwwith @, w) <[ \&<iv>w) <! 9V Let Vb= V(w>X)> = X)-
'?’?en v, w) < rl(w, x), cv, VE/) < 3\(/W, >2), which contradic(ts *). W0
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All that remains is to count how many sets come into consideration as sets
Pw. If Pw= {(r\, B, ..., (k g}, then nNx........ ik are distinct (so are
...,0K and if, say, k1 < ... < 1k then 9 > . .. > 9k. Hence, the two
sets {r)v ..., jk} and {9 ..., €K} uniquely determine Pw. For a fixed Kk,

there are at most /:]: ways to choose Nk and ~ ways to choose
K

gV..., 9k where p' = max y(x, y) and " —max ¢p(x, y). Thus the number
of distinct sets Pwis

ANE[PTRIE E PV g = pieq
A\k) UJ q'-Jcj P m
Thus
p+q’ MNP+ g-
P i p—1

whence either p*  p or #']> o» This proves the assertion.
(b) With a slight change in notation, we are going to construct a transitive

tournament Tnonn= "~ ~ points and a function
P

fE(TN)- Z

(which will be an injection) such that the maximum length of a monotone
increasing path is p and the maximum length of a monotone decreasing path
isq The case p = 1orq= 1is trivial; so suppose p,q”™>2.

We have
[P+ 9 +9—1]+ p+qg—1
1P ] @ P P—1
By induction on p, g we construct a transitive tournament Tmon m =
P g 1 points and a tournament Tlon l—p ~ 4 points, to-

P | P—1 1
gether with two functions g : E(Tm) — Z h: E(Tt) —Z such that the maximum
length of monotone increasing [decreasing] paths in Tmand Tt are p and
p —1[q—1 and 9], respectively. Let V(Tn) = V{Tm) U V(Tt),
E(Tn)= E(Tm UE(T,) U(FW xFfr,))
and
g, y) if (xy) 6E(Tm),

fx,y)= hx,y) if (xy) €E(T),
—M  otherwise,

32*
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where M >max (\g(x, )\, \h(x, y)|). It is easy to verify that Tnand / have

(x,y)
the desi]red pxréperties [V. Chvatal-J. Komloés, Canad. Math. Bull. 14 (1971)
151-157].

28. (@ If0<!i <lm —1, let xi+1 be any element of
g —{fie —{xv...,xv}):0< V< i}
(which set is clearly non-empty), and let
T=s —{xIr...,xm.
Then by the choice of the x/s,

f(S—{xv...,x¥ £T (v=0,... ,m—1)
and this holds trivially for v= m too.

(b) We select %, a2-i>eee recursively. If x2...,xMi are already
selected, then let x be an element of .s — (x2. ... X/}, which occurs the
least number of times in the form (s — {X2, . .., Xp+1)}, N<=V <, 2N,

To handle this procedure, let rp(m) denote the number of indices- v> m -)ml
such that
*
f{ ..., %P9 Xm}.

Then we have
D cp{m) — <p(m—1) - (p(m —1

since the indices v counted in cp(m) but not in (p{m — 1) are those withv> m 4- 1
and
[{*1> « mm>*t)) =

and by the choice of xm the number of such indices v is at most <p{m)im; and
besides, m is counted in m— 1), but not in <p(m).
We want to show that q:K) (> (n — X):k; more generally we show that

) qk+ 4:>(n—K:k+ (n—k—2)1 (0<;I%<,:2Kk).
Note that for | = 2kthis inequality is the same as
P k+l) > (n — Jc— 1) 2fcHl
Inequality (2) is easily proved by induction onn —:k—1I. If n —2k—1 = 0,

it is trivially true. Suppose 2:k-f 1 < n. We may assume | < 2ksince otherwise
we could consider the decomposition :k-f-0= 2k 1 2fcb By (1)

PM—D L+ —em <)
m

whence

Fentrea + R =y
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By induction hypothesis

PM = Pek+ 7+ D> (M —k+ (n—kK—2) 7+ 1) =
= (N—K) Gk-f 7+ 1) —207+ 1).

Thus
/\ —
okt YN+ 2+ P(n-k)- 2(124F;+]};+ )=
= Gkt D—KW+ 1—7—2+ A7
2K+ 141

and since the left-hand side is an integer,

S@2n+ I)> k+ D(n—i) + 1—21. —2+ 1=
—(n —K:2k (n—Kk—2)7,

as stated. Thus <p0) = R (1)-f-1>ii+l

(c) Let @ be the mapping of {1, ...,2n} into itself defined in 14.26b.
We define a mapping / associating with each i-element subset X of {1, ...,
' — 1} the (fnk)thlargest element of X. This is possible, because 1 <L 4 (K) <
Now suppose Xoa X xd ... a Xnis a chain of subsets with f(X0) = ...
f(Xn) = y (one may suppose Xn— [y\, but this is irrelevant). Let Kk,

|5M(. Then, by the definition of /,

N
=

R(*i) = i N{y, ...,2n— 1},
thus (k0 < tpgikj < ... < ((kn). But this is impossible by 14.26.

Remark:Part (b) gives, of course, a new proofofpart (a) of 14.26; but the proof
given there is much simpler [E. Harzheim, Puhl. Math. Debrecen 15 (1968)
19-22].

29. Consider the complete graph KN on the given points; orient its edges up-
ward and color an edge color/\i,I i; it forms with the positive half of the xaxis

an angle between —n and--==-—--n (i = O.......... n — 1) (we may assume that
n n

these angles themselves never occur or else we rotate the picture). Suppose there

exists no sequence a0, ... ,an of points in which <€ ai_:aia:1 > 1 -——- n

fori = 1,...,K—1 Then the graph with edges of color i contains no directed
path of length k; such a path would exactly mean an almost straight broken line.
Therefore by 9.9 the graph formed by edges of color i is /r-colorable. Since KN
is the union of n such graphs it follows by 9.3 that %(KN) < kn, a contradiction
[P. Erd6s-G. Szekeres, Compositio Math. 2 (1965) 463-470].

30. (a) Define a tournament on S with values associated with the edges as in
the hint. By 14.27a there exists a monotone increasing path of length p £ 1
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or a monotone decreasing path of length q-f 1. Let, e.g. the first case occur.
Then there are points [x0,y0), ..., (iptl, yp+l) such that xo < X< ... < Xp+1
and

Y Vi ~OpH M

Xo —X1 Xp+1 —XP
Clearly these points form ap-|- 2-gon convex from below.
(b) We construct a set S of ~ ” points spanning no (p + 2)-gon con-

vex from below and no (g + 2)-gon convex from above, by induction onp -f q.
Thecasep = lorq= 1listrivial, soletp,q> 2. Let Stbe a set of n

-1
points spanning no (p + I)-gon convex from below and no (g + 2)-gon convex

from above. Also let S2be a set of P a—1 points spanning no (p + 2)-gon
P

convex from below and no (q+ I)-gon convex from above; both Sv S2

should consist of points in general position.

Fig. 104

Let us place Sv Sz on the plane in such away that the vector connecting some
two points of them is (M, M2), where M is very large (Fig. 104). Let us consider
any polygon P convex from below; let (xvyX, ..., {xt,yt) be its points,
XX< ... <xt If all these points belong to Sx or S2 then t<)p - 1 by
definition. So suppose [xv yX......... 0k y) ESv {xi+l yi+D), ..., {x, yt) £S2
(clearly any point of St is to the left from any point of Sz if M is large enough).
Then

y>X ¥y A om
Xi+i — xi
so if M is larger than

max ------- —i1(xy), (X', y) £S:
X —X

then our polygon cannot be convex unless £-(- 1 = < Since i <,p by the
choice of Sxit follows thatt p -f- 1. Similarly we conclude that any polygon
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convex from above spanned by S has at most q-f- 1 vertices [P, Erdés,
G. Szekeres; ibid.].

31. (@) We show first that 5 points always determine a convex quadrilateral.
If the convex hull of them is a quadrilateral we are done, so suppose this con-
vex hull is a triangle abc. Thisjcontains two further points d, e. Suppose the line
de intersects the edges ab and ac of the triangle. Then bade is a convex quadri-
lateral (Eig. 105).

Pio. 105

Now let us 2-color all quadruples of the given n points: let a quadruple be
red, if it forms the vertices of a convex quadrilateral and blue otherwise. K

@) n>R%(m, 5),

then we have either Te points with all quadruples red or 5 points with all
quadruples blue. The latter case is impossible by the above. Hence we have m

points any 4 of which form a convex quadrilateral. Hence the Te points form a
convex m-gon.

(b) 1. We show that (1) can be replaced by

. 2m—4 |
n> + 1
m-—:2

—24_+ 1 points in general position, they always
Te—2]j

span an Te-gon convex from below or from above by 14.30a; this is a convex
Te-gon.

I1. We construct a set of 2m2 points spanning no convex Te-gon. Let Tt be

. . - 2
a set of points in general position such that \Tt\— -'Bf .and Tt spans

I
no (*+ 2)-gon convex from above and no (n —i)-gon convex from below.
Let Tt have diameter less than 1 (i= 0, 1, 2). Also we may
suppose that any line formed by two points of Tt forms an angle less than 45°

with the »caxis (by applying an affinity perpendicular to the »axis, if neces-
sary).
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Let P be a large regular (4n — 4)-gon with centre at the origin and let v0,
..., Vn_2 be its vertices in the segment of +45° around the positive half of
the xaxis (Fig. 106). Let us place Ttaround v, (i.e. let us translate one point
of Ttinto M). The resulting set T has

n2 n-2[m_q
\t \= ,%.0 \ti\= iz 21 , = 22

elements. We claim that it contains no convex n-gon. Let P be any convex
polygon spanned by T. If P is containedinaTt(0O<ii< n—2),letaandb

Mo. 106 Fig. 107

be the vertices of P with least and largest »coordinate respectively. The diag-
onal ab splits P into two polygons, convex from above and below, respectively.
Hence by the definition of T it the number of vertices of these polygonsis <[ i -
+ 1 and < n—i — 1, respectively. Hence the number of vertices of P is
<@+ D+ n—i—1)—2=n—2

Now suppose that P intersects Ttand Tj, i < j. Let i be the least andj be the
largest index for which this holds. Now P can intersect T , i< y < j in at
most one point, and its pieces in Ttand Tj are convex from above and below,
respectively (Fig. 107). Hence P has at most

i+ D)+ 0—i—1D)+ (nN—j—1)=n—%
points.

(c) if(4) > 5 trivially; K(4) < 5 by the first paragraph of the solution.
Thus K(4) = 5.

K(5) > 9by (b). So what we have to show is that any 9 points (in general
position) contain a convex pentagon. If the convex hull of the 9 points is a
pentagon we are done. So suppose it is a quadrilateral or a triangle.

10  Suppose the convex hull is a quadrilateral xyzu. Consider the 5 remaining
points. If they form a convex pentagon we are done. Otherwise, there are 4
among them, which do not form a convex quadrilateral; let a point v be con-
tained in a triangle abc (Fig. 108). Consider the angles avb, bvc, cva. One of
these contains x and y. Then xyavb is a convex pentagon.
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2° Suppose the convex hull is a triangle abc. Again we have two subcases:

I. The convex hull of the remaining 6 points is a quadrilateral xyzu. Let

p, q be two further points (inside xyzu). If the line pq intersects two adjacent
edges of xyzu we have a pentagon trivially (Fig. 109). So suppose pq intersects
the edges xy and uv. We may suppose the intersection with xy is nearer p
than q (Fig. 109). Now consider the semilines px, py, gz, qu. They divide tho

Fig. 108

Fig. 109

Fig. 110
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outside of xyzu into 4 regions. If the region ypgz contains one of a, b, ¢c we are
done. Similarly if xpqu contains one of a, b, ¢

If ypgz and xpgu contain none of a, b, ¢, then either xpy or zqu contains two of
those; then we find a convex pentagon again.

I1. Finally, suppose] the convex hull of the 6 points inside abc is another
triangle xyz. Again let p, g be two points inside xyz. We may assume that the
line pg intersects the edges xy and xz. Consider the angles xpy, xgz. Each of
these may contain at most one of a, b, ¢ otherwise we find a convex pentagon.
Hence one of a, b, c lies in the region determined by the semilines py, gz and
t[hg_dsﬁgment pg\ but this yields a convex pentagon again (Fig. 110, p. 505)

ibid.].

§ 15. Reconstruction

1. (a) Letev ..., ,ek(Ic> 4) be the edges adjacent to a given point x £ V(0).
Then elt . .., ek form a complete subgraph of L{G). Moreover, they form a
maximal complete subgraph (clique) of L(G); for if e £ E{G) is any other edge,
then it does not contain x and thus, it meets at most two ofev ..., ek
Conversely, let ev ... ,ekform a clique of L(G), k> 4, we claim that they are
the edges adjacent to one of the points of G. For let x be the common point of
exande2 Ife g , , ekalso contain x, then we are finished, since, by the maxi-

mality of the complete subgraph of G formed by ev ..., ek no other edge
can contain x.

Assume indirectly that e3does not contain x, then e4, e2 e3form a triangle.
Since K ~> 4, we also have an e4; obviously, e4 cannot meet all of elt e2 €3, a
contradiction.

The above assertions show that, if G has degrees at least 4, then we obtain G
from L(G) as follows; Let Gv ... ,Gn be those cliques of L(G) with at least 4
points; associate a point xt with G- and join xt and X iff Ot and Cj have a point
in common. The resulting graph G' will be isomorphic to G

Thus, if Gv O2are two graphs with all degrees at least 4 and L(GK) odL(G2)
then, “reconstructing” Gk and G2 as above, we get isomorphic graphs.

(b) Let Sv ..., Snbe the stars of the points of Gy and let S[.......... Smbe
the stars of the points of G2 Consider an isomorphism a :L(Gy) —»L(G2.
We may assume n~>m.

a(s t) cannot be a star for each i = 1, ,n. For if a(Sj) is a star, then o(Sj),
a(Sj) (i ~ j) are different stars (since Sj ~ Sj, except in the trivial case Gychbl
esaK 2 which we may ignore) and so, it would follow that m = n, a[s {) = s\

(i= 1,...,n) with asuitable choice of indices. But then mapping the center
ofgté)znto the center of s\ (i = 1, ..., n), we get an isomorphism between Gy
an

Thus a(s y) is not a star (say). We claim that there are three edges ev €2 e
in Gyand corresponding edges év €2, e3in G2, which form a triangle in one graph
and a star in the other.

1° K |$4= 1 ie Sy= {ej, then no endpoint of e[ = g(ey) has degree 1.
So there are two edges €2, €3 ¢oely starting from the two endpoints of (. e2=
= 4 1(e]) and e3= u_1(ed) meet el which is only possible if they start from
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Fig. Il

the same endpoint of ex. But then e2 and e3 must meet too, i.e. ex €2, e~form
atriangle.

2°°l1f 8 X— {ev e2}, then €[ = €2 — a(e? have a point X' in common.
There must be a further edge e3 starting from x'. e3= a 1(e3) meets both ex
and e2, hence they form a triangle.

3° If Sx— {ev e2, e3}, then éx €2, e3 must form a triangle; otherwise, they
would start from the same point and since a(8j) is not a star, there would be
a fourth edge meeting all of them, which is clearly impossible.

So we have three edges e1, e2, e3 forming a triangle, so that the corresponding
edges €x, €2, e3 start from the same point x. ex= (U2 u3), e2= (ux u3), e3 =
= (ui,u2), €i= (x, yt) (i = 1,2, 3).

The above pair yields a solution: Gx= {{ux u2 m3}, {ex e2 e3}) G2 —
—({x, yx y2y3}, {e[, €2 e3}) but L(GR ™ L(G2) We claim there is no further
Such pair. If there was, we would have |E(Gt)| > 4.

Let e4 £E{GX, e4 ™ ev €2 €3 We may assume e4 = (ux V). Then e4 = cr(ed)
meets ex and e3, hence e4 = (y2 y3). Since GX£ G2, we have a further edge
e5a E(G). Again we may assume that it meets one of ev e2 €3, ed. Obviously,
M $ 5.

If esdoes not meet e4, then it meets ex and e2 (say), el =: cr€5 must meet
and e2 but not e3and e4, which is impossible. If e5 meets e4 but not ex then
meets e4 but not éx, €2, €3 which is impossible again. Thus e5= (m2, v) OF (m3, v);
say €5= (m2 v), then oa€d = &= [yx y3d. Since Gxg G2 we must have a
sixth edge e6. As above, we get e6= (m3,v), a(€6) = (yx y2. Now Gx3=G2
implies that there must be a seventh edge, but the same argument as above
shows this is impossible (Big- 111).

(c) Let a :L(GX —»L(G2) be a non-trivial isomorphism. Againlet Sx . .., Sn
and S[, ..., Sin be the stars of points in Gx and 62 respectively. If o{Si) is
a star ofeach 1 <li <] n, then we get, as before, that eis a trivial isomorphism.
Otherwise, we can follow the preceding solution but everywhere, where we
argued “since Gx jk G2we have a further edge” we must stop and list an ex-
ample. So we get the pairs shown in Fig. 112, p. 508 [H. Whitney, Amer. J.
Math. 54 (1932) 160-168].

2. (@) Let E, F £E{Kn). Then the number of edges of Kn disjoint from E
and F is

'n—\EUF\ _ in—2r+ \ENF|
r r
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Fia. 112

Similarly, the number of edges of Kn disjoint from a(E) and a(F) is

—2r+ loc(E) Ma(F) ||

Thus
'n—r+ IENFJL_ in—2r+ la(E) Na(P)\

r r

Since n — 2r ;> r, this implies that \E MF\ = \cc(E) Ma(F) |

We want to show, as in 15.1, that the set of all r-tuples containing any given
point X is mapped onto the set of r-tuples containing a point R(x). This then
defines a permutation 8 of V(Kn), which induces a.

So let X£ V(Kn), and let E, F be two edges with E M F = {a:}. Then, by the
above, a(E) and a(F) have a unique point B(x) in common. We claim that, if
any edge A £ E(Kn) contains x, then «.(A) contains B(x) (and conversely).

Let A £E(Kn), x£A, and let B be an r-tuple such that B NMA ~ A—E —
—F. Then

D \BftA\ = \A-E - F\= \A\-\A£\E\-\A(\F\ +
\-\AR\EV[F\ = r-\-1 —\A[\E\ —\AC\F\.
Since
[a(-B) Ma(E)\ = \BOE\=0,
|B(B)M«(J11 = 1-BO~1=0,
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we have
la(i?) Mx(A\ < la(A) —«(E) —a(™)| = r —\a(A) Na(E)\ -
—la(M) Ma(F) I+ l«(-4) MNa(E) N<x®].

Here la(B) M<xA\ = \B MA\, \x(A) Na(BE)\ = \AME]|, |a(A) M«(J11 =
= A M F| thus (1) implies that

IKA) Ma(E) Ma(i’)! >1,
ie. B(X) £ afA).

(b) We sharpen the preceding argument. The number of »--tuples disjoint
from two given r-tuples E, F with \E f) F\= r—1is

1Pl

and is less than this if [EMF|< r—1. Therefore, \E MF|=r—1 iff
la(E) Mx(F) 1= r- 1.

Suppose now we know |E MF\= k<>|a(E) Na(F)\= k for k= 0,1, ... ,
..., ko (we certainly know this for k —0). Then \E f] F\—ko 1 <>
o IEMFI> ke and there is an »-tuple A with |E MA|=r—1,
HMNA\ = koo looB) M«(iD > ko and there is an »--tuple A with |a(E) M
MAAN=r—1, la(F) NAA\ = ko <m|a(E) M<KF\ = ko + 1.

This proves that |E MF\= |a(E) Ma(”)| for any two »-tuples E, F.

Now let xbe a point of Knand E, F two r-tuples in Knwith E M F = {x}.
Let a(E) Ma(F) = {R(x)}, we show that x £ A implies B(x) £ a{A) or, equiv-
alently, X£ A implies R(x) £ a(A).

Let X$ A, and assume indirectly that B(x) £ u(A). Set \A ME\ = i, \A T
MFI=j,d= IV(Kn—A - E—F\. Then
d=n—Q@r—1—i—3<(i +Y{1<[r.
Also,

IV(Kn) —A —{x}\—n —r—1> »
So we can find an r-tuple B such that
V(Kn)—A —E —FczBci V{Kn —A —{x}.
Consider ot(B). Obviously, s(B) M *(A) = 0, so B(x) $ a(B). Moreover,
la-B) N<x® 1= 1-BN-El
la(B)Ma(/11= |-BM*|,

thus
la{B) —a(E) - a(1 1= 1B|- |[BMNE|- |[BMNF\=d
Hence
IV(Kn) - af{A) - a(E) - x{F)\> \a{B) - a(E) - a(F)|= d
But

IVIKn)- a(A)- a(E) - a(F)\= n—3r+ |a{A) Ma(E) |+
+ la(A) Ma(11 + I*(E) Ma(i’)l - 1*M) MNa(E) Na(N I=
=n—3r+i+j+1 —I=d—I,
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a contradiction [C. Berge, Hypergraph Seminar, Lecture Notes in Math.
411, Springer, 1974, 1-12].

3 Let E, F be two r-tuples, LE MF\= j. Let us count the number of
r-tuples adjacent to both E and F. We get

1)if j < 2r —r, there are no such r-tuples,

2) if 2i —r < j, the number of r-tuples adjacent to both E and F is

min(i,j) ij ir_ j 2/_ 2ra-j\

Jiter WH—yj - 202y = )
(we consider i and r fixed).
The polynomials fj(n) are distinct for j —2i —r, 2i —r+ 1,...,r—1,
since their leading terms are
ir—fl2 nr-*i+J T
r—j) (r—2rf |
P-U— ifi<j<r.
w (r—r)!

Thus, if n is large enough the numbers fAri) are distinct forj = 2i —r, ...,

., r— 1 This implies that we have the characterization:

\E IMF| = j iff the number of r-tuples adjacent to both E and F is equal to fj(r).

Thus, if we define a graph on the points of Li(Kn) by joining two of them
when the number of neighbors they have in common is ft-i(n) (note that
20 —r i —1), we get Lj*K”). ais therefore an automorphism of
Proceeding similarly, we get that a is an automorphism oiLo(Kn). But Lo(Kn)=
= L(Kn), so a is an automorphism of L(Kn). By 15.2, this implies that a is
induced by a permutation of V(Kn) [C. Berge; ibid.].

4. (a) Let Sv be the stars of points of G, and consider the hypergraph
H = (E(G), -S,.D.

It is obvious that iN{H) ~ G
More generally, let C\........ Cmbe complete graphs such that Cr U... UCm=
—G. For each x 6 V(G), let Ux be the set of those C,’s containing x, and set

H= ({Ci,.\.>Cm}- {Ux-\xiV(G)}).

Then L(H)I™ G. The natural correspondence is a(Ux) = x and it is trivial to
verify that it is an isomorphism.

Conversely, suppose L(H) G for a hypergraph H and let a :L(H) —G be an
isomorphism. For each v £ V(H), let Cvbe the subgraph of G spanned by the
points a(E), where v£E 6 E(H). Obviously, Cv is a complete subgraph,

y(H)CV= G and if Uxdenotes the set of complete graphs Cv containing x, we
Vel

have
HA({Cv:vEV(H)}-, {Ux:xE F(62)}).

(b) We prove by induction on n that G is the union ochompIete graphs.
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Por n = 2 this is obvious. Let n > 2, and let x, y be two adjacent points.

4~ J 4
..., Ot and certain isolated points.

Let z £ V(G) —x —vy. It z is adjacent to both of x, y, then let Czbe the tri-
angle xyz. If z is adjacent to x or y only, then define Cz as the edge joining z to
X, y. Otherwise, let Gz — {z}. Also let Co be the edge (x, y). Now adding the new
complete graphs Co and Cz (z £ V{G) — x —Y) we get

t+n—2+ 1= n2
4

G —x — y is the union of t = —n + 1 complete graphs Cv

complete graphs whose union is G.
Thus we can cover the edges ofGby - complete graphs and this yields a

L4

hypergraph with line-graph 6? on " points.

The result is sharp, as is shown by a complete bipartite graph Kil)r(wli ' ItnzrnJ
[P. Erd6s-A.W. Goodman Pésa, Canad. J. Math. 18 (1966) 106-112].

5. (a) Let x, y, z be three points of G such that, removing any combination of
them, G remains connected (i.e. X, y, z are three endpoints of a spanning tree of
G\ if the only spanning tree of G is a path, then G is a path or circuit and there-
fore a line-graph).

Let G—xadL(HX, G—y L(Jy),..., G—x—y L(Hxy),... G—x —
—y —zodL(Hxyz). Then L(Hxyz) L(Hxy —ez) for the edge ez corresponding
to z. Since IE(Hxyz)1> 6, this means that the isomorphism between L(Hxyz)
and L(Hxy—ez) is induced by an embedding of Hxyz into Hxy. Similarly, we get
a whole lot of embeddings (illustrated in Pig. 113), which commute with the
isomorphisms between L(Hxy), etc. and the corresponding induced subgraphs
of G (Fig. 113).

Since we also know that the embedding of Hxyzinto'Hx, Hy, Hzis unique, this
diagram commutes. So we may identify all points mapped onto each other by
embeddings, and form the union H. The edges of H correspond to the points

Fia. 113
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of G in the natural way and it is easy to check that this correspondence is an
isomorphism between L(H) and G.

(b) Let Gv ... ,Gkbe those simple graphs which are not line-graphs but
each proper induced subgraph of which is a line-graph. Since by the preceding
problem they have at most nine points, their number is finite.

Now if Gisany simple graph which is nota line graph, then it contains a min-
imal induced subgraph, which is not a line graph, and this is one of Gx . ..
mm. , Gk Conversely, if G contains one of Gv . . ., Gkthen, obviously, it cannot
be a line-graph.

6. (a) Suppose the points a, b, ¢, d, of G = L(H) form a 3-star with center a.
Then the edge a is adjacent to b, c and d; some two of them b and c say, start
from the same endpoint of a. But then b and ¢ are adjacent.

Now let abc, bed be odd triangles, we claim a, b, c start from the same point
of H. Suppose indirectly that a, b, ¢ form a triangle of H. By definition, there
is an edge x adjacent to one or three of a, b, c. But this is impossible since x
must start from a point of the triangle formed by a, b, cin H and so, x is adja-
cent to two of a, b, ¢ Thus a starts from the common point of b, c. Similarly,
d starts from the common point of b ¢ implying that a, d are adjacent.

(b) We may assume that G is connected since each component satisfies (i)
and (ii) and if they are line-graphs, then so is G. Let (a, b) ~ (c, d) be as in
the hint. Suppose (a, b) ~ (c, d) ~ (e, /) are distinct edges of G, we show that
(a, b) ~ (e, f) (the other criteria for an equivalence relation are trivially ful-
filled). Observe that [a, b, c, d} spans a complete graph. Consider a and e
(say), a ™~ e Ifa = cord, then a, e are trivially adjacent so suppose a ™ c, d;
similarly e ==, d. Then acd is an odd triangle (ifb = cord this follows immedi-
ately from the definition of equivalence, otherwise b is adjacent to three points
of it), similarly ede is an odd triangle, whence a and e are adjacent by (ii).
Now, if (a, b) and (e, /) have no common endpoint we immediately conclude
that (a, b) ~ (e, /). Suppose a = e. If c or d is different from a, b, /, then it is
adjacent to three points of the triangle abf, so this triangle is odd; if (c, d)
is also an edge of this triangle, then it must be odd again. So (a, b) ~ (e, /)
follows again.

Let Gv ... ,CN be the equivalence classes of the relation ~. They obviously
form complete graphs. We show that each point of G is contained in at most
two of these complete graphs unless G is one of the exceptional graphs shown
in Fig. 114a, b, c.

Assume that x £ V(G) is contained in three complete graphs, i.e. there are three
non-equivalent edges (x, ¥), (X 2) (X, u) adjacent to x. By (i) some two of y,
z, n are adjacent; say (y, z) £ E(G). Since xyz is not an odd triangle, n must
be adjacent to one of y, X, say (n,y) £E(G), and then (n,z) E(G). If | V(G)\—4,
then we get(a) in Fig. 114.

If Gis larger, then there is a point v adjacent to one of x, y, z, u. It must be
adjacent to an even number of points of the triangles xyz and xyu, therefore
it must be adjacent to one of x, y. Let, say, (v, x) £ E(G) (the roles of x and y
have been symmetric as, obviously, (y, X), (y, 2), (y, u), are non-equivalent).
By (i) v is adjacent to one of z and u, say (u, v) £ E(G). Again, because xyz and
Xyu are not odd triangles (v, y) £ E(G) and (v, z) £ E(G). If G has only five
points, we get(b) in Fig. 114.
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@ bl

@l ©)

Fig. 114

Obviously, (v, X) is non-equivalent to at least one of (x,z) and (x, 1), say (v, X)
is non-equivalent to (x, u), i.e. vxu cannot be an odd triangle; for if it were, then
a point adjacent to an odd number of points of vxu would be adjacent to an
odd number of points of one of the triangle vxz, xyz, xyu, as is easy to verify.
Thus, the roles of y, z, u, v are symmetric.

Now suppose that G has a further point w, adjacent to one of the x, y, z, u, v.
w cannot be adjacent to x; for if it were, then one of (y, v) as well as one of z, n
ought to be a neighbor of w; let, say, (y, w), (z, w) £ E(G), then xyz is odd,
a contradiction. So w is adjacent to y (say) but not to x. Then it follows that it
is adjacent to u, v, z also. So if G has 6 points, we have(c) in Fig. 114.

Observe that no two edges spanned by X, ..., w can be equivalent, hence the
roles of x, . . ., w are symmetric. Therefore, the argument of the last paragraph
shows that no further edge can be adjacent to any of the points x, ..., w, i.e.
indeed we only get the three graphs of Fig. 114.

Now it is easy to complete the proof. If G is one of the graphs of Fig. 114.
then it is a line-graph of the corresponding graph in Fig. 114a', b', c".
Otherwise, G can be covered by edge-disjoint complete subgraphs so that each
point is contained in exactly two of them (we add one-point graphs, if neces-
sary). As in 15.40a, this implies that G is a line-graph.

(c) We claim that G is a line-graph of a simple graph iff it does not contain
any of the graphs shown in Fig. 115 (p. 514) as an induced subgraph.

It is immediately clear that these graphs are not line-graphs since they violate

(i) or (ii) of (a). Conversely, suppose G is not a line-graph. Then it either contains

33 Lovasz
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Fig. 115

the 3-star as an induced subgraph or it violates (ii), i.e. there are points a,
b, ¢, d such that abc, bed are odd triangles and a, d are non-adjacent. Let e
and / be points adjacent to an odd number of points of abc and bed, respec-
tively. Then there are several cases to distinguish: e = f or e which points
of the corresponding triangle are adjacent to e, f. The consideration of these
cases is straightforward but lengthy; they yield the graphs shown in Fig.
115. We leave the details to the reader [L.W. Beineke; see B, H].

7. From 15.4 we know that a graph is the line-graph of a 3-uniform hypergraph
without multiple edges iff its edges can be covered by complete subgraphs so
that each point is contained in three of them and each edge is contained in at
most two of them.

Now suppose that the graphshownin Fig. 20 (p. 138) is aline-graph, i.e. it has
such a decomposition into complete graphs. Obviously, (x0, zX) and (y0, zX) must
be complete graphs by themselves. Since zx is contained in three complete
graphs only, zv xv y: must be one. Similarly, uv xv yl must be one of the
covering complete subgraphs. Thus (xv yX) is already contained in two covering
complete subgraphs, hence (xv z2) and (yv z2 must be covering complete
subgraphs by themselves. From here on, the argument periodically repeats
till we get that (xn, zn+l) and (yn, znH) are covering complete subgraphs by
themselves. Since, obviously, so are {xnH,z+1) and (yn+l, zr#l), za+1 s
contained in four of them, a contradiction.

Now remove a point from G. There are essentially four kinds of points: xt
(or yt), 4, uj, vi (or wj). Figure 116 shows how to decompose G—t into complete
subgraphs, if t = X, zit uit vt [L. Nickel].
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Fig. 116

Fig. 117

8. (@) See Fig. 117.
(b) This is just a re-formulation of the corollary, which has been drawn
from 6.69.

9. (@) Let ex= (X,y), e = (X, 2) be adjacent edges of Gx; we show that t/j(eX),
ip{e2) are adjacent as well. If ev ez are parallel, clearly so are y(eX), ip(e2. Since
G1 —is 2-connected it contains a circuit Cxthrough y and 2, ify ~ z. Then ip(Q

H3*
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is a circuit in Go. Since C -j- e, contains no other circuit, neither does ip(C) -
+ w(ei)- Therefore, 7'l is not a chord of ip(C), i.e. it has an endpoint n not on
ip(C). But C + ex+ €2 contains a circuit C' through exand e2 Then xp(C) C
C y>O - ip(exX -j- y(er) is a circuit in G, containing ip(eX) and ip{e2). Thus there
is an edge of \p(C") adjacent to u. This edge must be rp(e2). So f(ex
and y>€2) are adjacent.

gb) Now let x £ V(BX), and let ev . . ., ek be all edges adjacent to x. Then
iplen), . .., mEk) intersect by pairs and no three of them form a triangle. Hence
there is a point rj(x) contained in all oiy>(€"), . . . , ip(eK). The point rj(x) is unique;
for if am ™ rj(x) also belonged to y(eX), . .., yx&k), then y>e, . . . , ip(ek) would
be parallel; thus ev ... ,ekwould be parallel, i.e. x would have a unique neigh-
bor, which is impossible, as Gx is 3-connected. Hence 1j is well-defined. Let
ndV(G2andfv ... ,fkbe all edges adjacent to u. As above, there is a unique
point x £ V(GX contained in %EH_I,])Q mmm, \>1(/a)- Then rj(x) is_contained in

and hence n = r(x). Therefore, r](X) is onto. Similarly, it follows that
it is one-to-one. Also, if (X, y) = e £E(G), then rj(x), r](y) are endpoints of
ip(e). Therefore 1 is an isomorphism [H. Whitney, see loc. lit. p. 507].

10. If r = 2 the assertion is trivial. Assume r > 2. Let v (vr) bethe point next
to xr (xr), which has degree at least 3. Remove xr and all inner points of the
path joining xr to v from T, and remove x' and the inner points of the (xr, v')-
path from T'. This way we get two trees Tv T[ with endpoints X, ,......... Xr_x
and x[, ..., Xx"_]j, respectively. Obviously, the distance between x{ and X
is the same in T and Tx (1 <Li <. j <1 r — 1) and similarly for T' and T\.
Thus, by the induction hypothesis, Tl ad T[, and, in fact, there exists an iso-
morphism (psuch that (p(q) = x/.

We show that ¢p(v) = v'. Consider the unique {(p(v), x')-path, and extend it to
a path joining xmto x' (I < i < j <, r—1). Then

dixi, Xj) -[- dX'i, xf) — d(X'j, x') = 2d(x’{, v'),
hile
o diq, Xj) + d(x;, xr) — d(Xj, xr) = 2d(xhv).

So by the assumption d{xt,v) = d(x\, v'), which implies that v' = cp(v). It
also follows that d(xr, v) — d(x'r, v'); for

d(xr, ) + d(xr, Xj) —d(xt, Xj) = 2d(xr, v),
dix'r, X)) -f d(X'r, Xj) —d(Xj, Xj) = 2d(X'r, V")

and the left-hand sides are equal by the assumption. Now @ extends to an
isomorphism of T onto T' obviously [E/A. Smolenskii, Zhmnal Vychisl. Mat.
i Matém. Fiz. (1962) 371-372].

11. (a) Let Pjj be the (unique) (x/; x;)-path in T. Let Q be the (unique) (P/;, XKy~
path and denote by v its beginning point. Then, obviously
d(xit Xj) + d(Xj, xK) —d(Xj, xk) = 2d(Xj, v)

which proves (a).
Now consider the two paths Py and PK. They may have 0, 1 or at least 2
points in common. Suppose first that they do not meet, then let Q be the
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(Py, Pw)-path with endpoints n £ F(Py), v 6 V(PK). Let Bit Bj be the (k- u),
(Xj, w)-paths and Rk Bt be the (xk, v), (x,, »)-paths in T. Then

Pik= R, UQURK Pj, = RI{JQ\JRI
Pjk= RjoQU Rk, P, = A,UQU B,

So
djk-\- dji —du + djk = d/j + dK - 2d(u, v),
which proves assertion (b) in this case.

Now suppose that Py and PK have exactly one point v in common. Then
considering the form of paths joining v to xit xp xk xt we get, in the same
way as above,

dij + dd = dik -+ djt = da -¢ djk

Finally, if Py and PK have more than one point in common, then either P ik
and Pji or Pit and PR do not meet and we have the first case by exchanging
indices.

(c) Suppose a tree T' is constructed with endpoints xv . .., xr_ksuch that
dq, ) = djj holds in T* foreach 1 i<j r—1
Let X, X be two points of T' such that
dri + dj —dijj
is minimal. Let v be the point on the (xit 3y)-path in T" for which

d(v, Xj) = j(dri + djj —dr)

and join xr to v by a path of length Py (dri + drJ—djj) (this is possible since these

numbers are natural numbers by (a)). We claim that the resulting tree T satis-
fies d(xk Xj) = dK, for any I <Lk <Cl<Lr. This is trivial unless I = r. It is
also easy to see, when K= r or k= j from the definition of u, so suppose k "
N Te

By (b), two of the numbers dy -f- drk, dir -f d]k, djr + dik are equal and not
less than the third. We claim that djj -|- drk is not less than the other two.
For suppose

djj + drk < dir 4- djk,
then
drk + dj —djk< dri §- dj —djj,
which contradicts the choice of i and j. So, for a suitable choice of indices i, j,
@) djj + dkr = dir Fdjk  djr - dik

Now T itself satisfies (b), and, in fact, the (xr, x;)-path and (xit a;)-path in T
certainly intersect. Hence, by the solution of the preceding problem

(2) d(Xj, Xj) + d(xk, xr) = d(Xj,, xr) +
+ d(xX, xk) > d{Xj,, xr) + d(xio, xk),
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where (i0,jO) is a permutation of (i, j). Since we have d(xh X)) = dt], d(X(Q xr) =
ditr etc., (1) and (2) imply that we may assume io —1i, Jo = j and then (1)
and )] |mply

d(xk xr) = dkr
[K.A. Zaretskii, Usp. Matem. Nauk. 20 (1965) 6, 94-96].
12. (a) The number 21 occurs in {a, + «/:1<li < j <Ln} exactly
"lk+ Wfk+ 1\
MTo. 2r (2/ —2v)
times if | is odd and

"TA+1W4 + 1 + 42, *+ 1"
ANav)\al-2y) 2L 1] 1/ 3

times if | is even. It occurs in {6;+ 6/ :1< i < j < n) exactly
'rJ/i+1U k+ 1 L/*+1|» k+1

o(2v+ 1 el —a2v—1 2 I, I
times if | is odd and

vP + Mi *+1
rr0(2r + 1j \2I—2v—|)

times if | is even. Suppose, e.g. | is odd, then one has to verify that

"li+ lj'k+ 1j="Mfc+ 1 I k+1 |I_HI|* + 12+ [*+ 1"
] 2r J(@A —2) i“ol2r+ Ij Ul - 2r —1j 21V I . ( I j.
or, equivalently,

AU ERB O EERRE A0

which follows from identity (d) in 1.42.

(b) Suppose {af+ aj:1 *<j n) —{btf-hmli< i< j< n}, but
{«/:1<i<;n} N P5:1< i< n). We show that n is a power of 2. We
may assume a-, 6, > 0, since adding any constant to all a, and 6, the condition
remains valid. Set

fix) = J?xa, g(x) = J? xb.
=1 (=1
Then

1*(*) = + 2 xa(+a = f(x2) (- 2 PO,
i=1 la,i<j”n IEi<jEn

gX) =9gx2+ 2 J? xb+hb

tSi<j<.n
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and thus,
9 ~nm

f(X} - 9

We want to substitute x = 1in the last identity, since, then we will have 2n
on the left-hand side. But x = 1is a root of /(x) — g(x); so write

1090 —g() = (L —x)k+p(x) (k> 0, p(l) 0.

() — gAx) = 1(x2 —9(xd), f(x) + 9(x) =

Then

I(x2) - gNo) = (1 , X]k+ pi*2

f(x) - 9(x) p(x)
and

=1+ A = L+ D - 2k+1,

which proves the assertion [J. Selfridge-E.G. Straus, Pac. J. Math. 8 (1958)
847-856].

13. More generally, we prove that, if

h(sv...,sk=j?xiM ... M
(where (cfl, . .. ,cik ™ (cyl, ..., cik) fori ~ j) vanishes for any choice of sX( . ..
see>sk 0.thenax= ...= aM= 0. The assertion of the problem will follow
by considering h = f —g.
Let cv ..., cpbe the distinct values of cik (1 i <, N). Then
h(sv ... ,sK —~>hi(si>e e >sk-i) NI >
where hl is of the same form as h. Setting x-= A(BL . .., s™-i), we have

*i + eoee )(p_ol

f %+ ot (1720

P-ib +'--+4,-1b =0"

We claim that the determinant of this system of equations is non-zero. We use
the formula

yS(n, E)AT*| = x»,
k=0 w

where S(n, K) are Stirling numbers of second kind (see 1.7). Multiply the
(t + st row of the determinant of (1) by i ! and then add S(j, i) times the
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(i + Dstrow to the (j + Dstrow (;= 1. p—1;i=j—1,...,0). Then
we get
cN [cpi 1 o1
0j 0/ X ..o Cp
~0ortr... (p-
GG I cp cp-1 cp-i
\P - 1j lis>—1j 1 - p
= Eligpr )
Thus (1) hasonly the trivial solution for xv ..., xp, i.e. htlev. . ,sk )= 0
for any choice of non-negative integers sv ... ,sk v Usinginduction on
(k = 0 can be considered as true) we find that all coefficients A@BL ..., sk 1)
are o. Thus so are all coefficients in h(slt . . . , sk).
14. Form

ME(GI —x —VY) |
Here each edge is counted at each pair x, y different from its endpoints, hence
2?2\E (B,-X-y)I=||F| -2 ) wam-
y 2 )

x*y
This implies that |£,a1)] = \E(G2\. Now form

2 E@Qi- x0- y)»

where xo is fixed. If e is an edge adjacent to x0, then eis counted here |F| —2
times; otherwise, it is counted |F| — 3 times. Thus,

yér«lE{$i - %0- Y- (1 - 3) \EGI)\

is the degree of xo in a,. Since this value is the same for i= 1 and :,
daA*g) = da,(x0).
Finally, we have

wam — E(Gt—x —y) 1= doi{x) + da(y) —e(K Y),

where er(x y) is the number of (x, y)-edges in Gt. Since the other terms do not
depend no i, we have ex(x, y) = ez(X, y), i.e. Gv Gz are identical.

15. (@) Let Hv H: be two circuits with F(//j) = V(H2 — V. Then Hx—x
is a path of length |F| —2 and so is H2—x. So Hx—x ad Il —x for all
X £ F, but, of course, I1xand H:z need not be identical. Thus the assertion is
false.

(b) Let G — x have f(H, Gt —x) subgraphs isomorphic to H. Form

)%eV/(ﬂ -G - X
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Then each subgraph of G- isomorphic to H is counted here )F| — 1IV(H)\
times, so
2 Gi-x) = (\VW\- \V(H)\) f(H, Gt).

xev

Since IFI > IV(H) I by the assumption and the left-hand side is the same
for r= 1, 2, we get

(A, GY) = f(H, G2
as stated. The same argument works for induced subgraphs.

(c) Suppose first that Gxconsists of an isolated point and a connected com-
ponent H on IF| — 1 points. Then G: has an induced subgraph H" isomor-
phic with H, by the preceding assertion. Since we have, by the preceding
assertion again, \E(GX\ = \E(G2)\, it follows that G: has no edge other than
those of H', i.e. Gz consists of H' and an isolated point. Thus Gxsd G2

Conversely, if G2 has a component with |F| — 1 points then, similarly, Gxad
ad G2 Thus, in every case, the number of components of Gxand G- isomorphic
with H, where |F(#)| = |F| — 1, is the same.

Suppose that this holds for each connected graph H with |F(H)| =
= IFl —1,...,k4- 1 Let IV(H[= k To get the number of components
of G isomorphic with H we count all induced subgraphs of Gt isomorphic
with H and subtract the number of induced subgraphs, isomorphic with Hr
of larger components of Gt. By the preceding problem and the induction hy-
pothesis, this number will be the same for i — 1 and 2.

So Qj, G2have the same number of components isomorphic with any given H,
hence G+ G2 [P.J. Kelly, Pacific J. Math. 7 (1957) 961-968; for a survey
on the reconstruction problem see J.A. Bondy-R. Hemminger, J. Graph
Theory 1 (1977) 227-268.]

16. (a) First we remark that since
dm(x) = |[F] - 1- \E(Tj- *)| = |[F| —1— E(T2- x)\ =
= de(X),

T1and T2 have the same endpoints. Let IF be the set of these endpoints.

If IF1= 2,then both Tv T2 are paths and thus T xod T 2 We will assume in
the sequel that [TH ~ 3.

Let P be any maximum path ini7land x an endpoint not on P. Then by T2 od
od X= Tx—/ DPit follows that T: also contains a path of the same length.
Hence the diameter of T is at least as large as the diameter of Tv This being
true conversely as well, it follows they have the same diameter d.

(b) We discuss the case of even d. The odd case is simpler. Let ¢- be the
center of Tt. We may assume d > 2 since, if Ttis a star, then it contains a
point of degree n — 1 and hence, the other tree is also a star.

1° Suppose first that Tt —x has diameter d for each endpoint x.

Let us determine the number m((Z>) of branches of Tj attached to ¢-, which
are isomorphic to a specified tree D with a specified “root” (i.e. with a speci-
fied point to be attached to c,). We prove by “backwards” induction that
mxD) = mz(D). If |F(2)| > |F]| this is trivially true.
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Let us count the number of all occurrences of branch D attached to the center
of Tj —X XEW. Then by TXx—xs4T2 —Xx, we obtain the same number.
The branches of T1—x isomorphic to 1) arise in two ways; they are either
branches of T, themselves or arise from a larger branch of Tt by removing x.
The numbers of branches D of the graphs T, — x arising from larger branches
of Ttare the same fori = 1, 2 since T xand T 2 have the same larger branches.
Therefore, the numbers of branches D of the graphs Tt —x, which are bran-
ches D of Tj are the same for i = 1, 2. Since each branch D of Tt is counted
IWA — I times, where | is the number of endpoints of D, this proves that
m~D) = m2:(D). Thus mxD) = m:(D) holds for any rooted tree D. This
implies that T{ AT 2

2° Let us assume that there is exactly one point x0such that the diameter of
Tl-x o= T2- x0is less than d. Then there must be exactly two branches

B\, B: attached to c, in Thwhich contain a— -path; there may t)\e any number

of other branches. B[ contains exactly one point at distance— from ct; B2
contains at least two such points. 2

2° (a). Suppose first that neither of B\, B\ is a single path. Then B is the largest
branch in the trees T, —x (x £ W — {x0}) relative to the center, which has at

least two points at distance— from the root and so, B\ and B\ are isomorphic
2

rooted trees. Hence it follows as in 1° that Tv T: have the same branches
attached to their centers.

2° (b.) Assume B\ isa.single path. Then the endpointxlofT|—xo adjacent to
x0 has the property that it is contained in all (d — I)-paths of T x— x0. Hence
7'2—x0also contains an endpoint x2, which occurs in all (d — I)-paths. Now
x0 must be adjacent to x2in T 2, since otherwise both x2and x0Owould be end-
points of T2 contained in all d-paths, a contradiction. x0is connected to corre-
sponding points of Tx—Xo a* T>—x0, i.e. Tx T2

3° The case when Tx—xun T, —x has diameter d — 1 for two points x
(it clearly cannot have diameter d — 1 for more than 2 endpoints) can be
treated anologously [15.15; ibid.].

17. (@) Let H be any graph on n points and let \G -> H\ denote the number of
those mappings 9: V(G) —= V(H), which are one-to-one and map adjacent points

onto adjacent points. Then \G—»H\ can be expressed by an inclusion-exclu-

sion formula as follows. For each S c; E(G) let Gs denote the graph (V(G), S).

Then, by a method similar to the one in 5.18,

\G-*H\= 2 (=1)§]0s-»H.

S S E(G)

In particular,

(1) 107r0*1= 2 (—DWiefis —e.i,
SCHG)

(2)

SEHG)
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Here, the graphs G1S (Sa E(G1) and G: s (S'cz E(G.,)) are pairwise isomor-
phic; this follows just like 15.14b. Moreover,

1",E(G.) *+®2| = \Gy — B2\ = o
since Gx has more edges than G2 Similarly,
™MSG) — |I—0
Thus, the right-hand sides of (1) and (2) have the same terms. This implies that
\Gy G21= |G2-*G2| >0.
Thus Gy has a one-to-one mapping into G,. Since they have the same number
of edges, Gy ™ G2 [L. Lovasz, J. Comb. Theory 13 (1972) 309-310].

(b) We may assume V(Gy) — V{G2) = V. Consider a random permutation
ti of v. Denote by Ay (By) the event that e, is mapped onto a pair of non-adjacent
points in Gy (in G2). Define, as in 2.2a,

A =11 A By=// By
U: il

Oj= aj= 2 p(B")-

Viv=j Viv=j

Note that as in 15.14b or part (a) it follows that
g—oj for j=01,.. m—1
Denote by A and £ the numbers of Ay a and B.’s that occur. Then by 2.7b,

m m

) = %zo('*- yar E(**’):7=)6(X-iYa).

Hence
(@) E()- Em = (x- 1I (am- dm.
Set here X — —1 and use the trivial relations

1®((-1)Y1~ 1 and \E((-D*)\ <, L
Then we get by (1)

lom on C 1 <Cl

2m~-1 nt

by hypothesis. But from the definition of the probability field, amand dmare
rationals with denominator n!. Hence they must be equal.
Now, taking the constant terms in (1), we obtain

P(ri = o) = P(£ = 0).
But, if a is the identity, then £= 0. So
P(V=o0)= P(E=0)>0,
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i.e. there is a permutation, which maps each e, onto an edge. Thisis then an
isomorphism between Gx and G2 [W. Miller, J. Comb. Theory [B] 22 (1977)
281-283].

18. We are going to show that, if |[F| —k — 1, then
\E(H1-X)\ = \E(Ht -X)\.
Let X It ..., Xtbe the ~tuples containing Y (t — |F| —k -~ 1). Then

(1) 2T Hr- Wol = (W -k -r+ 1)\E(H: - X)\,
i=i

which follows by a simple counting. Similarly,

) A NE(H:- A) - (WM -k-r+1) E(Ho- X\
1=l

Since the left-hand sides of (1) and (2) are equal and \W\ — Kk —r-f-1 > 0,
(1) and (2) imply that \E(H: —T)| = \E(H2 —F)|. Similarly this follows
for each Y with |F| <; k

Let T C V, \T\ = r. We want to calculate the multiplicity of T as an
edge of Hi, i.e. we want to determine the number of those edges of Hb which
do not belong to Ht —t for any t £T. By inclusion-exclusion, this number is

2 <"DX1B/A-w)

X ¢

Since k”>r, this number is the same for i — 1,2. Hence Hv H: are identical
[V. Faber, Hypergraph Seminar, Lecture Notes in Math. 411, Springer, 1974,
85-94].

19. Let v,(X) denote the multiplicity of | C F as an edge of H, (i = 1, 2).
The assumption implies that

(1) MX - D) + M(X) = vAX - {a}) + vAX),

since ViX—{&;}) + Vi(X) is the multiplicity of the edge X — {&} in H,\x.
Assume now that H: ~ 112 Then there are sets X ZV with vAX) == (X).
Let X be a minimal such set. Then by (1), v{X —{&;}) v2AX — {&:}) for any
X£X. This is only possible, if X = 0. So we may assume r1(0) > vz{0).

We prove by induction on |A| that

~(N) > vo(X), if W is even,
NA) < vo(X), if |A| is odd.
This follows easily from (1). In particular,
Vj(2) > vo(X) > 0, if |Z]| is even,
i.e. every even subset of V is an edge of Ht. Similarly, every odd subset of V

is an edge of H: [see C. Berge, Hypergraph Seminar, Lecture Notes in Math.
411, Springer, 1974, 1-12].
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20. (a) Let hom (A, b) andepi (A, B) denote the numbers of homomorphisms of
A into B and epimorphisms of A onto B, respectively. Observe first:

(*) Ifepi (Gv H) = epi (G2 A) for every A, then Gx G2

In fact, we have epi (Gv G2) = epi (G2, G2) > 0, epi (G2 G2 = epi (Gv G2) > 0,
i.e. Gv G, are epimorphic images of each other. Since they are finite, they must
be isomorphic.

So we want to relate hom(6r,, A1) and epi(6,, H). Obviously, each epimorphism
is a homomorphism and a homomorphism is an epimorphism iff every edge of
H is in the image. So we can use the inclusion-exclusion formula and get

epi (G, H) —hom (Gh Il) — ~  hom (Gt H —¢) 4-

eiE(H)

+ hom (G, H —ex—e2) —. .. = (— 9 hom (G, H—S).

{e., e} Q E(H) S £ E(H)

Since the right-hand sides are the same for i = 1,2 and any fixed //, we con-
clude that

epi (Gv H) —epi (G2 H)
holds for every graph H. By (*), this implies that 621 G2

(b) Let mon (A, B) denote the number of monomorphisms (= one-to-one
homomorphisms) of A into B. Again,

(*) if mon (H, Gj) = mon (H, G2 for every H, then G: —G2

In fact, mon (G2 G2 = mon (Gv Gt) > 0,mon (GVG2) = mon (G2,G2) > 0,i.e.
Gv G2 have monomorphisms into each other, whence6rx G2 follows because
they are finite.

To relate mon (H, Gt) and hom (//, Gj), observe that a homomorphism is a
monomorphism if and only if it does not identify any pair of points. Let
&[(xv yx), . .., (Xk yK)) be the least equivalence relation such that xit yt belong
to the same class (i = 1, ..., k) and denote, for any simple graph H and equiv-
alence relation 0 on V(H), by I1j0 the simple graph obtained by identifying
the points in every given class of o and forgetting about multiplicities of edges
in the resulting graph. Then we can express mon(//, G) by inclusion-exclusion.

mon(H,G) = hom(H,G) — J? hom (A/8%Yi), Gt) +
{X, Vi}s v(H)
+ n hom (F/B(ALW>(ey,», G) — ... =
X,y B#{x,ys}£ V(H)
(V(HI\
2 (“Dk 2N =hom (A/e(XM).....G).

k=0 {Xi,y }#...#{x4,yt>c V(H)

Again, the right-hand side is the same for i = 1 and 2, so mon (A, GK =
= mon (H,G2) and (*) proves the assertion [L. Lovasz, Periodica Math. Hung.
1 (1971) 145-156].
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21. Let @9y :H —=Gr be homomorphisms, and set
t(v) = (y(v), \p(v)) (Vi V(H)).

Then, as is easily verified, | is a homomorphism of H into G, xG,; conversely,
each homomorphism of H into Gxx G, arises uniquely in this way. Hence

@ hom (A, Gj XGj) = (hom (H, Gj)2
Now we have
(hom (A, Gj))2= hom (H, G:xG1) = hom (H, G2xG2) = (hom (H, G)))2
and, since hom (H, Gt) > 0,
hom (H, Gj) = hom (H, G2).
This holds for any H, so by 15.19b, we get Gyad G2 [L. Lovasz; ibid.].

22. (a) Wetry F = K2 Then observe that, if v £ ViGj), then (v, x) £ F(Gxx F)
has the same degree as v. Therefore, G: and G2 must have the same degrees.
A simple non-isomorphic pair with the same degree sequence is shown in
Fig. 118. Forming the direct products with K 2 (we set V(K2 = {1, 2}), we get
two disjoint 6-cycles in each case, as shown in Fig. 119.

Fig. 118

e,Xx2

Fig. 119
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(b) Let H be any graph. For reasons similar to those in the preceding solu-
tion,

N hom (H, Gy)hom (H, F) = hom (H, GyxF) =

= hom (H, G2xF) —hom (A, G2) hom (4, F).
We want to show that
) hom (4, Gj) hom (4, F') = hom (A, G2 hom (H, F").

If hom (H, F') —0, then (2) is trivially satisfied. 1f hom (H, F') > 0 then, ob-
viously, boT(4A, F) > 0, so (1) implies that hom (H, Gy) = hom(H,G2), whence
(2) follows again.

(c) The relation (G ¢« H)° —G°xH®° formulated in the hint is easily verified.
Then
0“xdA° = ((?! « H)° c¢* (G2 « H)° = GnXHO0.
Let E° denote the graph with one point and one loop. Then E° is a subgraph of
H° and so by (b)
G\N"GIXEo"GaxE°NGI.

(d) The assertion formulated in the hint follows by an argument similar to
the one in 15.20b except that Q((xv yy), .. (xk yK} must be interpreted as
the least congruence relation containing the pairs (xv yy (xk, yN.

Now suppose that Gv G2 F are finite groups and

GyxF o0dG:xF.

Denoting the number of homomorphisms of the group H into the group G by
hom (H, G), we have

hom (A, Gj) hom (A, F) = hom (A, G2 hom (A, F),
for each finite group A. Since hom (A, F) ¥=0, this yields

hom (4, Gy) = hom (A, G2,
whence Gk G2
For finite rings the proofis the same. In fact, it is the same for any three alge-
bras G], G2 F provided F has a 1-element subalgebra. [For a generalization to
categories see L. Lovasz, Acta Sei. Math. 33 (1972) 319-322.]



Dictionary

of the combinatorial phrases and concepts used

Abel identities: see 1.44.

Adjacency matrix of a graph G with vertices vv . . ., vn: the matrix Aa =
— (alj)?,j=i> where atj is the number of (vt, ig)-edges.
Adjacent: see graph.

Arborescence: a digraph G with a specified vertex a called the root such that
each point x ™ a has indegree 1 and there is a unique (a, A)-path for each
point x. Arborescences can be obtained by specifying a vertex a of a tree and
then orienting each edge e such that the unique path connecting a to e ends at
the tail of e An inverse ~ is the digraph obtained from an arborescence by
inverting its edges.

Automorphism of a [di\graph: a permutation a of V(G) such that the number
of (x, ?/)-edges is the same as the number of (a(X), a(«/))-edges (x, y 6 V(G)).
We also speak of the automorphisms of a graph G with colored edges. This
means a permutation a such that the number of (x, y)-edges is the same as the
number of (a(k), a(y))-edges with any given color. The set of all automorphisms
of a [di (graph forms a permutation group A(G).

Balanced circuit in a hypergraph: a circuit (ag, Ev ... ,xk EK) such that either
K = 2 or there is an incidence xt£ Ej, where j =Ai, i — 1 and (i,j) ™ (4, K).
—hypergraph: ahypergraphinwhich every circuit of odd length is balanced.

totally ~ hypergraph: every circuit is balanced.
Bell number: see partition.

. . . . i
Binomial coefficient : the number of ways to select kK elements out of n.

One has
.1, w 1 =»(n-1)...'»-i+1) O mE*r<
Uj *1»>—*1 £l
and bg definition Ek\ -1 ('l,(: 01 )
0]

Formula (1) defines b for any real (or complex) value of n.
K
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Bipartite (2-chromatic) graph’. A graph G admitting a bipartition or 2-coloration
{A, B} of its points such that each edge connects a point of A to a point of B
(cf. chromatic number).

Block of a graph G: a cut-edge or a maximal 2-connected subgraph. Each edge
is contained in a unique block. Blocks could also be defined as classes of the
equivalence relation on E(G) defined by “e and / are on a circuit or e = /”.
The blocks of a graph give a “cactus-like” structure; each point belonging to
more than one block is a outpoint, and the number of branches relative to any
point is the same as the number of blocks containing this point (Fig. 120).
Blocks containing one outpoint are called endblocks.

Fig. 120

Branch of a graph G relative to a point x: a subgraph consisting of a com-
ponent Gxof G — x, the point x and all edges connecting x to Gv

Bridge of a subgraph Gp. A (connected) subgraph B such that either B consists
of a single edge with both endpoints in Gxor B consists of a connected compo-
nent of G — V(Gf) together with all edges connecting this component to G Land
their endpoints in Gv The bridges of Gxpartition E(G) —E(GX; i.e. they could
also be defined as classes determined by the equivalence relation “ex~e* iff
ex= e2or there is a path connecting e, and e2disjoint from G .

Brooks’ Theorem: see 9.13.
Brun’s Sieve: see 2.13.
Burnside Lemma: see 3.23.
Cayley Formula: see 4.2.

Characteristic polynomial of a graph G: The polynomial pa(X) = det (XI —Aa),
where Ao is the adjacency matrix of G. This clearly does not depend on the
labelling of points. The roots of the characteristic polynomial, i.e. the eigen-
values of Ag, are called the eigenvalues of the graph G.

fChord of a subgraph 6 jC 6 : an edge e £ E(G) —E(GX connecting two points
Ooft?!.

34 Lovasz
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Chromatic index of a [hyper]graph G: the least integer k for which the edges
of G can be ~-colored such that adjacent edges have different colors. We denote
it by q(G). Clearly q(G) = x(L{G)).

Chromatic number of a graph [digraph, hypergraph\G: the least integer k for
whichG has a “good ~-coloration” (see below), we denote this number by %G).
Clearly, %G > 0, if G is non-empty; %G > 1, if E(Q) is non-empty. %) =
= 00 if G has a loop [or, when G is a hypergraph, it has an edge with less
than 1 endpoints].

Chromatic polynomial PO(5)) of a graph G: the number of good Scolorations of
G@H= 0,1,...). This turns out to be a polynomial in A (for fixed G) and so,
its definition can be extended to all real (or complex) values of A Note that
two SAcolorations differing in the labelling of colors count as different.

Circuitin agraph: awalk (xx ev ..., Xk ek xk+l)such that xv  , xkare dis-
tinct points, el, . . ., ekare distinct edges and xx=xk+l. If the graph is simple,
we will denote it by (xv ..., xK).

~ in a digraph: a circuit in the graph obtained from G. by replacing each
oriented edge by an unoriented one with the same endpoints. Cf. cycle.

~ in a hypergraph-, a sequence (xv Ev ... ,xk Ek), where xv ..., xk are
distinct points, Ev ... Ek are distinct edges and x, £Et (i= 1,... K),
XHLEEt (i = 1,... kK—1) and xx£ Ek K is the length of this circuit.

Cligue: a maximal complete subgraph of a graph.

Clutter: a hypergraph in which no edge contains another.

_ Collection: a set S together with an assignment of positive integers called mul-
tiplicities to the elements of /S; anything not in S can be said to have multipli-
city 0. Iford Si are collections then @1 & is defined as the collection in which

the multiplicity of x is the sum of its multiplicities in<land Si. nuw/1 = X -f . ..
m

<A m-collection: a collection in which each element has multiplicity
less than m. mx is the set of all m-collections of elements of X.

Coloration: a (legitimate, good) ~-coloration of a graph [digraph, hypergraph]
is an assignment of “colors” (usually one of the integers 1,.. K) to the
points such that the endpoints of every edge have different “colors”.

~-colorable graph [digraph, hypergraph]: it has a good ~-coloration.
Complement of a simple graph G: the simple graph G defined by
FHG&0 =: V(G), E(G) = «x. Y) :X Y £ FG),x ®y, (x vy) $EG)}.
Clearly (G) = G.
~ of a simple digraph G: the simple digraph G defined by
V(G) = V(G), E(G) = V(G) x V(G) - E(G).

Complete graph: a simple graph in which any two distinct points are adjacent.
A complete graph on n points will be denoted by Kn.
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Complete bipartite graph: a simple graph whose points can be partitioned into
two classes U, W such that two points are adjacent iff one of them belongs
to U and the other to w. If \U\ = n, and \W\ —m, then the complete
bipartite graph is denoted by Krem

Component (connected ~) of a graph G: a maximal connected sub-
graph of G. Any two connected components of G are vertex-disjoint and each
vertex (and edge) belongs to one of them. Their number is denoted by c(G);

et(G) denotes the number of those connected components with an odd num-
ber of points.

strong ~ (of a digraph): maximal strongly connected subgraph.

Connected graph-, a graph, which is not representable in the form GxUG2,
digraph where Gt and G: are vertex-disjoint non-empty graphs. Equivalently:
any two points are connected by a path in the graph.

weakly ~ digraph: a digraph not representable as GI U G2 where Gv G2
are vertex-disjoint non-empty digraphs.

strongly —e digraph: a digraph in which any two points are connected by
a (directed) path.

~—hypergraph: itis not representable as//, U H2 where A,, H: are vertex-
disjoint non-empty hypergraphs. Note that if O£ E(H), H is not connected.

-connected between a and b: if less than lepoints (© a, b) and/or edges are
removed, there still exists an (a 6)-path in the [dijgraph (removal of edges
is only needed when a, b are adjacent).

~ [dijgraph G: on at least k - 1 points, k-connected between any two points.
Equivalent formulations: \WV(G)\ [> kK (- 1 and G — A is [strongly] connected
for any set IcF (0), |X| <[ kK—1 Or, for a graph: G cannot be represented
as 6 UG2 where V(Gf), V(G2 ~ V(G) and IFffI™Y) MV(GA\< k- 1 The
complete graph K nis thus (»—I)-connected but non n-connected. Connected
and 1-connected are equivalent for graphs with at least two points.

Contraction of an edge e of a [digraph : removal of this edge and identification
of its endpoints. Contracting a subgraph means contracting all edges of it
(the order in which the contraction is made is irrelevant). Note that multiple
edges may appear.

&-cover of a \hyper)graph: a collection of points such that each edge contains
at least Icof them. (Point-) cover: 1-cover: A /=cover can also be regarded as a
mapping t: V(G) {0, 1, .. .} such that £ t(x) > «kfor each edge E.

X€E

fractional cover: an assignment of a non-negative real weight t(x) to each
point Xsuch that x£eE Kx) Sa 1 f°r every edge E.

Critical: a graph Gis called (edge-)critical with respect to property P, or criti-
cally having property P if G has it but, on removing any edge, the resulting
graph will not have property P. Point-critical is defined analogously.
«-critical: «(G—{e}) > «(G), for each edge e.
1-critical: y(G — {e}) < y(G), for each edge e
%critical: r(G — {e}) < r(G), for each edge e.
v-critical hypergraph: v(H —x) = v(H), for each x £ V(G).
factor-critical graph: G has no 1-factor but G — x has a 1-factor for each point x.

34*
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(a, 6)-cut: aset F of edges representing (covering) all (a, &)-paths. The cut de-
termined by S ¢.V(G) is the set of edges connecting S to V(G) —S. If Cisa
cut in the digraph G determined by S', then C* is the cut determined by
V(G) - s.

Cutset (separating set):aset of points [edges] in a connected graph whose remov-
al results in a disconnected graph. A outpoint [cut-edge'ov isthmus\ is a point
[edge] forming a cutset by itself.

Cycleindigraph: a walk (xv ev . . ek xk+l), where xv .. xkare distinct and
Xxk+1 = bi-

cycle index of a permutation group I : the polynomial
pr(xv ... xn = for X1 () mmmxm()

where n is the number of objects I" acts on and kt(n) is the number of r-cycles
in the cycle decomposition of the permutation n.

Degree (valency) of a point x in a [hyper]graph G: the number of edges con-
taining x (in the case ofgraphs a loop is counted twice). The degree of x is denoted
by da(x). d(G) denotes the maximum degree of G. A graph is k-regular if every
point has degree X The indegree [outdegree] of a point xin a digraph G is defined
as the number of edges with their head [tail] in X\ they are denoted by da(x)
and o(x), respectively.

Diameter of a graph G: the maximum distance between points of G.

Digraph: a set V(G) of points or vertices, a set E(G) of edges, and an assignment
of an ordered pair of points with each edge; the first and second elements of
this pair are called the tail and the head of the edge, respectively. Two edges
are parallel, if they have the same heads and tails. The digraph is simple, if it
contains no two parallel edges. In this case, E(Q) can be considered as a subset
of V(G) X V{G). IfG is a graph and for each edge we declare one of its endpoints
to be its head, the other one its tail, we obtain a digraph called an orientation
of G. Ife —(x, y) £ E(G) we use either of the phrases: e is directed from x to y;
y can be reached from x on e; e leaves x and enters y. Cf. also graph.

Distance between two points x, y in a graph G: the minimum length of (x, y)-
paths; if no path of G connects x to y, their distance is °o. It is denoted by
dQ@x, y) — or shortly d(x, y), if the graph G under consideration is well-deter-
mined.

Dual map’of a connected planar map G: the map G* constructed as follows.
We select a point xFin each of the faces F of G; these will be the vertices of G*.
Also we select a point peon each edge e of G. We connect each point peto the
points xp, xF, by Jordan curves Je, interior to F and F', respectively, where
F, F' are the two faces adjacentto e. If F = F' (i.e. the same face of G bounds
e from both sides), then Je, J'e should connect pe to xF such that they leave pe
on different sides of e (this happens, ifeis a cutting edge). Moreover, let us choose
Je, Je such that the arcs Je connecting xFto points pe on the boundary of F
should have no point in common other than xF. Set e* = JeU Jeand E(G*) =
= {e* :e 6 E(G)}. Then G*is a planar map and is, essentially, uniquely defined,
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i.e. if G* is another dual map of G, then there is a homeomorphism mpof the plane
onto itself such that rp(X) —x for each x(i V{G), «s(e) = e for each e£E(G),
R(F(6r*)) = V(G*) and if e* is the edge corresponding to e* in G*, then <pe*) —
= e* The dual of G* is G. The above construction and these last assertions in-
volve much from plane topology that we accept here without proof (Fig. 121).

Fig. 121

Edge: see graph, digraph, hypergraph.
Edge-cover of a \hyper]graph: a set of edges containing all points.

fc-edge-connected between a and b: the removal of no more than k — 1 edges
results in a [dijgraph containing an (a, 6)-path.

~ [dijgraph: /c-edge connected between any two points. Equivalently: the

removal of no more than &—1 edges results in a [strongly] connected [dijgraph.

Edmonds’ Matching Algorithm: see 7.34.
Elementary bipartite graph: see 7.7.
Empty [hyper]graph: has no points and no edges.

Endomorphism of a [di]graph G: a homomorphism of G into itself. The set of
all endomorphisms of G with the composition as multiplication, form a semi-
group, denoted by End(G).

Endpoint of a graph G: a point with degree 1.
~ of an edge: see graph.

Erd6s de Bruijn Theorem: see 8.14.

Erdés Ko Rado Theorem: see 13.28.

Erdés Stone Theorem: see 10.38.

Euler-trail: a trail containing all edges of a [dijgraph.
Eulerian \di]graph: it has an Euler-trail.
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Euler’s Formula: see 5.24.
Face: see planar map.

f-factor of a graph: given a function/ defined on V(G) an /-factor is a spanning
subgraph G' such that dG(x) = f(x) for each point x. A 1-factor is, therefore,
a system of independent edges covering all points.

Ferrer’s diagram: see 1.16.

{a, 6)-flow: a non-negative real valued function / defined on the edges of a
digraph such that, for each point xo © a, b,

= I(®)

2 M 2
e—(x,.y) €E(G) e=(y.x,,) €E(G)

(i.e. the amount of “water” entering x0is the same as the amount leaving it;
“Kirchhoff’s Law™). The value of an (a, 6)-flow f is

wf) = fle)= — 2 /(9

e*i(a,x) e=>(x,b)
Forest: a graph without circuits. The components of a forest are trees.
Frucht’s Theorem: see 12.5.

Gallai Edmonds Structure Theorem: see 7.32.
Generating function of a sequence {an}™0: the function

f(x) = = anxn.
n=0

exponential f(x) = — %
P ) %Po n\

Geometric lattice: a lattice L such that L is generated by its atoms and when-
ever x covers x J1y, x Vy covers y. The rank r(x) is defined as the maximum
length of (0, a;)-chains less one. This function satisfies: r(x) 0, x > x' —»r(x) >
Nor(x'), if x coversy, then r(y) <Cr(x) N r(y) + 1, and r(x Vy) + r(xfly) <,
< r(X) -|- r(y). Examples of such lattices are the lattices of subspaces of any
subset of a projective or affine plane.

Girth of a graph G: the length of its shortest circuit. The girth is 1iff G has a
loop and it is 2 iff G has multiple edges.

Graph: a graph G consists of a finite set V(G) of points (vertices) and a finite
set E(G) of edges, and an assignment of an unordered pair of elements of V(G)
to each edge e 6 E(G), called the endpoints of e. We write G = (V(G), E(G)).
An edge is said to join or connect its endpoints. If e connects a to y then e is
called an (x, y)-edge. An edge with two identical endpoints is a loop. Two edges
with the same pair of endpoints are parallel or multiple. The graph is simple if
it has no loops or parallel edges. In this case we may consider E(G) as a set of
2-subsets of V(G). An edge and a point are adjacent (incident) if the point is an
endpoint of the edge. Two edges are adjacent if they share an endpoint. Two
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points are adjacent (neighboring) if they are connected by an edge. The set of
edges adjacent to a point is its star. The set of points adjacent to X C V(G) is
denoted by Ma(X) or simply '(X) if the graph in question is clear from the
context. Graphs without loops are special hypergraphs (cf. also digraph).

Hajés’ Construction: see 8.16.

Hamiltonian circuit [cycle, path) : a circuit [cycle, path] containing all points
of a [dijgraph.

Hamiltonian [di)graph: it has a Hamiltonian circuit [cycle].

Homomorphism of [di]lgraph Gxinto [digraph G2: a mapping : V(Gf) -*
“m V(G2 such that if (x, y) £ E(OX, then (y(X), <py)) £ E(G2.

Hypergraph (set-system): a hypergraph H consists of a finite set V(H) of
points (vertices), a finite set E(H) of edges and an assignment of a subset of
V(H) to each edge E, the set of endpoints (elements) of E. So we write H =
= (V(H), E(H)). Two edges with the same endpoints are parallel. The hyper-
graph is simple, if it contains r o parallel edges. In this case, E(H) can be con-
sidered as a set of subsets of V(H). An edge and a point are called incident, if
the point is an endpoint of the edge. The hypergraph is r-uniform, if every edge
has r endpoints. A 2-uniform hypergraph is a graph without loops. The
complete r-uniform hypergraph on n vertices is a simple hypergraph having
all r-subsets of its vertex set for its edges. It is denoted by K n.

Identification of two points x, y of a [di]graph G results in a [dijgraph G'
with V(G) — V(G) — [x, y¥) U {xy}, where z = xy denotes a new point, E(G")=
= E(G) and each edge e £ E(G) should have the same endpoints in G' as in
Gexcept if it has had x or y as endpoint it should have xy instead. Thus each
(X, y)-edge becomes a loop in xy.

Incidence matrix of a graph G with vertices vv .. ., vnand edges ev .. ., em:
the matrix BG= (bj)%xjLi, where btj= 1, if \j and ey are adjacent and 0
otherwise.

Incident: see graph, hypergraph.
Inclusion-exclusion Formula: see 8§2.
Independent points in a [di]graph: no two are adjacent. The maximum number
of independent points in G is denoted by a(G).
~ edges in a [hyper, di]graph: no two have an endpoint in common. The

maximum number of independent edges in G is denoted by v(G). Independent
edges from a matching.

= paths in a [di]graph: paths having no points in common except
possibly their endpoints.

Induced subgraph: see subgraph.

Interval graph: a simple graph whose vertices are intervals on a line, and two
vertices are adjacent iff they intersect as intervals.

Isolated point of a graph: a point adjacent to no edge.



536 DICTIONARY

Isomorphism of Gl onto G2: a one-to-one mapping y of (GH) onto F(6?2) and
a one-to-one mapping y of E(Gf) onto E(G2) such that if x is an endpoint [head,
tail] of e, then y(x) is an endpoint [head, tail] of y(e). If Gv G2 are simple,
then y plays no important role and we define an isomorphism as a one-to-one
mapping y of V(Gf) onto F((?2) such that (x, y) £ E(Gt)  (y(x), y(y))dE(G2)

Isthmus: see cut-edge.

Kernel: an independent set s of points in a digraph such that, for each x £
£ V(G) —S, there exists ay £S such that (x, y) 6 E(G).

Konig’s Theorem: see 7.2.

Kuratowski’s Theorem: see 5.38.

Line-graph of a [hyper]graph G: a simple graph L(G) defined by
V(m) = EG),

E(L(G)) = {(e, /) :e | £E(G), ¢ f, have an endpoint in common}.
~ of a digraph G: a simple digraph L(G) defined by

V(L(G)) = E(G)
E(L(G)) = {(e,)) :e f £E{G), the head of e is the tail of /}.
Loop: see graph.

Matching: a k-matchingin a hypergraph G is a collection of edges of G such
that each point belongs to at most k of them (note that repetition of edges is
allowed). A 1-matching is also called a matching. A ~-matching can be consid-
ered as a mapping w:E(G) {0, 1, ...} suchthat »~ w(E) < K for every point

E 3x
x (W(E) is the multiplicity with which E occurs in the matching). A perfect
K-matching is a ~-matching such that each edge belongs to exactly k members
of it (note the difference between this and a /i-factor!). A fractional matching
is an assignment of a non-negative real weight w(E) to each edge E such that
w(E) <l 1 for every point x.

E3x

Max-Flow-Min-Cut Theorem: see 6.74.

Maximum [minimum] means maximal [minimal] in cardinality.
Maximal [minimal] means maximal [minimal] with respect to inclusion.
Menger’s Theorem: see 6.39.

Moebius function: see 2.22.

Moebius Inversion Formula: see 2.26.

Orientation: see digraph.

Parallel edges: see graph, digraph, hypergraph.

Partial hypergraph of a hypergraph H: a hypergraph H' with V(H') C V(H),
E(H") ¢ E(H).
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Partition of a set S: a system {Alt ..., Ak} of disjoint non—emﬂty subsets of
S (called classes of the partition) such that Ak(J. . mlJAk= S. The number Bn
of partitions of an »-element set is called a Bell-number.

~ of a number n: a collection {ax . . ., ak) (aYf> ... "> ak)of positive inte-
gers such that al -\- ... \-ak~ n.
Path in a [di]graph: a walk (xv ev ..., ek, xk+l), where xv , Xktl are dis-

tinct points. It can be denoted by (xv ..., xk+l), if the [di]graph is simple.
(X, F)-path: a path in a [dijgraph, connecting a point of X to a point of Y
and having no other point in common with H j f -

Perfect graph: a simple graph G such that each induced subgraph G' of G

satisfies
<X0)= Z(G).
Perfect Graph Theorem: see 13.57.
Permanent of a matrix (al;)f_1j=1:

per A= J?alM ... anMn),

where n ranges over all permutations of {1, ..., »}

Permutation of a set Q: a one-to-one mapping of Q onto itself. The number of
permutations of an »-element set is »! = 1e2e... o». The identity permutation
is denoted by 1 If yis a permutation of U, x£ Q and y(x) = x, then x is called
a fixed point of y.

cyclic ~ :identify two orderings (xv . . .,xn),(yv ..., yn)ofthesame setS,
if Vi= 4+1>ee¥Yk= xn Mrk+i = xv .. .,yn= xk for some 1<; K<, n,
A class of orderings identified in this way is a cyclic permutation.

~ group: a group I' such that to each yEI' a permutation y~T" of afinite
set Q is assigned such that yb(x) = 6(y(x)) (y, 66 I"). If no confusion can arise
we will assume the elements of ' are permutations themselves, the same per-
mutation occurring possibly several times. If y = &6 implies y = S, or, equiv-
alently, y A. fory 1, the permutation group is called effective. If for any
pair x, y £ Q there is a'y 6 I' such that y(x) = y the group is transitive. If, for
any pair x, y£.Q, there is at most one y £I" with y(x) = vy, or, equivalently, no
y €I, 771 has fixed points, the permutation group is semiregular. If it is
both semiregular and transitive it is called regular. In this case |F'\= \Q\
and the elements of U can be identified with the elements of I' such that y(d) =
= by forall y, p£T.

Petersen graph: see Fig. 9, p. 71.
Pfaffian of a skew-symmetric matrix {a = A(ie ait= 0, atf= —a;i):
Pfnr4 = 22 eoh,.... injn aiji> « .« «
where is the sign of the permutation
12 ... 2»—12»
Hjl e¢¢ in jn.

and the summation is taken over all partitions of {1, ... 2»} of the form
{{ii, ji}, ==« {in, jn}}- It i8 easy to see that the term corresponding to parti-
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tion {{ipjj), ... {#.jn}} does not depend on the order of classes and/or the
order of the two elements within a class.

Planar map: a graph whose vertices are points in the plane and whose edges
are Jordan curves in the plane (ending in their corresponding graphical end-
points) with no point in common except their endpoints. A connected compo-
nent of the set obtained by removing the edges and vertices of a planar map
from the plane is called a face (region, country). The boundary of a face is al-
ways the union of certain edges; if the map G is 2-connected as a graph, the
boundary of each face is a closed Jordan curve, consisting of the edges of a
circuit in G

~ graph: a graph G isomorphic to a planar map. Such a planar map is
called an embedding of G in the plane.

Point: see graph, digraph, hypergraph.
Polya’s Enumeration Method: see 3.26-30.

Product of two simple [digraphs: we consider three kinds of products:
(weak) direct ~ Gi1xG:2 of Gxand G2, defined by

V(Q1 X Gz) =V ( G 1) X V(GZ),
E(G:x G2 = {((*!, x2), (yvy2):(xvyniE(G), (x2y2£E(G2}.
strong direct ~ Gx- G2 of G: and G2, defined by

V(G1 -Gz)=V(G1)XV(GZ),
E(G: G2 =
= {((x1,%2),(y1,y2) :(xv and (x2y2 €E(G2, or x1 = y1
and (x2,y2 gE(G2), or (xv yX) £ E{G™ and xz = y2).
Cartesian ~ G2 © G2, defined by

V{GX® G2 = ViG~y.V(G),

E(G+xO© G2 = {((*!,x2, (yvy2): xx= yxand (x2, y2) € E(G2i
or (xvyj £E(Gt) and x2 = y2)}.

Thus Gx-G2= (6iXOu) U @! © G2 (see Fig. 122).
~ of two hypergraphs Hv H2: the hypergraph Hx x H: defined by

V(HixH2 = V(Hy)xV(H2),
E(Hxx H2 = {ExxE::EleE(HX E:€E(H2}.

Fig. 122
Prufer code: see 4.5.
Pseudosymmetric digraph: see symmetric.
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Ramsey’s theorem: see § 14.
Regular graph: see degree-, ~ group: see permutation group.

Removal of a set X C V(G) from a [hyper-, di-]Jgraph G: removal of points
in X together with all edges adjacent to them. The resulting [hyper-, di-]Jgraph is
denoted by G —X; if X = {x} we write simply G —x.

Restriction of a hypergraph H onto X C. V(H): the hypergraph Hx on the
set X, for which E(HX) is the collection ofsets E X [E £ E(H)). IfX = V(H) —
— Y then we adopt the further notation 11x = H\Y and Hx = H — vy, if

Y ={y}-
Rigid graph: has no proper endomorphism.

Selberg Sieve see 2.14-17.

Semiregular group: see permutation group.

Separate: aset X ofpoints and edges is said to separated and £ (4 , £ ¢ F ((?)),
if it represents (covers) all (A, U)-paths (cf. also cutset).

Sieve Formula: see §2.
Simple graph, digraph, hypergraph: see graph, digraph, hypergraph.
Spanning subgraph of G: subgraph G' such that V(G') = V(G).

Spectrum of a graph G: The spectrum (collection of eigenvalues) of the adja-
cency matrix AqofG. Since Aais symmetric, the eigenvalues of G (the elements
of its spectrum) are real.

Sperner’s Lemma: see 5.29.
Sperner’s Theorem: see 13.21.

Splitting a point x of a graph G into points xv ..., xh:we remove x and replace
each {x, y)-edge (j £ V(G) — {x}) by an (xh y)-edge for exactlyonei, 1 <[ i <, k
Star: a tree with one point connected to all other points.
~ of a vertex of a graph: see graph.

Stirling number S(n, k) (first kind):the coefficient of xkin the expansion of the
product x(x —1) ... (Xx—n 1).
~ §(n, K) (second kind): the number of partitions of n objects into exact-
ly K classes.

Subdivision of a graph G: a graph G' arising from G by replacing each edge e
by a path Pe (of lengths ~>1), connecting the endpoints of e and having no

other point in G, such that the paths Pe(e £ E(G)) are independent. We call the
points of G principal points of G'.

Subgraph of G: a graph G' with V(G') ZWV(G) and E(G') O E(G). We write
G’ CG.

~ of G induced by a set X C V(G): the graph GX~] with F(G[X]) = X,
E(G[X]) = {¢6E(G) :ee X}.
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Substitution of a graph 0 for a point x of a graph H (supposing G and H are
vertex-disjoint): we remove x from H, and replace each (x, y)-edge (y £ V(H) —
— {K}) by the [F(G)| edges connecting y to the points of G.

Symmetric digraph-, a simple digraph such that (x, y) £ E(G), whenever (y, X) £
£ E(G). Pseudosymmetric: d+(X) = d (X) at every point.

System of distinct representatives of a hypergraph H\ a one-to-one mapping q:
E(H) -* V{H) such that q(E) £ E for each E £ E(H). If no confusion can arise,
we also call the range o(E(H)) a system of distinct representatives.

Tournament: a (simple) digraph T without loops in which exactly one of (x, y)
and (y, X) is an edge for every pair x ~ vy, x, y £ V(T).

Trail: see walk.

Transitive tournament: a tournament T such that (x, y) £ E(T) and (y, z) £
£E(T) imply (x, y) £E(T). The points of a transitive tournament have an
ordering (aq, . . ., xn) such that (xi} xf) £ E(G) w»i < j.

~ permutation group-, see permutation group.

Tree: a connected graph without circuits. It may also be defined as a connected
graph such that removing any edge disconnects it; or as a circuit-free graph in
which the introduction of any new edge will produce a circuit. A tree on n
points has exactly n — 1 edges and it always has at least two points of degree

1, provided 17(0) 1> 2.

Triangulation (planar)-, a planar map in which each face is a triangle.
~ of a circuit C: a graph consisting of this circuit and n —3 non-
crossing “interior” diagonals (n is the length of C).

Turan’s Theorem: see 10.34.

Tutte’s Theorem: see 7.27.

Uniform: see hypergraph.

Valency: see degree.

Vertex: see graph, digraph, hypergraph.

Walk in a [di]graph: a sequence (ag, ev . . ., xk, ek, xk+1) in which xv . . ., xk
are points and e-is an (xh xi+l)-edge (i = 1......... K). If the [di(graph is simple
we may describe the walk by the sequence (xv ..., xk+#l). The walk is open
[iclosed] iff xkH ® x~xkH = xf]. The length of the walk is k above. A walk is
a trail if no edge is used twice.

Wheel: agraph obtained from a circuit by connecting all points to a new point
(the “center” of the wheel).

0-graph: a graph consisting of three independent paths connecting two points.



{f(n))
PG(/):

pr(xv ..
per A:
PfA:
G
qgn) 9,
S(n, Io:
V(G)

0C6€(X)
?(a ;<)
v(G):
dQ:

. XN):

Notation

adjacency matrix of graph G.

automorphism group of G,

incidence matrix of G

number of components of G

number of odd components (i.e. components with an odd num-
ber of points) of G

degree of point x in G

maximum degree in G.

distance between points x, y in G

outdegree of point x in G

indegree of point x in G

set of edges of G

endomorphism semigroup of G

ex.

a vector [matrix] all entries of which are |’s.
number of r-cycles in permutation n.

complete /--uniform hypergraph on n points. For r = 2 the super-
script is omitted.

line-graph of G

a function g(n) such that g(n)If(n) is bounded.

a function g(n) such that g(n)/f(n) -+ 0as n  <».
characteristic polynomial of G

chromatic polynomial of G

cycle index of permutation group I.

permanent of matrix A.

Pfaffian of matrix A.

chromatic index of G.

Stirling numbers of the first and second kind, respectively.

set of points of G

the set of integers.

number of (X, V(G) — JT)-edges in G

maximum number of independent points.

set of points in graph G adjacent to at least one pointo f I ¢ F (G).
maximum number of independent edges in G (matching number).
minimum number of edges of G covering all points.
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t(0):
WQ):
o(O):

d(x), d+(x),
(X), etc.:

bK]
D™
G—F,

G—/,
G

Gl UG2
G—X:

G —x:
H\X:

H\x:
G[X\
Hx:
GIF.

Gif:

Glx G2
GlmG2
Gl @G2:

A P

ms:

NOTATION

minimum number of points of G representing all edges.
chromatic number of G

maximum number of points in a clique (or in a complete sub-
graph) of G

abbreviations for d@x), d@x), Na(x) in the case when the graph
G is understood.

integer part of x: largest integer not greater than x.

least integer not less than x.

(where Gis a graph (digraph, hypergraph) and F ZE(G)) removal
of all edges in F (but removing no points).

(where T £ E(G)) shorthand for G — {/}, when no confusion can
arise.

the complement of [dijgraph G

the [di]graph defined by V[GLUG2 = V(GY U V(G2), E{G1U
UG2 = HGY UE(G2 (here Gv G2may have points or edges in
common).

(where is a graph [digraPh, hypergraph] and X &ZV(G))
removal of points in X and all edges adjacent to them.

(where x £ V(G)) shorthand for G — {x}.

(where A is a hypergraph and X & V(H)) the restriction of H
onto V(H) - X.

(where x £ V(H)) shorthand for H\{x).

the subgraph of G induced by I C V(G).

the restriction of hypergraph H onto X &ZV(H).

(where F CZE(G)) the graph arising from graph G by contract-
ing all edges in F.

(where / £ E(G)) shorthand for 6r/{/}.

(weak) direct product of [digraphs GV G2

strong direct product.

Cartesian product.

direct product of hypergraphs Hv H2

sum of the collections aH Sil.

m
(where adis a collection) aA-f ... -f <
the set of all m-collections of elements of S.



B:

Biggs:
ES:

Fe:
FF:

HaII:
Hu:

Mi:
OF:
Ré:

Wi:
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Subject Index

Italics refer to main occurrences.

Examples: Explanation:

5.18, 20, 22-26 85, Problems 18, 20 and 22 through 26, and/or the Hints
or the Solutions to these problems

5.0 Introduction to 85

87 Most of chapter 7 is relevant

Abel identities 1.44; 4.6
affine space 14.23
alternating path 7.3,8,26,34
- circuit 4.24-29; 7.28,31
analytic function 4.20
arborescence 2.23,33; 4.15-17
spanning - 4. 15 16 5.10,11
atom of a Boolean algebra 2.2,6
- of a lattice 2.28,37
automorghlsm grou
16,17; 812; 13. 15.2
averaging method 13 0 12,41

Bell-numbers (Pn) 1.9,10,12

Bernstein’s Theorem 13.6

Binet-Cauchy formula 4.9,10

bipartite graph 4.11,21,31;
6.5; 7.1-21,40; 8.16; 9.30;
11.11,19,22; 13.1,10,50

- elementary graph 7.7-9,15

block 5.35; 6.0; 9.40,55; 10.1,5

Bondy’s Condition 10.21

Borsuk’s Theorem 9.27

breaking a stick 1.37

bridge 6.69,70

Bruck’s Theorem 9.13

Brun’s Sieve 2.13

Burnside’s Lemma 3.24-29

cancellation law 15.22

Cauchy Integral Formula 1.15; 4.7
Cauchy’s Theorem 12.7

Cayley Formula 1.15; 4.2-9,14,18
chain 2.25,34-37; 13.20-24; 14.28
character 11.8,10,17

4.17; 8.15; 11.8-10,

5.1,3,22;
10.15;

characteristic polynomial 1.29; 8§11
characterization, good 5.0
Chebyshev’s Inequality 2.19
choice function 14.28
chord 5.37; 6.35,70; 8.17; 9.24,28,29; 10.2
chromatic index 7.10; 13.56
- number (see also coloration) 8§9;
10.35,38,39; 11.20,21; 13.33-47
- polynomial 9.0,36-49
root of the----9.44-48
Chvatal’s Condition 10.21
clique 9.2; 11.18; 121
coatom 2.37
coloration of a graph 3.23; 4.21; 5.26; 6.8;
7.3-7; 89; 10.35; 11.19-22; 12.11,20,
22; 13.12,33-47; 14.4-6
- of the natural numbers 14.11,12,15,
18-22
- of the plane 14.7-10
- of the power set 14.13-17
compactness 14.19
complete subgraphs, number of 10.40
conic section 10.15,36
connectivity of graphs 86; 12.15
edge - 9.21; 12.14,16
strongly connected digraph 5.3,5,7-9;
6.6,9-13,29; 8.8; 10.41-44
contraction4.17,27; 9.38; 10.3,6-8; 12.12,20
convex polygon 1.39,41; 3.23; 14.30,3)
- hull 6.65; 14.31
coset 3.24
cover 7.1-5,12;
26,30,48-55
fractional - 13.30,48-55
&-cover 13.26,49,50

8.2-4; 10.18,31; 13.25,
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covering number of circuits 10.16-18
Cramer’s Rule 1.27,28; 4.33; 7.20
critical

oe-critical 8.12-27; 9.0

v-critical 13.29,53

r-critical 13.32,52

A-critical 9.17-24

factor - 7.26,31,32,38
critically ~-connected 6.36-38,54,59-65

- k-edge-connected 6.49,63 105

cut ?.33; 6.50,71-74; 8.18; 9.29;

cycle index (see also permutation group)
3.7-12,15,26,30; 4.19
cycles of a permutation 3.1-13,22,26-29

degree
maximal - 2.18; 7.10,17,18,25; 8.1,23;
10.6,16,38; 11.14; 12.6; 13.17,30,56
minimal - 6.61-65; 7.10,12,24; 9.1;
10.3,8,35; 11.14,20; 13.17,44
degree sequence 4.1; 5.1; 6.3; 7.47-53;
10.24; 12.9
diameter of a graph 6.22; 10.13; 11.23;
15.16
digraph 3.14; 4.10,15-17; 5.3-13,19; 6.6,
9-13,39,45,71; 7.44,49,51; 8.4-8; 9.9-
11,26; 12.4)5,24; 13.7
acyclic - 4.15; 6.11; 85
strongly connected - see connectivity
symmetric - 8.5
Dilworth’s Theorem 9.32
Diophantine Equation 14.20,21
Dirac’s Condition 10.21,23
dual of a graph 5.23,36; 15.8
duality theorem of linear programming
13.48

Edmonds’ Matching Algorithm 7.34
eigenvalue 1.29,30; 4.29; 811
eigenvector 1.30; 11.1-5,8,13,14,18-24
endomorphism 12.22,24,25
enumeration §1-4

Erddés-de Bruijn Theorem 9.14,27
Erd6és-Ko-Rado Theorem 13.28,31
Erdés-Stone Theorem 10.38
Euclidean space 14.10

Euler trail 5.0,6,9-11,14; 7.39
Eulerian graph 5.7; 6.51,53,56
Euler’s Formula 4.27; 5.24,34; 12.18
event 2.2,6,8,11,17,18,20; 3.18
expected number 2.7; 3.517

factor
1-factor 4.0,27-28,32; 5.18,21; 87; 9.55;
11.11; 12.16
/-factor 7.16,39-45
factor critical graph 7.26,31,32,38
Fano plane 13.35
Ferrer diagram 1.16,19,23
Fibonacci numbers 1.27; 4.22,28,32
Fisher’s Inequality 13.15
Five Color Theorem 9.50

flow 6.71-78

forest 4.14; 6.37; 7.3; 11.3,4; 135
maximal - 7.34,37

Four Color Theorem 9.0

Frobenius-Perron theory 11.0

Frucht’s Theorem 12.5

Gallai-Edmonds Structure Theorem 7.32
Galois field (GF(g)) 5.31,36; 10.15,36;
11.26; 13.37; 14.23,24
game (on a graph) 8.8,9
generating function §1; 3.14,19,29
exponential---§1; 3.13-15,31; 4.7
girth 9.25-27; 10.10-17; 12.25
Golden Ratio Theorem 9.49
group (see also permutation group)
alternating - 3.10
conutative - 3.9;
cyclic - 11.3,10,13,19
symmetric - 3.1,7,15; 4.19; 12.19
group character 11.8,10,17
- of automorphisms 11.8-10,16,17; 812;
13.22; 15.
edge transitive - - 12.12,18

54; 11.8,9,17;

Hajés’ Construction 9.16,20
Hall Theorem 13.5
Hamiltonian circuit 5.7,21,22;
10.21-27; 12.17; 14.4; 15.15
- cycle 6.12,13; 10.25
- path 5.19,20; 10.21-24,42,43
Helly property 13.56
Hoffmann-Kruskal Theorem 4.64
homeomorphic graphs (see subdivision)
homomorphism of graphs 9.15; §12; 15.20,
22
- of groups and rings 15.22
Hungarian method 7.3
hypergraphs 8§13
balanced - 13.39,40,54
normal - 13.55-57
totally balanced - 13.2,3,4
uniform - 13.3,12,13,25-32,36,41-47;
14.24; 15.18

9.29,53;

inclusion-exclusion formula (see also sieve)
2.0,2,4; 3.2; 4.12,23,35; 9.37; 15.17,
20

independent sets of vertices 2.12; 7.37;

8
- gvents 2.0,18,20; 3.16
- paths 4.31; 5.19; 6.39-46; 8.2-4; 9.24;
105
index (see cycle index)
interval graph 9.28,41
inversions of a permutation 3.20
isomorphism 3.9; 4.13,18; 10.0;
12.13,25; 15.1-3,9,10; 15.15-22
circuit - 15.9

11.10;

Jensen’s Inequality 10.36,37,40,41
K. Jordan’s Formula 2.7
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Kempe chains 9.0,54

kernel of a digraph 8.5
Kirchhoff Equations 4.0
Kdnig’s Theorem 7.2-4; 9.21
Konig-Hall Criterion 7.20
Kruskal algorithm 6.25
Kuratowski Criterion 5.0,37
Kuratowski Theorem 10.4,5

Labyrinth Problem 5.12
Lagrange Method 2.15
lattice 2.23,27-31,34-36
eometric - 2.37
Lefschetz Fixed Point Theorem 6.15
line-graph  9.26,52; 11.2,15,25; 12.1,18;
13.43,56,57; 15.1-7
linear space 5.0,31,38; 10.15

MacLane’s Criterion 5.35,36
Markov’s Inequality 2.19
matching 4.12,31; 5.18; 6.67; §7;
13.48-55
fractional - 13.48-55
~-matching 7.37; 13.49,50
/-matching 7.43
matching number of circuits (number of
disjoint circuits) 10.17,18
matrix
adjacency - 11.7,14
complex - 15.13
diagonal - 4.16; 11.16
incidence - 4.9; 11.15; 13.37-39
orthogonal - 11.16,21
permanent of a - 4.21,33,36
skew symmetric - 4.24,26
symmetric - 11.16; 15.11,18
unimodular - 13.37-39
-, compatible with a partial order 2.21,
22

11.4-6;

Max-Flow-Min-Cut Theorem 6.0,74,77
Menger’s Theorem 6.0,39-44, 58,77; 7.2
Moebius function of a partially ordered set
2.22-24

number theoretical - - 2.3, 23
Moebius inversion formula 2.26,35
monoid 12.24,25
monotone mapping 1.32,33; 3.19

- subsequence 14.25-27

network 6.0,25
network-flow problem 7.16
Newton’s Formula 1.40

orbit 3.24-28; 12.7,10,12
orientation of graphs 3.13; 4.10,17,24,26,

27,29; 5.13; 6.29,34,54,56; 7.45,46;
9.11,46; 12.10

partially ordered set 2.21-24,31,32; 9.32;
13.22

partitionofaset 1.2,6,10,12,14,16-19,24,35,
36; 2.29,30,36; 3.8,14,22,31; 4.8,12,
14,24; 9.23,36

- into even number of classes (Qn) 1.14

partition into classes of even cardinality
(Rn) 1.14
- of numbers (1,) 1.20,21,23,25; 3.1
- of vertices 4.31; 5.17; 9.2,8,23
path of maximum length 5.37; 6.6,14,17,
19,21,75; 10.2,20,27; 145
Pentagonal Numbers Theorem 1.19
perfect graph 9.28-35; 13.56,57
Perfect Graph Theorem 13.57
permutation 1.3; §3; 4.17,32-36;
12.2; 13.9,21,27,28,32; 15.17
eonjugacy of -s 3.1
cyclées7 of a - 3.2-6,13,22,27-29; 4.17,26;
- matrix 11.16
permutation group 3.0-2,7-10,15,24-29;
12.0,13,19,21
cycle index o f- - 3.7-12,15,26,30; 4.19
reqgular - - 3.9; 11.8,9,17; 12.7,13,17
semiregular----12.10,12,20
transitive----11.10,17; 12.13-17
Petersen graph 10.10; 11.2; 12.1,17,22
Petersen’s Theorem 7.29
planar graph 5.23-30,34-38;
57; 12.18,19; 15.8
- map 5.15,23-30,34-38; 6.57,69
- tree 4.13
planarity criterion
Kuratowski’s — 5.37
MaclLane’s ----5.35
Whitney’s ----5.36
Platonic Bodies 8.15; 12.2,19
Pdlya-Redfleld Method 3.26,29,31; 4.19
Poésa’s Condition 10.21,24
potential 5.4; 9.10,11,56
probability 2.2,6,11,14,16,18,20; 3.3-5,18
product of graphs
Cartesian--6.4; 9.6; 11.7,9; 12.17,20;
14.10
direct - - 6.4; 9.7; 15.21,22
lexicographic----12.11
strong direct - - 9.31-22; 11.7; 13.51;
15.21-22
- of hypergraphs 13.51
Kronecker - of matrices 11.7
topological - 9.14
wreath - (of groups) 3.8
projective plane 10.15; 11.25
- space 10.36; 13.17; 14.23
Prifer Code 4.5

11.11;

6.69; 9.49-

radius of convergence 4.20

Ramsey numbers 14.1-4

Ramsey’s Theorem 10.32; 14.1,2,3,24

random variable 2.7; 3.5,16

Reconstruction Conjecture 15.15-17

regular graph 3.13,14; 5.2,21,22,27; 6.52;
7.10,28,30,39; 7.40; 8.1524; 10.10-
15,23,32; 11.2,12,24; 12.8,15

Fiond ‘oranh 12.23.25

rigid gra .23,

ri%g FS.ZFZ)
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roots of the chromatic polynomial 9.44-4S
rooted graph 4.13-19; 5.10; 7.34

Shoenflies Theorem 6.69
Second Moment Method 2.19
semigroup 12.24,25
sieve
Bran’s - 2.13
Eratosthenes’ - 2.0
- formula 82; 4.23,35; 9.37; 15.17
Selberg’s - 2.14,20
singularity of an analytic function 1.15;
4.20
spanning arborescence 4.15,16; 5.10,11
- subgraph 7.41,42, 46; 9.54; 10.5; 11.13
- tree 4.9-16; 5.23,24,33,36; 6.7,8,25
spectrum 8§11
perner’s Lemma 5.0,29
Sperner’s Theorem 13.21,22
splitting a set 1.2,35-37
stabilizer 3.25
step polygon 1.32
Stirling Formula 4.20
Stirling numbers 1.2,6-9;
4.31,36; 9.23
strategy 3.18
winning - 3.18; 8.8,9
subdivision 5.37; 6.52; 10.0,3-6,9; 12.18
Sylvester determinant 4.29

2.4; 3.12,17;

Tarry algorithm 5.12
Taylor series 1.0; 3.11,31
Tihonov’s Lemma 9.14
tournament 5.20; 6.12,13; 8.6; 10.41-44;
12.7,12
number of cycles in a - 10.41,42
tralrl‘siZtYive - 4.31; 5.20; 9.27; 10.40-43;

transitive sub- 10.44
tree 84; 6.20-26; 7.46,47; 9.29,39;
13.1; 15.10,11,16
baricenter of a - 6.22
bicenter of a - 4.17; 6.21
center of a - 3.8; 4.17; 6.21; 15.16
optimal - 6.25,26
planar - 4.13
triangle-free graph 9.25; 10.30,31
triangles, number of 10.32,33
triangulation 1.41; 5.38; 9.49,52,54,55
- of a convex n-gon 1.39,40
Turéan’s Theorem 10.30,34,38; 15.4
Tutte’s Theorem 7.27,28,32; 12.16

Van der Waerden’s Theorem (see coloration
of natural numbers) 14.18
Vandermonde determinant 1.28

wheel 9.39; 10.4,18
Whitney’s Criterion 5.0,36

11.6;

Zarankiewitz’s Problem 10.37



Author Index

* Asterisks indicate references to books.

Aardenne, Ehrenfest, T. van 5.1
Aarts, J. M 9.54

Adam, A. 6.34

¢AHO, A V. p. 10

Anderson, W. N. 89

Andrasfai, B. 8.25

Appelr, K. 9.0

Babai, L. 12.6-9,11,12,19,20,25
Beineke, L. W. 7.24;

8.17; 15.6
*Berge, C. [B] 4.1,2,4,12,14,16,24,25,27;
5.11, 12,19-22; 6.3,10,12,29,54,66; 7.4,
5,10,11,27,47-49,51,52; 8.4,5,10,17,20,
21,23; 9.6,9,16,21,29,32,36; 10.21,22,24,
25,26,34; 13.1,5-7,32,37-40,45,54,56,57;
14.1-4; 156

Berge, C. 7.27; 8.17; 9.29; 13.38,40,51,
54; 15.2,3,19

Bernstein, F. 13.6

+Biggs, N. L. [Biggs] 4.9

Biggs, N. L. 4.9; 11.2,20,23,26

¢Bognar, J. 3.6,18

Bollobas, B. 10.18; 13.10,32

Bondy, A. 6.3,8; 10.21; 13.10;
15.15,16

Borsuk, K. 9.27

Bosak, J. 5.22

Bouwer, |. Z. 12.21

Brooks, R. L. 9.13

Bruijn, N. G. de 3.7,27; 5.11; 9.14;
13.20,21

14.6;

Calczynska-Karlowicz, M. 13.27
Camion, P. 6.12

Cayley, A. 4.2,14

Chao, C. Y. 11.16,17; 12.13

Chen, W. K. 517,32

Chvatal, V. p. 10; 8.7; 10.21,26; 14.27
Cook, S. A. p. 10; 8.0

Corradi, K. 13.13

Crawley, G. P. 13.14

Csima, J. 7.9,14

CVFE.TKOvi6, D. M. 11.7

Czipszer, J. 10.2

Dambit, J. J. 6.11

Daniels, H. E. 1.34

Daykin, D. E. 13.8,18,31

Deza, M. 13.17

Ditworth, R. P. 9.32; 13.14,22

Dirac, G. A 6334166 9.17,21,22,29,54;
10.3,4,21,27,29

Djokovié, D. Z. 11.10

Dziobek, O. 46.

Edmonds, J. p. 10; 6.71,75; 7.20,32,34
Ehrenfest, P. 511

E1spas, B. 11.10
¢Erdss, P. [ES],

Erdés, P. 2.18; 7.5152; 8.20; 9.14,27;
10.0.10-13,18,26,28,35,38:  13.9,23.24
212,21-44,46,47; 14.2,3,6,8-10,22,29-3»"

Euter, L. 1.19,23; 5.6,24

p. 11; 9.27; 13.41,42,

Faber, V. 15.18
Fary, |. 5.38
¢Ford, L. R. [FF] 6.72-78
Fisher, R. A. 13.15
Folkman, J. 14.15
Ford, L. R. 6.74
Frank, A. 6.11
Fréchet, M. 2.10
Frucht, R. 12.1,3-5,8
¢Fulkerson, D. R. [FF]
Futkerson, D. R. 6.71,74; 7.3551

Gaddum, J. W. 95

Gale, D. 6.76; 7.16

Gallal T. 51728,32; 6.11,17;
325152 8.4,19,20; 9.4,9; 10.28

¢Gantmacher, F. R. 11.0

Gerencsér, L. 145

Ghouila-Houri, A. 13.37

Goodman, A. W. 10.32,33; 154

7.1,26,

Graham, R. L. 2.33; 11.22; 14.8-10,14,
16,18,23
Greenwell, D. 9.7, 19

Grinberg, E. J. 6.11



550 AUTHOR INDEX

Groot,J. de 9.54
Gupta, R. P. 7.12; 9.5
Gyarfas, A. 145

HadW|ger H.

Haf:? 8102123 9.27,29; 1329;

Hajos, Gy. 6.43,44; 9.16,28
Haxen, W. 9.0

¢Halberstam, H. 2.13
Halin,R. 6.6
*Hall, M;Hall].?ao 7.15; 13.15
13

*Harary,
Harary,

E. 14.26,28
Havel, Y. 50
Heawood, P. J. 952
Hemmlnger R. 1515,16
Herczog, 139
Hoffman, A J. 7.3551; 11.1521,24,25
*Hopcroft P. 107

Hales, A. 14. 17
Hall,

gH 1413; 156
Harzheim,
Hedrtin, Z 12. 2123,24
Hetyei, G 7.7-9,24,28
*Hu, T. C. [Hu] 6.56,72-78

I'I'I

Imrich, W. 12.13

Jaeger, F. 13.32
Jewett, R. |. 14.17
Jordan,J. 2.7
Jung, H. A. 6.57

Karp, R. M. p. 10; 6.75;
Kasteleyn, E) W424
Katona, G O H.
Kelly,J B. 6.
Kelly, P. J. 15.1 X
Kirchhotf, G 49
Krarner, D. A 4.13
Ki1eitman, D, 625, 1311,18
Ko, Chao 1328

Komlos,J 14.27

*K 6nig, D 5K] 621,22, 7.29

Konlg, 2
Kotzig, A. 64752 1.24
Kovarl, 37

Kruijswljk, T 1320,21
Kruskal, J. B. 1331
Kundu, S. 753

Lambek, J. 12.24
Las Vergnas, M 13.45

Leeb, K. 14.14

Lehmer, D. H. 4.33

Levin, L. A p. 10; 8.0

Lovasz, L. 2.18; 6.858; 7.6,15283146,

- 8.7.22.5; 7,19,35, 104;11.35

129; 13.458; 13.18,30.36,43- 4752 53,
55-57; 14.22: 15.17,20-22

Lubert, D. 1321

MacLane, S. 5.35
Mader, W. 6.49,60,63; 10.7,8; 12.15
Mani, P. 6.57

Mantel, W. 10.30

Marica, J. 13.8
McAndrew, M. H. 7.35,51
McE tiece, R. J. 1351
Melnixov, L. S. 8.26
Menger, K. 6.39

Minty, G. J. 6.10; 9.11
+Mirsky, L. [Mi] 13.5,6,7
+Mogyoradi, J. 3.6,18
Montgomery, P. 14.8-10
+Montroll, E. W. 4.0,29
¢Moon, J. W. [M] 10.41-44
Moon, J. W. 4.4; 10.40; 12.7
Moser, L. 1.9; 10.40
Mowshowitz, A. 11.3-5,16,17
Malttler, W. 15.17
eMuttin, R. 145
Mycielsky, J. 9.18

Nash-Wirtiams, C. St. J. A. 6.54,56;
10.23,25

NeSetrin, J. 12.10,25

Nickel, 15.7

Nordhaus, E. A. 95

Nowitz, L. A. 12.13

4Ore, 0. [0] 7.2,4-5,16; 9.36
¢Ore, O. [OF] 9.51,52,54,56
Ore, O. 7.5,16

O’Neil,P. V. 4.12

Payan, C. 13.32

Pelikan, J. 11.3-5; 12.17

Perfect, H. 6.42

Petersdorf, M. 11.16,17

Petersen, J. 7.29

Plesnik, J. 7.30

Prtummer, M. D. 6.35-37,68;
8.17,19

Porrax, O. 2.33; 11.22

Polya, G. 3.7-9,29; 4.7,13

¢PONTRYAGIN, L. S. 5.29

POSA, L. 5.17; 8.3; 9.14; 10.2,5,18,20 21
15.4

Posner, E. C. 1351

¢Prekopa, A. 3.6,18

Prufer, A. 45

Purtr, A. 12.21,23,24

7.15,24

¢Riordan, J. [R] 1.24
Rado, R. 13.7,28; 14.3,21
¢Rademacher, H. 1.22
Raynaud, H. 144
¢Read, R. C. 4.0

Read, R. C. 9.36

Redei, L. 5.20

Reiman, |. 10.36

*Reényi, A. 3.6,18

+Rényi, A. [Ré] 2.6-8,10,11



AUTHOR INDEX 551

Rényi, A. 1.14; 2.12; 3.16,17; 4.3,8

Rényi, C. 3.16,17

Robbins, 1. E. 6.29

*Rota, G. C. 1.45; 2.0

Rota, G. C. 2.21-29

*Roth, K. F. 2.13

Rothschild, B. L. 13.29; 14.8-10,14,16,
18,23

Roy, B. 9.9

Ryser, H. J. 7.16

Sabidussi, G. 12.8,12,13

»Sachs, H. [S] 5.37,38; 6.25; 7.4,29; 9.16,
18,25,51,52,54; 10.11-13,34,41

Sachs,H. 7.21; 9.57; 10.11-13; 11.2,12,
16,17

Sanders, J. 14.15

Sauer, N. 13.10

Schauble, M. 9.55

Schénheim, J. 13.8,9,18

Schur, |. 1411

Schutzenberger, M. P. 2.30

Schwenk, A. J. 11.6

Selfridge, J. 15.12

»Seshu 4.0

Shannon, C. E. 7.10

Shrikhande, S. S. 11.26

Simmons, G. J. 6.52

Simonovits, M. 10.16-18,38,39; 13.51

Smith, C. A. B. 5.21

Smolenski, E. A. 15.10

Sés, V. T. 10.37

»Spanier, E. 6.15

»Spencer, J. [ES] p. 11; 9.27;13.41,42;
14.1,2

Spencer, J. 14.8-10

Sperner, E. 5.29; 13.21

Spitzer, F. 3.22

Stanley, R. 9.46

Stone, A. H. 10.38

Strauss, E. G. 14.8-10; 15.1

Suranyi, J. 9.29

Suranyi, L. 8.22

»Szasz, D. 3.6,18
Szekeres, G. 14.29-31
Szele, T. 5.19
Szemeredi, E. 8.27

Tait, P. G. 951

Tarry, G. 5.12

Tempertey, H. N. V. 412,30
Tengbergen, C. A. van E. 13.20,21
Toft, B. 9.17

Turan, P. 10.34,37

Turner,J. 11.10

»Tutte, W. T. 6.64

Tufotfi W. T. 6.70; 7.27,37,43; 9.25,36;

»UlIman, J. D. p. 10

Vesztergombi, K. 4.36

Vizing, Y. G. 7.10; 8.26; 9.6

»Voss, H.-J. [WV] 6.17; 10.7,8,12,13,16,
17.29

Voss, H.-J. 10.16-18,29

Waerden, V. L. Van der

»Wagner, K. [W] 5.35

Wagner, K. 5.38

Walther, H. J. 6.17

Watkins, M. E. 6.60; 12.13,15
Weinberg, L. 4.12

Werra, V. de 7.11

IVessel, W. 8.13,19

Whitney, H. 5.36; 6.33,69; 9.56; 15.1,9
»WIELANDT, H. 3.0

wirf, H. S. 231, 11.20
»Wilson,R. J. [Wi] 5.36; 6.29; 9.36,51,56
IVOOPa11, D. R. 13.45

»Walther, H. J. [WV] 6.17; 10.7,8,12,

13.16.17.29
Wyman, M. 1.9

Zaks, J. 7.36
Zarankiewtcz, K. 10.37
Zaretski, K. A. 15.11












We recommend
B. ANDRASFAI

INTRODUCTORY
GRAPH THEORY

In English — 267 pages 264 figures
16x23 cm — Cloth

Graph theory is a newly developed topic
of mathematics and has been spreading
over an increasingly wider field in the last
one or two decades. It offers the solutions
to a multiplicity of naturally arising
problems of interest while requiring no
great preliminary mathematical knowl-
edge; it does, however, frequently require
intensive thinking. It is therefore likely
to become especially suitable for young
people interested in mathematics —
enabling them to spread their wings. The
author has compiled the material of his
book with this object in mind. He offershis

material notin arigid prearranged system-
atization, but follows a certain way of
discovering the solutions, i.e. he sets the
reader simple exercises with tasks based

on these.

Distributors

KULTURA
H-1389 Budapest, P.O.B. 149



ISBN 963 05 1469 9



	Contents
	§ 1. Basic enumeration
	§ 2. The sieve
	§ 3. Permutations
	§ 4. Two classical enumeration problems in graph theory
	§ 5. Parity and duality
	§ 6. Connectivity
	§ 7. Factors of graphs
	§ 8. Independent sets of points
	§ 9. Chromatic number
	§ 10. 
	§ 11. Extremal problems for graphs
	§ 12. Spectra of graphs
	§ 13. Automorphisms of graphs
	§ 14. Hypergraphs
	§ 15. Ramsey Theory
	Reconstruction
	Dictionary of the combinatorial phrases and concepts used
	Notitation
	Subject index
	Author index
	Oldalszámok
	_1
	_2
	_3
	_4
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14
	15
	16
	17
	18
	19
	20
	21
	22
	23
	24
	25
	26
	27
	28
	29
	30
	31
	32
	33
	34
	35
	36
	37
	38
	39
	40
	41
	42
	43
	44
	45
	46
	47
	48
	49
	50
	51
	52
	53
	54
	55
	56
	57
	58
	59
	60
	61
	62
	63
	64
	65
	66
	67
	68
	69
	70
	71
	72
	73
	74
	75
	76
	77
	78
	79
	80
	81
	82
	83
	84
	85
	86
	87
	88
	89
	90
	91
	92
	93
	94
	95
	96
	97
	98
	99
	100
	101
	102
	103
	104
	105
	106
	107
	108
	109
	110
	111
	112
	113
	114
	115
	116
	117
	118
	119
	120
	121
	122
	123
	124
	125
	126
	127
	128
	129
	130
	131
	132
	133
	134
	135
	136
	137
	138
	139
	140
	141
	142
	143
	144
	145
	146
	147
	148
	149
	150
	151
	152
	153
	154
	155
	156
	157
	158
	159
	160
	161
	162
	163
	164
	165
	166
	167
	168
	169
	170
	171
	172
	173
	174
	175
	176
	177
	178
	179
	180
	181
	182
	183
	184
	185
	186
	187
	188
	189
	190
	191
	192
	193
	194
	195
	196
	197
	198
	199
	200
	201
	202
	203
	204
	205
	206
	207
	208
	209
	210
	211
	212
	213
	214
	215
	216
	217
	218
	219
	220
	221
	222
	223
	224
	225
	226
	227
	228
	229
	230
	231
	232
	233
	234
	235
	236
	237
	238
	239
	240
	241
	242
	243
	244
	245
	246
	247
	248
	249
	250
	251
	252
	253
	254
	255
	256
	257
	258
	259
	260
	261
	262
	263
	264
	265
	266
	267
	268
	269
	270
	271
	272
	273
	274
	275
	276
	277
	278
	279
	280
	281
	282
	283
	284
	285
	286
	287
	288
	289
	290
	291
	292
	293
	294
	295
	296
	297
	298
	299
	300
	301
	302
	303
	304
	305
	306
	307
	308
	309
	310
	311
	312
	313
	314
	315
	316
	317
	318
	319
	320
	321
	322
	323
	324
	325
	326
	327
	328
	329
	330
	331
	332
	333
	334
	335
	336
	337
	338
	339
	340
	341
	342
	343
	344
	345
	346
	347
	348
	349
	350
	351
	352
	353
	354
	355
	356
	357
	358
	359
	360
	361
	362
	363
	364
	365
	366
	367
	368
	369
	370
	371
	372
	373
	374
	375
	376
	377
	378
	379
	380
	381
	382
	383
	384
	385
	386
	387
	388
	389
	390
	391
	392
	393
	394
	395
	396
	397
	398
	399
	400
	401
	402
	403
	404
	405
	406
	407
	408
	409
	410
	411
	412
	413
	414
	415
	416
	417
	418
	419
	420
	421
	422
	423
	424
	425
	426
	427
	428
	429
	430
	431
	432
	433
	434
	435
	436
	437
	438
	439
	440
	441
	442
	443
	444
	445
	446
	447
	448
	449
	450
	451
	452
	453
	454
	455
	456
	457
	458
	459
	460
	461
	462
	463
	464
	465
	466
	467
	468
	469
	470
	471
	472
	473
	474
	475
	476
	477
	478
	479
	480
	481
	482
	483
	484
	485
	486
	487
	488
	489
	490
	491
	492
	493
	494
	495
	496
	497
	498
	499
	500
	501
	502
	503
	504
	505
	506
	507
	508
	509
	510
	511
	512
	513
	514
	515
	516
	517
	518
	519
	520
	521
	522
	523
	524
	525
	526
	527
	528
	529
	530
	531
	532
	533
	534
	535
	536
	537
	538
	539
	540
	541
	542
	543
	544
	545
	546
	547
	548
	549
	550
	551
	552
	553
	554
	555
	556


