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Preface

To design hydraulic structu res in an  economic w ay entails an  exhaustive 
s tu d y  o f conditions th a t  have h itherto  been v irtually  disregarded. The 
conditions involve am ong others — th e  phenom ena deriving from  the  
dynam ic in teraction  betw een flu id  flow and  elastic s tru c tu re  which m ay 
give rise to  s tru c tu ra l vibrations o f an inconvenient, harm ful or even 
disastrous nature . These phenom ena are usually referred to  as hydroelastic 
ones.

A lthough research is constan tly  in progress, no com prehensive work in 
th is field has appeared for a long while. A tten tion  was draw n to th is s ta te  
o f affairs by several professionals a t th e  Symposium  of th e  In tern a tio n al 
Association for H ydraulic Research on “ F low -Induced V ibrations of 
H ydraulic S tructu res” held in K arlsruhe in 1972, and  it th u s  seemed 
reasonable to  tre a t th e  whole topic in the  form of a book.

The theory  of hydroelasticitv,* as well as o ther sciences, m ay be helpful 
to  th e  profession on tw o levels. I t  is likely to  yield individual solutions for 
specific design problem s, it is likely to  create the  fundam entals of general 
procedures enabling the  designer to  dimension any structu re , w ithin certain  
lim itations, w ith a  satisfactory  degree of accuracy.

The present s ta te  of developm ent o f hydroelasticity  basically satisfies 
th e  requirem ents of th e  firs t level. This m eans th a t, based upon hydro
elastic sim ilitude, for a considerable group o f hydroelastic phenom ena 
models w ithout difficulties concerning either m aterial or size are to  be 
constructed  and  d a ta  required  by  th e  designer are to  be checked or determ in
ed in them .

As to  the  second level, it is expected th a t during th e  decade to  come a 
theory  will be developed on the  basis o f results o f model experim ents and

* I t  seem s logical to  call th is  b ran ch  o f  science hydroelastics, b y  an a lo g y  w ith  m a th e 
m atic s , physics, s ta tics , dynam ics, hydrau lics, e tc ., a ll o f  w hich w ere derived  from  th e  
L a tin  (or G reek) in  th e  sam e w ay. F o r exam ple, th e  L a tin  “ a rs  d y n am ica” w as f irs t  
ab b rev ia ted  to  “ dy n am ica” an d  anglicized to  “ d y n am ics” . I t  w ould be  p e rfec tly  
logical to  c rea te  th e  L a tin  expression “ a rs  e la s tica” (“ Science on  e la s tic ity ” , o r m ore 
com m only  “ S tren g th  o f  m a te r ia ls” ) an d  to  derive  th e  te rm  “ e las tica” o r  in  E ng lish  
“ elastics” . H ow ever, th e  li te ra tu re  does n o t use th is  te rm , — w hich  h a s  q u ite  a n o th e r 
m ean ing  — an d  th e  au th o r , w hose m o th er-to n g u e  is n o t E ng lish , h as no  w ish to  im pose 
h is view s in  th is  respect.
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pro to type m easurem ents enabling th e  solution o f m ost hydroelastic problem s 
to  tak e  place directly  on th e  designer's desk.*

H aving taken  th is situation  into account as well as th e  needs of th e  large- 
scale hydraulic constructions in progress in H ungary  and  elsewhere in the  
world, and  viewing finally  th a t results a tta in ed  in th is field in H ungary 
are new and  up-to-date , th e  au tho r is of th e  opinion th a t  it would no t have 
been reasonable to  w ait th e  five or ten  years necessary for w riting a  com pre
hensive trea tise  o f the  theory  of hydroelasticity . I t  will help th e  profession 
very  m uch if th e  knowledge on th e  firs t level, i.e. on th e  m ethod o f hydro
elastic sim ilitude and  its applications, forming a coherent whole and  to  
be used directly, is published here and  now in an  independent volume. 
This book has been w ritten  on th e  basis of such considerations and  th e  
au tho r sincerely hopes th a t  he has been able to  contribu te to  satisfying 
th e  needs o f hydraulic model experim entation and  to  th e  developm ent of 
flu id  mechanics. W hen studying the  book, it is an  advantage for th e  reader 
to  have a  general knowledge of model experim entation though th is  is not 
essential.

The independent researches reported  in th e  book were financially sponsor
ed and  m orally supported  by  the  H ungarian  N ational W ater A uthority , 
the  Research Centre for W ater Resources D evelopm ent (V ITU K I), B uda
pest, the In s titu te  for H ydraulic P lanning (VIZITERV), B udapest, the 
D epartm ent of H ydraulic S tructures of the  B udapest Technical U niversity , 
the  H ungarian  In s titu te  for C ultural R elations, B udapest, the  F ord  F ou n d a
tion, New Y ork, and  th e  In s titu te  of H ydraulic R esearch of th e  U niversity  
of Iowa, Iow a City, Iowa. The m ajor p a r t of th e  experim ental work was 
carried out in the  H ydraulic L aborato ry  of V IT U K I between 1964 and 1972 
and  in the  Iow a In s titu te  of H ydraulic R esearch in 1968/69.

The au tho r expresses his sincere thanks to  th e  heads and  research 
associates concerned of the  above-listed institu tions. Illustrations received 
írom  the  Ä lvkarleby, the  BHRA, the  D elft, and the  K arlsruhe U niversity  
hydraulic laboratories have considerably enhanced the  p ictorial level. H e is 
also indebted  to  th e  H ungarian  Academ y of Sciences for having rendered 
possible the  publication of the  book.

Oltó Haszpra

* T he a u th o r ’s op tim ism  seem s to  h av e  been  rea lis tic  since, e.g . a t  th e  X V II th  
IA H R  C ongress held  in B aden -B aden  in  1977 (while th is  book  w as in  th e  press), 
s tro n g  em phasis w as aga in  p u t  on  an d  considerab le  resu lts  w ere p resen ted  concern ing  
genera liza tion  in  th is  field [5a, 105c, 148d]. A  little  earlier, w hen  th e  book  w as being 
p roof-read , K o lk m a n ’s do c to ra l thesis [105a] w as pub lished  sum m ariz ing  th eo re tica l 
an d  ex p erim en ta l re su lts  in hy d ro e lastic  v ib ra tio n s.
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List of Symbols

This list contains m ost o f the  symbols used throughout th e  book; o ther 
symbols used locally and explained there are no t included. The order is 
alphabetical. Greek letters have been arranged on the  basis of th e ir pronunci
ation; capital letters follow the  respective lower case letters. N um erical 
symbols are to  be found a t  the  end of the  list.
a  assembling a lternative  where th e  inertia  of th e  cross section

of the  cantilever tru n k  is g reater in th e  direction o f flow and  
sm aller in  the  direction perpendicular thereto

a  distortion of the  righ t angle due to  shear

A  — 1. area
2. cross sectional area (e.g. th a t  of a plate, or cable)

Ak area enclosed by  th e  centre line of a  pipe wall cross section

Ъ 1. p late  w idth
2. o ther linear dimension
3. assembling a lternative  where th e  inertia  of th e  cantilever 
tru n k  cross section is sm aller in the direction o f flow and  
greater in the  direction perpendicular thereto

c 1. scale ra tio  of th e  linear dimensions (i.e. quotient of corre
sponding p ro to type and  model lengths)
2. sonic speed
3. distance between the  vertical centroidal axis and th e  
vertical centre line

c _  ™pr scale ra tio  of ballast mass (to tal pro to type mass per ballast 
ть mass in model)

c _  ™pr scale ratio  of load-bearing mass (to tal p ro to type mass to  
m m, load-bearing mass in model)

c _  X pr scale ratio  of any arb itra ry  m agnitude X, quotien t of corre
um  sponding p ro to type and  model values

C Chézy’s velocity coefficient

d  1. basic reference dimension used in the  cantilever tests;
length of the  horizontal edge of the  “ box”
2. o ther linear dimension
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D  =  А Ц F  spring constan t o f suspension, quotien t o f th e  displacem ent 
and  th e  force causing it

A double am plitude of the  flow-induced v ibration  of th e  lower
end of the  cantilever

Ajd re lative double am plitude of the  flow-induced v ib ration  o f the
lower end of th e  cantilever

E  1. Y oung’s m odulus in general
2. Y oung’s modulus of th e  stru c tu ra l m aterial

e =  relative elongation or strain  (e.g. th a t  of the  suspension cable)
L

, 1 0  n a tu ra l frequency of th e  lower end of th e  cantilever in station-
T  a ry  w ater or air as an  average o f ten  vibrations

fl]fgjd relative n a tu ra l frequency o f th e  lower end of th e  cantilever
in sta tionary  w ater and  air

F force

F cap capillary force due to  surface tension

belast force due to  elasticity

jp’grav force due to  gravity

F-mert force due to  inertia

_Fpres force due to  flu id  pressure

F str force due to  friction between s tru c tu ra l parts

jPturb force due to  tu rbu len t friction

F visc force due to  viscous friction

Ф angle, angle of torsion over length L

g 1. in tensity  o f th e  g rav ity  field
2. acceleration due to  grav ity

G 1. shear modulus
2. weight
3. area weight (weight per surface area of th e  stru c tu ra l 
plate)

у  1. specific weight in general
2. specific weight o f w ater in particu lar

y 1 specific weight of s tru c tu ra l m aterial
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h 1. w ater column (head)
2. w ater depth
3. length o f th e  centreline o f a pipe wall cross section

ha ta ilw ater (downstream ) depth

hdjd  re lative ta ilw ater dep th

hu headw ater (upstream ) depth

h jd  re lative headw ater dep th

IId ta ilw ater level

1 m om ent of inertia of cross sectional area about an  axis

I p polar m om ent o f inertia  o f a cross sectional area

kp kilopond (weight o f one kilogram  mass) =  9.81 newtons

к universal constan t o f K árm án

1 linear dimension

L  linear dimension

L  =  In r logarithm ic decrem ent (logarithm  of linear dam ping) 

to 1. mass
2. as a  subscript it  refers to  a  model value 

Той ballast mass in the  model

То; mass of the  load-bearing p a r t o f th e  model

M  bending mom ent

Mp m egapond (one thousand  kiloponds) =  9810 newtons

Mt torsional m om ent

n 1. frequency of flow-induced v ibration  of th e  lower end of
th e  cantilever as an  average of ten  v ibrations (n =  10/T)
2. num ber o f com ponent plates o f th e  divided plate  in the 
model substitu ting  the  p ro to type plate
3. as subscript: serial num ber

Щ ф  re lative frequency of th e  flow-induced v ibration  of the  lower
end of the  cantilever

N  1. v ibration  frequency
2. norm al force

Ü  Ohm

V k inem atic viscosity
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p  1. pressure
2. pond (weight of one gram  mass) =  0.00981 new ton

r/i 1. m om entary double am plitude o f th e  ith  oscillation o f a
vibration  w ith  linear dam ping
2. vertical d istance a t th e  ith  oscillation between th e  tw o 
envelope curves of th e  oscillogram o f an irregular v ibration  
which, on the  average, can still be considered as subject to  
linear dam ping

Q discharge
1» __

r =  — =  / — m easure of linear dam ping 
9 i iio

q 1. density  in general
2. density  o f w ater in particu lar

Qi density  of s tructu ra l m aterial

s p la te  thickness

st distinctive subscript of d a ta  referring to  a model w ith  “ s ta tic 
ally sim ilar elastic ity” (data  w ithout th is subscript re la te  to  
models w ith  “dynam ically sim ilar e lastic ity” )

S  1. cable force
2. slope o f w ater surface

t tim e
1 =  10

T =  ^  T t duration of ten  successive vibrations
; = i

Tj duration  o f the  i th  period

V velocity

W load (mass, weight) on u n it length (of suspension cable)

“ 0” th a t axis of the  cantilever tru n k  cross section abou t which
the mom ent of inertia  is the  lowest (it is perpendicular to  
axis “ 1” )

“ 1” th a t axis of the  cantilever trunk  cross section abou t which
the inertia  m om ent is th e  highest (it is perpendicular to  axis 
“ 0 ” )
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I. Introduction

1. O n  H y d ro e la s t ic i ty  in G e n e ra l

The static  in teraction  between a fluid and  a rigid body subm erged in the 
fluid or in contact w ith  it is by  no means a new topic o f hydraulics, inde
pendent of w hether the  in teraction  is really  sta tic  or dynam ic, i.e. the  
fluid and  th e  rigid body are at relative rest or in relative m otion, nevertheless, 
th e  pioneering work dealing w ith th e  study  of s tructu res th a t undergo 
deform ations due to  th e  dynam ic effects of fluid flow and  thus react upon 
the flow itself was perform ed w ithin th e  fram ew ork of another discipline.

I t  was a logical consequence o f th e  appearance of the  aeroplane and  of 
the  rap id  developm ent of th e  a ircraft industry  th a t a tten tio n  was concen tra t
ed from m any respects on aerodynam ic research w ithin th e  wider field 
of fluid mechanics. This sta tem en t is particu larly  valid  for investigations 
into the  behaviour of elastic bodies subm erged in flu id  flow since the 
slender and  light aeroplane and  rocket structu res respond with considerable 
deform ations to  the  air flow, modifying thus th e  flow itself.

Studies concerning th e  flow and  vibration phenom ena induced by the  
in teraction between the  air flow and  the  elastic body therefore developed 
in to  a specific discipline a t an  early  stage. T he real developm ent o f this 
branch of aerodynamics s ta rted  afte r the  Second W orld W ar and  was term ed 
aeroelasticity [202].

I t  was only la ter th a t  the  phenom ena accom panying th e  interactions 
between the  flow and a subm erged elastic body, w ith w ater as the  flowing 
medium, s ta rted  to  com m and interest.

H istorically  speaking, th e  problem  was firs t m et in shipbuilding technology 
and, p rom pted  by th e  common features in th e  re levant investigations, 
a  characteristic discipline referred to  since 1958 as hydroelasticity [87] was 
also founded in the  dom ain of hydrom echanics.

According to  Heller, hydroelasticity  deals w ith  phenom ena induced by 
the  in teraction  of inertial, hydrodynam ic and elastic forces [87].

Bearing in m ind th e  likely developm ent, p rim arily  th e  increase in the  
speed of ships, expected up to  1980, Heller constructed  a so-called hvdro- 
elastic triangle (Fig. 1-1) in which th e  forces and  phenom ena constitu ting  
the  subject of hydroelasticity  are presented. This triangle reflects to  a con
siderable ex ten t the  viewpoint of the  naval architect.

Toebes in troduced  the  concept of fluidelasticity [196, 202], which deals 
with the  flow problem s (disregarding the  quality  of th e  fluid) in which the 
fluid-dynam ic forces m utually  depend on the inertia l and  elastic forces

13



Fig. 1-1. H ydro e las tic  
triang le  in  1980 accord ing  
to  H e lle r’s fo recast [87]. 
H  =  hyd ro d y n am ic  
forces, E  — e lastic  forces, 
I  =  In e r tia  forces, D R =  
dy n am ic  response, D  =  
d ivergence, F  =  f lu tte r , 
X R  =  explosion response, 
L  =  load  d is trib u tio n , 
C =  con tro l effectiveness, 
D S  =  dynam ic  s tab ility , 
H S  =  hyd roe lastic  effects 
on s tab ility , V = m echan 
ical v ib ra tio n , Z  =  im 
p ac t, I R  =  in terfe rence  
reac tions , T M  =  tow ing- 
m ooring

induced in the  structure . Toebes’ fluidelastic triangle (Fig. 1-2) reflects 
m ostly the  w ay of thinking of the  civil engineer [202].

N audascher prefers in general the  expression “flow-induced structural 
vibrations" , as used in th e  title  of th e  K arlsruhe Symposium  of the  In te rn a 
tional Association for H ydraulic Research (IA H R ) arranged in 1972.

The nam e hydroelasticity, in troduced nearly  tw o decades ago, is apposite 
since a  characteristic difference between th e  flow conditions o f air and 
w ater (the two m ost frequent media) is caused by th e  free surface which 
exists in m ost cases of w ater flow and  which makes the  g rav ita tional effects 
decisive in th e  re la ted  phenom ena. F u rth e r differences are due to  th e  insig-

F  FLUID FORCES E  ELASTIC FORCES' I- INERTIAL FORCES

E* I  V •' mech. vibrations 
T= earth tremor 
Z : impact, shock _j 

~F+I DS: dynamic stability | 
DO dynamic drag

F*E SS: static stability 
LD load distribution

FfE*Z W water hammer
X; eyp/osion response 
В buffeting 
C= cable problems 
Cl: cavity instability 
IF interface reaction 
G- galloping 
O- vortex excitation 

______ F: flutter__________

Fig. 1-2. T oebes’ flu idelastic  triang le
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nifican t com pressibility and  th e  possibility for cav ita tion . The difference 
in order of m agnitude o f th e  velocities usually  encountered is also signif
icant .

An unquestionable advantage o f th e  term  used by N audascher is th a t  
it refers to  the  m ain purpose of th e  investigations, i.e. th e  determ ination 
of th e  flow-induced vibrations o f th e  structure .

H aving tak en  into account th e  above-m entioned, it is felt th a t  the  appro
p ria te  definition of hydroelasticity  is:

That science which deals with vibrations of elastic and/or elastically suspended 
structures arising as a result of the interaction between a flowing medium 
and the structure.

Conferences on hydroelasticity  generally exclude w ater ham m er phenom 
ena since th ey  deal w ith problem s in which the  w ater itself is considered 
incompressible. This restric tion  is accepted in th is book.

The au th o r’s concept of hydroelasticity  is th a t  i t  is a structu re-cen tred  
science. This is em phasized by  th e  word vibration which is generally used 
for kinds of s tru c tu ra l m ovem ents satisfying certain  criteria  [20], while for 
th e  periodic m ovem ent phenom ena belonging to  th e  field  of hydraulics 
th e  word vibration is not applied: oscillation, waving, pulsation, etc. are 
alm ost exclusively used.

2. M odelling  of H y d ro e la s t ic  V ib ra t io n s

H ydroelastic modelling aim s to  m ake com prehensible such specified v ib ra 
tion  phenom ena of an elastic hydraulic s tructu re  whose exact m ath e
m atical trea tm en t or approxim ation  is, on th e  present level of th e  theory  
o f hydroelasticity , neither feasible nor economic. The flow-induced v ib ra 
tion  phenom ena o f hydraulic steel s tructu res composed of p late  elem ents 
w ith an in trica te  geom etry belong w ithout doub t to  th a t group therefore 
their understanding  to  an acceptable level should be expected only from 
model experim ents (not considering, obviously, m easurem ents carried out 
on th e  p ro to type itself). A reliable model test, however, calls for a  knowledge 
o f th e  criteria  of hydroelastic sim ilitude as well as for the  exploration of 
th e  possibilities for realizing such tests. In  th is book th e  m ethod o f hydro
elastic sim ilitude and  its  application for modelling will be dea lt w ith.

Model in general is tak en  to  be a system  (inclusive of th e  phenom ena 
occurring in it) in a m utually  unam biguous relationship w ith  th e  “ proto-
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ty p e” system  (inclusive of th e  phenom ena occurring in it) [190] not able 
to  be studied directly  for some reason or other. This means th a t  the  de
scriptive equations of the  p ro to type phenom enon and  of the  modelled one 
have th e  same form  or can be transform ed to  such. F or exam ple, bo th  
the seepage through  a porous medium  and  th e  passage of an  electric current 
th rough a conductive m ateria l can equally be described by  th e  Laplace 
differential equation:

, 2 9V  , 9 V  . 0VAw =  vV =  —— H----— H----— •
Эх2 Э у2 922

I t  is only the  dimension of the  term s in th e  equation th a t depends on the 
phenom enon (hydraulic or electric) described. For seepage (p =  — kh, 
where к (cm/s) is the  D arcy coefficient of perm eability  and  h (cm) is the  
piezom etric pressure level in an optional point of th e  flow field. F or electric 

V
“flow” cp =  — — , where n (ßcm ) is th e  specific resistance of the  conductive 

в
m edium, and  V (Volt) is th e  electric po ten tia l to  be m easured in an  optional 
po int of th e  conductor. The term s x, у  and  z can designate the  coordinates 
of the  general poin t of th e  conductive medium, and  in th is case, th ey  have 
th e  interrelationships X  =  cx, Y  =  cy, Z  — cz w ith  th e  coordinates X , Y, 
Z of the  general point of th e  porous m edium , where the  p roportionality  
factor c is the  so-called geom etrical scale ratio .

C onstricting th e  general form ulation, in th e  following a model will be 
understood as a replica which from  the  po int of view of the  developm ent 
of the  phenom enon, is satisfactorily  sim ilar to  th e  p ro to type. This means 
th a t all those elem ents of the  model which influence not negligibly the  
phenom enon being studied need to  be geom etrically sim ilar to  th e  adequate 
elem ent of th e  p ro to ty p e . We shall deviate from  th e  geom etrical sim ilitude 
only where it does no t influence th e  sim ilitude of th e  phenom enon, and 
on th e  o ther hand  where eventually  it makes possible th e  realization o f the  
experim ental setup a t all. (W hen modelling the  flow around a  stream lined 
pier th e  surface of th e  pier in contact w ith  th e  w ater m ust obviously be 
geom etrically sim ilar to  th e  corresponding surface of th e  p ro to type pier, 
whereas th e  wall thickness of th e  pier, th e  staircase, th e  engine room  and 
th e  engines inside are of no in terest. I f  th e  pier is no t stream lined — e.g. 
obtuse-ended — sm aller deviations in th e  geom etry of the  surface in contact 
w ith th e  flow dead zone can be perm itted .) G eom etrical sim ilarity  will 
only be abandoned for sizes whose exact value does not m odify or modifies 
only m arginally  th e  sim ilitude of the  phenom ena. The phenom ena th em 
selves, if  necessary, will be distinguished by th e  a ttrib u te s  “ m odel” or “ p ro to 
ty p e” or by  some other m eans of recognition. W ith  regard  to  th e  character-
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istics of th e  phenom enon, it  will be required  th a t  th e ir dim ension should 
be th e  sam e bo th  in the  model and  the  p ro to type, i.e. th e  quotien ts (the 
so-called “scale ra tio s” ) of th e  corresponding quantities in the  p ro to type 
and  in the  model will be dimensionless constants. Because o f p ractical 
causes it is assum ed th a t  th e  flu id  used in th e  model is the  sam e as th a t  
in th e  p ro to type, i.e. w ater. In  principle, modelling of hydroelastic v ib ra
tions can also be carried out in o ther ways, nevertheless, for th e  tim e being 
hydroelastic modelling can be considered as being satisfactorily  elaborated  
both  generally and  in details, w ith  only the  above-m entioned restric tions 
observed.
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II. A ntecedents, Beginnings and Basic Problems  
of H ydroelastic  Modelling

1. H is to r ic a l  R e tro spec t ion

The first hydroelastic model experim ent perform ed in H ungary  was in 
1958 [55]. Since the  most essential p a rts  of th is book are based to  a great 
ex ten t on the  results ob tained  in H ungary , the  present historical retrospec
tion  will m ainly though not exclusively sum m arize earlier research 
results obtained abroad; the  more recent results will be utilized in o ther 
chapters o f th e  book.

1.1 A e r o e la s t ic  Model E x p e r im e n ts  in A irc ra f t ,  Bridge, 
an d  Building C o n s tru c t io n

As m entioned in the  In troduction , hydroelastic research applicable in 
hydraulic engineering was preceded by  th e  aeroelastic research needed 
for aircraft design. A considerable p a r t of this research, based on various 
assum ptions and fundam ental physical relationships, was developed theore
tically  to  enable the  com putation of th e  requ ired  param eters. A nother 
p a r t of the  research work, though also s ta rtin g  from  basic physical re la tion
ships, utilized the  m ethod of model experim entation to  seek answers to  the 
questions th a t  arose.

A NATO M anual [94] (undated though probab ly  published in 1959), 
contains a chap ter [177] by the  Teddington N ational Physical L aborato ry  
which sum m arizes the  situation  of airc raft modelling a t th e  tim e. This 
s ta ted  th a t tak ing  grav ity  into account would necessitate satisfying the 
relationship cl =  c (where cv is th e  scale ra tio  of velocity and  c is th e  geo
m etrical scale rat io of the  linear dimensions), bu t since th e  v ibrations caused 
by  air flow are little  influenced by grav ity  th is relationship can be ignored. 
On the  o ther hand, id en tity  of the  Mach num ber cannot be disregarded, 
i.e. the  relationship cv =  cc m ust be satisfied, where cc is the  scale ra tio  
for the  velocity of sound. The requirem ent c\ =  c is fundam ental in m ost 
hydraulic experim ents while cv — c has rarely  any role. This sta tem en t 
adm irably  illustrates th a t  in hydroelastic modelling, problem s considerably 
different from those in aeroelasticity  m ust be coped with. The requirem ents 
concerning rig id ity  and  mass in aeroelasticity  are th e  sam e as in hydro
elasticity .

In  th e  chap ter on modelling [214] of the  sam e m anual it is s ta ted  th a t 
by  1940 there were several countries which had  already  perform ed aero
elastic model experim ents in a ttem p ts  to  understand  flu tte r phenom ena 
o f wings.
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An analysis of the  developm ent a tta in ed  by 1958 perm itted  the  sta tem en t 
th a t  model experim entation has lost nothing o f its significance with the  
developm ent of com puters and  it is a com petitive or, in m any cases, acts as 
an indispensable p artn e r to  th e  la tte r. In  the  a u th o r’s opinion th is s ta te 
m ent is still valid  and  can be extended to  hydroelastic model experi
m ents as well.

A ircraft modelling was th e  firs t to  apply  a m ethod according to  which 
th e  desired rig id ity  or elasticity  of the  wings was ensured by incorporating 
an  elastic girder while the  wing surface was resolved in to  several rigid 
sections connected to  each o ther only by  th e  girder. This m ethod was 
in troduced la ter [108, 126, 153, 171], apparen tly  independently , in o ther 
fields illustra ting  th e  isolation even o f sciences no t too rem ote from 
each other.

Bridge and building construction represent ano ther field of application of 
aeroelasticity, where model experim ents were needed in th e  s tru c tu ra l 
designing o f skyscrapers, bridges (m ainly suspension bridges), and  radio 
and  TV towers. The problem s arising in th is  field are characterized also by 
the  negligible effect of gravity on vibrations. W hile the  obvious reason for 
th e  developm ent of aeroelastic modelling was th e  g reat num ber o f disasters 
caused not by the  pilots b u t by the  weakness o f th e  theo re tical fundam entals 
of design, th e  disasters caused by aeroelastic effects in bridge and  building 
construction are less fam iliar. The only exception is, perhaps, the  failure 
in 1940 of the  Tacom a Bridge [183], USA in a m ild gale by  a galloping 
phenom enon due to  th e  u n fo rtu n a te  cross section of th e  road s tru c tu re  
(Fig. I I - l) .  This was no t, however, th e  firs t such accident as in 1836 the  
B righton Chain Pier in England, in 1854 th e  W heeling Bridge over the  
Ohio R iver, in 1864 th e  Q ueenston Bridge across th e  N iagara R iver, in 
1889 the  N iagara-Clifton Bridge a t N iagara Falls all collapsed because of 
a  sim ilar reason. In  addition several o th er bridges required  reinforcem ent 
and  continuous supervision using ap p ro p ria te  instrum ents (as e.g. the 
Golden G ate Bridge in San Francisco). Several very  ta ll s tructu res (cooling 
towers, rad a r tow ers) collapsed because of the  buffeting phenom enon [201], 
i.e. because th e  air vortices separating a fte r passing th e  towers caused 
resonant v ibrations of one or more o ther towers.

Fig. I I - 1. M om en tary  form  o f  ro ad  s tru c tu re  o f  th e  T aeom a 
b ridge d u rin g  th e  gale re su ltin g  in  its  d es tru c tio n  [202]
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I t  is m entioned here th a t in H ungary, aeroelastic model studies on 
bridges were carried ou t in connection w ith  a num ber of industrial cable 
bridges by the  Steel S tructures D epartm ent and  Aerodynam ics D epartm ent 
of the B udapest Technical U niversity [188].

Because of the  negligibility of gravity effects, th e  problem s encountered 
in aeroelastic model investigations of ta ll buildings are less difficult th an  
those in th e  case of hydraulic structures. Nevertheless, th e  au th o r has no 
inform ation on th e  application of elastic models, whereas experim ents w ith  
rigid prism s on spring supports have relatively often been reported  [106, 
152]. E ven so, it  seems safe to  s ta te  th a t  in designing bridges and  ta ll 
buildings, model studies on th e  sta tic  and  dynam ic loads of vehicles and 
mass of people are still more im portan t and  more widely used th an  on the  
aeroelastic loads, although th e  solution, w ith  certain  approxim ations, is 
possible by theoretical calculation. An exam ple is given by  Toebes [202] 
in connection w ith  a m onum ent shaped like an  aeroplane wing (Fig. II-2).

1.2 H y d ro e la s t ic  Model E x p e r im e n ts  in N a v a l  A rc h i te c tu re

The hull of a vessel negotiating sea waves is generally exposed to  flexural 
effects which m ay be considered sta tic  ones. The model investigation of 
these effects can be carried ou t by pressure d istribu tion  m easurem ents 
on rigid ship models converted to  prototypes by F roude’s law, and  th e  devia
tion  from  p ro to type data , according to  certain  references [108], does not 
exceed ± 1  Per cent. However, th e  sudden im pacts of breaking waves or 
th e  im pact of the  sh ip ’s bo ttom  on the  w ater surface resu lts in effects 
which can be stud ied  only on models complying w ith F roude’s law also 
from  th e  point of view of s tru c tu ra l elasticity, since these effects depend 
essentially on th e  elasticity  of the  ship’s shell. A particu larly  dangerous 
situation  occurs if th e  ship receives im pacts in series whose frequency is 
near to  th e  n a tu ra l frequency of th e  hull floating on the  w ater surface.

From  K orvin-K roukovsky’s paper [108] it appears th a t  Japanese re 
searchers were the  firs t (in 1951) to  a ttem p t modelling th e  stresses arising 
in th e  shell b u t still based on a hydrostatical concept [171]. The first model 
experim ents in 1954 by th e  Am erican Lewis [126] and  in 1957 by the  J a p a n 
ese Ochi [153] were still perform ed on models com prising tw o rig id  sections 
connected by dynam om eters. The models used before 1954 were constructed  
as a  single rigid body.

According to  K orvin-K roukovsky, in 1962 no m ateria l was known to 
reproduce th e  elastic ity  required  in th e  model. H e proposed th a t  th e  hull 
be divided in to  rigid sections joined by w aterproof flexible plastic sheets
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and  th a t the  necessary elasticity  be reproduced by  a su itab ly  designed g ird
er according to  the  scale factor cEI =  c5.

This fundam ental discovery was correct bu t even so th e  realization had 
an approxim ative character.

Landw eber, in his 1962 m anuscrip t [117] discussing K orvin-K roukovsky’s 
paper, derived a scale ra tio  for the  cross sectional area of th e  shell, b u t as 
model m aterial, ap a rt from  steel, he was only able to  recom m end bronze 
and  alum inium  which are no t conducive to  sa tisfac to ry  size reduction.

As s ta ted  by  Goldrick [48], th e  only field in naval arch itectu re where 
th e  results of aeroelasticity can be applied, is the  hydroelastic (including: 
model) investigation of deeply subm erged submarines. To ships floating on 
the surface, the laws of aeroelasticity are inapplicable because of the dominant 
character of the gravitational force.

The model studies concerning forces acting on ships m ade fast in locks, 
lock bays, and  harbours are carried ou t m ostly in the  fram ew ork of hydraulic 
engineering since the  task  in most of these cases is a hydraulically  suitable 
perform ance of the  hydraulic s tructu res and not th a t  of th e  ships.

1.3 H y d ro e la s t ic  Model E x p e r im e n ts  in H y d ra u l ic  E ng ineer ing

Stollm ayer gave a com prehensive survey on th e  v ib rational phenom ena 
in hydraulic s tructu res in 1958 [184]. On model studies there  was little  
to  report, th e  m easurem ents th a t  had  been described in lite ra tu re  up till 
th a t  tim e, were in general perform ed on the  p ro to type abou t which the  
research in stitu tes and m anufacturers concerned published b u t very  few 
details.

The investigations before 1958 had  been perform ed on structu res in 
closed conduits and apparen tly  according to  F roude’s law. The models 
were rigid, their suspensions elastic.

The problem  of hydroelastic character concerning the  m ooring forces 
during the  filling and em ptying of navigation locks was in need of solution 
in m any countries of the  world as well as in H ungary  [57, 169]. [In  th e  
experim ents th a t  were perform ed the  forces acting on ships in locks during 
filling and  em ptying should have been studied. However, since elastic 
forces are also involved, an exact stu d y  could have been done on a  hydro
elastic basis, b u t in some of the  investigations th e  adherence to  perfect 
geom etrical sim ilarity  and  to  the  sam e m aterial (steel) resu lted  in a highly 
rigid model, while in o ther cases the  effect of the  elasticity  of the  plastic 
models was disregarded. A sim ilar error was in troduced by  ignoring the  
elasticity  of the  mooring cables (partly  because th e  p ro to type values were 
not known). The m easuring apparatus applied realized a practically  rigid
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F ig . II-2 . D efo rm ation  o f a  foil-like m o num en t in  a  w ind o f ce rta in  
oblique d irec tio n  in d ica tin g  m o m en ta ry  d irec tio n  o f deflec tion  veloc
ity  é and  angu la r ve locity  0

mooring (Fig. II-3). Consequently, the  mooring forces ob tained  for the  
pro to type m ust have deviated  from  th e  real values to  an  unknow n ex ten t 
and  it can be only supposed th a t the  deviation was on th e  safe side. S tric tly  
considered, a hydroelastic problem  has also to  be solved when determ ining 
the  forces acting on a vessel tow ed in an inclined tan k  (Fig. II-4 ).]

Between 1958 and 1962 Gyorke carried out, in the  V IT U K I laboratory, 
th e  firs t hydroelastic model experim ents in H ungary  by tak ing  in to  account 
th e  forces of inertia, g rav ity  and elastic ity  in open-surface flow in accordance 
w ith  F roude’s law, b u t the  lack of adequate m aterials and  instrum en tation  
prevented  him  from  using elastic models and  also from  developing th e  rele
v an t theory. H is models consisted of rigid gates suspended (Fig. II-5) or 
supported elastically [54, 55, 56]. These investigations provided results of 
great p ractical im portance to  the  H ydraulic P lanning Office Y IZ ITER Y .

A certain  approxim ation of th e  hydroelastic behaviour is possible by 
applying models suspended on w eight-type balances. Such a m ethod was 
used, for example, by  N audascher on th e  model of the  D uisburg gate [147], 
and  by th e  au tho r on th ree models [63, 67] (specified later). F igure II-6  
shows the  principle of th e  m easurem ent. The arrangem ent details of this
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Fig. II-3 . S tu d y  o f forces ac tin g  on  a  barge  in  1 : 25 scale m odel o f th e  
N agym aros nav ig a tio n  lock. F o rces w ere m easured  a t  tw o  po in ts , in  
one, and  tw o d irec tions, b y  s tra in  gauges. D isp lacem en t o f  th e  m odel 
barge  d id  n o t a t ta in  one m illim etre  (p ro to ty p e : 2.5 cen tim etres), i.e. 
th e  m ooring  cable w as considerab ly  m ore “ rig id ” th a n  one s im ila r to  
th e  p ro to ty p e  cable w ould have  been

figure are closest to  those applied in th e  stop-log model o f th e  N agym aros 
barrage on the  D anube [63, 67]. The principle was th e  same, the  realiz
ation  (Fig. I I - 7) a little  different from  th e  D uisburg model [147], for which 
some of th e  experim ental results are illu stra ted  in Fig. II-8 .
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F ig . II-4 . T ow ing a  sh ip  in  an  inclined  
ta n k . I t  is recom m ended  th a t  th e  e la s tic 
ity  o f  th e  m ooring  be m odelled  co rrec tly

F ig . II-5 . Sketch  o f force m easu rem en ts  perfo rm 
ed on 1 : 25 scale m odel o f f i rs t  version  o f  th e  
K iskö re  B arrage . S tra in  gauges w ere in serted  
in to  suspension w ires whose e las tic ity  (as th a t  o f 
th e  m odel in  general) corresponded  to  F ro u d e ’s 
law . The m odel ga te  s tru c tu re  w as o f steel 
an d  w as geom etrica lly  sim ilar to  th e  p ro to ty p e , 
consequently , i t  could be considered p rac tica lly  
rig id

F ig . II-6 . Sketch  o f w eigh t ba lance  system  
app lied  to  m easure lif tin g  force req u ired  b y  
th e  stop-log designed for th e  N agym aros B a r ra 
ge in  1964 [63, 67]. B uffers ensu red  th a t  for 
non-equ ilib rium  th e  m odel could n o t m ove 
m ore th a n  1 or 2 m m

A sim ilar approxim ation is supplied by m easurem ent w ith  spring balances. 
In  Fig. II-9  it is shown how the  suspension system  of a model was ad justed  
to  the  m easurem ent range of the  spring balance, when th e  forces to  be 
m easured were alm ost twice as great as the  la tte r. F igure I I - 10 shows 
the  results of th e  force m easurem ent (for p ractical reasons th e  force is 
transform ed into m om ent about the  pin of the  T ain ter-gate model) m arking 
th e  m axim um  and  m inim um  forces experienced.
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F ig . I I - 7. E ssen tia lly  th a t  system  o u tlin ed  in  Fig. I I -6  w as a p 
p lied  som ew hat ea rlie r by  N au d asch er for th e  m odel o f th e  D u is
b u rg  ga te  (C ourtesy  In s ti tu te  o f H ydrom echan ics, K arls ru h e  
U n iv e rs ity , FR G .)

The application of e ither the  weight- and  th e  spring-balance m ethods 
should, however, be recom m ended for forces w ith re la tively  sm all oscilla
tion am plitudes only.

An in teresting spring-balance supporting a rigid model gate and  a t  the  
sam e tim e being a p a r t thereof was applied by Gál [44] (Fig. I I - 11).

The newest instrum ent of V IT U K Icalled  “vibrom ez” which is also suitable 
for m easuring even oscillating forces will be dealt w ith in detail in C hapter V.
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Fig. II-8 . Top rig h t: sketch  o f  lo n g itud ina l sec tion  o f  th e  
D u isb u rg  m odel. T op le ft and  a t  b o tto m : v a ria tio n  o f force 
ac tin g  on low er p a r t  o f  th e  double  T a in to r ga te

A fter th e  few Germ an publications reviewed by Stollm ayer and  utilized 
by Győrke, th ir ty  extensive papers on vibrations o f hydraulic structu res 
were presented a t the  V U Ith  (Montreal) Congress of th e  In terna tional 
Association for H ydraulic Research (IA H R ) in 1959. These papers showed 
th a t a num ber of model studies had  been conducted on the  v ibrations of 
hydraulic s tructu res bu t m ainly of those installed  in closed conduits such as 
th e  bo ttom  outlets of high dams. I t  was a t this Congress th a t Abelev (USSR) 
presented a paper [2], in which he derived th e  law o f sim ilitude, i.e. the  
scale ratios, on the  basis of different scale model experim ents concerning 
th e  v ibrations of elastically suspended rigid gates (Fig. 11-12) in a  closed 
conduit, which ra ting  otherw ise corresponds to  F roude’s law. A t th e  same 
Congress the  D utchm an K olkm an presented a  paper [99] on th e  investiga-
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F ig . II-9 . M easurem en t o f force com ponen ts a c tin g  on th e  
p in  o f th e  T a in to r  ga te  w ith  h inged  lea f o f th e  N agym aros 
B arrage

tions re la ted  to  the  H agestein weir and  its  elastic model (Fig. 11-13), as 
well as on th e  theoretical bases of modelling. B oth  Abelev’s and  K olkm an’s 
paper are in agreem ent w ith the  independently  elaborated  m ethod expound
ed in C hapter I I I ,  b u t th is la tte r  deals w ith  a wider range of problem s 
th a n  do th e  early  papers.

Most of th e  o ther papers subm itted  to  th a t  Congress did  not publish 
any  modelling principle, b u t presum ably F roude’s law was applied w ith 
th e  elasticity  of the  suspension being ad justed  accordingly. R eynolds’ law 
is hard ly  probable because o f th e  need for too high a pressure and  discharge.

The year 1959 was th e  year which brought th e  d isaster th a t  p rom pted 
th e  more extensive application of hydroelastic model experim ents. According
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Fig. I I - 10. M easurem ent re su lts  o f 
req u ired  liftin g  force o f  N ag y m aro s 
T a in to r ga te  w ith o u t its  ow n w eight, 
on th e  basis o f sp rin g  scale m e a 
su rem en t, in d ica tin g  th e  m ax im um  
and  m in im um  forces experienced , 
co nverted  to  th e  p ro to ty p e . (G eo
m etrica l cen tre  o f T a in to r ga te  a rch  
is 1 m  above p in .)

F ig . И - l l .  S u b s titu tio n  o f elastic  
suspension  o f a  h inged-leaf ga te  by  
an  e lastic  can tilever-like  c lam ping  
o f  th e  h inged-leaf

28

Moment o f hydrodynamic load 
about the pivot o f the gate ^  L^rm]

Wedge
- Spring plate 
(elastic jo in t)

Adjustable support

E
le

va
tio

n 
of

 ta
/n

te
r 

ga
te

 t
op

 
Ht

 [
m

 a
bo

ve
 s

ea
 le

ve
l]



Fig. 11-12. A belev’s “ 1 : 1”  m odel. P la n  and  lo n g itud ina l section  o f  ex perim en ta l 
se tu p . 1 — pressu re  ta n k , 2 — gauge pipe, 3 — gate , 4 — p ipe  line, 5 — piezom etric  
p ipe, 6 — ta ilw a te r flum e, 7 — ta ilw a te r level reg u la to r, 8 — outflow

Fig. 11-13. V isor ga te  a t  H ageste in  (C ourtesy D elft H ydrau lics  L ab o ra to ry , T he N e th e r
lands)
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to  the  repo rt of U ppal [208], th e  suspension of a gate in th e  diversion 
tunnel of the  B hakra dam  under construction broke during a flood because 
of violent flow-induced vibrations. The gate shaft also collapsed and  th e  
power sta tion  was inundated. Because of th e  dam age, construction work 
was in te rru p ted  for several m onths.

M ention m ust also be m ade o f C am pbell’s 1961 paper [24] according to  
which tw o gate structu res were studied in models a fte r 1947; these were 
reproduced by rigid masses on elastic suspensions. Since Campbell quotes 
results in good agreem ent w ith pro to type m easurem ents, it is highly likely 
th a t the  modelling was based on Fronde's law. The original repo rt [182] was 
no t available bu t it appears th a t  in closed conduits these investigations 
were th e  w orld’s firs t hydroelastic model studies concerning hydraulic 
structures.

Fig. 11-14. P ressu re  oscillations in in le t sh a ft d iversion  tu n n e l. In  s im i
la r  cases i t  is recom m ended  to  check w hether o r n o t h y d ro e lastic  v i
b ra tio n s occur
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Since the  M ontreal Congress a great num ber of papers have been published 
on hydroelastic problems. Among the  congress papers them selves and  
am ong o ther papers there  are m any references to  model studies w ithout 
any  d a ta  on th e  models. Some papers give certain  d a ta  of th e  model bu t 
no t th e  sim ilitude principles. A som ewhat more detailed  modelling theory  
has appeared b u t in a few papers only. Save a few exceptions, a sim ilar 
scarcity  obtains in the  case of model techniques and  instrum entation . The 
m ost significant papers will be quoted la ter on in th e  respective chapters, 
nevertheless, some outstanding  model investigations should be m entioned.

A paper by Angelin [11] from  1959 reported  on an in teresting hydro
elastic experim ent concerning a duplex gate  and  th e  shaft of a diversion 
tunnel, where considerable pressure oscillations were observed (Fig. 11-13). 
According to  the  paper no inclination to  v ib rate  was experienced, neverthe
less, we m ust add  th a t in sim ilar situations th e  danger of hydroelastic 
v ibrations is very  high and  it  is therefore recom m ended th a t very careful 
model studies be carried ou t prior to  th e  realization in pro to type.

Angelin and  F lagestad  [12] presented th e  results of an experim ent series 
concerning the  behaviour of sem icircular (arched) stop-logs during lowering

Fig. 11-15. L ow ering o f arched  stop-logs a t  h igh dow nstream  level w ith  som e c h a ra c te r
is tic  dim ensions
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Fig. 11-16. 1 : 15 scale m odel o f th e  arched  stop-log  closure in  function  
(C ourtesy  H y d rau lic  L ab o ra to ry , Ä lvkarleby , Sw eden)

in flowing w ater, this being a typ ical hydroelastic problem . T he pro to type 
arrangem ent, together w ith a few inform ative geom etrical d a ta , are p resen t
ed  in Fig. 11-15. The model (scale 1 : 15) in operation is shown in Fig. 11-16, 
w ith  a more or less sim ilar p ro to type operation being shown in Fig. 11-17. 
As can be seen, the  arched stop-logs were lowered (and lifted) by a special 
T -shaped handling device and  bo th  the  stop-log and  the  handling device 
were a ttack ed  by hydrodynam ic forces. Since th e  s ta te  of flow was highly 
three-dim ensional, it is evident th a t  by  no theoretical m ethod could the  
problem  have been tack led  reliably. P ro to ty p e  m easurem ents have shown 
a  fair agreem ent w ith  model data . The hydrodynam ic load on th e  beam  
and  the  am plitude o f its variation was in good agreem ent w ith  F ro u d e’s 
law. As for th e  frequencies, the  p ro to type values proved to  be 20 to  30 
per cent higher th an  in th e  1 : 15 model. The paper does not expressly
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Fig  11-17 P ro to ty p e  s itu a tio n  sim ilar to  th a t  in  Fig. 11-16 (C ourtesy 
H y d rau lic  L ab o ra to ry , A lvkarleby , Sw eden) У

s ta te  Whether or not the  elasticity  of th e  beams followed F roude’s law 
or w hether only the  suspension was elastically sim ilar. I t  seems th a t the 
model beams were practically  rigid. In  the  a u th o r’s opinion, in sim ilar 
situations where the steel s tructu res are relatively slender, i t  is necessary 
to  model not only the form  and  the  mass d istribu tion  of th e  beam s bu t also 
th e ir elasticity  according to  F roude’s law.

H arrison s pajier [60] presented a t the  Leningrad Congress o f the  IA H R  
trea ts  the  model tests of a siphon spillway. The tests  were aim ed a t de
term ining the  pressure and  v ibration conditions o f th e  hood of the  siphon 
Dimensioning of the  1 : 1 2  scale model followed F roude’s law, including the  
elastic ity  and  mass d istribu tion  of the  hood, whereas o ther p a rts  of the 
structu res were considered and  modelled as being p ractically  rigid. The 
necessary elastic ity  of the  model hood was a tta in ed  by  applying a nylon -
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F ig . 11-18. Cross section  o f e lastic  siphon  m odel w ith  
locations o f m easu rem en t p o in ts
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Fig. 11-19. S iphon m odel (C ourtesy  H y d rau lic  R esearch  
S ta tio n , W allingford , E ng land )

reinforced resin and a  slight m odification o f th e  thickness. The cross section 
and  plan o f th e  stru c tu re  w ith  the  m easurem ent points is given in Fig. 11-18; 
a  photo of the  model is shown in Fig. 11-19. The la tte r  illu stra tion  indicates 
th e  brass weights glued to  the  hood to  ad ju st the  mass to  the  correctly  
scaled value.

Lean reported  in Leningrad about the  model investigation of a tem porary  
coffer dam  wall [122]. I t  was in tended  to  use th is wall as an enclosure of 
th e  building site during the  construction of a power house in the  Mangla 
dam  project. I t  had  to  w ithstand  the  pressures in th e  vortex  flow surround- 
ing th e  je ts from  four tunnels when delivering the  flood flow of the  river. 
F igure 11-20 illustrates the  situation  w ith some characteristic dimensions, 
Lig- LI-21 shows the  1 : 50 scale model. In  th e  upper p a r t o f th e  picture, 
th e  tem porary  wall can be seen which in the  p ro to type consists of a series 
of horizontal I-beam s faced w ith tim ber boarding, the  boarding being
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Fig. IÍ-20 . A rran g em en t o f  coffer dam  o f  pow er s ta tio n  an d  o u tle t o f one 
tu n n e l w ith  some ch a rac te ris tic  d im ensions

bolted  to  the  beams. For the  sake of elastic sim ilarity  th e  model of th is 
wall was realized by using a rigid PVC sheet w ith  brass weights added, to  
achieve the  sim ilarity  of mass d istribu tion , too. On th e  basis o f the  m easure
m ents, v ibration  am plitudes and frequencies of several points of the  wall 
were analysed.

Coxon, Angelin and  W ardle reported  about th e  model and  pro to type 
investigation of th e  stop-log closure o f the  K ain ji dam , N igeria [26a, 186b]. 
F igure 11-22 shows th e  lowering operation of th e  concrete stop-log by means 
o f the  handling beam  in th e  proto type; Fig. 11-23 presents some of the  m odel 
te s t results, converted in to  pro to type values, concerning th e  vertical 
hydrodynam ic loads on th e  two-com ponent un it. D uring th e  course of
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Fig. 11-21. E las tic  coffer d am  m odel (C ourtesy H y d rau lic  R esearch  S ta tio n , 
W allingford , E ngland)

these experim ents only the  suspension was considered elastic; the  beam s 
were assum ed to  be rigid — th is assum ption being acceptable since the  
concrete beam is m ade very rigid because of th e  large one-sided hydrostatic  
force it has to  w ithstand . The results from the  model and the  p ro to type 
were in good agreem ent w ith  each o ther a] tart from one event of severe 
overloading of the  seventh pro to type stop-log which could not be reproduced 
subsequently  in the  model despite repeated  tests. One m ay suppose th a t 
some hydraulic event w ith a very low probab ility  or some mechanical 
d isturbance occurred. J u s t  th e  same, it calls a tten tio n  to  the  need for very 
thorough carrying out of the  model tests  particu larly  concerning small 
details of the  structu res which are in contact w ith  flowing w ater (seals, 
edges, etc.). In  N audascher’s opinion [148b] th e  difficulties w ith modelling 
th e  flow through very narrow  openings resulted  in conclusions not valid 
for the  prototype.

A t the X V IIth  IA H R  Congress (Baden-Baden, 1977), a  num ber of papers 
on hydroelastic model experim ents were presented, e.g. [5a, 37a, 97b, 105b] 
which are w orthy  of study.
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Fig. 11-22. L ow ering a  concrete  stop-log  a t  th e  K a in ji 
D am  (C ourtesy H y d rau lic  L ab o ra to ry , Ä lvkarleby ,
Sweden)

2. G e n e ra l  R e m a rk s  on S im il i tude

The engineer perform s th e  design of s tructu res by m eans o f relationships 
derived for an  ac tua l case from  a few fundam ental laws of m echanics. 
This sta tem en t is valid  in the  mechanics of bo th  solids an d  fluids. These 
fundam ental laws describe th e  sta tic  or dynam ic (kinetic) equilibrium  of 
elem entary  particles of bodies by m eans of relationships betw een stresses, 
deform ations and  changes in velocity. B y tak ing  ano ther step  backw ard: the  
theo ry  of s treng th  of elastic m aterials is based on H ooke’s generalized law 
[22]. The laws of m otion of accelerating bodies also involve N ew ton’s 
second law [22]. The basic laws of flu id  m otion are, according to  th e  n a tu re  
o f flow, e ither the  N avier-S tokes or the  Reynolds sets of differential equa
tions [151]. This, however, means nothing o ther th an  th a t  by  m aintain ing
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Newton s second law, H ooke’s law becomes replaced by relationships con
cerning the  elastic compression and the  lam inar or tu rb u len t friction o f 
th e  fluid. In  the  case of free fluid surfaces the  law of surface tension [151 ], 
too, belongs to  th e  fundam ental laws to  be observed.

IV hen recalling the  above-listed laws of nature , we followed th e  historical 
order of th e  developm ent o f science. We m ust s ta te , however, th a t all 
these laws of na tu re  can be form ulated in the fram ew ork of the  transport 
theory  [192] which was developed in th e  second q u arte r of th is cen tu ry  
and  which eloquently  expresses the u n ity  of nature . The general tran sp o rt 
equation which involves all of those laws o f n a tu re  is

~  +  div jf =  qt . 
ot

In this equation p, is the  density  of the  so-called ith extensive m agnitude, 
characterizing th e  phenom enon, t is the  tim e, /,■ is th e  flow density  of the  
ith  extensive m agnitude, and  qt is the  source density  of the  ith  extensive, 
m agnitude in an optional point. The flow density  itse lf is

_ n
h =  Qi» +  2 ?  Lik grad y k

k = 1

ill which V is the  velocity of the  m edium  transporting  th e  extensive properties 
through an optional point of the  space (and, therefore, o, v is the  convective 
flow density), yk is the  so-called /uth intensive m agnitude characterizing 
the  phenom enon, and  L ik is the  conductiv ity  factor (i.e. the  flow density  
o f the  ith  extensive m agnitude in the  case of u n it gradient of the  &th 
intensive m agnitude). I t  means th a t the  product L ik grad  yk is th e  conductive 
flow density.

The general tran sp o rt equation, when applied in th e  field of hydro
m echanics and streng th  of m aterials, can be used to  express th e  m om entum  
tran sp o rt and  the sourceless energy and mass tran sp o rt. In  the  special 
investigations to  be trea ted  in the fram ework of th is book th e  tran sp o rt 
theo ry  will not be utilized b u t in the  fu tu re  it can be expected th a t  its  
application will result in considerable progress in the  field of hydrom echanics 
and w ithin this in th a t of hvdroelasticity.

W hen facing a specific problem , its  solution is often  based on some 
relationship open to  direct perception, or for th e  sake of a feasible solution, 
some approxim ations or sim plifications are assumed. This by no m eans 
influences the  valid ity  o f the  fundam ental laws (laws o f nature). The inform a
tion content o f any  equation for th e  concrete case and  th a t of th e  funda
m ental laws com pleted w ith th e  conditions o f solution (boundary conditions, 
etc.) m ust be th e  same, within the  perm itted  m argin o f error.
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This la tte r  Statem ent is very im portan t from th e  view point o f th e  practical 
establishm ent of sim ilitude criteria. Nam ely, tw o phenom ena are sim ilar 
to  th e ir m athem atical models, i.e. the  equations describing th e  phenom enon 
together w ith  th e  respective conditions o f solution (involving the  in itia l 
and  boundary  conditions as well as specification of the  dom ain of validity), 
are to  be brought to  the  sam e form [190]. In  th is case, th e  tw o phenom ena 
m ay be regarded as models of each other.

Since a concrete phenom enon am ong conditions given, m ay contain, 
from  th e  fundam ental laws to  th e  eventual concrete final equation very 
m any descriptive equations all of which contain exactly  th e  sam e am ount 
of inform ation, th is is obviously very  helpful in finding ano ther phenom enon 
sim ilar to  the  one to  be studied, and/or in determ ining th e  criteria  of si
m ilitude.

Obviously, if  it is possible to  derive final equations suitable for practical use 
from  the  fundam ental laws, these equations should be applied in planning and  
design, and  model experim ents are no longer needed. If, however, anyw here 
in th e  course of derivation from  th e  fundam ental laws, some m athem atical 
d ifficulty  arises (usually owing to  the  com plexity of th e  m athem atical form u
lation  o f the  conditions of solution) or if  the  actual application o f th e  derived 
equations would be too tim e-consum ing (e.g. if  there  is no com puter program  
and  it would be too expensive to  develop one, or if  th e  com putation itse lf 
requires too m uch com puter tim e), th e  solution, or a cheaper solution, 
m ay be offered by the  model experim ent. A sketch of the  solution procedure 
is given in Fig. 11-24, where the a lternative  charac ter of th e  com putation 
and  the  model experim ent m ethods is pointed  out.

I t  is expedient to  derive th e  conditions of sim ilitude from  th e  fundam ental 
laws (laws of nature) since those do not contain any  approxim ation. Very 
often, however, one (or some) o f the  derived equations m ay be u tilized 
instead, due to  its sim plicity, or to  th e  easier handling of secondary variables 
in troduced (e.g. m om ent of inertia  instead  o f d irect geom etrical sizes, 
etc.). In  th is book too, the  conditions o f sim ilitude will be derived either 
from  the  fundam ental laws or from  equations ob tained  from  these laws 
through more or less circuitous procedures. On the  basis o f th e  sim ilitude 
conditions deduced the  model can be designed and  constructed  and  foliow-

Fig. 11-24. S teps in  solving a  design problem
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ing th e  m easurem ent-experim ental plan outlined earlier th e  model 
experim ent can be carried out.

The model experim ent yields the  ac tua l values of th e  quantities relevant 
for the  user by  means of d irect m easurem ent an d  then  m ultip lication by 
the  constan t scale ratio . A disadvantage of the  model experim ent is th a t  
the  special law dom inating the  variation  of these quantities either escapes 
any  form ulation or is available only as an  em pirical equation not reflecting 
the  connection to  the  fundam ental laws. Thus, th e  model is a black box 
from  which, if th e  fundam ental laws and  the  scaled conditions of solution 
are p u t in, the  equally scaled results m ay be ob tained  as the  o u tp u t in th e  
form  of num erical values or distributions. However, th e  essential th ing  to  
be em phasized is th a t  th e  needs of practice are th u s generally satisfied, 
especially in cases where the  unsatisfactory  s ta te  of developm ent of the  
m athem atical apparatus would not perm it one to  a tta in  even such num erical 
solutions. N atu rally , every effort should be made to  solve design problem s 
by com putation. The com putation m ay prove more advantageous even if 
its cost is of th e  same order of m agnitude as th a t  of th e  model experim ent, 
since, in general, model experim ents are more tim e-consum ing th an  th e  
use of a com puter; even though the  program  m ay be com plicated b u t 
already available. Nevertheless, tak ing  care of th e  fu rther developm ent 
of modelling is necessary not only because in th is way th e  sphere of problem s 
solvable economically in models is to  be enlarged b u t also because the  model 
te s t resu lts m ay contribu te to  the  developm ent or checking of new com puta
tion methods.

In  this book the  fundam ental questions of modelling and  sim ilitude will 
no t be trea ted  since in th is respect a wide selection o f works in several 
languages is a t the  reader’s disposal (among them  we recall firs t of all the  
work o f E . Szűcs [190]). W e shall concentrate our a tten tio n  exclusively on 
th e  modelling of v ibrations of elastic hydraulic structures.

3. M ode ll ing  of H y d ra u l ic  S t ru c tu re s  in G e n e ra l

The modelling of flow phenom ena developing around hydraulic s tructu res 
incapable of motion, including vibrations, m ay be considered as sa tis
factorily  solved [61, 93]. In  the case of a free-surface tu rb u len t flow the 
sim ilitude is determ ined by F roude’s law. In  the  case of flow in a  closed 
conduit, sim ilitude is based, depending on other circum stances, upon the 
E uler, the Reynolds, or again the F roude model law [8, 51, 61, 151, 215].*

* As is w ell know n, th e  F roude  m odel law  p rescribes th e  id e n tity  o f  th e  F ro u d e  
n u m b e r (invarian t) in  th e  hom ologous p o in ts  o f th e  p ro to ty p e  an d  th e  geom etrica lly  
sim ilar m odel. T h a t is, v2/gl =  idem , w here v is th e  velocity , g is th e  in te n s ity  o f  th e
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K g . 11-25. M ovem ent o f  a  m odel o f a  
t i l t in g  ga te  o r o f  a  ro lling  s tone  can 
be s tu d ied  w ith  sa tis fac to ry  accuracy  
o n ly  on th e  basis o f  F ro u d e ’s law , 
even  in a  closed-conduit tu rb u le n t flow

F ig . 11-26. M ovem ent o f  a  non -vertica l-ax is 
tu b u la r  tu rb in e  or a  subm arine  or sh ip  screw, 
w ith  one o f  th e  b lades b roken , m ay  be stud ied  
b y  app ly ing  F ro u d e ’s law , th o u g h  if  all th e  
b lad es a re  un h arm ed , an  ex ac t m odelling  is to  
be  carried  o u t only  on th e  basis o f R eyno ld s 
m odel law . (A pprox im ate ly , th e  E u le r or 
F ro u d e ’s law  is accep tab le , too .) S  =  cen tre  o f 
g rav ity , F grav =  w eight force o f tu rb in e  a f te r  
b reak ing

The m odel laws m entioned consider properly only th e  forces acting on 
th e  flu id  particles and  on the  surface of solid bodies, when th e  tensions 
arising inside solid bodies do not m odify the  flow a t all, because of the  
in fin ite or very  high rig id ity  of th e  structure . However, th e  valid ity  of 
these laws m ust be stud ied  profoundly for such model investigations 
where the  solid body can move and  its  m ovem ent is influenced by  any  force 
disregarded, when deriving th e  afore-m entioned model laws. Thus, for

g ra v ita tio n a l field  and  l is a  ch a rac te ris tic  leng th . T h is law  is va lid  i f  forces dom in a tin g  
th e  flow  phenom enon a re  th e  in e r tia  and  th e  g ra v ita tio n a l forces in  b o th  th e  p ro to ty p e  
and  th e  m odel.

T he R eyno lds m odel law  prescribes th e  id e n tity  o f  th e  R eyno lds n u m b er, th a t  is, 
vl/v =  idem , w here v is th e  k inem atic  v iscosity  o f th e  flu id . T h is  law  is va lid  if  th e  
d o m in a tin g  forces a re  those  o f in e r tia  an d  viscous fr ic tion .

T he E u le r m odel law  prescribes th e  id e n tity  o f th e  E u le r n u m b er, th a t  is, v2n/Aji 
=  idem , w here q is th e  d en sity  o f th e  f lu id  an d  Ap  is th e  pressu re  d ifference betw een  
tw o  ch a rac te ris tic  po in ts . T h is law  is va lid  i f  th e  d o m in a tin g  forces a re  those  o f 
in e r t ia  an d  hy d ro d y n am ic  p ressure. (This law  follow s from  F ro u d e ’s law  b u t n o t 
conversely .)
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Fig. 11-27. In  open surface flow , e la s tic ity  o f  
suspension (and  possib ly  th a t  o f  th e  gate) 
m u s t follow  F ro u d e ’s law

example, w ithout dwelling upon details, th e  application o f th e  F roude’s 
law does no t constitu te  any  difficulty  when studying  th e  m ovem ent of 
such rigid bodies p u t into tu rbu len t flow whose specific g rav ity  is a rb itra ry  
and  whose connection (shaft, ball-and-socket jo in t, inextensible filam ent, 
friction a t rest or even no m echanical connection a t  all) to  th e  boundary  
wall is no t elastic. A few exam ples are shown in Figs 11-25 and  11-26. 
I f  the  connection of the  rigid body to  the  wall is such th a t  th e  dimension 
of its  displacem ent depends on th e  force arising in th e  connecting elem ent 
(elastic suspension, sliding support w ith  some kind  of friction), modelling 
is possible only if  these forces are to  be ad justed  to  F roude’s law (Figs

Fig. 11-28. I n  a  closed tu n n e l 
w ith  an  open-surface sh a f t (a ) ,  
F ro u d e ’s law  is com pulsory  in  
s tu d y in g  th e  m ovem en ts  o f th e  
gate . In  pressu re  cham ber (b),  
m ovem en t o f th e  ga te  m ay  be 
m odelled  q u ite  accu ra te ly  
accord ing  to  R eyno ld s’ law , 
th o u g h  th e  F ro u d e  o r E u le r ty p e  
m odelling  m ay  also p rove  m ore 
or less sa tisfac to ry . E la s tic ity  
and  s tru c tu ra l fr ic tio n  o f su s
pension  (and possib ly  those  o f 
th e  gate) have  to  sa tisfy  th e  
sam e law s
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11-27,11-29). The sam e holds for deform able bodies in which stresses depend
ing on th e  deform ation arise, etc. The modelling o f problem s of th is  ty p e  
was long considered impossible, nevertheless, it has n o t proved to  be hopeless 
to  search for a m ethod th a t satisfies th e  model law  valid  for th e  flow and 
followed absolutely w ith  respect to  th e  structu re , too, w ith  an  adequate 
degree of accuracy.
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III. Hydroelastic  Similitude

In  th is chapter, which forms the  backbone of th e  book, th e  force effects 
to  be considered in th e  theory  of hydroelasticity , th e  possibilities of m odel
ling them  or ignoring them , furtherm ore, assum ing th e  more or less general 
and  special cases, the  scale ratios between th e  corresponding quan tities 
in th e  model and  th e  pro to type will be trea ted  in detail.

The results of th e  hydroelastic sim ilitude m ethod, to  be trea ted  according 
to  the  above system , will be valid  for modelling th e  v ibrations of hydraulic 
s tructu res m ade of a rb itra ry  solid, nonplastic (i.e. perfectly elastic) m aterials. 
Nevertheless, as dem onstrated  by experim ental evidence, th ey  can also 
be used satisfactorily  for structu res w ith  fin ite in terna l dam ping. H ydraulic 
structures, in m ost cases, are composed of concrete or steel. The general 
s ta tem ents of th is  chapter are valid  for bo th  types. Since, however, v ib ra
tion  problem s have rarely  been experienced w ith  th e  practically  rigid 
concrete structu res of great inertia, in elaborating certain  details, th e  solu
tion of the  special problem s o f steel structu res in p articu lar those of th e  
gate-like structu res composed of p la te  elements — were aim ed a t first 
of all.

As m entioned in Section II . 2, th e  sim ilitude criteria  can be determ ined 
both  from  th e  fundam ental laws dom inating th e  particu la r sphere of phenom 
ena and  from  any of th e  equations derived. Since fundam ental laws 
contain the  fewest sim plifications and  omissions we shall therefore strive  
to  support ourselves directly  on the  fundam ental laws. W e shall s ta r t  from 
a derived equation  only if  th e  application of th e  fundam ental law is too 
com plicated or th e  result obtained therefrom  would only be applicable 
w ith difficulty.

The hydroelastically sim ilar models m ean only a fu rth e r developm ent 
of th e  hydraulically  (and hence also geom etrically) sim ilar models, therefore 
th e  geom etric and  kinem atic sim ilarity  will be m aintained, i.e. th e  geo
m etrical scale ra tio  c (the quo tien t of th e  p ro to type length L pr and  th e  
corresponding model length  L m), furtherm ore th e  k inem atic scale ratio  
ct (the quotien t of th e  p ro to type tim e lpr and th e  corresponding model 
tim e tm) m ust be constan t independently  of tim e, location and  any  other 
factor:

c =  L prILm =  const. (Oa)

ct =  tvrjtm =  const. (Ob)
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The dynam ic sim ilarity  is based on the  fundam ental laws (force laws) 
of mechanics. This will be tre a ted  in  detail since a  deviation from  hydraulic
ally sim ilar models in  th e  custom ary sense appears in  th is respect.

1. Forces Influencing th e  M o v e m e n t  of H y d ra u l ic  S t ru c tu re s  
an d  th e i r  S ca le  Ratios  in G e n e ra l

L et us look a t th e  fundam ental force laws th a t  influence th e  m ovem ent of an 
elastic body p u t into th e  flow and  the  m otion of th e  flu id  itself. F or the  
sake of sim plicity and expediency, flu id  will be understood  to  be w ater and  
air since all the  structu res we are concerned w ith  in practice are in contact 
only w ith  those, and  th e  sam e is v irtu a lly  tru e  in the  laboratory , too.

The flow and  the  structu re , according to  th e  sta tic  concept of d ’A lem bert, 
are under th e  effect of th e  following forces (indicating in parentheses w hether 
or no t th ey  are dom inant in the  sphere of th e  phenom ena* studied):

1. Force of inertia, F jnert- (I t is significant for w ater and  for the  m ovable 
p arts  of th e  structu re , whereas so far as air is concerned, it is generally 
not significant.)

2. Field force, in th e  particu lar case exclusively th e  gravity force, F grav. 
(I t is significant first of all as, for example, th e  cause of th e  hydrostatic  
pressure, for w ater and  som etimes for th e  s tru c tu re , while in th e  air and 
m ostly also in th e  s truc tu re , it  produces only a background stress which 
does no t influence the  movem ents.)

3. Elastic force, Fetast. (For w ater and  air, w ith  th e  exception of air closures, 
its  effect is negligible, while for th e  s tru c tu re  it is significant.)

4. Turbident friction, F tuгь- (This acts on the  interfaces between w ater 
and  w ater, or w ater and  air layers, and  on th e  w etted  surfaces of th e  bed 
and  th e  subm erged p a rts  of the  structures. Depending on th e  circum stances, 
its  effect on the  w ater m ay be significant but on th e  air, in the  sphere of 
th e  phenom ena studied, it is com pletely negligible.)

5. Viscous friction, F visc. (I t m ay occur in w ater and  in  air, as well as 
on th e  surface of the  structure . Nevertheless, in m ost cases it is negligible 
in com parison w ith  tu rb u len t friction, and is nearly  always negligible in 
air.)

* I t  is em phasized  th a t  exclusively th e  phenom ena concern ing  hydraulics a re  con 
cerned. T herefore, th o u g h  also h y d rau lic  s tru c tu re s  m a y  be  in  co n tac t w ith  a ir  as, 
e.g. in  th e  case o f  a  p a rtia lly  subm erged  g a te , th e  effect o f  a ir  in  genera l can  be neg lec ted  
w ith o u t an y  rigo rous s tu d y . I n  aerodynam ics i t  is precisely  th e  fr ic tio n  an d  in e r tia  
o f  th e  a ir  w hich dom ina te  w hile w ate r, in  m o s t cases, is ab sen t.

47



6. Hydrodynamic fluid pressure, F pres. (Significant in w ater, generally 
insignificant in air.)

7. Friction between structural parts, F str- (It arises, for exam ple, a t  nodes, 
bearings, seals, etc. In  m any cases it can be neglected, in others not. 
According to  character, it can be linear or follow the  Coulomb law.)

8. Capillary force, F cap. (It is equally negligible for w ater, a ir and  the  
structu re .)

W ithou t th e  need for proof, it  can be s ta ted  th a t allowance should gener
ally be m ade for th e  effects o f inertia l force, g rav ity , flu id  pressure, and 
elastic force, while those of viscous and  tu rb u len t fluid fric tion and  of 
s tru c tu ra l fric tion m ust be investigated  separately. C apillarity  need no t 
be dealt w ith.

F rom  th e  lite ra tu re  on hydrom echanics [61, 151, 216] th e  scale ra tios of 
th e  forces listed  are well-known.*

F or th e  sake of completeness, hereunder th ey  will be derived briefly  
as follows:

1. Force of inertia (D’A lem bert’s reaction to  any  accelerating force, 
independently  of w hether it  affects w ater, air or solid bodies):

- înert -т а

in which m  is mass, a is acceleration (Fig. I I I - l ) .
I ts  scale factor

_  —m pra pr _  gpr Vprapr
CF inert— ----------------------—---------- ce c cct — cqc ct — coc CV IDm mam pm Vmam

in  which V is volume, q is density. The subscript p r refers to  pro to type, 
th e  subscrip t m refers to  the  model, c is th e  geom etrical scale ra tio , cg, ct 
and  cv are th e  scale ratios of density, tim e and  velocity, respectively.

2. Gravity force

Fgrav — m9

* A ccording to  th e  m odern  ap p roach  [1 9 ,1 9 0 ,1 9 2 ] sim ilitude  c rite r ia  an d  th e  
ind iv idua l scale ra tio s  can  be derived  on  th e  basis o f th e  equa tions describ ing  th e  
m o m en tu m  tra n sp o r t and  th e  sourceless energy  and  m ass tra n sp o r t . I n  th e  li te ra tu re  
re fe rred  to  in  th e  te x t  [61, 151, 215], re s tr ic te d  to  th is  p a rt ic u la r  sphere  o f h y d ro 
m echan ic  p rob lem s (o therw ise perfec tly  righ tly ) th e  expressions (describ ing equations, 
m a th em a tica l m odels o f  th e  phenom enon) o f  th e  forces dom in a tin g  th e  ph en o m en a  
a re  w rit te n  d irec tly  an d  due to  th e  w ish th a t  th e  ra tio  o f  p ro to ty p e  forces a n d  th e  
co rresponding  forces in  th e  m odel, sa tisfy ing  geom etrical an d  k inem atica l sim ila rity , 
should  be co n stan t, th e  scale ra tio s  listed  in  equa tions I - V I  a re  derived .
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in which g is th e  in ten sity  o f th e  g rav ita tional field  whose value is equal 
to  th a t of th e  acceleration due to  g rav ity  (Fig. III-2 ).

Торг gVx Qpr^ pr 9pr ЧcP grav = -------— =  W P- =  C C 3 Cg (II
9m Qm * m 9m

in which Cg is th e  scale ra tio  o f the  g rav ita tional force (usually its  value is 1). 
3. Force due to elasticity 

(a,) in  fluids:

F  — F A  A V  *  elast —  ^ 0  Л

in which E 0 is th e  volum etric Y oung’s modulus o f w ater, A V  is th e  change 
o f th e  volum e V, A  is an  area on the  boundary  or inside o f th e  V volume 
which is a ttack ed  by a force F 0 elast (Fig. III-3 ). The scale ra tio  of th is last 
one:

CF 0 e l a s t  =  CE 0 ^
in which Ceq is th e  scale ra tio  of th e  volum etric Y oung’s modulus o f w ater 
or air.

(b) in  solid bodies:

F elast =  E A ~
Ju

in which E  is Young’s m odulus o f th e  stru c tu ra l m aterial, A  is a  cross

Fig. I I I - l .  A c tiv e  force F ad re su ltin g  in 
acce le ra tion  a o f  m ass m  and  th e  d ’A lem 
b e r t  reac tio n  /'’inert

F ig . I I I -2 . G rav ita tio n a l fo rce  ac tin g  on 
m ass m

Fig. I l l - 3. E las tic  force F e|ast a c tin g  on a  F ig . I I I -4 . E la s tic  force F e,aSt causing an
surface  A  in  flu id  body  w hen flu id  vol- e longation  AL  o f  orig inal len g th  L  o f  a
um e V  is com pressed b y  A V  solid b a r
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sectional area a ttack ed  by th e  force F eiast> AL is th e  change o f length L  
due to  ittast (Fig. I l l  —4). The scale ra tio  for th e  elastic force

CF elast =  c
in which cE is th e  scale ra tio  of Y oung’s m odulus o f the  stru c tu ra l m aterial.

Consequently, th e  scale ra tio  of the  elastic forces in general can be 
w ritten  as

elast ®E ® (III)

in  which now cE denotes th e  scale ra tio  of bo th  th e  volum etric or th e  linear 
Y oung’s modulus.

4. Turbulent wall friction can be ob tained  from  th e  relationship between 
the  slope-directed com ponent of th e  g rav ity  force and  th e  Chézy form ula 
(v =  С уВ 8 )  for open channel flow (Fig. III-5 ):

F turb= A yB S =  A Qg ~

in which R  is th e  hydraulic radius, 8  is th e  surface slope.
The scale ra tio  of the  tu rbu len t wall friction:

cf turb =  c2ce V Ц  =  cv ce cg cc 2 (IV a)
cc

in which cc is th e  scale ra tio  of Chézy’s velocity coefficient.
This deduction is based on special equations derived for w ater m ovem ent 

b u t it is very  useful because it contains th e  velocity coefficient actually  
used in practice. I f  the  fundam ental law of tu rb u len t flow is applied, a 
sim ilar resu lt is obtained which, however, does not contain Chézy’s C, and  
which, as will be dem onstrated  later, is not in contradiction w ith  equation 
(IVa). As a  fundam ental law, the  equation for th e  tu rb u len t friction [51] 
can be used, according to  which (by disregarding th e  sign):

Tyx — {? l‘x >:y

in which TyX is th e  shear stress in th e  x direction o f th e  plane whose norm al

Fig. I I I -6 . V elocity  an d  shear s tress d is 
tr ib u tio n s  in  tu rb u le n t flow

Fig. I I I -5 . C hannel w all f r ic ti
on o f  free  surface flow
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is у, v'x and  v'y are the  pulsation com ponents of the  velocity in th e  direction 
of the  subscrip t-indicated  axes (Fig. II1-6). The pulsation  com ponents are 
given as products of th e  m ixing length l and  th e  derivative (gradient) 
in th e  у  direction o f th e  average velocity com ponent in th e  x  d irection vx. 
I f  th e  mixing length is expressed according to  K árm án ’s universal assum p
tion  — according to  which th e  m ixing length is linearly proportional 
to  th e  above-m entioned first derivative of the  velocity and  inversely propor
tional w ith its second derivative taken  in th e  sam e direction — th e  equa
tion  for th e  shear stress will be

/  dvx \ 2

x =  e*  J S L  |—  Г
<РУх I d y )

'  dy2 ’

in which y. =  0.4 is K árm án ’s universal constant. From  th is, through 
m ultiplication by the  elem entary surface dA y =  dx dz, th e  tu rb u len t fric
tion force acting on th e  elem entary surface will be

/ <tvx \ 2

d F tutb= d F y e #  Ы 2 ,
d X  \ d y )

' d?y2 1

while th e  relationship between th e  scale ratios:

cFt„rb =  c2 ce c2 c2 c - 2 =  c2 c2 ce. (IVb)

This relationship, being generally valid  for low-viscosity fluids, is valid  
for bo th  w ater and air.

5. The viscous friction force (for w ater and  air):

T, . dv л dv
F v i s c  —  Arj  ——  —  A vq ——  

dn dn

in which у  is th e  dynam ic viscosity, v is th e  kinem atic viscosity, and  dvjdn 
is th e  ra te  o f varia tion  of velocity in th e  direction perpendicular to  bo th  
th e  friction plane and  th e  velocity (or velocity com ponent) (Fig. III-7). 

The scale ra tio  of th e  viscous friction force:

F̂yiec =  c2cvcecvc - 1 =  ccvcvce (V)

in which cv is th e  scale ra tio  of the  kinem atic viscosity.
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6. The hydrodynamic pressure force (for w ater and  air):

f ’pres P-А
in which p  is th e  hydrodynam ic pressure and  A  is th e  area ac ted  upon. 

The scale ra tio  of th e  hydrodynam ic pressure force:

CFpre. =  CPC2- (V I)

I t  can easily be dem onstrated  th a t cp =  Cp. since th e  hydro-J 1 p r e s  m e r t  ^

dynam ic pressure force derives from th e  inertia  o f th e  fluid.
The next section will refer to scale ratios of forces th a t are necessarily 

or possibly identical.
7. The types of structural friction

(a) Friction at rest appears a t th e  interface of s tru c tu ra l p arts  if a relative 
displacem ent is kinem atically possible bu t is not induced by  stream flow  
effects.

This s ituation  is equivalent to  th e  one where th e  s tru c tu re  is m aterially  
coherent along these interfaces. The lim it value (potential m axim um ) of 
th e  stru c tu ra l friction force a t rest is

Ktr. Г -- Pr ^

in which у r is the  friction coefficient a t rest and  N  is th e  norm al force 
(Fig. HI-8).

The scale ra tio  for friction a t rest is

cf, tr.r =  cv-rcN- (V ila)

(b) Constant (Coulomb) friction arises on surfaces (or surface parts) 
along which friction is independent of th e  slip velocity. D ry  friction for 
example, is of such type. The relationship for th e  Coulomb friction is

i \u ,r  =  ~ h c  N  sg V

in which N  is the  force norm al to  th e  surface, yc  is Coulomb’s friction coef-

F ig . I l l - 7. V elocity  an d  viscous shear Fig. I I I -8 . E q u ilib riu m  o f  ac tiv e  force
s tre s s  d is trib u tio n s  in  lam in ar flow  F  an d  fr ic tio n  force a t  re s t I \ tr ,T
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fici ont, while sg V =  + 1 ,  if  V >  0, sg v =  —1, if  v <  0 and  sg v =  0, if 
v =  0- The following is th e  scale ra tio  o f Coulomb’s friction force

CF»tr,o — CPc CN ■ (V llb )

(c) Friction linearly proportional to the slip velocity of the structure 
(e.g. friction of a bearing):

Fstr,i =  —P iN v

in which fjt is the  linear friction coefficient (which usually  depends on the  
viscosity w ithin, and the  geom etry of, th e  gap).

The scale ra tio  of the  linear friction force:

CF,tT,l =  СШ CN Ct> • (V ile)

I t  should be no ted  th a t in the  case of so-called force-free bearings and 
o f certain  dam ping devices, N  and  cN do not appear in th e  friction force 
equations.

(d) Friction force proportional with the square of the velocity of the structure 
movement (e.g. th e  resistance of certain  dam ping devices). This ty p e  of 
friction is determ ined by th e  relationship

-f’str.sq =  —psqN lPsgV

in which у,щ is the  quadratic  friction coefficient (as a function of viscosity 
and  of th e  geom etry of th e  dam ping device).

The scale ra tio  of the  quadratic friction force, m ay be w ritten  as

CF, tr.eq =  CV-sq CN CV- (V lld )

I t  should be no ted th a t th e  kinds of dam ping used in practice are m ostly 
independent of N . In  such cases, N  and  Сд- do not occur in th e  friction re la 
tionship.

2. C r i t e r i a  of D y n am ic  S im il i tu d e  by C o m p a r i s o n  of F orce  Scale  R a tios

F or dynam ic sim ilarity  of the  model to  the  p ro to type the  num erical value 
o f the  scale ratios (I—V II) of th e  afore-listed forces m ust be identical w ithin 
a permissible error limit. Therefore, th e  following set o f equations (condi
tion  equations) can be w ritten:

CF CFineit CFgraT CFelaBt CFturb CFtíbc =  CFpre» =  CF,tr.r ~

CFetr,C CFBtr,l ^Fs tr.sq (V III)

from  which, for example, the  following nine independent equations can be 
derived:
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CFtart — CF,га, ^ X  ^

C F in e rt =  CF el»»t ( X  1 = Ш )

CFtoert =  CFturb I  =  IV)

F̂inert =  CFvi.c (X I1 I="V)
F̂inert =  ^  (X III  -* I= V D

«i w  =  «f .* ,  ( X I V 1 = Vi l a )

« i w  =  < b w  (XV -  I = V I I b )
< W t =  *F .,, (X V I —► I —V ile )

w  =  (X V II -► I= V I Id )

Substitu ting  th e  righ t-hand  sides of E qs (I . . .Vi I) into Eqs (IX  . . .XVII), 
bu t w ith the  restric tion th a t cg =  1 and  r„ - 1 (i.e. cy =  1, in which cy is 
th e  scale ra tio  of th e  specific weights of w ater and  solid bodies partic ipa ting  
in th e  phenom ena), th e  following relationships are obtained:

According to  Eq. (IX)

cec2c? — c8c3cg, ( 1 )

which is b u t an  expression of F roude’s law [61, 151].
Hence

c„ =  <d/2cm =  ci/2 (2)

th a t is, th e  scale ra tio  of velocity equals the  square root of th e  scale ra tio  
o f lengths. This criterion can be satisfied, and  in  open-surface flow and 
occasionally, depending on the  ty p e  o f structu re , in closed section flow, 
it m ust be satisfied. Subsequently th is will be considered a basic criterion 
and  any  deviation from  this will be m entioned separately.

The scale ra tio  o f th e  force itself, either on th e  basis of E qs (1) and  (2) 
or directly  from  Eq. (II), by  assum ing th a t cg =  rg =  1, will be

Cp =  c3. (2a)

According to  Eq. (X)
Cg сг с * ]= с Есг. (3)

A fter sim plifying and  combining w ith E q. (2)

ce =  cec? =  cg (e1/24 /2)2 =  cgcgc =  c; (4)

in o ther words, the  elasticity  of th e  m aterials partic ipa ting  in th e  phenom 
enon should be reduced according to  th e  geom etrical scale. This needs 
fu rth e r consideration since the  elasticity  of w ater is beyond control so it 
is the  sam e in the  model as in th e  pro to type, th a t  is, cE =  1, and  consequently
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c — 1- This would im ply th a t  it is no t possible for elastic phenom ena to  be 
stud ied  in a reduced model.

For practical reasons, a t present, no fluid o ther th an  w ater can be taken  
into consideration. I f  liquids are utilized no considerable scale reduction is 
feasible, w ith  gases th e  free-surface cannot be realized. In  th is  la tte r  case 
th e  very low average density  required  of th e  model s tructu res also represents 
an insuperable obstacle.

According to  Eqs (X I) and  (IVa)

cgc2c? =  c2c?cecgcc2, (5)
i.e., afte r reduction:

cc =  c f  = 1 .  (6)

This condition can be satisfied by  preserving th e  value o f re la tive roughness 
if  the  model, too, is working in th e  quadratic  range o f turbulence or in the  
vicinity  o f this. On th e  o ther hand, E q. (IVb) o f th e  in ternal friction is 
au tom atically  identical w ith Eq. (I) o f the  inertia  force:

cs c2c2 =  c2c2ce (6a)

which also dem onstrates th a t tu rbu len t friction is a characteristic inertia  
force.

According to  Eq. (X II)
cec2c2 =  cc„c„cg, (7a)

th a t is afte r reduction and  by using E q. (2)

cv =  ccv =  cch2cj/2 =  c3/2 (7b)

im plying th a t the  viscosity of th e  fluid in th e  model should decrease as 
th e  3/2-th power of th e  geom etrical scale. This needs fu rth e r consideration 
since th e  viscosity of w ater is difficult to  m odify even w ithin narrow  limits. 
Thus, as a rule, th e  scale ra tio  of th e  model should be

c =  c2f2 ^  1.

According to  Eq. (X III)

whence c’ *  =  <8a>
Cp (8Ь)

which does not affect any  p roperty  of th e  flu id  or th e  s tru c tu re  b u t implies 
only th a t by adopting th e  scale ra tio  o f velocities on th e  basis o f o ther 
considerations, th e  scale ra tio  o f hydrodynam ic pressures also is determ ined. 
In  open-surface flow where the  pressure scale is obviously equal to  th e  w ater 
colum n scale, i.e. to  th e  geom etrical scale o f linear dimensions, ev idently  
[in agreem ent w ith Eq. (2)]:

Cp — c? =  ch =  c. (8c)
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On th e  o ther hand, in closed-conduit flow the  pressure scale and  the  geo
m etrical scale m ay be different.

According to  E q. (XIV)
Cec2c? =  (8d)

I f  th e  force N  is created  by  th e  flow, its  scale ra tio  is identical w ith  th a t  
of the  inertia  force, i.e. necessarily

c„ ,r =  !• (8 e )

This condition can be fulfilled.
I f  th e  force N  is independent of th e  flow and  th e  m ovem ent of th e  

s tru c tu re  (e.g. if it is generated by  clam p-jaw-like devices), then , also 
w ith  regard  to  E q . (2),

cn,rcN =  c2c? =  C3 (8f)

m ust be realized. In  practice, this is possible if th e  force N  is modelled, 
like th e  o ther forces, to  a scale ra tio  c3, i.e. again th e  prescription of E q. (8e) 
has to  be followed.

According to  E q. (XV)

Cec2c3=  c^c =  cN. (8g)

Applying sim ilar considerations as earlier, the  two solutions are either

CI‘,C =  1 (8h)

or, also tak ing  into account E q . (2),

C„,CCN =  °2cv =  C3. (8i)

This la tte r  again can be realized as cN =  c3 and  f'IlC =  1.
According to  E q. (XVI)

cec2(v =  c/i,icNcv  ( 8 i )

Moreover, if th e  scale ra tio  of force N  is identical w ith  th a t  of the  inertia  
force, also using Eq. (2), then

cMj =  cy1 =  c-W  (8k)

whose satisfaction, in certain  cases, does not seem to  be impossible. (The 
coefficient of bearing friction can be increased by  lubricants o f higher 
viscosity, whereas th e  ab ility  to  ensure the  adequate gap size is a very 
difficult problem .) I f  the  force N  is applied independently  of the  flow, then, 
by  using E q. (2),

ĉ ,í cn =  c2c® =  °5/2 (81)

which seems to  have a practical solution if

c/i[ =  l  and  Сдг =  с5'2. (8m)
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Finally , if  the  friction is no t influenced by  th e  norm al force N,

c„,i =  C*CV =  c5/2- (8n)
According to  E q. (XV II),

C&C2C2 =  C ^ C NC2. (8 0 )

I f  cN is equal to  th e  scale ra tio  o f th e  inertia  force, then , also u tilizing 
E q. (2),

c„n =  <V2 =  c - 1. (8p)

Satisfying th is criterion is possible in principle b u t as a rule it raises 
difficult problem s concerning model techniques. However, th e  occurrence 
of th is  ty p e  of friction is hardly  likely. The same can be said if  N  is indepen
dent of th e  flow and  of th e  forces affecting th e  structu re . In  th is la tte r  case 
the  equation

c „ , s q C N  =  c2 (8q)

needs to  be satisfied. In  th e  case when th e  quadratic  friction is independent 
of the  force N

C/i,sq =  ß2 (8r)
has to  be followed, which - betw een certain  scale lim its and  depending 
on the  construction of th e  dam ping device -  can be realized.

3. Sca le  R atios  of a  Few I m p o r t a n t  M agn itudes

On the  basis o f Eqs (1-8) derived earlier, th e  scale ra tios o f force cF, of 
tim e C[, of discharge cQ, of frequency* cN, of m om ent cM, and  of angles c0 
are obtained as follows:

The scale ra tio  of forces on the  basis of E qs (V III), (I) and  (II) [which 
corresponds to  E q. (2), too ] will be

cF =  cg c2c2 =  cgc2(ch24 '2)2 =  cecgc3 =  cy c3 =  c3 =  cv =  cm, (9)

th a t  is, it equals the  scale ratios cv and  cm of volumes and  masses, 
respectively.

The scale ra tio  of tim es, as a  q u an tity  having th e  dim ension of length 
per velocity, m ay be derived from  E q. (2):

ct = cc“1 =  cc~1l2c~1l2 =  c ^ c j 1!2 =  c1/2. (10)

* Since in  th e  follow ing sections th e  n o rm al force N  fo r fr ic tio n  w ill n o t be d e a lt 
w ith  an y  m ore , i t  seem s reasonab le  to  ap p ly  th e  sam e sym bol fo r v ib ra tio n  frequencies.
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The discharge is a  p roduct of velocity and  area, so its scale ra tio  becomes, 
from  E q. (2):

cQ =  cv c2 =  c1'2 c f  c2 =  c5/2. (11)

The scale ra tio  of frequency, as a  q u an tity  having th e  dimension 1/time, 
is ob tained  w ith Eq. (10) as

cN =  cr1 =  c-W c-V 2 =  c - 1/2 (12)

M oment is a p roduct of force and  length, i.e. by  using E q. (9) its  scale 
ra tio  becomes

cM =  cp c =  c3c =  c4. (12a)

The scale factor of angles as non-dim ensional quantities will be th e  unity :

c0 =  1. (12b)

The possibilities of avoiding the  lim itations im posed on c, i.e. th e  geo
m etrical scale ra tio  (of linear dimensions), by  E qs (4) and  (7b) will be 
considered later.

4. So lu tion  of  Difficulties C o n c e rn in g  Elastic ity  fo r  G i r d e r s  w ith  
L o n g itu d in a l  a n d  F le x u ra l  V ib ra t ions

A rigorous application of E q . (4) would im ply th a t, since th e  elasticity  of 
w ater is ev idently  beyond control, cE =  1 and  thus c =  1. I t  should be 
clear th a t  a  1 : 1 scale model would mean a  p ro to type investigation which 
is just w hat we wish to  avoid. B u t considering th a t  th e  po ten tia l pressure 
varia tions do no t surpass 1 or 2 atm ospheres [since th e  velocity of vibrations 
is m uch lower (by several orders of m agnitude), to  th a t  of sound], and  the  
variations in th e  volume of w ater and  air are negligibly sm all in com parison 
to  th e  deform ation (bending) of th e  structure ,*  Young’s modulus for water 
can be assumed to be either infinitely high or much lower than the actual value. 
This consideration is of fundam ental im portance. F orm ulated  in a  different 
way th is  m eans th a t from  th e  point of view of elasticity , w ater and  air 
are modelling them selves w ithin very wide scale lim its, since th e  changes 
in th e ir volum e are always negligible in com parison w ith  th e  deform ation 
(bending, torsion) of th e  (steel) structures. Consequently, it  is sufficient to  
deal w ith  th e  correct modelling of structural elasticity, to  determ ine therefore

* A ccord ing  to  Soviet re searchers  [126a], in  th e  case o f  free-surface flow  th e  com 
p ressib ility  o f  w a te r influences hyd ro d y n am ic  p ressu res to  a n  e x te n t less th a n  10 p e r 
c en t i f  hf/c< 0.225 in  w hich h is th e  w a te r d ep th , /  is th e  frequency  an d  c is th e  velocity  
o f  th e  p ro p ag a tio n  o f  sound. In  H u n g ary , fo r exam ple, w here fo r th e  large h y d rau lic  
s tru c tu re s  h is a b o u t 10 m , /  low er th a n  10 H z  an d  c is a round  1000 m /sec, even one 
h a lf  o f  th e  qu o ted  lim it is n o t a tta in ed .
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a  certain  value cE =  c >  1, an d  to  adop t th e  sam e cE as valid  for the 
w ater and  th e  air. (So far as air is concerned, th is s ta tem en t is valid  only 
for the  free atm osphere. For air pockets betw een w ater and  th e  s tru c tu re  
th e  elasticity  of air m ay play a considerable role. The sim ilitude m ethod 
tre a te d  in th e  book can only be applied w ith due precaution in such cases.)

There are, however, tw o additional difficulties re la ted  to  the  Y oung’s 
m odulus of th e  model m aterial. A ra th e r lim ited choice of n a tu ra l and  sy n th e t
ic m aterials is available for such purposes so th a t th e  choice of th e  elasticity  
scale is lim ited to  a few discrete values. Moreover, the  specific weight (and 
density) of these m aterials differ from  those of th e  pro to type, i.e. cy =  1 
for w ater and  air, bu t cyl 1 for th e  structure . T hat is, when keeping 
perfect geom etrical sim ilarity, th e  scale factor cF =  cyc3 given in E q. (9) 
w ould be different for w ater and  air, on the  one hand, and for the  s tructu re  
on the  other, i.e. th e  principle of dynam ic sim ilitude would be violated. 
(The model would not be sim ilar to  th e  p ro to type w ith regard  to  the  v ib ra t
ing mass.)

This difficulty can be overcome in several ways, all requiring substan tially  
th a t th e  sam e average volum etric weight should be realized in bo th  th e  
p ro to type  and  the  model (Fig. III-9 ). This can be a tta in ed  by  applying

F ig . I I I -9 . S ketch  o f a m odel e lem en t com posed o f sep a ra te  m asses and  springs 
e las tica lly  sim ilar to  co rresponding  p ro to ty p e  e lem en t w ith  in d ica tio n  o f re a l and  
v ir tu a l sizes w ith o u t and  u nder load
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ballasts or cut-outs. The la tte r  would evidently  affect the  stress p a tte rn  
an d  thus, such m ethods are in principle approxim ative ones only. In  practice 
however — and  w ith  th e  necessary care — th ey  can be applied to  satisfy 
com pletely th e  requirem ents of the  particu lar problem . The correct scale 
ra tio  of th e  v ibrating  mass could also be ensured w ithin a relatively  wide 
range o f specific weights. The only question rem aining is re la ted  to  th e  
elasticity  of th e  s tru c tu re  which cannot be solved separately  from  th a t 
of mass. In  general, here again a criterion analogous w ith  th e  foregoing 
should be satisfied, viz. an  average Y oung’s m odulus of th e  homologous 
space sections should be similar. This can be approxim ated  in several 
ways:

1. I t  is possible to  design a model com bined w ith  springs as in Fig. I l l - 9, 
which sim ulates th e  p ro to type from  th e  viewpoints of elongation, bending, 
and  torsion [108, 153]. Evidently , th e  surface in contact with water must be 
geometrically similar to  th e  prototype, wherever its influence on th e  hydro- 
dynam ic effects is no t negligible. As a  po int of departure, th is solution has 
played a decisive role in undertak ing  th e  hydroelastic studies on th e  N agy
m aros stop-log (see C hapter VI) bu t in perform ing th e  tests th e  sim pler 
and  more accurate m ethod to  be described under point 3 was adopted.

2. Synthetic resin mixed w ith  m etal powder was proposed by L. Pálos 
a t th e  V IT U K I laboratory. According to  this idea, th e  proper resin would 
ensure the  required  elasticity  while th e  correct q u an tity  of m etal powder 
th e  necessary specific weight. This m ethod, however, would have required  
special research in a m aterials laboratory  since its  application is no t m ention
ed in th e  re levant literature.

3. In  th e  course of research a t V IT U K I in 1964 a solution was developed 
which keeps correctly the external form  determ ining th e  hydrodynam ic load 
of th e  s tructu re  and  which makes it possible to  design a model also correct 
from the points of view of mass and elasticity, while ensuring considerable 
liberty  in th e  choice o f the  model m aterial. In  principle th is  solution is 
based on th e  simple law of elastic strain :

The elongation dL  of a bar of length L, cross-sectional area A  and  Y oung’s 
m odulus E, extended or compressed by th e  force F  is [143]:

FL
dL  =  —— . (13)

EA

This relationship is to  be understood for elem entary  sections L  if  F  and/or 
A  vary  in th e  lengthwise direction. Thus if  th e  contribution of the  web 
plates is ignored, these considerations also apply  to  flexed girders w ith  
flanges.
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On th e  basis of E q. (13) th e  relationship between th e  scale ratios is

C p C
С =  Т Т ~ -  (13a)CECA

Hence

CF i
7 Í r = 1 ' (14)

The area A  can be w ritten  as th e  product o f p late  w id th  b and  plate 
thickness s (Fig. III-10). To the  plate w idth  b th e  scale ra tio  c m ust be applied, 
since th e  ex ternal surface of the  stru c tu re  in contact w ith w ater is determ in
ed thereby. The p la te  thickness s, on th e  o ther hand, does no t influence 
th e  hydraulically  effective geom etry o f th e  cross section and  b u t insignif
ican tly  th e  surface in contact w ith water. Therefore, between certain  limits, 
an  independent scale factor cs can be determ ined for p la te  thickness. Using 
E q. (9) and  introducing cs, E q. (14) becomes

c3
ca =  csc =  — , (15)

CE
whence

c2
=  — • (16)

le

This means th a t when calculating th e  plate thickness by  E q. (16), there 
are practically  no lim itations im posed on th e  elastic properties o f th e  model 
m aterial nor on th e  scale and  the  model can still be designed w ith  the  
correct elasticity. Nevertheless, the  addition o f ballast or th e  reduction in 
weight (holes), is still necessary to  correct th e  mass and  its d istribution 
(Fig. I I I - l l )  since, according to  E q. (9), the  average weight on unit area 
of th e  plates of th e  s tru c tu re  m ust be reproduced to  th e  scale factor c. 
The stress d istribu tion  and  th u s th e  v ibrational behaviour o f the  s tru c tu re  
will be least affected by ballast or holes if  these are relatively  no t too large

Fig. III-1 0 . A  sim ple p la te  and  its  m odel
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F ig . I I I - l l .  L o ca tin g  b a llasts  an d  cu t-o u ts  on rib  o f a  g irder

and  are concentrated  on th e  ribs which are solely to  prevent buckling bu t 
no t to  bear tension, compression, bending or torsion.

The mass of th e  p ro to type s tructu re  is th e  sum  of th e  individual plates:

m pT =  £ sb L Q 1. (16a)

W ith  regard to  cb =  cL =  c and  cel =  cn , as well as by considering E q. (16), 
th e  scale ra tio  yielding th e  load-bearing mass mt, will be

Cmt =  csc2cyi =  (16b>
CE

The ballast rab necessary in the  model is given by the  scale factor cmb 
which is th e  ra tio  o f th e  p ro to type to ta l mass m pr to  th e  model ballast mb. 
Therefore, th e  to ta l mass mm o f th e  model will b e :

win* , mDr m vr ,
mm =  m t +  mb =  - ^  +  - ^  =  - £ . (16c)

^mt °mb b
After rearranging term s

W pr __ w pr _  W pr ( 16d )

^mt ^mb

Whence, considering E q. (16b),

C h  = ____ÜV___ = ____ * ___ = ____ £ i _ .  (16e)
m Z V  _ ^ p r J _fl_ c ce 

C3 cmt ®7l

B allast is needed indeed if cmt >> c3 (i.e. the  load-bearing mass o f th e  
model is sm aller th an  the  necessary to ta l model mass), otherw ise cmb is 
negat ive, which means th a t  the  mass of th e  model m ust be decreased by  
holes (e.g. on the  unloaded ribs). Considering th e  last term  on the  righ t-hand  
side o f E q. (16e), this sta tem en t can be form ulated as follows:
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B allast is needed if

<W> = -----CV “ > ° >  (16f)
c - - ^ -

Cy l

th a t  is if

(16g)
° y l

W eight reduction is needed (in th e  form of holes, or relatively lighter ribs) 
if  Cmb <C 0, th a t  is, if

c < ^ ~ .  (16h)
cYi

F inally, neither ballast nor weight reduction is needed, i.e. th e  model 
is correct not only from  th e  point o f view of elasticity  b u t also from  th a t 
of mass if

c =  (16i)
cy l

because in th is case

cm = ° ° .  (16j)

The p la te  thickness m ay also be selected in such a  m anner th a t  in th e  
case of a given specific weight scale facto r cyl, th e  area-weight (w eight/unit 
area) of th e  plates (practically the  mass of th e  model structu re) should be 
correct, i.e.

Gpr =  cGm (17)

where Gpr is th e  area-weight of th e  p ro to type plates and  Gm is th a t  of th e  
model plates, for exam ple in kp/m 2. Hence, if th e  thickness o f th e  plates is 
denoted by s, their specific weight by y v  w ith th e  p ro to type and model 
values being denoted by  th e  subscripts v and m, respectively, then

s v Y l v  =  c s m 7 l m -

In troducing  the  scale factors

c s s m Y l v  ~  c ' ^m7lm>
whence

Cs Y l v  =  c 7 l m ;
th a t  is

c* =  cV I!L =  7 ^  <18>7  lv  ('y \
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where cyl is th e  scale ra tio  for the  specific weight (and density) of th e  
s tru c tu ra l m aterial.

I f  th e  p late  thickness is calculated according to  E q . (18), th e  mass of the  
model will be correct to  scale, b u t in general i t  will fail to  reproduce elasticity.

The model will be correct with regard to both weight (m ass) and elasticity 
if th e  scale factor c is calculated by  equating th e  values cs ob tained  from  
E qs (16) and  (18):

c2 c
CE  Cy l

th a t  is, [obviously in agreem ent w ith  E q. (16i)]

c =  ^ - .  (19)
Cy l

The resulting geom etrical scale ra tio  will not be an  integer b u t th e  v ib ra
tions of th e  model will be reproduced correctly, according to  E qs (10) and  
(12), as regards bo th  am plitudes and  frequencies.

(As exam ples it should be noted th a t  for a p ro to type s tru c tu re  o f steel, 
th e  correct model scales for different m aterials w ould be approxim ately  
as follows: 1 : 2.2 for brass, 1 : 12 for h ard  polyvinylchloride and  1 : 1(!) 
for alum inium . Viz. th e  specific weights are: 7.85 p/cm 3 for steel, 8.5 for 
brass, about 1.4 for hard  PVC, and  2.7 p/cm 3 for alum inium . The Y oung’s 
m oduli are: 2.1 x  10® kp/cm 2 for steel, 1.05 X 10® for brass, about 
0.031 X 106 for hard  PVC, and  0.74 X 10® for alum inium .

In  th e  case o f brass as model m aterial, cE =  2.1/1.05 =  2, cyl =  7.85/8.5= 
=  0.922, th a t  is, c =  2/0.922 =  2.16 ^  2.2.

In  the  case of a model of hard  PVC, cE =  2.1/0.031 =  67.9, cyl =  
=  7.85/1.4 =  5.61, th a t  is, c =  67.9/5.61 =  12.1 ^  12.

F or an alum inium  model cE =  2.1/0.74 =  2.84, cyl =  7.85/2.7 =  2.91 and 
so c =  2.84/2.91 =  0.975 ^  1.)

Considering now flexed girders specifically, it is im portan t to  s ta te  th a t  
since th e  in ternal forces in the  flanges also depend on th e  d istance from  the 
neu tra l axis, from  the  point of view of elasticity  it would be necessary to  
keep the  axis o f th e  plates w ith a distorted-thickness of th e  model a t the  
position corresponding to  geom etrical sim ilarity  (Fig. III-12). B u t if  th e  
d istortion of th e  p late  thickness is considerable, insistence on th e  correct 
axis position m ay change significantly th e  surface in contact w ith  w ater 
and  thereby, m odify the  hydrodynam ic conditions too. If, on th e  o ther 
hand, the  hydraulically  effective (e.g. th e  outer) surface of th e  plates is 
m ain tained  a t th e  position corresponding to  geom etrical sim ilarity  then
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Fig. I l l - 12. (a) G eom etri
cally  scaled m odel cross 
section , (b) M odel in  
w hich geom etry  o f th e  
ax is o f  cross sections is 
sim ilar to  p ro to ty p e  b u t 
p la te  th ickness satisfies 
e lastic  sim ila rity , (c) M od
el cross section  w hich 
sa tisfies geom etrical sim i
la r ity  o f h yd rau lica lly  
im p o rta n t surfaces (ou ter 
surfaces in  exam ple), 
w hile elastic  s im ila rity  is 
a tta in e d  sim ultaneously  
b y  ap p ro p ria te ly  scaled 
p la te  th ickness

th e  axis of the  plates would be closer to  the  neu tra l axis and  consequentlu, 
th e  in terna l forces and  the  deflections of th e  girder would be greater th an  
those required  for s tru c tu ra l sim ilarity.

In  th is case a  modified procedure based upon th e  differential equation 
o f bending m ay be adopted.

5. I m p ro v e m e n t  of Model Scaling  fo r  F lexura l  V ib ra t io n s

T he differential equation for the  elastic line [143] is:

dhj M
dx2 ~ ~ E I  (20)

where x is th e  longitudinal coordinate of an a rb itra ry  point (cross section) 
o f th e  elastic line, у  is th e  deflection of the  line a t th e  afore-m entioned cross 
section, M  is th e  bending m om ent a t  the  cross section, and  I  is th e  m om ent 
o f inertia  of th e  cross section about th e  neu tra l axis (Fig. III-13).

In  term s of scale ratios, considering Eq. (12a) and  th a t  th e  dimension of 
th e  left-hand  side is 1/length:

Hence с - =  c ^ c 7 h (2!)
cEc, =  c5. (22)

I f  the  geom etrical sim ilarity  of th e  cross section is m aintained, th a t  is 
С/ =  c4, Eq. (22) does no t in troduce any  new criterion for cE in com parison 
w ith Eq. (4). But considering th a t the  forces induced by  th e  flow are in 
fluenced by th e  “ hydraulically  effective geom etry” of th e  stru c tu re  only 
ra th e r th an  by th e  p late  thicknesses, and  also th a t  th e  elastic deform ations 
depend on the  mom ent of inertia  of th e  cross section ra th e r th an  on the  
d irect geom etrical data , a scale ra tio  differring from th a t  for th e  o ther lengths 
can be used for p la te  thickness.
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F ig . I l l - 13. C h arac te ris tic  d a ta  o f  loaded 
g ird er

Applying th e  scale factor cs of p la te  thickness s
c, =  c3cs. (23)

I t  m ust not be forgotten  th a t once th e  p la te  scale ra tio  is different, the  
scale ra tio  o f inertia  (1), can only be approxim ate, and  (2) is based on th e  
Steiner theorem  and  thus it  is assum ed th a t th e  d istance of the  p la te  axis 
from  th e  n eu tra l axis obeys th e  scale factor c.

Combining E q. (23) again w ith E q. (22), we arrive a t

cEc3cs =  c5, (24)

th a t is, we obtain  E q. (16) which has already been derived in a  sim pler way*:

cs = — . (25= 16)
CE

Since th e  differential equation (20) of th e  elastic line does no t include 
th e  p la te  thickness and  th e  geom etrical dimensions of th e  cross section, 
th e  model of correct elasticity  can also be designed by arranging th e  ex ternal 
surfaces in contact w ith  w ater in a position satisfying geom etrical sim ilarity, 
and  then , afte r assum ing th e  scale ra tio  Ce of Y oung’s modulus, as well 
as th e  scale ra tio  c which applies to  th e  hydraulically  im p o rtan t geom etrical 
dimensions, th e  cross-sectional area of th e  plates should be dim ensioned 
according to  the  scale ra tio  Cj of inertia  [using E q. (22)]. This la tte r  however, 
is b u t an im plicit expression of th e  p la te  thickness:

C j= — . (26)eE

In  th is  w ay th e  ex ternal p late  surface in  contact w ith  w ater needs to  be 
shaped only according to  geom etrical sim ilarity, whereas th e  restric tions

* W here  an  eq ua tion  h as been  derived  in  an  a lte rn a tiv e  m anner, th is  w ill be reflec ted  
in  th e  eq ua tion  n u m b er, e.g. (25 =  16).
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Fig. I l l - 14. M om ents o f in e r tia  o f 
p la te  cross section  ab o u t cen tro idal 
ax is X o f  g irder and  ab o u t cen tro id 
al ax is x ’ o f p la te  itse lf

on th e  in ternal s tru c tu ra l com ponents are less stringen t since these do not 
affect hydraulic conditions and  only th e  necessary inertia  m ust be atta ined .

(As an example, it should be m entioned th a t  th e  elastic properties of the  
model m aterial for th e  Nagym aros stop-log have called for considerable 
p la te  thicknesses. Thus afte r orien ta tion  by m eans of E q. (16), th e  calcula
tion  was perform ed on th e  basis of E q. (26). The proper mass d istribu tion  
was ensured by m ounting ballast on th e  ribs [71]).

One should be aware o f th e  fact th a t  the  model designed according to  
e ither Eq. (16) or E q. (26) will reproduce the  m ovem ents o f th e  p ro to type 
only as a whole. The plates in th e  individual fram es will not v ib rate  to  
scale, because th ey  will be either too hard  (if cs <  c), or too  soft (if cs >  c), 
viz. when designing th e  whole girder, th e  inertia  of these p lates is taken  
abou t th e  neu tra l axis x of th e  girder and  depends th en  on th e  first power 
o f th e  p late  thickness (Fig. 111-14). However, when dim ensioning th e  p late  
sections in th e  individual fram es (by which local v ibrations are determ ined) 
their inertia  is taken  abou t their own axis and  th is varies as th e  third power 
o f p late thickness. Specifically, since th e  inertia  of the  p la te  about its 
axis is defined as

r s3b
I  = ----, (26a)

12

the  scale ra tio  o f this inertia  will become

C/ =  cfc. (26b)

Substitu ting  th is  into E q. (22)

cEc3s c = c 5, (26c)

th a t is, ,*< —
cs =  / — . (26d)

CE

which differs radically  from  E q. (26 =  16). T h at is, th e  local v ibration  of 
th e  plate itself and  th e  v ibration  o f th e  whole girder generally cannot be
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reproduced in th e  same model. An exception to  th is  is the  case o f Cg =  c, 
where

3

е . =  У | = в (26e)

in agreem ent w ith  th e  value obtained from  E q. (25):

cs = f  =  - = c .  (26f)
CE c

In  th is case th e  righ t am ount of ballast is needed only so th a t  th e  v ib ra 
tions o f bo th  th e  whole model and  its  individual p late  sections are reproduced 
correctly.

(If th e  num erical d a ta  m entioned in connection w ith  E q. (19) are recalled, 
it  will be realized th a t it is possible to  m ake a 1 : 2.84 scale model of alum i
nium  which would be elastically sim ilar to  the  steel p ro to type so far as 
b o th  th e  whole s tructu re  and  its com ponents are concerned; ballast being 
necessary only as a  m eans of ensuring th e  sim ilarity  o f the  mass. F or labora
to ry  investigations on sm aller structures th is scale m ay resu lt in feasible 
model sizes.)

A nother po ten tia l m ethod of modelling th e  p la te  v ibrations is to  build 
up  th e  individual plates of several layers which are in contact w ith  each 
o ther w ith friction between them  minimized. (This has no t been realized 
in practice since no need has arisen for such investigations.) In  th is w ay th e  
plates resist local bending b u t w ithout in teraction. Moreover, since their 
to ta l inertia  about their own axis could be a rb itra rily  sm aller th an  th a t 
o f a single p la te  w ith the  sam e overall thickness and a t the  sam e tim e th e  
inertia  abou t th e  neu tra l axis of th e  whole girder would rem ain the  same, 
th e  v ibrations of bo th  th e  whole s tru c tu re  and  its  ind ividual p la te  elem ents 
could be m ade sim ilar to  those of th e  prototype.

Replacing th e  p late  of thickness s by  n  pieces of p la te  o f thickness s/n 
would reduce th e  original m om ent of inertia

5 s3
/  =  —  (26g)

12
(Fig. III-15a) to  the  value

o\3
Ъ -

n 1 hs 3
/  — №_L_L =  - i - _  (26h)

n 12 n2 12 V ;

(Fig. Ill-1 5 b ). A t th e  sam e tim e, evidently , th e  scale ra tio  cIn of inertia  
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Fig. I I I-1 5 . A lte rn a tiv e  so lu tions for m odel p la te  [(a) com pac t, (b) sliced in to  equal 
th icknesses , (c) sliced in to  u n eq u a l th icknesses] and  th e  respective  in e r tia  m om en ts

about its own central axis would be increased by  w.2 tim es against th e  original 
С/. In  agreem ent w ith E q . (26b)

cIn =  c3s cn2. (26i)

Combining th is w ith E q. (22):

cBcfcn2 =  c5, (26 j)

whence, introducing also E q. (25):

cs =  =  (26k)
s \ n2cE cE ' ’

R aised  to  the  th ird  power:
✓»4 /16

1 — =  T >  (261)n2cE CE

leading to  th e  following simple solution being obtained  for n :

n = ~ Z -  (26m)

(Thus a PVC model w ith a geom etrical scale 1 : 23 and  w ith th ree layers 
o f plates replacing the  single p ro to type plate  will reproduce th e  vibrations 
o f the  p ro to type as regards bo th  th e  whole s tru c tu re  and  th e  individual 
plates, provided th a t in ternal dam ping is negligible.)

A flange composed of plates o f unequal thickness is also conceivable 
(Fig. III-15c) and  makes more delicate approxim ations possible. F or th e  
p la te  thicknesses adopted  it is expedient to  m ake th e  calculation an “ ad 
hoc” one.

I f  th e  s tru c tu re  consists o f a single plate and  it is also desired to  reproduce 
it by  a single p late , sim ilarity  cannot be realized unless th e  rig id ity  of the
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p late  in one direction can be tak en  as infinite. Obviously th e  effect of d is to rt
ing th e  p la te  thickness will be different on th e  m om ents of inertia  about 
th e  two (linear and  cubic) axes while the  reduction of forces is unrela ted  
to  direction. Nevertheless, the  foregoing approach, nam ely “slicing” th e  
p late , m ay also be found useful in th is case. F or practical purposes, th is  is 
needed only if th e  two dimensions of th e  cross section are no t too different, 
as for example, in th e  case of a  beam . B u t even th en  a box s tru c tu re  (con
sisting of four plates) will probably  be a m uch more practical way of 
achieving th e  aim.

6. E lastic M odelling  of C ab le s  an d  Rods

Besides flexural vibrations, th e  girder (e.g. m ovable gate or stop-log) will 
oscillate as a  single mass on th e  suspension cables (rods), too. T he m ethod 
o f modelling th e  elasticity  of th e  cable is well-known: according to  geom etric
al sim ilarity, the  id en tity  of th e  (relative) strains only need be ensured. 
The mass o f th e  cable is m ostly negligible in com parison w ith  th a t  of the  
structu re , so th e  specific weight of th e  cable can be ignored. On the  basis 
o f Eqs (14) and  (9)

cA
c =  — (27)

CE CA

th u s the  scale ra tio  of th e  cable cross section will be

r3
cA = ~ -  (28)

CE

I f  the  m aterial of the  model cable is the  sam e as th a t  of th e  pro to type 
we have cA =  c3. The strains will be identical if th e  scale ra tios o f th e  force 
(cp =  c3) and  of the  cross sectional area (cA) are th e  same.

In  cases where neither the  cross section nor th e  Y oung’s modulus of the  
cable are specified, the  strain  e =  ALjL  alone is sufficient for designing 
th e  model cable. The la tte r  should be dim ensioned or selected by tria l and  
error so th a t under the  corresponding load th e  strain  should be the  sam e 
as in th e  prototype. This means th a t if th e  model cable is subject to  a load 
F m =  Fpr/c3, th e  stra in  should be equal to  th a t undergone by  th e  pro to type 
cable under the  load F pr. (The suspension cable of th e  N agym aros stop-log 
model, for example, was dim ensioned th is way.) In stead  of an  elastic cable, 
obviously some other kind of suspension (cantilever, simple beam, etc.) can 
be applied, provided th a t its  spring constant can be ad justed  to  th e  length 
o f th e  p ro to type cable (position of th e  girder).
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I f  for any  reason th e  mass o f th e  suspension cable (rod) is no t negligible, 
uniform ly d istribu ted  ballast (e.g. lead spheres) should be m ounted on it. 
On th e  o ther hand, no cable m aterial can be used th a t  would require a  
reduction of mass, since th is could only be realized to  th e  detrim ent of 
elasticity. I t  can be readily  dem onstrated  th a t  th e  ballast per u n it length  
of cable has th e  scale ratio:

Wnr c3
cmb =  - ^  = ------ (29)

^m b c __£e 
C7l

where Wpr is th e  linear weight (e.g. in kp/m ) of th e  p ro to type cable and 
Wmb is th e  necessary ballast per u n it length in  th e  model. I t  is apparen t 
th a t  ballast is needed, if  E q . (16g) applies.

The effect of th e  length  m ust evidently  be considered in  th e  case o f the  
afore-m entioned o ther types o f suspensions and, if  necessary, th is effect 
m ust be corrected in such a  w ay th a t th e  to ta l inertia  o f th e  model should 
follow the  requirem ents o f sim ilitude.

7. D esigning th e  Model fo r  T o rs io n a l  V ib ra t io n s

Since, in addition to  flexural and  longitudinal vibrations, th e  s tru c tu re  
m ight be subjected  to  torsional (shearing) v ibrations as well, i t  is necessary 
to  exam ine th e  equations o f shearing-torsional deform ations from  th e  point 
o f view of modelling.

Consider firs t th e  case of simple shear (Fig. I l l - 16). I f  an  elem entary 
area A  o f a  cross section of th e  girder is subject to  a  shear force T , th e  
directions perpendicular to  th e  cross section will be deflected by the  
angle [21]:

1 T
a =  — • — (30)

G A

where G is th e  shear modulus. In  a scale-ratio form

1 = CGl Y '  (31)
CA

F ig . III-1 6 . S hear an d  re su ltin g  deflec tion  angle
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I f  th e  cross section of th e  model is geom etrically undistorted , th en  cA =  c2, 
and  therefore

cG =  c, (32)

th a t is, th e  instruction  for reproducing th e  shear modulus is th e  same as 
E q. (4) for Y oung’s modulus and  is in general ju st as impossible to  comply 
with.

The area A  is th e  p roduct o f the  length L  (in th e  direction of shear) 
and  th e  p la te  thickness s perpendicular to  L. E quation  (31) is rew ritten  in 
th e  form

1 =  Cq1 — • (33)
csc

The scale ra tio  of th e  polar m om ent of inertia  I p is in troduced  by  m ultip ly
ing by c2/c2:

/>5 />5
1 =  Cq1---- - =  Cq1 — . (34)

csc3 cIp

Hence the  scale ratios o f p la te  thickness and  of th e  polar m om ent of inertia  
become

(35)CG
and

ciP =  f ’ Об)
CG

respectively, which are identical in form  w ith E qs (16) and  (18) obtained 
for elastic s tra in  and  bending. Since th e  polar m om ent of inertia  of any 
cross section is th e  sum  of th e  m om ents of inertia  abou t th e  tw o principal 
axes th rough  th e  centroid [143], th a t  is,

I p  =  l x  “k I y ,  (31)
it  follows autom atically  th a t th e  scale ra tio  of th e  po lar m om ent o f inertia  
is th e  same as those o f th e  inertia  m om ents abou t these axes. Consequently, 
since cs and  cIp have already been determ ined in  th e  calculations re la ted  
to  elastic bending, th e  value o f cq cannot be assum ed arb itra rily  b u t, on the  
basis o f E qs (35) and  (36), i t  m ust be identical w ith  cE:

CG =  ce - (38)

Form ulating  it  in ano ther way, th e  equality  of th e  ratios
n  p

К  E m
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m ust be satisfied for the  p ro to type and  the  model m aterials. M aterials o f 
p ractical in terest m eet E q . (39) in  very  fo rtuna te  cases only, th e  ra tio  G\E  
varying for these between 0.3 and  0.6. F o r steel it is 0.395, for D ecelith 
(used for the  N agym aros stopdog model) it is 0.336. Consequently, a t 
present no models reproducing exactly  bo th  flexural and  torsional v ib ra
tions can be built. If, however, th e  role o f th e  torsional vibrations is insig
nificant, or the  two values of th e  ra tio  G/E do no t differ too m uch (which 
is already  possible), th e  torsional v ibrational phenom ena can be investigated  
satisfactorily  on th e  model designed for flexural v ibration.

As will be dem onstrated  in th e  following, th e  relationships developed 
for a rectangular cross-section subject to  shear re ta in  th e ir valid ity  for 
cylindrical bars and  for pipes w ith  annu lar and  a rb itra ry  cross section 
(Fig. I l l - 17), b u t considerable differences arise in th e  case of single p lates 
and longitudinally  split pipes (Fig. III-18) sim ilarly to  th e  results ob tained  
for the  flexion of single plates.

For bars w ith circular and annular cross sections [143]:

M .L

where Ф is th e  torsional angle o f th e  girder over the  (elem entary or finite) 
length L; M t is th e  torsional m om ent, which is constan t along th e  length

Fig. I l l - 17. C ylindrical b a rs  and  p ipes

Fig. III-1 8 . P la te  and  lo ng itud ina lly  sp lit p ipes
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Fig. I l l - 19. T hin-w alled  p ipe w ith  sym bols for B red t eq ua tion

L ; I p is th e  polar m om ent of inertia  of th e  cross section; G is th e  shear modulus 
o f th e  s tru c tu ra l m aterial. In  scale-ratio form:

1 =  — , (41)
cIpcG

hence

cI p = ^ ,  (42 =  36)

which is actually  identical w ith  Eq. (36). (For solid bars only if  Cq =  c !)
F o r thin-w alled pipes (not necessarily of circular cross section, see Fig.

III-19) — certain  sections of th e  N agym aros stop-log can be considered 
such -  th e  B red t equation  [143] yields th e  angle of torsional ro tation :

, M gL C dh . .
Ф = — —  43

4 G A l Y  s

(where is th e  area surrounded by  th e  centre line of th e  pipe wall cross 
section, h is th e  length of th e  centre line of th e  pipe wall cross section, th e  
o ther symbols are familiar). The relationship between th e  scale ratios will be

1 =  . ±  =  J L  =  (44)
cGc4 cs cGcs

/»o .̂5
=  =  (45)

cGcsc cGcIp
whence on th e  one hand 

74



e .  =  ^ ~ ,  (46 =  35)
CG

on the  o ther hand

cIp =  f ,  (47 =  36)
ca

i.e. th e  already fam iliar E qs (35) and  (36) are  obtained.
The mass o f th e  model subject to  torsional vibrations consists of two 

parts , like th a t  o f th e  bent girder, and  th e  equations are analogous w ith 
those for th e  la tte r. F o r instance, th e  scale ra tio  of th e  load-bearing mass, 
sim ilarly to  E q. (16b), is

c m t  =  ~ c y  i -  (47a)
l g

The necessary ballast (completing mass) can be determ ined as in th e  case 
o f th e  ben t girder. The scale ra tio  o f th e  ballast is

c*
c mb = ------- —  . (47b)

Cy l

etc.
For longitudinally split p ipes and single thin plates — certain  sections 

o f th e  N agym aros stop-log were such th e  basic equation for th e  torsional 
angle [143] becomes

Ф =  3 ~ ~  ' (48)
s3bG

Hence

1 = - ^ - .  (49)
c3scca

Thus
3 _

cs =  ] f — . (50)
cG

This equation differs substan tia lly  from E q. (35) and  resembles E q. (25d). 
(An obvious exception is where cs =  c, in which case E q . (32), th a t  is, cq =  c 
is obtained, corresponding to  th e  und isto rted  case.)

This means th a t split pipes and  single p lates cannot be modelled for bo th  
flexural and  torsional efforts sim ultaneously by  distorting  th e  p late  th ick 
ness. In  connection w ith E q. (39) it has been m entioned already  th a t  the  
torsional vibrations o f th e  N agym aros stop-log proved to  be insignificant.
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8. P ro b le m s  R e la ted  to  Fluid Fric tion

E quation  (7b) can be satisfied, i.e. viscous friction can be reproduced to  
m eet th e  criterion of dynam ic sim ilarity  only by  modifying th e  viscosity 
of the  fluid. No suggestion of practical value could be gained in th is  respect 
from  th e  re levant literature . In  relatively  large models it would be possible 
to control viscosity by  heating the  w ater b u t th is m ethod would be energy
consuming, m ight give rise to  accidents and  in m ost cases, m ake th e  model 
itself prohibitively expensive. Problem s o f w ater supply would also arise. 
From  a  review o f th e  lite ra tu re  and  from personal experience it is concluded, 
however, th a t  th e  role of viscous friction is rarely  significant in th e  v ib ra 
tions of either p ro to type or model hydraulic structures.*  W here indicated, 
the  studies on a small-scale model can be com pleted on a large-scale section 
model in which b e tte r  allowance can be m ade for th e  viscous effects an d  
th e  results of which can be used to  im prove those ob tained  on th e  model 
o f the  whole structure .

Where the effect of gravity is not predominant (as, for exam ple, in several 
cases of closed-conduit flow), th e  sim ilitude o f viscosity is relatively  easier 
to  realize or to  approxim ate. This case will be trea ted  in Section 10.

9. Role an d  M odelling  P ossib il i t ies  of S t ru c tu ra l  Fric tion  
in H y d ro e la s t ic i ty

The various kinds o f s tru c tu ra l frictions are im portan t because of th e ir  
v ibration  dam ping effect. Modelling the  friction coefficients is no t im possible 
bu t, depending on th e ir ty p e  (as dealt w ith  in Section I I I .  1), it tends to  be 
difficult, requires in tu ition , “ ad  hoc” ideas an d  a high stan d ard  in  workshop 
technique.

Nevertheless, experience and  fundam ental considerations show th a t  in 
very m any cases th e  stru c tu ra l dam ping only slightly  influences th e  p ro to 
ty p e  vibrations continuously induced by th e  flow. The designer o f th e  
model is righ t therefore, if  he strives to  elim inate all kinds of friction instead  
of modelling them  (since because of seemingly insignificant errors in  shop- 
work, frictions several tim es higher th an  required  m ay be produced). Such 
elim ination is on th e  safe side from  th e  viewpoint of discovering po ten tia l 
sources of resonance as the  most im portan t problem . As a dam ping effect

* T his book w as a lread y  in  th e  press w hen, in  1977, a t  th e  X V II th  IA H R  Congress, 
A belev  p resen ted  a  p a p e r  on h y d ro d y n am ic  d am p ing  [5 a ]. H is  ex p erim en ta l resu lts  
also p roved  th a t  th e  c o n tr ib u tio n  o f v iscous and  w ave dam p in g  to  th e  to ta l  dam ping  
o f  th e  v ib ra tio n s  o f  a  hy d rau lic  s tru c tu re  can be ignored. A t th e  sam e tim e  th e  “ v o r te x ” 
(square) d am p ing  an d  th e  s tru c tu ra l dam p ing  should  and  can  be m odelled  accord ing  
to  F ro u n d e ’s law  o r E u le r ’s law .
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th e  in terna l dam ping o f th e  stru c tu re  and  th a t o f th e  w ater are still m ain
tained.

So far as th e  modelling of in terna l dam ping is concerned, contrad ictory  
inform ation is to  be m et in th e  literature. The dam ping in the  model is, 
according to  some references, smaller, according to  others, higher th an  
hydraulic sim ilarity  would require [46, 76, 99]. Theoretically speaking, the 
problem  has not been satisfactorily  elucidated. I f  we tak e  into account the  
available model m aterials, th e  stru c tu ra l dam ping would have to  be re la tive
ly  higher, th e  dam ping of w ater again relatively  lower th an  required  by 
the  scale. The first s ta tem en t seems to  be definitely confirmed, the  la tte r 
one less so. Since the  question is not settled, fu rther thorough studies are 
necessary.

10. M odelling  H y d ro e la s t ic  V ib ra t io n s  if G ra v i ta t io n a l  
F orce  is N o t  D o m in a n t

In e rtia  and  elastic forces dom inate all v ibrational phenom ena. Roles played 
by  the  o ther forces listed in Section II I .  1 are in general less im portan t. 
In  certain  cases, however, the effect of gravity on the phenomena is negligible 
(or precisely nil), even where the  flow is m ain tained  by grav ity , but in the  
section stud ied  grav ity  acts only indirectly, th rough pressure.* For this 
very  reason it is possible bo th  in principle and  in practice to  reproduce 
pressure to  a scale different from th a t of the  geom etrical dimensions.

10.1 M odels M ade  of P ro to ty p e  M a te r ia l

W here th e  flow cross section is a perfectly closed one and  th e  centre of 
g rav ity  of th e  stru c tu re  perform s rectilinear m ovem ent only (or is m otion
less), g rav ity  will no longer rem ain predom inant. This opens up several 
modelling possibilities.

S tarting  from  the  id en tity  of the  scale ratios for inertia  and  elastic forces, 
when

cgc2c2 =  Cßc2, (3 =  50a)
we arrive a t

c „ =  [ (50b)

F o r exam ple, th e  m ovem en t o f a  tu b u la r  tu rb in e  m o u n ted  in  a  h o rizo n ta l p ipe 
an d  carefu lly  balanced  is n o t in fluenced  by  th e  force o f  g rav ity . If , how ever, one 
b lade  o f th e  tu rb in e  b reaks an d  th e  cen tre  o f  g ra v ity  ge ts  d isplaced from  th e  ax is 
o f  ro ta tio n , th e  force o f  g ra v ity  a lread y  in fluences th e  m ovem en t. I t s  e x te n t in  a 
specified case m ay  be in s ign ifican t b u t  i t  h a s  to  be checked separa te ly . I n  th e  case 
o f  a tu rb in e  ro ta tin g  a round  a  v e rtica l ax is th e  g ra v ity  force w ill n o t in fluence  th e  
m ovem en t even i f  one o f  th e  b lades breaks.
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A part from  th e  sam e fluid, th e  use of th e  same s tru c tu ra l m aterial m ay 
also be found to  be desirable, th a t  is, cE =  c =  cyl =  1 (which ensures th e  
sim ilarity  o f mass as well), b u t th en  the  corresponding velocities in th e  p ro to 
ty p e  and  in th e  model m ust be equal:

c* =  1 • (50c)

The reproduction of the  tu rb u len t friction, as to  be seen from  E qs (5) 
and  (6), is unaffected by  th is assum ption (provided th a t  th e  model is also 
in  th e  tu rb u len t range).

Modelling viscous friction requires th a t  E q. (7a) holds:

cec2cl =  ccvcvce . (5 0 d = 7 a)

However, since c„ =  1

c =  cv . (50e)

Since w ater is also used in th e  model, th a t  is, c„ =  1, a  1 : 1 model would be 
required:

c =  1. (50f)

This implies th a t  no allowance for viscous forces can be m ade in scale models 
and  th e  reproduction thereof m ust be ignored, or conversely, a model can 
only be used if  th e  viscous forces are negligible.

U nder p ro to type conditions, however, th e  viscous forces are negligible 
in the  great m ajority  of cases and  th is refers m ostly to  th e  model as well. 
A lthough th e  Reynolds num ber is lower th an  in the  pro to type, th is is due 
exclusively to  th e  reduction of th e  hydraulic radius since th e  velocities 
are identical.

The scale ra tio  of hydrodynam ic pressures, on th e  basis of E qs (8b) and 
(50c), will be

Cp =  4  =  1, (50g)

th a t is, th e  p ro to type pressure (or a t least th e  p ro to type hydrodynam ic 
pressure) m ust be produced in th e  model. (This m eans th a t th e  pressure 
and  hydrodynam ic pressure do no t follow th e  geom etrical sc a le !)

I t  follows from  the  above th a t  in closed-conduit flow, if cv =  1, cp =  1 
and, furtherm ore, if th e  model is m ade of p ro to type m aterial and  observing 
geom etrical sim ilarity  (plate thicknesses included), th en  its elastic behaviour 
will also be similar, i.e. not only th e  vibrations of the  whole structure , bu t 
also those of th e  individual s tru c tu ra l p a rts  in it  can be studied.

78



10.2 M odels  M a d e  of A r b i t r a r y  M a te r ia l

The realization o f p ro to type velocities according to  E q. (50c) is obviously 
very difficult in a hydraulic laboratory . However, th e  use of a different 
m ateria l for th e  model offers very  wide possibilities. In  fact, if  cE Ф  1 
(but geom etrical sim ilarity  is re ta ined  and  mass sim ilarity  is ensured by 
applying additional masses), th en  on th e  basis of E q. (50b)

c„ =  W e (50h)

will ensure hydroelastic sim ilarity. I t  is obvious th a t  th e  viscous forces 
are still no t reproduced since from  E qs (50h) and  (7) a  need for increasing 
size would follow, which cannot be a practical solution:

c =  t =  =  t = <  l - (50i)l c E ]/cE
Assuming, however, th a t  th e  viscous forces rem ain negligible [tu rbu len t 
friction being still reproduced correctly on th e  basis o f Eqs (5) and  (6)], 
th e  scale ra tio  of hydrodynam ic pressure will be, from  E qs (8b) and  (50h):

Cp =  Cy =  cE , (50j)
which is m uch easier to  realize th an  the  a lte rna tive  suggestion of E q. (50g).

If, for example, th e  model is to  be m ade of alum inium  and  to  th e  geom etric
al scale ra tio  c =  20, then , assum ing steel to  be the  p ro to type m ateria l 
cE =  2.84, and  th e  pressures will be reduced by  th is scale while th e  velocities 
by  Mce =  1-68. (A p ro to type head of 2.84 m would be 1 m in th e  model.) 
S im ilarity o f th e  model mass m ust be ensured by  th e  addition  of ballast. 
On th e  basis o f th e  foregoing, th is should present no difficulties in calcula
tion.

Should it prove im possible to  adopt a velocity scale com patible w ith  
th e  Y oung’s modulus of th e  model m aterial available, th e  afore-m entioned 
method, of modifying the plate thickness can be applied logically and  w ithin 
th e  lim its quoted there. I t  should be noted, however, th a t  in  th e  absence 
of th is last m odification th e  m ethod is exact as regards stru c tu ra l elasticity  
an d  does no t involve any  sim plifications. Thus, for example, torsion and  
v ib ra tio n  of the  individual p a rts  are as correctly reproduced as if  the  model 
were built of th e  p ro to type  m aterial.

The conclusions arrived  a t in Subsections 10.1 and  10.2 im ply th a t  in 
cases where no g rav ity  effects are present th e  v ibrations can be reproduced 
correctly for bo th  the  whole s tru c tu re  and its com ponent parts , regardless 
of th e  m aterial adopted  for th e  model (which is geom etrically sim ilar to  the  
p ro to type and  m ay be ballasted  as well). I t  is essential, however, th a t  th e  
viscous forces should be negligible, i.e. th e  flow m ust be tu rb u len t in  th e  
model, too.
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With structures considered rigid on elastic suspension, Eq. (50h) allows 
practically  free choice of th e  velocity scale, since suspension elasticity  is 
wholly unaffected (within th e  elastic lim it) by  the  geom etrical and  m aterial 
restrictions, its effect on flow being zero in practically  all cases. Thus, 
am ong others, a velocity scale ra tio  cv =  A '2 is also possible which cor
responds to  th e  Eroude law and  enables th e  sim ultaneous reproduction of 
flow a t th e  junction o f closed conduits and  open channels. I t  is th e  only 
m ethod for modelling structu res in closed-conduit flow, if  th e ir centre of 
g rav ity  moves along a curved p a th  whose vertical projection is o ther th an  
zero, since in this case th e  influence of grav ity  cannot be excluded. The 
model can be dim ensioned by  using th e  approach described in th e  form er 
subsections. The scale factor cv =  c 1 satisfying th e  Reynolds law m ay 
also be applied, b u t only if g rav ity  is negligible.

To com plete th e  rem arks in Section I I I .  6 on th e  dimensioning o f suspen
sion cables th e  reproduction of th e  spring constant in general will be described 
below.

The law expressing the  force of the  suspension is

AL =  D F , (50k)

where F  is the  force causing th e  displacem ent AL, and  D  is th e  spring
constant. W ritten  into scale-ratio form

c =  c^jCp.. (501)

Since Cp =  CpC2, its com bination w ith  Eqs (8b) and  (501) yields

cD =  c - i c - 1 =  cy2c -E  (50m)

Thus, for any  given velocity scale th e  spring constan t o f th e  model can be 
calculated. W here the  spring constan t of the  model is given, th e  velocity 
scale is obtained  by rearrangem ent as:

cv =  — . (50n)
]/ccD

10.3 S im u l ta n e o u s  C o n s id e ra t io n  of Viscous an d  T u rb u le n t  F ric tions

I f  selecting as th e  s ta rtin g  equation th e  iden tity  of the  scale ratios for viscous 
and  tu rb u len t friction E q. (7a):

csc2c2 =  cc„c„ce , (50o =  7a)

th en  th e  scale ratio  form of th e  well-known Reynolds model law is obtained 
as:

cv =  ~~ • (50P)
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According to  th is equation th e  velocity in th e  reduced model m ust be 
increased over th a t  in the  pro to type since th e  flu id  is w ater in bo th  system s
( ° v =  1 ):

cv =  e - 1 . (50q)

R eturn ing  to  Eq. (3) for th e  in troduction  of elasticity , i.e.

cec2c l = c Ecz (50 r= 3)

and  combining it  w ith  E q . (50m) we have

cEc2 = l .  ( 50s )

The geom etrical scale ra tio  thus becomes

c =  ] —  ■ (50t)
CE

A model of th e  p ro to type m ateria l m ust be built to  th e  scale 1 : 1 ,  or 
if any o ther m aterial is envisaged and  the  p ro to type is m ade o f steel, th e  
model m ust be enlarged. Such problem s are conceivable outside th e  field 
o f hydrotechniques, where for some reason v ibration  in lam inar flow m ay 
occur and  th e  Y oung’s modulus of th e  p ro to type m aterial is low.

W ith  structu res considered rigid, th e  situation  is very m uch different 
because only th e  rig id ity  of the  suspension m ust be increased over th a t  
in the  prototype.

I t  should be no ted th a t in th is m ethod of modelling the  tu rb u len t friction 
is also reproduced correctly  since th e  valid ity  of E q. (6) is not im paired 
thereby. This also follows from th e  fact th a t  tu rb u len t friction belongs to  
the  inertia  forces and  th e  sim ilarity  thereof has been ensured a t th e  outset.

E quation  (8b), w ith consideration to  E q. (50q), will take th e  form

Cp =  c - 2, (50u)

th a t is, th e  pressure in the  model increases as th e  square o f the  geom etrical 
scale ratio . An interesting feature w orthy of note is th a t  th e  corresponding 
forces in th e  model and  in th e  p ro to type are identical, i.e. th e  scale ra tio  
of the  forces is

cF =  cpc2 =  1. (50v)

As seen from  the  foregoing, elastic modelling w ith  allowance for viscous 
friction is difficult to  realize and there is no need for it. Nevertheless, the 
principal relationships are believed to  be o f in terest, since in th e  model de
signed by these th e  vibrations induced in the  s tru c tu re  and  its  p arts  by th e  
effects of forces due to  grav ity , inertia, elasticity  and  viscous and  tu rbu len t 
friction, all develop sim ilarly to  th e  p ro to type vibrations.
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IV. Experimental Verif ication of the  Method of 
Hydroelast ic  Similitude

1. In t roduc t ion

Before 1964, when the  m ethod of hydroelastic sim ilitude the  m ain topic 
o f th is book was developed by the  au thor, only very few utilizable pub li
cations had appeared on the  fundam entals and techniques of hydroelastic 
modelling of hydraulic structures. Some of th e  investigations reported  were 
carried out on a scale of 1 i 1 and some of 1 hem on rigid model structu res 
w ith  elastic suspension. In  addition, m ostly closed-conduit flow was trea ted  
(cases of certain bottom  outlet works) when the  role of g rav ity  can usually 
be ignored. The researchers of the  D elft H ydraulic L aborato ry  were th e  
only ones who perform ed investigations on elastic models and  with regard 
to gravity. In  1959, K olkm an published a fundam ental paper, concerning 
these studies and th e  modelling principles applied [99]. This, in fact, went 
unnoticed in professional circles for a long while.

H eller’s g reat com prehensive stu d y  of 1964 [87] makes no m ention of 
modelling although a t th e  congresses in M ontreal and London of th e  In te r 
national Association for H ydraulic Research (1959 and  1963, respectively), 
a num ber of papers were presented on hydroelastic modelling and  even 
in th e  field of naval architecture, as pointed ou t in Subsection I I .  1.2, a 
considerable ac tiv ity  in hydroelastic modelling began [108, 117].

Even in 1969 m any researchers still considered it p ractically  impossible 
to  satisfy th e  F roude law on an elastic model. Several research workers 
m easured pressure oscillations on fixed or artificially  oscillated models and 
from  these m easurem ents they  drew conclusions on the  n a tu ra l v ibration 
phenom ena to  be expected. N aturally , there were reasons for th e  ex is t
ence of those m ethods, in discovering th e  basic mechanisms of th e  phenom 
ena ; moreover, considerable results have been obtained  [148a]; however, 
if the  problem  concerns an  individual structure , then  a t present only scale 
models tak ing  all predom inating forces into consideration are able to  supply 
a  satisfactory  answer.

In  H ungary it was in connexion w ith the  large river barrages th a t the  
need for carrying out hydroelastic model experim ents arose on th e  part of 
th e  designers. Such experim ents were perform ed in th e  V IT U K I H ydraulic 
L aboratory , a t first between 1958 and  1962, on rigid models w ith elastic 
suspension [54, 55, 56]. L a te r on, after th e  most im portan t details of a satis
factory hydroelastic sim ilitude m ethod (see C hapter I I I )  had  been independ
ently  developed by  th e  au th o r in 1964, in 1964-65 hydroelastic investiga-
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tions on th e  model of a stop-long designed for th e  N agym aros B arrage were 
successfully perform ed [65, 71].

The afore-m entioned m ethod, together w ith several additions also trea ted  
in C hapter I I I ,  is based on fundam ental laws of absolute valid ity  and allows 
only well-justified neglections and  therefore needs no experim ental verifica
tion. I t  is for this reason th a t it was im m ediately applied to  pract ical p rob
lems. The measure o f th e  effect o f th e  neglections made, however, is very 
im p o rtan t in practice and  thus any  investigation aim ing a t th e  com parison 
betw een actually  m easured p ro to type d a ta  and  those transferred  from 
model experim ents on th e  basis of theoretical deductions is extrem ely 
im portan t.

Papers on th e  results o f model experim ents have already been found in 
large num bers in the  literature. The In ternational Association for H ydraulic 
R esearch itself has dealt with hydroelastic problem s at four* of its congresses 
(1959: M ontreal, 1963: London, 1965: Leningrad, 1971: Paris) and in two 
o f its Sem inars (1970: Stockholm, 1972: K arlsruhe). The subject was touched 
upon a t o ther meetings, too, and it is a topic which will dem and atten tio n  
for a considerable tim e. In  sp ite of all th is there have been only a few papers 
analysing in detail the  results obtained in different scales and there are 
not m any more alluding a t least to  a “good agreem ent between model 
and  p ro to ty p e” . Because of th is it seemed to  be worth-while carrying out 
system atic  experim entation, in 1968/69 in th e  Iow a In s titu te  o f H ydraulic 
R esearch and in 1970/71 in th e  V IT U K I H ydraulic L aboratory , on the  
hydroelastic behaviour of an elastic cantilever beam  modelled to  five 
different scales.

In  the  following, these experim ents and  a  few o ther im portan t com parative 
investigations found in the  lite ra tu re  will be trea ted .

2. S tudy  of a  C a n t i l e v e r  M odel S er ies  

2.1 T h e  M odels

I t  seemed evident th a t  th e  closeness of relationships between model and 
p ro to type is a function of th e  scale,** therefore it was decided to  carry 
out an  experim ent involving several scale models of th e  sam e s tru c tu re  and

* W hile th is  book  w as in  th e  press, a  f ifth  congress o f  IA H R  (K arlsruhe , 1977), 
d e a lt w ith  hy d ro e lastic  p rob lem s.

** R eferring  to  th e  scale n a tu ra lly  m eans th a t  c e rta in  neg lec ted  forces a re  in  re a lity  
n o t th a t  negligible an d  th e  g rea te r th e  dev ia tion  from  th e  1 : 1 scale, th e  g rea te r 
th e  co n tr ib u tio n  o f  these  neg lec ted  forces to  th e  p red o m in an t forces. Since th is  a d d i
tio n  is n o t inco rpo ra ted  in  th e  m odel law  (established w ith  regard  to  th e  p red o m in an t 
forces only), flow  phenom ena (including frequencies an d  am plitudes) in fluenced  by
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possibly covering th e  entire scale range likely to  be used for th e  hydroelastic 
modelling of hydraulic structures.

A basic viewpoint of th e  choice of th e  s tru c tu re  to  be investigated  was 
th a t its  configuration p a rtly  be closely related , in respect o f th e  character 
of th e  flow phenom ena caused by  it, to  th e  structu res used in engineering 
practice, and  a t the  same tim e it should be simple in perform ance w ith 
neither the  design nor the  construction being unnecessarily com plicated 
because of s tru c tu ra l details.

The re la ted  lite ra tu re  shows th a t in th e  course of research on bodies 
subm erged in  th e  flow, m ainly the  flow around rigidly fixed bodies was 
investigated  which does not belong in the  field o f hydroelasticity , i.e. in 
th e  sphere of th e  in teraction  phenom ena between elastic bodies and  water.

Certainly, these investigations have concerned m any angular bodies, 
yielding results o f value from the  viewpoint of hydraulic engineering prac
tice. The spectrum  of elastically suspended, though rigid bodies is also ra th e r 
wide, since in th is respect th e  investigation of several individual structures 
has been carried out; investigations w ith  scientific pretensions, however, 
have been perform ed alm ost exclusively on prism atic bodies in closed- 
conduit flow, m ainly on circular cylinders. Finally, as for th e  elastic bodies 
p u t in the  flow, so far th e  investigations concerning the  H agestein weir 
and  its 1 : 20 scale elastic model by th e  D elft H ydraulic L aborato ry  have 
been th e  only ones to  give detailed inform ation on th e  applicability  of 
elastic models dim ensioned w ith g rav ity  effects also tak en  into account [66, 
99, 100, 163], these investigations involving a quite detailed trea tm en t 
o f th e  theoretical foundations of hydroelastic modelling.

There was no doubt about th e  necessity for investigations on a structu re  
of angular cross section located in open-surface flow. F inally , a decision 
was m ade in favour of a vertical cantilever of rectangular cross section clamped 
at its upper end, with the lower end submerging into an open-surface flume 
and exposed there to hydrodynamic effects. The jo in t sketch of th e  models 
w ith non-dim ensional (relative) sizes is shown in Fig. IV -1. The investigation 
of one wood and  th ree lucite models was perform ed in Iowa, th a t  of a  steel 
model in B udapest.

The illustrations (Fig. IV-2, 3, 4) show th e  largest lucite model, th e  
wooden model and the  steel model bu ilt in the  respective experim ental 
flume.

th ese  forces neglec ted  in  th e  m odel becom e m ore a n d  m ore  d is to rted . I n  th e  case o f 
th e  can tilever te s t  series to  be p resen ted , th e  consequences o f  neg lec ting  viscous 
fr ic tio n , s tru c tu ra l dam ping , an d  — in  th e  case o f th e  sm allest m odel — also cap illa rity  
a re  th e  m o s t conspicuous.
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Fig. IV -1. Com m on sketch  o f can tilev er m odels w ith  non- 
d im ensional (rela tive) sizes. (C antilever is in  assem bling  
p osition  “ a ” .)

A t first, th e  wooden model was considered as th e  largest one, therefore 
it was and here it will be trea ted  as a  1 : 1 scale model. B ased on this, th e  
scales of th e  lucite models were 1 : 4.06, 1 : 10.2 and  1 : 16.3. Construction 
o f th e  steel model was decided later, its scale — com pared again to  th e  
wooden model was 1.58 : 1.

In  th e  course o f th e  following presen tation  o f our results, th e  no tation  
o f th e  models by their respective scales will be used according to  th e  above. 
I t  should be noted, however, th a t  if  th e  steel model is considered as a p ro to 
ty p e  (1 : 1), th e  scales of th e  others will be 1 : 1.58, 1 : 6.4, 1 : 16.1 and 
1 : 25.8. This range of scales satisfies alm ost perfectly  all practical needs, 
a t least for steel structures, since hydraulically  loaded steel structu res rarely
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Fig. IV -2. 1 : 4.06 can tilever scale m odel o f lucite  in  one o f glass flum es o f Iow a 
In s ti tu te  o f H y d rau lic  R esearch  (IIH R )

F ig . IV -3. 1 : 1 w ooden m odel in  I I H R  view ed from  d ow nstream  a t  m ed ium  dow n
s tream  level
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Fig. IV -4. 1.58 : l s tee l m odel in  V IT U K I lab o ra to ry  view ed steep ly  
dow nw ard  from  u p stream  side. R o b u s t concre te  constru c tio n  ensured  
a  p rac tic a lly  ab so lu te ly  rig id  c lam ping  o f can tilever. B oards in th e  
m idd le  served  com m unication  and  m o u n tin g  purposes

have spans wider th an  25 to  30 metres. Moreover, in larger laboratories 
such as, for example, the  V IT U K I laboratory, th e  construction of models 
w ith  spans of 1 or 1.5 m etres together w ith  th e  necessary flum e and  the  
crucial need for discharge do not create any  difficulty.

Dimensioning of the  models was carried out on th e  basis o f th e  principles 
and  criteria trea ted  in C hapter I I I  w ith  due consideration to  elasticity  and 
mass d istribution. Ко calculation will be detailed  here. A sim ilar calcula
tion  was published in  connection w ith th e  N agym aros stop-log [77]. The 
tru n k  of the  cantilever was dim ensioned from  th e  po int o f view o f elasticity  
on th e  basis of Eq. (26), while its  mass and  mass per u n it length followed 
th e  scale ra tios c3 and  c2, respectively. Geometrical sim ilitude was also observ
ed  concerning th e  cross section o f th e  cantilever tru n k  though  here it was
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not needed, since th e  tru n k  was never to  submerge. T he only th ing  requiring 
some explanation is in  connection w ith th e  seemingly strange scale values.

F rom  th e  models, th e  tru n k s were constructed  first to  scales 1 : 1 ,  1 : 4 ,  
1 : 10, 1 : 16 and  1.6 : 1, in accordance w ith  th e  designs. In  th e  course of 
a precise checking o f the  elasticity  o f th e  trunks, it was found th a t the  
elasticities corresponded to  scales 1 : 1 ,  1 : 4.06, 1 : 10.2, 1 : 16.3 and 
1.58 : 1. The tru n k s were th en  cut to  length according to  these modified 
scales; th e  new scales were also followed w ith  regard  to  the  sizes o f the  
“ box” m ounted a t th e  lower end of th e  cantilevers. The ballast was also 
dim ensioned according to  these scales. Subsequently, th e  cross section and 
all significant dimensions of th e  flumes, th e  discharges, w ater levels, etc. 
were ad justed  to  these scales, too. As an  additional explanation to  Fig. IV-1. 
it  should be no ted  th a t th e  reference length o f all nondim ensional lengths 
was th e  horizontal edge length o f th e  “box” which constitu ted  th e  sub
m erged lower p a r t of the  cantilever. F or th e  steel model its  value was 
d =  36.46 cm. The length of th is model was 412.5 cm, th e  weight 112 kilo- 
ponds.

2.2 T h e  M e a s u r e m e n ts  an d  th e i r  E va lua tion

The principal m easurem ents concerned th e  n a tu ra l vibrations of th e  can ti
lever models in air and in still w ater and th e  vibrations induced by  flowing 
water.

As for th e  m easurem ent techniques and  prelim inary tests, th e  re levant 
details have been published [73, 75, 83]. Here, th e  techniques for v ibration 
m easurem ents and  th e  problem  deriving from  th e  in terna l dam ping of th e  
model m aterial will be described.

The m ovem ents of th e  lower end of th e  cantilever beam  were m easured 
by strain gauges glued to  th e  m iddle of th e  side p lates of th e  tru n k  near 
th e  upper end. This m ethod can be applied if th e  beam  does not perform  
upper harm onics or o ther secondary vibrations, since it is only in this 
case th a t th e  curvature, i.e. th e  strains a t the  root are linearly  proportional 
to  th e  displacem ents of the  lower end.

I t  is known [9] th a t  higher modes decay faster th a n  the  basic v ibration, 
since th ey  are nonharm onic. Also, th e  particu lar arrangem ent prom oted 
hard ly  if any  developm ent of higher modes. The stra in  m easurem ent th ere
fore, gave reliable d a ta  on th e  displacements.

(Model m easurem ents have proved th a t even th e  secondary vibrations 
created  by  striking th e  middle of th e  tru n k  quite strongly decay very  quickly 
(Fig. IY-5) and  in practical cases where hydrodynam ic forces ac t only upon 
th e  lower end of the  cantilever, such secondary vibrations need not be 
taken  into consideration a t  all.)
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Fig. IV -5. D ecay  o f v ib ra tio n  p roduced  by  a  single stro n g  
pulse load  upon  m idd le  o f can tilever. C o m para tive ly  fas te r 
decay  o f  secondary  v ib ra tio n s  is c learly  dem o n s tra ted

The elastic sim ilarity  of th e  models has been ensured on th e  basis of 
deflection m easurem ents. This sim ply means, according to  model law th a t, 
if  th e  force applied is inversely p roportionate to  th e  cube of the  scale, th e  
deflections of th e  model m ust be linearly proportional to  this.

W hen using th e  lucite models, th e  magnitude o f deflection was no t single
valued. U nder load th e  cantilever firs t suffered a  practically  instantaneous 
deflection which increased w ith  tim e and in certain  cases eventually  ex
ceeded — by  m ore th an  10 per cent — th e  in itial instantaneous value. 
Since th e  expected value of the  frequency was around 5 cycles per second 
even in the  1 : 1 model, and  evidently  higher in th e  sm aller ones, slow deflec
tion  was neglected in th e  elasticity  calculations, and  th e  models were design
ed w ith  elasticity  values calculated from the  instan taneous deflections. 
These models will be called “of statically  sim ilar elastic ity” .

Thus th e  models of statically  sim ilar elasticity  suffered (within short 
periods) deflections corresponding, in principle, to  geom etrical sim ilarity  
b u t m easurem ents have shown th e  na tu ra l frequencies in  air to  deviate 
slightly (up to  10-20 per cent) from  those calculated from  th e  1 : 1 model 
values. (The lucite models came to  rest afte r fewer oscillations th a n  th e
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wooden model.) I t  is evidently  no t connected w ith th e  higher value o f the 
in terna l dam ping o f the  m aterials applied b u t is a consequence of th e  fact 
th a t  i t  was very  difficult to  determ ine th e  deflection ju st afte r having put 
th e  load on th e  beam, and th e  n a tu ra l frequency shows th a t instead  of the  
“ rig h t” deflection ra th e r a  som ewhat larger value was m easured, i.e. the  
m aterial acted, in fact, as if  it were softer th an  it behaved a t free vibration.

The m ovem ent of th e  subm erged model is, however, a tten u a te d  not only 
by  th e  in ternal, b u t also by hydraulic dam ping. According to  th e  lite ra tu re  
th e  la tte r  is m uch higher th an  th e  former. I t  was therefore decided to  s ta rt 
investigations w ith  statically  sim ilar elasticity  models. L ater, however, 
th e  trunks of th e  lucite models were weakened slightly so th a t th e ir n a tu ra l 
frequency in air corresponded to  the  sim ilarity  criteria. Subsequently, 
m easurem ents were also m ade on these models “ of dynam ically  similar 
e lastic ity” .

D uring the  m easurem ents, th e  natural vibration in air was investigated  
first. The resu lt is th e  natural frequency f  in air and  th e  damping in air. 
D am ping in air can be characterized by  th e  logarithm ic decrem ent or by  
the  linear damping factor, i.e. th e  ra tio  r of two subsequent am plitudes, 
when, as in th e  present case, th e  envelope of th e  oscillogram m ay be taken  
w ith  good approxim ation for an exponential curve (Fig. IY-6). In  order to  
decrease th e  effect of m easurem ent errors in th is case, one m ay tak e  the

Fig. IV -6. One o f  oscillogram s o f  n a tu ra l v ib ra tio n  o f 1 : 1 
m odel in  a ir
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ra tio  o f two more d is tan t am plitudes under th e  corresponding root, i.e. if 
th e  till double am plitude after th e  Oth is denoted by  qh then

П _
„ =  7o __ 7.--1 ^  ] f  Яо 

<h 4i rln '

I n  these investigations, d a ta  were processed for groups of 10 vibrations and 
th e  linear dam ping factor was thus

10 _
/  =  l /  l 'L  .

' 7io

The m easurem ents in air were followed by sim ilar ones in  still water w ith  
different w ater levels. D am ping of th e  v ibrations does no t follow a  simple 
law here. A characteristic frequency can be readily  identified  but dam ping, 
particu larly  a t g reater depths, can only be determ ined by  fittin g  to  the  
peaks of the  oscillogram a pair of envelope curves (Fig. IV-7) and  by  reading 
a t  th e  0th and  1 0th v ibrational displacem ents th e  segm ent between th e  
two envelopes. The sca tte r will thus be greater, otherw ise th e  procedure is 
th e  sam e as before.

In  th e  th ird  p a r t o f th e  investigations th e  vibrations excited  by  flowing 
water were m easured. H ere th e  flow-induced average frequency n and  the  
flow-induced average double amplitude A, m easured a t th e  lower end o f the 
cantilever, are th e  m ost characteristic m agnitudes, to  be calculated a t th e

Fig. IV -7. D e te rm in a tio n  o f ch a rac te ris tic s  o f dam ped  
n a tu ra l v ib ra tio n  from  oscillogram
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Fig. IV -8. D ete rm in a tio n  o f ch arac te ris tics  o f  flow -induced v ib ra tio n s  from  oscillogram

sam e tim e m ost easily. These m agnitudes were usually  also determ ined for 
groups of 10 vibrations (Fig. IV-8). As regards A, however, th e  absolute 
m axim um  for each flow condition (constant headw ater, different ta ilw ater 
levels) was found from  the  oscillograms. A t certain  conditions th e  frequency 
and am plitude spectra were also compared.

All these m easurem ents were carried ou t for two different (assembling) 
positions of th e  cantilever and  for two vibrational directions in each position.

The two assembling positions of th e  cantilever were justified by  th e  dif
ferent m om ents of inertia  of the  tru n k  cross section in th e  tw o principal 
directions. (In this way the  num ber o f th e  alternatives tested  was increased.)

The assembling position has been denoted by “ a ” if  th e  wider side o f 
th e  tru n k  is parallel to  the  flow. In  th e  o ther assembling position denoted 
by “ b ” i t  is perpendicular thereto.

The axis of th e  tru n k  cross section parallel to  th e  wider sides (i.e. abou t 
which th e  inertia  of th e  cross section is smaller) has been denoted by “0” . 
The other axis is perpendicular thereto  and  is called axis “ 1” . A t each 
assembling position vibrations perpendicular to  th e  “ 0” axis and  to  th e  
“ 1” axis have been distinguished.

F or m easurem ents in air, only th e  direction o f v ibration, for those in 
w ater both  th e  direction of v ibration and  th e  assembling position are essen
tial. The processing of d a ta  was carried out in a dimensionless form in order 
to  ensure general validity . Besides th e  linear dam ping already known, th e  
dimensionless variables were based on a characteristic dimension, the  box 
edge length d, of th e  geom etrically sim ilar models.

D uring each experim ental ru n  th e  upstream  (headwater) level was kep t 
constan t a t height hu above th e  bo ttom  of th e  contracted  flum e (Fig. IV-1).
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F ig . IV -9. R esu lts  o f can tilever m easurem en ts. Scale =  1 : 16.3. M ounting  position : 
“ a ” . V ib ra tio n  p e rpend icu la r to  ax is  “ 0” . Legend: 1 — average  o f  am p litu d e  averages 
o f  ten fo ld  v ib ra tions; 2 — m ax im um  an d  m in im um  o f am p litu d e  averages o f  ten fo ld  
v ib ra tions; 3 — m ax im um  am p litu d e  w ith in  th e  m easu rem en t series

In  accordance w ith  geom etrical sim ilarity, th e  relative upstream  dep th  
had  th e  sam e value for all models (Fig. IV-1):

^ -  =  3.51 
d

Since bo th  th e  geom etry and th e  headw ater level were constant, the  
flow conditions, velocities, discharge, and  vibrations m ay be defined by 
a  single flow param eter. This is sim ply th e  dow nstream  dep th  hd m easured 
a t  the  section shown in Fig. IV-1.* The relative dow nstream  depth , hdld, 
is the  dimensionless param eter in term s o f which all o ther variables were 
expressed in figures sim ilar to  Fig. IV-9. (In these figures th e  value hd\d 
has been en tered  on th e  ordinate, while th e  o ther m agnitudes have been 
p lo tted  as abscissae.)

The first m agnitude in the  series of diagram s of Fig. IV-9 is the  linear 
damping factor and is already familiar.

10 _

r=l/iü-.
Я Ю

The dimension of th e  n a tu ra l frequency /  is 1/time, its un it is 1/sec 
( =  cycles per second). The situation  is th e  same w ith th e  flow-induced

* T h is m eans th a t  th e  level o f flow ing w ater a long th e  box  w as d iffe ren t, m o stly  
low er (w ith  th e  excep tion  o f th e  head w ate r side o f  th e  box) th a n  a t  th e  m easu rem en t 
section .
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frequency n. The dimensionless quantities applied are th e  re la tive n a tu ra l 
frequency (in th e  th ird  diagram  of Fig. IV-9):

f_
№

and  th e  flow-induced relative frequency (in th e  second diagram  of Fig. IV-9):

n

Yvß
F inally  th e  dimensionless ratio , characteristic for th e  double am plitude 

A, th e  relative double am plitude
A Id

has been p lo tted  in th e  fourth  diagram  of Fig. IV-9.
The full circles of Fig. IV-9 denote average values calculated for groups 

of 10 vibrations, while in th e  am plitude diagram s, em pty  circles denote 
th e  widest am plitudes in a m easurem ent ru n  comprising 200 to  300 v ib ra
tions.

I t  should be no ted  th a t  th e  curves bearing no special no ta tion  refer to  
models w ith  dynam ically  sim ilar elasticity. The curves relating to  models

Fig. IV -10. L inear dam ping  fac to rs o f Fig. IV -11. R e la tiv e  n a tu ra l frequen-
five m odels in  a ir  and  in  s ta tio n a ry  cies o f  th e  five m odels in  a ir  and  s till
w a te r vs. re la tiv e  ta ilw a te r dep th . w ate r vs. re la tiv e  ta ilw a te r  dep th . F o r
F o r  sym bols, see F ig . IV -13 sym bols, see F ig . IV -13
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w ith statically  sim ilar elasticity  are distinguished by th e  no tation  “s t” . 
I t  is im p o rtan t to  emphasize, however, th a t  1 : 1 and  1.58 : 1 models belong 
to  bo th  categories sim ultaneously.

F rom  am ong th e  m easurem ent results, only th e  com parative diagram s 
(Figs IV -10-13) for vibrations m easured in th e  direction perpendicular to  
axis “ 0” in m ounting position “a ” will be presented in detail.

F igure IV -10 shows the  scattering of th e  linear dam ping r. The linear 
dam ping of th e  individual models, irrespective o f scattering, can be 
approxim ated  as constan t (Fig. IV-9, left side diagram ). A ctually, there  is 
no difference between th e  values m easured in air and  water.

A sim ilarly slight deviation was experienced between th e  respective 
linear dam ping factors o f models w ith  statically  and  dynam ically sim ilar 
elasticity. The only tendency definitively recognizable was th e  dependence 
on the  m aterial: viz. th e  dam ping factor of lucite models is characteristically  
higher th an  those of wooden and  steel models.

As for th e  last of these, it is som ewhat surprising to  find  th a t  the  dam ping 
of th e  steel model is higher th an  th a t  of the  wooden models. This is due to  
th e  fact th a t  in the  course of v ibration  the  1 mm th ick  steel p la te  underw ent 
slight buckling, especially near the  root where the  stresses were high. As a

Fig. IV -12. F low -induced re la tiv e  frequencies o f 
th e  five m odels vs. re la tiv e  ta ilw a te r  d ep th .
F o r sym bols, see F ig . IV -13
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F ig . IV -13. R e la tiv e  double  am p litu d es o f th e  five m odels 
vs. re la tiv e  ta ilw a te r  d ep th

corrective m easure, stiffening ribs (Fig. IV-4) were used, also for ensuring 
th u s a  linear relationship between th e  displacem ent of th e  cantilever end 
and  th e  stra in  m easured by  th e  gauges, b u t obviously closely spaced ribs 
along th e  en tire  length would have m odified perceptibly th e  flexural elastic
ity  and  the  v ibration  frequency alike. Considerable energy was thus 
consum ed by  th e  work of buckling. F inally , th e  average values of the  
linear dam ping factor rem ained w ithin a m argin of 20 per cent.

Considering a conventional steel s tructu re  w ith  p lates th ick  enough to  
exclude any  buckling under norm al conditions, th e  linear dam ping factor 
m ay be as low as 1.01 according to  d a ta  published in th e  literatu re . In  
con trast to  this, th e  dam ping factor o f any  model m aterial is higher. The 
present m easurem ents have provided more defin ite values on these, i.e., 
th e  linear dam ping factor of a lucite or plexi model m ay be higher by 25 to  
30 per cent th an  th a t of th e  prototype. -There are m any aspects to  th e  
problem  b u t these cannot be dealt w ith  here.

The lower stra igh t sections of th e  curves of Fig. IV-11 show th e  natural 
frequency in air. T h at of th e  steel model was 0.63, those of th e  o thers deviated  
from  this for different reasons. T hat of th e  wooden model dev iated  because 
no perfectly  rigid clamping could be ensured, and  those of th e  lucite models 
because of th e  different in ternal dam ping. Nevertheless, th e  deviation for 
“ dynam ically  sim ilar elasticity  models” rem ained w ithin ± 5  per cent.
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As for th e  n a tu ra l frequencies in still water, tw o general sta tem en ts can 
be m ade on th e  basis of the  best fitting  curves:

1. The natural frequency 'proper decreases w ith  rising w ater levels since 
the  mass of th e  system  is increased by the  added mass of water.

2. The water mass excited to  oscillate by  the  v ibrating  cantilever has 
its own natural frequency to  be observed also a t th e  wider, in itial vibrations 
o f the  cantilever, b u t is dam ped less and  eventually  becomes predom inant 
(Fig. IV-14). In  this p articu lar case, n a tu ra l frequency was lower th an  
th a t of th e  cantilever (see the  left-side set of curves in Fig. IV-11).

The line of n a tu ra l frequencies should display an  ab ru p t change in slope 
a t a w ater level equal to  th e  cantilever bo ttom . In  the  figures, th is point 
lies m ostly a t a higher level. This fact does no t im ply errors of m easurem ent 
b u t th a t  th e  transition  is, instead of being ab rup t, a  g radual one. And, 
evidently, there  is some scattering as well.

Since there is as yet no acceptable theory  available for th is transition , 
it was considered sim pler to  fit a logarithm ic straigh t line to  the  ra th e r 
widely scattered  points disregarding thus th e  fact th a t  in th is way th e  re la
tive height of the  change in slope was not the  same for th e  different models.

On the  basis of th e  right-side curves of Fig. IV-11 it can be s ta ted  th a t 
th e  best fitting  lines of the  proper n a tu ra l frequency in still w ater are s itu a t
ed in a range w ithin -)-12 to  -  -18 per cent around th e  line of the  steel model. 
T he range would probably  have been reduced to  -f-9 and 15 per cent if 
th e  correction of th e  n a tu ra l frequency in air could have been perfect.

The second “n a tu ra l” frequency of th e  cantilever induced by  th e  oscillat
ing w ater mass falls wit hin a range o f sim ilar w idth  to  th e  n a tu ra l frequency

Fig. IV -14. O scillogram  o f n a tu ra l  v ib ra tio n  o f  1 : 1 m odel.
B elow : tim e  signals
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proper. The exception to  th is  is th e  1 : 16.3 model where an inaccuracy of 
some ten th s  of a m illim etre in m ounting m ay en tail significant effects and, 
particu larly  in still water, the  capillarity  forces could be also relatively large.

The flow-induced, v ibrations also have tw o principal characteristics: the  
flow-induced frequency n and  th e  flow-induced double amplitude A .

The variation of the  flow-induced frequencies follows a  tren d  sim ilar to  
th a t  of th e  n a tu ra l frequencies b u t th e  relative frequency values n/j/g/d 
ob tained  for the  different models differ bu t slightly from each other (Fig.
IV-12).

In  contrast w ith the  curves fl][gld determ ined in still w ater th e  break 
points of th e  curves a/j/<//d are a t higher levels, since even for ta ilw ater 
levels som ewhat higher th an  the  lower end of th e  cantilever th e  hydrodynam 
ic conditions in th e  surroundings of the  box rem ain unchanged, th e  flow 
being supercritical in th is section. V ibrations are m ain tained  perm anently  
because even th e  free jet impinges upon th e  box (Fig. IV-1). An arrangem ent 
w ith the  bo ttom  of the  cantilever a t a higher position would probably  have 
been more fo rtunate , since then  the  effects on th e  box would have ceased 
below a certain  ta ilw ater level. Nevertheless, th e  n a tu ra l frequency in 
air occurred a t low ta ilw ater levels and  was hard ly  modified by  w ater 
drops adhering to  th e  box and  by  the random  sca tte r of m easurem ent data . 
In  th e  region where th e  relative flow-induced frequency varied w ith  w ater 
depth , th e  average relative frequencies of th e  diverse models were w ithin 
± 1 0  per cent of the  average found for th e  steel model (considered as p ro to 
type). Obviously, this is th e  error of the  absolute p ro to type frequencies 
calculated from  model data .

The relative double am plitudes, Ajd (at any dow nstream  level) varied in 
a random  m anner between zero and  some m axim um  value and  followed a 
more or less norm al probab ility  distribution. In  accordance w ith th is last 
s tatem ent, the  m axim um  am plitudes observed were alm ost th ree  tim es as 
wide as the  average am plitudes. This is easy to  check in Fig. IV-9 by com 
paring th e  peaks of th e  relative am plitude curves.

Concerning model sim ilitude, it should be noted from  Fig. IV-13 th a t the  
th ree larger models showed wider, th e  tw o sm aller ones narrow er relative 
am plitudes.

No significant differences could be detected  between th e  1 : 10.2 models 
o f statically  and  dynam ically sim ilar elasticity  (this was also tru e  for th e  
flow-induced frequencies). I t  was for th is reason th a t detailed  m easure
m ents on th e  1 : 4.06 and 1 : 16.3 models o f statically  sim ilar elasticity , 
perform ed otherw ise on the  1 : 10.2 model, have been om itted.

The average relative am plitude m easurem ents in the  d ilferent models 
will be seen to  be d istribu ted  over a ra th e r wide zone. As to  th e  m axim um
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re la tive double am plitude (which is of th e  greatest im portance for practical 
purposes), th e  position and  m agnitude were found to  be different in the  
various models. Concerning th e  position, th e  difference is insignificant: 
in  th e  1 : 16.3 model th e  am plitude peak was a t hdld =  1.8; in th e  1.58 : 1 
model it was a t hd\d =  2.0. The re la tive position of th e  peak in th e  1 : 16.3 
model was th u s higher by  12 per cent th an  in th e  1.58 : 1 model. The dif
ference was sim ilar for th e  1 : 10.2 model, whereas th e  1 : 4.06 and  th e  1 : 1 
models produced practically  th e  sam e values as th e  1.58 : 1 “p ro to ty p e” .

On th e  basis o f th e  foregoing, all models could be considered sufficiently 
accurate for determ ining th e  position  o f th e  m axim um  am plitude.

Concerning th e  magnitude of th e  m axim um  am plitude, th e  differences 
were greater. The m axim um  rela tive am plitude obtained  from  th e  sm allest 
models was about A/d =  0.009, while th a t  from  th e  steel model was about 
A/d =  0.017. This m eans th a t  if  th e  p ro to type am plitude is calculated 
using th e  d a ta  obtained from  th e  sm allest models th e  probable error is 
abou t —47 per cent, i.e. hard ly  more th an  h a lf th e  ac tua l value is obtained. 
This difference can be a ttr ib u ted  to  in terna l dam ping, to  viscous and 
cap illarity  effects, and  ev idently  — though only to  a lim ited ex ten t — to 
observation and  construction errors. Since th e  m agnitude of th e  am plitudes 
is usually  less im portan t th an  the  position of th e  m axim um  am plitude and 
th e  corresponding frequency, th e  result can be considered satisfactory. 
As m entioned earlier, th e  models produced excellent results on th e  frequencies 
and  th is is m ost im p o rtan t for avoiding resonance.

I t  is concluded th a t  th e  location o f th e  greatest am plitudes and  th e  corre
sponding frequency can be determ ined well and  th e  effect o f modifying 
the  n a tu ra l frequency of th e  s tru c tu re  (to avoid resonance) can be checked. 
The error o f th e  am plitude itself, especially if  superim posed on a large 
displacem ent, can be allowed for by  a  conservative factor of safety. Thus, 
th e  problem s arising in practice can be solved w ith  th e  required  accuracy.

A fter th e  above investigations w ith th e  cantilever in m ounting position 
“ a ” and  vibrational direction perpendicular to  axis “ 0” , sim ilar investi
gations were carried ou t in th e  direction perpendicular to  axis “ 1” .* Then 
th e  whole process was repeated  w ith  m ounting position “b ” in bo th  direc
tions. On th e  basis of these la tte r  investigations th e  earlier sta tem ents 
required  no m odification, neither from  a  qualita tive nor from  a q u an tita tiv e  
po in t of view. The deviations observed were sm aller th an  or equal to , those 
in the  case “ a ”- “ 0” [83]. Their analysis will therefore be om itted  here.

* R esu lts  concerning th e  “ in -line” and  “ cross-flow ” oscillations o f a  sim ilarly  
m o u n ted  can tilev er w ere p resen ted  b y  K in g  [97b] a t  th e  B ad en -B ad en  Congress o f 
IA H R , 1977. T he p re se n t a u th o r  gave  som e e x p lan a tio n  concern ing  in-line oscillations 
(“ in  lo n g itud ina l d irec tio n ” ) a t  th e  S tockho lm  Sym posium  in  1970 [81].
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2.3 A pplicab il i ty  of th e  H y d ro e la s t ic  S im il i tu d e  M ethod

In  addition  to  the  tests described in th e  previous subsection there are a 
few com parative sets of experim ents reported  in th e  lite ra tu re  (some of 
those have already been dealt w ith in C hapter II). F rom  am ong these, a tte n 
tion  should be paid  firs t of all to  th e  investigations carried ou t in the  
D elft H ydraulic L aborato ry  and  a t th e  H agestein weir [46, 99, 102], in 
th e  L eningrad V N IIG  L aborato ry  [2], fu rtherm ore in th e  Ä lvkarleby L abo
ra to ry  and  on th e  K ainji dam  [26a, 186b].

Our own investigations for verifying th e  hydroelastic sim ilitude m ethod 
were accom plished on a stru c tu re  of angular shape, and  thus, th e  conditions 
o f th e  investigations closely approxim ated those of engineering practice 
and  a t th e  sam e tim e ensured th e  opportun ity  to  draw  conclusions of 
fundam ental im portance.

The experim ental investigations have proved th e  correctness of our 
sim ilitude m ethod. To sum  up, the  following qualita tive  and  q u an tita tiv e  
sta tem ents can be made:

1. B y means of th e  hydroelastic sim ilitude m ethod it is possible to  p er
form hydroelastic investigations on hydraulic structu res w ithin th e  scale 
lim its required  for p ractical purposes.

2. The sm allest scale of th e  models was 1 : 26, b u t for large structures 
(w ith an order of m agnitude of several tens of m etres) one m ay safely assume 
th a t even more reduced models m ay be used given th a t proper care is 
applied.

3. A lthough experim ental results are affected by  the  in terna l dam ping 
o f th e  model m aterial, in flowing w ater this effect on v ibration  frequencies 
is very  weak.

4. W hen calculating flow-induced p ro to type frequencies, an accuracy 
o f ± 1 0  per cent can be expected from  th e  models.

5. Average and  peak am plitudes appearing in th e  p ro to type in th e  range 
o f th e  m axim um  oscillations m ay become twice as high as if calculated 
from  model laws.

6. The above sta tem ents are valid  for all s tru c tu ra l m aterials in use a t 
present for hydraulic model experim entation (wood, m etals, lucite, hard  
PVC, etc.).

Details to  be found in th e  lite ra tu re  do not disprove these statem ents. 
The only contradictory  sta tem en t refers to  item  5 since K olkm an has 
found th a t  relative am plitudes in th e  model are m ostly larger th an  those 
observed in th e  pro to type. This observation seems to  be realistic m ainly 
for structu res where there is a g reat likelihood o f local p la te  vibrations 
occurring thereby  increasing stru c tu ra l dam ping to  a considerable ex ten t.
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The present au th o r has had  no experience concerning models designed for 
local p la te  vibrations. On th e  o ther hand, th e  p lates of models reproducing 
th e  v ibrations o f th e  whole s tru c tu re  are locally absolutely rigid from  a 
practical point of view, therefore the  dam ping due to  local p la te  v ibrations 
is indeed absent. E xceptionally , K olkm an found th a t  th e  re la tive am plitude 
o f th e  p ro to type  was only 30 per cent of th a t  o f th e  model. These experi
ences show th a t  when evaluating our results in accordance w ith item  5, 
we were m ost certain ly  conservative. Nevertheless, special care should be 
devoted to  th e  modelling o f th e  seals, since considerable overdim ensioning 
m ay easily occur.

Careful modelling o f th e  entrance and  ex it velocity d istribu tions is called 
for; this is also tru e  of th e  side walls because these m ay have a considerable 
effect upon th e  excitation o f vibrations.

A t very  sm all gate  openings, self-controlled vibrations m ay occur; it 
is practicable to  investigate them  using larger-scale slice models.

As for o ther special details, th e  reader is referred  to  th e  references. M ethod
ological studies m ay bring new and  useful results in th e  future.
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V. Model Techniques, Instrumentation

So far as model techniques and  instrum entation  are concerned, only lim ited 
inform ation can be given since the  lite ra tu re  tends to  have little  to  say in 
th is  respect.

1. T ec h n iq u es  of C o n s tru c t in g  H y d ro e la s t ic  M odels

Model experim ents reported  in different papers were carried out on scales 
betw een 1 : 1  [2, 83] and  1 : 70 [95].

The material of the models: lucite [83], plexi [187], steel [213], wood 
[83], h a rd  PVC [122], a h ard  PVC nam ed “ tro v id u r” [99], syn thetic resin 
reinforced by nylon filam ents [60].

D a ta  on elastic properties are usually retained. Lean s ta ted  [122] th a t 
th e  Y oung’s modulus of his hard  PVC was 35400 kp/cm 2 and  its specific 
gravity: 1.35 p/cm 3. The present au tho r used, besides th e  above m aterials, 
a Y ugoslav plastic called D ecelith whose specific g rav ity  was y l =  1.43 ±  
±  0.02 p/cm 3, Y oung’s modulus E 1 =  31400 ±  2500 kp/cm 2, shear modulus 

G =  10400 ±  400 kp/cm 2 [71], furtherm ore, the  Am erican lucite w ith  a 
specific g rav ity  of y 1 =  1.196 p/cm 3 and  Y oung’s m odulus E x =  36600 d; 
±  1800 kp/cm 2 [83].

Y oung’s modulus depends slightly  on tem peratu re  and  frequency; in 
th e  case of “ tro v id u r” the  deviation is w ithin 7 per cent [99].

The ballast applied to  complete the  mass of elastically sim ilar models 
is generally brass [60, 71, 83], steel [83] or lead [178]. However, a steel 
pipe has been modelled in  such a w ay th a t  the  PVC model pipe was filled 
w ith  am m onium  sulphate solution to  com plete th e  m ass [37a].

V irtually  no d a ta  can be found on how the  model elem ents were assembled. 
T he D utch  probably  applied welding because K olkm an m entioned th a t 
tro v id u r was weldable [99]. In  th e  au th o r’s investigations steel was generally 
welded, wood glued and  screwed, while bo th  lucite and  decelith  were glued 
[71, 83].

A lm ost certainly th e  models o f th e  structu res were designed by  adopting 
certain  sim plifications, b u t about th is hard ly  any reference can be found 
[83, 99].

In  certain  experim ents th e  elastic suspension was realized by  piano strings. 
P a rk in s  m entions [156] th a t the  suspension was m ade on a horizontal elastic 
r o d , and  by  m odifying its  span th e  elasticity  of th e  suspension could be
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varied. There is no inform ation w hether or no t th e  rod had  any  great 
influence on th e  mass of th e  v ibrating  system . In  experim ents perform ed 
in  V IT U K I, a stainless resistance wire “ W 18” was used.

The sealing of th e  p ro to ty p e  structu res is either neglected entirely  or 
modelled very  carefully because, particu larly  in a  d ry  sta te , i t  considerably 
modifies th e  damping.

K olkm an [102] used sealing of limp m ateria l supported  by  steel springs 
in order to  m ake th e  rig id ity  correspond to  th a t  in th e  pro to type.

I f  th e  effects are no t m odified by  th e  deformation of th e  structu re , a 
rig id  model can be applied [63, 172]. I f  p a r ts  of considerable size of th e  
s tru c tu re  move together, those can be constructed  as rigid ones w ith  elastic 
m etal connections whose dam ping is low. This system  is recom m ended 
for self-controlled vibrations [172].

Sliding surfaces were modelled by  rollers to  reduce friction [156].
The low friction o f th e  p ro to type rollers was realized in th e  V IT U K I 

laboratory  by disproportionately  sm all pin  d iam eters [71].

2. V ib ro m e t r ic  In s t ru m e n ts

To m easure vibrations in the  p ro to type th e  D utch  used accelerom eters [46], 
m ounted on th e  v ibrating  structu re . The sensitiv ity  of these instrum ents 
was 1 (Г 5 g. The signals were recorded by  means of a  10-channel tape 
recorder.

V ibrations in model were m easured by means of rigidly m ounted inductive 
transducers [45, 46, 58, 154], stra in  gauges (Fig. V -l) [2, 75, 83, 156], and 
other transducers no t specified in detail [213]. The signals were generally 
visualized on an oscilloscope screen and  recorded by photography [9, 45, 71]. 
K olkm an reported  details about recording on 10 cm wide paper tap e  [102]. 
H a rt and P rins investigated  n a tu ra l vibrations using an  inductive tra n s 
ducer, D. C. am plifier and  some sort of recording instrum ent [58]. The 
average am plitude was m easured by  a  separate  filter and  a voltm eter, 
while th e  characteristic am plitude o f the  envelope by  an electron-m ultiplier 
and  a voltm eter. According to  Allersm a [9] th e  m easuring range of the  
inductive transducer is 3 x l 0 ~ 3 to  1 mm. In  th e  experim ents perform ed 
in th e  V IT U K I laboratory , th e  so-called “ vibrom ez” head  was applied. 
This will be dealt w ith  in the  nex t section.

Forces were m easured w ith th e  help of s tra in  gauges [9] and  capacitive 
dynam om eters [58].

Pulsating pressures were m easured by  m eans o f piezoelectric cells [9]. 
Locher [129] applied an on-line com puter and  determ ined characteristic 
root mean square values.
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Szeloch [187] used elec
tric  resistance m easurem ent 
(perhaps by stra in  gauges) 
to  m easure unspecified d a ta  
(probably displacem ent) and  
a film  cam era for recording 
them  from  th e  oscilloscope 
screen.

In  H ungary, a t the  
V IT U K I laboratory , th e  
m easurem ent in strum en ta
tion  is quite up-to-date . One 
of th e  vibrom etric devices, 
th e  “ vibrom ez” head devel
oped a t the  In s tru m en ta 
tion Section of V IT U K I is 
up to  in terna tional s ta n d 
ards and  surpasses in  m any 
respects the  instrum ents 
produced in o ther countries.

3. T h e  V ib r o m e t r ic  H e a d  
“ V ib r o m e z ”

For the  m easurem ent of 
v ibrations of hydraulic m od
els (including p ro to type 
structures) special w a te r
proof transducers no t d is
tu rb ing  th e  free m ovem ent 
of the  stru c tu re  through 
m echanical contact are 
needed. Such an instrum ent 
w ith  th e  ap p u rten an t equip
m ent was developed in ac 
cordance w ith  the  au th o r’s 
specifications by  L. Pálos 
in  th e  V IT U K I laboratories. 
The experim ental specimens 
of th e  instrum ent were used

г?- лг , c. ■ , - . ,  . , for th e  tests  on th e  Nagy-Jng. V -l. su spension  system s ot A belev s ga te
models m aros stop-log.
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The vibrom etric head (Pig. У-2), 
which has been nam ed “vibrom ez” , 
is essentially an electronic oscillator 
whose frequency depends on the  d is
tance between its fron t p late  and  a 
nonm agnetic m etal p la te  located be
fore it. The change in frequency is 
converted into a variation  in th e  vol
tage o u tp u t resulting in a deflection of 
th e  cathode ray  on th e  screen of the  
oscilloscope. As long as th e  distance 
between th e  fron t p late  and  th e  m etal 
p la te  is less th an  2 mm, the  re la tion
ship between the  d istance and  th e  ray  
deflection rem ains a linear one, i.e. 
on th e  screen of th e  oscilloscope a 
tim e curve proportional w ith  the
displacem ent is displayed and  can be F ig- V-2. “V ibrom ez” head  serv ing  to  
„ i  i i i /mi • r m easure v ib ra tio n s  an d  d isp lacem en ts
photographed. (There is, of course, no o f beam. (C entim etre  scale L  g iven for
obstacle against m anufacturing “vi- com parison) 
brom ez” heads for sm aller or larger 
m easurem ent ranges. I t  is also pos
sible to  produce “vibrom ez” heads 
w ith a d iam eter of 8 mm instead of 
th e  present 2 cm.) L inearity  was 
checked and th e  calibration line sepa
ra te ly  determ ined for each (altogether 
five) “vibrom ez” head. The calibration 
consisted of sta tic  and  dynam ic cali
bration.

In  th e  course of static calibration, 
th e  o u tp u t voltage determ ined by the 
d istance between th e  “ vibrom ez” 
head and the  m etal p late  having varied 
position (Fig. V-3) was m easured by 
a d ig ital vo ltm eter (Fig. V-4). From  
diagram s representing th e  relationships 
between distance and  voltage (e.g.

F ig . V-3. F ram e  used for s ta tic  ca lib ra tion  
o f  “v ib rom ez” heads
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Fig. V-4. S ta tic  ca lib ra tion  o f “ v ib rom ez” heads

F ig . V-5. S ta tic  ca lib ra tion  curves o f a  
“ v ib rom ez” head . C on tinuous line: m eta l 
p la te  p ara lle l w ith  fro n t surface o f head . 
D o tted  line: ang le  betw een  m eta l p la te  
and  fro n t p la te  is 6°
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Fig. V-6. C alib ration  in  s itu  o f “ v ib rom ez” heads th ro u g h  
a  caliper im m ed ia te ly  p reced ing  m easu rem en t. T he nu m b er 
1.5 on th e  ca liper m eans th a t  on th e  m e ta l p la te  o f th e  caliper 
a  1.5 m m  th ic k  p lex i p la te  is glued. T hus, w hen in  co n tac t w ith  
“ v ib rom ez”  head , th e  d is tance  betw een  fro n t p la te  o f  head  
an d  m e ta l p la te  is precisely  1.6 m m

Fig. Y-5) it  can be s ta ted  th a t linearity  was practically  perfect for all of th e  
heads w ith in  a range of a t least 1.4 (for th ree  heads even 1.6) m m  long. 
W ithin  th is section th e  m easurem ent points deviated  from  th e  s tra igh t 
line o f best fit by no t m ore th an  0.03 mm. The largest deviation experienced 
w ithin th e  whole 2 mm long in terva l from  th e  stra igh t line of best fit was 
0.16 mm for one o f th e  heads, 0.1 mm for th ree  heads, and  0.05 mm for 
one head. L inearity  was preserved even when th e  fron t p la te  o f th e  head 
was in  a  position oblique a t 4 to  5° to  the  m etal plate. The situation  was 
th e  sam e if th e  head was im m ersed in w ater of varied  tem perature.
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Fig. V-7. V ib ra tin g  p la te  for dynam ic  ca lib ra tion  w ith  a  “ v ib rom ez” head  and  th e  
e lec trom agnet m oving  it

The calibration lines were no t identical for the  different heads nor was 
th is necessary since th e  deflection of th e  cathode ray  was ad justed  separately  
for each head a t each m easurem ent series. In  Fig. У-6, th e  d istance caliper 
is b u tted  to  th e  head. The caliper was a m etal p la te  w ith  a 1.5 mm th ick  
perspex plate  on its one side and  w ith a  0.5 mm th ick  perspex p la te  on 
th e  o ther. B y bu ttin g  th is caliper to  th e  front p la te  of the  “ vibrom ez”

Fig. V-8. In s tru m e n t group  for dynam ic  ca lib ra tio n  o f “ v ib rom ez” heads. F ro m  
le f t to  r ig h t: e lec trom agnetic  v ib ra tin g  fram e w ith  “ v ib rom ez” head ; coder; sound 
frequency  g enera to r; stroboscope; oscilloscope; precision  level
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Fig. V-9. F u n d am en ta l sketch  for force m easu rem en t by  
“ v ib rom ez” head

range.
Dynamic calibration served to  check 

w hether or not th e  distances, varying in 
tim e, were shown correctly by th e  in s tru 
m ent.

A cantilever p late  (Fig. V-7) was exc it
ed  by m eans of an electrom agnet con
nected to  a  sound frequency generator.
The frequency was around 20 cps. The 
displacem ent of the  end of the  cantilever 
p late  was m easured sim ultaneously by a 
sta tically  calibrated  “ vibrom ez” head
an d  by levelling (Fig. V-8). Levelling was Fig. V-10. “V ibrom ez”  head  dyna- 

r , . _ _ m o m eter in serted  in to  p rac tica lly
perform ed in such a way th a t  the  end of ^ e x te n s ib le  suspension cable

head, th e  oscilloscope could be ad justed  to  these two distances between 
which linearity  of all heads was pract ically perfect . The am plitudes m easured 
generally also rem ained w ithin th is interval, since th e  “ vibrom ez” heads 
in the  model were positioned so th a t  the 
average distance between the  fron t of 
th e  head and  th e  respective m etal plate 
on th e  model should be around 1 mm, 
i.e. in th e  middle of th e  calibration
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th e  cantilever p la te  was illum inated by a  stroboscope w ith a freq u en cy  
close to  th a t o f the  vibration. The two extrem e positions of th e  e n d  o f  
the  v ibrating  p la te  which appeared to  move slowly in th e  field of vision 
of th e  levelling instrum ent were then  determ ined w ith  an accuracy of 
0.01 mm.

As a resu lt of dynam ic calibration it was ascertained th a t  th e  difference 
between th e  value shown on the  oscilloscope and  th a t  m easured by levelling 
generally did  no t exceed 0.05 mm.

The “vibrom ez” head can also be utilized to  m easure o sc illa tin g  forces 
In  th e  V IT U K I laboratory , a gate  model was suspended on a light elastic 
p la te  as a tw o-support girder. The elastic ity  of th e  p la te  m odelled th e  
elastic ity  of th e  p ro to type suspension because the  overdim ensioned suspend
ing wires in th e  model were to  he considered inextensible. The “vibrom ez” 
head m easured the  deflection varia tion  of th e  plate, i.e. force varia tions 
p roportionate to  deflection (Fig. V-9, 10).
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VI. Application Examples

An application exam ple o f fundam ental significance has been trea ted  in 
C hapter IV  and  a few others were m entioned very briefly in C hapter II . 
Two other model experim ents concerning practical problem s will be p resen t
ed w ith a num ber of interesting details.

In  Hungary, hydroelastic model experim ents were perform ed in th e  
hydraulic laboratory  of V IT U K I in connexion w ith  th e  firs t varian t of the  
g ate  s tru c tu re  of th e  second Tisza barrage [54, 56], th e  hinged-leaf gate 
of the  Tass navigation lock [55] (the p ro to type has already been realized), 
(the stop-logs designed for the  N agym aros and  K isköre barrages [65, 71] 
(the p ro to type has already been realized a t th e  K isköre barrage), and  the  
tu rb in e  gate  o f th e  K isköre W ater Power P lan t [76] (the p ro to type  has 
already been realized). Among these, for th e  investigation of th e  N agym aros- 
K isköre stop-logs, an elastic stop-log model w ith  elastic suspension was 
m ade, while for th e  o thers rigid s tru c tu re  models w ith elastic suspensions 
were prepared. In  th is chapter, the  investigation of the  N agym aros-K isköre 
stop-log will be briefly  treated .

Among hydroelastic model experim ents perform ed in other countries in 
connexion w ith  high- and  low-head dam s and  power p lan ts as well as w ith 
a great varie ty  of different structures of m aritim e constructions, the  experi
m ents re la ted  to  the  H agestein weir and  carried out on th e  p ro to type 
and  on models a t the  D elft H ydraulic L aborato ry  m ainly by K olkm an will 
be outlined in th is chapter. This experim ent series was carried out, among 
others, on an  elastic model s tru c tu re  w ith elastic suspension in open surface 
flow. In  th is respect th e  investigation ranks am ong th e  classical ones.

1. In v es t ig a t io n  of th e  N a g y m a r o s —K isköre  S top-Log [65, 67, 71, 83]

Since these investigations have been described in considerable detail in 
Ref. [71], only the  most im portan t results will be sum m arized.

The purpose of the  investigations was to  determ ine th e  hydrodynam ic 
forces a ttack ing  the  stop-logs lowered into moving water (Fig. V I-1) when, 
for som e reason, th e  m ain gate  became unm ovable, i.e. not to ta lly  closable.

Since th e  flow was of th e  open-channel type, flow characteristics were 
m odelled according to  th e  F roude law. From  th e  po int of view o f elasticity , 
th e  model of th e  s tru c tu re  itself was designed, afte r prelim inary inform a
tion  ob tained  from  Eq. (16), on the  basis of Eq. (26). I t  was th en  com pleted
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w ith th e  necessary ballast ac
cording to  E q. (9). An illus
tra tio n  of th e  model stop-log is 
shown in Fig. V I-2.

The displacem ents of the  m od
el stop-log were m easured a t 
five points (Fig. VI-3): a t one 
of th e  ends, a t  one of th e  
suspension points and  in the

Fig. VI-2. T he a lum in ium  rib s  in  th e  
stop-log m odel w ith  p ieces o f b rass 
b a lla s t g lued on th em , seen fro m  th e  
low er side o f stop-log
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w ater. G ate  s tru c tu re  to ta lly  lifted , stop-log sligh tly  subm erged



Fig. V I-3 . M odel o f stop-log w ith  “ v ib rom ez” heads an d  vertica l can tilever su p po rting  
th e m  for m easu ring  vertica l and  h o rizon ta l v ib ra tio n s  o f m id -span  cross section. 
R u b b e r s tr in g s  used for vertica l and  h o rizo n ta l s tre tch in g  an d  one o f suspension 
w ires a re  to  be seen. V ertica l m ovem ent o f  end an d  o f invisib le  suspension p o in t o f 
stop-log  w ere also m easured  b y  “ v ib rom ez” heads

F ig . V I-4. V ertica l v ib ra tio n s  o f a  suspension p o in t (upper curve) an d  m id -span  p o in t 
(lower curve) o f stop-log in  flow ing w ater

8 113



middle of the  stop-log th e  vertical m ovem ents, a t m id-span a t th e  top 
and  bo ttom  th e  horizontal m ovem ents were observed. The “vibrom ez” 
head served to  perceive the  displacem ents being capable, w ithout any 
mechanical contact, of transm itting  to  the  oscilloscope screen those m ove
m ents not exceeding 2 m illim etres of th e  non-m agnetic m etal p la te  glued 
to  th e  surface of th e  stop-log model. F igure VI-4 shows th e  vertical v ib ra
tions o f th e  beam  in flowing water.

Basic tests to  determ ine the  n a tu ra l frequency in air and  still w ater were 
also carried out w ith this model. The vibration  in air can be well approx im at
ed by certain  sim plified mathematical models, and  thus the correctness of 
the  elastic model design could be checked. Since in th is respect th e  results 
were very favourable, the  same confidence was placed on th e  o ther p arts  
of th e  investigations for which no m athem atical trea tm en t is available 
a t  present.

From  am ong the  m easurem ent results it should be recalled only th a t the  
beam  itself proved to  be highly overdim ensioned for flexural effects since 
th e  cross section was designed to  bear a one-side hydrostatic  load. This 
means th a t when oscillating on the  suspension cables the  beam  behaved 
alm ost like a  rigid body. According to  th e  m easurem ents th e  flexural v ib ra 
tions were com pletely insignificant in bo th  horizontal and  vertical directions. 
Torsional v ibrations were also negligible.

W hen dim ensioning th e  suspension cable, vertical m ovem ents of the  
beam  were th e  critical factor of the  design. Since th e  verticalidisplacem ent

Fig. V I-5 . V ertica l m ovem en ts o f and  v e rtica l hy d ro d y n am ic  load on stop-log in  a 
(5000 m 3/s  flood (th rough  th e  opening  s tu d ied , d ischarge w as ab o u t 600 m 3/s) ;(a) m a x i
m um  oscilla tion  am p litu d es apr o f a  suspension p o in t an d  th e  force osc illa tion  a m p li
tu d e s  AS„T in  tw o  cables to g e th e r ca lcu la ted  th ere fro m ; (b) average  load  £ pr on tw o 
suspension cables o f stop-log an d  its  ex trem e values due to  v ib ra tio n . H s =  position  
o f th e  to p  o f  stop-log  above sea level, H s0 =  low est position  o f  th e  to p  o f th e  stop-log  
w hen its  low er edge a tta in s  th e  b o tto m , L  =  len g th  o f suspension cable o f th e  stop-log
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Fig. V I-6 . P r im a ry  (excited) and  secondary  (resonant) 
v ib ra tio n s  o f suspension p o in t o f stop-log  in  6000 
m 3/s  flood

of the  beam  was equal to  th e  elongation of th e  cable, th e  cable force was 
to be calculated therefrom . Figure VI-5a shows th e  largest elongation 
am plitude and  the  largest change ASpv of th e  cable force resulting th ere
from . The mean cable force Spr caused by hydrodynam ic effects was determ in
ed in an earlier experim ent [63]. The extrem e values of the  hydrodynam ic

cable force were approxim ated  as iS'pr ±  —-*pr (Fig. VI-5b). The to ta l load on

the cable was obtained  by  th e  addition of the  underw ater weight of the  
beam. For th e  stop-log tested  th is sum  was always positive, though in the  
case o f a 6000 m 3/s flood it was near zero. I f  it  had  been negative, it would 
have been necessary to  increase th e  weight of th e  beam  or to  im prove its 
form in order to  create b e tte r stream flow  conditions, otherw ise th e  beam 
would have floated  upw ards.

The vertical vibrations o f the  stop-log were also in teresting because of 
th e  tw o frequency zones to  be distinguished (Fig. VI-6). The slower v ib ra 
tions were excited by the  flow b u t secondarily also quicker vibrations 
appeared near the  resonance frequency. The am plitudes of th e  la tte r  were 
considerably sm aller th an  those of th e  excited  vibrations. The “resonance 
po in t” indicated  in the  diagram  is th e  resu lt of th e  investigation in still 
water.

2. Inves t iga t ion  of th e  H a g e s te in  B a r r a g e  [45, 46, 99, 100, 102]

The H agestein “visor” gate has already been shown in Fig. 11-13. F igure 
VI- 7 displays the  plan, a side view and  a  cross section w ith a few im portan t 
dimensions.
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S I D E  VIEW S E C T I O N  C-C
Fig. VI-7.  P lan , side view  an d  cross section  o f H ageste in  v isor ga te

The ex traord inarily  slender gate structu re , acting like a half-ring subject 
to  tensile stresses, bears th e  hydraulic pressure a ttack ing  on th e  concave 
side and  it can be excited to  v ibrate when opened partia lly . The researchers 
o f the  D elft L aboratory , prim arily  K olkm an, created artific ially  excited 
vidrát ions on the  p ro to type (in a d ry  construction p it, th en  in th e  construc
tion p it inundated  in still w ater, finally  in flowing w ater), the  same tests 
were also carried ou t in the  laboratory  on a 1 : 20 hydroelastically sim ilar
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Fig. V I-8. A rtific ia l ex c ita tio n  o f 1 : 20 m odel o f H agestein  
v isor ga te  m odel u n d er d ry  conditions (C ourtesy  D elft H y 
d rau lic  L ab o ra to ry , T he N etherlands)

three-dim ensional scale model (Fig. VI-8) and  on a 1 : 6 scale sectional model. 
The principles of modelling were th e  same as those trea ted  in C hapter I I I :  
the  Fronde law was accepted, in the  large model th e  to ta l elastic ity  o f the 
structu re , and  in th e  sectional model the  elasticity  of th e  suspension was 
ad justed  to  th a t law.

The p ro to ty p e  was excited by  a “hydraulic pu lsato r” w ith a  m axim um  
force am plitude of 10s N, between frequencies 0 and  10 Hz. The force was 
concen trated  in the  m iddle of the  gate span. The direction of the  force 
was horizontal—radial, horizontal—tangen tia l and  vertical. The m ovem ent 
of the  gate  was m easured by inductive displacem ent transducers and  accel
erom eters above the  w ater surface.

117



Fig. V I-9. 1 : 20 H ageste in  gate  m odel in o p e ra tio n  (C ourtesy D elft H y d rau lic  L a b o ra 
to ry , T he N etherlands)

In  the  model, inductive displacem ent transducers were applied b u t 
because of insulation problems, only one of them  was m ounted  under 
water. S train gauges were not used because th ey  would have influenced the 
m ovem ent of th e  slim structure . The m ovem ent of the  s tru c tu re  was m easur
ed a t as m any points as was necessary to  calculate th e  in terna l stresses. The 
displacem ents of the  stru c tu re  only a tta in ed  one ten th  of th a t  permissible 
w ithout danger.

The flow -induced vibrations of th e  48 m span gate were between 0.6 to  
1.5 Hz (cps) w ith am plitudes and  frequencies of random  character. The 
m easurem ents were perform ed a t four gate  lifting positions (Fig. VI-9) 
and  norm ally a low-frequency v ibration  and  often also another super
im posed vibration with sm all am plitudes and  resonant frequency were 
experienced. The higher frequencies, observed rarely, were very  weak.

F igure VI-10 shows the  displacem ent m axim a created  by the  artific ial 
exciting forces of different frequencies related  to  u n it force a t th e  middle 
of th e  gate d irectly  m easured on th e  p ro to type and  those converted  from  
the  model to  the  prototype. The explanation  of th e  various p arts  of the 
figure is in the  following table:
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P art
D irec tion  o f exc ita tio n  

an d  m easured  v ib ra tio n s M edium

a h o rizo n ta l—rad ia l aii’

b h o rizon ta l—rad ia l s till w ate r

C h o riz o n ta l- ta n g e n tia l a ir

d h o riz o n ta l-ta n g e n tia l still w ater

e v ertica l a ir

v e rtica l still w ate r
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I t  can be seen in th e  p arts  of its figure th a t for resonance frequencies 
the  model deviates only slightly  from  the  p ro to type b u t th e  discrepancy 
between the corresponding am plitudes, as pointed  ou t already, is somewhat 
more significant.

Satisfactory  results were obtained from  the  investigations concerning 
operating conditions.
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VII. Future of Hydroelast ic  Modelling

For determ ining the  v ibrations o f hydraulic structu res b y  m eans of model 
experim ents, th e  m ethod trea ted  in th is  book offers a generally satisfactory  
basis from  the  theoretical po int o f view. Exceptions are cases when th e  fluid 
cannot be considered incompressible. Such are th e  phenom ena of w ater 
ham m er an d  cav ita tion  and  a substan tia l group of flows w ith  an  air phase. 
This does no t m ean th a t by 
studying thoroughly  th e  ind i
vidual problem, th e  conditions 
o f modelling cannot be estab 
lished b u t for trea tm en t of 
more general validity , fu rther 
research is required. On th e  
o ther hand, an  im provem ent 
of modelling m ethods (the si
m ilitude theory) is likely to  
be achieved by  involving th eo 
rems of energy tran sp o rt p ro 
cesses.

F rom  th e  point of view of 
practical model construction, 
difficulties arise when th e  lo
cation of origin of th e  v ib ra
tion  is geom etrically sm all in 
com parison w ith th e  whole v i
b ra tin g  stru c tu re  and  th e  flow 
space affecting the  phenom 
enon. In  such cases the  most 
essential s tru c tu ra l details 
cannot be modelled since the  
available space in a laboratory  
is insufficient to  provide an 
acceptable scale. The problem s 
in connexion w ith s tru c tu ra l 
friction, sealing (Fig. VII-1),
an d  local p la te  vibrations be- 
1__„ ,,, . i ■ i r , Fig. VII-1. Modelling seals is often a mostlong to  this sphere of prob- diffiouit task
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lems. Modelling or th e  possibility o f modelling fall w ithin th e  scope of 
problem s requiring fu rther studies.

As for measurement techniques, a num ber of new instrum ents need to  be 
p u t into regular use. In  industrially  highly developed countries, th is p rob
lem is a m inor one, or one th a t  has already been solved, b u t in o ther 
countries m uch still rem ains to  be done.

The fu rth e r m in iaturization of displacem ent and  pressure transducers, 
their sim ultaneous serial application, the  direct transfer of their signals 
to  com puter d a ta  carriers is an indispensable condition for a more detailed  
revelation of phenom ena.

A detailed  s tudy  of the  velocity field around the  stru c tu re  is also neces
sary  to  enable th e  im provem ent of stream flow  conditions. This calls for 
velocity m easuring devices which do not d istu rb  th e  flow. In  th is respect, 
a t least under laborato ry  conditions, th e  increasing application o f laser 
techniques should be considered.

The use of v ib rato ry  devices ought to  become more general since the  
applicat ion of a rb itra ry  exciting forces helps to  give a b e tte r p icture of the 
v ibrational properties of structures.

There seems to  be a lack of published d a ta  on th e  comparison of model 
and  p ro to type m easurem ents concerning hydroelastic vibrations. I t  is 
necessary to  perform  system atic and  regular follow-up m easurem ents on 
pro totypes. The d a ta  of these checks need to  be published or a t least com m u
nicated  to  th e  model investigator.

D evelopm ent is in progress tow ards a fu rther slenderizing of pier s tru c
tures. Thus, in the  fu tu re these will no longer be able to  be considered 
rigid. E ven  so, their elastic modelling, based on th e  criteria trea ted  in th is 
book, will not en tail any particu lar difficulty.

One of the  m ost difficult problem s for the  designer is to  tak e  into account 
th e  “ added  m ass” o f water. W ere the  added mass known, th e  model experi
m ent could in m any cases be avoided if  the  danger of resonance is th e  only 
question. I t  appears to  be necessary to  carry ou t system atic experim ents 
to  determ ine th e  added mass of structu res and  cross-sections frequently  
encountered in practice.

I t  can be m entioned, th a t  th e  experim ental cham bers w ith  controllable 
air pressure, which were bu ilt recently  and  which serve firs t o f all th e  model 
investigation o f th e  cav itation  of ship propellers under n a tu ra l manoeuvering 
conditions, can am plify th e  possibilities also for hydroelastic model investi
gations. Viz. in th e  perform ance of th e  phenom ena th e  elasticity  o f th e  air 
plays a  no t negligible role or if  one m ust calculate w ith  th e  occurrence o f 
cavitation, th e  solution m ight be to  p u t th e  model inside a room  w ith low 
air pressure.
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Model experim entation is an  expensive m eans and  should be applied 
only if  theoretical calculation m ethods are inadequate to  solve th e  problem . 
W e have also to  consider the  possibility th a t  fu tu re  theoretical m ethods 
will no t keep pace w ith  the  new problem s arising and  thus, no t only will 
modelling rem ain necessary b u t its m ethods and  its  special theoretical 
approach have also to  be developed. Through th is book th e  au th o r has 
a ttem p ted  to  m ake a m odest step  in th a t direction.
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